Chuong 3. Gi6i han. Ham sé lién tuc Biét Iam, lam ddng, Iam nhanh
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1. Gi6si han cla day sb Biét lam, lam ddng, [am nhanh

Bt & 0 GIOI HAN CUA DAY SO

.ﬁ/ ®

A-GIGI HAN H'U HAN CUA DAY $O

I®» Pinh nghia
$® Dinh nghia 1.1. Day s6 (u,,) ¢6 gidi han bang 0 khi n dan t6i duong vo cue néu |uy,| c6 thé nhé hon mot

s6 duong bé tlty ¥, ké tit mot s6 hang nao dé tré di, ki hieu L = lirf Uy = 0.
n—-+00

A Ngoai ki hiéu lirf Uy, = 0 ta cing s dung cdc ki hiéu sou: limu, = 0 hay u, — 0 khi n — +00.
n—-+0o0

@© Nhan zét. Néu u, ngay cang gan t6i 0 khi n cang 16n thi lim u,, = 0.

$® Pinh nghia 1.2. Day s6 (uy,) ¢6 gi6i han hitu han 14 a khi n dan t6i duong vo cuc néu lirf (up —a) =0,
n—-+0oo

ki hieu lim wu, = a.
n—+o0o
A Ngoai ki hieu liI_’I_l U, = a ta cing s¥ dung cdc ki hiéu sau: limu,, = a hay u, — a khi n — +oo.
n—-+0oo

A @ Mot day so c6 gidi han thi gidi han dé la duy nhat.

© Khong phdi day s6 nao ciing cé gidi han, chang han nhu ddy s6 (u,) vdi u, = (—1)".

F® Mot sé gidi han co ban

1 1 .
@ lim — = 0; lim — = 0 v4i k la s0 nguyén duong cho trude.
n n

c c N . .
®@ lim — = 0; lim — = 0 v6i ¢ la hang s0, k 1a so nguyén duong cho trude.
n n

® Néu |g| < 1 thi limg¢™ = 0.

B 1\" 2
© Day sb (uy) voi u, = <1 + —> ¢6 gidi han 1&4 mot s6 vo t1 va goi gidi han do 1a e,
n

1 n
ezlim(l—i——) .
n

Mot gia tri gan ding clia e 1a 2, 718281828459045.

B-DINH Li VE GIOI HAN HI'U HAN

¢ Dinh 1i 1.1.

® Néulimu, = a va limv, = b thi:

lim (up, +vn) = a +b;
lim (up, — vy) = a — b;

lim (uy, - v,) = a - b;
Un,

lim—:% (vn % 0,b £ 0).

Un

® Néu u,, > 0 véi moi n va limu,, = a thi a > 0 va lim \/u,, = Va.

y J/ J J

e
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Chuong 3. Gidi han. Ham sé lién tuc Biét Iam, Iam ddng, Iam nhanh

y J/ J J

C-TONG CUA CAP 5O NHAN LUI VO HAN

$® Pinh nghia 1.3. Cap s6 nhan vo han ug,uiq, ..., u1¢" !, ... c6 cong boi ¢ théa man |¢| < 1 dugc goi la cap
- 8

A ~ N ~ 2 A A ~ NS ~ ~ N
s0 nhan lui vo han. Tong ctia cap so0 nhan lui vo han da cho 1a

S=u +uig+wmg®+..=

D-GIOI HAN VO cucC

<> Dinh nghia 1.4.

1—gq

a) Day sb (u,) c6 gidi han +oco khi n — +00, néu u, c6 thé 16n hon mot sé6 duong bat ki, ké tit mot s6
hang nao doé tré di.
Ki hieu lim w, = 400 hay limu, = +o0o hay u,, — +oo khi n — 4o0.
n—+0o00
b) Day s6 (uy) 6 gidi han —oo khi n — +o00 néu  lim (—u,) = +oc.
n——+0o
Ki hiéu lim wu, = —oo hay lim u,, = —o0 hay u,, = —oo khi n — +o0.
n——+o0o
@ Nhan zét. Mot s6 gi6i han co ban
@ limn* = 400 véi k 1a mot s6 nguyén duong cho trude.
@ lim ¢" = 400 v6i ¢ > 1 1a mot s6 thire cho trude.

® Néu limu, = a va limv, = +oo (ho#ic limv,, = —o0) thi lim Un
Un

P <. e . e U
® Néu limu, = a,a > 0 va limv, = 0, v, > 0 v6i moi n thi lim — = +o0.
Un

@ limu, = 400 & lim (—u,) = —oc.

E-CAC DANG TOAN THUONG GAP

& Dang 1. Tinh giéi han déay s bdng céch dung dinh nghia, dinh Ii vé giéi han day sé

Cho limu,, = a, limv, = b va c 1a hing s6. Khi d6

@ lim(u, +v,) =a+b @ lim(u, —v,) =a—>
@ lim(up - vy) =a-b @ lim(c-up) =c-a

L un _a
® hma— X (b#0).

@ Néu u, > 0,Yn € N* thi a > 0 va lim \/u,, = v/a.

I®» Vidumau

. P « X z _1 n z
Vidu 1 (Canh Diéu). Cho day so (uy,) v6i u, = (=1) . Gia st h 1a s6 duong bé tuy y cho trudc.
n

(=D"

a) Tim s6 tu nhien n dé |u,| < h; b) Tinh lim
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1. Gi6si han cla day sb Biét lam, lam ddng, [am nhanh

y J/ J J

® Loi gidi.
) (—)"| 1 ) 1 1
a) Ta co |uy| = =—.Dodé |uy|<he —<hesn>—.
n n n h
NS PURY 12 N, A 1 ~ . (_1)n
b) Vi |u,| < h la s6 duong bé tuy y ke tit s6 hang n > 7 nén lim —— = 0.
n
]
~ ]_ n
Vidu 2 (Canh Diéu). Chiing minh rang lim (—§> = 0.
o Loi gidi.
1 1 1\"
|l == én li ) =0. U]
Do 2‘ 2<1nenl1m( 2) 0

’ Z 1 9. , ~ ~ A N P L N
Vidu 3 (KNTT). Xét day so u, = —;. Gidi thich vi sao diy so nay c6 gidi han la 0.
n
D Loi gidi.
P 1 . . . .
Déy s6 nay c6 gi6i han 1a 0, béi vi |u,| = —; ¢6 the nhé hon mot so duong bé tuy ¥ khi n di 16n. Chang han, de
n

1 N P . P
lun| < 0,0001 tiic la — < 1074, ta can n? > 10000 hay n > 100. Nhu vay, cac s6 hang ctia day, ké tit s6 hang thit
n

101 déu c6 gia tri tuyét déi nhé hon 0,0001. O
. p 1
Vidu 4 (CTST). Ap dung gi6i han co ban, tim lim ————.
(v3)

® Loi gidi.

1 13\"
Ta c6 ——5 = <—) .

(va)" e
Do i‘<1nénlim;—hrn(L)n—O O
Vi du 5 (Canh Diéu). Chiing minh ring:
s P 6 1
a) limc = ¢ véi ¢ la hang so; b) lim n;_ = 6.

o Li gidi.

a) Do lim(c — ¢) = lim 0 = 0 nén theo dinh nghia vé day s6 c6 gidi han hitu han, ta c6 limc = c.

b) Do lim<6n+1 —6> :liml = 0 nén lim6n+1 = 6.
n n n
O]

. f 1me A i 2n+1 . 1 x .

Vidu 6 (KNTT). Xét day so (uy,) v6i uy, = . Chitng minh rang ESI_I Up = 2.
n (o]
o Loi gidi.
2 1 2 1)—2 1
Ta c6 u, — 2 = n —2=M:——>Okhin—>+oo.Dovay lim wu, = 2. O
n n n n—+400

: - e . 3n?+1

Vidu 7 (CTST). Dung dinh nghia, tim gi6i han lim 5
n
® Loi gidi.
3n?+1 1 1
bat u, = i ;_ .Tacc’)un:3+—2hayun—3=—2.
n n n
Suy ra lim (u, — 3) = lim 3= 0. 2
3 1
Theo dinh nghia, ta c6 limu,, = 3. Vay lim n 2+ = 3. O
n

334/764 ‘ Bi Todn 11 theo chuong trinh GDPT201€m



Chuong 3. Gi6i han. Ham sé lién tuc Biét Iam, Iam ddng, Iam nhanh

y J J J
P Baitép tu luyén

o : ) : 1 2 o
Bdi 1. Cho hai day s0 (un), (vn) v6i up = 3 + —;v, =5 — —;. Tinh cac gi6i han sau:
n n

a) lim uy,, lim vy,.

b) lim (u, + vy), im (uy, — vy), im (uy, - v,), lim n
Un
® Loi gidi.
a) Ta co

1 1
limun:lim<3+—> =lim3—|—lim(—> =3+0=3.
n n

2 2
limvnzlim(5——2>=lim5—lim(—2)= —0=5.
n
b) Ta c6
lim (u,, + v,) = limu, + limv, =34+ 5=38.
lim (uy, — v,) = limu, —limv, =3 -5 = —2.
lim (uy, - v,) = limu, - limv, =3 -5 = 15.
Un,
lim — = —.
Un D
O
Bdi 2. Cho hai day s6 khong am (u,) va (v,) v6i lim u, =2 va lim v, = 3. Tim céc giéi han sau
n—-4o0o n—-+o0o
2
a) lim —m b) Hm /u, + 20,
n—+00 Uy — Uy n——+00
o Loi gidi.
2
. 2 .
a) hm u72’b _ nll}l—}—loo un o (REI-POO Un) _ 22 =4
n—+oo Uy — Uy lim v, — lm w,  lm v,— lim w, 3-2 '
n—r—+oo n——+0oo n—-+00 n—-+00
b) lim u,+2v, = \/ lim wu,+ lim 2v, = lim u,+2 lim v, =+v2+2-3=2V2.
n—-+0o0o n—-+o0o n—-+oo n—-+o0o n—-+0o
O

<. . . 6 7 .
Bai 3. Cho hai day s6 (uy), (vn) V61 up =5+ —5;Un = 3+ —;. Tinh céc gi6i han sau:
n n

a) lim uy,, limv,.

b) lim (uy + vy), im (upn, — vy,), im (uy, - v,), lim ?
n
o Loi gidi.
a) Ta co
1
limunzlim<3+ﬁ>=lim3+lim< ) +0=23.
2 2
lim v,, = lim (5 — —2> =1lim5 — lim (—) =5—-0=05.
n n2
b) Ta c6
lim (u, + v,) = limu, + limv, =345 =38.
lim (u,, — v,) = limu, —limv, =3 -5 = —2.
lim (uy, - v,) = limu, - limv, =3 -5 = 15.
lim Un _
Un B
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1. Gi6si han cla day sb Biét Iam, lam ddng, Iam nhanh

y J/ J J
U]

Bdi 4. Cho hai day s6 khong am (u,,) va (v,) v6i lim u, =5 va lim v, = —6. Tim cAc gidi han sau
n—-+o0o n—-+o0o
) Tim (uy, + vp), lim ), lim (uy - vp), lim =", a) i
a) lim (u, + v,), lim (u, — vy,), lim (u, vn,lmvn. a n_l)rfoovn_un,

b) lim +u, + 2v,.

n—-+0o

@ Loi gidi.

2
lim u? ( lim u )
. u? notoo ntoo 22
a) lim = - = — - = =4;
n—+00 U, — Uy, lim v, — lim wu, lim v, — lm wu, 3-—2
n—-+00 n—-+o0o n—-+o0o n—-+oo

b) lim Vu,+2v, = \/ lim wu,+ lim 2v, = \/ lim wu,+2 lim v, =+v2+2-3=2V2.
n——+0o00 n——+00 n—-+o0o n—-+0o00

n—-+oo

E® Baitap trdc nghiém

N 1.
Cdu 1. Gia tri ctua lim — bang
n

@ 0. 1. @ +00. @ —00.
® Loi giéi.
o1
lim — = 0.
n

Chon dap an @ O

~ 1 N
Cdu 2. Gia tri cta lim F véi k € Z biang
on ®) +oo. © oo ©o.
o Loi gidi.
1
Chon dap an @ O

Cadu 3. Day sb6 nao sau day c6 gidi han 07?

2
@un:g. unzﬁ. @un:n. @un:\/ﬁ
o Loi gidi.
limz =0.

n
Chon dap an O
Cdu 4. Gia tri cta lim ;—E véi k € ZT bang
(A) 5. ~1. ©)o. (D) —o0.

® Loi gidi.
lim _—If =0.

n
Chon dap an @ O

Cau 5. Gia tri ctia lim g™ v6i |q| < 1 bang
@1 ) © +oo. ® —oo.
® Loi gidi.
Véi |g| < 1 thilimg¢™ = 0.
Chon dap an O
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Chuong 3. Gi6i han. Ham sé lién tuc Biét Iam, Iam ddng, Iam nhanh

y J/ J J

Cdu 6. Day s6 (uy) c6 gidi han 1a s6 thyc L néu

@ nEIfoo (up, — L) =0. nll)r_{loo (up) = 0. @ nll)r_{looL =0. @ nllgloo (up + L) =0.
o Loi gidi.
Theo dinh nghia gidi han day s6 ta c6 (u,) c6 gidi han 1a s6 thyc L néu Er}rl (up, — L) = 0.
n o
Chon dép an @ O

Cdu 7. Gia stt limu,, = L, khing dinh nao sau day la ding?

(A) lim \/u,, = L. (B) lim /i, = VL. (©)lim = L. (D) lim {/u, = /L.

o Loi gidi.
Néu limu,, = L thi lim 3, = VL.
Chon dap an @ O

Cdu 8. Day s6 nao sau day co gi6i han bang 07?

(A) (0,999)". (—1,01)". (©) (1,01)". (D) (—2,001)".
® Loi gidi.
Vi 0,999] < 1 nén 1im(0,999)" = 0.
Chon dap an @ O

Cdu 9. Day s6 nao sau day c6 gi6i han bang 07?

®(3) G)" o) o)

@ Loi gidi.
Vi ‘—%‘ ~ 0,78 < 1 neén lim (—%)n —0.
Chon dap an @ Ol

Cdu 10. Cho hai day (uy) va (v,) théa man limu, = 1 va limv, = —2. Gia tri cla lim (u,, + v,) bing

(A) —1. -2, (©)3. (D) —3.

o Loi gidi.
lim (uy, + vy) = limu, +limv, =14 (-2) = —1.
Chon dap an @ Ol

Cdu 11. Cho hai day (uy) va (vy,) théa man limu, = 6 va limv,, = 12. Gia tri cta lim (u,, — v,) bang

A)2. (B) 72. (©)18. (D) 6.

o Loi gidi.
lim (up, — vy,) = limu, — limv, =6 — 12 = —6.
Chon dap an @ O

Cdu 12. Cho hai day (up) va (vy,) théa man limu, = 4 va limv, = 7. Gia tri cta lim (u, - v,) bang

A ;. Z. (C)2s. (D) 11.

o Loi gidi.
lim (up, - v,) = limw, - limv, =4 -7 = 28.
Chon dap an @ O
Cau 13. Cho hai day (u,) va (v,) théa man limu, = /3 va limv, = 2. Gia tri ctia lim Un bang
Un
3
(A)2V/3. % (©)2+ 3. D) -2+ V3.
o Loi gidi.
1 Un _ limu, ﬁ
vy limov, 2

Chon dép an O
Cadu 14. Cho hai day (u,,) théa man limu, = 12. Gia tri cta lim (6 4+ 3u,) bang

(A) 30. (B) 108. (C) 36. (D) 42.

® Loi gidi.
lim (6 + 3uy,) =1im6 +1im 3 - limu, =6+ 3 - 12 = 42.
Chon dap an @ O
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1. Gi6si han cla day sb Biét lam, lam ddng, [am nhanh

y J/ J J

Cadu 15. Biét limu,, = 3. Chon ménh dé ding trong cac ménh dé sau

. Bu, —1 o Bup —1 . Bup —1 . Bup —1

1 =3. 1 =—1. 1 = 2. 1 =1
®lmun+1 nnun_i_1 ©1munle @lmun—f—l
o Loi gidi.
. Bu, —1 lim3-limu, —liml 3-3-1
lim =2= - . = =

Up + 1 limu, +lim 1 3+1
Chondépén@ O

%& Dang 2. Tinh giéi han L

Rit liy thita bac cao nhat clia tt vA mau, roi sit dung cac cong thic:

o limn—ck =0, (k e N*, c e R). o limn* = o0, (k e N¥).
limu, = +o0 . limu, = —c .

° ] = lim(uy, - v,) = +00. . ] = lim(uy, - v,) = —o0.
limv, =a >0 limv, =a >0
lim u,, = +00 . lim u,, = —oc0 )

* limv, =a <0 = lim(up - vn) = —oo. * limv, =a<0 = lim(uy - vp) = +o00.

© Ap dung limg¢" = 0 véi |q| < 1.
® Stt dung cong thitc mi, roi chia c& ti vA mau cho a” véi |a| 1 co s6 16n nhat.

® Cong thitc mii can nhé

@© Nhan xét. Ta chia cho a™ v6i |a| 1a co s6 16n nhat vi sau khi chia luon tao ra co s6 ¢6 tri tuyét déi nhé hon 1
dé 4ap dung cong thitc lim ¢ = 0 v6i |¢| < 1.

@© Nhan zét. Cac cong thitc can nhé vé cap sd nhan

n
—1
a) “L = g (q 1a cong boi). b) Sn=u1+u2+-~+un=ul-qq =
. -

1

) up =ur-q"" . d) ups1 - up—1 = ud voi k > 2.

P(n)  He s6 bac cao nhat cla tit

@ Nhin zét. Néu bac tit P(n) biang bac mau Q(n) thi lim = _ _ —.
' ' (n) & bt Q) Q(n)  He s bac cao nhit ctia mau

@© Nhan xét. Véi bai todn c6 lity thita cao, ta thuong rit bac cao trong titng dau ngodc, sau dé ap dung cong
thic (a-b)™ = a™ - b™ va tinh todn tuong tu nhu cac bai trude.

. ~ P vz
@© Nhan zét. Néu bac t¢ P(n) 16n hon bac mau Q(n) thi L = lim Pln) = +oo. Dé biét 1a +00 hay —oo ta dua

Q(n)
vao dau clia gidi han hai nhan ti trong tich theo quy tic “cting dau thi tich duong, trai dau thi tich am”. Thong
thuong, sé dé trong = - -- va xét dau sé dién vio sau. Vé tric nghiém, dé chinh 1a dau ciia tich hé s6 bac cao nhat
clia t va mau.
I®» Vidumau
Vi du 8 (Cdanh Diéu). Tinh céc gidi han sau
1 4n —3 1 1
(242 23 i (5+2) (o 1),

a) lim + 3 ) lim - c¢) lim + "

o Loi gidi.
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Chuong 3. Gi6i han. Ham sé lién tuc Biét Iam, Iam ddng, Iam nhanh

y J/ J J
a) lim(2+i2>=1im2+limi2:2+0:2.
n n
dn — 4
b) lim — 3:11m<—"—§>:hm4—nm§:4—o:4.
n non n
1 1 1 1\"
c) lim(5+—><6——>:lim(5+—>-lim[6—<—)}:5-6:30.
n 4n n 4
U
Vidu 9 (CTST). Tim cac gidi han sau
. 3n+2 . In?+1
a) lim S b) lim —
® Loi gidi.
2
3+ —
2 .
a) Ta co snt2 U (Chia ci t1t vA mau cho n).
2n—1 2_1
n
542.1 lim(3+2-l> lim 3 + 2 lim
. 3n42 o 9TE o n m m- 3492.0 3
Tu do 1 5 1=hm T = T = 1 = 5.0 — 2
"o 2—— hm(2——) hm2—limﬁ N
2+1 2 1 1
b) Ta c6 \/9n + \/9n + /9n + /9+_2
n
Vons+1 2+ 1
Tir d6 lim vor 9+— lim 9+—2 = hm9—|—hm— VI 0=3.
n
U

n24+n+1

Vidu 10 (KNTT). Tim h+oo 57 1

o Loi gidi.

Dé tinh giéi han ctia day s6 dang phan thiic, ta chia ca tit thitc va miu thiic cho luy thita cao nhat clia n, i 4p
dung cac quy téc tinh gidi han.

Ap dung céc quy tic tinh gidi han, ta dugc

1220 dim <1+l+i>
_oni4n+l n T nooo n n2) 1
lim —— = lim = = _.
n—+oo 2n2 —1 n—+00 1 . 1 2
n n—-+4o0o n
O]
Vidu 11 (CTST). Tim céc gi6i han sau
3n+2 In? +1
i . b) lim ————.
a) hm2n_1 ) lim -
® Loi gidi.
2
3+2
2 .
a) Ta co stz L (Chia ci t1t vA mau cho n).
2n — 1 2_1
n
3_|_2.l 1im<3+2-l> lim 3 + 21i 1
oo dn+2 n n 1 me 3+2.0 3
Tu’dohmﬁ:hm T = I = 1= 5.0 — 2
" 2~ lim(2——) lim 2 — lim — -
n n n
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1. Gi6si han cla day sb

Biét lam, Iam dung, Idm nhanh

V' J J J
VN2 +1 VIn?+1 fon? +1 / 1
b) Ta CO n = \/ﬁ = T— 9+$

Von2 41 1 1
Tfrdélim—gnn+ =lim4/9+ — = lim(9—|—m>: lim9 + lim — = /040 = 3.
n

Vi du 12 (Canh Diéu). Tinh cac giéi han sau

O
3 6
, 1 _ 4n—2.3n 373
a) hm(5+6—n); b) hmm; c¢) lim 5n
® Loi gidi.
r 1 . . 1
a) Ta c6 lim 5+6_” =1lim5 + lim & =5+0=>5.
3 n
4" —2.3" 1_2’<Z> 1
b) Ta ¢6 lim ——— = lim o =
5+6-4n 1 6
5-{—-) +6
4
6
li 6 _ a1 n a S_E_
¢) Vilim 3_ﬁ =3 va lim 2" = 400 nén on =0.
O
3n+1_4n
® Loi gidi.
3 n—1
n+1 -1 ~1 9'(‘) —4
3Tl —4n 9.3" —4.-4" 4
lim = lim = lim — =—4
4n—1+3 4n—1+3 1 n—1
13- (3)
4
O
. 1+2+22 4+ 420
Vidu 14. Tim gi6i han sau lim R .
. 1434324437
® Loi gidi.
1—2ntl <1>“+1 (2)”“ 0
1424224420 T (1-2mh).2 3 3
lim = lim =lim ~——%— =lim
1434324437 1— 3t 1 — 3+t

N =0.
) <§) -1

F® Baitép tu luyén

O]
Bai 5. Tinh cac gi6i han sau:
5n 41 6n% +8n+1 Vn2+5n+3
li ; b) li ; lim ——;
a) lim =5 = N =g o =g g
1
1 2
d) lim (2 - 3—n), e) lim 34 ‘+3n ; f) lim 3nn :
® Loi gidi.
1
5+ —
1
a) Ta c6 lim ontl lim u

omn 2
340/764 '
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Chuong 3. Gi6i han. Ham sé lién tuc

6n2 4+ 8n + 1
b) Tacéhmwz i

5n2 + 3

Vn?+5n+3
6n + 2 B

>=11m2—11m<i>=2—0=
3TL
2 n
. H(ﬁ) 1
lim —— =

4 4

c) Ta c6 lim lim n

1
d) Ta c6 lim (2 ~

4.3n

e) Ta c6 lim

1
f) Vilim <2 + —) = 2 va lim 3" = 400 nén lim
n

ond —2n+3

Bdi 6. Tim gi6i h lim ————————.
im gi6i han sau lim ———

o Li gidi.

Bdi 7. Tim gi6i han sau lim
® Loi gidi.

vVnt4+2n+2
n?+1

CovVnt4+2n+2
lim =

Biét lam, Iam ddng, Iam nhanh

y J/ J J

n2+1

3n—|—1 — 4"

Bai 8. Ti i6i h lim ——.
Im gi6i han sau lim Zo————

® Loi gidi.

3n+1 —4n
i

9.3t — 4.4
m
4n=1 43

4n=1 43

= lim

1424224427
1+3+324---+37

Bdi 9. Tim gi6i han sau lim
® Loi gidi.

1— 2n+1
—1
1— 3n+1
—2

o l+24224. 420
lim
14+3+32 443"

= lim = lim

Bai 10. Tim cac gidi han sau

(1 _ 2n+1) .9
1 — 3nt+l -

("))

lim

=0.

o
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1.

y J J J
n2+n+1
. : ) _
a) ngl—ll-loo 2n2+1 ) b) nEI-II—loo< ns+2n n>
® Loi gidi.
1 1 . 1 1>
. n?+n+1l . 1+ﬁ+ﬁ ngrfoo(l—i_n—i_n? 1
VoA et LT T o N 2
n n—-+oo n
24 2n —n? 2 2
b) lirf <\/n2—|—2n—n): lirf 3;_7#: 111}: 5 = > =1.
n—-+0o0 n—-+0o0 n—-+0oo
nitint+n 1+-4+1  lim (\/1+—+1>
n n—-4o00 n

Bai 11. Tinh cac gidi han sau:

. 2"43-47 . 3T +2-4"
W) s by T =lim
® Loi gidi.
1 n
T A (5) 9 4
a 1m4n_5'3n—1m1_5<§>n— .
4
4 n
3+2-(3)
. n AN
b) TacéTzlimM:Iim—n?:B.
L5 Tn 5
4-(2) 41
7
Bdi 12. Tim cac gidi han sau
—2n+1 V16n2 — 2 4 2—2n+3
a) limn—+; b) limn—; c¢) lim ; d) limw.
n n 2n+1 2n?
® Loi gidi.
2+1
—2 1 o n 2
a) Tacélimn—+:1im N — +0:—1.
n 1 1

2
16 — —
V16n2 — 2 \ 2 )
im Y %~ lim " —1im /16 — — = V16— 0 = 4.
n n

b) li

1
4
4 n 0
c) Ta c6 lim =lim—"2+ = —— =0.
1
2n+1 94 * 240
n
2 3 ) 3
2 1——+—> _E2L 2
2_2n+3 n( 2 1 + 1
d) Ta 6 L = lim = 2n1;+ = lim 2:2 = lim n2 n? =3

Bai 13. Tinh céc giéi han sau:

Gidi han cla day sb Biét Iam, lam ddng, Iam nhanh

e
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Chuong 3. Gi6i han. Ham sé lién tuc

Biét lam, Iam ddng, Iam nhanh

V J J J
)i Tn+1 b) i 5n% +2n +4 )1 V2n2 +3n+3
a) lim ——; m—; ¢) lim ————;
3n—1’ 9n2 +3n —3’ ™+ 2 '
2—1—1
. 1 . 5T+ 3" . n
d) hm(12—5—n>; e) lim 15 f) lim TR
® Loi gidi.
1
5+~
on+1 5
Ta c6 li = li n— -,
a) Ta c6 lim 5 im 5
6-|-8+ !
2 1 — -
b) Tacolim Ot ” n m2 O
5n? + 3 3 5
B+
n
1 ) 3
. o vVn?f+5bn+3 +ﬁ+ﬁ 1
C) Ta co 11m6—2 = lim 2 = 6
n+ 6+ =
n
- 1 . . 1
d) Taco6lim{2—— ) =lim2—lim(— | =2—-0=2.
3n 3n
2 n
Taestm 2y (5)
e) Ta c6 lim =lim ——°2  — —.
4.3" 4 4
1
. 24~
f)\ﬁhm<2+—>=2valim3"=+oonénhm L =.
n
O]
Bai 14. Tim cac giéi han sau
. 3n%+5n+10 . I R YN
® Loi gidi.
11 . 1 1>
n?+n+1 . 1+ﬁ+ﬁ nklfoo(len—i_n? 1
VA T TW T T T N %
" 2+ — lim <2+—2)
n n—-+oo n
24 2n—n? 2 2
b) liT (\/n2—|—2n—n): hr_{l 3;_7#: lirf 5 = 5 =1
n—-+oo n——+0oo n—+00
neAan 1+-+1  lim (\/1+—+1>
n n—-+00 n

Bai 15. Tim gidi han clia cac day s6 cho bdi

_n2+1

a) up = .
2n—1

n

D Loi gidi.

b) v, = V2n2 +1—n.
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1. Gi6si han cla day sb Biét lam, lam ddng, [am nhanh

y J/ J J

1
_nt+l_Itis
R
9_ =
n ) 1
Hon ntta lim n = +oo va lim n- — noteont
n—-4o00 n—4o0o 1 . 1 2
2— — 2— lim —
n n—+oo n

Do d6, lim wu, = +oo.
n—-+00

1
b) vn:\/2n2+1—n=n-(\/2—1——2—1).
n
- . o / 1
Hon nta lim n = +4+oo va lim < 2—|——2—1>:\/§—1>0.
n—-+oo n—-+oo n

Do d6, lim wv, = +oc.
n——+00

0
.. An? —n—1
Badi 16. Tinh gidi haanlim%
® Li gidi.
11
”2(4____2) 1-2-% 4o
Ta c6 L = lim 3” "7 — Jim ot B- — 5 =2 0
n n
. . . P Heé s6 ba hat cia tu
© Nhn wét. Néu bic tit P(n) bing bac mau Q(n) thi lim LU — 1€ 50 bac cao nha cma
Q(n)  He sb bac cao nhit ctia mau
- om2 —n)’ - (4n — 1)
B&i 17. Tinh gidi han L — lim o0 —")_~(4n =V
20n8 - (2n2 —n+1)
® Loi gidi.
5 4
w2 (-2
L =lim & . 1”4
20n5 [n2(2—— —2)}
n n
1\° 2\4
(e 1) (o)
= lim n 3 N n4
20n5n8 (2——+—2>
n n
1\° 2\4
(2-5) (1-2)
—1i n n
3 1\*
20(2-—+—
n n
_(2-0P°-(4-0)"
20 (2—0+ 0)
128
==
0

@© Nhan xét. Véi bai toadn c6 lity thita cao, ta thuong rit bac cao trong titng dau ngodc, sau d6 ap dung cong
thic (a-b)™ = a™ - b™ va tinh todn tuong tu nhu cac bai trude.

n?—n+3

Bai 18. Tinh gi6i han L = lim FES R

® Loi gidi.
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Chuong 3. Gi6i han. Ham sé lién tuc Biét Iam, Iam ddng, Iam nhanh

y J/ J J

13 1 3
n2<1——+—> 1— -+ =
2 1 1-040
Ta ¢6 L = lim LS =i | o zo-ﬁ:o. O
n? <1 + —2> R i +
n n

A Ve A ~ 2, 2 ~ = ~ . P(n)

@© Nhan zét. Néu bac ti P(n) nhé hon bac mau Q(n) thi L = lim aom) =0.
n
. 2n3 — 1ln + 1
B&i 19. Tinh gidi han L = lim —— "1~
ns — 2
® Loi gidi.
o1 111 111
”3<2_ﬁ+$> 2- 5t 2- 9t 3
L =1lim 5 = lim nn—2n =+oo\/ilimn=+oovalimn—2n=2>0. O
2 _ £ _ 2
n <1 — m) 1 n2 1 n2

A z £ ~ o 2, ~ = N . P(n) 2 < L N

@© Nhan zét. Néu bac t¢ P(n) 16n hon bac mau Q(n) thi L = lim am) = +oo. Dé biét 1a +o00 hay —oo ta dua
n
vao dau clia gi6i han hai nhan t& trong tich theo quy tac “cting dau thi tich duong, trai dau thi tich am”. Thong
thuong, sé dé tréng = - - - va xét dau sé dieén vao sau. Vé trac nghiém, d6 chinh la dau ctia tich hé s6 bac cao nhat
clia tt va mau.
S 1+3+54+7+9+--- 2 1
B&i 20. Tinh gidi han L = lim T o2+ 7 +9+ -+ Qn+1)
3n2 +4

D Loi gidi.
Xét cap s6 cong: 1,3,5,7,9,...,2n+1 c6 s6 hang dau tién u; = 1, cong sai d = 2 va s6 hang cudi 1a u,, = 2n +1,
ta co

uy+(m—-)d=2n+1<1+2(m—-1)=2n+1l<m=n+1.

Vay cap s cong c6 n + 1 s6 hang. Suy ra tong

1
S:1+3+5+-~+2n+1:%(u1+um):n; (1+2n+1)=n*+2n+1.
Vi thé -
2 & 2 1
ol n(1+n+n2> Mot 14040 1
ne - n2<3+—2> 3+ — "
n n

@© Nhan zét. Can nhé cong thiic cap s6 cong:

o upy1 —up =d, vi d la cong sai. e u, =u;+ (n—1)d, véid la cong sai.
n
o Upi1+ up_1 = 2uk, voi k> 2. ° Sn=U1+'LL2+"‘+Un=§(U1+Un).
1 1 1 1 1
Bai 21. Tinh gi6i han L = li e ————— L
inh gi6i han im 1‘2+2‘3+3‘4+4'5+ +n(n+1)
o Loi gidi.
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1. Gi6si han cla day sb

Biét lam, Iam ddng, Iam nhanh

y J J J
p . 1 1 1
1 1 1 1 1 1 1 1
L= (1__ Loty 1t 1 )
m\tmgte Tty Tt sttt T
=hm(1—L)
n+1
. n
=lim ——
n—+1
. n
= lim i
n(l—i——)
n
= lim ——
1
1+ —
1
:—:1
1+0
O
1 a b 1 1
© Nhan zét. Phan tich ———— = — Gig= —— =1lvab= = - 1.
han zét an tic R+ 1) k+k+1VOla F ] va b Bl
2 _
Bai 22. Tinh gi6i haanlim?ﬂ;nJg—ZlS
o Loi gidi.
Ta c6
1
n2<3+——%)
L =lim nln
1 5
3+———
= lim nln
2+ —
~3+0-0
240
_3
=5
O
3 _
Bai 23. Tinh gi6i han L = lim #Tm
® Loi gidi.
Ta c6
1
n n
L =lim
2 1
n3<—+3——3)
n
1 3
l——+3
= lim 5 n 7}
243 —
n+ n3
_1-0+40 1
0+3—-0 3
O

e
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Chuong 3. Gi6i han. Ham sé lién tuc

Biét lam, Iam ddng, Iam nhanh

6n3 —2n + 1
5nd —n(n?+n—1)

Bai 24. Tinh gi6i han L = lim
o Loi gidi.

Ta c6

Bai 25. Tinh giéi han L = lim
® Loi gidi.

Bai 26. Tinh gi6i han L = lim n 1232 —n)2

D Loi gidi.

HEETE)
)

(002 )
(s

AEEN)

y J/ J J

o

347/764 ’

B Todn 11 theo chuong trinh GDPT201Eﬂ



1. Gi6si han cla day sb Biét Iam, lam ddng, Iam nhanh

y J/ J J

_@2-0 (-9 1
CA+0P(0-1)2 4

(302 —1)% (2n + 5)%(9n + 4)
2n—4)*@2n3+1) (202 —-T7)

Bai 27. Tinh giéi han L = lim
® Loi gidi.

C(3-0°-(24+0)%-(9+0)
2-0*(24+0)-(2-0)

243

-

(n®+2) (n— 1)?
(n+1) (2n2 + 3)*

Bdi 28. Tinh gi6i han L = lim

D Loi gidi.

Bai 29. Tinh giéi han I = lim ( n?—2n+3 — n)
® Loi gidi.
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Chuong 3. Gi6i han. Ham sé lién tuc Biét Iam, lam ddng, Iam nhanh

y J J J
Ta c6
I =1lim (v/n2—2n+3—n)
. n?—2n+3—n?
= lim
vn2—2n+3+n
. —2n+3
= lim
vn2—2n+3+n
—94 3
= lim th
1-24+ 341
— _2 —_—
VIt1
]
B&i 30. Tinh gi6i han I =lim (Va2 +7 — Va2 +5).
® Loi gidi.
Ta c6
I:lim<\/n2+7—\/n2+5)
. n?+7—(n?+5)
= lim
Vn24+7+vn?2+5
li 2
= lim
Vn? +7+vn? 45
=0
U]
Bai 31. Tinh gi6i han I = lim (\/n2+2n—\/n2—2n).
o Loi gidi.
Ta c6
I:lim(\/n2+2n—\/n2—2n)
. n?+2n—(n?-2n)
= lim
Vn2 +2n 4+ vn? —2n
T 4n
= lim
vVn2 4+ 2n+vn? —2n
li 4
= lim
N
Vi+v1
J
B&i 32. Tinh gidi han I =1lim (vVZn? —n+ 1 — v2n% — 3n +2).
® Loi gidi.
Ta c6

I=1lim (v/2n2 —n+1— /202 —3n+2)
. o2n2—n+1—(2n>-3n+2)
= lim
V2n? —n+14++v2n2 —3n +2

= lim 2n—1
Von2 —n+14+vV2n2 —3n+2
= lim 2_%
V2-2i+Lb+2-3+2
_ 2 _ 1
V242 V2
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1. Gi6si han cla day sb

Biét lam, Iam ddng, Iam nhanh

B&i 33. Tinh gidi han L = lim (v/9n? + 3n — 4 — 3n + 20).
o Li gidi.
Ta co:
L = 1im20+lim (v/9n2 +3n—4—3n)
3n—4
VInZ+3n—4+3n

(o)

= 20+ lim

= 20+ lim
3 4
n 9+———2+3n
n o n
4
.
= 20+ lim n
3 4
9+———2+3
n o n
3—0
= 20+ ———-+3
+9—|—O—0+
4
= 5
.. 34 on?2 41
B&i 34. Tinh giéi han [ = lim 2% T 1
] nd +5n3 +n
® Loi giai.
Ta c6
2 1
n3<7+—+—3>
. n o on
L =lim
5 1
n4(1+—+—3>
n o on
2 1
7+—+—3
=lim | — g nl
L
n
=0.
2 1
1 7+—+—3
V\llim—:()valim%:l
" 1+ =+ —
non
.. , . m+3
Bai 35. Tinh g101 han L =lim m
ﬁL(Jigiéi.
Ta c6
3
n<7+—)
L =lim ; 5 1
n —+3+—3
n
3
=lim| —
2 2 4
e
=0.

y J/ J J
U]

e
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Chuong 3. Gi6i han. Ham sé lién tuc Biét Iam, lam ddng, Iam nhanh

V' J J J
3
1 T+ = 7
. N n
Vilm— =0vallm--——""—=—. O
n? 2 4 3
Z+34+—
n n
.. 244n—5
B&ii 36. Tinh giéi han L = lim ">
. 33 +n2 47
® Loi giai.
Ta ¢co
4
n2<1+——%>
L = lim non
1 7
n3 3+—+—3
n n
4 5
1 o
= lim . TlL n7
L e
n
=0.
4 5
1 I+--75 1
Vilim— =0 va lim —2 1" — —| ]
n 1 7 3
3+—+—3
n n
.. —2n3 +3n%+4
B&ii 37. Tinh gidi han L = lim ——» 5% T2
nt+4n3 +n
® Li gidi.
Ta ¢co
n3<—2+§—|—i3)
. n
L =1lim 1
n n
3 4
2+ -+
=lim | — 4n 1
S
n
=0.
3 4
1 24>+ —
Wlim—zOvﬁlim#z—Z OJ
" 1+ -+ —
n n
.. —2n? 2
Bai 38. Tinh gidi hanL:hm%
® Loi gidi.
Ta c6
) 12
n\-2+—-+—
. n n
L =1lim
4 3 5
1 2
=lim| —- n__1n
n? 5
3+—4
=0.
1 2
1 2ot 2
Vilim — =0 va lim —— &1~ — _ =, O
n? 5 3
3+—4
n
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1. Gi6si han cla day sb Biét Iam, lam ddng, Iam nhanh

y J/ J J
E® Cau hai tréc nghiém
- 2 202
Cau 16. T;nh giéi han T = lim %. -
® Loi giai.
9+ 2017
2 202 2
Ta 6 I = lim 2T 2023 = n_ 2
3n + 2024 5 2018 3
+ =
Chon dap an @ O
Cadu 17. Phat biéu nao sau day la sai?
@hmun:c(un:cla hing s6). 1imq”=0(|q| > 1).
1 1
lim — = 0. lim— =0 (k>1).
@Hn,n 0 @nnnk 0(k>1)
® Loi gidi.
Theo dinh nghia gidi han hitu han ctia day s6 thi lim¢™ = 0 (|q| < 1).
Chon dap an O
N 2 — N
Cadu 18. Gia tri ctia lim °-n bang
n+1
@1 2. (©)-1. D)o.
® Loi giai.
2 -1
TacélimLTI:limn T :(1);(1):—1.
+ T
n
Chon dap an @ O
~ 4 2024
Cadu 19. Tinh gi6i han lim M
) 2n+1
A 5 (B) 4. (©)2. (D) 2024.
® Loi gidi.
A4 2024
Ta ¢6 hm% =lim —"— =2
ne 24—
n
Chon dap an @ O
~ oom?-3 .
CCIU 20 lim m bang ;
A) 2. 0. % D) -3.
® Loi gidi.
) 2 3
on? _ .
Ta 6 lim6n—535 = lim 2% — g,
neon 1+
Chon dap an Ol
~ 2 1 P
Cdu 21. Tinh lim 1n +n dugc két qua 1a
1
A 2. (B)o. © 5 D) 1.
o Loi gidi.
1 1
o2n4l ”(“E) 2t 240
Tacohm1 = lim 1 :11m1—:ﬁ:2.
+n N <_ n 1) 1y +

n n
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Chuong 3. Gi6i han. Ham sé lién tuc Biét Iam, Iam ddng, Iam nhanh

y J/ J J
U]

Chon dép an @

Cau 22. Day s6 nao sau day c6 gidi han khac 07

@% % ©n—|—1' @sinn.

n \/ﬁ
® Loi gidi.
1 1
C6 lim = = lim1 + lim — = 1.
n n
Chon dap an @ O

c6 két qua la

Céu 23. Gidi han lim 73"

M) 2. ®)o. (©) +c0. D) 4.

® Loi gidi.

1
Vi3
lim Y™ w0

Pars T M3 T 240
T2
n
Chon dap an O
P 1 1 . 1 1 . P

—~ 24- ~ A Zy* — _ ~ . - N 2. A S A e oA 2,
(C;:u Day s0 (uy) v6i uy, 5 chon M 1007 de ™ < 100 thi n phai lay tir s6 hang thit bao nhiéu tré

i

(A) 51. (B) 49. (C)4s. (D) 50.
® Loi gidi.
1 1

Ta c6 o < ﬁ®/2n>100<:>n>50.
Vay n phai lay tu s6 hang tha 51 tré di.
Chon dap an @ Ol

n n

Cdu 25. Giéi han lim c6 két qua 1a

4n
5 3
® Lai gidi.
(D) ()
o 3r4am o \4 4
Ta c6 lim n :hmf:o.
Chondépén@ O
Cu 26. Tinh giéi h 1’[1+1+1+ F— ]
. m 101 n 11m —_— .
giol 1.2 2.3 3.4 n(n+1)
3
(A)o. ®) 2. ©1. OF
® Loi gidi.
Taeg Lo Lo L1 1 111 1 1 1 1
1-2 2-3 3.4 nn+1) 1 2 2 3 -1 n n n+l n+1
V‘l'{1+1+1+—|— 1}—1'(1 1)—1
WA 2T 3731 nn+ 1)) P\ T 1)
Chondépém@ Ol

Cdu 27. Tinh giéi han I = lim (\/n2 +2n+3— n)

1. ®)o. (©)2. D) 3.

® Loi gidi.
2 24+ 3
Tacé[zlim(\/n2+2n+3—n)zlim nt3 = lim th =1
Vn2+2n+3+n 1+2+ 35 +1
Chondépén@ O

CGu 28. Tinh gi6i han I =lim (V2 +1— Vn? —2)
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1. Gi6si han cla day sb Biét Iam, lam ddng, Iam nhanh

V' J J J
3
A 3. ®)o. (©) V3. ©3
o Loi gidi.
) . . 3
TacoI:hm(\/n2+1—\/n2—2> zhrn\/nz_‘_1_1_\/712_2 =0
Chon dap é,n Ol
Cau 29. Tinh giéi han I = lim (n — v/n? +2n — 3)
(A)o. (B)- 2. - 1. D) 2.
® Loi gidi.
—2n+3 —243
ST _\/7_ _ 1 s _
Ta c¢6 I hm(n n2 +2n 3) hmn_l_\/m hml_l_m 1
Chon dap én@ O
Cau 30. Tinh gi6i han I = lim (\/n2—n—|-1—n)
@%. B 1. —%. D) o.
o Loi gidi.
P o N —n+1 L —1+ 4 _ 1
TacoI—hm(\/n n+1 n)-llmm+n—llm 1—%—1—;15—1-1_ 5
Chon dap én@ O
Cau 31. Tinh gi6i han I:lim<\3/n3—n2 —n)
1 1
®_§' 5 ©1. D) o.
® Loi gidi.
2
L T 33_ 2 1 —n 1 _1 :_1
Taco[-hm(\/n n n)) 1lm3(n3—n2)2+n§/m+n2 11rn\3/m-|_31_l+1 3
Chon dap én@ O
Cau 32. Tinh gidi han I = lim (vV2n? +2n — 1 — V2n? +n)
1 1 1
@O. Z. @5. @ 2_ﬂ.
o Loi gidi.
n 1

Ta ¢6 I = lim (\/2n2+2n—1—\/2n2+n) = lim

= lim =
2 — 2 2 1 2
1 Von2+2n—1++v2n2+n \/2+E_ﬁ+\/2+ﬁ

2V2
Chon dap an @ O

Cadu 33. Tinh gi6i han I = limn (\/n2 +n+1—vVn2+n-— 8)

9
(A)o. (B) co. (©)2. @5.
® Loi gidi.
In
Taco I =limn(vVn2+n+1—vVn2+n—8)=1lim
( ) vnZ+n+14++vn2+n-—38
. 9 9
= lim S
Viti+L+/1+i-58 2
Chondépén@ O
. 2n —1)(3 — n)? ) .
Cau 34. Gié6i han lim( n—1@B—n) c6 két qua bang
(4n —5)3
1 3 1
Ao @- @5- @5-

® Loi gidi.
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Chuong 3. Gi6i han. Ham sé lién tuc Biét Iam, lam ddng, Iam nhanh

y J J J
i G DB—n)? (2_%) <%;1>2 _2 _ 1
(4n —5)3 LB 4532
Chon dap an < n> O

& Dang 3. Phuong phdp lvong lién hop (lim hiru han)

Stt dung céc hing ding thiic

L WE-B)(ath)  ap
OVa-b="Tm T Warh

o i WEVD(EEE)

(Va+vb) (Va+vb)
®» Vidumau
Vidy 15 (KNTT). Tim gidi han sau_ lim (VZ+2n—n).
® Li gidi.
2 )
lim </—n2+2n—n): i n“+2n—n I 2 _ 2 1 -~

11 —_—— = 1m
n——+o00 n—+00 \/n2 4+ 92 n——+00 2 2
nit e ViI+S+1  lim (\/1+—+1>
n n—-+00 n

Vidu 16. Tim gidi han sau lim (\/3n2 —2n —/3n2 +6n — 1).
o Loi gidi.

lim (\/3n2 —2n— /302 +6n - 1)
. 3n2—2n—3n2 —6n+1
= lim
V3nZ—2n+vV3n2+6n-—1
—8n+1

im
V3n2 —2n+vV3n2 +6n—1

1
_84 =
+n 4

lim —_
2 6 1 3
It 1w

n n

n

= 1

Vidu 17. Tim gi6i han sau limn (\/n2 +1—+vn2— 3).
o Loi gidi.

limn(\/n2—|—1—\/n2—3)
. n(n2+1—n2+3)
= lim
Vn2 +1++vn? -3
4dn

lim
Vn?2 +1++n? -3
4 4

= lim =—-=2

1 3 2
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1. Gi6si han cla day sb

Biét lam, Iam ddng, Iam nhanh

y J J J
. 1
Vidu 18. Tinh gi6i han sau lim —m .
) & ' VInZ —n —3n
o Loi gidi.
fm——
VIn?Z —n —3n
. VInZ—n+3n
= lim
92 —n — (3n)?
. VIn?2—n+3n
= lim———
-n
1
\/9—54-3
im = 6
U]
Vidu 19. Tinh gi¢i han sau lim (\/n2 +3n+2—n+ 2).
o Loi gidi.
lim(\/n2+3n+2—n+2>
. n*+3n+2—(n-2)?
= lim
vn?+3n+2+ (n—2)
. 24+ 3n+2—(n?—4n+1)
= lim
VnZ4+3n+2+n—2
. m+1
= lim
Vni+3n+2+n-—2
1
(g .
= lim 3 2” 5 =
Vit o+ S +1-2
n o n n
OJ
F® Bai tap rén luyén
Badi 39. Tim gidi han sau lim (\/n2—3n—n).
o Loi gidi.
lin (V2 30— n) = oy 30 —n?
vnZ—3n+n
. -3
= hm—3:——
yYyl——+1
n
U]
Bai 40. Tinh gidi han sau lim (\/5n2+3—\/5n2—6n).
o Loi gidi.
5n2 + 3 —5n2 + 6n
lim (vV5n24+3 —vHn?2 —6n) = lim
<\/ v ) V5n2 4+ 34+ /512 — 6n
3
“ 16
= lim g 5 :3\5/5
\/5+—2+\/5——
n n
U]

e

356/764 ’

B Todn 11 theo chuong trinh GDPT201€m



Chuong 3. Gi6i han. Ham sé lién tuc Biét Iam, lam ddng, Iam nhanh

y J J J
Bdi 41. Tinh gidi han sau limn (n —vn?+ 2).
o Loi gidi.
n (n2 —n?— 2)
limn(n—+vn2+2) = lim
( ) n+vn2+2
— hm——2n
n —+ \/m
. —2
= lim—-——— = —1.
2
L 4/1+4
n
J
Bdi 42. Tinh giéi han sau lim 2
. ) (2n+1—\/4n2—3n).
o Loi gidi.
y 9 L2 (2n+ 1+ VAn? =3n)
im = lim
(277, +1—+4dn? — 377,) (2TL + 1)2 — (4TL2 — 3n)
2 (2n+ 1+ VAn? = 3n)
= lim
An? +4n+1—4n? + 3n
1
2<2+—+\/4—§)
i n n 8
= 1m = —.
1
T+ - 7
n
U
o 241— 1
Bdi 43. Tinh gidi han sau lim vn? + vn + .
3n+ 2
o Loi gidi.
CoVvn2+1—vn+1 . n%—n
lim = lim
3n +2 (Bn+2) (ViZ+1+Vn+1)
1 1
. 1
= lim =

n —
2 1 1 1 3
(3+—) (\/1+—2+\/—+—2>
n n n n

O]
E® Baitap trdc nghiém
Cdu 35. Tim gi6i han sau lim (\/ n?+1— n)
1
(A)o. (B) +oo. ©1. D) 5
o Loi gidi.
lim (Va2 +1-n) = f 2 H L1
vn?+1l+n
1
= lim —nl =0
V1+>+1
n
Chon dép an @ O
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1. Gi6si han cla day sb Biét Iam, lam ddng, Iam nhanh

y J/ J J
Cdu 36. Tim gidi han sau lim (\/ 4n? — 3 — 2n>
3
(A) —co. -3. ©)o. D) -
® Loi gidi.
4n? — 3 — (2n)?
lim (v4n2 —3—2n) = lim
( ) Vian? — 3+ 2n
3
= lim —7; =0
\/4d——=+2
n
Chon dép an @ O
Cdu 37. Tinh cac gidi han sau lim (vn + 3 — /n).
3
o Loi gidi.
n+3—n
lim (vVn + 3 — — lim— 2T
im ( n \/ﬁ) im nE3_vn
3
= lim \/i =0
1+ 541
n
Chon dép an @ O
Cadu 38. Tim gi6i han sau lim (\/ 4n? + 3n — 2n).
3 1
® Loi gidi.
4n? + 3n — (2n)?
lim (v/4n2 +3n —2n) = lim
( ) Vian? 4+ 3n+ 2n
3
= lim——% — =0.
/ 3
44+ —+2
n
Chon dap an @ O
-3
Cdu 39. Tim gi6i han sau lim )
' V16n2 — 5n — 4n
24 24
o Loi gidi.
) 3 o (V16n2=5n + 4n)
Tz —bn—4an 0 16n2—bn— (4n)?
-3 (\/16— 5 +4)
. n 24
= lim = —.
-5 )
Chon dép an @ O
Cdu 40. Tim gidi han sau lim (\/ In? —n — 3n).
1 1
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Chuong 3. Gi6i han. Ham sé lién tuc Biét Iam, lam ddng, Iam nhanh

V' J J J
® Loi gidi.
. . 9% —n—(3n)?
hm(\/Qn2 - —Sn) = lim o+ 3
— lim_—l — _1,
/ 1 6
9——+3
n
Chon dép an @ O
Cdu 41. Tim gi6i han sau lim (n —vn?+ Zn).
A 1. —c0. (©)-1. D) o.
o Loi gidi.
. o on?— (n2 + 2n)
hm (TL —V 7’1,2 =+ QTL) = hm m
1+4/14=
n
Chon dap an @ O
CGu 42. Tinh gidi han I =lim (Vn2 = 2n+ 3 — n).
(AT=1. B)I=-1 ©1=0. D) I = +oc.
D Loi gidi.
2 _ 2
Izlim(\/n2—2n+3—n) = lim(n 2n+3) —n
Vn?2—2n+3+n
3
o4 2
Vi-2+ 5 +1
n o n
Chon dap an O

Cdu 43. Tim gidi han sau lim (n +2—+vn?— 4n).

