CHUONG 3: PHUONG PHAP TQA PO TRONG KHONG GIAN Oxyz
BAI 1: HE TQA PQ TRONG KHONG GIAN

A.Li THUYET TRONG TAM

1. Hé toa d¢ trong khong gian

Hé truc toa do Pé-cac vudng goc trong khong gian gdom ba truc ~ \ Z
x'0x, y'Oy, z'0z vudng goéc vdi nhau tirng d61 mot. ek

Goi ;,}',l; lan luot 1a cac vecto don vi trén cac truc Ox, Oy, Oz. | 7 Jiet0)
DPiém O duoc goi 1a gbc toads.  TT7O7T |é — g7

Cac mat phang (Oxy), (Oyz), (Ozx) 1a cic mat phang toa do. I
Khong gian gin véi hé toa dd Oxyz duoc goi 1a khong gian Oxyz.
2. Toa d§ cua vecto

Trong khong gian Oxyz, cho vecto u . Khi do

u=(xy;2) @ u=xi+yj+zk.

Chu y:
1) 0=(0;0;0).
a, =b,
2) a=b&qa,=b,
a,=b,
a, =kb,
3) a cung phuong B(Bi())@ a, =kb,
a, =kb,

Biéu thirc toa d ciia cac phép toan vecto
Cho hai vecto @ =(a,;a,;a,),b=(b;b,;b,) vak1a sb thuc tiy .
Khi do ta co:

. Et+l§=(al+bl;a2+b2;a3+b3).

o a-b=(a,—b;a,~b;a,-b,).

o ka=(ka;ka,;ka,)

o ab =(a,b, +a,b, +a,b,).

Ung dung ciia tich v huéng:

e alboab=0&a b +a,b,+ab,=0

-2 ==

2 2 2
e a =aa=a, +a;+aj.




- -2
. ‘a‘z\/a = Jal+al+al.

#‘Q_Q.B _ ab +a,b,+a.b
¢ cosfap)- [ o] ar+ e

Véi a # (3,13 £ 0.
3. Toa d clia mot diém
Trong khong gian Oxyz, cho diém M tuy y.
Khi do M(x;y;z) & OM =xi+ y}+ Zk.
Tinh chit

o Néu A(X,3y,:¥a)va B(Xg5y,5y,) thi

AB(XB —Xas¥Ys T YasZc _ZA)‘

Khi do6 ABz‘rB‘z\/(XB—XA)Z+(yB—yA)2+(zB—zA)2.

e Toa d6 trung diém I cta doan thé'ing AB la

I XA-{_XB.yA—}_yB.ZA—i_ZB .
2 7 2 72

e Toa dd trong tam G cua tam giac ABC la

G[XA+XB+XC‘yA+yB+yC _zA+zB+ij
3 ’ 3 ’ 3 '

e Toa d6 trong tam G cua tir dién ABCD la

Chii y: Trong hé toa dé Oxyz, cho diéem M

(x;y; 2) ta ¢é cdc khang dinh sau:

e M =0 M(0;0;0).

* Me(Oxy) < z=0, tic la M(x;y;0).

e Me(Oyz) < x =0, tic 1a M(0;y;2).
0;7)

e Me(Oxz) <= y=0,thcla M(x;

:Z).
eMeOx & y=2z=0, tircla M(x;0;0).
*MeOy < x=2z=0, tircla M(0;y;0).

*MeOze x=y=0,ticla M(0;0;z).

Xy X+ Xe+ Xy YA+ Yp+YetYp Zy+ zB+zC+zD)

G[ b b
4 4

4. Tich c6 huwdng cia hai vecto

Dinh nghia

Trong khong gian Oxyz, cho hai vecto b=(b,;b,;b,). Tich c6 hudng ciia hai vecto avab la mot

vecto vudng goc vai ca hai vecto avab, ki hiéu Ia [a ,b} va duoc xac dinh nhu sau:

a, 4,

b, b,

a; a,

b, b,

a, a,

bl b2

b

b

sl o i

=(a,b,—a,b,;a,b, —aby;ab, —a,b,).

