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SU BIEN THIEN CUA HAM SO
I. TOM TAT LY THUYET
1. Dinh nghia: Cho ham s6 f xac dinh trén khoang (doan hoic nira khoang) K va
X, X, € K.

e Hamsé f goila dong bién (tang) trén K néu x, <x, = f (%)< f(x,).

e Hamsé f goi la nghich bién (giam) trén K néu x, <x, = f (x)> f(X,).

A

yu y‘

\
/

o 77 O b X

\ JE) ny Ham sé nghich bién
Ham so dong bien gh

2. Diéu kién can dé ham s6é don diéu:

Giasirham sé f co dao ham trén khoang K.

e Néu ham s6 dong bién trén khoang K thi f'(x)>0,vxeK.

e Néu ham s6 nghich bién trén khoang K thi f'(x)<0,vxeK.
3. Piéu kién di dé ham sé don diéu:

Giasirham sb f co dao ham trén khoang K.

e Néu f'(x)>0,vxeK thi ham sb dong bién trén khoang K.

e Néu f'(x)<0,vxeK thi ham sb nghich bién trén khoang K .

e Néu f'(x)=0,VxeK thi ham s6 khong doi trén khoang K.
CAC DANG TOAN
Dgng 1. Xéc dinh dugc khodng don diéu cua ham sé y = f (x) dua vao bang bién thién
Dgng 2. Xéc dinh duoc khodng don diéu cua ham s6 y = f () dua vao dd thiy = f'(x),
do thi y =h(x)—g(x)....

Dgng 3. Cho biéu thic f'(x,m) Tim m déham sé f[u(x)] déng bién, nghich bién.

ic dinh gia tri tham s6 m dé ham sé don diéu trén R ; trén cac khoang khac R .
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Dang 5. Xac dinh gia tri tham s6 m dé ham sé bac ba don diéu théa mén nhimg diéu kién
cu thé.

Dang 6. Ung dung tinh don diéu chimg minh bét dang thirc va giai phuong trinh, bat
phuong trinh, hé phuong trinh.

DANG 1. XAC PINH PUQC KHOANG PON PIEU CUA HAM SO y = f (x) DUA VAO
BANG BIEN THIEN

Caul: [2D1-3]Chohamso y= f(x) c6 bang bién thién nhu sau:

x |—o0 -1 3 +00
f'x + 0 — 0 +
£ 2018 oo
/ \ 2018 /
—00

Ham sé g(x)= f (x—2017)+2018 nghich bién trén khoang nao sau day?
A.Ham sé g(x)nghich bién trén (2020;+x).

B.Ham sé g(x)nghich bién trén (2016;2020).

C. Ham sé g(x)nghich bién trén (-13).

D. Ham sé g(x)nghich bién trén (—o;2016).

Cau2: [2D1-3] Chohamsé y= f(x) cd bang bién thién:

Xétham s6 g(x)=2f (x)—3. Phat biéu nao sau day la ding?

A.Ham s6 g(x) dong bién trén khoang (2;+).

S0 trén khoang (0;2).
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C. Ham s6 g(x) dong bién trén khoang (-1 a).
D. Ham s g(x) nghich bién trén khoang (—oo;—1)

Cau3: [2D1-3]Chohamso y = f(X) c6 bang bién thién nhu sau:

z |—oc 0 1 2 +o0

[/

Xétham s6 g(x)= f (3—x).Chon phét biéu ding ?

A.Ham s6 g(x)dong bién trén (—oo;1).
B. Ham s6 g (x)nghich bién trén (—;2).
C. Ham sé g(x)ddng bién trén (1;3).

D. Ham s6 g(x)nghich bién trén (—oo;1).

Cau4: [2D1-4] Chohamsb y= f(x) c6 bang bién thién:

Xétham s6 g(x)= f (—x*+3x). Phat biéu nao sau day la ding?
A. Ham s6 g(x) dong bién trén khoang (O%)

B. Ham s6 g(x) dong bién trén khoang (0;3).
C. Ham s6 g(x) nghich bién trén khoang (—;0).

5 g(x) nghich bién trén khoang (3;+).

c6 bang bién thién:
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H-00 +00

™~ 0 0
\f(a)/ N f(b)/

Xétham sé g(x)=[ f (x)] . Phét biéu nao sau day 1a ding?

A.Ham s6 g(x) dong bién trén khoang (b;+o0).

B. Ham s6 g(x) dong bién trén khoang (—0;0).

C.Ham s6 g(x) dong bién trén khoang (3;+00).

D. Ham s6 g(x) ddng bién trén khoang (a;b).
DANG 2. XAC PINH PUQC KHOANG PON PIEU CUA HAM SO y = f (x) DUA VAO PO
THI y=f'(x), PO THI y=h(x)-g(x)....

1. Xét tinh ddng bién nghich bién ciia d thi ham sé dua vao d thi ham f'(x)

Phuwong phap :

**

Tinh dao ham cia hamsé f'(u(x))=u'(x) f'(u)
Phdn d6 thi ham f'(x) nam trén Ox ham dong bién , Phan d6 thi ham f'(x) nam

dwdéi Ox ham nghich bién ,

**

Phat trién :

L X4

Cho mét dwong cong bdt ki la d@o thi ham f'(x)

L X4

Chon ham hop f (u (X)) ¢6 dao ham xét dwoc tinh bién thién dwa vdo do thi f’(X)
chii y cdc diém do thi f'(x) giao véi Ox

Cau 1:Cho ham s6 y = f (x) xéc dinh va lién tuc trén R. Ham s6 y = f’(x) c6 d6 thi nhu hinh v&
sau:
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N

Ham s6 y = f (x) dong bién trén khoang nao?
A. (2+x). B. (—0;0). C. (-L1) va (4;+=) . D.(-o;-1) va (L4).

Cau2: Chohamsé y= f(x).Hams6 y = f’(x) c6 do thi nhu hinh v& bén. Ham s6 y = f (1+x°)

nghich bién trén khoang nao dudi day?

Yy
\ / o

A.(V/3;4+0). B.(—/3;-1). C.(1+3). D.(0;1).

Cau3. Chohamsb y=f(x).Hamsd y=f'(x) c6 do thi nhu hinh v& bén dudi.

N '
f(z)
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A. (—llj B. (0;2). C.(—%;O). D. (-2;-1).
(_

Cau4: Chohamsb y = f (x) c6 dao hamtrén R thoa f(2)= f (-2)=0 vado thihamsé y = f'(x)

c6 dang nhu hinh vé bén dudi.

T x
-2 -1, O 3 2
i 2
1
1
1

Hamsé y = (f (x))2 nghich bién trén khoang nao trong céc khoang sau:

A (_1; gj . B.(~2-1). c.(-11). D.(1:2).

Cau5 Chohamsd y= f(x)c6 dao ham lién tuc trén R, hamsé y = f'(x—2) c6 dd thi nhu hinh

dudi. Ham s6 y = f (x) ddng bién trong khoang nao .

__Y
y=r(x-2
A.(—oo; —3) va (—2; +oo). B.(—oo; —3)u(—2; +oo).
C.(—3;—2) va (—l;+oo). D.(—oo;—2).

2. Xét tinh ddng bién nghich bién ciia @b thi ham séh(x) = f (x)+g(x) dua vio dd thi ham f'(x)
Phwong phap :
 Tinh dgo ham cia ham s h(x)= f (x)+g(X)
% Can cir do thi ham f'(x) = cdc diém cuc trj cua ham h'(x), xét do thi Phan do thi
ham f'(x)va g'(x). Néu f'(x)nam trén g'(X)ham dong bién , Néu f'(x)nam

dwéi g'(x)ham nghich bién .
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e e ¥
% Cho mét duong cong bat ki la dé thi ham f'(X), va duong cong g'(X)

% Xét tinh dong bién nghjc bién cia h(x)= f (x)+g(x).

Caul: Chohamsé y=f(x) c6dothi y= f'(x) nhu hinh v&. Xét ham so

g(x)=f (x)—%x3 —%xz +gx+2018. Ménh d& nao duéi day ding?

[N
T
)

A.Ham dong bién trén khoang (-3;-1).
B.Ham ddng bién trén khoang (-3;1).
C. Nghich bién trén khoang (-11).
D.Ham dong bién trén khoang (-11).

Cau 2:Cho ham s6 y = f (x) c6 do thi f'(x) nhu hinh v&

2
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_—
Cau3: Chohamsé y= f(x) c6dd thi ciaham s y = f'(x) dugc cho nhu hinh bén. Ham s6
y =-2f (2—x)+x° nghich bién trén khoang

Y
3

1

—1/0 2/45:1:

=)
A. (-3 -2). B.(-2; -1). C.(-%0). D.(0; 2).

Cau4: Chohamsé y=f(x) c6 dao ham lién tuc trén R. D6 thi ham s6 y = f’(x) nhu hinh v&
sau:

Ham s6 y = f (x—2017)—4x+2019nghich bién trén khoang :

A. (—0;2). B. (—o0;-1). C. (—0;2019). D. (2019;+0).

Cau5: Chohamso y=f(x). Do thi cuaham sé y = f'(x) nhu hinh bén. Pat g(x)=f (x)-x.
Ménh dé nao dudi day dang?

L O
\
|_\
ol
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do thi cia ham s6 y = f'(x) (y=f'(x) lién tuc trén R ). Xétham s6 g(x)=f(x*-2).

Ménh dé nao dudi day sai?

|
(]
- =

=

A. Ham s g(X) nghich bién trén (—oo;—2).

(x)
B. Ham s6 g (x) dong bién trén (2;400).
C.Hamsé g (X) nghich bién trén (—l; O).
(

D. Ham s6 @ X) nghich bién trén (0;2).

Cau7: [2D1-4] Cho ham sé y=f(x). Do thi cua ham s6 y=f’(x) nhu hinh bén. Dit
h(x) =2 (x) —x*. Ménh d nao duéi day dung?

A

/N [
AR [

\yl

A. (—oo;O).
C. (—;-2) va (2;4). D. (-2;2) va (4;+»).
Cau8: [2D1-4][THQG 2018-ma 101] Cho ham sé y = f(x), y=g(x). Hai ham s6 y = f'(x)

Vva Y= g'(x) c¢6 @6 thi nhu hinh bén trong d6 duong cong dam hon 1a do thi ciia ham sb
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Ham s6 h(x)= f (x+4)-g (Zx—g) d6ng bién trén khoang nao sau day?

A (5 ﬁj B. (isj. c (ﬁ;mj. D. (e éj
5 4 5 4
DANG 3. CHO BIEU THUC f'(x,m) TIM m PE HAM SO f[u(x)] PONG BIEN,
NGHICH BIEN.
Caul. Chohamsé f(x) c6 dao ham f’(x):(x—l)z(x2 —2x) véi moi x e R. C6 bao nhiéu sb
nguyén m<100 dé ham sé g(x)= f (x2 —8x+m) dong bién trén khoang (4;+o0) ?
A. 18. B. 82. C. 83. D. 84.
Cau2. Chohamsé y=f(x) c6 daoham f'(x)=x(x- ) (x2+mx+9) voi moi x e R. C6 bao
nhiéu s6 nguyén duong m dé ham s g(x)= f (3—x) dong bién trén khoang (3;+o0)?
A. 5. B. 6. C. 7 D. 8.
Cau3. Chohamsd y=f(x) codaoham f’ ( )=x* (x—1)(x* +mx+5) voi moi xeR. C6 bao
nhiéu s6 nguyén &m m dé hamsé g(x)= f xz) dong bién trén (1+00)?
A. 3. B. 4. C. 5. D. 7.
Cau4. Chohamsé y=f(x) c6daoham f'(x)= x(x—1)2 (3x4 +mx® +1) véi moi X € R. C6 bao
nhiéu s6 nguyén am m dé ham s6 g(x)= f (x*) déng bién trén khoang (0;+0)?
A. 3. B. 4. C. 5. D. 6.
Cau5. Chohamsé y= f(x) c6daoham f'(x)=x*(x*+mx+1) véi moi x € R. C6 bao nhiéu s
nguyén &mm dé ham s6 g(x)= f (»\/1—_x) nghich bién trén khoang (—0;1)?
A. 2. D. 8.

B. 3. C. T
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e e ¥
DANG 4. XAC PINH GIA TRI THAM SO M BE HAM SO BON BIEU TREN R ; TREN CAC

KHOANG KHAC R .

Cau 1.

Cau 2.

Cau 3.

Cau 4.

Caub.

Cau 6.

Cau7.

Cau 8.

[1D2-3] Tim m dé ham sé y=—%x3+(m—1)x2+(m+3)x—4 dong bién trén (0;3) .

A.sz. B.mS—E. C.m2§. D.mSE.
7 7 7 7

[1D2-4] Cho ham s6 y =(m—3)x—(2m+1)cosx . Tim m d& ham sé ludn nghich bién trén

R .

A.mz%. B. -2<m<-. C. —4£m£§. D. m<4.

aglw

[1D2-4] C6 bao nhiéu gia tri nguyén cia m dé ham sé y =(2m+3)sinx+(2-m)x dong
bién trén R ?

A 4. B. 5. C. 3. D. 6.

[1D2-3] Cho ham sé y = x®+3x* —mx—4. Tap hop tat ca cc gia tri cua tham s6 m dé ham
s6 dong bién trén khoang (—0;0) la

A. (—0;-3]. B. (—o0;—4]. C. (-L+o). D. (-15).
[1D2-3] Goi S la tap hop céc gia tri nguyén duong ctia m dé ham s
y=x°—3(2m+1)x*+(12m+5)x+2 dong bién trén khoang (2;+o0). S6 phan tir cua S
bang

Al B. 2. C. 3. D. 0.

[1D2-3] Tim m dé ham s6 yz% dong bién trén (0;+o0).
1 1
A m<—. B. m<O. C. m<—. D.0<m<—.
2 2 2
Vi moi gia tri m>axb, (& beZ) thi ham sb y =2x* —mx? +2x ddng bién trén khoang
(—2;0). Khi dé a+b bang?
A 2. B. 1. C. 3. D. 4.

Chohamsé f (x)=mx"+2x*—1 v6i m la tham sb thuc. CO tat ca bao nhiéu gia tri nguyén

cua m thudc khoang (—2018;2018) sao cho ham sé da cho dong bién trén khoang (0;%)?

B. 4032. C. 4.

Nhém tofm VD -VDC




Tai li¢u Luyén thi THPT Quoc Gia — CHUYEN DE “DAO HAM VA UNG DUNG CUA DAO HAM™

e ————————————————————
Cau 9.

Cau 10.

2
Goi S latong tat ca cac gia tri nguyén duong ciia tham s6 m sao cho ham s y = 2x—m4
X—m—
dong bién trén khoang (2021;+0) . Khi d¢ gia tri ciia S bang
A. 2035144 . B. 2035145 . C. 2035146 . D. 2035143.

7 =A A A A A A A 1 A =X A
C0 bao nhiéu s6 nguyén am m dé hamso y = gcos3 x—4cotx—(m+1)cos x dong bien trén

khoang (0;7)?
A. 5. B. 2. C. vd sb. D. 3.

DANG 5. XAC PINH GIA TRI THAM SO M PE HAM SO BAC BA PON PIEU THOA MAN
NHUNG PIEU KIEN CU THE.

Cau 1.

Cau 2.

Cau 3.

Cau 4.

C6 bao nhiéu gia tri nguyén cta tham sb thuc m thuoc khoang (—1000;1000) dé ham s
y =2x° —3(2m+1)x* + 6m(m+1)x +1 ddng bién trén khoang (2;+w)?

A. 999. B. 1001. C. 998. D. 1998.
Biétranghamsé y = %xg’ +3(m—1)x* +9x+1(véi m latham so thuc) nghich bién trén khoang
(%%, ) vadong bién trén cac khoang giao véi (X,;X, ) bang réng. Tim tit ca cac gia tri ciia m dé
[% —x| =63

A m=-1. B. m=3.

C. m=-3, m=1. D. m=-1, m=3.

Tim tat ca cac gid tri thuc ctia tham s6 m dé ham sé y = x® +3x? + mx+m nghich bién trén

doan c6 do dai 16n nhat bang 1.

A . m=——. B. m=3. C. m<3. D.m:g.
4 4

Chohamso y = §x3 - 2x° +(m +3)x +m. Tim gia tri nguyén nhoé nhat ctia tham s6 m dé
ham s dong bién trén R .

A.m=-4. B. m=0. C. m=-2. D. m=1.

DANG 6. UNG DUNG TiNH PON PIEU CHUNG MINH BAT PANG THUC VA GIAI
PHUONG TRINH, BAT PHUONG TRIiNH, HE PHUONG TRiNH.

+

Dé chimg minh bat dang thire h(x)>g(x), VxeK ta thuc hién cac budc sau:
Buée 1: Chuyén bat dang thic vé dang f (x)=h(x)-g(x)=0, ¥xeK.

Xéthamsd y=f (x)trén mién xac dinh K (K cho truéc hodc phdi tim).
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e ———
+ Budc 2: Lap bang bién thién

+ Bude 3: Dya vao dinh nghia dong bién (nghich bién) dé két luan:

* Hamsb f(x) dong biéntrén K va x, <x, = (%)< f(x,), V%, %, eK.
Ham s6 f (x) nghich bién trén K va x <x, = f(x)> f(X,), V%, X, eK
Pé giai phuong trinh, bat phuong trinh chi ¥ cac két qua sau:
+Néuhamsé f (x) lién tuc va don diéu (ludn ddng bién hogc ludn nghich bién) trén mién
K thi phuong trinh f (X) =k ¢ ti da mot nghiém (k 1a hang s6).
+Néu hai ham s6 f(x) va g(x) don diéu nguoc chiéu trén mién K thi phuong trinh
f (x)=g(X) co toi da mot nghiém trén K.
+Néu ham s6 f (x) xac dinh trén mién Kvacod f”(x)>0 hodc f”(x)<0 trén mién K thi
f'(x) luon ddng bién hogc nghich bién trén K nén f'(x)=0 co ti da mot nghiém trén K
do d6 phuong trinh f (X)=0 c6 téi da hai nghiém trén K.
+Néu ham sé f (x) lién tuc va don diéu (ludn dong bién hoac ludn nghich bién) trén mién
K thi voi Vu,veK: f(u)=f(v)<u=v.
+Néu ham s

f(x) dong bién va lién tuc trén tap xac dinh K thi Véi
vuveK: f(u)=>f(v

Su2Vv.

o>

+Néu ham s6 f(x) dong bién va lién tuc trén tap xac dinh K thi véi
vuveK: f(u)>f(v)eu>v.
+ Néu ham s6 f(x) nghich bién va lién tuc trén tap xdc dinh K thi véi
vuveK: f(u)>f(v)eusv.

+ Néu ham s6 f(x) nghich bién va lién tuc trén tap xac dinh K thi voi

vuveK: f(u)>f(v)eu<y.

Caul: Goi S latap hop tit ca cac gia tri thuc ciia tham s6 m sao cho phuong trinh
(x +1)3 +3-m=3%3x+m c6 ding hai nghiém thyc. Tich tit ca phan tu cua tap hop S 12

A. -1, B. 1. C. 3. D. 5.

1a tap hop tat ca cac gia tri thuc cua tham s& m sao cho phuong trinh

+m+m-+2 c6 3 nghiém phan biét. Tich tat ca phan tir cua tap hop
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Cau 3:

Cau 4:

Cau 5:

Céau 6:

Cau7:

Cau 8:

_-14 14 14

Am=— B.m>— C.m<-10 D. -10<m<—
27 27 27

Cho phuong trinh 2m?x® +8x+ /X% + Xx+2 =2m? +10 (m 4 tham sb). Khing dinh nao
sau day la dung?

A. Phuong trinh da cho v6 nghiém.

B. Phuong trinh da cho c6 dting mot nghiém thyc.

C. Phuong trinh da cho c6 hai nghi¢m thyc phan biét.

D. S6 nghiém cua phuong trinh phu thudc vao gié tri cua tham sé m.

Phuong trinh VX ++/3x+1= X2 + x+1 c6 téng binh cac nghiém la

A 1. B. 2. C. 4. D. 5.

Cho phuong trinh 'X* — X+ 4 ++/2x—1 =m. Khang dinh nao sau day 1a dang?

A. Phuong trinh da cho c6 téi da mot nghiém thyc véi vme R.

B. Phuong trinh da cho c6 tdi da hai nghiém thuc véi Vm e R.

C. Phuong trinh d3 cho c6 tdi da ba nghiém thuc véi vme R,

D. Ca ba dap 4n A, B, C déu sai.

Tap nghiém cua bat phuong trinh X? + X+ 64X +2 <18 1a

A. (—=;2). B. (-2;2). C. (2;+). D. [-2;2).

Cho phuong trinh X+2+3=x =x2—x+3m. Khang dinh nio sau 1a dung?
A. Phuong trinh da cho c6 t6i da mot nghiém thuc véi vm e R.

B. Phuong trinh da cho c6 t6i da hai nghiém thyc véi vme R.

C. Phuong trinh da cho c6 tdi da ba nghiém thuc véi Vme R.

D. Cabadéap 4n A, B, C déu sai.

Dé phuong trinh: VX2 +x+1—+/x2 —x+1=m c6 nghiém thi tap hop tét ca cac gia tri cua
m la.

m>1
A . med. B. { . C. -1<mx<1l. D. VmeR.
m< -1
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S ————r
CHU BE: CUC TRI HAM SO
Dang 1: Tim m dé ham sé béc 3 c6 hai diém cwc tri thoa man tinh chit P.
1.1. Vi du minh hoa
Vi dy 1. Cho ham sé y =x*-3(m-1)x’ +(2m2 —3m+2)x—m(m—1). Tim m dé d6 thi ham sé c6

hai cuc tri va duong thang di qua hai diém cyc tri song song véi duong thang y = —% X.
Lo giai
Taco: y =3x* —6(m-1)x+(2m* -3m+2) c6 A" =3(m* —3m+1).
3+\/§
2
3-5

2

m >

Ham sb ¢6 hai diém cuc tri khi va chi khi A" >0 < 3(m2 —3m +1) >0
m >

Khidotacod y= x+;—m y —%( ?—3m+1)[ x—(m-1)].

Tai diémcuctritaco y =0 nén y= —g(m2 —3m+1)[ x—(m—-1)] 1a duong thang di qua
hai diém cuc tri.

Do d6 bai toan twong duong

A >0
J —g(m2 —3m+1)=—g @{mzo.
3 3 m=3
%(m—l)(m2 —3m+1) £0

Va m=0

a o

dy =3

1.2. Bai tap tric nghiém

Caul. Chohamsd y=x>—-3x*+m?—m+1.Goi S latap hop tatca giatri cia tham sé m dé do
thi ham s6 ¢6 hai diém cyc tri A, B sao cho AABC c6 dién tich bang 7, v6i C(—2;4). Tinh
téng cac phan tur cua S .
A.5. B.1. C. 1. D. -5.

Cau?2. Goi S 1a tap hop tit ca cac gia tri thuc cta tham s6 m dé dd thi caa ham s

1 . . .
y ==x>—mx? +(m2 —1)x c6 hai diém cyc tri la A va B sao cho A, B nam khac phia va

=5x—9. Tinh tong tat ca cic phan tir cia S .
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Cau 3.

Cau 4.

Cau 5.

Céau 6.

Cau7.

Céau 8.

Céau 9.

Cau 10.

A. 0. B. 6. C. -6. D. 3.
Tim gia tri thyc cua tham sé6 m dé duong thang d :y =(2m—1)x+3+m vudng goc Vi

duong thang di qua hai diém cuc tri ciia d6 thi ham s y = x® —3x% +1.

A.m=§. B.ng. C.mz—i. D.mzl.
2 4 2

Cho ham s6 y :%x3 —mx* +(2m-1)x—3, véi m la tham sé. Xac dinh tat c4 cac gia tri
cia m dé do thi ham sb c6 diém cuc dai va cyc tiéu nam cling mot phia ddi vai truc tung?
A.me(%;+oo)\{1}. B.0O<m<2. C. m=1.. D. —%<m<1.

N z 2 m N I S, ) 2 Al ul e L L
Chohamso y =§x3 ——x?—m?x+2. Tim tat c4 cac gia tri thuc cua m dé do6 thi ham s6 co

hai diém cuc tri A, B sao cho ba diém O, A B thiang hang, trong d6 O 1a gdc toa do.
A. m=0. B. m=43. C.m=324. D. m=X2

Tim tat ca cAc gia tri cua tham s6 m dé hamsé y =%x3 —%(m+5) X2 +mx c6 cuc dai,
cuc tieu va [Xe, — X | =5..
A. me{6;0}. B. m=0. C. m=-6. D. me{0;-6} .
Tim m dé d6 thi ham s6y = x> —3(m+1)x* +12mx—3m+4c6 hai diém cuc tri A B sao
cho tam giac ABC c6 trong tam la goc toa do véi C(—l; %gj

-1

=E. B. m=
7 2

A.m C.mz_—l. D.m<_—1.
2 2

C6 bao nhiéu s6 nguyén m dé ham s6 y =(m—1)x* +12x* +3mx—4 dat cyc dai tai x, va
dat cuc tiéu tai x,, dong thoi x, <X, .

A. 4. B. 1. C.2. D. 3.

Tim tat ca cac gia trj thuc cta tham sé6 m dé diém M (2m*;m) tao véi hai diém cuc dai, cuc
tiéu ciia d6 thi ham s6 y = 2x° —3(2m+1)x* +6m(m+1)x+1 (C) mot tam giac co dién tich
nho nhét.

A m=-1. B.m=2. C. m=1. D. m=0.

Cho ham sé y=x*—3mx*+4m®. Goi S la tap hop tat ca gia tri caa tham sé6 m dé ham

sb c6 hai diém cyc tri A va B sao cho AB=+/20. Tinh tong c4c phan tircua S .
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e e ¥
Dang 2: Tim m dé ham sé béc 4 ¢6 3 diém cuc tri lap thanh tam gi4c thoa mén tinh
chat P.
2.1. Vi du minh hoa

Vidul. Chohamsé y=x*-2(m+1)x*+m’. Tim m dé do thi ham s6 c6 ba diém cuc tri tao thanh
mot tam giac vuong.
Loi giai
Taco: y'=4x’—4(m+1)x= 4x[x2 —(m +1)] :
Ham s6 ¢6 ba cuc tri khi va chi khi y’=0 c6 ba nghiém phan biét, twong duong:
m+1>0<m>-1 (*).
Khi d6 dd thi ham sé c6 ba cuc tri 1a: A(—\/m +1;—2m—1), B(O; mz),
C(\/m+1;—2m—1).
:ﬁ=(—\/m+1;—m2 —2m—1),B_Cf=(\/m+1;—m2—2m—1).
Vi ba diém A, B,C latam giac can tai B nén tam giac ABC la tam giac vudng khi va chi
khi vudng tai B va tuong duong:

m=-1

BABC =0 —(m+1)+(m®+2m+1) =0 1 1)°-1]=0 .
< —(m+ )+(m ¥ m+) < (m+ )[(m+) } c{mzo
Két hop (*) ta dwoc m=0.

Vay m=0.

Vidu 2. Cho ham sb y=2x*+2mx? _37m (v6i m 1a tham s6). Tim tat ca cac gié tri cia m dé ham

s6 da cho c6 ba diém cuc tri, dong thoi ba diém cuc tri ndy cing véi goc toa do O tao thanh
bdn dinh ciia mét tir giac ni tiép dugc.

Loi giai.
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Taco: y'=8x>+4mx = 4x(2x2 +m). Ham s6 ¢6 ba diém cuc tri khi va chi khi m<O0.

x=0

,—m
'=0<| X —_— .
y 2

—M

2

Khi d6 gia sir 3 diém cuc tri cua d6 thi ham sé 1a:.

2 2
A(O;_3_mj,3 [_m;_m__3_m cf-[m._m_am)
2 2 2 2 2 2 2
2 2
Taco: AB= "_m;—m :OB = ,/—m;i—?’—m .
2 2 2 2 2

m m' 3m’ m(m3 sz—J—O

X

MAMBOB=0-——4— 4+ — 0> —
2 4 4 2

<:>m=0;m=—l;m=—1+«/§;m=—1—«/§.
Do m<0 nén m=—1 hoic m=-1—+/3
2.2. Bai tap triac nghiém
Caul. Tim tat ca cc gia tri cua tham s6 m dé do thi ham sé: y = x* —2mx?> +m—1 c6 3 diém cuc

tri. Dong thoi ba diém cuc tri d6 1a ba dinh ctia mot tam giac c6 ban kinh dudng tron ngoai
TR
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A. _ . B. _ . C. + . D. m=1.
Mo+ 1+5 i 1+5 5

2 2
Cau2.  Tim céc gia tri cua tham s6 m dé d6 thi ham s y = x* —(3m—1)x* +2m+1 c6 ba diém cuc

tri. Dong thoi ba diém cuc tri d6 cung véi dieém D(7;3) néi tiép duoc mot duong tron.

A. m=3. B. m=1. C. m=-1. D. Khong ton tai
m.

Cau3. Tim gia tri thuc cta tham sé m dé do thi ham sé y = x* —2(m+1)x* +2m+3c6 ba diém
cuc tri A,B,C sao cho truc hoanh chia tam giac ABC thanh hai da giac sao cho: ti s giira

dién tich cua tam giac nho dugc chia ra va dién tich tam giac ABC bang g :

—1+«/§ 5+«/§ 1+\/1_5

B. . (o} D.
2 2 2

Cau4. Co bao nhiéu s6 thyc m dé d6 thi ham sé y =x* —2mx? +2 ¢6 ba diém cyc tri A,B,C sao

A,%,

cho tir giac ABCD noi tiép voi D(ggj :
A 4 B. 2. C. 3. D.1
Cau’5.  Tim s6 thyc m dé d6 thi ham s6 y =x* +mx® +m+2 c6 ba diém cuc trj tao thanh tam gic

nhan O lam truc tam.
A . m=1 B.m=-2. C. m=0. D.m=2

Cau 6. Chohamsb y=x* —2mx? +m* +2m. Tim tit ca c4c gié tri thuc ctia tham s6 m cac diém
cuc tri tao thanh tam gidc déu.
A m=2/2 B.m=33. C.m=3%4. D.m=1

Cau7. Chohamso y=x*-mx’+2m-1 c6ddthi (C,). Tim tat ca cac gia tri thyc ciam dé (C,,)

c¢6 3 diém cuc tri cung vai goc toa do tao thanh mét hinh thoi.

A. m:1+\/§;m=—1+\/§. B. m=2+\/§;m=2—\/§.
C.m=4+J2;m=4++2. D. m=1+g;m=—1+g.

Cau8. Chohamsb y=x"'-2(m+1)x*+m c6dd thila (C), m latham sb. (C) c6 ba diém cuc
tri A,B,C sao cho OA=BC, trong d6 O la goc toa do, A l1a diém cuc tri thudc truc tung
khi:

A . m=0hoic m=2. B.m=2+22. C. m=3+33. D. m=5+55.

Cau9. Chohamsd y=x*—-2mx®+2. Xac dinh m dé d6 thi ham s6 c6 ba diém cuc tri lap thanh

C. m=0 v m=1. D. Pap sb khéc.
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e ——
Cau 10. Cho d6 thi ham s6 (C) y=x*-2mx*+2, m la tham s6 théa man dé thi (C)c6 ba diem
cyc tri tao thanh mot tam giac ngoai tiép mot duong tron c6 ban kinh R=1. Khi dé tong
cac gidtricaa m la
Al B.O. c 35 1445

. D.
2 2

Cau 11. Goi S latap hop tat ca cac gia tri thuc caa tham s6 m dé o thi ham s y = 2x* + 2mx? =i

c¢6 ba diém cuc tri, dong thoi ba diém cuc tri ndy clng vai goc toa dd O tao thanh bdn dinh
ctia mot tir giac noi tiép duoc. Tinh tong tat ca cac phan tarcua S .
A. 2-23. B. *+y?+z2=12. C.-1. D. 0.
Dang 3. Tim s6 diém cure tri ciia ham hop, ham 4n dua vao bang bién thién ham s
y=f(x), bang xét dau y=f'(x).
3.1. Vi du minh hoa
Vidu 1. Chohamsé y=f(x) c6 dao ham trén R va c6 bang xét dau ciia ham s6 y = f (x) nhu
sau:

x —o0 -1 1 3 +oo
f’ - 0 + 0 + 0 -

Hoi ham sb f (x2 —2x) ¢6 bao nhiéu diém cuc tiéu?

Loi giai
Taco: g (x)=(2x-2) f'(x*-2x).
1 [x=1
X =
. 2x-2=0 x?—2x=1 =i
g(x)=0=| .., , —| ' & | x =1(nghiém kép) .
f'(x*—2x)=0 X*—2x=-1(nghiemkép) |
| x> -2x=3 N
Ta c6 bang xét dau cua g (x):
X | o -1 1-2 1 1442 3 +0
f + 0o - 0 - 0+ 0 + 0 -

Do d6 ham s6 f (x* —2x) c6 ba diém cyc tiéu.
3.2. Bai tap triac nghiém
Caul. Chohamsé y=f(x) c6daohamtrén R vaco bang xét dau cua y = f'(x) nhu sau:

— 00
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Hoi ham s6 g (x) = f (x* —2x) c6 bao nhiéu diém cuc tiéu?

Al B. 2.

C. 3. D. 4
Cau2. Chohamsé y= f(x) xédc dinh, lién tuc trén R va c6 bang bién thién nhu sau
—ee -1 + o0
’ - o + 0 - 0 +
+ 00 4 + o0
g \ / \ /
1 1
Ham s6 g(x)=3f (x)+1 co gia tri cuc ticu bang
A -1. B. 1. C.7. D. 4.
Cau3. Chohamsb y= f(x) c6 bang bién thién nhu hinh v& bén dudi
T |—occ -2 1 + o
! — 0 + 0 +
+oc od
; \ /2/—)
—2
Hoi ham s6 g (x)= f (X* +1) c6 bao nhiéu diém cyc tri?
A. 2. B. 1. C. 3. D. 4.
Cau4. Chohamsd y= f(x) c6 bang bién thién nhu sau
z |—oo 0 1 2 +oo
Yy + o0 - + 0o —
3 2
) / \ /
—00 —1 -0

Goi S la tong c4c diem cyc tri cia ham s6 g(x)= f (3—x). Tinh S

A. S=2. B. S=3. C. S=4. D. S=6.

Cau5. Chohamsd y= f(x) c6 bang bién thién nhu sau
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2018

+00
\ 2018 /

F(x) /

Hoi @6 thi ham sb g(x —| f (x—2017)+ 2018| ¢6 bao nhiéu diém cyc tri?

A 2. B. 3. C. 4. D. 5.
Cau 6. Chohambéchony = f(x). Himsé y = f (x) c6 bang bién thién nhu hinh v&. S6 diém cuc

dai cia ham s f («/x2 +2X+ 2) la:

T -0 -1 1 %) +o0

f(z) - 0 + 0 -
+ o0 +00
e \ / \ /
B. 2 C. 4 D. 3

Cau7. Chohamsé y= f(x) c6 bang bién thién nhu hinh v

Al

T |- -2 0 1 3 + o0
f’(a:) - 0+0 +0 - +

e \/\/

Ham s6 g(x) = f (xz) 6 bao nhiéu diém cuc tri

A. 4. B. 3. C.5. D.2
Cau8. Hamsé f(x)co daoham f'(x) trén R. Bang bién thién ciia ham s y = f (x) nhu hinh

V& Hoi ham s6 y = f (|x])+2018 c6 bao nhiéu diém cuc tri?
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T |[—90 Xl Xg X3 + o0

f(z) - 0 + 0 - 0 +

A

Cau9. Chohamsé y= f(x) c6daohamliéntuctrén R va f (0)<0,dongthoi hamsé y = f (x)

A.5.

c6 bang bién thién nhu hinh v& bén dudi.

