Trung tdm SEG.154-Huynh Man Pat-p3-g5-TP.HCM

Lo néi dau
Chao cac Em hoc sinh than mén!
Cau hinh hoc phang Oxy chic chan xuat trong dé thi THPT Qudc Gia hang nam. Nham déap ting xu huéng
ra d& méi cua Bo Gido Duc va Pao Tao vé noi dung caa cau ndy. Thay bién soan tai liéu nay véi muc dich
gip cac Em cd thé chinh phuc dugc cau hinh hoc phang. Tir 6 xay dung long tin dé cd thé dat két qua tdt
nhat trong Ki thi. Tai liéu dyoc chia ra thanh 4 chuong;
Chuong 1. C4c bai toan lién quan dén duong tron
Chuong 2. Céc bai todn vé hinh vuéng — hinh chit nhat
Chuong 3. Céc bai toan vé hinh thang- hinh binh hanh-hinh thoi
Chuong 4. Céc bai toan vé tam giac
Mbi chuong dugc nhac lai Ii thuyét,co bai tip mau va bai tap rén luyén va hudng dan bai tap rén luyén.
Du da ¢ gang nhung chac chan tai liéu s& khdng tranh khoi sai s6t nhat dinh.Hy vong céc Ban théng cam

va rit mong nhan duoc su dong gop y kién tir cac Ban doc! Pé lan sau tai liéu s& hoan chinh hon.
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CHUONG 1. CAC BAI TOAN LIEN QUAN PEN PUONG TRON
Phan 1. Mt s6 kién thirc can nhé
1. Pwong kinh va day cung
Cho duong tron tim I ¢6 ddy cung AB khac dudng kinh va H 1a trung diém AB.
Khi do, TH 1a duong trung truc cua AB.
That ra, do AIAB céan tai | (IA=IB=R) nén IH vua la duong cao, duong trung

tuyén, duong trung truc, dudng phan giac.

A B

2. Tiép tuyén va tinh chat caa hai tiép tuyén cit nhau

a. Cho d la tiép tuyén cua duong tron tam (I;R) va H 1 tiép diém. Khi do:

i) d(I;d)=R. ii) IH vudng géc d.

b. Gia sir AB, AC la cac tiép tuyén cua duong tron (I:R) véi B,C la cac

tiép diém khi do:

i) Al 1a duong trung truc cua BC.

i) T giac ABIC noi tiép. A
3. GOc & thm

a. Pinh nghia:GAc ¢ tam 1a goc co6 dinh la tdm va hai canh la hai ban kinh.
b. Tinh chat:Hai goc ¢ tdm chan hai cung bang nhau thi bang nhau.

4. Goc & ndi tiép

a. Pinh nghia:Gac noi tiép 1a goc co dinh nam trén dudng tron va hai canh 1 hai day cung.

b. Tinh chat:

i) Céc goc noi tiép chan hai day cung bang nhau thi bang nhau.Dit biét, cac goc noi tiép chan cuing mot day
cung thi bang nhau.

i) Cac goc noi tiép bang nhau chin céc day cung bang nhau.

iii) GAc nai tiép (<90°) bang mot nita goc ¢ tam chan cing day cung.
iv) GAc noi tiép chan duong kinh 1a goc vuéng.

5. Goc tao béi tiép tuyén va day cung

a. Pinh nghia:GAc tao bai tiép tuyén va day cung la goc c6 dinh Ia tiép

diém, c6 mot canh 12 mot tia caa tiép tuyén va canh con lai 1a day cung.
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xAC 12 goc tao bai tiép tuyén va day cung.

b. Tinh chat:

i) Goc tao bai tiép tuyén va day cung bang mot nira s6 do cung bi chan.

i) GAc tao boi tiép tuyén va day cung bang gdc néi tiép chin cuing day cung.

6. Tt giac ndi tiép

T giac noi tiép 13 tir gidc c6 bdn dinh nam trén mot dudng tron. Ta ¢6 cac phét biéu twong dwong sau:

a.Tu gi&c noi tlep < tong hai goc dbi cua tir gidc bang 180° .
b. Tw gi&c noi tlep < hai géc ké cung chin mét canh bang nhau.
c. T giac noi tiép < goc ngoai tai mot dinh bang goc ddi trong cua dinh do.

Phan 2. Rén luyén ki ning chitng minh va van dung tinh chat biét trudc dé giai bai
toan
1.Bai toan 1(BT1)

Cho AABC néi tiép duong tron (I;R).H 1a tryc tdm,M 1a trung diém cua BC va G la trong tam AABC.
AKla duong kinh. Ching minh:

a) BKCH la hinh binh hanh

b) AH =2IM ; BH = 21N va CH =2IP .N,P lin luot 1a trung diém cua AC va AB.

¢) H,G,I thing hang va HI =3GI .

d) Trong truong hop A =60". Chung minh: AH = AT .

Ch#ng minh
CH 1 AB BH 1 AC ,
a X .D
){KBJ_AB:CH//KB,{KCLAC:BH//KC o do, A
ABKC Ia hinh binh hanh. q
b) ABKC la hinh binh hanh va M la trung diém cua BC, suy ra
M la trung diém cia HK. Do d6 IM la duong trung binh cua E
AH |IM _ —=
AAHK. AH =2IM .
- {AH —2M ™ Fd n |

Cac y con lai twong tu. Ban doc thir chimg minh dé nhd nhé.

c) G latrong tdm cua 4AABC nén AM = %AG .Ma AM la duong

trung tuyén cia AAHK nén G cling 1a trong tdm cua AAHK . HI B D M
la duong trung tuyén caia AAHK nén H,G,l thang hang va

HI =3GI .

d) A=60"= BIC =120° = MIC =60’ (gbc ndi tiép bang 1/2
goc ¢ tdm chan cung day cung). AIMC vudng tai M. Ta co:

IM =1C.cos60” = IC =2IM = IA=1IC =2IM . Ma AH =2IM (céu b). Suy ra AH =AI .
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Vi du 1. Trong mit phang Oxy.Cho AABC c6 dinh A(—l;z), tryc tim H (1;1), tam duong tron

ngoai tiép la 1(2;0). Viét phuong trinh canh BC.

Phan tich:. BC da ¢ vipt la AH =(2;—1). Néu tim mot diém thuoc canh BC thi bai toén da dugc giai??

Goi M 1a trung diém caa BC. Nhé lai AH = 2IM (BT1 cau b).Thé 1a ¢6 ngay diém M.
Gidi

BC c6 vtpt 12 AH =(2;—1). Goi M la trung diém cua BC. Khi do:

EzZﬁl@{zzz(xM_z) :>M[3;—1J.
~1=2(y,,-0) 2

BC di qua M v 6 vipt AH nén BC:2(x—3)—(y+%):O<:>BC:2x—y—13/2:O.

Chu y: Trong bai lam cac em phai chitng minh AH =2IM (xem BT1 céu b).

Vi du 2. Trong mat phang Oxy.Cho AABC c6 tryc tam H (1;3) trong tam G(%;%) va tiép

tuyén tai A ctua duong tron ngoai tiép AABC c6 phuong trinh x—3y+5=0. Tim toa do cac

dinh cua AABC.

Giai
Pit d:x—3y+5=0 latiép tuyén tai A cua dudng tron ngoai tiép AABC . Goi M, | lan luot 13 trung diém

cua BC va tam dudng tron ngoai tiép AABC . Khi do: HI =3GI (xem

A
BT1 cAu c) vd AM =3GM (tinh chét cua trong tam).
E

- x1—1=3(x1—%J xlzé 31

Tu: HI =3GI < o 22— FéH I
4 122
y1_3:3 y[_g yI_E
B D M C

Tacd: IALd=IA:3x+y+m=0. IeIA:>3%+%+m=0<:>m=—5.
Vay IA:3x+y—-5=0. A=dnIAnén toa do A la nghiém cua hé:

3 -5=0 =1
Xty ot = A(1;2)
x=3y+5=0 y=2

.Goi (C) 1a duong tron ngoai tiép tam giac ABC ¢6 tam | va ban kinh IA.
— 2 2
1A=(—l;§):>1A=\F:>IA2 =§.(c):(x—i) +(y—l) =3

22 2 2 2 2 2
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4
N xM—1:3[xM—§j 3
Taco AM =3GM < :M[—;lj.
4 2
Ym _1:3(3’M _gj

BC di qua M va c6 vipt 1a AH = (0;1)nén BC ¢6 phuong trinh:
BC:O(x—%)+1.(y—1)=0<:>BC:y—l:0.

B,C =BC N (C) nén toa do B,C la nghiém cua hé phuong trinh:

y-1=0 x=0 [x=3
3 2 1 2 5 @{ v{ = B(0;1),C(3;1)vB(@3;1),C(0;1).
(+=3) +l=3) =3 b=t b

Vay: A(1;2),B(0;1),C(3;1) hoac A(1;2),B(3;1),C(0;1) .

Vi du 3. Trong mat phang Oxy.Cho AABC c6 tryc tam H (—1;3), tm duong tron ngoai tiép

1(3;-3) vadinh B(1;1). Tim toa d¢ c4c dinh A,C, biét x, > x..

Gidi
Taco: IB = (=2;4) = IB=~/20 . Pudng tron ngoai tiép AABC c6 tam I va ban kinh IB ¢ phuong trinh:

(x=3)"+(y+3)" =20.

S B

Goi M la trung diém AC, ta ¢ BH = 2IM (xem BT1 cau b).
1 E
B Xy —3=—(-1-1 _
BH =2IM < | )@ Yy =2 = M(2:-2). .
+3:l(3_1) yM=—2 H |
Ym >

Puong thang AC vudng goc IM va di qua M ¢6 phuong trinh: A 5™ c

AC:x—y—-4=0.
A,C =BCnN(C) néntoado A,C langhiém caa hé phuong trinh:

x—y—4=0 x=—ly=5
A(5,1),C(-1;5 ).
{(x—3)2+(y+3)2=20©L=5,y=—13 (5:1).6(=53) (%, > )

Vay toa do cac diém can tim la A(5;1),C(-15).

Vi du 4. Trong mat phang Oxy.Cho AABC c6 tryc tam H (1;2), thm duong tron ngoai tiép

1(3;—2), A=60". Tim toa d6 cac dinh cia AABC, dinh A thudc duong théng d:x+y-5=0
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va x, <x,.

Gidi
Vi A=60" ta chimg minh dugc AH = Al . Suy ra A thugc duong trung truc cua IH.
Pudng trung truc caa TH di qua trung diém N(2;0) cta IH va c6 vipt HI = (2;—4) nén c6 phwong trinh

A:x—2y—2=0.DiémA=d A nén toa d6 cia diém A la nghiém cia hé phuong trinh:

x—=2y-2=0 x=4
Al41).
{x+5y—5=0<:>{y=1:> ( ’ )

Puong tron ngoai tiép AABC c6 tam I va ban IA nén c6 phuong trinh: (x—3)2 +(y +2)2 =10.Goi M la
trung diém ciia BC, ta ¢6
. 3
— — [3=2(x-3 =5
AH =2IM < (x )<:> 2 oyl 322
1=2(y+2) 3 27 2
y=-=
2
BC di qua M va c6 vipt la AH =(~3;1) co phuong trinh BC:-3x+y+6=0.

B,C = BC N(C) nén toa do B,C la nghiém cua hé phuong trinh:

3x+y+6=0 x=3_\5’y:_3+2\5 NN N 5
o p[3=13. 3+ 3j;c[3+2 3, 3+ 3]\,1

2
=
(x=3) +(y+2) =10 x:3+«/§ y:_3+\/§ 2 2
2 7 2

x, <x,. Vy cac diém cn tim 1a A(4;1),3[3—2*5;—3;*Ej;c(3+2*5;—3+2*5j.

Vi du 5. Trong mat phang Oxy.Cho AABC c6 trong tam G(1;1), tim duong tron ngoai tiép

I(%’%) va canh AC c¢6 phuong trinh 2x—y—-4=0.

Tim toa d6 cac dinh cia AABC, biét x,>2.

