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S
1 'GIGI HAN CUA DAY SO

%,

. GIGI HAN HU HAN CUA DAY SO

1) Giéi han 0 clia day s6

Ta néi day so (uy) ¢6 gidi han 0 khi n dan t6i duong vo cuc, néu |u,| nhé hon mot

n——+oo

s6 duong bat ki cho trude, ké tit mot sé6 hang nao do trd di, ki hieu lirJrrl Up =0

hay u, — 0 khi n — 4-00. Ta con viét limu, = 0.

Mot sb gidi han co ban:

1 )
e lim — =0, véi k nguyén duong bat ki.
n

e lim¢" = 0, v6i ¢ 1a s6 thyc thod man |q| < 1.

e Néu ‘un| < v, véimoin > 1 va limwv,, = 0 thi limu,, = 0.

BV ke

Tinh cac giéi han sau:

o1 3\"
) THE

1
Ta ¢6 lim — = 0.
a) Ta co6 m
n
5 < 1 nén lim <—%) = 0.

b) Vi

2) Gidi han hitu han clia day sb

Ta no6i day s6 (u,) ¢6 gidi han hitu han 14 s6 a (hay u, dan t6i a) khi n dan t6i

duong vo cie, néu lim (u,, — a) = 0. Khi do, ta viét lir}rl Uy, = a hay limu, = a
n—-—+0o0o

hay w, — a khi n = +o0.

L Luu Y. Néu u, = ¢ (c 1a hing s6) thi limu, = limc = c.

‘ > Bicn soan: Ngo Diic Tii - D) Zilo: 0889 977 004



(& Bai 1. Gisi han ctia day s6

Tinh cac giéi han sau:

a) lim [2 + (?L)] b) lim (1 _n4n>.

o fiua//(zf Jékz/ﬁzdzl.

2\" 2\"
a) Datun=2—|—(—) tacou, —2= —).

3 3
2 n
Suy ra lim(u, —2) = lim 3) -
|2 e (2) . .
Vi 3| < 1 nén = lim 3) = 0 hay lim(u, —2) = 0 hay lim u,, = 2.
271
Vay lim [24— (§ )] =2.
1—-4 1 1
b) Dt v, = n:——4hayvn+4:—.
n n ;"
Suy ra lim(v, +4) = lim — ma lim — = 0, suy ra lim(v, +4) = 0 hay limv,, = —4.
n n
1-4
Vay lim ( n> = —4.
n
>
(£ T S
@ Cho day so (uy) v6i up, = —————. Chitng minh rang lim u,, = 3.

27L

Il. CAC PHEP TOAN VE GIGI HAN HJU HAN CUA DAY
sO

Cho lim u,, = a, limv, = b va ¢ 13 hang s6. Khi do

o lim (up + vp) = a + b, o lim = =2 (b£0).
v, b
e lim (up —vp) =a —b. e Néu u, > 0,Yn € N* thi a > 0 va
e lim(c-uy) =c-a. lim \/u, = +/a.
e lim (uy - vy) =a-b.
Tinh cac gidi han sau:
2 .
) han— 2;1;%1. d) lim (\/n2+2n—n) .
—3n
143"
. 224 n—3 e) lim(—).
b) lim —————. .
) 1m n3_|_5 3 37’L+2n
. Vo241 L 142422423420 425 4 4
¢) im ——. f) lim :
n -2 41
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T Chuong 3. Gidi han. Ham sb lign tuc

(e Ha‘o‘% (/{2/%717(21;
2 1 . 2 .1
) hmn2_2n+1— hml—ﬁ—t—ﬁ _hml_hmﬁ—i_hmﬁ_l—o—i—o__l
2—-3n2 2 N 2 - 0-3 3
—2—3 hm—2—3
chia cd ti va maiu cho n?
2+1 3 I 2+1 1 I 3
-t — — — im im— — lim —
lﬂhmZﬂ+"_3: hgn n: w3 _h 2 W _0+0-0_
n3 +5 1+§§ lim 1 + lim 55 1+0
n

chia ca tu’ va mau cho n3

C)TWW\/WF

Tu d

Von? +1 / 1 1
hm9n—+:1im 9+—2:\/lim(9+—2 hrn9—|—hm— V9 +
n n n

d)
/ Vn? +2n — Vn2+2 24 9n) — n2
hm( n2+2n—n) :lim< n® +2n —n)(Vn? + n+n):hm(n +2n) —n
Vn2+2n+n V2 +2n+n
5 2n . 2n ’ 2
=11m — = 11In = lim—--
Vn2+2n+n 9 2
n(y/1+=+1 1+ 241
n n
B lim 2 B 2 B 9 -
2 . .2 ) vi+0+1
lim 1+=+1 lim1+1lim—+liml
n n
1
_ 1+ 3" N lim & 4+ lim1 1
e) lim 3371—271 = lim ) = - - oNTT :g
+ 34 (g) lim 3 + lim (%)
3
f) Xét cap s6 nhan 1,2!,2223, 24 . 27 ¢6 s6 hang dau tién u; = 1, cong boi ¢ = 2 va

c6 s6 hang tong quat u, =2" S up-¢" =2 e 2 = o m=n+1.
¢ —1 2"t 1

Téng céc s6 hang clia cap s6 nhan trén 1a S, = u; - i ontl 1,
1”q
+1 2-13
Suv ra li 2T — 1 2.2 —1 . 3 2-0 2
m—-——- =11 —— = [1n —=.
Y 5o2n+ 1 5.2n 11 (1y1 5+0 5
54 (=
3
(£
(2) Tinh cac gi6i han sau
6 — Tn? om2 + 1 FP e 9 - (G
a) lim ~— b) lim Y% ¢) lim ————
2n3 4+ 9 n+1 6" +4
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(& Bai 1. Gisi han ctia day s6

)

Mot qua béng cao su duge tha tit do cao 5 m xuéng mat san. Sau moi lan cham
san, qua bong nay lén do cao bang ; do cao trude dé. Gia st rang qua béng luon
chuyén dong vuong géc véi mat san vh qué trinh nay tiép dién vo han lan. Gia si
Uy, 13 do cao (tinh bang mét) ctia qua bong sau lan néy len thi n. Chiing minh rang

day s6 (uy) c6 gi6i han 1a 0.

I1. TONG CUA CAP SO NHAN LUI VO HAN

Cap s6 nhan vo han (u,) c6 cong boi ¢ thod méan |g| < 1 duge goi la cAp s6 nhan

Itii vo han.

Cap s6 nhan lui vo han nay c6 tong 14 S =ug +ug + -+ up +--- =

RO

2
) . ) 1 1
Tinh tong ctia cap so nhan lui vo han: S =1+ - + (—) +

3 3
)~ 2 2 P 2 . . 1
[} Hw{f% din gicéi. Téng tren la tdng cAp s6 nhan i vo han véi ug = 1 va g = 3 nén
2 n
1 1 1 1 3
S=1+- - - o= = —.
+3+<3)+ +<3>+ 173
Viét s6 thap phan vo han tuan hoan 2, (12) = 2,121212... thanh phan sb.
e licong din gici. Ta cé: 2,(12) =2+ 0, (12).
Ma
0,(12) = 0,121212. ..
= 0,12 + 0,0012 + 0,000012 + 0,00000012 + . ..
1 1 1
=0,124+40,12- —— 40,12+ —— + 0,12+ —— + -+ -
e+, 1002 +0, 1002 +0, 1004 +
Day la tong ctia cap s6 nhan lui vo han vé6i s6 hang dau bang 0,12 va cong boi bang 100°
L N > ]. o ].2 1 . ].2 o 4
TongnaybangO,lQ-j—m-E—®—§
100 100
4 70
Vay 2,(12) =2+ — = —.
2,(12)=2+57=50

> Bicn soan: Ngd Diic Tid - B Zolo: 0889 977 004 173



174

T Chuong 3. Gidi han. Ham sb lign tuc

T t0 gidy, cAt mot hinh tron ban kinh R (cm) nhu Hinh a.

Tiép theo, cat hai hinh tron ban kinh

R . N N

3 roi chong lén hinh tron dau tién nhu

Hinh b. Tiép theo, cat bon hinh tron ban
z R X X ~ , N 2,

kinh 7 1ol chong lén cac hinh trudc nhu

Hinh ¢. Ct thé tiép tuc méai. Tinh tong

dién tich cua cac hinh tron.

[ Hao/)% [/zz‘n(fzéz. Dién tich clia cac hinh tron trong cac lan cat 1a
o Lan tht 1: S; = 7R2.
o Lan tht 2: 52:2.7r<§>2:7T—RQ.
< Lan thi 3: 52—4-7r<§>2—7T—RQ.
o Lan thi n: S, = 1"

Do d6 dién tich cac hinh tron lap thanh mot cap s6 nhan luii vo han c6 s6 hang dau Sy = mR?

, 1 s o R?

va cong boi ¢ = 3 nén tong dién tich cic hinh tron la S; + Sy +--- = T 7= 21T R2.
1— =
2

’
P 2 2 2 2
@Tlnhtong5—2+7+@+ +ﬁ+'”

(2

(5) Biéu dién s6 thap phan vo han tuan hoan 0, (3) dudi dang phan so.

IV. GIGI HAN TAI VO CcuUC

& Ta no6i day s6 (u,) c¢6 gidi han 1a +oo khi n — +o0o néu u, 16n hon mot s6
duong bat ki, ké tit mot sé6 hang nao dé tré di, ki hieu limu, = 400 hay

Uy, — +oo khi n — +o00.

& Ta noi day s6 (uy) ¢6 gi6i han 1a —oco khi n — +o00 néu lim (—u,,) = +o0, ki

hiéu lim u,, = —oo hay u, — —oo khi n — +oc.
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(& Bai 1. Gisi han ctia day s6

L\ Luu Y. Ta c6 céc két qua sau:

a) limwu, = +o0o khi va chi khi lim (—u,) = —oc0.

P 1
b) Néu limu, = +o00 ho#c lim u,, = —oo thi lim — = 0.
Un,

. . .1
¢) Néu limu, =0 va u, > 0 v6i moi n thi lim — = +o0.
Un,

| Nhan xét:

a) limn* = 400 (k €N, k> 1). b) lim¢"™ = 400 (¢ > 1).

Tinh cac giéi han sau:

a) lim(n% 4 3n — 5). on? 4T c¢) lim(3" —2m).

[ Ha’o/ny f/(?:/lﬁL(a

a) n2+3n—5=n2(1+§—%>.
n n

5 3 5
Tacéhmn2:+oovahm<1+———2 =lim1+lim——lim—=14+0-0=1.
n n n n

Suy ra lim(n? 4+ 3n — 5) = lim lrﬂ (1 + 3 i)} = +o0.
n

n2
9 n? 1—|—l n l—l—l
b)n+7_ n? B n2
1—2n 1 -1
n(=—2 =2
n n

L. _ < . n B n2 1
Ta ¢6 limn = +oo va lim i =— . =0 3= 3
- —2 lim — — lim 2
n n
7
2 14+ —
7
Suy ra lim i =lim | n n? |
1—-2n 1
- =2
n
on 2\"
32" =3"(1—— | =3"(1—-{ =
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T Chuong 3. Gidi han. Ham sb lign tuc

)
' (6) Mot nha thau nhan duge hgp dong son mau trang tri mot bitc tudng hinh vuong
mau trang kich thudc 4m x 4m clia mot trudng mau gido. Hai diéu kién ctia hop

dong nhu sau:

a) Cac hinh vuong can son mau nhu hinh vé. Hinh

vuong 16n nhat c6 dién tich bang mot phan tu dién

tich bitc tuong duge son mau tuy ¥ khic mau trang.

M&5i hinh vuong tiép theo c6 dién tich bang mot phan

tu dién tich hinh vuoéng truéc no, duge son mau khac

v6i hinh vuong truée d6 va mau trang;
b) Mot phan ba bitc tuong phéi duge son mau.

Sau khi xem céac diéu kién ctia hop dong thi nha thau tit chéi vi cho riang khong
thé thuc hien theo yéu cau ctia nha truong. Hay giai thich 1 do vi sao ho tit chéi

hop dong.

B 521 Tér

Tréc nghiém

¢ Cau 1. Phat biéu nao sau day sai?

1 - (3\"
@hmz—n:(). hm(ﬁ) =0.

1

© limwzo. (D) lim (—T)nzo.

$® Cau 2. Cho limu, = a va limwv, = b. Phét biéu nao dudi day sai?

@) lim(up +v,) =a+b . ®) lim(up, —v,) =a—b .

©) lim(uyp - vy) = ab . @lim%:a_b.
Un, b
¢S Cau 3. Néu limu,, = C va limv, = +oo thi lim 2 bang
Un,
@ 0. I © +o0. ©) —oo.
-3

@) 0. —; © —1. D) —oo .
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(& Bai 1. Gisi han ctia day s6

$® Cau 5. Gia tri ctia gidi han lim

@ -3.

om3 —3n24+n+5 I
nd—n2+7

© 1.

®) 2.

¢ Cau 6. lim(5n — n? + 1) bang

@A) 5.

B) — . © —1.

¢ Cau 7. Khang dinh nao duéi day sai?

