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Mgt sé6 phurong phap xac dinh cong thikc téng quaét cia day sé
LOI MO PAU
Trong chuong trinh toan hoc THPT cac bai toan lién quan dén day sé 1a mot phan
quan trong cua dai s6 va giai tich 16p 11, hoc sinh thudng gap nhiéu khé khan khi giai
c4c bai toan lién qua dén day sé va dac biét 1a bai toan xac dinh cong thirc s6 hang tong
quat cua ddy s6 . Hon nita & mot sb 16p bai toan khi d& xéac dinh dugc cong thirc téng
quat cua day sé thi noi dung cua bai toan gan nhu dugc giai quyét. Do d6 xac dinh cong
thirc tong quat cia day sé chiém mot vi tri nhat dinh trong céac bai toan day sé.
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Mgt sé phurong phép xac dinh cong thizc tong quat cia day sé

\
Ja g 11

Chuyén de
nham chia sé véi cac ban dong nghiép mot sé kinh nghiém giai bai toan xac dinh CTTQ
cua day s ma ban than duc rat duogc trong qué trinh hoc tap va giang day.

Noi dung cua chuyén dé duoc chia 1am ba muc :

I: Siz dung CSC — CSN dé xay dung phwong phap tim CTTQ ciia mét sé dang day sé
c6 dang cong thikc truy héi dac bigt.

I1: Si# dung phurong phap thé lueng giac dé xac dinh CTTQ cia day sé

I11: Ung dung cia bai toan xac dinh CTTQ csia day sé vao gidi mgt sé bai toan veé
day sé - té hep .

Mot s két qua trong chuyén dé nay da cd & mot sé sach tham khao vé day s6, tuy
nhién trong chuyén dé céac két qua d6 dugc xay dung mot cach tu nhién hon va dugc sap
xép tir don gian dén phic tap gitp cac em hoc sinh nam bat kién thirc dé dang hon va
phat trién tu duy cho cac em hoc sinh.

Trong qua trinh viét chuyén dé, ching t6i nhan duoc su dong vién, gilp d& nhiét
thanh caa BGH va quy thay cd to Toan Truong THPT BC L& Hong Phong. Chung toi
xin duoc bay to 1ong biét on sau sic.

Vi ning lyc va thoi gian c6 nhiéu han ché nén o chuyén dé sé& c6 nhiing thiéu sot. Rat
mong quy Thay — C6 va c&c ban dong nghiép thong cam va gop y dé chuyén dé duoc tét

hon.
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MOQT SO PHUONG PHAP XAC PINH
CONG THUC TONG QUAT CUA DAY SO

I. SUDUNG CSC - CSN PE XAY DUNG CACH TIM CTTQ CUA MQT SO
DANG DAY SO CO CONG THUC TRUY HOI PAC BIET.

Trong muc ndy ching tdi xay dung phuong phéap xac dinh CTTQ cta mot sé dang day
s6 ¢6 cong thic truy hoi dang dac biét. Phuong phap nay dugc xay dung dua trén

cac két qua da biét vé CSN — CSC , két hop véi phuong phap chon thich hop. Trudc hét
chdng ta nhac lai mét sb két qua da biét vé CSN - CSC .

1. S6 hang tong quéat ciia cap s6 cong va cap sé6 nhan

1.1: S6 hang téng quat cia cap sé cong

binh nghia: Day s6 (u, ) ¢6 tinh chét fu, =u,_, +d|Vn =2, dla s thuc khong doi
goi 1a cap sb cong .

d : goi la cdng sai ciia CSC; u, : goi s6 hang dau, u_ goi la s hang tong quat cua cap so
Pinh i 1: Cho CSC (u,). Tacé :|u, =u +(n—1)d (1).

Pinh 11 2: Goi S, 1atong n s6 hang dau cua CSC (v, )c6 cong sai d. Ta co:

n

S :g[2u1+(n—1)d] 2).

1. 2: S6 hang tong quat cia cap sé nhan
binh nghia: Day s6 (u, ) cotinhchat u  =qu ~ Vne N* goilacap so nhan cong
boi q.
Pinh Ii 3: Cho CSN (v, ) c6 cdng boi ¢. Ta co: u, = wg" Y @)
binh 11 4: Goi S, 1atong n s6 hang dau cua CSN (u, )c6 cdng boi ¢ . Ta co:

(4).
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2. Ap dung CSC - CSN dé xac dinh CTTQ ciia mét s6 dang day so dic biét

Vi dy 1.1: Xéc dinh s6 hang tong quét cua day s6 (u, ) duoc Xac dinh boi:

=1L u =u_,—2 Vn2>2.
n n—1

Uy

Giai:
Tathay day (u ) la mot CSC c6 cong sai d = —2. Ap dung ket qua (1) ta co:
u =1-2(n—-1)=-2n+3.

Vi du 1.2: Xéc dinh s6 hang tong quét cua dy s6 (v, ) duoc xac dinh béi:

n

Yn=>2.

U = 3’ U, = 2un—1

Giai:
Ta théy ddy (u_) 1amot CSN c6 cong boi ¢ =2. Tacoiu, = 3.2""".

Vi dy 1.3: Xéc dinh s6 hang tong quét cua day (u, ) dugc xac dinh béi:

u =-2, v =3u _, —1 Vn =2,

Giai:

Trong bai toan nay ching ta gap kho khan vi day (u,_ ) khong phéi la CSC hay CSN! Ta
thay day (u_) khdng phai la CSN vi xuét hién hang s6 -1 & VT. Ta tim cch lam mat
—1 di va chuyén day sé vé CSN.

Tacod: —1 = —g + % nén ta viét cong thac truy hoi cua ddy nhu sau:

1 3 1
Un - 5 = ?)Un_l - 5 = B(U'n—l - 5) (1)
batv =u —% = = —g vav =3v , Vn=2.Day (v ) laCSN cong boi ¢ =3
= =vl.q"_1 =—§.3"_1.Vé1yu =0 +l=—§.3"+l Vn=12..,..
" 2 " "2 2 2

Nhdn xét: Mau chét & cach lam trén 1a ta phéan tich —1 = —g +% dé chuyén cong thic

truy hoi cua déy veé (1), tir d ta dat day phu dé chuyen vé ddy (v, ) 1a mot CSN. Tuy
nhién viéc 1am trén c6 vé khong tu nhién Iam! Lam thé nao ta biét phan tich

1= —S + %? Ta co thé 1am nhu sau:
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Ta phan tich —1:k—3k:>k:%.

U, =2
Vi cach lam nay ta xac dinh dwoc CTTQ cua dé o b0
© y Hnaue Qeu y(un) {n—au b Vn22
That vay:
*Neéu a =1 thiday (u, ) 1aCSCcocongsai d =b nénu, =u +(n—1)b.
*Néu a # 1, taviét b = abl— bl.Khi d6 cong thuc truy hdi caa diy duoc viét nhu
a — a —
sau: u_ + b =a(u,_, + ), tr d&y ta co duoc: u,_ + = (u, + b )a" !
"oa-1 " oa-1 " oa-1 a—1
n—1
_ n—1 a -1
Hay v, =wa " +0 p—

Vay ta co két qua sau:

Dang 1: Day s6 (u ):u, =w,, u, =au _, +bVn =2 (a,b# 0 lacic hing so) c
CTTOQ la:
u +(n—-1)b khi a=1
un = 1 an—l _
u.a"" +b khia #1
a_

Vidy 1.4: Xac dinh CTTQ ctaday (v, )dwoc xacdinh: u, =25 u =2u_  +3n—1.

Giai: Bé tim CTTQ cua déy s6 ta tim cach lam mat 3n — 1 dé chuyén ve day so la mot
CSN. Muon lam vay ta viét :
3n-1=-3n-5+2[3n-1)+5| (2.
Khi d6 cong thie truy hoi caa day duoc viét nhu sau:
u, +3n+5=2[un +3(n—1)+5]
Pitv =u +3n+5,tacoivy =10vav =20 _ Vn22=y =9.2"" =10.2""

Vay CTTQciaddy (u ):u, =v —3n-5=52"-3n-5 Vn=123,...

Chay : 1) Bé phan tich dugc dang thic (2), ta 1am nhu sau:
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la—-b=2 a=-3
3n—1:an+b—2[a(n—1)+b].Ch0n=1;n22ta00: beg :

u
1 .
u =au _ +f(n) Vn =2 trong do /(n)

la mot da thire bac £ theo n, ta xac dinh CTTQ nhu sau:
Phan tich f(n) = g(n) —ag(n —1) (3) vdi g(n) ciing la mot da thac theo n . Khi do ta

co: u, —g(n)= a[un_l —g(n — 1)] =.=a"" [ul — g(l)]

Vaytaco: u = [ul - g(l)] a" !+ g(n).

Van d con lai la ta xac dinh g(n) nhu thé nao ?

Tathay :

*Néu a =1 thi g(n) —ag(n —1) la mot da thuc c6 bac nho hon bac cua g(n) mot bac va
khéng phu thudc vao hé sé tu do cua g(n), ma f(n) la da thic bac k£ nén dé co (3) ta
chon g(n) la da thuc bac & + 1, ¢6 hé s6 tu do bang khong va khi d6 dé xac dinh g(n)
thi trong dang thiic (3) ta cho & + 1 gia tri cia n bat ki ta dugc hg k + 1 phuong trinh,
giai hé nay ta tim duoc cac hé s6 cua g(n).

