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TiCH PHAN VA UNG DUNG

Dang Thanh Nam
Auditing 51a, National economics University, Ha Noi, Viet Nam

Email : dangnamneu@gmail.com

Yahoo: changtraipkt
Mobile: 0976266202

Céc bai toan tich phan trong dé thi TSPH dugc danh gia 1a bai toan quan trong, luén xuét hién
dudi dang tinh tich phan truc tiép hodc 1a xac dinh dién tich, thé tich gi¢i han boi cac duong
cong.

Dé lam tét dang todn nay hoc sinh nén lwu y nhé va van dung linh hoat cong thirc cac nguyén
ham co ban, cach xac dinh cong thie tinh thé tich va dién tich gigi han boi cac duong cong.

Hai phuong phép co ban duoc sir dung xuyén sudt cho cac bai toan tich phan 1a doi bién va tich

phan ting phan( thuong la két hop ca 2 phuong phap nay).

KIEN THUC CAN NHO

Khai niém nguyén ham ciaa mot ham sb:

Ham sé f(x) xac dinh va lién tuc trén khoang D

Ham sé F(x) duoc goi la mot nguyén ham cua f(x)néu F'(x) = f(x),Vxe D

Va nguyén ham cua f (x) duoc xac dinh theo cong thirc, thyc chit day chi 1a ky hiéu caa nguyén
ham cta mot ham sé:

F(X) = j f (x)dx

Dé tim nguyén ham caa mot ham sb chdng ta dua vao nguyén ham ciia mot s6 ham co ban:

Nguyén ham cua mot s6 ham co ban:

a+l

jx“dx: X +c,a#-1
a+1
dx
j—=|n|x|+c
X

jcosxdx=sinx+c

450
Dang Thanh Nam
Auditing 51a, National economics University, Ha Noi, Viet Nam



TiCH PHAN VA UNG DUNG

jsin XdX = COS X +C

sin x
jtan xdx = _[—dx_—ln|cosx|+c
COS X
[ i
jcotxdx _[ In|smx|+c
sin x
dx -a
jz 2=—In +c
X°—a 2a |Xx+a

dx
j =In‘x+\/x2+a‘+c
Vx*+a

Khai niém tich phan cia mét ham sé:

Tich phan cua mot ham sé f (X) duge xac dinh trén mot doan [a,b]la gid tri cua F(b)—F(a) va

b
duoc ky hiu 1 j f (x)dx = F(b) - F(a)

MOT SO BAI TOAN CO BAN

Duéi ddy sé trinh bay mot s6 bai toan co ban nhat cua tich phan, cach thic tién hanh 13 dua biéu

thire dudi dau tich phan vé dang j f (u)du .

1
Bai 1. Tinh tich phan I = [(2x—-1)(x—1)" dx
0

Lol giai:
1 1
Tach I:I(Zx—l)(x 1)1°°d I(Z(x l)+l)(x 1)1°°dx 2.[ X— 11°1dx+j X — 1100d
0

0

451
Dang Thanh Nam
Auditing 51a, National economics University, Ha Noi, Viet Nam




TiCH PHAN VA UNG DUNG

1 152

1 1 l 1
5 101 1oo _i ) _ .
'([( +'(|; 51(X ) 0 5151

100
0+ﬁ(x— )

0
Bai 2. Tinh tich phan | = j X~/2X +1dx
-1

Loi gidi:
¢ ¢ (2x+1)- 1 ¢ 3 1@ 1
Taco | = 2X+1dx == | (2x+1)2 dx—— | (2x+1)2 dx
T i e
2 2
1% 1% L 1 5 |° 1 3 -1
4.[1 (2x+1) 2d (2x+1) - ZJ;(Z)H_l)Zd(2X+1):E(2X+1)2 __1—6(2x+1)5__1:1—5.
2 2
1 .4
Bai 3. Tinh tich phan | = [ X"y
o X+1
Loi gidi:
1 .4 1 .4 1
Ta co Izjx Jr5dx=J'X _1+6dx='|.[(x—l)(x2+1)+i}dx
o X+1 o X+1 5 X+1
1 1 2
:j(x?’—x2+x—l)+ O | Iyl Xy 1+6In|x+]4 !
) Ix+1 (4”37 2 7)o
Bai 4. Tinh tich phan 1 = [ S
' x+1+x-1
Loi gidi:
dx 1 1 3
Tacd | = | —————==|(VX+1 VX~ Xx+1 x-1) +¢
j\/x+1+x/x—1 ZI( ) ( ) 3( )
o . 11 x+e
Bai 5. Tinh tichphan | = | ,[—+ ———d
ai 5. Tinh tich phan .1[ e
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Taco I—H 2 ] dx= _ exjdxz(\/;_ex)f_

5
Bai 6. Tinh tich phan 1 = [ ————dx
1-sinx
Loi gidi:
) X cos’X 1 sin® x ]
Taco | —j cos’ —j )dx:J0053x(1+S|n x)dx
1-sinx 1 sin x

= jcosSde+Icos3xsin Xdx = j(l—sinz x)d (sinx) —fcosfxd (cosx)

T A
=SINX——SIN" X——CO0S X+C.
3 4

X.

X sin x+(x+1)cosxd

H
Bai 7.Tinh tich phan | = j :
5 XSinX+cosx

Loi giai:
3 4 (yei 4 4
i Xsin X + x+1 COS X XSIN X+ COS X ) + X COS X X COS X
Ta c¢o I dx:j( - ) dx:'[dx+_[_—dx
5 XSINX+CosX 0 XSin X + €0S X 0 5 XSin X+ Cos X
T = ) -
= td(xsinx+cosx) 7z _ Zoor r+42
— X 4+I : == +In|xsin x+cos x|| 4 == +In——=.
5 XSINX+COS X 4 4
0 0
.. L . tan® x
Bai 8. Tinh tich phan | :j dx.
C0S2X
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Loi giai:

tan® x dx—j tan® x tan® x dx _J- tan® x
1—-tan’ x

Taco | :ICOSZX cos’x —sin’ XOI :Jcoszx(l—tanzx) B

d(tan x)

tan x tan x
- (m—tan xjd (tan x) :de (tan x)—jtan xd (tan x)

—1 .d(1-tan*x
1 (—z)—itanzx:—lln‘l—tanzx‘—itanzx+c.
27 1-tan"x 2 2 2

2
Bai 9. Tinh tich phan | = | min(x?,&)dx.
0

Loi gidi:
Xét xz—\/;20<:>\/§(x\/;—1)20c>x21.

Vay v6i0<x<1= min(xz,\/;): X2

Voi 1< x<2= min(xz,&)zﬁ.

Vay | :.Z[min(xz,\/;)dx:j'min(xz,\/;)dx+_|2'min(x2,\/§)dx

1 2 ]2 4J2-1
N .
3

1 2
1
= x%dx+ [Vxdx == X3 +=x
l ! 37 |0 1 3

[N

4
Bai 10. Tinh tich phan | = j min (tan x, x) dx.

4

N =

Loi gidi:

Xét ham sé f(x) =tan x—x trén doan [—%%}
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1

cos’X

Taco f'(x)= ~1>0,Vxe [—%;ﬂ — f(x)1a ham s ddng bién trén doan [—%;ﬂ.
Tacd f(0)=0.Tw do suyra

f(x)< f(O):O,XG[—%;O}@tanxgx,XG[—%;O}:min(tan X, X) = tan X,X€|:—%;O:|

f(x)> f(O)ZO,Xe[O;%} < tanx > x,x{o;%}: min(tan x, ) =X,XE[O;%}.

T

0

4
Vay | = j min (tan x, x) dx = f min (tan x, x)dx+J'min(tan X, X) dx
0

SN

a
4

&N

T o 2 0 2
xdlx = L x 4 + Jﬂdx:”——ln|cosx| - :”—+In£.
2 0 32 -— 32 2

tan xdx +

Il
—, o
O | Y

&N

2
Bai 11. Tinh tich phan | = [ x|L—x|dx.

0

Loi gidi:

V6i 0<x<1=1-x>0=[1-X =1-x.

V6i 1< x<2=1-x<0=[1-x=x-1.
2 1

2
Vay | :Ix|l—x|dx:jx(l—x)dx+jx(x—l)dx
1

0 0

1 2
:(lxz—lxsj +(Ex3—1x2J =1
2 3 )0 \3 2 )
U 2% —x
Bai 12. Tinh tich phan I:j 5 dx.
o X°+3
L o1 Qi ai:
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X=X p X 3 Loopk L
XétK:—j ——dx=— (1— ——— jdx:—jdx+—j > +_|' — dX
X“+3 0 X“+3 X +3 5 29 X°4+3 X +3

bat x:\/§tant:>dx=\/§i2t;x:0:>t:0;x=1:>t=%.
COS

g
Khi d6 K=—1+llnf+d§jdt_—1 Iind, @.
2 3 % 2 3 6
3,2
Tuong tu: L= Ixz dx —2——InS—ECZ
+3 2 6

1

Vay | =K+L:1+In§.

1.2 X 2
Bai 13. Tinh tich phan | = [ 2= *2X¢
o 1+2e

Loi giai:

Taco | :j
1+2¢* 1+2¢e*

Ly? ye* 4 2x%e’  bxX°(1+2¢%)+e”
dx:j
0 0

1 1 X
dx=jx2dx+j € dxx
) o 1+2e

1 Ld(1+2e JlL
Ll (—)—1 Lin =E+£In(1+2e)—lln3.
3 10 29 1+2¢° 3 2 0 3 2 2
. o . [ In xdx
Bai 14. Tinh tich phan I:I :
1x(\/2+lnx+\/2—lnx)
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Loi giai:

Daitt:Inx:>dt:%;x:lzﬂzo;x:e:tzl
X

V2 +t- J_ i
Vayl—jﬂ+F j{ 2 ]dt_—!(\/ﬁ—\/ﬂ)dt

1 sl 1 3 (L 1 4
=—4/(2+1 +—4/(2-t =V3+Z+242
3 (2+1) 0 3 (2-1) 0 V3 3 3
Bai 15. Tinh tich phan | = X ~dx,(neN’)
Tex+ o+ Xy X
21 3! n!

Loi gidi:
2 3 n 2 3 n-1
bat f (x) = —lex+ i X +X—:>f (X)) = A f . (X)
21 3! n! 21 3! (n-1)!
ni(f (x)-f _ (x '
Vﬁy I =J ( n( ) n—l( ) |I I 1(X) |I fn(X) dx
f (x) f (%)
2 3 n
=n!x—nlin fn(x)+C:n!x—n!ln[1+x+X—+X—+...+X—j+C
21 3! n!
h dx
Bai 16. Tinh tich phan | = .
I11+x+x2+\/x“+3x2+1
Loi gidi:
Tacél—l (L4 x4+ ) =X +3%* +1 J-1+x+x J-\/x4+3x2+1dx
71(1+x+x2) —(x4+3x2+1 2x(1+xF) Y 2x(1+ %)
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T
Xét tich phan M =I 1+X+X I _ 1 k=l In|x|l rarctant|? |=Z.
2x l+x 2x 1+x) 2 -1 x| 4
4

1 / 4 2
Nz.[wdx,datx=—t:>dx:—dt;x=1:>t=—];x=—1:>t:1.

% 2x(1+x2)

—t 3 1 [ia 2
Khido N = j\/ - 2 ) =[Sy oo
1 2(—)(1+(—)) b 2t(l+t )

V4
Vay I =M —N=—.
ay 4

1
Bai 17. Tinh tich phan | = | dx

0 (l+ x”)\”/1+ X"

Loi gidi:

dx _ I dx J~ X "dx

(1+ x”)\”/1+ X"

Ta céj

1
!
Tir do suyra | :(1+inj L
X

0 2

Binh luin: ¢ vi du niy ta khong truc tiép tinh | ludn, bai phép bién ddi trén khong thé thyc hién

véi moi X € [0,1] nén thong qua nguyén ham sau do tinh tich phan sau( k¥ thuét gidu can).
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COS X +Sin X

Bai 18. Tinh tich phan | - -
(e*sm x+1)3|n X

dx

Il
Oy | N

e

Loi gidi:

COS X +Sin X
(eX sin x+1)sin X

) .
Tach | e (_cosx+sm>_<) i
(exsmx+1)exsmx

Il
Oy N
O N —ro [N

. . 1=z z
Dit t:exsmx:>dt=ex(smXJrcosx)dx;x:%:ﬂ:EeG;x=£:t:e2

2
oz e 2
vay I = | dx=In|—]|, . == e 2
le%t(t+1) t+ Eeg 3 1 a2 41
2

2 (x*+2)e” +x° (1-e*) e

Bai 19. Tinh tich phan | = j dx

. e” —e*+1
Loi gidi:
n2 X2 er_ex +1 +2€2X—ex In2 In2 2 2X _ AX
Ta co I:j ( = 2 dX=J.X2dX+I%dX
. e —e*+1 5 , €7 —e"+1
1 .|In2 In2 In®2
==X —In‘ezx—ex+1‘ =2+
3 0 3
xdx

—

Bai 20. Tinh tich phéan | =

0 \/1+x2 +(«/1+7)3 |
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Loi gidi:

Taco | =J2-1

_1 X 1 _1 1 - : )
i i b e b

e 2
Bai 21. Tinh tich phan 1 = j( Inx )dx
1\2+InXx

Loi giai

I:J- L 4Inx+42 dx=j 1_4(Inx+2)—4x(|2nx+2) i
1 (Inx+2) 1 (Inx+2)
‘ ( 4x j ( Ax )e e

:Id X— =| X— =1-—
] Inx+2 Inx+2)j1 3

BAI TAP PE NGHI

Bai L. Tinh tich phan 1 = [ x(1-x)" dx

O e

Bai 2. Tinh tich phan 1 = [(2x+1)(x-1)" dx

I
O ey

0

Bai 3. Tinh tich phan | = I(x—l)z(x+1)loodx
-1
0

Bai 4. Tinh tich phan | = .[(3x+4)\/2x+1dx

-1

2

0
Bai 5. Tinh tich phan | = J‘(x—l)2 v X+1dx

-1

Bai 6. Tinh tich phan | = sz \xz —de
0
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Bai 7. Tinh tich phan | =

O v [ Y

(COS?’X—l)Sinz xdx

T

2
Bai 8. Tinh tich phan 1 :jmax(sin X, 0s X ) dx
0

2xcosx+(x—2)sinxd

Ot~ [N

Bai 9. Tinh tich phéan | = - X
X COS X —Sin X
. o X L x? 1+e ‘et
Bai 10.Tinh tich phéan | = j dx
5 1+e
"¢ 2e*+3
Bai 11. Tinh tich phan 1 = [ - —=—=—
o e +2e7+3

xe* (4+4(sin X +C0S X) +sin 2x)

Bai 12. Tinh tich phéan | = dx

O 0 [N

(1+cosx)’

Bai 13. Tinh tich phan | =

N [N

min (tan x+ 2sin x,3x) dx.

