BAI 2. CUC TRI CUA HAM SO
Muc tiéu
% Kién thirc
+ Néim virng dinh nghia cyc tri cia ham s6, khai niém diém cuc tri, gia tri cyc tri cia ham $6;
diém cuc tri cua do thi ham sb.
+  Hiéu va van dung duogc cac dinh li vé didu kién can va diéu kién da dé ham s co cuc tri.
+ Trinh bay va van dung dugc cac cach tim cuc tri cia mot ham $0.
+ Nhan biét dugc cac diém cuc tri trén do thi ham sd.
+ Kining
+  Thanh thao tim diém cuec tri, gia tri cuc tri cua ham s6 da biét.

+  Biét cach khai thac bang bién thién, bang xét dau, do thi dé tim cuc tri.
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I. Li THUYET TRONG TAM
1. Khai niém cwec tri cia ham s6
Dinh nghia
Gid st ham sb f xac dinh trén K (K cR)va
x, ek

a) x,duoc goi la diém cuc dai cta ham sb f néu
ton tai mot khoang (a;b)c K chira diém x,sao
cho f(x) < f(x,),Vx e (a;b)\{x,}.

Khi d6 f(x,)dugc goi la gia tri cuc dai cua ham

O f.

b) x,duoc goi la diém cyc tiéu cua ham sb £ néu
ton tai mot khoang (a;b)c K chira diém x,sao
cho f(x)> f(x,),Vxe(a;b)\{x,}.

Khi d6 f(x,)dugc goi 1a gid tri cuc tiéu cua

ham sé f.

Diéu kién can dé ham so dat curc tri
Pinh li 1

Gia sir ham sd £ dat cuc tri tai diémx,. Khi do,

néu fc6 dao ham tai diém x, thi f'(x, ) =0.

Chu y:
1) Piéu nguoc lai c6 thé khong dung. Pao
ham £ c6 thé bang 0 tai diém x, nhung ham sé f

khong dat cuc tri tai diém X, .

Chii y:

1) Piém cyc dai (cuc tiéu) x, dwgc goi chung la
diém cwc tri. Gid tri cuc dai (cuc tiéu) f (xo)cda
ham s6 dwoc goi chung la cuc tri. Ham $6 6 thé dat
cue dai hodc cuc tiéu tai nhiéu diém trén tdp hop K.
2) Noi chung, gia tri cuc dai (cuc tiéu) f(xo)
khéng phdi la gid tri I6n nhat (nhé nhat) cia ham sé
fréntip K; f (xo)chi la gid tri 1om nhdt (nhé nhdt)
ciia ham sé f trén mot khodng (a;b)chd"a X,-

3) Néu x, la mot diém cuc tri cia ham sé f thi
diém(xo;f(xo)) duoc goi la diém cuc tri ciia dé thi
ham s6 f.

YA

diém cuc dai
clia d6 thj ham sé

(gia tri)

|
|
|
|
|
.

N
diém diém
cwe dai cyc tiéu
(gia tri)

o ’
cuc tiéu diém cue tidu
clia d6 thi ham sé

Vi du 1: Ham sé y :f(x) =|x| xdac dinh trénR . Vi
f(0)=0 va f(x)>O,Vx¢O nén ham sé dat cuc

tiéu tai diém x=0du ham s6 khong co dao ham tai

diem x = 0, vi:

| | x,xZOZ> . |Lx>0
=|X| = = B
Y x,x<0 Y -1,x<0

Vi du 2: Ta xét ham séf(x)=x3, ta co:
f'(x)=3x*>0,Vx#0. Him s6 dong bién trén R

nén khong co cuc tri du f’(O) =0.
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2)  Ham sb c6 thé dat cuc tri tai mot diém ma

tai d6 ham so khong c6 dao ham.

Piéu kién di dé ham sb dat cue tri
Pinh li 2
a) Néu f’(x)doi déu tir 4m sang duong khi x di
qua diém x, (theo chiéu ting) thi ham sé dat cuc

tiéu tai diémx, .

b) Néu f"(x)déi dau tir duong sang am khi x di
qua diém x, (theo chiéu ting) thi ham sb dat cuc
dai tai diém x, .
Pinh li 3

Gia s ham sb f c¢6 dao ham cap mot trén
khoang(a;b)chtra diémx,, f"(x,)=0va f c6 dao
ham cap hai khac 0 tai diém x, .

a) Néu f”'(x,) < Othi ham so f dat cuc dai tai
diém x,.

b) Néu f"'(x,)>0thi ham sb f dat cyc ticu tai
diém x,.

Néu f "(x,)=0thi ta chua thé két luan duoc, can

1ap bang bién thién hodc bang xét diu dao ham.

VA
X3
£
5 >
YA
X
=
0 3>
X X b
f'(X) — +
f(X) \ f(XO) /
(cwc tiéu)
X % b
- +

/(cuc dai)\A

f(%o)
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II. CAC DANG BAI TAP

Dang 1: Céc bai tip nhén biét, tim diém cuc tri, dém so diém cuec tri

Bai toan 1: Tim diém cyec tri ciia ham s6 cu thé
+ Phuwong phap giai
Cdch 1: Lp bing bién thién hodc bing xét diu

Buéce 1. Tim f(x)
Bude 2. Tim céc diém x,(i=12,..)tai d6 dao

ham bang khong hoic ham sd lién tuc nhung
khong c6 dao ham.

Bude 3. Xét dau f'(x). Néu f'(x)doi dau khi x

qua diém x, thi ham so dat cuc tri tai diémx; .

Cach 2: Dung dinh ly 3
Buoc 1: Timf’(x)
Buwée 2: Tim cac nghiém x, (i =1,2,...) cua phuong
trinh /*(x)=0.
Buwée 3: Tinh f"'(x,)
e Néu f”(x,)<0thi ham s f dat cuc dai tai
diém x,.
e Néu f"(x,)>0thi ham sb fdat cuc tiéu tai
diém x,.

e Néu f”(x,)=0thi ta lap bang bién thién

Vi du 1: Ham sb f(x)=x"—3x"-9x+1 dat cuc

ti€u tai diém

A. x=-1. B. x=3.
C. x=1. D. x=-3.
Huéng dén gidi
Cach 1:

Ham sb da cho xac dinh trénR .
Ta co f'(x)=3x" —6x-9.

x=-1

x=3

Ttrdéf'(x)=0<:{

Béng xét déu /(%)

X —a0 -1 3

-+c0

f'(x) + 0 = 0

+

3 +00
(x) _m/ \_1/'

Viay ham sb dat cuc diém tai diém x = 3.

Chon B.
Cach 2:

Ham s6 d3 cho xac dinh trénR .
Ta co: f'(x)=3x> —6x-9.

x=-1

Tur do: f'(x)=0
ur do: /' (x) <::>LC:3
Taco: f"(x)=6x—6.Khido:

(=) =-12<0;/"(3)=12>0.

Viay ham s6 dat cuc tiéu tai diém x =3.
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dé xac dinh diém cuc tri.
4+ Vidu miu
Vi dy 1: S6 diém cyc dai cia ham s6 f (x)=—x*+8x* - 71a
Al B. 3. C.2.
Huwdng din gidi
Ham s6 d3 cho x4c dinh trénR.
Ta co: f'(x) =—4x" +16x.
x=0= f(O) =—7
Tudo: f'(x)=0<|x=-2= f(-2)=9

x=2=f(2)=9
Bang bién thién:
X —00 -2 0 2 +00
f'(x) + 0 - 0 + 0 =

w| NN

Viay ham so0 c6 hai diém cuc dai.

Chon C.
Vi dy 2: Sé cuc tri ciia ham s6 f'(x) = x_+i la
x_
A. 1. B. 3. C.2.

Huwédng din gidi
Ham sb di cho xéc dinh trénR \ {1}

Ta co: f’(x) = ( )2 <0,Vxe R\{l} . Vay ham sb khong c6 cuyc tri.
x—1
Chon D.
42
Vi du 3: Gid trj cye tiéu cia ham s6 £ (x)= 2 1y
X +x+1
A. x=-5. B. yz—i C.xz—l.
3 3

Huéng dén gidi

Ham sb da cho xac dinh trén R.

. —3x* —16x-5
Ta co: f (x)=ﬁ.
(x +x+1)
TOANMATH.com Trang 5



I
Tirdé: f'(x)=0<|" 3.
x=-5

Bang xét dau dao ham:

X —00 -5 -1/3 +00
f'(x) - 0 + 0 =

A \ A c R . 1.2 4
Vay ham so dat cyc tiéu tai diémx =-5,y., = f (—5) = —g.
Chon B.
Vi dy 4: S6 cuc tri cia ham s6 f(x)=x/x" -3x+21a

A. 2. B. 1. C.3. D. 0.
Huwédng din gidi
Ham s6 d3 cho x4c dinh trénR.
2 J—
Ta co: f'(x) = ¥ 1 =
: (x3 —-3x+ 2)
x=1

<\ r ’ x2 _1 = 0 X = _1

Tu do: f'(x)=0< N Sx=-1
¥ =3x+2#0 x#1
x#-2
(f'(x) khong x4c dinh tai diemx =1vax=-2).
Béng bién thién:
X —00 -2 -1 1 +00

GRS s e

%/7 +00
6 e e
b

—o0
Vay ham s6 ¢6 hai cuc tri 1a f(-1)= Java f(=o.

Chon A.

Vi du 5: Gid tri cuc dai ciia ham s6 £ (x) = x—2vx” +1 1a s6 ndo dudi day?

A. ﬁ. B. \/3. C. 3. D. -

3
Huwédng din gidi

Ham sb da cho xac dinh trénR.

e
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2x

Vx? +1.

Tacé: f'(x)=1-

2x2>0
Tu do: f'(x)=0=Vx’ +1=2x < R 2<::>x=£.
X" +1=4x 3
Bang bién thién:
X —00 ﬁ 400
3
f'(x) - 0 +

—J3

F(x) / \

—00 —00

Vay ham sé dat cuc dai tai diém x = ? gi tri cuc dai ciia ham s 1a f{?} =—3.

Chon C.

Vi du 6: Céc diém cyc dai cia ham s6 f'(x)=x—2sinxcé dang (v6i ke Z)
A. x=—§+k27r. B. x=%+k27z.

C.x=—Z+ior. D. x=Z+k2r.
6 6

Huwédng din gidi
Ham s d3 cho x4c dinh trénR.
Taco: f'(x)=1-2cosx . Khido f'(x)=0<> cosx =%©x=i%+k27z,(keZ)
f"(x)=2sinx
_T

Vi f”(%+ k27zj — 2sin (§+ k27r] - 2sin§ >0nén x="+k27 la diém cuc tiéu.

Vi f”(—%+k27zj = 25in(—%+k27zj = ZSin(—%j =-2 sin% <0Onénx = —%+k27z 1a diém cuc dai

Chon A.
Bai toan 2. Tim cue tri ciia ham s khi biét do thi
+ Phwong phap giai
+) Néu dé cho db thi ciia ham f(x) , xem lai Iy thuyét.
+) Néu dé& cho db thi cua dao ham, dé y cac diéu sau dé co thé 1ap duoc bang xét dau dao ham:
D6 thi f'(x) nam phia trén truc hoanh: f'(x)>0.
D6 thi f'(x)nam phia duéi truc hoanh: f'(x)<0.

+ Vidu miu
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Vidu 1: Him s6 y =ax" +bx* +c (a,b,c € R) ¢ do thi nhu hinh v&. S6 diém cuc tiéu cia ham so f1a

YA

\./ ; v
A. 1. B. 3. C.2. D. 0.
Huéng dén gidgi

\ A3

Ham s6 da cho c¢6 hai diém cuyc tiéu.
Chon C.

Vidu 2: Him sé y = f(x)c6 do thi nhu hinh v&. S6 diém cuc tri ciia ham s f trén khoang (—3;4) 1a

YA

A. 1. B. 3. C.2. D. 4.
Huéng déin gidi
Ham s d3 cho ¢6 bdn diém cuec tri.
Chon D.
Vi du 3: Ham s6 y = f(x) xéac dinh trén R va c6 do thi ham s6 VA
y=f'(xX)nhu hinh v& S6 diém cyuc tri cia ham sé f trén

khoang (a;b)la

A.s. B.3. a o572
C.6. D. 4.

Huéng dén gidi

e
z
2
VX

Cich 1: Trong khoang (a;b), d6 thi f'(x) cat (khong tiép xuc) truc hoanh tai 5 diém nén c6 5 diém cuc
tri trén (a;b).

Chon A.

Cich 2: Nhin vo hinh v& dudi day, f'(x)doi dau tong cong 5 1an trong khoang (a;b)nén c¢6 5 diém cuc

tri trén (a;b).
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Chon A.

AN

D+

Y X<

d{c‘

Vidy 4: Cho ham s6 y = f(x)c6 dao ham dén cép hai trén R va c6 do thi ham sé y = f"'(x)nhu hinh v&

dudi day (d6 thi y = f"(x) chi co 3 diém chung véi truc hoanh nhu hinh v&). Sé diém cuec tri toi da cua

ham sd 1a
YA
X
-2 3\
@)
Al B. 4. C.3.
Huéng dén gidi

Ta c6 bang bién thién ciia ham s y = f'(x) nhu sau

X —00 —2 0 3

+00

f"(x) + 0 - 0 -0

| T TT—

Nhan thay truc hoanh cat do thi ham s6 y = f'(x) tai toi da 2 diém nén f’(x) = 0c6 tbi da 2 nghiém phan

biét. Vay ham sé y = £(x) ¢6 tdi da 2 diém cuec tri.

Chon D.

Bai toan 3. Tim (diém) cuec tri thong qua bang bién thién

+ Vidu miu

Vi du 1: Cho ham s6 y = f(x)c6 bang bién thién nhu hinh v& dudi day

X |- —1 3 +0o0
f'(x) + o - -
2 +00
e e
—o0 -2
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Ménh dé nao sau day sai?

A. Ham sb c6 hai diém cuc tri. B. Ham s c6 hai cuc tri.
C. Cuc dai béng -1. D. Cuc tiéu bfmg - 2.
Huéng dén gidi
Chon C.

Vi du 2: Cho ham s6 y = f(x)c6 bang bién thién nhu hinh v& duéi day

X —00 -2 0 2 +o0

F(x) ik A s D ey Tl
2 2
F(x) . / \ 0 / \_w

Ménh dé nao dudi déy sai?

A. Ham sd ¢6 ba cuc tri. B. Ham s6 c6 mot cuc tiéu.
C. f(-2)=/(2). D. /(-D)<f(2).

Huéng dén gidi

Chon A.

Bai toan 4. Tim (diém) cue tri théng qua dao ham
+ Phuwong phap giai
DPém s6 nghiém boi 1é cua phuong trinh dao ham.
4+ Vidu miu
Vidu 1: Cho ham s y = f(x)c6 dao ham f'(x) = (x* = 1)(x® =3x +2)(x* —2x).
S6 diém cuc tri cia ham s6 y = f(x) 1a
A. 6. B.2. C.3. D.5.
Huéng dén gidi
Taco: f'(x)=(x-2)(x—-1’x(x+1)(x+2)va f'(x)=0co 5 nghiém bdi 1é nén cé 5 diém cuc tri.
Chon D.
Vi du 2: Cho ham s§ y = f(x) c6 dao ham f'(x)=x*(x-1)(x—4)>. Tim s6 diém cuc tri ciia ham sb
y=fx).
A. 1. B.2. C.3. D. 4.
Huwédng din gidi

Ta co: | f(x* )]’ =2x.f(x?) = 2x° (x> = 1)(x> —4)?

Phuong trinh [f(xz)]' =0 c6 3 nghiém boi 1¢ 12 x =0,x = £1 nén s6 diém cuyc tri ciia ham s6 y = f(x?)

la 3.
Chon C.
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Chii y: Nhdc lai:

!

Pao ham ciia ham sé hop (f(u (x))) = f’(u(x)).u'(x) hay f!=f'u’.

: . 1
Vidu 3: Cho ham s0 y = f(x)lién tuc trénR , c6 f'(x)23x+—2—%,‘v’x>0.
X

Ménh d nao dudi day dung?
A. Ham sb ¢ ding mét diém cuc tri trén R .
B. Ham s6 c6 it nhat mot diém cuc tri trén (0;+00).
C. Ham sb khong co diém cuc tri ndo trén (0;40).
D. Ham sd ¢6 ding hai diém cyec tri trén R.

Huéng dén gidi
2
Véi Vx>0 ta co: f’(X)Z3X+L2—Z=3X+§X+L—ZZ33 3 —Z>O.
x> 2 2 2 2 2

Vay ham sé khong co cuc tri trén (0;+00).

Chon C.
Vi du 4: Cho ham sé y=f(x) lién tuc trénR, c6 dao ham YA
f1(x)=(x>—x-2)(x’ —6x> +11x—6)g(x)v6i g(x) la ham da thirc
¢6 @6 thi nhu hinh v& dudi day (g(x)dong bién trén (—o0;—1) va X
trén (2;+00) . S6 diém cuc tri cia ham sé y = f(x) 1a -1 O 1\ 2

A.S. B. 2.

C.3. D. 4.
Huong déin gidi

Dua vao db thi, phuong trinh g(x) =0 c6 3 nghiém bgi 1é 1 x =0,x =1,x = 2va mot nghiém boi chan
la x=-1.

Toéom lai, phuong trinh y'=0 chi ¢c6 x=-1,x=0,x=2 va x =31a nghiém bdi 1¢, nén ham s6 c6 4
diém cuec tri.
Chon D.
Bai toan 5. Tim (diém) cue tri thong qua bang xét dau, bang bién thién ciia dao ham
Vi du 1: Cho ham s6 y= f(x) lién tuc trén R va c6 bang xét ddu dao ham nhu hinh vé& dudi day. S6

diém cuc tiéu cia ham sd y = f(x) 1a

Al B. 3. C.2. D. 0.
X | —o -5 -1/3 +00
f'(x) S g
Huéng dén gidi

Pao ham d6i dau tr am sang duong 1 1an nén c6 1 diém cyc tiéu.
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Chon A.
Vi du 2: Cho ham s6 y = f(x)lién tuc trén R va c6 bang xét diu dao ham nhu hinh vé& duéi day

X | -0 -5 -3 4 +00

03| el | e e G SR

S6 diém cuc tri ciia ham sb y=f(x)la
A. 1. B. 3. C.2. D. 4.
Huéng dén gidi
Pao ham ddi dau hai 14n nén c¢6 hai diém cuc trj.
Chon C.

Vi du 3: Cho ham s y = f(x)lién tuc trén R va c6 bang xét dau dao ham nhu hinh v& dudi day

¥ |2 -4 0 2 3 +00
f'(X) — 0 + o 0 + 0 s

S6 diém cuc tri cia ham s6 y = f(x)1a
A. 1. B. 3. C.2. D. 4.
Huéng dén gidi
Chic chin ham s6 ¢6 3 diém cuc tri lax =—1,x =2,x =3.
Xét tai diém x =0, dao ham ddi ddu, ham sb khong c6 dao ham tai diém x = 0, nhung theo dé bai, ham
s6 lién tuc trén R nén f(0)xac dinh. Vay ham s6 ¢ téng cong 4 diém cuec tri.
Chon D.

Vi du 4: Cho ham sd y = f(x)lién tuc trén R\ {1} va ¢ bang xét dau dao ham nhu hinh vé& dudi day

X —00 -2 1 2 3 +00

f'(x) + 0 - + 0 - -

S6 diém cyc tri cia ham s6 y = f(x)1a
Al B. 3. C.2. D. 4.
Huéng dén gidi
Ham s6 ¢6 3 diém cuc tri 1a x =-2,x =2,x =3 (ham s khong dat cuc tri tai diém x =1 vi ham sé khong
xéc dinh tai diémx =1).
Chon B.
Vi du 5: Cho ham sé y = f(x)c0 bang bién thién cia f'(x) nhu hinh v& dudi day
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X —00 -5 0 1 5 +00
3 +00
' 1
() / \0 —\ /
—o0 —4
S6 diém cuc tri cia ham s6 y = f(x)1a
A. 4 B.2 C.3 D.5
Huéng dén gidi
X —00 = 1 5 +00

5 0
\0/1 § /

-4

3
F(x) /
/

D@ thdy phuong trinh f'(x) =0 c6 ba nghiém boi 1é nén ham s6 ¢6 3 diém cuc tri.

Chon C.

Bai toan 6. Tim (diém) cuec tri thong qua dd thi £, ', f" VA

Vi du 1: Cho ham s6 y = f(x) 1a ham da thic. Trén hinh v& 1a do thi ham -

& y=f(x) trén (-0;a] (va ham sd y = f(x)nghich bién trén(—o0;—1]), F(x)

do thi cia ham s6 y = f'(x) trén [a;h] (va f'(x,)=0), d0 thi ctia ham sb \ bl x
y=f"(x)trén [b;+o) (va ham s y = f"(x) ludn ddng bién trén [b;+0), '1i ofa X°E —
£"(x,)=0). Hoi ham s6 y = f(x) c6 tdi da bao nhiéu diém cuc trj? i . i
Huéng dén gidi I "’

Béang xét dau bén dudi duoc 1ap tr cac suy luan sau:

* Ham s6 y = f(x)nghich bién trén (—o0;—1)nén f'(x) <0,Vx e (—o0;—1)va dong bién trén (~La)nén
f'(x)>0,vx e(~L;a).

*Hamsby = f'(x)c6 f'(x)>0,Vx e(a;x,)va f(x)<0,Vx €(x,;b)

f'(x)<0,Vx e (Xo;b].

*Hamsd y=f"(x) ¢6 f"(x)<0,Vx €(b;x,) ma f'(b)<0= f'(x)<0,vx €(b;x,)

Lai c6 f"(x)>0,Vx €(x;+%). Vay trong khoang (x,;+o), phuong trinh f’(x)=0c¢6 téi da 1 nghiém,
va néu c6 ding 1 nghiém thi f(x) ddi dau khi qua nghiém Ay.

Vay f'(x)c6 t6i da 3 nghiém (bdi 16) nén ham sé y = f£(x)co tdi da 3 diém cuc tri.
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Vi du 2: Cho ham s6 y = f(x)co dao ham cép hai lién tyc trén R. Trén hinh v& 1a d6 thi ham s
y=f(x) trén doan[-2;3], d6 thi cia ham s6 y= f’(x)trén(—o0;—2], dd thi ciia ham s6 y = f"(x)

trén[3;+00). Hoi ham s y = f(x) 6 t6i da bao nhiéu diém cyc tri?

A.7. B. 6. C.s. D. 4.
Huéng dén gidi
Bang xét dau bén dudi dugce 1ap tir cac suy luan sau:

+ DO thi ciia ham sé y = f"(x) trén [3;+00)cét tryc hoanh tai diém x=5, f"(x)<0khi xe(3;5)va
S"(x) > 0khi x € (5;+0).
+ D0 thi clia ham s6 y = f'(x)trén (—o0;—2] cét truc hoanh tai diém x =5, f'(x) <0khi x € (—o0;-5)va
f'(x)>0khi x € (—5;—2).
+ P4 thi ham sé y = f(x)trén doan [-2:3]: ham s6 dong bién trén (-2;-1)va(2;3); ham s6 nghich bién

trén (—1;2)

X —00 -5 -3 -2 -1 2 3 4 5 +00

F(x)

S
Py | - o s +o—o+\/’

Tir bang xét du trén, dd thi f"(x)cét truc hoanh tdi da tai 2 diém trén (3;+00), khi d6 trén (2;-+o) thi

£'(x) dbi déu 2 1an, trén (—o0;2) thi f”(x)d6i ddu 3 1an nén ham sé y = f(x) 6 téi da 5 diém cuc tri.
Chon C.
4+ Bai tap tw luyén dang 1

Bai tap co ban
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Cau 1: Him s6 y =2x’ —x’ +5¢6 diém cuc dai 1a

!
5

A. x= B. x=5.

Cau2: Himso y=x"-4x’-5
A. nhan di€ém x = 3 lam diém cuc tiéu.

