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LUCNG GIAC PE CUONG TOAN 11

PHAN 1:

HAM SO LUQ'NG GIAC - PHUO'NG TRINH LUONG GIAC
BAI 1: ON TAP CONG THUC LUQNG GIAC

A. TOM TAT LY THUYET

1. Gi4 tri lugng giac ctia mot cung

Trén duong tron lugng gidc (hinh 1.1) cho cung AM c6sd AM = «:

sin
1
M
S K
-1 H [0) 1 cos
-1
Hinh 1.1
Goi M(xM;yM) thi ta c6:
sina =y, =0 cosa =1, = OH
Q@ cosa ¢ .
tan o = ;(cosa¢0) cota = — ;(sma¢0)
cos o sin
Luu §:

1. Cac gia tri sina; cosa xac dinh v6i moi a € R . Va ta c¢6:

sin (a + k:27r) = sina, Vk € Z;
cos (a + k27r> = cosa, Vk € Z.

2. —1<sina<1l; -1<cosa<1
3. tan o xac dinh v6i moi o = g+k7r,(k € Z) va tan(a —Hm) = tan « .

4. cot o xAc dinh v6i moi a = kw,(k € Z) va cot (a + kw) =cota .

2. Cong thitc lugng giac

He thitc co ban Cung lién két
sina + cos’a =1
tana.cota =1
tang — sin a cos dbi —sing = sm( a)
cos a sin bil —tana = tan( a)
cota = c?s g phu chéo —cota = cot( a
S a R —COSCL—COS( — )
) 1 hon kém — chéo sin
14+ tan”a = > 2 cos( —i—a)
cos” a
1+ cot’a = — -
sin” a
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LUONG GIAC DE CUONG TOAN 11
Cong thitc cong Cong thitc nhan dé6i —nhan ba — ha bac
Sln(a:tb>251na cosb &+ cosa.sin b sin2a = 2sina.cosa
2 — 2 o 2
cos (a + b) = cosa.cosb F sina.sinb cosea cos @ s a
=2cos’a—1
tan(a—i—b) M =1—2sin’a
1—tana.tanbd
tana — tanb sin a.cosa = —sin 2a
tan (a b) _—
1+ tana.tanb , 1— cos2a
={sin“g = —F—"—
2
9 14 cos2a
cos g = ————
2
sin3a = 3sina — 4sin’ a (3sin — 4sin)

cos3a =4cos’ a —3cosa  (4co—3 o)

Cong thitc bién ddi téng thanh tich

Cong thitc bién ddi tich thanh tdng

) . . a-+b a—>b
sina + sinb = 2sin .COS
2

. . a . a—b
sina —sinb = 2 cos sin

a a—>b
cosa + cosb = 2cos .COS

. a . a—2b
cosa —cosb = —2sin sin

sina.cosb = %{sin(a + b) + sin (a — b)]
cosa.sinb = %[sin (a + b) —sin (a — b)}
cos a.cosb = %[cos (a + b) + cos (a — b)}

sina.sinb = —%[cos (a + b) — cos (a — b)}

Mot sb cong thirc khac

Cong thic tinh sin «, cos a theo ¢t = tan%

sinaj:cosa:\/gsin a:t% Datt:tan%
2t
s ™ sino =
cosai81na—\/§cos[a:|:4] 14+ ¢
2
1—t
‘ 1., = Jcosa = .
sin” a.cos” a = —sin® 2a 1+¢
y tana = 2t
,, 1 3] 4 [1]cos 4 o
cos4a+sin4a:1——81n22a: 1=t
2
. , 4
cos’a+sin’a=1 —EsiHQ 2a =
4
3. Biéu dién cung lugng gi4c trén dudng tron lugng gic
k2 :x ,
Cung lugng giac z = a + dll (k € Z) dugce bieu dién bdi m diem trén dudng tron lugng giac.
m

Budc 1: Xéc dinh diém M biéu dién cung « .

Buéc 2: Xac dinh m —1 diém con lai trén dudng tron lugng gidc cach déu diém M .

Vidu:
T k27

1. Cung lugng gidc z = g + k21 = 3 + EE dugc biéu dién bsi mot diém M tai vi tri g
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PE CUONG TOAN 11

T k27

2. Cung lugng giac = = %—I— km =

oty duoe bidu dién béi hai diém M tai céc vi tri = va

7

. k k2 S 1A a2 . 3w bm 7
3. Cung lugng gidc x = z—|——7r = z+—7T thi cé bon diem M tai cac vi tri 1’_7r , _7r;_7r.
4 2 4 4 4 4 4
sin sin sin
1 m 1 1
M(g)
A
—1 o) 1 cos cos
-1
T T T k.

B. CAC DANG TOAN

Dang 1: Bién déi biéu thitc lugng gisc

Phuong phéap:

e C6 he sb tu do = bién ddi cho méat sb
e C6 mii cao = ha bac
e C6 tich = bién do6i thanh tong

Sit dung cong thitc lugng gidc. Thong thudng ta thyc hién nhu sau:

e C6 téng = nhém hang tit va bién ddi thanh tich

Céac viduy

Cau 1.

Bién doi biéu thitc sau thanh tong P = cos z. cos 2. cos 3z

Cau 2. Bién doi biéu thitc sau thanh tong P = sin [% —x

.sin z. sin

T
-+
3
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LUCNG GIAC

DPE CUONG TOAN 11

Bién d6i bidu thic sau thanh tich P = sin

2r +cos2z —1

Y R
(jauS&éndélbléuthﬁ‘c Sauthanhtidlpl + - + - 21‘ + - 3:1:
(jauG&éndélbIéUthﬁc Sauthanhtic}lPCOS2 - + C082 2x . Sin2 3$ - Sin2 4x
Cé‘u’?&éndélbléuthﬁ'c SaUthanhtiChPSIIlg : + C088 — 2 (Sinlo : + Cosm m)
Cau8. Bién doi biéu thiic sau thanh tich P = sin 6x + 2sin 3z cos z — cos 2z
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LUCNG GIAC

PE CUONG TOAN 11

Dang 2: Riit gon, chitng minh biéu thitc lugng gic

Cacviduy

Cau 9.

N 1 1
Chitng minh ring: sin® z + cos’ z = > + 50052 2z

Cau 12. Rt gon biéu thitc P = sin® [x — %T

+ sin® z + sin?

T +—
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LUCNG GIAC

DPE CUONG TOAN 11

Cau 13. Rt gon biéu thic P = cos 3z sin® z + sin 3z cos® =

Dang 3: Biéu dién cung lugng giac trén dudng tron Iugng gisc

Phuong phéap:

m

N k2 .2 < < .. .2 o~
Buéc 1: Dua cung vé dang = a + BT . ¢6 m diém tren duong tron lugng giac bieu dién cung z

Buéc 2: Xac dinh diém M biéu dién cung o trén dusng tron lugng giac
Buéc 3: Xac dinh m — 1 diém con lai trén dudng tron lugng gidc cdch déu diém M

Cacviduy

Cau 14. Xac dinh cac diém trén duong tron lugng gidc bicu dién cung = = g + k27 (k € Z)

sin

A(1:0)

an
NI

|
—

Cau 15. Xé&c dinh céc diém trén duong tron lugng gidc biéu dién cung 2 = —% + k27 (k: € Z)

sin

A(1:0)

an
./

Cau 16. Xé&c dinh cac diém trén dudng tron lugng gidc biéu dién cung = = krm (k € Z)

sin

A(1:0)

i
]/
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Cau 17. Xé&c dinh céc diém trén duong tron lugng gidc biéu dién cung 2 = —g + km (k € Z)

sin

A(1:0)

R
NI

cos

Cau 18. Xéc dinh cac diém trén dudng tron lugng gidc biéu dién cung z = % + km (k € Z)

sin

A(1:0)

LN

@]

N

Cau 19. Xé&c dinh céc diém trén duong tron lugng gidc biéu dién cung 2 = MTW (k € Z)

sin

A(1:0)

|
Q

LN

N

Cau 20. Xéc dinh cac diém trén dudong tron lugng giadc biéu dién cung z = k77r <k € Z)

st

A(1:0)

|
QS

LI

NI

km

Cau 21. Xé&c dinh céc diém trén duong tron lugng gidc biéu dién cung 2 = g + o (k € Z)

sin

A(1:0)

an

|
—

NI
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LUCNG GIAC DPE CUONG TOAN 11

BAI 2: PHUONG TRINH LUONG GIAC CO BAN

Dang 1: Phuong trinh sinu = m

Phuong phap:

1. Dang co ban: sinu = m (1)

sin

e m>1Vm < —1:Phuong trinh v6 nghiém
e —1<m<1:V6i m=sina, ta co: !
T — o+ k27

o+ k27

u=o+ k2w

(1><:>sinuzsina<:> W= 7 — o+ ko

(kez)

A
=1 (0] 1 cos
sint =0& x=kn
. . T
Dacblét:<81nx:1<:)a::5+k27r (keZ)
-1
. T
s1nx:—1®x:—5+k27r
2. Dang md rong:
) ) u=v+ k2w ez
= =
Sin 4 = Sin v u:ﬂ'—v—l—k2ﬂ'< S )

(Véi u,v 1a cac biéu thitc theo bién z)