NN

Bai 14. Tinh tich phan |

: Xz
j max| e* +cos x,2+ X —— |dx.
0 2

Bai 15. Tinh tich phan |

jlnx 2+Inx
1

2 In[(x+1)”1(x+2)x+2}

Bai 16. Tinh tich phan | = dx.
P . (x+1)(x+2)
\ - . . A 3 21 X
Bai 17. Tinh tich phan | = j e dx
0 x2+1
Bai 18. Tinh tich phan | = | X dx.
Jx2 +1c0s* VX2 +1
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X2011
Bai 19. Tinh tich phan | = | de
1+Xx

In5
Bai 20. Tinh tich phan 1 = | ax

2 (1067 ~1)e* -1

dx
14 —x(x+1)

0

Bai 21. Tinh tich phan | = j -
1
2

dx
COS 2X 4+ Sin X~/sin X +\/S|n X + C0S° 2X

i
Bai 22. Tinh tich phan 1 = |
i

i
Bai 23. Tinh tich phan | = [ ———*—dx.
~ sin xsin(x+)
e 4
‘ dx
Bai 24. Tinh tich phan | =
P ~1[x(x2012 +1)
3In2
Bai 25. Tinh tich phan | = o
0 (3 e” +1)
In3 2x
. e e~ dx
Bai 26. Tinh tich phan | =
InzeX _1+ \jeX—Z
Bai 27. Tinh tich phan 1 = j 204 x-1y

0

Bai 28. Tinh tich phan |

»—u._.o—‘

(\/x+2\/_1 +\/x 2\/_1)

sin x, /sin2 x+%dx

Bai 29. Tinh tich phan |

Il
O N [N
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T

2
Bai 30. Tinh tich phan | = IR"/l—cosS X sin xcos® xdx
0

xdx

X2 +1++/x2+1

1
Bai 32. Tinh tich phan | = [~ dx
X
0

1
Bai 31. Tinh tich phan | = |
0

Bai 33. Tinh tich phan | = j (4dx
X
0

Bai 34. Tinh tich phéan | =

1
‘. e A dx
Bai 35. Tinh tich phan | =
I[ x2+l(x+1+\/x2+1)
0 .
Bai 36. Tinh tich phan | = j (1+sins>1r)1(i)icosx) X

2
Bai 37. Tinh tich phan | = | ox
1

sin x(1+14xcos x)— Xsin 4de

Bai 38. Tinh tich phan
7—2C0s2x

Il
O 10 |y

dx
XV1—XA/2—=X+~/1—X

Bai 39. Tinh tich phan |

Il
ot

1 2.2x X X
Bai 40. Tinh tich phan | = [ X3¢ *€ +1y,
0 xe' +1
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(x2 —l)sin2 X+ X (oS X +sin 2x) +1

Bai 41. Tinh tich phan | = dx

Oy [N

XSin X+ cos X

X3 +8 +(3x3 +5x2) In x

X

Bai 42. Tinh tich phan | = dx

- Sy N

4sin® X + cos® 2X — 2¢0s? (Zx —”j

Bai 43. Tinh tich phéan | = dx

O v [N

sin® x + cos” x

5 1) 42010
Bai 44. Tinh tich phan 1 = [ (x-1)x
> (X+1)

2011 2011
+ X

e dx

I1\/1+x/1+_x

Bai 46. Tinh nguyén ham cua | :I

Bai 45. Tinh tich phéan | =

dx
(x2 +a2)(x2 +b2)(x2 +02)

TiCH PHAN CAC HAM PHAN THUC HUU Ti

Xeét tich phéan | = j I;T()(X))dx thuc hién phép chia da thirc ta dugc

I =G(x)+.[%dx trong d6 P"(x),G(x), P(x),Q(x)1a cac da thirc hé sb thuc va bac cia P(X)

nho hon bac caa Q(X).

P(X)

Pé tinh tich phan cac ham phan thuc hitu ti ta tién hanh phan tich mthanh téng cua cac ham
X

phén thuc don gian.
+ Néu Q(X) =(x—%)(X=%,)...(x=X, ), trong d6 X, la cac nghiém cita da thirc Q(x) thi ta gia st

phan tich duoc:
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P)__ A A A
Q(X) X—=% X—X,  X—X

+ Néu Q(x):(x—xl)(x—xz)...(x—xi)k .(x=Xx,), trong d6 X la cac nghiém cia da thirc Q(X)

va k la sb nghiém boi x; , thi ta gia sir

P(X) _ A + A, _— A + A, A

= +...+ e A1 .
QM) x=x x=x X=X (x=x ) (x=x )| X,

+ Néu Q(x) =(x=%)(X=%,)...(x* + px+0)...(x—X,), trong d6 phuong trinh X* + px+q =0

vO nghiém, ta gia str phan tich duoc

PO__A A BC A
Q(X) X=X X—X, X+ pX+q  X—X

k

+ Néu Q(X) = (X=X ) (X=X, )...(X* + px+q) ...(x—X,), trong d6 phuong trinh X* + px+q =0
vO nghiém, ta gia su phan tich duogc

P(x)_ A N A - B,x+C, N B,x+C, - B, x+C, N A,

= > >+ =+ .Sau d6
QX)) x=x X=X XHPX+A (X + px+q) (x*+ px+q) X=X,

ddng nhat hai vé cua cac diang thic va so sanh hé sé hai vé ta suy cac hé sb can xac dinh o tir
thirc mdi phan thire don gian hodc ¢6 thé thay céc gié tri dac biét cia X vao hai Vé.

Cach nh¢ phan tich 1a néu mau Ia tam thac bac hai thi tir thirc c6 dang Bx + C .

Mot s6 khai trién nhanh( nén nho)

o 1 1 (x-b)-(x-a) 1 ( 1 1 j

(x-a)(x-b) a-b (x-a)(x-b) a-blx-b x-a

X/
°e

<x—a>21<x—b>2 =<a—1b>2'F(Xx_—beif((xx—_bﬂ =<a—1b>2(xib‘xiajz
1 1 1 2 1 1
:<a—b>{<x—af "oy b(bﬂ
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BAI TAP MAU
Bai 1.Tinh tich phan 1 = | X+l
' x° —5x% +6X
Loi gidi:
3 2
Tach #: +Mv& x° —5x* +6x = x(x—2)(x-3).
X> —5Xx° +6x X° —5X° +6X

5°-6x+1 A B _C
xX}*—5x*+6Xx X Xx—-2 Xx-3

< 5x? —6x+1=A(x—2)(x—3)+Bx(x—3)+Cx(x—2),Vx(*).

Gia sur

Thay x=0vao (*)suyra1=6A= A=%.

Thay x=2vao (*)suyra 9=-2B = B=—g.

Thay x =3vao (*) suy ra 28:3C:>C:?.
Vay | =j 1+i— J 28 dx
6x 2(x-2) 3(x-3)

- +_
X 2x-2 3Yx-3

=J‘dx+%J‘dX 9, dx 28 dx

:x+iln|x|—gln|x—2|+§In|x—3|+c.
6 2 3

3% +3x+3

X+ X—

Loi giai:
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. 3x*+3x+3 A B C
Gia su > = >+ + , VX
(x+2)(x-1)" (x-1)° x-1 x-2

&3P +3x+3= A(x+2)+B(x—l)(x+2)+C(x—1)2 X (%)

Thay x=1vao (*)suyra 9=3A= A=3.
Thay x=-2vao (*) suyra 9=9C = C =1.
Thay x=0vao (*)suyra 3=2A-2B+C = B=2.

3 2 1
Vay | = d
24 J.{()<_1)2+x—1+x+zj X

dx dx dx
:3'[(x—1)2 +2jx—l+jx+2

:_i+2In|x—]4+ln|x+2|+c.
x-1

1 2
Bai 3. Tinh tich phan | = [ X
o X +1

Loi gidi:
Taco x“+l:(x2 +1)2 —2x* :(x2 +x\/§+l)(x2 —x\/§+1).

x’-1  Ax+B . Cx+D
X1 xex2+1 ¥ —xy2+1

<X -1=(Ax+ B)(x2 — X2 +1)+(Cx+ D)(x2+x 2 +1),VX

VX

Gia sur

467

Dang Thanh Nam
Auditing 51a, National economics University, Ha Noi, Viet Nam



TiCH PHAN VA UNG DUNG

c>x2—1:(A+C)x3+(—A\/§+B+Cx/E+ D)x2+(A—B«/§+C+D\/§)x+B+D,Vx

a2

2

A+C=0 1
_AV2+B+CV2+D=1 |B773

= =

A-BV2+C+DV2=0 |, _+2

B+D=-1 2
p--1

2

4 %2 x2+1 4 x*rxd2+1

_«EEXZZX V2 _\@j 2x++/2

4 /2 +1 4 3 x2+x42+1

xz—x\/_+1‘—lnx + X2 + 1‘)‘ (3 2\/_)

Zj(\/_ 2x-2 2 2x+\/_)

dx

In

2
o

Bai 4. Tinh tich phan 1

_F X
_~1[ x(x3+l)'

Loi giai:

Taco x(x3+l):x )(xz—x+1)

e 1 A B Cx+D
Giast —— =4 n VX,
x(x3+1) X X+1 X —x+1’

= A(x3+1)+ Bx(xz—x+l)+(Cx+ D) x(x+1),Vx(*)
Thay x=0vao (*)suyral=A= A=1.

Thay x=-1vao (*)suyral=-3B=B =—%.

DPdng nhét hé sé cua x3,x* & hai vé ta duoc
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A+B+C=0 3
&
-B+C+D=0 1

21 1 1 2x-1
Vay | = || =- -= d
i !(x 3(x+1) 3 xz—x+1j X

2dx 1% dx 1% 2x-1
dx

X 39x+1 3 —x+1

BAI TAP PE NGHI
1
Bai 1. Tinh tich phan 1 = [-— ' gy
3 (x+1)(x+2)
Bai 2. Tinh tich phéan

1 2
Bai 3. Tinh tich phan | = [~ dx
X
0

Bai 4. Tinh tich phéan

2 2
Bai 5. Tinh tich phan | = [ +10

L X° —2x? +5x

2
Bai 6.Tinh tich phan | = [—— % —
T X X +1

V3 3
Bai 7. Tinh tich phan | = | —dx.
s X°+1

4 3
Bai 8. Tinh tich phan | = [ % dx
3 X°—3X+2

469
Dang Thanh Nam
Auditing 51a, National economics University, Ha Noi, Viet Nam



TiCH PHAN VA UNG DUNG

2
Bai 9. Tinh tich phan I = [

1

B dx
Bai 10. Tinh tich phan 1 = | .
0

X+ X

2

Bai 1. Tinh tich phan | = [
- X°+X

1

Bai 12. Tinh tich phéan | =

0

Bai 13. Tinh tich phéan | = —dx
x +1

Bai 14. Tinh tich phéan | = 4dx
(l+2x)

MOQT SO BAI TOAN TiCH PHAN CO MAU SO LA PA THUC

Xin dé cap dudi day cac bai toan kém theo ki thuat bién doi twong tng voi mdi vi du. Nhiing k¥
thuat bién d6i dudi day rat tu nhién va dé hiéu.Vi vay khi doc ki cac vi du nay cac ban c6 thé

ndm bt dugc ky thuat va dp dung vao cac bai toan twong tu.

BAI TAP MAU
‘ dx

Bai L.Tinhtichphén | = | ————.
ai 1.Tinh tich phan ~([(x—1)(x+2)
Loi giai:

2 . 2
Taco I—J‘L——j (x+2)-(x 1)dx:l (i—ijdx

2 (x=1)(x+2) -1)(x+2) 37Ux-1 x+2
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S T -
X+2 3 X+ 2|0
Bai 2. Tinh tich phan |=i ax
' 2 (X+3)(x+6)(x+9)
Loi gidi:

Tacé

o'-—.w

_li( (x+9)—(x+3)

(x+3) x+6 )(x+9) 69 (x+3)(x+6)(x+9) "

_ii i dx J?i (x+6)- x+3 j’- (x+9)- x+6) ix
6|7 ( x+3 x+6 2 (X+6)(x+9) 18 5 x+3 x+6 0 x+6 )(x+9)
3
=if( 1,1 j _1, (x+3)(x2+9) 3_,32
189\ x+3 x+6 X+6 Xx+9 18 (x+6)" |0 27

10

(3x
Bai 3. Tinh tich phan | = 4)d

x+2)
Loi gidi:
3 _ 10
Taco | = 4d (3’( 5) ox
x+2) X+2 ) (x+2)
‘il(sx_STOd(3x_5j‘i(3x_5jﬂ1
119\ x+2 x+2 ) 121\ x+2 ) |0
L(7x-1)"
Bai 4. Tinh tich phan 1 = [ (=Yg
o (2x+1)

Loi giai:
1

Taco | —J'( .l[(” 1)
0(2x+1101 o \2x+1 2x+1)
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__I(YX 1) (7x—1)_ 1 (7x—1]1°°l 2% _1
B 2x +1 2x+1) 900\ 2x+1) |0 900 °
.. s n dx
Bai 5. Tinh tich phan | = :
P I(x+3f(x+5f
Lol giai:
. dx dx 1 1 dx
Taco | = = = : .
I(x+3)5(x+5)3 I(X+3js(x+5)8 J‘()<+3J5(x+5)6 (x+5)2
X+5 X+5
1 1 (x+3)—(x+5)T (x+3j 1.1 X+3
- . d -~ (= dt,t =212
27I(x+3)5{ X+5 Xx+5) 27 t5( ) X+5
X+5
1 t°—6t° +15t% — 20t° +15t° —6t +1
2 t
2
:%[t——6t+15ln|t|+§—1—52+%—i4j+c
20 2 2t t° 4t

3

Bai 6. Tinh tich phan | =

1

X2 3 3 dx 1
5{_1[ T Jl' x] [ In‘x —3‘ In| xq _—gln?).
NP A dx
Bal 7.T|nh t|Ch phan I = J‘W

Loi giai:
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X d
xs(x4+3) X

:Ix9+3x5 :Izjxs(x4+3)_3

Earr e e
LS 1{; o | _%1{ o 18 X+3)]

o 143

x*+3] x*+3
1 1 x*
= — 2 |n4—+C.
12x* 36 [x"+3
2_
Bai 8. Tinh tich phan | = [ X~ dx
X" +1

:j d _ In|t—\/§| |X —X\/_+1|
-2 22 \t+ﬁ\ 2f \x +xf+1\

2
Bai 9. Tinh tich phan 1 = [ X dx
X" +1
Lot gidi
1
O P SO G
Tacol—jx+1d :J'z Tdx=] = = | ~
X+73 X—=1| +2 x—=| +2
X X X
=[— t _ 1 ren-tse—Larctan® Lictox-t
2 2 V2 2 xv/2 X
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2 2
Bai 10. Tinh tich phan | :I 7 SX 12 dx
1 X" =5X" —4x° —5x+1

Loi gidi:
2 _ 2 1-—
Tacc’)I:j4 X dx = j X5 T
L X' =5x* —4x* —5x+1 1 %2 —5y—4— d
X x
1
RS SN S
? t* —5t—6 )(t+1)’
1(x+1) —5(x+1j—6 2 2
X X
5
2
. T
75\t-6 t+1 7 |t+1 7 3

BAI TAP PE NGHI

.. P n 2 dx
Bai 1.Tinh tichphan | = | ——.
ai 1.Tinh tich phan ~1[(x+1)(x—3)

- S A ‘ dx
Bai 2. Tinh tich phéan | = :
al & T Hen phan ~[1(2x+1)(2x+3)

dx

Bai 3.Tinh tich phan | = :
A= TR = D) (1) (x+.3)

O ey N

J3
Bai 4. Tinh tich phan j
0

dx
—l)(x2+1)'

Bai 5. Tinh tich phan | = udx
(x+l)
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dx
(3x— 2)7 (3x+ 4)3'

Bai 6. Tinh tich phan I = |

dx
(2x—1)3(3x—1)4'

Bai 7. Tinh tich phan 1 = |

) dx
Bai 8. Tinh tich phan | = )
P J‘x3+5x
Bai 9. Tinh tich phan | = [ ax
' x® +9x

Bai 10. Tinh tich phn | = [——oX
X

x?+1
| = dx
jx“ +2x3—10x%* —2x+1

Bai 11. Tinh tich phan

x4l
Bai 12. Tinh tich phan | = | ——dx.
o X +1
[ dx
Bai 13. Tinh tich phan | = [———.
o X +1
2 4
Bai 14. Tinh tich phan 1 = [——*—>
1 x(x +3X +2)
to1-xt
Bai 15. Tinh tich phan 1 = [ ———dx
1 x(l+x )

x: -1

1
Bai 16. Tinh tich phan 1 = [—— ;
—4)(x* —4x+1
;x(x )(x* -4x+1)

dx

1 2
Bai 17. Tinh tich phan | = [———X
o X1+ 2XT = X" +2x+1
A Ik
Bai 18. Tinh tich phan | = o5
1 x(l+x )

TiCH PHAN HAM VO TY
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Dang tich phan: | = I X" (a+bx”)p dx, trong d6 cac s6 m,n, pla cac sb hitu ti.

