UBND TINH BAC NINH PE THI LAP PQI TUYEN

SO GIAO DUC VA PAO TAO THAM DU KY THI CHON HQC SINH GIOI
QUOC GIA THPT NAM HOQC 2026-2027
PE CHINH THU(| MBoén thi: TOAN
Thoi gian lam bai: 180 phit (khéng ké thoi gian giao dé)
(Pé thi c6 01 trang) Ngay thi: 15 thang 9 nam 2026

Cau 1. (5,0 diém) Cho day s6 (a,) xac dinh béi:

a=ack,
2

l_a *
+—=,VneN.
na,

an+l = an

a) V6i a =2, chimg minh rang day (a,) c6 gi6i han hiru han.

b) Vi a >0, ching minh ring i+L+---+i2n voimoi n>2, neN.

a, a, a,

Céu 2. (5,0 diém) Cho tam gidc ABC nhon (AB < AC) ndi tiép dudng tron (O) co
ba duong cao AD,BE,CF ddng quy tai H. Goi M 1a trung diém canh BC va P la
hinh chiéu vuéng goc ciia H 1én EF. Goi Q 1a giao diém cua EF va BC.
a) Goi R 1a giao diém thir hai cua dudng thing AP va duong tron (0) Ching minh
rang duong thang DR di qua diém d6i xtg clia 4 qua duong thang OM .
b) Goi G la trong tam tam giac ABC va X la tam duong tron ngoai ti€p tam giac
DMR. Ching minh rang duong thang XH vuodng goc véi OG .
Cau 3. (5,0 diém) Cho da thirc P(x)=4x’ —20x" +25x. Xét day cac da thic (P, (x))
xac dinh boi:

P(x), P, (x)=B(P,(x)) véimoi neN".
a) Véi P,(x)=P(x), xac dinh s6 nghiém thuc phan biét ciia P (x) theo n.
b) Véi B(x)=P(1-x)+8x> -9, goi a, 1a nghiém duong nhé nhét cua da thic P, (x)

2026
r,: X * J . M
v6i moi n € N . Chiing minh rang 7' = Zan >—.

n=l1
Céu 4. (5,0 diém) Cho hai diy sd (a,), (b,) xéac dinh nhu sau:
+a,,VvneNvab,=0,b=1,b,=2b

n+l

a,=la =1,a,,=2a,, +b,,VneN.

Ching minh rang, véi moi n e N” thi

a) a, + bn\/i =1+ \/5)" va cip sb a,,b, nguyén td cling nhau.

b) b“T” 1a s6 nguyén nhung khong 14 sé chinh phuong.

Thi sinh khong dugc s dung tai liéu. Can bg coi thi khong giai thich gi thém.
Hovaténthisinh: .......................ccccccvvvviiiiiiiinnnnnn, So baodanh: ................................



_UBND TINH BAC NINH HUGNG DAN CHAM DE THI LAP POI TUYEN
SO GIAO DUC VA PAO TAO THAM DU KY THI CHON HQC SINH GIOI

QUOC GIA THPT NAM HQC 2026-2027
Mon: TOAN
(ngay thi: 15/9/2026)

(Hudng dan chdm cé 06 trang)

Pap an

Piém

Cho diy s6 (a,) x4c dinh béi:

a,=ack,
2

I-a, ,VneN.

na

n

a) Voi a =2, chimg minh rang day (a,) c6 gioi han hiru han.

iy , oy 11 1 e
b) Vi a >0, ching minh rang —+—+---+—2>n véimoi n>2,neN.
a, a, a

n

5,0

l.a.v
(2,5 diém)

Taco a,=2,q, :i:l,% =§,a4 1
a, 2 4 10
Ta s€ chimg minh quy nap a, >1 vé1 mo1 n > 3.
That vay, gia sir ménh dé dung dén n=k.
Xeét n=k+1 taco

1 1 k—1Da, —1
4 =1=a, -1+ —(1-a)) = —D[l—;(ak +1)j=<ak R
k k k

Theo gia thiét quy nap thi a, >1> ﬁ,(k >3) nénsuyra a, , >1.

Do d6 ménh dé diing v&éi moi n>3.

1,0

Ta s€ chimg minh quy nap (a,) gidm tur a, tr¢ di. That vay, a, >a, > 1.
Gid s a, >a, >--->a, Tas€chimgminh g, >a

n+l*
1 > A
—a,=——(-a;)<0 nen a
na

n

Vay day (a,) gidm va bi chdn dudi nén ton tai €161 han hiru han.