* Néu a = 1 thi g(n) — ag(n —1) 1a mot da thic cling bac véi g(n)nén ta chon g(n) 1a
da thirc bac & va trong dang thic (3) tacho & + 1 gidtri caa n thi ta s& xac dinh duoc
gn).

Vay ta co ket qua sau:

2) Trong truong hop tong quat day (u, ) : {

u, =au, _ + f(n)
d6 f(n) 1a mot da thic bac & theo n; a la hang s6. Ta lam nhu sau:
Ta phén tich: f(n) = g(n) — a.g(n —1) voi g(n) la mét da thuac theo n . Khi do, ta dat

v, =u, - g(n) taco duoc: u, =|u, - g(1)]a" " +g(n).

Luu y néu a =1, tachon g(n) la da thic bac & + 1 ¢6 hé sé tu do bang khong, con néu
a # 1 tachon g(n) la dathtc bac k.

R Uu X
Dang 2: Pé xac dinh CTTQ cua day (u)duoc xac dinh bai: { Lo , trong

, u, =2
Vi dy 1.5: Cho day s6 (u): { ! . Tim CTTQ cua day (u, ).
U

=u +2n+1
n n—1

Giai: Taphantich2n+1=g(n)—g(n—-1) = a[n2 —(n —1)2}+b[n —(n—l)]
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(trong d6 g(n) = an’® +bn).
—a+b=1 {azl
=

2
= n? +on.
a+b=3 poo = W) =n"+2m

Chon=0n=1taco hé:{

= u, —n+2n—1.

, U
Vi dy 1.6: Cho ddy s (u,) : { ! Tim CTTQ cua day (u, ).
Uu

=3u_,+2" ; n=23,...
n n—1

Giai: Ta van bat chuéc cach 1am trong cac vi du trén, ta phan tich:

2" =a.2" —3a.2"'.Chon=1,tacé: a =-2=2" =-22" +3.2.2""

Néntaco: u +2.2" =3(u , +2.2" ") =..=3""(u +4)

Vay u, =53""" —2"""

Chay : Trong trudng hop téng quat day (u ):u =au  +ba",taphantich
o' = ko —akao"

Khi d6: v, —kb.a" = a(un_1 - kb.an_l) =.=a""! (ul - bk)

Vi (a # ).

Suyrau =a""'(u —bk)+bka".
Truong hop o = a, taphantich " = n.a" —a(n —1).a""
= u —bno" = 0‘(%-1 —b(n — 1).0:”_1) =..= 0:”_1(%L - ba)

= u, =bn-1)a" +ue"". Vay taco két qua sau.

Uy

v =au ,+ba" Vn>2
n n—1

Dang 3: B¢ xac dinh CTTQ cua déy (u,): { , ta lam nhu

Sau.

e NUa=a= u, =0b(n-1)a" +u10("_1.

e Néu a # &, taphantich " = k.o" — ako" ™. Khido: u = a""'(u, — bk) + bk.o”

o

Tatim duoc: k = :
o-a
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u, =2

Vidu 1.7: Tim CTTQ cua dady (u_): ; . :
"oqu, =bu, | +23" -6.7"+12 ;n=23,...

. 3" = k3" —5E.3" k=-2
Giai: Taco: . chon =1, tadugc: 2
7" = 17" = 5L =

2
Hon nira 12 = =3 + 5.3 nén cdng thuc truy hdi caa ddy dugc viét lai nhu sau:

u, +33" + 217" +3=5(u,_, +33" 42077 4 3) = =5 (u, +9+147 +3)

Vay u =157.5""" = 3" —3.7"" 3,

u1=1

u =2u _ +3" —n; Vn>2

n

Vidy 1.8: Tim CTTQ cua day (v, ) : {

3" =3.3" —2.3.3"7!

Giai: Ta phan tich:
n=-n-2+2[(n-1)+2

] nén ta viét cong thic truy hoi cia day

nhu sau: v —3.3" —n -2 = 2[%_1 ~33" —(n—-1)- 2} = =2""(u, —12)
Vay u =-11.2""+3"" 4+ n +2.
2. . x u =p
Dang 4: D¢ xac dinh CTTQ cua day (u, ) : ) , trong
u =au,  +ba" + f(n); Vn2=2

do f(n) ladathuc theo n bac k, ta phéntich " va f(n) nhu cach phén tich ¢ dang 2
va dang 3.

Vidy 1.9: Xac dinh CTTQ cua day (v, ):u, =-Lu, =3, v =5u , —6u , Vn =2

n—1

Giai: D¢ xac dinh CTTQ cua déy so trén, ta thay thé day (v ) bang mot day s6 khac la
mot CSN. Ta viét lai cong thuc truy hdi cua ddy nhu sau:
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u —wu, o =r,(u -7

1

x 5)
U, ), do do ta phai chon =z, z, : { L2 hay z,,, la

Tx, = 6

nghiém phuong trinh :2* =52+ 6 = 0 & 2 = 22 = 3. Tachon z, = 2;z, = 3. Khi d6:

u, —2u  =3u _ —2u ,)=..= 3"_1(141 —2u,) = 53"

= =2u _ +5.3"". Sudung két qua dang 3, ta tim dugc: u = 5.3" —6.2".
n n n
Chay : Tuong tu vei cach lam trén ta xac dinh CTTQ cta day (v, ) duoc xac dinh boi:
tor T trong d6 a,b 1a cac sé thuc cho truéc va o — 4b > 0
u —au | +bu ,=0 Vn=2 ’ ' -
nhu sau:
Goi z,z, la hai nghiém cta phuong trinh : * —axr+b=0 (4) (phuong trinh nay
duoc goi la phuong trinh dac trung cta day).
Khido: v —zu  =x,(u  —zu ,)=..= A (TR Uy -

] 1 n—2) 2 1 1
Str dung két qua cua dang 3, ta ¢ cac truong hop sau:

. T, — U U, — T.U

e Neugz #m, thhy =2"—Lg' +- 0z . Hay u, =k +lz,),trong do
T, — y—

. ) k+1=u,

k,l la nghiém cuaa hé: :
r k4 2yl =

. u.a au

e Neuz =m,=athiuy = o't {% + (u, —70)71}, hay u = (kn + l)e" ™, trong

[ = a.u,

E+l=u

dé k.l la nghiém cuaa hé: {
1

Vay ta co két qua sau:

Uy Uy

u, —au, + b =0 Vn=>2"

Dang 5: D¢ xac dinh CTTQ cua day (u, ): {
-1 n—2

d6 a,b,c 1a cac s6 thuc khac khong; a* — 4b > 0 ta lam nhu sau:

Goi z,z, langhiém cua phuong trinh dic trung: 2 —ax+b=0.

-10 -
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k+l:u0

xl.k + xQ.Z =,

o Néuz, #z,thi u =ka + Lz}, trong do k! la nghiém cua hé : {
[ =0,

k+l=u1'

e Néu T, =

,=a thiu = (kn+0)a"", trong d6 I 1anghiém cua hé: {

. . X L Uy =Ly =2
Vi dg 1.10: Cho ddy s6 (u, ) duoc xac dinh boi : .
u o =4u +u . Vn21
Hay xac dinh CTTQ cua day (u, ).
Giai:
Phuong trinh 2% — 4z —1 = 0 ¢6 hai nghiém T, =2+ \/g; T, =2 —\/g.

kE+1=1
@ +5)k+ @25 =2

[(2 + \/3)" +(2- \/g)”]

=u =kz' +1lz). Viu, =1Lu =2 néntacéhé:{
n 1 2 0o~ bt

@k:l:l. Vay u _1
2 "2

u, = Lu =3

Vidu 1.11: Xac dinh CTTQ cua day: : :
Y : Q cua day: (u, ) {un —4du,  +4u ,=0Vn=23..

Giai:
Phuong trinh dic trung 2” — 4z + 4 = 0 c6 nghiém kép = =2 nén u_ = (kn + 1)2"""

_17=9.
hi1=g Ok

Vi u, = 1;u, = 3 néntaco h¢: {

Vay u, = (n+ 22",

u, =—-Lu =3
Vidy 1.12: Cho day (u, ) : . X&c dinh

u —bu . +6u =20 +2n+1 Vn=2
n n—1 n—2

CTTQ cuaday (u, ).

Giai:
V6i cach lam tuong ty nhu Vi du 1.4, ta phan tich: 2n* +2n +1 =

-11 -
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= (kn? +ln+t)—5[k(n—1)2 +l(n—1)+t}+6[k(n—2)2 +l(n—2)+t} )

19k —71+2t =1 k=1
OGB)chon=0n=1n=2tacohe: {7Tk—-5l+2t=5 <=8 .
—k-31+2t=13 |t=19

Patv =u —n*-8n—-19= v, =-20;u, =-25vavy —50 _ +6v _, =0
=0v =a.3" + [.2". Taco hé: {a+ﬂ=—20 = {a:15
" 3o +28 =-25 B =-35
=y =153"-35.2" = u =153"-35.2" +n” +8n +19.
Cha ¥ : Dé xéac dinh CTTQ cta dy sé: (u, ) {UO; “ ,
»olu, tau +bu = f(n); Vn 22

(trong d6 f(n) la da thirc bac & theo n va a® —4b > 0) ta lam nhu sau:
e Taphantich f(n) = g(n)+ag(n — 1)+ bg(n —2) (6) roi ta dat v, =u_ —g(n)

UO = uo —g(O);”Ul = ul - g(l)

. bay 14 ddy s6 ma ta da xét
v, +av, _ +bv ,=0Vn=>2 Y Y

Ta c6 dugc day s6 (v, ) : {
trong dang 5. Do d6 ta s& xac dinh duoc CTTQcta v, = u,_ .

e Van dé con lai 1a ta xac dinh g(n) nhu thé nao dé c6 (6) ?

