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Chuong |. PHEP DO HINH
VA PHEP DPONG DANG TRONG KHONG GIAN

Bai 1. PHEP TINH TIEN, PHEP POI XUNG
VA PHEP QUAY TRONG KHONG GIAN

A/ KIEN THUC CO BAN

I.. Phép tinh tién
1. Dinh nghia: Trong khong gian cho vecto v, qui tac dat tuong ung
moi diém M vdi diém M’ sao cho MM’ = v dugc goi la phép tinh

tién trong khong gian theo vecto v va duge ky hiéu T, .

2. Nhdn xét

alM'=T,(M)e>M=T (M)

b) M= T,(M); N' = T, (N) = M'N' = MN

¢) Phép tinh tién bién dugng thang thanh dutng thang song song
ho#c trung véi dudng thang da cho, bién mat phang thanh mat
phang song song hoac trung véi mit phang da cho.

I1. Phép déi xiing qua mét phing
1. Dinh nghia: Trong khong gian cho mp(P), véi mdi diém M, goi M,
la hinh chi€u vuéng géc cia M 1én (P), goi M’ la diém sao cho

MM =-M,M. Qui tic dat tuong ing v6i mdi diém M véi diém

M’ xdc dinh nhu trén dugc goi la phép ddi xing qua mp(P), va

dat ky hiéu Bp,.

2. Nhan xét

aaM=DPpM)>M =Dp(M)

b) Néu M thude mp(P) thi Bp(M) = 1. Néu M khong thuéc mp(P)
thi M’ = D,py(M) khi va chi khi (P) l1a mat phéng trung truc cia
doan thang MM’ '

I1I. Phép d6i xiing tam
1. Dinh nghia: Trong khong gian cho diém I. Qui tac dat tuong Ung
mbi diém M vé6i diém M’ sao cho IM' = -IM duoc goi 1a phép doi
xing tam I, trong khong gian. Biém I dugc goi la tam d6i xung.




2. Nhin xét: Goi f la phép doi xing tam I.
a) Neu M =1 thi fiM) = I. Néu M khéac I thi M’ = f(M) khi va chi
khi I 1a trung diém cia MM’

c¢) Phép d6i xing qua tAm bién dudng thang thanh dudng thing
song song hodc trung v6i dudng thidng da cho, bién mat
phing thanh mat phdng song song hoic trung vdi mat phang
da cho.

IV. Phép quay quanh mét truc

1. Khdi niém vé phép quay quanh mot truc
Trong khong gian cho duong thang
d trén dé da xdc dinh mot huéng
duong, a la mot géc lugng gidc cho
truéc v6i modi diém M, goi (P) la
mat phdng di qua M, vudng géc vdi
d va cdt d tai I.
Goi M*1a anh cia M qua phép quay trong mp(P) tam I géc quay
a. Chiéu duong cia phép quay duge chon sao cho mot nguoi
(tudng tugng) ding tai I, huéng tir chan dén dau trung vdi hudng
duong cua duong thing d sé thdy trong mp(P) chiéu quay dé
ngugc v6i chiéu quay cia kim dong hé. Qui tde, dat tuong dng vdi
mbi diém M véi diém M’ xdc dinh nhu trén duge goi la phép quay
quanh truc d, géc quay a

2. Chii yj: Phép quay quanh truc d, géc quay (2k + 1) 180° vdi k la
mot s6 nguyén con duge goi la phép d61 xing qua truc d.

V. Tinh chat

1. Dinh Iyj: Cac phép tinh ti&€n, phép déi xitng qua mat phang phép
déi xung qua tam va phép quay quarh mét truc la nhing phép
bién hinh trong khéng gian bdo toan khoang cach gitta hai diém
bat ky.

2. Hé qud: Trong khong gian cdac phép tinh ti€n, phép déi xing qua
mat phang, phép ddi xing qua tdm va phép quay quanh mct
truc: :

a) Bién ba diém thang hang thanh ba diém thing hang va béo
toan thyu tu cua chung.




b) Bién duong thang thanh dudng thing, bién tia thanh tia
¢) Bién mat phdng thanh mat phing, bién nita mat phang thanh
nita mét phang.

4) Bi€n mdt doan thang thanh mot doan thing bing né

e) Bién mot géc thanh mot géc bang no

) Bién mot tam gidc thanh mot tam gidc bing né

h) Bién mét mat cau ban kinh r thanh mot mit cau ban kinh r
VI. Hinh cé6 mat phing déi xing, cé truc déi xiing, cé tim déi

x\ng

Dinh nghia: Mot hinh duge goi 12 hinh c6 mat phdng dsi xing

(c6 truc-doi xung, c6 tam déi xing) néu c6 mot phép doi xing qua

méat phing (phép déi xing qua truc phép déi xing qua tdm tuong
ing) bién hinh dé thanh chinh né.

 Bai 2. KHAI NIEM VE PHEP DO HINH
TRONG KHONG GIAN
A/ KIEN THUC CO BAN

I. Dinh nghia phép doi hinh

Phép bién hinh trong khong gian bdo toan khoang cach gitta hai
diém bat ky duogc goi la phép doi hinh trong khong gian

II. Tinh chat cia phép ddi hinh

1. Thyc hién lién tiép hai phép doi hinh sé dugc mdt phép doi hinh
2. Phép doi hinh c6 tinh chit (8 tinh chdt)
a) Bién ba diém thing hang thanh ba diém théng hang va bdo
toan thu tu cua ching.
b) Bién dusng thang thanh dudng théng, bién tia thanh tia.
¢) Bién mit phang thanh mat phing, bién nua mat phapg thanh
nia mat phang.
d) Bién mét doan thang thanh mot doan thing bang né.
e) Bién mot géc thanh mot géc bang né.
f) Bién mot tam giac thanh mét tam gidc bing né.
g) Bién mot td dién thanh mot t¢ dién.
h) Bi€n mdt mat cau ban kinh r thanh mot mat cau ban kinh r.




Bai 3. PHEP VI TU VA PHEP PONG DANG

A/ KIEN THUC CO BAN

I. Phép vi tu 7

1. Dinh nghia: Trong khong gian cho diém O va so k # 0 phép dit
tuong ung mdi diém M véi diém M’ sao cho OM' = kOM . duce
goi la phép vi tu tam O
Nhdn xét:
e Néu M’ la anh ciia M qua phép vi tu tdm O ti s6 k thi M ]a amh

cia M’ qua phép vi tu tdm O ti s6 —11;

e Phép vi tu tdm O, ti s6 k = —1 la phép doi xing qua tam O.

2. Tinh chat |
a) Néu M’, N’ theo thi tu 1a anh cia M, N qua phép vi tu tam O

ti s6 k thi:
e M'N’ = k MN
e M'N' = [kl MN

B) Phép vi tu V¥ -
a) Bién ba diém thdng hang thanh ba diém thing hang va béio
toan thi tu cha chuang.
b) Bién mot duong thidng thanh mét dudng thing song song hoic
trung véi no. |
¢) Bi€n mét mit phang thanh mé4t phing song song hoac :rung
vdl né.
d) Bién mot doan thadng thanh mot doan thing.
e) Bién mot géc thanh mot géc bang né.
f) Bién mot tam gidc thanh mét tam gidc dong dang vdi no.
g) Bién mot ti dién thanh mot ta dién.
h) Bién mat cdu ban kinh r thanh mat cdu ban kinh [kl r (k 1a ti
s6 vi tu).
I1. Phép dong dang
1. Dinh nghia: Phép bién hinh f trong khong gian dugc goi 1a phép
dong dang néu vdi hai diém M, N bat ky va M’ = iM); N’ =fiN),
ta luon luén c6 M'N’ = kMN trong dé k la mdt sé duong cho
trude. :
S6 duong k dugc goi 1a ti s6 ddong dang cua phép dong dang’.




2. Tinh chét
a) Thuc hién lién tiép mot s6 hiu han cac phép déng dang ta sé
duge mét phép déong dang.
b) Phép dong dang ti s6 k.
» Bién ba diém thang hang thanh ba diém thiang hang va bao
toan thda tu cua chung.
e Bien mot dudng thang thanh mot dudng thang, bién tia
thanh tia.
e Bién mdét mit phang thanh mot mat phang, bién nua mat
phang thanh nia mat phang.
e Bién mot doan thang thanh mot doan thing.
e Bién mot goc thanh maot goc bang no.
e Bién mot tam gidc thanh mot tam gidc dong dang véi né.
e Bién 1.0t t¢ dién thanh mot ta dién.
e Bién mot mat cau ban kinh r thanh mot mat cau ban kinh |k r.
II1. Cac hinh déng dang
Dinh nghia: Hai hinh duge goi 1la dong dang néu cé6 mot phép
dong dang bién hinh nay thanh hinh kia.

B/ BAI TAP

1. Goi A’, B, C’ theo thi tu la anh cia A, B, C qua phép tinh tién theo
vectg v. Chiung minh rang néu A, B, C thang hang va B ¢ gitta A
va C thi A, B, C' thing hang 1a B’ § git A’ va C’,

Giai
Theo dé bai: A, B, C thang hang va B ¢ gida A va C
< AC =kAB, voi k > 1
< AC - kAB = 0 ‘
= (AC -kAB) =0 B o
& AC? - 2kAC.AB + K2AB® = 0 ﬁ/*
o AC” -2kA'C . AR + KAB2=0
(Vi qua phép tinh tién vecto v ta c6 AC = AC' AB = AB')
< (AC -kAB P =0< AC =kAB
< A', B, C’ thang hang va B’ ¢ gita A’ va C".

2. Goi (d"), (P") theo thi tu la dnh cua (d) va (P) qua phép tinh tién
theo vecto v. Ching minh ring (d) song song hoac trung véi (d')
(P) song song hodc trung vai (P’).




Giai
» Cho dudng thang d, 1ay hai diém M, N phan biét thudce d goi M’, N’ laan

lugt 1a anh cia M, N qua phép tinh tién theo vecto v thi A’ = B’

Lay K bat ky thuoc d thi AK = mAB. Goi K' la anh cia K quua

phép tinh ti€n theo vects v khi dé AK = mAB. Do dé K e

dutng thang A'B’

— Nguge lai 14y diém F' bat ky thudc duong thdng M'N'. ta phaai
chimg minh rang trén d ¢6 diém F sao cho F' 1a anh cia F quua
phép tinh tién theo vectos v.Do F' € dt (M'N’) nén M'F’ = n M'N"’

- Trén d 1ay F sao cho MF = nMN goi F” 1a 4nh cia F qua phéép

tinh tién theo vects v. Khi d6 M'F” = nM'N’. K&t hgp véi M'FF
=nM'N’ tasuy ra F" = F'

e Vay phép tinh tién néi trén bién dudng thidng d thanh dudnag
thiang d' = (A'B’). Vi A'B' = AB nén duong thidng A'B’ song sonag
hozc trung véi dudng thing AB.

* Ldy ba diém khéng thang hang M, N, K thuéc mp(P) goi M’, N', KK’
theo thu tu la anh cia M, N, K qua phép tinh tién theo vecto wv.
Khi d6 ta c6 M'N'= MN, M'K’ = MK nén M’, N', K’ cing khonig
thang hang. Goi (P') = (M'N'K’)

Lay F bat ky thudc (P), goi F' = T, (F)
ViF e (P)= MF =pMN + qMK > MF =pMN +qMK’
= F ¢ (P)
e Nguoc lai 14y L' = (P') thi ¢6 cdc s6 r, s d8 ML’ = rM'N’ + sM'K{'
goi L 1a diém thudc (P) sao cho ML = rMN + s MK thita cé L' =
T, (L). Tt d6 suy ra (P') = T, (P). Vi MN = M'N’ va MK = M'KY’

nén (P’) song song hoadc trung véi (P).

3. Ching minh rang phép bién hinh ¢6 duge sau khi thuc hién liém
tiép hai phép tinh tién T;, T, la phép tinh tién T, .

Gidi

Liy M bat k, goi M’ = T, (M); M" = T,(M")

Y . S \/I’ ;) I\I”
Ta can ching minh MM" = a + v I
Ta co: MM" = MM’ + M'M” u“/i N
L L~ v +4

Do d6 bai toan da dugc ching minh.
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4. Che hinh lap phuong ABCD.A'B'C'D’ goi O la giao diém cua AC va
BD.

X4c dinh anh cia mp(A'BD) qua phép tinh tién theo vects AO .

Giai
Ta chi can xac dinh anh
cia ba diém khéng thang A D
hang thudc mp(A'BD) qua S J
phép tinh tién theo vectg C
Ke CE // BD (E < tia AD),
dusng thiang di qua D va o RO T
song song véi AC cat CE g, e
tai F. Dé thay - C
A'Q" = OC = DF = AO Do dé:
Phép tinh tién theo vectoc AO bién mat phang (A’OD) thanh mat
phang (O'CF)
Vi CF // B'D' nén mp(O'CF) = (CB'D’)
Vay phép tinh tién theo vecto AO bién mp(A’'BD) thanh mat
phing (CB'D").

5. Ching minh rang moi phép tinh tién déu c¢6 thé xem nhu la két qua
cua viéc thue hién lién tiép hai phép déi xing qua mét phéng.

Gidi
Goi T, la phép tinh tién theo vecto v
e Lay mp(P) vuong géc véi v, goi / /
(P") 1a anh cua (P) qua phép tinh y_#__.._ » I\f _/_,_____f_l_\f”
tién theo v = H
2 v
e Lay diém M tuy y. Goi M’ la anh —t 21,
cia M qua phép déi xing qua )>'/ D/

mp(P).

Goi M" la anh caa M’ qua phép doi xing qua mp{(P’)

Do (P) // (P') nén M, M’, M thude duong thang qua M va vudong goc
vai (P)

Gid su duong thang nay cat (P) va (P’) theo tha tu tai H va H'. Khi

d6 HH' = —g Ta c¢6:
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MM’ = MM' + M'M’ =2HM' + 2M'H =2HH = v
Tiu d6 suy ra Ty, (M) = M", do dé c6 thé xem phép tinh tién T, nthu
la k&t qua eGa viée thuc hién lién tiép hai phép ddi xing qua 2 méat
phang (P), (P).

6. Cho hinh hép ABCD.A'B'D’ goi E, F, G theo thd tu la trung diém
cua AA’, AB, AD; O la giao diém ciia AC’ va A’'C. Tim anh cua tui
dién AEFG qua phép tinh tién theo vecto DC.

Giai

Trén dudng thing AB, lay diém F' sao
cho B la trung diém caa FF
Goi E’, G’ lan lugt la trung diém
caia BB’ va BC. Khi d6 ta cé
AB = EE' = FF = GG' = DC
Vay taco: A | o, B

F | F

G |l G
Tt d6 suy ra anh cua td dién AEFG qua phép tinh tién theo DC lla
ta dien BE'F'G'".

7. Cho hinh ldp phuong ABCD.A'B'C'D’

a) Tim phép déi xing qua mat phidng bién A, A’, B, D’ theo thya tu
thanh A; D; B; D". |

b) Tim phép d6i xing qua mat phing bién A, A’, B, D’ theo thi tu ,
thanh C, C', B, D'.

Gidi
a) Goi phép doi xing qua mat phang («)

bién A, A", B, D’ theo thit tu thanh A, D, 2 -
B, D’ ta thély A
e B
A bxiw) A = A e ()
A" bxww D -» (u) la mat. S
phang trung truc cia A'D D S
B pxtw B=>B e (a) - &
D' bxw) D' = D' € () - A B

Vay mp(a) chinh 1a mp(ABD') cling 14 mét phang trung true ctia A",
b) Goi phép doi xung qua mp(p) bién A, A’, B, D’ theo thu tu thaih C,
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C’, B, D' ta thay

AI2XB ¢ (B) 1a mat phéng trung truc caa AC
A1 BB o o () la mat pbhang trung truc cua A'C’

BI2XE, B 5 Be @)

D12 p D e (p)

Vay mat phang ( { chLIa B, D’ va la mat phang trung truc cua AC,
A'C’ nén mat phang () chinh la mp(BB'D'D)

8. Cho mat phdng (P) va hai diém A, B cung nim mot phia déi véi
mat phang (P). Tim trén (P) diém M sao cho tong cdc khoang cach
tu d6 dén A va B 1a nho nhat (MA + MB nhé nhat).

Gidi
e Goi A’ 1a diém d6i xing cla A qua mat phang (P) = diém A’ c&
dinh. B
Véi M € (P) = MA = MA' nén
MA + MB = MA' + MB > A'B (do A
AMA'B)
Dau “=” xay ra <> M, A’, B thang
hing AP >/
< M la giao diém cta A’'B vdi mp W
(P) i

Vay M la giao diém cua A'B véi mp(P) thi MA + MB nhé nhat
bang A’'B.

9. Cho hinh lap phuong ABCD.A'B'C'D’
Tim mdt phép d8i xing qua mat phdng bién ti dién AA'B'D’ thanh
tua dien CC'B'D.

Gidi
~ Goi (a, 1a mat phdng can tim
A P9, ¢ = () la mat trung truc ctia AC B C
A P9, o s () 1 mat trung truc :
cua A'C’ & D
B - 2%, B =B ¢ (a) _ :
D 2% DD e () B’ ........................... C
Vay mat phang o 1a mat phéng trung truc A, Y
cia AC, A'C’ va chia 2 diém B, D’ A D’

Nén mp(a) = mp(BB'D'D).
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F

0. Cho hinh lap phuong ABCD.A'B'C'D’. Tim dnh cda cdc canh A(C,

AB qua phép quay géc 120° quanh truc B'D, huéng duong cia trwc
1a huong tit B’ t6i D,

Gidi
¢ Ta c6: DA = DD’ = DC
B'A = B'C = B'lY
Vay B'D la truc ctia tam giac déu ACD’, nén B'D cit vudng goc
vdi mp(ACD') tai tdm I dudng tron ngoai tiép AACD’
Suy ra: AIC = CID' = D'IA =120°
Do d6 phép quay géc 120° quarh truc B'D, huéng duong tu B’ tdi
D bién A thanh C va C thanh D’. Do d6 AC c¢6 anh la CD’

e Ta ¢c6: BB = BA' = B'C’' va DA’ = DB = D(” D C
Véay B'D 1a truc cua AA'BC’. Nén B'D
cdt vudng géc véi mat phiang A'BC’
tai tam J dudng tron ngoai ti€p tam
giac A'BC'. Suy ra

AJB = BJC' = C'JA =120°
nén B ¢6 dnh la C’
Két hgp phan dau A c¢6 anh 14 C
nén AB ¢6 anh la CC'.

11. Cho hinh lang tru ABCDE.A'B'C'D'E’. C6 hai ddy 1a hai nga giac

déu, AA’ vudng géc véi CD. Chitng minh hinh liang tru dé la hinh
c6 mit phing ddi xing.

14

Gidi B C
Goi I, I' 1an luot 1a trung diém cua '
cdc canh CD va C'D’ Ta thay: A
mp(AII'A’) 1a mat phéng trung truc
cua cac doan thang CD, C'D’, BE va
B'E’. Do do lang tru da cho nhan
mp(AII”A’) lam mat phang doi
xung. '

U

A,




12, Hinh chép ut gide déu c6 mat phang déi xing va truc doi xing hay
khong?

Gidi S
Pst SA=SB=SC=b |
AB=BC=CA=a
Ha dudng cao SH cua hinh chip t¢ gidc
déu; M la trung di€m canh BC
* Ta dé thay chop tu giac deu SAPC ¢6
mit déi ximg chang han mat (SAM).

13. Chung minh riang phép déi xing qua tam:
a) Bien mot dudng thing thanh mot dudng thiang song song hoic
trung v6i dudng thang da cho.
b) Bién mot mat phadng thanh moét mat phang song song hoic
trung véi mat phang da cho.

Gidi \

a) Cho dudng thing d, 1dy hai diém phan biét A, B thudc d, goi A’ va
B’ theo thd tu 1a 4nh cia A va B qua phép d6i xing tam I khi dé6
A’ khac B'.

e L4y diém M bat ky thudc d thi AM = k AB. Goi M' la 4nh cia M
qua phép déi xing tam I. Khi dé: |

AM =kAB',dodé M ¢ A'B’

e Ngugce lai 14y diém N’ bat ky thudc dudng thing A'B’. Ta- phai
ching minh trén d ¢6 mét diém N sao cho N’ la anh cua N qua
phép do1 xing tam 1.

ViN' e AB' nén AN = pA'B

Trén d 1y N sao cho AN = pAB. Goi N” la anh cia N qua phép
doi ximg tam I nén A'N” = pA'B’ két hop véi A'N’ = pA'B’ ta suy
ra N”" =N’ :

e Vay phép do6i xiing tdm I bién dudng thang d thanh dugng thing
A'B'. Vi AB' = - AB nén dudng thing A’'B’ song song ho#c tring
vi1 AB.

b} Liy ba diém khong théng hang A, B, C € (P), goi A, B’, C' theo
thd ty 14 d4nh cia A, B, C qua phép ddi xing tdm I khi dé
AB = -AB, AC' = -AC, nén A, B', C’ ciing khong thdng hang.
Goi (P") 14 mp(A'B'CY)

e Lay M bat ky e (P), goi M’ = B{(M)
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Me (P)=> AM =pAB + qAC
= A'M' = pAM{B" + qN@ =M e (P)
e Ngugc lai lay N’ ¢ (P') thi ta ¢6 cdc s6 m, n dé
AN = mAB + nA’C’ thi dé thay N’ = Px(N) véi diém N
théa man AN = mAB + nAC
o Tir dé suy ra (P') = Ox(P). Vi AB' = -AB, A'C’ = —AC nén (P)

song song hoac trung véi (P):

14. Cho hinh hop ABCD.A'B'C'D’ lay diém M trén AB sao cho AM = % AB .

Ly diém N trén C'D’ sao cho ON = % C'D’ . Tim mét phép bién hinh,

bién bon diém A, D, D', M theo thi tu thanh C', B', B, N.

Gidi
Truéc hét ta thay cdc doan thang AC’
DB’, D'B deéu cit nhau tai trung diém
O cua chiang. Ta ¢6
AL AB _DC 1.
3 3 3
=-CN = NC'
Do d6 AMC’'N la hinh binh hanh nén
O cang la trung dicm cia MN
Tu d6 suy ra: phép doi xing tam O sé bién A, D, D', M theo thid tu
thanh C’, B’, B, N.

trung diém cta cdc canh AD, AB, C'B’. Chirng minh ring hai khéi

15. Cho hinh lap phuong ABCD.A'B'C'D'. Goi E, F, J theo thu tu laJ

16

td dién ABEA’ va D'A'JD bang nhau.

Gidi A F B
Goi I 1a tam d&i xing cda hinh lap E A0
phuong ABCD.A'B'C’'D’, O, O’ lan D (————C
lugt 1a tdAm cac hinh vuong ABCD .
va A'B'C'D’ .
e Phép quay quanh truc OO ..’{ .......... B
(huéng duong cda truc 1la hudng SA L0 J
tir O’ dén O) géc quay 90° bién: D' C

A, B, E, A’ lan lugt thanh B, C, F, B’
.o Phép doi ximg tam I bién B, C, F, B’ theo thi tu thanh D', A". J, D
¢ Do d6 hai khoi tir dién ABEA' va D'A’JD bang nhau.



{ 16. Cho hinh lap shuong ABCD AB'CDY goi O la giao diém cia AC va BD.

Xac dinh anh cua doan OC qua phép quay quanh truc AC', géc
quay 120°. Huéng cja truc quay 1a hudng tir A dén C'.

Giai

bé y rang AC’ vudng goc v6i (A'BD) va

cat mat nay tai tdm cua tam gidc déu A D
A'BD. Tuong w AC vudng goc vdi BNY
(CB'D’) va cdt mat phdng nay tai tam B ¢ \C
cia tam gidc déu CB'D'. Phép quay A B A
quanh truc néi trén bién D, B theo thi Ib

tu thanh B, A". Do d6 né bién diém O LA 57
cia DB thanh trung diém I cGa BA' A
" Ngoai ra n6 con bién C thanh B'. Tu d6 -

; ’ C
suy ra phép quay bién OC thanh IB'. 5

17. Cho hinh Lip phuong ABCD.A'B'C'D’ goi E, F, G theo thu tu 13

trung diém cua AA’, AB, AD; I 1a giao diém cia AC va BD, I' 1a
giao diém caa A'C’ va B'D".

Tim anh caa td diéen AEFG qua phép quay quanh truc B'D géc
quay 120° (huéng cua truc quay la huéng tir B dén D).

Giai
e Ta dé thay B’'D la truc caa AACD
Nén phép quay f: true B’D, géc quay 120°

L AP C A G D
D> D Y ST
Suy ra f AD —» CD nén f bién G . —lc
thanh K la trung diém cia CD ’E
+ B'D 1a truc cia ABA'C' '
b A B ST
> f: AA’ > CB nén f bién E thanh M L £

(M 13 trung di€m caa CB)
e Vi B'D la truc cia ABA'C' pén '
> AB P CC _Le /500
Do d6 f: F —» N (1a trung diém cia CC’)
Vay f bién ti& dién AEFG thanh t dién CMNK.
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18. Cho hinh l4p phuong ABCD.A'B’'C’'D’ _
a) Tim mdt phép quay quanh mét truc bién hinh chép A’.AB'LY
thanh hinh chép B.CB'A.
b) Tim mot phép quay quanh truc AC’ bién hinh lap phuong néi trémn
' thanh chinh né.

Giai
a) Ta ¢6: DA = DD’ = DC-va B'A = B'D’' = B'C
Vay B'D 1a truc cia tam gidc ACD’
Nén phép quay quanh truc B'D
huéng duong tir B’ dén D géc quay
120° bién D' = A

B =B

A C

e Tacé: BA'=B'B=BC"

va DA’ = DB = DC’

Vay B’D la truc cia AA'BC’ nén phép quay quanh truc B’D hudng

duong tir B’ dén D géc quay 120° bién A’ - B

Vay phép quay quanh truc B'D hudng duong tir B’ dén D géc quay

120° bién hinh chép A’AB'D’ thanh hinh chép BCB'A.

b) Ta chi xac dinh géc quay

e Tuong tu nhu cau (a) ta thay AC’ 1a truc cia AB'D’'C nén phép quay

quanh truc AC' huéng duong tir A dén C goc quay 120° bién
B—CC—D APACPHC, DB

e AC’' 1a truc cia AA’'BD nén phép quay quanh truc AC’ huéng
duong tir A dén C goc quay 120%, bien A’ > B; B > D, D - A’
Yay phép quay quanh truc AC' bién hinh lap phuong ABCD.
A'B'C'D’ thanh chinh né.

19. Cho hinh ling tru luc gidc déu ABCDEF.A'B'C’'D'E'F’ goi O va O’
lan lugt 1a tam cha cac luc gidac déu ABCDEF va A'B'C'D’'E'F'. Tim
anh caa hinh lang tru OAB.O'A'B’ qua phép ddi hinh ¢é dugc cach
thuc hién lién ti€p phép quay quanh truc O'O (huéng duong cua
truc 1a huéng tit O’ dén O) theo géc quay 120° va phép doi xing
qua mit phing CDD'C'.
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Giai
e Phép quay quanh truc O’'O huéng duoung

tir O' dén O géc quay 120° bién lang iru B EC

OCD.OQ'C'D’ thanh lang tru OCD.2)'C'D". A O '\ D
e Phép do6i xdng qua méit phidng CDD'C’ Fi @ 4

bien lang tru OCD.O'C'D’ thanh lang 1B

tru ICD.I'C'D’, trong d6 I' 1a giao cua
hai dudng thang B'C’ va E'D’' I la giao
diém cua BC va ED. _
e Vay anh cua hinh ling tru OAB.O'A’'B’ AN

.
qua phép doi hinh trén lang tru
ICD.I'C'D'. » FoF

20. Cho hai mat phang («), (B) song song v4i nhau goi A, B la hai
diém nadm vé hai phia cta cad hai mit phang d6. Va A, () cung
phia d&i v6i (B). Tim trén (o) va (B) cde diem M, N tuong dng sao
cho MN vuéng géc véi (a); (B) va tdng cac khoang cach
AM + MN + NB nho nhat.

Giai
e Lay diém I € (a) goi I' la
hinh chiéu vubéng géc cua I
léen mp(p)

Goi f la phép tinh tién theo

vecto II'. Khi d6 iM) = N
Goi flA) = A’. Khi d6 A’ va B nam A T NN,

khédc phia d6i véi (B). Do d6 AMNA’ -
la hinh binh hanh nén MN = AA’,
AM = A'N | 5
Tir d6 suy ra AM + MN + NB = A'N, AA'= NB \
Vay AM + MN + NB nho nh&t khi A'N + AA” + NB nho nhat
Do AA’ = d(a, B) khong déi. Tu d6 suy ra A'N + AA’ + NB nho nhat
khi A'N + NB nho6 nhat
Do dé N phai thudc giao diém clia dudng thing A'B véi rnp(B)
TUu d6 suy ra cach dung MN nhu sau:
- Dung A’ sao cho AA’ = IT’
— Dung N = A'B n (B)
— Dung dudng qua N va vudng géc véi (B) cédt (o) tai M
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+ Ta di ching minh M. N théa man diéu kién bai tean lay M,
thuoc (a), Ny € (B) sao cho M;N; 1 («} khi dé:
AM,; + M,N, + N;B = MN + A'N, + N;B

>MN + A'N + NB = AM + MN + NB.

21. Cho hinh lap phuong ABCD. A'B'C'DY B
a) Hay chi ra mot phép doi hinh bién doan thiang AD thanh doan
thang A'B’.
b) Ching minh ring hai t& dien ABDA’ va BA'B'C’ bang nhau. |
Gidi
a) Ta thuc hién lién tiép 2 phép di hinh
e Phép tinh ti&n theo vects AA’ bién A D
AD thanh A'D’ ' T

e Phép quay quanh truc A'A goéc quay
90° bién A'D’ thanh A'B’ -
Vay phép doi hinh cén tim 1a tich cua A,/ \, 7
phép tinh tién theo vects AA’' va phép P 2
quay quanh truc A’A géc quay 90°. B c
b) Xét phép ddi xing qua mat phidng BCD'A’

ThiB— B; A= A A~ B; D~ C’
Vay phép d6i xing qua mit phdng (BCD'A’) bién hinh ti dién
ABDA'’ thanh ti dién B'BC’A’ nén hai ti dién nay bang nhau.

22. Ching minh phép d&i hinh bién hai duong thang song song thanh
hai dudng thdng song song bién hai mit phang song song thanh
hai mat phidng song song.

Gidi

e Vi d, // d; nén ching cung thuéc mot mat phang (P)
Do d6 anh d'y, d'; qua phép d&i hinh f phai thude mp(P’) = flP)
Né&u d', cdt d's tai N thi phai c6 M; e d'y, M,  d’p dé fiM,) = N.
flM3) = N. Ti tich bao toan ktoang ciach cia phép doi hinh f ta
suy ra M; = M,.
Diéu nay vo li vi d; / d,. Vay d'y // d';
e Cho 2 mat phéng song song (P,) // (P;) goi (P'y), (P,) 1an lugt la
anh cuaa (P,), (P;) qua phép doi hinh f.
Néu (P')) cit (P';) theo 1 dudng thiang A, trén A ta 1dy diém N, thi
trén (P;) c¢6 diem M, trér (P,) c¢6 diém M, dé fiM,;) = iM,) = N
Theo tinh chat bao toan khoang cach thi M; = M, (vo 1) vi (Py) // (Py)
Do dé6 (P'y) // (P’y).
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i
E
-

r‘.R Ching minh réng phép doi hinh bién mot goéc thanh mét goc

bﬂ}g goc ban dau.

Giii

Xet tam gide ABCU b ABC =g

Coi A', B, C" 1an luot 1a anh cia A, B, C qua phép ddi hinh f

Do tinh bao toan khoang cach cia phép dor hinh f nén ta cé:

AB = A'B’, BC = B3'C’, CA = CU'A’
Viy AABC = AA'B'C' {c.c.c)
= ABC = ABC =«
Ha. no1 cach khde: phép doi hinn f bién goéc ABC thanh goc

A B bing gsc ABC.

|24, Goi O, A" M’ theo thif ur 1a dnh cia O, A, M qua phép doi hinh.

Chung minh rang néu OM = pOA (p la mot s6 nao d6) thi
O'M = pO’A’. Ty dé chiéng minh rang phép doi hinh bién dusng
thdng thanh dudng thang, bién tia thanh tia.

Giadi

e Néu OM = pOA

Do phep dett hinh bao toan khodng cach nén

Ta co: OM = O'M’, OA = O'A’ va do do ta c6 O'M’ = pO’A’
e Néu O, A, M thing hang thi OM = pOA thi

O'M’ = pO’A’ nén O, A", M’ thang hang
> O, A', M’ thude 1 duong thiang

Nguoe lat 1Ay M e d' thi ¢6 s6 p dé AN =pA'B (1) (d' chua O,

M’ A

Trén d lay diém N sao ™0 AN =pAB

™y

Goi Ny = fiN) thi AN, = pA'i,’ S0 sédnh véi (1)

’.

Suy ra N' = N,. Tic 1a véi méi diém N ¢ @

Ta ¢6 N thude d sao cho N’ = f(N)

Tu d6 suy ra f bién dudng thing d thanh duong _fhéng d’
Bién tia thanh tia.

—

25. Cho hinh lap phuong ABCD. A'B'C’'D'. Tim &nh ciia cdc canh Av - |

A’B qua phép quay quanh true B'D géc quay 120°, huéng cta truc |
quay la huéng tir B’ dén D.

21



Giai
Cha y rdng mp(ACD’) L B'D | D C
va mp(A'BC’) L B'D
vi DA = DD’ = DC va B'A’ = B'B = B'C’ A== B
va dudng thdng B'D cdt 2 tam gidc déu L E
(ACD’), (A’'BC’) tai tam cuaa ching.

Céc gée AID' = DIC = CIA = 120°
Tacé: A+ C B’
C+ D

Nén AC+— CD'
Tuong tu ta c6: A’ — B

B+~ C D
Néen A'B+ BC.

26. Chirng minh rang moi phép quay quanh mot truc déu cé thé xem

nhu la két qua cia viéc thuc hién lién tiép hai phép doéi xing qua
hai mat phéng di qua truc quay cia phép quay dé. N

22

Gidi
e Goi f la phép quay quanh truc d, géc quay o
e Lay mot mp(P) di qua d, goi (P’) 12 4nh cta (P) qua phép quay
" a
quanh truc d géc quay o)
e Lay diém M bat ky goi M’ 1a 4nh cia M qua phép doi xing qua
mat phidng (P), M” 1a 4nh cia M’ qua phép doi xung qua mél
phing (P’) khi d6 M, M’, M"” cing thudc miat phdng (Q) qua M va

vudng goéc vdi d. Goi I 1a giao diém cha (Q) vé6i (d) H 1a giao cua
MM’ véi (Q). H' 1a giao cita M'M" véi (Q). Khi d6 ta c6 IM = IM

= IM” va IH = IB’ goc (IH,IH) = %

va goc (IM,IM") = géc (Im') + gbc (IWTM")
=2 géc (IH,IH) =«

Tit d6 ta suy ra fiM) = M”. Do d6 c6 thé xem f nhu 1a két qua cla vié«
thuc hién lién ti€p hai phép d6i xitng qua 2 mp(P) va (P’) chia d.



:27. Ching minh ring hai mit cau bat ky ludon dong dang.

Gidi
Goi S(O, R), S0’ R) la hai mat cau bat ky.
Patk = & |
' R

ok = BR- = 1. Ta ¢6 phép dong dang chinh la phép tinh tién theo
vecto OO’ bi€n mat cdu S(O, R) thanh mat cau S(O’, R)).
ok = _RRT # 1. Ta c¢6 phép déng dang chinh 1a phép vi tu tam 1, ti s6

dong dang la k véi I 1a giao diém cia mét tiép tuyén chung cha
hai mat cau va dudng thing néi hai tam 0O’
Toém lagi: hai mat cau bat ky ludn ludn c6 mot phép dong dang bién
mit cau nay thanh mat ¢au kia, nén hai mit ciu bat ky luon dong
dang.

28. Cho hinh hop ABCD.A'BC'D’. Goi E, F, G lan lugt 1a trung diém
cia ba canh AB, AD va AA’. Ching minh td dién AEFG va
C’'D’'B’C déng dang.

Giai
Goi I 1a tam caa hinh hgp (I = AC’ n
DB’...) phép d5i xing qua tdm I bién
AD thanh CB’ do d6 bién F thanh F’
la trung diém caa C'B’.
Tuong ty bién E thanh E' la
trung diém C'D’.
Tuong tu bién G thanh G la
trung diém C’C.
Phép vi tu tam C', ti s8 vi tu k = 2 bién tt diéen CE'F'G’ thanh td
dién CD’B’C.
Vay c¢6 1 phép dong dang f 1a thuc hién lién ti€p phép d6i xing
tam I va phép vi tu (C’, k = 2) bién AEFG thanh C’'D’'B’C. Do d6 2
td dién d6 dong dang.

29. Chitng minh riang thuc hién lién ti€p hai phép dong dang sé dugc
mét phép dong dang.

Gidi
e Goi f la phép dong dang ti s k;, bién A, B 1an lugt thanh A’, B’
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Ta c6 A'B’ = k,;AB. -
‘e Goi g 1a phép dong dang ti sé ky, bién A, B 1an lugt thanh A”, B3”.
Ta c6 A”B” = k,AB.
e Ta ¢c6 A’B” = k,A'B’ = ky(k;AB) = kk,AB.
Vay ta c6 mot phép dong dang h, ti s6 dong dang k k; bién A, B
thanh A’ B’.
Vay ta thuc hién lién ti€p hai phép dong dang ta sé dugc mot phép
dong dang. '

30. Che hinh hdp ABCD.A'B'C'D'. Goi E, F, G lan luot 1a trung diém clia

cdc canh AA’, AB va AD. O 1a tam d6i ximg cua hinh hjp.
Hay tim anh cia t dién AEFG qua phép dong dang c6 dugc ki
“thyc hién lién ti€p phép vi ty tam A ti s6 2 va phép d6i xdng quia
tam O.

Gidi
e Phép vi tu tdm A ti s6 2 bién A, E, |
F, G l4n luot thanh A, A’, B, D.
e Phép 461 xing qua tdm O bién A,
A’, B, D theo tha tu thanh C, C,
D, B
e Vay phép dong dang néi trén bién
td dién AEFG thanh t& . dién
CCD'B.

_gl. Cho hinh lang tru ABCDEF.A'B'CIYE'F’ ¢6 day 1a luc giac déu. Goi O

la tam caa luc gidge déu ABCDEF. I 1a trung diém cia FF’, L 1a giao
diém cla cac dudng thang BC va ED. DPudng thing qua L va song
song vGi AF cit dudng thing AB tai M. Chitng minh ring hai hinh
chop 1.ABOF va E' BMLE dong dang véi nhau.
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| Giai

e Goi J 1a trung diém cta EE’ khi d6 ta
c6 IJ = AO = BC = OD = FE, tir d6
suy ra phép tinh tién theo vects BC
bién hinh chép I.LABOF thanh hinh

“chép J.OCDE.

e Mat khac ta c6 O, C, J, D theo thd tu
la trung diém cta EB, EM, EE’, EL do
do phép vi tu tdm E, ti s6 2 bién hinh
chop J.OCDE thanh hinh chép




E’ BMLE.

e Phép dong dang co duce bang cich thuc hién lién tiép phép itinh
tién theo vecto BC va phép vi tu tam E ti s6 2 bién hinh chép
[.LABOF thanh hinh chép EZ.BMLE.

Do do hai hinh chop d6 dong dang vdr nhau.

3'2. Ching minh rang mét phép bién hinh trong khong gian la mdv

—

ohép dong dang ti s6 k (k > 0) khi va chi khi vdi ba diem A, B, C
tly y va anh A’, B, € tuoro ing ma chung ta co AB .AC =
k“AB.AC.

Gidi
Goi f la phép bién hinh néi trén, ta co:
fla mot phep dong dang ti s6 k < B'C’ = kBC
o BC” = kBC
< (AC - AB) =k AC - ABY
& AC* - 2AC. AB 4 AB” = KA AC’ - 2AC.AB + AB)

Cho hai diém A. B va du¢ng thiang d chéo nhau véi duvng thing
AB. Liy diém C trén d, dung hinh binh hanh ABCD. Tim quy tich
trung diém M clia AD khi C chay trén d.

Gidi
« Vi CD = BA khong doi, nén ta ¢6 thé xem D 1a dnh etia C qua
phép tinh tién theo vecto BA.

Mat khiac vi AM = ~AD. Nén ta ¢6 the xem M la anh cta D qua

-

e o3 R , o
phép vi tu tAm A ti s 5"

e Vay khi C chay trén d tht M chay \\
trén d’ 1a anh cta d yua phép déng
dang c6 dugc bang cach thuc hién
iién tiép phép tinh tién theo vecto / *

. . f\ B
BA va phép vi tu tAm A ti 8§ % \\

34.

Cho hai doan thang AB va CD. Hay tim mot phép dong dang bién
A va B theo thi tu thanh C va D.
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Giai

Trén CD lay dxem A’ sao cho CA’ = AB.

e Goi f 1a phép doi hinh (thuc hién lién ti€p hai phép doi hunh)
bién A va B lan lugt thanh C va A’

CD _ CD

= . Khi d6 g bién

e Goi g la phép vi tu tdm C ti s6 k =

CA’ thanh CD.

e Khi d6 phép dong dang c6 dugc bing
cach thuc hién lién tiép hai phép bién
hinh f va g bién A va B lan lugt thanh
CvaD.

Ghi chu: Phép doi hinh f la phép thuc

hién lién tiép: Phép tinh tién theo vecto

BA' va phép quay quanh truc d (12 trung

truc cia A”C) géc quay A"AC.

35. Chitng minh réng hai hinh lap phuong bat ky luén luén déng dang

véi nhau.
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Giai
¢ Cho hai hinh lap phuong

ABCD.ABC'D’ va
A,B,C,D,.A’\B',C,D>';. Trén cac tia
A’1A1, A’IB’l, A’lD’l lﬁn ll.fot lé’y Ag,
B’;, D’; sao cho A’; = A', A" \A; =
A\B’; = A'\D’; = AB. Tu cac dinh
Ay, A;, By, D'; dung hinh lap
phdo‘ng AngCgDz.A’zB,zc,gD’g. i A,

e Goi f 1a phép doi hinh bién hinh lap phuong ABCD.A'B'C'D’ thanh
hinh 1ap phuong A;B,C.D; A’B’,C’;D’; (f ¢6 duge bang cach thuc:
hién lién tiép phép tinh tién theo vects AA' va 1 phép quay).

e Goi g la phép vi tu tdm A’} ti so
k = %{—gl Khi d6 phép dong dang c6 duogc D C
bang cach thuc hién lién tiép hai phép bién
hinh f va g sé bién hinh lap phuong _
ABCD.A'B'C'D’ thanh hinh lap phuong -------------- -4 C
A,B,C,D,.A"\B,C",\D’,. Vay hai hinh lap
phuong ludn dong dang véi nhau. |




36.

Ching minh rang hai hinh t dién déu bat ky ludn luén dong
dang vdi nhau.

Giai
e Cho hai hinh t& dién déu ABCD, A’'B'C'D’
Trén céc tia A'B’, A'C’, A'D’ lan lugt
lay cdc diém B, C;, D, sao cho AB
= A’\B, = AC, = A'D,. B’
e Goi f la phép doi hinh (f ¢c6 dugc bang
cach thuc thién phép tinh tién theo c
vecto AA’ bién ABCD thanh A’B’,C’;D’; rdi thuc hién mét phép
quay dé bién A’B’,C’;D)’, thanh ti dién A’B,C,D,.

B,

AB A
e Goi g la phép vi tu tam A’, ti so »KEL
bién td dién A'B'C’D’ thanh td dién 5
A'B,C\D,. B
e Vay ta c¢6 1 phép déng dang (f roi g) bién tu dién e

déu ABCD thanh t& dién A’B’C’'D’ (dpem).

37. Goi I', A’, B’, C’ theo thd tu la anh caa I, A, B, C qua mét phép
déng dang. Chung minh ring néu IC = p.IA + q.IB thi
IC = p.TA' + q.I'B' (6 day p, q 1a cdc o).
Gidi
Goi f la phép dong dang ti s6 k bién I, A, B, C lan lugt thanh I, A
B’, C. Ta c6:
I'C*? = K’IC? I'A”* = k*IA?, I'B’ = k*IB?, ’'A’.I'B’ = k’IA.IB
Xét (IC - pI'A' = qIB' Y = I'C? + p’I'A” + ¢°I'B?
— 2pIC'.TA' + 2pqI'A’.IB - 2qIB.IC
Vay (IC - pI'A' - qIB')* = kK’[IC? + q*1A? + qIB? - 2pIC.IA
+2pqIA.IB - 2qIB.IC] = kXIC - pIA - qIB)*=0
Suyra IC' = pI'A’" +q. I'B’
38. Goi A’ B, C' theo thi ty 13 anh cta A, B, C qua mot phép déng

dang. Ching minh ring néu AC = pAB, p la mot s6 thi
AC =pAB.

