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Chuong 1

DAY SO

1.1 Day sb6

1.1.1 Pinh nghia day sb6

Dinh nghia 1.1. Day sé hitu han la tap hop cdc gid tri clia ham s6 u :{1,2,3,...,m} — R,
n — u(n) dudc sap xép theo thi tu ting dan theo dbi sé n:

Ui,ug,...,Um.
Ta néi day sbé c6 m sé6 hang va
e uy:dudc goi la s6 hang dau
o u,,: dudc goi la sé hang cubi.

DPinh nghia 1.2. Day s6 la tdp hop cdc gid tri ciia ham s6 u:N* — R, n — u(n) Dudc sap
xép theo thi: tu ting dan lién tiép theo dobi sb tu nhién n:

u(1),u(2),u(3),...,uln),...

o Ta ki hiéu u(n) bdi u, va goi la s6 hang thi n hay sé hang téng qudt cia day sb,
u1 duogc goi la sé hang dau ctia day sb.

o Ta co thé' viét day sé dudi dang khai trién ui,us,...,un,... hodc dang rit gon (u,).

1.1.2 Cach cho day s6
Nguoi ta thuong cho day sb theo céac cach sau:
e Cho s6 hang tong quat, tic 1a: cho ham sé u xac dinh day s6 dé
e Cho bang cong thitc truy hai, tic la:
* Cho mot vai s6 hang dau cta day

* Cho hé thic biéu thi s6 hang tong quat qua sbé hang (hodc mot vai sé hang) ding
truéce no.



4 Chuong 1. DAY SO

Vidul.l
n+1

Cho day s6 (u,) dudc xac dinh béi u, = — véin > 1.

1. Viét 5 s6 hang dau tién caa day

2. Chung minh réng u, <1, vn>1.

Loi giai. 1) Taco
1+1 2+1 3 3+1 1
ui=—r =1, o Tp VT o3 Ty T o T g 5 — 16
2Tacou,<1e2">n+1(1).
Ta ching minh (1) béng phuong phap quy nap.
V6i n = 1 ta thiy (1) ding.
Gia st (1) ding véin =k > 1, tic 12 2% > £+ 1. Khi d6

ug =

2kl 99k > ok + 1)=k+2+k >k +2.

Do d6 (1) dang véi n =k + 1.
Vay bai toan dudc chiing minh. [ |

Vi du 1.2

Cho day s6 (u,) dudc xac dinh béi

ui= 2
+1 .
Uns1= =, V> 1

2

1. Tim 4 s6 hang dau cta day

2. Chitng minh rang u, >1véi Vn >1

3. Tim cong thiic tong quat cta day (u,).

Lgi giai. 1) Ta co

u1+1_3 _u2+1_5 _LL3+1_9
2 2 2 4 2 8

u1=2, ug=

2) Ta chitng minh u, > 1 bang quy nap.
Hién nhién, ta c6 u; > 1.
Gia st u, > 1, khi do

Up+1 = 2 >T:1.
Do do,tacou,>1, Vn>1.
3) Ta co
2l+1 2241 2341
U1=2, Ug=—F—, UB= 05— Us= g

Nguyén Tat Thu



1.1. Day s 5

Do d6, ta chiitng minh

_2nly
Un = on-1
- 2+l
Giastu,=——taco
gn-1
A T
u,+1 on—1 + 2" +1
u = = = .
n+l 9 9 on
1 2141
Theo nguyén li quy nap, ta suy ra u, = o1 [ |

Vidul.3

Ching minh rang ton tai ding 4 day s6 nguyén duong (u,) théa: ug=1,u1 =2 va
|un+2.un - ui+1| =1.
Loi giai. Ta co:

up—4]=1> us=5=>ug=12,u3 =13

us=3=>us=4,us=5
a) Ta chiing minh ton tai duy nhat day s6 nguyén dudng (u,) théa

up=1u1=2,us=3,ug=5

|un+2.un—ui+1 =1, Vn > 4. 1)

« Chitng minh ton tai: Xét day (v,,): { vo=1vi=2
Uns1=Up+Up_1, n=2,3,...
Bang quy nap ta ching minh dude (v,) théa méan (1).
That vay:
[vn+2.0n =02, 1| = [Un Vps1 +02) — V24|
= |Un+1(Un —Un+1) + U,21|
=02 —vp_10p41] =1

« Chitng minh duy nhat.

Trudc hét ta chiing minh néu day (x,) théa (1) thi (u,) 1a day tang.
Giastapsi>a,>ap1—1>a,.

TU |an+2a, —a?, | =1ta suy ra

2 2
a +1 a +1
n+l— n+l—
Ap+2 = P >aps1+t1>apq1.
an an+1—1

Nén theo quy nap ta c6 dpcm.
Gia st ton tai k£ d€ vy # up VA vy, = un, Yn <k. Khi d6, ta gia s vy <up, suy ra:

2
Up.upo=u, +1 . L
{ k-1 > up_o(up—vp)=2=2:up_o (vo 1i).

—_ 5,2
Up.Up-2 =0)_; —

Nguyén Tat Thu



6 Chuong 1. DAY SO

Do vay ton tai duy nhat day nguyén duong (u,) (d6 chinh 14 day (v,)) théa méan (1).
b) Tudng tu ta chiing minh dudc ton tai dity nhat cac day nguyén duong thoéa:

2
u0:17u1:27u2:37u3:4’ un+2un_un+1| =1

2

uo=1,u1=2,us=5ug=12,

2
Upiolly — un+1| =1.

uog= 1,u1:2,u2:5,u3 = 13,

D6 1a cac day tuong tng la:
uo=1u1=2,up+1=2Up+1—Up
uo=1,u1=2,up+1=2Up+1+uy

uo=1,u1=2,up+1=3Up+1— Unp.

Vay ton tai ding 4 day s6 nguyén duong théa yéu cau bai toan. [ |

1.1.3 Day sb ting, giam va day s6 bi chin
DPinh nghia 1.3. Day s6 (u,)
» Puoc goi la day tang néu u, <u,.1 VneNx
e Dugc goi la day giam néu u, > uns1 Vn € Nx
 Dudgc goi la bi chan dwéi néu ton tai sb thuc m sao cho u, >m, Vn=1,2,...
 Dudgc goi la bi chdn trén néu ton tai sé thuc M sao cho u, <M, Vn=1,2,...

 Dudgc goi la bi chan néu vita bi chin trén vita bi chin dudi. Tic la ton tai sé thuc
N sao cho lu,| <N, Vn=1,2,...

* Dudc goi la day tuan hoan néu ton tai sé nguyén duong k sao cho an.p = a, véi moi
n, s6 nguyén duong k nhé nhdt théa diéu kién dé duoc goi la chu ki. Khi k=1 ta
goi la day hdng.

Vidu 1.4

Cho day sb (u,): {

u1:1,u2:2

. Ching minh rang day (u,) la da
Un+1=+Un+Up-1, VN 2> 2 8 8 day Hin Y

tang va bi chan.

Loi gidi. Ta ching minh day (u,) 1a diy ting bang phuong phap quy nap.
* D& thay ui < ug <us.

* Gia st up_1 <up, Vk <n, ta chitng minh u, 1 <u,.

That vay

Up+1 = Unp T+ \/un—l > \/un—l + \/un—Z =Up.

Vay (u,) la day tang.
Trude hét ta c6 u, >0, Vn. Bay gio ta ching minh u, <4, Vn

Nguyén Tat Thu



1.1. Day s

That vay, ta co u; =1<4.
Giasttu, <4, Ve<n,taco

Uni1=VlUn+\VlUn1<Va+V4=4.

Do d6, ta luén c6 0 < u, <4, Vn.
Vay day (u,) la day bi chan.

Vidul.5

Cho day (u,) dudc xac dinh nhu sau

ui1>0
un(u? +3).

Un+1 =
3u?2+1

Tuy thuodc vao gia tri cua w1, hay xét tinh tang, giam va bi chan caa day (u,).

Loi gidgi. Truéc hét ta c6 u, >0, Vn.

9
., Un+l up—1
Ta xét — n

=1-2 5
Un 3uy, +1

eNéuu;=1=>u,=1, Vn.

. Tu day ta suy ra dudc

eNeuui>1>up1<u, Vn=>u, <ui, Vn.

eNeuui<l=>uui1>u, Vnva

(uw, —1)°
-1=—"—"" >uy,<1, Vn.
Hnl 3uZ+1 " "
Vay
e Néu u; =1 thi day (u,) 1a day khong doi
e Néu u;>1 thi day (u,) 1a day giam va bi chin

e Néu u; <1 thi day (u,) 1a day tang va bi chén.

Vidu 1.6

Chting minh riing day (z,) 1a day tuin hoan véi chu ki 2 khi va chi khi

1
Uun =73 [wo+u1+(uo- ul)(—l)”+1] .

A ) * 2 o Ll kd 1 . e
Loi gidi. « Giastu, = 2 [wo +u1 + o —u1)(-1)""1]. Khi d6

1
Un+l =g [wo +u1—(uo—ur)(-1)"*]

1
Unss =3 [0+ ur+(@o—un (="
1
=5 [wo +u1 +(wo—u) (1" = u,.

Nguyén Tat Thu



8 Chuong 1. DAY SO

Suy ra day (u,) la day tuan hoan chu ky 2.
o Gia stt day (u,) tuan hoan chu ky 2. Khi d6 un.0 =u, YneN.
Bang quy nap ta ching minh dudc

1
un =g [wo +uy +(wo—up)(-=1)""1].

Vay bai toan dudc ching minh. [ |

Vidu 1.7

Cho day s6 nguyén {a,} truy hoi cip £ ( % 1a s6 nguyén duong) nghia la
nsk = f(@n,@n41,.-,0n4k-1) VR EN.

Néu day bi chan thi né 14 day tuan hoan ké tit lic nao dé.

Loi gidi. Gia st day bi chan béi s6 nguyén duong M, nghia 12 |a,| < M.
Xét cac bo & sb

(aOya].,--'>ak—1)7 (a19a27"'7ak)1 (a27a37'--7ak+1)7

C6 t6i da (2M + 1)* b6 khéac nhau nén trong (2M + 1)f + 1 b dau tién phai c6 hai bd trung
nhau. Chang han

(@i, @i415es Qirk—1) = (@) @1, Qjsk—1) VOL I > J.
Tacla:ajr=aj Vt=0,1,...,k—1. Suy ra
Qisk = F (@i, @is15eees@ith—1) = [ (Q)y@js1yeees@jrk—1) = Qjsk-

Pat T=i-j thitaco

An+T =0y Yn > j+k =no.

Vay day (a,) tuan hoan véi chu ki T =i — j ké tit s6 hang no=j +k. [ |
Cho day s6 nguyén {a,} thod man
ap =C10p+1 tC2Ap12 + ... T CLAp 4k,
trong d6 c1,cs,...,c; 12 cac s6 nguyén va m > 1 1a sb nguyén dudng. Goi r, 1a s6 du
trong phép chia a,, cho m. Khi d6 day {r,} tuan hoan.
Lai gidgi. Theo gia thiét ta ¢6 a, =r,(modm). Theo tinh chit ctia dong du thic ta c6
rpn=cCirps1+corpio+...+cpryip(modm).

Nguyén Tat Thu



1.2. Cdp sé cong - Cap sb6 nhin

Theo cac xac dinh r, ta c6 0 < r, <m -1 tic la day {r,} bi chin va truy hoi tuyén tinh

cAp k nén theo dinh Iy trén day tuan hoan ké tiur lic nao dé, nghia 1a 3ng, T > 1 sao cho

TnaT =Tn, Y > ng. Khi do

Tno+T-1=C1Tlnog+T T C2Tng+T+1t oo T CET g+ T+E-1
= Clrno + Cgrn0+1 +...+ Ckrn0+k_]_

=rp,-1(modm)

Suy ra rpg+7-1="rne-1-
Tuong tu, ta cing co

Tno—-2 =Tng=2+Ts-s T1=T14T, TO =TT.

Do d6 day {r,} tuan hoan véi chu ki 7.

1.2 Cap sb cong - Cap s6 nhan

1.2.1 Cap s6 cong
1.2.1.1 Pinh nghia

DPinh nghia 1.4. Ddy s6 (u,) dudc xdc dinh bdi

ui=a
, neN".
Upti1=Up+d

goi la cép sé cong; d goi la cong sai.

1.2.1.2 Tinh chat

DPinh 1i 1.1. Cho cap sb cong (u,) véi cong sai d. Khi dé
up,=u1+(n-1d.

Chiing minh. Ta chiing minh (1) bing phuong phap quy nap.
Dé thay (1) ding véi n = 1. Gid st u, =u1 +(n—1)d , khi dé

Ups1=Up+d=ui1+(n-1)d+d=u;+nd.
Vay (1) dang.
Dinh 1i 1.2. Cho cap sb cong (u,). Khi dé
2up=up_1+upy1 VE=2,3,...
Chiung minh. Tacob up=up_1+d, upr1=ur+d nén up =up.1—d. Suy ra

2up =up+up=up_1 +d+ Uk+1 —-d= Up+1 T UR-1.

Nguyén Tat Thu
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10 Chuong 1. DAY SO

Chuy 1. T dinh li trén ta co:
Ba s a, b, ¢ (theo thi tu dé) lap thanh CSC khi va chi khi a + ¢ = 2b.

Pinh nghia 1.5. Cho CSC (u,), dat

S,=uitugs+...+u,.
Khi dé S,, duoc goi la tong ciia n s6 hang dau ciia CSC.
Pinh 1i 1.3. Cho CSC (u,) c6 cong sai d. Khi do

n(n— 1)d.

S =5 +un) = 5 @ui+ (- 1d) = nuy +

Vidu 1.9

Chiing minh rang day (u,) 1a cAp s6 cong khi va chi khi u, =an +b.

Lai gidi. « Gia st (u,) 12 cAp sb cong, khi d6
up=u1+(n-1d=dn+ui—d=an+b.
e Giasttu,=an+b, ta co:
Up—Up-1=an+b—-an-1)-b=a
Vay (u,) la CSC véi cong sai d =a. [ |

Vi du 1.10

Cho a,b,c >0 1ap thanh cip s6 cong.Ching minh rang
R S
Va+vb Vb+ye Ve+va

Loi giai. Goi d 1a cong sai ctia cip s6, suyrab—a=c-b=d,c—a=2d Do dé:

1 s 1 _\/5—\/a_+\/_—\/5
\/5+\/E \/54-\/6_ d d
ve-va
- T
T d(Ve+ va)
2
T Verva

Nguyén Tat Thu



1.2. Cdp sé cong - Cap sb6 nhin

Vi du 1.11

Ching minh ba s0 a,b,c >0 1a 3 s0 hang lién tiep ctia cap so cong khi va chi khi
3 56 a®+ab+b?%;c%+ca+a?;b? +bc+c? cing 1a ba s6 hang lién tiép ctia mot cap so6

cong.

Loi gidi. Ta c6 a®+ab+b%; c®+ca+a?; b2+bc+c? 1ap thanh CSC khi va chi khi

a?+ab+b2+b%2+bc+c?=2a?+ca+c?)
o 2b%+ab+bec=a%+2ac+c?
obla+b+c)+b%—(a+c)?*=0
obla+b+c)+(a+b+c)b—a—-c)=0
©2b-a-c=0o2b=a+c.

Hay a, b, ¢ lap thanh CSC.

Vi du 1.12

Cho bon so thuc a1;as;a3;a4.Biét rang :

1, 1 _ 2
aija asa aja
1121231133
+ + =

aija9 aoas asag aia4

Ching minh rang : ai;a9;a3;a4 lap thanh cap so cong.

