CHUYEN DPE

SU DUNG PHUONG PHAP PAI SO, LUGNG GIAC
GIAI BAI TOAN TIM GTLN - GTNN MODPUN SO PHUC

A. KIEN THUC CO BAN
1. Dinh nghia
7 Lwu y:
2. Bit dang thirc tam gidc
e |z,+2z|<|z|+|z,| dAubingxdyrakhi z =kz, v6i k>0 .
e |z,-2z,|<|z|+|7,| dAubingxdyrakhi z =kz, véi k<0.
J |z] +22|2|z]|—|22| diu bang xay rakhi z, =kz, véi k<0.

J |z] —22|S|zl|—|22| diu bang xay rakhi z, =kz, véi k>0.

3. Bit ding thirc AM-GM
Véi a,,a,,...,a, khong am ta luén c6 q, +a, +...+a, >2nfja,.a,...a

My

n lasd tu nhién
16n hon 1.Dau bang xay rakhi @, =a, =...a, .
4. Bat ding thirc Bunyakovsky

(al2 +a; +....+aj)(bl2 +b; +....+b,f) >(ab, +ab, +..+ab,)

Déu bing xay ra khi G_bH_ 4
b b, b,

B. BAITAP
Ki thudt 1: Danh gia hai modun voi nhau
Ki thuat nay chung ta tan dung cac phép danh gia
> |a+b|<|a|+p|
> |a+b|>|a|-|b|
Caul. Cho s phic z thoa min ‘22 —i‘ =1. Gi4 trj 16n nhat cta [z] 1
A5, B.2. C. 2V2. D. V2.

Phéan tich
> Nhan thiy bén trong mo dun chi ¢ 1 vi tri chira z boi vy ta s& nghi dén danh gia hai

modun ‘zz —i

, |7| voi nhau.
> Cong cu chung ta hay dung dé danh gia cac mé dun voi nhau
|a+b|<|a|+|b| va |a+b|=|a|-|b|.
Loi giai
Ta co: |22 —i| 2|2*|-Ji| =|z] ~1. Do d6 |z ~1<1 & |2 <2 <0< <2,
Voi z=1+i,taco |22 —i|=[i| =1 va [7] =+2.

_f

max

Dodé [z =|z

max

Vay chon dap an D




i

Cau 2.

Cau 4.

Cho sb phuc z théa man z khong phai sé thyc va w = o 1a s6 thuc. Tim gia tri 16n nhét
+z

cta biéu thic P = |z +1-1|.

A. 242, B.\2. C.2. D. 8.
Phan tich
> Deé baicho w = 3 z - la s6 thuc nén ta tim cach biéu dién sb phuc z theo s6 thuc do.
+z

Sau d6 ta nhén thay z 1a 4n clia phuong trinh béc hai. Tir d6 ta s& tim duoc |z|.

> Nhan thiy bén trong mo dun chi ¢ 1 vi tri chira z boi vy ta s& nghi dén danh gia hai
modun |z +1—i

, |z| v6i nhau.
> (Cong cu chung ta hay ding dé danh gia cac médun voi nhau
|a+b|<|a|+|b| va |a+b|=|a|-|p|.
Loi giai
2f 2c>w(2+f)=z¢$zkan+2=O(*)
z w

Tacow =

(*) 1a phuong trinh bac hai véi hé s thuc 1 cR.Viz thea (*) nén z 1a nghiém phuong
W

trinh (*). Goi z,,z, 12 hai nghiém cua (*).

Suyra z,z, :2:|le2| =2<:>|Zl||22|:2:>|2| =2.
SuyraP:|z+1—i|£|z|+|1—i|=\/§+\/§:2\/§ .Dau bang xay rakhi z=1-i
Vay chon dap an A

A4 , S s 1 Aeo x40 1A o 4R , +1
Cho s0 phtic z thoa |z| >2 . Tim tich gia tri 16n nhat va nhé nhat cua biéu thirc P = =Ry
z

3 2
A, =, B. 1. C.2. D. —.

4 3

Phéan tich
A A S I S S A ~ s
> Nhan thay z co the viét lai thanh |1+ —| trc 1a bén trong cling chi
z z
VI R X . , Lo |lzEI .
cO mot vi tri chra z . Nén ta tim cach danh gia VOl |z| .
z

> Cong cu chung ta hay dung dé danh gia cac médun véi nhau
la+ 8| <[a|+[B| va |a -+ 2 [a||b|.

Loi giai
Chon A
Taco P=ll+ <1+ 1 <2 Matkhac: 1+ 4>1- L1,
z |z | z lz| 2

Vay gia tri nho nhit cia P 12‘1% , xay ra khi z=—2i; gia tri 16n nhit cia P bang % xdy ra khi
z=2i.

Xét s phirc z thoa man 2|z —1|+3[z—i| <242 . Ménh @& ndo dudi day 14 ding?




Cau 5.

A 2<l<2. B. |o|>2. c. Lep<2. D. |<2t.
2 2 2 2
Loi giai
Cach 1

St dung bat dang thirc modun, ta co
222z 143|212 2(|z =1 +|z-i]) 2 2|z~ 1= (2 =i)| =242

Do d6 diu bang phai xdy ra, tic 1a

=0 ot
olltz—i=v2 AT

Chon dap an C

Céch 2

Goi z=x+yi,(x;y €R) dugc biéu dién béi diém M (x;y).