Gidi
Goi f 1a phép dong dang ti s6 k da bién A, B, C lan lugt thanh A’,
B’, C’. Ta co:
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A'PR? = K'AB%, AC” = K?ACE AB.AC = K’AC.AB
Suy ra (AT - pAB = AC -1 AVB? =2pAC AT
= kKX AC* + p’AB? -~ 2pAC.AB)
=k¥AC - pAB)=¢
Suy ra A'C’ = pA'F

39. Go: AV B, C, D, M then tha wr & anh caa A, B C D, M qua 1ot
phép doi hlnh Chimg minh rang néu AM = - kAB + pAC + gAD

thi AM =kAB +qAC +qA'D',§dayk, p, ¢ 1a nhilng sb.
Gidi '
Goi f la phép dong dang ti 6 m bign A, B, C, D, M lan lugt thanh
A, B, C, D M. Ta co:
A'M? = m*AM?, A'B? = m*AB?, A'C*? = m°AC?, AD” = m*AC?
Ta co: (AM — kAB - pA'C' = qAD P = AM? + K’'A'B”
+ p?A'C7 4 *AD? = -2k AWM LAB' + 2kpAB . A'C
+ 200 AT AT - 2qAM .AD = mIAM? + K'AB?
+ p?AC? + *AD? - 2k AM . AB + 2kpAB.AC
+2pqAC.AD - 2pAM  AD |
=mlAM - kAB - nAC +qAD] =
Vay ta da ching mink AM = kAB + p}i»"f:’ + qA'D .

BAI TAP TRAC NGHIEM CHUONG !

'."‘ A - = : .
n bién duSng hing

o,

1. Cho dugng thiang (A) ¢6 buo nhiéu phép tinh 4
(A) thanh chinh né.
A. C6 mot phép tinh tién duy nhat. B. C6 hai phép.
C. Cb vo sb phép. D. Khong c6 phép nao.

2. Cho hai duong thang & va A', ¢6 bao nhiéu phép tinh tién bién idgng
thang (A) thanh (A")

A. Cé mot phép duy nhat. B. Co hai phép.
C. Cé vd sb phép. D. Khong ¢é phép nao.
5. Cho hai dugng thang song song A va A’. C6 bao nhiéu phép tinl tién

bién dudng thing (A) thanh (A")

A. C6 mot phép duy nhat . B. C6 hai phép
C. C6 vb sd phép D. Khong ¢é phép nao
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e,

WA

o

Cér ban nhidu phép tinh tién bién mo: doan thing thanb chinh né?
A Khong ¢o B. Co mat . Cé hai D C6 v 55,

. Chio kai duirng thing sonz song A va V', mét dutrng thang A" khéng

somng song vdi A va A Co bao nhiéu phép tinh tién bién A thanh V' va
bieén A" thanh chinh né

A. To duv nhat mot B. C6 hai phé
. . P
C. Co vd s6 D. Co ahiéu nhat mot
Chwe phép tinh tién T,; v # 0. Troag ciac ménh de sau ménh dé rido

saui:

Co mét hinh (H) sao cho T (H) = (H)

Cé mét diem M dé T.(M) =M

C6 mot dudng thang d dée T.(d) = d

N €6 mét mat phing (P) sao cho T, (P) = (P)
C

Al
B.
C.

6 bao nhiéu phép d6i xing qua mot mat phing bién mot tam giac
déu thanh chinh né
A Mot B. Hai C. Bon 0. Ba

. Cé bao nhiéu phép dé1 xing qua mdt mat phing bién mot ta dién deu

thanh chinh né
A. Ba B. Hai C. Khong ¢c6 1. V) s0

. Goi {14 phép d6i xung qua mat phdng (P). Trong cdc ménh dé sau.

ménh dé nao sai:

A. Co mot didm M dé fM) = M.

B. C6 mot dudsng thing d dé f(d) = d.

3. Cé modt mat phang (Q) # (P) sao cho Q) = 0.

D. Co mot tua dién (H) sao cho f hign ddi moi dinh cda né thanh chinh
ne.

10. Ilinh nao sau day khong c¢6 tam doi ximg

11.

A. Hinh iap phuong B. T dién doi xing
C. Hinh héop chd nhéat. D. Hinh hop

Got fla phép d61 xing qua tAm O. Trong cac ménh dé sau, ménh dé
nao sar:

A CodiemMdée IM) =M

B. C6 dudng thang d dé fid) = d

C. C6 mat phing (Q) sao cho flQ) = Q

D. Coé ta dién (H) sao cho filH) = (H).

12. Cho hai duing thiang song song d va d'. C6 bao nhiéu phép doi xing

tim bién d thanh d'
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13.

14.

15.

16.

17.

18.

19.

20.

21.

30

A. Khong ¢6 phép nao B. C6 mot phép duy nhat

C. Chi c6 hai phép D. C6 vd sb phép.

Cho hai dudng thiang cdt nhau d va d’ ¢6 bao nhidu phép doi xung
tam bién méi dudng thing thanh chinh né

A. Khong c6 phép nao B. C6 mot phép duy nhat

C. C6 hai phép D. C6 vd so phép.

Cho hai dudng thdng cét nhau d va d’. Cé bao nhiéu phép doi xing
td1a bién d thanh d’

A. Khong c¢6 phép nao B. C6 mot phép duy nhat

C. Chi c¢6 hai phép D. C6 vd sb phép.

Cho hai dudng thang song song d;, d, va dudng thang d; cat d,, d,
Cé6 bao nhiéu phép d6i xiing tAm bién d, thanh d, va bién ds thanh
chinh né.

A. Khong c6 phép nao B. C6 mdt phép duy nhat

C. Chi c6 hai phép D. Co6 vo s6 phép.

Hinh hop c6 bao nhiéu tam doéi xing

A. Khong c6 B. Mot C. Hai D. Ba.

Cé bao nhiéu phép ddi xiing tam bién dudng thang d thanh chinh né
A. Khong c¢6 B. C6 mot phép duy nhat

C. C6 hai phép D. C6 vd so phép

Cho hai dudng thidng song song a va b. C6 bao nhiéu phép déi xing

tdm bién mdi cudng thanh chinh né

A. Khong cé B.Co mot | C. Cé hai D. C6 vo sb.

Cé bao nhiéu phép d6i xing qua tdm bién moét ti dién déu thanh

chinh né

A. Khéng cé B. C6 mot C. C6 hai D. Cé vo sé.

Trong cdc ménh dé sau, ménh dé nao sai

A. Phép doi hinh bién duosng thang thanh dudng thang sonz song
vl nd

B. Phép doi hinh bién hai mat phang song song thanh hai mat
phing song song

C. Phép doi hinh bién dudng thing thanh dudng thing

D. Phép doi hinh bién hai dudng thidng song song thanh hai duong
thang song song

Cho hinh lap phuong AECD.A'B'C'D'. Goi g la phép doi hinh & dugc

bang cach thuc hién lién tiép phép tinh tién theo vecto DC va piép doi

xtimg qua mp(ACC'A’) khi d6 g bién hai diém A va A’ theo thd tu thanh

A CvacC B.DvaD C.BvaPB D. D va D.



22. Cho hinh lap phuong ABCD.A'B'C'D’ thi t diéen ACB'D’ bang tt dién:

A. DD’'AB B. C’'A'DB C. ABDA’ D. C'DBC.
231. Hinh lap phuong c¢é bao nhiéu truc déi xdng?

A. ba B. bén C. sau D. tam.
24i. Hinh t& dién déu c6 bao nhiéu truc déi xding

A. ba B. bon C. sdu D. khong cé.

25:. Cho hinh 1ap phuong ABCD.A'B'C'D’. Goi O 12 giao diém cia AC va
BD, O diém cia A'C' va B'D’. Phép quay quanh truc OO’ (hudng
duong cta truc 1a huéng tir O dén ) géc quay 90°. Thi anh cia AA'.
A. AC B. BB’ C. BA D. DD’
26.. Trong cac ménh dé sau, ménh dé nao ding
A. Thuc hién lién tiép hai phép tinh tién ta sé dugc mot phép tinh
tién

B. Thuc hién lién ti€p hai phép quay quanh mot truc sé dugc mot
phép quay quanh mat truc

C. Thuc hién lién tiép hai phép quay quanh mot sé dugc mot phép
déi xing qua mit phing

D. Thuc hién lién tiép hai phép d6i xing tam sé dugc mot phép doi
xung tam

27. Tim ménh dé sai trong cac ménh dé sau.

A. C6 mot phép tinh ti€n bién mét diém trong khdéng gian thanh
chinh né.

B. C6 mot phép quay quanh mot truc, bién médi diém trong khong
gian thanh chinh né.

C. C6 mot phép vi tu bién mdi diém trong khong gian thanh chinh né.

D. C6 mot phép ddi xiing qua mit phéng trong khéng gian thanh
chinh né. |

28. Tim ménh dé sai, trong cac ménh dé sau.

A. Phép doi xiing qua truc 1a mot phép doi hinh.

B. Chi c6 céac phép tinh tién, phép d6i ximg qua mot mit phang, phép
doi xiing qua tam, phép quay quanh mdt truc mdi la phép dai hinh.

C. Phép dong nhat 14 mét phép dai hinh.

D. Cé4c phép tinh tién, phép d6i xdng qua mit, phép ddi xdng qua
tam, phép quay quanh mgt truc 14 nhirng phép doi hinh.

29. Trong cdc ménh dé sau, ménh dé nao sai
A. Phép tinh ti€n 12 mot phép dong dang.

B. Phép bié€n hinh 1a mot phép dong dang.
C. Phép doi hinh 14 mot phép dong dang.
D. Phép vi tu 1a mot phép dong dang.
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30. Trang cdc ménh dé sau (ve nhimg phép bién hinh trong khéng giian)

ménh dé nao sai.

A. Thue hién lien tiép hai phép dong dang sé dugc mot phép dong dang.
B. Thue hidn lién tiép hai phép vi tu sé dugc mot phép vi tu.

C. Thue hién lién tiép hai phép vi tu s& duge mot phép dong dang.

D. Thuc hién lién tiép hai phép doi hinh sé duoe mot phép dong dangs.

31. Trong céc phép bién hinh sau, phép nao khong phai la phép dai hinh.

A. Phép tinh tién

B. Phép ddi xitng qua mot mat phing
C. Phép quay quanh truc

'D. Phép chiéu song song

32. Trong cac ménh dé sau (vé nhitng phép bién hirh trong khong gnan)

ménh dé nao ding:

A. Phép dong dang 1a mét phép vi tu

B. Phép dong dang 14 mét phép dai hinh

C. Phép ddng dang véi ti so dong dang biai.g 1 12 mot phép doi hinh
D. Phép déng dang vdi ti s§ dong dang 1én hon la mot phép vi tu.

83. Trong cac ménh dé sau ménh dé nao sai:

A. C6 mot phép vi tu bién moi difm trong khong gian thanh chinh
no.

B. C6 mot phép tinh tién bién modi diém trong khéng gian thinh
chinh né.

C. C6 116t phép quay quanh truc bién diém trong khong gian thianh
chinh né.

D. C6 mot phép d6i xing qua mat phing bién mdi diém trong khong

gian thanh chinh né.

34. Trong cdc ménh dé sau, ménh dé nao ding

35.
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A. Phép vi tu bién mot doan thang thanh médt doan thang bing né.

B. Phép dong dang bién mot doan thdng thanh mét doan thing
bang no.

C. Phép dong dang bién mot géc thanh maot gée bang né.

D. Phép dong dang bién mot tam giac thanh mot tam gidc bang no.

Phép dong dang bién hai dudng thing song song thanh hai dudng
thang: -
A. song song B. cdt nhau

C. chéo nhau D. trung nhau.



Chuong II. KHOI BA DIEN

Bai 1. KHAI NIEM VE KHOI PA DIEN
A/ KIEN THUC CO BAN

I. Khai niém vé khdi da dién
Hinh da dién (goi tdt 1a da dién) 1a hinh dugc tao bdi mét sé hiu
han cac mién da gidc théa man hai tinh chat.
e Hai mién da gidc phan biét chi ¢6 thé hodc khong giao nhau hoic
¢6 mot dinh chung, ho&c c6 mdt canh chung.
e M6i canh cia mién da gidc nao ciing la canh chung cta ding hai
mién da gi4c.
Méi mién da gidc nhu thé goi 12 mdét mit cia hinh da dién, cédc
dinh, canh cta cdc mién da gidc 4y theo thu tu dugc goi la dinh,
canh cda hinh da dién.
II. Khdi niém vé khoi da dién
Khoi da dién la phan khéng gian dugc giéi han bdi mot hinh da
dién, ké ca hinh da dién dé.
III. Khéi da dién 16i
Khoi da dién (#) duge goi la 16i néu doan thing néi hai di€m bat
ky cuaa (#) ludon thuge (#).
Khi d6 da dién xdc dinh (#) dugc goi l1a da dién 16i.
Binh ly: Goi d, ¢, m theo thi tu 1a sé dinh, s6 canh, s mat cua
khoi da dién 16i. Khi d6 ta c6 méi lién hé sau duge goi 1a cong thuc
O-le.
d-c+m=2"
IV. Phan chia mot khéoi da dién thanh nhiéu khéi da dién
' Néu khéi da dién .#'1a hop cia n khéi da dién .#, .#3, ..., .#, sao
cho ching khéng c6 diém trong chung thi ta c6 thé chia dugc khéi
da dién .#'thanh cac khdi da dién .#;, .#;... .#,, hay c6 thé 1ip ghép
n khéi da dién nay v6i nhau dé duge khoi da dién .#.
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Bai 2. KHOI DA DIEN PEU
A/ KIEN THUC CO BAN

* Pinh nghia: Mot khéi da dién 161 duge goi la khai da dién deu loai
{p, q} néu
a) M6i mat cha né 1a mét mién da giac déu p canh.
b) Méi dinh ciia né 1a dinh chung cia ding q mat.
Tu dinh nghia trén ta thdy cdc mat cua khoi da dién deu la
nhimg mién da gidc déu. P6 la cac khdi da dién loai {3; 3}; loai
{4; 3} loai {3; 4} loai {5; 3} va loai {3; 5.

Bai 3 KHAI NIEM VE THE TiCH CUA KHOI PR DIEN
A/ KIEN THUC CO BAN

Nguoi ta ching minh dugc rang: c6 thé dat tuong dng cho méi da
dién (#) mot sé6 duong V(.#') thoa man cac tinh chat sau:
a) Néu (') 1a khoi lap phuong ¢6 canh bang mot thi V(# ) = 1.
b) N&u hai khéi da dién (.#,), (.#3) bing nhau thi V(#,) = V(.#3).
¢) Néu khoi da dién (#) duge phan chia thanh hai khéi da dién (#;),
(-#2) thi V(#') = V(#) + V(Ay).
S6 duong V(.#) néi trén duge goi 1a thé tich khoi da dién (#)
e Thé tich khéi chép c6 dién tich day B va chiéu cao h 1a

Ve 2Bk
3 :
e Thé tich cta khéi chép cut c6 dién tich hai day B, B’ chiéu cac h
1a V=%(B+B'+ BB )h

e Thé tich cha khéi hop bing tich s6 cia mot dién tich ddy sa
chiéu cao cia né.
e Thé tich ciia khéi hop chit nhat bang tich sé ba kich thudec.
Ghi chu:
1. Ti s6 thé tich cia hai khdi da dién dong dang bing lip
phuong ti s dong dang
2. Trong sd trudng hop ta thuong s dung két qua sau: Cio
khoi chép SABC, trén cac doan thing SA, SB, SC lan lugi 3
diém A’, B, C' khac S.
Khi dé ta cé: Visancr ot : i) . ot
Veno  SA SB ' SC
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B/ BAI TAP

1. Che hinh chép S.ABCD c¢6 day ABCD la hinh chd nhat vaéi
AB = a, AD = ay2, SA = a va SA vuéng géc véi mat phéng
(ABCD). Goi M, N lan lugt l1a trung diém cia AD va SC, I 1a giao
diém cua BM va AC. Ching minh rang mp(SAC) vudong géc vdi
mp(SMB). Tinh thé tich cua khéi ti dién ANIB.

Giai
Dé thay I 1a trong tam AABD
— Bl= 2BM- EﬁvéAIz AC _ay3
3 53 3 3

2
AABI ¢6 BI? + AI” = 23 3 §-g- - a’ = AB?
—- BI 1 Al va Bl 1 SA
= Bl 1 (SAC) = (SMB) 1 (SAC)
Go1 V = Vgape; Vi = Vsann; Vo = Venar
& " L _ SN.SA.SB CN.CICB

Vv 'V T SCSASB | SCCACB
V,+V, 1,12 _1 1 _5

Ta co -

Pz

vV 223 27376
o Vi = L Verge = L. LBA.BC.SA
A}\IB-"6 SABC—66
3
= — .a.avJ2.a= \/— (dvtt)
36 36

2 Cho hinh chép tam giac S.ABC c6 day ABC la tam giac déu canh a,
SA = 2a, va SA vudng géc véi mat phéng (ABC). Goi M, N lan lugt
1a hinh chiéu vuéng géc cua A trén cdc dudng thang SB, SC. Tinh
thé tich clia khéi ch6p A. BCNM

Giai
Viun _SASMSN _ SMSB SN.SC
V., SA'SB'SC ~ SB* ~ SC?
SA*® SA? 4a® 4a”° 16

SB? 'SC*  5a° ba’ 25

Ta cé

16
Suy ra Vgamn = o5 VsaBC
Suy ra Vapemn = Vsase — Vsamn
9 3a°\/3
(dvtt)
25 SABC = 50
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8. Chiing minh ring mot da dién c6 cdc mit 1a nhitng da gidc c6 so lé
canh thi téng s6 cdc mit cia né phai la mot s chin.
Gidi
Goi m la s6 mat cia da dién, va goi (2k + 1) 1a s6 canh cuia 1 mit
da dién.
V4y s6 canh cia khdi da dién 1a m(2k + a). Nhung do méi canh la
canh chung cia dday hai mat da dién gidc nén sé canh thuc su caa
m(2k +1)

da dién la ¢ = (phai 14 s6 nguyén duong) nén m phai la

s6 chdn (dpcm).

4. Hay chia khéi lap phuong thanh sdu khéi ti dién bing nhau.
Giai
e Pau tién ta chia khéi da dién lap B C
phuong ABCD.A'B'C'D theo . !
mp(BB'D'D) thanh hai hinh lang AR T 10|

tru ding bang nhau. N
e Chia khoi lang tru diung ABD.A'B’ B’
thanh ba khdi ti dién bing nhaula . | .\
B'.AA'D' va B'.ABD va B'ADD". A rs
e Chia khéi lang tru ding BCD.B'C'D’ thanh ba khéi ti dién bang
nhau la D.B'D'C’ va B'.BCD va B'CDC’
Nhu vay ta da chia khéi lap phuong thanh sau khéi ti dién bing
nhau.

5. Chitng minh réng cdc tam cGa cdc mit cia mot hinh t dién déula
cdc dinh cia mét ti dién déu.

Gidi
Goi a 1a d¢ dai canh cia tu dién déu.
Goi G; la tam cia AABC
G. 14 tam cia AACD
G; la tdm cua AABD
G, 12 tim cia ABCD |
Goi M, N lan lugt 1a trung diém cia BC, CD

TacéMN:-;-

Trong tam gidc AMN ta c¢6 G,G; = %

Wi

=
2
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Tuong tu td dién G,;G,G3G4 c6 sdu canh déu béng —3—, nén tu dién

G1G2G3G4 la ta dlén déu

6. Chitng minh ring cdc tam cia cdc mat cha hinh tdm mat deu la céac

dinh cia mét hinh l4p phuong.

| Gidi
e Goi a la d6 dai canh cGa hinh tdm mat déeu T
T& giac ABCD la hinh vudng canh a.
Tacé6 AC=DB =av2,AC L BD ,
Goi M, N, P, Q lan lugt 1a trung diém

C
cua AB, BC, CD, DA. Ta cé6: /o i for
A ot
MN = pq /s AC _ aY2
2 2 \ e
NP = MQ/ BD - a¥2 4
2 F
Suy ra G4G1G5G; 1a 4nh cta QMNP qua phép vi tu tam S ti s3 -25
= G4G1G2G; 1a hinh vudng c6 canh la %MN = g‘a\zﬁ = af

e Tuong tu goi Gs, Ge, G7; Gs 1an lugt 1a tdm cta AAFB, BFC, CFD,
DFA
Tuong tu GsGeG7Gs ciing la hinh vuéng bang hinh vuéng
G1G2G3Gy
Tuong tu: G,G4G4Gs,... ciing 1a hinh vudng bang hinh vudng
G1G2G3G4
Tém lai ta ¢6 G;G2G3G4.GsGe¢G7Gs 12 hinh 1ap phuong (dpcm).

7. Tinh thé tich khdi chép ti dién déu canh a.

Giai
Gor M 1a trung diém cta canh CD
AH 1a chiéu cao cia td dién, AH 1 (BCD)

Ta c6 BM = 3_3

2
2
s Spep = %CD.BM _ %a.a‘f - af

Vi AB = AC = AD = H 1la tdm dudng tron
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ngoai tiép ABCD (do HB = HC = HD)
Nén H cing la trong tam tam gidc déu BCD

:>BH--BM_3§£
3 3 9

Xét tam gidc vudéng ABH ta cé:

2 2
AH? = AB?- BH?=-a2_ & _ 2
AH = av2 _a/6
J3 3
\/_3_ a\/_ a.‘J\/ﬁ .
Nén Vagep = -—S AH = . = (dvtt)
€N VapcD = BCD- 3 2 3 v v
8. Tinh thé tich khoi tdm méat déu canh a.

Giai

Ta cé SABCD = 3.2
AC=ayJ2 = AO = %

Nén trong tam gidc vudong EAO ta c6
2

E02£AE2-A02=32-%

:EO:i‘z-@

4 F
Nén Vgapep = gSABLD SO = l 2aJ_ a'V2

3 2 6

a’ 32
Vs asenr = 2Veasep = 286Jé = ;/— (dvtt)

9. Cho khoi hop ABCD.A'B'C'D'. Tinh ti s giia thé tich cia khéi hop
dé va thé tich cha khoi ti diéen ACB'D'.
Giai
Goi a, b 1an lugt hai canh cia hinh binh hanh diy ABCD, h la
chiéu cao ciia hinh hép.

Tc 6 Sapcp = 2( labsinf)_A\B) = absin DAB

VABC.B' _(SABC)h = % % sin DAB B = abh.81nDAB
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1 1 ab abh.sinDAB

Voapa = g(SD'A'B')h = g —é— .Sin D"KE' h =

Vpepe = l(SD'C'B-)h . Bvagnlal
a 6
Vaner = % (Sapc)h = abhsinDAB
bh.sinDAB
Vascp asen = Sasep-h = a Sl;
Ta c6
Vacep = Vasepasen — (Vasep + Voere + Vapep)
= abh DAB - %abhsinDAB -, BdnstnlAR
Suy ra Vancoawen: abh.sin@ = 3.
Vacop abh sinDAB
3

10. Cho khdi chép S.ABC. Trén cdc doan thing SA, SB, SC lan lugt
lay ba diém A’, B’, C' khac S. Ching minh rang:
Veoye  SA' SB' SC
Vise  SA SB'SC

Giai
Dung hinh CH va C'H' vudong géc vdi mp(SAB)
Tacs Cob = 5C (vi ASH'C’ o aSHO)
CH SC

Veawe = %s.\SA.B,.c'H' _ %SA'.SB'.sin ASB C'H'

VSABC = E];S'\SAB-CH = %SASBSII’] A§B .CH A

Viipe _ SA'SBSC

Do do =
Ve 2 SASB.SC

11. Cho hai duong thang chéo nhau d va d’. Poan thang AB c¢6 d¢ dai
a trugt trén d, doan thing CD c6 d¢ dai b trugt trén d’. Chung
minh riang khai tu dién ABCD c¢6 thé tich khong doi.

Giai
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T cdc canh 1a AB, CD, AC ta dung hinh h¢p ABIH.CDEF
Goi a = (d,d") thi ta c6

SABIH = absina
Goi h 1la do dai doan vudng géc
chung cua d, d =
h = d(C, ABIH) nén h la chiéu
cao cia hinh hop
Do d6 VABIH.CDEF = habsina
Ta dé thay:

Vasep = Veerp = Vasup =Vrpes = Vepur = Vaper
1

= — VABIH.CDEF

6
Do d6 Vapep = éabhsina (khéng déi) (dvtt)

12. Cho tam gidc ABC vudng can & A va AB = a. Trén dudng thing
qua C vudng géc véi mit phing (ABC) ldy diém D sao cho
CD = a. Mat phéng qua C vudng géc véi BD cit BD tai F va cit
AD tai E. Tinh thé tich khéi ti dién CDEF theo a.

Gidi
Trong AABC: ta ¢c6 CB = a+/2 ,
ADBC: DB? = DC? + CB? = a® + 2a® = 3a®
= DB = a3
ADCB: DC? = DF.DB
DC* _ a® a\/3
DB aJ3 3
e Tac6 CE 1 DB (vi DB 1 (CEF))
CE L AB (vi AB L (DCA))

= CE 1 (DAB) = CE 1EF
Vay ACEF vuodng tai E

= DF =

2
-ACDF:CF%CD%DF?:?g— — CF = :“_‘5/_9-

e Tam gidc vuong CEF
2a’ a?

EF2 = CF2 E CE2 = "—3-— - —2— (Vi ADCA Vuf)ng Cén)
EF?- & _ gF- 2Y6
6 6
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& a6 a2 _ a3
2 6 2 12
1 a®J3 aJ3 a’

1
Vi = S DF = = e B
GHEF = “gear 3712 3 "3

Serc = %CE.EF -

13. Cho hinh hdp chir nhat ABCD.A'B'C'D' ¢6 AB = a, BC = 2a,
AA' = a, lay diém M trén canh AD sao cho AM = 3MD
a) Tinh thé tich khéi chép M.AB'C.
b) Tinh khodng cdch tit M dén mp(ABC').

Gidi
2 ) ’
2) T4 €6 Supe = 2 8upg = 2. L 9a%= B D c
4 42 4 '
1 3a® a’ AL B
Vmasc = A &= (dvtt) D K
b) Goi h la khoang cdch tt M dén alMm ',., ) O
mp(AB'C) khi do: ............................ 9a
1 a’ A a B
Vumape = —Sape.h = —
MABC = 2 SapC 3

Ta c6 AC® = B'C* = a* + 4a® = 5a” nén tam gidc ACB’ cén tai C do
d6 dugng trung tuyén CK ciing 1a dugng cao cia (AAB'C)

B2Y  9a
Tac6 CK? = CA? — AK? = a2 — |2Y4| - 22
. 2 2
L CK-3a._ 3a+/2
J2 2
1 3a 3a’
S e = -u—,a\/_ = ——
AB'C 2\/§ 2
3a2 3 a

Vig — h=3" = k=
2 4 2

14. Cho hinh hop ABCD.A'B'C'D". Goi E, F lan lugt 1a trung diém cta
B'C’' va C'D'. Mat phang (AEF) chia hinh hép d6 thanh hai hinh da
dién (H) va (H') trong d6 (H) la hinh da dién chda dinh A’. Tinh ti

sb gitta thé tich hinh da dién (H) va thé tich hinh da dién (H')
Gidi |

e Goi I la giao diém cta EF véi A'B’, J 1a giao diém ciua EF véi

A'D', Al cit BB’ tai I, AJ cit DD’ tai M

Vi EB' = EC'va B1/ C'F nén IB' = FC' = léi
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Tu d6 suy ra hinh chép LBEI la
anh cua hinh chép AA'JI qua phép

vitutém!tisfik:%

1
Do d6 Vigg = — Vaa
LBEL = o Vaal

bat AB = a, BC = b, duong cao ha tu
A xudng mp(A'B'C'D’) 1a h thi
Vascp amen = h.a.bsin (BAD)

1 (13a3b . — 3
Vaaw = —(| ===""sinBAD |h = = V
AA'LJ 3 [2 9 9 s1n ) 3 ABCD.A'B'C'D
2 25 &
Vay Vau = Vaaw - — Vaau = — .= V
1y (H) AA'l o7 AA'LJ 278 ABCDA'BCD
= 2% Vapcpapep
12
47
79 ABCD.A'B'C'D
V,
Dods 20
V(m 47

15. Cho hinh chép tam gidc S.ABC c6 déy la tam giac vudng ¢ B. Canh

SA vudng goc vai day. Tu A ké cac dudng AD vudong goc vdi SB va
AE vudng goc véi SC. Biét rang AB = a, BC = b, SA = ¢. Hay tinh
thé tich hinh chép S.ADE.
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Giai
Tacoé BC L AB
BC 1 AS
Suy ra BC 1 (ABS) => (SBC) L (SAB) theo giao tuyén SB
Ma AD 1 SB = AD 1 (SBC)
— AD | SC
Vay SC 1 (ADE) tai E

Ta c6 Ssag = %AB.AS - ;IZ—SB.AD

5 AD = AB.AS _ ac
SB " «
—- AE = ‘_A‘_?’__AC =
SC




A vudng ADE: DE? = AE? - AD?

c’(a® + b?) a‘c? c‘b
=t DK = = < ¢ 42 2 = 2 2 Poncr o 2
a”+b”+c® a“+c \Ra +b” +c”)Na” +c”)
Tam gidc vuong SAC: SA®* = SC.SE
SA* c’
=>SE= — =
¢ T e
Veas = L Sape.SE = +. L AD.DE.SE
saug = 2 Sgoe0k = 2.2AD.DE.
11 ac c’b c?
32 asc? J(@® +b? + ¢2)a® + c?) Ja? + b? + ¢?
abc®

= : : , — (dvtt)
6(a* + c*)a® + b* +¢?) s

16. Cho hinh chép tam gidac O.ABC c¢6 ba canh OA, OB, OC d61 mot
vudng goc véi nhau va OA = a, OB = b, OC = c. Hay tinh:
a) Puong cao OH cua hinh chép.
b) Thé tich khéi t& dien OHBC.

Giai
a) Vé duong cao OK cua AOAB.
Tacé-1 . L + . & . =i+—1—_-=w————b2+az
OK* OA* OB? OK* a* b* a’b?

Ta c6 AB 1L OC, AB 1 OK = AB 1 (OCK)
= (OCK) L (ABC) theo giao tuyén CK
ha OH L CK =» OH 1 (ABC)
Xét tam gidc vuong OCK:
St 1
OH® ~ OK’ ' oC*
o 1 _ b® + a? . 1
OH* a’b? c?
a’c® + bc® + a’b?

> Y = e
OH* a’b?c*
2.2 2
a‘b°c
> OH® = 2.2 22, 2,2
a‘b® + b’c” + c¢°a
abc
=> OH =

\/gzbz + b%c? + c%a?
b) Xét tam giac vudbng OCH: CH? = OC? - OH?
CHZ = ® — a’b’c? _ a’b’c’ + b’c’ +c'a’® —a’b’c’

2

a’b® + b’c” + c*a” a“b* + b’c” + c*a”
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c*(a® + b?) c2Ja? + b?
2b? 4+ b2c? 77 — CH = 212 2.3 . 2 2
a’b" +Db'c +ca Ja’b? + b¥c? + ca

c¢’bava? + b?

a’b? + b%c? + c%a?

CH? =

Soxc = %OH.CH _

. 21.2
Xét tam gidc vudong OKB: KB? = OB? — OK? = b* - b? +b >
a
b%(a® + b?) - a®b?® b* b?
ICBZ - — KB =
3.2 +b2 32 +b2 - 1'la2 +b2

1 1 c°bava?+b?  b?

V = = w 2 2
OHBC dt(AOCH) BK 32 2702 5 bic? 1 %l o

bic%a
= dvtt)
6(a’b® + b%c* + ¢*a®) o
17. Cho hinh chép tam gidc déu S.ABC c6 canh AB = a cdc canh bén
SA, SB, SC tao véi ddy mot géc 60°. Goi D 1a giao cia SA véi mit

phing qua BC va vudng géc véi SA.
a) Tinh ti s6 thé tich giita hai khéi chép S.DBC va S ABC.

b) Tinh thé tich cia khéi chép S.DBC.
Gidi
a) Ha dudng cao SH cta hinh chép S.ABC.
= H la tdm cGa AABC déu canh a

Ta c6 AM = aV3 — AH = _2_AM=g_aJ§ _aJ3
2 3 3" 2 3
Theo gia thiét SAH = (canh bén, mat day) = 60°
Tam gléc vudng SAH:
SH = AH.tg60° = 3‘3/_ 9 =g

1(1 axfgj a’J3
Vessns = | 2a B8] 4 dvtt
S 3(2al 9 g Gvtt)

2
e Ta cé6 SA? = AH? + SH?= (%@J +a’

2
=3§—=832=sc2

2 2
SM? - SB? _ BM2 - 28 _a _ 132’
4 12
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aJ13 _ aJ39
23 6

Seap = %AB.SM _ ;_ SA.DB <> AB.SM = SA.DB

SM =

Da.aﬁg = g—i,DB:;»DB: a___l_g
6 V3 12
Xét tam gidc vubng ADM. Ta cé:
AD = AM.cos60° = —\/_-l = ?—\/—E
2 2
DM? = [E,_‘@Jz (I’:T _ 9%
2 4 16
DM = —
4
1 1 3a 3a*
S v = —‘BC.DM = —a.— = —
BT 2% 4 T 8
SD - SA_AD - 23 _ay3 _5ay3
J3 4 12
2 5aJ3 _ 5a’V3
\ _—s sp= 132 - dvtt
S.DBC BDC- 378 12 96 ( )

Vay —soee _ 533‘/— g et o O
. Vs./mc , 96 33\/5 8

5a°\/3
96

Theo cau (a) ta c6 Vgppc = (dvtt)

18. Cho hinh chép tam giac S.ABC c6 AB = 5a, BC = 6a, CA = 7a. Cac
mit bén SAB, SBC, SCA tao véi ddy mot goc 60°. Tinh thé tich
khoi chép dé.

- Gidi
Ha SH L (ABC)
Ha HM 1 AB, HN 1 BC, HK 1 AC
— SMH = SNH = SKH = 60°.
. . . o _ SH
Ta c6 trong A vuong SHM: tg60" = M
= SH = V3 HM
Vi 3 tam gidc vudng bang nhau:
ASMH = ASNH = ASKH
= HM = HN = HK = r = ban kinh dudng trdon ndi ti€p AABC

45



5a + 6a + 7a

Suasc = /p(p - 5a)(p - 6a)(p - 7a) vdi p = =l =
Siapc = 6a*\/6
2
Talaico S=pr =>r= C = 6a°\/6 = 26 = MH
P 9a 3
L SH - \/5_2a\/6 _ 6ay2
3 3
Vs.ase = —é-SABc SH = %-632 J6 . GaE;/% = 8a’\/3 . (dvtt)

19. Cho khéi chép S.ABC c¢6 day la tam giac can AB = AC = fHa,

BC = 6a. Cac mat bén tao véi day mot goc 60°. Hay tinh thé tiich
cua khoi chop.

Giai
Ha SH 1 (ABC). Ké HA’, HB’, HC’ lan lugt vuéng géc véi BC, CA,
AB. Theo dinh ly ba dudng vudong goc ta c6 SA’ L BC, SB’ L CA, SC
1 AB. Do 46 ta cé:
SAH = SBH = SCH = 60" Suy ra
cdc tam giac vuong SHA’, SHB’, SHC

bang nhau.
Tu dé suy ra HA’ = HB’ = HC’. Nén H
la tam dudng tron ngoai tiép AABC. A

Do AABC can tai A > AH la trung
truc cua BC.
Tacé AA” = AB* - BA” = 25a° - 9a” = 16a° B
= AA’' =4a '
Goi p la nia chu vi AABC, r 1a ban kinh duong tron noi tiép cua né.

Ta c6: Spape = %.63.4& = 12a”* = pr = 8ar.

:>r=l3E = HA'.
2

3\/§a
2

Xét A vudng SA'H: SH = HA'tg60° = .3_; 3 =

1 3a.\/3
2

\Y = =.12a%
S.ABC 3 |

= a’.6/3 (dvtt)

20. Cho hinh chép S.ABCD c¢é day ABCD la hinh cha nhat, SA vuong

géc v6i ddy va AB = a, AD = b, SA = ¢. Lay cdc diém B, D’ theo
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thi tu thudée SB, SD sao cho AB’ vuéng géc véi SB, AD’ VUGng goc
vai SD. Mat phang (AB'D’) cat SC tai C. Tinh thé tich khdi chép
S.AB'CD’.

Gidi
Ta dé thay:
(SAB) 1 (SBC) vi ¢c6 BC L (SBA)
(SAD) 1 (SDC) vi ¢6 DC L (SDA)
va AB’ L SB = AB’ (SBC)
= AB’ 1 SC
va AD’ L SD = AD’ 1 (SCD)
= AD’ L SC
Suy ra SC L (AB'D’) = SC L AC’
AABC: AC® = a®* + b® B
ASAC: SC? = SA® + AC* = ¢® + a’ + b?

Sesc = %SA.AC " %SC.AC’

L AC - cva® + b?
va* + b? + ¢?
ASAB: .SB%? = a? + ¢2 = SB = Va? + ¢*
1 1 ac
Ssap = —SAAB' = = AB = :
Sl 2%~ Vo
AAB'C’ vuong tai B' vi AB’ | (SBC) = AB’ 1 B'C’
2 2 2 2.2
BC?= AC? - AB2- @ *b)  ac
a‘+b*+c¢®* a’+c?
c'b?
- (a® +c?)a® + b + ¢?)
Sapc = LABBC = - Iac e c“}) :
2 2 Ja?+¢? J(a®+c?)a? +b?+cd)
ASAD: AD' = —_%¢
vb? + ¢
Tam gidc vudng AD'C’ vudng tai D': D'C? = AC'? — AD"?
DC? = c*(a® + b?) _ b*c* _ a’c!
a?+b*+c®>  b?P+c¢®  (bP+ci)Na’+b?+c?)
D' = ac?

J(b% + c*)a? + b% +¢c?)
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1 be ac?

2 Jo?+c? J(b% +c?)a? + b? +c?)

Sapc = —é—AD'.D'C' _

S abc® [ - 1 N 1
ABC'D
2 |(@®+c®)Va?+b%+c? (b?: c?)/a?
abe*(a® + b? + 2¢?)

2(a® + c*)(b? + c?)Va? + b + ¢?

+b2+cz}

1l

2z 12 b2)} C4
ASA l: 12= 2__Al2= Zuc(a+ = ; :
Gz BO% = BA' = ACP < = e ag = = s
c2
SC’ =
7 /a2+b2+C2

P %dt(AB'C’D’).SC’

1 abe*(a® + b* + 2¢%)c

3 2(a? +c?)(b? +c?)Va® + b2+ ¢’ Jal + b? +c?
abc’(a® + b + 2¢%)

= - - - - dvtt
6@ 2 )b s N s b ) vt

21. Cho hinh hop chit nhat ABCD.A'BCD' ¢6 AB = a, BC = b,

AA’ = c. Goi M va N lan luot 1a trung diém cta B'C’. Mat phang
(AEF) chia hinh hop d6 thanh hai hinh da dién (H) va (H'). Trong dé
(H) 1a hinh da dién chia diém A’. Tinh thé tich caa (H) va (H').
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Giai
Gia st duong thang MN cdt A’B’ tai I, cit A'D’ tai J, Al ciat BB' tai
F, AJ cit DD’ tai E.
e Tinh VFB’IM
Vi M la trung diém cta B'C’




b
Tu’o’ng tl.f VED'NJ = a9c

72
_ 1 [1%3_1)_) 3abc
MU= 3l 27272) 7 8
Vay Vg = 3abc (abc+abc) _ 25abc (dvit)
8 72 72 72
Vs = bici= 25abc _ 4T7abc (dvtt)
72 72

22. Cho hinh chép tam gidac S.ABC c6 d4ay la tam gidc vudng & B,
| Canh SA vubdng géc v6i ddy. Biét ring AB = a, BC =b, SA =c.
Hay tinh khoang cdch tir A dén mp(SBC).

Gidi
Ta c6: BC L SA (vi SA 1 day)
BC L AB (AABC vudng tai B)
= BC 1 (SAB) = BC L SB
Goi h la khoang cach tir A dén mp(SBC)

Ta 6 Veape = %SA.AB.BC - éh.SB.BC

A

— h = abc = e (dvtt)

bva? + ¢? va? +¢?

23. Cho hinh chép ti giac déu S.ABCD mit phing (P) qua A va vudng
géc v6i SC cat SB, SC, SD lan lugt tai B’, C', D'. Biét
AB=a 5B _ 2

SB 3
a) Tinh ti s6 thé tich hai khéi chép S.AB'C'D’ va S.ABCD.

b) Tinh thé tich cia khéi chép S.AB'C'D'.

Gidi
Goi SH la ditong cao cua S.ABCD.
SH c4t (P) tai H', H 1a giao diém ctia AC va BD.
Vi BD 1 (SAC) = BD 1 SC

Do d6 BD / (P). Tu d6 suy ra (P) cit (SDB) theo giao tuyén B'D’ / BD.
SD" SH' BD 2
Do dé6 = = = —
SD SH BD 3
H'B' = H'D' va B'D’' L AC’
Goi E la giao diém ciia dudng thing qua
H va song song vdi AC'. Khi d6 ta cb
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SC' 2

E'C = EC; = —.
SE 3
SE - SC' 1 EC
Tu dé ey T e T e
6 suy ra SE 3 SE

Do d6 SC’' = 2EC’ = CC'.
Ta ¢6 YQ—A—B—D—- =
V

SABD
V.

SB'C'D’

&
9

L
g =

coing Wik
it wiN

2
9

VSB(‘,D

Ve wui
Tu d6 suy ra Vsapcn = Vsasp + Vssep = (é “Zﬂj —SABCD - - l Vs aBcp-

+
9 9 2 3

VSA’B'C’I)‘ _ 1

V

SABCD 3

Vay

b) Theo ching minh trén ta ¢6 AC’' vua la dudng cao vua la dudng

trung tuyén cia ASAC nén AS = AC. Do dé ASAC déu.
Tu d6é suy ra SH = ACY3 = ay2.y3 = aV6

Vay Vs.agcp = 3 g 2=

Tu d6 suy ra Vgapcn = Tg a® (dvtt).

24. Cho hinh chit nhat ABCD.A'B'C'D’ ¢6 AB = a, BC = 2a, AA’
L4y diém M trén canh AD sao cho AM = 3MD.
a) Tinh thé tich khéi chép M.AB'C.
b) Tinh khodng cach tir M dén mp(AB'C).

= a.

C

Giadi
a) Thé tich khéi chép M.AB'C bing thé tich khoi chép B'AMC. Ta ¢6
3 3 1 3a’
Samc = —Sapc = —.=2a’= =
AMC 4 ADC 49 a” = 1 M D
, 1 3a* & A= B
Do d6 VMAB’C = — -—Z—— a = _aZ_
b) Goi h la khodng cach td M dén I
mp(AB’C) khi dé: : D o
MABC = o Sapcll = A’ B’

Vi AC? = B'C* = 5a’. Nén AACB’ can tai C. Do d6 dugng tring

tuyén CI cia AACB’ ciing 1a dudng cao, ta cé:
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2 % 9
CI2=CA2—AIZ=582—-[E~\/—§) =5(f12~~iz—“—"ggj‘—_-::?CI:EE
2 2 2 J2
‘ 2 3 2
Do do SAB'C = % %aﬁ = Eg—— = h = —32— : da = — (dvtt

25. Cho hinh lang tru dung tam giac ABC.A'B'C’' ¢6 tat cd cac canh

déu bang a.

a) Tinh thé tich khoi t¢ dién A'BB'C.

b) Mt phang di qua A'B’ va trong tam tam giac ABC ciat AC va BC
lan lugt tai E va F. Tinh thé tich hinh chép C.A'B'FE.

Gidi

a) Tinh VA'BB‘C~

Ta ¢6 Spgc = %’CB.BB’ -2

Goi A'H' 1a chiéu cao cua AA'B'C'.

Taco A'H' = \/_

Taco AH' L (BLB )
1 a° a\/§ a’\3

Vay V = 2, = =
ay Vasse = 3.5 12 .
b) Tinh VCA'B’EF- ."-._ ' H'
Thé tich hinh chép cut ECF.A'B'C’ ~ al bW\ a
) 1 a3 a%J3

Ta co Sipe = —.a. = 5
AR = 9% g 4 . [E
4 az \/5 _ a2 \/5 C

Sam = =, =
BP9y 9 F

ai—:/'é 82\/5 a2\/§
= Sapce-Scer = \fll 9 =

6
. _ 1(&2\/§+a2\/§+a2\/§] 1923
CABEFC = gl 4 9 6 )° 108

1 [1 a.a\/gj g = a3
7712

(dvtt) AT a C

(dvtt)

(dvtt)

Ve awer = — | =,
Ml 3\2 2
19a°y/3 ~ a’vy3 _ 19a’y3-9a’y3 IOa’\/

= (dvtt)
108 12 108

VCA'B'EF =

26. Cho hinh chép ti gidc déu S.ABCD. P4y la hinh vudng canh a.

Canh bén tao véi ddy mot géc 60°. Goi M 1a trung diém SC. Mat
phing di qua AM va song song véi BD, cat SB tai E va cit SD tai
F. Tinh thé tich khai chép S.AEMF.
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Gidi
a\2

Ta c6 AC = a+/2 = A0 = —

Xét tam gidc vudng SAO: SO = AO.tg60° = 32£ N3 = 3_2@

Tam gidc SAC c6 SO va AM la 2 trung tuyén.
Goi G 1a giao diém cia SO va AM.