Céac vidu

Caul. Giai phuong trinh sin2z =1

Cau 2. Giai phuong trinh sin 3z =0

Cau3. Gidi phuong trinh sin g + %
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LUQNG GIAC DE CUONG TOAN 11
Cau4. Giai phuong trinh sinbx = %
Cau 5. Giai phuong trinh sin2z = ——
Cau6. Giai phuong trinh 2sin §+% +43 =

Cau8. Tim céc nghiém ctia phuong trinh sin

2a;+Z
3
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DPE CUONG TOAN 11

Cau9. Tim céc nghiém ctia phuong trinh sin [2$ — %] = sin

x+z thoa ‘x‘SZ

Cau 10. Giai phuong trinh 2sin|z + % +2 =0 vabidu dién cic nghiém trén dudng tron lugng
giac
1
A(1:0)
-1 (0] 1] co. =
-1
Dang 2: Phuong trinh cosu = m
Phuong phéap:

1. Dang co ban: cosu =m (1)

e m >1Vm < —1:Phuong trinh v6 nghiém
o —1<m<1:Véi m=cosa, ta co:

COS U = COS (¢ v = —o k2
cosx:0<:>a::§+k7r
Dit bigt: Jcosz =1 v = k27 (k € Z)

cosx=—1rv=n+k27

Sin

—

_\ o+ k2

—1 10 m 1 cos

_/‘ —a+ k27
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2. Dang md rong;:

COSU = COSV <=

u=v+ k2w

u:—v—{—kQﬂ'(kEZ)

(V6i u,v 1a cac biéu thitc theo bién )

Cacviduy

Cau 11. Giai phuong trinh cos3z =1

Cau 12. Giai phuong trinh cos|z +% =0

Cau 13. Giai phuong trinh cos

2x—1]:—1
3
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11

Cau 16. Giai phuong trinh cos |2z + %TW

m
= COS|(X — —

A(1:0)

oS

Dang 3: Phuong trinh tanu = m va cotu =m

Phuong phap:

1. Dang co ban:

° tanuzm@tanu:tana@u:a—I—kTr(kEZ)

° cotuzm@cotu:cota@u:ajtlm(keZ)
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sin

1

tan
m

-1

-

2. Dang md rong:

v,

tanu:tanvﬁu:v—i—lm(/ﬂEZ)
cotuzcotv@u:v+k7r(k€Z)

(V6i u,v la cac biéu thic theo bién z)

Cac viduy

Cau19. Giai phuong trinh tan2z = —/3

Cau 21. Giai phuong trinh tan =tanz

2:v+z
6
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Dang 4: Dua vé phuong trinh co ban

Phuong phap:

e Duadiu "-" vio trong

2 . . N
e Chuyeén giita sin va cos

e Chuyén giita tan va cot

e Chii ¥y cac dang sau

—sina = sin <—a>
—tana = tan (—a)

—cota = cot (—a)

*COSCZICOS(W*CZ)

sin

us
——a|=cosa
2

™ .
COS E—CL = s a

tan z—a, = cota
2

cot z—a = tana
2

= cot a; = tana
tana cota
2 e 2 2 ~
Cé sin” u, cos” u = ha béac
siny = —sinv < sinu = sin(—v)

. . . s
SINU = COSV <> SINu = sSln|— — v

2
COSU = —COSV < COSU:COS<7T—’U)

. ™
COSU = SINV <> COSU :COS[E—’U]

T
——
2 ]

& tanu = tanv

tanu = cotv & tanu = tan

tanu.cotv =1« tanu =
cotv

Cacvidu
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LUCNG GIAC DE CUONG TOAN 11
Cau 24. Giai phuong trinh cos’ [Qx — —] = %

Cau 26. Giai phuong trinh cos [3:1: — % +cosz =0

Cau 27. Giai phuong trinh sin

2
3$+—7T
3

Cau 28. Giai phuong trinh sin +cosz=0

2;1:—l-Z
4
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DPE CUONG TOAN

11

Cau29. Giai phuong trinh sin® |5z + % — cos’

Cau 30. Giai phuong trinh sin |3z + g

Cau 31. Giai phuong trinh tan|3z + %

+ tan2x =0

Cau 32. Giai phuong trinh tan

4r+ L
3

= cot [z — 235]
6
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LUQNG GIAC
Dang 5: Phuong trinh tich

Phuong phap:

e Bién d4i phuong trinh vé dang A.B = 0 < B i 0

e Cht § cac cong thic sau

1. Cong thitc nhan do6i

2. Cong thic ha bac

3. Cong thiic tong thanh tich:

4. Cong thiic tich thanh tong

Céac viduy

Cau 33. Giai phuong trinh 1+ cosx + cos2z = 0
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LUCNG GIAC DE CUONG TOAN 11
Cau 35. Giai phuong trinh sin 3z — sin 4z + sin 5z = 0
Cau 36. Giai phuong trinh cos3z + sin2z —cosz =0
Cau 37. Giai phuong trinh cos 6z cos 3z = cos 7z cos 4z
Cau 38. Giai phuong trinh sin 3z sinz + sin 8z sin 4z = 0
BAI TAP REN LUYEN
Bai 1: Giai cac phuong trinh sau
a. 2sin 4;1:4—%4—\/5:0 b. 1+ 2cos 3x—%]:0
c. sin 4x—|—% —sin2x =0 d. sin 395—1—2%:005 x—%]

GV: TUAN DUY — THPT Gia Dinh
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LUQNG GIAC DE CUONG TOAN 11
e. sin 3:}5—1—2?7T +sin2z =0 f. sin 2.%—?277‘- +cosz =0
g. 3cot§+200 +1=0 h. tan 3x+% +tan2zx =0

= cot 2z j- tanz.cot2z =1

1. tan [4:B + T
3

Bai 2: Giai cac phuong trinh sau

.ol 0w 1
a.sin” |[———|=—
2

6 2

c. sin’ 3x+2—7r = sin? 7_7r_$

3 5
. T . | 4m

e. sin|3z +—|+sin|— — 3z :\/g
5 5
e . | o7

g. cos 3:v+§ + sin F+3$ =2

2
b. cos

d. sin’

f.cos

4
—+z
9

3z 0w
_+_
2 4

5a + =
3

Bai 3: Tim nghiém ctia cac phuong trinh sau trong khoang da cho

a. sin2z = 1 v6i T € (0;7r)
9
b. tan (21: - 150) —1 v6i —180° < z < 90"

c. cos’ 2z = sin®

s
r+—
3

v6i ‘x‘ <2

Bai 4: Giai cac phuong trinh sau

a. sin2z 4+ cos2x—1=20

b. 1+ cos2x + cos4x =0

c. 1+ cosz+ cos2zx+cosdz =0

d. sinz +sin2z +sin 3z +sindx =0
e. cosdz 4+ cosbzx + cos7x =0

f. sin 6z sin 2z = cos 3z cos x
-2 -2 o 2 2
g. sin” x + sin” 2z = cos” 3z + cos” 4z

h. sin® 2z + sin® 3z + sin® 4z + sin® 5z = 2

3
4

—cos’z =0

_cos[%_x]zﬁ
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LUQNG GIAC DE CUONG TOAN 11
BAI 3: GIAI PHUONG TRINH LUCONG GIAC
BANG PHUONG PHAP DAT AN PHU
Dang 1: Phuong trinh bac hai d6i véi mot ham sb lugng giac
Phuong phap:

Dang

D3t an phu

Diéu kien

asin’ z +bsinz +¢ =0

acos’z+bcosz+c=0

atan’ z +btanx +¢ =0

acot’ x +bcotz+c=0

c 4 2
asin" x +bsin"z+c¢=0

asinQJ:—}—b‘sina:‘—{—c:O

4 2
acos" z+bcos"z+c=0

acosQrc—H)‘cos‘—kc:O

MOT SO DANG THUC PANG NHO

) 1.
® sinacosa = 551n2a

2 22 2 .92
® cos2a=cos"a—sin"a=2cos"a—1=1-—2sin"a

4 s 4 2 22 2 )
® COS a — SIn a:(cos a -+ sin a)(cos a — SIn CL)ICOS20,

1
® sin‘a+cos'a=1—=sin’2a =
2 4

o sinﬁa—Hzosﬁazl—ésin2 2a =
4 8

3+ 1cos4da

5+ 3cosda

Cacvidu
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Cau 2. Giai phuong trinh sin’ 3z —cos3z +1 =0

Cau 3. Giai phuong trinh cos4zr —3sin2x —2 =0

Caub. Giai phuong trinh = cot2z + 3

sin” 2z

GV: TUAN DUY — THPT Gia Dinh
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Cau’.

Giai phuong trinh cos2z +3cos' 7 —4 =0

Cau 8.

