SO GIAO DUC VA PAO TAO PE THI LAP PQI TUYEN DU THI CHON HQC SINH GIOI

TUYEN QUANG QUOC GIA THPT NAM HOQC 2025 — 2026
Mobn thi: Toan
PE CHINH THUC Thoi gian: 180 phut (khong ké thoi gian giao dé)

Ngay thi thir nhat: 11/9/2025
(Pé nay c6 01 trang)

.. < a2 . . X1=21X2=g
Bai 1 (5,0 diém). Cho déy so (x,) xéac dinh boi: 23
23X, = 22X, 4 + X, VN e N
a) Tinh lim x,,.
b) Dit y, :%+%+...+;—g, ¥neN". Chimg minh ring ddy s (y,) bi chan.

Bai 2 (5,0 diém). Tim tit ca cac ham so f :(0;+oo) — (0;+oo) thoa méan

X2 (F()+ f(y)=(x+y)f(yf(x)); véimoi X, y € (0;+x).

Bai 3 (5,0 diém). Véi k la mot s nguyén duong ta ki hiéu §(k) la tong tat ca cac woc
nguyén duong ciia k. Chimg minh rang:

5(p2025)_1 5(p1945)_1
p?5 _1 - % _1

b) §(mn)=ns(m)+8(n)—n, véimoi mneN".

, Voi moi sd nguyén t6 p;

a)

Bai 4 (5,0 diém). Trén mat phang, cho 4 diém phan biét A, B, C, D trong d6 khong co 3
diém nao thang hang. Chirng minh rang ton tai mot duong tron () di qua 3 trong 4 diém nay
va diém con lai thugc mién trong cua (w) hoac nam trén (w).

Ghi chu: - Thi sinh khdng duwgc sir dung tai liéu va may tinh cdam tay trong khi Iam bai.
- Giam th; coi thi khong gidi thich gi thém.



SO GIAO DUC VA PAO TAO PE THI LAP PQI TUYEN DU THI CHON HQC SINH GIOI

TUYEN QUANG QUOC GIA THPT NAM HOQC 2025 — 2026
Mobn thi: Toan
PE CHINH THUC Thoi gian: 180 phut (khong ké thoi gian giao dé)

Ngay thi tha hai: 12/9/2025
(Pé nay c6 01 trang)

Bai 5 (7,0 diém). Cho da thitc P(x) ¢6 hé s6 hiru ti, bac bang 2026 va ¢ 2026 nghiém thyc

X, < X, <...< X, 12p thanh mot cap s6 cong voi cong sai d > 0. Chimg minh ring:

) X'+ X, = 1[(2x1+2025d)2+(2i—2027)2d2}, V6imoi i =1,2,..., 2026;

20271 A~
2

b) d? 1asd hiru ti.

Bai 6 (7,0 diém). Cho tam’ gidc ABC nhon, khong c?ln va AB< AC. (;élc duong cao
BE, CF cua tam giac ABC cat nhau tai H. Goi M, K lan luot la trung diém cia BC va
EF: N 1a giao diém cia AM va EF; P lahinh chiéu vuong goc ctia N trén canh BC.

a) Chimg minh rang ba diém A, K, P thang hang.

b) Puong tron dudng kinh AP cit lai cAc canh AB, AC lan luot tai Q va R. Goi X, Y lan
luot 1a trung diém ciia CQ va BR. Chirng minh rang hai dudng thang XY va HN vudng goc
V&1 nhau.

Bai 7 (6,0 diém). Cho A 1a mot tap con co 23 phan tir cia tap S ={1,2;..,;5335}. bat
A = {X+ n | Xe A}, vn e S. Ching minh rang:

a) Véimoi i, je S, tap A N A, khac tap rong khi va chi khi |i—j|e B={|X—yHX, yeA};

b) Ton tai 22 phan tir t,t,,...,t, phan biét cua S sao cho cac tap A, A ..., A_doi mot
giao nhau bang rong.