That VaY’ an+1 n+l < an'

1,5

1.b.
(2,5 diém)

2
. —a a 1
Tacda, =a,+—L=a,—+—,n=1.

na n na

n n

T a,=a>0 vaquynapsuyra a, >0 vOi moi n>1.

0,5

1 a, a, 1 n—1 1
=a,+——-—"+Sa,,=la, " |+—a,, =—a, +—.

na, n n) na, n " na

Taco a

n+l
n

1 - . 2,
Suyra —=na,  —(n—1a, v61moi »n>1.Khi do

1 1 1
_+_+...+_
al aZ an

=a, +(2a,—a,)+(3a, —2a3)+--~+(nan+1 —(n—l)an)

=na

n+l*

0,5




Ta chung minh l+L+---+L2n vGimoi »>2 bang quy nap.
a, a, a
L 11 1
Voin=2,tacO —+—=a,+—>2.
a, a a,
Gia su i+L+---+L2n. Ta chung minh i+i+---+i+L2n+1.
a, a, a a, a, a, a

0,5

n n n+l
1

|
<lthi —+—+-+—+
a, a, a, a

n n+l
>1 thita co
1 1 1 1

_—t— e+ — 4 —
a, a, a, a

n n+l

Néu qa,, >n+l.

Néu qa,,

n+l n+l

n+l+L_(n I)anﬂ [ n+l+LJ>n_1+2=n+1'
a a

Viy theo quy nap ta c6 diéu phai chimg minh.

1,0

Cho tam giac ABC nhon (AB < AC) noi tiép duong tron (O) co ba duong
cao AD,BE,CF ddng quy tai H. Goi M 1a trung diém canh BC va P 1a
hinh chiéu vuéng goc ciia H 1én EF. Goi Q 1a giao diém cua EF va BC.
a) Goi R 1a giao diém thir hai cia dudng thing 4P va dudng tron (O).
Ching minh rang duong thang DR di qua diém ddi xtng ctia 4 qua dudng
thang OM. ’
b) Goi G la trong tdm tam gidc ABC va X la tam dudng tron ngoai tiép
tam giac DMR. Chimg minh rang duong thang XH vudng goc véi OG .

5,0

A A’

2'32
(2,0 diém)

Goi A' 1a diém ddi xing cia 4 qua dudng thing OM .
Tacé: LPRB=/ARB = ZACB = ZAFE = ZAFP

Suy ra tr gidc FPRB noi tiép. Khi d6 ta co: AP.AR = AB.AF = AH .AD.
Suy ra R nam trén dudng tron ngoai tlep tam giac PHD.

1,0

Chu y ring ZHPQO = ZHDQ =90° nén HQ 1a duong kinh ctia dudng tron
ngoai tiép tam giac PHD . .

Vay nam diem Q,P,H,D,R cung nam trén duong tron duong kinh HQ.
Khi d6 ta c6: ZRDQ = ZRPQ =180° — ZABR = ZAA'R

Két hop véi AA'||OD ta cd badiém R,D, A’ thang hang.

1,0

2




2.b.
(3,0 diém)

Goi N 1a trung diém A4’.
Khi d6 DMNA 1a hinh chir nhat, suy ra 44'=2DM .
, DM GM 1
Taco: —=——=—
AA' GA 2 7
Ma AA'|| OD nén theo dinh ly Thales dao ta c6 D,G, A4’ thang hang.
Két hop véi R,D, A’ théng hang, suy ra bon diém R,D,G, A’ théng hang.

0,5

Goi S # R 1a giao diém tht hai cia QR va dudng tron (O) ta co:
OR.OS = OB.OC = QE.QF = OD.OM.

Suy ra diém S nim trén dudng tron ngoai tiép tam giac DMR.
Khi d6 ta c6: ZRSM = ZRDQ = ZRA' A= ZRSA
Suy ra S nam trén duong thang AM , do d6 G nam trén MS.

1,0

Goi J 1a diém Miquel cua tr giac toan phan RDMS.OG , tacod J € OG va
XJ LOG . (1)

Lai c6 J nam trén dudng tron (ODR) hay J nam trén dudng tron dudong
kinh QH , suy ra ZQJH =90°. (2)

Tir (1) va (2) ta c6 ba diém X,J,H thang hang va XH 1 OG .