Z |-00 -2 1 + o0
/(=) } +
S6 diém cuc tri ctia ham s6 g(x) = f*(x) Ia:
Al B. 2. €. & D.4

Cau 10. Chohamsé y = f(x) c6 dao ham trén R va c6 bang bién thién nhu hinh v&.

T |- -1 1 4 + 0
f’(x) - 0 + 0 - 0 +
S6 diém cuc tri cua ham s6 g(x) =e*' ™" +5' 13
Al B. 2. C.3. D.4

Dang 4: Tim s6 diém cuc tri dwa vao d6 thi hamsé y = f(z);y = f'(x)

4.1. Vi du minh hoa
Vidy 1. Chohamsé y= f(X) c6 dd thi nhu hinh v& bén dudi.
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Tim s6 diém cuc dai cia ham s6 g(x) = f (-x*+3x).
Loi gidi

Taco: g (x)=(-2x+3) f'(—x2 +3x) .

_ 3
X==
X =% 2
—2x+3=0 N
g(x)=0=]| .., , S| X +3x="2& x=3_\/1_7.
f'(-x*+3x)=0 2
—X2 +3x=0 -0
L x=
Tir d6 ta c6 bang xét dau:
x _
. 3417 0 3 ; 34417 .
2 2 2
g + o - 0 + 0 - 0 + 0 -
Vay ham s6 c6 ba diém cuc dai.
4.2. Bai tap trac nghiém
Caul. Chohamsd y= f(x) c6 do thi ham sd nhu hinh vé.
A 1 2
o T T X
X [
y. \//\
Xac dinh diém cuc tiéu cuia ham sé g(x) = f (X) +X
B. 1. C.0. D. Khéng c6.

trén R va c6 do thi ham sé y = f '(x) nhu hinh vé.
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Xét ham sé g(x) = f(2—x?) . Ménh dé& nao dudi day sai:
A.Ham sé f(x) dat cyc dai tai x=2 B. Ham s g(x) dat cuc dai tai x=+/3
C. Ham s g(x) khong c6 cuc tri. D. Ham s6 g(x) dat cuc tiéu tai x=0 .
Cau3. Choham s y = f(x) c6 dao ham trén (—oo;+00) . Db thi cia ham s6 f(x) nhu hinh

VE.

Hoi dd thi ham sé y = g(x) = f2(X) c6 bao nhiéu diém cuc dai, diém cuc tiéu

A. 1 diém cuc dai, 3 diém cuc tiéu. B. 2 diém cuc dai, 3 diém cuc tiéu.
C. 2 diém cuc dai, 2 diém cuc tiéu. D. 2 diém cuc tiéu, 3 diém cuc dai.
Cau4. Cho ham sb y= f(x)xéac dinh trén R . D5 thi cia ham s6 y = f '(x) nhu hinh v& bén.
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bat g(x) = f(x)— % x> — % x* + g X + 2018 . Tim diém cyc tiéu ctia ham s6 g(x) trén doan

[-31)
1
A X =1. B.xCT:E. C. X =—2. D. X =-1.
Cau5. Chohamsb f(x) codaoham f'(x) c6 dd thi nhu hinh vé.

A

Y

- <

e o
w4
~t

Ham s6 g(x) = f(x)—xg+x2 —X+2 dat cyc dai tai diém nao?
A. X =1. B. X =-1. C. %y, =0. D.Xp=2.

Cau6. Chohamsd y= f(x) c6 do thi ham sd nhu hinh vé.

y)\

g
&
tad 4
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Xac dinh diém cuc dai ciia ham s6 g(x) = f (X) +3x
A 2. B. 1. C.0. D. 3.

Cau7. Chohamsé y=f(x),y=g(x) c6daoham trén R vacé dd thi hamsé y = f (x),y =g'(x)

nhu hinh vé.

y)\

=y

AL A

Xétham sé h(x)=g(x)— f (x) . Ménh dé nao dudi day sai:
A. Ham s h(x) c6 mét cuc tiéu B. Ham s6 h(x) c6 mét cuc dai
C. Ham sb h(x) c6 hai cyc tri D. Ham s6 h(x) khong c6 cuc tri .

Cau8. Choham s y = f(z) c6 dao ham trén (—oo;+o00) . D6 thi cua ham sé f(z) nhu hinh

VeE.
y’\

/

gl

Hoi d6 thi ham s6 y =|f (x)| c6 bao nhiéu diém cuc tri:

=<V

A. 4 diém cuyc tri. B. 6 diém cuc tri. C. 7 diém cuc tri. D. 5 diém cuc tri.
Cau 9. Cho ham s y = f(X)xéc dinh trén R . Do thi ciia ham s6 nhu hinh vé bén.
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y=f(x

0~ 1
S6 diém cyc tri ctia ham sb trén y = f (|x|)
A 4. B.3. C.6. D.5.
Cau 10. Chohamsb y=f(x),y=g(x)cé daoham f'(x)=p(x),9'(x)=0a(x) c6 do thi nhw hinh
VE.
|
p(x)
2
O 5 x>
q(x)

Ham s6 y =h(x)= f (x)—g(x). Ménh dé nao trong cac ménh dé sau dung?
A. C6 hai diém cyc dai trong d6 c6 mot gia tri Xep <2 .

B. C6 hai diém cuc tiéu trong d6 c6 mot gia tri X, < 2.

C. C6 hai diém cyc dai théa man X, > 0.

D. C6 hai diém cyc tiéu théa man X, >0.

Dang 5: Tim m dé ham s6 chira dau gia tri tuyét doi c6 k (hoic cé toi da k diém cue
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Vidu 1. Chohamsd y= f(x) c6 bang bién thién nhu hinh v& bén dudi.

x —m -1 2 +ao

f’ + 0 - 0 +

i 11 +oo
_m/\4/

Tim m dé do thi ham s6 g(x)=|f (x)—2m| c6 5 diém cuc tri.

5.2. Bai tap tric nghiém

Caul. C6 tat ca bao nhiéu gi4 tri nguyén cua tham sé6 m thugc doan —5;5 sao cho ham s
y =|x* —6x* +(9—m)x+2m—2| ¢6 5 diém cyc tri?
A. 8. B. 12. C.5. D.7

Cau2. Chohamsé y= f(x) c6 dao ham f'(x) = (x—1)*(x* —2x) véi moi x € R. C6 bao nhiéu

gia tri nguyén duong cua tham s6 m dé ham s y = f(x* —8x+m) c6 5 diém cuc tri?

A. 15. B.17. C. 18. D. 16
Cau3. C6bao nhiéu gia tri nguyén caa tham sé6 m dé ham sé y = |x* —2x* +%—7 c6 7 diém
cuc
tri?
A. 2018. B. 1009. C. 2017. D. 1008

Cau 4. C6bao nhiéu gia tri nguyén ciia tham sé6 m nho hon 2018 déhamsé y =|x* —4x® +m| c6

3 diém cuc tri?
A. 2015. B. 2014. C. 2017. D. 2016

Cau5. Chohamsb y= f(x) c6 do thi nhu hinh v& bén.

yA
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S ———
Dang 6: Tim m dé ham s6 dat cwc tri tai diém X, .
6.1. Vi du minh hoa
Vidul. Timm déhamsé y=x®+(m-2)x° —(m2 —4)x4 +1 dat cuc tiéu tai x=0.

Loi giai
Taco y =8x" +5(m—-2)x" —4(m*—4)x°.

y (0)=0
Ham s da thirc dat cuc tieu tai x=0 khi va chi khi { lim y'(x)>0,

x—0"

limy (x)<0

x—0"
Tuong dwong: ham dao ham c6 lity thira nho nhét ciia X 12 1é va hé s6 cta n6 1a duong, tirc
la:

 (~4(m*-4)=0
5(m-2)=0 m=3
8>0 c{—2<m<2'
~4(m*-4)>0
Vi m=3
Y ocm<2’

6.2. Bai tap trac nghiém

Cau 1.

Cau 2.

Cau 3.

Cau 4.

Cho ham sé: y=%x3 —mx* +(m” —m+1)x+1. Voi gia tri nao cia m thi ham s dat cuc

dai tai diém x=1.
A m=2. B. m=1. C. me{L;2}. D. med.

Tim tat ca cac gia tri cia m dé ham sé y = x* +3mx®> + m* +m dat cuc tiéu tai x=0

A. m>0. B. m>0. C. m<0. D. m<0.

[Ma dé 105 — THQG 2018] C6 bao nhiéu gia tri nguyén cua tham s6 m dé ham sé
y=x2+(m—4)x° —(m2 —~16)x" +1 dat cuc tiéu tai x=07?

A. 8. B. 9. C. V0 so. D. 7.

Cho ham s6: y = x* +(1—2m)x* + (2—m)x+m+2. Tim tit ca c4c gia tri nao cua m dé ham
s6 ¢6 2 diém cuc tri thuoc khoang (—2;0) .

A. —§<m<—1. B.m>% C. m<-1 D. —g<m<—1
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Cau 6.

Cau 7.

Cau 8.

Céau 9.

Cau 10.

[HSG Ninh Binh 2018] Cho ham s6 y = —x®+3mx® —3(m* —1)x+m. Goi A latap hop tat

ca céc gié tri thuc cia tham s6 m dé ham sb dat cuc tiéu tai x=2. Khi d6 tap A 1a tap con
cua tap hop

A. (—oo;—l]. B. (3;+oo). C. (—oo;l]. D. (2;+oo).
Ham sé y = x® + 2ax? + 4bx— 2018 (a,b € R) dat cuc tri tai x =—1. Khi d6 hiéu a—b Ia
A. -1. B.i. C.é. D.—§.

3 4 4

[Chuyén PH Vinh] Tim tit ca cac gié tri cia tham sb a dé ham s6 y =ax++/x*+1 co cuc
tidu.
A -l<a<?2. B. -1<ax<l. C. 0<a<l. D. 2<ax<0.

3
[THPTChuyén Quang Trung lan 1]JCho ham sé y = X?—axz —3ax+4 Déham sb dat cuc

2 2
At 23)2(2 9, X% 2a;<1 9 o thia thuoc khoang nao?

tri tax,, X, thoa man
R X% a a

A..ae[—S;—gj. B..ae[—S;—g]. C.ae(-2-1). D. ae(—%;—3j.

Biét M (—2;5), N (0;13) 1a c4c diém cuc trj ctia do thi ham so y = ax+b+i1 Tinh gia tri
X+

ciia ham sb tai x=2.

N B. 2. c.® p. 4.
3 9 3 3
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Cau 1:

Cau 2:

Cau 3:

Céu 4:

Cau 5:

Céau 6:

Cau 7:

Cau 8:

CHUYEN DE MAX-MIN HAM SO

Gia tri I6n nhat caa ham s6 'y = 2sin* X+€0s*> X+3 bang
A. miny=5 B. miny=3 C. miny=4 D. min _3
. R y_ 0 . R y— . . = y— . o R y_E
Goi M la gi4 tri 16n nhat va m 1a gi4 tri nho nhét cua ham sé y =sin® x+cos® x. Khi d6

M.m bang:

i B. 1. C.0. D.%.
512 512

Ham s y =(x* +2x+3)(x* +2x—3) ¢c6 gia trj I6n nhét Ia:

A. co giatri I6n nhat1a 0. B. c6 gia tri 16n nhat 1a -8.

C.cogiatri lon nhat 1a 2. D. khdng ¢ gia tri I6n nhat.

Ham sé y =(x—1)(x—2)(x—3)(x—4) c6 gia tri I6n nhat, gia tri nho nhat trén doan [-1;3]
la:

A. 10; —%. B. 120;1. C. 10; -1. D. 120; -1.

Ham sé y =v1—x ++x+3++/1—x~/X+3 c6 gid tri 16n nhat, gi tri nho nhat 12;
A 22-2;2. B. 22 +2; 2. C. 242; 2. D. 2;0.

Ham s& y=+/X+2+vJ2—x+2y4—x* dat gi4 tri 16n nhat, gia tri nho nhét tai diém c6
hoanh do la:

A 22442, B. 242-2:2. C. 242:2. D. 4:2.

Cho AABC déu canh a. Nguoi ta dung mot hinh chir nhat MNPQ c6 canh MN nam trén BC,
hai dinh P, Q theo thi tw nam trén hai canh AC va AB cta tam giac. Xac dinh vi tri cua diém
M sao cho hinh chit nhat c6 dién tich Ién nhat?

_2a B. BM =2

A. BM . . C.BM =2, D. BM =
3 4 3

&
7
Trong céc hinh tru noi tiép hinh cau ban kinh R, hinh tru c6 thé tich 16n nhat bang

47R® - 47R® 7R3 5 47R?

N 33 C'3J§' 3

A.
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Cau9: Chohamsd y=f(x) c6daohamla f'(x). DS thi ham s y = f'(x) duge cho nhu hinh
vé bén. Biét f(0)+ f(3)=f(2)+ f(5). Gia tri nho nhat va gia tri I6n nhat cua y = f (x)

trén doan [0;5] lan luot Ia:

YA
/’-i'_;
O 2 5 X
A. 1(2),1(5). B. f(0),f(5). C. £(0),(2). D. f(1),f(5).

Cau 10: [Chuyén Hiing Vuong - Pht The - KSCL - Lan 1 (2017 - 2018)] Cho db thi y = f (X)

c6 do thi y = f'(x) nhu hinh v&. Xétham s6 g(x)= f (x)—%x3—%x2+gx+2018

Ménh d& nao dudi day dung?.
A. ming(x)=g(-1). B. ming(x)=g(2).

Cau 11: Cho hai ham sb =1 (X), y= g(x) lién tuc va c6 dao ham trén doan [_l;l] thoa man
. Goi m la gia tri nho
%) trén doan L5 Ménh a2 nio dusi day ding?

h(-1)+h(1)

A. m=h(-1). B. m=h(0). C. m= >

. D.m=h(1).

6 thi ham y = f'(X) nhu hinh v&
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Cau 13:

Céu 14:

Cau 15:

Céau 16:

bt g(x)=3f (x)—x*+3x—m, véi m Ia tham sé thuc. Diéu kién can va du dé bat

phuong trinh g(x)>0 ding voi VXe[—\/@; \/§J la
A. m<3f({3). B. m<3f (0). C. m>3f (1). D. m>3f (—3)

Cho X,y la hai s khéng am théa man x+y=2. Gia tri nho nhat cua biéu thuc

P=%x3+x2+y2—x+1 la

A. minP:%. B. minP=5. C. minP=%. D. minpz%.

[THCS, THPT Nguyen Khuyen - KT Dinh ky - Lan 2 (2017 - 2018)] [016] Cho x>0;

y>0va x+3y=4. Giatri Ién nhat, nho nhat cia P ) lan luot 1a:
X+1 1+vy
- e L. X 4
A. 2; khong co gia tri nho nhat. B. 2 o
4 A ;oez ., .. 4
C. g; 2.. D. khéng c6 gié tri 16n nhat; 5
[THCS, THPT Nguyen Khuyen - KT Dinh ky - Lan 2 (2017 - 2018)] [013] Cho
2
x? +y? =1. Tim gia tri I6n nhét cua P :ixyz.
1+2xy+2y
3 3 6 3
A —. B. —. C. —. D. —.
2 2 2 22
[THCS, THPT Nguyen Khuyen - KT Dinh ky - Lan 2 (2017 - 2018)] [027] Cho
2 2
p=2 Y \6i x4 y? #0. Gid tri nho nhét cua P 13
X" =Xy+Yy
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Cau 17: Cho cac s6 thyc duong x, y. Tim gié tri Ion nhat cia biéu thuc P = 4xy -
(x+«/x2 +4y2)
1 1 1
A. MaxP=1. B. MaxP=—. C. MaxP=-. D. MaxP=—.
10 8 2
Cau 18: Cho céc sb thuc X, y théaman x2 +2xy +3y? =4 . Gia tri 16n nhat cua biéu thicc P = (x — y)°
la:
A. MaxP =8. B. MaxP =12. C. MaxP =16. D. MaxP=4.

Cau 19: Cho céac s6 thuc X,y thoa man (x—4)+(y—4)® +2xy <32. Gia tri nhé nhat m cua biéu
thac A=x*+y> +3(xy -D(x+y-2) la:

D. m=2398.

A. m=16. B. m=0. C.mzﬁ.

Cau 20: Xeét hai sb x,y thoa man x? +y? +4x+1+(x+2)" =\/y*—8y?+17 . Goi m va M lan

luot 12 gia tri nho nhat va gié tri I6n nhit caa P =x*+y*. Tinh M (1+m)
A. M(1+m)=8. B. M(1+m)=12. C. M(1+m)=16. D. M(1+m)=4.

X+y+z=4

Cau 21: Xét cac s6 thuc xy,z thoa man { . Tim gia tri 16n nhat cua biéu thuc:

X*+y*+2°=8
P=x}+y*>+2°.

A.@. B. 16. C.17. D.lﬂ.

9 9
Cau 22: Cho X, Y la hai s6 thuc thoa man diéu kién X+ y? +xy +4 =4y +3x. Tim gia tri l6n nhat

cua biéu thirc P=3(x° —y®)+20x" + 2xy + 5y +39x.
A. 100. B. 66. C. 110. D. 90.

Cau 23: Tim gia tri nho nhat cia ham so y = ZcosE+sm X+1.

A 1-23. B. 2_?@. C. -1. D. 2_2‘/5.

Cau 24: [Chuyén Lé Quy Pén - BRVT - KT Chuyén dé - Lan 1 (2017 - 2018)] Tim gia tri Ion
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Cau 25:

Cau 26:

Cau 27:

Céau 28:

Cau 29:

Cau 30:

A. max f(x)=1,min f(x):g. B. maxf(x)zg,min f(x)=-3.
xeD xeD 27 xeD 4 xeD
3 . 19 .
C. max f(x)=—=,min f(x) ==—. D. max f (x) =1, min f (x) =-3.
xeD 4 xeD 27 xeD xeD

[Luyén thi THPT.QG - Nguyén Thanh Tung - Lan 1 (2017 - 2018)] Cho ham sé
y =3+sin2x+2(sinx+cos x) c6 gia tri 16n nhat va gia tri nhé nhét lan luot 1a M, m. Khi

d6 gia tri M, m bang bao nhiéu?

A M=4+2{2; m=1.B. M=4+2\2; m=4-22.

C.M=4-2y2; m=1.D. M=4+2J2; m=2J2-4.

Cho x,ye(o;%j thoa cos2x+cos2y+2sin(x+y)=2. Tim gia tri nho nhat cua

sin®x cos'y
= + :
y X

P

2. C. miani. D. miani.

. B. minP=—
T 3 T

A. minP= &)
T
Hamsé f(x)= |8x4 —8x° +1| dat gid trj 16n nhat trén doan [—1;1] tai bao nhiéu gia tri cua
X?

A. 3. B. 2. C.5. D. 4.

Tim cau sai trong cac ménh dé sau vé GTLN va GTNN cua ham s
y=|X3—3X+1|,X€[0;3].

A. Ham s6 ¢c6 GTLN va GTNN. B. Miny =1.

C. Max =19. D. Ham s6 dat GTLN tai x = 3.

[0:3]

[THPT Bui Thi Xuan - TP.HCM - Thi HKI (2016 - 2017)] Tim gi4 tri nho nhat cua ham
56 y =[x’ ~9x” +24x—68) trén doan [-14].

A. 48. B. 52. C. -102. D.O.
Cho cac sé thuc X, y théa man x + y+1:2(»\/x—2 +«/y+3). Gia tri 16n nhét cia x+y 13

A T. B.1. C. 2. D. 3.
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Céu 31:

Cau 32:

Céu 33:

Céu 34:

Céau 35:

Céau 36:

[Chuyén Lé Quy Pén - BRVT - KT Chuyén dé - Lan 1 (2017 - 2018)] Xét ba s6 dwong

a,b,c thay doi thoa man (a+b+c)(l+%+1j213. Tim gia tri nho nhat cua biéu thac
a c

1 1 1
P=(a2+b2+c2)(¥+?+c—2j.
A. minP =31. B. minP=32. C. minP =33. D. minP=34.

[Chuyén Lé Quy Pén - BRVT - KT Chuyén dé - Lan 1 (2017 - 2018)] Goi S la tap hop
cac gia tri cua tham s m dé gia tri nho nhat cua ham s6 f (x)=x*-2(m+1)x+m?-m

trén doan [1;3] 1a -3 Tinh tong tat ca phan ti cua S

A.Q. B.g. C.g. D.
3 3 3

w |~

[Chuyén Lé Quy Pén - BRVT - KT Chuyén dé - Lan 1 (2017 - 2018)] Cho biét gia tri

N

nhé nhat cia ham sé f (x)=\/4x2 —4mx+2m? +|x| 12 ijn f (x)=7. Trong cac ménh

dé sau, ménh dé nao dang?

A |m|e{i;3] B. |m|e{3;i] c. |m|e{£;l}. D. |m|e[l;3]
10 10 10 10 10 10 10 10

[THPT Chu Vin An - Ha Néi - Thi HKI (2016 - 2017)] Tim tat ca cac gia tri thuc cua

tham sé a d& bat phuong trinh ay/x? +6 < X+a nghiém dang véi moi gia tri thuc cia X.

V30 V30

A. a<l. B.a<-1.. C.a<——.. D.a=——-.

5 5
Thay Hong dy dinh xay mot bon hoa c6 bé mit 1a hinh tron ¢6 duong kinh AB =10m, d¢
cho an tuong thay Hong thiét ké c6 hai hinh tron nho trong hinh tron 16n bang céach lay diém
M giita A va B roi dung cac duong tron duong kinh MA va MB . Trong hai dudng tron
nho thay dinh trong loai hoa hdng do, con phan con lai thay trong hoa hong trang. Biét gia
hoa hong do 1a 5.000 dong, hoa hong trang la 4.000 dong va it nhat 0.5 m® méi trong dugc
mot bdng hoa. Hoi chi phi thap nhat dé trong hoa cua thay 1a bao nhiéu?

A. 752000 dong. B. 706858 dong. C. 702000 dong. D. 622000 dong.

Mot ngudi can di tir khdch san A bén bo bién dén hon dao C . Biét rang khoang céch tur
hon dao C dén bo bién 1a 10 km, khoang céch tir khach san A dén diém ngan nhat tinh tir
dao C vao bo 1a 40 km. Nguoi d6 co thé di duong thuy hoic di duong bo rdi di duong thiy
(nhu hinh v& dudi ddy). Biét kinh phi di duong thuy 13 5 USD/km, dudng bo 18 3 USD/km.
5i nguoi d6 phai di duwong bo khoang bao nhiéu dé kinh phi nho nhat? (
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Cau 37:

Céau 38:

Céau 39:

Cau 40:

10 km

A D X

A. 10km. B.%km. C.6—25km. D. 40km.

Cho hai vi tri A, B cach nhau 615m, cling nam vé mot phia bd song nhu hinh vé&. Khoang
cachtir A vatr B dén bo song lan luot 1a 118m va 487m. Mot ngudi di tir A dén bo song
dé lay nudc mang vé B. Poan dudng ngan nhat ma nguoi d6 c6 thé di la:

A. 569,5m.. B
615m
B. 671,4m.. A 487m
C. 779,8m.. el
| ' séng ' |
D. 741,2m

M6t man anh chit nhat cao 1,4m duoc dit ¢ d6 cao 1,8m so véi tam mét (tinh tir ddu mép
dudi ctia man hinh). Dé nhin rd nhat phai xac dinh vi tri dang sao cho goc nhin 16n nhat.

Hay xac dinh vi tri d6? (goc BOC goi la goc nhin).
A. AO=2,6m.. B. AO=2,4m.. C. AO=14m.. D. AO=2m.

Tir mot tdm ton co kich thude 90cm x 3m, ngudi ta lam mot méang xdi nude trong d6 mat
cit 12 hinh thang ABCD c¢6 hinh duéi. Tinh thé tich I6n nhat caa mang x6i.

A D

30 cm 30 cm

B 30 cm C

A. 40500+/6 cm® . B. 40500+/5 cm®. C. 202500+/3 cm®.  D. 4050042 cm?.

Tinh chiéu dai nho nhat caa cai thang dé n6 c6 thé dya vao twdng va mat dat, bac qua mot
cot dd cao 4m. Biét cot d& song song va cach twdong 0,5m, mit phang chia tudng vudng
g6c v6i mat dat- nhu hinh v&, bo qua d6 day cua cot da.
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Cau 41:

Cau 42:

Céu 43:

Céau 44:

Céau 45:

Céau 46:

.\.\.-..-..\.\...-..\.\......Thang
Tuong -
Cotdo
Mat dat
A. # B. % C. ? D. %

(m+1)x+m-1|
x+1 |

C6 bao nhiéu gia tri cua tham s6 m dé gia tri 16n nhat caa ham sé y =
N v 1
trén doan [—3; —2] bang "

A 1l B. 2. C.0. D. 6.

( Bai tap twong tu) C6 bao nhiéu gia tri ciia tham sé6 mdé gia tri 16n nhat caa ham sé
y=|x2 —2x+m| trén doan [-1;2] bang 5.

Al B. 2. C.0. D. 6.

Cho hai s6 thuc x, y thoa man:9x° +(2—y,/3xy—5)x+3xy—5=0

Tim gié tri nho nhét ciia P =x*+y° +6xy +3(3x* +1)(x+y —2)

A 296+/15 —18 5 36+ 2964/15 c 36+ 296+/15 5 —4J6 +18
e e S e
Cho céc so thuc X, y thoa man (x—4)2+(y—4)2+2xys32.

Gia tri nho nhat m cuaa biéu thuc A=x3+y° +3(xy —1)(x+y—2) la:

A.m=ﬂ. B. m=16. C. m=398. D. m=0

Phuong trinh 229 4 (x®* —6x + 9x+m) 2> = 2" +1 ¢6 3 nghiém phan biét khi va chi
khi me(a;b). Pat T =b®—a’ thi:
A . T=36. B. T =48. C.T=64. D.T=72.

Cho cac s6 thyc duong x, y thod man log,,,,, (x* +y?) <1. Gia trj 16n nhét cua biéu thic

= 48(x+Yy)’ ~156(x+y)? +133(x +y) +4.
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Cau 47:

Cau 48:

Cau 49:

Céau 50:

B 1369 C. 30. D. @

26 36
Cho ham s6 y=x"—-2x*(C) va hai diém A(0;2), B(42). M la diém tly y thuoc do thi
(C). Dién tich tam giac ABM nho nhat bang:

A. 29.

AL B. 1. c 3. D. 2.
2 2
3 2
Tim gi4 trj 16n nhat va gia tri nho nhat caa ham sé y = th
(x2+1)
A. maxy=§;min=£ B. maxyzi;minz—l.
R 4R 4 R 2" R 7
C. maxy=§;min=—1. D. maxy=§;miny=—1.
R 4 R 2 R 4 R 4

Tim GTLN, GTNN ciia ham s6 y =~/x+4 +/4—x—4,/(x+4).(4-x)+5.

A. maxy=4:min =22 B. max y =5+ 2+/2;min=—7.
[ [-#:4] [4:4] [~4:4]
“ Epgz](y=4;[rp4|;£}=—2\/§_ D IRy =aimip =7

Mot cai ao hinh ABCDE (nhu hinh v§), ¢ gitra a0 c6 mdt manh vuon hinh tron ¢ ban kinh
10m. Nguoi ta mudn bac mot cau cau tir b AB ctia ao dén vuon. Tinh gan dung d6 dai toi
thiéu | cua cay cau biét :

- Hai bo AE va BC nam trén hai duong thang vubng goc voi nhau, hai duong thang nay
cat nhau tai diém O ;

- Bo AB la mét phan ciia mot parabol ¢ dinh 1a diém A va co truc d6i xung la duong
thang OA:

- Do dai doan OA va OB lan luot 1a 40 m va 20 m;

- Tam | ctia manh vuon lan luot cach duong thang AE va BC lan luot 40 m va 30 m.
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L-2DJIL-.:; SIEIEON RSN
0 2 C

A l=17,7m. B. 1 =25,7m. C.1=27,7m. D. | =15,7m.

Cau 51: Mot hop khong nip duoc lam tir mot manh cac téng theo mau nhu hinh v&. Hop co day 1a
mét hinh vuéng canh x cm, chiéu cao h cm va c6 thé tich 500 cm®. Gié tri cua x dé dién tich
cua manh céc tong nho nhat bang

BN I

hI X h

A. 100. B. 300.
C. 10. D. 1000.
Cau 52: Cho hai s6 thuc x, y thoaman x>0,y >1; X+ y = 3. Gia tri Ion nhat va gia tri nho nhat caa
biéu thae P = x® + 2y? 4+ 3x* + 4xy —5x lan luot bang:
A. 20 va 18. B. 20 va 15. C. 18 va 15. D. 15 va 13.
Cau53: (LANG GIANG SO 1)Cho X, y lacac sé duong thoa man xy <4y —1.Giatri nho nhat caa

6(2
(ZX+Y) |10 X*+2Y s 2. Gidtri caatich ab 13
X y

P=

A. 45. B. 81. C. 108. D. 115.
Cau 54: Cho hai s6 thuc x=0, y#0 thay doi va thoa man didu kién (x+y)xy =x>+y>—xy. Gia

- > 1 1.
nhat M cua biéu thic A= — +— la:

Xy
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Cau 55:

Cau 56:

Cau 57:

Cau 58:

Céau 59:

Céau 60:

Cau 61:

A. M =0. B. M =1.. C. M=14.. D. M =16.

Cho céc sé thuc x, y thoa min X+ Yy = 2(«/x —3+Jy+ 3) . Gi4 tri nhé nhit cua biéu thic
pP— 4(x2 + y2)+15xy 1a:
A. minP =-83. B. minP=-63. C. minP =-80. D. minP=-91

Mot cong ty bat dong san c6 50 can ho cho thué. Biét rang néu cho thué mdi cin ho véi gia
2000.000dong mdi thang thi moi cin ho déu co ngudi thué va cir mdi lan ting gia cho thué
mdi can ho 100.000d6ng mdi thang thi c6 thém 2 can ho bi bo tréng. Mudn co thu nhap
cao nhit, cong ty d6 phai cho thué véi gia mdi can ho la bao nhiéu?

A. 2.250.000. B. 2.350.000. C. 2.450.000. D. 2.550.000

Tim tat ca cac gid tri thuc khac 0 cua tham s6 m dé ham s Y = — . dat gia tri lon nhat
X< +

tai X =1 trén doan [—2; 2] ?

A m=-2. B. m<O0. C. m>0. D.m=2.
xy’
Cho x>0 vaytiy y. Tim gia tri 16n nhat cia: M =
(x2+3y2)(x+./x2+12y2)
A.M=0 B.M:l. C.M:i.. D.M:1
: 2 6 8

Cho cac s6 thuc khdng am x, y thay doi va thoa mdn X+ Yy =1. Tim gia tri nho nhat cua
bicu thirc: S =(4x°+3y)(4y” +3x) + 25xy

AM=2 B. M =15. c.m=25% D. M=t
2 16 16
3
Chohai sb thye x4 y=1 vatheaman S eX Ty el 19,20 1g-avey2,
2 y 2X X 2y xy

Goi M la gia tri 16n nhat cua biéu thic X + Y. Giatricia M Ia

A M=2 B. M =10. C. M =8. D. M =6

[2D1-3.1-3] (THPT Chuyén-Thai Nguyén-Lan 2-2018) Cho a,b,c,d,e la c4c sb thyc.

Ham sb xac dinh, lién tuc trén va c6 dd thi y = f'(X) nhu hinh vé.
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Céu 62:

Cau 63:

Cau 64:

Cau 65:

Cau 66:

Bict f(a)+f(c)=f(b)+ f(d).Giatri lon nhét va gia tri nhé nhat ciia ham s6 y = f (x)
trén [a;e] lan luot Ia:

A. f(e)va f(b). B. f(c)va f(a).

C. f(d)va f(b). D. f(a)va f(b).

[2D1-3.1-3] (THPT Chuyén Ha Long - Quang Ninh - Lan 2 - 2018) Goi S la tap tat cac
cac gid tri nguyén cua tham s6 m sao cho gia tri I6n nhat cia ham sb

y= %x“ —%xz +30x+m—20| trén doan [0;2] khong vuot qua 20 . Tong cac phan tir cia
S bang
A. 210. B. 105. C. -195. D. 300.

LY, Q. g £ X Ao oA mx—1
Tim gia tri cua tham so m dé hamso y =
X+m

dat gia tri 1on nhét bang % trén [0;2].
A. m=1. B. m=3. C. m=-3. D. m=-1.
(Tuong tu cau 1) Cho ham sb y=—%x3+x2 —3x+m( Voi m la tham sb thuc). Biét m
thda man gia tri 16n nhét cia ham sé trén [0;3] bang —7. Khang dinh nao sau ddy ding?

A. m>5. B. m<-5. C.m=2. D. 4<m<4.

Tim tit ci cac gid tri thuc cua tham s6 m sao cho bit phwong trinh
3+ X +v6—x —/18+3x—x* <m’ —m+1 nghiém ding véi Vx €[-3;6].

m<-1
A. m>-1. B. -1<m<0. C.0<m<g2. D. .
m>2

(Twong tu cau 3) Tim gia tri caa tham s6 m dé bt phuong trinh X—~+/X—1<m c6 nghiém.
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Cau 67: (Tuong tu cau 5) Cho ham s6 y = f (x). D4 thi cua ham s6 y = f '(X) nhu hinh v& bén.
Dit M = ma)]( f(x), m= [mzlg} f(x); Pat T=M +m. Ménh dé nao dudi day ding?

3 1 1 éﬁj‘\/ﬁ?

A T=f(5)+f(-2). B.T=f(0)+f(2). C.T=f(0)+f(-2). D.T=f(5)+f(6).

Cau68: Cho x:y la hai s6 duong thoa mén:x+y=%. Tinh gia tri nho nhat cua biéu thic:

S=£+i.
X 4y

A. ,,@ B. El €. 5 D.1
400 4

Cau 69: (Twong tw cAu 7) Cho X;y la hai s6 khdng &m thoa man diéu kién x+y =2. Gi4 tri nho

nhat caa biéu thic P =%x3 +x%*+y?—x+1 bang.

o5 T o, 115

3

A.

w |~

Cau 70: Xét phuong trinh ax® —x* +bx—1=0 Véi a,b lacac s thuc, =0, a=b sao cho 3 nghiém
5a* —3ab+2
a’ (b—a) '

A. 1543. B. 82 C. 1146 . D. 124/3.

(a+b)2—1

déu 1a s6 thuc dwong. Tim gia tri nho nhat cia biéu thuc P =

Cau 71: (Tuong ty cau 9) Gia sir phuong trinh x° —(a+b)x* + x+1=0 c6 ba nghiém.

