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MO PAU

Trong chuong trinh Todn THPT, phﬁn Dai s6 ma cu thé 1a phﬁn S6 hoc, & chuong
trinh 16p 12, hoc sinh dugc hoan thién hiéu biét cua minh vé céc tp hop sd thong qua
viéc cung cip mot tap hop sd, goi 13 Sb phirc. Trong chuwong nay, hoc sinh di budc dau
lam quen v&i cac phép toan cong, trir, nhan, chia, khai can, liiy thira; 1y mé dun, ...céac
s6 phtrc. Bang cach dit tvong tmg mdi sb phic z=x+ yi,(x;y € R,i* =—1) véi mdi
diém M (x;y) trén mit phing toa dd Oxy, ta thay giita Pai s6 va Hinh hoc c6 mbi lién
hé voi nhau kha “gan giii”. Hon nita, nhidu bai toan Dai s6 bén Sé phirc, khi chuyén
sang Hinh hoc, tir nhitng con s6 kha triru tuong, bai toan da dugc minh hoa mdt cach rat
tryc quan, sinh dong va ciing giai dugc bang Hinh hoc v6i phuong phéap rat dep. Pic
biét, trong cac ky thi Dai hoc, Cao ding va THPT Qudc gia nhimg nim gan day, viéc str
dung phuong phap Hinh hoc dé giai quyét cac bai toan vé S6 phirc 1a mot trong nhiing
phuong phap kha hay va hiéu qua, dic biét 1a cac bai toan vé Cuc tri trong sd phtrc. Hon
nita, véi nhimg bai toan Hinh hoc theo phuwong phép tric nghiém, néu khi biéu dién
duogc trén gidy thi qua hinh d4nh minh hoa, ta c6 thé lua chon dap an mot cach dé dang.

Tuy nhién, trong thuc té giang day, viéc chuyén tir bai toan Dai sb noi chung va
S6 phirc n6i riéng sang bai toan Hinh hoc & nhiéu hoc sinh néi chung con kha nhiéu
lung tang, vi vay viéc giai cac bai toan vé& SO phuic gdy ra kha nhiéu khé khin cho hoc
sinh.

Bai toan Cuec tri SO phirc thong thudng thi c¢6 kha nhiéu cach lya chon dé giai nhu
dung Bét dang thtc, dung Khao sat ham sd, ... Qua chuyén dé ndy, t6i muén goi y cho
hoc sinh mét 16i tu duy van dung linh hoat cic phuong phap chuyén doi tir bai toan Pai
s6 sang Hinh hoc cho hoc sinh, giup cac em c¢6 cai nhin cu thé hon vé viéc chuyén doi
d6 va van duy tu duy ndy cho nhitng bai toan khac. V&i muc tiéu do, trong chuyén dé
nay, toi chi tap trung giai quyét bai toan theo hudng Hinh hoc. Khong dit ning viée so

sanh phuwong phap nao nhanh hon, t6i vu hon phuong phap nao.
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II. NOI DUNG

1. Mt s6 kién thirc, ki hiéu ban dau
1.1 Céc dinh nghia va ki hi¢u
a) Sb i: Ta thira nhan c6 mot s6 ma binh phuong ctia nd bang —1. Ki hiéu: .
Nhu vay, i* =-1.
b) Sé phuc: Cho x,y € R, biéu thic z=x+ yi goi 1a mot (dang dai sd) sb phic.
x: Phan thyc; V. Phan 4o

¢) Vi mdi s6 phuc z = x + yi, gia tri bicu thirc \/x*> + y* goi 1a md dun cua z. Ki

Z‘=\/x2 + 7.

d) V&i mdi s6 phirc z=x+ yi. S6 phic z'=x+(—y)i =x — yi goi 1a sd phirc lién

hiéu: ‘z‘ . Nhu vay,

hop ctia s6 phire z. Ki hiéu z. Nhu vay, z=x+ yi thi z= X — yi.

e) V6i mdi sbé phicc z=x+ yi. Xac dinh diém M (x;y) trén mit phang toa do
Oxy . Biém M goi la biéu dién hinh hoc cua sb phic z.

DPé cho tién, trong tdp tai lidu nay, t6i ki hiéu M(x;y)=M(z) hay don giin
M (z) dé chi M la diém biéu dién cho sé phirc z = x + yi.
1.2 Cac phép toan trén tap hop so phirc

Cho hai sb phtc z=x+ yi,z'=x+y'i.(x,y,x',y' e R,i* =—1)

+Phép cong: z+z'=(x+x")+(y+ i

+Phéptrir: z—z'=(x—x")+(y— ")

+ Phép nhan: z.z'=(xx'- ")+ (xy'+ x'y)i

+ Phép chia: i' = Z’Z_" voi z'# 0+ 0i.

z' z'z

1.3 Mét s6 ki hiéu chuyén tir s6 phirc sang toa d4 Oxy quen thudc.

+Véi M(z) thi |z|=0M.

+Véi M =M(z),M'=M(z') thi |z—z|=MM".

