Chuyén dé 12: Hinh hoc giai tich trong khong gian

Dang Thanh Nam

Auditing 51a, National economics University, Ha Noi, Viet Nam
Email : dangnamneu@gmail.com

Yahoo: changtraipkt

Mobile: 0976266202

CHUYEN DE 12:

HINH HOQC GIAl TICH TRONG KHONG
GIAN

690
Dang Thanh Nam
Auditing 51a, National economics University, Ha Noi, Viet Nam



Chuyén dé 12: Hinh hoc giai tich trong khong gian

691
Dang Thanh Nam
Auditing 51a, National economics University, Ha Noi, Viet Nam



HINH HOC GIAIl TICH TRONG KHONG GIAN
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Auditing 51a, National economics University, Ha Noi, Viet Nam
Email : dangnamneu@gmail.com

Yahoo: changtraipkt

Mobile: 0976266202

CAC CONG THUC CAN NHO

Tich vo huéng cia hai véc to v, = (X, Y,,2,) va véc to V, = (X,, ¥,, Z,) 1a mot s6
V.V, = XX, + Y, Y, +2,Z,.
Tich c6 hudng cia hai véc to 1a mot véc to dugce xac dinh boi

|:V_’\7’:|_[ylzl Z % X1Y1]
1V | = :

yz Zz ,X2 y2
Co v, L[ v, [iv; L[w, Ji[[ v, ]

Dién tich cua tam giéc tao bai ba diém A, B, C khong thing hang

Z; X,

=M.‘v2‘.sma.

11— —
S 00 =E‘[AB, Ac].
. o X1y1 Zl
Tich hdn tap ciia ba véc to (V,,V,,V,) [a mot s va dugc ky higu la D(vl,vz,vg) =X,Y, 2,
X3y3 23

Ba véc to ddng phang khi va chi khi D(v,v,,v)=0.
Thé tich tt dién tao bai 4 dinh A, B,C, D dugc tinh bai cong thirc

/1 PR S —
Voo =E‘D(AB, AC, AD) =E‘[AB, AC].AD‘
Thé tich cua hinh hop dung trén ba véc to v, V,, v, dugc xac dinh bai cong thirc
Cho dusng thang (d)c6 véc to chi phuong u = (a,b,c)va mat phang (P) c6 véc to phap
tuyén n = (A, B,C), khi d6 goc gtao bsi (d),(P)dugc xac dinh boi
‘ﬁ.ﬁ‘ ~ |Aa+Bb +Cc|
GHH‘ JA?yB?+C?AJa?+bP+c?

singo:‘

Cho hai dudng thang (d,)cé véc to chi phuong U =(a,b,c)va dudng thang (d, )cé véc to
chi phwong v =(a',b',c"), khi d6 goc ¢ giira (d,),(d, ) dugc xac dinh boi
cose = ‘ﬁ,\?‘ ~ |aa"+bb'+cc

‘ﬁ‘.‘\?‘ Ja? +b?+c?Afa?+b24c?

Khoang céch tir diém M dén duong thang (d )di qua diém M, va ¢6 véc to chi phuong U
duoc xac dinh boi
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[
a

Khoang céch giita hai duong thang chéo nhau (d,)di qua diém M , ¢6 véc to chi phuong u

d(M;(d))= (Tuu y 12 tir thiee 1a 6 dai véce to khong phai tri tuyét dbi).

va duong thing (d, )di qua diém N, c6 véc to chi phuong vduge xac dinh boi
[6.v]mN ) ,
d((d,).(d,))= W (lwu ¥ dudi mau la do dai véc to, tir thirc 1a gid tri tuyét déi).

Tat ca cac cong thirc trén déu dugc ap dung tinh tryc tiép trong bai thi.

VI TRi TUONG POl CUA HAI PUONG THANG, GIUA PUONG THANG VA MAT
PHANG VA CAC BAI TOAN LIEN QUAN

Cho duong thang (d)c6 véc to chi phuong ava mat phang (P)co véc to phap tuyén nva
cap véc to chi phuong a,,a, .

+ DBuong thang (d )va mit phang (P)khong c6 diém chung ta néi (d)//(P).

Vay (d)//(P)xay ra khi thoa man mét trong céc diéu kién:

(i). Hé phuong trinh tao bai duong thang (d ) va mat phang (P)vo nghiem.

(ii). a L nvaton tai motdiém Ae(d),Ae(P).

(iii). ala mot véc to chi phuong cua (P)va ton tai mot diém A e (d) nhung khong thudc
(P).

+ Duodng thang (d )va mét phing (P)c6 hai diém chung phan biét ta néi (d) e (P), xay ra
khi thoa man maot trong cac diéu kién:

(i). Hé phuong trinh tao béi duong thang (d)va mat phang (P)vo s6 nghiem.

(ii). Mat phang (P)di qua hai diém phan bi¢t A B<(d).

(iii). Mat phang (P)di qua diém Ae(d)va nhan alam mot véc to chi phuong.

+ Duong thang (d )cé mot diém chung duy nhét véi (P)tandi (d)cat (P), xay ra khi hé
phuong trinh tao bai duong thing (d )va mét phang (P)c6 nghiém duy nhat.

Duong thang (d) L (P) < a//n.

Cho hai duong thang (d, ),(d, ) phan biét theo thir ty c6 céac véc to chi phuong la a,a,. Liy
hai diém Ae(d,),Be(d,);A=B.

Khi d6 xét tich hdn tap cia 3 véc to D(a,,a,, AB)

(i). Néu D(a,,a,, AB) =0thi (d,)va (d,)ddng phing.

(ii). Néu D(a,,a,, AB) = 0thi (d,)va (d,)chéo nhau.
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+ Giita hai dudng thang song song (d, ), (d, )trong khéng gian c6 céc dang bai toan sau:
(i). Viét phuong trinh mat phang (P) chira hai duong thiang song song (d, ), (d,)

(ii). Viét phuong trinh duong thang (d ) song song, cach déu (d, ),(d, )va thuoc mat phang
chwra (d,),(d,).

(iii). Tinh khoang cach giita hai duong thang (d,),(d, ).

+ Giita hai dudng thang cat nhau (d, ), (d, ) trong khdng gian c6 cac dang bai toan sau:
(i). Viét phuong trinh mat phang (P)chwa (d,),(d,).

(ii). Viét phuong trinh duong phan giac tao bai (d,),(d,).

+ Giita hai dudng thang chéo nhau (d, ),(d, )trong khdng gian c6 cac dang bai toan sau:
(i). Viét phuong trinh duong vudng goc chung cua (d,),(d, ).

(ii). Tinh khoang cach gitra hai duong thang (d,),(d,).

(iii). Viét phuong trinh cua mit phang cach déu (d,),(d, ).

(iv). Viét phuong trinh hai mét phang (P),(Q)song song véi nhau va lan luot chira
(A).(4,).

(v). Viét phuong trinh mat phang (P)cach déu (d,),(d, ).

(vi). Viét phuong trinh duong thang (d)di qua diém M cho trudc va cit ca (d,).(d,).

BAI TAP MAU

Bai 1. Cho mt phang (P)va duong thang (d)cé phuong trinh lan luot 1a
5x—-3y+2z-5=0

(P):4x—3y+7z-7=0va (d): Xmeyrez
2Xx-y-2-1=0

Ching minh ring (d)e(P).

Loi gidi:

Céch 1: Xét h¢ phuong trinh tao bai (d)va (P).
5x-3y+2z-5=0 5x-3y+2z-5=0
2Xx-y-2-1=0 < <9x-5y-7=0
4x-3y+7z2-7=0 18x-10y-14=0

do (d)e(P)dpem.

5x-3y+2z-5=0 . .
{ y hé nay vo s6 nghiém, do

9x-5y—-7=0

Cach 2: LAy hai diém phan biét Ag,o,gj; B(O,%,%j e (d)thay toa do cua A, Bvao

phuong trinh cua (P)ta duoc:
4.1—3.0+7.§—7 =0
9 9

. ) théa man, d6 d6 (d) e(P).
40—3(—gj+7€—7 :O
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Bai 2. Bién luan theo tham s6 m vj tri twong d6i cua mat phang (P)va duong thang (d),
biét:
(P):m’x+2y+z+1-3m=0,
x=t
(d):qy=1-t ,teR
z=3-2t

Loi giai:

Thay X, Y, ztir phuong trinh cua (d ) vao phuong trinh cua (P)ta dugc phuong trinh:
(m*—4)t=3m—-6(*)

+Néum’-4=0m==+2

- Vé6i m=2=> (*)vo s6 nghiém, khi d6 (d)(P).

- Véi m=-2= (*) v0 nghiém, khi d6 (d)//(P).

+ Néu m # 2 = (*) ¢6 nghiém duy nhat, khi d6 (d)n(P)=A 3 ,m—l’ 3m_|.
m+2 m+2 m+2
N . X+mz-m=0 . .
Bai 3. Cho duong thang (d,, ): ,m la tham so
(1-m)x-my=0

Chirng minh rang (d,, ) ludn di qua mot diém ¢6 dinh va nam trong mot phang cé dinh.

Loi gidi:
Gia sir diem M (X,, Yy, Z,)1a diém cé dinh ma (d,, ) luon di qua, khi d6

X, +mz,—m=0 X +(2,-1)m=0 % =0
VM < ,Vm< 4y, =0

(1-m)x, —my, =0 Xo—M (X, +Y,)=0 . <1
.=

Vay (d,,)Iudn di qua diém c6 dinh M (0,0,1).

Tur phuong trinh duong thang (d,, ), tasuy ra

MmX+my+mz—m=0< Xx+y+z-1=0=(P):x+y+z-1=01la mat phing ma (d, ) ludn
thugc (P).

.. s 3X+y+2z-4=0
Bai 4. Cho mat phang (P):2x+my+z-5=0, (d):{x—y+22—7:0
Tim gié tri cia m dé:

a. (d)//(P).
b. (d)L(P).
Loi giai:
Duong thang (d)cé véc to chi phuong a = [

1 2| 23 |31
"‘ ‘,‘ JJ:(4’_4,_4)
12 |oa| -

Mat phang (P)c6 véc to phap tuyén n=(2,m,1).
a. (d)//(P)ealnean=0c42-4m-41=0cm=1.
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b. (d)L(P) >/ /2 =T ~L-vo 1y, Vay Knong ton taim dé (d) L (P).

3X-y+4z-27=0

Bai 5. Cho duong thiang (d):{6 3 o
X+3y—z+7=

va mat phang (P):2x+5y+2z+17=0.

Xéc dinh phuong trinh dudng thang di qua giao diém Acua (d)va (P)va vudng goc véi
(d), nam trong mét phang (P).

Loi giai:
+ Xét hé phuong trinh tao boi (d)va (P)

2X—y+4z-27=0 X=2

6x+3y-z+7=0 < y=-5=(d)n(P)=A(2,-54).

2X+5y+z+17=0 z=4
+ Goi ala véc to chi phuong cua (d), taduoc a=(-11,27,15)
Goi (Q)la mat phing qua Ava vudng goc véi (d), khi d6 (Q)nhan alam véc to phap
tuyén, nén (Q):-11(x—2)+27(y+5)+15(z-4)=0<(Q):-11x+27y +152+97 =0.
Khi d6, duong thang can tim chinh Ia giao cia hai mit phang (P)va (Q).
2X+5y+z+17=0

Viy duong thang can tim Ia (A): {_112 +27y+152+97=0

X=2t+1 X=U+2
Bai 6. Cho hai duong thang (d,):4y=t+2 va (d,):qy=-3+2u
z=3t-3 z=3u+1

Chiing minh ring (d, )va (d, ) chéo nhau va xé4c dinh phuong trinh mét phang (P)song song
va cac déu (d,),(d,).