@ 0. 9 4. @ +o0. @ —00.

o Loi gidi.
. . (n+2)2—(n2—4n)
lim(n+2—-+/n2—-4n) = lim
( ) (n+2) +vn2 —4n
_ limnz—l—4n+4—n?-|-4n
n+2+vn2—4n
4
8+ —
= lim 5 n 1 =4.
1+ 44/1-=
n n
Chon dap an O
CGu 44. Tinh giéi han lim (VOn? + 2n — 3n + 8) ta duge két qua
25 1
o Loi gidi.

92 +2n — (3n — 8)?
lim (V92 4+2n—3n+8) = lim
( ) VIn? +2n + (3n — 8)
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1. Gi6si han cla day sb Biét lam, lam ddng, [am nhanh

V' J J J
~ lim 9In? + 2n — 9In® + 48n — 64
VIn? 4+ 2n+ (3n — 8)
64
om0
B 2 8 6 3
94 = +3- -
Chon dép an @ O
2
Cdu 45. Tim giéi han sau lim .
& ' 2n — 3 —V4n2 + 3n < <
® Loi gidi.
y 9 ; 2 <2n — 3+ V4n2 + 3n)
1m = 1m
2n — 3 — V4n? + 3n (2n — 3)2 — (4n? + 3n)
. 2 (271 — 3+ V4n? + 3n)
T M2 T 12n+9—4n2 —3n
2(2—§+\/4+§>
o n n) 8
- —15 T
Chon dap an @ O
~ . 1
Cdu 46. Biét lim nQ—ﬁn+3—n =a, véia € Q. Tinh P =a?+ 1.
185 5 8 1 i
~ 184 184" 121 1847
® Loi giai.
1 n+3 ! + 5
1 11 T 1
lim{4/n?— —n+3—n|=Ilim 11 = lim 1L _n =——.
11 [ 5 1 3 \/1 1 3 1 22
2 n — ﬁn—i— +n “1in + 2 +
1 485
. 92 _( _ 2%
Vay PP=a +1_( 22) 1= 0%
Chon dép an @ O
Céu 47. Biét gidi han lim [n (VOnZ +3 — VonZ +2)] = % véi a,b € N v % 1a phan sb t6i gian. Khi do6, gia tri
a® + b bing
(A) 31. ®)7. (C)s4. (D) 37.
® Loi gidi.

n im 1 _1

2 219 3 2 6
VOn? + 3 4+ v9n? +2 \/9+_2+\/9+_2
n n

Suyraa=1,b=6.Dodéa’>+b=1>+6=71.

Ta c6 lim [n (\/9712 +3—vV9n2 + 2)] = lim

Chon dap an Ol
Cdu 48. Biét lim (2n —V4n? +an + 3) =1, gia tri cia a thudc khodng ndo sau day?
(A) (=5;0). (1;5). © ). D) (-1:3).
o Loi giai.
lim <2n —V4n? +an + 3) = lim —an =3
2n + vV4nZ +an + 3
a3
= lim n E—

a 3 T
244/4+ =+
n n
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Chuong 3. Gi6i han. Ham sé lién tuc Biét Iam, Iam ddng, Iam nhanh

y J/ J J

Suy ra —% =1=a=—4. Vay a € (—5;0).
Chon dap an @ U
Cdu 49. Biét L = lim (\/4712 +3n —+Van? + bn) =1.Tinh S =a +b.

(A) S =3. (B) S = —4. ©s=1. D) s =-7.

® Loi gidi.

(4—an?+(3-b)n

n<\/4+%+\/a+%)

_ oy 4d—an+3-0b

1m .
Voo
44— +1/a+—

n n

L =lim (\/4n2+3n— \/an2+bn) = lim

4—a=0 a—4
MaL=1=4¢ 3-0b & =S5 =3.
=1 b=
2+ a
Chondépén@ O

%& Dang 4. Gidi han vb cuc

Ta néi day {u,} c6 gi6i han 1 400 khi n — 400, néu u, c6 thé 16n hon mot s6 duong bat ki, ké tit mot sd
hang nao doé tré di.

Ki hiéu: lim u,, = +o00 hay u,, = 400 khi n — +oc.

Day s6 {uy} 6 gidi han 1a —oo khi n — +o00, néu lim —u,, = +o0.

Ki hiéu: lim u,, = —oo hay u,, = —oo khi n — +oc.

Mot s6 gidi han dac biét va dinh li vé gidi han day sb

Gidi han ddc biét:

lim /n = 400
n—-+o0o
lim n* = 400 véi k 1a sb nguyen duong.
n—-+00
lim ¢" = +oonéugq>1
n—-+00
Dinh ly:
b u
Néu limu, = a > 0 va limv, = 0 v6i v, > 0 thi lim — = 400

p,
Néu limu,, = +00 va limwv,, = a > 0 thi lim u,v, = +00

I®» Viduméu

Vidu 20. Chitng minh ring limn? = +oo.
o Loi gidi.
Xét day s6 (up) = n?. Véi M la s6 duong bat ki, ta thay: u, > M < n? > M < n > /M.
Vay v6i cac s6 tu nhien n > v/ M thi u, > M. Do dé, limn? = +oo. O
Vidu21. Tinh lim (n? —2n).
n—-+o0o

D Loi gidi.

2 2
Ta c¢6 n? — 2n = n? (1 — —). Hon nita lim n? = +oo va lim <1— —> =1.

n n—-4oo n——+4oo n
Do d6, lim (n2 — 2n) = +00. 0]

n——+0o00
Vidu 22 (CTST). Tim gidi han lim ¢" véi ¢ > 1.
O Loi gidi.
. 1 o1 . 1\"
Titg>1suyra0<- <1 Dodo, lim— =lim|-|] =0.
q q q

Ma ¢™ > 0 v6i moi n nén lim ¢" = +oo. O
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1. Gi6si han cla day sb Biét lam, lam ddng, [am nhanh

y J/ J J

Vi du 23 (Cung khdm phd). Tim lim(—n?).
® Loi gidi.
Vi lim(n*) = 400 nén lim(—n?) = —oc. O
F® Baitap tu luyén
Bdi 44. Tim gidi han
a) lim(n3 +n? +n+1). b) lim (n? — ny/n +1).
® Loi gidi.

1 1 1
a) lim(n® +n?+n+1) =limn3 (1+—+—2+_3) = 400.
n n mn

1 1
b) lim(nz—n\/ﬁ—i-l) = lim n? <1_%+ﬁ> = +o00.
0
Bdi 45. Tim gidi han
Conhnt—n-—-2 o nS—7n3 —5n+38 ) 5
a) lim e b) lim 12 c) hm(n—l—\/n —n—l—l).
® Loi gidi.
5 4 n2+n_ 1 2 2
a) lim —i3—n 2n 2=Iim 5 ”79 75 _ i +n:—|-oo
36 _ 7.3 _ n2d1—- L 5 4 8 nd/1— L 5 4 8
b) lim Vnb -t —bn+8 R T Vi- S = oo
nt 12 nt 12 1+ 2
c) lim(n+\/n2—n+1):n(1+ 1—%+#>=11m2n=+oo
U
Bdi 46. Tim gidi han
a) limv5n% —8n + 7. b) lim vn3 — 5n + 6.
® Loi gidi.
: . 8 7
a) lim v5n? — 8n + 7 =limny/5 — — + — = +oo.
non
b) limvn3 —5n + 6 = limny/n 1_E+$_+OO'
U
Bai 47. Tim gi6i han
5nt —8n? + 10 . n?—15n+11
a) lim r nr b) hmnz—n.
dn +5 vn? —8n+7
® Loi gidi
e By B 8 | 10
a) lim 5n4_8n2+10:hmn2\/5_%+%:n\/S_m—i_ﬂ:lim—n\/g:ﬁ)o
An+5 dn+5 4+ 2 4 '
n? —15n + 11 n—15+ 41
by lim 22 gy T2 T
Vn? —8n+7 1/1_%_|_n_72
U
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Chuong 3. Gi6i han. Ham sé lién tuc

Biét lam, Iam ddng, Iam nhanh

E® Baitap trdc nghiém

-2
CAu 50. Tinh gidi han L = lim 3n2+—n7i2 1
(A) L = +oc. (B) L =0. @ng
® Loi gidii.
2 2
3
TacéL:Iim32 2n2=lim 1n 5 =lim |[n 1n22
T R e1-2
n n n n
limn = 4+
e
vi ) 1—-2-0 1
1 n = ==->0
1m3 I 2 " 3Y0-2.0 3
— T3
n n

Chon dap an @

- . AN\"
Cdu 51. Két qua cia lim (§> bang

Ao. 3.
® Loi giai.

4 n

Ta c6 lim (5) = +00.
Chon dép an @
Cadu 52. lim(2n + 3) béng

(A) +oo. 3.
® Li gidi.

lim(2n + 3) = lim [n (2 + %)] = 400.
Chon dap an @

Cadu 53. Trong bon gidi han sau day, gldl han nao bang duong vo cyc?
34+2n—1 2 2n? —
(A lim 20— 1 ®) lim 137 +2 (© lim 22231,
n

- —2n3 n2+n n3 + 3n
® Loi giai.
Ta c6
2 1
3 o 14 ———
@limn +2n 1:lim n ngz—l.
n — 2n3 1 9 2
—~ =
limn = 400
1 2
2 33 2 —+3+_ 1 2
@1 n+2n+ zlmn-n1 n3:+oo(do _+3+$
ne+mn L) lim T =3>0.
n —+1
n
2 3
2nc —3 2
@ lim 22— gy n? g
n3 + 3n 3
1+—2
n
) 1+1 llmnz;Lool
1 _ 4=
@1 n nt =limn n n? —oo(do 1——+—2
—2n 2.9 lim 1” === <0
n — =2
n

y J/ J J

@Lz—oo.

O
(D) +oo.

O
(D) -0

O

Conf—n+1
© m L
1—2n

o
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1. Gi6si han cla day sb

Biét lam, Iam dung, Idm nhanh

Chon dép an

y J/ J J
U]

Cadu 54. Trong céc gidi han sau, gidi han ndo bing —oo?

1 4 2n+1

@hm TR

(©limn (Vi +1—v2n+1).
® Loi gidi.

Xét L=limn (vVn+1—+2n+1) =limny/n (\/1

®@ limny/n = +o0.

@lim(\/l—i—l—\/?Jrl):l—
n n
Suy ra L = —o0.

Chon dap an @
Cau 55. Tinh lim(3 + 2n + n?).

A —oo.

® Loi gidi.

V2 <.

+o00.

lim(l— vn )

n n+1
) lim 1237
ond +1°

1 \/ 1) )
+——1/2+— | co
n n

©1

limn? = +oo

3 2
Ta ¢6 lim(3 + 2n + n?) = lim {n?’ <—3+—2+1>} =+4ooviq 3 2
n n lim

Chon dap an
Cdu 56. Tinh lim

(A)o.

® L5i gidi.

o3 —11n+1

2 (B) —2.

—né —2

Ta c¢6 lim

2
“(1‘ﬁ)

limn = 400
11 1

2
-1-=
n2

Chon dap an @

$+F+1>:1>0'

Cadau 57. Tim ménh dé ding trong cac ménh dé dudi day.

(A)lim (—3n* +3) =
@ lim (—n4 + 2) = +00.
® Loi gidi.

—0OQ.

Ta ¢6 lim (—3n* 4+ 3) = —oco 1a ménh dé ding.

lim (—3n* 4 3) = —oc0
lim (—n4 +2) = —oo0.
lim (5n4 — 2) = 400

Chon dap an @
Cdu 58. lim (3"
A) 1.

@ Loi gidi.

—4™) ¢6 gia tri bang

Ta ¢6 lim (3" — 47) = lim 4" - [<§> ~ 1}

4

9 +-00.

= —OQ.

O
©+oo @—oo
= —00.
O
(B) lim (—3n* +3)
@hm 5nt —2) =
O

©

[OUN RIS

e
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Chuong 3. Gi6i han. Ham sé lién tuc Biét Iam, Iam ddng, Iam nhanh

y J/ J J
U]

Chon dép an @
Cau 59. 1im(2 — 3n)*(n + 1) c6 gid tri bing

(A) —oo. (B) +oo. ©)2. (D) 81.

® Loi gidi.
2 4 1\?
Ta 6 lim(2 — 3n)%(n + 1)3 = limn” <— = 3> (1 + —) =81limn" = +o0.
n n
Chon dap an O
Cadau 60. Tim gi6i han lim (\/n2 +1- 2n).
2
@) +o0. ®0 ©-2 D) —oo.
® Loi gidi.
1
© Cach 1. lim (\/n2 +1-— 2n) =limn (\/ 14+ — — 2) = —00
n

1
(vilimn = 400 va lim (\/1—#—2—2) =-1<0).
n

1
2 1—4 2 —3’I’L+—
@ Cach 2. lim (V? +1 - 2n) = lim = i — o,
vnZ+1+2n 1
1+ 5 +2
n
Chondépén@ n

& Dang 5. Tinh t8ng cGa day cdp sé nhan 1ti vé han

4> Dinh nghia 1.5. Cip s6 nhan vo han uy,u1q, ..., u1¢" ", ... ¢6 cong boi ¢ thda man |q| < 1 duge goi 1a
cap s6 nhan lui vo han. Téng ctia cdp sd nhan lui vo han da cho la

S=u +uig+wmg+..= .
1—gq

®» Vidumaéau
. . Y . 1
Vidu 24 (Canh diéu). Cho cap so6 nhan (uy), v6i u; = 1 va cong boi ¢ = 7

a) So sanh |¢| véi 1.
b) Tinh S, = uj + ug + - - - + uy,, ti d6 hay tinh lim S,,.
® Loi gidi.

1 1
a) Tacc’)|q|:‘§‘:§<1.

ui (1—q") 1'[“(%)”]:2‘( 1) 1

b) Ta cé S, = T = 1_1 1_2_n =25y
. . . 1
Khi d6 lim S,, = lim (2_F> =2
0]
" o X . 2 1 1 1
Vi du 25 (Cdnh diéu). T1nht0ngT=1+§+§+...+3—n+...

o Li gidi.
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1. Gi6si han cla day sb Biét lam, lam ddng, [am nhanh

y J/ J J
P , . 1
Céac s0 han ctia tong lap thanh cap s6 nhan (uy,), c6 u; =1, ¢ = 3 nén
1 1 1 1 2
T=14-+=5+..+—=4+...= —— ==
totg oot t 173
3
H
Vi du 26 (Cdnh diéu). Biéu dién sb thap phan vo han tudn hoan 0, (3) dudi dang phan sb.
o Loi gidi.
3
3 3 3 10 1
Tac60,3) = —+-—=+...+ —+...= = O
a c6 0,(3) ottt 1_i 5
10
< D PSP 11 1 1\"
Vidu 27 (CTST). Tinh tong ctia cap s6 nhan lui vo han: 1 — 1 + 6 & + 4+ ~1 +
o Loi gidi.
. . . g . . 1
Tong trén la tong ctia cap s6 nhan lui vo han c6 s6 hang dau u; = 1 va cong boi g = ~1 nén
R N +<1>”+ 1 4
416 64 4 _1_<_1)_5'
4
]
Vi du 28 (CTST). Biét riing c6 thé coi sé thap phan vo han tuan hoan 0,666 ... 1a tong ciia mot cap s6 nhan lui
vO han:
1 1
0,666...= 0,6+ 0,06 4+ 0,006 + - - - —0,6—1—0,6-1—0—1—0,6- 1—02+
Hay viét 0,666 ... dudi dang phan so.
o Loi gidi.
Z 2 Z Z Z N N N 1
S6 0,666 . .. 1a tong ctia cap s6 nhan lui vo han c¢6 s6 hang dau bang 0,6 va cong bdi bang 10
3 06 6 2
10
Vidu 29. Tinh tong S =1 1+1 1+ +< 1>n_1+
.Tinhtong S=1—=-+-— = +... —=
' 8 21738 2
o Loi gidi.
~ NP 5 P P ~ PP P N 1 ) U1 1 2
Day la tong cta cap s6 nhan Iui vo han véiuqg =1 va g = 5 Do d6 S = = =3 O

Vi du 30. Biéu dién s6 thap phan vo han tuan hoan 2,222 ... dudi dang phan sb.

o Loi gidi.
Tac62,222...=24+0,24+0,02+0,002+...=2+2-1071+2-10724+2-1073 + .. ..
Day la tong clia cAp s6 nhan liii vo han véi u; = 2,q = 10! nén
9999~ _ 2 20
1—gq 1 1 9
10
O
. N < < . = PSP U U 1 1 1
Vidu 31 (Cung khadm phd). Tinh tong ciia cap s6 nhan lui vo han S =2 + 5 —+ 3 + 3 + ...
D Loi gidi.
, . s . N 1
S 1a tong cua cap so6 nhan lui vo han c¢6 s6 hang dau u; = 2 va cong boi ¢ = 1
ul 2 8
Vay S = =—=_. O
ay 1—¢q 1 3
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Chuong 3. Gidi han. Ham sé lién tuc

Biét lam, Iam dung, Idm nhanh

F® Baitap tu luyén
.. L . . 1
Bai 48. Cho cap s6 nhan (u,), v6i ug = 1 va cong boi g = 3

a) So sanh |¢| véi 1.
b) Tinh S, = uj + ug + - - - + u,, ti d6 hay tinh lim S,,.
o Loi gidi.

1 1
a) Tacc’)|q|:‘§‘:§<1.

1\
b)Tacésnm(ll_qqn)1’[11_%)]2-( 1) o L

Khi d6 lim S,, = lim (2 - 2n1_1> =2

. . 1 1 1
Balil9. ’I,‘inht()ngTz1+§+3—2+...+3—n+...
® Loi giai.

Céc s6 han ciia tong lap thanh cap s6 nhan (u,), c6 u; =1, ¢ =

1 1 1 2
T=1+—+—+...+—+...:—=§-

3 32 3n

Bai 50. Tinh téng S =1 1+1 1+ +< 1>n_1+
. [0) = —_ = - — = —_— =
H tons 2743 2

o Li gidi.

y J/ J J

2 Z Z ]- 2
Day la tong ctia cap so nhan 1ui vo hang v6i uy =1 va g = —5 Do do S = 1 ™ =3 O
1- (=

Bdi 51. Biéu dién s6 thap phan vo han tuan hoan 2,222 ... duéi dang phan sb.
o Loi gidi.

Tac62,222...=24+0,2+0,02+0,002+...=2+2-1071+2-10724+2-1073 + .. ..

Day la tong clia cAp s6 nhan liii vo han véi u; = 2,q = 10! nén

2 2
9999, = _ - _ 20
1—gq - = 9

Bai 52. Biéu dién s6 thap phan vo han tuan hoan 0, (3) duéi dang phan sb.
® Loi gidi.

3
3 3 3 o 1

10

. . . 1 1 1 1\"
Bai 563. Tinh tong ctia cap s6 nhan Ini vo han 1 — -~ + — — — + ... + <——> +...

4 16 64
® Loi gidi.

o
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1. Gi6si han cla day sb Biét lam, lam ddng, [am nhanh

. . . 2 P N 1

Tong trén la tong ctia cap s6 nhan lui vo han ¢6 s6 hang dau u; = 1 va cong boi g = 1 nén
T R +(1>"+ 1 4
TRV 1 ..._1_<_1)_5.
4
O
Bdi 54. Biét ring c6 thé coi s6 thap phan vo6 han tuan hoan 0,666 ... 1a tong clia mot cap sd nhan i vo han
1 1
0,666 ... = 0,6+ 0,064 0,006+ ...=0,64+0,6- E—FO,G-W—F....

Hay viét 0,666 ... dudi dang phan sb.
o Loi gidi.

P . . 2 P NN N 1
S0 0,666 . .. la tong ctia cap sO nhan lui vo han ¢6 s6 hang dau bang 0,6 va cong bdi bang 10

2
Dod60,666...=0;61=§=—. O
1- 9 3
10

1 (1)? 1\"
Bai 55. Tinh tong ciia cap s6 nhan lui vo han 1+ 3 + 3 +...+ 3 + ...
o Loi gidi.

)4 )4 2z Z 2z N 1
Tong trén la tong ctia cap s6 nhan lui vo han ¢6 s6 hang dau u; = 1 va cong boi g = 3 nén

1+1+(1)2+ T
3 3 3 ...—1_1_2.
3
O

EB Cau hai tréc nghiém

Cdu 61. Cho cap s6 nhan uj,us, ... véi cong boi g thoa diéu kien |¢| < 1. Lac d6, ta néi cap s6 nhan da cho la
lui vo han. Tong ctia cap sd nhan da cho 1a S = uy + us +ug + - -+ + up + - - - bang

u ui (¢" —1) u u
® - ®u-D oY ORz

C - q l+q 1—q
® Loi giai.
Theo dinh nghia cap sd nhan luii vo han ta ching minh dugc.

u
S:u1+u2+u3+---+un+---=u1+u1q1+u1q2+---+u1q”—1+---:1_1q.
Chondépén@ O
. , 1 1 (—1)n+t C N
Cdu 62. GQlS:§—§+~--+3—H.Khldo,hm5bang

3 1 1
-. -. —. 1.
® ®! ©! ®
® Loi gidi.
Ta c6
1 1 (_1)n+1
S=___1..
9+ + 30
11 (—1)n>
& S——(—— —
3+9+ + 3n
-(3)
g1 \3
& _gl_—_l
3

y J/ J J

e
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Chuong 3. Gi6i han. Ham sé lién tuc Biét Iam, Iam ddng, Iam nhanh

y J J J
1 —1\" 1
st (1= (3))-
Suy ra lim .S im - 3 1
Chon dép an O
. . 1 1 1
Cdu 63. TGngS:§+3—2+---+3—n~l—---cégiétrjla
1 1 1 1
@l ! ©! oL
o Loi gidi.
1 1 1 1 1 1
TacdS =4 — 4 oed — 4 .uo=_. ——
a co S 3+32+ +3n+ 3 1_% 3
Chon dap an O
~ 1 1 1 P
Cdu 64. TinhS=9+3+1+§+§++3n—_3+ Két quéa la
2
?7. 14. (C)16. (D) 15.
® Loi gidi.
1 1 1 1 1 27
Ta ¢6 S = 14—+ =4 o= 134 = . — 134+ - = 2",
ac6S=9+3+ +3+9-|- +3n_3+ 3-|—3 1_% 3-|-2 5
Chon dap an @ O
- . L 11 1 —1)ntt
Cdu 65. Tong céac cap sO6 nhan vo han: 1, TR (2%, .o 1A
3 2 2
@3 2 .z on
~ = 2-'}- 3 3
® Loi giai.
) 1 1 1 (—1)ntt 11 1 2
TaCOS—l—i—f‘Z—g‘i“i‘W—F—l—i 1+% —1—§—§
Chon dap an O
“ ) 2 4 2" . . .
Cdu 66. GQIS:1+§+§+"‘+3—n+--'. Gi4 tri ctia S bang
A3 (B)s. (C)s. D) 4.
® Loi gidi.
2 4 2" 2 1
TacoS=1+-+_—+-t—F-=1+=" =1+2=3.
3.9 3n 3 1-2
Chon dap an @ O
Cdu 67. S6 thap phan vo han tuan hoan 0,233333... biéu dién dudi dang sb 1a
1 2333 23333 7
~ 23 ® 10000 © 105 @%‘
® Loi giai.
1 1 1 1 1 1 7
0,233333... = 0,2 3<— — ...>=0,2 3. . - =
BT T 2100 1- 4 5730 30
Chon dép an @ O
Cdu 68. S6 thap phan vo han tuan hoan 0,212121 ... biéu dién dudi dang phan sb 1a
@ 2121 9 1 7 @ 212121
~ 10t 21" 33° 106
® Loi gidi.
1 1 1 1 7
0,212121...=21<— — ...):21-—-—:—.
102 + 104 + 102 1-— ﬁ 33
Chon dap an @ U
Cdu 69. S6 thap phan vo han tuan hoan 0,271414 ... dugc biéu dién bing phan sb:
2714 e 2617 2786 2687
L& 9990' 9900 9900 9900
® Loi gidi.
1 1 1 1 27 7 2687
0,271414 - = 0,27 14(— —...):0,27 . — .- =L, L _
+ 104 + 106 + 104 1-— 1—(1)0 100 + 4950 9900
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1. Gi6si han cla day sb Biét lam, lam ddng, [am nhanh

y J/ J J
Chon dép an @ O
~ . ;. 111 1"
Cdu 70. Tong cua cap s6 nhan lui vo han: B LVAE AR ( 2n) ,... 1a
1 1 1
®-L ®-1 o1 OB
S 4 2
® Loi giai.
111 (=1 1 1
T —=, =, =,..., yeenCOUl = —= VA q=—.
°YT 79Ty on Ti-(-) 3
Chon dap an @ O
Cdu 71. S6 thap phan vo han tuan hoan 0,511111--- dugc biéu dién bsi phan s6
47 9 46 6 43
~.90 90 11° 90
® Loi giai.
Ta 6
Oa510f111 =0,5+ ! + 1 —1+ ! ! _1+1_23
’ ST 102 100 2 102 14 2 90 45
Chon dép an O
~ 2 Z Z 1 1 ]. _1 n+1
Cdu 72. Tong ctia cap s6 nhan vo han T E %, .. 1A
2 1 1
——. 1. ——. —.
N ® ; ©;
® Loi giai.
1 1 1 (—1)ntt 11 1
Tacd S = — -4+ 4o > 2 4. —_. -
a co S 5 1 + 3 + e+ on + 5 14 % 3
Chon dap an @ O]
- . L 1 11 —1)nHl
Cdu 73. Tong ctia cap sO6 nhan lui vo han T (23%, . 1A
3 8 2 3
N5 ) ) o5
® Loi giai.
. 1 1 . .
Cap s6 nhan ¢6 u; = 51= —3 Do dé6 tong can tim la
1
uq 9 13 3
S = = 1 = - — = —,
Chon dap an @ O
N . . 1 11 —1)ntt
Cdu 74. Tong cua cap s6 nhan lui vo han 3Ty g %, .. 1a
1 3 1
(A) 4. 3 © 1 0) 1
® Loi gidi.
. 1 1 . .
Cap s6 nhan c6 uq = g,q =3 Do d6 tong can tim la
1
2 1 3 1
g = o _ 3 ===
Chon dap an @ O
Cdu 75. S6 thap phan vo han tuan hoan 0,17232323. .. dugc biéu dién béi phan s6?
1706 9 153 164 853
~.9900 990 990 4950°
® Loi giai.
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Chuong 3. Gidi han. Ham sé lién tuc Biét Iam, Iam ddng, Iam nhanh

y J/ J J

1 ) 17 1 1 17 23 853

100 100 T— 17100 T 9900  4950°

1
0,17232323 ... =0,17 4 23 (— —
+ 104 + 106

Chon dap an @ O

I Vidumaéu

Vi du 32 (Cdnh diéu).
Tt hinh vuéng c6 do dai canh bing 1, ngudi ta ndi cac trung diém ciia canh hinh vuong
dé tao ra hinh vuong mdéi nhu hinh bén. Tiép tuc qua trinh nay dén vo han.

a) Tinh dién tich S, cta hinh vuéng duge tao thanh tir bude tha n.

b) Tinh tdng dién tich clia tat ca cac hinh vuong dugdc tao thanh.

® Loi gidi.

z . N 1 .
a) Tu gid thiét suy ra dién tich hinh vuong sau bang 3 dién tich hinh vudng trudc.
Khi d6 dién tich ctia cac hinh vuong tao thanh mot cap sé nhan Iui vo han véi s6 hang dau S; = 1 va cong

1
bdig= =.
Gig=g

1 n—1
Dién tich S,, ctia hinh vuong dudc tao thanh tit buée thi nla S, = S; - ¢" ! = (§> .

b) Téng dién tich clia tat ca cac hinh vuong dudc tao thanh la:

O]
Vidu 33 (CTST). Ti to gidy, ciAt mot hinh tron ban kinh R (cm) nhu Hinh 3a. Tiép theo, cit hai hinh tron ban
kinh 5 roi chong
len hinh tron dau tién nhu Hinh 3b. Tiép theo, cit
bén hinh tron ban kinh % roi chong lén cac hinh

trude nhu Hinh 3c. Ctt thé tiép tuc mai. Tinh tong
dién tich cta céac hinh tron.

Hinh 3

o Loi gidi.
Dién tich ciia cdc hinh tron trong cac lan cat 1a

a) Lan thit 1: S; = mR2.

2 2

b) Lan thi 2: 52:2-7T(5> zﬂ.
2 2

\ R\? nR?

C) Lan thw 3: 52:47T<Z> :?
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1. Gi6si han cla day sb Biét lam, lam ddng, [am nhanh

y J/ J J

TR?

. . . N . 1
Do d6 dién tich céc hinh tron lap thanh mot cap sé nhan lui vo han c6 s6 hang dau S; = 7R? va cong boi ¢ = 3

nén tong dién tich cac hinh tron la

R2

Si+ S+ = T 1 = 21 R%.
1=
2

Vidu 34.

Cho hinh vuong canh 1 (don vi do dai). Chia hinh vuong d6 thanh bén hinh
vuong nhé bang nhau, sau d6 t6 mau hinh vuong nhé goc dudi ben trai (Hinh
vé bén). Lap lai cac thao tac nay v6i hinh vudng nho goc trén bén phai. Gia
st qua trinh trén tiép dién vo han lan. Goi u1,us, ..., Uy, ... lan lugt 1 do dai
canh cla cac hinh vudéng dugc td6 mau.

a) Tinh téng S, = uy +us + ... + up.
b) Tim S = lim S,.

n—-+o0o

® Loi gidi.

a) Do cia cac hinh vudng sau khi t6 mau

© Lan thi 1 Lzl

an =< 1=;

1 9 27

N 11 1

Lan tht 2 up = = - = = ~;

® Lan ur =55 =

N 1 1 1

Lan tht 3: ug = = - — = —;

©® Lan tht 3: ug 5 1°- 8%
1\" \"
it = (1) 1= ()"

® Lan n: up 5 5

~ 1 1 1\"

L 2 . . N 1 . 1
b) Do dai cac canh hinh vuong lap thanh mot cap s6 nhan lui vo han ¢6 s6 hang dau u; = 3 va cong boi g = 3

S= lim S, =2 -2 __q
n—-+o0o 1—¢q

P Baitép tu luyén
Badi 56. Tir to gidy, ciAt mot hinh tron ban kinh R (cm) nhuw Hinh 3a. Tiép theo, cit hai hinh tron ban kinh g

roi chong 1én hinh tron dau tién nhu Hinh 3b. Tiép theo, cat bon hinh tron ban kinh 1 roi chong 1én cac hinh

trude nhu Hinh 3c. Ct thé tiép tuc mai. Tinh téng dién tich clia céc hinh tron.

et

Hinh 3
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Chuong 3. Gidi han. Ham sé lién tuc Biét Iam, Iam ddng, Iam nhanh

y J/ J J

® Loi gidi.
Dién tich ctia hinh tron ban kinh R 1a S; = 7 - R? cm;.
Dién tich ctia hinh tron ban kinh g 1a Sy =m- (%) cm?.

2
Dién tich ctia hinh tron ban kinh % la Sg=m- (%) cm?.

Téng dién tich ctia cac hinh tron la

1 1
Snzsl-|-2-5'2—|-4-5'3+...:7r-R2+7T-R2-§+7T-R2-Z+---

. . L ) X 1 - R?
Tong trén la tong ciia cAp s6 nhan i1 vo han c6 s6 hang dau u; = 7-R? va cong boi g = 3 nén S, = T T = 21 R2.
1— =
2
O
Bai 57.

Tit hinh vuéng cé do dai canh bing 1, ngudi ta noi cac trung diém ciia canh hinh vuong
dé tao ra hinh vuong mdéi nhu hinh bén. Tiép tuc qua trinh nay dén vo han.

a) Tinh dién tich S, ctia hinh vuéng duge tao thanh tit bude thi n.

b) Tinh tong dién tich clia tat ci cac hinh vuong dude tao thanh.

® Loi gidi.

a) Tu gid thiét suy ra dién tich hinh vudng sau bang 3 dién tich hinh vudng truéec.
Khi d6 dién tich ctia cac hinh vuong tao thanh mot cap s6 nhan 1i vo han vé6i s hang dau S; = 1 va cong

1

1 n—1
Dién tich S,, cia hinh vuong dugce tao thanh tr buée thit n 1a S, = 51 - ¢ = (§> .

b) Téng dién tich cia tat cd cAc hinh vuong duge tao thanh la:

O

Bai 58. C6 1 kg chat phong xa doc hai. Biét rang, cit sau mot khodng thoi gian 7' = 24000 nam thi mot nita s6
chat phong xa nay bi phan ra thanh chat khac khong doc hai ddi véi stic khoe ctia con ngudi (T duge goi la chu
ki ban ra).

(Nguon: Dai s6 va gidi tich 11, NXB GD Viét Nam, 2021)
Goi uy, 13 khéi lugng chat phong xa con lai sau chu ki thit n.
a) Tim s hang téng quat u,, cia diy sd (uy).
b) Chitng minh rang (u,) c6 gi6i han 1a 0.

c) Tu két qua cau 2, ching t6 ring sau mot sé6 nam nao d6 khoéi lugng phong xa da cho ban dau khong con
doc hai v6i con ngudi, biét rang chat phéng xa nay sé khong doc hai nita néu khéi lugng chat phong xa con
lai bé hon 1076 g.

® Loi gidi.
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1. Gi6si han cla day sb Biét lam, lam ddng, [am nhanh

P P 1
a) Khoi lugng chat phong xa con lai sau chu ki ban ra tha 1 1a uy = 3 1=1 kg.
. ) 1 11 1
Khoi lugng chat phéng xa con lai sau chu ki ban ra tha 2 1a ue = 3 Uy = 3% = ) kg.
P P 1 1 1 1
Khoi lugng chat phéng xa con lai sau chu ki ban ra tha 3 1la ug = 3 Uy = 3 193 kg.

. 2 1
Khoi lugng chat phong xa con lai sau chu ki ban ra thi n 1a u, = on kg.

1 \"
b) limunzlimQ—n = lim (5) = 0.

c¢) Chat phéng xa sé khong doc hai nita néu khéi lugng chat phéng xa con lai bé hon 1076 g = 1079 kg
1
& up, < 10—9@27 <1077 & 2" > 10° & n > 30.
Vay sau it nhat 30 chu ki bang 30 - 24000 = 720000 ndm thi khdi lugng phéng xa da cho ban dau khong con
doc hai v6i con ngudsi nita.
O]
Bai 59. Goi C la nita duong tron duong kinh AB = 2R.
R AB
C1 1a dudng gom hai nita dudng tron dudng kinh TR
R . AB
Cs 1a dudng gom bon nita dudng tron duong kinh -
R AB
C, 1a duong gom 2™ nita dudng tron dudng kinh o

Goi py, 14 do dai ctia Cy,, S, 1a dién tich hinh phing giéi han béi C,, va
doan thing AB.

a) Tinh p,, Sp.

b) Tinh gi6i han cla cac day s6 (p,) va (Sp).

® Loi gidi.
a) Ta co
AB
Dn = 2”-7r7“:2"-7r-2‘2n
B TAB
2
T 2R
N 2
= 7R.
1
Sn = 2” . 57'('7'2

— 9n.

1
2

_ Qn.lﬁ(ﬁf
2" \2.2n
1
2

= 2" W—Rz
(2m)2
TR?

y J/ J J

e
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Chuong 3. Gidi han. Ham sé lién tuc Biét Iam, Iam ddng, Iam nhanh

y J/ J J

b) limp, = lim (rR) = 7R.
2

lim S, = lim ;n—}i — 0 (Vi lim (7R2) = wR? va lim 2" = 400).

Bai 60.

Tir do cao 55,8 m clia thap nghiéng Pisa nuée Y, ngudi ta
tha mot qud béng cao su cham xudng dat hinh bén duéi.
Gia st moi lan cham dat qua bong lai ndy lén do cao bang

1 .
0 do cao ma qua béng dat duge trude do. Goi S, 1a tong

do dai quang dudng di chuyén ciia qua bong tinh tit lic tha
ban dau cho dén khi qui béng dé cham dat n lan. Tinh
lim S,.

o Loi gidi.
. . N 1 .
Moi khi cham dat qua bong lai nay lén mot do cao bang 10 do cao cla lan roi ngay truée dé va sau doé lai roi

xubng tit do cao thit hai nay. Do d6, do dai hanh trinh cia qué béng ké tit thoi diém roi ban dau dén:
Thoi diém cham dat lan th nhat 1a d; = 55,8.

. L s 55,8
Thoi diém cham dat 1an thd hai 1a dy = 55,8 + 2 - —1(’) )
Thoi diém cham dét lan thi ba la d3 = 55,8 + 2 - % £O’28
. P 55,8 55,8 55,8
Thoi diém cham dat lan thi tu la dy = 55,8 + 2 - 1—(’) 2. 1—0’2 2- ﬁ.
Thoi diém cham dat 1an thi n (n > 1) 1a
55,8 55,8 55,8
= 2. 2. 4 9. 4 4+92. iy
dp, =558 +2-558+ 102 + 105 +...+ Ton1

Do d6, quing dudng ma qua béng di duge ké tir thsi diém roi dén khi ndm yén trén mat dat la:

95,8 99,8 95,8 .
d:55,8+2.55,8+2‘1—02+2-1—03+...+2- Ton1 +...=limd,.
55,8 95,8 59,8 55,8 . 1
Vi2- 1(’) 12 10’2 12 10’3 Dol W’*l’ 13 mot cap s6 nhan Iui vo han véi cong boi g = 0 nén ta co:
, 558
55,8 55,8 55,8 55,8 T
20 ——4+2- —+2- — 4+ ...+ 2- L= =12,4.
T T S T A T T N 1L ’
10
Vay d = 55,8 + 12,4 = 68,2 m. [
Bdi 61. Cho mot tam giac déu ABC canh a. Tam giac A;B1C} c6 cac dinh la trung diém céc canh ciia tam giac
ABC, tam gidc Ay BoCy c6 cac dinh la trung diém céc canh ctia tam gidc A1 B1Cy, ..., tam gidc A, 185110041
c6 cac dinh 1a trung diém cac canh ctia tam giac 4, B,C,, ... Goi p1,p2, ..., Pn,... V& S1,59,...,Sn, ... theo thit

tu 1a chu vi va dién tich cua cac tam giac A1 B1C1, Ao B2Co, ..., AnBnCh, .. ..
a) Tim gidi han cia cac day s (p,) va (Sp).

b) Tim cac tong p1 +pa+ ...+ P +... VA ST+ So+ ... +Su +....
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1. Gi6si han cla day sb Biét lam, lam ddng, [am nhanh

y J/ J J

® Loi gidi.
a) Ta c6 p1,p2,...,Pn,--- lan lugt 1a chu vi ctia céc tam gide A1 B1Cy, AaBoCs, ..., AyBpCh, ...
p1 = 3a

p2=3--a

Pn =3 ——

suy ra limp, = lim 3 - a=0.

1
2n—1

1 2
suy ra lim S, =lim4n—_1 . aT\/§ =0.

b) Dua vao dit kien dé bai suy ra tdng (p,) 1a tdng ciia cAp s6 nhan lui vo han v6i cong boi ¢ = = va
p1 3a

2

Dya vao dit kien dé bai suy ra tong (S,) la tong ctia cap s6 nhan lui vo han véi cong boi ¢ = ~ va

Sl _#ﬁ_az\/g

l—-¢ 1-1 12

Si+S+...+85, +...=lm(S,) =

Bai 62.

Tit hinh vuong dau tién c6 canh bing 1 (don vi do dai), ndi cac trung diém ciia
bén canh dé c6 hinh vuong thit hai. Tiép tuc ndi céc trung diém ctia bén canh ciia
hinh vuong tht hai dé duge hinh vuong thi ba. Cit tiép tuc lam nhu thé, nhan
dugc mot day hinh vuong (xem Hinh 5). @

Hinh 5

a) Ki hidu a,, 14 dién tich ctia hinh vuong thtt n va S, 1a tong dién tich ctia n hinh vuéng dau tien. Viét cong
thiic tinh a,, S, (n =1,2,3,...) va tim lim S,, (giéi han nay néu c6 dugc goi 1a tong dién tich ciia cic hinh
vuong).

b) Ki hi¢u p, 1a chu vi ctia hinh vuong thtt n va Q,, 1a téng chu vi clia n hinh vuong dau tien. Viét cong thiic
tinh p, va Q, (n = 1,2,3,...) vA tim lim Q,, (gi6i han niy néu c6 duge goi la téng chu vi clia cdc hinh
vuong).

® Loi gidi.
P ~ ~ 2, e P N ~ ~ 2, . z N \/§

a) Ta c6 hinh vudng thd nhat ¢6 canh bang 1, hinh vuong thi hai c6 canh béang -

.1
Hinh vudéng thi ba c6 canh bang 3

-1
. 2\"
Suy ra hinh vuéng thid n c6 canh bang <7) .
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Chuong 3. Gi6i han. Ham sé lién tuc

Biét lam, Iam dung, Idm nhanh

y 4/ J J

-1 n—1
2\" 2
Dién tich ctia hinh vuéng thit n la a, = (\/——) . <£>

0%

. . . . N <z . s 2 L N . . 1
Tong dién tich ctia n hinh vudéng dau tién la tong ctia cap s6 nhan cé s6 hang dau a1 = 1 va cong boi g = 3

2 2

nén

1\" 1\"
lim S,, = lim 2 [1 — (§> } =2 [liml — lim <§> } = 2.
Hinh vuong thtt nhit c6 chu vi biing 4, hinh vuéng thit 2 ¢6 chu vi 1a 24/2, hinh vuong thit 3 ¢6 chu vi 1a 2.
V2

n—1
Suy ra hinh vuong thit n c6 chu vi bang p, = 4 - (7) . Téng chu vi ctia n hinh vuéng dau tién la téng

P . N ) 2
clia cap soO nhan c6 so0 hang dau p; = 4 va cong boi ¢ = - nén

oo () n
(11_—qqn) _ ( (\/25) > — (3+4v3) ll_(\/?i> 1

1- X2
2

1
Qn:p

lim Qn = (8 +4v/2) lim [1— (\/75)7 = (8+4v2)(1-0) =8+4V2.

O

Bai 63. Xét qua trinh tao ra hinh c6 chu vi vo cyc va dién tich bing 0 nhu sau:

Bat dau bang mot hinh vuong Hp canh bing 1 don vi do dai (xem Hinh 6a). Chia hinh vuong Hp thanh chin hinh
vuong bang nhau, bé di bon hinh vuong, nhan duge hinh H; (xem Hinh 6b). Tiép theo, chia méi hinh vuong clia
H; thanh chin hinh vuong, r6i bé di bén hinh vuong, nhan duge hinh Hy (xem Hinh 6¢). Tiép tuc qué trinh nay,
ta nhan dugc mot day hinh H, (n =1,2,3,...).

a)
b)

BN EE N N
. . | } -.-.- |} | } -.-.- | |
. . . . -.- -.-. . - .-.- -.-
. . .-.- -.-
. | | .-.-. | |
. . | . | | } -.-. .-.- |} | N |
. . . . -.-. .-.- -.-. .-.-
. . | } -.-.- |} | } -.-.- | |
. . . . ..- -.- -.- -.-
Hy H,y Ho Hj
a) b) c) d)

Hinh 6

~ . 1
Ta ¢6: Hy ¢6 5 hinh vuong, moi hinh vuéng ¢6 canh biang 3’

Hj ¢6 5-5 = 52 hinh vudéng, mdi hinh vuong cé canh bing

11
33 32
g

. < 1
T d6, nhan duge Hy, c6 5™ hinh vudng, moi hinh vuéng ¢6 canh ban, ET

Tinh dién tich S,, cia H, va tinh lim S,,.

Tinh chu vi p, cta H, va tinh lim p,,.

(Qua trinh trén tao nén mot hinh, goi la mot fractal, duge coi 1a c6 dién tich lim S,, va chu vi lim p,,).

® Loi gidi.

377/764 ’

=

B Todn 11 theo chuong trinh GDPTzonsﬂ




1. Gi6si han cla day sb Biét lam, lam ddng, [am nhanh

1

a) Hinh vuong Hp c6 dién tich S; =5 - <§
1

Hinh vuong Hs c¢6 dién tich Sy = 52 (—2> = ( > .
1

Hinh vuong H,, c¢6 dién tich S, = 5" - (3—) = ( ) .

5 n
lim S, =1li <—> =0.
11m 1m 9

1 5
b) Hinh vuong H; céchuvip1=5-4-§=4-§.

1 5
Hinhvu@ngchéchuvip2:52- -§:4- §> .

1 n
Hinh vuéng H, c6 dién tich p, =5"-4- = 4. (;) .

limp, =lim4 - (g) = +00.

Bai 64.

Cho tam gidc déu c6 canh bang a, goi 1a tam giac Hy. Noi cac trung .
diém ctia Hy dé tao thanh tam gidgc Hy. Tiép theo, ndi cac trung N
diém ctia Hy dé tao thanh tam gidc Hs (Hinh bén). Cit tiép tuc nhu < a
vay, nhan dugc day tam gidc Hy, Ha, Hs, . .. \
Tinh téng chu vi va tong dién tich céc tam gidc ctia day. \

o Loi gidi.

Goi S; va C; (i =1,2,...) lan lugt la dién tich va chu vi clia tam giac H;, i = 1,2,.. ..
Khi d6 ta co

2V3 23 23 S 1

. Slzi;&:(g) \/__:a\/_:_l;sgz_

4 2 4 16 4 4

S59,. ...
a3 _1

Do do6 (S,,) 1a mot cap s6 nhan lui vo han véi Sy =

2
TéngdiéntichS:Sl+S2+...:151 :a;/?
—q1

3a 1
Cq = 3a; C =-Cq,...
L4 1 a; Lo = 2 2 1

Do d6 (Cy,) 1a mot cap s6 nhan i vo han v6i Cp = 3a;q2 = =
1

= 6a.
1—6]2

Téng chu vila C = Oy 4+ Cy + -

O

Bai 65. Mot thau kinh hoi tu c6 tieu cy 1a f. Goi d va d’ 1an lugt 13 khodng cach tit mot vat that AB va tit anh
P P 1 1 1
A'B’ clia n6 t6i quang tam O ctia thau kinh nhu hinh vé bén duéi. Cong thitc thau kinh 1a 7 + = 7

a) Tim biéu thiic x4c dinh ham s6 d’ = ¢(d).

y J/ J J

e
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Chuong 3. Gidi han. Ham sé lién tuc Biét Iam, Iam ddng, Iam nhanh

b) Tim hm o(d), lir}l o(d) va (%inr}go(d). Giai thich y nghia clia cdc két qua tim duge.
- —

—fT
® Loi gidi.
a) Ta c6
111 df
_ I d
I A
df
a d) = ——.
Vay ¢(d) = -— 7
2. + df
b)\ﬁhmdf I= hm(d f)=0;d— f*=d— f>0nén hrnﬁ +0o0.
d—f
Va hm (d) = lim S +00
Vst dsfrd—f
Y nghia: Khi dit vat nim ngoai tiéu cy va tién dan dén tieu diém thi cho anh that nguge chidu véi vat &
vO clung.
d
Vlhmdf V&R hm(d f)=0;d— f-=d— f<0nén hmdff——oo
d
Vay hm go(d) = dl—i>l}1+d—ff = —o0.

Y nghla: Khi dat vat nim trong ticéu cy va tién dan dén tieu diém thi cho 4nh 4o cling chidu véi vat va
nam & vo cling.
Vi khong ton tai lim ¢(d) va lim ¢(d) nén khong ton tai lim(d).

d—s f+ d—f

d—f—

E® Baitap tréc nghiém

Cdu 76. Co6 1 kg chat phong xa doc hai. Biét ring, ctt sau mot khoang thai gian T = 24000 nam thi mot nita s6
chat phong xa nay bi phan ra thanh chat khac khong doc hai déi véi stic khoe ctia con ngusi (T duge goi la chu
ki ban ra). Goi u, 1a khoi lugng chat phong xa con lai sau chu ki thtt n. Sau it nhat bao nhiéu chu ki ban ra thi
khoi lufdng phéng xa da cho ban dau khong con doc hai véi con ngudi, biét rang chat phong xa nay sé khong doc
hai nita néu khéi lugng chat phéng xa con lai bé hon 1076 g

(A) 24. 30. @ 100. D) 15.
o Loi gidi.
Chat phong xa sé khong doc hai nita néu khéi lugng chat phong xa con lai bé hon 1076 g = 1079 kg

1
@un<10*9<:>2—n<10*9<:>2">109<:>nz30.

Vay sau it nhat 30 chu ki thi khéi lugng phéng xa da cho ban dau khong con doc hai v6i con ngudi nita.
Chon dap an O

Cau 77. Co6 1 kg chat phong xa doc hai. Biét rang, cit sau mot khodng thoi gian T = 24000 nam thi mot nita
s6 chat phong xa nay bi phan ra thanh chat khac khong doc hai ddi véi stic khde ciia con ngudi (T duge goi la
chu ki ban 1d). Goi uy, 1a khoi lugng chat phéng xa con lai sau chu ki thit n. Sau it nhat bao nhiéu nam thi khoi
lugng phéng xa da cho ban dau khong con doc hai véi con ngudi, biét rang chat phong xa nay sé khong doc hai
nita néu khéi lugng chat phéng xa con lai bé hon 1076 g.
(A) 30. (B) 2400. (C) 720000. (D) 10000.
o Loi gidi.
Chat phéng xa sé khong doc hai nita néu khéi lugng chit phéng xa con lai bé hon 1076 g = 1079 kg
-9 1 -9 n 9
S uy, < 10 @27<10 & 2" > 10" & n > 30.

Vay sau it nhat 30 chu ki bang 30 - 24000 = 720000 nam thi khdi lugng phéng xa da cho ban dau khong con doc
hai v6i con ngusi nita.
Chon dap an @ O

y J/ J J

o
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1. Gi6si han cla day sb Biét lam, lam ddng, [am nhanh

y J/ J J

Cdu 78. Ti hinh vuong c¢6 do dai canh bing 1, ngudi ta ndi cac trung diém ctia canh hinh vuong dé tao ra hinh
vuong méi nhu hinh bén. Tiép tuc qua trinh nay dén vo han. Tinh téng dién tich ctia tat ci cic hinh vuong dugc
tao thanh.

A1 ®) 2. (©)s. D) 4.

® L&i gidi.

B . 1
Tt gid thiét suy ra dién tich hinh vuong sau bang 3 dién tich hinh vudng trudc.