C. nhan diém x = 0 lam diém cuc dai.

B. nhan diém x = 0 lam diém cuc tiéu.

D. nhan diém lam diém cuc dai.

Cau 3: Cho ham s y = f(x)lién tuc trén doan [—4;3] va c6 d0 thi y

trén doan [—4;3] nhu hinh v& bén. D4 thi ham sb c6 bao nhiéu S

diém cuc dai?

A. 0. B. 2.
C.1. D. 3.

Céu 4: Cho ham s6 f(x)=x". Ham sd g(x) = f'(x)—3x* —6x +1 dat cuc tiéu, cuc dai lan luot tai

X,. Tim m = g(x,).g(x,).

)

A Bt

4 -3 -2 -1

A. m=0. B.mz—ﬂ. C.mzi. D. m=-11
16 16
Céu 5: Cho ham s6 y = f(x) c6 bang bién thién nhu hinh v&
X —00 0 2 +00
f'(x) - - I +
0 +0, +00
f(x) \ \ /
e -2

Ménh dé nao sau day ding?

A. Ham s0 da cho ¢6 mét di€m cuyc ti€u va khong c6 diém cuc dai.

B. Ham so da cho ¢c6 mot diém cuc dai va c6 mot diém cuc tiéu.

C. Ham s6 da cho ¢6 mot diém cuc dai va khong c6 dieém cuc ticu.

D. Ham s6 da cho khéng ¢6 cuc tri.

Cau 6: Ham s6 dang y = ax* +bx* + ¢ (a # 0) c6 tdi da bao nhiéu diém cyc tri?

A. 2. B. 1.

Bai tap ning cao

C. 4. D. 3.

1 2 \3

Céu 7: Cho ham s6 y = f(x)c6 dao ham cip hai lién tyc trén R . Trén hinh v& 1a d6 thi ham s6 y = £(x)

trén doan (—oo; a] (va ham sb y = f(x)nghich bién trén(—oo;—2] ), dd thi cia ham s6 y = f'(x) trén [a;l]

dd thi cia ham s6 y = f"(x) trén [1;4+00) (va ham s& y=f"(x)luén dong bién trén[b;+o0)). Ham sO

y = f(x)c6 tbi da bao nhiéu diém cyc tri?
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YV x

S5
_1V a\%l\/b

A. 5. B. 2. C.4. D. 3.
Cau 8: Cho ham s6 y= f(x)lién tuc trén R, c6 dao ham f’'(x)=(x+1)*(x* —3x +2)(x —sin x)g(x) véi
2(x)co @6 thi nhu hinh v& dudi diy ( g(x)dong bién trén (—oo;—1) va trén(2;+00) ). Him s6 y = f(x)co
bao nhiéu diém cuc tri?
YA

TN

& o\/1 2

A. L. B. 4. C.2. D. 3.
Céu 9: Cho ham s6 y = f(x)c6 dao ham dén cip 2 trén R va c6 d6 thi ham s y = f"(x) nhu hinh v&

A Ba

dudi day (dd thi y = f"(x) chi c6 4 diém chung véi truc hoanh nhu hinh v&). Sé diém cuc trj t6i da cua
ham sb 1a

yl\

0 P

Wik

A.S. B. 3. C.4. D. 6.
Dang 2: Cuc tri ham bac ba

v X<

Bai toan 1. Ham s6 dat cuc dai, cuc tiéu tai diém cho truée
4+ Phwong phap giai
Vidu 1:
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Buwée 1. Haim sb dat cuc dai (cuc tiéu) tai diém
x,thi £'(x,) =0, tim dugc tham sé.

Bwoc 2. Véi gia tri tham sb6 tim duoc, ta thé vao
ham sb ban dau dé thir lai.

Chii y: Dbi véi ham bac ba, ta co thé lam tric
nghiém nhu sau:

f'(x)=0

f" (xo) >0

f'(XO)ZO
f"(x0)<0'

+) Ham s6 dat cuc tiéu taix = X, & {

+) Ham s6 dat cuc dai tai x = X, & {

4+ Vidu miu

. .1
Tim m dé ham séy=§x3 —mx2+(m2 —4)x+3dat

cuc dai tai diém x = 3.

A. m=-1. B. m=-5.
C. m=5. D. m=1.
Huéng dén gidi

Tacody =x"—2mx+m’ —4=y"=2x-2m.

Ham s6 dat cuc dai tai x =3 thi

m=>5

y'(3):0<:>m2—6m+5:0<:>{m

* Véim=1,y"(3)=23-2.1=4>0 suyra x=31a

diém cuc tiéu.
* Véim=5,y"(3)=23-25=-4<0  suy

x =31a diém cuc dai.

Chon C.

ra

Vi du 1: Ham s6 y=ax’ +x> —5x+bdat cuc tiéu tai x=1va gia tri cuc tiéu béng 2, gia tri cia

H=4a-bla

A. H=1. B. H=-1.
Huéng dén gidi

Taco:y' =3ax’ +2x—5=> " = 6ax+2.

+) Ham sé dat cuc tiéutaile:y'(l)zO@azl.

C. H=-2. D. H =3.

+) Thaya =1 ta thdy »"(1)=6+2=8>0nén x=11a diém cyc tiéu.

+) Mat khac taco: y(1)=2<1+1-5+b=2<b=

VayH =4.1-5=-1.
Chon B.

5.

Vi dy 2: Ham s f(x)=ax’ +bx’ +cx+d dat cuc tiéu tai diém x=0,/(0)=0va dat cuc dai tai

diémx =1, f(1)=1. Gia trj ciia biéu thirc T =a+2b

A. T=2. B. T =3.
Huéng dén gidi

Ta co f'(x)=3ax’ +2bx+c.

—3c+dla

C.T=4. D. T =0.
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Do ham s6 dat cuc tiéu tai diém x = 0, /(0)=0va dat cyc dai tai diém x = 1, /(1) =1nén ta c6 hé phuong

trinh
f’(O)ZO c=0
0)=0 = - _
f() & d=0 = ¢ 2:T=4.
f’(l)zO 3a+2b=0 b=3
f(1)=1 a+b=1
Chon C.

Bai toan 2. Tim diéu Kkién ciia tham s6 dé ham s c6 cue tri
+ Vidu miu

Vi du 1: Gia tri cia m dé ham s6 y = x* + mx —1¢6 cuc dai va cyc tiéu 1a

A. m=0. B. m<0. C. m>0. D. m<O.
Huéng din gidi
Ham sb y=x’+mx—1cé cuc dai va cuc tiéu khi va chi khi y'=0c6 hai nghiém phan biét hay
3x” +m = 0 c6 hai nghiém phén biét.
Do d6 m < 0.
Chon D.

Chit y: Do ham bdc ba c6 dao ham la tam thirc bac hai nén cdc yéu cau sau: ham so co cuyc tri, ham so co

cuc dai va cuc tiéu, ham so ¢ hai cuc tri cé cach lam giong nhau, ticc la y' =0 c6 hai nghiém phdn biét.

, IR II , T LA A m . .
Vlduz:Vmglatnnaocuamth1hamsoy=?x3+x2+x+7 c6 cuc tri?

A.me(l;+oo)u{0}. B. m<I1.
C.me(—oo;l)\{O}. D. m<1.
Huwdng din gidi
Tacod:y =mx” +2x+1.
+) Voim =0, ham s6 tr& thanh y=x’+x+7, dd thi 1a mot parabol nén hién nhién c6 cuec tri.
Vay m =0 thoa man yéu cau.
+) Xétm # 0, & ham s6 co cuc tri thi ' = 0c¢6 hai nghiém phan biét<> A’ >0
Sl-m>0om<l.
Hop cé hai trudng hop, khi m < 1thi ham sb ¢6 cuc tri.
Chon B.

Chui y: Voi bai todn hoi “co cuc tri” va hé so cua bdc ba (bdc cao nhat) co chira tham so thi nén chia hai

triwong hop: Hé s6 ciia bdc cao nhat bang 0 va khdac 0.
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Vi dy 3: Tim céc gid tri ctia m d€ ham s6 y = mx’ —3mx” —(m —1)x + 2 khéng c6 cyc tri.

A.O<m<l. B.OSm<l.
4 4
1 1
C.0<m<—. D.0O<m<—.
4 4
Huéng din gidi

Ta co: y' =3mx* —6mx—m+1.

+) V&im =0, ham s6 tro thanh y = x +2 12 ham d6ng bién trén R nén khong c6 cyc tri, nhanm =

+) Xétm # 0, ham s6 khong c6 cuc tri khi ' = 0¢c6 nghiém kép hodc v6 nghiém

<:>A'=9m2—3m(1—m)§0<:>12m2—3mS0<:>O<mﬁi.

Hop ca hai truong hop, khi 0<m < %thi ham sb khong cé cuc tri.

Chon C.

Bai toan 3. So sanh hai diém cwe tri véi mot s6 hodc hai sé cho truée
+ Phwong phap giai

Nhic lai cac kién thirc vé phuong trinh bac hai mét an:

Cho tam thtrc bac hai f(x) = ax” +bx +c . Xét phuong trinh f(x) = 0(*).

(*) ¢6 hai nghiém trai ddu < ac <0hay P <0.

A>0

(*) ¢6 hai nghiém phan biét cing ddu < .
P>0

A>0
(*) ¢6 hai nghiém phén biét ciing ddu duong< {5 >0.
P>0

A>0
(*) c6 hai nghiém phan biét cing diu am < { S <0.
P>0

(*) ¢6 hai nghiém phan biétx, < < x, < (x,—a)(x, —a)<0.

(x,—a)(x, —a)>0.

(*) c6 hai nghiém phén biétx, <x, <a <
X +x,<2a

(x,—a)(x, —a)>0‘

(*) c6 hai nghi¢ém phéan bi¢ta < x, <x, &
X +x,>2a

Vi du 1: S gia tri nguyén ctia tham s6 m € [—20; 20] dé ham sb

0.
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y= (m?’_l])f +(m2 —4)x2 +(m2 —9)x+1 c6 hai diém cuec tr trai dau 1a
A. 18. B. 17. C. 19. D. 16.
Huwéng dén gidi
y'=(m-1)x +2(m2 —4)x+(m2 —9).
Ham sb c6 hai diém cuec tri trai déu khi y"'=0 c6 hai nghiém trai dau

& (m=1)(m? —9)<0©[:"<<m_i3.
Vaym e {-20;-19;...;—4;2} , ¢6 18 gi tri cua m.
Chon A.
Vi dy 2: C6 bao nhiéu gia tri nguyén ciia m dé ham s6 y =mx’ +m(m—1)x* —(m+1)x—1 c6 hai diém
cuc tri ddi nhau?
A. 0. B. 2. C.1. D. 3.
Huéng dén gidi
Ta c6:y' =3mx’ +2m(m—1)x—(m+1).

Ham s6 c6 hai diém cuyc tri d6i nhau < )’ =0 ¢6 hai nghiém d6i nhau

3mz0 |m#0
SIAN>0 @ im*(m-1) +3m(m+1)>0=m=1.
§=0 m—1=0

Chon C.
Vi du 3: Gia tri ctia m dé dd thi ham s y =%x3 +(m—1)x" +(m+2)x—6c6 hai diém cyc tri c6 hoanh
d6 duong la
1 1 1
A, m<—. B.0O<m<—. C. m<O. D. ——<m<0.
4 4 4
Huéng din gidi
Tac: y' =mx* +2(m—1)x+m+2.

D6 thi ham s6 c6 hai diém cyc tri ¢6 hoanh d6 dwong<> 3" =0 c6 hai nghiém phén biét duong

1
2
m—=1) —=m(m+2)>0 m<—
vog | m(me2) 3
—(m—l) 1
SIS >0 =0 ——>0 = 0<m<1<:>0<m<z.
m
P>0 40 m>0
>0
m m<-2
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Chon B.
Vi dy 4: Cho ham sy =x*+(1—-2m)x* +(2—m)x+m+2. cac gia tri cia m dé dd thi ham sé c6 diém

cuc dai, cuc tiéu, dong thoi hoanh d¢ cua di€m cuc ti€u nhé hon 1 la

m<—1 m<—1 m<—1 m< =2
A. |5 7. B. |5 8. C.|5 7. D. |3 5.
—<m<— —<m<— —<m<—= —<m<=
4 5 4 5 4 5 2 2
Huéng dén gidi

Tacod: y' =3x> +2(1-2m)x+2—m.
Do thi ham sé c6 diém cuc dai, cuc tiéu khi phuong trinh )'=0cd hai nghiém phéan biét
m<-—1

SAN=(1-2m)-32-m)>0=4m* —m-5>0< 5.
m>=

Khi d9, gia st x,, x,(vdi x, < x,) la hai nghi¢m cua phuong trinh y" =0.

Bang bién thién

X —00 X, X5 400
f'(x) + 0 - D

f(x) _ /'CD\ . /

Khi d6, yéu cau bai toan trd thanh:

—_— A\' 2_ —_—
x2<1©2m LHNAm” = m 5<l<::>\/4m2—m—5<4—2m

3
4-2m>0 ms2 7
= = TS m<—.
4m* —m—-5<4m’ —16m+16 m<§ 5

£ A A A ) T s
Keét hop diéu kién co cuc tri thi m <—1 va Z<m<§ théa man yéu cau.

Chon A.

Chit y: C6 thé dimg Vi-ét dé loi gidi don gian hon nhw sau:
Xet x, <x,<1

X +x,<2

(x,—D(x,-1)>0

2m—-1<3
=
2-m+2(1-2m)+3>0
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m<?2

= 7T m<—
m<§ 5

Vi du 5: Tim cac gia tri thyc cua tham s6 m sao cho diém cuc tiéu cua do thi ham sb y=x+x" +mx—1
nam bén phai tryc tung.

A. m<0. B.O<m<%. C.m<—. D. Khéng ton tai.
Huéng dén gidi
Tacod: y' =3x>+2x+m.

D5 thi ham s6 c6 diém cuc tiéu khi phuong trinh »'=0 c6 hai nghiém phan biét
<:>A'=l—3m>0<:>m<§(l).
Khi do, gia st x,, x, (vOix, <x,)la hai nghiém cua phuong trinh »’ = 0thi

X +x, =—=

3
o
Xl .x2 = ?
Bang bién thién
X —o0 X1 X, +00
f'(x) + -0 +
+00
f(x) = /
/ S ET
—0

2 A R 4 B by . < e N A 9.
Do x,+x, = 3 0 nén diém cyc tiéu ctia d6 thi ham s6 y=x"+x* +mx—1nam bén phai tryc tung

<:>x1.x2<0<:>%<0<:>m<0(2).

Tu (1), (2)tacdé m<0
Chon A.
Vi du 6: C6 bao nhiéu s6 nguyén m dé ham sé y = 2x’ +3(m —1)x* +6(m —2)x ¢ cac diém cuc tri thude
khoang (-2;3)?
A. 5. B. 3. C.4. D. 2.
Huwdng din gidi
Chon B.
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Vi du 7: Gia tri ciia m dé ham so =§x3 —(m—=2)x* +(4m—8)x+m+1 c6 hai diém cyc tri x,, x, thoa
man x, <-2<x, la
A.m<2, B. m <2 hodc m> 6.
3. 3
C. m <= hodcm> 6. D. m<—.
2 2
Huwong din gidi
Tacod: y' =x"—2(m—2)x+(4m—8).
Yéu cau bai toan tré thanh
3
(x5, +2)(x,+2) <0 (4m—-8)+4(m—-2)+4<0<=m <5
Chon D.
Bai toan 4. Hai diém cwc tri thoa man diéu kién cho truéc
+ Phuwong phap giai
Vi du: C6 bao nhiéu gia trj cua tham sé m dé ham

s y= §x3 —mx* —2(3m*> —1)x +§ ¢6 hai diém cuc

tri x, , x, sao cho x,.x, +2(x, +x,)=1?
A. 1. B. 2.
C. 0. D. 3.
Buwéc 1. Tim diém cyc tri (truc tiép hodc gian tiép). Huéng dén gidi
Tacé: y' =2x" —2mx—2(3m* —1)
Ham s6 co hai diém cyc tri khi y'=0 co hai
nghiém phan biét hay
AN =m’+43m’ =1)>0 < 13m° =4 > 0(*).
Bude 2. Sit dung dinh 1y Vi-ét Theo dinh li Vi-ét ta co: {x' TR
x,.x, =1-3m’
Suy ra x,.x, +2(x, +x,)=1=1-3m’> +2m =1,
m=0
< 2
m=2

3
R NI . 2
Tht lai véi di€u kién (*), ta nhan duoc m = 3

Chon A.

+ Vidu miu
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Vi du 1: Goi S 1a tap cac gid tri thuc cua tham sé m d& ham s§ y = (x—m)(x* —=2x—m—1) c6 hai diém
cyc tri x, , x, théa |x1 .x2| =1. Téng tat ca céc phén tr cua S b'fmg
A.2. B.-2. C.4. D. 0.
Huéng dén gidi
Tacod: y' =3x> —2(m+2)x+m—1.
Ham s6 ¢6 hai diém cuyc tri khi ' =0 c6 hai nghiém phan biét
S AN =m’+m+7>0 (ludn ding).
Theo dinh li Vi-ét ta co:
m=4

xl.xz=m—_1:|x,.x2|=1©|m—1|=3<:> .
3 m=-2
Viy tong can tim bang 4+ (-2)=2.

Chon A.
Vi du 2: C6 bao nhiéu gia tri nguyén ciia m €[-20;20] dé ham so y =§x3 —mx” +mx—1 co6 hai diém

cuc tri x, , x, sao cho |x1 —x2|22\/6?
A. 38. B. 35. C. 34. D. 37.
Huwodng din gidi
Tacéd y' =x>—2mx+m.
Ham s c6 hai diém cuec trj khi y"=0 c6 hai nghiém phan biét
SAN=m"-—m>0(*).

e X +x,=2m
Theo dinh li Vi-ét ta co .

XX, =m
Khi do
2 2 mz3 i x
|xl—x2|22x/g<:>(xl+x2) —4x,.x, 224 4m” -4m 224 < - 2(‘[hoa man(*)).
m_—

Do m nguyén va m €[-20;20] nén m e {-20;-19;...;-2;3;4;...;20} .
Vay c6 37 gia tri cia m.
Chon D.
Vi du 3: Cho ham s6 y = x* =3(m+1)x* +9x—m. Tong tit ca cac gia tri cua tham sé m théa man ham sb
dat cuec tri tai hai diém X, , X, sao cho 3x, —2x, =m+6 1a
A. 0. B. 1. C.-2. D.-3.
Hudng dén gidi

Tacod: y' =3x> —6(m+1)x+9
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Ham sb ¢6 hai diém cuec tri khi " =0 c6 hai nghiém phan biét

SN =9(m+1)’=27> 0 (m+1)* >3 (*).

X, +x,=2(m+1)

Theo dinh li Vi-ét ta co6
x.x, =3

T {lerxz =2(m+1)<:>{x1 =m+2

3x,—2x,=m+6 X, =m

1
mm+2)=3 < [m thoa man (%),

Chon C.

thé vao x,.x, =3 ta dugc

Vi du 4: C6 bao nhiéu gia tri cua tham s6 m d€ ham s0 y =2x’ +9mx’ +12m’x c6 diém cyc dai x,,

22 -2 5 x 2 _
diém cuc tiéu x., théa man x., = x.; ?

A. 1.

Huéng dén gidi

B. 0.

Tacod: y' =6x" +18mx +12m* = 6(x +m)(x +2m) .

D. 2.

Ham sb ¢6 hai diém cuec tri khi ' =0 c6 hai nghiém phén biét < m = 0 (*)

Truong hop 1: m < 0 khi d6, 1ap bang xét ddu dao ham dé thay

Xep =—M,Xop =—2m
Khi do:

2 2 2 ~
Xpp =Xpp & m” =—2m < m=-2 (théa man).

Trueong hop 2: m > 0 lap bang xét dau dao ham ta c6 x,, = —2m, X, = —m.

1
2 _ 2 _ _ :
Xpp = Xop < 4m ——mc)m——z,loal.

Vay m =—2 thoa man dé bai.

Chon A.

Bai toan 5. Hai diém cuc tri ctia dd thi nim cing phia, khac phia so véi truc hoanh

Bai toin 5.1. Tim tham s6 dé do thi ham s bac ba c6 hai diém cwe tri nim khac phia so véi truc

hoanh

+ Phuwong phap giai

Cach 1:

Buée 1. Xac dinh tham sb dé ham s6 c6 hai diém

Vi du: Tim m dé& d thi ham s

y=x>—(m+1)x*+1 co hai diém cuc tri nim khéc
phia so véi truc hoanh.
Huéng dén gidi

Taco y' =3x" —2(m+1)x.
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cuc tri.

Buwéc 2. Tim diéu kién dé y.,.v., <0.

Cdch 2: Dinh tham s6 dé phuong trinh f(x)=0

c6 ba nghiém phan biét.

Xét phuong trinh ' =0 ta cod

x=0
x:2(m+1)-
3

3x* 2(m+Dx=0

Dé db thi c6 hai diém cuc tri ndm khac phia so véi
tryc hoanh < y.,;.y, <0

Khi do6

2m+2
y(0)-y( j<0
3
3 2
@(2’”;2) —(m+1)(2m3+2j +1<0

/27
S m> 33— -1,
16

Vi du: Tim m dé dd thi ham s6

y= f(x) =x’ —(m+1)x* +(m+1)x—1 c6 hai diém
cuc tri nam khac phia so véi truc hoanh.
Xét phuong trinh x° —(m+1)x* + (m+1)x-1=0

& (x=1)(x*—mx+1)=0

x=1
@ LZ —mx+1=0 (1).
Dé db thi c6 hai diém cyc tri nam khac phia so véi
truc hoanh thi phuong trinh f'(x) =0 c6 ba nghiém
phén bi¢t. Do d6 phuong trinh (1) c6 hai nghiém
phéan biét khac 1.

5 m>2
o |A=m"=4>0 m>2
Vay S m<-2<

P—-ml1+120 L) m<-=2"
m

Bai toan 5.2. Tim tham so dé do thi ham s6 béac ba c6 hai diém cuc tri nam cung phia so véi truc

hoanh

+ Phuwong phap giai

Vi du: Tim m d& dd thi ham s
y=(x-1)(x*+2mx+1) c6 hai diém cuc tri nim

cung phia véi truc hoanh.
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Buwoc 1. Binh tham s6 dé ham so ¢6 hai diém cuc

tri.

Buoc 2.

Cich 1. Tim m dé y., >0 hoic y,, <0.

Pé y 1a ddi v6i ham bac ba, c6 hai diém cyc tri thi
Yer <Vep--

Cich 2. Tim tham sb m dé ham sb c6 hai diém cuc
tri va do thi chi c6 toi da hai diém chung véi truc

hoanh.

+ Vidu miu

Huéng dén gidi
Tacé: y' =3x>+2Q2m—Dx+1-2m.
DPé d6 thi ham sé y=(x—1)(x* +2mx+1) co hai

diém cyc tri thi phuwong trinh y' =0 c6 hai nghiém

phan biét.
> J—
Khi do: A'=(2m—1* =3(1-2m)> 0| 2 .
m<—1
Xét phuong trinh

(x—l)(x2+2mx+l)=0

x=1
o

x> +2mx+1=0 (1)
Dé phuong trinh ¢6 nhiéu nhét hai nghiém thi:
Truwong hop 1: Phuong trinh (1) c6 hai nghi€ém

phan biét va mot nghiém bang 1. Ta co:

5 m>1
m- —1>0
<l m<-1.
P+2m+1=0

m=-1

Khoéng c6 gia tri nao ciia m théa man.

Trueong hop 2: Phuong trinh (1) c6 nghiém kép. Ta
co: m’—1=0< m==+l1.

Truong hop 3: Phuong trinh (1) v6 nghiém.