Vi f(n) la dathuac bac k£ nén ta phai chon g(n) sao cho g(n)+ ag(n — 1)+ bg(n —2) la
mot da thirc bac & theo n . Khi d6 ta chi can thay & + 1 gi tri bat ki ciia n vao (6) ta s&
Xac dinh dugc g(n).

m

Gidsir g(n)=a n" +a__n _1+...+aln+a (a_ # 0) la da thac bac m. Khi d6 hé
m m 0 m

so ciia 2™ va =™ trong VP la: a .(1+a+b) va [—(a +2b)m.a_ +(1+a+ b)am_l].
Do do :

i) Néu PT: 2* + az + b = 0 (1) c6 nghiém hai nghiém phan biét khac 1 thi

1+a+0b# 0 nén VP(6) la mot da thic bac m.

i1) Néu PT (1) c6 hai nghiém phan bi¢t trong d6 c6 mot nghiém z =1 = 1+a+b=0
va —(a+2b)ma_+(1+a+b)a  =—(a+2b).ma_+0 nénVP(6)lamotda thac bac
m-—1.

i17) Néu PT (1) co nghiémkép x =1 = a = —2;b = 1nén VP(6) la mot da thire bac
m—2.

Vay dé chon g(n) ta can chuy nhu sau:

-12-
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< Néu (1) c6 hai nghiém phan biét, thi g(n) la mot da thire cing bac véi f(n)

< Néu (1) c6 hai nghiém phan biét, trong d6 mot nghiém bang 1 thi ta chon

g(n) = n.h(n) trong d6 h(n) la da thirc cung bac vai f(n) .

% Néu (1) c6 nghiém kép 2 =1 thitachon g(n) = n2.h(n) trong d6 h(n) l1a da thirc
cung bac vai f(n).

U5 Uy

Dang 6: Dé tim CTTQ cua day (un):{u fau  +bu = f(n):Vn=2’
n 'n—-1 n-2 T ) -

(trong d6 f(n) la da thiic theo nbac k va b* — 4ac > 0) ta lam nhu sau:

Xét g(n) 1a mot da thuc bac k: g(n) = aknk +...+ak+a.

e Néu phuong trinh : 2 + az + b = 0 (1) c6 hai nghiém phan biét, ta phan tich
f(n) = g(n) +ag(n —1) + bg(n — 2) roi dat v =u —g(n).

e Néu (1) c6 hai nghiém phan biét trong d6 mot nghiém z =1, ta phan tich
f(n)=n.g(n)+a(n-1)g(n—-1)+b(n —2)g(n —2) roi dat v =u - n.g(n).

e Néu (1) c6 nghiém kép z = 1, ta phan tich

f(n) =n*g(n)+an —1)>*.g(n —1)+b(n —2)*.g(n —2) rdi dat v, = = n®.g(n).

u, = Lu, =4

Vidu 1.13: Xac dinh CTTQ cua da : .
Y ' Q cua ddy (u, ) {un—3un1+2un2 =2n+1Vn=2

Giai:
Vi phuong trinh 22 — 3z + 2 = 0 ¢6 hai nghiém z = 1;z = 2 nén ta phan tich
2n +1=n(kn+1)=3(n—-1)[kn-1)+1]|+2n-2)[ k(n—2)+1],cho n=0;n =1 ta

she: 1R TUEL -
c6 he: =-1;1=—6.
“l3k-1=3° ’

bitv =u +n(n+6)=>v, =Ly =11vay -3v _,+2v ,=0
=a.2" + 1" Véi o, ! =10;6 =-9
= a. A7 vol o, f: e a=104=

= =102"-9=u = 52" —n? —6n-9 VYn=0,12,....
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Mgt sé6 phurong phap xac dinh cong thikc téng quaét cia day sé

u, =—-Lu =3

Vi du 1.14: Tim CTTQ cta diy s6 (u ) : . .
"ou, —4u,  +3u , =52" Vn22

Giai: Ta phan tich 2" = 4.2" — 4a.2"" + 34.2"72.
Chon=2taco: 4=4a-8a+3a & a=-4
=0

Ditv =u +54.2" = v, =19, =43 vav —4v , +3v

Vi phuong trinh 2° — 4z + 3 = 0 c6 hai nghiém z =1,z =3 nén v = a.3" + 4.1"
o+ =19

—12. =T ~12.3" +7.
sat foaz CETIEAET=Y,

Voi o, 5 : {
Vay u =4.3"" -52"7 47 Vn=12...
Chu y : Véi y tuong cach giai trén, ta tim CTTQ cua day sb (u, ) duoc xac dinh boi:

o>ty 9

(V61 a® —4b > 0) nhu sau:
u +au  +bu ,=co’ Vn=2

Taphantich o" = k" + aka" ' +bka™™* (7).

Cho n = 2 thi (7) tré thanh: k(e + a.or + b) = o

0(2

Tu day, ta tim dugc £ = —— khi o khong la nghiém cua phuong trinh :
o +ao+b
2® +az+b=0 (8).
L, o vozuo—kc;vlzul—kca
Khido, tadat v =u_ —kcoa™,tacoday (v ):
n n "olv +av,  +by , =0 Vn 22

n n hY - P k3

= v, =px +q1, (7,7, 1ahai nghiém cia (8)).
n n n

=>u, =pr +qz, +kea.

Vay néu z = o 1a mot nghiém cua (8), tac 1a: &® + aax + b = 0 thi ta s& xu I thé nao ?
Nhin lai cach giai ¢ dang 3, ta phan tich :

" =kn.o" +ak(n-1a" " +bk(n-2)a" % (9).

Chon=2tach: akQa+a)=0’  kQa+a)=a & k= ;t—%).

200+ a
= (2)c6 nghiém k < « la nghiém don ctia phuong trinh (8).

Khi d6: = u, = pa +qx) +kena”.
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Mgt sé6 phurong phap xac dinh cong thikc téng quaét cia day sé

Cudi cuing ta xét truong hop z = « = _% la nghiém kép cua (8). Vi tu tuwong nhu trén,

ta s& phan tich: " = kn.a" + a.k(n —1)*a" " + bk(n —2)*a"* (10).

Cho n =2 tacé: (10) & o = 4k’ +ako =k = @ :l.
da+a 2
Khido: = v = pa +qx) +%cn2.(x".
Vay ta c6 két qua sau:
K, A T VP
Dang 7: Cho day so (u, ) xac dinh boi: . :
u +au  +bu ,=co;Vn =2

Pé xac dinh CTTQ cua day (u,) ta lam nhu sau:

Xét phuong trinh : 2 +az +b =0 (11)
e Néu phuong trinh (11) c6 hai nghiém phan biét khac o thi
2

. o
u = pax +q, +kco’ véi k= ———
) o +ao+b
e Néu phuong trinh (11) cé nghiém don z = & thi
n n n 7
u = px, +qx, +ken.o VOl k= :
" 1 2 200+ a

e Néu z = o langhiém kép cua (11) thi : u, =(p+qn+ %ch).a".

u, =—-Lu =3

Vidy 1.15: Xac dinh CTTQ cha day (u, ) : ) :
u, —5u _ +6u ,=52" Vn=>2

Gial:
Phuong trinh 2> — 5z + 6 = 0 c6 hai nghiém z, = 2;z, = 3, do 40

u = p2" +q.3" +5kn.2".
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Mgt s phurong phap xac dinh cong thikc téng quaét cia day sé

20+a 4-5
Voi<p+qg=-1 S k=-2p=-26g=25.

2p+3q+10k =3

\

Vay u =-26.2" +25.3" —10n.2" =25.3" —2""'(5n +13) Vn=12,...

u, =Lu, =3

Vidu 1.16: TimCTTQ cua day (u ) : .
) Q Y (u,) {un —4u,  +4u _, =3.2"

Giai:
Phuong trinh 2* — 4z + 4 = 0 conghiémkép z =2 nén u_ = (p +qn + gn2)2”

p=1
Duva vao u,,u, taco hé: S p=1g=-1.
; 00U . {p+q=0 p=1Lgq

Vay u = (3n" —2n+2)2""" Vn=12,....

Vi céch xay dung tuong tu ta ciing c6 dugc cac két qua sau:

Uy Uy, U .
Dang 8: Choddy (u,):4 ° % 2 Pé xac dinh CTT
ang Y (Un) {un +au, , +bu, ,+cu ,=0Vn23 © : Q

cua day ta xét phuong trinh: 2° + az® + bz +c =0 (12).

e Néu (12) c6 ba nghiém phan biét T, Ty, T, = u, = ar + fr) + yr;. Dyavao
Uy, Uy, U, tatim dugc o, B, .

e Néu (12) c6 mot nghiém don, 1 nghiém kép:

Ty

Duya vao u,u,,u, tatimduoc o, 5,y

=z, 21, > u, =+ pn)z] + yay

e Néu (12) co nghiemboi 3 z, =2, =z, = u_ = (o + fn+ yn’)z].