1,5

Cho da thitc P(x)=4x’ —20x" +25x . Xét ddy céc da thirc (P, (x)) xéc dinh
boi:

R(x), P,

n+l

(x)=PR(P,(x)) véimoi neN",
a) Voi P (x)=P(x),xac dinh s6 nghiém thuc phan biét cia P, (x) theo n.
b) Vo1 P, (x) = P(l—x)+8x2 —9, goi a, 1a nghiém duong nho nhét cua da

2026

n=1

5,0

3'32
(2,5 diém)

V6i P (x)=P(x)=4x" —20x" +25x.
X =

Tacod P(x)=0e 4x* —20x +25x =0 = x(2x-5) =0 &
x:

Djlwnm O

P'(x) =12x* —40x+25=0 <

Lap bang bién thién:

x 0

P'(x) + 0 -
P(x) 250 3

0,5




e

(x)=

ha = =
Tathay P,(x)=0< P(R(x))=0< P (x)

0
2 .
2
Tir bang bién thién suy ra B (x)= % ¢6 3 nghiém thyc phan biét thudc

khoang (0;3) déng thoi khic 0 va %

Suy ra P,(x)=0 co6 5 nghi¢ém phan biét.

Ta chimg minh quy nap rang: s6 nghiém thuc phan biét ctia phuong trinh
P,(x)=1t vé6i t€(0;3) bang 3", Vn21. (*)

That vay, nhu ‘Erén da c}}&ng minh, ménh dé (*) dng v61 n=1.

Gia st ménh dé dung dén n=+k.

B(x)=m
Xétn=k+1tacd P, (x)=t<|PF(x)=n VOi m,n,p phan biét thuoc
R(x)=p

khoang (0;3). Theo gia thiét quy nap mdi phuong trinh trén co 3*

nghiém thue phan biét nén phuong trinh £, (x)=¢ c6 3" nghiém

thue phan biét. Theo nguyén 1y quy nap, ménh dé diing véi moi n>1.

1,0

Goi 7, 1a s0 nghiém cta P,(x). Tacé 7, =2. 1,0
P (x) =0
Véin>=2,taco P(x)=0< P(P_(x))=0< 5.
P (x) = B
Ta thiy P_, (x)=0 c6 7, , nghi¢m phan biét.
Theo (*), phuong trinh P,_, (x) :% c6 3" nghiém thyc phan biét nén
T =T_+3"". Khidé
T =T ,+3"=T ,+3"7+3""'=...=T, +(3+32 +...+3"’1): 3 2+1 :
3.b. Véi B(x)=P(1-x)+8x* =9 =3x—4x". 0,5
2,5 diém) o
9

Néu [x]>1 thi |R (x)| = ‘x(4x2 —3)‘ >1 nén P, (x) khong c6 nghiém thoa
mén |x| > 1. Bing quy nap, ta suy ra |Pn (x)| >1 nén P,(x) khong co
nghiém thoa méan |x|>1.

T

Vi |x| <1, dat x =sint, ¢ e{——;—} .
2°2

Khi do B (x)=3sin¢—4sin’¢ =sin(3¢).
Bang quy nap, ta chirng minh dugc P (x) = sin(3"t )

Do d6 g(x):0@sin(3"r)=o@t:’;—f,kez.




Dore|-Z. 7| nen E<kF Z o 3 3
22 2 3 2 2 2

. A I S T
Do a, 1a nghi¢m duong nho nhat nén a, =sin—.
3}’[

s A . . ) X
Khao sat ham s0, ta chirng minh dugc sin x > E’VX € {0;

W[y

0,5

Khi d6 ta co:

2026 202620260 o o (2026 T 1 3
I'=>a =) sin|—|> =5 Pl el I e ol Rt
; n Z (3;1) Z 23;1 2 (Z 3n} 4 ( 32026) 4

n=1 n=1 n=1

0,5

Cho hai day s6 (a,), (b,) x4c dinh nhur sau:
»vneNvab =0b=1,
+b,VneN.

a,=l,a,=1,a,,=2a, +a
bn+2 = 2b

n+l

Chung minh rang, v6i moi n e N* thi

a) a,+b 2 =(1++2)" vacipsb a,,b nguyén t cung nhau.
b4n

b) - 1a s6 nguyén nhung khong 1a sé chinh phuong.

5,0

4'3‘9
(2,0 diém)

Xét phuong trinh dic trung cta diy truy hoi tuyén tinh cip 2:

x=1+2

X =2x-1=0< :
x=l—J§
Ap dung cong thirc s6 hang tong quat cho ting day, ta c6:
<1+\/§)n+(1—\/§)n (1+\/5)n—(1—\/§)n
a = ;b = .

n 2 n 2 \/5

Ta kiém tra ngay dugc dang thirc a +b, J2 = 1+ V2 )"

0,5

Taco:a,,, +bn+1\/§ =(1+x/§)n+1 =(1+\/§)(an +bn\/§).