Ldi giGi. Ta c6
1 1 2

+ = S ag+a;=2as
aiaz azaz aiasg

:>a1——a2::a2——a3::d

va
1 1 1 3
+ + =
aiaz agzaz asaq4 Q@104
2 1 3
o + =

aias asas aaq
& 2a4+a1=3as

< 2a4=3(1+2d)—a1=>a4=a71+3d

Vidu1.13

Goi S1;S2;S3 12 tong nq;n2;n3 s6 hang dau ctia mot cap so cong. Ching minh ring:

S S S
—l(nQ—n3)+—2(n3—n1)+—3(n1—n2):0.
ni no ns

Nguyén Tat Thu



12 Chuong 1. DAY SO

Lgi giai. Thay cong thic

-1 -1 -1
Slzn1u1+—nl(n1 )d, ngnzu1+—n2(n2 )d; 83:n3u1+—n3(n3 )d.
2 2 2
Nén
S -1_ S -1_ S -1
—1:u1+n1 d,—2:u1+n2 d,—3:u1+n3 d.
ni 2 no ns
Suy ra
1 S2 S3
—((ng—ng)+ —(ng—n1)+—(ni—ng)
ni na ns
d
= 5[(n1—1)(n2—n3)+(n2—1)(n3—n1)+(n3—1)(n1—n2)]:0.
Ta c6 diéu phai ching minh. [

Vi du 1.14

(VMO 2012) Cho cac cap sb cong (a,), (b,) va s6 nguyén m > 2. Xét m tam thitc bac
hai:
Pr(x)=x’+apx+bp, =1,2,3,....m.

Chiing minh rang néu hai tam thic P;(x), P,,(x) déu khong c6 nghiém thuc thi tat
ca cac da thic con lai cing khong c6 nghiém thuec.

Loi giai. Goi a,b 1a cac cong sai cia hai cap s6 cong (a,,) va (b,). Gia st P(x) c6 nghiém
x=c v6i 1<k <m nao d6. Theo tinh chat cip sb cong ta cé:

P (x) = Pp(x) =(m —k)ax+b) va Pp(x)—P1(x) =(k —1)(ax +b).

Suy ra
P(c)=(m—Ek)ac+b)va Pi(c)=—-(k—1)ac+b)

nén P,,(c).P1(c) <0 (¥).
Nhung P,,(c) >0 va P1(c)> 0 nén diéu suy ra & trén 1a vé li.
Vay tat ca cac da thic Py (x), £ =2,3,...,m —1 déu v nghiém. [ |

Vi du 1.15

(APMO 2014) Cho 2% s6 thuc a1,a9,...,ar,b1,bs,...,bs. Xac dinh day sb (X,,) nhu sau

k
X, = Z [ain+b;]1, n=1,2,...
i=1

N p p p k a
Ching minh rang neu (X,) la mot cap so cong thi ¥ a; la so nguyén.

1=1

Nguyén Tat Thu



1.2. Cdp sé cong - Cap sb6 nhin

13

Lgi giai. Dat
k k
AZZak,B: Zbk.
=1 =1

Ta c6
ain+b;—-1<[a;n+b;l<a;n+b;.

Suyra An+B-k<X,<An+B.

Gia st {X,,} 1a cap sb6 cong véi cong sai d, khi d6 nd =X,.1—-X1 vA A+B-k<X;<A+B

ViX,,1=X;1+ndnéntaco:

An+1)+B-k<Xi+nd<An+1)+BeoAn+A+B-k—-Xi1<nd<An+A+B-Xj.

k
MaA+B-X:>0vaA+B-X;<knén An—-k<nd<An+k.Suyral|A-d|<—.
n

Cho n tién ra vo cung, tac6 |A-d|=0=>A =d.

Mit khéac {X,} 1a day s6 nguyén nén A =d = X,,,1 — X,, 1a s6 nguyén (dpcm).
1.2.2 Céap s6 nhan

1.2.2.1 Pinh nghia

Pinh nghia 1.6. Day s6 (u,) dudc xdc dinh bdi

uji=a
,neN”
Up+1=Up.q

goi la cap s6 nhan; q goi la céng boi.

1.2.2.2 Tinh chéat

DPinh li 1.4. Cho cap sb nhan (u,) vdi cong boi q. Khi do
1

n—
Unp=u1q .

Chitng minh. Ta ching minh (2) biang phuong phap quy nap.
Dé thay (2) dung véi n =1. Gid s u, =ui.g" !, khi d6

Up+l=Up.q =Uu1q".
Vay (2) dung.
Pinh li 1.5. Cho cdp s6 cong (u,). Khi dé
ui =up_1.up+1 VE=2,3,...
Chung minh. Taco up1=upq, up=up_1qg Nén up_1 = %. Suy ra

_ Yk — 2
Up-1.Ukp+1 = ;Lqu =Uyp.

Nguyén Tat Thu
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14 Chuong 1. DAY SO

Chuy 2. T dinh li trén ta co:
Ba s a, b, ¢ (theo thit tu dé) lap thanh CSN khi va chi khi a.c = b2

Pinh nghia 1.7. Cho CSN (u,), dat

Sp,=uitus+...+u,.
Khi dé S, duoc goi la tong ciia n sb6 hang dau ciia CSN.
Pinh 1i 1.6. Cho CSC (u,) c6 céng béi q. Khi do

Vi du 1.16

Chiing minh rang day (z,) 12 CSN khi va chi khi u, =a.a”.

) e 2 e A ~ N N , _ 40 u
Loi gidi. « Néu day (u,)1a CSN thita cé: u, =ui.q" ' =a.a” véia = —1,a =q.
q

e Néu u, =a.a” thi ta co:
Un+1

Un

Vay day (u,) la CSN véi cong boi g = a. [

Vi du 1.17

Chiing minh rang: diéu can va da dé ba sb6 khac khéng a,b, ¢ 1a ba s6 hang ctia mot

=a= un+1 = a.un.

CSN 1la ton tai ba s6 nguyén khac khong p,¢,r sao cho

p+t+r=0
aP.btec’=1"

Loi gidi. » Giai st a,b,c laba sé hang thi k+1; [+1; m+1 cta clp s6 nhan c6 cong boi
q, khi do ta co :
a k-1 b

a:ul-qk;b:ul.ql;czul.qm3g:q ;Z:q

Suy ra

I— b k-1
(%) m_ (_) L glm pmelk+l g1 g
Cc

Piatp=Il-m;t=m—-1-k+1;r=k—1. Khi d6 ta c6 ba sb p,¢,r théa man yéu cau bai toan.
e Gia su ta co

p+t+r=0 b or_apir_ (2P _ (B
{ap.bt.crzlja .C —b 3(3) = Z (*)

Do p +t+r =0 nén ton tai it nhat mot s6 duong va mét sé6 am.
o .. b £ . )
Gidi st r>0,t<0. Pat — =q" = b =a.q"” ket hop véi (¥) ta co
a

p T
( a4 ) :(a.q) =>c=a.q P,
a.q” c

Nguyén Tat Thu



1.2. Cdp sé cong - Cap sb6 nhin 15

Vay ba s6 a,b,c 12 ba s6 hang ctia cap s6 nhan véi a 14 s6 hang dau, b 1a s6 hang thi r+1;
cla sb hang thi r+p+1. [

Vi du 1.18

Chting minh ring néu ba canh cta tam giac 1ap thanh CSN thi céng boi cia CSN
v5-1 1+v5
2 7 2 '

d6 nam trong khoang (

Loi giai. Gia st a,b,c la ba canh tam giac theo thi tu d6 1ap thanh CSN véi cong boi q.

Ta co:
a+aq>aqg? ¢?-q-1<0
aq2+aq>a q +g-1>0
1-v5 1+v5
qe ;
2 2
;+00
2
V5 - \/_+1
< Q€ ;
2 2
[ |
Vidu 1.19
Cho (u,) 1a cip s6 nhan. Ki hiéu
1 1 1
S=uitug+..tu,, T=—+—+...+—; P=uqus...u,.
uir u2 Un
Hay tinh P theo S,T va n.
Lgi giai. Ta co:
n
o (1) -1 o n(n—1)
S:u1q _1'T:i q :i q"-1 P = ylglt2t.in- l—unq 9
g-1"" w1 _,  wiqg"Ng-1D 1 ! '
q
S n
S :P=/|= [ |
uy ra (T)

Vi du 1.20

Chiing minh rang céc sb 2,3,5 khéng thé cung thudéc moét CSN.
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16 Chuong 1. DAY SO

Loi gidi. Gia st 2,3,5 1a ba sb6 hang thi m,n, p cia CSN (v,) ¢6 cong boi g Ta cé:

2 um _ 5
3" u, 1 3

suy ra

2p—n 5m—n

vo 1. [ |
1.2.3 Ung dung CSC-CSN dé tim CTTQ cua day sé

Chung ta da biét cong thiic xac dinh cong thic tong quat ( CTTQ) ctia mot cap sb cong
(CSC) khi biét s6 hang dau véi cong sai d va mot cip s6 nhan (CSN) khi biét s6 hang dau
v6i cong bdi ¢. Trong chuyén dé nay ching t6i trinh bay véi cac ban mot s6 cach xéc dinh
CTTQ ctia mét s6 day s6 c¢6 cong thite truy hoi dang dic biét. Phuong phap giai quyét 1a
ching ta dua vao mot s6 day phu dé chuyén day da cho vé mot CSC hodc mot CSN hoic
nhiing day s6 quen thuoc da biét.

Vi du 1.21

Xéc dinh s6 hang tong quéat caa day sb (u,) dude xac dinh béi

ur=1, up=up—1—-2, Vn > 2.

Loi gidgi. Ta thay day (u,) 1a mét CSC cé cong sai d = —2. Nén ta c6:

u,=1-2(n-1)=-2n+3.

Vi du 1.22

Xac dinh s6 hang tong quéat cta day sb (u,) dude xac dinh béi

ui1=3, up=2u,_1Vn>2.

Loi giai. Ta thay day (u,) 1a mot CSN c6 cong boi ¢ = 2.
Ta c6: u, =3.2" L [ ]

Vi du 1.23

Xac dinh s6 hang tong quat caa day (u,) dudc xac dinh béi:

ui1=-2, u,=3u,-1—-1vn>2.
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1.2. Cdp sé cong - Cap sb6 nhin 17

Ldi giai. Trong bai toan nay chung ta sé gap khé khéan vi day (u,) khong phai 1la CSC
hay CSN! Ta thiy day (x,) khong phai 1a CSN vi xuét hién hang sb6 —1 6 vé trai. Ta tim
cach 1am mét —1 di va chuyén day s6 vé CSN.

Pé thuc hién y d6 nay ta dit u, = k.v, +1; k,I 12 cac hing s6 va k # 0 ( ta sé chon &, sau).
Khi do, ta co:

2l-1

kv,+1l=3kuv,.1+3l-1v, =3v, + 7

2l -1 1 . k=1
Tachonk,l:—:0©l:§VakbatklnentachQn ; 1.
2

k =
Up =3Up-1
Nén ta c6 day (v,): 5
V1= —5
Dé thay day (v,,) 12 CSN véi cong bdi ¢ = 3 nén
_ 5
v, =v1.q" 1 = —5.3” L
Suy ra:
. 53771 1
Un=tnTo =TT T3

Ta thay % bat ki, do dé khi dét ta chon £ =1.

Tudng tu cach 1am nay ta cé dude két qua tong quat sau:

Dang 1: Day $6 (up) :u1=2%x0, Up=alUn_1+b, Y >2 (a,b#0 la cdc hang s6) c6 CTTQ
la:

n—-1_ X
ar14p khia#1

ui+(n-1bkhia=1
Up =
u1

a—

Vi du 1.24

Xac dinh CTTQ caa day (u,) dude xac dinh béi :

Ui1=2; up+1=2u,+3n+2.

Loi giai. O vi du nay ching ta khong thé st dung két qua trén dude vi hé s6 tu do 6 day
khong phai 1a hang s6 ma 12 mét ham bac nhéat bién n.

Tuy nhién ching ta c6 thé bat chudc cach giai 6 trén lam mat 3n+2 & VP, ta dit :
Up=k.up+tn+l;k,t11acaching sb k #0.

Khi do ta co:
ko1 +t(n+1)+1 =2kv, +2tn +21 +3n + 2.
Hay la
t+3 l—t+2
Up+l =20, + A .n+ PR
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18 Chuong 1. DAY SO

Ta chon k,¢,] sao cho:

ta chon £ =1.
Nén ta co6 day

=6

(vn):{ - = v, =6.2""1=3.2".
Up =20,-1

Vay u,=v,-3n-1=3.2"-3n-1.

Ta thay trong cach giai trén khong phu thudc vao %, nén khi dit ta c6 thé chon 2=1. R

Vi du 1.25

Cho day sb6 (un):{ uy=2

. Tim CTTQ cta day (u,).
Up=Up-1+2n+1

Lai gidgi. V6i bai toan nay néu ta thuc hién cach lam nhu trén sé khéng dan dén két
qua, vi sau khi dat ta co :
Upsl1=Up+ gn+u
k E’
dan dén ta khong thé lam méat n dudc.
Ta sé di tim 19i giai khac cho bai toan trén. Ta viét cong thic truy hoi ciia day da cho

dudi dang sau u, —u,_1 =2n+1. Tu day ta co:
Up=Wnp—up-1)+Wp-1-up-2)+...+(ug—u1)+u
=2n+1+2(n-1+1+..+22+1+2
=2n+n-1+..+2+1)+n-1
n(n+1)
2
Tut két qua ching ta tim dudc, ta thiy dude nguyén nhan ma cach lam ban dau khéng
cho ta két qua 1a CTTQ cta day sb 1a mot da thiic bac hai theo n, ma véi cach dat ban
dau thi ta thay 1a trong CTTQ cta day 1a mot da thic bac nhat. Ti phan tich nay ta cé
thé giai bai toan trén theo cach khac nhu sau:

=2 +n—-1=n%+2n-1.

Pat u, =v, +an?+bn+c. Khi d6, ta cé:
vn+an2+bn+c:vn_1+a(n—1)2+b(n—1)+c+2n+1.
Hay v, =v,-1+2(1-a)n+a—-b+1. Ta chon
1-a=0 a=1
@ b
a-b+1=0 b=2
¢ bat ki nén ta chon ¢ = 0.
Khi do:

vi=-1
(vp): > U, =Up_1=Up_9=..=01=—1.
Un=Upn-1
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1.2. Cép sé cong - Cap sb nhén 19

Vay up =v, +n2+2n=n2+2n-1.
Vi ¢ bat ki nén ta chi can dat u, =v, +an?+bn =v, +n(an +b). [ |

Dang 2: T vi du 4 va cdach giai thi hai cua vi du 5 ta rut ra duge cdach tim CTTQ
cua day (u,) dudc xdc dinh bdi:

Ui =Xxg
b
Up=a.up-1+f(n)

trong dé f(n) la mot da thite bac k theo n; a la hang sb. Ta lam nhu sau:
e Néu a =1, ta ddt u, = v, +n.g(n) véi gn) la moét da thiic theo n bdc k, thay vao cong
thitc truy hoi ctia day roi ta chon g(n) théa:

ngn)—(n-1)gn-1)=f(n)

ta co duoc day (vy,) la CSN vdi cong béi q =1t do ta tim dudec CTTQ cua day (v,) suy
ra ta co CTTQ cua day (uy).

o Néu a #1, ta dit u, = v, +h(n) véi h(n) la mét da thic theo n bac k. Thay vao cong
thitc truy hoi ctia day réi ta chon h(n) théa:

h(n)—ah(n—-1)=f(n)

ta co dudc day (v,) la CSN véi cong boi q = a ti do ta tim dudc CTTQ cua day (v,).
Suy ra ta co CTTQ ctia day (u,).

—| Vi du 1.26 :

Cho day sb (u,) dude xac dinh béi:

u1:1
Up=38unp_1+2";n=2,3,...

Tim CTTQ ctaa day (u,).

Lgi giai. V6i cach giai tuong tu nhu cac vi du trén ta dat: u, = v, +a.2".
Ta co:
U +a.2" =3, 1+a.2" H+2" o v, =30, 1 +2Ma +2).
Ta chona=-2=v, =3v,_1=v1.3"" 1=5.3""1,
Vay u, =5.3""1-27*1, u
Chu y 3. Trong truong hop tong qudt day

(up):up=a.u,_1+b.a",

ta dat u, =x, +y.a™ . Khi do, ta co:

1 n

xp+y.at=ax,_1+ay.a” " +b.a".
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20 Chuong 1. DAY SO

Suy ra
Xn=a.Xn_1+[ya—a)+bala™ L.