Ghi chu: - Thi sinh khdng duoc sir dung tai liéu va may tinh cdam tay trong khi Iam bai.
- Giam th; coi thi khong gidi thich gi thém.



HUONG DAN CHAM

PE THI LAP PQI TUYEN DU THI CHON HQC SINH G101 QUOC GIA THPT,

NAM HQC 2025-2026
PE CHINH THUC
NGAY THI THU NHAT
11.9.2025
22
.. . . Z i LK Eas Xy =
Bai 1 (5,0 diem). Cho day so (x,) xéac dinh boi: 23

23X, = 22X, 4 + X, VN e N

a) Tinh lim x,,.
b) Dit vy, =%+%+...+;—2, ¥neN'. Chang minh ring day s (y,) bi chan.
Néi dung piém
A=1
a) Phuong trinh ddc trung cia day (x,): 231* =224 +1< ,_L Suy ra sb hang
23 1,0
tong quét cua ddy (x,) c6 dang x, = A+ B-(;—éj ,vneN"; A BeR.
‘ 22 , 1Y .
Tu % =2,X,=— suyra A=1,B=-23. Dodo6 x,=1-23| — | ,VneN. 1,0
23 23
-1\
Vay limx, =lim 1—23-(—) =1. 0,5
23
b) Tacd |x|=1—23-[_—1Jn <1+ L <2, vVneN'. 1.0
" 23 23" ’
Suyra
X| Xy Xol %] [ X5 Xa| 12| |2 2
=L 224 < 22 L S A —
|yn| 2 22 2n 2 22 2n ‘2 22 2n
1 1 15
=1+=+..+ =2[1——j<2, VYneN
n-1 2n
Vay day (y,) bichan.
Bai 2 (5,0 diém). Tim tat ca cac ham so f :(0;+00) — (0;+o0) thoa man
X2 (F )+ f(y))=(x+y)f(yf(x)); véimoi X, ye(0;+x).
Néi dung piém
Giastr f lamotham sé cantim. Cho x=y=1, taduoc f(1)=f(f()) (2). 1,0




Gia s x;, X, €(0;+0) theaman f(x,)= f(x,)=a>0. Khidé taco

’ f(y))= f 1
{xlz(ew WM)=04NT@). oo 0
X (a+f(y))=(x,+y)f(ay)
: X ; N
T (2) suy ra Xl+y=Xziy:>(x1—x2)(x1x2+y(x1+x2)):0:>x1:xz.Vay f la 10

don anh.

Vi f ladon anh nén tir (1) suyra f(1)=1. Cho x =1,y e(0;+w), ta duoc

1 1,0
1+ () =2+ fy)= f(y) =y

Thu lai f(y) L thoa man bai toan. vay f(y) =1,Vy >0 la ham sb duy nhét can Lo
y y ,

tim.

Bai 3 (5,0 diém). Voi k 1amot sé nguyén duong ta ki hiéu §(k) 1a tong tt ca cac udc nguyén
dwong ciia k. Chang minh rang:
5( p2025)_1 B 5( p1945)_1

p2025 1 p1945 1

b) §(mn) > ns(m)+8(n)—n, véi moi m,neN",

, VoI moi s6 nguyén t p;

a)

Néi dung piém

a) Ta thay p' (t € N*) cO tat ca cac wdc nguyén duong la 1, p, p?,..., p'. Suyra

t+l_1 170

5(p')=1 2y ap =P =2

(p)=1+p+p*+.+p 1

pt+l_1
5(p)-1 po1 t 0 pee

Do dé (?) Pl PP Py
p' -1 pP-1  (p-1)(p'-1) p-1 1,0

5(p2025)_1 p 5(p1945)_1

p?5 _1 =p_1= ptE_1

b) Ki hi¢u S, 1a tap tat ca cac udc nguyén duong ciia k. Khi dé 5(k) = z X va bat

XeSy

0,5
dang thtic can chimg minh twong duong voi Z X > n{ z XJ + z X—n (*).