Loi giai:
+ (d,) c6 véc to chi phuong a = (2,1,3)va (d,)co véc to chi phuong a, = (1,2,3).
Lay diém A(1,2,-3)e(d,);B(2,-3,1) (d,)suyra AB =(1,-5,4)
21 3
Taco D(a,g,ﬁ)z 12 3=24%0. Vay (d,)va (d,)chéo nhau.
1-54
+ Goi | 1a trung diém cua AB = | (g,—%,—ljkhi d6 mat phing can tim di qua | va c6 cap
3
X=E+2t1 +1,

véc to chi phuong a,,a, = (P): y:—%+tl+2t2(t1,t2 €R).
z=-1+3t +3t,
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Bai 7. Viét phuong trinh duong thang (d ) song song, céch déu hai duong thang

(d,): XJ?ZZ _ y_—15 _ 229, (dz);gzy_—f’zz%jva thuc mat phang chaa (d,),(d,).
Loi gidi :

+(d,)//(d,), (d,)cé véc to chi phuong a =(3,-1,4)
Lay diém A(-2,5,9) e(d,);B(0;-3;-7) e(d, ) suy ra trung diém cia ABla I(-111). Khi

d6 duong thing can tim di qua | va c6 véc to chi phuong 1a a

R x+1 y-1 z-1
Vay (d): s 14
x=0 X=2u-2
Bai 8. Cho hai duong thang (d,):4y=1 va (d,):qy=1
z=1-t z=0

Chimg minh rang (d,)va (d,)cat nhau. Xéc dinh toa do giao diém cia chiing. Viét phuong
trinh duong phan gidc tao boi (d,),(d,).

Loi gidi :

+ Xét h¢ phuong trinh tao béi (d,),(d, ), ta co
0=2u-2
1-1 @{;’:11:(d1)m(d2):|(o,1,o)
1-t=0

+ Lay diém A(0,1,2)e(d,),B(2u—-2,1,0)&(d,)sao cho
IA?=IB* & 4=(2u-2) ©u=0vu=2
+Véi u=0=B,(-2,1,0), ta cb toa d¢ trung diém cia AB 13 I,(-1,11)= 1I, =(-1,0,1),

khi d6 duong phan giac can tim 1a di qua | va ¢ véc to chi phuong Wl :

X=—t
(A):qy=1
z=t
x=t
+V6i u=2=B,(2,1,0) tuong ty ta c6 dudng phan giac (A,):4y=1
z=t
. C e 3 X—=2 'y z+1 | X=7 y-2 2
Bai 9. Cho hai & th d)—="=—- d)—="—-=—
ai o hai duong thang (d,) 7 " 6" 8 va (d,) = s "1
Chimg minh rang (d, ) song song véi (d, ), viét phuong trinh mét phang (P)chwa (d,),(d,)

va tinh khoang cach gitra (d,),(d,).

Loi giai :
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+ Dudng thang (d, )6 véc to chi phuong u = (4,-6,-8) va dudng thang (d, ) cé véc to chi
phuong v =(-6,9,12), suy ra u//v. Ly diém A(2,0,-1) e (d,)thay vao phuong trinh cua
(d,)= 2__67 =0—;2 =I—21 Vo ly. Tir do suyra (d,)//(d,) Ta c6 dpem.
+ Lay diém B(7,2,0)e(d,). Mat phang (P)chwa (d,),(d,)nén (P)di qua diem Avaco
cap véc to chi phuong u, AB nén

X=2-2u+5v
(P):qy=3u+2v

z=-1+4u+v

[2.9] _ =

* Do (A)11(0,)n (@) ()= (M) === 55

X=-1+1
va (d,):qy=-t
z=-2+3t
Chiing minh rang (d, )va (d, ) cdt nhau va xac dinh toa do giao diém | cua ching. Viét

)x 1 y+2 z-4

Bai 10. Cho hai dudng thing (d,
-2 1 3

phuong trinh mat phang chta (d,),(d, ).

Loi giai :

+ Thay X, Y,z 6 phuong trinh cua (d, )vao phuong trinh cia (d, )ta duoc

-1+t-1 —t+2 -2+3t-4

-2 1 3

Vay (d,)n(d,)=1(1,-2,4). Ta co dpem.

+ Dudng thang (d, )6 véc to chi phuong u =(-2,1,3)va (d, )cé véc to chi phuong
v=(1-13)

Khi d6 mat phing (P )Chua (d,).(d,)di qua diém 1 va c6 véc to phap tuyén

<t =2, thay vao phuong trinh cua (d,) = 1(1,-2,4)

N 1
nz[u,v] ( 3‘ , JJ =(6,9,1)
Vay (P):6(x- 1)+9(y+2 +(z2-4)=0<(P):6x+9y+2z+8=0.
Bai 11. Trong khéng gian Oxyz , cho hai dudng thiang (dl):{XerJrZ_3:0 va
y+z-1=0
X—2y—-2z2+9=0
d,):
(d:) {y—z+1=0
Viét phuong trinh doan vudng géc chung cua (d,),(d, ).
Loi giai :
, - (a1
buong thang (d, ) c6 véc to chi phuong u =ﬂ j:H H j:D:(O,—l,l)
11 (10| |0
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Goi (d)l1a duong vudng goc chung ciia (d,),(d,)khi d6 (d)cé vée to chi phuong a thoa

Duong thang (d, )6 véc to chi phuong v = ﬂ

1 —1‘

- - -7 (]-12 po| lo- -
a = = =\ — h = —
man a [u,v] ﬂl j’l4’41jﬂ (-2,4,4), chon a=(-1,2,2)
+ Goi (P) la mét phang chua ( , khi d6 (P)co véc to phéap tuyén

[ H ‘ Jﬂ —4,-1,-1), lay diem A(2,1,0)e(d,)

Kh1do(P) -1)-z=0=(P):-4x-y-z+9=0
+ Goi (Q) la mat phang Chua (d).(d,), khi d6 (Q)cé véc to phép tuyén
- - - 1114|141
n':[v’a]:(zz"‘z—JJ’—lz
Khi do (Q):—(y-2)+(z-1)=0<=(Q):-y+z+1=0
Va (d)la giao tuyén cia hai mat phang (P),(Q)

D =(0,-9,9), lay diém B(-3,2,1)(d,)

Vay phuong trinh doan vudng géc chung cua (d,),(d,)la

—4x-y-2+9=0
@
y+z+1=0

X=2t+1 X=Uu+2
Bai 12. Cho hai dudng thang (d,):sy=t+2 va (d,):{y=-3+2u

z=3t-3 z=3u+1
Viét phuong trinh duong vudng géc chung cua (d, ),(d,).

Loi giai :

Buang thang (d, ) c6 véc to chi phuong U =(2,1,3) va dudng thang (d, )cé véc to chi
phuong v =(1,2,3).

Lay diém A(2t+1t+2,3t—3)e(d,);B(u+2,-3+2u,3u+1)e(d,)suyra

= AB =(u-2t+1,2u—t-53u—3t+4), va ABladoan vudng goc chung cua

ABU=0
d),(d)=<
(¢).(e) {AB.VzO
25
2(u-2t+1)+2u-t-5+3(3u-3t+4)=0 |"7 7y
<
U—2t+1+2(2u—t-5)+3(3u—3t+4)=0 t:§
9
67 47 20 24 24 24\ 24

Tir d6 suyra A(———j B(EE,%);E=(—,— —j: (-1,-11)
9'9'3 9'9'9 9'9'9) 9
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Vay phuong trinh doan vudng géc chung cua (d, ),(d, )di qua Ava c6 véc to chi phuong
(-1-11)

k=20

9
Vay AB: yzg—t
2= 241

3

BAI TAP PE NGHI
.. . X+4mz-3m=0
Bai 1. Cho duong thang (d,,):
(I-m)x-my=0
Chiing minh réng (d,, ) lun thugc mot mét phang co dinh va luén di qua mét diém cé dinh.
Bai 2. Cho duong thang (d): x;l =%= . +32 vamat phang (P):2x+y+z=0
Xac dinh phwong trinh dudng thang di qua giao diém Acua (d)va (P)va vudng goc véi

(d), nam trong mét phang (P).
Bai 3. Trong khdng gian Oxyz cho mit phang (P):2x—y+2=0va duong thang
)_{(2m+1)x+(l—m)y+m—1=0

mx+(2m+1)z+4m+2:0
Xac dinh m dé (d,)/1(P).

Bai 4. Trong khdng gian Oxyz cho hai dudng thang (d,): X;5 = y_ll _Z _15

X=3+2t
Va (d,):qy=-3-t

z=1-t
Chirng minh rang (d,)/1(d,). Viét phuong trinh dudng thang song song, cach déu va nam
trong mt phang chta (d,),(d, ).

X=-3+2t 4 1920
. X+y-19=

Bai 5. Cho hai dwong thang (d,):qy=-2+3t va (d,): Y
" X—2+15=0

Chimg minh rang (d,)cét (d,). Viét phuong trinh duong phan giac tao bai gc nhon gitra
(d),(dy).

Bai 6. Cho hai dudng thang (dl):{

X+8z+23=0 | x—2z-3=0
va (d,):
y—4z+10=0 y+2z+2=0
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Chirng minh ring (d, )va (d, ) chéo nhau. Viét phuong trinh mét phang (P)song song va cac
deu (d,),(d, ).
Bai 7. Cho hai duong thang (d, ): X=3_y+1_z-2 Va (dz):{4x_y_2=0

1 4 3 3x-z=0
Chirng minh ring (d, )song song véi (d, ). Viét phuong trinh tong quat cua mét phang (P)
chira (d,),(d,). Viét phuong trinh dwong thang (d )ndm trong (P)va cac déu (d,),(d,).
Tinh khoang céch gitra (d,),(d,).
Bai 8. Cho hai dudng thing (d,): {ix_;izl__li o 2 (d,): {2’)‘:?{_;:2— 0
Chiing minh rang (d, )va (d, ) ct nhau, xéc dinh toa do giao diém cua ching. Viét phuong
trinh mt phang chaa (d,),(d, ).

x=t
. , 3x-y-z+3=0
Bai 9. Cho diém A(l,—l,l)véhaiduéyngthéng (dl);{2 y 1+0 va (dz): y=-1-2t
X—y+1=
y z=-3t

Chirng minh réng (d,),(d,), Actingg thudc mét mat phang.

Bai 10. Trong khdng gian Oxyz cho hai duong thang (d,):x=-y+1=z-1va
(d,):—x+1l=y-1=z.

Tim toa do diém Ae(d,) va diém B e(d,)sao cho duong thing AB vudng goc véi ca

(d,).(d;).

97-0 X=-2+2t
, X+y+22=
Bai 11. Cho hai duong thang (d,): y va (d,):qy=-5t
Yo x—y+z+1=0 2
z2=2+t

Chimg minh rang (d, ),(d,)chéo nhau. Tinh khoang cach giita (d,),(d, ). Viét phuong trinh
doan vudng goc chung cta (d,),(d, ). Viét phuong trinh mit phang (P)chta (d,)va song
song véi (d, ). Viét phuong trinh duong thing di qua diém M (LL1)va citca (d,),(d,).