Do do, néu a # a, ta chon

ba n—1
y= =X, =0.Xp-1= %X, =x1.0" .
a—a
Suy ra:
ba? _ ba
u, =@w— )"+ ——.a".
a—a a—a

Truong hop a =a = u, —a.u,_1=b.a™ nén ta co:
Un=Wn—aun1)+atp1-un9)+..+a" 2(ug—aui)+u.a® L.

Suy ra u, =b(n—1a" +uia™ L. Vay ta cé két qud sau.

Dang 3: Cho day (u,) dugc xdc dinh béi:

upr=p
Up=a.up1+b.a”Vn>2

Khi doé ta co:
e Néua=athi
un =lab(n-1)+uila” "t

o Néu a+#athi

ba? _ ba
Ya” 1+
a—a a—a

up=(@Ww1-

Chu y 4. Trong truong hop a = a ta cé thé tim CTTQ cia day (u,) nhu sau:
DPat u, =x, +y.n.a™ Khi doé ta co:

Xn+yn.a®=axn1+ayin-1.a""1+b.a" = x, =a.x,_1+(-y+b).a"
Yy Yy Yy

nén ta chon y=>5b. Suy ra

xp=x1.a" 1> u,=(wi—ab)a® ' +bn.a” =[ab(n-1)+uila” L.
Vi du 1.27
Tim CTTQ caa day:
ui = -2
(un): .
Up=5u, 1+23"-6.7"+12;n=2,3,...

Loi giai. Datu, =v,+a.3"+b.7" +c. Khi d6 , ta co:

Uy +a.3"+b. 7" +c=5wy1+a.3" 1 +b. 7" 1 +)+2.3"-6.7" + 12

S v, =50,-1+3" H2a+6)—7T""12b +42) + 4c + 12.
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1.2. Cdp sé cong - Cap sb6 nhin 21

Ta chon a,b,c sao cho :
20a+6=0 a=-3
2b+42=0o<{b=-21.
4c+12=0 c=-3

Khi do:
Un = BUp-1= vy =01.5" 1 = 157.5" 7L,
Vay u, =v,—3""1-8.77"1 -3 =157.5""1 gl _g.7nrl_3, -

Qua vi du trén ta co ket qua sau:

Dang 4: B¢ tim CTTQ ciia day s6

(un):{ P

Up=a.up_1+b.a"+c.p*+d; Vn>2 ’

(trong do a,b,c #0;a,p # 1;a.p # a) ta lam nhu sau:
eNéua=1thiu,—un_1=b.a"+c.p"+d. Suy ra

n—2
Up=u1+ Y (WUn-i—Un-i-1)
i=0
n_2 . .
=ui+ ) b.a" P+ pfr+d)
1=0
n-2 ) n-2 )
=u1+b) a"'+c) B +d.(n-1)
i=0 i=0
_n 1_,Bn
:>un:u1+b.a.( - -1 +c.ﬁ.( 1-p —1)+d.(n—1).

e Néu a # 1, ta dat
Up=vp+x.a"+y.p" +z.

Ta co:
Up =a.Up-1+(ax—xa+ab)a® L +(by—yp+pe)ft L+z2(a-1)+d.

Ta chon :

Khi do: v, =a.v,_1 nén

n—-1 ( azb ﬁzc d ) n—1
Up=v1.0" " =|u1— - -
! ' a—a -6 1-a
2 2
un:(ul—ab—ﬁc— d )a"1+ b Q= ﬁ”+i
a—-a p-b 1-a a—a B—-0b -a

Chu y 5. Néu a =a hodc = a thi khi ddt u, theo v, thi ta nhin thém n vao trude a™ hodc

B".
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22 Chuong 1. DAY SO

F| Vi du 1.28 ‘

Tim CTTQ caa day :

Up=2up_1+3"—n; Vn>2

(un):{ u1=1

Loi gidi. Dé tim CTTQ cta day (z,) ta l1am nhu sau:
batu,=v,+a.3"+bn+c.
Ta co:

vp+a3"+bn+c=2(vp1 +a.3" 1 +b(n- )+c)+3"-n

S v, =201+ (a+1)3" T+ (b -1)n-2b+ec.

Ta chon a =b =1;¢ =2. Khi doé:
Up =205-1= v, =01.2" 1= -5.2""1,

Vay u, =-5.2""1+3"+n+2. [ ]

Dang 5: Néu day sb (u,) dudc xdc dinh béi:

ui=p
Up=aUpn1+b.a"+f(n); Vn>2’

trong do f(n) la da thiic theo n bdc k ta tim CTTQ cua day nhu sau:

e Néu a #1ta ddt u, =v, +x.a"+gn), véi g(n) la da thiic theo n bac k. Ta sé chon sao
cho day (v,) la mét CSN, khi do ta sé tim dudc CTTQ cua day (v,) ti dé ta co CTTQ
day (un).

e Néu a =1 thi ta tim dudc u, theo cdch lam da 6 trén.

F| Vi du 1.29 ‘

Xac dinh CTTQ cua day

(up):uo=-1u1=3, upy1=5u, —6u,_1 Vn>1.

Loi gidi. Ta viét cong thic truy hoi cta day lai nhu sau:
Unt1—2Up =3, —2u,-1). 1)

bat v,.1=u,1—2u,, ta co:

=5
vl =,=58" 1>y, 2, ;=53"1
Un+1=3Up

Tu d6 ta tim dude: u, =5.3" —6.2". [ |
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Trong 16i giai trén ta da phan tich 5=2+3 va 6 = 2.3 dé viét lai cong thic truy hoi nhu
(1), tir d6 ta dua vao dudc day phu (v,) 1a mét CSN. Céc hé sb xuit hién trong cong thiic
truy hoi 1a 5;6 nén ta dé dang tim dudc mbi lién hé, trong truong hop téng quat ta cé
luén phéan tich dude cac hé sb6 nhu vay hay khéng ? Néu dudce thi phan tich nhu thé nao
?. Ta xét vi du sau:

Vi du 1.30

Cho day s6 (u,) dudc xac dinh béi

up=Lu;=2
Upi1=4Un+Up1 VR =1

Hay xac dinh CTTQ cua day (u,).

x+y=4

xy=-1
2++/5, ta chon x=2+v5;y=2-/5. Ta cé:

Loi gidi. Goi x,yla hai s6 théa man: { = x,y la nghiém PT: X?2-4X-1=0o X =
Un+1 =X+ YUy —XYU—1 © Ups1 —XUp = Y(Up —XUp-1).
batv,=u,—xu,-1>v1=2-xvav,,1 =y.v,. Suy ra
_ n-1_ n—1 _ n—1
vp=v1.y"  =@-x)y" 2 up—xup1=2-x)y

Tu do, ta co:

2+v5) +2-v5)"]|.

<
|
DN | =

—x
Uy = X"+ Y=
x —x

Vi du 1.31

Cho a,b,c 1a cac s thuc khac khong va day (u,) dude xac dinh béi

Uup=p, u1=9q
Upil=Q.Upn+buUn_1

Hay xac dinh CTTQ cua day (u,) ?

Loi gidi. Ta viét lai cong thitc truy hoi cia day da cho nhu sau:

Up+l—XUp = Y(Up —X.Up-1).

+ =
Ta xac dinh x,y sao cho: {x Y Z = x,y la nghiém PT:
xy=-—

X2-aX-b=0. (1)
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24 Chuong 1. DAY SO

Gia st ton tai tai x, v, tic 12 phuong trinh (1) ¢6 nghiém. Pét v, = u, —x.u,—1. Ta c6:

= v, =(q—xp)y"

v1=q—X.p
Un+1=YUn

Suy ra:

Up —Xlp-1=(q—px)y" L.

« Néu (1) c6 hai nghiém phan biét, hay x # y. Ta cé:

n

- -Xx
_YP=q 5 AFP
y-x y-x

« Ta xét truong hop con lai: (1) ¢6 nghiém kép thi x = y = % Suy ra

a B pa_a n-1
Un 2un-l—(q 2)(2)

Tu dé ta tim dudc:

Vay ta c6 két qua tong quat sau:

Dang 6: Cho a,b,c la cdc sb thuc khdc khong; a® —4b > 0 va day (u,) dudc xdc dinh
boi:
Uuop=p; u1=49q
Up+1=Q.Up+bu,_1
Khi do:
o Néu a®—-4b>0thi
1w, = y.uog— ulxn + ui —x.LL()yn’
y—x y—x
trong dé x,y la nghiém ctia phuong trinh : X2—aX -b=0 (1).

e Néu a?-4b=0thi .
_ (& |pa _ap
un—(2) [ 5 +(q 5 nl.

Phuong trinh (1) goi la phuong trinh dac trung cta day.

Chu y 6. Dé xdc dinh CTTQ ctia day (u,) noi trén ta co thé trinh bay nhu sau:

Xeét phuong trinh ddc trung (1).

« Néu (1) c6 hai nghiém phéan biét X1,Xs thi u, =x.X"+y.X2, dua vao ug,u; ta tim dugc
X, Y.

e Néu (1) c6 nghiém kép X1 =Xo =a thi u, =(pn+q).a", dua vao ug,u; ta tim dudc p,q.
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Vi du 1.32

Xac dinh CTTQ caa day (u,) dude xac dinh béi

uog= —1;u1 =3
Up—BUpn_1+6up_o9=2n°+2n+1,Yn>2
Loi giai. Ta tim cach 1am mét vé phai trong céng thic truy hoi cta day, bang cach: Pat
U, = x, +an®+bn +c. Thay vao cong thiic truy hoi ctia day va rit gon ta dudc x, —5x,_1 +
6x,-1+2an?—(14a +2b)n +19a — b +2c =2n? +2n+1 Ta chon a,b,c:
2a =2 a=1
l4a+2b=-2 © 4 b=-8.
19a-b+2c=1 c=-13
Khi do:
x0=12; x1 =23
(xp): .
Xy —Dxp_1+6x,_9=0

Tu day ta tim dudc:

xp,=132"-8"=>u, =13.2"-3"+n?-8n—13.

Vi du 1.33

Tim CTTQ caa day sé:

(w,): Uip=p;uz2=q
n aQUpi1+tbuy+cup1=f(n);vn>2

( trong d6 f(n) 1a da thic theo n va b2 —4ac > 0).

Loi giai. Dat u, = x, + g(n) véi g(n) 1a mot da thic theo n. Thay vao cong thic truy hoi
cua day ta dudc:

a.xp,+bx,_1+cxp_o+a.gn)+b.gln—-1)+cgn—-2)=f(n).

Ta chon g(n):a.g(n)+bg(n—1)+cg(n—2) = f(n) (¥).

Khi d6: a.x, + bx,_1+c.x,_2 = 0. T day, ta c6 dudsc CTTQ cua day (x,), tu d6 ta tim dudc
CTTQ cua day (up).

Van dé con lai 1a giai phuong trinh (¥).

Gia su

k—

g(n)=apn® +ap_1n* 1+ .. +ain+ag

1a da thic bac k. Khi d6 hé sb cua x* va x*~1 trong VP la:
ap(@a+b+c)x® va [-(b+2c)k.ar+(@+b+c)ap_q]x* L
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Do do :

* Néu PT: aX2+bX +c¢ =0 (1) ¢6 nghiém hai nghiém phan biét khéc 1 thia+b+c #0 nén
VT(*) 1a mot da thic bac .

* Néu PT (1) ¢6 hai nghiém phan biét trong d6 ¢6 moét nghiém x=1=a+b+c=0va

—(b+2c)k.ar+(a+b+c)ap_1=—(b+2c)k.ap#0

nén VT la mo6t da thic bac & - 1.
* Néu PT (1) c6 nghiém kép x=1=>a+b+c=0va

[—(b+2c)k.ar+(@+b+c)ap_1]x*1=0

nén VT(*) la mot da thic bac & - 2.

Vay dé chon g(n) ta can chia y nhu sau:

« Néu (1) ¢6 hai nghiém phan biét, thi g(n) 12 mét da thic cung bac véi f(n).

e Néu (1) ¢6 hai nghiém phan biét, trong d6 mot nghiém bang 1 thi ta chon g(n) 1a da
thuc 16n hon bac cua f(n) mot bac.

« Néu (1) ¢6 nghiém kép x = 1 thi ta chon g(n) 1 da thic c6 bac 16n hon bac caa f(n) hai
bac. [ |

Dang 7: Détim CTTQ ciia day

(1) Ui =pius=q
e aQ.Upi1+tbuy+cup_1=f(n); Vn>2’

( trong do f(n) la da thic theo nbdc k va b? —4ac >0) ta lam nhu sau:

e Xdc dinh da thiuc g(n):a.g(n)+bg(n—1)+cg(n —2) = f(n), trong do g(n) la: da thic
theo n bac k néu PT (1) c6 hai nghiém phdn biét khdc 1; da thiic béc k + 1 néu (1) c6
hai nghiém phdn biét trong dé cé mét nghiém bang 1; da thitc bac k+2 néu (1) cé
nghiém kép x = 1.

e Khi xdac dinh dudc g(n) ta dat u, = x, + g(n), ta co day (x,) dudc xdc dinh bdi:

x0=p—g80); x1=u;—g(1)
a.xXpi1+bxp+cx,_1=0Yn>1"

Tu day ta xac dinh duoc CTTQ cua (x,,), ti do ta tim dudc CTTQ cua day (u,).
Vidu 1.34
Tim CTTQ caa day sb

ug=-1u;1=3
(un): .
Up,—5u,_1+6u,_9=52"Vn>2
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Loi gidi. Pat u, = x, +vy.2". Khi thay vao cong thic truy hoi ta khong lam mat 5.2” &
VT. Ta sé di tim cach giai khéc cho bai toan nay Ta viét cong thic truy hoi cia day nhu

sau:

(wp—2up-1)—3W,y-1—2u,_9)=5.2".
bat

Xp=Up—2Up_1= Xy —3%,—1=5.2".
Suy ra:

x,=25.83""1-10.2" > u, - 2u,_1 =25.3""1-10.2".

Ta dat u, =v, +a.3" + bn.2" Ta dudc:
Uy =20,_1 +(25-a)3" 1 — (b +10)2".
Ta chon a =25,b = —10. Suy ra
Uy =00.2" = —26.2" > u, =25.83" — (5n + 13).2" "1,
u

Chu y 7. Dua vao CTTQ da xdc dinh & trén, ta cé thé gidi bai todn trén theo cdch khdc
nhu sau:
Dat up, =x, + yn.2", ta c6: x, —5xp_1+6x,_9—y.2" 1 =5.2", ta chon y=-10, suy ra

x0=-1;x%1=23
(xn): :
Xp —Dxp_1+6x,_9=0Vn>2

T day, ta co:

Vi du 1.35

Tim CTTQ ctaa day

Xp =—26.2" +25.83" = u, =25.3" — (5n +13).2""1,

up=1u;1=3
(un): .
up—4u,_1+4u,_9=3.2"

Loi giai. Véi day s6 nay néu ta dat u, = x, +y.2" thi khi thay vao céng thic truy hoi cia
day ta khong xac dinh dudc y. Nén ta sé tim cach giai khac cho bai toan nay. Ta viét lai
cong thic truy hoi ciia day nhu sau:

(un—2up-1)—2(up-1-2up_g)= 3.2".

bat x, =u, —2u,_1, ta co:
X, —2x,-1 =3.2".
Ta co:

X, =(6n-5).2"1=>u, —2u, 1=(6n-5).2""1
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Suy ra
Un=n—2un-1)+2Wn-1—-2un-9)+...+ 2" w1 — 2ug) + 2".ug
n n
=2"1Y (6i-5)+2"=2""1|6) i-5n+2
i=1 i=1
(n+1)n

=16

5n +2] 2" 1= (3n2-2n+2)2"71,

Chuy 8. T CTTQ ctia day (u,) ta cé thé gidi bai todn trén theo cdch khdc nhu sau:
Dat u, = x, + yn2.2". Ta co:

Xp—4xp_1+4x,_9+2y.2" =3.2",

x0=1;41=0
Xy —4xn,_1+4%,_9=0Vn>2
Ta tim dudc:x, =(2-2n)2""L. Suy ra

Tach_ony:gﬁ(xn):{

up,=(2-2n).2"1+3n2.2" 1 =3n%2-2n+2)2" 1.