Huéng giai quyét dau tién la dat t=a-+bx"hoac t=(a+bx" )p .
Néu cach dat thir nhat khdng hiéu qua chuyén sang cach dit an phu thir hai.

a+bx"
X

Piat t* = , k 12 s6 nguyén, thuong 1a k =1.

Dang toan nay rat hay xuat hién trong dé thi tuyén sinh dai hoc.

n i

Dang tich phan: | = J' R[x, X, X de , trong d6 T, 1a cAc s6 nguyén duong.

Tim boi s6 chung nhé nhat ctia cac mau sé ¢, d,,...,q, gia st 1a k .
Khi d6 ta dit x =t*.

ax+b
cx+d -

ax+b]n (ax+b s

Dang tich phén: I:jR X’(cx r 1w dj dxta dat t =
+ +

BAI TAP MAU

3V3
Bai L. Tinh tich phan | = [ 2%

0 \/1+§/x_2.

Loi giai:
Pt t=y1+ % =17 =14+ = % = (1 -1) = 2xdx = 6t(t* ~1) dt

Khi x=0=t=1:khi x=3/3=>t=2

33 23 t2 _1 2
Vay | =
I \/1+\/_ '[ '[
h 3 2 38
=3'!(t4—2t2+1)dt=(gt5—2t3+3tjl ==
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4

. dx
Bai 2.Tinh tichphén | = | ——.
% XX +9

Loi gidi:
Pat t =vx2+9 = x2 =9—t% = 2xdx = 2tdt
Khi x=+7 =>t=4khi x=4=1t=5.

VeftyI:j dx :J‘l xdx J-t J-t |t 315 _
+

1
=XV +9 7 xAX2 49 9 6 |t+3| 6

7
n—.
4

Bai 3. Tinh tich phan | = .[—dx

o Yxi+1

Loi giai:
Pat t =3Yx2+1= x? =t® —1= 2xdx = 3t2dt.
Khi x=0=>t=1khi x=+7 =>t=2.

Vay | = jgd i xxdx 3f(t3 ‘1)t2dt
1

o X2 +1 o\?’/x2+1=E

3¢ 3(1.. 1.,\2 93
=§£(t4—t)dt=5(gt5—§t2j _

1 10

1
Bai 4.Tinh tich phan | = j x*y/1— x2dx.
0

Loi giai:
bit t =y1-x* = x> =1-t* = 2xdx = —2tdt.
Khi x=0=>t=21khi x=1=1t=0.

Vay | ::[xsx/l—xzdx = —j(l—tz)tzdt = j(t2 —t“)dt :(EP —%fj

) 3

1 2
0 15
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3 dx

Bai 5. Tinh tich phan | = j —
3 (1+ xz)
2

Loi gidi:
Phan tich: Viéc dat t =+/1+x? ldc nay to ra khong hiéu qua, ta chuyén hudng sang cach dit thi
hai.

V1+ X2

X

—2tdt
t? -1
(t*-1)

bit t = :>x2:t2—11:>2xdx:

Khi X=£:> =\/§;x:\/§:>t:2—\3@.

2
Vay | _f dx _f xdx
' 3 (1+x2)3 B 14X 1+ X2
7 7X . 2 .
X X
f tdt fdt 1\/—} 1
= = —:——2 3:—
W (-1) .t e a5t = 243
3 (tz—l) 3
B
. o er A dx
Bai 6. Tinh tich phén | = !m
Loi gidi:
3[r 3 3 2
bit t = 2-X :>t3:2 3X = X’ =——=3x"dx = 6t dtz.
X X t°+1 (t3+1)
Khi x=1=t=1x=33=t=-1.
B 3 2 -1 _2t2 4 21-1
Ve_‘lyl=j dx =,[ X“dx :_[ 1 _ 2tdt2:_1J-tdt:_t_ _0
L XR2-x0 1 «© J2-x 1 2 t (t3+l) 29 41
X t34+1)
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4
Bai 7. Tinh tich phan | = j
1

dx
x(1+\/;)'

Loi giai:

Pit t =X = x=t? = dx = 2tdt.
Khi x=1=t=Lx=4=>t=2.
2tdt

2 2 dt 2
x(1+f) Jl-tz(t+1) :2~!t(t+1) :2{

4
Vay I =
1

Bai 8. Tinh tich phan | :j

dx

Loi gidi:
NIED'G , 1+X%° , 1 2tdt
StU=""F=X == Xdx = — 5
X X t°-1 (tz _1)

bat t=

xdx _[ —tdt :j(l—tz)dt=—§+t+c'

Vay I = o = [
' x*V1+ x? 8 N ED'G

2

-1

: (tz_l] ¢ (1)
1/(1+x2)3 N
et e

-1
Bai 9. Tinh tich phan | = | ox

BUX+4+ (x+4)3.

Loi giai:
Pit t=+x+4 =1t = x+ 4 = 2tdt = dx.
Khi x=-3=t=Lx=-1=t=4/3.

-1 V3
Vay | = I ox = I 2t _ J'iZ:Zarctant
\/x+4+\/ x+4)° t+t’ 1+t 1

1
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Bai 10. Tinh tich phan 1 = [ 3/2=%.
2+X (2_
Loi gidi:
_ _ _ 2
Détt:?/z X:tszu:x: 43 = 12td2t.
2+X 2+X 1+t (1+t3)
2
i 2-x 1 (1+t°) —12¢dt  3.dt 3 3 | 2+xY
Vay | = |3 : > dx= |t — s=—— |5 =-5+Cc==3 +C
2+X (2-x) 16t (1+t3) 47t 8t 8\\2-x
Bai 11. Tinh tich phan I—I Xx=4 i
x+2 x+2
Lot gidi
patt= [Sd Xy 8 g 1A
X+2 X+2 1- 1—t2)

Khix:4:>t:0;x:6:>t=%.
1
6 2 2
fx—4 dx —t 12tdt
Vay | I : I
S VX+2 X+2 4 — )

1
jdt =2[|n|i+: —tj 2 -=2In3-1.

L 1
2 tZ 2 1
B le—tz at= 2!(1—#

o e l(x=1) X
Bai 12. Tinh tich phan | :js : >
> \WX+1) (x-1)

Loi giai:
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— _ 2
Détt:sx 1:>t3=X—1 _ 23 B 6tdt2.
X+1 X+1 1-t (1—t3)
. 1 1
Khi x=2=>t=—;X=3=>t=—.
3 32
1 ) i 1
Véyl—i{x_ljz dx —th (1_t3) 6t°dt _ETE__E ‘f (\/— [)
' x+1) (x-1)" 1 = 4t° '(1 t3)2 242 2|1
B EE g/g
Bai 13. Tinh tich phan | = [ ax
' T+/x +4/x+1

Loi giai:

2 1\ 4
bat t=\/;+\/X+1:>%=\/X+l—\/§:>2\/;=t—%:>X:(t 2t1] :>dX:t2t31dt.

A S SO O PR S S S PO U S
Vayl_J‘1+\/—+\/x+ I2t (1+t) _zj(l e tsjdt z[t Infg t+2t2j+c
x—%ln(&+\/x+1)+§—%\/x+xz+c.

BAI TAP PE NGHI

16
IR A dx
Bai 1.Tinh tich phan | = | —.
'[x(lH‘/x)

1
Bai 2. Tinh tich phan | = [ Vx (L+ W)de
0

Bai 3. Tinh tich phan 1| = jﬂd

o Vx2+1

2B dx
Bai 4. Tinh tich phan 1 = |

B xIX+4
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2

Bai 5. Tinh tich phan | = dex.
J3

Bai 6. Tinh tich phan | :j
0
1

Bai 7. Tinh tich phan | = j X5\/1—
0

Bai 8. Tinh tich phan 1 :Ix\/ Xadx.

o e \ t o dx
Bai 9. Tinh tich phan | :I ;

L1+

2
. dx
Bai 10. Tinh tich phéan | = .
Jl‘ Xv1+ x®
dx

Bai 11. Tinh tich phéan | =

—l

Xv1—x? '

Bai 12.Tinh tich phan | _j

B4 2x1+ X2 + 2%

Bai 13. Tinh tich phan | = j

dx
S 1 X+V1+ X

NG
Bai 14. Tinh tich phan 1 = | xdx

1 2x2 —1+3Vx* -1

PHUONG PHAP TiCH PHAN TUNG PHAN

Gia str u(x),v(x) 1a cac ham lién tuc trén mién D, khi d6 ta co

d(uv) = udv+vdu :>jd(uv) :_[udv+_[vdu o uv:judv+_[vdu

= Iudv = uv—Ivdu = j'udv =(uv) Z—j.vdu(*)
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Cong thtc (*) la cdng thie tich phan tirng phan, cac bai toan &p dung céch tinh nay thuong biéu
thirc dudi dau tich phan 1a tich caa hai biéu thic, trong d6 mot biéu thic 1a dao ham cua mot
ham sb. Khi ldy tich phan tirng phan thi tich phan sau phai don gian hon tich phan dau. Dudi day
trinh bay mot sé dau hiéu nhan biét dé dat u,dvsao cho thich hop.Mot cac tdng quét la thanh

phan dv1a dao ham caavnén chon thanh phan dvsao cho dé& tim duoc vla duoc.

) b u=P(x)
n _
sin(ax+b) sin(ax +b)
cos(ax+Db) L b
+ Iz.[P(x) e dx thi dat iy 2SXS+EaX+ ) i
max+b _maerb
i
In(ax+b) . u= n(ax+b)
+ :.[P(X) dx thi dat log, (ax+b)
log, (ax+b) -
dv = P(x)dx
ﬁ) u :eax+b
sin(ax+
Ie“*b ( dx thi dat sin(ax+f)
cos(ax+f3) dv = dx
cos(ax+f3)
ain(] _
sininx) ] sin(Inx)
cos(Inx)
.| cos(Inx) o ju=]
+ jx dx thi dat sin(log, x)
sin(log, x)
cos(log, x)
| cos(log, x) | - -
dv = x*dx
¢ day P(x)la da thic.
BAI TAP MAU
Bai 1.Tinh tich phéan | —jmd
x+l)
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3
+Tmhﬁdumm1K=j—ﬂD%ﬂx
1 (x+1)

x+1)°  |v=——

—~

—Inx|3

Vay K =

ix dx _—In:«’>+j(x+l)—xoI

x+1 1+1 (x+1) 4

=—m3+m|x|

3_1, 27
4 X +1]

n—-.
1 4 16

Loi giai:

1idx -1 112 3-2In2

Vay | ~Linx 2+—j———|n2—
’ 2x° 1 21X3 8 4x* 1 16

Bai 3. Tinh tich phan | :Ix3 In® xdx.
1

484
Dang Thanh Nam
Auditing 51a, National economics University, Ha Noi, Viet Nam




TiCH PHAN VA UNG DUNG

Loi gidi
) du=2|nxdx
., |u=In"Xx X
Dat{ 5, = 1
dv=xidx | _21,4
4

e
Vay | :Ex“ln2 X
4 1

—lj‘x3ln xdx:ie“—K.
21 4

+ Tinh K:EJ‘XSInde
21

dx
_ |u=Inx du X
bat 5, =
dv = x°dx 1.,
==X
4
e e 4
Va K:l 1x“lnx —ij?’dx :Ee“—ix4 =i+3i
21 4 41 8 32 1 32 32

4 4
4 32 32

1
Bai 4.Tinh tich phan | = [(x—2)e”dx.
0

Loi gidi:

. U=x_2 du = dx
a =
T |dv =e®dx v:%e2X

. 1, 1 1, 1 1,1 5-3e?
Vaylzzez (X—Z)‘O—E.([ez dX=§(2—ez)—Zez 0: 4 .

Bai 5. Tinh tich phan | :iln (x2 — x)dx.
2
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Loi giai:
_ 2 _ 2x-1
bat u_In(x X):> du_xz—x
dv =dx Ve x
3 3 2 -
Vay |—X|n(x —x 3 J‘de 3IN6-2In2— J‘2X 1 =|n54—jwdx
2.3 X 2 1 > x-1

3 3
=|n54—2jdx—jﬂ=|n54—2x
2 2x—l

3—In|x—]4‘3 =3In3-2.
2 2

1
Bai 6. Tinh tich phan | = j x%e* dx.
0

Loi giai:

£ i 3% 11 2% 11 2% 2 11 t
Taco I:Ixe dx:—J'xe .2xdx:—J'xe d(x):—jtedt
0 2O 20 20

r 1 L 1
:ij‘td(et):ltet —ljetdtzg—let 1
27 2 0 2] 2 200 2
x%e*
Bai 7. Tinh tich phan 1 —jgdx.
x+2)
Lol giai:
u=x’e* du = xe* (x+2)dx
bat dv = dx 2:> - 1
(x+2) X+ 2
_ y2pX 2 2 2 2 2
Vay | = +| xe*dx = —e* + | xd(e*)=—e? + xe*| —|e*dx=e?—-e*| =1.
& X+2 |0 I j ( ) -[ 0
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T

4
Bai 8. Tinh tich phan 1 :Ixtanzxdx.
0

Loi gidi:
i T4 2 i i 4 2
Tacol—.[xtan Xdx = Iﬂdx:'[ Xdi( _[xdx K—1X24 K—ﬂ—.
. COS°X ¢ COS°X 3 0 32
%xdx % i % T %sinx
+ Tinh K:j - :_[xd(tanx) Xtan x4 — _[tanxdx:——j—dx
COs°X 3 0 4 {cosx
4d (sin x z
:£+I ( ):£+In|cosx|4=£—£|n2.
4 ¢ CcOsX 4 0 4 2
2
Vay 1 =% -Lino 2
4 2 32
1 7
Bai 9. Tinh tich phan | = j&)‘z
0(1+X4)
Lol giai
u=x* du = 4x3dx
bat X = -1
dv= S [
(l+x4) 4(x +1)
IEVZ ¢ RV td(1+x* 1 _
Vay | = X +J.Xd)i:—1+£ (—4):—£+£In‘l+x4‘ _2ln2 1.
4(1+x4)0 o 1+x 8 47 1l+x 8 4 0 8

Bai 10. Tinh tich phan | J(Zx——jln xdx.
1
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Loi giai:

Taco I-I(Zx—éjlnxdx 2jxlnxdx 3_[—d x=M —N.

1 X

+ Tinh M :ijln xdx .