2,12 .
Goi M, m la GTLN va GTNN cua P:%blﬂzb. Khi d6 M +m bang

l C. -1. D. 2.
2

Nhém tofm YD -YIDC



Tai li¢u Luyén thi THPT Quoc Gia — CHUYEN DE “DAO HAM VA UNG DUNG CUA DAO HAM™

—_——e
Cau 72:

Cau 73:

Cau 74:

Trén doan [~2;2], ham s6 y = Txl dat gi tri 16n nhét tai z =1 khi va chi khi:
T +
A. m=2. B. m=>0. C. m=-2. D. m<O.

[2D1-3.11-3] (THPT CHUYEN PH VINH - LAN 3 - 2018) Biét rang gia tri nho nhat caa

ham s6 y = mx+3—61 trén [0;3] bang 20. Ménh dé nao sau ddy dung?
X+

A.0<m<2. B. 4<m<8. C.2<m<4. D. m>8.
[2H1-3] [Chuyén KHTN, Ha Néi, lAn 2, ndm 2018 - Cau 4]

Cho mét tim ton hinh chit nhat kich thugc 10m x 6m. Ngudi ta cat bo bén goc cua tam ton bon miéng

Cau 75:

Cau 76:

hinh vudng bang nhau roi go lai thanh mot hinh hop chit nhat khdng nap. Bé thé tich cua
khdi hop do 1on nhat thi d6 dai cua canh hinh vudng caa cac miéng ton bi cat bo bang.

A. Bép an khac. B. 4m. C. 5m. D. 6m.
[2H1-4]Cho mét tam nhém hinh vuéng canh 1 m nhu hinh vé& dudi day. Ngudoi ta cat phan
t6 dam cuia tim nhdm rdi gap thanh mot hinh chép ti giac déu ¢ canh day bang 2 (m), sao

cho bén dinh cua hinh vudng gap lai thanh dinh caa hinh chdp. Gia tri cia = dé khéi chop
nhan dugc c6 thé tich 16n nhat 1a

v

D.

A. X B. x== C. x=

5 2

22 1 2 2

— == Vi =
[2D1-3.14-3] (TRAN PHU - HA TINH - LAN 2 - 2018) M6t cai ho rong ¢6 hinh chi nhat.
Tai mot goc nho caa ho nguoi ta dong mot cai coc & vi tri K cach bo AB 1a 1 m va céch
bd AC la 8 m, rdi dung mot cdy sao ngin mot goc nho cia hd dé tha béo (nhu hinh v&).
Tinh chiéu dai ngin nhat cua cay sao dé cay sao co thé cham vao 2 bd AB, AC va cay coc
K (b6 qua duong kinh cua sao).
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Cau 77:

Cau 78:

Céau 79:

Cau 80:

B
O 0}
N
WK
N
N
\.
[ O
A Q C
A.ﬁ. B. 55. C.92. D.Sf\iﬂ.

[2D1-3.2-3] Cho x, y la hai s6 thuc thoa mén diéu kién x* +y® +xy +4 =4y +3x. Tim gia
tri 16n nhét ciia biéu thic P =3(x° - y*)+20x* +2xy +5y” +39x.

A. 100. B. 66. C. 110. D. 90.
[2D1-3.12-3] (THPT KINH MON - HAI DUONG - LAN 1 - 2018) Cho cac s6 thuc X,
y thoaman x2 +2xy +3y? = 4. Gia tri I6n nhit cua biéu thic P = (x—y)* Ia;

A. maxP=8. B. maxP=16. C. maxP=12. D. maxP =4.

[2D1-3.1-4] (SGD Bic Giang - 2018) T4p hop nao sau day chura tat ca c4c gia tri caa tham
s6 m sao cho gid tri I6n nhat cua ham s y = |x2 —2X+ m| trén doan [-1;2] bang 5

A. (-5-2)u(0;3).  B. (0;+). C. (-6,-3)u(0;2). D.(-43).
[2D1-3.1-4] (S6' GD&DPT Quang Nam - KSCL 16p 12 - Nam 2018) C0 bao nhiéu gia tri
thuc ciia tham s6 m dé gia trj 16n nhat cia ham s6 y =|x* +2x+m—4| trén doan [-2;1]

bang 4.
A 4. B. 3. C. 2. D.1.
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Chu dé&: TIEM CAN (VD - VDC)

Dang 1: Bai toan xac dinh so tiém can cia do thi ham so cu thé khong chira tham so.

x?+1

Caul: [2D1-3]Chohamsé y= . Hay chon ménh dé dung trong cac ménh dé sau:

A. D6 thi ham s6 chi 6 hai tiém can trong d6 c6 tiém can ngang 1a y =1 va tiém can ding
la x=0.

B. B thi c6 hai tiém can ngang.

C. D) thi chi c6 mét tiém can ding x=0.

D. 6 thi ham sé chi ¢6 hai tiém can trong d6 co tiém can ngang la y =—1 va tiém can ding
la x=0.

Cau2: [2D1-3] B thi ham s6 y =+/x% —4x+10 + x ¢6 bao nhiéu duong tiém can?
A. 0 B. 1 C.2 D. 3

Cau3: [2D1-3] [THPT Quang Xwong 1 1an 2] Sb cac duong tiém can dung va ngang caa do thi

ham sé y:—‘xj?’_2 la:
x° -1
A. 3. B.0. C. 1. D. 2.

Cau4: [2D1-3] (CHUYEN PHAN BQI CHAU) S duong tiém can ding va tiém cin ngang cua

JAX2—1+3x2+2

do thi y= : la:
X2 —X
A. 2. B. 3. C. 4. D. 1.
Cau5: [2D1-3] [THPT L& Hong Phong] Tong sb cac duong tiém can dang va tiém can ngang cua
p— 2 N
d6 thi hamsé y = 20374 bang?
X —5x+6
Al B. 4. C. 3. D. 2.

Cau 6: [2D1-3] [THPT chuyén Phan Bdi Chau lan 2] S6 duong tiém can ding va tiém can ngang

JAX2—1+3x% 42

cta do thi y = - la.
X =X
A 4. B. 3. C. 2. D. 1.
Cau7: [2D1-3] [THPT chuyén Lwong Thé Vinh] S6 tiém can cua d6 thi ham s
1
f(x)= .
() U —2x =X —x
A. hai. B. bdn. C. mét. D. ba.

Caus: [2D1-3] [TTGDTX Cam Ranh - Khanh Hoa] D6 thi cia ham sé nao sau day c6 ding 1

em can?
B. y=vXx—-1-+x+2.
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X 2x—-1
= . D. = .
x? -1 y X+2

Cy

Cau9: [2D1-3] [TTGDTX Cam Lam - Khanh Hoa] D6 thi ham s6 nao sau day c6 diing hai tiém

can ngang?
a2 B y=Y4=X = oy NXZX 5 NXH2
x+1 X+1 X|+2 X —2

Cau 10: [2D1-3] [THPT Yén Lac-VP] Tim tit ca cac duong tiém can ding cia do thi ham sb
_\5—x*—=3x*-2x+3

x? —4x+3 '
A. x=1va x=3. B. x=3. C. Khong c6. D. x=1.

Dang 2: Bai toan xac dinh tiém cin ciia dd thi ham s c6 bang bang bién thién cho
truéee. (5 cau)

Cau 11: [2D1-2] Chohamsé y = f (x)c6 bang bién thién nhu hinh v&. Khang dinh nao sau day sai?

X — o0 0] 1 +00

A. D6 thi ham sb ¢ 2 duong tiém can.
B. B4 thi ham s ¢ tiém can ngang la y =1.
C. limy=—w0.

x—1

D. o thi ham s6 y = f (x)—1 ¢6 dudng tiém can ngang 1a y =0.

Cau 12: [2D1-2] Chohamsé y = f (x)c6 bang bién thién nhu hinh v&. Khang dinh nao sau day sai?

X — o0 o 1 + 00

3|| 3 1

S cO 2 duong tiém can.
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Cau 13:

Céu 14:

Céau 15:

C. Phuong trinh f (x)=1c6 3nghiém phan biét.

D. X'Lﬂ(y_l) =
[2D1-3] Cho ham s y = f (x) c6 dao ham trén R va c6 bang bién thién nhu hinh v&. Tim
téng s tiém can dung va ngang ciia @6 thi ham sb y = f(XT)H

X —o0 0 1 +00

y' - 0 + 0 -

y 5\_1/3 ~_

[2D1-3] Cho ham s6 y = f(z) lién tuc trén [—2;400), c6 dao ham trén —2;+0c0 Va co

A. 3.

bang bién thién nhu sau:
x —o00 0 —-10 +oo

. — .

fO)[f(x)-2]
x*(x+1)

Tim téng s tiém can ding va ngang cua ham sé y=

A. 3. B. 0. C.2. D. 1.
[2D1-3] Cho ham s6 y = f (x) c6 dao ham trén R va c6 bang bién thién nhu hinh v&. Tim

tong s6 tiém can dung va ngang ciia ham sé y = xf (lj
X

X —o0 0 1 +00

y' - 0 + 0 -
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Dang 3: Cho bang bién thién ctia ham s f (x). X4c dinh tiém cén cia dd thi ham hop
cia f(x).

Loai 1: Ham hep y=g( f ()).

Cau 16: [2D1-3] Cho ham s y = f () lién tuc trén R\{1} va c6 bang bién thién nhu sau:

T —00 —2 1 2 +o0
y — 0 + + 0 _
+00 +00 3
2 —00 —00

. g 1
Do thi ham s6 Yy = ———— c6 bao nhiéu duong tiém cén dung?
2f (x)-5
A 0. B. 4. C. 2. D. 1.
Cau 17: [2D1-4] Cho hamsé y = f (x) c6 BBT nhu sau

x —o00 2 -1 1 +oo

() + o - 0 +

f(z)
. _ . o x> —x—2 .
So duong tiém can dang cua do thi hamso y = —; la
f2(x)-5f(x)
A. 3. B. 4. C.1. D. 2.

Cau 18: [2D1-4] Cho ham sb bac ba f (x)=ax’+bx*+cx+d c6 bang bién thién nhu hinh v bén.

(x2 —3x+2)\/2x+1

Hoi do thi ham s6 g(x) = (x—5x* +4).f (x)

¢6 bao nhiéu duong tiém can dung?
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T | 1 2 +00
f'(z) + 0 0 +
5 +00
f(@) / \ /
0 0
A. 4. B. 3. C.2. D. 6.
Cau 19: [2D1-4] Cho ham bac bén y = f(x) c6 bang bién thién nhu sau.
3 5
€T ) 0 g 1 g 2 +oco
f'(x) - 0 + 0 ! 0 i

NN

(=) \ /
0

e £ (x)at +x , o
Hoi do thi ham so y = €6 bao nhiéu tiém
[fz(x)—zf(x)](sz +x* —10x° —5x° +8x+4)

can dung va ngang?
AT, B. 6. C.5. D. 4.

Cau 20: [2D1-3] Ham s6 y= f x xac dinh va c6 dao ham trén R\ —2;2 , ¢4 bang bién thién nhu
Sau:

x |- -2 0 2 +00

+oo +00 ~+00

—00 —00

Goi % I lan luot 1a sé duong tiém can dung va tiém can ngang cua do thi ham sb
1

—— -  Tinh £+1
Y =% X 2018

k=2, B. k+7=3.
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Cau2l: [2D1-3] Ham sé y=f x xac dinh va c6 dao ham trén R\ —1;1 , ¢6 bang bién thién nhu

sau:
x —00 -1 0 1 +00
y' = - 0 + I
400 +00 +00
y \0/
-2
—00 —oo/
. . ) 2k b bae X 2018
Hoi c6 bao nhiéu gia tri m nguyén thudc doan [—10,10] de do thi ham so y = f—co
X —m
dang 2 tiém can dung?
A. 2. B. 3. C. 4. D. 8.
Cau22: [2D1-3] Cho ham sé y= f » x4c dinh lién tuc trén R\ —2 va c6 bang bién thién nhu
hinh dudi day :
X | —o0 -3 -2 -1 +00
y' + 0 = - o +
+00 +00
/ -
—00 \—OO

C6 bao nhiéu gia tri m nguyén, khac 0, dé do thi ham s6 g(x) = ]]:E)(;—_m chi ¢ tiém can
X)+m
ngang ma khong co tiém can dung.
A 2. B. 3. C. 4. D. 8.
Cau 23: [2D1-3] Cho ham sé y=f x» xac dinh lién tuc trén R\ —2 va c6 bang bién thién nhu
hinh dudi day :
X | —00 -5 -1 1 +00
y' + 0 — - o T
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_—
1

Tinh tong tat ca cc gia tri m nguyén thudc [—10;10] dé dd thi ham sé g(x) = W co
X)—m

tat ca 5 tiém can

A. 45. B. 27. C. 34, D. 40.
Loai 2: Ham hgp y =0 ( f (U(X)))
Cau 24: [2D1-3]. Cho hamsb y = f(x) c6 bang bién thién nhu sau:

X | -0 -2 2 +00

y' + 0 -0 +

y _00/3\0/"’00

Do thi ham sé y = __t ¢6 bao nhiéu duong tiém can dung.
f2—x)—2

A L. B. 2. C. 3. D. 4.
Cau 25: [2D1-3]. Cho hamsb y = f(x) c6 bang bién thién nhu sau:

X -00 -2 2 4 +00
+

y' + 0 - 0

/3\03/’

-0

Do thi ham sé y = ¢6 bao nhiéu duong tiém can dung.

1
f(4-x*)-3
A 1. B. 2. C. 3. D. 4.
Cau 26: [2D1-3]. Cho ham sé y = f(x) xac dinh trén R\{-1;1}, c6 dao ham trén R\{-1;1} va c6

bang bién thién nhu sau:

X | -0 -1 0 1 +0
y' h - 0 + -
+00|| +00 /+oo +0\
/ \ )
o -3
A \ = A A 5 A . Y A 1 \
S0 duong tiém can cua do thi hamso y=— 1a
f(2x-3)+2
B. 2. C. 3. D. 4.

x) c6 bang bién thién nhu sau:

Nhém tofm VD -VDC



Tai li¢u Luyén thi THPT Quoc Gia — CHUYEN DE “DAO HAM VA UNG DUNG CUA DAO HAM™

1
X -00 2 +00
y' + +
/+oc 2
2 -0 /
A N N A 5 A . Y A 1 \
S0 duong tiem can cia do thi hamso y=————1a
fe(x-2)-1

A. 5. B. 2. C. 3. D. 4.

Dang 4: TIM PIEU KIEN CUA THAM SO PE PO THI HAM SO CO SO TIEM CAN
CHO TRUOC
O day ta chi xét dén hai loai tiém can: tiém can ngang va tiém can dang.

1. Co s6' 1y thuyét
[J Tiém can ngang: Cho hamsb y = f (x) xac dinh trén mot khoang voé han (la khoang dang
(a;+%0), (—o0;b) hodc (—o;+0)). Puong thang y =y, la duong tiém can ngang cua do thi

ham sé y = f (x) néu it nhat mot trong cac diéu kién sau dugc théa man

lim f(x)=y,, lim f(x)=y,.

X—>+00 X—>—0
() Tiém can dimg: Puong thang X = X, dwoc goi la duong tiém can dang cia do thi ham sb

y = f(X) néu it nhat mét trong céc diéu kién sau dugc thoa man

lim f (x)=+00, lim f (x)=—o0, lim f (x) =+, lim f(x)=—o.

X—Xg X—Xg X—Xg X=Xy
[] Céc quy tac tinh gioi han.

2. Phuong phap
[J Tim tap x4c dinh cua ham sé (hozc diéu kién xac dinh cua ham sd).
[ Néu tap xac dinh “khong chira ky hiéu vo cuc” thi ham s khdng cé tiém can ngang, néu
“c6 chira Ky hiéu vo cuc” thi phai tim giéi han cia ham sé (khi X tién tgi 400 hoic —w)
theo dinh nghia dé tim tiém can ngang.
[J Néu tap xac dinh “c6 chira diém dinh” (diém khong thudc tap xac dinh nhung c6 diy sb
tién toi no) thi ta tim giGi han ciia ham sé khi X tién ti diém dinh theo dinh nghia dé tim
tiém can dung (thuong nhitng diém d6 ham sé khong xac dinh, hodc cy thé hon 14 thudng
lam cho mau bang 0).
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3. Cac vi du minh hoa.

Cau 28:

Cau 29:

Céu 30:

Cau 31:

Cau 32:

Cau 33:

Cau 34:

2x-1
(mx2 —2X +1)(4x2 +4mx+1)

[2D1-3] Biét d6 thi ham s6 y = c6 ding 1 dudng tiém can.

Khi d6 m thugc tap nao sau day?
A. (-L2). B. (—o0;-1). C. . D. (2;+).

[2D1-3] [THPT Chuyén Binh Long — 2017] Véi gié tri nao caa m, d6 thi ham sé
O X+1-4X2+3X
x> +(m+1)x—m-2

m>1
m< -2 m>1
A. meR. B.{Im<-2. C. ) D.
m = -3 m

c6 dung hai duong tiém can?

m = -3

[2D1-3] [THPT CHUYEN VINH — 2017] Tim tit ca c4c gié tri cia tham s6 a dé do thi

2

ham sé y=——— c6 3 duong tiém can.
x® + ax

A a=0, a=-1. B.a>0. C.a<0, a=-1. D.a#0, a==l.
[2D1-3] Gia tri cua tham s6 m thuéc khoang nao sau ddy thi d6 thi ham sb
y = 2x+mx? —x+1+1 c6 tiém can ngang?

A. me(36). B. me(—];3). C. me(-3-1). D. me(-6;-3).
2 A L, A , A g s Z \lmX2+3mX+1
[2D1-3] Cé bao nhiéu gia tri nguyén cia m sao cho do thi ham s6 y = > co
X+
ba tiém can?
A. V0 sb. B. 2. C.0. D. 1.

[2D1-3] C6 bao nhiéu gia tri thyc ciia tham s m dé do thi ham s6 y = +/x? +1—%x cé tiém

can ngang.
A 0. B. 1. C. V0 sb. D. 2.

[2D1-4] [Sé GD Tra Vinh — Nim 2017 - 2018] Cho ham sé y =

X+1 A s
c6 do thi (C).
2
Jax? +1
Tim tat ca cic gia tri caa tham s6 a dé do thi caa ham sé c6 duong tiém can, dong thoi
duong tiém can do cach tiép tuyén cua (C) mot khoang bang v2 1.

A. a>0. B.a=2. C. a=3. D.a=1.
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_—
Dang5: Tim diéu kién ciia tham s6 dé do thi ham so6 nhan dwong thang x=a,y=b lam
tiém can
_(2m—n)x* +mx+1

Cau 35: [2D1-3] [Sé Hai Dwong — 2017] Biét do thi ham s y=-—; nhan truc
X" +mx+n—6

hoanh va truc tung lam hai duong tiém can. Tinh m+n.
A 2. B. 6. C. 8. D. 9.

Cau 36: [2D1-3] Chohamsé y=+/ax? +bx —2x.Pat P=a+b. Tim P biét ham s c6 duong tiém
canngangla y=2.
A. P=3. B. P=12. C. P=8. D. P=0.

Dang 6: Bai toan tiém cén va dién tich, khoang cach...va bai toin tong hop
Nhdn xét:
O céc dang bai toan trén ta thuong xét ham phan thic bac nhat trén bac nhat va ly thuyét
tiém can thuong gan cung bai toan tiép tuyén. Bai toan c6 thé dugc cho dudi nhiéu dang,
nhiéu cach hoi khac nhau song dé giai quyét, hau hét ta déu quy vé viéc tim toa do tiép diém
M . Ta c6 thé khai quat viéc tim M theo quy trinh co ban sau:

+) Gia st M(m; f(m))e(C), khi d6 phuong trinh tiép tuyén cia dd thi tai M c6 dang:

(A) 1y =f'(m)(x—m)+f(m).

+) Tim toa do cac giao diém A,B cua tiép tuyén véi cac dudng tiém can. (Cac giao diém
nay c6 toa do tinh theo tham sé m)

+) Dya vao gia thiét cua bai toan, ta xay dung mot phuong trinh theo tham sé m roi tim m
va két luan.

Luu y

+) Néu yéu cau bai toan Ia tiép tuyén cit cac duong tiém tao thanh tam giac IAB c6 dién

tich cho truéc (I 1a giao cac duong tiém can) thi ta st dung cong thicc S, = %IA.IB (Tase

chung minh dugc dién tich tam giac IAB 1a mot s6 khong doi).

+) Néu yéu cau la tiép tuyén cit cac duong tiém can ma tam giac IAB vubng can thi ta cd
thé st dung diéu kién vubng can caa tam giac hoic quy vé bai toan viét phuong trinh tiép
tuyén biét tiép tuyén tao véi tiém can ngang mot goc 45°, va chi y rang tiép tuyén do khong
duoc di qua giao diém cua hai tiém can. Goc tao bai tiép tuyén va tiém can dung, tiém can
ngang ciing chinh 13 goc tao bai tiép tuyén va cac truc Ox,Oy .

+) Néu yéu cau tiép tuyén cit cac duong tiém can ma tao thanh tam giac IAB c6 chu vi nho
nhat thi ta thuong sir dung danh gia

C,, =IA+IB+AB=IA+IB+\IA® +IB> > 2\IAIB +\2IA.IB .
Do IA.IB khong doi nén chu vi tam giac IAB nho nhat khi 1A =IB.
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Cau 37:

Cau 38:

Cau 39:

Cau 40:

Cau 41;:

Cau 42:

2X—3
x-1

[2D1-3] [208-BTN] Cho ham s6 (C):y = . Goi M la mot diém thugc do thi va d

la tong khoang cach tir M dén hai tiém can ciia d6 thi ham sé (C). Gid tri nho nhat cua d
c6 thé dat duoc 1a:
A. 2. B. 5. C.6. D. 10.

[2D1-3] [THPT Hoang Viin Thy - Khanh Hoa] Goi M 1a diém bat ki thudc do thi (C)
cia ham s6 y = % Téng khoang cach tir M dén hai tiém cén cua (C) dat gia tri nhd
X+

nhit 1a.
A. 9. B. 643. C.6. D. 24/3.

T+ 2

[2D1-3] Cho ham s6 y = codothila € , I 1a giao diém cac dudng tiém can cua

z+1

C va A lamottiép tuyén bat ki cia ddthi C . Goi d la khoang cach tir diém I dén

A . Giatri l6n nhat cua d Ia:

A 3. B. V2. C.g. D.

ol

tiém can caa C . Goi M 1a diém thuoc C sao cho tiép tuyén cia C tai M cat hai
duong tiém can tai A va B théa man chu vi tam gidc JAB la nho nhat. Khi d6 c6 may
diém M thoa man yéu cau bai toan?

A. 0. B. 1. C. 2. D.3.

[2D1-4] Cho ham sb y = 22 _2
:L’ R

cia C va M lamotdiémbatkitrén C .Goi A latiéptuyéncua C tai M va A,

codothila C .Goi I l1a giao diém cac duong tiém can

B lan luot 1a giao diém cia A Véi cac duong tiém cancia C . Khi d6 toa do diém M

sao cho duong tron ngoai tiép tam gidc IAB c6 dién tich nho nhat la:

A. M (L1) hogc M (_3;3.. B. M (L;1) hoic M (33).
C. M (—1;§j hoic M (3;3). D. M (—3; gj hoic M (—1;§j .
3 5 3
[2D1-3] Cho ham sé y = il c6ddthila C .Goi A 1a phuong trinh tiép tuyén cia
X

C sao cho A va haitiém can caa C cét nhau tao thanh mot tam giac can. Khi do
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Cau 43:

Cau 44:

Céau 45:

Cau 46:

Cau 47:

A y=Xva y=x+§. B. y=xva y=x—§.

C. y=—Xva y=x+g D. y=—Xva y=—x—§.

[2D1-3] Cho ham s6 y = 22 _23 c6 dd thilda C . Goi I lagiao cua hai dudng tiém can,
x —

phuong trinh tiép tuyén cua C tai diém M sao cho tiép tuyén d6 cit tiém can dang, tiém

can ngang lan luot tai 4, B sao cho cos ABI = % la:

17
A ——1x+§vé ——ix—Z B —1x+§va —£x+Z
ETy Y ET Y YERtT Y ES
© —lx—gva ——1x+Z D ——£x+§va ——£x+Z
T YT YETRT Y ETS

[2D1-4] Cho ham s6 y = 236:11 co ddthila C . Goi I lagiao cia hai duong tiém can.
T

Gia sir diém M m;n c6 hoanh d6 duong thuoc € sao cho tiép tuyén cia C tai diém
M cit hai dudng tiém can lan luot tai A, B sao cho I4* + IB* = 40, khi 46 m + n c6 gia
tri la:

A. 3. B.-3. C. 2. D.1.

[2D1-3] Gia sir dudng thang d : x=a (a>0) cat d6 thi ham sé y = 2x +11 tai mot diém

duy nhat, biét khoang cach tir diém d6 dén tiém can dung caa do thi ham sb bang 1, ky hiéu
(% Yo) 12 toa do cua diem do. Tim Y,
Ay, =-1. B. y,=5. C.y,=1. D.y,=2.

[2D1-3] [Chuyén Tran Phli — Hai Phong — Lan 2 — Nam 2017 - 2018] Cho ham s6

_ X _33 c6 dd thi (C). Biét do thi (C) c6 hai diem M, N va tong khoang cach tir M

hoic N dén hai duong tiém can l1a nho nhat. Khi d6 MN c¢6 gié tri bang

A. MN =442. B. MN =6. C. MN =43. D. MN =612.
X+2
x+1
d la khoang cach tir giao diém | cua hai tiém can ciia d6 thi (C) dén mot tiép tuyén tiy y

[2D1-3][THPT Tran Cao Van - Khanh Hoa] Cho ham s6 y = c6 do thi (C). Goi

cua dd thi (C). Khi d6 gia tri Ion nhat cia d c6 thé dat duoc Ia:

A 2\2. B. 2. C. 3. D. 3\/3.
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e —
CHUYEN PE PO THI HAM SO

I. CHUYEN BE 1: CAC BAI TOAN PO THI LIEN QUAN TiNH PONG BIEN, NGHICH
BIEN

A. CAC DANG TOAN

Dang 1: Céc bai toan do thi lién quan dén khoing ddng bién, nghich bién ciia ham s
1. Phuwong phép giai

Duya vao do thi dé suy ra cac khoang don diéu caa ham so.
2. Céc vi du miu

Vidy 1. Cho ham sé y = f (x) c6 do thi nhu hinh vé:

|BEES

Khang dinh nao sau ddy 1a dung?
A.Ham s6 y = f (x) dong bién trén (-13)
B. Ham s6 y = f (x)nghich bién trén (—oo;—1)
C. Ham s6 y = f (x)nghich bién trén (0;+o0)
D. Ham s6 y = f (x) dong bién trén (0;2)

Loi giai
Chon D

Quan sat d6 thi ham sé ta thay: Ham sb dong bién trén (0;2) .

Vi du 2. (THPT Chuyén Dgi Hoc Vinh - Ngh¢ An - 2018) Cho ham s6 f (x) xéc dinh trén R va co

iham sé y = f'(x) 1a duong cong trong hinh bén. Ménh dé nao dudi day dang?
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A.Hams6 f (x)nghich bién trén khoang(-1;1).
B. Ham s6 f (x) dong bién trén khoang (1 2).
C.Hamso f (x)dong bién trén khoang (-2;1).
D. Ham s f (x)nghich bién trén khoang (0; 2).
Lo giai
Chon D
« Tir d thi ta thay:
+Ham sé f (x) nghich bién trén cac khoang (—o0;-2) va (0;2).
+Ham s6 f (x) dong bién trén cac khoang (—2;0) va (2;+o).

Vi du 3. (28 — 101 - THPTQG2017) Puong cong & hinh bén la cua ham s6 y = I véi a,b,c,d

cx+d
la cac hé sb thuc.
YA
1
i ——— O >
Ménh dé nao dudi day 1a dung?
A y>0,vVxeR. B. y<0,vxeR. C. y>0,vx=1. D. y'<0,vx=1.

Lai giai
Chon D

i ham s co xu huéng di xubng = Ham sé l1a ham nghich bién = y'<0

can diing Xx=1=> x=1 14 nghiém caa mau sé
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= x=1 khdng thudc tap xac dinh ciia ham sd.
=Yy <0,vx=1.

Vi du 4. (THPT Chuyén Hing Vuong - Phii The 2018 L4). Cho ham s6 y= f(x). Ham s6
y="f ’(X) c¢6 d6 thi nhu hinh v& bén. Him s6 y = f (XZ) ddng bién trén khoang

JIY
/_\ x
—-}\____,cw/l ;\'
11 1
A | —=;=1|. B. (0;2). C.|—-=;0]. D. (-2;-1).
( 2 2} (0:2) ( > J (-2-1)
Loi giai
Chon C
Taco y’=[f(x2)]’:2x.f'(x2).
Céch 1.
M (%<0 x<0
f,(xz)<0 —1<x*<1 X< -2
Ham sb dong bién < y'>0 < sl X¥>4  ©|-1<x<0.
{x>02 x>0 1<x<2
L F(x)>0 _{1<x2<4
Do @6Chon C
Cach 2.
Taco y'=[ f ()] =2x.F'(x?).
“=0 x=0 x=0

y'=0s ) 0" x*=1 | x==1.
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o~ —_— —

Dua vao BBT ta chon dap an C.

‘dd

e

Vi du 5. (S¢ GD Ha Nam 2018). Cho ham sé ¥ = F () Bidt ham sé ¥ = F () ¢6 @6 thi nhuwe hinh ve.

h
y
L4
X
0 1—"2 3

4 — _ 2 N .7 A
Ham sé Y = T(2X=3X") z4ng bién trén khodng ndo dusi day?

N S

Loi giai

Chon A

+ Tinh dao ham y'=(2—-6x).f '(2x—3x2).

+ Tacé
2_6x=0 x=3 2 .
=0 | 2x-3x" =1 < Xx=3.
y F1(2x=3x*) =0
2x—3x* =2
Lap BBT
x | —o 3 +an
V' — 0 +

Duya vao BBT taChon dap an A.
ién Bién 2018) Cho ham s6 y = f (x). Biétham sé y = f'(x) c6 d6 thi nhu hinh

— x?)+ 2018 dong bién trén khoang nao dudi day?
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A. (23). B. (-2;-1). C. (0;2). D. (-10).
Loi giai
Chon D.
Tacé [f (3—x2)]’ =—2x.f'(3-x*)>0 « f'(3—x)tréi du véi x.
Ta thay chi c6 khoang (~10) lax amva 2<3-x* <3 dod6 f'(3—x*)>0 (theo db thi)
nén f(3—x*) dong bién trén (-10).

Vi du 7. (THPT Chu Viin An - Ha Ngi 2018) Cho ham s6 y = f (X) ¢6 d6 thi ham s6 f'(x) nhu
hinh vé

Hamsé y=f (1- x)+X?—x nghich bién trén khoang

A (<31). B. (~2,0). c. (13) D. (_1;§).

Loi gidi
Chon B.
Taco y'=—f'(1-x)+x-1=-[ f'(1-x)+1-x]

Dat t=1-x.Suyra y' = f(t)—t]
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=3 X=-2
Tudothitathdy y=0<|t=1 <|x=0 .
t=3 X=4
Lap BBT ta duoc
r oo ) —2 0 1 +0og
y.‘

v T T~ T~

Dua vao BBT ta chon déap an B.

BAI TAP CUNG CO
Caul. [2D1-3] Cho ham sé y= f(x) c6 dao ham la ham sé f'(x) trén R. Biét rang ham s6
y=f'(x—2)+2 c6 do thi nhu hinh v& bén dudi. Ham s6 f (x) nghich bién trén khoang

A. (-2;2). B. (-11). C. (ggj D. (2;+x).

Cau2. [2D1-3] Cho ham s6 y = f(x) cé dao ham la ham s6 f'(x) trén R. Biét rang ham s6

y = f'(x—2)+2 c6 dd thi nhu hinh v& bén dusi. Ham s6 f (x) dong bién trén khoang nao?
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i
L0
N
'
W -----F
i

A. (—0;3), (5;+0). B. (—o0;-1), (L+). C. (-1L1). D. (3,5).

Cau3. [2D1-4]Chohamsé y=f(x).Hamso y = f’(x)co6 do thi nhu hinh vé.

Vi
/u = f(z)
-1
/T .
0] 1 i r
Ham s6 y = f (x*)c6 bao nhiéu khoang nghich bién.
A. 5. B. 3. C. 4. D. 2.

Cau4. [2D1-3] Cho ham s6 y = f(x) c6 dd thi ciia ham s y = f’(x) dugc cho nhu hinh bén.
Ham s6 y =-2f (2—x)+x* nghich bién trén khoang

Y
3

1

A. (-3, -2). B. (-2; -1). C. (-3 0). D. (0; 2).
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S
DANG 2: CAC BAI TOAN PO THI LIEN QUAN PEN CUC TRI CUA HAM SO
A. Phuong phap chung:

Bai toan 1: tim diém cwc dai — cuc tiéu cia ham sé
Dau hiéu 1:

+) néu f'(%,)=0 hodc f'(x) khong xéc dinh tai X, va no d6i dau tir dwong sang am khi
qua X, thi x, la diém cuc dai ciia ham so.

+)néu f'(x,)=0 hogc f'(x) khong xdc dinh tai X, va né doi dau tir 4m sang duong khi
qua X, thi x, la diém cuc tiéu caa ham so.
*) Quy tac 1:

+) tinh y'

+) tim cac diém téi han caa ham sé. (tai @6 y' =0 hoic y’ khong xéc dinh)

+) lap bang xét diu y’. dya vao bang xét dau va két luan.
Dau hiéu 2:

cho ham s6 y = f (x) c6 dao ham dén cap 2 tai X, .

f'(%)=0

, f' =0
+) X, ladiém cd < (%
f"(x,)<0

+) X, la diém cd Q{f”(xo)>0
*) Quy tic 2:

+) tinh f'(x), f"(x).

+) giai phuong trinh f'(x)=0 tim nghiém.

+) thay nghiém vira tim vao f”(x) va kiém tra. tir d6 suy két luan.
Bai toan 2: Cuc tri cia ham bac 3
Cho ham sb: y =ax® +bx® +cx+d co dao ham y’ =3ax® +2bx+c
1. Bé ham s6 ¢6 cuc dai, cuc tiéu < y' =0 ¢6 2 nghiém phan biét < A>0
2. Bé ham s6 c6 khdng cuc dai, cuc tiéu <> y' =0 hodc v nghiém hoic ¢6 nghiém kép < A <0
3. Puong thang di qua diém cuc dai, cuc tiéu.
+) Cach 1: Tim toa d6 cac diém cuc dai va cuc tiéu A, B. Viét phuong trinh duong thang qua A, B.
+) Cach 2: LAy y chia y' ta duoc: y = (mx+ n) y’+(Ax+ B). Phan du trong phép chia nay 1a

]a phuong trinh duong thang di qua diém cuc dai va cuc tiéu.

rung phuwong
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Tai li¢u Luyén thi THPT Quoc Gia

Cho ham s6: y =ax* +bx’ +¢ c6 dao ham y’ = 4ax® +2bx = 2x(2ax” +b)

1. Ham s6 ¢6 dung 1 cuc tri khi ab>0.

A a> 0 Y A 7 o R \ ~ , o
+) Néu 0 ham s6 ¢6 1 cuc tiéu va khdng co cuc dai.

z a<0 . L, N A z 2
+) néu { 3 ham so6 c0 1 cuc dai va khong co cuc ticu.