Tw ba vi du trén ta rut ra dudc nhan xét sau:

Dang 8: Cho dady sb (u,) xdc dinh bdi:

uop,u1
Up+bupy 1+cuyo=d.a*;¥n=>2

Dé xdc dinh CTTQ cua day (u,) ta lam nhu sau:
o Néu phuong trinh :
X?2+bX +c=0. 1)

co hai nghiém phan biét khdac a thi ta dat

da

aa?+ba+c

Up =Xp +

Ta co: a.xp41+bx, +c.x,-1=0. T ddy ta tim duoc x, = u,.
e Néu x =a la nghiém don ciia (1) thi ta dat:

da® "
b+ 2cn.0: ’

ta co: a.xpi1+bx, +c.x,-1=0. T day ta tim dudc x, = u,.
e Néu x =a la nghiém kép cia (1) thi ta ddt:

da?
.n
ba+4c

n
>

Up =Xp +

ta co: a.xp1+bx, +c.x,-1=0. T day ta tim dudc x, = u,.

Véi cach xay dung tuong tu ta ciing c6 dude cac két qua sau
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Dang 9: Cho day (u,) xdc dinh bdi :

Ui =x,u2=y,ug ==
QUnpio+bupii+cu,+du,_1=0Vn>2"
Dé xdc dinh CTTQ cua day ta xét phuong trinh:

ax® +bx®+cx+d=0 1)

((1) goi la phuong trinh dat trung ctia day).
e Néu (1) c6 ba nghiém phén biét x1,xs,x3 thi

un = axy + Py +yxs.

Dua vao ug,u1,us ta tim dudc a, B,y.
e Néu (1) c6 mét nghiém don, 1 nghiém kép: x1 = xo # x3 thi

un =(a+pn)xf +y.xg.

Dua vao ug,ui,us ta tim duoc a, B,y.
o Néu (1) c6 nghiém béi 3 x1 = x9 = x3 thi

un = (a+pn+ynxl.

Dua vao ug,ui,us ta tim duoc a, B,y.

—| Vi du 1.36 |

Tim CTTQ cta day (u,) dudc xac dinh béi:

u1=0,ug=1,ug =3,
Up=Tup1-11.up_9+5.uy_s, Yn =>4

Lgi giai. Xét phuong trinh dac trung :
%3 -7x%+11x-5=0.

Phuong trinh c6 3 nghiém thuc: x; =x2 =1, x3=5.
Vay
an,=a+pn+y5".

Cho n=1, n=2, n=3 va giai hé phuong trinh tao thanh, ta dudc

L3 1
ad=—— = — = —.
16T 17" 16

1 3 1
—+Z(n—1)+—.5”_1. u

Vay an = -
&y an="15 16
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Vi du 1.37

Tim CTTQ caa day sb:

Ug=2; Up=2Uy_1+0,_
(un),(vn):{ 0 " n-17"n-1 Vn > 1.

vo=1; Up =uUp-1+20p-1

Lgi giai. Ta co:
Up=2Up 1+Up2+20, 9=2up 1+Up o+2Uup_1—2Uy,_2)

Suy ra u, =4u,—1—3uy-g va ui =5.
Tu do ta tim dudc:

1 +3n+1 -1 +3n+1
Up = SU,=Ups1—2Up=—"T"--""-".

2 2

Chu y 9. Cho day (x,),(y,) xdc dinh bdi:

Xpn+1=PXp+qYn X1=0
Yn+1=TYn+8%, y1=0

Dé xdc dinh CTTQ cta hai day (x,),(y,) ta lam nhu sau.
Cdch 1. Ta bién doi dudc:
Xn+1—(p +8)xy, +(ps—qr)x,-1 =0,

tu day ta xac dinh dudc x,, thay vao hé da cho ta cé duoc y,.
Cdch 2: Ta dua vao cdc tham sé phu A,/

— A
Xn+1—AYn+1=(p —As)(xp — i Yn)
S h
+A'r
Xp1+ A yne1=(p+A'8)on + ~———yn
p+Als
Ta chon A, A" sao cho
1= qg-—Ar
As—p
,_q+A'r
CANs+p
Khi do
Xn+1 = AYn+1=(p —A8)(xn — Ayn)
Xp+1+ A yne1=(p+A's)an + A yn)
Suy ra

Xn+1—AYn+1=(p —A8)"(x1 — Ay1)
Xn+1t+ A,yn+1 = (p + AIS)n(xl + A,yl)

giai hé nay ta tim dudc (x,), (yn).
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Vi du 1.38

Tim CTTQ caa day

Loi giai. Ta co

— +2
Un 2u,-1 2 up
o 1 .
bat x, = —, ta co:
Un
x1=1
Xp=2%xp_1+—
5.2 1-3 2
ta tim ducc: x, = ——=>u, = —. [ |
2 5.2 1-3

Vi du 1.39

Tim CTTQ caa day sb

u1::2
: —Ou, 1-24 .
(n) un:un—l‘v’n22
Su,_1+13

Loi giGi. Ta dua vao day phu bang cach dit u, = x, +a. Thay vao céng thic truy hoi, ta

co:
—9%x,_1—-9a—24 (-9-5a)x,_1—5a%—22a —24
X, +a= =X, = .
5x,_1+5a+13 5x,_1+5a+13
Ta chon
a:5a2+22a+24:0:>a:—2:>x1:4.
Khi do
Xn-1
xn B
5x,-1+3
1 3
>—=5+
Xn Xn-1
1 11.3"1-10
Xn B 4
N 4
Xp=——
" 1137 1-10

—22.3"" 14194

SU,=X,—-2=————""——.
e 11.83"1-10
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Chu y 10. Cho day

Up-1+
(uy):ui=aqa; unzu Vn > 2.
ri,_1+S

Dé'tim CTTQ cia day (u,) ta lam nhu sau: Pdt u, = x, +t, thay vao cong thic truy hoi
cua day ta co:
Pxn-1+pt+q (p—rt)xp 1 -1t +(p—s)t+q "
Xp = —t= :
" rup-1+rt+s rx,_1+rt+s

Ta chon t:ri2+(s—p)t—q =0. Khi dé ta chuyén (1) vé dang:

+b.

Xn Xn-1

NEFURR 1
T do ta tim duoc —, suy ra x, = un.

Xn
Vi du 1.40

Xac dinh CTTQ cta hai day s6 (u,),,):

2 2

u1=2 _ |up=u”_,+2v°_

vaq{ ¢l Tl gy >,
vi=1 Un =2Up-1Un-1

Loi giai. Ta co:

2

U, :ui_1+20,21_1 Un+ V20, =Wn_1+V20,-1)
= 2

V20, =2V2up 10,1 Un— V20, =Un-1—V20,-1)

Do doé . .
Un+V30, = (ug +vV201)  =@+V3)
n—1 n—1 -
Un— V20, =i — V201 =@2-v2)’
Suy ra
1 2n—1 2n—1
un =g 2+v2)" +(2-V2) ]
1 2n—1 2n—1 .
=57 2+vV2)" -(2-V2) ]

Vi du 1.41

Xéc dinh CTTQ cta day sb

x1:2

(n):d X2 +2

Loi giai. Xét hai day
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=2 =u?  +2
(un),(y): “1 va “n=tn-1 U" Lvn>2.
V1= 1 = Zun 1Un-1
Ta chiing minh x, = Un (*).
Un
e n=2>1xy= 22 =9 n=2(* ding.
V2
e Gia st
2 2
Xy 1= n-1 = x, = xn 1 +2 — un—l +20n_1 — ﬂ
Un-1 2xp-1 2up-1Up-1 Un
Suy ra (*) dudc chiing minh.
Theo két qua bai toan trén, ta cé:
on-= 1 on-= 1
\/—(2+ V2) +(2 V2)
= =
(2+V2) —(2 \/_)
n

Chu y 11. Twu cdch gidi hai vi du trén ta cé chu y:
1) Dé'tim CTTQ ciia hai day sé (u,,),(v,) dudc xdc dinh bdi:

— 2 2
Up=U._[+av;_j;ui=a
Un =20Up-1Up-1;, V1=

(trong dé a la sb thuc duong) ta lam nhu sau:
Ta co:

2

Uy, = ui_l +a.vi_1 - (un+vaup_1=Wp_1+vau,_1)
2

(un - \/aun—l = (un—l - \/aun—l)

Va.v, =2v/a.v, 1up-1
Suy ra
_1 [(a N /3\/5)2"_1]

=g =@ —@-pva™ |
2) Bé tim CTTQ ciua day
X1=a
(xn) X2 +a
X, = ——
2xp-1
ta lam nhu sau:
Xeét hai day
U2 2 .
ul_j+avs_jui=a
(tn), (0n): { n=2Up_1Up-1;,0v1=1
Khi do:

e v ta-var
" n (a+va)? +@-va
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Cho day

(un) “=l

tn’: Un :5un_1+\/24u%_1—8 Vn>2'
Tim CTTQ day sb (u,).

Loi giai. Ta c6: ug =9;u3 =89;uy =881. Gia SU: u, = xu, 1+ yu,_g, Suy ra

{ 9x+y =89 {leO
<> .

89x +9y =881 y=-1

Ta chiing minh: v, =10u,-1—u,_92, Vn > 3.
Tt cong thic truy hoi cta day ta cé:

(un —bBun_1)%=24u> | -8

@u%—lOunun_1+u%_1+8:0. (1)

thay n béi n -1, ta dudc:

u? 5~ 10up_guy1+u> [ -8=0 (2).

Tu (1),(2) > up—2,u, la hai nghiém cta phuong trinh :
t* —10u,_1t +u>_, —8=0.
Ap dung dinh 1i Viet, ta c6:
Up+Up_o=10u,_1.

Vay
V6-2
2v6

V6 +2
2V6

Up = (5—2\/§)n_1+ (5+2\/5)n_1.



Chuong 2

GIOI HAN DAY SO

2.1 DPinh nghia

Pinh nghia 2.1. Day (u,) dudc goi la c6 gidi han (hodc hoi tu) bang 1, ki hiéu limu, =1

neu voi moi € >0 nho tuy y, luén ton tai so tu nhién ngy sao cho lu, —1| <& Vn > no.

Vi du 2.1
2n+1

Ching minh rang lim 2.
n+1

Lgi giai. V6i € >0 nho tuy y, ta co

2n+1 ' 1 1
—2|=|—|<een>--1.
n+1 n+1 £
. 1 N .
Do do, ta chon ng = ——1] thi ta co
€
2n+1
—-2| <€, Vn>ny.
n+1l
2n+1
Vay lim 22~ =2,
n+1

Dinh nghia 2.2. Day s6 (u,) dudc goi la c6 gidi han dan vé dudng vé cuc, ki hiéu limu, =

+oo néu véi moi sé thuc duong M lén tuy v, luén ton tai sé tu nhién ng sao cho u, > M vdi

moi n > ny.

DPinh nghia 2.3. Day s (u,,) dudc goi la c6 gidi han dan vé Gm vé cuc, ki hidu limu, = —oco,

néu lim(-u,) = +oo.

Vi du 2.2

Chiing minh rang

n?+1 2-n

1. lim

n vn

35

. 2. lim —— = —co.
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Loi gidi. 1) V6i moi s6 thuc duong M 1én tuy ¥, ta cé:

2 2
+1 M M=—-4
n >M©n2—Mn+1>0©n>+—.
n 2
M+vVM?2-4
Ta chon ng = — thi ta co:
2
+1
n >M, Vn>nyg.
n
2
1
Do d6: lim~ * = +o00.
n
2) V6i moi M >0 16n tuy y, ta co:
2
-2 M+ VM2 +
n—>M©n—M\/ﬁ—2>0©n> —8 .
NG 2
2
M+vVM?2+8
Ta chon ng = (T) thi ta co:
-2
%>M, Vn>ny.
2_
Do dé: limT; = —c0.

Chu y 12. Ta c6 cdc gidi han co bdan sau

1 )
. lim—k:OUéLkel\I*
n

Néu |q|<1thi lim ¢"=0
n—+oo

Néu u, =c (voi ¢ la hang so) thi lim u,= lim c=c
n—+oo n—+oo

k

* limn® = +oo vdéi moi k >0

* limq"” = +o0o0 v4i moi q > 1.

2.2 Cac dinh li vé giéi han

Dinh li 2.1. Néu day (u,) cé gidi han hitu han thi giéi han dé la day nhdt.

Chung minh. Gia st limu, =1 valimu, =1". Khi do, theo dinh nghia thi v6i moi £ > 0 nho

tliy ¥, luén ton tai cac so6 tu nhién n1, ns sao cho
lu,—1ll<eVn>ny valu,-1l|<e Vn>ns.
bat ng =max{ni,ns}, khi dé v6i moi n > ng ta c6
L=U1<|l—upl+|up-1|<e+e=2e¢.

Vi (1) ding v6i moi e >0 nho tuy ynén tacol=1".
Vay dinh 1i dudc ching minh.
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Pinh li 2.2. Cho day s6 (u,,) c6 gidi han hitu han 1. Khi dé
a) Day (u,) bi chdn
b) Cdc day con déu cé gidi han la .

Ching minh. Gia st day sb (a,) ¢6 giéi han bang L. Ta sé ching minh (a,) 1a day sb bi
chan.

That vay, xét € = 1. V6i moi n > ny, véi ng 1la s6 nguyén duong nao dé, ta luén ¢é |a, —L| < 1.
Suy ra la,|-|L|<la, —L| <1 v6i moin>nghay |a,| <|L|+1 v6in > ny.

Goi M 1a s6 16n nhat trong tap hop hitu han

{la1l;lazl;...;lan-1l}

va dat K =max{M +1,|L|+1}.
Khi d6 |a,| <K v6i moi n € N*. Pay chinh 14 diéu can chitng minh. O

Vi du 2.3

Ching minh day (u,):u, = (-1)" khong ¢6 giéi han httu han khi n — +oo.

Loi gidi. Ta c6 limusg, =lim(-1)?" =1 va limug,41 = lim(-1)?"*1 = —1.
Tu do, suy ra day (z,) khong c¢6 giéi han khi n — +oo. [ |

Pinh 1i 2.3. Cho limu, =a, limv, =b. Ta cé:

e lim(u,+v,)=a+b e lim(u,.v,)=a.b

. hmﬂz%(b;ém

e lim(u,—v,)=a->b6 i

e Néu u, >0 Vn thi lim\/u, = Va.

Chiung minh. Ta chiing minh cong thic limu,.v, = ab. Cac cong thic khac dudc ching
minh tuong tu.

Vi limu, =a, limv, = b nén day (v,) bi chén, tic alf ton tai sb6 nguyén duong M sao cho
vl <M Vn eN va véi moi € > 0 nhé tuy ¥, ludn ton tai cic sb6 tu nhién n1, ny sao cho

Vn>ny va v, -bl<—
n>n1 va |lv,—b|<
M +|al " M + |a|

lup —al < Yn >nag.
bat ng = max{ni,ns}. Khi d6 v6i moi n > ng ta co:

luy. vy —abl =lvp(u, —a)+a(v, —b)l < |vyllu, —al+lal.lv, — bl <e.