Khi d6 dien tich ctia cAc hinh vuong tao thanh mot cap s6 nhan lui vo han vé6i s6 hang dau S; = 1 va cong boi

1
q= 9"
1 n—1
Dién tich S,, ctia hinh vuong dudc tao thanh tit budc thit n 1a S, =5, - ¢" ! = <§> .
Tong dién tich ciia tat ci cac hinh vuong duge tao thanh la:
1
1—g¢q 1— 1
2

Chon dap an Ol

Cau 79. Tit hinh vuong dau tién c6 canh bing 1 (don vi do dai), ndi cac trung diém ciia bon canh dé c6 hinh
vuong thit hai. Tiép tuc ndi cic trung diém ctia bén canh clia hinh vuong thit hai dé duge hinh vuéng thit ba. Ct
tiép tuc lam nhu thé, nhan dugc mot day hinh vuong. Tinh tong chu vi ctia diy cac hinh vudng trén.
(A) 8 + V2. (B) 2+ V2. (C)8+4v2. (D) 4 4+ 4v2.
® Loi gidi.
Hinh vuoéng thit nhat c6 chu vi bang 4, hinh vuong thit 2 ¢6 chu vi 1a 24/2, hinh vuéng thi 3 ¢6 chu vi 1a 2.
V2

n—1
Suy ra hinh vuong thi n ¢6 chu vi bang p, = 4 - (2) . Téng chu vi ctia n hinh vuong dau tien la téng cta

. 2 P N 2
cap s6 nhan c¢6 s6 hang dau p; = 4 va cong boi g = > nén

V2

Q, = l=d" 4(1_(2> ) ~ (3+4v2) [1_(\?)1

1—g¢ . V2
2

2 n

lim Q, = (8 + 4v/2) lim [1 - (‘g) 1 = (8+4v2) (1-0) =8+4v2.
Chon dap an @ O
Cdu 80. Ban An tha qua bong tit do cao 6 m so v6i miit dat xudng theo phuong thing ding sau dé béng nay lén
roi lai roi xudng ct nhu vay cho dén khi béng dimg lai trén mat dat. Tinh quang dudng ma béng da di chuyén

« X S X+ 12X S Pa . 2 ~ £ ~ > 3 ~ 2. X 2, z
biét rang sau moi lan cham dat béng lai ndy lén dén do cao bang — do cao cta lan ngay truéc do.

(A) 30 m. (B) 18 m. (©)24m. (D) 48 m.

o Loi gidi.

. Tong ctia cap s6 nhan Iui vo

> w

Ta thay do cao clia qua béng méi 1an ndy lén 1a mot cap sd nhan véi uy = 6, ¢ =
han d6 1a quang duong ma qua béng da di chuyén dén khi dimg lai, khi d6

Ul o 6 o
_73_24111.

S =
1—gq 1—

4
Chon dap an @ O

Cdau 81. Tit do cao 55,8 m cia thap nghieng Pisa nudc Y, ngudi ta thd mot qua bong cao su cham xudng dét

hinh bén duéi. Gia sit mdi lan cham dat qua bong lai ndy lén do cao bang 0 do cao ma qua béng dat duge trude
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Chuong 3. Gidi han. Ham sé lién tuc Biét Iam, Iam ddng, Iam nhanh

y J/ J J

dé. Goi S, 1a téng do dai quang dudng di chuyén ctia qua bong tinh tit lic tha ban dau cho dén khi qua béng dé
cham dat n lan. Tinh lim S,,.

(A) 58 8. 67,2. (©)68. (D) 68,2.
o Loi gidi.
B . N 1 .
Moi khi cham dat qua bong lai ndy lén mot do cao bang 10 do cao cla lan roi ngay truée dé va sau doé lai roi

xubng tit do cao thi hai nay. Do d6, do dai hanh trinh cia qué béng ké tit thoi diém roi ban dau dén:
Thoi diém cham dét lan thd nhat 1a d; = 55,8.

. PR 55,8
Thoi diem cham dat 1an thi hai 1a dy = 55,8 + 2 - ﬁ
Thoi diém cham dat lan thi ba la d3 = 55,8 + 2 - 5508 +2. £28
55,8 55,8 55,8
Thoi diém cham dét 1an tha tu la dy = 55,8 + 2 - 1—0 +2- 107 2- ﬁ

Thoi diém cham dat 1an thid n (n > 1) 1a

558 . 558 55,8
+2: o b+ 2Ty

d, =558 +2-558+2.
" 0+ S+ 102 103

Do d6, quang dudng ma qué béng di duge ké tir thoi diém roi dén khi ndm yén trén mat dat la:
55,8 55,8 55,8

d=558+2558+2 25 +2- 25 .. 42 5+ = limdy,.
55,8 55,8 55,8 55,8 L 1
Vi2- 1(’) 12 10’2 2 - 10’3 ;...;2~W’_1;... 14 mot cap s6 nhan i vo han véi cong boi ¢ = 0 nén ta co:
,. 558
55,8 55.8 55.8 55.8 "0
2 —4+2 —— 42 —+ ... F+2  —— 4 ... = =12/4.
0 102+ T A T T i 1L ’
10
Vay d = 55,8 + 12,4 — 68,2 m.
Chon dap an @ O
Cdu 82. Cho tam gidc déu ABC canh a. Lay A;, By, C; lan lugt 1a trung diém ctia doan BC, CA, AB; As,
By, Cy lan lugt 1a trung diém ciia doan B1Cy, C1 Ay, A1By; ...; ctt tiép tuc nhu thé cho dén A, 1, Byuy1, Crnit

lan lugt 13 trung diém ctia doan B,C,, CnA,, A,B,. Goi Si, S, S3, ...1an luct 1a dién tich ctia céc tam giac
A1BCh, Ay ByCs,. .., ApBLChp,. ... Tinh téng S=5+8S4+--+85,+--.

2\/5 2\/§ 2\/3 2\/5

a a a a

B Chs © s i

® Loi gidi.

Vi day cac tam giac A1 B1Cy, AoBoCy,- -, ApyB,Ch,- -+ 13 cac tam giac déu nén A
V3a?

dién tich ctia cic tam giac bang

2 2

AVAVA
\/

B A C
. , 1 1\2 V3 a?V/3
©® Tam giac A;B1Cy ¢6 canh §a nén S| = <§a> ek 6
1 1 1\ V3 1 a*/3
©® Tam giac A3 B2C5 ¢6 canh Za = ?a nén So = <?a) . \/T_ =1 a1\6/_'
1 1 1 \? V3 2,/3
® Tam giac A3B3C3 c6 canh ga = 53¢ nén Sz = (2—3a) . \/T_ = a16
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1. Gi6si han cla day sb Biét lam, lam ddng, [am nhanh

© .-
1 1 \* V3 1 a®/3
® Nhu vay tam giac A, B,C, c6 canh 7 nén S, = <2—na> % =1 al\(j/_'
© ...
.z . N a® 1
Khi dé, day Si, S2, S3,- -+ 1a mot cap so0 nhan 1ui vo han véi s6 hang dau u; = S = va cong boi g = 1 nén
a’V3 o /5
U a“v'3
S=5+S5+---+5,+--= L 161: .
1—¢ | 1 12
2,/3 4
a“v'3
Vay S = )
ay 12
Chon dap an @ O
Cdu 83.
Tam gidc ma ba dinh ctia né la ba trung diém ba canh ctia tam gidc ABC A
dugce goi 1a tam gidc trung binh cia tam giac ABC. Ta xay dung day cac tam
giac A1 B1C1, A3BsCs, A3B3Cs, ...sao cho A1B1C; 14 mot tam giac giac déu
canh bang 3 v& v6i mdi s6 nguyén duong n > 2, tam gidc A, B,C,, 13 tam giac
trung binh ctia tam giac A,_1B,_1Cph_1. V6i mdi s6 nguyén duong n, ki hiéu c -
S, tuong tng la dién tich hinh tron ngoai tiép tam giac A, B, C,. Tinh tong vv -
S=S1+8+--+5,+---. B C,
B A C
@ 4. 9 107r. © 117, @ 6.
o Loi gidi.
2
3
Ta c6: S1 =7 - (3%) = 3m;
2
3 V3 3 1
S2=T (5'?) =y Taw
FRY ) W L
70 \e 3 ) 16 4 ?
. P N 1
Ta c6 S1; S9; S3;...:5,; ... tao thanh cAp s6 nhan 1ui vd han véi sd hang dau 1a S; = 37 va cong boi ¢ = T
S, 3
Suy ra § =51+ Sy Syt = o = =
—q¢ ;1
4
Chon dap an @ O

Cdu 84. T mot hinh vuong c6 dien tich 1a 1m?. Goi A, B, C, D lan lugt la trung diém bén canh ctia hinh
vuong, ban Himng ding bit chi vé theo hinh vuong ABCD dé duge hinh vuong tht hai. Ban Himng lai tiép tuc vé
theo bén trung diém cac canh ctia hinh vuong ABCD dé dugc hinh vuéng thit ba, vi ctt tiép tuc nhu vay. Tinh
téng dién tich tat ci cac hinh vuong da co.

@A) 4. B 2. ©)s. @%,

® Loi gidi.

y J/ J J

e
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Chuong 3. Gidi han. Ham sé lién tuc Biét Iam, Iam ddng, Iam nhanh

y J/ J J

Dat a = 1 14 do dai canh hinh vuong, S = 1 la dién tich hinh D
vuong ban dau.
D\o/_ M, N la trung diém hai canh ciia hinh vuéng néen M N =
av'2 , a5 1
g o REMNT=a =5 =y 7
Lai lay trung diém cac canh ctia hinh vudong MNPQ de
tiép tuc, khi d6, hinh vudng mdi sinh ra c6 dién tich Ia
Ss = (MN\/§>2: MN? - ﬁ :1

2 2 4 4 A @ C
Vay céc hinh vuong sinh ra c6 dién tich lan lugt 13 1,
1
TR
Vay tong dien tich céc hinh vuong tao thanh la

> =

)

N | =

B

Chon dap an O

Cdu 85. Ngudi ta xép cac hinh vuong ké véi nhau nhu trong hinh duéi day, mdi hinh vuong c6 do dai canh bing
ntta do dai canh ctia hinh vuéng trudée né. Néu hinh vuong dau tién c6 canh dai 10 cm thi trén tia Az can c6 mot
doan thing dai bao nhiéu xentimet dé c6 thé xép dudgc tat ci cac hinh vuong do?

A X
(A) 22. (B) 15. (©)13. (D) 20.
® Li gidii.
Téng cac canh nam trén tia Az ctia cac hinh vuong do 1a
10+5 > > _ 10 20
2
Chon dap an @ O
Cdu 86.

Cho hinh vuong Cy c¢6 canh bang a. Chia mdi canh ctia hinh vuong thanh bén
phan bing nhau va ndi céc diém chia mot cach thich hgp dé c6 hinh vuong Cs.
T hinh vuong Co lai tiép tuc lam nhu trén ta nhan duge day cac hinh vuong
Cq, Oy, C3,...Goi S; 1a dien tich ctia hinh vuong C; (i € {1;2;3;...}). Dat S =

) 32
St Sy -+ Sy - Bitt § = T, tinh a.

A2, g © v D) 2v2.

® Loi gidi.

3a)2+ (a>2 av/10 104>
4

1 =~ dod6 Sy = ——. Bang quy nap ta chitng

Ta c¢6 Sy = a?, hinh vuong Cs ¢6 canh bing \/ ( 1 G
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Biét lam, Iam dung, Idm nhanh

y 4/ J J

1. Gi6si han cla day sb
. N ~ z P ~ NP YRR e SZ 5 ~
minh duge (S,,) 14 mot cap s6 nhan lui vo han véi cong boi g = 5 = 3 Nén
1
2 2
a 8a 32
S = =— =—&Sa=2
3 3 “
O

Chon dap an @

=
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Chuong 3. Gidi han. Ham sé lién tuc Biét Iam, Iam ddng, Iam nhanh

y J/ J J

Bii s6 9 GIGI HAN CUA HAM SO
—W °

A-GISI HAN H'U HAN CUA HAM s& TAI MOT DIEM

I®» Pinh nghia

$> Dinh nghia 2.1. Cho khoéng K chita diém xo v ham s6 f(x) x4c dinh trén K hosic trén K \ {x¢}. Ham s6
f(x) c6 gi6i han 1a s6 L khi z dan t6i ¢ néu v6i day so (z,) bat ki, z,, € K\ {zo} va x, — o thi f (z,) — L.
Ki hiéu li_>m f(z) = L hay f(x) — L khi x — .

T—T0

© Nhan xét. lim x = xp; lim ¢ = ¢, v6i ¢ la hang sb.
T—rT0 T—rx0
A  Ham s6 f(x) c6 thé khong xdc dinh tai x = xo nhung van ton tai gidi han cia ham sé dé khi x dan tdi xg.
P Phép todn trén giéi han hiru han clia ham sé
< Dinh li 2.1. Ta thita nhan dinh Ii sau:
a) Néu lim f(z) =L va lim g(z) = M (L, M € R) thi

o lim (f(@) + o(e)) = L+ M; o lim [f(2)- o(o)] = L -
T L
o Jim [f(x) ~ gfa)] = L~ M; o Jin 18— wounr 20

b) Néu f(z) >0 va lim f(z)=L thiL >0 va xlgg Vf(x) = VL.

T—rxT0

E® Gisi han mét phia
$> Dinh nghia 2.2. Trong trudng hgp tdng quat, ta c6 cdc dinh nghia sau:

e Cho ham s6 y = f(z) xac dinh trén khoang (a;zo).
S6 L dugce goi la gidi han bén tréai ctia ham s6 y = f(z) khi x — x¢ néu vé6i day so (z,,) bat ki, a < x, < zq
va T, — g, ta c6 f (x,) = L.
Ki hieu lim f(x)= L.

x—):vo

e Cho ham s6 y = f(z) xac dinh trén khoang (x¢;b).
S6 L dugce goi 1a gidi han bén phai cia ham s6 y = f(z) khi z — ¢ néu véi day s6 (z,) bat ki,
xo < Tp, < bva x, — x0, ta cod f(z,) — L.
Ki hieu lim f(z)= L.

r—zd
¢ Dinh 1i 2.2. Djnh Ii sau day cho ta mdi lién hé gitia “gidi han hai phia” lim f(x) véi gi6i han bén trai
Tr—xQ

lim f(x) va giéi han bén phai lim+ f(z).

27*)930 $4)x0

lim f(z) = L khi va chi khi lim f(z) = lim+ f(z)=L.

T—HEo T—=xy T—xg

385/764 ‘ B Todn 11 theo chuong trinh GDPT2018m



2. Gi6i han clia ham s Biét lam, lam ddng, [am nhanh

B-GIOI HAN HU'U HAN CUA HAM & TAI VO cuC

$® Dinh nghia 2.3. Trong trudng hgp tdng quat, ta c6 dinh nghia sau

a) Cho ham s6 y = f(z) xac dinh trén khodng (a; +00).
Ta n6i ham s6 y = f(x) ¢6 gi6i han la s6 L khi 2 — +o00 néu véi day s6 (z,,) bat ki, z, > a va z,, — 400,
ta c6 f (zn) — L.
Kihigu lim f(z) =L hay f(x) — L khi z — +o0.
T—r+00

b) Cho ham s6 y = f(z) x4c dinh trén khodng (—oc; a).
Ta n6i ham s6 y = f(z) 6 gii han 1a s6 L khi x — —oo néu véi day s6 (x,) bat ki, z, < a va z, — —oo,
ta co f (x,) — L.
Ki hiéu xli)moo f(x) =L hay f(z) — L khi z - —cc.

A

@ Vi c,k la cdac hang s6 va k nguyén duong, ta luon cé

. . . c . c
lim ¢ =c¢; lim ¢ =c¢; lim — = 0; lim — = 0.
r——+00 Tr——00 r—+o0 I T——00 I

@ Cadc phép todn trén gidi han hitu han cia ham s6 khi x — xo van con ding khi x — +o0o hodc © — —oo.

) 92 + 1
Vidul. Tmh lim 211
. r—+oo x — 1

® Li gidi.
Ta c6
1
ot @ 2+x>
lim = lim ——
z—+o0o xr — 1 z—+00 < 1)
r({l——
T
1
24—
= lim ——=&
z—>+ool_7
T
1
lim 2+ lim -—
_ Tr—r—+00 r——+00 I
Iim 1 - lim -
T—++00 T—+00 I
240
- 1-0
= 2.

C-GISI HAN VO CUC (MOT PHIA) CUA HAM SO TAI MOT DIEM

$> Dinh nghia 2.4. Trong trudng hgp tdng quat, ta c6 dinh nghia sau:

a) Cho ham s6 y = f(z) xac dinh trén khodng (a; +00).
Ta n6i ham s6 y = f(x) c¢6 gi6i han 1a +oco khi 2 — a™ néu v6i day s6 (z,) bat ki, z,, > a va x, — a, ta
co f(xn) = +o00.
Ki higu lim f(z) = +oo hay f(z) = +oo khi x — a*.

z—at

b) Céc truong hop lim+ f(x) = —o0; lim f(x) = +o0; lim f(x) = —oco dugc dinh nghia tuong t.

y J/ J J

T—a T—a— Tr—a—
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Chuong 3. Gi6i han. Ham sé lién tuc

Biét lam, Iam dung, Idm nhanh

A Ta cé hai gidi han co bin sau

Vidu 2. Tinh lim 1

z—2+ T — 2

® Loi giéi.
1
Ta c6 lim = 400.
=2+ x — 2

D-GISI HAN VO cuC CUA HAM $O TAI VO cucC

$> Dinh nghia 2.5. Trong trudng hgp tdng quat, ta c6 dinh nghia sau

a) Cho ham s6 y = f(x) xac dinh trén khoang (a; +00).
Ta noi ham s6 y = f(z) ¢6 gi6i han 1a +0o khi 2 — +oo néu véi day sb (z,,) bat ki, z,, > a va z,, — +o0,

ta c6 f (zy) — +o0.

Ki hieu lim f(z) = 400 hay f(z) — 400 khi x — 4o0.
T——+00

b) Cac truong hop lim f(z) = —oco; lim f(z)=+oo; lim f(z)

A Ta cé ba gidi han co bin sau

® lim zF = 400 vdi k la s6 nguyeén duong.

T—r+00

® lim 2F = +o0 vdi k la s6 nguyén duong chin.

T—>—00
@ lim 2F = —oo wdi k la s6 nguyén duong lé.

T—r—00

Vidu3. Tinh lim 23; lim 3.
T—r+00 T—>—00
o Loi gidi.
Taco lim 23 =4o0; lim 23 = —oc0.
T—r—+00 r——00

E- CAC DANG TOAN THUONG GAP

& Dang 1. Tinh giéi han bang dinh nghia

y J/ J J

—o0o duge dinh nghia tuong tu.

Ap dung céc dinh nghia vé gidi han ham sb.

I®» Vidumau

2 -9

Vidu 4. Xét ham s6 f(z) =
D Loi gidi.

z—3

(z # 3). Chiing minh rang lirn3 f(z) =6.
T—r

Gia st (z,) 1a day s6 bat ki, thod méan x,, # 3 va limz, = 3.

Ta c6

2 _
lim f (z,) = lim Zn 2
Ty —
— lim (xn, — 3) (zn + 3)
Ty — 3
= lim(z, +3)

= limx, +lim3

o
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388

— 343

Vay lim f(z) = 6.

x2—4

Vidu 5 (CTST). Cho ham s6 f(x) =
D Loi gidi.

Ham s6 y = f(z) xac dinh tréen R\ {—2}.

Gia st (x,,) 1a day s6 bat ki, théa man x,, # —2 v6i moi n va x, — —2 khi n — +o0. Ta c6

. Tim lime(:p).

x + T——

m%—él — lim (n — 2)(xp + 2)
Ty + 2 Ty + 2

lim f(zp) = lim = lim(z,, —2) =limz, —2=-2-2=—4.

Vay lim f(x) = —4.
T——2

- P -1 s 1
Vi du 6 (KNTT). Cho ham s6 f(z) = —=——. Chimng té riing lim f(z) = =.
e —1 z—1 2
® Li gidi.
P P . —1 1
Lay day so (x,,) bat ki sao cho x,, # 1 va z,, — 1. Ta ¢6 f (x,) = m; = .
. . . zz—1 z,+1
Dodo lim f(wn)= lim o 1= g Ve lim fla) =3

Vidu 7 (CTST). Tim céc gidi han sau:

2
1
a) lim (222 — z); b) lim %
z—3 x——1 r+1
® Loi gidi.

a) Dat g(x) =222 — 2.
Ham s6 y = g(z) xac dinh trén R.
Gia stt (z,) la day sb bat ki, théa man z,, — 3 khi n — +o00. Ta ¢6

lim g(x,) = lim(2z2 — z,) =2 (limz,,)* — limz,, = 2- 32 — 3 = 15.
Vay lim g(z) = 15.
z—3

2yor 41
b) Dt h(z) = %
Xz

Ham s6 y = h(z) xac dinh tren R\ {—1}.
Gia st (z,,) la day s6 bat ki, thda méan z,, # —1 v6i moi n va x, — —1 khi n — +oo. Ta c6

22 + 2z, + 1

P =lim(z, + 1) =limz, +1=-14+1=0.

lim h(xy) = lim

Vay lim1 h(z) = 0.

T——

P Baitap tu luan
Bdi 1. St dung dinh nghia, tim céc gi6i han sau

2 _
a) lim a2 b) lim < 25.
z——3 z—=5 £ —5

D Loi gidi.

2. Gi6i han clia ham s Bi&t Iam, Iam ddng, 1dm nhanh

y J/ J J

e

388/764 ' Bi Todn 11 theo chuong trinh GDPT201Em



Chuong 3. Gi6i han. Ham sé lién tuc Biét Iam, Iam ddng, Iam nhanh

y J/ J J

a) Gia st (z,,) 1a day s6 bat ki, thoa man limz,, = —3. Ta c¢6
lim a:i = limx, - limx,
(=3) - (=3)
9.

Vay lim z? = 9.

z——3

b) Gia st (z,,) 14 day s6 bat ki, thda man z,, # 5 va limz,, = 5. Ta ¢6

2
_9 _
lim 1 > = lim (Zn = 5) (Tn+s)
Ty — D Tp — D
= lim(z, +5)
= limx, +1limb5
= 5+5
= 10.
2
x4 —25
ay li = 10.
Vay 931—% r—9 0
O]
B&i 2. Cho ham 56 f(x) = *- % Tim Tim f(x)
- Cho hdm 86 f(z) = ——— Tim lim, f(z).
D Loi gidi.
Ham s6 y = f(z) xac dinh tréen R\ {—2}.
Gia st (x,,) 1a day s6 bat ki, théa man x,, # —2 v6i moi n va z, — —2 khi n — +oo.
24 —2 2
Ta c6 lim f(2,) = lim fﬁ = i mn)f; +2) _ lim(z, —2) = —2—2=—4.
ay li -4 0
Vay lim f(z) = —4
B&i 3. Cho ham s6 f(z) = >~ T lim f(x)
. Cho ham sb f(z) = . Tim lim f(z).
T+ 2 T—r+00
® Loi gidi.
Ham s6 xac dinh trén (—oo; —2) va (—2; 400).
Gia st (z,,) 1a day s6 sao cho z,, > —2 va z,, — +00. Ta c6
1 1
2— — 2 —lim —
2xn — 2-0
lim f(z,) = lim n = lim Tn — xQ” =170 2
Tn + 1+ — 14lm— '7
n Tn
Vay lim f(x)=2. O

T—-+00

& Dang 2. Cdc phép todn vé gidi han ham sé

a) Néu lim f(z) =L va lim g(x) = M (L, M € R) thi

o lim [f(@) + g(e)) = L+ M; o lim [f(a) -g@)] = L-M;
o Jim [f(x) — gla)] = L~ M: o Jim T8 & wsu v 2 0),

b) Néu f(z) >0va lim f(x)=Lthi L >0 va Jim Vf(@) = VL.

T—rxT0

c¢) Céc phép toan trén gidi han hitu han cia ham s6 khi z — ¢ van con dung khi # — +oo hoac x — —oo.
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2. Gi6i han clia ham s Bi&t Iam, Iam ddng, 1dm nhanh

y J/ J J

®» Vidumaéau
Vi du 8 (Cénh Diéu). Tinh:
2
m (2% + 2 6); iy P20+
)ty 6 0) 0t
® Loi gidi.
a)
lim (a:2—|—ac—6) = lim2? + lim 2 — lim 6
r—2 r—2 r—2 r—2
= 442-6
= 0.
b)
. 2
22 490 13 B il_}rri(x +2x—|—3)

m :
a—1  2x—1 lim (22 — 1)
z—1
lim 22 + lim (2z) + lim 3
T— z—1 z—1

lim (2z) — lim 1

z—1 z—1
1+24+3
2—-1
= 6.

Vidu 9 (CTST). Tinh cac gidi han sau:

3xr—2
: 2 _ .
) (e 4o +2) Rt s
® Ldi gidi.
a) lim(2? — 4z +2) = lim 22 — lim(4z) + lim2 =12 —4limz+2=1-4-1+2= —1;
z—1 z—1 r—1 z—1 z—1

b) lim = 222 — 222 = _ 2
z—2 2x + 1 11_%(21’—1—1) 2li_>n§w+1 2-24+1 5
X X

Vidu 10 (CTST). Tinh céc gi6i han sau (khit dang vo dinh):
r?—4 . Vr+1-2

a);l—%x—2; b):}clgé -3

24 -2 2
a) lim = imw:lim(x+2):lim$+lim2:2+2:4.
=2 r — 2 T—2 x—2 r—2 T— r—2

. Nz +1-2 . (Vz+1-2) (Vo +1+2)
lim —— = lim
=3 x—3 =3 (z—3) (Vo +1+2)
. (x+1)—4 . 1
lim = lim ————
=3 (2 —3) (Ve +1+2) 293 r+142
1 1
lim (Vz+1+2) limva+1+2
z—3 z—3
1 B 1 1
lim(z+1)+2 V3+1+2 4’
T—
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Chuong 3. Gi6i han. Ham sé lién tuc Biét Iam, Iam ddng, Iam nhanh

y J/ J J
U]

Vidu 11 (CTST). Tinh céc gi6i han sau:

) lim (22 + 52 — 2); b) li v
®) Jim (o + 52— 2) i
® Loi gidi.
. 2 . _ . 2 . RT _(_9\2 s _9_ _
a) xlg{lz(m + 5z — 2) (xgrgzx) +wl_1>n_12(5:c) xl_1>n_122 (=2)*+5-(=2)—2 8.
21 -1 1
b) Tim &t g CZ D@D ) mlma =141 =2
=1 x—1 2=l (r—1) z—1 z—1
O
Vidy 12 (TH). Tiuh giéi han Tim 2
- . mn giolr han x—l)Ifoow4+1
® Loi gidi.
7 7
4
24T 5 <1+F> 1+ -3
Tacé lim ——— = lim ———C = lim —% =1 O
z—+oo x* 4+ 1 z—+00 1 z—+00 1
T x
Vidu 13 (TH). Tim giGi i 2 +1
eV ( ) Tim 2101 han zEI—fl—loo m
® Loi gidi.
o 2?41 .
R T e = ez .
Vidu 14 (TH). Tinh giéi han | ( ! 5 )
y + Tinh gi6i han lim { 7— —-—— }.
® Loi gidi.
. 1 3 . l4+z+2?2-3 (x —1)(z+2) . —(x+2)
J— = B — e — = —_— = — D
:%l—>ml(1—x 1—3:3) il—>ml 1—2a3 a£1—>ml(1—x)(1+x+:c2) :£I—>mll+a:+ac2 !
2
Vidu 15 (VDT). Cho m,n la céc sd thuc khac 0. Néu gidi han lim5%=3, hay tim mn.
T—— T
® Loi gidi.
2
Vi lim5% = 3 nén x = —5 la nghiém ctia phuong trinh 22 + mx +n = 0.
T—— xr —
=>—5m+n+225=0®n=5m—225.
-2
Khi d6 lim S MOy, 2 maddm 20
z——5 r—1 z——5 r+5
~ m (x+5)(x —5+m)
r——5 r+5
= lim (z —5+m) =m — 10.
r——5
Tacom—-10=3 < m =13 = n = 40.
Vay mn = 13 - 40 = 520. [l
. £ V2rZ +3+2024 1
Vi du 16 (VDT). Tim s6 thuc @ théa man lim “Y=r T5+2024 2
T—+00 2x + 2023 2
® Loi gidi.
9 3 2024
ool V2342024 1 a2t 5+ L av2_1_ V2 .
acoé lim == im =& — == = —.
eotoo 22+ 2023 2 7 z5foo 2+2023 2 2 9 AT
x
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2. Gidi han cta ham sb

Biét lam, Iam ddng, Iam nhanh

F® Baitap tu luan

y J/ J J

Bdi 4. Biét rang ham s6 f(z) thod man lim f(x) = 3 vd lim f(x) = 5. Trong trudng hgp nay c6 ton tai gidi

han lin% f(x) hay khong? Giai thich.
r—
® Loi gidi.
Ta c6 lim f(x)=3va lim f(z)=5,dodo lim f(x)
T2~ z—2t T2~

# lim f(x).
Vay khong ton tai lin% f(x).
T—

Bai 5. Tinh cac gidi han sau
. 2 _ )
a) 111% (2% — 4z + 3);

® Loi gidi.

lim2 (ac2 — 4z +3)

2
_ — (g —
x* —5x+6 i (z —2)(x—3)

2 (Vo + 1) (Vo - 1)

Vet it

‘ .

N —

Bai 6. Tinh cac giéi han sau

z—+o00 3x — 4

o Li gidi.

U
. r—1
c¢) lim
z—1 x —1
lim 2 — lim (4z) 4 lim 3
2 r—2
(e =2
lim x — lim 2
xr—3 r—3
3—2
1.
N
U

. 241
¢) lim ——;
T—>+00 €T

1
f) lim

et — T

e
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Chuong 3.

Gidi han. Ham sé lién tuc

Biét lam, Iam dung, Idm nhanh

a)

393/764 ’

9z + 1
im
z—+oo 3x — 4

. Tr — 11
1m
rx——oco 21+ 3

. 24+ 1
hm E—
Tr—400 X
. 2 +1
hm E—
T——00 €

1
94—
: Xz
P4
T
. .1
lim 94+ lm -
Tr—+00 T—>+00 I
lim 3— lim -
T—+00 T—+00 T
940
3—-0
3.

T
11
7_ =
. _ T
L= 3
2+ =
T
11
lim 7— lim —
T——00 T——00 I
lim 24 lim —
Tr—r—00 T—>—00 I
7—0
240
7
5

lim
r——+00 x€X
. 1
lim 1+ —
r——+00 X

1
\/lim 1+ lim —
x——+00 r——+00 I

V140

/ 1
lim —4/1+ —
T——00 T

y 4/ J J

o
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2. Gidi han cta ham sb

Biét lam, Iam ddng, Iam nhanh

y J/ J J

1
= —\/ lim 1+ lim —
Tr—r—00 T——00 I

= —v1+0
= —1.
1
e) lim = —00
z—6- T — 6
f) 1 ! +
im = .
7t — 7 >
O
Bai 7. Tim céc gidi han sau
. 2 ) T —=3 . 3—VxT+8
2) zli>H—12(x Tz +4); b) ilg%’) 22 -9’ °) }:l—>ml r—1
® Loi gidi.
a) lim (22 =7z +4)= lim 22 -7 lim o+ lim 4= (-2)2-7-(-2) +4 =22.
T——2 T——2 T——2 T——2
b) lim -3 lim -3 lim 1 1 1 1 1
1 —_— —_— = |1 = = = = —,
e=322—9 223 (x—3)(x+3) 2-3x+3 lin%(x—i-?)) lin%m-l-?) 3+3 6
Tr—r Tr—r
c) Ta co
. 3—Vz+38 . (3=-Vz+8) (3+ V& +38)
lim ——— = lim
z—1 -1 z—1 (r—1) (3—{—\/x—|—8)
. 9—(r+38)
= lim
@ DB VETD)
- hm_—l
213442+ 8
-1
~ lim 3+ V2 +38)
r—1
B -1
3+ lim /z + 8
T—
B -1
3+ V148
-1
© 3+3
-1
O
Bai 8. Tim cac gidi han sau
2) xgr—l{loo 2r b) xEI—noo 3r+1’ c) xgrfoo z+1
o Loi gidi.
3 . ( 3> .
2 | 44—
ztoo  2r wortoo B lim 2 2 2T
T—>+00

e
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Chuong 3. Gi6i han. Ham sé lién tuc

Biét lam, Iam ddng, Iam nhanh

y J/ J J

9 z lim — 0
b) [lim o= = lim Ty T =3.5="
T==00 OF + T34+ 2 34 lim T
T rT——00 I
c) Ta co
1
lim = im lim ——————
z—+o00 x+1 T——+00 T+ 1

Bai 9. Tinh cac gidi han sau

9z +1

7

I
2) x—1>I—|I—loo 3z —4

2+1
d) lim L;

rT——00 €
® Loi gidi.
a)

x
1 1

14+ = lim 14+ —
2?2 _ a—too x2

1 1
T 14 lim <1+—)
X T—-+00 X
1 li !
I N RV S
— = =1.
14 lim - 1+0
T—+00 I
O
Tr—11 . V2 +1
b) ; ¢) lim ——;
r——00 21 + 3 z—+00 T
1 1
e) lim ; f) lim .
z—6— T — st — 7
1
0z +1 7 (9 + E)
= lim ———

z—+oo 3x — 4

Tx —11
im
z——o00 2x + 3

1
9+~
A4
T
lim 94+ lm -
Tr—+00 T—>+00 I
lim 3— lim —
T—+00 T—-+00 T
940
3—-0
3.

lim
_>_
oo x<2+_>
X
11
T
L = ,. 3
i

o

395/764 ’

B Todn 11 theo chuong trinh GDPT201Eﬂ



2. Gidi han cta ham sb

Biét lam, Iam dung, Idm nhanh

d)
li 1
e) lim = -0
z—6— T — 6
1
f) lim =+

Bai 10. Tinh céc giéi han sau:

1—- 22

@) Mm e

b) lim (Va®+z+2-2).

T—+00
® Loi gidi.

a) Ta c6

acll:ir-loo 4_x2+1+x2+1

lim 7— lim —
Tr—r—00 Tr—r—0o0 €T

lim 2+ lim §

T—r—00 T——00 I

N
|
s}

[NCREEN V]

lim
r——+00 xX
1
lim 1+ —
r——+00 X

1
\/lim 1+ lim —
T—r+00 T—+00 I
v140
1.

. / 1
lim —4/1+ —
Tr—r—00 €T

. ) 1
—\/ Iim 14+ lim —
Tr—r—00 r—r—00 €T
—v/1+0
—1.

42 —dr + 1
z—+00 2 +1

4z 1
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Chuong 3. Gi6i han. Ham sé lién tuc

Biét lam, Iam ddng, Iam nhanh

b) Ta c6

Vl+r+2—x

Khi d6 lim (\/m_x) _

T—r+00

Bai 11. Tinh céc giéi han sau:

2)? — 4
a) lim EF2° 24
z—0 X
) z2+9-3
b) il—% z?
® Loi giai
2) lim(x+2)2—4_ 2?2 4+ 4z
z—0 x T 250 X
2 _
b) lim 93 = lim

4— B 2Ty L
m—1>r4r-100 x2+1 a:—1>r4r—100 x2+1

4 1
. T . 72
—[4— lim 1 + lim T
r——+00 1 + = r——+00 1 + =
x x

(\/x2+x+2)2—x2 42

VZ+z+24+2 - ViZ+z+2+2

2 2
(1+2) 2

1 2 N 1 2 '
W1+ =+5+1 1+ -+ +1
X X i s

2
1 —
T2 11

. T
20 z? @0 32 . (‘ /22 + 0 + 3)

Bai 12. Tinh céac gidi han sau
2 )
a) }}1_)1111(56 4z + 2);

® Loi gidi.

w0 1 2 1412
1+=+=+1
X X

1 1
= lim ——— = .
v=>0 /224943 6

3r—2
b) 1 .

a) lim(2? —4r+2) = lim 22 — lim(4z) + lim2 =12 —4limz+2=1-4-1+2 = —1;
rx—1 rz—1 rz—1 rx—1 rx—1

3ol —2)

3limx —2
2

3.2-2 4

b) lim

Bai 13. Tim cac gidi han sau

) i -
R 23—z —6

—222+1 lm(e+1) 2lma+1 2-2+1 5
T—2 T—2

[22% 2
b) lim ¢ %
T——2 x4 —x+ 2

y J/ J J

o
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2. Gidi han cta ham sé

® Loi gidi.

22 x2 32 1
a)ilg}%\/ 3_x—6 doill%a:?’—x— 33—3—6_§>0
:>hmﬂ \/7 \/_
r—3 —.T—
. sf22t 4+ 3x 42 o 22t 4 3x4+2 7 o af22t 43z 4+2 T V28
b) lim ————3do lim ———— = - = lim —— = {/ = = .
T2 2 —z+2 -2 12—+ 2 2 T z52 2 —x+2 2 2

~ m — 16
Bai 14. Cho f(x) la mot da thic théa man linri f(i)—l
T— —

lim f(z) — 16
== (@ —1) (V2f(@) +4+6)

= 24. Tinh gi6i han sau

o Li gidi.

Vi tim 28 =16 o vem f(1) = 16. Khi d6
rz—1 r—1

fx) — 16 1 f@) 16

;1—% (WJFG)_E'Hi z—1

Bai 15. Tinh cac gidi han sau:

) lim (22 + 52 — 2); b) fim &1
& z—>—2x iL‘ ’ =1 x— 1"
® Loi gidi.
a) lim (22 +52r—2)=(lim )2+ lim (5z) — lim 2= (-2)2+5-(-2) - 2= -8.
T——2 T——2 T——2 r——2
21 -1 1
b) Tim &t g CZ D@D ) mlimae 1 =1 4122
a—lx—1 =1 (z—1) a—1 a—1

Bai 16. Tinh céac gidi han sau
(23 — 3z)(z + 1)

a) lim (322 — 2z +1). b) lim

z——1 z—2 2+ 3
® Loi gidi.
a) lim (322 —2z+1)=3 lim 22 —2 lim 2+ lim 1=3(1)>-2-1+1=2.
r——1 r——1 r——1 x——1

b) Do lim (22 +3)=22+3=7+#0va
T—2

lim (2 — 3z)(x + 1) = lim (23 — 3z) - lim (2 +1) = (25 -3-2)-(2+1)

T—2 T—2
(@ =3z)(xz+1) 6
Newly Ty

Bai 17. Tim cac gidi han sau

. 2 . 3 _5
a) ;1—>m2\/x2—x—|—3' b) :cli>n—13 2?2 +x—12°

Biét lam, Iam dung, Idm nhanh

y J/ J J

=6

e

398/764 '

B Todn 11 theo chuong trinh GDPszem



Chuong 3. Gi6i han. Ham sé lién tuc Biét Iam, Iam ddng, Iam nhanh

y J J J
® Loi gidi.

z 9 9 2
a) lim /- doibm?-wr‘s % 573 5V
\/7 /
:>hmw
T—2 —x+3

— -5 5 =5 5 /180
li o) O lim —— =% lim ¢/ ———— = ¢/ = )
b) im  m e i s s T AV e 6 6

U
Bai 18. Cho f(x) = x — 1 va g(x) = 23. Tinh cic gi6i han sau:
2) Im[3f(x) - g()].
2
b) tim LT
z—1 g(.’l,‘)
® Loi gidi.
P, o _ o _ o _ - T 3 _
Ta c6 il—% f(z) = llrnl(:z: 1) = il_}mlﬂc il_}ml 1 =1-—1=0. Mt khac, ta thay hm g(x) = il_)nﬁac L.
a) Ta co
lim[3f(2) = g(z)] = lim[3f(z)] — lim g(z) = lim 3 - lim f(z) — lim g(z) =3-0—1=—1
b) Ta c6
. 2 . 1
oy L@ _ lim[f(z)] _ lim f(z) - lim f(z) 0,
a=1 g(z) lim g() lim g() 1
U
z? -9
Bai 19 (NB). Tinh gidi han hm
a3 x—3
D Loi gidi.
2 _ —
Ta c6 lim ~ gzlimw:lim(m’—k@zﬁ O
=3 r— 3 z—3 r—3 z—3
2 _
Bai 20 (TH). Tinh gi6i han I = lim w
T—2 r—2
o Loi gidi.
2
— — Nz —
[ tim Z08 6 B=D@=Y) gy O
T—2 x—2 T—2 r—2 x—2
. . 7
Bai 21 (TH). Tinh gi6i han hl—?oo R
® Loi gidi.
4 S 7
o G . (1 * m4> 1+ e
Taco lim ——— lim ————< = lim — = O]
x—4oo x* 4+ 1 T 25t 00 1 T——400 1
x x
Bai 22 (TH it
@i 22 (TH). Tim gi6i han xhl}rloo DR —
o Loi gidi.
o ? +1 :
Taco I oz =3~ T -
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2. Gidi han cta ham sé

Biét lam, Iam dung, Idm nhanh

y J/ J J
s S : 1 3
Bai 23 (TH). Tinh giéi han il_)n% (1 1 —x3)'
® Loi gidi.
_ 1 3 . l+x+22-3 (x —1)(z +2) —(z+2)
1 ( — )zl — =1 = — = =-1. O
s\T—z 123 ] 1— a3 :cl—>ml(1—x)(1—|—x—|—$2) 11+ x + 22

Bdi 24 (VDT). Cho m,n la cac s6 thuc
® Loi gidi.

2
Vi lim rFtrmztn

r——5 xr—>5
= -bm+n+25=0<n=>5m—25.

2
Khi d6 lim 2™+ ™ oy

2
khac 0. Néu gi6i han lim rAmrtn
z+5

= 3, hay tim mn.
T——5

= 3 nén x = —5 la nghiém ctia phuong trinh 22 + max +n = 0.

22+ mx +5m — 25

z——5 x—1 r——5

= lim

T+5

(x+5)(x —5+m)

r——5

= lim (x —
T——5

Tacom—10=3 < m =13 = n =40.

T+5
5+ m)=m—10.

Vay mn = 13 - 40 = 520. 0
.. ) V22 2024 1
B&i 25 (VDT). Tim s6 thuc a thoa man Lim Y20 +o+2024 1
ctoo 21 + 2023 2
® Loi gidi.
, . 3, 202
Toes i CV2EE3E2024 1 a2t 5+ — L a2 _1_ 2 .
1m = = 1im = — - = _ - -
0 T 22 +2023 27 ante 2023 D 2 2797
X
o a2 —4
Bai 26 (NB). Tinh lim .
r—2 -2
® Li gidi.
24 -2 2
T gt Clt) [ () S HRY SR SP P S O
=2 ¢ — 2 T—2 x—2 z—2
.. 2_12
B&i 27 (NB). Tinh lim * 22 T35
) xr—b 25 — bhx
® Loi giai.
. 22 =122+35 . (z—T)(z—5) T—z 2
o o 5s o BB-2) 4 5 B
2
¢ — 12z + 35 2
ay lim — 22 _ 2 0
Vay I — s 5
B&i 28 (TH). Tinh gidi han I = i © -8
. 1mn 101 I = 11m .
& 4 :c—)2.’1}2—4
® Li gidi.
3 — (2 +2x+4 242044 12
To o T = lim o8 — fjg D@4 2044) et r2wdd 12 0
=2 x2 —4 152 (ac—2)(x+2) z—2 x4+ 2 4
o . R e |
Bai 29 (TH). Tim gidi hanA—};l_)nl?x?)—_S.
® Li gidi.
Ta c6
4 2 2_1 2_4
A = limx o +4=Iim (ac )(:c )
r—2 :173—8 r—2 563—23
. (22 =1)(z-2)(z+2)
= lim
a2 (z—2) (22 +22+4)
_ (x2—1)(:c+2)
o252 22422 +4

e
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Chuong 3. Gi6i han. Ham sé lién tuc Biét Iam, Iam ddng, Iam nhanh

y J/ J J

= 1
(]
S 1+ 3x
Bai 30 (TH). Tim gi6i han lim ——.
(TH) 8 T =00 4/222 + 3
O Loi gidi.
1
L 14 3x . v <x+3> . ;—1_3 3v/2
Taco lim ——— = lim = lim O]
T——00 /222 +3 z——00 3 T——00 3 2
—T ( 2+—> —\/2+—
x
S 22 — V3x2 + 2
B&i 31 (TH). Tim gidi han lim ——Y°r ©2
z—=too Hx + Va? 42
o Loi gidi.
2 3 2 2—14/3 2
o 2 —3x2+2 oox 7 +ﬁ . N +ﬁ 2-43
Ta c6 115[_1 ﬁ: 115[_1 ——2: 111'41:1 5 = 6 . U
T—+00 T—+00 I x—+00
ThVETt 54+4/1+ — 54+/1+ —
x x
2024 _9
Bai 32 (VDT). Gia tri ctia il—% % bang %, v6i % 14 phan s6 t6i gian. Tinh gia tri ctia a? — b
o Loi gidi.
Ta c6
y 9320244—1‘—2_ L2024 4
m1—>Hias2023—|-:E—2_x1—>mlm2023—1-|-w—1
= lim
=1 (@ —1)(a2022 4 2202l .+ 1)+ — 1
22023 4 2022 4 oo
- iﬂx2022+x2021+---+x+2
1+l 142 2025
1+ 14---+142 0 2024
Vay a? — b = 20252 — 20242 = 4049. O
2 b
Bai 33 (VDT). Cho gidi han lim 20 3 a, b.
r—3 z—3
o Loi gidi.
. 2 b
Pé lim 292 _ 3 i1 ta phai ¢6 22 + az + b = (z — 3)(z — m).
r—3 z—3
Khid6 3—m=3«<m=0.Vay 22 + ax + b= (z — 3)z = 2% — 3z.
Suy raa= -3 va b=0. O
. . Va2 1+4 1
B&i 34 (VDT). Tim m dé lim Yoo 21+ 21
i T——00 mr — 2 2
® Loi giai.
1 1 4 4 1 1 4
o VAT tri44 . —p VAT T2 TR T T 2
Ta c6 lim = lim —- = lim =——.
T——00 mx — 2 r——00 I 2 T——00 2 m
m— — m— —
5 1 x x
Theo bairtatacét —— = - < m=—4 O]
m 2
< ‘e . m n
Bai 35 (VDC). Tinh gi6i han hm( - ), m,n € N*.
z—1\1— g™ 1—
o Loi gidi.
. m n . m 1 n 1
lim — = lim — — —
z=1\1—a™m™ 1 —gn z=1 [\l —2™ 1—=z l—2 11—z
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2. Gidi han cta ham sb

Biét lam, Iam ddng, Iam nhanh

lim —
z—1 \1 —gm 1—=2

m—(1+z+a?+ - +am ")

= lim
r—1 1—zm
_ hm(l—x)-l-(l—:vz)-l-----i-(1—:1:’”_1)
r—1 1—zm
B lim(1—gc)[1+(1+:Jc)+---+(1+ac+---+:cm—2)]
251 l1-z)(1+z+---+am1)
B lim1+(1+:c)+---+(1+x+---+:cm—2)
| l+z+--Faml
1424 Fm—1
= lim
rz—1 m
- om—1
2
) n—1
Tuong ty, ta tinh duge B = —
S m n A p_m=—n
Vayibni(l—xm 1—3:”)_A P==
S v 2—-2
B&i 36. Cho P = lim ¥~ % Tqh P.
. z—=2  x—2 )
@P:Z. ®P=:. ©PrP=1. D P=
o Loi gidi.
Ta ¢6: 1 Vvr+2-2 I T —2 r 1 1
a c6: lim —— = lim = lim — = -.
252 x—2 =2 (2 —2) (Ve +2+2) =2/r+2+2 4
1
Ch()ndépén@
S . . vV 3-—2
Bai 37. Cho m la hang s6. Tinh lim — T .
L =1 +mr —xr—m 1 1
—. 1. -. —_— .
o Loi gidi.
I vVer+3-—2 I r—1 1
im = lim = .
=122 4+mr—x—m x—>1($—1)<x+m)(\/$+3+2) 4(m+1)

Chon dép an @

Bdi 38. Biét lim (\/1’2 T 142+ 1) — . Tinh 2a + 1.

Tr—r—00
(A) —1. (B) -3. ©)o. D) 3.
D Loi gidi.
—2x
lim (Va?2+14+2+1) = lim
T——00 ( ) e=—co \/22 41— (x+1)
. -2
= lim i 1
xr—r—00
—\/1+ 5 - <1+—)
T T
= 1
= a=1.
Vay 2a+1 = 3.

Chon dap an @

O

y J/ J J

- lim( m_ 1 >—1im( n_ 1 ):A—B.
z—1 \1 — g™ 1—=x z—1 \1 — " 1—=x

e

402/764 '

B Todn 11 theo chuong trinh GDPT201€ﬂ



Chuong 3. Gi6i han. Ham sé lién tuc Biét Iam, Iam ddng, Iam nhanh

y J/ J J

Bai 39. Biét lim (\/4x2 -3z 41— (ax+ b)) = 0. Tinh gia tri biéu thitc T = a — 4b.

T—+00

(AT = -2. (B)T =5. ©71=-1 DT =3.
® Loi gidi.
Tt gid thiét, dusng thing y = ax +b 1a tiem can xién ctia do thi ham s6 y = V422 — 3z + 1, khi 2 — +oo. Tit do,

. Var? —3x+1
a = lim —m——— =2,
Tr—+00 x
b = lim (\/4362—3:6—1- —2:1:)
Tr——+00
i —3x+1
= i
T—+00 \/4302—3301—1—1—}—230
_34 1
- hrf 3"‘1;1 __?1
T—r+00
4—=4+ 542

Suy ra a —4b = 5.

Chon dap an O

g 1 \ V 9r +1— 7
B&i 40. Cho f(x) 1a ham da thitc thoa Tim 20 — o s tn tai i YL@ FZFLZT 0o ding
=2 . —2 r—2 ;1,‘2 —4

thic dung

a+2 a+2 a—2 a—2
(AT = e BT = . ©rT= : DT = =

. 8 1
® Loi giai.

Vi fa) 1 da thite va T P05 L — aen suy @) 1= (0~ 20(0),92) = o
Do do6
Ty VO 200 F2w
r—2 2 — 4
i (z — 2)g(2) + 22 — 2
= lim
w2 (1 — 2)(z + 2) [\/(a: —2yg(x) + 22 + x]
= lim g(x) -
22 (g +2) [\/(x —2Yg(x) + 2 + x]
a2
T 16
Chon dap an (D) )

E® Cau hai tréc nghiém
Cau 1. Biét xll)l}rloo f(z) =m, xgriloog(x) = n. Tinh xll)l}_l [f(z) + g(2)].

®m+n. m—n. @mn @%
o Loi gidi.
Ta c6 ET [f(z)+g(x)] = ET flx) + llff g(z) =m+n.
Chon dap an @ Ol
Cdu 2. Khéng dinh nao sau day 1 ding?
®) Jim /@ ga) = of @)+ o/ T ga). () Jim /T + 900 = Jim /7o) + lim /o)
(© Jim /7@ + 9 = Tan (7o) + 9oL © lim YT+ o) = im (/70 + /()]
® Loi gidi.
Theo dinh 1y vé gidi han ctia thi li_)m {’/f(:c) +g(x) = 3/ lim [f(z) + g(x)].

T—rT0

Chon dap an @ O
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2. Gi6i han clia ham s Bi&t Iam, Iam ddng, 1dm nhanh

y J/ J J

Cadu 3. Cho céc gi6i han ILm f(z) =2, lgn g(x) =3. Tinh M = lim [3f(z) — 4g(x)].
T—T0 T—To

T—T0

(A) M =5 B) M =2 (C) M = —6. D) M =3.
® Loi gidi.
Ta co M = xlgglo[?)f(:c) —4g(x)] = 39}1}11;0 f(z) — 495131930 g(x) =6 —12 = —6.
Chon dap an @ O
Cdu 4. Biét xll)llloo f(z) =m, xBToog(x) = n. Tinh xll)ﬂl_loo [f(z) — g(x)].

@m—i—n. m—n. @mn (D)m

n

® Loi gidi.
Taco lim [f(x) ~g(a)] = lim f(x)~ lm_g(x)=m —n.

Chon dap an Ol

Cdu 5. Cho lim f(x) = —o0, két qua clia lim[—3 - f(x)] bang
r—a T—a

(A) +oo. B)o. (©)s. D) —cc.

® Li gidi.
Coé il_r}%[—?) flx)]=-3- ilg(llf(:v) = +o00.
Chon dép an @ O
Cdu 6. Cho k € Z, két qua cla lim 22F*1 bang
@ 0. 9 —00. @ +o0. @ 5.
o Loi gidi.
Theo tinh chit ctia giéi han ham s6, ta c¢6 lim z?¢! = —c0.