XESin X€S,, XeS,

Tacé n[ijz > omx= > x(1),véinS ={ns|sesS,|. 05

XeS, X€S, xenS,,

S
Mat khac SESnm(nSm):{SE " :{s|.n =s=n.Dodo S, N(nS,)={n} (2). | 0,5
senS,, s:n




o(mn) >ns(m)+o(n)—n.

S,cS,,
Hon nira =S,u(ns,)cS,, (3). 0,5
nSm - mn
Tr@)suyra » x> > x=Y X+ > x— > x(4). 05
X€Smn xeS,u(nS;,) XeS, Xens,, xeS,N(nSy,) ’
Thay (1) va (2) vao (4) suy ra 2x2n(ZXJ+Zx—n hay 0s
XESimn XeS, XeS, ’

Bai 4 (5,0 diém). Trén mit phang, cho 4 diém phan biét A, B, C, D trong d6 khong c6 3 diém
nao thang hang. Chang minh rang ton tai mot dudng tron () di qua 3 trong 4 diém nay va diém

con lai thugc mién trong cua (w) hoic nam trén (o).

Noi dung

Piém

Trong cac duong tron di qua 3 diém lay tir 4 diém d& cho, goi (r) 1a duong tron co
ban kinh 16n nhat. Khong mat tinh tong quat, gia st (r) di qua 3 diém A, B, C.
Truwong hep 1: D thudc (r) hodc mién trong cua (z). Chon (@) =(r) théa man bai
toan.

1,0

Truong hep 2: D khong thuoc (z) va khéng thuoc mién trong cia (r). Khi d6 D
c6 thé thudc vao mot trong cac mién (I), (II), (III), (IV), (V), (VI) nhu hinh v&, trong
do:

Mién (1) giéi han bai tia dbi cua tia AB, tia déi cua tia CB vacung AC (khong tinh
bd). Tuwong tu cho cac mién (111), mién (V);

Mién (I1) gii han boi tia d6i cua tia AB va tia ddi cua tia AC (khdng tinh bo). Tuong
tu cho mién (1V), mién (VI).

W)

1,0

e Néu D thuoc mién (I1) thi chon (@) 1a dwong tron ngoai tiép tam giac DBC thoa
man bai toan. Tuong ty voi D thudc cac mién (IV) va (VI).

1,0




e Néu D thudc mién (1) thi goi E 1a giao diém thir hai cia BD va (r). Khi d6 hai

g6c AEB va BEC c6 it nhat mot goc nhon, gia sit AEB < 90°

Ta thdy ADB < AEB < 90° = sin ADB < sin AEB. Do d6
A
R =— E\ < — A/B\ =R(ABD),
sin AEB sin ADB

mau thuan véi cach chon (7). Vay D khong thugc mién (1).

Twong ty thi D khong thuoc mién (111) va (V) trong truong hop 2.

2,0




NGAY THI THU 2
12.9.2025

Bai 5 (7,0 diém). Cho da thirc P(x) ¢6 hé sé hitu ti, bac bang 2026 va c6 2026 nghiém thyc
X, < X, <...< Xy 12p thanh mot cap sb cong véi cong sai d > 0. Chiing minh rang:

a) X2+ X%, | _%[(2x1 +2025d )’ +(2i —2027)2d2] v&imoi =1 2,..., 2026;

b) d? Ia s6 hiu ti.

Néi dung piém

1
a) Taco X + X2027 [ :E|:(Xi * Yo7 )2 +(Xi Xo027- |) } D). 10

Mt khéc X, + Xopp7; = % +(1-1)d + X + (2026 —i1)d = 2x, +2025d ). 15
X, — Xop7; = %+ (1=1)d —x — (2026 —i)d = (2i —2027)d

Tir (1), (2) suyra X* + x5, =%[(2x1+2025d)2+(2i—2027)2d2]w=1, 2026 (3).| 05

b) Gia stt P(X) = 8,00 X" + 8,00 X + ...+ X+ a,; & € Q,Vi=0,1,...,2026; a,,, # 0.