+ V61 A= A(z,),B=B(z,), trong d6 z,,z, la hai s6 phire khac nhau cho trude

thi tap hop cac diém M = M (z) thoa man hé thic ‘z -z A‘ = ‘z — zB‘ la dudng trung truc
cua doan AB.
+ V6i M,=M,(z,),R>0, tap hop cac diém M =M (z) théa man hé thirc

‘z - ZO‘ =R 1a duong tron tam M, ban kinh R.
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2. Cac bai toan

BAI TOAN 1: Cho sb phirc z,=a, +by,a,beR va tap hop cac s6 phirc z = x+ yi
théa man h¢ thirc: ‘z — z]‘ = ‘z — zz‘.
a) Tim gi4 tri nho nhét ciia ‘z - ZO‘

b) Tim z dé |z - z)| nhé nhét

Nhan xét:
+Goi M =M(z), My=M,(z,); A= A(z,);B=B(z,) thi|z—z|=MM,

+ Tu déng thire ‘Z - Zl‘ = ‘Z -z, ‘ Suy ra, M thudc trung truc A ctia doan AB.

Bai toan chuyén thanh: M,
a) Tim gi4 tri nho nhat cia M M vé&i M € A. LA(zl) /L

b) Tim M € A sao cho M M nho nhét

+ Ta thdy, véi moi diém M eA thi MM >M H,
trong d6 H 13 hinh chiéu ctia M 1én A.

Do d6, min|z -z |=d(M,;A). Va && M M nho nhat véi M eA thi M =H hay M la
hinh chiéu ctia M, 1én A .

Loi giai

I M H A
B(z2)

, suy ra phuong trinh dudng thing A.

- Tur hé thic ‘Z—Zl‘ =‘Z—Z2
+ V6i cu a), ta tinh khoang cach d(M;A). Va két ludn, min|z — z)|=d(M;A).

+ Vi cau b),

- Viét phuong trinh duong thang d di qua M, vuong goc véi A (hoac song song voi
AB).

- Giai hé gdm hai phuong trinh: A va d suy ra nghiém (x; y). Két ludn, sb phtrc can tim
la z=x+ yi.

bac biét: ‘Z‘min turc 1a tim sO phic z sao cho mo dun ctia z 1a nho nhat.

Vi du 1.1. Trong tit ca cac sb phitc z thoa man ‘z -1+ 21" = ‘z +3 —41". Tim gia tri nho

nhat cia mo dun cua z.

A. ENE] B. 2413 C.\2 D. /26

13
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Loi giai.

bat z=x+yi;x,yeRva M =M(z)=M(x;y).

Ta ¢6: |z—1+2i|=|z+3-4i|= (-1 +(y+2) =(x+3) +(y-4)" hay
MeA:2x-3y+5=0.

5 5  5J13

Khoang cach tir O d&én A 1a: d(O;A) =

\/22+(—3)2:\/B 13

Vay, min‘z‘ = % Chon dap an A.

)
(-3:4) //
\\ A /
\\ //
K 1;1\\\%(
L\
/ \ >
/ on
(1;-2)

Binh ludn: Hay thé hién bai toan trén gidy ké 6, rdi doan dap an dung.

Vidy 1.2 Trong tat c4 c4c sb phitc z théa man hé thie |z —1+3i|=|z -3 -5i|. Tim gia

tr1 nho nhat cua ‘Z +2+ i‘.

A5 B. /68 c.@ D. /34

17
Loi giai
bat z=x+yi;x,yeR va M =M (2).
Ta ¢ |z—1+43]=]z-3-5il -1 +(y+3)’=(x-3) +(¥y-5) hay
MeA:x+4y—-6=0.
[2+4.(-D-6 12 1217

Je@y? 1717

+ min‘z+2+i‘ =d(M,;A)=

(O day, M,(-2;-1)
Chon dap an C
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]

Binh ludn: Hiy thé hién bai toan trén gidy ké 6, roi doan dap an ding.

Vi du 1.3 Trong tit ca cac sd phic z=a+bi,a,bcR théa min hé thic
z+1-i| nho nhét. Tinh P=ab.
2 B. 1 o 2

100 100 16 25

Z—2+5i‘ =‘Z—i‘ . Biét ring,

Loi giai:
bit M =M (2).
Tur hé thue |z -2+ 5i|=|z -], ta dugc M e A:x—-3y-7=0.
bat M (-1;1) thi |z+1—i|=M M.

j‘il()(-l o

;1)

0
d ‘" A
T2

A(2;-5)

Goi d 1a dudng thang di qua M,(—1;1) va vudng goc véi A thi d :XTH:y—_l

hay d:3x+y+2=0.




X =
x=3y=7 .
Xét hé phuong trinh: {3 4 2:> I 3 Vay, hinh chiéu vudng goc cua M, 1én
X+y=-— _ 23
T,
Ala H L;—2
10 10
Vay, z+1—i‘ nho nhét khi Z:L—éi:P:—ﬁ. Chon dép an A.
10 10 100

Binh ludn: Hiy thé hién bai toan trén gidy ké 6, rdi doan dap an ding.