Tinh chat
e a cung phuong véi be [5,17)] =0.

o [a , b] vudng goc voi ca hai vecto avab.




. [6.3]-—[3.6]
. ‘[Q,B]‘:‘QHB‘MH(Q,B)
5. Phwong trinh mit ciu
Trong khong gian Oxyz, mit cau tdm I(a;b;c)ban kinh R c¢6 phuong trinh 1a
(X —3)2 +(y—b)2 +(Z—c)2 =R’
Nguoc lai phuong trinh
x’+y’ +2° +2Ax +2By+2Cz+D =0 (1).

Véi A4°+ B> +C* -~ D >0 la phuong trinh mit cau tam 7 (-4;-B;—C)

c6 ban kinh R =/ 4>+ B> +C* - D.
Chit y: Piéu kién dé phirong trinh (1) la phirong trinh mdt cau la:
A*+B*+C*-D>0.




SO PO HE THONG HOA

H¢ toa do Dé-cac vudng goc Oxyz gom

ba truc x’0Ox, y’Oy, z’Oz.

° 5’5 cung phuong Diém O 1a géC toa do.

e o[4,5]=0

Céc vecto don vi trén cac truc Ox, Oy,

Ozla i,j,k

- - . Khong gian gin véi
’ [a,b]J_{a,b} hé toa do Oxyz

5.5l onf)

Cac mat phfmg toa do:

HE TOA PO (Oxy),(Oyz),(Ozx)
Tich ¢6 huéng |— .
KHONG GIAN
Tich c6 hudéng cua hai Toa do vecto Toa do diém
vecto la mot vecto | |
u=(x%y;z) M(x;y;2)
a=(a;a,;a,), b=(b;byb,). Su=xityj+zk < OM=xityj+zk
[5 B]_ a, asl(a; a|a, a, l v
P17 b, blfb, bbb, ‘a‘z\/;?: Kryi+z AB(xy =X, Y5~ YriZc —7,)

=(a,b;—ab,;a,b, —aby;ab, —a,b,).

Bicu thure toa dd cua cac phép toan vecto

a=(a;a,a,), b=(b;b,;b,).
a+b=(a,th;a, th;a,+h,).
ka=(ka;;ka,;ka,)voik 1 s thuc

ab= a,.b +a,.b, +a,.b,

B. CAC DANG BAI TAP

Dang 1: Tim toa d9 diém, vecto trong hé truc Oxyz

1. Phwong phap
St dung cac dinh nghia va khai niém co6 lién quan dén diém, vecto: Toa do cua diém, vecto; do

dai vecto, ...va cac phép toan vecto ... d€ tinh tong, hiéu cac vecto; tim toa do trong tm tam giac, ...




2. Bai tap
Bai tap 1. Trong khong gian Oxyz, cho 5(—2;2;0),[3(2; 2;0),2(2; 2;2). Gia tri cua ‘5+B +E‘ bing
B. 2./6. C.11. D. 2J11.

Huéng din gidi

A. 6.

Chon D.

Taco a+b+c¢=(2;6;2) nén ‘Zz+13+2\=\/22 +62+22 =44 = 2411,
Bai tip 2. Trong khong gian Oxyz cho hai diém A4(1;2;3), B(-1;0;1). Trong tim G clia tam gidc

OAB c6 toa d0 la:

A. (0;1;1). B. [0;%;%). C. (0;2;4). D. (-2;-2;-2).
Huéng dén gidi
1-1+0
XG = 3 :O
Toa d trong tdm tam giac la: Jy, = 24040 _2 = G(O;EQ—J.
3 3 33
3+1+0 4
Zg = =—
3 3
Chon B.

