SO GIAO DUC VA PAO TAO KY THI HQC SINH G101 VONG I CAC MON VAN HOA

TAY NINH CAP THPT NAM 2026
Moén thi: TOAN
[ PECHINHTHUC | Ngay thi: 19/9/2026 (Budi thi thir nhit)
(Dé c6 01 trang, gom 04 cdu) Thoi gian: 180 phiit (Khong ké thoi gian phdt dé)

Cén 1 (5,0 diém)

x+y=3y—5+3Jx+3

N Y ey

Giai hé phuong trinh sau trén tép sb thyc: [

Ciu 2 (5,0 diém)
Tim tit cd cic ham /:R — R thoa min:

7(/@)+)=1(x —y)+8yf(x)[( F) + y2], Vr,y€R

Ciu 3 (5,0 diém)
Cho i gidc 16i ABCD cb6 hai duimg chéo AC, BD cit nhau tai O va khéng vudng géc
nhau, déng thdi hai du&mg chéo khong vubng goc véi cic canh cua tir gi4c. Goi d,,d,,d, lin

luot 1a cac dudng thing di qua O va vudng géc véi cde dudng thang AB, AD, BC . Trén dudmg
thing d, 14y mot diém G di dong. Pudng thing GA cit d, tai F' sao cho diém A nim gita G
va F, duomg thing GB cit d, tai H sao cho diém B nim giita G va H.
a) Goi K, L l4n lugt 13 tryc tdm cita cac tam gidc OAD va OBC. Goi (C, )s(C;) 1an lugt
1a dudng tron dudng kinh AB va CD. Chitng minh ring dudng thing KL chinh I3 truc
déing phirong A ctia hai dudng trdn (C,) va (C,).
b) Chitng minh khi G thay dbi, _dudmg thing FH luén di qua mét diém cb dinh hodc
ludn song song v&i mét dudng thing cb dinh.
Ciu 4 (5,0 diém)
Trén bang dugc viét 2026 sb nguyén. M3i budc, gido vién cho phép hoc sinh thyuc hién
thao tac nhu sau: Chon ra hai s6 a va b bét ky trén bang théa man diéu kién khoing céch giita
chiing 16 hon 70 (tirc 1a |a—b|> 70), sau d6 x6a hai sb ndy di va viét 1én bang hai s& nguyén

et [a-{—bJ . I'a+b-|
moila | —— | va ’
2 2

(Trong do, ky hiéu [_xJ la phdn nguyén cia x, tic la sé nguyén lén nhdt khong vieot qud x; va

[ x| la phdn trdn ciia x, ticc la 56 nguyén nho nhdt lén hon hodc béng x).
a) Ching minh sau mojt sd hiru han budc, qué trinh trén phai dimg lai (tc 1a khong thé
tim dugc cap sé a,b nio théa man diéu kién |a—b [> 70).
b) Gia sir qua trinh d3 dimg lai. Chimg minh trén bang luén t3n tai it nhit 29 sb c6 gia
trj bing nhau.
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SO GIA0 DUC VA PAO TAO  KY THI HQC SINH G101 VONG 11 CAC MON VAN HOA CAP THPT

TAY NINH NAM 2026
MBén thi: TOAN
[ BE CHINH THUC | Ngay thi: 20/09/2026 (Budi thi thir hai)
(Dé c6 01 trang, gom 03 can) Thoi gian: 180 phiit (khong ké thoi gian pht dé)

Ciu 1: (6,0 diém)
a. (2.5 diém) Cho hai sb nguyén dwong u, v nguyén t6 cing nkau. Chirng minh moi wéc

nguyén té ¢ >3 ciia A=’ —nv+v* déucodang 6k +1, ke N*.
b. (3.5 diém) Tim 141 cA cic cdp sb nguyén duong (x.y). v6i (x.70)=1, théa man phuong

trinh sau:
x* +70° = 2089’ - 62.
Cén 2: (7,0 diém)
Cho day sb (x,) dwoc xé4c djnh boi:
u, =3,
_2(n+Du,-n-2
B n

,Vne N*,

n+l
a. (3.0diém) Tinh lim (i‘a- 2").
n
b. (4,0 diém) Cé hay khong sd ie N* sao cho a4, =m.2027* véi m 1a mot sé nguyén

duong? Tai sao?

