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LOT BE TANG

bay la mot mén qua danh riéng cho em.

‘Poc nd em c6 mét kho kién thirc. Nghe né em c6 mot tri nhé siéu déng. Diing n6é em
¢6 mot twong lai t6t dep. Chia sé né em c6 mdt méi quan hé tuyét vori!

Cudn sach nay danh ting cho b8 me t6i, chdng tdi va con gai yéu diu cia toi.

LOT CAM ON

Day 1a mot cudn sach cé sy dong gép ctia mot nhém nhiing con ngwdi tuyét voi. Do dé
toi xin bay t4 1ong biét on cia minh dén nhirng con ngwdi da danh tAm huyét va né luc cia ho
d€ cudn sich nay ra doi.

Cam on cac cdng sw Nguyén Thj Lan Anh, Nguyén Ditc Hoach, Trdn Thi Thily, Trinh Ngoc
Lién da hd trg d& cudn sach nay dwoc hoan thanh.

Cam on Gido sw Bui Vdn Nghj d3 dinh hwwéng cho cuén sach.

Cam on thay Lé Pdng Khwong da truyén cadm himg cho toi @& tbi c6 y twdng viét cudn
sach nay va da gitip t6i rat nhiéu trong thoi gian hoan thanh cudn sach. CAm on Tony Buzan di
sang tao ra phwong phap so d6 tw duy (Mindmap) vé ciing tuyét diéu gidp toi c6 cach hé théng
kién thirc mét cach don gidn, hiéu qua. Cdm on Tién si A] Hoge, chuyén gia s§ 1 th& gi¢i vé dio
tao ti€ng Anh da truyén cidm hig cho t6i tao ra nhitng doan audio & nhé mai khéng théi. Cam on

Adam Khoo, tac gia cudn sach “T6i tai gidi-Ban cling thé” d4 truyén cAm hitng cho tdi.

Cam on cac thay cé & Trudng Dai hoc Sw pham Ha N§i 2 va Trwdng Pai hoc Sw pham Ha
N¢i da truyén dat cho toi nhitng kién thtrc va k§ ning vo cling tuyét vori.

Cam on cac thay c6 & Truong THPT Ly Thdi T6 - tinh Bdc Ninh d3 day béo t6i nén ngudi,
da cho t6i mot mdi trirdmg hoc tip tuyét voi va truyén cadm hirng cho t6i luén nd lwc hét minh.

Cam on thay Nguyén Hitu Mgi, ngudi ma toi ludn danh mgt sw ngwdng md va kinh phuc
vé dao dirc va tim hon. Thay 13 ngudi truyén cdm hirg manh mé trong sw nghiép day hoc.

Cam om cac thay cd & Truong Tiéu hoc Twong Giang, Trudng THCS Twong Giang - tinh
Bdc Ninh da cho t6i co hoi hoc tap va gitip d& em phat trién. ‘

Cam on thay, Luat sw Pham Thanh Long da day bao tdi, truyén cam hirng dé ti quyét
dinh hoan thanh cudn sach, gitp lan téa gia tri kién thitc dén nhidu hoc sinh hon nira vé1i tinh
than “Pirng doi hodn hdo méi lam, hdy lam rdi sé hoan hdo”.

Cam on cac thdy c6, dong nghiép va hoc sinh Trwong THPT Ngé Gia Ty - tinh Bdc Ninh di tao
diéu kién va ddng vién tdi viron 1én, tao cho t6i co hdi hoc tip va lam viéc tai t6 B6 mon Todn.

C&m on nhitng ngudi ban hoc cling i tir cip 1 dén cao hoc, cAc ban tham gia cac khéa
hoc phét trién ban thin va hang nghin ban trén facebook ciia ti. CAc ban d4 ting hd t6i hét
minh vé tinh than dé€ cudn sach niy dén nhanh véi déc gia.
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Dang 1: Tim diém thudc mat phing théa mén diéu kién 263
min ~ max
Dang 2: Tim diém thudc dwong thing thda min diéu kién 374
min - max
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HOC TOT MON TOAN LOP 12

- HINH HOC

CHUYEN PE 1: THE TiCH VA KHOANG CACH

CHU BE 1: THE TiCH

A.LY THUYET TRONG TAM
1. Cong thirc tinh thé tich khdi da dién

DBDAIHOC -
FJOOKS

Khéi da dién Cong thirc * Hinh minh hoa
S
v=1sh
3
Khéi choép Vi S la dién tich day, h 1a chiéu cao
‘khéi chép
Al B'
V=Sh ¢
Khdéi lang tru Vi S 1a dién tich day, h 1a chiéu cao
' lang tru
D' c
V=ab.c f
Khéihép chiv | Véia b, clabakichthwécbacanh | a— B
nhat cia hinh hép chit nhat A, c
A® B
D C'
V = a3 Av Jl: B’
eon Véiala do dai canh cda hinh 14p |
Khoéildp phwong A |
phwong 'D
s C
A¥ B

(Ul NGUYEN THI LANH



- PBsice CHUYEN DE 1: THE TiCH VA KHOANG CACH

SR S ‘V=% (s+5'+55)

Khoi chop cut VéiS, S’ 1a dién tich hai ddy, h1a
chiéu cao khéi chép cut

& Chit y
Hinh chop tr gidc déu Hinh ling tru déu

La hinh chép c6 ddy la hinh vuéng va hinh | La hinh lang tru ditng c6 ddy la da gidc

chiéu vuéng géc ctia dinh trén mdt ddy | déu.

trung voi tam ddy.

S

A B’

Cl

L
1
]
]

N\

B : C C

Hinh chép tam gidc déu Tir dién déu
La hinh chép c6 ddy la tam gidc déu, hinh | -La hinh chép c6 4 mat la tam gidc déu
chiéu vuéng géc cua dinh tring véi tam ' ‘
tam gidc day.
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2. Tisé thé tich :
Cho hinh chép S.ABC. Trén cic doan thang SA, SB, S
SCIan lwot 13y ba diém A’, B’, C’ khéc véi S. Khi d6:

V,uwe _SA' SB' SC'

T ]

s SA SB'SC

& Mot s6 Iwu y khi xac dinh chiéu cao cia khdi chop

Hinh chép c6 canh bén vuéng goc véi mdt ddy thi canh d6
chinh la dwong cao.

S
Hinh chép c6 mét mdt bén vuéng géc véi mdt ddy thi chiéu
cao cta hinh chép 1a dwomg thing thudc mit bén, ké tir dinh
va vudng géc véi giao tuyén ciia mit bén va mit day.
: Al 4 c
H

Hinh chép c¢6 hai mdt cung vuéng géc véi ddy thi giao
tuyén cta hai mit d6 chinh 13 dwong cao cta khéi chop.

y VA NGUYEN THI LANH



DEOKE CHUYEN DE 1: THE TICH VA KHOANG CACH

~ | Hinh chép-c6-cdc-canh-bén-bang-nhau-hoic-cdc canh-bén_
cling tgo véi ddy cdc géc bang nhau thi chin dwong cao 1a
tam dwong tron ngoai tiép day.

Hinh chép cé cdc mdt bén ciing tao véi ddy cdc géc bang
nhau thi chan dwdng cao 1a tAm dwdng tron noi tiép day.

@ Mot s lwu y khi tinh thé tich: Cho AABC vubng tai A, chidu cao AH
» Hé thirc lwgng trong tam gidc vuéng
e AB*+AC? =BC? (Pinh li Pitago) ‘ A
s AHBC=AB.AC
o AB* =BH.BC; AC*=CHBC

o AH*=BHCH
1 1 1
] = 4
AH*  AB*  AC?
> Hé thirc Iwong trong tam gidc thwong

e a’=b*+c?~2bc.cosA (Pinh li cosin) : A
. .a = _b = .C =2R (Pinh Ii sin)
sinA sinB sinC b

(R 1a ban kinh dwdng tron ngoai tiép tam AABC)

i

» Cong thitc tinh dién tich tam gidc bdt ki

, 1 1. . abc
S:Ea.ha :Eab.smC=—LE{—:p.r=\/p(p—‘a)(p—b)(p—c)

NGUYEN THI LANH [pKi
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‘. a+b+c . . .
VOl p= 2 nita chu vi ca tam glac,

R, r lan lwot1a ban kinh dwong tron ngoai tiép va ndi tiép tam gidc dé

2
3 , v6i chitu cao h=—J—§E,

& Chil y: Dién tich tam gidc d8u canhala: S= >

B. CAC DANG BAI TAP

Dang 1: Thé tich khéi chép
V= %S.h, v6i S 13 dién tich day, h 1a chidu cao khéi chép

BAI TAP MAU
v x Co ban
Cau 1: Cho hinh chép S.ABC c6 day 1a tam giac vudng cin tai B, BA = BC = a va canh bén SA
vudng géc v&i mit phing day, SA = 2a. Tinh theo a thé tich kh6i chép S.ABC.

3 3 3 3
Av=2, B. V=\/§a . C. V=€a . D. v=2—;‘~.

Hwéng dan giai
Em c6: SA L (ABC) =V, .. =%.SA.SAABC s

A e ax 1 1 a®
Dién tich day: S,,;.=—-BA-BC==-a-a=—
. 2 2 2 2a
Viy thé tich ctia khéi chop 1a
_ 1 1 a® a®
Vs.ABc=§'SA'SAABc=§'Za'—2‘=—§

—>PipanA

Cau 2: Cho hinh chép S.ABCD c6 day ABCD la hinh vudng canh a, canh bén SA vudng géc
v&i mdt phiang day va SB = a\/§ . Tinh theo a thé tich ciia khéi ch6ép S.ABCD.

3 3 3 3
V2a . B.v=2. cv=22 D. V=\/Ea i
3 3 3 6

Huéng dan giai

A, V_.:

1
Em 6 SA L(ABCD)=>V,,50p =§-SA-SABCD

ASAB vudng tai A c6 SB = a\/g, AB=anén
SA=+/SB? —AB? =[3a% —a? =+[2a? =\/2a

2

Dién tich ddy 1a: S,pp =a.a=a
Vay thé tich cda khoi chép la:

1 1
Vs o =’§'SA'SABCD =§-\[ia-az =

J2a®

3

— Pap an A

iU NGUYEN THI LANH



@gbt‘i'i’("s" CHUYEN PE 1: THE TICH VA KHOANG CACH

Cau 3: Cho hinh chép S.ABC c6 ddy 1a tam gidc vudng tai B, AB = a, BAC = 60°, canh bén SA
vudng goc vdi day, SA = a\/g. Tinh theo a th& tich khdi chép S.ABC.

3 . 3 3 3
,,,,,,,,,,,,,,, Av=22 gy cy_23a D V=22
***************************************************** R e T ——
Hwéng dan giai
Em c6: SA L(ABC) = V; 4 =%-SA-SAABC S
. o, . BC
Xét A ABC vudng tai Bnén tan BAC=—
AB a3
= BC=AB.tan60° =/3a.
&
SAABC=%-AB-BC—- Ba= J§a A c
a
1 1 \/— a? a’ X
::’VS.ABczg'SA'SAABc:g'\/ga' 2 :—2‘ B

—>Papan B
Cau 4: Cho hinh chép S.ABC c6 ddy 1a tam gidc ABC vudng cin tai B, BA = a, SA vudng goc
v6i day, goc gitta canh bén SC tao véi mat ddy mot goc 45°. Tinh thé tich khéi chép S.ABC.

) 3 3
A. V=+6a". B. v=‘/§6a . C. V=‘/ia . D. V=1/32°.
Hwong dan giai
Theo gia thi€t AABC vubéng cin tai B,BA=BC=2a

= AC=+/BA% +BC? =+/2a.
1

Em c6: SA L (ABC)=>V 5 =3"SA Sy

= Géc giita SC va (ABC) chinh 1a goc giita SC, AC hay
SCA = 459,

ASACvudng tai A c6 SCA = 45° nén ASAC vudng cin
tai A = SA=AC=+2a.

2
Dién tich AABC la: SAABC—— -BA-BC= -;— =32~— 5
2 3
Vay thé tich cia khéi chép la: v .. =%.—SA.SAABC =—;—-\/§a-32—= ‘/ia L

—PépanB

v Vin dung -
Cau 5: Cho hinh chép S.ABCD c6 diay ABCD Ia hinh vudng canh 2a, SD=3a, hinh chiéu
vudng goc ciia S trén mat ddy Ia trung di€m cla canh AB. Tinh thé tich khéi chép S.ABCD.
3 3
A v-E B.v=2, cv==2, p.y=8
3 6 3

-

NGUYEN THI LANH B§



HOC TOT MON TOAN LOP 12 - HINH HOC DOOKS
Hwéng dan giai
Goi H 13 trung diém ctia AB.
Theo gia thiét em suy ra dwoc SH L (ABCD)

=V,

S.ABCD ~ ABCD

1-SH-S
3

Em 12_11 ¢6: SH 1L HD = ASHD vubng tai H.

— SH=+/SD?-DH? = \/SDZ -(AD* + AH?) =22

Dién tich ddy 1a: S, =2a-2a=4a’
Viy thé tich khéi chép 1a:
3
Veppey = = -SH-S 0y = = 22-4a? = S0
3 3
—~>PapanD
Cau 6: Cho hinh chép S.ABC ¢6 ddy ABC 1a tam gidc vudng cAn tai A, mit bén (SBC) la tam
d&u canh a va vudng véi mit ddy. Tinh theo a thé tich ctia khéi chép S.ABC.
3 3 3
\/_a B.y- Y32 C. V=22, D=3
24 24 2
Hwéng dan giai
Em c6 (SBC) L(ABC) (SBC)n(ABC)=BC. Trong (SBC), ké SH.LBC (HeBC) thi

A. V=

SHL(ABC):\/‘S_ABC:;SH.SAABC g
Do ASBC déu nén SH ciing 14 dudng trung tuyén.
Em c6: AH =1BC =la.
2 2
a3 1 22

ASBC déunén SH=—— va S,,;- =—-BC-AH=—
2 2 4

Vay thé tich khai chép la:

1 1\[—ai_J§a3

V. SHS =
s.4BC = MBCT3 o 4 24

- Dép an B
Cau 7: Cho hinh chép S.ABC ¢6 ddy 1a tam gidc déu canh a, canh bén SA vudng gdc véi mit
phing d4y, mit phing (SBC) tao véi mit phing ddy (ABC) mét géc bing 600. Tinh theo a
thé tich khéi chop S.ABC.

3 3 3
*fa 2a */ia , D. V=f‘3—.

B.V=—. C.V=
8 3

A V=

Huwéng dan gidi
J3a J3a’

Goi 13 trung diém cta BC, AI=—2—; S panc =

s U3 NGUYEN THI LANH



. PEOKE CHUYEN DE 1: THE TiCH VA KHOANG CACH

BC_LAI
Emcé{ ¢

= BC.L(SAI)=BC.LSI

(SBC)(ABC)=BC

Em ¢6:4SI<(SBC),SI_LBC

| Alc(ABC), Al LBC

= Goc giita (SBC)va (ABC) chinh Ia goc gitra SIva Al
Hay STA = 60°.

Xét ASAI vudng tai A, tan SI’A:%: SA= tan60°.AI:—za—

3
Thé tich khdi chép 1a: V, ;.. ;-SA.S' 1-33-—&— ——38%—.

—Pap an A
CAu 8: Cho hinh chép S.ABCD c6 day ABCD 14 hinh chit nhét c6 canh AB = a, BC = 2a. Hai mdt
bén (SAB) va (SAD) cling vaudng géc véi mit phing déy, SA=+11a. Tinh theo a thé tich

khéi chép S.ABCD.

A. V=2*[1;iag,- B. V:Z—*/—lg""i. C. V=J1_6{a3_ D. V=211,
Huwéng dan giai
(SAB) L (ABCD)
Em cé: <(SAD).L(ABCD) :>SA_L(ABCD)
(SAB)(SAD)=S
= Vs pep = §SA S asco
Suseo =AB-BC=a-2a=2a’
Thé tich khéi chép 1a:
Vs aep = SA Sy = 5 i1a-2a = 2‘/_a
~> Dap an A

Cau 9: Cho hinh chép S.ABC c6 day ABC la tam gidc vudng can tai A, AB =~/2a, SA=SB=SC.
Géc gitra dwdng thing SA va mit phing (ABC) bing 60°. Tinh theo a thé tich khdi chép S.ABC.

3 3 3
A, V=+/33% B. V:‘E;‘ ) C. V=33—-. D. V:36-.

Hwéng dan giai
Goi H 14 trung diém ctia BC = HA=HB=HC
Nén H I3 tim dudmng tron ngoai tiép AABC.
~ Mitkhac: SA =SB = SCnén SH 1a truc cha dwong tron ngoai tiép AABC =SH L (ABC)

NGUYEN THI LANH ¥4



HOC TOT MON TOAN LOP 12 - HINH HOC

= Hinh chiéu vuéng géc clia SA trén (ABC) 1a AH.
= Goc gitra SA va (ABC) chinh 1a géc giita SA va
AH hay SAH = 60°.

AABC vudng cin tai A: AC = AB = 2a
=BC=2a3, AH=a

ASHA vudng tai H: SH=AH-tan60° =+/3a.

SmczéAB-AC=%-\/§a-\/—2_a=a»2

3
VS_ABC=%SH-SAABC=—?1,—-\/§a-aZ:\/§a :

—>PipanB

y 5BDAIHOC
FIOOKS

Cau 10: Cho hinh chép S.ABCD c6 ddy ABCD 13 hinh thang vudng tai A va D; AB = AD = 23,
CD = a, géc giita hai mit phdng (SBC) va (ABCD) bing 60°. Goi I 14 trung diém ctia canh

AD. Biét hai mit phing (SBI) va (SCI) cung Vu(“)ng.géc véi mdt phﬁng(ABCD) .Tinh theo a
thé tich khéi chép S.ABCD.

A V=

3 3 3
3*/155'3 . B. V:*/fa . c.v:‘/lg;‘ .

Hwéng dan giai
(SBI) L (ABCD)
(SCI) L(ABCD) = SIL(ABCD)
(SBI)n(SCI)=SI

2a+a

Em c6: S5 =———2a=3a’

K& IK L BC, BC | SI=BC L (SIK)=BC LSK
= Goéc gitta (SBC) va (ABCD) chinh 1a géc giita
SK va IK hay SKI = 60°.

1 1
S =—-AB-JA==-23a-a=a’
R 2
v s 1 a’
Matkhac: S, =ECD.ID=E-; Saics =Sapcp —Saam —S

ACDI =

s
£

Goi E 13 trung diém ctia AB =BC=y/CE’ +EB’ = [(AB—CD)’ + AD* =5a.

= IK:ZSﬂzg_\/ga; SI=IK.tan60° = 3J15a
BC 5 5
1 3/152a°
= Vs a5 =§‘SI‘SABCD =———5 .

—PapdnA

1E:3 NGUYEN THI LANH



2 LS CHUYEN PE 1: THE TiCH VA KHOANG CACH
* Nang cao .
Cau 11: Cho hinh chép S.ABC c6 AB=2a, AC=4a, BC=3a. Goi H 14 hinh chiéu cta S nim
trong tam giac ABC. Cac mit bén tao véi day mot géc 450. Tinh thé tich kh&i chép S.ABC.

3 I c.3 gy
A voi5t B, v= 315’ ¢ v=12 v
6 4 8 "8
Hwdng dan giai

Theo gia thiét, cAc mit bén tao voi day mot géc 45°
nén hinh chi€u vuéng goc ctia S trén (ABC) chinh la
tAm dwong tron ndi ti€p AABC hay H la tdm dwong
tron ndi tiép AABC.

=>SH L (ABC) =V 45¢ =%SH.SAABC

AABC c6 AB=2a; AC=4a; BC=3a. Ap dung cong thirc

N 3J1_§a2

Hé-réng em tinh dugc p =?§ Va Suupc ==

Em lai ¢6: S,,p; =px véir la ban kinh dwdng tron néi
tiép tam giac ABC.
T H, em ké HM, HN, HP Ian lwot vudng géc véi AB, AC, BC thi
r=HM=HN=HP=—SﬂC—=—\/~I—§i.

P 6
Ma HN_LAC; SH.LAC=>AC L (SHN)=AC.LSN.

= G6c gitta (SAC) va (ABC) chinh 1a géc gitra SN va HN hay SNH = 45°.
=>ASNHvudng cintai H = SH=HN= \/__a

1 1\/_a3\/—_a 5a®

=V =—SHS =,
SABC 3 AABC 3 6 4 8

->Pap anD
BAI TAP TU’ LUYEN
Cau 12: Cho hinh chop S.ABC c6 day 1a tam gidc déu canh a, canh bén SA vudng goc véi mat

phéng day, SA = \/— 3a. Tinh theo a thé tich khéi chép S.ABC.

3 3
A V=213a" B. V—Z; C. VzaZ' D. V:%.

Cau 13: Cho tir dién ABCD c6 cac canh AB, AC va AD d6i mét vubéng géc véi nhau; AB = 643,
AC = 7a, AD = 4a. Goi M)N,P twong trng 13 trung di€m cic canh BC, CD DB. Tinh thé tich V
cda tr dién AMNP.
3 3 3
A v="2 B. V=22 c. V=74 p. v=282
2 3 3
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Cau 14: Cho hinh chép S.ABC c6 day la tam gidc déu canh 2a va thé tich bing a’. Chidu cao
h ctia hinh chép di cho la

A.h:fgi. B. h=[23—a. C. h:i;—‘?‘-. D. h=+3a.
Céu 15: Hinh chép tam gidc déu S.ABC c6 canh d4y bing a, canh bén bing 2a c6 thé tich 1a
J3a° B 332 ¢ J11a? D J11a°
= T3 g P
Cau 16: Cho hinh chép S.ABCD c6 ddy ABCD 1a hinh vudng canh a, SA vuong géc véi mit
phing (ABCD), géc gitra dudng thing SC va mit phing (ABCD) biing 45°. Tinh theo a thé

tich cda khéi chép S.ABCD.

A

3 3 3
A. V=23a%. B. V:%u C. vz\/ia _ D. vzf‘g_,

Cau 17: Cho hinh chép S.ABCD c¢6 ddy ABCD 1a hinh vudng canh a, SA vudng gbc v6i mit
phing (ABCD), SD tao véi mit phing (SAB) mét géc biing 30°. Tinh theo a th& tich ctia
kh&i chép S.ABCD. |
3 . 3 3
A. V=432, B, y=Yoa' cv=2 p.v=Y3,
' 18 6 3

Cau 18: Cho hinh chép S.ABCD cé ddy ABCD 13 hinh chi¥ nhat, mit bén SAD 13 tam giac déu
canh 2a va ndm trong mét phing vudng géc véi mit phing déy. Tinh thé tich khéi chép

S.ABCD biét ring (SBC) tao véi m3t phing ddy mot goc 30°.

) 3 3 i 3

a vy B y_ 23 C V=23 p, v/
2 3 3
Cau 19: Cho hinh chép S.ABC c6 day ABC 1a tam gidc vudng tai B, BA = 3a, BC = 4a, mat
phing (SBC) vudng géc véi mit phing (ABC). Bt SB=2v3a va SBC = 30°. Tinh thé tich
khoi chép S.ABC theo a. :
3 3

A. V=23a%. B.szfa . C. V=+/3a". D. V=""?.
Cau 20: Cho hinh chép S.ABC c6 d4y ABC 1a tam gidc vudng tai A, AB = a, ABC = 60°. Hinh
chiéu vudng géc cta S trén canh BC 1a diém H sao cho BC = 4BH, gbc gitra SA va diy bang
60°. Tinh theo a thé tich khéi chép S.ABC.

3 3 3 3

B.V=—, C.V=
3 : 3 3

Cau 21: Cho hinh chép S.ABC ¢ ddy ABC 1a tam gidc d&u canh a. Hinh chiéu vudng géc clia
S trén mit phang (ABC) 12 diém H thudc canh AB sao cho HA = 2HB. Géc giita dudng thing

A V=

SCva mit phang (ABC) bang 60°. Tinh theo a thé tich ctia khdi chép S.ABC.

3 3 3 3
A \/:ﬁél . B.V:ﬁa ) c.v:‘/z—lél . D.V=ﬁa
36 24 12 12

yAi} NGUYEN THI LANH
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Cau 22: Cho hinh chép S.ABCD c6 day ABCD la hinh vudng canh a. Goi M va N fan lwot 1a
trung diém cla cac canh AB, AD; H 13 giao diém ctia CN v&i DM. Biét SH vudng goc véi mat

phing (ABCD) va SH=2a+/3. Tinh theo a thé tich khéi chép S.CDNM.

3 3 . 3 333
32 By c o2t _5v3a
24 12 24 24
Cau 23: Cho hinh chép S.ABC ¢6 ddy 1a tam gidc d8u canh a. Goi diém M thudc canh AB sao
cho MA = 2MB va hinh chiéu vudng géc ciia S trén mit { ABC) 1a trung diém ciia CM. Géc gitta

A V=

duwdng thing SC va mit phing (ABC) bing 60°. Tinh thé tich ctia khéi chép S.ABC theo a.

3 3 3 3
Vil B, y=Y72 c.v=_, p.v=2.
24 14 24 14
Cau 24: Cho hinh chép deu S.ABCD cé day bing 2a, khoang cach giita hai dwong thing SA

va CD bang J3a. Thé tich khéi chép déu S.ABCD bing
A. V=\/;a : B. V=4\/;a . C. V=432, D. V=432,

Cu 25: Cho hinh chép S.ABCD c6 day ABCD 12 hinh vuéng canh a, SA vudng gbc véi day va
SC tao v&i mit phing (SAB) mdt géc 300, Tinh thé tich V cia khoi chép di cho.

3
\/—ia . B. V-\/;a . V_z; D. V=+/24%

Cau 26: Cho hinh chép S.ABC c6 SA vubng goc véi day, SA=4,AB=6,BC=10vaCA=8.
Tinh thé tich cua khéi chép S.ABC.

A.V =40. B.V=192. C.V=3Z D.V =24,

Cau 27: Cho hinh chép S.ABCD c6 day la hinh vudng canh a, SA vudng géc véi day va

A V=

A V=

_khoang cich tir A dén mit phing (SBC) bing —\/%. Tinh thé tich V cia khi chop di cho.

3 3 3 ) 3
Av=, B. V=2 C. V:‘/ga . pD.v=2,
2 . 9 3

Céu 28: Cho tit dién ABCD ¢6 canh AB = x va c4c canh con lai bang 23 . Tim x dé thé tich
khoi tir dién ABCD dat gia tri 16n nhat.

A. x=A/14. B. x=+/6. C. x=23. D. x=3/2.

Cau 29: Cho hinh chép S.ABC c6 day la tam gidc vudng cin tai A, SA vudng goc véi day,
khoéng c4ch tir A dén miit phing (SBC) bing 3. Goi « 1a gbc gilra hai mét phéng (SBC) va

(ABC), tinh coso. khi thé tich khéi chép S.ABC nhé nhét.

I

A. cosa=1. B. cosaz—i. C. cosaz—z. D. cosa=
3 3 » 2
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OKS
PAP AN
12 13 14 15 16 17 18 19 20
C C D D C D C A D
21 22 23 24 25 26 27 28 29
D B A B B C D D B
HUONG DAN GIAI
Cau 12; '
Em c6: SA L (ABC) => SA1a chidu cao ciia hinh chép. S
1
= VS.ABC = ESA- SAABC
a3
. 2
Dién tich ddy: 5, =233
V4y thé tich ciia khi chép 1a: Al ¢
1 1 J3a? Al
Vy snc =—SA.S 0 =—+/3a. ==,
sapc =3 assc <3 \/_a 2 4 “
—Papan C
Ciu 13:
Do AB, AC, AD d6i mot vudng géc nén em coé:

LA =%AD.SAABC =—2—AD.AB.AC=%4a.6a.7a =28a’°,

ViM, N, P lan lwot 1A trung diém ctia BC, €D, BD nén
em Suy ra dtrqc S o

=-S5
AMNP ABCD*
4

Viy thé tich ctia khoi tit dién AMNP 1a:

1 1 1
Ve =§.d(A, (MNP)).S gxp =§.d(A,(MNP)).Z.SABCD
=%VLBCD:733' —bapanC
Cau 14:
Em c6: AB=BC=CA=2a,V,,  =a’.

2
Z2a) /3
Dién tich clia tam gidc déu canh 2ala: S, =u— =+/3a%.

4
3 .
:>VSABC=-:;h.sMBC:>h=Si::C =%=J§a. ~> Dap 4n D
Cau 15:
SA=SB=SC=2a
Goi G 1a trong tam tam gidc ABC, S.ABC 12 chép tam gidc déu =><{ AB=AC=BC=a
SG L (ABC)

y¥A NGUYEN THI LANH



| %“5;@; CHUYEN PE 1: THE TICH VA KHOANG CACH
= SGla dwong cao cia hinh chép.

1
= VS.ABC = 73; -5G- SAABC

;, ,,,,,,,,,,,,,,,,,,,,,, ,‘\,/,_3-,&2, ,,,,, e Jga ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
Emcé: §, 5. = 2 ; = 5
Ag=2am=Y3
3 3
2
L SGoSAT_AT = ez 2 112
3 B
Lo 1 T B TR

V, pc ==-SG-S

== . . —»>PapanD
SH5C 3 M3 3 4 12 P

Ciu 16:
SA L (ABCD) nén AC I3 hinh chiéu vuéng géc cla SC
trén mt phing (ABCD).
= Goc gifta SC va (ABCD) chinh 13 géc gitra SC va AC
hay SCA = 459,
Suyra SA=AC = a2

Ma dién tich ddy: S,pp, =aa=a’

1 1 2a®
Vs.ancp =75 SAS spep :_\/ia‘az = \/_ .

3 3 3
—Pap anC

Cau17:
Theo gia thiét em ¢6 SA L (ABCD)=>SA L AD,

Ma AD | AB=>AD | (SAB).

=>SA 1a hinh chiéu vubng gbc cia SD trén mit
phéng (SAB)

= Géc gilra SD va (SAB) chinh 14 géc gitta SD va SA
hay DSA = 30°.

=SA=a.cot30° =3a; S5, =aa=a’

1. 1 3a°
Vs.8c0 :—SA'SABCDZ—\/ga'aZZ\/—a . —bapanD
AR T3 3 3
Ciu 18:
Goil, ] Ian hrot 13 trung diém cita AD, BC =SI= 23 _ J3a.

2.

NGUYEN THI LANH PA]
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SILAD
Trong (SAD), <(SAD)L(ABCD) = SIL(ABCD).
(SAD)N(ABCD)=AD
Em c6: (SBC)~(ABCD)=BC.
Trong (SBC), SJ LBC va trong (ABCD) c6 IJ LBC

= G6c giita (SBC) va (ABCD) chinh 1 géc gitra S] v6i ] hay SJI = 30°.
Si SI

Xét ASIJvubng tail =>tan Sfl="=1Ij= ~=3a,
Ij tan30
1 1 1 3
A =—3~SI-AD-H=§\/§a-Za-3a=2\/§a :
~»Pap an C
Ciau 19:
Ha SH 1 BC (HeB(), em c6:
SH_LBC

(SBC)L(ABC)  =SH.L(ABC)
(SBC)(ABC)=BC
SH = SB.sin SBC=2+/3a.5in30° =+/3a.

—1-BA-BC=—1—3a-4a=6aZ.
2 2

)

AABC T

1 1.
Voase =7 SH-Spusc =§\/§a-6a2 =2\32>. > PipanA

Cau 20:
Em c6: SH.L (ABC)
=> AH 13 hinh chiéu cia SA trén (ABC)
=>Goc gitta SA va (ABC)chinh 1a gc gitta SA va AH
hay SAH = 60°.

AB
Em lai c6: BC = ———=— > _=2a; BH=2
cos ABC COS60° 2
2
AH? = AB* +BH? - 2ABBH.cos60° =§Z_ = AH=[2§?_

3
——

S aasc =%BA.BC.sin A§C=—;~.a.2a.sin60° =

SH=AH.tan60° 2373.

yZ% NGUYEN THI LANH



BIOOKS CHUYEN bE 1: THE TICH VA KHOANG CACH
1 _1 J3a® 3a \/— 3a

=V —SH.S — —~PapanD
S.4BC = 3 AABC = 372 3 4 P

Cau 21:

~Emco: SHL(ABC)=HElxhinhchiuvadng gocclaSCrénmitphing (ABC).. .

= Goc gitta SCva (ABC) chinh 14 géc gifra SC va HC hay SCH = 60°.

GmDIatrungChemcuaAB DA_E CD~——\/~2_—a
HAngBr———z—a.

3 3
DH=HA-DA=22_3_2. yco HD? +CD’ = ﬁa

3 2 6
2
SH=HC.tan60° :—-——“2313 5 Sassc =3/—i?—.
v 1SHS 12 afa \/733
S4BC T 3 sapc =373 4 12
—PapanD
Cau 22:

Em c6: SHL(ABCD), suy ra SH 1a chitu cao clia
’ 1
khéi chép = Vg cpnm =§SH.SCDNM.

S

conm = Sascp S av — Spew
) 2 2 2
=ABZ—%AM-AN-%BM~BC I S

2 3
A lops 15 /3.2 5*/§a.

S.CDNM = o CDNM — 3 8 12

—~PapanB
Cau 23:
Goi H 1a trung diém cia CM = SH L (ABC).
= HC1a hinh chiéu ctia SC trén (ABC).
=> Géc giita SC va (ABC) chinh la géc gifra SC, CH
hay SCH = 60°.

_3’

Em cé: AABCdeu canhanén S,,;. = 2

Xét tam giac BCM em c6:

. 2
CMZ=BCZ+BM2—ZBC-BM-cosao°=a2+(§) —2-a-—§—-~;—=

NGUYEN THI LANH &
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\/7 a 1 ﬁ a |

=CM=——=CH=-CM=—n.
3, 2 6

Em lai c6: SH=CH-tan60° :~—\/262§.

1\/—Ta«/_a \ﬁa3

Vay ‘,SABC_g . 2 i —>PapanA

Céu 24:
Em c6 CD//AB=> CD//(SAB)

=d(CD,SA)=d(CD,(SAB))=d(C,(SAB))=2d(0,(SAB))

=d(0,(SAB))= d(CZ’ ) \/2§a

GoiI1a trung di€ém cha AB=>SI | AB (ASAB cin tai S).
Dung OH L SI, khi d6 em co:

OH LAB(AB_L(SOI
(aBL( )):>OH_L(SAB)
OH.LSI
\3a
=d(0,(SAB))=0H=—+- C g
(0,(sa8))=on="
TamgiécSOIvu(“)ngtaiOemcé:—1~3=—1—2—+——1—2:>80=ﬂ-«—=\/§a.
OH* SO° OI OI* —OH?
A 1 4fa
Vay Vs e = \/— 4 ‘=
—Papan B
Cau 25:
BC1BA
Em c6: =>BC L (SAB)=BC.LSB
BCLSA
=SB 14 hinh chiéu vudng géc ca SC trén mat
phéng (SAB)

= Gobc gitta SC va (SAB) chinh la goc gitta SC
va SB hay CSB = 30°.
Xét ACSB vudng tai B em cb

—. BC BC
tan CSB=—=SB= =4+/3a.
SB tan30° &

Xét ASABvudng tai A: SA=+/SB? — AB? =+/22; S5 =22 =2".

1 \/— 2a
\[S‘ABCD 3 S A SABCD J_ 3

—~PapanB

yJ3 NGUYEN THI LANH



ﬁ‘gﬁ*gg CHUYEN PE 1: THE TICH VA KHOANG CACH
Cau 26:
Em thiy BC? = AC? + AB* = AABC vudng tai A

=1AB-AC=16-8=24
2 2

::>VS.ABC :%SASAABC :§4724‘=32.
—>Papanc
Cau 27:
1 1

VS.ABCD :ESA'SABCD :§SA'BABC

Trong (SAB), ha AK LSB.

Em la c6: {BC B BCL(sAB)=BCLAK
BCLSA
= AK L (SBC)=>d(A,(SBC))= =‘/~§%

- Ap dung hé thitc lwong trong tam gidc vudng
SAB em dwoc:
1 1 1 2 1

= praey =
AK? SA* AB* a* SA?

3
VsABcD—QSA BA- BC—-;-a a. a—i‘g_

+%:>SA=’a
a

—~>PapanD

Cau 28:
Goi M, N 14 trung difm cda AB, CD.
AABC cin tai Cnén AB_LMC.
AABDcan tai D nén AB_LMD.

= AB J_(MCD)
1
= VABCD - 3 AM SAMCD + BM SAMCD AB SAMCD
D

ACBA =ADBA(c—c—c)=>MC=MD= 4/12———
=> AMCD c4n tai M.

) 2
= MN L CD,MN =/CM? ~CN? =4/9—3‘4-

1 2

= Sy =5 MN.CD= NEY 9———

Viscn = \f \/—X 22 \/i<—( 9——) =33 (Theo BDT Cauchy)

NGUYEN TH] LANH 4
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. X x*
Pdng thirc xay ra 5= 9—2— ox=3/2. > Papan D
Cau 29:
Goi M 13 trung diém ctia BC= AM L BC

Ké AH1SM (HeSM)

BC_LAM
V—i{

=BC.L(SAM)=BC.L AH
BC.LSA

Em cé:{AHLSM:AH_L(SBC):>AH=d(A,(SBC))=3.
AH1BC

Ma (SBC)(ABC)=BC, SM_LBC,AM L BC.
=> Géc gitra (SBC) va (ABC)chinh 1a gbe gilta SM va AM
hay SMA = a.

PatAB=AC=xSA=y
1 1 1 1 1 1 1

= + + +
AHZ 9 SAZ AM? SA’ AR AC

>335 z3§/(——12—2— (BBT-Cauchy)=x%y 2813
yX

Thé tich ctia kh6i chép S.ABC la:

VSABC:—l—SAS 1y 1x x—lxy> 81J§>27J—
) 3 3" 2
D4u “=" x4y ra khiva chikhix=y = 3\/—
— AB=AC=SA AM_§£ N2 AM_ B
2 SM 3
—PapanB

yX:3 NGUYEN THI LANH
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Dang 2: Thé tich khéi lang tru
V=S.h, v6i S la dién tich day, h 1a chidu cao ling try

BAI TAP MAU
= Co ban
Cau 30: Cho hinh ling tru dimg tam giac ABC.A’B'C’ ¢6 day ABC 1a tam gidc vudng cén tai B,
AB =23, AA’ =[2a. Thé tich khéi lang trula |
A V=422% B. V=422’ © € V=2a’ D. V=22a%
Hwéng dan giai
Em cé AA’ L (ABC) = AA’1a chidu cao clia lang tru. A

. _ v
= Vapcane =AA'S e

Cl

Dién tich ctia tam gidc ABC la:

Suasc =%BA-BC=%—2::1-2a=2a2

Thé tich clia khéi lang try 1a: Ai 7 C
Viscane=AA"S, o =2a-2a% =24/22°.

—>PbapanD
Ciu 31: Cho hinh ling tru ding tam gidc ABC.A’B’C’ ¢6 ddy ABC 1a tam gi4c déu canh a,
A’B = 3a. Thé tich khdi ling tru bing ‘

3 B 3 3
A. v:*/ga _ B. V=462%. C. Vz‘/ga ] Véa ]

D. V=
2 4
Hwéng dan giai
Em c6 AA’ 1 (ABC) = AA’1a chiBu cao lang tru. A c
2
Dién tich tam gidc ABC1: S, . = ‘/ia . : B’
Xét A ABA’ vudng tai A cd 3a
AA'=\A'B*—AB? =/9a? —a% =2/2a )
Thé tich ctia khéi ling tru 1a: AR /C
\3a* _+fea’

Viscase=AA" Sy = Za‘/z'
—PapanA
Céu 32: Cho hinh ling tru xién ABCA’B’C’ ¢6 d4y 13 tam gidc ddu canh 2/2a va A'A=+3a.
Hinh chi€u vudng géc cia diém A’ trén mit phang (ABC) trung vé1i trong tdm G cda tam
gidc ABC. Thé tich ctia khoi ldng tru ABC.A’B’C’ theo a la

3 3 3
A. V=2J3€a i 2‘/5"‘ . C. V=2—§-. D. V=2a%.

4 2

B.V=

NGUYEN THI LANH X
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‘ Hwéng dan giai
Goi M, N Ian lwot 1a trung diém ctia AB, BC.
Khi @6 G=ANNCM la trong tAm clia AABC.
Theo gia thiét em c6 A'G L (ABC)

ANz(Za\/E).iZ—B—=\/5a:3AG=~?2’-AN=2\£6-a.

Xét AA’AG, cd A'G=VA'A%-AG? =%
S s = (22 -?{L—g N

=A'G-S,g, =%-2\/§ ?=2a°. —>PapanD

VABC.A'B'C'

v Vin dyng .

s 5SpAIHOC
#IO0OKs

Céu 33: Cho hinh ldng tru ABC.A’B’C’ c6 ddy 1 tam gidc d8u canh a. Hinh chifu vudng géc
clia A’ trén m3t phang (ABC) 1a trung diém ctia canh AB, géc gitta dwdng thing A’C va mit

ddy bang 60°. Tinh theo a thé tich ctia khéi ling tru ABC.A'B’C’.

3 3
A V=32 V=3‘/§a . C. V=3J§a .
4 24

Hwéng dan giai
Goi H 13 trung diém ctia AB = A'H L (ABC)
HC1a hinh chi€u vudng géc clia A’C trén (ABC).
= Goc gitta A’C va (ABC) chinhla géc gifra A'C va HC
hay A'CH = 60°.

2
Vi AABC déu canh a nén CH-—\/—_—El Saan \/—i?—.
Mit khac: A’H = CH.tan A’(:H—l/_—a tan60° =32,
3
Ve npe =A'H-S,, 3’23 ‘/;a 3‘/33 — Pap 4n D

Al

A ——

B 34/3a°

Ciu 34: Cho hinh ldng tru déu ABCA’B'C’ c6 ddy ABC 13 tam gi4c déu canh a, géc gitra hai miit
phing (A'BC) va (ABC)béng 60°. Tinh theo a thé tich khéi liing tru ABCA'B'C’.

3 3 3
A. V=*ET3. B. V=3‘/§a . C. V:B—Z—.

Hwéng dan giai
Em cé: AA’ L (ABC) = AA’ 1a chidu cao cda lang tru.
Goi D 1a trung diém ctia BC thi BC L AD va BC L A’D.

K[\ NGUYEN THI LANH
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V=3‘/§a .
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PEOKS : CHUYEN PE 1: THE TICH VA KHOANG CACH

=> Goc gitta (A'BC) va (ABC) chinh la géc gita ADva 4. e
AD hay A'DA = 60°. RN
| 3a* SN B
B —— === NiAy - 7”33 .S AABC’W*[——*:W%——*—*—; ,,,,,,,,,,,,,,,, B A NN T
: 4 . \\ Ay - =
Do d6: AA’ = AD.tan ADA =2 “/—a tan60° =32
2 A =::::\"r\r‘——\ C
v CAA'S _3a \/— 3a 3\/§a3 : N
ABC.A'B'C AABC 2 4 8 " B
—>PapanB
* Nang cao

Cau 35: Cho hinh lang try ABCD.A'B'C’'D’ c6 day ABCD la hinh chit nhdt, AB=a, AD = \/5 a.
- Hinh chiéu vudng géc cta diém A’ trén mit phing (ABCD) triung véi giao diém cia AC va

BD. Géc giita hai mit phing (ADD'A’) va (ABCD) bing 60°. Tinh theo a thé tich ctia khéi

Iang tru d3 cho.
3 3 3 3
A. V=‘/§al . B.V:Jia . c.v:%«. D.Vz%.

Hwdng dan giai
Goi O 1a giao diém ciia AC va BD
= A'0_L(ABCD), goi E 1a trung diém cta AD
=0ELAD, A'OLAD=A'E L AD.
= Goc gitta (ADD'A’) va (ABCD) chinh la géc
gitta A’E va OE hay A'EO = 60°.
A’0 = OF.tan A'EO _-iAZE tan60° = */fa
Dién tich d4y S,,, =AB-AD=+/3a"

J3a Bai= 3a®

VABCD.A'B'C‘D' =A"0.5 500 27' “’é"'

—~Pap an C

BAI TAP TU LUYEN
Cau 36: Cho ling tru dimg ABCA'B'C’ ¢6 ddy 1a tam gidc cin tai A, AB = a, BAC = 1209,
AB'=2a. Tinh theo a thé tich khdi lang tru ABCA'B'C..
3
av=32 B.v=32 cv=32 D.v=2
8 4 2 - 8
Cau 37: Cho ling tru ABCA'B'C’ ¢ day ABC la tam giac vudng cin tai B, AC=2a. Hinh chiéu
vudng géc clia A’ trén mat phing (ABC) 1a trung diém clia canh AC, dwdomg thing A’B tao voi

mit phing (ABC) mot g6c 30°. Thé tich khéi ling tru ABCA'B’C theoala

3 3
A. V=432 B. V=*/§3"" . C V»J;a D. V=3—Z—.

NGUYEN THI LANH [E3
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Cau 38: Cho hinh lang tru tam giac ABC.A ‘B'C’ ¢6 day 1a tam gidc déu canh a, goc giita hai
mit phing (A'BC) va (ABC) bing 600, A’A = A’B = A’'C. Th& tich khi ling tru ABCA'B'C’ 13

3 3 3 3
A. V=‘/§a . B.v=2, C. V=\/§a . D. V=*/§a .
24 8 12 8

Cau 39: Cho ling tru ditng ABCA’B’C’ c6 AC = a, BC = 2a, ACB = 120° va duwomg thang A'C tao
v6imit phing (ABB'A') gbéc 300. Tinh theo a thé tich khéi ling tru ABCA'B'C.

3 3 3 3
A V= “11053 ) B. V:‘fi"" . C V= “1(;5"’ . D. V=‘ﬁ7§a .

Cau 40: Cho hinh ldng tru ding ABC.A’B’C’ ¢c6 diy la tam gidc déu canh 2cm, dién tich tam
gidc A’BC 1a 4cm. Thé tich khéi ling trula

A. V=239 cm®. B. V=439 cm’. C. V=23cm®. D. V=32cm’.
Cau 41: Cho lang try tam gidc ABC.A'B'C' c6 day ABC 1a tam gidc déu canh a. Hinh chiéu ciia
A' xudng (ABC) 1a tdm O dwdng tron ngoai tifp tam giic ABC. Bigt AA' tao véi mit phing

(ABC)mat géc 45°. Thé tich khdi ling tru 1

3 3 3
A V=2 B. V—*/—al cv=2, D.v=2.
4 3 8

C4u 42: Cho khéi ling tru tam gidc ABCA'B’C’ ma mit bén ABB'A’ ¢6 dién tich 1a 4. Khoang
cach tir CC’ d&n mit phing (ABB'A’) bing 6+/3. Tinh thé tich ling tru dé.

A V=43 B. V=10. C. V=1243. D.V=843.

Cau 43: Cho hinh lang try tam gidc ABCA'B'C’ ¢6 day ABC 1a tam gidc vubng cin tai A, AC = J2
A'C=5.Biét A'C tao v6i ddy mot géc 60°. Thé tich khéilang trula

A. V=§\3/_—3. B V—S\/‘ C. Vzg. D. V——S\/—

Cau 44: Cho hinh ldng tru du'ng tam gidc ABC.A'B'C’ c6 day ABC 1a tam giac deu canh a.
Khoang cach gifra dwong thing A’B’ va mit phing (C'AB) bing —\/23—'3. Thé tich ctia khai

lang tru ABC.A'B'C' theo ala

3 3 3 3
‘%‘ . B. V:s‘/ga . C. V=3‘/5Eal . D. V=3‘/§—a .

A V=

Cau 45: Cho hinh ldng tru déng tam gidc ABC.A'B’C’ ¢6 cac canh day 1an lwot 1a 19, 20, 37
va dwdng cao c6 do dai bang trung binh nhan ctia hai canh nhé nhit trong tam giac day.
Thé tich hinh ldng tru dé 1a

A. 2284/95. B. 228./93. C. 284/95. D. 28./93.

Cau 46: Py cla lang tru dirng tam gidc ABC.A’B’C’ 13 tam gidc déu. Mt phiang (A'BC) tao
véi day mot goc 30° va dién tich tam giac A'BC bang 8. Thé tich khéi lang tru ABC.A'B'C’ 1a

A. 3/3. B. 3/2. C.83. D. 243.

k¥4 NGUYEN THI LANH



| @@%‘i‘&’ CHUYEN DE 1: THE TICH VA KHOANG CACH
Cau 47: Cho ling try tam giac déu ABCA'B’'C’ c6 AA'=+[3a. Goi I 12 giao diém cha AB’va

NG

A’B. Biét khoang cach tir I dén mit phing (BCC'B') béang —33—. Thé tich theo a khdéi lang

e ABC AR ,
| a’ 3a’® 3
A. V:333. B. V:I C.VZT. D. V=a’.

Cau 48: Cho hinh ling tru dimg tam gidc ABC.A'B'C’ c6 day ABC la tam gidc déu canh a,
dwdng thang AB’ tao vGi (BCC'B ') mét goc 30°. Thé tich theo a khdi ling tru ABCA'B'C.
Joa' B,y ¢ v p. v=2.

4 12 4 4
Ciu 49: Cho hinh ling tru ABCD.A'B'C’'D’ c¢6 day ABCD la hinh chit nhét v6i AB =a,
AD= \/§a va A’B = 3a. Hinh chifu vudng géc cla diém A’ trén mit phing (ABCD) trung voi
tam O cta hinh chit nhat ABCD. Thé tich ctia kh6i lang tru ABCD.A’B’C’D’ theo a la
A 23 B. 2/6a°. C. J6a'. D. \32%.
C4u 50: Cho khdi ling tru dirng tam gidc ABC.A'B’C’ c6 day la tam giac can véi AB=AC =3,
BAC = 120°, mit phing (AB'C’) tao véi ddy mét goc 60°. Thé tich theo a khdi lang tru

A V=

ABCA'B'C.
3 3 3 3
A v B.v=2% c v==2, D, v=22
8 8 8 4

Cau 51: Cho hinh ling tru ABCD.A'B'C’'D’ v&i day ABCD c6 BD = 5cm, BAD = 90°,
DCB = 90°, ABD = a, ACD = B. Mt phang (ACC'A’) vudng gbc vo6i ddy, ti gidc ACC'A” [a
hinh thoi, A7AC = 60°. Gi4 tri cia o, BlAn lwot 13 bao nhiéu dé thé tich khéi ling tru
ABCD.A'B'C’D’ 16m nhat?

A. a=60"; B=45". B. o.=60"; B=60".
C. a=45" B=45" : D. a=45"; B=60".
DAP AN
36 37 38 39 40 41 42 43
B B D A B A C D
44 45 46 47 48 49 50 51
D A c A A B A il

NGUYEN THI LANH KE;
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HU'ONG DAN GIAI
Ciu 36:
Theo gi4 thiét, em c6 A’A L (ABC)
= A’A 1a chidu cao cta ling tru.
Ma AA'=+AB?—A'B? =+/4a% —a? =[3a.

2
Dién tich cia AABC 1a: S, = %AB .AC-sinBAC= */ia
Thé tich ctia khéi lang tru la:

32’ o
Vigcage =AA"S jne = —Papan B

Cau 37:
“Goi H 13 trung diém clia AC=> A’H L (ABC)
= HB 14 hinh chifu vuéng géc chia A’B trén mit phing (ABC)
=> G6c gilta A'B va (ABC) chinh 1a géc gifta A'B
va HB hay A'BH = 30°.

1
Em ¢ : BH=%AC=a va S, =EBH.AC=a2
AA’HB vuéng tai H, A'H=HB.tan30° = \/g_’a
Thé tich ciia khéi ling tru 1a:

' . ¥ e \/?_)a,, \V/Eﬂs
VABC‘A'Ef'C’ =A'H-S 5 ZT'az = 3

—bipanB
Ciu 38:

Em c6 A’.ABC 12 hinh chép tam gidc déu.
Goi H 12 trong tAm cia AABC, M va N lin lwgt 13 trung diém ctia BC va AB.
Khi @6 A'HL(ABC)=>A’H1a chidu cao clia ling tru

(A'BC)(ABC)=BC
Em thdy:{A'M LBC

AM L BC

= Géc gifra (A'BC) va (ABC) chinhla géc gira
A'Mva AM haym = 60°.
1 \/_ 3a f 3a

A'HJ_HM HM= AM---—=
3 3 2 6

Suyra A’'H = HM.tan AMH =i6§3_\/‘ =%

X4 NGUYEN THI LANH



DOOKE ' CHUYEN DE 1: THE TiCH VA KHOANG CACH

: 2 3
Jia =\/?;a . —PbapanD

\Y

ABC.A'B'C’

—AH.S, . =

. Nlm

‘Cau 39:

Ké CH L AB (HéAB) = CHI{ABB'A’) néen A'H Ia hinh A C

chiéu vudng géc cla A’C trén mit phéng (ABB'A") .
Do d6, géc gitra A'Cva (ABB'A') chinh la géc gitra A'Cva \
A’H hay CA'H = 30°.
Ap dung dinh 1i cdsin trong AABC c6: .

AR -—o% 7 C
AB=+/AC> +BC? —~2ACBC.cos120° =+/7a. H

2
S aanc =%CA.CB.sin BfAz%a-Za-sianOo :Jia .

Lo B Va0 H__ 2“ 212 _ pa-JAC-AC =
AB 7 sin30

v _ \/3_5a . \/§a B \/105a

e =AA"S o= =
ABCA'B'C 379 e 7 2 14

J—§a

—>Papan A

Cau 40: ,
Goi 1 1a trung diém BC. Do tam giac ABC déu canh B A

2cm nén Al=""" \/_ =\3cm, S =~/3cm’. crr

Dién tich tam giac A'BCla S=%A'I.BC:>A'I=4cm. .
Tam gidc A’Al vubng tai Anén S
A'A=\/A'ITA_I7=\/16——§=\[1—§cm. B <
Vicame =A'A-S, e =V13-43=+/39 cm®.
—bapanB
Cau 41:
-Em c6: A'0 L (ABC)=> AO 13 hinh chiéu clia AA’ 1én A

mit phing (ABC).
=> Goc gifta A’A va (ABC) chinh la g6c gitra A'A va AO

)

hay A’AO = 45°.
2
Tam gidc ABC déucanhanén S, =-\/—§f— P ————
*/_a =AO= AH_£El b
3
J_ 3a

Tam gidc AA’O c6 AAO = 45°%, AO=-—- = A'0=A0.tan45’ =

NGUYEN THI LANH K
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_\/§a_\/§a2_a3

EE

V&Y Vipcame =A'0-Syp 4"

Cau 42:
Dung kh&i hp ABCD.A'B'C'D’.
1

Trdéemcd V,poppe = EV

ABCD.A'B'C'D’

m 5EDAIHOC
#JO0Ks

Coi (ABB'A’) va (CDD'C') 1a d4y ciia hinh hép thi
chiéu cao hinh hép la:

- h=d((CDD'C’),(ABB'A"))=d(CC",(ABB'A")) =643
Dién tich day la

Sy = 4= Vi e =%4-6\/—3_ =123 cm®.
—PapanC ;
Ciu 43:

Gid st H 13 hinh chifu vudng g6c ctia A’ trén (ABC) A

Cr

G6c tao boi A’C va (ABC) bang 60°nén em cé

53

A'CH = 60° = A'H=A'C.sin60° = )

Dién tich tam gidc ABC 13: S, = %AB AC=1.

Thé tich khéi lang tru1a: V.= %g_

—>bPapanD
Cau 44:

Dién tich tam gidc déu ABC1a S=

3a
.

Av

Cr

Goi M, N [An lwot 13 trung diém clia A'B’ va AB.
Cach 1: Trong (CC'N), ké CK LC'N

=d(A'B',(C'AB))=d(B",(C'AB))=d(C,(C' AB))=CK Theo

\2a Vza

=——nénemcé6 CK=—
2 2

gia thiét, d(A'B',(C'AB))

Ap dung hé thic lwgng trong tam gidc vudng CCN em
11 1 J6a
= -+ —_—

CK* c'c® CN? 2
2 f5.3
:V=\/§a -\/gaZBVZa
4 4 8
Céch 2: Trong (MC'N), ké MH L C'N (HeC'N) thi MH=d(A'B',(C'AB))

dworc: =CC'=

N

.—~>PdpanD

k1] NGUYEN THI LANH
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FI00KS

Ma AB L(C'MN) = AB_L MH=>MH.L(C'AB)

Ma A'B'//AB nén em c6: d(A B' (c AB))=d(M,(C’'AB)) = MH = I—a
AMNC vudng tai M c6: >+ ! 5= L > MN=-—~\/6_}a 777777777777777777777777777777777
C'M* MN° MH 2
Cau 45: '
Ap dung cong thirc Hé-réng cho tam giac day ta dwoc:
Sz\/p.(p—a)(p—b)(p—c) =114.
Bwong cao hinh ldng tru 1a: h=+19.20=2+/95.
Vay thé tich hinh Iing tru1la: V=Sh=114.24/95=228/95. —> Pap an A
Cau 46:
Goi H 14 trung diém ctia BC A
= AH 1 BC.MAA'H LBC =BC 1 (A'AH).
= Gocgilta (A'BC) va (ABC) chinh Ia géc gitra A'H va AH \\\\ c

hay A'HA = 30°.