Suy ra 2|z —1+3Jz—i| = 2y/(x=1)’ + 3> +3{x> +(y=1)" =2MA+3MB véi A(1;0),B(0;1).
Khi d6, didu kién bai toan tré thanh 2MA4+3MB <22 =24B(1).

Mat khéc, ta luon c6: 2MA+3MB =2(MA+MB)+MB >2A4B+MB (2).

Tu (1) va (2), suy ra:

2AB+MB <2MA+3MB<2AB=>2AB+MB<2AB < MB<0
:>MB=O<:>MEB(O;I):>|Z|=1€(%;%)

Cho s phtic z théa min |z| =1. Tim gia tri 16n nhat M__ va gia trj nhé nhat M__ cia bicu

max

thire Mz‘zz+z+l‘+‘z3+l‘.

AM,_  =5M_. =1. B. M, =5M_=2.
C.M,_  =4M_ =1 D.M, =4 M_ =2.
Phan tich

> Tatim cich danh gia ‘zz + z+1‘ +‘z3 +1‘ v6i || .
> (Cbng cu chung ta hay ding dé danh gia cac moédun voi nhau
la+ 5] <[a| +|p| va |a+b|> |a|~|b].

Loi gidi
Chon A
Taco: M <|z| +|z|+1+|z[ +1=5,khi z=1=> M =5=> M, =5.
‘1—23‘ ‘1—23‘ ‘l+z3‘ ‘l—z3+1+z3
Mit khéc: M ='——I+|1+2’|> + > =1,
1-z] 2 2 2

khi z=-1=>M=1=>M_. =1.

Cho s6 phirc z thoa man |z+—|=3. Tong cla gi4 trj 16n nhat va gia tri nho nhat cia |z| 1a
z
A. 3. B. 5. C.13. D.5.
Phéan tich
1
» Tatim cach danh gia |z +—| voi |z| .
z




> Trudc hét ta c¢6 bai toan tong quat: Choa,b,cla cac s thuc duong va sé phic z =0

—c+~c? +4ab <|z|< c+~c’ +4ab

2a 2a

az+-|=c . Ching minh rang

z

thoa man

Dau dang thirc xdy ra khi va chi khi z 1a s6 thudn do.
\ A N a 5 2 A < K \ s o 1 b A 1A
» Duya vao dau dang thuc xay ra ta chi can tieén hanh giai phuong trinh az ——=c¢ 10i lay
z
tri tuyét doi mdi nghiém. Khi d6 so duong nhé lamin |z| s6 dwong 16n 1 max|z|.
Loi giéii

3+\/_

=32 -3|-1<0=

3+\/§
S

1
Z+—
z

—3+\/§
2 >

Ta co |Z|—i|£
zZ

Do d6 min|z| = ax|z| -

Vy tong gid tri 16n nhat va nhé nhat ciialz| 1a v/13..

K7 thudt 2: Diing cdc bt ding thive dai so
K1 thuat nay chung ta tan dung cac phép danh gia

» Véi a,,a,,...a, khong am ta luoén ¢6 a, +a, +...+a, 2 n¥a,.a,...a,
Dau bang xay rakhi a, =a, =...a, .

> (a12+a22+.. a”)(b +b; +.. bz) (ab +ab, +...+ab,)

Dau bang xay ra khi G B 4
bl b2 bn
Cau7. Chosd phitc z thoa man diéu kién |z—1|=+2 . Tim gia tri 16n nhét cia T =|z+i[+]z—2 4.
A. maxT =82 . B. max7T =4. C. maxT =42 D. max7T =8.
Phan tich

» Ta tim céch biéu dién z+i,z—2—i theo z—1 . Khi d6 T =|z+i|]+|z—2—i] bicu dién
duoc dudi dang v ++ va |z-1|ciing biéu dién duoc dudi dang v
> Tatim cach danh gia v +v va v
Loi giai
Chon B
:|z+i|+|z—2—i|:‘(z—l)+(l+i)‘+‘(z—l)—(1+i)‘.

Pat w=z-1.Taco [w]=1va T =|w+(1+i)|+jw—(1+i).

Pat w=x+yi.Khido [w] =2=x>+)".

T:‘(x+1)+(y+1)i‘+‘(x—l ‘—l\/x+l y+1 +1\/x 1 (y 1)2
s\/(12+12)((x+1)2+(y+1) +(x=1) +(y-1) ) :\/2 2x2+2y2+4):4
Viy maxT =4.

Chu8. Cho so phirc z théa man |z—3|+|z+3|=8. Goi M, m lan luot gi4 trj 16n nhat va nho nhat
calz|. Khi d6 M +m bang




|

Cau 9.

A. 4-47. B. 4+4/7. C.7. D. 4+4/5.
Phéan tich
> Dé bai yéu cau tinh M +m do vay ta s& di tim gia tri 1on nhat va gia tri nho nhat ctia |z|
> De bai cho |z —3|+|z +3| =8 c6 2 mddun ma moédun c6 thé biéu dién qua can. Tuc 1a dé
bai cho biét tong hai cin. Do vay ta s& danh gia tong hai cin véi can thir ba.
> Cong cu dé danh tong hai cin véi can thir ba c6 thé ding Bunhiacopxki.

Loi giai
Chon B
Goi z=x+yi véi x;yeR.
Taco 8=|z-3|+|z+3|2|z-3+z+3|=|2z| & |z <4.