BAI TOAN 2: Cho sé phirc z théa min hé thirc ‘z —ZO‘ =R >0. Trong do,
z, =a+ bi cho trudc.

a) Tim gi4 tri 16n nhét (gia tri nhé nhat) cia ‘Z —Z]‘ , trong do z, 1a s6 phitc cho
trude

b) Tim $0 phire z dé ‘z - zl‘ dat gia tri lon nhat (hay nhé nhf'lt)

Nhan xét:
+Dat M =M(z), [=1(z));A=A(z,); thi |z-z,|=MI.

+ Tur dang thuc |z —z,|=R. Suyra, M thudc duong tron (C) tm /, ban kinh R.

Bai toan chuyén tha‘m,h: , .

a) Tim gia tri 16n nhat (nhé nhat) cia AM vo1 M € (C).

b) Tim M e (C) sao cho AM 16n nhét (hay nho nhat). m
+ Go1 M ,M, la giao diém cua duong thang 47 va (C) e o P A
(hinh minh hoa) thi v6i moi diém M e (C), ta ludn co

AM | < AM < AM,.

Do d6: min{AM } = AM, =|AI - R

Loi giai

;max{AM } = AM, = Al +R.

a) mln‘z—zl‘ =Hzl —ZO‘—R ;max‘z—zl‘ =‘zl —ZO‘+R.

b) Tim z.
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+ Tu hé thac ‘z — ZO‘ =R > 0. Suy ra phuong trinh duong tron (C).

+ Viét phuong trinh duong thang d di qua hai diém A(z,),1(z,).

+ Giai hé phuong trinh gdm phuong trinh ctia (C) va d, suy ra cac nghiém
(3 ), (%55 3,)-

+ Thir lai d€ chon bd (x; ) thich hop tir hai b trén.

Vi du 2.1 Trong tit ca cac s6 phtrc z thoa man hé thic ‘Z -1+ 31" =3. Tim min‘z -1- i‘.
A1 B.3 C. V10 D. V2
Loi giai

bat M =M(z), 1(1;-3), A1) = Al =4 va |z —1—-i|=MA.

Tur hé thac ‘z -1+ 31" =3. Suy ra M € duong tron ban kinh R=3.

Vay, min|z —1—i|=minMA =M A=|A -R|=1.

Chon dép an A.

? A1)
OI,-%g *

1a;-3)

/I
r
|
\

N,

Binh ludgn: Hay thé hién bai toan trén gidy ké 6, rdi doan dap an dung.

Vi du 2.2 Trong tt ca cac s6 phic z thoa man hé thic |z —i|=1. Tim gié trj 16n nhat
cua ‘z‘
A.2 B.1 C. 3 D. 5
Loi giai

Ta co: 1(0;1),4=0(0;0)= Al =1.

M =M (z) v6i z thoa man hé thic ‘z —i‘ =1. Suy ra M € dudng tron ban kinh
R=1.Vay, max|z|= Al + R=1+1=2. Chon dap 4n A.
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yA
M,

Binh ludn: Hay thé hién bai toan trén gidy ké 6, rdi doan dap an dung.

Vi du 2.3 Trong tit ca cic s6 phitc z=a+bi thoa min ‘z—1+2i‘=1, biét rang

‘z +3-— i‘ dat gia tri nhé nhat. Tinh P = %

A L B. —— c.t .
7 13 9 13
Loi giai

Taco: I1(1;-2),A(-3;1). M =M(z)=>M e(C):(x—1)* +(y+2)* =1.

Puong thang A]:x_—41:y;—2 hay 3x+4y+5=0.
))\
A(-3;1)
N (4| 1 %
N
\\
M \
km;-z
@
x—9'y— 13
—1)? 2)? =1 = Y=
Xét hé: (r=D"+(r+2)°=1 1= 5 5
3x+4y+5=0 1 7
x:—,y:__
5 5
Véi x=—,y=—2 thi z+3-i]=6
5 5
Vc’rix:l,yz—z thi |z+3-i|=4
5 5
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Vay z=%—%i:>P=a/b=—%. Chon dap an A

Binh ludn: Hay thé hién bai toan trén gidy ké 6, rdi doan dap an dung.

Vi du 2.4 Cho s6 phirc z thoa man hé thirc ‘z —i‘ =2. Biét rang ‘z‘ 16n nhét. Tim phan
ao cua z.
A3 B. -1 C.1 D. -3
Loi giai
bat M (x;y)=M(z). Tu hé thuc ‘z—i‘:2 suyra M €(C):x* +(y -1 =4.
Puong thiang d qua 0(0;0) va tam 1(0;1) cua (C) c¢6 phuong trinh: x =0.

x=0
Giao cua d va (C) 1a nghiém x,y cua h¢ | | , . Giai ra ta dugc
x +(y-1)=4
x=0,y=-1
x=0,y=3

+V6i x=0,y=—1thi z=-i=|z|=1.
+Véi x=0,y=3=z=3i=|z|=3.

Vay,

z‘ 16n nhat khi z=0+3i=3i. Vdy, phan 4o cia s6 phirc z thoa min yéu

cau bai toan 1a 3. Chon dép an A.

/1N
/ 1(0:1 \
\_ J )
[

e
M(-150

Binh ludn: Hiy thé hién bai toan trén gidy ké 6, r0i doan dap an ding.