T—r—00

Chon dap an O

Cdu 7. Cho lim f(z) = —2. Gi4 tri lim [f(z) + 42 — 1] bang
z—3 z—3

(A) 5. (B) 6. K (©) -11. D) 9.

® Loi gidi.
i;r%)[f(x)—kllx—l] :3%1_)1%)]”(:17)—1-}:%433—1 =-24+4-3-1=0.
Chon dép an @ O
Cdu 8. Cho lim2 f(z) = 3. Gia tri ctia 1inr§ [f(x) + x] bang
Tr—r Tr—r

(A) 5. (B)6. ©1. D) 4.
® Loi gidi.
Ta ¢6 lim [f(z) + z] = lim f(x) + limx =3+2 =5.

x—2 x—2 r—2

Chon dap an @ O
CdAu 9. V6i k 1a s6 nguyen duong. Két qua clia gidi han Erf 2k 13

(A) +oc. B)o. (©) —. D) 1.
o Loi gidi.
Véi k nguyen duong thi lim 2* = 400 = lim 22 = +o0.

T—+00 T—+00

Chon dap an @ O

Cdu 10. Cho ¢ la hing s6, k 1a s6 nguyén duong. Khang dinh nao sau day sai?
@ lim ¢ = 4o0. lim — =0. @limc:c. @limfc:xo.

T—~00 T—+400 $k T—T0 T—T0
® Loi gidi.
Theo dinh 1y vé giéi han, khang dinh sai la lim ¢ = +oo.
T—>+00
Chon dap an @ O
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Chuong 3. Gi6i han. Ham sé lién tuc Biét Iam, lam ddng, Iam nhanh

y J/ J J

Cau 11. Cho hm f(z) =a, lim g(z) =b. Hbi ménh dé ndo sau day la meénh dé sai?

T—+00 T—+00
@ lim [f(z)-g(z)] = ab. 9 lim [f(z) —g(x)] =a—0.
a:—H—oo
_ - flx) _a
© Jim_[f(z) +g(a)] =a-+0. D tm o5 =3
o Loi gidi.
Khi lim g(z) =b=0 thi hm @) S khong ding. O
T—r+00 T—+00 gc) b
- . 1 .
Cdu 12. Véi k 1a s6 nguyén duong thi 11m N bang
@ +00. 9 —00. @ T. @ 0.
o Loi gidi.
lim 1=1 1
il T i nén lim — =0.
lim 2" = £o0 T——00 T
T—r—00
Chon dap an @ O

Cadu 13. Tinh I = lim (2:2 4+ — 6).
r—2

(A)o.

B 1. ©2. D) 3.

® Loi giéi.
lim(:v2+ac—6) = limz®+ limz — lim 6
r—2 r—2 r—2 x—2
= 44+2—-6
= 0.
Chon dap an @ O
2 4+2x+3

Cdu 14. Tinh I = lim

A) 4.

x—1 20 — 1

®s. ©s. D).

o Loi gidi.
: 2
22190143 il_)lnl(:c + 2z + 3)
lim — = -
a—1 2x—1 lim (2x — 1)
z—1
lim 22 + lim (2:U) + lim 3
_ rz—1 T— —1
lim (2x) — hm 1
z—1 z—1
o 1+2+43
2-1
= 6.
Chon dap an @ O
Cau 15. Tinh I = lim 2,
z—0 T
@ 1. -1 @ Khong ton tai . D) o.
o Loi gidi.
Ta c6 :
lim m lim r_ lim 1=
z—0t T z—0t T z—0t
T T ) | P
z—=0- T z—0- X z—0—
Vay khong ton tai lim M
x—0 T
Chon dap an @ O
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2. Gi6i han clia ham sb Biét lam, lam ddng, [am nhanh

y J J J
.2
(A) -3. 4. (©) -4 D) 3.
® Loi gidi.
L 9 — z? . B=-2)B+=z) . —(x+3)
T i e e 3 B a1 B o1
Chon dép an @ O
- r? — .
Cdu 17. Tim lim . Két qua la
z—4 . —4
A7, (B) 8. (©)s. (D) 6.
o Loi gidi.
21 —4 4
Ta o6 Tim & 10 _ jpy @ D@D gy —s
z—4 x —4 z—4 r—4 z—4
Chon dap an O
- L o ad—1
Cdu 18. Tinh giéi han A = lim .
z—1 x—1
(A) A= —c0. (B)A=0. ©A=3. (D) A = +co.
® Loi gidi.
3_1 —1 2 1
Taco Amlm &t iy @ZDE@FTHY ooy g
z—1 x—1 z—1 x—1 z—1
Chon dap an @ O
~ S 2 . ~ S 4 . . ‘TQ + 2‘T + 1 N
Cau 19. Chon két qué dung trong cac két qua sau cia lim ——— 14
z——1 . 2x+ 2
® Loi gidi.
o242 +1 . (z+1)? Cox+1
lim ——— = lim — = lim =0.
z—=—1  2x+2 a—-12(x+1) 2—--1 2
Chon dap an O
2 _
Cau 20. Gié6i han lim vz 15 bang
1 r—4 r—3
@ 3 G 9. @ +o0. @ 8.
® Loi gidi.
2 _ _
i & +20-15 lim (x —3)(x +5) _o
r—4 z—3 T—4 z—3
Chon dép an O
N -2
Céu 21. Tinh gidi han [ = lim -2 2.
z——00 20 + 13 5
(AT =-2 ®r=-:. ©r1=2. D=3
o Loi gidi.
2 2
z|3—— -
el
Tacé I = lim 23: 1= lim —31:: lim "f:g
z——00 21 + x—>—oox<2+_> x—)—oo2+_
x x
Chon dap an @ O
- -2
Cau22. lim 2 bang
2$—>+oo x4+ 3
A -5 1. ©2. D) -3.
® Loi gidi
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Chuong 3. Gi6i han. Ham sé lién tuc Biét Iam, lam ddng, Iam nhanh

y J J J
2
T —2 x(l——) 1_2 1
Tacs lim 5 =, lim —;“’: lim T=1=1
— — —
T oo xr + x oox<1+_> T ool+_
T

Chon dap an O]

2
A 3w +2 .
Cdu 23. Giéi han lim v S bang
amlad —a?2+x—1

(A) -2. ~1.

o
o

® Loi gidi.
2 — 37 +2 (x —1)(z—2) ) 1

Ta c6 li = li = li =——.

acozl—>nix3—$2+x—1 a:l—%(x—l)(la—i-l) :vl—>Inl:L‘2+1 2
Chon dap én@ O

4

. — 2 .

Cdu 24. Gi6i han T = lim v —dr2 bang

x—>1$3+2$—3

® Li gidi.

2t -3r+2  (a-1)(P+at4+2-2) | P4t r-2 B+1241-2 1
T=Ilm—-————=1m = lim = =_.

as123 +20 -3 o=l (z—1)(22+ 12+ 3) e—1 22 +x+3 12+1+43 5
ChQﬂdépéﬂ@ O

2 _
Cau 25. Gi6i han lim .~ ¢+ 0
ro2 3 — g2 —x —9

@0. —; @—7. @—I—oo.
® Loi gidi.
2 —5r+6 . (x —2)(x — 3) . x—3 -1

Tacoi;rllzx3—x2—x—2:a:1—>mQ(x—2)(:C2—|—x+1) :}:1—>H12x2+x—|—1 T

Chon dép an O

4 a2
Cau 26. Tim lim & — 5% +2
1 x3 +2x—3

@—g. —é @% @+oo.

bang

® Loi gidi.

o2t =3224+2 (z-1)(z+1)(a*-2) . (z41)(2? - 2) 2
lim ——— = lim = lim =——.
a—1 2342 -3 251 (z—1) (22 +2+3) a—1 2?2+ 243 5

Chon dap an O

” 1 1
Cdu 27. Tinh lim ( + )
=2 \22 -3z +2 22-5x46

@2 (B) +oo. (©) 2. (D) o.

® Loi gidi
hm( 1 N 1 )_ i 2% — 8z + 8
es2\22 -3z +2 22-5x+6/ <=2 (22 —3x+2) (22— 5z +6)
_ 2(x — 2)? _ 2
—1 —lim——_— 9
053 (2 — 1)z —2)(z — 2)(x —3)  a22 (z— 1)(z —3)
Chon dap an @ O
Va2 -2
Cdu 28. Gidi han lim verte—2 bang
z——o00 x—2
@ —00. 1. @ +o00. @ -1

® Loi gidi.
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408
2. Gi6i han clia ham s Bi&t Iam, Iam ddng, 1dm nhanh

y J J J
2 2 2
VT 12— 2 1+ 52 Vit 2z
x—+00 T —2 x—+00 x—2 z—+00 2

Chon dap an O

3 4
Cdu 29. Cho ham s6 f(z) = (4z+1)°(2z +1)

. Tinh lim f(z).

(3 + 2x)7 r——00
A 2. (B) 8. (©a. D) o.
o Loi gidi.
1\* 1\*
lm fz)= lim (4r+1°Qe+ 1t (4 * 5) (2 + E) 53 g
T——00 e (3 -+ 2;1:)7 e 3 7 o o
(5+2)
x
Chon dap an O

24 b
Céu 30. Biét lim =P C_ 8 (5 c€R). Tih P = b+c.
z—3 Tz —3

(A) P =-13. (B) P =—11. ©pr=>5. D) P =-12.

® Loi gidi.

24+
Vi lin%Jc + ‘T;_c:gla hitu han nén tam thic z? + bz + ¢ ¢6 nghiem x = 3.

T— T —
:>3b+c+92:0<:>c:—9—3b2_
b br —9 — 3b _

Khi do lim & T 0z te e tbe—-9-3b . (z2-3)(z+3+b)

=3 T —3 z—3 xz—3 73 r_3

:li_)n}q)(:c+3+b):8@6+b:8@b:2:c:—15.
Vay P=0b+c=—13.
Chondépén@ O

24br—5
%:7. Tinh a? + b2+ a + b.
l‘_

B 8. ®) 1. (©)15. D) 5.

Cadu 31. Cho a,b 13 s6 nguyén va lim
z—1

Vi lim —————= = 7 hitu han nén « = 1 phai la nghiém ciia phuong trinh az? +bxr —5=0suyraa+b—5 =

0:>b:5—a.2

Khi d6 Tim %8 +GB—-a)z—5 — lim (x — 1) (ax +5)
z—1 rx—1 r—1 rz—1

Suy ra a® 4+ b*> +a+b=18.

=a+5=7=a=2nénb=3.

Chon dap én@ O
~ 4 x w2 +1 )
Cdu 32. Biét rang lim ( +axr — b) = —5. Tinh tong a + b.
z—+oo \ x — 2
(A) 6. ®)7. (©)s. D) 5.
o Loi gidi.
2 2 _
lim <x +1+az—b): lim ((a-l—l)az (2a+b);v-|—2b-|—1):_5
z—+oo \ & — 2 z—+00 r—2
a+1= a=-1
=4 4
2a+b=5 b="T1.
Vay a+b=6.
Chon dap én@ O
" , 4a? — 3z +1 .
Cau 33. Cho hai s6 thyc a va b théoa méan Erf <% —azx —b> = 0. Khi d6 a + b bang

A) —4. (B) 4. ©n. D) 7.

@ L5i gidi.
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Chuong 3. Gi6i han. Ham sé lién tuc Biét Iam, Iam ddng, Iam nhanh

y J/ J J

4a? — 1 2

lim (x 50+ —ax—b>=0<:> lim <(4—a)x—b—11+—3)=0.
z—+00 T+ 2 T—r+00 T+ 2

4—a=0 a=+4
= & =>a+b=-T1.

—-11-5=0 =11
Chondépén@ O

f(x)+1 (22 + ) flz) +2

Cdu 34. Cho lim
z—1 x—1 r—1

(A)I=5. (B)I=—4 ©1=1. (D) I =-5.

= —1. Tinh lim
x—1

® Loi gidi.
i @A) f@ 42 (@) (f@ ) —af a2 (@) (@)
z—1 rx—1 r—1 r—1 z—1 r—1 '
Chon dap an @ O
2, 3 4 50
Cdu 35. Goi A la gi6i han clia ham s6 f(z) = Tyt ;__ . T 5 khi x tién dén 1. Tinh gia tri clia
A.
(A) A khong ton tai. A =1725. (C) A =1527. (D) A = 1275.
® L3i gidi.
Ta c6
2 34 50
lim f(z) = hmx—l—x +z+---t+x 50

z—1 z—1 rz—1
= lm 1+ @+ 1)+ (@ +o+1)++ @ +2" 4 +1)]
x
= 1+2+3+--+50=25(1+50) = 1275.

Vay A = lim f(x) = 1275.
z—1

Chon dap an @ O
Cdu 36. Biét lim (\/ 22 +ar—1-— a:) = 5. Khi d6 gia tri ctia tham s6 a 1a
T—>+00
(A) 10. (B) —6. ©)s. (D) —10.
® Loi gidi.
1
2 1 g2 a— —
lim (\/:c2+ax—1—:v): lim = +oar T — lim L =25
T—+00 =400 \/p2 +aqr—1+x T+ a 1 2
1+———=5+1
T x
Suy ra a = 10.
Chon dap an @ O
~ P P . 1
Cadu 37. Co tat cd bao nhieu gia tri nguyen ctia tham sé m de lirf (Va2 +m?z —x) = 5?
T—+00
(A)o. B 1. ©)2. D) 4.
® Loi gidi.
Ta c6

2

. N 2 . m-r
lim ( T —l—m:v—x): lim
r—+00 r——+00 ‘/x2 _|_m2$ _i_x
2

m

2

m )

Do do liIJP (Va4 m?z—z2) == & o T em= +1. Vay c¢6 hai gia tri nguyén ctia tham s6 m théa man
Tr—r+00

yéu cau clia bai toan.
Chon dap an @ O
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2. Gi6i han clia ham sb Biét lam, lam ddng, [am nhanh

V' J J J
Cdu 38. Tinh L = EI_II (\/:U2—7:U+1—\/332—333+2>.
(A) L = +o0. (B) L = —o0. ©L=2 D) L=-2
o Loi gidi.
L= lim v
=00 /g2 — Tz + 1+ Va2 — 3z +2
. —4zr—1
= .02 71 3 2
I/ B
r oz Tz
1
4=
= .n — 5
T——00
i T __\/1__ 2
\/ w+m2 r a2
= 2.
ChQﬂdépéﬂ@ O
~ 2 1-— 2
Cau 39. Gis tri cita lim Y22 IWH la
z— T —
@ -Y3 ® Y3 ©¥ © V3
_ D 6 6 5
® Loi giai.
Ta c6
V22 + 1+ Ve +2 . z—1 . 1 1
lim = lim = lim = .
z—1 x—1 =l (z—1)(V2e+1—-Vo+2) 2=12r+1+Va+2  2V3
ChQﬂdépéﬂ@ O
. 1—¥1— P )
Cdau 40. Cho lianx:%,trong dé m,n la cac sd nguyén Va%tc‘)i gidn.
T—

Tinh A = 2m — n.

(A)A=1. (B)A=-1. ©Aa=o. (D) A=-2.

o Loi gidi.
o 1=-¥1—-2 . T 1
Ta ¢6 lim ——— = lim = —.
-0 x z—)Ox.<1+\3/1_w+ \3/(1_1,)2) 3
Vay A=2m—-n=2-1-3=-1.
Chondépén O
r+1—+vbx+1

Cau 41. Gi6i han lim — 2 Wia,beZb>0va % 1 phan s6 t6i gian. Gia tri clia a — b 1a

a—=3  x—/dr —3 b
@%. (B) -1. @g. D 1.
® Loi gidi.
Ta co
(x+1)2 - (5x+1)
i r+1—vbr+1 . z4+1++Br+1
im = lim
e=>3 x—+/dr —3 a3 2% — (4x — 3)
r++4x —3
i (z4+V4z = 3) (z — 3)z
@3 (z+ 145z +1) (z — 3)(z — 1)
z (@ + 4z — 3) 9

li =.
:clg}%(x—i-l-kx/f)x-i-l)(:c—l) 8

Vaya=9,b=8,suyraa—b=1.
Chondépén@ O
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Chuong 3. Gi6i han. Ham sé lién tuc

Biét lam, Iam ddng, Iam nhanh

Céu 42. Cho lim Y32 T4 -4
r—4 x—4 b
(A) 22. (B) 66.
o Loi gidi.
. A3r+4—-4 . 3(x—4)
Co6 lim —— = lim

e=4 oz —4 o4 (z —4) (V3z +4+4)
= 2a + b? = 6 + 64 = 70.

3
= lim—m—m—m = —,
ey Y vy SRV

a a PP .
= —, v6i 7 la phan s6 t6i gian. Tinh 2a 4 b2.

(©)14. (D) 70.

3

Chon dap an @ O
Cdu 43. Tinh lim (\/m2 + 3z 42— x)
r—r+00
3 3 7 7
@ _Z. 5. @ 5. @ _5-
® Loi gidi.
2
lim (\/:U2+3m—|—2—33) lim S0+
T—+00 z=too /2 + 3+ 24
2
T <3+ —)
lim x
T—400 3 2
|J,‘|\/1+—+—2+ZL‘
x oz
2
T <3+ —)
lim i
T—r400 3 2
T ( 1 + -+ ) + 1)
V r
2
34+ — 3
lim = —.
z—+00 3 2 2
1+=4+ 5 +1
T T
Chon dap an O
Cdu 44. Tim gi6i han M = Er_n (\/xQ —dx — 22 — :v)
1 1
@M= ®M=" ©wm=-3 © M=
o Loi gidi.
Ta c6
M = lim (\/332 — 4z — /22 —l‘)
T—r—00
= lim —3z
z——oor/x2 —dx + 22 —x
. —3z
= lim
T——00 4 1
|| (\/1——-1-\/1——)
x x
. 3 3
= lim = —.
T——00 1 2
\/1 — —+4/1—-=
x
Chon dép an O
Cu 45, Biét ring lim (V227 =32+ 1+2v2) = %\/i (a,b € Z,b > 0,% t6i gian). Téng a + b c6 gid tri
l1a
(A) 5. (B) 4. ©n. D) 1.
® Loi gidi.

y J/ J J

o
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2. Gidi han cta ham sé

Biét lam, Iam dung, Idm nhanh

y J/ J J
Ta co
222 — 3z + 1 — 22°
. R o
~ lim —3z+1
2=—00 /222 —3x + 1 — /2
1
34 =
= lim 3 xl
r—r—00
—\J2-S4 5 V2
X X
3
= ~.V2
T V2
Vaya=3,b=4. Ténga+b=171.
ChQHdépéﬂ@ O
Cdu 46. Tim gi6i han I = ll)I_’I_l (m+1—\/a:2—33+2).
1 46 17 3
@1_75. OF = ©r=4 D=3
® Loi giai.
Taco: [ = lim (z+1-va?—z+2)= li (x2_m2+x_2+1>
acoi= AR\ e eSS N B
1-2
r—2 3
= am( )= 1] =2
IR N s R AL o8 RE
L+ y1-—+ 5
ChQndépén@ O
~ -1
CGu 47. Cho f(x) la mat da thiic thoa man lim J@ =15 o iy,
z— T —
. f(z)—15
lim .
=2 (32 — 4) (\/2f(2) + 6 + 3)
1 1 1 1
) 15 ®5 T3 O
® Loi gidi.
—15
Do lim ) =15 =3 va lim(x — 2) =0 nén lim (f(z) —15) =0 = f(2) = 15.
=2 T —2 z—2 z—2
Ta c6
lim f(z)—15 — lim f(z) —15 1
=2 (22 — 4) (\/2f(2) + 6+ 3) =2 2 =2 (2+2)(\/2f(2) +6+3)
., 1 1
T 4-(V215+6+3) 12
Chondépén@ O

Cdau 48. Biét rang b >0, a+b=>5 va lim

Var+1—+1—bx

z—0
(A) a2 + 5% > 10. (B) a2 — b2 > 6.
® Loi gidi.
Ta co

o Var+1—+V1—-bzx
lim

z—0 T

= lim

z—0

= 2. Khang dinh nao dudi day la sai?

©a-b>0. D)1<a<3.
Var+1—-1 I V1—br—1
—_—— — 1am —.
T z—0 T

e
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Chuong 3. Gi6i han. Ham sé lién tuc Biét Iam, Iam ddng, Iam nhanh

y J/ J J

. . Var+1-1 . azr a
V6i L1 = lim ———— = lim = —.
=0 z ”—>Ox<\3/(a:n+1)2+\3/ax+1+1) 3
VI—br—1 -
Vi lim b=l i b _ b

z—0 x 33—>0$(w/1—b$+1) 2
Tu gid thiét bai toan ta c6
b
L=L1—L2:2@g+§:2<:>2a+3b=12.

a+b=>5 a=3
Ta c¢6 hé phuong trinh

~
2a 4+ 3b =12 b=2.
Kiém tra triyc tiép ting dap 4n ta thay a® — b? > 6 la sai.

Chon dép an O

& Dang 3. Phuong phép dat thira sé chung - két qua vé cuc

Dé tim gidi han ctia ham s6 ta can nhé

+ 00,k =2n
@ lim 2* =4o00; lim a:k:{

T—+00 T——00 — 00,k =2n+1.
. . c 1
® lim c=¢ lim — =0; lim — = oo.
r—Fo00 z—too I z—0 T
®» Vidumau
Vidu 17 (NB). Tinh lim z3.
T—>+00
o Loi gidi.
Taco lim z3 = 4o0. O]
T—-+00

Vidy 18 (TH). Tinh lim (2% + 32 +1).

o Loi gidi.
1

Ta c6 lim (x3 + 3z + 1) = lim {553 (1 + i + —)} = —o0.

T——00 T——00 2 3

1
Vi lim 23 = —o0o; lim <1+3+—>:1>0. O
T——00 T——00 x2 x3
Vidu 19 (TH). Tinh li}r_n (—43:5 —-3z3 +z+ 1).
o Loi gidi.
- 5 3 . 5 3 1 1

Ta c6 lim (—4x — 3z -|—a:+1) = lim z°(—4— <4+ — 4+ — | = +o0.

T——00 T——00 2 ozt S

1 1
lim (—4—%-1——44-—5) =—-4<0
Vi #7777 x x x O
lim z° = —co.
T——00
, P . r+2
Vidu 20 (TH). Tinh giéi han mli>rr_13 CFEE
® Loi gidi.
2

Ta c6 lim e = —00.

z——3 (l’ + 3)2
Vi lim3(3:+2) =-3+2=-1<0, 11m3(x+3)2 =0va (z+3)?>0khiz# -3 O

T—— T——

Vidu 21 (VDT). Tim tat ca cdc gia tri nguyén clia tham s6 m dé I = lim [(m? — 1)2® + 2z] = —oo.

T—r+00

® Loi gidi.
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2. Gi6i han clia ham s Bi&t Iam, Iam ddng, 1dm nhanh

y J/ J J

Ta c6 lim [(mz—l)x3+2x]: lim x3[m2—1+ 2}

r—r—+00 r—r+00 2
Vi lim 2° =4oconén I =—-c0 < lim {m2—1+ }<O@m —1<0&e-1<m<1.
T—>+00 T—>+00
Dom € Z nén m = 0. O

P Baitép rén luyén

B&i41 (NB). Tinh lim 2.
T——00

® Loi gidi.

Ta c6 lim z2 = +oo. O
Tr—r—0o0

B&ii 42 (NB). Tinh _lim (-:&-1).
D Loi gidi.

1 1
Tacé lim —z*=—ocova lim = =0.Suyra lim <—x4 — —) = —00. U
T——00 T——00 I T——00 €

BQi 43 (TH). Tinh gidi han lim (—2® + 52% 4 22 + 1).
T—>+00

® Loi giai.
2 1
Ta c6 lim ( 3 + 52 +2x+1 lim { ( +—+ )}
T—>+00 :c—)—|—oo
5
Do lim z° = +o00; lim ( 1—|— -I— —|— ):—1<0nen lim (—$3+5$2+2$+1):—oo. U
T—+00 x—>+00 T—+00
B&i 44 (TH). Tih lim % — %
z—+oo x4+ 1
® Loi gidi.
1 1
2 2 3—— 3——
Ta c6 lim 3z 190: im . —2 | = lim z- 910 = +00.
r—+4oco T + r—400 X 1+ = T—400 14+ =
T
1
3 =
Vi lim z=+4oova lim L — 3. O
r——+00 r—+00 1
14—
T
Baii 45 (TH). Gid tri ciia gidi han _lim (V1+222 — 2) 1a bao nhieu?
Tr—r—+00
® Loi giéi.
1
Ta c6 lim (\/1+2x2—m) = lim :L'(\/—2+2—1> = +o00.
r—+00 T—r+00 €T
1
Vi lim z = +oco; lim <,/—2+2—1)=\/§—1>0. O
T—r—400 T—+00 T
.. / . 1 1 1
® Loi giéi.
. (1 1) 1 5 3—x 1 5 -1 B 0
o035 3/ (x—3)3 T 03 3z (x —3)3 T a3 3z(r —3)2 e

Bai 47 (VDT). C6 bao nhiéu gia tri m nguyén thuoe doan [—20;20] dé EEP (\/ 422 — 3z + 2 + mx — 1) = —
® Loi gidi.

3 2
Ta c6 lim ( 4m2—3$+2+mx—1): lim (w\/4——+—2+m$—1>
Tr—+00 Tr—+00 €T €T
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Chuong 3. Gi6i han. Ham sé lién tuc Biét Iam, Iam ddng, Iam nhanh

y 4/ J J
Ma lim z=-oova lim (\/4—§+%+m—l):2+mn€:n lim (V422 =3z + 2+ ma — 1) = —oo khi
r T x r—+00

T—r+00 T—>+00
24m<0&m< -2,
Do m nguyén thudc doan [—20;20] nén m € {—20; —19; —18;...; —3}.
Vay c6 18 gia tri m nguyén thudc doan [—20;20] thdéa bai toan. O

E® Cau hai tréc nghiém
Cdu 49. Gia tri caa lim (—23) bing

@+oo. 9 —00. @1. @ —1.

® Li gidi.
Ta c6 li)r_n (—23) = +oo.
Chon dap an @ Ol
Céu 50. Gidi han_lim (323 + 52% — 9v/3z — 2022) biing
@ —00. ’ 3. @ —3. @ +00.
o Li gidi.
1 1 1
Taco lim (32°+52% — 93z —2022) = lim 2 (3+5-— ~9v3 —2—2022-—3> = —c0.
T——00 T——00 €T T T
Chon dap an @ O
Cau51. Tinh lim (23 + 32 — 3).
T—r—00
@ 2. 9 1. @ —0Q. @ +00.
o L&i gidi.
Ta c6 lim (ac3 + 3z — 3) = lim {x3 (1 + % — %)} = —o0.
T——00 T——00 €T T

Vi lim 2% = —o0; lim (1+%—%>=1>0.

T—r—00 T—r—00 X X
Chon dép an @ O
Cau 52. Véi k 1a s6 nguyén duong chan. Két qua clia hm ( -3z ) la

(A)o. (B) —cc. @ —3af. (D) +o0.

® Loi gidi.
Ta c6 lim z* = 400 khi k 1a s6 nguyén duong chin.
Tr——00
Suy ra lim (—330’“) = —00.
T——00

Chon dap an O

Cadu 53. Cho hai ham s6 f(z), g(z) théa man lim f(z) = 2 va lim1 g(x) = +oo. Gia tri cta liml[f(:c) - g(x)]
xT—r xT—r

N rz—1
bang
(A) +oo. (B) —co. ©)2. D) -2.
® Loi gidi.
Theo quy tac gidi han vo cuc ta c6 g{1_>ml flz)=2>0va ;L}H?i g(x) = +oo thi il_}Hll[f(:L‘) -g(x)] = +o0.
Chon dap an @ O

Cdu 54. Gi6i han lim
T——2 ( )

@ —00. % @ 0. @ +00.

o Loi gidi.
Ta c6 lim x——i-l = —o0.
T——2 (3:' + 2)
Vi lim (z+1)=-2+1=-1<0, lim (z+2)2=0va (z+2)? >0 khi z # —2.
T——2 T——2
Chon dap an @ O
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2. Gidi han cta ham sé

Biét lam, Iam dung, Idm nhanh

Cau55. lim (—3z%+ 2z) bang
x

—00

@ —oo._> 9 +00.

©1

y J J J
D) -1.

o Loi gidi.
2
Ta c6 lim (—33@3 + 2ac) = lim «° (—3 + —2> = +00.
r——00 r——00 €T
2
Vi lim 2% =-—ocova lim (—3+ —2> =-3<0.
T——00 T——00 T
Chon dép an O
N 222 + 1 -3
Cau56. Tim L = lim —~ 129
z——1 (aj + 1)2
(A) L = +o. B)L=2
. 222+ 1 -3
© Khong ton tai wl_i>n_11 m(x-:_—ﬁ)z @ L = —o0.
o Loi gidi.
lim (222 +x —3) = 2
222 4+ — 3 .
) -3 _ N . 2 _
A T vy fim @ )T =0
r— —1=(x+1)%>0.
Chon dap an @ O
Cau57. lim (—2z% —2z) bang
T—r—+00
(A) —o0. (B) +oo. (©)2. D) -2.
o Loi gidi.
2
Ta c6 lim (—23:3 — 23:) = lim 23 (—2 — —2>
r——+00 r——+00 x
2 2
Ma lim 2% = +o0; lim (-2— =)=-2<0nén lim 23 <—2 - —> = —00.
T—+00 r—+00 {1}2 xr—+00 {1}2
. . 9.3 _
Vay IEIEOO ( 2z Qw) 0.
Chon dap an @ O
2
. 1
Cadu 58. Tinh gidi han lim vt .
z——00 T — 2
1
@ ®-1 © 4 -
o Loi gidi.
1 1
22 41 ' 22 1+ ) ' 1+ )
lim = lim — = lim x .
z——00 T — 2 T——00 I 1_ z T——00 1_ z
T T
1+ L 2
2 1
Do lim z=—-ocova lim 3522 =1nén lim i = —o0.
T——00 zo=c0 4 4 T——00 L — 2
T
Chon dap an @ O
Cadu 59. Trong cic ménh dé sau, ménh dé nao ding?
. Vat—u _ g ——
mgr—nooﬁ = oo :chr—noo 1-—2x =1
. zd—z . -z
© Jim g = D) lim S—==0.
o Loi gidi.
1 1
7} 2?1 — — \J1- =
. i -z 3 . x3
Vi lim = lim —F = lm z-——— =4
r——o00 1 — 2x T——00 1 T——00 1
X ——2 E -2
T

e
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Chuong 3. Gi6i han. Ham sé lién tuc Biét Iam, Iam ddng, Iam nhanh

y J/ J J
U]

Chon dép an @

Cdu 60. Biét lim2 f(z) = —1. Khi d6 lim (fj_—a;))zl bang

T—— -2 (X
A) —1. (B) +oo. (©) —. (D) o.
® Loi gidi.
Tac6 lim f(x)=—1<0; lim (z+2)* =0 va Vo # —2 thi (z +2)* > 0.
r——2 f(x) r——2
Suy ra xl_1)n_12 m =
Chon dap an @ Ol

—0Q.

Cdu 61. Biét lim f(x) = —2. Khi d6 lim @) béang
z—1 z—1 (x — 1)2

@ —00. 9 0. @ +00. @ —2.

® Loi gidi.
RO @
Co}}_)mlf(a;)— 2<0,i1_)1ri(a: 1)*=0va(z—1) >0,Vx7é1neni1_>ml @12 00.
Chon dép an @ O
Cdau 62. C6 bao nhiéu gia tri nguyén ctia tham sé m thuoc [—5;5] dé L = ll)r_il_l [# —2(m? — 4)2®] = —o00?
(A) 5. 10. (©)s. D) 6.
® Loi gidi.
1
PR . 2 31 — 713 3| - _ 2 _
Ta co zll)l_il_loo [x 2 (m 4) x ] = xEI—&I-loox LQ 2 (m 4)}
Ta c6
1
lim 2° =4+00=L=—-0c0< lim [—2—2(m2—4)} <0
T——+00 T—+too LT
9 9 m > 2
& 2mf-4)<0em —4>0«<
m < —2.

Lai c¢6 m thudc doan [—5;5] nén céc gia tri nguyén théa man bai toan cia m la {—5; —4; —3;3;4;5}.
Vay c¢6 6 s6 nguyén théa man bai toan.
Chon dap an @ O

Cau 63. C6 bao nhiéu gia tri m nguyéen thuoc doan [—20;20] dé Em (\/4332 —3x+2+mx— 1) = —00?
Tr—r—00

(A) 21. (B) 22. (©)13. (D) 41.

® Loi gidi.
Ta c6 lim (\/4x2—3x+2+mx—1)= lim x(— 4——+—2+m——>.
T——00 r Z

T—r—00

/[ 3 2 1
C6 lim x = —oova lim (— 4——+—2+m——>:m_2
T——00 T——00 T T €T

Dé lim (\/4x2—3x+2+mx—1>:—oosuyram—2>0<:>m>2.

T—r—00
V6i m € Z va m € [—20;20] c6 m € {3;4;5;...;20} théoa man yéu cau bai toan.
Két luan: Vay c6 18 gia tri nguyén ciia m théa méan yéu cau bai toan.
Chon dap an @ O

& Dang 4. Giéi han mét phia

$® Dinh 1i 2.3. Djnh Ii sau day cho ta moi lién hé gitta “giéi han hai phia” lim f(x) vdi gidi han bén tréi
T—rx0

lim f(x) va gidi han bén phai lim+ f(z).

I*}%O I*}IO

lim f(z) = L khi va chi khi lim f(z) = lim+ f(z)=L.

g T—=xy =g
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2. Gi6i han clia ham s Bi&t Iam, Iam ddng, 1dm nhanh

y J/ J J

I®» Vidumaéau

Vi du 22 (Canh Diéu). Tinh: lim 2 — z.
r—2~

® Loi gidi.

V6i day s6 (z,,) bat ki, z,, < 2 va z, — 2, ta c6

lim v2—z, = lim (2—x,)

Tp—27 Ty —27

= /2— lim =z,
Tpn—27

= V22

|
e

Vay lim +2—z=0. U

Tpn—27
—1lnéuz <0
Vi du 23 (Cdnh Diéu). Cho ham sb f(z) = { 0 néuz =0

1 néu z > 0.
Chiing t6 rang khong ton tai lim0 f(z).
T—
® Loi gidi.
Ta c6 lim f(x) = —1va lim f(z)=1.
z—0~ z—0t
Suy ra lim f(z) # lm f(x).
z—0~ z—0t
Vay khong ton tai lim f(x). O
z—0
" . 0 khiz<0
Vi du 24 (CTST). Cho ham s6 f(z) = o
1 khiz>D0.
a) Tim cac giéi han lim f(z) vd lim f(x). b) C6 ton tai lim f(z)?
x—0t z—0~ z—0

® Loi gidi.
a) Gia st (z,,) 1a day s6 bat ki, z,, > 0 va z,, — 0. Khi d6 f(z,,) = 1 nén lim f(z,) =1lim1 = 1.
Vay lim f(z) = 1.
z—07F
Gia st (z,,) la day sb bat ki, z, < 0 va x, — 0. Khi d6 f(x,) =0 nén lim f(x,) =lim0 = 0.
Vay lim f(z) =0.

b) Vi li li én khong ton tai li .
) Vi lim f(2) # lim f(x) nen khong ton tai lim (o)

0
" ., 1—-22 khix< -1
Vidu 25 (CTST). Cho ham o f(z) = §
z°+2 khiz> -1
Tim céac gi6i han lim f(z) va lim f(z) va lim f(z) (néu co).
r——1% z——1" z——1
® Loi gidi.
+ Gia stt (z,,) la day sb bat ki, z, < —1 va ,, — —1. Khi d6 lim f(z,) = lim(1 — 2z,,) = 3.
Vay lim f(z)=3.
r——1"
Gia st (z,,) 1a day s6 bat ki, ,, > —1 va ¥, — —1. Khi d6 lim f(z,,) = lim(z2 + 2) = 3.
Vay lim f(z)=3.
z——1t
+ Vi x_lir_nﬁ f(z) = x_l)lr_nr f(z) nén ton tai xlgr_ll f(z) va xl_l)H_llf(.T) =3.
0
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Chuong 3. Gi6i han. Ham sé lién tuc Biét Iam, Iam ddng, Iam nhanh

y J/ J J

2 A 1
Vi du 26 (KNTT). Cho ham sb f(x) — {x nen 0 <<
r+1 neul<zg<?2

Tinh lim f(z) vad lim f(z).

x—)l: z—1t
® Loi gidi.
Véi day s6 () bat ki sao cho 0 <z, < 1 va x, — 1, ta cé f (z,) = z2.
Do d6 l1m f(z) = nll)l}_l f(zn) =1
Tuong tLr le day s6 (z,,) batkima 1 < z,, < 2, ¥, — 1,taco f (v,) = xp+1, chonen lim f(z)= lim f(x,) =

r—1t n—-+00

2. 0

P Baitap tu luan
0 khi z<0

Bdi 48. Cho ham s6 f(x) = {1 Whi o0
i x>0.

a) Tinh cac giéi han lim f(z) va lim f(z).

z—01 z—0"
b) C6 ton tai gi6i han lir% f(x)?
z—>
® Loi gidi.
a) Gid st (z,,) 1a day s6 bat ki, x,, > 0 va z,, — 0 khi n — +oo. Khi d6 f(z,) = 1 nén lim f(x,) = lim1 = 1.
Vay lim f(z) =
T—r

Gia st (z,,) la day s6 bat ki, z,, < 0 va x, — 0 khi n — +o0. Khi d6 f(z,) = 0 nén lim f(x,) = lim0 = 0.
Vay lim f(z) =
z—0—

b) Vi lim f(z) # lim f(z) nén khong ton tai giéi han lim f(z).
z—0+ z—0— z—0

]
.. . 1—2x khi x<-1
Bdi 49. Cho ham s6 f(z) = ¢ , _
z“+2 khi z>—1.
Tim cac giéi han lim f(z) va lim f(x) va lim f(x) (néu co).
z——1+1 rz——1— rz——1
D Loi gidi.
©@ Gia st (z,,) 1a day s6 bat ki, x, < —1 va x, — —1 khi n — +o0.
Khi d6 f(zn) =1 — 2z, nén lim f(z,) = lim(1 — 2z,) =1 —2(—1) = 3.
Vay lim f(z) =
z——1"
©@ Gia st (z,,) 1a day s bat ki, x, > —1 va x, — —1 khi n — +o0.
Khi d6 f(zy) = l’% + 2 nén lim f(z,) = lim(22 +2) = (-1)2 +2 = 3.
Vay lim f(z) =
z——1
@ Vi lim f(z)= lim f(z)=3nén lim f(x)=3.
z——11 rz——1— rz——1
]

Bai 50. Tim cac gidi han sau

1—2z : 2
li b) lim (2°+1).
a) ziggr x—2’ T—==00
® Loi gidi.
1
a) Ta co lim(1—2x)—1—2hmx:1—2 2=-3; lim = +o0.
z—2F z—2F =2+t — 2
Lo 1—2x .
Do d6 lim = lim |(1-2z)- = —00.
z—2+ & — 2 z—2t T —2
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2. Gi6i han clia ham s Bi&t Iam, Iam ddng, 1dm nhanh

y J/ J J

P 1 1 1
b) Viet (x2+1):x2(1—|——>.Tacé lim z? = +o00; lim <1+—>:1—|— lim —=14+0=1.
2 Z——00 x2

T——00 z——00 12

1
Do dé lim (224 1) = lim {12 (1 + —Zﬂ = +o0.
x

T——00 T——00
O]
Bai 51. Tim céc gisi han sau
. 2 . B
a) $li>r§17 3 b) IEIEOO(B:U 1).
® Loi gidi.
a) Taco lim (2z) =2 lim =2-3=6; lim = —o00.
T3~ =3~ x—3- T —
1
Do d6 lim = lim [(2:5) ] = —00.
z—3- T — 3 3~ r—3
P 1 S . 1 .1
b) Viégt Bz —1) =z (3 ——). Tacé lim z=+oo; lim {3—=-)=3— lim —=3-0=3.
T T—>+00 T—~400 x T—+oo T
1
Dodé lim 3z —1)= lim =z (3 — —) = +o0.
r——+00 T——00 x€X
U]
2 .
. . —2° khiz<1
Bai 52. Cho ham so f(z) = .
T khiz > 1.
Tim céc giéi han lim f(z); lim f(x); lim f(x) (néu c6).
. z—1t z—1- z—1
® Loi giai.
Ta c6 li = [ =1.
20 p S = B e
lim f(z) = lim (—2?)=—-12 = —1.
T—1— z—1—
Vi lim f(z) # lim f(z) nén khong ton tai lim f(x). O
z—1+ z—1— z—1
Badi 53. Biét raing ham s6 f(z) thod man lim f(z) = 3 va lim+ f(z) = 5. Trong truong hgp nay co6 ton tai gisi
T2~ T—2
han liné f(x) hay khong? Giai thich.
Tr—r
® Loi gidi.
Ta co lim f(x)=3va lim f(z)=5,dod6é lim f(z)# lim f(x).
T2~ z—2+ T2~ z—2F
Vay khong ton tai lim f(z). O
T—2
. . 2
® Loi gidi.
Viét 2 2 1 ta co li 2>0
1 = . 1m = .
¢ (x—1)(x—-2) z—-1 -2 O ey o1
Hon nita lim =+4oodoz—2>0khiz>2.
z—2t T — 2 5
Ap dung quy tic tim gi6i han cla tich, ta duge lim ——— = +o0.
z—2t (CC — 1)($ — 2)
1
Li luan tuong ty, ta ¢6 lim ——— = —oc. ]
e—2- (1 —x)
Bai 55. Tinh cac gi6i han sau
a) lim ; b) lim (1—z?); c) lim R
a1+ x+1’ T—>—00 ’ t—=3- 3 —x

o Li gidi.
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Chuong 3. Gidi han. Ham sé lién tuc

Biét lam, Iam dung, Idm nhanh

a) Taco lim 1=1; lim (z+1)=0.
z——1+ z——1+
Do do = +00.

z——1t x+1

b) Viét (1 — 2?) = 22 (i - 1)

y J/ J J

22
. 9 . 1 ) 1
Vi lim z°=+00; lim |5 —-1)= lm —-1=0-1=-
T——00 T——00 \ T T——00 I
Nen lim (1 —2?) = —cc.
T—r—00
c) Ta viét 3f = x__xg. 1
Vi lim (—2) = -3 <0; lim = —00
T3~ T3~ T —
1
nén lim = lim [—x . } = 400
=3 0 — X T3~ r—3
O]
E® Cau hai tréc nghiém
Cdu 64. Trong céac gidi han sau day, gidi han ndo sau day c6 két qua bang +oo.
2z — 1 3 -1 2z — 1
B) lim T B tim ooy (©lm (¥t 42). D) m b
D Loi gidi.
—1
Taco lim — = +o0 Vi lim =va4d—x>0v6imoix e (—oo;4).
z—4— 4 —X z—4~(22—1)=7>0
Chon dap an @ Ol
R | 20 4+ 1 khiz <1 | o ) .
Cdu 65. Cho ham o f(z) = { , ) . Ham s0 c¢6 gidi han khi o — 1 neu
zc+mxr—2m khixz>1
® Loi gidi.
Ta c6 lim f(z) = hm L (22 +1) =3.
rz—1—
Mit khac lim f(z ) = lim (z*+mz—2m)=1-m
z—1t z—1t
Ham s6 c6 gi6i han khi # — 1 khi va chi khi lim f(z) = lim f(z) & 1-m=3&m=—2. O
z—1- z—1+
Cdu 66. Ménh dé nao sau day dung?
222 + 51— 3 222 + 51 — 3
i - Y . li — = 2.
(03~ (v+3)2 > MR
22% + 5z — 3 222 + 5z — 3
li —_— = 2. li _— = .
© O P
® Loi gidi.
2 _ _
T o6 lim 20" +5x -3 lim (x+3)2x—-1) - 2:1:+1_+OO
a—(-3)~  (x+3)2 z—(—3) (x + 3)2 Cas(-3)- z+3
Chon dép an @ O
Cau 67. Tinh lim -
z——1- 1T+ 1
on o © 0. © -1
® Loi gidi.
lim (1-2)=2>0
r——1" 1—»
Vi lim (z+1)=0 nén lim = —00.
z——1- z——1-x+1
r—=-1"=z<-1=24+1<0
Chon dap an @ O

o
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2. Gi6i han clia ham sb Biét lam, lam ddng, [am nhanh

y J/ J J

~ 2
Céu 68. Tinh gidi han lim S22
z—(-2)- *+ 2
3
(A) +oo. ® 3 (© —o0. D2
D Loi gidi.
Taco: lim (3+2x)=-1<0va lim (x+2)=0;x+2<0khiz— (-2)".
z—(—2)" z—(—2)"
. 3+ 2z
Suy ra  lim = 4o00.
z—(=2)- x* + 2
Chon dap an @ O

Cadu 69. Ménh dé sao sau day sai?

@1_}4\/_ 5 =4. 9 lim —4:0. @hmx —41‘:4‘ @hm ’ _4£) = 0.

r—4+ \/_ _ 2)2 x—4 T — r—4 —4
D Loi gidi.
2 4 2
e lim (= ?) lim (z —4) 2% = 0.
r—4 xr—4 x—4
—4 2
e lim Tt lim VI = +o00.

r—4+ (\/_—2)2 r—4t \/_—2
'iﬂf_2 =i =a

—4
elim T e
z—4 x —4 r—4
Chon dap an O
Vad —3r+2

Cdu 70. Tinh 1 _—
m xiglf 2 —Trx+4

1 V3 V3 1
V-3 - o o5
® Loi giai.
Ta co
Va3 —3x +2 . A (r—1)2%(x+2)
lim ———— = lim
a—1- 22 —Tr+4 z—1- (x—1)(x —4)
. —(x—=1)Vz+2
= lim
a—1- (z—1)(z —4)
~ qim = T+2
N z=1- T —4
_ V3
= 5
Chon dap én@ O
Vr—2+3néux>2 R
Cau 71. Cho f(z) = ) TE=S G lim f(z) ton tai. Tinh a.
ar —1neux <2 T2
A 1. ®) -2. (©)3. D) 2.
® Loi gidi.
Ta co
1 =1l —243)=3.
© i J) = iy, (Ve =2 43)
®@ lim f(z) = lim (ax —1) =2a — 1.
T2~ T2~

Vi il_)]f%f(x) ton tai nén wliglJrf(x)z lim f(z)<2a—1=3<a=2.

T2~

Chon dap an @ O

422/764 ' Bi Todn 11 theo chuong trinh GDPT201€ﬂ




Chuong 3. Gi6i han. Ham sé lién tuc Biét Iam, Iam ddng, Iam nhanh

y J/ J J

~ )

Cdu 72. Tinh giéi han lim .
z—2 r — 2

(A) —o. (B) 2. © +00. (D) Khong tén tai.

o Loi gidi.
22 22
-Tac6 lim < = —oo va lim a = +400.
z—=2- T — 2 x—2t T — 2
2 —2 2 -2 N .
-Vi lim lim nén khong ton tai giéi han cia ham so tai x = 2.
z—2— T — 2 z—2+ x — 2

Chon dap an @ O

N Vi—2—|z—2
Cau 73. Tinh lim Y- lz=2]

r—21 |4 — 1’2’
1

(A) —oc. (B) +oo. © D) o.

o Loi gidi.
.V —=2—|z -2 . 1—+vVzx—2
lim 3 = lim ——— = +4o0.
z—2+ |4 — 27| =2t \x — 2|z + 2|

Vi lim+(1 —Vr—2)=1, lim vz — 2z +2|=0va vz —2/z+2|>0Vx > 2.

z—2 T—2
Chon dap an O

vVer+4—2
} — x>0 . . . )

Cdu 74. Cho ham s6 f(x) = x m la tham s6. Tim gia tri cia tham s6 m dé ham s6 c6 gisi

1
mz+m+ 3,5 <0

han tai £ = 0.

@mz%l. m=1. @mz%l @sz.

® Loi gidi.
Ham s6 ¢6 gi6i han tai x = 0 < lim f(z) = lim f(z).
z—07F z—0~
Vi 4—2 1 1 1
Vay lim L= lim <mx+m+—> S -—=m+-&m=0.
z—0t x z—0— 4 4 4
Chon dép an @ O
224+ ax+b .
- : TP S ——— khiz<-2 . N C s
Cdau 75. Goi a,b la cac gia tri de ham s6 f(z) = x2—4 ¢6 gi6i han httu han khi x dan téi
r+1 khi z > -2
—2. Tinh 3a — b.
(A) 12. B) 4. (C)24. D) s.
o Loi gidi.
A, f@) =l @)
Suy ra f(z) c6 gi6i han hitu han khi z dan t6i —2 khi va chi khi
24+ ax+b 222 +ax +b—4
li =-1& lim ——=-1& 1 =0.
A @) e S S g *)

Do1m§@¥—®:0nmd@n®n@n%céﬁﬂa1m§@ﬁ+nx+b—®=0:aa—b:4
T—r—2" T——2"

Ngugc lai, v6i 2a — b =4 ta c¢6

o 2% 4ar+b—4 o 2224 ar+2a—38
lim =0« lim =0
r——2" $2 —4 r——2" x2 —4
2 —4
< lim R ta =0
r—>—2" x—2
< a=8.

a=38

Suy ra f(z) c6 gi6i han hitu han khi z dan t6i —2 < {b 1o

Vay 3a — b = 12.
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2. Gi6i han clia ham s Bi&t Iam, Iam ddng, 1dm nhanh

y J/ J J
U]

Chon dép an @

2 Dang 5. Bdi todn thuc té vé gii han ham sb

I®» Vidumaéau

Vi du 27 (KNTT). Mot cai hd dang chita 200 m?® nudc min véi nong do mudi 10 kg/m?. Ngudi ta ngot héa nudc
trong ho bing cach bom nude ngot vio hd véi van téc 2 m?/phit.

a) Viét biéu thic C(t) biéu thi nong do mudi trong hd sau ¢ phit ké tit khi bat dau bom.
b) Tim gi6i han tiigloo C'(t) va giai thich y nghia.

® Loi gidi.
a) Sau thdi gian t phiit, s6 m® nuée trong hd 14 200 + 2t (m?3).

S6 kilogam mudi 1a 200 - 10 = 2000 (kg).
Nong do mudi ciia nuée trong ho sau t phit khi bat dau bom 1a

2000 1000

Ct) = - ke /m?).
) = 0052t — 10047 &™)
b) Khi t — +o00, ta xét gidi han
1000
li = i —
Jm €)= lim 75577 =0

O

Vi du 28 (KNTT). Trong Thuyét tuong dbi ctia Einstein, khéi lugng ciia vat chuyén dong véi van téc v cho béi
cong thitc

trong d6 mg 1a khdi Iugng ctia vat khi né ding yén, ¢ 14 van téc anh sang. Chuyén gi x4y ra véi khoi lugng cia
vat khi van tdc clia vat gan véi van toc anh sang?
® Loi gidi.
Tu cong thitc khoi lugng
m= 0

U2

1— =
2

ta thdy m 1a mot ham s6 clia v, véi tap xac dinh la nita khoang [0;c). R rang khi v tién gan t6i van tdc anh
2
/ v .
sang, tic la v — ¢, taco \/1 - —5 — 0. Dodé lim m(v) = 400, nghia la khoi lugng m clia vat tré nén vo cling
c v—=CT

16n khi van téc clia vat gan véi van téc anh sang. O

P Baitap tu luan

Bdi 56. Mot cong ty san xuat may tinh da xac dinh dude ring, tinh trung binh mot nhan vién c6 thé 1&p rap dugc
50t

N(t) = T a (t > 0) bo phan mdi ngay sau t ngay dao tao. Tinh . liin N(t) va cho biét ¥ nghia ctia két qua.
—+400
® Loi gidi.
Ta c6
50t 50t
im N(@) = lim —— = lim ——
t—+oo t—+oo t + 4 t—+oo 4
(147
t
. 50
= lim —4
t——+00 1+ ;
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Chuong 3. Gidi han. Ham sé lién tuc Biét Iam, Iam ddng, Iam nhanh

y J/ J J

lim 50

t——+00

4
Iim 1+ lim -

t——+o0 t—+oo t
50
140
= 50.
Y nghia clia két qua: ning suit lao dong cao nhat trong mot ngay ctia mot nhan vien 13 50. O

Bai 57. Chi phi (don vi: nghin dong) dé sin xuit x sin pham ctia mot cong ty dudc xac dinh bdi ham s
C(x) = 50000 + 105z

a) Tinh chi phi trung binh C(x) dé san xuit mot sin pham.

b) Tinh lim C(x) va cho biét ¥ nghia clia két qua.

r—-+00
® Loi gidi.
_ 50000 + 105z

a) Chi phi trung binh dé san xuit mot san pham 1a C(z)
x

b) Ta c6
_ 1
lim C(z) = lim 50000 + 1052
r——+00 T—>+00 €T

= lim (105 +

T—+00

50000)
T

= lim 105+ lim 50000

T—r+00 T—>—+00 x

= 105.