., SG 2 SF SE
TACD = & = = = = =
SO 3 SD SB
1 ,)ave a’Je
Veunn = L[ 1a ] _ (dvtt)
SABD T 3 (2 2 12
Vsaep - 22 _ 4
L~ 33 9
3 3
= Vsagp = % a126 a2\7/6 (dvtt)
Vsemr » 2 _2_1 _ 2
Vo, 3329
3 3
= Vsgmr = %al‘f "“5‘/_ (dvtt)
N
= Vsaemr = Vsaep + Vsemr = T (dvtt)

217.

Cho khéi hép ABCD.A'B'C'D'. Goi E va F theo thd tu la trung
diém cha cac canh BB’ va DD'. Mat phang (CEF) chia khéi hop
trén lam hai khéi da dién. Tinh ti sé thé tich cia hai khéi da dién
doé.
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Gidi

Goi a, b 1a hai canh hinh binh ' D ¢
hanh ddy va h la chiéu cao cda
hinh hop. A f———(B
Ta ¢6 CE cit B'C' tai L. . )
CF cat C'D’ tai K. E
Trong tam giac ICC’' ta c6 EB’ la & /% ‘D
dudng trung binh nén IB' = B'C' = Gt Ao C
a. Tuong tu KD’ = D'C’' = b. ;78 b A a

11 ., . ., h abhsinC A’ '
Vxicc = Vkapr = 7 —2-»absmC 5 B 4




Vay thé tich phan hinh hép nim dudi mp(CEF) la
Vapscpere = Vrice — 2Vaie
_ 2abhsinC’ abhsinC’ abhsinC'

3 6 2
Ma VABCD.A’B'C'D’ = absinC'h
abhsinC’

= Vapcpera = 9

Vay ti s6 hai khéi da dién bang 1.
28. Cho hinh lap phuong ABCD.A'B'C'D’ canh a. Goi M 1a trung diém
cia A'B’, N 1a trung di€m cta BC.
a) Tinh thé tich khéi ti dién ADMN.

b) Tinh ti s6 thé tich hai phan cia khoi l4p phuong bi phan chia
bdi mat phing di qua D, M, N.

Giai
a) Tinh thé tich khéi tu4 dién ADMN
2
Ta co SanD = -l—a.a = a— D C
2 E .
1 a® al AL M B
VM ADN = — —2—.‘3 = E (tht) k :
b) Tinh VM.ADEA L \F
2 2
Ta c6 DN2=DC2 + NC? = a2 + & = L3 Oy N C
4 4 e
............................... N
:DN:EI:%aEM:E{E A B
Tam gidc vudng EA'M: A'E? = EM? - A'M?
2 2 2
A'E2=—5~a——-—a— =§— :>A'E_—_i
16 4 16 4
1 11 ala ba’
V, . = —(dt ADEA").A'M = — . — ( »+-] — =
MADEA" = g1 32 0" "4)2 " 8
1 2 3a’
\% = — = =
MADNB 3 a 2 a 4
Hai tam gidc vudéng dong dang FBN «» FB'l = e 2

FB' IB
5 FB = 2FB’ — BF = —z—a.

v _1[3222)3_91
MFBN= 312273 )2 ~ 36
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5a’ 3a’ a’ 110a’ 55a’

Vé V =. V N N = — 4 e 4+ — = s = 5

A VI=VERABNFM = Tr8 Y 9 T 36 988 111
55a* 89a*

:>V :V‘.., =a3___ =
2 ED'C'B'MDNCF 144 144

29. Cho t& dién ABCD c6 cac cap ddi dién bang nhau ting dbéi mot.

Tinh thé tich cia ti dién d6 biét ring AD =a, BD = b, CD =c.
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Giai
Ta dé thady AABC = ADCB = ABAD = ACDA.
Suy ra cdc dudng tron ngoai tiép chung c¢6 cung ban kinh
Suy ra khodng céch ti tdm O cia hinh cdu ngoai tiép td dién dén
bén mat nay bang nhau hay néi cach khac: O 1a tdAm méat cau ndi
tiép ta dién. '
Goi I, J lan lugt 1a trung diém cua AB
va CD. Thi IJ la doan vuéng goc chung
cua AB va CD. Goi O la trung diém
cia IJ, thi O chinh 14 tam mét cau da
noéi G trén.
Ta c6: R = OA = OB = OC = OD.
AABC: CI? = 2CA*? + 2CB?® - AB? _ 2b® + 2¢? - a*
4 4
2b% + 2¢” - a®* a’

AIJC vuéng géc 6 I nén: [J% = CI° - CJ* = ; ~ =

b* + ¢ - a®

2
AAIO vuéng 6 I nén: R? = OA? = AI? + OI® = Af N ._lf;_i;

q° b* +¢? - a*
=S + ol
4 8
b* +

g +a

= R'= — = OB’

Ha OH 1L (BCD) = H la tdm dudng tron ngoai tiép ABCD v
OB=0C=0D=>HB=HC=HD=r.

abc

S.\BCD = ‘Z?




Ta lai ¢6 Sipep = Jp(p-a)p-b)p-c) véip = arh+e

2
abc
s 1) Gl
4S.3B(‘l)
2 2 2 213 2
Tam giac vuong OBH: OH? = OB? - BH® = i +t; +co algsi
o - 25°(@’ +b° +¢?) —a’be’
) 1687
= OH = J2S%(a® + b* + ¢?) - a’bc?
o 48
1 S \/282(32 +b% +¢%) — a*b?c?
\Y = -SOH = —.
OBCD 3 3 4S
Voo _ J28@’+ b’ + &) - a’bie?
OBCD = 12
4.,/2S*(a® + b? + ¢*) — a®bPc?
V = 4V =
ABCD OBCD T
_ 282@7 + b 1 F) - a’bie?
) 3
5 2 _o2ya? 1 e —b2Xb? +e2 — g2
Vagep = v2a® +b? - c*)a’ + c? - bAb? + ¢’ ~a’) (dvtt)

12

30. Cho hai doan thiang AB va CD chéo nhau, BD la dudng vuong goc
chung caa ching. Biét rang BD = h, AB = a, CD =.b va géc gita
hai duong thidng AB va CD bang 60°. Hay tinh thé tich cua tu
dién ABCD.

Giai
Dung BE song song va bang DC; DF song song va bang BA. Khi dé
ABE.FDC 1a mét lang tru dung.

Tacé6 Sape = %absinﬁ()0 = abl{i—:i E b B
Vease = 2 : ﬁ abh = —\/—5 abh A a
-3 4 12 " .
J3.abh
Suy ra: Veape = Vacrp = ———
12 ' b [
AR V. D
Vase rpc = Scrp-h = }z—(absinﬁo(’).h C 6
a
_ hab+/3 "F

4
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Suy ra Vapcp = Vaserpc — (Vease + Vacrp)

) abl;\/§ _ 2\/.‘1§;bh _ abh\/— (dvtb)

31. Cho mft hinh tu dién SABC vdi SAB, SBC, SCA vudong géc vdi
nhau ting d6i mot va c6 dién tich tuong ung la 24cm?, 30cm?
40cm?®. Hay tinh thé tich ti dién ABCD

Gidi
Dit SA=x,SB =y, SC = z.
Xy =2.24 = 48
Thi ta cé: {yz=2.30 =60 (xy = 2dt ASAB)
zx = 2.40 =80
Ta lai ¢6 Vgape = —éxyz = -;— JXy.yz.zx

=1\/48608 - 80 (cm? B

32. Cho tit dién SABC c¢6 canh SA 1 (ABC) nhi dién SB la nhi dién
vudng va SB = ay2, BSC = 45°, ASB =« (0 < a < 90°).
Tinh thé tich ti dién SABC. Véi gia tri nao cua a thi thé tich dj

l6n nhat.
Gidi
Ta 6 Vsag = %.SSAB.BC (vi' BC L (SAB)
. —éBC.SA.AB

Trong d6 BC = SB = a2
AB = SBsina = a2 sina
SA = SBcosa = a2 cosa

a®y/2sin2a
6

Ta ¢6 Vgape 16n nhat < sin2a (16n nhit) = 1

Vay Vsapc = dvtt

< sin2Za=1oa= 3 (nhon)

2’ 2

Khi d6 MaxVsape = ~—— tuong ung voi o = :

,

33. Cho hinh chép tu gidc déu S.ABCD c6 canh day bang a, goe giin
canh bén va mit ddy bang ¢ (0° < ¢ < 90°). Tinh tan cia go: giin
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kai mat phang (SAB) va (ABCD) theo o. Tinh thé tich khéi chop
S.ABCD theo a va o.

Gidi
Ta ¢6 goc cta canh bén va day biang ¢ <> SBO = ¢

SO a2
ASOB c¢é6 tgp = —— SO~~—t
COo 180 OB 9 go
Ve Ol 1L AB
Ta ¢c6 SO | AB

Vay goc cua 2mp (SAB) va (ABCD) la SIO
V2

so &5 '8y

tan SIO = ol = J2t
an ol = \/vg(P

} = AB 1 (SIO)

2
la\/—

Vsapep = —SO Sascp = 3 —""“t goa® =

tgo (dvtt)
5 go (dv

a®\2
6

34. Cho hinh chép S.ABC ¢6 ddy ABC la tam giac déu canh a va canh
kén SA vudng goc véi mat phiang day (ABC). Tinh khoang cach ti

a\/6

¢iém A téi mp (SBC) theo a, biét SA = =5

: Giai
Goi H la trung diém cia BC
Suy ra AH 1 BC
AS 1 BC .
= BC ' (SAH) = (SBC) L (SAH)
Ha AO . -H = AO 1 (SBC)
= AQ = d{A SBC)

Taco AH = W\Q/:

/ vuong SAH: . = L + ! = 1 %

0A? AH? SA? 332

— AO = ‘“\2[’ (dvtt)

35. (ho hinh chép S.ABCD ¢6 ddy ABCD la hinh vudng canh a, SA
vidong goc véi mp(ABCD) va SA = a. Goi E 1a trung diém cta canh
(D. Tinh theo a klhodng cach tir diém S dén dudong thing BE.
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Gidi
Ha AH | BE
Ta ¢6 BE 1L SH (vi BE L SA)
Vay SH ia khoang cdch tu S dén
BE. Kéo dai BE cat AD tai M vi E
1a trung diém cua DC

S ED=20 o B
2 2
= D la trung diém cia AM
= AM = 2a.
o : 1 1 1
AABM vuodng tai A = 5 = 5 * 5
AH AB AM
1 1 1 5 , 4a’
= = — 4 — = —— =>AH‘= —
AR T 22 T4’ 4 5
ASAH vudng tai A nén SH? = AS® + AH?
SH? = a? + 42 92 ~sH= 3 (4u44)

86. Cho tam gidc vudng can ABC c¢6 canh huyén BC = a trén dudng
thang vudng goéc véi mp (ABC) tai diém A 1dy diém S sao cho goc giita
2 mp (ABC) va (SBC) bang 60°. Tinh d9 dai doan thing SA theo a.

Gidi
Goi H 1a trung diém cua BC.
Vi AABC vudéng can = AH 1L BC
AS | BC = BC 1 (SAH)

- BC 1 SH — AHS = 60°

Ta c6 AH = Eg = o
2 2
Trong ASAH vudng tai A ta c6
SA = AH.tan AHS = %1:an600 = 3—2@

Vay SA = 5——‘2[ (dvtt)

37. Tinh thé tich khoi t¢ dien ABCD biét AB = a, AC = b, AD = ¢ va

cac goc BAC, CAD, DAB déu bang 60°.
 Gidi
o

Ta c6 Sppc = é—absinGOo s =
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Ha DH L (ABC)
HM L AB, HN L AC
=> AAMD vuong tai M tuong tu
AAND vudng tai N.
Ta c6 AAMD = AAND (vi AD chung,
MAD = NAD = 60")
Suy ra DM = DN = HM = HN
=> AH la phan gidc cua BAC.

Suy ra AAMH la % tam giac déu

AAMH: AM = AD _ ¢
2 2
AAMH: AM = AHV8 o AHVS i eVB
2 2 2 3
3 2 2 2 _ 2 D2
A vuong AHD: DH® = AD° - AH® = ¢* - = 5
3
1 1 abV3 c¢/6  abcy2
Vay Vapep = — Swuse.DH = — _ -
ay VaBcp 3 \ABC 3 1 5 5

(dvtt)

38. Cho tu dién déu ABCD, canh a = 62 cm. Hay xdc dinh va tinh
do dai doan vudng goc chung cua hai dudng thang AD va BC.

Gidi

bon mat la bén tam giac déu canh a.
Goi I 1a trung diém cia AD
J 1a trung diém cta BC

Tacc')AJ-—-DJ=-a—\2/_—3—

Suy ra AAJD can tai J nén trung tuyén IJ L AD (1)
Suy ra ABIC can tai I nén trung tuyén IJ | BC (2)

T (1), (2) suy ra IJ la doan vuong goc chung cua AD va BC.
b) Tinh IJ
Xét tam giac vuong BJI vudng tai J, ta cé

1J? = BI* — BJ? = (

/

t

a

2

a) Xac dinh doan vudng géc chung cua AD va
BC. Vi ABCD la ti dién déu canh a, nén

.
4

C
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1J = a—‘C thé a = 642 (cm).

eJ_J"
2

Tacé 1IJ= = 6 (cm).

39. Cho lang tru dung ABC.A’'B’C’ ¢c6 day ABC la tam gidc can vdr AB
= AC = a va géc BAC = 120°. Canh bén BB’ = a. Goi I la tirung
diém CC’. Chitng minh ring AAB'I vuéng 6 A. Tinh cosin cia géc
giita hai mat phang (ABC) va (AB'])

Gidi
a) Ching minh ring AAB’I vudng 6 A
AABC: BC? = a® + a® — 2a%0s120° = 3a°
AB'BA: B'A* = 2a°

AICA: AI’ = a° + (—

2 2
AB'CIL: BT = BC? + CT? = 3a® + ""T = 1343

2 2
Ta c6 B'A® + AI* = 2a° + 52 = 13:

Vay B’'A? + AI? = B'1* = AAB’I vudng tai A.
b Tinh cosin cia géc gitta hai mp (ABC), (AB’l)
1 a\/— a9 = a®J10
2 4
2
SABC = -;—a2sin1200 = 4\/—
Goi o 1a géc giita hai mat phdng (ABC) va (AB’I) thi ta c6

Ta c6 SAB'I -—AI AB’ =

a’V3
cosaL = SABC __ 4 V3 _ \/_
S BT __\_[j \[10
4

40. Trong mat phing (P) cho nita dudng tron dudng kinh AB = 2R va
di€m C thudc nira dudng tron dé sao cho AC = R. Trén dudng
thdng vuéng géc véi (P) tai A. Lay diém S sao cho (Sﬁﬁ()) —
60°. Goi H, K lan luot 1a hinh chiéu cia A trén SB, SC. Ching
minh tam gidc AHK vudng va tinh Vgagc.

Gidi
e Ching minh tam gidc AHK vudng
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Theo gid thiét SA 1 (ABC) = BC 1 SA (1)
Vi C thudéc nia dudng tron dudong kinh
AB nén BC L AC (2)
Tu (1), (2) suy ra BC 1 (SAC).

= (SBC) L (SAC) theo giao tuyén SC

Ma AK | SC, AK L (SBC) = AK | KH

Vay AAHK vudng tai dinh K

e Tinh thé, tich VSABC theo R

Tu C ké CI L AB. Do gia thiét AC = OA = OC = R nén tam gidc

AOC déu va IA = IO = .,gi

Ta lai ¢c6 SA L (ABC) nén (SAB) L (ABC) = CI 1 (SAB)
Vay tam gidc SIB la hinh chiéu vudng goc cua tam giac SBC lén
mp(SAB).

Vi BI = gAB nén Serp = ZSSAB . SSA.AB

S = —Z’-R.SA s (3)
Theo dinh ly vé dién tich hinh chiéu, ta cé: S’ = S,c0s60°
-8 = ésl= BZ‘/E\/SA2+R2 (4)

: ” 3 [
Tu @6 Vsasc = %SA.SABC = %AC.BC.SA = BHI%@ (dvtt)

-

41.

Cho hinh chép S.ABC cé géc (SBC,ABC) = 60°. AABC va SBC la

cdc tam gidc déu canh a. Tinh theo a khodng cach tir dinh B dén
mp(SAC).

Gidi
Goi I 14 trung di€m cda canh BC
Thé thi SI L BC, AI 1 BC va SIA = 60" = (SBC, ABC)

Va SI=AI=9—;[3—

Suy ra ASIA déu cé dién tich Ia %SI.IAsinGOO

3a2 V3 N 3a®\3

"2 16

iaBaZ\/_?: - a’J3
3 16 16

Sgia =

DN | =
o

Vsapc = 2. = BL.Sgpa =

QO | =



Goi J 1a trung diém cua doan SA, ta c6 CJ L SA

:CJ=\/a2[a_\/_§J2 - a\/—ﬁ .

4 4
3 |
Secn = LAscy - L 2¥8 aV13 _ a®V39
2 2 2 4 16
5 . : i ) 3V 3a
Khoang cach tir B dén mp(SAC) la d = = (dvtt)
Spsc V13

42. Cho hinh chép S.ABCD c¢6 day ABCD la hinh chit nhat vai

AB = a, AD = a2, SA = a, va SA vudng géc v6i mp (ABCD). Goi
M, N lan luot 1a trung diém cia AD va SC, I 1a giao diém cua BM
va AC. Ching minh riang mp (SAC) vudng géc v6i mp(SMB). Tinh
thé tich cha khoi ti dién ANIB.
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Giai
'TaCéAMz 1 =AB:>AABMC’3ABCA
AB J2  BC
- ABM = BCA

— ABM + BAC = BCA + BAC = 90°
— AIB =90° = MB 1 AC

Mt khac MB 1 SA (do SA 1 (ABCD))
Vay MB L mp(SAC) = (SMB) 1 (SAC)

» Goi H 14 trung diém eta AC = NH /, = %SA

— NH 1 (ABI) va NH = 2
Ta cé VANIB = % NHSL\AB] (1)
Trong tam giac vudong ABM: ta cé
1 1 1
A ~ AB? T AM?
- Al = %/_g

Trong tam gidc vuéng AIB ta c6 BI® = AB? — AI®
aV6

= BI = . thay vao (1) ta dugc
1 1 a’\2
\Y = —NH.=AILBI =
ANIB = 3 36

5 (dvtt)




43. Cho hinh chép tam giac SABC ¢6 day ABC la tam giac déu canh a,
SA = 2a va SA | (ABC). Goi M va N lan lugt 1a hinh chiéu vuéng
géc cua A trén cac dudng thang SB, SC. Tinh thé tich cua khéi
¢hop A. BCNM.

Gidi
Goi K la trung diém cia BC. Ta ¢c6 AB = AC = CB = a.
SA | (ABC) = SB = SC; AM = AN; SM = SN.
Trong tam giac vuéng SAB ta c6 SA* = SM.SB. )
. SA*® 4a* 4a
Suy ra SM = SN = SB " ads =
SM SN Aa 4
SB = éé_ = 17_—5— .(a\/g)= g
Goi V, 1a thé tich khéi chop S.AMN
Goi V, 14 thé tich khéi chép S.ABC °
Goi V; 1a thé tich khoi chép A.BCNM.
Tac6 V=V,-V,

1 2a a3 a
V‘ - WSAS v = — e
2 3 ABC 3 9 9
\2
Mat khac b = SsMN _ SM.SN _ (iJ 16
V, SABC SB.SC 5

3 ! 3
Viy V1=1_6_V2=1§_a,-\/§=83\/§
25 25 6 75

3 3 3
Suyra V=V,-V, a’Vv3 8a\f§=33\/§

t

(dvtt)

(dvtt)
6 75 50

44. Cho hinh lang tru tam gidc ABC.A'B'C’ ¢6 day ABC la mot tam
giac déu va diém A’ cach déu cac diém A, B, C. Canh bén AA’ tao
bgi day mat géc 60°. Tinh thé tich khéi lang tru.

Gidi
Goi O la tam cuaa AABC
Do AABC déu va A’A = AB = A'C
Nén A’O 1 mp (ABC) = A'AO = 60°

- AA'O = 30° = AA’ = 2.A0 = 23;5

Trong tam gidc vuong A’AO ta c¢6
A'O2 = A’A2 = A02 = 32 = A'O =a
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2a2J§

SAABC = %a.asinGOO =

4
Vay Vapcapc = Siapc.A’O
2 3
- af_az 34‘[5 (dvtt)

45. Cho hinh chép tam gidc deu S.ABC c6 canh ddy bang a va géc
ASB = 60°. Tinh thé tich khéi chép S.ABC theo a.

Gidi
Goi I 1a trung diém cia AB, O la tdm caa day.
Vi géc ASB = 60°. Suy ra ASI = 30°
Al = SI = ___“a\/g
SI 2
or-Cl_lal3 a3

= tan30° =

2 2
SO = VSI? - 0P - 92—4?5 - 845

2 3
Vsasc = %SABC-SO = %a 1 é af = 31\2@ (dvtt)

46. Cho hinh chép S.ABC day ABC la tam gidc vudéng tai B canh SA
vudng géc véi mat ddy, géc ACB = 60°. BC = a, SA = a /3. Goi M
1a trung diém canh SB. Ching minh mp (SAB) vudéng géc v6i mp
(SBC). Tinh thé tich khéi ti dién MABC.

Giadi
e Ching minh (SAB) 1 (SBC)
Ta c6 SA 1L (ABC) = SA 1 BC; AB 1 BC (gt)
Vay BC 1 (SAB) = (SBC) 1 (SAB)
e Tinh Vmasc
Ta c6 A vudng ABC la nda tam giac
déu nén AB = av3, MS = MB
Suy ra  Vmagc = ';“VSABC a3

3 |
Ma Ve = %BC.AB.SA = 5“2— @dvtt) A

3
Suy ra VMABC = aT (tht)

-
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47. Cho hinh chép S.ABCD c6 day 1a hinh vudong canh a, mat bén SAD
la tam gidc déu va nam trong mp vudng goc vdi day. Goi M, N, P
lan lugt 1a trung diém cua cac canh SB, BC, CD. Chirng minh AM
vudng goéc voi BP va tinh thé tich khoi ti dién CMNP.

Gidi
e Chiung minh AM | BP
Goi H la trung diém cba AD
Tam gidc SAB déu nén SH 1 AD
va SH L (ABCD) (vi SAD L (ABCD)
theo giao tuyén AD)
Suy ra SH L BP (1)
Trong mp (ABCD) ta c¢6 hai tam giac
vuong HDC va PCB bing nhau. Suy
ra HCD = PBC
- BP L CH (2) 1
= BP 1L AN
Tu (1), (2) suy ra BP 1L SC ma SC // MN nén BP 1 MN
Vay BP L (AMN) = BP 1 AM
e Tinh VCMNp
Goi K la trung diém cia AN thi K ciing 1a trung diém cia BH.
Ta c6 MK // SH = MK 1 (ABCD). Vay MK la dudng cao cia hinh

chop CPMN.
2
Taco MK= SH _ a8 o locoy_ 2
) 2 4 2 8
1 1 a2 aJ3 a3\/§
Vay V, b = —Spen.MK = — — = (dvtt
1y VCMNI 3 PCN 38 96 vtt)

48. Cho hinh chép S.ABCD c¢6 dday la hinh thahg vudng
ABC = BAD = 90°, BA = BC = a, AD = 2a. Canh bén SA | ddy
va SA = av2. Goi H la hinh chi€u vudong géc cia A trén SB.
Chtng minh tam gidc SCD vudng va tinh theo a khoang cach tu
H dén mp (SCD)

Gidi
e Goi I 1a trung diém cha AD.
Ta c6 CI = Al = ID = a nén AACD vudng tai C = CD 1 AC.
Ta lai ¢c6 CD 1 SA suy ra CD L (SAC)
Suy ra CD L SC (dpcm)

oTacc')AB=BC=a,AD=2a,
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SA = a2 = SB = a3,
SC = 2a.
Trong tam gidc vudong SAB:

SA? = SH.SB
2
s SH = 22
SB
SH SA? 2
s § = = —
SB SB? 3
Goi hy, h; 1an luot 1a khoang cdch ti B va H dén mp (SCD) thi ta
h, SH 2 2
_— B = = -f.I>h2= —h,.
h, SB 3 3

Goi V 1a thé tich hinh chép BSCD ta c6

2
a
3V SASgep av2. 9

h,

a
~ Scsp Sscp Loaave 2
2

— d(H, (SCD)) = h, = %hl - % (dvdd)

49. Cho hinh chép S.ABCD c¢é6 ddy ABCD la hinh vudéng canh a,

SA 1 day (ABCD), SA = a. Tinh khoang cach gida har duong
thdng BD va SC.

66

Gidi
Ta c6 SA 1 (ABCD) = SA L BD va
AC 1 BD = BD 1 (SAC) tai O, trong
mp (SAC) ta ké Al 1 SC va ké OK 1
SC tai K, OK L BD
= OK la duong vudng goéc chung cua
SC va BD = khoang cdach d(SC, BD)

= 0K = lA_[
2

Trong tam gidc vuong AK ta co

1 _ 1,1 113 _ak
A2 AS?  AC? a2 222 2a? 3

Vay d(BD, SC) = OK =



BAI TAP TRAC NGHIEM CHUONG II

1. Tim ménh dé ding trong cdc ménh dé sau:
A. S0 cac canh cda hinh da dién luén 16n hon hoac béng 6.
B. S6 cac canh cia hinh da dién ludon 16n hon 6.
C. S6 cac canh cda hinh da dién luén 16n hon 7.

D.

S6 cac canh ctua hinh da dién luén 16n hon hoac bang 8.

2. Ménh dé nao sau day dung.

A

B.

C.
D.

S6 canh cta modt hinh da dién luén nho hon sé6 mat caa hinh da
dién ay.

S6 canh cia mdt hinh da dién luén 16n hon sé méit cada hinh da
dién ay.

So canh clia mdt hinh da dién ludn bing s8 mat cta hinh da dién ay.
S6 canh cua mot hinh da dién luén nhé hon ho#c bang sd mat caa
hinh da dién &y. :

3. Ménh dé nao sau day dung.

A

B.
.

D.

S0 canh cua mot hinh da dién luén 16n hon sé dinh cua hinh da
dién ay.

S6 canh cua mdt hinh da dién ludn bang sé dinh cia hinh da dién ay.
S6 canh cGa mot hinh da dién luén nhé hop sé dinh cha hinh da
dién ay.

S6 canh cua mdt hinh da dién luén nhé hon hodc bang s6 dinh caa
hinh da dién ay.

4. Ménh dé nao sau day ding:
Né&u mot hinh da dién 16i ¢6 s6 mit va s6 dinh bing nhau thi sé canh

cua no la
A. bang s6 mat. B. la s6 1é.
C. la s6 chdn. D. bang s6 mat cong véi 2.

5. Trong cdc ménh dé sau, ménh dé nao dung?
“Sé cac dinh, hodc cdc mat cia bat ky hinh da dién nao cing

A
C.

16n hon hoac bang 4. B. lén hon 4.
16n hon ho#c bang 6. D. 16n hon 6.

6. Trong cdc ménh dé sau, ménh dé nao ding.

A
B.
C.

C6 mot hinh da dién 15i ¢6 s6 canh va s6 mat bang nhau.
S6 dinh va s6 mat cia mot hinh da dién 16i luén bang nhau.
Khéng c6 hinh da dién 16i nao c6 sé canh bing sé dinh.

D. Tén tai hinh da dién 16i c6 sé dinh va s6 canh bing nhau.
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7. Trong cdc ménh dé sau, ménh dé nao ding.
A. C6 hinh da dién 16i ma s6 dinh va s6 mat chdn con sd canh 1é.
B. C6 hinh da dién 16i ma sé dinh, sé canh va méat déu lé.
C. Co hinh da dién 16i ma s6 dinh va sd canh chén con s6 cac mat l&€.
D. C6 hinh da dién 16i ma s dinh va sé canh 1é con s6 mat chan.
8. Goi d, m, ¢ 1an lugt 1a s6 dinh, s6 mat, sé canh cia mot hinh da dién
10i. Ménh dé nao sau day dung.
A. d, m, ¢ déu la so chan.
B. d, m, ¢ déu la sd 1é.
C. Cé mot hinh da dién ma d, m, ¢ déu 1a sé chin.
D. C6 mot hinh da dién ma d, m, ¢ déu la so lé.
9. Ménh dé nao sau day la sai.
A. Mdi dinh cia hinh da dién la dinh chung cta it nhat 3 canh.
B. Méi dinh cta hinh da dién 1a dinh chung clGa it nhat 3 mat.
C. Méi dinh ctGa hinh da dién 1a canh cta it nhat 3 mat.
D. M6i mat ¢6 it nhat 3 canh.
10. Hinh 12 mit déu c6 bao nhiéu dinh?

A. Muoi hai B. Muoi sau

C. Hai muoi D. Hai muoi bon.
11. Hinh muoi hai mat déu c¢6 bao nhiéu canh?

A. Ba muoi B. Hai mugi béon

C. Hai muoai D. Muoi hai.
12. Hinh hai muoi mat déu c¢6 bao nhiéu dinh?

A. Ba muoi B. Hai muoi

C. Mugi hai . D. Mudi tam.
13. Hinh tdm mat déu cé bao nhiéu dinh?

A. Tam B. Muoi C. Muoi hai D. Sau.
14. Hinh tdm m4&t déu c6 bao nhiéu canh?

A. Mudi B. Mu¢i hai

C. Muoi s4u D. Hai muoi bén.

15. Phép bién hinh nao sau day bién mot khdi da dién thanh khd da
dién c6 thé tich bing thé tich khéi da dién ban dau?

A. Phép vi tu. B. Phép dai hinh.
C. Phép dong dang. D. Phép chié€u song song.
16. Cho tif dién déu c6 canh bang a. Thi thé tich cua no la
3 3 3 3 3
A 26 B, Y2 g, 598 p. Y3
12 12 9 12
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17.

18.

19.

20.

21.

22,

23.

24.

Cho khoi chép ti giac déu cé tat ca cdc canh bang a thi thé tich cua
no la:
3 3 3 3
A 2 B, 23 c. 22 p, V3
) 4 6 2
Cho khéi lang tru tam gidc déu cé tat cad cac canh bing a thi thé
tich cua khdi dé la:
2 3 3 3
g, 22 B, 23 c a3 p, V2
2 4 6 3

Cho hinh hop ABCD.A'B'C’'D’. Trong cdc ménh dé sau, ménh dé nao
ding. Ti s6 thé tich caa khéi td dién ACB'D’ &Yé khéi hop
ABCD.A'B’C'D’ bing:
K - B. 1 c. 1 D. L.

3 4 2 6
Cho hinh hép ABCD.A'B'C'D’, goi O la giao diém cia AC va BD.
Trong cac ménh dé sau ménh dé nao dung. |
Ti so thé tich cha khai chép O.A'B'C'D’ va khdi hop ABCDA'B'C'D’ bang:

AL B. 1 c.t D. 1.
2 3 4 6
Cho hinh chép S.ABCD goi A’, B’, C’, D’ lan lugt 1a trung diém cda

cdc canh SA, SB, SC, SD. Trong cédc két qua sau, két qua nao dung.
Ti s6 thé tich cda hai khéi chép S.A'B'C’D’ la:

A o B. L c.l D, =,
2 4 6 8
Hinh chép S.MNPQ c6 déy MNPQ 1a hinh vuéng, SM L (MNPQ).
Biét MN = a, SM = av2 . Thé tich khoi chép S.MNPQ la:
3 /e 3 3 fo 3
A 23 B 2V2 . V2 D, a2
2 2 6 3

Hinh chép S.MNPQ c¢6 day MNPQ la hinh vuong, SM 1 (MNPQ).
Biét MN = a, va géc gida SP va ddy la o. Thé tich khdi chép
S.MNPQ la:
A a2 B 2Y6 o a3 p, &3
3 12 6 3

Hinh chép SMNPQ c6 ddy MNP@ la hinh vudong, SM vuéng géc véi
(MNPQ). Biéet MN = SM = a. Mat cau tdm M, ¢6 tiép dién 1a (SNP)
thi ban kinh ctia mit ciu la:
A2 B, 23

2 2

DEQ.

B .
43 2
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25. Hinh chép S.MNPQ c¢6 day MNPQ la hinh vuéng, SM | (MNP’Q).
Biét MN = a va mit cau ngoai tiép hinh chép S.MNPQ c6 duwng
kinh la 2a. Géc gita SP va day la:

A. 30° B. 45° C. 60° D. 75°.

26. Hinh chép S.MNPQ c¢6 dday MNPQ la hinh wvudong tam O,
SM L (MNPQ). Biét MN = a+/2 va géc gitta (SNQ) va day 1a 60° thi
thé tich khéi ti dién SNPQ la:

3 3 3 ‘ 3
A_a\fg B.a\/ﬁ C_2a\/§ D.a\/—é.
6 6 3 3
27. Khai ti dign deu MNPQ c6 canh béng a thi ¢6 dién tich toan phan la:
2 2 :
& E g/g B. 334‘/§ C. 422V8 D. a?V3.
28. Hinh chép ti gidac déu S.MNPQ c6 ¢canh d4y bing a chiéu cao biéing
a

~72- thi ban kinh m#t ciu ngoai tiép hinh chép S.MNPQ la:

A. Lf B. ——a‘f C.a "D.av2.
29. Hinh chép t& gidc déu S.MNPQ c6 «cdac canh déu bang a. Theé tich
khéi chép S.MNPQ la:
3 3 3 3
a’V2 B. 2 c. 2°V3 p 23
6 3 4 12
30. Hinh chép SMNPQ c6 day MNPQ 1a hinh vuéng tdm O canh a, céc
mat bén 12 tam gidc déu, thé tich khoi tir diéen SOMN la:
3 3 3 3
PR p, aV3 c. &2 D. 2.
48 16 24 12
31. Hinh ch6ép S.MNPQ c6 day MNPQ la hinh vudng canh a cidc mit bén
la tam gidc can va tao v4i ddy géc a, thé tich SMNPQ la:

a®tan a adsina ad cota ' a’ cos

A ———— B. C. . ———,
6 6 3 12
32. Hinh chép t& gide déu S.MNPQ c6 dudng cao bang h va duong cao
tao véi mat bén géc 45°. Thé tich khéi chép S.MNPQ la:
3 3 3 3
AR g, 2h” c 4h° p 5h°
3 3 3 3
83. Hinh chép td giac déu SMNPQ c6 dudng cao bing 3h va ban kinh
mait cau ngoai tiép S.MNPQ bing 2h. Thé tich khéi chép S.MNPQ la:
3 3
A. 6h° B. 3 C. % D. 3‘6_.

A.
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34. Thé tich khéi t¢ dién déu c6 canh bing V2 la:
A S B. - @ L D. L.
74 4 6
35. Hinh chép S.MNP c6 SM, MN, NP déi mdt vuéng goc va c6 do dai
ddu bang V2. Thé tich khdi chép S.MNP la: |
B, 22 c. 2 p. Y8
3 6 3
36. Hinh chép S.MNPQ c¢6 day MNPQ la hinh binh hanh c¢6 hai canh
day biang 3 va 4 géc giita hai canh ay bing 30°. Pudng cao c6 do dai
5. Thé tich khéi chép S.MNPQ la
A. 30 (dvtt) B. 10 (dvtt)
C. 9 (dvtt) D. 10V3 (dvtt).
37. Hinh chop SMNPQ c¢6 day MNPQ la hinh vudng canh a, hinh chiéu
cia dinh S xuéng day trung véi trung diém H cia MQ. Biét goc giira
canh bén SQ va day la 60°. Thé tich khdi chép S.MNPQ la:

w

A 22

3 | 3
A. 9—61/__6- B. 2 3‘/5
C. 513‘/é D. Mot dap s6 khac.

38. Cho hinh ch6p M.NPQ. Goi N’, P’ lan lugt 1a trung diém cia MN,
MP. Ti s6 thé tich cia hai khéi ch6p M.NPQ va M.N'P'Q’ 1a
A2 B.3 C. 4 D. 6.

39. Cho hinh chép tam gide S.MNP c¢6 thé tich bang V. Cit hinh chép
bing moét mit phang qua trung diém cha SM va song song véi ddy
thi khoi chép cut tao thanh cé thé tich la:

A Y B. 3V c. ™V p. 2V
2 4 8 6

40. Hinh chép S.MNP ¢6 SM 1 (MNP). Biet SM = MN = a va AMNP
déu. Thé tich khoi chép S.MNP la: \

- 6 2 12

41. Hinh chép S.MNPQ ¢6 SM L (MNP) biét SM = MN = a va AMNP
vuong can tai N. Thé tich khéi chép S.MNP la:

AL B % c. B2 p. 323

. 3 6 3 12

42. Hinh chép S.MNP c6 thé tich bing 4m®, ASMN vuéng can tai M c6

MN = 4m. Khoang cdch tir P dén mp (SMN) la:

a®V2

B. D.
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43.

44.

45.

46.

47.

48.

49.

50.
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A.%m B.1m C.%m D. 3 m.

Td dién déu MNPQ c6 dién tich toan phan 1a 6 (dvtt) thi ¢6 c:anh
bang:
A. {E B. V3 C. ¥2 D. {2.
Hinh l4p phuong MNPQ.M'N’P’Q’ ¢6 canh bang 1. Thé tich khoi tu
dién MPN’'Q bing:
al B = c.t D. 1.
6 4 3 2
Hinh lang tru ding ABC.A'B’C’ ¢6 day la tam gidc ABC vudng cén
tai A, BC = 2a, AA’ = a/3 thé tich khdi ling tru la:
3
A. B. 3a° C. a3 D. 2 2‘/5
Néu ba kich thuéc ciia hinh hop chit nhat tang lén gdp doi, thi thé
tich khéi ting 1én bao nhiéu lan:
A. 2 lan B. 4 lan . C.61lan D. 8 lan.
Hinh chép S.MNP c6 ddy MNP la tam giac déu canh a, mat bén
SMP ciing 1a tam gidc déu va vudng géc véi day. Thé tich khdi chép
SMNP tinh dugc la:
3 ' 3 3 3
A2 B. & L D. 2
3 4 3 8
Hinh chép SMNPQ c6 day MNPQ la hinh vuang canh a, mat bén
SMN 1a tam gidc vudng can dinh C va vudng géc véi day. Thé tich
khoi ch6p S.MNPQ dugc tinh 1a: .
3 3 3 3
a’v2 B. & c. V2 D. 2
3 6 6 3
Hinh hop chx nhat ¢6 3 kich thude a, 2a, 3a thi do dai duong chéo
la: '

A. aV14 B. a\13 C.aJ6 D. ay3.
Cho ti dién MNPQ. Goi I, J, K 1an lugt 1a trung diém cta cac canh

MN, MP, MQ. Ti s6 thé tich Vmigk bing:
VMNPQ

A.

A B. C

Lo

1
4

2N M

5
' 8



Chuong 1Il. MAT NON - MAT TRU - MAT CAU

Bai 1. KHAI NIEM VE MAT TRON XOAY

A/ KIEN THUC CG BAN

I1.

I. Sv tao thanh mat tron xoay

Trong kh()ng gian cho mat phing (P) va dudng (¢) khi quay mit
ohéng (P) xung quanh (A) thi tdp hgp cdc diém cda dudng (€) tao
1én mat tron xoay nhan (A) lam truc. Pudng (¢) sinh ra mét tron
toay nén dugc goi la duong sinh cua méat tron xoay doé.

Tinh chat caa mat tron xoay

» N&u cdt mit tron xoay bdi mat phang vudéng goéc vdi truc (A); ta

duge giao tuyén la mot dudng tron cé tam la giao diém cua mit
phéng véi truc A.

» Mdi diém M trén méit tron xoay déu nim trén mot dudng tron

thudc mat tron xoay va dudng tron nay c6é tdm thudc truc tron
xoay A.

[II. Médt nén tron xoay

1 Dinh nghia: Cho hai dudng thidng A va d cdt nhau tai O tao

thanh géc B khéng dai véi 0° < B < 90°. Mat tron xoay tao thanh
khi quay d xung quanh truc A mét géc 360° duge goi la mat nén
tron xoay dinh O ¢6 géc ¢ dinh 'a 2p. Nguoi ta thudng goi tit la
mat nén tron xoay la mat nén. Pudng thiang A goi 1a truc cda |
mat non va dudng thang d goi 1a dudng sinh cia mit nén.

# . ’ v . \ ) - 2
z Giao cua mdt non tron xoay vdi mdt phang

a) Néu cat mit non tron xoay dinh O béi mat phang di qua dinh

O ta c6 cac truong hop sau day:

~ M#t phang cidt mit nén theo hai dudng sinh.

— Mat phang tiép xuc v6i mit nén theo mot dudng sinh. Trong
trudng hop nay ngudi ta goi mat phang d6 la tiép dién cha
mat noén.

~ Mit phéng chi ¢6 mot diém O chung duy nhat véi mat nén,
ngoai ra khong c6 mdt diém chung nao khac.

b) Néu cdt mit nén tron xoay dinh O bdi mat phang (o) khong di

‘qua dinh O, ta c6 3 truong hop sau: '
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e Néu mit phing (a) cdt moi dudng sinh ciia mat nén ta dudge
giao tuyén la mot elip hoic 14 modt dudng tron (khi mat
phing (o) vubng goéc vdi truc A cia mat nén).

e Néu mat phing (o) song song v6i chi mot dudng sinh cua
mat nén ta dugc giao tuyén 1a mdt dudng parabol.

e Néu mit phéng (o) song song véi hai duong sinh cia mit nén
ta dugce giao tuyén 1a hai nhanh cia mdt dudng hypebol.

3. Khoi non tron xoay va hinh non tron xoay
Cho tam gidac OHM vuéng tai H. Khi quay tam gidc d6 quanh
canh géc vuong OH, méi diém cia mot mién tam gidc d6 sinh ra
mot dudng tron. Hinh gém tap hop tat cd nhitng dudng tron dé
12 mot khéi nén tron xoay hodc vadn tit 1a khéi nén. Hinh tron
tam H ban kinh HM la mit d4y cua hinh nén, O dugc goi la
dinh cda khéi nén. B dai OH 1a chiéu cao cta khéi nén va phan
mait nén tron xoay sinh ra bdi cdc diém trén canh OM dugc goi
la mit xung quanh cda khoi nén dé.

4. Dién tich xung quanh cua hinh non
Goi S,, 1a dién ti?h xung quanh cta hinh nén cé ban kinh dudng
tron day la r, do6 dai duong sinh la /
Ta ¢6 cong thdce S, = nrl

IV. Mit tru tron xoay

1. Dinh nghia: Cho hai dudng thing A va d song song véi nhau, cdch
nhau mét khoang r. Pudng thdng d khi quay quanh truc A sina
ra mat tru tron xoay va dugc goi tit Ia mat tru. Pudng thing A
goi 1a truc cia méit tru tron xoay va dudng thang d goi la dudng
sinh cia mat tru d6.

2. Giao cia mdt tru tron xoay vdi mdt phdng
a) Néu cidt mit tru tron xoay bdi mat phadng (a) vudng géc vci

truc A thi ta dugc giao tuyén la dudng tron cé tdm la giso
di€ém clGa A v6i mat phéng (a) va c6 ban kinh bang r. Nguoi ta
~ goir la ban kinh cua mat tru do.
b) N&u cit mit tru tron xoay béi mat phéng (a) khéng vudng gic
v6i truc A nhung cdt tat ca cdc dudng sinh ta dugc giao tuyén A
2r

duong elip ¢6 tr‘u(: nho bing 2r va truc 16n bang —— trong
sinQ '

¢ 1a géc ctia A va mat phang (o) (0° < ¢ < 90°)
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¢) Néu M 1a mét diém bat ki ndm trén mat tru tron xoay cé truc
la A va ¢6 ban kinh r thi dudng thing d’ di qua M va song song
vGi A sé nam trén mat tru da cho.

d) Mot mat phing (a) song song vdi truc A cia mat tru tron xoay
va cach A mot khodng bing h véi h < r, sé cAt mat tru theo hai
dudng sinh. Néu h = r thi mat phing (a) tiép xic vdi mit tru
theo mot dudng sinh con néu h > r, mat phang («) khong cit
mat tru.

. Khoi tru tron xoay va hinh tru tron xoay

e Ta hay xét hinh chi nhat ABCD cung vdi mién trong cia nd.
Khi quay hinh d6 xung quanh dudng thang chia mot canh, thi
du canh AB thi méi diém ctia mién chi nhat sé sinh ra moét
duong tron. Hinh gom tap hop tdt ca cac dugng tron dé goi la

“mot khoi tron xoay hay goi tdt la khai tru

e Khi quay quanh AB, hai canh AD va BC sé sinh ra hai hinh
tron bang nhau goi 1a hai ddy cta khéi tru. Con canh CD la
dudng sinh vach ra mat xung quanh ctia khéi tru. Hién nhién
mat xung quanh cda khéi tru 12 mot phan cia m#t tru tron
xoay. Khoang cach AP gitta hai mat phang song song chuda hai
ddy la chiéu cao cua khéi tru.

e Hinh gom hai mat ddy va mat xung quanh cta khéi tru dugc
goi 1a hinh tru tron xoay ho#dc goi tit la hinh tru. Hinh nay
duge tao thanh bagi dudng gap khic BCDA khi quay truc la
duong thiang AB.