BAI TOAN 3. Cho s6 phiic z théa man h¢ thic |z -z |=|z—z,|. Véi z,,z, 1a cdc b
phire.
a) Tim gia tri nhé nhét cia |z — z,|+|z — z,|. Véi z,,z, 12 cac sd phitc cho trude.

b) Tim s6 phirc z dé ‘z - 23‘ +‘z —24‘ nhé nhit.
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Nhan xét:
-Bit M(z), A(z;),B(z,) thi |z —z,|= AM,
- Tir hé thirc |z —z|=|z—z,|- Suy ra, M thudc dudng thang A.
Dén dén bai toan: Tim M € A sao cho MA+ MB nhé nhét

Z—Z4‘=BM.

<1 B 21 B
A
[ = ) B :
A ’
4 22
A, B khac phia so v6i A A, B cung phia so véi A
Ta thay ring,

+ Néu 4,B nam vé hai phia so v&1 A thi véi moi diém M e A,MA+ MB> AB.
Vay MA+MB nho nhéat 18 MA+ MB= AB khi va chi khi M, A,B thang hang hay
M =ANAB.

+ Néu A4,B nam vé cuing mdt phia so v6i A thi goi 4' 1a diém d6i xiung voi 4
qua A. Khi do, véi moi diém M e A,MA+ MB=MA'+ MB> A'B. Vay, MA+ MB nho
nhat 1a MA+ MB = A'B khi va chi khi 4',M, B thang hang hay M =A N A'B.

Loi giai
- Ttr hé thuc ‘z — 21‘ = ‘z — zz‘. Suy ra phuong trinh duong thang A.
- Thay toa d6 cac diém A = A(z,),B = B(z,) vao phuong trinh A dé kiém tra xem 4, B
nam cung phia hay khac phia so véi A.
- Néu 4, B khac phia v6i A thi

+ min{‘z—z3‘+‘z—z4‘} =‘Z3 —24‘

+ Pé tim z thi ta viét phuong trinh duong thang d di qua hai diém 4, B.
Giai hé gdm phuong trinh A va phuong trinh d. Nghiém (x;y) suy ra s6 phtc
z=X+ yi cAn tim.

+ Néu 4,B khac phia so véi A thi viét phuong trinh duong thang ¢ qua 4 va
vudng goc v6i A. Giai hé phuong trinh gdm phuong trinh cia A va phuong trinh cua a
suy ra nghiém la toa do diém I 1a trung diém ctia 4A4'. Tir toa d6 ctia 4,1 va cong thurc
tinh toa do trung diém suy ra toa do A'.

+ rnin{‘z—z3 "+‘Z—Z4‘} =‘z3'—z4‘ voi A'= A'(z,).
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+ Pé tim z thi ta viét phuong trinh duong thang d di qua hai diém A4',B.
Giai hé gdm phuong trinh A va phuong trinh d. Nghiém (x;y) suy ra s6 phtc

z=Xx+ yi can tim.

Vidy 3.1 Cho s0 phirc z thoa man hé thire |z —1+i|=|z—2-3i| . Tim gi4 tri nhé nhat
cuia biéu thitc P=|z+2—i|+|z -3 +2i|

13v61 5./493 104/251 J71
A 2 B. C. D. Y~
17 17 17 3
Loi giai
Dit M =M (z).

Tu hé thirc |z —1+i|=|z-2-3i

,suyra, M e A:2x+8y—-11=0.

yk
4! 3
g 3 =4 )
b I
~ |/ !
~ Vi, /
T /
1
y I \\?i\ A
AR
0 / a~
P 2 X
|
-1
5 B
B4

bat A(-2;1),B(3;-2).
Thay A vao phuong trinh A, ta dugc: 2.(—2)+8.(1)-11<0
Thay B vao phuong trinh A, ta dugc: 2.(3)+8.(-=2)—11<0. Vay 4, B nim cing
phia so voi1 A.
x+2 y-1

Goi d 1a dudng thang qua A va vudng goc véi A thi d: hay
4x-y+9=0.
Goi I=dnA thi toa d0 cua [ 1la nghiém xy cua hé:
2x+8y =11 61 31
S X=——y=—.
4x-y=-9 34 17

Goi A’ 1a diém d6i xtmg véi 4 qua A thi 7 1a trung diém cta 44’ nén

o295
17 17
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5493

17

Suy ra, min{|z +2—i|+|z=3+2i[}=4'B =
Chon dép an B.
Nhdn xét: Néu ta biéu dién bai toan trén trén gidy co 6 thi ta ciing c6 thé chon dap an
phu hop véi 1 trong 4 dap an dua ra.
bap an A: =5,97; B: =6,53;C: =9,31; D: 2,81
Dua vao hinh minh hoa: 4'B ~+/4,5” +4,5* 6,36 nén chon dap 4n B.

Vi du 3.2 Cho s6 phic z théa méan hé thic ‘z — 2i‘ = ‘z + i‘. Tim phan thyc cta s phuc z

&
5w

biét |z —1-2i|+|z + 4i| dat gia tri nho nhat.

5 5!
6

A, —
6
,tadugc: M eA:2y—1=0.

Loi giai
bat M = M(z). Tu hé thirc |z —2i|=|z +i
Pit  A(1;2),B(0;—4), thi 4, B khic phia so voi A. Duong thang

c.2
3

AB:%:y+4:>6x—y—4=O.