0,5

Suyra a,,, +b,,v2 =(a, +2b,)+(a, +b,)N2.

n+l

Do (a,),(b,) 12 hai diy s6 nguyén nén suy ra: a,,, =a, +2b,, b, =a, +b,.

n? “n+l

0,5

Ta s& chimg minh quy nap: véi moi ne N, cip sb a,,b, nguyén t6 cling
nhau. (1)

Véi n=1,tacé (a;b)=1. Vay ménh dé (1) dung véi n=1.

Gia st ménh dé (1) dang v61 n =k, tac la: (ak;bk) =1.

Ta s& chirmg minh ménh dé (1) dtng v6i n=Fk +1.

Thét vay, ta co: (a,,;b,,,) =(a, +2b;a, +b,)=(a, +2b;:b,) =(a;:b,) =1.

Vay ménh dé (1) dang véi n=k +1.

Theo nguyén 1y quy nap ta suy ra ménh dé (1) dang véi moi ne N’ .

0,5




4.b.
(3,0 diém)

b (1+x5)4n—(1—\5)4n

Ta co: 2o =
2 42
[(Hﬁ)”’ +(1_ﬁ)2”} [(Hﬁ)z" _(1_ﬁ)“}
- 2 ' 22
=a,,b,,.

Do a,,,b,, 1a cac sO nguyén nén % 1a s6 nguyén.

0,5

Gia su % 14 s6 chinh phuong. Do % =a,,b,, va (a,,;b,,) =1(theo két 05
qu’é phan a) nén suy ra a,,,b,, cling d6ng thoi 1a cac sd chinh phuong. (¥)
Néu 7 chan ta co 1,0
R
2n 2
(2 41) () |22 (V2-1) w22 ) (21
Ay == 5
(ETAZIL, e 4]
a,, = +1= +1.
2 NG
. LR |
Khi dd a,, =m* +1 véi m = 5 eZ* nén a,, khong la so
chinh phuong.
Néu n 1é ta co ] 1,0
(\/§+1)2n +(\/§_1)2n
yn == B
(V2+1)" i(ﬁ—l)z"_ +2(V2+1) (V2 1) —2(v2+1) (V2 1)
Ay = B 5
(V) + (] [y ey |
_ |G (2
a,, = 3 -1= NG -1.
_ o (V2e) +(V2r) ,
Khid6 a,, =m® -1 v6i m = 7 € Z" nén a,, khong 1a so

chinh phuong.
Do d6, a,, khong 14 s6 chinh phuong v6i moi ne N', mau thuan véi (*).

Vay gia str sai hay [)“7" khong 14 s6 chinh phuong.

HET

6




UBND TINH BAC NINH PE THI LAP PQI TUYEN

SO GIAO DUC VA PAO TAO THAM DU’ KY THI CHON HQC SINH GIOI
) QUOC GIA THPT NAM HOC 2026-2027
PE CHINH THU(| MBoén thi: TOAN

(Pé thi c6 01 trang) Ngay thi: 16 thang 9 nam 2026

Céiu 5. (6,0 diém) Tim tit ca cac ham s6 f:R — R théa man

f(x+yf(x))+f(xy) :f(x)+f(2026y), Vx,yeR.
Céu 6. (7,0 diém) Cho tam gidc ABC nhon, khong cén ndi tiép dudng tron (O).
DPuong tron ndi tiép (I) cua tam giac ABC tiép xuc véi cac canh BC, CA, AB lan
luot tai D, E, F.Goi M, N lan luot 1a trung diém cua DE, DF .
a) Giao diém thr hai cua dudng tron ngoai tiép tam gidc BDM va dudng tron ngoai
tiép tam gidc CDN 1a K. Chimng minh rdng K ndm trén dudng tron (7).
b) Goi P la giao diém thir hai ctia duong tron ngoai tiép tam giac BDM va duong
tron (0), O la giao diém tht hai cia dudng tron ngoai tiép tam gidac CDN va dudng
tron (O). Ching minh rang bon diém P,Q,M,N cing thudc mot dudng tron.
Cau 7. (7,0 diém) Mot dan dén LED dang ludi tam gidc
déu ABC c¢o canh bang n (véi neN",ni4) dugc chia
thanh cac tam giac déu co canh bang 1, mdi nut cta ludi
c6 mdt bong dén (tham khao hinh v€). Moi dén co6 hai
trang thai: bat va tat. Ban dau, tat ca cac den déu ¢ trang
thai tat. Ki hiéu X,,Y,Z, la ciac duong thiang lan luot ,

n=4

song song hodc trung voi BC, AB, AC chua ding i dén
(i=1,2,...,n+1). Véi mdi thao tic, ngudi ta tac dong vao mot trong cac duong thang
X;,Y,,Z, lam cho trang thai cua tit ca cac dén nam trén d6 thay do6i: dén dang tat s&
bat, dén dang bat s& tat.