_. |u=Inx X
bat =
{dv:xdx 1.,
V==X
2

e
Vay M =2 llenx
2 1

In x o 3 20€
+ Tinh N =3 dx=3|Inxd (Il =—(I ==
in j X _l[nx (nx) 2(nx) )
2 2
2 2 2 2

Bai 11. Tinh tich phan I = [(e"" +cos x)cos xdx.

O 10 |y

Loi giai:
z

2 2 2
Taco | = j(es'”x +C0S x cos xdx = j e"* cos xdx + jcoszxdx
0 0

+Z e+ 21,
4

1 T
1

:.[etdtj{5 l5|n2xj2 e
5 2 4 4

2
= jeS‘”Xd(sin X)
0

a

21+ C0S2X
+j—

dx

oy

Bai 12. Tinh tich phan 1 :Ixsin X c0s? Xdx.
0

Loi giai:
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T T

Taco | :jxsin X €0s? xdx=——jxd(cos3x) =—=xcos®*x|6 +—jcosgxdx
) 3 3 o 3
T
_ﬂ\/— j(l sin x)d(sinx):_7r 3 1(smx—lsm XJE iz _7;\/5.
48 30 48 3 3 0 72 48

T

2
Bai 13. Tinh tich phan | :jxcos2 xdX.
0

Loi giai:
z

xdx + XCc0s2xdx

O [N
O 0 [N

x(1+cos2x) dx _1
2

O N [ N

2
Taco | =.[xcos2 xdx:%
0

2

2 43 z
:”—+£de (sin2x) :”_+1 Xsin2x|2 —
16 44 16 4 0

O v [ 3

1
2
4 2
sin 2xdx =—+ cost 2 S 1
0 16 4

Bai 14. Tinh tich phan 1 = [ (I - jx.
" \Inx  Inx

Loi giai:

2

Taco |=j(%—ijdx=|=ji2dx— LoVIRY
-\ In“x  Inx - In“x * Inx

2 & 2
J-xd( j_—ie + ﬂ—e—e—+N
In? x In x Inxle < Inx 2
eZ
Vay =M —N=e——.
2
Bai 15. Tinh tich phan | :j(xln x)2 dx.
1
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Loi giai:
e e

Taco | :j(xln x)’ dx=%j(ln x)zd(x?’):%{xe’(ln x)’

1 1

(o)

1
e ¢ S
—3_|.x2dx _* -2
1 27

:1 e‘"’—zszlnxdx :E eg—g.[lnxd(xe’) =E e:“—E x3In x
3 ) 3~ 34 3 3

1

2
Bai 16. Tinh tich phan | = | xln(“—xj dx
0 1-x

Loi giai
2
- (H_Xj du=2(ﬁj dx
bat 1-x)=>
dv = xdx v==x?

1
:EInS— x—2|n|1+x|—i E:EIn3+2In——E.
8 X+1 6
0
. C e A 2 . 1+sinx
Bai 17. Tinh tich phan | =Ie dx.
5 1+cosx
Loi qiai:
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. 2 1+sinx E1+smx 1+sinx£ 2 1+sinx
TacoI:.[eX j e*) = z—jexd
1+cosx 01+cosx l+cosx0 5 1+cosx
T 1 3 14cosx+sinx
= 2e? ———jex >
2 3 (1+cosx)
2 . 1+cosx+sinx 2 2 e¥sinx
+ Tinh tich phan K :j > dx=j dx+j
5 (1+cosx) o 1+cosx o ( 1+cosx

r z T z z
2 d@E) § e'sinx = 2 e*sinx
o fuwssd| 2-Jed g
pl+cosx o 1+cosx 1+cosx0 5 1+cosx) o 1+cosx
21 j e*sin x j e*sinx dx — 02
= _—— 7 = _
2 o 1+cosx 2 (1+cosx)

Vay | PRI e Y N
2 2

1
Bai 18. Tinh tich phan | = [ In(x+\/1+ X )dx.
0

Loi qgiai:
1
u:ln(x+\/1+x ) du = dx
bat V14X
dv =dx V=X

Vay | :jln(x+\/1+—x)dx:xln(x+\/l+—x2)
0

1+ xdx
o)

o V1+X?
:In(l+\/_) :[d( 1+x) (l+\/§)—\/1+x2tzln(1+\/§)—\/§+1.
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xln(x+\/1+—x2)

2

dx.

1
Bai 19. Tinh tich phan | = |
0 1+X

Loi giai:

u:ln(x+\/1+x2) du 1 dx
wdx = V1+x?

N v=+1+x%?

) 1 xln( +y1+ X )
i |=.([ V1+ X

Pt
dv=

dx_MIn(x+ 1+x)

Idx ﬁln(1+f)

x+mnx
1+ cosx

b
Bai 20. Tinh tich phan | = j
0

Loi gidi:
. AX+si 4 4 4d(1+cosx) 1%
TaCOlZIX—'_SInXdX:J- xdx J~ sin xdx _J- ( i'[ xdx
v 1+Cos X pl+cosx gl+cosx ¢ 1+cosx 25 o2 X
2
z 4 4 x|~ F
=—In[l+cosx||4 + j (tan j +xtan= 4—_[tan—dx
0 0 2++/2 2y
4 X &
T T — 7T
=In——+=tan=+2In|cos={[4 ==(/2-1
2+4J2 4 8 2/}, 4( )

Bai 21. Tinh tich phan | = | %
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Loi giai:

Tac ,[ xln(1+3x

1
dx = |13d——’3x
jxn +x)(se)

:—%e *xIn(1+3x) + Ie’”d xln(1+3x))

1 1, 3X
:—ge 8 xln(l+3x)+§je 3 (In(1+3x)+1+3xjdx

__l -3x 1 _l -3x -3x
= 3e xln(1+3x)+3jln(1+3x)d( 3e j+.[e 1+3de
_—l e *xIn (1+3x)+ 1[ le‘°’Xln(1+3x)+.[e3Xdln(1+3x)}+.|‘e3X X x
3 3l 3 1+ 3x
:—le"”xln(1+3x)+—le’3xIn(1+3x)+ij‘e’3X L dx+J.e’3X dx
3 9 3 1+3x 1+ 3x
1 —3x _3x 1 X
=—Ze¥(1+3x)In(1
9e (1+3x)In( +3x)+je (3(1+3x)+1+3x}jx
= —le’3X (l+3x)|n(1+3x)+jd (—lesxj
9 9
:—le’sx(1+3x)|n(1+3x)—£e’3x+C:—(1+3X)In(31+3x)+1+c
9 9 e
X 1+3x)In(1+3x)+11 —4In4+1+¢°
Vay 1=t )9e(3x ) 0- o
Bai 22. Tinh tich phan | —J.Md
(1+x )
Loi gidi:
1 1
Taco I:—ljln(1+x)d( L 2):—£ M 1+1'f%.idx
2 1+x 2| 1+x° ||0 251+Xx° 1+X
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1
:_In2+lj 12. 1 dx
4 291+ 1+X

Taco 1 =— n +
(x+1)(x2+1) 2(x2+1) 2(x2+1) 2(x+1)

Vay.lf ! .de:j‘
0

{ X L + L ]dx
2(x2+1) 2(x2+1) 2(x+1)

1+ x* 1+x
1
= —iln(xz+1)+1arctanx+iln(x+1) =In_2+£.
4 2 2 0 4 8
Vay | =—In—2+£.
8 16

BAI TAP PE NGHI
1
Bai 1. Tinh tich phan I = [(x+1)e*dx
0
2
Bai 2.Tinh tich phéan 1 j l+3|n 2x
0

Bai 3. Tinh tich phan I = |(x+1)sin 2xdx.

O [ Y

Bai 4. Tinh tich phan | = | e™"*sin 2xdx.

O [ Y

1
Bai 5. Tinh tich phan | = J‘(eX2 sin x+ x3ex)dx.
-1

T

2
Bai 6. Tinh tich phan | = j x° sin? xdx.
0
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H
Bai 7. Tinh tich phan | = j e?*sin? xdx.
0

2

4
Bai 8. Tinh tich phan | = jsin Jxdx.
0

2

4
Bai 9.Tinh tich phan | = j x cos/xdx.
0

2
Bai 10. Tinh tich phan | :J‘x2 In xdx.

1

[N

2 .
Bai 11. Tinh tich phan | = [e* 1+cosx+sinx

>— dx.
o (L+cosx)

x2dx

3
Bai 12.Tinh tich phan | = [— .
o (Xxsin x+cos x)

1
Bai 13. Tinh tich phan | :.[exsin2 (7x)dx.
0

T

2
Bai 14.Tinh tich phéan | = j xe* cos xdx.
0

T

2
Bai 15. Tinh tich phan | = szeX cos® xdx.
0

2xcosx+(x—2)sinxd

Bai 16. Tinh tich phan | = -
XCOS X —Sin X

X.

= SN

. e . Xsin x+(x+1)cosx
Bai 17. Tinh tich phan | = ( ) dx

O |y

XSin X 4+ cos X
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a

2
Bai 18. Tinh tich phan | = jcosxln(l—cos X )dx.

w]|

sinx

Bai 19. Tinh tich phan I = | ™ *sin x cos® xdx.

O v [N

.. f e A % dx
Bai 20. Tinh tich phén Izj —
- sin’ x
7
T aiin?
Bai 21. Tinh tich phan | = [ > “dx,
e
0

Bai 22. Tinh tich phan 1 = | sin2xcos* (sin x)dx.

O 10 |y

Bai 23. Tinh tich phan | = | sin xIn(tan x)dx.

BN — |y

Bai 24. Tinh tich phan | = jcos(ln X )dx.
1

Bai 25. Tinh tich phan | = jcosz(ln X )dx.
1

2
Bai 26. Tinh tich phan | :I —=aX.
X
1
Bai 27. Tinh tich phan 1 = [ "X
1 (x+1)

e 2
Bai 28. Tinh tich phan | = [ ('”—Xj dx.
X
1

Bai 29.Tinh tich phan | :J‘(In2 x—In x)dx.

1
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Bai 30. Tinh tich phéan | = I(x —x)ln xdx.
1
2 1 X—l
Bai 31. Tinh tich phéan | = j(l+—]e xdx.
-1

2 x+l
Bai 32. Tinh tich phéan | = j(x——]e xdx.

1
Bai 33. Tinh tich phan 1 = j J1+x2dx.
0

1
Bai 34. Tinh tich phan | = j
0
1
Bai 35. Tinh tich phan | = [ x| ( \/1+x)
0
0
Bai 36. Tinh tich phan | = [— : _In(l=x)
-3

1— x)\/l x
tV1+Inx

Bai 37.Tinh tich phan | :I
X

1

dx.

Bai 38. Tinh tich phan | _Iln(X+ijdx.

3
Bai 39. Tinh tich phan | = [ In(x_ljdx.
> (x+1) X+1

3
Bai 40. Tinh tich phan | = [— 3In(x_1jdx.
> (x+1) Xx+1

I 1
Bai 41. Tinh tich phan | —IL)dx

x-1)

3
Bai 42.Tinh tich phan | j(4xtan +X (1+tan2§ndx.
0
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B

+1)e
Bai 43. Tinh tich phéan | = !dx
(x+1)

o

Bai 44. Tinh tich phan 1 = | ™™ (1+ xcos x) dx.

o'-—.r\)\-ﬁl

Bai 45. Tinh tich phan | = Ixsin X cos® xdx.

2
Bai 46. Tinh tich phan | = | _xdx
o 1+sin2x
H tich o jzln(\/ +1)
Bai 47. Tinh tich phéan | =
> X=14+~/X—

8

Bai 48.Tinh tich phan | =

3

H
Bai 49. Tinh tich phan | = j .
4 COS’X 1+tan X)

T

Bai 50.Tinh tich phan| = .[x(cosx+sin5 X) dx.

o

T

Bai 51.Tinh tich phan | = jﬂdx

(1+cosx)e”

Bai 52.Tinh tich phan | =J-[In—x+ In? xjdx.
X

1 UXv/1+1Inx

1

Bai 53. Tinh tich phan | = j e—2+ X(L+2tan xj dx.
31X COS X
T

Bai 54. Tinh tich phan | = (20032§+ XCOS xje“”*dx.

O 10 |y
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1 | (1-{- Xj
Ly 1X
Bai 55.Tinh tich phan 1 = | X;_lxdx.
e +

2

e 2 2
Bai 56.Tinh tich phan | :I(X Inx+2x +2jln3 xdx.
X
1

Bai 57. Tinh tich phéan | =

O ey

(2x—1)|n(x3 +1)dx.

. o X 4 In(sin X +cos
Bai 58. Tinh tich phan I :j (sinx-+ X) X
0

cos’x

T
Bai 59. Tinh tich phan | = j : dx.
5 (Xsin x+cos x)

Bai 60. Tinh tich phan | = j | =

1
——+Cotx

cos x(2cot2 x+3cotx+1)
esm X Xm

3
Bai 61. Tinh tich phan 1 = | —
Sin™ X

Bai 62. Tinh tich phan I:i (1—%)(In(x +1)—In x)d
1

n (17 —cos4x)" 4x)X

3
Bai 63. Tinh tich phan | = j dx
0

(1+sin? x)

3

Bai 64. Tinh tich phan | = j(tanz X—tan x)e dx
3
W

5 tan (x —Zj
Bai 65. Tinh tich phan 1 = [——2dx.
0
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e

2
Bai 66. Tinh tich phan | = [—1X*INX

SR SILIN
1 (InX+x+1)

. I . ¢ log,®x
Bai 67. Tinh tich phan | = | —=%—=dx.
!x\/1+3ln2x
4 X
Bai 68. Tinh tich phan | = | 1 ke
Y\ 4ax xe*

1

Bai 69. Tinh tich phan 1 = | [ 1V —2xIn(1+ X)de
0

Bai 70. Tinh tich phéan | =

7 »
Bai 71. Tinh tich phan | = j e (2x+—jdx
0

2x|n(\/1+ X + 1—x)
N1+ X ++4/1-x

Bai 72. Tinh tich phéan | = dx

O ey

Bai 73. Tinh tich phan | = {(tan* x—1)tan 2xdx

2
X +tan x xtan x
+ dx
X—tanx { x—tanx

2 X+=
Bai 75. Tinh tich phan 1 = | (1+ x—lj dx

1

2

Oty | N

Bai 74. Tinh tich phan | =

O ——w | N

Bai 76. Tinh tich phén | = | ———dx

Bai 7. Tinh tich phan | = [——2
1
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3 Xse«/ﬁ
Bai 78. Tinh tich phan | = j 2= dx

0 \/X2 +1

0
Bai 79. Tinh tich phan | = I x(e2X +3 x+1)dx

Bai 80. Tinh tich phan

I
O ey

xln(x2+x+1)dx

Bai 81. Tinh tich phan |

Il
= e @

VR
>
w
|+
H
N
>
x
o
>

Bai 82. Tinh tich phan | =

O o [ N
>
>
VAR
[l B
||+
x | X
TN
N—
o

1

(x+1)3 In (1+—jdx

X

Bai 83. Tinh tich phéan | =

O ey

cos xIn(sin x)OIX

Bai 84. Tinh tich phan | = —
sin” x

o8 [N

1-sinx
(1+cosx)e”

1+cosx
In[(1+cosx) ]dx

1+sinXx

Bai 85. Tinh tich phan | =

O ey

Bai 86. Tinh tich phan

Il
O | N

N
Bai 87. Tinh tich phan | = j 2 Zdx
73

x2+l+(x3+xlnx+2)lnx

dx

Bai 88. Tinh tich phan | :I
1 1+ xInx
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- o e(x2+x+1)lnx
Bai 89. Tinh tich phan | :J' >—aX
1 X(x+1)

In(5—x)+x3\/5—x0IX

Bai 90. Tinh tich phan | = ;
X

e

2
Bai 91. Tinh tich phan | = | (X -1, 3 +¢ +1de
Lox e XX

0 2
Bai 62. Tinh tich phan | = | e XX ;
- (Xsin X+ cos X

o~

t1+x%Inx
- X+ X% Inx

X2
2 )dx

¢ 2+xlnx 1+Inx)
1+xInx

Bai 93. Tinh tich phéan | =

1
Bai 94. Tinh tich phan | :Ix3 In(4_
+

0

Bai 95. Tinh tich phéan | = dx

b—\'—.