Suy ra limu,.v, = ab. O
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Vidu 2.4

Tim gidi han

Chuong 2. GIOI HAN DAY SO

. ak.nk +ak_1nk_1 +...+tain+ag
A =lim

bp.nP+b,_1nP~ 1+ .. +bin+by

vii arb, #0

Lgi giai. Ta chia lam cac truong hop sau
TH 1: n = &, chia ca ti va mau cho n*, ta dudc

ap-1 ag
ap+——+..+

%
A =lim ——" 2 :Z—k.
-1 0
b+ =+ . +— P
p nk

TH 2: & > p, chia ca t& va mau cho »n*, ta dudc

ar-1 ao
ap+——+..+

=1m = .
bp bp—l bO —oo khi akbp<0
nk-p  pk-p+l

nk
TH 3: % < p, chia ca ti va mau cho n?, ta dudc
Lk el 48
A=lim22t nP?tl nP

bp-1 Fot b

npP

[
Vi du 2.5

Tim gi6i han

=0.

bp+

A:lim(\/n2+n+1—2€/n3+n2—1+n).
Lgi giai. Ta co:

A:lim[(\/nzﬂ-n+l—n)—2(\/3 n3+n2—1—n)].
Ma:
lim(\/n2+n+1—n)zlim\/nz+’:jl+n

1
1+—

1
=lim n =

T 1 2
1+—+—+1
n o n
2
-1
lim(v3n3+n2—1—n):lim "

3 3
n3+n2-12+n.Vn3+n2—1+n2

1

1-—
=lim n

5 1 1)2 .. 1 1
1+ ——-——| +{/1+——-—5+1
\/( nt nb n nd

1
3
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1 2 1
VayA==-—-—-=——. [
2 3 6
Vi du 2.6
Tim gidi han
l+a+a“+...+a
A=l
TN
vll a,b eR;lal <1;|b] < 1.
Loi gidi. Tacé 1,a,a2,...,a" 12 mot cAp s6 nhan cong boi a nén:
_ n+l
1+¢7L+ch2+...+az”:1 ¢
l1-a
Tuong tu:
l_bn+1
1+b+b%2+..+b" =
1-5
1_an+1
SuyraA_hml_bn+1 =1 [ |
1-b

Dinh 1i 2.4. (Nguyén li kep) Cho ba day s6 (ay), (b,) va (c,) théa man a, < b, < c, vii
moi n > no € N*. Khi dé néu lima, =lime, =L thi limb, = L.

Chiing minh. Véi moi s6 nguyén duong n ta cé:
b, —L|=1bp,—an+a,—-LI<|b,—-ay|+|a, —L|

=b,-ap+la,—-LI<cp—ap+la,—L|

=cp—-L+L-a,+l|a,-LI<|c,—-L|+2|a,—-L]|.

Xét sb6 duong ¢. Vi lima, = limec, = L nén ton tai sé6 nguyén duong N d€ |a, —L| < g va
le, —L| < g v6i moin > N.
Theo cic khéng dinh trén thi |5, —L| < & v6i moi n > N. Vay limb,, = L. O

Vi du 2.7

Chiing minh cac giéi han sau
n

LT —@ 2. lim Y@ =1véia > 0.
n!

Loi gidi. 1) Goi m 1a s6 tu nhién théa: m + 1> |a|. Khi d6 v6i moi n >m + 1. Ta c6:

0<|® a® ’ ’ a Ialm( la] )n_m
w2 " ml lm+1"n m! \m+1 '
Ma
. lal \*™
li =0.
m+1
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n

Tit d6 suy ra: lim = = 0.
n.
2) Néu a =1 thi ta c6 dpcm.
e Gia st a > 1. Khi d6:

a=[1+(¥Va-1)]">n(Va-1).

Suy ra: 0 < {‘/5—1<g—>0nénlim{l/_:1.
n
e Véi0<a<1thi

1 1
—>1:>lim</j:1:>lim%:1.
a a

Toém lai ta luén c6: lim ¢a =1 v6i a > 0. [ |

Vi du 2.8

-z , e aeA 1en . 1 , .
Day so (x,) thoa man dieu kién 1 <xy <2vax,;1=1+x,— Ex’z“vn e N*. Chung minh

rang day s6 da cho hdi tu. Tim limx,,.

Loi giGi. Ta sé ching minh bang quy nap bat dang thic sau:

1
xn—\/ﬁ‘ <2—n,Vn>3.

That vay ta kiém tra dudc ngay bat déng thiic dung véi n = 3.
Gia st bat déng thic dung véi n > 3, tic 1a

1
< —.
2n

-

Khi d6 ta co: )
Xn+1— \/E‘ = 5

xn—\/iHZ—\/ﬁ—xn

xn—\/ém\/i—xn +’2—2\/§D

11 1
xn—\/§‘<§2—n:2n+l.

1
<=
2

1
<_
2

Do d6 bat dang thitc ding dén n +1.
1 p 2
Mat khac do lim on = 0 nén tu bat dang thuc trén va nguyén ly kep ta c6

lim (xn - \/5) = 0= limx, = V2.
m

Pinh 1i 2.5. (Dinh li Weierstrass) Moi day tang va bi chdn trén hodc giam va bi chan
dudi déu c6 gidi han hitu han.
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Vi du 2.9
Cho day sb (x,) dudc xac dinh nhu sau:
X1 = ]-,x2 = 2,xn+2 Y, Xn+1 + \/‘E’ Vn > 1'
Chiing minh rang day s6 da cho c6 giéi han va tim giéi han dé.
Ldi gidgi. » Bang quy nay ta ching minh: x, <4, Vn (1).
Ta c6: x1 =1<4 nén (1) dang véi n = 1.
Gia st x;, <4, Vk < n, khi do:
Xn+1 = \/x_n+ VXp-1< \/4_1+ \/124.
T do suy ra (1) dung v6i moi n.
e Ta ching minh day (x,) la day tang.
Ta c6: x1 <x9. Gia st x > x3_1, Yk < n, khi do:
Xn+l —Xp = \/x_n_ VXp-2> 0= xpt1>xp.
T do suy ra day (x,) hoi tu.
bat limx, =x >0, ta ¢6 x 1a nghiém cta phuong trinh : x = /x+ /x> x=4.
Vay limx, =4. |

Vi du 2.10

Cho (x,) dudc xac dinh béi x1 = g va

20n+21

3
Xp+1=1/x5, —12x, +
" \/n " n+1

,h=12,...

Ching minh (x,)c6 giéi han httu han va tinh géi han do.

Loi giai. +) Ta chiing minh x, >2,Vn € Nx bang qui nap theo n(¥).
Ta c6 n=1,x; = = >2nén (*) ding khi n=1.
Gia st x,>2. Khido:
Xpi1>20 42, >4
20n +21

3
< x, —12x, + —

1
3
—-12x,+16+ ——>0
o Xy, Xn S

1
+4)(x, -2 +——>0
< (X +4)(xn, —2) —

( BDT nay dung).
+) Ta chitng minh (x,) giam theo qui nap.
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L4 kd 5
Glasu2<x,<x,-1<..<X1=—.

Ta sé ching minh

2 2
Xn+l <Xp S Xpi1 <Xy

207 +21 20n+1
@xi—lenJrﬁ <y g = 12051+ n

2 2 1
p== (xn _xn—l) (xn +XpXp-1+ Xp-1— 12) - n(n + 1) <0

(BDT dung vi x,, —x,-1 <0,x, >2,x,_1 > 2).

. . 5

Day (x,) giam va bi chan dudi béi 2 nén c6 giéi han limx, =a (2 <a< 5/
Chuyén qua giéi han tit hé thic truy hoi , ta dudc

=2

a=Va?2-12a+20 < —1+v41
a= @)

2

Vay (x,) ¢6 giéi han hud han va limx,, = 2. [ |

DPinh nghia 2.4. Day (u,) dudc goi la day Cauchy néu véi moi € >0 nhé tiy y, ludn ton
tai sé tu nhién ng sao cho

lum —upl<e VYm,n>ny.

Pinh li 2.6. Day (u,) hoi tu khi va chi khi day (u,) la day Cauchy.

Vi du 2.11

Cho ham s6 f : R — R théa man diéu kién |£ (x) - f (y)| < g |x — y|, v6i moi x, y € R, trong
d6 g €(0,1) 1a hang s6 cho trude. Véi ¢ € R cho trude va xac dinh day (x,),n =0,1,2,3...
nhu sau:xg = ¢,xp4+1 = f(x,),n = 0,1,2,.... Chiing minh rang day sb (x,) hoi tu va giéi
han ctia day sb 1a nghiém ctia phudng trinh f(x) = x.

Lai gidgi. Trudc hét ta chiing minh day (x,,) 1a mét day Cauchy. That vay, véi m,neN,n >
m ta co:

|y, — Xm| = |f(xn—1 _f(xm—l))l <q lXp—1—%m-1]1 < ... < qm |%r—m — %0l . (1)
Mat khac ta ¢6
1 _
|2, — 20| < |2t = Xn—1+ ... + |21 =20l < (¢" " +... + 1) lx1 — 20| = 1—q lc1 — xol .

Tu day suy ra |x, — xo| bi chén véi moi n. Két hop véi (1) ta thu dude véi moi & > 0 ton tai
N €N sao cho v6i moi m,n > N thi|x, —x,,| <e. Nén day (x,) 1a mot day Cauchy suy ra no
hoi tu.

Tu diéu kién cia ham f dé dang ching minh dude f lién tuc va do d6 tu dang thic
%, = f(xp—1) chuyén qua giéi han ta dudc giéi han ctia day (x,) 12 nghiém ctia phuong
trinh f(x)=x. [ |
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Pinh li 2.7. (Pinh li Stolz) Cho (u,),(v,) la cdc day s6 théa man hai diéu kién sau

* (vp) la day sb tang va limv, = +oo.

. Upt+1—Up
e im——— =a.

Un+l1—Un

. 3. ... U
Khi dé ta ¢6 lim —= =a.
Un

1—Up

. . ~ P 4. U ~ L 2
Chiing minh. Theo dinh nghia giéi han ta c6 lim —— =a nén véi Ve > 0 cho trudc,
Un+1—Un

luén ton tai so6 tu nhién ngsao cho Vn > ng ta co:

Upn+l —Un

—a|<eo(@—€)(Vpt1—Vn) <Upt1—Up <(Upt1—Up)(a+&)

Un+1 —Un
(do vy11—vn >0). Gia st £ 13 mét s6 nguyén duong & > ng sao cho vy,1 >0, khi dé ta c6
(@—€)(i+1— Vi) <ujr1—u; <(@+e€)(vi+1—v;); Vi =no,...,.k

LAy tong theo vé cac bat dang thic trén ta thu dudc

k k k
Y (@-8)Wir1—-vi)< Y (Wis1—ui)< Y (@+&)(vis1—v;)

i=ng i=ng i=ng

& (a—€)(Vh+1—Ung) <Uk+1— Uny <(@+E)(Vp+1— Uny)

c:»(a—s)(l— Uno )+ Uno Ukl <(a+€)(1— ! )+ !

Uk+1 Uk+1  Uk+1 Uk+1 Uk+1
Cho %k — +oo v6i luu y limv, = +oo ta dugc lim —= = a (dpcm). O
Un

Nhan xét 1. Chon day (v,)vdi s6 hang tong qudt v, = n thi v,.1—v, = 1 nén ti dinh li
stolz ta co :

o Néu lim(un+1—uy,)=a thi lim% =a (¥).

e Trong (*) néu thay u, = vi+ve+...+v, thi dinh li stolz con dugc phdt biéu dudi dang
tuong duong khdc nhu sau va dudc goi la dinh li trung binh Cesaro:
Néu limv,, = a thi

o1
lim—(ui+ug+..+u,)=a.
n

Vi du 2.12

Cho day sb6 thuc duong (x,) théa man 1im 2 = 4oo. Tim gidi han
n

. 1 &1
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Loi gidi. Xét day (a,):an= Y. —— va day (bp): by, = V7.

i=1/%;
Ta ¢o
1
0<Iiman+1_an—l' V%1 —lim\/n+1+\/ﬁ<lim2\/n+120.
bns1—b, vn+1l-y/n VXn+1 VXn+1

1

Su rahm——Oha hm( ) 0. [ |
Y b M W

Vi du 2.13

Un
Cho day s6 (u,) xdc dinh béi w1 >1va upy1 = VULt g+ ...+ Uy, VneN*. Tinh lim —=.
n

Loi giai. Dé thay u, >0,VneN* va
2 _ 2 2 _ 0 Vn e N*
un+1—u1+u2+...+un:un+1_un—un> :un+1>un, ne 5
do d6 (u,) la day tang.

Gia st ton tai limu, = a, khi d6 tit ding thic u2, , —u2 = u, chuyén qua giéi han thu duge

a?-a’=aoa=0 ol vi(u,)tdng va u; > 1).

Vay limu, = +oo; tu do

1 1
lim(un+1—un):lim(\/u% +un—un) =lim tn =lim—— = 7
U +un+up, 1411
Un
1

Theo dinh 1i Stolz suy ra lim 2 = 5 [
n

Vi du 2.14

Cho day (x,) théa man lim (xn 5 x,ze) = 1. Chiing minh rang
k=1

1im(\3/§.xn) - 1.

Loi giai. Pits,= 3 x2, ta c6 lim(x,s,) =1.
Ta théy day (s,) téngg,l do d6 néu day (s,) bi chan thi day (s,) hoi tu, dat lims,, =x,x>0.
Ta ¢6 limx, = 1 >0, suy ralims, = lim( i x%) = +oo (v0 11).
Do vay day (snx) khong bi chan hay limsn:: +00, suy ra limx, =0.
Mat khac
limx,s, =limx,s,_1+ limxi = limx,s,-1=1.

Do

3 3

2 2 2(.2 2
S, —8,_1=(Sn—8np-1) (sn +S8,.Sn-1 +sn_1) =x, (sn +8,.8,-1+ sn_l) =3.
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3
R ... 8 . Sn
Nenta(:01lmi:1:>llm\3/ﬁ:1.
Do vay
3
V3
lim(v33n.xn):lim( "

Sn

.xnsn) =1.

2.3 Mot s6 phuong phap tim gidi han day s6

2.3.1 Xac dinh cong thic tong quat caa day sé

Bai toan 2.1. Cho day (x,) dudc xdc dinh :

1
x1=1,%,41=%p + on +2n-1,Vn > 1.
Tim limx—';.
n
Ldi giai. Ta co
1
xn+1—xn=2—n+(2n—l),Vn>l (1)

Trong (1) thay n bé“mg n-1,n-2,..,2,1taco:

1
xn—xn_1:F+2(n—l)—1
1
Xpn-1—Xp-2= 2n—_2+2(n—2)—1

1
xg—x1:§+2.1—1.

Cong cac dang thic ta dudc:

n-1 n—-1
Xn =1+ §+Z(2i—1);Vn>2.
i=1 i=1

Mit khac theo cong thite tinh tong n s6 hang dau cia CSC va CSN ta cé:

1
N o=@ -1 va S Tyl 1
i—1)=—— -3)]=(n-17° v = =1,
] 2 " " Zoite 1 gn-1
2

i=

Suy ra

xn:1+(1— )+(n—1)2:n2—2n+3— Vn>2.

2n—1 2n—1 ’

1

Dodélim%:é. m

Nguyén Tat Thu



46 Chuong 2. GIOI HAN DAY SO

Bai toan 2.2. Cho day s6 thuc xn xdc dinh b6i xo =1, xp41 =2+ /%p — 21/1+ /%, VGi moi
neN. Ta xdc dinh day yn bédi cong thiic

yo=Y %2, VYneN*.

n
i=1
Tim lim In .

2n

Loi giai. Taco :

2
Xn1= 24 v/En 21/ 1+ VEn = (14 Er — 1) .

Tu dé tinh dudc:

X1 = (\/5— 1)2, X9 = (M— 1)2,..., Xy = (21/2n - 1)2.