(A) Néu limu,, = +oo va limwv, = C,C > 0 thi lim 2 =

+00
Un
Néu limu, = —oo va limv, = C,C < 0 thi lim —* — +00
Un
(©) Néu limu,, = +oo va limv, = C,C < 0 thi lim 2% =0.
Un,
@ Néu limu, = —oo va limv, = C,C > 0 thi limu—n = —00 .

Un

$® Cau 8. Khing dinh nao duéi day ding?

(A) Néu limu,, = a va thi lim \/u, = v/a .

Néu limu, = a thi a
(©) Néu limu,, = a thia

0 va lim \/u, = /a .

>
= 0.

(D) Néu u,, = 0 v6i moi n va limu, = a thi a > 0 va lim \/u, = v/a .

$© Cau 9. Gia tri ctia gi6i han lim —5——

@) 2.
<$® Cau 10.

@) —1.

<> Cau 11. 1i

@ 1.

¢S Cau 12.

@) 0.
$> Cau 13.
@ 3.
$> Cau 14.
@ 0.
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bang
1. © 0.
Gi4 tri clia gi6i han lim (n — v/8n3 + 3n + 2) bang

® +oo . © 0.

ny/n+1
n2 42

| 4_3n+7n+1 b\w
—————— béan
M e e
3
7. © =
li ba
m o 3 ang
3
1. © 3
. 1 N
Gidi han ctia day so (uy) V61 uy, = 2:2(7::47; ﬁ 3 bang
1
1. 3

2n’+n+5
2n +1

® 1.

Gid6i han lim bang

177
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T Chuong 3. Gidi han. Ham sb lign tuc

2
> Cau 15. Gidi han lim Y2 T2H 7 s
n
@ 2. ®) 3. © 5. D) +o0 .
N e — X
& Cau 16. Gidi han lim Yoo T = 1+dn+3 4
3n—17
2 4
@) 2. g' @5. D) 4 .
2 43 3 2
> Cau 17. Tinh lim " Ven© 7
n
@ —2. ® 1. © —o0. D 0.
2 2 2 . 2
4> Céu 18. Gidi han L=lim =2 T £ g
n
1
A L=0. L:§. © L=+ . @L:é.
> Cau 19. Phat biéu nao sau day la sai?
1
@A) limg" =0 (|q| > 1) . limﬁzo (k € N*) .
. 1
© limC=C (CeR). @hmmzo.

9 Cau 20. Cho day (uy) 6 limu, = 3 day (v,) 6 limv, = 5. Khi d6 lim(u, - v,) bang

@) 15. 8. © 5. D) 3.
$» Cau 21. Cho day (x,) ¢6 limz, = —3 day (y,) ¢6 limy,, = 2. Khi d6 lim(z,, —y,,) bang

@A) -5 . —1. © 5. D 1.
$® Cau 22. Cho limu,, = 3. Khing dinh nao ding?

i Suy, 1: ‘ hm3un—1:2
g li 3%”t11 = : lim Blzn”tll =1
Uy + 1 ' up +1

¢ Cau 23. Cho cap s6 nhan i vo han c6 s6 hang dau u; = 4 va cong boi ¢ = % Tong
cap s6 nhan do6 bang

@A) S=8. B S=4. ©S:i' @sz%.
$© Cau 24. TinhténgS:9+3+1+%+---+W+---

A) S=16. ® S=14. @S:%. D) S=15.

&> Cau 25. S6 thap phan vo han tuan hoan 0,353535. .. dugc biéu dién phan sb tdi gian
dang %. Tinh ab.

(A) 1409 . 3465 . ©) 3645 . (D) 3546 .

> Biin souns Nys Die [t - B Zulo: 0889 977 004




(& Bai 1. Gisi han ctia day s6

Tu luén

1 2

& Bai 1. Cho hai day s6 (un), (vn) v6i uy = 3+ —;v, =5 — —;. Tinh cac gi6i han sau:
n n
a) limuy, lim vy,.
b) lim (u, + vy), lim (uy, — vy), lim (uy, - v,), lim n
Un
& Bai 2. Tim cac giéi han sau:
. —2n+1 RVAT ) : 4 . n?—2n+3
a) hmT‘ b) lim — ¢) lim 1 d) lim —
& Bai 3. Tinh cac gi6i han sau:
) 1 ) I 3n 4 on
a) lim nt ; ¢) lim n+on+3 e) lim i ;
2n 6n + 2 ’ 4.3"
1
) 6n2—|—8n+1. d) 1 2_i . . 2+ﬁ
b) lim m, ) 1 an ’ f) lim 3n .
& Bai 4. Tinh céc giéi han sau:
. 4dn +1 b) 1 - . 1
a) lim ——— = ) limyn (Vi +T=vn). o) fim
) tim e ) i e
& Bai 5. Tinh cac giéi han sau:
(V3" b) lim —- o —5n+1 s
a) lim (7 . ) 1m qn — 1 C) lim m d) lim 3+ 477,.
& Bai 6. Tinh cac gi6i han sau:
a) lim (Vn? +2n —n —2). ¢) lim (Vn2 —n+2+n).
b) lim (2 +n® — Vn* +1). d) lim (3n — v4n? +1).

l+a+a®+ - +a”
L+b4+02 4 0"

& Bai 7. Cho u, = véi a,b 1a cac s6 thyc théa man |a| < 1,[b] < 1.

Tinh lim w,,.

& Bai 8. Tinh cac gi6i han sau:

14243+ +n L 2444 g2n
a) lim ) d) lim .
2n? —n+9 3.2+ 1
. 14+3+5+--+(2n—-1) . 1 1 1
hm | — + — =
b) lim n? 1 2n ‘ e)”m[l2+23+ TS
12422432+ ... 4 n? |1 1 1
I f) Hm [ 4 = 4+
<) T D) )i Bn—2)(3n+1)

cosn

& Bai 9. Cho day s6 u, v6i u,, = 5~ Tinh lim u,.
n
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]s Chuong 3. Gidi han. Ham sb lién tuc

& Bai 10. Tinh tong clia cac cap s6 nhan i vo han sau

11 1 1" ¢) 0,2+ 0,02 40,002+ ...
a) _§+Z_§+”'+<_§> + e
11 1 1" 22 23 2"
b) 4+ — 4+ — +... z
)4+16+64+ +(4> + d”*g*@*"'*ﬁ*"'

& Bai 11. Viét cac s6 thap phan vo han tuan hoan sau dudi dang phan s6

a) 0,444 ... b) 1,4545... c) 3,102102,...
& Bai 12. Mot beénh nhan hang ngay phai uéng mot vien thudc 150 mg. Sau ngay dau,
truée mdi lan uéng, ham luong thudce cit trong co thé van con 5%. Tinh lugng thube co
trong co thé sau khi uéng vien thudc ciia ngay thi 5 . Uée tinh luong thudc trong co thé

néu bénh nhan sit dung thudc trong mot thoi gian dai.

& Bai 13. C6 1 kg chat phéng xa doc hai. Biét rang, cit sau mot khodng thoi gian T = 24000
niam thi mot nita s6 chat phéng xa nay bi phan ra thanh chat khac khong doc hai doi véi

stic khde cua con ngudi (T' duge goi 1a chu ki ban ra).
(Nguon: Dai so va gidi tich 11, NXB GD Viét Nam, 2021)

Goi uy, 1 khoi lugng chat phéng xa con lai sau chu ki thi n.
a) Tim s6 hang tong quat u, cta day sd (u,).
b) Chiing minh rang (u,) c6 gidi han 1a 0.
c) Tu két qua cau b, chiing t6 rang sau mot s6 nam nao d6 khoi lugng phong xa da cho
ban dau khong con doc hai véi con ngudi, biét ring chat phéng xa nay sé khong doc

hai nita néu khéi lugng chat phong xa con lai bé hon 1076 g.

& Bai 14. Cho tam giac vuong ABC vudng tai A, B

Ay
c6 AB = h va goc B bang a (Hinh vé bén). Tu A s
As
ké AAy L BC, tut A1 ké A1Ay L AC, sau do6 lai ké 4 .
AsAz L BC. Tiép tuc qua trinh trén, ta duge duong
A 2 A Am.,{d:,wtr
AQ Ay Ag  As Ao Az C

gap khiic vo han AA; A3 As ... Tinh do dai duong gap

khiic nay theo h va a.

& Bai 15. Mot khinh khi cau bay cao 200m & phat dau tién sau khi duge tha. Mai phit
tiép theo, n6 bay cao thém do cao bang mot nita do cao bay dude ¢ phut truée d6. Khinh
khi cau c6 thé dat do cao 400 m hay khong?
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(& Bai 1. Gi6i han ctia day s6

& Bai 16. Ngudi ta thd mot vien bi lan trong mot khe thang trén mit phang. Vien bi lin
cham dan. Giay dau tién n6 di duge 2 mét. Mdi giay tiép theo né di dugc mot doan bang
3
1 doan duong di duge trude no.

a) Tinh doan dudng vién bi di dugc trong 5 giay dau tien.

b) Gia st chuyén dong ctia vien bi khong bao gio cham dit, vien bi c¢6 thé cach xa vi trf

ban dau 8 mét hay khong?

& Bai 17. Tt hinh vuong dau tién ¢6 canh bang 1 (don vi do dai),

noi cac trung diém ctia bén canh dé ¢6 hinh vuong thit hai. Tiép tuc

noéi cac trung diém ctia bén canh ctia hinh vuong thit hai dé duge @

hinh vuong thit ba. Ctt tiép tuc lam nhu thé, nhan duge mot day

hinh vuéng.

a) Ki hiéu a, la dién tich ctia hinh vudng thi n va S, la tong dien tich ctia n hinh vuong
dau tien. Viét cong thiic tinh a,, S, (n =1,2,3,...) va tim lim S,, (gi6i han nay néu
c6 dugce goi la tong dién tich ciia cac hinh vuong).

b) Ki hiéu p, 1a chu vi clia hinh vuéng thit n va @, 14 tong chu vi ctia n hinh vuéng dau
tien. Viét cong thiic tinh p, va Q, (n =1,2,3,...) va tim lim Q,, (gi6i han nay néu c6

dudc goi 1a tong chu vi ctia cic hinh vuong).

& Bai 18. Cho tam gidc OM N vuodng can tai O, OM = ON = N
1. Trong tam giac OM N, vé hinh vuéng OA;B;C; sao cho
cac dinh Ay, By, C; lan lucgt nam trén cac canh OM, M N,ON.
€ B

Trong tam giac A; M By, vé hinh vuong A1 A3 B2Cs sao cho cac

dinh Ay, By, Co lan lugt nam trén cac canh Ay M, M By, A1 B;.

Tiép tuc qua trinh do, ta dugec mot day cac hinh vuong (Hinh

vé). Tinh téng dién tich cac hinh vudng nay.

& Bai 19. Trong mit phang toa do Oxy, dudng thang d :

& 4y = 2 cit truc hoanh tai diém A vi cit duong thing d :
2n+1

y = r tai diem P, (n € N*). Ki hieu S, 14 dién tich clia

tam giac OAP,. Tim lim S,,.

> Biin soan: Noé Dive Tai - ) Zalo: 0889 9771 004
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T Chuong 3. Gidi han. Ham sb lign tuc

& Bai 20. Xét qua trinh tao ra hinh ¢6 chu vi vo cuc va dién tich bang 0 nhu sau:

Béat dau bang mot hinh vuong Hy canh bing 1 don vi do dai (xem Hinh a). Chia hinh
vuong Hy thanh chin hinh vuong bang nhau, b di bon hinh vuong, nhan duge hinh H;
(xem Hinh b). Tiép theo, chia mdi hinh vuong ctia H; thanh chin hinh vuong, roi bo di bén
hinh vuong, nhan duge hinh Hy (xem Hinh ¢). Tiép tuc qua trinh nay, ta nhan duge mot
day hinh H,, (n=1,2,3,...).

H N HE s
. . --- ---
BN mm T
. N
. n ----- L}
. . | | n ---- ---- L} mnm
. . . . ---- ---- ---- ----
. . | } ----- L} n ----- L}
. . . . .-. .-. .-. .-.
Hy Hy Ho Hs
a) b) c) d)
1

Ta c6: Hy ¢6 5 hinh vuong, mdi hinh vuong c¢6 canh bang 3’
Hs ¢6 5 -5 = 52 hinh vuong, mdi hinh vuong c¢6 canh bang
T d6, nhan duge H,, ¢6 5" hinh vuong, moi hinh vuong c6 canh bang
a) Tinh dién tich S, ctia H, va tinh lim S,,.
b) Tinh chu vi p, ctia H, va tinh limp,,.
(Qua trinh trén tao nén mot hinh, goi 1a mot fractal, duge coi la ¢6 dién tich lim S,, va chu
vi limpy,).