Gid st canh tam gidc ddy la x (x>0) = AH=

i

Tam gidc AA’H vudng tai A, c6 A'HA = 30° nén:

A'H: AH =§£:-—\/——i:
cos30° 2 2

Dién tich A'BC béng 8 nén em c6: 8=

->bapanC -

CHUYEN PE 1: THE TICH VA KHOANG CACH

%A’H-BC‘:>8=—;~-x-x:>x=4:>V=8\/§.

Bl

Cach khac dé tinh dién tich AABC:Em c6: S,,5. =S apc-COS@ V61 ¢ 1a gbc gitra hai
mit phéng (ABC) va (A'BC). =S5 =8.c0s30° =44/3.

Cau 47:

Goi E la trung diém ctia BC, N 1a trung diém ctia BE, M 12 trung diém cta AB

Do IM//(BCC'B') nén em suy ra dwoc:

J_a_

d(L(BCC'B'))=d(M,(BCC'B'"))=MN=
Goi b 1a d¢ dai canh cta tam giac déu ABC.
Em cé: EA:ZMN-:\/—B;a,

J3b

Ma AE=—2—=aJ§:>b=2a

Dién tich mat d4y1a: S=+/3a7
=>V=AA"S,,,. =

3a-/3a® =3a%. > Pap 4nA

Al

a3

Cr

NGUYEN THI LANH KX
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Cau 48:

Goi M 1a trung diém ctia BC, do AABC déu nén AM 1 BC.
Ma AM 1 BB'= AM L (BCC'B'). A B
=> Hinh chiéu vudng géc ctia AB’ trén (BCC'B') la MB". C //
= Géc gitta AB’va (BCC'B') chinh la géc gifta AB’'vaMPB’ , 4
hay AB'M = 30°.
Em c6 AM—‘/—a AB'=+/3a
:>AA'=\/AB'2—A’B'2 =2a,

V/3a* : V62’ ¢
Sume =", = V=AAS o = .
—PapanA

Cau 49:

Em c6 A0 L (ABCD)

Dién tich hinh chir nhat ABCD 1a: S =AB.AD = /3a%.
AABD vubdng tai Anén BD= W =2a.
=B0= % BD=a

AA'OB vudng tai O nén A'0=+A'B>-~B0? =2+/2a..
Thé tich ctia khéi ling tru 1a: V=S, .A'0=262".

—>Papan B
Cédu 50:
Goi N Iin Irot 1a trung diém cia B'C' = AN L B'C’
(AB'C')n(A'B'C')=B'C'
Em cé6: <{AN LB'C’
A'NLB'C
= Géctao bédi (AB'C') va (A'B'C') chinh la géc gitta A'N va AN hay ANA" = 60°,

Xét tam giac A'B'N vudng tai N, A C

A'N=A'B'.cosNA’B=a.cos60° == '

= AA'=A'N.tan60° = J— 3a

=S, =%A'C'.A'B'.sin 120° =%.a.a_ 32_5 _ Jiaz
= Vponne =AASype = \[23:3.*\/%_—?

—bipanA

k1) NGUYEN THI LANH
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Cau 51:
AABDvuéngtai A c6 ABD = @, BD = 5 nén em suy ra o
AB=5.cosa va AD=>5.sina.

o s‘s;;;;%mm%smm:\\\_r‘%n

Twong tw, em co: S,pcp =%4‘§.sin2 B.

25, , .
:>SABCD =SAABD +SABCD =I(Sln2a+sln2ﬁ)
=gzésin(a+ﬂ).cos(a—ﬂ).

Do (ACC'A") L(A'B'C'D’) nén trong (ACC'A"), ké CH
vudng géc véi A’C’ thi CHL(A'B'C'D).

Do ACC'A’ I3 hinh thoi, A’AC = 60° nén CC’A’ = 60° =CH=CC".sin60° =§C7@i.
Ap dung dinh If cosin trong AABC em dwoc: AC? = AB* +BC* —~2AB.BC.cosB
:>AC=\/52 [:cos2 a+cos? f~2.cos a.cos,ﬁ.cos(a+ﬂ)] =5.sin(a+ f).

1253
4

i
i
i
|
i
i
)
i
i
i

sin®(a+ f).cos(a~B).

= CH=5—;/§sin(a+ B) = Vs amep =CHS pep =

=sin’ (a+ f).cos(a—B)<1.

OSsinZ(a+,B)Sl
0
~1<cos(a~B)<1

1253

= maxVygop apop = 4
sin(a+f)=1

= =45".
cos(a—ﬁ)=1©a p=t

D4u “=" x4y ra khi va chi khi {

—~>PapanC

NGUYEN THI LANH EX
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Dang 3: Ti s6 thé tich
Bdai todn dp dung: Cho hinh chép S.ABC. Trén c4c doan thing SA, SB, SC Iin lirgt

14y ba diém A', B', C’ khéc v6i S. Khi d6 ~saze _ SA" SB' SC

e SA SB SC’
Chiérng minh
Goi H’ va H Ian lwgt 13 hinh chiéu vudng gbc clia A’ va A trén mét phang (SBC).
— AH//AH= A _SAT
AH SA
Laws, .

Vsasc - Vaspe _3
Vease Vase 1 AHS
g asac

=

A %.SB’.SC’.sinB”"ST:’ _SA' SB' SC'

TSA” ~SB.SC.sinBSC SA "SBSC

- BAITAP MAU
. Coban
Cau 52: Cho hinh chép S.ABCva A’, B, €' Ian lwot 14 trung diém cla cac canh SA, SB, SC. Goi

V, 14 thé tich ctia khéi chép S.A’B’C’ va V, 1a thé tich khéi chép S.ABC. Tinh ti s6 —\—‘ii
‘ ,
A. 1 B. 1 C. —1— D. —:—l—
2 3 4 8
Hwéng dan gidi

Ap dung cong thitc & bai toan 4p dung em duorc:
Vouwe Vi SA'SB'SC' 111 1

Veuee V, SA SB SC 222 8

— bap an D

Cau 53 Cho tir dién ABCD. Goi M, N I4n lrot 12 trung diém ctia AB va AD. Ti s8 thé tich cla

khdi tir dién AMCN véi khéi t& dién ABCD la

Al B. 1. C.
2 3

D.

>
oV |

Y} NGUYEN THI LANH
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Hwéng dan giai
Ap dung cong thirc & bai todn 4p dung em dwoc:
Vaven _AM AC AN 11 1

- Dap ancC

c

Cau 54: Cho ldng try tam giac ABC.A'B’'C’. Goi V, 1a thé tich cta khoi tr dién ABA'C’ va V,

1 thé tich khéi 1ng tru ABCA’B'C. Tinh tf 56 %L
. 2

A. B. C.

e
w-)r—‘
[du BN

o
WiN

Hwéng dan giai ‘
Cach 1: Gia sir dién tich ddy cta hinh ling try 1a S, A B
chiBu cao 13 h, thé tich khéi ling tru 1a V. %
Vo =Vipc.anc =Sh /S

V, =Vpapc +Voane + Vaac A /

Trong dé: Vg ype = 3Sh Vo ame =

1 1 V.
=V, =V, ... .:—Sh_——V =1
1~ Vapac 3 v,

3
iy e\ L
3

- Papan B
p \ 1
Cach 2: Vg pu0 =Vg ace = Verase =§d(C '(ABC))'SAABC :§VABC.A'B'C'

Y;____ Veaae _1

VZ VABC,A'B'C' 3 '
v Van dung
Cau 55: Cho hinh chép S.ABC c¢6 day 1a tam gidc déu canh a, SA = 2a, SA vudng goc véi day.
Goi M, N T4n lwot 13 hinh chiéu vudng géc clia A trén cac dwong thang SB, SC. Tinh thé tich
cba khéi chép A.BCNM.
33’ N ¢ v=33 b, y=2V3
50 25 50 25
Hwéng dan giai
Goi V I thé tich ctia kh6i chép S.ABC.

A V=

Vs sec = Vs anay + Vasonm

NGUYEN THI LANH E3!
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V.

Mt khc: ~samx _ >4 53 SN _ SN-SC
Viwe SA SB SC  SB*  SC?

Ma ASAB va ASAC vudng tai A, AM L SB, AN | SC=> SM-SB=SAZ?, SN-SC=SA?;
SB? =SA” + AB* =5a%,SC* =522,

Vony SA' SA' e da’ 16
Viase SB® SC* 5a® 5a% 25,
16 16
= Vs aum =g S.ABC =£V
16 9
= Vazonm =V“2_§ =EV'
2
Do AABC déucanhanén S, =\/§El .

4

1 1. 3% RBa®

:>Vz§SASAABC =-§.Za.

4 6
Vay thé tich ctia khéi chép A.BCNM 1a
9.9 3 38’

v, =—V=
ABOM “o5 " 25 6 50

—>PipanA

Céu 56: Cho hinh chép S.ABCD. Trén canh SA 14y diém M sao cho SM:%SA. M3t phing

() qua M va song song véi mit ddy in lwot cit SB, SC, SD tai N, P, Q. Ti s thé tich cia

khéi chép S.MNPQ vé6i khdi chép S.ABCD 1a

1

A =,

9

B. 1. | c L.
3 81
Hwdng dan giai
Do (&) qua M va song song véi mat day nén em ké MN//AB (NeSB);

. L.
27

NP//BC(PeSC); PQ/CD(Qe sD) = (e) chinh 1a (MNPQ).

Vorea = Vsame + Vomop-

. Vounp SM SN SP 1 1

Em c6: ———‘;'MNP =Sa SB'sc 27 Vs =5 Vsasc:
S.ABC

oV
va —VS'MQP =§—1\AA§%—SS%=—217:> Vs.MQP :%VS.ADC'

S.ADC

1 1 1
= Ve + Vsmop =2_7‘VS.ABC +EVS.ADC =E7‘(VS.ABC +Vsanc )
1 oz

= Vaunrg =E.'7_'VSABCD‘ —>PapanD

# Cha y: Em nhé rang, cong thirc tinh ti s8 thé tich chi 4p dung cho khéi chép tam giac.
Con véi khéi chép ti gidc, ngdl gidc, luc giac,... em can chia ra thanh cac khéi chép tam giac

va ap dung c6ng thirc.
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BOOKE | CHUYEN DE 1: THE TiCH VA KHOANG CACH

+* Nang cao
Cau 57: Cho hinh chép ti giac S.ABCD, AB=a; S_A:a\/f. Goi M, N, P lan lwot ]a trung diém
_clia SA, SB, CD. Tinh thé tich khéi chop A.MNP

Hwéng dan giai
Do M 1a trung diém ctia SA nén em suy ra duoc S
d(A,(MNP))=d(s,(MNP))

1
=V, mp =§d(A,(MNP))SAMNP

1
=2 A(S.(MNP)) S iy = Ve

Em lai c6; ~ome SMSNSP_11, 1
capp SA SB'SP 2727 4

1
= Vsmmp = ZVS.ABP

s 1 1..1 1 1
Ma Vg 4pp :§SO‘SAABP :‘“SO-‘SABCD :_SO'SABCD = Vi uwe :ﬂSO'SABCD

Tit gidc ABCD 13 hinh vuéng canh a nén S5, =a°.

ASAO vudng tai O nén SO=+SA% —0A% = \/(a ) [fa] .‘/_gi_

2
V. =508, . == Jea a?= ‘Fa
S.MNP 24 ABCD 24 2 —a 4‘8
—PapanD

Cau 58: Cho hinh chép ti gidc déu S.ABCD, ddy 13 hinh vudng canh a, canh bén tao voi day
g6c 60°. Goi M 1A trung diém SC, mit phang (a) di qua AM va song song véi BD cit SB tai

E va ct SD tai F. Thé tich khéi chép C.AEMF [a |
26’ . g, Yo' ¢, o’ p, M6’
13 6 36 18
Hwéng dan giai
Goi O 12 tAm ctia hinh vudng ABCD, 112 giao diém ciia SO véi AM =>Ie(a).

A.

(@) 1a mat phing di qua AM, song song v6i BD cit SB tai E va ct SD tai F nén EF
chita 1va EF // BD =>(a)=(AFME).
Em lai thay, M 12 trung diém cha SCnén d(C,(AEMF))=d(S,(AEMF))

1 1 .
= Ve amvr = 3 d (C, (AEMF)) Sapur = 3 d (5: (AEMF)) Saemr = Vs ammp

NGUYEN THI LANH E%]



HOC TOT MON TOAN LGP 12 - HINH HOC FIOOIS

VS.AEMF = VS.AMF + VS.AME

Vs ascp =‘§SO'SABCD =%0A-tan60° af=

J6a®
6

Em c6 M 1a trung di€ém SC nén %%=%

Vi 0, M 1a trung diém cha AC, SC; AM cit SO tai
Inénllatrong tdm tam giac SAC= gSé = %

Ma I<EF; EF//BD nén S—F=E
Sb 3

:>VS.AMF 2%,ﬂ.§5:.1_:V5AMF=1VSACD.
Voacn SA SC SD 3 ' 3

. 1 1
Twong tirem c6 Vg 5y :§VS.ACB = Vs aemr = Vs.ame + Vsarm = E(VS.ACB +Vs.anc)

1. - a®  J6a®

=V, =—V =—= = . —>PbPapanD
S.AEMF 3 S.ABCD 3 \/g 18 C.AEMF p

BAI TAP T LUYEN
Cau 59: Cho khdi ch6p S.ABC c6 thé tich bang V. Goi B’, C’ 1an lwot 1a trung diém ctia SB,SC.
Ly A’ 12 diém thudc SA théa mdn SA =3SA’. Tinh thé tich khdi chép S.A’B’C’ theo V.
1 1 1 1
A Vs ppe =EV- B. Vsamc = '6‘V- C Vsamce =EV- D. Vs gpc =§V-

Céu 60: Cho khéi tir dién c6 thé tich bing V. Goi V' 1 thé tich ctia khéi da dién c6 cic dinh

5 e ) N A o V
la cic trung diém cila cac canh ctia khdi tit dién da cho. Tinh ti s6 7

v_1 g Vi1 v_2 v _s

Vo4 , vV 2 vV 3 vV 8
Cau 61: Cho hinh chép S.ABCD c6 ddy ABCD 1a hinh vudng canh a. Tam gi4c SAB déu canh
a va ndm trong mit phang vudng goc voi day. Goi J 13 trung diém canh SD. Tinh thé tich
khoi tir dién ACD] theo a.

e B,y =32 ¢ v=332 p, v= 3
12 8 24 6
Cau 62: Hinh chép S.ABCD c6 day ABCD la hinh chit nhit, AB = a, BC = 2a. Canh bén SA
vudng géc véi mit phdng ddy. Goc tao bdi canh bén SB va mit phdng (ABCD) bing 60°. Goi

H 1a hinh chi€u ctia A trén canh SB. Tinh thé tich khéi ch6p H.ACD.

3 3 3 3
' B, y3a' ¢ Y3, p, Y3
4 6 9 12
Cau 63: Cho hinh ldng try ding A'B’'C’.ABC c6 day ABC 13 tam gidc vuéng tai B, AB = a,
A'A=2a,A’C = 3a. Goi M 1a trung diém cha A'C’ va 1 1a giao diém ctia AM va A'C. Thé tich
khdi tir dién IABC 13 7
3 3
AR B. 2 C.
9 3

A V=

A.

V152" p. 22
9 9

%% % NGUYEN THI LANH



DIOOKS CHUYEN BE 1: THE TICH VA KHOANG CACH

Céu 64: Cho hinh ling tru A'B’C’.ABC c6 thé tich bing V. Cac diém M, N, P Ian Iwot thudc cac
AM 1 BN CP 2

canh AA’, BB, CC’ sao cho — —— =——=2, Thétich kh01 da dién ABC.MNP bang
AA' 2'BB' CC' 3
a2 g9y ¢y _p.ily
16 27 [ —

Cau 65: Cho hinh chép S.ABC c¢6 tam gidc ABC vudng can ¢ B, AC=+/2a, SA vuéng géc véi
day, SA = a. Goi G 13 trong tAm clia ASBC, mit phing (a) qua AG va song song v&i BC cat SC,
SB lan luot tai M, N. Thé tich cha khéi chép S.AMN la

3 3
A B2 C. V3 . p. 22
27 27 27 27

Cau 66: Cho hinh chép S.ABCD c6 day 1a hinh ch® nhit tdm 0, AB=SA=a, AD=+/2a, SA

vudng goc véi day. Goi M, N 1an lrot 13 trung diém cha AD va SC, 113 giao diém ctGa AC va
BM. Thé tich ctia khéi chép ANIM theo ala

3 3
P B. /32, ¢ 3 p, Y22
12 3 72
Cau 67: Hinh chép S.ABCD cé day ABCD 14 hinh vudng canh béng a, canh bén SA=a, hinh

chiéu vudng géc ctia S tréh mit day 12 diém H thudc doan thing AC sao cho AH =%g. Goi

CM la dwdmg cao tam gidc SAC. Thé tich khéi tir dién SMBC 1a
3a? B /52 c J14a® D \/33a°
8 13 48 36
C4u 68: Cho ti dién ABCD c6 thé tich bang 12 va G 1a trong tAm ctia tam giic BCD. Tinh thé
tich V cia khéi chép A.GBC. »
A. V=3, B. V=4. C. V=6. D. V=5,
Cau 69: Hinh chép S.ABCD c6 day Ia hinh vuéng, SA vudng gbc véi day, goc tao béi gitta SC va
mit phing (SAB) béing 30°. Mit phing (P) qua A va vuéng géc véi SC chia hinh chép thanh

A

hai phan. Goi V, 1a thé tich ctia phén chira dinh S, V, 1a thé tich ctia phan con lai. Tinh ti s6 —zi
A. 1 B. 1 C1. D. 2.

3 2
Cau 70: Cho tr dién SABC c6 M va N 12 cac diém thudc cic canh SA, SB sao cho
SM 1 SN

—=, =2 Mét phéng ((x) qua MN va song song véi SC chia ti dién thanh hai phin.
MA 2 NB
Goi V; la thé tich ctia phén chita dinh A va V, 1a thé tich ctia phan con lai. Tinh ti s6 Xl—
2
At B.2. C.2. D.>.
9 9 : 4
Cau 71: Xét hinh chép t& gidc déu S.ABCD, mit phing chira dwong thng AB di qua C’ clia

canh SC chia kh&i chép thanh hai phin c6 thé tich bang nhau. Tinh ti s6 §S~CC—

NGUYEN THI LANH
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2 .

B. 2. c. -1 p, Y5+1

3 2 2
Cau 72: Cho t dién déu ABCD c6 canh bang a. Goi M, N Iin Irgt 14 trung diém cta cic canh
AB, BC va E la diém d6i xtng véi B qua D. Mt phang (MNE) chia khdi tir dién thanh 2 khéi
da dién, trong d6 khéi da dién dinh A c6 thé tich V. Tinh V.

A

N_l =

7\/_ 2a B 11+/2a° C 13/2a° b 22
A 16 T 216 ©o216 18
DAP AN
59 60 61 62 63 64 65
A B C D A D D
66 67 68 69 70 71 72
D C B B C C B
HUONG DAN GIAI
Cau 59:
Theo gid thiét em cé SA=3SA"= —SA—— 1
SA 3
Do B’ va C’ 1 trung diém ciia SB, SC nén — SB' £=l
SB. SC.- 2
_ Vouse SA"SB'SC 111 1
V.oc SA SB SC 322 12
= Voance :1—12VSAABC - Dﬁp danA
Cau 60:
Goi M, N, P, G, F, E Iin lwot 12 trung diém ctia cac canh BC, CD, BD, AD, AC, AB.
Cach 1:
R : 1 1 1
Em ¢6: V'=2Vyyper =2-2Vppe =HVorme = 'E'VA.MNP :Z'ZVA.BCD ZEV'

(Do Glatrung diém cha AD, S, = %S ABcp)

]

Suyra:—==>. — bap anB
y vV 2 p
Cach 2: Xét AEFG égé_é_zl_l.lzl
V,p; ABAC'AD 222 8
1
=V =—V.
ARG =g
. 1
Twong ti em ¢6: Vg gpy = Ve e = Voare =§V.
V=V 41V_Y.:>l 1
2 vV 2

%Y} NGUYEN THI LANH



P CHUYEN PE 1: THE TICH VA KHOANG CACH

Cau 61:
Goi H1a trung diém AB. Do ASAB déunén SH | AB

Ma (SAB)J_(ABCD) (SAB)m(ABCD) AB nén SHL(ABCD)

Vi ASAB d@u canh anén SH:% S

1 1 f 3a_,_+3° .
=V, SH S . !
S.ABCD ABCD 3 2 6 :
1 «/§a .:
= Voaep =% Voase = . \ D
2 12 '
1 '\/3_ 3 I-I,)‘j
aQ S
Em lal c6: VD Ag S 5 VS.ACD 2‘2—4— B Lo” C
(Vi]la trung di€ém cta SD)
—>PapanC
Ciu 62:

Ké HK//SA = HK 1. ABCD)=HK L (ACD)
L
= Viaco =5 HK Spucp -
1 1 |
S o =§-AD-DC=§-a-Za=a2.
"Em c6 SA_L({ABCD) nén AB la hinh chiéu vudng géc
cia SB trén (ABCD).

Suy ra géc gitta SB va (ABCD) chinh la géc gifra SB,
AB hay SBA = 60°.
=SA=AB.tan60° =+/3a.

\3a

=AH= > (Heé thirc lwong trong tam gidc vudng)

= HB =% (Trong tam gidc vudng, canh d6i dién véi goc 30° bang nira canh huyén)

AAHB vudng tai H, dwong cao 1a HK nén str dung hé thirc lwgng em tinh dwoc HK=—— fa
A 1 1 J3a J3a? (s
Vay Vi =§¢HK-SAACD =§-—4—-32= T - Pap anD

Ciau 63:
AA'ACvudng tai Anén AC=+A'C—AA” =a\5
= BC=+/AC? — AB? =2a (Dinh If Pitago)
Xét AAA'C' c611atrong tAm nén JA= %AM.

NGUYEN THI LANH XY
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2 2 21 .,
= Viane =§VMABC 3VA ABC = § EAA S panc

Cau 64:

1 1 2
Vi Vyoape =§VABC.A’B’C’ 3 ZV=V,

A'B'C'CB — 3 =V= VM.B'C'CB

1 r T
Dit: V, =V, e = §d( J(CC'B'B)) Sypee
1 R, 2 2 22 4
=34(m(ccB 13))-35CCBB 3 Vneewn =55 V= V.

4,1, 1

Cau 65:
Goi I'la trung diém cna BC.

Do G la trong tim ASBC nén %:%

(@)//BC=MN//Be= 2 SN _SG_2
SB

sc sI 3
V&AMN SA SM SN _ 4

Ve SA SB SC 9°

4 41 2a°
= Voaun = 9 —Vs anc _6 3 SA.S \apc :‘27
—PapanD

Cau 66:

Theo gia thiét ta suy raI1a trong tim AABD.
Al 2 Al 1

D= =,
AO. 3 AC 3

Ap dung ti s6 thé tich em c6: V, =—6—VA_CDN.

1

Vaoon =Vivaeo V2 Viaco =EVS.ACD

(ViNlatrung diém ctia SC)

223 NGUYEN THI LANH
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PBBics CHUYEN DE 1: THE TICH VA KHOANG CACH

' 3 3
Ma ——1—QA Sinrm —_—la la.ﬁa= \/ia VI\ IMN. \/-Z_a - Dép anD
SAED AMED=5" 6
Cau 67
Do ABCD 12 hinh vuéng canh a nén AC=+/2a.
:>AH=ZAC———\/—a CH:AC—AH:——3‘EE‘

ASAH vubdng tai H nén SH=+/SA%— AH? =£443
ASHC vudng tai H nén SC=+/SH? +HC? =+/2a

—SC=AC=>ASAC cantai C

=M 12 trung diém ctia SA.
VS.MBC SM 1 1 2
—_—— = —= ———; AABC =—a .
Voape SA 2 2

1
= Vo ume = EVS.ABC =

J14a°

1 P
.=SH-S ==, > bapancC
37 TAC 48 P

N

Cau 68:
Goi M 1a trung diém cia BC, Hva K1an hro't 1a hinh
chiéu ctia G, D 1én BC= GH//DK.

GH MG1

Theo dinh ly Ta-lét em co: —
DK MD 3

Swsc DK 3 Vs %d(A;(DBC))‘SADBC 3

S acac :EE 1 N Ve _ gd(A’(GBC))'SAﬁBC 1 B D

:>VA,GBC=§VA_DBC =%.12=4. —DPapanB K
 Cau 69:

pit: V=V 00 Vi =Veumos V2 = Vameso =V~ Vs

Goi 0 1 tAm hinh vudng, k& AN LSC(NeSC)

Goi ANASO={T}

5 BD.LAC
BD1SA

=>BD L (SAC)=BD LSC

Vi {(P)lscz (P)//BD

BD 1 SC

Ma BD c(SBD)=(P)n(SBD)=MQ //BD.

NGUYEN THI LANH [EE]
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. [cBL1sA
Em c6 =>CB_L(SAB)
CB_LAB

= SB 1 hinh chiéu vudng géc ciia SC trén (SAB).

= G6c gitta SC va mat (SAB) chinh 1a géc giira SC, SB hay CSB = 30°.
V., Vean SA SM SN SM SN

Emcé V, =2V s V=2V, 0. =>-1=

v VSABC "SA SB SC_SB SC

Trong ASAC vudng tai A, dwdng cao AN, ta c6: SA? =SN.SC= 21(\:] (

Vi CB_L(SAB)=>CB_L SB=> ASBCvudng tai B
Em ciing c6 MN L SC= ASMN vudng tai N
SM_SN_ SM_SN.SC _SA* (SA

=ASNM~ASBC(gg)=> =" =200
(gg) SC SB SB SB? SB?

SB
2
Trong ASBC: SB—£SCAB BC=§2(—::>SA2 _SB* AR =>C_
1 i 1
2
v, | 35 1 v, 3V 1 o
735(:.5(: 2 V—gV

Cau 70:
Thiét dién ca (a)vé tir dién 1a hinh thang MNPQ
véi MQ//NP//SC.
SM_cQ_2 BN _BP_1

a
SA CA 3'SB BC 3
bat V:VS.ABC; Vi =Vinegess Vo =VMNPQAB =V-V,.

V1 = VS.CQP + VS.MPQ + VS.MNP

1
—d(S,(APQ)).S
Em lai 6 VS.AQP _ 3 ( ( )) AAPQ 22

v %d(s,(ABC)).SAABC ane

AAPQ

%d(P,AQ).AQ

1

22_
~d(B.ac)ac *°

O |

Vsmro VM ME Mg - 1

Vsarq VASPQ AS 3
\% S

S.APQ _ D AAPQ AAPQ.SAAPC _

AQCP_2 2
AC'CB 33

S
\ Sasec  Smrc Sassc

() NGUYEN THI LANH
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pBpalHoC
BOOKs

Vsuw SM SN _12_2
Vi SA SB 33 9 21 2
v S >V =——V=—V
777777777777777777777777777777777 S.ABP ABP Eli__l 9 3 27
\% E;;Wﬁ """ 3 R
3\1
V1 ﬂ+ﬂ+%‘l Al V —————3 =2
9 27 27 3 V2 V_Z\_f
—~Papan C
Cau 71:

CHUYEN PE 1: THE TICH VA KHOANG CACH

Goi 012 tam hinh vuéng ABCD, SONAC'={1} ,BInSD={D'}
Mit phing (ABC') chia khdi chép S.ABCD thanh hai phin S.ABC'D’ va ABC'D’CD

R 1
Va Ve ipen =V apenne ZEVS.ABCD
s Vsae _SD' SC'
bit ~S-C—=x, 0<x<1; em c6 —22¢ =x*
SC Vs anc SD SC

2

X
I —
= Vsane =X Vgane = _Z_VS.ABCD'

Ve SC'

v =——=X=>V; 0

=XV,

_X
S.ABC = 2 VS.ABCD N

S.ABC S

2
X" +X
:>VS.ABC'D'=VS.ABC'+VS.AC'D’= 2 VS.ABCD'

2

S.ABC'D' 2 S.ABCD 2

oS +x-1=0=>x=

1445 (Dox>0)
2
—PapanC
Cau 72:

AQ 12 chiéu cao clia tiy dién.

2
= A0=+AD?—0D? = az{—z—.l@iJ =*/—33.

3 2 3

)- Yo

=d(B;(ACD))= ( (ACD)

Goi NENCD={P}; MENAD={Q}.

Em c6: P 1a trong tdm AEBC nén w2
¢h 3

Goi 0 12 trong tAm AABC, do ABCD 13 ti¥ dién d&u nén

NGUYEN TH] LANH &3



HOC TOT MON TOAN LOP 12 - HINH HOC

va Qlatrong tdim AEBA nén —= AQ 2.
‘ AD
VAMN CPQ — VE AMNC VE.ACPQ
o Tinh Vgaunc
d(E,(AMNC))=d(E,(ABC))=2d(D,(ABC))= zfa_
Sew BMBN_1_ o o o 3¢ 343
SABAC ‘ BA BC 4 AMNC ~ “AABC ABMN _4 ABC T 16 "
1 12( 2’313 _ V22’
:VE_AMchgd(E,(AMNc)) e =3 © " &
e Tinh Vgacrg
J6a
d{E,(AQPC}}=4d{E,(ADC))=d(B;{ ACD))=—.
(5,(AQP0)) - (5 (AD0)) a5 (acn)
S DQ DP 11 1 8 8 3a
gﬁi:ﬁ”ﬁzg'gzgzsmm:SADAC_SADQP 9SADAC 9 4
1 2 2
SVEACPQ—.B (E (ACPQ)) ACPQ \/—— 2\/—‘—"\/:3—
114/2a°
=>V=V, e~ E.ACPQ :_2'1_63"'
—PipanB

“Néu ban gidi logic thi ban sé di dwoc tir A dén B.

Néu ban giéi twéng tweng thi ban sé di dén bdt ki noi nao ban muén”.

¥4 NGUYEN THI LANH



DSBS CHUYEN DE 1: THE TICH VA KHOANG CACH

CHU PE 2: KHOANG CACH TUr MOT PIEM DEN MOT MAT PHANG
A.LY THUYET TRONG TAM

1. Pinh nghia AF

Khoang c4ch tir diém A dén miat phang (P) a-do-dai-doan

thing AH véi H 12 hinh chigu vudng goc ctia A trén (P).

Vay:\d(A,(P))=AH E

2. Cach x4ac dinh khoang cach tir mgt di€m dén mat phang

> Cach 1: X4c dinh khoang cach bdng dinh nghia

» Cach 2: X4c dinh theo 3 bwdc sau:
Buéc 1: Dung mit phang (Q) chira 4, (Q) L (P). i q
Buwéc 2: Tim giao tuyén A ctia mt phang (P) va (Q).
Buéc 3: Trong (Q)ké AH LA H e A = AH L (P) A L
Vay:|d(A,(P))=AH H

Pic biét: Néu hinh chép 0.ABC c6 OA, OB va OC doi mét vudng A
g6c véi nhau thi

1_1+1+1
OH?> O0A*> OB* 0C?

d(0,(ABC))=0H va

o]
A7
'.A
o

B. CAC DANG BAI TAP

Dang 1: Phwong phap tryc tiép \
Phwrong phdp gidi:
» Cach 1: Xac dinh khoang c4ch bdng dinh nghia
» Cach 2: X4c dinh theo 3 buéc sau:
Buéc 1: Dyng mit phing (Q)di qua A, (Q)L (P).

A
Budc 2: Tim giao tuyén A ciia mit phing (Q)va (P). A L

Buéc 3: Trong (Q) ké AHLA; He A=>AH L(P). ) H

Vay: d(A, (P)) = AH
\_ /

NGUYEN THI LANH EE



HOC TOT MON TOAN LOP 12 - HINH HOC DIOOKS
BAI TAP MAU
= Co ban
Cau 1: Cho hinh chép ABCD c¢6 day BCD 1a tam gidc vudng cin tai B, CDzax/i, AB vudng
géc véi mit phing day, AB = b. Khoang cach tir B dén (ACD) 1a

ab 2b* +a? 1
A — B, —————. C.—. D. /ab.
2b* +a” ab ab

, Hwéng dan giai
Em nhéan théy, AB, BC, BD ddi mot vudng géc nén em cé: A
_ 1 . 1 . 1
BH* AB’ BC’ BD®
(V6i H 1a hinh chi€u vudng géc ctia B trén (ACD))

d(B, (ACD)):BH va

Em c6 ABCD vudng cin tai B, CD=a+/2 nénBC=BD=a.

N 1 _i+__1_+i_a2+2b2:>BH_ ab !‘; C
BH? b* a* a? a’b? - Ja%+2b?
—bapanA D

Cau 2: Cho hinh chép S.ABCD c¢6 SA vudng goc v6i mit phang ddy, SA = a. DAy ABCD 1a hinh
chit nhit c6 AB=3a, AD= 2a. Tinh khoang c4ch tir:
a. Piém A d&n mit phing (SBD) 1a

A.6—;. B. \/2a. C. \3a. D.a.

b. Piém B d&n mit phing (SAD) 1a

R

A.a. B. 2a. C.3a. D.

c. Piém D dén mit phing (SAB) 1a
A.a B. Za. C. 3a D.

[ -t

d. Piém C dén mit phang (SAB) 1a
A.a B. 2a. C. 3a. D.

2
7

Hwéng dan giai
a. Em thdy SA, AD, AB d6i mot vudng goc nén em c6:
1_1 .1 1
h® SA* AD* AR’
1 1 1 1 6a

—=—+——+——=>h=—, bap an A
:>h2 32+(2a)2+(3a)2:> P — Pap an

d(A,(SBD)):h va

BA L SA(Vi SA L (ABCD))

b.Em c6:
BA L AD(Vi ABCD13 hinh chif nhsat)

= BA 1 (SAD) =d(B, (SAD)) =BA=3a. — Dap 4n C

NGUYEN THI LANH
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~ [pal SA(Vi SA 1 (ABCD))
c. Em c6: :
DAL AB(VlABCDlﬁhinhchfInhat)

CB 1 SA(V1SA 1 (ABCD))
d. Em c6:
CB L AB(ViABCD1a hinh chi¥ nht )

= CB L (SAB) = d(C, (SAB))=CB=2a. —»PapanB
Cau 3: Cho hinh chép S.ABC v&i SA vudng géc voi mit phang (ABC), SA = 2a. Tam giac ABCla
tam gidc vudng & B c¢6 AB = 3a. Tinh khoang cich tit A d&n mit phing (SBC) theo a.

T B. Vi3a ¢ 613 D. Gfa.
Huwéng dan giai

Buéc 1: X4c dinh mit phéng chira A, vudng goc véi (SBC)
Em c6: BC L SA (Vi SA L (ABC)
BC L AB (Vi AABC vudng tai B)
= BC 1 (SAB)=(SBC) L (SAB)
Buérc 2: Tim giao tuyén clia (SBC) va (SAB)
Em lai ¢6, (SBC) N(SAB)=SB
Budc 3: Trong (SAB) ké AH 1 SB,HeSB=>AH 1 (SBC)
thi d(A,(SBC)) = AH
Xét ASAB vudng tai A c6 duirng cao AH, ap dung hé thirc lwgng trong tam gidc vudng
11 1 _1 1 _ . 6a/13

1
em duoc: —— =— st =
"7 AH® SA® AB* T AH® 4a® 9a° 13

—PapanD
v Van dung ,
C4u 4: Cho hinh chép S.ABC v&i SA vudng géc véi mit phing (ABC), SA = \3a, ABC 12 tam -

2\/§a
3

giic déu c6 canh bing . Tinh khoang c4ch tir A d&n miit phing (SBC) theo a.

A. \J3a. B. ﬁf’l C. a. D. _\/zé

2
Hwong dan giai
Buéc 1: Xac dinh mat phang chira A, vudng géc véi (SBC)
Ké AM la trung tuyén ctia AABC (M eBC)
— AM 1 BC (Do AABC déu)
Ma SA L BC (Vi SA L (ABC))= BC L (SAM)= (SBC) L (SAM).
Buérc 2: Tim giao tuyén clia (SBC) va (SAB)

NGUYEN THI LANH S
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Em lai c6: (SBC)(SAM)=SM. / s
Bué6c 3: Trong (SAM) ké AH L SM,HeSM=> AH 1L (SBC)
thi d(A(SBC)) = AH

AABC d8u c6 canh 13 2—@ nén AM:E.E?E:& c
3 273 A
Ap dung hé thirc lwong trong tam gidc vudng SAM em dwoc: M
1 1 1 _ . SAAM B \

AH? SA*  AM? JSAZ +AMZE 2

—>Papan B
Cau 5: Hinh chép S.ABC c6 SA vudng géc véi mit phing (ABC) va SA = 3a. Cho AB = BC =23,
ABC = 120°. Tinh khoang cach tir A d@&n mit phing (SBC).

A 3a. B.2a. c 2 ’ D. 2,
2 2

Hwéng dan giai

Bwéc 1: Xac dinh mat phing chira A, vubng gée véi (SBC)

Ké dwong cao Al ctlia tam gidc ABC

Do ABC = 120° >90° nén I n3m bén ngoai canh BC.

Em cd: Al L BC

SA L BC(ViSA L (ABC))

= BC L (SAI)=> (SBC) L (SAI)

Buérc 2: Tim giao tuyén cia (SBC) va (SAI)

Em lai c6: (SBC)(SAI)=SI

Buéc 3: Trong (SAI) dung AH L SI, HeSI= AH 1 (SBC) thi d(A, (SBC)) = AH

Ap dung hé thirc lwgng trong tam gidc vudng ASAI em duoc:

. 0
-8_117+—Allz—=—_—A11-12 = AH= SA-AB-sin60 = =3—Za—. —>bapanD
\/SAZ +(AB-sin60° )

Cau 6: Cho hinh chép déu S.ABCD c6 d4y ABCD 1a hinh vudng tAm O canh bdng a,SA=a.
Tinh khodng cich tir O dén mit phang (SAB).

A. a\/E B. a\/§ C. a\[6_ D. a?
Huwéng dan giai
Cach 1: Trong (ABCD),ké O L AB, [e AB

Em c6 SO L (ABCD)=>S0 L AB = AB L (SOI)
= (SAB) L (SOI), (SAB)(SOI)=SL
Trong (SOI), ké OH L SI, HeSI=>OH L (SBC) thi d (0,(SAB)) = OH.

(] NGUYEN THI LANH
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2
SO=+/SAZ—0A% = [a*- a( =3£; or=2
2 2
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, Ap dung hé thic lugng trong tam gidc vudng ASOl S
P N - —— AN
em du’(_)'c:'_—f—_—_—z-}-_lz_ OH= _95_9_1_2_ a_6_ i
OH® 0§° Ol V 0S?+01 6 i
— Dap an D
Gidi nhanh: Em thdy 0S, OA, OB la d6i mot vudng géc ;
. n 1 1 1 ) B
voinhaunén: —=——+——+-—— N
OH? 0A’ SO* OB L

11 1 1 J6a S rt

=>—= >+ 5+ 7 >0H=—n
O (aV2] (a2} (av2 6
2 2 2
* Nang cao

Cau 7: Cho hinh chép S.ABCD c¢6 day la hinh thang vudng tai A, B. Cho AB = CB =3, AD = 2a,
Canh bén SA vudng g6c v&i mit phing day va SA = J2a. Tinh khodng cach tir A dén mit

phang (5CD).
B. [23 C. \3a. Cp¥m
2 3
Huwéng dan giai
Cach 1: Buoc 1: Xac dinh mit phang chra A va vuéng géc véi (SCD).
Trong { ABCD), ké CI L AD=> Tt gidc ABCI 1a hinh vudng=>Cl=a.
Xét AACD c6 CI 1a trung tuyén
= AACD Ii tam gidc vudng tai C = CD L AC.
Ma CD L SA (Vi SA L (ABCD))=>CD L (SAC)
= (SCD) L (SAC).
Budc 2: Xéc dinh giao tuyén cta (SCD) va (SAC).
Em lai cé: (SCD)(SAC)=SC
Buéc 3: Trong (SAC), ké AH L SC, HeSC
thi d (A,(SCD)) =AH.
Xét ASAC vudng tai A, c6 dwong cao AH, 4p dung
hé thirc hrong trong tam giéc vudng em c6:

A a

11 1
AT Act Toar - Af=a
—>Papan A

Giai nhanh: Goi M 1a giao diém ctia DC v6i AB.
Em c6: d(A,(5CD)) = d(A,(SMD)) va AD, AS, AM dbi mét vudng géc, 4p dung cdng thirc
1 1 1

emdwqc:—17=—7+ > +-——=>AH=a
AH™ AD® SA* AM

NGUYEN THI LANH (¥
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BAI TAP TU' LUYEN
Cau 8: Cho hinh chép S.ABC c6 day ABC la tam gidc vudng tai B, AB = a, BC = \/3a ¢6 hai
mit phdng (SAB), (SAC) cling vudng géc véi mit phdng ddy. Goc gitva SC véi mit phing day
bang 60°. Tinh khoang c4ch tir A d&n mit phing (SBC).

A 44/39a 5 3% ¢ /3% D, 2V3%

© 13 " 13 " 39 " 13
Céu 9: Cho hinh l3p phuong ABCD.A’B’C’D’ ¢6 canh bang 1cm. Tinh khoang cich tir A dén
mét phdng (BDA).
A. lem. B.'fécm. C —‘/zzcm D. ~2‘/§cm.

Cau 10: Cho hinh chép S.ABCD c6 day ABCD la hinh vuéng canh a, SD = 32—3‘ Hinh chiéu

vudng goc ctia S 1én (ABCD) 1a trung diém M ctia canh AB. Tinh khoang cach tir M dén mit
phédng (SBD) theo a.
a

A2 B. 2. ‘ c 2 p. 2
2 6 3 4

Ciu 11: Cho hinh chép S.ABC c6 day ABC la tam giic vudng tai B v6i BS =2./3a, AB=3a,
BC=4a. Mjt bén (SBC) vudng géc véi day, SBC = 30°. Tinh khodng cich tir H dén (SAC),
biét ring H 12 hinh chiéu ctia S 1én mit day.

Asﬁa B3\/17;a o C3\/7a D3x/i_4_a
17 o o T

Cau 12: Cho hinh chép S.ABCD vé1i day ABCD 1a hinh thoi canh a, canh bén SA vuéng géc
v6i mit phing day véi BAD = 120°. Cho M 1a trung diém ctia canh BC va SMA = 45°, Tinh
khodng cach tir A dén (SBC).

a Y62 p. Y62, ¢V D. ——\/Za

6 | 4 | 6 4
Cau 13: Cho ling try ABC.A'B'C’ ¢6 ddy 1a tam gidc déu canh a. Hinh chiéu vudng géc ctia A’
1én (ABC) 14 trung diém I clia doan thing AB. Géc gitta A’C va mit phang day 13 60°. Tinh

khodng cich tir I &€n mit phang (ACC'A)).

A\/Ea' BS\/Ea C\/1—3a D«/éga
" 13 © 26 T 26 , t26

C4u 14: Cho hinh lang tru ABCD.A;B:C1D; c6 day 1a hinh chit nhit véi AB = a, AD = J3a.
Hinh chiéu vudng géc cta A; 1én (ABCD) tring vé6i giao di€m clia AC va BD. Tinh khodng
cach tir C dén mit phing (A:BD).

A. 2a. B. [Z—‘f C. igi D. \/3a.

2
Cau 15: Cho khdi ling tru déu ABC.A'B'C’ ¢6 canh AB AA'=a. Tinh khoang cach tir B’ dén

mat phang (A'BC).

) NGUYEN THI LANH
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Cau 16: Cho hinh lang tru d(rrig ABC.A’B'C’ véi ddy 1a tam gidc vudng can tai B va B'. Cho
AA’' = AB = a. Goi M 1a trung diém cfia BB'. Tinh khoang cich tir B’ dén (A'MC’).

a Y2 p. 3 ¢, Yoa p, Y3
e — -6 2
PAP AN
8 9 10 11 12 13 14 15 16
D B C A B B C D C
- HUO'NG DAN GIAI
Cau 8:
(SAB) L (ABC)

(SAC)L(ABC) = SA.L(ABC).

(SAB)N(SAC)=SA
= Géc gilra SC va (ABC) chinh 1a géc giira SC, AC
hay SAC = 60° = SA = AC.tan60° =2+/3a.
Em cé: SA L BC (Do SA L (ABQ)).

AB 1 BC ( AABC vudng & B).

= BC 1L (SAB) = (SBC) L (SAB); (SBC)(SAB)=SB.
Trong (SAB) dung AH L SB,HeSB=> AH 1 (SBC) thi d(4, (SBC)) = AH.

_1 .1
AH> SA* AR’

Ap dung hé thtrc lwong trong tam gisc vuéng ASAB em c6:

SAAB  2J3aa _23%

= AH= = =
JSA* 1 AB? 1242 +a22 13

—PapanD
Céch 1: Goi giao di€m cia ACvaBD1a 0.

Em c6: AOLBD; A'ALBD =BD L (AOA)

= (A’BD) L (AOA"); (A'BD)N(AOA")=A"0 b
Trong (A’A0), ké AH L A’'0O,He A'0=>AH 1 (A'BD) \
thid (A, (A'BD))=AH. Nt
Xét AAA'O la tam gidc vudng & A véi dwong cao AH, ap Sy ---/B'
dung hé thic lugng trong tam gidc vudng em cé: /

12= 12+ 1,2:>AH= A'AAO =_J_§__ D
AH® AO0° AA JA'AZ+ A0 3

Cl

—PapanB
‘ 1 N 1 . 1
AH®* A'A* AD* AB?

Giai nhanh: Em thiy AA’, AD, AB d6i mdt vudng géc nén

B

= ! =1+1+1:>AH=—§—.

2

NGUYEN THI LANH 2
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Cau 10 ‘ |
Trong (ABCD), ké MN L BD (N<BD).
Em c6: SM L BD (SM L (ABCD)).
=>BDL(SMN)=>(SBD) L (SMN); (SBD)(SMN)=SN.
Trong (SMN), ké MH L SN, HeSN=>MH L (SBD) thi
d(M, (SBD)) = MH.

Va
2

AMBN vuodng tai N nén MN = MB.sin45° =

ASMD ¢6 SM=+/SD* —-MD? = |2 _| .

Xét ASMN vudng tai M c6 dwong cao la MH, 4p dung hé thirc lwgng trong tam gidc

vuéng em duorc: 1Z+ 12= 12 :>MH=_§.WN__=E_ —>PapanC
SM® MN°" MH SMZ+MN2 3
Cau 11: ‘
SH L AC (Do SH L (ABC)). g

Trong(ABC), HM L AC, Me AC = AC L (SHM)

= (SMH) L (SAC); (SHM)N(SAC)=SM

Trong (SHM), k& HN L SM, NeSM=> HN L (SAC)
thi d(H,(SAC))=HN

= A C
ASBH vudng tai H va SBC = 30° nén.em cé: .
2 a
SH=SB.sin30" =+3a. - N Eaggt
Twong tw em duwgc BH=SB.cos30° =3a=>HC=a B

3
Trong AHMC c6 HM =HC.sinMCH = HC. -23_—5‘3
a

Tam gidc SHM vubng tai H, ap dung hé thirc lwgng trong tam giac vudng em cé:

1 + 1 1 3_1_+_1_=_l_:>H =i\/:— —>Pap an A
SHZ HMZ HN® 3a® 9a® HN? 14
25
Ciu 12:

Do BAD = 120° nén BAC = 60°.

(ABCD 12 hinh thoi nén AC 1a phan gic)

AABCc6 AB = BC; BAC = 60° nén AABC 13 tam giac
déu =AM L BC

Ma SA L BC (Do SA L (ABCD)).

= BC L (SAM)=>(SBC) L (SAM); (SBC)~(SAM) =SM.
Trong (SAM) ké AH 1. SM, HeSM=> AH L (SBC)

thi d(A, (SBC)) = AH.

& nGuvEN THI LANH
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' 2 /6 o
Xét AAHM vudng tai H nén em c6: AH=AM-sin45° =—\/—§3\—/2_—=-\/—f—. — PiapanB
Cau 13

Do A'TL (ABC) nén A'TLAC (1)
Trong (ABC) ké IN// BM, Ne AC = IN L AC (2)

Tit (1), (2) = AC L (A'IN)= (ACC'A’) L (A’IN); (ACC‘A')m(A'IN) =A'N

Trong (A'IN) k& IH L A'N, He A'N=>TH L (ACC'A") thi (], (ACC'A)) = IH

Em tinh dwoc A’I = CLtan60° =-312'Si ; IN:—BM-IE

Xét AA'IN vudng tai I, ¢6 dwong cao IH ap dung hé A c
thitc lrgng trong tam gidc vudng em co: ]
BN ;)
_1?: 1Z+—}7 :>'IH=3\/——a_- - Dap 4an B I N
IH* AT IN .26 i
Giai nhanh: D& thdy 1A, 1A', IC d6i mét vudng goc voi ,H
nhau, 4p dung céng thitc em cé: ANM o o
A= C
1 1 1 1 1 1 1 3\13a
Tt gty E gt oy == AN
H IA* 1A% IC* a* 32 9a° 26 B
' 4 4 4
Cau 14:
Goi ACNnBD=0. ‘A,

Dyng hinh chiéu H ca C1én BD = CH L BD

Em c6: A:0 L CH (A10 L (ABCD)).

= CH 1 (A:BD)=d(C,(A:BD))=CH

Xét ACBDvuéng tai C véi dudng cao CH, 4p dung hé
thirc lwong trong tam gidc vudng em cé:

11 a\/_ . D" <

=" 4~ _ —SCH —->PipanC
CH? CD? CB2 P
Cau 15:
Goi M’ 1a trung diém A'C' = SBM LAC (1) ' '
Kée MM //AA'= MM’ L (A'B'C)=MM LAC (2) A ¢
T (1), 2)=A’C’ L (BMM'B’)=> (BA’C’) L (BMM'B’)
B
Em c6:(BA'C')n(BMM'B’)=BM’ :
Trong (BMM'B’), ké B'H L BM’, HeBM'=B'H L (BA'C’)

thi d(B’(BA'C’)) = B'H. M -
AI """" ",“")‘ """""" C

|

R

=K,

Ap dung hé thirc lwong trong tam giadc vudng AB'BM'em

B'lH2 =B'§r1'2 +B;'2 :>B'H=\[27—13 5

—>PapanD

duoc:

NGUYEN THI LANH [
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Cau 16:
Céch 1: Dyng hinh chiéu ctia B’ 1én mit phing (A’'MC’) | A B
bang cach ké B'K L A’C

= (B'MK) L (MA’C’);(B'MK)N(MA'C")=MK
Trong (B'MK) dyng B'H L. MK, HeMK=>B'H L (A'MC’)
=B'H=d(B',(A'MC))

Ap dung hé thitc lrong trong tam giac vuéng BMK em

1 1 1 J6a

b=t ——=B'H=
B'H° B'M" B'K 6
—PbapinC
Giai nhanh: Xét hinh chép B’.A’C’'M ¢6 B’A’, B'C’, B'M d6i mot vudng géc véi nhau
11 1 \J6a

= + + =B'H=——
B'H> B'A* B'M* B'C? 6

Ap dung céng thirc em cé:

Dang 2: Phwong phéap gian ti€p
Phwrong phdp chung: D& tinh khoang cach tir diém A d&n mit phang (P), em di tim
mét diém B sao cho viée tinh khoang céch tir B dén (P) dé hon so véi diém A. Téng

quét c6 hai cich sau:
# Cach 1:lwu y 2 truong hop A B
> Truwdng hop 1: AB/(P) thi

aiEape) ST

> Truwong h(_rp.Z:ABm(P)z{I} thi M)—) ——!.

a5, (7))

I
D3c biét, néu 113 trung diém AB thi d(A,(P))=d(B,(P)).

w1/ A
A’(H y A(I/ A da

H

@ Cich 2: h= §SK ; trong d6: h 12 khoang céch tir dinh dén ddy; V, S Iin lwot 13 thé

tich va dién tich ctia khoi chép.

(YA NGUYEN THI LANH



EE”&'i’("ﬁ CHUYEN DE 1: THE TICH VA KHOANG CACH

BAI TAP MAU
. Co ban
Cau 17: Cho hinh chép S.ABCD cé day 1a hinh vudng canh a. SA vudng géc véi mit phang
""""""""""" a’éy’\’iéi’sA’"E’?/—B'-é?Bi’é'mﬂfthué’C*canh'*SfAﬁsae~ch0'fS:N—:—SA—N;lI?inhfkhoéngfcéch11‘1:,,,,,,,,,,,‘,,,,,,,,,,,,,,,,,,,,,,,ﬂ,,,,,,,

a.Diém B dén mit phing (SCD)
PRES g Y32 LY p. Y22,

3 2 2 3
b. Diém O dén m3t phing (SCD) véi O 1 tAm cdia hinh vudng ABCD
A 2B B 3 ¢ ¥, p. Y2

2 4 2 4
¢.Diém C dén mit phing (SBD)
a¥2a, g, Y212, LY p. Y73,

7 21 T2 7
d.Diém N d&n mit phing (SCD) ,
N g, 33, ¢ Y32 . p.¥R

3 8 2 8
e.Diém G dén m3t phang (SAB), v6i G 12 trong tAm clia ASDA.

2a '

A2 g Y3, ¥ p. 2.

3 8 2 3

Hwéng dan giai
a.Do AB//(SCD) = d(B, (SCD)) = d(A, (SCD))
SA 1 CD(DoSA 1 (ABCD))
Em cé:
AD 1 CD(Do ABCD Ia hinhvudng)
=> CDL(SAD) = (SCD)L(SAD); (SCD)(SAD)=SD
Trong (SAD) dung AH 1 SD,HeSD=> AH_L (SCD)
thi d(A, (SCD)) = AH. '
Xét ASAD vudng tai A c6 AH 1a dwong cao, 4p dyng hé thirc
11
= +
AH* SA’ AD?
_ SAAD _ Baa
JSAZ+AD? \Bal+a? 2
— PapanB

lwong trong tam giac vudng em cé:

= AH

(0.(s¢p)) _oc

p d oc
b.Em thdy A0N(SCD)={C} = — == d(0,(scp))= E-d(A, (scp))

0,
(A,(scp))
:1.@:@ __)DépénB

2 2 4

NGUYEN THI LANH (X
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c.Em théy 0 1 trung diém AC nén d(C,(SBD))=d(A,(SBD))

SA A
{ LBD (DOS l(ABCD)) =BD 1 (SAC) = (SBD) L (SAC)

AC 1 BD(Do ABCD Ia hinh vuéng)

Em lai c6: (SBD)(SAC)=S0

Trong (SAC) ké AK 1 SO, KeSO=>AK L (SBD) thi d(4, (SBD)) = AK.

1 1
- =
AK? SA?  A0?

Ap dung hé thirc hrong trong tam giac vudng ASAO em cé:

SA-A0  _21a _ a(c.(s3D))

= AK=
Jsa?+A0* 7
~>»PapanA
d.Em c6 ANN(SCD)={s} :>d(N,(SCD))=z: d(4,(scp))= % —;’L?’ 833

—PbapanB
e.Goi K, latrung diém clia SA.
- Em nh4n thdy, DA L SA (Do SA 1 (ABCD))
ABCD Ia hinh vuéng nén DA 1 AB
= DA 1 (SAB)=>d(D,(SAB))=DA
Trong (SAD), DG cdt SA tai K, =DGN(SAB)=K.

::>d(G,(SAB))=% (D (SAB))=—DA_3

- PapanD
Ciu 18: Cho hinh chép S.ABCD c6 d4y 13 hinh vudng canh bang 4cm. M3t bén (SAD) ndm trong
miit phang vudng goc véi ddy. Hinh chiéu vudng géc cia S trén ddy 1a diém H thudc AD sao cho
AH = 3DH. Géc gitta SB va mit phing day bing 60°. Tinh khoang cach tir diém A dén (SCD).

A @Cm_ B. E——“57 cm. C. 10\@7 cm. D. 57 cm
38 38 19 19
Hwéng dan giai 7
Theo gié thiét em suy ra-dwgc SH L (ABCD). g

= HBI1a hinh chigu vudng gbc cia SB trén mit day.
=>Goc gitra SB va (ABCD) chinh 12 géc gitra SB, HB
hay SBH=60".

Em c6: AH = 3DH nén d(A,(SCD)) =4d(H,(SCD)).
Ma: SH L CD (Do SH L (ABCD)).

HD_L CD ( Do ABCD 14 hinh vuéng). D C
= CD L (SHD) = (SCD) L (SHD); (SCD)(SHD)=SD

\‘({'

(Y2 NGUYEN THI LANH
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Trong (SHD) dyng HK L SD, KeSD=>HK 1 (SCD) thi d(H, (SCD))=HK.