Cau 3: (7,0 diém) :
a. (3,0 diém) Cho A 13 bang cic 6 vudng co6 kich thuéc 2026x2026. Pién vio mébi 6 ciia

bang 4 mét s thude tip hop M = {-l; 0; l} . C6 bao nhiéu cach dién sao cho téng ciia bén
s6 trén moi bang vudng con 2x 2 bét ki déu bing 0?

b. (4,0 diém) Trén mit phang toa 49 Oxy, cho tip hgp S gdm 62 diém phan biét co toa dd
nguyén sao cho khong c6 3 diém nao thing hang. V6i mbi cip diém phan biét 4(x,.y,)
va B(x,.y,) thudc S, ta xét dai lugng:

T(4,B) = (x,—x5)" +70(y,, ~ ¥5)".
Hai diém A4, B dugc goi 1a "lién két" v6i nhau néu T(4,B) chia hét cho 3.
Ching minh ton tai mot tam gi4c ¢6 ba dinh thudc S, d6i mét "lién két" véi nhau ma dién
tich 1a mot sb nguyén chia hét cho 9.

HET-----
Thi sinh khong dugc sir dung tai ligu va mady tinh cam tay.
Gidm thi khong giai thich gi thém.
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CHON DTQG TAY NINH 2026 — NGAY 1

L
[ Bai toan 0.1. ] (Lim Olympic - Tay Ninh TST - P1)

T+y=3yy—5+3Vz+3,

Va2 +6(y — z) + 2\/zy = 3y.

Giai hé phuong trinh sau trén tap so thuec:

@ Lai giai.

Diéu kién xac dinh: > 0, y > 5.

Tit phuong trinh thit nhat, ta c6 2 +y = 3\/y — 5 + 3vz + 3.

Binh phuong hai vé, ta dugc (z +y) — 9(x + y) + 18 = 184/ (y — 5)(z + 3) > 0.

Do d6 (x+y—3)(x+y—6) > 0.

Miat khac x+y > 5, nénx+y—3 > 0. Suyra z +y > 6.

Phuong trinh thit hai duge viét lai thanh v/22 — 6z + 6y = 3y — 2,/Zy, ta sé chiing minh z = y.

® Gidstz>y. Viy>0nén /zy >y. Do d6 0 < /22 — 6z + 6y = 3y — 2/7y < ¥.
Binh phuong hai vé, ta ¢6 2° — 6z + 6y < ¢, hay (z — y)(xz +y — 6) < 0.

Ditunay volgyviz—y>0vax+y—6>0.
& Gia st x < y. Khi d6 /7y < y, nén /22 — 6z + 6y = 3y — 2/zy >y > 0.
Binh phuong hai vé, ta duge 2% — 6z + 6y > y°, hay (z — y)(z +y — 6) > 0.

Nhung z —y < 0 va z + y — 6 > 0, mau thuan.

Vay x = y va thay vao phuong trinh thit nhat, ta c6 2z = 3v/x — 5+ 3vx + 3, va theo Cauchy thi

3z — 12 z+12
3vz—5=3y/1-(z—5) < 5 W t3=4/9 (2+3)<—

Suy ra 3vxz — 5+ 3vVx + 3 < 2z, do d6 dau biang xay ra nén x = 6.
Thit lai dé thay dugc nghiém duy nhét ctia hé la

f
( Baitoan 0.2. ) (Lim Olympic - Tay Ninh TST - P2)

Tim tat cd cdc ham f : R — R théa man

f(f@)+y) = f@* —y) + 8yf(@)((f()*+¥°), Vz,yeR.

@ Ldi giai.
Ta ¢6 f(f(z) +y) = f(a* —y) + 8yf(z)(f(z)* + y*) v6i moi z,y € R.

Vé6i méi z € R, chon y = w. Khi d6 f(z) +y=2'—-y= w.
Thay vao phuong trinh da cho, ta dugc
4 _ 2
0=1(a* - j@) @ (f@?+ D) v er
[zt~ fl=))?