a) Chimg minh rang di€u kién cén va du d€ ba duong thang X,Y,,Z, cung di qua mot
denla i+ j+k=2n+3.

b) T trang thai ban d4u, hay chi ra mot day thao tac trong d6 s lan tic dong vao mdi
duong thang X,,Y,,Z, nhiéu nhat bang 1, dong thoi mdi nhom (X,,.., X ,.,), (¥,...Y,,,)
va (Zl,...,ZnH) déu co it nhat mot dudng thang dugc tic dong, dé sau diy thao tac
nay tat ca cac dén déu tat.

¢) Voi mbi trang thai H co thé xdy ra cua dan dén LED, goi S(H ) 1a s6 thao tac it

nhét can thuc hién dé taora H tir trang thai ban dau. Tim gia tri 1on nhét cta s (H )

Thi sinh khong duoc sur dung tai lieu. Can b coi thi khong giai thich gi thém.
Hovaténthisinh: .......................ccccccvvviiiiiiiiiiinnnnn, So baodanh: ................................

Thoi gian lam bai: 180 phit (khéng ké thoi gian giao dé)



_UBND TINH BAC NINH HUGNG DAN CHAM DE THI LAP POI TUYEN
SO GIAO DUC VA PAO TAO THAM DU KY THI CHON HQC SINH GIOI

QUOC GIA THPT NAM HQC 2026-2027
Mon: TOAN
(ngay thi: 16/9/2026)

(Hudng dan cham cé 07 trang)

Loi giai

Piem

Tim tat ca cic ham s6 f :R — R théa man

f(x+yf(x))+f(xy) = f(x)+/(2026y), Vx,yeR. (1)

6,0

Gia sir ton tai ham s& / thoa man (1). Pat ¢ = 2026.

Thay x = ¢ vao (1) taduoc f(c+yf(c))=f(c),VyeR. (2)

*)Néu f(c)=k=0 thitr(2)suyra f(c+ky)=k,Vy R nén
f(x)=k,k =0.Mat khéc ta thay f(x)=0 théa man, nén thir lai f(x) 1a
ham hang bat ki thoa man.

1,5

*)Néu f(c)=0.Tasétim f(x) khac ham hing.

bat Sz{ae]R:f(a):O}.Tathéy ceSnén S=J.

- THI: |S|=1. Thay y =1 vao (1)tacé f(x+ f(x))=f(c)=0,VxeR,

Do d6 x+ f(x)=c=2026, VxeR.Suyra f(x)=2026-x,VxeR. Thi lai

thoa man.

1,5

- TH2: |S|>1.
Thay x=a €S vao (1) taduge f(ay)=f(cy),VyeR,VaeS. (4)

Lay a=beS . Thay x = ax, vao (1), ta co:
f(ax0 +yf(ax0)) = f(ax0)+f(cy)—f(ax0y)
= f(axo +yf(cx0)) = f(cx0)+f(cy)—f(cxoy)
Thay x = bx, vao (1), ta du'Q’Cf(be +yf(cx0)) = f(exy)+ f(ev)— 1 (exop)
Suy ra f(axo +yf(cxo)) = f(bxo +yf(cx0)).
Chon T = (b—a)xo ta co f(ax0 +yf(cx0)) :f(axo +yf(cx0)+T).

1,5

+)Néu S # R thi ton tai x, # 0 sao cho f(cxo) #0.
Suyra f(y)=f(y+T),¥yeR.Thay x=T vao (1) ta c6

ST+ (1)) + f (1) = £ (T)+ S ()= 1 (3 (0))+ S (Ty) = £ (0) + f ().
Vi f(0)eS nén (3 (0))=r(cy)-

Suyra f(Ty)=f(0),Vy € R. (Mau thuin)

{a, khi x=0

+)Néu S =R’ thi de kiém tra f(x)= 0 hix=0
, KNI x #

(a #0) thoa man.

PO a, khi x=0
Keét luan: f(x)= 0 Fhix0

f(x) =2026-x,VxeR.