Em c6: SH=HB.tan60° =+AH? +AB?.tan 60° =+/32 +4%.tan60° =5+/3.

E E—— A p'*dgnghé*thﬁ'c*hro'ng'trong*tam*giécfvuéﬁngS*H'Bem*cé‘.—*ffmwf **************************

1 _ 1.1 _ . SHHD —Sf:d(A,(SCD))zloﬁ.

ol + =
HK?* SH? HD? JSH? +HD? :
—PapanC
v Van dung

CAu 19: Cho hinh chép S.ABC c6 ddy ABC la tam gidc vudng tai B, AB = 23, AC = 4a. Hinh
chiéu vudng gbc clia dinh S trén (ABC) 1a trung di€m H ctia AC. Goc gitra SA va mét phang
(ABC) bang 60°. Tinh khoang cich tir A dén (SBC).

v39a 44/39a 3V13a 4~y13a
A. . B. . C. . D. .
13 ' 13 13 13
Huwdng dan giai

SH L (ABC) nén AH 13 hinh chiéu cna AS trén mat day (SAH).
Vi H1a trung diém cfia AC nén d(A,(SBC))=2d(H,(SBC)).

Tir H, ké HM//AB = HM L BC. :
Do SHL(ABC) = SHLBC = BCL(SHM) = (SBC).L(SHM); (SBC) ~(SHM)=SM

Trong (SHM) dung HK L SM, K e SM=> HK L (SBC) thi d(H, (SBC)) = HK.

S

SH=AH.tan60° =2+/3a; HM=%AB =a.

Xét ASHMvudng tai H c¢6 dwdng cao HK, dp dung hé thic
lwgng trong tam giac vudng em c6:
1L, 1ok SHEM 23% =d(H,(SBC)).
HK* SH* HM JSH? + HM? 13
d(H,(SBC)) HC 1

Ma H 1a trung diém ctia AC nén m =25

_4\/?5a
3

=>d(A,(SBC))=2d(H,(SBC))= N

Cau 20: Cho hinh chép S.ABC, ABC 1a tam gi4c vudng & B c6 AB = 2a, BAC = 60°, canh bén
SA vuéng gbc véi mit phing (ABC) va SA = JBa Mla trung diém ctia canh AB. Tinh khodng

—>Papan B

cach tir B dén (SMC).
A \/ﬁa B \/ﬁa C 2+/17a D 24/51a
S 17 T17 C17 2
Hwoéng dan giai

Em c6: M 12 trung diém AB nén d(B,(SCM))=d(A,(SCM))
Trong (ABC), ké AK 1 MC,KeMC
Em lai c6 SA L MC (Do SA L (ABC)).

NGUYEN THI LANH [
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Vay MC L (SAK) = (SMC) L (SAK); (SMC)(SAK)=SK
Trong (SAK),ké AH L SK, He AK = AH L (SMC)-

thi d(A, (SMC)) = AH
Trong AABC em cé: BC=AB.tan60° =2\/§a;

CM=+/CB? + BM? =+/13a

Ma AAKM ~ ACBM nén AR _BC

AM  MC
k=BG apo 3%

MC 13
Ap dung hé thirc lwgng cho tam gidc vudng SAK em tinh dwegc AH = 2 1571a .
2a+/51
=d(B,(SCM))=d{A,(SCM)}= .
(B.(scMm)=d(a,(scm)) =201
- PépanD '
* Nang cao

Cau 21: Cho hinh chép tam giac déu S.ABC cé canh dy bang a, goc giita canh bén va mit
d4y bing 60°. Goi M, N Iin lwot 13 trung diém ctia AB, BC. Tinh khodng cich tir A dén mit

phdng (SMN).
2a 3a 4a

AL B2, c.2, D.22,
7 7 7 7
Hwéng dan giai
Goi G 1a trong tAm tam gidc ABC = SG L (ABC) (Do S.ABC 12 hinh chép tam gidc déu)
AN
SMN)= ,(SMN)}=—d(G, =3.d(G,(SMN)).
AGA(SMN)= N} = d(4,(SMN))= L £ (6. (SMN) =346, (SMN)).

Trong (ABC), goi giao diém ca BGva MNIaK.
Em c6: GK L MN; SG L MN = MN L (SGK)= (SMN) L (SGK).
(SMN) ~(SGK) =SK -
Trong (SKG), dyng GH 1 SK=GH L (SMN) S
thi d(G, (SMN)) = GH.
Em c6 SG = AG.tan60°= a;
V322 3a1_+3a

2 3 2 2 12
Ap dung hé thirc lwong cho tam gidc vudng SKG

em dwoc: ——1—2—=—£7+ 12 =GH= 3.
GH® GK* SG 7
3a ' B
Vay d(A,(AMN)}=—.
ay d(A,(AMN))==

GK=BG-BK=

o R ——
e

i
.

_7’,.,
S
)
i

__________

->PapanC
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BAI TAP TU LUYEN

~ ) ‘ ) 2 3 | by . o
Cau 22: Cho hinh chép S.ABC c6 day ABC 12 tam gi4c déu canh —%. Goi 11a trung diém cta

canh AB. Hinh chigu vudng goc ctia dinh S trén muit day 13 trong-diém Hcla CL gbe-gitta
dwodng thang SA va mit phing day bing 45°. Khodng cch tir diém [ den mt phdng (SBC) 1a
zﬁa g V3la c. V217a p. V217a
7 31 62

a21
6

Cau 23: Cho hinh chép tam giac déu S.ABC c6 canh d4y bing a, canh bén bing . Tinh

khoang cach tir diém A d&n mit phang (SBC).

A2 B. 32 c 2
4 4 2

Cau 24: Cho hinh chép S.ABC c6 day ABC 13 tam gidc vudng tai B, AB = a, AC = a~/3. Tam

gidc SBC déu va ndm trong mat phing vudng goc véi day. Tinh khoang cach tir C dén mit

phéng (SAB).

\/—a \/_a Ca J—a

Cau 25 Cho hinh chép S ABC c6 day 1a tam glac vudng tai A va AB = 2a. Hlnh chiéu vudéng

p. Y32,
6

géc clia S trén (ABC) 1a trung diém H cda AB, SH =—2—. Tinh khodng cach tir trung diém M

ctia BC ]1én mit phing (SAC).
A 2052 g, Y5a. ¢ 35 p, Y52,
5 5 ) 10
Céu 26: Cho hinh chép SABCD cé day ABCD la hinh vuéng canh a, hinh chiéu S 1én mit

ax/_

phéng (ABCD) trung véi trong tAm G cla tam gidc ABD. Cho SG = ——. Tinh theo a khoang

cach tir C dén mit phéng (SAB).
PREL B, Y32 c. 3 D.2
6 3 2 2’
Cau 27: Cho hinh chép S.ABC c6 day ABC la tam gidc vuéng tai A, AB = a, AC = a+/3 . Tam
gidc SBC déu va ndm trong mit phing vudng géc véi day. Tinh khoang cach tir B dén mit
phang (SAC).
A ¥3% B. 2¥39a c. N3 D.a.
13 13 2
Cau 28: Cho hinh chép S.ABCD c6 day ABCD 14 hinh vuéng canh a, SD = %{. Hinh chiéu vuéng

goc ctia S 1én mét ddy 1a trung diém M ctia AB. Tinh khoédng c4ch tir A d&€n m3t phing (SBD).

A2 B2 C.

3 v 6

D.

w |
L

NGUYEN THI LANH [l
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Cau 29: Cho hinh chép S.ABC c6 ddy ABC 1a tam gidc vudng tai B véi SB=2+/3a, AB =3a,

BC=4a. Mt bén (SBC) vubng goc véi mit ddy, SBC = 30°. Tinh khoang cich tir B dén (SAC).

672 3J14a 3V7a p. 3V14a
— o . .

A, . B. C.
7 14

Cau 30: Cho hinh chép S.ABCD véi ABCD 14 hinh thoi canh a, canh bén SA vubng géc voi
mdt phing ddy véi BAD = 120°. Cho M 13 trung difm ciia canh BC va SMA = 45°. Tinh
khoang cach tir D dén mat phing (SBC).
A Yoa p. Y62 c Vi p, Y42
6 4 6 4

Cau 31: Cho lang try ABC.A'B’C’ ¢6 déy 12 tam gi4c dBu canh a. Hinh chiéu vudng géc clia A’
1én (ABC) 1a trung diém I clia doan thdng AB. G6c gitta A’C va miit phing day 1a 60°. Tinh
khoang cich tir B dér mit phing (ACC'A").

13 26 26 26
Cau 32: Cho ldng tru ABCD.A;B1C1D: c6 d4y ABCD 14 hinh chit nhét véi AB = a, AD = a\/g.
Hinh chigu vuéng goc ctia A; 1én (ABCD) triing véi giao diém ctia AC va BD. Tinh khoang cach
tir By d@&n mit phdng (A1BD).

A. \/Ea. B.\—/—Zz—a.' C. \/—253. D. \/§a.

Cau 33: Cho hinh chép S.ABCD c6 d4y 14 hinh thang vudng tai A, B; AB = CB =a, AD = 2a. Canh
SA vubng géc véi mit phing ddy, SA = av2. Tinh khodng cich tir B d&n mit phang (SCD).. i
A.a. B.2. C. \3a. p, Y32

2 3
Céu 34: Cho hinh chép tam gidc S.ABC c6 day Ia tam gi4c du canh 2a va thé tich bing a’.
Chiéu cao h ctia hinh chép d6 1a

3 B.h:—\/gi. ¢ hY3 D. h=+/3a.

A h=—vo.
6 3

Cau 35: Cho hinh chép tir gidc S.ABCD c6 d4y 13 hinh vuéng canh bing a2. Tam giac SAD
can tai S va mit bén (SAD) vuéng gbc véi mit phing day. Biét thé tich khéi chép S.ABCD 1

A,

-;}-33. Tinh khoang cdch h tir di€m B dén mit phéng (SCD).
:-43- C.h=§ D.hz"33.

3 3 4
Cau 36: Cho hinh chép S. ABCD cé day 1a hinh chir nhat tim I, AB=SA =a, BC=a~/3. Hinh
chiéu vudng gbc ctia S trén mit déy 1a trung diém H clia Al. Biét tam gidc ASAC vudng tai
S. Tinh khoang cach tix C dén (SBD).
A. -\/—E? B. */—55 V152 D. “1553.

o .
15

A.h=2-a. B.h
3
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Céu 37: Trong khéng gian cho ldng tru diing ABCA'B'C’ ¢6 AB = a, AC = 2a, AA':Zan,
BAC = 120°. Goi M 13 trung diém canh CC’. Tinh khoang cach tir A t&i mit phang (A'BM).

> e 3,,;,,',,,<,,,,,,,,,,;,,,,‘,ﬁ,‘f‘,,,%,,\-,,;,,g,,,,:

va SA=a/3. M1 trung diém ctia SD, N 13 trung diém cta AD. Goi (P) 1a mgt phang di qua B, M
va cit mt phing (SAC) theo mdt dudong thing vudng goc v6i dudng théng BM. Tinh theo a

khoang cach tit diém S d&én mit phing (P)

a Y g, 22 ¢ &, p, B2
9 9 3 9
Cau 39: Cho hinh ling tru dng ABC.A'B'C’ c6 day ABC Ia tam gidc vudng tai B, AB = a,
AA'=2a; A'C=3a. Goi M 1A trung diém clia doan thing A’C’, 1 1a giao diém ctia AM va A’C.
Tinh khoang c4ch tir diém A d&n mit phéng (1BC).
2+/5a , J5a 23a J3a
A. . B. —. C. . D, —.
5 - 5 5 5
Cau 40: Trong mat phing (&) cho tam gidc ABC vudng tai A c6 BC = 2a, ACB = 60°. Dung

hai doan BB’ = a, CC’ = 2a cling vudng géc véi mdt phing («) va & cing mot bén dbi voi
(er). Hay chon dap 4n dting,.
a. Khodng céch tir ' @én m3t phing (ABB').

A. l@l B. a. .2 D. \/3a.
2 5
b. Khodng cdch tir trung diém M ctia B'C dén mit phang (ACC").
A. l@‘- B. a. ¢z D. \3a.
2 , 5
c. Khodng cdch tir B’ dén mdt phang (ABC').
2/5a J5a ’ 23a J3a
A. . B. —. C. . D, —.
5 5 5 5
d. Khoang cch tir trung diém I ctia BC dén mit phéng (AB'C)).
adm, RE ¢ 33 p. Y32,
5 3 8 4
~ PAPAN
22 23 24 25 26 27 28 29 30 31 32
C B A B C B A A B A C
33 34 35 36 37 38 39 40a 40b 40c¢ 40d
B D B D D D A B A B C

NGUYEN THI LANH [
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HUONG DAN GIAI

Ciu 22:
Do H 14 trung diém cia IC nén d( (SBC)) =2d(H,(SBC)) s

Trong (ABC), ké HM L BC,MeBC

Em lai c6 SH L BC (Do SH L (ABC)) |
= BC L (SHM) = (SBC) L (SHM); (SBC)~(SHM)=SM
Trong (SHM) dygng HK 1 SM, K eSM thi

d(H, (SBC)) = HK. A c
Do ASAH vudng cin tai H nén em suy ra duoc:

1
SH = AH = AP +IH? :3“621 B

HM = HC, sin30° = %.

B 1 1 1
Ap dung hé thirc lwong trong tam gidc vuéng ASHM em cé: = +
p 5 g - S g g gla ng C HKZ SHZ HMZ

SHHM = ay217 :>d(I,(SBC))=2HK= ay217

=HK= =
JsHE+HM? 62 31
—bapanC
Céu 23:
Goi G 1a trong tdm tam gidc ABC. Do S.ABC 1a hinh chop
tam gidc déu nén SG 1 (ABC)
= SG .1 BC.
Goi M 13 trung diém ctia BC= GM 1 BC
= BC L (SGM)

= (SBC) L (SGM); (SGM)(SBC)={SM}
Trong (SGM) dung GH L SM, He SM =>GH L (SBC)
thi d(G,(SBC)) = GH.

2
Em c6: SG=+/SA% —AG? = 1/12 -2 _;. :a\/—

Ap dung hé thitc lrong cho tam gidc vudng SGM em tinh dwoc GH = -Z—

3
=>d(A, (SBC) = 3d(G(SBC)="". — Pap an B

Cau 24:
Goi H 1a trung diém cda BC= SH L BC.
= SH L (ABC) (Do (SBC) L (ABC))
Do H 14 trung diém BC nén d(C,(SAB)) = 2d(H,(SAB)).

NGUYEN THI LANH
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BH L AB (tam gidc ABCvubng taiB)

Em cé: :
SH L AB(SH L (ABC))

= AB L (SBH)= (SAB) 1 (SBH)- (SAB) m(SBH) =SB

thi d(H,(SAB)) = HK.

1 a2 B a6

Emc6 BH= -BC=——;SH=BC.— =——.
2 2 2 2

Ap dung hé thitc lwong cho tam gidc vudng SHB em tinh dwoc:

a6

HK =B af = d(C,(SAB)) = 2d(H, (SAB))——— — Pap anA

SH? + BH?

Ciu 25:

Em c6: HM//AC = d(M, (SAC)) = d(H, (SAC))
AH L AC(AABC vuéngtaiA)
{SH LAC(SH L (ABC))
=> (SAC) L (SAH). K
(SAC)(SAH)=SA.
Trong (SAH), ké HK 1 SA (K eSA)=>HK L (SAC) A
thi d(H,(SAC)) = HK.
S dung hé thirc lwgng cho tam gidc vudng SAH em c6:
1 1.1 4.1 _ aJ'

e :ﬁ+_HE:;? ;7=;?:> =-—— —>PapanB

= AC L (SAH)

Cau 26:

Cach 1: Nhin thdy: AG =%AC nén em suy ra dwoc:

d(C,(SAB))=3d(G,(sAB))
Dung hinh chiéu ca G trén (SAB) nhw sau:
Trong (ABCD), qua G ké GN L AB(N e AB)

Ma SN L AB nén AB_L(SGN)

=>(SAB) L (SGN); (SAB) ~(SGN)=SN

Trong (SGN), ké GH L SN (HeSN)=>GH L (SAB)
thi d(G,(SAB))=

(]

Em Jai 6, AG=%AC nén GN=-?1)—BC=

Ap dung hé thirc lwong trong tam gidc vudng ASGN em c6: GH =—~\/§E =d(G, (SAB))

NGUYEN TH] LANH k&1
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\/— 3a

=d(C, (SAB))=3.d( G,(SAB))= ~Dap anC

Cach 2: Em ké GM L GA.
Véy hinh chép G.ASM c6 GA, GS, GM dbi mét vudng géc
nén em co: —1—=—1—+—1—+ 1 = GH=—J-§3.
GH®> GS* GA* GM?
1
d{G,(SAM)}=d(G,SAB)=-d{C,{SAB
(6.(54M))=a(G,548)=2d(c(54B))

)L

=d(C,(SAB

Cau 27:
Goi H 1a trung diém ctia BC S
= SH L BC (Do SBC 14 tam gi4c déu)
= SH 1 (ABC) (Do (SBC) L (ABC))
ViH Ia trung diém BC nén d(B, (SAC)) = 2.d(H, (SAC))
TirH ké HN L AC, Ne AC
Ma SH L AC=> AC L (SHN) B c
= (SAC) L (SHN); (SAC) " (SAN)=
Trong (SHN) ké HK L SN (K eSN)=>HK L (SAC)
thi d(H, (SAC)) = HK
Em c6: BC = 2a; HN ..EAB =Z; SH=13a

Ap dung hé thitc hwong cho tam gidc vudng ASHN em c6:
1.1 =H ‘/~a - =d(H(sAC))

HK®* HS? HN2
2\/3_9—::1
13

— bap 4an B

:>d(B,(SAC)):2d(H,(SAC))_—_

Ciu 28:
Do M la trung diém cha AB nén em suy ra dwgc:
d(4, (SBD)) = 2.d(M, (SBD))
Truéc tién em tinh khodng cach tir M dén (SBD).
Trong (ABCD), ké MN L BD (NeBD)=>MN//AC

Trong (SMN),ké MH L SN (HeSN)=>MH L (SBD)
“thi d(M,(SBD))=MH

Em c6: ABCD la hinh vuéng canh a nén AC= J2a

2

=>AQ0=— AC—

NGUYEN THI LANH
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Do M N 12 trung diém ctia AB; BO nén MN—EAC——\[—El

AADM vudng tai A nén MD=+AD? + AM? = \/a +— @

2
ASDM vuéng tai M nén SM=+/SD? ~MD? = —4——%— =a.

. 1 1 1
Ap dung hé thtrc hwong trong tam giac vudng ASMN em duoc: = +
Ap aung ne ong g gl g P MIE MNE | SME

Za
=MH=" d( ,(SBD))=>d(A,(SBD))=2d(M,(SBD))=2MH -5
- Pap an A
Cau 29:
Goi H 12 hinh chiéu vudng géc clia S trén (ABC).
Do (SBC)_L(ABC); (SBC)n(ABC)=BC nén SH.L (ABC)
 SHLAC; HM L AC nén AC.L(SHM)=>(SAC) L (SHM)
(SAC)(SHM)=SM
Trong (SHM), k& HN L SM=HN L (SAC) thi
d(H,(SAC))=HN

ASHB ¢6 SBH = 30%,SB=2+/3a nén HB=SB.cos30° =3a
BH 3

=== d(B,(SAC))=4d(H,(SAC))

Em lai c6: MH = CH.sin MCH CH%J; SH=SB.sin30° =+/3a

Ap dung hé thic hrong trong tam gidc vudng SMH, CIu'O’ng cao SH em du'oc

Bﬁa = d(B,(SAC))=4d(H,(SAC))= GIa. — Pép 4n A

Cau 30:
Em ¢6 AD/BC nén AD//(SBC) = d(A,(SBC))=d(D,(SBC))

Do ABCD 13 hinh thoi cé BAD = 120° nén AABC déu
= AM 1 BC

Ma SA L BC nén BC_L(SAM)=>(SBC)L(SAM)

(SBC) ~(SAM)=SM

Trong (SAM), ké AH 1 SM(HeSM)=>AH.L(SBC) thi
d(A,(SBC))=2H

SMA = 45°=> ASAM vudng can tai A =SA =AM = \/—a

NGUYEN THI LANH [
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Xét AAHM vudng tai H nén em c6: AH=AM-sin45° = \/—a V2 =—\/—§3- —>bdpanB
Cau 31:
Do Ila trung diém ctia AB nén em suy ra dirgc A c
d(B,(AcC'A))=24d(L(ACC’'A)) N
Em c6: 1A' =IC.tan60° = 32 b
D& thy IA, IA’, IC d6i mot vudng géc v6i nhau, 4p dung ﬁ SN
11 1 1 3/13a AN Ll
cdng thirc em c6: — =t —— i+ > H="" X g
IH* 1A? 1A7? IC 26 ¥
d(B,(ACC'A")) 2. =213
, 13
—PapanA
Céu 32:

Em c6 A,D//CB; nén d(C,(A,BD))=d(B,,(4,BD))
Goi ACNBD=0.Trong (ABCD), dung hinh chi€u H ciia C 1én BD = CH | BD
Em c6: A10 L CH (A0 L (ABCD)).
= CH L (A1BD) = d(C, (A:BD)) = CH
Xét ACBDvudng tai C véi drdng cao CH, 4p dung hé
thirc lwgng trong tam gidc vudng em cé:

1 1.1 o  CDB 3
CH® CD* CB? Jeprien?: 2
—PapanC

Céu 33:

Goi M 1a giao diém ctia DC véi AB.

Em thdy AD, AS, AB d6i mot vudng géc, 4p dung
cong thirc em cé:

1 1 B |

AH*  AD? Tsa? SA® AM2 avz - A=2

Ma AB = BM nén em suy ra duwoc:

d(A,(SCD))=2d(B,(SCD)) = d(B,(SCD)) =%
—Pap an B

Cau 34:

Tam gidc ABC déu c6 canh 2a nén dién tich 1a: S

: _ (Za)z \/?j =\/§32.
AsBC =T

= Pudng cao clia hinh chép la: h= gvsi 3a° =+3a.

"

—PapanD
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Cau 35:
D4t SH=x (x>0)
Goi H 12 trung diém ctia AD=>SH | AD.
(SAD).L (ABCD); (SAD)~(ABCD)=AD nén SH.L (ABCD)

1 il_a—3= X.(a\/Z)z

:>-VS_ABCD:§SH-SABCD® 3 ©XxX=2a

Vi AB//CD=>d(B,(SCD))=d(4, (scn)):%“—"

ASCD

1 2a°
= Vg =
2 3

MavVv

SACD — S ACD T

CD_LAD .
Em lai cé {CDLSH =>CD L (SAD)=>CD L SD = ASCD vudng tai D.

2 P )
:>SASCD=%'SD'CD=‘;‘ SHZ-‘-[LA—QJ .CD=%. (Za)z—f—[——zilJ .\/—azﬁ.

2 2 2
3 2a®
3VSACD TS_ 4a .
:>d(B,(SCD)):—S———:—§E-IZ_-=—3__
ASCD 2
2
—DPapanB
Cau 36:

Emcé: AC=2a, AH= 1AI-;Ll-AC-——Z—

:>SH—J - \/—a

1 \/_ o2 a
VSABCD SHSABCD _§ T :E’-
SV, =Ly 2

SBCD — -V S.ABCD — 5 *
2 4

St dung cbng thirc dwdng trung tuyén trong AADI em duoc:

2 2 2 2 2 2
b |DI? +DA "%L:Jz;a va Bio. |AB B AP \3a

SD=+/HD? + SH? :J(f""j{“@a}z _10a

2 2
SB=+/HB? + SH’ =\/(J§a)z J{\E"‘JZ _ea
2 2 2

Ap dung céng thirc Hé-réng cho tam giac SBD em c6:

NGUYEN THI LANH i
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15a°
S xsep = \/a(p“BD)(p—SB)(p—SD) = \/:a
1 3V
=V = 3 (C (SBD)) SBD :;d( (SBD)) S 2-¥spp \/;_a
SBD
—>PapanD
Ciau 37:
Em ¢6: Vy 5 =V, =§d(A,(A'BM)).SAA,BM = d(A,(A’BM)) - 3éVA'ABM
AA'BM

AA'MC' vudng tai C’ nén A'M=+A'C?+MC? =+/4a® +5a% =3a
Ap dung dinh lf cosin trong tam gidc ABC em cé:

BC=+/AB® +AC? —2AB.BC.c0s120° =+/7a

ABMC vuéng tai C nén BM=+/BC? + MC? =2+/3a

=A'M* +MB? = A'B’ = AA'BM vudng taiM =S, s =%A'M.MB=3\/§aZ.

Hinh ch6p MBAA’ va CABA’ c¢dé chung diy la AA'ABva 4 B
dwdng cao bing nhau nén thé tich bang nhau. 7

= VA'AMB =V apar = Veapa = Varanc

1 1 1 J15a°
==.AA'S,, .. ==.245a.~a.2a.sin120° =———"—
3 AABC 3 '\/_ 2 v 3 //
,"1533 A ’::_,__ _M _____________ .B"
3V, 3. 3 5a
=d(A,(A'BM)) =40 —=>"-. > PapanD
7 S 3\/§a 3 e
C4u 38:
Trong mit phing (ABCD) xét AABC~ ANAB(c.g.c)
vi: — AN_AB ‘/— ; NAB=AB(=90°= ACB = NBA
AB BC

Ma CAB + NBA = CAB + ACB=90°= AC_LBN (1)

Ma MN // SA (dwdng trung binh); SA L (ABCD)

nén MN L (ABCD)=MN_LAC (2)

Tir (1),(2)=ACL(BMN)= AC LBM

Mt phing (P) di qua BM, cit (SAC) theo mot dudng
thing vudng géc véi BM nén EF / AC(E<SA,FeSC).

1 J6a®

Emcd S 50 =+2a%; Vs apco :§SA'SABCD =

2
BN =+ AN? + AB* = (if‘i} + Z_i;é_a;FE%Ac:igi,

y{A NGUYEN THI LANH



PIooIE ' CHUYEN PE 1: THE TiCH VA KHOANG CACH

2 2
BM =+/BN” + MN? =\[(i2—6—3j J{izgij =-323, SEBFM‘BMFE—?———

e ~SE—SE_SG_ 2 Vimy SESM 21

Ba\/_a 3\/—a

2 4

Vl EF//AC=> —=— B e T v e
SA SC SO 3 Vi, SAS 32 3 VS.BCD SCSh 32.3
. 1
Ma Vi yop =Vsaep :EVS.ABCD
Vs ksem _ Vs sm + Vi sim :l+_1_:;2_ =V o =1VSABCD =_\/~—@5}i'
1 1 1 3 3 3 ) 3 9
’Z‘VS.ABCD EVS.ABCD EVS.ABCD :
6a®
3V 3'\/; 4[2a
d(s,(p))="EE = =—2>. > PipanD
S eame 3\/_3-32 9 '
4
Cau 39:
Trong (A'B'BA), haAK 1l A'B,KeA'B. N M c

ViBC L (ABB’A’) nén AK L (IBC)= d(A,(IBc)) =AK.
AA'AB  245a

VayAK_ AAAB —
A'B  Ja'A?4+AB? 5
—>PapdnA
Cau 4.0:

a.Em c6: CA L AB (AABC vudng tai A)
AC_LBB'; ACc(ABC) nén AC_1(ABB').
= d(C,(ABB'))=AC=BC.cos60° =a.

Ma CC'//BB’ nén CC'//(ABB')
=d(C",(ABB'))=d(C,(ABB')) =

— Pap an B

BA 1L AC

b.Em cé:
{BA_LCC' (Do CC' L (ABC)

):BAJ_(ACC')

= d(B,(ACC'))=BA=BCsin60° =+3a.

Ma BB'//CC nén BB'//(ACC’) =d(B',(ACC’))=d (B (ACC))=+3a

Do M 1a trung diém ctia B'C nén em suy ra dwogc:

a(m,(acc))
d(B',(ACCY))

1
2

NGUYEN THI LANH [



HOC TOT MON TOAN LOP 12 - HINH HOC

1

=d(M,(ACC’))=_d(B)(ACC))= ""*f > Dapan A

¢-Dyng CH_LAC' (HeAC")
Do AB.L(ACC")=CH LAB=>CH_L(ABC')=d(C,ABC")=CH.

. 1 1
Ap dung hé thirc lirgng trong tam giac vudng ACC’ em dwoc: = +
p ¥ g 5 Y g g gl g ¥ CHZ CC 2 ACZ
:—%:—1—2—+12:>CH= 252
H ( 23) a 5

T gidc BCC'B’ 12 hinh thang vuéng tai B va C nén B’C va BC’ cit nhau tai E thi E cling
d ABC ' BB’

1a giao diém clia B'Cva (ABC)=> ———% ( ) _EB’_BB 1
d(c, (ABC )) EC cc' 2

%d(c,(ABc'))z—FE.

=d(B',(ABC'))= -

—~>bapanB
d. Goi giao diém cia BCvaB'C’ 1A L.

ViBB'//CC’ va BB':%CC' nén B 1a trung diém cta CL.

Dung BN L AL (NeAL) va BK LB'N (KeB'N).

Em cé: {ALLBN => AL L (BB'N)=> AL 1 BK.
AL 1 BB’
BK L AL
. |BKLB'N . -
Emlaico: ¢\ oo =BK L (AB'C")=d(B,(AB'C"))=BK

ALc(AB'C'); BLc(AB'C')
Ap dung dinh i cosin trong AACL em dwoc: AlZ =CI* +CA? —~2.CL.CA.cos60° = \/ﬁa.

Dién tich ABLA 13 Sy, =%BN.AL =—;—BL.BA.sin LBA va LBA =180° - ABC=150’
_pN=33%
13

1 3
Tam giac vudng B'BN cho em: 12 = 12 +— :3BK=—\/—_3.
BK* ‘BN“ BB' 4

d(I,(AB'C’
BI cdt (AB'C") tai L nén em cé:—ﬁ—(————l)—=£‘£=§
d(B,(AB'C')) 1B 2

3\/—a_

zd(B (AB'C))=

=d(L,(AB'C"))= - Dap an C

v£:3 NGUYEN THI LANH
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CHU DBE 3: KHOANG CACH GITrA HAIDPUONG THANG CHEO NHAU

A, LY THUYET TRONG TAM

{ALa,Ama—{A}jd(an):AB

A Lb,Anb={B}

Khi do, AB dwogc goi 1a doan vudng géc chung chaavab.

A

CHUYEN PE 1: THE TICH VA KHOANG CACH

Vi du 1: Cho hinh l4p phwong ABCD.A'B’'C’D’ canh a. Tinh khoadng cach giita hai dwong

thang ABva DD’ la
Hwdéng dan giai
i {AD_L AB

Em co:
AD_LDD'

= AD 13 doan vudng gbc chung ctia AB va DD’
=d(AB,DD')=AD=a.

Bv

A

D

2. Cach xac dinh khoang cch giira hai dwong thang chéo nhau

» Truong hop téng quat: a chéo b, a khoéng vudng
géc vaoib.

Budc 1:X4c dinh m3t phing (a): (oc)chfra b,(oc) /a.
d(a,(a))zd(l,(a)) voi Iea.

Dén ddy, em tré vé bai todn tim khodng cach tir 1

Buworc 2: d(a,b) =

diém dé&n 1 mit phang.

04

et
[<8]

b

/

Vi du 2: Cho hinh 14p phwong ABCD.A'B’C’'D’ canh a. Tinh khodng cich giita hai duong

thdng BB’ va AC..
Hwong dan giai
Buoc 1:
Chon (ACC'A") chira Ac', (ACC'A")//BB’
(do BB'//AA")
Em nhin thiy diy 1a bai todn xac dinh khoang cach
gitta hai dwdng thing chéo nhau BB’ vd AC’' nhung
khéng vudng géc.
Buérc 2:

d(BB',AC")=d(BB',(ACC'A"))=d(B,(ACC'A"))

|
1
i H
\\\i D
|
1 S~
| S
I N
B" \\
/)_ - /’:’
’ P e
S e
/-4’— .
D'

Ké BH LAC(HeAC), ma AA' 1 BH nén BH L(ACC'A’) = d(B,(ACC'A"))=BH

Cl

NGUYEN THI LANH K&



HOC TOT MON TOAN LOP 12 - HINH HOC 5’“""6.’&
AC '\/_ 2a «/—‘ 2a

Em lai c6 ti gidc ABCD 1a hinh vudng nén BH—— d(BB AC')=BH=-""

» Trudng hop dic biét: achéob,a_L b. b
P) chitaa

Buwéc 1: Xac dinh mat phang ( ) { (P) Z<B
Buéc 2: Goi {B}=b(P). Trong (P), ké BA La,Aca. P
Buwéc 3: Khoang céch d(a,b)=AB.

Vi du 3: Cho hinh chép S.ABC cé ddy ABC ] tam gidc vuéng can tai dinh A, SA_L(ABC),

SA =BC=2a. Tinh khodng c4ch gifta hai dwdng thing SA va BC.
Hwéng dan giai
Budc 1: Chon médt phang (ABC)chiva BC, (ABC)LSA
Do SA L (ABC)=>SA 1BC.
= Bai to4n tim khodng céch giita hai dwong thing chéo
nhau SA va BCva SA L BC.
Buéc 2: Em thiy SAN(ABC)=A, ké AH_LBC (HeBC).

{AH 1SA

Buéc 3: Khi do: d(SA,BC)=AH.

Vi AABC vudng can tai A, AH 13 dwong trung tuyén.

:>AH=EZ(—:—=a:>d(SA,BC)=a.

B. BAI TAP
BAI TAP MAU
= Co’ ban
Cau 1: Cho hinh chép S.ABCD, day ABCD 12 hinh vudng canh a, SA L(ABCD), SA=a.

a. Khoang céch giita hai dwong thing CD vaSA1a

Aa p. Y2, ¢ Y3, p. Y62,
2 3 6

b. Khoang cach giira hai dwdng thang SB va CD 1a

Aa p. Y22, c.d p. V62
2 3 6

¢. Khoang c4ch gitra 2 dwdrng thing SBva AD 1a

AL B, Y22 C.a. D. V2a.

2 2
d. Khoang cach giira 2 dwong thing SB va AC 1a
PREY p. 322, c. p. 3
2 2 2 3

EX) NGuyEN THI LANH



POOKs CHUYEN P 1: THE TiCH VA KHOANG CACH
Huwéng dan giai
{AD LSA (doSAL (ABCD))
a. Em co:
AD_LCD (do ABCD 12 hinhvuang)

= AD 13 doan vudng goéc chung cha hai duong
thdng CD va SA. '

= d(SA, CD) =AD=a.

- PapanA

b.Vi CD/ AB=CD/ (SAB).
=>d(CD,SB)=d(CD,(SAB))=d(D,(SAB)).

Em c6 {AD“LAB:>ADJ_(SAB):>d(D,(SAB))zADza.
ADLSA

- Pap an A
, |[AD LAB
c¢.Emcéd
AD 1 SA
=>Bai to4n tim khoang cach giita hai dwong thang chéo nhau va vudng goc.
Chon mit phing (SAB) chita SB va (SAB).L AD

=> AD | (SAB)=> AD L SB

Trong (SAB), ké AH | SB (He SB)thi d(AD,SB)=AH.
Ap dung hé thirc lwong trong ASAB vudng tai A, duwdng cao AH nén em cé:

1 1 1 1 1 2 a2

=t ——=—t—=—=>AH="—.
AH? SA? AB® a* a* a* 2
-PbapanB

d. Trong (ABCD), ké dwong thing d qua B va song song véi AC.
Tir A, ké AK 1d(Ked)

Trong (SAK), k& AILSK(IeSK) thi AIL(SBK)=>d(A,(SBK))=AL
Em lai c6: AC//d nén d(AC,SB)=d(AC,(SBK))=d(A,(SBK))=

1 1 1
A dung hé thirc lwgng trong tam giac vudng SAK em dwoc: —t—
p g g g gi g SAZ T ALe AIZ
1 1 \/_ a
T LV AI2 3
a
%)
- PapanD

Cau 2: Cho hinh Iap phuwong ABCD.A'B’C’'D’ canh a, c6 tim day 1a O, 0. Khodng cach gitra
hai dwdng thing 00’ va CD’ 1a
\2a

A.a. B. 2. c. Y42 D. 2
2 2 4

NGUYEN THI LANH |G



HOC TOT MON TOAN LOP 12 - HINH HOC
Hwéng dan giai
Em thdy OO’ va CD’ 1A hai dwong thang chéo nhau B C
nhung khéng vubng géc véi nhau nén em dwa bai

todn vé triromg hop tong quéat. A
Em c600'//cC'= 00"/ (CC'D'D)
=d(00',CD")=d(00",(CC'D'D))=d(0,(CC'D'D))

Ma d(O,(CC'D'D))=%d(A,(CDD'C'))=%AD =%. 5

(do 014 trung diém ctia AC).
:d(OO',CD’)z%Bzg. - Pap an B
v Vin dung .
Cau 3: Cho hinh chép S.ABCD, day ABCD 13 hinh vudng tdm O c¢é d6 dai canh 1a 1,
SA L (ABCD) , SA = 2. Khoang cAch giiva hai dwdng thang SC va BD la
Al B. \_/_?_ C. —\/E D. —\/E
2 3 6
Huwéng dan gidi
Trong (SAC), k& OH_LSC (HeSC).

. [BDLSA
Vi =BD L (SAC)=BD L OH.
BD L AC

N OH LBD
OH.LSC

=d(BD,SC)=0H.

SA 2 2 3

- .

OH=0Csin OCH=0C.—=
SC 2 242 3

—Pap an C o S _
Cau 4: Cho hinh chép S.ABC c6 day ABC l1a tam gidc vudng cn tai A, mit bén SBC la tam
gidc déu canh a va mit phing (SBC) vubng goc vdi mit diy. Khodng cach gitra hai duwong
thdng SAvaBCla

a2 B. RS p. 32,
2 4 2

N o

Hwéng dan giai
Goi H1a trung diém cta BC==SH 1 BC,AH LBC
(SBC)L(ABC)
Em c6 {(SBC)n(ABC)=BC =>SH.(ABC).
SHLBC

Trong (SHA), ké HKLSA (KeSA) (1)

¥4 NGUYEN THI LANH



006Ks CHUYEN DE 1: THE TICH VA KHOANG CACH

Vi {BCLSH =>BC_L(SAH)=>BC_LHK. (2)

BC_LAH

=HK= d(SA Bc)
V3a

ASBC déu canh anén SH=—1— 2

AABC vudng can tai Anén AH= _B;_C =

(SERY

. 1
Tam gidc SHA vudng tai A ¢6 duwong cac HK nén —— + R
&l & & HKE SHZ AH? 3a° a® 3a
:>HK_—_l/—§i_ - Pap an C
4
= Nang cao

Cau 5: Cho hinh chép S.ABCD c6 d4y ABCD Ia hinh vudng canh a. Goi M, N I4n lwot 12 trung
diém c4c canh AB va AD va H 14 giao diém ctia CN, DM. Biét SH J_(ABCD), SH=-/3a. Khoang
cach gitra hai dwong thing DM va SC 1a

A Z\/5_7a- B. \/'—573\ C. 2\/5'_7—3 D. \/5_7a.
3

. T (1),(2) = HK 12 doan vudng gbc chung cia DM B C

3 19 19
Hwdéng dan giai

Trong (SHC), k& HK LSC (KeSC) (1) A N D

Em c6 AADM =ADCN(cg.c)= ADM=DCN.

— DCH+CDH=ADM+CDM=90°=>DM_L CN. M
Ma DM 1SH=>DM 1 (SHC)=DM_LHK. (2)

va SC:>HK=d(D_M,SC).
Ap dung hé thitc lwong trong ACDN vudng tai D, dwdmg cao DH, em c6:

cD* 245 5a.

CD* =CNHC=HC=——=
CN 5

Ap dung hé thitc hrong trong tam giac vubng SHC em
o L1 .1 1.5 19
"HK® SH® HC® 3a® 4a® 12a®’

2\/_3.

=d(DM,HC)=

- PapanC

NGUYEN THI LANH [EX]
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BAI TAP TU LUYEN
Cau 6: Cho hinh Iap phwong ACBD.A’'B’'C’'D’ canh a. Tinh khodng c4ch gitra hai dwdng thing
ADvacc.
Aa B.2, c.2 - D2
2 3 ‘ 4

Cau 7: Cho hinh ldp phwong ABCD.A’B’C’'D’ ¢6 canh bidng a. Goi M 12 trung diém cda BC.
Tinh khodng cach giira hai dwong thing AM va BB
a5 B.2, C. _‘@1 p. Y2

5 4 3 2
Cau 8: Cho hinh hdp dirng ABCD.A'B'C’'D’ ¢6 AB=BC=a, AA'=2a. Tinh khodng cich gilta
hai dwirng thing AC va BD'.
p. Y2, ¢, P D.2
: 2 3 2
Cau 9: Cho hinh chép S.ABCD ddy 14 hinh vuéng canh a, SAJ_(ABCD). Goi M, N lan luwot 1a
trung diém ctia AB va CD, H 13 hinh chiéu cta A trén SD. Tinh khoang c4ch giita hai duwdng
thing MN va AH.

A.a

A.a. B.2, C. [2_"". p. 2
2 2 4

CAu 10: Cho hinh chép S.ABCD c6 day ABCD 1a hinh vudng canh a, SA 1 (ABCD), canh SB tao
véi mdt ddy mt géc 45°. Khodng cach gifta hai dwdng thing AD va SC 1A
B. —\/?—2_(3. C.

4
C4u 11: Cho hinh 14p phwong ABCD.A’B'C’D’ canh-a. Khoadng-cach giita hai dwong thing BC’
vaCD’la
adz B2 ¢ Y32, p. Y3

2 4 3 2

A.a.

M|

Cau 12: Cho hinh chép S.ABCD c6 day ABCD 1a hinh vudng canh 1cm, SA vudng géc véi day.
Goi M, N Ian hrot 12 trung diém ctia BC, CD, SA = 2cm. Khodng cich gitva hai dwdmg thing MN
vaSBla

A.1lcm. B. lcm. C. lcm. D. —2—cm.
2 3 3

Cau 13: Cho Jang tru ding ABC.A'B’C’ c¢6 ddy ABC la tam gidc vudng c6 AB = BC = a, canh
bén AA’ = a2, MIa trung diém cta BC. Khoang céch giita hai dudng thang AM va B'Cla
a2 B Y32, RS p. Y32,

2 2 7 3
Cau 14: Cho hinh ling tru ABC.A'B’C’ ¢6 ddy la tam gidc déu canh a. Hinh chiéu vudng géc
ctia A’ 1én mit phing (ABC) tring v6i trung diém H cia BC. Khoang cach giita hai dwong

thdng BB' vaA'H la
p. Y%

B Y2 c
4

A a. .
2

W

2% NGUYEN THI LANH



DIOOKE CHUYEN DE 1: THE TICH VA KHOANG CACH

Cau 15: Cho hinh chép S.ABC cé ddy 1a tam gidc vuéng cén tai C, CA=a, SA.L(ABC), SA=h.

Goi D 12 trung diém cta AB. Tinh khoang céch giira hai dwdng thang BC va SD.

Cau 16: Cho hinh chép S.ABC ¢6 day la tam gidc vudng can tai C, CA=a, SA_L(ABC), SA=h.
Goi D 1a trung diém cfia AB va khodng cach gitta hai dwong thang BC va SD 1a %, khoang

cach gitta hai dwomg thang ACvaSD1ay. Tinh ti s6 X
, y

aZ

A = B. Ci|l5—- D. 1.

2 h®+a
Cau 17: Cho hinh lap phwong ABCD.A'B’C’D’ ¢6 d6 dai canh bing a. Trén c4c canh AB va CD
18y l4n lwot cac difém M va N sao cho BM=CN=x. Tim x sao cho khoang cach giita hai

1

=2 -V

dwdng thing A’'Cva MN Ia % .
-2 C. xz—@i. D a

J2a
X=—, B. x=—. Cx=2
3 2 3 3
Cau 20: Cho hinh Idp phwong ABCD.A’'B’'C’D’ c6 ABCD la hinh vudng, khodng cach gitra hai

G

dudng thang BD’ va AA’ 1A Eh C4t hinh 1ap phwong béi mit phing (P) di qua dwong chéo

A

BD’, sao cho thiét dién thu dwec c6 dién tich nhé nhit. Tinh dién tich thiét dién do.

A. —‘/E | B B3 ol b, ¥6.
2 4 4 6 : |

Cau 21: Cho hinh chép S.ABCD c6 day ABCD la hinh vudng canh a, SA vudng goc véi mit

J6a

phang d4y, khoang cach gitra hai dwdng thang SC vaBD la = Tinh SA.

A2 B. c 2 " D.a
4 2

Cau 22: Cho hinh chép S.ABC c6 day ABC la tam giac vudng cin tai C, G 13 trong tim

Wi

AABC, SGL(ABC),V,

S.ABC —

A. g—@cm. B. 2—\/l_gcm. C. 2cm. D. 9—\/Ecm.

10 20 4 5
Cau 23: Cho hinh chép S.ABCD c6 day ABCD la ntra luc giac déu,SA vudng géc voi mit
phéng ddy, AD la day 1¢n, AD = 2a, BC/AD. Goi M 1a trung diém cda AD. Biét khoang cich

\3a

gitta hai dwong thang MB va SD 1a e Tinh SA.

%cm, SG = AB. Khoéang cach gifra hai dwong thang SC va AB la

A B.

w |
NN -3

2
T

NGUYEN THI LANH 38
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Cau 24: Cho hinh chép S.ABC c6 day 1a ABC 1a tam gidc vudng cin tai B, AB = BC = 243, hai
mat phng (SAC) va (SAB) cung vudng goc.vai day (ABC). Goi M 14 trung diém cuaa AB,
mit phing qua SM va song song v6i BC, cit AC tai N. Biét géc tao béi (SBC)va (ABC)bing
60°. Khodng céch giita hai dwdng thing AB va SN 1a

A@a B\/:«;_9,3 : C\/1_3a : D2J§§a
137 © 39 " 13 : " o13

C4u 25: Cho hinh chép S.ABC ¢6 ddy 1 tam gidc déu canh a, hinh chiéu ctia S 1én mit phing
(ABC) 13 diém H thudc AB sao cho HA=2HB. Géc giira dudng thing SC va(ABC) 12 60°.
Khodang cach giita hai dwong thing SAva BC 1a

8 12 3 6

Cau 26: Cho hinh chép tir gidc déu S.ABCD c6 day 1a hinh vudng canh a. Goi E 1a diém dai
xtmg ctia D qua trung diém cia SA, M 1a trung di€m cda AE, N 1A trung diém cta BC. Tinh
khodng cach gitra hai dwdng thang MN va AC.

J2a V2a J2a a
A. T B.—3—- C.T- D. >
Cau 27: Cho hinh chdp S.ABCD c6 day ABCD 1a hinh vudng, mat SAB 14 tam giac vudng cin

tai S va ndm trong mit phing vudng géc véi mit phing (ABCD). Khoang cich tir trung
diém I ctia AB dén mit phing (SCD) bing —\/gg%. Goi F 1a trung diém cuia canh AD. Khodng

céch gitta hai dwdomg thdng CFva SBl1a

4 Jea Y a L p e
T 12 6 "3 2
DAP AN .
8 9 10 | 11 12 13 14 15 16 17
A A C B B C C C C A
18 19 20 21 22 23 24 25 | 26 27
D A A | D B D D A A C
HU'O'NG DAN GIAI
Ciu 8:
Vi ABCD la hinh vuéng nén AD LCD. (1) A D
|
Twong tw em c6 CC' LCD. (2) B E c
|
Tir (1),(2)=CD 14 doan vudng géc chung clia 5
ADvaCC. o
. ity R
=d(AD,CC")=CD=a.
- PipanA B c

B3 veuvEn THI LANH



g&g"&f{g‘: CHUYEN PE 1: THE TICH VA KHOANG CACH
Cau 9:

Trong (ABCD),ké BHLAM (HeAM) (1) - - B M C

Em c6 BB' L(ABCD)=BB'LBH = (2) A

I
i
1
. 1
Tir (1),(2) => BH la doan vudng gbc chung ctia AM, BB’ !
Trong tam gidc ABM vudng tai B, duwdng cao BH, em i
5 .,

1 1 1 1. 1 5 o 5 ,

co: = + =—+
BH* AB* BM* a° (i}z a’ 5 Al ,

2
- bapan A
Cau 10:
6 {AC_LBD B M C

6 = AC1(BDD'B')=>AC_LBD".
ACLBB'

Goi O Ia tim hinh vuéng ABCD.
Trong (BDD'B'), ké OK_LBD" (KeBD'). (1)

Vi AC1BDVa AC L BB'nén ACL(BDD'B')
=>ACLOK.  (2)

T (1),(2):> OK la doan vudng goc chung ctia AC va B Lo A e

BD’=>0K =d(AC,BD'). 7 \
. Al Dl
Trong (BDD'B'), ké DH_LBD' (HeBD')=> 0K // DH.
Theo dinth Iy Ta-16t em c6: 2% =59 1.
DH BD 2
Tam giac BDD’ vudng tai D, dwong cao DH nén

1t _ 1,1 _ 1 1 3 _ . 28

DH? BD? ' DD" =(ﬁa)2 T

\3a

32 og=Y32
3 3

- PapanC
Ciu 11:
Em c6 AHc(SAD),MN//AD nén MN//(SAD).

= d(MN, AH)=d(MN,(SAD))=d(M,(SAD)).

=MA L (SAD)=>d(M,(SAD))=MA=

. |[MALSA
Ma
{MALAD

= d(MN,AH)=".

- Pap an B

NGUYEN THI LANH ¥
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Cau12: '
Em ¢6 AB 1 hinh chiu ctia SB trén (ABCD).
= Goc giita SB va (ABCD) chinh 1a géc giita SB va
ABhay SBA = 45° = SA=AB=a.
Vi AD//BC nén AD//(SBC)

—m——————— = W

K

= d(AD,5C)=d(AD,(SBC))=d(A,(SBC)).

Trong (SAB),ké AH.LSB (HeSB). D
Em ching minh dwoc AH L (SBC).
= AH=d(A,(SBC)).

\2a

Trong tam gidc vuéng AHB, AH=AB.sin45° = - = d(AD,SC)=AH= %

- PapanB
Cau 13:
Goi O 1a tm hinh vuéng A'B'C'D". ' B C
Trong (BB'0), ké B'HLBO (HeBO). (1) MO
ViCD’//BA’=CD’//(BA'C’). , SV
Emlai c6 BC'<(BA'C"), CD'//(BA'C)). Loy AN
=d(CD'BC")=d(CD",(BA'C?) / Bro-t---4f-Sc

=d(D',(BA'C'))=d(B",(BA'C")). Ake=zT 00

, [AC LB
A'C'LB'O

T (1),(2) > B'HL(BA'C') = B'H=d(B',(BA'C")).

=A'C'L(BB'0)=A'C'LB'H. (2)

Ap dung hé thitc lwong trong ABB'0 vuéng tai B’, dwdng cao B'H em c6:
1 1 1 1 2 3 \/3a o
= -+ :———'——:——:}B'H:————_ . ")Da allC
B'H* BB? B'0* a*® a* a 3 P
Ciu 14:
Goi O 1a tam hinh vuéng ABCD.
Vi SB(SBD), MN //(SBD) (Vi MN//BD)

= d(MN,SB)=d(MN,(SBD))=d(M,(SBD))
=%d(c,(SBD)) =~21-d(A, (SBD)).

Trong (SAC), ké AK1SO (KeSO0). (1)

i) NGUYEN THI LANH
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. {BDJ_AC

—=BDL(SAC)=BDLAK. (2)
BD LSA

Tir (1),(2)= AK L(SBD)= AK =d(A,(SBD)).

Ap dung hé thirc lwgng trong ASAO vudng tai A, duwdng cao AK, em co:
-—-1—i-=i2+ ! 5 =122 :>AK=—2—:>d(MN,SB)=—1— - PapanC
AK* SA® AO° 4 4 3 3
Ciu 15:

Goi N 1a trung di€m ctia BB". A

Vi AMc(AMN), B'C//(AMN) (Do CB'//MN)
= d(AM,B'C)=d(B'C,(AMN))

Bl

=d(C,(AMN))=d(B,(AMN)) (do M I trung diém BC)
Trong (ABC), ké BH L AM, trong (BNH), ké BK_LHN.

. |AM_L1BH
Em thay

=AM L (BHN)= AM L BK.
AM L BN

Ma BK | HN = BK L (AMN)=>BK=d(B,(AMN)).

Ap dl_ing hé thitc lirong trong tam gidc vudng BHN va tam gidc vuéng ABM, em c6:
BIl{Z - B;Z " BEZ - 3;2 i Bsz N B:/IZ :§:>BK=:/?'
- Papan C
Cau 16:
Vi A'Hc(AA'H),BB'/ (AA'H) (Do BB'//AA))
= d(BB',A'H) =d(BB',(AA'H))=d(B,(AA'H)).
Em thiy BH L A'H,BH 1L AH
(do AABC déu c6 H 1a trung diém ).
= BH 1 (AA'H)=BH=d(B,(AA'H)).

M BH=%BC=%:>d(BB’,A'H)=3

>
- Pap an C

Cau 17:
Goi 113 trung diém ctia AC khi d6 DI 1a dwong trung binh trong tam giac ABC.
= BC//DI=BC//(SDI).
= d(BC,SD)=d(BC,(SDI))=d(C,(SDI)).
ViDI/BC=DI_LAC.

Ma DI LSA=>DIL(SAC)=>DILSL

NGUYEN THI LANH [EE}
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(SDI)N(SAC)=SI

, SDI) 1 (SAC).
DI_LSI :>( ) ( )

Mat khac {

Trong (SAC), ké CK 1 SI=>CK 1 (SDI)= CK =d(C,(SDI)).

2
Em 6 S, =%.SA.IC =azh; SI=,[h? +3;— =%\/a2 +4h?
ah
= CK= 25,5¢ _

2 _ ah
SI 1“/32-{'4}12 \/az+4h2
2

- PapinA

Cau 18:
Twong tw bai trén em tinh dwoc |
ah

Ja? r4h?

Trong (ABC), dung E sao cho AIDE 13 hinh vuéng.

x=d(BC,SD)=

=> AI//DE=> AC //(SDE).
= d(AC,SD)=d(AC,(SDE))=d(A,(SDE)).

DE L AE
Trong (SAE),ké AHLSE (HeSE).

Em c6 {DELSA = DE L (SAE)=>(SDE) L (SAE).

= AH | (SDE)=> AH=d(A, (SDE)).

: a
ASAE P

ah
SE 1«/32_‘_4}12 ‘\/az+4h2 ‘

Em c6 AHSE=AS.AE (=25,;,;) = AH=

=>y= ah =x=2=1 - Dap 4nD
Va*+4h?® y

Céach khac: Em suy ra dugc d(A,(SDE)) = d(A, (SID)) =y.
Ma d(A,(SID))=d(C,(SDI))=x (Do 11 trung diém AC) :>§ =1

Cau 19:
Em c6 MN/BC=>MN//(A'BC).
= d(MN,A'C)=d(MN,(A'BC))=d(M,(A"BC)).

J2x

Goi H=A'BNAB', MK/ HA (KeA'B) =MK=—"=.

EL) NGuYEN THI LANH
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' v ¥ B C
. A'BLAB N MKL1A'B M
CBL(ABB'A") ~ |CBLMK A /K N
T D
=MK L (A'BC)=MK=d(M,(A'BC)). A\
HY
R N,
I,
- Papan A A e 4
Cau 20:
Dit AB=x (x>0)
C6 AA'//(DD'B'B),BD' = (DD'B'B). D o
= d(AA',BD")=d(AA',(DD'B'B))=d(A",(DD'B'B)). AN
Trong (A'B'C'D'), ké A'HLB'D' (HeB'D"). A= | o S
T Y /I ,/I’/\’)\ i S
Em thay {A HLBD = A'HL(DD'B'B). M “‘1"‘5\“"- i I\
A'H BB . \
P L o o~
D ‘ C
:d(A',(DD'B'B))=A'H=_*/§Z‘_:_‘/ZZ:,X=1_ 3
_ A /

Gid sir (P)nAA'={M},(P)CC'={N}.

Khi @6 thiét dién ctia hinh 14p phwong khi cit béi (P) 12 hinh binh hanh BMD'N.

Trong (MBND'), k& MK LBD' (KeBD').
Em ¢6 Spypy =2.Sgyp =BD' MK =/3.MK.

Vay Sgypy 1ho nhét khi MK nhé nhét hay MK 1a duwdng vudng géc chung ctia AA’ va

BD' =MK=A'H= iz_z— Khi d6 S gy = f‘/_ Jz—
- Papan A
Cau 21:

Ké OHLSC (HeSC). (1)

Em c6 BD LAC,BD LSA=>BD L(SAC)=BDLOH. (2)
Tir (1),(2):> OH la doan vudng gbc chung ctia hai dwong
théng BD va SC=>OH=d(BD,SC).