Gidi
Goi M 1a trung diém cia AC, tacé IM L AC = IM : x+2y+m=0. | thuoc IM nén suy ra

IM : x+2y—% =0. M =ACNIM nén toa do cuaa M la nghiém cua hé phuong trinh:
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2x—y—-4=0 5 5
=4¥T5= M| ;1. Do G latrong tim ciia AABC ,ta c6
x+2y—==0 _ 2
y=1
_S5_3q_3 _
— —— |x,-2=301-2) ([x,=-2 o o T
MB =3MG < 2 2 < = B(-2;1) .buong tron ngoai ticp AABC c¢0 tdm | va ban
y, —1=3(1-1) Vg =
2 2
. , \ 7 37 1105 ., ..z . N R
kinh 1B c6 phuong trinh: (C):| x—— | +| y—=— | =——.Cacdiem A,C=ACN(C) néntoadd AC la
18 18 162
nghiém cua hé phuong trinh:
2x-y—4=0
x=3,y=2
2 2 Rt = A(3;2),C(2;0 x, >2).
(x—l) +(y_ﬂ) _1105 L:z,y=o ( ) ( ) (A )
18 18 162

Vay toa d cac diém can tim 4 A(3;2),B(-2;1),C(2;0).

Vi du 6. Trong mat phang Oxy.Cho AABC ¢6 tryc tam H (3;-1), tim dudng tron ngoai tiép

1(-3;0) vadinh C(3;-7). Tim toa d6 cac dinh A,B cua AABC.

Gidai
Puong tron ngoai tiép AABC ¢6 tam | va ban kinh IC c6

phuong trinh: (x + 3)2 +y? =85.

Goi M la trung diém AB, ta c6 CH = 2IM (xem BT1 ciu b).

1
L xy +3=5(3—3)©{XM :_3:M(_3_3)

2IM = CH < .
yM=5(—1+7) Ym =

Puong thang AB vudng goc IM va di qua M ¢ phuong trinh:
AB:y-3=0.

A,B=ABN(C) nén toa d6 A,B la nghiém cua hé phuong trinh:

y—3=0 x=-3-219,y=3
(x+3) +y* =85 x=-3+219,y=3

:»A(—3—2\/E;3),B(—3+2\/E;3)vA(—3+2\/5;3),B(—3—2\/5;3).

Vay toa do céc diém cin tim 1a: A(—3—2@;3),B(—3+2@;3)vA(—3+2«E;3),B(—3—2ﬁ;3).
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Vi du 7. Trong mit phang Oxy.Cho AABC c6 duong trung tuyén va dudng cao xuat phat tir A
c¢6 phuong trinh lan luot 12 13x—6y—2=0 va x—2y—14=0 Tim toa d6 cac cua dinh AABC,

biét tam duong tron ngoai tiép AABC 13 1(—6;0).

Giai
Dit d :13x—6y—-2=0,d,: x—2y—14=0 day lan luot 1a dudng trung tuyén va duong cao xuét phat tr A .

Khi d6, toa d6 cia A 12 nghiém caa hé phuong trinh {m —6y-2=0 {x N

e A(—4;-9). Goi Hva M
x—=2y-14=0 9

y=-

lan lugt |4 tryc tAm va trung diém cua BC. Khi do: H ed, = H(2h+14;h),Med, = M(m;%) .Ta

co: AH =2IM (xem BT1 céau b).

~ [2h+14+4=2(m+6) Yh—2m = —6
AH =2IM < - = 1 29 =TT
h+9:2(13m 2—0} poB, -2 {m:2

Vay H(12;-1), M (24 ). Puong thang BC di qua M va c6 vipt Ia IM nén c6 phuong trinh

BC:2x+y—8=0.Duong tron ngoai tiép AABC c6 tam | va ban kinh 1A ¢6 phuong trinh:

(x +6)2 +y2 =85. Cac diémB,C = BC N (C) nén toa do B,C la nghiém cua hé phuong trinh:

{x+)’ @{x 2V=2_ B(3:2).C(1:6)v B(1:6).C(3:2).

(x+6)2+y2:85 x=1,y=6
Vay toa do cac diém can tim [a A(—4;-9),B(3;2),C(1;6) hoac A(—4;-9),B(1;6),C(3;2).

2. Bai todn 2(BT2)

Cho AABC néi tiép duong tron (I:R). D,E,F lan luot 13 chan dudng cao ké tir A,B,C cua AABC H la
tructdm. Chang minh:

a) IALFF;IB1DF vaIC 1 DE.
b) H la tdim duong tron noi tiep ADEF .

Chi#rng minh
a) Ké tiép tuyén xy tai A. Khi d6: xAB=ACB(1). Taco

BFC =BEC =90" = tt giac BCEF néi tiép. Suy ra AFE = ACB(2)
(g6c ngoai cua tir giac noi tiép).

Tu (1) va (2) suy ra AFE =xAB = xy|| EF . Ma xy 1 IA ,do d6 F H
IA L EF.

Céc y con lai cac Em ching minh tuong tu nhé.!
b) Tir giac BDHF ni tiép = HDF = HBF (1). Tt giac CDHE noi B C
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tiép = HDE = HCE(2). Tu gidc BCEF noi tiép = FBE = FCE(3) . (1),(2) va (3) = HDE = HDF . Khi

do DH la tia phén giéc trong FDE . Chirng minh tuong tu ta ¢6 H la giao diém ba duong phan giac trong
cua ADEF . Nén H la tim duong trong ndi tiep ADEF .

Vi dy 8. Trong mat phing Oxy.Cho AABC néi tiép dwong tron (C):(x—1)" +(y—2) =5.
Chan duong cao ké tir B va C lan luot 12 £(0;1)va F(1;3). Tim toa do cac dinh cia AABC,

biét x, >0.

Gidi
p Puong tron (C)cd tdm 1(1;2). Tacd IA L EF (xem BT2 cau a).
X IA diqualva co vtpt EF = (1;2) c6 phuong trinh
IA:1(x-D)+2(y=2)=0<IA: x—2y—5=0. Khi d6 toa 6 diém A la
nghiém cua hé phuong trinh:

Bvc {(x_1)2+(y—2)2ZSQ{x:&y:l

X+2y-5=0 x=-1y=3"

Vay A1 (vix, >0 ). ACdiquaA vaE cophuong trinh AC:y—1=0. C=ACN(C) néntoadd ,Cla

nghiém cta hé phuong trinh:

2 2
_ _ - =3 v=1(] . . 5
(x=1) +(y-2) =5 _ |x=3y=10 & C(=1;1). O day ta loai x =3,y =1vi tring didm A. AB di qua
y—1=0 x=-Ly=1(n)

A vaF c6 phuong trinh AC:x+y—4=0. B=ABN(C) nén toa do B la nghiém cua hé phuong trinh:

2 2
_ _ - =3.v=1(] Y . 5
(x=1) +(ry-2) 5@{" =D L 04y, O day taloai x =3,y = 1vi tring diém A,
x+y—-4=0 x=0,y=4(n)

Vay toa do cac diem can tim la A(3;1),C(-1;1),B(0;4).

Vi du 9. Trong mat phang Oxy.Cho chir nhat ABCD. Goi M 1a diém doi xtiing cia B qua C va N

la hinh chiéu vudng g6c cua B trén MD. Tam giac BMD nai tiép duong tron
(C): (x—4)2 +(y—1)2 =25 . Xac dinh toa d6 cac dinh cua hinh chit nhat biét duong thiang CN

¢6 phuong trinh 3x—4y—17 = 0. Puong thang BC di qua diém E(7;0) va M ¢6 tung do am.
p g y g thang q g

M Gidi
Pudng tron (C) c6 thm 1(1;2) va ban kinh R=5. Do ABMD ndi tiép duong
Q tron (C) va N,C 1a cac chan duong cao nén ta chitng minh duwgc IM L NC
CLN\ A D n . . ~ , \
) ’ (xemBT2caua). IMdiqualva IM 1 NC nén c6 phuong trinh
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IM:4(x—4)+3(y-1)=0 <> IM:4x+3y—19=0.M la giao diém giita (C) va IM nén toa do ciia M Ia

2 2 _ _
nghiém cta hé: {(x_4) +(r-1) :25<:>[x_7’y_ 3<:>M(7;—3) (vi tung d6 M &am).

4x+3y—-19=0 x=Ly=5

Puong thang BC di qua M va E ¢ phuong trinh BC: x =7. Diém C la giao diém giira BC va NC nén toa

< C(7;1). biém C 1a trung diém ciia M va B = B(7;5). DC

. —4y—17= =
C la nghiém cua h¢ {BX y-17 @{x !

x=7 y=1
di qua C va vudng goc BC c6 phuong trinh DC:y—1=0.
2 2

N - -1) = =9y=1 |, 5. s ; o

Toa do D la nghiém cua hé {(x 4) +(y 1) 25 = {x 2y . Vi B va D phai nam cung phia so véi
y—1=0

duong thang CN nén ta
nhan D(-11). Do DA=CB = A(-L5).
Vay toa do cac diém can tim la A(-1;5),B(7:5).C(7:1),D(-L1).

3.Bai toan 3(BT3)

Cho AABC noi tiép duong tron (I;R). Piém E 1a 1 giao diém cua tiép tuyén tai A va BC. D la chan

duong phan giac ké tir A. Ching minh: AEAD can.

Chang minh
5t A = A — P — O — A
Pit: A = EAB;A, = BAD; A, = DAC; D = ADE;C = ACB. A
Taco: D=A,+C (1)(g6angoai cia ADAC) va
EAD=A +A, (2).Ma A, =A, (3) (do AD la duong phén E
gidc trong goc Ava A =C (4)(g6c tao bai tiép tuyén va day B

cung. Tt (1),(2),(3), (4) suy ra EAD =D = AEAD can. c

Vi du 10. Trong mat phang Oxy.Cho AABC c6 A(1:4), tiép tuyén tai A ciia duong tron ngoai

tiép AABC cit BC tai D, dudng phan gi4c trong goc ADB c6 phuong trinh x—y—2=0. Diém

M(—4;1) thuoc canh AC. Viét phuong trinh canh AB.

Giai
A
Goi K 1a chan duong phén giéc trong goc A,khi d6 ADAK N
can tai D(xem BT3). bat d: x—y—2 =0day la duong “\
phan giac trong g6¢c ADB va ADAK can tai D suy ra : ‘V D

AK 1 d= AK :x+y+m=0.Do diém A thuoc AK nén ta I-B
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c¢6 phuong trinh AK : x+y—5=0. Goi M’ 1a diém ddi xtmg cua M qua AK, khi d6 M’ thuoc AB. Ta c6
MM’ di qua M va MM' 1 AK nén c6 phuong trinh x—y+5=0.Goi N = MM'nAK = N(O;S) . N la trung
diémciaM va M’ = M'(4;9) . buong thang AB di qua A va M’ ¢6 phuong trinh AB:5x—3y+7=0.

4. Bai toan 4(BT4)

Cho AABCnbi tiép duong tron (C) c6 (I;R). K 1a tim duong tron noi tiép va D 1a giao diém gitra AK va
(C); J 1a giao diém gita AK va phan giac goc ngoai tai B. Ching minh: D 13 tam dudng tron ngoai tiép tir
gidc KBJC.

ﬁ ’ Chi#rng minh
bé D la tam duong tron ngoai tiep tir gidc KBJC ta sé chfxng minh DB=DC=DK =DJ . 7
Ta da c6 DB=DC (do AK la duong phéan giac nén D la diém chinh gitra cung BC hay cac em hiéu do

DAC =DAB = DB =DC cac em xem lai tinh chat cua goc noi tiép nhé!).
Vay ta chi can chitng minh

DB =DK . Xét AABK ¢6 BKD = KAB+ KBA(1) (tinh chat géc ngoai cua
tam giéc). Ta c6 KBD = DBC+CBK (2).

Ma DAC = DAB va DBC = DAC (cung chian cung DC), do d6

DBC =DAB (3)Thém nira la CBK = KBA (4). Tir (1),(2),(3),(4) ta co
KBD = DKB = ADBK cén tai D hay DB = DK . Vay

DB=DC=DK (5).

BK va BJ lan luot 1a dudng phan gi4c trong va phan gi4c ngoai tai B nén
BK vuéng géc BJ. Ta co:

DKB+ DJB =90° = DBK + DBJ
DKB = DBK
ra DB=DJ (6). Tix (5) va (6) taco DB=DC=DK=DJ .