Do d6 M:max|z|=4khi z=44 .

Ma |z—3|+|z+3|:8<:>|x—3+yi|+|x+3+yi|=8c>\/(x—3)2+y2 +\/(x+3)2+y2 =8.
Ap dung bt dang thtrc Bunhiacopxki, ta co

8:1.\/(x—3)2+y2 +1.\/(x+3)2 +y° S\/(12+12)[(x—3)2 +y2+(x+3)2+y2]
@83\/2(2)8 +2y7 +18) <> 2(2x7 +2y° +18) > 64
Sy 2T e +y 2T o727,

Do do M:min|z|:\/7.

Viay M+m=4+7.

Tim s6 phtic z sao cho ‘z -(3+ 4i)‘ = /5 vabiéu thirc P = |z+ 2|2 —|z- i|2 dat gid tri 16n nhat.

A.z=2+1. B. z=5+5i. C.z=2+2i. D.z=4+3i.
Loi giai

Chon B

Cach1

bat z=x+yi(x,yeR).

Khi d6 |z—(3+4i)| =5 < (x-3)" +(y-4)’ =5.

Taco P=(x+2) +y* —x*~(y—1) =4x+2y+3 & P-23=4(x-3)+2(y-4)
Suy ra |P—23|:\4(x—3)+2(y—4)\s\/(42 +27)((x=3) +(y-4)") =205 =10.
Suyra 13<P<33.

x-3 y-4 5
= — X =
Do d6: P =33 khiva chikhi { 4 2 @{ S
4(x-3)+2(y-4)=10 V7
Vay z=5+5i.
Céch 2

bat z:x+yi(x,ye]R).
Khi d6 |z—(3+4i)|=~5 < (x-3) +(y-4)" =5.




Cau 10.

Cau 11.

. x—3=+/5sint < x=3+/5sint
Dat .
y—4=\/§costc>y:4+\/§cost
P=|z+2f —[z=i] =4x+2y+3=4(3+5sint)+2(4+/5cost)+3

& 45sint +2+/5cost = P-23
Theo diéu kién c6 nghiém phuong trinh luong giac

= (45) +(2V5) 2(P-23) & P ~46P+4295013< P<33.
Viy GTLN ciia P 14 33 = z=5+5i.

Cho s6 phirc z théa man |z|<1 va s6 phirc w= iZJr_l Khi d6, két luan nao sau ddy dung?
iz
A |w|>2. B. |w|<1. C. |w|=2. D. 1<|w|<2.
Loi giai

Chon B

DétZ:a+bi(a,beR):>a2+b2§l do |Z|£1.

|W|_|2z—i|_|2a+(2b—1)i|_\2a+(2b—1)i\_ 4a> +(2b-1)’
2+iz| | (2-b)+ai | |(2-b)+al] \ (2-b) +d’

4a* +(2b-1)’

Sl
(2-b) +a

Ta ching minh

That vay ta co: 4a* +(2b—1) <(2-b) +a* & a* +b* <1.
Dau "=" xay ra khi va chi khi a* + 5> <1.

Cho ba s6 phtic z,,z,,z, théa man z, +z, +z, =0va |zl| = |zz| = |z3| =£. Gia tri 16n nhét cia

2
biéu thitc clia P =|z, +z,|+ 2|z, + z,|+ 2|z, + z,| bing bao nhiéu?
ap =D2 g MO cp S p 102
3 2 3
Phan tich

> V&i phép bién dodi
|Z1 +22|2 +|z2 +z3|2 +|z3 +Zl|2 = |Z1|2 +|22|2 +|z3|2 +(z,+z, +z3)(z_1+Z+Z) giup ta

danh gia |Zl+22|+|zz+z3|+|z3+zl| va |Zl|+|22|+|22| .

Loi giai
Chon B
Ap dung cong thite bién ddi |2+ 2,f 4]z, + 2, + |z, + 2 <[z +[z:f #lzf =422 =2
Ap dung bt dang thirc Bunhiacopxki ta c6
2 A2, A2 2 2 2 3 3\/3
P:|Zl+22|+2|22+Z3|+2|Z3+21|S\/(1 +2°+2 )(|Zl+22| +|22+Z3| +|Z3+Zl| ):3 E:T

3.6

Suyra P :T—> dap an B.

max




i

Cau 12.

Cau 13.

Véi hai s6 phitc z,,z, théa man z, +z, =8+ 6i va |z, —z,|=2.Tim gi4 trj 16n nhét cua biéu thirc

P=|Zl|+|22|.

A. P=5+345. B. P=226. C. P=4J6. D. P=34+32.
Léi giai

Chon B

Cach 1: Goi z, =a,+bji va z, =a, +b,iv6i a,,b,,a,,b, eR.
a,+a, =8
&b +b,=6

. {zl+zzz8+6i {(al+a2)+(bl+b2)i:8+6i
Khi do =
(a,~a,) +(h-b,) =4

‘(a1 —a2)+(b1 —b2)i‘ =2

|Zl—22|=2

= (a,+a,) +(b+b,) +(a,—a,) +(b=b,) =104 = a> +a,> +h7 +b,> =52 (¥).

Bunh (*)

Taco P=|z|+|z,|=Ja’ +b} +\Ja? +b} < \/(12+22)(a12+a22+b12+b22)=\/2.52 =226

=P, =226
— dap an B.