Y nghia ctia két qua: s6 luong sén pham cang nhidu thi chi phi sén xuét sé cang gidm, chi phi thip nhét 1a 105

nghin dong. O

.. e . s ~ . . ~ R . 300 .
Bai 58. Chieu dai mot loai dong vat nhé duge tinh theo cong cong thitc h(t) = 1-|-9—(08)t mm, trong dé ¢ s
ngay sau khi sinh ctia loai dong vat dé6. Tinh chiéu dai cubi cliing clia né (chiéu dai khi ¢t — +00).
o Loi gidi.

- 300

Ta c6 tlg—noo 1—|—9—(0,8)t = 300.
Vay chiéu dai cudi cling ciia loai dong vat 1a 300 mm. O

Bai 59. Theo thuyét tuong doi, khoi lugng m ctia mot hat phu thudc vio van toéc v clia néd, theo cong thitc

mo
m = U2
==

C

trong dé mq 13 khoi Iugng khi hat ding yén va ¢ 1a téc do anh sang. Tim gi6i han clia khéi lugng khi v tién dén

c”.
o Loi gidi.
V6i mg =0 thi lim =0.
v—CcT
Véi mo 75 0.
2
1— U—Q — 0
. N c . mo
Khi ¢ — ¢~ thi suy ra lim ————— = +o0.
U2 v—cT 1 1)2

1-— g >0 \/ 02
Vay néu mot hat c6 khéi lugng nghi khac 0 thi khéi lugng ctia hat sé 16n vo cting khi van toc tién gan van toc
anh sang. O
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2. Gidi han cta ham sé Biét lam, lam ddng, [am nhanh

y J J J

Bdi 60. Mot chat diém chuyén dong thang v6i phuong trinh s(t). Khi d6 van tdc titc thai tai thoi diém tg duge dinh

S(to + At) — S(to)
At

(s(t) c6 don vi la m, t don vi la giay), tai thoi diem ¢ = 4 giay.

o Loi gidi.

Van téc tiic thoi ciia chat diém tai thoi diém ¢t = 4 giay 1a

. Tinh van t6c tiic thai ctia chat diém v6i phuong trinh chuyén dong s(t) = 3t2—2t+3

nghia la liAr?

s(4+ At) — s(4) 3(4+ At)2 —2(4 + At) +3 — 43

Aliglo At - AI?—I}O At
At)?2 + 22A
i DA 224, m/s.
At—0 At

Bai 61. S6 lugng don vi hang ton kho trong mot cong ty duge cho béi
t+3
N(t) = 200 (3 [%} — t>

trong d6 ¢ 1a thoi gian tinh bang ngay, [z] 14 s6 nguyen 16n nhat khong vugt qua z (vi du [—1,5] = —2, [8,8] = 8).

a) Tinh lim N(¢).

t—551

b) Tinh lim N(¢).
201

o Li gidi.

t+3
a) Khit — 55%, ta c6 {%} = 19.

t+3
Suy ra lim N(£) = lim 200 <3 {%} - t) =200(3 - 19 — 55) = 400.

t—551 t—551

t
b) Khi ¢ — 201, ta 6 [%3} — 201.

t
Suy ra lim N(¢t) = lim 200 (3 [ﬁ] - t) =200-0=0.
t—201- t—201— 3

O

Bdi 62. Mot chat diém chuyén dong thing véi van toc v(t). Khi do gia toc tic thoi tai thoi diém ¢y duge dinh
v(to + At) —v(to)
At

toc titc thoi tai thoi diem t = 8 giay.
® Loi gidi.
Gia t6c tiic thoi ciia chat diém tai thoi diém ¢t = 8 giay la

nghia 1a Alimo . Mot chat diém chuyén dong véi van toc v(t) = 0,1t2 — 0,4t + 1 (m/s), tinh gia
_>

v(8 + At) — v(8) 0,1(8 + At)2 —0,4(8 + At) +1—4,2

li =1
A?Bo At Air—% At
. 0,1(At)% +1,2At
= lim
At—0 At
= lim (0,1At +1,2)
At—0
=12
Vay gia toc tiic thoi clia chat diém tai thoi diém ¢ = 8 giay 14 1,2 (m/s?). O

Bdi 63. Mot ngusi 14i xe tit thanh phé A dén thanh phé B véi van toc trung binh 14 2 km/h. Trén chuyén trd ve,
van toc trung binh 1a y km/h. Van toc trung binh cta c& di va vé 13 60 km/h. (Gi& st nguoi 14i xe di trén cuing
mot con duong trén ca chuyén di va vé).

30z

—-30
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Chuong 3. Gidi han. Ham sé lién tuc Biét Iam, Iam ddng, Iam nhanh

y J/ J J

b) Tim gi6i han ctia y khi z — 307.
o Loi gidi.
a) Goi khodng cach gitta A va B la s km.

Thai gian chuyén di & f, thoi gian chuyén tré veé 1a s
T Yy

Suy ra
2s_s+s<:>1_1 1<:> 30z
60 = y y 30 =z YT r_30

30z
b) Tacé lim y= lim = +00.
) z—30+ Y z—30+t x — 30

0

Bai 64. Mot hinh elip vé6i ban truc 16n a va ban truc nhé b thi dién tich duge tinh theo cong thitc S = wab. Tinh
gidi han dién tich ctia elip khi tiéu cy gan tdi 0.
o Loi gidi.
Ta c6 S = mab = mava? — 2.
Vay lim S = lim mava? — c2 = wa?.

cj>0 c—0
Ta thay khi ¢ — 0, thi gidi han dién tich cta elip 1a dién tich hinh tron ban kinh R = a. O
Bai 65. Cac nha vat Iy thiy riang thuyét tuong doéi hep ctia Einstein quy vé co hoc Newton khi ¢ — 400, trong
dé c 1a toc do anh sang. Diéu nay duge minh hoa bdi vi du: Mot hon da duge ném thang ding tit mit dat dé no
quay trd lai trai dat mot giay sau d6. St dung cac dinh luat Newton, ching ta thay réng chiéu cao t6i da clia hon
dialah = g mét (g = 9,8m/s?). Theo thuyét tuong déi hep, khdi lugng ciia hon da phu thudce vao van toc ciia né

chia cho ¢, va c6 chiéu cao cic dai 1a

2 2
c 1 ¢
hic)=c\| 5+~ — —.
9 4 g
Tinh lim h(c).
c—+00
® Loi gidi.
Ta c6
<02 n 1 02> 1
2 2 Nz2T41 2 =
lim ¢ 6—2—1—1—6—: lim g 1 9 = lim 4 s
c—+00 g 4 g c—+400 2 1 c—+400 1 1 1 8
g2 Tt g g2 4t g
O
Bdi 66. Thé Lennard-Jones c6 dang
B A
trong d6 A, B la cac hang s6 va r 1a khoang cach gitta cac hat. Tinh lirf U(r).
r—+00
® Loi gidi.
Ta c6 B 4
Jim U6) = 1 (55— %) =0
O

Bdi 67. Trong thuyét tuong doi, chiéu dai ctia mot vat thé déi véi ngudi quan sat phu thuoc vao tdc do ma vat
thé dang chuyén dong déi v6i ngudi quan sat. Néu ngudi quan sat do chiéu dai ctia vat thé 14 Lo khi ding yeén,
thi & tdc dd v chidu dai la

2
L=Loj1-2%
c
trong do6 c 1a tdoc do anh sang trong chan khong. Tim lim L.
v—CcT
o Loi gidi.
v2 c?
Ta co lim L = lim Ly 1——2=limL0 1——2=0. O
v—=cT v—=cT C v—=cT C
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Bdi 68. Trong kj thuat tng dung, ching ta thuong xuyén ghi nhan duge cac ham s6 ma gié tri ctia né thay doi
dot ngot tai mot thoi diém ¢ xac dinh. Vi du: Su thay doi dien 4p cia mot mach dién tai thoi diém t khi déng
ho#ic ngit mach. Thong thuong, gia tri t = 0 luon duge chon 1a thoi diém bt dau cho viec déng hosic ngit dien
ap. Qua trinh déng, ngit mach trén c6 thé mo ta bing mo hinh toan hoc béi ham Heaviside

0 néut<O0
u(t) = )
1 neut>0.
C6 ton tai gisi han PII(I) u(t) hay khong?
—
o Loi gidi.
Ta c6 lim u(t) = lim 1 =1; lim w(t) = lim 0 =0.
t—0+ t—0+ t—0~ t—0~
Vay gi6i han %iII(l) u(t) khong ton tai. O
%

Bai 69. Trong mot cude thi cac mon thé thao trén tuyét, ngudi ta mudn thiét ké mot duong truct bing bang cho
no6i dung do déc toc do duong dai.

Y

15

0 5 1‘0 1'5 2‘0 2‘5 3‘0 3‘5 46 4‘5 €
Van dong vién sé xuat phat tit vi tri (0;15) cao 15 m so véi mat dat (truc Oz). Dudng trugt phai thod méan yéeu
cau la cang ra xa thi cang gan mit dat dé tiét kiem luong tuyét nhan tao. Mot nha thiét ké dé nghi st dung
150

= 2110’ v6i > 0. Hay kiém tra xem ham s6 y = f(z) c6 thod man céc
x

duong cong 1a do thi ham s6 y = f(z)

diéu kien dusi day hay khong:
a) C6 dd thi qua diém (0;15);
b) Gidm trén [0; +00);

c) Cang ra xa (z cang 16n), do thi ctia ham s6 cang gan truc Ox v6i khodng cdch nhé tuy y.

® Loi gidi.
. 150 =N N . < P . . 2
a) Ta co f(0) = 1o Ren do thi ham s6 f(z) di qua diem (0;15).
b) Chon bat ki xq,x2 € [0;+00] va x1 # xo.
150 150
Ta c6 flo) = f@1) 29410 a1 4+10 _ T — T2 _ 1 “ 0
xTo — I xTo — I (xQ — .7:1)(1’1 + 10)(1‘2 + 10) (1‘1 + 10)(.’1:2 + 10)
Suy ra ham s6 nghich bién trén [0; +00) hay ham s6 gidm trén [0; +00).

. 150
¢) Taco lim flz)= lm ———=5=

Vay khi z cang 16n, do thi cia ham s6 cang gan truc Oz véi khodng cach nhé tuy y.

O

- e X N K ~ N K ~ ~ 2 z ~ ~ P 100 Pa A
Bai 70. Chieu dai mot loai dong vat nhoé duge tinh theo cong cong thite h(t) = m mm, trong do6 t so
ngay sau khi sinh ctia loai dong vat dé6. Tinh chiéu dai cubi ciing ctia né (chiéu dai khi ¢t — +00).
® Loi gidi.

P 100

Ta c6 t£+moo h(t) = m = 100.
Vay chiéu dai ctia loai dong vat khi truéng thanh 134 100 mm. O
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Chuong 3. Gidi han. Ham sé lién tuc Biét Iam, Iam ddng, Iam nhanh

Bdi 71. Mot chat diém chuyén dong thang v6i phuong trinh s(t). Khi d6 van toc titc thoi tai thoi diém tg duge dinh
S(to + At) — S(to)
At )
(s(t) ¢6 don vi la m, t don vi la giay), tai thoi diem ¢ = 8 giay.
o Loi gidi.
Van tbc titc thai clia chat diém tai thoi diém ¢ = 8 giay 1a
_ 2 _ _
o SEHAD —s(8) A8+ A 3(8+ At) + 1233
At—0 At At—0 At
. 4(At)? +61At
= lim —%F———
At—0 At

. Tinh van t6c tiic thai ctia chat diém v6i phuong trinh chuyén dong s(t) = 4¢2—3t+1

nghia la liAr?

=61 m/s.

O
Bdi 72. B6 qua lyc can ciia khong khi, do cao t6i da ma tén lita dat duge khi phong véi van tdc ban dau v 1a

2R

— 0 _ trong d6 R 1a ban kinh ciia trai dat. Tmh lim .
19,6 R — v R—+o00

D Li gidi.

Ta c6

2
lim h= lm — 0%
R—+00 R—+00 19,6R — U

O

Bai 73. Mot hinh elip v6i ban truc 16n a va ban truc nho b thi dién tich duge tinh theo cong thiic S = wab. Cho
elip ¢6 ban truc nhé bang 30 cm, tinh gidi han dién tich ctia elip khi tiéu cy gan t6i 0.

® Loi gidi.

Ta c6 S = mab = whv/b2 + 2.

Vay ll—% S = lg% wbV/b2 + 2 = 7b? = 9007 cm?. O

Bai 74. S6 lugng don vi hang ton kho trong mot cong ty nho duge cho bai
t+2
N(t) =25 <2 [%} - t>
trong d6 t 1a thai gian tinh bang thang, [z] 1 s6 nguyén 16n nhat khong vugt qua z (vi du [2,4] = 2, [-2,7] = —3).
a) Tinh lim N(¢).
t—8*
b) Tinh lim N(t).
t—16—
® Loi gidi.
t+2
a) Khit— 8%, ta co [%} = 5.
Suy ra tl_lg{r N(t) = lim; g+ 25 (2 [H2] — t) = 50.

t+2
b) Khit — 167, ta c6 {%} = 8.

Suy ra lim N(f) = limy_16- 25 (2[52] —t) =0.
O

Bdi 75. Dinh luat Boyle dugc phét bicu: “Déi véi mot lugng khi & nhiet do khong doi, 4p suat P ty 1é nghich véi
thé tich V7. Tim gi6i han ctia P 1la V — 0%,

o Loi gidi.
k z ?
Taco P = v v6i k 1a s6 thyc duong khong doi.
Khi d6 lim P:£:—|—oo. O]
V-0t \%4

y J/ J J

o
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2. Gidi han cta ham sé Biét lam, lam ddng, [am nhanh

Bdi 76. Mot vat khoi lugng m (khong do6i) bat dau chuyén dong véi van toc vg = 0, duge gia tdc bdi mot luc F

)4 N ) 2z Ft 2z
khong doi trong t gidy. Theo dinh luat Newton vé chuyén dong, vat toc cua vat la vy = —. Theo thuyét tuong
m

. . Fct .
doi Einstein, vat ¢6 van toc vg = —c’ v6i ¢ la van toc anh sang. Tinh lim vy va lim wvg.
V2 T F22 t5 400 t-54o0
o Loi gidi.
Ta c6
. . Ft
lim vy = lim — = +o0;
t——+o00 t——+oco m
. . Fet . Fe c
lim vp = lim —/———— = lim —— = —.
t—+00 t=+o0 /m2c2 F F2{2 to+oo  [2c2 F
+ F?
t2
O
Bai 77.
Goi S 1a dién tich hinh phing giéi han bdi dudng tron ban kinh 10 va tam giac C
vuong (hinh vé bén). D
a) Dat S = f(p), v6i f(p) la ham s cta ¢ (Don vi rad). Tim cong thic cla
F) v6i0 < o < g
- ¥
b) Tinh gi6i han cta f(¢) khi ¢ — 5 A B
® Loi gidi.
. . . . 1 1
a) Dién tich tam gidc ABC 1a Sypc = §AB -AC = 5 4 - 4tan p = 8tan .
42
Dién tich hinh quat ABD la S, = TSO = 8.
Dién tich hinh phang S 1a S = f(¢) = Sapc — Sy = 8(tanp — ).
i _ cosp — 0
b) Khi ¢ — 57 thi
cosp > 0.
Suy ra lim f(¢)= lim 8 (smgp - go) = +o0.
. oI NCOSP
O

Bai 78. Trén mot chuyén di dai d km dén mot thanh phd khac, van téc trung binh clia mot tai xé xe tai la x
km/h. Trén chuyén tré vé, van toc trung binh la y km/h. Van téc trung binh ctia c& di va vé 1a 50 km/h.

25x
x—25

a) Chiing minh ring y =

b) Tim gidi han clia y khi 2 — 257 va gidi thich ¥ nghia ctia né.
® Loi gidi,

. d . L. d
a) Thai gian chuyén di la —, thoi gian chuyén tré ve la —.
€z Y

Suy ra
2 _d d_1_1 1 _ _ 2%
50 =y gy 25 z 7T z_25
25x
b) Tacé li = i = +00.
) Taco I y= M 5 =T

Khi van t6c trung binh chuyén di bang 25 km/h, thi van téc trung binh chuyén ctia cd chuyén di va vé khong
thé 1a 50 km/h.

O

y J/ J J

e
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Chuong 3. Gidi han. Ham sé lién tuc Biét Iam, Iam ddng, Iam nhanh

Bdi 79. Mot chat diém chuyén dong thing véi van toc v(t). Khi do gia toc tic thoi tai thoi diém ¢y duge dinh
v(to + At) — v(to)
At
.. . a2 . .2, .. sinz
tic thoi tai thoi diem ¢ = 5 giay. (Biét lim =1).
z—0 T

nghia 1a AI%mO . Mot chat diém chuyén dong véi van téc v(t) = 5sin (47t) (m/s), tinh gia toc
—

o Loi gidi.
Gia t6c tiic thoi ciia chat diém tai thoi diém ¢t = 5 giay 1a

v(5+ At) — s(5) . 5sin(20m 4+ 47w At) — 5sin(20m)

li =
A%gl(] At A}tglo At
. Hsin(4wAt)

= hIIl B —
At—0 At
. 207 sin(4mAt)

= m ———
At—0 4 At

= 207.

Vay gia toc tiic thai clia chat diém tai thai diém ¢ = 5 giay 1a 207 (m/s?). O

Bai 80. Mot bé chita 5000 lit nuéc tinh khiét. Nude mudi chita 30 g mudi trén mot lit nude dude bom vao bé véi
téc do 25 lit/phut. Goi ndong do clia mudi sau ¢ phit (tinh bang gam tren lit) 1la C(t). Tinh tginoo C(t). Giai thich
¥ nghia cta giGi han nay.

® Loi gidi.

S6 lit nuée mudi duge bom vao bé sau ¢ phit 1a 25¢ lit.

S6 g mudi c6 trong 25t lit nude mudi 1a 30 - 25¢ = 750t gam.

Nong do ctia mudi trong bé sau ¢ phit I3

O B0
25t + 5000  t+200 o
Tacs lim C(f)= lim —>0 30 gam/lit
Ao A\ = I T a00 T O BT
Khi thoi gian tién t6i vo han thi nong do ciia mudi trong bé bing nong do ciia nude mudi bom vao bé. O

Bai 81. Mot thau kinh hoi tu c6 tieu cy f = 30 cm. Trong Vat li, ta biét rang néu dat vat that AB cach quang
tam ctia thau kinh mot khoang d > 30 (cm) thi duge anh that A’B’ cach quang tam ciia thau kinh mot khodng

£ . 1 1 1
d" (cm) (Hinh vé duéi). Ngugc lai, néu 0 < d < 30, ta c6 anh &o. Cong thic ctia thau kinh 1a p + 7= 30
A
30 30
B cToTTTTTTTT T~ "
‘ |
| |
: ‘ A
1A P 0 P
|
. N R ¢ T
\ ,
B

a) Tit cong thitc clia thau kinh, hay tim biéu thitc xac dinh ham s6 d’ = h(d).

b) Tim cic gi6i han lim h(d); lim h(d) va lim h(d). St dung cac két qua nay dé gidi thich ¥ nghia da biét

d—30+ d—30~ d—+o0
trong Vat li.
D Li gidi.
1 1 1 1 1 1 d—30 30d
Tach ~+— =& —=— —— = ed =20
a) Tac6 o+ 0,0 d T30 d 30 d—30
ay d = h(d) = —_.
Vay (d) = =5
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b) Khi d — 307", ta c6 d — 30 — 0, d — 30 > 0 va 30d — 900.

30d
1 h(d) = lim ——p1 = .

Suy ra im, (d) = Jim +oo

Kh1d—>30_ tacod—30—0,d—30<0 va30d — 900.
30d

S lim hA(d lim ——0r = —

R S e

T lim h(d lim —— = lim ——5 = 30.

RL: SR L N L

Vay
® Khi vi trf cia vat tién gan tieu diém F (d > f) thi vi trf 4nh that ctia vat dan ra xa vo cuc.
® Khi vi trf cia vat tién gan tieu diem F (d < f) thi vi trf 4nh 4o clia vat dan ra xa vo cuc.

® Khi vi tri clia vat tién ra xa vo cuc thi Anh that cta vat dan t6i tieu diém.
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Bii 36 e HAM SO LIEN TUC )
—

A-KHAI NIEM

[ Ham sé lién tuc tai mot diém

(x) x4c dinh trén khodng (a;b) va zg € (a;b). Ham s6 y = f(z) duge

$> Pinh nghia3.1. Cho ham s6 y = f(x
(o).

goi 1a lien tuc tai zp néu lim f(x
T—T0

S
f

© Nhin zét. Ham s6 y = f(z) khong lien tuc tai zo duge goi la gidn doan tai z.

P Ham sé lién tuc trén moét khodng hodic mét doan
$% Dinh nghia 3.2.

® Ham s6 y = f(x) duge goi 1a lien tuc trén khodng (a;b) néu ham s6 lien tuc tai moi diém thudc khoang
do.

N

® Ham s6 y = f(z) duge goi 1a lien tuc trén doan [a;b] néu ham s6 d6 lien tuc trén khoang (a;b) va
)

A Khdi niém ham so lien tuc trén cdc tap hop cé dang (a;b], [a;b), (a;+00), [a;+00), (—00;a), (—oc;al,
(—o0; 4+00) duge dinh nghia tuong tu.

@ Nhan zét. DO thi ham s6 lién tuc trén mot khoang 1a “duong lién” trén khoang do.

B-MOT SO PINH Li CO BAN

I Tinh lién tuc ctia mot sé ham s so cdp co ban

Céc ham da thitc, ham phéan thic hitu ti (thuong ctia hai da thic), ham can thiic, ham s6 lugng giac 1a nhiing
ham so cip cd ban. Sau day, ta sé xét tinh lién tuc ctia nhitng ham s dé.

$® Dinh 1i 3.1.
@ Céc ham da thiic va hai ham sb6 Iuong gidc y = sinx, y = cos x lién tuc trén R.

@ Céc ham phan thiic hitu ti va hai ham s6 Iugng gidc y = tanx, y = cotx lién tuc trén timg khodng xac
dinh cta chiing.

©@ Ham can thiic y = \/x lién tuc trén mia khoang [0; +00).

P Tinh lién tuc cua téng, hiéu, tich, thuong cGa hai ham sé lién tuc
$> Dinh 1i 3.2. Gi sity = f(z) vay = g(x) la hai ham s6 lién tuc tai diém zo. Khi dé:
a) Céc ham s6 f(z) + g(z); f(z) — g(x) va f(x) - g(x) lién tuc tai xo;

f(=)
g9(z)

lien tuc tai xo néu g(xo) # 0.

b) Ham s6 y =
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C-CAC DANG TOAN THUONG GAP

& Dang 1. Cau héi ly thuyét

I®» Vidumau

Vidu 1 (CD). Ban Nam cho ring: “Néu ham s6 y = f(z) lién tuc tai diém xo, con ham sé y = g(x) khong lién
tuc tai zg, thi ham s6 y = f(z) + g(z) khong lién tuc tai x¢”. Theo em, ¥ kién ctia ban Nam ding hay sai? Giai
thich.

® Loi gidi.

Gia st ham s6 h(z) = f(z) + g(z) 1a ham s6 lien tuc tai zo.

Khi d6, ham s6 g(x) = h(z) — f(z) la higu ctia hai ham s6 lién tuc tai xp nén ham s6 g(x) 1a ham s6 lien tuc tai
xo. Diéu ndy mau thuan véi gia thiét 14 g(z) khong lién tuc tai zg.

Vay v kién trén 1a dang. O

P Bai tap trdc nghiém

Cdu 1. Cho ham s6 y = f(z) xac dinh trén khodng K va g € K. Ham s6 y = f(z) lién tuc tai xo khi va chi

khi
(A) Jim f(x) = +oo. lim f(x) = —oo. © Jim f(@) = f(w0).  ©) lim f(2) = f(xo).
® Loi gidi.
Ham s6 y = f(z) dugc goi la lien tuc tai ¢ néu lgn f(x) = f(xg).
T—T0
Chon dap an @ Ol
Cau 2. Cho ham s6 y = f(x) lien tuc trén khoang (a;b). Didu kién can va dit dé ham s6 lién tuc trén doan [a; b]
la
(A) lim_f(2) = f(a) va lim f(z) = f(b). lim f(z) = f(a) va lim f(z) = f(b).
z—a x—b T—a z—bT
© lim+ f(x) = f(a) va lim f(z)= f(b). @ lim f(z) = f(a) va lim f(x) = f(b).
T—a z—bt z—a z—b
® Loi gidi.

Ham s6 f xac dinh trén doan [a;b] duge goi 1a lien tuc trén doan [a;b] néu né lién tuc trén khodng (a;b), dong
thoi lim f(z) = f(a) v& lim f(z) = f(b) .
z—at z—b~

Chon dép an @ O
Cdu 3. Trong cac ménh dé sau, ménh dé nao ding?

@ Ham s6 dong bién trén (a;b) c¢6 do thi la duong di xudng tit trai sang phai trén (a;b).

Ham s6 nghich bién trén (a;b) c¢6 do thi la duong di lén tir trai sang phai trén (a;b).

(C)Ham s6 y = 0 la ham s6 khong chén, khong 18 tren R.

@ Ham s6 lien tuc trén (a;b) c6 do thi la duong lién nét tren (a;b).

® Loi gidi.
Ham s6 lien tuc trén (a;b) c6 do thi la duong lién nét tren (a;b).
Chon dap an @ O
Cadu 4. Trong cac loai ham s6 sau, ham sd nao ludn lién tuc trén tap hop cac s6 thuc R?
@ Ham s6 lugng giac. Ham s6 da thic.
@ Ham s6 phan thitc hitu ti. @ Ham s6 c6 chita can bac hai.
o Loi gidi.

Ham s6 da thic luon lién tuc trén tap s6 thuc R.
Chon dap an O
Cau 5. Ham s6 y = f(x) lien tuc tai diém zo khi nao?

W) lim f@)=f(@). (B lim f@)=f). (© lm f@)=F0. O f)=0.

Tr—rxTQ
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Chuong 3. Gidi han. Ham sé lién tuc Biét Iam, Iam ddng, Iam nhanh

y J/ J J

D Li gidii.
Theo dinh nghia ham s6 lién tuc, ta c6 lim f(z) = f(zo).

T—T0

Chon dép an O

Cdu 6. Cho ham 6 f(z) thoa man 1i_)m f(z) # f(xo). Khang dinh nao sau day ding?
T—x0

@ Ham s6 f(x) khong x4c dinh tai . lim f(z)= lim+ f(z).
=Ty Ty
@ Ham s6 f(x) lién tuc tai zg. @ f(x) co gia tri 0 tai zp.
® Loi gidi.
Theo dinh nghia ham s6 lien tuc, ta c6: do lim f(z) # f(zo) nén ham s6 f(z) khong lien tuc tai zg. Vi lim f(x)
T—T0 T—x0

ton tai nen lim f(z) = lim f(z).
T—=Ty x%x(";

Chon dap an O

Cdu 7. Xét cac meénh dé sau

a) Néu ham s6 f(x) c¢6 dao ham tai diém x = x¢ thi f(z) lién tuc tai diém do.

)
b) Néu ham sb f(x) lien tuc tai diém x = xo thi f(z) c6 dao ham tai diém do.
c) Néu f(x) khong lién tuc tai zo thi chic chin f(x) khong c6 dao ham tai diém do.
)

d) f(x) c6 dao ham tai xg khi va chi khi f(z) lién tuc tai zo.

Trong cac ménh dé trén, c6 bao nhiéu ménh dé diung?
A 2. ®) 1. (©a. D) 3.
® Loi gidi.
Theo dinh 1y thi ménh dé thi nhat va ménh dé thi ba ding.
Xét ham s6 f(z) = |z| ta co: zli%h f(z) =0va zl_igl_ f(z) =0 nén ham s6 lien tuc tai z = 0.

— f(0 — f(0 .
Mat khac lim M =1va lim M = —1 nén ham so6 khong c6 dao ham tai x = 0. Vay hai
z—0t x—0 z—0~ x—0
meénh dé con lai sai.
Chon dap an @ O

Cdu 8. Cho ham s f(z) xac dinh trén [a;b]. Trong cdc ménh dé sau, ménh dé nao dung?
@ Néu ham s6 f(x) lien tuc trén doan [a;b] va f(a) - f(b) > 0 thi phuong trinh f(z) = 0 khong c6 nghiem
trong khoang (a;b).
Néu ham s6 f(z) lién tuc trén doan [a;b] va f(a)- f(b) < 0 thi phuong trinh f(z) = 0 ¢6 it nhat mot nghiem
trong khoang (a;b).
© Néu phuong trinh f(z) = 0 ¢6 nghi¢m trong khoang (a;b), thi ham s6 f(x) phai lién tuc trén khoang (a;b).
@ Néu f(a) - f(b) < 0 thi phuong trinh f(x) = 0 ¢6 nghiém trong khoang (a;b).
® Loi gidi.
Néu ham s6 f(x) lien tuc trén doan [a;b] va f(a) - f(b) < 0 thi phuong trinh f(z) = 0 ¢6 it nhit mot nghiem
trong khoang (a;b).
Chon dap an @ O]

Cdu 9. Tim khang dinh diing trong hai khang dinh sau

I. f(z) lien tuc trén [a,b] va f(a) - f(b) > 0 thi ton tai it nhat s6 ¢ € (a,b) sao cho f(c) = 0.

II. f(x) lién tuc trén (a,b) va (b, c) nhung khong lién tuc trén (a,c).

(A) Chi I ding. Chi II ding. (C)CaTvalldéusai. (D) C4Tvall déu ding.
® Loi gidi.
Chon dap an @ O
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3. Ham s lién tuc Biét lam, lam ddng, [am nhanh

y J/ J J

Cdu 10. Cho ligl f(z) = L. Khing dinh nao sau day ding?

@ f(a) = L. (B) Ham sb lien tuc tai z = a.

@ Ham s6 xac dinh tai z = a. @ Khong dap an nao dung.
® Loi gidi.
Chon dap an @ O
Cau 11. Cho lirg f(x) =-1, 1i1§1+ f(z) = —1. Khang dinh nio sau day ding?

x—3~ z—
@ hrréf 0 Ham s6 lién tuc tai z = 3.
r—r

@ f(3)=-1. @ f(3) khong xéac dinh.
o Loi giéi.
li = li =—1=1 =—1.
Jim f(z) = lim f(z) lim f(x)
Chon dap an @ O

Cadu 12. Trong cic ménh dé sau, ménh dé nao sai?
@ Néu ham s6 f(z) lien tuc trén khodng (a;b) thi f(z) cling lién tuc trén moi khodng con cia (a;b).
Moi ham s6 da thiic déu lien tuc trén khoang (—oo; +00).
@ Moi ham sé phan thitc hitu ti déu lién tuc trén moi khodng ma né xac dinh.
(D) Néu ham s6 f(z) lien tuc tren hai khoang lien tiép (a;b) va (b;c) thi f(z) ciing lien tyc tren khodng (a; c).

® Loi gidi.
Vr—1néuz>1
Xét ham s6 f(x) = ) -
2z +3neuz < 1.
Ta thay f(x) lien tuc trén cac khodng (0;1) va (1;2) nhung khong lién tuc trén (0;2).
Chon dap an @ O
Cadu 13. Cho f(z) la mot ham s6 lien tuc trén khoang (a;b). Trong cac menh dé sau, ménh dé nao sai?
@ Ham s6 g(z) = (f(x))? lien tuc trén khoang (a;b). 9 Ham s6 h(z) = ¥/ f(x) lién tuc trén khodng (a;b).

P 1
@ Ham s0 k(x) = @ lien tuc trén khodng (a;b). @ Ham s6 u(z) = |f(x)] liéen tuc trén khodng (a;b).

~

o Li gidi.

. . 1 R R
D6i v6i ham s6 k(z) = @) can thém dieu kién f(x) # 0, Yz € (a;b).
Chon dap an @ O
Cadu 14. Cho f(x) va g(z) la hai ham s6 lien tuc trén khoang (a; b). Tim ménh dé sai trong cac menh dé sau?

@ Ham s6 h(z) = f(x) — g(x) lien tuc trén khoang (a;b).

(B) Ham s6 k(z) = f(z).g(z) lien tuc trén khoang (a;b).

@Ham s6 u(z) = fgasi lien tuc trén khodng (a;b).

g(x

(D) Ham s6 v(z) = af(z) + bg(x) lien tuc tren khodng (a;b) véi a, b la céc hing sb.
® Loi gidi.
Ham s6 u(z) = féx; lien tuc trén khoang (a;b) khi g(z) # 0, Va € (a;b).

g(x

Chon dép an @ O

Cdu 15. Tim khéng dinh ding trong cac khing dinh sau
I. f(x) lién tuc trén doan [a;b] va f(a) - f(b) < 0 thi phuong trinh f(z) = 0 c¢6 nghiém.
II. f(x) khong lien tuc trén [a;b] va f(a) - f(b) > 0 thi phuong trinh f(z) = 0 vo nghi¢m.

(A) Chi I diing. Chi IT diing. (C)Ca 1 va Il ding. (D) CA T va II sai.
® Loi gidi.
Chon dap an @ O
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Chuong 3. Gi6i han. Ham sé lién tuc Biét Iam, Iam ddng, Iam nhanh

y J/ J J
Cau 16. Cho ham s6 f(x) lien tuc trén doan [a;b] va m < f(z) < M , Vz € [a;b] . Tim ménh dé sai trong céc
ménh dé sau?
@ Luon ton tai z1 € [a;b] sao cho f(x) > f(z1), Vx € [a;b].
Luon ton tai xo € [a;b] sao cho f(x) < f(x2), Vo € [a;b].
©V6i moi k € [m; M] , luon ton tai ¢ € [a;b] sao cho f(c) = k.
(D) D& thi ciia ham s6 la mot dudng lidn nét tren doan [a; b].
® Loi gidi.
f(x1) chinh 1a gi& tri nhoé nhat clia ham s6 f(z) trén doan [a; b)].
f(z2) chinh 1a gia tri 16n nhéat ctia ham s6 f(z) trén doan [a;b)].
Ham s6 f(x) lién tuc trén doan [a;b] nén c6 do thi la mot dudng lién nét trén doan [a; b].
Ngoai ra, m va M chua chic 1a gia tri nhoé nhat va gid tri 16n nhat ctia f(z) trén doan [a;b].
Chon dap an @ O

& Dang 2. Dua vao dd thi xét tinh lién tuc cta hém sb tai mét diém, mét khodng.

Dé xét tinh lién tuc ctia ham s6 khi biét do thi, ta can nhdé:
@ Do thi cia ham s6 lién tuc trén mot khodng 1a mot dudng lién nét trén khodng do.

® Ham s6 y = f(x) lién tuc tai zo khi va chi khi lim f(z) = lim_f(z) = f(zo).

T—rx0 T—To

I Vidumaéu

Vidu 2. Quan sat do thi ham sb trong Hinh 12a va Hinh 12b, xac dinh f(0) va lin%) f(z). Tu do6 cho biét moi
T—

ham s6 d6 lién tuc tai = 0 hay khong? Gidi thich.

® Loi gidi.
Trong Hinh 12a ta c6 f(0) =0, lim f(z) = lim 2® = 0.
z—0 z—0
S R A S T
: : : : : L et [
************************************** U B
""""""""""""""""""" -1 o 1 k4
21 Jo1 2 f —h

—1néuz<0

D& thi ham sb = 2 > ; é
a) Do thi ham s6 f(z) = b) D thi ham s6 f(z) = { 0 néu z = 0

Inéuz>0
Hinh 12
Nhu vay lir% f(z) = f(0) nén ham s6 lién tuc tai x = 0.
T
Trong Hinh 12b ta c6 lim f(zx) = -1, lim f(x)=1.
z—0~ z—0t
Do d6 khong ton tai lim f(z).
z—0
Vay ham s6 f(z) khong lien tuc tai x = 0. O

Vidu 3. Trong cac ham s6 c¢6 do thi & Hinh 15a, 15b, 15¢ ham s6 nao lién tuc trén tap xac dinh ctia ham s6 d6?
Giéi thich.
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3. Ham s lién tuc Bi&t Iam, Iam ddng, 1dm nhanh

a) Dé thi ham s6 b) Db thi ham s6 ¢ Do thi ham
T _ 6 _
flz) = 2% — 2z () = hx) = { 2z néu z < —1

-1 B r+1lnéuz>1
Hinh 15
O Loi gidi.
Ham s6 lien tuc trén tap xac dinh la f(z) = 22 — 22. Vi do thi ham s6 6 hinh Hinh 15a 1a mot duong lién nét
trén mit phang toa do. 0
Vidu 4.

Cho ham s6 y = f(x) c6 do thi nhu hinh vé ben.
Xét tinh lien tuc ctia ham s6 y = f(z) trén khoang (0;2).

® Loi gidi.
D6 thi ham s6 1a mot duong lién nét trén khoang (0;2) nén ham s6 da cho lién tuc trén khoang (0;2). O
Vidu 5.

Cho ham s6 y = f(z) c6 do thi nhu hinh vé bén.

Xét tinh lien tuc ctia ham s6 y = f(z) trén khodng (—2;2).

® Loi gidi.

D6 thi ham s6 14 mot duong lién nét trén khodng (—2;2) nén ham s6 da cho lien tuc trén khoang (—2;2). O

Vidu 6.

Cho ham s6 y = f(x) ¢6 do thi nhu hinh vé beén. y

Xét tinh lien tuc ctia ham s6 y = f(z) trén khoang (0;2). y = f(x)
2 I
%
lo1 2=

® Loi gidi.

® D6 thi ham s6 1a cdc dudng lién nét tren cac khodng (0;1), (1;2) do d6 ham s6 lien tuc trén cac khoang nay.

® D6 thi ham s6 khong lién nét tai diém x = 1 do d6 ham s6 da cho gian doan tai diém nay.

Vidu 7.
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Chuong 3. Gi6i han. Ham sé lién tuc Biét Iam, Iam ddng, Iam nhanh

Cho ham s6 y = f(z) ¢6 do thi nhu hinh vé beén.
Xét tinh lien tuc ctia ham s6 y = f(z) trén khoang (0;2).

® Loi gidi.
© D6 thi ham s6 1a cdc dudng lién nét trén cac khodng (0;1), (1;2) do d6 ham s6 lien tuc trén cac khoang nay.
©@ Taco lim f(z) > f(1)=1va lim f(z)=f(1)=1.
z—1- z—1t
Do d6 lim f(z) # lm f(x).
z—1- rz—1+

Vay ham s da cho gidn doan tai z = 1.

Vidu 8.
Cho ham s6 y = f(x) ¢6 tap xac dinh 2 = R\ {0} va ¢6 do thi nhu hinh ben. Xét
tinh lién tuc ctia ham s6 y = f(z) trén 2.

® Loi gidi.

Vi ham s6 da cho ¢6 tap xac dinh 2 = R\ {0} nén
©@ f(z) x4c dinh trén khoadng (—o0;0) nén lién tuc trén khoang nay.
©@ f(x) xac dinh trén khoang (0; +00) nén lién tuc trén khoéng nay.

® f(x) khong xac dinh tai diém x = 0 nén gidn doan tai diém nay.

0]
P Baitap tu luan
Bai 1.
Cho ham s6 y = f(x) xac dinh trén 2 = R va ¢6 do thi nhu hinh vé beén. y
Xét tinh lien tuc ctia ham s6 y = f(z) trén 2. £
= f(z
/ (0]
VANVE
® Loi gidi.
Do d6 thi ham s6 13 mot duong lién nét tréen & nén ham s6 y = f(z) lien tuc trén 2 = R. O
Bai 2.
Cho ham s6 y = f(z) x4c dinh tréen 2 = R va ¢6 do thi nhu hinh vé bén. Xét tinh Y
lien tuc ctia ham s6 y = f(z) tréen 2.
/ y=f(=z
0] T
® Loi gidi.
Do d6 thi ham s6 13 mot duong lién nét tréen & nén ham s6 y = f(z) lien tuc trén 2 = R. O
Bai 3.
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3. Ham s lién tuc Bi&t Iam, Iam ddng, 1dm nhanh

y J/ J J

Cho ham 86 y = f(z) xac dinh tréen 2 = R va ¢6 do thi nhu hinh vé beén. Y
Xét tinh lien tuc ctia ham s6 y = f(z) trén 2.

o) 3
[0) 2 N
o Loi gidi.
Do do thi ham s6 1& mot duong lién nét trén 2 nén ham s6 y = f(z) lien tuc trén 2 = R. O
Bai 4.
Cho ham s6 y = f(x) ¢6 do thi nhu hinh vé ben. y
Xét tinh lién tuc ctia ham s6 y = f(z) tai diém zg = 2. ‘
24---- 1
o) |
X
[9) 2 N oz
® Loi gidi.
Ta c6 lim f(z) >2va lim f(z) =2. Do d6 lim f(x)# lim f(z). Vay ham s6 da cho gian doan tai zg = 2.
T2~ z—2F T2~ z—2F
Il
Bai 5.
Cho ham s6 y = f(x) ¢6 do thi nhu hinh vé& ben.
Xét tinh lién tuc clia ham s6 y = f(z) tai diém zo = 1.
® Loi gidi.
Ta cé lim f(z) = —ocova lim f(z) =+oc0. Dodé lim f(z)# lim f(x).
z—1- z—1t z—1— r—1t
Vay ham s6 da cho gian doan tai xg = 1. O
E® Bai tap trdc nghiém
Cdu 17. Cho d6 thi ham s6 y = f(x) ¢6 do thi nhu hinh vé bén. Chon meénh dé ding 4

trong cic ménh dé sau:
@ Ham s6 y = f(z) lien tuc trén R. /

Ham s6 y = f(z) lien tuc trén khodng (0, +00).

©H2}m s6 y = f(x) lien tuc tai diém z¢ = 0.
lim f(z) = 4o0.
© i £
® Loi giai.
D6 thi ham s6 14 mot dudng lién nét trén khodng (0, +oo) nén lién tuc trén khoang nay.

Chon dap an O
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Chuong 3. Gi6i han. Ham sé lién tuc Biét Iam, Iam ddng, Iam nhanh

y J/ J J

Cadu 18. Cho do6 thi ham s6 y = f(z) ¢6 do thi nhu hinh vé bén. Chon ménh dé sai y
trong ciAc ménh dé sau:

@ lim f(z) = —oc.

T—r+00

Ham s6 y = f(x) lién tuc trén R.
f .
T—+00 r
i . /y = f(x) \/

Quan sat do thi ham sé, ta co6

® Ham s6 y = f(x) lién tuc tren R.
@ lim f(z) = +oo.

T—+400

@ lim f(z)=—o0.

T—r—00

Chon dap an @ Ol
Cdu 19. Cho d6 thi ham s6 y = f(x) c¢6 do thi nhu hinh vé bén. Chon ménh dé
dang trong cdc ménh dé sau:

W) lim_f(2) = —cc.

Ham s6 y = f(x) lién tuc trén khoang (0; +00). y = f(x)

©Ham s6 y = f(x) lien tuc tai diém z¢ = 0.

@ Ham s6 y = f(z) lien tuc trén R. O x
o Loi gidi.

Quan sat do thi ham s6, thay do thi ham s6 1a mot duong lién nét trén khoang (0; +00) do d6 ham s6 da cho lien
tuc trén khoang nay.

Chon dép an O

Cdu 20. Cho d6 thi ham s6 y = f(x) ¢6 do thi nhu hinh vé bén. Chon ménh dé sai y
trong cic ménh dé sau:
@ Ham s6 gian doan tai diém zg = 0.

Ham s6 lién tuc trén khoéng (—o0;0).

y=f(z)
@Ham s6 y = f(x) lien tuc trén R. / o \x

(D) Ham s6 lien tuc tren khoang (0; +00). -1
® Loi gidi.

Quan sat do thi ham sé, ta c6

® Ham s6 gidn doan tai diém zg = 0.
® Ham s6 lien tuc trén khoang (—oo;0).
® Ham s lien tuc trén khodng (0; +00).

Chon dap an @ O
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3. Ham s lién tuc Bi&t Iam, Iam ddng, 1dm nhanh

y J/ J J

Cadu 21. Cho do6 thi ham s6 y = f(z) ¢6 do thi nhu hinh vé bén. Chon ménh dé sai y
trong ciAc ménh dé sau:
@ Ham s6 gian doan tai diém zg = 1.

Ham s6 lién tuc trén khodng (—oo; 1).

@Ham s6 y = f(z) lien tuc tren R. ' e
@ Ham s6 lien tuc trén khoang (1;+00). ¢ 1% f(z) :
® Loi gidi.
Quan sat do thi ham sé, ta co6
® Ham s6 gidn doan tai diém zg = 1.
® Ham s6 lien tuc trén khoang (—oo; 1).
© Ham s6 lien tuc trén khoang (1; 400).
Chon dap an @ Ol

Cdu 22.
Cho d6 thi ham s6 y = f(x) c6 do thi nhu hinh vé bén. Chon ménh dé ding
trong cac ménh deé sau:

(A)Ham s6 y = f(z) lien tuc tren R.

lim f(x)=—o0.

T—+00

@ Ham s6 lién tuc tai diém xg = —2.

(D) Ham s6 gién doan tai didm zo = —2.
D Loi gidi.
Quan sat do thi ham s6, ta co

® Do thi ham s6 1a cic duong lién nét trén cac khodng (—oo; —2), (—2;+00) do d6 ham s6 lién tuc trén cac
khoang nay.

® lim f(z) =400

T—+400

@ Taco lim f(z) < f(-2)=2va lim f(z)=f(-2)=2.Dodo lim f(z)# lim f(x).

o
Ham s6 y = f(x) lien tuc trén ®.

©) lim_ f(z) = —oc. N
@ lim f(z) = +oc. \

z—(—2)" z—(=2)* z—(—2) z—(—2)"
Vay ham s6 da cho gian doan tai zg = —2.
Chon dap an @ O
Cdu 23. Cho do thi ham s6 y = f(x) ¢6 do thi nhu hinh vé bén. Chon ménh dé diang y ‘
trong cdc ménh dé sau: L \y = f(x)
@ lim f(z) = +oo. 3
z—1+ !

Quan sat do thi ham sé, ta c6

® Do thi ham s6 1a cac dudng lién nét trén cac khoang (—oo; 1), (1;+00) do d6 ham s6 lién tuc trén cac khodng
nay.
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Chuong 3. Gi6i han. Ham sé lién tuc Biét Iam, Iam ddng, Iam nhanh

y J/ J J

® lim f(z)=-1.

T—+00

® Taco lim f(zr) =—ocova lim f(z) =+co. Dodé lim f(z)# lim f(x).
x—1- z—1+ z—1+

rz—1—
Vay ham sé da cho gidn doan tai zg = 1.

Chon dap an @ O

Cdu 24. Cho do thi ham s6 y = f(x) ¢6 do thi nhu hinh vé bén. Chon ménh dé y
dang trong cdc ménh dé sau:
@ Ham s6 y = f(x) gian doan tai zo = 0.

lim f(x)=—1.

T—+00

© lm_fa)=-1. / 0 \ v
@ Ham s6 y = f(x) lién tuc trén R. y=f(z)

® Loi gidi.

Quan sat do thi ham s6, ta co

® D6 thi ham s6 la cac dudng lién nét trén khodng (—oo; +00) do d6 ham sb lién tuc tren R.

©® lim f(z)=—o0.

T—+00
® lim f(z)= —oc.
T—r—00
Chon dap an @ O
Cdu 25. Cho d6 thi ham s6 y = f(z) ¢6 do thi nhu hinh ‘ y

vé bén. Chon ménh dé ding trong cac ménh dé sau:
@ Ham s6 y = f(x) lién tuc trén R.

Ham s6 y = f(x) lién tuc tai zg = —3. 0

© tim_f(z) = —oc. -3 3 v

@ Ham s6 y = f(z) gian doan tai z¢ = 3.

® Loi gidi.
Quan sat do thi ham sé, ta c6
® Do thi ham s6 1a cac duong lién nét trén khoang (—oo; —3), (—3;3), (3; +00) do d6 ham s6 lien tuc trén cac

khoang nay.
©® lim f(x)=0.
T—r—00

® Ham s6 y = f(r) gian doan tai cc diém zg = 3 vi g = —3.
Chon dap an @ O
Cdu 26. Cho do thi ham s6 y = f(x) ¢6 do thi nhu hinh vé y

bén. Chon ménh dé dung trong cac ménh dé sau:
(A)Ham sé y = f(z) lien tuc trén R.

Ham sb y = f(z) lién tuc tai diém zo = g

©H§1m s6 y = f(x) lien tuc tai diém zg = — z

@ Ham s6 y = f() gian doan tai diém z¢ =

I l\').l'ﬁ
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3. Ham s lién tuc Bi&t Iam, Iam ddng, 1dm nhanh

D Li gidii.
Quan sat do thi ham s6, ta co
® Do thi ham s6 1a cadc dudng lién nét trén khodng (—g; 0), (0; g) do d6 ham s6 lién tuc trén cac khodng nay.

£ .. . .2 N
© Ham s6 y = f(x) gian doan tai cac diem xg = 5 Vazo=—g.

Chon dap an @ O

s Dang 3. Xét finh lién tuc ctia ham sb tai mét diém

D@ kiém tra tinh lien tuc ctia ham s6 y = f(z) tai diém = = zg ta can lam nhu sau:

® Budc 1: Tinh lim f(x).

T—T0
® Budc 2: Tinh = f (z0). Néu lim f(z) = f(x) thi két luan ham s6 f(z) lien tuc tai x = zo. Néu
T—x0

lim f () # f (x0) thi két luan ham s6 f(x) lién tuc tai z = .
T—T0

I®» Vidumaéau

Vidu 9 (CD). Dung dinh nghia xét tinh lién tuc ctia ham s6 f(z) = 223 + x + 1 tai diém » = 2.
® Loi gidi.

Ham s6 trén 13 ham so cap nén lién tuc trén R.

Taco f(2) =2-22+2+1=19.

lim f(z) =lim (22° + 2 4+1) =2-2° +2+1=19.

T—2 x—2

Vay lina f(z) = f(2) = 19 nén ham s6 y = 223 + z + 1 lien tuc tai z = 2. O
T—
3 khi z = —1
4
Vidu 10 (TH). Ham s6 f (x) = w2 1‘% khi z # —1, x # 0 . Xét tinh lién tuc ctia ham s6 tai z = —1,2 = 0.
2+
1 khi x =0
® Loi gidi.