(052) AQ1;52)

L M0.75)0.50)

1
2y—-1=0 5
. 4—0:> §
X—y—4a= =2
4

Toa dg giao diém cia AB va A la nghiém cua hé {

Viy, phan thuc ctia s6 phitc thoa man yéu cu bai toan 13 x =
Trang 12

Chon dép 4n D.
Binh ludn: Hay thé hién bai toan trén gidy ké 6, rdi doan dap an dung.



Vi du 3.3 (Cau 46- Dé minh hoa THPT Quéc gia nim 2018)

Xét cac sb phic z=a+bi (a,beR) thoa man |z—4-3i=+/5. Tinh P=a+b khi
|z+1-3i|+|z—1+i| dat gia tri 16n nhét.

A. P=10 B. P=4 C. P=6 D. P=38

Loi giai

A(034)
A(-l 5 3) """, M

N a 1y(4;3)

! ]

Pit M=M(z). Ta hé thic z-4-3]=5, ta duoc
Me(C):(x—4)* +(y-3)*=5.

it A(-1;3),B(1;—-1), I 1a trung diém ctia 4B thi 1(0;1).

Theo phan 1y thuyét ¢ trén, ta thly MA+MB 16n nhatkhi M7 16n nhat, khi
M = K. (Hinh minh hoa).

bPuong théng qua I, vudng goc voi AB ¢6 phuong trinh: x—2y+2=0

—4)’ +(y-3)*=5 =2,y=2
Xét hé phuong trinh, =4+ (y=3) . Ta dugc, e . Tac la
x=2y+2=0 x=6,y=4
H(2;2),K(6;4). Chon diém K (nhu d3 ndi trén). Vay P=a+b=4+6=10.

Chon dép an A.
Nhdn xét: Néu ta c6 thé thé hién bai toan trén gidy thi ciing d& dang lua chon duoc dap
an la A.
BAI TOAN 4. Cho s6 phirc z théa man h¢ thirc ‘z - zl‘ = ‘z - zz‘. Tim

o r . 2 A 3 R 4 2 2
a) Gia tri nho nhat cua biéu thire ‘z —ZA‘ + ‘z —ZB‘

N A P 2 2 2 sx 4o - AL A an N
b) Tim so phure 7 dé ‘Z—ZA‘ +‘z—zB‘ dat gia tri nhé nhat. O day, z,,z,,z,,z, 1a cac

s0 phirc cho trudre.
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Nhan xét
-Dit A= A(z,),B=B(z,),M =M(z) thi |z —z,[ +|z—z,[ = MA* + MB".
- Tt hé thuce ‘Z — Zl‘ = ‘Z — 22‘. Suy ra M thudc dudng thang A.

Dan dén bai toan, tim M € A sao cho MA* + MB? nhé nhit

]
|

22

B=zB

- Goi I 1a trung diém AB. Khi d6, véi moi diém MeA, ta co:
_MA*+MB® 4B’
2 4

MI?

2
Suy ra, MA®> + MB* =2MI* + Af :

Do A4, B, ¢6 dinh nén 4B khong d6i, do d6 MA? + MB* nho nhat < MI nho nhét
< M =M,, trong d6 M, la hinh chiéu ctia I 1én duong thang A. Va gi tri nhé nhat
AB’ AB’

cia MA* + MB* lam MA® + MB> =2M I* + =2d(I,A) +

Loi giai
-Tu ‘z — zl‘ = ‘z -z, ‘ Suy ra dugc phuong trinh duong thang A.

- Tim trung diém / cia doan thang AB.
+ Véi cau a): Tinh khoang cach tir 7 dén A, va do dai doan thang 4B. Két luan:

. ) s , AB’
min{MA4* + MB| =2d(I,A)’ + -

+ Voi cau b): Viét phuong trinh duong thang d qua I va vudng goc véi A.
Nghiém x,y cua hé hai phuong trinh A,d 1a phan thyuc va phéan o cia z.

Vi du 4.1 Cho s6 phuc z théa min hé thic |z —1+2i|=|z+3+i|. Tim gi4 tri nho nhat

, 12 12
cua ‘z+z‘ +‘z—2—z‘ .
305 B, 441 c.1®
34 68 34
Loi giai
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biat M =M (z). T |z—1+2i|=|z+3+i|. Tadugc, M e A:8x -2y +5=0.
Pit A(0;—1),B(2;1) va goi I 1a trung diém 4B thi 7(1;0). Khoang cach tir 7 dén

13
Ala d(I,A)=—— , AB=A/8.
J68

2
min{MA4’ + MB’ | =2d(I,A)’ + Af =2. 16689 +§:%.

Chon dép an A.

M: (-0.53, 0.38)

B(2;1)

A
/
/
I
1(1;0)

@ [40s)
b T

/ )

Binh lugn: Hay thé hién bai toan trén gidy ké 6, rdi doan dap an dung.