Pit SA=x (x>0).

OH=0C.sinOCH = OC%QF"“. X 2\/33'
SC 2 x*+2a° 6

=¥ +2a2 =3x=>x=a=SA=a

‘—PapanD

NGUYEN THI LANH [hl
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Cau 22:

Goi M 1a trung di€m cta AB
2

Dt BC=x (x>0)=S,, ==
SG=AB=x4/2.

2
MV, . =~ 356 S e Lz Xxld
3 2
Giai phwong trinh trén em dwoc x=——.
N2
Ké MH LSC (HeSC). (1)
1SG
- {AB G

=> AB L(SCM) = AB L MH. (2)
AB1CM

- T (1),(2): MH la doan vuéng géc chung ctia AB va

SC=MH=d(AB,SC).

MC=~‘/25—X=S;SC=\/32+1=\/E.

C6 MHSC=SGMC (=2, ) = MH=

SG.MC _

- PapanB

Cau 23:
Trong (SAC), ké AHLSC (HeSC). (1)

Em c6 MB//(SCD),SD < (SCD)
= d(MB,SD)=d(MB,(SCD))=d(M,(SCD))

MD( ) x/—a
\/—

Em c6 CD LAC, CDLSA
=CDL(SAC)=CDLAH. (2)
Tir (i),(z):>AH_L(SCD):> AH=d(A,(SCD)).

\3a

= AH=—-,
2

%( (scp))=

=d(A,(SCD))=

Ap dung hé thirc lwgng trong ASAC vudng tai A, dwong cao AH, em c6:

1 1 1 _ 4
AH? SA? AC? 3a°

YA NGUYEN THI LANH

—=SA=a. - PapanD
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Cau 24:
(SAB) L (ABC)
Vi <(SAC)L(ABC)  =>SAL(ABC).

C6 BC//(SMN), (SMN)~(ABC)=MN = MN //BC

AB1BC
Em c6
SBLBC (do BCLSA,BCLAB)

=BC.1 (SAB)

= Géc gitra (SBC)va (ABC) chinh la géc gitra SB va
AB hay SBA = 60°.

Trong ASABvudng, em cé SA=AB.tan60° =2\/?_)a.
L4y I sao cho AMNI 1 hinh vuéng(AM=MN=a).

=> AB//NI= AB//(SNI)

= d(AB,SN)=d(AB,(SNI))=d(A,(SNI)).

Trong (SAI),ké AHLSI(HeSI). (1)

 Emco {NI"LSA::NI_L(SAI):NIJ_AH. (2)
NILAI

Tir (1),(2) = AH.L (SNI)= AH=d{(A,(SNT)).
Ap dung hé thirc lwong trong ASAI vubng tai A, dwong cao AH, em cé:
1 1.1 1, 1 138 _ . Za\/——

=t = . »PapanD
AP SA? AI2 a* 122> 124° P
Cau 25: .
Goi M 1a trung diém cha AB. K A D
:>MH=BM—BH=%.
H
CH=+/CM? + MIF = *Fa
4 "3 3 5 /

Em c6 HC 14 hinh chi&u cia SC1én (ABC).
= Goc gifra SC va (ABC) chinh 1a géc gitra
SC va HC hay SCH = 60°.

V1 5

Dung D sao cho ABCD la hinh th01
=>BC// AD=>BC//(SAD).

—=>SH=CH.tan60°=

NGUYEN THI LANH [EE]



HOC TOT MON TOAN LOP 12 - HINH HOC E‘?’o"i?f
= d(BC,SA)=d(BC,(SAD))=d(B,(SAD)).
N BA 3
Ma d(B,(SAD))—ﬁ.d(H,(SAD)) —Ed(H,(SAD)).
Trong (ABCD), ké HK L AD, trong (SHK), ké HI L SK (1eSK).

AD . SH
v{ X

i = AD 1 (SHK)=> AD L HI.
AD L HK

18K

HI
Em lai cé
HIL AD

= HI L (SAD)=> HI=d(H,(SAD)).

i
5

Trong tam giac vuéng AKH, HK = HA sin HAR = % AB.sin60’ =

Ap dung hé thiic lrong trong tam giéc SHK vudng tai H, dwong cao HJ, em c6

1 _t,t_9 .3 24 HI-\/—a d(sA,BC)=2. 2 Jaza_42a
HI* HS* HK® 21a® a° 7a 2 12 8
- PapanA

Cau 26:
Goi P 14 trung diém cda SA

=PD=PE, PE L SA.

Thay MP la dwong trung binh trong tam
gidc EAD nén MP// AD,MP = %AD =-;- .
N 1a trung diém cta BC nén

NC//AD,NC=1BC=2 .
2 2

Em ¢ MP//NC, MP =NC =:;-

=>MPCN la hinh binh hanh.

=>MN // CP => MN //(SAC) = d(MN,AC)=d(MN,(SAC))=d(N,(SAC)).

o . __[BOLSO - J2a
Do hinh chép S.ABCD déu 3{BOJ_AC = B0 L (SAC) :}d(B,(SAC)):BO:T_
. d(N,(SAC)) NC_1_ \/_a
B A = C —— I e—— T — —
Vi NBN(SAC)={C} nén (5.(50)) BC 2 =d(N,(SAC))= d(B (sAC))=
-»PapanA
Cau 27:

Em c6: (SAB)L(ABCD); (SAB)(ABCD)=AB; SI L AB=SI L (ABCD)
Goi ] 1a trung diém cda CD, ké 1E L SJ.

28 NGUYEN THI LANH
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CHUYEN PE 1: THE TICH VA KHOANG CACH

J_a

CD_LSI
Ap dung hé thtrc lwong trong ASI] vudng tai ], dwdng cao IE em ¢6:

Em c6: {CD“] :>CDJ_(SI]):>CD_LIE =1E L (SCD) =IE=d(L(SCD))=

1 1. 1. 5 1.1 o 2
IE? SP 1P a* SP A 2 S
Qua B dyng dwong thing song song véi
CF, cit DA kéo dai tai K.

Khi d6 CF//(SBK)
= d(CF,SB)=d{(CF, (SKB))=d(F, (SKB))

o,

—__Z—:
Q
N

¢
“
S

Ké TH L BK (He BK),IL 1SH (L eSH).

\

S A
BK LSI .
5 =>BK 1 (SIH)=BK LIL. K .
BK_LIH A F D
ILLSH
Tir =IL L (SBK)=IL=d(L(SBK)).
IL LBK
Vi BCFK 13 hinh binh hanh nén FK=BC=a.
Ma FA:%: AK=2
‘ aa
ABHI ddng dang véi ABAK = Hi_1B = HI= ARIB__ 272 =—\/—§_3.
AK BK BK , a2 1
a“+—
4
. 1 1 1 6a
Trong tam gidc vudng SIH, dwong cao IL, em ¢6 —=— +-— = [L=——.
Brame! 8 & > sP IW 12

Em thdy: d(A,(SBK))=2d(L,(SBK))=2. TR

d(F.(SBK)) FK
d(A,(SBK))  AK

=2 =d(F,(SBK))=2d(A,(SBK))= 2[66—3- NES

Twong ty cé 3

- PbapanC

NGUYEN THI LANH E&
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“Bai khé nhu mét tdng dd.

C6 ban thdy né thi phdn khich vi hp xem dé la bdc thang ndng ho Ién cao hon,
tdm nhin réng hon.

Nguwoi khdc lai than van, thdm chi khéc b Iu bit loa vi ho xem nd la vdt cdn

4

dwong”,
Hay vwot qua cdc bai khé em nhé!

EXJ NcuvEN TH LANH
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HOC TOT MON TOAN LOP 12 - HINH HOC 55"3{2’5"
CHUYEN DE 2: MAT CAU - MAT TRU - MAT NON

A.KIEN THUC TRONG TAM
D& lam 8t cac dang bai tip v& chuyén d8 ndy, em cin nhé cac cong thire tinh dién tich
xung quanh, dién tich toan phan, cdng thitc tinh thé tich nhw sau:

Hinh ciu - Khéi ciu | Hinh tru-Khéitru |- Hinh nén - Khéinén
Hinh &nh
&
Coéng thirc tinh ‘ )
dién tich xung S =412 Sy =27Th ' Syq =l
quanh
Cong thirc tinh Sy =27rh+2771° . Atk o
A re by 2 :
dién tich toan S =471 .
phin :27rr(h+r) :ﬁr(l-Fr)
Cong thic tinh 4 4 1 .,
; V=—7r — - h?2 V==zr‘h
thé tich 3 y=aR"h 37

B. CAC DANG BAI TAP

Dang 1. Cic dang bai tip vé mat cau, khéi cau
® Mat cau: Trong khong gian, cho mét diém O c8 dinh. T4p hop cac diém cach déu
0 mot khodng cach khéng d6i R 1a miit ciu tim O, ban kinh R.
= Khéi cau: hinh cdu ciing véi phan bén trong goi 13 khéi ciu.
= DE 1am t6t bai tip vé phin ndy, em cin nhé céc cong thirc vE dién tich xung
quanh, dién tich toan phin mit ciu va céng thirc tinh thé tich khéi cau.
# Ngoai ra, em ciing can chd ¥ vi tri twong d6i cia mit ciu va mit phing: Cho miit
cdu (S;0) va mit phing (P). Goi R va d Ian lwot 12 ban kinh mit ciu (S) va

khoang c4ch tir tim O dén (P).

So Vi tri

, e Dic diém * Hinh anh
sanh | twong déi

Thiét dién tao ra 1a
d<R | Citnhau dwong tron cé6 ban

kinh r=+/R?-d?

EE ncuvEN T LanE



gaﬁwm CHUYEN DE 2: MAT CAU, MAT TRU, MAT NON

d=R
Mat phang (P) goi la
Tiép xtic . § ( )
L 7T Uit phingtidpxic—
d>R Khéng cat
nhau
BAI TAP MAU
& Corban

Cau 1. Mot kh6i cu c6 dwong kinh 13 10 cm. Thé tich khéi ciu dé 1a

A. V=1257 cm’. B. vz‘“’g"” em®. €. V=2507 cm®. D. v:%‘?ﬁcﬁ.
Hwéng dan giai
Em tim dwoc ban kinh mit ciu la R:%:S cm:>V=—z£3£R3 25950_75 cm?,
— Pap 4n D.
Cau 2. M6t mit ciu c6 dién tich 1a 2887 cm?. Ban kinh mijt ciu d6 1a :
A6zem B. 613 cm. C. 6 cm. D. 26 cm.
Hwéng dan giai
Dién tich mit ciu 1a S=47R? =2887=>R*=72=>R=6+2 cm.
— Pap an A ,
¥ Van dung

Cau 3. Mot mt cau (S) bi cit béi mot mit phing cach tim mot khodng 13 2a, thiét dién tao
thanh 12 mot hinh tron c6 dién tich 7na’®. Thé tich khéi ciu do 12
Ji17za® g V23 c. 44/11ma p. 23/238°

Y - L 3 N L] 6 -

A. .
6 6

Hwéng dan giai
Dién tich hinh tron thiét dién 13 7ra® nén ban kinh dudng tron thiét dién 1a:

r=OA=\[§=aﬁ.
T

NGUYEN THI LANH [EE]



HOC TOT MON TOAN LOP 12 - HINH HOC @5@"”&’&
Tam giac IOA vuéng tai O nén

IA=+/I0%+0A* =a /11.

3
Vay thé tich khdi ciula: V= g nIA® =ﬁ—\/1?_1—73.
— Pap an C.
BAI TAP TU LUYEN
Cdu 4: Mot mit phing cit modt mat ciu thi thiét diéntaorala
A. M6t dudng tron. B. M4t duwong Parabol.
C.Mét duong Elip. D. Mgt dwdmg Hypebol.

Cau 5: Trong cic ménh d8 sau, ménh dé nao 1a ddng?

A.BitKi tir dién nao cling ¢c6 mdt mat ciu ngoai tiép va dién tich mit cdula S= %nRZ.
B..Bﬁt ki hinh hép chir nhit nao ciing c6 mét mit cau ngoai tiép va thé tich khéi cau dé dworc
tinh biing cong thirc V :g—nRs.

C.B4t ki hinh hép nao ciing c6 mét mit ciu ngoai tiép va dién tich mit cau 1a S=4nR?.
D. B4t ki hinh ch6p déu ndo ciing c6 mdt mat cu ngoai tiép va thé tich khéi ciu d6 dwoc

tinh bang céng thirc1a V= % aR?,

Cau 6: Thé tich ctia mdt khdi ciu 12 507 Pwdng kinh clia mit ciu dé 1a
A. 3/300. B. 3/200. C. ¥/100. D. {/500.

Cau 7: Khoang cach tix O dén (P) 1a —, ban kinh thiét dién tao béi mit phing (P) véi mét

N |

cau S(O;R) 1a

A.RV2. B. R C 52—*5. D. 5’25.

N

Cau 8: Cho mit cau tAm S, c6 ban kinh R, va mit cAu tAm S, c6 ban kinh R,, biét R, =4R,.

Ti 56 thé tich cla mit cdu S, d61v6i mdt cau S,1a \
1

Cau 9: Gia st chiéc kem Trang Tién dwoc tao thanh béi mot

vién kem hinh ciu c6 thé tich 36z cm® dwoc dit trong vé 6¢

B. 64. C. 16.

qué hinh nén cé dwdng cao 1a 7cm va ban kinh day r = 2,5 cm.
Phan kem nhd ra khoi vé cé chigu cao xap xi 1a
A.5,14cm.
B. 4,66cm.
C. 3,98cm.
D. 2,29cm.

NGUYEN THI LANH



Cau 10: Ngudi ta thd mot qua bong hinh ciu vao mdt cai thung hinh tru thi mwc nwéc dang
18n tai vi trf cao nhét cia qua béng. Biét ring ban kinh day thung biang 10 cm va chiéu cao

muc nwdc ban ddu 14 5 cm. Ban kinh qua béng xip xi 1a

,,,,,,,,,,, _ C.149,98cm. D. 2,62cm.
PAP AN
4 5 6 7 8 9 10
A B A C B B D
HU'O'NG DAN GIAI
Cau 4:

Em c6 hinh v& bén. Tl d6, em thiy khi mat
phing c3t mit ciu thi thiét dién tao ra [a mot
duong tron. > Papan A

Caiu 5:
* Ddp 4n A sai vi dién tich mat cau la S=4nR”
Dép 4n B diing vi theo SGK Hinh hoc 12 co ban trang 48, 53.
Dap 4n C sai vi khong phai hinh hdp ndo cling ndi ti€p mot mit cau.
Pép 4n D sai v thé tich khéi cuTa V=f;£nR3. —> Pap 4n B
Cau 6:

Thé tich hinh caula V=§RR3 ~50m=>R=3 7—25:>d=2R=23 225 ~3/300.

—PbapanA
Cau 7:
’ 2
. R R+/3
B4n kinh dwdng tron thiét diéntao rala r=+R*-d* = R? —(—ij =~;/—_
—->PbapancC
Cau 8:
4 s
—‘TERl 3 4R 3
Ti s8 thé tich ctia mat cau S, i véi S, la: Yl— _3 _51- = ( 2) =64.
V, 4 .3 R} R3
2 ——‘TERZ 2 2
3

—>Pap anB
Cau 9:

Em tinh dwgc ban kinh vién kem la: r=

NGUYEN THI LANH
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= Chiéu cao nhd ra khoi vo ctia vién kem chinh 12 t6ng ctia ban
kinh va khoéng cich tir tim I &n mt phing v6 kem.
Theo gia thiét em cé:

Ji1

0A=2,5 cm=>10=+/IA> —0A? =4/3*-2,52 =~

J11

= Chiéu cao phan kem nhé rala h=r+IO=3+——2—— ~4,66 cm.

—>Pap an B

Ciu 10:
Goi %, r 1a ban kinh qua béng va day thung; h,,h, 1a chiéu T

cao muc nwéc ban diu va sau khi tha béng (10 >X> O). \_./

____________

Khi thd qua béng vao mét cii thiing hinh tru thi myc nwéc PPNy
ding 1én tai vi tri cao nhit cia qui béng. Viy db cao cha ,f,{, ———————— :\\
thung khi d6 bing dwomng kinh ctia qua béng va thé tich
thiing Itic d6 cling chinh bang thé tich qua béng véi thé tich
ban dAu cua thung.

4
Em c6 phwong trinh sau: m2h1 +=—7x =7rr2h2
3

x~10,73 cm (Loai)

4
= 710°5+—7x° =7.10°2x <
3 x~2,62 cm (’_[‘h(’)a mﬁn)

—PbipanD

NGUYEN THI LANH
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Dang 2: Phwong phap xdc dinh tim mat ciu ngoai tiép hinh chép,
hinh lang tru

—Em-can Iiir(’)'*S‘phu*O’ngjahépfwfbéﬁ—éé;a(—éfai—inhftémmétfc”éufngoai,tiép hinh chép,
hinh ling tru nhu sau:
» Phwong phdp 1: (Dya vao dinh nghia) Tim diém cich déu tdt ca cac dinh cla
hinh chép hodc hinh ling tru '
P& tim diém cach déu tit ca cic dinh cia khéi da dién, em c6 thé van dung mot
trong nhirng tinh chit va ki thult sau:

e Tinh chit dwong trung truc

e Tinh chit dwdng trung tuyén

e Cac dwong twong (ng clia hai tam gi4c bang nhau

o Tinh ch4t vé cic dwdmg chéo ciia hinh hop chir nhét
» Phwong phdp 2: Phat hién cic diém cung nhin mdt doan thing dwéi mot géc
vubng-
» Phwong phdp 3: (Ap dung d6i véi hinh chép) Dung truc clia dwong tron day
hinh chép
@ Bwoc 1: Xac dinh tdm I cda dwong tron ngoai
tiép da giac day.
& Bwdc 2: Dung truc A ciia da giac day
@ Bwéc 3: Xac dinh mit phang trung tric (hodc
duwodng trung tryc ca mét canh bén). Giao diém ctia
Ava mit phing trung tric (hodc dwdng trung tryc)
12 tAm ctia mit cAu ngoai tiép.

BAI TAP MAU
= Co ban
Cau 11: Dién tich mit chu ngoai tiép hinh 1ap phwong ABCD.A’B'C’D’ ¢6 canh bang a 1a
A.37al. B. 127a°. C. 67a’. D. 0,67a°.
Hwéng dan giai

Trong hinh 14p phwong cic dudmng chéo dai bang nhau va cing di qua mot diém; gia

st diém d6 1A L

=IA=IB=IC=ID=IA"=IB'=IC"'=ID"

= I1a tAm mit cdu ngoai tiép hinh llép phwong ABCD.A'B'C’D’.

ABCD 13 hinh vuéng canh a nén AC =a\/§

Em c6 AACC' vudng tai C nén AC' =y AC? +CC?2 =/2a% +a% =a\3

NGUYEN TH] LANH
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=> Dién tich mét ciu ngoai tiép ABCD.A’'B’'C'D’ 1a B C
a I I/
S= 4ﬂ'r2 =47 ( ‘/_] Al :
o 71D
. RS
—>Papan A | )\/\
B \ ~Jo
i',’/ \\
A D'

v Vin dung
Cau 12: Cho hinh chép S.ABC c6 ddy 1a tam gidc ABC vudng tai B, SA vudng gbc voi day,
AB=a, ACB = 30°. Hinh chiéu vudng géc ciia A trén SB, SC Iin lwot 13 B, C’. Ban kinh miit
ciu ngoai tiép hinh chép A.BCC’B’ 1a -
A.R=2a. B. R=a43. " CR=a D. R=ay2.
Hwéng dan giai
Em c6 {BCLSA =BC_L(SAB)=>BC L AB' (1)
BC L AB

Ma AB' 1 SB (2
Tir (1) va (2) =AB' L (SBC)=>AB'LB'C
Em lai c6: AC' LCC',AB_LBC

= B, €', B’ déu nhin AC dwéi mét géc 900
= Hinh chép A.BCC'B’ néi tiép mit ciu dwdngkinh AC.

AC AB
2 2sin30
~>PapanC

* Nang cao
Cau 13. Cho hinh chép S.ABC c¢6 4 dinh déu niim trén mot mit ciu, SA =a, SB=b, SC=cva
ba canh SA, SB, SC déi m¢t vudng géc. Thé tich khéi chu ngoai tiép hinh chép S.ABC 1a

A.g (a2+b2+c2)3. B. (a2+b2+c2)3.

C.

wlm N3

(a +b*+c? )3 D. (a2+b2+c2)3.

oxl:)

Hwdéng dan giai :
GoiIla trung diém AB. Dung d qua [ va vudng géc v6i (SAB).
Ké dwomg trung trye clia SC (K 1a trung diém SC), cit d tai O thi O chinh 13 tAim mit
cau ngoai tiép hinh ch6p S.ABC.
Thatvay, do d L(ABC) nén d L AB, trung diém I ctia AB thuéc d nén d 13 dwong
trung trwc cia AB= 0A=0B.
Twong tw, OK 1a dwong trung tryc ctia SC nén OC = 0S.

NGUYEN THI LANH
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Ma O thudc tryc dwdng tron nén 0S = 0A = 0B = 0S = 0A = OB = OC
= 0 12 tAm mat ciu ngoai tiép S.ABC.

Tam gidc SAB vudng tai S nén suy ra AB=-/SA? +SB? =+/a*+ b.

:AIz%AB:%\/a2+b2.

1 1
Tt giac KOIS la hinh chit nhit nén O1=KS = ESC = EC'

Tam giac AOI vudng tai [ nén

R = 0A = A + 0P =%\/a2+b2+c2.

Vay thé tich khéi ciulav= —:—TCR3 :16E (az +b*+c? )3

—>PapanC

Cau 14: Cho hinh chép S.ABCD c6 day ABCD la hinh thang cin v&i day 1é6m AB =2avaBC =
CD = DA = a. Cac canh bén ctia chép nghiéng déu trén day géc «. Thé tich hinh ciu ngoai
tiép ctia hinh chép 1a

na’ 47a : na 4ma

-3 . . B._3 . C. T3 . D.—_‘T*-
sin” 2a sin® 2o 3sin” 2a 3sin” 2o
Huwéng dan giai

Goi H la trung diém cta ABthi HA=HB =a.
Ma t¥ giac ABCD 1a hinh thang cAn c6 BC=CD=AD=a; AB=2anén HC=HD=a

- = H 1a tdm dwong tron ngoai tiép ABCD.
Cac canh bén ctia chép nghiéng déu trén ddy nén SH 1 truc cia dwdrng tron ngoai
tiép day ABCD.
Trong (SAH), dwdng trung tryc ciia canh SA cit SH tai

3 3

O thi O chinh la tdm hinh ciu ngoai tiép cia hinh chép
va cling 13 tAm ctia dwong tron ngoai tiép tam giac SAB.
That vy, 0eSHnén OA = 0B = 0C = 0OD.

Ma OE la duong trung truc ctia SA nén OA = OS.
=0A=0B=0C=0D=0S

= 013 tAm mit ciu hinh chép S.ABCD.

Goi R 1a ban kinh hinh ciu thi R = SO, em tinh dwoc

SA=SB=_2
cosa
Tl @6 ap dung dinh li sin d6i v&i tam gidc SAB em co6:
SB 8
R=——=R=— 2yt po_fra
sinSAB sin2a 3 3sin® 2a
—>bapanD

NGUYEN THI LANH
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Céu 15. Cho hinh chép S.ABCD c6 day ABCD 13 hinh vudng canh a, SA = SB = a, miit phing
('SAB) vudng géc véi mdt phiang (ABCD). Ban kinh mit chu ngoai tiép hinh chép S.ABCD Ia
A. @3 B. Jﬁa. C. \/ﬁa. D. V21a
6 3 2 12
Hwong dan giai
Do SA =SB = AB = a nén ASAB 1a tam gidc déu.
Goi G va I twong Ung 1a tAm cia tam gidc déu SAB
va hinh vuéng ABCD,
Goi O 1a tam mdt cau ngoai ti€p hinh chép S.ABCD.
Em c6 OG L (SAB) va OI.L(ABCD)

a
=0G=IH= > trong d6 H la trung diém cda AB.

ASAB déu nén AG =—32—.%=_‘g3_§

Em c6 tam gidc OGA vudng tai G, goi R 1a ban kinh mit ciu ngoai tiép hinh chép

2 2
S.ABCD thi R=0A =+/0G? + GA? = 94—+§"— _N2la

9 6

—PapanA

@ Cha y: P6i véi phwong phép 3, em chi ¥ ba trwdng hop dién hinh nhw sau:
Xac dinh tAm mit ciu )
Loai hinh chép ]  Hinh anh minh hoa

: ngoai tiép hinh chép

- Hinh chép déu »
Giao diém cta dwong
- Hinh chép ¢6 cic canh bén
. cao SH hinh chép véi
bang nhau o EE '
dwdng trung tryc cha
- Hinh chép c6 cic canh bén .
mét canh bat ki.

nghiéng déu trén day

Giao diém cta dudng
Hinh ch6p c6 mét canh bén SA | trung trec cia SA va
truc dudng tron day

(ABCD).

vudng véi day

NGUYEN THI LANH
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Giao diém cha truc
duwdng tron ngoai tiép

-Trircictrudonghoptrén | U2 mot maFw

va truc dwdng tron day
(ABCD).

'BAITAP TU' LUYEN
Ciu 16: Cho hinh chép ti¢ gidc déu S.ABCD c6 tit cA cac canh bing a. Ban kinh mit ciu
ngoai ti€p hinh chép S.ABCD la

J2a J2a a a
A. R————— B. Ra-— C.R==. D. R=—.
2 : 2 3
Cau 17: The tich mat cAu ngoai tiép t dién déu canh a la

3 ) 3 3 3
A \[é;ta . B. J2ma ¢ ora p, Yom’

g g S
Cau 18: Tt dién ABCD c6 AB = 6, CD = 8, cc canh con lai la \/7—4 Dién tich mit ciu ngoai
tiép t& dién ABCD la

A. 100x. B. 107, C. 50m. D. 257

Cau 19: Cho hinh ling tru tam gidc d8u ABC.A'B’C’ ¢6 tit ca cdc canh bang a. Thé tich cia
mit ciu ngoai tiép hinh Iing tru theo ala
a, T2 g, Y2Ama' ¢, Ty2tna’ p, V2ima’

54 54 18 72
Cau 20: Cho tam gidc cdn MBC c6 BMC = 120° va dudng cao MH=a+2. Trén dwong thing
vudng gbc véi mdt phang (MBC) tai M 14y hai diém A va D vé hai phfa cia diém M, sao cho ABC

14 tam giac déu va ADCB vudng can tai D. Thé tich khéi cAu ngoai tiép tir dién ABCD 1a

A. 36ma’. B. 18ma’. C. 9ma®. . D. ma’.

Cau 21: Cho tt dién ABCD c6 hai mit ABC va DBC Ian lwot ndm trong hai mit phéng vudng
gbc véi nhau. Biét BC = a, BAC=60°,BDC=30°. Tinh thé tich ctia kh&i ciu ngoai tiép ti
dién ABCD.

3923 8 13/39a° c 13/39a°. b 13./392°
36 36 o727 " 54
Céu 22: Cho tit dién ABCD ¢6 AB=AC=+/2, BC=2, BD=DC=+/3. Gdc gitta hai mit phing

A.

(ABC) va (DBC) bing 45°. Hinh chi€u H ctia A trén (DBC) va D ndm v& hai phia ciia BC.

Ban kinh mat ciu ngoai tiép ti¥ dién ABCD 1a

A3 B. /5. C. ¥5 D. IS—

3 2

NGUYEN THI LANH
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FIOOK:

Cau 16:

PAP AN
16 17 18 19 20 21 22
B C A A | a D D
HU'ONG DAN GIAI

Do S.ABCD 1a hinh ch6p ti gidc déu nén day ABCD 1a

hinh vuéng.

Goi O la giao diém ctia AC va BD

22

=0A=0B=0D= OC———

Tam gi4c SAC vudng can tai S (vi AC* =SA®+SC%)

=0A=0S= OC—

= 0céch deu cac dth A B, C, D:>R~———

—>Pap anB
Cau17:

AC Ia

2

Ja

Goi H 12 tAm dwong tron ngoai ti€p tam gidc ABC

= SH L (ABC).
Trong mit phing (SAH), ké trung tryc clia SA, ct SH tai [

thi I chinh 13 tim mat ciu ngoai tiép it dién.

J3a

AABC déu nén CM:AN=——

ASHC vuéng tai Hnén SH=~/SC? —HC* = ‘/_a.
ASKI ~ ASHA = 5= SR04 _ V63
SH

Jea

4
Jea) 6
4 8

Goi M, N 1 trung diém cta AB, CD.

:>V=f‘fﬂ;_313=§n
3 3

—>PapanC

Cau 18:

SKSA fa
4

J6na®

——CM

\/—a

Do ADAB cén tai D nén DM L. AB, AACB cin tai Cnén CM L AB = AB _I_(CMD)

=>(CMD) 1a m§t phéng trung tryc ciia AB.

Lap ludn tirong tw ta dwgc (NAB) la mét phing trung tryc ctia CD.

NGUYEN THI LANH



Ciu 19: B A
Goi O va 0’ Ian lwot 13 tAm ciia dudng tron ngoai 5 ,,//
tiép tam gidc ABC, A’B'C’ thi trung diém I cia 00’ M :
chinh 13 t3m mit cAu ngoai tiép tt dién. 7
Tam gidc ABC déunén AQ=— AM—g —\/g-%—-\gi IT
Tam gi4c AOI vudng tai O nén . f

) 2 2
R=Al=AO*+OP = 3;‘—#2— =2 “621 .

SEDAIHOC
OKS

Goi 0 1a tAm mit cau ngoai ti€p ti dién ABCD
=>(DMC)(NAB)={0}.
Ma (DMC)~(NAB)=MN=>0eMN.

P5t 0A=0D =R

= OM=+/R? ~ AM? =+/R*-9;
ON=+R*-ND? =y/R*~16 (OM>ON).
Tam gidc ADM vudng tai M nén em c6

DM =+/AD? — AM? =+/65.

Tam gidc NDM vudng tai N nén NM=+/DM? -DN? =7.
Ta c6 2 tredng hop sau :

* N&u O ndm trong ti¥ dién

—=MN=0OM+0ON=>7=+R? -9 +/R*~16 =R =5=>S=100r.

* Néu O nim ngodi t dién =MN=0M—ON=7=+R?* -9 —\R?*~16
= V6 nghiém thyc. — PapéanA

. “ e 1w N ¢
Vay thé tich mdt cdu ngoai ti€p lang tru la:
[ 3
Vz—gnRg ZZ—?;LE‘_' —Pédpan A

Cau 20:

Tir gid thiét em c6 tam gidc MBC can tai M

= BMH = 60°,

Vi MH=a+2 nén MB=MC=2+2a va BC=26a.
Do tam gi4c ABC déu nén AB:AC=BC=2\/€a .

Do tam gidc DBC vubng cin nén em suy ra duwogc

DB=DC=§.BC=2\/§a.

MA=+AC? —-MC? =4a vi MD=+BD? -MB? =2a.

NGUYEN THI LANH
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= AD=MA+MD=6a = AB?+BD* =AD? = ABD = 90°.
Twong tw ACD = 90° = ABCD ndi tiép mit ciu dwdng kinh AD

Suy ra thé tich khéji ciula: V= 3 (AZD) =367a’.

—PipanA
Cau 21: ’
Goi 04, 02 I4n lwot 13 tAm cic dwdng tron ngoai tiép A
cac ABCD va AABCG; E l1a trung diém cta BC.

0,E L BC=>0,E L (ABC) (do (ABC).L(BCD))
0,E L BC=>0,E_L (DBC)
Qua 01 dung dwdng thing d, 1 (BCD) thi d; la truc

ctia tam giac BCD va d1//0;E. »
Qua Oz dung dudng thing d, L (ABC)thi dz 1a tryc

ctia tam gidc BCA va d3//04E.
Nhuw vy, tdm I clia mit ciu 13 giao diém cta d; va d

led, =IB=IC=ID

T =1A=IB=IC=ID
b [ ed, = IB=IC= IA}

Tt gidc E0110: 13 hinh chit nhit, suy ra [E* =0,E* +0,E
Goi Ry , Ro IAn lwot 1a ban kinh cha cic dwdng tron ngoai tié€p tam gidc BCD va ABC,
BC? BC?

em c6 0,E* =0,C* ~EC* =R,* ~——; 0,E* =0,C’ —~EC*=R,* -

BC? Bc2

:>IE2=R12+R22——E—:>R2=IE2+ECZ =R?+R,* -

Ap dung dinh Ii sin trong cic ABCD va AABCem c6:

BC a BC k a a3
— s =3 ———= —— =R, =R, =——
=R Do s =R SR =2y =Ry = =R, 3

,. a> a® 13a° _p_N3%

=R =a"+—-== =
3 4 12 6

6 54

a@j’ _13/39%°

" s , 4
Thé tich cta khéi ciu ngoai ti€p hinh chép ABCD 1a: V= 3 71'[

—>bPapanD
Cau 22:
Goi M 1a trung diém cta BC.
Ap dung céng thitc dwdomg trung tuyén em cé: AM=1; DM= \[2— .

NGUYEN THI LANH
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Do H va D nam vé 2 phia ctia BC, géc gilta mit phing
(ABC) va (DBC) bing 45° nén SMH = 45°
= SMD = 135° = AD=+5

= B6n diém A, B, C, D ndi ti€p mit ciu dwdong kinh

Na

AD = Ban kinh m3t cdu dé 1a R:—Z—.

—bapanD

CHUYEN PE 2: MAT CAU, MAT TRU, MAT NON

% Mat non: Cho dwong thing A va dwdomg thing 1 cit A
tai O, tao véi A mét géc o khong ddi (0° <a< 900).

M3t tron xoay dwgc tao ra goi 13 mat nén tron xoay

(matnén).
Trong d6: A Truc cdla mat nén
1 : Duwong sinh clia mitndn
0 Dinh cda mat nén
2a . Go6c & dinh

= Hinh noén: Cho mdt nén A véi truc A, dinh O va goc &
dinh 13 2a. Goi (P) 1 mét phing vudng goc véi A tail
(1=0), cit mit phing theo thiét dién I3 dwdmng tron (C)
va (P') 1a mdt phang vuéng géc v6i A tai O. Khi d6 phan
méit nén @€ giéi han boi hai mit phing (P) va (P') cing

v6i dwromg tron (C) dwoc goi1a hinh nén.

< Khoi nén: Mit nén cing véi phian bén trong clia né tao thanh khéi nén.
@ Ngoai ra, em ciing cAn nh¢ cac cdng thirc tinh dién tich xung quanh, dién tich
toan phin cda hinh n6n va céng thirc tinh thé tich khéi nén.

Dicbiét, em chii ¥ cong thirc tinh dwong sinh cia hinh nén 1a: 1=vr* +h?, véirla

ban kinh day, h 1a dwdng cao hinh nén.

Dang 3. Cac dang bai tip vé mit nén, hinh non, khoi nén tron xoay

Thiét dién qua truc cia hinh nén ludn la mét tam gidc ¢in tai dinh.

NGUYEN TH] LANH
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BAI TAP MAU
= Co ban
Cau 20: Dién tich xung quanh ciia hinh nén tron xoay c6 duwdng cao h = 8 cm, ban kinh day
r=6cmla
A. 127 dm’. B. 1,27 dm’. C. 60z dm®. D. 0,67 dm’.
Huwéng dan giai
Dwa vao phin chd y & trén, em tinh dwgc dwdng sinh ctia hinh nén 1a:
1=+/r? +h? =87 + 6> =10.

Dién tich xung quanh ciia hinh nén 13 S, = zrl =60z cm? =0,67 dm”. —> PAp 4n D

Cau 21: Cat hinh nén dinh S béi mit phing di qua truc dwoc mot tam gidc vudng cin cé
canh huy2n béing av/2. Thé tich ciia khéi nén 1

3 3 3
a2 B, N2 (ot D. 7’2,
8 12 ' 12
Hwéng dan giai
Theo gi thiét em c6 ASAB vuéng cin tai S, AB=a+/2.

— SA=SB=a v ban kinh day FZ%LE‘;Z/—E_

%]

<>

ASAO vuéng tai O nén:

az ——(?——\/-Z:JZ :ja_\/g:h_ ————— .—\
2

2 oAl d 0 B

SO=+/SAZ —0A% =

2 3 7 o M
Sv=lmm-Z a2 N2 _ma ﬁ.—)Dépa’mB
3 31 2 2 12
Cau 22: Cho hinh lap phwong ABCD. A’B'C’D’ ¢6 canh 13 a. Dién tich toan phan ctia hinh nén
c6 dinh 1a tAm cta hinh vudng ABCD va ddy 13 hinh tron néi ti€p hinh vuéng A'B’'C’D’ la
ra’ (\/5—+1) (1+2\/5—)na2 (2+\/§)naz na’ (\/g—}-l)
Al —mW——=, . : . D —
2 4 4 4
~ Hwéng dan giai
Goi 0 va 0’ 1a tim cfia 2 day. Do ABCD.A'B’C’D’ ]a hinh
1ap phuong nén dwong cao va ban kinh dwong tron day

B.—————— \ S

=
o

clia hinh nén dinh O Iin Iwotla h=a; R =%. R

n : y A ) 5 a 5 E /’ E ‘\\\
AOO'H vudng tai 0’ nén OH =+/00?+0'H? =—;2/:. A N
= Dién tich toan phin ctia hinh nén dinh O 1 AT

2 TEaZ \/§+1 /I \\kif:// o . H
Stp :Sxp+Sd=an+nR2=n.§—.%/§—+n34—=———(—é—L———). B,' ==

—>PapanD
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¥ Van dung ,
Cau 23: Mot cai mil duoc thiét k& gbm 2 phan: phin vanh mi va — y
phan dinh mi. Phan vanh mi dwoc giéi han boi 2 dudng tron .
doéng tAm.c6 dwdng kinh Iin lwot 1a 10 cm va 30 cm. Phin dinh e

mii 12 hinh nén c6 chidu cao 1a 13 cm. Tinh dién tich phan vai de - N 4
may hai cdi mii khi bo qua riém may vai? /

A. 1507 cm®. B. 265n cm’. Toom
C. 260r cm®. _ D. 5207 cm®.
Huéng dan giai
Dién tich phan vanh mii 1a: S, =m.15* —n5* =x(15" ~5” ) =200m cm’.

Pudng sinh phan dinh mii 1a: 1=13* -5 =12 cm.
Di¢n tich phan dinh mii 1&: S, =r.r.l=m512=60r cm’.
Vay dién tich vai 46 may 2 cdi mii la: S=2(S, +S,)=520x cm?.
—>PbapanD
BAI TAP TU LUYEN
Cau 24: Cho hinh n6n c6 chiéu cao h, @9 dai dwong sinh 13 1 va ban kinh day 1a r. Nhan dinh ndo

sau day la dang?
A. Dién tich xung quanh c@a hinhnén la S, =mrl.

B. Dién tich toan phan ctia hinh nénla S, =2nrl.
C. Thé tich ctia hinh nénla V=hmr?.
D. Dién tich ddy ctia hinh nén 1 S, =27l

Cau 25: Trong khong gian, cho tam gidc ABC vubng tai A, AB =a, AC= af Po dai du’O’ng
sinh cda hinh nén khi quay tam gidc ABC quanh truc AB la

A.1=a, B. 1=a\2. C.1=a\3. D. 1=2a.

Cau 26: Cho hinh luc giac déu A;A,A,AA A c6 canh 1A 243 cm. Thé tich cfia khéi nén

tron xoay tao b&i luc giac déu khi quay quanh dwong trung trie ctia AjA, va A A 1a

A. V=21r cm’. B. V=427 cm’. C. V=21cm’. D. V=42 cm’.
Cau 27: Cho 2 hinh vudng c6 canh bang nhau va bing 5 dwgc x&p chdng 1én nhau sao cho
dinh X ctia mdt hinh vuéng la tdm ctda hinh vudng con lai (nhw hinh v& dwéi). Thé tich vat
thé khi quay ca khdi quanh truc XY 1a

125(3+2J§)n

125(3+2J2')n

A. ” . B. v
125(5+445)n 125(5+4J§)n
C— | D, — )
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Cau 28: Cho tam gi4dc ABC c¢6 ABC = 45 ; ACB = 30 ; AB:—?. Quay tam gidc quanh canh

_ BC ta dwge khéi tron xoay c6 thé tich 1a
n(1+\/§) n(l—\/g) 75(14—\/?—)) TC(1+\/§)
A ——= B.———7, cC.——~, D.—~,
24 12 8 24

Cau 29: Mt t4m thép hinh tron c6 ban kinh R =+/6 dm. Ngudi ta dw dinh cit bé mot phin
doc theo ban kinh ctia t4m thép rdi gd phin con lai thanh mot cai phéu hinh nén. Géc «
chén cung tron bj cit bé x4p xi bao nhidu dé& thé tich ciia c4i ph&u 13 16m nhat?
A ax3. B. 0.~ 294", C. o~ 66". D. a~13"
Céu 30: Mot dong ho cat dwoc cdu tao nhw hinh v& bén. Biét ring, chidu
cao clia dong ho 1a 30 cm va téng thé tich 14 1000% cm?®. Néu cho day
cat vao phan trén roi cho né chay hét xuéng phin dudi thi thé tich cat
chiém bao nhiéu phén phia dwéi dong hd?

Al B. L.
5 8

2 p. 10,

27 64

Cau 31: Cho ti¥ dién ABCD c6 ddy 1a tam gidc ABC vudng tai B, canh AD vudng goc véi mat
phing (ABC).Biét AD = AB = BC = a. Goi V;, V,, V, Ian lwot I3 thé tich cia cic khéi tron
xoay tao boi tam gidc ABD quay quanh AD, tam gidc ABC quay quanh AB va tam gidc BCD
quay quanh BC. Khing dinh nao sau dy Ia ding? ’

AV +V,=V,. B.V,+V, =V,. C.V,+V,=V,. D.V, =V,=V,.

Cau 32: Chiéc nén 14 dwoc 1am béi khung nén
va la co. Phan khung bao gdbm 15 dwdng tron
1am bang tre x&p cach d&u nhau nhw hinh bén.
Biét ban kinh cfia vong tron 1én nhit 1a 20 cm.
Ban kinh ctia vong tron thit 5 tir dwdi 1én 1a

40 44

A. — cm. B.— cm. c
3 3 N\ ,
C. 10,2 cm. D. 5,4 cm. R, ot
(Hinh v& mang tinh chat minh hoa)
DPAP AN
24 25 26 27 28 29 30 31 32
A D B C D C B A B
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HU'O'NG DAN GIAI
Cau 24: '

Pap 4n B sai vi dién tich toan phin cia hinh nén1a: S =S, +S, =mr(1+1).

D4p 4n C sai vi thé tich cia hinh nén La: v%hnrz :

Pap 4n D sai vi dién tich d4y cia hinh nén1a: S; =nr®. —Pap an A
Cau 25;

AABC vubng tai A nén em c6: 1=BC=+AC? + AB? =/3a” +a* =2a.

— bap an D.
Ciu 26:

Em chia hinh ngil gidc ban dau thanh 2 phan A,A,A;A,
va A;A,AA,. Khi quay hinh ngii gidc ban dau quanh
dwdng trung trye clia A, A, thi dwoc 2 khéi nén cut cé thé
tich bing nhau.
Em v& nhw hinh bén va tinh dwgc ban kinh ctia khoi nén

AA A, va AAA, quay quanh d lin lwot Ia Bm va

2\/§ cm.

= Chiéu cao ctia khéi nén AAA, va AA A, lan luot 1a

3cm va 6cm.
= Thé tich cin tim 13; v:z.(%[e.(zﬁ)z —3.(\/§)ZD=427L —Pap 4n B
Cau 27: '
Khi phin ABCD quanh truc XY em dwgc khoi tru ¢6 ban kinh day R, = %, du‘b’p’g cao

h, =5.

2
=> Thé tich khéi tru sinh béi ABCD 1a: V; =nR%h, =n(§] 5= 1245“.

Khi quay phan XFYE quanh truc XY, em dwgc 2 hinh nén bing nhau ghép véi nhau c6

52 572

ban kinh d4y R, =27, dudngcao h, ="

= Thé tich sinh b&1 XFYE la: A 5
: 3
v, =21 h, nr2 =22 52| _125v2n , N
3 3| 2 6 : ;
D ! c
Phin bi trung khi quay 2 phan ABCD, XFYE quanh truc XY ¢ § F

chinh 12 phan hinh nén sinh bdi AXCD quay quanh XH c¢6 ban

NGUYEN THI LANH
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ot

kinh day R, =5 va dudng cao h, =g

24

3
= Thé tich khéi ndn sinh b&i XCD 1a: V, =%.h3 iR} =§(g] _125n

= Thé tich V sinh béi khai ABCFYED la:

125n(5+42
V=V1 +V2“V3 =125n l'l'—[g-——-l— :____(__..____).
- 4 6 24 24
— Pbap an C
Ciu 28:

Khéi tao thanh bao gom 2 hinh nén chung mit day.
Trong AABC, BAC = 105°. Ap dung dinh Ii sin em dwoc:

BC _ _AB__ . ABsin105’ 1+3
SinBAC _ sinACB T sin30° 2

Ma AABH vudng cén tai H nén AH=BH =—21—.

=> Thé tich khdi tron xoay tao thanh la:

V=V,+V, =£A3—H—Z(BH+CH):§(%)Z(1+‘/§]: "(“*E),

2 24

—PapanD
Cau 29: S
Goi x 12 d6 dai clia cung tron sau khi cat va r 1a ban kinh day ctia hinh nén dwoc tao
thanh (r>0) S X=21T ST
2z
Khi cit b4 mét phin cha tAm thép rdi tao thanh hinh nén thi dwdng sinh cda hinh
nén tao thanh chinh 14 ban kinh R=+/6 dm ctia t4m thép ban dau

w N 2 N 2 2 XZ
= Chiéu cao cda hinhnénla: h= (\/g) -1 =,]6———.

472

2 2 2. 2.2
x 1 247" —
= Thé tich ctia cai phéu la: V(X)=§ﬂr2.h=£( X ) .J6— X X \/ T X

3\ 2z 4z 2477
487%x—3x°
=V'(x)= =V (x)=0x=4rx
(x) 2472247 —x* (x)
PN 0 4z
Xétdau vV (X) fffﬁli - i — ~
A 0
= max V(X)=4ﬂ\/—2_ khi x=4r ::>oz=360°—360 Az ~66°
3 Zx/gﬂ'
—>PapanC
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Cau 30:

Goi (hy;1,); (hy; 1) 1an Iwgt 12 chiBu cao va ban kinh ddy clia phén trén va phan

dwéi ddng hd. (h, <15<h,)=>h, +h, =30.

Cau3l:

h, _b . h b 30-h
tan60° 371
= Thé tich ctia dong hb catla:

Duwa vao hinh vé em thay, r, = w6l B B
n

2
~h
V=%hlnr12+—;;h2nr22 <:>1000n=§(30—h2)[30 2] +

B

< h; —30h,+200=0

1,

h,=20=h,=10 v ™D

< = =L —.
h, =10 (L) Vv 1, 8

—PapanB

Do AD_L(ABC) nénAD L BC
Ma CB L AB nén suy ra CB_L (ADB)=>CB L BD

=> V4t thé tao bdi tam gidc BCD quay quanh BC la
kh6i nén c6 dudng cao bang BC, ban kinh day la BD

=V, =%CB.BDZ

Twong tw nhw vy, em ciing tinh dwoc V, = -;—AD.ABZ

va 'V, =%AB.CB2

Theo gi4 thiét, AD = AB = BC = a=> AB* + BC® = AB* + AD* =BD’
Hay V,+V,=V, - DdpanA

Cau 32:

Gia sir vong tron thit 5 1a vong tron tam I, ban kinh IN. ‘ S
Em c6 ASNI»-ASMO:£=E=—1—1
MO SM 15°
(Vi c&c vong tron cich déu nhau) /,
11 44 N

=>Nl=-—20=— cm
— Dép 4n B M 0
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pSDAIHOC
FIOOKS

quanh A dwoc tao ra goi la mit tru tron xoay (mit try).

Trongd6: A : Trucclamittry
1 : Duwdngsinh clia mit try
R : Béankinh cda mattru

& Hinh tru: Cho mdt try cé truc A, dwong sinh 1 va ban
kinh R. Cit mit try b&i 2 mit phing (P) va (P') cing
vudng goc véi A ta dwoc thiét dién 13 hai dwong tron (C)
va (C').Khi d6 phan ciia mit tru giéi han b&i hai mit
phing (P) va (P') cing v6i hai duwong tr(‘)n‘(C) va (C)
dwogc goi la hinh tru.

toan phin cta hinh try va cdng thic tinh thé tich khéi tru.

[t

Dang 4. Cac dang bai tip vé mit try, hinh tru, khéi tru tron xoay
& Mit tru; Cho dwong thing A va dudng thing I song song véi A
A, caich A mot khodng R khong d6i. Mit tron xoay khi I quay

@ Khéi tru: Hinh try cting véi phan bén trong ctia né tao thanh khéi tru.
@ Ngoai ra, em ciing can nhé cic cong thirc tinh dién tich xung quanh, dién tich

Pic biét, sw tirong giao ctia mit tru 6 truc A, ban kinh R va mit phing (a):
+N&u () LA thigiao tuyén tao ra la mdt duwdng tron ban kinh R.
+Néu («)/ /A thi giao tuyén 1a 2 dwong sinh, 1 dwong sinh hodc réng.

+ Néu () ngoai 2 trwdng hop trén thi giao tuyén 1a 1 dwdng elip.

BAI TAP MAU
& Cor ban

Cau 33: Mot hinh try c6 dién tich day 1a g, chidu cao h = 5. Dién tich xung quanh va thé

tich cda hinh tru IAn lwotla
S 5m L 10w g 107 . 5u LI
a5 v g VA

Hwéng dan giai

' Ban kinh ciia dwdng tron ddy 1 r= \ﬁ - ==t
T 97 3

1
= Dién tich xung quanh cia hinh tru 13 S,, =2nr.h= Zn.g.S =

Theé tich ctia hinh trula V=Bh=

oia

NGUYEN THI LANH
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Cau 34: M6t hinh tru c6 ban kinh day 1a 5a, khodng cich gifra hai day 1a 7a. Dién tich toan
| phan cia hinh tru 13
A. 1207a®. B. lOOnaZ; C. 20ma’. D. 70ma’.

e——— . Huéngdangiai
1 Dién tich toan phén cda hinh tru1a =5, +2S, =2n.5a.7a+ Z.n(Sa)Z =120ma®
—>Papan A
¥ Van dung .
Cau 35: Cho hinh l4p phuong ABCD.A'B’C’D’. M4t hinh tru ¢6 2 ddy néi tiép hinh vudng 1a 2
déy ctia hinh 13p phwong. Ti s6 thé tich cfia khéi tru d&i véi khéi lap phwong 1a
o 1
A2 B. . ¢l D.=.
4 4 o2
Hwéng dan giai
Gia si¥ canh ctia hinh 14p phwong 12 a = Thé tich khéi 1ap phwong1a V, =a°.

Duwong tron tAm O ndi tiép hinh vudng ABCD canh a B
c
PR ) \ g a ' ]
nén ban kinh ctia dwongtronla R= 5 : 9
=> Dién tich hinh tron day hinh try 1a: AES )
aY ma’ '
S=nR’=n| = | =—. P
2) 4 L
= Thé tich khéi tru ndi tiép hinh 1ap phwong la: T 1 ¢
2 3 A -l
a a f ST 0 R
=T e 4
4 4 A D
Vay t s thé tich khdi tru d6i voi khéi 13p phrong 1a:
V. , .
2" _,papanB , 57
vV, 4

Cau 36: Cho hinh tru c6 hai day la hinh tron tAm O va O’, ban kinh 13 2cm. Trén dwdng tron
(0'), 14y diém A, B sao cho AB = 2cm. Biét thé tich tit dién O0’AB [4 8 cm?. Thé tich khéi tru1a

3237

3 cm’, B. 16+/37 cm’. C. 83n am®. D. 323n cm®.

A.

Hudéng dan giai

Nhin thdy, 00’ L (O'AB) nén thé tich 00’AB la: ‘
1 , A4
Vooas :—S‘SAO’AB‘OO =8

22-\/§ - \/§ cm / ,l"

4

AO'AB 1a tam gidc d&u c6 canh 1a 2cm nén S ;=

=00'= 8\/§ cim.
=> Thé tich hinh tru I3:
V=Bh=nr’00'=12%8y3=323rcm®. —>PapanD

o'
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* Nang cao
Cau 37: Ngudi ta mudn cwa mat thin ciy hinh tru c¢6 duwdmg kinh 1m, chifu dai 8m dé
dwgc mot khéi hinh hop chit nh4t nhw hinh vé& dwéi day. Thé tich 1én nhit ciia khdi gb sau

khicrala
A 4md B. 6 m®. C. 643 m>. D. 43 m®.

8m

_ Hwéng dan giai
Goi %,y 1a cc canh ctia thiét dién mit ddy = x> +y* =1.
Em chil y, thé tich ctia khéi gb bi cit 16m nhat khi dién tich cta thiét dién 16n nhit [do
d6 dai cia khéi gb khéng déi).

Cauchy

Mal=x*+y® > 2xy<:>xy<1 Dau”—"xéyrakhivéchikhix=y=71_2—.

=> Thé tich 16m nhét ciia khéi gb sau khi cwra 1a: V—T \/— 8=4m°. > Pap anA

BAI TAP TU LUYEN
Cau 38: Néu ting chiéu cao ctia mgt hinh tru 1én gip 2 l4n va gidm ban kinh cda deong
tron day di 2 Ian thi thé tich khéi tru d6 thay déi 1a
A.Khong thay d6i gi. B. C4 thé ting 1én hodc gidm di.
C.Ting 1én gdp 2 lan. D. Gidm di gép 2 Ian.
Cau 39: Hinh try (T) c6 ban kinh d4y 13 R va c¢6 dién tich toan phin 1a 87R?. Thé tich clia
Kh6i try (T) 12
A. 3R, B. 6nR’. C. 3nR%. - D. nR®,
C4u 40: Hinh ling tru tam gi4c déu ABC.A’B’C’ c6 tat ca cdc canh biang a2 noi tiép mot
hinh tru. Thé tich khéi tru d6 13

A 3l B 2\2na° c J2na® D 22na®
) ) e S S

Cau 41: Mgt hinh try c6 chidu cao va ban kinh ddy 1a x. Mat phang (P) song song v&i tryc
00’ ctia hinh tru, cit hinh try theo thiét dién 1a hinh vuéng. Khodng cach tir 00’ dén (P) la
\/ga. Gidtricdaxla

| 3a. B. 2a. C. Zﬁa. D. 2\/§a.

Cau 42: Tt mdt tAm ton hinh chit nhit kich thwéc 50em x 240cm, ngudi ta lam cac thung
dung mwrérc hinh try cé chidu cao bing 50cm, theo hai cich sau:

NGUYEN THI LANH
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Céch 1: GO tAm ton ban dau theo mit xung quanh  csicn1 -

cua thiing. —
Cach 2: C4t tAm ton ban d4u thanh 2 tdm bing -

==

' . Qar AN o . vV
Ki hiéu V, la thé tich ctia thing & cach 1, V, 1a tong thé tich cla thing & cach 2. Tinh Vl—
2

mbt thiing.

A, % B. 1. C 2. D. 4.
Ciu 43: Mot hinh tru c6 dién tich xung quanh 13 167, thiét dién qua tryuc 1a hinh vudng.

Mot mit phing (P) song song véi truc, cat hinh try theo thiét dién 1a ABCD, biét mét canh

ctia thiét dién 13 mot day cung ciia dwong tron day chin mét cung bing 150°. Dién tich
thiét dién ABCD Ia

A 8y2-\3. B. 8y2++/3. C. 42+43. D. 4y2-3.

Cau 44: Mot hinh tru c6 ban kinh R, dwong cao 00’ = h. Goi CD 12 m6t dwdng kinh ¢6 dinh

cia (0') va AB 1a mot dwdng kinh di dong ctia (0). Goi o 1a géc gifta AB va CD. Gid trj cia
. o d€ thé tich khéi tir dién ABCD 16n nhatla

A. 30°. B. 60°. C. 45°. D. 90°.

Cau 45: Trong s8 cac hinh tru c6 ciing dién tich toan phin, gia sir khéi tru (H) c6 thé tich

16n nhat. M6i quan hé gitta ban kinh ddy R va chiéu cao h ca (H) 1a

A.R=+/Zh. B. h=2R. C.h=2R.
Cau 46: Mot con qua dang khat nwréc va né nhin thdy
mét cai lo hinh tru cao 10 cm, bdn kinh ddy 14 1,5 cm.
N6 khong thé nao thd mé vao d€ udng nudc boi vi
muc nwéce hién tai chi cao 5 cm. Béng nhién, né nghira
mot cach d6 13 gip nhitng vién séi tha vao lo. Gia st
thé tich ctia mdi vién séi 1 nhwr nhau va bing 1 cm®.
Héi con qua phai b6 vao lo tdi thiéu bao nhiéu vién sdi
d& n6 6 thé udng dwoc nuée? Coi nhw muc nuée cach
miénglo 1 cm thi n6 di uéng dwoec.