Ham s6 y = f (z) ¢6 tap xac dinh 2 = R.
Dé thay ham s6 y = f (x) lién tuc trén mdi khodng (—oo; —1), (—1;0) va (0; +00).
(i) Xét tai x = —1, ta c6 ,
4
i 70) = i FE = i, ST < (o) = 32 () Vi i s =
f (z) lién tuc tai z = —1.
(i) Xét tai z =0, ta c6

4 2
. ottt w(et ) (2 —x41) L o .
i%f(m)_i%x2+x_i% T @t —}3%(27 —xz+1)=1=f(0). Vay ham s6 y = f (z) lien
tuc tai x = 0. OJ
0,5 khi z = —1
e 5 £ 3.2 ‘s 5 N % J/‘(:L"i‘l) .
Vidu 11 (TH). Tim s6 diém gian doan ctia ham s6 f (z) = — T khiz # -1, x#1 7
22—
1 khi x =1
® Loi gidi.
Ham s6 y = f (z) ¢6 tap xac dinh 2 = R.
oo z(@+1) o \
Ham s6 f (z) = 21 lien tuc trén mo6i khoéng (—oo; —1), (—1;1) va (1;+00).
22 _
e e . o .ox(z+1) r 1 P —
(i) Xét tai z = —1, ta co zl_l}H_llf(l‘) = xl_l}II_ll e zl_l)H_ll ——1-35= (—1) = Ham s0 lién tuc tai z = —1
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Chuong 3. Gi6i han. Ham sé lién tuc Biét Iam, Iam ddng, Iam nhanh

y J/ J J

x(x+1)

lim+ f(z)= 1im+ 21 T lim+ 1= +o0
(ii) Xét tai z = 1, ta c6 vl el Q’E :_ 1) SR =Ham s6 y = f (z) gian doan tai
z(x T
lim z)= lim ———= = lim = -0
r—1— f( ) r—1— 1‘2 -1 r—1— T —
xr=1. O
x néu x>0

Vidu 12 (KNTT). Xét tinh lien tuc ctia ham s6 f(z) = < 0 néu z =0 tai diém x¢ = 0.
—z néu xz<0
® Loi gidi.
Ta c6 f£(0) =0, lim f(z)= lim 22 =0, lim f(z)= lim (—z)=0.
z—0t z—07t
Suy ra f(0) = lim f(z) = lim f(z).
z—0+t z—0~

Vay ham s6 lién tuc tai diém zg = 0. O

Vidu 13 (CTST). Xét tinh lien tuc ctia ham s6

a) f(z) =22 — 27+ 3 tai diém zg = 2.

tai diém xg = 0.

2 .
b) f(as):{fv +2 khix >0

2z khi z <0
® Loi gidi.
, o N BT 2 _ 2 9. _ . _
a) Taco f(2) =3 va il_}r%f(x)—il_)né(x 20+3)=22-2-24+3=3,suy ra il_)r%f(m) f(2).
Vay ham s6 y = f(z) lien tuc tai zo = 2.
b) Tacé f(0)=2-0=0, lim f(z)= lim (22)=2-0=0,
m—>02_ z—0~
li =1l 2)=0+2=2.
S0 = Jig (7 42) =0+
Do lim f(x)# lim f(z) nén khong ton tai lim f(x).
z—0— z—0+ z—0

Vay ham s6 y = f(x) khong lién tuc tai diém xo = 0.

P Baitép tu luyén
Badi 6. Xét tinh lién tuc ctia ham sb:
a) f(z) =2 — 22+ 3 tai diém zo = 2;

2242 khi >0

tai diém xo = 0.
2x khi z <

b) f(z) = {
® Loi gidi.

a) Ta c6 f(2) = 3 va lim f(z) = 111%(932 —22+3)=2-2.-24+3 =23, suyra lim f(x) = f(2). Vay ham s
T—r r—r T—

y = f(z) lien tuc tai diém zo = 2.

b) Ta cé:
f(2)=2-0=0;
lim f(z)= lim (2z) =2- lim 2 =2-0=0;
z—0— z—0~ z—0~
li = lim (z*+2)=0+2=2.
A S0 = B D =0

Suy ra khong ton tai lir% f(x). Vay ham s6 khong lién tuc tai diém xo = 0.
T—r
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3. Ham s lién tuc Bi&t Iam, Iam ddng, 1dm nhanh

-1
AR
U
2 — 12
o N Z % khi z 7é 3 N Z 3~ ~ N . ~
Bai 7 (VD). Cho ham s6 y = x—3 . Ham s6 da cho c6 dao ham tai x = 3 khong?
—1 khi z =3
® Loi gidi.
2
-7 12 .
lim i e lim (z —4) = —1 = y (3) nén ham so lién tuc tai zo = 3.
T—3 ) rz—3 x—>32 )
—Tx+12) — (3* =734+ 12 — Tz +12
fi (&7 T H12) = ( )=limw=lim(m—4)=—1=>y’(3)=—1. 0
z—3 z—3 T—3 Tz —3 x—3
1 néu z >0
Bdi 8. Xét tinh lien tuc ctia ham dau s(z) = { 0 néu x = 0 tai diém xo = 0.
—1 néu x<0
® Loi gidi.
Ta thay rang lim s(z) =1 va lim s(x) = —1. Do d6, khong ton tai gidi han lim s(z).
z—0t x—0~ x—0
Vay ham s6 khong lién tuc tai z = 0. O

Bdi 9. Xét tinh lién tuc ctia ham sb

a) f(z) =1— 2?2 tai diém zo = 3;

tai diém x = 1.

b) f(x):{xz-l-l khi z>1

—x khi z<1
® Loi gidi.
a) Taco f(3) =—8 va lin}3 flz) = lin%(l —2%)=1-3%>= -8, suy ra lin}gf(x) = f(3). Vay ham s6 y = f(z) lien
T—r r—r T—r

tuc tai diém zg = 3.

b) Ta cé:
f() =-L
lim f(z)= lim (—x)=—1;
rz—1— z—1—
li = lim (z*+1)=1+2=3.
A= D =t

Suy ra khong ton tai lim1 f(x). Vay ham s6 khong lién tuc tai diém xo = 1.
T—r

O

y J/ J J

e
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Chuong 3. Gi6i han. Ham sé lién tuc Biét Iam, Iam ddng, Iam nhanh

x néu x > 0

Bai 10. Xét tinh lien tuc clia ham s6 f(z) = ¢ 0 néu x =0 tai diém zo = 0.
—x néu <0

o Loi gidi.

Ta c6 f(0) =0, lim f(z)= lim 22 =0, lim f(x)= lim (—z)=0.

r—0t r—0t
Suy ra f(0) = lim f(z) = lim f(z).
z—0t z—0~
Vay ham s6 lién tuc tai diém zg = 0.

Bai 11. Xét tinh lien tuc ctia ham sob:

224+1 khiz>0

tai diém z = 0;
11— khiz<0

a) f(x) :{

2 .
2 khiz>1 )
T L= tai diem x = 1.

x khizx <1
® Loi gidi.
a) Ta c6
f(0)=1;
lim f(z)= lim (1—-2)=1-0=1;
z—0~ z—0~
li = lim (2 +1) =0*+1=1.
A S0 = B D =0

Do doé, lin% f(z) = f(0) nen ham s6 lien tuc tai xg = 0.
xT—r

b) Ta c6
1) =3;
s fl@) = lim (@) =1

Do dé6, khong thé xay ra 1irr§ f(z) # f(1) nén ham s6 gidn doan tai zo = 1.
z—

Bdi 12. Dimng dinh nghia xét tinh lién tuc ciia ham s6 f(x) = 22° + z + 1 tai diém z = 2.

® Loi gidi.

Ham s6 trén 1a ham so cap nén lién tuc trén R.

Taco f(2) =2-28+2+1=19.

lim f(z) = lim (22° + 2 +1) =2-2° +2+ 1 =19.

T—2 T—2

Vay i1_>m2f(:c) = f(2) = 19 nén ham s6 y = 223 + z + 1 lién tuc tai z = 2.

E® Baitap tréc nghiém

- P 20 — 1 P
Cdu 27. Cho ham sb f (z) = f . K&t luén nao sau day ding?
3 —x
@ Ham s6 lién tuc tai x = —1. Ham s6 lién tuc tai z = 0.
. . 1
@ Ham s0 lién tuc tai x = 1. @ Ham s0 lién tuc tai x = 5
o Loi gidi.
Tai 7 = =, ta c6 lim f(z) = lim > = f(1> Vay ham sb lien tuc tai z = 2
al x = =, ta c6 lim = lim =0=f1|=). Vay ham s06 lién tuc tai z = 2.
iz = o, L S (@ T 5 ) Vay uc tai @

Chon dap an @

y J/ J J

O

o
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3. Ham s lién tuc Bi&t Iam, Iam ddng, 1dm nhanh

y J/ J J

Cdu 28. Ham sb nao sau day lién tuc tai z = 1:

.'132 T x2—x— IIZ’Z x T
Wiw=" ®rw="51 ©rw=" ®@rw=1t

i T T z—1

® Loi gidi.

2

*+x+1
A
lim f(x) =400 suy ra f(z) khong lién tuc tai z = 1.
z—1t )

Tt -z —2
o fla)=—5—7—

x_

li = 1li =— khong lién tuc tai z = 1.
;cighf(x)zxinﬁx—l oo suy ra f (z) khong lién tuc tai

*+x+1
o fl)= T

2
1

lim f (z) = lim Tl 3= f(1) suy ra f (z) lién tuc tai z = 1.
z—1 m—)ll X

T+
. 1) =111

. .z +1 R .
lim f(z) = lim —— = 400 suy ra f (x) khong lién tuc tai = 1.
z—1t =1t —1
Chon dap an @ O
Cdu 29. Ham s6 nao dudi day gian doan tai diém zg = —1.
20 — 1 T r+1
= 1) (22 +2). = . = . =
Wy=@+1@+2. By v+ 1 ©y z 1 Dy 22+ 1

® Loi gidi.

2z —1
Tacoy= % khong xac dinh tai g = —1 nén gian doan tai zg = —1.

x

Chon dap an Ol

Cadu 30. Ham sb nao sau day gian doan tai x = 27

@y:3x—4. y:sinac. @y:x4—2x2+1. @y:tan:c.

L T 2
® Loi giai.
—4
Ta c6y = v 5 c6 tap xac dinh 2 = R\ {2}, do d6 giadn doan tai x = 2.
x —
Chon dép an @ O
Cau3l. Him s6 y = :T_ 0 gidn doan tai diém xy bang?
x
(A) 2o = 2018. (B) 2 = 1. (C)ap =0. (D) zp = —1.
o Loi gidi.
Vi ham sb6 y = j_ : c6 tap xac dinh 2 = R\ {—1} nén ham s6 gian doan tai diéem zg = —1.
x
Chon dép an @ O
~ P -3 N
Cdu 32. Cho ham s6 y = 3; T Meénh de nao sau day dung?
l’ —_—
@ Ham s6 khong lién tuc tai cac diem z = +1. Ham s6 lién tuc tai moi x € R.
© Ham s6 lien tuc tai cac diém =z = —1. @ Ham s6 lien tuc tai cac diém z = 1.
o Loi gidi.
Ham s6 y = ﬁ;l c6 tap xac dinh R\ {£1}. Do d6 ham s6 khong lien tuc tai cac diém z = 1.
'CC p—
Chon dép an @ O

A . ) 2 +3z+2 khi z<-1 )
Cdu 33. Dé ham s6 y = lien tuc tai diém x = —1 thi gi4 tri cta a la
4dx +a khi z> -1

A) —4. (B) 4. ©1 D) -1.

® L5i gidi.

448/764 ‘ Bi Todn 11 theo chuong trinh GDPT201€m




Chuong 3. Gi6i han. Ham sé lién tuc Biét Iam, Iam ddng, Iam nhanh

y J/ J J
Ham s6 lien tuc tai x = —1 khi va chi khi lim y= lim y=y(-1).
r——17F z——1"
& hm1 (4z+a)= lim (22 +3z+2)=y(-1)=a—-4=0&a=4.
T—>— T——1"

Chon dap an Ol

2 — x4+ 2x -2

- . s B} khi 1
Cadu 34. Tim gia tri thuc ctia tham s6 m de ham so f (z) = x—1 iws lién tuc tai z = 1.
3T +m khi z =1
@sz. m:6. @m:4. @m:
® Loi gidi.
Ta c6 f(1) =m+ 3.
) L 22?202 . (z—1)(a?+2) . )
R e N B T W L Ak
Dé ham s6 f (z) lién tuc tai x = 1 thi limlf(:z):f(l)(:)3:m+3<:>m:O.
xr—r
Chon dép an @ O
2016
-2
X ) S khiz # 1 7 , , ,
Cadu 35. Chohamsd f (z) = { v/2018x + 1 — /& + 2018 . Tim k de ham s0 f (z) lién tuc tai z = 1.
k khi x =1
201 \/2 18 2001
(A) k = 2/2019. ®) & = 217-v20 © k=1 @k:%\/zmg.
® Loi gidi.
e . (2?0 -1+ 2 —1) (V2018x + 1 + vz + 2018)
Ta c6 lim = lim
=1 4/2018x + 1 — /x + 2018  a—1 2017x — 2017
1) (x2015 4 2014 1+1) (v/2018x + 1 2018
i ) (@ 42?4 4o 4+1+1) (V2018x + 14 vz +2018) 0 /50TH.
e 2017 (x — 1)
Dé ham s6 lien tuc tai x = 1 < lim f (z) = f (1) & k= 2v/2019.
xT—r
Chon dap an @ O
. N 2 VT - khz r#£1 PN Lo .
Cdu 36. Cho ham so f(z) =<¢ z—1 . Tim a dé ham s6 lién tuc tai zg = 1.
a khi z =1
1 1
@a:O. a:—g. @a:i @azl.
® Loi gidi.
Ji—1 VT —1 , 1 1
Ta c6 1 — lim Y 1 _
ac6 lim f(z) = lm — = = In ) T 51 T 2
. 1
Dé ham s6 lién tuc tai z9 = 1 khi lirr%f (x)=f(1)=a= 3
T—
Chon dap an @ O
. > . 3x+b khixz < -1 . . .
Cadu 37. Biét ham s f (z) = ] lién tuc tai x = —1. Ménh dé nao dudi day dung?
r+a khix> -1
@a:b—Z. a:—2—b. ©a22—b. @a:b—l—Z.
® Loi gidi.
lim1 fl@)=f(-1)=b-3; hmﬁf( r)=a—1.Déhamsblien tuctaiz = —1thib—-3=a—-1<a=0b—2.
z——1= T —
Chon dap an @ Ol
A ) 37T i £3 ) X
Cdau 38. Chohamso6 f(z) =¢ Ve +1—2 . Ham s0 da cho lién tuc tai # = 3 khi m bang bao nhiéu?
m khi x =3
A) —1. B) 1. ©)4. D) —4.
® Loi gidi.
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3. Ham s lién tuc Bi&t Iam, Iam ddng, 1dm nhanh

y J/ J J

3—x 5 (B—2) (Ve +1+2)

f(3)=m;gf(w)=igﬁ:£ pr— = lim (—Va+1-2) =4,
Dé& ham s6 lien tuc tai x = 3 thi linéf (x) = f(3).
z—
Suy ra m = —4.
Chon dap an @ O

- ) ) 24br—5 khi <1 ,
Cadu 39. Biét ham s6 f(z) = ax=+ o 1 = lien tuc tai x = 1 Tinh gia tri cta biéu thic P =
2ax — 3b khi z>1

a — 4b.
(A P=-4. (B) P=—5. ©P=>s. D) P=4
® Loi gidi.
Taco lim f(z)= lim (aa® +bz—5)=a+b—5=f(1).
1~ T—1~

lim f(z) = lim (2axz — 3b) = 2a — 3b. Vi ham s6 lién tuc taiz =1 nén a+b—5=2a — 3b = a — 4b = —5.
x—1+ z—1t

Chon dap an O

£C2—.’L'

Cau 40. Tim m dé ham s6 f(z) = = —1
m—1khi =1
(A)m =0. B)m=—-1. ©m=1. (D) m =2.
® Loi gidi.
Tap xac dinh ¥ = R

khi 1
be# lién tuc tai ¢ = 17

2

s T e o

Taco}jl_)mlf(x)—i;rri:z_ —iﬂx—lvaf(l)—m 1.

Ham sd lientuctaiz=1em—-1=1m=2.

Chondépén@ O]
2
— 2

o 4 o n P3 o a 21N Z ik}lll‘#l IR o 3:2

Cdu 41. Cé6 bao nhiéu s6 tu nhién m de ham s6 f (z) = z—1 lien tuc tai diem z = 17

m>4+m—1khiz=1

(A)o. ®) 3. (©)2. D) 1.
® Loi gidi.
2 _ _
i & 3x+2 lim (x—1)(x—2)
z—1 r—1 z—1 r—1
Vi ham s6 f (x) lien tuc tai diém = = 1 nén lim f (z) = f(1)
T—

m = 0 (Thoa méan)

= lim (x — 2) = —1.
z—1

emi4m—1l=—-1lem?4+m=0<

m = —1 (Loai).
Chon dap an @ O
RV 2—-2
A . o VIXZZ2 g4 ,
Cdu 42. Tim a de ham s6 f (z) = x—2 lien tuc tai © = 27
2 +a khiz =2
15 15 1
—. el -. 1.
~ = 4-7- e 4 @ 4 @
® Loi giai.
Taco f(2) =4+a.
x+2—-4 1 1

Ta tinh duge lim f (z) = lim
T—2

22 (2 —2) (Vz +2+2) e Jrt242 4

P 1 15
Ham s6 da cho lién tuc tai = 2 khi va chi khi f (2) = lit%f(:c)(:)él—i—a: 190="7
r—r
. 1
Vay ham so6 lién tuc tai x = 2 khi a = —15.

Chon dap an O
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Chuong 3. Gi6i han. Ham sé lién tuc Biét Iam, Iam ddng, Iam nhanh

y J J J
22 —3x+2 .
khi x > 2

Cau43. Cho ham s6 f(z) = Ve +2—2 , m 1a tham s6. C6 bao nhiéu gia tri ciia m dé ham s6
m?z —4m +6 khi z <2

da cho lién tuc tai x = 27

A3 B)o. (©)2. D) 1.

® Loi gidi.
Ta cb ) ( ) ( )( )

x° — 3z + 2 z—2)(z—1) (Ve +2+2
li = lim ———— = i = li ~1)(Vz+2+2) =4
S0 = I e e -2 g (=D (Vra2 )
lim f(z) = lim (m®z —4m + 6) = 2m* — 4m + 6.
T—27 T2~

f(2) =2m? —4m +6.
Dé& ham s6 lién tuc tai z = 2 thi lim f(z)= lim f(z)=f(2) < 2m?—4m+6 =4 < 2m?—4m+2=0<m = 1.
r—2~

x—2
Vay c6 mot gia tri clia m théa man ham s6 da cho lién tuc tai z = 2.
Chon dap an @ O
V32 + 22 —1-2 41
Cdu 44. Cho ham s6 f (z) = 2 -1 ' *7 % Ham s6 f (x) lien tuc tai o = 1 khi
4 —m, r=1
@m: . m:—3. ©m27. @mz—?.

Tap xdc dinh =R, g =1 € R.
Taco f(1) =4 —m.

, . V32420 —-1-2 (x—1)(3z+5)

lim f (z) = lim = lim

=1 =l (1) (z—1) el (@4 1) (r—1) (V322 + 20 — 1+ 2)
3x +5

= lim =1

=1 (z+1) (V322 + 20— 1+2)

Ham s6 f (z) lien tuc tai zo = 1 khi va chi khi liml(x) =f()e4—-m=1m=3.
T—

Chon dap an @ O

2 +3x+2 .
N . A . PR L ——— khi =z < -1 .
Cdu 45. Tim gia tri cia tham s6 m dé ham s6 f (z) = 22 -1 lien tuc tai x = —1.
mx + 2 khi =z > -1

Bm==" ®m="" ©m=3. ©m=".
® Loi gidi.
Ta c6
o f(—1)=—m+2.
o lim f(z)=-m+2.

z—(=1)7
2 2 1 2 2 -1
e lim f(r)= lim x—{—zi: lim w: lim vt = —.
(1)~ es(-1)~ w*—1 e~ (@=1)(x+1) Loy~ z—1 2
’ 1 5
Ham s6 lien tuc taiz = —-1< f(-1)= lim f(x)= lm f(x)e-m+2=—<cm=—_.
a—(—1)* z—(—1)" 2 2
Chon dap an @ O
Vaz+4-2
) , VEEEZZ khi 2 £0 - o
Cdu 46. Cho ham so6 f(x) = £ . Tim gia tri thuc clia tham s6 a de ham s6 f(x) lién
2a — 1 khi =0

tuc tai x = 0.

3 4 4 3
@az—z. a=§. ©CL=—§ @GZZ
® Loi gidi.
Tap xac dinh 2 = R.
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3. Ham s lién tuc Bi&t Iam, Iam ddng, 1dm nhanh

y J/ J J

lim f(z) = li —x2+4_2—1' (172+4—2>(Vx2+4+2)__ v 444 lm
xli% o _xlir(l) x2 _a:l—r% $2<\/£132—+4+2) _:vli%x2(,/l.2+4+2)_xgr(l)w/x2+4+2_
1
4 ;
f(0) =2a— —.

4 5 1 3
Hamsofg(:r)hentuctal:p:0<:>£%f(a:):f(O)(:)2a—é—l:Z(:)a:z
Chondépén@ O

) 2 2z + 3 khi 1
Céu 47. Cho ham sb f(z) = 4© - oy
3tr+m—1khiz=1

@mzl. m=3. ©m=0. @m=2.
® Loi gidi.
Tap xac dinh 2 = R.
Ta c6 f(1) =2+ m.
lim f (z) = lim (2% — 2z +3) = 2.
z—1 z—1

. Tim m dé ham sb6 lien tuc tai zo = 1.

Hémséliéntuctaix():l(:)limlf(a:):f(l)(:>2:m+2(:>m:0.
T—

Chon dép an @ O
2
— 2
X . TSN e , o
Cdu 48. Cho ham so6 f(z) = x—2 . Ham s0 lién tuc tai = 2 khi a bang
a khiz=2
A 1. (B)o. (©)2. D) —1.
® Loi gidi.
Ham s6 lien tuc tai z = 2 khi va chi khi lim f(x) = f(2).
T—
) . o 2 —3z+2 . .
Ta co f(2) = a,gl;_)mzf(m) = il_)n%ﬁ = }}1_)1112(56 —1)=1.Dod6a=1.
Chon dap an @ Ol

2 Dang 4. Ham sé lién tuc trén khodng, doan

® Ham s6 y = f(x) dugc goi la lien tuc trén mot khoadng néu né lien tuc tai moi diém clia khoéng do.

® Ham s6 y = f(z) dugc goi 1a lien tuc trén doan [a, b] néu né lien tuc trén khodng (a,b) va

lim f(z) = f(a), lim /(@)= /().

r—at

® Do thi ctia ham s6 lien tuc trén mot khodng 1a mot duong lién nét trén khodng do.

I®» Viduméu
Vi du 14 (Cénh Diéu).
a) Ham s6 f(z) = 2z + 3 ¢6 lién tuc trén doan [3;4] hay khong?

. 1
b) Ham s6 f(z) = i i_ 5 (x # 2) ¢6 lién tuc trén khodng (1;3) hay khong?

D Loi gidi.

a) V6i moi zg € (3;4) tacéd lim f(x) = lim (2z + 3) = 229 + 3 = f (x0).

T—IQ T—T0
Ta lai co
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Chuong 3. Gi6i han. Ham sé lién tuc

Biét lam, Iam dung, Idm nhanh

lim f(x) = lim (20 +3) =9 = f(3)
(2¢ +3) = 11 = f(4).

lim f(x)=

i
Tz—4- r—4~

y J/ J J

Vay ham s6 da cho lién tuc trén doan [3;4].

p 1
b) Ham sb f(z) = ifQ

khong xac dinh tai 2 = 2 nén ham s6 khong lien tuc tai z = 2.

Do 2 € (1;3) nén ham s6 da cho khong lién tuc trén khoang (1;3).

Vi dy 15 (Cnh Didu). Cho ham s6 f(z) = 2 + 22 + —° 5

a) Xét tinh lién tuc ctia ham s6 f(z) tai z = 3.

b) Xét tinh lien tuc clia ham sé f(z) trén tap xac dinh ciia ham s6 do.

® Loi gidi.
Tap x4c dinh ctia ham s6 1a R\ {2}.
a) Ta thay
lim f(x)
z—3

Vay ham s6 f(z) lien tuc tai z = 3.

lim <x3 + 22 + L)

z—3 r—2
lim (x3) + lim (2z) + lim ( g )
z—3 z—3 z—=3 \x — 2
6
3
2. _—
37 +2-3+ 33
f3)

b) Ham 86 g(x) = 23 + 22 13 ham da thitc nén lién tyc trén R. Do d6 ham s g(z) lien tuc trén mdi khoang

(—00;2) va (2;+00).

Ham s6 h(x) 1a ham s6 phan thitc hitu t nén lién tuc tréen moi khodng xac dinh (—oo;2) va (2; +00).
Vay ham s6 f(z) = g(z) + h(z) lién tuc trén moéi khoanh (—o0;2) va (2;+00).

c)

Vidu 16 (KNTT). Xét tinh lién tuc ctia ham s6 f(x) = {

® Loi gidi.

Ta c6 f(x) =2 —1v6iz € (0;1). Vi zo € (0;1) bat ki, ta co

T—T0

Do d6, ham s6 da cho lien tuc trén khoang (0;1).

Hon nita, ta co

lim f(z)

z—1-

0]
z—1 néu z € (0;1)
) trén nita khoang (0;1].
0 neu z =1
lim (z—1)=29—1= f(x0).
= lim (z—1)=0= f(1)
=1~
0

nén f(x) lién tuc trén nira khoang (0; 1].

Vidu 17 (KNTT). Cho ham s6 f(x) =
® Loi gidi.

xr —

1 £
vt T Tim céac khodng lién tuc ctia ham s6 f(x).

® Tap x4c dinh ctia ham s6 da cho 1a 2 = (—o0; 1) U (1; +00).

o
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3. Ham s lién tuc Biét lam, lam ddng, [am nhanh

y J/ J J

® V6i moi zp € (—o0;1), ta co

. s CL’—i—l_fEO—{—l_
Jim f(z) = lim ——— _xo—l_f(x(’)'

Do d6 ham s6 f(z) lién tuc tai # = zo hay f(z) lién tuc trén khodng (—oo;1).

©@ Tuong ty, ham s6 f(z) lien tuc trén khoang (1;+00).

Vay, ham s6 da cho lien tuc trén cac khodng (—oo;1) va (1;+00). O
Vidu 18 (CTST). Xét tinh lien tuc clia ham s6 f(z) = V1 — 2?2 trén doan [—1;1].
® Loi gidi.
Vé6i moi xp € (—1;1), ta co xll)nggof(x) = wlgxggo V1—22=/1—123 = f(x0). y
Do d6 ham s6 f(z) lién tuc tai moi diém xq € (—1;1). y=vi—a?
Ta lai co

li = i 1—22=/1—(-1)2=0= f(-1).
m fl) = dim V1-af= - (1) f(=1)
li = li 1—-22=v1-12=0= f(1). z
A flo) = Jlim Vi=at=d ) ol

Vay ham s6 f(z) lién tuc trén doan [—1;1].

P® Bai tap tu luyén
sinx

Bai 13. Xét tinh lién tuc ciia ham s6 y = .
z+1

® Loi gidi.
Tap xac dinh ctia ham s6 D = (—oo0; —1) U (—1; 400).

sinx . . .
1 lién tuc tai moi

Cac ham s6 y = sinz vd y = x + 1 lién tuc tai moi diém zy € R. Do d6 ham s6 y =

diém z9 # —1 (hay lién tuc trén cac khoang (—oo; —1) va (—1; +00).

Badi 14. Xét tinh lién tuc clia cac ham sb
a) y=val+1+3—zx.

—1
b) y::lc - COS T.
x

® Loi gidi.
a)

Tap xac dinh ctia ham s6 S = R.

Cac ham s6 y = Va2 + 1 v y = 3 — z lién tuc tai moi diém zg € R. Do déo ham s6 y = Va2 +1+3 —x
lien tuc tai moi diém zg € R hay lién tuc trén R.

Tap xac dinh ctia ham s6 D = (—o0;0) U (0; 4+00).
2

Cac ham sb6 y = lien tuc tai moi diém x¢ # 0 v ham s6 y = cosz lien tuc tai moi diém zy € R.

2

Do d6 ham s6 y = z
(05 +00)).

.cosz lien tuc tai moi diém zg # 0 (hay lién tuc trén cac khoang (—oo;0) va

Bai 15. Xét tinh lién tuc clia cac ham sb sau:

454/764 ‘ Bi Todn 11 theo chuong trinh GDPT201€m




Chuong 3. Gi6i han. Ham sé lién tuc Biét Iam, Iam ddng, Iam nhanh

y J/ J J

a) y =323 — 4? + bz + 2;

322 +x—1
b) y=——7—.
)y o
® Loi gidi.
a) y = 32° — 4% + 52 = 2 ham 6 da thiic nén n6 lien tuc trén R.
Bt fw—1 I o ,
b) y = 5 14 ham s6 phan thic, ¢6 tap xac dinh 1a (—o0;2) U (2; +00) nén noé lién tuc trén cac khoang
:L‘ —_—
(=003 2), (2;+00).
0]
Ny 2 22 +1
Bai 16. Tim cac khoang lién tuc ctia ham so f(z) = R
x
® Loi gidi.
Tap xac dinh ctia ham s6 f(z) 1a (—oo, —2) U (—2,+00). Vay ham sb lien tuc trén cdc khoang (—oo, —2) va
(—2,400). O
Bai 17.
a) Ham s6 f(z) = 2z + 3 ¢6 lién tuc trén doan [3; 4] hay khong?
N A z + 1 z 1A ~ 2 ~
b) Ham s6 f(z) = o (x # 2) ¢6 lién tuc trén khodng (1;3) hay khong?
® Loi gidi.
a) V6i moi zp € (3;4) ta cd lim f(x) = lim (2z + 3) = 229 + 3 = f (x0).
T—rT0 T—T0
Ta lai c6
li = lim (224 3) =9 = f(3).
Jim f(o) = lim (20+3) =9 = /()
lim f(z)= lim (2z+3) =11 = f(4).
T4~ T4~
Vay ham s6 da cho lien tuc trén doan [3;4].
sz r+1 P . L A LvAl i .
b) Ham s6 f(z) = 5 khong xac dinh tai £ = 2 nén ham so khong lién tuc tai z = 2.
x J—
Do 2 € (1;3) nén ham s6 da cho khong lién tuc trén khodng (1;3).
0

.. . 6

a) Xét tinh lién tuc clia ham s6 f(z) tai z = 3.

b) Xét tinh lien tuc clia ham s6 f(z) trén tap xac dinh ctia ham s6 do.
® Loi gidi.
Tap xac dinh ctia ham s6 1a R\ {2}.

a) Ta thay
lim f(z) = lim<x3+2x+ 6 )
T—3 T 253 r—2
6
IERT 3 . .
= I (o7) + by + i (2
6
3
- 2.34
37 + 3+3_2
= f3)

Vay ham s6 f(z) lien tuc tai z = 3.
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3. Ham s lién tuc Biét lam, lam ddng, [am nhanh

y J/ J J

b) Ham s6 g(x) = 2% + 27 13 ham da thic nén lién tuc tren R. Do d6 ham s6 g(x) lien tuc trén mdi khoang
(—00;2) va (2; +00).
Ham s6 h(z) 1a ham s6 phan thic hitu t nén lién tuc tréen mdi khodng xéc dinh (—o0;2) va (2; +00).
Vay ham s6 f(x) = g(x) + h(x) lién tuc trén mdi khodnh (—o0;2) va (2; +00).

U
- P —1 ;
Bai 19. Xét tinh lién tuc ctia ham s6 f(x) = x 1 tai diem zg = 2.
x
® Loi gidi.
R6 rang, ham s6 da cho xac dinh trén R\ {1}, do d6 x¢ = 2 thudc tap xac dinh ctia ham sb.
Ta co
lim f(z) = lim % — 3 = £(2)
z—2 Cas2x 41 ’
Do d6, ham s6 f(x) lien tuc tai zo = 2. O
. . 1 )
B&i 20. Cho ham s6 f(z) = ~— - Tim cac khoing lien tuc cita ham 56 f(x).
x [R—
® Loi gidi.
Tap xac dinh ctia ham s6 da cho 1a 2 = (—oo; 1) U (1; 400). Vay, ham s6 da cho lien tuc trén cac khodng (—oo;1)
va (1; 400) . O
Bai 21. Xét tinh lién tuc ctia ham s6 y = Va2 — 4.
® Loi gidi.
Ham s6 y = V22 — 4 1a ham s6 so cap c¢6 tap xac dinh 1a (—oo; —2] U [2; +00) nén no lien tuc trén (—oo;2] va
[2; +00). O
. ) 2 +1
Bai 22. Tim cac khodng lién tuc ctia ham s6 f(z) = R
x
® Loi gidi.
Tap xac dinh ciia ham s6 f(z) la (—oo, —2) U (=2, +00). Vay ham s6 liéen tuc trén cac khoang (—oo, —2) va
(=2, 400). O
2
— 2
_ , TRER e o ,
Bai 23 (TH). Cho ham s0 f(z) = ¢ Vo +2 -2 , m la tham s0. V6i gia tri nao ctia m thi ham so

m?z —4m+6 khi v <2
da cho lién tuc tai x = 27
D Loi gidi.
taco 2_3zx+2 (z—2)(z—-1) (Vz+2+2) —
. . x*—3x . r—2)(r— x .
r—21 _:c—>2+m:xligl+ T — 2 :xllgl*'(x_l)( «'17+2+2)=4
lim f(z) = lim (m%z —4m+6) = 2m? — 4m + 6.
r—2~ r—

f(2) =2m? — 4m + 6.
Dé& ham s6 lién tuc tai z = 2 thi lim+ f(x) = lim f(z) = f(2) ©2m?>—4m+6 =4 2m?>—4m+2=0< m = 1.
T2~

r—2
Vay c6 mot gia tri clia m théa man ham sd da cho lién tuc tai z = 2. O
o . . . . 2 Mkhiw<—l, .
Bai 24 (TH). Tim gia tri ctia tham s6 m dé ham so f (z) = 2 -1 lien tuc tai . = —17
mx + 2 khi = > —1
o Loi gidi.
Ta c6

o f(—1)=—-m+2.
o lim f(x)=-m+2.

$_>(_1)+
2 2 1 2 2 -1
e lim f(zr)= Ilim w—zi: lim w: lim vt =—.
(1)~ es(-1)~ w*—1 e~ (@—=1)(x+1) oy~ z—1 2
’ -1 5
Ham s6 lien tuc taiz = —-1< f(-1)= lim f(x)= lm f(x)e-m+2=—<m=_. O
a—(—1)t z—(—1)" 2 2
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Chuong 3. Gi6i han. Ham sé lién tuc

Biét lam, Iam dung, Idm nhanh

Bdi 25 (TH). Tim m dé ham s6 f (z) =

y J/ J J

2 — 16
khi 4 .
T — "= lién tuc tai diem x = 4.

mx—+1 khix <4

® Loi gidi.
Taco lim f(z)=f(4)=4m+1; lim f(z)= lim 16 = lim (z+4)=28.
x—4- " r—at a4t T —4 z—4t
Ham s6 lién tuc tai diem 2 =4 < lim f(z) = lim f(z)=f(4) < dm+1=8<m = T O
T—4~ x—4+ 4
-z -2
Bai 26 (TH). Tim m dé ham sb f(z) = z+1 khiz > =1 lien tuc tai z = —1.

o Loi gidi.
Tap xac dinh 9 =

R.

e f(—1) = —m —2m?

mx —2m? khi z < —1

e lim f(z)= lim (max—2m?) =—m —2m2.
rz——1" Tz——1"
P—x—2 1)(x —2
e lim f(z)= Ilim S —(x—i- )z -2) = lim (x—2)=-3.
z——17F z—»-1+  x+1 z——17F x+1 a——17F
Ham s6 lien tuc tai = —1 khi va chi khi lim f(z) = lim f(z)= f(-1)
z——1" z——17F
m=1
s-m-2m?’=-3s2m’+m-3=0& 3.
3 S
Vay céc gia tri cia m la m € {1; —5} . O
y v / Vi—e-Vite oo
Bai 27 (VD). Tim gia tri cia m de ham so f (z) = 1.2, lién tuc tai z = 07
m + khi >0
1+
® Loi gidi.
Ta c6
1—2 Vi—-xz—+1+=x -2z
li — 1 < +—>: 10 — i — 1 -
S S (@)=l \m oy ) = mel lim f (@) x;%l( . ) R VY
—2
lim = —
z—0- (\/1 —z+V1+x)
f(0)=m+1.
Dé ham lién tuc tai =0 thi lim f(z) = lim f(z)=f0)&m+1=—-1=m= 2. O
z—0t x—0~
vV -2
VEIFS 2005 (2> 1) 7
Bai 28 (TH). Cho ham s6 f (z) = z—1 ) . Tim tat c& cac gia tri clia tham s6 thuc m de ham
m2+m+1 khi (z <1)
sO f (x) lien tuc tai z = 17
® Loi gidi.
vr+3-—2 1 1 1
Ta co li =lm — = lm ———=—; f(1) = li =m? -.
T I T T e T IO A S mmemey
, ) 1 1 m = —1
Dé ham s6 f () lien tuc tai z = 1 thi m> 4+ m+ - = = &< : O
4 4 m=20
2x +a khi 2 <1
Bai 29 (TH). Tim a dé ham s6 f (z) = ¢ 23 — 22 422 — 2 lien tuc trén R?
khi x >1

® Loi gidi.

r—1

Khi z <1 thi f (z) = 2z + a 1a ham da thic nén lién tuc trén khoéng (—oo; 1).

Khi z > 1 thi f (z)

_333—362—1—235—2
N r—1

1&4 ham phan thic hitu ti xac dinh trén khoéng (1; 400) nén lién tuc trén

o
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3. Ham sb lién tuc Biét lam, lam ddng, [am nhanh

y J/ J J

khoang (1; 4+00).
Xét tinh lien tuc ctia ham s6 tai diéem = = 1, ta c6

+ f(1)=2+a.
+ lim f(z)= lim (2r+4+a)=2+a.
rz—1- r—1- 5 ) ) 9 5
— 20 — 92 _
folm f)— fm ST, @oDEIEY) (22 +2) = 3.
z— 1t z— 1t r—1 z— 1t z—1 z— 1t
Ham s6 f (z) lien tuc trén R < ham s f (z) lien tuc tai z = 1.
lim f(z)= lim f(z)=f(1)—>2a+1=3—a=1 O
z—1- z—1t
22 +4x+3 .
s - . 24 2 —— khiz > -1 s
Bai 30 (TH). Tim m dé ham s6 f(x) = x+1 lién tuc tai diem z = —1.
mx + 2 khi x < —1
® Loi gidi.
244 1
Taco lim f(r)= Lm S0 E3 g, EEDEFI s
s (~1)F (-1t w+1 e (~1)F r+1 e (~1)F
lim f(x)= lm (mzx+2)=-m+2.
z—(—1)" z—(—1)"

f(=1)=—m+2.

Dé& ham s6 da cho lien tuc tai diém o = —1 thi lim f(z)= lim f(2)=f(-1)&2=-m+2< m=0.
z—(—1)" z—(—1)"
(|

sinmz  khi |z| <1
x+1 khi |z|>1
dung Ham s6 lién tuc trén cac khoadng (—oo; 1) va (1; 4+00).

. Tim céc khoang lién tuc ctia ham s6? Lénh nay gio vo

Bai 31 (VD). Cho ham s6 f (z) = {

® Loi gidi.
Taco lim (x+1)=2va lim sintz=0= lim f(z)# lim f(x) do d6 ham s6 gian doan tai z = 1.
z—1t z—1— z—1t z—1—
Tuong tu lim (x+1)=0va lim sinmz=0
z—(—1)" z—(=1)"
= lim f(z)= lim f(z)= lim f(z)= f(—1) do d6 ham sb lién tuc tai z = —1.
z—(—1)7F z—(—1)" r——1
V6i o # +1 thi ham s6 lién tuc trén tap xac dinh.
Vay ham s6 da cho lien tuc trén cac khodng (—oo;1) va (1;400). O

. . sinz néu cosz >0 o ) . ) .
Bai 32 (TH). Cho ham s6 f(z) = . . Héi ham s0 f c¢6 tat cd bao nhiéu diem gidn doan
1+ cosz neucosz <0

trén khoang (0;2018)7

® Loi gidi.
Vi f 1a ham lugng gidc nén ham s6 f gidn doan khi va chi khi ham s6 f gian doan tai z lam cho cosz =0 & 2 =
1 2018 1 2018 1
nglm (keZ)e (0;2018) & 0 < g+k7r<2018<:>0< §+k< 3 <k< ——5@0§k§641. O
T ™

Bci 33 (TH). Tim m dé ham s6 y = f (z) = lien tyc trén R?

224+ 2/r—2 khix>?2
{59; —5m+m? khiz <2
® Loi gidi.
Tap xéac dinh R.
+ Xét trén (2; +o0) khi d6 f (x) = 2% + 2z — 2.
Vg € (2; +00), xlggo (z0? +2vwo — 2) = af +2v/xo — 2 = f (x0) =ham 6 lien tuc tren (2; +00).
+ Xét trén (—oo; 2) khi d6 f (x) = 52 — 5m +m? 1a ham da thiic lién tuc trén R = ham s6 lién tuc trén (—oo; 2).
+ Xét tai g = 2, ta c6 f(2) = 4.

lim f(z) = lim (2 +2V2z—2) =4; lim f(z) = lim (52 — 5m +m?) = m? — 5m + 10. Dé ham s6 da cho
z—2F z—27F 2~

r—2~
lién tuc trén R thi n6 phai lién tuc tai g = 2.

m =2
& lim f(z)= lim f(z)=f2)em?>-m+10=4 m?-5m+6=0 < . O
z—21 T2~ m=3
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Chuong 3. Gidi han. Ham sé lién tuc Biét Iam, Iam ddng, Iam nhanh

y J/ J J

3r+a—1 khi <0
. Tim tat ci gia tri thuc ciia a dé ham s da cho lién

Bai 34 (VD). Cho hamsé f (z) = q \/T+2z — 1
—— khi >0
T
tuc trén R.
o Loi gidi.
Ham s6 lien tuc tai moi diém x # 0 v6i moi a.
Véix =0, taco f(0)=a —1.
lim f(z) = lim Bz+a—1) =a—1.
z—0~ x—0~
lim f (2) I vV1+2r -1 I 2z I 2 1
im f(z) = lim V—F—— = lim - lm — =
z—0+ z—0+ x w0tz (VI+2041)  a—0t V142041
Ham s6 lién tuc trén R khi va chi khi hAm sé lien tuctaiz =0 a—-1=1<a=2. O
. ) . ) 2g? khi z < 2
Bai 35 (TH). C6 bao nhiéu gia tri thuc ctia tham s6 m dé ham so f (x) = mer 1 =7 lien tuc trén
(1-=m)x khizx>2
R?
o Loi gidi.

Ta c¢6 ham s6 luon lien tuc véi Va # 2.
Taix=2,tacoé lim f(z)= lim (1—-m)z=(1—-—m)2;
z—2+ T—27

lim f(z) = lim (m?z?) =4m?; f(2) = 4m>.
T2~ T2~

Ham s6 lien tuc tai « = 2 khi va chi khi

lim f(z)= lim f(z)=f(2) < 4m?>=(1-m)2 < 4m? +2m —-2=0.(1)
z—21 z—2t

Phuong trinh luén c6 hai nghiém thuc phan biét. Vay c6 hai gié tri cta m.
O

Badi 36. Xét tinh lién tuc clia cac ham sb sau:

b) g(z) = V9 —z?
c) h(z) =cosz + tanz.
® Loi gidi.
a) f(z) 1a ham phan thic nén né lién tuc trén tap xac dinh hay hay lién tuc tréen R\{—2;2}.
b) g(z) 1a ham so cap nén né lien tuc trén tap xac dinh hay lien tuc trén [—3; 3].
c) Ta co:
y = cosx lién tuc trén R.

y = tanz lién tuc trén R\ {g +kmvéi k € Z}.

Do d6, ham s6 h(z) lien tuc tren R\ {g + km v6i k € Z}.

O

Bdi 37. Ban Nam cho riang: “Néu ham s6 y = f(z) lién tuc tai diém xq, con ham s6 y = g(x) khong lien tuc tai
xg, thi ham s6 y = f(z) + g(x) khong lién tuc tai z”. Theo em, ¥ kién ctia ban Nam dung hay sai? Giai thich.
® Loi gidi.

Gid st ham s6 h(z) = f(z) + g(x) 1a ham sb lien tuc tai x.

Khi d6, ham s6 g(x) = h(z) — f(z) la hiéu ctia hai ham s6 lién tuc tai xp nén ham s6 g(x) 1& ham s6 lien tuc tai
7. Diéu ndy mau thudn véi gid thiét 1a g(x) khong lien tuc tai zo.

Vay ¥ kién trén la dang. O

Bai 38. Xét tinh lién tuc ctia méi ham sé sau trén tap xac dinh ciia ham s6 do
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3. Ham s lién tuc Biét lam, lam ddng, [am nhanh

y J/ J J

2x rz—1
_ .2 : _ 42 _
a) f(z) =2* +sinz. b) g(z) =a* — 22 + —— ¢) h(zx) et

® Loi gidi.

a) Ham s6 y = 22 vA ham s6 y = sinx lién tuc trén R nén ham s6 f(z) = 2% + sinx 1a tong clia hai ham s

trén ciing lién tuc trén R.
b) Tap xac dinh ctia ham s6 1a R\ {1}.
Vay ham s6 f(z) lién tuc trén cac khodng (—oo; 1) va (1; +00).
c¢) Tap xac dinh cta ham s6 1a R\ {—4;3}.
Vay ham s6 f(z) lién tuc trén cac khoang (—oo; —4); (-4;3) va (3; +00).

2 +rx+1 néux#4

2a + 1 néu x = 4.

Bdi 39. Cho ham s6 f(x) = {

a) Véi a = 0, xét linh lién tuc ctia ham sb tai » = 4.

b) V6i gia tri ndo ctia a thi ham s6 lién tuc tai = = 4.

c¢) V6i gid tri nao ciia a thi ham s6 lién tuc trén tap xac dinh clia n6?
® Loi gidi.

a) Ham s6 trén 13 ham da thic nén lien tuc trén R.
Taco f(4) =2a+1=1 (doa=0).
lm f(z) =lim (2” + 2+ 1) =4 + 441 =21
T—4 T—4
Vi ilg}l f(x) # f(4) néen ham s6 trén khong lien tuc tai = 4 khi a = 0.

b) Ham s6 trén la ham da thic nén lién tuc tren R.
Ta c6 f(4) =2a+ 1.
lim f(z) = lim (2* + 2+ 1) =4 +4 4+ 1 =2L.
z—4 r—4
Dé ham s6 lién tuc tai o = 4 thi lim f(x)=f(4) ©2a+1=21sa=10.

Vay a = 10 thi ham s6 lién tuc tai z = 4.
c) Tap x4c dinh ctia ham s6 1a R.

®@ THI: z # 4, ham s6 trén 13 ham da thitc nén lién tuc trén R.

©@ TH2: z = 4, ham s6 trén 13 ham hang nén lién tuc trén R.

Vay ham s6 trén lién tuc trén R.

kL SRR
Bai 40. Tim P dé ham s6 y = x—1 lien tuc trén R.
6Pr—3 khiz<1
® Loi gidi.
Ham s6 y = f (z) lién tuc tréen R = y = f (z) lien tuc tai 2 =1 = lim f(z) = lim f(z) = f(1).
) z—1+ z—1-
lim f(z) = lim voArys lim (z—3)=-2.

z—1+ z—1+ r—1 z—1+

lim f(z)= lim (6Px—3)=6P —3.
T—1— T—1"

F(1)=6P—3.
Do do lim f (x) = lir?if(a:):f(l)<:>6P—3:—2<:>P:é. 0
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Chuong 3. Gi6i han. Ham sé lién tuc

Biét lam, Iam dung, Idm nhanh

ar+b+1, khi x >0

acosx +bsinx, khi x <

B&ii 41 (TH). Ham s6 f(z) = {

® Loi gidi.
Khi < 0 thi f (z) = acosz + bsinz lién tuc véi x < 0.
Khi z > 0 thi f ():ax+b+1l1entucvdlm01x>0

Taix =0taco f(0) =
lim f(x)= hm (a :E—i—b—i—l) b+ 1.
z—0t

lim f(x)= hm (acosx + bsinz)= a.
z—0~ z—0~

Dé ham s6 lién tuc tai # = 0 thi lim f(z)= lim f(z) =

z—0t z—0—

3r+1 khiz> -1

Bdi 42 (TH). Cho ham s6 y = .
r+m khiz< -1

y J/ J J

lién tuc trén R khi va chi khi

fO)ea=b+1<a—-b=1. O

, m 1a tham s6. Tim m dé ham s6 lien tuc trén R.

o Loi gidi.
Ta c6 ham s6 lién tyc trén cac khoang (—o00; —1) va (—1; +00).
Xét tinh lien tuc ctia ham sb tai = —1.
Coy(—-1)=-2= lim yva lim y=—-1+m.
1+ i
Dé& ham s6 lien tuc trenRthiy(—l) — lim y= lim yo 2=—1+mem=—1. .
=1+ rz——1"

Bai 43. Xét tinh lién tuc ciia cAc ham s6 sau trén tap xac dinh ctia chiing:

néuz <1

4—2x néux>1.

x2
b) f(a) = {1 *

a) Tap x4c dinh ctia ham s6 da cho la R\ {—2; —3}. Do d6 ham s6 da cho lién tuc trén cac khoang (—oo; —3),

x
W I@ = mr e
o Loi gidi.
(—3;—=2) va (=2, +00);

b) Ham s6 da cho xac dinh tréen R. Véi 2 < 1, ta ¢6 f(z) = 1 + 2% 13 ham da thitc, do d6 lién tuc trén khoang

(—o0;1). V6ix > 1, ta ¢6 f(x) = 4 —z cing la ham da thic, do d6 lien tuc trén khodng (

ta co

® lim f(z) = lim (1+2%)=2.

=1~ z—1—
1 =1 4—x)=3.
@ S = Jip 4=

1;400). Tai x =1,

Vi lim+ f(z) # lim f(x) do d6 ham s6 da cho khong lién tuc tai x = 1. Vay ham s6 da cho lién tuc trén
z—1 Tz—1~

cac khoang (—oo;1) va (1;+00).

Bdi 44. Tim gia tri ctia tham s6 m dé ham s6

néuz >0

—z4+m néuz<0

Fa) = {sinx

lién tuc trén R.

® Loi gidi.

Ham s6 da cho lién tuc trén cdc khodng (—oc;0)
Xét tai x = 0.

Ta c6

®@ f(0) =sin0=0.
®@ lim f(z)= lim sinz =0.

xz—0t z—0t
® lim f(z)= lim (—xz+m)=m.
z—0~ z—0~

va (0; +00).

o
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3. Ham s lién tuc Biét lam, lam ddng, [am nhanh

y J/ J J
U]

Ham s6 da cho lien tuc trén R khi va chi khi f(0) = 11%1+ flz) = li%l F(z) & m=0.
T z—0—
z2—4 .
Bai 45. Cho ham s6 f(x) = Py khi o # —2

.Tim a dé ham s6 y = f(z) lien tuc trén R.
® Loi gidi.
Véi xp € (—o0; —2) U (—2; 4+00), ta co:

l‘2—

4 2
f(z) = ) 1& ham s6 lién tuc trén zg € (—oo; —2)U(—2; 400) nén f(z) lién tuc trén (—oo; —2)U(—2; +00).
x

Do dé6, dé ham s6 lien tuc trén R khi va chi khi ham s6 lién tuc tai o = —2, ta c6

f(=2) = a;
] ooz —4 . (2 +2)(z—2) )

Do d6, dé ham s6 lién tuc tai zg = —2 thi a = 0.