2. Ham sb ¢6 3 cuc tri khi ab <0 (ava b tréi dau).

. la>0 ., . 2
+) néu { ham s6 ¢ 1 cuc dai va 2 cuc tiéu.
<

. la<O0 ., . 72
+) Neu { ham s6 ¢6 2 cuc dai va 1 cuc tiéu.
>

3. Goi A, B, C 1a 3 diém cyc tri ciia d6 thi ham s va A< Oy,

A(O,C), B(XByyB)!C(XClyC)’ H (O’ yB)
+) Tam giac ABC lubn céan tai A
+) B, C dbi xtng nhau qua Oy va Xg =—X., Ys = Yo = Yy
+) Dé tam giac ABC vudng tai A: AB.AC =0
+) Tam giac ABC déu: AB=BC

+) Tam giac ABC c6 diéntich S: S =%AH.BC =%|xB —Xc|-|Ya— Vel
4. Truong hop thuong gap: Cho ham sé y = x* —2bx® +c ,
+) Ham s6 ¢6 3 cyc tri khi b>0 1 el
+) A, B, C la cac diém cuc tri o
A(O;c),B(\/B,c—bz),C(—«/B;c—bz) e AmeAce oo
+) Tam giac ABC vubng tai A khi b=1 / 0 .
+) Tam gidc ABC déu khi b=33 b [ p B
. A . 1
+) Tam giac ABC c6 A=120° khi b= G
+) Tam giac ABC c6 dién tich S, khi S, =b?<b
b®+1

6 ban kinh duong tron ngoai tiép R, khi 2R, =
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+) Tam giac ABC c6 ban kinh dwong tron noi tiép r, khi r, =

Vi du:
Caul. [2D1-4] Hinh vé dudi day 1a d6 thi ciaham sé y = f (x). Biét f (x) c6 ding ba diém cuc

tri.

Goi S 1a tap hop cac gi tri nguyén duong cua tham sé6 m dé ham sé y =| f(x+1)+ m| co
5 diém cuc tri. Gid tri clia tong tat ca cac phan tir thuoc S bang
A. 12. B. 9. C. 15. D. 18.
Loi giai
Chon D
Do thi ham s y =| f(x+1)+ m| c¢6 duoc bang cach thuc hién lién tiép cac budc:
+ Tinh tién d6 thi ham s6 y = f (x) sang trai 1 don vi
+ Tinh tién dd thi nhan duoc theo vecto U = (0;m).

+ Giir nguyén phan d0 thi trén tryc hoanh, 1y ddi ximg qua truc hoanh d6i v6i phan do thi
nam phia dudi truc hoanh.

L . . 3<m<6
Dua vao cach dung nhu trén, dé d6 thi ham s6 ¢6 5 diém cuc tri thi { < Do d6
m

téng cac gia tri can tim 1a 3+4+5=12.
Cau2. [2D1-4]Chohamso y= f(x) x4c dinhtrén R. D4 thi ciia ham s6 y = f'(x) nhu hinh v&

dusi day.
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bat g(x)=f (x)—%x3—§x2+gx+2018. biém cyc tiéu cia ham sé g(x) trén doan
[-3.1] Ia
A X =—-2. B. x; =-1. C. X =0. D. xCT=%.
Lo giai

Chon B
Tacod g'(x) = f'(x)—xz—gx+g= f’(x)—(x2+gx—gj

f'(-1)=-2 [g'(-1)=0
Canclrvaodothitaco: ¢ f'(1)=1 =1{g'(1)=0 .

f'(-3)=3 '(-3)=0

V& Parabol (P):y=x’ +gx—g trén cling hé truc toa do voi do thi cia ham sé y = f'(x).
Taco trén (-3;-1) thi f'(x)<x2+§x—g nén g'(x)<0 vxe(-3;-1).

Taco trén (-1;1) thi f'(x)>x2+gx—g nén g'(x)>0 vxe(-1;1).

 bang bién thién cua ham sé g(x) trén doan [-3;1].
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Do d6 x.; =-1.

Cau3. [2D1-4] Cho ham s y= f(x)c6 dao ham lién tuc trén R, ham sd y= f '(x—2) c6 db thi

nhu hinh bén.

y

y=T(x-2]

N

9]

X
S6 diém cyc tri caaham sé y = f(x) la
A.0. B.2. C.1. D. 3.
Loi gidi

Chon B.
Tadat x—2=t=x=t+2.

Y&u cau bai toan trg thanh: ham s6 y = f'(t) c6 do thi nhu hinh trén. Tim s6 diém cuc tri
cuahamso y = f (t+2).

Taco: y'=[ f(t+2)] =(t+2) .f(t+2)= f'(t+2).
— Do thi ham s y = f'(t+2) c6 duoc bing cach tinh tién do thi ham sé y = f'(t) sang
trai 2 don vi.
= Ham s y = f (t+2) c¢ hai diém cuc tri.
BAI TAP AP DUNG

Cau 39: Chohamsé y = f(x) c6 bang bién thién nhu sau
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— 00 1

Do thi cua ham s6 y =| f (x)| ¢6 bao nhiéu diém cuc trj

A 4. B. 2. C. 3. D. 5.

Cau 40: Chohamsé y = f (X) c6 bang bién thién nhu sau

X |—0o0 ‘-1 3 00

Sf'(x) 15 0 - 0 13

f(x) /' \ /' -
~2018

DO thj ciia ham s6 y =| f (x—2017)+2018| ¢6 bao nhiéu diém cuc trj
A. 4. B. 2. C. 3. D. 5.

2018

Cau4l: Chohamsé y=f(x)=(m*" +2)x*—(2m** +m’ +5)x* +(m** +2020). S6 diém cuc
trj ciia d6 thi ham s6 y =|f (x)—2019| la:
A.5. B. 3. C.6. D. 7.
DANG 3. PO THI LIEN QUAN TOI PAO HAM CAP I, CAP II
I. PO THI LIEN QUAN TOTI PAO HAM CAP I, CAP II.
1. Phuong phap. Sir dung mét trong cic nhin xét hoic két hop tit ca cac nhan xét:
Nhan xét 1. D6 thi ham s f'(x) cat truc hoanh tai nhitng diém 1a cac diém cyc tri caa d6 thi ham sb
f(X).
v f'(x) doi dau tir am sang duong thi f(x) dat cuc tiéu tai do.
v’ f'(x) d6i dau tir am sang duong thi f(x) dat cuc tiéu tai do.
Nhan xét 2. Tim giao diém caa cac dd thi ham sb véi truc hoanh (néu c6). Sau d6 dua va tinh chat:
v f'(xX)>0,vxe K= f(x) tang trén K.
v f'(x)<0,vxe K= f(x) giamtrén K.
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e ————
2. Mt vai vi du.

Vidu 1. [2D1-4] Cho cac ham sé f(x), f'(x), f"(x) c6 dd thi nhu hinh vé&

Cs)

x
(Cz)

Khi d6 (C,),(C,),(C,) theo th tu 14 db thi caa ham s6 nio sau day?

A £"(x), f(x), F'(X). B. f(x), f'(x), f"(x).

C. f'(x), f(x), f"(x). D. f'(x), f"(x), f ().
Lai giai

Chon D.

Ta nhan thay duong (C,) di tir duong sang am thi dwong (C,) dat cuc dai, khi duong (C,)
di tir am sang duong thi duong (C,) dat cuc tiéu. Do d6 duong (C,) 1a dao ham cua
duong (C,).

Tuong ty dudng (C,) 1a dao ham cua duong (C,), do d6 Chon dap 4n D

*Luu y, voi d6 thi tuan hoan nhu thé ndy, ta c6 thé nghi dén ham luong giac, khi d6 duong
c6 bién do cao nhat hoac thap nhat s& 1a d6 thi caa f(x) hoic f"(x), bién do & gitra la cia
ham f(x).

Vidu 2. [2D1-4] Cho cachamsd y = f(x),y=g(x)= f'(x),y =h(x) =g'(x) c¢6 dd thi nhu hinh v&
L {\l‘ll
{ \
|
|III |II |I .

1
i ok
=L —lﬁﬂﬂ.ﬂl i 'lli i2
" I | I

¥

|j3]||' & ()
Hoi ménh dé nao sau day dung?
A. g(-2) >h(-2) > f (-D). B. h(-1) > g(-2) > f (-2).
C. h(-) > f(-1) > g(-D). D. f(-1)>g(-1 > h(-1).
Loi giai

Chon B.
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L1 =

,il\ls

tzj(x)

il
b >/ \

@

Tir d6 thi ta thay do thi cac ham s6 y = f (x),y = g(x) = f'(x),y =h(x) = g'(x) lan luot la
@.(2),(3).

Do d6 h(-1) >g(-1) > f(-1). Chon dap an B.

Vidu3. [2D1-4] Mot vat chuyén dong c6 do thi ciia ham quang duong s(t), ham van téc v(t) va
ham gia toc a(t) theo thoi gian s(t) dwoc mo ta ¢ hinh vé. Khang dinh nao dudi day la

diang?
54
0
-5+
A. s(4) <v(4) <a(4). B. a(4) <v(4) <s(4).
C. s(4) <a(4) <v(4). D. v(4) <a(4) <s(4)

Loi giai
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Ta nhan thay s(t) 1a dd thi ham bac ba, v(t) 1a do thi ham sé bac hai, va a(t) 1a do thi
ham bac nhat. Do d6 s(4) <v(4) <a(4). Chen A.

Vidu4. [2D1-4] Cho d6 thi bon ham sé f(x), f'(x), f"(x), f"(x) duoc vé mo ta & hinh dudi day.
Hoi do thi cac ham s6 f (x), f'(x), f"(x), f"(x) theo thir ty, lan lugt twong tng véi duong

cong nao?
¥’ a b ¢ o
\ ,-" . ||[
1 L1 f I
. J J
/ : ¥
.|
A. s,d,b,a. B. d,c,b,a.
C. d,c,a,b. D. d,b,c,a
Loi giai
Chon B.

Ta nhan thay duong d c6 diém di tir duong sang 4&m ma khong c6 ham nao dat cyc tri tai
d6, nén duong d 1a do thi ham f(x) . Tai cuc dai cuc tiéu cua f(x) thi hamsd f'(x) cat
truc Ox, do d6 f'(x) la duong c. Lap luan tuong tu ta dugc dap an B.

3. Bai tap twong tu.

Caul. [2D1-4] Mot vat chuyén dong cé dd thi 1a ham quing duong, ham van téc va ham gia toc
theo thoi gian f"(x), f(x), f'(x). dwoc md ta & hinh dudi ddy. Hoi d6 thi cac ham sb
quing dudng, van toc va gia toc theo thir ty 1a cac dudng cong nao?

VA

~Y

Khi d6 (C,),(C,),(C,) theo thw ty 14 d6 thi ciia ham s6 nao sau day?
A. b,c,a. B. c,a,b.
. a,c,b. D. ¢,b,a
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Cau 2. [2D1-4] Mot vat chuyén dong co db thi cua ham quang dudng s(t), ham van téc v(t) va
ham gia toc a(t) theo thoi gian s(t) dwoc mé ta & hinh v&. Khang dinh nao dudi day la

dang?
A. s(r) <v(r) <a(r). B. a(r) <v(r) <s(n).
C. s(x) <a(x) <v(n). D. v(r) <a(r) <s(x).

Cau3. [2D1-4] Chocachamsé y=f(x),y=f'(x),y=f"(x) c6 dd thi nhu hinh v&

< A

(C3)

<)

Hoi db thi cac ham sé y = f (), y = f'(x),y = f"(x) theo tha tu lan luot twong Gng Vi
duong cong nao?

A. (C5);:(C,)i(C). B. (C,):(C;(Cy).

C. (C,);(Cy):(CY. D. (C);(C,):(Cy).

Cau 4. [2D1-4]Chocachamsd y= f(x),y= f'(x),y = f"(x) c6 do thi nhu hinh vé&
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e ——
Hoi d6 thi caéc ham s6 y = f(x),y = f'(x),y = f"(x) theo tht ty lan lugt twong Gng Voi

duong cong nao?
A. (C,)i(C,)i(CY). B. (C,):(C):(Cy).
C. (C)i (G, (Cy). D. (C));(C,); (Cy).

Cau’5. [2D1-4] Chocachamsb y= f(x),y= f'(x),y= f"(x) c6 do thi nhu hinh v&

Hoi @6 thi cac ham sb y = f(x),y = f'(x),y = f"(x) lan luot twong tng véi duong cong

nao?
A. a,b,c. B. b,a,c.
C. a,c,b. D. b,c,a.

I1I. PO THI LIEN QUAN TOI NGUYEN HAM.

1. Phuong phap.

Goi F(x) 1a mot nguyén ham cua f ,tacd F'(x) = f(x), tir tinh chit do thi nhu & phan 2 ta dua ra

phuong an dung.

2. Cac vi du.

Vidu 1. [2D1-4] Trong cac dothi M, N, P,Q, d6 thi nao 1a d6 thi cia mot nguyén ham cua ham sé
f?

*

A M. B. N. C. P. D. Q.

Loi giai
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Goi F(x) 1a mot nguyén ham cia f ,tacd F'(x)= f(x). Tathdy d thi ham s f nam
trén truc hoanh, luon duong, nén phai tim do thi dong bién, thay d6 thi M phd hgp. Chon

A.
Vidu2. [2D1-4] Trong cac do thi M,G, H, K, dd thi nao 1a d6 thi cia mot nguyén ham cua ham sé
f?
=
A. M. B. G. C. H. D. K.
Loi gidi
Chon D.

Xét khoang am duong cua f dé twong ung khoang dong bién nghich bién cua ham sb
F(x), va tai diém ham f chuyén tir am sang dwong db thi ham sé dat cuc tiéu . Chon D.

3. Bai tap tuong tu.
Caul. [2D1-4] Trong cac ddthi M,G,H, K, d6 thi nao 1a d6 thi cia mot nguy@n ham caa ham sb
f?

A y

A M. B. G. C. H. D. K.

Cau2. [2D1-4] Biét ham sé6 M. 1a mot nguyén ham caa ham s M. nhu Trong céc d6 thi
M,G,H, K, db thi nao 1a d4 thi caa mét nguyén ham cua ham sé f ?
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A. M. B. G. C. H. D. K.
’ BAI TAP AP DUNG ,
Caul. [2D1-4] Chohamso y= f(x) c6 dao ham cap mot f'(x) va dao ham cap hai f"(x) trén
R. Biét @6 thi cia ham s6 y=f(x), y=f'(x), y=f"(x) 1a mét trong cac dudng cong
(C)), (C,), (C,) & hinh v& bén. Héi d6 thi ciaham s6 y=f(x), y=f'(x), y=f"(x) lan
luot theo tht ty naodudi day?

A. (C), (C), (Cy). B. (C). (Cy), (C,).
C. (C,), (G, (C). D. (), (C), (C,).

Cau2. [2D1-4] Cho cac hamsé y=f(x), y=f'(x), y=f"(x) c¢6 d6 thi nhu hinh v&. Khi d6
(C)).(C,),(C,) thtr tur 1a db thi cac ham sé

f7(x). B. £'(x), f(x), F"(x). C. £'(x), £"(x), f(x). D. £"(x), F(x), f'(x).
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e ——
Cau3. [2D1-4] Chohamsé y= f(x) lién tuc va c6 dao ham cép hai trén R . D thi cua cac ham

s6 y=Ff(x), y=f'(x), y=f"(x) lan luot 1a cic duong cong trong hinh v& bén

© @
@/ |
A (G).(C,). (C.). B.(C). (C.). (C,).
C. (Cy). (C,). (). D. (C:). (C). (C.)-

Cau4. Cho db thi caa ba ham sé y= f(x),y= f'(x),y = f"(x) dugc vé md ta ¢ hinh dudi day.
Hoi d6 thi ctia cac ham sé y = f(x),y= f'(x) va y = f"(x) theo th ty, lan luot twong ng
véi duong cong nao ?

(©3)

%

o] T

(cn

A (C)i(C)i(C).  B.(C)i(C,)i(Cs)-  C.(C)i(C)i(Cy)-  D.(C,)i(Cy)i(Cy)-

Cau’5. Cho ddthicaabahamsd y=f(x), y=f'(x), y=f"(x) dugc vé md ta & hinh dudi day.
Hoi d6 thi cac ham s6 y = f(x), y=f'(x) va y= f"(x) theo thir ty, lan lugt twong ung
véi duong cong nao ?

ML
il

A. (C)i(C,)i(CY). B. C(C)(C).  C CYCHC). D CYC)C).
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DANG 4: CAC BAI TOAN MAX-MIN KHI BIET PO THI, PO THI PAO HAM VA BBT

a) Phuwong phap giadi
[ Dua vao do thi, BBT cta ham s6 dé xac dinh gia tri nho nhat, gia tri lon nhat.
(] Dua vao db thi ciia dao ham dé lap BBT, tir d6 xac dinh gia tri nho nhét, gia tri 16n
nhat.

b) Cac vi dy:
Vidu 1. [THPT CHUYEN HUNG VUONG - PHU THQ 2018 - LAN 1] Cho ham s6 y = f ()

xéc dinh va lién tyc trén doan {o;ﬂ c6 do thi ham s6 y = f'(x) nhu hinh v&. Hoi ham sé

y = f (x)dat gia tri nh6 nhét trén doan {o;ﬂ tai diém X, nao duéi day?

A X, =2. B. x, =1. C. X, =0. D. x,=3
Loi giai

Chon D.

Dua vao d6 thi ham s6 y = f'(x), ta cé bang bién thién:

x 0 1 3 3.5

3 - 0 - 0 +

Suy ra miny = f(3). Vay x, =3.

3]

Vidu 2. [TRUONG THPT YEN DUNG 3] Cho ham sé y =f(x) x4c dinh trén R va c6 do thi nhu
hinh duéi dy. Gi tri 16n nhat ciia ham sé trén doan [-2; 3] dat duoc tai diém nao sau
day?

A. x=-3 va x=3 B. x=-2 C. x=3 D. x=0
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L/

Lai giai
Chon C.

Nhin vao d6 thi suy ra trén [—2;3] thi ham sé dat tri 16n nhat bang 4 khi x=3.

Vidy 3. [THPT CHUYEN HUNG VUONG - PHU THQ 2018 - LAN 1] Cho ham s6 y = f ()

c6 do thi y = f'(x) nhu hinh v&. Xét ham s6 g(x)= f (x)—%x3—%x2+§x+2018.

Ménh d& nao dudi day dung?

A. ming(x)=g(-1). B. ming(x)=9(1)
. o 9(3)+a9(1)
C. ming(x)=9(-3) D. ming(x)==—
Loi giai
Chon A.
Taco g(x)= f(x)—%xs—%x2+gx+2018:> 9'(x)= f'(x)—xz—gx+g
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Ngoai ra, v& d6 thi (P) ctia ham s6 y=x’ +§x—g trén cing

hé truc toa do nhu hinh v& nét dat, ta thay (P) di qua cac diém

(_3; 3)’(_1;_2) ,(1;1) véi dinh | [—%;—Ej

RO rang :

* Trén khoang (-L1)thi f'(x)> x? +gx—g, nén g'(x)>0 vxe(-11)

* Trén khoang (-3;-1)thi f'(x)<x? +gx—g, nén g'(x)<0 vxe(-3;-1)

Tir nhitng nhan dinh trén, ta c6 bang bién thién ciia ham y = g'(x) trén [-3;1] nhu sau:

x -3 -1 1
g'x) - 0 + 0

w| ~__

Vay I[‘glll’} g(x)=g(-1).

Vidu 4. Chohamsé f(x) c6 daohamla f'(x). D4 thi ciaham sé y = f'(x) duoc cho nhu hinh
vé bén. Biétrang f (0)+ f (3)= f (2)+ f (5). Gia tri nh6 nhét va gia tri I6n nhat cua
f (X) trén doan [0;5] lan luot Ia

y
/—E—_
O 2 5 X
A. £(0), f(5). B. f(2),f(0). C. f(1),f(5). D. f(2), f(5).

Loi giai
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Vidu 5.

Tur do thi y=f'(X) trén doan [0;5], ta c6 bang bién thién cua ham s6 y = f (X)
Suy ra rBag( f(x)=1(2).

x 0 2 5

/(%) \ o /

Tugiathiéttaco f 0 +f 3 =f 2 +f5nen f54+Ff2-Ff3=10

Hamsé f(x) dong biéntrén [2;5]nén f 3 >f 2 hay f 2 —f 3 <0,suyra
fOo=f5+f2—-f3<f5h
Vay max f (x)=f(5).

[0:5]

Cho @6 thi ham s6 y = f '(X) nhu hinh v&.

Bl
//\., /
I TN/
—
Ham s6 y = f(x) dat gia tri nho nhét trén khoang [0;2] tai x bang bao nhiéu?
2
A.x=§. B. x=0. C. x=1. D. x=2.
Loi giai
Chon C.

Duya vao d6 thi caa ham sé y = f '(X) ta c6 BBT nhu sau:
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Dya vao BBT suy raham so y = f(x) dat gia tri nho nhat trén khoang [0;2] tai x=1.

Vidy 6. Chohamsé y= f(x) c6 dao ham f'(x) liéntuc trén R va do thi ciaham sé f'(x) trén

doan [-2;6] nhu hinh v& bén. Tim khdng dinh ding trong céc khing dinh sau.

6 X

A. max f (x)=f(-2). B. maxf(x)=f(2). C. maxf(x)=f(6). D.
xe[-2;6] xe[-2;6] xe[-2;6]

max f (x)=f (-1).
xe[-2;6]
Loi giai
Chon C.

[ Tir d6 thi ham sé ta lap duoc bang bién thién nhu sau:

[7 Do vdy ham s dat gia tri 16n nhat chi c6 thé tai x =—1 hodc x=6.

M Goi S, la dign tich hinh phang gisi han béi do thi ham so6 y=f'(x) va truc
Ox (-1<x<2), S, ladién tich hinh phang gisi han bai d6 thi ham sé y = f'(x) va truc
Ox (2<x<6).Taco

6

S, <S,=>- f'(x)dx<jf'(x)dx<:>—f (2)+f(-1)< f(6)-f(2)<= f(-1)< f(6).

Le—n

Vvay max f (x)=f (6).
Xe[—2;6]

BAI TAP AP DUNG

0 hams6 y = f (x) liéntuc trén R va c6 do thi nhu hinh v& dusi day
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ol 1 2 1

Pat M =max f (Z(Sin“ X + cos’ x)) , m=min f (z(sin4 X + cos* x)) . Téng M +m bing
A 6. B. 4. C. 5. D. 3.
Cau2: Chohamsd f(x).Biétham s y= f'(x) c6 do thi nhu hinh bén. Trén doan [-4;3],
ham sé g(x)=2f (x)+(1-x)* dat gi4 tri nho nhat tai diém

Y

,,,,,,,,,

kS i
+
]
-
=
I T
=
s of

A X, =—4. B. X, =-1. C. %, =3. D. X, =-3.

Cau3: Chohamsé y= f(x) c6 dao ham cap haitrén R . Biét f'(0)=3, f'(2)=-2018 va
bang xét dau cua f’(x) nhu sau:

T —0d 0 2 +00
f”{ﬂ'] + 0 - 1] +
Ham s6 y = f (x+2017)+2018x dat gi tri nho nhat tai diém X, thuoc khoang ndo sau
day?
A. (—o0;—2017). B. (2017; o). C. (0,2). D. (—2017;0).

Cau4: Cho ham s6 y=f(x) c6 dao ham trén R va c6 d6 thi nhu hinh v&. Dat ham s6

= f 2x3+x—1)+m.Tim m dé maxg (x) =-10
[0:]
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A. m=-13. B. m=3. C. m=-12. D. m=-1.

Cau5: Chohamsé y=f(x) c6ddthi y=f'(x) nhu hinh vé.

A. ming(x)=g(0). B. ming(x)=g(1).

[-31] [-31]

C. ming(x):w.

[-31]

D. g(x) dong bién trén khoang (-3;0).

Cau6: [2D1-3] Chohamsé y = f(x). Do thi ciaham s6 y = f'(x) nhu hinh v& bén. Dat

M =?12ag]< f(x), m=min f (x), T=M +m. Ménh d¢ nao dudi day dung?

[-2:6]

y

32 10\ 1 /2 3 215\/6% X

B.T=1f(5)+f(-2).
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_—
C.T=1(5)+f(6). D.T=1f(0)+f(2).
Cau7: [2D1-3] Chohaihamsé y= f(x), y=g(x) c6 daohamla f'(x), g'(x). D thi

hams6 y = f'(x) va g'(x) dugc cho nhu hinh v& bén dusi.
g F'(x)

/

0 g'(x

2 6 X

Biét rang f (0)— f (6)<g(0)—g(6). Giatri lon nhat, gia tri nho nhat cia ham so
h(x)=f (x)—g(x) trén doan [0;6] lan luot 12

A. h(6), h(2). B. h(2), h(6). C. h(0), h(2). D. h(2), h(0).

Cau8: [2D1-3] Chohamsd y= f(x). D4 thi ciaham s y = f'(x) nhu hinh bén. Dat
g(x)= f (x)—x. Ménh dé nao duéi day ding?

| .al” "'
x : ,/‘\_J.“‘
L. b =
-t{ Ol 3 3 =
_l’
.".l '/"‘-l
A. 9(-1)<g(1)<g(2). B. 9(2)<g(1)<g(-1).
C. 9(2)<g(-1)<g(1). D. g(1)<g(-1)<g(2).

Cau9: [2D1-4] (SGD Thanh Ho6a — nam 2017 — 2018) Mot cai ao hinh ABCDE (nhu hinh
V&), ¢ gitra a0 c6 mdt manh vuon hinh tron ¢6 ban kinh 10 m. Ngudi ta mudn bac mot
cau cau tir bd AB ctia ao dén vuon. Tinh gan dung do dai téi thiéu | cua cay cau biét :

- Hai b AE va BC nam trén hai duong thiang vuéng goc véi nhau, hai duong thang nay
cit nhau tai diém O ;

a mot phan ctia mot parabol c¢6 dinh 1a diém A va c6 truc ddi xing 1a duong
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T T |
- Do dai doan OA va OB lan luot 1a 40 m va 20 m;

- Tam | cua manh vuon lan luot cach dudng thing AE va BC lan luot 40 m va 30m.

D

~C

A l=17,7m. B. 1 =25,7m. C.1=27,7m. D. | =15,7m.

DANG 5: CAC BAI TOAN GIAI BANG CACH SU DUNG
PHUGONG PHAP SO SANH HAI PO THI

1. Phuong phap:
- Bién ddi bai toan va c6 lap tham so, dwa bai toan vé tim min, max ciia ham sé y =h(x)

trén doan [a;b].

- Dua vao do thi ham s6 y=f'(x) va y=g(x) nao d6 dé xét diu bicu thic
h’(x)=k[f’(x)—g(x)] trén doan [a;b].

- Tim dugc min, max cua ham s6 y =h(x) trén doan [&;b] va két luan.

2. Cac vi du mau:

Vidy 1. Cho ham s6 y = f (x). Do thi ham s6 y = f'(x) c6 do thi nhu hinh v&.

——
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Tim tat ca cac gia tri thyc ciia tham sé m dé bat phuong trinh 3f (x)—x°+6x—m>0 ding

véi moi x e[-2;2]

A. m<3f(2)+4. B. m>3f(-2)-4. C. m<3f(0). D. m>3f(2)+4
Loi giai
Chon A.

Taco: 3f (x)—x*+6x—m=>0 ding véi moi xe[-2;2]

< h(x)=3f(x)-x>+6x>m, VXe[—Z;Z]Qms[rpzi;gh(x).

Taco h'(x) =3[ fr(x)—(x? —2)].

V& hai d6 thi ham s6 y = f'(x) va y=x*—2 trén cling mot hé truc toa d6 (hinh V&)

____________

Tir @ thi ta thdy h'(x) =3[ f'(x)—(x*~2)|<0, ¥ e[-2:2] va h(x) lién tuc trén doan
[-2;2] do @6 ham s6 h(x) nghich bién trén [-2;2]. Suy ra min h(x)=h(2)=3f(2)+4.

Vay m<3f(2)+4

Vi du 2. [1D1-4] Cho ham s6 y = f (X) c6 dao ham trén R vaham s6 y = f'(x) c6 d6 thi nhu hinh

dudi.
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Trén doan [~4;3], ham s g(x)=2f (x)+(1—x)" dat gia tri nho nhét tai diém

A X, =-4. B. x,=-1. C. X, =3. D. X, =-3.
Loi giai

Chon B.

Trén doan [—4;3],taco g'(x)=2f'(x)-2(1-x). Ta c6 dd

thi ham s6 y = f’(x) va y=1-x nhu hinh bén

Tir d6 thi suy ra
X=-4
9'(x)=0< f'(x)=1-x<| x=-1.
Xx=3

9'(x)>0= f'(x)>1-x < xe(-13).

9'(x)<0& f'(x)<l-xe=xe(-13).

Tir d6 ta c6 bang bién thién cua ham s6 g(x)

T —4 —1 3
J(x) 0 — 0 - 0
g(x)

ham sé g(x) dat gia tri nho nhét tai diem x, =—1.
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e eSS eSS~y
BAI TAP AP DUNG

Caul: [1D1-4]Chohamsd y= f(x) c6 daohamtrén R vahamsé y= f'(x) c6 dd thi nhu hinh

dudi.

Trén doan [~4;3], ham s g(x)=2f (x)+(1—x)" dat gia tri nho nhét tai diém
A x,=—4. B. x, =-1. C. X, =3. D. x, =-3.

Cau2: Chohamsé y=f(x). Do thi hamsé y = f’(x) c6 dd thi nhu hinh v&.

y

ol @

- — — — 2= — — — — &

Tim tat ca cac gia tri thuc cua tham s6 m dé bat phuong trinh 6f (x)+2x°—6x—m<0

dang véi moi xg[—\/g;\@]_
A m=6f(+3).

C. m>3f(0).
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Cau3: [1D1-3]Chohamsd y=f(x) va y=g(x) c6 dao ham lién tuc trén R c6 do thi ham s6
y = f'(x) 1a dudng cong nét ddm va y = g'(x) 1a duong cong nét manh nhu hinh v& dudi

day.
Y

L\ o e 2

T

C

cm------12

Goli ba giao diém A, B, C cua hai duong cong trén hinh vé lan luot c6 hoanh dd a, b, ¢
. Khang dinh nao sau day la ding?

A. rg;;ic?h(x)zh(o). B. r[ral;icr]m(x):h(a). C. minh(x)=h(b). D. r[ra1;icr]1h(x)=h(c).

DANG 6: CAC BAI TOAN LIEN QUAN PEN TUONG GIAO, TINH TIEN

1. Phwong phap :Nim viing cach xét sé nghiém cua phuong trinh bang sé giao diém cua hai do thi
va két hgp mot sé kién thic lién quan.

2. Vidu minh hoa :

Caul: Cho duong cong trong hinh bén la do thi cia ham s6 y = f (x). Hoi c6 bao nhiéu diém trén

duong tron lugng giac biéu dién nghiém cua phuong trinh f ( f (cos2x))=0?

A. 3 diém.
B. 4 diém.
C. 2 diém.
D. 1 diém.

Loi giai
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Cau 2:

Tuddthitaco: f(x)<LvxeR va f(cos2x)=xa (a>1) hoic f(cos2x)=0.

*) Néu f (cos2x)=a>1, phuong trinh vd nghiém.

*) Néu f (cos2x)=—-a<-1 thi |cos2x| >1, phuong trinh vé nghiém.

*) Néu f(cos2x)=0 <> cos2x==a (V0 nghiém) va cos2x=0. Do do, tap nghiém c6 4
diém biéu dién trén duong tron luong giac.

Cho ham s6 y = f (x) c6 dao ham lién tuc trén R va do thi ham s6 y = f’(x) Ia hinh v&
sau

bit g(x)=f (x)—x?. Diéu kién can va du dé do thi ham sé y = g(x) cét truc hoanh tai

bén diém  phan biét 1a

g(0)>0 9(0)>0
A {g(f)>(?. B.19(1)<0 . C {g(o);oo D. 19(-2)<0
9« s)g(2>0 9P g(1)<0
Loi giai
Chon B.

Tur do thi suy ra g'(x)=f'(x)-x=9(0)=0;9'(1)=0;9'(-2)=0

Mit  khac tr d6 thi suy ra f'(x)<x,vxe(0;1)u(-0;-2) va

f'(x)>x,Vx e (L+0)u(-2;0)

Bang bién thién
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—_———eeeeeeeeeeeee
Tur BBT suy ra Diéu kién can va du dé do thi ham sé y =g(x) cét truc hoanh tai bon diém

9(0)>0
phan biét la g (1) <0
g(1).9(-2)>0
BAI TAP AP DUNG
Caul: (Poan Thugng — Hai Dwong — L4n 1 - 2018) Cho d thi ham s6 y = f (x) nhu hinh v&
dudi day:

b

_6___

Goi S latap tat ca cac gia tri nguyén dwong cta tham sé m dé ham sé

y=|f (x+2018)+§m2 cd 5 diém cuc tri. Tong tat ca cac gia tri cua cac phan ti cua tap

S bang:
A T. B. 6. C.5. D. 9.
Cau2: (Thing Long — Ha Ngi — L4n 1 - 2018) Cho ham s6 y = f (x) c6 bang bién thién nhu
hinh vé
X —o0 0 | +00
+o0 2018
f(x) \ / \
—2018 o

Hoi phuong trinh | f (x+2017)—2018) = 2019 c6 bao nhiéu nghi¢m ?
A. 6. B. 2. C. 4. D. 3.
am s6 y = f (x) codaoham y = f'(x) liéntuctrén R vaco dothi hamsé y = f'(x)
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YA

Biét f(a)>0, hoi dd thi ham s6 y = f (x)cit truc hoanh tai nhiéu nhat bao nhiéu diém?
A.4. B. 1. C. 2. D. 3.

Chu dé 6: Tuong giao

Caul. (Lwong ThéVinh—DPong Nai—Lan1-2017) Chohamsé y= f (x)=ax®+bx* +cx+d

¢6 bang bién thién nhu sau:

x |—on 0 1 4o

v + 0 — 0 +
1
¥ / \ /
0

Khi do |f (x)|=m c6 bén nghiem phan biét x, < x, < x, < % <x, khi va chi khi

A.%<m<l. B.%Sm<1. C. 0<mx<l1. D. 0<m<1.

Cau2. Chohamsd y=x—x*(2m+3)+x(6m+7)—4m—3 va duong thang d : y = x+1. Tim c4c
gia tri thuc m dé duong thang d cét dd thi ham sé di cho tai 3 diém phan biét A, B, C sao
cho X, =1 va dién tich tam gidc OBC bang J5,véi O 1a gdc toa do.

A. {-2;4}. B. {2;4}. C. {-2;3}. D. {-2;5}.
; L s a2y, 3 R CCO) s
Cau3. Chohamso f (x) =X"—-3x"+ X+E .Phuong trinh W =1c6 bao nhi€u nghiém thyc
phéan biét?
A 4. B. 9. C.6. D. 5.
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e e ¥
Cau4. (Chuyén Lam Son Thanh Héa — Lan 3) Cho ham s6 y = f (x)=x>-3x*-3x+4. Goi

m 1a s6 nghiém thyc ctia phuong trinh \/f ( f(x) —2)— 2 =3— f (x). Khang dinh nao sau
day dung?
A m=7. B. m=4. C. m=6. D. m=9.