& Bai 21. Goi C la nita duong tron duong kinh AB = 2R.
R AB

C1 la duong gom hai nita duong tron duong kinh -
R . AB

Cy la duong gom bon nita duong tron dudng kinh -

. AB
Cp la duong gom 2" nita duong tron duong kinh ETRE
Goi p, 1a do dai ctia Cy,, S, 1a dién tich hinh phang

gi6i han béi C,, va doan thang AB.
a) Tinh p,, Sy.

b) Tinh giéi han cia cac day s6 (p,) va (Sy).
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2 GIGI HAN CUA HAM SO

. GIGI HAN HOU HAN CUA HAM SO TAI MOT DIEM

Gia st (a; b) 14 mot khodng chita diém z¢ va ham s6 y = f(x) xac dinh trén khodng
(a;b), c6 thé trit diem zq. Ta n6i ham s6 f(z) c6 gidi han 14 s6 L khi = dan t6i g
néu véi day s6 (z,) bat ki, x, € (a;b), , # xo VA 3, — 10, ta c6 f(x,) — L, ki

hieu lim f(xz) = L hay f(z) — L khi z — =o.

T—X0

o Nhan xét:

a) lim x = x. b) lim ¢ =z (c 1a hang s6).
T—Xo
D)) K te te fr ¥
Tinh cac giéi han sau:
a) lim (222 — 2). . 2?4241
z=3 b) xl—lgl x+1

[ Hzm‘y Ja”fnym
a) Dat f(z) =222 — .
Ham s6 f(r) xac dinh trén R.
Gia st (z,) 1a day bat ki, théa man z,, € R v6i moi n va x, — 3 khi n — +o00. Ta c6
lim f(x,) = lim(222 — z,) = 2lim 22 — limz, = 2.3> — 3 = 15.
Vay lim (222 — z) = 15.
z—3
b) Dit g(z) = 222 — .
Ham s6 g(x) xac dinh tren R\ {-1}.

Gia st (v,) 1a day bat ki, théa man v, # —1 v6i moi n va v, — —1 khi n — +o0.

Ta co:
2 2
2 1 1
lim g(vy,) = lim% = lim (1;—:_ 1) =lim(v+1)=limv+liml=-1+4+1=0.
2
2 1
Vay lm 2L

z——1 r+1

2 _
E @) Cho ham 6 f(z) = % Tinh lim f(z).
T
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T Chuong 3. Gidi han. Ham sb lign tuc

Il. CAC PHEP TOAN VE GIGI HAN HOU HAN CUA HAM
sO

a) Néu lim f(z) =L va lim g(z) = M thi

Tr—To T—X0

lim [f(z) + g(x)] = L+ M;

T—To

lim [f(x) — g(z)] = L — M;

T—T0

(
b) Néu f(x) > 0 v6i moi z € (a;b) \ {xo} va 1i_>m flx) = Lthi L > 0 va
T—Xo

lim +/f(z) = VL.

T—X0

| Nhan xét:

k

a) lim o = 2k k 14 s6 nguyen duong.

T—T0

b) lim [cf(z)] =c lim f(z) (c € R vaton tai lim f(z) € R).

T—To T—To T—T0

Tim cac giéi han sau:

a) lim (22 + 5z — 2). c) lim 522 + 2 + 4.
T——2 T—2
2
-1 vV 9-3
b) lim L : d) lim vrtoTso
=1 v —1 x—0 T

o Ha’o/ny f/(?:/lﬁL(a

a) lim (22 +5z —2) = lim 22+ lim 5r — lim 2 = (=2)24+5.(-2) — 2= —8.

z——2 r——2 T——2 T——2
2
-1 —1 1
b) Bim £t =i ETDEED ) S tmat lml = 14122,
z—1 x—1 z—1 r—1 z—1 z—1 z—1

c¢) Ta c6: lim (522 + x +4) = lim 522 + lim x + lim 4 =522 + 2 + 4 = 26.
r—2 T—2 T—2 r—2
Suy ra lim V522 + x + 4 = v/26.
r—2
d)

ling_g:Iim( r+9-3)(Va+9+3) (nhan ca tt va mau cho vz + 9+ 3)
20 x 2—0 (v +9+3)

. (z+9)—32 T . 1 1
= lim = lim =lim — = —.
a=0z(Ve+9+3) =0x(vr+9+3) 220z +9+3 6
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(£ Bai 2. Gidi han ciia ham s6

(2

@ Tim cac giéi han sau:
244z —12 Y e rp——
a) lim a:—l——x c) xh_% S5x% +x + 4.
T—2 x — 2
b) lim : .
z——1 r+1 =1/ — 1

I1l. GIGI HAN MOT PHIA

©® Cho ham s6 y = f(x) xac dinh trén khodng (zo;b). Ta néi s6 L la gi6i
han bén phéi clia f(z) khi z — x¢ néu véi day s6 (x,) bat ki thod man

o < Ty, < b Vva x, — x0, ta co f(xz,) — L, ki hieu lim+ f(z) = L.
T,

& Cho ham s6 y = f(z) xac dinh trén khodng (a;z0). Ta néi s6 L la giéi han
bén trai clia f(x) khi x — 2o néu véi day s6 (z,,) bat ki thod man a < z,, < z¢

va x, — xg, ta ¢6 f(zy) — L, ki hieu lim f(z) = L.
T—To

L Luuy.
a) Ta thita nhan céc tinh chat sau:

e lim f(z) =L khi va chi khi lim f(z)=L va lim f(x)=L.

T—To x—)mg Ty
e Néu lim f(z)# lim f(z) thi khong ton tai lim f(z).
T—xd Ty T—To

b) Céac phép toan vé gi6i han hitu han ctia ham s6 6 muc II van dung khi ta thay

x — x9 bang v — z{ hodc z — .

1—2z khiz< -1

Cho ham s6 f(z) = .

r24+2 khiz> -1

Tinh cac gi6i han lim f(x), lim1 f(x) va lim_ f(z) (néu co).
z——1- T——

r——11

2

[} de’/(? f/of}zyzéz; e Gid st (z,) la day s6 bat ki, x, > —1 va z, — —1. Khi do
f(zn) = 22 + 2 nén lim f(z,) = lim(22 + 2) = lim2? 4+ lim2 = (-1)2 + 2 = 3.
Vay lim f(z) = 3.
r——11
e Gia st (z,) la day s6 bat ki, », < —1 va z, — —1. Khi d6 f(z,) = 1 — 2z, nén

lim f(x,) = lim(1 — 2x,) =1 —2.(—1) = 3.
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T Chuong 3. Gidi han. Ham sb lign tuc

Vay lim f(z)=3. Vi lim f(z)= lim f(z)=3nén 1_1>r1_11 f(z) = 3.

r——1— r——1— r——11

IV. GIGI HAN HOU HAN CUA HAM sO TAI VO CUC

& Cho ham s6 y = f(z) xac dinh trén khoang (a; +oc). Ta n6i ham s6 f(x) ¢6
gi6i han 14 s6 L khi 2 — +o0o néu véi day s6 (x,,) bat ki, z,, > a va z,, — +00,
ta co f(zy) — L, ki hieu xllgloof(x) = L hay f(z) — L khi 2 — +o0.

& Cho ham s6 y = f(z) xac dinh trén khoang (—oo;b). Ta néi ham s f(x) c6
gi6i han 14 s6 L khi z — —oo néu v6i day s6 (z,,) bat ki, x,, < b va z,, — —o0,

ta co f(zn) — L, ki hieu lim f(z) =L hay f(z) — L khi x — —o0.
IT——00

L LuuY.

a) V6i c 1a hdang s6, k 1a s6 nguyén duong ta ¢

lim C=C va lim E:O.

r—+o00 r—+o00 xk
b) Céac quy tic tinh giéi han hitu han tai mot diém ciing ding cho giéi han hitu

han tai vo cuc.

EVida))) xvrvr v

Tinh cac giéi han sau:

2
8) lm L9 b : ¢ lim YT 1
z—+oo 22 4+ 21 r——o0 x + 1 s . .

[ Hmf% a]a“wn// lal.

- 1—32%
A :v—1>I—iI-100x2+21}

b) lim =
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(£ Bai 2. Gi6i han ctia ham s6

Mot cai ho dang chita 200 m? nude min v6i nong do mudi 10 kg/m3. Ngudi ta ngot hoa

nude ho bang cach bom nude ngot vao hod véi toc do 2 m3 /phiit.

a) Viét biéu thitc C(¢) biéu thi ndong do mudi trong hd sau ¢ phit tit khi bat dau bom.

b) Tim gi6i han lim C(t) va giai thich § nghia.
t—+00

[} /—[mfny z/(z‘\/z»dfi(z’i.

a) Trong 200 m? nude c6 nong do mudi 1a 10 kg/m3.

b)

(]

Do dé trong 200 m? nude c6 10 - 200 = 2000 kg mudbi.

Mbi phiit ngudi ta bom nude ngot vao hd 2 m3 thi sau ¢ phit c6 200 + 2t (m?3).
2000

Khi d6 nong do mudi t bé 1a: O(t) = kg/m3.
i d6 nong do muodi trong be la: C(t) 500 7 1 g/m
lim 2000
2000 200 ‘
lim C(t)= lim = lim gl — = e =0
t—+oo t—+00 200 +¢  t—+oo 20 +1 lim (T 4 1)
t—+00

Y nghia: Khi ¢ cang 16n thi nong do mudi cang dan vé 0, tic 1a dén mot lac nao do

nong do mudi trong ho khong dang ké, nude trong hé gan nhu 1a nuée ngot.

@ Tinh céac gidi han sau:

3 2
z° — 2z +1 249 2_ 4
rotAl oy gy YEE2 o lim Y2

o) Thm e —d
z—+oo x4+ 1 x——00 X +5H

z—4o0 4x3 —x

@

» Bién soan: /\35 Ditc Jai - @))) Zalo: 0889 971 004

Cho tam giac vuong OAB v6i A = (a;0) va Y A
B = (0;1) nhu Hinh vé. Duong cao OH c6 B
do dai 1a h.

a) Tinh A theo a.

b) Khi diém A dich chuyén vé O, diém

H thay déi thé nao? Tai sao? T

v

¢) Khi A dich chuyén ra vo cyc theo
chidu duong clia truc Oz, diem H

thay doi thé nao? Tai sao?
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T Chuong 3. Gidi han. Ham sb lign tuc

V. GIGI HAN VO CUC CUA HAM SO TAI MOT DIEM

1) Khai niém

Cho ham s6 y = f(x) xac dinh trén khodng (x¢;b).
® Tano6i ham s6 y = f(x) ¢6 gidi han bén phdi 1a +o0o khi x — z¢ vé bén phai
néu véi day s6 (z,) bat ki, g < x, < b va x, — z¢, thi f(z,) — +oo, ki

hieu lim f(z) = +oo hay f(z) — +oo khi z — z{.

r—ad
® Tanoi ham s6 y = f(x) ¢6 gidi han bén phdi 1a —oo khi x — z¢ vé bén phai

néu véi day s6 (z,) bat ki, g < x, < b va x, — x¢, thi f(z,) — —oo, ki

hieu lim f(z) = —oo hay f(z) — —oo khi z — 2.
r—ag
L Luuy.
a) Cac gi6i han lim f(z) = +oo, lim f(z) = —oo, lim f(z) =
T—Tq T—T r——+00
+oo, lim f(z) = —o0, lim f(z) = —o00, lim f(x) = 400 dugc dinh nghia
T—r+00 T—r—00 T—r—00
tuong tu nhu trén.
b) Ta c6 cac giéi han thuong dung sau:
® lim =400 va lim =—o00 (a€R);
z—at T — a z—=at—T — Q

& lim 2* = 400 v6i k nguyén duong;
T—>+00

© lim 2* = 400 véi k 1 s6 chin;
T——00

& lim 2F = —oco v6i k 1a 86 18.
T—r—00

2) Mét sb quy tic tinh gidi han vé cuc

[\ Luu Y. Chi § cac quy téc tinh giéi han hitu han khong con ding cho giéi han

vO cuc.
Ta c¢6 mot s6 quy tac tinh gi6i han ciia tich va thuong hai ham s6 khi mot trong hai
ham s6 d6 c6 gidi han vo cyc.
¢ Quy tdc tim gidi han cta tich f(z) - g(z).

Gia st lim f(z) =L # 0 va li_>m g(z) = 400 (hodic —o0). Khi d6 lim f(x)g(x) dugc tinh

Tr—rXo Tr—X0
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(£ Bai 2. Gi6i han ctia ham s6

theo quy tac cho trong bang sau:

Jm f(z) | lim g(z) | lim f(z)g(z)
+00 400
L>0
—00 —00
+00 —00
L <0
—00 +00
& Quy tac tim gidi han ciia thuong %
g(z
. . A 2 . f(x)
xlggo f(x) wlgla‘:log(x) Dau cta g(z) Ili)rgo o)
L +00 Tuy y 0
0 + +00
L>0
0 — —00
0 + —00
L <0
0 — +00

Céac quy tac trén van dang cho cac truong hop z — .7:8“, r— .

Tinh cac giéi han sau:

a) lim 2 b) lim (3z—1). ¢) lim (Va?+l—z—1).

—3- T — 3 r—+00 T——+00

(e} Ha’o‘g r/é/ijzféz.

1
a) Ta cé: lim 2z =6; lim
T3 T3 T —

r—3- L — r—3~

Do d6 lim 2 = lim [21:- ! ]——oo.