PIEM, PUONG THANG VA MAT PHANG
Xeét céc dang bai toan sau
Dang 1: Puong thang cét ca hai duong thang (d, ),(d,)va théa man diéu kién cho trudc.

(i). Viét phuong trinh dudng thing di qua mot diém Ava cat ca hai duong thing (d,).(d,).

Phuong phap:
Cach 1:
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Viét phuong trinh mat phang (P)diqua Avachua (d,).
Viét phuong trinh mat phang (Q)di qua Ava chia (d,).
+ Néu (P)=(Q), bai toan c6 vo sb nghiém.

+Néu (P)//(Q), bai toan vo nghiem.

+ Néu (P)n(Q)=(d), day chinh la duong thang can tim.
Cach 2:

Viét phuong trinh mat phing (P)diqua Avachua (d,).
Xéc dinh giao diém Bcua (P)va (d,)

+ Néu vb nghiém thi bai toan vo nghiém.

+ Néu c6 vo s6 nghiém thi bai toan c6 vo sd nghiém.

+ Néu 6 nghiém duy nhat thi phuong trinh dudng thang (d )can tim chinh 1a AB, di qua A

va c6 véc to chi phuong AB.

Cach 3: i )

Ap dung khi ca hai duong thang cho ¢ dang tham so6

Gia sir duong thang can tim cét (d, )tai Bvacat (d,)tai C, véi toa do cia B,C cho & dang
tham s6. 7

Xét dieu kién A, B, C thang hang.

(ii). Viét phuong trinh duong thang (d ) song song véi duong thang (A) va cét cd hai duong
thang (d,).(d,).

Phuong phap:

(iii). Viét phuong trinh duong thang (d)vudng goc véi mat phang (P)va cat ca hai duong

thang (d,).(d,).

Phuong phap: . .
BAI TAP MAU
Bai 1.

Dang 2: Budng thiang di qua mot diém va vubng goc véi ca hai duong thiang cho trudc.

(i). Viét phuong trinh duong thang (d)di qua diém Ava vudng goc véi ca hai duong thing
(d),(dy).

Cach 1:

Viét phuong trinh mét phang (P)diqua A vavudng goc (d,).

Viét phuong trinh mat phang (Q)di qua A va vudng goc (d,).

Khi d6 (d)chinh 1a giao tuyén cua (P),(Q).

Cach 2:

Xace dinh c4c véc to chi phuong u,v cia (d,),(d,), khi d6 véc to chi phuong acua (d)thoa
man éLG,éLV:éz[ﬁ,ﬂ

Puong thang (d)sé di qua diém Ava co véc to chi phuong a.

BAI TAP MAU
Bai 1.
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Dang 3: Pudng thing di qua mot diém va vubng goc véi mot duong thang va cat mot duong
thang.
(i). Viét phuong trinh dwong thang (d )di qua diém Ava vudng goc véi duong thang (d, )va

cat duong thang (d, ).

Phuong phap:
Cach 1:

Viét phuong trinh mat phang (P)diqua Ava vudng goc véi (d,).
Viét phuong trinh mat phang (Q)di qua Ava chta (d,).
Khi d6 duong thang (d)can tim la giao cua (P),(Q).
Cach 2:
Viét phuong trinh mat phang (P)diqua Ava vudng goc véi (d,).
Xéc dinh giao diém Bcua (P)va (d, ), khi d6 duong thang (d )can tim chinh la AB, di qua
Ava ¢6 véc to chi phuong AB. . )
BAI TAP MAU
Bai L. , 7 7
Dang 4: Hinh chiéu vuéng géc cua diém lén mat phang
(i). Tim toa do hinh chiéu vudng goc H cua mot diém Alén mat phang (P).
Phuong phap:
Viét phuong trinh duong tham s6 ciia duong thang (d )di qua diém Ava vudng goc véi mat
phang (P)
Toa do hinh chiéu H chinh 1a giao diém cua (d)va (P).
(ii). Tim diém ddi xtng cua diem Aqua mat phang (P).
Phuong phap:
Tim toa do hinh chiéu H cua Atrén (P).
Tim diém A dbi xing véi Aqua H.
(iii). X4c dinh phuong trinh duong thing (A) doi xting véi duong thang (d ) qua mét phang
(P)-
Phuong phap:
Lay hai diém phan biét A Be(d).
Tim toa do hai di€m A, B, lan lugt d6i xtng véi A, B qua mét phang (P).
Khi d6 duong thing (A)can tim chinh la duong thing di qua hai diém A, B, .
BAI TAP MAU

Bai 1. Cho diém A(2,3,-1)va mat phang (P):2x—y—z-5=0. Xéc dinh toa do diém A

ddi xtng véi Aqua (P).

Loi giai:
Duong thang (d)diqua Avavudng goc véi (P)sé nhan véc to phap tuyén n=(2,-1,-1)

cua (P) lam véc to chi phuong, nén
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X=2+2t
(d):qy=3-t
z=-1-t
Thay toa dd X, Y, ztlr phwong trinh cua (d ) vao phuong trinh cua (P)ta duoc

2(2+20)~(3-0)~(-1-1) -5 =05 1= L = () ~(P) = H (3%-2)

Toa do diém A s& ddi xting véi Aqua H, suyra A (4,2,-2).

X+y—-72-14=0

Bai 2. Cho mit phang (P):3x+6y —z—2=0va dudng thang (d){ -
X—y—7-2=

Xéc dinh toa d¢ giao diém Acta (d),(P). Viét phuong trinh duong thang (A) déi xang véi

(d)qua (P).

Loi gidi:
Xét hé tao boi (d),(P), taco:
X+y-72-14=0 x=0
x-y-2-2=0 <4qy=0 =(d)n(P)=A(0,0,-2)
3x+6y—-z2-2=0 z2=-2
Lay diém B(3,6,0)e(d), tatim toa d diém B,ddi xing véi Bqua (P), khi d6 duong
thang (A)céan tim chinh 1a AB,.

Tlmduoch(lo 210,5—8j:>A—81=(10 210 104) 2(5 ~105,52)
23" 2323 23 23'23) 23

X =5t
Vay (A):{y=-105t

z=-2+52t

Bai 3. Viét phuong trinh mat phang (Q)di qua A(-2,4,3)va song song véi mat phang
(P):2x—-3y+62+19=0. Tinh khoang cach gitta hai mat phang (P),(Q). Ha AH L(P),
Xac dinh toa d6 diém H .

Loi giai :

Mit phang (Q)s&

(Q):2(x+2)-3(y—-4)+6(z-3)=0<(Q);2x-3y+62-2=0.

Puong thang (d)diqua Avavudng goc véi (P)nhan nlam véc to chi phuong nén,
X=-2+2t

(d):qy=4-3t
z=3+6t

Khi d6 toa d¢ diém H Ia nghiém ciia hé tao bsi (d),(P).

nhan véc to phap tuyén n=(2,-3,6)cta (P)lam véc to phap tuyén, nén
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20
X=—2+2t X=—
—4-3t _
Y oly T :H(ﬂﬂ,é)
7=3+6t 7 7717
2x-3y+6z+19=0 |, _3

-

BAI TAP PE NGHI
Bai 1. Cho bon diém A(4,1,4);B(3,3,1);C(15,5); D(1,11).
Xéc dinh toa d¢ hinh chiéu cua D trén mat phang (ABC), tinh thé tich tir dién ABCD . Viét
phuong trinh duong vudng géc chung caa AC,BD.
Bai 2. Cho bén diém A(a,0,0);B(0,b,0);C(0,0,c),a,b,c> 0. Dung hinh hop chir nhat
nhan O, A, B,C 1am bdn dinh va goi D 1a dinh di dién véi O cua hinh hop do.
(i). Tinh khoang cach tir C dén mat phang (ABD).
(ii). Tinh toa d6 hinh chiéu vudng goc ciia C xudng mat phang (ABD). Tim diéu kién cua
a,b,c dé hinh chiéu d6 nam trong mét phang (xOy).
Bai 3. Cho diém A(2,3,5)va mat phang (P):2x+3y+2z-17=0.
(i). Lap phuong trinh dudng thang (d )di qua Ava vudng goc véi (P).
(ii). Ching minh rang (d ) cét truc Oz, tim giao diém M cua ching.
(iii). X4c dinh toa do diém A déi xing véi Aqua (P).
Dang 5: Hinh chiéu vudng gdc cia duong thang 1én mat phang.
(i). Xéc dinh phuong trinh hinh chiéu vudng goc (A) ciia duong thang (d ) 1n mat phang

(P).
Phuong phap:

Viét phuong trinh mét phang (Q) chira (d )va vudng goc véi (P).
Khi d6 duong thing (A) chinh I3 giao tuyén ciia hai mét phang (P),(Q).
BAI TAP MAU

X—y+z-5=0
3x-2y-2+15=0
Viét phuong trinh hinh chiéu vudng goc (A) cia (d )trén mat phang (P).

Bai 1. Cho duong thiang (d):{ va mat phang (P):-2x-3y+z-4=0.

<" -

Loi giai:
Mat phang (P)c6 véc to phap tuyén n=(-2,-3,1)

, - -11 |1 111
buong thang (d)cé véc to chi phuong U = ﬂ ) J-H 13H3 2‘] =(3,4,1)

Lay diém A(-25,-30,0)e(d)
Goi (Q) la mat phing chira (d)va vudng goc véi (P), khi d6 (Q)di qua Ava c véc to
phép tuyén
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B (Y e

Vay (Q):=7(x+25)+5(y+30)+z=0<(Q):~7x+5y+z-25=0
Khi d6 duong thing (A)can tim chinh la giao tuyén cua (P),(Q)
—7X+5y+2-25=0
(A):{—Zx—3 —4=
y+z—-4=0

X—my+z-m=0

Bai 2. Cho duong thang (d
J g( ) {mx+y—mz—1_0
(i). Viét phuong trinh hinh chiéu vudng goc (A)cua (d,, ) trén mét phang (xOy)
(ii). Ching minh rang khi m thay déi, duong thang (A) ludn tiép xtc véi mét dudng tron co

dinhndm trong mat phang (xOy).

Loi giai:
(i). Khir z tir hai phwong trinh cua (d,, ) ta dwoc 2mx —(m2 —1) y—-m’ -1
Khi d6 hinh chiéu vudng goc cia (d,, ) trén mét phang (xOy)la
J2mx—(m*-1)y-m?-1=0
(4):
z=0

‘—mz —1‘ .

(ii). Trong mat phang (xOy), Taco d(0,(A))= _
am’ +(m* -1)

Tir d6 suy ra duong thang (A) ludn tiép xtc véi dudng tron tam O(0,0) ban kinh R =1nam

trong mat phang (xOy ) (dpem).

x+1 y21 2_23 va mat phiang (P):2x-2y+z-3=0.

(i). Tim toa d¢ giao diém Acta (d),(P). Tinh goc gira (d),(P).
(ii). Viét phuong trinh hinh chiéu vudng goc (A)cia (d)1én mat phang (P). Lay diém B

thuoc duong thang (d)sao cho AB =a >0. Xét ty s % v6i M di dong trén mat

Bai 3. Cho duong thang (d):

phang (P). Chang minh réng ton tai mot vi tri cua M dé ty s do dat gia trj I6n nhat va tim
gié tri 16n nhat dé.