Suy ra véi méi x € R, hodc f(z) = 0, hodc f(z) = z*, hosic f(z)* + =0.

4
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Trong trudng hop cudi, ta ciing ¢6 f(z) = 0, nén véi moi z € R, ta déu c6

f(z) € {0,2"}
Bay gio gia sit ton tai a # 0 sao cho f(a) = 0.
Thay = = a vho phuong trinh, ta ¢6 f(y) = f(a® —y) v6i moi y € R.
Néu f(y) # 0 thi theo két qua trén, ta ciing c6 duge f(y) = y'.
Do f(a* —y) = f(y) #0, ta cing ¢6 f(a* —y) = (a* —y)*.

Suy ra y* = (a* — y)*. Do d6 y = a* — y hoiic y = —(a* — ).
4
Trudng hgp thit hai cho a? = 0, vo Iy vi a # 0. Vay y = %.

at

Dat b = L dé ¥ tit cAc nhan xét trén ta da ching minh f(y) = 0 véi moi y # b.
Gio ta sé chiing minh f(b) = 0. Gia sit ngugc lai f(b) # 0. Khi d6 f(b) = b*.
Thay z = b vao phuong trinh, ta dugc

FO +y) = FO" —y) +8yb" (0% +y?)

Chon y ¢ {0,b— b*,b* — b} thif b* +y £ b va b* —y # b, nén f(b* +y) = f(b* —y) = 0.

Suy ra 8yb*(b® + y?) =0, vo Iy vib# 0 va y # 0. Do d6 f(b) = 0.

Vay f(z) =0 v6i moi z € R.

Gid ta xét truong hop khong ton tai a # 0 sao cho f(a) = 0, suy ra f(z) = z*, Vo € R.

Thit lai dé thay duge tit ci cac ham théa man 1a f(z) = 0 véi moi z € R, hoic f(x) = 2 véi moi z € R.

[' Bai todn 0.3. ] (Lim Olympic - Téy Ninh TST - P3)
Cho t1t giac 16i ABC'D c6 hai duong chéo AC, BD cét nhau tai O va khong vuéng géc nhau, dong
thoi hai duong chéo khong vuong goc véi cac canh clia tit gide. Goi dy, da, d3 1an lugt 1a cac duong
thang di qua O va vuong géc véi cac duong thing AB, AD, BC. Trén duong thing dj, lay mot
diém G di dong. Dudng thing GA cit ds tai F sao cho diém A ndm giita G va F; dudng thing GB
cit d3 tai H sao cho diém B nim giita G va H.

@ Goi K, L lan lugt la tryc tam cia cac tam giac OAD va OBC. Goi (C4), (Cs) lan lugt la
dudng tron duong kinh AB va CD. Chiing minh ring duong thing K L chinh la truc ding
phuong A cta hai duong tron (C7) va (Ca).

@ Chitng minh khi G thay déi, duong thing FH Iuon di qua mot diém c6 dinh hoidc luén song
song véi mot dudng thing cé dinh.

@ L& giai.
(1) Goi AK, DK cit OD va OA lan lugt tai P va S. Ta c6 P jap) = KA.KP va Px/cp) = KS.KD

Ma ta c6: A, S, P, D cing thuoc 1 dudng tron duong kinh AD dan dén: KA. KP = KS.KD va suy
ra: K thuoc truc dang phuong ctia (AB) va (CD). Tuong tu: L thuoc truc ding phuong ciia (AB)
va (CD). Do dé6 ta c6 diéu phai chiing minh.

Q@ Goi AK cit BL tai X, ta c6: O 1a tryc tam BXC dan dén: OG, AK, BL déng quy tai X. Ap dung
dinh ly Desargues cho hai tam gidac OKL vh GAB dan dén: FH, AB, KL doi mot dong quy hoac

song song doi mot suy ra diéu phai chiing minh.