Ta viét
x1=1+2-2V2,
xo=1+v2-22"
x3=1+2V4-2218
X, =142V _g 012"
n - .
Suy ra y, =2+4+...+2" +4 271 212" —gn+l(1 _ 912"y 9 Do dé limg—z =0. [ |
Bai toan 2.3. Cho ciia ddy sé (x,) xdc dinh bdi cong thic:
2015 (1 1 ) + 2014 Vn>1
x1= yXne1=(1— Xp+———:;Vn > 1.
' rl n+12)" (et 1)?
Tim limx, .
L) * 2 e , _2014 o .
Loi giai. Ta c6 x,.1—-2014=x, —2014 - x:—l)2;Vn >1bat y, =x, —-2014 ta co
n+
1 1 (1 1 ) Vn>1
=1, = — = _ ,vn = 1.
y1 Yn+1=Yn (n+1)2yn (n+1)2 Yn
Hay
n+2n  n>1 1
=——FYn, Vn=>1.
yn+1 (n+ 1)2 yn
Trong (1) thay » bang n—1,n-2,...,2,1 ta dudc:
n+1)(n-1)
Yn=———5—Yn-1
n
3 nn-2)
Yn-1= myn—z
3.1
Y2 §y1
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Nhan theo vé ciac dang thic trén roi gidn uée cac sé hang bang nhau 6 hai vé, ta dudgc:

_(n+1)(n—1) nn-2) 3.1 n+1

= e =——,Vn>2 2
" n? (n-12% " 22 92T g @)
Di nhién (2) cing dang véi n = 1.
Do ds 1 4029n + 1
+ +
o= 1o x, =y, 42014 = T yp > 1.
2n 2n
4029
Vay limx, = — [ |

Bai toan 2.4. Cho dady s6 (x,) xdc dinh bdi cong thic:

x1=1
9 2n+1
Xn+l1=1\/Xp+ 3n ,n=1

Tinh limx,, .
Lgi giai. Ta c6

2n+1 9 9 2n+1

3n Vnzloex, —x,=

Xpi1=1/x2+ Vn>1 ()

Trong (1) thay n bang n—1,n—-2,...,2,1 ta dudc:
n

&

n -1 3n—1
2(n—-2)+1
2 2
Xpn-1"Xp-2= 3n-2
2.1+1
Ea

Céng cac dang thiic trén rdi gian uéc cac sb6 hang bang nhau 6 hai vé, ta dudc:
—12i + 1 —12i + 1

xs —x1+z Z

batS= % T,ta co

2 1, nloi+1 n2l2i+1 2n - n+1
~S=8S--8= =1 LI >S8=2-
3 3 z:zl 31 Zi 3z+1 (1:223”1) 3n—1
Do do
9 n+1 n+1
xn:3—3n_13xn: 3—F,Vn>l
Ta co
3" (142 = Y Ct2t >4C2 =2n(n-1),¥n>2=0< 01 < "HL g, o
- = n T 3" " 2n(n-10 77
+1 +1 < a .
Mt khac lim ——~ =0 = lim 2=~ = 0. Tit d6 suy ra limzx, = V3. n
2n(n—1) 3"
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Bai toan 2.5. (VMO 2013) Cho hai day sb thuc duong (x,),(y,) xdc dinh hoi quy béi
x1=1,y1=V3, va

b

{xn+1yn+1 —x,=0
2 —
X1 TIn = 2

vdi moi n=1,2,.... Chiing minh rang hai ddy sé héi tu, va tim gidi han ciia ching.

\e e . 6-v2 6+v2 o . . %
Loi giai. Ta c6 xg = \/2—\/_:\/_7\/_,3/2:\/_7\/_. Tu cac gia tri trén gdi y cho ta den
gia tri lugng giac. Ta c6

X —1—2sinz X —2sinl va —\/§—2cosE —2cosl
1=1= 5 X2 = 19 y1= = 6,3’2— 12

Piéu nay dan t6i, ta di chiing minh

va yn:2cos37;n. (*)

Xp :2sin3 o

Ta chiing minh (¥) bang phuong phéap quy nap.
Hién nhién 1a (*) dtng véi n = 1.
Gia st (*) dung véi £ =1,n. Khi d6, ta cé

T /1 . /1
xn+1=\/2—yn=\/2—2cos \/2(1—cos3.2n):2smm.

32"
Va

2sin

Yn+1 = ¥ 327 _ 2cos .
§ Xn+l  2gin " 3.2m+1
3.2n+1
Theo nguyén 1li quy nap, ta c¢6 (*) dung.
. /4 A - .

Vi hmﬁ =0 nén limx, =0, limy, = 2. [ |

Bai toan 2.6. (VMO 2004) Cho day

(2 + cos2a)x,, + cos?a

(2—2co0s2a)x, +2—cos2a’

(xp):x1=1; xp41=

n
Bdt Yn = >

T Vn>1. Tim a dé'day sb (v,) cé gidi han hitu han va tim gidi han dé.
i=12%;

Lgi giai. Ta co

1 2sin’a 1 1 1

= + = =—+(1- )sin?a.
2x,41+1 3 32x,+1) 2x,+1 3 3n-1
Suy ra
O A R 1. 1. 1 3. 1. .,
= =y —+ 1-—)==(1-—)+[n--(1-— .
Yn ;2xi+1 i;y sin ai:Zl( g1 = g(l- g+ -5 -D)sina

1 . . s 1
Vllims—n:Onéndéy(yn)cégldlhanhlmhan@sma:O@a:kn.Khldohmynzi. [ |
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2.3.2 Su dung nguyén li Weierstrass

ui = 1
u,83+u,-1)+1=0,n=1,2,..
co gidi han hitu han va tim limu,,.

Bai toan 2.7. Cho day (u,): { . Chiing minh rdng day (u,)

Loi gidi. Ta ching minh day (u,) giam va bi chan duéi. Pé c6 dudc diéu nay truée hét

v5-3

ta ching minh u, > (1) bang quy nap.

eVéin=1tacou;=1> nén (1) ding véi n = 1.

-G1as1iun>T,taco

+3>3+\/5_3—3+\/5
Up 5 T g
Do d6
-1 -2 v5-3
Un+1 =

> = ,
un+3 3+v5 2
suy ra (1) dung theo nguyén li quy nap.

Ta chiing minh day (u,) giam.

Ta ¢o

1 u2 +3u, +1
Up=—""—"—">DUp—Upy1=— >0, Vn.
Up_1+3 up,+3

do u, > \/_T Suy ra u, > uns1, Vn, dan téi day (u,) 1a day giam.

Do vay day (u,) ton tai giéi han hitu han.

5-3
bat limu, =x> V5 =limu,_1=x.
T cong thuc
-1 -1 v5-3
Unp = = SO X =
Up_1+3 x+3 2
5-3
Vay limun:\/_—. m

Bai toan 2.8. Cho a > 2 va ddy sé (x,) vdi x1 =a va

n+3
2%n41 = 3x%+T

Chutng minh day sé (x,) c6 gidi han va tim gidi han do.

N\, o 2 o e . 3
Loi gidi. Ta chiing minh 12 >1+— VneN*.
n
Ta ¢6 x3 = a® > 4 nén khang dinh ding véi n =1.
e o 3 .. .
Gia sutxk>1+% v6i moi k < n.
Ta co6:

o 1 3

3 1
xn+1:Z(3x3+1+;)>2(4+7)>1+m.
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Theo nguyén li quy nap khéng dinh trén dudc chitng minh.

1/ 3 1/
xn—xn+1:xn—§ 3x%+1+;>xn—§ 3x,2l+x%:0

Nén day (x,) la day giam va bi chan duéi béi 1 nén (x,) cé giéi han hitu han.

Ta co:

bat limx, = x ta ¢6 x 1a nghiém ctia phuong trinh

2x=V3x2+1lox=1.

Vay limu, =1. |
ce s s 3 L. .. 1 (n+ a2 . . S
Bai toan 2.9. Cho day (a,) xdc dinh béi a1 = =, va a,.1 = ———. Chiing minh rang

2 n&hz+1)

day (ay) ¢6 gidi han va tinh giéi han do.

Loi giai. Tacbéa, >0,VneN* (1).

Mit khac 221 _1= 22" (9,
an n(a, +1)
ajl—

a X yas
Suyra:—2—1: <0,dan téiag <aqi<1.

ai al+
Tu day, bang quy nap ta c6 a,, giam, bi chan dudi béi 0 nén c¢6 giéi han httu han.
Pt a =lima,. Ta chuyén gia thiét vé phuong trinh giéi han :

2

a
a= sal@+1)=a’=>a=0.
a+1

Vay a, c6 giéi han httu han va lima, =0. [ |

u1=2010
Un2—2Un.Uns1+2011=0,Yn>1
minh rdng day (u,) ¢é gidi han va tinh gidi han dé.

Bai toan 2.10. Cho day sb (u,) xdc dinh béi { Ching

L&i giGi. Trudc hét ta nhan xét rang u,> 0, véi moi n, That vay, ta c6 w1 = 2010 > 0. Gia
st uy >0,Vk > 1, ta ching minh v, 1 > 0.
Tt hé thitc truy hoi suy ra

2
+2011
B T2 0.

QupUp1=Up’+2011>0=> up,q =
2up

Do d6 ta co

un?+2011 1 2011

= —(up+ .
Un+1 ou, 9 Un i )
Theo bat dang thitc Cosi, ta c6
2
+2011 2011
upeg = T2 L —v2011,Yn > 1.
2u, Un

Mat khac ta c6
Unt1  Un2+2011 1 2011

= ==+
Un 2u,2 2 2u,?

1 1
<=—+-=1.
2 2
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2011 2011 1
iu, > V201L,Vn > 1= < =)
(Vi un 5 50 S2.2011 2
Nén (u,) la day so giam va bi chan duéi béi 2011, do d6 day (u,) c¢6 giéi han httu han.

Gia st limu, =a, khi d6 0 <a <2010 va ta co

2 2 2
+2011 +2011 +2011
Upag= 2 T2 limug,, g =lim T g = T 029011 = ¢ = V2011,
2u, 2u, 2a
Vay limu, = v2011. |

Bai toan 2.11. (VMO 2012) Cho day s6 thuc (x,) xdc dinh béi :

x1:3

n+2 .

Xp = (Xp_1+2) V=2
3n

Chitng minh rang day sé cé gidi han hitu han khi n — +oo va tinh gidi han dé.
Loi giai. Ro rang ta c6 x, >0 v6i moi n nguyén duong (1).

Ta sé chitng minh ké tir s6 hang thit hai, day s6 da cho 1a giam.

That vay, xét hiéu

n+2 2[(n+2)—(n—1)x,-1]
Xp —Xp—1= W(xn_l +2) —Xpn-1= 3n .

D& chitng minh x, gidm bat dau tit s6 hang thi hai, ta chi can chiing minh:
n+2)-(n—1Dx,-1<0 V>3 2)

Ta ching minh diéu nay bang quy nap toan hoc.
» 10, .4, .o ,
V6in=3, do xg = 3 nén bat dang thic

10 5
n+2)-(n—1)x,-1=5 —2.? = -3 <0 text(fflong).
.o s ~ . n+2
Glasuttadaco(n+2)—(n—1)xn_1<0th1xn_1>—1.
n_
Khi d6 : 0 0 0 0 3
+ + + + +
n = Ly +2) > 2SR
n 3n n-1 n—-1 n

Suy ra (n +3)—nx, <0.

Vay (2) dung dén n + 1.

Theo nguyén ly quy nap toan hoc, ta c6 (2) diung v6i moi n > 3.

Nhu vay, (x,) 1a day sb giam ké ti s6 hang thi hai.

Ngoai ra, theo (1), né bi chan duéi béi 0. Suy ra, ton tai gié han hitu han r}l_golo Xn,=a.

e ez +2 1 < 1<
Chuyeén dang thic x, = n3—(xn_1 +2) sang gidi han, ta dudc a = §(a +2). Tu dé suy ra
n

a=1.

Vay day s6 da cho c6 giéi han khi n dan téi vo cung va ,P_,m xn =1. [ |
X1 = 1 R
Bai toan 2.12. (VMO 2011) Cho day (x,): 2n n-1 . Chitng minh rang
n:( 2 _lei, Vn > 2
n— 1=

day (yn): yn = Xn+1—%xn €O 101 han httu han khi n — +oo.
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Loi giai. Tu gia thiét ta cé:

nil (n_ 1)2
X = ’
= 2n "
suy ra
2(n +1) & 2(n +1) n-1 2(n +1) (n—1)2
Xp+l= ——— Z - ( Zx,) = (xn+ 5 xn)
— n
Hay
(n+1(n%+1)
Xn+l1= "5  %n
n
Do vay:
n2+n+1
Yn=%Xn+1—Xn = 3 Xn
n
Suy ra:
B 2xy, S
Yn+1—Yn n3(n+1)2

v6i Vn do d6 day (v,) 1a day tang.
Mit khac bang quy nap ta ching minh dude x,, < 4(n —1).

Nén ta co:
n?+n+1 (n%+n+14(n-1)
Yn=—3—%n< . <4,
n n
Suy ra day (y,) bi chan. Vay day (y,) cé giéi han hitu han. [ |

2.3.3 Su dung nguyén li kep

Bai toan 2.13. Ching minh rang: lima, = i
k=1

\/1+£—1) 1
4

1+x-

Lgi giai. Dung danh gia sau véi x > —1:

. k N - 2 . A LN A
Thay x b6i — va tinh tong hai ve tu 1 den n, ta dugc:
n

” k ” k 1 & n k nn+1)
— < 1+ =5 -1|<s=5 2k ——<sy < ———.
k; 2n2 +k kzl( n? ) 2n2 k;l ©1§1 M2k " 4n?

nn+1) 1

Ta thay: lim ——— = hOn nia:
4n?
ook nok 2 k2 no k2 +1)(2n+1
Z 2 - Z 2~ Z 2(95,2 < Z 4 met 4n ) ’
im12nc+k  T12n% jT12n4(2nc+ k) jTi4n 24n
suy ra:
ook "ok k ko1
li - 0=>1 — =
1m(,§12n2+k pwe ) - lmzz 2rp MY 55y

Theo nguyén li kep, ta c6 d-udc:

»Jklr—t
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Bai toan 2.14. (PHSPHN TST 2011) Cho ddy s6
2n—3

(a@an):a1=1a,= An-1,Yn = 2.

n IS
Pat b, =Y a;,n>1. Chiing minh rang (b,) co gidi han hitu han va tim giéi han do.
i=1

Ldi giGi. Ta c6

2na,=0@2n-3)a,.1<oa,-1=2[(n-1)a,-1—na,l,Vn > 2.

Do d6 . .
bp=> ai=) 2[ia;—(+1)a;+1]1=2[1-(n+Dan1l.
=1 =1
Lai co
2n -3 (2n-3)(2n-5)...5.3
an = ap-1=
2n 2n(2n—2)...4.2
9 12.32.52...(2n - 3)? 1
=>a, < =
(22-1)(42-1)...(2n-2)2-1)4n2  (2n—1)4n?
= < !
a —
" 2nvon—1
1
Suy ra 2 1——)<2[1—(n+1)a 1=b,<2.
d ovan+1 O
Tu do, ta ¢6 limb,, = 2. [ |

Bai toan 2.15. (30/4/2012 Shortlist) Cho hai day s6 (u,),(v,) xdc dinh bdi: uq =2011,v; =
2012 va

1({uyv, . 1(upvn
Un+1= 5 | +Upsinuy, |;0p41= 5 | +u,cosvy,
2\vs+1 2\us+1

Tinh giéi han cua hai day da cho.

Léi giGi. Ap dung bAt déng thic Bunyakovski ta c6

1(uyv ) 2 1 v2 .
ui+1:1(ﬁ+vnsmun) <Z(u%+v%)((v2:1)2+sm2un)
n n
L o, o1 5 2 2
<Z(un_‘_vn)(z—i_l :1_6(un+vn)
1(uyv | u?
2 2, .2 2
vn+1:1(#+uncosvn) éz(vn+un) (m+cos vn)
Loa, o1 5 92, 2
<Z(un+vn)(z+1 :1_6( n+vn)
Do bat dang thic
2
1
a4 <—©(a2—1)220
(a2+1)* 4
Tu do suy ra
5
u%+1+v%+1<g(ui+vi)3lim(u,21+v%):0:>1imunzlimvn:O.
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Bai toan 2.16. (T'11/422 THTT) Cho dady s6 (u,) dudc xdc dinh bdi

2
u 1
L vYn=1,2,..

up=a€l0;2);u, = L
n

Tim gidi han lim (u,v/n).

Loi giai. Ta chi ra rang luon tim duge s6 hang thi & nao dé ctia day ma uy, € [-1;1].
That vay, néu a € (0;1] thi ug=a € (0;1] c[-1;1].

Xét truong hop a € (1;2), tuc ug € (1;2).

Néu xay ra trudng hop moi u, ¢ [-1;1] thi ti hé thic

2 -1
Uy 1
Up,=——"——,suyrau,>1,Vn>1.
n
Dé y rang
n+2-u, n+1+un_1>n+1
n+l-u,_1 n n’
tic la

k+2—-up S k+1
k+1—up_q k
Nhan theo vé ctia n bat dang thic trén véi & = 1,2, ..., n ta thu dugc

,k=1,2,....,n

n+2-u, S n+1)(n+2)

2-uop 2
+1 +2 1 2—
:un<n+2—(2—uo)w:(n+1)(n+2)(—— u")
2 n+1 2
Didu nay 1a khong thé, vi khi n da 16n [n > — ) thi vé trai 1a s6 duong con vé phai la

s6 am. Vay luon ton tai k €N sao cho uj € [-1;1].