. Dién tich xung quanh cua hinh tru

Goi Sy, la dién tich xung quanh cuia hinh tru ¢6 ban‘*kinh day
bang r va ¢¢ dudng sinh bang [, ta c6 cong thuc:
Sxq = 27rl
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Bai 2. MAT CAU
A/ KIEN THUC CO BAN

I. Pinh nghia va cac khéi niém lién quan.

1. Mdt cau: Tap hop tat ca nhing diém M trong khéong gian cach
mdt diém O c¢& dinh mét khoang bang r (r 1a sé thuc duong) dugc
goi 1a mat cau tdm O ban kinh r.

Nguoi ta thuong ky hiéu mat cau tam O, ban kinh r 1a (O; r) hay

viét tit 1a (0)

Nhu vay ta ¢6 mat cau (O; r) = {M |OM = r}

e Néu di€ém M nam trén r:at cau (O; r) thi doan OM duge goi la
ban kinh cia mat cau do, ta c6 OM =r.

* Néu OM < r thi ta néi rang diém M nim trong mat cau (O; r).

e Néu OM > r thi ta néi rang diém M nam ngoai mat cau (O; r).

2. Mat cau la mdt mit tron xoay duge tao ra bdi mot nira dudng
tron quay quanh truc 1a duong kinh. Ngudi ta goi moi nia duong
tron doé la mot duong kinh tuyén cua mat cau.

. Khi méi dudng kinh tuyén quay quanh truc A cua mat cau thi moi
difm M trén duong kinh tuyén dé sé vach nén mot dugng tron co
tam thudc A, nam trong mat phang vuéng géc véi A. Nguoi ta goi
cac dudng tron nay la vi tuyén cua mat cau.

II. Giao cia mit ciau va mit phing

Cho mat cau (O; r) va mat phang (a), goi d(O; ) = h la khoang

cach tir tam O dén mat phang (o) ta co:

1. Néu*h > r: mp(a) khong cit mat cau

2. Néuh=r: mp(a) tiép xtc véi mat cau tai mot diém M. Ta c6 OM

1L ()

3. Néu h < r: mp(c) cit mat cdu theo dudng tron c¢6 ban kinh
' 2 2
r'= vr° -h*

e Dac biét khi h = 0, mp(«) cat mat cau theo mot duong tron 1on
cO ban kinh r =r

III. Giao cia mat cau vdi duong thing - Tiép tuyén cia mat cau

Cho mat cau (O; r) va duong thing A
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1. A di qua tam O cua méat cau thi A cidt mat cau tai hai diém A, B
vo1 AB = 2r.
2. A khong di qua tam O cua mét cau, ta goi d = d(O, A) khi do.
a) d < r, dudng thang A cat mit cau tai hai diéem M, N.
b) d = r, dudng thang A tiép xic véi mat cau tai mot diém H.
¢) d > r, dudmg thang A khong cidt mat cau.
Nhdn xét:

1. Qua mot diém A bat ki ndm trén méat cau (O; r) cé vo sd tiép
tuyén cua mat cau dé. Tat ca cdc tiép tuyén nay déu vudng goéc
v6i ban kinh OA cia mit cau va déu ndm trong mat phang tiép
xuiic véi mat cau (O; r) tai A. Mat phang ti€p xuc nay vudng géc
véi duong thang OA tai A.

2. Qua mot diém M ndm ngoai mat cau (O; r) ¢6 vo sb tiép tuyén
véi mat cau da cho. Khi d6 do dai cdc doan thang ké tir M dén
cdc ti€p tuyén déu bang nhau. Tat ca cdc tiép tuyén nay tao
thanh mdt mat nén hinh xoay c¢6 dinh 1a M va ¢6 dudng tron
day ndm trén mat cau.

IV. Cong thic tinh dién tich va thé tich
1. Goi S 1a dién tich mat cau ban kinh r, ta c¢6 cdng thic S = 4nr®.

2. Goi V 14 thé tich clia khéi cdu ban kinh r ta c6 V = %nr3.

B/ BAI TAP

1. Cho dudng tron tam O ban kinh r ndm trong mat phang (P). tu
nhing diém nam trén dudng tron ta ké nhirng duong thing vudng
géc v6i (P). Ching minh rang nhiing dudng thidng nhu vay nim
trén mot mat tru tron xoay.

Gidi 4 =
Qua O ta dung duong thiang A vudng
goc véi méat phang (P)
Lay diém M e (0), dung dudng thang
d vuong géc vai (P)
Tacodid, A)=r
Vay khi M di dong trén (O), d ludon luén song
song va cach déu A mot doan bang r.

...............

Do d6 luén lubn ndm trén méit tru tron xoay cé truc la dudng
thdng A va c¢6 ban kinh bing r
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2. Cho mat phing (P) va mot diém A nam trén (P). Goi B la mot diém
nidm ngoai m#t phang (P) sao cho hinh chiéu H cia B trén (P)
khong trung véi A. Mot diém M chay trong mat phang (P) sao cho
luon ludén c6 ABM = BMH. Ching minh ring diém M nim trén
mat tru tron xoay co truc la AB.

Giai

Yéu cau bai toan < Ching minh M

B
ludn ludn cach duing thang AB mot K
doan khong doi la .
e Ha BH | (P) = BH khong doi.
Pat BH =r A - H

Ha MK 1 AB

Xét 2 tam gidc vuong BHM va BKM ta cé

BM chung, KBM = BMH

Vay ABHM = AMKB = KM = BH = r (khong d6i)
Vay diém M luon luon cach dudng thiang AB c¢d dinh, mot dean
khong doi bang BH = r. Viy M nam trén mot mat tru tron xoay cé
truc la AB, ban kinh duong tron dung la r.

3. Trong mit phang (P) cho mot diém O ¢é dinh. Goi [ 1a mot dudng
thdng thay déi luon luon di qua O va tao véi mat phing (P) mot
géc bing a khdng doi (« # 90°). Ching minh rang [/ nim trén mot
mat nén tron xoay xdc dinh.

Giai
Qua O ké duong thang A vuéng géc
vGi mat phang (P).
Ta c6 goc gida / va A luon ludn

béng B = g - Q.

Ti d6 suy ra dudng thang [ ludn
ludn ndm trén mat nén tron xoay
c6 truc A, dinh O va ¢6 goc ¢ dinh

' béng 2[3 =7n - 20.

4. Mot hinh tru c¢6 ban kinh day r = 5 cm, va ¢6 khoang cdch giia lai

day bing 7 cm.

a) Tinh dién tich xung quanh cua hinh tru.

b) C4t khdi tru bsi mdét mat phéng song song véi truc va cach twue

3 cm. Hay tinh dién tich thiét dién.
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Giati
a) Dién tich xung quanh cua hinh t.ru
Seq = 2nrl = 21.5.7 = 70m (cm”®)
b) Trong hinh tron day trén (O') ha O'H |
MN thi H 1a trung diém cia MN
Ta c6 O'H = 3.
Xét tam gidc vuong c6 O'HM:

MH2 = O'M? - OH? & MH*= 25 -9 = 16 : . B

- MH=4=MN-=8

Dién tich hinh chit nhat MNEF = 7.8 = 56 e¢m®

5. Trong khong gian cho hai diéem A, B ¢ dinh. Tim t4p hop nhing
" diém M trong khéng gian sao che \AMB c¢6 dién tich 12 mot sé

khong déi.

ik
Ta ¢6 Suyp = %AB.MH Khag 451 vi

AB khong déi.

= MH = d(M, AB) khong déi béang r.

Vay M ludn luén cach duong thang AB

moét doan khéng ddi bang r nén M nam

trén mit tru cé truc la AB, ban kinh r =
2S

MH = 22
H= 4B

6. Trong khéng gian cho hai dugng thang c6 dinh a, b va song song
v6i nhau. Goi (), (B) la hai mat phang thay d6i lan luot di qua a, b
va vubng géc véi nhau. Chung minh riang giao tuyén cia hai mat

__phing («) va (B) ndm trén mot mat tru.

Gidi
Goi m la giao tuyén cta (), (p)
Tacom//allb
Cit 3 duong nay bing mot mat
phdng (ABC) vuéng gbéc véi chang,
viiAea,Beb, Cem
Goi M 1a trung diém cia AB. Goi (A)
la dudng thing vudng géc véi mat
phing (ABC) tai M




— CM = % (khong d81) (uwu §: m # A).

Vay d(m, A) = éQE = r khong doi
Do dé giao tuyén m cGa hai mat phang (o), (B) nAm trén mot méat

tru c6 truc 1a duong thang (A) ban kinh hinh tron day r = -Aélé

7. M6t hinh nén c6 dudng cao bang 20 cm, ban kinh day r = 25 cm.
a) Tinh dién tich xung quanh cua hinh nén dé.
b) Mot thiét dién di qua dinh, cach tAm cada ddy la 12 em. Tinh
dién tich caa thiét dién dé.

Giai

a) Syq = nrl.
Ta xét tam giac vuong SOA:
SA? = SO* + OA*® = 400 + 625 = 1025
SA = V1025 =541 =1
Syq = 1.25.0 = 1251 /41 (em?)
b) Xét tam gidc vuong OHS:

1 1 1 1 1
2z = 7 7 < = * 2
OK* =~ SO’ OH 144 400 OH
o 1l _ 1 1 _400-144 _ 256
OH* ~ 144 400  400.144 ~ 400.144
oL =15 on=212_ 5 em
OH =~ 20.12 16

e Xét tam giac vubng OHN: HN? = ON? - OH?
| HN? = 625 — 225 = HN = 20 (cm)
— MN = 2HN = 40 (cm)
e Xét tam gidc vudong SOH: SH? = SO? + OH? = 400 + 225 = 625
SH? = 625 = SH = 25 (cm)

e Sewn = %MN.SH - %.40.25 = 500 (cm?).

8. Cho hai diém ¢6 dinh A, B goi / 1a mdt dudng thang thay déi luén ludn
di qua A va cach B mot doan khong déi bang d vdi d nho hon AB.
Chung to rang dudng thang [ luén ludn nam trén mot méit non.

Gidi

Ha BH 1L [ tai H,
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Pat a = BAH

Ta thay duong [ thay doi nhung ludn luén B
qua A va tao v6i duong thing AB goc
khong d6i a. Do d6 dudng thang [ ludén
nam trén mit nén cé truc la dudng thang
AB ¢6 géc & dinh A bing 20 L H

9. Cho hinh lap phuong ABCD.A'B'C'D’ canh a. Hay tinh dién tich
xung quanh cua khéi nén ¢é6 dinh la tam O cta hinh vuéng ABCD
va day la hinh tron ndi tié€p hinh vuéng A'B'C'D’

Gidi
Khoi nén c¢é chiéu cao bang a,

7’ T a
ban kinh r = —

—[B
Do d6 /a“’ + ,f a\/5 ) B
, - :_.,,,,,é..,,_._.‘.:_.{ ........ C,

Seq = mrl = 3 a‘/_ e 4‘/_ (dvdt) b e

2 A’ Br

10. Cho khéi tru cé chiéu cao bing 20 ¢cm, cé ban kinh day la 10 cm.
Nguoi ta ké hai ban kinh OA, A’'B’ 14n lugt ndm trén hai ddy sao
cho ching hgp véi nhau mot géc 30° cat khoi tru bédi mot mat
phadng chia duong thdng AB’' va song song vdi truc cia khdi tru
d6. Hay tinh dién tich cta thiét dién.

Gidi

Tu day trén cua hinh tru ta vé hai ban kinh OA, OB sao

cho AOB = 30°. Goi A’, O, B' lan lugt 1a hinh chiéu
vudng géc caa A, O, B xuéng mat ddy dudi (hinh vé) HA O
Ta c6 OA va O'B' tao vdi nhau mot géc 30°.

Thiét dién 1a hinh chit nhat ABB'A’ co:

AB? = OA? + OB’ - 20A.0Bcos30°
2 J_

=2rf-2r2 X2 = r%2- J3)=1002 - J3) e
Vay AB = 1042 - JE A,
Ta lai ¢6 AA’' = BB’ = 20 cm. B’

Do d6 dién tich thiét dién hinh chit nhat ABB'A’ ¢6 dién tich la:
S = AB.BB' = 20.101/2 -3 =200y2 -3 (cm?
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11. Mot khéi tru co ban kinh ddy bang r ¢6 ¢6 thi€t dién qua truc la
mdt hinh vuéng.
a) Tinh dién tich xung quanh cda khai tru d6.
b) Tinh thé tich cua hinh lang tru da cho (hinh nay cé dday 1a hinh
vudng noi tiép trong dudng tron ddy cua hinh tru.

Giai

a) Vi thiét dién qua truc hinh tru la mot

hinh vudng nén duong sinh cua hinh A ,B

tru chinh la duong cao va bang 2r. Do .

do dién tich xung quanh cua hinh tru la e | ¢

Syq = 2mrl = 4nr? (dvdt) r ;j‘:ti%
b) Goi ABCD.A'B'C'D' la lang tru tu giac T I

déu noi ti€p trong hinh tru da cho, ta G

c¢6 hinh vuéng ABCD ngi tiép trong \

D’

duong tron day
Do dé AB = rv2 (vi 4R® = 2AB?) |
Ta cé VABCD ABCD = S,\BCD.AA' = (I‘\/é )221' = 4!‘3 (tht)

12. M6t hinh tru c¢6 ban kinh day bidng 50 cm va c¢6é chiéu cao
h = 50 cm.
a) Tinh dién tich xung quanh cua hinh tru.
b) Mot doan thang cé chiéu dai 100 em va hai dau mut nam trin
hai dudng tron day.
Tinh khoang cach ti doan thang do dén truc cua hinh tru.

Giai

a) Ta c¢6 Syq = 2rrl = 21.50.50 = 5000n (cm®) /—\
: o . i , ! O
b) Gia s doan thing AB ¢o diém mat A nam \://‘\/4

trén dudng tron (0). B nam trén (0'); Goi :
IK 1a doan vuong goc chung cia OO’ va AB Ia .
(I € O0’, K € AB), chiéu vudng goc cdc '
doan AB va IK xudng mat day dudi chua
dudng tron (O)

Goi A’, H 1an lugt 1a hinh chiéu cua A, K.
Vi KI L OO0’ nén IK // (O’'BA")

Dodé O'H // IK va O'H = IK

Tasuyra OH | ABva OH 1 A'B
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Xét tam gidc vuong AA'B ta co
A'B = VAB? - AA”? = J100? - 50° = 503 (cm)

Vay IK = O'H = JO'A” - A'H?

IK = \/;soz & fi’%@ = 50 ﬁ

IK = 25 (em).

13. Mot hinh non xoay ¢6 thiét dién qua truc la mot tam giac vuong
can co canh bang a.
a) Tinh dién tich toan phan cua hinh nén do
b) Mot mat phang di qua dinh tao véi mat day cua mot goc 60°.
Thiét dién dugce tao nén c6 dién tich bing bao nhiéu?

Gidi
a) Thiét dién qua truc la tam gidc vuéng can ASB canh SA = SB = a
nén hinh nén cé:
Puong sinh la SA = SB = a = [, ban

kinh day r = 5—22, chiéu cao

SO=h=r=f‘2_‘/§

av2 a2

Sq=nrl=n——-a-= ~ (dvdt)
2 2

Goi S la dién tich day tac6 S = nr’ = ——

na’y2 na®
2 2
b) Xét mat phdng SMN qua dinh S va tao v6i ddy mot géc 60° cit
duong tron day tai hai diém M, N. Ti tam O cda dudng tron ddy ta
vé OH 1 MN. Vay H la trung diém caa MN
Tacé MN L (SAB) = SHO = 60"

2
Sip = Sxq + S = = T2 + D (dvdt)

Suy ra sin60° = —\@ - 50
2 SH
Suy ra SH = _SO” = av2 @ = ?_‘-/_—g
sin60 2 2 J3
/a\/—é}z i/a 2\]Z _ Ef

Tacé OH?=SH?- SO?-= i_3J - |22
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(av2) _ a’

Tac6 HM?=O0OM?- OH? = L S
2 ) 6 3

= HM.—.EE\@:MN=2HM=23§/§

2
Seun = —Z—MN sH. L 2aV3av2 f

2° 3 J3

(dvdt)

14. Cho hinh chép tu gidac déu S.ABCD c6 chiéu cao SO = h va gbc

SAB = o (o > 45°. Tinh dién tich xung quanh cua hinh nén dinh
S va dudng tron day ngoai tiép hinh vudng ABCD cua hinh chép.

Gidi
bat r = OA, SO = h, SA = SB = SC = SD = 1a dudng sinh cua hinh
nén. Goi I 1a trung diém cua doan AB. Ta c6
ASOA vuong tai O: SA? = SO® + OA” & [* = r* + h* (1)

S

ASIA: Al = SAcosa o 1‘2/—2— = lcosa

— r = lcosa 2 (2)
(1) = 12 = h? + 2/%cos®a = h?® = [*(1 + 2cos’a)

I JRU Y S

~ 1+2cos’a "~ 1+ 20s%a
Do d6 r = lcosa V2 = hcosa\/?
V1 + 2cos’a
hcosan/2 h h cosan\/-

S = Ml e e =
! \[l+2COS(1 /1+2COSC1 1+2C0°. o

15. Cho hinh tru ¢6 cdc day la hai hinh tron tam O va O’ ban kinh

day bang chiéu cao va bang a. Trén dudng tron day tam O lay
diém A, trén dudng tron day tam O’ lay diém B sao cho
AB = 2a. Tinh thé tich cua khéi ti dién OO'AB.
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Giai
Goi B’ 1a hinh chiéu cua B xudng mat
day ta c6 tam gidac ABB’' vudng tai B’
nén AB' = |/(2a)* - a® = a\/§
Goi H 1a hinh chiéu cGa B’ xuéng OA
Do AB’' = aV/3 nén tam gidc AB'H la
na tam gidc déu




Dods LB = AB _ a¥3
2 2
, 1 av3) a*J3
Vay thé tich V, :=-S oo dvtt)
ay the tich Vopago 3 OAB' 3(2 5 J 2 (

16. Bén trong hinh tru tron xoay c¢6 mét hinh vuéng ABCD c¢6 canh a,

ndi ti€p ma hai dinh lién tiép A, B ndm trén duong tron day tha
nhat cia hinh tru, hai dinh con lai nim trén duong tron day tha
hai cia hinh tru. Mt phing hinh vuéng tao véi ddy cda hinh tru
mot goc 45°. Tinh dién tich xung quanh va thé tich cia hinh tru dé

Giai
Goi B’ 1a hinh chiéu cia B xuéng mat ddy duéi
Ma DC L BC = DC 1 BC
= B'D la dudng kinh ctia dudng tron ddy va BCB' = 45°

e ABCB’ vuong can tai B’ = CB' = BB’ = f

e ADCB' la tam gidc vudng tai C.
2 2

~BD*=a’+ & =38

2 2

\/— a\/6

= B'D = — DO = ¥
4

e Dién tich xung quanh cta hinh tru:
o 'r‘razJﬁ
S,q = 2n.DO'.BB’ =
3nad\/_
16

(yéu cau bai toan)

o V = n(DO')’BB’ = (dvtt)

17. Mot khdi tru cé ban kinh ddy r = 5 cm, khoang cach hai day bing

7 cm. Cat khdi tru bing mot mat phéng song song vdi truc va
cdch truc 3 cm. Tinh dién tich cua thiét dién

Gidi

v

Keée OI L AB = OI L AA’

= OI 1L (ABB'A’)
Ta c6 OI = 3 cm, AB = 2]IA = 24/25-9 = 8 (cm).
Vay dién tich hinh chit nhat ABB'A’ 1a

AB.AA’ = 8.7 = 56 (cm?)

N

- 1
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18. Cho hinh hép chi nhat ¢é ba kich thude la a, b, ¢. Hay xdc dinlh

tam va ban kinh cua mat cau di qua 8 dinh cua hinh hop do.

Giai
Goi O 1a tdm cua hinh hop cha nhat ABCD.A'B'C'D’ ta c6
OA=0B=0C=0D=0A"=0B"=0C"=0D'=R
Vay O la tAm mit cau di qua 8 dinh cua
3 hinh hop ABCD.A'B'C'D".

e Tam gidc vuong ABC: AC = a’ + b’ D .
e Tam gidc vudng A'AC: ,
AC2-a% +c2+Db? Al _ 4
e Dl G ) o
i v_ oy (\/
A 5 4

19. Cho hinh chép tu giac deu S.ABCD ¢6 canh ddy AB = a va canh

bén SA = a. Xac dinh tdm va ban kinh mat cau di qua 5 diém A,
B, C, D, S.

Giai
Goi O la tdm cua hinh vuéng, ABCD ta cé
0S=0A=0B=0C=0D-= %‘fg -R
Vay O cach déu nam diém S, A, B; C, D.
Nén O 1a tam mat cau di qua 5 diém S, A,

B,C,DvaR=0A-= ‘ng (dvtt) # B

20. Tim tap hgp tdm cdc mat ciu luon ludn chia mot duong tron cd

dinh cho trugc.
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. hgp tdm cac mat cau luén ludn chia mot

Giai
Cho dudng tron (C) tdm I ¢6 dinh.
Go1 (S) la mat ciau tdm O bdan kinh R ludn
ludén chua (C)
Lay diém M bat ki trén (O) ta luén luén cé
OM = R. Do d6 O luén luon nam trén truc A
cia duong tron (0). Hay néi cach khac: Tap

duong tron c6 dinh la truc \ cua dudng tron




(O) (A vudng géc v6i mit phang (P) chuaa (O)
tai tam I caa (O).

21. Tim tdp hgp tdm cdc mit ciu cung tiép xdc véi ba canh cua mot
tam giac cho trudc.

Gidi A
Goi1 ABC la tam gidc cho trude, goi
M, N, P lan lugt la cac tiép diém
cua cac canh AC, AB, BC. Va (S) la
mat cau c6 tdm O ban kinh R o
Ta cé IM2 - IN2 = IP2 . OM2 _ 012 ‘ \
= R? - OI A —
(véi I 1a hinh chiéu vuéng géc cua O 1én (ABC))
Suy ra IM = IN = IP. Vay I la tdm dudng tron ndi tiép AABC.
Nén tap hgp cdc tdm O cia mat cau la dudng thang A vuong géc
vdi mat phing (ABC) tai tam I dudng tron noi tié€p AABC.

22. Tud mot diém M nidm ngoai mat ciu (O; R) ta ké hai dudng thang

cidt mat cau lan lugt tai A, B va C, D.

a) Chung minh ring MA.MB = MC.MD.

b) Goi OM = d. Tinh MA.MD theo R va d.

Gidi
a) Goi (a) l1a mat phdng chia hai dudng thing
qua M va cit mat cau tai A,B,C,D
(a) cat méat cau (O; R) theo giao tuyén
la dudng tron ()
Trong mat phing (a) ta c6 hai dudng
thing qua M cdt () lan lugt tai A, B
va C, Dtacé
MAMB = MC.MD = #M/ |

b) Xét mat phang (OAB) cidt mat cau (O; R) theo dudng tron lén tim
0, bén kinh R. |
Trong mat phang (OAB) ta c6 MA.MB = d* - R®
Trong do d = OM, R ban kinh mat cau (Ta dé thiy M ¢ (OAB) vi
M < AB).

23. Cho mat cau (O; R) tiép xuc vdi mat phang (P) tai I. Goi M 1a mot
diém nam trén mat cau nhung khong phai la diém doi xung vai |
qua tam O. Tu M ta ke hai tiép tuyén cua mat cau cat (P) tai A va
B. Ching minh rang AMB = AIB .

—
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Giai
Xét hai tam gidc AAMB va A AIB ta c6
AM = Al (hai tiép tuy&n phat xuit tur A)
BM = BI (hai tiép tuyén phat xuit ti B)
AB chung

Vay AAMB = AAIB (c.c.c)
— AMB = AIB A
: P

(Chii y: O1 1 (P) B
= OI L Al OI 1 BI)

24. Cho mot di€m A c6 dinh va mét duong thing a c¢6 dinh khong di

qua A. Goi O 1a mét diém thay déi trén a. Ching minh ring cac
mét cdu tdm O ban kinh R = OA luén ludn di qua mot duong tron
c6 dinh.

Gidi

Goi (o) 14 mat phidng qua A va vudng géc A
v6i dudng thing a, (a) cit (a) tai ‘\\
= () 12 m4t phang cd dinh ‘
Mit phdng (a) cdt mat cau (O, OA),

theo mét duong tron (C) ¢6 tdm I, ban

kinh IA = R khong dé6i.

Vay c4ac mat cau tdam O, ban kinh R = OA luén luén di qua mét
dudng tron cé dinh tam I, ban kinh IA khong d6i ndm trong mat
phang (a).

25. Cho hai tia Ax, By chéo nhau nhdn AB lam doan vudng géc chung.

Goi M, N la hai diém 14y trén Ax va By sao cho MN = AM + BN.
Ching minh ring dudng thdng MN ludn ludn ti€p xic v6i mat cau
cod dinh.
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Gidi

bat AB=a =>0A=0B = 5 AM = x, BN = Y A
Goi O 1a trung diém cia AB, ha OH 1 MN a/z
Ta cé: 1—2 + x> = OM? + HM? (Vi hai tam

gidc vubng OAM va OHM)



i
&

Va %— + y* = OH® + HN? (hai tam giac
vubng OBN va OHN)
Tir hai déng thic trén ta suy ra HM = x, HN = y va OH = ‘2‘

Vay khoang cich tir O dén dudng thang MN bang 3 Nén MN tiép

> 53 L N i 5 ; a .
xuc v6i mat cau tdm O ban kinh R = — = = c6 dinh.

26. Cho hinh lang tru tam gidc déu c6 9 canh déu bang a.
a) Xac dinh tam va ban kinh mat cau di qua 6 dinh cua lang tru.
b) Tinh dién tich cia m&t cau noi trén.

Giai
a) Goi G va G’ lan lugt 1a trong tam cua hai A B
tam giac deu ABC va A'B'C'. Nén duong
thang GG’ 1a truc cta hai tam gidc do. M
Goi O la trung diéem cua GG’ thi ta ¢c6 OA C
_0OB=0C =0A =0B = 0C =R ‘0
Do d6 O la tam mat cau di qua 6 dinh cua :
hinh lang tru.

Ta goi M Ia trung diém ciia BC thi AM = 2¥°
2
: 3
S AG= “AM e “8¥d _ 8 3,OG= a
3 372 3 5

Xét tam gidc vuong OGA: OA% = OG® + GA®

0A? = (3‘@} 4 (fiy _ 72 A - aV7 _ aJ21
3 2 12 A2 6
Vay bdn kinh m&t cau R = OA = a\éﬁ (dvdt)
b) Dién tich mat cau S = 37R? = 4n. 7;;
S = 7—7—;{ (dvdt)

27. Cho tu dién ABCD c6 canh AD vudng géc vdi miat phang (ABC) va
canh BD vudng géc véi canh BC. Khi quay tat ca cac canh con lai
cua td dién dé quanh canh AB, ¢6 bao nhiéu hinh nén tron xoay
dugc tao thanh nhan dudng thing AB lam truc
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Giai
e Ta dé thay BC | AB
Khi quay hinh ti dién quanh canh AB ta c6:
e Tam gidc ABC quay quanh AB tao ra hinh
nén c6 truc AB dinh A duong sinh AC,
dudng tron day co tam B, ban kinh BC.
e Tam gidc ABD quay quanh AB tao ra hinh
non c6 truc BA dinh A, duong sinh BD, day
1a hinh tron cé tam A, ban kinh AD.

28. Mot hinh chép c6 tat ca cac canh bén bang nhau. Ching minh hinh

chop dé noi tiép duge trong méit cau néu da gidc day ndi ti€p trong 1
duong tron. (Cac dinh cia hinh chép nadm trén mit cau).

Giadi

Goi S la dinh cua hinh chép

A, B, C, D... 1a da gidc day, va H 1a chan hinh chiéu vuéng géc cua

S 1én méat phang day ABCD...

e Taco HA =HB =HC = HD = ...

(Vi cac canh bén SA =SB =SC =SD = )
Vay H la tam dudng tron ngoai

tiép da giac day va SH la truc caa

da gidc day.

e Dung mat phang trung truc (o) cda
mot canh bén (chdng han SA) thi (a)
cidt SH tai O thi ta ¢6

0OS=0A=0B=0C=0D...

Do dé hinh chép ndi tié€p trong mot mit cau néu da gidc day la da

gidc ndi tiép trong mot duong tron.

29. Hinh chép S.ABC c¢6 mdt mat cau ti€p xuie vdi cdac canh bén SA,

SB. SC. M#t cau nay con tiép xdc vdi 3 canh AB, AC, CB tzi
trung diém cua mdi canh. Chirng minh ring hinh chép dé la hinn
choép tam giac deéu.
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Gidi
e Goi M, N, P lan lugt la trung diém cia cac canh AB, BC, CA
Goi I, J, K la cac tiép diem cua mat cau vai SA, SB, SC.
Ta co e Al = AM = AP (3 tiép tuyén xuat phat tir A}




e CP =CN =CKva AP = CP
e« BM = BN = BJ va BN = CN
e SI =SJ = SKva AM = MB
Tu 4 hé thue trén ta suy ra
AB = BC = CA va SA =SB = SC

Vay hinh chép S.ABC 1a hinh chép
tam gidc déu.

30. Cho tu dién déu ABCD canh a. Goi H 1a hinh chiéu vuong goc cua
dinh A xuéng mat phang (BCD).
a) Chung minh H la tam dudng tron ngoai tiép tam giac BCD. Tinh
khoang cach Al
b) Xac dinh tam va tinh ban kinh mat cau ngoai tiép tu dién ABCD.
¢) Goi K la trung diém cua doan AH. Chung minh KB, KC, KD dbi
mot vudéng goc.

Giai
a)e Vi AB = AC = AD =a = HB = HC = HD
Vay H la tam duong tron ngoai tiép ABCD
e Tam giac BCD déu nén H cing 1a truc tam

=
Ta c6 BH = g.f-i-[% = ay3
3 2 3
e Xét tam gidc ABH vuong tai H ta co
\ 2
9 2 9 , \ 2
AH? = AB* - BH? = a* - (@ - 2a”
'3 ) " 3
Al = BY2 _ ave
V3 3

b) Goi («) la mat phang trung truc cua canh AB
() cdt AB tai trung diém M va («) cat AH tai O
Xét hai tam gidc vuéng dong dang AMO «» AHDB

a

i Al
.,Agzé_M.DAO= 2 =ﬁ ﬁAO:%_\L@_
AB AH a a6 4 4

3

Vay tdm mat cau ngoai tiép t& dién ABCD la diém O nam trén

)

truc AH va R = AO = avi (dvdt)
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c¢) Vi K 1a trung diém cta AH nén ta c6

HK - AH _ aJ6
2 6
2 2 2
e ABHK: BK2 = BH2 + HK2 = [3—3\[3—) + [9—6—@-] = %

2

Viy  BK?=CK?=DK?-= 32—

e ABKC: BC? = BK? + K(C? t::>a2=a—+al < BK L CK

Tuong tu CD? = CK® + KD* < CK L DK
BD? = BK? + KD* < DK 1 BK
Vay KB, KC, KD d6i mdt vudng géc.

31. Cho hinh vudéng canh a, tir tdm O cua hinh vuéng dung dudng

a) Xac dinh tdm va ban kinh mat ciu ngoai tiép hinh chép S.ABCD.
b) Tinh dién tich xung quanh cua hinh tru cé dudng tron day ngoai

thdng A vudng géc v6i miat phang (ABCD)

Trén A 1dy diém S sao cho OS = %.

ti€p hinh vuéng ABCD va c6 chiéu cao h = %

92

Gidi

a) X4dc dinh tdm, ban kinh.

Goi I 1a tam clia mit cau ngoai ti€p hinh chép S.ABCD thi I 1a
giao diém ciia mat phang («) trung truc cia canh SA vdi SO

. T \’ 2
Ta c6: SA2=SO2+0A2=(%J +(a\/§. 3a

\ L2 ) 4
:SA:Lg:vSM=§é=ﬂ
2 2 4

Hai tam gidc vuéng déng dang SMI «» SOA

aV3

SM _SL _ 4 _ SI
SO ~ SA a a3
2 2
1= 32
4

Vay tam I cia méat cau ngoai ti€p hinh chép S ABCD nam trén SO



vi ¢6 ban kinh R = 545‘1

b) Ta ¢6 chu vi duong tron ngoai ti€p hinh vuéng ABCD la:
2nR = Znaf =aJ2n

- NS
Sjy ra: qu = 2aRh = %.a\/Zn = nfi-\'? (dvdt)

32. Cho hinh chop tam giac deu co canh bén la a. Goc gitta mat bén

vé day la a. Tinh thé tich va dién tich xung quanh cua hinh nén
n¢i ti€p trong hinh chép theo a va a.

Giai

Goi M la trung diém cta BC. Ta cé:
SA =SB = SC = a, SMO =«
PDudng cao cua hinh nén la SO = h. Ban kinh dudng tron day la
OM =r, AO = 2r. Buong sinh SM =/ :
Te c6 h = OM.tanua = rtana (1)
SA? = SO? + OA? = a® = h? + r? (2)

= 4r® + r’tan’a = a’ = r4 + tan’o) = a°

£x o i o a 27 = atana
J4 + tan‘a V4 + tan‘a
r a
Véy [ = =
cosa cosav4 + tan’a
2
a
Sur ra S, = = z
(4 + tan“a)cosa
v na’tana

B 3y(4 + tan2a)®

33. Trong mat phang (P), cho hinh vuong ABCD. Trén dudng thing

Ax vudng gbéc véi mit phing (P) 1dy mét diém S bat ki dung mit
phing (Q) di qua A va vudéng géc véi SC. Miat phang (Q) cdt SB,
SC, SD lan lugt tai B!, C", D"

Cheng minh rdng cic diém A, B, C, D, B, C’, D' cung nam trén
m{: mit ciu cd dinh. |

Gidi

. BC L AB)

Ta . BC L (SAB) = BC L AB'
aOBCLSA}:’ i) =
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AB 1 SC|
Mat khac: B L5 = AB’ L (SBO)

AB | BC

= AB' | BC
Tuong tu AD . D'C, AC" . CC’
— ABC = ABC = ACC = ADC
= AﬁC = 90“

Vay A, B, C, D, B, C’, D’ cung nam trén
mdt mat cau ¢6 dinh c¢6 duong kinh la
AC.

34. Cho hai nia duong thang Ax va By vuong goc vdi nhau va nhan

AB = a (a > 0) lam doan vuéng goc chung. Lay diém M trén Ax, N
trén By sao cho AM = BN = 2a. Xdc dinh tam I va tinh theo a ban
kinh R cda mat cau ngoai tiép td diéen ABMN. Tinh khoang cach
giita hai dutng AM va BL.
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Giai
Tacé: AM | AB
AM | BN (gt)
= AM i (ABN) » AM 1 AN (1)
e Tuong tu BN . AB
BN . AM (gt)
= BN 1 (ABM)
= BN 1 BM (2)
Tir (1), (2) ta thay hai tam giac
vuong MBN va MAN c6 chung
canh huyén MN. Nén ta dién
ABMN néi tiép trong mat cau
dudng kinh MN, tam I la
trung diém cia MN
Tacé6 MN?=AM* + AN = AM? + AB” + BN?

MN  JAM®: AB*+BN® 34
= R = - :*’* = e ~‘ (

dvdt)

2

* Tinh d(AM, BI)

Goi J 1a trung diém cua AN thi m&t phang (BlJ) la mit phang
chua BI va song song vai AM. |

Ha AH L B.J thi AH L mp(BIJ).

Do dé d(AM, BI) = d(A, mp(BIJ)) = AH




Goi K 1a trung diém cua BN thi AAHB «» ABKJ

Ta c6 é}i e 5 = 2 = AH = 2?54/5 (dvdt)

AB  BJ 5

35. Cho ti dién ABCD v6i AB = AC = a, BC = b. Hai mat phang (BCD)
va (ABC) vudng géc véi nhau va goc BDC = 90°. Xac dinh tam va
ban kinh cla mat cau ngoai tiép ti dien ABCD theo a va b.

Giai
Ha AH | BC = H la trung diém cta BC (do AABC can)
Do (DBC) 1 (ABC) = AH 1t (DBC) D
Vay AH la truc cua tam gidac vuong DBC A

Do dé tdm O cua mat cau ngoai tiép tu
dién ABCD nam trén AH va ta co
OA=0B=0C=0D=R
Do dé R cang 1a ban kinh cua dudng tron C B
ngoai tiép tam giac ABC. '
a‘b a‘b

Ta ¢6 Siapc = R=—
a CO DAABC iR = 4S A

2
Xét AMMBC: AH = VAC? -CH? = a?- PZ'

_ \/4a2—b2 _ J4a? - b?

4 2
/ 2 _he / 2 ___z-
Siasc = %BC.AH = %b. 4a2 b = b 434 b 4

a“b a’

| - - SRS . N
bV4a® -b*  Jda® b’
Vay tam O cua mat cau nam trén duong thang AH sao cho

R = OA = _ (dvdt)

a

JVda* - b*

86. Cho hinh lang tru tam giac déu ABC.A'B'C’ ¢6 tat ca cac canh déu
bang a. Xdc dinh tdm va ban kinh cla mat cau ngoai ti€p hinh
lang tru da cho. Tinh dién tich cia mat ciu ngoai tiép do.

Gidi
Goi I va I' 1an lugt 1a trong tdm cGa hai tam gidc ddy lang tru.
Nhu vay I va I' dong thoi cing 1a tAm cda hai dudng tron noi tiép
cdc tam gidc 4y va nadm trong hai mat phing cung vudng géc véi
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dudng thang IT".

Ta suy ra trung diém O cua doan II' chinh A C
la tAm cta mat cAu ngoai tiép di qua 6 dinh .
cua lang tru da cho. Mat cau nav co bén BY"
kinhr = OA = OB = OC = OA" = OB’ = OC’ o
. 1 . a° 7' s ”
Taco OAZ=AI’+10°=2 42 - &
3 4 12
Vay r:OA:a’Z:a\fZl
2.3 6
T dé6 ta tinh dugce dién tich cia mat cau ngoai tiép cua lang tru la
e 2
S =4nar” = 4n B 1 = 773 (dvdt)
‘ )

I

37. Cho hinh cau duong kinh AA’
AA’ sao cho AH = %E, Mait phang («) qua H va vudng goc vai AA’

2r. Goi H 1a mot diém trén doan

cat hinh cau theo dudng tron (7)
a) Tinh dién tich cua hinh tron (7)
b) Goi ABCD la tam giac déu né1 tiép trong (¢2). Hay tinh thé tich
hinh chép A.BCD va hinh chop A".BCD

Gidi

a) Theo gia thiét ta ¢6 AH = 43_r

Ta suy ra OH = --. Goi r' la ban kinh ctia dudng tron (€) ta c6

o
2 2
/ z g g9 T 8r
rl=p’_OH!=r'- _ = —
9 9

Véay dién tich cda hinh tron (77 1a
2
S = 1[["2 = »8--7595— (dth)
b) Vi ABCD la tam giac déu nén ta c6

_ e
BC=r3 = g}?—r

Dién tich tam giac déeu BCD la
g_ BC'3 _24r* 3 _2r'V3
T4 9 4

(dvdt)
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Thé tich hinh chép A.BCD la

2 3
V= l i Jﬁg = 8V/3r (dvdt)
3 3 3 27

Thé tich hinh chép A'.BCD la:
V- 1 2r2J3 2r _ 4/3r°
"3 3 '3 27

(dvtt)

38. Cho hinh ciu tdm O bdn kinh R, dudng kinh SS'. Mot mat phéng
vudng géc v6i SS' cdt hinh cau theo mdt dudng tron tam H, cho
tam gidc ABC la tam gidac déu ndi tiép trong dudng tron nay, cho
SH = x.

Tinh cdc canh cta ti dién SABC. X4c dinh x dé SABC la mot t
dién déu, trong trudng hdp nay hay tinh thé tich cua no.

Giai

Goi H 1a tam dudng tron ngoai tiép tam gidc deu ABC g
— HA =HB = HC = SA =SB = SC 8

ASAS' = SA? = SH.SS' = 2Rx
= SA = SB = SC = V2Rx
= AH? = HS.HS' = x(2R - x)
= AH = /x(2R -x) (bang ban kinh
duong tron ngoai tiép AABC)
= AB = AC = BC = V/3AH = /3x(2R - x)
Lic dé: SABC la tir dién déu < SA = AB
& J2Rx = /3x(2R -x) < 2Rx = 3x(2R - x)

<:>x=i1—35(0<x<2R)(SH=x=é35)

e Tinh VSABC

3
Ta c6 Vsasc = %.S_\Asc.SH — -8—%5\/;3— (dvtt)

39. Cho tua dién SABC c6 canh SA vudng géc véi mp(ABC). Nhi dién
canh SB la nhi dién vudng.
Bi&t SB = a2, géc BSC = 45°, géc ASB = o (0 < a < 90°)
1. Ching minh BC vudng géc véi SB. Tu dé xdc dinh tdm va ban
kinh mat ciu ngoai ti€p ti dién SABC.
2. Tinh thé tich t& dién SABC theo a va o. Vdi gia tri nao cia a thi
thé tich dé 16n nhat.
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Giai

1. Ta ¢6 nhi diér. canh SB vuéng — (SAB) L (SBC)

Vé AH 1 SR:-» AH 1 (SBC) - AH L BC (1)
SA 1 (ABC) = SA L BC (2)
Tu (1), (2) suy ra BC L (SAB) -» BC | SB
— SBC = 90'
Vi SA L (ABC) = SA | AC -» SAC = 90"
Vay A, B cung nhin SC dudi mot goc
vudng nén bon diém S, A, B, C cung nam
trén mat cau duong kinh SC, tdm mat
cau ngoai tiép tu dien SABC la trung

diém O cda SC, ban kinh R = % Ta cé

tam gidc SBC vuong tai B va BSC = 45°
Nén ASBC vuéng can tai B > SC = SBV2 = a2 .J2 =2a
-> R = a (dvdd)

2. Tacé BC =av?2

SA 1 (ABC) » SA 1 AB
ASAB vudng tai A = SA = SB.cosu = a2 cosa
AB = SB.sinu = a2 sina

Thé tich ti dién SABC bang: V = éSABC.SA

—

L aBBCSA = 1

6 av’/é )(a\/?_) (8\/5) SINUCOS(X

V=—.

I IR
<

2
~sln2ua

3

V=

>

V 16n nhat <> sin2a =1 ¢ 2u = — > ¢ =

[Nl

Vay Vsapc 16n nhat khi a = }

BAI TAP TRAC NGHIEM CHUONG III

1. Két qua nao sau day dang:
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Cho hinh lap phucng ABCD.A'B'C'D' ¢6 canh bdng x, goi S la dién
tich xung quanh cta hinh lang tru c¢é hai dugng tron day ngoai tiép
vdi hinh vuéng ABCD va A’'B'C'D'. Dién tich S bang:

A. x®J2 ' B. 2mx V2 C. nx? \/—?; D. gnx2 J2



. Két qua nao sau day dang |
Cho hinh 14p phuong ABCD.A’'B'C’'D’ ¢6 canh bang x. Goi S la dién
tich xung quanh cuda hinh lang tru c¢6 hai duong tron day noi tiép
trong vdi hinh vuéng ABCD va A'B'C’'D'. Dién tich S bang:
A mx’ 2 B. 2nx* C. nx* D. 2nx V2
. Goi S la dién tich xung quanh cua hinh nén tron xoay dugc sinh ra
bogi doan thang CA’ cua hinh lap phuong ABCD.A'B'C'D’ ¢6 canh
bang a khi quay xung quanh truc CC'. Dién tich S bang:
A. na® B. na®J6 C. na®\2 D. na®y3
. Mot hinh tf dién déu canh a, c6 mét dinh la dinh cia hinh nén xoay
con ba dinh con lai cua tir dién nam trén dugng tron day cua hinh
non. Thi dién tich xung quanh cida hinh nén bang:
A Ei;_‘/g B. na;\/g C. na’V2 D. na’VJ/3
. Cho hinh lap phuong ABCD.A'B'C’'D’ ¢6 canh biang a. Mét hinh nén
tron xoay c¢6 dinh la tdm cda hinh vuong A’'B'C'D’' va ¢6 dugng tron
day ngoai tiép hinh vuéng ABCD. Thi dién tich xung quanh cua hinh
nén bang:
A ma'y3 p V3 o om'V6 o oma'V2

2 3 2 2
. Cho t& dién ABCD cé6 canh AD vubng géc véi miat phang (ABC) va
canh BD vudng géc véi canh BC. Khi quay t& dién dé xung quanh
truc 1a canh AB c6 bao nhiéu hinh nén khac nhau dugc tao thanh
A. mot B. hai C. ba D. bon
. Ménh dé nao sau day la sai:
Cac hinh chép sau day ludn ludn cé cdc dinh nidm trén mot mat cau.
A. hinh chép tam giac. B. hinh chép tu gidc.
C. hinh chép ngi giac déu. D. hinh chép n gidc déu.
. Cho ti dién deu ABCD. Khi quay tu dién d6 xung quanh truc AB cé
bao nhiéu hinh nén khac nhau dugc tao thanh:
A. mot B. hai C. ba D. bén.
. Ménh dé nao sau day la sai
A. C6 mot mat cau di qua cac dinh cia mot tu dién bat ki.
B. C6 mot mat cau di qua cac dinh cia mét hinh hop chir nhat.
C. C6 mdt mit cau di qua cac dinh ctia mét hinh chép déu.
D. C6 mot méat cau di qua cac dinh cda mot hinh lang tru co day la

mot tif gidc 16i.