L oi giai:
(i). Toa d¢ giao diém A=(d)(P)langhiém hé phuong trinh
2x—2y+2-3=0 X=-2
x+1 y-1_ z-3<7y=-1=A(-2,-15)
1 2 =2 2=5

1.2+2.(-2)+-2.
Goc gitta (d),(P)duoc xac dinh bsi sine = | +2(-2)+ 1| _4
NP2 4224222242247 9
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2X+5y+6z2-21=0
2Xx-2y+2-3=0
Lay diém Be(d); AB=a>0vadiém M (P).

Xét tam gidc ABM , ta co AB+AM _ 2RsinM +2RsinB _sinM +sinB

(ii). X4c dinh dugc (A):{

BM 2Rsin A sin A
. M+B M -B M-B
2sin cos cos
_ 2 2 _ 2 1 1
A A AT AT L«
2sin—cos— sin— sin— sin—
2 2 2 2 2
cosM—B_,
JERR , C s L 2 T—Q
Dau bang xay ra khi va chi khi S A=a,M=B= 5
sin—=sing
2 2
Vay gia tri I6n nhat cua AB+ AM bang 1a
sin—

BAI TAP PE NGHI
X+z-3=0
2y-3z=0
Lap phuong trinh hinh chiéu vudng goc (A) cua (d)trén (P).

Bai 2. Cho ba mat phang (P):3x—y+z-2=0;(Q):x+4y-5=0;(R):2x-2+7=0
Viét phuong trinh duong thang (A) 1a hinh chiéu vudng goc ciia dudng thang (d )trén mt

Bai 1. Cho duong thiang (d):{ va mat phang (P):x+y+z-3=0

phing (R), trong d6 (d)la giao tuyén ciia hai mét phing (P),(Q).

.. . . , 2Xx—z2+1=0 |
Bai 3. Cho mit phang (P):x+y—-z+1=0 véha1dudngthéng(dl):{ va
X+2y=0
3y—-z+12=0
d,):
(2){x—z+2=0

(i). Viét phuong trinh mét phang (Q) chtra (d, ) va vudng géc véi mét phang (P).
(ii). Viét phuong trinh hinh chiéu vudng goéc (A, ),(A,)lan lugt cua (d, ),(d, ) trén mét phing
(P). Tim toa do giao diém | cua (4,),(4,).
x-5_y-2_2-6 . (dz):{Zx—y—11=0
2 1 X-y—-2+5=0
Chiing minh rang (d, ), (d,)ddng phang. Viét phuong trinh mét phang do.

Bai 4. Cho hai duong thang (d, ):

Viét phuong trinh chinh tic cua dudng thang (A)1a hinh chiéu song song cua (d, ) theo
phuong cua (d,)trén mat phang (P):3x-2y-2z-1=0.

Bai 5. Cho tir dién c6 4 dinh 0(0,0,0);A(6,3,0);B(~2,9,1);5(0,5,8).

(i). Chirng minh rang SB vudng goc véi OA.
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(ii). Ching minh rang hinh chiéu ciia canh SB trén mat phang (OAB)vudng goc véi canh OA
. Goi K a giao diém cua hinh chiéu d6 vi OA. Xéc dinh toa dok diém K.

(iii). Goi P,Q lan luot la trung diém cta cac canh SO, AB. Tim toa do diém M trén SB sao
cho PQva KM cit nhau.

Dang 6: Hinh chiéu vudng gdc cia diém 1én duong thang.
(i). Tim toa do hinh chiéu H cia diém Alén duong thiang (d).

Phuong phap:
Cach 1:

Viét phuong trinh mit phang (P)di qua Avavuéng goc véi (d)

Khi d6 toa d¢ giao diém H cua (d),(P)chinh la diém can tim.

Cach 2:

Lay diém H thuoc (d), toa do dusi dang tham s6 va H 1a hinh chiéu cua Atrén (d)khi va
chikhi AH L(d)< AHU=0=H.

(ii). Tim diém A ddi xtng voi Aqua (d).

Phuong phap:

Tim toa d¢ hinh chiéu vudng goc H cua Atrén (d)

Piém A can tim d6i xung véi Aqua H .

(iii). Viét phuong trinh dudng thang (A) d6i xing véi mot duong thang (d, ) qua mot duong
thang (d, )cho trudc.

Phwong phap:
Lay hai diém phan biét A, B e (d, )

Tim toa d6 diém A, B, lan lugt déi xtng véi A Bqua (d,).
Khi d6 duong thang (A)van tim chinh I3 duong thang di qua hai diém A, B,.
(iv). Viét phuong trinh duong thang (A)di qua Avudng goc véi duong thang (d)va cat (d)

Phuong phap:
Xac dinh toa d6 hinh chiéu vudng géc H cua Atrén (d).

Duong thang (A)can tim 1a duong thing di qua hai diém A, H .
BAI TAP MAU

Bai 1. Cho diém A(1,2,—1)va duong thang (d )c6 phuong trinh
X+y+z-3=0
(@):4 7
y+2z-1=0
Xéc dinh toa d¢ hinh chiéu vudng goc ciia Alén duong thang (d )va tao d¢ diém A doi xung

voi Aqua (d).
Loi giai:
2 - 11 11| |1
buong thang (d)cé véc to chi phuong u = 1, =(0,-11)
11 (10| |0
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Goi (P)la mat phing di qua Ava vudng goc véi (d)khidé (P)nhan U lam véc to phap
tuyén, nén (P):—(y-2)+(z+1)=0<(P):-y+z+3=0
Xét hé toa boi (d),(P):
X+y+z+3=0 X=2
y+z-1=0 <<<y=2
-y+z+3=0 z=-1
Vay toa d¢ hinh chiéu cua Atrén (d)la diém H(2,2,-1).
biém A doi xang véi Aqua (d)nhan H lam trung diém ciia AA nén A (3,2,-1).

x=1-t
Bai 2. Cho diém A(1,2,—1)va duong thang (d):{y =t
z=-1

Xéc dinh toa do hinh chiéu vudng goc ciia Alén duong thang (d).

Loi giai:

Duong thang (d)cé véc to chi phuong U =(-1,1,0)
Goi H la hinh chiéu vudng géc cua diém Alén (d), do
He(d)=H(1-tt-1)= AH =(-t,t-2,0). Do

AH Lu= AHU=0 -t.(-1)+(t-2)=0< t=1= H(0,1,-1).

Bai 3. Cho diém M (1,2,~1) v dudng thing (d): X+1-Y=2_2-2

2 2
Goi N la diém ddi xtng ciia diém M qua dudng thang (d ). Tinh do dai doan MN .
Loi giai:
Dudng thang (d)cé véc to chi phuong u(3,-2,2)
X=-1+3t
Phuong trinh cua (d )dang tham sé 1a (d):4y=2-2t
2=2+2t

Goi H(-1+3t,2-2t,2+2t) (d)la hinh chiéu vudng goc ciia M trén (d), ta co
MH =(3t-2,-2t,2t+3)

Do MH Lu=MH.u=0

= 3(3t-2)-2(-2t)+2(2t+3) =0 = t=0= MH =(-2,0,3)

Piém N dbi xung véi M qua Hnén MN =2‘W‘=2\/1_3.

Bai 4. Cho diém A(2,3,~1)va duong thing (d): g - % - %3
Viét phuong trinh duong thang (A)di qua Avudng goc véi (d)vacit (d).

<" -

Loi giai:
Puong thang (d)cé véc to chi phuong u= (2,4,1)
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X =2t
Duong thang (d )& dang tham s6 1a (d):{y =4t
X=3+t
Goi H (2t,4t,3+t)e(d)lahinh chiéu vudng goc cua Atrén (d), ta co

AH =(2t-2,4t-3,4+t
{ ( ' )<:>2(2t—2)+4(4t—3)+(4+t)=0<:>t=;

AH Lu
Suyra AH = _—6,_—5,g
7T 7 7
Vay dudng thing (A) can tim di qua diém Ava c6 véc to chi phuong AH nén
x=2—§t
7
)
A):iy=3-=t
(A):qy=3-2
z=—1+gt
7
2 1=0 Xt
. X+Yy+1l=
Bai 5. Cho hai dwong thang (d, ): y va (d,):qy=1+2t
X—y+z-1=0 S 445t

Goi B,C lan lugt 14 cac diém ddi xting cia A(1,0,0)qua (d,),(d,). Tinh dién tich tam giac
ABC.

<" -

Loi giai:
. - (L 0 |02 (21
buong thiang (d, ) co véc to chi phuong u = , , =(1,-2,-3).
)

Duong thang (d, )c6 véc to chi phuong v =(1,2,5

+ Goi H, Ia hinh chiéu vudng géc cua Atrén (d,)

Goi (P)la mat phang dia qua Ava vudng géc véi (d,) = (P)co véc to phap tuyén u, nén
(P):(x-1)-2y-3z=0<(P):x-2y-3z-1=0.

Khi d6 toa do H, =(d,) n(P)la nghiém cua h¢
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2x+y+1=0 12 1 12 3 15 12 3
N—y+7-1=0 y:——:Hl(——,——,—j:A—l—hz(——S,——,—j+Goi

X—2y-3z-1=0

H, (t,1+2t,4+5t) (d,)la hinh chiéu vudng géc cua Atrén (d,), khi d6
AH, =(t-11+2t,4+5t)
AH, Lv
o (t-1)+2(142t) +5(4+5t) =0 > t =~ = AH, = _ﬂ,_i,_ij
10 10 10 10
Cac diém B,C dbi xang véi Aqua H,,H,

, o /5004
Taco Syec = 4Sum, = 2‘[AH1,AH2] -
X—2z=0

y=0
(i). V6i mdi diém M (x,, Y, z,)trong khdng gian viét phuong trinh mét phang (P, )diqua M

Bai 6. Cho duong thiang (d):{

va vudng goc véi (d). Tinh khoang cach tr M dén (d).
(ii). Chirng minh rang quy tich cac diém trong mat phang Oxy ma khoang cach tir diém d6
dén (d)bang 2 1a mot elip. Xéc dinh toa do tiéu diém cua elip do.

Loi giai :

0-1 |-11{ 10
D:(l,o,l)

10 | (0 O] |01

Mat phing (P, )can tim s& nhan u lam véc to phap tuyén, nén

(R):(x=%))+(2-2,)=0=(P):x+z2—x,—2,=0.

Khi dé toa do giao diém H cua (P,),(d)1a nghiém hé phuong trinh

(i). Puong thang (d )c6 véc to chi phuong u =[

w2 Xt
Xx-2=0 2
y=0 ely=0 :H(XOZZO,O,XOZZOJ
X+Z—-%—-2,=0 ;o Xt
2

Khoang cach tr M dén (d)chinh la

Xy + 2y ’ 2 [ Xt Z, ’ (Xo_zo)2 2
MH = | 222 =g |y 4| 202 | =gy

(ii). Piém M e(Oxy) = M(x,y,0)
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Theo d¢ bai va 4p dung cau trén ta co,

2 2 2 2 2
d(M,(d))z,/X?+ y2 :2@%+y7=1:> M e(E):%+yT:1(dpcm).