Trang 2 £ LIM Olympic - CLB 6n chuyén, HSG
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D

[

Bai todin 0.4. } (Lim Olympic - Tay Ninh TST - P4)

Trén bang duge viét 2026 s6 nguyén. Méi bude, gido vién cho phép hoc sinh thye hién thao téc
nhu sau: Chon ra hai s6 a va b bat ky trén bang théa man khoang cach gitta chiing 16n hon 70 (ttc

7 2 2 b b
1a |a — b| > 70), x6a hai s6 nay di va viét lén bang hai s6 nguyén mdi la \‘iJ va [a-2l- -‘
@ Chitng minh sau mot s6 hitu han bude, qua trinh trén phai dimg lai (tic 1a khong thé tim

2
duge cap s6 a, b ndo thda man diéu kien |a — b| > 70).

@ Gia sit qua trinh da dimg lai. Chiing minh trén bang luon ton tai it nhat 29 s c¢6 gia tri bang
nhau.

@ Lai giai.
@ Goi S 1a tong binh phuong ctia 2026 s6 dang c6 trén bang.
Ta sé chiing minh sau méi thao tac, S déu gidm mot s6 nguyén duong.

Xét hai s6 duge chon 1a a,b va dit d = |a — b| > 70, nén d > 71.

Néu a + b chin thi hai s6 méi déu bing %. Khi d6 phan giam ctia S 1a

2 Y
a2+b2—2(a+b) 2 Qb) > 0.

2
Néu a + b 1é thi hai s6 mé6i 1a a+l2)—1 vaa+12)+1.Khi d6 phan gidm ctia S 1a
e (a+l2)—1>2_<a+;)+1)2= (a—b2)2—1 il

Vi tat ca cac sb trén bang déu nguyén nén S luon la mot s nguyén khong am. Do d6 S khong thé
gidm ngat vo han lan. Suy ra qua trinh phai dimg sau hitu han buée.

@ Khi qué trinh dimg, véi méi hai s6 a, b trén bang ta c6 |a —b| < 70. Goi m 1a s6 nhé nhét trén bang.
Khi d6 moi s6 trén bang déu thuoc tap {m,m + 1,...,m + 70}, gom dang 71 gia tri nguyen.

2 .. [2026 Y
Theo nguyén ly Dirichlet, trong 2026 so6 phai c6 it nhat [T-‘ = 29 s0 bang nhau.
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CHON DTQG TAY NINH 2026 — NGAY 2

/&
( Baitoan 0.5. ) (Lim Olympic - Tay Ninh TST - P5)

@ Cho hai s6 nguyén duong w«,v nguyén to cing nhau. Chitng minh moi uéc nguyén td g > 3
ctia A = u? — uv + v? déu c6 dang 6k + 1, k € N*.
@ Tim tat cd cdc cip s6 nguyén duong (z,y), véi (z,70) = 1, théa man phuong trinh
28 + 706 = 2089Y — 62Y.

@ L&i giai.
@ Gia sit ¢ > 3 14 mot uée nguyen td ciia A = u? — uv + v%. Vi (u,v) = 1, ta c6 ¢ u va ¢ fv.
Khi d6 ton tai v™! sao cho v-v™! =1 (mod ¢), va dat ¢t = uv™! (mod ¢) dé suy ra dugc
t2—t+1=0 (mod q)
Do d6 t* = —1 (mod ¢). Néu t = —1 (mod ¢) thi t> —t+1 =3 (mod ¢), vo Iy vi ¢ > 3.
Vi vay ordgt = 6, va theo Fermat nhé thi ¢ — 1 chia hét cho 6 nén ¢ = 6k + 1 v6i k € N*.

@ Dé ¥ 2027 | 2089Y — 62V nén 2027 | 2% 4 708. Theo bd dé quen thudce vé s6 nguyen td p = 3 (mod 4),
ta c6 &3 va 70° déu chia hét cho 2027, tic 1a 70 chia hét cho 2027, vo ly.

Do d6 khong ton tai cac s6 nguyén duong (x,y) thod man yéu cau dé bai.

r
( Bai todn 0.6. ) (Lim Olympic - Tay Ninh TST - P6)

2(n+1u, —n—2
n

v6i moi n € N¥,

Cho day s6 (u,) duge xac dinh béi vy = 3 va upy1 =
(1) Tinh lim (22— 27).
n—oo n

@ Cé6 hay khong s6 i € N* sao cho u;u; 1 =m - 20272 v6i m 1a mot s6 nguyén duong? Tai sao?