2026 1
Theo Dinh |i Viet, ta co6 — Soozs => X va Bz _ D XX (4). 9
Ay il Aypos 1< j<k<2026
2026 2026 \2 @( a 2 a
Do d6 Y x’ =(Z xij —2( > xjkaz 25| 222 (5). 1,0
i-1 i-1 1< j<k<2026 Ayo06 A6
2026 1 2026 1 2026 2
Tir (3)suyra > x° =EZ(X Xy )= ; Z[(le +2025d ) + (2 —2027) dz} 6). 1,0
i=1 i=1 i=1

2026

2 2%
N a. a . .
vi | Qs | o % Q va 2x, +2025d ==—=-—25__c (Q nén tu (5) va (6)
[8?026 j Q026 1013 1013a,,,, 1,0

suyra d’*eQ.

Bai 6 (7,0 diém). Cho tam giac ABC nhon, khéng can va AB < AC. Céac dudng cao BE, CF
cua tam gidc ABC citnhau tai H. Goi M, K lan luot 1a trung diém cua BC va EF; N lagiao
diém caa AM va EF; P 14 hinh chiéu vudng goc caa N trén canh BC.

a) Chitng minh rang ba diém A, K, P thang hang.

b) Pudng tron duong kinh AP cit lai cac canh AB, AC lan luot tai Q va R. Goi X, Y lan
luot 1a trung diém cia CQ va BR. Chiring minh rang hai duong thang XY va HN vudng goc
v&i nhau.

Néi dung piém

a) Taco MF :%BC:ME:AMEF cantai M nén MKN =90°. 1,0




Mt khac MPN =90°% Suyra4diém N, K, P, M thudc duong tron dudng kinh MN.

B P M C

Tathay AM, AK lan luot 1a duong trung tuyén cua tam giac ABC va tam giac AEF. L0
Ma AAEF ~ AABC nén AAKE ~ AAMB. 1
Suyra AKE = NMP =180° — EKP = AKE + EKP =180°. Do d6 A, K, P. 1,0
b) Tacd PQ L AB nén PQ//CF. Két hop véi AABP ~ AAEN (9.9) suyra

QB _PB _NE . ON//BE=ON L AR

QF PC NF

15

Tuong tu ta cling c6 RN L AQ nén N la tryc tdm tam giac AQR. 0,5
Goi QU, RV 1a cac duong cao caa tam giac AQR. Tathdy B,V, E, R thudc duong
tron (Y) dwong kinh BR; C, U, F, Q thudc duong tron (X ) duong kinh CQ. 10
Suy ra o, = NQ.NU = NV.NR = Pniey Puix) = HC.HF = HB.HE = P Lo

Vay NH la tryc dang phuong cua hai duong tron (X ), (Y); do dé XY L HN.




Bai 7 (6,0 diém). Cho A l1a mot tap con ¢ 23 phan tir cia tap S ={1;2;...;5335}. Dt
A, ={x+n|xeA}, VneS. Ching minh ring:

a) Véi moi i, jeS, tap A n A khc tap rdng khi va chi khi [i - j|e B ={|x—y||x, y € A};

b) Ton tai 22 phan tir t,,1,,...,t,, phan biét cua S sao chocactap A, A ,.., A_ddi mot giao
nhau bang rong.

Néi dung piém
a) Tathdy ANA =@=3xye Aix+i=y+j=|x-y|=|i-j|=]i—-j|eB. 1,0
D4o lai, néu [i — j|e B thi ton tai x,y e A sao cho |i— j|=|x—y|. Khid6
o X+ J=y+Ii
||—J|=|x—y|:{ _ = ANA 2. 1,0
X+i=y+ ]
Viy AnA 2J < li-jleB.
b) Theoa) thi ANA =D < i-j|eB. 0,5
Tathdy |B|<Cj, +1=254.
0,5

Chon t, =1. P4t C, =S\{a +t|a € B}. Khi d¢ |C,|>5335-254>0 va C, = S.