2
u -1
Khi d6 theo hé thic u, = 21— suy ra
n
1
luyl < —,Vn>k.

n
Do d6 1
Suy ra lim (u,/n) = 0. u

Bai toan 2.17. Cho a > 0. Xdc dinh day sb

1
(xn) 120 =, Xn41 =%n + —,Vn = 0.
n
Tim gidi han lim ~2
m giolr han lim —.
. %
Lgi giai. Ta co
3
3 _ 1 _ .3 3 1 3
Xy, = xk+x_2 —xk+3+x—3+x—6>xk+3,
k k k
suy ra
x3>x3+3n,¥n>1 (1)
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T (1) suy ra
3 1 5 1 1

+ —_—
xj +3k (xg+3k)2 k 9k2

3 3
xk+1<xk+3+

n—1

:>xf’z<x‘;’+3(n—1)+ Z -
k:1k

3 - 1

1 n
= x> <xd+3n+ —+§Z 5 (2)

Ta ¢o

1
— <1+ +—+..+ =2-—<2 3
2 2 1.2 2.3 (n-1n ®

2
1 1
<nzk—<2nz>zz<v2n (4)

3 3,3
X 2 2
—0+3<x—” —1 3+\/—+—
n n n n 9n

Chuyén qua giéi han khi n — +oco, theo SLT ta dudc

Tu (1),(2),(3) va (4) suy ra

3 Xn 3
11m—n—3:11m—: V3.
n

¥n
H

Bai toan 2.18. (T9/405. THTT) Cho k € N*,a € R. Xét day sé

. [1%.a] + [2%.a] +... + [n*.a]

(ap):a, = ) ,Vvn=1,2,...
Trong dé [x] la ki hiéu phan nguyén cia x. Tim lima,.
Loi giai. Tacox—1<[x]<xnén
a(lt+2k+. . +n*) 1 a(1%+2% + ... +nk)
——<ap <
nk+1 nk nk+1

Lai co

1*+28+ . +n* 1 ' 1& (i

N | =23
Véi f (x) = x*
Theo dinh nghia tich phan xac dinh thi
1
o 1kyok 4 4k 1
lim yes, =lim— Zf( ) ff(x)dx f dx:m
0
Do d6 theo SLT thi lima, = ——. n
k+1
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ey s -z 1-v1-4x,_ .
Bai toan 2.19. Cho day s6 (x,):x0=—2,x, = 5 n L vn>1 Dit

Yn = (1 +x(2)) (1+x%)...(1+xi),‘v’n = 0.
Chitng minh rang (y,) co gidi han hitu han.

Loi gidi. Tu phuong trinh truy hoi cta day suy ra

V1-4x,-.1=1-2x, :x% =Xp —Xn-1

Do do
x%+x%+...+xﬁ :xg+x1—x0+x2—x1+...+xn—xn_1 :xg—xo =6.

Dé thay (y,) 1a day tang.
Ap dung bét déng thic In(1 +x) < x, Vx> 0, ta c6

Iny, = ln(1+x0) (1 +x1) (1 +x%)

:ln(1+xg)+ln(1+x%)+...+ln(1+xi) <x%+x%+...+x% =6.

Vay (yn) bi chan, do d6 (y,) hoi tu. u

2.3.4 Xay dung day phu
Bai toan 2.20. Cho a,b €(0;1). Day s (u,) xdc dinh béi

1, 2013

- 2020w 1,2..
2014%+1 T 012 V¥ =0,

uo=a,u1 =b,upi2=
Chiuing minh day (u,) co giéi han va tinh gidi han do.

Loi giai. Xét

. 1 2013
(vn) 100 =MiN(@,0), Vns1= 5o v+ 501 VP >0
Ta ching minh dugc limv, = 1. Ta sé ching minh v, < min(uon,u2,+1), V2 € N bang qui

nap (*).
That vay , (*) dang khi n = 0 theo dinh nghia cta day (v,).
Gia st v, <min(ugy,,us,+1), ta sé chiing minh

Up+1 SMIN(U2,42;U27+3)-

Ta co:
1, 2013 1, 2013
220 e > + Yo =
Mon+2 = oargtent1 T a7y Ve Z 501 U T 901 Un+l
1 , 2013 1 o 2013, 1 o, 2013,
= — + — 4 Z
Uan+3 = Gorabans2 ¥ 5o Vien+l 2 Garalnit ¥ 5000 Vin > Gomatn + 500 Vel = Unit
(do vp41>vy,). Suy ra v, <MIn(ug,+2,U2n+3).
Vay (*) dung v6i moi n = v, <ug, <1,v, <ugpi1 <1,Vn. Ma limv, =1=limu, = 1. [ |

Nguyén Tat Thu



2.3. Mot sé phuong phdp tim gidi han day sé 57
Bai toan 2.21. Cho ddy sb khong am (u,) théa man
4 < 1 + 1 +...+ 1 ) +( 1 + 1
R A T T ) AR P L
Chiuing minh day (u,) co giéi han va tim giéi han do.
Lgi giai. Ta c6
1 1 1 n 1 1 2n+1 3
4= <1, <5
n+l n+2 n+n n+l1 n+n n+3n 2n 2
Suy ra
< + 3
u —Uu —Up.
n+2 4 n+l 8 n
Xét day (v,) thoa man
1 3
U1=UL,U2 = U2,Un42 = 7 Unt1t gUn T2 2 1.
Giai PT dac trung ta dudc
3\" 1\"
Up = cl(Z) + 02(—5) = limv, =0.
Tiép theo ta ching minh v, > u, > 0 theo qui nap.
Gia st khang dinh ding dén % + 1 khi d6 suy ra
1 3 1 3
Vk+2 = JUk+1+ SUR = ZUk+1t gUR = Uky2.
Tu day suy ra limu, =0. [ |

Bai toan 2.22. Cho day (u,) théa man

1
Upn+2 < —U

u1=1,u2—3 1

Chiuing minh day (u,) co giéi han va tim giéi han do.

Lgi giai. Xét day hai (v,) va (z,) xac dinh béi

2 1, 3
v1=1Luvg= 3 Un+2 = JUns1t 7Un0t 21
31 1, 3
21= %,Zn.;_l = Zzn + Zzn,n > 1.
Ta chiing minh z, > max(ve,,ve,+1),Vn =1 ( *).

2 31\ 31

3’ 36) 36
Gia st z, > max(va,,Va,+1). Ta co

Ta c6 max(vg,v3) = max( =z1 nén (¥) dang khi n = 1.

3
2 1+ Zen =12,

1 3 1 3
U2pn+2 = 4U2n+1 + 402n Z + Zzn =Zn+1
1, 3 1, 3 1, 3
V2,43 = 4v2n+2 + 4U2n+1 < Zznﬂ + Zzn < Zz” + Zzn =Zp+1
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(do 2,41 <2zp). Vay
Zp+1 2 Max(Vgn+2,V2n+3) = 0 <v2, < 27,0 <vgpi1 < 2p,Vn 2> 1

Ta ching minh limz, = 0.

That vay , 4(zp,+1—2n) = 2n (2, —1) <0 = (2,,) giam va bi chan duéi béi 0 nén c6 gidi han
1 3 L=0

huii han limz, =Le[0;1)=L=-L%?+ "L & .
4 4 L=1L)

Tu do6 limz, =0=limv, =0.

Tiép theo ta ching minh 0 < u, <v,,Yn ( 2).

Hién nhién (2) dung theo cach dinh nghia ctaa day (v,).

.9 2 - A 1 2 3 ]_ 2 3
Giasu (2)dungden n+1=>u,2< 74n+1 + 2 < 7Un+1 + 2Un = Un+2-

Theo qui nap suy ra (2) dung véi moi n. Tu O <u, <v,,Vn,limv, =0=limu, =0. [ |

Bai toan 2.23. Cho day s6 (u,) théa: u, + tuns1 > 2unio va day (u,) bi chan. Chitng minh
rang day (u,) ton tai gidi han hitu va tim gidi han dé.

Loi giai. Xét day (v,,):v, =max{u,,un.1}, ta c6 day (v,) bi chan.
Tt gia thiét ta suy ra:

max{u,,Un+1} 2 Upt2 > max{u,,uy 1} Z max{u, 1, unr2}.

Do d6 day (v,) 1a day s6 giam, ti d6 suy ra ton tai limv, =1.
Ta chiing minh: limu, =1.
Vi limv, = nén v6i moi £ > 0 nho tiy y, luén ton tai ng € N* sao cho:

€ € €
Ivn—l|<§©l—§<vn<l+§, Yn > nyg.

V6i moi & >ng+1 ta co:

€
Vp—1=max{up_1,up}<l+ 3

Suyraup 1<l+ i (*).
Ta xét cac truong hop sau:

> €:>l £< < <Z+E:>| l|<"S
ou ——=>l-—-<ur<v —=>ur-ll<-.
k 3 3 - RN TE 3 Mk 3

€ €
. ukgl——,suyrauk+1>l—§.
Khi do:
€ £

uk>2uk+1—uk_1>2(l—§)—(l+§):l—s.

Dan t6i:
€

l—£<uk<vk<l+§<l+e:>|uk—l|<£.

Vay limu, =1. [ |

2.3.5 Giéi han cua day u, = f(u,)

V6i day 86 (up) i un+1 = flun) ta thuong dua vao cac tinh chat sau
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Pinh nghia 2.5. Cho ham f :I — R. Néu ham sé f co trén I, néu ton tai sb thuck, 0<k <1
sao cho
lfx)—f)I<klx—y| Vxel.

Dinh li 2.8. Néu ham f: 1 — R la mét ham co trén I. Khi d6, day (u,): uns1 = f(u,) hoi tu
dén x véi x la nghiém duy nhat ciia phuong trinh f(x) = x.

Tt dinh 1i trén, két hop véi dinh 1i Lagrang ta c6 két qua sau

Dinh 1i 2.9. Cho day (u,):un+1=f(uy,), véi f la ham xdc dinh trén I. Néu |f'(x)| <1Vxel
thi day (u,) hoi tu.

< e , ~ A 2 ~ < A A N 1
Bai toan 2.24. Day so (x,) thoa man diéu kién 1<x1<2va x,41=1+x, — Qx%’ Vn € N*.
Chiing minh rang day sb da cho héi tu. Tim limx,,.
N e 2 e - N A 1 2 4. ~
Loi giai. Xét ham s0 f(x)=1+x— 2% vii x € (1;2). Ta ¢6
flx)=1-x<0Vxe(1;2)= f(x)€(1;2) Vxe(1;2).

Tu do, ta co |f'(x)] <1 Vx € (1;2). Ma day (u,): upi1 = f(u,) nén day (u,) hoi tu. Pat
limx, = x, khi d6 xla nghiém cta phuong trinh

1
x:1+x—§x2©x:\/§ do x€(1;2).

cos2x, N cos3x,
2 3

Bai toan 2.25. Cho (x,):x1 = 2014,x,,,1 = g(cosxn +
(x,) co gidi han hitu han.

. Chiing minh day

cos2x N cos3x
2 3

Loi gigi. Xétham sé f(x) = % (cosx +

) ,x€ERCO f/(x) = g(sinx + sin 2x + sin 3x).

Ta co
(sinx + sin2x + sin 3x)2 =(2sin2xcosx + sin 2x)2

= 4(sin2xcosx + cosxsinx)? < 4 (sin22x + coszx)

25 1\% 25
=4|——-|cos2x——| | < —
16 4 4
/ T . . . 5
:>|f (x)|=§|s1nx+s1n2x+sm3x|< .5:—<1

Xét ham sb6 g(x) = f (x)—x ¢b

g@=f'(x)-1<0VxeR vég(O):l}Tn>0, g(g):_§+ﬁ(ﬁ+l)<o

nén phuong trinh g(x) = 0 ¢6 nghiém duy nhat a € (0; %) Theo dinh li lagarange, ton tai
B soa cho

f )= f(@)=Ff"(B)(xn—a)

5
= |Xps1—al = |f'(ﬁ)||xn—a|<1—g|xn—al
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Ap dung qui nap suy ra

5m\"
0< xpr1—al < 16 lui—al.

Do lim (?—Z) =0 suy ra limx, = a. |
Bai toan 2.26. (VMO 2000) Cho day sé {x,} xdc dinh nhu sau:

x90=0,x41=\/c—Vec+x,,n=0,1,2, ...

Tim tat ca cdc gid tri cua ¢ dé voi moi gid tri xg € (0,¢), x, xdc dinh véi moi n va ton tai
gidi han hitu han limx,.

Loi gidi. Ta c6 x1 =+/c—/c+xo. Do d6 x; ton tai khi
c—vVe+xg=20oclc—1) > xg. 1)
Vi (1) dang v6i moi xg € (0;¢) nén ta cé ¢ > 2 va khi d6 0 <x; < /c. Gia st 0< x, <+/c, ta co
Xn+1 tON tai VA 0 < x,41 < v/c. Do d6 x, ton tai khi ¢ > 2.
Xét ham s6 f(x)= Ve —ve+x, x€(0;1/¢). Ta co
1
4\/(c+x)(c—\/c+x).

fi@=-

Vi x €(0;/c) nén ta co

1
(c+x)(c—\/c+x)>c(c—\/c+\/5)22(2—\/2+\/§)>Z.

Suy ra |f'(x)] <q <1 Vxe(0;yc). Do dé day (x,) c6 giéi han htru han.
Vay ¢ > 2 1a nhiing gia tri can tim. u

Ngoai ra dé xét tinh héi tu ctaa day (u,) ta con dua vao tinh don diéu ctia ham sb f.
Cu thé:

Pinh 1i 2.10. Cho ham f:D — D va day (u,) : un+1 = f(u,). Khi do

e Néu f la ham dbng bién trén D thi day (u,) la ddy tdng néu ui > ug va la day gidm
néu ui<ug.

e Néu f la ham nghich bién trén D thi hai day (us,) va (uon+1) la hai day don didu
nguoc chiéu nhau. Khi dé néu day (u,) bi chdn thi tén tai limus, = x, limuop+1 =y

v6i x,y 16 nghiém ciia hé {x =IO Dy () héi tu khi vi chi i x =y,

y=fx)
Bai toan 2.27. (Vang Tau 2013) Cho ddy sé (x,) xdc dinh bdi

x1=2013

Chitng minh rang day sé (x,) ¢é gidi han va tim gidi han dé .
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Loi giai. Truéc hét chiing minh x, >4, Vn € Nx.

9
Ta c6 x1 =2013 > 4,x9 = 1007 + 1 >4,
Gia st x,, >4, ta chitng minh
x2+8 9 9
Xns1>40 ————>40x, -8x,+16>0 o (x, —4)" > 0.
2(x, —1)
Piéu nay luén dung. Tu d6 ta c6 x, >4, Vn € Nx.
2
oL 1s 7 +8 . ,
Xét ham s0 f(x) = a Vil x > 4, ta ¢o
2(x—1)
2
—-2x—-8
f'(x)=%>0, Vx >4,
2(x—-1)

Mat khac x, 41 = f (x,) va x1 > x¢ nén suy ra day (x,) la day giam va bi chan dudi béi 1.
Do dé6, day (x,) ton tai giéi han hitu han. Pit limx, =x >4, ta c6

x2+8
X =

= ox’-2x-8=0ox=4.
2(x—-1)

Vay limx, =4. |

Bai toan 2.28. (VMO 2013)Cho day (a,) duoc xdc dinh béi a1 =1 va

Chiing minh rang day (a,) ¢ gidi han hitu han va tim gidi han dé.
N, e 2 e 2, N A X+ 2 . ~
Loi giai. Xét ham s0 f(x)=3— T vii x € (1;2), ta co

(x+2)In2-1

fx)= o

>0, Vxe(1;2).
Suy ra f la ham déng bién trén (1;2) va

1< g =f)<fx)<f(©2)=2Vxe(1;2).