O]
Gia mé ctia (0,5 km dau) | Gia cuée cac km tiép theo dén 30 km
10 000 dong 13 500 dong

Bai 46. Mot bang gia cude taxi duge cho nhu sau:

a) Viét cong thitc ham s6 mo ta s6 tién khach phai tra theo quang dudng di chuyén.
b) Xét tinh lien tuc clia ham s6 & cau a.
® Loi gidi.
a) Goi  1a quang duong di chuyén, f(x) la gia tién tinh theo quang dudng.
® 0<x<0,5, taco f(z) =10000 dong.
@ 0,5 < < 30, f(x) = 10000 + 13500(z — 0,5) déng.
@ x> 30, f(z) = 408250 + 11000(x — 30) dong.
10000 néu0<z<05

Vay f(x) = { 10000 + 13500(z — 0,5) néu 0,5 <z < 30

408250 + 11000( — 30) néu & > 30.
b) Ham s6 f(z) lién tuc trén cac khoang (0;0,5), (0,5;30) va (30; +00).
Tai & = 0,5, ta c6 £(0,5) = 10000, lim _f(x) = 10000, lim f(x) = 10000.
z—0,5 z—0,5~

Vi f(0,5) = lim f(x)= lim f(x), dodé f(x) lién tuc tai z =0,5.
z—0,5F z—0,5~
Tai x = 30, ta c6 f(30) = 408250, lim f(z)=408250, lim f(x) = 408250.
z—30~ x—301
Vi f(30) = lim f(z)= lim f(x), do dof(zx) lién tuc tai z = 30.
z—30~ z—30t
Vay f(x) lién tuc trén khoang (0; +00). O
Bdi 47. Mot bai dau xe 6 to dua ra gia C(z) (dong) khi thoi gian dau xe 1a z (gid) nhu sau:
60000 khi O<ax <2

C(xz) = ¢ 100000 khi 2<x<4
200000 khi 4 <z <24,

Xét tinh lién tuc ciia ham s6 C(x).

® Loi gidi.

Tap xéac dinh D = (0; 24]
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Chuong 3. Gidi han. Ham sé lién tuc Biét Iam, Iam ddng, Iam nhanh

Khi 0 < z < 2 thi C(z) = 60000 1a ham da thic lién tuc tréen R nén C(z) lién tuc trén (0;2).
Khi 2 < x < 4 thi C(z) = 100000 la ham da thic lién tuc trén R nén C(x) lién tuc trén (2;4).
Khi 4 < x <24 thi C(z) = 200000 la ham da thic lién tuc trén R nén C(z) lién tuc trén (4;24].

Khi 7 = 2, ta ¢6

£(2) = 60000;

lim f(x) = lim 60000 = 60000;
r—2~ r—2~

lim f(z) = lim 100000 = 100000.
z—21 z—2t

Do d6 ham s6 khong c6 gidi han tai 2 nén khong lién tuc tai 2.
Khi x¢g = 4, ta c6

£(4) = 100000;
lim f(z)= lim 100000 = 100000;

r—4- r—4-
lim f(z) = lim 200000 = 200000.
z—4t z—4+

Do d6 ham s6 khong c6 gidi han tai 4 nén khong lién tuc tai 4.

Vay ham s6 lien tuc trén (0;24]\{2;4}

Bai 48. Lyc hap dan do Trai Dat tic dung lén mot don vi khéi lugng & khodng cach r tinh tit tam clia né 1a

M
GRgr khi 0 <r < R
F(r) =
Mg
.

trong d6 M 1a khéi lugng, R 1a ban kinh ctia Trai Dat, G 1a hang s6 hap dan. Ham s6 F(r) c¢6 lién tuc trén
(0; +00) khong?
® Loi gidi.

GMr

Khi 0 <r < R th F(r) = ~=g

la ham da thic lién tuc trén R nén F(r) lién tuc trén (0; R).

GM
Khi R <7 thi F(r) = —~ 1a ham phan thic lien tuc trén R\{0} nén F(r) lién tuc trén (R; +00).
T

Tai r = R, ta co:

GM

F(R) = —5
GMr GM
lim F(r) = lim —— = ——;
Jm Fr) = lim —p= = s
. . GM GM
Jm B = =5 = e

Do d6, ham s6 lien tuc tai R.

Vay ham s6 lien tuc trén (0; +00).

y J/ J J

o
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3. Ham s lién tuc Biét lam, lam ddng, [am nhanh

yV J J J
Bai 49.
Hinh bén canh biéu thi do cao h (m) ctia mot qua béng duge da len thai gian t (s), h(m)
trong d6 h(t) = —2t? + 8t. 8 - ---
a) Chiing t6 ham s6 h(t) lien tuc trén tap xac dinh. :
b) Duya va do thi hay xac dinh %m% (—2t% + 8t). i
— ) :
o) ; \ t(s)

® Loi gidi.
a) Ham s6 trén 13 ham da thic nén lien tuc trén R.

b) Dua vao dd thi ta c6 lim (—2¢* + 8t) = 8.
t—2

Bai 50. Mot hang taxi dua ra gia cude T'(z) (dong) khi quang duong x (km) cho loai xe 4 chd nhu sau:

10000 khi 0<2<0.7
T(x) =< 10000+ (z —0,7).14000 khi 0,7 <z <20
280200 + (z — 20).12000 khi = > 20

Xét tinh lien tuc ctia ham s6 T'(x).
® Loi gidi.
Khi 0 < z < 0,7, T(x) = 1000 1a ham s6 da thic lién tuc trén R nén 7'(z) lién tuc trén (0;0,7).

Khi 0,7 < z < 20, T'(x) = 10000 + (x — 0,7).14000 1& ham s6 da thic lién tuc trén R nén 7'(z) lién tuc trén
(0,7;20).

Khi 20 < z, T(z) = 280200 + (z — 20).12000 1& ham s6 da thic liéen tuc trén R nén 7'(z) lien tuc trén
(20; 400).

Tai x =0,7. Ta c6

£(0,7) = 10000;
lim f(z)= lim 10000 = 10000;

z—0,71 —0,7F
lim f(z)= lim [10000 + (z — 0,7).14000] = 10000 + (0,7 — 0,7).14000 = 10000.
z—0,7~ z—0,7~

Do d6, T'(x) lién tuc tai x = 0,7.
Tai x = 20. Ta cé:

£(20) = 280200;
lim f(z)= lim [10000 + (z — 0,7).14000] = 280200;

z—201 z—0,71
lim f(z) = lim [280200 + (z — 20).12000] = 280200 + (20 — 20).12000 = 280200,
rz—0,7— rz—0,7~

Do d6, T'(x) lién tuc tai z = 0,7.
Tu nhiing diéu trén, T'(z) lien tuc trén R.

O
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Chuong 3. Gi6i han. Ham sé lién tuc Biét Iam, Iam ddng, Iam nhanh

y J/ J J

E® Baitap tréc nghiém

CaAu 49. Cho ham s6 y = f () lién tuc trén (a;b). Didu kién can va di dé ham s6 lién tuc trén [a; b] 12

B) lim f(r) = f (a) va I f (2) = (). I ()= J (@) va lim f(2) = 1 ().
© Jim f ()= f(a) va lim f (@)= f () © Jim f ()= f(a) va lim f (@)= f b)
® Loi gidi.
Theo dinh nghia ham s6 lién tuc trén doan [a; b]. Chon lim+ f(x)=f(a)va lirlr)li f(x) = f(b).
Chon dap an @ O
Cdu 50. Cho do thi ctia ham s6 y = f (x) nhu hinh vé sau:
Y
f(x)
O x

Chon ménh dé ding.
@ Ham s6 y = f (z) ¢6 dao ham tai diém 2 = 0 nhung khong lién tuc tai diém z = 0.
Ham s6 y = f (z)lién tuc tai diém 2 = 0 nhung khong c6 dao ham tai diém z = 0.
©H§1m s6 y = f(z) lien tuc va c6 dao ham tai diém z = 0.
@ Ham s6 y = f ()
o Loi gidi.
Do thi 1a mot dudng lién nét, nhung bi “giy” tai diém x = 0 nén né6 lién tuc tai diém = = 0 nhung khong c6 dao
ham tai diém z = 0.

Chon dap an Ol

Cadu 51. Hinh nao trong cac hinh dudi day 14 do thi clia ham s6 khong lién tuc tai z = 17
y .

x) khong lién tuc va khéng c6 dao ham tai diém z = 0.

3 =2 -1 o] 1 2 3 =

y.
4
]
3
Yx ]
4 2
F@)N\3| 1 f(@)
9 [ 1 o] 1| 27 37 47 %
.
@—3—2—10 1 253 = ®
o Loi gidi.
Vi lim y # lim y nén ham s6 khong lién tuc tai x = 1. U
z—1+ r—1—
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3. Ham s lién tuc Biét lam, lam ddng, [am nhanh

y J/ J J

1— 3
- 2 Jkhiz <1 £
Cau52. Chohamsoy=<¢ 1— b . Hay chon két luan ding
1 ,khl rx>1
@ y lién tuc phai tai z = 1. y lién tuc tai z = 1.
@ y lién tuc trai tai x = 1. @ y lién tuc trén R.
o Loi gidi.
Tacoy(l) =1
1—23 1—2)(1+z+2?
Tacoé lim y=1; lim y= lim Y — lim ( )( ): lim (1+:1c+:c2):4.
z—1+ T—1- z=1- 1—x zo1- 1—=z z—1-
Nhan thay lim+ y =1y (1), suy ra y lién tuc phai tai x = 1.
z—1
Chon dap an @ O

Cadu 53. Trong ciac ham sb sau, ham s6 nao lién tuc trén R?
20 — 1
®y=x3—x. yzcotx. ©y= z T @yz x? —1.
x —
® Loi gidi.
Viy = 23 — 2 1a da thiic nén lién tuc trén R.
Chon dap an @ O
Cdu 54. Trong ciac ham sb sau, ham s6 nao lien tuc trén R?
x + 3 T+5
@f(x)ztana:-l—& f — ©f(a:):\/a:—6. @f(yc):—

2 +4
® Loi gidi.

. 5 ) 5
Ham so f (z) = ;2-:_ 1 la ham phan thic hitu ti va ¢6 tap xéc dinh 1a 2 = R do d6 ham so f (x) = ;2—-:_4 liéen
tuc trén R.
Chon dap an @ O

Cdu 55. Cho ham s6 y = { —eta + dkhiz > 2. Chon ménh dé sai trong cac ménh dé sau:
5x +2 khixz <2

(A) Ham s6 lien tuc tai 2o = 1.

(B) Ham sb lien tyc trén R.

©Ham s6 lien tuc trén cac khodng (—oo; 2), (2; +00).

@ Ham s6 gidn doan tai zg = 2.
® Loi gidi.
+ Véi > 2, taco f(z) = —22 + 2 + 3 1a ham da thitc = ham s6 f (z) lién tuc trén khoang (2; +00).
+ Véi x < 2, ta ¢6 f (z) = 5x + 2 1a ham da thic = ham s6 f (z) lién tuc trén khodng (—oo; 2).

+ Tai z = 2.
lim f(z) = lim (—2z*4+2+3) =1 lim f(z) = lim bz +2) =12 = lim f(z) # lim f(z). Do d6 khong
z—2+1 z—2+1 =927 T2~ z—2+ T2~

ton tai liné f (z). Vay ham s6 gian doan tai o = 2 hay Ham s6 khong lien tuc trén R.
T—

Chon dap an O

Cadu 56. Ham sb nao sau day lién tuc trén R?

4 2 2
_ 2 _ jat—dx — 4z
@) f (@) = Va. Bf@=a'-1?  Of@=\"7r7 ©r@ —Hl.
® Loi gidi.
Vi ham s6 f (z) = 2* — 422 c6 dang da thiic véi 2 = R nén ham s6 nay lien tuc tren R
Chon dap an (B) O
iy YA

Cau 57. Tim tat ci cac gia tri thyc clia m dé ham s6 f(z) = T lien tuc trén R.
Vaz4+1l—m khi x <0
3 1 1
@mza mzé. @m:—Q. @mz—i

@ Loi gidi.
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Chuong 3. Gi6i han. Ham sé lién tuc Biét Iam, Iam ddng, Iam nhanh

y J/ J J

ViFi—1
Khiz > 0, ta c6 f(z) = Y212

T

Khi z < 0, ta c6 f(z) = Va? + 1 —m lién tuc trén khoang (—o0;0).

Ham s6 lién tuc trén R khi va chi khi ham s6 lién tuc tai 2 = 0.
ve+1-1 1 1 1

Taco lim f(z)= llm —m—— = lim ———— = —.
z—0+ f( ) z—0* x z—=0t Jr+1+1 2

£ 1
lim f(z) = li%l (\/ac2+1—m)=1—m=f(0).Dodéhémséliéntuctaixzokhivéchikhi§=1—m<:>
x—0~

z—0~

lien tuc trén khoang (0; +00).

1
m=—.

2
Chon dap an O

2
-1
- ? T i a4 .
Cdu 58. Tim tat ca cac gia tri thuc cia tham s6 m dé ham s6 f (z) = x—4 lien tuc trén
mr+1 khi z<4

R

@szhoacmz—Zz. mzzz. @mz—;i. @m:—Shoacm:Zz.
® Loi gidi.
2 _
*) V6i x > 4 thi f(x) = e — la ham phan thic nén lién tuc trén tap xac dinh cia né = f (x) lién tuc trén
(4; +00).
*) V6i < 4 thi f (z) = mz + 1 1a ham da thic nén lién tuc trén R = f (z) lién tuc trén (—oo;4).
Do vay ham s6 f (z) da lién tuc trén cac khoang (4; +00), (—00;4).
Suy ra ham s6 f (z) lién tuc tren R khi va chi khi f () lién tuc tai z = 4.Do d6
2
-1
lim f(x)= lim f(z)=f(4) & lim i 0 _ lim (mz+1)=4m+1< lim (r+4) =4m+1 < 4dm+1=
z—4t T4~ z—4+t

T —4 T4~ T4t

7

Chon dap an Ol

a® +ax +bkhiz < -5
Cdau 59. Néu ham s6 f(x) =< x+17  khi —5 <2 <10 lién tuc trén R thi a + b bang
ar + b+ 10 khiz > 10
(A) —1. (B)o. ©1 D) 2.
® Loi gidi.
Véi © < —5 ta c6 f(x) = 22 + ax + b, 1a ham da thiic nén lién tuc trén (—oo; —5).
V6i —5 <z < 10 ta ¢6 f (z) =  + 7, la ham da thic nén lién tuc trén (—5;10).
Véi x > 10 ta c6 f (z) = ax + b+ 10, la ham da thic nén lién tuc trén (10; 4-00).
Dé ham s6 lien tuc trén R thi ham s phai lien tuc tai = —5 va = = 10.
Ta c6
£ (=5) = 12;f (10) = 17.
lim f(z)= lim (2?+az+b) =—ba+b+25.
T——5~ T——5~
lim f(x) = zBH})‘F (x4+17) = 12. lim f(z) = lim (x+17) = 27. lim f(z) = lim (ax+b+10) =

z——5* z—10~ z—10~ r—107F z—10t1

10a + b+ 10. Ham s6 lién tuc tai z = —5 v x = 10 khi

5a 4+ b+ 25 =12 —ba+b=-13 a=2
& =a+b=-1.
10a + b+ 10 = 27 10a +b =17 b=-3
Chondépén@ Ol
2 Dang 5. Bdi todn c6 chira tham sé

I®» Vidumaéau

z+1néuz#3 , . )
. Tim a dé ham s6 f(x) lién tuc trén R.

Vi du 19 (Cdanh Diéu). Cho ham sb f(z) = {

anéuz=3
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468
3. Ham s lién tuc Bi&t Iam, Iam ddng, 1dm nhanh

y J/ J J

® Loi gidi.
Do f(z) =z + 1 néu = # 3 nén ham s6 d6 lien tuc trén mdi khodng (—o0;3) va (3; +00).
Véi z = 3 thi £(3) = a.
Ta c6 lim f(z) =lim(z+1)=3+1=4.
T—3 T—3

Vay ham s6 f(z) lien tuc trén R khi ham s f(z) lién tuc tai diém = = 3 khi va chi khi

lim f(z) = f3) =4 < a=4.

z—3
U
- . r+1 néux#3 , .
Vidu 20. Cho ham s6 f(x) = ) . Tim a dé ham s6 f(z) lién tuc trén R.
a neu x =3
® Loi gidi.
Do f(x) =z + 1 néu = # 3 nén ham s6 d6 lién tuc trén méi khodng (—oo; 3) va (3; +00).
Véi x = 3 thi f(3) = a.
Ta c6 lim f(z) =lim(z+1)=3+1=4.
z—3 z—3 )
Vay ham s6 f(z) lien tuc trén R khi ham s6 f(z) lién tuc tai diém z = 3 khi va chi khi
lim f(z) = f3) =4 < a=4.
z—3
U
Vidu 21. Tim gia tri ctia tham s6 m dé ham so
sin x néuz >0
fz) = .
—z+m neuzxz <0
lién tuc trén R.
® Loi gidi.
Ham s6 da cho lién tuc trén cac khodng (—oo;0) va (0; +00).
Xét tai x = 0.
Ta c6
@ £(0) =sin0=0.
® lim f(z) = lim sinxz =0.
z—0t+ z—0t+
® lim f(z)= lim (—xz+m)=m.
z—0~ z—0~
Ham s6 da cho lién tuc trén R khi va chi khi f(0) = lim f(z) = lim f(z) < m =0. O
x—07F z—0~
P Bai tap rén luyén
~ . £ 2 Z 1
Bai 51. Tim gia tri ctia tham s6 m dé ham s f(x) = v lien tuc trén khoang (1;2).
® Loi gidi.
Tap xac dinh 2 =R\ {m}.
Ham s6 f(x) 1a ham phan thitc hitu ty nén ham sb lién tuc trén (—oo;m) va (m; +00).
Vay dé ham s6 f(x) lien tuc trén khoang (1;2) thi
(1;2) € (=oo;m) |m =2
=
(1;2) C (m;+00) m <1
O]
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. o ) ) T+2 neuzr#2
Bai 52. Tim gié tri cia tham s6 a sao cho ham s f(x) = ) 5 lien tuc trén R.
a néu r =

D Loi gidi.
Tap xac dinh ¥ = R.
Vé6i x # 2, f(z) = x + 2 la ham da thiic nén ham s6 f(z) lién truc trén (—oo;2) va (2; +00).
Vay dé ham s6 f(x) lien tuc trén R thi ham s6 f(z) can lién tuc tai x = 2, didu nay tuong duong véi
lim f(x) = f(2) & lin12(:v+2):a(:>2+2:a<:>a:4.
T—

r—2

Bdi 53. Tim céc gia tri nguyén ciia tham s6 m dé ham s6 f(x) = /9 — 22 lién tuc trén khodng (m;2m + 1).

® Loi gidi.
Ham s f(z) = v/9 — 22 12 ham s6 can thic nén ham s6 f(x) lien tuc trén tap xac dinh 2 = [-3;3].
Suy ra ham s6 f(z) = v9 — 22 lien tuc trén khoang (m;2m + 1) khi va chi khi

m > —3

(m;2m+1) C [-3;3] & - & -3>m< 1.
2m+1<3

Vay c¢6 5 gi tri nguyén ctia tham s6 m thod man yéu cau bai toan.
2%+ 5z — 6

Bdi 54. Tim m dé f(z) = 6+
vmr+4+mz—5 khiz=-6

khi —6
iz lién tuc tai xg = —6.
® Loi gidi.
2 _ _
Ta c6 lim f(z) = lim v Aor =6 lim w: lim (z—-1)=—-6—-1=-T.

z——6 z——6 6+ T 2526 6+ x z——6
Mat khac f(—6) = v/—6m + 4 — 6m — 5 nén ham s6 lién tuc tai g = 6 tuong duong vdi

Jim f(z) = f(=6)
& V—bm+4—6m—5=-T7
& V/—6bm+4=06m—2
6m—22>0
{—6m—|—4:36m2—24m+4

1 N .
Vay m = 3 thdéa méan yéu cau bai toan.

23+ 222 —5x —6

3 khi z # 2
Bdi 55. Tim a dé ham s6 f(x) = ) r2 — 4z lien tuc tai z¢ = 2.
® Loi gidi.
1
© f(2) = g(a+2).
23+ 222 — 5x — 6 (x — 2)(2® + 42 + 3) 2 +4x+3 15
li = li =i = lim ————— = —.
® ml—%f(x) ps 3 — 4 s z(z —2)(z+2) b x(z+2) 8

£ 1 1
Ham s0 lién tuc tai zp =2 < f(2) = liI%f(x) & -(a+2)= §5 & a=13.
T—

Chuong 3. Gidi han. Ham sé lién tuc Biét Iam, Iam ddng, Iam nhanh

y J/ J J

o

8
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3. Ham s lién tuc Biét lam, lam ddng, [am nhanh

y J J J
E® Bai tap trdc nghiém

Cau 60. Tat ci gia tri ciia tham s6 m dé ham sé f(x) = vz — 1 lién tuc trén khodng (m;m + 2) 1a
(A)m > 1. B)m > 1. ©m>-1. D) m > 1.

® L5i gidi.

Ham s6 f(z) = v/x — 1 13 ham s6 dang cin thiic nén ham s6 f(z) lién tuc trén tap xac dinh 2 = [1; +00).

Vay ham s6 f(z) = vz — 1 lién tuc trén khodng (m;m + 2) khi va chi khi

(m;m+2) C [1;400) & m > 1.

Chon dép én@ O
20 —2 khix #3

. (m 1a tham s6). Tim gid tri thuc ctia tham s6 m dé ham s6 da
2m khiz =3

Cdu 61. Cho ham s6 f(z) = {

cho lién tuc tai x¢ = 3.
@m:4. m:2. ©m:3. @mzl.
® Loi gidi.
Tap xac dinh ¥ = R.
Ta ¢6 il_)H}q’f({l:) = il_}r% (2r — 2) = 4, f(3) = 2m. D& ham s6 lién tuc tai zg = 3 thi il_r)%f(as) =fB3)ed4=2m<
m = 2.

Chon dap an O

- . ar+5 khiz>2 / .
Cdu 62. Ham so f(x) = ] lien tuc trén R néu a bang
5 khi x < 2

op (®)3. © -1 @

® L3i gidi.
Ham s6 da cho lién tuc trén (2;4+00) vd (—o0;2), tit d6 suy ra ham s6 lien tuc trén R néu né lien tuc tai x = 2.
Ta co li = i 5) =2 5; i = 1li 3x —1) =5.

20 Ip sle) = Mg lew ko) =205 Ry J@) = By Gl
Tit d6 suy ra ham s6 lién tuc trén R néu 2a +5 =5 = a = 0.
Chon dap an @ O
x+2 néuz<a

. Gi4 tri clia a dé ham s6 f(x) lién tuc tréen R

Cdu 63. Cho s6 thyc a va ham s6 f(x) = .
2x—1 néuz>a

la
(A)o. ® 1 (©)2. D) 3.
® Loi gidi.
Ham s6 c6 dang da thiic trén cac khoang (—oo;a) va (a; +00) nén ham s6 f(z) hién nhién lien tuc trén (—oo;a)
va (a;+00).
Vay ham s6 f(z) lien tuc trén R khi va chi khi ham s6 lién tuc tai x = a, diéu nay tuong duong véi

lim f(z)= lim f(z)=f(a)©a+2=2a—1a=3.

r—a™t T—a~
Chon dap an @ O

224+ m khiz>2

a1 ki 5 (m 1a tham s6). Tim gia tri thuc ctia tham s6 m dé ham s6 da
T — iz <

Cdu 64. Cho ham sb f(z) = {

cho lién tuc tai zg = 2.

@m:Q. m=1. ©m=0. @sz.
® Loi gidi.
Xét tinh lién tuc tai xg = 2:
Taco lim f(z)= lim (z*+m)=4+m=f(2) va lim f(z)= lim 3z —1)=5.
x—27F x—271 T2~ x—2~

Khi d6 ham s6 da cho lién tuc tai g = 2 khi va chi khi

lirgrf(a?): lim f(z)=f2)©4-m=5&m=1.

T—2~

Chon dap an O
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Chuong 3. Gi6i han. Ham sé lién tuc Biét Iam, Iam ddng, Iam nhanh

y J/ J J

32+b khiz<-—1 .
T ETS 7L jan fue tren R. Khi d6 gid tri clia a — b bing
z4+a khiz> -1

@A) 1. 1. ©)2. D) -2.

Cdu 65. Biét ham s6 y = f(z) = {

o Loi gidi.
Taco lim f(xr)= lim (x4+a)=a—1va lim f(z)= lim (3x+0b)=0b-3.
rz——11 rz——11 T——1— T——1—
Viham sbé lien tuc tren Rnéntac6a—1=b—3 < a—b = —2.
Chon dép an @ O

3,2 .
- . +a° 4+ 7 kh -1
Cadu 66. Cho ham so f(z) = Ty lx#
2r+m —1khiz=-1

(A)m =12, (B)m=3s. (C©)m = —10. (D) m = 10.
® Ldi gidi.
Ta ¢6 liml(:n3 +224+7)=7va f(-1)=m 3.
T—r—

. Tim m dé ham sb6 lien tuc tai diém zg = —1.

Dé ham sb lién tuc tai diém z¢g = —1 thi m — 3 =7 < m = 10.
Chon dap an @ O
3_ .2
——— khiz>1
- ) x — ) )
Cdu 67. Cho ham so y = f(z) = ¢, Khi 2 — 1- Biét ham so f(z) lien tuc tai zo = 1. Gia tri ctia m, n

mx+1 khiz<l1

la
@n:1,m:0. nzO,mzl. @nzmzl. @nz—l,mz().

® Loi giéi.
Ta c6
3,2
@ lim f(z)= lim ror lim 22 =1;
z—1t z—1t x—1 z—1t

® lim f(z) = lim (mx+1) =m+ 1;

z—1- =1~

@ f(1)=n.

Do ham s6 f(z) lién tuc tai = 1 nén ta c6 111{1 flx) = lir§1+f(1:):f(1)<:>m+1:1:n.
z—1— r—
Suyran=1,m=0.
Chon dap én@ O
41—z
————— khiz#4
CdAu 68. Tim gia tri ciia m dé ham s6 f(r) = Vo +5—3 7 lien tuc tai = = 4.
1—m khi x =4

@mz?. m:0. ©m22. @m:—5.

® Loi gidi.
- 4—x . (4—2)(Va+5+3) ,
Taco%lg}l z+5—3_9£1—r81 po— ——ilg}l(\/a:—l—5+3)——6.
Dé ham sé lien tuc tai z =4 thi - 6=1-mem="1.
Chon dép én@ O
ar? — br + 4 )

- . . e ————— khix#1 R o

Cdu 69. Cho céac tham so a, b thod man ham so f(x) = x—1 lién tuc trén R. Gia tri ctia
3 khiz =1

biéu thic P =a+b la

(A) 27. (B) 28. (C©)29. (D) 30.
® Loi gidi.
Do ham s6 f(z) lien tuc trén R nén ham s6 f(z) lien tuc tai z = 1, diéu nay tuong duong véi

o ar?—br+4 . a—b+14 a—b+4=0 a="17
im — =3« limlar+a—-b+ — ) =3 & &
z—1 r—1 r—1 rz—1 20 —b=3 b=11.
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3. Ham s lién tuc Bi&t Iam, Iam ddng, 1dm nhanh

y J/ J J
Vay a + b = 28.
Chon dap an O

& Dang 6. Todn thuc té, lién mon vé ham sé lién tuc

D vidu

Vidu 22.
Hinh bén canh biéu thi do cao h (m) ctia mot qua béng duge da len thai gian t (s), h(m)
trong d6 h(t) = —2t? + 8t. N

a) Chiing t6 ham s6 h(t) lien tuc trén tap xac dinh.

b) Duya va do thi hay xac dinh lim (—2¢* + 8t).
t—2

N 4 — — — — — — — — — — — - - -~~~

® Loi gidi.
a) Ham s6 trén 13 ham da thic nén lien tuc trén R.

b) Dua vao do thi ta co lim (—-2t% +8t) = 8.

—2

Vidu 23. Mot bai dau xe 0-t6 dua ra gia C(z) (dong) khi thoi gian dau xe 1a x (gid) nhu sau:

60.000  khi0<az <2
C(z) =14100.000 khi2<z<4
200.000  khi4 <z < 24.

Xét tinh lien tuc ctia ham s6 C(xz).
® Loi gidi.

® Ham s6 C(z) 1a ham hang trén ting khoang (0;2), (2;4), (4;6) nen lien tuc trén ting khoang do.

lim C(x) = 60.000

@ Tacs{ “72 = khong ton tai lim C(z), vay C(z) khong lien tuc tai xg = 2.
lim C(z) = 100.000 z—2
z—21
lim C(x) = 100.000

® Tacs{ “7* = khong ton tai lim C(z), vay C(z) khong lién tuc tai zo = 4.
lim C(z) = 200.000 =4

z—4+
Vay ham s6 C(z) lién tuc trén ting khodng (0;2), (2;4), (4;6). O
Vidu 24. Liyc hap dan do Trai Dat tac dung lén mot don vi khdi Iugng 6 khodng cach r tinh tit tam ciia né 1a

Gégr khi0<r <R ’ / o
F(r)= aM , trong d6 M 1a khoi lugng, R 1a ban kinh ctia Trai Dat, G 1a hing s6 hap dan.
2 khir > R
Ham s6 F(r) c6 lien tuc trén (0; +00) khong?

o Li gidi.

GMr
R3

472/764 ' Bi Todn 11 theo chuong trinh GDPT201Em
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Chuong 3. Gi6i han. Ham sé lién tuc Biét Iam, Iam ddng, Iam nhanh

y J/ J J
. M
© V6i moi r € (R; +00), ham s6 F(r) = —5— luon xéc dinh nén lien tuc tai do.
T
GMr GM
| F(r)= 1 = —
ARSI e TR
® Taco ¢ lim F(r)= lim GM _ GM nén ham s6 F(r) lien tuc tai r = R.
z—R* e—R+ T2 R?
GM
PR =
Vay ham s6 F(r) lien tuc trén (0; +00). O

Gia md cita (0,5 km dau) | Gia cude cac km tiép theo dén 30 km
10 000 dong 13 500 dong

Vidu 25. Mot bang gia cude taxi dude cho nhu sau:

a) Viét cong thitc ham s6 mo ta s6 tién khach phai tra theo quing dudng di chuyén.
b) Xét tinh lien tuc clia ham s & cau a.
o Loi gidi.
a) Goi x 14 quang dudng di chuyén, f(z) la gia tién tinh theo quiang dudng.
® 0<z<0,5, taco f(x)=10000 dong.
@ 0,5 <z <30, f(z) = 10000 + 13500(z — 0,5) dong.
@ x> 30, f(x) = 408250 + 11000(z — 30) dong.

10000 néu0<z<05
Vay f(x) = < 10000 + 13500(z — 0,5) néu 0,5 <z < 30
408250 + 11000(z — 30) néu z > 30.
b) Ham s f(z) lien tuc trén cac khodng (0;0,5), (0,5;30) va (30; +00).
Toi =05, ta ¢6 f(05) = 10000, lim _f(x) = 10000, lim _f(z)=10000.

Vi f(0,5) = lim f(z)= lim f(x), dodé f(x) lien tuc tai z =0,5.
x—0,5F z—0,5~
Tai z = 30, ta ¢6 £(30) = 408250, lim f(z) = 408250, lim f(z) = 408250.
z—30~ z—30F
Vi f(30) = lim f(x)= lim f(z), do dof(x) lien tuc tai z = 30.
z—30~ z—30F
Vay f(x) lién tuc trén khoang (0; +00). O

& Dang 7. Bai toan phuong trinh c6 nghiém

I®» Vidumaéau
Vidu 26. Chitng minh ring phuong trinh 2° + 2% — 10 = 0 ¢6 nghiém thudc khoang (0;2).
® Loi gidi.
Xét ham s6 f(x) = 2° + 2% — 10 v6i x € R. Ta c6
® Vi f(z) 1a ham sb da thitc nén f(z) lién tuc tren R.

@ f(0)=—-1<0, f(2) =30 > 0. Suy ra f(0)f(2) <0.

Suy ra f(z) = 0 c6 nghiém thudc khoang (0;2). O
Vidu 27. Chitng minh ring phuong trinh 23 — 3z 4+ 1 = 0 ¢6 ding 3 nghiém thyc phan biét.

® Loi gidi.

Ta co

® Ham s6 f(z) = 2% — 3z + 1 ¢6 dang da thitc nén ham s6 f(x) lién tuc trén R.
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3. Ham sb lién tuc Biét lam, lam ddng, [am nhanh

© f(=2) <0, f(=1)>0, f(1) <0, f(2) > 0 nen f(-2)f(=1) <0, f(=1)f(1) <0 va f(1)f(2) <0.
Do d6 ham s6 ¢6 3 nghiem phan biét 1an lugt thuoc céc khoang (—2; —1), (—1,1) va (1;2).
Mat khac ham s6 f(z) 1a da thitc bac 3 nén ¢6 t6i da 3 nghiem thuc.
Vay phuong trinh f(z) = 0 ¢6 ding 3 nghiém thyc phan biét. O

P Bai tap rén luyén

Bdi 56. Chitng minh phuong trinh 423 — 822 + 1 = 0 ¢6 nghiém trong khoang (—1;2).
® Loi gidi.
Dat f(z) = 423 — 822 + 1 va f(x) 1a ham da thiic nén lién tuc trén R, suy ra lién tuc trén [—1;2].

1) =11
Ta c6 {;EZ) )_ ) = f(-1) - f(2)=-11 < 0= Fz9 € (—1;2) : f(x9) =0, nghia la phuong trinh f(z) =0 c6
it nhat mot nghiem trong khoang (—1;2). O
Bdi 57. Chitng minh ring phuong trinh 23 4+ x + 1 = 0 ¢6 it nhat mot nghiem am 16n hon —1.
® Loi gidi.
Diat f(x) = 2° + o+ 1 va f(z) 1a ham da thiic nén lien tuc trén R, suy ra lién tuc trén [—1;0].

—-1)=-1
Ta co {;EO) )_ ) = f(=1)- f(0) = -1 < 0= 3xg € (—1;0) : f(z9) = 0, nghia la phuong trinh f(z) =0 c6 it
nhat mot nghiém trong khoang (—1;0). O
Bai 58. Chitng minh phuong trinh 23 — 3z + 1 = 0 ¢6 ding ba nghiém phan biét .
® Loi gidi.
Diat f(z) = 23 — 3z + 1 va f() 1a ham da thitc nén lién tuc trén R, suy ra ham s6 f(z) lién tuc trén céc doan
[—=2;0], [0;1], [1;2].

9y = 1 )

© Ta co {;EO) )_ L = f(-2)- f(0) = =1 < 0 = Phuong trinh f(x) = 0 ¢6 it nhat mot nghiém thudc
khoang (—2;0). (1)

2 f(o) = 1 N s oz A ~ PN ~ 2
© Ta c6 1) = -1 = f(0)- f(1) = —1 < 0 = Phuong trinh f(x) = 0 c6 it nhat mot nghiém thudc khoang
(0;1). (2)

2 f(l) = _]' N sz A ~ PN ~ 2
© Ta c6 (2) = 3 = f(1)- f(2) = =3 < 0 = Phuong trinh f(z) = 0 ¢6 it nhat mot nghiém thudc khoang
(1;2). (3)

Tu (1), (2), (3), suy ra phuong trinh c6 it nhat ba nghiém phan bigt thuoc cac khoang (—2;0), (0;1), (1;2). Ma
f(z) 1a da thitc bac ba nén phuong trinh f(z) = 0 ¢6 t6i da ba nghiém. Suy ra phuong trinh da cho c6 ding ba
nghiém phan biét.
@© Nhan zét. V6i su hd trg clia chitc ndng Table trong Casio, ta dé dang tim dugc céc khodng (—2;0), (0;1), (1;2)
nhu trén. Cong viéc con lai 1a trinh bay sao cho ding ngon ngi.

0]

B&i 59. Ching minh phuong trinh (1 —m?) 2z — 3z — 1 = 0 luon ¢6 nghiem véi moi m.
® Loi gidi.
Dat f(z) = (1 —m?)2® — 3z — 1 va f(x) la ham da thic nen lien tuc tréen R = f(x) lien tuc trén doan [—1;0].

FO) =1
Ta c6 = f(=1)- f(0) < 0= dxg € (=1;0): f(xg) =0.
g g™ JD) 70) <0= 3 € (-1:0): (o
Do d6 phuong trinh f(z) = (1 —m?) 2® — 3z — 1 = 0 luon ¢6 nghiem V. O

Bdi 60. Chiing minh rang phuong trinh (x —a)(z —b) + (x — b)(z — ¢) + (z — ¢)(z — a) = 0 ¢6 it nhat mot nghiem
v6i moi sb thuc a, b, c.

® Loi gidi.

bat f(z) =(x —a)(x —b) + (x = b)(x — ¢) + (x — ¢)(x — a) v f(x) la ham da thic nén sé lién tuc trén R.

y J/ J J

Khong mét tinh téng quat, ¢ thé gid st a < b < c.
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Chuong 3. Gidi han. Ham sé lién tuc Biét Iam, Iam ddng, Iam nhanh

y J/ J J

® Néu a = b hodc b= c th f(b) = (b—a)(b—c) = 0= Phuong trinh c¢6 nghiém z = b.

) =(a—b)(a—c)>0 .
® Néua < b<cthi {f(a) (a=b)a=c) = f(a)- f(b) < 0. Do d6 phuong trinh c6 it nhat mot nghiém

fO)=0b—-a)(b—c) <0
trong khoang (a;b).

Suy ra phuong trinh c6 it nhat mot nghiem. O

E® Baitap tréc nghiém

Cdu 70. Ching minh riing phuong trinh 2% — 2 + 3 = 0 ¢6 it nhat mot nghiem.
Mot ban hoc sinh trinh bay loi gidi nhu sau:
Buéc 1: Xét ham s6 y = f(z) = 2% — 2 + 3 lien tuc trén R.
Buégc 2: Ta c6 f(0) =3 va f(—2) = —3.
Budc 3: Suy ra f(0)f(—2) >0
Buéc 4: Vay phuong trinh da cho c6 it nhat mot nghiem.
Hoc sinh trén giai sai tai
(A) Budc 1. (B) Budc 2. (C) Buoc 3. (D) Budc 4.
® Loi gidi.
Ta c6 f(0)f(—2) < 0 do dé bai giai sai 6 Budc 3.
Chon dap an @ O

Cdau 71. Biét rang trong khodng (—4;0), phuong trinh 2% — 122 + 1 = 0 c¢6 ding 1 nghiém. Nghiem d6 thuoc
khoang

A) (~4-3). (~3:-2). © (-2-1). D (-1;0).
® Loi gidi.
Ham s6 f(x) = 2° — 122 + 1 13 ham da thiic nén lién tuc trén R va f(—4)f(—3) < 0 nén nghiém ciia phuong trinh
f(x) = 0 thuoc khoang (—4; —3).
Chon dap an @ 0]

Cdau 72. Biét ring phuong trinh 2% — 422 + x4+ 1 = 0 c6 nghiém thuoc ding 3 khoang trong cac khoang 4 khoang
(—1;0), (0;1), (1;2) va (2;3). Khoang khong chita nghiém ctia phuong trinh 2° — 422 + 2 +1 =0 1a
A (-1;0). (0;1). © as2). © 23).
® Loi gidi.
Ham s6 f(z) = 2° — 422 + 2 + 1 13 ham da thitc nén lien tuc trén R.
Do f(=1)f(0) <0, f(0)f(1) <0 va f(1)f(2) < 0 nén phuong trinh f(z) = 0 ¢6 nghiém trong cac khoang (—1;0),
(0;1) va (1;2).
Vay phuong trinh 2% — 422 + 2 + 1 = 0 khong c6 nghiem thuoc khoang (2;3).

Chon dap an @ O
T+ 2
v -

@ Ham s6 f(x) x4c dinh trén tap hop K = (—o0;0) U (0;4).
Ham s6 f(z) lién tuc tai z = 2.
@Ham s6 f(x) gidn doan tai z =0 v z = 4.
1 D
@\ﬁ f(-1) = —%; f(2) = V2 nen f(—1)f(2) < 0, suy ra phuong trinh f(x) = 0 c6 it nhat 1 nghiem thuoc
khodng (—1;2).
® Loi gidi.
Tap xac dinh 2 = (—o0;0) U (0;4).
Suy ra ham s6 f(z) lien tuc trén cac khodng (—oo;0) va (0;4).
Tu d6 tinh chat lien tuc trén doan [—1;2] ctia ham s6 khong x4y ra.
Vay khong thé suy ra phuong trinh f(z) = 0 c6 it nhat 1 nghiém thudc khodng (—1;2).
Chon dap an @ O

Cdu 74. Khang dinh nao sau day ding véi phuong trinh 222 — 322 +2 = 07
@ Phuong trinh c¢6 it nhat mot nghiém thuoc khoang (—1;0).
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Cau 73. Cho ham s6 f(z) = . Chon khang dinh sai trong cic khing dinh duéi day.




3. Ham sb lién tuc Biét lam, lam ddng, [am nhanh

y J/ J J

Phuong trinh c¢6 it nhat mot nghiém thuoc khoang (1;2).

© Phuong trinh ¢6 3 nghiém thuc phan biét.

@ Phuong trinh c6 it nhat mot nghiem thuoc khoang (—2; —1).
® Loi gidi.
Dat f(x) = 223 — 322 4+ 2 13 ham da thitc nén ham s f(z) lién tuc trén R.
Do f(—1)- f(0) = —6 < 0 nén phuong trinh c6 it nhat mot nghiem thuoc khoang (—1;0).
Chon dap an @ O
Cadu 75. Phuong trinh nao dudi day c6 nghiém trong khoang (0;1)?

(A) 222 — 32 +4=0. B)(z-1°—2"-2=0 (C)32%—-422+5=0.  (D)3227 8z +4=0.
® Loi gidi.
Xét ham sb f(z) = 32217 — 8z + 4 = 0 lién tuc tren R.
Do f(0) = 4; f(1) = =1 nén f(0) - f(1) = —4 < 0, suy ra phuong trinh f(z) = 0 c¢6 it nhat mot nghiem thuoc
khoang (0;1).
Chon dap an @ O
Cdu 76. Xét cac ménh dé sau
(1) Phuong trinh x3 + 42 + 4 = 0 khong c¢6 nghiém trén khoang (—1;1).
(2) Phuong trinh 22 + 2 — 1 = 0 khong c¢6 nghiém duong bé hon 1.

Chon dap an ding.

(A) C& menh dé (1) va (2) déu ding. Menh dé (1) va (2) déu sai.
@ Chi ¢6 ménh dé (2) dang. (D) Chi 6 meénh dé (1) ding.
® Loi gidi.

Dat f(z) =2 + 42+ 4, g(z) = 2> + 2 — 1.
Nhan xét: f(x) va g(z) 1a ham da thic nén lién tuc trén R.
Mat khac

@ f(-1)=-1, f(1) =9 = f(—1)- f(1) < 0 nén phuong trinh f(z) =0 c6 nghiém trén khoang (—1;1).

® ¢(0) =—-1, g(1) =1 = ¢(0) - g(1) < 0 nén phuong trinh g(z) = 0 ¢6 nghiém trén khoéng (0;1).
Do d6 phuong trinh g(z) = 0 ¢6 nghiém duong bé hon 1.

Chon dap an O

Cau 77. Cho phuong trinh az? + bz + ¢ = 0 théa man a # 0 va 2a + 6b + 19¢ = 0. Biét phuong trinh c6 nghiem
x0, khéng dinh nao sau day dang?

@l’o € [O;%] 330 € {—%;—%]. ©w0€ E;l]. @:130 € [1;2].

o Li gidi.

-1
Ta c62a+6b+19c=0<2a+6b=—19c < a+ 3b = 296.
1 1 1 -1 -1
Lai c6 f(0)f <§> = §c(a +3b+9c) = 9¢3 = 1—802 <0.
1
Vay phuong trinh luén c6 nghiém zg € {0; 5} .
Chon dap an @ O

Cdau 78. Tim tat ca gia tri thuc ctia tham s6 m dé phuong trinh (m? — 3m + 2)x3 — 32 + 1 = 0 ¢6 nghiém.
(A)m eR. (B) m € {1;2}. (©meR\{1;2}. D) m e 2.
o Loi gidi.
1
Truong hop 1. V6i m = 1 hodc m = 2 thi phuong trinh ¢6 nghiém la z = 3

Truong hop 2. V6i m? — 3m +2 # 0.
Dat f(z) = (m? —3m + 2)z® — 3z + 1 13 ham da thitc nén lién tuc trén R (1).
Khi do EI_II f(x) = —oo hodc ll)rf f(x) = —co. Tt d6, ton tai A < 0 va x¢ € R sao cho f(zg) = A < 0.

Mt khéc f(0) =1 nén f(0)- f(zo) <0 (2).
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Chuong 3. Gi6i han. Ham sé lién tuc Biét Iam, Iam ddng, Iam nhanh

y J/ J J

Tu (1) va (2) suy ra phuong trinh f(z) = 0 ludn c6 nghiem nam gitta 0 va x.
Tt hai truong hgp trén suy ra phuong trinh luén cé nghiém véi moi m € R.
Chon dap an @ O
Cau 79. Cho phuong trinh 212 +1 = 42%.\/2" — 1, (n € Z*). Tim s6 n nh6 nhat dé phuong trinh c6 nghiem.
@nz& n:5. @nzZ. @nle.
® Loi gidi.
V6i n chén thi ta c¢6 |z| > 1, néu x¢ la nghiém ctia phuong trinh thi —z ciing 14 nghiém ctia phuong trinh.
Véi n 1é thi ta c6 x > 1. Lai ¢6 x = 1 khong 1a nghiém ctia phuong trinh nén ta chi can xét x > 1.
Ap dung bat déng thiic AM-GM ta c6:
zt+1 > 222

P2t r1= (a:4 — 1)2+:c4 > 222/ 2t — 1.
Suy ra z'?2 +1 > 4a*Vat — 1.
Déau bing khong xay ra nén ta c6: z12 + 1 > 4ozt — 1 > 42 /o™ — 1 véi moi n < 4.
Vé6in =5 ta xét ham s6 f(z) = 2'2 4+ 1 — 4o*/25 — 1.
Ta co: f(1) =2, f (\5/§> =1+ 4+v/4 —4+/16 < 0 nén phuong trinh f(x) = 0 c6 nghiém thuoc (1; \5/5)

Vay n =5 la gia tri can tim.

Chon dép an O
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4. Bai tép cudi chuong Il

Biét lam, Iam dung, Idm nhanh

y J/ J J
Bat & e BAI TAP CUOI CHUONG III
— : °
A-BAI TAP TU LUAN
Bai 1. Tinh cac gi6i han sau:
204 6n+1 . 4n?—3n+1
a) lim ————; b) lim ;
8n? +5 —3n3 + 5n? — 2
V4 2 2n+1
c¢) lim n—n—i—?); d) lim (4 - );
8 —5 3"
4.5" 4 on+2 24+ 4
e) lim 5;; f) lim n
6.5m 6™
® Loi gidi.
6 1
CmPien+1 . 2t otos g
a) lim ———— = lim — %" = —
8n2+5 3 5 4
T2
n
) 4 3
b) lim 3Ly w2 wd
—3n3 4+ 5n2 — 2 3 5
n o on
/4 1 3
. n? —n+3 . T n T
¢) lim =lim————— =—.
8n—5 N 1
n
n+1 .on n
d) 111rn<4—2 >:11m<4—2 2>:1m<4—2<2>):4
3n 3" 3
LEn n+2 444 (2\"
¢) lim (ﬂ) i (A G 2
65" 6 3
. 2 L 4
+ -3 n n
f) hm( 6”n3) —lim | 8 ?3'6 =0.
U
Bdi 2. Tinh cac gi6i han sau:
222 — 5z + 2 VT —2
; 2 _ ) . VT —2
? Jim, (4" =50 +6); DmT T
® Loi gidi.
a) lim_ (42% — 5z +6) = 4(—3)* — 5(—3) 4 6 = 57.
T——3
2 _ _ _
by lim 22 =00 H2  Grm D@ =D 01y s,
T—2 T —2 T—2 x—2 T—2
_9 _
c) lim v = lim Vo =2 = lim ! = i
a—d4x? — 16 =4 (= 2) (Ve +2)(x+4) —a(r+2)(x+4) 32

O

e
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Chuong 3. Gidi han. Ham sé lién tuc

Biét lam, Iam dung, Idm nhanh

Bai 3. Tinh cac gidi han sau:

. b6x+8 . b6x+8
a) zEIEloo5x_2’ b) wgg—loo5$—2’
Vor?2 —xz+1 3x2 4+ 4
d) lim ———; lim 22T °.
N T ¢ i
o Li gidi.
0 i STHE 0
em—oobr —2 5
b) lim 2 t8_ 6
x—+oohr — 2 5

|3 ——
e
9 1+ !
2 _ 1 T\ — — T 5
d) lim Vourm w4l o VT w e
T—r+00 3z —2

y J/ J J

) V922 —z+1
¢ x—lg-loo 3z —2 ’
322 +4

im .
z——2+ 20+ 4

f)

e) Vi lim (32°+4)=16>0; lim (z+2)=0vaz — -2~ = 2 +2<0nén

T2~ r—2~
. 322 +4
lim = —
z——2—-2x+4
f) Vi lim (322 +4)=16>0; lim (z+2)=0vaz — —2" = 2+ 2> 0 nén
z—2+ z—2+
322 +4 n
im =400
r——2— 2x+4
2z +a néu x < 2
Bdi 4. Cho ham s6 f(z) =< 4 néu x =2
—3x+b néuz>2

a) V6i a =0,b =1, xét tinh lién tuc clia ham s6 tai z = 2.
b) V6i gia tri ndo clia a, b thi ham s6 lién tuc tai z =2 ?

c) V6i gid tri nao cia a,b thi ham s6 lien tuc trén tap xac dinh?

D Loi gidi.
a) V6ia=0;b=1, ta co:
2 néu r < 2
flz)=<4 néu r = 2
—3x+1 mnéuaxz>2.

Ta co

lim f(z) = lim (22) =4 va lim f(z) = lim (-3z+1) = —5.

T—2~

Vi lim f(x) # lim f(x) nén khong ton tai lim f(x).
T—2~ z—2t T—2

T—2~

r—21 r—21

479/764 '

o

B Todn 11 theo chuong trinh GDPszem



480
4. Baitép cudi chuong il Biét Iam, lam ddng, Iam nhanh

y J/ J J

lim f(z) = lim 2z +a) =4+ ava lim f(x) = lim (—3z+b) = —6 + b.

T—2~ T2~ z—2+ r—2+

b) Ta c6

Ham s6 lien tuc clia ham s6 tai 2 = 2 khi va chi khi ton tai linéf(w) va lir%f(x) = f(2)
T— T—

44+a=4 a=0
= =
—-6+b=4 b =10.

Vay a = 0;b = 10 thoid man yéu cau bai toan.

c¢) Dé ham s6 lién tuc trén tap xac dinh diéu kién can va di 13 ham s6 lien tuc tai 2 = 2. Do d6 véia = 0,b = 10
thi ham s6 lién tuc trén tap xac dinh.

O
Bai 5.
Twu do cao 55,8 m ciia thap nghiéng Pisa nudc Y, ngudi ta

tha mot qua béng cao su cham xudéng dat hinh bén duéi.
Gia st moéi lan cham dat qua boéng lai ndy lén do cao bang

1 .
0 do cao ma qua bong dat dugce trude do. Goi S, 1a tong
do dai quang duong di chuyén ciia qua bong tinh tit lac tha
ban dau cho dén khi qui béng dé cham dat n lan. Tinh
lim S,.

® Loi gidi.

M&i khi cham dat qua bong lai ndy lén mot do cao bang 1—10 do cao clia lan roi ngay trude dé va sau do lai roi
xubng tit do cao thit hai nay. Do d6, do dai hanh trinh ctia qua béng ké tit thoi diém roi ban dau dén:

Thoi diém cham dat lan thd nhéat 1a d; = 55,8.