Giai phuong trinh cos4x +12sinxcosz —5 =10
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Cau 12. Giai phuong trinh sin' z + cos’ £ —sinzcosz = 0

Dang 2: Phuong trinh dua vé bac hai

Phuong phap:

Dang

Diit an phu

i

+b|sinz +

a [sin2 T+

sin” x sinz

+b|cosz +

COST

alcos® x +
cos” x

a(tan235+cot2 x)+b<tanx+cotx)+c: 0

Céac vidu

+4

sinx +

Sl x

GV: TUAN DUY — THPT Gia Dinh
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Cau 15. Giai phuong trinh 2|cos’ z +

2
COS T

COST

—cosx]—le

Cau 16. Giai phuong trinh 3 (tan2 z + cot’ fc) +4

(

tanx+cotx)+2 =0

Dang 3: Phuong trinh d6i xtmg — phan d6i xting

Phuong phap:

° Sina+cosa:\/§sin a-i—%

® cosa +sina :\/5008[(1—%]

° sina—cosa:\/gsin[a—g]

° cosa—sina:\/gcos

™
a+—
4

Dang

D3t an phu Diéu kien

a(sinx+cosa;)+bsina:.cosa:+c:O

a‘sinx+cosx‘—|—bsinx.cosx—|—c =0

a(sinx—cosx)—l—bsin:c.cosx+c:0

a‘sinx—cosa:‘+bsinm.cosx+c:0
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PE CUONG TOAN 11

Cac

vidu

Cau 17. Giai phuong trinh 2sin 2z — 3\/5 (sin z + cos x) +5=0

BAI TAP REN LUYEN
Bai 1: Giai cac phuong trinh sau

1. 4cos® 2x—2(1+\/§)cos2m+\/§:0

3. cos2x — 3cosx = 4COSQ§

5. Sin[2x+5§]—3cos[x—7§]:1+281nx

Qx

2. cos2x — 3cosx = 4 cos

4. cosdr +12sin*z—1=0

6. sin z + cos2x + 4sin® x = 0
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DPE CUONG TOAN 11

7. 5sinx —2 = 3(1—sinx>tan2 T
9. 5(1+cosx) =2+¢sin' z —cos' z

Bai 2:

8. cos 8z +sin® zcosz —cos® zsinz —1=0

10. 3cosdz —8cos’ £ +2cos’ x +3 =10

1. Tim x € [—5; 2} nghiém diing phuong trinh 2sin® z — 5sinz +2 = 0

2. Tim tat ci cdc nghiém clia phuong trinh 2cos2x — 4cosz —1 = 0 thoa ‘x‘ <5

Bai 3: Giai cac phuong trinh sau

+4|sinx +

ST

1. 4|sin® x +
sin’ z

|-7-0

1 1

3. +

5
5 5 ——<tanx+c0tx>+1:0
sin“xz cos'z

. 1 2
5. cosx —sinx + — —

sinz cosz 3

Bai 4: Giai cac phuong trinh sau

1. sinx —cosz + 7sin2x =1
3. |cosz —sinz|+2sin2x =1
.3 3 3.

5. sin” x + cos :1:—12551n2:17

7. cos® x 4 sin® £ = 2sin 2z + sinz + cos z

Bai 5: Giai cac phuong trinh sau
) ) 11 .

1. sin® z + cos’ £ = — —sin 2z

3. sin® z + cos® z = sin 2z

1
5. sin® z + cos® z =3

. . 5
7.sin®z+cos®z =2 (sm10 z + cos™ m’) + ZCOS 2z

+ 6 6
SIn° x + cos” x 1
cos  x —sin” 4

2. cos® x +

1 1
> —2[C08x+ ]:1
cos’ T CoS T

) 1
+smz +—=—
Ccos ¥ sinx 3

4. cosz +

2. sin2z — 2\/5(sin:v +cosz) =5

4. sinxcosx+‘sinx+cosx‘ =1

3 3
6. cos’ z +sin” x = cos2zx

2. sin*+ cos’ x — 2sin 2z + %sim2 20 =0
4. cos® z +sin® z = 4 cos® 2x

6. sin® z + cos® z = %cos2 2z

(1—|—sina:+0052x)sin a:—i—% .
8. = —cCoSz
1+ tanz \/5
2(0086 z + sin® :v) —sinx cosx
10 =0

\/E—QSiD.T

GV: TUAN DUY — THPT Gia Dinh
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BAI 4: PHUONG TRINH CO DIEN

Cosé

1. Cong thitc cong:

2.Néu X?> +Y? =1 thiluon ton tai géc o sao cho

X =sina

Y = cosa

3. Céac cong thitc nhan doi, ha bac, nhan ba, téng thanh tich va tich thanh téng.

Dang 1: asinu + bcosu = ¢

Diéu kién c6 nghiem: a° +b° > ¢*
Phuong phéap:

w Cha §: Dang asinu —bcosu = ¢ giai tuong tu

Céac viduy

Caul. Giai phuong trinh \/g sinz +cosz =1

GV: TUAN DUY — THPT Gia Dinh
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—\/gsin

3x+z
4

Cau3. Giai phuong trinh cos

33c+z
4

=1

Cau4d. Giai phuong trinh 3sinz +4cosz =5

Cau 6.

(

Tim tat ci cac nghiém ctia phuong trinh

GV: TUAN DUY — THPT Gia Dinh

28



LUCNG GIAC

PE CUONG TOAN 11

Dang 2: asinu + bcosu = csinv

Didukién: o” +b* = ¢
Phuong phap:

w Cha §: Dang asinu + bcosu = ccosv = c¢.sin [g — v] giai tuong tu

Cacviduy

Cau 7. Giai phuong trinh sin 3z + \/g cos 3r = 2sin 2z

GV: TUAN DUY — THPT Gia Dinh
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Cau9. Giai phuong trinh \/g sin 72 — cos 7z = 2sin [51: — %]

Dang 3: asinu + bcosu = c¢sinv + d cos v

Didukiéen: o> +b° = + d°
Phuong phap:

GV: TUAN DUY — THPT Gia Dinh
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Céac viduy

Cau 11. Giai phuong trinh sin z + cos2z = sin 2z — cos x

BAI TAP REN LUYEN

Bai 1: Giai cac phuong trinh sau

1.cos7x—\/§sin7x = —\/5

3. bsin2x —12cos2z =13

5. 2sin® 7 + 3 sin2z = 3
7. 3sin 3z — V3 cos 9z = 1+ 4sin® 3z

9. 4(Sin4 z + cos’ x) ++3sindxr =2

2
2. s.ir1£—i—cos2 +N3cosx =2
2 2
4. 3sinz —4cosx =3

6. 2cos2z = \/E<COSI‘ — sinm)

8. 4sin® £ —1 = 3sinz — 3 cos 3z

10. 2 cos +4sinxcosx—1=0

2;1:-i-z
6

GV: TUAN DUY — THPT Gia Dinh
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11. cos7x cosbx —\/gsin2a: =1—sin7xsin bz

Bai 2: Giai cac phuong trinh sau

1. sin3x — \/gcos 3z = 2sin 2z

[\]

. ﬁsin?x—cos?x = 2sin[5x—%]

3. cosm+\/§sinx+2cos 2:L‘+§ =0 4. \/§COSQ$+Sin2$+QSin{2I%J:2\/§
5. V3 cosdbxr —2sin 3z cos2x —sinz =0 6. sin 8z — cosb6x = \/g(sin 6x + cos 8[6)
7. cosBx—sinx:\/g(cosx—sini%x) 8. 4sin2x — 3cos 2z — 5 cos 3m+3?7r =0
Bai 3: Giai cac phuong trinh sau
1.M:COS‘T 2. tanx—\/gz 1
2sinz COS T
1—2sinz)coszx
3. 8sinz = \/5 + '1 4. ( > :\/g
cosx sinz (1+2sinx><1—sinx>
cosx — sin 2z \/_ \/— . 2
5. > - =43 6. cosz +V3sing =
2cos"x —sinx —1 cosT ++3sinx —1

7. Cos21:—\/gsin2x—\/§sin:r—cos:r+4:O

8. sinx + coszsin 2z + \/gcos 3z =2 (cos 4z + sin® x)

9. 4sin® z cos 3z + 4 cos® zsin 3z + 3\/5 cosdr =3

10. 8 (sin” # + cos’ ) — 343 cos 2z = 11— 3/3 sin 4z — 9sin 2z

Bai 4:

1. C6 bao nhiéu gia tri nguyén ctia tham sé6 m thudc doan [—10; 10] dé phuong trinh

sin x—z —\/gcos x—z
3 3

= 2m vO nghiém.

2. Cho ham s y = smx—i—2c.:osx—1 (1)
cosz —sinz + 2

a. Chitng minh tap x4c dinh ctia ham s6 (1) la R.
b. Tim gia tri 16n nhat va gia tri nhé nhat ciia ham s6 (1) tréen R.

2sin 2z + cos2x

3. Cho ham s6 y = .Goi M va m lan luct 14 GTLN va GTNN ctia ham s da cho.

sin2x —cos2x + 3
Tinh S =M +m.
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BAI 5: PHUONG TRINH DANG CAP
Cosé
Cong thitc co ban:
1. tanazsjna 2. 1 =1+tan’a
cos a COS2 a

Dang 1: Phuong trinh déng cip bac hai

. 92 . 2
asin“u +bsinucosu + ccos” u = d (*)

Phuong phap: Xét 2 trusng hop:
Trudng hop 1:

Céac viduy

Cau 1.