Bai tap 3. Trong khong gian Oxyz, cho vecto a = (1;-2;4), b=(x,;%,;2,) ) ciing phuong véi vecto
a . Biét vecto b tao véi tia Oy mot goc nhon va ‘B‘ =/21. Gi4 tri cia tong X, + Y, +2, bang

B. 6. C. —6. D. 3.
Huéng dén gidi

A. 3.

Chon A.
=1

- k=
Lai o ‘b‘:@. suy ra VK2 + 4k + 16Kk =\/Z@L |

Véi k=1 tacod ‘B‘ = (1;-2;4), suy ra goc giita b va Oy théa man
cos(B,Oy) = i, trong do B] =-2<0.
ol
Suy ra gdc tao bdi b va Oy la gbc tu. Suy ra k =1khong thoa man.
Véi k=-1taco ‘B‘ =(—1;2;-4), suy ra goc giira b va Oy thoa man
cos(B,Oy) = ‘;ﬁ, trong do 133 =2>0.

Suy ra gdc tao bdi b va Oy la géc nhon. Vay k =—1thda man.




Do d6 [b|=(~1;2;-4). Suy ra x, + y, + 2, =—1+2-4=-3.

Bai tap 4. Trong khong gian Oxyz, cho hinh ling try tam giac déu ABC.A'B'C’ c6 A’(\/g ;—1;1),
hai dinh B, C thudc truc Oz va AA’'=1 (C khong tring véi O). Biét vecto u= (a;b;2)
(v6ia,b € R) 1a mot vecto chi phwong cua duong thing 4'C. Tinh T = a® +b°.
A. T=5. B. T=16. C. T=4 D. T=0.
Huéng dén gidi
Chon B

Lay M 1a trung diém BC.

. AM 1 BC .
Khi dé6 ta co nén BC L A'M tai M;

AA' 1 BC
suy ra M 1a hinh chiéu caa A’ trén truc Oz

= M(0;0;1) va AM =2.
Mit khac AM =~+A'M> —AA"” =4/3.
NE)

Lai c6 AABC ddunén AM = 7Bc -3

= BC=2=MC=1.
Goi C(0;0;c),c#0 suyra MC:|C—1|.
c=0 )
MC=1<:>|c—l|=1<:>{ 5 (loai ¢=0) = C(0;0;2).
Cc=
A'C= (—\/g ;1;1) la mot vecto chi phuong ctia dudong théng A'C
Suy ra u= (—2\/5 ;2;2) cling la mot vecto chi phuong cua A'C.

Vay a=-23;b=2. Suyra T =d* +b* =16.

Dang 2. Tich ¢6 hwéng




1. Phwong phap gidi

Pé tinh tich c6 hudng cua hai vecto, ta ap
dung cong thuc:

vl o

=(a,b, —a,b,;a;b, —aby;ab, —ab).

a, a4,
b, b,

a g
by b,

a a4
bl bz

b

9

2. Bai tip miu

Bai tap: Tinh tich c6 hudng cua hai vecto

a=(L0;1),b=(21-1)

Huwong din gidi

~ o (jo 11 1o

e LB =3
[4:8] [1 1|1 22 1D (=1:3:1)

Bai tap 1. Trong khong gian voi hé toa do Oxyz, cho hai vecto a,b khac0. Két luan nao sau day

sai?

B.[2a,b|=2[a,b]

. (.5 =a| [§.sin(a.5).

Huéng din gidi

Chon C.
Ta co: [%,313] =3[Ez,313] =9[Zz,13]. (C sai)

Bai tap 2. Trong khong gian Oxyz, cho ba vecto a= (1; 2;1) ,l; = (0;2;—1),2 =(m,1;0).

Tim gi tri thyc cua tham s6 m dé ba vecto a; b; ¢ dong phang.

A. m=1. B. m=0.

C.m=—. D.m=—.
4 4

Huwéng din gidi

Chon D.
Taco [Zz,lﬂ =(-412).

Ba vecto a; b; ¢ ddng phéng @[5, B} c=0=-4m+1=0m=—.

1
4

Bai tap 3. Trong khong gian véi hé toa d6 Oxyz, cho nim diém A(0;0;3), B(2;-1;0), C(3;2;4),

D(1;3;5), E(4;2;1) tao thanh mdt hinh chop c6 ddy 1a tir gidc. Dinh cia hinh chop twong tng 1a

A. Diém C. B. Diém A.

C. biém B. D. Diém D.

Hwéng din giai

Chon A.