£
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10. Cho ba diém A, B, C cung thudc mdt mat cdu va biét rang ACB =1
vudng. Trong cac khing dinh sau, khdng dinh nao la ding
A. AB la mdt dudng kinh cda mat cau da cho.
B. AABC la mdt tam giac vudng cén tai C.
C. Ludn luén cé mot duong tron lén thudc mat cau ngoai tiép tam
giac ABC.
D. AB la dugng kinh cia duong tron l6n trén mit cau da cho.
11. S6 mat cau chia mot dudng tron cho trude la:
A1 B. 2 C.3 D. vo sd.
12. Hinh nén cé chiéu cao bang h va géc ¢ dinh la 2B. Dién tich xung
~quanh cua hinh nén la:

2 . 2
Bl sing B. th*anf C. &h

D. nhsi
cos’p cosp mhisinp

13. Khoi cau c6 ban kinh bang r ndi ti€p trong mdt khoi non, chiéu cao
khoi nén la 3a, cdc thiét dién qua dinh cda khéi nén c6 dién tich
16n nhat la:
5, 43 p. Y3 C. 3a°V3 p. %

4 2 2

14. Hinh chép ti gidc déu c6 dinh trung véi dinh cda hinh nén va c6 day
noi tiép trong dugng tron dday cia hinh nén. Biét canh day caa hinh
n6én biing a va canh bén bing av2. Khi dé thé tich hinh nén la:

A na’\2 na’ /6 na* 2 V
3 4

g TNl C. D. A, B, C'déu sai

12
15. C4t mat xung quanh cia mot hinh nén tron xoay theo mot dudng

sinh réi trdi ra trén mat phing ta dugc % hinh tron ¢é ban kinh R.

Khi d6 ban kinh ddy cia hinh nén bang:
AR B. } c. B2 p. 2R3
: 3 3 2 3
16. Mot khai tru tron xoay chita mot khoi cau c6 ban kinh bang 1. Khéi
cau tiép xtc véi mit xung quanh va hai mat ddy cia khéi tru. Thé
tich khdi tru bing: |

A. —g—(dvtt) B. .g. @ty C.2r(dvtt)  D. 2 (dvtt)

T
17. Hinh hdp chit nhat ¢é ba kich thudc 3, 4, 12. Ban kinh mait ciu
ngoai tiép cha hinh hop chi nhat bing: :

A5 B. 10 C. 13 p. 13

2
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18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

Hinh tru ¢6 ban kinh bang 5, khoang cédclh giita hai ddy biang 7. Dién
tich toan phan cda hinh tru bing:

A. 10mn B. 85n C. 967 D. 120n

Hinh nén c¢6 ban kinh bing R va thiét dién qua truc la tam gidc déu.
Dién tich xung quanh cta hinh nén la:

2 2 ‘KRz & ;
A. 2nR B. nR C. D. A, B, C déu.sai

Cho tam gidc vudng tai A, ¢c6 AB = a+/3, AC = a. Xoay tam gidc ABC

xung quanh canh BC ta dugc khéi tron xoay c6 thé tich la:

&, = B. c. ™ p. 2%
2 4 3

Hinh try c¢6 ban kinh ddy la R, thiét dién qua truc la hinh vuéng.

Khoi cau ngoai tiép hinh tru cé theé tich la:

- 3 3 R
A. 8R° V2 B. 4’*; 2 4"3R D. S“RSQ
C4t mat cau ban kinh 2R bing mét mit phing, ta dugc dudng tron cé
ban kinh R. Khodng cédch tif tAim mat cAu dén mat phang la:
A R3 B. g C. 5—3@— D. R_;E’-

Mot khdi nén ¢6 thiét dién qua truc 12 mot tam gidc déu canh a va
chia mot khéi cau. Khéi cau tiép xidc véi mat xung quanh va mat
ddy cua khdi nén. Dién tich khéi cau bang:
A ™ g, 2ra’ | a p, &

3 3 12 2

Mot khoi cau c6 thé tich bang % (dvtt) noi tiép trong khoi lap

phuong (cdAc mat cia hinh ldp phuong déu tiép xic vl khoi cau).
Thé tich khdi 1ap phuong bang:

A. 1 (dvtt) B. 4?7{ (dvtt)  C. 8 (dvtt) D. 4n (dvtt)
Néu ba kich thudce cia hinh hop chit nhat la a, 2a, 2a. Thi thé tich
khéi cau ngoai tiép hinh hop la:
3 3 3
A, 2= B, 2 C. 9na® p, 2%
5 4 2

Hinh lap phuong cé canh bang a. Dién tich m&t cau ngoai ti€p hinh
lap phuong la:

A. na? B. 2na® C. 3na” D. 4na®

Hinh lap phuong c6 canh bing a. Dién tich mat cau ngoai tiép hinh
lap phuong bang:

A ma’ B. 2na’ /2 C. 3na* D. ma’ 2
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(88. Hinh lap phuang ¢6 canh bang a. Hinh tru ¢6 dugng tron ddy noi
tiép day cua hinh lap phu’Gng ¢6 thé tlch la
rta N as :
ik A na’ B. i C. 7; D. A, B, C déu sal
29. Cho hinh lap phuong co thé tich Vi, goi O la tdm cua day trén, va
i6€) 1a dudng tron ngoai tiép ddy dudi. Khoi nén dinh O va cé day la
ggA(g?gicé thé tich V,. Ti so %‘— la:

A B. > c® D. 2
b L8 b18
%gog‘? l,{mz?n; nén bing mat phiang khong vudng géc vdi truc va tat ca cac
uong sinh cua mat nén thi ta duge giao tuyén la:
A. Iggo‘r}lg tron B. Puong elip
- Bm}ng hypebol D. Buong Parabol
&}nﬁlﬂpgnl@‘}bphmmg ABCD.A'B'C'D’ ¢6 canh bing a. Hinh nén ¢é dudng
cao C@l ya do dai duong sinh la C'D thi cé dién tich xung quanh la:
A. na®*¥%q B na? C. na’ V3 D. na2 V0
32. Cho hinlg chép S MNP ¢6 SM L (MNP) biét SM = MN = a va AMNP
év sviliAg vAh tai N. Mat céu ngoai tiép S.MNP ¢6 dién tich la:
AR ﬁjlélg{tgéau‘) ah B. gna  C. 3na® " D. na? J3

33. Hinh cH¥b &.MNP c6 SM L (MNP), AMNP vuong tai N. Bigt
SM = 2MN = 4NP = 4a. Khai cAu ngoai tiép SMNP c6 thé tich la:

gsl lﬁdﬂm&.@i IR B Zina c _7m\_/_‘22}_§§'m D. 47t1

. ()
AU d
éﬂfw(lfloo ﬁiril?\v lap ;}“ Jdong c¢6 canh bing x va mot hinh tru c¢6 hai hinh
tron noi ti€p hai mat d6i dién cua hinh lap phuong. Goi S, la dién
tich'6vmiaticid hinh lap phuong, S; 12 dién tich xung quanh cua hinh

dois e 'ﬂirﬁdsﬁi AR5

AL sm€ g T ol D.
2 ¢ 6 2

HaiChéitid sbin dNPErcd-day 1a tam gide NPQ vudng goc tai N co MN
vuong goc val imat phang (NPQ) va MN = a, NP = b, NQ =c. Mat
cau di qd-ﬁ’i*atﬂdmh cua ti dién MNPQ c¢6 ban kinh R hang

daid q‘ﬁj (rg(}gmxhywdbm do1s B.R - \/a e -

b D. A, B, C déu sai.



36.

317.

38.

39.

40.

41.

42.

43.

Cho hai diém ¢6 dinh A, B va mot diém M di dong trong khong gian
nhung ludn luon théa man diéu kién MAB = « vdi 0 < o < 90°.
Hay tim ménh dé ding thudc mét trong cdc ménh dé sau
A. M luén luon thudéc moét mat nén xdc dinh.
B. M luon luén thuée mot mat tru xdc dinh.
C. M luon ludn thudée mot mat cau xac dinh.
D. M ludn luén thude mot mit phang xac dinh.
Ngudi ta bo 3 qua banh bang nhau vao mot hinh tru, biét riang day cia
hinh tru bang hinh tron 16n trén qua banh va chiéu cao cia hinh tru
bang 3 1an dudng kinh cia banh. Goi S, 1a dién tich cia mot qua banh,
S, la dién tich xung quanh hinh tru. Ti s6 -S—‘ la:
2
1

A B. 2 C. -gi D. A, B, C déu sai

Cé 7 vién bi kich thudc béng nhau, va c¢6 ban kinh déu bing r dugc
xép kin vao ddy cua mot chiéc hop hinh tru sao cho 6 vién bi xung
quanh déu tiép xdc vdi cdc dudng sinh cua hinh tru. Dién tich day
cua hinh tru la:

A. 6nr’ B. 9nr® C. 8nr? D. 10nr’

Hinh chop S.MNPQ cé6 day MNPQ la hinh vuéng, SM L (MNPQ).
Bié€t SM = MN = 1. Thé tich khéi cau ngoai tiép S.MNPQ la:

A n3 (dvtt)  B. 1‘6£ (dvtt) C. i (dvtt) D. 3;4—3 (dvtt)
Hinh chép S MNP ¢6 SM 1 (MNP) va AMNP vuéng tai N. Cho
SM = MP = 2. Ban kinh miat cdu qua S, M, N, P la:

Al B. 2 C.3 D. 4

T dién OXYZ ¢6 OX, OY, OZ d6i mot vudng goéc. Tam mat cau ngoai
tiép tu dién ndm trén cdc dudng thing nao sau day:

A. Truc caa AOXY B. Truc caa AOYZ

C. Pudng thang OZ D. Ca A, B, C déu dung

Tua dién déu MNPQ cé I, J 1an lugt 1a trung diém cia MN, PQ. Tam
mit cau ngoai tiép tir dién la:

A. Tam ciia AMNP B. Trung diém cua IJ

C. biem [ D. biém J

Cho hinh chop M.NPQ c¢6 ddy la tam gidac déu canh a, MN = 2a va
vuong goc voi day, xoay hinh chép mdt vong xung quanh truc MN
thi hinh nén tao thanh ¢6 dién tich xung quanh la:

LB ‘ 2 /3
A na? V2 B. na? Vo C. na?V3 p, Y4
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Chuong IV. PHUGNG PHAP TQA D)
TRONG KHONG GIAN

Bai 1. MAT CAU
A/ KIEN THUC CO BAN

I. Hé toa dd trong khong gian: Oxyz

II. Toa dé cia mét diém: L‘f ‘
Cho di€ém M tuy y trong khong gian -
Oxyz. Ha MM’ | Oxy, NH 1 Ox, M

MK 1 Oy, ML 1 Oz

Ta c6 OH =x, OK =y, OL = z thi 0 K
M(x, y, z)

- ) -,..".... y
< OM = xe, + ye, + z¢, H £l

ellieiiiiiiiiiiiieninniinnd

III. Toa dé cua mdt vecto
e Trong khéng gian Oxyz cho vects a voi a = a;é, + azé, + asé,

Khi d6 bd ba sd (a;, a;, ag) dugc goi 1a toa d Oxyz cho trude.
Ta viét a = (ay, a,, a3)

e Trong khong gran Oxyz cho A(x;, yi, z;) va B(x,, y 22) thi
AB = (x — %1, Y2 — Y1, 22 — 23)

IV. Bi€u thitc toa dé cla cac phép toan vectd

Trong khong gian Oxyz cho hai vecto a = (a;, a,, a3); b = (by, by,
bs) va mot s0 k, khi d6 ta cé:

+ B = (a; + by, a, + by, a3 + by)

~ b =(a,- by, ay— by, a3 — by)

ka = (ka,, kag, kaj)

a
A

a, = b,
Chiy:eda =b < qa,=h,
tali = b,
(Q, 0, O

®
P Ol
H

va b cung phuong < ¢6 mot s6 k sao cho a; = kb;; a,
k.bg;, dy = kb3

|
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V. Biéu thitc toa dé cta tich vé huéng va cac ing dung
Trong khong gian Oxyz cho hai vecto a = (a,, az, a3);
b = (b, by, by)
. d.b = ab, + asby + azbs '

LD

lal = Ja?+al+a’
3. Khodng cach giita hai diém A(x,, ya, za) B(xs, ys, zp)
AB = |AB/| = \/(xB X, ) +(yg -y ) +(zy —2,)

4. Goi ¢ la géc gitra hai vecto &, b ta c6:
a,b, +a,b, +a,b,

\/a'f+a§+a§\/b'f+b§+b§
e a 1 b < a. b =alb1+a2b2+a_;h3=0

VI. Tich hitu huéng cua hai vecto

e cosp = cos(a, b)=

1. Dinh nghia: Trong khong gian Oxyz cho hai vectg a = (a;, a,, a3), b
= (by, by, by). Tich ¢6 huéng cta hai vecto 4 va b la mdt vecto ¢
dugc ki hiéula ¢ =4 ~ b (hay ¢ =[4, b]co toa do la

- 5 a. a a
- — . b = 2 3 , 3 1 ’ ] 2
’ . [liz b,, Erg bl !:l bJ

hay ¢ = (a;b; — azby; asb, — ajbs, a;bs — asb,)
2. Tinh chat

a)a Ab==(bna)

b) a va b cung phuong < a A b = 0

c)(a Anb)lava(a~nb)lb

d)la ~bl=1lallblsin(a,b)
3. Ung dung

a) Dién tich tam gidac ABC: Siapc = = |(AB A AC)

1
2
b) Dién tich hinh chit nhat ABCD la Sypep = | AB A AD |
c)a, b, ¢ dong phdng < (a A b)é =0

d) 4, b, ¢ khong dong phdng < (a ~ b)¢ =20

e) Thé tich khéi ti dién ABCD 12 Vapep = %I(A‘B' A AC)AD |

g) Theé tich hinh hép ABCD.A'B'C’'D’ ta ¢é
Vagep, aBcp = I(AB A AD)AA’|
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VII. Phuong trinh mit cau
Trong khong gian Oxyz, mat cau tdm I(a, b, ¢) ¢6 ban kinh R, ¢6
phuong trinh la: (x - a)* + (y = b?) + (1 — ¢®) = R?
Hodc x* + y? + 2% - 2ax - 2by — 2cz + a® + b? + ¢? = R?
* Nguoc lai, phuong trinh x> + y* + 22 + 2Ax + 2By + 2Cz + D = 0
v6i A® 4 B%2 + C* - D > 0 la phuong trinh mat cau tam
I(-A, -

B, -C)c6ban kinhR= VAZ+B2+C2-D

B/ BAI TAP TU LUAN

=1, 7, 2)

a) Tinh toa do cua vecto u

1. Trong khong gian Oxy cho ba vecto a = (2, -5, 3); b = (0, 2, —1) ¢

4é—E+36.
3

b) Tinh toa do ctua vects v = 4 — 4b — 2.

a)Taco a

b

¢

Vay u

b) Ta c6: a
b

c

Vay v

Gidi
= (2, -5, 3) = 44 = (8, 20, 12)
=(0, 2, -1) :>—E = (0, —g, l)
3 3’3

=(1,7,2) > 3¢ =(3, 21, 6)
= 44 - I + 3¢ = (11, 1 ﬁ)

3 3’ 3
(2, -5, 3)
= (0,2, -1) > -4b = (0, -8, 4)
=(1,7,2) = -2¢ = (-2, 14, —4)
— a b ‘-1b = 2C =(0, —27, 3)

2. Trong khong gian Oxyz cho A(1, 0, 1), B(-2, 1, 3), C(1, 4, 0)
a) Tim hé thic giga (x, y, z) toa dd0 cua M dé M e mit phang (ABC),
b) Tim toa d¢ trong tam G, true tam H cda AABC.
¢) Tim tdm va ban kinh dugng tron ngoai tiép tam gidac ABC.

Gidi

a) Taco AB = (-3, 1,2r AC = (0, 4, -1); AM = (x - 1, y,z— 1)
[AB, AC]=(-9, -3, -12)
M ¢ mat phang (ABC) <> AB, AC, AM dong phing

- | AB
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&> -9x-1)-3(y)-12(z-1)=03x+y+4z-7=0
b) Trong tam G

X, ~XN+X?:*+X‘ = {)
0+1+4 5 5 4
G P g s (0, Ty )
1+3+0 4
Z,; - “‘"é"‘_ - é

e Goi H(x, y, z) 1a truc tam cua AABC, ta co:
e AHBC =0 <3x-1+3y-3z-1=0

< x+y-z=0 (1)
e BHCA =0 <0x+3)+4y-1-1z-3)=0
=>4y -2-1=0 (2)
e H € (ABC) < 3x+y+4z2-T=0 (3)
x+y-x=0
Vay ta c6 hé phuong trinh {dy-z-1=0 ¢:>H(—§—, —7—, l—5—)
‘ ' 13 13 13

3x+y+4z-7=0

¢) Tam va ban kinh dudng tron ngoai tiép AABC |
e Goi I(x, y, z) 1a tam dudng tron ngoai tiép AABC, ta c¢6 1A = IB
SEx-1P+yY+z-1 =x+2%+(y-1?%+(z-3)°
&> 3x-y-22+6=0(4)
JIA=IC & 8x-2z-15=01(5)
I « mat phang (ABC) <> 3x +y +4z -7 =0 (6)
Bx -y -22+6=0
Vay ta c6 hé phuong trinh in -2z-15=0
‘ 3x+y+4z-7=0

4 29 37
Vay [(-—, —, —)
Y13 137 26
e Ban kinh R cua dudng tron ngoai tiép AABC la R = IA
) A AN y \* y &
¢ R = IA“ = 111?} + f %Q| + (E ' - }§471 <> R = _36_4_1_ (dvtt)
13 T3l Tlge) T 26 26

3. Cho hinh h¢p ABCNA'B'C’'D’ biét A(1, 0, 1); B(2, 1, 2); D(1, -1, 1),
("4, 5, —=5). Tinh toa d6 cac dinh con lai cua hinh hgp.

Giai
eTacéo AB =(1,1, 1)
DC = (X(\ - 1, Yo + ]_, Z¢ — 1) vil C(X(', Yoo Ze)
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Xc-1=1
Tacé AB = DC & {y.+1=1=C(2,0, 2) D

lze -1=1 o
eTacé CC' =(2,5,-7) /D
Tac6 BF = (xp - 2, yur - 1, 20 - 2) [ it ‘
Xy -2 =2 A
Taco CC' = BB o {y, -1=5=B'(4,6,-5)
zo —2=-T

eTacé AA' = CC' o A3, 5, -6)
DD’ = CC' < D3, 4, -6)

4. Trong khong gian Oxyz cho ba diém A(3, 4, -1); B(2, 0, 3); C(-3, 5, 4..
a) Tim d6 dai cac canh cua AABC.
b) Tim cosin cda cac géc A, B, C cua A\ABC.
¢) Tim dién tich AABC.

Gidi
a)Taco AB= \(2-37%+(0-4)+(3+1)* = J33 (dvdd)
BC = (-3-2)% +(5-0)* + (4 - 3)* = /51 (dvdd)
CA=JB3+3)?2+(4-57°+(-1-4) = J62 (dvdd)
b) Tinh cosin cac géc AABC
e Tacé AB = (-1, -4, 4): AC = (-6, 1, 5)
' 6-4+20 22
V33462 2046
e Tacé BA =(1, 4, -4); BC =(-5,5, 1)
5+20-4 11
J33.54 34198
eTaco CA =(6,-1,-5) CB = (5, -5, -1)

Véy cosC = §9_.i__5_.+__5, 40

Vay cosA =

Vay cosB =

c¢) Tinh dién tich AABC
Ta c6 [AB, AC] = (-24, —-19, -25)

Suy ra Siapc = %E[AE, AC]|

s %\/(44)2 T (-19)F + (25)% = -l’_lgﬁ?_ (dvdt)
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5. Trong khong gian Oxyz cho A(-1, -2, 4); B(-4, -2, 0); C(3, -2, 1);
X1, 1, 1).
a) Ching minh rédng: ABCD 1a mét ti dién.
b) Tinh thé tich t& dién ABCD.
¢) Tinh d§ dai dudng cao ha tu D.

Gidi
a)Taco AB =(=3, 0, -4); AD = (2, 3,-3); AC = (4, 0, -3)
->[AB, AC] = (0, =25, 0)
— [AB, AC|.AD =-75 # 0
Vay AB, AC, AD khong dong phdng < ABCD la mét td dién

s i el o =
b) Ta co VABCD = é'[AB, AC]ADI = l“éﬂ = 255‘ (dvtt)
c) Ta co SAAac=l|[KB,KC]|=g§
2 2
1 3V

Ta c6 VABCD = '§S:\ABC-DH = DH = E = 3 (dVdd)

6. Cho tir dien ABCD c6 A(2, 1, -1); B(3, 0, 1); C(2, -1, 3) va D nam trén
truc tung. Biét thé tich ca tif diéen ABCD la 5. Tim toa do cia D.

Gidi
Goi D(0, d, 0) € Oy
Tacé AB =(1,-1,2); AC =(0,-2,4)"
= [AB, AC]=(0, -4, -2)
= [AB, ACJAD =-4(d-1)-2=-4d + 2

Vi Vagep = 5 %I[A’B, AG]AD| =5

= é|—4d+2| =5=>-4d+2=430>d=-Tvd=8
Do d6 c6 hai diém D 1a D,(0, -7, 0) D4(0, 8, 0)

7. Cto v = 0, goi @, B, y lan lugt 1a géc cia ¥, tao véi &,, &,, &, la

cd: vectg don vi trén cdc truc hoanh, truc tung va truc cao. Chung
minh ring: cos’a + cos’p + cos’y = 1

Gidi
Goi v = (vi, vy, v3), &, = (1,0, 0); &, = (0, 1,0); & = (0,0, 1)
Taco ve, =v,=|v!leé lcosa = v’ =|v|%cos’a
Ve, =vy= | vl]lé,lcosp = vI =|vI%o0s’B
Vé, =vy=|v|lélcosy = vI=]v][%osP
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Cong ba ding thic trén vé theo vé ta co
vi+ vi4 v? = | v ¥cos’a + cos®P + cos®y)
2o + cos’P + cos’y)
< 1 = cos®a + cos™B + cos’y
8. Trong khéng gian Oxvz cho ba diém A(1, 2. 4); B(2, -1, 0
C(-2, 3, -1) ‘
a) Tim toa do diém D biét rang ABCD la hinh binh hanh
b) Tim dién tich hinh binh hanh ABCD.
Giai
a) Vi ABCD la hinh binh hanh nén AB = DC
Goi D(x, y, z). Ta co DC =(-2=x% 8 = y,-1-12)
- B ;’l = -2 - %
Tu AB = DC < (-3=3-y <« D(-3,6, 3)
-4 =-1-2
b) Ta cé: SABCD = ZS\AB(‘
AB=(1,-3,-4)

o v = v ¥cos

—]

Ta c6: . - [AB, AC]=(19, 17, -8)
AC=1(-3 1 -5
SAABC = éHAB, AC]| = %J192 +17% + (-8)* = igé

Suy ra dién tich hinh binh hanh ABCD la Sauch = V714 (dvdt)

9. Trong khong gian Oxyz cho a = (2, 3, 4); b =(57.0) ¢ =(3. -2, 1)
a) Chung té ba vecto a, b, ¢ khong dong phang.
b) Cho vectd d = (4, 12, -3) hay phan tich vectd d theo ba vects &,
b, ¢.

Giai
a) Taco:[a ,f) J¢ =-283 +20(-2)-14=12820+5(-2)- 1(4)=-35=20
Vay a, b, ¢ khong dong phing
b) Phan tich vects d theo 4, b, ¢
Gia st d = pa + gb + ré vé phuong dién toa do ta co

85
X, = pX, +Qx, + IX, J4 =2p+5q+3r ig?
Yo =PY, +Qy, + 1y, = {12=3p+7q-2r = {q = =
zZ, =Pz, +Qqz, +rz, |-3=4+4r . 131

C128
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VBy e ol a = .
128 128 128

10. Cho hinh lap phuong ABCD.A’'B'C'D’. Goi M, N lan luot trung |
diém cia AD va BB'. Chung minh ring MN | A'C.

Gidi

Chon AD = (0, a, 0), DC = (a, 0, 0), AA’ =(0, 0, a)
= A(0, 0, 0); B(a, G, 0);

YA
C(a, a, 0); D(O, a, 0) - A'T D’
A’(0, 0, a), B'(a, 0, a);
Suy ra M(2, 0, 0): N(a, 0, ) B L3,
— MN =(2,0, &) Nb oD
i i
A'C i (a, a‘ _a) '..'_,"_/““"N“I'.'._;:“ ............. ._._’ y
S e a’ a’
MN A C = ? + O — —-2— = 0 B C
-> MN | A'C X

11. Cho hinh hop ABCD.A'B'C’D’, goi P, R lan luot 1a trung diém céc
canh AB, A'D’, goi P’, Q, Q, R’ lan luot 1a giao diém cdc dudng
chéo cac mat ABCD, CDD’C’, AB'C'DD’, ADD’A’.

a) Ching minh ring: PP’ + QQ' + RR' = 0.
b) Chitng minh rang: hai tam gidc PQR va P'QR’ ¢6 trong tim
trung nhau.

Gidi
a) Ching minh: PP’ + QQ' + RR’ = 0 D C
Theo tinh chat duong trung binh ta c6: A e
pp - BC _ AD TP, B
., DA .. DD _AA w9
Vs e S RR' = = - P .
e =3 2 2 .
Vay PP’ + QQ' + RR R - C
- . L ) . _______________ Q’
=%(AD+DA'+A'A)=O A B

b) Ching minh: APQR va AP’Q'R’ ¢6 cing trong tam.
Goi G la trong tdm cia APQR ta cé

»
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GP' + GQ + GR' =(GP + PP") + (GR + RR") + (GQ + QQ")

+ (PP’ +Q§7 +RR)= 0
Vay G la trong tam cia AP’Q'R’.

12. Cho hinh hop xién ABCD.A'B’C’D’. Goi G 1a trong tam cua AAB’C.
a) Chirng minh BD' = 3BG
b) Goi P, Q, R 1a 4nh déi xing cia diém D’ qua cac diém A, B, C.
Chung t6 rang B la trong tam cua tir dién PQRD’.

Gidi
a) Ching minh BD' = 3BG D c
V6i hinh hop xién ABCD.A'B'CD’ ta c6
AA’ = BB' = CC' = DD’ A B

va BT:?MO:E
Suy ra: BD' = BA + AA' + A'D’

=B—A+§]§'+ﬁj

- (BG + GA) + (BG + GB) S i
+ (BG + GC)

=3BG +(GA + GB' + GC) = 3BG A B

b) Ching minh B la trong tdm caa ti dién PQRD’
Vi P, Q, R la diém d6i xing cia D’ qua A, B, C
Suyra PA = AD', QB' = BD', RC = CD’

PB = PA + AB = AD + AB
= AB + BD'+ AB = 2AB + BD'
= BP =2BA - BD'

= BA + BA + BD' = 2BA - BD'

Tuong tv BQ = BB + BQ = BB + DB’ = BB’ + D'B + BB’
=2BB - BD'
BR = BC + CR = BC + D'C
= BC + DB + BC =2BC - BD

Vay BP + BQ + BR + BD'=2(BA + BB’ + BC)-2BD' = 0
Vay B 1a trong tam caa td¢ dién PQRD'.

13. Goi M, N, P lan lugt 1a trung diém cla cac canh BC, CA, AB cua
AABC. Ching minh rang véi bat ki diém O nao trong khdng gian
ta cing ¢6 OA + OB + OC = OM + ON + OP.
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Gidi
e Ta cé: M la tfung diém cua BC nén:
OB + OC =20M
e Tuong tu: OC + OA = 20N
e Tuong tu OA + OB = 20P
Cong ba ding thic trén vé theo vé tac6 B
OA + OB + OC = OM + ON + OP.

14. Cho t¢ dién ABCD va mét phdng (P). Tim diém M e (P) sao cho
| MA + MB + MC + MD/| dat gia tri nho nhat.

Gidi
Goi I 1a trung diém chta AB, J la
trung diém cta CD
Tacs: MA + MB = 2Mi
MC + MD = 2MJ
Suy ra: MA + MB + MC + MD AB
= 2MI + MJ) P
= 4MO (véi O la trung diém cta 1J)

Vay | MA + MB + MC + MD | dat GTNN <> | MO | dat GTNN
<> MO 1 (P) <> M 1a hinh chi&u vuéng géc cta O lén (P)

15. Cho ti dién ABCD. Goi E, F lan lugt 1a trung diém cua AB va CD,
goi I 1a trung di€m cia EF.
a) Ching minh ring: IA + IB + IC + ID = 0.
b) V6i di€m M bat ki trong khdng gian, hay chung minh ring: 4MI
= MA + MB + MC + MD.

Gidi
a) Ching minh ring: 1A + IB + IC + ID = 0 A
Goi E, F lan lugt 1a trung diém ciia AB, CD
Tacé: IA + IB =2IE
IC + ID = 2IF
= JA +IB+IC +ID B
- 2E + [F)=0 F
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b)Taco IA + IB + IC + ID =0
(M + MA)+(IM + MB) +(IM + MC) + (IM + MD) = 0
< 4MI = MA + MB + MC + MD |

16. Tinh dién tich hinh binh hanh ABCD biét AB = (6, 3, --2),

AD = (3, -2, 6).

Giai
Ta c6 AB A AD = (14, —42, -21)
Sapcp = | AB A AD | = 142 + (-42)* + (-21)® = /2401 (dvdt)

17. Tinh thé tich hinh hop ABCD.A'B’C’'D’ trong moi trudng hgp sau.
a) A(1, 2, 1); B(2, -1, 1); IX1, 0, 0); A'(0, 1, 0).
b) A(1, 2, 1); B(1, 1, 1); C(0, 1, 0); C’ (2, -2, -2)

Gidi
a) Ta c6 AB = (1, -3, 0)
AD =(0,-2, -1
AB A AD =(3,1,-2)
AA' = (-1,-1,-1)
(AB A AD)AA' =-3-1+2=-2
VABCD.A’B’C’D'= |(AB N AD)KA"

= |-2] = 2 (dvtt)
b) Ta ¢c6 BC = (-1, 0, -1)
BA =(0, 1, 0)

BC A BA =(1, 0, -1),

BB = CC' = (2, -3, -2)

(BC A BA)BB =2 +2=4.
Vascpawen = | (BC A BA)BB' | = 4 (dvtt).

A B

18. Tim tAm va b4an kinh cua mat cau sau diy
aA)x’+y' +2°-8x-2y+1=0 ,
b)3x* +3y° +32° - 6x+8y +152-3 =0

Giai
a) Phuong trinh mat ciu da cho c6 thé viét dusi dang
(x-4P+(y-12+(z-07=16
Vay mait cau da cho ¢6 tdm I(4, 1, 0), R = 4.
b) Phuong trinh mét cau da cho c6 thé viét lai la

x> +y +2°-2x + §y+5z-1=0'
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6

Vay mat cau da cho c6 tam I(1, —%, - fi), R = 169
i

i 2
S x=-17%+(y+ 3—)2+(z+g)2=[1—9J

19. Lap phuong trinh méat ciu trong hai trudng hop sau.
a) C6 duong kinh AB vai A4, -3, 7); B(2, 1, 3).
b) Pi qua diém A(5, -2, 1) va ¢6 tam I(3, -3, 1).

Giadi

a) Tam I cia mat cau la trung diém cia AB = 1(3, -1, 5) ban kinh

P A b AB i
- cua méat cau bang 5 nén.

r = é-\/(z--4)3+(1+9)2+(3‘-7)2 = 3

Vay phuong trinh méat cdula (x =3+ (y + 1)> +(y = 5)°= 9

b) Ban kinh cia mat cau la IA = R
SR =IA2=(5-32+(-2+32%+(1-12%=5

Vay phuong trinh mét cdula (x - 3)* + (y + 3)* + (z - 1)* = 5.

20. Trong khong gian Oxyz hay viét phuong trinh mat cau di qua bén
diém A(1, 0, 0); B(0, -2, 0); C(0, 0, 4) va goc toa do O. Hay xac

dinh tdm va béan kinh clia mat cau dé.

Gidi ~
Phuong trinh mat cau (3) ¢6 dang:
x> +y?* +2° - 2ax-2by-2cz+d=0
viA(1,0,0) e (S)néntacé 1-2a+d=0
vi B(0,-2,0) e (S)néntacé 4 +4b+d =0
vi C(0,0,4) e (S)néntacé 16-8c+d=0
vi 0(0,0,0) € (Synéntac6 d=0

(1)
(2)

Giai hé 4 phuong trinh tréntacé:d =0, a = :‘12 b=-1,¢c=

Vay mat cau (S) can tim c¢6 phuong trinh la
X*+y' +2°-x+2y-4z=0
Phuong trinh mat ciu (S) c6 thé viét dudi dang

! s 1
x=- =P +@+1+2-2°-=--1-4=0
x-SV +y+ 17+ (2-2) i

& (x——;—)2+(y+1)2+(z~—2)2=%—1—

Vay mat cau S ¢6 tam I(%, ~1,2), ban kinh r = ngz
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21. Trong khiéng gian Oxvz cho bon diem A(1, 2. 2); B(-1, 2, -1); C(l,
6. ~1); D(=1, 6 21 Viét phuon; trinh mat cdu ngoai ti€p tif dién
ABCD. Tim tam va ban kinb mat ciu d§.

Gricid
Phuong trinh mat ¢3 (S} ¢6 dang
x*+y'+z - 2ax- 2by -2z+d=0
e V1 A1, 2, 2) € (&) nén taco

1+4+4-2a-4b-4c+d=0 (1
e Vi B(-1, 2, ~1) ¢ (S nén ta co
1+44+1+2a-4b+2¢c+d=0 (2)

e Vi C(1,6, -1} ¢ (3) nén ta cé
1+36+1-22-12b+2c+d=0 (3)
e Vi (-1, 6, 2 ¢ (5) nén ta ¢d
i+36+4+2a--12b-4ec+d =0 (4)

5 e 5 ' ; ; 1
Giai he 4 phuong trinhtacoa=0.b=4,¢c= 3’ d=9

Vay phuong trinh mat cau ngoai tiép Wi dién ABCD la:
) 1. 29
x‘e(y -4 +lz- =/ = ==
2 4
1 )R = "29

Cé tam (0, 4, - =

i

Bari 2. MAT PHANG

A/ KIEN THUC CO BAN

I. Phuong trinh téng quat ciia mat phing

1. Phuong trinh mat phang (o) di qua diém My(xo, Yo, o) va nhan d
= (A, B, C) = { lam vecto phap tuyén (PVT) la.
Atx -~ xg) + Bly = vo) + Clz - 29) = 0
2. Néu mat phing .a) ¢6 phuong trinh tong quat la:
Ax + By + Cz + D = 0 thi n6 ¢cé6 mot vecta phédp tuyén la
n =(A B, L
3. N€u mat phang (o) cat cac truc toa do Ox, Oy, Oz lan lugt tai cac
didm Ala, 0, G) B0, b, ) €, 0, ¢) véi abe # 0 thi mat phing (1)
y z

s g i oys X
¢6 phuong trinh theo doan chan la = + 5 + - = 1.
a c
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fI. Piéu kién dé hai mat phang song song. vudng goc §
. 2 % X 3 P L . 1 2 N ’

Cho hai mat phang (o4}, () €6 phuong trinh tong quat tan 1ot 1a ;
() Ay + By + Cyz + Dy =G 6 PVT iy =(A;, B, C))

((',Lg‘) Azx + Bg“," + (j;)Z + ])'4 =0 ¢c6 PVT ﬁ2 = (A;g, Bd, ng)

e ey

) - n, = kn,
Ta cé: 1. ((L1) i/ (0{7_} <D < ! .
|D, = kD,
2.(c) 1) & A, L B, ©N,.0; =0
= A;Ag + BlBo + CICQ = ()
Chit y: o (o) cdt (az) < T, # kn,

o (@) = (tg) j[;}‘)l il;r;)

111, Khoéng ciach tif mét di€m d&n mot mit phang

Khoang cach ti diém My(xo, yo, o) dén mat phang (a):
Ax + By + Cz + D = 0 dugce tinh bo1 ¢ong thac
i + By, + Cz, + 1)
d(M,, «) = ,A.x? : Yo . e
JA® + B* + C*

B/ BAI TAP TU LUAN

22, Viét phuong trinh mat phing trung truc cia doan thing AB vdi

A2, 3,7); B4, 1, 3).

Giai
Goi M 1a trung diém cta AB, ta c6 M(3, 2, 5). Mat phang trung truc
cha doan thdng AB di qua M(3, 2, 5) v nhan AB = (2, -2, —1) lam
PVT nén c6 phuong trinh 1a 2(x - 3) ~ 2(y - 2) - 4y - 5) =0
2x -2y -4z +18=0¢>x-y-224+9=0

23. a) Lap phuong trinh cda cdc mat phang toa d¢ Oxy, Ovz va Oxz.
b) Lap phuong trinh cia cdc mat phang di qua diem M2, 6, -3) va
lan lugt song song vdi cac mat phang toa do.
Giai
a) » Mt phing Oxy qua O(0, 0, 0) ¢6 PVT ¢€,(0, 0, 1)

— Photong trinh (Oxy): iz - 0)=0<=2=0
o Mit phan (Qyz) gua 0(0, 0, 0) ¢ PVT ¢, =(1,0.0)

= Phuong trian (Oyz): ix - =u = x=0
e Mat phang (Oxz) Qqua O(0, 0, 0), ¢6 PVT &, =(0, 1, 0)
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" = Phuong trinh (Oxz): (y -~ 0)=0¢<y=0

b) ¢ Phuong trinh (u) di qua M(2, 6, =3) va // (Oxy)

&> (o) di qua M(2, 6, -3) PVT ¢, = (0,0, 1)
= Phuong trinh (a): 0(x = 2) + 0(y = 6) + 1(z + 3) = 0
= Phuong trinh («): 2z +3 =0

e Phuong trinh mat phiang (B) di qua M(2, 6, -3) va // Oyz

< (B) di qua M(2, 6, -3) PVT ¢, =(1, 0, 0)

= Phuong trinh (§3):
1x-2+0y-6)+0z+3)=0 ‘

< Phuong trinh (B): o (0, 0, 1)

x—-2=0

Phuong trinh (v) qua M(2, 6, -3)

va // (Oxz)

= (y) di qua M(2, 6, -3) PVT

e, =(0,1,0) X
Phuong trinh (y): 0(x-2)+ {ly-6)+0z+3)=0
= Phuong trinh (v):y - 6 = 0.

z

_,
€2(0, 1,0)

24. Lap phuong trinh mat phang
a) Chuia true Ox va diém P4, -1, 2)
b) Chia truc Oy va diém Q(1, 4, -3)
¢) Chia truc Oz va diém R(3, -4, 7)

Giai

a) Mat phang (o) chia Ox va diém P(4, -1, 2) < m4t phing () qua O

ma nhan & = (1,0,0)va OP = (4, -1, 2) lam cap VTCP.
Suy ra (a) ¢6 PVT 11 =[é,, OP]= (0, -2; -1)
Pt mat phang (@) =0x-0)-2(y-0)-1(z-0)=0<2y +2z=0

b) Mat phang (B chia Oy va diem Q(1, 4, —3) <> mat phang (B qua O

nhén é, = (0, 1, 0)va OQ = (1, 4, -3) lam c&p VTCP
Suy ra (B) c6 PVT u =[6,,0Q] = (-3, 0, 1)
Phuong trinh mat phang (B): -3(x -0 +0(y-0)— 1(z-0)=0

S3x+72=0

¢) Mat phang (y) chia Oz va diém R(3, -4, 7) < mat phing (y qua O
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nhan é, = (0, 0, 1) va OR = (3, -4, 7) lam cap VICP_
Suy ra (y) c6 PVT x?zlé,i.0§]=(4,3,0) .
Phuong trinh mat phang (+); 4(x = 0) + 3(v < 0) + 0(z— 0) = (

& 4x + 3y = (G



25. Cho t dién c6 cac dinh 1a A(5, 1, 3); B(1, 6, 2); C(5, 0, 4); D(4, 0, 6).
) Hay viét phuong trinh cac mit phing (ACB); (BCD)
b) Hay viét phuong trinh («) di qua canh AB va song song vdi

a

canh CD.
Gidi
a) Tacé AC = (0, -1, 1) |
AD = (-1, -1, 3) A

—= AC A AD =(-2, -1, -1}
mit phdng (ACD) qua A(5, 1, 3),
PVT AC ~ AD =(-2, -1, -1)
= Phuong trik (ACD): B D
-2x-5-Uy-1)-1(z-3)=0
Phuong trinh (ACD): 2x +y+2z-14=0
e Taco BC = (4, -6, 2)

C

Mat phéng (BCD) di qua B (1, 6, 2), PVT (~12, -10, —6) ¢6 phuong
trinh la: -12(x - 1) - 1y -6)-6(z-2) =0
<>6x+585y+3z2-42=0

b)Ta c6 AB = (-4, 5, 1)

CD =(-1,0,2) = AB A~ CD =(10, 9, 5)
Mait phéng (o) di qua canh AB va / CD < (a) di qua A va c¢6 PVT
AB A CD.
Phuong trinh (a): 1{x-5)+9y-1)+5(z-3)=0
‘ < 10x+9y+52-T74=0

26.
phidng (B): 2x -y +3z+4 = 0.

Viét phuong trinh (a) di qua M(2, -1, 2) va song song vdi mit

Gidi
Vi (o) // (B) = phuong trinh (a): 2x -y + 3z + m =0
ViMZ2,-1,2)e(0) >4 +1+6+m=0=>m-=-11
Do d6 phuong trinh (a): 2x -y +3z-11=0

27.

Lap phuong trinh mit phing (a) di qua hai diém A(1, 0, 1);
B(5, 2, 3) va vudng gbc véi mat phang (B): 2x —y + 2z — 7 = 0.

Giai
Taco6 AB = (4, 2, 2)
Mat phdng (B) 6 PVT 1 =(2, -1, 2)
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Vi (a) qua A, B va vudng goéc véi (B) nén
mat phing (¢) nhan AB va i lam cap Z
VTCP nén (@) ¢6 PVT @ = i A AB = /B<
(6, -4, -8)
Do d6 (a) di qua A (1, 0, 1), PVT /
i = (6, -4, —8) nén phuong trinh (a):
6(x--1)-4(y-0)-8(z-1)=0
<> 6x-4y-8z+2=0
< 3x-2y-42+1=0

v

A

28. Xic dinh cdc gia tri m va n dé cdc cip mat phing sau diy song
song v4&i nhau.
a)2x+my +3z-5=0vanx-8y-6z+2=0.
b)3x-5y+mz-3=0va2x+ny-3z+1=0.

Giai
a) Mat phing (o) 2x + my + 3z - 5 = Oc()PV'I‘ﬁ_(Zm3)
Mat phdng (B): nx — 8y — 6z + 2 = 0¢6 PVT v = (n, -8, -6)

W/ PeoiadtTveianv=0
& (-6m +24,3n+12-16-mn) = 0 = (0, 0, 0)

-6m +24 =0 m =4
< 4{3n+12=0 < sn=-4
~16-mn =0 -16+16 = 0 (dang)

Vay khi m = 4, n = —4 thi 2mp («) va (B) song song
b) Mit phdng («): 3x - 5y + mz — 3 =0c6é PVT 4 = (3, -5, m)
Mit phang (B): 2x +ny -3z +1=0¢6 PVT v =(2, n, -3)
W/ Poaitvedav=0

<> (15 — mn, 2m+.3n 3n+10)= 0 =(0, 0, 0)
15 - (-9—39)_
15 -mn =0 2
S <2m+9=0 @sz—g
3n+10=0 *_LQ
3

) 9 . :
Vay khi m = — 5 n = —139 thi 2 mat phang song song véi nhau.

29. Tim tap hgp cdc diém cach déu hai mat phing
(a): 6x — 2y + 82 +5=0
(ﬁ):Bx-—y+4z+8=O
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Gidi
Goi Moo, Vo, 2o) 12 diém cach déu 2 mat phidng (a), (B) ta c6
6x, -2y, +8z,+5  Bx,-y,+4z,+§
PRo ~aYo T O =+
V104 J26
“» 16%0 — 2y0 + 8z + 5| = +2[3x — yo + 4z¢ + 8|
B '6x, - 2y, + 8z, +5 = 6x, - 2y, + 82, + 16 (VN)

’

16x, - 2y, + 8z, + 5 = 6x, + 2y, -8z, -16

30. Cho hinh lap phuong ABCD.A’B'C’'D’ ¢6 canh bang 1.
a) Ching minh 2 mat phing (AB’'D’) va (BC’'D) song song.
b) Tinh khoang cach giita hai mit dé.