Giai phuong trinh sin’ z — 5sinzcosz —6cos’ z = 0

Cau 2. Giai phuong trinh 3sin® 2z — sin 2z cos 2z

GV: TUAN DUY — THPT Gia Dinh
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LUGQNG GIAC
(Ja‘u 4 Glélphuangtﬂnh 6 Slnl2x Sln4x8(josz 2$ : 4
Cau 5 Glélphu’dngtr\lnh 3 81112$+5C082$ 2COS 2x : 4 Sin 21;
Cau 6 Glélphu,dngtr\lnh 1+ 3Sln2x 2t -
Cau 7. Giai phuong trinh : 1+ 3tanx = 2sin 2z

GV: TUAN DUY — THPT Gia Dinh
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Dang 2: Phuong trinh déng cip bac ba

- 3 .2 . 2
asin’® u + bsin® u cos u + ¢ sin u cos

u+dcos’u=esinu+ fcosu (*)

Phuong phap: Xét 2 trusng hop:
Trudng hop 1:

Cacviduy

Cau 8. Giai phuong trinh 2cos® z = sin 3z

GV: TUAN DUY — THPT Gia Dinh
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Cau 10. Giai phuong trinh sin® z 4+ 3tanz = cosz (4 sin  — cos x)

GV: TUAN DUY — THPT Gia Dinh
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BAI TAP REN LUYEN

Bai 1: Giai cac phuong trinh sau

1. 2cos’ z + 6sinz cosz + 6sin” 2 = 1 2. cos’ z —\/gsin%c =1+sin’z

3. cos’z —sinzcosr —2sin’z —1=0 4. 9sin® z — 30sin 2 cos ¢ + 25 cos” x = 25
D. 2\/§(sinm + Cosx)cosx =3+2cos’ 6. sin 2z — 2sin® £ = 2cos 2z

Bai 2: Giai cac phuong trinh sau

1. 3sin® x + 2sin® 7 cos x = sin x cos” x 2. 6sinx +2cos’ 2 = 5sin2z cos

3. sinz —4sin’ z + cosz = 0 4. sin® x — cos® x = sinz + cosz

5. sin® z — 4sin* zcosz + 5sinz cos’ z —2cos®* z = 0
Bai 3: Giai cac phuong trinh sau

5sin4x coszx

1. 6sinz —2cos® z = 2. tana:+cotx:2(sin2x+0082z)

2cos2zx
3. sin’ x(tanx +1) = 3sinx(cos:1: —sinx)—l— 3 4. 8cos® |z —i—% = cos 3z
5. tan z.sin”>  — 2sin* . = 3 (cos 2z + sin z. cos x) 6. cos® x +sin® x =2 ((:os5 x + sin’ x)
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BAI 6: PHUONG TRINH DUA VE DANG TICH

1. Phuong trinh tdng quét asin 2z 4+ bcos2z + csinz +dcosz +e = 0

Co sd

1. Cong thitc nhan doi:

Cau 2. Giai phuong trinh cos2x — 3sin 2z + 9sin

GV: TUAN DUY — THPT Gia Dinh
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Caub. Giai phuong trinh \/5 sin |4z —i—%

= 2sinxcosz + 3cos2x — 2

2. Phuong trinh dua vé dang tich

Cosd

1. Cong thitc ha bac:

GV: TUAN DUY — THPT Gia Dinh
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2. Cong thitc bién déi

Téng thanh tich

Tich thanh tng

Phuong phép

Buéc 1: St dung cac cong thiic ha bac, bién ddi tong thanh tich, tich thanh téng dé xuat hién nhan ti

chung

Buéc 2: Nhém hang tit va dua vé phuong trinh tich ho#ic cac dang phuong trinh da biét.

Cacviduy
Cau 6. Giai phuong trinh sin 7z sin x = sin bz sin 3z
Cau7. Giai phuong trinh sin 5z cos 3z = sin 9z cos 7z
Cau8. Giai phuong trinh cos x cos 3x = sin 2z sin

GV: TUAN DUY — THPT Gia Dinh
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Cau 13. Giai phuong trinh sin® z + sin® 22 4 sin® 3z = %

BAI TAP REN LUYEN

Bai 1: Giai cac phuong trinh sau

1. sin2z + cos2z = sinx + 3cosz — 2

3. 9sinxz +6cosz —3sin2x + cos2z =8

5. (2cosx—1)(2sinx—|—cosx) =gin2z —sinx

7. 14 sinx 4+ cosx + sin2x 4+ cos2z = 0

2. sin2z 4+ 2cos2x =sinx —4cosx +1

4. 2\/§sin2z—cos2x—7sinx—2\/§cosz+4 =0
6. (2sinx+1)(3cos4a;+2smx—4)+4cos? z=23

sin2z +2cosx —sinx — 1

8. =0
tanx—i—\/g

GV: TUAN DUY — THPT Gia Dinh

42



LUCNG GIAC

PE CUONG TOAN 11

9.

\/gsin2m—cos2x—5sinx+(2—\/§)cosx+3+\/§

2cosx+\/§

Bai 2: Giai cac phuong trinh sau
1. sin4x sin b5z + sin 3z sin4z = sin 2z sin x

3. 4sin3zcos2x =1+ 6sinz — 8sin’

5. cos22x + 3cos18x + 3cosldx + cos10x =0

7. 2sin’ 2z +sin7x — 1 = sinx
9. sinx + sin 2z + sin 3x = cos = + cos 2z + cos 3x

Bai 3: Giai cac phuong trinh sau

1. cos® £ + cos® 2z + cos® 3z = 1
.92 .92 . 2 3
3. sin” x + sin” 2z + sin 3x:§.

5. sin? z + sin® 3z = cos® 2z + cos® 4z
7. sin® ¢ + sin”® 2z + sin® 3z = 2

9. cos 3z + sin 7Tz = 2sin’ [% + %T] —2cos’ Q?I

11. sin® 2 + cos’ z = 2(sin° T + cos’ x)

. . 5
13. sin® z + cos® £ = 2 (sm10 z + cos" I) + ZCOS 2x

. sinz cot bx = cos9zx

. 2cosxcos2xcosdxr — 7 = 7cos2x

. cosz + cos2x 4+ cos 3x + cosdxr = 0

o O B~ N

.sinz +sin2z +sin 3z = 1+ cos x + cos 2z

10, sin x + sin 2z + sin 3z :\/5
cos x + cos2x + cos 3x

2. cos’ & + cos® 2z + cos® 3z + cos’ 4z = 2
4. sin® 3z + sin® 4z = sin® 5z + sin® 62

2 2 2 2
6. sin” 3z — cos” 4z = sin” 5z — cos” 6z

e 2 2 2
8. sin”“ x = cos” 2z + cos” 3z
. 3 3 . <3
10. sin® z cos 3z + cos” zsin 3z = sin” 4x
12. sin® 2 + cos® z = 2 (sim8 z + cos® ac)

14. 2 2sinx+§]: 1,1

sinz cosz

GV: TUAN DUY — THPT Gia Dinh
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BAI 7: MOT SO PHUONG PHAP KHAC

|

1. Phuong phap dit an s6 méi

|

Phuong phap

Dit an méi ¢ dé dua vé phuong trinh lugng giac chita cac cung t,2t, 3¢...

Cacvidu

Caul. Giéi phuong trinh sin [2$ — g] = 5sin [:v —%

+ cos 3z

Cau 2. Giai phuong trinh 32cos’ [z + %

—sinb6bzx =1

GV: TUAN DUY — THPT Gia Dinh
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Cau3. Giai phuong trinh 8 cos® [z + g] = cos 3z

3 «x

2

Cau4. Giai phuong trinh sin [E — —] = —sin [— +—

GV: TUAN DUY — THPT Gia Dinh

45




LUCNG GIAC

DPE CUONG TOAN 11

| 2. Phuong phap danh gia

| Co s8
Y N 2. |4 +]B| =0« 4=0 3. izf@A “
B = B=0 B<a B
Phuong phap
Bién d6i phuong trinh vé cac dang 1,2,3 néu trén.
Céac viduy
Cau 6. Giai phuong trinh sin |z —i—% + cos 8z =2
a7, it phong ot cor’ o cor’ S0 — 2 pow e loe
Cau8. Giai phuong trinh 4 cos’ z + 3tan’ z — 43 cos ¥ + 2\/5 tanz +4 =0

GV: TUAN DUY — THPT Gia Dinh

46




LUCNG GIAC

PE CUONG TOAN 11

Cau9. Giai phuong trinh (cos 4x — cos 2:3)2 =5+ sin3x

BAI 8: HAM SO LUONG GIAC

A. TOM TAT LY THUYET

I. Ham s lugng gisc

1. Ham s6 sin: 14 quy tac diit tuong ing mdi s6 thuc x € R v6i s6 thuye sinz € [—1; 1]

y:R — [—1; 1]
T+ sinz
Kihiéu: y =sinz
e Tap xadc dinh: D =R
o Tap gia tri: T = |- 11|
e sin (—:1:) = —sinz, Vo € R nén y = sinz 14 ham s6 18.

2. Ham s6 cos: 1a quy tic dat tuong tng mdi s6 thyc € R véi s6 thuc cosz € [—1; 1]

y: R — [—1;1]

I = COST

Ki hiéu: y = coszx
e Tap xadc dinh: D =R
e Tap gia tri: T = [—1; 1]

e Cos (—:L‘) = cosz,Vz € R nén y = cosz 13 ham s6 chén.

3. Ham s6 tan: dugc xac dinh béi cong thitc y = tanz = S
cos
e Tap xac dinh: D =R\ {g + kw}
e Tapgiatrii T=R
° tan(—x) = —tanz,Vz € R nén y = tanz 1a ham s6 1é.
.o % .. e 3 cos T
4. Ham s0 cot: dugc xac dinh bdi cong thitc y = cotz = —
SN T
e Tap xéc dinh: D = R\ {kr}
e Tapgiatri: T =R
° cot(—x) = —cotz,Vr € R nén y = tanz 13 ham s6 16.