Ta c6 toa d¢ titu diém F,(-2,0),F,(2,0).

BAI TAP PE NGHI
.- 2 . B X—-2y—-2z+9=0
Bai 1. Cho diém A(1,2,3)va duong thang (d):
y-z+1=0
Xéc dinh toa do hinh chiéu vudng goc H cua Atrén (d). Xéc dinh do do diém A ddi xting
voi Aqua (d). Tinh do dai doan AA .
, +z-4=0
Bai 2. Cho duong thang (d): y
2X—-y—-2+2=0

(i). Viét phuong trinh mit phang (P)di qua diém A(2,-1,1)va vudng goc véi (d).
(ii). Viét phuong trinh dudng thang (A)di qua Ava vudng goc, cat (d ).
(iii). Xéc dinh toa do diém A ddi xing voi Aqua (d).

Bai 3. Cho diém A(2,1,-3)va duong thang (d): 1 y;2 =z +13

(i). Tinh khoang cach tir Adén (d).

(ii). X4c dinh toa d diém A ddixing véi Aqua (d). Tinh do dai doan thang AA .

(iii). Viét phuong trinh duong thang (A) di qua Ava vudng goc , cat duong thang (d ).
Bai 4. Cho bbn duong thang

T T N

Chiing minh ring bon diém A, A,, A,, A, d6i xing véi Alan luot qua (d,),(d,).(d,).(d,)
d6ng phang. Viét phuong tinh mit phing di qua bén diém do.

BAI TOAN VE GOC VA KHOANG CACH
- Thuong xac dinh mat phang dudi dang tong quat
Ax+By+Cz+D=0,A>+B*+C?*>0
- Sau d6 dua vao gia thiét bai toan, biéu dién dugc C,D theo A B
- Cudi cing 1a giai phuong trinh v&i hai 4n 1a A B

BAI TAP MAU

Bai 1. Trong khdng gian véi hé toa do Oxyz cho diém A(-1,2,-3)va B(2,—-1,-6)va mat
phing (P):x+2y+2z-3=0. Viét phuong trinh mit phang (Q)chta AB vao tao véi mt

phing (P)mot goc « théa man cosa =?3.

. -

Loi gidi:
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Gia st phuong trinh mat phang can tim (Q):ax+by+cz+d = O(a2 +b?+c? > 0)
Mit phang (Q)chtra AB nén A, B e(Q), tirdé suyra
{—a+2b—3c+d =0©{c=a+b

2a—-b-6c+d =0 d=4a+b
Mat phang (P)c6 véc to phap tuyén n=(1,2,1). Tird6 suy ra goc giira hai mat phang nay la
cosa = [a.+20+¢ =£<:>2(a+2b+c)2:(a2+b2+c2)

Ja +b% + 21+ 22 412
Tathay c,d ¢ hé (*) vao phuong trinh trén ta suy ra:
2(2a+3b)2 =(a2 +b? +(a+b)2) < 3a’+11ab+8b* =0
a=-b=c=0,d=-3b

< 8b 29b

a=-0 oo 2pq-_2P
3 3 3

Vay ¢6 hai phwong trinh mat phang can tim
(Q):—x+y-3=0;(Q,):8x-3y+5z+29=0.

*)

Bai 2. Cho hai diém A(2,-1,1),B(0,1,—2) va dwong thing (d): f - y—_l?’ - ZTH Viét
phuong trinh duong thang (A) di qua giao diém cta (d ),(OAB)va nam trong mét phang

~—

(OAB)hop véi dudng thang (d )mot goc o thoa man cosa =

mlm

Loi gidgi:
Tacod OA=(2,-1,1);0B =(0,1,-2) suy ra mat phing (OAB)c6 véc to phap tuyén

(b A e )02

Vay (OAB):x+4y+2z=0.Goi M la giao diém cua (d),(OAB)khi d¢ toa d6 diem M la
nghi¢m cua hé
x y-3 z+1 x=-10
1 1 2 e{y=13 =M(-10,13-21)
X+4y+2z=0 7=-21

Gia sir duong thang (A) can tim c6 véc chi phuong v =(a,b,c), diéu kién a® +b® +¢* > 0.
Do (A)e(OAB)=n_Lv=a+4b+2c=0()

Dudng thang (d)cé véc to chi phuong u = (1,-1,2)

Yéu cau bai toan tuong duong voi
la—b+2c|

Ja?+b? +¢? .\/12 + (—1)2 +2?

cosa = =§<:>6(a—b+2c)2=25(a2+b2+cz)(2)
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b=c=a=-6¢

Rt a = —4b—2c tur (1) thay vao (2) ta dugc: 110° —16bc +5¢* =0 < 5 42
b=—Cc=>a=-——¢
11 11
Viy c6 hai phuong trinh (A) can tim la:
X= —10—4—2t
X =-10-6t 11
(A):qy=13+t  va(A,): y=13+1—51t
z=-21+t ;= 214t

Bai 3. Trong khdng gian Oxyz . Viét phuong trinh dudng thang (A) di qua diém A(0,1,-2)

vudng goc vaéi duong thang (d):x%gzy;lzzi va tao voi mat phang
(P):2x+y—-z+5=0 mot géc o =30°.

Loi gidi:
Gia sir duong thang (A) c6 véc to chi phuong u =(a,b,c) véi a® +b*+c¢> >0

Duang thang (d)cé véc to chi phuong v =(1,~1,1) va mt phang (P)co véc to phap tuyén

n=(2,1-1).
Theo d¢ bai ta co
ulv a-b+c=0
‘ﬁ.ﬁ‘ 1o 2a+b—c| 1

Sma:‘ﬁ‘.|n|25 Va2 +b? 46222 +12 412 2

Bai 4. Cho hai dudng thang (dl):lezzi va (d,): X;1= y+11= 2;1

(i). Chitng minh rang hai duong thang (d,),(d,) chéo nhau.
(ii). Viét phuong trinh mét phang (P)chtra duong thang (d, ) va tao véi duong thang (d,)
mot goc 30°.

Loi qidi:
(i). Puong thang (d, ) di qua diém O(0,0,0)va 6 véc to chi phuong u =(1,-2,1)
Dugng thang (d, )di qua diém A(L,—11)va cé véc to chi phuong v =(1,-1,3)
e (-2 1 -2
Taco [u,v]zﬂ ‘ j
~13/'[31"1-1
Suyra | U,V | OA=(-5).1+(~2).(~1) +11=-2#0. Tirdd suyra (d,),(d,) chéo nhau.

J =(-5,-2,1) va OA=(1,-11)

(ii). Gia st mat phang (P):ax+by+cz+d =0c6 véc to phap tuyén n=(a,b,c) véi
a’+b’+c*>0
Duong thang (d, )di qua diém B(0,0,-2).

714
Dang Thanh Nam
Auditing 51a, National economics University, Ha Noi, Viet Nam




HINH HOC GIAIl TICH TRONG KHONG GIAN

b-a
C=——1n
a-b+c+d=0 3
Do (d P)nén ABe(P Cnd
0 (d,)&(P) nén A,Be( )3{_2c+d:o L _2(b-a)
3

*)

Duong thang (d,)va (P)tao véi nhau mét goc 30° nén

a-2b+c
sin30° = | +9 _ =£<:>2(a—2b+c)2=3(a2+b2+c2)
x/a2+bz+cz.\/12+(—2) +1?
b_a a=-2b
Thay ¢ =3 tir (*) vao biéu thic trén ta dugc : 11a® +17ab-10b’ =0 < 5,
a=—
11
Véi a=-2b=c=b,d=2b. Trdo suyra (P,):—2x+y+z+2=0.
Vi a=£b:>c=£b,d:ib.T1‘xdé suyra (P,):5x+11y+2z+4=0.
11 11 11

Vay c6 hai mat phang can tim thoa man :
(R):—2x+y+z+2=0 va (P,):5x+11y+2z+4=0.

Bai 5. Cho tir dién ABCD c6 A(1,2,1);B(-2,1,3);C(2,-11);D(0,3,1). Viét phuong trinh
mit phang (P)di qua hai diém A, B sao cho khoang cach tir diém C dén (P) bang khoang
cach tir Ddén (P).

Loi gidi:

Gia sir mat phang (P):ax+by+cz+d =0,a’ +b*+c*>0.
a+2b+c+d=0

Do ABe(P)nen{ . 7 *)
—2a+b+3c+d =0

Theo gia thiét ta c6:
d(C,(P))=d(D.(P))

<:>|2a—b+c+d|=|3b+c+d|<:{

2a-b+c+d| [3b+c+d|
Ry =

Ja?+b?+c?  JaZ+b?+c?
a=b
a+b+c+d=0
(i). V6i a=b, két hop vai (*) ta c6 hé phuong trinh:
a+2b+c+d=0
_2a+b+3c+d=0®{ZiE:O:(P):cz—c=0<:>(P):z—1=0.
a=b
(ii). Voi a+b+c+d =0, két hop véi (*) ta c6 hé phuong trinh:
a+2b+c+d=0 b=0
—2a+b+3c+d=0<<c=a =(P):ax+az-2a=0<(P):x+2-2=0.
a+b+c+d=0 d=-2a

Vay c6 hai mat phang can tim: (B,):z-1=0;(P,):x+z-2=0.
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Bai 6. Trong khong gian Oxyz cho duong thang (d ) :fz y—_l?’ = ZTH va hai diém
A(2,-11),B(0,1,-2). Tim toa do diém M e(d)sao cho tam gidc ABM c6 dién tich nho
nhat.

Loi gidi:
Gia st diém M (t,3-t,2t—1) (d)la diém can tim.
[AM =(t-2,4-1,2t-2)
Taco:r ___
BM =(t,2-t,2t+1)
4-t2t-2
2—-12t+1

2t—2t-2
2t+1t

t—24-t
t  2-t

:[m,w]z[‘

j:(t+8,t+2,—4)

/34

id6 s, =t AM.BM =% 2 2 161t 2 V34
Khi d6 S g, —2‘[AM,BM]‘—2\/(H8) +(t+2) +16_2\/2(t+5) +3422
Dau bang xay ra khi va chi khi t=-5= M (-5,8,-11).
Vay M (-5,8,-11) la diém can tim.

Bai 7. Cho hai diém A(4,9,-9),B(-10,13,1)va mat phang. Tim toa do diém
M e(P):x+5y—7z-5=0 sao cho MA? + MB? nh¢ nhét.

Loi gidi:
Gia sirdiém M (x,y,z)e(P)= x+5y-7z-5=0, khi d6
MA® + MB? =(x—4)2 +(y—9)2 +(z+9)2 +(x+10)2 +(y—13)2 +(z—1)2
= 2| (x+3)"+(y-11)" +(z+4)" | +156
Tacod x+5y-72-5=0< (x+3)+5(y—-11)-7(z+4)=-75
Theo bét dang thirc Cauchyshar ta co:
(=75)° = ((x+3)+5(y—11)=7(z+4))" <(1+25+49)((x+3)" +(y-11)" +(z+4)’)
:(x+3)2+(y—11)2+(z+4)2275.
Tur d6 suy ra MA? + MB? > 2.75+156 = 306.
Dau bang xay ra khi va chi khi
Xx+3 y-11 z+4
= = < = — ,y
1 5 -7 17
La diém can tim.