Xét dap an A, gia su C la dinh cua hinh chop, ta co:

AB=(2;-1;-3), AD=(1;3;2), AE =(4;2;-2), AC=(3;2;1)




[E,E].E:M—zj—zﬂ:o
- [A—B,E].sz—z.nm ~14.

Suy ra A, B, D, E dong phéng.

Viy diém C la dinh ctia hinh chop.
Bai tap 4. Trong khong gian Oxyz cho cac diém A(1,0;0), B(0;2;0), C(0;0;3), D(2;-2;0).
Co tat ca bao nhiéu mat phéng phan biét di qua 3 trong 5 diém O, A, B, C, D?

A. 10. B.7. C.5. D. 6.

Huéng din gidi

Chon C.

Tacd AB= (—1; 2;0), AD = (1;—2;0), suy ra3 diém A, B, D théng hang.

Tur d6 chung ta xac dinh duogc vi tri cac diém trong hé truc 46 Oxyz va dém tryuc tiép ta co 5 mat
phang di qua 3 trong 5 diém O, A, B, C, D la:

(OCB), (0C4), (OCD), (0A4B), (ABC)

Dang 3. Ung dung ciia tich ¢6 hwéng dé tinh dién tich va thé tich

1. Phwong phap giai

e Dién tich hinh binh hanh: S_, ., = ‘[KE,KJS]‘.

e Tinh dién tich tam gidc: S_,,. = ‘[A—B,A—c]‘.

e Tinh thé tich hinh hop: Vs vwer = ‘[Xﬁ, AC]| .X}S‘.
e Tinh thé tich t dién: V,,., = %‘[@,A—C]E‘

2. Bai tap
Bai tap 1. Trong khong gian voi hé toa do Oxyz, cho ba diém A(1;2;0), B(2:1;2), C(-1;3:1).

Bén kinh duong tron ngoai tiép tam giac ABC la

A. 30, p. 30 c 0 D. V0.
Huwéng dén gidi
Chon B.

Taco: AB=(1;-1;2),4C =(-211), BC =(-3;2;-1)
Suy ra AB:AC=\/E;BC=\/ﬁ.

V35

Suyra S,;. = %‘[?B,?C] =




Goi Ragc 12 ban kinh dudng tron ngoai tiép tam giac ABC, ta co

_ ABACBC 646414 3410

ABC 48,0 . \/g 5

2

Bai tip 2. Trong khong gian Oxyz, cho A(2; 1;-1), B(3;0;1), C(2;-1;3) va D nam trén truc Oy.
Thé tich tr dién ABCD béng 5.ToadocuaD la

A. D(0;-7;0). B. D(0;8;0).

C. D(0;-7;0) hodc D(0;8;0). D. D(0;7;0) hodc D(0;-8;0).
Huéng din gidi

Chon C.

Vi D €Oy nén D(O; y;O). Khi d6. Thé tich cta tir dién ABCD la
lf-—=-—=1-—= 1
v =g‘[AB,AC].AD‘ =—lay-2|

y=-

Theo dé ra, ta co l|4y—2| =5&
6 y=8.

Bai tap 3. Trong khong gian voi h¢ toa d0 Oxyz, cho hinh lang tru ABC.A'B'C" c6 toa 0 cac dinh

A(O;O;O), B(O;a;O),C(az3 ;%;OjvdA'(O;Oﬂa). Goi D la trung diém canh BB' va M di dong

trén canh AA'. Dién tich nho nht cua tam giac MDC' la

2 2 2 2
AR B S c. a6 p, “N15
4 4 4 4
Huéng din gidi
Chon C.
A’ B’
CJ’
| - D
M




a\/g a J

Tacd CC' = AA' = C’ —:—:2a
2 2

CC' =BB = B’(O;a;Za).
Piém D 14 trung diém ciia BB' nén D(0;a;a).

M (0;0;¢) voi O <t<2a. Taco D—Cz[#;—%;a}DM=(0;—a;t—a).

Ta co:

2
- 2 _ 2 ay/(2t—3a) +6a’ 2
SMDC,zl‘[DC',DMJ‘za\/‘“ 12at+ 152 _ 2y ) 3 \/E.
2 4 4 4
2
Suy ra minS | . =¥ khi tzga.