Giai
a) Ching minh (AB’D’): (AB’D’) // (BC'D)
Ta chon hé truc Axyz nhu hinh ve, ta cé
A(0, 0, 0); B(1, 0, 0); C(1, 1, 0); D(0, 1,90)
A’(0,0, 1); B(1,0,1);C(1,1, 1), 1.(0, 1, 1)
e Taco AB' =(1,0,1) z c
AD' =(0,1,1) ~
— Mat phing \ABD’) c6 PVT al L B~

eTacs CB =(0,-1,-1) y

CD = (-1, 0, 1) ::;5 — N C

= Mat phéng (C'BD) ¢6 PVT A .

i =CBACD=(,1,-1)

Ta cé nn +T i nén mat phing (AB'D’) // mat phing (C’'BD)

b) Phuong trinhh mat phing (AB'D’) qua A(0, 0, 0),
PVTn =(-1,-1,D1a-1x-0)-(y-0)+1(z-0)=0
<X+y-2z=0

y ) 0 - q 1 \/'§
d(ABD), (CBD)) = d(B, (ABD)) = L' LT .
J§ \/3. 3 (dvdd)

31. Tim trén truc Oz diém M cdch déu diém A(2, 3, 4) va mat phing

(0):2x +3y +z-17 = 0.
' Gidi

Goi M(0, 0, m) € Oz la diém can tim thi
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MA=2 00 +3-0F+4 m = Jm?-8m+26

17 i . 1
dM, o) = Tﬂ_ = _1_-[:—_: l.yrn.____n
v4 9+1 \/14
Ta c6 MA = d(M, o) < \/m2 - 8m + 26 = lihﬂ
y \/1—4—

< 14m® — 112m + 364 = m” - 34m + 289
- 13m? - 78 +75=0 >m =3
‘Vay M(, 0, 3)

32. Lap phuong trinh mat phang: \
1. Qua A(2, -1, 4) va vubng goéc v6i dudng thdng xac dinh bdi
B(-1, 0, -4), C(0, -2, -1)
2. Chua truc Ox va diem P(4, -1, 2)
3. Chua truc Oy va diem Q(1, 4, 3)
4. Chia truc Oz va diém R(3, -4, 7)
Giai
1. Mat phang () di qua A(2, 1, -1) va nhan BC = (1, -2, 3) lam PVT
nén phuong trinh (a): (x - 2)-2(y-1)+3(z+1)=0
e x-2y+32+3=0
2. Mat phdng () chda truc Ox c¢6 phuong trinh By + Cz = 0
ViP4,-1,2) () >-B+2C=0=>B=2C
Cho C =1 = B = 2 vay phuong trinh («): 2y + z = 0
3. Mat phang () chita Oy ¢6 phuong trinh: Ax + Cz = 0
ViQ(l,4,3) € (0)>A+3C=0 =A=-3C
Cho C = -1 =» A = 3 viy phuong trinh (0): 3x -z =0
4. Mat phéng (1) chita Oz ¢6 phuong trinh Ax + By = 0
ViR@3,-4,7)e(a) >3A-4B=0 = 3A=4B
Cho B =3 = A =4 = Phuong trinh (0): 4x + 3y = 0

83. Lap phueng trinh mat phiang («) di qua 2 diém A(2, -1, 4)
~ B(3, 2, -1) via vuong gbéc véi mat phang B:x +y + 2z — 3 = 0.

- Gidi
Mat phéng () co PVT 1, = (1, 1, 2)
Mit phdng (a) nhan AB = (1, 3, -5)va i, =(1, 1, 2)
Lam cdp VTCP nén (o) nhan n = [AB, 1] = (11, -7, -2)

Vay phuong trinh (a): 11(x - 2) - 71y + 1) - 2(z - 4) = 0
11x - Ty -22-21=0
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34, 1. Lap phuong trinh tong quat cha mat phing () di qua A(1, 0, 5) va
song song vGi mat phiang (y): 2x -y +z - 17 =0
2. Lap phuong trinh mat phang (B) di qua 3 diém B(1, -2, 1);
C(1, 0, 0); D(O, 1, 0) va tinh géc nhon (¢) tao bgi 2 mat phang
(o) va ([3).

Giai
1. Vi mat phang (a) / (y):2x -y +2 = 17 =0 nen
Phuong trinh () 2x -y +z2+ C =0
ViA(1,0,5) ce(a) =221-0+5+C=0 =¢c=-7
Viy phuong trinh (a): 2x -y +2z-7=10
2. Tacé BC =(0,2,-1); BD =(-1, 3, -2)
mat phing (3) nhan BC, BD lam cap VTCP nén mat phang (3) ¢6
PVT n =[BC, BD}=(1,1,2)
Vay mat phang (B) qua B(1, -2, 1) ¢6 PVT n = (1, 1, 2) nén.
phuong trinh ($): 1(x - 1) + Iy +2) + 2(z - 1) = 0
oS x+y+22-1=0
2.1-1.1+1.2 3

1
Ta C() COS(P = ——————— e = - = — ID () = 60U
O i i 11.1+4 6 2

$5. Lap phuong trinh mat phang (P) chiia Oz va tao v6i mat phang
(a): 2x + y — 5z = 0 mat goe 60°.

Giai
Phuong trinh chum mat phang () chita Oz la mx + ny = §
Vay (P)co PVT u=(m, n, 0)
() 6 PVT v =(2, 1, -5

9 | |
Ta ¢6 cos((P), (@) = lcos(id, V)] = — = m ! nl;; = c0s60" = 1
\[m‘f+n"'\/¢zl-+1+5 2
= —~E£ﬂ;: =1 o2lomanl = J10 Vm® + n*
\ﬁ—O\m‘ +1n 2
o 16m? + 16mn + 4n? = 10m? + 10n? < 6m® + 16mn - 6n =0
1 1
Chon=1=6m*+16m-6=0c |1 3
m, -3

Vay ta c6 2 mat phang (P)la: (P,) -3x +y =0
(Py): £—13~x+y=0<:>x+3y=0 _
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86. Viét phuong trinh mat phang (u) chda goc toa dd O va vudng goéc
v4i 2 mat phang.

Prx-v+.-7=0
(@ 3x+2y-122+5=0
Gidi

Ta c6 mit phang (P x-~y+z-7=0c¢6 PVT 1, =(1,-1, 1)

Mt phdng (Q): 3x + 2y - 122+ 5 =0¢5 PVT i, = (3, 2, -12)

Vi mit phadng () L (P), (Q)

= méit phang () ¢6 PVT 1 =[n,, 8,] = (10, 15, 5)

Vay phuong trinh mat phiang («) qua G, PVT 1 = (10, 15, 5) la
10x + 15y +52=0<22x+3vy+2z2=0

37. X4c dinh cdc gid tri cia m va n dé cdc cap mat phing sau day
song song vdi nhau.

a)2x+my +3z-5=0vanx-8y-6z+2=0
b)3x-b6y+mz-3=0va2x+ny-32+1=0
| ' Gidi
a) Vi 2 mit phéng song song < 4. m & D
| n -8 -6 2
2. -1
n‘_~2 (n-——4
91 . =4
m_ -t (m=4
-8 2 |
. 2 o i
b) Vi 2 mit phang song song = <= = -5 = }_n_-,t_ﬁ
2 n -3 1
I 5 3 10
. n=_.__.
NN
'm 3 9
’+-—:~— m=——
t -3 2 2

38. Lap phuong trinh tong quat cia mat phing (a) qua M(0, 0, 1); N{(3,

0, 0) va tao vdi mat phang (Oxy) mét géc -g

Giai |
Goi B(0, b, 0) 1a giao diém cua mat phang («) véi Oy

Vi (a) tao véi (Oxy) mot goc T hénb =0

(¥ ]
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Vay phuong trinh mit phang (a): g + % + ;— =1
Suy ra mdt phang (a) co PVT 11 =0, —, —)
‘ 3 b 1
Mat phang (Oxy) c6 PVT ¢é, = (0, 0, 1)
' 1
Ta ¢6 cos(u, Oxy) = cos—~ = - = —-..,;_J'_.l__,w
3 2 11 + _]:, * 11
Vo bt
= 1 = ~»-—-J.i__. & 9BP+10=62 o b= .t—\[-z_g
2 b* + 10 3

Vay ¢6 2 mat phang (a): x txfz—éy +32-3=0

39. Trong khong gian Oxyz cho A(5, 1, 3); B(1, 6, 2); C(5, 0, 4).

a) Viét phuong trinh (ABC) tinh khoang cach tir géc toa do O dén
m:it phdng (ABC).

b) Viét phuong trinh mat phing qua O, A va song song véi BC.

¢) Viét phuongtrinh mit phang qua C, A va vudng géc vOi mat
phang (a): x — 2y + 3z + 1 = 0.

d) Viét phuong trinh mat phdng qua O va vubng géc véi hai mat
phadng (o) va mat phang (ABC)

e¢) Viét phuong trinh mat phang qua giao tuyén cia hai mat phang
(o) va (ABC) va qua I(-1, 2, 3).

Giai
a)Taco AB =(-4,5,-1), AC =90, -1, 1)
= n =[AB, AC | =14, 4, 4)
Mat phang (ABC) qua A, PVT n = (4, 4, 4) ¢c6 phuong trinh:
4x-8)+4y-1)+4y-3)=0
SX+y+2z-9=0

Vay d(0, (ABC)) = —5—3 =343

b) Mat phig (o) qua O, A va song song véi BC nén mat phéng («) ¢é
cap VTCP la OA =(5, 1, 3)va BC = (4, -6, 2)
Vay mat phdng (o) ¢6 PVT i = [OA, BC] = (20, 2, -34)
Nén phuong trinh mat phang (a) la 20x + 2y = 34z = 0 -
< 10x+y-172=0
c) Mat phang B) L(a): x =2y + 3z + 1 = 0 nén (B) c6 VICP

AC = -1, 1)vau =(1;-2; 3)
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Vay B)co PVT 1o =iu., AC| =i, -1 1)
Phuong trinh mat shang (Bila lix - 5 - v - 0) + Nz - 4) = 0 <>
X-y—-2-1=20
d) Mat phing (y) vuong goc véi mat phang (ABC) va mat phang («)
ey, = 4.4,4)van,, =(1,-2, 3)]1am cip VICP
Do d6 (y) ¢& PVT 0 ={np,,0,]1=1(0, 2 -2)
Mit phdng (v) qua O, PVT 1 = (0, 2, —=2) ¢6 phuong trinh:
2y -22=0 <oy-z=0
e) Phuong trinh chum mat phang qua giao tuyén (d) cia hai maét
phdng (ABC va () la:mx +y+2-9 +nx -2y +32 +1) =0
(m? + n® = Q)
Mat khac diém 1 -1, 2, 3) € d nén:
m-1+:+3-9+n-1-4+9+1)=0<-bm+5n=0
< m=n. Chonm =n = 1. Ta ¢c6 phuong trinh mat phang can tim
la2x-y+42-8=0

nén nhan n

40. Xac dinh tharn 30 m, n dé mat phang (P):
5% + ny + 4z + m = 0 thudc chum mat phiang c6 phuung trinh u(3x
—Ty+z—38) + f(x -9y -2z +5) = 0.
Giai
Tacoa(B3x - Tw+z-3)+Px-9y-22+5)=0
SBa+Px-(Ta+9PB)y +(a-2z-30+6B=0
D€ mat phéng (P): 5x + my + 4z + m = 0 thudc chim méit phing ta

cé
Sa+p _ ATa+9B) o-2  -do-5p
) n 4 ) m
3a + P L =20
Suy ra e ;[ = l ¢ 2P = =«
5 1
ChofB=1:%0a=-2khidd 3(1;‘) = 6: L = -1
e) J
s _ b
Nén '(“—7*9;;—‘?’—} = —1 =n="Tu + 9[5 = -H
n
-3a + 5.
(1-*__5)-9:_1 > m=3u-5=-11
m
Vay m = —11, m = -5 la cdc gia tri can tim
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BAI TAP TRAC NGHIEM CHUONG IV

1. Phuong trinh chinh tédc ctia dudng thing A di qua diém M(2, 0, —1) va
cé vecto chi phuong a = (4, -6, 2) la:

A _?(__tg_:_y____z—l B.x+2=_¥_=z—1
4 -6 2 2 -3 1

C. _X_”__z«._:l,zz*l D_X“4=y+6=z—2
2 -3 1 > 3 :

2. Goi (d) la dudng thang di qua A(1, 2, 3) va vudng géc véi mat phéng
(a): 4x + 3y — 7z + 1 = 0. Phuong trinh chinh tdc cia (o) 1a

A_x+1zy+2:x+3 B_x—lzy—Z-zz—S
4 3 -7 4 3 -7
C“gc_—_r_lzy—Zzz-—B D_x+1my+2=z+3
3 -4 -7 8 6 -14

3. Cho hai dudng thing:

(d,)Er1=y-2=z_3 (dz)x-Bzy—5=z-—7
2 3 4 4 6 8

Trong cdc ménh dé sau, ménh dé nao ding.

A. (dy) L (dy) B. (dy) // (dy)

C. (d,) =d, D. (d;) va (dy) chéo nhau.

4. Cho mat phing (a): 2x +y + 3z + 1 = 0 va dudng théng (d) c6 phuong
trinh tham s6

x=-3+¢t
y=2-2t
lz=1
Trong cdc ménh dé sau, ménh dé nao ding.
A. (d) L (a) ‘ B.(d)cit (a) C.(d) /() D. (d) c (o)
x=2+2t
5. Cho duong thidng d c6 phuong trinh tham s {y = -3t
' : z = -3 + bt
thi (d) ¢6 phuong trinh chinh téc 1a
A_f‘,;g=_Y_=z+3 B_x+2=_3_/“=z—3
2 -3 5 2 -3 5
Cx-2=y=2z+3 Dx+2=y=2z-3
x=2-t
6. Cho duong thidng d cé ghuong trinh tham s& {y =1+t
zZ=1
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Phuong trinh nao sau day la phuong trinh téng qudt caa d

A X+y+z-3=0 B. x+z-2=0
2x+y+z-5=0 y-z-1=0

C. 2x+y+z-5=0 D. x+y+z—-3=0
x+y+1=0 x+2y+1=0

7. Phuong trinh nao sau day la phuong trinh chinh tic cia duyng thdng
di qua hai diém A(1, 2, -3); B(3, -1, 1)

A.x*l=__y~-2=z+3 _B'x~3=y+1____z—l
3 -1 1 1 2 -3
C.x-1=y—2=z+3 D_x+1=y+2,___z—3
2 -3 4 2 -3 4
: - " . 5. 8 x-12 vy-9 z-1 . 2
8. Giao diém cua duong thang (d): P B vdl mit phang
(a): 3x + By — z — 2 = 0 ¢6 toa d9 la.
A (1,0, 1) B. (0, 0, -2) C.(1,1,6) D. (12,9, 1)
(x=1+t
9. Cho dudng thdng (d): {y =2-t va mat phing (a):x +3y+z+1=0
z=1+2t
Trong cdc ménh dé sau, tim ménh dé ding
A.d// (a) B. d cit (a) C.dc (a) D.d 1 (a)
10. Cho duong thing d: %l = X—;.—l = Z—32 va mit phing (a):
X +y +z—4=0. Trong cic ménh dé sau, tim ménh dé dung
A.d/ (o) B.d 1l (a) C.dc () D. d cit («)

Trong khéong gian Oxyz cho ba vecto a = (-1, 1, 0); b=(11 0
va ¢ =(1, 1, 1). S¢ dung gia thiét nay dé tra loi cac cau 11, 12,
13, 14.

11. Trong cdc ménh dé sau, ménh dé nao sai.

Alal=+2 B.l¢l =3
C.alb D.blé¢
12. Trong cdc ménh dé sau, ménh dé nao ding.
A a.c¢=1 B. 4, b, ¢ déng phing
C. cos(b, &)= -2 D.a+b+c=0
J6 '

18. Cho hinh binh hanh OACB thdéa man diéu kién OA = &, OB = b.
Dién tich cia hinh binh hanh OACB béng bao nhiéu.
A. 2 B. /2 C.1 D. 4
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14.

15.

16.

17.

18.

19.

20.

21.

Cho hinh hop OACB.O’A’C’B’ théa man didu kién OA = 4, OB = b,

OO’ = ¢. Thé tich hinh hop néi trén béng.
A 6 B. 2 c. 2 D. +
3 3

Trong khong gian Oxyz cho 4 diém

A(l, 0, 0) B, 1,00 C(@, 0, 1) D(1, 1, 1)

Sw dung gia thiét nay dé tra loi cac cau 15, 16, 17, 18.

Trong cac ménh dé sau ménh dé nao sai?

A. Bon diém A, B, C, D tao thanh 1 t& dién

B. Tam gidc ABD la tam gidc déu

C.AB 1L CD _

D. Tam gidc BCD la tam gidc vudng

Goi M va N lan lugt 1a trung diém cha AB va CD. Toa dé trung diém
G cua MN la: '

AGes, L 1 B.g(L 1 1,
3 3 3 4 4 4
c.a(2 2 2 D.G(%, =, =)
3 3 3 2 2 2
Thé tich t& dién ABCD béng:
Al B. 1 C.2 D. 2
6 3 3
Mat cau ngoai tiép tir dién ABCD c6 ban kinh la
A. J2§ B. V2 C. V3 D. g

Phuong trinh cia m#t phdng (a) di qua diém M(2, 5, -7) va nhén
d =91,-2,3)va b =(93, 0, 5) lam cap vecto chi phuong la.

A 5x—-2y-32-21=0 B.-10x +4y + 6z + 21 =0
C.10x-4y-6z2+21=0 D.5x-2y~-32+21=0

Cho ba diém A(0, 2, 1); B(3, 0, 1); C(1, 0, 0). Phuong trinh mat
phéng (ABC) la:

A 2x-3y-42+2=0 B.2x +3y-4z2-2=0
C.4x+6y-82+2=0 D.2x-3y-4z2+1=0

Goi () 12 mat phédng cdt ba truc toa do tai 3 diém M8, 0, 0)
N(O, -2, 0); P(0, 0, 4) phuong trinh cua (a) l1a:

A.§+—y—+—z-=0 B.E—Zﬁ-E:l
8 -2 4 4 1 2
B.x-4y+2z2=0  D.x-4y+22-8=0
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22.

23.

24.

25.

26.

27.

28.

29.
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Cho ba mat phing:

()x+y+22+1=0, P)x+y-2+2=0; (y)x-y+5=0
Trong cdc ménh dé sau, ménh dé nao sai
A. (a) 1 (B) B. (o) L (B)
C. (@) // (y) D. (o) L (y)
Mat phing (o) di qua hai diém E(4, -1, 1); F(3, 1, —1) va song song
vdi truc Ox phuong trinh téng quat cia mat phing (o) 1a
Ax+y=0 B.x+y+z=0
C.y+z=0 D.x+z=0
Lap phuong trinh cia mat phing (a) di qua diém A(1, 2, 3) va song
song vdi mat phang (B): x — 4y + z + 12 = 0, phuong trinh ctia méat
phing (@) 1a
Ax-4y+z-4=0 Bx-4y+z+4=0
C.x-4y+z-12=0 Dx-4y+2+3=0
Trong khéng gian Oxyz cho diém I(2, 6, -3) va cdc mat phang (a):
x-2=0Py-6=0va(y):z+3=0
Trong cdc ménh dé sau tim ménh dé sai.
A (a)diqual B. (B) // (Oxz)
B. (y) // Oz D. (o) L (B)
Hay chon két quéa ding.
Phuong trinh cia mat phing chia truc Oy va diém Q(1, 4, -3) la:

A 3x+y=0 B.x+3x=0

C.3x+y=0 D.3x-y=0

Cho mat phang (a): 2y + z = 0. Trong cac ménh dé sau, tim ménh {é
ding:

A. (o) // Ox B. a // Oy

C. a// Oyz D.a > Ox

Cho ba diém A(Z, 1, -1); B(-1, 0, 4); C(0, -2, —1) phuong trinh nao
sau day la phuong trinh cGa mit phang di qua diém A va vuong géc
vGi dudng thing BC.

A x-2y—-52+5=0 B x-2y-52-5=0
C.X—2y~52=0 D.2x—y+52—5=0

Goi (y) 1a mit phing di qua diém M(3, -1, —5) va vudng géc véi 2
mit phdng (o); 3x - 2y + 22 + 7=0va (B): 5x — 4y + 3z + 1 = 0.
Phuong trinh tong quat caa (y) la:

A 2x+y—-22-15=0 B.2x+y-22+15=0
C.x+y+z+3=0 Dx+y+z-3=0



Bai 3. DUONG THANG

A/ KIEN THUC CGO BAN

I. Phuong trinh tong quét cia duong thing

Trong khong gian Oxyz, hé hai phuong trinh bac nhat:
(Ax+By+Cz+D, =0 (a)
tAx+B,y+C,z+D, =0 (B)

Trong do A} + BY +C? #0; A2 +B2+C: =0 la

(Aj; By; C)) # k (Ag; By; Cy) duge goi 1a phuong trinh téng quat cha

mot duong thang. |

Nhén xét:

. Khi cho mot duong thang thi c6 nhiéu cich chon hai mit
phang sao cho giao tuyén cGa ching 1a hai dudng thang dé. Vi |
vdy phuong trinh téng qudt cia mét dudng thang cé thé eé
nhiéu cdch biéu thi khdc nhau.

2. Pudng thang A cho béi phuong trinh (I) ¢é vecta chi phlmngi

la a, =n, A D, |

(I

trong d6 n,,, va n, lan lugt 1a vecto phdp tuy&n cua hai mat
phdng (a) va (P).
I1. Phuong trinh tham sé va phuong trinh chinh téc

1. Cho dusng thdng A di qua diém Mo(xo, Yo, Zo) va nhan vectd
a = (ay, ap, a3), 4 # 0 lam vecto chi phuong, A ¢6 phuong trinh
tkam so la

X =X, +ta,
y=y,+ta, (t € R)
z=12,+ta,

2. Cho dudng thdng A di qua diém Mo(io, Yo, Zo) va nhén vecto
a = (aj, ag, ag) vdi a;1aa3 # 0 lam vecto chi phuong, A ¢6 phuong
trnh chinh tic la:

X=X, _Y-Yy_Z-2

a, a, a,
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I11. Piéu kién d€ hai duong thdng song song, tring nhau cit
nhau, chéo nhau

duong thang d’' di qua M'y(x'0, ¥'o, Z'¢), VICP &' = (a', a'y, a).
Pit n =a Aa' ta co cdc diéu kién sau.

Ld/d 3™ =0
Mped'

g d=d {270
‘ M, ed
3.dcat d’ o 0
T AMM, =0

]

4. d va d' chéo nhau & n.MM; #0
5.d.Ld < aa' =0

IV. Piéu kién dé mét dudng thing song song, cidt hodc vuong
géc véi mit phing

va cho mit phéng (a) cé6 phuong trinh Ax + By + Cz + D = 0.
Goi n = (A, B, C) 1a VTPT cia (o). Ta c6 cac trudng hgp sau:
an=90

1.d/
W = {MO ¢ (a0)

an=0

2.d c(a) =t {Mo - B

8. d cit (a) < naz0
4.d 1 (a) < n=ka
V. Tinh khoang cach

1. Pé tinh khodng cach tir diém M dén dudng thdng A ta thuc hién
e Viét phuong trinh mat phng (a) chita M va vudng géc vi A
e Tim toa d) giao diém H cta A véi (a)
e Khodng cach tir M dén A chinh la dé dai MH
Vay d(M, A) = MH

Cho dudng thdng d di qua Mg(xo, Yo, zo) VICP a = (aj, a;, a3)

Cho dudng thidng d di qua My(xo, Yo, 2o0), ¢6 VICP a = (a,, az, a3)
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2. D€ tinh khoang cach giita mdt dudng thdng A va mot mat phing
(a) song song vdi no, ta thuc hién
e Lay mot diém My(x,, yo, Zo) tly ¥ trén A.
e Khodng cach giita A va (a) chinh 1a khodng cach tir diém M, €
(A) dén mp(a): d(A, () = d(M,, (a)).
3. Pé tinh khodng cach giita hai dudng thdng chéo nhau A va A’ ta
thuc hién céc buédc
e Viét phuong trinh mit phdng (a) chita A va song song véi A’
e Lay mot diém M'o(x'o, ¥'o, z'o) tuy ¥ trén A’
e Khodng cédch giita A va A’ chinh 14 khodng cédch tir diém M/,
dén mat phdng (a): d(A, A') = dM,, ().

B/ BAI TAP TU LUAN
41. Lap phuong trinh tham s6, phuong trinh chinh tdc cia dudng

5 -2y+3z2-4=0
thang (d): il il
3x+2y-52-4=0

Gidi
Cho x = 0 thi phuong trinh (d) tré thanh {—2y RHE—dhe
2y-52-4=0
Suy ray = —8, z = -4 vay (d) di qua M(0, -8, —4)
(d) 6 {ﬁl =Wi=5 3 @) b phiip veetd & = [y, ] =4 14; 8)
n, =(3; 2, -5) b T

x-0 y+8 z+4
4 14 8
x=0+4t
e Phuong trinh tham s caa (d): {y = -8 + 14t
z=-4+8t

Do d6: e Phuong trinh chinh tdc cta (d):

42. Trong khong gian Oxyz, 14p phuong trinh dudng thing (A) di qua

A(3; 2; 1) cdt vudng gbéc véi duong thing (d): —;5 = 2 ; 3

y
4

Gidi
e Ta c6 dudng thing (d) di qua M(0, 0, -3), VTCP 4 = (2; 4; 1)
e Goi (o) 12 mat phing di qua A, 1 (d)
nén (a) nhdn a =(2; 4; 1) lam PVT
Phuong trinh (a): 2(x - 3) +4(y-2)+ 1(z-1) =0
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<> 2X+4y+z2-15=0 (d)
e Phuong trinh tham sé cia (d) la

( s

o ﬂ - /
= 4t =

K -

z=-3+t

4 6
Thé vao phuong trinh (a): 2(2t) + 4(4t) + (-3 +t) - 16 =0 =t = =

43.

Vay dn (o) = 817-2-, 374- :—}ié) — AB = (9, 10, 22)
Vay phuong trinh dudng thing A qua A, cit vudng géc véi (d) chinh
(x =3+9t
la duong thang AB: {y =2 -10t.
z=1+22t
Trong Oxyz cho mp(P): x + y + z = 0 va dudng thing (d)
x+2y-3=0
s 18x-22-7=0

a) Tim giao diém A cua (d) va (P).
b) Viét phuong trinh dudng thang (A) di qua A, vudng géc véi (d),

nidm trong mp(P).
| Gidi

a) Phuong trinh tham sé cla dudng thing (d)

x =3 -2t
(d) {y =t

| / d)
:‘ zZ = 1 = 3t A
Thé vao phuong trinh mp(P) ta c6: i

3-2t+t+1-3t=0t=1
Vay (d) n (P) = A(1, 1, -2)

b) Goi (Q) 1A m#t phing qua A(1, 1, -2) va L (d)
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nén (Q) ¢c6 PVT la 4, = (-2; 1; -3)
Do d6 phuong trinh (Q) 1a
2x-1)+Wy-1)-3z+2)=0
©2X~-y+3z2+5=0
Ta c6 dudng thing (A) qua A vudng goc véi (d) ndm trong (P) chinh
la giao tuyén cua 2 mp(P) va mp(Q) nén.
x+y+z=0

Phuong trinh dudng thdng (A)
g i e % {2x—y+3z+5=0



44. Viét phuong trinh duong thang (A) di qua diém M(1, 1, 2) va song
3x-y+22-7=0
x+3y-22+3=0

song vdi (d): {

Giadi
B, =3 -1,2
i, =(1, 3, - 2)
Vi dudng thdng (A) qua M(1, 1, 2) va song song v6i d nén (A) di qua
M, VTCP a = (-4, 8, 10) ¢6 phuong trinh la:
x-1 y-1 z-2
2 4 5

Ta c6 (d) c6 { = a = [n,, n,] =(-4; 8; 10)

45. Trong khong gian Oxyz, hiay viét phuong trinh tham sé cta dudng
thdng A nim trong mp(a): y + 2z = 0 va cdt hai dugng thing.

x=1-t¢ x=2-t
(dy): sy=t (dg): sy =4+2t
z = 4t el
Gidi

* Thé phuong trinh (d;) vao phuong trinh mp(a) tacot + 8t =0t =0
Vay d, n(a) = A(1, 0, 0)
* Thé phuong trinh (dy) vao phuong trinh mp(a) tac6: 4 + 2t +2 =0 &
t=-3
Vay d; N (o) = B(5; -2; 1)
*Tac6 AB =(4,-2,1)
Vay phuong trinh tham sé cia dudng thdng AB nim trong mp(a)
x =1+4t
va cdt dy, d; la: {y = -2t
Ee=t

46. Trong Oxyz cho dudng thing (d): x; 1_y 1"1 = 8

@ va mp(P): x

~-y—-2z-1=0
Tim phuong trinh chinh tic cha dudng thang (A) di qua A(1, 1, -2)
song song véi mp(P) va vudng géc véi dusng thang (d).

Gidi
M4t phéng (P) ¢6 PVT 4 = (1, -1, 1)
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Puéng thdng (d) c6 VICP a =(2, 1, 3)

Goi vV = (vy, v, v3) 1a VTCP ctia duding thing A, ta c6
eVi(A)/(PPeon lvoeon.v=0ov;-vy—vz=0
eVid)ldoeovia ©v.a=02v+va+3vy3=0

5
Chonvy=5= v =(2, 5,-3)
V4y phuong trinh chinh tdc cia dudng thing (A) 1a
x-1 y-1 242

2 5 -3
47. Viét phuong trinh dudng thing (d) vudng géc v6i mp(P):x +y + z +
1 =0 va cit ca 2 dudng thing (d,): X;I = y+11 = z va (dy)

x-2y+z-1=0
2x-y-2z2+1=0

Gidi
(dy) di qua A(1, -1, 0), VICP & = (2, -1, 0) /+\
mp(P) ¢6 PVT i =(1, 1, 1) ya/ B
B
* Goi (a) 1a mat phdng chda d; va g T“’ \ 4 Iﬁ,
1 (P) thi (a) qua A(1, -1, 0), PVT ' In 4 .
1a fi, = [& ] =(-2;-1; 3) T~

Nén phuong trinh mp(a):
2x-1)-1(y+1)+3z-0)=0
&S 2x+y-32-1=0

(dy) di qua B(O, -%, g) ¢6 VICP b = (5, 4, 3)

* Goi (B) 1a mat phing chita d; va L (P) thi (B) di qua B(O; - %; g)
va ¢6 PVT §, = [f, bl = (-1,2,-1)
Nén pt(B): -1(x-0) + 2(y + %) - 1(z - —g-) =0

Sx-2y+z-1=0
* Vay duong thing d vuéng géc véi (P), cdt ca d,, d; 1a giao tuyén
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cia 2 mat phang (a), (B) c6 phuong trinh la:
2x+y-32-1=0
x-2y+z-1=0

48. Tim tap hop cac diém trong khdng gian ciach déu ba diém A(1, 1, 1),
B(-1, 2, 0), C(2, -3, 2).

Giai
Goi M(x, y, z) 1a diém cdch déu 3 di€m A, B, C
2 _ 2
MB? = MC?

o x-12+(@y-102+EZ-1=x+1°*+(y-2)%+(z-0)*
x-1)+(y-1D*+(2-1P=(x-2°+(y+3\°+(z-2)°
{—4x+2y—2z——2=0 {2x—y+z+1=0 '

= o
2x -8y +2z-14=0

Véy: Tap hop cdc diém M(x,;, y;) théa yéu cau bai tap la duong
2x-y+z+1=0

x-4y+z-7=0

thing c6 phuong trinh { vudng géc véi mat phing

x-4y+z-T7=0

chita dudng tron ngoai tiép tam gidc ABC tai tAm dudng tron ngoai
tiép AABC.

49. Viét phuong trinh duong thing di qua diém I(-1, 2, 3) va

1. Qua diém J(0, 1, 2) :
2 3 Caa 2 = 0
2. Song song véi dudng thang (d) ¢c6 phuong trinh Y
XxX+y-3z+5=0
3. Vudng géc  5i hai dudng thing

x+y-1=0 2x+y-1=0
(d a(d
1){2)c+z=0 Y (2){z=0

4. Vudng géc v6i dudng thing (d) {—;— = % =2 ; 3
5. Ot hol ditmg thing Eol T8 T 5 B=d _F31 _El
3 1 1 2 3 -5
- . - 2=0
6. Vudng géc véi (d): s i va cat (d') Ay ES
3 1 1 x+1=0
7. Cdt truc tung va song song v6i mp(a): 2x + y = 0
p > -z-3=0
8. C4t Oz va cit dudng thing x-z
y+z-1=0

137



1.Tacé IJ =(1,--1,-1)

e %) _
Phuong trinh IJ la: x‘—li o . z-3

n,=(3 -2, 1
n,=(,1 -3
Puong thdng (M) qua I, va // (d) nén (A) qua I va ¢c6 VICP a

Do dé phuong trinh (A):
x+1 y-2 z-3 - x+1 y-2 z-3

2. (d) c6 { suy ra (d) ¢6 VICP & = [#,, n,] = (5, 10, 5)

5 10 5 1 2 1
n, =(1,1,0 ;

3. ¢ (d;) c6 Ijl : ) = (dy) 6 VTCP a =(1, -1, -2
n, =1{2, 0, 1

Goi (o) 12 mit phang di qua I, (a) L d; ((0) nhdn a lam PVT

Phuong trinh (a): Lx+1)-Uy-2)-20z-3)=0
ox-y-22+9=0

n, =(2, 1, 0)

n, =00, 0, 1)

Goi (B) 1a mp di qua I, (B) L dy (B nhan b lam PVT)
Phuong trinh (B): 1(x+1)-2(y-2)+0z-3)=0
& x-2y+5=0 ,
Pudng thang (A) qua I cung vudng géc véi 2 dudng thang (dy), (dz)
1a giao tuyén cua 2 mp(a), (3) ¢é6 phuong trinh la:
_ X-y~-22+9=0
(A) { Y
Xx-2y +5=0
4. ¢ Ta c6 (d): g % 5%3 ¢6 VICP 4 = (2, 4,1)
Goi (o) 1a mat phang qua I va L (d) thi phuong trinh (a):
2x+ D)+ 4y -2+ 1z-3)=0
< (a):2x +4y +2-9=0

e (dz) co { — (dy) ¢6 VTCP b =[n, n,] =(1, -2, 0)

X =24
e Phuong trinh tham so cua (d) {y = 4t
z=-3+1t
Thé phuong trinh tham sb (d) vao phuong trinh mp(a) ta c6
22t) + 4(4t) + (<3 +1)-9=0 >t = g
Goi A= (@)~ @) = A(§, 18 2
7T [
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- IA = [9, g, l3—8), chon TA /. (15, 2, -38)
7TT7 17
Do d6 phuong trinh dudng thing (A) qua I, 1L d 1a phuong trinh
dudng thing IA:
x+1 y-2 z-3
15 2 -38
5. (d) qua M(1, -2, 0), VITICP a =(3, 1, 1)
(d') qua N(2, -1, -1) VTCP b = (2, 3, -5)
e Viét phuong trinh mp(a) chia (d) va I
Taco MI =(-2,4,3) = i =[a, MI]=(-1, -11, 14)
mp(a) qua I va ¢c6 PVT n nén pt(a) la
-1x+1)-11(y~-2)+14(z-3)=0=x+ 11y - 142+ 21 =0
e Viét phuong trinh mp(B) chua (d’) va qua I
Taco NI =(-3,3,4) = 1’ =[b, NI1=(27, 7, 15)
mp(pB) qua I va ¢c6 PVT n’ nén pt (B) la
271(x + 1D+ T1y-2)+15(z-3) =0 = 27x+ Ty + 152 - 32 =0
e Puyng thing (A) qua I, cit ca d, d’ chinh 1a giao tuyén cGa 2
mp(a) va () nén cé phuong trinh:
{x+11y—14z+21:0

27x + Ty +152-32 =0

6. (d): %}_:3’1‘2:% ¢6 VICP & = (3,1, 1)
Goimp(a) qual, L (d) = pt(a): 3(x+ 1)+ 1y -2)+1(z-3)=0

> ptla):3x+y+z-2=0

, x=2+2t
Phuong trinh tham s6 cia (d') {y = -1+ 3t
z=-1-56t

Thé pt(d’) vao pt(a) ta c6: 3(2 +2t) + (-1 + 3t) + (-1 = 5t) -2 =0

Su rat——l
, oo T 9

G(_)iA:d'ﬁ((I):DA(l,—é, 9—):: IA =(2,—g,—§)

2 2 2. 2

Phuong trinh dudng thidng A qua I, L d cat d’ la:
x+1 y-2 z-3
2 9 -3
7. Goi (B) la mat phdng qua I va song song v6i mp(a): 2x + y = 0
=>ptBr2x+y+D=0
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Vi I(-1,2,3) e B) =2 2-1)+3+D=0=D=-1
Vay pt(B): 2x +y-1=0
=
¢ Phuong trinh Oy 1a {x :
Z =
Goi A 1a giao di€m cta Oy vdi mp(p), toa do diém A 1a ngariém
cia hé phuong trinh.
x=0
z=0 < A0, 1, 0)
2x+y-1=0
Vay IA =(1, -1,-3)
Do dé phuong trinh (A) dudng thing qua I théa mén y&u cai bai
toan la:
x+1 y-2 z-3
1 -1 -3

—_—

8.0zquaOcé VICP ¢, =(0,0,1) = OI =(-1, 2, 3)

= i =[Ol &,] =(-2,-1,0)

Goi (o) 12 mit phéng chia Oz va qua I (a nhan 51 lam PVT)
= pi(a):2x +y =0

-z-3=0 n, =(1, 0, -1

(@) {x vA . [nl ( )

o]
i, =(0,1,1)

y+z—1-—0c =a =[n,, n,] =(1,-1,1

=3
Choz =0thi(d = {x = d di qua A(3, 1, 0)

Al =(-4,1,3»= 0’ = [Al 4] =4, 7, 3)
Goi (B) 12 mat phéng chia d, I = pt(B):
4x+1)+7y-2)+3(z-3)=0=4x+Ty+32-19=0
Goi (A) 1a dudng thang qua I, cdt Oz nén (A) = (o) N (B)

= p(A} 2x +y =0
4x + Ty +32-19=0

50. Cho hai dudng théng:

a) Ching minh (d,), (d;) chéo nhau.
b) Tim khodng cach giira hai duong thang (d,), (dy).
c) Viét phuong trinh dudng thing (A) qua M(1, 1, 1) va cét ca d,, ds

va (dg) <y = -5t

X+y+2z=0 x=2e 2
(dl){ e
X-y+z+1=0

z=244%
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Gidi

1 1
Ch =0 Al-—,=,0 d
a) 0z e (2 5 )e 1

A, = (11 2 IR
d, ¢6 {n‘ LL2 4 c6VICP 4 = (4, A,] = (3, 1, -2)

n, =(1, -1, 1)
(d) qua B(-2, 0, 2) ¢c6 VICP b =(2, -5, 1)
Ta c6 (&, b) = (-9, -7, -17), AB = (—g —%, 2}

= [4, b] AB = =17 # 0 = (d,), (dy) chéo nhau
b) Tinh khoang cach giira d;, d,

Goi (a) 12 mat phéng chia d; va song song véi d; < mp(a) di qua
B(-2,0,2)c6 PVT 1 = (&, b] = (-9, -7, -17)

Phuong trinh mp(a): -9(x +2) - 7(y - 0) - 17(z - 2) =0
Ix + 7y + 172 +16 =0

1 1

d(A, o) =

J81+49 + 289 - 419
15
Ta c6 d(d,, dy) = d(A, o) = —— (dvdd)
R J419

c) Goi mp(P) 1a mat phing chia d; va M < mp(P) nhan a = (3, 1, -2)
va AM = (g, —;—, 1) lam cap VTCP )

< mp(P) qua M(1, 1, 1) ¢6 PVT 1a [4, AM] = (4, -12, 0)
<> phuong trinh mp(P): 4(x - 1)-12(y-1)+0(z-1)=0
<> 2x—-6y+4=0 |
Goi (Q) 1a mat phing chia d, va M < mat phdng (Q) nhéan
b =(2,-5,1)va BM =(3, 1, -1) 1am c&p VICP
= (Q) qua M(1, 1, 1), PVT [b, AM] = (4, 5, 17)
= Phuong trinh (Q): 4(x - 1) +5(y - 1) +17(z-1) =0
pt(Q): 4x + 5y + 172 - 26 = 0
Vay duong thidng A qua M, cit ca d,, d; 1a giao tuyén ciia 2 mat

] 2x-3y+2=0
héng (P), 5 phuong trinh la
phang (P), (Q) 6 phuong trin {4x+5y+17z-26=0
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| 51. Trong Oxy cho hai duong thang:

x =2+ 2t [x =1
Al }-‘ iR & 1 4 t, é‘.\? Jy =3 1 o t
z =1 I'k:—:Br—t

a) Ching minh rang (\;), (\y) chéo nhau.
b) Tinh khoang cach giua 2 dudng thang (A)), (Ay).

Gidi
a) Ta ¢6 (A,) di qua A(2, -1, 1), VTCP a =(2,1,0)
Ay diquaB(1,1,3,VTCB b =(0,1,-1)
Taco [&, bl=(-1,2,2 va AB =(-1,2.2)

—+

Suy ra [a, B]AB =9

=

0

Do dé (A]

i
b) d(A, Ag) =

) chéo nhau
blAB\

_ 2
J9

= 3 (dvdd

x'[a b [

(2){ F 3}’

~4=0

)

(d")

52. Cho hai duong thang (d) {

y+z-4=0

x =143t
y=2+t
z=-1+2¢

a) Chirng minh hai dugng thang (d). (d') chéo nhau.
b) Tinh khoang cAch gita hai dudng thang (d), (d).
¢) Hai dudng thiang A, B khdc nhau va c¢o dinh trén (d) sao cho
= J117. Khi C di dong trén (d'), tim gi4 tri nhé nh&t cia
dién tich tam giac ABC.

Gidi
-(2, 3, 0)
-(0, 1, D
(d) di qua M(Z, 0, 4)

'
a) ¢ Ta co (d) co > (d) c6 VICP a =[1d,, 1,] =(3, -2,2) va

e (d') qua N(1

.2 -1), VTCP b

=(3, 1, 2)

eTacé[a, bl =(-6,0 9 va MN =(-1, 2, -5)
— [4, b]MN = -39 = 0. Vay (d) va (d') chéo nhau
(a, b]MN‘ _
b) Ta ¢6 d(d, d’) = - lav] = V13 (dvdd)
a.bj]
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¢) Ta ¢6 Sapc = %AB.CI (1 13 chin dudng vudng goe ha ti C dén
duong thing (d))
Vay Suasc = % JIT7 CI

Ma CI > d(d, d') = V13 :
V117 \/

Nén ta ¢6 Spapc = ~—.CI > dd. d)= Y17 f3 -3
2 2 2
Dau “=” xay ra <> CI 1a doan vudng goc chung cua d, d’

Vay minS\apc = —32—9 (dvdd)

53. Cho hai duong thang (d,): XI7 4 ; 3_¢2 —19
3 y 1 z-1
dy): 2= "
(dy): N > 3
a) Ching minh (d,), (d;) chéo nhau.

b) Lap phuong trinh dudng thang vudng géc chung cua (d,), (dy).

Gidi
a) Ta ¢6 (dy) di qua A(7, 3,9) ¢c6 VICP a =(1, 2, -1)
(dy) di qua B(3, 1, 1) ¢6 VICP b = (-7, 2, 3)
= [4, bl =(8, 4, 16) va AB = (-4, -2, -8)
Nén [4, b]AB = -168 # 0 = (d,), (dy) chéo nhau.
b) Viét phuong trinh dugng vudng goéc chung caa d,, d,
Cdch 1: Ta ¢c6 v =[4, b] = (8, 4, 16)
e mp(a) qua A € d,, ¢6 cap VICP a, v nén mp{a) c6 PVT n =[a, v]
= (9, -6, -3)
Pta): 9(x-7)-6(y-3)-3z-9=0=3x-2y-2-6=0
e mp(B) qua B € dy, ¢c6 cip VICP b, v nén mp(p) c6 PVT
i’ =[b, v]=(5, 34, -11)
Pt(B): 5(x-3) +34(y-1)-11(z-1)=0
<> 5x+34y-112-38=0
e Puong thing vuéng géc chung cda d,, d, 1a giao tuyén caa (o), (B)
5x +34y -11z-38 =0
3x-2y-z-6=0
Cdch 2: Cach nay viua tim dugc phuong trinh viua tim dugc giao

¢6 phuong trinh la {
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diém cha no vdi d;, do

XxX=T+t X=3—'7t'
.« Phuong trinh tham s6 (d;) {y =3+ 2t, (d2) {y =1+2t'
7=9-1¢ Z=1+3t,

eLayMed, > M7 +t;3+2t;9-1)

Lay N ed;, => N@E - 7t, 1 +2t, 1 + 3t)

— MN = (-4 - 7t' —t; -z + 2t' — 2t; -8 + 3t' + t)
MN 1 &

Taco < __ E_l
MN 1b
(-4 -Tt -t)+2(-2+2t' - 2t) - 1(-8+ 3t +t) =0
(-4 -Tt -t)+2-2+2t' -2t) + 3(-8+3t' +t)=0
—6t'+6t=0 (t=0

&
6t + 62t =0 {t':O
— M(7, 3,9), N3, 1,1) > MN = (-4, -2, -8)

Phuong trinh (MN); X~ - ¥~ 3_2"9

4 2 8
x=2+t 2‘2 0
] + - =
54. Cho hai dudng thing () {y =1-t va @) { .
y-3=0
z=2+2t

a) Chitng minh (d), (d') chéo nhau. Hay viét phuong trinh dudng
thdng vudng géc chung cua (d) va (d").

b) Viét phuong trinh téng qudt cia mat phing cdch déu (d), (d').