50 192 75 ( 50 192 75)
Ty P2, 22D
17717

Bai 8. Cho ba diém A(4,1,5);B(3,0,1);C(-12,0). Tim toa do diém M thudc mat phing
(P):3x—3y+22+37 =0 dé biéu thtc MAMB + MB.MC + MC.MA dat gi tri nho nhat.

Loi gidi:

Goi M(x,y,2)e(P)=23x—3y+2z+37=0.Khi d6
MA=(x-4,y-1,2-5);MB=(x-3,y,2-1);MC =(x+1y-2,2)

Tir d6 suy ra: MAMB +MB.MC + MC.MA=3(x* +y* +2° —4x -2y -4z +4)
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=3[(x—2)2+(y—l)2+(z—2)2—5].

Mat khéc theo bat dang thiac Cauchyshart ta co:

(~44)" =(3(x~2)~3(y-1)+2(2-2)) <(9+9+4)[ (x=2)" +(y -1 +(2-2)’ |
Suy ra (x—2)2 +(y—1)2 +(z—2)2 >88. Suyra

MAMB + MB.MC + MC.MA > 3(88-5) = 249. D4u bing xay ra khi va chi khi
Xx-2 y-1 z-2

3 3 S Xx=4y=7,2=-2=M(4,7,-2)1a diém cin tim.

Bai 9. Cho hai diém A(0,1,2); B(~11,0). Timdiém M thudc mat phang (P):x—y+z=0
sao cho tam giac MAB vudng can tai B.

Loi gidi:
Gia sirdiém M (x,y,z)e(P)la diém cantim suyra x—y+z = 0(*)
Taco: BA=(1,0,2);BM =(x+1,y-1z). Tam giac MAB vudng can tai Bkhi va chi khi

BABRN _ _ 2 _ 2 2 )
{BABM =0 @{5_(X+1) Hy-1) +2 két hop vai (*) ta co hé phuong trinh:

BA”> = BM? y+z+1=0

X_—1—\/1_0 X_—4+J1_o
3 3
5=(x+1)° +(y—1)* +22
( J ) —4+10 —2+4/10
y+2+1=0 Sy = 5 viy= 5
X—y+z=0
d 210 | _2+40
6 6
L 1 3 X=-1+2t
Bai 10. Cho hai duong thang (dl):XJr1 =y; =Z_1 va (d,):qy=1
z=t

Duong thang (A)di qua diém 1(0,3,-1) cét (d,)tai Avacat (d,)tai B. Tinh %

Loi qidi:

Do Ae(d,)= A(-1-t',-1+t',3-t") va Be(d,)= B(-1+2t,1t)

Taco: 1A=(-1-t't'-4,4-t");1B=(-1+2t,-2,t+1). Do A I,Bthing hang nén
-1-t'=k(-1+2t) (t=1

IA=kIB < {t'—4=-2k oit'=-6=-—=|K =5.
4-t'=k(t+1) k=5

Bai 11. Cho mat phang (P):x+2y-z+5=0 va duong thing (d):%3= y+1l=z-3 va

diém A(-2,3,4). Goi (A) la duong thang nam trong (P)va di qua giao diém cia (d),(P)
va vudng goc véi (d). Timdiém M e(A) sao cho khoang cach AM nhé nhat.

Loi gidi:
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Gia st (d)n(P)=B, khi do toa do cia B la nghiém cua hé

x+3_ +1=2z-3 =
2 YT s ly=0 = B(-10,4)
X+2y—-z+5=0 7=4

Mat phang (P)c6 véc to phap tuyén n=(1,2,~1) va dudng thang (d )c6 véc to chi phuong
u=(211).
12

Ta c6: [ﬁ,ﬁ]:[ ,ZlD=(3,—3,—3).

Do (A)e(P)va vuodng géc véi (d)nén cb véc to chi phuong ﬁ//[ﬁ, GJ —Uu= (L-1-1).

2-1
11

-11
o2

/\

Vay (A)cé véc to chi phuong U va di qua diém B.

X=-1+t
Vay (A):qy=-t
z=4-t
Glasud1emcant|mM —1+t,-t,4- t , khi do
MA=[(t-2)" +(t+2) +(t-1)’ /t—— 26 /
111
Dau bang xay ra khi va chi khi t_ 3 =M (—5? Ej 1a diém can tim.

BAI TAP PE NGHI
.. D4R x+1 y-1 z _. R
Bai 1. Cho hai diém A(1,5,0),B(3,3,6)va duong thang (d): =13 Tim toa do
diém M thudc duong thang (d)dé tam giac MAB c6 dién tich nho nhét.
Bai 2. Cho diém A(1,4,2);B(-12,4). Tim diém M thudc duong thang

(d):x—_ll= yf:% sa0 cho MA? + MB? =28,

Bai 3. Cho ba diem A(0,1,2);B(2,-2,1);C(-2,0,1). Viét phuong trinh mat phang ( ABC)va
tim diém M thuoc mat phang (P):2x+2y+z-3=0 sao cho MA=MB = MC.
x=t
Bai 4. Cho diém A(1,0,-1) va duong thang (d):{y =2t . Tim toa d¢ hai diém M, N thudc
z=1
(d) sao cho tam giac AMN déu.
Bai 5. Cho mit phang (P):-2x+3y—z+7=0. Viét phuong trinh mit phang () di qua
A(1;1;0)va B(-12;7) va vudng goc v6i mat phang (P).

Bai 6. Trong khdng gian Oxyz , xac dinh mat phang (P) chira dudng thing d : x = y;12 =7
. e as B . X=2 z+5 ., 0
va tao voi duong thang d :T =y-3 =7 mot goc 30°.
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Bai 7. Trong khdng gian Oxyz viét phuong trinh mat phang (P) chira duong thing
X—y-2=0

{Zx -z-6=0

(S):x*+y?+ 2% +2x—2y+2z-1=0 la dudng tron c6 ban kinh bang 1.

Bai 8. Trong khdng gian Oxyz cho ba diém A(L;2;0), B(0; 4;0),C(0;0;3). Viét phwong trinh

mit phang (P) chira OAsao cho khoang cach tir B dén (P) bang khoang cach tir C dén (P).

sao cho giao tuyén ciia mit phang (P) va mit cau

BAI TOAN CUC TRI TRONG HINH HQC GIAI TICH KHONG GIAN
Duwoi diy xin dé cdp mot so bai toan cwc tri lien quan dén phwong trinh tong qudt ciia mdt

phing
Phuong phap:

Gia sir phuong trinh mit phang can tim c6 dang: Ax+By+Cz+D =0, A’ +B*+C? >0
Khi d6 dya vao diéu kién bai toan dé tim ra méi lien hé giita A, B,C,D
Thuong thi biéu dién dugc A, D theo B,C.

BAI TAP MAU

Bai 1. Trong khdng gian Oxyz cho hai diem M (0;-1;2); N (-113). Viét phuong trinh mit
phang (P)di qua M, N sao cho khoang cach tir K(0;0;2) dén mit phang (P) 14 16n nhét.

Loi gidi:
Gia st mat phang (P) c6 dang: Ax+By+Cz+D=0,A?+B*+C?>0
Do (P)diqua M, N nén ta co:
-B+2C+D=0 A=2B+C
o = (P):(2B+C)x+By+Cz+B-2C =0
-A+B+3C+D=0 D=B-2C
8]

J4B? +2C2 +4BC

Khi d6 khoang cach tir K dén mit phing (P)l1a d (K, (P))=

%  NéuB=0=d(K,(P))=0.

11

c V¥ . 2
2(+1} +2

B
Dau bang xay ra khi va chikhi C =-B, chon C=1;B=-1A=-1D=-3.
Vay mit phing can tim 1a (P):x+y—-z+3=0.

“  NéuB=z0=d(K,(P))

Bai 2. Trong khdng gian Oxyz cho duong thang (d) va mit phiang (P) lan luot co phuong
trinh: d :XTJrl =y+1=z-3va (P):x+2y—2+5=0. Viét phuong trinh mit phang (Q)

chira duong thang (d)va tao véi mit phang (P) mot goc nhé nhét.

Loi gidi:
- Gia str mat phang (Q): Ax+By+Cz+D=0,A>+B?+C?>0
- Chon haidiém M (~L—-13);N(L0;4) e (d)

, . -A-B+3C+D=0 C=-2A-B
- Mat phang (Q) chtra (d)nén M, N € (Q) :>{ {

A+4C+D=0 D=7A+4B
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Suy ra mit phiang (Q) c6 véc to phap tuyén @ = (A;B;—2A—-B) va mit phang (P) c6 véc to
phap tuyén n, = (1;2;-1). Khi d6 goc o giira hai mat phing (P),(Q)la
cos = A+l

V6 \/5A2 +2B2 + 4AB

3 Néu A=O:>cosa=73:>a=%.

1+E

£ 3 < B . ..
X Néu A0=cosa =—. , dat X =— xét ham so

v \/5+ Z(ijz +4i

2
f(x)= 2. X F2XFL % ihy cos?a = f(x). G6e a 16n nhét g véi cosa nho nhét.
6 5+2X° +4x
Khao sat tinh don diéu ciia ham sé nay suy ra mi]Rp f(x)=f(-1)=0.Suyra
. T T
min, =0=2a=—>—.
2 6

Vay a=% Va A=0 chon B=1=C=1:D=4.

Vay mit phang can tim (Q):y-z+4=0.

Xx=1-t
Bai 3. Trong khdng gian Oxyz cho duong thang d :{y=—-2+t
z=2t
Viét phuong trinh mét phang (P) chita dwdng thiang d va tao v6i truc Oy mot goc 1on nhat.

Loi gidgi:
- Gia st mat phang (P): Ax+By+Cz+D=0,A*+B?+C?*>0
-~ Chon haidiém M (L—-2;0);N(0;~L2) ed

A-2B+D=0 c-A-B

= 2
-B+2C+D=0

- Mit phang (P)chira d nén M, N e(P):>{
D=-A+2B

, . — A-B : .
- Suy ra mdt phang (P) c6 véc to phap tuyen n, = (A, B;T) . Goi a la gbc gitra mat

phang (P)va truc Oy, ta co
B] _ 2|8|

\/AZ . BZ+(A_BJ2 J5A? +5B2 —2AB
2

; T . A, I . A
Goc a € {O;E} 16n nhat rng véi sin o 16n nhat.

sina =

% NéuB=0=a=0.
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% Néu B=0=sina = 22 = 2 _ g\/g
5( A 15_2A  [s(A_L) 24
B B B 5 5

Déau bang xay ra khi va chi khi g = %, chon

A=1B=5=C=-2;D=9= (P):x+5y—2z+9=0 la mit phing can tim.

Bai 4. Trong khdng gian Oxyz cho diém A(2;5;3) va dudng thing d :XT_l Y 2;22 Viét

phuong trinh mit phing (P) chtra dudng thang d sao cho khoang cach tir Adén (P)16n nhat.

Loi gidi:
- Gia sir mit phang (P): Ax+By+Cz+D =0, A>+B?+C? > 0co véc to phap tuyén
n, =(A;B;C).
- Puong thang d di qua diém M (1;0;2) va c6 véc to chi phuong E =(2;,12). Do (P)
chira d nén ta cé

N -0 ([2A+B+2c=0 |c—-2AtB

= & 2
M e (P) A+2C+D=0 D—A+B

Suy ra mit phang (P):2Ax+2By—(2A+B)z+2A+2B =0
% NéuB=0=(P):x-z+1=0=d(A,(P))=0.
. Néu B0, chon B=1, khi d6 (P):2Ax+2y—(2A+1)z+2A+2=0

R/
.0

Khi do d (A (P))= ) = ? <3J6
JBA? £ 4A+5 \/Z(ZA 1)2 3
+= | +=
2) 2

Dau bang xay ra khi va chi khi A=—%:>C =—%;D=%

Vay mit phang can tim (P):x-4y+2-3=0.