Cau5.  (SGD Bic Ninh) Cho ham sé f (x)=x’+ax® +bx+c. Néu phuong trinh f (Xx)=0 c6 ba
nghiém thye phan biét thi phuong trinh 2 (x).f"(x)=[ f'(x)]" c6 bao nhiéu nghiém?
A. 3. B. 1. C. 2. D. 4.

Cau6. Trong cac ham sé f(x) =x°—2x* -1, g(x) =—x° +x* +x—1, h(x) = 2x°* —3x+1 s6 ham s6

c6 hai cyc tri dong thoi céc gia tri cuc tri trai dau la
A. 0 B.1 C.2 D. 3

Cau 7. Tim tat ca cac gia tri thuc cua tham sé6 m dé do thi caa ham s6 y = x*—mx?+4 cit truc
hoanh tai ba diém phan biét
A m=0 B.m>3 C. m#3 D.m>0

Cau8. Chohamsb y=x*—mx?—x+m, tit ca cac gia tri thuc caa m dé do thi ham sé ¢6 hai cuc
tri ddng thoi cac gid tri cuc tri trai dau la:
A.m>1 B.m<-1 C.R\{£1} D.me[-11]

Cau 9. Tim tat ca cac gi4 tri thuc cia m dé duong thang d:y=—mx cat do thi caa ham sé
y=x3—3x>—m~+2 C taibadiém phan biét 4, B, C sao cho AB=BC.
A. me(L+w) B. me(—x;3) C. me(—0;-1) D. meR
Cau 10. S6 céc gia tri nguyén ciia tham sd » dé d6 thi ham s6 y = x* —3mx® +6mx —8 Cit truc hoanh

tai ba diém phan biét co hoanh d¢ lap thanh cap sé cong.
A. 0 B.1 C.2 D. 3

Cau 11. Tat ca gia tri tham s6 m dé do thi y=x*—(3m+4)x*+m’ cat truc hoanh tai bon diém phan

biét la:
A me(—oo;—4)u(—%;0)u(0;+oo). B. me(<1:0)L(0;-+0).
C. me(—%;O)u(O;+oo). D. meR\{O}.

Cau 12. Chohamsd f(x)=x"-4x*+3.Tim m déduongthang y =m catdo thi ham s y =|f (x)|
: an biét.
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e ————
Cau 13. Co bao nhiéu gia tri nguyén cua tham s6é m m dé dudng thing y=-1 cit d6 thi ham s

y=x"+(3m-2)x*-3m tai 4 diém phan biét c6 hoanh d¢ nhé hon 3.
A. 0. B. 3. C.1. D. 2

Cau 14. Choham sé y=x*—(3m+4)x*+m’ c6 d6 thi 1a (C,,). Tim tong cac gia tri m dé do thi
(C,) cét truc hoanh tai bén diém phan biét c6 hoanh do Iap thanh mot cap s6 cong.

A. 216 B. 240 C. -1 D. 12
19 19

Cau 15. Goi m 1 sd thuc duong sao cho duong thing y =m+1 cét dd thi ham s y = x* —3x% - 2
tai dang hai diém phan biét A, B thoa man tam giac OAB vudng tai O (O la géc toa d¢).
Két luan nao sau day dang?

A. me z,g . B. me z,g . C. me §,§ . D. me E,Z
4 4 4 4 4 4 4 4

Cau 16. Chohamso y=x*—mx*+m-1 c6 do thi (C,,). X4c dinh tat c4 cac gia tri cia m dé do thi
ham s6 (C,,) cat truc hoanh tai bén diém phan biét.
A. me(1;2)U(2+%). B. me(L+x). C. me(2+). D. me(—o0;2)U(2;+0)
Cau 17. Cho ham s6 y=x*—4(m+1)x*+4m+3. Véi gia tri m khong am dd thi ham s6 cét truc
hoanh tai bén diém phan biét c6 hoanh do lan luot 1a X, X,, X5, X, . Tim gid tri nho nhat cia
bicu thirc T = x* +x,* +x.* +x,*.
A. MinT =2. B. MinT =3. C. MinT =8. D. MinT =20
Cau 18. Cho duong cong y = x* —(3m+1)x* +3m—1. Tinh tong cua hai gia tri nguyén lién tiép nho
nhit caa m dé duong thang y =—1 cat dudng cong trén tai bon diém phan biét trong d6 c6
hai diém ¢6 hoanh d6 I6n hon % .
A. 3. B. 6. C.1. D. 5.
Cau19. Chohamsé y=x*—(m?+10)x*+9c6 dd thi (C,,). Vi giatri m=m, thi dé thj (C,,)ciia
ham sé cat truc hoanh tai bén diém phén biét co hoanh d6 lan luot 1 X, X,, X, X, thoa man
X+ %7 +%° +X,>=20.

A. mye(-11). B. m, e(%;@. C. mye(-2,0). D. my e(13).
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Cau 20.

Céau 21.

Céau 22.

Céau 23.

Céau 24.

Céau 25.

Céau 26.

Cau 27.

Cho ham s6 y =x* —(m’ +10)x* +9¢6 dd thi (C,,). Vi gid tri m=m, thi dd thi (C,,)cua
ham s cat truc hoanh tai bén diém phén biét co hoanh d¢ lan luot 1 X, X,, X, X, thoa man

|+ |+ 5] +[%,[ = 8.
A. mye(-2,1). B.m e 1'E . C.me —E'—l . D.m e 1'3 .
0 ) o "5 ) 2 ) 9

Cho ham s6 y=x*-4(m+1)x*+4m+3. Vi gid tri m khong am d6 thi ham s6 cat truc
hoanh tai bon diém phan biét co hoanh do lan luot 1a X, X,, X, X, . Tim gia trj nho nhét ctua
bicu thic T = x* +%,* + x,* +x,*.

A. MinT =2. B. MinT =3. C. MinT =8. D. MinT =20
Phuong trinh X° |X2 - 2| =m c6 ding 6 nghiém thyc khi:

A m>1 B.m>0 C.0<m<l1 D. m<0
Chohamsé (C):y = |x4 —4x° +1| va duong thang d : y = m—1. Gia tri cia m dé duong

thang d va dé thi (C) c6 bén diém chung la:

A.O0<m<3 B.m=4 C. D.
m=3 4

Cho (C)1a dd thi ham s6 y = x* +mx® +x* + mx+1. Gia tri cia m dé (C) ct tryc hoanh
tai it nhat hai diém c6 hoanh d6 am Ia:

A —2<m<?2 B.m>% C.2<m<3 D.1<m<g

Cho ham s y = x* —6X* +4x+6c6 dd thi (C). Duong thang d tiép xtc véi (C)tai 2
diém phan biét c6 hoanh do 1a x ;x,. Khi d6 x, +x, bang:

A. -2 B.0 C.2 D. 4

Cho ham s6 y = x* —4x° —2x* +11x—1c6 @b thi (C). Gia tri m dé (C) giao véi dudng

thaing d : y =—x +m tai 2 diém phan biét Ia;

- _ m>10
A —10<m<6 B. {’" 10 C. m>—10 D{
m>6 m=—-6

[2D1-2]. Biét rang do thi ham s6 y = ii’ va duong thang y = x—2 cét nhau tai hai diém
X —

phan biet A(X,;Ya),B(Xg:Ys). Tinh Y, +Ye.
B. Yu+Ya =0. C. Ya+Ys =4 D. Ya+Y¥e=-2
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Cau28. [2D1-3]. Cho ham sé y=X+2
2x+1
y =mx-+m—1 cat do thi ham s tai hai diém thuoc vé hai nhanh cia do thi.

A. m<O0. B. m=0. C. m>0. D. m<1.

. Tim tat ca cac gia thuc cta tham s6 m dé duong thang

4x
Cau 29. [2D1-2]. Cho ham s6 Y =

2 6 ab thi (C) va giém M (1;4). xét diém A bat ki tren (C) c6

X, =a.Duong thing MA cit (C) tai diém B khac A.Hoanh d6 diém B la:
A a+l.” B.1-a. C.2-a. D. 2a-1.

2X

Cau30. [2D1-2].Chohamsé y= +14 c6 dd thi 1a (C). Biét rang duong thang y =2x+m ludn
X+

ct (C) tai hai diém phan biét A,B. Tim m dé doan AB la nho nhat.
A m=1. B. m=2. C. m=3. D. m=4.

Cau3l. [2D1-2]. Cho him sb y = 221 ¢6 @b thi nhu hinh v& bén. Y

r—1

Tim tit ca cc gia thuc ctua tham s6 m dé phuong trinh

~~—— = m c6 hai nghi€ém thuc phan biét. N 11 z

A. me(0;2)U(2;4x). B. m>2.
C. m>-2. D. m<2.

Cau32. [2D1-3]. Tim tAt ca céc gia tri cia m dé do thi ham s6 y=+/x* +3 va duong thing
y =m(x+1) cat nhau tai it nhat mot diém.

)

A me(-w:-1). B me(—oo:—l)u{7;+oo .
C. me{gﬁw]. D. me{g;l}.

Cau33. [2D1-3]. Tim tAt ca cic gid tri cia m dé dd thi ham s6 y=+/x* +3 va duong thing
y =m(x+1) cat nhau tai ding mot diém.

R onel i)
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Cau 34.

Cau 35.

Céau 36.

Céau 37.

Céau 38.

Cau 39.

Cau 40.

C. m e (—o0i—1) U[L;+90). D. m{g;l}.

[2D1-3]. Tim tht ca cac gid tri cia m dé dd thi ham s& y=+/x2+3 va duong thing
y =m(x+1) cat nhau tai ding hai diém.

wmein wne(Bal cndBa ondS]

[2D1-3]. Tim tat ca cAc gi4 tri ctia m dé do thi ham s y = Inx va duong thang y = mx cét
nhau tai dung hai diém.

A me(—oo;lj. B. me(o;lj. C. me[0;1). D. me{o;l}.

€ € €

[2D1-3]. Tim tat ca cac gid tri ctia m dé d6 thi ham s6 y = Inx va duong thang y = mx cat
nhau tai it nhit mot diém.
1 1 1
A. me(—oo;—j. B. me(—oo;—}. C. me[O;l). D. me{o;—}.
e e e
X —3x+3
2X—2
duong thang y=m cat (C) tai hai diém phan biét A va B thoa AB=2. Tdng tat ca cac
phan tir cia T bang
A. 2. B. —1. C.0. D. 1.

Cho ham s y = c6 do thi 1a (C). Goi T la tap tat ca cac tham s6 m sao cho

2
X 7 c¢6 d thi 1a (C). C6 bao nhiéu gia tri nguyén ciia m <2019 sao cho

Cho ham s y =

duong thang y =m+9 cat (C) tai cac diém c6 hoanh d§ X, < X, thoa 1< x, <2< x,?.
A. 2021. B. 2022. C. 2024. D. 2023.

Goi m, la gia tri cua tham s6 m dé Parabol (P):y=x"+m tiép xuc voi d6 thi ham s

2_
y= f(X)=X—X1+1.T|’nh £ (my).
A. f(mo)=—1. B. f(mo)z—g. C. f(mo)=—§. D. f(m,)=-2.
2 3 2
X>—2X+2

Chohamsb y= c6 do thi 1a (C) va duong thang (d):y=-x+m. Goi m, la

gia tri cia msao cho (d) cat (C) tai hai diém T va R ddi xtmg nhau qua duong thang
(A):y = x+3. Tinh tich m,.X;.Xy (X;;Xs lan luot 12 hoanh do6 cac diém T va R).

c. 2 p. 1.
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CHUYEN DE: TIEP TUYEN VA TIEP XUC
A. CAC DANG TOAN

e Dang 1: Viét phwong trinh tiép tuyén tai mér diém ( Biét toa do diém, biét hoanh do, biét tung
dé, tai giao diém, ....)

o Dang 2: Viét phuong trinh tiép tuyén biét hé s goc ( cho hé sé goc, hé sé goc lén nhat nhé
nhat, tiép tuyén song song, tiép tuyén vuéng géc, ...)

e Dang 3: Tiép tuyén di qua ( di qua diém, tir I diém trén dwong thang hodc trén cac truc toa do
ké dirot mét so tiép tuyén

e Dang 4: Tiép tuyén chung

e Dang 5: Bai toan tiép xdc giita hai do thj

NOQI DUNG CHINH

Dang 1: Phuong trinh tiép tuyén tai diém

1. Phuong phap
Va

fix,)

0

Phuong trinh tiép tuyén tai diém M, (XO; yO) c6 dang

Aty =Yo=T'(%)(x=%) = y=F"(%)(X=%)+Y
eDiém M, (%,; Y, ) duoc goi la tiép diém.
e X, 1a hoanh do tiép diém va y, 1a tung do tiép diém.

o f'(%,) duoc goi la hé s goc cua tiép tuyén tai M, .
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f(X) =Y.
eTinh y'(x)=f'(x).Suyra y'(x,) = f'(x).

2. Céc vi du mau
Vidul: Goi S Ia tap hop tat ca cac gia tri thuc cua tham sé m sao cho tiép tuyén cua dd thi

(C):y= 2 +1m tai diém M co6 hoanh d6 bang 2 chan hai truc toa d6 mot tam giéc c6 dién
X_

tich bang % . Tinh tong cac phan tir cua tap S .

A. —2. B. -3. C. -1. D. —ﬁ
9 9
Phan tich

biém M (C) nén tir X, =2 thay vao ham sé ta duoc M (2;4+m).
Viét phuong trinh tiép tuyén A cta d6 thi tai diém M (2;4+m).
Dé yraing A cit hai truc toa do tai hai diém A, B tao thanh tam giac vudng.

Do d6 Syps = %OAOB .

Loi giai
Chon D

-2—m

TXD D=R\{1}. Taco y'= 7
(x-1)

M (2;4+m)

VéGi X, =2= Yy =4+mva f'(2)=-2-m.

Phuong trinh tiép tuyén tai M ¢6 dang A:y =(-2—m)(x—2)+(4+m).

AmOx=A(3m+8;0);AmOy=8(0;8+3mj.
m+2
1 1 8+3m m=-22
Ta co: Sops ==OAOB == <> OAOB =1 [3m +8|.| ‘:1@ 9
2 2 m+2 S

Vay téng cac phan tircua S 1a — 22 49

£e_3-_2%
9 9
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Cau 1:

Vi du 2:

Choham sé y=x"—2mx*+m, c6 dd thi (C) véi m Ia tham sé thuc. Goi A la diém thudc
dd thi (C) c6 hoanh d6 bang 1. Tim m dé tiép tuyén A véi do thi (C) tai A cét duong

tron (7):x? +(y—1)" =4 tao thanh mot day cung c6 do dai nho nhat

AL B. -3, c. i p. -3

13 16 16 13
Cho ham s6 y=x>+3x c6 d6 thi 1a (C). M, la diém trén (C) c6 hoanh d6 bang 1. Tiép
tuyén tai diém M, cit (C) tai diém M, khac M, . Tiép tuyén tai diém M, cit (C) tai diém
M, khacM,. Tiép tuyén tai diém M, , cat (C) tai diém M, khac M, ,(n=4,neN)?

Tim s6 tu nhién n thoa méan diéu kién y, —3x +2% =0.
A n=7. B. n=8. C.n=22. D. n=21.

Phén tich

Tir d& bai ta thay can quy ddi X,, Y, theo n.

Mat khac hoanh do cac diém M, M,,...,M_, M cd thé c6 mdi lién hé véi nhau va ta can
tim mdi lién hé nay.

Céc diém M,,..,M, ,,M, la giao diém cua ciia cac tiép tuyén tai M;,M,,...,M_, véi (C)
nén ta co thé thuc hién nhu sau:

+ Viét phuong trinh tiép tuyén cia (C) tai dim M, (X,; Y, ).

+ Tim giao diém M, cua tiép tuyén véi (C) tir d6 chi ra méi lién h¢ gitra X, va X, tir

n+1

do thiét 1ap lién h¢ gitra X, va n.

Lo gidi
Chon B
Phuong trinh tiép tuyén A, cia (C) tai diém M, (x,;x3+3x,):
A, 1y =(3%¢ +3) (X=X, )+ X5 +3X,.
Goi M, 1a giao diém khac M cia (C) vatiép tuyén A, .
Hoanh d6 X,,, cia M., 1a nghiém phuong trinh:

X° +3x = (3x +3)(x—%,)+ X5 +3x,
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Vidu 3:

Do d6 X, =-2X nén hoanh do cac diem M;,M,,...,M__,M_ lap thanh cip sb nhan

(x,) c6 % =1va congbdi q=-2=x,=(-2)"" % =(-2)"".

Tur gia thiét y —3x +2% =0

3n-3

Suyra X, +2* =0 <(-2)" +2*=0=n=8

Cho ham s6 y = 2X
X+2

cach tir 1(—2;2) dén tiép tuyén ctia (C) tai M 1a16n nhat, ménh dé nao sau day ding?

c6 do thi (C) va diem M (X,;Y,)€(C) (%, #0). Biét rang khoang

A. 2x,+Y,=0. B. 2%, +Y,=2. C. 2%, +Y, =—2. D. 2X,+Y,=—4.
Phan tich

+ Viét phuong trinh tiép tuyén A cua (C) tai M (X,;Y,)theo an X,.
+ Tinh khoang cach d tir 1(-2;2) dén A ta dugc mot bicu thic véi bién X, .
+ Tim gia tri 16n nht cta biéu thtc vira 1ap ta chi ra dugc X, .

Loi gisi
Chon D
Phuong trinh tiép tuyén cta (C) tai M codang A:y=Y'(X,).(X=% )+ Y.

2X,
Xy +2

, B 4
:y(xo)—(xo+2)2-

B 2X,
(x=x)+3=5

Tacd M(x,;¥,)€(C) = ¥y =

4

Laico y' = (X+2)2

Dodd A:y= .
" er2y

= A1y(X +2) =4X—4%, + 2%, (X, +2) = A14x—(%,+2)" y+2x =0

-8-200+2)°+2¢|  |16-8x| 8

\j42+(x0 +2)* \/(x0+2)4 +16 \/(Xo+2)2+ 16

=d(1;A)=

(% +2)2

Ap dung bat dang thirc Cosi ta co
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Do X, #0 nén X, =—4=Yy,=4=2x,+Yy,=—4.

Bai tip twong tu:

Cau 1:

Vidu 4:

Cho ham s6 y = x(x* ~3) c6 do thi (C). C6 bao nhiéu diém M thudc dé thi (C) thoa man
tiép tuyén ciia (C) tai M cét (C) tai diém A (khac M ) vacit Ox tai diém B saocho M
1a trung diém cia doan AB?

A.2. B. 1. C.0. D. 3.

Cho cac ham s y = f (x), y=f(f(x)), y=f(x*+4) c6 do thi lan luot 12 (C,),(C,),
(C,). Budng thang x =1 cit (C.). (C,). (Cy) lan Iuot tai M, N, P. Biét phuong trinh
tiép tuyén cia (C,) tai M vacua (C,) tai N lanluotla y=3x+2 va y=12x—5. Phuong
trinh tiép tuyén cua (C,) tai P Ia

A. y=4x+3. B. y=8x-1. C. y=2x+5. D. y=3x+4.
Phén tich

Pé viét phuong trinh tiép tuyén cua (C;):y=h(x)=f(x*+4) ta can tinh h'(1) va
h(1)=f (5)

Phuong trinh tiép tuyén cta (C,):y=f (x) la y=3x+2 suyra f'(1)=3 va f(1)=5.
Phuong trinh tiép tuyén cia (C,):y=g(x)=f (f(x)) la y=12x—5 tinh dugc h'(1) va
£(5)

Loi giai
Chon B
£/(1)=3
f(1)=5

Tiép tuyén cua (C,) tai M (L f (1)) 1a y=3x+2< y=3(x—1)+5 nénsuy ra {

Tiép tuyén cua (C,) tai M (L f(f(1))) 1a y=12x-5<>y=12(x-1)+7 nén suy ra

f'(f(1).f'(1)=12 (f'(5)=4
{f(f(l))z? Q{f(S):T

Do dé P(3; f(5)) hay P(1;7).
Hon nita [ f(x*+4)] =2x.f'(x +4), dod6 f'(1)=2.'(5)=8.

—8(x—-1)+7 < y=8x-1.
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Vidy5: Chohamsd y=f(x) liéntuctrén R c6 do thi la duong v
cong (C) va f’(x) c6 dd thi nhu hinh v&. Tiép tuyén cua
dd thi (C) tai diém c6 hoanh d¢ bang 1 cét (C) tai hai
diém phan biét lan Iuot c6 hoanh d6 1a a,b. Chon khang

dinh dang trong cac khang dinh sau: =1 1 3/ &=
A -4<a-b<4.  B.ab<3. [ “ \/

C. a®+b*>10. D. ab>0.

Phén tich

Tuddthi f'(x) taco thé Iap duoc bang bién thién caahamsé y = f (x) vasuyra f'(1)=0

Phuong trinh tiép tuyén cua (C) tai diém c6 hoanh d6 bang 1 I
y=f'"(1)(x-1)+f(1)=f(2)

Nhu véy giao diém cua tiép tuyén va (C) 1a giao diém cua duong thang y = f (1) va (C)
nén ta c6 thé sir dung bang bién thién dé chi ra gia tri cua a,b.
Loi gisi
Chon C
Tur do thi ciia f'(x) ta co bang bién thién

x —an -1 1 3 o0

7'(x) _ 0 — 0 +

0 +
f(x) F(1)
7(-1) 7(3)

Dé thay f'(1)=0 do d6 phuong trinh tiép tuyén cua (C) tai diém c6 hoanh do bang 1 1a

y=1'(1)(x=1)+ f (1)=f (1).

Phuong trinh hoanh d¢ giao diém cua tiép tuyénva (C): f (x)=f(1).
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\f(—l)/ \f{Sl

Tir bang bién thién suy ra a<—-1 va b>3 nén a?+b? >10.

3. Bai tap tu luyén:

Baitap 1:  Chohamsé y=x>-2018x co ddthila (C). M, ladiém trén (C) c6 hoanh do x, =1
. Tiép tuyén cua (C) tai M, cat (C) tai diém M, khac M, , tiép tuyén cua (C) tai M, cét
(C) tai diem M, khac M,, tiép tuyén cia (C) tai diém M, cét (C) tai diém M, khac
M, (n=4; 5...), goi (X,;y,) latoadd diem M . Tim n de: 2018x, +y, +2°° =0 .
A.n=647. B.n=675. C. n=674. D.n=627.

Baitdp2:  Choham s y=x’—3x*+2x—5 c6 dd thi (C). C6 bao nhiéu cip diém thudc dd thi
(C)ma tiép tuyén véi do thi tai ching la hai duong thang song song?
A. Khong ton tai cap diém nao. B. 1.

C. 2. D. V6 sb cap diém.
A R S 5 £ X+m Y PN , 5 Y-
Bai tap 3: Biét rang ham so y:—2 dong bién trén cac khoang (—0;2) va (2;+00) va tiép
X_

tuyén caa do thi tai diém x, =1 cit hai truc toa do tao thanh mot tam giac vudng can. Tim
gia tri cia tham s6 m .
A m=-3. B. m=—4. C. m=-5. D. m=0.
. x4 5 \
Baitip4: Chohamso y =?—3x2 +§(C) va diem M e(C)co hoanh d x, =a. Cd bao nhiéu
gid tri nguyén cua a dé tiép tuyén cia (C) tai M cét (C) tai hai diém phan biét khac M .
A. 0. B. 3. C. 2. D. 1.

Baitap5:  Chohamso y= c6 dd thi (C). Goi M (Xy;Y,) Véi X, >1 la diém thudc (C).

2X—2
Biét tiép tuyén cua (C) tai M cét tiém can ding va tiém can ngang lan luot tai A va B
$a0 cho S5 =8S,01a» trong d6 | 14 giao diém hai tiém can. Tinh gia tri caa S = x, +4y, .

-7 5=

A. S=8. B.S .
4 4

D. S=2.
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e ——
Baitdp6: Cho ham s6 y=f(x) xdc dinh va c6 dao ham trén R théa man

[f (1+ 2X)]2 = x—[f (1—X)]3. Viét phuong trinh tiép tuyén cua do thi ham sé y = f (x)

tai diém c6 hoanh do béng 1.

1 6 1 8 1 8 6
A y=—=XxXx——. B.y==x——. C.y=—="x+—. D. y=—x+—.
y 7 7 y 7 7 y 7 7 y 7

Baitdp7:  Chohamsd y= f(x) xac dinh va nhan gia tri duong trén R . Biét tiép tuyén tai diém

L . . . f(x 3 L .
c6 hoanh do x, =1 cua hai do thi ham so y = f (x) va y= - (( 2)) c6 hé so goc lan luot la
X

1va —2. Tinh f(1)

A f(1)=2. B. f(1)=1. C. f(1)=4. D. f(1)=

N |-

Baitap8:  Chohamsé y = f(x) c6 dao ham lién tuc trén R. Goi d,,d, lan luot Ia tiép tuyén cua
dothihamsé y = f (x) va y=x*f (3x—4) tai diém c6 hoanh d X = 2. Biét rang hai duong
thang d,,d, vudng goc véi nhau. Khang dinh nao sau day 1a ding

A B<|f(2)<2.  B.|f(2)<\B. C.|f(2)=5. D. 2<|f(2)<2V3

Dang 2: Phuong trinh tiép tuyén biét hé sb goc.

1. Phuong phap
Bai toan: Viét phwong trinh tiép tuyén A cia (c):y =f(x), biét A c6 hé sé géc k cho
truede.

Cach 1: Tim toa do tiép diém.

e Goi M (Xy; Yy ) la tiép diém. Tinh f'(X,).

o A c6 hé sé goc k = f'(x) =k @)

e Gidi phwong trinh (1), tim dwoc xo va tinh y, = f (Xo) Tir d6 viét phwong trinh ciia A .
Céach 2: Dung diéu kién tiép xiic.

e Phuirong trinh dwong thang A c¢6 dang: y = kx + m.

e A tiép xiic Vi (C)khi va chi khi hé phwong trinh sau co nghiém:

{f(x) =kx+m *)
flx) =k

Tir d6 viét phwong trinh ciia A .
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Chy: Hé s6 géc K cuia tiép tuyén A c6 thé duwoe cho gidn tiép nhw sau:
+ A tao véi chiéu dwong truc hoanh géc o thi k =tana.

+ A song song voi dwong thang d: y = ax + bthi k=a.

+ A vuong goéc véi duong thang d: y = ax + b (a=0) thi k=—l
a

a
=tanco

+ A tao v6i duwong thang d: y = ax + b mét géc a thi e
+Ka

2. Cac vi du mau

Vidu 1.

Cho ham s6 y :%mxs +(M-1)x* +(4—3m)x+1 c6 dd thi 1a (C,,). Tim tat ca cac gia

tri thuc cua tham sé m sao cho trén do thi (Cm) ton tai dung hai diém c6 hoanh d¢ duong

ma tiép tuyén tai d6 vudng goc véi duong thang (d): x+2y-3=0.

A me(o;iju(l;gj. B. me(o;lju(léj.
3 23 2 23
2 23 2 2 3

Phan tich

Tiép tuyén vudng goc véi duong thang d :y = —%x+g =k=2oy=2

Trén d6 thi (C,,) ton tai dung hai diém c6 hoanh d¢ duong <> y' =2 ¢ diing 2 nghiém
duong phan biét.

Loi giai
Chon D

Taco: y'=mx’+2(m-1D)x+4-3m; d: y=—%x+§.

Theo yéu cau bai todn < phuong trinh y' =2 c¢6 dung 2 nghiém duong phan biét

< mx?+2(mM-1)x+2-3m=0 c6 dang 2 nghiém duong phan biét
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Vidu 2.

Vi du 3.

Vay, véi me (Oéju(%gj thoa man bai toan.
Cho ham s y=—x°+6x+2 c6 do thi la (C) va duong thang d : y =mx—-m-1. Tim gia
tri ciia tham s6 m dé d cat (C) tai ba diém A, B, C sao cho tong cac hé so goc tiép
tuyén cua do thi (C)tai A, B, C bang —6.
A m=-3 B.m=-1 C.m=1 D.m=2
Phén tich
dcit (C) tai badiém A, B, C < phuong trinh hoanh do giao diém c6 3 nghiém phan
bigt X,,%,, X,. Ap dung Vi —et. Tong cac h¢ sb goc tiép tuyén cua do thi (C)tai A, B, C
bang —6 < y'(%)+Y'(%,)+ Y (%)=-6.

Lo giai
Chon D.
+ Phuong trinh hoanh d¢ giao diém cua (C) va duong thang d :

—X° +6X+2=mx—m-1< x°+(m-6)x—-m—-3=0(1).

+ Gia st phuong trinh (1) c6 3 nghiém phan biét x,, X,, X;. Khi do:
X +X,+X%X =0
X, X, 4+ X, X5 + X X; =M —6.
X X, X, =M+3

+ Theo gia thiét ta co: (—3x; +6)+(—3x; +6)+ (-3 +6)=—6
<:>—3(x1+x2+x3)2+6(x1x2+x2x3+x1x3)+24=0(*)
<-30+6(m-6)+24=0=m=2.

+ Thir lai m=2 thoa mén dé bai.

Tim mot tiép tuyén cua d6 thi ham s (C):y = x> —3x* +2, biét tiép tuyén cit truc Ox,
Oy lan luot tai A, B thoa min OB =90A.

A y=9x+7. B.y=9x-25. C.y=9x+25. D.y=9x-7.

Phan tich
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\ /

B =904
\ /

i fel
0 7

OF =904

k=tana = L 9
Dwavao hinhvé =| T OA
k=-tana=-9
Tim dugc X, = Y,.
Viét phuong trinh tiép tuyén.

Loi gisi

Chon A.
Goi diém M (x,; x5 —3x; +2) la toa d¢ tiép diém. Do OB =90A, suy ra

- f'(x,)= 2_oy _3= —_
{kge (x0)9<:>x02x030<:>x0 1'
=9 [f'(%)="9 |x-2%+3=0 [%=3

Vi du twong tw: Cho ham s y = ¢6 d6 thi (C). Lap phuong trinh tiép tuyén cia

dd thi (C) sao cho tiép tuyén nay cit cac truc Ox, Oy lan luot tai cac diém A va B théa man
OA=40B.

Loi giai
Gia str tiép tuyén d caa (C) tai M (X,;Y,) € (C) cat Ox tai A, Oy tai B sao cho OA=40B

OB 1 ) .1 1
Do AOAB vuéng tai O nén tan A=— =— = H¢ s6 goc cua d bang — hodc ——.
OA 4 4 4
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Vidu 4.

Hé sb goc ciiad1a y (%) =— ! ><0=- ! 2=—1<:>
(% 1) 60" 4| gy -
X =3 (Yo=7)
y:——(x+1)+§ y:—£x+E
Khi d6 ¢6 2 tiép tuyén thoa man 1a: S
y——i(x—3)+E y——1x+E
4 2 4 4
Cho ham s6 y=x°—3x* —9x+1¢6 dd thi 1a (C). Viét phuong trinh tiép tuyén cua (C),
gy sk . . 5
biét tiep tuyen tao véi duong thang d : y =—x+1 mot goc « thoa cosa = —.
p tuyen ta g ga:y oL g N/
A. y:—l x—9i /321 +9. B. y:—1 x—gir 321 +34.
9 9 9 9
(o} y:—l x—9i 321 +7. D. Bép an khéc.
9 9
Phén tich

Tiép tuyén c6 he s6 goc k =y'(x,).

Goi M(X,;Y,) latiép diém. Phuong trinh tiép tuyén A tai M |

Tir d6 suy ra vecto phap tuyén.

Ap dung cong thic gdc giita hai duong thang. Tim dugc K.
Loi giai

Chon D

Taco: y'=3(x*—2x—3). Goi M(X,;V,) latiép diém

Phuong trinh tiép tuyén A tai M : y = y'(X)(X—X,) + VY,

Hay kx—y+b=0, Vai k=y'(x,)

k-1 _ 5
\/k2+1.\/§_\/ﬂ
1

< 41(k —1)2 =50(k? +1) <> 9k? +82k +9=0 < k =9,k -

Theo bai rata cd: cosa =
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—e— e ———
Tir d6 ta tim dugc hai tiép tuyén: y=—9x+1 va y =-9x—3.

s k=—%<:>27x§—54x0—80=0©x0=9iT vazl
Tir d6 ta tim duoc hai tiép tuyén la: y = —%(x—giT ‘321}+ y(X,).

. X+2
Vi du tuwong tu: Cho hamsd y =
2X+3

rang tiép tuyén tao véi truc hoanh mot goc bang 45°

(C). Viét phuong trinh tiép tuyén véi (C) biét

Loi giai
L -1
Tach: y =—
(2x+3)
Vi tiép tuyén tao v6i Ox mot goc 45° nén hé s goc la: k ==+1

Khi d6 goi M (Xy;Y, ) 1a tiép diém cua tiép tuyén voi dd thi (C) taco Y (X,) =1

_1 XO :—2
e—— _=tHleo
(2%, +3)

Véi X, =—1 thi y, =1 Itc d6 tiép tuyén c6 dang y = —X
Voi X, =—2 thi Y, =—4 luc d6 tiép tuyén c6 dang y = —Xx—2
Vay tiép tuyén can im 1a y = —X va y = —X—2

Vidu5. Chohamsé y =%mx3 +(M=1)x* +(4-3m)x+1 c6 do thi 1a (C,, ). Tim tat ca cac gia tri

thuc cua tham s6 m sao cho trén d6 thi (Cm) t6n tai mot diém duy nhat c6 hoanh d6 am

ma tiép tuyén tai d6 vudng goc véi duong thang (d): x+2y—-3=0.

A. m<12 hoac m>§. B. m<0 hoac m>1. C. m<1 hoac m>%. D. m<0 hoac

. D& thay (d) c6 hé sé goc —% = tiép tuyén co6 hé sb goc k=2 hay y' = 2.
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Giai va bién luan phuong trinh y' = 2 ta dugc gia tri m can tim {Luu ¥ rang phuong trinh
y' = 2 phai c6 mot nghiém am}

Lot giai
Chon D
(d) c6 hé sb goc —% = tiép tuyén c6 hé sé goc k =2. Goi X 1a hoanh do tiép diém thi:
y'=2<mx +2(m-1)x+(4-3m) =2 < mx* +2(m-1)x+2-3m=0 (*)
Theo bai toén, phuong trinh (*) c6 dang mot nghiém am.
Néu m=0 thi (*) < —2x=-2<>x=1 (khong thoa)

2—-3m

Néu ms0 thi dé thdy phuong trinh (*) ¢ 2 nghiém la x=1 hay x =
m

2-3m
m

Do d6 dé (*) c6 mot nghiém am thi <0< m<0 hoic m>§.

3. Bai tap tu luyén.
Bai 1. Cho ham s6 y=x°—6x*+9x—4 c6 dd thi (C). Tiép tuyén c6 hé s6 goc nho nhat

cua (C) di qua diém nao dudi day?