Thoi diem cham dat 1an thi hai 14 do = 55,8 + 2 - ?(’)8

. PN 55,8 55,8
Thoi diem cham dat lan thw ba la dg = 55,8 + 2 - To +2- 107

e 3e2 PUREN ) . 55,8 55,8 55,8
Thoi diém cham dat lan thi tu la dy = 55,8 4+ 2 - To + 2. 107 +2. 105

Thoi diém cham dit lan thi n (n > 1) 1a

55,8 55,8 55,8
dn =558+2-558+2- o5 +2- o5+ 420 1o

Do d6, quang dudng ma qué béng di duge ké tir thoi diém roi dén khi nim yén trén mat dat la:

55.8 55.8 55.8 ,
55,8 99,8 55,8 55,8 . 1
Vi2- 1(’) 12 10’2 12 10’3 Dol W’_l, 14 mot cap s6 nhan lui vo han véi cong boi ¢ = 10 nén ta co:
,. 558
55,8 55.8 55.8 55.8 =T
20 —4+2- —+2- — 4+ ...+ 2- L= =12,4.
T T S T A T T N 1L ’
10
Vay d = 55,8 + 12,4 — 68,2 m. 0
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Chuong 3. Gidi han. Ham sé lién tuc Biét Iam, Iam ddng, Iam nhanh

Bdi 6. Cho mot tam gidc déu ABC canh a. Tam giac A;B1C; c¢6 cac dinh 13 trung diém céc canh ctia tam giac
ABC, tam gidc AyByCy c6 cac dinh 1 trung diém céc canh clia tam giac A;B1C1, . .., tam gidc A, 11Bn11Cni1
c6 cac dinh la trung diém cac canh ctia tam gidc A, B,Ch, ... Goi p1,p2,...,Pn,-.. va S1,59,..., 5y, ... theo thit
tu 1 chu vi va dién tich cua cac tam giac A1 B1C1, Ao BoCo, ..., AnBnCh,. ...

a) Tim gi6i han clia cac day s6 (p,) va (Sy).
b) Tim cac tong p1 +po+ ... +pp+ ... VA S +So+ ...+ S +....
® Loi gidi.

a) Ta c6 p1,p2,...,Pn, ... lan lugt 1a chu vi clia cdc tam gidc Ay B1Cy, AaBoCs, ..., AyBpCh,. ..

p1:3a
1
p2:3-§a
1
Pn =3 2n—1a

1
suy ra limp, = lim3 - 10 = 0.

S = 1
1a?V/3
oy = LV
4 4
- 1 a2\/§
o= T
1 a?V3
suy ra lim S,, = hm4n_—1 . % =0.
N . . P P 1
b) Dya vao dit kién dé bai suy ra tong (p,) la tong clia cap s6 nhan lui vo han véi cong boi ¢ = B va
. 3a
pl—i—pg—i—...—l—pn—i—...:hm(pn)=1p1 = T = 6a.
N 2 )4 Z Z 1
Duya vao dit kién deé bai suy ra tong (S,) la tong ctia cap s6 nhan lui vo han véi cong boi ¢ = 1 va
2
S1 a?v3 a’V/3
S1+Se+...+85,+...=1lim (5, = =4 _= .
14+ S2+ ..+ Sh + im (5y) g 1-1" 1
O]
Bai 7. Mot thau kinh hoi tu c6 tieu cit 1a f. Goi d va d’ 1an lugt 13 khodng cach tit mot vat that AB va tit anh
. P 1 1 1
A'B’ clia n6 t6i quang tam O ctia thau kinh nhu hinh vé bén dué6i. Cong thiic thau kinh 1a p + 7= P
e —— - -)l(— ———————————— —

a) Tim biéu thiic xac dinh ham s6 d’' = ¢(d).

b) Tim lim ¢(d), dlir}l o(d) va (%irr} ©(d). Giai thich § nghia ctia cac két qua tim dugc.
—f- —

y J/ J J

d—f+
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4. Baitép cudi chuong il Biét Iam, lam ddng, Iam nhanh

y J/ J J

® Loi gidi.
a) Ta co
1 1 1 df
Tt ag=Y_
R A A
- _df
Vay ¢(d) = a7
2. n df
b)\ﬁhmdf 14 hm(d f)=0;d— ff=d— f>0nén hde +00.
Vay hm go(d) dl_i>1}1+% = +o0.
Y nghla: Khi dit vat ndm ngoai tiéu cy va tién dan dén tieu diém thi cho anh that ngude chidu véi vat &
vO cung.
d
V“ldhmdf V&R hm(d f)=0;d— f-=d— f<0nén hm—ff:—oo.
g _
daf

Vay dllr}1+ap(d) d1_1>1;1+d_ 7=

Y nghia: Khi diit vat nim trong tiéu cu va tién dan dén tieu diém thi cho anh 4o ciing chiéu véi vat va
nam & vo clung.

Vi khong ton tai li d 1 d) nén khong ton tai lime(d).
i khong ton tai d_l)r?Jrgo( ) va d_1>r1101_<p( ) nén khong ton tai df}cp( )

B-BAI TAP TRAC NGHIEM

Cau 1. Cho ham s6 y = f(x) x4c dinh trén khoang (a;b) va xg € (a;b). Didu kien can va dt dé ham s6 y = f(x)
lien tuc tai zg 1a

A) lim . f(@) = f (x0). lim f(z) = f (o).

m—)xo =T
@ lim f = lim f(z). @ lim f = lim f(z) = f(x0).
ac—)xo =T :c—):co T—=Ty
® Loi gidi.
Theo dinh nghia vé ham s6 lién tuc ta c6 diéu kién can va di dé ham s6 y = f(z) lien tuc tai zo 1a lim f(z) =
m—)xo
lim f(z) = f (x0).
.T*)wo
Chon dap an @ O
Cau 2. Trong céc gidi han sau, gi6i han nao bang 07
2 n n
. 3 . n“+n n?+n+1 . 2" =3
@hmfn —3n+1). hmn3+1. @hm Il @hm TR
® Loi giai.
1 n 1
2 p— —
Tac()limn tn = lim n? =0
n3 +1 1
I+ =
n
Chon dap an O
Cdu 3. Trong cac khing dinh dudi day, khing dinh nao sai?
lim ¢" =0.
n—-+o0o

1
= 0 v6i k nguyén duong.

@ Néu u, = ¢ (¢ 1a hing s6) thi ll)r_{l u, =lime=c.
® Loi gidi.
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Chuong 3. Gi6i han. Ham sé lién tuc Biét Iam, Iam ddng, Iam nhanh

Tac6 lim ¢"=0khi|g| <1; lim ¢" = +oo khig> 1.
n—4o0o n—400
Chondépén@ O
2
. 1 .
Cdu 4. Tinh lim el ta ducc két qua la
) 2n?+n+1 )
n°+1 n°+1 1
lim —— = 0. lim-—o— =z
@1m2n2;n+1 1m2n2§i-n+1 2
n° 41 n°+1
lim - — 4o, lim -
©lm°2n2+n+1 oo ®1m2n2+n+1
® Loi giai.
1
Tac()lim2 ;L + 1zlim 1n21 25.
n+n+ 24—+
n o n

Chon dap an O

2023™ + 2024™

Cdu 5.3 lim T c6 gia tri bang
A = (B) +oo. ©)o. D) 1.
o Loi gidi.
... 2023™ 4 2024™ . (2023)” . (2024)"
Ta c6 lim o 2% i (222} im (D) = —0.
a cd lim 50257 im 5095 im 5095 04+0=0
Chon dap an @ O

Cdu 6. Tim lim (\/n2 +1-— 2n) ta dudc két qua 1a

@A) —cc. (B) +oc. ©o. ® -2.

3
D Loi gidi.
1
® Cach 1: lim (\/n2—|— —2n> =limn (\/1—1——2—2) = —00
n
‘1 < 1
(vilimn = 400 Vahm(\/l—l——2—2) =-1<0).
n
3n + !
2 1—14 2 —on —
© Cach 2: lim (\/n2+ —2n) =limn+—n =lim —" = —0.
Vn2+1+2n 1
1+ —5+2
n
Chon dap én@ O
~ 2 1 ].
Cdu 7. Tinht()ngv()hanS:9+3+1+§+-~~+W+~--
27
(A) S =14. (B) 5 =15. @sz7 (D) 5 = 16.
O Loi gidi.
. 1 1 . . . 1
Day s6 (un) : 9;3;1; §; e ;W; -+ 14 mot cap s6 nhan lui vo han véi s6 hang dau u; = 9, cong boi g = 3
. 1 1 9 27
Dod()t@ngcﬁadéylaS=9+3+1+§—i-'--—i-ﬁ—i----=1u_1q=1_—1=?.
Chon dap én@ Ol
Cdu 8. Trong cac ménh dé sau, ménh dé ndo 1a ménh dé sai?
. 1 . 2n+1
nEI—&I—looﬁ_O ngg-loo n—33 =2
. 2 _ : k:_ *
©nll>r—}1—100(n 2n +1) = +oo. @ngrfoon oo (ke N¥).
o Loi gidi.
Taco lim n* = +oo (k € N¥).
n—-+o00
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484
4. Baitép cudi chuong il Biét Iam, Iam ddng, Iam nhanh

y J/ J J
U]

Chon dép an @
Cau 9. Tinh limn (VAn? +3 — V8nd +n).

@ ; 9 +00. © —00. @ 1.

® Loi gidi.
Ta c6
limn(\/4n2+3—€/8n3+n)
=limn [(v/4n% + 3 — 2n) + (2n — V/8n3 + n)]
I [ 3 + -n ]
=limn
Vin? + 34 2n (2n)2+2n-\3/8n3+n+\3/8n3+n2
. 3 -1
=lim 3 + 5
1 1
- 3 3
Vit g +2 22+2\/8+ﬁ+\/8+ﬁ
2
=3
Ch()ndépén@ O

V2nd3+n+3n—1
Vo6nd +2n2 +n
tinh gia tri ciia a® + b2,

(A) 5. (B) 40. (©)o. (D) 10.

Cadu 10. Day s6 (up) v6i up, =

c6 gidi han bang \/%, a>0,b>0va UCLN(a,b = 1). Hay

® Loi gidi.
Ta c6
2+ ! + 5 !
. . V2ndi4n+3n-1 n?  /n nyn 1
lim u,, = lim = lim =1/ =.
V6nd +2n?2 +n /6+E+L 3
n  \/n
Suyraa=1,b=3= a®>+0b*=10.
Chondépén@ O
A N £ 2 2 .z . 2 £ 2 1.2 . . 9_b2n2
Cdu 11. Tim tat ca cac gia tri thyc ctia tham s6 b dé bieu thu’cAzhmm<0.
n
(A)b<o0. (B) b 0. ©b<o. (D) b>0.
® Loi gidi.
9 9
2 2
9 — 2?2 n <E_b> o R A
ne n2<11+—2> 1+ 5
n n
b2

Yéucéubaitoénxéyrakhi—ﬁ<0<:>b2>0<:>b7é0.

Chon dap an O]

Cau 12. Cho cac gi6i han: lim f(z) =2, lim g(z) = 3. Tinh M = lim [3f(x) — 4g(2)].
T—T T—T0 T—T0

(A) M =5. M:2. (© M= —6. (D) M =3.

® Loi gidi.
Ta c6 M = lim [3f(z) —4g(x)] =3 lim f(z)—4 lim g(z) =6 — 12 = —6.
T—T0 T—rT0 T—T0
Chon dap an @ O
Cau 13. Gia tri cia lim_ (2% — 2* + 1) béng

T——2

(A) —11. (B) 12. ©s. Do
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Chuong 3. Gi6i han. Ham sé lién tuc Biét Iam, Iam ddng, Iam nhanh

y J/ J J

® Loi gidi.
P 3,2 % _9V3 _ (_9)2 - _
Ta c6 ml_1)n_12 (2% — 2 +1) ml_l)II_IZ ((=2)% = (=2)*+1) 11.
Chon dap an @ O
Cdu 14. Gi4 tri cia Er_n (\/:c2 +5— a:) 1a
(A) +oo. — 0. ©1. D)o.
o Loi gidi.
Ta c6
. . 5
lim ( :1:2-1-5—23): lim x(—\/1+—2—1>:—|—oo.
T——00 T——00 T
Chon dap an @ O
- 222 — 1
Cau 15. Gié tri clia lim 221113

T——00 x+2

(A) —co. (B) +co. (©) -2 D) 1.

® Loi gidi.
1 1 1 1
bl ]t
. 22t —a+1 ) r  a? . x a2
Ta c6 lim Qo3 - lim 5 = lim |x- —5 | =%
r——00 T + T——00 " <1 + _) T——00 1+ 2
x x
Chon dap an @ 0]
Cadu 16. Gia st li_}m f(x) = 400 va li_>m g(x) = —oo. Ta xét cac ménh dé sau
T—T0 T—>T0
(1) lim [f(z)+g(z)] =0. (2) lim f(=) =—1. (3) lim |f(z)| = lim |g(z)| = +oo.
T—T0 T—T0 g(w) T—T0 T—T0
Trong cac ménh dé trén c6 tat cd bao nhiéu ménh dé dung?
(A) C6 mot meénh dé diing. C6 hai menh dé dung.
@ C6 ba ménh dé dung. @ Khong ¢6 ménh dé nao ding.
® Loi gidi.
N P -2
© Menh deé (1), (2) sai néu ta chon mli)nmlo f(z) = }}1_)]{111 e VA mli)n;o g(x) = il—rﬂ TR Khi d6
flx) -3

lim [f(2) + g(2)] = +oo va lim o - 2

© Menh dé (3) sai vi mli)rglo |f(x)] = +o0 va mlinzlo |g(x)| = +00 nhung zli}r;lo |f(x)| # mli)na}() lg(z)].
Chon dap an @ Ol

.1134—@4

Cau 17. Cho a la s6 thuc khac 0. Tinh lim

T—=a T —a

@ a’. 4a3. @ 2a3. @ 3a3.

® Li gidi.
4 4 _ 2, .2
Ta 6 lim 2= _ gy @Z@@Fa @ rd) (22 + a?) ( + a)] = 202 - 2a = 4d?,
T—=a T —a T—a T —a T—a
Chon dap an Ol

. 24br—4
Cdu 18. Cho2a+b=2va limu
r—2 x—2

(Aa=-1,b=4. (B)a=1,b=0. @a:;,b:—l. (D) a=-2b=6.

D Loi gidi.

= 5. Khang dinh nio sau day la ding?

485/764 ' Bi Todn 11 theo chuong trinh GDPT201Em



486
4. Baitép cudi chuong il Biét Iam, Iam ddng, Iam nhanh

y J J J
Tac62a+b=2<b=2-—2a.
Khi do6 ta c6
24 bx—4 24 (2-2a)x—4 2)(x — 2
et N OO e )t SN OO e ) G R
r—2 x—2 r—2 xr—2 x—2 x—2
3
& lim(ar+2)=5e2a+2=5a=-=b=—1.
r—2 2
Chondépén@ O
~ . 2 —4 .
Cdu 19. Tinh lim St ta duge két qua 1a
) z—2 SB2—3SB+21 5 )
O O ©7 O

® Li gidi.

. V3r+2+x—4 5 3x+2+ (v —4)3

1m = 1m

v—2 2?2 — 3z +2 =2 (22 — 33+ 2) [{/Br+2)2 — (z — 4) 3z + 2+ (x — 4)2]
. x3 — 1222 + 51z — 62

= lim

252 (22 — 32 4+ 2) [{/Br+2)2 — (2 — 4) V32 + 2+ (v — 4)2]
(x —2)(2? — 102 + 31)

= lim
222 (g —2)(x — 1) [{/(Bz +2)2 — (v — 4) VB + 2+ (v — 4)?]
~ lm z? — 10z + 31
w2 (3 —1) [YBz+ 22— (z - )3z + 2+ (x — 4)?]
_ 3
= 7
Chon dap én@ Ol
N V1 2-1 .
Cdu 20. Tinh lim Vit o2 ta duge két qua 1a
1 z—0 223 — 322 1 1 1
@‘Z- _Z' @‘g- @‘g-
® Loi gidi.
. V1l+a?-1 z? , 1 1
hmﬁ = lim = lim =——.
z—0 223 — 3z 20 (223 — 322) ( /—1+x2+1) 20 (22 — 3) (1/14_%24_1) 6
Chon dap én@ Ol
~ P 16 —
Cdu 21. Két qua cta lim Vet 9t ve+16-7 1a
7 . 7" 7 7
a5 ®a 25 ®3
® Loi giai.
g VEFIHVEAT6-T (Vz 9—3)+(\/x+16—4)_1, \/:Jc—|—9—3+\/w+16—4
:rli% xT o xg% x —xlil(l) X €T
. x x
= lim +
:HOL:(\/H9+3) x(\/x+16+4)]
| st e
= lim +
z=0 Ly/x +94 3 r+16+4
B S S
6 8 24
Chon dap én O
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Chuong 3. Gi6i han. Ham sé lién tuc Biét Iam, lam ddng, Iam nhanh

y J/ J J

Cadu 22. Giéi han lim (\/332 — 4 — /2? — av) béang

T—>—00
3 1 3 1
@ _é,. 5. @ 5. @ _5.
® Loi giai.
Ta c6
. ) -3z . 3 3
xBIEloo(\/w2_4w_\/w2_x):xE£n00 \/1‘2—41‘+\/$2—$:x££noo (\/ 4 \/ 1) :E
T 1——4+14/1——
T T
Chon dap an @ O
2x — 3a

Cdu 23. Gidéi han lim

N (v6i a la tham s6) c6 gia tri bang

3 2
A) 2. (B) —1. @5. @g'
® Loi gidi.
9 3a
P 2r —3a . _?_2
Tacomgrfoo3x+2a_mgrfoo3+2_a_3'
X
Chondépén@ O
Cau 24. Tim gidi han I = lim (z+1-Va?—2-2).
3 1 17 46

® Loi gidi.

R +1-Va2—2—-2)(z+1+Va2—z-2
vteo r+1+Va2—w -2
by @D - (@ -2 -2)
= 11m

z=too g4 1+VaZ—x—2
. 3x+3
= lim

z=+0o x + 1+ Va2 —x —2

T—+400 1 1 2
T T T

3+ = 3
= lim 24 = —,
estoo 1 [ 1 2 2
X X X
Chon dap an @ Ol
Cau 25. Gia tri cfia gidi han lim (Va2 +z+1—VaZ—z+1)la
T——400
(A)o. ®) 1. (©)2. D) 3.
® Loi gidi.
Ta c6
lim (\/x2+x+1—\/x2—a:+1) = lim 2z
x—+00 x—)+00\/x2+x+1+\/x2_x+1
2
= lim 1.

x—+00 1 1 1 1 -
I+—+5+\y1-—=-+—=5
T x €T T
Chondépén O
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488
4. Bai tép cudi chuong Il

Biét lam, Iam dung, Idm nhanh

vV 3—2_a
2—-1 b

(B) 8.

Cdu 26. Cho lim a
rx—1 b

(A) 9.

, trong do

® Loi giéi.
Ta c6
. Vr+3-2
lim 5 =
rx—1 xs —1

Tudosuyraa+b=1+8=09.

©r.

(VET3-2) (VTT3+2)

=1 (22 -1) (Vz +3+42)
lim r+3—-4

=1 (z = 1)(z+1) (Vo +3+2)
) z—1

) (z—1)(z+1) (Ve +3+2)
, 1

e D (32

1 p—

1
1+1)(Vi+3+2) 8

y J/ J J

la phan s6 t6i gian. Tong a + b c6 gia tri bang

(D) 6.

Chon dap an @ Ol
~ . . 31: 2 A d N\
Cdu 27. Tinh I = lim ta duge két qua 1a
z—1t 1 —o
(A) T = +oo. (B) I = —cx. ©1=0. (D) I=-3
o Loi gidi.
Tacoé lim 3z +2)=5, lim (1—z)=0val—2<0khiz>1.
m—)l"’é 5 z—1t
Neén lim s =—
z—1+ -
Chon dap an O
2
. - 5 .
Cdu 28. Tinh lim s ta dugc két qua la
=3+ x —3
@ —00. (B) +o0. © 1. (D) Khong tén tai.
® Loi gidi.
Ta c6 lim (—22+5)=—-4<0, lim (z—3)=0vaz—3>0,Vz > 3.
z—31 ) z—3t
Do d6 lim TS = —00.
z—3t T —3
Chon dap an @ O
. |22 — 4] )
Cdu 29. Tinh lim ta dugc két qua la
z—(-2)+ T+ 2
A 1. (B) 4. (©)2. (D) 3D.
® Loi gidi.
2 4 4 — 2
Taco tim © =2 = pm A2 L o ooy —a
z——2t x4+ 2 z——2t T+2  ps-2t
Chon dap an O
~ 2 1 P
Céu 30. Tinh lim - ta duge két qua I
z—1 xr —
(A)o. (B) +oc. © —00. (D) Khong tén tai.
® Loi gidi.
P . . = . 2x+1
Taco lim (224+1)=3>0; lim (z—1)=0vax—1<0,Ver <1lnén lim =—
z—1- z—1- z—1- x—1 5 .
Tuong ty, ta cing ¢6 lim (22 +1)=3>0; lim (x —1)=0vaz—1>0, Ve > 1 nén lim vt = +o0
9 1 z—>21++ 1 z—1+ 9r 4+ 1 z—1t x —1
Vi lim =2 + # lim ’ nén khong ton tai lim * .
z—1- T — z—1t T —1 z—1 r—1
Chon dap an @ O

e
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Chuong 3. Gidi han. Ham sé lién tuc Biét Iam, Iam ddng, Iam nhanh

y J/ J J

2?2~ (a+1Dz+a

Cadu 31. Gia tri cia lim T3 (a #0) la
o PR a—1 a—1
a — —
@_ +O,O 3a2 © 3a @ 3a2
® Loi giai.
e > (at1) (@ -a)(e—1)
v —(a+1)x+a r—a)lr—1 a—1
li =1 = .
s 23— a3 P (x — a)(2? + ax + a?) 3a?
Chon dép an @ O

Cau 32. Cho ham s6 y = f(z) lién tuc trén khoéng (a;b). Ham s6 y = f(x) lién tuc trén doan [a; b] néu diéu kien
nao sau day xay ra?

(A) tim f(z) = f(a), lim_f(z)=f(b). lim f (x)
z—a z—bt at
© lim f(z)=a, lim f(z)=0.
T—a~ z—bt
® Loi gidi.
Ham s6 y = f(z) dugc goi la lien tuc trén doan [a;b] néu né lien tuc trén khoadng (a;b) va lim+ f(x) =
r—a
f(a), lim f(x)=f(b).
z—b
Chon dap an O
Cdu 33. Trong cac ham s6 sau, ham s6 nao lién tuyc tai diém = = 07

2 _
@y:%, y:m3—2m2—z+1. @y:cotm. @y:v2zv2—1-
® Loi gidi.

f@, Tim (@) =1 ).

a, lim f(x)="o.
T—b~

©
’_‘i%
=i
kﬁ
=

I

) 22 —2x+3 .
® Ham s6 y = ————— ¢6 tap xac dinh 1A 2 = R\ {0} nén bi gian doan tai diem x = 0.
T

® Ham s6 y = 2® — 222 — 2 + 1 1a ham da thiic, lién tuc trén R nén né lién tuc tai diém z = 0.
® Ham s6 y = cot x c6 tap xac dinh 13 2 = R\ {kr, k € Z} nén bi gian doan tai diém x = 0.

V2| |v2

® Ham s6 y = v222 — 1 ¢6 tap xac dinh 134 2 = (—oo; ——— U |—=; +oo) nén bi gian doan tai diém x = 0.

2 2

Chon dap an Ol

Cdu 34. Chon khéng dinh ding trong cac khidng dinh sau
@ Néu ham s6 f(z) lien tuc trén [a;b] va f(a)f(b) < 0 thi phuong trinh f(z) = 0 ¢6 it nhat mot nghiém trén
(a;b).
Néu phuong trinh f(z) = 0 ¢6 nghiém trong khodng (a;b) thi ham s6 f(z) lién tuc trén [a;b] va f(a)f(b) < 0.
©Néu ham s6 f(z) lien tuc trén [a;b] va f(a)f(b) < 0 thi phuong trinh f(z) = 0 c6 ding mot nghiém trén
(a;b).
(D) Néu ham s6 f(z) lien tuc tren [a;b] v f(a)f(b) < O thi phuong trinh f(z) = 0 ¢6 mot nghiem tren [a; b].
® Loi gidi.
Dinh i vé sy ton tai nghiém ctia phuong trinh trén mot khoang.
Chon dép an @ O
Cau 35.
Cho ham s6 y = f(z) c6 do thi dudi day, trén khoang (—2;3) ham s6 gidn doan tai diém y
nao? 3

@sz. x=1. @m:Q. @x=3.

-10|1 2 T

® Loi gidi.
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4. Baitép cudi chuong il Biét Iam, lam ddng, Iam nhanh

y J/ J J

Dua vao do thi ham s6 ta thdy lim f(z) =3 va lim f(z) = 0, suy ra lim f(z) # lim f(z). Do d6 ham sb6
z—1- z—1t z—1— z—1t

gian doan tai z = 1.

Chon dap an O

2 — 3z +2 .
- . ——— Jkhiz>1 B . .
Cadu 36. Cho ham s6 f(z) = z—1 . Chon khing dinh dung.

2x +1 Jkhix <1
(A) Ham s6 f(z) lien tuc tai didm z = 1.
Ham sb f(z) gidn doan tai diém z =1 vi lim1 f(z) # f(1).
T—
@Ham s6 f(x) gian doan tai diém z = 1 vi khong ton tai lim1 f(x).
z—
@ Ham s6 f(r) khong xac dinh tai z = 1.

® Loi giéi.
Ta c6
2 2 —1)(z—2
® lim f(z) = lim % = lim (x)—_(a:) = lim (z —2) = —1.
z—1+ z—1+ r—1 z—1+ r—1 z—1+

® lim f(z)= lim (2z+1) =3.

Tz—1— rz—1—
Vi lim f(z) # lim f(z) nén khong ton tai lim f(x).
z—1t z—1— xz—1
Do d6 ham s6 gian doan tai diém = = 1 vi khong ton tai lim1 f(x).
T—
Chon dép an @ O

Cau 37. Ham s6 nao sau day lién tuc trén R?

@y:cos% y:coth. ©y: 1_36. @y:\/x-l—z

. x2+4
® Loi giai.
. 3
© Ham s6 y = cos — ¢6 tap xac dinh 1a 2 =R\ {0} nén khong lién tuc trén R.
T

® Ham s6 y = cot 3z ¢6 tap xac dinh 1a 2 =R\ {k%, ke Z} nén khong lién tuc trén R.

. l1—2 P
® Ham s6 y = 1 1a ham so cap nén c6 tap xac dinh R nén lién tuc trén R.

x2 +

® Ham 86 y = vz + 2 ¢6 tap xac dinh 13 2 = [—2; +00) nén khong lien tuc tren R.

Chon dap an @ Ol
" _ 2% +3 C . N e
Cau 38. Cho ham s6 f(z) = P —— Ham s6 f(z) lién tuc trén khoang nao duéi day?
2?2 — bz
B (2:3). (~3;3). ©) (=3:+0). D) (—0033).
® Loi gidi.
Ham s6 xac dinh trén tap 2 = (—o00;2) U (2;3) U (3; +00), suy ra ham s6 lién tuc tren khoang (2; 3).
Chon dap an @ O
N s z+4d f 1 A
Cadu 39. Cho ham s6 y = -3 Meénh de ndo sau day la ding?
x [R—
(A) Ham sb lien tuc tai o = 3. Ham s6 lién tuc trén (—oo; 4+00).
© Ham s6 lién tuc tai z =2 va z = 3. (D) Ham 6 lien tuc trén (—oo;3) va (3; +00).
® Loi gidi.
Véi g # 3, ta ¢o 1l>m f(z) = f(xp) suy ra ham s6 lien tuc (—oo;3) va (3;+00).
T—T(
Chon dap an @ O
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Chuong 3. Gi6i han. Ham sé lién tuc Biét Iam, Iam ddng, Iam nhanh

y J/ J J

khiz >1

Cau 40. Cho ham s6 y = f(z) = n iz — 1" Biét ham s6 f(x) lien tuc tai zp = 1. Gia tri ctia m, n

mx+1 khiz<l1

la
@nzl,mzo. n=0,m=1. @nzmzl. @nz—l,mzo.

® Loi giéi.
Ta c6
3,2
@ lim f(z)= lim T 7% lim 2?2 =1.
z—1t z—=1+t x—1 z—1t

® lim f(z) = lim (mx+1)=m+ 1.

z—1- rz—1—
® f(1)=n.

Do ham s6 f(z) lién tuc tai x = 1 nén ta c6

lim f(z)= lim f(z)=f(1)em+1=1=n.

rz—1— z—1t

Suyran=1,m=0.

Chondépén@ ]
23+ 2?4+ 7khiz # -1
2 +m — 1 khix = —1

(A)m =12, (B)m=3. (C©)m = —10. (D) m = 10.
® Loi gidi.
Ta c6 liml(x3 +224+7)=7va f(-1)=m —3.
T——

. Tim m dé ham s6 lien tuc tai diém zg = —1.

Cdu 41. Cho ham s6 f(z) = {

Dé ham s6 lien tuc tai diém zg = —1 thi m —3 =7 < m = 10.
Chon dap an @ O
CaAu 42. Tim tat ci cic gid tri thyc ctia m dé phuong trinh m(z — 1)3(z — 2) + 22 — 3 = 0 v6 nghiem.
@VmGR. mzl. @Khéngcégiétrim. @sz.
® Loi gidi.
Dat f(x) = m(x — 1)3(z — 2) + 22 — 3 xéac dinh va lien tuc trén R.
Taco f(1)=—1, f(2)=1= f(1)- f(2) <0,¥Ym € R suy ra phuong trinh luon cé nghiém ¥m € R.
Chon dap an @ O
Cadu 43. Phuong trinh nao duéi day c¢6 nghiem trong khoang (0;1)?
(A) 222 -3z 4+4=0. B)(z—1)°—2"7-2=0. (C)32*—42?2+5=0. (D) 322 —8z+4=0.
® Loi gidi.
Xét ham s6 f(z) = 32%0%* — 8z + 4 = 0 lién tuc trén R.
Ta ¢6 f(0) = 4; f(1) = =1 = f(0) - f(1) = —4 < 0 suy ra phuong trinh ¢6 it nhat mot nghiém thuoc khoang
(0;1).
Chon dap an @ O

Céu 44. Ham sb nao sau day gian doan tai z = —v/2 ?

@y:cosm. y:%. @yzx—i—ﬁ. @y:tanas.

x
® Loi gidi.
2v/2 2v/2 . 2v/2
Tacé6 lim 3:8;{_—\/_ =—oova lim 31‘;—\/_ = +oonén hamsoy = ?)xj—\/_ gian doan tai z = —v/2.
e(—v3)~ % -2 z—>(—\/§)+ T4 —2 2
Chon dap an O
Vaz+1-—1 .
- . 2aa 2 ———— khixzx#0 .. .
Cdu 45. Tim m de ham so f(z) = x lién tuc tai ¢ = 0.
2m + 2 khi z =0

491/764 ‘ Bi Todn 11 theo chuong trinh GDPT201€m



4. Baitép cudi chuong il Biét Iam, Iam ddng, Iam nhanh
y J J J
@m:2. mzl. @m:—l. @m:—Q.

o Loi gidi
- oo Var+l-1 T _ _
Tacoigr(l)f(:z)—igr(l) . _x%\/m?—-l—l+1_0’f(0)_2m+2'
Hémséliéntuctaisz@lir%f(x)=f(0)<:)2m+2=0®m=—1.
T—
Chondépén@ O

Cdu 46. Ham sb nao sau day khéng lién tuc trén R?

A fa) = 241 f(fc):ifl

RS U
T
@f(a;)zsin(a:—g). @f(x)=x3—2x2+:c—7.
® Loi gidi.
. 1 .
© Ham s6 f(z) = x2—:_ . 1& ham so cip nén c6 tap xac dinh R nén lién tuc trén R.
x
x+1

® Ham s6 f(z) =

. c6 tap xac dinh R\ {1} nén ham s6 khong lién tuc trén R.

s . ™ <1 Py R P P . TN .
©® Ham sb sin (:1: — 3) la ham so cap nén c6 tap xac dinh R nén lién tuc trén R.

® Ham s6 f(z) = 23 — 222 + 2 — 7 13 ham da thitc nén lién tuc trén R.

Chon dap an O

- ) 54222 )
Cu 47. Cho ham 6 f(x) chia xéc dinh tai z = 0, f(z) = ——~° D& ham s6 f(x) lién tuc tai = = 0 thi phai
X

gan cho f(0) gia tri bang bao nhieu?
A 3. B®)2. ©1. (D)o.
o Loi gidi.
x3 + 222

Ta ¢6 il_l’)%f(:l)) zilg%)T :il_r>r[l)($+2) = 2.

Do d6, dé ham s6 f(x) lien tuc tai = 0 thi phai gan cho f(0) = 2.
Chon dap an O

) ) _3-z néu z # 3 ) \
CdAu 48. Cho ham s6 f(z) =< Ve +1-2 . Ham 86 da cho lién tuc tai = 3 khi m bang
m néu xr =3
(A) 1. (B) 4. ~1. —4.
o Loi gidi.
o 3—z . @B-z)(Ve+1+2) _
Tacoglsliré\/ﬁ_2—ig% —3 —ilg%(—\/ac—i- —2)=—4.
N PEETN . _ . N o . . 3_1" _ _ _
Hamsohentuctalx—Skhlvachlkhlilig\/x__Z— B)e -4=mem=—4
Chondépén@ O
2
-1
) N U
Cdu 49. Cho ham s6 f(x) = z—4 . Tap hgp céac gia tri ciia a dé ham so lién tuc tai x = 4 1a

ar —1 khix =4
® {3} {2} © 18} D {o}.
® Loi gidi.
Ta co:

@ f4)=a-4—1=4da—1.

, . 2? =16 . (z—4)(z+4)
© lim flw) = lim === = lm =7 —
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Chuong 3. Gi6i han. Ham sé lién tuc Biét Iam, Iam ddng, Iam nhanh

y J/ J J

Do d6, diéu kieén can va di dé ham sb da cho lién tuc tai z = 4 1a

limf(x):f(4)<:>8=4a—1<:>a=%

T—4
Chon dap an @ O
Sr—24+2x—1 .
A ST Khiz#1 A
Cdau 50. Tim m de ham so f(x) = x—1 lién tuc trén R.
3m — 2 khiz =1
4
@mzl. m:§. ©m22. @m:O.
® Loi gidi.
Vr—2+2r-1 P
Véi x # 1, ta c6 f(z) = i +1x nén ham s6 lién tuc trén cac khodng (—oo; 1) va (1;+00).
$ —_—

Do d6, dé ham s6 lién tuc trén R thi ham s6 lien tuc tai « = 1.
Ta c¢6 f(1) =3m —2.

Ta c6
Sr—242x—1
lim f(z) = lim x Rt
rx—1 x—1 x—1
4+ x—2

= lim |1
z—1 +(w—1)(x2—x\3/:c—2+{”/(a:—2)2)

) 22+ x+2
= Ilim |1+ =2.
o=l | 22 —pr—24 {(z—2)?

. 4
Nén ham so lién tuc tai z = 1 khi va chi khi limlf(a;) =fl)e3m—-2=2cm= 3
T—

4
Vay m = —.
aym= g

Chon dép an O
m2z? khi z <2
{(1—m):v khi x > 2
(A)o. ®) 2. (©)s. D) 4.
® Loi gidi.
Ta c¢6 ham s6 luon lien tuc Vo # 2 .
Taix =2, taco

Cau 51. C6 bao nhiéu gia tri thuc clia tham s6 m dé ham s6 f (z) = lien tuc trén R?

@ lim f(z)=lim (1-m)z=(1—-m)-2=2-2m;

xz—2t 27

@ lim f(z)= lim (m%z?) = 4m?
T2~ T2~

® f(2) =4m>.

Ham s6 lién tuc tai = 2 khi va chi khi

1
lim f(z)= lim f(z)=f(2) o dm® =2 2medm®+2m—-2=0s | 2

z—21 T2~

Vay c6 hai gia tri cia m.

Chon dap an O

493/764 ' Bi Todn 11 theo chuong trinh GDPT201Em



4. Baitép cudi chuong il Biét Iam, Iam ddng, Iam nhanh

V' J J J
C-DE ON TAP

[® Phan Tréc nghiém (7 diém)
Cdu 1. Khéng dinh nao sau day sai?
2n n 2\" 1\"

@ lim (—\/3) = —o0. e lim (\/5) = +400. @ lim <§> =0. @ lim (—§> =0.
® Loi gidi.
Vi 2 < 1 nén lim (2)" =0

3 3/ 7
Chon dap an @ O
Cau 2. Cho q la s6 thyc thoa ¢ > 1, két qua ctia lim ¢" bang

@ 0. ) —00. @ +o0. @ q.
o Loi giai.
Theo tinh chat gidi han ta c6 ¢ 1a s6 thyc théa g > 1 thi lim ¢ = +oo.
Chon dap an @ O

Cau 3. Day nao sau day c6 giéi han bang 07?

A) uy, = (%)n Up = (g)n (©) u, =2m. (D) uy, = 2023".

® Loi gidi.
V‘0<1<1 én li <1>n 0
i = nén lim( =) =0.
2 2
Chon dép én@ O
- 1+n—3n?
Céu 4. Tinh gi6i han lim =+ 5"
n —|—2n3 .
A1 5 © 3 @ -3.
® Loi gidi.
1 n 1 3
1+n — 3n2 2
hm+2n—2n = limn2—n2 = -3.
n*+2n 14+ 2
n
Chon dap én@ O
N — 2
Céu 5. Gidi han lim —""2 bing
n+3 0
A) 3. (B)o. (©) -3. D) 5
o Loi gidi.
_ ) —34+ 2
lim — 2 gy 2 g
n—|-3 1+E
Chon dap én@ O
N N Rl I -
Cdu 6. Gia tri ctia lim ——— bang bao nhiéu?
n2+2 )
A 1. 5 (©)o. D) 2.
® Loi gidi.
1 1 1 1
n? (— + —> 4+ =
1 2
Ta c6 lim Sy = lim — "0~ lim 12— g
mt n2 <1+ —2> 14+ =
n n
Chon dap én@ O
20 +1

Cdu 7. Tinh giéi han lim .
z—2 r —1

&) -1. (B)2. ©o. D) 5.
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Chuong 3. Gi6i han. Ham sé lién tuc Biét Iam, lam ddng, Iam nhanh

y J J J
® Loi gidi.
o 2012241
s -1 2-1 O
Chondépén@ Ol

Cadu 8. Tinh gi6i han [ = lirri(ac2 +z+1).
T—
AT=3. B I=1. (©) 1 =+o0. D)1=
® Loi gidi.
Taco I = linll(m2+x+1)=12+1+1=3.
T—
Chon dap én@ O

Cdau 9. Tinh gia tri ctia lim(z — 2).
z—2

A1 -2. ©)4 D) o.

® Loi gidi.
Ta ¢6 lim(z —2) =2 —2 =0.
z—2
Chon dap én@ O
Cau 10. Tinh gi6i han L = lim —— 5
z—=3x + 3
(A L=1. (B) L = —o0. ©L=o (D) L = +o0.
® Loi gidi.
xr—3 0
Ta c6 1 =_=0
s P
Chon dap én@ Ol
A . . 3z —1
Cdaul 1.1T1nh gi6i han algl_}rnl o L 1
——. 2. —2. —.
o > 0!
® Loi giai.
3z —1 3—-1

lim = = 2.
122 20 +2 12—-2+42

Chon dap an O

A 1
Cau 12. Tinh gidi han lim ——.
z—3+ 22 — 6

@% é @-OO- @—i—oo.

® Loi gidi.
Ta thay khi z — 3" thi (x +1) — 4 con (22 — 6) — 0.
r+1
T d6 li = .
oony ol g = e
Chon dap an @ O
Cdu 13. Gi6i han lim f(z) = lim — T 6 két qua bang
z—2+1 $—>21— r—2
@ —00. > @ +o00. @ -1
® Loi gidi.
lim (x —2)=0,2—2<0v6imoixz <2va lim (5—xz)=3>0.
x—2~ 5 x—27F
Do do, lim —r —00.
z—2+ T — 2
Chon dap an @ O
Cau 14. Tinh gidi han lim (2* + 227 + 1).
Tr——00
(A)o. (B) +oo. —c0. D) 1.
® Loi gidi.
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4. Baitép cudi chuong il Biét Iam, Iam ddng, Iam nhanh

y J/ J J

2 1
lim (x4—|—2x2+1): lim $4(1+——|——>:—|—oo.
T——00 2 4

Z——00 z

Chon dap an O

Cdu 15. Tinh giéi han H = lim z3.

T—r+00
(A) H =0. (B) H = —o0. (©H=3. (D) H = +o0.
o Loi gidi.
Ta c6 gi6i han dac biét lim % = 400 v6i k nguyén duong.
T—>+00
Ap dung véi k =3, tacé H= lim 2% = +oo.
T—+00
Chon dap an @ O
~ 1
CGu 16. Tinh lim “1 .
z—+o0 T + 2
A 1. B)2. (©)s. D) 4.
D Loi gidi.
1 1
. x+1 . x<1+§> It
Ta c6 lim 5 = 11111 N T hrf 9 =1.
— — —
z——+oo T + x oox<1+_> T ool+_
T
Chon dap an @ O

Cau 17. Ham sb6 y = f(z) lién tuc tai diém g khi nao?

(A) lim f(z) = f(x). lim (@)= f(z).  (©) lim f(a) = f(0). (D) f(x0) = 0.

T—T0 T—T0
® Loi gidi.
Theo dinh nghia ham s6 lien tuc, ta c6 lgn f(z) = f(xo).
T—T0

Chon dap an O

Cdu 18. Cho ham s6 f(z) théa man ILm f(z) # f(x0). Chon khiéng dinh diing.
T—x0

@ Ham s6 f(x) khong xac dinh tai x. Ham s6 f(x) gian doan tai zo.
© Ham s6 f(x) lién tuc tai zo. @ f(z) 6 gia tri 0 tai .
® Loi gidi.

Theo dinh nghia ham s6 lién tuc, ta c6, do 1i>m f(z) # f(xo) nén ham s6 f(z) gian doan tai zo.
T—T(

Chon dap an O]

Cadu 19. Trong céc loai ham s sau, ham s6 nao luon lién tuc trén tap hgp céc s6 thiyc R?

(A)Ham sb higng gidc. Ham s6 da thiec.
@ Ham s6 phan thic hitu ti. (D) Ham s6 ¢6 chita can bac hai.
® Loi gidi.

Ham sb da thic luon lién tuc trén tap s6 thuc R.
Chon dap an O

Cadu 20. Trong cidc ham sb sau, ham s6 nao lién tyc trén R?

20 — 1
@y:\/ﬁ y: x_l' @y:cotw. @y:m4—x.

X
® Loi gidi.

Ham s6 y = 2% — 2 13 ham s6 da thiic nén lien tuc tren R.
Chon dép an @ O
. P -3 N
Cau 21. Cho ham s6 f(z) = :UQ T Meénh dé nao sau day dang?
x —_—
(A) Ham sb lien tuc tai o = 1. Ham s6 khong lien tuc tai céc diém = = +1.
© Ham s6 lién tuc tai moi z € R. @ Ham s6 lién tuc tai z = —1.
® Loi gidi.

Ham s6 da cho c6 tap xac dinh 14 2 = R\ {£1}. Do d6, ham s6 khong lién tuc tai cdc diém z = +1.

Chon dap an Ol
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Chuong 3. Gi6i han. Ham sé lién tuc Biét Iam, lam ddng, Iam nhanh

y J/ J J
Cdu 22. Cho hai day s6 (uy,), (vy) théa man limu, = 2, limv,, = 1. Tinh lim(2u,, — 3v,).
A 1. ®) 2. (©)s. D) 7.

® Loi gidi.

Ta ¢6 lim(2u,, — 3v,) = lim 2u,, —lim3v, =2-2-3-1=1.

Chon dap an @ O
Cadu 23. Trong cac ddy s6 sau, day s6 nao c6 giéi han khac 07

2n—1 1 1\" 1
@A) u, = . ®w = ©un:(§). ®) = o=

n
o Li gidi.

om —1 2— -

2
@ lim = lim 1”21227&0.

n

) 1

® lim <%)n = 0.

1
® lim — = 0.
nZ+1

Chon dép an @ O

Cdu 24. Gia tri lim 2z + 1]~ 5va? - 3 bang
T2 2z 43
@g ; ©n. D) 3.
o Loi gidi.
i 20z +1| - 5Va? -3 _ 2|—2+1|—5\/(—2)T3:3‘

Pl 27 + 3 2.(—2)+3

Chon dap an @ O
) VaZ+1 .

Céu 25. Cho bist lim 2 Y T2 _ 4 4 53 (véi a,b € Q). Gi tri clia a + b bing

z—1 r+1

A 1. B 2. ©s. D) o.

® Loi gidi.
2 /12
Ta 6 fim LY+ _1#VIEFL 1.1 5
z—1 1a;+11 1241 2 2
Suyraazi,bzi.vaya—i—b:l.
Chondépén@ O
N 2 — -2z
Cdu 26. Giéi han lim Vot V8= 2w bang
r—2 T —2 5
® +oo. ® Qo ®3
o Loi gidi.
VT +2—+/8—-2x . —6 4+ 3z
lim = lim
T2 x—2 22 (z —2) (Vo +2+ /8 —2x)
. 3(z—2)
= lim
x—)2($—2)(\/x—|—2+\/8—2£l?)
= lim 3 —§
a2z +24/8—2z 4
ChQHdépéﬂ@ O
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4. Baitép cudi chuong il Biét Iam, Iam ddng, Iam nhanh

V' J J J
- 242241
Céu 27. Tih lim 2 22F1
-1 2g3 +2 1
@ +00. 9 —00. © 3 @ 0.
o Loi gidi.
2t 2r+1 (x4 1) z+1
lim ———— = lim = =0.
a——1 223+ 2 e—-12(x+1)(22 —x+1) 2@2—x+1)
Chon dap an @ O

Cdu 28. Biét rang lim (\/2332 —3z+1+ x\/§> = %\/ﬁ, (a,b e Z,% t6i gidn). Tong a + b c6 gia tri 1a
r—r—00
(A) 1. B) 5. ©)4. D) 7.
o Loi gidi.
Ta c6

222 — 3z + 1 — 222
lim (\/2x2—3x+1+x\/§> = lim x z x

T——00 z=—00 /272 — 3x + 1 — /2
. -3z +1
= lim
e=-00 /222 — 3x + 1 — 2v/2
1
34 =
= lim 3 T
Tr——00
—\/2—=+5—V2
3
= —-V2.
1V
Vaya=3,b=4. Téonga +b = 7.
Chondépén@ O

2
X 1
Céu 29. Tinh gi6i han lim * oo+ 1
z—21 20 — 4

@ % 9 0. © +00. @ —00.

® Loi gidi.
Ta c6 lim (22 + 3z +1) =11 > 0.

z—2F
Va lim (2z —4) =0.

z—21
Ma khi x — 27 thi 22 — 4 > 0.
Vav i x2+390+1_+
W 24
Chon dap an @ O
uyp = 2
Cau 30. Cho day s6 (u,) xac dinh béi 2u,, + 1. Tim giéi han I = lim u,.
Un+1 =
)
1 2 2
®r-1 ®r-2 ©1-2 1=+
® Loi gidi.
Nhan zét: (uy,) la day gidm va bi chan trén béi 2.
Gia st limu,, = L.
2 1 2L +1 1
Ta c6 upy1 = tn + & L= + @ng.
1

Chon dap an @ O

- L b . . ) .
Cdu 31. Biét rang Em (\/ 222 +2x — 1+ a:\/ﬁ) = M (a 1a s0 nguyén; b, ¢ 14 s6 nguyén t6). Tinh tong S =
T——00 C
a+b+c

(A)S=5. (B)S=9. (©) S = 10. (D) S =3.
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Chuong 3. Gi6i han. Ham sé lién tuc Biét Iam, lam ddng, Iam nhanh

y J/ J J

® Loi gidi.

202 4 22 — 1) — (222
lim (*/2$2+2x—1+1;\/§): lim (22° + 22 —1) — (227)
T——00 r——00 23324_233_1_:1:\/5

2z — 1
= lim w

w=—00 /202 + 22 — 1 — /2

()

. V2
—x(\/2+———2+\/§)
T x
Suyraa=1; b=2; ¢=2. Vay S =5.
Chondépén@ O
~ L s 22 +1 .
Cadu 32. Biét rang li_)m(x_2+ax—b>:—5. Tinh tong a + b.
(A)6. ®)7. (©)s. D) 5.
o Loi gidi.
Ta c6
. 2 +1 22414 a2 —2ax —bxr +2b
lim +ar—>b) = lim
z—o00 \ I — T—00 x—2
2 _
— lim (1+a)x (2a+b)x+2b+1.
T—00 r—2

Vi két qud gigi han bang —5 nén tit d6 ta c6 hé
a = —1 CL:—].
=
2a+b=5 b="1.
Vay a+b=6.

Chon dap an @ O

Cdu 33. Gia tri ctia giéi han lim <\/:c2 +a— Va3 — x2) 1a
T—>+00

@) 1. ®) +oo. ©) —co. @g.

® Li gidi.
Ta ¢6
xgrfoo(\/ﬂ—l—m— €/x3—$2) :zgrfw(\/E—@ +xErJ1raoo (:v— v w3—x2).

Ma .

Jim (Vaf s ) = dm oo R T
va 3 , 1

mgr—ir-loo(x_\/m):xgg—lool_{_ R 1—%+<ﬂ>2:§’
nén
xli)rfoo<\/x2+m— Vad — a?) =%+%= g.

Chon dap an (D) O

R o 2e4+V322 -2 V3+b
Cdu 34. Cho wgr_noO N i ] =
(A) A =6. (B) A =—6. ©a=2 D A=-2.

o L&i gidi.
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4. Baitép cudi chuong il Biét Iam, Iam ddng, Iam nhanh

y J J J
2 2
o mhllys— 5 _P 2-v3 \/' 2
Ta c6 lim = lim
T——00 1 T——00 —2+1
lz[\/4+ — + = \/4-|-—-|-1
T x2
Vayb=-2c=1=A=b-c=-2.
Chondépén@ O

~ 1 N 2 1-—
Cadu 35. Cho f(z) la ham da thic thoa lim2 Jl)+1 = a va ton tai lim fa)+wtl-uw
T—

po— lim o = T. Chon dang

thitc dang.

a—2 a+2 a— a+2
@_ . 16 9 16 @ @ 8
® Loi giai.
1
Vi f(z) la da thic va lirn2 J)+1 =anénsuy ra f(z) + 1= (xr —2)g(z),9(2) = a.
=2 X —
Do do, Ta co
) o0 —
P gy VE DI 2
x—2 x 4
—9 2 —
— lim (x )g(x)+ T — 22
=22 (z - 2)(x+2) [\/(z — 2)g(2) + 22 + 2]
= lim glw) — @
=2 (2 +2) [V/(o = 2)g(x) + 20 + 2]
a—2
16
Chon dap an @ O]
P Phén Tu luan (3 diém)
Bai 1. Tinh céic gidi han sau:
. V4n? —n+3 VI —2
a) lm =g b) lim o5
2
c) lim Oc +8. d) lim 5 +4.
z—+oo b — 2’ z——2+ 22 + 4
® Loi gidi.
/4 1 3
a) lim 4n2—n—|—3_hm _ﬁ—i_n_ !
8n—5 g_b 4
n
-2 2 1 1
b) lim Ve = lim VT = = lim —.
e—dx? — 16 a—4(y/x —2)(Vz +2)(z +4) $—>4(\/_-|—2)(:L‘+4) 32
6r+8 6
c) lim =—
a—+oobr —2 5
. 322 +4
d) Vi lim (322 +4) =16 >0; lim (z+2)=0vaz — —2" = 2+2>0nen lim = +00
z—2+ z—2+ a——2- 20 +4
0]
22 —25
S . khi 5
Bai 2. Cho ham sb f(x)=¢ x—5 7
a khi z = 5.

Tim a dé ham s6 y = f(x) lien tuc tren R.
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Chuong 3. Gi6i han. Ham sé lién tuc Biét Iam, lam ddng, Iam nhanh

y 4/ J J

® Li gidi.
2 _
Véi z # 5 thi f(z) = = _25

Do d6, dé ham s6 lién tuc trén R thi ham sb phai lién tuc tai = 5.
Tic la lim f(z) = f(5) © lim(z +5) = a < a = 10.
T—5 T—5

= x + 5 la ham lién tuc.

Vay v6i a = 10 thi ham s6 lién tuc trén R. O

Bai 3. Chitng minh ring gigi han lin%) Jzl khong ton tai.
z—0 T

O Loi gidi.
x —x
©® lim u = lim — = lim (-1) = —1.
z—0— T z—0— T z—0~
x x
© lim e )
z—0t T z—0t T  z—0t
ST | N I
Vay lim — # lim — nén gidi han lim — khong ton tai. O
z—0~ T r—0t T z—0 I
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