Cich 2: Ap dung cong thirc bién d6i z.z = |z|2V2‘1 z,+z, =2 +Z, taco:
|z1 +zz|2 +|Z1 —zz|2 z(z1 +zz)(z1 +zz)+(z1 —Zz)(z1 —zz)z(z1 +zz)(f1 +Ez)+(z1 —zz)(z1 —EZ)

=2(zz7,+2,5,)= 2(|Zl|2 +|22|2).
Vay |Zl +Zz|2 +|Zl _Zz|2 = 2(|Zl|2 +|Zz|2)'

2 :|ZI”L22|2+|21_22|2 _ 467+ =52 (¥

Suy ra |z]|2 +|zz| 5 5

Bunh

(*)
P=fef+f] < (1 +27)(af +|af ) =v252 22426 = B, =2426 — dipin B.

Xét cic sb phic z=a+bi(a,beR) thoa man |z-4-3{=+5. Tinh P=a+b khi

|z+1-3i|+|z—1+i| dat gié tri 16n nhat.

A. P=10. B. P=4. C. P=6. D. P=8.
Loi gidi

Chon A

Cach 1:

Ta co: |z-4-3] =5 & (a—4)' +(b-3)" =5 < a* +b* =8a+6b 20
bat A=|z+1—3i|+|z—1+i| ta co:
A=\(a+1) +(b=3) +y(a=1) +(b+1)

A <(P41)((a+1) +(b=3) +(a=1)" +(b+1)") =2(2(a* +57) - 4b+12)

= 2(16a+8b—28) = 8(4a+2b—7) (1)
Mat khac ta co:

4a+2b-7=4(a-4)+2(b-3)+15 s\/(42 +2°)((a=4)" +(b=3)") +15=25(2)




Tu (1) va (2) ta duge: 4> <200
4a+2b-7=25
2 a
bé Amax=10«/5©{a—4b-3 {b
4 2

—4

Vay P=a+b=10.
Cach 2:

B
Do |z-4-3i|=v5=(a-4) +(h-3) =5
Suyra M €(C) cotam 7(4;3) va ban kinh R =+/5
Goi A(-1;3), B(L,-1), I'(0;1)

Suy ra P:MA+MBS\/2(MA2 +MB?)

2
Miit khéc ta c6 MA® + MB? = 2MI" + A%

Suyra P, <> MI,, <> ' 1ahinh chiéu vuong goc cia M trén AB < M, 1,1’ thang hang. Vi
ta thdy 4 = IB = MA = MB nén xay ra dau=.
Ta cémz(a—4;a—3),ff:(—4;—2) nén AB < M,I,I' thing hang
< 2(a-4)=-4(b-3)=a=2b-2.
Toa do M la nghi¢m cua h¢

{(a—4)2+(b—3)2=5c{a=2;b=2

a=2b-2 a=6;b=4
Mat khac

M(2;2)= P=MA+MB =210

M (6;4)= P=MA+MB=102
Vaydé P, thiM (6;4) Suyra a+b=10.
Cach 3
Tacod [z-4-3]| =5 & (a—4) +(b-3) =5

{azx/gsina+4

bat b=+/5cosa+3"

Khi do M =|z+1-3i]+|z =1+ = J(a+1) +(b=3)" +\(a=1) +(b+1)’

= \/10\/§sina+30 +\/6\/gsina+8\/§cosa+30 .
Ap dung BDT Bunhiacopski

M S\/2(16\/§sina+8\/§cosa+60) :\/2[&/3(2sina+cosa)+60] <1042




) 2
S =—r= {a:\/gsina+4:6
=

Nén M, =102 khi .
b:\/gcosa+3:4

cosa =

S— G

Vay P=a+b=10.

K7 thudt 3: Dén bién
K1 thuat nay chung ta di theo hudong
> Vi s6 phtic & dang dai s6 tir dé bai ta di tim mdi lién hé giita phan thyc va phan ao.
Néu lam duoc diéu nay ta s& don vé 1 bién.
> Tur dé bai chung ta ddnh gid vé mot modun c6 the 1a |2|.
Chu 14. Trong céc sb phirc thoa man diéu kién |z + 34| = |z +2 —i|. Tim s6 phirc c6 moédun nho nhat?
1 2 1 2

A, z=1-2i. B.z=——+=i. C.z=—-—=1i. D. z=-1+2i.
55 55

Phéan tich

> D bai cho |z+3i|=|z+2~i| nén ta s& tim dwoc méi lién hé giita phan thyc va phén 4o

ctia 86 phuc z. Boi vay |2| s& ddn dugc mot bién.
Loi gidi

Chon C
Gia su z=x+yi(x,yeR).
|Z+3i|=|Z+2—i|<:>‘x+(y+3)l"Z‘(x+2)+(y—1)l"<2>xz+(y+3)2I(x+2)2+(y—1)2
S 6y+9=4x+4-2y+1=4x-8y-4=0x-2y-1=0x=2y+1.

2
|z|:«/x2+y2 :\/(2y+1)2+y2 :\/5y2+4y+1: 5(y+%j +%2£

5

ﬁ khi 2

1
Suy ra |z|min— s s 5V s 5k

Chu 15. Cho z théa man |z —2—4i|=|z—2i|. Tim GTLN cta |[w| véi w= 24
z

A W=2V2. B. M:@. C. |w1=@. D. [w]=+10.