2Inx+1

Bai 96. Tinh tich phan | :I
1 x( In x+1+1)

dx

xe* (4+4(sin X +C0S X) +sin 2x)

Bai 97. Tinh tich phan | = dx

O 0 [ Y

(1+cosx)’
Bai 98. Tinh tich phan | = jx COS" X —Xsinx—cosx 1.,
0 (1+xsin x)

Bai 99. Tinh tich phan I

_.2[ 5+ 7X— X C0S 2X
o 2(2+cosx)

5. 3
Bai 100. Tinh tich phan 1 = | ( S X jdx
< | C0S 2X
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ﬁ

3 2
Bai 101. Tinh tich phan | = [ — |n[3 X jdx

0

i .
Bai 102. Tinh tich phéan | = je’x (2x+e—2jdx
0 1+tan® x

h
Bai 103. Tinh tich phan | = [ —— ax .
O(1+sm x)cos X

(4x 3 + Z}Z[H“ijdx
X

.[tln l+t

Bai 104. Tinh tich phéan

Il
N | P N |

Bai 105. Tinh tich phan |

Bai 106. Tinh tich phan | (X Inx-+2x° +2jdx

|—\'-—.m

Ln (1+ xz*f)
Bai 107. Tinh tich phéan | = 14dx
+ X

o'-—.

Bai 108. Tinh tich phan In(sin x)In(cos x)sin 2xdx

Il
O 10 |y

Bai 109. Tinh tich phan In? (cos x) dx

242 In(x+\/x2 +1)
Bai 110. Tinh tich phan | = j
N X

Il
O [N

dx

2

X (1+ Inx)z) 1+( Inx

Bai 111. Tinh tich phan | :j dx
1

X1+ (In x)2
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TICH PHAN VOI HAM SO LUQONG GIAC

Dudi diy xin trinh bay nhigng lru ¥ tong quat nhdt khi gidgi quyét tich phén ham lweng giac.
Khi thuc hién phép tinh tich phan véi cac ham sé lwong giéc, trong biéu thic tich phan cé thé
Xuat hién

+ sinxdx =—d (cosx)=>ta dat t=cosx lic nay bién ddi bieu thirc trong dau tich phan thanh
j f (cosx)d (cos x) = f f (t)dt.

+ cosxdx=d(sinx) = ta dat t=sinx lic nay bién do6i bicu thuc trong dau tich phan thanh
j f (sinx)d (sin x) = j f (t)dt.

dx
2
COS“X

j f(tanx)d (tanx) = j f (t)dt.

+ =d(tanx)=ta dat t=tanx l0c ndy bién do6i bicu thic trong dau tich phan thanh

dx
sin? x

[ f(cotx)d (cotx) = f (t)dt

+ =—d(cotx)=ta dat t=cotx Iic ndy bién d6i bicu thic trong du tich phan thanh

Luu y:
smx (cosx)
jtanxdx _[ I —In|cosx|+c.
cosx COS X
cosx d(sinx )
jcotxdx _[ :I ( )=In|smx|+c.
sin x

sin x
Mot lwu ¥ nita 1a néu biéu thie lwong gide c6 dang phan thirc thi ludn nghi téi tir thic s& chira
mau thirc va dao ham ctia mau thaec.

Phuong phap chu dao tinh tich phan ham luong giac 1a doi bién sd.

BAI TAP MAU
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T

4
Bai 1.Tinh tich phan | = jcoszxc032xdx.
0

Loi giai:
z

a

(1+cos2x) cos 2xdx :%

O [N
O [

4 4
Taco | = jcoszxc032xdx :% cos2 xdx +%'[c0522xdx
0 0

T

=lsin 2x|4 +
4

L
0 A

O [N

(1+<:os4x)dx:l+1 x+£sin4x Z 4 E
4 4 4 0 16 4

Bai 2. Tinh tich phan | =

O 10 |y

(cos’x —1) cosxdx.

Loi gidi:
L2 L2

Taco | =

Oy [N

(cos’x —1) cos’xdx = icossxdx —_Tcoszxdx =M —N.
0 0

T

; 3
+Tinh M =Icossxdx j (1-sin® x (sinx)
0

bit t =sinx = dt =d (sin x). Khi x:O:t:O;x:%:t=l.

Viy M =J1'(1—t2)2 dt :Jl-(1—2t2+t4)dt:(t—gt3+lt5jl _8
' ] : 3 5 Jjo 15
3 3 z
+Tinh N :.[coszxdx=ij'(1+0032x)dx:i(x+lsin 2xj =L,
) 2] 272 o 4
8 =«

Viy =M -N=2_7%
a4 15 4
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1-2sin% x
o 1+sin2x

dx.

Oy~ [N

Bai 3. Tinh tich phan | =

Loi giai:

1-2sin% x C0S2X

i
Taco | = dx= |
o 1+sin2x o L+sin 2x

"—;h\-ﬁl

Dit t =1+sin2x = dt = 2cos 2xdx . Khi x=0:>t:1;x:%:>t=2.

sy lpdt 112 1

1

3
Bai 4. Tinh tich phan | = jtans xdx.

4

Loi gidi:
3 Sin2y o %1cosxdcosx
Ta co I=jtan3xdx=j—3'n x.33|nde: J.( )d(cos%)
©  COS°X ’ cos®x
4 4 4
. . V4 1 T 1
bit t=cosx=dt=d(cosx). Khi x===t=—"=;x=Z"=t==.
4 V2703 2
1 1
2 t2-1 12 1
Vay | = dx=| Injt|+— =1-=In2.
- (nlde 5 )y =13
- 2
2 dx
Bai 5. Tinh tich phan | = j T
- sin’ x
3
Loi gidi:
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2 dx %sinxdx 2 d (cos x
Taco|:~[sin‘°’x:-[sin“x _I ( 2)2'

" e n(l—cos x)

3 3 3
Datt—cosx:dt—d(cosx) Kth——:t—% =%:>t=0

1 1 2

O dt 3 dt 12( l—t+1+tJ
Vay | =— = == dt

J1‘(1—t2)2 !(1—t2)2 4! (1-t)(2+t)

2

1
p 1
Y U SR S T SO SN 1) S S YA
a5\ (-t 1-€ (1+1) 41—t 1+t |1-t| 3 4

0
Bai 6. Tinh tich phan | —iwdx
' ' J1+3cosx
Loi qiai:
. Zg ‘ 2sinx(2cosx+1
Tac5 I:Ism2x+smxdx I ( )
5 V1+3cosx o V1+3cosx

bt t =+/1+3cosx = t* =1+ 3cos x = 2tdt = —3sin xdx

Khi x:0:>t:2;x:%:>t=1.

2 2 2
Vay | =] Lz t=(it3+gtj _34
9 "9 27 9 )L 27

i sin 2x
2 \JCOS?X + 4sin? X

Bai 7. Tinh tich phan | = dx.

Loi giai:

Taco d (coszx+4sin2 x) — —25in XCOS X + 8C0S XSin X = 6Sin X oS X = 3sin 2X.
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Vay dit t = Jcos2x + 4sin? x = t? = cos?x + 4sin? x = 2tdt = 3sin 2xdx

Khi x:0:>t:1;x:%:>t=2.

2 2
2
Vay | _2 td_t:Ejd =gt _2
AR R R
2 i
Bai 8. Tinh tich phan 1 = [0 X gy
5 1+Ccos X

Loi giai:

Ta cO | =

0 [ N

5 1+C0os X

T

=(—4cos x+¢0s2x)| 2 = 2.

4sin’ x . j. 4(1—coszx)sin X
5 1+cosx

dx

T s

2 2
4(1-cos x)sin xdx = 4_[sin xdx—ZIsin 2 xdx
0 0

O N [N

Bai 9. Tinh tich phén | = —
sin” x

W[ N ——N [N

3/sin® x —sin x

cot xdx.

Loi gidi:
%3/- 3y i %
| :j—sm _X3 Smxcotxdx:jﬂ——_ 12 ._(?OEX dx
I sin’x N7 sin?x sin? x
3 3
Dit t=cotx = dt =—— % Khi x=Z =t =—rix="=1t=0.
sin? x 3 J3 2
‘ (2. 3 o0 1
Vay | =— [ J/t%tdt = | t3dt==t3| 1 =———.
! I 8 |-= 83
Ng Ne 3
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T

2
Bai 10. Tinh tich phan | = I\G/l—cossx sin xcos®xdx.
0

Loi qiai:
bit t ={1-cos’x = t° =1-cos’x = 6t°dt = 3cos® xsin xdx

Khi x:O:t:O;x:%:t=l.

1
Vayl—zj' t(1-t°)t 5dt_2j —t?)dt =2 of Ly oLyt 12
7 13 Jjo a1
2 ot
Bai 11. Tinh tich phan | = j 0% X ix.
SIn™ X
Z

Loi gidi:
z z . 2 T ) )

. tcos’x . 3Cos’x(1-sin® x) 2 cos’x (sin* x—2sin’ x+1)
Taco |:J‘ ind dx:J. 7 dx=_[ 2 dx
dsinfx sin‘ x ) sin‘ x
3 3 3

dx

cos2xdx — chot2 Xax + I cot® Xx—
sin? x

A\-ﬁu'-—.r\:\tu

n n

17;1 2x)d ; ! dx ¢ t’xd (cot® x
El( +0082x) dx — jsinzx_ io xd (cot” )
i 3 B
T
. =
:F(x+lsin2xj—2(—cotx—x)—COt X} 2 _5r 2
20772 3 |z 8 12
4
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2
.. L s R |n2xcosx
Bai 12. Tinh tich phan 1 j
o l+cosx
Loi giai:
2 |n2xcosx % cos? xsmx
Taco | =I I
y l+cosx s 1+CosX

bat t =1+ cos x = dt = —sin xdx . Khi x:0:>t:2;x:%:>t=0.

Vay | =-2 Iudt—ZJ-(t—2+ jdt_ (1t2—2t—1j‘2=2|n2—1.
) 2 t)j1

tan’ x

COS2X

Bai 13. Tinh tich phan | = dx.

Ot v [N

Loi gidi
. g s 5 s
Taco I=jtan de:j ztan )_(2 dx=_[ > tan_ X — dx.
2€0S2X g cos’x—sin®x ¢ cos’x(1-tan’
batt=tanx=dt = dxz .Khix:O:t:O;x:E:tzi.
COS“X 6 J3
S S ( ) 1 kS
V3 o4 V31—(1-t* V3 V3
N _ t _ _ dt 2
Viy | _gl_tz dt_l L dt ll_tz —_([(1+t )dt
1 |t-1 1 i 10
= —=In|—| -] t+=t? ==In(2+/3)——=.
{ 2 Jt+1 ( ﬂo@ (2+43) 9V3
. 4 dx
Bai 14. Tinh tich phan :j Z
5 COS"X
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Lot gidi
Tacél—j ax —T 1 & i(tan x+1)d(tanx)—(tanx+£tan3xj% 4
$ cos*x 3 cos’x cos’x g 3 3
s
Bai 15. Tinh tich phan | = | 128X gy
o (sin X +cos x)

Loi giai:

COS2X
(1+sin 2x)2

1-2sin?x

dx = dx

O [N

i
Taco | :j . Z
o (sin X +cos x)

Dit t =1+sin2x = dt = 2cos 2xdx . Khi x=0:>t:1;x:%:>t=2.

sy lpdt 112 1

1

o
Bai 16. Tinh tich phan | = [ X0 X
¢ C0S°X

Lol giai
T2 2 p
, sin? x
Tach I:I . dx:jtanzx _[tan X 1+tan x)d(tanx)
) c0s°x ! cos’x cos’x 3

Obla
|

1 1 8
tan X+—= tan X .
(3 5 j 15

Bai 17. Tinh tich phan I = | In(1+tan x)dx.

Ot [
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Loi giai:

Pit x=Z —t=dx=—dt. Khi x=0=t="-:x =%:>t=0.

4
|n(1+1_ta”tjdt
1+ tant

i an{ § - i

N
In 2dt — j 1+tant :ZInZ—ISZI:ZInZ:I:ZInZ.
0 4 4 8

S

Vay | =

Ot x| N

In(1+tan x)dx = —

p\:.!—.o
o!—.h\tl

o!—.h\-ﬁ

e
:jln
o \l+tant

dx

Bai 18. Tinh tich phan 1 = [————.
SN~ XCOS X

Loi giai:

dx _J- cosxdx _J- d(sinx) dt

Taco | :Isin“ XCOSX - sin*xcos’X * sin’ X(l—Sin2 X) ) It4 (1_t2)

(1-t*)+t" o 14¢? dt 1 1 1, |t-1
= dt = dt——=-—-=-= In|-—=
It“(l—tz) It“ It2 1 30 1 2 fte1 ©
o1 1 —iln sinx—1
© 3sin®x sinx 2 [sinx+1
2
Bai 19. Tinh tich phan | = [0 X gy
COS X
Loi giai:

2 =2 2
Izjtan X J'Sln cosxdx:J'szd(sinx)z.[( tzj dt
COS X cos’x (1—sin2 x) 1-t

2 1
== || —-— = - dt
(1 t 1+tj I{l t) 1—t2+(1+t)zj
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1 1 Lt 1 1 [L+sinx| |
- ——| +C= ——|

:4(1—t) 4(1+t) 4 |1 t| 4(1-sinx) 4(1+sinx) 4 |1 smx|

sin xcos x(sin4 X +sin® x+sin x+1)

Bai 20. Tinh tich phan | = dx

Oty [N

sin®x—1

Loi gidi :
3 in? xcosx | 3sin xcos x(sin® x+sin” x+1)
Taco | = | dx+ | dx
. sin®x-1 5 sin® x-1

2 . 3 T
=1j‘d(SI—an)dx+ im - —In [_C(zij_kih'](cosz X) 5
3o(sin3x) 1 29sinx-1 6 \sin"x+1) 2 0

BAI TAP PE NGHI

T

2
Bai 1. Tinh tich phan | = jsinz X(1+cos’ x) dx.
0

Bai 2. Tinh tich phan | = [(sin® x~1)sin® xdx.