Giai
a) e Ta c6 (d) di qua A(2, 1,2), VICP a =(1, -1, 2)
8, =01,02 Ny T
(@) L: ~(0,1,0 (d") 6 VICP b=[A,, 1,] = (-2, 0, 1)

(d’) di qua B(2, 3, 0)

Ta c6 [&, bl = (-1, -5;-2) va AB =(0, 2, -2)

Suy ra [d, b] AB = -6 # 0 = (d), (d') chéo nhau.
e Phuong trinh dudng vuéng géc chung

LAyM e (d) > M2 +t,1-1t,2+2t)
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x =2-2t
Phuong trinh tham sé (d) {y =3
gt
N e dd) = N2 -2t 3, t")
MN = (-2t —t, 2 +t,t —2t)

MN la

MN vubng géc chung voi d, d° < J

(MN 1 b
(-2t -)-2-t+ 24 -20)=0 _ [4t'-6t-2=0
>
-2(-2t' -t) + 0+ t' -2t =0 5t' =0
[t'=0 - /
SR :>ML§,E,-—3\,N(2, 3,0), MN = [1‘?3)
|E==g 3’3" 3) 3733

Nén phuong trinh dudng thdng (MN): 2= @ g54 2=

5 2
b) Mit phéng (o) cach déu (d), (d') chinh 12 mat phang trung truc cda
doan MN => mp(a) qua trung diém I[%, 162,— %J va nhian 3MN =
(1, 5, 2) lam PVT |
= ptla): 1()( —lél—) + S[y - %3) + 2(z+ %} =0
<>X+b5y+22-12=0
55. Cho A(3, 2, 1) va dudng thang (d): —g- = % . ; J

a) Viét phuong trinh mp(P) di qua A va chuaa (d).
b) Viét phuong trinh duong thing (A) di qua A, vudng géc véi (d),
cat (d).

Gidi
a) Ta ¢6 (d) di qua B(0, 0, -3), VICP a =(2, 4, 1) va AB = (-3, -2, -4)
mp(P) qua A, chita (d) < mp(P) qua A, cap VITCP la AB, a
Do dé (P) ¢c6 PVT i =[4d, AB} = (~14, 5, 8)
Vay phuong trinh mp(P): —14{x — 3) + 5(y — 2) + 8(z - 1) = 0
<> 14x - b5y-8z2-24=0
b) Goi (Q) 1a m#t phdng qua A(3,2, 1)va Ld
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=(Q)co PVT a =(2,4, 1)

Do d6 pt(Q): 2(x —3) +4(y - 2)+ 1(z-1)=0
<>2x+4y+2z-156=0 )
Pudng thing (A) cdn tim chinh 1a giao tuyén ctia hai mp(P), (Q)
nén pt(A) la '
14x -5y -8z-24 =0

{2x+4y+znl5:0

56. X4c dinh hinh chiéu vudng géc cia dudng thang

-y-z-5=0
) X-y-z2z
2x+2y+z-4=0

lén mp(P): 3x -2y -z +15=0

, Gidi
Mit phéng (P) ¢c6 PVT n =(3, -2, -1)
Phuong trinh chum mp(a) chida (d)
mx—-y-z-5)+n2x+2y+z-4)=0
om+2n)x+2n-m)y+(-m+n)z-5m-4n=0

mp(a) ¢6 PVT v = (m + 2n, 2n - m, -m + n)

Pé€(w) LP)>nlveonv=0
<3m+2n)-22n-m)+(m-n)=0
<6m+n=0 < n=-6m

Chom=1 =n=-6.Dodéptla)la -11x-13y-5z2+19=0

< 11x+13y+5z2+19=0

Do d6 phuong trinh hinh chiéu (d’) cia (d) 1én mp(P) la:

11x+13y +52+19=0
{3x—2y—~z+15=0

57‘

Trong khéng gian Oxyz cho A(2, 3, 0), B(0, -2, 0) va dudong

" -2=0
thang (A) {x+y+z
x-y+z-2=0

Tim diém M € (A) sao cho tong d6 dai MA + MB ngin nhat.
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Gidi
Cach 1:
ChoM e (A) => M(t,0,2 - t)(choy = 0) s

Tacé MA= Jt-27+9+(2-t)? = J2(t-2°+9




MB = Jt? +2+(2-t)% = J2t-1)* +4
MA + MB = (20t -27%+9 + {2t - 1)* + 4
Pat 4 =(V2(t-2),3); v =(J2(1-1),2)
>0+ vV =(-v2,5)
Taco MA+MB=lal +[v]2lu+v|=427
Dau “=” xay ra khi G, v cung chidu < 2V2(t - 2) = -3/2(t - 1)

<:>2t~—4=—3t+3:3t—_-.;_
A . ; 7 3"
- Vay min(MA + MB) = J27 va M(E’O’ EJ

Cach 2:
e Cho K € (A) & K(t, 0, 2 — t), dugng thidng (A) ¢c6 VICP i =
(-2, 0, 2), K la hinh chiéu cia B xudng dudng thang (A)
<> BK .é‘ =0
= K(1, 0, 1) va BK = 2
e Cho H ¢ (A) & H(t,0,2-1t)
H la hinh chiéu cia A xuéng dudng thing (A) < HA.a =0
= H(2, 0, 0) va AH = 3
e M(x, y, z) € (A) théa man MA + MB ngén nhat

o MK = o8 MH =-2. Mii
AH 3
l1-x 2 7
2-x 3 ng
<:><9~:-y—z-——2~ < <y=0 @M(Z,O,-‘:‘-).
0O-y 3 3 5 5
l1-z 2 \Z=’5—
0-z 3

58. Trong Oxyz cho hai diém A(', 2, -1); B(7, -2, 3) va dudng thing
(d): x+1 :y«w2: z-2
-2 2 _
a) Chitng minh: (d) va dudng thdng AB déng phang.
b) Tim diém I € (d) sao cho IA + IB nhé nhat.

Gidi
a) Ta c6: AB = (6, -4, 4) duong thd 1g (d) c6 VTCP a = (3, -2, 2)
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Vay d / AB hay d va AB déng phing
L) Vi AB //d nén I € d s2o cho IA + IB nhd nhat <> I cdch déu A va B
(bat dédng thite Cauchy)
Tacoled=I(-1+3t 22t 2+ 2t)nén
IA® = (3t - 2)* + (~20)% 4 (2t + 3)" = 21t" + 13
TB? = (3t - 8)* + (4 — 2t + (2t — 1)* = 21t% — 68t + 81
Vi IA’=1IB° o218 +13=Lit’ - 68t +8l =t =1
< 12,0, 4).
| 59, Cho mp(P): 2x - y +z + 1 = 0 va hai diém A(-1, 3, -2); B(-9, 4, 9).
| Tim di€m K € mp(P) sao cho KA + KB nhé nhit.
Giai
ebat fix,v,z2)=2x~-y+z+1
Tact A)=-2-3-2+1=-6<0
fiBl=-18-4+9+1=-12<0
Véy TALAB) > 0 — A, B ndm cung mét phia d3i véi mp(P)
e Goi A’ 1a diém 481 xiing cua A qua mp(P)
Pudng AA’ 1 (P} tai H nén c6 VICP Ja n,,=(2,-1, 1)

X=-1+2¢t
Phuong trinh than sd cia AA’' (v =3-t
=2+t

Thé vao phuong trinh (P): 2(-1 +2t) - (3=t} + (-2 + t) + 1 = 0
=>t=1-=>AA n(P)=H(Q1,?2 -1)
(Xp = 2%y -x, =3
Vi H )a trung diém ciia AA nén {y, =2y, -y, =1 = A3, 1, 0)
: tz,\ =2zy -2, =0
= AB = -12,3,9)

(x=3-4t
= Phuang trinb tham s& (A'B) }Jy =1+t (teR)
g =3t

Thé vaopt(P): 23 -4t) - (1 + )+ 3t+1 =0t =1
= A'B ~ (P) = K(--1, 2, 3)

Ta c6 KA + KB = KA’ + KB > A'B (hing s6)

Nén KA’ + KB nhé nhit la A'B < K, A’, B thing hang

< A'B ~ (P)=Ki-1, 2, 3) 1a di#m can tim.
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80. Cho mp(e): 2x — y + 2 + 1 = 0, P(3, 1, 0), Q=9, 4, 9. Tim diémn
[ M e mpla) sao cho | MP - MQ| dat gid tri 16n nhat.

Gidi
e Dat fix,v,z)=2x-y+z+1
Taco f{P)=-18-44+9+1=-12<0
flQ)=6-140+1=6>0
Vay fiP).AQ) < 0 =» F. Q 0 hai bén mp(w)
o Goi P’ 1a diém d8i xdng <ua P qua mp(x)
Vi PP’ & («) ndn PP’ nhadn 1, = (2, !, 1) 1am PVT
[x =3 +2t
Phuong trinh tham sé caa (PP) Sy =1-1
tz=1
Thé vaomp{a): 23 +2) — 1+t +t+1=0=>t =1
= PP n{a} = H(1, 2, -1)
Vi H 1a trung &i€m eGa PP’ nén ta cd
ixi"‘ = 2%, — %
{Rp =2y, -2z, = P-1.3, -2}
[ZP' =22y -2
= MP = MP’' v6i M € (o)
e Tacé |MP - MQ| = |MP' - MQ| < P'Q (hiing $5)
Vay gia tri 16n nhat cia | MP' - MQ/| béng P'Q xay ra
= M, P, Q thdng hang & M = P'Q n ()
e Phuong trinh tham s8 P'Q qua P’ nhan P'Q = (8, -1, -11) lam VI'CP

[x=—1+8t
{y=3-1
[z:~2*}.1t

Thé vao pt(a): tac6 2(-1 + 8t) -3 <:-2-1it+1 =0t =1
Do d6 | MP — MQ/| 1én nhat <> M(7, 2, -15} = {w).

61. Trong khong gian vdi hé truc Oxyz cho hai dutng thing d

5 'x=—1+2t
Ezy”1:z+ vady cy=1+t
2 -1 1 'lz_g

1. Ching minh ring d, va a, ¢h€c nhau.

2. Viét phuong trinh duong thing d vudng goc voi mpil's 7X + y - 42

L vacdi hai dudng thang d,, d. .




Gidi

1. d; qua A(0, 1, -2), VICP & = (2, -1, 1) /+\
d; qua B(-1, 1, 3), VICP b = (2, 1, 0) f/a'/ e
Tac6 (4,b]=(-1,2,4), AB = (-1,0, 5) R N
Ta c¢6 [4,b]JAB =1 +0 + 2020 L{p ; Ijg

" nén d,, d, chéo nhau . ¢« In,

2. » Goi (o) 1a mp chia d; va L (P) thi g E/\Q

5 ‘

() qua A va c6 cap VTCP la
a =(2,-1,1)van, =(7,1,-4)

Nén («) ¢6 PVT i, = (3, 15, 9) = 3(1, 5, 3)
Pt(a): 1(x-0C) +5(y-1)+3z+2)=0=x+8y+3z+1=0

e Goi (B) la mp chia d, va L (P) thi (B) qua B va ¢6 cap VICP 1a b
=(2,1,0)va i, = (7,1, -4) nén (B) ¢6 PVT k, = (-4, 8, -5)

Pt(B): -4(x +1) +8(y-1)-5(z-3)=0
> -4x+8v-5z2+3=0

x+by+3z2+1=0

Vay phuong trinh dudng thing d 1a .
e e SRS {4x—8y+5z—3=0

62. Trong khéng gian véi hé truc Oxyz cho hai diém A(1, 4, 2),
B(-1, 2, 4) va dudng thing (A): x—ll = yIZ :_;_
1. Viét phuong trinh dudng théng d di qua trong tdm G cia tam
gidc OAB va vudng gbéc vdi mp(OAB).
2. Tim toa dd diém M thudc dudng thing A sao cho MA? + MB? nhd
nhat.

Gidi
1. Tac6 G0, 2, 2), a =[OA, OB] = 6(2, -1, 1)

Vay d qua G(0, 2, 2), VTCP & = (2, -1, 1)
-2 z-2
Nén pt(d): ~ =¥ -2 =
S pll ). 2 -1 1
x=1-t .
2.Taco (A){y=-2+t, M e (A) e M1 -t, -2 +t,2t)
z=2t
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Ta c6 P=MA? + MB2=t2 + (t - 6)° + (2t — 2)°
#(2=1)F & (&= 4 + 8t~ 4)°
= 12t* - 48t + 76 = 12(t - 2)* + 28 > 28
Vay minP =28 &t = 2 © M(-1, 0, 4).

63. Cho hinh lang tru ding ABCD.A'B’C’'D’ ¢6 ddy ABCD la hinh thoi
canh a, goc BAD = 60°. Goi M 1a trung diém cia AA’, N 1a trung
diém canh CC’. Chung minh ring bén diém B, M, D, N cung
thuoc mot m#t phdng. Hay tinh d9 dai canh AA’ theo a dé tu gidc
B'MDN la hinh vuéng. |

Gidi
Tam giac BDC déu canh a, AA’ = h. Chon hé truc Oxyz nhu hinh
vé. Ta co:
D A Z c
a a '
B(E;O: O)r D(—E:O; 0): ) A
co, 23 0) B(2, 0, h) AT T
: 2 2 |
= N
D’(—%, 0, h), C'(0, ?-2@ h), al
3 \D ...... - e y
A0, -2X2 b A e S C
2 / -------- O ™. "
A B
Mo, -2Y3 By N, 23 b, i
2 2 2 2
e Chitng minh B’, M, D, N déng phing
TaC() ﬁﬁ = E,—Lﬁ—,h ; Dﬁ: —a_'_) E_J_é: _ll)
2’ 2 2 2’ 2 32
DB =(a, 0, h)
il i 2 3
— [DB', DN] = (_Eh“[:?_, 0, E_‘_{'_?’_)
2 Z ; :
. I _ ; 2 .
— [DB', DN]DM = (%J[ h;‘/gJ+(52‘~](az‘/§J = 0 (dpcm)

e Tinh AA’ theo a 4¢ B'MDN la hinh vudéng
bl " 2
Tacé6 BM = [—3 aV3 E) = BM?=a’+ %—

y

2’ 2 ’ 2
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2

Tu’o‘ng tu MD2 = DN2 = BN2 = 82 + .}_;.,_

—  MD? = DN? = B'N? = BM? (1)
e 2 2 2
Mat khde DMDN = & % 0
4 4 3

Tiu (1) = B'MDN Ia hinh thoi nén B'MDN la hinh vudng khi
DMDN =0~ h?=2% o h=2a2

64. Cho hai mat phang (P), (Q) vudng géc voi nhau c6 giao tuyén la
dugng thing A. Trén A lay hai diém A, B véi AB = a. Trong np(P)
lay diém C, trong mp(Q) 1ay diém D sao cho AC, BD cung vudnz goc
v6i A va AC = BD = AB. Tinh ban kinh cGa méat ciu ngoai tiép ti
gidc ABCD va khoang cédch tir A dén mp(BCD) theo a.

Giai
Chon hé truc Axyz nhu hinh vé ta c6 A(0, 0, 0), B(0, a, 0), D(a a, 0),
C(0, 0, a)
Goi I 1a tdm ca mat cau ngoai tiép tt dién ABCD; I(x, y, 2).
Tacé IA=IB=IC=ID=R

v a z
cbx_y_z.-g a
@R_IA_E‘Z/—_-(ddd) A y

1 —>
: B
ﬁ(BCD) = (0, az, az)=32(0, L1 /D\D/
= pt(BCD):y +z-a=0 j P X ¥
av/2

= d(A, (BCD)) = = (dvdd)

-~

65. Trong khong gian v6i hé truc Oxyz cho hinh chép S.ABCD ¢ day
ABCD 1a hinh thoi, AC cit BD tai goc O, biét A(2, 0, 0), B(0, 1, 0),
S(0, 0, 2v2). Goi M la trung diém ctia canh SC. .

a) Tinh géc va khodng cach gida 2 duong thdng SA, BM.
b) Gid st mp(ABM) cit d.ng thang SD tai N. Tinh thé tich khdi
chép S.ABMN.
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Giai
a) O O 1a giao diém 2 duong chéo AC va BD
— D(O, =1, 0) va (-2, 0.0), M(=1, 0, V2)
SA =(=2,0,2V2), BM = (-1, -1, V2)
« ‘Gol ¢ la géc nhon tao boi SA va BM

COSP = — === = -
+8\/1*1¢) 2

¢ (Goi (o) 1a mp chaa SA va // BM
= pt(e): V2x +2-2V2 =0

=
" '"Ta ¢6 d(SA, BM) = d(B, (a)) = 2-?3—?1 (dvdd)

b) 1)) IPhuung trinh mp(ABM): V2 x + 2\/§) +32-2J2 =0

x=0

Phuong trinh tham s6 (SD) y=-1-t,te R

z = -2J2t

N la giao diém cta SD véi mp(ABM) = N(0, -

BS =(0,-1,2V2); BA =(2,-1,0)
BN..(O—-— J2): BM = (-1, -1, 2)

[(BS,BN].BA = (22,0, 0) =42

2./2

VBSNA-1|[BS BN1].BA | = 4f -‘Léi
[BS, BN]E"M =38

22 V2

V ='—l BS,BNBM = — = —
BSMN 6“ | | : 3

VSABMN = VSABN + VSBMN =

_2;3(_ V2 = J2 (dvtt)

66. ' "Trong khong gian v6i hé truc Oxyz cho ba diém A(2, 0, 1),
I EB(1,0,0), C(1, 1, 1) va mp(P): x + y + z — 2 = 0. Viét phuong trinh
r nmit cau di qua ba diém A, B, C va ¢6 tdm nam trén mp(P).
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Giadi
Goi I(x, y, z) 1a tam mat cau
[ 2: 2: 2
Tir gid thigt ta cs {2 - 1B =1C
1e(P)
x-2P2+y2+(z-1 =(x-1 +y* +2?
S{x-2%+y2+ (-1 =x-1P+(y -1 +(z-1)
x+y+z-2=0
2x+2z-4=0 2=}
<> 42x-2y-2=0 o <y=0
XxX+y+z-2=0 z=1
Viay tacé tam I(1,0,1),R=1IB=1
Nén phuong trinh mét cau:
x-12+y +(z-17%=1

67. Trong khong gian v6i hé truc Oxyz cho dudng thdng (d):
x11 :y;3:z13 vaimp(P:2x +y-2z+9=0

a) Tim toa do diém I thudc d sao cho khoang cach tir I dén mp(P)
bang 2.
b) Tim toa d giao diém A cta dudng thing d va mp(P) viét phuong

trinh tham sé cia dudng thing A nim trong mp(P), biét A di qua
A va vudng géc vdéi d.

Giai
x=1-t

a) Phuong trinh tham s6 (d){y = -3 + 2t
z=3+t

Ied ©I(1-t,-3+2t,3+1t)

2—2t—3+2t—6—2t+9|
Ta c6 d(I, (P)) = 2 <::>' =2
4 G ¢ , Ji+1+4

s l1-tl =3 o suy ra I(3, -7, 1) hoac I(-3, 5, 7)

b) Thé phuong trinh tham sé cda d vao pt(P)tadugc t =1 thé t = 1

vao phuong trinh tham sd cta d ta cé6 A(0, -1, 4) 12 giao diém cua d
v6il mp(P)
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VICPciadla a =(-1,2, 1)
PVT cua(P)la n =(2, 1, -2)
Suy ra vecto chi phuong caa A 13 - -E[é, nl={(1,0, 1)
3
Mat kbac A di qua A(0, -1, 4) do d6 phuong trinh tham sd cua A la
x=¢t
y=-1 (t' e R).
z=4+t

68. Trong khong gian vdi hé truc Oxyz cho hinh lang tru ding
ABC.AB,C, vai A(0, -3, 0), B(4, 0, 0), C(0, 3, 0), By(4, 0, 4).
a) Tim toa d6 cac dinh A,, C, viét phuong trinh m&t clu c6 tdm A
va tiép xic véi mp(BCC,B,).
b) Goi M la trung diém cta A,B, viét phuong trinh mp(P) di qua A, M
va song song véi BCy; mp(P) cat A\C, tai N. Tinh d dai MN.

Giai
a) Hinh chiéu cGa A, xudng mp(Oxy) 1a A = A0, -3, 4); hinh chiéu
C, xuéng mp(Oxy) la C = Cy(0, 3, 4) _
Cap VTCP cha (BCC,B,) 1a BC = (-4, 3, 0), BB: = (0, 0, 4)
Suy ra vecto phép tuyén cda (ECC,B))
=[BC, BB:] = (12, 16, 0) = 4(

Mit khéc mp(BCC,B;) qua B nén ¢ phu’nng trmh

3(x-4)+4y+0z2=0=3x+4y-12=0"
L o o I0-12 - 12I 24
Ban kinh mat caula R = d(A, (BCOBy)) = e = —

\[§+ 16 5

Suy ra phuong trinh mit cau la X+ (y+3P+2°= Sg_sﬁ

b) M 1a trung diém cia A;B;, = M(2, - g 4)

(P) c6 cap VICP AWM = (2, g 1), BCG = (-4, 3. 4) = vectd phap

tuyga caa (P)la 1, = [m BC.| = —%(-—6, -24, 12)

fip = (1, 4, -2)

Mait khéc (P) di qua A nén ¢6 phuong trinh
x+4y+3)-22=0 & x+4y-22+12=0
A,C; di qua A, va ¢c6 VTCP A C, = (0, 6, 0) hay (0, 1, 0)

¢
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i

-0
3+t (t € R)

[ X -

|
Nén c6 phuong trinh (A,Cy) |y

|z

Thé vao phuong trinh A;C; vao pttP) ta dugc t = 2
Thé t =2 vaopt\\Cy)tadugex =0,y =-1,z=4

= N(O, -1, 1) .
va MN = \/;6~ 2 ¢ 1=1 + g):' +(4-4)7 = -\%—7 (dvdd)

69. Trong khdong gian v6i hé truc Oxyz cho A(0, 1, 2) vA hai dudng

fx=1 t
thang (d,): g:__f%l:z_il}_ (dg): \yw-—l 2t
; [1.=2+t

1. Vit phuong trinh mp(P) qua A, d6ng thdi song song vdi d,, ds.
2. Tim toa 4% cac di#mi M ¢ 4, N ¢ d; sao cho ba difm A, M, N

thdng hang.
| Giai
1. Mat phéng (P) c6 mot cap VICP la &, = (2, 1, -1) va
, =(1,-2,1) > (P)e6 mot PVT % =[4,,d,]=(1, 3, 5)

Véyphuo‘ngtnnhmp(P)la x-0)+3y-1)+86z-2)=0
Hay (P x+3y+5z-13=0
2.Goi M(2t', 1 +V, -1 -ted,, Nl +L,-1-2t,2+1t) ed;

VayAM (2t t, -3 --t)AN-—-(1+t-a~—4.L t)
, M, N thang hang < AM ci.ug phuong véi AN
2t t' -3 -t 4t'1+t)+t'Q+t)=0
= S = S
1+t -2-2t t 2tt' + (1 +t)B8+t') =0

{t:;i()\f‘t:wl tg:O
< <>
128"+ (1+ )3+ t) =0 t=-1

Do d6 M(C, 1, -1), N(0, 1, 1).

70. Trong khong gi:n Oxyz cho hai duong thang

(d,): fl— [L% LBtL a (dy): {x ty—2-a=0
3 -1 2 x+3y-12=0
a) Ching minh ring d, va d, song song véi nhau. Viét phuong trinh
mp(P) chia ca hat duong thang d; va d..
b) Mat phang toa do Oxz cit hai dudng thing d,, d, 14n luot tai A,
B. Tinh dién tich tam giac OAB.
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Crldd
a) d; di qua M(1, -2, -1), VICP & -3, -1, 2)
d, di qua N(12, 0, 10) VTCP 1 = 3, -1, 2)
Tacé 4 = b va MN =(11,2, 11} khong cung phuong vdi a
Vay d, // d;
mp(P) di qua M(1, -2, -1)¢6 PV7 4 = [4,MN] = (=15, -11, 17)
Nén pt(P): -156(x - 1) - 1liv+ 2)+ 17z + 1) =0
< 15x + 11y - 172 - 10 = 0
b) mp{Oxz) c6 phuong trinh y = ¢
d; m (Oxz) = A(=-5, 0, -5)
d: m (Oxz) = B(12, 0, 10)
= [OA.OB] = (0, -10, 0)

Soar = —;— |[()15;()“1§]‘ = 5 (dvdt)

71. Trong khéng gian vdi hé truc Oxyz cho hinh lang tru dung ABC,
A,B.C, ¢6 A(a, 0, 0), B(-a, 0, 0), C(0, 1, 0), Bi(-a,0,b).a>0,b>0.
a) Tinh khodng cdch giita 2 dudng thing B,C va AC, theo a, b.

b) Cho a, b thay d6i nhung luén uén théa man a + b = 4. Tim a, b
dé khodng cach gira 2 ducng thing B,C va AC, lén nhat.

Giai
a) Ta c6 Cy(0, 1, b)
Goi (a) 12 mat phang chda B,C va song song vdi AC,
BC - (a, 1, -b), C,A =(a, ~1, -b)
Suy ra [B,C,CLA] = (=2b, 0 -2a)
Suy ra pt{a): =2b(x = 0) + O(y - 1) - 2alz - 0) = 0
< bx+az=0

Tacod=dB,C, AC;) =dt* o ‘at_"t_, _____‘_Eib__
\/a +b?  Ja’+b?
, e
B Pacgd = o2 ¢ B0 .38 848 2 _ o5

Ja® + b zi J2 22 2/2
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72. Trong khong gian v6i hé truc Oxyz cho diém A(1, 2, 3) va hai
3 : -2 y+2 z-3 -1 y-1 z+1
duong thing (d): ~ -~ =Y 12222, (4,) = =
i T s
1. Tim toa d¢ diém A’ doi xing véi diém A qua dudng thing d;.

2. Viét phuong trinh dudng thing A di qua A, vudéng géc véi d; va

Cét dz.
Gidi
| Jx =2+ 2t
a) Phuong trinh tham s6 caa (d;) [y =-2-t (t € R), vecto chi phuong
z=3+1t

ciad; la a =(2, -1, 1)

Goi H la trung diém cha AA', vi A, A’ d6i xing qua d; nén
AA’' | d1 vaHe d1

Hed <o H2+2t,-2-1,3 +1t)

Vi AH1da 20 +20+@+t)+t=0et =1

Do d6 H(0, -1, 2)
X, + X, = 2Xy

H 1a trung diém cia AA' nén {y, +y, =2y, < A'(-1,-4,1)
Zy + 2y = 22y

2. Goi (P) 1a mat phang vubng géc véi d, va qua A nén pt(P):
2x -y+2-3=0

Goi B 1a giao diém caa d, véi (P) thi toa d§ cia B la nghiém cha hé

phuong trinh | -1~ 2~ 1 =B@2,-1,-2)

- Do d6 dudng thadng A chinh 14 dudng thdng AB

Vay phuong trinh (A); X-1.Y-2_2-3
| | 1 3 5
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BAI TAP TRAC NGHIEM
VECTO TRONG KHONG GIAN

1. Trong khong gian Oxyz cho A(2, 3 4). Trong cac ménh dé sau, ménh
dé nao sai?
A. Toa d6 hinh chiéu cua A 1én truc Ox la Ay(2, 0, 0).
B. Toa d6 hinh chiéu cia A 1én truc Oy la A,(0, 3, 0).
C. Toa d6 hinh chiéu cia A 1én mat phang Oxy la O(4, 3, 0).
I). Cac ménh dé A, B, C sai.

2. Cho 3 vecto a =(4,2,5); b =(3,1,3); ¢ =(2,0,1). Ménh dé nao sau
day dang? ‘

A. 3 vecto dong phing. B. 3 vecto khong dong phdng.
C. 3 vecto cung phuong. D.¢ =[a, b

3. Cho A(1, 0, 0); B(0, 0, 1); C(3, 1, 1). bé ABCD la hinh binh hanh thi:
A.D(, 1, 2). : B. D@3, 1, 0).
C. D(-1, -1, -2). D. D(-3, -1, 0)

4. Trong khong gian Oxyz cho M(5, -3, 2). Trong cac ménh dé sau, ménh
dé nao dang?
A. Diém d6i xding cia M qua truc Ox la My(5, 3, -2).
B. Piém déi xiing cia M qua mat phing (Oyz) 1a My(-5, -3, 2).
C. Diém déi xing ciia M qua goc toa Ao O 1la My(-5, 3, 2).
D. Ca A, B, C déu ding.

5. Trong khong gian Oxyz cho hai diém B(1, 2, -3) va C(7, 4, —2). Néu E
12 diém théa mian ding thic CE = 2EB thi toa do cia E 1a:

A E3 8 _8) B2 3-8
3’73 30973
C.EW 3, 1. D.E@2 2, . %)
3 3
6. Cho A(1, 0, 0); B(-2, 4, 1). Piém trén truc tung cach déu A, B la:
A. (0, 11,0) B.(0,6,00 C.0, 161 0 D.(1,2 3)
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7. Cho A(1, 0, 0); B(0, 1, 0); C(0, 0, 1); D(-2, 1, -1) thi thé tich td dién
ABCD la:

A.V:%dvtt B.Vzg—dvtt, CV=ldvtt D.V=3dvtt

8. Cho A(1, 2, -1); B(2, -1, 3); C(-4, 7, 5) thi dién tich AABC la:

A S-= %\/53 dvdt B.Sz%\/S_S_E dvdt
C. S = 555 dvdt D. Céc két qua A, B, C déu sai.

9. Cho A(2, -1, 3); B4, 0, 1); C(-10, 5, 3). b dai phan gidc trong cia
goéc B la:

A 5 B. V7 c.-{; D. 25

10. Trén mat phéng (Oxz) diém cach déu 3 diém M(1, 1, 1): N(-1, 1, 0);
K3, 1, -1) la:

A2 0 T B.(2. 0 1)
66 6" 6

5 7
C.0, 2,0 D., .0
( 6 ) : )

11. Két ludn nao sau day la sai?
A.[4, b]vudbnggécvsi da va b B.[d, b]l=[b, a]
C.[kd, bl =k[4, b] D. l{a, bll = al.lbl.sin(&b)

Trong khéng gian Oxyz cho A(1, 0, -2); B(2, 1, -1) va C(1, -2, 2).
Su dung gia thiét nay dé tra loi 3 cau hoi sau:
12. Trong cac ménh dé sau, ménh dé nao ding?
A. Dy dai canh AB = 3
B. Po dai canh BC = 25
C. P dai canh AC = 25
D. Ca 3 ménh dé A, B, C déu dung.
13. Toa do trung diém I cua BC la:

(EXEY .1(3-11)
4 4 2 2 2 2
B. 1(_1_ l’ l) D. I(E, l,_g_)

2 4 2 : 22 3
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14. Toa do trong tAm G cua AABC la:

G(l, .1*, l) B. G| 4 1 1)
4 4 2 .3 3 3)
( \

C. G[l,—z,l] DG4 1 _4)
3, \3' 3 3/

Trong kRhong gian Oxyz cho 3 diém A(2, 0, 0); B(0, 3, 0) va C(0,
0, 4). St dung gia thiét nay dé tra loi 2 cau hoi sau:
15. Trong cdc ménh dé sau, tim ménh dé sai:

A. AB =(-2, 3,0) B. AC = (-2, 0, 4)
2 . 1
C. cosA = — D. sinA = —
J65 2
16. Dién tich tam gidc ABC la:
A S-= _Jg— dvdt B.S = V20 dvdt
C.S = V13 dvdt D. S = J61 dvdt

17. Trong khong gian Oxyz cho 4 vecto 4 = (2, 3, 1); b = (5, 7, 0);
=(3,-2,4)va d = (4, 12, -3). Pdng thic nao sau day dang?

¢
A d=a+b+¢ B.d=2i+b+¢
C.d=-da+b+¢ D.d=a+ 2 + ¢

18. Trong AABC, G la trong tam cua tam gidc, I 1a trung diém cia BA, C
12 diém tuy y. Trong cdc ménh dé sau, tim ménh dé ding:

A.bi:%-(@l+(3§) B. OG = OA + OB + OC

C. OG = é(@& + OB + OC) D. Cau A va C ding.

Trong khéng gian Oxyz, xét hinh hop ch@& nhdt
OABC.0,A,B;C; véi A2, 0, 0); C(0, 3, 0); 0,(0, 0, 4) va nh@n OA,
OC, 00, lam kich thuéc. Su dung gia thiét nao dé tra loi cau

hoi sau? g
19. Tim ménh dé sai trong cac ménh dé sau:
A. B, 3, 0) B. Ai(2, 0, 4)
C. By(2, 3, 4) D. A, B, C déu sai.

20. Cho AABC véi A(1, 2, -1); B(2, -1, 3); C(—4, 7, 5). b6 dai dudng phan
gidc trong cua géc B la: '
A 3-_3@ b. 47 C. __\/‘;Z D.3
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Cho khoi tir dien ABCD véi A(2, 3, 1); B(1, 1, -1); C(2, 1, 0) va
D(0, -1, 2). S dung gia thiét nay dé tra loi hai cdu héi sau:

21. Chan dudng cao H cia tu dién ha tu dinh A ¢6 toa do la:

I r_\"
A (~3,§ —1} B. (1, ) 3] c. (33 1) D. (l 3 3
2 ° 53 2

2, 2/ k 2 2 /
22. B9 dai duong cao AH la:
A7 B. ‘*? G %—i D. V15

Cho tw diéen ABCD véi A(1, 0, 0); B(o, 1, 0;; C(0, 0, 1) va
D(1, 1, 1). S& dung gia thiét nay dé tra loi hai cau:

23. Néu M, N theo th tu 1a trung diém ctia AB va CD thi d§ dai doan
thiang MN la:
A 2 B.3 C. 4 D. 1

24. Néu M, N theo thut tu 1a trung diém cia AB va CD thi cosin
(MN,BC) la:

A \_@ B. L C. 1 L. Mot két qua khac.
2 2 2
25. Cho AABC véi A(1, 0, 1); B(-2, 1, 3); C(1, 4, 0) thi truc tam H cada
AABC la:
a3 11 5.0}, 2 9)
1313 13 33 13/
H(-l-s_, L3 1} D. Mot dép s6 khac.
13 13 13

26. Trong khong gian Oxyz cho A4, 2, -1); B(3, 0, 2); C(x, -2, 1). Tim x
dé AABC vuéng tai A thi:

A x=17 B.x=15 C.x=18 D.x=19
27. Cho A(3, 1, 0); B(-2, 4, 1). Diém trén truc tung cach déu A
11

A (0,11,0) B. (0, 0, 0) C. (0, R 0) D. A, B, C dau sai.

28. Trén mat phang (Oxy). Piém cach déu 3 diém M(1, 1, 1,); N(-1, 1, 0);
K3, 1, -1) la:

A (3, 0, —7-) B.(20-1] ¢ (0, S 0] D. (o, i o)
6 6 \6 6, 6 6
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29. Cho 3 diém A(a, 0, 0); B(0, b, 01 (X0, 0, ¢) vé1 a, b‘, ¢ > 0. Ménh dé

30.

31.

32.

33.

34.

35.

nao sau day sai?

A. Ba vecto OA, OB, OC khong dong chéng.
B. AABC c6 3 géc nhon.

C. Dién tich AABC = va®b? [a?h? + bic* + ¢ta’

D. Theé tich t dién OABC bing aEc

Trong khong gian Oxyz tho 3 vecto a = (-1, 1, 0); b = (1, 1, 0);
¢ =(1, 1, 1). Dung gia thiét nay dé tra loi 4 cau hoi duai day:

Trong cdc ménh dé sau, ménh dé nao sai?

Alal =2 B.l¢l=V3 Cda.b D.blg

Trong cdc ménh dé sau, ménh dé nao ding?

A d.b=1 B. 4, b, ¢ dong phing
C.comb,*c‘):lg-z- D.ad+b+¢=0

Cho hinh binh hanh OACB thoa man diéu kiéen OA = &, OB = b.

Dién tich cda hinh binh hanh OACB bing bao nhleu?
A 2 B. V2 C. 1 D. 4
Cho hinh hép OACB.O’A’'C'B’ théa man diéu kien OA = a, OB = b,
OO’ = (. Thé tich cta hinh hop trén bang bao nhiéu?
2

A 2 B. 6 o 2 D L
3 3

Trong khéng gian Oxyz cho 4 diém A(1, 0, 0); B(0, 1, 0);
C(0, 0, 1); D(1, 1, 1). St dung gid thiét nay dé tra loi 4 cau héi
dudi day.

Trong cdc ménh dé sau, ménh dé nao sai?

A. Bon diém A, B, C, D *ao thanh mot tif dién.

B. Tam gidc ABD la mot tam gisc déu.

C.AB L CD.

D. Tam gidc BCD la tam giac vudng.

Goi M, N lan lugt 1a trung diém cia AB, CD. Toa do trung diém cuia
MN la:

A. th LR C( 2h wel222) palld 3-]
33, 4 4 \3 3 3/ 2 2 2
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36. T¢ dién ABCD ¢6 thé tich bing bao nhiéu?

& = B, = C. 2 D, 2
6 3 3
87. Mit c4au ngoai tiép td dién ABCD c6 ban kinh bing bao nhiéu?
A. ] B. V2 C. V3 D 3
2 4
38. Trong Oxyz cho A(3, 4, -1); B(2. 0, 3); C(-3, 5, 4). Dién tich AABC la:
ama ¢
AT A L i b, 122
2 2 2
PAP AN TRAC NGHIEM
VETO TRONG KHONG GIAN

1.0D|2A| 3B | 4B | 5A|6C|[7A]8C]|9D]|108B
11.B|12.0| 13.8 | 14 B [ 15D [16.D [17. A {18 D | 19.D | 20. A
21.C|122.C| 23D | 24D |25 A | 26.C|27.C|28.B|29.C| 300D
31.C | 32.A| 33 A | 34.D0 (35D |36.B|37.A]388B

BAI TAP TRAC NGHIEM MAT PHANG

1. Phuong trinh tong quit cia mat phing (a) di qua diém A(0, -1, 4)
nhdn d =(3,2, 1), b = (=3, 0, 1) lam cap VTCP la:

A x-2y+32-15=0 Bx-y-z+11=0
C.x-3y+32-15=0 Cx+3y+z-15=0

2. Phuong trinh mat phing di qua ba diém A4, 9, 8); B(1, -3, 4):
C(2, 5, -1) la:
A.29x — 3y - 10z - 63 = 0 B.29x + 3y — 10z - 63 = 0
C.29x +3y + 10z -63=0 D.29x +y + 10z + 36 =0

3. Phuong trinh mit phang (o) di qua diém A(2, -1, 4); B(3, 2, 1) va
vudng géc v4i mit phdng (B): 2x -y + 3z - 5 =0 la:
A6x-9y-Tz+7=0 Bo6x+9%y+72+7=0
C.6x+9y-7z2+7=0 D.6x+9y+z+1=0

4. Phuong trinh mat phdng qua giao tuyén cia hai mat phing:
X-3y+2z-1=0va2x+y-3z+1=0vasong song Ox la:
A x-3=0 B7y-72+1=0
C7x+7y~1=0 D7x +y+1=0
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. Cho A(2, 3, -4) va B(4, —1. () +hi phuong trinh mat phdng trung truc

cua doan AB la:

A x+6y+4z+25=0 B.x-6y-42-25=0
C.x+6y-4z+25=0 D x-2y+22+3=0

Phuong trinh mat phéng di qua diém M(3, 3, 3) va song song véi mét
phéng: 2x — 3y +z - 6 = 0 la:

A 2x-3y+z-6=0 Bx+2y+z+6=0
C.2x-3y+z-9=0 Dx-y+z-12=0

. Phuong trinh m4t phang di qua 2 diém A(2, -1): B(-2, 1, —1) va vudng

géc véi miat phing (B): 3x + 2y -z + 7 = 0 la:
A3x-y+72+16=0 B.3x-y+72-16=0
C.3x+y-72+16=0 D.3x+y-72-16=0

. Phuung trinh mat phéng di qua diém A(2, 1, -1) va vudng goéc véi

duong thang x4c dinh béi B(-1, 0, -4); C(0, -2, -1) 1a
A Sx-8y-6z2+29=0 B.x+2y+z+46=0
C.5x+8y-6z2-39=0 D.x+2y+4z+1=0

. Trong khong gian Oxyz cho A(2, 6, -3). Xét cdc phat biéu sau:
(I): m&t phédng (o) qua A va // véi mat phdng (Oxy) 13:z +3 =0

(I): mat phdng (B) qua A va / mat phing (vOz)la: x - 2 =0
(III): mat phéng (y) qua A va // mat phang (zOx) la: y - 6 = 0
Phat biéu nao sai?

A (D B. (I) C. (1) D. khéng c6

10. Phuong trinh mat phéng di qua giao tuyén cia 2 mat phéng:

11

12.

X+y+z-9=0vax-2v+3z+1=0vaqgual(-1,2, 3)la:
A 2x-y-4z2-8=0 B.2x-y+4z-8=0
C.2x-y-4z+8=0 D.x-2y+4z2-8=0

. Phuong trinh m#t phang di qua giao tuyén cia 2 mat phing:

x—2z=0va3x- 2y +z-3=0va vudng géc véi mit phing:
X—-2y+z+5=0Ila:

A 2x+3y-8z+1=0 B.2x-y+4z2-8=0
C.11x-2y-15z2-3=0 D.11x+2y-152+5=0

Phuong trinh mé#t phidng (a) di qua giao tuyén cia 2 mat phéng:
X+3y+5z2-4=0vax-y-2z+7=0va song song truc Oy la:
Adx+y-z+17=0 B.4x+2+17=0
C4x-2z2+17=0 D.z+5=0
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13.

14.

15.

16.

[P
3

Phuong trinh mat phéng di qua 2 diém A(1, 2, 1): B(0, 1, 2j va vadng
géc v6i mat phdng: x — 2y +z + 3 =0 la:

Ax+y+z-6=0 Bx+2y+32-8=0
C.x-y+z+6=0 D x+2y+82+8=0

Néu hai mit phdng: 3x - 5y + mz -3 =0va 2x +ly -3z +1 =0

song song vdi nhau thi:

A ml=15 B.ml=1 C.ml=5 D. mi =-3

Néu hai mat phdng: 7x - 2y -9 =0vamx +y - 3z ~ 1 = 0 vudng
g6c véi nhau, thi m 1a nghiém caa phuong trinh:

Am’-6m+5=0 Bm+m-2=0

C.m?’-9m + 12 =0 DTm-2=0

Phuong trinh mét phéng chira goc toa do O va vudng goc véi 2 mat
phng:x—y+2z-7=0va3x+2y-12z+5=0Ila:

A 2x+3y+z=0 B.x+2y-7241=0
C.4x-2y+z+5=0 _ D.x+2y+z-6=0

. Piém M trén truc Oy cdach déu 2 mat phang:x +y -z + 1 =0 va x -
y+z-5=01Ia:
A M(0, 1,2 B. M(0, -3, 0)

- C.M(-3,1,2) D. M(1, 2, 4)

18.

19.

20.

21.

Pé mat phdng: 5x + ny + 4z + m = 0 thudc chim m4t phéng c6
phuong trinh: a(3x - 7y +z - 3) + p(x -8y -2z +5) = 0 thi:

Am=-11,n=5 Bm=11,n=5
Cm=-1n=-2 Dm=1n=2
Cho A(5, 1, 3); B(1, 6, 2); C(5, 0, 4) thi khoang cach tur goc toa dd O
dén mat phéng (ABC) la:

| /3
A 33 B. 2.3 o 543 p. ¥3

4
LV

Phuong trinh mat phang qua A(1, 1, 0) va vuong géc véi mat phéng:
x+2y-3=0vad4x - 5z+6=0la:

A 10x-5y+82-5=0 B.10x +5y-82+5=0
C.10x +5y+8z+5=0 D. Mét két qua khéc.
Phuong trinh mat phdng di qua M(3, -2, 1) va vudng géc v6i dudng

3x+2y -2z+8=0
thdng (d): Xxray-ar la:

2x ~y+3z+7=0
A 4x-13y-72-31=90 B.4x-13y-72+31=0
C.4x+13y +z-31=0 D. Mot két qua khéc.
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22.