= DBJ = DJB = ADBJ can tai D, suy

% Chuy:
1) D la giao gitra duong phan giac goc trong va dudng tron ngoai tiép AABC . Khi d6 DB =DC va ro rang
ID s¢€ la duong trung truc caa BC (vi IB=IC va DB=DC). Khi lam bai tap co khi ta sé stir dung tinh chat
nay.
2) Céc em nén nho rang duong tron c6 tinh chat déi xing nén cc két qua co duoc tir dinh A cling s& 6 &
dinh B va C. Vi du: trong bai toan trén, goi E 1a giao diém gitta BK va (C) thi E ciing s€ la tam duong tron
ngoai ticp AAKC . Chitng minh tuong ty.

Vi du 11. Trong mat phang Oxy.Cho AABC c6 A(2:6), chan duong phan gidc trong goc A la

M(2;%3]Vé tam dudng tron ngoai tiép tam giac 1 1(%1) Xac dinh toa do céc dinh B,C.

Gidi
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5\5

Puong tron ngoai tiép AABC c6 tam 1[%1;1j va ban kinh bang R =JA = -

2
¢6 phuong trinh (C): (x +%j +(x—1)2 = % Puong thing AM di qua M va

1 A nén c6 phuong trinh c6 AM : x—2=0. Goi D =AM ~(C) khi do toa do

diém D 1a nghiém cua hé

2
1) 2125 P
x+=| +(x-1) === x=2,y=6
( 2 (x-1) 4 @[ y

L lx=2 0
= D(2; —4) (vi {x la toa do
4
x—2=0

y=6

diém A).

Vi AM la duong phén giac trong goc A nén diém D nam chinh giira ciia cung BC, do 6 BC L ID . BC di
< = (5 . . 5 3

quaM vacévtptla ID = 5;—5 c6 phuong trinh BC:E(x—2)—5 y+5 =0 BC:x-2y-5=0.

B,C = BC N\(C) nén toa do B,C la nghiém cua hé phuong trinh:

2
1) 2125 ey
x+=) +(x-1) === x=5y=0
( 2 (x-1) 4 c{ Y

= B(5;0),C(-3;-4) v B(-3;-4),C(5;0) .
x=-3,y=—+4

x=2y-5=0
Vay toa do cac diém can tim 1a B(5;0), C(=3;—4) hoic B(-3;—4),C(5;0) .

BC:%(x—2)—5(y+%j=0c>BC:x—2y—5=0. B,C = BC~(C) nén toa do B,C la nghiém cua hé

phuong trinh:
2
1 _1)y =125 —5v=0 ,
(“2) a1y =2 c{x >¥ | = BS:0).C(3:-4)v B-3:4).C(5:0) . Viy toa o cic diém
x=2y-5=0 TETRYET

can tim 1a B(5;0),C(=3;—4) hoic B(-3;—4),C(5;0) .

Vi du 12. Trong mit phang Oxy.Cho AABC ¢6 A(%;%j, tam duong tron ngoai tiép 7(0;1)

va tam dudng tron noi tiép K(—l;l) . Viét phuong trinh canh BC.

Gidi
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Pudng tron ngoai tiép AABC c6 tam [ (_?1;1] va ban kinh bing 1A =2 ¢6

phuong trinh (C): x? +(y — 1)2 =2 .Puong thing AK di A va c6 vtcp

B AK = (%éj ™ (2; 1) suy ra AK co vtpt ;1 = (1;—2) cO phuong trinh

D AK :1(x+1)=2(y—1)=0< AK : x—2y+3=0.

2 2
Goi D= AK (C) Kkhi d6 toa do diém D la nghiem caahe | *0"1) =2 |7 T L ppg
x-2y+3=0 TSV TS
X =
(vi
y:

=1
45 1a toa d6 diém A). Tam giac BKC noi tiép duong tron tim D (xem BT4 ). Budng tron ngoai
5

tiép tam gidc BKC c6 tim D va duong kinh DK = \/g c6 phuong trinh (C'): (x—l)2 +(y —2)2 =5.Toadd

(x=1) +(y=2)" =5 (1)

diém B va C la nghiém caa hé pt: J\* y2 B . Lay (2) trir (1) ta dugc 2x+2y—-1=0 (d).
+(y-1) =2 (2)

Vi toa d diém B va C thoa (d) nén phuong trinh dudng thang di qua B va C can tim 1a phuong la

BC=():2x+2y—-1=0.

Vi du 13. Trong mat phang Oxy.Cho AABC c6 B(2:3), tim duong tron ngoai tiép 7(6;6) va

tam duong tron noi tiép K(4;5) . Tim toa d6 cac dinh A,C.

Gidi
Puong tron ngoai tiép AABC ¢6 tam 1(6:6) va ban kinh bang 1B =5 c6
phuong trinh (C): (x—6)2 +(y —6)2 =5.Puong thang BK di B va K ¢6

K phuong trinh BK : x—y+1=0.Goi D = BK ~(C) ,khi d6 toa do diém D la

2 2 _ _ _
C nghiém cua hé {(x_6) +(y—6) =5<:{x_2’y_3 = D(9;10) (vi {x_z
x—y+1=0 x=9,y=10 y=3

la toa do diém B). Tam giac AKC noi tiép duong tron tdm D (ching minh nhu

ThS. Tran Duy Thuc . Sdt: 0979.60.70.89 13
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BT4 ). Pudng tron ngoai tiép tam gidc AKC c6 tim D va dudng kinh DK = J50 ¢6 phuong trinh
(C): (x—9)2 +(y—1())2 =50. Toa do diém A va C la nghiém cua hé pt:

;c:)o, Vay A(2:9).C(10:3) hodc A(10;3).C(2;9).

(x=9)" +(y-10)’ :50@{":%{

(x=6) +(y—6) =5 y=9

5. Bai toan 5(BT5)

Cho duong tron (C) tam I,duong kinh AB. Biém C thudc duong tron (AC<BC). Ké CH vubng géc AB(H
thuoc AB). D,E lan luot 1a trung diém cua AC va CH. F 1a giao diém cua ID va BE. Chang minh FA va
FC la céc tiép tuyén cua (C).

Chi#rng minh
Goi M la giao diém ctua DE va BC, khi d6 M ciing 14 trung diém cua
BC (Vi DE || AB). Do D la trung diém caa AC nén FI l1a duong trung
truc caa AC. FD || BC (cung vudng goc AC), dan dén AEDF va

AEMB dbng dang = £M = EB (1).

ED EF
EM _1
s , HB 2 __ EM _HB
Mat khac, DE || AH = =>==="=(2). T\
atkhac, DE||AH va ME || HB 1 D HA() i
HA 2

(1) va (2) suy ra % = % — FA||EH = FA L AB . Suy ra FA la tiép tuyén cua (C). Tir

AFIA = AFIC = FCI = FAI =90’ suy ra FC ciing 14 tiép tuyén cua (C).

Vi du 14. Trong mat phang Oxy.Cho AABC vudng tai A,duong cao AH. Goi D va E lan luot 1a
trung diém cdc doan thang AB va AH. Puong thang vuong goc AB tai D cit CE tai F(-1:3).
Puong thang BC ¢6 phuong trinh x—2y+1=0. Tim toa do cac dinh cua A,B,C biét rang D

thudc duong thang 3x+5y =0 va D c6 hoanh d6 duong.

Gidi
A Ta ching minh duoc FB L BC (xem BT5 ). Puong thang
FB di qua F(-1;3) va vuéng goc BC nén FB c0 vtpt la
- U= (2;1). Phuong trinh dudng thang
D E BF :2(x+1)+1(y—3)=0 < BF :2x+y—1=0.
B C

e
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1
A 4iR soea o [2x4y—1=0]"" 3 13
Toa d6 diém B la nghiém cua hé pt: y S5 pl=2].
0a d¢ gnie e P {x—2y+1:O z:> o
5

Vi D thudc dudng thang 3x+5y =0 nén suy ra:

-3 — -3 — -3
D xD;ﬁ :FD = xD+l;$—3 :BD = xD—l;$—é .Taco:
5 5 5 5 5

o xp ==1(n) 7
BD L FD < FD.BD =0 17x7 +37x, +20=0 < 20 ,-ViD a trung diém cua AB nén
Xp=——2
17

A( 511 2) Puong thang AC di qua diém A(% %j vacévtptla AB (% Oj ¢6 phuong trinh

AC: x+1?_0 C 14 giao diém cuia AC va BC suy rac[% ?j .

Vay toa do cac diém can tim 1a A j 3 B lg ,C ﬂ_—3 -
575 55 5 5

Vi du 15. Trong mat phang Oxy.Cho AABC vuéng tai A,duong cao AH. Goi I 1a trung diém
ciia AH. Puong thang vudng goc vai BC tai C cat Bl tai D. Viét phuong trinh duong tron ngoai
tiép AABC, biét phuong trinh BC: x—y—2=0 va D(-1;-1) va dinh A thudc duong
d:3x—-2y+6=0.

Phan Tich: Trudc tién ta thay DC vuong goc BC va di qua diém D nén ta viét duoc phuong trinh dudng
thang DC va c6 ngay toa d dinh C . Khong kho dé ta thdy rang DA ciing Ia tiép tuyén hay DA = DC . Tir
d6 tim duoc diém A va nhd cha y tam giac ABC vudng tai A dé nhan va loai nghiém.

Giai
Trudc tién ta thiy DC vudng goc BC va di qua diém D nén ta viét duoc phuong trinh duong thang
DC:x+y+2=0.

= C(0;-2). Goi M la trung diém cua AC, N 1a

Toa do diém C 1a nghiém cua hé {““2:0@{”(’

x—y—-2=0 y=-2
giao diém ctia MI va AB thi c6 ngay N ciing 1a trung diém cua AB(tinh chat mot duong thang di qua trung
diém mot canh cta tam giac va song song mét canh thi di qua trung
diém canh con lai). Bé chitng minh DA = DC. Ta chi cin chiing
minh MD vudng goc AC(vi M di 14 trung diém AC). Tam giac ABH
€O duong trung binh IN nén HB =2IN va tam giac ACH c6 duong

C ¥ B
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trung binh IM nén HC =2IN . Mat khac, do

Hypc—B_HB_ 1B _2IN _IB_IN _ ;BN (dinh li talets ddo). Ma BN L AC nén

———s—=——=
ID HC ID 2IM ID IM

MD 1 AC suy ratam giac DAC cantaiD = DA=DC.TacO DC = LvaAa thuoc d suy ra A(a; 3a2+6J .

a=-2= A(—2;O)

3a+6 )
+1| =2< -30 (_30 —6)
a= = A —

Taco DA=\/5<:>(a+l)2+[
13 13 13

Loai diém A(—2:0) vi khi d6 AC vudng géc BC. Vay diém A(%;%} . AB vudng goc véi AC va di qua

diém A nén c6 phuong trinh AB:3x—2y+6=0. Toa do diém B la nghiém cua hé

3x=2y+6=0 _ Jx=-10_, B(~10;~12). Tam gidc ABC vudng tai A nén ngi tiép duong tron duong
x—y-2=0 y=-12

kinh BC. Goi I 1a trung diém ciia BC, khi d6
I(-5;-7) va IC = 5\/5 . Vay phuong trinh dudng tron ngoai tiép tam giac ABC c¢6 phuong trinh
(x+5)2 +(x+7)2 =50.

Bai tap tw rén luyén:

Bai 1. Trong mat phang Oxy.Cho AABC c6 trong tam G(l;%j va noi tiép duong tron

(C) : (x—2)2 +(y —3)2 =26.Diém M(7;2) thudc dudng thang di qua A va vuéng goc BC;M khac A. Tim
toa d¢ cac dinh cua tam giac ABC, biét y, > y,..

Bai 2. Trong mit phang Oxy.Cho AABC c6 trung diém canh BC 1a M (3;-1). Biém E(-1;-3) thuoc duong
cao di qua B. Puong thang AC di qua F(1;3). Tim toa d6 cac dinh caa tam giac ABC, biét dudng tron ngoai
tiép tam giac ABC c6 duong kinh

AD véi D(4;-2).

Bai 3. Trong mat phang Oxy.Cho AABC c6 truc tm H (3;0) va trung diém canh BC la M(6:1). Buong
thang AH c6 phuong trinh x+2y—3=0. Goi D va E lan luot 1a chan dudng cao ha tir B va C cua tam giac
ABC. Xac dinh toa do cac dinh cua tam giac ABC, biét DE c¢6 phuong trinh x—2 =0 va D ¢6 tung do
duong.