(a#0) hodc f(x) la ham hing hodc

1,5




Cho tam gidc ABC nhon, khong can ndi tiép duong tron (0) Duong tron
noi tiép (/) cua tam giac ABC tiép xtc v6i cac canh BC, CA, AB lan luot tai
D,E,F.Goi M,N lan luot 13 trung diém cta DE, DF .

a) Giao giiém thtr hai coa dudng tron ngoai tiép tam giac BDM va duong tron
ngoai tiep tam giac CDN la K. Ching minh rang K nam trén duong tron
(7)-

b) Goi P 14 giao diém tha hai cua duong tron ngoai tiép tam gidc BDM va
duong tron (0), O la giao diém thir hai cua dudng tron ngoai tiép tam gidc
CDN va duong tron (O). Ching minh rang bon diém P,Q,M,N cung thudc
mot duong tron.

7,0

6.a.”
(3,0 diem)

Ki hiéu (UVT) 1a dudng tron ngoai tiép tam gidc UVT .
Goi D’ 1a giao diém cua EF va BC, X 1atrung diém cta doan thang DD’ .
Taco (D'DBC)=—1nén XD = XB.XC.

0,5

Goi I'' 1a duong tron tam X, duong kinh DD’ .

Dinh nghia lai K 13 giao diém thir hai ctia duong tron I' va dudng tron (I ) .
Do XK = XD = XB.XC nén XK la tiép tuyén chung tai K cta hai duong
tron (1) va (BKC).

1,0

Goi B',C' lan luot la giao diém thir hai cua AC, AB va duong tron (BKC )
Khi d6 duong tron (1) tiép xtic véi dudng tron (BKC) tai K dong thoi tiép
xuc voi cac day CB,CB’ cua duong tron (BKC ) lan luot tai D,E .

Suy ra KD,KE lan luot 1a phan giac cuia ZBKC,/CKB'.

0,5

Lai c6 KC 14 dudng dbi trung tir dinh K ctia ADKE nén ta c6:
ZBKC+ /ZCKB' ZBKB'
5 =
Suy ra tir gisc BKMD ndi tiép, hay K e (BDM), chirng minh tuong ti ta co

K € (CDN).

ZBKM = ZBKD + ZDKM = =/CDM

1,0




6.b.
(4,0 diem)

Ta s& chimg minh ba diém P,Q, X thang hang.
That vy, xét ba dudng tron (O),(BDM ),(CDN) c6 cac truc dang phuong
BP,CO,DK ddng quy hodc d6i mot song song.

0,5

+ Truong hop 1: Ba dudng thang BP,CQO,DK dong quy tai mot diém, goi
diemdo 1a R.

Goi / 1 tryc ddng phuong ctia hai dudng tron (1) va (0). Ta cé:

P =RBRP=RKRD=P, = Rel=R=INDK

Lai ¢o: Py, = XBXC=XD =P, , = X el

Goi ¥ va Z la céc giao diém cua hai duong tron (O) va T.

Xét ba duong tron (1), (O) va I ta c6 ba truc dang phuong YZ,KD va |
dong quy tai R. Khidé R thudc YZ 1a duong dbi cuc cua X doi véi (O).

1,0

Vi R thudc dudng ddi cuc clia X doi véi (O) nén theo dinh 1y La Hire thi
X thudc dudng doi cuc clia R d6i véi (0). Vay X la giao diem cua BC va
duong déi cuc cua R déi véi (O).

Ma BC,PQ va dudng doi cuc ciia R doi véi (O) dong quy nén ba diém
X,P,Q thang hang.

1,0




+ Truong hop 2: Ba dudng thang BP,CQO,DK d6i mot song song. 0,5
Khi do cac ta gidc BPKD,DKQC,BPQC 1a céc hinh thang can c6 cac day
BP,DK,CQ.
Suy ra cac diém P,K ,0 lan luot doi xung voi cac diém B,D,C qua duong
trung tryc cua doan DK . 7 i
Ma X nam trén duong trung tryc cia DK va ba diém X,B,C thang hang
nén ba diém X,P,Q thang hang.
Do X 1a trung diém DD’ nén X,N,M thiang hang. Mit khéc, tt giac 1,0
BNMC ni tiép do INIB=1ID = IM IC.
Khi d6 ta c6: XP.XO = XB.XC = XM .XN.
Suy ra bon diém P,Q,M,N nim trén mot dudng tron. (dpem)
7 Mot dan dén LED dang lu6i tam giac déu ABC 7,0