1
b) Ta co: 3x—1:x<3——)
T

1 1
Suy ra lim (3z—1)= lim 1‘(3——): lim z- lim (3——>:—|—oo.

r——+00 r——+00 x r——+00 r——+00 x
c)

—2x —2
xhrf (\/x +1—=x 1) mhrJIrl g SRR xhrf - " 1.
1+ﬁ+1+5
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T Chuong 3. Gidi han. Ham sb lign tuc

Quan sat do thi ham s6 & hinh bén va tinh cac giéi han ¥

sau_lim (@), lim (@), lim f(z), lim f(z)

___________________________

[ Ha‘o‘fgﬁ ajzf}zjuu T do thi ham s6 ta co

lim f(z)=1, lim f(z)=1, lim f(z)= —o0, 111%1+ f(z) = +oc.

T——00 " £ 5+oo z—0—

Biét whr_noog = 1. Tinh xli}r_noo (x2 - 1) g(x).

(e Hmy f/z;ndoz(zz; Ta c6

T——00 T——00

lim (2% —1)g(z) = lim 2?2 (1 - —) g(z)

1
(do lim 2? = +oova lim (1 — —2> g(x) =1>0)

T—r—00 T——00 X

= lim (2% —1)g(z) = 0.

Tr—r—00

SV wvrvr v

Cho ham sb

r+m néux <D0,
flz) =

22—1 néuz >0,
v6i m 1a tham s6.

Biét ham s6 f(x) c6 gidi han hitu han khi  — 0. Tim m.

e 2y 1 n . _
m}amg aé,/%zaz,. Taco: lim f(x) = lim (¢* 1) = =1, lim f(z) = lim (z+m) =m.

z—0~

Theo dé bai, dé ton tai gidi han hitu han khi 2 — 0. thi

1 li — = —1.
g 0= g =
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(£ Bai 2. Gi6i han ctia ham s6

22 +ar+b

Tim gia tri clia cdc tham s6 a va b biét lim ——— = 4.

r—1 r—1

z—1

(e} ku/?f c/{i/z(izkézf, Do lim(z — 1) = 0 nén dé ton tai gi6i han hitu han

2
lim L 4T TO +ax+b=4,
r—1 rx—1

trude hét ta phai co liml(x2+aa:+b):0, hay 1+a+b=0=b= —a— 1.
T—r

Khi do,
. 2 4ax+b | 2’dar—a—1 | 22—1+a(z—1)
lim ——— = lim = lim
z—1 r—1 z—1 r—1 z—1 r—1
~ lim (x+1)(x—1)+alx—1) ~ lim (x+1+a)(x—1)
z—1 r—1 z—1 r—1

=lim(z+14a)=1+14+a=2+a.

z—1

Suyra24+a=4=a=2=0=-3. Vaya =2, b= -3.

' (5) Tinh céc gidi han sau:

a ! 20 — 1 b) I 1
11m 11m ——-.
T—=2- T —2 =0t /22 4+ 21

\J
’ (6) Trong mot cudc thi cAc mon thé thao trén tuyét, ngudi ta muén thiét ké mot

»

dudng trugt bang bang cho noi dung dd déc tdc do dudsng dai.

4 ¥
-~ :{- -.

15

0 5 10 15 ];J 25 30 is 40 45 X
Van dong vien sé xuat phat tir vi tri (0;15) cao 15 m so véi mat dat (truc Oz).
Duong truct phai thoéa man yéu cau la cang ra xa thi cang gan mat dat dé tiét

kiem lugng tuyét nhan tao. Mot nha thiét ké dé nghi stt dung duong cong 1a do thi

ham s6 y = f(z) = xl—f(io v6i z > 0. Hay kiém tra xem ham s6 y = f(z) c6 thoa
méan cac diéu kien dudi day hay khong:

a) C6 do thi di qua diém (0;15).

b) Gidm trén [0; +00).

c¢) Cang ra xa (x cang I6n), do thi cang gan truc Ox v6i khoang cach nho tuy .
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T Chuong 3. Gidi han. Ham sb lign tuc

B sAi Tér
Tréc nghiém

> Cau 1. Gia st lim f(z) = L va lim g(x) = M. Phat biéu nao sau day sai?

@xlgn;[ r)+ g(x )}:L-I—M. .3}5’2[ g(m)]:L—M.
- ()] = L- - M_i
© Jim [f(@)-g(e)] =L M. © Jim S =30

$> Cau 2. Cho ham s6 y = f(z) xac dinh trén khodng (a; +00). Phat biéu nao ding?
(A) Néu vé6i day (z,,) bat ki, z,, > a va z,, — +oo, ta c6 f(x,) — L thi Erf flz)=1L.

Néu véi day (zy,) bat Ki, z, < a va x,, = 400, ta ¢6 f(z,) — L thi lim f(z)=1L.

r——+00

(C) Néu v6i day (z,,) bat ki, z, > a, ta c6 f(z,) — Lthi lim f(z) =

r——+00
(D) Néu vé6i day (z,,) bat ki, z, > a va z,, — L, ta c6 f(x,) — +oo thi hrf flz)=1L.
T—+00
¢ Cau 3. Véi ¢, k 1 cac hang s6 v k nguyén duong thi
. € _y i ¢ _ .
i gr =0 Jm =
c , c
Jim = oo © Jim =00

> Cau 4. Phat biéu nao sau day la ding?

(A) Néu lim f(z) =L thi lim /f(z) = VL.

T—xo T—To

Néu lgn flz)=LthiL>0
(© Néu f(z) > 0va lim f(z)=Lthi L >0va lim \/f(z) =L .

T—x0 T—rTo

(D) Néu lim f(z) =L thi L>0va lim /f(z) = VL.

T—T0 T—X0
$> Cau 5. Cho ham s6 y = f(x) xac dinh trén khoang (a; +00). Phat biéu nao ding?
(A) Néu v6i day sb (z,,) bat ki, x,, > a va z, — 400, ta c6 f(z,) — L thi 11111 flx) =
T—>+00

Néu véi day s6 (zy,) bat ki, z,, < a va x,, = 400, ta c6 f(z,) — L thl lim f(z) =

T——+00

(C) Néu véi day sb (x,,) bat ki, x,, > a, ta c6 f(x,) — L thi lirf f(z) =
T—+00

(D) Néu v6i day s6 (z,,) bat ki, x,, > a vz, — L, ta c6 f(z,) — +oo thi lim f(z) =

r—+00

$© Cau 6. Tinh gi6i han L = lim < =3
=3 T + 3

@A) L=—c0. ® L=0. © L=+ . D L=1.
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(£ Bai 2. Gi6i han ctia ham s6

3222 4202
> Cau 7. Tinh giéi han L — lim 2~ + 2020
rz—1 20 — 1

@A) L=-c0. ® L=0. © L=+o00. (D) L =2019 .
$© Cau 8. Cho lim f(z) = —2. Tinh lim [f(:c)—l—llx—l].
r—3 z—3
@) 6. ® 5. © 11. D 9.

$> Cau 9. Trong cac ménh dé sau, ménh dé nao sai?

1 1
lim — = . lim - = —o0 .
®;$ﬁ+w Gggﬂ 00
©mli%1+?:+oo' ®xli%l+ﬁ:+oo.

¢ Cau 10. Trong boén gidi han sau day, gidi han nao bang —oo?

—3x+4 —3r+14
li . lim ———— .
@  lim —— ® lim —
—3x+4

© lim

r—2~

. —3x+4
—rtd ® fim ottt
xr— 2

z—+oo x — 2

$® Cau 11. Trong cac gi6i han duéi day, gidi han nao 1a +00?

. 2x—1 . 3
acligll* 4 —zx ' xgr—&{loo(_m —{-237—1—3).
4+ r4+1 20 — 1
lim —— . li .
©mﬁlgloo r—1 ®xirfll+ 4—x
24+1— .
6 Cau12. lim YU 1T @ 509
z—(—1)*t r+1
1 3 3
®1. ® L GE ® -2
2 2 2
1.
$ Cau 13. lim “ bing
g1t — 1
@ +oo . B) — . © 1. D 0.
1 -2z

¢S Cau 14. Tim  lim

z——00 x — 1
@A) —oo . ® -2. © 0. D) +oo .

> Cau 15. Tinh giéi han lim (22% — 22 +1)

r—r—00
@A) —oco . ®) 2. © 0. D) +o0 .
2 _
¢ Cau 16. Tinh lim * 22 +3
r—5 25 — hx
2 2
22— 3x 44

¢ Cau 17. Tinh L = lim
r—1

r—1

A) L=-5. ® L=0. © L=-3. D) L=
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T Chuong 3. Gidi han. Ham sb lign tuc

¢S Cau 18. Tinh lim (\/2m2 —|—x+x).

@) +oo . ® —1. ©) —oo . D 0.

N ) . z? -3
¢S Cau 19. Tinh lim )
z—=—00 I+ 3

@A) +oo . ® —1. © —oc . O 1.

10 — 2
& Cau 20. Tinh giéi han lim —0— 2%
=5+ T2 — 62+ 5

1 1
Ty ludn
& Bai 1. Tinh céc giéi han sau:
a) lim(2? — 7z + 4). LT3 . 22 —4x+3
) ) ) lm 9= ) fm — =
3
. -1 —
b) lim v/10 — 222. d) lim ——. ) lim Y2+
rz——1 z—=1 1 —2x z—1 z—1
) —2? khiz<1
& Bai 2. Cho ham so f(x) = :
x khiz >1
Tinh cdc giéi han lim f(z), lim f(z) va lim f(z) (néu co).
x—1t x—1- z—1
) 0 néut<O ,
& Bai 3. Cho ham so H(t) = (ham Heaviside, thuong duge dung dé mo
1 néut=>0
ta viec chuyén trang thai tit/md clia dong dien tai thoi diém ¢ = 0 ). Tinh 1i161+ H(t) va
t—
lim H(t).
t—0-

& Bai 4. Tinh céc giéi han sau:

a) dm = a—+o00 ¢) Jm e
. —2x+3 : z? 41 - 2
b s VT Dt (7= Va2 o+ 20).
& Bai 5. Tinh cac gi6i han sau:
1 z2 ) x
li ) : c) lim .
a) Jm b) lim e 3

& Bai 6. Moi gidi han sau c6 ton tai hay khong? Néu c6 hiy tinh gi6i han do.

2 2 2

-9 _

a) lim - b) lim iy c¢) lim v +6
z—0 |$| z—2 |ZC — 2‘ x—2 |l‘ — 2|

& Bai 7. Tinh gidi han lim (1 —z)(1 — 2?)(1 — 23).

T——+00
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(£ Bai 2. Gi6i han ctia ham s6

r néuzxz>1

& Bai 8. Cho ham s6 f(x) =<2 néux = 1. Hum s6 f(z) c6 gi6i han khi x — 1 khong?

1 néuz<l1

Tai sao?

) 2> +ar néuwz>3 . )
& Bai 9. Cho ham so f(z) = . Tim @ de ham so f(z) c6 gi6i han khi

3224+1 néux<3
r — 3.

& Bai 10. Tim cac gia tri a, b biét rang

. ar+b 2 _
a) lim =95. b) lim v —art1 =b. c) hmwz

=2 T — 2 r—1 x2—3x—|—2_ =1 x—1

3.

& Bai 11. Cho ham s6 g(z) = Va2 + 2—V22 — 1—2m v6i m 1a tham s6. Biét  lim g(x) = 0,

T—>+00
tim gia tri m.

& Bai 12. Cho ham s6 g(z) = Va2 + 2v—V22 — 1—2m v6i m 1a tham s6. Biét  lim  g(x) = 0,

r——+00
tim gia tri m.

& Bai 13. Tinh cac gi6i han sau:

o V8422 -2 . 4+ 1—+br+1 V22— VTr+1
a) lim ———. b) lim : c¢) lim .
20 x2 =3 1 —+/4r — 3 z—1 z—1

& Bai 14. Cho ham s6 f(z) thoa man lim f(z) = 2025. Tih Lim L&)

& Bai 15. Cho ham s6 f(z) xac dinh tréen R théa man lim flz) —16

r—2 X —
/5f(x) —16 — 4
1m .
z—2 $2—|—2£L‘—|-8

= 12. Tinh gi6i han

& Bai 16. Sau khi phat hién mot bénh dich, cac chuyén gia y té udc tinh s6 ngusi nhiém
bénh ké tir ngay xuat hién bénh nhan dau tién bién d6i theo mot ham s6 thoi gian (tinh
theo ngay) 1a g(t) = 45t — 3 (nguoi). Téc do trung binh gia tang ngudi bénh gitta hai thoi

g(t2) —g(t) . 9(t) —g(10)

cho biét ¥ nghia két qua tim dugc.
to — 11 t—10 t—10 oLy e 4 ’

diém t1,to 1a Vi, =

& Bai 17. Trong ho c6 chiia 6 000 lit nude ngot. Ngudi ta bom nude bién c6 nong do mudi

1a 30 gam/1it vao ho véi téc do 15 lit/phat.

a) Chiing t6 ring nong do mudi clia nude trong ho sau ¢ phit ke tit khi bat dau bom 1a

30t .
C(t) = 10051 (gam/lit).

b) Nong do mudi nhu thé nao néu t — +oo?
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]s Chuong 3. Gidi han. Ham sb lién tuc

& Bai 18. Mot cong ty san xuat may tinh da xac dinh duge rang, trung binh mot nhan
) 2 g 50t ..
vién c6 the lap rap duge N(t) = I (t > 0) bo phan moi ngay sau t ngay dao tao. Tinh

lim N(t) va cho biét ¥ nghia clia két qua.
t—+00

290, 4v

10,3602 + 13,20 + 264
trong d6 v(m/s) 14 van toc trung binh ctia cic xe khi di vao duong ham. Tinh lim f(v) va
v—20

& Bai 19. S6 lugng xe 6 t6 vao mot dudng ham cho béi cong thiic f(v)

cho biét ¥ nghia (lam tron két qua dén hang don vi).