Bai 4. Trong mit phang Oxy.Cho AABC ¢6 tryc tim H (2:0) va tam dwong tron ndi tiép 7(2;0). Phuong

trinh canh BC: x—y—4=0. Lap phuong trinh canh AB, biét hoanh d¢ ciia diém B khong I6n hon 3.
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Bai 5. Trong mat phing Oxy.Cho AABC ndi tiép duong tron (€): (x—1)2 +(y—2)2 =25. Cac diém
K(-1;1) , H(2:5) lan luot 1a chan duong cao ha A va B. Xac dinh toa d6 cac dinh cua tam giac ABC, biét C
c6 hoanh d¢ duong.

Bai 6. Trong mit phang Oxy.Cho AABC noi tiép dudong tron tam 7(3;5) va ngoai tiép duong tron tam
K(1;4). Buong tron tiép xtc véi canh BC va cac canh AB,AC kéo dai (duong tron bang tiép canh BC) ¢6
tam F(11;14). Viét phuong trinh canh BC va dudng cao di qua dinh A.

Bai 7. Trong mat phang Oxy.Cho AABC nhon c6 dinh A(-1;4),truc tim H. Puong thang AH cat BC tai M,
duong thing CH cit AB tai N. Tam duong tron ngoai tiép tam giac HMN 1a 1(2;0). Tim toa do cac dinh
B,C ciia AABC, biét dinh B thudc duong thang d: x+2y—-2=0.

Bai 8. Trong mat phang Oxy.Cho AABC ndi tiép duong tron tam 1(5:4) vaco truc tam H(5;5). Canh AC
¢6 phuong trinh x+y—8=0. Tinh dién tich AABC.

Bai 9. Trong mit phang Oxy.Cho AABC c6 tryc tim H(-1;3), tim duong ngoai tiép 7(3;-3), chan duong
cao ké tir A 1a diém K(-1;1). Tim toa do cac dinh cia AABC .

Bai 10. Trong mat phang Oxy.Cho AABC c6 dinh A(-3;-4), tim dudng ngoai tiép 1(2;1) va tam duong
tron ngoai tiép K(-1/2;1). Viét phuong trinh canh BC.

Phan 3. Rén luyén tw duy phén tich,dw do4n tinh chét va chirng minh

Vi du 16. Trong mat phang Oxy, cho tam giac ABC ndi tiép duong tron duong kinh BC ¢6
phuong trinh (C): x> +y”> —6x—2y+5=0. H la chan duong cao ké tir A. Puong tron
duong kinh AH cat AB,AC lan luogt tai M va N. Tim toa d¢ dinh A va viét phuong trinh
canh BC,biét MN c¢6 phuong trinh 20x—10y—9 =0 va H ¢6 hoanh dé nho hon tung db.

Phan tich: Trudc hét ta co giang vé hinh chinh xac va tong hop ki tung gia thuyét duong bo xot chi tiét nao.
Ta c6 tam giac ABC vudng tai A(goc A chin duong kinh). Dé thdy AMHN Ia hinh chir nhat. MN di c6
phuong trinh,duong tron da c6 tim va ban kinh. Phuong trinh MN dung dé 1am gi??Dy doan duoc gi
day!!B,C khong nhiéu gia thuyét nén ta tap trung vao tim diém A. Piém A di thudc duong tron 1a di co
mot phuong trinh,chi can thém mot phuong trinh ntra 14 ra A. Ta nghi dén viéc ndi A va I (I 1a tim duong
tron(C)) vi & day chi ¢6 toa do diém 1. Ta s& ¢ cam giac 1A vudng goc MN?2?Thi vé thém hinh khéc
xem?Va nghi nguoc lai,néu IA vudng goc MN ta duoc gi?? Ak..Néu IA vudng goc MN thi s& viét dugc
phuong trinh IA = A 11Khi ¢6 A thi viéc tiép theo s& d& hon. Vay ta c6 thé tin rang IA vuéng goc MN va di

chang minh. Loi giai chi tiét.
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Gidi:
Puong tron (C) ¢6 tam 1(3;1) va ban kinh R =+/5 . Do

IA=IC =IAC=ICA (1).Duong tron duong kinh AH cit AB tai M

— MH 1 AB= MH || AC (ctng vudng géc AB) suy ra MHB=ICA (2)

.Tacd AHM = ANM  (3)(cing chdn AM). Tix (1) ,(2) va (3) ta c6

ANM = AHM . .
{ = IAC+ ANM = MHB+AHM =90" = IA L. MN . 1A di

IAC = MHB
qua I va IA vudng géc MN phuong trinh IA: x+2y—5=0. Diém A 1a giao diém giira IA va duong tron

(C) nén toa d6 diém A la nghiém cua hé:

{x+2y—5:0 {x=1,y=2
f—

¥y —6x—2y+5=0 < A(1:2)v A(5:0) . Taloai A(5;0) vi I,A ndm ciing phia so véi

x=5,y=0
dudng thang MN. Tanhan A(1;2) vi LA ndm khac phia so véi dudng thang MN. T giac AMHN 2 hinh
chir nhat (c6 3 goc vudng). Goi E 1a trung diém ctua AH thi E ciing 13 trung diém cua MN. Do

EeMN:>E(t;2t—%) .Do E la trung diém cua AH :>H(2t—1;4t—%).
:E:(zz—z;m fg) IH = (2t—4;4t—%). Do IH vudng goc AH suy ra:

_8 :H(ll 13)(1)

AHIH =020~ 272,189 _g | 5°5
>0 ,ZE:H(M 17)()
25 25°25

Khi 6 BC di H va c6 vtpt 1a AH nén c6 phuong trinh BC:2x+y—7=0.

Vay A(1:2) va BC:2x+y-7=0.

Binh luan:Pay I bai toan xuat phat tir bai toan I6p 9 kha quen thudc. Va 16p 9 dé bai yéu cau ludn ching
minh 1A vudng goc MN. Khi du doén ta thir nghi nguoc lai déu minh du doan c6 ¥ nghia gi??? Co giai bai
toan khong?? Va mau chét 13 phai tim yéu t6 dau tién. Cac Em thir giai bai sau truéc khi xem 1oi giai nhé!
Thay nghi dén céc bai tiép theo thi cic em s& du doan chinh xac céc tinh chat hinh trong bai toan!

Va phan con lai ¢ gang chiing minh.

Vi du 17. Trong mat phang Oxy, cho AABC néi tiép duong tron tam I, diém

M(2;-1) 1a trung diém cta canh BC. Hinh chiéu vubng gdc cua B trén Al 1a D(

Lnl@

3
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Biét rang AC c6 phuong trinh x+y—5=0,tim toa d6 cac dinh cua AABC.

Phan tich:Bai toan an kha ki tinh chat st dung & ddy. Ta c6 thé bdi réi luc dau khdng biét xuat phat tir dau.
Xem ki gia thuyét dé,ta co6 phuong trinh canh AC, toa d6 dinh D va trung diém M cua BC. R& rang AC
khdng tham gia vao viéc tu duy, vay né phuc vu dé tim A hoic C trude. Biém D tao ra thé nao?? Khi thay
c6 nhiéu goc vuodng ta nghi dén ti giac ni tiép, dé ciing 1a mot kinh nghiém. Tam giac ABD vudng tai D
nén s& noi tiép duong tron (T) tam E(E 1a trung diém AB). Ak... phuong trinh ME ta viét dugc vi ME song
song AC(ME la duong trung binh cia AABC ). D tién dugc mot ti rdi. Diém D chwa khai thac?? Ta thir
tao ra ttr giac noi tiép, bang cach ké duong cao AF. R6 rang F thugc (T). ABFD nai tiép (T). Thir néi D véi
cac diém khac xem c6 phét hién gi khdng??? Ta s& thay ndi bac DF duong nhu vudng véi EM, ma néu that
vay thi ME s€ 1a duong trung truc cua DF ludn (vi EF=ED). Nghi ngugc lai ME 1a duong trung truc cta
DF ta duogc gi?? R3 rang néu ME 1a dudng trung truc cua DF ta sé tim duoc F,vi ME d3 c6 phuong trinh va
D di c6. Ma khi ¢6 F sé& c6 phuong trinh BC, tir d6 ¢6 diém C trude ,dan dén cé
A B (vi M 12 trung diém BC). AF di qua F va vudng goc BC nén ciing c6 phuong
trinh. Vay c6 ludn diém A. Vay du doan nay c6 vé hop 1i?? Ta can chiing minh

ME la duong trung truc cia DF???Mubn vay ta chi can ching minh ME 1a

phén gidc EDF hoac ME 1 DF (vi EF=ED).
D Gidi
» c GoiE la trung diém AB va F 1a chan duong cao ké tir A. Ta co tir giac ABFD

noi tiép duong tron (T) thm E. Ta cd: DFM = DAB (1) (goc ngoai cua tir giac

noi tiép) va FME = MCA (2). Ma MCA = %BIA =FEIA (3) (gbc ndi tiép bang mot nira goc o tam). Tir

(1),(2) va (3) ta c6: DFM + FME = DAB + EIA =90 = ME 1 DF . Ma ED=EF (D va F thugc duong tron
tam E). Do do ME la duong trung tryc cua DF. ME song song AC va di qua M nén c6 phuong trinh
ME : x+y—1=0. DF vuéng goc ME va di qua D nén c6 phuong trinh DF: x—y—% =0. Goi K la giao
diém ciia DF va ME = K(%;—?) - F(%f) (vi K 1a trung diém ctia DF). BC di qua M(2;-1) va

F(%,_—;) nén c6 phuong trinh BC : x—3y—5=0. Piém C la giao diém cua BC va AC nén toa d6 diém C

la nghiém caa hé x=3y=5=0 =it T > = C(5;0). Piém M la trung diém cua BC nén ta c6 B(-1;-2).
x+y-5=0 y=0
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Puong thang AF di qua F va vudng goc BC nén c6 phuong trinh AF:3x+y —3—53 = 0. Piém A la giao
.2 , \ ~ P \ - ) R 3X+y—ﬁ:0
diém cua AF va AC nén toa d6 diém A la nghiém cua hé 5 = A(l;4).
x+y-5=0

Vay toa do cac diém can tim a: A(1;4),B(-1;,-2),C(5;0).

Binh luan:Co 1é cac Em thic mic tai sao lai du doan duoc nhu vay?? Dirng nan chi, cac Em sé& ty nhén ra
duoc cau tra 101 qua cac bai phia sau. Ak...! O bai toan trén dé chirng minh ME 1a duong trung truc cia DF
ta c6 thé xem thtr cach 2 nay nhé:

Céc diém E,B,M,1,D ciing thudc duong tron duong kinh Bl. Va EBFE thudc dudng tron tam E. Ta c6:
DEM = DBE = %DEF suy ra ME la duong phén giac DEF . Ma DE=DF, do d6 ME la duong trung truc

cua DF.

Két qua cAn nhé qua vi du 17:

Cho AABC noi tiép duong tron tam I; D 1a chan duong cao ké tir A; M va N lan luot 1a trung diém cua BC
va AB; E Ia hinh chiéu ctia B trén Al Khi do:

a) DE vudng goc AC.

b) MN la duong trung truc cua DE.

Em nh¢ chieng minh truéc khi &p dung vao gidi bai toéan .

Vi du 18. Trong mat phiang Oxy, cho AABC voi AB < AC ¢6 tim dudng tron ngoai tiép
I(-1;0). Biém M(3;3) nam trén dudng trung truc caa BC va N(2;4) thudc dudng phan giac
trong goc B sao cho AN=CN. Pudong thang BC di qua diém D(1:4) va B ¢6 tung d6 16n hon
C. Xac dinh toa do cac dinh cua AABC.

Phan tich: Can nhé: Tam dudng tron ngoai tiép 1a giao diém cua ba duong trung truc ba canh cua tam
giac.Trudce tién M thude duong trung truc cia BC nén IM vudng géc BC va D thudc BC ta viét ngay
phuong trinh canh BC. Tiép theo AN=NC ttc 1a N thudc duong trung truc AC. Ma N lai thudc dudng phan
giac trong goc B. Ta thiy ngay N thudc dudng tron. Vay c6 c6 phuong trinh dudng tron (C) ngoai tiép
AABC ¢6 tam I va ban kinh IN. Giao BC va (C) ta ¢6 dugc B,C. Puong thiang AC di qua C va vudng goc
IN nén ta viét duoc AC va giao AC véi (C) ta c6 A.