Vi du 4.2 Trong tat ca cac sb phirc z thoa mén hé thie |z —1-3i|=|z—5+i|. Tim sb
phtic z sao cho |Z+1—i|2 +|z—3—i|2 dat gia tri nho nhat.
A. z=3+i B.z=2 C.z=2+1i D.z=1-i
Loi giai
bat M =M(z). Th hé thirc |z —1-3i|=|z—-5+1i|. Taduoc, M e A:x—y—-2=0.

A
(Jl:3) A
N
Ad1:1 a1 >
qup| ) ™oLl
] \
>
0 H2:D) |\
N
(5:-1)

Dit A(-1;1),B(3;1). Goi I 1a trung diém ctia 4B thi 1(1;1).
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, , -1
Puong thang qua I, vuong goc voi A c6 phuong trinh: XT:— hay

x+y—-2=0.

. Vay, s0 phuc thoa man yéu cau

o . x—y—-2=0 x=2
Xét hé phuong trinh: =

x+y-2=0 y=0
baitodn la z =2.
Chon dép an B.
Binh ludgn: Hay thé hién bai toan trén gidy ké 6, rdi doan dap an dung.

Vi du 4.3 Cho s6 phirc z thoa méan hé thic ‘z +7 —Si‘ = ‘z —l—lli‘. Biét rang, s6 phiic

z=x+yi thoaman |z—2-8i| +|z—6-6i] dat gi4 tri nho nhat. Gia trj ctia biéu thuc

P=x"-y"1a
A. —-16 B. 4 C. -1 D. 0
Loi giai
? a1
N J7TTT
N AT
P A(238)
7 I@;7)
P4ERN Jah
N A B(6:6)
(-7;5)
< M(034)
N
N
%
HEN

bat M(x;y)=M(z).
Tur hé thie |z +7 - 5i| =|z—1-11i|. Ta dugc, M € A:4x+3y—12=0

Dit A(2;8),B(6:6),1 1a trung diém AB thi 1(4;7).

Puong thang d qua  va vudng goc véi A ¢o phuong trinh: 3x—4y +16=0.
4x+3y—-12=0 {sz

& . Vay, P=-16
3x-4y+16=0

Xét hé phuong trinh: {
y=4

Chon dép an A.
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BAI TOAN 5. Cho s6 phiic z théa man hé thire |z —z|=|z - z,|
a) Tim gi4 trji 16n nhét ciia Hz - ZA‘ - ‘z - zBH .

b) Tim z dé |z—z,|-|z -z, dat gi4 tri l6n nhat

Nhan xét
-Pit A= A(z,),B=B(z;),M =M(z) thi |z—z,|= M4,

z—z B‘ =MB
- Tu ‘z—zl‘ = ‘z —zz‘. Suy ra, M e duong thang A.
Dan dén bai toan: Tim trén dudng thang A cho trudc diém M sao cho |MA— MB| 16n
nhat. Tinh gia trj d6.
B B

M]L

M, M A M,
2 %

A, B cung phia so v6i A A, B khéc phia so véi A
- V6i 4, B ¢b dinh
+ Néu 4,B cung phia so v6i A thi véi moi diém M €A, ta ludn c6 |MA— MB|< AB.
Dau bang xay ra khi va chi khi M, 4, B thang hang hay M = AN 4B.
+V6i A4, B khac phia so véi A, goi A' 1a diém d6i xtmg v6i A qua A thi v6i moi diém
MeA, ta ludbn c6 |MA—MB|=|MA'- MB|< A'B. Dau bang xdy ra khi va chi khi
M, A',B thang hang hay M =AN A'B.
Céch giai:

- Tt h¢ thuce ‘z — zl‘ = ‘z — 22‘ . Suy ra phuong trinh dudng thang A.
- Thay lan luot toa d6 diém 4, B vao phuong trinh A dé kiém tra xem A4, B cung phia
hay khac phia so véi A.
+Néu 4, B cung phia véi A.

Vi cau a) thi gid trj I6n nhat cta |z —z,|—|z - z,| 1a 4B

V6i cau b): Viét phuong trinh duong thang 4B. Giai hé gdm phuong trinh duong
thang A va AB ta dugc nghiém x,y 13 phan thuc va phan 4o cua z.
+Néu 4, B khac phia véi A.
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- Viét phuong trinh duong thang d di qua A, vudng goc véi A. Giai hé phuong trinh
gdm phuong trinh ciia A va d, ta duoc nghiém (x; y) 13 toa do diém H.
- LAy diém A' sao cho H 1a trung diém ctia AA4".

Vi cdu a) thi gid trj 16n nhat cia ||z - z,|~|z—z,] 1a 4'B.

Véi cau b): Viét phuong trinh dudng thang 4 'B. Giai hé gdbm phuong trinh dudng
thang A va 4’B ta duoc nghiém x,y 12 phan thyuc va phan o cia z.

Vi du 5.1 Cho sb phitc z théa min hé thirc ‘Z +5 —i‘ = ‘Z +1-— 7i‘. Tim gia tri 16n nhat
ctia biu thirc P=|z—4—i|—|z—2-4
A V13 B. 2410 C. 213 D. 5
Loi giai
bat M(x;y) =M(z), A(4;1), B(2;4).
,tadugc: M e A:2x+3y—-6=0.