& Bai 20. Chi phi (don vi: nghin dong) dé san xuit 2 san pham ctia mot cong ty dude xac

dinh bdi ham s6: C(z) = 50 000 + 105.
a) Tinh chi phf trung binh C(z) dé sdn xuit mot san pham.

b) Tinh lim C(x) va cho biét ¥ nghia ctia két qua.

z—+o0
& Bai 21. Cho diém M(t,v/1 —12),0 <t < 1 4y
nam trén dudng tron don vi (O) : 22 +y? = 1,
diem A(1;0) 1a mot giao diém cta (O) véi M
truc hoanh. Goi H la hinh chiéu vuong goc

cua M trén truc hoanh, K la giao diem cua

tiép tuyén cia (C) tai M v6i truc hoanh. Khi O H

N
=
\4

» R B . . HK .
diem M dan dén diem A thi ti so A dan

dén gia tri ndo?

& Bai 22. Mot thau kinh hoi tu c6 tiéu cu f = 30 cm. Trong Vat li, ta biét rang néu
dat vat that AB cach quang tam ctia thau kinh mot khodng d (cm) > 30 (cm) thi duge

anh that A’B’ ctia thau kinh cach quang tam mot khoang d’(em) (Hinh vé). Ngugce lai, néu

D 1 1
0 < d < 30, ta c6 anh do. Cong thiic ctia thau kinh la p + 7= 30
R Y S T
B < C 3 )E
i \F A

A F (0]

e d N d T

]

a) Tit cong thitc clia thau kinh, hay tim biéu thiic xac dinh ham s6 d’ = h(d).

b) Tinh céac giéi h lim A(d), lim h(d), lim h(d). St d ic két qua nay dé gii
) Tinh cac gi6i han Jim (),di%_ (>’d—l>lfoo (d) ung céc ket qua nay de giai

thich ¥ nghia da biét trong Vat Ii.
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3 HAM SO LIEN TUC

I. HAM SO LIEN TUC TAI MOT DIEM

Cho ham s6 y = f(x) xac dinh trén khodng K va x¢ € K.

Ham s6 y = f(z) duge goi 1a lién tuc tai diém 2o néu lim = f(x).
T—X0

® Nhan xét: Dé ham s6 y = f(z) lien tuc tai zo thi phai ¢6 ca ba didu sau:

1. Ham s6 xac dinh tai zg. 2. Ton tai lim f(z). 3. lim f(x) = f (x0).
T—To T—T0

L Luu Y. Khi ham s6 y = f(z) khong lién tuc tai diém xq thi ta néi f(z) gian doan

tai diém z¢ v& ¢ dude goi 1a diém gian doan ctia ham s f(x).

EViawi))) kv

Xét tinh lién tuc ctia cac ham sb:

a) f(z) =1— 22 tai diém zg = 3.

(.2
-1 )
’ neu r # 1 ,
b) fla)=4 *—1 tai diem z = 1.
2 néu gz =1

\
P

22+ 1 khiz>1 ,
c) f(z) = tai diem zp = 1.

-z khiz <1

\

[ HL[O/’% a&fmﬁmz
a) Ta co f(3) = —8 va lim f(z) = lim (1 —2?) =1 — 3% = —8.
z—3 T—3
Vi lin% f(z) = £(3) nén ham s6 lien tuc tai diem z¢ = 3.
T—

2 _ _
b) Taco f(1) =2 va limlf(x):hmx L D@D e 14122,
z—

=1 x—1 r—1 r—1 r—1
Vi lim1 f(z) = f(1) = 2 nén ham s6 lien tuc tai diém zg = 1.
Tr—r

c) Ta cé: f(1) = —1;
(22 +1)=12+1=2va lim f(z)= lim (—2) = —1.

= lim
r—1+ z—1- T—1-

Vi lim f(z) # lim f(z) nén khong ton tai lim f(z).
z—1+ r—1- z—1

Vay ham s6 gian doan tai diém zg = 1.
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T Chuong 3. Gidi han. Ham sb lign tuc

) 22+2 néuz<l1 ) , )
Cho ham so f(x) = v6i m la tham so. Tim m de ham so lién tuc

mr+1 néuzx>1

tai diem zp = 1.

[ /‘lwo‘/g Ja’nyzm,; Ta c¢6 f(1) = 3; xlg% flz) = xligh(mx +1)=ml+1=m+1.
lim f(z) = lim (z24+2)=12+2=3.
De ham s6 lien tuc tai zg = 1 thi lim f(x) = lim f(z)=f(1)=m+1=3=m = 2.

z—1t T—1-

' @ Xét tinh lien tuc clia cac ham sb sau:

=z — 1 tai diém z¢ = 2.

( 2 _
e néu x # —2 ,
b) h(z)=¢ *+2 tai diém zg = —2.

—6 néu xr = —2

—r néuzxz<0

c) s(z) =<0 néu z — 0 tai diém zy = 0.

x néu z > 0

) z—1 néu r < 2 ) . )
(2) Cho ham sb f(z) = v6i a la tham s0. Tim a dé ham so

—rx4+a néuz>2

lien tuc tai diém xg = 2.

Il. HAM SO LIEN TUC TREN MOT KHOANG, TREN
MOT DOAN

< Cho ham s6 y = f(z) xac dinh trén khoang (a;b).
Ham s6 y = f(x) duge goi 1a lien tuc trén khodng (a;b) néu f(z) lién tuc tai
moi diém trong khoang ay.

& Cho ham s6 y = f(z) xac dinh trén doan [a; b].
Ham s6 y = f(z) duge goi 1a lién tuc trén doan [a;b] néu f(x) lien tuc tai

trén khoang (a;b) va lim f(z) = f(a), hr?, f(z) = f(b).
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(£ Bai 3. Ham s6 lién tuc

| Nhan xét:

D6 thi clia ham s6 y = f(z) lien tuc trén doan [a;b] 14 mot y
dudng lién, c6 diem dau, diém cudi nhu hinh vé bén. Néu hai fo)---------

diém nay nam vé hai phia so véi truc hoanh thi dudng lién

S

a

néi trén luoén cat truc hoanh tai it nhat mot diem. Diéu nay . 0 ;
c6 thé duse phat biéu dudi dang nhu sau: / --+f(a
Néu ham s6 y = f(z) lien tuc trén [a;b] va f(a) - f(b) < 0 thi
luon ton tai it nhat mot diém c € (a;b) sao cho f(c) = 0.
Xét tinh lien tuc ctia ham s6 f(x) = Vo — 1+ /2 — x trén [1;2].
[ Hcm‘n(j din gici. Vi moi x € (1;2) ta 6

lim f(z)=lm (Ve—1+Vv2-2)= /lim (z—1)+ /lim (2 - 2)

Tr—X0 T—X0 T—X0 T—Xo

=Vrg—1++V2—129 = f(xo)
Do dé f(z) lien tuc tai moi diém zg € [1;2].
Talaico lim = li —1 2—1x) = li —1 li 2—x)=1= f(1).
alaico fim =l (Ve—T+v2-e) = im a1+ m @m0 =1=1Q)

lim = lim (Va—1+v2—-2)= /lim (z—1)+ /lim 2—2)=1= f(2).
T2~ T2~ T2~ T—27

Vay ham s6 f(xr) lien tuc tren [1;2].

Tai mot xudng san xuat bot da thach anh, gia ban (tinh theo nghin dong) cia z (kg) bot

da thach anh dugc tinh theo cong thiic sau:

4,5¢  khi0 <z < 400 o
P(x) = (k 1a mot hang so0).
4+ k  khi z > 400
a) V6i k = 0, xét tinh lién tuc ctia ham s6 P(x) trén (0; +00).

b) V6i gia tri ndo ctia k thi ham s6 P(x) lién tuc tren (0; +00)?

(e Hwy z/(z?)z(izdzl.

. 4.5x  khi 0 <z <400
a) V6i k =0, ham s6 ¢6 dang P(z) = :

dx khi x > 400
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T Chuong 3. Gidi han. Ham sb lign tuc

& V6i moi zg € (0;400), ta co:

lim P(z) = lim (4,5z) = 4,5 lim = = 4,529 = P(xo)

T—T0 T—T0 T—T0

Vay ham s6 y = P(z) lién tuc tai moi diém xq € (0;400).
& V6i moi zg € (400; +00), ta co:

lim P(z) = lim (42) =4 lim z = 4x9 = P(x)

T—x0 T—x0 T—rTo

Vay ham s6 y = P(z) lién tuc tai moi diém xq € (400; +00).

& £(400) = 4,5 - 400 = 1800

lim P(z)= lim (4z)=4- lim =z =4-400 = 1600

x—400+ x—400+ x—400+

lim P(z)= lim (4,52)=4,5- lim x=4,5-400= 1800
—400~ x—400~ —400~

Vi i P li P én khong ton tai lim P(x).
1 lim (:E);«éx_ggm () nén khong ton tai Jlim (x)

Vay ham s6 khong lién tuc tai diem x¢ = 400.
Vay ham s6 y = f(x) khong lien tuc trén (0; +00).
, 450 khi0 <z < 400 o
b) Xét ham s6 P(z) = (k 14 mot hang s0).
4x + k  khi x > 400

Ham s6 lién tuc trén cac khoang (0;400) va (400; +00). Ta co:
£(400) = 4,5 - 400 = 1800

lim P(z)= lim (dr+k)=4- lim x+ lim k=4-400+k = 1600+ k

x—400+ x—400+ x—400+ x—400+
lim P(z)= lim (4,5z) =45 lim x=4,5-400 = 1800
x—400~ z—400~ x—400~

Dé ham s6 y = P(z) lien tuc trén (0; +-00) thi ham s6 y = P(x) phai lién tuc tai diém
xg = 400. Suy ra:
lim P(z)= lim P(z) = £(400) < 1600 + k = 1800 < k = 200

Vay k = 200 thi ham s6 P(z) lién tuc trén (0; +00).

’
(3) Xét tinh lien tuc ctia ham b f(x) = ‘

2-1
r—1
’
z—1 khiz<?2

(4) Ham s6 f(z) = co lién tuc trén R hay khong?
—x khi z > 2

trén (1; +00).
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(£ Bai 3. Ham s6 lién tuc

1. TINH LIEN TUC CUA HAM SO SG CAP

® Ham s6 da thiic P(z), cdc ham s6 luong gidc y = sinw, y = cosz lién tuc
trén R.

P(z)

& Ham s6 phan thic y = 0@’ ham s6 can thic y = /P(r), cac ham s6
5
lwgng giac y = tanx, y = cotx lién tuc trén cac khoang ctia tap xac dinh
cua chiung.

Trong do, P(x) va Q(z) la céc da thrc.
| Nhan xét: Ham s6 thudc nhitng loai trén dude goi chung 1a ham s6 so cap. Khi
n6i xét tinh lien tuc clia mot ham s6 ma khong néi gi thém thi ta xét tinh lién tuc clia ham

s6 d6 trén nhitng khodng ctia tap xac dinh ctia chung.

Xét tinh lien tuc ctia ham s6 f(z) = Va2 — 4.

[ Hwa’/(z? cfé;yzdzﬁ. Ta ¢6 f(x) 1a ham can thitc ¢6 tap xac dinh 14 2 = (—oo; —2]U[2; +00)

nén no lién tuc trén cac khoang (—oo; —2] va [2; +00).

22— 2x .
. khi z #0 , .
Cho ham so f(x) = z . Tim a de ham s6 y = f(z) lién tuc trén R.

a khiz=0

2 — 2

[ Hwo‘% Jzz%z{z’; e Vi z # 0 thi ham s6 f(z) = lien tuc trén cac khoang
(—00;0) va (0;4+00).

e VGi x =0, ta co

r? — 2z x(r —2)

li = li =1l = li —2)=-2
A= T T Y

Ta c¢6 f(0) = a. Dé ham s6 lién tuc trén R thi ham s6 phai lien tuc tai zg = 0, do d6

lim f(z) = f(0) hay a = —2.