Loi giai

Chon C

Pat z=x+yi(x,y €R). Khi do

|z—=2—4i| =z -2i| & |x+ yi-2—4i| =[x+ yi-2i] & (x-2)’ +(y—4)2 =’ +(y-2)
& —4x-4y+16=0=x+y-4=0y=4-x.

Ta co

:2+i:>|w|:|2+i|:|2+i|: N <

z |z| |Z| \/x2+y2 \/x2+(4—x)2 \/2x2—8x+l6
5

J2(x-2) +8

w




|

Cau 16.

Cau 17.

Cau 18.

Cach 1:

Tacs 4/2(x—2)" +828 nén uf =Y -
aco y2(x-2) nén [u] m |W|max

Cho cac s6 phitc z, =1+3i, z, =-5-3i. Tim diém M(x,y) biéu dién sd phuc z,, biét rang
trong mit phang phirc diém M nam trén duong thing x—2y+1=0 va mod dun s phic

w=3z, —z, —2z, dat gi4 trj nho nhit.
A M —E;—l . B. M E;—l . C. M g,l ) D. M —é;l .
55 55 55 — 55

Loi giai
Chon D
Ta c6 diém M(x;y)ed:x-2y+1=0nén M (2y-1;y)=z,=2y—1+yi

Do d6 w=3z,—z,-2z =32y -1+ yi)—(-5- 31 l+31 =6y+(3y—3)i

Suy ra [n]=/(6)’ +(3y-3)’ =355 2y+1_3/5 y—— il >3\/Z —vy eR

1
Vay m1n|w| # du bang xay ra khi y—;:M(—— —j

55
Cho z thoa mn |z —2—4i|=|z—2i|. Tim GTLN cta |w| v6i w= 2t

z
AW=2v2. B.|w1=@. CM:@- D.|w|=

Loi giai
Chon C
Dat Z=x+yi(x,yeR). Khi @6
|z—2—4i|=|z-21] S |x+yi—-2—4i| =|x+yi-21] & (x-2)" +(y-4) = +(y-2)
& 4x-4y+16=0=x+y-4=0y=4—-x.

Ta co
2+i |2+l| |2+l| J5 J5 J5
W= = |w |_| |_ E \/ ; N
X'+ \/x +(4—x) \/2x —8x+16
_ V5
J2(x-2) +8
J10
Taco 2(x—=2)" +8=+/8 = V5 s\/g . Va =—.
06 \2(x-2) e o VW e =g

Cho sb phirc z thoa mén |z| =1. Tim gi4 tri 10n nhét cua biéu thirc P = |z + 1| + 2|z - 1|

max = 2\/_ max = 2\/_ C Pmax = 3\/§ ‘ max = 3\/—
Loi giai
Chon A

bat z=x+yi (x;ye]R).




Ta co |Z|:l(:>)c2+y2 =1. Suyra xe[—l;l]

Taco P=|z+1+2]z=1|=(x+1)’ + 17 +2(x—1)’ + " =v2x+2 +2/-2x+2.

Xétham f(x)=~2x+2+2v-2x+2 trén doan [-1;1], ta duoc

12
V2x+2 N2x+2’
Bang bién thién:

~

Taco f'(x) f(x):0<:>x:—§

N
~
|
W | W
I
(S}
P
<
Q);
TB
=5
~
—_
=
N
Il
~
—~
—
N—
Il
)

Dua vao BBT, ta suy ra: 1[111317]( f(x

Cach 2: Bunhiacopxki

Cau 19.

Céau 20.

Theo BDT Bunhiacopxki:
P=|z+1]+2]z—1| g\/(l2 +27)(|z+1 +z-17) =\/10(|z|2 +1) =245,

Cho s6 phirc z théa min |z|=1. Tim gi4 tri I6n nhat ciia biéu thirc P =|1+ z|+3[1-2].

A. 315 B. 635 C. V20 D. 24/10.
Loi gidi
Chon D

Goi z=x+yi; (xeR;yeR).Taco: |z|=1=x’+)’ =1= )’ =1-x" = xe[-11].

Taco: P=[l+2]+3[1-2|=(1+x) + 37 +3(1=x) +)* = 2(1+x) +3,2(1x).
Xétham s§ f(x)=2(1+x) +32(1-x); x €[~1;1]. Ham s6 lién tyc trén [~1;1] va voi

1 3
= - =0
) S2(1+x) (2(1-x)

Ta ¢6: f(l):z;f(—1)=6;f(—§j=2\/ﬁz>Pmax =24/10.

xe(-1L1) taco: f'(x c>x=—§e(—l;1).

Xét s6 phirc z théa man |z+2—il+|z—4—7i|= 632 . Goi m, M 1an luot 14 gi4 tri nhé nhét va gia
trj 16n nht ciia |z —1+i|. Tinh P=m+M .

A. P=+/13+73. B.PzM. C. P=5J2+273. D.P:@.

2
Loi gidi

Chon B

Goi M (x;y) la diém biéu dién cua z. Céc diem A4(-2;1), B(4,7), C(1;-1).

Ta ¢6 |z+2—il+|z-4~7]= 632 < MA+ MB=672, ma AB=6+2 = MA+MB= 4B

Suyra M thudc doan thing AB.
Phuong trinh duong thing AB:y =x+3, voi x e [-2;4].