Duya vao u,u,,u, tatimduoc o, 5,7

u, = 0,u, =Lu, =3,

Vidu 1.17: Tim CTTQ cua da :
u Q cua day (u, ) {“n:7“n1_11-“n

+ 5.u Vn2=4

-2 n—3’
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Mgt s phurong phap xac dinh cong thikc téng quaét cia day sé
Giai : Xét phuong trinh dic trung : 2° — 72> + 112 -5=0
Phuong trinh co 3 nghiém thuc: z, =z, =1, z, =5

Vay a = a+ Bn+ y5"

Cho n =1, n =2, n =3 vagiai h¢ phuong trinh tao thanh, ta dugc

IR S T |
16’ 4’ 16
1 3 1 1
Vay a, =——+—-(n-1)+-—.5"",
ST, 4( ) 6
. N , ~ X uO = 2; U, = 2un—1 + Un—l
Vidy 1.18: Tim CTTQ cua day so (u_),(v_): " Vn 21
nessen v, =L v =u _,+2u _,
Giai:
Tacoiu =2u , +u ,+2v ,=2u , +u ,+2u  —2u ,)
=>u =4u  —3u ,vVau =5
n+1 n+l1
A . -1
Tu day, taco: u, =%:>Un =u . —2u, =%.

Tuong tu ta ¢ két qua sau:

T = Ppx + ;X ., ) .~
n = Pl T g I Pé xac dinh CTTQ cua hai day

Dang 9: Cho day (z ),(y, ) : {
(z),(y,) talam nhu sau:
Tabién doi duoc: z —(p+s)z, | +(ps—qr)z, _, =0 tir day taxac dinh duoc z_,
thay vao h¢ da cho ta co dugc y .

Chuay : Taco thé tim CTTQ cua dy sb trén theo cach sau:

—Ar
, r, — Ay, =(p—4s)(z,_, ——i 7
Ta dua vao cac tham so phu 4,4'= $—D
qg+A'r
z +A'y =@p+A's)(z, |+ Y, 1)
" " " p+A's™"
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Mgt s phurong phap xac dinh cong thikc téng quaét cia day sé

1= q—Ar
: CAs—p z, — My, =(p-4As)(z,_, - Ay, )
Tach h
2 chon £, 4720 ¢ho gt A {xn +A'y, =(p+A's)(z,_ + 'y, )

- Al's+p
z, = Ay, =(p—2s)""\(z, - Ay,)
r +A'y = (p+/1's)"_1(a:1 +A'y,)

!

giai hé nay ta tim dwoc(x, ), (Yn)-

Vidy 1.19: Tim CTTQ cta day (v, ) 2u
u =

. , 1 3u . +4 1 1 ,
Glﬁl:Taco—:L:§+2—.Datx =~ taco:
un 2un—1 2 U’n—l ! n
7 =1 5001 _3 9
3>z =—"""">u =

— n—1 '
r =2z |+ 5 2 52" -3

Vi dg 1.20: Tim CTTQ cua day s6 (v ) : —u__, —24
iy =l Ty > 2
" bu _, +13

Giai: Bai todn nay khong con don giai nhu bai todn trén vi ¢ trén tir so con hé so ty do,
do d6 ta tim cach lam mat h¢ so tu do & trén tir s6. Muon vay ta dua vao day phu bang
cach dat w_ =z +t. Thay vao cong thuc truy héi, ta co:
n n
—9z _, —9t—24 _(-9-5t)z, | —5t° —22t - 24

r +t=—" =T
" 5v, | +5t+13 " S5v, , +5t+13

Tachon t:5t* +22t +24=0=>t=-2=uz =4

T 1 3 1 11.3"1-10 4
>z =—"'""—=> —=/+—>> —="——""=15 =————
Sr, ,+3 =, T, T, 4 11.3"t ~10
223" 424

=>u =z —2=

11.3"71 =10
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Mgt s phurong phap xac dinh cong thikc téng quaét cia day sé

+ ,

Dang 10: Cho ddy (u ): u, = & u, ==L % v > 2 Bétim CTTQ cia diy (x,)
ru, 4 +$

ta lam nhu sau:

bat u, = +t, thay vao cong thic truy hoi caa day ta co:

T + pt + —rt)x —rt? +(p—s)t+
S q_t:(p )z, (p—s)t+gq (13).
"ooru  +rl+s re, | +ri+s
. e 2 x 1 1
Tachon ¢ : rt* + (s — p)t — ¢ = 0. Khi d6 ta chuyén (13) vé dang: — =« +b
xn xn—l

A - 1
Tu day tatim duoc —, suy ra u, .
Hh

n

, u, =2
Vi dy 1.21: Xac dinh CTTQ cua hai day s6 (u,),(v, ) : { ! ) va
Y =

1

)
{un—un 1+21)n L >,

Un = 2un—1vn—1

Giai:
Tacs: U = u2 Lt 21} u, + \/71) =(u, ,+ \/Evn_l)Q
. \fv —Q\fu_ v u, —\fv (un—1_‘67]n—1)2
u, + \/avn = (u, + \/51}1)2”_1 =2+ \/5)271—1
U, — \/Evn = (u, — \/501)271—1 =(2- \/5)271—1
_ l[(z + \5)2”’1 TN }

{(2 2T ) }

v

"2[
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Mgt s phurong phap xac dinh cong thikc téng quaét cia day sé

2
u
_n=1 + 2
2 2 2
+ 20 U u. . +2v vy
— n—1:> n — _n—1 n—1 _ n

. u, =
Nhan xét: Tu { "

4 U ~ A 7 \ = 7
Do vay ncu ta dat », = —* ta dugc day so (7, ) : 372_1 + 2. Ta c0 bai toan sau:
Un £L'n =
2x

Vi dy 1.22: Xac dinh CTTQ cua day s (z, ) : 42

Gial:

=
v, =1

u, = 2 = 2 + 2
Xét hai day (u. ),(v ): { va{“n Y1 Ty > 9,
1 _

Taching minh z = 'l (14).
v

n

o n=2=u1, =2 -9=p=2 (14)ding.

Uy
o u, xi_l + 2 “72;—1 + 21)2_1 u, )
e Giastz, , =—"—=ux = = = — = (14) dugc ching
) 2z 2u v v
n—1 n—1 n—1"n-1 n

minh
N CER D Tt i
(2+\/§)2n—1 _(2_\/5)271—1

Theo két qua bai toan trén, ta c6: = =

Dang 11:
1) Tir hai vi du trén ta c6 dugc cach tim CTTQ cua hai day s6 (u,),(v ) dugc xac dinh

b u, =u, o tau ;U
O

(trong d6 « 1a s6 thuc duong) nhu sau:

a
-8
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Mgt s phurong phap xac dinh cong thikc téng quaét cia day sé

u, = u:_l + a.vi_l u, +\/7u L =(u,_ +\/;un_1)
u o \/716 = un—l - \/;un—1)2

Ta co: \/;Un Code
o, =3+ ey + @ /3\/5)2”_1}

v = 2\/,[0”/3\/72”1 (a—ﬁ\/;)Zn_l]

T, =0
2) Ap dung két qua trén ta tim duoc CTTQ cua ddy (z ) : w2 +a.
r =
2z,
b u =u’ . +av’ CU, =
Xét hai day (v, ),(v ):< ™ 771 n=l 7l
B B Un = 2Un—lun—l ; Ul =1
2n—1 _ 2n—1
Kh|dé xn:u_n:\/g(OK'F\/g) — +(05 \/g) —.
Un (@+\a? +(a=~a)
u, =1
Vidy 1.23: Cho day (u, ) : 5 Tim o, ?
u, =5u  +424u’  —8 Vn =2
Giai:

Taco: u, =9u, =8%u, =881.CGlasu: v, =2u, _ +yu ,

9z +y =89 x =10 .
= = . Tachung minh: v =10u,_, —u , Vn =3
89z + 9y = 881 y=-1 n n n

Tir cong thie truy hoi cia day ta co: (v, —5u ) =24u’_, -8
eu -10uu  +u_ +8=0 (15)thay n boi n -1, ta dugc:

W, —10u _u _ +ul_ —8=0 (16).

t+ul  —8=0

. 5 hai A Tk - 22
Tu (15),(16) = U, U, la hai nghiém cua phuong trinh © ¢© — 10u, _, 1

Ap dung dinh Ii Viet, tacé: v +u_, =10u .

5 J6 -2 \f+ n-l
Vay u_ = e (5 2[) 26[2(5+2f)

-21 -



Mgt s phurong phap xac dinh cong thikc téng quaét cia day sé

Dang 12:
u, =1

1) Day (u,): " =5un_1+m vnz?laday nguyén < a = 24.

That vay: u, =5+Va—-8 =5+t (tZMG N) = u, :5+\/(t2 +8)(t+5) -8
:>u36Z<:>f(t):(t2+8)(t+5)2—8:m2 (meZ).