A. (1,5). B. (2;4). C. (3,-5). D. (0;-4).

Bai tap twong tw: Cho ham s y:%x3—(m+1)x2+(3m—2)x+m2 +2m, véi mla tham

s6. Goi S la tap hop tat ca cac gia tri cia m dé tiép tuyén co hé s6 goc nho nhat cua d6 thi
ham sé di qua A(-13). Khi d6 tong cac pham tir ciia S bang

Al B. 9. C. 9. D. -1.

Bai 2. Chohamsd y =X—_i c6 dd thi (C). Buong thang (d) tiép xac véi (C) tai diem co
X+

tung d6 duong, cat cac truc Ox, Oy lan luot tai A, B (A= B) ma 40A=90B. Tinh do
dai doan AB.

g - 197 L L O 1AV <

A : : :
36 36 6 6
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3 _12 c6 dd thi (C). Goi | la giao diém cua hai dudng tiém can
X+

cua (C). Viét phuong trinh tiép tuyén cua (C), biét tiép tuyén cat duong tiém can dung,

Bai 3. Cho ham s6 y =

tiém can ngang cta (C) lan luot tai A, Bma cos BAI - .

J26
A. y=5x-2 va y=5x-18. B. y=5x+2 va y=5x-18.
C. y=-5x+2 va y=-5x+18. D. y=5x-2 va y=5x+18

Bai 4. Cho ham s y = 2X=3
X+1

c6 dd thi (C). Tim cac gia tri thuc caa k biét ton tai hai tiép

tuyén phan biét caa (C) cé cling hé sb gdc bang k , ddng thoi duong thang di qua hai tiép
diém cua hai tiép tuyén do cat cac truc Ox,Oy lan luot tai A, Bsao cho OA=0B

A k=1. B. k=-1 C. k=2. D.k=1vak=-1.

Bai 5. Cho ham s6 y=x*—3x*+1 ¢6 dd thi (C). Trén (C) co hai diém A, B sao cho tiép
tuyén cua (C) tai A B song song véinhau va AB =42 Tinh y2 +y2.

A. 8. B. 13. C. 10. D.17.

Dang 3: Tiép tuyén di qua

1. Phuong phap

M (Xo,Y0)

N(X1,Y1)

Dé viét phuong trinh tiép tuyén cua do thi (C) cua ham sé y = f(x) biét tiép tuyén di qua
M (X,;Y,) ta co thé dung 2 phuong phép sau:

phap 1:
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) Goi d 1a dwuong thang qua M(X,;Y,) voi hé s6 goc la k, khi d6 d c6 phwong trinh:
y= k(X - Xo) +Yo
) . . K(X—%,)+Y,=f(x
) Pidu kién dé d tidp xtcvéi (C) la: | <X T TR =100
k=f'(X)
[J Giai hé (1) bang céch thay k tir phuong trinh dudi 1én phwong trinh trén.
Chu y: s6 nghiém ciia hé (I) chinh 1a s6 tiép tuyén ké tir M (X,; Y,) dén d6 thi (C)
Phwong phap 2:
[ Goi N(x; f(x)) € (C) latiép diém (néu co) cua tiép tuyén can tim, phuong trinh tiép tuyén
tai N la: y=f'(x)(x—x)+f(x) (*).

() Tiép tuyén nay qua M (x,;Y,) nén thay toa d6 M vao ta dugc mot phuwong trinh theo X, .

(] Giai phuong trinh nay, thay X, vira tim duoc vao phuong trinh (*) ta dugc phuong trinh cac
tiép tuyén can tim.
2. Céc vi du mau
Vi du 1:Cho ham s6 y = 3x —4x> ¢6 dd thi (C). Turdiem M (1;3) c6 thé ké duoc bao nhiéu

tiép tuyén véi do thi ham s6(C)?
A 2. B. 3. C.0. D. 1.
Phan tich:

Bai nay hdi sé tiép tuyén nén ta gidi theo cdach tim phirong trinh tiép tuyén cua (C) di qua
M . Ta c6 thé ding phirong phdp 1 hodc phwong phdp 2 déu dwoc nhwng chi can tim ra bao
nhiéu hé sé goc k la dwoc. Cu thé:

Huéng dan giai
Chon A
Duong thang di qua M (13) c6 hé s6 goc k c6 dang: y=k(x-1)+3 (d).
Diéu kién dé (d) latiép tuyén cua (C) khi va chi khi hé sau c6 nghiém:

Ix-4x*=k(x-1)+3 (1
{ ( ) ( ).Thay (2) vao (1) ta duoc:

3-12x* =k (2)
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3x—4x° = (3-12x*)(x-1)+ 3= 8x° ~12x* =0 =

Vay c6 2 tiép tuyén.

Vi du tweng tu: Cho d6 thi (C):y=x°—3x+1, phuong trinh tiép tuyén véi (C) biét tiép
tuyén di qua diém A(—2;—1) c6 phuong trinh

A y=-1y=9x+17 B. y=9x+17,y =-9x+17
C.y=1y=9x+17 D. y=9x-17,y =-9x-17
Hwéng din gii :
Chon A
Taco: y'=3x*-3
Goi M(xo; X; —3X, +1) 14 tiép diém. He sb goc clia tiép tuyén 1a y'(x,) =3x; —3.
Phuong trinh tiép tuyén véi (C) tai M 13 At y —(xg —3X%, +1) = (3%} —3)(x—x,)
A qua A(=2;-1)néntaco: —1—(x; —3x, +1) = (3%} —3)(-2-x,) < X, +3% —4=0

=l—>y =-1
< (%, — (X +4x, +4) :O<:{X0 ) Yo .
X0:— Zyoz—

Viy ¢6 hai tiép tuyén can tim c¢6 phuong trinh 1a: A1y =—-1; A:y=9x+17

2x-1

Vidu 2: Chohamsé y = codothila (C). Goi I 1a giao diém hai tiém can cua (C)

. Tim diém M thugc (C)c6 hoanh d6 16n hon 1 sao cho tiép tuyén ciia (C)tai M vudng goc
vé6i duong thang MI .

A. M(2;3). B. M (3;-). <. M(4;—j. D. M (5;3).

Phan tich:

Trude tién xdc dinh toa do |, sau dé viét phicong trinh tiép tuyén tong quat tai mér diém
M e (C). Ding diéu kién IM vubng goc véi tiép tuyén tai M dé tim M .
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Chii y: D6i Vi trdc nghigm ta c6 thé thik tai cdc diém M ciia ddp dn. Tic latatinh y'(x,,)

va h¢ sé goc ciia dwong thang IM . Néu tich k,,,.y'(x,,) =—1 thi diém M dé théa yéu cau

bai toan.
Huéng dan giai
Chon A
Giao diém cua hai tiém can 1a1 (1 2). Goi M (xo; 2;(" _11J e(C).
-

3 2%, -1
(XO—1)2 (X X0)+ Xo—l '

Phuong trinh tiép tuyén cua (C)tai M 1a y=—

Phuong trinh dwong thang MI @ y =

(% —1) (x-1)+2.

Tiép tuyén tai M vudng goc véi M1 nén ta co:

1 1 __C{x():O(Ioai)
(% -1 (% -1 X, =2=Y,=3

Vay diém can tim 1a M (2;3).

. ) L 2X -2 , iy o,
Vi du 3: Goi (C) la d6 thi cia ham so: y = a1 khoang céch tir diém | (—1;2) dén céc
X +
tiép tuyén cua (C) Ién nhat 1a:

33

A 4 B. 242 C. 32 D. =

Phan tich:

Bai nay chiing ta ciing gidi theo hwdng viét phirong trinh tong qudt mot tiép tuyén bdt ki ciia
(C), sau dé danh gia khodng cach tir | dén tiép tuyén dé dé suy ra khodng cdach lom nhat.

Huéng dan giai:
Chon A

2a—-2
a+1

Goi Ala tiép tuyén cua do thi (C) tai tiép diem M(a;

),(Me(C)).
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2a-2 4

Vay A1y -
Ay a+l (a+l)

—(x—a) < 4x—(a+D)’y+2a°-4a-2=0 (¥

4-)-(a+1)’2+2a°-4a-2|  gla+1
\/4+(a+1)4 _\/4+(a+1)4 |

d(1;4)=

Taco: 4+(@+D)' =22 +[(@a+1)?| 222@+1)° = J4+(a+D)* 2 22@a+1)* =2[a+]]

:d(l;A)s%=4.Vay d(1;A) lén nhatkhi d(1;A) =4

2 2 a+l=2 a=1 2 ol B f A .~
o2 =(>a+)" < & . Cé hai gia tri déu thoa man a =1
a+l=-2 a=-3

Vay khoang cach 16n nhét tir | dén cac tiép tuyén ctia (C) 1 4.

Vi dy 4:C6 bao nhiéu diém trén Oy ma tir d6 ké duoc dung 1 tiép tuyén dén do thi(C):

_x+2,

X—2
A. 2 B. 3 C.1 D.0
Phan tich :
Ta gidi theo hwong Viét phirong trinh tiép tuyén cua (C) biét tiép tuyén do di qua mét diém

trén Oy, sau dé tim diéu kién dé hé phirong trinh (néu gidi theo phirong phdp 1) hay phwong
trinh (Néu gidi theo phwong phdp 2) ¢é ding mét nghiém.

Chay : Phwong trinh bdac hai c6 mét nghiém khi A=0
Huong din giai:
Chon A
Lay A(0;a) € Oy . Puong thangd di qua Aco hé s goc k co phuong trinh y = kx+a..

kx+a= XL? Q)
. . X—
d 1a tiép tuyén vdi (C) < _4 c6 nghiém
k= (@

Thay (2) vao (1) ta dugc:

X+2  —4X

=2 (x-2)

~+as g(X)=(@-)x* -4@+Dx+4a+4=0 (¥
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Pé tir Aké dugc dung 1 tiép tuyén dén (C)thi phwong trinh (*) c6 duy nhét 1 nghiém X

khéc 2.

Xay ra cac truong hop sau:

Truong hop 1:a—1=0<a=1. Khi d6 (*) tr¢ thanh: -8x+8=0 < x =1(thoa méan)
a-1=0

Truong hop 2:49(2) =-8+#0 < a=-1. Khi d6 (*) c6 nghiém X =0 ( thoa man)
A'=8a+8=0

Vay tim dugc 2 diém thoa mén dé bai.

Vi du 5:Cho ham s6 y=—x®+6x*—9x+9 c6 dd thi (C). Goi(d) la tiép tuyén cua (C)tai

Ae(C)co x, =4. Tim trén (d)cac diém M sao cho tir mdi diém ay v& duoc ding 3 tiép

tuyén véi (C).

A. Cac diém M c6 hoanh dom thoa man me (—oo;—2)u(%;+ooj/{4}.

B. Cac diém M c6 hoanh d6 m théa man me (—oo;—Z)U(%;H)oj.

C. Céc diém M c6 hoanh @ M théa man
D. Khong c6 diém M nao thoa man.
Phan tich:
Vi du nay khd twong tw Vi du 4, trueéc tién ta viét phwong trinh cua d . Sau dé viét phwong
trinh tiép tuyén cua (C) biét tiép tuyén di qua 1 diém trén d . Cudi cing tim diéu kién
dé hé phwong trinh (hodc phirong trinh) ¢é di ba nghiém phan biét.

Huwéng dan giai:
Chon A
Do A thugc (C) nén A(45). Phuong trinh tiép tuyén cua(C)tai Ala:
y=T1'4)(x-4)+5< y=-9x+41
Gia st M(m;-9m+41) la mot diém trén (d). Xét duong thang Abat ki qua M va c6 hé
s6 goc kkhi dd A:y=k(x—m)+41—9m.

. X —6x*—9x+9=k(x-m)+41-9m (1) = ..
A tiép xuc vai (C) < Hé c6 nghiém
-3x*+12x-9=k 2)

(2) vao (1) ta duogc:
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=S ———————————
—X° = 6X% —9x+9 = (x—m)(-3x* +12x~9)+41-9m

& (x—4)[ 2x* +(2-3m)x+8]=0

Xx=4
N
2x*+(2-3m)x+8=0 (3)

DPé tir M ke duoc 3 tiép tuyén vai (C)thi (3) phai c6 2 nghiém phan biét va khac 4

m< -2
A=9m?-12m-60>0 10
= &< m>—
48-12m =0
m#=4

Vay, nhiing diém trén (d) ma tir 46 vé& duoc 3 tiép tuyén véi (C) la nhiing diém c6 hoanh do

M thoa man: me (—oo; —2) u(% : +ooj \ {4}

3. Bai tap tu luyén
Baitdp1:  Cho ham sé y=X—+§i c6 db thi la (C), diém M thay déi thuoc duong thing
X_

d:y=1-2x saochoqua M c0 hai tiép tuyén ciia (C) véi hai tiép diém tuong Gng 1a A, B
. Biét rang duong thang AB ludn di qua diém cb dinh 13 K . D6 dai doan thang OK 1
A. /58 B. \/34. C.29. D. \10

Bai tap 2: Cho ham s y=x°—3x c6 do thi (C) va diém A(a;2). Goi S la tap hop tat ca cac
gid tri thuc ctia a dé c6 dung ba tiép tuyén cia (C) diqua A. Taphop S bang
A. S =(-;-1). B.S=0.

C.S =(—oo;—§ju(2;+oo). D. S =[—§;2}

Bai tap 3: Cho ham s6 y =|x*|—3x*+1 c6 6 thi (C). Hoi trén truc Oy c6 bao nhiéu diém A
maqua A co thé ké dén (C) ding ba tiép tuyén?
A.0. B. 3. C.1. D. 2

Baitap4:  Chodo thi (C):y =§+\/x2 +x+1. Goi M (0;m) la diém trén truc tung ma tir do6 ta

ke duoc it nhat mot tiép tuyén dén dd thi (C). Biét tap hop céc gia tri cia m 1a nira khoang
(a;b]. Gidtri cua a+b béing

c.l.
2
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Bai tip 5: Chohamsé y = Z—Xl ¢6 d6 thi (C) va diém A(0;a). Goi S la tap hop tat ca céac gia tri
X+

thuc cua a dé tir A ké duoc hai tiép tuyén AM, AN dén (C) véi M, N la céc tiép diém va
MN = 4. Téng cac phan ti cia S bang
A. 4. B. 3. C. 6. D. 8.

Dang 4: Tiép tuyén chung cua hai duong cong

Bai toan tong quat: Viét phwoeng trinh tiép tuyén chung ciia hai dé thj hamsd (C,):y = f (x) va
(C,):y=9(x).

1. Phuong phap

* Buéc 1. Goi d tiép tuyén chung cua (C,), (C,) va X, la hoanh do tiép diém ciia d Véi

(C,) thi phuong trinh d ¢6 dang:
y=1"(%).(x=%)+ (%) (*)
* Budc 2. Dung diéu kién tiép xtc ciia d va (C,), ta tim duocC X, .
* Buéc 3. Thé x, vao (*) ta dugc tiép tuyén can tim.
* Chu y. S6 nghiém x, chinh la s6 tiép tuyén chungcua C, va C, .

2. Cac vi du mau

Vidu 1: Choparabol P :y=x’—8x+4 vadothi C :y=x®—4x*.Giasutiép tuyén chung

cia parabol P vadothi C co phuongtrinhla y=ax+b. Giatricua a®+b bang
A. —27. B. 27. C.-64 D. 64.

Phan tich:
Goi d 1atiép tuyén chung cua parabol P vadothi C .
Tanén goi X, 1a hoanh do tiép diém cua d véi (P) hay C 2?2

* Néu ta goi X, la hoanh do tiép diem cua d véi (P) thi duong thang d c6 phuong trinh

4=y= 2% —8 X—X +4
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Khi d6 d tiép xic véi C  khi va chi khi hé sau cé nghiém:
X' —4x° = 2%, —8 x—Xx.+4 1
3x* —8x=2x,—8 2
Rt X, tir 2 rdi thay vao 1 ta dugc phuong trinh da thic theo an X . Giai phuong trinh nay
sé
tim dugc X. Thay X vao 2 tas& tim duoC X, tir d6 suy ra phuong trinh tiép tuyén.
* Néu ta goi X, la hoanh d9 tiép diém cua d véi (C) thi dudng thang d c6 phuong trinh
dang:
y= 3x2 8%, X—X% +X—4x =y= 3x2—8x, x—2x3+4x
Khi d6 d tiép xtc voi P khi va chi khi hé sau c6 nghiém:
X* —8x+4= 3x2—8x, x—2x} +4x} 3
2x—8=23x; —8x, 4
Rat x tr 4 thayvao 3 tadugc phuong trinh da thic theo X,. Giai phuong trinh nay s€
tim dugC X, tir d6 suy ra phuong trinh tiép tuyén.
* Nhu vay ta ¢6 thé goi X, 1a hoanh d¢ tiép diém cia d véi (P) hay C déu thyc hién duoc
loi
giai. Tuy nhién cach goi phia trén cho ta phép thé don gian hon.
Loi giai
Chon C
Goi d latiép tuyén chung cua parabol P vadothi C .
Goi X, 1a hoanh d¢ tiép diém ctia d véi (P) thi duong thang d c6 phuong trinh dang:
Y= 2%—8 X—X, +X —8% +4=y= 2%, —8 X—Xx. +4 *
Khi d d tiép xGc véi C khi va chi khi hé sau c6 nghiém:
X} —4x* = 2x,—8 x—x2+4 1
13x2—8x:2x0—8 2

Thay x, tr 2 vao 1 tacé:

2
X‘q‘—4)(2 = 3)(2 —8x X_[w

2
]+43

3 , ta dugc phuong trinh trong duong:
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Ox* —56x° +128x° —128x+48=0 4

o x—2 9x*—38x*+52x—24 =0
o x—272 9x?—20X+12 =0 = x=2

Vi x=2 thayvao 2 tacd x, =2 thayvao * ta co phuong trinh tiép tuyén la: y = —4x.
Do
d6 a=—-4b=0=2a’+b=—64.
Binh luan:
* MA4u chdt cua bai toan 14 ta can giai phuong trinh bic cao (phuong trinh (4)):
+ Str dung mode 7 ta s& ra duoc nghiém dep X =2 , tir d6 dua duoc vé phuong trinh bac 3, su
dung mode 5, 4 ta s€ tim dugc cac nghiém con lai.
+ Néu phuong trinh bac cao ¢6 nghiém vo ty (khéng ¢ nghiém hiru ty) thi ta thuong dua vé
nhan tir ¢ chaa bac hai ax® +bx+c .
Bai tap twong tw vi du 1: Cho parabol P :y=x?+1vaddthi C :y=x*—x?+2.Giasu
cac
tiép tuyén chung cta parabol P vadothi C c6 phuongtrinhla y=ax+b,y=cx+d.Gia
tri
cia a+b+c+d bang
A 2. B. 4. C.6. D. 0.
Huéng dan giai
Chon D
Goi d latiép tuyén chung cua parabol P vadothi C .
Goi X, 1a hoanh d6 tiép diém ctia d véi (P) thi duong thang d c6 phuong trinh dang:
y=2X X—X%X, +X +1 =y=2xX—x +1 *
X' X2 2=2xx—x+1 1

Khi d6 d tiép xdc véi C  khi va chi khi hé sau ¢6 nghiém:
2% —x =X, 2
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- m ey
4 —2x% — AP —Ax* +x* +1=x*—x*+2

S A —TxX +2x* +1=0

& 1| Sx==1

V6i x=1thayvao 2 tacé x,=1thayvao * tacé phuong trinh tiép tuyén la: y =2x. Do
dé a=2, b=0.

V6i x=—1thayvao 2 taco x,=—1thayvao * taco phuong trinh tiép tuyén la: y = —2x
.Dod6dd6 c=-2,d=0.

Vay a+b+c+d =0.
Vi du 2: Cho cac do thi C, :y:x3—3x—% va C, :y:—%x3+x2—4x.Giésfrtiéptuyén
chung ciia cac dothi C, va C, c6 phuongtrinhla y=ax+b.Giatricua ab la

A 1. B. 3. C.-1. D. 3.

Phan tich:
Goi d latiép tuyén chung ciia cac dothi C, va C, .

Goi X, 1a hoanh d¢ tiép diém cua d véi C, thi duong thang d c6 phuong trinh dang:

y= 3% —3 Xx—X +x§—3x0—%:y= 3x2—3 x—2x§—%
Khi d6 d tiép xac voi C, khi va chi khi hé sau c6 nghiém:
L _ax— 3x° -3 x—2x§;’—1 1
3 3
—x* +2x—4=3x. -3 2
Dén day ta nhan thay cac bién x va X, trong hai phuong trinh déu c6 bac Ién hon hoic bang
2.
Do d6 dung phuong phap thé nhu trong vi du 1 s& khdng kha thi.
Céch giai quyét ?2?
Xét phwong trinh 2 ta co:
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Lo giai
Chon A
Goi d latiép tuyén chung ciia cac dothi C, va C, .

Goi X, 14 hoanh d¢ tiép diém cua d véi C, thi duong thang d c6 phuong trinh dang:
y= 3x—3 x—X, +x§—3xo—%:y: 3x2—3 x—2x§—% *
Khi d6 d tiép xtc véi C, khi va chi khi hé sau c6 nghiém:
e ax— 3x2 -3 x—2x§—1 1
3 3
—x* +2x—4=3x; -3 2

VP 2 =3x§ —3>-3,Vx
Ta co: )
VT 2 =— x—1"—-3<-3,V¥X

3% —3=-3 —0
& & {XO thay vao 1 thoa maén.
=-3

Doddo 2 & )
—x-1°-3 x=1

Véi X, =0 thay vao phuong trinh * ta c6 phuong trinh tiép tiép tuyén chung cua cac do thi
C

va C, la: y:—3x—§:>a.b:1.
Binh luan:
Mau chét ciia céch giai bai toan 1 ta danh gia duoc hai vé cua phuong trinh 2 .
Bai tiap twong tw vi du 2: Cho cic d6 thi C :y:%xs—x2+3x va
. 1., 1 PRy | £ , , A floe A ;
C, .y:—§X +2x+§.GlaSutlep tuyen chung cua cac dothi C, va C, co6 phuong
trinh 1a y =ax+b. Gia tri cua ab bang

3

A B. g == D ==
3 2

N | W

Hudéng dan giai
Chon B
id latiép tuyén chungcia C, va C, .

ta d véi C, thiduong thang d c6 phuong trinh dang:
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1 1 2 1
= X +2 X=X —=X 2% += Y= 2-X X+=X +=*
y X + X 3o+ o+3 y 0 +3Xo+3
Khi d6 d tigp xtc vsi C, khi va chi khi hé sau c6 nghiém:
1x:“—x2—|-3x= 2—x¢ x-|—gx§‘+l
3 3
X2 —2x+3=2-x 1

Tir 1 tacé x2—2x+3=2—x2 & x—1°=—x2 2
Vi x—1°>0,¥xeR va —x? <0,¥x€R nén 2 c6 nghiém x, =0.

V6i x, =0 thay vao * ta cd tiép tuyén d:y:2x+% :>a:2,b:§

2
Vay ab=—
ay 3

Vi du 3: Cho parabol P :y=x*—-3x+6 vadothi C :y=x>—x*+3. Co bao tiép tuyén

chung cua parabol P vadothi C 2

A l. B. 4. C.3 D.2.
Phan tich:
Lam tuwong tw nhu vi du 1, sau d6 dua vé bai toan tim s6 nghiém cua phwong trinh bac cao
(phuong trinh bac 4).
Lo giai
Chon D

Goi d latiép tuyén chung cua parabol P vadothi C .
Goi X, la hoanh d¢ tiép diém cua d véi (P) thi duong thang d c6 phuong trinh dang:
y= 2%—3 X—X%, +X —3% +6=y= 2x,—3 x—x, +6
Khi d6 d tiép xdc véi C  khi va chi khi hé sau c6 nghiém:
X —x*4+3= 2%, -3 x—x2+6 1
3x* —2x = 2%, —3 2

Thay X, tr 2 vao 1 taco:

3x* —2x+3

2
X} —x?+3= 3x*—2x x—[ ] +6 3

¢ phuong trinh twrong duong:
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x=1
Ox* —20x3 +26x>—12x—3=0< x—1 9x®—11x*+15x+3 =0 < , ,
9x” —11x° +15x+3=0

Xéthamsd f x =9x® —11x? +15x+3. Tacod

f/ x =27x*—22x+15>0,Vx € R suy ra ham s6 f x =9x*—11x*+15x+3 ddng bién
trén

R . Ma phuong trinh bac ba ludn ludn cé it nhat mot nghiém thuc. Do d6 phwong trinh

9x® —11x* +15x +3=0 c6 duy nhat mot nghiém thuc (nghiém duy nhat nay khac 1). Tuc la
co

hai tiép tuyén thoa man dé bai.
Binh luan:

Chung ta c6 thé sir dung mode5,4 dé biét phuong trinh 9x* —11x* +15x +3=0 c6 duy nhat
mot

nghiém khéac 1.
Bai tip twong tu vi du 3:
Cho parabol P :y=x*+5x+1 vaddthi C :y=x>—2x*+4x. C6 bao tiép tuyén chung

cua parabol P vadothi C ?

A 1. B. 4. C.3 D.2.

Vi du 4: Cho parabol P :y=x*4+mvadothi C :y :X_—41. C0 bao nhiéu gié tri nguyén
cua

tham s6 m nho hon 2019 sao cho parabol P vaddthi C co tiép tuyén chung ?
A. 2025. B. 2026. C. 2024 D. 2027.

Phan tich:
Lam tuong tu Vi du 1, sau d6 quy vé bai toan tim diéu kién cua tham s6 m dé phwong trinh c6

nghiém.

Loi giai

cua parabol P vaddthi C .
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—_———eeeeeeeeeeeee
Goi X, 1a hoanh d¢ tiép diém cia d véi (P) thi duong thang d c6 phuong trinh dang:

Yy =2X X—X%, +X.+mM=y=2xX—X +m

Khi d6 d tiép xtc voi C  khi va chi khi hé sau c6 nghiém:

—4

—— =2XX—X+m 1

x—1 TR _

=

4 > = 2X%, 2

x—1

Thay X, tur 2 Vao 1 ta co
-4 _ 4x e e 4 _4x—1-|—4_ 4
x—1 x-1° x-1° x—1"° x—1° x—1
em=—2 - — 4 - — 8 a4 st——t ~01

x—1 x—1° x-1 x—1

Xéthamsd f t =4t* —4t> —8t,t=0
Taco f/t =16t -8 -8=0<=2t>-t-1=0< t—1 2°+2t+1 =0=t=1

Bang bién thién cua f t =4t* —4t> —8t, t =0

£ —m 0 1 +o
el - 0 +
+c0 +
Fit g
-8

YCBT < 1 cénghiém t=0 khivachikhi me —8,+co \ 0 .
Do m nguyén nhé hon 2019 nén c6 2026 gia tri caa m thoa mén dé bai.

Binh luan:

+ Sau khithay X, tir 2 vao 1 ta da dua phuong trinh vé phuong trinh da thirc theo Ll .
X —

khi khdng xét m=0.
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—X+2
X+1

Bai tap twong tw vi du 4: Cho parabol P :y=x>+x+m vadothi C :y= . Co

bao

nhiéu gia tri nguyén cua tham s6 m khdng 16n hon 100 sao cho parabol P va dothi C co
tiép

tuyén chung ?
A. 119. B. 120. C. 121 D. 122.

8x—5

Vi du 5: Cho parabol P :y=x>+4x+m vadothi C :y= > . Tim tat ca céc gia tri

cua

tham s6 m sao cho parabol P vadothi C cd tiép tuyén chung thoa man hoanh d6 tiép diém
5 = A A e e A . A B 2 1 3
cua tiép tuyén chung d6 vai do thi C  thudc nira khoang E,Z :

A.m=>0. B. m>1. C.m>-1. D.m>-2.

Phan tich:
Lam tuong tu Vi du 4, sau d6 quy vé bai toan tim diéu kién ctua tham s m dé phuong trinh c6

nghiém thuéc mot mién cho trudge.
Loi gisi
Chon A.
Goi d la tiép tuyén chung cua parabol P vadothi C .

Goi X, 1a hoanh d¢ tiép diém cia d véi (P) thi duong thang d c6 phuong trinh dang:
y= 2% +4 X=X, +X+4x,+m=y= 2% +4 X—x +m

Khi d6 d tiép xdc véi C  khi va chi khi hé sau c6 nghiém:

8x—5
= 2% +4 x—x+m 1
2x—1 ° °
Xx=1
=2X +4 2
2x—1° °
2
Thay X, tr 2 vao 1 taco: Bx=5_ _ 2 > — 1 >—2| +m
2x—=1  2x-1 2x—1

_ 2 18 m=t* 52 _2t+8 t= =0 1

2X—1 2x—1
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Taco xe l;E <:)O<2x—1§1<:> L
2 4 2 2x—1

>2et>2.

YCBT< 1 cénghiégmt>2.

Xéthamsé: f t =t*—5t2 -2t +8,t > 2 ta co:
f/t =4t°-10t—2=2t 2t* -5 —2>0,Vt >2
Dod6 f t =t*—5t2—2t+8 ddng bién vt >2.
Dodo 1 conghiémt>2<m>f 2 =0.

X —x+1
x—1

Bai tap twong tw vi du 5: Cho parabol P :y:%x2 +mvaddothi C :y= Co

bao
nhiéu gié tri nguyén ctia tham sé m nhé hon 20 sao cho parabol P vaddthi C co tiép

tuyén chung ?

A. 20. B. 21. C.18. D. 19.

3. Bai tap tu luyén
Cau 42: Chohamsd y=x’+2x+2 c6dd thi (C,) vaham sé y=—x*+m ¢ do thi (C,). C6 bao
nhiéu gia tri m nguyén duong dé d6 thi (Cl) va (Cz) c6 dung hai tiép tuyén chung.
A 0. B. 1. C.2. D. 3.
Cau 43: Biét rang duong thiang A:y=ax+b la tiép tuyén chung cia d6 thi ham sé
(C,):y=x*—x—2 vado thi ham s6 (C,):y=x*-3. Tinh P=a-3b.
A. 7. B. -10. C.12. D. 14.
3
Cau 44: Dothihamsé (C,):y=x°—-3x—1vadothihamso (C,):y = —X?—xz —4x+1 cd bao nhiéu
duong tiép tuyén chung?
Al B. 2. C. 3. D.0.
Cau 45: S latap tat ca cac gid tri cua tham s m dé hai d6 thi ham s6 (C,):y =—x>+2x-1 va do

X5 3

thi ham s6 (C,):y = E—%+18x+ m ¢6 tiép tuyén chung. Tinh téng cac phan tir cua S .

Al B. 2. C. 3. D. 2.

i C,:y=—x"+6x—8va C, :y=x3—§.Cé bao nhiéu tiép tuyén
X
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chung cia cac ddthi C, va C, ?
A. 3. B. 4. C. 2. D.1.
Cau 47: Choparabol P :y=-—x*+2x vadothi C :y=x>—x*—x+m—1 (m latham s thyc).

S latap tatca cacs6 m dé parabol (P) va d thi (C) tiép xtc véi nhau. Téng binh phuong

tat ca cac phan tircuatap S la
A. 13. B. 8. C.18 D.9.

Dang 5: Bai toan tiép xtc ctia hai do thi.

1. Phuong phéap
Piéu kién tiép xdc cia hai dé thi:

Hai duong cong y = f (x) c6 dd thi (C)va y=g(x) c6 dd thi (C'). Khi do (C) tiép xtc
f(x)=9(x)
'(x)=9'(x)

Chu y: Cho duong thang (d):y =k.x+m.Khidé (d) tiép xtc véi (C) khi va chi khi h¢

véi (C') khi va chi khi h¢ phuong trinh { c6 nghiém.

kx+m=f(x

k=1'(x)

phuong trinh { c6 nghiém va (d) duoc goi la tiép tuyén cua do thi (C).

2. Céc vi du mau

Vidu1: Goi (C,)Ia do thi ciia ham séy = 2x° —3(m+3)x* +18mx—8 (m la tham sb). C6 bao
nhiéu gia trj m dé do thi (C,,) tiép xtc vai truc hoanh.
A. 3. B. 1. C. 2. D. 4.

Phan tich:
Truc hoanh c6 phuong trinh la: y=0=y'=0.

y=2x°—3(m+3)x* +18mx—8 = y' =6x* —6(m+3) x +18m.
Ap dung diéu kién tiép xuc cia hai dudng cong ta c6 hé sau
{2x3 —3(M+3)x* +18mx—8=0 )
6x* —6(m+3)x+18m=0.
Bai toan tro thanh tim tham sé m dé hé (*) c6 nghiem.
Loi giai
Chon D

Taco y'=6x"—6(m+3)x+18m. Do thi(C, ) tiép xdc vai truc hoanh khi va chi khi hé sau
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_
{2x3 —3(M+3)x*+18mx—8=0

6x* —6(m+3)x+18m=0.

Nhan thdy PT thir hai ciia hé c6 biét thuc A'=9(m—3) =0, Vme R nén ludn cé hai
nghiém x=3; x=m.

* V6i x =3, thay vao PT dau cua hé, ta dugc
35
54-27(m+3)+54m-8=0<m= 57"
* V6i x=m, thay vao PT dau ciia hé va thu gon, ta dugc
(m-1)(m? —8m—8) =0 <> m=1 hoic m=4+26.

Vay c6 bén gié tri can tim cia m 1a m=§; m=1 m=4+2J6: m=4-26.

Bai tap twong ty vi du 1: Tong c4c gia tri ciia tham s6 m dé do thi (C) ctia ham s6

y=x"—(3m+4)x*+m? tiép xdc vai truc hoanh.

A -2 B. -2 c. p. -
5 5 5 5
Loi giai
Chon A

Taco (C) tiép xdc véi truc hoanh khi hé sau c6 nghi¢m

X' —(3m+4)x*+m? =0, (1)
{4x3—2(3m+4)x:0, (2)

Tir (2) taco 2x(2x*—(3m+4))=0 <

Véi x=0 thay vao (1) tacé m* =0< m=0.

Vi x? =%(3m+4) thay vao (1) ta co:

2 2 4
3m+4 =—C
3m+4 _( ) +m2=0<:>4m2—(3m+4)2:0<:> m 5 :>m=—i (vi
2 2 5
m=-4
3m+4>0).

cac gia tri cua tham s6 m 1a 0+(——j———.
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Vidu 2:

Vidu 3:

Chay: Tacé x? =%(3m+4) nén 3m+420c>m2—%.

Chohamsé y= 1 c6dd thi (C) va duong thang (d) c6 phuong trinh y =ax+bvéi
X

a,b=0. Duong thang (d) cat truc Ox, Oy lan luottai M va N . Tinh dién tich tam giac
OMN biét (d) tiép xtic véi (C).

A 2. B. 3. C. 4. D. 5.

Phan tich:

Ta c6 duong thang (d) cat truc Ox, Oy lanluottai M va N néntacé M (—E;OJ,
a

N (0;b).

Hay ta co S,o =%OM ON = %‘E‘M , ta thay dién tich tam gidc OMN phu thudc vao a
a
vab.
Vay ta tim méi lién hé gitra a va b tir gia thiét (d) tiép xtc véi (C).
Qua phan tich trén ta c6 hudng giai bai toan nhu sau.
Loi giai
Chon A
+Taco (d) tiép xtc véi (C) khi va chi khi hé sau c6 nghiém

1 2
- b <<b°'+4a=0<b"=-4a.