Gidi

A 4/‘ Goi (C) 1a duong tron ngoai tiép AABC .Do NA=NC nén N nam trén duong
AIC =2ABC
"‘I’ trung truc cua AC. { = NIC = ABC =2NBC = N €(C) . Puong

AIC =2NIC
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tron (C) ¢6 tam 1(-1;0) va ban kinh R =IN =~/3"+4° =5 c¢ phuong trinh (C): (x+1)2 +y* =25. Puong
thing BC di qua D(1;4) va co vipt 1a IM = (4:3) c6 phuong trinh BC: 4x+3y—16=0. biém B,C Ia giao

X

2 2 ==
A - = :4
diém cua BC va (C) nén toa d¢ cua B, C la nghiém cua hé (x+1) Ty 25©{x v 5 . Do
4x+3y-16=0 y=0 1,24
5

¥, >y, Nén B(%;z—;),c(4;0) . AC di qua C va vudng goc IN nén c6 phuong trinh AC:3x+4y—12=0.

Diém A 1a giao diém cia AC va (C) nén toa do cua A 1a nghiém cua hé

__12

2 5 xX=—==
= =4 . =4 . X z
(x+1) Ty 25©{x % > . Loal {x vi trung diem C,vay A(—Q;%).T(_)ad@ cac
3x+4y-12=0 y=0 1,-24 y=0 5°5
5

diém can tim 1a: A(—Q;%),B(Q;%),C(4;o).
5 5 55

Vi du 19. Trong mit phang Oxy, cho hinh thang ABCD vudng tai A va D c6

CD =2AD =2AB, goi E(2;4) 1a diém thudc doan AB sao cho AB =3AE . Biém F thuoc BC
sao cho ADEF cén tai E. Phuong trinh EF 1a 2x+y—8=0. Tim toa d6 cac dinh cua hinh
thang biét D thuoc duong thang d: x+y =0 va diém A hoanh dé nguyén va thudc dudng

thangd':3x+y—8=0.

Phan tich: D6i véi cac bai toan hinh hoc phang cac Em can vé hinh chinh xac va sir dung hét gia thuyét.!
O bai nay ta thay rang diém A thuoc d':3x+y—8=0 va D thuoc d: x+y=0. Nén ta dinh huéng tim D
va A trude. Xem cac diém E va F duoc tao ra thé nao va cd maéi lién hé véi diém nao??Phuong trinh EF
ding 1am gi?? Tha ndi E voi A va D, ta s& c6 cam giac ED vudng goc EF?? Cac Em c6 thay vay khong??
Thir suy nghi néu ED vudng goc EF ta duge gi?? Ak... Khi d6 ta s& viét duoc phuong trinh DE vay la c6
dugc diém D! C6 vé du doan nay kha quan va khi d6 tim cach chitng minh xem?? Ak.. Con ti Ié cac doan
thang thi sa0??Tim A thé na0??Khi di ¢6 D ta s& c6 do dai DE va nho ti 18 cac doan thfmg ta tinh duoc do
dai AE suy ra diém A. O day c6 mot cach chitng minh béng phuong phap muon hé truc toa do maoi! R4t
hiéu qua,nhung pham vi sir dung hep. Chu yéu di vai céc bai c6 goc vudng va ti 18 cac canh Thay sé gigi
thiéu vao mot chuong sau . Trong bai nay Thay s& hudng dan chitng minh tryuc tiép!

Giai
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Goi P 1a diém dbi xtrng cia D qua A. Ta co

AB=AD = %DP — ADBP vudng tai B. Mit khac AABD

vuong can tai A nén ADB =45". Do d6 ADBP vudng can tai B
= BA la duong trung truc caa DP= ED =EP ,ma ED=EF, Al
do d6 E 1a tim dudng tron ngoai tiép ADPF . Suy ra

DEF =2DPF =90° = ED | EF . Puong thang ED vudng goc

EF va di qua diém D nén c6 phuong trinh DE: x—2y—6=0

Diém D =ED dnén toa d6 caa D la nghiém cua hé phuong

—2y—6= =2
trinh 4 7Y 6 O<:> . = D(-2:2).
x+y=0 y=2

Tacd DE*> =20, xét AAED vuong tai A, cO DE* = AE* + AD> =20. Ma 3AE = AD = ABsuy ra
10AE* =20 < AE* =2 (*). Do Athudc d':3x+y—8=0=> A(a;8-3a). Tur
a=

()= (a-2) +(4-3a) =2 = 54*~14a+9=0
a:

wmio —

Do A ¢ toa do nguyén = A(1;5).

, — — X,—2=2 X, =
Tacé EB=-2FA= = = B(4;2).
y,—4=-2

L, — — X.+2=6 X, =
Tacé DC=2AB= = =C(4-4).

Vay toa do cac diem can tim la: A(1;5),B(4:2),C(4—4),D(-2:2).

Binh luan: Mau chét cua bai toan 1a phai thay ED vudng goc EF. Ta c6 mot cach khac dé chiing minh ED

vudng goc EF chi phy thugc vao tinh toan bang cach muon hé tryc toa do. Thay s& gidi thiéu trong chuong

sau. Phuong phap nay hiéu qua, khdng can suy nghi nhiéu nhung pham vi sit dung hep. Thudng ding cho

bai toan c6 goc vubng va ti 1é cac canh.

Vi du 20. Trong mit phang Oxy, cho AABC c6 truc tm H, goi D va E lan luot 12 chan
duong cao ha tir A va C. Piém M(2;3/2) 1a trung diém ciia BC. Puong tron (C) ngoai tiép

2
ADHE 6 phuong trinh (C):(x—4)" +(y+1] =25 Tim toa dg cac dinh cia AABC, it

dinh C thudc duong thang d: x—2y+2 =0 va diém B c6 hoanh do duong.
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Phan tich: Trudc hét ta thdy diém C thuge duong thiang d nén toa dé caa C chi mot 4n va M(2;3/2) la
trung diém ctia BC nén toa do cua B ciing chi mot an. Thém vao x, >0 nén ta nghi dén tim diém B truéc.
Khi bai ton c6 nhidu goc vudng ta nghi dén cac tir gidc noi tiép nhé. Khong khé dé thay ti giac BDHE noi
tiép, suy ra B thugc (C) tir ddy tim dugc B. Xem nhu di 6n!

Giai
Tac6é BEH +BDH =180 = t(r gidc BDHE ni tiép = B<(C).
Do Ced:x-2y+2=0=C(2r-2;1).

Ma M la trung diém cua BC B(6-21;3—1).

Piém Be(C)=(2-2)’ +(%—z)2 =25 Z71:;Bl£(7f72;()z)'
2 "2

M 14 trung diém ciia BC suy ra c(—3;—?1) . Puong tron (C) c¢6 tam 1(4;1/2) 1a trung diém cua HB suy ra

H(l;—%) . Buong thang AH di qua H va co BC 1a vtpt nén c¢6 phuong trinh AH :5x+2y=0. Buong

thang AB di qua B va c6 CH 1a vtpt nén c6 phuong trinh AB:2x—y+1?5:0. TacO A=ABNAH nén

15 x==2
A o o 2x=y+==0 3 -5.25
toa do diém A la nghiém cua hé 2 = A 56 )
5x+2y=0 yz%

Vay toa do cac didm cin tim 13 ; A(i;ﬁ),B(%l),c(—&——l).
376 2 2

Binh luén: Can than cac kiéu danh lira duong tron ngoai tiép tam giac co thé cac diém ta can tim thudc vao
duong tron d6! Phan tich va thir suy nguoc lai xem duoc gi nhé. Ta thir sic mot bai cing loai nhé! Dé sir
dung tai liéu hiéu qua, mot loi khuyén la cdc Em hay tu 1lam trudc khi xem bai giai nhé.

Vi du 21. Trong mit phang Oxy, cho AABC nhon ¢6 dinh A(-1;4), truc tim H. Puong
thang AH cit BC tai M va CH cit AB tai N. Tam dudng tron ngoai tiép AHMN la
1(2;0),dudng thang BC di qua diém P(1;2). Tim toa do cac dinh B,C cua tam giac biét dinh B

thugc duong thang d: x+2y—2=0.

Phan tich: Tuong tu nhu bai trudc do, ta c6 tr giac BMHN nai tiép dudng tron duong kinh BH. Khi d6 I

1a trung diém cua BH. B thudc duong thang d nén ¢ mot an suy ra H ciing c6 mot an. Tur

E.HD:O:H,B . Vay la xong nhé...!
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Gidi

Tacd BMH = BNH =90° =bdn diém BNHM cung thudc dudng
tron duong kinh BH.

Bed= B(2-21;1),11a trung diém ciia BH suy ra

H(2+21,-1)= AH = (3+2t;—t—4),BH = (21— 1;~1 -2) .

Do H la truc tdm cua AABC

P AH.BH =057 +101+5=0 <>t =—1. Suy ra H(0;1), B(4:-1).
Puong thing AC di qua A va c6 Vipt 1a BH = (4;-2) c6 phuong trinh AC:2x—y+6=0. Duong thing
BC di qua B va P ¢6 phuong trinh BC: x—3y—7=0. Toa d6 diém C la nghiém cua hé

{2x—y+6=0

= C(-5;—4).Vay toa d¢ cac diém can tim 1a: B(4;-1) va C(-5;-4).
x—=3y-7=0

Vi du 22. Trong mit phang Oxy, cho hinh binh hanh ABCD ¢c6 ABC nhon, dinh A(-2;-1).
Goi H,K,E lan Iuot 13 hinh chiéu vudng goc ciia A trén cac dudng thang BC,BD,CD. Phuong
trinh dudng tron ngoai tiép AHKE 1a (C): x* +y* +x+4y+3=0. Tim toa d¢ c4c dinh

B,C,D biét H c6 hoanh d6 am. Piém C c6 hoanh d6 dwong va thudc duong thang
x—y—-3=0.

Phan tich: Céc em cd giang vé hinh tdt va ghi ra cac gia thuyét, phan tich xem tim diém nao trude. R rang
ta suy nghi dén diém C va H trudc vi hai diém nay c6 nhiéu diéu kién hon. Lai thiy duong tron ngoai tiép,
gid nhu ma diém C ciing thudc (C) thi tét qua nhi?? That khong may,khi vé duong tron ra cac em sé nhan
ra rang diém C khong thuoc (C). Néu vé tét ta s& thay rang duong tron (C) dudng nhu di qua tdm I cua hinh
binh hanh?? Liéu that vay ta dugc gi?? Diém C mot an va diém A da co

b VAy s& tinh dugc | theo mot an cia C(vi I 1a trung diém AC). Ma | thudc

(C) ta sé& tim duoc 1! C6 vé& hop Ii réi! Vay ta cd giang chitng minh | thudc
(C), mudn vay ta chizng minh t&r giac IKHE noi tiép..! Cac Em theo dbi
bai giai chi tiét nhe..!

Gidi
Tacod AHC = AEC =90° = bon diém A,H,C,E cling thudc dudng tron
duong kinh AC. Goi | 1a tam cua hinh binh hanh. Ta ¢6 HIE = 2HAE = 2(180° —BCD). Céc tu giac

AKED,AKHB ni tiép
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. |EKD=EAD
néen :
BKH = BAH

Do do:

HKE =180° — EKD — BKH =180° — EAD — BAH = (90° —EAD)+(90° —BAH) = ABC + ADC =
2(180° —BCD) — HIE

Suy ra tt giac HKIE noi tiép . Dan dén diém | thuoc duong tron (C) ngoai tiép AHKE .

Goi C(c;c—3) € d,(c > 0) = I(%,%) . Do I thudc (C) nén ta c6 phuong trinh

c—c—2=0<c=2vc=—1(loai vi c>0). Suy ra C(Z;—l) va I(O;—l) Piém E,H nim trén duong tron

duong kinh AC va duong tron (C) nén toa d6 thoa man hé phuong trinh :

< 8 11
Pa(y+1) =4 X¥=—¥y=7g

{x2+y2+x+4y+3:() x=0,y=-3
Vi diém H c¢6 hoanh do am H(—%;—l—;),E(Oﬁ). Puong thang BC di qua H va C nén c¢6 phuong trinh
BC:x—3y—5=0.Puong thang AB di qua A song song CE nén c6 phuong trinh AB:x—y+1=0. Toa
d6 diém B la nghiém cua hé phuong trinh:

{x—y—i—l:() C>{x=—4:>B(_4;_3):>§=(2;2),R~:(6;2):>Q_B%C=16>O(t/m).
x—-3y-5=0 y=-3

Vi BA=CD = D(41). Vay B(~%-3),C(2-1), D(41).