Ma (t* + 5t +4)* < f(t) < (t* + 5t +14)* két hop véi f(¢) 1a sé chan ta suy ra

m ="+ 5t +x véi e {6,8,10,12]. Thirtryc tiép tathdy ¢t =4 = a = 24.

u, =
2) Voidaysé (u):{ : V6 a2 — b =1 taxc dinh
u, =au, _, +ybu, | +c Vn =2

CTTQ nhu sau:

N Ax 2 _ 3.2 2 2 _
Tuday truy hoi = (v, —au,_ )" =bu’ , +ceu —2auu  +u  —c=0

) 0002 2 — =
Thay n bsi n—1,taco: u, , —2au _u ,+u  —c=0=>u +u ,=2au ,.
Uy =
L e . U , . S22 g
3) Véiday (u,): 0 = n—1 vp > ffongdoa>0a>1;a” -b=11a
a+4jcu. . +b

xac dinh CTTQ nhu sau:

4 - PN A 7. 1 = 1

Ta viét lai cong thic truy hoi duéi dang: — = S P b batzx =—
u u \/ 2 "o

n n—1 u, 4 n

Tacd u =au , ++/bz°  +c day laddy ma ta dd xét o trén.
n n—1 n—1

u =u, =1
7 . ~ . 2 N
Vidy 1.24: Cho day (u, ): . :“n—1+2 n22.T|m u, ?
n
un—2

Gial:

Taco: u; =3u, =1Lu, =41. Taglase v, =zu, | +yu, _, +z.T0 uy = 3u, =11;
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Mgt s phurong phap xac dinh cong thikc téng quaét cia day sé

r+y+z=3 =4
u, = 41taco h¢ phuong trinh: <3z +y+2=11 o y=-1=u =4u _, —-u ,
11z + 3y + 2z =41 z2=0

, ) u =u, =1
Ta chirng minh (u, ) : A
u = 41U

n n—1

—u Vn>3
n—2

e Vé6in=3=u, =4u, —u, =3 = n =3 dung
o Giastru, =4u,_, —u

o - 1A CO:

2
2 ( _ ) 2 2
_ Y + 2 _ du, | —u ) +2 _ 16w, | —8uy_qu, o, +u, , +2

U
U U Uy

k-1 k-1

_ 16142_1 — 8u +u

-1 % —2

U
k-1"%k-3 _ _

= 16uk_1 8uk_2 + U _q
Uy _q

=44y~ o) = Ay, — ) =4u, —uy

n—1 _ n—1
Theo nguyen li quy nap ta co dpcm = v, = \/5 +1(2—\/§) + \/5 1(2+\/§) .

o3 3
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Mgt s phurong phap xac dinh cong thikc téng quaét cia day sé
I1. SUDUNG PHEP THE LUQNG GIAC PE XAC PINH CTTQ CUA DAY SO
Nhiéu day sb c6 cong thuc truy hoi phic tap trg thanh don gian nho phép thé luong giéc.

Khi trong bai toan xuat hién nhirng yéu t6 goi cho ta nhé dén nhitng cong thirc leong
giac thi ta co thé thur vai phuong phap the lugng gidc. Ta xét cac vi du sau

1
Vidy 2.1: Choday (u ):{ ' 2 . X4c dinh CTTQ cua ddy (u, ).
u, :2ui_1 -1 Vn2=>2
Giai: ‘ ’ ,
Tir cOng thuc truy hoi cua day, ta lién tuéng dén cong thic nhan d6i caa ham so6 césin

, 2
Taco: u :l:coszju =2COSZ£—1=COS—”
L9 3 2 3

o 27T 4r 8w
= U, =2cos"——-1=cos— = U, =CoS— ...
3 3 3

n—1

Ta ching minh v = cos T That vay

: 2°7! 27 .
e V6in=2= u, =cos T _ COS?” (ddng)
] 2n—2 2’”—1 2n—1
e Glast u,__, =cos ﬂ-:u :2u2_ —1=2cos’ % _1=cos i
n—1 3 n n—1
n—1
Vay u, = cos Vn2>1.

! ta lam nhu

, , (!
Dang 13: Dé xac dinh CTTQ cua day so (u ) :
g ' Q y $6 (u,) {u :2“2—1_1 Vn =2

n

Sau:
e Néu|u, |<1,taddtu =coser. Khiddtaco: u = cos2" .

o Néu|u, |[>1tadatu = %(a +1) (trong d6 a # 0 va cung dau véi u, ).

a
Khi d6 u, =1(a2+2+i)—1=l(a2+i):>u3 =1( 4+i)....
2 a* 2 a* a*
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Mgt s phurong phap xac dinh cong thikc téng quaét cia day sé

., . 1, on-1 1
Ta chang minh dugc u, = 5(@ +

—) Vn >1.Trong d6 a langhiém (cing dau
2"~
a

;- ) < .2 _ ~ < N 7 . < n p
Vol ) cua phuong trinh © a” —2u,a +1 = 0. Vi phuong trinh nay co hai nghi¢m co6

tich bang 1 nén ta c6 thé viét CTTQ cua day nhu sau
n—1 n—1

1 2 2
un=§ (ul— uf—l) +(u1+./u12—1j

Vi du 2.2: Xé4c dinh CTTQ cua day s6 (u ): 41~ 2

Giai:

2
, T T T T 3
Ta co: u, = = cosg = U, =4C083——3COSE =Ccos3— = Uy = COS——

V3
2

3" r

Bang quy nap ta ching minh duoc: u, = cos

Dang 14:

2 « U =p \
1) betim CTTQ cuaday (u, ) : ! 5 , ta lam nhu sau
u =4u’ | —3u _, Vn =22

e Néu|pKl=3Jae [O;JZ:':cosa:p.

Khi d6 bang quy nap ta ching minh dugc: u, = cos3" .

. 1 1 . Ao
e Neu|p[>1,tadat u :§[a+—j (a cung dau vei u, )
a

Béng quy nap ta ching minh duoc v = %{a?’nl - }

1 3n—1 3n—1
Hay v, =§ (“1 —1/u12 —1) +(u1 +\/u12 —1)

2) Tur truong hop tha hai cua bai toan trén, ta ¢ cach tim CTTQ cua day sé
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Mgt s phurong phap xac dinh cong thikc téng quaét cia day sé

u, = 4u2_1 +3u . Vn=>2 2 a

ul =P A / o 1 ]_ . s LY
(u,): { bang cach dat u, = —(a ——). Khi do bang quy nap
n—1

ta chung minh duoc :
g1 3
n—1
un:%[a?’ - 11j:% (ul+./uf+1) +(u1—1/u12+1)
3"

Chu ¥ : Trong mot sb trudng hop ta xac dinh dugc CTTQ cua day (u,) cho boi:

n—1

Uy
w =uS | +au’ . +bu +eVn=>2
n n—1 n—1 n—1

Bang céch dua vao ddy phu dé chuyén day da cho vé mét trong hai dang & trén.

Vi dg 2.3: Xéc dinh CTTQ cia day (u ) : u, = % va
6

w, =24u’ —12J6u> | +15u _ —6 Vn>2.

Giai:
Dt u =z +y. Thay vao cong thuc truy hoi cia day, bién ddi va rit gon ta dugc
Tty = 24x3vi_1 +12(62%y — \/Exz)vi_l + 3(24xy* — 8\/8$y +5r)u |+
12443 —1264% + 15y — V6.
6x2y - \/6:1:2 =0 1

Tachon vy : Sy = :
Y 2458 — 124642 + 15y =6 = ¢ ’ J6

+3uv,_,. Tachon z =

Khi do: z.v = 242%0°  + 3z & v = 245%0°
n n—1 n—1 n n—1

-

—v =40> +3v  vawv =2.
n n—1 n—1 1

= = %{(2 + \/3)?’”_1 +(2 - \/3)3H }

Vay u, = L{@ 5T 2 —\/3)3"_1}+i VYn=12...

26 J6
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Mgt s phurong phap xac dinh cong thikc téng quaét cia day sé

3
Vi du 2.4: Xéc dinh CTTQ chaddy (u, ):4 ' 2
2

Giai: ba _3 =cosa, o€ £;7z' , khi do :

4 2
u, = —2cosa = u, = 2(1 —2cos” @) = —2cos 20
Bang quy nap ta ching minh dugc v, = —2cos2" ' a.

Ulz

1
, . Y2 2
Vidy 2.5: Tim CTTQ cua day so (u, ) : 5
\/2 —24/1- u,

" 2

Giai: Tur cong thuc truy hdi cua dy, goi ta nhé dén cong thire lugng giac

2 2

sina+cos’a=1<1-sin?a = cos’ «.

T
2" 16

Béng quy nap ta ching minh duoc: u_ = sin

Vi dy 2.6: Cho a,b 1 hai so thyc duong khong ddi théa man a < b va hai day (a_),(b, )

a+b
a, :T;b1 = /b.a

duoc xac dinh: . Tim a, va b .

a’n—l + bn—l . _
)=, =Jab  Yn>2

a:

Giai:

Ta co: 0<%< 1 nén tadat%:cosa Vol a e (O;gj

Khi d6: a :bcosa+b:b(1+cosa):bcosggva b, = b.bcong:bcosg
1 2 2 2 ! 2 2
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0 +b bcoszg+bcosg o o o o
a, =—1—1 = 2 2 = bcos—.cos’ — VA b, = bcos— cos—.
2 2 2 2 92 2 2 92
Bang quy nap ta ching minh dugc:

o o o o o o o
a, = b cos —cos—...cos” — va bn = bCcos—CcoS—...coS—.

22 on 2 9 on

Vidy 2.7: Cho day (u, ) : u

1+ (1-V2)u
Olympic 30 — 4 — 2003 Khgi 11).

+4/2 -1 TNty (Trich @é thi

n-l Yn >

n

T u,_, +tan—
Giai: Taco tan§=\/§—1:>un:
1—tan—u
n—1
T T

T tan — + tan — -
Ma u :\/gztan—:u = 3 8 = tan(= + =)
! 3 2 38

1 - tan—tan—

Bang quy nap ta chitng minh duoc u, = tan {% +(n - 1)1}.