A. 10 vién s6i. B. 29 vién sdi.

C. 12 vién séi. D, 28 vién séi

Cau 47: Mot con ldn ¢6 ban kinh day 1a 5 cm va dai 30 cm.
Trén bao bi san phim c6 ghi, con lin dwgc st dung 1,5 triéu
Iin thi héng. Coi nhw mdi mdt lan st dung thi con lin quay
mot vong. Dién tich con 13n tao ra truweéc khi hong Ia

A. 45000 m®. B. 450007 m”.

C. 4500z m>. " D. 4500 m?.
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CAu 48: D& san suit ra bao bi ctia hdp stra c6 thé tich V, céng ty Vinamilk c6 ba phwong an:
hép sita hinh hop chit nhit, hép sira hinh 18p phwong va hép sita hinh tru day tron. Véi
phwong chim I3 tao ra san phim cé chi phi sdn xuit bao bi thap nhit, cdng ty Vinamilk nén
lwa chon
A. HOp sita hinh hép chit nhit.
B. HOp sita hinh lap phwong.

- C.Hop stra hinh try day tron.
D. Hop sira hinh nao ciing dwgrc vi chi phi sdn xuit bao bi nhw nhau.

PAP AN
38 39 40 41 42 43 44 45 46 47 48
D C D B C B D C B B C
HUG'NG DAN GIAI

Cau 38:
Thé tich khéi lang tru c6 chidu cao 13 h, ban kinh day 1a: R1d V=Bh=7R*h
Néu ting chiéu cao 1én gp 2 l4n va gidm ban kinh cta dwdng tron ddy di 2 Iin thi thé

2
tich khéi tru d6 1a: V'=B".h'=nR" .h'=7t.%_~.2h=
Cau 39: , o

Dién tich toan phan ctia khdi try (T) 1a: S =S, +2S, <> 87R? =27Rh +2.7R?
& 3nR? =nRh < h=3R. |

Vay thé tich khéi tru d6 13: V=Bh=nR%.3R=3nR®>. — P4p 4nC

-~ Cau 40:
Goi Ova 0’ latrong tam AABCva AA'B'C'.

=> Ban kinh mat day ctia khoi tru la: R=

VBB
6,

2

wlN

Véy thé tich khé'i trula:

3
V=Bh=nR?h= n‘[\/—a} .ﬁa:z‘/?a. > Pép 4n D

Cau41: D
Goi thiét dién tao thanh 1a ABCD. Lay Hla trung diém H .A

ctia CD thi d(00",(ABCD))=d(0,(ABCD))=0H=+3a |

T gidc ABCD 1a hinh vudéng canh xnén CD = x. :
Tam gidc OHC vudng tai H nén em cé: ;

OH =+/0C* -CH? @af—- x* ( j <> x=72a.

—Pap an B

B

B
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Cau 42:

CHUYEN DE 2: MAT CAU, MAT TRU, MAT NON

240 120
=—ocm

Bén kinh ctGa dwong tron mat ddy & cach1la: r, = Sy
. T T

2

120 _ 7210 5
= Thé tich ctia thing lam theo cidch 11a: V, =B h= n[mj S50= cm®.
T

T
120 60
Ban kinh cfia dwong tron mat day & cach21a: r, -———2—2 =—cm
X n
60Y .. 36.10*
= Thé tich ctia thung lam theo cach 2 1a: V, =2B,h =2.n(——) S0="—.
i i
4 4
:>—Vi= 72.10 : 36.10 =2. —»>PapancC
V, T T
Cau 43: A
Dién tich xung quanh hinh try la: . o
S, =16n=2nRh=16n=>Rh=8. i

Thiét dién qua tryc ctia hinh tru 1a hinh vuéng nén em cé:
h=2R.
= R=2vah=4
AOB Ia géc & tim, chin cung 150° nén AOB = 150°.
Tam gidc AOB can & 0, c6 AOB = 150° nén theo dinh li
cosin: AB=yR? +R? ~2RR.c0s150° =2y/2++/3.
Ma ABCD 1a hinh chi¥ nht nén dién tich ABCD la:
Syocp =ABAD=2{2+3.4=82+3
—>PapanB

Cau 44:

Em c6: Vypep =%AB.CD.OO'.sinoc =—§-R2h.sin o

Do R, h khong d6inén V., 16n nhatkhi sina 1é6m nhit.

Ma ~1<sina<1=> o 16n nhitkhi sina=1< a=90°,
—>PapanD

Ciu 45:

-

Em c6 dién tich toan phin cfia hinh try bat ki 1a: Sy, =27R* +2nRh. (1)

Va thé tich ctia khéi tru b4t kila: V=nR’h= Rh:—‘—/ﬁ.
Y

(2)

Ly (2) thé vao (1) ta dwoc:

NGUYEN THI LANH
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S=2nR?+2n—~ S gty Y oS g2, V.V
nR 27 R 2=n 2nR  2#nR

Ap dung BPT Cauchy cho 3 s8 dwong R?, —V——, v em dwoc:
2nR 2w
2
R24—V_y V sggl V'
2nR  2rR Y 4r°

2 2 3 2 3
;::>_E§_ >33 _}{.__ ::>_£§_ >3 _EZ__‘ :::>____§i___.;2 _E{__.::> VL _EE_.__
27 4?2 6m V4n 2167°  4n? 54x

3
Vay thé tich 16m nhat khi V = S , ddu “=" xdyrakhi R* = v_V ——=h=2R.
' 54r 21R ZTER
—PbapanC
Ciu 46:

Thé tich t8i thiéu ctia c6c nwéc ma con qua cé thé udng dwoc 1:
V, =9.7.1,5* =20,257 cm®
Thé tich ban d4u ctia céc nwéce la: V, =5.21,52 =11,257 cm®
= Thé tich cin thém dé con qua udng dwoc nwéc 1a:
V=V, -V, =20,257-11,257 =97z cm’ ~ 28,2743 cm®
= S0 vién s6i ma con qua phai bé vao lo 13 29 vién.
—->PipanB |
Cau47:
Dién tich con lin 1a: S=27.5.30=3007 cm?

= Dién tich con lan tao ra trwéc khi héng 1a: S, =1,5.10°S=1,5,10°3007
=4,57.10° cm® =450007 m®> — D4p 4n B

Cau48:
TH1: Hop stra dang hinh hdp chit nhat. Gia sit 3 canh 1a a, b, c.
Cauchy

Em c6 V=abc va dién tich hop Ia: S, =2(ab+bc+ac) > 23U =63V

TH2: Hop sita hinh 14p phwong c6 canh a = V=a® va dién tich hép S, =6a* =63/V?
TH3: HOp stta hinh tru. Gia s chiu cao 1a h va ban kinh day 1a r.

Em ciing suy ra dwoc: V=zr’h=h =l2 va dién tich hép 1a:
7T

Cauchy 2 2
S =27r(rh+r2)=27z' —V—+r =2z —V—+~—+r > 67r3—v—— ﬂv
3 ar 2xr  2nr

V6i 3 gid tri nhé nhdt cta S, ,S,,S, 1a 63V2,63/v? 63 Z thi ré rang S, nhé nhit.

—>PipanC
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CHUYEN DE 3: PHUONG PHAP TOA PO TRONG KHONG GIAN
CHU PE 1: PHEP TINH TOA PO TRONG KHONG GIAN
A.KIEN THOC TRONG TAM
1. Hé truc toa do trong khéng gian
Hé gém ba truc Ox, Oy, Oz déi mot vudng géc  ,
dugc goi 1a mot hé truc toa d6 vudng géc trong
khéng gian.
Goi 1,3k Ian lwot la cic vecto don vi trén cac
truc Ox, Oy, Oz thi: R i 5>

=4
v

—_

oij=1k=1k=0. X
2. Toa do diém va vecto
v- Toa dé clia diém: Trong khéng gian toa d6 Oxyz, m8i z
di€m M twong tng v6i bd ba s8 duy nhat (x; y; z) vabd
ba s6 dé dwoc goi la toa dd cia M.
@I(x;y;z)@m:xﬂyfj}zﬁj
Ki higu: M(x; y; z) hodc M=(x; y; 2).

* Luu y: Tam gidc ABC cé: A(XA;yA;zA ), B(XB;yB:ZB), C(Xc;yc;zc)

« [1a trung diém clia AB = J| ZutXx FutYn 2ty
2 20 2
» G 13 trong tAm clia tam gidc ABC = G(XA H;E X ;YA ﬂ;B +¥e ;ZA +ng +Zc)

v' Toa d6 clia vecto: Trong khong gian toa d§ Oxyz, cho vecto u. Khi d6, bd ba s6 duy .

nhét (x; y; z) sao choi =x1+y.j+zk Bobasd (x; y; z) dwoc goi 1a toa d6 ciia vecto u

ﬁ:(x; y; z)<:>a(x; ¥; z) o u=xi+yj+zk

¥ Cc tinh chit: Cho hai vecto u=(u;u,;1, ),v=(v,;v,;v, ). Khi d6

Phép toan vecto’ ’ Tich v6 hwéng cua hai vecto
u, =v, " wv=uV, +U,V, +U,V,
P U=V, =V -
2o . ‘ul=1}uf+u§+u§
u, =v,
S - = WV, +U,V, + U,V
171 2°2 3'3
s UV =(U, VU, Y, Y, . COS(u,V)= ———
- - \/u1+u2+u3.\/v1+v2+v3
* u—v=(u, ViU, — VU — V) . m ‘
*ulveuww=0uv, +u,v, +u,v, =0

NGUYEN THI LANH
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CHUYEN PE 3: PHUONG PHAP TOA PO TRONG KHONG GIAN

" kﬁ-—-(kul;kuz;kus)

Hai vecto ﬁ,\ﬂl(\_r #* 6) cung phwong

u, =kv, -
<u=kveiu,=kv,
u, =kv,

3. Tich c6 hwéng caa hai vecto

Tich ¢6 huéng cia hai vecto U=(u;;u,u,), v=(v,;v,;v;) 12 mot vecto, ki higu [u,v]

hodc uAv xac dinh b&i cong thirc:

e (a, wliu, wlfy, u
2 Uz Uy Uy, U, .
[u, v} = ; ; = (U, Vy~ V50U, vy — 0, Vo w, v, — 1,V )
VZ V3 V3 . Vl Vl VZ
Tinh chat i U'ng dung
— — — — —p > D> W 2
. [u,v]' _ ‘u( .’V(sin (u,v) ¢ Ba vecto U, V, w dong phang

L o[uv]w=o.
. [u,v] =0<>u,v cung phuong.
¢ Dién tich hinh binh hanh ABCD

: F'VM L [57]a=[i7]i=0. | Sew-[45AD].

2
¢Thé tich hinh hép ABCD.A'B'C'D’
(8,25 | An ]|,

Vaseoamen =
oThé tich tir dién ABCD

Voo =%’[K§,Ké]_zﬁ( .

¢ Dién tich tam gidc ABC: S, ;. = 1 I[Kﬁ,ﬁ]‘ .

B. CAC DANG BAI TAP

Phwong phap giai

Vén dyng:

Céng thitc x4c dinh toa do clia vecto tdng, vecto hiéu.

Céng thirc tinh toa d6 trung diém doan thang, trong tAm tam giac.
Céng thirc tinh khoang cach giira hai diém.

Pidu kién hai vecto bing nhau, hai doan thang bng nhau.

K Cong thirc tinh tich v6 hwdmg, tich c6 hwéng cda 2 vecto.

ANENENENEN

/ Dang 1: Tim toa d¢ di€m, toa d6 vecto théa man diéu kién cho trwdc \

J

NGUYEN THI LANH
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BAI TAP MAU
a Co ban
Cau 1: Trong khéng gian Oxyz, cho hai vecto ﬁ:(-—1;3;—2),\7:(2;1;—1). Toa db vecto
X=u+3v la :
A. (5;6;-5). B. (6;6;1).  C.(-5:61). D. (1;4;-3).

Hwdéng dan giai

D& tim toa d6 vecto x em dung c6éng thirc tinh toa do cla vecto téng va vecto hiéu.
Gia st X—(a,b,c). Khi dé6:

a=-1+32=5
b=3+3.1=6
c=-2+3.(-1)=-5
Viy )—;:(5;6;—5). _—»DipanA

Cau 2: Trong khéng gian Oxyz, cho ba diém A(1;2;3), B(—Z;O;l), C( 0;2;—1). Piém D thda
man dang thic AB—2AC+4AD=0. ToaddciaDla
A. (9 > 11) B. (5 s —3—) C. (—§;~§;—2).
4’2" 2 422 4 2 2
Goi D(x;y;z). Em c6: Ez(—3;~2;—2), A—(f=(—1;0;—4), Ez(x—l;y—Z;Z—B).
—-3-2(-1)+4(x-1)=0
~2-2(—4)+4(z—3)=0
Vay D(E 2 E] " - PipanB

p.[2:5,-1).
4’2" 2
Hwéng dan giai
AB-2AC+4AD=0<{-2-2.0+4(y-2)=0 <x zy=5;z—
4’2’2

Cau 3: Trong khéng gian Oxyz, cho ba diém A(3;2;-1), B(3;-1;1), C(1;1;~1). Diém M théa
min ding thirc MA—2MB+3MC=0. Toa d6 ctia M Ia

A. O;Z;3 . B. 0;——7—;3 . C. O;Z;—3 . D. O;——7—;——3 .
2 2 2 2

. Huwdéng dan giai
Gid str M(x;y;2).

:m=(3—x;2—y;—1—z), mz(B—x;—IQy;l—z), ME=(1—X;1—-Y;—1—Z)
(3-x)-2(3-%)+3(1-x)=0 x=0

MA - 2MB+3MC=01(2-y)-2(-1-y)+3(1-y)=0 < y=§ :>M(O;%;—3)
(-1-z)-2(1-z)+3(-1-2)=0 |,__3

- PapanC

NGUYEN THI LANH
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Cau 4: Trong khéng gian vi hé toa dd Oxyz, cho hinh binh hanh ABCD, biét A(1;2;1),
B(-1;3;1), D(1;-2;3). Toadd dinh Cla

_AC(-1-33).  B.CLL3). € C(-3 13) D. C(-1; -1;3).

Hwong dingiai
Goi C(x;y;z). Em cé: KT?»=(-2,1,0),DC=(X-1,y+‘2;Z—3)
x-1=-2 [x=-1
Tt giac ABCD 13 hinh binh hanh khi AB=DC < {y+2=1 &{y=-1=C(-1-13)
z—3=0 z=3

- DPapanD
v Van dung
Cau 5: Trong khong gian Oxyz, cho ba diém A(2;5;3);B(3;7;4),C(x,y,6). Ba diém A, B, C
thang hang thi x + y c6 gia tri bang
A. 2. B:16. C. -16. D.-2.
Hwéng dan giai
Cach 1: Didu kién cin va dit 48 A, B, C thing hang1a AC=kAB, AB#0
Em cé: 7&?!=(x—2;y—5;3),A=='B=(1;2; 1).
x-2=k " [x=5

Suyra (¥)<{y-5=2k <y=11.Viyx+y =16 - Pap anB
| : 3=k k=3
| Cach 2: Em c6 thé st dung tng dung ciia tich c6 hwdng ciia hai vecto:

A, B, C thing hang < AB,AC 13 hai vecto cing phucrng@[‘:ﬁ, KE] =0.

Em c6:AB = (1; 2; 1),AC= (x—2; y—5; 3)
— 2 1 11 2
[AB,AC]: ;

v—~5 3

3 X—Z;X—Z y—5
[75,4C] =0 ox=5,y =11

l]z(—y +11;x -5y —2x—1)

Cau 6: Trong khéng gian Oxyz, cho ba diém M(3;0;-1), N(l;i;Z) ,G(0;2;-1). Goi P(x;y;z)
1a diém thdéa min tam gidc MNP nhin G 13 trong tAm. Khi d6 gi4 tri A=x~y+2z bang

Al B.7. C. -13. D. -17.

| Hwéng dan giai

; Vi G 1a trong tAm cuia tam gidc MNP nén em cé: 3+;+X =0; 0+;+y =2 ~1+32+Z =-1.
Suyrax=-4, y=5, z=-4.Viy A=-4 -5 -8 = -17. —Pap 4n D

* Nang cao

Cau 7: Trong khéng gian Oxyz, cho hai diém A(-1; 6; 6), B(3; —-6; -2). Goi M(x; y; 0) thudc
Oxy d€ MA + MB nhé nhit. Khi d6 x+ y c6 gia tri bang
A -1, B.-2. C. 1 D. 2.

NGUYEN THI LANH
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Hwéng dan giai ‘
D3u tién em cin kidm tra A, B ndm cling phia hay khéc phia d&i véi mit phing (Oxy).
Viza=6,Zp= -2 nén zazp< 0. Suy ra A, B nim vé 2 phia d8i véi mit phing (Oxy).
Khi d6 MA + MB nhé nh4t khi A, B, M thang hang.
Goi M(x,y,0)<(0xy).

x+1=4k x=2
A, B, M thing hang <> AM=KAB <{y-6=-12k < y=-3=>x+y=-1
~6=-8k k:_'é
4
-PapanA '
BAI TAP TU LUYEN

Cau 8: Trong khong gian Oxyz, cho ba vecto ﬁ=(1;2;3),x7:(2;2;~1),w:(4;0;—4); Toa dd
vecto X=2u+v-3w 12 |

A. (-8;6;17). B. (-8;6;-7). C. (-6;4;17). D. (-6;2;-7).

Cau 9: Trong khong gian Oxyz, cho ba vecto ﬁ=(1;0;2),\7=(—1; 2;1),\7v:(3;1;—2). Toa d6
vecto x=3u+2v-w la

A. (-2;6;10). B. (2;6;8). C. (23:6). D. (-2;3;10).

Céu 10: Trong khéng gian Oxyz, cho diém M(3;2;7). Toa do hinh chiéu ctia M 1én mit

phéng (Oxy) 1a v

A. (3;20). B. (0;0;7). € (3:0;7). D. (0;2;7).

Cau 11: Trong khdng gian Oxyz, cho diém M(~4;-3;-1). Toa d6 hinh chiéu cda M 1én mit
phéng (Oyz) Ia

A. (0;3;1). B. (0;-3;-1). C. (-4;0;0). D. (4-3;-1).

Céu 12: Trong khéng gian Oxyz, cho diém A(2;-1;~4). Toa d6 hinh chiéu cla A lén tryc Oy
A. (2;0;-4). B. (0;-1;0). C. (2-1;0). D. (0;-1;-4).

Cau 13: Trong khdong gian Oxyz, cho diém B(l;—2;—4). Toa dd hinh chiéu ctia Blén truc Oz
A. (1;-2;0). B. (0;0;-4). C. (0;0;4). D. (-1;2;0).

Cau 14: Trong khong gian Oxyz, cho vecto u c6 diém diu 1 (L-1;3) va diém cuéi la
(—2;3;5). Vecto nao duéi day cling phwong u

A. 5:—-2—?-}%12. B.b=-9i+12j—-6k. C.¢=—6i+87+4k D. &:2—7—2']#12.
Cau 15: Trong khong gian Oxyz, cho vecto U c6 diém diu (5;6;1) va diém cudi (-2;3;3).

Vecto nao dwéi day ngwoc hwémng voi u

NGUYEN THI LANH
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A. a=14i+6j—4k. B.b=-71-37—k
C.e=7t+3-k , D. d=—21i-9j+6k.
Cau16: B ba difm ndo-sau-day thing hang :
A. A, (1;3;1), B,(0;1;2), C,(0:0;1). B. A,(1;1;1), B,(—43:1), C, (-9;5:1).
C. A,(1,-1;5), B,(0;-1;6), C;(3;-1;5). D. A,(1;2;4), B,(2:5:0), C,(0;1;5).
* Cau 17: Cho hai vecto ﬁ=(1;3;5), §=(2;—4;2) . Lwa chon phwong 4n ding.
A. Goc gitra U va vIa géctil, | B.ulv.
C. 35lﬁ|=24i\7l. D. u va v 13 hai vecto cung phwong.

Cau 18: Cho vecto u=(2;1;-3). Vecto cing huéng voi ula

A a=(-8-412). B B:(L—%;;—]. C. c=(4;2;-6). D. d=(6;-3;-9).
Cau 19: Trong khong gian Oxyz, cho hai diém M(3;—5;2), N(~1;5;—4). Goi P 12 diém d6i
ximg v6i M qua diém N va Q 13 diém d6i xtng v6i diém N qua M. Goi I 1a trung diém clia
PQ. Lwa chon phwong an dung.

A. 1(0;1;-1). B. 1(2;4;-1). C. 1{1;0;-1). D. I(-1;-2;-1).
Cau 20: Cho hinh binh hanh ABCD c6 A(-3;-2;0), B(3;-3;1), C(5;0;2). Toa dd dinh D 12
A. D(-1;2;1). B. D(-1;-1;2). C. D(1;2;-1). D. D(-L;1;1).

Cau 21: Trong khéng gian Oxyz, cho hinh hop ABCD.A'B'CD’. Biét A(1;0;1), B(21;2);
D(L;-1;1), C'(45-5). ToadgdinhA'la
A. (3;5;-6). B. (3;4;-6). C. (4;6;5). D. (2;0;2).
Cau 22: Trong khﬁn,g; gian Oxyz, cho hai diém A(3;2;—5), B(1;2;-1).Piém I thufc doan
thang AB théa man [IA=2IB. Toa d6 clialla
D. (—5—;2;—7—) .
3" 3

A. (-5;27). B. (5;2;-7). C. (—E;z;zj.
373
Cau 23: Trong khong gian Oxyz, cho ba diém A(1;2;—1), B(2;1;1) , C( 1; 2;—4) . Diém M thda

man dang thirc 3MA—2MB+MC=0. Toa d ctia M Ia

A. 0;3;——(:1 . B. 0;3;?— . C. Z;3;—g . D. 4;3;2 .
2 2 2 2 2

Cau 24: Trong khong gian Oxyz, cho u=(1;2;-3), v=(—4;1;2). Lwa chon phwong 4n ding.
A [uv]=(7-109). BJuv]=(4-109). € [uv]|=(114-7). D. [0,v]=(7:109).
Cau 25: Trong khong gian Oxyz, cho vecto 5=(2\/_2— ;—1;4) .Vecto b ngwoc hwdng voi ava

c6 lBl =10. Goi (%, vy, z) la toa d6 cla b. Lira chon phwong an dang,

NGUYEN THI LANH
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A. xyz=64\/i. B.XYZ=—64-\/§. _ C.XYZ=8\/§. D.xyz=—8\/§.
Cau 26: Trong khéng gian Oxyz, cho vecto 5:(2;—1;0). Vecto b cling chiéu véi a va ch
IE.BI =10.Goi (%, v, z) la toa do6 cta b. Lwa chgn phwong an ding.

A x+y+z=-3. B. x+y+z=3. C.x+y+z=-2. D. x+y+z=2.

Cau 27: Trong hé tryc Oxyz cho tam gidc ABC véi A(-1;4;2), B(2;5;6) va C(~1;12;1). Goi
M, N, P twong ng 14 cAc trung diém ciia cic canh BC, CA, AB. Goi G 12 trong tim clia tam
gidc MNP. Lwa chon phwong an ding.

A. G(1;23). B. G(0;7;3). C. G(3;-0;3). D. G(2;1;3).

Céu 28: Trong khdng gian Oxyz, cho ba diém A(4;-1;0), B(-2;1;3), C(x;3;z). Ba diém A,
B, C thing hang thl T=x-2z c6 gi4 tri bing

A.-20. B.-14. C.-16. D. 14.
PAP AN
8 9 10 | 11 | 12 | 13 [ 14 | 15 | 16 | 17 | 18
A D A B B B C A B B C
19 | 20 | 21 | 22 | 23 | 24 | 25 | 26 | 27 | 28
C D A D A D A D B A
HUONG DAN GIAI
Ciu 8:

u=(123),v=(22-1),w=(40-4)

Gia sit x=(a;b;c). Khid6:a=2.1+2~3.4=-8;

b=22+2-3.0=6; c=23+(-1)-3.(-4) = 17

Vay ;(=(—8;6;17) . - DPipanA
Ciu 9:

u=(1,0;2),v=(-L21),w=(3;1,-2)

Gia st x=(a;b;c). Khi dé:a=3.1+2(-1) -3 = -2;

b=3.0+22-1=3;c=32+21~(-2)=10

Vay x=(~2;3;10) - Pap anD

Cau 10:
Cho diém M(X,;¥,;2,)- Toa d6 hinh chiéu cia M 1én | : .
cic mit phing toa d6 Oxy, Oxz, Oyz Ian lwotla: ) w
M, (XO;yO;O), MZ(XO,‘O,’ZO), M3(0; yo;zo). " "
Do vay toa do hinh chiéu ciia M(3;2;7)1én mit phing oL A
(Oxy) 1a (3:2,0). = e

- Pap an A

NGUYEN THI LANH
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Cau 1t:
Toa dd hinh chiéu ctia M(-4; -3; -1) 1én mit phing (Oyz) 1a M(0; -3; -1).
| -»Pap dn B
—_—A ..
Cho diém M(x,;¥,;2, )- z

Toa d% hinh chiéu ctia M 1én céc truc toa 4o
0x, Oy, Oz [an lwot 1a: ’ M

H, (%,;0;0), H,(0;y,;0), H,(0;0;z, ). . s
Do vy toa do hinh chiéu clia A(2;-1;-4) lén S T

truc Oy la: (0;—1; O)_ - Pap 4n B /}r_________\,

X

Cau 13:
Toa d6 hinh chiéu cda B(1; -2; -4) 1&n truc Oz Ia: B'(0; 0; ~4). - Pap an B
Ciu 14: .

u =(—3; 4;2) sa= (——i— 1 —}) — hai vecto U, 3 khong cling phwong — Loai A.

b =‘(—9; 12; —6) —> haivecto T, b khdng cuing phwrong — Loai B.
c=(~6;8;4)=2u— ChonC.
d :(g ;——2;1) —5 hai vecto ¥, d khong cing phwong — Loai D.
—PapanC

Cau 15:

"~ a=(14;6;-4)=-2u—>Chon A,

E=(—7,‘—3;—1) —» hai vecto @, b khdng cung phwong — Loai B.
c=(7;3; —1)—> hai vecto @, & khﬁng cling phwong — Loai C.
d= (—21;-9;6)= 3u—> hai vecto @, d cing hwémng —> Loai D.
-PapanA

Cau 16:
Em c6: A,B, =(~5;2;0),A,C, =(~10;4;0).

ViA,C, = 2.A;B, nénA,C,, A;B, cung phwrong.

= Az, By, C2 thing hang, - PapanB
Cau 17:

Viuv=2-12+10=0nén ulv > PapanB
Cau 18:

ﬁ=(2; 1;-3) . Vecto cling huwéng véi u c6 dang k., k>0.
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a =(-8—4;12) —>a=—4u.Vay a,u 1 hai vecto ngwoc hwéng.
B=(1;—%;gj vad= (6;—3;—9) khéng cling phwong véi u.

c=(42; —6)—>c=2u.Viy c,u 12 hai vecto ciing huémg.
- Pap an C
Cau 19:
Néu I la trung diém PQ thi I ciing 14 trung
diém ctia MN. ; ;
Toa dd trung diém MN 12 (1; 0; ~1) Q M N P
- PapanC
Cau 20:
Goi D(x; y; ). Em ¢6 §6=(2;3;1),E= (x+35y+2z)

B X+3y=2 x=-1
Ti¥ gidc ABCD 12 hinh binh hanh khi AD=BC<>{y+2=3 <{y=1
z=1 z=1
-PapanD
Cau 21:
Goi A'(x;y;z). Em c6 m=(x—1;y;z—1).
Theo quy tic hinh hép: AC'=AB+AD+AA' . Do viy AA'=AC —AB-AD.
Em d& dang tinh dwoc: AC' = (3;5-6), K-Ez(l;l;l), AD= (0;—1;0).
x—1=3-1-0 x=3
Suyra y=5—1—(~1) &y=5
Z—1=-6-1-0 z=-6
- Papan A
Cau 22:
Goi I(x;y;z). Em c6: ﬁ:(B—x;Z-y;—S—z), ﬁ§=(1—x;2—y;—1—z).
Diém I thudc doan thing AB théa min [A=21B khi

5
(3-x)+2(1-x)=0 X=3
[A+2[B=0< (2-y)+2(2-y)=0 <{y=2
(—5—z)+2(—1—z)=0 Z:_Z
- PapanD
Ciu 23:

Goi M(x;y;z). Em cé:
m=(1—x;2—y;—1—z), Bﬁ:(Z—X;l—y;l—z), W=(1—x;2—y;-4—z)

NGUYEN THI LANH
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- [3(1-x)-2(2-%)+(1-x)=0 x=0 -
3MA-2MB+MC=0< 3(2—y)~ (1-y)+(2—y)=0 <iy=3

- PapanA
Cau 24:
Ap dyng cong thirc tinh tich c6 hirémg clia hai vecto em cé:

CR g el

] (7:10;9) - Pap anD

Cau 25:
Do vecto b ngwoc hwéng véi anénb=k3k<0. Suy ra: 'Bi =|k”5‘ =—kl§l

Em dé dang tinh dwoc: IE’ =5va 'BI: 10(gt).
Tt d6 suy ra: k=-2 va Bz(—éh/i; 2;—8) - PapanA
Cau 26: '
Do vecto b cung chiéu véi a nén b=ka,k>0. Suy ra: F‘Bl =[k”5r = kHZ

Em d& dang tinh dwoc: lii =5 va l;ﬁ( =10(gt).

Tir d6 suy ra: k=2 va B=(4-; -2;0) - Pap anD
Cau 27:

Hai tam gidc ABC va MNP c6 cling trong tam. A
Do dé G la trong tim tam giac MNP thi cung 1a trong
tam ctia tam giac ABC.
Ap dung cong thirc tinh toa d6 trong tAim ctia tam gidc P N
ABC em sé tim dwogce G(0; 7; 3).
- PapanB B M (

Cau 28:
Pitu kién cin va dii d€ A, B, C thing hang 13 AC=KAB (*)
Em c6: AC=(x—4;4;z),AB=(-6;2;3).
x—4=-6k |x=-8
Suyra (*)<14=2k <{z=6 -DapanA
z=3k k=2
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/ Dang 2: ('ng dung cua tich vé hwéng \

Phwong phap giai: Tinh géc gitra hai dudmg thing a, b.

e Bwérc 1: Xac dinh toa d6 cac vecto u,v theo thtr tw 13 vecto chi phwong clia

duong thinga, b.

Goi o 12 géc gitra hai dwong thing a, b. Khi d6 cosa = lcos (ﬁ,;)l

| i
® Bwréc 2: Tinh cosa ==
a4 |
\- Bwéc 3: Tinh s8 do géc o J
BAI TAP MAU
= Co ban

Cau 29: Trong khéng gian Oxyz, cho G=(1;2;~3) , {7:(—4;1;2). Goi a la géc gitra hai vecto

wv. Ch-(_)n dap an dung.

—4/6

A a=60°. B. cosocz—zz—_ C. a=30°, D. cosoo=——,
Hwéng dan giai

Em hiy s dung ing dung ctia tich vé hwéng dé tinh géc gitta hai vecto: cosa = !—:ﬁ—i—{
uj.vi

Trong d6: ]E[:,/12+22+(—3)2 =14, [v|=(~4) +1*+2* =21, uv=-8.

8 46
V1421 21
Céu 30: Trong khong gian Oxyz, cho ba diém A(1;2;3),B(2;1;4),C(—1;2;5). 11a diém ndm
trong doan BC thda man IB=2IC. Khi dé d6 dai doan Al bing

A 1. B.—@. . 19. D.—@.

3 3
Huwdéng dan giai
Goi I(x; y; z). Em c6: ﬁ-—-(—l—x;Z-y;S—z), i§=(2—X;1~y;4—Z).
Piém I thudc doan thing BC théa man IB=2IC khi:

Do d6: cosa = .= DPapanD

(2-x)+2(-1-x)=0 (X=0
B+2IC=0<{(1-y)+2(2-y)=0 @<y=§
(4-2)+2(5-2z)=0 14

3

NGUYEN THI LANH
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2 2
Vay Al= \/(0—1)2 +(§—2j (1—3‘%—3) _‘/;3—5- > PapanD
v Van dung

ng@cyzchohaldlem A(31,0), B(=z4%1). MIadifm tréntrgc Oy ——
va MA=MB. Lwa chon phwong an ding,
A. M[O 11 O). B. M[ 11 ] - G M(O —E Oj D. M(OO 11)
6 "10’ 6 2
Hwéng dan giai
Em can nhé diém thudc truc Oy c6 hoanh d6 va cao d6 déu bang 0. Do vy em sé goi

toa d6 diém M 1a (0; m; 0).
Khi d6 em cé6:

MAz\/(B—O)Z +(1—m)2 +(0-0) =ym*—2m+10
MB=(~2-0) +(4-m)’ +(1-0)° =Vm’ —8m+21

1
Do MA=MB nén \/m2~2m+10 =\/m2—8m+21 <:>m=?1.

-PapanA ,
Cau 32: Trong khéng gian Oxyz, cho ba diém A(1;1;1), B(-1;1;0), C(3;1;-1). Piém M trén
miit phing (Oxz) cAch d8u A, B, C. Toa do diém M la:

A, E;0;—Z . B. —E;O;Z . C. E;0;Z \ D. ——E;O;--Z .
6 6 6 6 6 6 ' 6 6

Hwéng dan giai
Goi M(x;0;z). Khi d6 em tinh duoc:

MA=\/(X—-1)2 +1+(z—1)"; MB=\(x+1)" +1+2%; MCI\/(X—S)Z +1+(z+1)"
bitu kién M cich'déu ba diém A, B, C12: MA=MB=MC. Tir &6 em c6 hé phuwong trinh:
(x~1) +1+(z-1) =(x+1)" +1+2>  [4x+22=1 5 ‘
2 2 2 < SxX=Z
(x=3) +1+(z+1)" =(x+1) +1+7>  (Bx—22=9 6
* Nang cao
Cau 33: Cho hinh l4p phuong ABCD.A'B'C'D’ ¢6 canh bang a. Goi M, N, P 13n lwot 13 trung
di€m cla cic canh BB’, CD, A’D’. Gdc gitta hai dwdng thang MP va C'N bing
A. 300, B. 450, C. 600, D. 90o.
Hwéng dan giai

;z=—-% —Papan A

Pé st dung tng dung clia tich vé huéng cia hai vecto em can dat hinh 1ap phwrong
ABCD.A'B’C'D’ vao mot khong gian toa d Oxyz.

Em hdy don gian bai todn bang cich Ira chon hé truc toa dd d& cac dinh cla hinh lap
phwong c6 toa @6 don gian nhAt.
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Dung hé truc Oxyz (nhw hinh vé) théa min:
A=0(0;0;0),B(a;0;0);C(a;2;0);D(0;a;0),
A'(0;0;2);B'(2;0;a);C (a;25a); D’ (0;3;a).
Vi M, N, P tuwong &ng 13 trung diém cda cac
canh BB’, CD, A’D’ nén:

M a;O;i ;N 3;a;O ;P O;E;a
2 2 2
);C'Nz(—g;o;—a)
2

2 aZ

N

Mﬁz(_a,-f‘.,-
2

Tt d6 suy ra W.ﬁ=—%—+?=0. Do d6 MPLC'N.

@ Chi y: Bai tip ndy cling rat dé nhin ra dap
4n ding néu em nhuin nhuyén vé Pinh Ii 3
dwodng vudng géc.
Chi tiét 1oi gidi nhw sau:
+ Goi K 1a hinh chiéu ctia M 1én (CC’'D'D).
Khi d6 K 1a trung diém cta CC'.
+ Em sé c6 D'’K la hinh chiéu cia PM lén
(CC'D’'D) va D’KLCN nén suy ra MPLC'N.
BAI TAP TV’ LUYEN

DBDAIHOC

§Y00KS .
z
P
A" oy D
: g
; c
)}
§
M} |
Al D ¥
B -7 N
X C
—PapanD
A P D
} -
A o
!
T/
2
g
T K
]
T D
NP S . —
. N
C

Cau 34: Trong khong gian Oxyz, cho 3 vecto 5:(—1;1;0),5=(1;1;0),E=(1;1;1). Trong cac

ménh dé sau, ménh dé nao diing

A.a,b,c ddngphing. B.a+b+c=0.

C. cos(ﬁ

cl=—F.

N3

D.ac=1.

Céu 35: Trong khong gian v&i hé toa d6 Oxyz, cho diém A(2;-2;-1). P9 dai doan thdng OA
D. OA=5.
Céu 36: Trong khong gian Oxyz, cho tam gidc ABC c¢6 A(1;0;0), B(0;3;1), C(2;4;-1). Goi M

A.OA=3. B. 0A=9.

la trung diém canh BC. P dai dwong trung tuyén AM 13

C. OA=+/5.

J15

D. ——.

2

A. % B. —\/Z—g C. ——\/-;E

Cau 37: Trong khéng gian Oxyz, cho tam gidc ABC c6 A(1;1;-1), B(-2;2;-1), C(-2;5;-1).
Chu vi tam gidc ABC bang

A. 154414, B. 8+/14. C. 15++/10.

dé tam gidc MNP vudng tai N.
Am=-6. B.m=0.

NGUYEN THI LANH

C.m=-4,

D. 8++/10.

Cau 38: Trong khong gian Oxyz, cho ba diém M(2;3; 1), N(-L1;1), P(Lm-12) Tim m

D.m=2.
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Cau 39: Cho tam gidc ABC ¢6 A(1;2;-3), B(4;6;2), C(5;4;-1). S8 do goc A clia tam gidc
ABC bang bao nhiéu? | ‘ T
| A. 60°. B. 45° C. 30°. D. 90°.

 Cau 40: Trong khéng gian Oxyz, cho hai diém A(1;2;3), B(=3;=3;2) Mix diém trén trac—————
Ox va cach déu hai diém A, B. Lwa chon phwong 4n ding.
A. M(-2;0;0). B. M(1;0;0). C. M(-1;0;0). D. M(2;0;0).
Cau 41: Trong khdng gian Oxyz, cho hai diém A(3;2;3), B(-2;4;2). M 1a diém trén truc Oy
va cich dBu hai diém A, B. Lwa chon phwong an dung.
A. M(0;1;0). B. M(0;0;-1). C. M(-1;0;0). D. M(0;0;1).
Cau 42: Trong khéng gian Oxyz, cho ba diém A(1; 3; 1), B(4; 1; 0), C(2; 2; 1). Diém M trén
mit phdng (Oyz) cach déu A, B, C c6 toa dd 1a '
A.(0; 1; 5). B.(0; 1;-5). C.(0;-1;-5). D.(0; -1; 5).
Cau 43: Trong khéng gian Oxyz cho hai tir dién ABCD va A’'B'C’'DY, trong d6 toa @6 cac dinh
A(5;3;1), B(4:-1;3), C(-6;2;4), D(2,1;7), A’(6;3;-1), B'(0;2;-5), C(3;4;,1).Néu hai it

dién trén c6 cing trong tim thi toa d6 dinh D’ 1a
A. (~4;—4;~—;1). B.(-4; -4; 20). C. (4;4;—%}. D.(-1;-1; 5).

Cau 44: Trong khong gian Oxyz cho tit dién ABCD trong d6 A(2;4;-1), C(2;4;3), hai diém
B, D théaman OB =7+ 4] — k, OD = 2% + 2j — k. Chon ménh d& sai trong c4c ménh d2 sau
A. T dién ABCD c6 céc cdp canh d6i vudng géc.
B. Tt dién ABCD c6 chan dwong cao ké tir dinh A triing véi trire tam tam gidc BCD.
C.T& dién ABCD c6 céc géc dinh A bang 90¢,
D. T dién ABCD c6 cac mit déu 1a cic tam gidc vudng,
Cau 45: Trong khong gian Oxyz cho tam gidc ABC c6 A(1;2;0), B(0;-2;5), C(1;1;1). Goi
K(X; y;z) la chan dwdrng cao ctia tam giac ké tir dinh C. Biéu thirc T=x+y+z c6 gia tri bang

5
A=, B2t = D.3.

7 14 7
Cau 46: Trong khdng gian Oxyz cho tam gidc ABC ¢6 A(25-3;4), B(3;-3;11), C(-L;1;-1).
Goi H(x;y;z) la chdn dwong cao ctia tam gidc ké tix dinh A. Bi6u thirc T=x-y+z bang
A.-5. | B.3. C.7. D.5.
Cau 47: Trong khong gian Oxyz, cho tam gidc ABC c6 A(1;2;-1), B(2-1;3), C(-4;7;5).
DPwong phén giac trong clia tam gidc ABC ké tir dinh B c6 d6 dai bang

274 2,58 2,69 10
A —. B.——. C.——. D.—.

3 3 3 3

Cau 48: Trong khdng gian Oxyz, cho tam gidc ABC c6 A(3;-1;2), B(3;-1;5), C(3;1;2). Toa
d6 chan dwdmng phan gidc trong clia tam gidc ABC ké tir dinh A 1a
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A. D(B = 39) B. D(B -1; 16) C. D(—s;l;—f). D.D(3;1;16).
55 5 5 5
: PAPAN
34 35 36 37 38 39 40 41
C A A D B A C B
42 43 44 45 46 47 48
B B D D C A A
HUONG DAN GIAI
Cau 34:
Vi b= Z,b‘ \/_H \/§nencos(bc) ] “Cl - - PapanC
CAu 35:
Em c6: 0(0;0;0),A(2~2i-1) = 0A=(2;-2;~1)=>0A=/2* +(2)’ +(~1)’ =3
- PapinA
Ciu 36:

ViM la trung diém ctia BC nén M(l % O)

2
D6 dai doan thing AM 1a: AM= \/(1—1)2 +(o-9 +0? ;%

- Pap an A
Cau 37:

AB=\[(~2-1) +(2-1) +(-1+1)’ =<10; AC=(~2-1) +(5-1) +(-1+1) =5
BC=(—2+2) +(5-2) +(~1+1)} =3 ‘

Véy chu vi tam gidc ABC 1a: AB+AC+BC=8+10. - Pdp anD
Ciu 38:
Em c6 NM=(3;2;-2),NP=(2;m-2;1)

Tam gi4c MNP vudng tai N nén NMNP=0<>3.2+2.(m~2)+(~2).1=0 < m=0.
- Papan B
Cau 39:
Em c6: AB=(3;4;5);AC=(4;2;2).
AB.AC 3.4+4.2+5.2
Vi cosBAC —cos(AB AC) , ' l 4245 I =-\/—§
ABAC 314215t J@12212% 2
nén BAC = 30°. - PipinA
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Ciu 40:
Goi difém M(m;O;O) thuéc truc Ox.

_Khi d6: MA=(1=m)’ +(2-0)" +(3-0) =m’—2m+14
MB=(-3-m)’ +(-3-0) +(2—0)° =/m’ +6m+22 |
Do MA=MB nén +/m? —2m+14 =Jm? +6m+22 < m=-1
- PbapanC

Ciu 41:

Vi diém M thudc truc Oz nén M(0;0;m).
Khi dé: MIL\:\/32+22+(3—m)2 —m? —6m+22
MB=\/(—2)2 + 47 +(2—m)2 =ym?—4m+24

Do MA=MB nén \/m? —6m+22 =m* —4m+24 <>m=-1.
- Papan B

Cau 42:
Goi M(0;y;z). Khi d6

MA= [T +(3-y) +(1-2) " MB= |4 +(1-y) +2*, MC= JZ+(2-y) +(1-2)

Vi M cich déu ba difm A, B, C nén

14{3—y)4{1—zf=uf+(1—yf+zz¢${4y+22=_6¢>{y:1
2 4(2-y) +(1-z) =4 +(1-y) +2* | y+2z=-8  (2=-5

MA=MB=MC<:>{

- PapanB
~ Chii §: Véi bai tap nay cic em hoan toan c6 thé thl, chon déi véi tirng dap an.
Cau 43:
Goi D'(x;y;z) va Glatrong tAm tir dién ABCD. Toa df diém G 12

_5+4-6+2_ 5 = 3-1+42+41 5 = 1+3+4+7 _15

X _-—————-——:——' —_—__—_—! - —
¢ 4 27e 4 4’ 4 4
6+0+3+x 5
XG=~————:——
| 3 244 Lé x=-t
Vi G cling 13 trong tim ti dién A’'B’C’D’ nén YG=-—%——+—Y=Z Sqy=—4
15414z 15 (2720
ZG:————-—-=-——
| 4 4
- DbPapanB
Cau 44:

Tir gia thiét suy ra B(1; 4; -1), D(2; 2; -1). Em tinh dwoc:

NGUYEN THI LANH
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AB=(~1;0;0),AC=(0;0;4),AD=(0;-2;0)
CD=(0;2;—4),BD=(1;-2;0),BC =(1;0;4)
Em hdy chd y: Néu ménh d@é trong d4p 4n C ddng thi cAc ménh dé trong dap dn Ava
B ciing ddng do d6 chiing ta sé kiém tra tinh ding sai cia ménh d& C truée.
D& thdy AB.AC=ACAD=AD.AB=0 nén tit dién ABCD c6 cic gbc dinh A bing 90°.
Nhw vay ménh dé trong dép 4n C ding.
D& dang kifm tra dwoc tam giac BCD Kkhéng vudng vi d6 dai cic canh
CD=+/20,BD=+/5,BC=+/17 khéng théa man hé thirc Pytago.
—-DapanD
Ciu 45:
Em tinh dwoc: AB =(-1; 4;5),ﬁ=(x —1;y—2;z),f3_12= (x~Ly—-Lz-1)
Vi K12 hinh chiéu ctia C trén AB nén em c6: AB, AR cung phuong va AB1CK.

L x—-1=Kk(-1) X_l_l.yz?_.zzl_s
Suyra inE{AB@ y—2=k(—4) < 14 7 14
CK.AB=0 z =k.5 k=
~(x—-1)-4(y-1)+5(z~1)=0 14
Viyx+y+z=3
—DapanD
Cau 46:

Em cé: ]?(E#(—4;4;—12),A~ﬁ=(X—2;y+3;z—4),§ﬁ:(x,—3;y+3;z—11)

Vi H 12 hinh chiéu ctia A trén BC nén em c6: BC, BH ciing phrong va BC L AH.

x-3=—4k x=1
S BH-KBC _ |y+3=4k - y=-1
W e 0T z-11=12k 2=5

A(x-2)r4(y+3)-12(z-4)=0  [k=2

Viyx-y+z=7. »PapancC
Cau 47:

AB=(2-1) +(-1-2) +(3+1)’ =26
BC=y(~4-2) +(7+1) +(5-3) =226

Gia st D(x; y; z) 1a chan dwong phin gidc trong ké tir dinh B ctia tam giac ABC.
DA BA 1

Em c6: D ndm giita A, Cvd —=——==.Suyra 5K=—15E.
DC BC 2 2

2-11-1),31):2*/%

Tt dang thirc vecto sé tim dwoc D(-g,—g—.

- PapanA
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Can 48:
AB=[(3-3) +(—1+1) +(5-2) =3; AC=/(3-3)’ +(1+1) +(2-2)’ =2
_Gid st D(x; y; ) 1a chin dwdmg phén gidc trong ké tir dmh A ctia tam glac ABC.
DB AB 3 -

Em c6: D nim giitaB,Cvd —=-—==,Suyra a DB=~=DC.
DC AC 2 2
116
T dang thirc vecto s& tim dwoc D(3, z ; z j
- Papan A
[ Dang 3: ('ng dung ciia tich c6 hwéng } '
BAI TAP MAU
= Co ban

Cau 49: Cho ﬁ=(1;—2;3) , ‘7=(-3;—1;2) . Lwra chon phwong 4n diing.
A [uv]=(-1115). B.[wv]=(-7-13-7).
¢ [uv]=(-1-13-7). D. [ﬁ,&]:(—7;-7,—5j .

Hwéng dan giai
Ap dung cong thirc tinh tich c6 hwéng ciia hai vecto em cb:

5

Cau 50: Ba vecto ndo dwéi diy ddng phing? ‘ :
A.a=(43;4),b=(2-1,2),c=(121). B. x=(-3;1;2),y =(LL:1),z=(-221).
€. m=(L-1;1),n=(0;1;2),p=(423). D.u=(1,2-3),v=(-1,12),w=(3:43).

Hwéng dan giai
Em st dung diéu kién ba vecto ddng phang:

3 1} (-1,-11;-7) -PapanC

i

Bavecto a,b,¢ dong phing < [Q,B}E =0,

Vi dip an A.
[ab]= 34 =(10;0-10); [a,b [c=10.1+0+(~10).1=0
-1 2/ 2 -1
Do v3y ba vecto a,b,c dong phang. -PapanA

Cau 51: Trong khong gian Oxyz, cho ti dién ABCD c6 A(1;2;3),B(-2;1;-1),C(2-3;1),

D(4;1;-2). Thé tich tr dién ABCD béing
62

A.6. B.1. C.12. D. 3
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Hwéng dan giai
Em c6: AB =(—3;—1;—4),Ké=(1;—5;—2),A~ﬁ=(3;-—1;—5)

| AB,AC| U - H*Z 1”'3 :;D (-18-10;16) ; [ AB,AC |AD=-124.

Thé tich tir dién ABCD 1AV, :%][E,Ké] E] ==
- PapanD
v Van dung |
Cau 52: Trong khong gian Oxyz, cho tam gidc ABC c6 A(1;2;0),B(0;-2;5),C(L;1;1). Goi CK

1 duong cao clia tam gidc. P9 dai CK bing
83 19 1 : 3

A . B. . [—. C.——. D. .
42 21 V14 V14
Hwéng din gii
Cach 1: Tinh d6 dai dwong cao CK gidn tiép qua cong thirc dién tich tam giic

—4 5;5 1,1 —4) (1:151)
-1 1'lt o{lo

AB=(~1;-45),AC=(0;-1;1) ; [ERJ :U

Dién tich tam gic ABC 12 S, =%][A“B’, KE]’ =2

Bay gior em hay st dung gia thiét CK 1a dwdng cao clia tam gidc ABC. Vay CK c6 mdi
lién hé gi trong c6ng thitc tinh dién tich tam gidac ABC?

\/g \/— \/’g e

——CKAB———:>CK— =

2 AR \[( 1) +(~4) +5 Vis

~PipanC
Cach 2: Tinh d6 dai du'0’ng cao CK bang cong thitc tinh d6 dai doan thing
Giai bai to4n theo cich 2 em cin tim duoc toa d6 chan dwdng cao K.
Goi toa do diém K 1a (%, y, z). Em c6:
—ITB=(—1;~4;5),ﬁ=(x—1;ym2;z),fl—ﬁ=(x~1;y—1;z—1)
Vi K 12 hinh chiéu ciia C trén AB nén em c6: AB, AK ciing phuong va AB 1 CK.
x—1=Kk(-1) 1

8 15
—_D = . X= y:——,z:——-
Suy ra: AK = kAB y-2 k( 4) v - 14°7 7 14
CK.AB= 0 zZ =k.5 k:i
~(x-1)-4(y-1)+5(z-1)=0 14
Vay K(ﬁ;g;ﬁj.ﬂr d6 em tinh duoc CK::—%Z
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* Nang cao
Cau 53: Trong khéng gian Oxyz, cho ba diém khong thing hang A(0;1;1), B(-1;0;2),
C(~1;1;0). Ban kinh dwong tron ndi tiép tam gidc ABC bing

532 | | ' 2(\/—5_+\/§+\/§)
26 ’
\/_+\/_+\/, D. JE.(J5+J§+J§).

Hwdng dan giai
Goi r 12 ban kinh dwdng tron ndi ti€p tam gidc ABC, 2p la chu vi clia tam gidc do thi
S B
S =pr=r=—2

- Emcé: BA=(1;1;-1),BC=(0;1;-2),CA=(1;0;1).

=S5 =%][ﬁ,s_c’]|=l/2-g-, 2p=AB+BC+AC=+3+5+2.
__ 6
BBz
- PapinA
CAu 54: Trong khéng gian Oxyz, cho tam gidc ABC c6 A(2;1;0),B(5;0;1),C(1;-1;1). Tam
dwomg tron ngoai tiép tam gidc ABC c6 tdng toa dd bang
5

A. 3 B. 3. C. -3. D.

Suyrar=

N |~

Hwéng dan giai
Nhan xét: AB=(3;-1;1), AC=(~1;~21)=ABAC=0.
Suy ra tam giac ABC vudng & dinh A. Do vay néu diém I la tim dwong tron ngoal tiép
tam gidc ABC thi I1a trung diém cta BC.
Tir d6 em co 1[3;—%;1) vatdngtoa dd cialla % —»PapanD

Chu y: Trong trudmg hop téng quat, d€ tim toa dd tAm I cda dwong tron ngoai tiép
tam gidc ABC em cin thuyc hién cac buéc nhwr sau:
Bwdérc 1: Goitoa dd I(x; y; z)
Bwdre 2; Thiét13p cac didu kién
+1,A, B, C ddng phing < [KE,E].E =0 (1)
+] cich d8u A, B, C <IA=IB=IC (2)
Bwrée 3: Giai-hé-diéu kién thu dwgc tir-(1) va () im x;y, z
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BAI TAP T’ LUYEN
Cau 55: Cho ﬁ=(2; 0;1), x7=(—1;1;—2) . Lira chon phwong 4n dung.
A Juv]=(-1;3:2). | B.[u,v]=(1;-5;2).
¢ [uv]=(-1-3-2). D.[uv]=(-1;-5:2).

Cau 56: Trong khéng gian 0xyz, cho ba vecto 5=(——1;1;O),5=(1;1;0),E=(1; 1;1). Hinh hop
OACB.O'A'C'B' théa mian diéu kién OA =2a,0B=b,0C=c c6 thé tich bing

A.2. B. 6. G % D.

C4u 57: Trong khong gian Oxyz, cho ba diém A(2;1;-3),B(3;-2;2),C(4;0;1). Dién tich tam

SRR

giadc ABC bang bao nhiéu?
A 1\/110. B. 4/110. C. \/55. D. 1\/§§.

CAu 58: Trong khéng gian Oxyz, cho bon diém khong dong phing A(O 1;1),B(-1;0;2),
C(-1;1;0),D(2;1;-2). Thé tich t& dién ABCD bang

Al B.2. C.
2 3

Cau 59: Trong khéng gian Oxyz, cho hai vecto ;{:(—1;1;0),5:(1;1;0). Hinh binh hanh

oo

D.5.

OACB thda man didu kién OA = 3, OB = b. Dién tich ciia hinh binh hanh OACB béng

A2 B. 2. C.1. D.4.

Cau 60: Trong khéng gian Oxyz, cho ba diém A(2;0;0),B(~2;2;2),C(1;3;2). Dién tich tam
gi4dc ABC bang bao nhiéu? '

A. /140. B. _——“124 C. 1043. D. 53.

Cau 61: Trong khéng gian Oxyz, cho bén diém khong dong phing A(1;2;4),B(-1;-1;3),
C(21;2),D(1;2;-1). Thé tich t& dién ABCD béing

A1—5 B. E C.5. ' D. 15.
2 6

CAu 62: Trong khéng gian Oxyz, cho hinh binh hanh MNPQ véi M(-1;2;0),N(3;5; 1)
Q(O 1 3) Dién tich ctia hinh binh hanh MNPQ bang?

A 3_2@ g, 30 c. J50. b. 3430.

2
Cau 63: Trong khong gian Oxyz, cho tt dién SABC c6 thé tich bang 6. Biét toa d6 ctia 3 dinh
A(1;2;-3),B(0;2;—4),C(5;3;2) . Chilu cao ctia ti dién vé tir S 1a bao nhigu?

A. 643. B.8. C. 1243. D. 4.
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Can 64: Trong khong gian Oxyz, cho ba vecto dbng phang ﬁ=(1;2;3), v=(21m),

—‘A;z(Z; m;1). Lwa chon phwong 4n ding.

w; """""" A-m- C B.m‘=91—f‘am=78 D.m= 4.,

Cau 65: Cho ba vecto dong phing ﬁ:(l;O;—l), §=(3;m+2;0), _v;=(2;0;m—3). Lira chon
phwong an ding

A, m=1 hodcm=-2. B. m=1 hodc m=2.

C. m=-1 hodc m=-2. - D.m=-1hodc m=2.

Cau 66: Trong khdng gian Oxyz, cho ba diém A(2-1;-1),B(~1;1;2),C(-1;1;0). Tinh d3 dai
dwong cao AH cia tam giac ABC.

A. 2413. B, 13, C. %\/ﬁ D. V13.

2
Cau 67: Trong khong gian Oxyz, tam gidc ABC c6 A(-2;0;1),B(0;-1;1),C(0;0;-1). Diém
H(x;y;2) 12 trirc tAm tam giac ABC. Khi d6 biéu thirc T=x+2(y~z) c6 gid tri bang
A.-3. B. . c-I. p. Z.
3 3 3

Céu 68: Trong khong gian Oxyz, cho tam gidc ABC ¢6 A(2;0;2),B(2;2;0),C(0;2;2). Piém
I(x;y;z) 13 tAm dwdng tron ngoai tiép tam gidc ABC. Khi d6 T=2(x+y~z) c6 gia tri bing
Al B. . C.4 D.12.