X=1+2t

Bai 5. Trong khdng gian Oxyz cho duong thang d:{y =t . Viét phuong trinh mit phang
z=1+3t

(P) chtra diém A(10; 2;—1) song song voi d va cach d mot khoang 16n nhit.

Loi gidi:

- Gia stir mat phang (P): Ax+ By +Cz+ D =0, A* + B2+ C? > 0¢o véc to phap tuyén
n, =(A;B;C).

- Pudng thing d di qua diém M (L;0;1) va co véc to chi phuong E =(2;1;3). Do (P)
song song voi d va chira A néntaco

721
Dang Thanh Nam
Auditing 51a, National economics University, Ha Noi, Viet Nam




HINH HOC GIAIl TICH TRONG KHONG GIAN

C- 2A+B
10A+2B—C+D=O<:> T3
2A+B+3C=0 D_32A+YB
3
Khi d6 mat phing (P):3Ax+3By — (2A+ B)z+32A+7B =0 va ta c6
33A+6B
d(d,(P))=d(M,(P))= |2 : |
J13A? +10B% + 4AB
o NéuB=0:>d(d,(P))=—33\/1_3
13
‘33A+6 A
“  NéuB=z0=d(d,(P)= _ , ddt x=—va xét ham s6
\/13(Aj +10+4é
B B
2
Fx) =3O qyyra max f(x)= f(7). Twdo chon A=7,B=1=C =-5D=-77.
13x°+4x+10 xeR

Vay mit phang can tim (P):7x+y—-5z-77=0.

BAI TAP PE NGHI

Bai 1. Trong cic mat phang di qua hai diém A(L;2;-1)va B(-1;12). Tim mit phang tao voi

mit phang (xOy) mot goc nho nhat.

Bai 2. Trong cac mat phang di qua A(L;1—1) va vudng goc voi mit phing

(P):2x—y+z+2=0. Tim mit phang tao véi Oy mdt goc 16n nhét.

Bai 3. Trong cac mat phang di qua diém A(2;—1;0) va song song v4i dudng thing

d: x+1= y-2 _ z+1
1 1 -1

. Xéc dinh mat phang tao v6i mat phang (xOy) mot goc nho nhat.

x-1 y+1 z-2
1

sao cho

Bai 4. Viét phuong trinh mat phang (o) chira dwdng thang d
khoang cach tir A(5;1;6) dén (c) 1a 16n nhat.

TAM GIAC TRONG KHONG GIAN
BAI TAP MAU

Bai 1. Cho tam gidc ABC, dinh A(1,2,5) va phuong trinh hai duong trung tuyén:
x—3= y—-6 _ z-1 va X—4 _ y-2 _ z—2.
2 2 1 1 41
(i). Viét phuong trinh chinh tac céc canh ciia tam gidc ABC .
(ii). Viét phuong trinh chinh tic ciia duong phan giéc trong goc A.

Loi gidi: )

(i). Nhan thay Akhong thugc hai duong trung tuyen, nén ta gia st do 1a:
Xx-3 y-6 z-1 . x-4 y-2 z-2

(BN): =, - va (CP): == =T
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Tirdo suyra B(-2t+3,2t+6,t+1);C(u+4,—4u+2,u+2)
Toa do trong tdm G = (BN )(CP)la nghiém cua hé:
Xx-3 y-6 z-1 X =3

22 1o ly-6=6(361)
x—4=y—2=z—2 _1
1 4 1 U7
Taco GA=(-2,-4,4);GB =(-2t,2t,t);GC =(u+1,-4u—4,u+1)
-2-2t+u+1=0 R
Do GA+GB+GC =0= —4+2t—4u—4=0<:>{ ___3
4+t+u+1=0 e
B(7,2,-1) |AB=(6,0,-6)
= =9
C(114,-1) |AC=(012,-6)

x-1 y-2 z-5

Canh ABdiqua Avacé véc to chi phuong AB = (AB): 5 T

M@t cach twong tu, ta co:

(AC):X_lzy_zz2_5;(BC):X_7=y_2=Z+1.
o 2 -1 -1 2 0

(ii). Lay diém C, (1,2v+2,~v+5)e(AC)= AC, =(0,2v,~v)sao cho AC, =kAC,k >0.Va

AB = AC,. Diéu nay tuong dwong véi

2v =12k

-V =6k 610 10+12410 25-6110
ov=—--=C|1 ,

k>0 5 5 5

V5V =642

Toa do trung diém M ciia BC, 1a M (4,)
Puong phan giac trong ciaa goc A chinh 1a duong thing AM .

Bai 2. Cho hai diém A(0,0,-3),B(2,0,~1)va mat phang (P):3x-8y+7z-1=0.
(i). Tim toa do giao diém | ciia duong thing di qua hai diém A, B véi mét phing (P).
(ii). Tim toa d¢ diém C ndm trén mat phang (P)sao cho tam gidc ABC déu.

Loi gidi:

(i). Puong thang (AB)di qua Ava c6 véc to chi phuong AB =(2,0,2), nén
X=2t

(AB):1y=0
z2=-3+2t

Thay X, Y, ztir phuong trinh cua (AB)vao phuong trinh cua (P), ta duoc:

3.2t—8.0+7(—3+2t)—1:0<:>t=%:>(AB)m(P): ! (1—51,0,_%].
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(ii). Goi C(x,y,z)e(P)sao cho tam gidc ABC déu, khi d6
3x—8y+7z-1=0 |3x-8y+7z-1=0

AC? =BC? & x2+y2+(z+3)2=(x—2)2+y2+(z+1)2
AC® = AB* X2+ y2+(z+3)" =22 +2°

2
X=——
X=2 3
2
ely=-2v]y=-2
£=- 1
Z:__
3

Vay c6 hai diém C,(2,-2,-3);C, (—%,—%,—%} thoa man yéu cau bai toan.

Bai 3. Cho tam giac ABC co6 dinh C(3,2,3)va phuong trinh duong cao

X=2_y=38_2-3 va duong phan giac trong BM x=1_y-4_2-3
1 1 -2 1 -2 1

Tinh d6 dai cac canh ctua tam giac ABC.

AH

Loi giai:
A(2+1,3+1,3-2t)e(AH)

Taco .
B(1+u,4-2u,3+u)e(BM)=BC=(u-2,2u-2,-u)

Do AH 1| BC = BC.AH =0
& (-2+u)+(2-2u)-2u=0=u=0=B(14,3).
Taco BA=(1+t,-1+t,—2t);BM =(1,-2,1);BC =(2,-2,0)
Vi BM la duong phén giac trong cua goc B, do do

— - (1+t)-2(-1+t)-2t  1.2-2(-2)+1.0 t=0
cos(BA, BM)=C05(BM,BC)<:> - o

\/(l+t)2+(—1+t)2+4t2 Ja+4

v6i t=0=> A(2,3,3)= A, B,Cthing hang, nén loai.
+ Vi t=-1= A(1,2,5), khi d6 AB=AC =BC=2+2.

Bai 4. Cho badiém A(L4,5);B(0,3,1);C(2,-1,0) va mat phang (P):3x-3y-2z-15=0.
Goi G la trong thm cuia tam giac ABC . Chirng minh rang diéu kién can va du dé diém M
thuoc mat phang (P)c6 tong cac binh phuong khodng cach dén cac diém A, B,C nho nhit 1a

diém M phai Ia hinh chiéu vudng goc cia G trén mét phang (P). Xac dinh toa d¢ diém do.

Loi giai:

, . —\2 _— —\2 . —\2
Tacd MA? +MB2 +MC? =(MG+GA) +(MG+GB) +(|v|G +Gc)
= 3MG? +(GA2 +GB? +GCZ)+2M—G.(§\+@+@) = 3MG? +(GA2 +GB? +GC2)T1‘I doé
suy ra MA? + MB? + MC?nhé nhit, khi va chi khi MG nhé nhit, diéu nay twong duong véi
M 1a hinh chiéu vudng géc cua G trén (P). Ta cé dpem.
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D& thay G(1,2,2)
Duong thang (d)di qua G va vudng goc véi mat phang (P)nhan véc to phap tuyén
n=(3,-3,~2)cua (P)lam véc to chi phuong, nén

x=1+3t
(d):qy=2-3t

2=2-2t
Khi d6 diém M can tim chinh 12 giao diém cia (d),(P)= M (4,-1,0).

BAI TAP BE NGHI
Bai 1. ‘
MAT CAU

Phuong trinh chinh tic ciia mét cau (S)co tam 1(a,b,c)va ban kinh R1a

(S):(x—a)2 +(y—b)2 +(z—c)2 = R%.

Phuong trinh tong quat cua mat cau (S): x* +y* +z° —2ax—2by —2cz+d =0.

Céc dang bé}i toan . ) ) )

Dang 1: Viét phwong trinh mat cau ngoai tiép, noi tiep khoi da dién hodc c6 tdm thoa mén
dieu kién nao do.

(). Mat cau ngoai tiep tar dién ABCD.

Phwong phap: )
Gia su mat cau ngoai tiép ta dién ABCD c6 phuong trinh 14

(S):x*+y*+12* —2ax—2by—2cz+d =0.
Tur diéu kién A, B,C, D thudc (S), tathay toa d6 ciia A, B,C, D lan luot vao phuong trinh
cua (S), giaihé 44n a,b,c,d .
(ii). Mat cau ngi tiép tir dien ABCD.
(iif). Mat cau c6 duong kinh la doan vubng goc chung cua hai duong thang chéo nhau
(d:)(d)-
Phwong phdp:
Tim toa do trung diém cua doan vudng goc chung ciia (d, ),(d,) va do dai doan vuéng goc
chung. )

BAI TAP MAU

Bai 1. Viét phuong trinh mat cau di qua ba diém A(0,1,0),B(1,0,0),C(0,0,1) va cé tam |

nam trén mat phang (P):x+y+z-3=0.

Loi gidi:
Gia str mit cau (S)c6 phuong trinh: (S):x* +y® +2° —2ax—2by —2cz+d =0.
Diém A(0,1,0)e(S)=1-2b+d =0(1).
1-2a+d =0(2)
Tuong tw c6d : <1-2c+d =0(3)
a+b+c-3=0(4)
Giai hé phuong trinh tao bai (1),(2),(3),(4) taduoc: a=b=c=d =1.
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Vay (S):x*+y?+2° +2x+2y+2z-1=0.

X=2t+1 X=U+2
Bai 2. Cho hai duong thang (d,):4y=t+2 va (d,):qy=-3+2u
z=3t-3 z=3u+1

Viét phuong trinh duong vudng goc chung cua (d, ),(d, ). Va viét phuong trinh mat cau (S)
c6 dudng kinh 1a doan vudng géc chung cua (d,),(d,).

Loi gidi :

(i). Puong thang (d, )c6 véc to chi phuong u =(2,1,3) va dudng thang (d, )6 véc to chi
phuong v = (1 2,3) .