8
7z 20027 T T
Vay u. = tan| — + =tan| — + — :—\/§+2.
y 2003 (3 8 j (3 4} ( )
ulza
Chavy: Détim CTTQ cuaday (u ): u . +b .
y Q y(”) unzln_bl Yn =2
—0u

n—1

Tadat a = tan ;b = tan S , khi do ta chung minh dugc: v = tan [0{ +(n— 1),3]

Vidy 2.8: Tim CTTQ cua déy s6 (u, ) : y (N
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Giai: Ta co: 1o + |1+ ! .batz = 1 khi do ta dugc day (z,) duoc xac
Uy, Uy Ui_l Uy,

dinh nhu sau: z, :ﬁ vaz =gz +l+a_ .
T
1 . . jn 1+ cos— .
Via:l:—:cot—:x2=cot—+ 1+cot2—:—3:cot—
J3 3 3 3 .7 2.3

n
1

Béang quy nap ta ching minh dugc: z = cot

= u_ = tan Vn=12,..

on-13 " on-13
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111. UNG DUNG BAI TOAN TIM CTTQ CUA DAY SO VAO GIAI MQT SO
BAI TOAN VE DAY SO - TO HOQP
Trong muc ndy ching tdi dua ra mot s6 vi du cac bai toan vé day sé va to hop ma qué
trinh giai cac bai toan d6 ching ta van dung mot sb két qua & trén.

Vidyg 3.1: Cho day s6 (a,):a,=0,8 =1,a,,, =2a, —a, ; +1 V¥n>1.Chang minh

rang A =4a a, ., +1 1as6 chinh phuong.

+

Giai:
Tur cdng thuc truy hoi cua day ta thay n+1 boi n ta dugc:

a .= 2an -a, +1

:>a+1—3a + 3a
a =2a —-a +1 n n n
n n n—2

—-a =0.

-1 n—2

-1
Xét phuong trinh dac trung A°> =342 +31-1=0< A =1

:>an:(6(+,Bn+}/n2)’d0a0:O,a1:17a2:3:>a20’ﬂ:7/:%.

=a, =%(n+n2) = A=nn+D)(n+2)(n+3)= (n2 +3n+1)2 = dpcm.

Vi du 3.2: Cho day s6 (x )iz, =72, =50;x ,, =4z +5x | —1975 Vn =2,
Ching minh rang g0 :1997  (HSG Quadc Gia — 1997 )

Giai:
Vi —1975 = 22(mod 1997)do d6 ta chi can ching minh day
r . =4x +5r  +22:1997.

n+

baty . =ax  +b=a(dr, +5r , +22)+b=4(ax, +b)+5(ax , +b)+22a—8b

=4y +5y, | +22a—8b.
Ta chon a, b sao cho: 22a¢ —8b =0,tachon a =4 = b =11.

= y7l+1 = 4‘Tn+1 + 11 = yl = 397 yQ = 211; yn+1 = 4yn + 5yn—1
A } -1)" +25.5" 51996
Tu day ta co dugc: y = 8(=1) ; 05 = Yygos = %

Vi 8+25.5"° = —1+1=0(mod3) = 4y € Z

Theo dinh Ii Fecma 5% = 1(mod 1997) = ., = 11(mod 1997)

= 4z, .. +11=11(mod1997) = z,,,. = 0(mod1997).

1996 1996
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Nhan xét: Tir bai toan trén ta co két qua tong quét hon 1a: z,  ip V6i p I s6 nguyén té

.

u, = 20;u, =100
u o =4u +5u _ +20Vn =22

n+1

Vi dy 3.3: Cho day s6 (u,) : { .Tim sé nguyén duong

h bé nhat sao cho: u

—u 1998 Vne N* (HSG Quéc Gia Bing A —1998).

n+h
Giai:
it 5 .t cb da a, =450, =205
= + 5, taco da :
=2 y (@) a . =4a +b5a . Vn =2
n+1 n n—1
1 12 12
s =Wy By B S D
"3 3 "6 3 2
Via ,, —a =2uw , —u)=u , —u 1998 a  —a i2.1998=2°3%37
\ ~1)".10 125.5"
Maa ,, —a = %[(—N - 1} + (5" —1)
5t —1i4
) i 125.5" 5 .. W1
e Néuh chin=a , —a = 3 (5" —1)14.27.37 & {5" —1:81 (17)
5t —1:37

Goi k 1a s6 nguyén duong nhé nhat thoa man 5° —1:37. Vi 5% —1:37 = 36k
= ke {1,2,3,4,12,18,36} thir tryc tiép ta thiy chi c6 k = 36 thoa man

= 5" —1:37 = hi36 (18)

Chting minh twong tu, ta ciing cé: 5" —1:81 = hig(81) =54 (19)

Tir (18) va (19) tasuy ra (17) & hi[ 36,54 | =108 = h 2 108.

e Néuh I&:Viu , = u, (mod 1998)

n+h
X |, = v, =20(mod1998)
Nén ta co: u, = =100(mod1998) = 5u, | =u,,, —4u, —20 =0(mod1998)
+
= u, ,:0(mod1998)
Vihle= h-1chin = u, =122 5" -2 yay, =122 501 50
6 6 6 6

= u, =5u, | =0(mod1998) mau thuan véi u, =20(mod1998).
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Vé6i h =108 tadé dang chiung minh dugc v, =u (mod1998) Vn > 1.
Vay h =108 lagiatri can tim.

2¢ +1
—_ n
n+l —

Vidy 3.4: Choday (z,): 7, =22
T, +2
1) Tinh z,, 7
. 2000 i
2) Tim phan nguyén cia A= ) z, (Olympic 30 — 4 — 2000 khai 11 ).
1=1

. , r —1 1 3 3 1 .
lal. laCo. z —-1= = =1+ .Dal a_ = =>a, =1Vva
Giai: T 1= o=1 - Pita, - = =1
xn+ xn+1_ xn_ xn_
n+1
-1 2
an+1=3an+1:>an:3 5 >z, =1+ o
3T -1
2001
. 1
a) Taco:x2000=3—+
32001 _ ¢
2000 220001
b) Tacd: A =2000+ 2 , = 2000 < 4 <2000 + — — < 2001
132+1_1 3132
1= 1=

Vay [A] = 2000.

(2 + cos2a)r, + cos” o

Vidy 3.5:Choddy (z ): 2, =1 2 , = (2-2cos2a)z, +2—cos2a

n

it y, = 3"
o2z, +1

han d6. ( HSG Quéc Gia Bdng A — 2004 ).

Vn>1.Tim o dé day so (y,) ¢6 gii han hiru han va tim gici

Giai:
.92
Taco 1 :281n 0(+ 1 N 1 :L B )sin20(
2z, +1 3 3(2xn +1) 2z, +1 3" gn—1
L 1 i 9 & 1 1 1 3 9
=y = =Y —+sin“a )y (1- =—(1-—)+|n——(1—-—)|sin” &
Y, ;256 1 ZZ;‘B‘ Z,( 32._1) 5 3”) [ 2( 3n)]

Vi lim —— = 0 nén day (y,) ¢6 giéi han hiw han & sina = 0 & a = kr
3
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Khi do limy, = %

. o T, =-1 x+1:—3x2—2xy +8y2
Vidy 3.6: Cho hai ddy (=, ),(y,): _ovaq " - )t V1
%= L Y1 = 2‘7:71 + anyn B 2yn

Tim tat ca cac s6 nguyén td p sao cho z, +y, khong chia hétcho p. (TH&TT - 327)

Giai:

.. 2 gn—l
Tacorx, +2y =(z,_, +2y, ) =..=(z +2y) =1 (20)
Gia str c6 mot s6 tw nhién k dé y, =22, =y, = 0. Khi do, ta co:

€T = —3%2 Y N
{xmg E+1vp Ii Vay Yoy = (Q;Un — yn)(xn + 2yn) #0 Vn.

T 3xr —4 T +2 —3x. +4
Suy ra: n+l _ _( n yn)( n yn) — n yn '
yn+1 (2xn o yn)(xn + 2yn) 2$n o yn
s 1 —3a_+4
bita,,, =" =0a =-La, =—"——
yn+1 2an -1
a +2 1 1 14 9(—5)"1
= a +1 +2= n j— =92 — 5 = — ( 5)
" 2a, —1 a, ;+2 a, +2 a, +2 3
1—-4.(=5)"1
=>a, = (=5) =L (21)
1+2.(=5)"" y,
_ _E\n-1 _E\n-1 _o(_r\n-1
Tir (20)va (21) = o =~ 4-(3 .y = “2'(3 N gy 22220 2(35) .

*Néu p=2 =z, +y, =4i2 = p =2 khong théa yéu cau bai toan.

*Néu p =3 = =, +y, =16 khdng chia hét cho 3 = p = 3 thoa yéu cau bai toan.
* Néu p = 5 ta thay ciing thoa yéu cau bai toan.

*Néu p > 5= (=5)""! = 1(mod p) = z, +y, =0(mod p)

Vay p = 3,p =5 lahai gia tri can tim.
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Vi dy 3.7: Cho day (u, ) : . Tinh tong caa 2001 6

u = n-l Vn =2
"o22n-1u,  +1

hang dau tién cua ddy (u_ ) (HSG Quéc Gia— 2001 ).

Giar:
Ta co: 1 = 1

un un -1

Ta phan tich 4n—2=k[n2 —(n—1)2}+l[n—(n—1)](3h0 n=0;n=1,tacohé¢

—k+1=-2
= k=2;0=0.