Taco [z—1+i|= MC = |z-1+i = MC? = (x~1) +(y+1)" =(x=1)" +(x+4)" =2x> +6x+17
bat f(x)=2x"+6x+17, xe[-2;4].

f’(X)=4x+6,f'(x)=0©x=—% (nhin)

Taco f(-2)=13, f(—%)z%,f@):%.

iy (0) = (4)=73. 10, =/ (-3 ]2
:M:ﬁ,m=¥.:P=M.

Céu21. Cho sb phirc 7 thoa mén \(z+2)i+1\+‘(2—2)i—1‘=6 . Tinh téng 7 = max |+ min|[?

A.T:5€_2. B.T7=0. C.T=6. D.T:3€_2.

Chon A
bat z=a+bi; a,beR .

Ta co: \(z+2)i+1\+‘(2—2)i—1‘=6
@\(a+bi+2)i+1\=2\(a—bi—2)i—1\=6
o J(ar2) +(1-0) +y(a=2) +(b-1) =6

45-9(b-1)’
5

©5(9-a")=9(b-1) & a’ = >0

o1-5<b<1+45
2
Khi d6 ‘z‘:\/az + b :J%Hﬂ .

Khao sat ham so, ta co

o [45-9(b-1) |
[1%?6]\/—+b =y(1—\/§)=\/§_1’

5
\/45—9 b-1 . (9) 35
max (\————+b" =y|— |=—.
[1—\/3;1+\/§} 5 4 2
Vay T=5€_2

Cau22. Cho sb phtic z thod man |z| =1. Goi M va m lan luot 1a gia tri lon nhét va gia tri nho nhét cua

biéu thirc P = |z+ 1| +‘22 —-z+ 1‘ . Tinh gia tri cia M.n

&%. B. 32 C.3V3. p. 13
4 4 4




Cau 23.

Loi gidi
Chon A
» Cach 1:

bat z=a+bi, (a,beR).Dét t=|z+1|

Taco:0<|z|-1<|z+]|<|z[+1 = 0<r<2.

2

£ =|Z+1|2 =(Z+1)(E+1):1+ZE+Z+;:1+|Z|2+2a=2+2a:>a:t

|22 —z+1‘=‘22—z+ZZ‘=|Z”Z—1+Z‘=|Z||2a—l|=‘12_3‘:>P=t+‘t2_3‘véi re[0:2]
P=t+‘t2—3‘:{t2+t—3a\/§stsz

2 +t+3,0<1<3
Bang bién thién:

:>Ma)cP—E MinP = f Mm—%.
[0:2] 4 [o2] 4
» Cach 2:

z=r(cosx+isinx)=a+bi

Do |z|—l:>{

- 2
Z.Z:|Z| =1

r=+a*+b* =1

P=+ [-L1]= f(0)=~2+2t +[21 -]
TH1: ze[—l;ﬂ
max f(1)=f(1)=3
[l = minf(t):f(%jzx/g
TH2: re| L1 }
1 _ _ - :_Z — _Z ZE
f(t)—m 2=0e1=-g=>max [(0) f( 8} 4

1343
=

13
:Maxf(l):Z; Minf(t)=\/§:>M.n=
Cho s phitc z thoa man |z|=1. Tim tong gid tri 16n nhat, nho nhat cua biéu thic P véi

P=[l+2|—[1+2]?

A. 2442, B. 1+242. C. —1+242. D.2-2.
Loi giai
Ta cod
‘l-I-Z

|| ‘ |1+Z| ‘Z-l—Z‘ |1+Z| 2|x|—\/(x+l) +y° —2|x|—\/2+2x vix’+y°=1.

Khéo sat ham s6 f(x) =2[x|-~2+2x véi xe D=[-11].




Cau 24.

1 22 +2x -1

+Voi x>0 tacd f(x)=2x—+/2+2x taco f'(x)=2— =

V2+2x  2+2x

f'(x):0:>\/2+2x=%<:>x:—% nén ta co maxP=P(1):O;minP=P(O):—x/§.

+ Vo1 —=1<x<0 tadugc f(x)=-2x—-~+2+2x
1
'(x)=-2-
S V2+2x
max P = P(~1)=2;min P = P(0) = —/2 .
+Tir trén ta duoe max P = P(~1) =2 min P = P(0) =2 . vay két.

[-1:1]

<0 trén tap diéu kién. Ham s6 nghich bién trén [-1;0]. Tir d6 ta dugc

Cho s6 phirc z thoa man z.z =1. Tim gia tri nho nhét ctia biéu thic: P = ‘23 +3z+ E‘ - |z + E| .

AL B.>. c. D.3.
4 4 4
Loi giai
Chon B
Goi z=a+bi,v6i a,beR
Tacod: z+z =2a; Z.E:1<:>|Z|2:1<:>|Z|:1
Khi @6 P:‘Z3+3Z+E‘—|Z+E|: Z(Zz+3+zj —|Z+E|
z

—2
P=|Z|.z2+3+|z7—|Z+E|=‘Z2+22§+E2+l‘—|z+2|
z
_\2 _ , , 1Y 3.3
P=‘(z+z) +1‘—|Z+Z|=‘4a +1|-2[a|=4a> +1-2]a| =| 2]a| = | +727
2) 474
5 _3
Vamein_4'

Ki thudt 4: Lwong gidac hoa

Cau 25.

Cau 26.

Cho s6 phirc z thoa man |z—1+2i| =2 . Tim mddun 16n nhit cia s phirc z .