Lay diém A(2t+1t+2,3t-3)e(d,);B(u+2-3+2u,3u+1)e(d,)suyra

= AB =(u-2t+1,2u—t-53u—3t+4), va ABla doan vudng goc chung cia

ABu=0
d),(d)=<
(%):(%) {AB.VzO
25
2(u—2t+1)+2u—t—5+3(3u—3t+4)=0 "=y
U—2t+1+2(2u—t-5)+3(3u—3t+4)= 0" (29

9
Tir 86 suy ra A(esg? 47 20) B(43 23 84} (T4’T4’_4j:294( 1-11)

9 3 9 9 9
Vay phuong trinh doan vuéng géc chung Cua d d1 qua Ava cé véc to chi phuong
(-1-11)
x=2T ¢
9
Vay AB::y =%—t
Z= 20 +1
3

(ii). Toa do trung diém | cia AB la |(%5 % 8] va AB =

8v3
3
2
Khi d6 mat cau can tim 1a (S):(x—%SJ +(y—3—:j +(z-8)' = 28
Dang 2: Vi tri tuong d6i cua diém, duong thang, mat phang, mat cau véi mat cau va cac bai
toan lién quan. i
(i). Mat cau tiép xdc véi mat phang.
(ii). Mat cau cat mat phang. i
(iii). Mat cau cat, tiép xdc véi duong thang. )
BAI TAP PE NGHI
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2X+4y-z-7=0
4X+5y+2-14=0
xdc véi hai mat phang (P):x+2y—-2z-2=0 va (Q):x+2y—-2z+4=0.

Bai 1. Viét phuong trinh mat cau c6 tam thudc duong thang (d):{ va tiép

Bai 2. Cho duong thiang (d):XT_lzy%zzi va mit phang (P):2x+y-2z+2=0.

Viét phuong trinh mat cau (S)c6 tam ndm trén (d ), tiép xtc véi (P)va co ban kinh bang 1.
X—y+2z-3=0

Bai 3. Cho duong thang (d):{ ] 0
—X+3y+z=

va hai mat phang (P):5x—4y+z-6=0 va

(Q):2x—y+z+7=0.

Viét phuong trinh mat cau (S )co tam tai giao diém cua (d),(P), biét (Q)cét (S)theo thiét
dién 1a hinh tron co dién tich 2072 .

Bai 4. Viét phuong trinh mét cau (S)co tam 1(3,2,4)va tiép xdc véi duong thang

X y z+3
d): 2= 272
( ) 2 4 1
. y N e A en e . X-2y+z-9=0 . .
Bai 5. Viét phuong trinh mat cau tam 1(1,1,1) cat duong thang (d): tai hai
2y+2+5=0

diém phan biét A, Bsao cho do dai AB =16.

Bai 6. Cho mat cau (S):x* +y? +2° —2x+2z—2=0va mat phang (P):2x—2y+z+6=0.
Tim diém M <(S)sao cho khoang cach tir M dén (P)dat gia tri nho nhét.

Bai 7. Chirng minh rang mat cau x? + y® + z2 —4x+ 6y + 6z +17 = 0 cit mat phang
X—2y+2z+1=0theo giao tuyén 1a mot duong tron (C). Viét phuong trinh mat cau (S)
chira (C)va co tam thuoc mat phiang (P):x+y+z+3=0.

Bai 8. Viét phuong trinh mat phang (P)tiép xtc véi mat cau

(S):x*+y*+2z2-10x+ 2y + 262 -113 =0, dong thoi song song véi hai duong thiang

(dl): XJZrSZ y_—31= z+213 va (dz): X+7 _ y_;lz 288'

8x-11y+8z-30=0

va tiép
X—y-2z=0

Bai 9. Viét phuong trinh mat phing chira duong thang (d) :{
xdc voi mat cau (S):x* +y? +2°+2x—6y+4z-15=0.
BAI TAP TONG HQP
. , 3x—2y-11=0
Bai 1. Cho hai diém A(2,1,1); B(0,-1,3) va dudong thang (d): y
y+3z-8=0
(i). Viét phuong trinh mat phang (P)di qua trung diém | cia AB va vudng goc véi AB. Goi
K 1a giao diém cua (d),(P). Ching minh ring 1K vudng goc véi (d).
(ii). Viét phuong trinh hinh chiéu vudng goc cua (d )trén mat phang (Q):x+y-z+1=0.
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X=-1-2t
va (d,):qy=t
z=1+t

Bai 2. Cho hai duong thang (d,): ==

Y
2

X z
1 2

(i). Ching minh rang (d, ),(d,)chéo nhau.

(ii). Timdiém M e(d,),N e

do dai MN =+/2.

Bai 3. Cho hinh lap phuong ABCD.AB,C,D, ¢6 A(0,0,0);B(2,0,0);D;(0,2,2). Goi M Ia
trung diém cia BC . Ching minh rang ty s6 khoang cach tir diém N e AC,,N = Atdi hai mat
phang (AB,D,),( AMB, ) khdng phu thuoc vao vi trf cia diém N .

Bai 4. Cho hai diém A(4,0,0);B(0,4,0) va mat phang (P):3x+2y—-z+4=0.Goi | la
trung diém ciia AB. Tim diém K céch déu goc toa do va mat phang (P)sao cho IK L(P).

d
(d,)sao cho MN song song véi mit phang (P):x—y+z=0va

X=1+t
Bai 5. Cho hai duong thang (d,):{y=-1-t va (dz):x—_l?’zyT_lz
z2=2
Tim diém Ae(d,),Be(d,) sao cho do dai ABnho nhat.
) X— 3 y+2 z+1
(d
(d

z
1

Bai 6. Cho dudng thang (d

. . va mit phang (P):x+y+z+2=0.

Xac dinh giao diém M cua ),( ) Viét phuong trinh dudng thang (A) nam trong mat
)sao cho khoang cach tir M dén (A)bang Ja2.
Bai 7. Cho hai duong thang (d,): —— x-1_Y 33 % va (d,): Xg5=%= 2+5

(P):x—2y+2z-1=0. Tim toa d6 d1em M e(d,),N €(d,)sao cho MN song song véi (P)
va cach (P)mét khoang bang 2.

phang (P), vudng goc véi

va mat phang

Bai 8. Viét phuong trinh mét phang (P)di qua diém M (—4,-9,12) va cit cac truc toa do
OC =0A+0B
Ox,0y,0z lan luot tai A,B,Csaocho { 4 1 1 .
—_———
OC OA OB
X—3 _y- 3 z-3

Bai 9. Cho diém 1(0,1,3) va hai dudng thang (d,): 5 5 . va

5x—6y—-6z+13=0
(dz): X—6 —
—-6y+6z-7=0
(i). Chitng minh réng (d, ),(d,)chéo nhau.

N

(ii). Tim diém Ae(d,), B (d,)sao cho tam giac 1ABc6 dién tich bang R
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Xx=1+t
Bai 10. Cho diém A(0,1,2)va hai duong thing (czll)%:yT_l:Z_—*l1 va (d,):{y=—1-2t
z=2+t

Tim toa d6 diém M e(d,), N (d,)sao cho A M, N thang hang.

Bai 11. Cho diém A(0,1,0);B(2,2,2);C(-2,3.1)va dudng thing (d): *—1 = y+12 - 223.

(i). Tim diém M e(d)dé thé tich tir dién MABC béng 3.

(ii). Tim diém N e(d)dé cho dién tich tam gidc NABnhé nhét.

Bai 12. Cho mit phang (P):2x—y+z—5=0. Viét phuong trinh mit phang (Q) di qua giao
tuyén cia (P)va mat phang (xOy)va (Q)tao véi ba mit phang toa d mot tir dién co thé

tich bang 125
36
Bai 13. Tim trén duong thing Ox diém Acéch déu duong thang (d) :XT_l = % =" va

mgt phang (P):2x—y-2z=0.

Bai 14. Trong khdng gian véi hé truc toa d6 Oxyz cho mat cau
(S):x*+y*+2°—4x+2y—4=0 va mit phang (P):Xx+2y—2z+9=0. Viét phuong trinh
duong thing Atiép xiic véi mit cau (S ), nam trén (P)va cit truc hoanh.

Bai 15. Trong khong gian véi hé truc toa d6 Oxyz cho diém A(3;2;1), 2 diém B, Dnam trén
Xx-1 y+2 z7-2
» 2 -
Tim toa d¢ diém Bbiét tir gidc ABCD la hinh chit nhat.

Bai 16. Trong khong gian vé&i hé truc toa do Oxyz cho hai mét phang (P,),(P,) co cic

, diém Cnam trén mat phang (P):2x+y+z-3=0.

duong thing A

phuong trinh tuuowng tmg 1a 2x—y+2z-1=0va 2x—y+2z+5=0va diém A(-L11)nim
trong khodng giita hai mit phiang d6. Goi (S )1a mat cau bat ky qua Ava tiép xtc véi cd hai
mit phing (P,),(P,). Goi I 1a tim ciia mit cdu (S ). Ching t0 rang | thugc mot dudng tron
c0 dinh. Xac dinh toa d0 tam va tinh ban kinh cua duong tron do.

MQT SO BAI TOAN HINH HQC KHONG GIAN GIAl BANG PHUONG PHAP TQA
PO TRONG KHONG GIAN

Bai 1. Cho hinh lap phuong ABCD.A B,C,D, canh bang a.

(i). Tinh theo a khoang cach gitra ABva BD.

(ii). Goi M, N, P theo th ty la trung diém cac canh BB,,CD, AD, . Tinh goc giira MP va

CN.

Bai 2. Cho hinh lap phuong ABCD.AB,C,D, canh bang a. Goi M, N theo tht tu 1a trung diém

cac canh AD,CD. Ly diém P e BB,, BP =3PB,. Tinh dién tich thiét dién do mat phang

(MNP)cét hinh lap phuong.
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Bai 3. Cho hinh hop chit nhat ABCD.AB,C,D, c6 AB =a,AD =2a,AA =a.
(i). Tinh theo a khoang cach gitra AD,,B,C .

(ii). Goi M la diém chia doan ADtheo ty s6 % = 3. Tinh khoang cach tir M dén mat

phing (ABC).

(iii). Tinh thé tich ta dién AB,D,C .

Bai 4. Cho tir dién ABCD c6 ADvudng goc véi mat phang (ABC). Va co

AC = AD =4, AB =3,BC =5. Tinh khoang cach tir Adén mit phang (BCD).

Bai 5. Cho hinh lap phuong ABCD.AB,C,D, canh bang a. Goi M, N lan lugt 14 trung diém
cua BC,DD,.

(i). Chitng minh ring MN //( ABD).

(if). Tinh khoang cach gitra BDva MN theo a. ‘ ’

Bai 6. Cho hinh lap phuong ABCD.AB,C,D,canh bang 1. Lay M, N, P theo thtr tu thugc
BB,,CD,AD,sa0 cho BM =CN =D,P=a(0<a<1).

Chung minh rang MN = aAB + AD +(a—1) AA’ va AC, vudng gdc véi mat phang (MNP).
Bai 7. Cho hinh hop chir nhat ABCD.AB,C,D,. Goi H, K theo tht tw Ia hinh chiéu vudng goc
cia A,C,xudng mat phing (CB,D, ). Chung minh ring AH = 2KC, .
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