GV: TUAN DUY — THPT Gia Dinh
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II. Su bién thién va dd thi ctia ham sd hugng gisc
1. Hdm tuan hoan

Cho ham s6 y = f(x) xéc dinh trén D.

x+TeDx—TeD
o+ 7)= 1o

S6 nhé nhat trong cac s6 T noi trén goi la chu ky tuan hoan ciia ham f

Néu ton tai sé duong T' sao cho Vz € D, ta co: | thitanéi f tuan hoan

2. Ham s6 sin:
Xét ham s6 y = sinz trén doan [0; 271] )
Bang bién thién:

c | o

o/

LI
N

\0

Yy =sinz

Ham s6 y = sinz tuan hoan véi chu ky 27
Do thi:

= e L +
3 3 2 El
-

3. Ham sb cos:

Xét ham s6 y = cosz trén doan [O; 27r] .

Bang bién thién:

T 0 il ™ 3_7r 2m
2 2

Y =coszT

Ham s6 y = cosz tuan hoan vé6i chu ky 27
Do thi:

3. Ham s tan:

Xét ham s6 y = tanz trén doan

T
279

. _r 0 ™
2 2

Bang bién thién:

Yy =tanz

_N/VO

Ham s6 tang trén doan va tuan hoan véi chu ky «

I

Do thi:
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4. Ham s cot;:

Xét ham s6 y = cotz trén doan

Bang bién thién:

Ham s6 giam trén doan

Do thi:

y
T
3 0 0 3
] 2 2 2
T T
272
T -—— 0 z
2 2
+0oo
y =cotz \A 0
\‘_r\/
——;—| va tuan hoan véi chuky =
y
o = % 0 = 31~ 27
2 2 2 2
(A s A : PO . 2m
Luu y: Céc ham so y = sin <ax +b); Y = COoS (ax +b) tuan hoan véi chu ky ‘—
q

Cac ham s6 y = tan (a:z: + b); y = cot (a,:v + b) tuan hoan véi chu k¥

™

o

Dang 1. Tim tap xac dinh ctia ham s6 lugng giac

Phuong phap
° \/Z c6nghia < A >0

A
° Ecénghia@Bio

A
e — cénghia & B> 0

7B

GV: TUAN DUY — THPT Gia Dinh
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Céac viduy
P 1
Cau 10. Tim tap xac dinh ctia ham s6 y = w
sin 2z

. /1
Cau 13. Tim tap xac dinh ctia ham s6 y = 1tcosz
1—cosx
A e Yy e 2 1 1
Cau 14. Tim tap xac dinh ctia ham s6 y = —— +
sinz  coszx

GV: TUAN DUY — THPT Gia Dinh
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Cau 15. Tim tap xac dinh ctia ham s6 y = tan 2z + cot 2z

sinz — 3 cosz

Cau 16. Tim tap xac dinh ctia ham s6 y =
cos T +

3sinz

Dang 2: Xét tinh ch8n 18 cia ham s6 lugng gisc

Co s6

1.Tap D déixting & Vre D= -z €D
Vee D= —-x€D P
= y:f(a:) la ham so chan

1{s) =116

Vee D= —-x€D .
= y:f(:v) 1 ham so 1é

f(=2)=~1(z)

Cacviduy

Cau 17. Xét tinh chn 1é ctia ham s6 y = sin 2z

COS T

GV: TUAN DUY — THPT Gia Dinh
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Cau 19. Xét tinh chiin 1é ctia ham s6 y = tan’ z

Dang 3: Tim chu ky tuan hoan ctia ham s6 lugng giac

Co s6

1. Cac ham s6 y = sin (ax + b); Y = cos (ax + b) tuan hoan véi chu ky —

2. Cac ham s6 y = tan (aw + b); y = cot (cm + b) tuan hoan véi chu ky

2
g
T

o

3. Ham s6 y = f(z) co chuky 7} , ham s6 g(z) c6 chu ky 7, thihamsb y = f(z) % g(z) c6 chuky T

v6i T lasb duong nhé nhét chia hét cho T va T,

Cacviduy

Cau 22. Tim chu ky tuan hoan ctia ham s6 y = sin 2z

GV: TUAN DUY — THPT Gia Dinh
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Cau 23. Tim chu ky tuan hoan ctia ham sé y = cos [31‘ - %]

Dang 4: Tim GTLN — GTNN ctia ham s6

Cosé
1. - 1<sina <1

3.0<sin*a<1

2. —1<cosa<1
4. 0<cos’a <1

Céac viduy

Cau26. Tim GTLN — GTNN ctia ham s6 y = 2sinz + 3

GV: TUAN DUY — THPT Gia Dinh
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Cau 28. Tim GTLN — GTNN clia ham s6 y = sinz + cos z

GV: TUAN DUY — THPT Gia Dinh
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LUONG GIAC TRONG DE THI 2002 — 2014
Bai 1 (DH A2002) Tim nghiém thuoc khoang (0; 27) ciia phuong trinh:

5sinx+w =cos2z + 3 DS:J}:E;{I}:5—7T
14 2sin2z 3 3
Bai 2 (DH B2002) Giai phuong trinh:
sin® 3z — cos” 4z = sin”® bz — cos’ 6z DS: a:z%r;:z: :%T(k € Z)

Bai 3 (DH D2002) Tim x thuoc doan [O; 14} nghiém diing ctia phuong trinh:

cos3x —4cos2z 4+ 3cosz—4 =0 DS::Bzz;z:3—7T;:1J“:5—7T;:/L’:7—7T
2 2 2 2

Bai 4 (DH A2003) Giai phuong trinh:

cotx—1:ﬂ+sin2x—lsin2x DS:wzz—i—kw(kEZ)
1+ tanzx 2 4
Bai 5 (DH B2003) Giai phuong trinh:
cotx —tanz +4sin2z = 2 DSZ$:ﬂ:£+kﬂ<k€Z)
sin 2z 3

Bai 6 (DH D2003) Giai phuong trinh:

sin?| 2 — T ltan? 2 — cot? £ = 0 DS:x:7r+k27r;x:—z+k7r
2 4 2 4

Bai 7 (DH A2004) Cho tam giac ABCkhong ti1, théa man diéu kién

cos2A+2\/§cosB +2\/§cosC =3

Tinh ba goc ciia tam giac ABC. DS: A=90%B =C = 45°
Bai 8 (DH B2004) Giai phuong trinh:

5sinx—2:3<1—sinx>tan2x DS:Q:z%—I—/{:ZW;xz%T—FkQW
Bai 9 (DH D2004) Giai phuong trinh:
. . . m m
(QCosx — 1)(281nx + cosa:) =sin2z —sinz DS: z = :|:§+ k2w x = —Z+ km
Bai 10 (DH A2005) Giai phuong trinh:
cos’ 3z cos 2z —cos” z = 0 DS: z = %r(k € Z)
Bai 11 (DH B2005) Giai phuong trinh:
1+ sinz + cosz + sin2z + cos2z = 0 DS: z = :|:2?7r+ k2 x = —%—1— km
Bai 12 (DH D2005) Giai phuong trinh:
cos' z +sin’ z + cos|z — = |sin|3z — & _3_ 0 bS: x:z+k7r(kEZ>
4 4] 2 4
Bai 13 (DH A2006) Giai phuong trinh:
2(cos’ z + sin’ 2] — sinz cos
( ) =0 DS:x:5—7r+k27r<k€Z>

\/5 —2sinzx 4
Bai 14 (DH B2006) Giai phuong trinh:
cotz +sinz|1+ tanztan = | = 4 DS:z:1+k7r;$:5—7T+k7r

2 12 12

Bai 15 (DH D2006) Giai phuong trinh:

GV: TUAN DUY — THPT Gia Dinh
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cos 3z + cos2x —cosz—1=10

Bai 16 (DH A2007) Giai phuong trinh:

(1 + sin® :c) cos + (1 + cos” 1:) sinz =14 sin2z
Bai 17 (DH B2007) Giai phuong trinh

2sin” 2z +sin7z —1 =sinz

Bai 18 (DH D2007) Giai phuong trinh:
2
Sin£+ cos = ++N3cosz =2
2 2

Bai 19 (DH A2008) Giai phuong trinh:

1 + 1 = 4sin
3T
x_i

T
——=
4

sin z
sin

Bai 20 (DH D2008) Giai phuong trinh:

sin® x — \/g cos’ ¥ = sinx cos” ¥ — \/g sin® x cos ¥
Bai 21 (DH D2008) Giai phuong trinh:

2sinx(1 + COSQ.’E) +sin2z =1+2coszx

Bai 22 (DH A2009) Giai phuong trinh:

(1—281nx)cos:v B
(1+281nx)<1—sinx> B \/g

Bai 23 (DH B2009) Giai phuong trinh:

sinz + cos z sin 2x + \/g cos3x =2 (cos 4z + sin® x)

Bai 24 (DH D2009) Giai phuong trinh:
\/gcosfxz —2sin3zcos2z —sinz =0
Bai 25 (DH A2010) Giai phuong trinh:

(1 + sin z + cos 2:1:) sin [m + W}
4 1
= —COSZT

1+ tanzx \/5
Bai 26 (DH B2010) Giai phuong trinh:

(sin 21 + cos 2x) cosx +cos2z —sinz = 0
Bai 27 (DH D2010) Giai phuong trinh
sin2x —cos2x + 3sinz —cosz—1=10