A. J9+445. B. V11+445 . C.\6+45. D. 5+645 .
Loi giai

Chon A

Goi z=x+yi; (xeR;yeR).Taco: |z—1+2i|=2<:>(x—1)2+(y+2)2 =4,

bat x=1+2sint; y =-2+2cost; tE[O;Zﬂ'].

Luc do:

|z|2 :(1+2sint)2 +(—2+2cost)2 =9+ (4sinr—8cost)=9+v4*+8’sin(t+a); (xeR)

:>|z|2 :9+4\/§sin(t+a):>ze[—\/9+4\5;\/9+4\g}

5+2\/§+—10+4\/§i
5 5 '

=z =+9+4+/5 dat dugc khi z =

Cho sb phirc z théa min ‘(1 —i)z—6— 21" =+/10 . Tim mddun 16n nhat cta sb phirc z.
A. 45, B. 3\/5. C. 3. D. 3+45.




Cau 27.

Cau 28.

Loi gidi
Chon B
Goi z=x+ yi; (xeR;yeR).

Ta co:

(1-i)z-6-2i| =10 < |(1-i)). _f_?i=m@|z—2—4i|=ﬁ@(x—2)2+(y—4)2=5.
—i

Diat x=2++/5sint;y =4++/5 cost; te[0;27].

Luc do:

|z|2 :(2+\/§sint)2 +(4+\/§cost)2 = 25+(4\/§sint+8\/§cost)

:25+\/(4\/§)2+(8\/§)2 sin(r+a); (aeR)

:|z|2:25+2OSin(l+a):ze[\/§;3x/§}

=z =35 dat dugc khi z=3+6i.

z+

Cho s6 phtic z thoa méin |z—1+2i| = 3. Tim modun 16n nhit cua sb phirc z—2i.
A.\26+6417. B. /26— 6/17. C. V26+817. D. \/26-417.
Loi gii
Chon A
Goi z=x+yi; (xeR;yeR)=z-2i=x+(y—2)i.Taco:
z-1+42i[=9 & (x-1) +(y+2) =9.
bat x=1+3sin¢; y =-2+3cost, te[0;27z].
:>|z—2i|2 =(1+3sint)2 +(—4+3cosz‘)2 =26+6(sint—4cost)=26+6\/ﬁsin(t+a); (a eR).

=26-6V17 <|z-2i| <326+ 6317 =|z-2i  =/26+617.

Cho s phtic z thoa man |Z| =1. Goi M,m lan luot la gia tri lon nhat va gia tri nho nhét cua

tim Q:|z—l|+ z—5+§i .Tinh P=M +m.
A. 44243 B. 2+24/3. C. 26 . D. 2++6.
Loi giai

Chon C

B3

Vi |Z|=1:>Z=COSX+ZSIHX va Q=|cosx+zsmx—1|+ cosx+lsmx—5+71

2 2
:\/(cosx—l)2 +sin’ x +\/(cosx—%j +{sinx+§)
=\/2—2cosx+\/2—cosx+\/§sinx 6[2\/2—\/5;2\/2+x/§]

Do dd P=2y2—+/3 +242++/3 =26.




Cau 29.

Cau 30.

Cau 31.

1 B

Cich 2: Khi biét |z| =1, xét ba diém M(a;b),A(l;O),B[E;—Tj taco Q=MA+MB va

M, 4,B cing thuge dudng tron (O,1) suyra (MA+MB) < M ladiém chinh giita cung
16n AB. (MA+MB) <> M 1a diém chinh giira cung nho AB .
Cho s phiic z thay dbi thoa main |z—l—i|=5. Hoi gia tri nho nhéat cia biéu thirc
P=|z=7-9i|+2|(1+i)z+8-8] 1a?
A. 35, B. 5v/5. C. 245. D. 45.

Loi giai
Chon B
Vi z—1-i=5(cosx+isinx), ta co:
8—8i
1+

P:‘1+i+5(cosx+isinx)—7—9i‘+2 1+i+5(cosx+isinx)+

&—8&i
1+

:‘(5cosx—6)+i(55inx—8)‘+2 (5cosx+isinx)+

:\/(SCosx—6)2 +(SSinx—8)2 +2\/(5cosx+l)2 +(5sinx—7)2

= /25— 60cos x —80sin x + 100 +2+/25+10cos x — 70sin x + 50 > 5+/5 .

Cho sb phuc z théa man |z—i| =2.Goi M,m lan luot 1a gia tri 16n nhat va gia tri nho nhét cua

|z+2|+|z+2-2i|. Tinh P=M +m

A. P=2+417. B. P=2+217. C.P=v2+2J17. D.P=v2+17.
Huéng din giai

Chon B

Ta co: z—i=2(cosx+isinx) va

|z+2|+|z+2—2i|=‘2(cosx+isinx)+i+2‘+‘2(cosx+isinx)+i+2—2i

:\/(ZCosx+2)2 +(25inx+1)2 +\/(2cosx+2)2 +(2sinx—1)2

:\/9+8cosx+4sinx +\/9+8cosx—4sinx

:\/18+16cosx+2\/(9+8005x)2 —16sin’ x

:\/18+16cosx+2\/80c052x+144cosx+65 6[2;2\/ﬁ]

Goi z:x+yi(x,yeR) la s6 phtrc thoa méin hai diéu kién |z—2|2+|z+2|2:26 va
L2 3,
V2 2
13 16

A. xy:% B. xy=—. C. xyz;. D. xyz%

dat gia tri 16n nhét. Tinh tich xy.