+4n -2 (22).

k+1=2
Suyra(22)<:>i—2n2: ! —Q(n_1)2:,,,:i_ __1
n U1 Uy 2
2 —_—
jizéln -1 _(@2n-1)2n+1)
u, 2 2
2 1 1
= U = = -
" 2n-1)2n+1) 2n-1 2n+1
2001 2001
= Yu=y |l ]o oL A
-1 i\2i—=1 21+1 4003 4003

, 2
) o . ) . ‘731 — \/g . xn = xn—l 1+ xn—l
Vi dy 3.8: Cho hai day s6 (z, ); (y, ) xac dinh : va Y
y1 = \/5 yn =

B 1+4/1+yn_1

Vn=2.Changminhrang 2 <z y <3 Vn >2.(Belarus 1999).

Giai:

. u n cos£+1 u
Ta co: 1:1:\/gzcot—:xQ:cot—+1/1+cot2—: 6 = cot
6 6 6 . T 2.6

S —
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Bang quy nap ta chung minh dugc: =, = cot 7[1 .
2706

Theo két qua cua vi du 2.8, taco: y = tan

2"13
bat ¢ = i =z =cota ; y =tan2a =z .y =tan2a .coto
batt =tana, = tan2¢ .cota, = 2t .1— 2 .
1-¢* ¢t 1-+¢

Vin2230<0(7L<%:O<t<tan£=iz>gﬁl—t2<l

J3

= 2< 2<3:>2<:Jcnyn£3 Vn =2 =dpcm.
11—t
|z, <1
Vi du 3.9: Cho day s6 (z, ) : Cp 43— 322 :
r  , =—" ~Vn =2
n+1 2

1) Cén c6 thém diéu kién gi doi véi z, dé ddy gom toan s6 duong ?

2) DAy s6 nay co tuan hoan khong ? Taisao ?  (HSG Quadc Gia 1990).

Gial:

Vi |z, |<1nén ton tai o e (—g,g} ssine = z,. Khi d6:

1. 3 . T
T, = ——sina + —cosa = sin(— - a)
2 2
1. & \/g V4
r, = ——sin(=—-a)+—| cos(= - ) |.
,=—gsinE—a)+ 2 feonE - )|

z T T .
e NEu —ESa<E:>x3:sm0(

e T T . 2
e NeU ——<a<-—= 1, =sin(a-—).
‘ 2 6 3
Bang quy nap ta ching minh dugc:
x - sin o khi n=2k+1
i) Neu-=<a<=th: z = ju
6 2 sin(g - ) khi n =2k
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- ju sin(a—2—ﬂ) khi n=2k+1
i) Néu —= <o <-=thi: g = 3 VEi>1.
2 0 Sin(%—a) khi n=2k
sina >0 0< o< Z
1) Day gdbm toan sé duong << . (x & 2 oso<a<Z
sinf ——a | >0 _£<a<£ 3
6 3
Viy 0 <z, < 73 la didu kién cin phai tim.
2) Dua vao két qua trén ta co:
o Néusina=sin|Z—a|loa=Loq =1.Khidétfr(1)tacéduqc
3 6 S
T, =7,=.=z =.=(z)la day tuan hoan.
) —lﬁxl <1 )
e Néu{ 2 X thi day s6 c6 dang z,,,,7,,2,,....
T z —
2

% | Y
e Néu-1<uz < _Ethl day so co dang z,,,,Z,, Ty, ...

Vide 3.10: Tinhtong S =1+3+5+..+2n—1,Véi n laso tynhién n > 1.

Giai:
Tacé:SlzlvaS =S _+2n-1.
n n—1

Ma2n—1=n’-(n-1° =8 -n"=8 _ —-(n-17=..=8-1=0

1

Vay S =n’.

Vidy 3.11: Tinhtong S, =17 +2° +3* + ...+ n” v6i n 1asd tw nhién n > 1.

Giagi: Taco S, =1va s =8  +n”(23).
Ta phan tich: n* = k[n?’ —(n —1)3} +l[n2 —(n —1)2J +t[n —(n —1)}

-36 -



Mgt s phurong phap xac dinh cong thikc téng quaét cia day sé

kE—1l+t=0
Chon=0n=1Ln=2,tacohé&k+l+t=1 @k:é;l:%;t:é

Tk+3l+t=4
:>(23)<:)Sn—{—n3+1n2+1 }zSn_l—{l(n—l)3+%(n—1)2+é(n—1)}

3 2
=S —{%n3+%n2+% }:Sl_lzojsn:%l +3n +”:”(”+1)(2”+1)'

6 6

Vide3.12: Tinhtong S =12.3+234+..+n(n+1)(n+2) Vn=1.

Gidi: Taco: S, =6vaS -85  =nn+1)(n+2) Vn=2.

Pt f(n) =i(n+1)4 oy - Ltosr Lo
=8 —f(n)=8  —f(n-1)=..=5 —f1)=0

3 _n(n+1)(n+1)(n+3)
=S5 = f(n)= ., .

Vi du 3.13: Trong mp cho n duong thang, trong d6 khong cé ba duong nao dong quy va
d6i mot khdng cat nhau. Hoi n dwong thang trén chia mat phang thanh bao nhiéu mien ?

Giai: Goi a_ 1256 mien do n duong thang trén tao thanh. Ta c6: a, = 2.

Ta xét duong thang thir n +1 (ta goi 12 d), khi d6 d cat n duong thang da cho tai
diém vabi n duong thang chia thanh n + 1phan, dong thoi moi phan thugc mot mien
cua a . Mat khac véi mdi doan nam trong mién cua a_ s& chia mién do thanh 2 mién,

nén so mién cé thémla n +1. Do vy, tacdia ., =a +n+1

n+1
Tudaytaco:a =1+ n(n; D) :
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chay:

Véi gia thiét ¢ trong vi dy trén néu thay yéu cau tinh s6 mién bang tinh s6 da gi4c tao
X N —-2)(n—1

thanh thi ta tim dugc: o = (n )2(n ).

Vi du 3.14: Trong khdng gian cho n mit phang, trong d6 ba mat phiang nao ciing cat
nhau va khdng c6 bon mat phang nao cung di qua qua mot diem. Hoi n mat phang trén
chia khoéng gian thanh bao nhiéu miéen ?

Giai:
Goi b_1a s6 mién do n mt phang trén tao thanh
Xét mat phang thir n + 1 (ta goi 1a (P)). Khi d6 (P) chia n mat phang ban dau theo n

(n+1)
2

. X A . J4 5 ~ - N n < A Xeo A A N
giao tuyén va n giao tuyén nay s¢ chia (P) thanh 1+ mién, moi mién nay nam
2
n”+n+2

trong mot mién cua b va chia mién d6 lam hai phan.vay b =b + ;
2 J—
Tudo, taco: b = (n+1)(n6 n+6).

Vi du 3.15: Trong mot cudc thi dau thé thao c6 m huy chuong, duoc phat trong n ngay

thi ¢au. Ngay tha nhat, nguoi ta phat mot huy chuong va % s6 huy chwong con lai.

Ngay thir hai, nguoi ta phat hai huy chuong va % s6 huy chwong con lai. Nhitng ngay

con lai duoc tiép tuc va twong ty nhu vay. Ngay sau cling con lai n huy chuong dé phét
. Héi co tat ca bao nhiéu huy chuong va dé phat trong bao nhiéu ngay? (IMO 1967).

Gidi: Goi a, la sb huy chwong con lai truéce ngay the k = a, = m, khi d6 ta co:

k-1
a =§ak—%:ak= 6 (m —36) — 6k + 42
7 7 7

n-1 n—1
=a =n=[g} (m—36)—6n+42:>m—36=7(n—6){%}

Vi(6,7)=1va6" " >n-6néntaco n—6=0en=6=m=36.

Vay c6 36 huy chuong duoc phéat va phat trong 6 ngay.
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Vi du 3.16: C6 bao nhiéu xau nhi phan d¢ dai n trong dé khong co hai bit 1 deng canh
nhau?

Giai: Goi ¢ lasd xau nhi phan do dai n thoa man diéu kién dau bai.
Taco ¢, =2;¢ =3,

Xét xau nhi phan d¢ dai n thoa mén dicu kién dau bai c6 dang a_a
Co hai truong hop

e g =1.Khidba ,=0vaa,

10y _geee 0oy

a,a, €0 thé chon 1a mot xau bat ky do dai n — 2

thoa dicu kign. Co ¢, xau nhu vay, suy ra truong hop nay co ¢, xau.

e a =0.Khidoa,

kign. C6 ¢ xau nhu vay, suy ra truong hgp nay co ¢, xau.

xau, hay ¢ =c

a,a, €0 thé chon 1a mot xau bat ky do dai n — 1 thoa diu

Vay tong cong xay dung duoc ¢, | +c, +c,

-2

. :\/5—2{1—\/3T1+2—\/3{1+\/3T1
"5 2 J5 2 '

n—1

Vi du 3.17: Cho s6 nguyén duong 7. Tim tat ca cac tap con A cua tap
X ={1,2,3,...,2n} sao cho khong ton tai hai phan tir z,y € A théaman: z +y = 2n +1
(Thuy S§ 2006).

Gial:
Pé giai bai toan nay ta s& di ¢ém sb tap con A cua X thoa man lubn ton tai hai phan tir
x,y€ Asaocho z+y=2n+1 (tagoitap A cé tinh chat T).

Goi a, lasétap con A cuatap {1,2,...,2n} ¢ tinh chét T

Khi do cac tap con A < {1,2,...,2n,2n +1,2n + 2} xay ra hai truong hop.