23.

24.

25.

27.

Goc gitta 2 mat phidng (a): 8x — 4y — 8z + 1 = 0 va mat phang (B):
2 \/éy+7=01.€1:
n

¢ n T
A — B. — C. - D. -
6 4 2 3

Goi (P) 1a mat phing di qua O va A(1, -2, 4) va vudng géc vdi mat
phdng (Q): 3x — = + 2z + 5 = 0, thé thi (P) cé:
A. mdt PVT n =(0, 2, 1).

B. mét VICP la a = (5, 3, -6).
C.(P)L(MP):3x+2y—-42-4=0.

D. A, B, C déu ding. _
Cho A(0, 2, -2); B(3, 2, 1) va C(-3, -1, 5). Phuong trinh m#t phang
(ABC)la: 3x + by +cz +d =0 véi b + c + d bing:

Al B. 4 C.2 D.3

Cho A(0, 2, -2); B(3, 2, 1) va C(-3, -1, 5). Phuong trinh mat phing
qua OA va song song vdi BC:

AxX+y+2:=0 B.5x+7y+6z=0
C.2x+y+3z=0 | D.x+6y+2z=0

[

Phuong trinh mit phdng di qua giao tuyén cia 2 mét phing:
X+y-4=0va2x-z-6=0va vudng géc v6i mat phing:

2x — 3y — 2z = 0 ¢6 dang: ax + by + z + d = 0 thé thi a + b + d bing:
A. 10 B. -8 C.16 D.-16

Phuong trinh mat phéng, d6i xiting cia mat phing:

2x - 3y + 5z — 4 = 0 qua mat phéng (Oxy) la:

A 2x-3y-5z-4=0 B.2x -3y +52-4=0
C.2x-3y+5z+4=0 D.2x+3y-52-4=0

. Phuong trinh mat phéng, d6i xing cia mit phing:

2x — 3y + 5z — 7 = 0 qua Ox la:
A 2x-3y+52-7=0 B.2x -7y +56z+7=0
C.2x+y-52-7=0 D 2x+y+52+7=0

. Phuong trinh m4t phéng, déi xitng cia mit phing:

4x — 3y — 7z + 3 = 0 qua diém I(1, -1, 2) la:
A 4x-3y-T72+7=0 B.4x-3y-72+9=0
C.4x+3y+72+7=0 D.4x-3y-72+8=0
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30. C6 bao nhidu cip gia tri m, n sao cho 2 mat phdng sau day song
song vdi nhau:
(amx +yin—2)z+m+2=0va
Brdx+my+(m-1)z+2n+3=0
A 8 B. 1 C.2 D.3
31. Bamat phdng: mx - ny +4z2-4=0;2x-y+z=0vax +2y +2=0¢6
chung giao tuyén thi m + n bang:
A 4 B.3 C. 2 D.5
32. Cho mat phidng (a):(m - 1x+(m +n)y+@m-n+ 1)z~ 2~ m = 0 khi
m, n thay d6i, mp(«) di qua 1 diém c& dinh A(a, b, ¢) v6i a + b + ¢ bang:
1

A 1 B. 4 C.5 D. -3

83. Goi (P) 1a mat phang di qua giao tu&é’n clia 2 mit phang: 2x -y + z
-~ 5=0vax— 3z +2 =0 va song song v6i Ox, mit phang (P) cidt Oy
tai mot diém cé tung do la:

A6 B.-9 C. 11 D.7

34. Phuong trinh mat phing qua dugng thing: x;l =Y ;3 = —% va
song song véi truc Ox la:
A3y+z+1=0 Bx-y+4z+2=0
Cy+22+3=0 D:2x+y+z+1=0

35. Cho 2 mit phdng (0): 2x —my +z - 6 + m = 0 va (p):
2x — 4y + z — 2 = 0 song song thi m:
Am=1 B m=1 Cm=14 D.mtuyy
36. Diém trén truc tung cdch déu 2 mit phdng: x + y -z + 1 = 0 va
X-y+z-5=0I]a:
A. M(0, 3, 0) B. M(0, -3, 0)
C. A, B déu dung D. A, B déu sai.
37. Phuong trinh mat phang di qua A(1, 1, 0) va vudng goéc v4i 2 mat
phéng: x + 2y - 3 =0vadx -5z + 6 =0 1a:
A 10x -5y +82-5=0 B.10x +5y-8z2+5=0
C.10x +5y + 82+5=0 D. A, B, C déu sai.
38. Cho A(5, 1, 3); B(1, 6, 2); C(5, 0, 4). Khodang cach tir goe toa do O dén
mit phdng (ABC) la:
J3

A. 33 B = C. - D. A, B, C déu sai.
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39.

40.

41.

42,

45.

1 _y+3d _ - Phuong trinh m#t phang

Cho duong thing (A): >—

2 2 -1
chita (A) va song song vdi Ox la:
Ay+22+3=0 Bx-y-4=0
C.x+2z-1=0 Dx-y+3=0
» . 2 : x-1 y+3 xX-2
Viét phuong trinh mit phang (a) qua (d): 5 = z = : va
qua goc O.
A 3x+y-32=0 B.3x+y+32=0
C.3x~y-32=0 Dx+y+3z2=0
Viét phuong trinh mat phing (o) chda (d): {zx"y =Dy sone
y+z-4=0
song vgi (d'): -)15 = _;, & g Ta duge ax + by + cz + 1 = 0 thé thi
a+b+cla:
Al B. 2 C.3 'D. 4
Phuong trinh m#t phing (o) chda (d):
x=2 _
y =1-t va vuAng géc véi mat phdng (a) :2x — y — 4z = 0 la:
z=2+3t
ATX+y+z+1=0 B.7x+6y-22-12=0
C.7x+6y+22+7=0 D.7T7x+6y+2z2-24=0
. Khoang cach tir M(1, 4, —7) dén mit phdng (P): 2x -y + 2z - 9 = 0 la:
A 121 B.5 C.7 D. 12

. Khodng cédch giita 2 mat phdng: (W)x+y-z+5=0

: (B)2x + 2y - 2z + 3 =0 la:
Al BB 22 p. Y17

6 6 7 6
2x+y+2z-1=0
3x -y +12z-3=0"

dung gia thiét nay dé tra loi 3 cau hoi sau:

Cho diém M(1, 3, 5) va duong thdang (A): { Su

Phuong trinh mat phdng (o) qua M va vudéng géc véi (A) 1a:
A 13x-2y-5z2+75=0 B.x+2y-2+70=0
C.x-2y+7=0 Dx-2y+z+1=0

169



46. Tos Jo giao diém H cda (A) va mit phdng (o) 1a:

A HG, -2, 1) B. H(-5, 2, 115)
c H( 86’ 37_, 164) D H(g’ g’ 4)
39’ 39’ 39 9 39' 14)

47. Toa d6 hinh chiéu cia M(1, 2, 0) lén mat phing (a):
2x +y+z+3=01a:

A (3,4,7) B, (=8} =4, =1}
C. (5, 8, 6) D. (_8, E,_Z]
66 6

48. Phucng trinh hinh chiéu vuéng géc cia dudng thing (A):
x-2 y+2 z-1

1én mit phidng (o): x + 2y + 3z + 4 = 0 la:

3 4

A {x+y+z+2=0 B j{z«z+2y+.‘32+4-—-0
3x-y+z-7=0 Ox -4y +2-19=0

C {x+2y-3z+4=0 D (x+y+z+2=0

" |4x-5y-2z+9=0 '1\5x~y+z~19:0

49. Phuong trinh hinh chifu wvudéng géc cha dudng thdng (A):

{;;33;Z+_25_20:01én mat phing (a): 3% — 2y — x + 15 = 0 la:
{3){-2y-—x—15:0 B {3:{~2y—z~15=0
9x+ 15y +52-21=0 X+y+52-21=0

12 =
C. {5’”5’ s 0 D. A, B, C déu sai.

X+y+2z+7=0

50. G6c nhi dién tao bdi mat phdng (@): V2 x + ¥y + z ~ 5 = 0 va mait
phdng (Oxy) bing:
A. 45° B. 60° C. 30° D. 75° |

51. Phuong trinh cGa mit phdng (o) di qua M(2, 5, 7) va nhan a =
(1,-2,3)va b =(3, 0, 5) 1am cip VTCP la:
A b5x-2y-32-21=0 B.-10x+4y +6z-21=0
C.10x - 4y*- 62 +21=0 D.5x-2y-32+21=0

52. Cho ¢ diém A(0, 2, 1); B(3, 0, 1); C(1, 0, 0). Phuong trinh m#t phing
(ABC) la:
A 2x-3y-4z2+2=0 B.2x+3y-4z-2=0
C.4x+6y-82+2=0 D.2x-3y-4z2+1=0
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53. Goi (&) 1a mat phing cit ba truc toa do tai 3 diém M(8, 0, 0);
N0, -2, 0); P(0, 0, 4). Phuong trinh cua (o) la:

A. "x"‘ + ‘y— + Z‘— =0 . B .)_{ + ._){_ + ._Z_ =0
-8 -2 4 4 -1 2
C.x-4y + 2z =0 Dx-4y+22-8=0

54. Cho ba mit phing (o) x + y+ 22 + 1 =0; B x +y -z + 2 = 0;
(y): x —y + 5 = 0. Trong cdc ménh dé sau, ménh dé nao sai?
A (e} 1 (P) B. (y) L (B) C. (o) // (y) D. (o) L (y)

55. Mat phdng (Q) di qua 2 diém A4, -1, 1), B(3, 1, 1) va soug song v6i
truc Ox c6 phuong trinh la:
A x+2y=0 By+z=0
C.x+2y+2z=0 D.x+3z=0

56. Mat phing (Q) di qua diém A(1, 2, 3) va song song v6i mit phing
(P)rx—-4y + z + 12 = 0, c6 phuong trinh la:
Ax-4y+z2+4=0 B.x-4y+z-4=0
Cx-4y+2+7=0 Dx=4y+z~-5=0

57. Trong khong gian Oxyz cho diém A(2, 6, -3) va céc mat phdng (P):
x-2=0,(Q):y~-6=0;(R)z+ 3 =0. Trong cac ménh dé sau, tim
ménh dé sai.

A.(P)qua A B. (Q) // (Oxy)
C.R// Oz D.(P) L{(Q)
58. Phuong trinh ctia mit phéng chira truc Oy va qua diém M(1, 4, -3) la:
A 3x+5y=0 B.3x+z=0
C.2x+32=0 D.3x-T7z=0
59. Cho mét phang («): 2y + z = 0 trong cdc ménh dé sau. Tim ménh dé
dung.
A (a) zhga Ox - B.(a) // Ov
C. (o) // (Oyz) D. (o) // Ox

60. Cho ba diém A(2, 1, -1); B(--1, 0, 4); C(0, -2, —-1). Phuyng trinh m#t
phéng di qua A va vudng géc véi dutng thdng BC la:
A2x-y+52-56=0 B.x-3y+56z+1=0
C.x-2y-5z2-5=0 D.2x+y+z+7=0

61. Phuong trinh mat phang (F) di qua M(3, -1, -5) va vudng géc véi hai
mat phdng (Q): 3x - 2y + 2z + 7=0va (R): 5x — 4y + 3z+ 1 = 0 la:
A2x+y-2f-15=0 B.2x +y-22+15=0
C.X+y+z-T7=0 D.x+2y+324+2=0
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PAP AN TRAC NGHIEM MAT PHANG

1.¢ [2.¢ {3.A |48 |50 |6 [7.A [8C [9.D [10.B
11.¢c|12.¢[13.8 |14 A [158 |16 A|17.8[18.A |19.A [20.C
21 A|22.8|23 0 |248 25D |26 ¢c|27.A[28.¢ [29.D 30 B
31.0[32.A33. 8 [34.¢[35.¢ (36 c[37.c[38C |39 a]40 ¢
s A[42.D|43.C [428 |45 A |46 c|47.0|48.8 [49.A[50 8
51.A|52.8]53.D [54.¢c | 558 |56.A[57.¢|58.8 [59.A[60.C
61. A

BAI TAP TRAC NGHIEM DUGNG THANG

1. Phuong trinh duong thang di qua (1, 2, -1) va song song v4i dudng

. -z+3=0
thang: W =8 la:
2x-y-52-4=0
A.x—l__=y—2ﬁ=x—1 | B 7x+4y-15=0
4 -7 -3 3y-72-13=0
x=1+4t
C.{y=2-Tt D. Cédc két qua déu dung
z=-1-3t

2. Phuong trinh chinh tdc cia dudng thing qua diém A(1, 4, -7) va
vudng géc véi mat phéng: x + 2x - 2z — 3 = 0 la:
y-4 x -1

A.x-—1=——é—~-~=-v~q~~ Bx+4=y-3=z+1
C x-4 _y+3 z-4 Di{—Zﬂy+1_z+7
4 3 1 3 4 3

3. Phuong trinh dugng thing qua A(3, -1, —4) cdt truc Oy va song song
véi mat phdng: 2x +y = 0 la:

2x+y-5=0 B 2x+y=0
.14"*32:0 .{4){-#3}/30
c {x+2y+1:0 5 (Ax+y+z=0
C2x+y+x-2=0 'JL4x+3y+22+1:0
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4. Phuong trinh dudng thang di qua (2, -1, 1) va vudng goc vdi 2 dudng

tha x+y-1=0 3 2)‘:+y~1——-015l
ang: v :
e 2x-z=0 z=0
X =2+4t
g E=2  FeL 2=l B. {y = -1+2t
: -4 -2 1
lz=1~-%
C. A, B déu sai D. A, B déu dung.
5. Phuong trinh dudng thing qua A(0, 1, 1), vudng géc véi dudng thing:
{x+4y—1=0 .
la:
x+z=0
A 4x+y-4z-3=0 B 4x -4y-z-3=0
" 4x+4y+3z2-1=0 Clx+y+32-1=0

.{4"""‘42‘3:0 D. A, B, C déu sai.

4x+4y+3z2-1=0

6. Phuong trinh chinh tdc cia dudng thdng qua A(2, 0, -3) va nhan
a =(2,-3,5) lam VTCP la:

A__,____2_=L=Z+3 B._J_(_:y—2=x+3
2 3 5 2 - 3 5
c.r=-3Y .z D. A, B, C déu sai.
2 3 5

7. Phuong trinh tham s6 cha dutng théng (d) qua A(-2, 6, -3) va theo thi tu
song song vai cac truc Ox, Oy va Oz. Cac két qua sau, k&t qua nao sai?

Xx=-2+t X = -2
A //Oxla<iy=6 B. song song Oy la sy =6+t

z=-3 z=-3

(x = -2 x=-2+t
C.//0zla<y=6 D. song song Ox 1a <y =6-t

z=-3+t z = -3

x-2y+z-2=0

8. Pudng thing (A): { c6 mot vectg chi phuong la:

2x+y+3z2-4=0

A a=(7,1,-5) B.a =(7,-1, -5)
C.a=(,7-1) D.a=(1,-57)
x-2y+3z-4=0
3x+2y-3z-4=0

9. Phuong trinh tham sé cia dudng thing (A): { la:
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x=0+—=t
x=1+1%
A. <y=--1+-?-t : B. <y=-2+T7Tt
4 | =3-3t
z=0+t z=
[x =3+t {x=8+t
C. Jy=—1+7t D. sy =-1+4t
z=5+t ‘ Iz=3+2t

10. Bé tim phuong trinh dugng thédng qua diém A(2, 3, —5) va song song
vé1 dudng thang (A): {Bx ~y+22-7=0()
x+3y—-2z+3=0(2)
(I) Tim VT'CP cia (A) ¢6 thé.
(IT) Chon 2 diém A, B nao d6 cia (A), ta c6 VICP AB caa (A),
(ITT) hoac cho x = t th& vao (1), (2) cia A roi tinh y, z theo t ta co
phuong trinh tham sé cia A.
(IV) ho&c tim PVT chia 2 mat phdng 1, = (3, -1, 2); 6, = (1, 3, -2). Réi
tinh VTCP a = [#,,4, ).
Lap ludn nhu trén sai ti budc nao?

. Mot hoc sinh ly nhu sau:

A. sai ¢ (II) B. sai ¢ (iII) ,
C. sai ¢ (IV) D. Cac lap luan trén déu dung.
11. Phuong trinh dubng thang di qua 2 diém A(- 3, 4, 1) va B(2, 0, 5) la:
[X = 5t r
dx+y-8=0
A ly=4-4t B. { “ys )
. ly+z-5=
lz =1+4t e
C. {4" S i D. A, B, C dau sai.
y+z+5=0
; x-2y+3=0 . ”
12. Cho duong thing (A): . Phuong trinh nao dugi day
X+32-9=0
khong 12 phuong trinh tham s& cia (A)?
x=-3-6t "zs; x =9 -6t
A ly=-3t B.<y=§+3t C.{y=6-3t D.A, B, C déu sai.
[z =4+2t z =2t
2= 3+t
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13.

14.

15.

16.

17.

18.

Cho AABC védi A(l, 2, 1); B(3, 1, 0); C(3, -1, 2). Su dung gia
thiét nay dé tra loi ba cau hoi sau:

Phuong trinh téng quat ctia dugng thdng (BC) la:
W s R
lz:6+y y+z-1=0
[ == =1
c. *77? D. {y
]\y—z+3=0 ly+z-1=0
Phuong trinh chinh tdc cia dudng thdng vuéng géc v6i mit phang
(ABC) tai A la:
A X1 _y-2 z-1 g ¥+l _y+2 z+l
2 1 1 2 —2 2
C. i:_lzy—Zzz——‘l D’x—'l=y+1=z+3
2 -4 3 1 2 3
Mot vectg chi phuong cia dudng cao AH cua AABC la:
A a =321 B.a=(2,1,1)
C.a=(32-1) - D.a=(2-1,-1)
X=3+2t
Cho hai diém trén dudng thing (d): {y = -t cach géc toa do O
z=1-t
mot khodng 1a V3 thi téng hai tung do cda ching la:
A -2 B.S c. 2 D, 2
3 5 3 3
Pudng thing (A) qua A(1, 2, 1) cdt Ox va (d): %g = % = = thi
toa do giao diém cia A va Ox la:
A (-2,0,0) B.(3,0,0)
C.(-3,0,0) D. (2,0, 0)
Cho 2 diém M va N lan lugt di dong trén duong thang (d):
bk O e _ 2t va () > = y—6 = 23 thi trung diém I cla
0 1 1 4 0 ~-2
MN di dong trén mat phang (w): x + by + cz +d = 0 v6i b + ¢ + d bang:

A4 B.5 C.6 D. 7
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19. Goi (A) 1a duerng thang qua M(4, 2, 1) va song song vdi 2 mit phang
(@): 2x —y — 47 = C va B x + 3y - 7 = 0 thé thi (A) cé:

A. mot VTCP 1a (12, -4, 7)

B. (A) qua diém (16, -2, 8)

C. (A) cdt truc Oz

D. chi ¢6 2 cau dung trong 3 cau hoi.

20. Phuong trinh. dugng thing qua A2, -1, 1) va vudng géc véi 2 dudng

) v—1=0 2x+y-1=0 .
thang: x 3 véJ my la:
2x-2z=0 [z~—"0

5 , x =2+ 4t

i B ¥l 2-d B. {y=-1+2t
—4 -2 1
z=1-¢

C. A, B déu sai D. A, B déu dung.

21. Phuong trinh mat phing cia A(3, -2, 1) va vudng gf)c véi dudng

’ 3x+2y-22+8=0
thang: e la:
2x -y +32+7=0

A dx+18y +Tz+31=0  B.4x—13y-Tz+31=0
C.4x-13y - 72-31=0 D. Cac k&t qua trén déu sai
22. Khodng cach tit M1, -1, 1) d&n duong thing:

242 _y-1 z+1

——— T

1 2 -9
A. }93‘@ B. 8—;[.2- C.0 D. 82

23. Cosin cua géc tao boi 2 duong thing:

7

x-1 v+2 z+2  (x+2y-z-1=0
—_ = T 4 —— ] % la:
3 1 4 2x+3z2-2=0
A ____3___ B .
CJ77.426 V77426
C. A, B déu ding D. A, B déu sai.

24. Phuong trinh dudng thing di qua (0, 1, —=1) vudng géc va cit dudng
2 7= = 0 i
thang {4170,
z+x=0
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25.

26.

27.

38.

29.

/;(4x+y—4z_3:0 B 4xﬂy¥4z—3:0
Clx+y+32-1=0

l4x+4y+32-1=0

Ax ~y=dzg=3=10 \
c.{x y -2z D. A, B, C déu sai.

4x'-+4y+32—-1=0
-12 y-9 z-1

Xét vi tri tuong do6i cua dudng thing (d): X r Sg =g va

mit phdng (a): 3x + 5y — z — 2 = 0 thi:
A. (d) cit (a) B. (d) song song (o)
C. (d) song song hoac c (a) D. (d) nadm trén (a)

Khi vecto chi phuong ctia dudng thing (d) vudng géc véi phdp vecto
cia méat phang (a) thi:

A. (d) song song (a)

B. (d) ndm trong (o)

C. (d) song song hodc nam trong («)
D. Cac két qua A, B, C déu sai.

Hinh chiéu vudng géc cia diém A(1, -1, 2) 1én mat phing (a):
2x —y +2z + 12 =0 la:

A. H(29, 20, -20) B. H(“gg ’ }9- , "-g-q)
9' 9 9
g me2 =0 20, D. A B, C déu sai.
9’ 9 ' 9

Piém ddi xdng cta diém A(2, -3, 1) qua mat phang («):
x+3y-z+2=0]a:

A A(34, 3, —1) B a3 3 -1,
11° 11° 11
C. A’(—%-, 1-3-, —1—) D. A, B, C déu sai.
117 117 11

Piém d6i xing cha diém M(2, -1, 1) qua dudng thing:
f'—l _ y+1 - %
2 -1 2

A x-5 y-2 z-1 B 10x +9y -48 =0
' T <10 =22 122y -102+34 =0

)
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C. A, B déu sai D. A, B deu ding.
2kx+y-2z+1=0

. P& (d) nAm trén mat
x-ky+z-1=0

30. Cho dudng thing (d): {

phidng (Oxy) thi:
Ak=l B.k=1 C.kx-1 D.k=-1
31. Cho 2 diém M(1, 1, 1); N(3, -2, 5) va mat phéng (a):
X +y — 2z — 6 = 0. Hinh chiéu vudng géc cia MN lén mat phéng (o) la:

A.x—2=y—2=z+1 B, {3x+7y—20~—-0
7 - -3 2 2y+3z-1=0

C. A, B déu sai D. A, B déu dung

32. Hinh chiéu vuéng géc ctia duong thing:

x=2+3t
y = -2+ 4t 1én mit phing (o) + x+ 2y + 3z + 4 = 0 la:
z=1+t

& {x+2y+3z+4:0 B 4'5x—4y+z—19::0
X+y+22-5=0 X+2y+3z2+4=0

x-2 y+2 z-1

C. = D. A, B, C déu sai.
-4 1
. \ 5 2x -y-11=0
33. Hinh chiéu song song cua dudng thang (d): o theo
: Xx-y-2+5=0
X-5 y-2 z-6 ; "
phuong (A): 5= =1 =3 léen mat phang (a): 3x - 2y - 1 = 0 la:
A.x—3=y—1:§:~§ B 7x -6y -3z2-7=0
4 5 1 3x -2y -2z-1=0
C. A, B déu sai D. A, B, C déu dang.

o R . = 28 =0
34. Hinh chiéu vudng géc cua dudng thang (d): {x S C(_)sa lén
\y — 2cosa - sina = 0

mit phing (Oxy)la:

1 :
A ‘x _ Y- COSOL _z B. Xx.cosa —ysina +1 =0
sina cosa 0 z=10
C. A, B déu sai D. A, B, C déu dung.
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x =9t

, 2x -3y-32-9=0
35. Cho hai duong thang: (d) <y = 5t va (d) { y ook

z-2y+z+3=0

Z=-3+t
A. (d) cat (d’) B. (d) // (d)
C.(d) = (d) D. (d) chéo vai (d)
_ 5 x-2y+3=0 y+2z-8=0
36. Ch uong thang: (d d
Cho hai duong ang(){2x+3y:0 va ( ){x+z—8=0

A. (d) cat (d") B. (d) / (d") C.(d) =) D. (d) chéo véi (d’)
x-1 y-7 z-3

37. Cho hai dusng thang: (d) < — = va
2 1 4
(d,)xw6:y+1:x+2 )
3 -2 1
A. (d) cdt (d") B. (d) // (d)
C.(d) = (d) D. (d) chéo véi (d)
38. Dé tim khoang cach tir diém A(1, 1, 1) dén dudng thang (A):
1
X, 58 iy =
3

y =-t+ % Mot hoc sinh lap luan nhu sau:

% =5

(I) Goi H 1a hinh chiéu vudng géc caa A lén (A) thi:
H(m—l—~t,é—t,t} = AH = (—é -t,1 —t,t—l]
3 3 \ 3 3
(IT) Vecto chi phuong cua (A): a = (-1, 1, 1)
(III) Vi AH 1 & nén ta co: —(~~3—-t] + (—Ié— t) +(t-1)=0
\
L4p ludn trén néu sai, thi sai tu budc nao?
A. (I) B. (ID
C. dID D. khong sai buéc nao.
39. Khodng céch tir M(1, 3, 5) dén dudng thing (A)
{2x +y+z-1=0

la:
3x-y+122-3=0
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4 = B. V494 ¢, Y2019 g 220
37 3 39

x+y-2z+5=0

2 (ds).
2x-y+1=0 il

Cho 2 dwiong thang chéo nhau: (d;) {
Dung gia thiét dé tra loi 2 cdu hoi sau:

40. M4t phang (o) chaa (d,) va song song vdi (dy) ¢6 phuong trinh la:

A bx-4y+2-3=0 B.x-4y-z+3=0
C.x+4y+z+3=0 D.5x-4v+z+1=0
41. Khoang cach giita 2 dudng thang (d,), (d,) la:
A7 B. V42 #1 1/_?2, D. 47
42. Toa dd hinh chiéu vuong géc cua diém M(1, -2, 3) 1én dudng thing
=9-2t
(A): sy =4 —4t la:
z="T+4t
A (1, 1 ?E] B. (1, ] gﬁ]
3 3 3 3
. (2,42 p{24,2)
3 3 3 3

Trong khong gian Oxy cho 2 duong thang:

x=1-t X = Bl
(dl) ". = t'l va (dg) Y= | tg
z = -t, 2=

43. Dung gia thiét nay de tra 1oi 3 cau hoi sau day:
Hai dudng thang (d,) va (d,):
A. (dy) = (dy) B. (d)) cat (dy)
C. (d,) chéo vai (dy) D. (dy) 1 (dy)

44. Cac mat phiang () va () song song vdi nhau, theo thu tu qua (d,) va
(dg) la:

A (o)y +2=0 ()x+y-1=0
-{(B)y+z:—1:0 P +y+z-2=0
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45.

46.

47.

48.

49.

50.

(‘ (Wx+y+z-3=0, D {(a)y+z+5-——0
T lP2x+y+1=0 Bz+y+7=0
Khoang cach gitta 2 duong thing (d,), (d2) la:

A. l/r;«g- B. g C.4 D. A, B, C déu sai

Cho dudng thing (d) qua A ¢c6 VICP a va dudng thang (d’) qua B ¢c6
VICP b. Néu([d,b]. AB = 0 thi

A. (d) cit (d) B. (d) // (d)
C. (d) va (d’) déng phing D. (d) va (d’) chéo nhau.
x=3+t
Cho (A) y=-1+2 va (A) {x -dy+ez=10 . Phuong trinh dudng
x+y-2+4=0
z=4
thdng vudng géc chung cia (A) va (A") la:
A {2x~y+102—47=0 B.x—lzy—2=z—3
x+3y-2z2+6=0 -28 14 7
C. A, B déu dang D. A, B déu sai.
Khoang céch giita 2 duong théng:
X =-2-4t
@A) 22l o ¥*8 204 o apdy=1-2t la
2 . = x = -1+ 4t
A0 B. /386 C. \/'73—_25 D. A, B, C déu sai.

Goi AB 14 doan vudng géc chung ciua 2 dudng thﬁhg (dy), (dy). Két
ludn nao sau day la dang?

A. AB vudng géc va cit ca 2 dudng (d,, dy).

B. b6 dai AB chinh la khodng cédch gida (d,, dy).

C. Do dai AB la doan ngin nhat kb néi hai diém trén (d;), (dy).

D. A, B, C déu ding.

Cho 2 dudng thdng chéo nhau A;, A;. Goi (o) 12 mat phdng qua A, va
song song v6i Ay, (B) 12 mat phdng qua A, va song song vdi A,
Khodng cédch gitta 2 dudng théng A, A; bang:

A. khoang cach ciia 2 mat phang (o) va (B).
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B. khodng cdch cua A, va mat phang (B).
C. khoang cach ctia A, va mat phang ().
D. A, B, C déu ding.

51. Trong khéng gian Oxyz cho 2 duong thing:

x=1+2t, (x:Ql:i

(d)) iy =2-2t, va(dy) {y = -5 + 3t, thi khoang cach giira (d,), (d) bang:
z = -t iz 4

A. 3J19 B. 3—1%—?- C. 331 D. A, B, C déu sai

x+1 y -1 z=2
= = va
2 3 1

Cho hai duong thiang chéo nhau: (d,)

XIZ = y;Q = :—;.Danggid thiét nay dé tra loi 2 cau sau:
52. Phuong trinh mat phang chia (d;) va cung phuong véi dudng thang
vudng géc chung cua (d,), (dy) la:

(dy)

A x-3y+22+1=0 B.4x +7y +112+9=0
C.3x+y-2z2+7=0 D. 16x — 25y + 43z - 45 =0
53. Phuong trinh dudng thdng vuéng géc chung caa (d,), (d,) 1a:
A 2x -49y +21z+1 =0 B x+4y-52-6=0
C8x+2y-T72+7-=0 C3x-y+22+1=0
“ (16x - 25y + 43z - 45 = 0 b [25x-2y +z-31=0
" |25x - 29y + 60z - 148 = 0 " 13x-y+22+41=0
x+2y-5=0 Xx-2y-z=0
Cho hai duimg thing: (d,)J d va (dy Y7EEU Sw
12y~z—1= : 2x+z=0

é

dung gia thiét nay dé tra loi 4 cau hoi sau:

54. Vecto chi phu’o’ng cia dudng thang (d) la dudng vudng goéc chung cua
(dy), (dy) 1a:

u = (1, 3, -7) B. i =(-14, 24, 11)
C.a =14, 11, -24) D.ua =(-7,0,9)
55. Phuong trinh méat phang (a,) chda (d,), (dg) la:
A x+2y—-4z + 238=0 B. 155x + 117y — 58z - 2563 = 0
C.3x+y-9z +155=0 D.3x+7Ty+z-117=0
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56. Phuong trinh duong thang (d) vudng géc chung cua (d,), (dy) la:

{x+3y+52+117:0 B Xx+1ly+2z2+7=0
S 2x+y-4z+1=0 " |2x+y-582-25=0

A

C. {2"”“9:0 D. A, B, C déu sai.

2x +2y+122-12=0

57. Goi (d) la dudng thing di qua diém A(1, 2, 3) va vudng gbéc véi
mp(a): 4x + 3y —"7z + 1 = 0. Phuong trinh chinh tic cta (d) la:

" _};_:_lzy42=z—3 B.x+1=y+2=z~3
4 3 -7 4 3 -7
c x-1_y-2_2z-3 p X+l _y+2 _z-3
3 -4 -7 8 6 -14
58. Cho mp (a): 2x + y + 3z + 1 = 0 va dudng thing (d) c6 phuong trinh
Xx=-3+t ‘
tham s6 <y = 2 - 2t. Trong cdc ménh dé sau, ménh dé nao ding?
z=1
A (dy) L (@) B. (d,) cit (a)
C. )/ (o) D. (d;)) c (a).

59. Dé tim khoang cdch tir diém A(1, 2, —1) dén dudng thing (A):

X+ 2 _y- 1 z+

1 2 -2

(I) LAy hai diém trén A: My(-2, 1, -1) va M(-2, 3, -3)
(II) Tinh dién tich cda hinh binh hanh AM;MB:

S = [M‘,;A‘, MUM] = 55

1 : £ 2
, hoc sinh thuc hién cdc budc sau:

(01D d(A, &) = S = 35
MM 3
Lap ludn trén sai ti buéc nao?
A (D B. (ID).
C. (ITD) _ D. Khong c¢6 budc nao sai.

2x+y-2+3=0
z+3=0
phuong trinh sau day, dudng thdng nao la hinh chiéu vudng géc cua
(d) 1én mat phing Oxy.

60. Cho dudng thing { . Trong cac dudng thing cé
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A {2x—z+3=0 B {2x+y+3:0

x =10 z=0
C.J"2x+y—z+3=0 Dﬂrx+y:0
2x+y=0 z=0
x=1+2¢t
61. Cho dudng thing (d) c6 phuong trinh: {y =2 -t . Hdéi phuong trinh
z=3+¢t '
tham sd nao sau day cing la phuong trinh tham sé caa (d).
x=1+t (x =1+2t
A \y=2-t B.{y=2+4t
z=3+t z=3+5t
(x =1+ 2t x =3 +4t
C.{y=2-1 D.y=1-2t
z=2+1t z=4+2t
x=2+2t
62. Cho dudng thang (d): -3t thi d c6 phuong trinh chinh téc la:
z—m3+&
AX+2_l_ Bx—2_1__z+3
2 -3 2 838 5
Cx—2_y__z+ Dx+2__z_z—3
1 1 1 11 L
x=2-1%
63. Cho duding thang (d): {y =1+t , thi d c6 phuong trinh tdng quat la:
2=1
A x+z2-2=0 B. (x+y+z+1=0
y-z-1=0 2x+y-3z+5=0
C X+y+5=0 D 2x+y=0
" ly+z+3=0 " 18y+z-1=0

64. Phuong trinh chinh tic cha dudng thidng A di qua hai diém
A(1, 2, -3) va B(3, -1, 1) la:
A x-1 y+2 z+1 x-1 y+2 z+3
1 2 -3 B -1 1
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+1 _y+2  z-3 D x-1 y-2 z+3
2  .=8 4 2 -3 4
65. Duong thang d: X_412 =y£—3—9=z-1~1 cétmafc phang (P):

3x + 5y —z - 2 = 0 tai 1 diém c6 toa 4o la:
A (1,3, 1) B.(2,2,1) C. (0, 0, -2) D.(4,0, 1)
x=1+t
66. Cho mat phang (P): x + 3y + z + 1 = 0 va dudng thing (d): <y =2-t
z=1+2t

Trong cac ménh, ménh dé nao dung:
A. d cit (P) B.d/(P) C.d c(P) D.d L (P).
1

67. Cho mat phdng (P):x +y +z -4 =0 va (d): x; = y;l = 2—32

Tim ménh dé ding trong cdc ménh dé sau
A . dc(P) B. d// (P) C. d cat (P) D.d L (P).
68. Tim giao diém cda hai dudng thing
x=-3+2t x=5+t
(d: cy=-2+3t (d'): qy=-1-4¢¥
z=06+4t z=20+1t
Hay chon két qua ding nhat
A. (-1, -2,0) B. (3, 2, 10) C. 2,5, 4) D. (3, 7, 18).
Jx:1+mt x=1i-t
69. Cho hai dudng thing (d): {y =t d): {y =2+ 2t
lz=~1+2t z=3-¢
Tim gid tri m dé d cdt d; la:
A m=1 B.m=-1 Cm=0

N DN

Z_—
1
B
. J1%
71. Hinh chiéu vudng géc cia diém M(2, 0, 1) lén dudng thing (d):
X2l Y o p-91 la:
1 2

A. (2,0, 4) B. 1,0, 2) C.(1,2,-1 D. (0, 2, -3)

D.
70. Khoang cach tir M(2, 0, 1) dén dubng thang (d): 3‘—1‘—1 -2
D.

m

bang:

A. V2 B. V3 - C. V12
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72. Khoang cdch gita hai dudng thang

x=1~-2t 2 .
(d): {y=-1-t (@) 222 = X322 _ 223 g,
-1 1 1
z=]
A 7 B. J5 C. J6 D. J2.
73. Géce gitta hai dudng thang
x=1+t [x =1+2t
(d):y=2+1t (d'): [y:—1+2t’ la
z=3-t [z: ~2f
A. 0° B. 30° C. 45° D. 60°

DAP AN TRAC NGHIEM PUGNG THANG

1.0 |2 A |3 A |4A |5C |6A |7D |8A |9 A 100D
11.0|12.D|13.B |14 A {15.D |16.C |17.A |18.C [19.D [ 20. A
21.C [22.B|23. A |24 C |25 A |26.C |27.B |28.B [29. A |30.B
31.D|32.B|33.D |34.D |35C |36.D {37.A |38.B [39.D |40 A
41.C [42.C | 43.C [44. A |45 D |46.C [47.A |48.C [49.D|50.D
51.D|52.D|53.C |54 B |55.B |5.0 [57.A |58.A |59.D|60.B
61.D |62.B|63.A |64 D {65 C [66.B |67.A |68.D |69.C |70 A
71.B172.C |73 A
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BAI TAP TRAC NGHIEM MAT CAU

. Trong khong gian Oxyz cho mat cau (S): x* + y* — 2> — 2x — 4y = 6z = 0 thi
(S) ¢6 tam, ban kinh lan luot 1a:

A 1(1,2,3),R= V14 B.1(2,2,3),R=7

C. A, B déu ding D. A, B sai.

. Phuong trinh mat cau tam I(1, 2, -3), ban kinh R = 2 la:
AxX+y +2°+42x—4y-62+20=0

B.x*+y +2°-2x-4y+62+10=0
C.x*+y*+2°+2x +4y +62+20 =0

D xX*+y +22+2x+4y+62-20=0

. Phuong trinh mat cau ¢6 duong kinh AB vé6i A(4, -2, 7); B(2, 1, 3)
AX+y +22-2x-6y—102+9=0

B.x>+y° +2°-6x+2y-102+26=0
C;x2+y2+zz-2x+6y+102+9=0

D x*+y" +22+2x-8y-122+16=0

. Ban kinh cia mat cau di qua 4 diém A(0, 0, 0); B(0, 0, 4); C(0, 4, 0);
D4, 0, 0) l1a:

A 3V2 B. /2 C. 242 D. 42

. Phuong trinh mat cdu di qua 4 diém O(0, 0, 0); A(a, 0, 0); B(0, b, 0);
C(0,0,¢c)vdia>0,b>0,c>0la:

AxX+y’+2°+2ax+22+9=0

B.x®’+y*+z—ax-by-cz=0

C.x*+y"+z°+ax+ay+cz=0

D. A, B, C déu sai

. Ban kinh cua duong trbﬁ cé6 phuong trinh:
{x2+y2+z2v2x-2y—~22—22=0
3x-2y-62+14 =0

A.r=4 B.r=2 C.r=3 D. A, B, C déu sai

la:
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2iyi+z22-2x-2=0
7. Tim tam, ban kinh cua dudng tron: (C) xry e X
x+z+1=0

A. tam H(0,0, -1), r=1 B. tam H(0, 0, 1), r = 2
C.tam H(1,0, 0),r =1 D.tam H(1,1,0), r = 3
8. Phuong trinh mat phang tiép xic véi mat cau (S):
(x - 1) + (v + 3 +(z - 2)° = 49 tai tiép diém M,(7, -1, 5) la:
A 2x+3y+62-5=0 B.6x - 2y- 2z — 50 = 0
C.x+2y+22-7=0 D.6x+2y+32-55=0

9. Cho mat ciu (S): x° + y° +2° - 2x — 4y — 6z + 5 = 0. Phuong trinh 2
'mat phang tiép xuc vai (S) va song song (a): x — 2y + 2z — 6 = 0.

Ax-2y+2z+1=0vax-2y+2z2-1=0
B.x-2y+2z2+6=0vax-2y+2z2-12=0
C.x-2y+2z+5=0vax-2y+22-5=0
Dx-2y+2z+4=0vax-2y+22-4=0

Cho 2 mét cau (Sp): (x - 1)’ + (y - 1) + (z - 1)* = 9 va (Sy
(x -3 +(y - 3)°+ (2 - 3)? = 4 cdt nhau theo duong tron (C).
Dung gid thiét nay dé tra loi 2 cau hoi sau:

10. Néu H 1a hinh chiéu cia tim mat cau (S,) 1én mat phang (a) la mat
phéng chua (C) thi toa do cta H la:

an(22 %) NESERY

12712712 (12712712
[\
C.H ﬂ,—‘@,—‘l D H(, 3, 3)
44" 4
11. Ban kinh dugng tron giao tuyén (C) la:

A2 B 19 c. Y143 1+

2 3 48 5

12. Phuong trinh mat phéng ti€p xic vdi mat cau (S) ¢é6 phuong trinh:
x> % vy + z° + 4x — 2y — 21 = 0 tai difm A(1, 2, -4) la:

A3x+y+4z-21=0 B.3x+y-42+21=0
C.3x+y-42-21=0 D. A, B, C déu sai
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13.

14.

15.

16.

17.

18.

19.

Phuong trinh mét cau tam I(1, -5, 4) va tiép xdc véi mat phang (a):
5x -3y +7z-1=0la:

Ax-12+(y+5°2+(x-4P%=0

B.x*+y° +2°+2x - 10y - 8x =0
C.x+1 7 +(y+5 +(z+4)P=4

D. A, B, C déu sai

Cho mat cau (S): x> + y* + z> — 4x + 2y — 6z + 13 = 0. Mat phang
cada truc Oy va tiép xudc véi (S) ¢6 phuong trinh la:
Ay=0 B.4y +3z =0
C. A, B déu ding D. A, B déu sai.
Cho2 matcau(S): x* +y  +2° - 2x +4y -4z =0
(Sy) x* +y* + 2% + 4x - 2y — 2z - 10 = O thi:
A. (S;) cit (Sy) B. (S)), (S;) ngoai nhau.
C. (S;) tiép xuc ngoai (S,) D. (S,), (S,) tié€p xuc trong.
Cho mét cau (S): (x — 1)* + (y + 1)* + 2z° = 11 va 2 dudng thang (d,):
l = X%—l— = —Z—é—!- va(dy):x+1= -% = z. Phuong trinh mat phéng
t:€p xudc vai (S) va song song vdi di, d; la:
A3x-y-2-15=0 B3x+y+z2-7=0
C. A, B déu dang D. A, B déu sai.

Cho ta dién ABCD véai A3, 2, 6); B(3, -1, 0); C(0, -7, 3) va
D(-2, 1, 1). Phuong trinh mat cau ngoai tiép ti dién la:

AxX+y +2°+2x+3y-82-13=0

B.x’+y +2°—x-y-2+129=0
C.x*+y"+2°+8x+3y-22-13=0

D. A, B, C déu sai.

Cho tu diéen ABCD vdi A(1, 0, 1); B(1, 2, 1); C(@3, 2, -1) va
D(1, 2, ¥2). Ban kinh méat cdu ngoai tiép t dién la:

A. 2 B. V2 C. V17 D. 2.3

Phuong trinh cia méat cau di qua 4 diém O(0, 0, 0); A(a, 0, 0);
B(O, b, 0); C(0, 0, ¢) v6i a, b, ¢ > 0 la:
Ax+y'+z2+2ax +2by +2cz =0
B.x*+y'+z°—ax—-by-cz=0

C.x*+y' +z2+ax+by+cz=0

D. A, B, C déu sai.
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20.

21.

22.

23.

24.

25.

Goi (S) 1a mat cau tam I(2, 1, --1) va tiép xdc v6i mit phang (a) co
phuong trinh: 2x — 2y — z + 3 = 0. Ban kinh cta (S) biing bao nhiéu?
A 2 B, < G = D. 2

3 3 9

Cho mat ciu c6 tam I(6, 3, —4) tiép xuc v6i truc Ox. Trong cdc sé sau
day, s6 nao la ban kinh cua mat cau dé?

A.R=5 B.R=3J2
C.R= .5 D.R=3

Ban kinh cGa mat cau tam I(1, 3, 5) va tiép xic véi duong thiang (d):
x=t

y=-1-t la:
z=2-%
A.R= 14 B.R=14 C.R= 7 D.r=2

Phuong trinh mét phang tiép xic vdi mat cdu c6 phuong trinh (S):
x> - 2x +y° - 4y + 2z - 6z - 2 = 0 va song song v6i mat phing:
4x + 3y — 12z + 1 = 0 la:

A 4x +3y- 12z + 718 = 0 B.4x + 3y — 122 - 26 = 0
C. A, B déu ding D. A, B déu sai.

Mat cau tam 1(6, 3, -4) ti€p xuc vdi Oy c¢6 ban kinh bang
A.R=3 BR=2V23 C.R=.7 D.R = 2J17
M4t cau tam 1 (6, 3, —4) tiép xdc véi Oz ¢6 ban kinh bang

A R=3 B. 23 C.R=3 D.R=2

PAP AN TRAC NGHIEM MAT CAU

1.

D|2B | 3C 4B | 5B | 6A|7A | 8D | 9.B[10.A

1.

C{12C|{13.D |14 C|15A|16.C|17.A| 18 A |19.B| 20. A

21.

Al122.A)|23.C|24B| 25C
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