c6 canh bang n (v6i neN',ni4) dugc chia
thanh cac tam giac déu c6 canh bang 1, mdi nat
cua ludi c6 mot bong den (tham khao hmh vE).
M01 den co hai trang thai: bat va tat Ban dau,
tit ca cac dén déu & trang thai tit. Ki hiéu s
X,,Y,Z, 1 cic dudng thang 1an luot song song
hoidc trung véi BC, AB, AC chita ding i dén (i=12,...,n+1). Voi mdi
thao tac, nguoi ta tac dong vao mot trong cac duong thang X i»Y;»Z, lam cho
trang thai cua tat ca cac dén nam trén dé thay ddi: dén dang tit s& bat, dén
dang bat s& tat. . . 7 ?
a) Chung minh rang di€u kién can va du dé ba duong thang X,,Y,,Z, cung di
quamotdenla i+ j+k =2n+3.
b) Tu trang thai ban dau, hay chi ra mot day thao tac trong do s6 lan tac dong
vao moi dudng thang X,Y,,Z, nhiéu nhat bang 1, dong thoi mdi nhém
(X X,0), (% Yo) va (Z,,.,Z,,,) déu c6 it nhat mot dudng thang
duoc tic dong, dé sau diy thao tic ndy tat ca cac dén déu tat.
¢) Vi mdi trang thdi H c6 thé xdy ra cua dan dén LED, goi s(H ) 1a s6 thao
tac it nhat can thuc hién dé tao ra H t trang thai ban dau. Tim gia tri 16n
nhat cua s(H).

7.a. Goi khoang cach tir vi tri dén led P bét ki dén ba canh AB, AC, BC lan luot 1,0

@0 diem) | 13 4 (P).d,.(P).dy(P).

*) Chitng minh chiéu thuin:
Gia str ba duong thang X,Y,,Z, cung di qua mot den led P. Ta c6

dye(P)= & 2 2

11y (P) =S (n+ 1= )i o (P) =5 (n 1=K

Ma tong khoang cach tir mgt diém nam trén ludi téi ba canh ctia tam giac

N

ludn biang n=- Tu dé suy ra

V3 V3 V3

T(n+1—i)+7(n+l—j)+7(n+l—k)=n§<:>i+j+k:2n+3

4




*) Chitng minh chiéu dao:

Gid sir 6 ba chi s6 7, j,k €{1,2,...,n+1} théaman i+ j+k=2n+3.

Xét hai duong thdng X, va Y, ct nhau tai duy nhat mot diém P.
3 A3

dBC(P)z(n+1—l)7; dAB(P)z(n+1—])7

kSn+1:>(i+j)2n+2:>a’BC(P)+dAB(P):(2n+2—(i+j))§Sn£

Suy ra diém P ndm trén ludi tam giac déu. Khi do:

V3 V3

dAC(P)=n7—(n+l—i)7—(n+l—j)g

(i+j-n-2)

=[(2n+3-k)- —2]-: +1—k)£.
\ 2\
Suy ra P nam trén duong thang Z,. Do d6, X i»Y;,Z, dong quy tai ding mot
denled P.

1,0

7.b.
(1,0 diém)

Ta chi ra mot diy thao tic thoa min 1 tic dong vao tat ca cac duong
Xys YorsZ,,, VO1 1<2m <n+1 va khong tdc dong vao cac duong con lai.

ams Lo
Khi d6 véi mdi dén P bét ki ton tai duy nhét bo ba duong théng XY, Z,
cung di qua P thoamén i+ j+k =2n+3. Do 2n+3 14 sd 1&, nén trong ba s6
i,j,k co2 s6 chin, 1 sb 1é hoac 3 s6 1&. Theo cach thao tac & trén, thi dén P
duoc tac dong dung hai lan hodc khong dugc tac dong 1an nao. Do do trang
thai dén P van la tat.

1,0

7.c.
(4,0 diém)

Do ta céq tim s 1an tac dong it nhat va néu ta tac dong hai lan trén cung mot
duong thang thi trang thai cta cac dén khong thay d6i nén ta co thé biéu dien
tat ca céac to hop thao tac dudi dang bd
(a17a2’ n+1’bl’b2’ bn+l’cl9c29""cn+l)’

trong d6 mdi phan tir a,,b.,c, twong ng véi thao tic dugc thuc hién trén cac
duong thang X,,Y,,Z ; nhan gia tri 0 (khong dugc tac dong) hodc 1 (duoc tac
dong).