Loi gidi
Chon D
bat z=x+iy(x,y €R). Thay vao diéu kién thir nhét, ta dwoc x* + y* =36.




bat x=3cost,y =3sint. Thay vao diéu kién tht hai, ta c6

3 3 V4
P=|z—————=i|= [18—18sin| t+— | <6.
V2 2 \/ ( 4]
Dau bang xay ra khi sin t+£):—l:t=—3—”:z=—£—£i.
4 4 2 2
Ki thugt 5: Sir dung biéu thirc lién hop z.z = |z|2
Céu 32. Cho sb phirc z thoéa man z khong phai la sb thuc va w= : = 1a 58 thuC. Gia trj 1on nhét
+z
cua biéu thire M =|z+1—i| la
A. 242, B. 2. C.2. D. 8.
Loi gii
Chon A
Do w 1a so thyc, suy ra:
— z z z z z z —2 - 5,
w=w 22( 2j<::> SE=—= - = — & 2z+zz =2z+z°z
2+z 2+z 2+z° 2472 24z 94

<:>(Z—;)(2—Z.;)=0@{igizﬁz.gz2<:>|z|z :2<:>|Z|=\/§.

bat z=x+yi(x,y eR). Khi do |Z|=\/§<::>x2+y2 =2 (*).
Cich 1 (Theo dai sé va két hop bat dding thirc)
M:|z+1—i|:‘()c+1)+(y—l)i‘:\/()c+1)2+(y—l)2 :\/x2+y2+2x—2y+2

—O 5 2x—2y+4.

Suyra M? =2x-2p+4< (22 +27)(x* +)?) +4 =82 +4=8 = M <22 = M, =2\
Cach 2 (Theo hinh hoc)

Goi diém T (x;y) biéu dién sb phic z=x+ yi

—8 5T thude duong tron (C) ¢6 tam O(0;0) va ban kinh R=2.

Taco M =|(x+1)+(y=1)i]=(x+1) +(y=1)’ =T4 véi A(-1;1).
Do 4(-1;1)e(C) suyra M,, =T4,, =2R=22.
Chuiy: Néeu A¢(C)=>M,, =TA, =0A+R.
Cau 33. Cho sb phirc z thoa man |2* +4|=|z|. Goi M, m lan luot la gid tri 16n nhdt va gid tri nho nhat
cua |z| Tinh P=M+m.

Nﬁ”. B. P=17. C. P:*/ﬁ“ 24171

A. P= . D. P= .
2 2 2
Loi giai
Chon B
: 4 4 -
Ta co ‘22+4‘:|Z| o2 +4 =le z+i :1©(2+_j(z+_j:1 <:>(Z+£j(z+iJ:l
zZ z zZ zZ zZ zZ
4(zz+;2)
=1.

- 16 z z )
<:>ZZ+—_+4(=+—}21<:>|Z| _|__2+
z.z z z |z| |Z




Cau 34.

Cau 35.

Cau 36.

16 J17 -1 <Jﬁ+1

Véyvéria=|z|>0 tacod 1>a’ +—-8 < 5 <a< 5
Do d6 P:\/ﬁ_l+\/ﬁ+1:\/ﬁ.
2 2
Cho s6 phirc z thoa man z+§ =3. Tinh P=max|z|+min|z|.
A. P=3. B. P=4/13. c. P=3J13 D. P=3+4/13.

Loi giai
Chon B
Theo gia thiét, ta co

(z+l)(z+lj:9<:>(z+lj+(2+é):9
z z z z

> 1 42 2
<:>|z| +—+—:9<:>|Z| +—+ =

2 2
S

7
3+3 PZ\/B

Cho s6 phirc z théa min |z|=1. Goi M va m lan luot la gia tri 16n nhét va gia tri nhé nhat
ctia biéu thirc P = |z + 1| + ‘zz -z+ 1‘. Tinh gia tri cia M.m .

B. —/—.
4

a0 » c.\i 5

Loi giai
Chon A
Goi z=x+yi; (xeR;yeR).Taco: |z|=1<zz =1
Dit 1=z+1),taco 0=|z|-1<|z+]|<|z|+1=2=1€[0;2].
)

Taco * =(1+z)(1+Z)=1+zZ+z+Z=2+2x=>x=

Suy ra ‘Zz—Z+1‘=‘22—Z+Z.E‘=|Z||Z—1+E|=1/ 2x - 1 |2x 1|—‘t —3‘

Xéthamsd f(t)=t+|¢’

,t €[0;2]. Bang c4ch ding dao ham, suy ra

maxf(t):%;minf() B=Mn= 13[
Cho s6 phirc z thoa man |z° +l =4 . Tinh P=max|z|+min|z|.
z
A. P=42. B. P=2V2. C. P=\4/2-2. D.P=2y2J2-1.
Loi giai
Chon D

Theo gia thiét ta co

(23 +lj(23 +lj =16 (23 +lj(23 +é) =116
z z z z




6
+

2, =2)\2 4
1 z'+z —2|Z|
:16<:>|Z|6+W+< |Z)|2 =

16

2
g

1 _2|Z|4 N V4\/§_2_\/§§|2|§ “4\/5_2+\/§:P=x/4\/§—2.
2

+
CIC 2
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