3 3 .
Céu 69: Trong khéng gian Oxyz, cho tam gidc ABC c6 A(-2;0;1),B(0;-1; 1),C(0;0;-1).

Diém I(x;y;z)1a tim dwdng tron ngoai tiép tam gidc ABC. Khi @6 T=2x+y-z bing

A. —-5—. B. —Z. C. 2. D. -2.
3 6
DAP AN
55 56 57 58 59 60 61 62
A A A C A B B D
63 64 65 66 67 68 69
C B A D A A D
HU'O'NG DAN GIAI
Cau 55: v
Ap dung cong thitc tinh tich ¢6 hwéng ciia hai vecto em cé:
~— (o 1]{1 2]]|2 o ‘ :
[u,V}{l _zl;_z i 1)=(—1;3:2) - PapanA

Cau 56:
V6i | OA,08]=(0;0;-2),| 0A,0B |0C=-2
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Th tich khéi hop 13 v:][b?x, @].(Tc‘( =2 — DAp 4n A
Cau 57: .

Em c6: AB=(1;-3;5),AC=(2;—1;4),[ AB, AC |=(~7;6;5)

Dién tich tam gidc ABC 14 S, , 2] [ 4B Ac]‘ N 11 ~ Pap4nA

Cau 58:
Em c6: BA=(1;1;-1),BC=(0;1;-2),BD=(3;1,—4)
=|BA,BC|=(~1;2;1);[BA BC| BD=-5
Thé tich khéi tir dién ABCD bing % thé tich khéi hop nhan 3 kich thwéc 13 BA, BC,

BD nén V,,, ——[[ﬁ,ﬁé]ﬁﬁ, =§. ~ Dap 4n C
Cau 59:

Dién tich ctia hinh binh hanh OACB tinh theo céng thirc: S= )[OA OB],

Vi [ 0A,0B]=(0;0-2) nén 5=[[ 04, OB]]

- DPapan A
Ciu 60:

Dién tich tam gidc ABC 14 S,.,; ==| AB, AC |.

=

Em c6: AB=(—4;2:2),AC=(-1;3;2), | AB, AC |=(-2;6;-10).

Do dé S, =- I[AE, AC]| ——124—0
- PapanB
Cau61:

Em c6: BA=(2;3;1),BC=(3;2;-1),BD=(2;3,—4).
:>[§A—,§E]=(—5;5;——5);[§K,]§E].§B=25.
Thé tich khéi t&r dién ABCD bing % thé tich kh&i hép nhan 3 kich thwéc 1a BA, BC,

BD nén V., ——-,[ﬁ,fsﬁ]_ﬁ’ _25

- DPapanB
Ciu 62:
Dién tich ctia hinh binh hanh MNPQ tinh theo cng thitc: S= l[m M‘Q}]
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i MN:(4;3;1),T\')1?1:(1;—1;3) =] MN,MQ |=(10;-11;-7).

-PapanD T T T T e ——
Cau 63:
AB=(-1;0;-1),AC=(4;1;5)~| AB, AC |=(1;1;-1).

A e iy soo s arlol 2 [ 1V _
Dién tich tam gic ABC 1a: S_E}[AB,ACJI_Z,/PH () =2

Goi h 13 do dai dudng cao cda ti dién SABC.

&

6
Khi d6: Vg, :§Sh<:>h=§§£:—3——=12\/§.

3
2
—»Papan C
Céu 64: _
[4,v]=(2m-3;-m+6;-3), [4,V]. W=-m’ +10m -9.
Ba vecto dong phing khi [0,V].W =0<m=1vm=9.
- Papan B
Cau 65: ,
[U 7] =(m+2-3;m+2), [0, V]. W=2(m+2)+0+(m+2)(m-3)=(m+2)(m~1).

Ba vecto dong phing khi [ﬁ,ﬂ\; =0om=1vm=-2

—»Papan A

Ciu 66: .
e — —— (]2 -3 |-3 3|]3 -2
BA:(3;—2;—3),BC=(0;0;—2):[BA,BC}:[I0 Sl ol”o OD—(4,6,0).

Dién tich tam gidc ABC Ia: S, =%‘[§K,§E]l =13.

25,5 2413 J3

Vi AH Ia dwong cao cla tam gidc ABCnén S, =—;—AH.BC:>AH= R

—-Pbapan D
Cau 67: ‘
H(x; y; z) 1a trwe tim tam gidc <> AB | CH,BC L AH va AB,AC,AH ddng phing
ABCH=0
< {BCAH=0 *
| AB,AC | AH=0

FBz(Z;—l;O),Rz(Z;O;—Z), Ef=(0;1;—2),6ﬁ=(x;y;z+1),rH=(x+2;y;z—1)
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(1
X=—=
2X~y =0 3
(* e y—Zz=—2c>Jy:—§
X+2y+ z=-1
Z==
Tinh dwoc T = -3. - PapanA
Cau 68:
Em cé: AB=(0;2;-2),AC=(~2;2;0),BC=(~2;0;2)= AB=AC=BC.
Suy ra tam giac ABC déu.
s a2 TN A 5 .. 4 4 4 8
Khi d6 I 1a trong tdm cda tam gidc ABC— 1| —;—;— |, T=—..
333 3
- Pipan A
Cau 69.
I(x; y; z) 1a tAm dwong tron ngoai ti€p tam giac ABC.
IA® =1B?
< IA=IB=IC v3 AB,AC, Al dbongphing <>{IA*=IC? *)

| AB,AC]AI=0
Trong d6 AB=(2;-1;0),AC=(2;0;-2), BC=(0;1;-2),
Cl=(xy;z+1),Bl=(xy +L;z-1),Al=(x+2;y;2-1)

[ 5

(x+2) +y*+(z-1) =2 +(y+1) +(z=1) | 6

(Yo {(x+2) +y* +(z=1) =x*+y* +(z+1) <:>Jy=——%
X+2y+ z=-1 1
;kzzg

Tinh dwoc T = -2.
- PapanD _ |
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CHU PE 2: PHUONG TRINH MAT PHANG
VA PHU'ONG TRINH PUO'NG THANG
A. LI THUYET TRONG TAM
1. Phwong trinh mit phang trong khong gian
v/ Vecto phdp tuyén ctia mit phing
Trong khong gian Oxyz, cho mit phiang (P).Vecto' n=0

=B

dwoc goi 1a vecto phdp tuyén (viét tit 1a VTPT) clla mit

phéng (P)néu gié ciia né vudng gécvéi (P).

n=[a;b]

vhi gia cha hai vecto khéng ciing phwong a,b thi s
(P) nh4n [3,b] 1a mdt VIPT. SR RN

@ Chil y: Néu mit phang (P) chita (hodc song song) T" o

v/ Phwong trinh mét phéng (P)
Qua M(x,;¥,;Z,)
. - -
VTPT n=(A;B;C)#0
[A(x—xo)+B(y—y0)+C(z—zo);0 ]

Dang téng quét:@x+By+Cz+D=0 (A2+B2 +C? >O) ] l ‘

e Phwong trinh mit phing chén:ﬂ
: a c

2. Phwong trinh dwdong thing trong khéng gian
e Vector chi phwong cia dwong thing: Cho dudng

thing d, vecto u khiac 0 dwoc goi 1 vector chi =(abic)
phwong (viét tit 1a VTCP) clia d néu gia ctia n6 song — 4
song hoic trung véi d. //

QuaM(x,:y,iZ,) M (x6;y0:20)
cé:

* Dudng thing d:{VTCP ﬁ—(a-b-c)
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» Phwong trinh tham sé > Phwong trinh chinh tic

(’x=x0+at ) X=X, Y=Y, _Z=%
ly=y,+bt (teR) a b c

Y Pany
- "\bl\,u RICITabe719Y)

K‘Z:ZO +ct P

Pic biét: Phwrong trinh cac truc toa do: ’

x=t x=0 X=
» Ox: qy=0 > Oy qy=t » 0z:3y=0
z=0 z=0 z=t

3. Vi tri twong d6i gitva hai dwong thang
quaM, (x,;¥,;2, ) A quaM, (x,;,%, )
VICP:u, =(a,bic,) |VTCP:u, =(aybyic,)

Vi tri twong d6i DPiéu kién M6 ta

Cho hai dwdng thing: d, :{

di1 va d; chéo nhau [, U5].M; M, #0

u,u, [M,M, =0
d; va d, cdt nhau [1 2] v

u, #ku,

u, =ku,
M, ¢d,

d; va dz song song

{uT=kE

d: va d; tring nhau
! Z g M, ed,

Chay:
e d;vad; cling ndm trong mdt mit phang [uy, uz] M, M, =0.
e Dé&tim giao diém ciia hai dwong thing di va d; em tién hanh giai hé phwong trinh:
X, +a,t, =%, +a.t,
y,+b,t, =y, +b,t,
z, +ct, =z, +c.t,
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e Hai dwong thing di va dz cdt nhau khi va chi khi hé phwong trinh trén c6
nghiém (t;; tz) duy nhét.
= Toa d6 giao diém Ia (x, +a,t,;y, +b;t,;z, +c.t, ).
4. Vi tri twrong d6i gitra hai mit phing
Trong khéng gian vé1i hé toa dd Oxyz cho hai mit phéng:
(P): Ax+By+Cz+D=0, c6 mot VIPT n,, (Q): A'’x+B'y+Cz+D'=0¢6 mot VTPT n,

Vi tri twong d6i biéu kién Mb ta
np=(AB;C)
| g
(P), (Q) song song {]()A; ]13{];3) =k(A%B';C) / j;qz(A.iB.;cr)

-
ng=(A"B";C")

(P), (Q) tring nhau

(A;B;C)=k(A';B’;C")
D=KD'

(P), (Q) cdt nhau (A; B; G )=k(A’; B; C)

Chtt §: | (P) 1(Q) &n, Lng > A"+ BB'+CC'=0 |

5. Vi tri twong déi gitra dwong thang va mit phing
Trong khéng gian Oxyz cho:
. X=X, +at
Dudng thing d:{y=y, +bt quadidm M(x,;y,:%,) c6 VTCP u =(a;b;c).
Z=Z,+ct

M3t phing (P) c6 phwong trinh Ax+By +Cz+D=0.
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Vi tri twong d6i ; Piéu kién

d cdt (P) un=#0& Aa+Bb+Cc=0

{ﬁu} {Aa+Bb+Cc=0

d song song véi (P) M ¢(p) g Ax, +By,+Cz,+D=0

{ﬁiﬁ {Aa+Bb+Cc=0
)C>

d chita trong (P) Me(P)  |Ax,+By,+Cz+D=0

Chay:
o dl (P) oun cung phwong
< (A;B;C)=k(a;b;c)
o DE&tim toa d giao diém ciia dwdng thing d va mit phang (P) em giai hé
X=X, +at .-
y=y,+bt
Z=Z,+cCt
Ax+By+Cz+D=0

6. Cac cong thirc vé goc
= G6c gitra hai dwing thang
Dudmg thinga c6 VICP Ia a=(a,;a,;3, ).
Pudng thing b ¢6 VTCP1a b= (b,;b,sb,).

o 14 g6c gitta hai dwong thdng a vab.

la,b, +a,b, +ab,|

)‘z\/ai+a§+a§ Jo b 4B

coso =‘cos (a,b

£{a;b) = 2(a';b)
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= Gdc giiva dwong thdng va mdt phing
Puong thing d c6 VTCP ﬁ:(a;b;c).

- A LA
Mt phing (P)c6 VTPT n=(4;B;C). ’ “/:/

Cog
B1a géc gitta dwong thing d va mit phing (P). / Y i
sin :l cos (ﬁ’ﬁ)‘ _ IAa+Bb+Cc| |
\/AZ+B2+C2\/aZ+b2+C2 £(d;(P)) =B

w Géc gitra hai mdt phdang
Mit phing (P)cé VTPT n, =(A,;B,;C, ).
M3t phéng (Q)cé VTPT n, =(A,;B,;C,).
@ 1a goc giira hai m3it phing (P), (Q)

(oo} el )

JAR+B2+CE A+ BE 4 CC
7. Cac cong thirc vé khoang cach

% Cho diém M(x,;y,;2,) va mit phing (P): Ax+By +Cz+D=0.

£((P),(Q) = £(a;b)

Khedng cich tir di€ém M dén (P) dwoc xéc dinh béi cong thirc:
Ax, +By,+Cz, +D|
(1)) = B0+ oy 11
JA*+B2 +C
= Cho diém N va dwong thing d di qua M ¢6 VTCP u
Khoang cach tir diém N dén dwdng thang d xic dinh bdi cong thitc:

[
;

= Cho hai dudmg thdng A, qua diém M, va ¢6 VTCP u,, A, qua diém M, va c6 VTCP

d(N,d)=

ﬁ;, A; va A, chéo nhau. Khoang cach giita hai dwong thdng A, va A, 12
[u1'uz]M1M2

o]

d(A,.A,)=

& Chii y: Cho diém I(a;b;c).
* Khoang cach tir I dén cic mit phing toa d6:

a(1(0%) =l a(1(0x2))=Jo}: a(1,(0yz)) =

e Khoang cach tir I dén cic truc toa do:

d(L0x)=+b*+c*; d(1,0y)=va’ +c*; d(1,0z)=+a® +b?
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B. CAC DANG BAI TAP

[ Dang 1: Vi tri trong d6i cha dwong thing, mat phing trong khéng gian

BAI TAP MAU

= Co ban
Cau 1: Trong khéng gian Oxyz, cho mit phing (P): x-2y+3=0. Piém ndo sau day khéng

thudc mit phang (P)? ,
A. M(~1;1;3). B. N(1;1;2). C. P(3;3;1). D. Q(-5-11).
Huwéng dan giai
Phrong phdp chung: kiém tra diém M(XO 3o ;ZO) thudc hay khéng thudc mit phing
(P) : Ax+By+Cz+D=0 em 1am nhw sau: v ‘
e Thay Xo, Yo, Zo vao phwong trinh mit phing (P)
o Néu Axp+Byp+Czo+D=0 thi két ludn Me (P)
N&u Axo+Byo+Czo+ D0 thi két lusn M (P).
Phwong phdp gidi nhanh:
» Phwong trinh (P) c6 hé s6 clia z bang 0 vi vy em chi cin quan tAm dén hoanh
dd va tung @6 cda diém.
» Diém thudc (P) c6 2y—x=3.
Piém M c6 2. 1~(-1)=3 — Loai A.
DPiém N ¢6 2. 1~-1=1#3 — Chon B.
Diém P ¢6 2. 3-3=3 — Loai C.
Piém Q co 2.(—1)—(—5)=3 — LoaiB. - PDapanB
Céu 2: Trong khong gian Oxyz cho cac diém 0(0;0;0), A (2;3;0 ), B(0;0;-3), C(-135;21;1),

-123 11

E(-34;0;3), G(254;0;0), D[ FERE 23,0). Trong s6 cac diém trén cé bao nhiéu diém thudc

mit phiang Oxy.
A.3. B. 4. 3 C.2. D. 5.
Hwdéng dan giai
Nhitng di€ém thudc mit phing (0xy) c6 cao d6 bing 0.
Do vy c6 4 diém thudc mit phang (Oxy)1a0,A,D,G. - PiapanB

x=1+t

Cau 3: Trong khéng gian Oxyz, cho dwong thdngd: {y=—1 .Piém nao duwéi day thudc d?
y=2-t

A, M(3;2,0). B. P(2-1;1). C. N(-1;-1;4), D. Q(5:1-2).

Huwdng dan giai
Dé kiém tra diém thudc hay khong thudc dwdng thing em hay thay toa d6 diém vao
phwong trinh dwdong thing.
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Thay toa d6 M(3;2;0) vao phrong trinh dudmg thing em dwoc

3=1+t t=2

2=-1+2t 3=>Megd.
t=—

0=2-t 2

Twong ttr em ¢é P, Qed.
Thay toa d6 N (,—1;—1;4) vao phwong trinh duong thing em dworc

—1=14+¢t
—1=-1 <t=-2=Ned
4=2-t
—PapancC
Phwong phdp gidi nhanh
Em d& y rang tung d6 cac diém thudc d déu bing -1 — Loai A, D.
Thit véi hai diém N, P em c6 dwoc dap 4n dingla C.

' pBpalHOC
FFOOKS

Cau 4: Trong khéng gian Oxyz cho cic diém 0(0;0;0),A(2;1;0),B(0;1;0),C(-34;0;0),

D(E;o;_%),E(~1;0;3),G(742; 1;-47). Trong s6 c4c diém trén cé bao

truc Ox.
A.3. B.1. ~ C. 2.
Hwéng dan gidi
Nhirng diém thudc truc Ox c6 tung dd va cao 46 bang 0.
Do vay ¢6 2 diém thudc truc Ox12 0, C.
- Pap dnC ‘
Céu 5: Tim c3p dwong thing va mit phing vudng géc véi nhau?

nhiéu diém thudc

D. 4.

(x=2-4t

A Ay=3+t ;(P)idx—y-z-2=0. » B. A:X+21=y;2=Z_11;(P):y+32+7=0.
z=-1+t
(x=—t x=-1+42t

C. A:qy=1 ;(P):x+2y—4z+5=0. D. Axy=9-2t ;(P):4x+4y—2z+5=0.
z=t Z=3+t

Hwéng dan giai

Goi u, 12 mdtVTCP ciia dwong thing A, n, 1a mét VTPT cia mit phing (P).

Pidu kién: A 1(P)= u,,n, cingphuwong<> JkeR:u, =kn,.

u, =(-4L1) .
DapanA: { —u, =-n, —> Chon A.
n, = (4; —1; —1) . ‘
w,=(-23-1) ——  [A//(P
Dap an B: l_li ( )—>uA.nP=O——> /1 )~>LoaiB
nP=(0;1;3) AC(P)
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a;’z(—l’ 0;1) - - & o 2 .
bapanC: § _. —u, #kn,, Vk >A cat mdt phang (P) — Loai C.
n, =(1;2;—4)
4 r—u_A._\A:_Z’ L) - = & o 2 .
PapanD:{ ° —u, #kn,, Vk —A cit mit phéng (P)— Loai D.
n,=(44-2)
—»Papan A
x=-1+3t 5 3 1
. - + -
Cau 6: Trong khéng gian Oxyz, cho dwdng thang d:qy=-2t ; a. = > Y - z 5
z=3+t )
Chon két luin ding ‘
A.d vad’ chéo nhau. ‘ B. d va d’ citnhau.
C.d vad’ song song. D. dva d’ trung nhau.

, Hwérng dan giai
Pudmg thing d qua A(-1; 0; 3) va ¢6 VTCP a=(3;-2;1).
Pwong thdng d’ qua B(2; -3; 1) va c6 VTCP b=(-212).
Via,b khé6ng cling phuong nén d va d’ cdt nhau hodc chéo nhau—> loai C, D.
Em lai c6: )
AB= (3;—3; —2),[5,6:] =(-5;—-8;-1)
=[a,b|AB=-15+24+2=11%0

Vay d va d’ chéo nhau.

—»PapadnA
Cau 7: Cip dwdng thing nao dwdi day cat nhau? :
A x-1 y+1 z-5x+1 y+1_ z-1 B Xx_y+3 z+3 x _y_z
2 3 1 4 3 5 1~ 4 -3°-1 4 3
1 x=44+2t .
C. x—1=y+3=z+2‘_x—4:y—2:z—3‘ D__X_:X:ﬁ_; y=9—6t.
1 2 3 1 —4 =3 -1 3 2
z=5+4t

Huéng dan gidi
~ Em sir dung didu kién hai dwong thing cit nhau.
Trwéc hét em can loai b d4p 4n B va D vi hai dwdng thing c6 hai VTCP cung phuong
nén ching 1a hai dwdng thing song song hodc tring nhau.
Véi dép 4n C:

Puong thing x—1—1 = y;—?) = Z;‘Z qua diém P(1; -3; -2) va c6 VTCP 5:(1;2;3).

Puong thing XI‘* - Y_‘f - 2'3 3 qua diém Q(4; 2; 3) va c6 VTCP b=(1;—4;-3).

& b] =(6:6;,-6), PQ =(3;5;5) = 13,b]. PG 0 = a,b,PQ khong dong phing.

Do vay hai dwdmg thing chéo nhau.
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Véi dap an A:

Dudmg thing Xgl =y;“1 =ZIS qua diém M(1; -1; 5) va c6 VTCP a=(2;3;1).

Puwirng thing XZI =y;1=2;1 qua diém N(-1; -1; 1) va c6 VTCP b=(4;3;5).

[3,b] =(12-6;-6), MN =(~2;0;—4)=> [3,5]. MN =0.

Suy ra cac vecto 3, b, MN ddng phéng.
Do viy hai dwong thing cit nhau.

- Pap an A
x=-1+2t
Cau 8: Trong khdng gian Oxyz, cho dwomg thing d: {y=—3t  miit phing (P) c6 phwong
z=1-t

trinh 4x-3y+z-13=0. Toa d giao diém (né'ﬁ c6) ctia dwong thing d va mit phing (P) 1a
A. Khéng c6 giao diém. B. M(l;—3;0). C. N(—3;3;2). D. K(O;—4;1).
Hwéng dan giai
Toa dd giao diém cia dwong thing d va mit phing (P) théa man hé phwong trinh

|x=—1+2t x=-1+2t x=1
y <= Y p—g y .
z=1-t z=1-t z=0

4x-3y+z—13=0 |4(-1+2t)-3(-3t)+(1-t)-13=0 [t=1
Vdy duong thing d va mit phing (P) cat nhau tai diém duy nhit (1;-3;0).
- Papan B
Chu y: Giao diém ctia dwdng thing va m3t phing c6 toa @ théa man ca phwong trinh
duong thing d va phwong trinh mit phing (P) Vi vy cic em c6 thé thir chon cac
dap an.
Dap an A loai vi dwdng thing d khdng song song véi mit phing (P)
Dép 4n Bloai vi Ned nhung N¢ (P).
Dép 4n D loai vi Ke (P) nhung Ked.

v Van dung

X—-6 y+3 z—-1+m

Cau 9: Trong khéng gian Oxyz, cho hai dwdmg thingd,: > T
+ — m_—

d,: 52—4 = —Yg = ZZLZ Gia st véi m=myo thi hai dwong thang trén cit nhau tai diém I(a ;b ;c)
vaT=a+Db +c. Chon khing dinh ding.

A m,=2T=7. B. m,=1; T=7. €. m,=2;T=5. D. my=2T=-1
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Hwéng dan giai

: x=6+2t (x=4+4t’
Phwong trinh tham s8 ctia hai dwdmg thingd, :{y =—3-2t , d,:y=-3t
‘ Z=T-m+(m=1)t (Z==2%2t
6-+2t=4+4t' [t=-3
Xét hé phwong trinh { -3-2t =-3t’ & 4t'=—1.Heé c6 nghiém duy nhit.

1-m+(m-1)t=-2+2t" (m=2

Hai dudng thing dy, d2 cit nhau va toa dd giao diém 1a 1(0;3;-4), T=-1.
-»PapanD
* Nang cao
Xx—4m+3 y-2m-3 z-8m-7
Z2m-~1 m+1 4m+3

Cau 10: Trong khong gian Oxyz cho dwdng thing d_:

diu kién me_:{% ;—1;—%}. Véi moi m thi dwdmg thing dn Iudn nim trong mit phing cd

dinh nao?
A. x+10y+3z-6=0. B. x-10y+3z-6=0.
C. x+10y-3z-6=0. D. x-10y-3z+6=0.

Hwéng dan giai
Mit phing (P) chita dm ¢6 dang: Ax+By+Cz+D=0, VTPT céia (P) 1a n=(4;B;C).

Pudng thing dm qua A(4m-3; 2m+3; 8m+7) va ¢6 VICP u=(2m-1L;m+1;4m+3).
Ae(P
d, (P)Vm@{ =(®)

A(4m-3)+B(2m+3)+C(8m+7)+D=0
{A(Zm 1)+B(m+1)+C(4m+3)=0

Vm.
un=0

Vm..

{ m(4A+2B+8C)-3A+3B+7C+D=0
m.

m(24+B+4C)-A+B+3C=0

4A+2B+8C=0

—3A+3B+7C+D=0
= < A=1;B=10;C=-3;D=-6
2A+B+4C=0

~A+B+3C=0
- PbapanC
BAI TAP TU LUYEN :
Cau 11: Trong khong gian Oxyz, cho mit phing ((x):x+y+z—6=0. DPiém nao dwéi diy
khéng thudc (a)?

A. N(2;2;2). B. Q(3;3;0). C. P(1;2;3). D. M(1;-1;1).

NGUYEN THI LANH



HOC TOT MON TOAN LOPP 12 - HINH HOC BDOOKS

Cau 12: Trong khéng gian Oxyz, cho mit phing (P): x-2y +2z-5=0.Diém thudc (P) 1a?

A.Q(2;-1; 5). B. P(0; 0; -5). C.N(-5; 0; 0). D.M(1; 1; 6).
X=t
Cau 13: Trong khéng gian Oxyz, cho dwong thing d: {y =-1+3t. Diém thudc d 1a
y=-2t
A.M(3; 8; 6). B.P(2; 7; -4). C.N(-1; -4; -2). D. Q(5; 14; -10).
‘ X=-2+2t L !
Cau 14: Trong khong gian Oxyz, cho dudng thing d:{y=-t va d": X—_—2—=l+1—=§.
z=2+t
Chon kétlujn ding
A.dvad chéonhau. B. dvad citnhau. C.d//d. D. d=d.
Cau 15: Trong khong gian véi hé toa dd Oxyz, cho hai dwdng thang d: x+1_ yll = Z;1
vad'; X;2=y;2=z’_2.Chané'tluf_in dting |
A.dvad’ chéonhau. B.d=d. C.d va d’ citnhau. D.d//d".
Cau 16: Trong khong gian véi hé toa d§ Oxyz, cho hai dwdng thing d: x—22 = y;l =z I 1
vad': xtl_ y+63 = 2_23. Chon két luin ding.
A.dvad chéonhau. B. dvad’ citnhau. c.d /d’. D. d=d.
|x=2t
Cau 17: Trong khéng gian Oxyz, cho dudng thing d:{y=1-t va mit phéng (P) c6
' z=3+3t

phirong trinh: x+y+2z-10=0. Goi I(x,;y,;2, )12 giao diém ctia d va (P). Khing dinh nio 1a sai.

A XLy zi< 0. B.xi. 71> 0. C.x;y; Ziele D.yi1> 0.
Cau 18: Tim cip dwdong thing va mit phing song song véi nhau?
x=12+41 x=-10-3t
A Axy=9+3t ;(P):3x+4y-z—-2=0. B.Ai{y=4+4t ;(P):y+4z+17=0.
z=1+t z=1-t
x=-1 ) x=12+4t
C.A:y=t ;(P):x+4y—4z+1=0. D.Axy=9+2t ;(P):3x+y-z—-1=0.
z=t z=5+t
x=3-3t
Ciu 19: Trong khong gian véi hé toa dd Oxyz, cho dwong thdng d: 4y =—1+t va mit phing
z=2-4t

(P): x-2y +3z+23=0. Toa dd giao diém (néu c6) clia dwong thing d va mit phing (P) 1a
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A(-3;1;-6). B. B(12;-4;14). C. N(-2;-3;-9). D. Khéng c6.
Cau 20: Trong khéng gian Oxyz, tim tit ca cac gid tri thyc cla m dé duong thing

A XA y+2_z-d song song v&i mit phing (P):4x + 3y -z +m =0,

1 2 -2
A.m=11. B.m=11. C. meR. D.med.
1 +3 z—4
Cau 21: Trong khong gian voi hé toa d§ Oxyz, cho dudng thidng A: X~ y1 Z- 3 di
qua diém M(—2;m+1;n). Khi d6 gidtricia m va n 1a
A.m=-5van=7. °~ B.m=-3van=1, Cm=-1van=-5. D.m=0van=9.
x=2+t x=-1+2t"
CAu 22: Cho hai dwdngthing d:{y =2+2t va d':{y=—4+4t". Khang dinh dingla
Zz=2+—t z=5-2t'
A. dnd". B.d/d. C. dLd'. D.d=d".
Cau 23: Cho dwong thing d: x-1 =y-;2 _27 va m3t phing (a):x+3y+z-2=0. Trong
cac khang dinh sau, tim khing dinh dling
A.d/f(a). B.dc(a). C.di(a). D.d cit(a).

Cau 24: Trong khdng gian véi hé toa d) Oxyz, véi gia tri ndo cha m thi hai mdt phing
(P):2x+my+3z-5=0,(Q):nx-6y -6z-2=0 song song? -
A. m=-4; n=3. B. m=-1; n=3. C. m=-4; n=2. D. m=3; n=—4.
Cau 25: Trong khong gian Oxyz, hai mit phing (a):x—5y +mz—3m=0;
(B):x+2y+2z+3=0 vudng géc nhau khi va chi khi

2. | B. med. ¢ 2. p. L
7 2 2
Xx=2+t

CAu 26: Trong khong gian véi hé toa do Oxyz, cho dwong thing d:{y=m+2t va mit
A z=9+nt
phing (P): x+2y-z+3=0. V6igid tri ndo cham, nthi d=(P).
A.m=2; n=5. B. m=5; n=2. C. m=-2; n=-5. D. m=-5; n=-2.
Xx—6 y+2 z-3

Cau 27: Trong khdéng gian Oxyz, cho hai dwdong thang d: S Tmol
m_

x-4 y-3 z-2

d': R . V&i gid tri ndo ctia m hai dwong thing d va d’ cit nhau?
A.m=2. B. VvmeR. C. Vm=2. D. m=-2.
DAP AN
11 12 13 14 15 16 17 18 19
D D D A B C D B A
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20 21 22 23 24 25 26 27
A C D B D C A A
HUG'NG DAN GIAI
Cau 11:

Thay toa d9 c4c di€ém vao m3t phang (oc) em c6
o V61 N(2;2;2): 2+2+2-6=0=Ne(a)—> Loai
* V61 Q(3;3;0):3+3+0-6=0=>Qe(a)—> Loai
o V6i P(1;2;3):1+243-6=0=Pe(a) — Loai
V61 M(1;-1;1):1-1+1-6=-5=0=>M¢(a)
—-PapanD
Cau 12: .
Em thay toa d6 ciia tirng diém vao phwong trinh mit phing (P):
o V6iQ(2;-1;5):2-2.(-1) +5-5=4 = Q¢(P)
e V6iP(0; 0;-5):0-0-5-5=-10=> P¢(P)
* V&I N(-5; 0; 0): -5 -0 + 0 -5=-10 = N¢(P)
e V6iM(1;1;6:1-2+6-5=0 = Me(P)
—>DPap anD.
Ciu 13:
Phwong phdp gidi nhanh

Em dé& ¥ rdng cao dd cac diém thudc d déu bﬁng -2 Ian hoanh d6 diém dé — loai A, C.

Thiy véi diém P em ¢6 duge: <7=-1+3t < g —>Pgd.
—4=-2t 3

5=t

Thir véi diém Q em c6 dwoc: {14=-1+3t < t=5—-3Qed.
—-10=-2t

- PapanD

Cau 14:
Dudng thing d qua A(~2;0;2) vi ¢6 VICP a=(2;-11).
Puong théng d’ quaB(1;—1;0) va c6 VTCP b= (—2-1;3).

a,b khong cling phwong nén d va d’ cat nhau hodc chéo nhau. Em lai c6:

AB=(3-1;-2)[a,b|=(-2-8-4)
=[a,b| AB=—6+8+8=10+0
Viy d va d’ chéo nhau. -»Pipan A
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Cau 15:
Pudng thing d qua A(-1; 1; -1) va c6 VICP a= (3:1;3).
Pudng thing & qua B(Z; 2; 2) va c6 VICP B=(6;2;6).
a,b ciing phuong nén d va d song song hojc tring nhaw, ———————o .
Em lai c6: Aed'. |
Do viy hai dwdng thing d va d’ triing nhau.
- Pap an B
Cau 16:
Pudng thing d qua A(2; -1; -1) va c6 VICP a=(-2;3;1).
Dudmg théng d’ qua B(-1; -3; 3) va ¢6 VICP b=(4—6;-2).
a,b cung phirong nén d va d’ song song hodc trung nhau.
Em lai cé: Agd’.
Do viy hai dwdng thing d va d’ song song.
- PapanC
Cau17:
112 giao diém ctia d va (P) nén toa diém 113 nghiém cta hé phwong trinh: .«
x=2t
y=1-t
z=3+t
x+y+z-10=0
Giai hé em dwoc 1(6; -2; 6).
-PapanD
Cau 18: )
Trong dép 4n A va D, VTCP clia dwdng thing va VTPT cia mit phing khéng vuﬁng
goc. Do viy dwong thing A va mit phing (P) 1a cit nhau.
Pap an C:
Pudng thing A qua M(~1; 0; 0) va c6 VTCP u =(0;1; 1)

Mt phing (P) c6 VIPT n=(1;4;-4)

W {n'u =0 enAcp)
Me(P)
Pép 4n B:
DPuong thang A qua M(~10; 4; 1) va c6 VTCP ii:(—3;4;—1)
Mt phéng (P) ¢6 VTPT n=(0;1;4)

Vi {n'“:O nén A//P).

Mg (P)

- Dap anB
NGUYEN THI LANH
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Cau 19:
Toa d0 giao diém ctia dwong thing d va m3t phing (P) théa man hé phuong trinh
x=3-3t x=3-3t x=-3
y o7 o17=1
z=2-4t z=2-4t r=—6

x—2y+3z+23=0 |(3-3t)-2(-1+1)+3(2-4t)+23=0 |t=2
Vay dwdong thing d va mit phing (P) cit nhau tai diém duy nhit (-3; 1; -6).
—-PipanA
Cau 20:
A ¢61VTCPIa u=(1;-2-2); (P) c6 L VIPT Ia n=(4;3;-1).
Emcé un=4-6+2=0.
Suy raA//(P) khi M(-1;-2;1)e(P)=4(-1)+3.(-2)-1+m=0=>m#11.

—>PapanA
Cau 21:
Em c6: AeA=>A(1-t;-3+t;4-3t) 12 diém tSng quat thudc dwong thing A
1-t=-2 ‘
PEé A diqua M thi M=A= —3+t=m+1:{mj;1 - Pép anC
4-3t=n ,
Cau 22:

d ¢6 VTCP u=(1;2;~1) va diém M(2; 2; 2)ed; d’ c6 VTCP u'=(2;4;-2).
Dé& thé'yﬁ=%ﬁ; vadiém Med' =d=d".

->PapanD
Cdu 23: ‘
VTCP ctia d 1a u=(1;-1;2) v A(L; -2; 7)ed; VTPT ciia () 12 n=(1;3;1).

Vi {n.u =0 nénd ().

Ae(a)
—+PDap 4an B
Cau 24:
Mit phang (P) c6 VTPT ﬁ:z(Z;m;B), mit phing (Q)c6 VTPT ng =(n;—6;-6).
2 m_ 35 m=3 o,
(P)//(Q)@H—':g——-':g;é'z—,n?ﬁ'o@{nz_‘l-. -Pap anD

Cau 25:
Mit phiing (&) ¢6 VIPT n, =(1;-5;m); mit phing (8) c6 VIPT n, =(1;2;2).

(a)L(ﬁ)@H;.gw«::1.1+(—5)_2+m.2=0©m=% -~ Pap an C
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Cau 26:
Pudng thdng d qua M(Z;m;9) vaco VTCP a= (1; 2; n).
M3t phing (P) c6 VTPT n=(1;2;-1).

Cplath _ fan= _[traon=0_[n=s .
de(P)e a-n  Jan=0 @{ n <::>{ - Pap anA
Me(P) |2+2m-9+3=0 |(m=2 m=2

Cau 27:
Puong thing d qua A(6; -2; 3) va c6 VTCP a =(2;4;m-1).
Puimg thing d’ qua B(4; 3; 2) va ¢6 VICP b=(4-1;2).
Em c6: AB=(-25-1),[a,b |=(m+7;4m—8;-18).
| [4,6]0
[E,B] AB=
(m+7;4m-8;~18)=(0;0;0) {VmeR
-
-2(m+7)+5(4m-8)-1(-18)=0  |18m-36=0

- PapanA

Hai dworng thing d va d’ cat nhau khi va chi khi

< m=2

Dang 2: Phwong trinh mit phing
» Phwong phap 1:
Buwéc 1: Xac dinh VTPT n= (A; B;C) clia mit phing.
Bwéc 2: Xac dinh toa 30 mdt diém M(xo; yo; Zo) ndm trén mit phing.
Bwéc 3: Viét phwong trinh mit phing qua diém M va c6 mét VTPT I n
A(x-x0)+B(y-yo)+C(z-20)=0.
& Chii y: Khi em biét cAc giao diém clia m3t phang v6i cic truc toa do thi cach viét
phwong trinh mit phing don gian nhit 13 sir dung phwong trinh mat phang &-dang

doan chén.
A(a;0;0)<0x
(P) qua: B(O;b;O) €0y, abc#0= Phwong trinh cda (P): —§+%+%= 1
C(O;O;c) €0z
» Phwong phap 2:

Bwéc 1: Goi phurong trinh mat phang 1a Ax+By+Cz+D=0
Buwéc 2: Dwa vao cic dit kién dé bai, thiét 14p hé gbm 3 phwong trinh 4 4n A, B, C, D.
Buwrdc 3: Giai hé phwong trinh tim A, B, C, D.. Tl d6 ¢6 dwgc phwong trinh mit phang.
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Bai todn 2.1. Xdc dinh phwong trinh mdt phdng khi biét mét diém di qua va mét VTPT
bay 1a bai todn co ban clia dang todn x4c dinh phwong trinh ctia mit phing.
Trong bai todn ndy, phwong phép st dung thwdmg 13 Phirong phdp 1, trong dé xéac
dinh dwoc VTPT ctia mit phing 13 rit quan trong. Dwé¢i day la cach xac dinh VTPT
ctia mit phang (P) tl"ong mdt s6 trwong hop thuong gip.

Gia thiét VTPT ctia (P) M6 ta

d

P).Ld )
d c6 VTCP ﬁ:(a;b;c)_ 7 u:(a,b,C)

(P)IQ) . / h :
(Q) 6 VTPT n=(A;B;C). n=(AB;C) P

=
il
>
W

*| trung trrc cia doan thing
AB.

Mt phing (P) 12 mit phing _ 1[1 _

BAI TAP MAU
= Co ban ,
Ciu 28: Trong khdng gian Oxyz, cho difém A(2;5;1). Phuong trinh mit phing qua A va
vudng goc véi truc Ox 1a
A.y-5=0. B.x-2=0. C. y—z=0. D. z-1=0.
Huwéng din giai

Mit phéng vudng gbc véi truc Ox nhan vecto i= (1; 0; 0) 1a VTPT.

Phwong trinh mét phing cin tim 1a: 1(x-2)+0(y-5)+0(z-1)=0<> x-2=0.

- Pipan B
Phwrong phdp gidi nhanh:

Mit phéng vudng géc véi truc Ox cé dang x-x0=0, & d6 xo 12 hoanh d6 diém di qua

— chon B. :
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Téng quat: (P) 13 mit phing qua diém A(xo; yo; Zo).
v Néu (P) LOx thi phwong trinh cta (P) 1a x~x0=0.
v" Né&u (P) LOy thi phwong trinh cta (P) 1a y-ye=0.
- v Néuw(P)LOzthiphuongtrinh cha(P)laz-z=0.

Cau 29: Trong kh(“)ng gian Oxyz, cho A(3; 2; 0) va vecto ﬁ=(—1;2;1). Phuong trinh nao

dwéi day 12 phwong trinh mit phing qua difm A va nhan n 1am VTPT?
A. 2x-4y-22+1=0. B. x-2y-z+1=0. C. 2x-y+2z-4=0. D. -x+2y+z+1=0.
Huéng dan giai

Phwong trinh mit phing di qua difm A va nhan n= (-LzZ;1)1a:

-1(x-3)1+2(y-2)+(z-0)=0>—x+2y+2-1=0. - Pap an B
. -2 1 z-1
Cau 30: Trong khéng gian Oxyz, cho diém A(3; 2; 0) va dwdng thang d: X T yZ =2 E

Phirong trinh mit phing qua diém A va vudng géc véi dudng thang d 12
A. -3x+4y+z-17=0. B. 3x-4y-z-1=0. C. 3x+2y+1=0. D. 3x+2y-17=0.
Huwéng dan giai |
Duomg thing d ¢6 VICP la: u,=(-3;41). Vi mit phing vudng géc véi d nén
u, = (—3; 4; 1) 12 mot VTPT chia mét phing do.
Phwong trinh mit phing di qua diém A va vudng géc véi dudng thing d 1:
-3(x-3)+4(y-2)+(z—0)=0-3x+4y +z+1=0 A
-~ Pbap anB
Can 31: Trong khong gian Oxyz, cho diém M(-7; 3; 5) va mit phing (Q): 7x~4y+z-1=0. Goi
(P) 1a mit phing qua diém M va song song v&i mit phang (Q). Phwong trinh cfia (P) Ia

A. 7x-4y+z+56=0. B. 7x-4y+z-42=0.
C. 4x-7y+z-56=0. 4 D.-7x+4y+52~42=0.
’ Hwéng dan giai

Mt phéing (Q) c6 VTPT n=(7;-4;1)
Vi (P)//(Q) nén mit phéng (P) ciing nhan n=(7;—4;1)1a mot VTPT.
Phwong trinh mit phing (P) 1a: 7(x+7) - 4(y—3)+(i—5)=0 ST7x-4y+2+56=0.
- Pap an A
Phwong phdp gidi nhanh:
(P)//(Q) nén phwong trinh mit phang (P) c6 dang 7x-4y+z+D=0 (D=-1)-> Loai C, D
Thit M vé&i hai dap an con lai:
Pap an A: 7(-7)-4. 3+5+56=0 — Chon A.
Dép 4n B: 7(-7)~4. 3+5~42+0 — Loai B.
Cau 32: Trong khéng gian Oxyz, (P) 1a mit phang qua diém M(1; 3; -4) va song song véi
mit phang Oxz. Phwong trinh clia mit phang (P) 1a
A x-1=0. B. z+4=0. C.y-3=0. D. x-z=3.
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Hwéng dan giai
(P)//(0xz) nén mit phdng (P) nhin §= (0*1-0) 1a mot VTPT.
Phwong trinh mit phang (P) 1a: O(x—l) +(y—3)+0(z+4) 0 < y-3=0
-bipanC
Phwong phdp giai nhanh:
(P)//(0xz) nén phwong trinh mit phing (P) c6 dang y-yo=0, trong dé yo 1a tung do
diém di qua — Chon C.
Cau 33: Trong khéng gian Oxyz, cho hai diém A(1; 1; 0), B(-1; 2; 1). Phwong trinh nao duéi
day la phwrong trinh m3t phing trung trye ctia doan thing AB? ‘
A. -2x+y+z+1=0. B. 4x~-2y-2z+6=0.
C. 2x-y-z+2=0. D. -2x+y+z-1=0.
' Hwdng dan giai
Dé viét dugce phrong trinh cia mét mit phing em cn tim du 2 y&u t3 12 diém thudc
mit phiang va VTPT clia mit phing d6.
Goi (P) 12 mit phing trung tryc cia doan thang AB. Khi d6 (P) di qua trung diém I clia

doan AB va nhén AB 1am VTPT.

Toa d6 trung diém I(O;-z— ,EJ , —A_B’:(—‘Z; 1;1) . Phwrong trinh mit phang (P) la:

—2(x~0)+(y——§-)+(z—%}=,O<:>—2x+y+z—-2=0

- PapanC
Bai todn 2.2. Xdc dinh phwong trinh mat phang khi blet mét diém di qua va cdp VTCP
Pay 12 bai toan co ban ciia dang toan xac dinh phwong trinh ctia mit phing.
Trong bai todn niy, phwong phép xic dinh VTPT cia mit phing dwa vao tinh chit
cuia tich c6 hwéng clia hai vecto. Cu thé:
Néu mit phing (P) chita hoic song song véi gia clia hai vecto E;,Ez’ khéng clng
phwong thi vecto Tl = [uy, U7] 12 mét VTPT ctia mit phang (P).
Dwé1i ddy 1a cach xac dinh VTPT ctia mit phing trong mot s6 tredng hop thudng gip.
Gia thiét VTPT cia (P) - Mota
(P) qua 3 diém A, B, C khéng
thing hang.

T = [AB, AC]

y {(P)quaM
(P)=d 7 = [MN, ]
v'dquaN, c6 VTCP ﬁz(a;b;c)
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(P) od,
v < (P) od,

d //d = EAAN- ]
T = =

L I TR W |

v dy di qua M ¢6 VTCP u,
v’ dz di qua N ¢6 VTCP u,

(P) od,
v {(P)od,
d,citd,

v d; di qua M c6 VTCP u, 5 = @]
n=ju;,u;

v d, di qua N ¢6 VTCP u,

Chu y: Quan hé “chita” c6 thé
dugc thay “th€ béi quan hé
“song song” ctia (P) d6i v&i mdi

dwong ds, da.

v {(P) od
(P)L(Q)

v ddiquaMcé VTCP u’

¥ (Q) ¢6 VTPT n,

Chui y: Quan hé “chita” c6 thé
dwgc thay thé bdéi quan hé
“song song” ctia (P) d6i voi d.

np = [U,ng]

,¥m¢@>
(F)L(Q)

v (Q) ¢6 VTPT

7 = (g, i)

= |

v (R) c6 VTPT

=

BAI TAP MAU
» Co ban
Cau 34: Trong khéng gian Oxyz, goi (P) 1a mit phang di qua ba diém A(1; -2; 3), B(4; 1; 0),

C(-2; 0; 1). Phirong trinh ctia mit phang (P) 1a
A, y+z-1=0. B. x-2y+3z-1=0.

C. x-2y+3z+1=0. D. ~y-z+5=0.
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Hwoéng dan giai
Vi (P) chi¥a gia ctia hai vecto AB,AC nén vecto [Kﬁ, E] c6 gid vudng goc voi (P).
Em c6 AB=(3;3;~3),AC=(-3;2;-2). Tir d6 tinh dwoc [AB, AC] =(0;15;15).
Chon vecto n= (O; 1;1) 1a VTPT ctia (P). Phwong trinh clia mdt phang (P) 13:
0.(x~1)+1(y+2)+1(z-3)=0<y+z-1=0 - Pdp 4n A /
Cau 35: Trong khong gian Oxyz, goi (P) 12 mit phang di qﬁa diém A(1; 2; 4) va chira dwong

2 2
thang d:—z{?—)=¥—2—1 Z; Phwong trinh clia mit phing (P) 1a
A 4x42y—-z2-12=0. B. 2x+2y—z—6=0.
C. 2x+2y+z-14=0. D. 2x—4y+z-10=0.

Hwéng dan g1a1
Buo'ng thing d qua B(0; 1; -2) va c6 mdt VTCP u= ( 3;2;2).

Em c6 AB=(-1;~1;-6)=> [AB, U] =(10;20;-5).

Vi (P) chira gi4 clia hai vecto AB,u nén vecto [A—B), KC)] c6 gid vudng géc vai (P).

Chon vecto n=(2;4;-1) 13 VTPT cita (P). Phuong trinh cia mit phing (P) la:
2(x-1)+4.(y-2)-1(z-4)=02x +4y—z—6=0

- PapanB
x-2 y+1 z—-3
Cau 36: Trong khong gian Oxyz, goi (P) 1a chira duwong thing d: ) 1 5 va
vudng géc véi mat phiang (Q): y~z=0. Phwong trinh ctia mit phing (P) 1a
A 3x-y+z-8=0. B. 3x+y+z-10=0.
C. 3x-y+z-10=0. D.3x+y+z—-8=0.

Hwéng dan giai
Duong thing d qua M(2; -1; 3) va ¢6 mdt VTICP u=(~1;1;2).
Mt phing (Q) ¢6 VTPT n, =(0;1;-1).

;[FQ,G]=(3; ;1)

Phwong trinh cia mit phang (P) la:

3.(x—2)+(y+1)+(z-3)=0<=3x+y+z-8=0  —DapanD
Ciu 37: Phwong trinh nao dwéi diy 1a phwong trinh mit phing di qua diém D(—1 2;3)va
cung vudng g6c véi hai mit phiang (a):x-2=0, (B):y~z—1=0?
A x+z-2=0. B.y+z-5=0.
C. x+y-1=0. D. ~y+z-1=0.

Hwéng din giai
(@) c6 VTPT n, =(1;0;0), (B) c6 VTPT n, =(0;1;~1).

NGUYEN THI LANH
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Goi (P) 12 mit phdng théa man digu kién bai todn va n, 12 VTPT clia mit phing (P).

Do (P) vudng gbc véi ca (o) va (B) nén chon iy = [Mg, Ng] =(0;1;1).

Phwong trinh mt phang (P) la: ‘ |
TIg-2+lE=3)=0syr =0 —— —— — —

- bipanB

v v Van dung
Cau 38: Trong khong gian Oxyz, biét ring mit phing (P) chra hai duong thing

1 V. % o dz:X+1:y_1=z—3.Phwangtrinhmétphéng(P)lé

11 -2
A, 2x~y-3z-2=0. B. 4x+5y+7z-4=0.
C. 4x+5y+z+4=0. D. Khéng ton tai. !

Hwréng dan giai
Pudmg thing d; di qua Ma(1; 0; 0) va ¢6 VTCP u, =(~1;1;-1). f
Dudng thing dz di qua Ma(-1; 1; 3) va ¢6 VTCP u, =(-21;3).

Nhu vay {ui&iuzw . Suy ra dy, d; cit nhau —> ton tai mit phing (P) — Loai D.
[ w0, | MM, =0 -
Goi n 1a mot VIPT ctia mit phing (P) thi nvudng gbc véi hai vecto khong cling
phwong ajz(‘1;1,-—1) va ujz(—Z;l;B). Chon & = [i, 1;]=(4:5;:1).
Vi vay phwong trinh ctia (P) 1a:
4(x-1)+5(y-0)+(z-0)=0<>4x+5y+2-4=0.

—-bapanB
Cau 39: Trong khéng gian véi hé toa dd Oxyz, cho (¢) 1a mit phéng chtra hai dwong thing
x=12-3t | | |
d,: X;1 = Y-ZZ _zHd vada {y=t . Phirong trinh m3t phing () 1a
z=10-2t
A. 15x-11y-172z-54=0. B. 15x+11y-17z+10=0.
C. 15x-11y-17z-24=0. D. 15x+11y-17z-10=0.
-Hwdéng dan giai

Puwdng thing d; di qua Ma(1; -2; -1) va c6 VTCP G: = (3;—1;2).
Dudmg thing d, di qua Mz(12; 0; 10) va ¢6 VICP u, =(~3;1;-2).

Nhu vay H: = ~ﬁ; , Mig¢dz. Suy ra dy/da.

Chi y: Hai dwdng thing d; va dz song song nén em khéng thé 14y tich c6 hwdéng cta
hai VTCP d& tim VTPT ctia mit phing vi tich ¢6 hwéng céa hai vecto ciing phwong 12
vecto -khéng.

NGUYEN THI LANH
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Goi n 1a mét VTPT clia mit phing (o) thi n vudng gbéc véi hai vecto khéng cing
phwong u, =(3;-1;2) va M;M, =(11;2;11). Chon & = [uy, M;M]=(-15;-11;17).
Vivay phuong trinh clia (o) 1a:
-15(x-1)-11(y+2)+17(z+1)=0<15x+11y-17z-10=0.
- PapanD
* Nang cao

Céu 40: Trong khéng gian Oxyz, cho hai dwong thing chéo nhau di: §~———— va

x-1 y-2 z-1
d,: = =
1 1 2
Phwong trinh ctia mit phing (a) 1a

. Goi («) 12 m3t phang song song va cach déu hai duwong thing di, de.

A 4x-27z-1=0. B. 10x+8y+52—}2§=0.

C. 10X—8y+52—}2§=0. | D. 2X—z+%=0.
Hwéng dan giai
Dudng thing di di qua diém M(0; -2; 0) va cé VTCP u, =(2;3;4).
Duomg thing d; di qua diém N(1; 2; 1) va ¢6 VTCP u, =(1;1;2).
Vi mit phing (a) song song véi ca di, dz nén [uy, ;] =(2;0;—1) 1a mét VTPT cda ().

Mit khac, do (o) cach déu dy, dz nén trung diém I(% ;0; %) cia MN thudc (o).

Vay phuong trinh ctia (o) [a: Z(X——;—]—(Z——;—)ﬂ)@h—z——;—:& ->PapanA

Bdi todn 2.3, Xdc dinh phwong trinh mdt phdng siv dung phwong trinh dang dogn chdn
BAI TAP MAU
= Co ban
Cau 41: Trong khdng gian Oxyz, cho () 12 mit phang cit cac truc 0x, Oy, Oz theo thi¥ ty tai
A(—Z;O;O),B(O;S;O),C(O; O;—l). DPiém nio trong cic diém sau khdong thudc (o) ?

AM(-2;3; 1). B. N(6; 6; -2). C. P(4; 3; -2). D.Q)(-2; 3; -1).
Huwdéng dan giai
Phwong trinh mit phﬁhg (ABC) & dang doan chin la: —Xz— + % + il =1

VéiM(-2; 3; 1) em cd :;+§+i1=1 —>Me(a) — Loai A.

Twong ty: N(6; 6; -2) va P(4; 3; -2) déu thudc mét phing («) - loai B, C.
V6i Q(-2; 3; ~1) em cé: :§+§+:1,=3_>Q¢(a)

-PapanD

NGUYEN THI LANH
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v Vin dung

Cau 42: Trong khéng gian Oxyz, cho diém M(-1; 2; 3). Mat phang (P) di qua M cat cic truc
toa dd Ox, Oy, Oz Ian lwot tai A, B, C théa man M la trong tm cla tam gidc ABC. Phuong

A, 6x-3y-22+6=0. B. -6x+3y+2z-18=0.
C. 6x-3y+2z=0. D. 6x-3y+2z+18=0.
Hwéng dan giai
Gia st toa dé cac giao diém 1a: A(2;0;0),B(0;b;0),C(0;05¢).

M 12 trong tAm tam giac ABC nén M(g 2 gj Suy ra a=-3, b=6, c=9.

Phwong trinh dang doan chin ciia mit phing (P) la
X Y2 1o -6x+3y+22-18=0.
-3 6 9
- PapanB
* Nang cao
© Cau 43: Trong khong gian Oxyz, cho diém M(4; 3; 2). Mt phing (P) di qua M cdt cac truc
toa d6 0x, Oy, Oz Iin lwot tai A, B, C théa min M la tryc tim cla tam giac ABC. Phuong
trinh clia mit phing (P) la _
A. 3x+4y+62-4=0. B. 4x+3y+22z-29=0.
C. 3x+4y+22-28=0. D. 2x+4y+3z-26=0.
Huwéng dan giai
Chii ¥: Tt dién OABC c6 cac goc dinh O 1a goc vudng duge goi la mot tam dién vudng.
Khi d6 n6 c6 mot tinh chét: Hinh chifu ctia dinh O 1én mét (ABC) trung voi tru'c tam
tam giac ABC. Do d6 OM.L(ABC). : «

Tir 46 suy ra OM= (43; 2) 1a mot VTPT clia mét phang (P).
Do vay (P) qua M(4; 3; 2) va nhan OM=(4;3;2)1a VTPT, phwong trinh (P) la:
4(x~-4)+3(y-3)+2(z-2)=0=4x+3y+2x-29=0. ‘
->PapanB
BAI TAP T LUYEN
Cau 44: Trong khéng gian Oxyz, cho diém A(1;—-1; 0) ,B(3;4; 1). Phwong trinh clia mat
phing (P) vudng goc véi dwdng thing AB tai Ala

A, 2x+5y+z+3=0 B. 2x+5y+z-7=0. C. 4x+3y+z-1=0. D. x-y+3=0.
x=-~t
CAu 45: Trong khong gian Oxyz, cho diém A(1; 2; -3) va dudng thing d: {y=2+t
lz=—1+2t
Phirong trinh mit phing qua diém A va vudng géc v6i duong thang dla
A. —x+y+2z+3=0. B. x-2y+z+6=0.
C.x-y-2z-5=0. D. x-y+2z+7=0.

NGUYEN THI LANH



oBpalHoC |

HOQC TOT MON TOAN LOP 12 - HINH HOC #IOOKS

Cau 46: Trong khong gian Oxyz, cho A(-3; 2; 1) va vecto ﬁ:(1;2;3).Phu'0’ng trinh nao

dwéi ddy 12 phwong trinh mit phing qua difm A vi nhin n 1am VTPT?