Dang 4: Phuong trinh mit ciu

1. Phwong phap giai
Cich viét phwong trinh mit cau:
e Mit ciu tAm I(a;b;c), ban kinh R ¢6 phuong trinh
(x—a)2 +(y—b)2 +(Z—c)2 =R’
Bai tdp: Phuong trinh mt cdu tam 7(2;-1;1), ban kinh R =3 1a (x—2)" +(y+1)" +(z—1)" =9.
e Xét phuong trinh:
X’ +y’ +2° +2ax +2by+2cz+d =0. (*)
Taco (*)< (X2 + 2ax) +(y2 - 2by) +(z2 + 2cz) =—d
& (X+a)2 +(y+b)2 +(z+c)2 =a’+b>+c’ —d.
Diéu kién dé phuong trinh (*) 1a phuong trinh mat cau a’ +b? +¢* > d.
tﬁmI(—a; —b;—c)
Khi d6 (S) co
bankinhR =+a’ +b* + ¢* —d.
Dic biét mat cau (§): x>+ +z° =R thi (S) ¢6

témO(O;O;O)
bankinhR.

2. Bai tap




Bai tap 1. Trong khong gian v6i hé truc toa do Oxyz, cho mit cau (S) c6 phwong trinh
(S):x’+y’ +2> —=2x+6y—62—6=0. Tinh dién tich mat cau (S)
A. 1007. B. 1207. C. 9. D. 427.
Huwéng dén gidi
Chon A.
Mit cau (S) c6 tAim I(1;-3;3), ban kinh r=+1+9+9+6 =5.
Vay dién tich mit cau 1a 47r® =47.5* =1007.

Bai tap 2. Trong khong gian Oxyz, cho diém I(l;—2;3). Viét phuong trinh mat cau tam I, cat truc

Ox tai hai diém A va B sao cho AB = 243.

2

Ao (x=1) +(y+2) +(z=3) =16. B. (x—1) +(y+2)? +(z-3)" =20.

2 2

C. (x—=1) +(y+2)" +(z-3)’ =25. D. (x—1)" +(y+2)" +(z-3)" =9.
Chii y:

Tinh khoang cdch tir diém A dén dwong thang A:

- Xac dinh diém M € A.

[A%i1]

- Ap dung céng thirc: d(A, A) = ‘Q
u

Huéng din gidi
Chon A.

Goi H 13 trung diém AB=>ITH L AB tai H=IH=d =d

(1;0x)

(1;(AB))
, [

Lay M(2;0;0)e Ox = TH =d,,,, =¥ =+3.

Ban kinh mit cAu can tim 1a R = IA =V IH? + HA? = 4.

Vay phuong trinh mat cau can tim 1a (x —1)2 +(y+ 2)2 +(z—3)2 =16.




Bai tap 3. Trong khong gian v6i hé toa do Oxyz, cho mit ciu (S):(x —1)2 +(y—2)2 +(z+1)2 =9
va hai diém A(4;3;1), B(3;1;3); M la diém thay doi trén (S). Goi m, n lan luot la gia tri 16n nhat,
nho nhat cua biéu thirc P =2MA? —MB?. Gia tri (m—n) bang

A. 64. B. 60. C. 68. D. 48.

Huwéng dén gidi

Mit cau (S) ¢6 tm I(1;2;-1) va ban kinh R = 3.

Lay diém E sao cho 2AE -BE =0 < E(5;5;~1). Tacé IE =5.

D@ thay diém E 1a diém ndm ngoai mit cau (S).

. 2 2 = 5\ — 5=\ 2 2 2

Khi d6 P =2MA2 - MB? = 2(ME—AE) —(ME—BE) -~ ME? +2AE? - BEZ.

P 16n nhét va nho nhét khi va chi khi ME 16n nhit va nho nhat.

max ME=IE+R =8minME =1IE—-R =2.

Do @6 m=maxP =64+2AE* -BE*;n =minP =4+ 2AE* - BE’.

Suy ra m—n = 60.
Chon B.