+ Ta c6 duong thang (d) cét truc Ox, Oy lan luottai M va N néntacé M [—E;Oj,
a

N (0;b).

1b*| 1

Hay ta co S,oun =%OM ON =%‘g‘|b| =S,om ==—| == —4a

a

=2.
2|la| 2

Cho ham s6 y =x*+(2m+1)x+m? —1¢6 do thi (C). Biét do thi (C) ludn tiep xuc voi
mot duong thiang ¢d dinh d :y =ax+b véi moi gia trj tham s6 m. Tinh T =a+b.

A.T=0. B.T=2. C.T=-1. D.T=-2.
Loi giai

Chon A
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Vidu 4:

Ta c6 duong thang d ludn tiép xtic véi (C) véi moi gia tri ciia tham so6 m khi hé
x> +(2m+1)x+m’ -1=ax+b, (1) . .
(*) c6 nghiém véi moi meR.

a=2x+(2m+1), (2)

Thay (2) vao (1) tacd x* =m’ —1-b < x=+ym’ -1-b, (véi b<-1).
+V6i x=m’—1-b thay vao (2) ta co:
2ym? -1-b =(a-1)-2m = 4(m? -1-b) =((a~1)—2m)’

a-1=0 {a:]_

—4(a-1)m+(a-1)°+4+4b=0 c6 nghiém vm < N .
= —4(a-1m+(a-1) g {(a—1)2+4+4b=0 b=-1

+V6i x=—Jm?~1-b thay vao (2) ta c6:
2\m? —1-b =2m+(1-a) = 4(m* -1-b) = (2m+(1—a))2

2 ] 1-a=0 a=1

<4(1-a)m+(1-a)" +4+4b=0 c6 nghiem vm < ) = :
(1-a) +4+4b=0 b=-1
Vay d6 thi (C) ludn tiép xdc véi dudng thang d :y = x—1 véi moi gid tri cia tham sé m.
Haytaco T =a+b =1+(-1)=0.
2X2 +mx+m
x+1

sao cho qua diém A(0;1) khong c6 duong thang nao tiép xtc véi do thi (C).
A. m<1. B. m<2. C. m>-1. D. m=1.
Phan tich:

Goi duong thang d di qua A(0;1) c6 phuong trinh y =kx+1.

Chohamsé y = c6 dd thi (C). Xac dinh tat ca cac gia tri cua tham s6 m

2x* +mx+m

=kx+1
, g 1
buong thang d khdng tiép xtic voi (C) khi hé phuong trinh < _ , X vo
2X°+4x K
(x +1)2
nghiém.
Lai giai
Chon A
Goi duong thang d di qua A(0;1) c6 phuong trinh y =kx+1.
2
2X +m>l<+m kx4l (1)
. . X+
Duong thang d khdng tiép xdc véi (C) khi hé phuong trinh { _
2X° +4x K (2)

(x+1)2
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Vidu 5:

Thay (2) vao (1) ta c6 phuong trinh (m—3)x*+2(m-1)x+(m-1)=0,(x=-1) (3).

Khi d6 (*) v6 nghiém khi phuong trinh (3) ¢6 nghiém x =-1 hoic phuong trinh (3) v
nghig¢m.

+ Phuong trinh (3) ¢6 nghiém x=-1 < (m-3)-2(m-1)+m-1=0 < -2=0 (V0 li).

+ Phuong trinh (3) vd nghiém.
Véi m=3 tr (3) taco 4x+2=0< x=—%, hay m =3 khong théa man.

Véi m#3 ta c6 phuong trinh (3) vo nghiém khi A’<0 < 2(m-1)<0 < m<1.

KL: Vay m<1 thi d khong tiép xtic véi (C).

Vi cac gid tri cua tham s m=b, va m=bh, thi do thi (C) ham s6 y=x"—2x+1 va do

thi (P) ctiaham s6 y=2x*+m tiép xdc véi nhau. Tinh T =h, b, .

A T=-3. B.T=-2. C.T=0. D.T=-6.
Lo gii

Chon A

Taco (P) tiép xtc voi (C) khi hé sau c6 nghiém:

X =
X*—2x2+1=2x>+m {

XP=2x2 +1=2x*+m m=1
<< x=0 = )
4x% — 4x = 4x ) X* =2
X =2
m=-3

Hay taco T =1.(-3)=-3.

3. Bai tap tu luyén

2

e n . 2 2R ths bae A X“=X+1 .. . .
Bai tap 1: Tim m dé do thi ham so y:—1 tiép xtc véi parabol y =x*+m.

A m=-2. B. m=0. C. m=-1. D. m=3.

Bai tap 2: Tim m dé do thi hai d6 thi ham s6 (C,):y = mx® + (1—2m)x’ +2mx va

(C,):y =3mx*+3(1—2m)x+4m—2 tiép xdc véi nhau.

3+./6

1
=— M=
2

. B.m l,m:
2
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3
» X . :
Bai tap 3: Tim m dé (C,,): yzg—z(m+2)x2+2mx+1 tiép xtc v6i duong thing y =1.

A. me{O;g;Z}. B. me{4;§;6}. C. me{0;4;6}. D. me{o;g;G}_

Bai tap 4: Viét phuong trinh tiép tuyén d tiép xtic véi do thi (H): y=(x* —1)2 cua ham sb tai
dung 2 diém phan biét.
A y=2x. B. y=0. C. y=2x+1. D.y=1.

Bai tap 5: Cho ham sb: y =—4x° +3x+2, c6 d6 thi 1a (C). Tim nhiing diém trén duong thang y =3

dé tir d6 ¢6 thé vé duge ba duong thang tiép xdc véi do thi (C).

A.m<—1hoéc1<m¢2. B.m<—1hoéc1<m¢l.
3 3 2

1 1 . 1

C. m<-2 hoac§<m;t§. D. m<-3 hoac1<m¢5.

CHU BE 8. PIEM DAC BIET CUA PO THI HAM SO
A. KIEN THUC CO BAN

l. Bai toan tim diém cd dinh ctia ho dudng cong
Xét ho duong cong (C,,) ¢6 phuong trinh y = f (X,m), trong d6 f 1a ham da thtrc theo bién
X véi m 1a tham sé sao cho bac cua m khong qué 2. Hay tim nhiing diém cb dinh thuoc ho
duong cong khi m thay doi?

[1 Phwong phap giai:
0 Buéc1: Duaphuongtrinh y= f (X,m) vé dang phuong trinh theo an m c6 dang sau:
Am+B =0 hoic Am*+Bm+C=0.
0 Buéc2: Cho céc hé sé bang 0, ta thu dwoc hé phuong trinh va giai hé phuong trinh:

A=0 A=0
{ : hoiac {B=0.
C=0

0 Bwéc 3: Kétluan

[1 Néu hé vo nghiém thi ho dudng cong (C,,) khong c6 diém cé dinh.

i¢m thi nghiém d¢ 1a diem ¢6 dinh cua (C,, ).
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S ———r
. Bai toan tim diém c6 toa do nguyén:

Cho dudng cong (C) c6 phuong trinh y = f (x) (ham phén thic). Hay tim nhiing diém c6
toa do nguyén cua duong cong?

Nhitng diém c6 toa dg nguyén |a nhitng diém sao cho cd hoanh dé va tung dé cua diém dé
déu la so nguyén.

[1 Phwong phap giai:
0 Buwéc 1: Thuyc hién phép chia da thirc chia tir sé cho mau sd.
0 Bwéc 2: Liluan dé giai bai toan.
[1l.  Bai toan tim diém c6 tinh chat d6i xtimg:

Cho duong cong (C) c6 phuong trinh y = f (X). Tim nhitng diém déi xing nhau qua mot
diém, qua duong thang.

Bai toan 1: Cho do thi (C):y = AX® + BX® + Cx+ D trén dé thi (C) tim nhiing cdp diém doi
xitng nhau qua diem 1(X,,Y,).
[] Phwong phap giai:

0 Goi M (a;Aa’+Ba’+Ca+D), N(b; Ab®+Bb’+Cb+D) la hai diém trén (C) dbi

xtng nhau qua diém | .

a+b=2x,
[ Taco :
aco A(a’+b°)+B(a’ +b*)+C(a+b)+2D =2y,

Giai hé phuong trinh tim dugc a,b tir d6 tim dugc toa d6 M, N.
Truong hep dgc bigt : Cho d@6 thi (C):y = Ax’+Bx*+Cx+D. Trén do thi (C) tim nhing
cdp diém d@oi xing nhau qua gac toa da.
[1 Phwong phap giai:
0 Goi M (a,Aa’+Ba’+Ca+D),N(b, Ab®+Bb® +Cb+D) 1a hai diém trén (C) déi
xung nhau qua géc toa do.

|a+b=0
- Ta CO{A(a3+b3)+ B(a2+b2)+C(a+b)+2D=0 '

[1 Giai hé phuong trinh tim dugca,b tir d6 tim dugc toadéo M, N .

Bai toan 2: Cho do thi (C):y = AX® +BX® +Cx+ D trén do thi (C) tim nhiing cép diém doi
ang thang d iy = AX+B,.
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e ————
[ Phwong phap giai:

1) Goi M (a;Aa’+Ba’+Ca+D), N(b; Ab®+Bb’+Cb+D) la hai diém trén (C) dbi
xtng nhau qua duong thang d .

|l ed 1 , -
1 Ta co: { ((2)) (voi | la trung diem cua MN va ug 1a vecto chi phuong cua
Ud =

duong thang d ).

1 Giai h¢ phuong trinh tim dugc M, N.

IV.  Bai toan tim diém dic biét lién quan dén ham sd y = X+D 5 ad thi (C):

cx+d

- . A P g s ax+b ax, +b
Goi M (x,; la diém thuoc do thi (C) cua ham s = ,nén M
¢ (XO yo) @ ae oe o 1( ) " vy cx+d’ [XO cx0+dj

Do thi ham sé y = 2 tiém can dang: Al:x+9:0, tiém can ngang Az:y—E:O.
c c

cx+d
\ s X X cx, +d a ad —bc
Khoang cach tr M den A, A, la: d, =|x, +—|=—, d, =|Y,——|=|————
ane i R c 2= c(cx, +d)
Ta co két qua sau: d,.d, = CX°+d|. ad —hc |—p VGi p= ‘ ad—be| ) p = const
c |c(cx0+d)|
+b

Baii toan 1: Tim trén dé thi ham sé y = 22 nhing diém M sao cho téng khodng cach

cx+d

tir diém M dén A, va A, nhé nhat.

[] Phwong phap giai:

0 d,+d, = cx0+d| ad — bc| ’ad bc o mind =2 ad—zbc
c c(cx, +d) | c
0 Dau "="xay ra khi cx,+d|_| ad—be |<:>(cx0 +d)* =|ad —b|
c | c(cx0+d)|
< X, =——1,/lad —bc|

Bai todn 2: Tim trén do thihamso y = G nhitng diém M sao cho khodng céch ti

cx+d
diém M d@én A, bang k > 0lan khodng cach tir M dén A, .
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O d1=kd2<:>|CX°C+d|=k

ad-bc | ~ d
c(cx0+d)|:>x0 ¢ £ Jkp

Bai toan 3: Tim trén do thi ham so y = 2 nhitng diém M sao cho khoang céch tir

cx+d
diém M dén | 1a ngan nhat, biét | la giao diém hai dwong tiém cdn.

(1 Phwong phap giai:

0 M(Xoigzigj,l(—g;gj:minm =\/ﬁ khi x0=—%i\/5

Bai toan 4: Tim trén do thi ham sé y = B nhitng diém M sao cho tiép tuyén cia do

cx+d
thi ham so tai M vubng géc véi duwong thang IM, | la giao diém hai dwong tiém can.

[1 Phwong phap giai:

Hé s6 géc dwong thing IM 1a k = Yo=Y _ _ - 9¢

B tiép tuyén cia do thi
X, — X CX, +
0 | ( d)

Bai toan 5: Biét rang M la diém thuge do thi hamsé y = ax_+;) : tiép tuyén (t) cua do thi
CX +

ham s tai M cdt hai dwong tiém cdn tai hai diém phan biét A, Bva dién tich AAIB ludn la
hang sé khéng doi, | la giao diém hai dwong tiém can.

Phwong phap giai:
DOy Yo =Y 00 (X=%)

0 O)nA = A _Q;Zbc—ad+acx0 A
c c(cx,+d)

_ 2(ad —bc)
c(cx, +d)

0 (t)mAZ:B(M%;E]: |B:‘2(CX°+d) W B o B ) (A

c c
" AAIBVUGNG tai | nén: S, =%.IAIB=2pve‘1 Sy =%
\ , , N BN = A A - - 2 a.d —bC
(1 R la ban kinh dwong tron ngoai tiep AAIB nén minR =8\/B min AB° =8 c
o ; ad —bc
[1 ham so tai M cbé hé so goc: y'(x,)=—
: éso goc: y'(x,) (% 1 d)’

iico: y'(%).k =—1= (cx, +d)* =|ad —bc]|
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Bai toan tim diém dic biét khac:

1. Li thuyét:

Logi 1. Cho hai diem P(x;y,);Q(%,;y,)= PQ=\/(X2—X1)2+(y2—y1)2 :

Cho diém M (X,; Y, ) va duong thang d : Ax+ By +C =0, thi khoang cach tir M
_ |Ax,+By, +C|

JA? +B?

Logi 2. Khoang cach tir M (X,;Y,) dén tiém can ding x=a la h=|x,—a.

dén d 1a h(M;d)

Logi 3. Khoang cach tir M (X,; Y, ) dén tiém can ngang y=b la h=|y,—b|.

Chu y: Nhiing diém can tim thuong 13 hai diém cuc dai, cuc tiéu hoic 1a giao cia mot
dudng thang véi mot duong cong (C) nao dé. Vi vay trude khi ap dung cong thic, ta can
phai tim tim diéu kién tdn tai rdi tim toa d6 cua chdng.

2. Cac bai toan thwong gap:

ax+b

cx+d
hai diém A va B thudc hai nhanh dé thi ham sé sao cho khodng cach AB ngdn nhat.

Bai toan 1: Cho hamsg y = (c#0, ad—bc#0) cddéthi (C).Hay timtrén (C)

(1 Phwong phap giai:

[ (C) co tiém can ding x = _¢ do tinh chat cua ham phan thirc, d6 thi ndm vé hai
c

phia cua tiém can ding. Nén goi hai sé «, 8 1a hai s6 duong.
’ o d d d.
[1 Néu A thugc nhanh tréi thi x, <—— =X, =———a<——; Y, = f(X,).
c c c

[1 Néu B thudc nhanh phai thi x, >—9:>xB :—9+ﬁ>—9; Yg = F(X3)-
© © c

7 Sau o tinh AB? = (X, —X, )" +(Ys —Ya)' =[(a+8)—(a-a)] + (Yo~ Ya)-
[J Ap dung bat dang thic Cosi (Cauchy), ta sé& tim ra két qua.

Bai toan 2: Cho do thi ham s6 (C) c6 phuwong trinh 'y = f (X) Tim toa do diem M thugc
(C) dé tong khodng cach tix M dén hai truc toa dé nhé nhdt.

hwong phap giai:

0ang cach tir M dén hai truc toa do 1a d thi d =|x|+]y|.
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e ——————————————————
[] Xét cac khoang céach tir M dén hai truc toa d6 khi M nam & cac vi tri dac biét: Trén

truc hoanh, trén truc tung.

[) Sau d6 xét tong quat, nhimg diém M c6 hoanh d9, hodc tung d6 Ién hon hoanh d
hoic tung d6 cia M khi nam trén hai truc thi loai di khong xét dén.

[J Nhimg diém con lai ta dwa vé tim gia tri nho nhat caa d6 thi ham sb dwa vao dao ham
roi tim duogc gia tri nho nhat cua d .

Bai toan 3: Cho do thi (C) c6 phuong trinhy = f (X). Tim diém M trén (C) sao cho
khodng cach tiz M dén Ox bang k lan khodng cach tir M d@én trucOy .

(1 Phwong phap giai:

‘ = f(x kx
[ Theo dau bai ta co |y|=k|x|<:{y x = () .
y=—kX f(X):—kX
ax+b
cx+d

. Tim toa d¢ diém M trén (C) sao cho d¢ dai MI ngan nhdt (véi I la giao diém hai tiém

Bai toan 4: Cho do thj ham sé (C) cd phuong trinh y = f(x) = (c+#0, ad —bc #0)

can).

(1 Phwong phap giai:
e -d. ... . a
[ Tiém can diing x =— tiém can ngang y =—.
c c
. A 2 -d a) _, L
[1 Ta tim duogc toa do giao diém || —;— |cua hai tiém can.
cC ¢C
[ Goi M (Xy; Yy ) 1a diém can tim. Khi do:

IM? :(XM +Ej2+(yM —%jz =g (Xy)

c

[J Str dung phuong phap tim GTLN - GTNN cho ham s6 g dé thu duoc két qua.

Bai toan 5: Cho do thj ham s6 (C) c6 phuwong trinh y=f(X) va duong thang
d: Ax+By+C =0. Tim diém | trén (C) sao cho khoang cach tiz | @én d 1a ngan nhat.

(1 Phwong phap giai

0 Goi | thude (C) = 1(X; Yo )s Yo=f(X%).

e 1 X AX, + By, +C|
cachtu | dén d 1a g(x,)=h(l;d =|—
) =h(lid) VA? + B?
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[) Khao sat ham s6 y = g(x) dé tim ra diém | théa man yéu cau.

B. BAI TAP TRAC NGHIEM

Cau 1:

Cau 2:

Céu 3:

Céu 4:

Céau 5:

Cau 6:

Cau 7:

Cau 8:

[2D1-7.5-3] Sb diém c6 toa d6 1a cac s6 nguyén thudc do thi ham sb y = i; la:
X+
A. 3. B. 2. C. 4. D. 1.
o =XE4+2x-5 |, ... o R , i
[2D1-7.5-3] Choham so y =—————— codothi [a (C). Hoi trén do thi (C ) ¢ bao nhiéu diém
c0 toa do nguyén?
A 4. B.6. C. 3. D. 5.
[2D1-8.5-3] Trén d6 thi ham s y = ix_l ¢6 bao nhiéu diém c6 toa do 1a cac s6 nguyén?
X_
A 4. B. V0 s6. C.2. D. 0.

[2D1-8.4-3] Cho d6 thi (C) cua ham sé y=x>+3x—2 va diém 1(2;18). Goi A B la hai
diém thude dd thi (C) va déi xang nhau qua | . Tinh do dai doan AB.

A. 24101. B. 24/257 . C. 44101 . D. +/257 .

[2D1-8.4-3] Cho db thi (C,,) ctia ham s6 y =x>—3x*+m. Hai co tat ca bao nhiéu gia tri
nguyén bé thua 10 ciia m dé trén d thi (C,,) ton tai cip diém déi xting véi nhau qua goc

toado ?

AT B. 8. C.9. D. 10 .
[2D1-8.1-3] Cho d6 thi (C) cia ham s6 y=x°—3x+1 va diem A(a;b)e(C). Tiép tuyén
cua (C) tai A cit (C) tai diém B khac A. Tim hoanh d¢ diém B.

A 2a. B. 3a. C.4a . D. 2a+1.

[2D1-7.4-3] Tim tat ca cac gia trj thuc ctia tham s6 m dé do thi ham sé y =x*—3x*+m c6
hai diém phan biét d6i xing nhau qua gic toa do.

A. m>1. B. m>0. C. m<0. D.0<m«<1.

[2D1-7.4-3] D6 thi ham s6 y =2x%+3mx? —3m+2 c6 hai diém phan biét déi xing nhau
qua gbc toa dd O khi m Ia.

A.m<0,m2§. B.m>—l. C. m<0. D.m<—%,m>0.
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Cau 9:

Cau 10:

Cau 11:

Céu 12:

Cau 13:

Cau 14:

Cau 15:

2x* +(6-m)x+2
mx + 2

[2D1-7.3-3] Cho ham s y = c6 dd thi 1a (C,,). Hoi do thi ham sé ludn
di qua bao nhiéu diém cé dinh ?

A. 0. B. 3. C.1. D. 2.

[2D1-7.3-3] Cho ho d6 thi (C,,):y=X"+mx*—m-1. Toa d¢ cac diém ma moi do thi cua

ho (C,,) ludn di qua v6i moi gia tri thyc cua m  la:

A. (1:0),(0:1). B.(-21),(-23).  C.(<L0),(L0).  D.(21),(0:1).
[2D1-8.1-3] Tim m dé tam ddi xiing cuia dd thi ham sé (C): y = x® +(m+3)x* +1—m tring
V6i tam déi xing ciia db thi ham sé (H):y = 22X=1.

X+2
A . m=2. B. m=1 C. m=3. D. m=0.

[2D1-8.1-3] Toa do diém M thude db thi (C) cia ham s y ===

sao cho khoang cach

tir diém M dén tiém can dung bang 1 1a

A.M(0;1),M(23). B.M(21). C. M(—l;gj. D. M(B;gj.

[2D1-8.1-3] Toa d diém M thudc d thi (C) cua ham sé y =X—+:2L ma c6 khoang cach
X_

dén tiém can ngang cua (C) bang 1 la

A M(32). B. M(5;2).
C. M (5:2),M (~L0). D. M(4;§J,M(O;—%).

[2D1-8.1-3] Toa do cac diem thuge dd thi (C) cua ham s y = 2X—+11 ma c6 tong khoang
X_

cach dén hai duong tiém can cua (C) bang 4 1a

A (43),(-21). B. (2,5),(0;-1).

C.(25),(0;-1),(4;3),(-2:1). D. (2;5),(4;3).
[2D1-8.1-3] Toa d6 diém M c6 hoanh d6 duong thudc dd thi ham sé y = x+2 sao cho

X—2
tong khoang cach tir M dén 2 tiém can cta do thi ham s dat gié tri nho nhit 1a

B. M(3,5). C. M(L-3).

D. M(0;-1).
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Cau 16: [2D1-8.1-3] Cho diém M thudc d6 thi (C) cua ham s y =X;Z, biét M co6 hoang d6 a
X+

va khoang céch tir M dén truc Ox bang ba lan khoang céach tir M dén truc Oy . Gié tri c6
thé co cua a la

A. a=1 hoac a:%. B. a=-1 hoac x=

7
3
. 7 - 7
C.a=-1hoac a=—-—. D. a=1 hoac a=—-—.
3 3

Cau 17: [2D1-7.1-3] C6 bao nhiéu didm M thudc d thi ham sé y =ii sao cho khoang cach tir

X_

M dén tryc tung bang hai lan khoang cach tir M dén truc hoanh.

A. 0. B. 3. C. 2. D.1.

Cau 18: [2D1-8.0-2] Cho ham sé y =x*—2x+1. Tim tat ca cac diém M thudc dd thi ham sé sao
cho khoang céch tir M dén truc tung bang 1.

A. M (% 0) hogc M (-1 2). B. M (% 0).

C. M(2-1). D. M (0;1) hogc M (2-1).

Cau 19: [2D1-7.1-3] C6 bao nhiéu diém M thudc do thi ham sé y = ’)‘(Li sao cho khoang cach tur
M dén tryc tung bang hai lan khoang cach tir M dén truc hoanh.
A. 0. B. 3. C.2. D. 1.

Cau 20: [2D1-7.1-3] Tinh tong cac hoanh d¢ ctia nhimg diém thude dd thi (C):y = x> —3x* +2 cach
déu hai diém A(12;1), B(-6;3).

A. 3. B. 4. C. 2. D.0.
Cau 21: [2D1-8.1-3] Khoang cach nho nhat gitra hai diém bat ky thuoc hai nhanh caa d6 thi ham sé
2x-1 .
= la
x—-1
A. 243 B. 245. C. 1. D. 24/2.

Cau 22: [2D1-8.1-3] Tim trén mdi nhéanh cua db thi (C): y= ax=

Y i i M,; M, d do dai
M,M, dat gia tri nho nhat, gia tri nho nhat d6 bang:

A. 2.5, B. 24/2. C. 246. D. 3V2.
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Cau 23:

Cau 24:

Cau 25:

Céu 26:

Céu 27:

Céau 28:

Céau 29:

3x-1

[2D1-8.1-3] Hai diém M, N thudc hai nhanh cua do thi y= 3 Khi @6 @6 dai doan

thang MN ngin nhat bang?
A 4. B. 8. C. 3. D. 82.

[2D1-8.1-3] Cho ham sé y=x°+3x+1 c6 dd thi(C). C6 bao nhicu diém M thudc (C)
sao cho khoang céch tir M dén géc toa do bang 2?2

A 2. B. 4. C. 3. D.1.

[2D1-7.1-3] Hai diém A, B thudc hai nhanh ciia db thi y = 3+L3. Khi d6 d6 dai doan
X_

thang AB ngén nhit bang bao nhiéu?

A. 4\14 . B. \/28. C.\14. D. 2414 .

[2D1-7.1-3]Cho y = i; (C). Tim M ¢6 hoanh do duong thu¢c (C) sao cho tong khoang
X_

cach tir M dén 2 tiém can nho nhat.

A. M (3-3). B. M (0;-1). C. M(22). D. M (43).

[2D1-8.1-3] Cho ham s y=X—_:; ¢6 db thi 14 (C). Goi | 1a giao diém caa 2 dudng tiem
X+
can cua (C). Tim toa do diém M trén (C)sao cho d¢ dai IM 1a ngén nhét?

A. M, (0;-3) va M,(-2;5). B. M, (1;-1) va M, (-3;3).

C. M, 2;—% va M, —4;Z . D. M, 1;_§ va Mz(—éil—l}
3 3 2 3 2 3

[2D1-8.1-3] Cho ham s6 =X—+i c6 do thi (C) va A 1a diém thuoc (C). Tim gia tri nho
X_
nhét ctia tong cac khoang cach tir A dén cac tiém can cua (C).

A 242, B. 2. C. 3. D. 2.3

2x—-1
Xx+1
tir diém 1(=1; 2) dén tiép tuyén cua (C) tai M 1al6n nhat.la

A M, (-1+43;2+43), M, (-1-+3;2+3).
2_3), M, (-1+/3;2++3).

[2D1-8.1-3] Toa do diém M thudc d6 thi (C) cua ham sb y = sao cho khoang cach
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Céau 30:

Cau 31:

Cau 32:

Céau 33:

Cau 34:

C. M, (-1+3;2-43), M, (-1-3;2++3).
D. M, (-1-v/3;2-43), M, (-1-+3;-2-3).

X+2
x—3
(C) dén hai hai truc toa do dat gia tri nho nhat bang?

[2D1-8.1-4] Cho ham s y = c6 dd thi (C). Téng khoang cach tir mot diem M thudc

A 2. B.%. C. 1. D.

o

x> +4x+5

[2D1-8.1-4] Khoang cach nhé nhat tir mot diém thuge do thi (C) ciiahamsé y = o
+

dén duong thang d : y+3x+6=0 bang

A 2. B. 4. c. J10. D. %

J10
[2D1-8.1-4] Khoang cach ngin nhat tr diém M thuoc dd thi (C) cia ham so
X +2x-2
x-1

A 2. B. 22. C.\2+22. D.J242-2.

[2D1-8.1-3] Toa d diém M thudc dd thi (C) ciia ham s6 y = ade

dén 1(L4) 1a

cach déu hai duong

tiém can cua (C) 1a

A M(21). B. M (0;-1),M (4;3).

C. M (5;9,“4 (—3;1) D. M(-2;2).

5
[2D1-8.1-3] Toa do diém M ¢ hoanh do nguyén thuge do thi (C) cua ham sé y = XL_i
c6 khoang cach dén duong thang A:x—y+1=0 bing % la
A. M (-2;0). B. M(2;4).

C. M(2,4);M(-2,0). D. M(2;-2).
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Cau 35:

Céau 36:

Cau 37:

Cau 38:

Céau 39:

Cau 40:

Céau 41;

[2D1-8.1-3] Khi d6 thi ham s6 y = x® —3mx +2 c6 hai diém cuc tri la A, B va duong tron
(C) ¢6 phuong trinh 1a (x—1) +(y—1)" =3 cit duong thing AB tai 2 diém phén biét M,
N sao cho MN 16n nhat. Khi d6 gi tri cia m 1a.

A. 1. B 3. C.m=2. D.m=1.
2 2
[2D1-8.1-3] Khi db thj ham s6 y = x* —3mx—1 c6 hai diém cuc tri la A, B va duong tron
(C) ¢6 phuong trinh 1a (x—1)° +(y—1)° =9 cit dudng thing AB tai 2 diém phan biét

M, N sao cho MN nhé nhit. Khi d6 gi4 tri caa m 1a.

A 1l B.l. C.l. D.m:l.

4 2 8
[2D1-8.1-3] Tim tat ca cAc gia tri cia M dé tiép tuyén ctia do thi ham s6 y = x® —mx+m-1
tai diém c6 hoanh do bang 1 cit duong tron (X — 2)2 +(y—3)2 =11 theo mot day cung c6
o dai nho nhét.

10

A 3 B. 2. C. 11

D. —.
3

Wk

[2D1-8.1-3] Cho ham sé y =

23 c6 do thi (C). Biét rang tiép tuyén tai diém M bat ki

cua (C) ludn cat hai tiém can cia (C) tai A va B. Do dai ngan nhat cua doan thang AB

la
A 4. B. 22. C.\2. D. 2.
[2D1-8.1-3] Cho ham sé y=2— i (C). Tiép tuyén bat ki cta do thi (C) tai M cat hai
X+
duong tiém can cia do thi ( ) lan luot tai hai diem A va B.Khi d6 MA=K.MB, gia tri
cua k la
A 1l B.l. C. 2. D.E.
2 2

[2D1-8.1-3] Tim tit ca cac gié tri thuc cua tham s6 m dé duong thang y=mx cét do thi
ham s6 y=4x®—12x* + m+8 tai ba diém phan biét M, N, P sao cho MN = NP .

A. me (—x;3). B. me(—x;l). C. me (-12;+0). D. me (12;+).

[2D1-8.1-3] Cho ham s y = X2
X+2

ang y=X+m cit (C) tai hai diém C, D sao cho ABCD la hinh binh hanh,

c6 do thi (C). Buong thang y =x cét (C) tai hai diém
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A. Khong ton tai gia tri m. B. mla sb nguyén to.
C. m & s6 tu nhién chia hét cho 3. D. m 14 sé tu nhién chia hét cho 5.

X —x+1

Cau 42: [2D1-7.1-4] Chohamsé y = c6 dd thi (C). Goi A, B la hai diém phan biét trén

dd thi (C) c6 hoanh do x,, X, théa X, <1< X,. Gia tri nho nhat cua AB Ia:

A. \8\2+8. B. 123/4 . C.8J/2-8. D. 2.5.

2 - 2 1 r r
CAu43: [2D1-8.1-3] Cho ham s6 y=>"*=2 pi&m trén dd th ma tiép tuyén tai 6 1ap Vi hai

duong tiém can mot tam giac c6 chu vi nhé nhat thi c6 hoanh dé bang

A. 2+410. B.2+46. C.2+412. D. 2+48.
A 3 a Xx+1 By £ . A 2 , . \
Cau 44: [2D1-8.1-3] Tim M trén (H): y=—3 sao cho tiep tuyen tai M vudng goc vai duong
X_

thang d :y =x+2016.
A. (L-1) hoac (2,-3). B. (5;3) hoic (2;-3). C. (5;3) hoac (1,-1). D. (1-1)hozc
(4;5).

Cau 45: [2D1-8.1-3] Chohamsb y = i‘—*?’ c6 dothila (C). Tim M e(C) sao cho M céch déu cac
—X

truc toa do.
M (-13) M (2;2) M (4;4) M (-L1)
M-y ° {M« - {M<—4:—4> {ws:—s)
3x+1

cach duong tiém can dung cua

Cau 46: [2D1-8.1-3] Toa do diém M thudc dd thi ham sb y =

d thi ham sé mot khoang bang 1 1a
A. (0;-1); (-2,7). B. (-1,0); (27). C. (0;2); (2-7). D. (0;-1); (27).

o 3x-1 T e n 2
Cau 47: [2D1-8.1-3] Chohamsé y = 5 c6 do thi 1a (C). C6 bao nhiéu diem trén (C) ma tong
X_

khoang cach tir diem d6 dén hai tiém can cua (C) bang 6 ?

Al B. 4. C. 0. D. 2.
X+2
2x-1
a cach déu hai diém A(2;0) va B(4;2). Biém M thudc duong thang nao

Cau 48: [2D1-8.1-3] Chohamsb y = c6 do thi (C). Goi M 1a mét diém trén (C), c6 tung
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e ————
A. 2x—y+1=0. B. x+2y-5=0. C. x-2y-1=0. D. 2x+y-7=0.

Cau 49: [2D1-8.1-3] Cho dd thj (C) ciahamsb y= 2X_+12 .Goi M (X,; ¥,) 1a diém nam trén (C)
X_

, ¢6 hoanh d6 duong va c6 tong khoang cach tir M dén hai tiém can cua (C) nho nhat. Tinh

T=X+Y-
A T. B. 6. C.8. D. 5.
Cau 50: [2D1-8.1-4] Chohamsé y= 2X2 c6 do thi (C) vadiém M (xy;Y,)e(C) (%, =0). Biét
X+

rang khoang cach tir 1(—2;2) dén tiép tuyén ciia (C) tai M 1a I6n nhat, ménh dé nao sau
day dung?

A. 2%, +Y,=0. B. 2x,+Yy,=2. C. 2X,+Y,=—2. D. 2%, + Y, =—4.

Cau51: [2D1-8.1-3] Cho ham sé y:X—_i ¢6 db thi (C). Diém M (a; b) di dong trén (C). Goi d
X+

la tong khoang céch tir diém M dén hai truc toa 6. Khi d dat gia tri nho nhit, tinh P =ab

A 3-22. B. 24/2-3. C.0. D. 2J2-2.

Cau52: [2D1-8.1-4] Chohamsd y= 2"‘11
X+

c6 dd thila (C) . Goi | la giao cua hai duong tiém can
. Goi M (Xg; Yo ); (% >0) lamot diém trén (C). Khi khoang cach tir diém | dén tiép tuyén
véi (C) tai M 16n nhét thi tong X, + Y, bang
A 1. B. J3-1. C.2-3. D. 1.

Cau 53: [2D1-8.1-4] Cho ham s6 y = z—j c6 dd thi 1a (C). Goi M (x,,;Y, ) & mot diem bét ky
trén (C). Khi tong khoang cach tir M dén hai truc toa do 1a nho nhat, tinh tong X, + Yy, -
A 242-1. B. 1. C.2-22. D.2-+2.

Cau 54: [2D1-8.1-3] Cho ham s6 y=x>—3x+2. Tim tat ca cac diem M thudc (C) sao cho tiép

tuyén cia (C) tai M cit (C) tai diém thi hai 1a N thoa man MN =6+/5.

A. M(—ﬁ;z—sﬁ) va M(\/E;Z—\/E). B. M(JE;2+5J§) va M(—JE;2+J§).

C. M(ﬁ;z—sﬁ) va M(—ﬁ;z—ﬁ). D. M(\/E;z—\li) va M(—JE;2—5J§).
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2x-1
X—2
(C) tai M cét hai tiém can cua (C) tai hai diém A, B théa man AB =24/10 .