Chiing minh rang phuong trinh:
a) 3+ 37 — 1 = 0 c¢6 nghiém trong khoang (0;1).

b) x = cosx ¢6 nghiém trong khoéng (0; Z)
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T Chuong 3. Gidi han. Ham sb lign tuc

[ Ha‘o‘% (/{2/%717(21;

a) Xét ham s f(z) = 23 + 32 — 1. Ham s6 nay lien tuc trén R.
Do f(0)- f(—1) = (—1) -3 = —3 < 0 nén phuong trinh f(z) =0 hay 2 +32 -1 =0 ¢6
nghiém trong khoang (0;1).

b) Xét ham s6 f(r) = — cosx. Ham s6 lien tuc tren R.
Ta c6 f(0)=0—cos0=—-1<0; f(%) :%—‘/7§>0.
Suy ra f(0) - f (%) < 0. Do d6, phuong trinh f(z) = x — cosz = 0 hay = = cosz ¢
nghiém trong khoang (0; %)

Mot hang taxi dua ra gia cude T(x) (dong) khi di quang duong z (km) cho loai xe 4 chd

nhu sau:
)

10 000 khi0<x<0,7

T(x) =410 000+ (z —0,7)-14 000 khi 0,7 < z < 20 -

280 200 + (z — 20) - 12 000 khi 2 > 20
\

Xét tinh lién tuc ctia ham s6 T'(x).

e Vecong z/r’&ijzf(ézf. e Ham s6 T(z) xac dinh trén khoéng (0; +00).
e Ham s6 T'(x) xac dinh trén ting khoang (0;0,7), (0,7;20) va (20; +00) nén ham s6 lién tuc
trén cac khoang do.

Ta c6: 7(0,7) = 10000.

lim T(z)= lim (10000 + (z — 0,7) - 14000) = 10000 + (0,7 — 0,7) - 14000 = 10000

r—0,7t x—0,71

lim T(z)= lim 10000 = 10000

z—0,7- z—0,7—
Vi lim T(z)= lim 7T(z)= 10000 nén lim T(z) = 10000 = T(0,7).
x—0,7~ x—0,7+ x—0,7

Vay ham s6 T'(x) lién tuc tai diém z¢ = 0,7.

Ta c6: T(20) = 10000 + (20 — 0,7) - 14000 = 280200.

lim T(z)= lim (280200 + (z — 20) - 12000) = 280200 + (20 — 20) - 12000 = 280200

r—20*1 x—20*1
lim T(z)= lim (10000 + (z — 0,7) - 14000) = 10000 + (20 — 0,7) - 14000 = 280200
r—20~ r—20~
Vi lim T(x)= lim 7T(x)= 280200 nén lim 7T'(x) = 280200 = T°(20).
r—20~ r—201 z—20

Vay ham s6 T'(x) lién tuc tai diém zg = 20.

Vay ham s6 T'(x) lien tuc tren (0; +00).
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(£ Bai 3. Ham s6 lién tuc

(5) Xét tinh lien tuc ctia ham b f(z) = =
x —_—

Y
(£ ,
z+1 néu z <0

(6) Cho ham 6 f(#) =< qz +b néu 0 < z < 2, trong d6 a,b 14 hai s6 thuc. Tim

4 —x néu 2 <z

\
a va b dé ham s6 y = f(x) lién tuc trén R.

’
C (7) Chitng minh ring phuong trinh 423 — 822 + 1 = 0 ¢6 nghiém trong khodng
(—1;2).

IV. TONG, HIEU TiCH, THUGNG CUA HAM SO LIEN
TUC

Cho hai ham s6 y = f(x) v& y = g() lién tuc tai diém z¢. Khi do:
© Cac ham s6 y = f(2) +g(z), y = f(x) — g(x), y = f(2) - g(x) lién tuc tai o.

f(z)
g9()

Xét tinh lien tuc clia cac ham sb sau:

& Ham s6 y = lien tuc tai xg néu g(xg) # 0.

20 +1 2sinx
) =)= 553 b) y=glr) = V3r+6+

a) Tacoa? —2r —3#0cx# —1vax#3.
y = f(z) 1a ham s6 phan thtic c6 tap xac dinh D = R\ {—1;3} nén né lien tuc trén

cac khoang cta tap xac dinh 1a (—oo; —1), (—1;3) va (3;+00).

3r+62=20

b) Diéu kién: & —2< 2 <3
3—xz>0
Ham s6 y = g(x) ¢6 tap xac dinh 1a D = [-2;3). Ham s6 luong giac y = 2sinz va ham
) 1 N )
sO can thic y = /32 +6, y = 3 deu lién tuc trén [—2;3) nén ham so y = g(x)
—x

lién tuc trén [—2;3).
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T Chuong 3. Gidi han. Ham sb lign tuc

Trong mat phing toa do Oxy, cho dudng tron (C) tam O, ban kinh bang 1. Mot duong

thing d thay ddi, luon vuong goc véi truc hoanh, cat truc hoanh tai diém M c6 hoanh do

(=1 <z < 1) v cit dudng tron (C) tai cac diem N va P (xem hinh vé).
AY

a) Viét biéu thitc S(x) biéu thi dién tich ctia tam gidc ONP.
b) Ham s6 y = S(x) ¢6 lien tuc trén (—1;1) khong? Giai thich.

¢) Tinh cac gi6i han lim S(z) va lim S(z).

r—1- r—1+

() Hao/y c/c’?n(f[d,zl.
a) Taco: (C): 22 +y? =1 y=+V1-22
Do dai OM chinh la gia tri tuyét déi ctia hoanh do ctia diém M. Vay OM = |z|.
D6 dai M N chinh la gia tri tuyét déi ctia tung do ctia diém N.

Vay MN = |V1 —2?| =1 — 22

S(m):SONP:%-NP-OM:MN-OM:1/1_1;2,‘:6"

V1 — a2 khio<z <1
—2v1—22 khi —1<2<0

Diéu kién xac dinh: 1 — 22 >0« -1 <z <1.

b) Xét ham s6 S(z) = V1 — 22 |2| =

Ham s6 S(z) c¢6 tap xac dinh 1a [—1;1]. Vay ham s6 S(x) xac dinh trén cdc khoang
(—1;0) va (0;1) nén lién tuc trén cac khoang do.

Ta c6: S(0) =0-+v1—02=0.
lim S(z) = lim zv/1—-22=0-/1-02=0

z—0t z—0+
lim S(z) = lim (—zy/1—22)=-0-v/1-02=0
z—0~ z—0~
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(£ Bai 3. Ham s6 lién tuc

Vi lim S(z) = lim S(z)=0= 5(0).
x—0t

z—0~
Vay ham s6 S(z) lién tuc tai diém xg = 0.

Vay ham s6 S(z) lién tuc trén (—1;1).

¢) lim S(z) = lim (zv1-22)=1-vV1-12=0.

r—1- r—1—

lim S(z)= lim (—zv/1—22)=-1-y/1—(-1)2=0
r——1t r——1t
(e,

Xét tinh lién tuc ctia ham sob:

a) y=f(z)=va2+1+3—ux. c) y=h(z)=xz+tanz.
2 _
b) y:g(x)zx 1~cosx.
i
I 52 Tér

Tréc nghiém

$® Cau 1. Phat biéu nao sau day ding?
(A) Ham s6 y = f(z) lién tuc tai diém = = a khi va chi chi lign f(z) = f(a) .

Ham s6 y = f(z) lién tuc tai diém = = a khi va chi chi lim f(z) = f(a) .

Tr—ra~

(©) Ham s6 y = f(z) lién tuc tai diém = = a khi va chi chi lim f(z) = f(a) .
Tr—ra

(D) Ham 86 y = f(x) lién tuc tai diém z = a khi va chi chi lim f(z) = lim f(x).
Tr—a T—a~

¢ Cau 2. Cho ham s6 f(x) xac dinh trén R, lien tuc tai z = 2 va théa man lim f(z) = 4.

r—2

Khi d6, phai gan thém gia tri f(2) bang bao nhieu?

@A) —4. ® —1. © 1. D) 4 .

¢ Cau 3. Ham s6 nao dudi day lien tuc trén khodng (—oo; +00)?

@y:x+l_ B y=v2—-1.

T
20+ 1

@y:x_7. Dy=z+T7.

¢S Céau 4. Ham s6 f(z) = V3 + 2 + 4 — z lién tuc trén

@ (3;10) . [—3;4] . © [-3;+00) . D) (—o0;4] .

¢ Cau 5. Ham s6 nao dudi day khong lién tuc trén R?

@ y= x| . ®y=—o-.

r—1

© y=sinz . D y= S

lz| +1
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T Chuong 3. Gidi han. Ham sb lign tuc

¢ Cau 6. Ham s6 nao dudi day lien tuc trén R?

® flx)=vi—5. ® gle) = 272

$§—|—4
© h(z) =cotz +3 . @k(m):z_l—?).
-z
. 5 )
$® Cau 7. Cho ham so f(x) = e ig_x—i—? Khi do, ham s0 y = f(z) lién tuc trén cac

khoang nao dudi day?

@ (1;2) . (—00;2) . © (1;+00) . ® (1;3) .
r—3

$> Cau 8. Cho ham s6 y = —5—.
e —1

Meénh dé nao ding?

@ Ham s6 khong lién tuc tai céc diém z = +1 .
Ham s6 lién tuc tai moi x € R .
(©) Ham sb lién tuc tai cac diem z =1 .

(D) Ham s6 lien tuc tai cac diem z = —1 .

¢S Cau 9. Ham s6 y = 1 gian doan tai diém nao dudi day?

22—
A r=1. ® z=0. ©zxz=2. D r=-1.
$> Cau 10. Hinh nao trong cac hinh dudi day 1 do thi ctia ham s6 khong lién tuc tai

x =17

L
/
I
-+
r
b
I

© . ® T

¢ Cau 11. Ham s6 nao dudi day lién tuc trén khoéng (0;5)?

3r — 2 x+1
@ y= : ® y= .

5x—31 x—|i2
xr +
©y_x—4' ®y_x2—1'
¢ Cau 12. Ham s6 nao dudi day gian doan tai diém z = 27
1
@y:—Q. ®B) y =sinx . @y:x4. @y:tanx.
'I‘_
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(£ Bai 3. Ham s6 lién tuc

Tu luén

& Bai 1. Trong cic ham s6 c6 do thi 6 Hinh a, b, ¢ ham s nao lién tuc trén tap xac dinh

cua ham s6 d6? Giai thich.

—2rnéuz < —1

z+1néuz>1

& Bai 2. Hinh bén canh biéu thi do cao h (m) ctia mot qua h(m)
I

béng duge da len thoi gian ¢ (s), trong d6 h(t) = —2t? + 8t.

a) Chimg t6 ham s6 h(t) lien tuc trén tap xac dinh.

b) Duya va do thi hay xdc dinh lim (—2¢* + 8¢). 1
t1—2

& Bai 3. Xét tinh lién tuc ctia ham s6:
224+1 khiz >0

a) f(z) = tai diém x = 0.
1—2 khiz<O

2242 khiz>1

b) f(x) = tai diém 2 = 1.
T khiz <1
2 _
, T a2
& Bai 4. Cho ham s6 f(z)={ T 12 .
a khi x = —2

Tim a dé ham s6 y = f(x) lién tuc trén R.
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= Chuong 3. Gi6i han. Ham sb lién tuc
) ?+r+1 néux#4
& Bai 5. Cho ham s0 f(x) =
2a 41 néu x = 4.

a) V6i a = 0, xét linh lién tuc clia ham s6 tai x = 4.

b) V6i gia tri ndo clia a thi ham s6 lien tuc tai r = 4.

c¢) Véi gia tri ndo cta a thi ham s6 lien tuc trén tap xac dinh ctia n6?

& Bai 6. Xét tinh lién tuc clia cadc ham s6 sau

¢) h(z) =cosz + tanx. e) I(z) =2t — a2 +

xr—1
2z z—1
f) m(x):x_3+x+4.

d) k(z) = 2? +sinx.
VEF2=2 s 49 ? /
. Tim a dé ham so y = f(x) lién

& Bai 7. Cho ham s6 f(z) = T —2
a+5 khiz =2

tuc tal x = 2.
. 2—z khiz<1 o2r— 22 khiz<1
& Bai 8. Cho hai ham s0 f(x) = va g(x) =
24+ khiz>1 —224+a khiz>1

Tim gia tri ctia tham s6 a sao cho ham s6 h(z) = f(z) + g(z) lien tuc tai z = 1.

2?2 +ar+b khi|z] <2

& Bai 9. Cho ham s6 y = f(x)
(2 —x) khi |z| > 2

Tim gi4 tri clia cac tham s6 a va b sao cho ham s6 y = f(z) lién tuc trén R.

(

3 néuz <1
& Bai 10. Choham sé y = f(z) = ar +b néu 1 < x < 2 Tim gié tri clia cdc tham s6
5 néu x > 2

\
a va b sao cho ham s6 y = f(x) lien tuc tren R.
& Bai 11. Ching minh réng phuong trinh:

a) 23 + 2z — 1 = 0 c6 nghiém thuoc khoang (—1;1).

b) Va2 4+ + 2% = 1 ¢6 nghiéem thuoc khoang (0;1).
& Bai 12. Mot bai dau xe 6-t6 dua ra gia C(z) (dong) khi thoi gian dau xe 1a z (gio) nhu

60.000 khi0o<z <2
sau: C'(z) = € 100.000 khi 2 < < 4 . Xét tinh lien tuc ctia ham s6 C(x).
200.000 khi4<x <24
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(£ Bai 3. Ham s6 lién tuc

& Bai 13. Luyc hap dan do Trai Dat tac dung léen mot don vi khdi lugng & khoang cach r

M
M hio<r<R /
tinh tu tam cta no la F(r) = G}]%\/[ , trong d6 M la khoi lugng, R la ban

kinh ctia Trai Dat, G 1a hang s6 hap dan. Ham s6 F(r) ¢6 lien tuc trén (0; +o0o) khong?