Binh luan: Téi day Thay nghi kha ning phan tich ctia cac Em di tién bo hon réi chi!. Thay nghi phan con

lai 12 rén luyén céch chirng minh va ki ning tinh toan that tét.

Vi du 23.Trong mit phang Oxy, cho AABC can tai A. Biém M thuéc BC(M khac trung
diém caa BC). Céc diém E,F lan luot 12 hinh chiéu cua M trén canh AB va AC va
EF :2x+y+8=0.Canh BC c6 phuong trinh x—y—1=0. Tim toa d6 cac dinh cia AABC,

biét I(1;2) 1a trung diém ciia AM va E ¢ hoanh d¢ duong.

Phén tich: Chac chan Ia ta phai nghi dén tim diém E,F,M hozc diém nao d6 thuc canh BC. Vi cac diém
nay da thuoc mot duong thang c6 phuong trinh. BE cho AABC can tai A?? Ta xem duoc gi? Ta thir nghi

dén trung diém H ciia BC va AH la dudng cao va dudng phan gi4c cia AABC. Ta d& nhan ra cac diém

AE,M,H,F thudc dudng tron dudng tam 1, véi I 1a trung diém cua AM, vi MEA = MFA = MHA =90° .
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The ndi IH lai ta s& thdy IH L EF ?? Néu that vay ta s& c6 duoc toa do diém H ? Ta xem bai giai chi tiét
nhé...!
Gidi
Goi H 1a trung diém caa BC va I 1a trung diém cua AM. Ta c6: MEA = MFA = MHA =90° suy ra cac diém
AE,M,H,F thuoc dudng tron (C) tam 1= IE = IF (1) . Mat khac, AABC can tai A suy ra:
EAH = FAH = HE = HF (2) (tinh chat ciia géc noi tiép). Tur (1) va (2)

A dan dén IH 1a duong trung truc cua EF nén IH vudng goc EF. Ta co
IH1EF=IH:x—2y+m=0,malelH=IH:x-2y+3=0.Diém

H =IHNBC = H(5;4). buong tron (C) tam 1(1;2) va ban kinh
R=1H =25 c6 phuong trinh (C):(x—1)" +(y—2)" =20 .Puong

thang AH di qua H(5;4) vudng goc BC nén c6 phuong trinh
AH :x+y-9=0.

B VIR c . . ek A
biém A =AH n(C)nén toa do diém A la nghiém cua hé:

{(x_l)z +(y=2) =20 = {x =30=4 piém A(5;4) loai vi trang H, nén A(3;6).
x+y—-9=0 x=3,y=06
Céc diém E,F = EF n(C)nén toa do E,F 1a nghiém cua hé:
{(x 1) +(y-2) =20 [x =7LY=0 i £ c6 hoanh do duwong nén E(3:2) va F(-1:6).
2x+y+8=0 x=3,y=-2
Puong thing AB di qua diém A(3;6) va E(3;2) nén c6 phuong trinh AB:y=3. Piém
B=ABNBC = B(4;3). Biém H la trung diém ciia BC nén C(6;5).
Vay toa do cac diém can tim 1a A(3;6), B(4:3), C(6;5).
Két qua cin nhé qua vi du 18:
Cho AABC can tai A; M la diém thudc doan BC (khac trung diém cua BC); E va F lan luot 13 hinh chiéu
cua M trén AB va AC; | 1a trung diém caa AM: H 1a trung diém cta BC. Khi do:

a) Cac diém A,E,M,H,F cung thuoc duong tron tam 1.
b) HI la duong trung truc cua EF.

Em nhe chieng minh truwéc khi ap dung vao gidi bai todn nhé...!

Vi du 24.Trong mat phang Oxy, cho AABC ndi tiép duong tron (C) tam L. D 1a diém chinh
gitta ciia cung BC khong chia A). P(4;5) 1a giao diém cua AB va DC. Phuong trinh duong
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tron ngoai tiép AAPC c6 phuong trinh (T): x> +(y —2)2 =25 . Phuong trinh dudng thang

DI: x+2y—10=0 Tim cac dinh cia AABC.

Phan tich: Goi K 1a tdm duong tron (T). Mot s6 sai 1am c6 thé xay ra la ta du doan PK = PD hoic

PK L PD Vi v& hinh déi khi vo tinh vay! Béi vi c6 mét trong hai diéu trén ciing tim duoc D. Nhung ching
minh khong duoc. Chiu khé vé hinh lai ta s& thiy dir doan trén sai. RS rang ta phai chuyén cac yéu té cua
(C) qua (T) vi (C) chua c6 phuong trinh.
Goi M = AD N (T),can nhd AM 1a dudng phéan giac géc A(vi D nam chinh giita cung BC). Vay

PAM =CAM =>MP =MC (tinh chat goc ndi tiép trén duong tron (T)).
Vay KM la duong trung truc caa PC. Néu tim dugc M 13 xong?? Phuong trinh ID dung lam gi ??AK.. Néi
PM ta s& thidy PM song song BC?? Néu vay qua tét PM || BC = BM L ID . Khi d6 sé& viét dugc phuong
trinh PM va ¢ ngay diém M, dan dén c6 C.
Ta xem bai giai chi tiét nhé...!

Giai

DPuong tron (T) c6 tam K(0;2). Goi M = AD ~(T),do D nam chinh gitta

cung BC nén AD la duong phén giéc trong cua goc A. Xét trén duong tron

(C) c6 DAB = DCB (cung chin DB),ma DAB = DAC suy ra
DAB = DAC = DBC(1) . Xét trén duong tron (T) c6 MPC = MAC(2). T
(1) va (2) suy ra MPC = PCB= PM || BC . Ma BC vubng goc ID nén PM

cling vudng goc ID. PM di qua P va vuong géc ID c6 phuong trinh

2x—y-3=0.Diém M = PM ~(T)nén toa do diém M la nghiém cua hé:

2 _ 2_ = = A
¥ +(y-2) —zsc{x 0.¥="3 biém M(4:5) loai vi trung P, nén
2x-y-3=0 x=4,y=5

M(0;-3). Do KP = KCva MP = MC nén KM la duong trung truc cua PC. KM di qua M va K ¢6 phuong
trinh x=0. PC di qua B va vuéng goc KM nén c6 phuong trinh y=5. Goli

N =PCNKM = N(0;5) = C(—4;5).

BC di qua C va vuong goc ID nén c6 phuong trinh BC:2x—y+13=0. ID la duong trung truc cia BC nén
ta tim dugc B(%,_?ll) . AP di qua P va P nén c6 phuong trinh AP:x+2y—14=0.

biém A= AP (T)nén toa do diém M la nghiém cua hé:
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. DBiém A(4:5) loai vi triing P, nén A(0;7).

{x2+(y—2)2 :25©{x:0,y 7

x+2y—14=0 x=4,y=5

Vay toa do cac diém can tim 1a A(0;7), B(952 _511) C(-4;5).

Vi du 25.Trong mit phang Oxy, cho AABC vudng tai A, c6 H 1a chan duong cao ké tir A.
Goi D va E lan luot 12 hinh chiéu cua H trén canh AB va AC. Biém K(-1:2) thuoc AB va
M(0;-1) 14 trung diém cua BC. Puong tron ngoai tiép ACDE ¢ phuong trinh

(€):(x=1) +(y—3)" =10. Tim toa do cic dinh ciia AABC, biét B ¢6 hoanh do duong.

Gidi
Ta c6 ADHE la hinh chir nhat = ADE = AHE(1),

. |AHE+ EHC =90° R
Ma{ +EHC=90 = AHE = ECH (2). Tur (1) va (2) suy ra

EHC + ECH =90

ADE = ECH = tt giac DBCE nai tiép. Do d6 cac diém B,C,D,E cling
thudc duong tron (C). Buong tron (C) cd tam 1(1;3). Do M la trung
diém ctia BC nén IM 1a duong trung truc ciia BC. BC di qua M va vudng goc IM nén ¢ phuong trinh

BC:x+2y-2=0. Tacé B,C=BC(C)néntoa do diém B va C la nghiém cua heé:

{(x—1)2+(y—3)2 =10©{x:2,y:0

. Do diém B c¢6 hoanh d6 duong nén B(2;0) va C(-2;2).
x+2y-2=0 x=-2,y=2
Puong thang AB di qua B va K nén c6 phuong trinh AB:2x+3y—4=0. AC di qua C va vudng goc AB

c6 phuong trinh AC:3x—2y+10=0. A= ABmAC:>A( 1232 ?g)

Vay toa do cac diém can tim la A( 1232 fi) (2 0) C(—2;2).

Vi du 26.Trong mit phang Oxy, cho hinh vuéng ABCD c6 A(4;6). Goi M va N 1 cac diém

thudc canh BC va CD sao cho MAN = 45", diém M(-4;0) va duong thang MN ¢ phuong
trinh MN :11x+2y+44=0. Tim toa do cac dinh B,C,D.

Gidi

ThS. Tran Duy Thuc . Sdt: 0979.60.70.89 28



Trung tdm SEG.154-Huynh Man Pat-p3-g5-TP.HCM

B Goi F =AM NBD;E=AN nBD,I = NF "ME .

Tacd FAN = FDN =45 = FADN ndi tiép. Ma
ADN =90° = NFA=90" = NF 1 AM . Tuong ty MAE = EBM =45 =

ABME noi tiép. Ma ABM =90° = ME 1 AN . Do d6 114 tryc tm caa
AAMN . Goi H 1a giao diém cua Al va MN, khi d6 AH vudng gc MN. Tir

dotaco AH:2x—11y+58=0 .Piém H = AHmMN:H( 24 252)

-
C Tt gidc ABME noi tiép = BEM = BAM (1). Tt gidc AEIF noi tiép

N

= IEF = IAF(2). Tur (1) va (2) taco IAF = BAM hay HAM = BAM . Do 46 AMAH = AMAB (canh huyén-
goc nhon) suy ra MB=MH,AB =AH . Vay AM la duong trung truc ciia BH. AM c6 phuong trinh
3x—4y+12=0. B va H d6i xting nhau qua AM nén ta tim duoc B(0;-2).

AB=(48)= AB=BC =45;BM =(~4;2)= BM =25 . Tact

BC _45 _y ., pe- 2BM = C(-8;2). Mit khic AD = BC = D(—4;10).

BM 25

Vay toa do cac diem can tim la B(0;2);C(-8;2),D(—4:10).

Vi du 27.Trong mit phang Oxy, cho hinh vuéng ABCD c6 tam I va dinh A(3;1). Diém

M(3;§) thuoc doan ID. F 13 giao diém gitta AM va BC. Ly diém K thuoc tia CD sao cho

KFA =45 . Tim toa d6 cac dinh B,C,D biét KF:x+y—-9=0.

Gidi

Tacod KFA=KCA =45 = tir giac KFCA noi tiép. Ma

KCF =90" = KAF =90" = AAKF vudng can tai A.
Puong thang AM c6 phuong trinh x—3=0. Diém

F =AM N KF = F(3;6). Goi H la trung diém cta KF, ta

c6 AH vuong goc KF. AH c6 phuong trinh x—y—-2=0.

Diém H:AHmKF:H(%;%):K(&l) . T giac

AHCB noi tiép ABH = ACH =45 . Ma ABD =45", do d6 B,D,H thing hang. Puong thang BD di qua H

va M c6 phuong trinh BD: x—-3y+5=0. BeBD:>B(3t St) (St 81— l)ﬁ:(3t—8;t—6).
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—— tZZ:B(H-7)
Taco: ABFB=0< 102 —55t+70=0<| 2 2 °2) Piém B(

) loai vi trung H nén B(1;2).
t=2= B(1;2)

[\)l\]

1.
2’
BC di qua B va vudng goc AB c6 phuong trinh BC : —2x+y =0. Puong thang DC di qua K va vudng goc

BC nén c6 phuong trinh DC: x+2y—10=0. C=DCNBC=C(24). Taco AD=BC = D(4;3).

Vay toa do cac diém can tim la B(1;2);C(2;4),D(4;3).

Vi du 28.Trong mit phang Oxy, cho AABC ¢d truc tam H(3;2) va K(1;4) 1a giao diém giira
AH va duong tron ngoai tiép AABC . Viét phuong trinh canh BC.