O 10 |y

T

4
Bai 3.tinh tich phan | = jtanz xdX.
0

T

4
Bai 4. Tinh tich phan | = jtan“ xdX.
0

T

4
Bai 5. Tinh tich phan | = jtanﬁ xdX.
0
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Bai 7. Tinh tich phan 1

Bai 8. Tinh tich phan 1

Bai 9.Tinh tich phéan 1

Bai 10. Tinh tich phan

Bai 11. Tinh tich phan

Bai 12. Tinh tich phan

Bai 13. Tinh tich phan

Bai 14. Tinh tich phan

Bai 15. Tinh tich phan

Dang Thanh Nam

TiCH PHAN VA UNG DUNG

BN —ro |y
@,
S5 | o
X
>

sin xcos® x
1+ cos?x

2
i
0

+tan x
—tan x

dx.

isin2x+sinx «
D —— e
5 V1+8cosx

dx

Py
COos XCOS(X+4)

dx
J2 +sinx—cosx

O |y

sin xdx
1+sin2x

= SN

dx
sin2x—2sinx’

WY ——N [N
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sin 2xdx

7

Bai 16. Tinh tich phan | = j .
. 2 2 ,\3

o(33|n X+ 4.C0S x)

sin® xdx
3sin 4x —sin 6x —3sin 2x

Bai 17. Tinh tich phan | =

Oty | N

. 3 cosx—sinx

Bai 18. Tinh tich phan | = j /2 .
° /2sin Xcos X
N
P

Bai 19. Tinh tich phan | = [ >0 X dx
5 COS“X
2
3 1 —

Bai 20. Tinh tich phan | = [ — V3cosx

7 sin 3x+33in(x—ﬂ)
2 3

Bai 21. Tinh tich phéan | = dx

j? in X —5co0s x
o (sin x+cos x)

i 2
Bai 22. Tinh tich phan | = [ ———*—dx
”sin3xsin(x+ﬂ)
e 4
. I 5 2 COS 2X
Bai 23. Tinh tich phan | :j - 7ax
2 (sinx—cos x+3)

Bai 24. Tinh tich phan | = [—2nXsinxdx

O |y

(sinx+cosx)’

Bai 25. Tinh tich phan |

o'-—.&\:l

1
dx
(1+\fsmx 1+fcosx}
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Bai 26. Tinh tich phan | = j _XCOSX 4y
1+cosx
f
Bai 27. Tinh tich phan 1 = [ 25X _g
0 25|n x+1

sin 2xdx

Bai 28. Tinh tich phan | = | ——————
sin” x+cos’ x

O |y

cos® x

dx
sin x(sin10 X + cos® x)

Bai 29. Tinh tich phan | =

o8 0N

sin xcos x(sin4 X +sin® x+sin x+1)

Bai 30. Tinh tich phan | = dx

Oy [N

sin®x—1

. e . sin xcosx(sin x+1
Bai 31. Tinh tich phan | = ( * )dx

sin® x—1

Ot W [N

sin4x+cos2x I

Bai 32. Tinh tich phan | = | — 5
sin® x +€os” X

O 10 |y

sin4x
tan (sin4 X + cos* x)

Bai 33. Tinh tich phéan | = dx

O | N

sin 4x

Bai 34. Tinh tich phén | = —— -
cos (sm X + COS x)

dx

O [ Y

Bai 35. Tinh tich phan I = | sin xcos x(1+cos x)zdx

Oy [N

2 s
Bai 36. Tinh tich phan | = [ " X
5 1+C0os X

dx
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a

4 3
Bai 37. Tinh tich phan | = .[Sllnxwdx

» 1+sinx

3

3sin x+4cos x
3sin® X + 4¢0s* X

Bai 38. Tinh tich phan | = dx

Oty | N

Bai 39. Tinh tich phan | = |sin® x tan xdx

Ot [N

sin 3x
1+ cos x

Bai 40. Tinh tich phan | = dx

Oty [ N

sin x

Bai 41. Tinh tich phéan | = dx

O v [ N

- 2 X
SIN“ X+ 2C0S X COS —

sin3x —sin® 3x
dx

Bai 42. Tinh tich phan | =
1+ cos3x

Oty [N

2sin2x+sin x

dx
V6CosSx—2

Bai 43. Tinh tich phan | =

O w0 [N

Bai 44. Tinh tich phan | = {sin 2x(1+sin> x)sdx

O o | N

sin? x

Bai 45. Tinh tich phan | = . -
cos x(tan x—2tanx+5)

dx

[N

&N

tan x

COS X~/COS” X + 2

Bai 46. Tinh tich phan dx

Il
INER N IE
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Bai 48. Tinh tich phan

Bai 49. Tinh tich phan

Bai 50. Tinh tich phan
Bai 51. Tinh tich phan
Bai 52.

Tinh tich phéan

Bai 53. Tinh tich phan
Bai 54. Tinh tich phan
Bai 55. Tinh tich phan
Bai 56. Tinh tich phan
Bai 57. Tinh tich phan

Dang Thanh Nam

TiCH PHAN VA UNG DUNG

dx
(sinx+2cos x)2

Jsin® x —sin x

sin® x

z
j‘
0

dx

W] N —— N

COS 2X dx

O |y

(sinx+cosx+ 2)3

1+sin 2X+C€0Ss2x
Sin X +CoS X

dx

Oy N

X+14sin x
———dx

cos® X

O e

e* (sinx+cosx+1)

O |y

(1+cosx)’

BN — |y
g |
215

N
> | X

= SN
>

X )
—X°sin xjdx

cos xIn(1+cos x) dx

O 10 |y

Jtan? x +cot? x — 2dx

Oy ——w | N
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Bai 58. Tinh tich phan | = (sin10 X+ cos™ x —sin* xcos* x)dx

Oy [N

. o 31n(cos
Bai 59. Tinh tich phén | :jde
5 COS” X

sin X :
>—V1+sin® xdx

Cos™ X

Bai 60. Tinh tich phan | =

O |y

DANG TOAN BO SUNG

I A asinx + b cos x
Neéu tich phén co dang | :j - dx
msin X+ Ncos X

Ldc nay nghi t6i viéc biéu din tir thirc theo miu thire va dao ham cua mau thic
Trinh bay:

Gia st asinx+bcosx = o (msinx+ncosx)+ B (mcosx —nsin x)

< asinx+bcosx =(am-Bn)sin x+(an+ Bm)cos x

DPdng nhét hé sb ta dugc

a=am-pn .. b o
giai hé nay suy ra cac hé s6 «, S.

b=an+ gm

Khi d6

| jasinx+bcosx dx Ia(msinx+ncosx)+,8(mcosx—nsinx)dx
msin X+ Ncos X msin X + Ncos X

(msin x+ncosx)
msin X+ N cos X

=ax+ BIn|msin x+ncos x| +c.

—afdxsp[

Mot Iuu ¥ 1a cac s6 a,b,m,ncé thé 1a cac s6 thuc tu do hoic ciing ¢6 thé chia x.
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2xcosx+(x—2)sinxd

Chdang hgn:Tinh tich phan | = X.

Ot~ [N

X COS X —Sin X

Mot dang tuong tu

dx.

I_J- asin x+bcos x
- - 2
(msinx+ncosx+k)

asin x+bcosx

I =[—— _ dx(*)
Jasin? x+bsin Xcos X + ccos?x

Véi dang (*) cac dé tuyén sinh hay bat gap dudi dang nay

Ldc nay ta phai nhdm biéu thirc trong cin

Trinh bay:

Nhom dugc asin’ x +bsin xcos x +ccos®x = & (msin x+ncos x)2 +B(**)

Va tién hanh phan tich

asinx+bcosx = k(msin x+ncosx)+|(mcosx—nsin x) (***)

Luu y cach nhom & (**) khdng phai la duy nhat, do do ta co thé lam bai todn dang nay tuong ddi
dé.

Pé bai ciing cho d& nhin, vi vy ma cach phan tich & (***) c6 thé nhan thay ngay ma khong can

ddng nhat hé sé nhu trén.

Néu tich phan c6 dang
sin 2x

| = d
JQ/(asin2x+bcos2 x) ”

Lac nay tir thirc biéu dién theo dao ham cua asin® x+bcos? x

BAI TAP MAU

X sin x+(x+1)cosxd

H
Bai 1.Tinh tich phan | = j X.
0

XSin X 4+ cos X
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Loi giai:

Taco xsinx+(x+1)cosx =(xsin x+cos x) + xcos X = (xsin X +cos x) +( xsin X+ cos x)'

o bxsinx+(x+1) cosx , 4(Xsin X +C0S X) + X COS X
Vay | :j I - dx
< XSin X+CoS X . XSin X + COS X
=z r = _ -
t % xcosx = 4d(xsinx+cosx) =z _ L
=Idx+_[ X| 4 + J == +In|xsin x+cosX|4 == +In .
> xsin M~ 0 0o Xsinxtcosx 4 0 4 A2
b4 T
2 Sln(x—j
i ey e . 4
Bai 2. Tinh tich phén | :j dx.
3 Sin 2X +2(1+sin X+ cos X)
Lol giai:
T sin| x—- 2
A ( 4) 1t sin X —cos X
Taco | = j _[ dx
3 Sin2x+ 2(1+sin x+cosx V2 ¢ 1+sin 2x+2(sin x+cos x) +1
1 j Sin X —cos X I (sinx+cosx+1)
\/Eo(sin x+cosx) +2(sin x+cos x) + S|nx+cosx+1)

-1 %_4—3\/5

ﬁ(sinx+cosx+1) 0 4

sin 2xdx

i
Bai 3. Tinh tich phan | = :
'([x/coszx+4sin2 X

Loi gidi:
Taco d (coszx+ 4sin? x) — _2c0s XSin X +8sin Xcos X = 6sin X Cos X = 3sin 2X.
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4 i %d cos’X +4sin’ X r
Vay | :I in 2xdx :1.[ ( )z—\/coszx+4sin2 X|4 =E(x/ﬁ—2).
2 \Jcos?x + 4sin? x Jeos?x+4sin?x 3 0 3

COS X —Sin X

3
Bai 4.Tinh tich phan | = | ———dx.
P L/Zsin X COS X
4
Lol giai:
. _?cosx-sinx . %  cosx—sinx 3 d(cosx+sinx)
Taco | = [ ——=—=dx= dx =
'z[VZS'nXCOSX i\/(sin x+cosx)2—1 i\/(sinx+cosx)2—1
4 4 4

bat t:cosx+sinx:>dt:d(cosx+sinx).

Khix:%:tzﬁ;x:%:t:\@;l.

V341 3+ \/é-l-l

{ o dt 7 — \/—+l+\/_
Vay | = (I t tz—l)zl t+yt7 -1 .
o1 | e ool ) ) 2w e

TiCH PHAN CUA HAM TUAN HOAN

Xét bai toan sau: Néu f(x) lién tuc tuan hoan véi chu ki T, véi moi ae R ta co

a+T

j f (X)dx = ] f (x)dx =

a

f (x)dx

N“_ﬁ—.m\—i

Chang minh:

Taco | =T f (x)dx = j f (x)dx + j f(x)o|x+ajT f (x)dx ()

a
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a+T

bit x=t+T = I f (x)dx :j- f(t+T)dt :j f(t)dt :ja. f (x)dx :—j‘ f (x)dx(2)

Lay (1) cong véi (2) theo vé suy ra dpem.

BAI TAP MAU

20127

Bai 1. Tinh tich phan | = I v1—cos2xdx.
0

Loi giai:

Xét ham s f (x) =+/1—cos2x lién tuc va tuan hoan trén R véi chu ki T = 7 nén ta co:

.T f(x)dx:ﬂr f (x)dx :T f(x)dx = ...Zoj‘h f (x)dx
=S =20j2” f (x)dx = j f (x)dx + j f (x)dx + j f(x)dx +.. +20]2” f (X)dx = 2012j f (x)dx

—2012[ v1=cos2xdx = 2012\/— sin xldx = 2012\/— sin xdx = —2012+/2 cosx T _ 402442
I J

2
Bai 2. Tinh tich phan | = I In(sin X ++/1+sin? x)dx
0

TICH PHAN LIEN KET

F(x)
(aF(x)+BG(x))"

dwong; F(x), G(x) la cac ham sé luong giac.

Xét tich phan 1, :I dx., trong d6 «, B 1a cac sb thuc tw do, nla sb nguyén
Viéc tinh truc tiép tich phan 1,to ra kho khin, khi d6 ta s& gian tiép tinh 1 thdng qua tich phan

| :.[ G(x) dx.
© Y (aF () +BG(N)"
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Khi do6 ta co
dx
|1+ﬁ|2: n—l(*)
“ '[(aF(x)+ﬁG(x)) "
K, +11, :.[ kF (x) +1G(x) _dx(*)
(aF(x)+ BG(X))

Céc hé sb k, I dugc chon sao cho kF (x) +1G(x) 1a dao ham cua aF (x) + BG(X) .

Trong d6 tich phan (*) va (**) tinh don gian hon, khi d6 giai hé¢ (1) suyra I, 1,.

BAI TAP MAU

ey . sin’ x
Bai 1.Tinh tich phan | :jﬁdx.
sin® X +cos"x

Loi gidi:
cos*x
Xét tich phan K = jﬁ dx
sin® x4 cos"x
sin* x4+ cos*x

Taco | +K = j
sm X+COS X

dx =Idx: X+¢ (1)

dx

sin* x - cos*x X4 (sin2 x—coszx)(sin2 x+coszx)
sin’ x + cos* x 1—§sin22x

_.[2c052xdx J- d (sin2x) |sm2x \/_|
~Jsin?2x—2 Jsin?2x- 2 Zf ‘sm2x+\f‘

|sm2x \/—|
4 2 ‘S|n2x+f‘

+C,(2)

Tr (1) va(2)suyra |l =

3 .
Bai 2. Tinh tich phan 1 = [ ——1" XX g«
0

(sin X ++/3 cos x)3
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3
Xet tich phan K :j cos xdx 70X
0 (sin x+J§cosx)

2 3 i
Taco I +K =] o =EIL=_1cot(x+ﬁ) 2 =£(1)
o(sinx+\@cosx) 4°sin2(x+7§) 4 SV

- =j sax = j =—— 2 = 2)
o(sm x+fcosx) 0 (sm x+fcosx) 2(S|n x+\@cosx) 0 6

Tir (1) va (2) suy ra | =*@6+1.

. ) ) X 2 sinl®
Bai 3. Tinh tich phan | = dx.

P ;[sin100 X +€0s ®x

Loi qiai:

o i 2 cos' P
Xét tich phan K = dx

P ~!sin1°° X + €05 *x

Pt X_E—t:dx_—dt Khi x = O:t—% =2 ot=0

100
t

2 £ 100 2 .
X sin
Vay | = dx = dt = |
‘ + .~ 100 100 :.~100 100
N~ X+ X . V/a Vi3 in—t+ t
)'s cos = sjnie ( —t)+ cosi® ( _tj )s cos

Mait khac ta co

I\J|-\~1

3
| +K = j
0
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Vay | =K =—.

BAI TAP PE NGHI

Bai 1. Tinh tich phan 1

& sinxdx
=I : -
2 (sin X +cos x)

. 2 /sin x
Bai 2. Tinh tich phan | = dx.
;[\/sin X ++/C0S X

cos?dx
sin x++/3 cos x

3
Bai 3. Tinh tich phan | = j
0

[ sin® x
Bai 4. Tinh tich phan | = j — 7 dx
5 SiN X+ COS X

PHUONG PHAP POI BIEN SO KHONG LAM THAY POl CAN

Dudi diy xin trinh bay kyj thudr déi bién sé khong 1am thay dai can tich phan véi mét
s6 bai toan tich phan ham lweng giac ciing nhuw tich phén cdc ham sé khdc khi ma ta kho ap
dung cach tinh tich phén thong thuong.