Chon t, =min{tjteC,}. Vi 0 B nén t, >t =|t,—t|=t, —t, ¢ B bsi néu nguoc lai 0s
thitontai ¢ € B sao cho t, —t, =a =1, =t, +«, tri v&i cach chon t,. '

Pit C, =C,\{a +1t,Ja € B}. Khidé |C,|>|C |- 254 >5335-2x254>0 vaC,=C,. | 05

Chon t, =min{t|teC,} thi t,>t, >t =|t,—t,|=t,—t, ¢ B.
Néu |t,—t|e B thi ton tai @ € B sao cho [t;—t|=a=t,=t,+ae¢C =t,¢C, vd 10
Ii. Vay |t, —t,| ¢ B.

Lap lai If luan trén dén khi 6 tap C,,. Khi d6 |C,|>5335-21x254=1 va

0,5
C,cC,c..cC.
Chon t,, €C,, thit,, >t, >..>t vanéuton tai ie{l2;...; 21} saocho |t,,—t|eB
thi ton tai @ € B sa0 cho [t, —t|=t, -t =a=t,=t+aeC =>1t,¢C,, V0 li. g5

VAy bt t, thoaman [t —t|¢ B= A nA =3, Vi j.

Ghi ch: Néu thi sinh 1am bai theo cach khac, véi kién thire trong chirong trinh THPT (hodc
THPT chuyén), thi van cho diém cac phdn ding tiwong 1ng.



MA TRAN PE THI CHQN PQI TUYEN DU THI CHON HQC SINH GIOI QUOC GIA THPT,
NAM HOQC 2025 - 2026

Mon thi: TOAN

Mire d§ nhén thire

Noi dung . - 2 Cong
Nhan biet Théng hieu Vén dung Vén dung cao
- S6 hang tong quat cta day sb.
- Tinh chat gidi tich cua day s6: Gi¢i han déy so, ddy s bi chin. | S§y: 2

Giai tich

S6y: 1
S6 diém: 2,5

S6y: 1
S6 diém: 2,5

S6 diém: 5,0

- Pong du va quan hé chia hét trén tap s6 nguyén.

- Cip cua mot sb nguyén theo modun.

S6y:2

S6 hoc - Cac ham sb hoc: Phi ham Euler ¢(n), Ham tong cac uéc &(n). A
) ; ; So diém: 5,0
Soy: 1 Soy: 1
Sédiém: 2,0 |  Sb diém: 3,0
- Phwong trinh ham dai s: Phuong phap st dung 4anh xa, phuong
phép thé. .
Pai s6 - Pa thirc: Hé sd, nghiém, bac va gia tri caa da thrc. Sory: 3
: ra e ra So diém: 12,0
Soy: 1 Soy: 1 Soy: 1
S6diém: 3,0 |  Sb diém: 4,0 Sé diém: 5,0
- H¢ thtrc lugng trong tam giac.
. - Hé thirc lwong trong dudng tron: Phuong tich, truc dang phuwong. S ¢: 2
ng hec - M6t s6 dinh 1i co ban cua hinh hoc. A
phang : ; So diém: 7,0
Soy: 1 Soy: 1
Sé diém: 3,0 Sé diém: 4,0
- Nguyén Ii khoi dau cuc tri; Bat bién va don bién.
- Phép dém co ban va nang cao. 56 s 3
Téh - Luc lugng tap hop; cac phép toan cua tap hop. oy:2
0 hop & 14p hop; 4t P odn cua tap hop: S6 diém: 11,0
Soy: 1 Soy: 1 Soy: 1
Sédiém: 2,0 | Sb diém: 5,0 Sé diém: 4,0
Tén S6y:5 Séy:4 S6y:3 S6y:12
& S6 diém: 12,5 | S6 diém: 145 | S6 diém: 13,0 | S6 diém: 40,0
Ghi chu:

- Ngay 1 gom 4 bai toan thugc cac phan mon: Giai tich, Pai s6, T6 hop, S6 hoc.
- Ngay 1 gom 3 bai toan thugc cac phan mdn: Dai s, Hinh hoc, T6 hop.
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