@ Ldi giai.
% 2 2 1
@ Tradrmsse Pl _phu Ot _gln T .
41 n  nn+1) n n n+l
—1 -1 =1
DO dé Untl :2un Dét ’l)n:un thi ’Un+1:2vn va vl_—_2'
n+1 n n

Suy ra v, = 2", titc lA u, =1+ n - 2" véi moin > 1.
Vi vay % -2" = %, Vn > 1, nén giéi han can tim bang 0.
@ Ta sé chi ra rang i = 2025 thdéa man yéu cau.
Ta cb usgos = 2025 290% 4+ 1 = (=2) <2202 1 =1 2%%6 = g (mod 2027).
Miit khéc, uggpe = 2026 - 22026 4+ 1= —220% 1 1 = (mod 2027).

Vi valy u2025u2026 chia hét cho 20272 nén cau tra 13i 1a c6, chéng han véi i = 2025.

Trang 4 £ LIM Olympic - CLB 6n chuyén, HSG



Chuong 2. Chon DTQG Tay Ninh 2026 — Ngdy 2 1’58 LIM EDU

— Nhan xét.
Khi ddi bai toan thanh UjUip] = M - 2027 véi k > 2 cho trudc thi cau tra 15i van la ton tai i € N*,
tuy nhién lic nay bai toan sé khé hon mot chit.

{

—

Bai todn 0.7. ] (Lim Olympic - Téy Ninh TST - P7)

\.

@ Cho A 1a bang cac 6 vudng c6 kich thude 2026 x 2026. Dién vio mdi 6 ciia bang A mot sd
thuoc tap hgp M = {—1,0,1}. C6 bao nhiéu cach dién sao cho téng ciia bon sd trén mdi
bang vudng con 2 x 2 bat ki déu bang 0?

@ ) Trén mit phing toa do Ozxy, cho tap hop S gom 62 diém phan biét ¢6 toa do nguyeén sao cho
khong c6 3 diém nao théng hang. Véi mdi cip diém phan biét A(xa,y4) va B(zp,ys) thude
S, ta xét dai lugng T'(A,B) = (x4 — :L‘B)2 + 70(ya — y3)2.

Hai diém A, B dugc goi la lién két véi nhau néu T'(A, B) chia hét cho 3. Chiing minh ton tai

mot tam giac c6 ba dinh thuoc S, doi mot lien két véi nhau ma dién tich 1a mot sé nguyén
chia hét cho 9.

@ Loi giai.

@ Ta giai bai todn téng quat cho bang n x n.