Thé toa do diém A4 vao phuong trinh A, ta dugc: 2.4+3.1-6 > 0.
Thé toa d6 diém B vao phuong trinh A, ta duoc: 2.2+ 3.4—6> 0.
Vay, 4,B cung phia vdi A.

Tu hé thirc |z +5—i|=|z+1-7i

y
(-157
\A /
\>< B(2:4)
Q@
7T TS
/
Sk | {44
N
X
N
SNUM(752)
N
N

Theo phan 1y thuyét ¢ trén, ta duwoc: Gia tri 16n nhat cia P 1a
AB=1J(2-4) +(4—1)* =13,

Chon dép an A.
Binh ludn: Hiy thé hién bai toan trén gidy ké 6, r0i doan dap an ding.
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Vi du 5.2 Cho sb phitc z thoa man hé thic ‘z —1‘ = ‘z —i‘. Biét rang, s6 phic z =x+ yi
thoa man Hz -3- i‘ - ‘Z -2- 6iH dat gia tri 16n nhat. Gi4 tri biéu thic P = x+ y bing

A. 0 B. 4 C.8 C. -2
Loi giai
bat M (x;y)=M(z), A(3;1), B(2;6).

4 d/B(26) AL/
/

A'(1;3)
Y

(051) / Ne

M= (150)

ABi1)

Tu hé thirc |z —1|=|z—i

,tadugc: M eA:x—y=0.
Thé toa do diém A vao phuong trinh A, ta duge: 3—1> 0.
Thé toa do diém B vao phuong trinh A, ta duge: 2-5<0.
Vay, A,B cung khéc phia so voi A.
Theo phan 1y thuyét ¢ trén. Goi A4' 1a diém ddi xtimg cua 4 qua dudng thing

A:y=x thi ta dugc 4'(1;3). Puong thang A'B:XT_1=%3 hay 2x—y+1=0.

) .2 , . . o L . ly=x x=0
Giao diém cua A va A'B 1a nghiém cua hé =
3x-y=0 y=0

Vay, s6 phitc z thoa méan ||z -3 —i|-|z—2—6i Iénnhit1a z=0+0i nén P=0.

Binh ludn: Hiy thé hién bai toan trén gidy ké 6, r0i doan dap an ding.

BAI TOAN 6. Cho s6 phirc z théa mén hé thire |z — z,|=R,(R > 0).
a) Tim gi4 tri nhé nhat ciia biéu thirc ‘z - ZA‘Z + ‘z - ZB‘Z

b) Tim s6 phirc z dé |z —z, +|z—z,| dat gia tri nhé nhét (gi4 tri 16n nhit).

Nhan xét:
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-Dit A= A(z,),B=B(z,),M =M(z) thi |z —z,[ = MA* |z — 2, = MB,

-Tu ‘Z — ZO‘ =R. Suyra, M € duong tron (C) tdm /, ban kinh R.

Dan dén bai toan: V&i A, B ¢b dinh. Tim M e (C) dé MA* + MB* nho nhat. Tim gia tri
do.

MA® + MB* 4B’

- Goi H 1a trung diém cua AB. Ta co6: MH?= > T Suy ra,
AB®
MA*> + MB* =2MH* + .
A=z, H B=zp
M,
M
I=z
M,

Do A, B ¢b dinh nén AB khong d6i. Vay
+ MA®+MB* nhé nhit < MH nho nhit & M =M, (hinh minh hoa) va min
AB’

MA* + MB* = 2|R—IH[ +

+ MA® + MB® 16n nhat <> MH 16n nhit < M =M, (hinh minh hoa) va gia tri 16n
AB’

nhét cia MA> + MB* 1a 2(R+1H) +
Loi giai

- Tur hé thuce ‘Z — ZO‘ = R,(R > 0). Suy ra phuong trinh duong tron (C), tam I va ban kinh
cua (C).

- Tim toa d0 trung di€ém H cta doan AB.

AB’

- Néu yéu cau tim min{ MA? + MB*} thi min{ MA> + MB*} = 2|R— IH[ +

- Néu yéu ciu tim z thi viét phuong trinh duong thang /H. Giai hé gdm phuong trinh
duong thang /H va (C), suy ra hai nghiém (x; y) ctia hé. Thu lai dé chon két qua phu
hop vai dap an.
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- Néu yéu cau tim gia tri 1on nhat cia {MA> + MB*} thi gia tri 16n nhat coa {

2
MA* + MB*} 1a 2(R+IH)* + 45

- Néu yéu cau tim z thi viét phuong trinh duong thang /H. Giai hé gdm phuong trinh
duong thang /H va (C), suy ra hai nghiém (x; y) ctiia hé. Thu lai dé chon két qua phu
hop véi dap an.
Vi dy 6.1 Cho s6 phic z théa min |z|=5. Gid tri nhé nhat, gi4 trj 16n nhat cua biéu
thitc |z~ 8~ 6if +|z—4—10i 1an luot la:
A. 66 va 466 B.5 vals C. 82 va 482 D. 41 va 241
Loi giai

bat M =M (z). Tu hé thirc ‘z‘ =5. Suy ra, M thudc duong tron tam O(0;0), ban
kinh R=5.

f B(4;10)
N[ H(6:8)
AN
/,
© // A(8;6)
1(354)
/!
l/
5
( 1
/
/
M,({3;4)

DPit  A(8;6),B(4;10). Goi H 1a trung diém AB thi H(6:8), va
OH’ =100, A4B* =32

Theo 1y thuyét & trén thi

Gia tri nho nhét cla P=|z ~8—6if +|z—4—10i = MA> + MB* 1a

2
A5 =66.

P, =2|R-OH[ +

Gié trj 16n nhit cia P=|z—8—6i[ +|z -4 -10i = MA* + MB* 1a

ABR?