Cau 55: [2D1-8.1-3] Cho ham s y = (C). S6 diém M thudc (C) sao cho tiép tuyén cua

A 4. B. 3. C. 2. D. 1.

Cau 56: [2D1-8.1-3] Cho ham s6 y = 2x—11 (C). Goi I 1a giao diém 2 dudng tiém can cua (C).
X_

biém M (a;b) thudc (C) sao cho tiép tuyén cia (C) tai M cét hai tiém cantai A, B thoa
mén 21A? +1B? =12. Tong cua a+b bang (véi a,b 1a cac sé nguyén duong).
A. 4. B. 5. C. 2. D. 3.

2x-3

Cau 57: [2D1-8.2-3] Cho ham s y = > c6 do thi (C). Timtrén (C) nhimg diém M sao cho

tiép tuyén véi (C)tai M cét hai tiém can ciia M tai A B sao cho AB ngan nht.

3 5 5

A [o; EJ B. [_1; E)’ (33)  C. (33), (1) D. (4; Ej’ (33)

Cau 58: [2D1-8.2-3] Chohamsb y=x*+3x* —9x+5 c6 do thj (C). Goi A, B la giao diém cua (C)
va truc hoanh. Sé diém M e(C) khong tring véi A va B sao cho AMB =90° la:

A 2. B. 0. Ch3. D. 1.

Cau59: [2D1-8.1-3] Cho ham sé y = X*; c6 @b thi (C). Tim toa do diém M cé hoanh d¢ duwong
X_

thuoc (C) sao cho tong khoang cach tir M dén hai tiém can 1a nho nhat.

A M(22). B. M (43). C. M(0;-1). D. M (L-3).

Cau 60: [2D1-8.1-3] Cho ham sé y =2—X2 c6 do thi (C). Tim gia tri nho nhat h cua tong khoang
X_
cach tir diém M thudc (C) téi hai duong thang A, :x-1=0, A,:y-2=0.

A. h=4. B. h=3. C. h=5. D. h=2.

Cau 61: [2D1-8.1-3] Cho (P):y=x*va A(—z;%} Goi M la mét diém bét ki thuoc (P). Khoang
cach MA bé nhét la:

2

A

Nhém tofm VD -VDC



Tai li¢u Luyén thi THPT Quoc Gia — CHUYEN DE “DAO HAM VA UNG DUNG CUA DAO HAM™

Cau 62: [2D1-8.1-3] Goi M (a; b) 1a diém trén d6 thi ham s6 y = 2X+21 ma c6 khoang cach dén
X+
duong thang d : y =3x+6 nho nhat. Khi d6
A. a+2b=1. B.a+b=2. C.a+b=-2. D. a+2b=3.

Cau 63: [2D1-8.1-3] Goi d la duong thang di qua A(1;0) va c6 hé s6 goc m. Tim cac gid tri cua

X ’f tai hai diém phan biét M, N thuéc hai nhanh

tham s6 m dé d cat do thi hamso y =

cua dd thi.
A. m=0. B. m>0. C. m<DO. D.0<m=1.

Cau 64: [2D1-8.1-3] Cho d6 thi (C) cuahamsé y = % . Toa dd diéem M nam trén (C) sao cho

tong khoang cach tir M dén hai tiém can cua (C) nho nhat I
A. M (-1;,0) hoac M(3;4). B. M (-1;,0) hoac M (0;-2).
C. M(2;6) hoic M (3;4). D. M (0;-2) hogc M (2;6).

Cau 65: [2D1-8.4-3] Cho ham séy = X—J”i M va N 14 hai diém thudc dd thi caa ham sé sao cho

hai tiép tuyén cua do thi ham s tai M va N song song véi nhau. Khing dinh nao sau day
la sai?

A. Hai diém M va N ddi xting voi nhau qua gdc toa do.

B. Puong tiém can ngang cua do thi ham sb di qua trung diém caa doan thang MN .

C. Hai diém M va N dbi xting véi nhau qua giao diém cua hai duong tiém can.

D. Puong tiém can ding caa do thi ham sé di qua trung diém cua doan thang MN .

Cau 66: [2D1-8.4-3] Chohamsé y :X—Jri c6 do thi (C). Gidsir A B 1a hai diem thuoc (C) va doi
X_

Xtng Vi nhau qua giao diém cua hai duong tiém can. Dung hinh vuéng AEBF . Tim dién
tich nho nhat caa hinh vuéng AEBF .

i
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Cau 67:

Cau 68:

Cau 69:

Céu 70:

Cau 71:

Cau 72:

A S =8/2. B.S,. =42. C.S. . =8. D.S_. =16.

min
[2D1-8.1-3] Cho ham s6 y = x(x* —3) ¢6 db thi (C). C6 bao nhiéu diém M thudc do thi
(C) thoa mén tiép tuyén ciia (C) tai M cét (C) tai diém A (khac M ) vacit Ox tai diem
B sao cho M 1a trung diém cua doan AB?

A 2. B. 1. C.0. D. 3.

[2D1-8.1-3] Cho ham s y =x°—3x+2 ¢6 do thi (C). Héi ¢ bao nhiéu diém trén duong
thang d : y =9x—14 sao cho tir d6 ké duoc hai tiép tuyén véi (C).

A. 3 diém. B. 4 diém. C. 2 diém. D. 1 diém.

X+2

[2D1-8.1-4] Cho ham s6 y = 7 o0 dd thi (C) va diém A(0;a). Hoi c6 tat ca bao nhiéu

gia tri nguyén cua a trong doan [-2018;2018] dé tir diém A ké duoc hai tiép tuyén dén

(C) sao cho hai tiép diém nam vé hai phia cua truc hoanh?

A. 2017. B. 2020. C. 2018. D. 2019.

[2D1-8.1-3] Cho ham s6 y=X—+1 c6 dd thi (C) va diem A(a;2). Goi S la tap hop tat ca
X_

cAc gid tri thuc cua a dé c6 dung hai tiép tuyén cia (C) di qua diém A va cé hé s goc k,

, k, thoa man k, +k, +10k’k,” =0. Téng gia tri tit ca cac phan tir cia S bang

A 7. B 71=¥5 c. 5= D.

2 2

N

[2D1-8.1-3] Cho d6 thi ham s6: y = % x* —2x% +1 c6 ba diém cuc tri A B,C(AeQy). Goi

M,N lan luot 1 cac diém thuoc canh AB, AC sao cho doan thang MN chia tam giac
ABC thanh hai phan c6 dién tich bang nhau. Gié tri nho nhat cia MN 12

A. 6. B. 12.. C.6.. D. 2./3.

[2D1-8.1-3] Cho d6 thi ham s6: y = % x* —2x% +1 c6 ba diém cuc tri A B,C(AeQy). Goi

M,N lan luot 1 cac diém thudc canh AB, AC sao cho doan thang MN chia tam giac
ABC thanh hai phan c6 dién tich bang nhau. Goi tung ¢6 cia M va N lan luot I3 Y,,, Y, .
Tacotong T =Yy,, + Y, bang:

A \64+2. B. 2.6. C.2-6 D. 0
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Cau 73: :[2D1-8.1-3] Cho hamsd y = X_i c6 dd thi la (C). Tim toa do diém M trén (C) sao
X+

cho dién tich tam giac ABM bang 4, biét A(L3),B(-13) ?

A. M (1;-1) B. M(-3;3) C. M(0;-3) D. M (-2;5)

X—3
X+2

Cau 74: [2D1-8.1-3] Chohamsé y = c6 dd thi (C). C6 bao nhiéu diém M thudc (C)sao cho
OM 1a duong chéo cua mét hinh chix nhat cé dién tich bang % .
A. 4. B. 3. C. 2 D. 1.

Cau 75: [2D1-8.1-3] Chohamsé y = i—j c6 d thi. Téng hoanh do céc diém M thudc (C)sao cho

OM 1a dudng chéo caa mot hinh chir nhat c6 dién tich bang % bang:

A. 3. B. g C.2 D.

N | ol

Cau 76: [2D1-8.1-4] Cho ham s y=X—+1 c6 dd thi (C) nhu hinh v&. Céc diém A,B,C,D nidm
X_

trén do thi (C) sao cho ABCD Ia hinh chix nhat 6 dién tich béng 6. Tinh do dai doan thang
ABbiét A B la hai diém thudc ciing mét nhanh cia dd thi (C).

ﬂy

_________________________________________________________________

A 33 B. 242. C. 3. D. 2.

X—3
x+1
dién tich tam giac ABM bang 2, biét A(13),B(-13) ?

Cau 77: [2D1-8.1-3] Chohamsé y = c6 dd thi 1a (C). Tim toa do diém M trén (C) sao cho

. M (-3;3) C. M(0;-3). D. M (-2;5)
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. X 2x+1 e ur .
Cau 78: [2D1-8.1-3] Tim diém M trén dd thi (C): y = i T sa0 cho dién tich tam gidc MAB dat
x_
gid tri nho nhat véi A(0;1),B(-3;2).
. 1 7
A M (-21). B. M(2;5). C. M(—l;EJ. D. M(3;Ej.

Cau 79: [2D1-8.1-3] Chohamsé y = % x* +x° —3x +g (C).Goi A B la giao diém ciia do thj voi
truc Ox . Trén d6 thi (C)c6 bao nhiéu diém M nhin AB dudi 1 gc vudng
A. 4 diém. B. 3 diém. C. 2 diém. D. 0 diém.

Cau 80: [2D1-8.1-3] Cho ham sb vy =2X_‘23_ Tim diém M nam trén d6 thi ham sé trén biét tiép
X_

tuyén tai M cat tiém can dung, tiém can ngang tai 2 diém A, B sao cho cosABI :E , VoI

| 1a giao diém hai dudng tiém can caa do thi ham so.

A. M (L1). B. M (o;gJ hoac M (4;2].
C. M (4%) D. M (33).

Cau 81: [2D1-8.1-3] Tim m dé dd thi (C):y=x’+(1-2m)x*+(2—m)x+m+2 co tiép tuyén tao

, 1
voi duong thang d : x+y+7=000C « sao cho CoOSa = —.
g g y g «f%
1
1 3 m<-> m==7
A. ms—z B. ms—z C. 4 D. .
m=>1 sz

_2x+1

Céau 82: [2D1-8.1-3] Cho (C):y . Trén (C) c6 bao nhiéu diém M ma tiép tuyén véi (C)

. 7 2 . 1
tai M cat truc Ox, Oy lan luot tai A, B sao cho tan OAB:§

Al. B.2. . 8 . D. 4.

Cau 83: [2D1-8.1-3] Toadd 2 diem B(a;b) va C(c;d) thudc 2 nhanh khac nhau cua dé thi ham
3x-1

sao cho tam giac ABC vudng cn tai A(2;1).Khidé a+b+c+d bang
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_—
A. 0. B.1. C.-1. D. 10

Chuyén dé : UNG DUNG DAO HAM BE GIAI TOAN THUC TE

DANG 1: BAI TOAN VE QUANG DUONG

Caul: (THTT SO 673) C6 hai chiéc coc cao 10m va 30m lan luot dat tai hai vi tri A, B. Biét
khoang céch giita hai coc bang 24 m. Nguoi ta chon mot cai chét ¢ vi tri M trén mat dat
nam giira hai chan cot dé giang day ndi dén hai dinh C va D cua coc (nhu hinh v&). Hoi ta

phai dat chdt & vi tri nao dé tong d6 dai cua hai soi day do 1a ngan nhat?
D

4
C |
+— :30m
lﬂmi i
I |
| 1
T_ Y
f—\T Il IB
T T aam T
A. AM =6m, BM =18m. B. AM =7m, BM =17m.
C. AM =4m, BM =20m. D. AM =12m, BM =12m.

Cau2: Mot man anh hinh chit nhat cao 1,5m duogc dat trén cao 2m so Vi tam mét (tinh tir mép
dudi cia man hinh). Dé nhin rd nhat phai xac dinh vi tri dang sao cho géc nhin 16n nhat.
Hay xac dinh vi tri d6. ( Goc BAC goi la géc nhin).?
A. 5m B. 2m C.\7m D. 3m

C

A

Cau3: (PONG QUAN 1) Mot kho hang duoc dat tai vi tri A trén bén cang can duoc chuyén téi
kho C trén mét dao, biét rang khoang céch ngan nhét tir kho C dén bo bién AB bang d6 dai
CB =60km va khoang céach giita 2 diém A, B 1a AB =130km. Chi phi dé van chuyén toan
ang bang duong bo 1a 300.000 dong/km, trong khi d6 chi phi van chuyén hang bang
5ng/km. Hoi phai chon diém trung chuyén hang D (giita duong bo
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va duong thay) cach kho A mét khoang bang bao nhiéu thi tong chi phi van chuyén hang tir
kho A dén kho C Ia it nhat?

A. 45km. B. 65km. C. 85km. D. 105km.

Cau4: (TOAN HOQC TUOI TRE LAN 8) M6t ving dét hinh chir nhat ABCD cd AB =25km,
BC =20km va M, N lan luot Ia trung diém cua AD, BC . Mot ngudi cudi ngua xuat phat
tr A di dén C bang cach di thang tr A dén mot diém X thudc doan MN rdi lai di thang
tr X dén C. Van téc cua ngua khi di trén phan ABNM 1a 15km/h, van téc caa ngua khi
di trén phan MNCD 1a 30km/h . Thoi gian it nhit dé ngua di chuyén tir A d&én C 1a may
gio?

A. % g, V4L c. 429 5

4 6 3

90

Cau5: (HA NOI - AMSTERDAM) Cho hai
vi tri A, B cach nhau 615m, cling nam
vé mot phia bo song nhu hinh vé. A
Khoang céch tir A va tir B dén bo sdng
lan luot 12 118m va 487m. Mot ngudi  118m
di tir A dén bo song dé lay nudc mang
vé B. Poan duong ngin nhat ma
ngudi d6 co thé di la:

615m

487Tm.

f— ——— i —

A.569,5m B.671,4m
C.779,8 m D.741,2m

Cau6: (PHU XUYEN) Mot ngon hai dang dit tai
vi tri A cach bo bién mot khoang AB 5 km.
Trén bo bién c6 mot cai kho & vi tri C cach
B mot khoang 1a 7km Nguoi canh hai dang 3k
c6 thé chéo do tir A dén diém M trén bo
bién vai van tdc 4 km / h rdi di bd dén C voi — 8 .
van toc 6 km /h (xem hinh vé& & duéi day). - ——————— - -
audai doan BM dé nguoi d6 dén kho
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A. @. B. 2 C. J29. D. 2./5.
4 12
Cau7: (HA HUY TAP) C6 mét bé boi hinh chit nhat rong 50m, dai 200m. Mot van dong vién
chay phdi hop véi boi nhu sau: Xuat phat tir diém A, chay dén diém M va boi tir diém M
dén diém B (nhu hinh v&). Hoi nén chon diém M cach A gin bang bao nhiéu mét dé dén
B nhanh nhat (Iam tron dén hang don vi)? Biét van tc chay 4,8m/s, vén toc boi 2,4m/s .
A M

50m
200m

B
A. AM =171m. B. AM ~182m. C. AM =179m. D. AM =181m.
Cau 8: Hai con tau dang & cling mét vi tuyén va cach nhau 5 hai 1y. Bong thoi ca hai con tau cling
khai hanh, mét chay vé hudng Nam véi van tée 6 hai ly/ gio., con tau kia chay vé vi tri hién
tai cuia tau tha nhat voi van tée 7 hai ly/ gio. Hay xac dinh thoi diém ma khoang céch giira
hai tau 12 nho nhat?

L Moo -
I 4
A¢
2, . 7 . 5 1
A.t:— |‘ . Bt:_ |‘ . Ct:— |‘ . Dt:_ |‘ l
1799 77 L 910) - (9i9) = (gid)

Cau 9:  Trén mot doan duong giao thong ¢ 2 con duong vudng goc véi nhau tai O nhu hinh vé.
Mot dia danh lich str c6 vi tri dat tai M, vi tri M cach duwong OE 125m va cach duong
Ox 1km. Vi ly do thyc tién ngudi ta mudn 1am mot doan duong thiang AB di qua vi tri M,
biét rang gia tri dé 1am 100mduong la 150 triéu dong. Chon vi tri cua A va B dé hoan
thanh con duong véi chi phi thap nhat. Hoi chi phi thip nhit dé hoan thanh con duong 12
bao nhiéu?
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Cau 10:

Céu 11:

Cau 12;

A. 1,9063 ti dong. B. 2,3965 ti dong C. 2,0963 tidong.  D. 3 ti dong.

M6t cong ty mudn lam mot dudng dng dan tir mot diém A trén bo dén mot diém B trén mot
hon d4o. Hon dao cach bo bién 6km. Gia dé xay duong dng trén bo 1a 50.000USD mdi km,
va 130.000USD méi km dé xay dudi nudc. B’ 1a diém trén bd bién sao cho BB’ vudng goc
vé6i bo bién. Khoang cach tir A dén B’ 12 9km. Vi tri C trén doan 4B’ sao cho khi néi éng
theo ACB thi sb tién it nhit. Khi d6 C cach A mot doan bang:

i dio :‘)
___?/B’
I .
| bién
6km I
|
I
I
é
B bobidn 9K A
A. 6.5km. B. 6 km. C. 0 km. D. 9 km.

Hai con tau dang & cling mot vi tuyén va cach nhau 5 hai ly. Bong thoi ca hai tau cing khoi
hanh, mét chay vé huéng Nam véi 6 hai ly/gid, con tau kia chay vé vi tri hién tai cua tau thir
nhét vai van téc 7 hai ly/ gio. Hay xac dinh ma thoi diém ma khoang cach cua hai tau 12 16n
nhét?

A B, +«—— B
L [ —— »__
Vi

A.d=235haily.  B.d=325haily. C.d=425haily. D.d=525 haily.

Chi phi nhién liéu caa mot chiéc tau chay trén séng duoc chia Iam hai phan. Phan tha nhat
khong phu thudc vao van téc va bang 480 nghin dong trén 1 gio. Phan thi hai ti 1& thuan
Vvé6i 1ap phuong cua van toc, khi v=10 (km/gio) thi phan tha hai bang 30 nghin donglgio.
Hay xac dinh van téc cua tau dé tong chi phi nguyén liéu trén 1 km duong song 1a nho nhat
( két qua lam tron dén sé nguyén).

A. 10 (km/gio). B. 25 (km/gio). C. 15 (km/gio). D. 20 km/gio).

DANG 2: BAI TOAN DIEN TICH HINH PHANG

A

n mudn xay mot cai bé chira nuwdc 16n dang mot khdi hop chi nhat khdng nip cé thé
ax. bé [a hinh chit nhat c¢6 chiéu dai gap doi chiéu rong, gia thué nhan
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Cau 2:

Cau 3:

Cau 4:

cong dé xay bé 1a 500000 ddng/ m?. Néu 6ng An biét xac dinh cac kich thudc cua bé hop Ii
thi chi phi thué nhan cong s& thap nhat. Hoi 6ng An tra chi phi thap nhat dé xay dung bé do
la bao nhiéu?

A. 108 triéu dong B. 54 triéu dong C. 168 triéu dong D. 90 triéu dong
Bén canh hinh vuéng ABCD c6 canh bang 4, chinh giita c6 mot hinh vudng dong tam véi
ABCD. Biét rang bén tam giac la bon tam giac can. “Hoi téng dién tich cua vubng ¢ giita
va bén tam giac can nho nhat bang bao nhiéu?”

A

A. 6,61. B. 5,33. C. 515. D. 6,12

Cho mét tam giac déu ABC canh a. Nguoi ta dung mot hinh chir nhat MNPQ ¢6 canh
MN nim trén canh BC, hai dinh P va Q theo tht tu ndm trén hai canh AC va AB cua
tam gi4c. Gid tri 16n nhat cua dién tich hinh chir nhat Ia
2 2 2 2
a’\3 g @ 3 c @ 3 D 2 3 |

8 4 6 2

Thay Tam can xay mot hd chira nuée vai dang khéi hop chir nhat khong nép cé thé tich
bang S%Omg. Pay ho 12 hinh chit nhat c6 chiéu dai gap do6i chiéu rong. Gia thué nhan céng

dé xay ho 1a 500.000 dong | m” . Khi 6, kich thudc cua hd nude nhu thé nao dé chi phi thué
nhan cong ma thay Tam phai tra thip nhat:

A. Chiéu dai 20m, chiéu rong 15m va chiéu cao 2—:m.
B. Chiéu dai 20m, chiéu rong 10m va chiéu cao %m :

C. Chidu dai 10m, chidu rong 5m va chidu cao %m.

D. Chidu dai 30m, chidu réng 15m va chidu cao %m

ong dan mudn rao lai bai co hinh chit nhat doc mét con sdng, canh doc séng khong
5 1000 m ludi sit dé rao. Tinh dién tich bai co I6n nhat md ta & trén co
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Cau 6:

Cau7:

Cau 8:

Céau 9:

A. 125 m? B. 1250 m? C. 12500 m? D. 125000 m?

[2D1-3.10-3] Nguoi ta muén rao quanh mot khu dat voi mot sé vat lidu cho trudc 1a a m

thang hang rao. O d6 nguoi ta tan dung mot bd gidu cd sin dé 1am mot canh cua hang rao.
Vay dé rao khu dét 4y theo hinh chix nhat sao cho c6 dién tich I6n nhat thi gié tri I6n nhit d6
tinh theo a bang.
2 2
A. a m? . B. a m?
4 6

2 2
C. a m? . D. a m?

8 12
M6t manh vuon hinh elip c6 do dai truc 16n bang 12m, d6 dai truc bé bang 8m. Nguoi ta
du dinh trong hoa trong mét hinh chit nhat ndi tiép cua elip nhu hinh v&. Hoi dién tich trong
hoa I6n nhét c6 thé 13?

o, 20 0 B. 48mZ. C. 62m?. D. 46m>.

13
Mot 130 nong chia dét cho con trai dé nguoi con canh tac riéng, biét nguoi con s& dugc chon
miéng dat hinh chit nhat c6 chu vi bang 800(m). Hoi anh ta chon mdi kich thudc caa nd
bang bao nhiéu dé dién tich canh tac 16n nhat?

A. 200mx200m B. 300mx100m C. 250mx150m D. Dap an khac
Can phai lam céi ctra s6 ma, phia trén 1a hinh ban nguyét, phia dudi l1a hinh
chir nhat, c6 chu vi la a(m)(a chinh la chu vi hinh ban nguyét cong véi chu S1
vi hinh chir nhat trir di d6 dai canh hinh chit nhat la day cung caa hinhban |
nguyét). Hay xac dinh cac kich thudc ciia n6 dé dién tich cira s6 1a 16n nhat? S,
A. chiéu rong bang 2 , chiéu cao bang

4+ 4+

XA N a : N
B. chiéu rong bang , chiéu cao bang
4+

4+

C. chiéu rong bang a(4 + ), chiéu cao bang 2a(4 + )

D. chiéu rong bang = a

), chiéu cao bang

+ 7 4+ )
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Cau 10: C6 mot tam gd hinh vudng canh 200 cm. Cat mot tam gé ¢6 hinh tam giac vuéng, c6 tong
ciia mot canh gdc vudng va canh huyén bang hing s6 120cmtir tim gd trén sao cho tim g
hinh tam gidc vudng c6 dién tich 16n nhat. Hoi canh huyén cua tim gd nay la bao nhiéu?
A. 40cm. B. 40+/3cm. C. 80cm. D. 40+/2cm.

Cau 11: Ban A c6 mot doan day mém va déo khong dan hdi 20 m, ban chia doan day thanh hai phan,
phan dau gap thanh mot tam giac déu. Phan con lai gap thanh mot hinh vuéng. Hoi do dai
phan dau bang bao nhiéu (m) dé téng dién tich hai hinh trén 1a nho nhét?

o 0 o

} }

A

120 40 180 60
A. m. B. ——m. C.——m. D.——=m
9+443 9+443 9+443 9+443
Cau 12: Tur mot miéng ton hinh ban nguyét c6 ban kinh R =3, ngudi ta muén cat ra mot hinh hi
nhat (xem hinh) c6 dién tich 16n nhat. Dién tich I6n nhat cé thé c6 cua miéng ton hinh chi
nhat la

A. 63 B. 6/2. C.7. D. 9.

Cau 13: Mot miéng bia hinh tam gidc déu ABC, canh bang 16. Hoc sinh Trang cit mot hinh chi
nhat MNPQ tir miéng bia trén dé lam bién tréng xe cho 16p trong budi ngoai khoa (Voi
M,N thudc canh BC; P, Q lan luot thuoc canh AC va AB). Dién tich hinh chit nhat
MNPQ 16n nhat bang bao nhiéu?

A. 164/3. B. 8/3. C. 324/3. D. 3443

Cau 14: (TTLT PH DIEU HIEN) Mét ngudi ndng dan rao mot ménh vuon hinh chir nhat 6 dién
tich 1a 10.000m? . Biét rang bd rao & cac canh phia bac va phia nam gia 1500/ m, bo rao &
cac canh phia dong va phia tay gia 6000/ m. Dé chi phi thap nhét thi kich thudc Pong -
Tay, Bac - Nam ctia méanh vuon 4.

A. 50m; 200m B. 200m; 50m. C. 40m; 250m. D. 100m; 100m.

Cau 15: Cho hinh thang can c6 do dai day nho va hai canh bén déu bang 1 mét. Khi d6 hinh thang
da cho c6 dién tich 16n nhat bang?
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Céu 16:

Cau 17:

Céu 18:

Céu 19:

Cau 20:

Céau 21:

Thay Hong du dinh xay mot bon hoa c6 bé mit 13 hinh tron c6 duong kinh AB =10m, dé
cho 4n tuong thay Hong thiét ké cé hai hinh tron nho trong hinh tron 16n bang cach lay diém
M gitra A va B rdi dung cac dudng tron duong kinh MA va MB . Trong hai duong tron
nho thay dinh trong loai hoa hdng do, con phan con lai thay trong hoa hdng tring. Biét gia
hoa hong d6 12 5.000 dong, hoa hong trang la 4.000 dong va it nhat 0.5 m? mai trong dugc
mot bong hoa. Hoi chi phi thip nhit dé tréng hoa cua thay 1a bao nhiéu?

A. 752000 déng. B. 706858 ddng.  C. 702000 ddng. D. 622000 déng.

Trong cac tam gi&c vudng c6 tong caa mot canh géc vudng va canh huyén 1a a (a > O) , tam
giac co dién tich 16n nhat 1a

2 a2 a2 a2

a
A —. B. —. G, =—==. D. —.
5J6 3J6 635 63

Chu vi ciia mot tam giéc 1a 16cm, biét do dai mot canh cua tam gi4c 14 a =6 cm. Tinh do
dai hai canh con lai ciia tam giéc sao cho tam giac d6 c6 dién tich Ion nhat.
A. 5cm, 5cm. B. 3cm, 7cm. C. 2cm, 8cm. D. 4cm, 6¢cm.

Tim cac canh caa hinh chir nhat c6 chu vi nhé nhéttrong sb cac hinh chir nhat c6 dién tich
bing 48 m?.

A. \/8_4m. B. \/%m. C \/4_8m. D.\/Em.

Mot soi day kim loai dai a (cm). Nguoi ta cit doan day do6 thanh hai doan c6 d6 dai x
(cm) duoc udn thanh duong tron va doan con lai duoc udn thanh hinh vuéng (a > x> 0).

Tim x dé hinh vudng va hinh tron twong tng c6 tong dién tich nho nhat.

A. x:i(cm). B. x:ﬁ(cm). C. x=”—a(cm). D. x:i(cm).
T+4 T+4 T+4 T+4

Tir mot bd twdng ¢6 san, nguoi ta muén rao quanh mot khu dat theo hinh chir nhat véi mot

s6 vat liu cho truéc 12 100 m thang hang rao. Khi khu dat dugc rao co dién tich Ién nhat

thi chiéu dai va chiéu rong hinh chix nhat la

A.50m, 25 m. B.35m, 35m. C.75m, 25m. D.50m,
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DANG 3: BAI TOAN LIEN HE DIEN TICH, THE TiCH

Caul: Ban A mudn lam mot chiéc thang hinh tru khong day tir nguyén liéu 1a manh tén hinh tam

gidc déu ABC c6 canh bing 90 (cm). Ban muén cat manh ton hinh chit nhat MNPQ tir

manh ton nguyén li¢u (vai M, N thudc canh BC; P va Q tuong ting thudc canh AC va

AB) dé tao thanh hinh try c6 chiéu cao bang MQ. Thé tich 16n nhit caa chiéc thung ma

ban A c6 thé lam duoc 1a:
9tllﬂzs(cm?’).

A.

91125
> (cm3) .

B.

- 108000+/3 (o). .,
T

13500./3 o B M N
e Gl

D

Cau2: Taco mot miéng ton phang hinh vudng vai kich thuéc a(cm), ta mudn cit di & bon goc bon
hinh vudng canh bang z(cm) dé udn thanh mot hinh hop chir nhat khéng co nap. Phai cit
nhu thé nao dé hinh hop cd thé tich 16n nhat?

a a

A z=-—.. B.z=—. © = a
4 5

a, D.x=-.

6 7

Cau 3:  Tu mot tim t6n hinh tron c6 duong kinh bang 60 cm. Nguoi ta cat bo di mot hinh quat S
clia tAm t6n do, roi gan cac mép vira cit lai véi nhau dé dugc mot cai non khdng co nap (nhu
hinh v&). Hoi bang cach 1am d6 ngudi ta ¢ thé tao ra cai non cé thé tich Ién nhat bang bao
nhiéu? o

(v

A. 1800+/3.7(cm®). B. 2480/3.7(cm?).

2 D. 1125/3.7(cm®).
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Céu 4:

Cau b

Céau 6:

Cau 7:

Mot dia tron bang thép tring cd ban kinh bang R . Nguoi ta phai cét dia theo mot hinh quat,
sau d6 gap lai thanh hinh nén dé lam maot cai phéu. Cung tron caa hinh quat bi cat di phai
bang bao nhiéu do dé thé tich cai phéu 16n nhat?

A. ~ 66° B. ~ 294° C. ~12,56° D. ~2,8°

Pé lam mot mang x4i nudc, tir mot tim t6n kich thuéc 0,9m x 3m ngudi ta gap tim ton

d6 nhu hinh vé& dudi biét mat cat cua mang x6i (bai mit phang song song véi hai mit day)

la mot hinh thang can va méang x4i 1a mot hinh lang tru ¢6 chiéu cao bang chiéu dai caa tam
ton. Hoi x (m) bang bao nhiéu thi thé tich mang xdi I6n nhat?

X

3m xm
0,9m v 0,3m
3m 0,3m 0,3m
(a) Tam ton (b) Mang xdi (c) Mt cét
A. x=0,5m. B. x=0,65m. C. x=0,4m. D. x=0,6m

Cho mét tim nhém hinh vuéng canh 1 m nhu hinh vé& duéi day. Ngudi ta cat phan t6 ¢am
cuia tim nhém roi gap thanh mot hinh chép tir giac déu ¢ canh day bang = (m), sao cho bdn
dinh cua hinh vudng gap lai thanh dinh caa hinh chép. Gia tri cua = dé khéi chdp nhan duoc

c6 thé tich 16n nhat 1a

22 1 J2 J2

A r=——0 B. z== C.r=— D.z=—

5 2 4 3
Nguoi ta can xay mot ho chira nuée véi dang khéi hop chir nhat khong nap cé thé tich
bang 1000 m*. Pay ho 1a hinh chix nhat ¢6 chiéu dai gap doi chiéu rong. Gia dé xay xung
quanh ho 1a 500.000dong/m?, gia dé d6 bé tong day ho 1a 375.000d6ng/ m?. S6 tién it nhat
dé xay duogc bé 1a:
A. 225.000.000 ddng. B. 1.150.900.000 ddng.

C. 7.500.150.000 dong. D. 117.189.900.000 dong.
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Cau8:  Délam mot chiéc coc bang thuy tinh hinh tru voi day cbe day 1,5cm, thanh xung quanh céc
day 0,2 cm va c6 thé tich that (thé tich n6 dung duoc) 1a 480mem® thi ngudi ta can it nhat
bao nhiéu cm?® thiy tinh?

A. 75,667 cm®. B. 71,167 cm®. C. 85,417 cm®. D. 84,647 cm?.

Cau9: Mot kénh dan nudc theo géc vudng c6 bé rong 3,0 m (nhu hinh v&). Cho bon cay ludng
(thang) co do dai 1a 6,2 m; 8,3m; 8,4 m; 9,0 m trdi tu do trén kénh. Hoi sb cay ludng c6
thé troi ty do qua goc kénh la bao nhiéu?

3m

3m

A 1l B. 2. (G D. 4.

Cau 10: Bén trong mot khéi gd do choi dang hinh chop déu c6 thé tich V ngudi ta duc mot khoi
hop chit nhat sao cho mot mat cia khdi hop d6 nam trén mat day cua khéi chop, cac dinh
con lai cua khdi hop lan Iwot nam trén cac canh bén cua khdi chop (nhu hinh v&). Thé tich
I6n nhat cua khdi hop 1a

|
I
1
I
|
I
I
|
i
I
SR

A.\L. B.\L. 4V. D.g.
2 4 9 27

Cau 11: Anh Minh mubn xay dyng mot hé ga khéng cé nip ddy dang hinh hop chir nhat cé thé tich
ra duoc 3200cm?, ti s giita chiéu cao va chiéu rong cua hd ga bang 2. Xac dinh dién
e khi xay ho tiét kiem duoc nguyén vat lidu nhat.
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Cau 12:

Cau 13:

Cau 14:

Céu 15:

A. 170cm’. B. 160cm”. C. 150cm?. D. 140cm®.
Mot manh vuon hinh chit nhat ABCD ¢6 AB=40m, AD=8m. Ngudi ta mudn lat mot
duong di tir A dén C nhu sau: Chon mot diém M trén AB va lat gach trén AM , sau d6
|4t tiép trén doan MC . Biét chi phi tren AM la 60.000 dong/mét; trén MC Ia 100.000
ddng/mét. Tinh chi phi thap nhat dé lat duong di nhu trén.
A. 3.200.000 déng.  B. 3.040.000 dong.  C. 2.448.000 dong.  D. 4080.000 dong.
Mot soi day kim loai dai 1m, dugc cit thanh 2 doan. Doan day thi nhat c6 do dai I, udn
thanh hinh vudng, doan dy thir nhat c6 do dai I, udn thanh duong tron. Tinh ty s k =:—1
2

dé téng dién tich hinh vudng va hinh tron 1a nho nhat.

1 4 1

A k== B.k=—— . C. k==, D. k=—.
4 2(4+7) 7 27z

Mot ngudi ndng dan ¢é 3 tam ludi thép B40, mdi tam dai a(m). Ong muédn rao mot manh
vuon doc theo bo séng cd dang hinh thang can ABCD (c6 day CD trung véi bo séng khong
phai rao). Dién tich vudn 16n nhat cd thé rao dugc la bao nhiéu?

5/3a 3./3a? Jf3a?
A. az\/§(m2). B. T(mz). C. 7 (mz). D. T(mz)
[2D1-4] Mot doan day thép dai 150cm duoc ubn thanh khung c6 dang nhu hinh vé.
A
5x 5X
C A
D F
E

Khi x thay doi, tim x dé dién tich hinh phang thu dugc dat gia tri I6n nhat.

A. Acm. B. &cm. C. £cm. D. icm.
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