Bai 28 (DH A2011) Giai phuong trinh:
1+ sin2x + cos 2z
1+ cot’ z
Bai 29 (DH B2011) Giai phuong trinh:

= \/5 sin z sin 2z

DS:

bS

DS:

DS:

DS:

DS:

DS:

DS:

DS:

DS: z

DS:

DS:

DS:

DS:

x:kw;x:j:%r—i-kQW

Zl‘:kQﬂ';l‘Zz—i—kQﬂ';LE:—z—l—kﬂ'
2 4

k2w

18 3

T km T K27 5

8§ 4 18 3

x:£+k27r;a::—z+k27r
2 6

x:—z+k7r;x:—z+k7r;x:5—7r+k7r
4 8 8

x:iQ—W%—kQW;x:z%—kw
3 4

T K27

r=-—+"—(kez)
18 3
x:—z—l—k27r;x:1+k2—7r
6 42 7
™  km m  km
=—+—iz=—-——+—
18 3 6 2

x:—£+k27r;x:7—w+k27r
6 6

k
x:%—F?W(kGZ)

x:£+k27r;x:5—7r+k27r
6 6

x:z+k7r;x:z+k27r
2 4
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sin2x cosx + sinx cosx = cos2x + sinx + cos

Bai 30 (DH D2011) Giai phuong trinh:

sin2x +2cosz —sinz —1

=0
\/g + tanx
Bai 31 (DH A2012) Giai phuong trinh:

\/gsin2:c + cos2z =2cosz —1

Bai 32 (DH B2012) Giai phuong trinh:

Z(COS:L“ + 3Sinx)cos:11 =cosz —\/gsinx +1
Bai 33 (DH D2012) Giai phuong trinh:

sin 3z + cos 3z —sinz + cosz = \/5005235

Bai 34 (DH A2013) Giai phuong trinh:

1+ tanzx =2 2sin{x+§

Bai 35 (DH B2013) Giai phuong trinh:
sinbz +2cos’ z =1

Bai 36 (DH D2013) Giai phuong trinh:
sin 3z 4+ cos2z —sinz =0

Bai 37 (DH A2014) Giai phuong trinh
sinz + 4 cosz =2+ sin 2z

Bai 38 (DH B2014) Giai phuong trinh:

&(sinx—Qcosx)zQ—sian

DS:

DS:

DS:

DS:

DS:

DS:

x=£+k27r;x:£+k2—7r
2 3 3

x:§+k27r(k€Z)

x:g—i—kw;x:mﬂ;x:%—i—k?w

$:2—7T+k27r;x:k2—ﬂ-(k€Z)
3 3

:B:£+k—7r;x:7—7r+k27r;a::—l—l—k27r
4 2 12 12

x:—z+k7r;x:j:z+k27r
4 3

DS: x:_z+/€2_7r;$:_1+k2_77
6 3 14 7
bS: xzz+kl;x:—z+k2ﬂ;$:7l+k2ﬂ
4 2 6 6

DS:

DS:

x:ingw(lﬁez)

7= i3—7r+k27r<k eZ)
4
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PHAN 2: HINH HOC KHONG GIAN
BAI 1: DAI CUONG VE DUONG THANG VA MAT PHANG

A. TOM TAT LY THUYRET

1. Kh4i niém

o Mit phing: 1a d6i tugng co ban ciia hinh hoc khong gian. Mat phiing dude biéu dién bang mot hinh binh
hanh hodc mot mién géc va ghi tén ciia mit phing vao moét goc clia hinh biéu dién

e A

Dé ki hieu miit phiing, ta diing chit cai in hoa hoic chit Hi Lap dat trong dau ngodc ( ) . Vidu: mat

phéng (P), mit phing (a).
¢ Diém thudc miit phing: Cho diém A va mait phing (P) .
Khi diém A thuoc mét phing (P), tanéi A nam trong (P) hay (P) chita A. Kihigu: A € (P)

Khi diém A khéng thudc mat phing (P) ,tanoéi A nam ngoai (P) hay <P> khong chita A . Ki higu :

Ag(P)
A

A

o Dudng thing ndm trong mst phang: Cho duong thang d va mit phing (P ) . Khi moi diém thuoc d déu

nam trong (P) ,tanodi d nam trong (P) hay (P) chita d . Kihiéu: d C (P)

AT

2. Hinh biéu dién clia mot hinh khong gian

Dé nghién citu hinh hoc khong gian, ngudi ta thuong vé cac hinh khong gian lén gidy, lén bang. Hinh vé dé
goi 1a hinh biéu dién ctia mot hinh khong gian.

e Mot vai hinh biéu dién ctia hinh lap phuong

. .
-
-
-
-

e Mot vai hinh biéu dién ciia hinh t& dién
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3. Quy téc biéu dién hinh khong gian
e Hinh biéu dién ctia duong thing la duong thang, ctia doan thing la doan thing.

e Hinh biéu dién clia hai duong thing song song la hai dudng thing song song, clia hai duong thing cit
nhau la hai duong thing cit nhau.

e Hinh biéu dién phai giit nguyén quan hé thudc giita diém va duong thing.
e Diuing nét lién dé biéu dién cho dudng nhin thay, nét dit biéu dién cho dudng bi che khuat

4. Cac tinh chét thita nhan

Tinh chét 1: C6 mot va chi mot duong thang di qua hai diém phan biét.

Tinh chit 2: C6 mot va chi mot mat phang di qua ba diém khong thing hang.

Tinh chit 3: Néu mot dudng thang c6 hai diém phan biét cing thudc mot mat phang thi dusng thing dé

MeABC(P)= Me(P)

nam hoan toan trén mit phang.

Tinh chét 4: C6 boén diém khong ciing thude mot mit phing.

Tinh chét 5: Néu hai mat phang phan biét c6 mot diém chung thi chiing c6 mot dudng thing chung duy
nhét chita tat ca cac diém chung ctia hai mit phéng do.

Dudng thing chung d6 dudc goi la giao tuyén clia hai mit phing

Kihigu: A = (P)n (Q)

P

Tinh chét 6: Trén mdi miit phang céc, két qua da biét trong hinh hoc phang déu ding.

5. Cach x4c dinh mit phing
Mpt mét phing hoan toan xéc dinh khi biét:

e N6 di qua ba diém khong thang hang.

e N6 di qua mot diém va mot dudng théng khong di qua diém do.

e N6 chita hai dudng thang cit nhau.

Céc ki higu:

. (ABC) 1a ki hiéu miit phang di qua ba diém khong thang hang A, B,C' ( hl)
e (M,d) 1a ki hieu mat phang di qua d va diém M ¢ d (h2)

o <d1 , d2> 14 ki hiéu miit phang xac dinh bdi hai dudng thang cit nhau d ,d, (h3)

1772

Iy Ee T

(h1) (h2) (h3)
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6. Hinh chép va hinh t¢ dién
e IMinh chép: Trong mat phang <P> cho da gidc 161 A4,...A . Lay diém S ndm ngoai (P)

Lan lugt n6i S véicacdinh A,A,...,A tadugc n tam giac SAA,SAA,,...,SA A . Hinh gom da giac
AA..A van tam gidc SAA,SAA,...,SA A dugc goi la hinh chép , ki hieu la S.AA,...A .
Tagoi S la dinh, da giac A 4,...A 1a day , cac doan SA,SA,,...,SA lacaccanhbén, AA,AA, ..., A A

la cac canh day, cac tam gidc SAA,,S4A,,...,SA A 1a cac mat ben.

P
e Hinh t dién: Cho bén diéem A, B,C, D khong dong phing. Hinh gom bén tam giac ABC, ABD,

ACD va BCD dugc goilatidién ABCD .

T dién c6 boén miit 1a cac tam giac déu goi 1a t¢ dien déu

7. Thiét dién (hay m3t cit):
Thiét dién ctia hinh khong gian H khi cit bdi mit phang (P) la phan chung ctia H va (P)

Vidu:

= Thiét dién (mat cat) la:

Mit phang cat

\
\
\

N

= Thiét dien (mit cit) la:
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MOT SO HINH THUONG GAP
Tw dién ABCD Hinh chép S.ABC
A S
B D A C
C B
Hinh chép S.ABCD , day la ti giac 16i, cAc canh Hinh chép S.ABCD , day la hinh binh hanh
d6i khong song song
S

Hinh chép S.ABCD , day la hinh thang

Hinh chép S.ABCD , day la hinh thang vuong

tai A va D
S S
A D
B C
MOT SO KI HIEU
Aed M=anb
Ae(a) M:dm(a)
dC(oz) A:(a)m(ﬁ>
Aedc(a) Se@)m(ﬁ)
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B. CAC DANG TOAN

VAn dé 1: Tim giao tuyén cia hai mit phing

Phuong phap:

Mubn tim giao tuyén ciia hai mat phang. Ta tim hai diém chung thuoc ca hai mat phang.