Ddm bdo khi doc phwong phdp nay cdc ban sé khong can phdi dé y t6i cic dang tich
phdn dac biét!

b
Xét tich phan | = j f (x)dx.

a

Khi d6 ta s& d6i bién s6 bang cach dat x =a+b—tthitaco
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dx = —dt
Xx=a=>t=b
X=b=t=a

Ldc nay can mai cua tich phan la —.? f(a+b—t)dt =T f(a+b-t)dt
b a
Van la tir adén b khong thay doi.
BAI TAP MAU
Ta xét bai toan quen thugc sau

T

4
Tinh tich phan | = j In(1+ tan x )dx (1)
0

Thong thuong ta nghi dén cac hudéng

: : : :
Hwé'ngl.lz.([ln(1+tanx :E[ ( z:)r;))((jx:_([ln(sinx+cosx)dx—'([ln(cosx)dx.
1
u=In(1+tan x) du = dx

cos’x(1+tan x)

Huwéng 2. Dung tich phan ting phan {d
v =

V=X

3
Suyra | = xIn(1+tan x) j
5 cos”X(1+ tan x)

O4>|>~1

Ca hai huéng ndy nhan thiy khé hiéu qua.
Ta giai quyét bai todn nay bang cach di bién sé khong 1am thay ddi can nhu sau

Loi giai:

Détx:(%+0j—tzz—t:dx——dt Khi x=0=>t=

4>|>\
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p _
In 1+tan(——tj dt = jln(1+l tantjdt
4 5 1+tant

In(1+tant)dtzzln2—l —21="m2=1=2m2.
4 4 8

a

4
Vay | =jln(l+tan x)dx = —
0

A\-ﬁu!—.o

T

¥ 4
jl ( jdt:_[andt—
o \l+tant 5

Rat don gian phai khéng nao!

Oty [N

Nhung tir hudng 2 va cach giai nay ta co bai toan twong dbi hay sau

+ Tinh tich phéan | *)

f
;[cos X (1+ tan x)
Va mot bai dugc suy ra tur (1)

(1
Tinh tich phén | = .[;X)dx Néu dat x = tant thi dua vé tich phan (1)

CAc ban thir giai quyét bai toan sau:

In 1+ ax .
Liéu tinh dugc tich phan | = I 4)dx vai a la so thuc khdng am.

Céc ban thir nghi cach giai quyét bai toan (*) khi khéng ding cac két qua trén nhé! Mot bai tap
phai khéng nao!

MOQT SO BAI TOAN NANG CAO CO DANG TUONG TU TREN

Suu tap trén http://ezine.math.vn

T

1.1. Iln(a+bcosx)dx, a,beR;a>|b|.
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1.3.

_.’f Xsin 2x
v, C0S2X+8cosx+9

2
1.4. I:I\/x2—2x+2In(2+x)dx
0

3 In 3+x

'1[\/7x.

1.5.

Sau day trinh bay mot s6 vi du minh hoa phwong phap nay:

Bai 1. Tinh tich phan | = [ 221" dx
1 COS°X—4
Loi gidi:
Pit x=7 -t = dx = —dt.
Khi x=0=t=7r;x=n=1t=0.
t)sin(z —t) f tsmt Tosi T otsi
Vay | :_.[(7[ ) 7[ J‘ T — 7[J- S|2nt dt_J‘ tSZInt dt
s cos’(m— ; cost 4 cos’t—4 < cos’t—4
T sinx T xsinx T osinx
=r|———dX- | ———dx=7|———dx-1
;[coszx—4 -([coszx—4 -([coszx—4
_E” sin X __J~ (cosx) _ T nleosx=2|7 w4
24 COS°X — 7° cos*X — 4 8 |cosx+2[0 4
i T e 5 2 sindx
Bai 2. Tinh tich phén | :j_—dx.
¢ SiN X+ COS X
Loi gidi:
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T

bat x———t:>dx— —dt;x=0=>t=—;
2 2

° sin?’(;[—tj 2 cost 3 cos'x
iy 1| e
Zsin(Z—t)%os(Z—tj 2 sint +cos 0smx+cosx

=£:>t=0.
2

X =K.

Lai

T

z 12 T
LK = .[Sln X +C0S°X J' |n2xdx=(x+l0052xj 2 =ﬂ—l
0 O ) ’

SIN X+ COS X

o'—.m\:\

2
dx=j 1 sin xcosx
0

-1
Tirdo suyra | =K =2~

4

co

N

Bai 3. Tinh tich phan | = jwd

-l>\=l

Loi giai:

Pit x=—t = dx=—dt:x=—2=t="":x .
4 4" 4 4
6" (sin6t+cos‘3t)

6" (sin6 X +0036x)
6'+1

6 +1

dt =

— [N
e [N

dx

_I“sm )+cos®( t)dt
- < 6 +1
¥

PN
|
INSE]

(6X +1—1)(sin6 x+cos‘3x)
6" +1

— [N

dx (sm X +CO0S x)dx—l

-b/-ﬁl'—"h‘:‘

PN

=1=

— [N

N |-
e [N

PN

(sin6x+cos‘3x)dx=1 1—§sin22x dx =
2 4 32

I
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1

Bai 4. Tinh tich phan | = .
J‘11+ X+ X+ x +3x% +1

Loi gidi:

o R (Lexa ) =X 43X 41
Taco | = |

J-1+x+x J-\/x4+3x2+1

~dx
71(1+x+x2) —(x4+3x2+1 2x(1+xF) Y 2x(1+ %)
T
. r
Xét tich phan M = Jl+x+x I dx =+ In|x|l rarctant|? |=Z
52 l+x bl 2% 1+x) 2 -1 T
4
1 / 4 2
N =.[sz+ldx,dat X=—t=dx=-dt;x=1=t=-1Ix=-1=t=1.
L 2x(1+x)

\/—t +3(- _ S B B
Khidé N = ! 2(_)(1+(_)2) ( dt)_—jlmdt_—N:N_o.

V4
Vay I =M —N=—.
ay 4

Bai 5. Cho f(x)la ham s6 lien tuc trén doan [—a;a],a>0 thoa man

w
N

f(x)+ f(=x)=+2-2cos2x. Tinh tich phan 1 = | f(x)dx

N‘f\j"'—""

Loi gidi:
3 3z
bitt=—x=dt=-dX;x=—-=t=—;x=0=1t=0

Suy ra i f(x)dx = T—f (~t)dt =

3z 3z

o'-—,l\)‘f\:‘."

f(-t)dt= | f(=x)dx

o'—.m‘é}’
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w
N

3ﬂ 3ﬂ §E

(x)dx—j f(x)dx+j f (x)dx = j(f(x)+ f(—x))dx = '2[\/2—2c032xdx

3

N‘f\j’"—""

3ﬂ

|S|nx|dx 2 jsmxdx Ismxdx =6

|
o'-—.m‘:.w

n?°? x + cos?x

1+ sm2012 X + 05?2 x

3
Bai 6. Tinh tich phan | j dx
0

Lol giai:

. Vs "
bat x= E_t , tuong tu tren ta suy ra
2012y +sin® x

oS
1+5sin®* x + cos?®*?x

| = dx

Oy [N

Tt @6 ta co

_isin2°12x+cos X +sin” X+ €os’X J% w
. 1+5sin* x + cos™*x .

2012

sin x+/sin 2xdx

Bai 7. Tinh tich phan 1

o'-—.r\)\-ﬁl

Loi giai:
z

2
bat t:%—x khi do | :jcos X~+/sin 2xdx
0
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3
Suy ra 21 = |(sin x+cos x)~/sin 2xdx:j(sin X+ COS x)\/l—(sin X —COS x)zdx
0

O v [ Y

bat t =sin x—cos x = dt :(cosx+sin x)dx

L 17§ Vs
Khi do |=§j1\/1—t2dt=z.

37 cos X+ 4sin x)sin’ x+4}

V1+sin®x

X
Bai 8. Tinh tich phan | = j I dx
0

Loi gidi:
batt=7-xXx

x 7[[(—37[ COS X+ 4sin x) sin’ x+4] x X[(37r cos x —4sin x)sin’ x—4]
= | :j dx+J' dx
0 \J1+sin®x 0 \J1+sin®x

677X.C0S X.sin xdx+jn[(—3n c0s X+ 4sin x)sin® x+4 |
0

V1+sin®x V1+sin® x

x (67zx—37r2)cosx.sin2 X x
= dx + 47 | \J1+sin® xdx
}[ \1+sin®x '([

dx

Do do 21 =j|E
0

Taco
% (67X —37°)cos X.sin® X x :
.([( \/Hlm dx:2£(2nx—n2)d(\/l+sm3x)

= 2(27zx—7z2)\/1+sin3 X

g - 47zjf\/1+sin3 xdx
0

Suyra | :(27zx—7r2)\/1+sin3 X

7[=27r2
0

BAI TAP PE NGHI
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T

2
Bai 1. Tinh tich phan I = [ In(tan x)dx.
0

Bai 2. Tinh tich phan | = [ <20 xsin xdx
29— 4c0s® X’
3 i

Bai 3. Tinh tich phan | = [ 1L "R %y
OSln X+C0S X
7 id

Bai 4. Tinh tich phan | = | _sin"xdx_
OSln X+ COS X

dx

Bai 5. Tinh tichphan | = | ————
(& +1)cos2x

mmv._,mm

(sin4 x—1) cos’x

Bai 6. Tinh tich phan | = dx.

N [N

e’ +1

NN

Bai 7. Tinh tich phan I = | x(tan x+cot x) dx.

O ——w | N

Xsin X

Bai 8. Tinh tich phan | = | ———
COs“X+1

dx.

O ey

Bai 9. Tinh tich phéan

o'-—.r\)\-ﬁl

(M—m)dx.

%

Bai 10. Tinh tich phan 1 = j Ysinx T
> 3sin x +3/cos x
% sin X

Bai 11. Tinh tich phan | = j _dx.
2 (sin x+cosx)
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Bai 12. Tinh tich phan | =

N | N

cos x.In (x +/1+ X2 )dx.

NN

[N

2
Bai 13. Tinh tich phan 1 = [ In(sin x)dx
0

[ N

Bai 14. Tinh tich phan | = %—tanz(cos X) (dx.
3| cos® (sinx)

- ) ) ) 2 l+Sin X 1+cosx
Bai 15.Tinh tich phan I :jln#dx.
0 1+cosx

1
Bai 16.Tinh tich phan 1 = [ In(d+x) 4
0

2
Bai 17. Tinh tich phan | = | &
o 1+(tan x)

Bai 18. Tinh tich phan

Il
O 10 |y

(cos2 (”M) +5sin? (zom))dx .

.% COS X
Bai 19. Tinh tich phén | = | —————=dx
Tl-X+X+1
2
3
Bai 20. Tinh tich phan | :jln(1+\/§tan x)dx
0

2
Bai 21. Tinh tich phan | = Isin(2012x+sin x) dx
0

1
Bai 22. Tinh tich phan | = Ixz In(ﬂjdx
° 2+X
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= x(cos® X+ cos x +sin x)

Bai 23. Tinh tich phan | =j dx
0

1+cos? x

JIn(9—x)dx . -
( The Putnam Mathematica Competition

'[\/In 9-Xx +\/In X+3)

Bai 24. Tinh tich phan | =

1997).
h X2 +1
Bai 25. Tinh tich phan | = [ -————————dx
71(x + X +l)(e +1)
Bai 26. Tinh tich phan | = | &dx
2 (1+2%)sinx
. I T xsin®* x
Bai 27. Tinh tich phan | = dx
P ;[ sin®* x 4 cos*™" x

1
Bai 28. Tinh tich phan | = [———"— x+1 =
* IX+1+-x

POI BIEN SO DUGI DANG LUQNG GIAC HOA

Khi gdp mét sé bai todn ma biéu thire dudi ddu tich phan chira cin thie, ta thwong déi bién

s6 dudi dang lweng giac nhw sau.

+ Néu c6 chaa v/a? — x? thi dat x =asint hoic x = acost .

£ . , N a . a
+ Néu c6 chira vx* —a? thi dat x=——hoidc X =—.
cost sint

+ Néu c6 chira x? +ahodc vx?+a? thi dat x=atant.
£ £ , X+a ,, . ..
+ Néu cb chira ,|—— thidat x=acos2t.
Va-x
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+ Néu c6 chira /(x—a)(b—x) thi dat x=a+(b—a)sin’t.

BAI TAP MAU

2
Bai 1. Tinh tich phan | = j V4 — X2 dx.
0

Loi giai:

Pit x = 2sint,t e[—%;ﬂ = dx = 2costdt .

Khi x:0:>t:0;x:2:>t=%.

N\-ﬁl

T
Vay | —.[x/4 4sin?t.2costdt 4.[005 tdt 2_[ 1+cos2t) dt =2(t+%sin2tj5:

0

1
Bai 2. Tinh tich phan 1 = | ox dx.
0

(4—x2)m

Loi giai:

bat x =2sint = dx = 2costdt.

Khi x:0:>t:0;x:1:>t=%.

Vay
& % B % z

:j 2costdt :j 2costdt I dt E_[ tant)=£tant6:i.
b (4-4sin”t)Va—4sint ¢ 4cos’ty/dcost g4cost 4y 47y 4B

1
Bai 3. Tinh tich phan | = j x2y/1— x2dx.
0
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Loi giai:
Pit x =sint = dx = costdt. Khi x=0:>t=0;x:1:>t=%.

7T 7T

IR

1

Va
ay | 3

sin®ty/1—sin?t costdt = jsm tcos’tdt == jsm 2tdt =

T
:1 t—lsin4t 5:1.
8 4 0 16

(1-cos4t)dt

o'-—.r\)\-ﬁl
o'—.

N | =

Bai 4. Tinh tich phan | =

'[Jl X

Loi giai:

bat x=sint,te[—%;%}:dx=costdt. Khi x:0:>t:0;x:%:>t=7Z

E.
§ i g § 5 u
Vay | :,[ sin“ t costdt J-sm 2 tdt Jt dt :Itan td(tant):étan g _i.
0 (l—sinzt)3 ) Cos't g cos’t g 3 0 9V/3

1
Bai 5. Tinh tich phan | = j X3 y1+ x2dx.
0

Loi giai:

Pit x=tant,te| 0;= | = dx = ——
2 cost

Khi x:0:>t:0;x:1:>t=%.

7 . i
N t n® t indt
Vay | :jtan tv1+tan?t d :j ta _[S dt
0 cos’t 0 cos’t cos’t
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T

=j4’1_cosztd(cost)=( ! ! jZ £(1+\5).

cos’t 5cos’t 3cos’t)|. 15

| o

0
2

Bai 6. Tinh tich phan | = [ > Xax
5 VO —X

Loi gidi:
bat x=5cos2t,t e[o;%}: dx = —10sin 2tdt .
. T 5 T
Khi Xx=0=t=—X=—=t=—.
4 2 6
& [5(1+cos2t) . [
Vay | =-10] (L+ )sm 2tdt = 20[ cos’tdt
2\'5(1-cos2t) ’
4 4

AN oy

BAI TAP PE NGHI

1
Bai 1. Tinh tich phan | = j x*y/1— x2dx.
0

N
Bai 2. Tinh tich phan | = I X>\/4 — x> dx.
-1

1
Bai 3. Tinh tich phan | :IXS‘/?dx.
—X
0

1
Bai 4. Tinh tich phan | = j VX2 +1dx.
0

539
Dang Thanh Nam
Auditing 51a, National economics University, Ha Noi, Viet Nam



TiCH PHAN VA UNG DUNG

1 2
i X“dx
Bai 5. Tinh tich phan | = ,
'!(x2 +l)\/x2 +1
Bai 6. Tinh tich phan |:j o
o VXE+1

0
Bai 7. Tinh tich phan | = Ix/xz +2X +2dx.
-1

(1+ X )5
V0 gy

2
B 9. Tinh tich phan 1 = [ [+ Xax
5 V1—X
X

2
Bai 10. Tinh tich phan | = j d
N

Bai 8. Tinh tich phan | =

%“ P C—

| =

8 2_
Bai 11. Tinh tich phan | = [*X =10
4

dx.
X
1 3
Bai 12.Tinh tich phan 1 = | - dx.
2
o@+x)

1
Bai 13. Tinh tich phan | = j /X2 — 2+ 2dX.

0

BAI TOAN DIEN TIiCH HINH PHANG VA THE TICH VAT TRON XOAY
+ Dién tich hinh phang

, =f(x),y=0
Cho hinh phang gigi han bai cac duong {y (0.
X=a,Xx=b
. b
Khi d6 dién tich hinh phéng 14 : S= j | (x)[dx.
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y=f(x),y=9(x)

Cho hinh phéng giéi han bai cac dudng {
X=a,Xx=b

b
Khi d6 dién tich hinh phang 1a: S= j | (%) - g(x)jdx.