TH1: Trong tap A chira hai phan tir 1 va 2n + 2, trong truong hop nay sé tap A cé tinh
chat T chinh bang s tap con ciia tap gdm 2n phan tir {2,3,4,...,2n,2n + 1} va s tap
con cua tap nay bang 2*". ‘ ‘

TH2: Trong tap A khbng chara day da hai phan tr 1 va 2n + 2. Khi dé A phai chaa
mot tap A' 1a tap con cia tap {2,3,4,...,2n,2n + 1} sao cho c6 hai phan tir z',y'e A':
z'+y'=2n + 3. Tathdy sd tap con A' nhu trén chinh bang sé tap con cua tap
{1,2,...,2n} cOtinh chat T (Vi ta trir cic phan tir cua {2, 3,4,...,2n,2n + 1} di mot don
vitaduoctap {1,2,....2n} vaz',y'e A':x'+y'=2n+1)
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Hon nira véi mdi tap A' ta c6 duoc ba tap A (bang cach ta chon A 1a A' hodc {1} U A'
hoac {2n +2} U A")
. = 3a, + 22" =a =4"-3"

Dovay: a_.

Vay so tap con thoa man yéu cau bai toan la: 4" —a_ = 3".
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Bai tap ap dung

Bai 1: Tim CTTQ cua cac day s6 sau

Du =1 uw, =0, v ,-2u +u _,=n+ln=2

2)u, =0; uy =0, u

_ n
0 ,—2u, +u =327, n=22

n+

Nu =0, u, =0, u ,—2u —3u _, =n+2", n=2

4) u =0,u, =Lu, =3, u =7Tu _, —1lu,

V3
L3
) U +2—\/§

v =—>n=d1 Yn =2

" -3 -2u

o tou, o, m24

.- V2 L . |b, =2b +b
Bai 2: Cho day sb {bn} xac dinh bai : { " g " neN (nz3)
b =1 b, =2
Ching minh rang b < (gj ., Vne N
u € Z"'VeN
Bai 3: Cho day s6 {un} thoa man nhu sau : Ju, =1Lu, =9
u, =10n, _, —u , VYne N, n=>2
Chang minh: Vke N,k >1.
1) uz + ui_l —10u, u,_, = -8
2) by, —u,_, 4 va 3 —1i2
.. Y2 L z, =Lz, =0
Bai 4: Cho day so = xac dinh nhu sau: :
n v —2r, | +x o, =2 Vn22

Xac dinh s6 ty nhién n saocho: = + 1z, =22685.

+
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. N L | Ty =Lz, =5
Bai 5: Cho day (z_ ) duogc xac dinh boi :
" r =6z —xz . Vn2>1
n+1 n n-1
Tim limz, {2z, | (TH&TT T7/259).
1
1 )2
o 1 1-(1-a’)?
Bai 6: Xetdady (a ):a, = 5 vaa, ., = — Vn >1.

Chang minh rang: a, + a, + ... + ay,,. <1,03 (TH&TT T10/335).

2005
Bai 7: Cho ddy (a,):a, =2a ., =4a, +415a> =60 Vn 2 1. Hay x4c dinh CTTQ
cua a_ vaching minh rang s %(a% +8) ¢0 thé biéu dién thanh tong binh phuong cia

ba s6 nguyén lién tiép véi Vn > 1 (TH&TT T6/262).
Bai 8: Cho ddy s6 {p(n)} duoc xac dinh nhu sau: p(1) = 1;
p(n)=p1)+2p2)+...+(n—1)p(n—1) Vn >2. Xac dinh p(n) (TH&TT T7/244).
Bai 9: Xét day (u ): {ul = . Chitng minh rang
" un:Bun_1+2n3—9n2+9n—3 Vn>2

p—1
v6i mdi s6 nguyén té p thi 2000w, chia hétcho p (TH&TT T6/286).

1=1

T, = a

0
:1:+1:2x72l—1 VYn>0

n

Bai 10: Day s thuc (z ) {

Tim tatca cac gitricia a dé z, <0 Vn 20 (TH&TT T10/313).

xn+1'xn

Lt 2001:r;n + ZOOOxn

N .z 1 .
Bai 11: Day s6 (v, ): 7, = Lz, = 5 vaz, = P

¥n > 0.Hay tim CTTQcia =, (TH&TT T8/298).

+ +1$n

Bai 12: Cho day s6 (a ) duoc xac dinh nhu sau: (a, ) :

Tinhtong a, +a, +... + a9 -
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Bai 13: Cho day s0 (a, ) duoc Xac dinh boi :
a, =123, a, =234, ..., a =n(n+1)(n+2).
bit S =a, +a,+..+a, .Chang minhrang 45 +1 laso chinh phuong .
(HSG Qudc Gia— 1991 Bang B )
Bai 14: Cho hai day s6 (a,),(b, ) dugc xac dinh nhu sau: a, = 2;b, =1 va

2a b
— _“"n’n

— =.la b Vn=0.
an+bn

an+1 7 Un+l n+l'n

Chirng minh rang cac day () va (b,) c6 cing mot gisi han chung khi n — +eo.
Tim gidi han chung d6. ( HSG Quéc Gia — 1993 Bdng A ngay thi 2)
Bai 15: Cho c4c s0 nguyén a,b. Xét ddy s6 nguyén (a_) duoc Xac dinh nhu sau

a, = a;a, =bjay =2b—a+2; a ,=3a ,-3a ,+a Vn=0

a) Tim CTTQ cuaday (a, ).
b) Tim cac s6 nguyén a,b dé a_ 1as6 chinh phuong véi Vn >1998.
(HSG Quéc Gia — 1998 Bdng B).

+ + +

B4 16: Cho day s6 (o ): 10 Tinh 32
ai 16: Cho day so (a, ) : (G-a)6+a )=18 Vn21 in EG—Z
(Trung Quéc — 2004 ).
a, =1
Bai 17: Cho day 6 (a, ) : 70 44542 — 36 . Chttng minh
an _ n—1 5 n—1 Vn >1

1) a las6 nguyén duong véi Vn = 0.
2) a_,a —11asd chinh phuong Vn > 0. (Trung Quéc — 2005 ).

n+1

u, = Lu, =2 u? —1

. Chttng minh ring — 1a sb
hog — U, o V23 J d 3

chinh phuong ( Chen dgi tuyén Nghé an — 2007 ).

\/5 2007

Bai 19: Cho day sb (b ): 10~ 20 =75 “Tinh > b ( Moldova 2007).

b +b _ =b 3 Vn22 =0

n—1 n—2"

1
u = 4u
n

Bai 18: Cho day s6 (u, ) : {
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Bai 20: C6 n tam thé duoc ddnh so tir 1 dén 7. C6 bao nhiéu cach chon ra mot s6 the
(it nhat 1 tam) sao cho tat ca cac so viet trén cac tam thé nay deu 16n hon hoac bang so
tam thé duoc chon.

u =1 u >0Vn21

Bai 21: Cho day (u ) duoc xac dinh boi: 1+ “Z -1 . Chirng minh

u = 1 Yn =2
n

un—l

rang U+ Uy, totu 21+ %{1 - (%)"‘1} (HSG Qudng Binh 2008 — 2009 ).

Bai 22: Cho ddy dathuc : P(z) =2’ — 6z +9 va P (z) = P(P(...(P(x)))) n lan. Tim
so nghiém cau P(z) va P, (z) ? (Dw tuyén Olympic).

Bai 23: X4c dinh hé sé z* trong khai trién chinh quy cua da thic

Q.(z) = (.(((z -2y =2 —2)* —...)" =2)* (6 k déu ngoic).

Bai 24: Choday z, :z, =1z, =1z , =4z —z , Vn2=1vaday $6

+1 -1

(yn) 'Y =Ly, =2y, ., =4y, —y,, Vn=1.Chang minh rang:

y> =3z +1 Vn =0 (Canada-1998).
Bai 25: C4 bao nhiéu tam giac c6 d6 dai cac canh Ia cac s tu nhién khéng vuot qua 2n
(Macedonian — 1997).
Bai 26: Cho day so (u, )dugc xac dinh nhu sau: u, =u, =1vawu ,, =14u —u , VOi
Vn 2 1. Ching minh rang véi Vn > 0 thi 2a_ —1 1a mot s6 chinh phuong (Chen dgi

tuyén Romania 2002).
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KET LUAN - KIEN NGHI

Trai qua thuc tién giang day, noi dung lién quan dén chuyén dé véi sy gop y caa dong

nghiép van dung chuyén dé vao giang day da thu dugc mot sé két qua sau

1) Hoc sinh trung binh trd 18n ¢6 thé van dung mot s két qua co ban trong chuyén dé

VAo giai bai toan xac dinh CTTQ ctua mot s6 dang day sb ¢6 dang truy hoi dac biét.

2) Hoc sinh gioi c6 thé van dung cac két qua trong chuyén dé dé tham khao phuc vu

trong nhirng ki thi hoc sinh gioi cap Tinh va cip Qudc Gia.
3) Tao duoc sy hung thi cho hoc sinh khi hoc vé bai toan day sb.
4) Latai liéu tham khao cho hoc sinh va giao vién.
5) Qua dé tai gi4o vién cd thé xay dung céc bai toan vé day sb.
Bén canh nhitng két qua thu dugc, chuyén dé con mét s6 han ché sau:

1) Trong chuyén dé chua xay dung dugc phuong phap xac dinh CTTQ cua mot sb

day s6 ma céc hé sé trong cong thic truy hdi bién thién.

2) Chua dua vao mot sé phuong phap xac dinh CTTQ cua day s6 dua vao mot sb kién

thire lién quan dén Toan cao cap nhu phuong phap ham sinh...

Hy vong cac déng nghiép sé phat trién, ma rong va khic phuc mét sé han ché noi trén.
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