Tacom’—1<0<=-1<m<l.

; e A 1A , 1
Keét hop voi diéu kién ta c05<m£1.

Vi dy 1: C6 bao nhiéu gia trj nguyén ciam [-18;18]dé dd thi ham s6 y = (x—1)(x* +2mx+1)c6 hai

di€ém cuyc tri nam vé hai phia truc hoanh?

A. 34.

Huéng dén gidi

B. 30.

C.25.
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Bang bién thién ctia ham so bac ba khi c6 hai cuc tri va hai diém cuc tri cia do thi ndm veé hai phia truc

hoanh la

X |- R X, +00
f'(x) £ 0 - 0 £
+00
f(x) /CD /
\CT Ox
—00

Pé d6 thi ham sb c6 hai diém cyuc tri ndm vé hai phia tryc hoanh thi y=0cé ba nghiém phéan
biét<> x* +2mx +1=0 c6 hai nghiém phan biét khic 1

m=—1

{12+2m.1+1¢0
& m>1

L =
ANN=m"-1>0 .
m<-—1

Do m nguyén va m e[-18;18] nénm e {-18;-17;...;-2;2;3;....;18}

Vay c6 34 gia tri ctia m thoa mén dé.

Chon A.

Vi du 2: Cho ham sy =2x* —=3mx’ + x+m. Goi S 1a tdp hop cic gia tri nguyén cua tham sd m trong
khoang(—10;10)dé do thi ham so da cho c6 hai diém cyc tri nim vé hai phia clia duong thingy = x—6.

S6 phan tir cua tap S 1a

A.9. B. 12. C.7. D. 11.
Huéng din gidi

Bétf(x) =2x> =3mx* + m+6.

Ta c6 f'(x)=0<:>(2x3—3mx2+m+6)’ =O<:>[x
x=m

Xétg(x)=g(x)—x+6.D4 thi ham s da cho ¢6 hai cyc trj ndm vé hai phia dudng thangy =x=6

m=z0 m#0
“1g(0).g(m)<0" (m+12)(-m* +12) <0’
Do m € Z va thudc(-10;10) nénm e {3;4;......9} .

Chon C.
Bai toan 6. Dién tich tam giac c¢6 hai dinh 13 hai diém cwc tri cia d thi ham sé
+ Phwong phap giai
a hic lai cong thuc tinh dién tich tam giac ABC: Vi du 1: Biét d6 thi ham sd y=x’ —3x” +4c¢6 hai

Sie =~ BC diém cyc tri 13 4, B. Dién tich tam giac OAB bing
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A. 4. B. 2.
C. 8. D. 6.
Buée 1. Tim toa do cac diém cuc tri cia do thi roi Huwong din gidi
tinh dién tich Ta cé:
Y =03x"—6x=0
x=0=y=4=4(0;4)
x=2=y=0= B(20)
Do A € Ox, B € Oynén tam giac OAB vuodng tai O.

SuyraS,,; = %OA.OB =4.
Chii y: Dé tinh dién tich tam giac ABC ta c6 thé

Chon A.
lam nhu sau:

Buée 1. Tinh AB, AC .

155 Vi
Buéc2. S, . =—| * Vi , trong d6
2% Ve
ab
‘zad—bc.
c

+ Vidu miu
Vi dy: Cho ham s y =x" —3mx” +4m’ —2c6 d6 thi (C) va diémC(1;4). Tong c4c gid tri nguyén duong
ctia m dé (C) cb hai diém cuec tri 4, B sao cho tam giac ABC co6 dién tich bﬁng 41a

A. 6. B. 5. C.3. D. 2.

Huéng dén gidi

., 5 x=0
Tacd y=03x"-6mx=0< .

x=2m

D6 thi (C) ludn co hai diém cuc tri véi moi m nguyén duong (vi m 1a s6 nguyén duong nén phuong trinh

' =01udn c6 hai nghiém phan biét).

Khi dc’>A(0;4m2 —2),B(2m;—4m3 +4m’ —z)
= AB =~4m’ +16m° = 2|m|~4m* +1.

30l

0 e S 2mPx+y—4m* +2=0.
m— —4m

Thé toa d C vao phuong trinh dudng thing (4B), d& thay C ¢ (4B).

\2m +4—4m’ +2\ 2\m 3\

Vam* +1 Vam* +1

d(C,4B)=
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2\m* =3
S uc =2 ABA(C.AB) =4 <5 L ol Vam 1. -y,

Vam* +1

<:>‘m(m2—3)‘=2<:>m6—6m4+9m2—4=0

m==*l1

<:>(m2—1)2(m2—4)=0<:>[m:i2.

Do m nguyén duong nén ta nhan duocm =1,m =2. Tong la 3.

Chon C.

Chu y: Hoc sinh nén kiém tra diéu kién dé ham so co hai diém cuc tri va diéu kién dé ba diéem A, B, C

khéng thang hang (di trong bai todn ndy, néu “quén” thi khéng anh hieong dén két qua).

Ta cé thé tinh nhanh dién tich nhw sau:

Ta co a=(0;4m2—2) va @z(Zm;—4m3+4m2—2)

Khi d6: S 5 =%‘2m(4m2 ~2)-4

Bai toan 7. Gi4 tri 16n nhit, nhé nhit ciia biéu thirc chira diém cure tri

+ Phwong phap giai

Bude 1. Dung dinh 1i Vi-ét, dua biéu thirc can tim
vé mot bién.
Bwéc 2. Tim gia tri 16n nhét, nho nhat bang cac
phuong phap sau:
+) B6 sung hing dang thirc.
+) Dung bét ding thic dd hoc (bt dang thuc
AM - GM).
+) Dung bang bién thién.

Vi du: Biét ham s

y:%x3—(m+1)x2—(2m—1)x c6 hai diém cuc

trix,x,. Gid trj nho nhit cta biéu thic
P=x]+x; —10(x, +x, ) bing

A.—12. B.-18.

C.-22. D. - 16.

Huwong dén gidgi

Taco:y =x*=2(m+1)x—(2m—1).
Ham sd ¢6 hai diém cuc tri néu

m>0

(m+1)2+2m—1>0<:>[ .
m<—4

) o, | tx,=2m+2
Theo dinh 1i Vi-ét: .
XX, =—2m+1

Khi d6 P=(x, +x2)2 —2x,.x, —10(x, +x, )
=(2m+2)" =10(2m+2)-2(-2m+1)
=4m’ —8m—18

=(2m-2)" -222>-22.
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Déu “=" khi m=1(théa min y’'=0c6 hai nghiém
phéan biét)
Chon C.

4 Vidu miu

, r A s . 5 A A \ A 1 r . R .
Vi du 1: C6 bao nhiéu gi4 tri thuc cua tham s6 m dé ham so y =§x3 —x’ +(m2 —3)x c6 hai diém cuyc tri

X,, X, sao cho gia tri biéu thitc P = |x, (x2 - 2) - 2(x2 + 1)| dat gia tri 16n nhét?
A. 2. B. 1. C.4. D. 3.
Huwodng din gidi
Tacdy =x" —2x+m’ 3.
Ham s c6 hai diém cuc tri khil—(m2 —3) >0 -2<m<2.

) ) X +x,=2
Theo dinh li Vi-ét .
XX, =m" =3
P:|xl (x2 —2)—2()62 +1)| =|x1x2 —2(x1 +x2)—2|
=|m*-3-2.2-2|=|m* -9 <9.
Déu “=" xay ra khi va chi khi m = 0(thoa mén).

Chon B.

) e a2 ) 1 1 . . . .
Vi du 2: Goi x,x,1a hai diém cyc tri cﬁay:§x3—5mx2—4x—10. Gia tri 16n nhat cua

S=(x-1)(x; -16)1a
A. 16. B. 32. C.4. D. 0.
Huwodng din gidi
Tacoy' =x*—mx—4. Do a=1,c=—4trai ddu nhau nén y'=01udn c6 hai nghiém trai ddu hay ham sb
ludn ¢6 hai diém cuc tri.

e X, =m
Theo dinh 1i Vi-ét: .
x.x, =—4

Khi do S =(xx,)" —(16x +x7 ) +16 <(x,x,)" = 2,/16x7.x; +16 =0.

Dau “=" xay ra khi 16x7 = x? < x, = —4x, = m =+3.

Chon D.

Bai toan 8. Puong thing qua hai diém cwe tri ciia d6 thi ham s6 bic ba

+ Phwong phap giai

Dé tim duong thing qua hai diém cuc tri, ta 1am Vi du: Puong thiang di qua hai diém cuyc tri cia d6
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céc budc sau: thi ham s6 y=x’—6x”+9xdi qua diém nao sau

day?
A (l,SJ B. (—l;Sj
2
C. (2:1). D. (2;-1).
Huéng dén gidi

Buwde 1. Tim y'. Pinh tham s6 dé d6 thi ham s6 ¢ ,
i ) Taco:y' =3x"—12x+09.
hai diém cuyc tri (trong bai toan chira tham s0).
Budéc 2. Viét y = y't+d , véit, d lan luot 1a thuong
va du trong phép chia da thic y cho y'.
Khi d6 d 1a dudng thang di qua hai diém cyc tri.

Chi y: 4 éu toa d6 hai diém cuc tri d& tim dugc thi

) ,, ., x=1=>y=4
ta viet duong thang theo cong thirc: Xet y =0< x=3=y=0
- X=X . . .
(4B): 2= = 225 Db thi ham s6 ¢6 hai diém cyc tri la A(1;4)va
Yp—Va Xp—Xy
B(3;0) suy ra(AB):Z—_(()):)lc—_;@y:—Z(x—3).

Cach khac:
AB=(2;-4)nén u=(,-2)1a mot vecto chi
phuong cta duong thing(A4B) = n,, =(2;1).
Suy ra phuong trinh duong thang (AB):
2(x=3)+1(y-0)=0< y=—2x+6.
Chon A.
+ Vidu miu
Vi dy 1: Tim m dé d6 thi ham s6(C):y=x"+(m+3)x’ —(2m+9)x+m+6 c6 hai diém cyc tri va

khoang cach tir gdc toa dd O dén duong thang qua hai diém cuec tri dat gia tri 16n nhét

A. me{—6+%;—6—%}. B. me{—3—%;—3+%}.
C. me{-3-6v2;-3+612}. D. me{-6-6v2;-6+632}.
Huwodng din gidi
Taco y =3x" +2(m+3)x—2m—9=(3x" +6x-9)+(2mx—2m)
=(x=1)(3x+9+2m).

Ham s6 ¢6 hai cyc tri khi ' = 0c6 hai nghiém phan biét< 3+9+2m =0 < m = —6
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Mot trong hai diém cuc tri 12 A(L;1)va OA = (L1)=04= V2 va ki, =1

04)
. 2 . -2 N G . 2 2 2
Duong thang d qua hai diém cyec tri c6 hé s6 goc lak, =— E(Zm +9)+§(m +3)

Tacdd[0;d]<04=42.

Dau “=” xay rakhid 1 04 < ko ki =1 —[%(2m+9)+§(m+3)2} =-1

3
Sm=—6+——.
NG
Chon A.
Vi du 2: Gia sir 4, B 1a hai diém cuc tri cua do thi ham sé y = x° + ax® + bx + ¢ va dudng thing (4B) di

qua géc toa d0. Gia tri lon nhit P._cta P =abc+ab+ cb?mg

min

A. P, =-9. B. P, =1.
min __E‘ D- Pmm _—2.

25 9

Huéng dén gidi
2

Dudng thing qua hai cyc tri 1a (4B):y = (%b—%jx+c—%b.

e A Clb
Do (4B) qua goc O nenc—? =0< ab=9c.

2
Khid(')Pzabc+ab+c=9cz+lOc=[3c+§j —?Z—E,VCER.
Vay P, -2l 9

ab=-5
Chon D.

Vi du 3: Biét rang d6 thi ham s6 y = x°* —3mx+2 ¢6 hai diém cuc tri 4, B. Goi M, N 14 hai giao diém cua
dudng thang (4B) va duong tron(C):(x— 1)2 +(y- 1)2 =3. Biét MN 16n nhat. Khoang cach tir diém
E(3;1)dén (AB)béng

A A3, B. /2. C. 243. D. 242
Huwéng dén gidi
Ta co: y' =3x" =3m.
Ham s c6 hai diém cuc tri < y" =0 ¢6 hai nghiém phan biét< m > 0.

Viét ham sb duéi dang y = %(3x2 —3m)—2mx+ 2= gy'—2mx+2
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Suy ra duong thang di qua hai diém cyc trj ctia @6 thi ham s6 da cho 1a(AB): y = —2mx +2.

Dudng thing (A4B)1uén di qua diém c6 dinh 1a M (0;2).

Duong tron(C) tam7(1;1), ban kinh R = J3va d[[;(AB):' < IM =1<+/3 = R nén duong thing ludn cét
duong tron tai hai diém M, N.

Gia sfr[(l;l)e(AB):>1=—2m+2<:>mzé.
Vay khi m = %(théa man ham s6 c6 hai diém cyc tri) thi (4B) qua/(1;1), cit duong tron(C) tai hai diém

M, N v&i MN = 2R 14 16n nhat. Khi d(’):a’[E(?»;l);(AB):y+x—2=0]=\/§.

Chon B.
Bai toan 9. Tinh chat diém uon lién quan dén hai diém cwe tri ctia d6 thi ham so
|

+ Phwong phap giai
Goi x,1a nghiém cua phuong trinh f”'(x)=0. Vi du: Do thi ham s6 y=2x"—x+1c6 diém ubn
Khi 4y diém U(xu;f(xu))duorc goi 1a diém uén U (0;1)do x =014 nghiém cua y" =12x.
ctia dd thi ham sb.
Chii y: Diém ubn 13 trung diém doan nbi hai diém
cuc tri cua dd thi ham sd bac ba, suy ra diém udn
nam trén duong thang di qua hai diém cyc tri cua
dd thi.
Tue 1a: {XCD e =2%
Yep +Yer =2y
Puong thing di qua diém ubn ludn cach déu hai
diém cuec tri cta d6 thi ham sb.
+ Vidu miu

Vi du 1: Cho ham s6 bac ba co hai diém cuc tri 1a x, =1vax,. Biét réng dao ham cép hai triét tiéu tai

2 2 X
diémx =—. Gid tri cia x, bang
3

1 4 1
A. x,=2. B. x,=—. C.x,=—. D. x,=—.
2 2 3 2 3 2 3
Huwdng din gidi
x2=2x—x,=i—1=l.
3 3

Chon B.
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Vi du 2: Goi S 1a tap hop cac gia tri thuc ctia tham sé m dé do thi ham s6 y = g—mxz +(m2 —l)xcc') hai
diém cuc tri 4 va B sao cho 4 va B nam khac phia va cach déu duong thang y = 5x—9 . Tong cac phan tir
ctia S bang

A. 0. B. 6. C.-6. D. 3.
Huwdng din gidi
Puong thingd : y =5x—9 cach déu hai diém cuc trj cua do thi thi c6 hai kha ning sau:
Kha nang 1: Dudng thiang d song song voi duong thing 4B, khi d6 4, B nam cing phia so v6i duong
thang d, trai voi gia thiét.
Khda nang 2: Pudng d di qua diém udn cta dd thi ham s6 (vi diém udn 14 trung diém cua 4 va B).
Tac6: y'=x>—2mx+m’ —1=(x—m—1)(x—m+1)1uén c6 hai nghiém phan biét nén ham sé ludn ¢6 hai

cuec tri.
m3 2 ‘ m3
y” = 2x—2m;y” =00 x=m>> y(m) ZT—m, suy ra toa do diém uon la U[m,?—mJ

Khidé:Ued:m?B—m=5m—9c>m=3.
Chon D.
+ Bai tip tu luyén dang 2

Bai tap co ban
Cau 1: Cho ham sb bac ba c6 hai diém cuc trj 1a x =lvax, =5. Biét rﬁng dao ham cép hai triét tiéu tai
diémx, . Khi 6 x, bang

A. 3. B. 6. C.2. D.-2.
Ciu 2: C6 bao nhiéu gié tri ctia m thi 6 thi ham s6 y =2x*+3(m—1)x" +6(m—2)x—1¢6 cyc dai, cuc
tiéu thoa m5n|xCD - xCT| =27

A. 1. B. 3. C.2. D. 4.
Cau 3: DPuong théng ndi diém cuc dai va cuc tiéu cua d6 thi ham sd y=x"-2x+m di qua
diém M (-3;7). Khi d6 m bing

A.m=1. B. m=-1. C. m=3. D. m=0.
Céu 4: Cho ham 6 y=x"—3mx” +3(m’ —1)x—m’v6i m 1a tham s. Goi (C)1a dd thi ctia ham sb da
cho. Biét ring, khi m thay di, diém cuc dai cta d6 thi (C)ludn ndm trén mot duong thang d ¢ dinh. Hé
s6 goc k ctia duong thiang d 1a

A. k=-3. B.kzé. C. k=3. D.kz—%.

Ciu 5: C6 bao nhiéu gia tri thuc ctia tham s6 m d€ do thi ham s6 y = x° —3mx’ +4m’ c6 cac diém cuc dai

va cuc tiéu ddi ximg nhau qua duong thing y = x ?

TOANMATH.com Trang 35



A. 0. B. 3. C. 1. D. 2.
Cau 6: Cho ham s y = %x3 —2mx” +(m—1)x+2m* +1 (m la tham s6). Khoang cach 16n nhét tir goc toa

d6 0(0;0) dén duong thing di qua hai diém cuec trj ciia dd thi ham s6 trén la

A. %' B. \/3. C. 2./3. D. @.

Céu 7: Biét dudng thang qua hai cyc tri ctia d6 thi ham s6 f(x)=x" +ex+d1a y=—6x+2020. Khi d6
£ (2)bang

A. f(2)=2010. B. f(2)=2030. C. /(2)=2022. D. f(2)=2020.
Ciu 8: Biét d6 thi cia ham s6 y = x° —3abx” +bx+3 c6 hai diém cyc tri va trung diém cia doan thang
ndi hai diém cuc tri d6 thudc duong th'fmg x=-1.Chon khéng dinh dung.

A. ab® > -3. B. ab® <3. C. ab’ =-1. D. ab’ =0.
Céu 9: Cho ham s6 y =x" —3mx” +3(m’ 1) x—m’ —m(m 1a tham s). Goi 4 1a diém cyc dai cia b thi

ham s6 va diém M thude duong tron(C):(x~9)" +(y+4)" =17. Gia tri nho nhét ciia do dai M4 bing

A.

R ook

Cau 10: Biét diémM(2m3;—1) tao v&i hai diém cuc tri cla dd thi ham sb

@. B. V7. c. 7 b, !

y=2x"=3(2m+1)x* +6m(m+1)x mot tam gidc c6 dién tich nhd nhat. Ménh @€ nao sau day ding?

A. me(-1;0). B. me(0;1). C. me(1;2). D. me(-2;-1).
Bai tap nang cao
Cau 11: C6 bao nhiéu gid tri nguyén cia me(-2020;2020] d& dd thi ham sb
y=x - (Zm + l)x2 +3mx—m c6 hai diém cuc tri ndm khac phia so véi truc hoanh?

A. 4035. B. 4036. C. 4037. D. 4038.
Céu 12: C6 bao nhiéu gia tri nguyén cua tham sé m dé dd thi ham s y = x* —8x? +(m2 +11)x—2m2 +2
¢6 hai diém cuc tri nam vé hai phia cua truc hoanh?

A. 4. B. 5. C.o. D.7.

A . \ . R . 5 \ A 1 .y <17 A 5 < R
Céu 13: Goi x,,x,1a hai diém cuc tri cia hAm s0 y = §x3 —(m2 +3)x2 +8x —m . Gia tri 16n nhat cua biéu

thirc 4=(x/ -1)(x; -8)1a
A.8. B. 1064. C. 392. D. 0.

Cau 14: Biétham s0 y = (x+m)(x+n)(x+ p) khong c6 cuc tri. Gia trj nhd nhit cia F =m’ +2n—4pla
A F, =-2. B. F,, =-1. C. F, =0. D. F, =l

Céu 15: Cho ham s6 f(x)=(x—a)(x—b)(x—c)khong c6 diém cuc dai. Gia tri nhé nhat cua biéu

thiuc S = a® +2b* +3¢* +4a+5b +6¢ 1a
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min _E B' Smin = _é C' Smin :_E ¢ ~min
8 2 2

Cau 16: Cho ham sb y = —x* —3x* +4. Biét rang c6 hai gié tri m,,m, cua tham s6 m dé duong thing di
qua hai diém cyc trj cta @b thi ham sé tiép xtc véi dudng tron(C): (x—m)2 +(y-m— 1)2 =5.. Gid tri cia
m, +m, bang

A. 0. B. 10. C.6. D.-6.
Cau 17: C6 tit ca bao nhiéu gia tri cua tham s6 thuc m sao cho dd thi ham sé y=x"=3mx* +3m’co diém
cuc dai va diém cyc tiéu cach déu duong phén gic cta goc phan tu thir nhat?

A. 2. B. 1. C.3. D. 0.
Céu 18: Cho ham s6 y = x° —3mx’ +3(m2 —l)x—m3 —m, (m 12 tham s6). Goi 4, B 14 hai diém cuc trj cta
dd thi ham so. Tong tat ca céc sé m dé ba diém7(2;-2), 4, B tao thanh tam gidc ndi tiép dudng tron cd

ban kinh bang ~/5 1a

s B. -2 c. 2 p. 4.
17 17 17 17
PHAN DAP AN

Dang 1. Cac bai tip nhén biét, tim diém cuwe tri, dém so diém cue tri

1-D 2-A 3-C 4-D 5-A 6-D 7-D 8§-C 9-C

Dang 2. Cue tri ciia ham s6 bic ba

1-A 2-C 3-C 4-A 5-D 6-D 7-A 8§-A 9-B 10-A

11-D 12-B 13-C 14-B 15-A 16-D 17-A 18-C

Dang 3. Cuec tri ham béc bon trung phwong
Bai toan 1. Tim tham s6 dé ham s6 c6 s6 diém cuwec tri théa méan dé bai
+ Phwong phap giai
Xétham sd y=ax* +bx* +c, (a # 0) , c6 dao ham 13 y' =4dax’ +2bx = 2)c(2ax2 +b).
+ D4 thi ham s ¢6 ba diém cuec tri khi va chi khi y"=0 c6 ba nghiém phén biét < ab <0.
+ DO thi ham s co ding mot diém cuc tri khi va chi khi y'=0 c¢6 dung mot nghiém
< ab>0.
+ D4 thi ham sb hodc ¢o ding mét diém cuec tri hodc ¢6 ba diém cuc tri, va ludn c6 mot diém
cuc tri ndm trén truc tung.
+ D4 thi ham sb co ba cuc tri:
e 4éu @>0 ham sb c6 hai diém cuc tiéu va mot diém cuc dai;
e 4éu a<0 ham sb c6 hai diém cuc dai va mot diém cuc tiéu.

Chuy réng ba diém cuec tri caa do thi ham sd ludn tao thanh mot tam giac can.
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VA YA

a>0 a<0

?
<

+ Khi ham s6 ¢6 mot cuec tri:
a >0 thi diém cuc tri la di€m cuc ti€u;

a <0 thi diém cuec tri 1a diém cuc dai.

VA
a=n0 Ya

a<=0

\% KR

¥ x

¥

+ DO thi ham sé y =|ax* +bx* +¢| ¢6 nhidu diém cuec trj nhat (bay cuc tri) khi dd thi ham s
f(x)=ax*+bx’ +c c6 ba diém cyc tri va do thi clia n6 cat truc hoanh tai bén diém phén
biét.

+ D4 thi ham sb y=lax* +bx* +c| co it diém cuc tri nhét (mot cuc tri) khi dd thi ham sb
f(x)=ax*+bx* +c c6 mot diém cyc tri va dd thi cia n6 khong cé diém chung hoic chi
tiép xtic v6i truc hoanh.