Goi a;; € {—1,0,1} 1a s6 duge dién vao 6 thudc hang 4, cot j.
Diéu kién dé bai cho a;j + ait1,j + @ij+1 + Git1,j+1 = 0, hay ait1 41 = —aij — Git1,j — Gij+1-
Do d6, néu da biét hang dau tién va cot dau tién thi ta lan lugt xac dinh duge tat ca cac 6 con lai
clia bang. Dat z; = (—1)"*a; 1 vay; = (-1) ey ;.
Ta ¢6 x1 = y1 = a1,1. T diéu kién trén, bing quy nap theo i + j, ta thu dugc
aij = (=1)"Y(z; + y; — a1,1).
béi cong thitc dung tai cac 6 (4,7), (i +1,7), (4,7 + 1) thi cong thic cling dang tai (i + 1,7 + 1) do
it j+1 = — Qi — Git1,j — @i g1 = (—1) (zig1 + yj41 — a11).
Via;; € {—1,0,1} nén ta c6 diéu kién can va di 1a z; + y; — 1 € {—1,0,1} v6i moi i, 5.
Gis ta dém s6 cach dién theo gia tri ctia 21 = y;.
Trudng hop 1. z; =y = 0.
Khi d6 diéu kién tré thanh z; + y; € {—1,0,1}. Ta xét day z,...,Zy.
& Néu xg = --+ =z, = 0 thi day ys,...,y, dugc chon tuy ¥ trong {—1,0,1}, nén c6 3"~ cach.
& Néu cac z; chi nhan céc gia tri 0,1 va ¢6 it nhat mot gia tri bing 1, thi c6 2" — 1 céch chon
day (z;). Khi d6 moi y; phai thuoc {—1,0}, nén ¢6 2" cach chon day (y;).
@ Tuong tu, néu cac x; chi nhan cac gid tri —1,0 va c6 it nhat mot gid tri bang —1, ta cling c6
(2"1 —1)2"! cach.
& Cubi ciing, néu day (z;) chita cd 1 va —1, thi trong tong s6 3" day, ta loai di day toan 0, céc
day chi chita 0,1 va ¢6 it nhat mot s6 1, cing cac day chi chita —1,0 va ¢6 it nhat mot s6 —1.
Do d6 s6 cach chon 1a 3" 1 — 1 —2(2""! — 1) = 3"7! — 2" + 1, va moi y; budc phai bing 0.
Vay s6 cach trong trudng hgp nay 1a
A=grlaport el 3ol o9 41 = 930 T 0 gt gl gy
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Truong hop 2. z; =y; = 1.
Diéu kién tré thanh z; +y; — 1 € {—1,0, 1}, hay tuong duong véi x; + y; > 0.
& Néu g = --- =z, = 1 thi day y2,...,yn dudc chon tiy ¥, nén c6 3" cach.
& Néu cac x; chi nhan céc gia tri 0,1 va ¢6 it nhat mot gia tri bing 0, thi ¢c6 21 — 1 céch chon
day (z;). Khi d6 moi y; phai thuoc {0,1}, nén c6 2"~1 cach chon day (y;)-
& Néu day (z;) c6 it nhat mot gia tri bing —1, thi ¢6 3"~' — 27! cach chon. Khi d6 tat ci y;
déu phai bang 1.
Vay s6 cach trong truong hgp nay la
B = 3n—1 + (2n—1 . 1)2n—1 s 3n—1 . 2n—1 =9. 3n—1 + 4n—1 —on
Truong hop 1 = y1 = —1 hoan toan tuong ty trudéng hop trén, nén ciing c6 B cach.
Vay tong s6 cach dién can tinh la

8= A4 B =144 530t 92 | = L9 VP = D |

Vi n = 2026, s6 céich cén tinh 1 (42026 4 2. 32026 _ 4. 92026 | 1|

(2) D&y 2 diém A(za,ya) va B(zp,yp) lien két khi va chi khi 24 = 25 (mod 3) vi ya = yp (mod 3).
Chia 62 diém ctia S vao 9 bo theo cip s6 du (z mod 3,y mod 3).

N .. [62 5
Theo nguyén ly Dirichlet, ton tai mot bo chita it nhat {3-‘ = 7 diém, gia st 1a Ay,...,Ar.

Khi d6 moi bo hai diém trong sé nay déu lien két.
Gia sit cac diém trén c6 dang A; = (3X; +7,3Y; + s) véi X;,Y; € Z.

V6i ba diém Aj(z1,11), Aa(xa,y0), Az(x3,y3), dién tich tam gidc A;A2A3 1a

1

Sa1A2ds = 3 [(z2 — z1)(ys — y1) — (23 — z1)(y2 — y1)|

9
=5 (X2 = X1)(¥3 - 1) - (X3 - X3)(Ya - 1)
Xét 7 cap (X;,Y;) theo modulo 2, dé y ton tai hai diém, chédng han A, As, sao cho X; = X5 (mod 2)
va Y] =Y, (mod 2). Chon Az bét ky trong 5 diém con lai. Khi d6 cd Xo — X7 va Ya — Y] déu chin,
suy ra
(Xe— X0)(¥5 — V) —(Xs — Xy)(¥a— )
13 s6 chén. Vi thé dién tich tam gidc A1 A2A3 1A mot sd nguyén chia hét cho 9.

Nhan xét.
rTham chi ta chi can tap S gom 37 diém 1a dd, va day la gid tri t6i uwu nhat c6 thé.

Trang 6 £ LIM Olympic - CLB én chuyén, HSG



	Doc1
	giaiDoc1