& Bai 14. Mot bang gia cude taxi duge cho nhu sau:

Gid m6 ctta (0,5 km dau) | Gia cude cac km tiép theo dén 30 km | Gid cude tit km thit 31

10 000 dong 13 500 dong 11 000 dong

a) Viét cong thitc ham s6 mo ta sb tién khach phai tra theo quang duong di chuyén.
b) Xét tinh lién tuc clia ham s6 § cau a.
& Bai 15. Theo quyét dinh s6 2019/QD-BDVN ngay 01/11/2018 ciia Tong cong ty Buu

dien Viet Nam, gia cude dich vu Buu chinh pho cap déi véi dich vu thu co ban va buu thiép

trong nuée c6 khdi luong dén 250 g nhu trong bang sau:

Khbi lugng dén 250 g | Miic cuéc (dong)
Dén 20 g 4 000
Trén 20 g dén 100 g 6 000
Trén 100 g dén 250 g 8 000

a) Hay bicu dién s6 tién phai tra khi sit dung dich vu thu co ban va buu thiép theo khéi
luong clia thu co ban va buu thiép.
b) Ham sb trén c6 lién tuc trén tap xac dinh hay khong?
) ALY
& Bai 16. Trong mat phang toa do Oxy, cho r
duong tron (C) : 22+ (y—1)? = 1. Véi mdi s6

2
thuc m, goi Q(m) 1a s6 giao diém ctia dudng /m
thang d : y = ma v6i duong tron (C). Viét
1
cong thitc xac dinh ham s6 y = Q(m). Ham
s6 nay khong lién tuc tai cac diém nao? (©)
-1 O
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]s Chuong 3. Gidi han. Ham sb lién tuc

& Bai 17. Cho ntta duong tron ducong kinh AB = 2. Duong

thang d thay doéi luon di qua diém A, cit nita dudng tron tai C Cd
va tao véi dudng thing AB goc ¢6 6 do CAB = a (0 <a< g) .
Ki hiéu dién tich tam gidac ABC' 1a S(a) (phu thudc vao o). Xét P L . L

tinh lién tuc ctia ham s6 S(«) trén khoang (O; g) va tinh cac

giéi han lim S(«a) va lim S(«).
a—0t 5

& Bai 18. Trong Vat li, ti s6 gitta toc do ¢ ciia anh sang trong chan khong va toc do v
clia anh sang trong mot moi trudng duge goi 1 chiét suat cltia moi truong d6. Chiét suat
clia mot moi truong dong nhét 1a khong doi. Ngay nay, véi cong nghé nano, ngudi ta tao

ra dugc cac ban thuy tinh ma chiét suat ctia né thay doi theo mot phuong nao do.

Xét st truyen clia anh sang vao ban thuy tinh doc theo truc Oxr nhu Hinh dudi. Biét
chiét suat ctia ban thuy tinh nay thay doéi theo hoanh do « cho béi:

n(r) = —— viio<z<d
a—

trong d6 a 1a mot hing s6 c6 gia tri 16n hon bé day d ctia ban thuy tinh.
~ y

chankhéng | d | chankhéng

chén khéng chan khoéng

a) Ching minh rang t6c do clia anh sang cho béi:

.
c néu z <0
_ X P
v(r) = c(l——) neu 0 <z <d
a
c néu z > d
\

b) Xét tinh lién tuc ctia ham s6 y = v(x) trén khodng (—oo; +00).
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4 ON TAP CHUONG 3
Tréc nghiém nhiéu phuong én luva chon

> Cau 1. Trong cac khéng dinh duéi day, khang dinh nao sai?

@ lim ¢" =0.

n——+00
1
lim — =0 v6i k nguyen duong.
n——+oo N
1
lim — =0.
n—+oo N
(D) Néu uy, = ¢ (c 1a hing s6) thi lim w, =limc = c.
n—+0o0o
3.
> Cau 2. lim 2= bing
n

@) 0. ®) 1. © 2. ©) 3.

¢S Cau 3. Cho ham s6 y = f(z) xac dinh trén khoang (a;b) va zg € (a;b). Diéu kién can

va di dé ham s6 y = f(x) lién tuc tai zg la:

@ lim f(z) = f(xo). lim f(2) = f(xo).
© hm f(z) = lim f(z). D) hm f(z) = lim f(z) = f(zo).

¢ Cau 4. Cho limu, = 3,limv, = +oo. Khi d6 lim n bang

Unp

@) 3. 0. ©) +oo. D) —oc.

9 Cau 5. Cho hai day s6 (uy,) va (vy,) vOi uy, = 1—

o= (1 + %),
@ 3. 4. © 5. D 2.

¢ Cau 6. Khang dinh nao sai?
2025 . n
2026) lim <\/§) = +400.

@hm( ) =0. @hm(%)n:O.

dr —4 | |
¢ Cau 7. lim — bang
z—2- L — 2

@ 4. —4. @ —00. @ +00.

2 — 2
$® Cau 8. lim xT—Hc bang

T——00

@) 0. 1. ©) —oo. D) +oo0.
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]s Chuong 3. Gidi han. Ham sb lién tuc

¢S Cau 9. Cho céac gidi han: lim f(z) =2, lim g(x) = 3. Tinh M = lim [3f(x) —4g(x)].

Tr—X0 T—Xo T—X0
A) M =5. ® M =2. © M = —6. D) M =3.

¢ Cau 10. Gia tri cia lim_ (2 — 2® 4+ 1) bing

T——2
@A) —11. 12. © 5. D) 0.
$> Cau 11. Gia tri cia lim (V2?2 +5—1z) la

T—r—00
A) +oo. B) —oo. © 1. D) 0.
$> Cau 12. Biéu dién dudi dang phan s6 ctia s6 1, (7) 1a
7 10 10 16
¢ Cau 13. Cho ham s6 y = f(x) lien tuc trén khoang (a;b). Ham s6 y = f(x) lien tuc trén

doan [a; b] néu diéu kién nao sau day xay ra?

® lm f(2)=f(a), lm f(z)=f @)

Tim, f(x) = £ (a). L f(x) = £ ().
© lim f(z)=a, mlLI?+ f(x) =0

T—a—
D) lim f(z)=a, lim f(z)=0.
x—at x—b~
> Cau 14. Trong cac ham sb sau, ham s6 nao lien tuc tai diém = = 07
2 —2r+3
@y:w. ® y=a2°—-222 -z +1.
x

(©) y = cot z. D) y = V222 - 1.
> Cau 15. Chon khang dinh ding trong céc khing dinh sau

(A) Néu ham s6 f(z) lien tuc trén [a;b] va f(a)f(b) < 0 thi phuong trinh f(z) = 0 ¢6 it
nhat mot nghiem trén (a;b).

Néu phuong trinh f(z) = 0 c¢6 nghiém trong khodng (a;b) thi ham s6 f(z) lien tuc
trén [a;b] va f(a)f(b) < 0.

(©) Néu ham sb f(z) lien tuc trén [a;b] va f(a)f(b) < 0 thi phuong trinh f(x) = 0 c6 ding
mot nghiém trén (a;b).

(D) Néu ham s6 f(x) lién tuc trén [a;b] va f(a)f(b) < 0 thi phuong trinh f(z) = 0 c6 mot
nghiém trén [a;b].

¢ Cau 16. Ham s6 nao sau day lien tuc tren R?

1 —
@yzcos% y:coth. @y: < @y:\/:B—I—Q.

x2 44
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(£ Bai 4. On tap chuong 3

¢ Cau 17. Cho ham s6 y = f(x) c6 do thi dudi day, trén khoang Yy
(—2;3) ham s6 gian doan tai diém nao? 3 ]
@A) »=0. ® = =1. © x=2. (D) = =3. 1 *:**l
-1O|(1 2 z
2 _
/ e RN ?
$® Cau 18. Cho ham s6 f(z) = r—1 . Chon khang dinh ding.
2z + 1 Jkhiz <1
(A) Ham s6 f(z) lien tuc tai diém z = 1.
Ham s f(z) gidn doan tai diem z =1 i lim f(z) # f(1).
z—
(©) Ham sb f(z) gian doan tai diém = = 1 vi khong ton tai lim f(z).
T—
(D) Ham s6 f(z) khong xac dinh tai z = 1.
¢ Cau 19. Ham s6 nao sau day lién tuc trén R?
3 1—
@y:cos; y:cot?)x. @y:ﬂ—i. @y:\/x—l—Z.
. 22 +3 )
¢S Cau 20. Cho ham s0 f(xr) = ————. Ham s0 f(x) lién tuc trén khoang nao?
2 — 51 +6
@ (2;3). (=3;3). © (=3;+00). @ (~00;3).
. 4 N
$® Cau 21. Cho ham so y = i—tg Ménh de nao sau day la diang?
(A) Ham s6 lien tuc tai z = 3.
Ham s6 lien tuc trén (—oo; +00).
@ Ham s6 lién tuc tai z = 2 va z = 3.
(D) Ham s lién tuc trén (—oo;3) va (3; +00).
3_ .2
T khiz> 1
x [
$> Cau 22. Cho ham s6 y = f(z) = <, khi = — 1- Bift ham s6 f(x) lién tuc tai

mr+1 khix<1
xo = 1. Gia tri ciia m, n la
A n=1,m=0. B n=0m=1.
©n=m=1. D) n=-1,m=0.

¢ Cau 23. Tinh lim 22+ 1

z—1 51’—1‘

@) o. %.

= | Ot
|
—

©
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T Chuong 3. Gidi han. Ham sb lign tuc

2 _ a3
&> Cau 24. Ttnh lim — 5" |
2n3 + 5n — 2
3
¢S Cau 25. Day s6 nao sau day c6 giéi han bang 0 ?
@) (vV2)". (—1,101)", © (0,919)™. (D) (1,001)".
¢S Cau 26. Tinh lim(y/4n2 + 2n — 2n).
1 1
@ o. 03 T © 3 D) 1.
¢ Cau 27. Tinh lim 2 5 — 8.
rz—2x° — 4
@) o. +00. © 3. D) 1.
¢ Cau 28. Trong bon gidi han sau day, gidi han nao bang 07
n Y
@hm2 +3 1im(2n+1)(2n3 3) .
n
3 2" +1
© hmn2+2n ©) fim 55
2 _
6> Cau 29. Tinh lim =213
x—3 x4 —9
1 1
@) -3 B) 3 © 1. D) —1.
2 2 2 2
1O Tinh t = ——F == — 4 (=)= F
Cau 30. Tinh téng S 3—1—9 27—1— + ( )3n+
1 1

$> Cau 31. Cho ham s6 f(z) théa man lim f(z) =3 va lim f(z) = —3. Khang dinh nio

r—1+

dudi day dung?

@A) lim = 3.

r—1

©) lim = —3.

r—1

£L'2

¢> Cau 32. Cho f(z) =

@ 0.
© 1.

\:E!

¢S Cau 33. Cho ham s6 f(z) théa man lim f(z) =2 va lim f(x) =

r—1- rz—1t

r—1-

lim = 0.

rz—1

(D) Khong ton tai lim .
z—1

. Khi d6, giéi han hm f(x) la

—1.
(D) Khong ton tai.

m + 1. Biét gi6i han

ciia f(x) khi x — 1 ton tai. Gia tri cia m 13

@A) m=1.
© m=3.

®m=-

(D) Khong ton tai m.
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(£ Bai 4. On tap chuong 3

) ) > +a néuz<l
$© Cau 34. Biet ham so f(x) = ¢6 gi6i han khi z — 1. Gia tri cua

20 +b néuzx>1

a — b bang

@ —1. 0. © 1. ® 3.

6> Cau 35. Gidi han lim_ %_—11

@) +oo. Khong ton tai.

© 2. D) 0.

la

79 _
6> Céu 36. Gidi han lim Y2 7277y
@ +00. 0.
©) —2. (D) Khong ton tai.
) 2 néu —1<z<1 .
$® Cau 37. Cho ham s6 f(z) = . Ménh de ding la

l—2 néuzx<-1lhoicz>1

(A) Ham s6 f(z) lien tuc trén [—1;1].
Ham s f(x) lien tuc trén (—1;1).
(©) Ham s6 f(z) lien tuc trén (—1;1].
(D) Ham s6 f(z) lien tuc trén R.
22+ 342 -
. —————— neux#1 . .
$> Cau 38. Cho ham sb f(x) = T+ 1 v6i m 1a tham s6. Ham sb f(z)
m néu r = —1

lién tuc trén R khi

A m=0. ® m=3. © m=-1. D m=1.
z(z —1)
r—1

@ (1;400) . (—o0;1) . © [1;400) . D (—oc;1] .