£ Vidu miu
Vi du 1. C6 bao nhiéu s6 nguyén m [—20;20] dé db thi ham s6 y = mx* + (m2 —9)x2 +1 ¢6 ba diém cuc
tri?

A. 20. B. 19. C. 18. D. 17.
Huwdng din gidi

Tacod y' =4mx’ +2(m2 —9)x = 2)6[2111)62 +(m2 —9)].
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x=0

=0 .
4 {2mx2 +m*=9=0 (1)
Ham s6 6 ba diém cuec trj khi va chi khi " =0 c6 ba nghiém phan biét hay (1) c6 hai nghiém phan biét

<=3
khic 0 < 2m(m* ~9) <0 " .
O<m<3

Vay ¢ 19 gia trj ciia m théa man dé bai.
Chon B.
Vi du 2. Tap hop cic gia tri ciia tham s6 m dé dd thi ham sé y = x* +3mx* —4 c6 ba diém cuyc trj phan

biét va hoanh d¢ cua chiing trong khoang (—2; 2) la

AT

Huwong din gidi
x=0

Tacod y' =4x’ +6mx. Cho y’=0<::>{2x2 . (2)

Dé thoa man dé bai phuong trinh (2) c6 hai nghiém phan biét khac 0 va thudc khoang (-2;2)

¢>O<—%?<4¢>0>m>—§.

Chon A.

Vi du 3. Biét raing ham s6 y = x* — 2(7112 + 1)x2 +2 ¢6 diém cyc tiéu. Gia tri 16n nhét cia cyc tiéu 1a

A. 1. B. -1. C.0. D. 2.
Huéng dén gidi
x=0

"=4x —4(m’ +1)x=> )Y =0 .
4 ( ) 4 x> =m’+1

RO rang phuong trinh y" =0 ludén c6 ba nghiém phan biét.

Lap bang bién thién, d3 thiy x = +v/m? +1 14 céc diém cyc tiéu cta dd thi ham sb.

Gia tri cuc tiéu 1a y., =2 (m’ +1)2 =1—(m*+2m’)<1 (ddu "=" xdy ra khi m =0).
Chon A.

Vi du 4. Véi gia tri ndo ctia & thi ham s6 y =kx* +(k—1)x” +1-2k chi c6 mot cye tri?

k>1 k>1
A. 0<k<1. B. 0<k<]1. C. ) D. .
k<0 k<0
Huéng din gidi
+ V6&i k=0, ham sd tré thanh y=—x"+1cbd dd thi 1a mot parabol nén c6 dang mét cuc tri. Do do

k =0 thoa man dé bai.
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+ V6i k#0.Taco y' =4k’ +2(k-1)x=2x(2k’ +k-1).

Dé thoa man yéu cau dé bai thi phuong trinh 2kx* +k—1=0 vo nghiém hodc c6 nghiém
k>1

sz@k(k—l)ZO@Ld).
Két hop hai trudng hop ta dugc cac gid tri can tim 1a k£ >1 hodc k£ <0.

Chon D.

x=0 la nghiém ciia phwong trinh 2kx* +k—1=0

Bai toan 2. Tim diéu kién ciia tham s dé ham s6 dat cwc dai, cuc tiéu tai diém x, cho trude.

L Vidu miu

Vidu 1. Gia trj cia m déhamsb y = (m+1)x4 —2mx*> +2m+m* dat cuc daitai x=2 1a

A.mzi. B.mz—i. C.mz—i. D. &.
3 3 4
Huéng dén gidi

Tacod: y' =4(m+1)x" —4mx = y" =12(m+1)x> —4m.

Dé ham sb dat cuc dai tai x =2 thi y'(2)=0:>32(m+1)—8m=0:m=—§.

Véi m =—§ thi y"(2)= 12(—§+1j.22 —4(—%] <0, suyra x=2 ladiém cyc dai.

Chon B.
Chii y: Néu f'(x0> = f"(x0> = 0thi ta ldp bdng bién thién hodc bang xét dau dao ham dé kiém tra.

, \ A 1 3 ) \ A A . A J4 .7 . 5 \
Vidu 2. Cho ham so y = EX4 —mez +x ¢6 x=m la mot diém cyec tri. Tong cac gia tri cia m 1a

A.l. B. —l. C. -1. D. l
2 2
Huéng dén gidgi

Y =2x"-3mx+1=y"=6x"-3m.
Ham s6 dat cuc tri tai diém x=m =)' (m)=0< 1.

e Véim=1,tacé: y"(1)=6-3>0 x=1 ladiém cuc tiéu (cuc tri) nén m =1 théa man.

e Véi m:—l, ta co: " L :§+§>0 x:—l la diém cuc tiéu (cuc tri) nén m:—l thoa
2 2 2 2 2 2

man.

. T S 1) 1
Vay tong cac gia tri cua m thda man di€u ki¢n trén 1 1+ (—Ej = 3
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Chon D.
Vi du 3. Biét d6 thi ham s6 y =ax* +bx” +¢ ¢6 hai diém cyc tri la 4(0;2), B(2;-14). Gié tri cua y(1)

la
A y(1)=-5. B. y(1)=—4. C. y(1)=-2. D. y(1)=0.
Huéng dén gidi

Tacd y' =4ax’ +2bx.

c=2
16a+4b+c=-14 (-

Cac diém A(0;2), B(2;-14) thudc do thi ham s6 nén {

Mit khéac, ham s dat cuc tri tai diém x =2, suy ra 32a+4b=0 (2).

Tu (1);(2) taco y=x"—8x"+2.

D& thay ham s6 ¢6 cac diém cuc tri 1a A(0;2), B(2;—14) nén y=x"—8x’+2 laham sb can tim.

Khi d6 y(1)=-5.

Chon A.

Bai toan 3. Khoang cach giira hai diém cuec tri ciia do thi ham sb

+ Phuwong phap giai

Vi du: Cac gia tri caa tham sb m dé do thi ham
sO y=2x*"—4mx’ -1 c6 hai diém cuc tiéu va

khoang cach giita hai diém cuc tiéu bang 8 1a

A. m=-16. B. m=16.
2
C.m:—s. D.mz—é.
4 4
Buée 1. Tim céc diém cuc trj ctia dd thi ham sd. Huong din gidi

Tacé: y' =8x" —8mx; y’=0<:>{
X =m

Ham s6 ¢6 ba diém cuc trinén m > 0.

Toa d6 hai diém cuc ti€u la

Buwoce 2. St dung cac cong thire tinh khoang cach B(\/Z; 2m* - 1) , C(—\/E; —2m* —1) .
AB=[AB|=\(x,~ %, +(v, -3, Khi d6 BC =24m < 8=2vm = m=16.
Chon B.

+by,, +
d[M(xM;yM);d:ax+by+c:o:|z%.

4éu (4B)//Ox thi (AB):y=y,.

+ Vidu miu
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Vi du 1. Biét rang d6 thi ham s6 y = x* —2(m—=1)x"+3m co 4 la diém cuc dai va B, C 1a hai diém cuc
Sy SRS SR 12,
ti€u. Gia tri nho nhat ctia biéu thirc P =04+ BC la

A.9. B. 8. C. 12. D. 15.
Huwédng din gidi
x=0

5 .
x =m-1

Taco: y' =4x’ —4(m—1)x. Cho y'=0<:>{

Ham sb c6 ba diém cuc tri nén m > 1.

Khi d6 toa o ba diém cuc tri 1 4(0;3m), B(Vm—1;5m—m’~1) va C(~/m—1;5m—m"~1). Suy ra
OA=3m, BC=2m—1.

Ta co P=0A+%:3m+L=|:3(m_l) 3 3 :|+3

23+3i/3(m_1)(x/%j2 =12.

Déu "=" xdy ra khi 3(m—1)= &

m—1

Sm=2.

Chon C.

Vi duy 2. Cho @& thi ham sé (C):y=f(x)=x'+ax*+b va d& thi ham sb
(C,):y=g(x)=x"+mx’ +nx+ p nhu hinh v& duéi. Goi B, D la hai diém cyc tiéu cta (C,) va 4, C
lan luot 1a diém cyc dai va diém cyc tiéu cua (C,) (4, C dbi ximg nhau qua U € Oy). Biét hoanh do

ciia A, B bang nhau va hoanh d6 ciia C, D bang nhau. C6 bao nhiéu gia tri nguyén ctia a dé AB<3?

VL

A. 1. B. 2. C.3. D. 4.

Huéng din gidi

TOANMATH.com Trang 42



A s , . —a_—n 3
Theodébaitacd an<0va —=—Sn=—a.

Khi do:

—a a’ -n
Ve f( 2} L g( 3}
=t +2¢ trong d6 tz‘/—_za >0.

Xét AB<3 ot +28 <3 t<1= /%aslc>a2—2.

AB =

2 — —
@ ,-a |-
4 2 2

Do a <0 nén ae{-2;-1}.
Chon B.

Phién tich: dva vio do thi ta
cob=pvam=0.

Khi dé: (C,):y=x"+nx+b
Ta can tim tung d¢ cia diém

A va B (theo a).

Vi duy 4. Cho hai ham da thitc y = f(x),y =g(x) 6 do thi 1a hai duong cong nhu hinh v&. Biét rang dd

thi ham s6 y = f(x) c6 ding mot diém cuc trila 4, d6 thi ham s6 y = g(x) cé diing mot diém cye tr la

B(voi x,=x,) va AB=5. Co bao nhiéu gid tri nguyén cua me(—10;10) dé ham so6

y= Hf(x) —g(x)| + m‘ c¢6 dung bay diém cuec trj?

A. 5. B. 6. C.3.

Huéng dén gidi

D. 4.

Goi x,,x, v6i x, <x, 1a hoanh d¢ giao diém cua d6 thi y = f(x) va y=g(x) (dua vao do thi da

cho, hai d6 thi chi c6 hai giao diém da ké trén, tirc 1a
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X=X,

(3)-gln) 0|

X=X,

Xét h(x)=|f(x)—g(x)|+m.
Ta co: h'(x) =[f’(x)—g’(x)].%.

Cho /'(x)=0< x=x, =x,. Ta c6 bang bién thién cia /(x) nhu sau

h'(x) e, <l e naht sl paierall &

s AT
X !ﬂ////;z \\\\!ﬂ

< 1 A A P S 7 7
Dua vao bang bién thién cua h(x),yeucaubaltoantrothanh m<0<m+—-—<<-—<m<0.

Do m nguyén va m e (—10;10) nén m e {-3;-2;-1} .
Chon C.
Bai toan 4. Tam giac tao béi ba diém cuec tri ciia d6 thi ham s6
4+ Phuwong phap giai

Tim céc diém cuc tri ciia do thi ham so r6i s dung cac cong thuc tinh khoang cach, gac,...

4+ Vidu miu

Vi du 1. Tim cac gia tri ciia tham s6 m dé dd thi y=x'-2m’x*+1 co ba diém cuc tri tao thanh mot tam
giac vuong can.
A. m=%1. B. m=0. C.m==%2. D. m=1.
Huwéng dén gidi
x=0

2 2"

Tacd y' =4x" —4m’x; y'=0<:>{
x'=m

Ham sb c6 ba cuc tri khi va chi khi m#0.
Khi d6 toa d0 ba diém cyc tri 1a 4(0;1), B(m;—m* +1),C(-m;—m* +1)
— AB= (m;—m4) ,Z@ = (—m;—m4) ,dé théy AB=AC.

Do d6 tam gidc ABC vudng can tai 4 khi va chi khi AB.AC =0

&S -m+m' =0 m==1 (do m#0).
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Chon A.

Vi du 2. Gia tri cia tham s6 m dé dd thi ham sb y=x'- Z(m —1)x2 +3m ¢6 ba diém cuec tri tao thanh

mot tam giac c¢6 goc bang 60° thudc khoang nao sau day?
A. E,E . B. 2,2 . C. 2;E . D. E,E .
25 52 5 55
Huéng dén gidi
Tacd y' =4x’—4(m—1)x.Xét y'=0 @{

Ham s6 c6 ba diém cuc tri khi m > 1.
Khi d6 toa d6 ba diém cuc tri 1a A(O;Sm),B(\/m—l;Sm—m2 —1) va C(—\/m—l;Sm—m2 —1).

Suyra AB* = AC* =(m~1)+(m~1)"; BC=2Jm~1,
Tam gidc ABC la tam gidc can tai A4, c6 modt goc bang 60° nén la tam giac déu
& AB=BC & (m—1)+(m-1)" =4(m-1) o m=1+33.

Chon B.

Vidu 3. Co tat ca bao nhiéu gia tri cua tham sb m dé do thi ham sd y=2x"—4mx* +1 c6 ba diém cuc tri

tao thanh mot tam giac c6 mot goc bang 30°?

A. 1. B. 2. C.3. D. 4.
Huéng dén gidi
14 ! 3 ! XZO
Taco y'=8x"—8mx; y'=0<| |
X =m

Ham s6 ¢6 ba cuec tri khi va chi khi m >0.

Khi d6 toa do ba diém cuc tri 1a 4(0;1), B(Nm;—2m’ +1),C(—/m;—2m’ +1)
— AB* = AC* =m+4m*, BC=2Im.

Do d6 tam giac ABC cantai A4.

. . 2 _ 2
+ Trwong hop 1: BAC =30°, ta co cosBAC=%@ (2—\6)/132 =BC?

& (2—\/5)(m+4m4) =2m
< 4(2-3)m’ =B
Phuong trinh nay c6 ding mot nghiém thyc.
+ Truong hop 2: ABC =30°, khi d6
BC =+[3.4B < 34B* = BC? < 3m+12m* =4m < 12m* =1.

Phuong trinh nay c6 ding mot nghiém thuc.
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Chon B.

Vi du 4. Biét d6 thi ham sb y=2x*—4mx* +1 c6 ba diém cuc tri A4 (thudc truc tung) va B,C. Gia tri

nho nhét cta biéu thite T = 4B 'CA4C la
AL B. L. c.
4 8 8

Huwodng din gidi
Theo vi du 3 ta co:
_AB.AC _ m+4m* 1 ( 1

T =—
BC*  16m> 16

+4m’ =i 2.L+4m2 Zi.
16\ 2m 16

:>m=l>0.
2

m
2

. o1
Dau "=" xay rakhi —=4m
2m

Chon D.

Vi dy 5. Cho db thi ham s6 (C):y =x*-2(m’ +1)x* +m*. Goi 4, B, C la ba diém cyc tri ciia (C) va

S, S, lan luot 13 phan dién tich phia trén va phia duéi truc hoanh cia tam gidc ABC . C bao nhiéu gia

., £ S 1
tri cua tham s0 m sao cho —-=—2?
2

A. 1. B. 2. C. 4.
Huéng dén gidgi

Tacéd: ' =4x —4(m2 +1)x.

, x=0=y=m'
Cho y'=0< .
2 2 2
X =m+l=>y=-"2m -1
Ham s6 ludn ¢6 ba di€ém cuc tri vo1 moi tham sO m .

Goi A(0;m*), B(\/mz +1;-2m —1), C(—\/m2 +1;-2m —1) 14 ba diém cye tri

cua d6 thi ham so.

Taco OA=m*, h=d(4;(BC))=m"+2m’ +1

S_l S s =S, SABC:4<:>(ij2:4<:>m4+2m2+1=2

—L=—s L=3&
S, 3 S| S,

om' -2m-1=0m=+J1+/2 .
Vay c6 hai gia tri ciia tham s6 thoa man dé bai.

Chon B.

04

Bai toan 5. Cac do thi c6 chung diém cue tri

Do hai tam gidc dong
dang nén ti 1¢ dién tich
bang binh phwong ti 1é
dong dang, véi ti 1é
dong dang la ti 1é

duong cao.
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+ Vidumiu
3

Vi dy 1. Cho ham s6 f'(x) =%x3 —(m+1)x +m(m+2)x—mT ¢6 db thi (C) v6i m 1 tham sb. Goi §
1a tap tAt ca cdc gié tri ciia tham sb m dé do thi (C) va parabol (P): y=x"—2mx+8 c6 chung mot diém
cuc tri. Tong binh phuong tat ca cac phan tr ciia S 1a

A. 8. B. 10. C. 16. D. 18.
Huéng dén gidi

+ (P) c6 diém cyc tri 1a M(m; —m’ +8).

+  fl(x)=x"=2(m+1)x+m(m+2)

xzm:>A(m;m2)
= f'(x)=0< .
x=m+2=B(m+2%y,)#M

Vi hai d6 thi ham s c6 chung mot diémcyctrinén A=M o m* =—-m*+8<m=12.
Chon A.
Vi du 2. Biét hai ham s f(x) =x +ax’ +2x—1 va g(x) = —x* +bx* —3x+1 c6 chung it nhit mot diém
cuc tri. Gia tri nho nhét cua biéu thac P = |a| + |b| la
A. 30, B. 2.6 C.3++6. D. 33.
Huwdng din gidi

Gid st diém cuc tri chung cua f(x) va g(x) la x,#0, suy ra

1 2
f'(x)=0 3x,” +2ax, +2=0 a—E[—3x0—x—0j Chu y: Khi’A va B
( )_0<:> 32 49h _3_0<:> . cung dau thi
e S b=%[3xo+i] A+ B|=|A|+|B|. Hién
Xo
1 P 1 nhién x, va — cung
Khi do P=|a|+|b|:—(3xo+—+3xo+_j ’ X,
2 o o dau.
_ Bat ddang thire
=L g+ 2[5 L2 Jo], |2 =30 AM ~GM
2 |x0| 2 |x0|
“yzz\/E,Vx,yzo
Déu "=" xay ra khi 6|x0|:i<:>|x0|:@ 2
x| 6 Diu "="  xdy ra
Sx=y.
Khi d6 |a|=@ va |b|:@.
20 20

Chon A.

+ Bai tap tu luyén dang 3
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Ciu 1: D6 thi cia ham sd y = x* + 2mx” +3m’ ¢ ba diém cyc tri lap thanh tam giac nhan G(0;2) lam
trong tam khi va chi khi

A. m=1. B. m=- E C. m=-1. D. m=- i

7 15
Cau 2: Gi4 trj thuc cta tham s6 m dé d6 thi ham sb y=x*-2mx* +m cé ba diém cuc tri tao thanh mot
tam giac nhan géc toa do lam trong tam la

A.m=1. B.m:%. C.m:%. D. Khong ton tai m .

Cau 3: Goi S latap tat ca céc gia tri cua tham s6 m dé do thi ham s y=x"=2m’x> +m* +3 co ba
diém cuc tri déng thoi ba diém cuc tri d6 cung voi géc toa d0 O tao thanh tir giac ndi tiép. S6 phén tr cua
tap S bang

Al B. 3. C.0. D. 2.

Cau 4: C6 bao nhiéu gia tri thuc ctia m dé dd thi ham sb y=x"—mx’=3m+2 cob diém cuc tri ndm trén
truc hoanh?

A. 2. B. 0. C.3. D. 1.

Céu 5: Vé6i gid tri nao cia tham s m thi d6 thi ham s§ y = x* —2(1—m2)x2 +m+1 c6 ba diém cyc tri
tao thanh mdt tam giac c6 dién tich lon nhét?

A.mzé. B. m=0. C.mzi%. D.mzé.
Céu 6: Biét hai d6 thi cua hai ham s6 (C,):y=x*-2x"+2 va (C,): y =mx* +nx’ —1 ¢6 chung it nhét
mot diem cyc tri. Gid tri ctia 414m +115n 1a

A. -368. B. 368. C. -386. D. 386.

Céu 7: Véi gid trj thuc nao cta tham s6 m dé d6 thi ham s6 y=x*-2(m—1)x" +m" —3m’ +20 ¢c6 ba
diém cuc tri tao thanh mot tam giac co dién tich béng 327

A.m=4. B.m=2. C. m=5. D. m=3.

Cau 8: C6 bao nhiéu gia tri thuc cia m dé @6 thi ham sd (Cm) cy=x +2(m2 -3m +2)x2 +1 ¢ ba diém
cuc tri ndm trén mot parabol va diém M (5; —3) thudc parabol d6?

A. 1. B. 2. C.0. D. 3.

Cau 9: Biét rdng do thi (C): y =ax* +bx” +¢ ludn c6 ba diém cuc tri va P(x) la parabol di qua ba diém

cuc tri d6. Gid tri nho nhét cua b.P(c) la

A. -1 B. 2. C —l. D —l.
4 2
Pap an:
1-D 2-B 3-D 4-A 5-B 6-A 7-C 8-B 9-D

Dang 4: Cuec tri ciia ham s6 khac

Bai toan 1. Cuec tri ham phan thire
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4+ Phwong phap giai

Xét y= u(x) Taco y, _ u (x).v(x)2—v (x)u(x) '
V(%) v ()
Goi M (x,;,) 1a diém cye tri. Khi d6 »'(x,)=0.

(%) _ u'(x,)

Suy ra u'(x,).v(x,)—v'(x,)u(x,)=0=y, = o) V()

<

u(x) v

+ Duong cong qua cac diém cuec tri (néu c6) cuia d6 thi ham sé y = la y=——=.
v(x) V()
2 . : 2 .,z A p- : ax’ +bx+c
+ a 6i riéng, duong thang qua cac diém cuc tri (n€u co6) cua do thi ham so y:d— la
X +e
_ 2ax+b
.
Chu y:
a b a c b ¢
5 radx’ +2aex + ) ' o2 x| T
(ax +bx+c] 3 e (alx +b1x+clj a, b, a, c, b, ¢,
dx+e (dx+e)2 a,x* +b,x+c, (a2x2+b2x+cz)2
4+ Vidu miu
2
e 2 : +mx+3m—1 .
Vidu 1. Gia tri cua m dé hamsd y = Y THXTIMT cuc tri la
X
A.m>l. B.mzl. C.m<l. D.mSl.
3 3 3
Huéng dén gidi
2
a1 -3m+1
bicukién x#0. Tacod y'=#
X
Ham sb ¢6 cuc tri khi x*> =3m+1=0 c6 hai nghiém phéan biét khac 0
1
<:>3m—1>0<:>m>§.
Chon A.
2 : x> +mx+1
Vidu 2. Giatricia m d¢ hamso y=——— datcyc daitai x=1 1a
xX+m
A.m=2. B. m=-1. C.m=-2. D. m=1.
Huéng dén gidi

biéu kién: x = -m.

., X A2mx+m’-1_ x=-m-1
Tacod y'= ( " )2 ;=0
X+m

Bang bién thién
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X | —oo -m -1 -m —-m +1 +00
y' + 0o - = 0 +
Cb
g \ \ /
CT

Duya vao bang bién thién, ham sb dat cuc dai tai x=1< -m—-1=1<m=-2.

Chon C.
Vidu 3.Chohamsd y=x+p +L1 (v6i p, ¢ la tham s6 thyc). Biét ham s dat cyc dai tai x =2, gia
X+

trj cyc dai bang —2. Téng S = p+2¢ bang

A. S=2. B. $§=0. C.S=1. D. §=3.
Huéng dén gidgi

Diéu kién: x#—1.

q .
(x+1)2

Ham s6 dat cuc dai tai diém x =-2, gia tri cuc dai bang —2 nén

1-¢g=0 g=1
= .
2+p-—qg=-2 p=1

Thi lai p=¢g =1 thoamannén S=1+2=3.

Taco: y'=1-

Chon D.
, T 2 , . o .2 S U A X Hmx s \
Vi du 4. Gia tri cia m d€ khoang cach gitra hai diém cyec tri ciia do thi ham s6 y = bang 10 1a
A. m=10. B. m=38. C.m=4. D.m=2.