Gidi
Goi D va E lan luot 1a chan dudng cao ké tir A va B. Ta c6 tir giac ADBE nai tiép
= EBC = EAD (cing chian DE), ma EAD = DBC (cung chan CK). Do d6 EBC = KBC .

Vay EBC = KBC va BC vuong goc HK nén BC la duong trung truc cia HK va D la

trung diém cia HK nén D(2;3).

Puong thang BC di qua D va co vtpt 1a HK = (—2;2) c6 phuong trinh BC: x—y+1=0.

Vi du 29.Trong mit phang Oxy, cho AABC ¢6 truc tam H va K(1;0) diém ddi xing cua H
qua BC va D 1a chan duong cao ké tir A. E(2;1) Ia hinh chiéu cua K trén AC.F(0;2) la giao
diém gitra ED va AB. Tim toa do cac dinh caa AABC .

Gidi
Goi (C) 1a duong tron ngoai tiép AABC . Goi M 1a giao diém giita BH va AC.
Ta cé tir giac AMDB = DBM = DAM . A
Mt khac, DBM = DBK (do H va K d6i xting qua BC).
Do d6= KBC = KAC = K thudc dudng tron (C). M

Do ABKC noi tiép nén KBF = KCA(1). Tir gidc KDEC noi tiép

(KEC =KDC =90")= KDF = KCE(2). Tir (1) va (2) ta c6

KBF = KDF = ti giac KDBF ndi tiép. Ma KDB =90° nén B D C

KBF =90° hay KF vudng goc AB. AB di qua F va vuéng goc
KF nén c6 phuong trinh AB: —x +2y—4=0. Duong thang AC di

qua E va vuéng goc KE nén c6 phuong trinh AC:x+y—-3=0.
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A= ABmAC:>A(2 1) AK c6 phuong trinh AK : 7x+y—7=0 . EF c6 phuong trinh EF : x +2y—-4 =0 .

33
D= EFmAK:D(ig %31) BC di qua D va vuong goc AK c6 phuong BC: x — 7y+11337 0.
B=BCmAB:>B( 18, 17)vaC BCmAC:C(” 22)

13713 1313

33 1313 1313
Vi du 30.Trong mit phang Oxy, cho hinh vuéng ABCD tam I. Biém M(1;2) va N(0;1) 1an

Vay toa d¢ cac diém can tim la A(2 7),B(—£;H),C(1—7;2).

luot 14 trung diém caua BC va ID. Tim toa do cac dinh A, biét ring A c¢6 hoanh d duong.

Gidi
Ké ME vudng goc AD, khi 46 ABME 14 hinh chit nhat nén noi tiép
) duong tron (C) duong kinh MA hay BE.
B ENladuong trung binh cua tam giac AID

= EN || Al = EN 1 BD(AI 1 BD)= ENB=90" = N thudc (C) dan dén

3 R ANM =90° hay AN vudng goc MN. Hon nira, ANM = ABN =45". Do
. d6 tam giac AMN vudng cin tai N. Puong thang AN di qua N va vudng

g6c MN c¢o6 phuong trinh AN : x+y—1=0.

Joveenrennenes®” \ AeAN:A(t;l—t),E=(t;—f)’m:(1;1) T

A(1;0)(n)
A(-L2)()

Binh lugn:Déi véi cc bai toan hinh vubng hay céc bai toan c6 goc vudng va ti 1 cac canh néi chung. Ta

D C AN=MN:{ Vay A(-1;2) .

c6 thé str dung phuong phép toa do hoa dé ching minh cac tinh chat hinh nhu sau:

Chon hé truc toa @6 Ox'y' nhu hinh vé. Ta cé ’P/-
D C
A(0;0),B(a;0),c(a;a),D(0;a),M(a%),N(%;%a). N
E(ﬁ-l“):fw:am-@(—3a-ﬂ):w=—a‘/ﬁ. "
4’ 4 2 4 4 2
Ta tinh duoc : ﬁ @:O va AM = AN suy ra tam gidc AMN vudng can tai A 5 %

.....

Vi du 31.Trong mit phang Oxy, cho tam giac ABC ¢ truc tim H, phuong trinh dudng
thang AH 1a 3x—y+3 =0, trung diém cta canh BC 1a M(3;0). Goi E va F |a chan duong
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coa ha tir B va C caa tam gidc ABC. Phuong trinh EF 13 x—y+7=0. Tim toa d¢ diém

A,biét A ¢6 hoanh do duong.

Giai A
Goi I 1a trung diém ctua AH va D la chan duong cao ké tir A. Tir gidc AEHF
noi tiép duong tron tam | va bén diém BFEC cling thudc dudng tron tam M. |

Do E,F la giao tuyén cua hai dudng tron nén EF vudng goc IM. F

Taco: IE=IH = IEH = IHE = BHD va

MEB = MBE = MEB+IEH = MBE + BHD =90". Tic lataco ME LIE . | a &~ 3 C
D M

1a giao diém gitra IM va EF suy ra I(1;6). Piém E thudc vao duong thang EF
suy ra E(3t-7;1). Taco: IE.ME = E(54)v E(=1;2). V6i E(23)= IE =45, E(-1;2) = IE=45. Vi
diém A thuoc AH nén A(a;3a+3). Ta co: IA=1E < IA® = IE* < (a—1) +(3a-3)' =20 = a=1+42

Vi A ¢6 hoanh do dwong A(1+v2;6+3v2).

Vi du 32.Trong mit phang Oxy, cho tam giac ABC néi tiép duong tron (C) tdm 1. Phan giac
trong goc A cua tam giac ABC cat BC tai D va cat duong tron (C) tai E. Goi K 1a tim duong
tron ngoai tiép tam giac ABD. Biét K(1;1),E(0;4) va AB c6 phuong trinh x—y+3=0Vva

diém B ¢6 hoanh d6 duwong.Tim toa d6 dinh A.

Gidi
Goi F 1a trung diém cia BD. K 1a tam dwong tron ngoai tiép AABD nén tac6 KF | BD va BKD =2BAD
(g6c noi tiép co sé do bang mot nira goc ¢ tAm cing chan mot cung)
= BAD = BKF . Mat khac, EBC = EAC = BAD .
Tir cac diéu trudce d6 ta suy ra
EBC = BKF = EBC + FBK = BKF + FBK =90° = KB | EB.
Tacé:Be AB= B(b;b+3).

KB LEB < KBEB=0<b=1vb=—1. Do B c¢6 hoanh d¢ duong

nén ta chon B(1;4). Ac AB= A(a;a+3),a#1.
T KA=KB < a=1va=-2.Do diém A khéac B nén ta chon A(-2;1).
Vay toa do diém can tim 1a A(-2;1).
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Vi du 33.Trong mit phang Oxy, cho AABC vudng tai A ndi tiép duong tron

(T):x*+y* —6x—2y+5=0. Goi H la chan dudng cao ké tir A ciia AABC . Budng tron duong kinh AH
cit AB,AC lan luot tai M va N. Tim toa d6 dinh A va viét phuong trinh canh BC, biét MN ¢6 phuong
trinh 20x—10y—9=0 va H c6 hoanh d¢ nho hon tung do.

Gidi

A

Puong tron (T) c6 tam 1(3;1) 14 trung diém caa BC va ban kinh R =+/5 . Do

IA=1IC = IAC =ICA(1). Puong duong kinh AH cit AB tai M nén

MH 1 AB=> MH || AC (cung vudng géc AB) suy ra MHB = ACH (2). Mt

khac ANM = AHM (3)(cting chan AM). Tir (1),(2),(3) ta col

IAC + ANM = ICA+ AHM = MHB + AHM =90° .Suy ra: Al vuéng géc MN.
Tur déy ta viét dugc phuong trinh A7 :x+2y—5=0.Diém A=IAN(T)nén toa d cia A la nghiém cua

+2y-5=0 =l,y=2
hé:{x Y <:>[x Y

., . Biém A(1:2) nhan vi théa A va | nam vé hai phia caa MN.
X +y —6x-2y+5=0

x=5,y=0
biém A(5;0) loai vi A va | nam vé mot phia caa MN. Goi E 1a tim cua dwong tron dudng kinh AH thi E la

trung diém cua AH. Do AMHN Ia hinh chit nhat (t&r gidc c6 3 goc vudng) nén E ciing 1a trung diém cuaa

MN. EeMN:E(t;Zt—%). Do E trung diém caa AH nén H(Zt—l;4t—%).

:§3H(u.ﬁ)
Vi AH L HI = AHJH =0 <2017 =272, 8% _g | O S 5/ Do H 6 hoanh do nhé

5 25 tzﬁjH(_l.ll)

25 25725

%,1?) . Buong thang BC di qua H va vudéng géc AH nén c¢6 phuong trinh

BC:2x+y—7=0.Vay A(L;2)va BC:2x+y—7=0.

hon tung d6 nén ta nhan H(

Vi du 34.Trong mit phang Oxy, cho AABC c6 tam duong tron ngoai tiép la

I(%%) ,tim dudng tron ndi tiép AABC 1a J(1;0). Puong phan giac trong

g6c BAC va duong phan giac ngoai goc ABC cat nhau tai K(2;-8). Tim toa do ‘
cac dinh ctia AABC ,biét dinh B ¢6 hoanh do duong. ‘

Gidi
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Goi (C) 1a duong tron ngoai tiép AABC va H 1a giao diém giira AK va duong tron tam (C). Xét tam giac
BHJ c6 HJB = JAB + JBA (g0c ngoai cua tam gi&c) va HBJ = JBC + HBC . Ma

JBH = JBA;; HBC = HAC = HAB (do AJ va BJ 1a cac duong phan giac).

Tur cac diéu trén tacoé HBJ = HJB(1)=> AHBJ can tai H=> HB = HJ . Ma HAC = HAC = HC = HB (tinh
chat goc noi tiép). Do d6 HJ = HB = HC . Mt khéc, BJ va BK lan luot 1a duong phan giac trong va phan
giac ngoai géc ABC nén KB vudng géc JB. Suy ra: H/B+HKB =90" = HBK + HBJ (2). Tix (1) va (2) suy

ra HBK = HKB = AHBK can tai H= HB = HK . Vay la HB=HC = HK = HJ . H 1a trung diém cua KJ

2 2 2
nén H(%;—4) . Buong tron(C) c6 ban kinh IH ¢6 phuong trinh (C): (x—%) +(y—%) = (%) T

HB = HC = HK = HJ = cic diém B,C,K,J thudc dudng tron (T) ¢ thm H va ban kinh HJ. Ta viét duoc

2
(T): (x —%) + (y + 4)2 = %5 . Cac diém B,C thudc dudng tron (C) va (T) nén toa do ciia B va C 1a nghiém

cua hé:

2
(3] +Oway =& x=5y==2
)2 o [ ’ . Do B ¢6 hoanh d6 duong nén B(5;-2) va C(-2;-2).

2 2 — =
R
2 16 16
Puong thang AH di qua H va J c6 phuong trinh AH :8x+y—8=0. Piém A 1a giao diém giira AH va (C)
, y=4

. Vi diém A phai khéac
ay = _4

~ 3]s (5 o[
nén toa d6 diem A la nghiém cua hé: 2 16 16) <
8x+y—-8=0 X =

H nén A(%;4). Vay toa do céc diém can tim 1 A(%;4), B(5:-2) , C(-2;-2) .

Bai tap tw rén luyén:

Bai 11.Trong mat phang Oxy, cho dudng tron (C): (x—l)2 +(y —2)2 =10. T diém A niam ngoai dudng
tron keé tiép tuyén AB dén duong tron(C) (B la tiép diém). Biém D(0;-1) thuéc duong thang qua B va song
song Al. Tim toa do diém A, biét A thudc duong thing d:x—y+1=0.

Bai 12.Trong mat phang Oxy, cho duong tron (C):x* +(y —2)2 =10. Tir diém A thudc duong thang
d:x—y+2=0 ké céc tiép tuyén AB,AC (B,C la cac tiép diém). Tim toa d6 diém A, biét D(4;0) thudc
duong thang BC.
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Bai 13.Trong mit phing Oxy, cho AABC c6 dinh A(-2;-1),truc tam H(2;1) va d6 dai canh BC = NCD Gol
D, E lan luot 1a chan dudng cao ké tir B va C. Biét trung diém M cua BC thudc duong thang
d:x—2y—1=0 va M(3:-4) thuoc DE. Viét phuong trinh canh BC.