Khi dé bai chua cho x=a,Xx=Dbthi khi d6 x=a,x="bdugc tim ra tir nghiém caa phuong trinh
f(x)=9g(x).

y="f(x),y=0

+ Thé tich vat thé gisi han boi cac dudng {
X=a,Xx=b

khi quay quanh truc hoanh(Ox).
b
V, =nj f2(x)dx.

y=f(x),y=9(x)

+ Thé tich vat thé gisi han boi cac dudng {
X=a,x=b

khi quay quanh truc hoanh(Ox).

vxznﬂfz(x)—gz(x)\dx.

BAI TAP MAU

Bai 1.Tinh di¢n tich hinh phing gi6i han boi hai dwong cong y =(e+1)xva y =(1+e")x.

Loi giai:
Hoanh d¢ giao diém cua hai duong 1a nghiém cia phuong trinh
(e+1)x=(1+e")x < x(e* —e) =0 x=0vax=1.

Vay dién tich can tinh la

1 1 1 1 Xz 1 1
S :ﬂx(eX —e)‘dx:jx(e—ex)dx :eJ'xdx—Ixede=e7‘0—jxd(ex)
0 0 0 0 0

1 - 1
=& | e —jexdx =2 |e—e
2 0 2

e
=——1(dvdt).
O 0] > ~1(dvdt)
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Bai 2. Tinh dién tich hinh phing gigi han bai duong cong y = xIn x vai truc hoanh va dudng

thing x =e.

Lai giai:
Giao diém cua dudng cong y = xIn x véi truc hoanh 1a nghiém cta phuong trinh
xInx=0< Inx=0< x =1.( do didu kién x> 0).

Vay dién tich can tinh la

S:Jxlnxdx
1
du=%
_. |u=Inx X
bat =
{dv:xdx 1.,
V==X
2
e e 2 e 2
VayS:Elenx —ljxdx=e——£x2 :e—+£.
2 1 24 2 4 1 4 4

Bai 3. Tinh dién tich hinh phang giéi han bai hai duong cong y=—/4—x*va y = —%xz.

N = .

Loi giai:
Hoanh d6 giao diém cua hai dudng cong 1a nghiém ciia phuong trinh

—4-x? :—%x2 & WE-xF =X <:>9(4—x2):x4 c>(x2—3)(x2+12)=0<:>x=i\/§.vay

dién tich can tinh 1a

V3 3

Ne
S= I 1xz—\/4—x2 dx = j(—1x2+\/4—x2jdx:—1x3\/§ +J.\/4—x2dx:—2—\/§+l.+
Ak J\3 9" L3 Y 3

N
Tinh | = j VA= x2dx .

B
Dit x=23int,te[—%;ﬂ:dxﬂcostdt.
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Khi x:—\/§:>t:—%;x:\/§:>t:%.

bid b4 b4 T
3 3 3 s
Vay | =2j \/4—4sin2tcostdt=4j cosztdt:Z_[(1+0052t)dt:2(t+%sin2tj 3 =4?”+ 3
T T T 7Z-
3 3 3 _5
vay S :4—”+£.
3 3

BAI TAP PE NGHI

Ba 1. Tinh dién tich hinh phing gigi han bai hai dudong cong y = 2x%e*va y = —x%".
Bai 2. Tinh dién tich hinh phang giéi han bai hai duong cong y* +8x =16va y? —24x = 48.
Bai 3. Tinh dién tich hinh phang gisi han bai duong cong y = x? In X véi truc hoanh va dudng

thing x =e.

U 3
Bai 4. Tinh di¢n tich hinh phang gidi han bai hai duong cong y =X g ¥ = (Z—X) .
Bai 5.X4c dinh sb duong a sao cho dién tich hinh phing gi¢ han béi hai duong cong

x?+2ax+3a® . a?—ax .. ., 2
= Vay-= — la lon nhat.
1+a 1+a

Bai 6.Tinh thé tich gi¢i han béi duong cong y =(x—1)e* va dudng thang x =ekhi quay quanh
truc hoanh.

Bai 7.Tinh thé tich gi¢i han boi dudng cong y =+/sin® x+cos®x va hai dudng thing x =0va
X :%khi quay quanh truc hoanh.

Bai 8.Tinh thé tich gisi han bai hai duong cong y=4-x*va y=x?+2khi quay quanh truc
hoanh.

Bai 9. Tinh dién tich hinh phing gii han boi cac duong:
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X
1+sinx

y y=0;x=0;x=rx.

Bai 10. Tinh dién tich hinh phang gi6i han bai ba duong sau:

2

Elip (E):XZ+ y? =1; duong thing (d):x—2x/§y—4:0 va truc hoanh.

Bai 11. Cho (H ) 14 hinh phang gi6i han boi duong cong y = log . X, truc Ox va dudng thang c6
phuong trinh X =e. Tinh thé tich vat thé tron xoay khi (H ) quay quanh Ox .

Bai 12. Tinh thé tich khdi tron xoay tao thanh khi hinh phing gi¢i han boi d6 thi ham sb

\/ xe*

y= ol truc hoanh va duong théng X =1 quay quanh truc hoanh.
e" +

Bai 13. Tinh dién tich hinh phing gi6i han boi cac duong y = xsin2x; y = 2x; X =%

X

Bai 14. Tinh dién tich hinh phiang gi6i han boi d6 thi ham s6 y =e¥®*1; truc Ox va hai duong

thing x=0;x =1.

Bai 15. Tinh thé tich vét tron xoay sinh boi hinh phing (H ) quay quanh Ox . Biét (H) gi6i han

boi Ox,0y va db thi ham s6 y = va duong thing x =1.

X —X

e +e
xIn(2+x)

V4-x?

Bai 17. Tinh dién tich hinh phang gi6i han boi y = ‘Xz —l‘ va dudng thing thing y = |X| +5

Bai 16. Tinh dién tich hinh phang gi6i han bai duong cong y = va truc hoanh.

Bai 18. Tinh di¢n tich hinh phéing gi6i han béi dd thi ham s6 y =[x —4x+3|va duong thang

y=Xx+3.

2

2
Bai 19. Tinh dién tich hinh phing gidi han béi cac dudng Y =, /4_)(7 VA y= 435
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Bai 20. Tinh thé tich khdi tron xoay tao thanh khi quay quanh truc hoanh hinh phing gii han

we AX 1t 1n £ e \ \ . 2
bdi d6 thi ham s6 y =——1In X, truc hoanh va duong thang x =1.
X

MOQT SO BAI TOAN TONG HQP

L :.1[(x2:2x+2)eX
5 X +4x+4

Dap s6: | = % ; dung phuong phap tich phan tirng phan.

1.2. 1= (In(3x +x) 2Inx)dx

w\»—\'.—.»—\

Pap sb: | = 41n 23+ In3 ;‘r ﬂ;f ding phwong phap tich phan timg phan két hop doi

dx

(x+1)Vx*+2x+1
Pit t =+x?+2x+1 hodc dat x+1=

%

15. j ~dx
0 x5|nx+cosx)
1 2

16, 1=[ 222X 4
0(2012+X2)

17, 1=[(x+1)".min{3",4-xldx

o'-—.r\:
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_i COS2X + COS X + 2
0

1.8. dx
1+ C0S X ++/C0S X — COS?X
, 2
Viét lai | :j(l+cosx—\/cosx—coszx)dx.
0
’;(1+cosx)(1—tan2)z(tan(x+sinx)tan(x—sinx)j
1.. |=j : dx
3 tan (X +sin x)
4
z T
, 22 2 . 2si 5 i
Viét lai I:j (COS_ X+COS_XCOS_( Smx))dx In(sm2x+sm(25|n x)) 2 _1n SI!‘]Z
) sin 2x +sin(2sin x) T 1+sin+/2
‘ a
3.
1.10. |=jmdx.
' cos’X
"3
e(1—(x-1)e")Inx
1.11. |=j( (x=1) 2) dx
1 (1+ex)
&
112 |- Jsmx COS X — x(smx+cosx)+1d
7 X —x(smx+cosx)+smxcosx
12
& .
Viét | = .[[(In(smx x)) (In(cosx—x))}dx
0
% 1 tan x
1.13. I = d
ﬂtan x(In(sin x))ﬂn(cosx)} X
3
1
114, 1=] BLSEWN
(x+1)
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1 1
Viétlai 1 = | dSX :_gj 1 d( x+1j
0 X—|—1 2 60 X+l 5 7X+1
(7x+1)
7x+1 7x+1
2
115, 1= x-1 4
1 X2V 2xF —2x+1
x(2x—1) >
e 2X° = 2X+1
. 22x% —x—(2x* —2x+1 2 [5y2 2 ( [ovz _ouin
Viet lai I:.[ ( )dxzj 2X —2X+12 dXz_[d 2X"—2x+1
1 XN2xP-2x+1 ] X ) X
:i cos®x y
¢ sin® x +cos’x
3
1.17. 1= j\/ tan xdx
%
bat t =+/tan x
In 1+x
I_
I 1+ X2
bat x =tant
% 1
1.19. I =|cosx(sinx-1 -1 |dx
';[ ( )(Sin?’x j
n
1.20. Ize\/x2+l(l+lnx)+x2
1 XV X2 +1
%x(xsinx+\/;)—sinx
121 1= dx
0 x—-1
1.22. |:jwdx
1(Inx+x+1)
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B Inx? —In(x2 +15)

1.23. |I= dx

2
1 \/x2+15(x+\/x2+15)

Viét tich phan du6i dang:

X
15In
2@ [ x2+15j
:_5~[ ~d
3
' (x2+15) [1+ X J
15

15dx

Vx* +15 x +15

X

7r(esinx_e25inx_+_X2)XCOSX_eSmX
Led | ='[ XZ_eZSinx dx
3
1.25 |:jta¢dx
* J3-cos2x
1.26 |_i2 Xx+(x—1)Inx—In”x
o 1 1+x|nx)
22 1+Xe +Xzex
1.27. |=j dx
1 2+xe )
1.28. 1= I (x=1)sin(In x)+ xcos(In x)
1 X
3 b
129. 1= xcos' (7 —X) N
4 3z .4 3
7cost| x—"2 |+sin?| x+°— |-1
’ ( 2) ( 2)
1.30. jZ X+(x-1)Inx—In? x
| 1 1+x|nx)
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1.31.

1.32.

1.33.

1.34.

1.35.

1.36.

1.37.

1.38.

1.39.

1.40.

coszx(2x2 —cost)

| = dx

(x+sinxcos x)2

BN |y

In(sin x+cos x)

dx

Il
Ot [

cos’x

tan x In (cos x)
COS X

dx

Il
= SN

dx
COS X+/2 +sin 2X

Il
Oy~ [N

sin? x — x? cos X — Xsin 2x

(xsin x+sin2x) x

Il
O N [N

16x-4
(sin x+cosx)

>aX

Il
O N [ Y

x* (4Inx+1)+(2x+1)In? x+4xInx
x? Inx(x+Inx)

Il
N Sy

X2C082X — X sin 2X — c0s*x

dx
(x+sinxcos x)2

. T
sin (x+4)
dx

2sin Xcosx—3

Il
BNy

Il
BNy

cot? X + cot X
eX

dx

Il
N\ﬁ"—;&‘,:‘w
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1.43.

1.44.

1.45.

1.46.

1.47.

1.48.

1.49.

1.50.

1.51.

TiCH PHAN VA UNG DUNG

7 (x+2)(l+2xex)+1
! _~[ x(1+xex)

dx

| = j'(2x2 +X +1) e g
0

4 cosx Y
I:j 7 |dx
) sin x +cos x

2

t( cos X +sin X
| = [[Gosxesinx]
. COS X

3
= Losin2x g,
o (1+5sin 2x)

Sin X —Cos X
(1+cos x)(1+sin x)

sin X X
—— 4, [——.COS X [dX
X \' sin x

dx

Il Il
ANy O N [N

h dx

=] . .
E(sm X +C0S X + 2+/sin xcosx)\/sm X COS X
4

1+x%, (1+X
| = In| —— |dx
;[ 1-x? (1—xj

5.
I:jwln(ZHian)dx
5 1-sin2x

1 _ X —X
I:j(l 2x)e* +(1+2x)e i
0

(eX +e’x)3

550

Dang Thanh Nam
Auditing 51a, National economics University, Ha Noi, Viet Nam



TiCH PHAN VA UNG DUNG

: y
152. |I= d

;[(1+ x tan x)(x —tan x) cos*x X

7

1(l—x+x2)cosln(x+x/1+x2)—\/1+x2sinln(x+\/1+x2)
1.53. |=j dx

5 (1+x2)\/1+x2

1

.2[ X dx
1.54. | =

7;{(2x+1)\/x2—x+1+(2x—1)\/x2+x+1}\/x4+x2+1

2
155 = ll+4cost+cos4de

1-cos4x

oo\:u'-—,oo‘:.w

1 .:02 :
156, | = sin x+sm2x+1dx

e +sin® x+1

o

X+sinx—cosx—1

O 10 |y

157. |= — dx
X+e* +sinx
; Z\/SinX+\/COSX+3(\/SinX—\/COSX)COSZXd
158. |I= X
;[ \/Sin 2x
4
3 ) .
159 | :I5+3|n_2x+33|n x+5c:osxdX
0 Sin X+ COS X+ 2
Ze*(x-2
1.60. I= #dx
L X(x +e")
1 2 xz_ 2 2x2_ X2 x2_
161 I=.[2xe xXe 22xe +e 1dx
0 xe* +1
162. I= dx

.e[2xeX +xInx+x+1
L 2x(e*+Inx+1)
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1.63.

1.64.

1.65.

1.66.

1.67.

1.68.

1.69.

1.70.

1.71.

1.72.

1.73.

1.74.
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o (xIna+1)

1 X
_[ a (xlna+1)2dx
0

(ax+xlna+2)

2011

1
;[ *x®B42012 2012

COSX

2
| :j — - dx
5 €7 +2(sin x+cos x)

2 X" +6(sin x—cosx)
IZI NERNE
Ot +sinX+1+ X+ 4+

2 6

X (1+ Inx)z) 1+( Inx

e
|=j
2

1

+(Inx)
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VX 1% "

x* +1

bat x? =tant

sin x+/sin 2xdx

1.77. 1=

O v [N

pat t=2—x
2
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