N6i hai diém chung d6 dugc giao tuyén can tim.

ae(pP)n(e) .
BE(P)Q<Q)éAB—<P)ﬂ(Q> |
Céac viduy
Caul: Chottdien ABCD.Goi M latrung diém AB.Tréncanh AC lay diém N saocho AN = 2NC

. Hay xac dinh giao tuyén:

b. (DMN)N(BCD)

Cau?2: Chobdndiém A, B,C,D khong dong phang. Trén canh AB, AC' lay cac diém M, N saocho M, N
khong 1a trung diém ctia AB, AC'. Goi K la trung diém AD . Tim (MNK) N (BCD)
A
M/
<
NN
B c
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Cau 3:

Cho hinh chép S.ABCD c6 day la ti giac 161, cac canh d6i khong song song. Tim giao tuyén clia

S

b. (SAB) va (SCD)

Cau 4:

Cho hinh chép S.ABCD c6 day ABCD la tit giac 16i, cdc canh ddi khong song song. Goi M 1a

diém thudc canh SA sao cho SM = 2MA . Tim giao tuyén:

S

b. (MBC)n(SAD)
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Cau 5:

Cho tttdien ABCD . Lay M trén doan AB, N trén doan AC saocho MN khong song song véi

BC va I ndm trong ABCD . Xac dinh giao tuyén:

b. (MNI)n(ACD)

Cau 6:
BC, CD, SA . Xac dinh giao tuyén:

Cho hinh chép S.ABCD c6 day la hinh binh hanh. Goi M,N,P lan lugt la trung diém

S
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BAI TAP REN LUYEN
Cau 1: Cho tit dien ABCD . Goi M, N lan lugt 1 trung diém ctia BC va AD.

a. Xac dinh giao tuyén ciia (MAD) va (NBC) .
b. Trén canh AB lay diém I, trén canh CD lay diém J . Xac dinh giao tuyén ctia <NB c > va <DIJ ) )

Cau 2: Cho hinh chép S.ABC . Goi M la trung diém ctia BC, G la trong tam tam giac SAC . Trén
canh AB lay diem N saocho AN = 2NB.

a. Xac dinh giao tuyén ciia (MNG) va (SAC). b. Xéc dinh giao tuyén clia (MNG) va (SAB).
Cau 3: Cho hinh chép S.ABCD c6 day ABCD la ti giac 16i, cdc canh dbi khong song song, AC cat BD
tai O.Trén canh SA lay diém M saocho SA = 3SM . Trén canh SD lay diém N sao cho SD = 3ND
a. Xac dinh giao tuyén ciia (SA C’) va (SBD). b. Xac dinh giao tuyén ctia (SAB) va (SCD) )

c. Xac dinh giao tuyén ctia (MNO) va (ABCD) ) d. Xac dinh giao tuyén ctia (MNO) va (SAB).
Cau 4: Cho hinh chép S.ABCD c6 day la hinh chit nhat, tam O . Goi M, N lan lugt 1 trung diém ciia
SB va SD.

a. Xac dinh giao tuyén ctia (SA C’) va (SBD).

b. Xac dinh giao tuyén AE cla (AMN) va (SA C) )

c. Goi P lagiao diém ctia ME véi BC', Q la giao diém ctia NE v6i CD . Ba diém P, A, c6 thang hang

khong? Visao?
Cau 5: Cho hinh chép S.ABCD c6 day la hinh binh hanh. Trén SA4,SD lay diém M,N sao cho

%—j:%—?:%. Goi P latrung diem BC .

a. Xéc dinh giao tuyén ciia (MNP) va (ABCD).  b.Xac dinh giao tuyén clia (MNP) va (SAB).

¢. Xdc dinh giao tuyén clia (MNP) va (SCD). d. Xdc dinh giao tuyén clia (MNP) va (SAC).
Cau 6: Cho tit dien ABCD . Goi M, N lan lugt 1a cac diém ndm trong AABC va AACD . Khong xét céc
truong hop song song.

a. Xac dinh giao tuyén ctia (AMN) va (BCD). b. X4ac dinh giao tuyén cua (BMN) va (BC’D).
Cau 7*: Cho hinh chép S.ABCD c6 day ABCD la ti giac 16i, cac canh dbi khong song song, AC cat
BD tai O.Trén canh SA lay diém M sao cho MA = 3MS . Goi G latrong tam ASCD . Xéc dinh giao
tuyén ciia (MOG) véi cc mit ciia hinh chép S.ABCD

Cau 8**: Cho t dien ABCD. Goi M,N,P lan luct la cic diém nim trong cic AABC, AACD va
ABCD . Khong xét cac truong hgp song song, hay xac dinh giao tuyén cta (MNP) v6i cac mat cla ta

dién.
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Vén dé 2: Tim giao diém ctia dudng thing va mit phing

Phuong phap:

Dé tim giao diém ctia duong thing d va mit phang (P) , ta tim giao diém ctia d véi mot duong A nim

trong (P):

dNA=1
ac(p) =

Ied

Céach xac dinh A (khi chua c6 s&n)
Buéc 1: Chon miit phéng (Q) chita d
Buéc 2: Tim A = (P) N (Q)

led

Buéc3:Trong<Q)1 dnA=1= IGAC(P

IreAc(p)

)él—dﬁ(P)

=I=dn(P)

Cacviduy

Cau 1:

Cho tit dien ABCD . Goi M , I lan lugt la trung diém AB, BD . Trén canh AC lay diém N
sao cho AN = 2NC . Hay xac dinh giao diém:

a. MN N (BCD)

Cau 2:

trong tam AABC . Xac dinh giao diém

SA SC

Cho hinh chép S.ABC . Trén canh SA,SC lay diéem M,N sao cho S =——=3.Goi G la

NC
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a. MN N (ABC)

Cau 3:
trung diém ctia SC . Xéc dinh giao diém

S

Cho tit dién hinh chép S.ABCD c6 day la tit gidc 161, cac canh d6i khong song song. Goi M 1a

a. BD N (SA 0)
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Cau 4:

Cho tt¢ dién hinh chép S.ABCD c6 day la hinh binh hanh tam O . Trén canh SA,SD lay diém

M,N saocho SA=3SM , SD = 3ND . Goi P latrung diém ctia BC . Tim giao diém ciia:

b. SBN (MNP)

Cau 5:

Cho tt dien ABCD . Goi I la trung diém BC, G la diém nim trong AACD . Trén canh AB

lay diém M sao cho MG cit mat phing (B CD). Tim giao diém ctia:

A
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BAI TAP REN LUYEN
Cau 1: Cho tit dien ABCD . Goi M, N lan lugt la trung diém ctia BC,AB , diém P thuoc canh CD sao

cho CD = 3PD.
a. Tim giao diém ctia BD va (MNP). b. Tim giao diém ctia AD va (MNP)

Cau 2: Cho hinh chép S.ABC . Trén canh AB,BC lay diém M,N sao cho ]]\5—2 = ]]\\;—g =2.Goi G la

trong tam ASAC . Tim giao diém ctia SA véi (MNG).

Cau 3: Cho tit dien ABCD . Goi M la trung diém ctia AB, G latrong tam AACD .
a. Tim giao diém ctia MG va (BC’D).

b. Goi N la diém déi xiing cita B qua A. Tim giao diém ciia NG véi (BCD)

Cau 4: Cho hinh chép S.ABCD c6 day la tit giac 16i, cac canh dbi khong song song. Goi O 1a giao diém
ciia AC va BD. Trén canh SA,SD lan lugt lay céc diém M, N sao cho MN khong song song v6i AD.

a. Tim giao diém ctia CD va (MNO) . b. Tim giao diém ctia SB véi <MNO)

c. Goi P latrung diém SC . Tim giao diém ctia AP véi (MNO)

Cau 5: Cho hinh chép S.ABCD c6 déay 1a hinh binh hanh. Goi M 1a trung diém ctia SC .

a. Tim giao diém ctia AM va (SBD) b. Tim giao diém ctia SD v <ABM)

Cau 6*: Cho hinh chép S.ABCD c6 day 1a hinh thang, day 16n AB. Trén canh SA,SB,CD lan lugt lay

M, N, P sao cho 5—}32%22—?}23

a. Tim giao diém ctia NP v (SAD) b. Tim giao diém ctia SD véi (MNP)

Cau 7*: Cho tit dien ABCD . Goi M, N, P lan lugt la cdc diém nam trong tam giac ABC,ACD va BCD
sao cho MN cit mit phang (A CD) .

a. Tim giao diém ctia MN va (BCD). b. Tim giao diém ctia AD va (MNP).

Cau 8*: Cho hinh chép S.ABCD c6 day la mot tit giac 16i. Goi M 1a diém n3m trong tam giac SCD .

a. Tim giao diém ctia BM va (SA C’) . b. Tim giao diém ctia SD v (ABM) .
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Vén dé 3: Chitng minh ba diém théng hang — ba dudng thing ddng quy

Phuong phap:
1. Chitng minh ba diém thing hang:
Dé chiing minh ba diém A, B,C thing hang. Ta chiing minh A, B,C cung thuoc giao tuyén ciia hai mat
phang. @
Ae(P)n(Q)
2 N A B C
B e (P) N (Q) = A, B,C' thang hang. /ﬁ(
Ce(P)n(Q)
2. Chitng minh ba dudng thing dong quy:
Chiing minh ba dudng a,b,c dong quy.
Bu6c1: Goi I =anb 0
IT'cacC|P !
Busez: | <) 1 e (p)n(q) )
IebcC (Q) Y
&
P a
Buge 3: Chitng minh ¢ = (P)N(Q) = €c
Vay a,b,c dong quy.

Cacvidu

Cau 1: Trong khong gian, cho mit phing (a) vd mit phéing (ABC). Biét ABﬂ(a):M,

AC ﬂ(a) =N, BCnN (a) = P . Hinh vé sau dung hay sai ? Vi sao?