Bai 14.Trong mit phang Oxy, cho AABC c6 truc tam H(2;2) va d6 dai canh BC = J5 va noi tiép duong
tron (C):x*+y* —3x—5y+6=0. Tim toa do cac dinh cua AABC, biét A c6 hoanh do duong.

Bai 15.Trong mat phang Oxy, cho AABC néi tiép duong tron (C): x* +y* =20.

Chan dudng cao ha tir B va C lan luot 13 M(-1;3) va N(2;-3). Tim toa dé cac dinh AABC, biét A c6 tung d6
am.

Bai 16.Trong mat phang Oxy, cho AABC ndi tiép duong tron tam 1(1;2). Goi E va F lan luot 1 chan duong
cao ha tr B va C,phuong trinh EF :3x—y—7=0.

Biét tiép tuyén tai A clia duong tron (C) di qua diém M(3;-2) va diém B thuoc tia Oy . Tim toa d¢ cac dinh
cua AABC.

Bai 17.Trong miat phiang Oxy, cho AABC. Goi H, K lan luot 1 chan duong cao ha tir cac dinh B va C. Tim
toa d6 cac dinh cia AABC, biét H(5;-1), K(%;%), phuong trinh canh BC: x+3y+4 =0va B c6 hoanh d6
am.

Bai 18.Trong mit phing Oxy, cho hinh thang vudng ABCD vudng tai A va D ¢c6 CD =2AB, dinh B(1;2).
Hinh chiéu ctia D trén AC 1a H(-1;0). Goi N la trung diém cua HC. Tim céc dinh con lai caa hinh thang,
biét DN:x—2y—-2=0.

Bai 19.Trong mat phang Oxy, cho AABC vudng tai A(-2;0). Goi E 1a chan duong cao ké tir A va F 1a diém
dbi xing cua E qua A. Truc tdm cua ABCF 1a H(-2;3). Tim toa d dinh B va C cia AABC, biét trung diém
cua BC thudc duong thang d: x—y+4=0.

Bai 20.Trong miat phang Oxy, cho hinh chit nhat ABCD c6 H(1;2) 1a hinh chiéu cia A trén BD. M(5;1) la
trung diém ctia BC va duong thang chira dudng trung tuyén ké tir A cia AAHD c¢6 phuong trinh
d:4x+y—4=0. Viét phuong trinh canh BC.

Bai 21.Trong miat phang Oxy, cho AABC can tai A(-1;3). D 1a diém thudc doan AB sao cho BD =2AD va

H I hinh chiéu cia B trén CD. Diém B thuée duong thing d: x+y+7=0 va M(%—f) la trung diém

cua CH. Tim toa do dinh B va C cua AABC.

ThS. Tran Duy Thuc . Sdt: 0979.60.70.89 35



Trung tdm SEG.154-Huynh Man Pat-p3-g5-TP.HCM

Bai 22.Trong mit phing Oxy, cho diém A(5;8) va duong thing d: x—y—1=0. Tim diém B thudc duong
thang d sao cho khoang c6 ding ba dudng thang d,,d,,d, théa man khoang cach tir A dén d,.d,.d, déu
bang 4 va khoang céch tir B dén déu bang 6.

Bai 23.Trong mit phang Oxy, cho AABC ndi tiép duong tron (c):(x—2)2 +(y—3) =26 va G( 3) la

trong tm cua  AABC. Piém M(7;2) thude duong thang qua A va vudng goc BC (M = A). Tim toa do cac
dinh cia AABC biét tung d6 dinh B 16n hon tung d6 dinh C.

Bai 24.Trong mat phang Oxy, cho AABC ndi tiép dudng tron (C): (x—l)2 +(y—2)2 =25 . Céc diém
K(-1;1),H(2;5) lan luot 1 chan dudng cao ké tir A va B. Tim toa do cac dinh cia AABC, biét dinh C c6
hoanh d¢ duong.

Bai 25.Trong miat phiang Oxy, cho AABC ¢6 truc tim H(3;0) va trung diém cta canh BC 1a M(6;1).
Puong thang AH c6 phuong trinh x+2y—3=0. Goi D va E lan luot 13 chan duong cao ké tir B va C caa
AABC . Xac dinh toa d6 cac dinh cua AABC, biét diém D c6 tung d6 duong.

Bai 26.Trong mat phang Oxy, cho duong tron (C):(x +2)2 +(y—3)2 =4 va diém M(1;-8). Viét phuong
trinh duong thang d di qua M sao cho d cit (C) tai hai diém A va B thoa man dién tich AABI 16n nhat (1 1a
tam cua duong tron (C)).

Bai 27.Trong mat phang Oxy, cho dudng tron (C): (x—l)2 +(y +2)2 =9 va duong thing
d:3x—4y+m=0. Tim m dé trén d c6 duy nhat mot diém P ma tir d6 ké duoc hai tiép tuyén PA,PC t6i
(C)(A,C la céc tiép diém) sao cho APAC déu.

Bai 28.Trong mit phiang Oxy, cho AABC c6 dinh A(2;6),chan dudng phan giac trong goc A la D(Z;‘f).
Tam dudng tron ngoai tiép AABC 1a I(_?l;l). Tim toa do dinh B va C cua AABC.

Bai 29.Trong mit phang Oxy, cho AABC c6 trong tam G(g g) tam duong tron ngoai tiép 1a 1(1;-2);

diém E(10;6) thuoc duong trung tuyén ké tir A va F(9;-1) thudc duong thang BC. Tim toa do cac dinh cua
AABC , biét dinh B ¢6 tung d6 Ién hon 2.

Bai 30.Trong mat phang Oxy, cho AABC can tai A va noi tiép duong tron (C): x* +y° =10y -25=0.
Puong kinh qua B cit (C) tai M(5;0). Puong cao ke tir C cét (C) tai N(T7 ?6) Tim toa d6 cac dinh cua

AABC , biét dinh A c6 hoanh do duong.
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Bai 31.Trong mat phang Oxy, cho AABC néi tiép duong tron (C): x* +y* —4x+2y—20=0.Dudsng phan
giac trong goc A nam trén duong thing d : x+y = 0. Biét ring M(3;-4) thudc duong thing BC va diém A
c6 hoanh d6 duong.

Bai 32.Trong mat phing Oxy, duong tron (C): (x—l)2 +(y—2)2 =25 va M(9;-4). Tim diém N thuoc (C)
sao cho MN 1a ngan nhit.

Bai 33.Trong mit phing Oxy, duong tron (C):(x+2) +(y—1)° =4. Goi diém M sao cho tiép tuyén qua
M tiép xuc (C) tai E; cat tuyén qua M cit (C) tai A va B sao cho AABE vudng can tai E. Tim toa do diém
M sao cho MO la ngan nhit (O 1 géc toa do).

Bai 34.Trong mat phang Oxy, duong tron (C): x* +(y—1)2 =4 va duong thang d: x—2y+1=0. Goi (C’)
1a duong tron cd tam | ; (C”) tiép xUc ngoai véi (C) va c6 ban kinh bang 4. Viét phuong trinh duong tron
(C?) sao cho khoang cach tir I dén d 12 16n nhat.

Bai 35.Trong miat phang Oxy, cho AABC nai tiép duong tron tam 1(3;0), truc tdm H(2;0) va BC c6 phuong
trinh x—y—4=0. Lap phuong trinh canh AB, biét dinh B c¢6 hoanh d6 nhé hon 3.

D¢ thi dai hoc qua cdc nim

Bai 36.(THPT Qudc Gia -2016) Trong mat phang Oxy, cho tt giac ABCD noi tiép dudng tron dudng
kinh BD. Goi M va N lan luot 12 hinh chiéu vudng goc cua A trén cac duong thang BC, BD va P la giao
diém cua hai duong thang MN, AC. Biét duong thang AC c6 phuong trinhx —y—1=0, M(0;4), N(2;2) va

A ¢6 hoanh d6 nho hon 2. Tim toa d¢ cac diém P, A va B.

Bai 37.(THPT Quaéc Gia -2015) Trong mit phang Oxy, cho AABC vuéng tai A. Goi H 1a hinh chiéu
vubng goc caa A trén BC; D 1a diém ddi xang cua B qua H;K 1a hinh chiéu vudng géc cua C trén AD. Gia
st H(-5;-5), K(9;-3) va trung diém AC thudc duong thang x—y+10=0. Tim toa do diém A.

Bai 38.(P¢é minh hoa THPT Quaéc Gia -2015) Trong mit phang Oxy, cho AOABc6 A va B thudc duong
thang A:4x+3y—12=0 va K(6:6) la tim duong tron bang tiép goc O. Goi C 1a diém nam trén A sao cho

AC = AO va cic diém B, C khéc phia so vai A. Biét diém C c6 hoanh d6 bang 25—4 , tim toa do cac dinh A
va B.

Bai 39.(D -2014) Trong mat phang Oxy, cho AABC c6 chan duong phan giac trong cua goc A 1a diém
D(1;-1). Puong thing AB c6 phuong trinh 3x+2y—9 =0 va tiép tuyén tai A cia duong tron ngoai

tiép AABC c0 phuong trinh x+2y—7=0. Viét phuong trinh canh BC.
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Bai 40.(A -2013 cb) Trong mit phang Oxy, cho hinh chit nhat ABCD c6 diém C thudc dudng thang
d:2x+y+5=0 va A(-4;8). Goi M ddi xirng vé6i B qua C; N Ia hinh chiéu vuéng géc cua B trén MD. Tim
toa d6 diém B va C, biét rang N(5;-4).

Bai 41.(A -2013 nc) Trong mit phang Oxy, cho duong thang A: x—y =0. Duong tron (C) ¢6 ban kinh
R=+10 vacét A tai A va B sao cho AB =42 . Tiép tuyén cia (C) tai A va B cit nhau tai mot diém
thugc tia Oy . Viét phuong trinh duong tron (C).

Bai 42.(D -2013 cb) Trong mit phang Oxy, cho AABC c¢6 trung diém canh AB a M(_?gg) chan duong

cao ké tir dinh B 13 H(-2;4) va tam duong tron ngoai tiép AABC 1a I(-1;1). Tim toa d6 dinh C.

Bai 43.(D -2013 nc) Trong mat phing Oxy, cho duong tron (C):(x—1)" +(y—1)" =4 va duong thing
d:y—3=0. Tam giac MNP c0 truc tdm trung véi tam cia duong tron (C); cac dinh N va P thudce d; dinh
M va trung diém caa MN thuoc (C). Tim toa d6 diém P.

Bai 44.(B -2012 cb)Trong mét phang Oxy, cho hai dudng tron(C, ): x* +y* =4;(C,): x> +y* —12x+18 =0
va dudng thang d: x—y—4=0. Viét phuong trinh dudng tron (C) c6 tam thuée (C, ), tiép xtc véi d va cat
(C,) tai A va B sao cho AB vuong géc d.

Bai 45.(D -2012 nc)Trong mat phang Oxy, cho dudng thang d: 2x—y+3=0. Viét phuong trinh duong
tron (C) cd tam thudc d va cit truc Ox tai A va B, cit truc Oy tai C va D sao cho AB=CD=2.

Bai 46.(A -2011 cb)Trong mat phang Oxy, cho dudng duong tron(C): x* +y* —4x—2y =0 va duong
thang d : x+y+2=0. Goi | 1a tm cua duong tron (C); M 1a diém thudc d . Qua M ké tiép tuyén MA, MB
dén (C)( A,B la céc tiép diém). Tim toa do diém M biét tu gidc MAIB c6 dién tich bang 10.

Bai 47.(B -2011 nc)Trong mit phang Oxy, cho AABC cé dinh B(%;l), dudng tron noi tiép AABC tiép
xUc Véi cac canh AB, AC, AB tuong tng tai D, E, F. Cho D(3;1) va EF: y—3=0. Tim toa d6 dinh A, biét
A c0 tung d6 duong.

Bai 48.(D -2011 nc) Cho diém A(1;0) va duong tron (C): x* +y”> —2x+4y—5=0. Viét phuong trinh
duong thang d cét (C) tai hai diém M, N sao cho tam giac MAN vudng can tai A.

Bai 49.(D -2010 cb) Cho AABC c6 dinh A(3;-7), truc tam H(3;-1) va taim duong tron ngoai tiép 1a 1(-2;0).
Tim toa do dinh C, biét C c6 tung do duong.
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