Huéng dén gidgi
Diéu kién: x#1.
—x4+2x+m

(1-x)°

Ham s6 ¢o hai cyc tri khi —x* +2x+m =0 c6 hai nghiém phan biét x,, x, khac

Taco y' =

—1+2+m=0
A=1+m>0

Khi d6 theo dinh ly Vi-ét ta co {

Dudng thing qua hai diém cyc tri ctia d6 thi la (d): y =—2x—m.
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Toa dd hai diém cuc trj cua do thi 1a A(x;;-2x,—m), B(x,;-2x,—m)
= AB =(x, —x;32x, —2x,).
Theo yéu cau ctia dé bai ta c¢6

(x, —x2)2 +4(x, —x2)2 =100 < (x, +x2)2 —4x,.x, =20

< 4+4m =20
Sm=4.
Chon C.

, r A .7 . A 5 A 3A . \ A 1 r s 3R . LA 5 J
Vi du 5. C6 bao nhiéu gia tri nguyén ciia m dé do thi ham s6 y = mx+— c¢6 hai di€m cuc tri va tat ca cac
X

diém cuc tri déu thudc hinh tron tim O, ban kinh 6?

A. 10. B. 8. C.9. D. 7.
Huéng dén gidi
Piéu kién: x#0. Ta cé:y':m—%.
X

Ham s6 ¢6 hai diém cyc tri khi m>0.Khidé y' =0 <

Toa dd hai diém cuc tri ctia dd thi 1a A(L- 2Jm ] B[—L-—zﬂ j .

m’ m’
Theo d& bai ta c6 04*> = OB? :l+4m£36<:>4m2 -36m+1<0.
m
Do meZ, m>0nén me{l;2;3..;8}.
Viay co6 8 gia tri nguyén cuia m thda man.
Chon B.

x? —|m|x+4

Vi du 6. C6 bao nhiéu gid tri cia m dé dd thi ham s6 y = c6 hai diém cyc tri 4, B vaba

x—|m|
diém A4, B, C(4;2) phan biét thing hang?

A. 0. B. 2. C.3. D. 1.
Huwéng dén gidi
biéu kién: x # |m| .
x° —2|m|x+m2 -4 (x—|m|)2 -4
(=) (=)

x=|m|+2:>y:|m|+4

Taco y' =

Cho y'=0& (x—|m|) ~4=0= emnl 22y || 4
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Do |m|+2 ¢|m|—2, Vm nén y' =0 luon c6 hai nghiém phan biét.

Do d6 dd thi ham sd luén c6 hai diém cyuc tri. Khi d6 duong thing qua hai diém cuc tri l1a
(4B):y=2x—|m|. Ba diém A4, B, C(4;2) phén biét thing hang khi va chi khi
C(42)e(4B) [|m|=6

|m|+2+4 < 4lm|=2.

|m|—2¢4 |m|¢6

Suy ra khong c6 gia tri nao cia m thoa man dé bai.

Chon A.

3 x? +2(m+1)x+m2 +4m

Vi du 7. Cho ham s6 (C):y = > . C6 bao nhiéu gi trj thuc ctia m dé dd thi
X+

ham sb (C) cé diém cuc dai, cuc tiéu 4, B sao cho tam gidc OAB vudng?
A. 4. B. 2. C.3. D. 1.
Huéng din gidi

X' +dx+4-m’

Piéu kién: x# 2. Tacd y' =

(x+2f
—m—2
Tac()x2+4x+4—m2=0c>[x mes
x=-m-2

Ham sd ¢6 diém cuc dai, cuc tiéu khi va chi khi m#0.
Toa d6 cac diém cuc tri cua do thi la
A(=m=2-2), B(m—2;4m—2)= AB =(2m;4m)
D& thidy O4, OB, AB#0.
Truong hop 1: Tam giac OAB vudng tai O
& 04A0B=0< -m* —8m+8=0< m=—-4+26 (thda min)
Truong hop 2: Tam giac OAB vudng tai 4 < OA.AB=0
= 2m(—m—2)—2.4m =0 -m—-2-4=0< m=-6 (théa man)
Truong hop 3: Tam gidc OAB vudng tai B < OB.AB=0

2
<:>2m(m—2)+(4m—2)4m:0<:>m—2+2(4m—2)20<:>m:§ (théa man)
Viy co bon gia tri thyc cua m thoa man dé bai.
Chon A.

_ x*—mx—1
x*+1

c6 hai diém cuc tri 4, B sao cho dudng thing (A4B) di qua diem M (-1;2) la

Vi dy 8. Cho ham s6 (C): y v6i m 1a tham sd. Gid tri thyc ctia m dé dd thi ham s6 (C)

A. m=8. B. m=6. C.m=4. D.m=2.
Huéng din gidi
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mx’ +4x—m
Tap xac dinh: D=R.Tacd y'=—F——

(x2 + 1)2

Ham s6 c6 hai diém cuc tri khi va chi khi mx’+4x—m=0 co6 hai nghiém phan biét

m#0

= ) Smz0.
AN=4+m >0
. R . L1 1s 2x—m
Puodng cong qua hai di€m cuc tri ¢c6 phuong trinh 1a y =
X

2x—m+k(mx2 +4x—m)
2x '

Ta chon & sao cho nghiém cua mau la nghiém cua tir dé c6 thé rat gon thanh ham s6 bac nhat. Vi

Ta viét phuong trinh dudng cong dudi dang y =

x=0 1a nghiém ctia mau, nén thé x =0 vao tir ta duge —m+k(-m)=0=k=-1.

p— J— 2_
Véi k=—1; y=22="" ”;x 4x+m:—%x—l:>(AB):y:—%x—l.
X

Piém M (~1;2) e(AB):>2=%—1<:>m:6 (théa man) .

Chon B.
Bai toan 2. Cuec tri ciia ham chira cin
4+ Vidumiu

Vi du 1. C6 bao nhiéu gia tri nguyén cia m €[-10;10] dé ham s y=-2x+2+mVx*—4x+5 6 cuc
tiéu?

A. 7. B. 16. C.8. D. 14.
Huéng dén gidi

Ham sb xéc dinh trén R.

x—2 m

Va? —4x+5 T (ch—4x+5)3 -

Tacod y'=-2+m.

m(x—2) >0

Y =0e2y(x-2) +1 :m(x—2)<:>{(m2_4)(x_2)2 =4 (1)’
m>2

Chii y: Pé lam trdc

Ham s6 ¢6 cuc tiéu khi va chi khi (1) c6 nghiém = m’ -4>0< { 5
m<—

nghiém ta cé thé lam nhw
Khi d6, (1) c¢6 hai nghiém phén biét 1a x,, = 22 ———. sau: Ham sé dat cuc tiéu
m°—4 khi hé sau c6 nghiém:
e Véi m>2, thi x, =2++ thoa man y'(x,)=0 va y"(x,)>0, {y' =0
\/ﬂ y” >0
suy ra x, la diém cuc tiéu, nhan m >2.

e Vo6im<-2,thi x, :2—+ théa man y'(x,)=0 va y"(x,)<0,
m-—4
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suy ra x, la diém cuc dai, loai, do m < 2. m(x—2)>0

Do m nguyén, m>2 va me[-10;10] nén m e {3;4;...;9;10} . o (m2—4)(x—2)2 =4
Chon C. m>0
{m>0,x>2
=3 , =>m>2
m —4>0

Vi du 2. C6 bao nhiéu gia tri nguyén ctia tham s6 m dé d6 thi ham s6 y = x+m~/x> +1 c6 diém cyc tri

82

va tat ca cac diém cuc tri thudc hinh tron tim O, ban kinh = ?

A. 4. B. 2. C.3. D. 1.
Huwéng dén gidi

Tap xac dinh: D=R.

Tacod y' =1+m.

Cho y'=0m=- ( #0).

, x*+1 , 1
Xetg(x)z— . :>g(x)=2—>O,Vx;t0.

Tacé lim g(x)=-1; lim g(x)=1; lim g(x) =—o0; lim g(x)=+o.
Béng bién thién:
% —a0 0 00
g'(x) + i
+00 ~]
a [X) /
1 —o0

Ham sb ¢6 cuc tri khi m e R\[—l;l] .

Goi A(a;b) 1a diém cuyc trj clia d6 thi ham so.

[2 2
Khido me-YEt apoy-d “:_l:”{a;_l)

a a a a
Tacd: OA = iz £ lg 2<9
a 3 9
2
Vay [ =Y - +%e{ﬂ;ﬂ}
a a 3

TOANMATH.com Trang 54



Két hop véi cac diéukién meZ, me R\[—l;l] , ta duoc m e {—3;—2;2;3} .

Chon A.
Vi du 3. C6 bao nhiéu gia tri nguyén cta tham sé m dé dd thi ham s6 y=2x+ = c6 diém cuec tri
X +2
va tat ca cac diém cuec tri thudc hinh tron tim O, ban kinh /68 ?
A. 16. B. 10. C.12. D. 4.

Huéng din gidi
Tap xac dinh: D=R.
:>y’:2+2—m3, VxeR.

Taco: y=2x+
v (Vo2

y=0Vxl+2==3Ym.
Ham sd ¢6 cuc tri khi va chi khi —%/Z>\/§©m<—2\/§.

Goi A(a;b) (a=0) 1a diém cyc tri ciia db thi ham sb, khi do: Chii y: Ham s0

khong thé dat cuc
Ja?+2 =—3m va b=2q+—24 3 tri tai diém x=0.

m=2a+%=a(2—3m2)=a(—a2)=—a
Theo d& bai ta cd 04 <68 < a® +b* <J68 < a* +a° < /68 <= a* <4.
Ta co:
0<a’<4o2<Ja+2<V6 o2 <—m <6 & —-6J6 <m<-242.
Vi meZ va —6J6 <m<—-2+2 nén me{-14;-13;..;-4;-3} .

Vay c6 12 gia tri cia tham s m thoa man dé bai.
Chon C.

Bai toan 3. Cwec tri cia ham bac cao va ham lwgng giac
+ Vidu miu
Vi duy 1. Biét rdng ton tai cdc sb thuc a, b, ¢ sao cho ham s6 f(x)=x°+ax* +bx” +3x+c dat cyc tri
tai diém x = 2. Hé s6 goc tiép tuyén clia d6 thi ham s6 f'(x) tai diém c6 hoanh d§ x=-2 1a
A. 0. B. -3. C.3. D. 6.
Huéng dén gidi
Taco: f'(x)=6x"+4ax’ +2bx+3.
Ham sé dat cyc tri tai diém x=2 nén f'(2)=0=6.2"+4.a.2° +4b+3=0.
Hé s6 goc tiép tuyén ctia do thi ham s6 £ (x) tai diém c6 hoanh d6 x=-2 1a
f1(-2)=0=-62"-4.42"-4b+3=3-(62°+4.02°+4b)=6.
Chon D.
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Vi du 2. Biét ring ton tai cac s6 thuc @, b, ¢ sao cho ham sb f(x)=a.sin’ x—b.cos3x+x+c dat cuc

c e a0l T iy A, A A o aX s A C A 1 a1 oaA T
tri tai diém x:—g. H¢ s0 goc tiép tuyén cua do thi ham s6 f (x) tai diém co6 hoanh d6 x:g la

A. 0. B. 1. C.2. D. 2.
Huwéng dén gidi

Taco: f'(x)=a.sin2x+3b.sin3x+1.

\ X NPTy T ' T . T . T

Ham so6 dat cuec tri tai diém x = —g, suyra f (—gj =0= —a.sm——3b.sm5+l =0.
Y Y £ , TR £ . 4. . \ A T .

H¢ s6 goc tiép tuyeén cua do thi ham so f (x) tai diém c6 hoanh d§ x = o la

f'(zj —asinZ+3bsinZ+1=2.
6 3 2

Chon C.
Vi dy 3. C6 bao nhiéu gia trj nguyén cua tham s6 m dé ham s6 y=x*+(m-4)x° —(m2 —16)x4 +1 dat
cuc tiéu tai diém x=07?
A.8. B. V6 s0. C.7. D.9.
Huwong din gidi
Tacod: y' =8x +5(m—4)x4 —4(7112 —16))(3 =x [8)64 +5(m—4)x—4(m2 —16)] =x3.g(x)
e Véi g(x)=8x" +5(m—4)x—4(m2 —16). Ta xét cac trudng hop sau:
- Abum-16=0=m=+4.
+Khi m=4 tacd y' =8x" = x=0 la diém cuc tiéu.
+Khi m=-4tacd y' =x" (8x3 —40):>x=0 khong 13 diém cyc tiéu.
- ddum-1620om=+4= g(0)=0.
Ham s dat cuc tiéu tai diém x =0

< Dao ham d6i dau tir Am sang dwong khi di qua diém x =0

lim g (x)>0
&0 < limg(x)>0
hr(I)} g(x)>0 =0

& —4(m*=16)>0=m’ -16<0 -4<m<4=me{-3-2-10,1;23}.

Téng hop cac trudng hop ta co: m e {-3;-2;-1;0;1;2;3;4} .

Vay c6 tam gia tri nguyén cia m thoa man yéu cau.
Chon A.
Vi dy 4. C6 bao nhiéu gia tri nguyén ctia tham s6 m dé ham sy =x* +(m—2)x’ —(m2 —4)x4 +1 dat
cuc tiéu tai x=07?

A. 3. B. 5. C.4. D. Vo s.
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Huéng dén gidi
Ta co: y’=8x7+5(m—2))c4—4(mz—4)x3 =x3.h(x) voi h(x)=8x4+5(m—2)x—4(m2—4).
Ta xét cac truong hop sau:
o Adum—4=0m=%2.
- Khi m=2 thi y' =8x’ = x =0 la diém cyc tiéu nén m =2 théa man.
- Khi m=-2 thi )’ =x*(8x’ ~20) = x =0 khong la diém cyc tiéu.
o Aéum-420om=+2=h(0)=0.

Ham sé dat cuc tiéu tai diém x =0 khi va chi khi gia tri dao ham d6i d4u tir am sang duong khi di qua

diém x=0.
lim /1 (x)> 0

Do d6 7" < limh(x)>0
11r(1)1 h(x)>0 0

=-4(m’-4)>002<m<2=>me{-L0;1}.

Tong hop céc trudng hop ta c6 m e {~1;0;1;2} .

Viy c6 bén gia tri nguyén ctia m thoéa man yéu cau.
Chon C.

+ Bai tip tu luyén dang 4

Bai tip co ban

2
Cau 1: Biéthamso y = X amatl dat cyc dai tai x =2 khi m =m,. Ménh dé nao sau day ding?
xX+m
A. mye(0;2). B. m, e(—4;-2). C. m, €(-2;0). D. m, €(2;4).
I3 .2 .2 . . 1 . 14 b
Cau 2: Cac s6 thuc a, b sao cho diém A(O;l) 1a diém cuc dai ctia d6 thi ham s6 y = ax” +a’ +—1 la
X+
A.a=-1;b=0. B.a=b=-1. C.a=b=1. D.a=+1; b5=0.
. X+ mx+1 . . 2 .
Cau 3: Cho ham s6 y =—— (m la tham s0). Gia tri ciia tham s6 m d€ ham s6 c6 gia tri cuc dai
xX+m
bang 7 1a
A.m=7. B. m=5. C. m=-9. D. m=-5.
3 2
Cau 4: Biét d6 thi ham s6 y= X =) +2020x +m (m 1a tham s6) c¢6 ba diém cuyc tri. Parabol
X

y=ax’+bx+c di quaba diém cuc tri d6 (trong d6 a,b,c la cac s6 thue va a #0). Gia tri cta biéu thirc
T=5a+2b’+c 1a

A. -29. B. 35. C. 19. D. 20.

Bai tip ning cao
Ciu 5: CO bao nhiéu gia tri nguyén cua tham s6 m thudc khoang (—5;5) sao cho ham sd

f(x)= mx~3 —sin 2x +4sin x khong c6 cuc tri trén [-7;7]?
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A. 4. B. 3. C.2. D.s.

2
" e e £ —x"+2x+a . ,. . £ g 21 o .1
Cau 6: Gid str ham s0 y=— (v0i « 1a tham s6 thuc) c6 gia tri cyc ti€u la m , gia tri cyc dai la

M .Gid st m—M =4 khi a=a, thi a, thudc tdp nao sau day?

A. [-5-2). B. [-21). C. [1;3). D. [3;5].
n \ e xz_mx_3 ‘o \ J4 . oA AL o g croe , 2
Cau 7: Cho ham so (C ) iy = S voi m 1a tham s0. Goi S 1a tap tat ca cac gia tri thuc cia m deé
X+

dd thi ham s6 (C) c6 2 diém cyc tri 4, B sao cho duong thing (A4B) vudng goc véi dudng thing
Ary= (m+3)x—m. Téng gié tri cac phan tircia S 1a
A. —1. B. 4. C. 3. D. 3.

Céu 8: Co bao nhiéu gié tri nguyén cia tham sb m e [—20; 20] dé ham s6 y =2x+mv2x* +1 co cuc dai?

A. 19. B. 18. C.17. D. 16.
, , X
Cau 9: C6 bao nhiéu gia tri nguyén cua m €|—10;10|{ dé ham s0 y = ——=————— c0 cyc tri?
[ ] N2XP+9 —m
A. 2. B. 4. C.5. D. 3.

Céu 10: C6 bao nhiéu gié tri nguyén cia tham s6 m dé ham s6 y =—x" +(m—-5)x’ +(m2 —25)x6 +1 dat
cuc dai tai diém x=0?
A.8. B. 9. C. Vo sb. D. 10.

Cau 11: Cho ham s6 y=f(x) xdc dinh trén R va f'(x) =(x—sinx)(x—m—3)(x—m)3,

Vx € R. Cé bao nhiéu gid tri nguyén ctia tham s m d€hamsd y = f(x) dat cuc tiéu tai diém x=07?
A. 6. B. 7. C.5. D. 4.

Cau 12: C6 bao nhiéu gia tri nguyén m thudc doan [—19; 20] dé ham sb y :éxs —§x3 +mx cd dung

hai diém cuec tri?

A. 19. B. 21. C. 20. D. 22.

Pap an:

1-B 2-A 3-C 4-B 5-A 6-C 7-C 8-A 9-A 10-D
11-A 12-B

Dang 5. Cwe tri ham s chira gia tri tuyét ddi (khong cé tham sd)
Bai toan 1. Tim cue tri ciia ham s chira tri tuyét doi
+ Phuwong phap giai
Vi du: Tim s6 diém cuyc tri cua ham sd
f(x)zx3 —-2x’ +|x|+1

Huéng dén gidi
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Budc 1. Tap xac dinh va tinh dao ham

Pao ham ham chua tri tuyét ddi véi cong thuc:
' —~\ uu

(|”|) =( u’ ) = |u| :

ukhiu>0

Chi : Ju|= {—u khi u <.

Buwéc 2. Giai phuong trinh dao ham bang 0 va tim
nhitng diém lam cho dao ham khong xac dinh

(nhung ham s6 x4c dinh tai nhitng diém d6).

Buéc 3. Lap bang bién thién hoidc bang xét diu dao

ham.

4+ Vidu miu

Ta co f'(x)=3x2—4x+ﬁ={
x

Ham s6 khong c6 dao ham tai diém x = 0.

Tacod f'(x)=0<|x=

3x7—4x+1, x>0

3x*—4x-1, x<0.

X=X, =——
"3
Bang xét dau f'(x):
]
X -0 X, 0 - 1 9
f'(x) ey - ” + 0 - 0 +

Vay ham s6 ¢6 bon diém cuc tri.

Vi dy 1. S6 diém cuc dai cia ham s f(x) = x—2,/x* ~2[x|+2 1a

A. 1. B. 3.

Huéng dén gidi
Ham sé lién tuc trén Rco f(x)=1-2

Ham s6 khong c6 dao ham tai diem x=0.

e Khi x<O0tacdd

>-1
f'(x)=0<:>\/x2+2x+2=2x+2<:>{x

5 _ex
3x"+6x+2=0 3

e Khi x>0tacdd

>1
f'(x)=0<:>\/x2—2x+2 =2x—2<:>{x

3xP—6x+2=0

Bang xét dau y':
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f'(x) + 0 _ + 0 - 0

Viay ham so c6 hai diém cuc dai.

Chon C.

Vi dy 2. S6 diém cyc trj ciia ham s6 y = (x+1)|x-2| 1a

A. 1. B. 4. C.2. D. 3.
Huéng dén gidi
Ta c6 d thi ctia ham s6 y =(x+1)(x—2)nhu sau. y A

(x+1)(x—2), x=>2

Vi y:(x+1)|x—2|:{_(x+1)(x_2), x<2

Y x

nén dé vé do thi ham sb da cho, ta gitt nguyén do6 ‘2< 2
thi y=(x+1)(x—2) khi x>2va lay déi xtmg qua

tryc hoanh phén do thi y=(x+1)(x-2) tng véi
x<2.
D@ thay ham s0 y =(x+1)|x—2| ¢6 hai diém cyc tri (xem hinh v& du6i day):

ya

Chon C.

Bai toan 2. Tim cue tri ciia ham s6 néu biét bang bién thién
+ Phuwong phap giai
Khi cho truéc bang bién thién ctia ham sb, im Vi du: Cho ham sé y= f(x)cé bang bién thién
cuc tri cua ham so chura gia tri tuyét doi: nhy hinh v& duéi day.
Ta dung cac phép bién doi do6 thi chira gia tri

tuyét di dé 1ap bang bién thién hoic bang xét dau.
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Chu y: Cach nhdm nhanh sé diém cuc tri cua
ham sb.

Buée 1. Tim sb diém cuc tri cia ham s
y=[(x).

Buwée 2. Tim

trinhf(x) =0

s6 nghiém bdi 1& cua phuong

Bwoce 3. SO diém cuyc tr1 cua ham soO
y= | f (x)| la tong s6 dieém cua ca hai budc trén.

4 Vidu miu

Vidy 1. Cho ham s6 y = f(x) c6 bang bién thién nhu hinh v& duéi day:

T -1 3 e
f'(x) + 0 —~ 0 +
2 e
e / \ /
oo -1

Tim s6 diém cyc tri cia ham sé y = |f(x)| .

Huéng dén gidi

D@ thy truc hoanh cdt d6 thi y = f(x)tai ba diém
phan biét.

Bang bién thién cta y = |f(x)| :

N e

Suy ra ham s6 c6 5 di€ém cuyc tri.

X

00

()

Nham nhanh sb cue tri
Dura vao bang bién thién ta thiy ham s

y = f(x)c6 hai diém cuec tri.

D2 thdy truc hoanh cdt d6 thi y = f(x)tai ba diém
phan biét. S6 nghiém bdi 1é ciia phuong trinh
f(x)=01a3.

Suy ra ham s6 c¢6 nam diém cuyc tri.

Chit y: Co thé nham nhanh

so diem cuc tri nhw sau:

So diéem cuc tri cua ham

X -0 1 3 +00
F(x) - e S 2 &
f(x) \ / \

y=f(|x|) bang hai lan sé
diém cuec tri dwong cua ham

56 y= f(x) réi cong thém 1.

S6 cuc tri cia ham s§ y = f(|x|) la
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A.S. B. 4. C.3. D. 6.

Huéng dén gidi

Khi x>0thi f(|x])=/(x) nén bang bién thién ciia y=f(x) trén
[0; +o0) cling chinh 13 bang bién thién cua y = f(|x|) trén [0; +00).

Do d6 thi y=f (|x|) nhan truc tung 1am truc d6i ximg nén ta c6 bang

bién thién cia y = f (|x|) trén R nhu sau:

X —% -3 -1 0 1 3 + 00
() / \ / \ / \
Suy ra ham s6 ¢o 5 diém cuc tri.

Chon A.

Vidy 2. Cho ham s6 y = f(x) c6 bang bién thién nhu hinh v& duéi day:

X — 00 -1 1 2 +00

-0 + 0 = 0 +
+0 3 + 00
F(x) \_2/\ /
4

Biét £(0)+/(0,5)<0. 86 diém cuc trj ciia ham s6 y = (|| 1a

A. 8. B.9. C. 10. D. 11.
Huéng dén gidi

Ham s6 da cho dong bién trén (—1;1)nén £(0)< £(0,5).