A. -3x+2y+z-4=0. B. x+2y+372-4=0.

C. x-2y+3z+4=0. D. 3x+6y+9z-10=0.

Ciu 47: Trong khéng gian Oxyz, cho diém M(1; 3; 5) va mit phing (Q): x-4y+z-3=0. Goi (P)
12 mdt phdng qua diém M va song song véi mit phing (Q). Khi d6 phwong trinh cia mit

phéng (P) 1a
A. x+4y+7-18=0. B. x-4y+z+6=0.
C. x-3y+5z-18=0. D. ~x+4y-z-4=0.

Cau 48: Trong khéng gian Oxyz, cho hai diém A(—1;3;—3),B(—1; 1 1). Phurong trinh nio

duwéi day la phwong trinh mét phing trung triee cda doan thing AB? '

A, —x+2y-z+8=0. B, —=x+2y-5=0. C. -y+2z-5=0. D.y-2z-4=0.

Cau 49: Trong khong gian véi hé toa A6 Oxyz, (P) 1a mit phing di qua ba diém A(l;—Z; O) ,

B(3;-6;2),C(~1;2;5). Phuong trinh clia mit phing (P) 1a

A, 2x-y-4=0. B. 2x+y=0. C. x-2y+z-5=0. D. 2y+z-2=0.
. Céu 50: Phrrong trinh nao du¢i ddy 12 phwong trinh mét phing di qua diém D(1; 1; 3) va

vudng géc véi hai mit phang («): x-1=0, (B): y-z-2=0?

A, y-7+2=0. B. 3y+3z-8=0. C. y+z-4=0. D. y+z-2=0.

Cau 51: Trong khong gian Oxyz, cho diém M(-1; 2; -3). Goi M1, M, M3 lan lwot 13 diém déi

xing ctia M qua mét phang (Oxy), (Oxz), (Oyz). Phwong trinh mit phing (M:M2Ms) 13

A. 6x+2y+3z+6=0. B. 6x-2y+3z+6=0.

C. 6x-3y+2z+6=0. D. 6x-3y-2z+6=0.

Cau 52: Trong khong gian v6i hé toa d6 Oxyz, cho hai diém B(I;Z;O),C(O;Z;O) va mit

phing (a):x+y+z+1=0. Goi (8) 12 mit phing di qua hai diém B, C va vuéng géc véi ().

Phuong trinh cia mit phing (B) 1a

A, y—7+2=0. B.-y+z-2=0. oo Goy+z+2=0. - D. -y+z+2=0.

x+1 y-2 z-1
-1 5 1

va mit phing ():3x-2y+2z+3=0. Goi () 1a mit phing di qua M, song song véi dudmg

Cau 53: Trong khong gian Oxyz, cho diém M(1; -2; 0), dwéng thing d:

thdng d va vudng géc véi («). Phirong trinh cia mit phing (B) 1a

A. 7x+4y-13z+1=0. B. 7x+4y-13z-1=0.
C. 7x-4y-13z-15=0. D. 7x+4y-13z+12=0.

A . \ o +1 y-1 '
Cau 54: Trong khong gian Oxyz, cho diém A(-1; -1; 2), dwdng thing d: XTzz——:—%.

Phwong trinh mit phing di qua diém A va chira dwdng thing d 1a
A. -x-y+2z-6=0. B. x-y-z-2=0.
C. —x+y+z-2=0. D. —x-y+2z=0.
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Cau 55: Trong khéng gian Oxyz, cho hai diém E(1;3;-5),F(-2;-1;1). Phwong trinh clia
mit phing (P) di qua hai diém E, F va song song véi truc Ox 1a
A, 3y+2z+1=0. B. x+3y+2z=0.

s Cee B 2=00 o DL 34221920, ‘
Cau 56: Trong khong gian Oxyz, phwong trinh nao dwéi day 1a phuo'ng trinh mat phang dl

qua diém K(1; -1; 2) va chtra dudmng thing d: —3~—-y-£7
A, x+2y-5z+11=0. . B. —x+2y+5z-11=0,
C. -4x+2y+5z-8=0. ‘ D. 4x-2y-5z+4=0.

Cau 57: Trong khéng gian Oxyz, mit phang (P) chita hai duwdng thing cit nhau

i 2(_411 ~—2—1—=~_—Z—1— ad,: X_—; _Y=S_ Z;—g. Phuong trinh mit phing (P) 1a

A. 7x+y+5z2-6=0. B. 7x-y+5z+8=0.

C. 7x-y+5z+13=0. D. 7x+y+5z+6=0.

Ciu 58: Trong khong gian v6i hé toa d6 Oxyz, cho (a) 1a mat phing chira hai dwdng thang
x=2+2t

x y—1 z+2

d, :E=~—1—=——3~ va d,:<y=-1+t.Phwong trinh mat phang(a) 1a
z=1-3t

A. x+4y+2z=0. B. 3x-3y+z~10=0, C. x+y+z+1=0. D. x+4y+2z-6=0,

Cau 59; T rong khéng gian Oxyz, cho hai dudng thing chéo nhau di: }1( y;—Z iZ‘: va

x-1 y-2 z-1

da: T =g T Goi (o) 1a mit phing qua I(1; ~1; 1) va song song VO’l ca hai duong
thang ds, dz. Phwong trinh clia mét phang («) 12 .
A. 3x-2-2=0. B. -3x+y+4=0. C. —-3x+y+2=0. D. 3x-y-1=0.
x=1-1t
Cau 60: Trong khéng gian Oxyz, cho hai dwomg thang chéo nhau di: \y=2t va
z=3+3t
d: X +21 = y;Z = Z-ll . Goi () 12 mat phang chira d; va song song v&i dz. Phwong trinh cia
mit phang (o) 1a .
A, -11x-7y+z+2=0. B. 11x+7y-z-6=0. C. -11x~7y+z+8=0. D. 11x+7y-z-1=0.
x=1-t
Cau 61: Trong khéng gian Oxyz, cho dwongthing d: {y=2t  va mit phing
z=-1+3t

(P): x+2y+2z-2=0. Goi («) 12 mit phing chita d va vudng géc v&i mit phing (P). Phurong
trinh cla mit phang (a) 1a ,
A. X-y+z+2=0. B. x+y+z=0. C. x-y-z-2=0. D. x-y+z=0.

NGUYEN THI LANH



HQC TOT MON TOAN LOP 12 - HINH HOC BBoKE

Ciau 62: Trong khéng gian Oxyz, goi (P) 1a mit phing song song véi midt phing
(Q):x+y—22+4=0 ddng thoi cit hai truc Ox va Oz theo thit tw tai M, N sao cho M cé

hoanh d6 dwong va MN= 5. Phirong trinh clia miit phang (P) 1a

A. x+y-2z-2=0. B. x+y-2z=0. C. x+y-2z+2=0. D. 2x+y-2z+2=0.
Cau 63: Trong khong gian Oxyz, cho () 12 mit phang cit cac truc Ox, Oy, Oz theo thir tw tai
A(3;0;0),B(0;-1;0),C(0;0;~1). Pim ndo trong cic diém sau khong thudc mit phing (o)?
A. M(6; 0; 1). B. N(6; -5; 6). C.P(3;7;-1). D. Q(0; -3; 2).
Cau 64: Trong khong gian Oxyz, cho diém M(1; 2; -3). Mt phing (P) di qua M cit cAc tryc
toa d§ Ox, Oy, Oz Ian lwot tai A, B, C théa man M 1a trong tim ctia tam giac ABC. Phwong

trinh clia mit phing (P) 1a
A. 6x-3y-22=0. B. -6x~-3y+2z+18=0.
C. 6x-3y+2z-3=0. ‘ D. 6x-3y-2z-18=0.

Cau 65: Trong khong gian Oxyz, cho diém M(5; 1; 2). Mit phing (P) di qua M cit cic truc
toa d§ Ox, Oy, Oz 1an lwot tai A, B, C théa min M 13 trwc tAm cha tam gidc ABC. Phwong
trinh cia mit phing (P) 1a
A. x-3y-z=0. B. 15x+3y+6z-69=0.
C. 5x+y+2z-30=0. D. 2x-6y-22-26=0.
Cau 66: Trong khéng gian Oxyz, cho diém M(1; 2; 3). Mt phing (P) thay ddi di qua M cit
c4c tia Ox, Oy, Oz Ian luot tai A(a;0;0),B(0;b;0),C(0;0;c) théa mén thé tich V cha ti dién
OABC nho nhit. Gia tri biéu thirc T=a+b+c va V bing
A. V=27, T=18. B. V=81, T=18. C. V=27, T=14. D. V=162, T=14.
Ciu 67: Trong khdng gian Oxyz, goi (P)1a mit phing thay ddi cit cc truc toa do 0%, Oy, 0z
Ian hrot tai A(a;O;O) ,B(O;b;O) ,C(0;0;¢) théa man 2bc+4ac-ab=abc. Dt T=abc. Khi khoang
cich tir géc toa do O dén mit phang (P) 16n nhat thi ‘

9261 9261 1331

A T=-—. B. T=——. C. T=—— D. T=-1331.
4 8 2

Cau 68: Trong kh6ng gian véi hé toa do Oxyz, phwong trinh nao dwéi ddy 1a phwong trinh
mit phing di qua diém M(1; 2; -3) va ¢6 mot VTPT ﬁ=(1;—2;3) ?

A, x—2y+3z-12=0. B. x-2y-3z+6=0.

C. x-2y+3z+12=0. D. x-2y-3z-6=0.

Cau 69: Trong khéng gian véi hé toa d6 Oxyz, cho hai diém A(4;0;1) va B(-2;2;3).
Phuong trinh nio duéi day 12 phwong trinh mit phing trung tryc cia doan thang AB?

A 3x-y-z=0. B.3x+y+z-6=0.

C3x-y-z+1=0. D.6x-2y-2z-1=0.

Cau 70: Trong khong gian v&i hé toa d Oxyz, cho diém M(3 -1; 2) va mat phang( )
phuwong trinh 3x-y+2z+4=0, Phwong trinh ndo dwéi day 13 phwong trinh mit phang di qua

M va song song véi (oc) ?

E¥E NGUYEN TH] LANH
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A. 3x+y—2z-14=0. B. 3x-y+2z+6=0.
C. 3x—y+2z-14=0. ’ D. 3x—-y—-2z+6=0.
CAu 71: Trong khong gian véi hé toa d6 Oxyz, phwong trinh nao dwéi diy 1a phwong trinh

mat phing di qua diém M (3; -1; 1) va vudng géc véi dwong thang A: ;1 = szz = VIQ ?
A 3x-2y+z+12=0. B.3x+2y+z-8=0.
C.3x-2y+z-12=0. D.x-2y+3z+3=0.
: x=4 3
Cau 72: Trong khong gian véi hé toa dd Oxyz, cho hai dudng thing d,:iy=-2+t,
z=2
x—-1 y+2 z | o \ s PR
5 :T=——_—1——:E va mit phing (P): 2x + 2y -3z = 0. Phuwong trinh nao duwéi day la
phwrong trinh mit phing di qua giao di€m cia d; va (P) dong thoi vudng géc voi d;
A.2x-y+2z+22=0. B.2x-y+2z+13=0.
C.2x-y+2z-13=0. D.2x+y+2z-22=0.
DAP AN
44 45 46 47 48 49 50 51 52 53
A C B B D B C C D A
54 55 56 57 58 59 60 61 62 63
C A D B A B C D A . C
64 65 66 67 68 69 70 71 72
B C A B C A C C C
HU'GNG DAN GIAI
Ciau 44:

Mit phing (P) qua A(1; -1; 0) va c6 VTPT Kﬁ =(2; 5; 1) nén phwong trinh (P):
2(x-1)+5(y+1)+z=02x+5y+2+3=0
—-Pipan A
Cdu 45: : .
Puong thing d ¢6 VTCP 1a u,=(-11;2). Vi mit phing vuéng goc v6i d nén
u, =(~1;1;2) ciing 1a mdt VTPT céia mit phing d6.
Phuong trinh mit phéng di qua diém A va vudng goc véi dwong thing d 1a
~(X-D)+(y-2)+2(z+3)=0-x+y+22+5=0.
—PapanC
Phwong phap gidi nhanh:
Vi u, =(~1;1;2) 12 VIPT clia m3t phing nén loai B, D.
Véi hai d4p 4n A, C em thay toa d§ diém M vao tirng phwong trinh s& dwoc M thudc
mat phing: x-y-2z-5=0 - Chon C.

NGUYEN THI LANH



HOC TOT MON TOAN LOP 12 - HINH HOC TIOOKS
Cau 46:
Phwong trinh mit phing di qua diém A va nhén n= (1; 2;3) 1a:
(x+3)+2(y-2)+3(z-1)=0 < x+2y+37~4=0
—-PapanB
Ciau 47;
(PY/(Q) nén phwong trinh mit phing (P) ¢6 dang x-4y+z+D=0 (D#-3) — Loai A, C.
Thit M v6i hai d4p 4n con lai:
Pap 4n B: 1-4. 3+5+6=0 — Chon B.
Pap an D: -1+4. 3-5-420 — Loai D.
- bipanB
Cau 48:
I(~1;2;-1) 12 trung diém clia AB, E:(O;—Z; 4).
Phuwong trinh mit phing trung trirc doan thing AB la:
0(x+1)-2(y-2)+4(z+1) =0y +2z+4=0.

- PapanD

Cau 49: )
Mit phing (P) chira gia clia hai vecto AB,AC nén vecto [ATB: KE] cung phwong véi
VTPT ctia (P).

Em c6 AB=(2;—4;2),AC=(~2;4;5). Tir d6 tinh dworc [AB, AC] =(~28;-14;0).
Chon vecto n= (2; 1;0) 1A VTPT ctia (P). Phwong trinh clia mét phéng (P) la:
2(x-1)+1(y+2)+0(z-0)=0<>2x+y =0.
- PapanB
Ciau 50: :
(o) ¢6 VTPT n, =(1;0;0), () ¢6 VIPT n, =(0;1;-1).
Goi (P) 12 mit phing thoa man didu kién bai to4n va n, 1a VTPT ctia mit phing (P).
Do (P) vudng géc véi ca (o) va (B) nén chon iy =[fig, i3] =(0;1;1)
Phwong trinh mit phang (P) 1a: 1(y-1)+1(z-3)=0 <> y+z-4=0

—-PapanC
Cau 51: , ,
Em c6 M, (-1;2;3),M,(~1;-2;-3),M, (1;2;-3).
= M; M, =(0;-4—6), M; Mz =(2,0;-6), [M;M,, M; M3] =(24;-12;8).
Mgt phing (MiM:M:) di qua diém My(-1; 2; 3) c6 VTPTn=(6;-3;2)

Phwong trinh mit phing (M1M;Ms):
6(x+1)-3(y-2)+2(z-3)=0<6x-3y+2z+6=0.

- DbapanC
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Cau 52:
~ (@) c6 VTPT n, =(1;1;1), BC=(-1;0;0).

Goi n, 12 VTPT cita mit phing (B).

Do (B) vudng goc v6i () va chira B, C nén chon fig =[ng, BC]=(0;-1;1).
Phuong trinh mit phing (8) 1a: ~1(y-2)+1(z-0)=0 -y +z+2=0 - DbapanD
Cau 53:
() ¢6 VTPT 1, =(3;-21).
Buwong thang d di qua N(-1; 2; 1), ¢6 VICP ﬁ=(—1;5;1).
Goi ﬁ; 12 VTPT cta mit phing (B).
Do (B) vudng géc véi (o) va song song véi d nén chon Tig =[, 0y =(7;4;-13). A
Phuong trinh m3t phing (B) 1a: 7(x-1)+4(y +2)-13(z-0)=0 < 7x +4y-13z+1=0.
Do N(-1; 2; 1)¢(B) nén mit phéng (B): 7x+4y-13z+1=0 théa man diéu kién bai toan.
—-PapanA
Cau 54: .
Pudmg thing d di qua B(-1; 1; 0) vi c6 VTCP u=(2;3;-1); AB=(0;2;-2).
Goi (P) 12 mit phing di qua diém A va chtra dwong thing d nén VTPT n cla mit
phéng (P) vudng gbéc véi ca hai vecto 1?=(2;3;—1) va AB =(0; 2 —2).
Chon n =—L1;[n,AB] =(-11,1)
—> Phuong trinh mit phing (P): ~(x+1)+(y+1)+(z-2)=0x+y+2z-2=0.
—Pap an C ‘
Cau 55:
Truc Ox ¢6 VTCP 7=(1;0;0), EF =(-3;—4;6), [EF, 11 =(0;6;4)- )
Vi (P) di qua hai diém E, F va song song v6i truc Ox nén mét phang (P) ¢6 VTPT
n =% [EF,11=(0;3;2).
Phwrong trinh ctia mit phing (P) 1a: 3(y-3)+2(z+5)=0<>3y+2z+1=0.
—PbapanA
Cau 56:
Pudmg thing d qua J(-1; 0; 0) v c6 VTCP u=(3;1;2).
K =(-21;-2)= (K], 1] =(4;—2;——5).
Mit phdng cin tim qua K(1; -1; 2) va ¢6 VTPT n= (4;'—2;—5) 6 phwong trinh:
4(x-1)-2(y+1)-5(z-2) =0 4x -2y -52+ 4=0.
—=bapanD
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Cau 57: :
Pudng théng d1 di qua Ma(-1; 1; 0) v ¢6 VTCP u, =(1;2;-1).
Puong thing d; di qua Mz(4; 5; -9) va c6 VTCP Ez(—Z; 1;3).
Goi n 1a mot VTPT clia mit phing (P) thi n vudng goéc véi hai vecto khong clung
phwong ﬁ::(l;z;-—l) Véz=(—2;1;3). Chon T = [ug, Uz]=(7;-15).
Vi vy phwong trinh cda (P) 1a: 7(x+1)~(y~-1)+5(z-0)=0 < 7x~y +5z+8 =0.
- PipanB
Cau 58:
DPuong thdng d; di qua M(0; 1; -2) va c6 VTCP ﬁ;=(2; 1;,-3).
Dudng thing d; di qua M(2; -1; 1) va ¢6 VTCP u, =(21;-3).
Nhw vay ii':z,Mﬁédz. ‘
Suy ra di//d>.
Goi n 13 mdt VTPT ciia mit phing («) thi n vudng gbc voi hai vecto khong cling
phwong u, =(21;-3) va M;M, =(2;-2;3). Chonii = ——31 [t7, M;M,]
Vi vy phwong trinh cta (a) 1la: 1(x-0)+4(y-1)+2(z+2)=0 <> x+4y+2z=0.
- PipanA
Ciu 59; v
Puong thing d; di qua diém M(0; -2; 0) va c6 VTCP u, =(1;3; —4).

Dudmg théng d. di qua diém N(1; 2; 1) va ¢6 VTCP u, =(-2-6;1).
Vi (a) song song vGica dy, d2 nén i =—;- [ug,Uz]= (—3;1;0) 1a mét VTPT cia (o).
Viy phwong trinh clia mit phang («) 1a: -3(x-1)+(y+1)+0(z-1)=0 <> -3x+y+4=0.
- PapanB '
Cau 60:
Duwdng thing d; di qua diém M(1; 0; 3) va c6 VTCP u_;:(—l;Z;S).
Duong thing d» di qua diém N(-1; 2; 1) va c6 VTCP {1—; =(—2; 3; —1).
Mit phing (@) qua M va c6 VIPT 1 = [uy, ;] =(-11;-7;1).
Vay phwong trinh ctia mt phang («) 1a:
-11(x-1)-7(y-0)+(2z-3)=0<-11x-7y +z+8=0.
->PapanC ‘
Cau 61:
Dudng thing d di qua diém M(1; 0; -1) va ¢6 VTCP ﬁ:(—1;2; 3).
M3t phing (P) ¢6 VTPT n=(1;2;1).
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Mit phing (a) qua M va cé VIPT o = % [, 1] =(1;-1;1).

Véy phuong trinh ctia mit phing (o) 12: (x-1)-(y-0)+(z+1)=0 < x-y +z=0.
—»PapanD ' '

Cau 62:
Vi (P)//(Q) nén phwong trinh mét phing (P) 1a x+y-2z+D=0 (D = 4)

Khi d6 giao diém ctia (P) véi cac truc Ox va 0z 1a M(-D; 0; 0), N(O; O;—lzzj ,D<0

2 . '
MN =+/5 < D2+(~122) =5<D=42.ViD<0nénD =-2.

-»DapinA
Cau 63:
Phwong trinh mit phing (ABC) & dang doan chin 1a: §+—Xl~ + _ZI =1

VéiM(6; 0;2) em cd g+%+—11—=1—>Me(cx) — Loai A.

Twong tw: N(6; -5; 6) va Q(0; -3; 2) déu thudc mit phing (a) — loai B, D.
V6i P(3; 7; ~1) em c6: —§+—7—1+:%¢1—>P$(0L).

- bapanC
Cau 64:
Gia st toa d6 cac giao diém 1a: A(a;0;0),B(0;b;0),C(0;0;¢).

M la trong tdm tam giac ABC nén M(%’-g;%)' Suy ra a=3, b=6, c=-9.

Phwong trinh ciia m3t phing (P) 1a: §+%+~% =1 6x+3y-22-18=0.
- DPipanB
Cidu 65;

Tam dién vudéng OABC c6 chin dwomg vudng goc ké tir O dén mit phing (ABC) tring
v6i truc tAm tam gidc ABC. Suyra OM= (5; 1; 2) 12 mot VTPT ctia mit phéng (P).
Do vy (P) qua M(5; 1; 2) va nhan VTPT OM=(5; 1;2), phwong trinh (P) 1a:
5(x-5)y+(y-1)+2(z-2)=0 < 5x+y+22-30=0.
- PapanC
Cau 66:

Phwong trinh m3t phing (P): Xy % +Z=1.
a c

1 2 3
ViMe(P)nén —+—+—=1.
a b c
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'Em héy chu y: A, B, C thudc cic tia Ox, Oy, Oznéna, b, c déu nhan cac gia tri duwong.

Thé tich tit dién OABC: V:%OA.OB.OC =—2—[abcl =%abc.

Ap dung BPT Cauchy cho 3 s§ l,g,é em cé: 1=1+E+§233 ——6——:>abc227.6
abec a b c abc
Suyrav>27, V,, =27e+=2-3_1 3 p_6c=9
a b c 3
- Pap an A
Cau67:
Phwong trinh mit phang (P): §+%+E=1.
a c
s 2 4 -1
bé bai cho 2bc+4ac—ab:abc<:>—+g+-—:1.
a c

Nhw vay (P) lu6n di qua diém M(2; 4; -1) khong d6i.
Goi H 1a hinh chiéu ctia O 1én (P). Khi @6 OHsOM =>OH2,=OM.
Em c6 hé diéu kién

Fa_é
OM L AB OMLAB 2a—4b=0 21
OM LAC «{0M L AC o{-2a—c=0 =N b:%
2bc+4ac—ab=abc 2bc+4ac—ab=abc 2bc+4ac—-ab=abc c=—21

-PipinB
Cau 68:
Phwong trinh mét phing di qua diém M(1; 2; -3) va c6 mot VTPT n =(1; —2;3) la:
1(x-1)-2(y-2)+3(z+3)=0&x-2y +32+12=0. —>PapanC
Cau 69:
Goi (P) 12 mit phing trung tryc cia doan thing AB. Toa dd trung diém I ciia AB la:

XI:XA+XB =4—2=1; 1=YA+YB =O+2=1;ZI=ZA+ZB =1+3 =2
2 2 2 2 2 2
=1(11;2)
M3t phing trung tryc cia doan thing AB 1a mit phing di B
qualvinhin AB=(-6;2;2) lam VTPT.
in
=(P):—6(x—-1)+2(y—1)+2(z-2)=0 hay 3x—y-z=0. :
- Pap an A
A
Cau 70:

Goi (P) 12 mit phing can tim ¢6 VTPT i::
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Vi (P)/(c) nén n, =n_ =(3;-1;2)

Véy phwong trinh mit phing (P) qua M(3;-1;2) va c6 VTPT n,=(3-12)1a

CHUYEN PE 3: PHUONG PHAP TOA PO TRONG KHONG GIAN

Cau 71:
x-1_y+2 z-3
"3 )

A

c6 VTCP 1 u=(3;-2;1)

o(A——:o)—(y ‘l‘l)‘f’L(L;u) =0hay-3x=y+2z=14=0—>-Pap-anc€

Mit phing cin tim di qua M va vudng géc v6i dwdng thang A nén nhan ﬁ=(3;—2;1)

"Jam VTPT. Phwong trinh mit phing 1a:
3(x-3)-2(y+1)+1(z-1)=0c3x-2y+z-12=0.

—>PapanC
Cau 72:
" Goi A1a giao diém ctia d; va (P) nén toa d6 cia A théa man hé
x=1+3ti x=1+3t . t=1
y=—2+t & = o=t = A(4-1;2)
z=2 z=2 y=-1

2x + 2y =3z =0 |2(1+3t)+2(-2+t)-3.2=0 |z=2

Mit phing cin tim di qua A(4; -1; 2) vudng géc véi dz nén nhan VICP cta d: Ia

u(2;-1;2) 1am VTPT.

Phwong trinh mit phng1a: 2(x - 4) - (y + 1) + 2(z - 2) = 0 = 2x—y +2z—-13=0.

—Papan C

/ Dang 3: Phwong trinh dwdng thiang
Phwong phap giai:
Buwéc 1: Xac dinh VTCP ﬁ:(a;b;c) clia duwdng thiang.
Bwérc 2: Xac dinh toa d6 mot diém M(Xo; yo; Zo) thudc dwdng thing.
Bwdc 3: Viét phwong trinh dwdng thing qua diém M va c6 mot VTCP u
X=X, -+at
y=y,+bt  (teR)

Z=Z,+ct

. X-X - z
Hoic: oY Yo_

T

~% (trong trwdmg hop abc#0)
c

\

/
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Bdai todn 3.1. Xdc dinh phwong trinh dwong thang biét mét diém di qua va VICP
Piy la dang bai tip co ban ctia bai todn x4c dinh phwong trinh dwdong thing.
Véi bai toan nay em can xac dinh dwgc VTCP ciia dwdng thing dwa vao gia thiét clia
bai ra. Dwéi diy 1a cach xac dinh VTCP ciia dwong thing trong mét s8 tredng hop
thuong gdp
Gia thiét VTCP ctia d Mo ta

d//A u=(a;b;c) s
v" A c6 VTCP az(a;b;c) -

="

/{dquaM , .

Y {d qua M ) M(xo;y0;20)
d1(Q) n=(4A;B;C)

v (Q) ¢6 VTPT n=(A;B;C)

dqua M -
v _
{d qua N u=MN
BAI TAP MAU
= Co ban

Cau 73: Trong khong gian Oxyz, cho diém A(1; -3; 2) va vecto ﬁ=(3;2;—1) . Phwong trinh

tham s6 ctia dwong thing d di qua Avanhan u 1amét VICP 1a

A x—3:y—2=z+1- N B. X-1=y+3=Z—2-
1 -3 2 3 2 -1
x=1+3t x=3+1t

C.{y=-3+2t. D.{y=2-3t .
Zz=2—t ' zZ=-1+2t

Huwéng dan gidi
Véi bai tap nay em chi Can nhé chinh x4c cong thitc va thay s6 vao ding vi tri 1a em
c6 ngay dap an dang.

qua M(x,;7,i7) X=X, +at =%, [+|at
d: ST M ly—oy o 4bt (teR)e 1y =|y,|+bt|(teR)
co’ 1 VTCP u=(a;b;c)
Z=17Z,+ct . Z=|Z, |+ Ct

€
M(xo,yo,z0 u=(a;b;c)
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x=1+3t
Phwong trinh tham s8 cia dwong thang d la: y =-3+2t (t IS ]R)
z=2-t

- Pap an C
: @ Chii §: Sai 1am hay méc phai 13 thay nhim vi trf ctia hai bd 8 (Xo; yo; zo) va (a; b; ).
Cau 74: Trong khéng gian Oxyz, cho d la dwong thdng di qua hai diém
A(0;2,5),B(1;4;-2). Phwong trinh clia dwong théng d 1a

x=1+t x=1 x=t x=t
A Jy=3+2t. B.{y=2+2t . c. {y=2+6t. D. Y =2+2t.
z=3-7t z=-7+5t z=5+3t z=5-7t

Hwéng dan giai

Vi A, B thudc dwdng thang d nén E:—-(l;Z;—7) B ‘
13 mot VTCP cda dwong thing d. /
Xx=t

Phwong trinh cliadla: <y =2+2t
z=5-7t

d

—PapanD
A n . s s 2 +1 3
Cau 75: Trong khong gian Oxyz cho diém I(1; 4; -3) va dwong thang A ;52_:%:_2%_
Phwong trinh dwong thing d di qua I va song song véi Ala
x+1 y+4 z-3

A. = = . B.

1 4 3 2 4 1
x-1 y-4 z+3 D x-1 y-4 z+3
2 4 17 2 -4 1

Hwéng dan giai

Buodmg thing A c6 VICP u=(2;4;1)

Puong thing d song song véi A nén d cling / ‘

nhan vecto u= (2;4;1)1am mot VTCP. /‘1/A

Mit khac I(1; 4; -3) thudc d nén duwong

thang d ¢6 phwong trinh:

x-1 y-4 z+3
2 4 1
—>Papan C

Ciu 76: Trong khong gian Oxyz cho diém A(5;-1;3). Phrong trinh dwdng thang d di qua A
va song song voi truc Oy la

x=5t x=5 x=5+t x=5
A Jy=1-t. B. {y=1-t. C. sy=-1. D. Jy=-1+t.
z=3t z=3 z=3+1t 7=3
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Hwéng dan giai
Tryc Oy ¢6 VTCP j=(0;1;0). Vi d//Oy nén d nhan vecto j=(0;1;0)1am mot VTCP.

Mit khac A(5;-1;3) € d nén dwong thing d d
x=5

c6 phwong trinh: <y =-1+t. : A oy
z=3 o

- PipanD j

Cau 77: Trong khoéng gian Oxyz, goi d 1a dudng thdng di qua diém A(2; 1; 5) va vudng géc
v6i mdt phang (P): x+y-2z+3=0. Phwong trinh dwdng thing d 1

x=2+t x=-2-t x=2+t x=1-t
A qy=1-t. B.{y=-1-t. C.iy=1+t. D.{y=2-t.
Z=5+2t z=-5+2t z=5-2t Z=3+2t
Hwéng dan giai
Mt phing (P) ¢6 VTPT n=(1,1;-2). Iy d
Vi du'(‘)'n§ thing d vudng géc véi mit phing T A
(P)nén n =(1,' 1; —2) 13 mdt VTCP cia d.

Xx=2+t

Phwong trinh dwong thingd 1a: {y=1+t .
z=5-2t

—PapanC
Bai todn 3.2. Xdc dinh phwong trinh dwong thang biét mét diém di qua va cdp vecto
vudng goc '
Trong bai todn nay, phwong phép xic dinh VTCP clia dwong thang dya vao tinh chat
clia tich c6 huémg cta hai vecto. Cu thé: N&u dwong thing d vudng gdc véi gia ciia hai
vecto khong cing phwong ﬁ:,u_; thi vecto = [u7, 03] 12 mét VTCP ctia d.
Duwéi ddy 1a cach xac dinh VTCP cta dwdng thing trong mét vai trudng hop em

thwong gap.
Gia thiét VICP. cilad Mo ta
d
d quaM
v idLlA,
d _J._ AZ ﬁ’ —_ [u—:{) 1—1;]
v A1 c6 VTCP u,
v A, ¢6 VTCP u,
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dquaM
v 1d//(P)
d//(Q)
v (P)c6 VTPT n, | u=[np,ng]

v (Q) ¢6 VTPT n,
Chu y: Gia thiét d//(P), d//(Q) cb thé
dwoc thay thé béi d=(P), d=(Q).

dquaM
v d//(P)
dlA
v Ac6 VTCP u, U = [y, np]

v (P) ¢6 VTPT n,
"(Chu y: Gia thiét d//(P) c6 thé dwoc thay

thé béi d=(P).
BAI TAP MAU
w Co ban
x=2+t
~ g b - Y & 1 y 2 Z 2
Cau 78: Cho diém M(4; -1; 1) va hai dwong thang d1 1 2 do: {y=1-2t.
z=1
Phuong trinh dudng thing A qua diém M va vudng géc v6i ca hai dwong thang di, dz1a
A x—4:y+1=z—1. B. X _ y+3 z+6
-4 2 -7 -4 -2 7
C. x—4:y+1:z—1. D. x+4=y+5:z—3_
2 1 2 4 2 7

Hwéng dan giai
Hai dwdmng thing di, dz c6 VTCP theo thir tw 13 1, =(3;1;-2),u, =(1;-20)
ViAldivaAld; nénd = [6;, 0] =(~4;-2—7) lamdt VTCP chia A — Loai A, C.

Thay M(4; -1; 1) vao phwong trinh dwdng thing trong cac dap &n B, D:
4 -1+3 1+6

Pap an B: :I= = —_—7 (théa man).
4+4 -1+5
Pap anD: ) 5 1 3 (l ai) - PapanB

Cau 79: Trong khong gian Oxyz, cho diém A(1; 1; -2) va hai mit phing (P): 3x-y+1=0,
(Q): x-2z-3=0. Phwong trinh dwong th3ng d qua diém A dong thoi song song véi ca hai mat
phéng (P), (Q) 1a
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X=2+t x=1+2t x=1+2t x=2+t
A {y=-6+t, B. Jy=1+6t. C. \y=1-6t. D. {y=6+t.
z=1-2t Z=-2+t z=—2+t z=1-2t

Hwdéng dan giai
Mt phiing (P) c6 VIPT n, =(3;~1;0), miit phing (Q) c6 VTPT ng =(1;0;—2).
= [0, 0g] =(2:6;1).
Puodng thing d cin tim ¢ mét VTCP 1a: T = ﬁl?,ﬁ{_l :(2; 6; 1).
x=1+2t
Vi A(1; 1; -2) ed nén phwong trinh ctia dwong thing d 1a: {y=1+6t. - Pip 4nB
z=—2+t
v Van dung
Cau 80: Trong khong gian Oxyz, cho diém M(2; ~1; 1), mit phing (P): x+z-2=0 va dwdng
x-1 y z-2

thang A: RS Durong thing nao dudi ddy qua diém M, song song véi mit phing
(P) d6ng thoi vudng géc véi dudng thing A?
x=-1-t x=2+t X=2+t ' x=2+3t
A. {y=8+3t. B. yy=-1-t. C. {y=-1+t. D. <y=-9t .
Zz=4+t Zz=1-t : z=1+t zZ=-3t

Hwdéng dan giai
Dudmng thing A ¢6 VICP Ia u, =(1;1;-2), m3t phing (P) c6 VTPT n=(1;0;1).
Dudng thing cin tim ¢6 mdt VTCP 1: ¥ = [iiz, K] =(1;-3;-1) — loai B, C.
Thay M(2; -1; 1) vao phwong trinh dwong thing trong cac dap an A, D:

j 2=-1-t
Déap an A: {-1=8+3t < t=-3(thda man).
(1=4+t
(2=2+3t
Dap 4n D: { —1=-9t (vd nghiém).
(1=-3t
- PipanA
, * Ndng cao
Cau 81: Trong khéng gian Oxyz, cho mit phing (P): x-2y+z-2=0 va dwong thing
x=t
A:{y=4+3t. Puong thing d nim trong mit phing (P) dong thori vudng géc véi dudng
z=( ’

thing A tai giao diém I ctia (P) va A. Phuong trinh dwong thing d 13

NGUYEN THI LANH



| @aﬁ"a'reg CHUYEN DE 3: PHI'ONG PHAP TQA PO TRONG KHONG GIAN

x=-2-3t x=1+t x=1-3t x=1-3t
A {y=-2+t . B. <y=1+t. ©C. qy=-3+t. D. {y=-3+t.

z=0 z=3+_t Z=5+5t z=-5+5t

ué’—ngdﬁnfg\iéi\r
Dudmng thing A ¢6 VICP 1 u, =(1;3;0).

Mt phing (P) c6 VTPT n=(1;-2;1).
Duong thing cin tim c6 mét VTCP 1a: T = [ug, W] =(3;-1;-5)— loai A, B.
Toa d6 giao diém I ciia dwdng thing A va mit phing (P) thda min hé phwong trinh:

X=t ‘ X=t X=—2

—4+3t =4+3t =2

y ! =1 T 51 (~2-2:0)
Z:O Z=0 Z:O

x-2y+z-2=0 (t-2(4+3t)-2=0 |t=-2
Thay toa dd I(-2; -2; 0) vio phwong trinh dwomg thing trong cac d4p 4n G D.

-2=1-3t —2=1-3t

Pap an C: ~2=~3+t{:>{tzi1 (loai); DapanD: {—2=-3+t<t=1(thdéamin)
0=5+5t 0=-5+5t

- PapanD

Bdi todn 3. 3. Xdc dinh phwong trinh dwdng thdng cé lién quan dén giao diém
Trong bai toan nay n€u em ap dyng don thuin phwong phap giai chung thi sé gip
khé khin va mit thoi gian.
Sau day 13 mot s6 trwong hop dién hinh ma em sé gip khi lam bai tap, hdy nghién
ctru Ki phirong phap va linh hoat vin dung cho c4c bai trong tw em nhé!

Bai toan Minh hoa Phwong phap

Cach1
= B1: Tham sé héa giao diém A, B.
= B2: S dung diéu kién cung

phwong dé tim tga d6 diém A:

A, B, M thing hang —> AM =kBM
= B3: Viét phwong trinh dwong

Xac dinh phwong
trinh dwdng thing d

biét: thing qua M va c6 VTCP AM
{d qua M Cach2
dcitA vaA, » B1: Viét phwong trinh mit phing
(P) chtra A1 vaqua M.

= B2: Timtoado B=(P)N4,.

* B3: Viét phuwong trinh dwong
thing qua hai diém M va B.
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X4c dinh phuwong
trinh dwdmng thang d

cBpaoc
FIOOKS
Cach1

B1: Tham s6 héa giao diém A, B.

B2: S dung diéu kién cung

phwong dé& tim toa 36 diém A:
d//A— AB=ku

B3: Viét phwong trinh dwdng

thing qua A va c6 VTCP u

biét:

d //A
dcdtA, va A,

Cach 2

B1: Viét phwong trinh mit phang
(P) chivta A; va song song (hodc
chitta) A.

B2: Tim toa db B:(P)r\Az.

B3: Viét phwong trinh dwong
thing qua diém B va song song
voiA.

Xac dinh phwong
trinh dwong thang d
biét:

{d_L(P)

dcitAva A,

Cach1

B1: Tham s8 héa giao diém A, B.

B2: St dung diéu kién cung

phwrong dé tim toa do diém A:
dL(P)—>AB=kn

B3: Viét phwong trinh duong

thing qua A va c6 VTCP n

Cdch 2

B1: Viét phwong trinh mit phing
(Q) chira A; va vudng gbc vdi (P).
B2: Tim toa d6 B=(Q)NA,.

B3: Viét phwong trinh dwdng
thing qua diém B va vudng goéc
véi (P).

Xac dinh phwong
trinh dwomng thing d
biét:

dquaM

dcat A,

d LA,

Cach1
B1: Tham s6 héa giao diém A.
B2: St dung diéu kién vudng gbc
dé tim toa do diém A:

dlA;—> mﬁ: =0
B3: Vi€t phwong trinh dwong
thing qua A, M.
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SSDAIHOC
FIOOKS

Cach 2
= B1: Viét phirong trinh mit phing
(P) qua M vudng gbc voi A;.

=B2: Timtoado-A=(P)~ AL
» B3: Viét phwong trinh dwong

thdng qua diém A, M.

Xac dinh phwong
trinh dwong thing d
biét:

d quaM

dcit A,

d//(P)

Cach 1

B1: Tham s& héa giao diém A. .

B2: Sir dung diéu kién song song -

dé tim toa do diém A:
d//(P)—>AMn=0

B3: Viét phwong trinh duwong

thing qua A, M.

=

Cach 2

B1: Viét phwong trinh mit phing
(Q qua M song song voi mat
phang (P).

B2: Tim toa dd A=(Q)mA1 .

B3: Viét phwong trinh dwong
thing qua diém A, M.

Xac dinh phwong
trinh dwong thiang d
biét:

v'd 1a dwong vudng
géc chung cla A,
Ay

v A1 ¢6 VTCP U,

v' A1 ¢6 VTCP u,

A
-
w‘ Ve
q\\AI
A
u -

Cach1 .

B1: Tham s6 héa giao diém A, B

B2: Tim toa d9 U= [u;,u;] la

VTCP ctiad

B3: Sir dung diéu kién cung

phwong dé tim toa d6 diém A, B:
AB=ku :

B4: Viét phwong trinh dwong

thing qua A, c6 VTCP u

Cach 2

B1: Viét phirong trinh mit phing
(P) chita A; c6 cip VTCP u, va
U = [uy, 1]

B2: Tim toa d6 A= (P)r\A1 .

B3: Viét phuwong trinh duong
thing qua difm Ac6 VICP u.
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BAI TAP MAU
= Corban
Ciu 82: Trong khéng gian v6i hé toa dé Oxyz, cho hai duong thing chéo nhau
x=2+t x=2+2t'
d,:{y=-1+t, d,:sy=4-t' .Phwong trinh dwomng vudng gbc chung ctia d; va dz 1a
z=1+1% Z=—2+t'
A x—2=y+1:z—1_ : B. x—2=y—4:z—2'
-2 - 3 1 1 -1
C. x—4:y—1=z—3. D. x—4=y—1=z—3.
3 -2 -1 2 1 -3
; Hwdng dan giai
Hai dwdng thing di, d» c6 VTCP theo tht tw la A
u“1:(1;1;1),E2:(2;—1;1). < w‘ 31
Goi A 1a dwdmg thang vudng géc chung ctia hai 4,
dwdng thang di, d, va cit ching theo thi tu tai A, B. A ‘
Em cé: u - !
uz |
A(2+t; -1+t 1+t), B(2+2t]; 4-t; -2+t'), B
— d>
AB=(2t'-t;5—t'-t;-3+t'-t). =

i = [u7,0;] =(21-3).

Vi A vudng gbc véi ca dy, dz nén u 13 VTCP cia A,
-t 5-t'—t_ -3+t-t

E,ﬁ 14 hai vecto cling phwong nén 1 3 St=t'=2,
=A(4 1; 3).
. -4 y-1 z-3
Phwong trinh dwédng thang A: X '=y1 =2 3
—»PapanD
v Van dung ‘
x=t
A o . \ 2 x-1 y-1 =z
Cau 85: Trong khong gian Oxyz, cho ba dwong thang A: {y=3-t, di: 2 =T
z=1 '
x+1_y_z ; \ P foA s % 5
ds: 1 = 2 :—E . Phuong trinh dwdng thing A’ song song véi A va catcady, dz1a
x=5-t x=—3-t X=-3+t x=5+1t
A jy=3+t . B.{y=—1+t, Ciy=-1-t. D.{y=3-t.
z=-2-t z=2+t zZ=2 Z=—2
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Huwéng dan giai » A
- Gi& sit Andi=A, Adz=B. Em c6:
A(1+2t;1+t;—t), B(—1+k;2k;~2k)vé
AB=(—2+k—2t-1+2k—t—2K+t).
Dudmg thing A ¢6 VTCP u=(1;~1;0).
A /N u,AB ciing phwong
—2+k-2t=m  [k=-1
&= 1+2k-t=—m>t=-2
2k +t=0 m=1

Vay A qua A(-3; -1; 2) va ¢6 VICP u=(1-10).

y

x=-3+t
Phuong trinh dwong thing A'la {y=—1-t.
z=2
- bapanC
Cach khac: Vi A’//A nén trong phwong trinh tham s6 clia duwdng thing A’ phai ¢6 z=C,
C1a hing s6 — Loai d4p 4n A, B.
Vé&i hai phwong 4n con lai em c6 thé loai D bing cach kiém tra dieu kién A’ cat dy, do.

Cau 86: Trong khong gian v&i hé toa d6 Oxyz, cho hai dwdng thing di: XIZ =X%1—=§,
x+1 y_z , . . 5 s 2 " L
d, :—2—=I = va mat phang (P): x—z+1=0. Phwong trinh dwdmng thang A vubng goc voi
(P)vacitcidds,dz 12
x=-1+t x=1+t x=1+t x=1+t
A y=0 . B. qy=0 . C.yy=-t . D.<{y=0
Z=—{ Z=—t Z=— z=-2—t

Hwéng dan giﬁi
Gia st A" di=A, A d2=B. Em cé:
A(2+t;1+t;2t),B(—1+2k;k;—k)

AB=(-3+2k-t;-1+k—t;—k~2t).
Mit phing (P) ¢6 VTPTn=(10;-1).

—3+2k—-t=m (k=0
AJ.(P)@n,Kﬁ cung phwvong << —1+k—t=0 ‘©<t=-1
—k—2t=-m m=—

Vay dudmg thing A qua B(~1;0;0) va c6 VTCP n=(1;0;-1)
NGUYEN THI LANH
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FPY00KS
X==1+t
Phuong trinh dwomg thdngAld <y=0 - PipanA
Z=—t

Cau 87: Trong khong gian v6i hé toa d§ Oxyz, cho mit phang (P): -y+z-4=0 va dwdong
x=1

thing A:{y=2t . Dudng thing d di qua diém M(-1; 2; 1) song song v&i mit phing (P)
Z=2-t

déng thoi cit dwong thing A. Phirong trinh dwdng thing d 13

X=—2—t x=-1-2¢ x=1-t - x=—1
A Jy=2t . B. <y=2 . C. qy=2 . ~ D. {y=2+t.
z=t z=1 z=1 z=1-t

Huwéng dan giai
Mit phing (P) ¢6 VTPT n #(O;—l;l).

A
d M A

Goi A=dnA— A(1; 2t 2-t), AM=(-2;2-2t;-1+t).
Vid//(P) nén n.AM=0
©3t-3=0<>t=1=>AM=(-2;0;0)

x=-1-2t
Phwong trinh d:{y =2 - PipanB
z=1

8 - . B A»,*Nﬁng Cao

Cau 88: Trong khdng gian Oxyz cho A(-1; 0; 2), mit phing (P): 2x-y-z+3=0, didng thing

d: X-3 =y—2=z—6
2 4 1

cho AC+2AB=0 13

- Phwong trinh dwong thing d’ di qua A, citd tai B va cit (P) tai C sao

x=9-t x=-1+10t x=—-1+9t x=—1+18t
A Jy=0 . B.<{y=8t . C.qy=12t . D.sy=24t
13 Z=2+9t Zz=4+13t Z=2+13t
Z=—2—+2t

Hwoéng dan giai
ViB thudc duong thang d nén B(3+2t; 2+4t; 6+t).
Gia st C(xc; yc; zc). Em c6:
KE:(XC +1,y.;2, —2),E=(4+2t;2+4t;4+t)
X +1+2(4+2t)=0 X, =—4t—9
AC+2AB=0 1y +2(2+4t)=0 <y =-8t—4
2,-2+2(4+t)=0 |z =-2t-6
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ViCe(P) nén 2(—4t—9)—(—8t—4)—(—2t—6)+3=0<:>t=%.

Chon 2AB=(18;24;13)1a mdt VTCP ctia &

x=—1+18t
— Phuong trinh d’ 1a: {y =24t
z=2+13t
- PapanD
BAI TAP TU LUYEN

Cau 89: Trong khong gian Oxyz, cho diém M(1; 2; 3). Goi My, Mz lén lwot 13 hinh chiéu
vudng géc ctia M trén cac truc Ox, Oy. Mot VTCP cta dudng thang MiMz la

A. u=(1;2;0) B. u=(10;0) cou=(-1,20) D. u=(0;2;0)

Cau 90: Trong khéng gian v6i hé toa d6 Oxyz, cho dudng thdng A di qua diém M(Z; 0; —1)
va c6 VTCP a=(4;—6;2). Phiong trinh tham s6 clia A 1a

x=4+2t X=2+4t Xx=-2+4t Xx=—2+2t
A Jy=—6 . B. jy=-6t . C. jy=-6t . D.{y=-3t
z=2—-t z=—1+2t z=1+2t z=1+t

Cau 91: Trong khong gian véi hé toa dd Oxyz, cho hai diém A(1;2;—3) ,B(l;—4; 1). Phwong
trinh dwong thing d di qua hai difm A, B1a

x=1 (x=1 (x=1+t (x=1-t

A jy=2-6t . B. {y=-3-3t. C.{y=-1-6t. D.{y=4+3t.
z=-3+4t z=-7+2t z=—1+4t - |z=1-2t

Cau 92: Phwong trinh dwdng thing di qua A(3; -2; 4) va song song v&i truc Oy c6 dang
x=3 (x=3 x=3 (x=3+t

A Jy=-2+t. B.<y=-2 . C.iy=-2. D.{y=-2 .
z=4 z=4+t Iz=4 z=4

~ A . . \ N 2 X_l y 3—Z
C4u 93: Trong khéng gian Oxyz, cho diém I(-1; 2; -3) va dwong thang A: T:_Z =1

Phuong trinh dudng thang d di qua I va song song véiAla _
x-1 y+2 z-3 x+1 y-2 z+3

A, - B.
2 -2 1 2 2 1
C. X—1=y+2=z—3. D. X+1=y—2=z+3_
2 -2 -1 2 -2 1

Cau 94: Trong khong gian véi hé toa dd Oxyz, cho ba diém A(0;-1;3),B(1;0;1) va
C(-1;1;2) . Phuong trinh ndo dwéi day 13 phwong trinh chinh tic cla dwong thing di qua A

va song song v&i dwdng thing BC
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X=—2t

A Jy=—1+t. B. x-2y+z=0.
z=3+t

c. X_y+l_z-3 p X1 y_z-1
-2 1 1 2 1 1 °

Cau 95: Trong khéng gian vé&i hé toa @ Oxyz, cho diém A(1;-2;3) va hai mit phéng
(P):x+y+z+1=0,(Q):x~y+2z~2=0. Phuwong trinh no dwéi day 14 phwong trinh dwing
thing di qua A, song song véi (P) va (Q)

X=—1+t x=-1 x=1+2t x=1+t
A Sy=2 . B.<y=2 . Ciy=-2 . D.Jjy=-2 .
z=-3-t z=3-2t z=3+2t z=3-t
Cau 96: Cho hai diém A(1;-2-3),B(~1;4;1) va dudmg thing d:X’IZ:Y—f:Z; 3
Phuong trinh cla dwong thdng di qua trung diém clia doan thing AB va song song véi d 1a
x_y-1 1 z+1 B X_y-2 2 z+2
11 2 1 -1 2
C x_y-1 z+1 D x=1 y-1 z+1
1 1 2 1 1 2

Cau 97: Trong khéng gian Oxyz, cho dudng thang d di qua diém A(-2; 1; 0) va vudng goc
véi mit phing (P): x+2y-2z+1=0. Phirong trinh dwong thing d 1a

Xx=2~-t X=—2+t
A {y=-1-2¢t. ' B.ly=1+2t.
Z?Zt zZ=-2t

O | Xx=1-2t
X2yl _z - D.ly=2+t .
1 2 -2
zZ==2

Cau 98: Trong khong gian véi hé toa d§ Oxyz, cho dwong thang d di qua diém A(2; -3; -1)
va vudng géc véi mit phang (P): 2x+3y+z-1=0. Tim toa d6 giao diém ctia d v&i Ox

A.(1; 0; 0). B.(0; 0;-1). C.(4; 0; 0). D. (0; 0; 4).

Cau 99: Trong khong gian Oxyz, goi dwomng thing A 12 giao tuyén clia hai mit phang
(P):x-2y-3=0, (Q):y-3z+2=0. Phurong trinh dudng thing A la

x=-1+t x=-1+2t x=-1+6t x=-1-6t
A Jy=4-3t. B.{y=-2+t . C.iy=-2+3t. D.{y=-2-3t.
Z=2-t z=t z=t z=1-t

Cau 100: Trong khong gian Oxyz, goi dudmg thing A 14 giao tuyén cta hai mit phing
(P):3x+y-22-14=0,(Q): x-y+5z+22=0. Phwong trinh dwong thing A 13
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x=1+3t x=4+3t x=1+3t Xx=1+3t
A Jy=3+17¢t. B. {y=-4-17¢t. C {y=3+17t. D.{y=3-17t.
zZ=4-4t z=3-4t Z=-4—4t z=—4—4t

fx=t
, dyiqy=1-2t.

\z:O

x-1_y+2 z-2
11 2

Cau 101: Cho diém M(2; -1; 1) va hai dwong thang d, :

Phwong trinh duwdng thing A qua di€ém M va vudng goc véi cd hai dwong thing dy, dz 12
X—Z:y+1=z—1 B. x+2:y—1:z+1
—4 -2 1 4 2 -1
x-2_y+1_z-1 D. x+4_y+2_z-1 ‘
—4 2 1 2 -1 1
x=-1+t x=—2-t
Cau 102: Cho diém M(0; 6; 6) va hai dwong thing A, :<y=2-2t, A,: ly=1+2t’. Puong

A.

C.

z=3+t zZ=3

thang A di qua M va cit ca hai dwdng thing A4, Az c6 phwong trinh
x=t x=0 x=0 x=0
A. yy=6+3t. B. Jy=6+3t. CJy=6-3t. D.{y=3t
z=6 z=6—t 7=6+t Zz=4+t
x-2 y-1 z-3
1

z

Cau 103: Trong khoéng gian Oxyz, cho ba duwong thingd,:

x=1+2t
,A:{y=3—t .GoiA’'1a duwdng thing song song vdi A va cat ca dy, da.
z=1-4¢t

d, :x—3 :y+2 =z—1
1 2 -2
Diém nao trong s6 nhitng diém sau thudc A’
A.Q(5; -3;-3). B. P(6; -1; -5). C.N(-8-4;23).  D.M(12;~4; -17).
Cau 104: Trong khéng gian Oxyz, cho mit phing (P): y+2z=0 va hai dwong thing
(x=1-t X=2-t'
d,:{y=t , d,:{y=4+2t". Pudng thing A nim trong mit phing (P) va cit ca hai dudmng
z=4t z=1
thing ds, dz c6 phwong trinh 13
_522_—_223_1__ Bgzy V4 c. X y—2 z+1 x-1 y z

o e el D z

4 2 1 a2 1 6 2 1 141
Cau 105: Trong khong gian Oxyz, cho mit phing (P): 2x-y+7z-5=0 va hai duwdng thing c6
y+4 _z-3 Cdy: x-1 =y+3 =z—4

1 2 1 -5
mit phang (P) va cit c4 hai dudmg thing d1, dz c6 phwong trinh 12

. buomng thing A vuéng gbéc voi

phwong trinh di: -)f:
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A X——3:y+4=z—9. B. §:y—4:z—3
-2 1 -7 3 2 6
C. x—1:y+3=z—2. . £=y+4:z-3
2 -1 7 -3 2 -6
Cau 106: Trong khong gian Oxyz, cho mit phing (P): x-y+2z-4=0 vi dudng thing
x=1-t
A:yy=4+2t. Dudong thang d di qua diém M(1; 1; 1) song song véi mit phing (P) dong
Z=—t
tho1i cit dwdng thing A. Phwrong trinh dudng thing d 1a
X==2+t x=1+t
A. y:—z——t B. y:1+t
z=1 z=3
X=—2-t x=1-t
Cy=-2-t. D. Jy=1+t.
z=1 z=1
x=3+t X=2+2t'
Cau 107: Cho hai duong thing chéo nhau d, :1y=-1-t, d,:{y=4—t' .Phwong trinh
Z=4+t z=—3+4t'
duwdng vudng géc chung cia d; va d; 1a
A x~4=y—3:z+1- B. X—2=y~3=z—1_
3 1 -1 : 1 2 3
C. x—4=y—3=z—1. D. x—1=y+1=z—1-
3 2 -1 3 2 -1
x=2+3t
Cau 108: Trong khong gian véi hé toa d6 Oxyz, cho hai duong thing d:qy=-3+t va
- . S 7=4-2t
d': 5;—4 = X{—l =iz . Phuwong trinh nao dwéi day 1a phwong trinh dwong thing thudc mit
phang chira d va &', dong theri cAch d8u hai dwdng thing d6
A X-3 y+2 z-2 B X+3 y+2 z+2
3 1 -2 , 3 1 -2
cX-3_y-2 z+2 D x-3 y-2 z-2
3 1 -2 3 1 =2

C4u 109: Trong khéng gian Oxyz, cho hai diém A(1; -1; 2), B(-1; 2; 3) va dudng thing

d:xll =YIZ - Z; . Tim diém M(z; b; ¢) thude d sao cho MA? + MB? =28, biét ¢ < 0.