¢ Cau 40. Cho phuong trinh 27 + 2° = 1. Ménh dé ding 1a

¢ Cau 39. Cho ham s6 f(z) =

. Ham s6 nay lién tuc trén

(A) Phuong trinh ¢6 nghigm am .

Phuong trinh c¢6 nghiém trong khoang (0;1) .
(©) Phuong trinh c6 nghiém trong khoang (1;2) .
(D) Phuong trinh vo nghiém .
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T Chuong 3. Gidi han. Ham sb lign tuc

Tréc nghiém ding sai

22 -9 2
/ — 55 Dheuxw #+ —3
¢S Cau 1. Cho ham s0 f(z) =¢ 7T +1%7
a= néu x = —3
Phat biéu DS

(A) Ham s6 f(z) xdc dinh tren R .

f(—3):a—§-

_ . x?—9
(©) lim f(z) = lim

z—3 3 13 + 27 '

@ C6 23 gia tri nguyen clia a € (0;25) dé ham s6 gian doan tai . = —3 .

. 22 —1+4+2m khiz <2 .
¢S Cau 2. Cho ham so f(z) = , m la tham so.

v+ khi z > 2

Phat biéu D|S
(A) Khi m = —1 thi lim f(z)=1.
T—2~
lim f(x) =5
li =3.
© lim f(z) =3
(D) Ton tai lim f(z) khi m = -3 .
r—2
2 _
$» Cau 3. Cho ham s6 f(z) = %2—5954—’_2
2
Phat biéu D|S

(A) Ham s6 f(x) lien tuc trén khodng (3; 4o00) .

Ham s6 f(r) lien tuc tai z = —2 .

(C) Ham s6 f(z) gian doan tai z =2 .

D) Néu lim f(z) = % V6i a,b € Z;% t6i gian thi a2 + b2 = 25 .

=2
2
/ CHAED e <2 /
$® Cau 4. Cho ham s0 f(z) = re—4 , a,b la tham so.
z+1 khi z > 2
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(£ Bai 4. On tap chuong 3

Ph4t bidu

(A) lim f(z)=-1.

r——21

B) f(-2)=1.

(C) Khi ham s6 ¢6 gidi han tai z = 2 thi 3a — 120 = 12 .

(D) Khi a = 2,b =0, ham s6 khong lién tuc tai = —2 .

2 —1

. khi z # 1
$> Cau 5. Cho ham s6 f(z) =< ¥ —1 (a €R).

a—1 khixz=1

Phat biéu

(A) Ham s6 da cho c6 tap xéc dinh 1a R .

Ham s6 f(r) lien tuc trén khodng (—oo;1) .

@ Vé6i a = 3 thi ham s6 da cho lién tuc trén R .

D) lim f(z) = lim f(z)=1.

r—1+ z—1—

¢S Cau 6. Cac meénh dé sau dung hay sai?

Phat biéu

(A) Ham s6 f(z) = 39::21
T

lien tuc trén cac khoang (—oo;2) va (2; +00) .

lim 45_+21 = —00 .

T2~
© lim (22 +1)(4 — bx)

=10 .
oot —x24+T7r+8

(D) Ham s6 f(r) = tan 2z lien tuc tren R .

$> Cau 7. Xét tinh dang, sai cic ménh dé sau:

Ph4t bidu

@ Néu lim u, = +oo va limv, = a > 0 thi lim(u,v,) = +oo .

Néu limu, = a > 0 va limwv,, = 0 thi lim =2 — 400 .
Un

@ Néu limu,, = a # 0 va limv,, = +oo thi 1imu—n =0.
Un

D) limg" =0,|¢| < 1.
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T Chuong 3. Gidi han. Ham sb lign tuc

$2

— khiz#0
¢ Cau 8. Cho ham sé f(z) = { ||
0 khiz=0
Phat biéu D|S

(A) Ham s6 c6 tap xac dinh la R .

Ham s6 c6 gidi han tai v =1 .

@hmf

z—0+

(D) Ham s6 c6 gii han tai moi diém thuoc R .

1 1

) \ ) e + 1 khi z <2
$® Cau 9. Cho ham s0 f(z) = N '
4 — = khiz>2
xr— 2
Phét bidu DS
|
@ Jin f(2)
i f@)
|
© Jim @)

(D) Ham s6 f() lien tuc tai 2 =2 .

¢ Cau 10. Cho hai ham s6 y = f(z),y = g(r) théa man lim f(z) =3 va lim g(z) = —oo.

r—2 r—2
Phat biéu D|S Phat biéu D
@m )~ o) = o0 © I i
_ \/f$)+1—2
® lin [f(z)g(z)] = —co0 . D) lim S =

¢ Cau 11. Chi phi (don vi: nghin dong) dé san xuat = sdn pham ctia mot cong ty duge
xac dinh bdi ham s6 C(z) = 600 + 500z.

Phat bidu D|S

(A) Chi phf dé sdn xuit 1 sdn pham la 1100 dong .

Chi phi dé san xudt 10 san pham la 560 000 dong .
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(£ Bai 4. On tap chuong 3

@ Cong ty san xuat 20 san pham thi chi phi trung binh ctia mdi san pham la
530 000 dong .

(D) Néu cong ty san xuit duge sd sén pham ting len rat nhicu thi chi phi trung

binh ctia mdi san pham gidm dan vé miic 500 000 dong .

¢ Cau 12. Trong ho ¢6 chita 10 mét khoéi nude ngot (c6 nong do mudi xem nhu bang 0).

Ngusi ta bom nude bién c6 nong do mudi 1a 40 gam/lit vao ho véi tde do 20 lit /phit. Biét

rang, nong do mudi trong dung dich duge tinh bang cong thic C' = %

Ph4t bidu

(A) Sau thdi gian ¢ (phiit), lugng nuée bién duge bom vao ho 1a 20¢ (lit). .

Khdi lugng mudi bom vao ho sau thoi gian ¢ (phut) 1a m(t) = 40t (gam) .

800¢

(C) Nong do mudi trong hd sau thoi gian ¢ (phit) 1a C(t) = 10000 1 207 °

(D) Khi thai gian ¢ (phit) cang 16n, nong do mudi trong ho sé cang cao nhung

khong vugt qua 400 (gam/lit) .

2 _
) T i £3 9
$® Cau 13. Cho cac ham so f(z) = r—3 va g(z) =
. r+1
7 khi z =3

Ph4t bidu

(A) Ham s6 g() lien tuc tai diém zg =3 .

B lim f(z) =7

r—3

(C) Ham 6 f(z) lien tuc tai diém zo =3 .

(D) Ham s6 y = f(x) + g(x) lien tuc tai diém z = 3 .

Tu luén

& Bai 1. Tinh lim (1 —2)(1 —2z)...(1 —2018x).

r—r—00
202 + 1

& Bai 2. Tim « 1a s6 thuc théa man lim | ———
22 +21+3

T——+00

+a2+3a) =0.

& Bai 3. Cho gi6éi han lim (\B/ax3+4x2+1+\/x2+ba:+1—2x—4) = 3 véi a,b 1a cac

T——00

s6 thuc. Tinh S = 2a + 54b.
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T Chuong 3. Gidi han. Ham sb lign tuc

— " Phai bd sung them gia tri £(0) biing bao

& Bai 4. Cho ham s6 f(z) = Y2 — 1= VI
s

nhiéu dé ham s6 f(x) lien tuc tai z = 0.

& Bai 5. Tu do cao 55,8 m cua thap nghiéng Pisa
nude Y, ngudi ta thd mot qua boéng cao su cham xudng
dat hinh bén duéi. Gia sit moi lan cham dat qua boéng
lai ndy léen do cao bang % do cao ma qua bong dat
duge trude do. Goi S, 1a tong do dai quang duong di

chuyén ctia qua bong tinh tit Iic tha ban dau cho dén

khi qua béng d6 cham dat n lan. Tinh lim S,,.
& Bai 6. Cho tam giac déu c6 canh bang a, goi la tam giac Hj.
Néi cac trung diém ctia H; dé tao thanh tam gidc Hy. Tiép theo,

ndi cac trung diem ctia Hy dé tao thanh tam giac Hs (Hinh bén).

Cit tiép tuc nhu vay, nhan duge diy tam giac Hy, Ho, Hg, ...

Tinh tong chu vi va tong dién tich cac tam giac ctia day.

& Bai 7. Cho mot tam gidc déu ABC canh a. Tam giac Ay B1C; c6 cac dinh la trung diém
cac canh ctia tam giac ABC, tam giac Ao BaCy c6 cac dinh 1a trung diém céc canh ciia tam
gidc A1 B1Cy, ..., tam giac Apy1Bnp1Cha1 c6 cac dinh 1a trung diém céc canh clia tam giac
AnBpCh, ... Goi p1,p2,...,pn,... va S1,52,...,5,,... theo thit tu 1a chu vi va dién tich cia
cac tam giac A1 B1C1, AaBoCy, ..., ApBpCh, .. ..

a) Tim gidi han cta cac day s6 (p,) va (Sp).

b) Tim céc tong p1 +po+ ...+ pp+... VA ST+ 5o+ ...+ S +....
& Bai 8. Mot thau kinh hoi tu c6 tieu cy 1a f. Goi d va d’ lan lugt 13 khodng cach tit mot
vat that AB va tit anh A’B’ clia n6 t6i quang tam O ctia thau kinh nhu hinh vé bén dudi.

1 1

P 1
Cong thtc thau kinh 1a p + 7= 7
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(£ Bai 4. On tap chuong 3

a) Tim biéu thitc xac dinh ham 86 d' = o(d).

b) Tim lim ¢(d), lim ¢(d) va limp(d). Gidi thich § nghia ctia cac két qua tim duge.

d=ft o f d—f
& Bai 9. Trong mot phong thi nghiém, nhiét do trong ti sdy dugce diéu khién tang tit 10°C,
mdi phit tang 2°C trong 60 phit, sau dé giam méi phit 3°C trong 40 phit. Ham sé bicu
thi nhiét do (tinh theo °C ) trong tu theo thsi gian ¢ (tinh theo phit) c¢6 dang
10+ 2¢ khi 0 < ¢ < 60

T(t) = (k 1a hang s0).
k — 3t khi 60 < ¢t < 100

Biét rang, T(t) 1a ham lién tuc trén tap xac dinh. Tim gia tri cla k.

& Bai 10. Mot diém dich vu trong giit xe 6 t6 thu phi 30 nghin dong trong gio dau tién
va thu thém 20 nghin dong cho méi gio tiép theo.

a) Viét ham s6 f(z) mo ta s6 tien phi theo thoi gian trong giit.
b) Xét tinh lién tuc clia ham sb nay.

& Bai 11. Tu mot tam gidc déu c6 dién tich bing 1, ta thyc hién lan lugt cac budc sau:

1w Bude 1: Néi trung diém cac canh clia tam giac da cho, chia tam gidc nay thanh 4 tam
1
giac nho va bd di tam giac ¢ gita (b6 di 1 tam giac c6 dién tich Z)
i Bude 2: Lam tuong tu nhu Bude 1 v6i mbi tam gidc trong 3 tam gidc con lai (b6 di 3

., X e , d-,\ s h 1
tam giac, mol tam giac co dién tic P)

Ctt tiép tuc qua trinh nhu vay (& bude thit n, bé di 37! tam gidc, mdi tam gidc dién tich

1 .
4—n) Tinh tong dién tich cac tam gidc da bo di.

o000

Burde 1 Buoc 2 Boupcic 3
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]s Chuong 3. Gidi han. Ham sb lién tuc

& Bai 12. Cho M thay ddi trén parabol y = z2; H 1a Ar y
hinh chiéu vuong goc ctia M trén truc hoanh. Goi z 2

13 hoanh do ctia diem M. Tim lim (OM — MH).

r——+00

@ H
.. . 2 . / N N P N, C
& Bai 13. Tai mo6t be boi ¢6 dang hinh tron ¢6 ducng
kinh AB = 10 m, mot ngudi xuat phat tir A boi théng ‘b
theo day cung AC tao v6i duong kinh AB mdot goc A @ B
10

a <O <a< g) roi chay bo theo cung nhé CB dén
diém B (Hinh vé). Goi S(a) 1a quang dudng ngusi d6
da di chuyeén.

a) Viét cong thiic tinh S(«a) theo (O <a< g)

b) Xét tinh lien tuc ctia ham s6 y = S(a) trén khodng <O; g)

¢) Tinh cac gi6i han lim S(a) va lim S(a).
x—07+ mt
T—r—

2

& Bai 14. Cho hinh vuéng H; c6 canh bang a. Chia
modi canh ctia hinh vuéng nady thanh bén phan biang
nhau va néi cac diém chia mot cach thich hop dé c6
hinh vuong Hs. Lap lai cach lam nhu trén véi hinh

vuong Ho dé duge hinh vuong Hs.

Tiép tuc qua trinh trén ta nhan dudc day hinh

vuong Hi, Hy, Hs, ..., Hy, ... Goi s, la dién tich cua

hinh vuéng H,.
a) Tinh s,.

b) Tinh tong s1 + sg + - 4 55 + - -
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