Két hop voi gia thiét  f£(0)+£(0,5)<0 suy ra Chi y: Neu f(0)=0 thi

2£(0)< 1 (0)+ f(0,5) = f(0)<0.

Bang bién thién cua ham s6 y = f(|x]) (cach 14p nhur & vi dy 1).

x |- =P 1 0 1 2 +o0
T 3 3 py
f(|x]) \_4 / \(0) / \4 /

Bang bién thién cita ham s6 y =| /(| 1a

ham so co 9 diém cuc tri.
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X -

e -2 -1 0 1 2 +00
+ 0 4 3 3 4 + 00
(i) \/ \/ \ / \/ \/
Viay ham s6 ¢6 téng cong 11 diém cuec tri.

Chon D.

Bai toan 3. Tim cuec tri khi cho trwéc db thi
4 Vidu miu

Vidy 1. Cho ham s f(x) = x(x* -3)cé b thi nhu hinh vé

ya

A
=

Goi s diém cuc trj cua ham s6 g(x):x(x+\/§)‘x—\/§‘ va h(x):(x+\/§)‘x2—x\/§‘ lan luotla m, n.

A B

Giatricua m+n la
A.7. B.5. C.4. D. 6.

Huéng dén gidi

+) Xétg(x)zx(x+\/§)‘x_\/§‘:{X(xz_3),xZ\/g

—x(x*=3), x< NE] ,

suy ra do thi cia g(x) gdm hai phan dugc suy

ra tr d6 thi ban dau nhu sau:

+ Phan 1: 1a dd thi ham £ (x) twong tng véi x>+/3.
+ Phan 2: 12 phan déi xtmg v6i phan db thi ham f'(x) qua truc Ox khi x <+/3 . D thi ham s6 g(x) 1a

dudng nét lidn & hinh dusi day.
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| Aot

Tir d6 thi ham s6 g (), ta ¢ sb diém cuc tri 1a 3 hay m=3.

x(x* =3), x e(—oo;\/g] U[0;+0)

+) Xét h(x)=(X+\/§) _x(x2—3),xe(0;\/§)-

xz—x\/g‘z

Suy ra do thi ctia A(x) gém 2 phan dugc suy ra tir d6 thi y A
ban dau nhu sau:
+ Phan 1: d6 thi ham f(x) tmg véi x>+/3 vavéi x<0.

+ Phan 2: 1a phan déi xtmg v6i phan dd thi ham f(x) khi

=
0<x<+3. 5 “\\ ,‘:
Do thi ham sb 4 (x) 1a duong nét lién & hinh dudi day.
Tir d6 thi ham s 7(x), ta c6 sb diém cuc tri 1a 4 hay
n=4.
Vay m+n=3+4=7.
Chon A.
Vidy 2. Cho ham s6 y = f'(x) ¢6 d6 thi nhu hinh v& Chu y:
bé bai hoi so diem cuc tri
N trong khodng (—4;4) nén cdc
/ diém x=+4 khong la diém
i " cuc tri.
-4 [0) s T

S6 diém cuc tri cia ham sé y = ‘f(|x|)‘ trén (—4;4) la
A.S. B.7. C.9. D. 3.
Huwéng dén gidi

Tac6 dd thi y = ‘f(|x|)‘ nhu sau:
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Viy sb diém cuc trj ciia ham sd y = ‘f(|x|)‘ trén (—4;4) 1a 7.

Chon B.

Bai toan 4. Mot s6 bai toan sir dung phép dich chuyén db thi
+ Phwong phap giai
Cho d6 thi ham s6 (C):y = f'(x)
Chu y : Khi tinh tién do thi 1én — xudng, trai — phai

e DO thi ham s6 (C):y=f(x—a) c6 dugc a ,
thi s0 diém cuc tri cia ham so6 (C), (C)), (C,) la

bang cach dich chuyén dd thi ham sé (C)

. o, ~ bang nhau.
qua bén phdi a don vi néu a>0 va dich
qua trai a don vinéu a<0.
e DO thi ham s6 (C,):y = f(x)+b c6 dugc
bang cach dich chuyén d6 thi ham sé (C)
1én trén b don vi néu >0 va dich xudng
dusi b don vinéu h<0.
Chuy: S6 diém cuc trj cia cic ham s sau la
bang nhau:
y zm‘f(|x+p|+q)+t‘+n (1); Tir (1) qua (2): dich chuyén 1én xudng khong 1am
thay ddi sb diém cuc tri.
y=ml|f(jx+pl+q)+1] 2); ‘ ) ‘ e
Tur (2) qua (3): phong to va thu nho khong lam thay
y=|f(lx+pl+q)+1] 3); i sb didm cuc tri.
Tl (3) qua (4): dich trai phai khong lam thay d6i s6

. o ) . diém cuec tri.

Pé tim so di€m cuc tri cia ham s0, ta c6 thé lam ;

Vi du: Cho ham so6 y =f(x) xac dinh trén
nhu sau:

R\ {1} va lién tuc trén timg khoang xac dinh, co

bang bién thién nhu hinh vé.
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Buwoc 1. Tim ham s6 ¢6 cung so diém cuc tri voi

ham ban dau.

Buwéc 2. Dya vao db thi, bang bién thién, bang

xét dau dao ham cua d€ bai ma suy ra so di€m cuc

tri ca ham tim duogc ¢ bude 1.

4+ Vidu miu

—00 — o — 0

D6 thi ham sé y = |f(x—1)| ¢6 bao nhiéu diém cuc
tri?

Huéng dén gidi

S6 diém cyc tri cia ham y = |f(x—1)| bang voi sb
diém cye trj ctia ham y =|f (x)|.

Dua vao bang bién thién cia ham s6 y = f(x), ta
suy ra s6 diém cyc tri cia ham s y = |f(x)| 1a 3.
Do d6 s6 diém cyc tri ciia ham s y = |f(x—1)| 1a

3.

Vidy 1. Cho ham s6 y = f(x) c6 bang bién thién nhu hinh v& duéi day.

0

2 +00

- 0 -
+DC\ +00
7

S6 diém cuc trj cia ham sb y = |f(x+3) —9| la

A. 4.

Huwéng dén gidi

B. 3.

C.2. D. 5.

S6 diém cuc tri cua cac ham so sau day la nhu nhau:

y=|f(x+3)-9

0

2 +o0

- 0 +
+\ +00
} /

; y=|f(x)-9|. Ta c6 bang bién thién ciia ham s6 y = f(x)-9 la
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Suy ra s6 diém cuc tri cia ham sé y = |f(x) —9| la 4.
Chon A.
Vidu 2. Cho ham sé y= f (x) xac dinh trén R\{0} va lién tuc trén timg khoang xac dinh, c6 bang bién

thién nhu hinh vé.

X -0 0 2 +00

- 0 I
f(x) \\\\* \\\\‘ ///’
0

D6 thi ham s6 y =2|f(x—1)—1|+1 c6 bao nhiéu diém cyc tri?

A. 3. B. 4. C.5. D. 6.
Huwong dén gidi
S6 diém cuc tri cta cac ham s6 sau day 1a nhu nhau:

y=2|f(x=-D-1+1; y=2|f(x=D-1|; y=|f(x-1)-1

s y=[f0)-1|

Ham sé y = f(x)—1 c6 bang bién thién nhu hinh vé:

X - 0 2 +
y' - - 0 +
+m +%0 +00
5 \ \ /
-1
-0

Suy ra s6 diém cuc tri clia ham y =|f(x)-1] 1a 4.
Véy ham s6 y =2|f(x=1)—1]+1 c6 4 diém cyc tr.
Chon B.
Vi du 3. Cho ham s6 y= f(x) xdc dinh trén R\{£1} va lién tyc trén timg khoang x4c dinh, c6 bang

bién thién nhu hinh v&.

A - -2 -1 0 1 2 +00

F(x) - £
T +0 1 F.00 =
f(x) \\\ //’ ///\\\ \\\ //jﬁ
-2 Lo — 0 —2

Db thi ham sé y = |2f(x +2) —1| ¢ bao nhiéu diém cuc tri?

A.S. B.9, C.7. D. 6.

Huéng din gidi
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S6 diém cuc tri cua cac ham so6 sau day 1a nhu nhau:

f(X)—l‘

y=[2f(x+2)-1 >

V=

;y=‘f(X+2)—%

Ta c6 bang bién thién cia ham s6 y = f(x) —% 1a

X - -2 -1 0 1 2 +

AR

A C g 1
Tur d6 suy ra so cuc tri ctia ham s6 y = ‘f(x)—E

1a 9 nén s cuc tri ciia ham sd y=|2f(x+2)—1|

cling 1a 9.
Chon B.
Vi du 4. Cho ham s6 y=f (x) xac dinh trén R\{—l} va lién tuc trén timg khodng xac dinh, c6 bang

bién thién nhu hinh vé.

X -0 -1 3 +00
f'(x) + + 0 -
+co 3
f(X) /
— 00 — 0 — 0

Ham s y = 2f(|x - 2|) —3 ¢6 bao nhiéu diém cuc trj?
A. 3. B. 4. C.5. D. 6.
Huwéng dén gidi
S6 diém cuc tri cla cac ham sd sau day la nhu nhau:
y=2f(x=2))=3; y=2/(lx=2); y =/ (lx=2); y=1(]x])
(vi ba ham dau c6 sb nghiém cua dao ham la nhu nhau; tir ham tht tu, ta dich qua phai 2 don vi s€

dugc db thi ham thir ba).

Tir bang bién thién da cho, suy ra bang bién thién ctia ham sé y = f (|x|) :

X —o0 -3 0 3 +o0

+ 0 - 0 + 0 -
3 3
() / \ / \
—&o f(O) —00
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Dua vao bang bién thién, ta c6 ham sb y=f (|x|) ¢6 3 diém cuc tri.
Do d6 ham s y = 2f(|x—2|)—3 ¢6 3 diém cyc tri.
Chon A.
Vi du 5%, Cho ham s6 y = f (x) xac dinh trén R\{—l} va lién tuc trén tung khoang xac dinh, c6 bang

bién thién nhu hinh v&.

X - -1 3 +00
f'(x) + + 0 =
+00 3
() / / \
Biét £(0).£(1)<0. S6 diém cuc trj ciia dd thi ham s6 y=[2f (jx~2])-3] 1a
A. 5. B.9. C.7. D. 6.
Huéng dén gidi

Quan sat bang bién thién, rd rang ham s6 da cho dong bién trén (-1;3), suy ra £(0)< f(1). Lai do
£(0).f(1)<0 nén f(0)<0< f(1).

Tuong tu nhu & vi du 4, s6 diém cuc tri cua ham y :‘2f(|x—2|)—3‘ béng v6i s6 cuc tri ctia ham
y =1 (W)

Bang bién thién ciia ham s6 y = f (|x|) la:

X —© -3 0 3 +00

s A T RN TR o
3 3
() / \ / \
f(0) oo

—00

Dén day, ta d& dang suy ra duoc sb diém cuc tri ciia ham y = \ f(|x|)‘ 1a7.
Vay him s§ y = \2 £ (jx-2)) —3\ c6 7 diém cuc tri.
Chon C.
Chii j: Néu f (x)> 0 thi ham s6 y =|2.f (|x—2])=3|chi c6 5 diém cuc tri
Vi du 6. Cho ham s6 y = f(x) xédc dinh trén R\{~1} va lién tuc trén timg khoang xéc dinh, c6 bing

bién thién nhu hinh v&. D6 thi him s6 y =3 /(|x|-2)+1 ¢6 bao nhiéu diém cyc tri?
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X - 0 1 5 +0o0
f'(x-2) + + 0 -
+o0 3
f(x-2) /
A.3. B. 4. C.5. D.2.
Huéng dén gidi

S6 diém cuc tri ctia cac ham sd sau day la nhu nhau:

y=3f(|x|—2)+1; y=3f(|x|—2) va y=f(|x|—2).
Dé vé duge bang bién thién hodic d6 thi cia ham s6 y = f(|]x|-2), ta dich bang bién thién (40 thi) ciia
hamsé y=f (x) qua phai 2 don vi rdi 1y d6i xtmg phan bén phai truc Oy qua Oy (b6 phin bén trai

Oy).

Sau day lan luot 1a bang bién thién ciia y = f(x—2) va y = f(|x|-2)

X —o0 0 1 5 +
f'(x-2) + + 0 -
+o 3
f(x-2) /
— o0 — 00 -0
X - -5 -1 0 1 5 +00
f-(x._le + 0 0 + + 0 —
3 + o0 +00 3
f(|x]-2) / \ \ / / \
=00 -0 f(—2) — —00

Vay ham s6 ban dau c6 3 diém cuyc tri.

Chon A.

4+ Bai tap tw luyén dang 5
Cau 1: S6 diém cyec tri caa ham s6 y= |x - 5|3/)c_2 la
A. 2. B. 1. C. 4. D. 3.
Céu 2: S6 diém cyec tri ciaham s6 y=x" +2|x+2|-1 1a
A. 0. B. 1. C.2. D. 3.
Cau 3: S6 diém cye trj ciia o thi ham s6 y =|x* —5x° +4 1a

A.S. B.7. C.9. D. 6.
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Céu 4: Cho ham s§ y = f(x) lién tuc trén R va c6 bang xét du dao ham nhu hinh vé.

X —0 -1 0 2 4 +00

f'(x) + 0 -l + 0o - 0 +

S6 diém cyc tri ciia ham s y = /'(|x]) 1a
A. 6. B. 3. C.5. D.7.

Céu 5: Cho ham s6 y = f(x) lién tyc trén R\ {1} va c6 bang xét dau dao ham nhu hinh v&.

X —00 -4 -2 0 1 3 5 +00

f'(x) - 0 + 0 - 0 + - 0 + -

S6 diém cuc trj cia ham sb y = f(|x|) la
A.5. B.3. C.7. D. 6.
Bai tap niang cao
Céu 6: 86 diém cyc tri cia ham s6 £ (x) =[x +2|+[x + 1|+ x| +|x = 1| +]x = 2|+ x* 1a
A. 1. B. 0. C.3. D.5.
Cau 7: S6 diém cuc dai ciia ham s f(x) = e+ 2| [+ 1|+ ||+ x = 1| +]x = 2| = x* 1a
A 11 B.S. C.6. D. 4.
Céu 8: Cho ham s6 bac ba y = f(x) c6 dd thi nhu hinh v&

YA

-5/0_4\1/ g

Ham s y = 3‘f(|x+ 2010| —1)‘ —5 ¢6 bao nhiéu diém cuc trj?
A.11. B. 9. C.7. D. 13.

Cau 9: Cho ham s6 y = f'(x) xéc dinh va lién tuc trén R c6 bang xét diu ciia ham y = f”(x) nhu sau

X - -1 1 2 3 +00

f'(x) + 0 - + 0 - +

Ham s y = 3f(|x - 2021|) +2020 c6 bao nhiéu diém cyc tri?
A. 6. B. 5. C.7. D. 3.
CAu 10: Cho ham sb y=f (x) xac dinh trén R\ {1} , lién tuc trén mdi khoang xac dinh va c6 bang bién

thién nhu hinh vé
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X -0 -1 3 +00
f'(x) + - 0 +
2|+ + 00
(%) / \ /
0 —4

Ham sd y = —5|f(x) - 21| +20 c6 bao nhiéu diém cyc tri
A. 2. B. 3. C.5. D. 4.

Céu 11: Cho ham s6 y = f (x) lién tuc va c6 dao ham trén R va c6 bang bién thién ctia f ’(x) nhu hinh

-0 —1 0 1 3 + 00
3 + 0
f'(x) / \ 1 /1 \ /
) -4

S6 diém cuec trj ciia ham sé y = f(|x|) la

A. 3. B.7. C.5. D. 9.

Céu 12: Cho ham s6 y = f(x) lién tuc trén R va c6 bang bién thién nhu hinh vé

X —% -6 -2 1 2 3 +00
5 +00
" / \ \
— o0 1——)1 / \_4/

S6 diém cuc trj cia ham sb y = f(|x|) la

A. 3. B.5S. C.4. D. 2.

1-D 2-B 3-B 4-C 5-A 6-A 7-C 8§-A 9-C 10-B

11-B |12-C

Dang 6: Cuc tri ham chira tri tuyét ddi c6 tham s
Bai toan 1. Pinh tham s6 dé ham s chira déu tri tuyét ddi c6 » diém cwe tri
4+ Phuwong phap giai
Xét bai todn: Dinh tham s6 dé d6 thi ham s6 Vi du: C6 bao nhidu giad tri nguyén cua

y=f(|x|) hodc y=‘f(|x|)‘ ¢6 n diém cuec tri. m e[—20;20] dé ham sé y=|x’-3x+m| co 3

diém cuc tr1?

Huéng dén gidi
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Bwéc 1. Lap bang bién thién cua ham sd

y=f(x).

Buéc 2. Dya vao bang bién thién, suy ra tham sb

thoa man yéu cau dé bai

4+ Vidu miu

Vi du 1. C6 bao nhi€u gid tri nguyén cua me[—S;S] dé ham sb

yz‘x3 —6x° +(9—m)x+2m—2‘ ¢4 5 diém cuc tri?

A. 6. B.8 C.5. D.7.

Huéng dén gidi

Xét f(x)=x"—6x"+(9—m)x+2m—2

Xét f(x)zx3—3x+m.

Tacd f'(x)=3x"-3.

Béng bién thién:
X -0 -1 1 +o0
f'(x) + 0 - 0 +

f(x)

_x/'mz\m‘z/ E

Tir bang bién thién ta co:

Hamso y= ‘x3 —3x+m‘ co 3 diém cuc tri

m+2<0 m< -2
=
m—220 m=>2.

Do m nguyén va m €[-20;20] nén

m e {-20;-19;...;-2;2;3;...;19; 20}

Léi binh: Ta c6 thé nhin
16 nhitng két lugn nay tir
viéc bién doi do thi.

Tir do thi y=f(x) suy

ra do thi y :|f(x)|

Cho f(x) =0 x’—6x> +(9—m)x+2m—2=0 g
S x —6x"+9x—2—mx+2m=0 - d
<:>(x—2)(x2—4x+1—m)=0
|:X=2 YA
= 2
X —4x+1-m=0
Ham s§ y =[x’ ~6x +(9—m)x+2m~2| ¢ 5 diém cyc trj khi f(x)=0 o, S

c6 3 nghiém phan biét va chi khi x* —4x+1-m =0 c6 2 nghiém phan biét

khac 2

A'=4—(1-m)>0 m>-3
=
2°—42+1-m#0

Do mnguyén m e[-5;5] nén m e {-2;-1;0;1;2;3;4;5} .
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Vay c6 8 gia tri ciia m thoa man dé bai.
Chon B.

Vi du 2. C6 bao nhiu gia tri cia m dé ham sd Loi binh: Ta cé thé nhin

y= |x|3 —(2m+1)x* +3m|x|-5 c6 5 diém cyc tri. ro nhimg két lugn nay tir
| | viéc bién doi do thi.
A. me(O;Z]. B. me(O;Zju(l;Jroo). Tir dé thi yzf(x) suy
C. me(1;+%). D. m e (-;0]. ra do thi y=f(|x|).
Huwong din gidi y

Xét f(x)=x3—(2m+1)x2+3mx—5.

>

Suyra f'(x)=3x"-2(2m+1)x+3m.

Ham s6 y=|x|3 —(2m+1)x2 +3m|x|—5 c6 5 diém cuc tri khi va chi khi

<

ham s6 y = f(x) ¢6 2 diém cuc tri duong < f'(x)=0 c6 2 nghiém phan
biét duong

A'=(2m+1)" =9m >0

1
4m* —sm+1>0 |7
=<2m+1>0 = = 1
m>0 O<m<—
m>0 4
Chon B.

Vi du 3. C6 bao nhiéu sO nguyén cua tham s0 me(-2021;2020) dé ham s

£ (x)=x"=2m|x—m+2020+2021 c6 3 diém cuc tri?

A. 1009. B. 2020. C. 2019. D. 1008
Huwong din gidi
- 2x—2m, x—m+2020>0
f'(x)=2x—2mx m+2020 _ j2x—2m, x—m
|x=m+2020] |2x+2m, x—m+2020<0.

D@ thay ham s6 khong c6 dao ham tai diém x = m —2020.

2x-2m=0
x—m+2020>0
Taco: f'(x)=0<
2x+2m=0
x—m+2020<0
xX=m
{x:m
S| [x=—-m =
x=-m, m>1010.
{2m—2020<0

4éu m<1010 thi f'(x)=0 < x=m va khong c6 dao ham tai diém x =m—2020 nén khong c6 du

3 diém cyc tri. Do d6 loai truong hop nay.
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Khi m >1010, ta c6 bang xét d4u dao ham nhu sau:

X - -m m-2020 m +20

f'(x) - 0 + - 0 +

Viay ham s6 ¢ 3 diém cuc tri voi m>1010.

Ma m e (~2021;2020) nén m e {1011;1012;...;2019} .
Vay ¢6 1009 s6 thoa man d& bai.

Chon A.

. ) . m+n<1 Loz
Vi du 4. Cho ham s6 f(x)=x"+mx’ +nx—2 v&i m, n 1a cac so thuc thoa man {2 5 S6 diém
m—n>

cyc tri ciia ham s§ y = |f(x)| 1a
A. 1. B. 3. C.5. D. 2.
Huéng dén gidi

Hamsé f(x)=x"+mx> +nx—2 lién tuc trén R.

I C
e lim £ (x).f (~2) <0
f(—2)=—8+4m—2n—2=2(2m_n_5)>0 X—>-0 1
f(U=1+m+n—2:m+n—1<0 ( ) ()<
lim f(x)=+oo . hm (x)

Suy ra phuong trinh f(x)=0 c6 it nhat 3 nghiém. Ma f(x)=0 la phuong trinh bac 3 nén c6 t6i da 3
nghiém. Vay f(x)=0 c6 ding 3 nghiém phén biét.

Vay ham s6 y = |f(x)| c¢6 dung 5 diém cuec tri.

Chon C.

Vi du 5. Cho ham sb y= v&i m 14 tham s6 thuc. Do thi cia ham sb d3 cho ¢6 nhiéu

%xS +mxx? +1

nhét bao nhiéu diém cuc tri?
A. 5. B. 3. C. 4. D. 2.
Huéng dén gidi
Xét f(x) :%x3 +mx\x” +1co tap xac dinh D=R.

2X2+1'f'(x) _x2,/x2+1

N 2P+
x(2x4 -3+ 2)
2x” +1)°Vx +1

Tacd f'(x)=x"+m

Taco g'(x)= . Bang bién thién g(x):
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Dua vao bang bién thién ta cé f(x)=0 c6 ti da 2 nghiém khéc 0 khi m <0. Do ham s6 f(x)lién

tuc trén R nén f (x) =0 ¢6 tdi da 3 nghiém phén biét. 4 éu ton tai gia tri cua tham s6 m sao cho

phuong trinh f'(x)=0c6 diing 3 nghiém phan biét thi ham sb y = %x3 +mx x> +1| ¢6 5 diém cuec tri.

x=0
Tacd f(x)=0<
(x) Lz =-3myx’+1. (2)
Khi m <0 thi (2) < x* —9m’x> —9m> =0 ludn c6 2 nghiém phan biét khac 0.

Vay phuong trinh f(x)=0 c6 ding 3 nghiém phan biét néu m <0.

A A R s LA o \ A 1 \
Viy so diém cuc tri toi da cia ham s0 y = §x3 +mxvx® +1| 1a 5.

Chon A.
Vi du 6. C6 bao nhiéu s6 nguyén cia m e [O; 2021] dé ham s y = |x|3 +(m —l)x ¢ ding mot diém cuc
tri?

A. 2021. B. 2022. C.21. D. 20.

Huwong din gidi

Ta s€ chirng minh ham s6 trén ludn co dang 1 diém cuec tri v&i moi tham sb m.

Hién nhién ham s6 lién tuc trén R .