Goi 4 1a tap hop tat cd cac bd (a,,a,,...,a

Khi do [4]=2""".

b.,b,,....b

a,.1» n+1’cl’02""’cn+l)'

0,5

Goi B 1a tap hop tit ca cac trang thai ciia dan dén LED, trong d6 mdi trang
(n+1)(n+2)
2
phan tir (d,,d,,...,d, ), trong d6 mdi phan tir bdng 0 hogc 1 (twong tng dén

tit hoic bat).
Xétéanhxa f:4—> B véi f(x) 1a phan tir thudc B thu dugc sau khi thyuc
hién x. Tu day, ta quy uoc phep cong hai phan tir trong A4 hogc trong B duoc

tinh trén timg cip sb & vi tri trong tmg cta hai phan tr d6 va duoc tinh theo
modulo 2 (tac1a 1+41=0+0=0, 0+1=1+0=1).

Tathiy f(x+x')=f(x)+f(x') véimoi x,x'e 4.

thai cua dan dén LED trong B dugc mo ta bﬁng mot bo N =

0,5

5




*) Goi K 1a tap hop tat ca cac x € 4 sao cho f(x) la trang thai tat ca cac 1,0
den déu tat. D€ thay tam phan tir sau day thudc K :
((0,0,...,0),(0, 0,...,0),(0,0,...,0)):id
((0,0,-,0),(LL...1), (L L. 1)) = a
((LL.1) ,(1,1, ) (0,0....,0))=b
((11,...,1),(0,0,...,0), (1,1, L1))=a+b
((0,1,0,1,...),(0,1,0,1,...),(0,1,0,1,...)) = ¢
((0,1,0,1,...),(1,0,1,0,...),(1,0,1,0,...)) =a+c
((1,0,1,0,.. ) (1,0,1,0,...),(0,1,0,1,...)) =b+c
((1,0,1,0,...),(0,1,0,1,...),(1,0,1,0,...) ) =a+b+c
Ta s& chang minh tdp K c6 ding 8 phan ti. 1,0
Gid st L=((a,,a55.--,,,1)-(Bbyse 10,0 )5(€1:C0e 06, ) ) thude K.
Khido a,+b,+¢, =0 voi i+ j+k=2n+3. Bang cach cong thém a hoidc b
néu can thiét, ta co thé gia surang b,,, =c,,, =0. Vi
a,+b +c,, =a,+b, +c,=0,tacod b =c,. Co hai truong hop:
(@ b,=c,=0.Khidotr a,+b, ,+c,,, =a,+b,+c,=a,+b,, +c, ,,suyra
b, ,=c, , =0.Tuong tu ta thay tat ca cac phan tu b, va ¢, déu bang 0, tir d6
suyra L =1d.
(b) b,=c,=1.Khidotr a,+b,,+c,,,=a,+b,+c,=a,+b,, +c,  ,suyra
b, =c,,=0.Lam tuong ty ta thu duoc (b,b,,....5,,,) = (¢,,¢5,....C,. )
=(...,1,0,1,0),trd6 suyra L =c hoac L=a+c.
Do d6 L 1a mot trong tdm phan tir duoc liét ké ¢ trén.
Nhu vay, véi moi x € 4 ton tai dang 7 phﬁn tr x' khac thudc tap A4 théa | 1,0

min f(x)= f(x"). Do dé, ta c6 thé phan hoach 2" phan tir cia A4 thanh

2*" tap con, mdi tip twong tmg duy nhét véi mot phan tir cua B.

*) Xét mdi tap con S chira 8 phan tir nhu trén:

V6i mdi phan tir xS, goi x, la sO lugng cac phan tir a,,a,,... bang 1, va

gol x, la s lugng cac phan tir ay,d,,... bang 1. Pinh nghia twong tu

V1> V52,2, cho ddy b, va c,. Khi d6, so thao tac twong ing x 13
T(x)=x+x,+y,+y,+z +2z,.

Pit n=4k . Xét x € S dé T(x) dat gia tri nho nhét.




Déthéyx+a,x+b,x+c,x+(a+b),x+(a+c),x+(b+c),x+(a+b+c)eS.
Ta co:
T(x+a)=x+x,+(n+1=y, —y,)+(n+1-z —z,)
2T(x)=x+Xx,+y,+y,+z+z,
=>n+lzy +y,+z +z,.
Lam twong twta c6:  x,+x,+z, +z, <n+L x,+x,+y,+y,<n+l;
X, +y,+z,<3k; (1)
X +y +z,<3k+1; X+ +z,23k+1;, x+y,+z <3k+1  (2)

Cong vé voi vé ciia bon bat ding thirc trong (1), (2) rdi chia cho 4, ta dugc
T<6k+1.

Dau “="xayra khi x, =x, =y, =y, =z, =k va z, =k +1.

HET
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