A

B

/4/0\ S

Cau 2: Cho tt dien ABCD . Goi M la trung diém AC , diém N trén canh AB sao cho AB = 4AN ,
diém P trén canh AD saocho AD = 4PD . Goi I,J, K lan lugt la giao diém ctia MN va BC ,

MP via CD, NP va BD . Chting minh ring I,.J, K thing hang.
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Cau 3:

Cho hinh chép S.ABCD c6 day 1a hinh binh hanh. Goi H, K lan lugt la trung diém ctia SB, SD

a. Tim giao diém F ctia HK va (SA C’) , giao diém

I ctia SC va (AHK)

b. Goi M = HINBC, N = KINCD . Chitng minh
rang A, M,N thing hang

Cau 4:

Cho hinh chép S.ABCD c6 day 1a hinh thang, day 1én AB. Goi M la trung diém SB .
S

b. Chiing minh ring AD, BC, MN dong quy.
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Cau 5:
lugt 13 cac diém thuoc canh SA,SB,SD .

Cho hinh chép S.ABCD c6 day la ti giac 16i, cAc canh dbi khong song song. Goi M, N, P lan

b. Tim giao diém Q ctia SC va (MNP)

Cau 6:
vd BD, M latrung diém SB . Trén canh

Cho hinh chép S.ABCD c6 day 1a hinh thang, ddy 16n AB = 2CD . Goi O la giao diém ctia AC

SA lay diém N sao cho 4SN = 35A.

a. Tim giao diém I ctia MN v (ABCD)

b. Tim giao diém J ciia SD véi (OMN ) , giao diém

K ciia SC vé6i (OMN)
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c. Chitng minh OI,CD,JK dong quy.

d. Goi H latrung diém ctia DM . Chiing minh
S,H,O thang hang.

Cau T:
va SD.

Cho hinh chép S.ABCD c6 day la hinh binh hanh tam O . Goi H, K lan lugt 1 trung diém SB

b. Tim giao diém J ciia AB vi <CHK> .

d. Goi E latrung diém ctia OK , G la trong tam
AACD . Chitng minh S, E,G thing hang.
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BAI TAP REN LUYEN
Cau 1: Cho hinh chép S.ABCD c6 day 1a hinh thang, day 16n AD . Goi M la trung diém ctia SD.

a. Tim giao tuyén SI cla (SAB) va (SCD).

b. Tim giao diém N ciia SC va (ABM).

c. Goi O la giao diém ctia AC va BD . Ching minh ring AN, BM va SO dong quy.

Cau 2: Cho hinh chép S.ABC . Goi M la trung diém ctia SA. Goi N, P la cac diém trén AB va SC sao
AN SP 3

cho —=—=—.
AB SC 4

a. Tim giao diém @ ciia BC' va (MNP).

b. Ching minh rang MN, PQ va SB dong quy.

Cau 3: Cho tit dien ABCD . Goi M, N lan lugt la trung diém ctia AB,BC . G la trong tam AACD .

a. Tim giao diém I ciia MG va (BCD).

b. Tim giao diém P ctia CD véi (MNG) va giao diém @ ctia AD v6i (MNG).

c. Chiing minh ring MQ, NP va BD dong quy.

Cau 4: Cho hinh chép S.ABCD cé day la hinh thang, day 16n AB = 2CD . Goi O la giao diém ctia AC

vd BD, M la trung diém ctia SA, I 1a trung diém CM . Chiing minh ring S, 7,0 thang hang.

Cau 5: Cho hinh chép S.ABCD c6 day 1a hinh binh hanh. Goi M, N, P lan lugt la trung diém ctia BC,CD,

SA.Diém K di dong trén doan AP .

a. Tim giao diém E ciia SB va (MNK ), giao diém F cia SD va (MNK ).

b. Goi I la giao diém ctia ME va NF . Chtng minh ring diém I luon thuoc mot dusng thing cd dinh

K di dong trén doan AP.

Cau 6*: Cho hinh chép S.ABCD c6 day la tit giac 16i, cAc canh d6i khong song song. Goi M 1a trung

diém SD. Trén canh SC lay diém N .

a. Tim giao diém I ciia AN va (SBD).

b. Goi E la giao diém ctia MI va BD, F la giao diém ctia MN va CD . Ching minh ring EF luon di

qua mot diém cb dinh khi N di dong trén canh SC .
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Vén dé 4: Tim thiét dién cfia hinh chép khi cit bdi mot mit phing

Phuong phap:

Néu mét phing (a) cit cac mét ctia hinh chop (Mit bén va méat ddy — néu c6) theo cac doan giao tuyén
no6i tiép nhau, tao thanh mot da giac phang thi ta goi da gidc nay 13 thiét dién hay mat cdt clia mit

phing (a) va hinh chop.

O hinh duoi, thiét dién tao béi mat phing () va hinh chép S.ABCD la i giac MNPQ

Thong thuong, dé xac dinh céc thiét dién, ta lam theo hai cach sau:

Cach 1: Tim giao tuyén ddu tién clia mat phang (a) v6i mot mat phing nao dé ctia hinh chép, giao
tuyén nay dé tim dudgc. Sau dé kéo dai giao tuyén nay cit cac canh khéic ctia hinh chép, tir dé ta tim duge
cac doan giao tuyén tiép theo. Da gidc gi6i han bdi cac doan giao tuyén nay 1a thiét dién can tim.

Cach 2: Tim giao diém clia () véi cac canh ctia hinh chép (canh bén va canh ddy) ((a) c6 thé chi cit

mot s6 canh, chit khong nhat thiét phai cit tat ci cac canh). Nbi cac giao diém lai thanh mot da giac, 1a

thiét dién can tim

Cacviduy

Caul: Cho ti@dien ABCD. Goi M,N la cac diém nam trén canh AB,AC sao cho MN khong song
song v6i BC . Goi I 1a trung diém ctia BD . Xac dinh thiét dién ctia t@ dien ABCD cit bdi mat
phéng (MNI)
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Cau 2: Cho tit dien ABCD . Goi M, N la cac diém ndm trén canh AB, AC sao cho MN khong song
song véi BC . Goi I 1a diém ndm trong ABCD . Xéc dinh thiét dién ctia t dien ABCD cét béi

mit phéng (MN[)

Cau3:  Cho hinh chép S.ABCD c6 day la ti giac 16i, cac canh ddi khong song song. Trén canh SD lay
didm M . Xac dinh thiét dien ctia hinh chép S.ABCD c4t béi mit phing (ABM)

Cau 4: Cho hinh chép S.ABCD c6 day la ti giac 161, cac canh dbi khong song song. Goi O la giao diém
cia AC vd BD, M,N la cac diem n3m trén canh SA,SD sao cho MN khéng song song véi

AD . Xac dinh thiét dién ctia hinh chop S.ABCD cat bdi mt phang (OMN )
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Cau 5:

chop S.ABCD cét bdi mit phing (AMN)

Cho hinh chép S.ABCD cé day la hinh binh hanh tam O . Goi M, N lan lugt la trung diém
SB,SD . Xac dinh giao diém ctia SC véi mit phing (AMN) , tit d6 suy ra thiét dién ctia hinh

Cho hinh chép S.ABC . Trén canh SA lay diém M . Goi N va P lan lugt 1a cac diém ndm trong
tam giac SBC va ABC sao cho MN cat mit phing (ABC). Xéc dinh giao diém ctia MN véi

(ABC) va thiét dien clia hinh chop S.ABC cét béi mat phéng (MNP)

BAI TAP REN LUYEN

Cau 1: Cho tt dien S.ABC' . Goi M, N lan lugt 13 diém nidm trén canh SA,SC va P la diém trong tam

gidc ABC . Tim thiét dién ciia hinh ch6p va mat phing (MNP) .

Cau 2: Cho hinh chép S.ABCD c6 day la tit giac 16i, cac canh d6i khong song song. Goi M 1a diém nim
trén canh SA sao cho SA = 3SM , G la trong tam ASCD , O la giao diém ctia AC vd BD . Xac dinh

thiét dien cfia hinh chép S.ABCD cét béi (MGO)
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Cau 3: Cho hinh chép S.ABCD c6 day 1a hinh binh hanh tam O . Goi M, N lan lugt 3 trung diém ctia
SB,SD . Trén canh SC lay diém P sao cho SP = 3PC . Xac dinh thiét dién ctia hinh chép S.ABCD cét

bdi mét phang (MNP).

Cau 4: Cho hinh chép S.ABCD , c6 day la ti giac 161, cac canh dbi khong song song. Goi M, N, P lan lugt
la trung diém SA, BC, CD . Xac dinh thiét dién ctia hinh chép cit bdi mit phing (MNP) )

Cho hinh chép S.ABCD c6 day la hinh thang, day 16n AB. Goi E,F lan lugt 1a trong tam ASBC va
ASCD .

a. Xac dinh giao diém ciia SC' véi (AEF).

b. Xéc dinh thiét dien ciia hinh chép S.ABCD cét béi mat phing (AEF)

Cau 5: Cho hinh chép S.ABCD c6 day 1a hinh binh hanh. Goi H, K lan lugt la trung diém ctia BC va
CD, diém L thuoc canh SA. Tim thiét dién clia hinh chop cét béi mat phéng (HKL).

Cau 6: Cho hinh chép S.ABCD c6 day 1a hinh binh hanh tam O, Goi M, N, I lan lugt thuoc AB, BC,SO

. Tim thiét dién ctia hinh chép v6i mit phing (MNI ) .
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