P, =2|R+OH| +“=—=466.

Chon dép an A.
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Vi du 6.2 Trong tt ca cac sb phtrc z thoa min ‘Z +5- i‘ =13 , tim sb phtic z sao cho
|z~ 1-5i +|z+3-9i nho nhit.
A z=-3+4i B.z=-2+3i C.z=-7-2i D.z=-2-i
Loi giai

bat M =M (z). Tu hé thic ‘Z +5 —i‘ =J13. Suy ra, diém M thudc duong tron
(C):(x+5)% +(y—1)> =13. Tam I(=5;1), ban kinh R =+/13.

B -3;9)JA
1(-357)
4 4
/
(©) My(-3:4) A(1;5
//
’ 1(-551
A=
/ 0| 1
M,(175-2)

Pit A(1;5),B(-3;9). Goi H la trung diém AB thi H(-1;7). Puong thang

IH:x—sz—_67hay3x—2y+l7:O
. e : +5)Y +(y-1)"=13 . .
Toa do giao diém cua /H va (C) la nghiém cta hé: (x+3)"+(r=1) . Giai
3x-2y+17=0
rataduqc,{x Y
x=-7,y=-2

Vé6i x=-3,y=4 thi M,H =~/13 véi M,(-3;4)
Véi x=-7,y=—-2 thi M,H =314 v6i M,(-7;-2)
Theo phan 1y thuyét & trén, thi ‘z —-1-5i ‘2
vachikhi M =M,.
Vay sd phtrc can tim 1a: z =3 + 4i.
Chon dép an A.

+]z+3-9i = MA> + MB* nho nhét khi
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BAI TOAN 7: Cho hai s6 phirc z, z” thé man céc hé thic |z -z |=R,

' e
z —22‘—‘2 23‘.

Trong do, z,,z,,z, 1a cac so phirc cho trudc. Tim gia tri nhé nhat caa ‘z - z" .

Nhan xét:

-bat M =M (z),M'=M(z").

Tur hé thic |z—z|=R. Suy ra, M thudc duong tron (C). T hé thic |z'-z,|=|z'- z|.
Suy ra, M’ thudc dudng thing A. va ‘z — z" = MM .

Dan dén bai toan. Tim diém M € A,M '€ (C) sao cho MM ' nhé nhat.

=M

M’
] N M
Mz I=Z1 Mz I=zl Ml
A A
< —L
=21 B=z, A=z B=z,
d(L4) <R d(L4)> R

+ Truong hop AN (C) =@ thi gia tri nho nhét cua ‘Z - Z" bang 0

+ Trudng hop AN (C) = thi gid tri nho nhat cva |z -z 1a |z—z'|=d(I,A)- R.

Loi giai

- Tt h¢ thirc |z - z,|= R. Suy ra, duong tron (C), tam /, ban kinh R cua (C).

- Tt h¢ thuc ‘Z'— zz‘ = ‘z’— 23‘. Suy ra, duong thing A.

- Tinh khoang cach d tir [ dén A.

+ Néu d<R  thi g4 ti nhé nhat cia |z-z| la |z-z|=0. va
z(x;y)=z'(x; ) =d N (C).

+Néu d >R thi gié tri nho nhat ca [z—z| 1a [z—z'|=d —-R. z(x;y)=M(x;y) 1a hinh
chiéu cua 7 1én A. va z'(x"y") =M '(x;y")=an(C), trong d6 a 1a dudng thang qua 7
va vudng goc véi A. (Chi y: Chon M’ 13 diém nam giira 1, M).

Vi du 7.1 Cho céc s6 phuc z,z' thoa min ‘z+2—i‘=2 va ‘z’+5—3i‘:‘z'—1—9i‘. Tim

gia tri nhé nhat cta biéu thuc P = ‘z — z" gan bang s0 nao trong cac so sau.
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A. 1,6 B. L1 C. 17 D. 1,5
Loi giai

Piat M =M (z),M'=M'(z").

Tu hé thae |z+2—i|=2,suyra M thudc duong tron: (x+2)* +(y—1)> =4 voi
tam /(—2;1), ban kinh R=2.

A oy |
A
d
©) i’
s =T
{ 1(-2; \
\
X
| o I

T hé thirc |z +5-3i|=|z-1-9i

,suy ra M ' thuoc dudng thang A:x+ y—4=0.
2+1-4] 52
2

V2

Khoang cach tir I d&én A 1a d(I,A)

542

cua biéu thic P=|z—z 1a 72—2z1,54

> R. Vay, gia tri nho nhat

Chon dép an D.
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III. KET LUAN

Trong bai viét, co thé c6 nhimng sai s6t khong tranh khoi, mong quy vi thong cam.
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