Taco: y'=——+m—-1=

3x° {3x2+m—1,x>0
B

3x*+m-1,x<0.
Pao ham khong xac dinh tai diém x=0.

. ., 3x%,x>0
+)Khi m =1 thi y' = R

=3x°,x<0

Ham sé khong c6 dao ham tai diém x=0 va dao ham d6i déu khi di qua diém x=0 (vi
lim y' >0, lim y' <0).
x—0" x—0"
Vay ham s6 chi dat cyc tri tai x=0.

+)Khi m>1,tacé y'>0,Vx>0 va lim ' <0.

x—0"
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/ -1 y g 2 ; 2
Cho y'=0 x=- m3 va dao ham doi dau khi di qua diém d6 nén ham so ciling chi c6 1 diém cuyc

tri.

+) Tuong tu véi m <1, ham $6 cling chi dat cuc tri tai diém x =

1-m

Vay ham s6 luén ¢6 1 di€m cuc tri voi moi tham so m.

Do m nguyén va m e [0;2021] nén c6 2022 gia tri cua m.

Chon B.

Bai toan 2. Cho bing bién thién, dinh gia tri tham s6 dé ham s6 c6 » diém cuec tri

+ Phuwong phap giai
Bai toan: Cho bang bién thién cia ham sb
y = f(x) hodc cho bang bién thién, bang xét dau

cia f'(x). Yéu cau tim gia tri cua tham so m dé

ham so g (x,m) co n diém cyc tri.

Pua ham s0 g(x,m) vé ham s6 don gian hon

(néu c6 thé). Sau d6 st dung cac phép bién ddi dd

thi ham tri tuyét doi.

+ Vidu miu

Vi dy: Cho ham s6 y = f(x) c6 bang bién thién

nhu sau
X —a0 -1 0 1 +0
+00 +00
f(x) \ o~ 7
|
-3

Tim m dé ham sb g(x) = f(|x|+m) co6 dung 5
diém cuc tri.

Huéng dén gidi

Dé ¢6 dugce do thi ciia ham s6 g(x) = f(|x|+m) ta
1an luot thuc hién cac bude sau:

+ Dich chuyén db thi qua phai néu m <0, dich
chuyén qua trai néu m>0.

+ Giir phan bén phai truc tung cta do thi & bude 1,
roi 14y d6i xting phan dé qua truc tung.

Suy ra dé ham s g(x)= f(|x|+m) c6 ding 5 cuc
tri, ta can dich chuyén dd thi ham s y = f (x) qua

phai sao cho dd thi ¢ dung 2 diém cuc tri duong.

m<0
= -1<m<0.
m>-1

Suy ra {
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Vi dy 1. Cho ham s6 y = f(x) lién tuc trén R\ {1}, c6 dao ham trén R\{I} va c6 bang bién thién ciia

ham sb y=f'(x) nhu sau

X —a0 0 1 +o0

+00 +o

£1(x) \\*0\\$ //’

—00 || —o0

C6 bao nhiéu gia tri nguyén cia tham sd m e [—20;20] dé ham sb g(x) = 2f(|x|—m)+22°2° c¢6 nhiéu

diém cuc tri nhat?
A, 21. B. 19. C.22. D. 20.
Huéng dén gidi

S6 diém cuc tri cua g(x) = 2f(|x|—m)+ 22 bing voi sb diém cyc tri cia ham sd h(x) = f(|x|—m).

Ta co h’(x)=£|f’(|x|—m).

|x
Hién nhién ham s6 khong c6 dao ham tai di€ém x=0.

|x|—m=0 {|x|=m
=

|)c|—m=x1 >1

Cho /'(x)=0 @{

x| = x, +m.

Ham s6 h(x)=f(|x|—m) c6 nhiéu diém cyc trj nhét khi va chi khi 4'(x)=0 c6 nhiéu nghi¢m duong
nhét hay 0<m.

Do m nguyén va m €[-20;20] nén m e {1;2;3;..;20}.

Chon D.

Vidy 2. Cho ham s6 y = f(x) c6 dao ham trén R va c6 bang bién thién ctia ham s6 y = f*(x) nhu sau:

X -0 -1 0 1 +00

+00

w N~

S6 gid tri nguyén clia tham sé m dé ham sé g(x)= f (‘x4 —4x* + m‘) ¢6 nhiéu diém cyc tri nhat?
A. 2. B. 4. C.3. D. 5.
Huwong din gidi

Taco g'(x)= (4x3 —fﬂ)c)%f’(‘x4 —4x° +m‘) :

Ta co ‘x4—4x2+m‘20.

Dua vao bang bién thién, suy ra f’(‘x4 —4x” + m‘) =0 vO0 nghiém (*).
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Ham sé g(x) c6 nhiéu diém cyc tri nhat khi g’(x)= 0 c6 nhiéu nghiém phan biét nhét.

£ " A X x'—4x’+m=0 , A - A - 1
Két hop voi (*), ta c6 hé phuong trinh 4P 8r0 c6 nhiéu nghi€ém phan biét nhat
x —8x=

< x*—4x’+m=0 c6 nhiéu nghiém nhat va tit cd cic nghiém déu khac 0 va khac +2 (vi
4x’ —8x =0 ludn c6 ba nghiém phan biét 13 0; i\/z ) & m=—x"+4x* co nhiéu nghiém nhét va tat ca
cac nghiém déu khac 0 va khac +4/2 (**).

Lap bang bién thién cia y =—x* +4x’ ta co:

X -2 0 NI
y' + 0 - 0 + 0 -

bl T T IN

Do do (**) <@ 0<m<4.

Vay co ba gia tri nguyén 1a m e {1;2;3} .
Chon C.
Bai todn 3. Cho do thi, dinh tham s6 dé c6 ham s6 ¢6 n diém cue tri
4+ Phuong phap giai
Vidy: Him s6 y = f(x) 6 d6 thi nhu hinh v&.

Y4 I
/ [0)
Tim s6 diém cuc tri cia d6 thi ham sb

y:|f(x+m)|

Buwoc 1. Tim ham s6 don gian hon c6 cung so0 Hwong din gidi

¥ %

diém cyc tri v6i ham ban dau. S6 diém cyc tri cta dd thi ham s§ y =|f (x+m)
béng véi sb diém cuc tri cua d6 thi ham sb

y= | f (x)| .
Buwde 2. Dua vao d0 thi, xac dinh s6 cuc tri cia Dua vao dd thi, ta c¢6 s6 diém cuc tri ham sd
ham don gian ¢ budce 1. y=/(x) 1a 4 va s6 nghiém béi 1¢ ctia phuong

trinh f(x)=0 1a5.
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Suy ra sb diém cuyc tri ciia db thi ham sé y = |f(x)|
béng 9.
Vay s6 diém cyc tri cia dd thi ham sb

y=|f(x+m) 1a9.

4+ Vidu miu
Vi dy 1. Cho dudng cong nhu hinh v& 1a @b thi cia ham sé y = f(x). Tim tap hop tat ca céc gia tri thuc

cua tham s6 m d¢ ham s6 y = f(|x+3|+m) ¢0 5 di€m cuyc tri.

A. me(—o;—1]. B. me(-L1).
C. me(1;+). D. me(-o;—1).
Y4
13
12

2/ 30 \1/2 3
1-1

Huéng dén gidi
S6 diém cyc tri cia ham s6 y = f(|x +3|+ m) bang véi s6 diém cyc tri cia ham s6 g (x) = f(|x| + m) .
X

Ta co g’(x)z—f'(|x|+m).

|
(*)

. |x|+m=1 |x|=1—m
Dua vao do thi, ta co g'(x):0<:>

X +m=-1""||x|=-1-m
(cht ¥ ring ham s6 g (x) khong c6 dao ham tai diém x=0).
Ham s y=f(jx+3|+m) c6 5 diém cyc tri < g(x)=/(|x|+m) c6 5 diém cyc tri < (*) c6 4

nghiém phan biét & —-1-m>0m<—1.

Chon D.
Vi dy 2. Cho ham s6 y = f(x) lién tuc trén R va c6 d6 thi nhu hinh v&. Tim tat ca céc gid tri clia tham

so m d¢ ham s y = |f(x) + m| c6 nhiéu diém cuyc tri nhat.

A. me(—2;2). B. me[—2;2].
C. me(-1L1). D. me[-L1].
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'
—

2] 1 O\ 1

Huéng dén gidi
DY thi ham s6 y =|f (x)+m| cé nhiéu diém cyc tri nhét khi va chi khi y = f (x)+m cat tryc hoanh tai
nhiéu diém nhit & 2<m<2.
Chon A.
Vidy 3. Cho ham s6 y = f(x) ¢6 d thi nhu hinh v&.

B k-

c6 5 di€m cyec tri. Tong

Goi S 1a tap hop cac sb6 nguyén dwong ciia m dé ham sé y = ‘f(x+2020)+%m2

tat ca cac phan tir cia S 1a
A. 5. B. 10. C.o. D.7.
Huéng dén gidi

bang s0 diém cuc tri cua ham

Ta c6 s diém cyc tri cua ham y:‘f(x+2020)+§m2

Xét ham g (x) =f(x)+%m2 :

Dua vao do thi ta ¢ so diém cuc tri cua ham g (x) bang so diém cyc tri ciia ham f'(x) va bang 3.
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Suy ra ham s6 y=|f (x+2020)+§m2 c6 5 diém cuc tri thi sO giao diém cia g(x) vdi truc Ox

(khong ké cac diém tiép xuc) 1a 2.

—lm2>2
3" , 3<m<32
= S9<m <18

Do m nguyén duong nén m e {3;4}.

Viy tong cac gia trj 1a 7.
Chon D.

Vi dy 4. Cho ham sé y = f(x) c6 d6 thi nhu hinh v& bén dudi. S gid tri nguyén ciia tham sb m dé db thi

ham sb g(x)= ‘f3 (x)—3f(x)+m‘ ¢6 dung 9 diém cyec tri 1

yJ\
B X
T \
wwwww -
A. 16. B. 17. C. 15. D. 18.

Huwong din gidi
Xét h(x):fs(x)—3f(x)+m.
Suy ra h'(x)=0©3f'(x)[f2(x)—l]=O.

x=0

Dua vao db thi, tacé f'(x)=0 <:{ )
X=-

xX=x<-2

f(x)=1<|x=x, €(-2;0) (dao ham déu d6i dau khi di qua ca 3 nghiém déu 1a nghiém don va khac
x=x,>0

2 nghiém trén).

f(x)=_1@[

X=X, > X . \ ‘A \ . .
5 (trong d6 x = x, 1a nghiém don x = -2 1a nghi¢m kép).
xX=-

Ta tinh cac gia tri:

Byl
—_
=
N—

I

h(x,)=h(x;)=m—-2

ey
—
J;R
N—
Il

h(—2)=m+2 va h(0)=m+18

Bang bién thién h(x):
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X —o0 X -2 X, 0 X3 X4 +0

h'(x) = 0Lk Qe = 00T O b0
m+18

h(x) +w\ /m+2\ / \ ﬂm+2\
m-2 m-2 m-2 —0

Suy ra ham sb A (x) ludn ¢6 6 diém cuc tri.

Do thi ham s6 g(x)=|7"(x)=37 (x)+m| c6 ding 9 diém cyc tri twong dwong db thi y=/(x) cét
truc hoanh tai dung 3 diém (khong ké nhimng diém tiép xic) < m+2<0<18+m < —18<m<-2.
Vay m e {-17;-16;..;-2} hay co 16 gia tri nguyén cua m.

Chon A.

4+ Bai tap tw luyén dang 6
Céu 1: Cho ham s6 y =%|x|3 —(m=1)x* +(m-3)|x|+m* —4m+1. Tim tat ca c4c gia tri thyc cta tham s6
m dé ham sd ¢6 5 diém cuc tri.
A.m>1. B. m>3. C.m>4. D. 3<m<-1.
Céu 2: C6 bao nhiéu gia tri nguyén ctia tham s6 m dé ham s6 y = ‘x“ —8x” +18x" + m‘ ¢6 3 diém cyec tri?
Al B. Khong co. C.2. D. Vo sb.
Cau 3: Tong tit ca cac gia tri nguyén cua tham sb m dé ham s§ y = ‘3x4 +8x —6x" —24x—m‘ ¢6 7 diém

cuec tri br:ing

A. 42, B. 63. C. 55. D. 30.
Cau 4: Him s6 y = f(x) ¢6 dao ham f'(x)=(x+1)"(x—m)’ (x+3)’. C6 bao nhiéu gia tri nguyén cua
m e [-5;5] dé s6 diém cyc tri cua y = f(|x]) 14 3?

A.5. B. 3. C.6. D.7.

Céu 5: Cho ham s6 y = f(x)c6 dao ham f'(x)=(x=2) (x+2)[x* =2(m~1)x+m’ +Tm-8],VxeR.

Co tat c4 bao nhiéu s6 nguyén m d¢ hamsé g(x)=f (|x|) ¢6 5 diém cuec trj?

A. 6. B.7. C.8. D. 5.
A \ £ 3 2 ‘e ) - —8+4a-2b+c>0
Cau 6: Cho ham so f(x)=x"+ax’ +bx+c v6i a,b,c € R thoa man
8+4a+2b+c<0
S6 diém cuc trj cua ham sb y:|f(x)| bing
A. 1. B. 2. C.3. D. 5.

a+b>1

v&i a,b 1a cac sb thuc.
3+2a+b<0

Céu 7: Cho ham s6 f(x) =X’ +ax’ +bx—2 thoéa man {
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S6 diém cuc tri cuia ham s6 y = ‘f(|x|)‘ bang
A.S. B. 7. C.0. D. 11.

ab<0

X . Ham s6 y =|ax" +bx” +¢| c6 bao nhiéu diém cuc
ac(b — 4ac) >0

Cau 8: Biét réng a,b,ceR thoa {

tri?

A. 9. B. 5. C. 3. D.7.
Céu 9: Biét rang ham s6 béc ba y=a(x—b)(x—c)(x—d) dong bién trén R véi a,b,c,d eR. D) thi
ham s6 y =[x* —(b+c+d)x" +ad| c it nhét bao nhiéu diém cye tri?

A. 1. B. 0. C.3. D. 2.
Cau 10: Cho ham sb y= ‘xs +mxxt +1- 20x‘ v6i m 1a tham s thue. D) thi ctia ham sé di cho c6 nhiéu
nhét bao nhiéu diém cuc tri?

A. 2. B. 5. C.4. D. 3.

Cau 11: Cho ham sé f(x)=ax'+bx’+c véi a b, ¢ 1a cic s6 thuc théa a>0,c>2020 va

a+b+c<2020. S6 diém cyc trj cia ham s6 y = £ (x)-2020| 1a

A.7. B.5. C.4. D. 3.
a+b+c<-1

Céu 12: Cho céc sb thuc a, b, c thoa {4a—2b+c>8. Dat f(x)=x"+ax’ +bx+c. S diém cyc tri toi da
bc<0

cita ham s6 y =[/ (|x)| 1a

A. 5. B. 11. C.9. D. 7.

1-B 2-D 3-A 4-A 5-A 6-D 7-D 8§-D 9-A 10-B

11-A |12-D

Dang 7. Cwc tri ham 4n
Bai to4n 1. Biét dugc do thj ciia ham s6 f(x) tim (s6 diém) cyc trj ciia ham 4n
+ Phwong phap giai Vi du: Cho ham s6 y = f(x) c6 dao ham trén R
va c¢6 dd thi nhu hinh v&. Dit g(x) = [f(x)]z.

Ham so g(x) c6 may diém cuc tri?
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Bu6c 1. Tim dao ham cia ham sb y = f(u(x)): A o/ 1 2

V=1 (x).f" (u(x)).
Budée 2. TUr d6 thi ham s6, x4c dinh s6 nghiém boi Huwéng dan giai

1¢ ctia phuong trinh y' =0. Taco g'(x)=2/"(x).f(x).

bg ol

f’(x)zO
f(x)zO.

Dua vao do thi, ta co

Cho g'(x)=0 @{

Budre 3. Két luan cuc trj cia ham s6 y = f(u (x)) ) x=x (-1,0)
f'(x)=0e|x=1
x=x,¢e(1:2).

B x=x,€(-1;0),x <x
f(x) =0 {x =X, E(O,‘l)

(cac nghiém déu 13 nghiém boi 1¢). Vay ham sb

y=g(x) c6 5 diém cyc tri.

Chon D.
4 Vidu miu
Vi dy 1. Cho ham s6 y = f(x) ¢6 dao ham trén R va c6 d thi nhu hinh v& Y
dudi (chi dat cyc trj tai 3 diém va ciing chi ¢6 3 diém chung voi truc hoanh). 12
r 2 r 1
S6 diém cuc tri cua ham s6 g(x)= [f(x)]2 1a X X, X
2\ 0\ 2i 3
A.S. B. 4. e
12 !
C.3. D. 6.
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Huéng dén gidi
Taco: g'(x)=2f"(x).f(x).Cho g'(x)=0<

Dua vao d6 thi trén, ta co:

X=X
(1)< | x=0 (cic nghiém déu la nghiém boi 18).

X=X,

x=-2

f'(x)=0 ()
f(x)=0 (2.

(2)< | x=3 (trong d6 x =0 nghiém kép,hai nghi¢m kia la nghiém don).

x=0

Vay phuong trinh g'(x) =0 c6 5 nghiém boi lé.

Do vy s diém cyc tri cia ham s6 g (x)= [f(x)]2 1as.

Chon A.

Vi dy 2. Cho ham s6 y = f(x)c6 dao ham trén
R va ¢6 dd thi nhu hinh v& bén dudi (chi dat cuc
tri tai 3 diém va ciing chi c¢6 3 diém chung véi
truc hoanh). S6 diém cuc tri cia ham sb

g(x)=r[/(x)]1a

A.6 B.7
C.8 D.9
Huéng dén gidi
Taco: g'(x)= f’(x).f'[f(x)].
! =0
Cho g'(x)=0 7'(x) M

s @

Dua vao do6 thi trén ta co:
X=X

()< |x=0 (cacnghiém déu la nghiém boi 18).

X=X,

f(x)=x
Q)< f(x)zO

f(x)zxz.

Phuong trinh f(x)=x, v6i x €(-2;-1) c6 2 nghiém don khac véi 3

¥i

L

2\-10

Chii y: Chi can quan tam
dén nghiém béi 1é hodc
nghiém ma dao ham doi
khi di cua

dau qua

phuong trinh f'(x) =0
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nghiém x=x;x=0;x=x,.

Phuong trinh f'(x)=0 c6 2 nghiém don & x =-2,x =3 (khac vi 5 nghiém
don trén) va nghiém kép x=0.

Phuong trinh f(x)=x, véi x, €(2;3) c6 2 nghiém don khéc véi tat ca cac
nghiém trén.

Vay phuong trinh g’(x) =0 c6 tong cong 9 nghiém boi 1é nén ham sb
g(x)= f[f(x)] c6 tong cong 9 diém cuc tri.

Chon D.

Vi du 3. Cho ham s6 y = f(x) x4c dinh, lién tuc trén R va c6 ding 2
diém cuc tri x=—1,x=1 c6 dd thi nhu hinh v& sau:

Hoi ham s§ y =3 (x* = 6x* +9x+1)+2020 c6 bao nhiéu diém cyc trj?

A.2. B. 3.
C. 4. D. 5.
Huwong din gidi

Do ham s6 y = f(x) c6 dung hai diém cuc tri x=-1,x=1 nén phuong trinh f’(x)=0 c6 hai nghiém
boi 1 phén bigt x =—1,x=1.

Ta co: y'z3(3x2 —12x+9)f'(x3 —6x° +9x+l>

=1
3x* —12x+9=0 [x=3
V=0 x —6x’ +9x+1=-1<| x=x,e(-10)

X —6x"+9x+1=1 x(x_3)2:()'

Vi =0 c6 cdc nghi¢m I¢ 1a x =x,,x=1va x=3 nén ham s6 y =3 (x*—6x" +9x+1)+2020 c6 tt ca

4 diém cuc tri.

Chon C.
Vi du 4. Biét rang ham s6 f (x) xac dinh, lién tyc trén R co dd thi duoc cho nhu VA
13
hinh v& bén. So diém cyc tri cia hAm s0 y = Sf[f(x -3)+ 1] -201a ls
A. 6. B. 5. x
C.3. D. 4. -1

Huéng din giai

S4 diém cuec tri ctia ham sb y= 5f[f(x—3) + 1} =20 bﬁng véi s6 diém cuc trj cua
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ham sd y = f[f(x—3)+l] va cling bang véi s6 diém cuc tri cia ham s6 g (x)= f[f(x):l.
Ta co: g'(x)zf’(x).f’[f(x)].

rx=0
rLrm)=o (2)

Duva vao d6 thi, ta co

g'(x)=0c>[

x=0
(l)@[ _ (trong d6 x=0va x =2 la nghiém boi I¢).

(2)©[f(x>io o)
r(9)-2 (4)

(3) < x =3 (nghiém don) hodc x =0 (nghiém kép).
(4) © x =x, >3 (nghiém don).
Vay phuong trinh g'(x)=0 c6 4 nghiém bdi 1¢ nén g(x) c6 4 diém cuec tri
Suy ra ham s6 y = 5f[f(x—3)+1] —20 ciing c6 4 diém cuc trj.
Chon D.
Bai toan 2. Tim (s diém) cye trj biét d6 thj ciia ham s6 f'(x)
+ Phuwong phap giai
Bai ton: Cho trudce d thi ciia ham sé f*(x). Tim (sé diém) cuc tri cta (d6 thi) ham s f(u).
+4éu f'(x)=0 c6 cacnghiém x,, thi f'(u)=0<u=x,
+ Chiing ta chi cAn quan tim dén cac nghiém boi 1é ciia phuong trinh.
+ Vidu miu

Vi du 1. Cho ham sé y=f(x) c6 YA

dao ham lién tuc trén R. Ham so

y=/f"(x) ¢6 dd thi nhu hinh v& X
-1 0 3

Ham s g(x) = f(3—x2) dat cuc tieu
tai diém

A. x=0. B. x=2.

C. x=412. D. x=-2.
Huong din gidi Lwu y: Do cac nghiém déu la
Phuong trinh f'(x) =0 co62nghiémboi léla x=—-1,x=3. nghiém bgi lé, nén g'(x)déi

Tacs: g'(x)= [f(3—x2 )]’ _ —2x.f'(3—x2). ddu khi di qua méi nghiém dy.

Chinh vi vdy ma ta chi can biét
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x=0 x=0 déu ciia mot khodng nao do sé
Cho g'(x) =0 |3-x=-l|x"=4 suy ra dau ¢ cac khodng con
3-x*=3 x*=0 lai. Do ham s6 lién tuc, nén chi
Suyra g'(x)=0 c6 3 nghiém boi lé a x=0,x=+2. can biét dau tai I diem, ta sé
) biét diu & khoang chita diém
Vi g'(3)=-6./"(6) <0 nén ta c6 bang xét dau g(x) nhu sau:

do.
X ¢ 2 0 2 o O bai nay, ta xeét tai diém
Chon A.
Vidy 2. Cho ham sb y = f(x) c6 dao ham lién tyc trén R . Ham s
y=["(x) co d6 thi nhu hinh v&.
¥i
F.,
170 3
S6 cuec tri ctia ham s6 A (x)= f(x2 —2x) la Chu y: Ta chi can quan tam
dén nghiém béi 16, nén trong

A. 2. B. 4.

C.3 D.5 bai nay ta bo qua nghiém x=0
Hudng dén gidi cua phuwong trinh f '(x) =0
Ta co: h'(x) _ (2x—2).f’(x2 —2x). (la nghiém boi chan nén dao

ham khéong d@oi dau khi qua
x=1
. nghiém nay). Ta ciing khong
Dua vao do thi, ta ¢ h'(x)zO@ xP—-2x=-1 X .
2 53 can xét dén phuong trinh
x°—-2x=3.