3
Ta c6 as = B €(1;2) va ag > aj, suy ra day (a,) la day tang va a, € (1;2) Vn > 2. Nén day
(ap) hoi tu. Dat lima, = x, x € [1;2] thi x 1a nghiém ctia phuong trinh

x=3- ox -3=0.
2 2%
, < P x+2 ,
Xét ham so g(x):x+2—x—3, x€[1;2] ta co
2*+1—-(x+2)In2
g'(x)= (x+2)In , x€[1;2].

2x

Ham s6 A(x)=2*—x—1, x€[1;2] ¢6
h'(x)=2°In2-1>0 €[1;2]
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h(x)>h(1)=0=>2"+1>x+2 Vxe[1;2].

MaIn2<1nén
2°+1>x+2>(x+2)In2 Vxe[1;2]

hay g’ (x) >0 Vx €[1;2].

Suy ra phuong trinh A (x) = 0 ¢6 duy nhat nghiém x = 2 trén [1;2].

Vay lima, = 2. [ |
Bai toan 2.29. Cho (x,) xdc dinh béi

x2 +4x, +1

nz
X2 +x,+17

x1=1Lxp41=

Chuing minh (x,) c6 géi han httu han va tinh giéi han do.
Loi gidi. Dé thay x, >0,Vn, va

3an o (en—1)

Xp+1 =1+ 5———= = x, € [1;2],Vn.
nrl X2+, +1 X2 +x,+1 "

244x+1

Xét f(x)= xz—x;xe [1;2], ta co
x“+x+1
/ 3(1—.962) /
flix) = ——2-<0;Vx€e[1;2] (f'(x) =0 x=1)
(x2+x+1)

nén ham s6 nghich bién trén [1;2].
Ta thay x1 < x3 nén (x9,.1) tdng va bi chan trén béi 2 , con (x9,) gidm va bi chin dudi béi
1. Do d6 chung c6 gi6i han httu han. Gia st limxg, = a,limxs, 1 = b;a,b €[1;2] ; ta ¢6 hé

a=f(b)
b=1f(a)
— b1 3(ab-1) _ a=b
(@2+a+1)(b2+b+1) (@®+a+1)(b2+b+1)=3(ab-1)(2)

Do
a,b€[1;21=>3(ab-1)<9< (a®+a+1) (b2 +b+1)

nén (2) © a =b =1(loai).
Do (x9,+1) tang nghiém ngat va x;=1=>56>1)
Vay

P44t

a=b=t=>t= ot3-3t=1.
2+t+1

Tir day tim duge limx, = 2cos g

[ |

ce ¢ e Lz L . 2 V3

Bai toan 2.30. (Bac Ninh 2013) Cho day so (uy) xac dinh bdi u1 =1; up.1 = —+ —
Up us

n > 1. Ching minh rdng day s (x,) khéng cé gidi han hitu han.
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) « 2 e ~ N A 2 3 ~ s ,
Loi giai. Xét ham so f(x)=—+ \/—2_, x>0.Tacou,,1=f(u,) v6iuy=1co
X X
2 2
f(x)—————\/_ 0, Vx> 0.
x2

Mat khac us =2+ V3, ug=-8+5v3 nén

us=fws3)>f(u)=us

< < = .
rastiem {u5=f(u4)<f(uz)=u3

Bang quy nap ta chiing minh dude day {us,} ting va {us,.1} 12 day gidm véi n > 1.
Dodél=ui>us>us>....va2+vV3=ug<ug<ug<....

Gia st day (u,) c6 giéi han httu han va limu, = x. Suy ra limug, =limug,+1 = x. Theo danh
gia trén ta co

limug, =x<1 v6 19).
limug,+1=2>2++vV3
Vay day (u,) khong c6 giéi han httu han. [ |

2.3.6 Gidi han cia mot tong

Bai toan 2.31. Cho ddy sé (u,) dudc xdc dinh nhu sau

ui = 1
{un+1 = \/un(un + D)W, +2)u,+3)+1; n=1,2,..

o n
Dat v, = %

. Tim limuv,,.
i=1uU; +

Loi giai. Ta cé

o1 =\ (W2 + Bu) (Ul + 3u, +2)+ 1

=\/(u%+3un+1)2
=ui+3un+1.
Suy ra
1 1 1
Ups1+1=(u,+1)(u, +2)=> = _ )
Upn+1+1 up+1 up+2
Suy ra

1 1 1
un+2_un+1 Upi1+1

Do d6, suy ra

1 1 1 1 1 1 1
vn:Z —_ = —_ = — — .
i=1 ui+1 ui+1+1 u1+1 un+1+1 2 un+1+1

s ) R |

Mat khac, tu u,+1 =us +3u, +1ta suy ra u,s; > 3" Nén lim——— =0.

Up+1t+1

1
Vay limvnzg. [ |
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Bai toan 2.32. Cho (x,) xdc dinh bdi x1 =5,%,11 =x2—2,Yn > 1. Tinh

1 1 1
A:Iim(—+ +...+ .
X1 X1X2 X1X9....Xp

Lgi giai. Ta c6 day (x,) la day tang va khong bi chin nén limx, = +oo Mat khac:

xiﬂ —-4= x,zl (x% —4) = x,%x% (x% —4) = 21x,21...x%

2
4
:>(ﬂ) 914 -

X1X9...Xp, (x1%9...%)2
Suy ra
lim —L = V21,
X1X92...Xpn
Lai co
1 _ x]%_xk+1 _ 1( Xp Xp+1 )
X1X9...X} B 2X%1%9...Xp, "2 X1X9...Xp_1 X1X9...Xp
1 1 1 1 ( Xna1 )
>4 —F. o t— ==X - —
X1 X1X9 X1%9...X, 2 X1X2...Xp,
Do do
. ( 1 1 ) 5-v21
im|—+—+...+ = .
X1 X1X9 X1%X9....X, 2
[ |
Bai toan 2.33. (VMO 2009) Cho day
1
X1 ==
EME 1 2 :
Xy = 2 (\ /x%_1 +4x,_1 +xn_1) , Vn>2
. Y ~ . . ne n1 . NI e .
Chiing minh rang day (y,) xdc dinh bdi y, = ¥, — c6 gidi han va tim gidi han do.
i=1X;
Loi giai. Ta c6 x,, >0 Vn nén
1 1 %2, +3x,-
xn—xn_lz5(\/x,21_1+4xn_1—xn_1) :§ n-1 rl >0.
\/xgl_l +4x, 1+%x,-1
Nén day (x,) 12 day téng. Gia st day (x,) bi chan trén, suy ra ton tai limx, =x > 0.
. . 1 A 1s
Ta c6 phuong trinh x = 3 ( x2+4x + x) < x =0 (vo I).
Do vay, ta c6 dudc limx,, = +oo.
Tt cong thic truy hoi, ta c6 dude
2x, —xn_l)2 = xi_l +4x,_ 1< xi =(xp+1)x,_1.
Dan t6i
1 x,+1 1 1 1 1 1
= B = —5 + — —5 = ——Vn 2 2
Xn-1 Xy Xp Xn Xy Xn-1 Xp
Suy ra
1 ( 1 1 ) ( 1 1 ) ( 1 1 ) 1
n=—t|———|+|———|+t -—]|=6-—.
x] X1 X2 X2 X3 Xn-1 Xn Xn
Ma
limx, = +oo=lim — =0.
Xn
Vay limy, = 6. [ |
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2.4 Day sb6 sinh béi phudng trinh

Vi du 2.15

Ky hiéu x,, 1a nghiém ctia phuong trinh:

1 1 1
—+ +...+
x x—1 x—n

=0
thuoc khoang (0,1)
1. Ching minh day x,, hoi tu

2. Hay tim giéi han dé6.

Loi gidi. R6 rang x, dudc xac dinh mot cach duy nhéat, 0 <x, <1. Ta c¢é

1 1

fn+1(9¢n):fn(xn)+ = <0,
xp,—n—-1 x,—-n-1

trong khi d6 f,+1(0*) > 0. Theo tinh chét ctia ham lién tuc, trén khoang (0,x,) c6 it nhat 1
nghiém cta f,1(x). Nghiém d6 chinh 1 x,.1. Nhu thé ta da ching minh dude x,.1 < x».
Tic 1a day sb x, gidm. Do day nay bi chan duéi béi 0 nén day sb ¢ giéi han.

Ta sé chiing minh giéi han néi trén bang 0. P& ching minh diéu nay, ta can dén két qua

quen thudc sau:

1+1+1+ +1>1()
— Tt - T..Tt— n .
2 3 n "

2 . x N v s > , ., 1 1 A A .o >
(Co thé chitng minh dé dang bang cach st dung danh gia In (1 + ;) < ;) That vay, gia st

limx, =a > 0. Khi d6, do day s6 giam nén ta ¢6 x,, > a v6i moi n.
Do

) 1 1
lim[(l+=—+...+—]|=+0
2 n

nén ton tai N sao cho v6i moi n > N ta co

1
I+—+. +—=—>—.
n a
Khi d6 v6in >N taco:
1 1 1 1 1 1 1 1 1
0=—+ +...+ <—+—+—+.+—<———=0.
x, xp—1 X,—n x, -1 =2 -n a a
Mau thuin. Vay ta phai ¢6 limx, = 0. [ |

Vi du 2.16

( VMO-2007) Cho sb thuc a > 2. Dat

2

Fa@)=ax™ 10+ + x4 x+1

s

v6i n = 1,2,.... Chitng minh rang véi mdi n, phudng trinh £, (x) = ¢ ¢6 ding mot
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nghiém x, € (0;+oc0) va day s6 (x,,) ¢6 gi6i han httu han khi n — co.

Loi giai. Dat g, (x) = fo,(x)—a,n = 1,2,..thi g, (x) lién tuc va tang trén [0;+o00). g,(0) =
1-a<0,g,(1)=a®+n+1-a>0nén g, (x)=0 c6 duy nhat nghiém trén (0;+o0). Ta cé

1 n+1
1-[1-=
1 1 n+10 ( )
ety
a a 1

it -2
:a(l— 2)71-1 (@-1°-1)>0

>x,<1--—.
a

Mat khac

gni1(xn)=x,gn(xp)+1+ax,—a=1+ax,—a<0
(dox,<1- 1).
Ma g,,,1(x) 1a ham ting va
8n+1(xn) <0 =gns1(Xn+1) = Xpn <Xn+1.
Vay day (x,) tang va bi chan trén nén cé giéi han. [ |
Chu y 13. C6 thé'tinh duoc limx, =1 - 2 bang st dung ddnh gid

1 n+1 1
1———a((a—1)9—1)(1——) <xp<l--.
a a a

Hoadc stz dung dinh li Lagrange.

Vi du 2.17

(Bén Tre 2013) Cho phuong trinh: x2"*1 = x + 1 (1) (véi n € Nx).

1. Chiing minh rang véi mdi gia tri nguyén duong n, phuong trinh (1) ¢ ding
mot nghiém duong.

2. Xét day sb (x,) dudc xac dinh nhu saux,la nghiém duong cta: x2"1 = x + 1.
Tinh lim x,,.

n—oo

Loi gidi. Phuong trinh tuong duong véi x(x?” — 1) = 1. Tt day suy ra x < 1 khong phai 1a
nghiém cta phuong trinh.
Dat f(x)=x?""1—x—-1.Tacé f'(x)=2n+1)x*" —1>0 v6i moi x > 1.
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Lai c¢6 (1) = -1 < 0 nén phuong trinh c6 nghiém duy nhét 16n hon 1.
Ap dung bét déng thic Cosi ta c6

2n +x, +1 2n+1 1 1
Ny = Pl I < 1<, <1 —.
2n+1 2n 2n 2n

Theo nguyén li kep ta c6 lim,,_ ;0 x, = 1. [ |

Vi du 2.18

(Ninh Binh 2013) Cho phuong trinh (4n x, tham s6 n nguyén duong)

3
x+2x2+3x3+...+nx"—120.

1. Chitng minh rang véi méi s6 nguyén duong n phudng trinh ¢é 1 nghiém duong
duy nhét, ki hiéu nghiém d6 12 x,,.
N 1
2. Chung minh rang lim x, = 3

n—oo

Loi giai. 1) Dat
3
Fax)=x+2x2+3x3+ ...+ nax" — 1

lién tuc trén toan truc sb. Ta c6
Fl(x)=1+4x+9x% +...+ n%x" 1 > 0Vx € (0; +00).
Ta suy ra f(x) ddng bién trén (0;+oo). Mit khac f(x) lién tuc trén (0; +oco0) va
-3 1
f0)= T <0,f(1)= Z+2+3+...+n>0.

Tu day ta suy ra £(0).f(1) <0 Tt cac diéu kién trén ta suy ra ton tai duy nhat x, € (0;+0c0)
sao cho f,(x) = 0 hay néi cach khac 1a f,(x) ¢6 nghiém duong duy nhéat x, véi mbi n.

2) Ta dé théy x, 1a day gidm va bi chan dudi béi 0. That vay x, +2x2 +... + nx’ = 2 Do x,
nguyén duong va Z <11nén khi n — +oo thi x, gidm.

Vay x, ton tai giéi han hitu han.

Dat limx, =L (0<L <1)=limx? =0.

Tt cong thiic truy hoi ta co:

Xp+2x% + .. +nal ==

4
3
:>x%+2x,31+...+nx2+lzzxn (x, >0)
3 3
:>xn+x%+...+xZ—an+1:Z—an
t(l1-x2) n 3 3 o1 1
= T —an+1—z—1xn (a>1,x —an+1).
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4 . < 4. I ~ .
Vi v6i moi @ > 1,7 €N thi lim — =0 nén ta c6
a

L

3 1
~_=21-L)>L== 0<L<1).
1z gl "W=h=g Osb<D

1
Vay limx, = 3 |

Vi du 2.19

Cho n > 1 1a mot s6 nguyén duong. Ching minh rang phuong trinh x* = x+1 ¢6
mot nghiém duong duy nhét, ky hiéu 1a x,. Chiing minh rang limx, = 1 va tim
limn(x, —1).

Loi giai. Ro rang x, >1 Vn. Pat f, (x) =x,x1, khi d6 f,-1(1)=-1<0va

fre1(xn) =2, 1%, 1> x5 0,1 = fr(x,) =0.

Tu do tasuyra 1 <x,:1<xj,.

Suy ra déy ton tai limx, = a. Ta chiing minh a = 1.

That vay, gia st a > 1. Khi d6 x,, > a Vn va ta tim dudc n da 16n sao cho: x? > a” >3 va
%, +1 <3, mau thuan vi £, (x,) = 0.

D& giai phan cubi ctia bai toan, ta dit x, = 1+ y, véi limy, = 0 . Thay vao phuong trinh
fn(x,) =0, ta dugc

I+y,)" =2+ yp.
Lay logarith hai vé, ta dugc
nln(1+y,)=1In2+y,).
Tu do suy ra :

limnln(1+y,)=In2

Nhung
In(1+
lim—n( In) =1,
Yn
nén tu day ta suy ra lim(ny,) =1n2, tic la : limn(x, — 1) =1n2. [ |

Vi du 2.20

(VMO 2002) Cho n 12 mét s6 nguyén dusng. Chitng minh rang phuong trinh

1 1
+...+
4x—1 n2x—1

DN =

1
—
x—1
¢6 mot nghiém duy nhéat x, > 1. Chiing minh rang limx, = 4.
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Léi gii. Dat
1 1 11

= ——— 4.+ - =

)= 3+ e n2x—1 2

va goi x, > 1 12 nghiém duy nhéat ctia phuong trinh f,(x) = 0. Ta c6

)= 1 1 . 1 1
M= I 61 T o1 2
1 .\ 1 1 1
1.3 35 (2n H@n+1) 2
1(1 1 1 1 1 1) 1 1
=—|-—c+-——+..+ e
211 3 38 5 o9n—-1 2n) 2 4n

Ap dung dinh ly Lagrange, ta co : = \fulxn)-f @D =1f'(c)|x, — 4| V6i c € (x,,4) Nhung do

e 4 1
Ifn'(0)] = 1 +(4€_1)2 to>g

o 1A 9 .
Nén tu day |x,—4| < 5 Swra limx, =4.
n
n
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