2
x =2x=-1
Phuong trinh trén chi c6 3 nghiém boi 1é 1a x =£1,x =3 nén ham so

h(x) chi c6 3 diém cye tri.

Chon C.
Vidy 3. Cho ham s6 y = f(x) c6 dd thi ham s6 y = f’(x)nhu hinh vé&:
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Biét f(a)> f(c)>0;f(b)<0< f(e).
Sb diém cuc trj cia ham sd g(x) = [f(x+m)]2 la

A.5. B.7. C.6. D. 8.
Huwodng din gidi

Tt d6 thi cua dao ham, ta ¢ bang bién thién sau:

X i a b -} d g joox
f'(x) 0 0 + 0 0 (VI
fla) ]

e eI\ (a)
PN
f(b)

¥

Dua vao bang bién thién, ta thdy y = f(x) c6 4 diém cyc tri, suy ra ham sb y = f(x+m) ciing c6 4 diém
cuc tri va f'(x+m)=0 cb 4 nghiém boi 1é phan bigt. Khi f(a)> f(c)>0; £ (b) <0< f(e) thi db thi
ham s6 y = f(x) cit truc hoanh tai 3 diém phan biét nén d6 thi ham s6 y = f(x+m) cling cét truc hoanh
tai 3 diém phan biét.

Taco g(x)=[f(x+m)] = g'(x)=2/"(x+m).f (x+m).

(x+m)=0 (1
Cho g'(x)=0< ;((Hm)): . 22))'
Phuong trinh (1) ¢6 4 nghiém phan biét, phuong trinh (2) ¢6 3 nghiém phan biét khéc véi 4 nghiém ciia
phuong trinh (1). Vay g'(x) c6 7 nghiém (bdi 1¢) phan biét hay g(x) c6 7 diém cyc tri.

Chon B.
Vi dy 4. Cho ham s6 y = f(x) c6 dao ham lién tuc trén R, ham sé y = f'(x—2) c6 d6 thi nhu hinh

dudi. S6 diém cyec tri cia ham s6 y = f'(x) 1a
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NI

A. 1. B. 2. C.0. D. 3.
Huéng dén gidi
Ta ¢6 s6 diém cyc tri cua ham s6 y = f(x)bang véi sé diem cuc tri cia y= f(x—2). Vi ham s6
y=f(x-2) c6 2 diém cyc tri nén ham sé y = f(x) c6 2 diém cye tri.
Chon B.
Vidy 5. Cho ham sé y = f(x) lién tuc trén R ¢6 dd thi y = f'(x—2) nhu hinh v&. S6 diém cyc tri cta

hamsb y=2f(x-3)-4 la

Ya

¥ x

A. 4. B. 5. C.3. D. 2.
Huéng dén gidi
4 han xét: S6 diém cuc tri cia ham s6 y =2 (x—3)—4 bang véi sé diém cyc tri cia ham sb y = f/(x)
va bing véi s diém cuc tri ciia ham sb y = f(x—2). Ta c6 d6 thi ham sé y = f’(x—2) cét tryc hoanh
tai 4 diém phan biét nén ham s6 y = f(x—2) c6 4 diém cyc tri. Vay ham sb y =21 (x—3)-4 c6 4 diém
cuec tri.

Chon A.
Bai toan 3. Biét dwgc f'(x) hoiic bing xét ddu, bing bién thién cia f'(x), tim sé diém cyc tri ciia
ham 4n
4+ Vidu miu
Vi du 1. Cho ham s6 y=f(x) c6 dao ham

f'(x)=(4—x)(x3—1)+2x, VxeR. S6 diém cuc tri cia ham s6

g(x):f(xz)—x4—m la
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A.2. B.3.
C. 4. D. 1.
Huéng dén gidi

Tacod g'(x)= 2Jc[(4—)c2)(x6 —1)+2xz]—4x3 = 2):(4—)62)(x6 —1).

x=0
g(x)=0s|x=1%I
x=22.

Lap bang xét déu g'(x):

X ¥ 2 1 0 1 2 fox

g'(x) + 0D -0 + 0 0 + 0

Dua vao bang xét déu, ta c6 ham sb g(x) c6 2 diém cuc ticu.
Chon A.

Vi du 2. Cho ham sb c6 dao ham

y=s(x)
f(x)=x (x—l)(x—2)4, VxeR. S6 diém cuc tri cia ham sd

g(x)zf(x2+x—1) la

A.2. B. 3.
C. 4. D. 1.

Huwdng din gidi

Ta co:

g'(x)=(2x+1)f'(x2+x—l)
=(2x+1)(x2+x—1)2(x2+x—2)(x2+x—3)4
Dé thay g'(x)=0 c6 3 nghiém don la x=—2,x=—%,x=l nén

ham s6 ¢6 3 diém cuc tri.
Chon B.

Vidy 3. Cho ham s6 y = f(x) c6 bang xét ddu dao ham nhu sau:

x 1 2

f'(x) -0+ 0 - 0

S6 diém cyc trj cia ham s g(x) = f(x)-x° +%x2 +6x+2020 1a

Khi lam trdc nghiém, ta cé thé ldp

bang xét dau thu gon nhw sau:

Lueu y: Khi lam trac nghiém, cé thé
dwa vao bang xét déu d@é chon dap
an

y'=—(x+1)(x-2)
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A. 3. B.2
C. 1. D. 4
Huéng dén gidi

Ta cé: g'(x)zf'(x)—B»(x2 —x—2).

ahan xét: g'(-1)=g'(2)=0.

lx>2 . f'(x)<0
e Khi thi = g'(x)<0.
x< -1 —3(x2—x—2)<0
f'(x)>0
e Khi —1<x<?2 thi :>g'(x)>0.
—3(x2—x—2)>0

Tic la g'(x) doi dau khi di qua 2 diém x=-1 va x=2.
Véy ham s6 g(x) c6 hai diém cyc tri.
Chon B.

Vi du 4. Cho ham sb c6 dao ham

y=/(x)
f(x)= (x—l)2 (x2 —2x) véi Vx € R.C6 bao nhiéu gia tri nguyén

duong ctuia tham s60 m dé ham so f (x2 —8x+ m) c6 5 diém cyc tri?

A.17. B. 16.
C. 14. D. 15.
Huéng dén gidgi

bat g(x)zf(x2—8x+m).
Ta cé: f'(x)z(x—l)zx(x—2) suy ra
g’(x)=(2x—8)f'(x2—8x+m)

:(Zx—S)(x2 —8x+m—1)2 (x2 —8x+m)(x2 —8x+m—2).

x=4
’ (x*~8x+m-1) =0 (1)
glx)=0e (x2—8x+m)=0 (2)
(¥ ~8x+m=-2)=0 (3)

Cac phuong trinh (1), (2), (3) khong c6 nghiém chung timg doi
mot va (1) néu c6 cdc nghiém thi nghiém 4y 1 nghiém boi chin.

Suy ra g(x) ¢6 5 diém cuc trj khi va chi khi (2)va (3) déu c6 2

Sau do co thé vao g’(x) roi gidi va

xét dau.
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nghiém phan biét khac 4

16—-m>0 m<16
16—-m+2>0 m<18

= = = m<l6.
16-324+m=0 m#16

16-32+m—-2#0 m#18
Do m nguyén duong va m <16 nén c6 15 gia tri m can tim.
Chon D.
Vi du 5. Cho him s6 y=f(x) c6 dao ham

f'(x)z(x—l)(x—Z)(x—3)2 (xz +2mx+5) voi moi x e R. Co bao

nhiéu s6 nguyén m >-20 dé ham s6 g(x)= f(|x|) ¢ ding 5 diém

cuec tri?
A. 6. B. 7.
C.9. D.5.
Huéng din gidi

Do tinh chat d6i xtng qua truc Oy cia dd thi ham sb f (|x|) nén
ham s6 g(x)= f(|x|) c6 dimg 5 diém cyc tri < f(x) c6 2 diém
cye trj duong < f'(x)=0 c6 2 nghiém boi 1é phan biét va duong

(*)-

x=1
x=2
Xét 1’ =0
arE=0 e g

X +2mx+5 =0(1).
Dé thoa man (*) ta ¢o cac truong hop sau:
+) (1) c6 nghiém kép hodc v6 nghiém khi va chi khi Chii y: Khi phuong trinh f(x)=0
AN=m’-5<0e —J5<m<+5. nhan x=xo la nghiém thi f(xo)=0.
Do m nguyén am nén m {_2;_1;0;1;2} . Sau khi im dwoc m, ta can thir lai.
+) (1) c6 2 nghiém duong phan biét, trong doé c¢6 1 nghiém b'fmg 1,
nghiém con lai khac 2.
Ta c¢6 (1) nhén x=1 la nghiém khi I’+2.1lm+5=0=>m=-3.
Khi m=-3, thé vao (1) ta thdy phuong trinh ¢6 2 nghiém duong

phanbi¢tla x=1 va x=5. Vay m =-3 thoa man.
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+) (1) c6 2 nghiém duong phan biét, trong d6 c6 1 nghiém béng 2,
nghiém con lai khac 1.

4 éu (1) nhan x =21a nghiém thi 2° +22m+5=0=>m =—%eZ.
Trudng hop nay khéng c6 gia tri nguyén cia m thda man.

Vay me{-3;-2;-1;0;1;2}.

Chon A.

Vidy 6. Cho ham s6 y = f(x) c6 dao ham lién tuc trén R va bang

xét dau dao ham nhu sau:

] ¥ 2 2 =

f'(x) - 0 % 0 0

Ham s g(x) = 3f(—x4 +4x’ —6)+2x6 —3x*—12x* cb tat ca bao

nhiéu diém cuc ti€u?

A. 3. B. 0.
C.1. D. 2.
Huéng dén gidi

Ta cé: g'(x):—lzx(x2—2)[f’(—2—(x2—2)2)—(x2+1)]
Dua vao bang xét diu, ta co £'(x)<0,Vx e (—00;—2) U (2;+00).

Tacd -2—(x*~2) <2 nén :>f'[—2—(x2 —2)2}s0.

Suy ra f’[—2—(x2 —2)1—(;& +1)<0,VxeR.

x .
Do do6 g'(x)=0< { , ¢4 3 nghiém déu la nghiém bai 8.

-0
X =-|_-\/5
Vi —l2f'(—2—(x2 —2)2)—(x2 +l) >0 nén g'(x) cung dau voi
h(x)= x(x2 —2) nén dé thdy ham sb g(x) cé 2 diém cyc tiéu.

Chon D.

Vidy 7. Cho ham s6 y = f'(x) ¢6 bang bién thién nhu sau:
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X 2 1

f'(x) 0 | 0 =

4003 5
f(x) \ / \
2 e

S6 cyc dai cia ham sb g (x) = [f(2x2 +x)]2 1a

A. 3. B.2.
C. 1. D. 4.
Huéng dén gidi
Ta co
i 1
X=——
4
g'(x)= 2.(4x+1).f’(2x2 +x).f(2x2 +x) =0 f’(2x2 +x) =0
f(2x2 +x)=0.

Dua vao bang bién thién, ta co

(o 2x" +x=-2 ¥=-1

(27 +x)=0e 1
2x +x=1 X=—.

2

Duya vao bang bién thién ta c6 phuong trinh f (x) =0 x=x,>1.

Khi do6 f(2x2 +x)=0<:>2x2 +x—x,=0.

Vi ac=2(-x,) <0 nén phuong trinh ny luén c6 2 nghiém trai dau

la

1 J1+8x, 1 J1+8x,

X =———— X, =——+
o4 4 ? 4

, 1 ~1+8 . I JI+8 1
Taco x, <————-—<-1va x,>——+ =—,Vx, >1.
4 4 4 4 2
Ta c6 bang xét dau cua g'(x):
R 1 1 X, o
¥ X, -1 2 5 2
g'(x) 0 + 0 0 ¢ 0 0 4

Tir d6 suy ra ham s6 g(x) chi c6 2 diém cyc dai.
Chon B.

Vidy 8. Cho ham s6 y = f(x) lién tyc trén R, c6 bang bién thién

Binh ludn:

Thyec ra khéng can phdi so sanh xi,
, . 1 ” A A ,
x2 voi -1, —, ta chi can biet cac

nghiém dy béi 1é, phin biét va kiém
tra xem dgo ham c¢é déi dau tir
dwong sang dm mdy lan. Dé xét
ddu, ta d@é y rang khi qua moi
nghiém béi 1é thi dao ham déi dau.
Cong viéc con lai chi can xét dau ¢
1 khodng nao do (do lién tuc). Do
liic ndy ching ta khéng cin so
sanh cdc nghiém, nén ta sé cho

X — +o0 thi (4x—|—1)—>+oo
f'(2x2 +x) — —00
va f<2x2 +x) — —00 nén g’(x)>0

trong khodng nghiém 16n nhdt dén
+oovd ta ciing c6 bang xét diu
g’(x) nhu bén.

Dua vao bdng xét ddu, ta thdy dao
ham doi dau tir dwong sang dm 2

lan nén co hai diém cuc dai.
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/"(x) nhu hinh v& dudi day

X s -2 1 +ix
f'ix) 0 | 0 -
400 5
f(x) \ / \
2 X
Sb diém cuc tri cua ham sb

g(x)=r(x —3x)—%x5 —%f +3x+20 trén doan [-1;2] 1a

A. 3. B. 2.
C.1. D. 4.
Huéng dén gidi

Taco: g'(x)=(x"=1)[3f'(x’ ~3x)-»" -3].

D& thdy khi xe[-1;2]thi (x’-3x)e[-2:2] va khi 4y
f(x¥ -3x)e[-31].

Suyra 3f"(x’-3x)-x’ -3<0.

f'(x3 —3x):1

= f(0)=1 (vo li).
x*=0

Dau "=" xay ra khi {

Vay 3f'(x’ =3x)-x*=3<0,vxe[-1;2].
Khi d6 g'(x)=0< x==1 (déu c6 2 nghiém don).

Bang xét dau g'(x),xe[-1;2]1a

X 1 1 2

g'(x) 0+ 0

Vay ham s6 g(x)zf(x3—3x)—%x5—§x3+3x+20 trén doan

[—1;2] chi ¢6 1 diém cuc trj.
Chon C.
Vi du 9. Cho ham s6 y=f(x) c6 dao ham

f'(x)=(x-1)(x—2)(x—4)(x—5)véi xeR. C6 bao nhiéu gia tri

nguyén cla tham sb m dé ham s6 g(x)= f(x)—mxcé 4 diém cuc
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tri?

A. 5. B. 6.
C.7. D. 8.
Huéng dén gidi
Taco: g'(x)=f'(x)-m.
Cho

g'(x)=0e f'(x)-m=0(x*—6x+5)(x* —6x+8)-m=0.
Pat 1 =(x-3)", >0, phuong trinh tro thanh:
(t-4)(1-1)-m=0<1"-5t+4-m=0 (1).

Hiam s§ g(x)= f (x)—mx c6 4 diém cuc tri khi va chi khi (1) 62

A=25-4(4-m)>0
nghiém duong phéan bi¢t < 5=5>0 @—%<m <4.
P=4-m>0

Do m nguyén va m e(—%;4j nén me{-2;-1;0;1;2;3}.

Chon B.

Vi dg 10. Cho ham s6 y=f(x) c6 dao ham
f(x)=x 8—X2,Vx€|:—\/§;\/§:|. C6 tit ca bao nhidu gia tri
nguyén cta tham sb m dé ham sé g(x)=f(x)-m’x—2mco 2

diém cuec tri?

A. 3. B. 4.
C.5. D.2.
Huéng dén gidi

Ham s6 g (x)= f (x)—m*x—2m xéc dinh trén [ —/8;8 |.

Pao ham g’(x)= f'(x)—m’ = x\8—x" —m’.

Ham sé g(x)=f(x)—m’x—2m c6 2 diém cyc tri khi g'(x)=0
c6 2 nghiém phan biét va g'(x) doi ddu qua céc nghiémdo (1)
Taco: x\8—x> —m’ =0 x\8—x> =m’ (%),

Xét ham sb h(x)zx\/8—x2,xe[—x/§;x/§]

TOANMATH.com

Trang 98



8—2x?
8—x?

Co h’(x)z . Cho h'(x):0<:>x=ir2.

Bang bién thién cta ham /(x):

X J8 2 0 2 8

h'(x) I] 0 - 0

a
hx) | o e s

4

Dya vao bang bién thién, suy ra (*) c6 t6i da 2 nghiém hay
g'(x)=0 co téi da 2 nghiém.

2<m<?2

Vay (1 0 <4
dy () 0<m’ < @{m;ﬁo.

Vi m nguyén nén m e {-1;1}.

Chon D.

+ Bai tip ty luyén dang 7

Cau 1: Cho ham s6 y = f'(x) c6 do thi dao ham y = f'(x) nhu hinh v&. yjfa

C6 bao nhiéu gia tri nguyén cta tham s m thudc khoang (-12;12) sao f

cho ham s6 y = f(x)+mx+12 c6 ding 1 diém cyc trj ? -2/ B ? W 2 3 -
A. 16. B. 20. -2
C. 18. D. 19.

Cau 2: Cho ham s6 y=f(x) c6 dao ham la f’(x)=(x+3)(x—1)(x-2),VxeR va ham sb
y=g(x)=6f(x)+2x’+3(m+1)x* —6(m+2)x+2019. Goi §=(—x;a)U(b;c) v6i a,b,ceR la tap
hop tit ca cac gia trj cua tham sb m dé ham sb y=g(x) 6 3 cuc tri. Gia trj cia a+2b+3c bang

A 12, B. 16. C. 14. D. 18.
Céau 3: Cho hamsé y = f(x) c6 dd thi ham f'(x)=ax”+bx+c nhu hinh v& \V4

bén v6i a,b,ceR. Hamsb g(x)= f(x2 +2x+ 2) ¢ bao nhiéu diém cuc tri?

Al B.2.
C.4. D. 3. X

Cau 4: Cho ham s6 y = f(x) c6 dao ham f’(x) trén R. D4 thi cia hams Ol 1772

y= f(x) nhu hinh vé.
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X
A oM1\2 |3

1 -

24

.34

Hamsé g (x)=[f(x)] 1a

A. 2 diém cuc dai, 3 diém cuc tiéu. B. 2 diém cuc tiéu, 3 diém cuc dai.
C. 2 diém cuc dai, 2 diém cuc tiéu. D. 1 diém cuc dai, 3 diém cuc tiéu.

Céu 5: Cho ham s y = f(x) 6 dao ham f"(x)=x’(x*=3x+2)(x* ~x) véi moi xeR. C6 bao nhiéu
gi4 tri nguyén dwong cta tham s6 m déhamsé y= f (x2 —16x+ Zm) ¢6 5 diém cuec tri?

A. 30. B. 31. C. 32. D. 33.
Cau 6: Cho ham s6 f(x) c6 dao ham f’(x):x(x—l)(xz—me+5). C6 bao nhiéu sd nguyén

m & [-21;20] sao cho ham s6 g(x)= f(xz) 6 3 diém cuc tri?

A. 5. B. 24. C.6. D. 25.
Céu 7: Cho ham s6 y = f(x) c6 dao ham f'(x)=x (x+1)()c2 +2mx+5). C6 bao nhiéu gia tri nguyén

ciia m dé hamsd f (x) c6 dung 1 diém cuc tri?

A. 4. B. 6. C.5. D.7.
Céu 8: Cho ham s6 y = f(x) ¢6 dao ham f'(x) trén R va c6 dd thi ham s6 f’(x) nhu hinh v&. Ham

g(x)= f(x2 —3x+ 4) ¢6 bao nhiéu diém cuc tri?

Y

-1? 2

Vo

A. 2. B. 3. C.5. D. 4.
Ciu 9: Chohamsd y= f(x) lién tyc trén R va c6 dd thi cua dao ham f’(x) nhu hinh vé.
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)

D) thi him s6 g(x)= f(2x—x") c6 bao nhiéu diém cyc dai?

A. 2. B. 1. C.0. D. 3.

Cau 10: Cho ham s6 y = f(x) c6 dao ham lién tuc trén R va c6 bang xét ddu dao ham nhu sau:

X o 2 2 ja

f'ix) - 0 + 0

Ham s g(x) = 15f(—x4 +4x* — 6) +10x° —15x* —60x* dat cuc tiéu tai diém x, <0. Chon ménh dé ding
5 . . 3 3 . .
A. x, € —E,—2 . B.xe —2,—5 . C.x e _5’_1 : D. x, €(-1;0).
Céu 11: Cho ham s6 y = f(x) ¢6 dao ham lién tyc trén R va c6 do thi y = f’(x) nhu hinh vé dudi day.
Xét ham sb g(x)= 3f()c2 —2)+%x4 —3x%. Ham s6 g(x) dat cyc dai tai diém

/ X

¥a

/N
0

-1

A. x=0. B. x=1. C.x=-1. D. x=+/3.

Cau 12 : Cho ham s6 y = f(x) c6 dao ham f”(x) =§x3 —%xz —x+3,VxeR. S6 diém cuc tri cia ham

s6 y=g(x)=2f(x)—(x+l)21é
N B. 2. C. 4. D. 3.
Cau 13: Cho ham s6 y = f(x) c6 dd thi nhu hinh v& bén dudi.
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S6 diém cyc tri cia ham s6 g (x) = £ (x)+4 /7 (x)+5f(x)+6 1a

A.3. B. 5. C. 4. D.2.
Céu 14: Cho ham s6 y = f(x) ¢6 d6 thi nhu hinh v& dui.

¥

Cé bao nhiéu gid tri nguyén ctia tham s6 m ¢ dd thi ham sb h(x)=[f?(x)+4f (x)-6+m’| co ding 3
diém cuc tri?

A. 4. B.S. C.7. D. 6.
Céu 15: Cho ham s6 y = f(x) ¢6 dao ham trén R va c6 dd thi ham s6 y = f'(x) nhu hinh v&.

Ham s6 g(x)=2f(x)+x" dat cyc dai tai diém nao dudi day?

A. x=1. B. x=0. C.x=-1. D. x=2.
Céu 16: Cho ham s6 y = f(x) la ham da thirc bac bon ¢é f(1)=0 va do thi ham s6 y = f’(x) nhu hinh

A%~
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S6 diém cyc tri cua ham so g (x)= [f(x2 - 2x)} 1a

A.7. B. 3. C.o.
Céu 17: Cho ham s6 y=f(x) lién tuc trén R va co dd thi ham so
y = f"(x) nhu hinh v&.
C6 bao nhiéu gi4 tri nguyén cia tham s6 m d& ham sb

7 2

g(x)= [[f(x+ 1)13 +m} 6 2 diém cuc tri?

A. 0. B. 1. C.2.
Céu 18: Cho ham s6 y = f(x) c6 dao ham trén R va c6 dd thi nhu
hinh v& bén dudi.
S6 diém cuc trj ciia ham sb g(x)= 2/ _5/0) 13

A.S. B. 3.
C.4. D. 6.

D.5
¥

/ X

v
D. Vo sb.
¥ A

X

O

-1

Cau 19: Cho ham s6 y = f(x) x4c dinh va lién tyc trén R, c6 do thi nhu hinh v&. Biét ring ham s6 dong

/(x)

bién trén (—o0;—4) va nghich bién trén (2;+0). SO diém cuec tri cia ham s6 g(x) =2’ 02 _ 4™ 13

¥4

A.S. B. 6. C.8.

Cau 20: Cho ham s6 y = f(x) c6 dao ham trén R, c6 d6 thi y = f’(x) nhu hinh v&.

D. 7.
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X " ma'] 0

1

|0

=

N, >

S6 diém cyc trj cia ham s g(x) = f(x2 —2|x|) 1a

A.S. B. 9. C. 11 D.7
+ Dap an bai tip tu luyén dang 7.
1-B 2-D 3-D 4- A 5-B 6-D 7-B 8-B 9-B 10-C
11- A 12-D 13-C 14-C 15-C 16- A 17-D 18- A 19-D 20-C
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