A M(-1;-3;-3) B. M(2;3;3) C. M(%%;_;EJ D. M(%,. :éZ ; -?Zj
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Cau 110: Trong khéng gian véi hé toa d6 Oxyz, cho diém M(-1; 1; 3) va hai duwong thang
Kol _y+3 2=l po X1 ¥ _Z Phwong trinh nao duwéi day 13 phwong trinh

A: =2 =2
3 2 1 1 3 -2

dudng tnéng*amufwtvmggmui JAFAN
x=-1-t X=- x=—1-t x=—1-t

Ady=1+t . B. jy=1+t. Cqy=1-t . D.Jy=1+t .
z=1+3t z=3+t z=3+t z=3+t

Cau 111: Trong khéng gian Oxyz, phwong trinh nao dwéi day 1a phwong trinh clia duong
thing di qua diém A(2; 3; 0) va vudng gbc v6i mit phing (P): x +3y-z+5=0

x=1+3t x=1+t x=1+t x=1+3t
AJy=3t . B.<y=3t . C.qy=1+3t. D.<{y=3t
z=1-t z=1-t z=1-t , z=1+t
- DPAPAN
89 | 90 | 91 | 92 [ 93 | 94 | 95 | 96 | 97 | 98 | 99 | 100
C B A A B C D C B C C D
101 | 102 | 103 | 104 | 105 | 106 | 107 | 108 | 109 | 110 | 111
A D D B C C C A C D B
HU'O'NG DAN GIAI
Cau 89:

Em c6: M1, M. [3n lwot 13 hinh chi&u vudng géc ciia M trén cac tryc 0x, Oy
=> M, :(1;0;0); M, :(0;2;0); m:(—l;Z;O)
—>PbapanC V
Cau 90:
Phwong trinh tham s ctia dwong thing A qua M(2; 0; -1) va c6 VTCP 5:(4; —6;2) 1a:

X=2+4t

y=-6t (teR)->DapanB

z=—1+2t

Cau 91: ' o
Vi A B ed nén em c6 AB=(0;-6;4) 1a mot VTCP B d
ctia dwdng thing d. Pwong thing d qua A(L; 2; -3) A//
v x=1 :
nén cé phwongtrinh 13: {y=2—-6t —PapanA
z=-3+4t

Phwong phdp gidi nhanh
= xp=xp=1— xm=1védi moi Med — Loai C, D.
*  Kiém tra A, B c6 thudc dwdng thing trong dap an A, B.

NGUYEN THI LANH
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% Chu y: trong dap an A, dwong thing di qua diém A nén em chi cin kiém tra diém B théa
man phwong trinh— chon A.

Cau 92:
Do d//Oy nén d qua A nhin VTCP fz (0; 1;0) ctia Oy lam VTCP.
x=3
Vay phwong trinh dla: sy=-2+t—Papan A
z=4
Ciu 93:
Dudng thang A c6 VTCP u= (2; —2;—1)

Vi d//A nén em c6 d ciing nhan vecto u=(2;~2;~1)14m mot VTCP.

Mit khc I(~1; 2; ~3) € d nén phwong trinh d: X4+ = y—zz =z +13 .
- PapanB
Cau 94:
Puwdng thing di qua A va song song v6i BC nhan BC= (—2; 1;1) lam mét VTCP.
= Phwong trinh chinh tic ctia dwong thing 1a: —% =—y—1i =Z—I§. - PapanC
- Cau 95:
Mt phing (P),(Q) c6 VTPT lan lwot 1 n, =(1,1;1);n, =(1,-1;1)

Goi d 12 dwdng thing cin im vA u 1A mot VICP cliad

{d/ /(P) 3{‘1“1 Chon (1:%[@@]:(1:0;—1)

d//(Q) |uLn,
x=1+¢t
Phwong trinh tham s6 ctia d qua A(l; —2:3) c6 VTCP ﬁ=(1;0;1) la: qy=-2
z=3-t
-»PapanD '
Cau 96:
Goi u 12 VTCP céia dwdng théng d’ cin tim
Goi I(x;;y,;2,) 12 trung diém clia AB.
x, =XA +Xq =_:_]‘_:_]_‘= ;Y =y_Aiy_B:ﬂ=1; z, =ZA +Zg = -3+1 -1
2 2 2 2 2 2
=1(0;1;-1) :
Vi d'//d nén em chon u=u, =(1,-1;2)
Vay phwong trinh dwong thang d’ di qua I va c6 VTCP u la: 31{- _y—1 =E;—1

- PapanC

NGUYEN THI LANH
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Cau 97:
Mit phing (P) ¢6 VTPT n=(1;2;-2).

Vi dudng thing d vudng goc voi mit phéng (P) nén ﬁ=(1;2;~2) 1a mot VTCP ctia d.

x=-2+t
Phuwong trinh dwdng thing d1a: {y=1+2t —» PapanB

z=-2t
Cau 98: |
(P) c6 VTPT n=(2;3;1) ciing1a VTCP ctia d.
Xx=2+2t
Phwong trinh tham s6 ctadla {y =-3+3t.
z=-1+t
Toa d9 giao diém cua d v4i Ox dwgc xic dinh bdi nghiém ctia hé phwong trinh
—3+3t=0
{—1 +t=0
Cau 99: ’
Mit phing (P) v (Q) ¢6 VTPT theo thi tw 13: 1, =(1;-2;0),n, =(0;1;-3).

&t=1 - Giao diém 13 (4;0; 0). = PapanC

ViA=(P) ~(Q) nén Anhan E:[ﬁ;ij =(6;3;1) 1a mot VTCP.

x=—-1+6t
Em 13y A(-1; -2; 0) 12 m6t diém chung ctia (P) va (Q). Phwong trinh Ala: <y =-2+3t
z=t

—-PapanC
Céach Khac: Véi bai toan nay em c6 thé tim ngay dwgc phwong trinh cla giao tuyén
theo cach sau:
" i o, JX—2y-3=0
biéem M(x; y; z) €A khi toa dé M thoéa man hé phwong trinh:
y—3z+2=0
x=2y+3 x=-1+6t
Dat z=t em s€& c6 hé phwong trinh {y=3z—-2 &{y=~2+3t

z=t z=t
Phwong trinh trén twong dwong véi phwong trinh dwdng thdng ctia dap 4n C.
- Pdp an C
Cau 100:

M3t phing (P) va (Q) ¢6 VTPT theo thr tw1a: 1, =(3;1;,-2),n, =(1;-1;5).
ViA = (P) " (Q) nén A nim trén ca hai mit phing

— ¥ = [y, ig] =(3;~17;~4) ]a mdt VTCP ciia A.

Em 14y A(1; 3; -4) 1a mdt diém chung cia (P) va (Q).

NGUYEN THI LANH
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x=1+3t
Phwong trinh clia dwong thang Ala: <y =3-17t. - PapanD
Zz=—4—4t :
Phwong phap gidi nhanh:
Cach 1: .
biém M(x; y; z) thudc giao tuyén A khi toa 0 M théa man hé phwong trinh:
{3x+y—22—14=0®{4x+32+8=0 *)
X—-y+5z4+22=0 X-y+5z+22=0
X=-2-3t
bitz=4t, (*) <<y=20+17t
z=4t
Phwong trinh trén twong dwong véi phwong trinh dwdng thang trong dap an D.
Cach 2:
v U = [np,0g]=(3;—17;—4) A mft VTCP ctia A — Loai A, C.
¥ Kiém tra 1 diém trén A c6 thudc ca (P) va (Q) hay khong
Dap 4n B: diém M(4; -4; -3)eA, Me(P) nhung Me(Q) — Loai B.
Pap an D: diém M(1; 3; -4)eA, Me(P) va Me(Q) » Chon D. - PapanD
Cau 101:
Hai dwdng thing ds, dz ¢6 VTCP theo thir tw 13 u, =(-1,1;,-2),u, =(1;-2;0).
Vi A vubng géc véi ca di, dz nén nhin vecto U = [y, 0] =(—4;—2;1)1a mot VTCP.
x-2 y+1 z-1
4 2 1

Midtkhac M(2; -1; 1) €A nén phwong trinh cia A la:

- PapdnA

Cau 102:
Gia str A cit hai dwong thdng As, A, theo thir tw tai A, B. Em cé:
A(—1+t;2-2t;3+t),B'(—2—t';1+2t';3),KM:(1—t;4+2t;3—t),§1\ﬁ=(2+t';5—2t';3).
Vi A, B, M thdng bang nén ton tai s6 thyc k théa mén :

1—t=k(2+t') t'=-2
AM=KBM & {4+2t=k(5-2t")=it=1 = A(0;0;4),AM=(0;6;2)
3-t=3k k=2
3
4 x=0
Phwrong trinh dwdng thang A qua A(0; 0; 4) va M(0; 6; 6): 1y =6t
z=4+2t

- PipanD

NGUYEN THI LANH
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Ciu 103:
Gia str A’ ct hai dwdng thing ds, d; theo thit ty tai A, B. Em ¢6:

A(2+3t1+t;3-t), B(3+k;-2+2k;1-2k) va AB=(1+k-3t;-3+2k—t;—2—2k+t).
Puong thang A cé6 VTCP ﬁ=(m . -
A/ /A’@G,E cung phwong
3t t 2 k=1
L Airk—3t 342kt -2 2k+t©{ A2 15 3)

2 -1 —4 t=0
x=2+2t
Phurong trinh A’ qua A va c6 VTCP u =(2;~—1;—4) lajy=1-t
z=3—4t
- PapanD
Cau 104:

Goi A=(P)nd,,B=(P)nd,. Em d& dang tinh dwoc A(1; 0; 0), B(5; -2; 1).
Vi A < (P) va cit c4 hai dwong thing di, d2 nén A, BeA.

Do vay phwong trinh ctia dwong thang Ala: -}Sil— = —3—;— = %
- PapanB
Cau 105:

Gia str A cit hai dudng thang dy, d; theo thi tw tai A, B.
Em c6: A(t;-4+t;3-t), B(1-2k;-3 +k;4-5k ) va AB=(1-2k—t;1+k—t;1-5k+t).

Mit phing (P) ¢6 VTPT n=(2~1;7). Em c6 : AL(P) <>1n,AB ciing phwong

1-2k—t 1+k—t 1-5k+t {k=-l A(1;-3;2)
= = = < < .
2 -1 7 t=1 B(3;-4;9).

x-1 y+3 z-2
-1 7

Phuwong trinh dwdng thing A 1a:
—»PapanC

Cau 106:
Duomg thing A 6 VTCP 14 u, =(~1;2;-1). Mit phing (P) c6 VTPT n=(1;-1;2).
Goi A=dnA—> A(1-t; 4+2t -t), AM=(t;—3-2t;1+t).
Vid//(P) nén nAM=0&t+3+2t+2(1+t)=05t+5=0t=-1.
vay AM=(-1;-1,0).

' x=1-t

Puong thing d qua M c6 mot VTCP AM= (—1;*1;0) ¢6 phwong trinh {y=1-t
: z=1

NGUYEN THI LANH
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—=BipancC
Cau 107: _

Hai dudng thing ds, dz c6 VTCP theo tht tw 12 u, =(1,-11),u, =(2-14).
Goi A 1a dudng thdng vudng géc chung ctia hai dwdng thang di, dz va cit chung theo
thit ty tai A, B. Em c6:
A(3+t-1-t;4+t),B(2+2t;4~t-3+4t"), AB=(—1+2t'-t;5-t + ;-7 +4t'-t).

: ABu, =0 [7t'-3t=13 t'=1
ViAvudng gbcvéicidy, dznén 4 - < <

ABu, =0 21t'-7¢=35 t=-2
Tir d6 em tinh dwoc: B(4;3;1), AB=(3;2;-1).
x-4 y-3 z-1
2 -1

Phwong trinh dwdng thing A 1a:
- PapanC
Ciu 108:

Goi A(Z;—3;4),B(4;—1;0) theo thit tr 13 cac di€m trén 4 A
d, d.
Trung diém I(x,;yI ,‘ZI) cta AB c6 toa do: A I
X, =g¥=3; Vi =13—21}-=—2; z, =i;59:2:>1(3;—2;2)
Goi A 13 dwong thing cin tim. Em c6: A ndm trén mit
phing chira d va d’ @6ng thoi song song, cach déu hai
dudng thdngdva d’.
= A ¢6 VTCP1a (3;1;-2) vadiqual.

x-3 y+2 z-2
1 2

Vay phuong trinh A la:
- PipanA
Cau 109:
Med=M(1+t;2+t;1+2t), MA=(—t;—3-t;1-2t), MB=(-2-t;t;2—2t)
Em c6: MA?=t*+(3+ t)2 +(2t-1)2, MB? _~.(t+2)2 +t +(2t—2)z
C Jt=1
MA? +MB? =28 < 12t -2t+18=28<| _5

Doc<0 ::>1+2t<0:>t<—-1:>t~—5—

Z—Z- . —>Péip an C
‘6’ 3

0\]»—\

6
Thay t vao tga d6 cia M em duoc: M(

Cau 110:

NGUYEN THI LANH
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) Puong thang can tim nhén [y, Uy ]=(-7; 7; 7) =7.(-1; 1; 1) ]am VTCP

= Loaidap anA, C.
Em thay toa d6 diém Mvao dap &anBvaD

CHUYEN DE 3: PHUONG PHAP TOA PO TRONG KHONG GIAN

Cau 111: » .
Pudng thing di qua A(2; 3; 0) va vudng géc véi mit phing (P): x+3y-z+5=0 s&

Te==t=t=1
Pap dnB: {1=1+t=>t=0 (voly)
3=3+t=>t=0
(~1=-1-t
PapanD: {1=1+t =t=0 (théamin). —PapanD
3=3+t

nhan n=(1;3;-1) 1am VTCP = Loai d4p 4n A va D.
Em thay toa d6 diém Avao ddpanBva C:

o [2=1+t

Pap 4nB: {3=3t =t=1(théaman)

0=1-t

2=1+t=>t=1

bap an C: 3:1+3t:>t=§: Loai dap an C.

LO=1~t:>t=1

—>PapanB

/ Dang 4: Cac bai toan vé hinh chiéu trong khong gian
Phwong phap giai:

x=x, +at
duwong thing d:{y =y, +bt.

Z=1Z, +ct
Bai toan 1: Xac dinh hinh chifu ctia M 1én mit phang (P).
Bwéc 1: Viét phwong trinh dwong thing A
A di qua M va vudng goc voi (P). M
Bwdc 2: Tim toa A H =AN(P).
Khi d6 H chinh 14 hinh chiéu cta M lén
mait phang (P).

D

Trong khéng gian Oxyz, cho diém M(xo; yo; Zo); mit phang (P): Ax+By+Cz+D=0 va

_/

NGUYEN THI LANH
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Bai todn 2: Xac dinh hinh chiéu cta M 1én dwong thang d.
Bwéc 1: Viét phwong trinh mit phing (Q) qua M d
va vudng gbc voi d.

Bwrére 2: Tim toa d§ K =d n(Q).
biém K chinh 1a hinh chiéu cta M 1én duwdng /\/ K M
thing d. 4

Bai toan 3: Xac dinh hinh chiéu cia dwong thing d 18n mit phing (P).
Bwdc 1: Xac dinh toa d6 hai diém A, B phéin a
biét thudc dwong thang d. /A/
Bwére 2: Tim toa do diém A’, B’ Ian hrot 1a hinh j
chiéu cia A, B1én (P).
Bwéc 3: Viét phwong trinh dwong thing d’ di
qua A’, B’ 1a hinh chi&u cia dwong thdng d 1én
mat phang(P). )
Chu y: Trong khong gian Oxyz cho diém M(a; b; c).
e Hinh chiéu cta M 1én cic truc Ox, Oy, Oz theo thir tir 1a cAc diém
H, (a;0;0),H, (0;b;0),H, (0;0;c).
e Hinh chiéu ctia M 1én cic mit phing toa do Oxy, Oyz, (0xz) theo thir ty 1a
K, (a;b;0),K, (0;b;c),M, (a;0;c).

BAI TAP MAU
= Co ban
Cau 112: Trong khéng gian Oxyz cho diém M(2; -3; 1) va mit phing (P): x+3y-z+2=0.
biém M’(a;b;c) 12 hinh chiéu cia diém M 1én mit phang (P). Gi4 tri T=a+b+c bang
A 18, B. 2% c. . D. 2.
11 8 11
Hwéng dan giai
Mit phing (P) c6 VTPT n=(1;3;-1).
Goi A 1a dwong thing qua diém M va vudng géc véi mit phang (P), khi d6 A nhan
x=2+t
vecto n= (1; 3; —1) 12 mdt VTCP = Phwong trinh dwong thang Ala: <y =—3+3t.
z=1-t

bi€m M’ 13 hinh chiéu ctia M 1én mit phdng (P) khi va chi khi M’=AN(P).
Em c6: M’ € A nén toa d§ M’(2+t; -3+3t; 1-t).

M’e(P) nén (2+t)+3(—3+3t)—(1—t)+2.—.0@tzﬁ

Do vy t6ng cic toa d6 cia M’ 1a (2+t)+(—3+3t)+(1—t)=3t=-i—?

NGUYEN THI LANH
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- Papan A
Cau 113: Trong khong gian Oxyz cho diém M(2; -1; 1) va dwdng thang d: le Y+11 -;—
Hinh chiéu H cta diém M lén du'o'ng thingdla
f1-2-2) 5 :._13 2\ (17 13 8\ b ﬁ(é 3.12)
3‘3’3J' L 7 ) 19 979) 9799 f

Hu'0'ng dan giai
Cach 1: Goi (P) 1a mit phing cin tim. Dudng thing d c6 VICP u=(2-1;2).
Vi (P) L d nén (P) nhan vecto u=(2-1;2)1a mot VIPT.

Phwong trinh mit phang (P) 1a: 2x-y+2z~7=0.
Piém H 13 hinh chiéu cia M 1én duong thing d khi va chi khi H=d(P).
Toa d6 H théa man hé phuong trinh:

x=1_y+l z o gy | t=3
- =
2 1 229 o 7 13 8
2X—y+22"‘“7=0 X=—; y=— Z=—
. 2(1+2t)~(-1-t)+2(2t)-7=0 9 9 9

- PapanC
Cach 2: H 12 hinh chiéu cha M 1én dwong thing d nén H(1+2t ~1-1t;2t) vaMHu=0.

V6i MH=(—1+2t;-t;-1+2t),u=(2-12) em cé:
2(—1+2t)—(=t)+2(-1+2t)=0 @t:%:H(}g—;——lé;ﬁj.

v Van dung

x—1=y+2_z~5

Cau 114: Trong khong gian v6i hé toa do Oxyz, cho dwdng thing A:

1 2
Phwong trinh hinh chiéu ctia dirdmg thang 1én mit phing (Oxz) 1a
x=5+t x=—4+5t x=5+2t x=1+2t
A {y=0 . B. {y=0 . C y=t- . D.{y=t
|z=9+t z=-4+9t Zz=9+2t Z=5+2t

Hwéng dan giai
DPuong thing A di qua hai diém A(1; -2; 5), B(5; 0; 9).
Hinh chiéu clia A 1én mit phing (0xz) 1a A’(1; 0; 5)
Hinh chiéu ctia B 1én mit phing (Oxz) 12 chinh B vi Be(0xz).
Duodmng thing A’ 12 hinh chifu cfia A 1én mit phing (Oxz) nén A’ di qua B va nhan
VTCP E:%E?:(Loa) .

o x=5+t

Phwong trinh clia dwong thang A’13: Jy =0
z=9+t
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- Piapan A
* Nang cao

pBpAiHoC
#I00Ks

Cau 115: Trong khéng gian Oxyz, cho hai mit phing cit nhau (P): x-3y+z+4=0 va

(Q): x+y-22z+5=0. Mt phang sau diy d6i xttng véi (P) qua mit phing (Q)
A, 11x-17y-z+48=0. B. 7x+5y-5z+12=0.
C. 11x+17y-z-20=0. D. 7x-5y-5z+32=0.
Hwdéng dan giai
Mit phéng (P) c6 VIPT n, =(1,-3;1)

Mat phang (Q) c6 VTPT n, =(1;1;-2)

A=(P)(Q) = A di qua diém A(-1; 2; 3) va c6
VTCP U = [np, ng]=(5;3;4). ‘

Lay M(-1; 1; 0) thudc (P) nhuwng MgA.

Goi d 1a dwomg thang qua diém M va vudng géc

v6i mit phing (Q).
. x=-1+t
Khi d6 d nh4n vecto' n, =(1;1;-2)1a mot VTCP. Phrrong trinh d 1a: {y =1+t .
Z=-2t

biém M’ d6i xtmg v6i M qua (Q) khi va chi khi M’ thudc d vA trung diém ctia MM’

thudc mit phang (Q).

M’ed nén M’(-1+t; 1+t; -2t), khi d6 I[—i+% ;1+§ ;—t] la trung diém ctia MM’

Ie(Q)@—1+3+1+3—2(—t)+5=o@t=—§ .

Suyra M’ ( 8~—E *1—9) [ M A]=(—is—;2~5;—2—5—
3 3 3
8 210
Goi (P’) 1a mit phing d6i xtrng voi (P) qua (Q)=(P") chira M* ( 3 _§ ?J vaA
= (P") qua A(-1; 2; 3), c6 VTPT 'ﬁ:-g [ﬁ,M'A] =(7;-5;-5).
Phwong trinh mit phing (P’) Ia: 7x-5y-5z+32=0. - PapanD

Phwong phép giai: Viét phwong trinh mit phing (P’) 61 xttng vé6i (P) qua (Q)

TH1: (P)/(Q) TH2: (P)(Q)=A

¢ B1:Lay diém M thudc (P).
Tim toa d6 M’ d6i xtrng M qua (Q).
e B2: Viét phwong trinh mit phng (P’)
qua M’ va song song véi (P).

cliia A,

* B1:Xacdinh A eA va VTCP U = [np, ng]

e B2: Liy diém M thudc (P), MgA.
Tim toa dé M’ d6i xtrng M qua (P)

e B3: Viét phwong trinh mit phing (P)
qua M’ va chita dwdng thang A.

NGUYEN THI LANH



E’%‘i‘("g CHUYEN DE 3: PHUONG PHAP TOA PO TRONG KHONG GIAN

ng=(A";B'C")
L

BAI TAP TU LUYEN
Cau 116: Trong khdng gian Oxyz, cho difm M(5; -1; 3). Hinh chiéu M’ ctia difm M lén mit
phang (0xy) c6 cic toa dd Ia .
A.M'(5 1 0). B.M'(5,-1;0). - C.M(0;0;3). D. M’(-5; 1; 0).
Cau 117: Trong khéng gian Oxyz, cho diém M(3; -1; -3). Toa d6 difm M’ d6i xitng v6i diém
M qua mit phing (Oxz) 1a
A.M'(3; 1; -3). B. M'(-3; -1; 3). C. M'(-3; -1; 3). D. M’(-3; 1; -3).
Cau 118: Trong khéng gian Oxyz, cho diém M(6; -2; -7). Pi€m M c6 hinh chiéu 1én cic truc
toa do Ox, Oy, Oz theo thit tw 13 My, Mz, M. T6ng cic toa do clia My, Mo, M3 13
A. 0. B.-3. C.3. D. -9.
Cau 119: Trong khong gian Oxyz, cho diém M(4; -3; -5). Diém d6i xttng v&i M qua cic truc
toa dd 0x, Oy, Oz theo thit tir 1a My, M, M. Téng cic toa dd ctia M1, M2, M3 la ‘

A8 B.-4. C.4 D.-8.
x=1-t .
Ciu 120: Trong khong gian Oxyz, cho dudmg thing A: {y =2+ 3t . Phwong trinh hinh chigu
z=-1
clia dwdng thing 1én mit phing (Oxy) Ia
Xz=— . x=1-t X==1-t x=1-t
A ly=3t. B. {y=2+3t. C. ly=-2+3t. D. {y=2+3t.

z=-1 7z=-1 o z=0 z=0

(

Cau 121: Trong khong gian v6i hé toa d6 Oxyz, cho duwrdng thing A:X_1 _y=2_z+l .

-1 3 4
Phuong trinh dwdng thing A’ d6i xtng v6i dudmg thing A qua mit phiing (Oyz) 1a
X=— x=—1+t x=t x=0
A. {y=5+3t. B. y=-2+3t. C. {y=5+3t. D. Jy=5+3t
z=3+4t : z=1+4t Z=3+4t z=3+4t

NGUYEN THI LANH
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Cau 122: Trong khdng gian Oxyz, cho diém M(4; -3; 1) va mit phing (P): x-y-z+2=0. T6éng
toa A9 difm M’ d8i xmg v6i diém M qua mit phing (P) bing

HQC TOT MON TOAN LOP 12 - HINH HOC

22 14 10
A == C.—. —=.

3 B.10. 3 D.—3
Cau 123: Trong khdng gian Oxyz, cho M(2; 0; 3) va dwong thing d: x+1_ y+11 = Z;Z . Goi
M’ 13 diém d8i xtng véi diém M qua dudng thang d. Téng toa d6 cda M’ bang
A1 B._20 .20 p.2

7 : 7 7 7
A N 2 x—1 y+2 Z N ~ 2 _ \ 2

Cau 124: Cho dwong thang d =T 1 va mit phang (P): x-3y+z-4=0. Pudng thang

d’ 12 hinh chiéu vudng géc ctia dwdng thing d 1én mit phang (P) c6 phwong trinh 14

{ {
x=—8—+2t' x=——8—+2t ,
11 11 x=2-t X=5-6t
A, y:—%«kt. B.Jyz—g+t . C.iy=-1-t. D.jy=-1-t.
3 3 z=1+5t Z=6+4t
Z=———+1 Z=—-—+t
L 11 L 11

Cau 125: Cho dwdong thang d:X;2 = y; 1 ZIZ va mit phing (P): x~3y+z-4=0. Dudng

thing d’ 12 hinh chiéu vuéng géc cia dwong thing d 1én mit phing (P) c6 phwong trinh la

A x—4 y-1 z-3 B x—4y-1..7-3

" 13 25 14 25 13 14
c X4 _y-1_z-4 ‘ pXt4_y-1 z—-4
" 25 0 12 14 25 13 14
Ciu 126: Cho dwong thﬁngd:x—4=y13:7‘+51 va mit phing (P): 2x+y+z—"1:0.>£)1r(‘rng
thing d’ d6i xéng dwdng thing d qua mit phing (P) c6 phwong trinh 14
AXF2_y _z+4 BX=2_y-3_2%
2 1 57 1 2 -5
Xl y _z+4 x_y-1_z-4
"2 1. -5 2 1 5

DAP AN

116 | 117 | 118 | 119 | 120 | 121 | 122 | 123 | 124 | 125 | 126
B A B c D C A D A B A

HUG'NG DAN GIAI

Cau 116:
Diém M(5; ~1; 3) c6 hinh chiéu mit phing (Oxy) 1a M’(5; -1; 0). - Pap 4nB

NGUYEN THI LANH
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Cau117:
Diém d6i xing véi diém M(3; -1; -3) qua méit phing (0xz) 1a: M'(3; 1; -3).
- Papan A
Cau 118:
Hinh chiéu ctia diém M(6; ~2; -7) 1én truc Ox, Oy, Oz theo thirty tacac ditm———
Mi(6; 0; 0), M(0; -2; 0), M3(0; 0; -7).
Do db t0ng toa d cic diém My, My, M3 12 6+(-2)+(-7)=-3. - Pap 4n B
Cau 119:
Diém d6i xtirng vai diém A(Xa; ya; Za) qua cac truc 0Ox, Oy, Oz theo thit tw 12
As(Xa; —ya; —2a), Az(—Xa; Ya; —Za), B3(=Xa; —Va; Za).
Do d6 tong toa d9 cac difém Ay, Az, Az 13 ~(Xa+ya+Za).
Ap dung v&i M(4; -3; -5) em duroc téng toa do M, Mz, M3 14 —(4-3-5)=4.
- PapanC
Cau 120:
Nh4n xét: dwong thing A qua A(1; 2; -1) va ¢6 VTCP u= (—1;3,0).
Dé thay ﬁ=(—1;3; 0)va VTPT k=(0;0;1) ctia mit phing (Oxy) vudng géc.
Do viy duwdng thiang A song song v&i mit phing (Oxy).
= Hinh chiéu cia A 1én mit phang (Oxy) 14 duwdng thing song song véi A va qua
diém A'(1; 2; 0).

x=1-t
Phwong trinh hinh chiéu cta dwong thang A 1én mit phing (Oxy) 1a: {y =2+3t
z=0
- PapanD
Cau 121:

Nhan xét: dwong thing A qua A(1; 2; ~1) va ¢6 VTCP u=(-1;3;4).
Giao diém cta A va mdt phang (Oyz) 12 B(0; 5; 3).
biém d6i xtrng v&i A qua mit phing (Oyz) 12 A'(-1; 2; -1).
Puwong thing A’ ddi xitng v&i A qua mit phing (Oyz) sé qua diém A'va B.
) x=t
Phwong trinh A’ la: {y=5+3t - PapanC
z=3+4t
Cau 122:
Mt phéng (P) ¢6 VTPT n=(1;-1;-1).
Goi A 1a dwong thing qua difm M va vudng géc véi mit phang (P), khi d6 A nhan
vecto n=(1;~1;,-1)1amt VTCP.
X=4+t
Phwong trinh dudng thing Ala: {y=-3—t.
z=1-t

NGUYEN THI LANH
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DPiém H 12 hinh chiéu clia M 1én mit phing (P) khi va chi khi H~Am(P)
H € Anéntoa do H(4+t; -3-t; 1-t). -

He(P) nén(4+t)-(-3-t)-(1-t)+2= O<:>t~—§ H(— ——;—j .
M’ d6i xiimg v6éi M qua (P) khi va chi khi H 12 trung diém ctia doan thang MM'.
Goi M'(x’; y; z'). Khi d6

x'=2.£—4=—é;y'=2 1 +3=~7—;z'=2 —1—1—-1—19:>x+y +z' ——22
3 3 3) 3 3 3 3
—-Papan A
Cau123:

Pudng thing d c6 VICP u=(3;-12).
H 12 hinh chiéu cfia M lén dwdmng thing d nén H(-1+3t; -1-t; 2+2t) vaMH.u=0.
Véi MH=(-3+3t;—1-t;~1+2t),u=(3;~1;2) em c6 phwong trinh:

3(-3+3t)—(-1—-t)+2(-1+2t)= 0<:>t~§7—:> H(ﬁ —E;Ef‘ij.

7 7 7
M’ 13 diém d6i xting véi diém M qua dudng thing d < H 12 trung diém ctia MM,
Suyra M’ 2, 2427
7’ 7 7
-PapanD
Cdu 124:

Mjit phing (P) c6 VTPT n=(1;-3;1), d qua M(1; ~2; 0) v ¢6 VTCP u=(2;1;1)

nu=0 '
Vi {n " nén d//(P). Suy ra hinh chiu d’ ctia d trén (P) ciing song song véi d.

Mg(P)
= u=(21;1) 1a mot VICP ctia d"
Goi H 1a hinh chiéu vudng goc ctia M(1; -2; 0) trén (P) thi H thudc d.

1 2
DPudng thang MH qua diém M va vudng géc véi (P) ¢6 phwong trinh: ——— X 1 y+3 %
3X+y=1 8 13 3
Vi H =MHN(P) nén toa 6 H 1a nghiém cta hé: <x-z=1 = H(-ﬁ;—ﬁ;—ﬁ)
x-3y+z—4=0 - :
X=§—+2t
Duimg thing '] o h h1 13 ¢
wong thang d": ~ c6 phwong trinh la: y=—"++
ghang VTCP: u=(2;1;1) PREOREHIR Y=
z=——i+t
11

—=DapinA

NGUYEN THI LANH
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Cau 125:
Mit phing (P) c6 VTPT n=(1;-3;1),

Pudmg thing d qua M(2;=1; 2) vac6VECPu= (2:2;1)

Vi n.u=2-6+1=-30 nén d va (P) cit nhau.

Goi A=d N (P).
Xx—-2 y+1
2 2
Toa dd cla diém A 12 nghiém ctia hé phwong trinh: _Z—IZZ—IE < A(4% 15 3).
X-3y+z—-4=0

Goi (Q) 1a mit phang chirad va d’.
Em c6 (Q).L(P) suy ra VTPT ciia (Q) 12 n, = [ﬁ, a] =(-5;1;8).

Vi d’=(P)~(Q) nén VTCP ctia d’ 1a E’:[Q,ﬁj:(zsﬂs;m).

Aed’ nén d’ cé phwong trinh 13 x—4_y-1_z-3 .
13 14
- Dap 4an B
Cau 126:
Mit phéng (P) c6 VIPT n=(21;1).
Puong thing d qua M(4; 3; -1) va ¢6 VTCP ﬁ=(2;1,- -5)
nu=0
Vi {"T0 nen aip).
Mg(P)
Suy ra hinh chiéu d’ ctia d trén (P) ciling song song v&i d.
=u=(21;-5) lAmdt VTCP cla d’.
Goi M’ 1a diém d6i xtrng véi M qua (P).
Em c6: MM’ L (P) nén MM’ ¢6 vec to’ chi phwong ﬁ = (2; 1; 1) va di qua M.
x-4 y-3 z+1

Phwong trinh ctia dwong thing MM’ 1a:

2 1 1
Goi H = MM’ (P).
(x-4 y-3
2 1
Toa d6 diém H la nghiém cla hé phwong trinh: y_l—_'sl = 21'1 . H(l:%;_gj
2x+y+z—-1=0

NGUYEN THI LANH



HOC TOT MON TOAN LGP 12 - HINH HOC BB0iE

Xy = 22Xy — Xy X =-2
HIa trung diém ctia MM’, em ¢6 { ¥y =2¥5 — Y < (Ve =0 =>M'(-2; 0; -4).
Zyp =22y —Zy Zy =4

Pudng thﬁng d’ qua M’ cé VTCPG (2 1 5) = Phwong trinh d’ 13: XZZ % Z+54 ‘

-PapinA

Dang 5: Bai toan vé khoang cach
Phwong phap gidi:
> Bai toan 1: Tinh khodng céch tir M dén mit phing (P)
Bwéc 1: Xac dinh toa d6 diém M(xo; yo; Zo) va phwong trinh téng quat cta
mit phing (P): Ax+By+Cz+D=0.
|Ax, +By, +Cz, +D|
JA?+B2 +C
> Bai toan 2: Tinh khodng cach tir M dén dwdong thing A
Biréc 1: Xac dinh toa db diém M, toa d0 diém NeA va mét VTCP u cla dwong

Buéc 2: Ap dung cong thikc tinh d(M,(P))

thing A.
[
Bwé-c 2: Ap dung cong thirc tinh d M, A ]u'

» Bai toan 3: Tinh khodng cich gitra hai duwdng thang d va A
Bwérc 1; Xac dinh
v Toa d6 diém Med va mét VTCP u ciia dwong thing.
v' Toa dd diém Ne A va mit VTCP u' ctia duwdng thing.
, [ap
Bwéc 2: Ap dung cdng thivc tinh d(A,d) = ﬁ—

wu

Cha y: Cho M(a; b; ¢)
e Khoang cach tir M dén c4c mit phing toa d6
d(M,0yz)=lal; d(M,0xz)=|b|; d(M,0xy)=|c|
e Khodang cich tit M dén céc truc toa do

d(M,Ox)=\/b2+c2; ~ d(M,0y)=va’+c*; d(M,OZ):“\/aZ+bZ

BAI TAP MAU
w Co’ ban
Cau 127: Trong khéng gian Oxyz cho diém A(1; 2; 0) va mit phang (P): x+5y-3z+1=0.

Khodng cich tir A dén mit phing (P) bing
9 9 12 12

A.—\/—E—. B--\/é—_S—H C.:/?. N

NGUYEN THI LANH
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Hwéng dan giai
Ap dung cong thirc tinh khodng cach tit mét diém dén mét mit phdng em cé:
[1+5.2-3. 0+1{

\(}G‘A’{ )}V\/ N 3) T:i)apanl), S—

Céu 128: Trong khéng gian Oxyz cho diém M(1; -5; —4). Khoang cich tir M dén mit phing
(0xz) bang
A.5. B. V41. c. V17. D. V26.
Hwéng dan giai
Ap dung cOng thirc tinh nhanh khoang cich tir mot diém dén (Oxz) em c6:

d(M,0xz)=|-5/=5
—»PbapanA
A n , L NN 2 x—1 y+1 =z
CAau 129: Trong khéng gian Oxyz cho diém M(2; 3; -1) va duwdng thang A: =T 7y
Khoang c4ch tir diém M dén dwdng thing A bing :
a8 g 373 ¢ Yid6. p, Y170
13 3 ‘ 3 3

Hwéng dan giai
Céch 1: Dudmng thing d di qua N(1; -1; 0) ¢6 VICP u=(2-1,2).
I[MINI 4]

(—7)2 +4°4+9°  fa6

MN=(-1;-41),u=(2-1;2),| MN,u |=(~7;4;9)=>d(M,A)= =
’ [ ] \/22 (-1 +22 3

Khoang cch tir M dé&n dwdng thang A dwgc tinh theo cdng thirc: d(M A

- PapanC ,
Cach 2: V&i bai todn nay em c6 thé tim toa d6 hinh chiéu H ctia M 1én dwong thang A,
dd dai MH chinh 12 khodng cich tir M dén dudng thang. Ré rang Cach 1 t8i wu hon.
Cau 130: Trong khdng gian Oxyz cho N(~2; ~1; 6). Khoang c4ch tir N dén truc Ox bing
A 210. B.+5. C.2. D. \37.
Hwéng dan giai
Ap dung cong thitc tinh nhanh khoang cich tir mot di€m dén tryuc Ox em cé:

d(N,0%)=/(-1)’ +6* =37

—-PapanD
' ¥ Van dung
x=1+t X=2+t
Cau 131: Trong khong gian Oxyz cho hai dudng thang Ai: <y =-1-4t va Az y=—-1 .
z=1+2t z=1-t

Khoang cach giita hai dwong thdng A; va A; bing

NGUYEN THI LANH
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A. 0. B. 1. c. % . D. 2|2 .

V41 21
Hwéng dan giai
Cach 1: St dyng céng thivc tinh khoang cich:
Duong thang A; di qua M(1; -1; 1) c6 VTCP ﬁ;=(1;—4;2).
Pudng thang A, di qua N(2; -1; 1) ¢6 VTCP ﬁzz(l;O;—l).
Em c6 W=(1;O;O), [y, 0] =(43:4)=> [07, 5] MN=40

Suy ra hai dwong thang A; va A; chéo nhau.

[ i
N

Khodng cach gitra hai dwdng thang dwoc tinh béi cong thire: d=

- Pap an C
Cach 2: S dung cong thirc tinh khodng cich tir mét diém dén mot mit phing:
» Goi (P) 12 mit phing chita A; song song Az = (P) 1a mit phéng qua M va c6 VIPT
(7, @1 =(4:3;:4).
Phwong trinh ctia mit phing (P): 4(x-1)+3(y+1)+4(z-1) < 4x+3y+42z~5=0.
e Tinh khoang cach:
_[42-3+4-5 4

d(Al,Az):d(N;(P))—mfm.

7 _ x=1+t X=2+t
Cau 132: Trong khéng gian Oxyz cho hai dwdng thing A {y=—-1-2tva Az Jy=—1-2t.
z=3+2t z=1+2t
Khodng cach giira hai dwong thing A;, A; bing
Al fgﬂ. | B.2. C. —“24. D.0.

Hwéng dan giai
A di qua M(1; -1; 3) ¢6 VICP u, =(1,-2;2).
A di qua N(2; -1; 1) ¢6 VICP u, =(1,-2;2).
Emcé u, =u, va Mg As suyraAs// A,
MN =(1;0;-2),u, =(1;-2;2)
A[Mﬁ,ﬁ:}(—z};—z;;—z)

M
Khoang cach giita A1 A, dworc tinh bdi cong thire: d(A,,A,)=d(M, A, )=5——x—=

- PapanB

NGUYEN THI LANH
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Cau 133: Cho miit phing (P): x+2y-z+1=0 va diém A(1; 0; 3). Phuong trinh mit phang (Q)
song song v&i (P) va cich A mt khoang h =6 .
A.x+2y-z+4=0. B.x+2y-z+8=0vax+2y-z-4=0.

—Cx+2y—Z~8=0; - Pex+- 29474 8=0vax+2y+7-4=0.

Hwéng dan giai:
Phwong phdp chung
(Q)//(P) nén phwong trinh ctia (Q) c6 dang: x+2y-z+D=0 (D#1)

Vi (Q) cach A mot khodng bang J6 nén
d(A,(Q)):JE@ [1+0-3+D)|

J12+28+(-1)

=6 <|D-2| =6@[gi4 (thda man)

- bipanB

Phwong phdp giai nhanh
C6 hai m3t phing song song véi (P) va cach A mot khoadng h=\/g ,viviyAvacC
khéng thich hop. Hai mit phang trong phwong an D khéng song song véi (P) nén D

cling khéng thich hop.
- PapanB
* Nang cao
. ’ x=1+t
"Cau 134: Trong khong gian véi hé toa dd Oxyz, cho dwong thing A: {y =—1—t va hai mat
z=1+2t

phing (P): x+3y+z-1=0, (Q): 3x-y+z+2=0. Goi M(xm; ym; zm) 12 diém c6 hoanh d6 dwong
nim trén A va cach déu hai mit phing (P), (Q). Téng xu+yw+zu bing

A1, B. 2. C.-2. D.0.

3
Hwéng dan gidi
Vi MeA nén xy=1+t; yu=-1-t; zv=1+2t (Piéu kién t>-1).
Vi M cé4ch déu hai mit phing (P) va (Q) nén d(M,(P))=d(M,(Q))

|1+t+3(—1—t)+1+2t~1| 13(1+t)—(—1—t)+1+2t+2]
=N = o2=|6t+7|
NOET JF (1) +12 t=—2

Vit>-1nén t:_%'

Em c6 Xﬁﬂ’m +Zy =1+2t=—§ - DPapanB

Cau 135: Trong khong gian véi hé toa dd Oxyz, cho diém A(1; 3; 5). Goi () 12 mit phing
chira Ox va cach A m6t khodng dai nhit. Piém nao trong s6 cac diém sau thudc (a)?
A.M(2;-3; 5). B.N(1;-5; 3). C. P(1; 0; -1). D. Q(-5; 3; 0).

NGUYEN THI LANH
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Hwoéng dan giai
Mit phing (a) chira truc Ox nén phwong trinh cé dang By+Cz=0 (dleu kién B2+(2>0).
Khodng cich tir A dén mit phang (a) 12
’ 2 , 2 2
d(A (a )) I3B+5C| 3+5 B +C =+/34 (BDT Bunhiacopxki).
NN v
B C 3

Nhw viy khodng cich tir A dén (a) 1én nhit d= 34 khi 2 375 B= EC

Do B, C khong dong thoi bang 0 nén chon B=3, C=5.

Phuong trinh m3t phang (a): 3y+5z=0

- PipanB

‘Cach khac: Véi bai tip ndy em c6 thé s dung phwong phap loai trir cac dp an:
o (ar) chira truc Ox nén phwong trinh cé dang By+Cz=0 (diéu kién B2+C2>0).
Do vay hai diém P va Q khong thudc («) = Loai d4p an C va D.
¢ Goi (P) 1a mit phing chitra Ox va di qua M = Phuong trinh (P): 5y+3z=0.
QL mét phéng chira Ox va di qua N = Phwong trinh (Q): 3y;l-52=0. '
« Vi d(M,(P))<d(M,(Q)) nén chon dép 4n B. |

- PapanB
BAI TAP TU LUYEN
Ciu 136: Trong khong gian Oxyz cho M(3; 7; -4). Khodng cich tir M dén mit phing (Oxy) 1a
AT B. 4. C. /58. D. 5.

Ciu 137: Trong khong gian Oxyz cho diém N(-2; 5; 6). Khoang cach tir N d&n truc Oy bing
A. 2410 B.6. C.5. | D. V29.
Ciu 138: Trong khong gian Oxyz, cho diém M(1; -2; 1). Phwong trinh mit phing (P) song
song v&i (Oyz) va cich M mét khodng h=3 1a
A.x-2=0. B.y+2=0. C. z-4=0. . D.x-4=0.
- x=t
Ciu 139: Trong khong gian v&i hé toa dd Oxyz, cho dwong thing A: <y =—1+t mitphing
z=1+t
(P): 3y-4z-6=0. Goi M(xy; ym; Zm) 12 diém c6 hoanh d6 dwong ndm trén A dong thoi cach’
déu hai mit phang (P) va Oxy. T6ng xm+yw+zu bang
A.3. B.4. C.6. D. 9.
Cau 140: Trong Khong gian Oxyz cho didm A(4; 2; -3) va mit phing (P): 3x-y—4z+7=0,
Khoang céch tir A dén mit phing (P) bang :

29 5 5
A —. B. —. C. 29. D. —=.
J26 V26 /29
CAu 141: Trong khong gian Oxyz cho di€ém M(2; -3; 3) va dwong thang A: %:lﬁ ="7‘—_1'—1

Khoang cach tir diém M dén dwdng thing A bang

NGUYEN THI LANH
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A X ‘ B. |33 PN L p.2 |4
21 2 N7 A2

Cau 142: Trong khéng gian Oxyz cho hai mt phang (P): x+y-z+1=0, (Q): x-y+z-5=0. Difém

T tréntruc 0z cadeh-deu-haimit phing (P) va.(Q).cé toa d6 13 B
A.(0; 0; -2). B.(0; 0; 3). C.(0; 0; -3). D.(0; 3; 0).

Cau 143: Trong khong gian Oxyz cho mit pbing (Q): 2x~4y+4z+3=0, diém B(2; -3; 4). Mit
phéng (P) song song vé&i (Q) va cach B mét khoadng bing 3. Phwong trinh mit phing (P) 12
A.2x-4y+47~14=0. B. 2x-4y+4z+10=0.

C. 2x-4y+4z+50=0. D.2x-4y+47-26=0.

Cau 144: Trong khéng gian Oxyz cho biét mit phing (P) song song va cich mit phing

(Q): 4x+3y-2z+5=0 mot khodng bing \/2_9 . Phwong trinh mit phing (P) 1a

A. 4x+3y-2z+28=0. B.4x+3y-2z-34=0.

C.3x+4y-2z+35=0. D.-4x-3y+2z+24=0.

Cau 145: Trong khong gian Oxyz cho M(-2; 0; 0), N(0; 3; 0). Phuwong trinh mdt phdng chira
M, N va cach gfc toa d O mdt khoang bing g 1a
A.3x+2y+62+6=0. ' B.-3x+2y+37-6=0.
C.3x-2y+6z+6=0. D.2x-3y-6z-6=0. .
X+2 y—-2 z+1

Cau 146: Trong khong gian Oxyz cho hai dwdng thing d,: 5 T3

’

-1 z+ > . :
d, :E:X—i—:%é, Diém M thudc di cich d; mdt khodng bang \/g Téng toa d6 di€ém M
nhén gi4 tri 16n nhit bang
A. 15, B.5. C.16. D.6.
x=-1+t x=—4+t'
Cau 147: Trong khong gian Oxyz cho ba dudng thing d,:y=-1~t, d,:qy=0. va
z=0 z=—t'

A: g =%= z . Goi M(xm; yw; zu) a di€m thudc A va cich dBu dy, dz. Tim khang dinh sai.
AXy+yy+zy= B.xvymzm<0. C.x+ys+75>0. - D.xy-ym+zu=0.

X-2 y-3 z-5

9
2
Cau 148: Trong khong gian Oxyz cho hai dwdng thang chéo nhau d, :

’

-1 2 t
-3 - N
dZ:X2 :yglzzzz_ Khoang cach giita di va d; bang
42 10 60 10
A, B.——. C—. D, —.
98 /98 98 V26

Cau 149: Trong khong gian véi hé toa dd Oxyz, cho diém P(2; -1; 3), Q(3; 2; 1). Goi (o) 14
mit phang chira P va cich Q mot khoang dai nhat. Phwong trinh mit phing (o) Ia
A.3x+y~z-2=0. - B.x+3y-2z+7=0.

C. x-2y-3z~-18=0. D.6x+2y-3z-1=0.

NGUYEN THI LANH
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pBpaiHOC
O0KS

DAP AN .
136 137 138 139 140 141 142
B A D C A C B
143 144 145 146 147 148 149
A D C A A B B
HU'G'NG DAN GIAI
Cau 136: |
Ap dung cong thirc tinh nhanh khoang cach tir mot diém dén (Oxy) em c6:
d(M,0xy)=|-4|=4
- Pipadn B
Cau137:

Ap dung céng thirc tinh nhanh khoang céch tir mét diém dén truc Oy em cé:

d(N,0y)=y/(-2)} +6> =210 .

- bipanA
Cau 138:

Mat phing (P) song song véi (Oyz) nén phwong trinh cta (P) ¢ dang: x+D=0 (D#0).
=2

Vi (P) cach M mdt khodng bing 3 nén d(M,(P))=3<|1+D[=3 <> B~—-4 :

- PapanD
Ciau 139:

Dbiém M thudc dworng thing A nén xw=t; yu=~1+t; zu=1+t (Pidu kiént>0).

Vi M cach déu hai mit phdng (P) va (Oxy) nén
13 ~1+t)-4(1+t)—6|

0% +3% +(—4)°

d(M,(P))=d(M,0xy) <= =[1+t]<|t-13|=5.[1+t| <= [ -
Kéthop diéu kién: t=2 = x,, +y, +z, =3t=6.
- Papan C
Céu 140:
Ap dung cdng thirc tinh khoang cach tir mot diém dén mt mit phing em cé:
34-2-4(-3)+7] |

d(a,(P))= \/ (1) () \/2—6’

- Pipan A
Cau 141:
Dwdng thing d di qua N(0; -3; 1) ¢6 VICP u= (24 1)

[Frvx]

Khoang cich tir M dén duong thang A dwoc tinh theo cong thirc: d M, A) I l
u

NGUYEN THI LANH
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Em cé: MN=(-2;0;-2), i =(2-4;1)= [MN, 0] =(~8;-2;8).

—8) +(-2)" +8
bovay: a(w,a) VOV HD' 8 T
VOZJ'(_A)Z"UZ z

—=PapanC
Caun 142: _
Goi M(0; 0; m) la diém trén truc Oz cich déu hai mit phing (P) va (Q).

|-m-+1] Im 5|

Em c6:d(M,(P))=d(M,(Q)) & —=— A -5 omee M(O 0;3).

- Pap an B

Cau 143:
(P)//(Q) nén phuwong trinh cta (P) c6 dang: 2x-4y+4z+D=0 (D#3).
Vi B cach (P) mot khodng bang 3 nén

2.2—4(-3)+4.4+D
d(B,(P))=3<:>| (£3)+44+D)
2 +(—4) +4*
- PbipanA
Cau 144:
(P)//(Q) nén phwong trinh ctia (P) c6 dang: 4x+3y-2z+D=0(D=5).
L4y M(0; -1; 1)e(Q). Khi d6 d((Q),(P))=d(M,(P))
Vi (P) cach (Q) mot khoang bing /29 nén

d(M,(P)):JE@w JZ e |p-5/=29 > [D 34

=—14
=-50

D
:3<:>]D+32]=18<:>[D

4 +3 +(-2)° D=-24
- PapanD
Cau 145:
Goi (P) mat phang can tim. Phuzo'ng trinh (P): Ax+By+Cz+D=0 (A2+B2+C2>O)
1
A=-D
—2A+D=0
Vi (P) chita M, N nén em c6 hé phwong trinh = 2
3B+D=0 1
, B= —§D

Khoang cach tir 0(0; 0; 0) dén mit phéng (P) la:
D
d(o;(P))=——l | =5 aop2 =36( Lpr 4 i +C2)<:>D2 =C < C=1D.
AP +B +C 7 4 9

Do A, B, C khong ddng thoi bang 0 nén D+0. Chon D=6.

Phwong trinh mit phing (P): 3x—2y +6z+6=0 — Pap an C
Cau 146:

buwong thing d; qua N(0; 1; -4) va c6 VTCP ﬁ=(2; —1;2)

biém M thudc d; nén M(-2-2t; 2+t; -1-t).

NGUYEN THI LANH
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[i.]

lu

Khoang cach tir M dén d; 1a: d(M,d, )=

Em c6: MN=(2+2t;-1-t-3+t),U=(2-1,2)= [MN, ] = (-5 t;-10-2t;0).

—5—t)" +(=10-2t)" +0? ’
:d(M,dz):\/( \/) +( - b+ =5 &[5t +50t+125 =345
22 +(-1) +2°

t
& 5t2 +50t+125=9.5 < t* +10t+16=0<:>[t

Téng toa d6 diém M 13: T=-2-2t+2+t-1-t=-1-2t. VAy Tma=-1-2(-8)=15. = Pap dn A
Ciu 147:

Duong thing di qua N1(-1; -1; 0) va c6 VTCP ﬁfz (1; -1;0)

Pumg thing d> qua Na(-4; 0; 0) va ¢6 VTCP u, =(1;0;-1)

Piém M thudc A nén M(2m; 3m; m)

Khodng c4ch tir M dén dy 1a: d(M,d, ) JDEFL"H—J
u1

Em c6: MN; =(-1-2m;-1-3m;—m), Iy =(1; ~1;0)=> [MNy, i7] = (-m;—m;2+5m).

J(-m)’ +(-m)’ +(2+5m)’ \/27m +20m + 4
Jr+( 1) +0?

]

l“!

Em c6: MN, = (~4—2m;—3m;-m), U; =(1,0;-1)= [MN,, i3] =(3m;—4—3m;3m).

Do véy: d(M,d, )=

KhoZng cach tir M dén dz 1a: d(M,d, )=

J(3m)’ +(~4-3m)’ +(3m) _ \[27m2 +24m+16
Jr 407 (-1)° 2
M cich déu d va d. nén d(M,d, )=d(M,d,)

\/27m2 +20m+4 \/27m2 +24m+16

Ly = Lt
2 2
- PapanA

Cau 1438:
Pudmng thing di qua N1(2; 3; 5) va c6 VICP u, =(-1;2;1).
Puwomng thing dz qua Na(3; -1; 2) v c6 VICP u, =(2;5;2).

Khoang cach giita hai dwdng thing dy, dz1a: d= |[u1’u2] NN, S Wil |
Tl

Do védy: d(M,d, )=

m=-3 —M(-6; -9; -3)

NGUYEN TH] LANH
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|-1-16+27] 10

Jery e oy Vo8

& 46 NN, =(1;-4;-3), [1y, 5] =(~14-9). Suyra d=

- Pap an B

Cau 149:

M3t phing (a) c6 phwong trinh dang Ax+By+Cz+D=0 (diéu kién A2+B2+(2>0)
Vi P thuéc (o) nén 2A-B+3C+D=0=D=-2A+B-3C.
Khoéng cich tir Q d&n mit phang (o) 1a:

4(Q ()= |3A+2B+C+D| |A+3B-2(| \/ 1243 +(-2) JAT B A C iz,

JA 4B +C  JAT4B 4O < JA? + B2 +C2

Nhuw vy khodng cich tir Q dén («) 16n nhit d= \/_ 4 khi ‘: ]; CZ
Do A, B, C khong dong thdi bang 0 nén chon A=1, B=3, C=-2. Suy ra D=7.
Phuong trinh mit phing («): x+3y-2z+7=0. > Pap 4n B

Dang 6: Bai toan vé goc
Phwong phap giai: :
> Bai toan 1: Tinh g6c giira hai duwdngthinga, b
Bwdre 1: Xéc dinh toa dd hai VTCP twrong trng ciia hai dwong thing a, bla
5=(a1;a2;a3),lz;:(b1;bz;b3) .
Buwdrc 2: Goi a 12 gbc gitra hai dwdmg thdng a va b. Ap dung cong thitc
[a,b; +a,b, +a,b,|
+al+al bl bl bl
> Bai toan 2: Tinh géc gifta hai mit phing (P), (Q)
Bwarc 1: Xéc dinh toa d¢ hai VTPT twong timg cda (P), (Q) la
IT::(A1;B1;C1)'E=(A2;BZ;C2) .
Buwdre 2: Goi ¢ 12 gbc gifra hai mit phing (P), (Q). Ap dung cdng thitc
- |AA, +BB, +C.C,)|
JAI B G BrCE
> Bai todn 3: Tinh géc gitta duong thing d va mit phing (P)
Buworc 1: Xac dinh
v VICP u= (a;b;c)ctia dwomg théng d.

coso= |cos a, b I
\/ai

cosQ= lcos(nl,nz)

v VIPT n =(A;B;C) clia mit phing (P).
Buwdre 2: Goi B 1a goc gitta dwdng thing d va mit phing (P).
{ |Aa+Bb+Cd| '
VA + B> +C*Ja? + b2 + ¢

Ap dung cong thirc sinf= {cos u,n

NGUYEN THI LANH
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BAI TAP MAU
w Co'ban

Cau 150: Trong khong gian Oxyz cho hai dwong thing a :X; L Y;Z = Z+13 va

-2 -1 :
b:X 3 :LZ =2 Goi o 12 goc gitra hai dwong thang a va b. Chon dap 4n dung.
A. 0.~87°38". B. a~86°8". C. a~2°22". D. a~3%42".

Huwéng dan giai
Pudng thang a c6 VICP ﬁ=(4; 5;—1) , dwong thing b c6 VTCP x7=(3;—2; 1) .Em c6:

Jov] 435 (-2)+(-1)1 1

_ _ 1
. IVI J#+5+( 1)2,J32+(_2)2+12_JE.JE 1443

Suy ra: o ~87°38' > Pap an A
Cau 151: Trong khong gian Oxyz, cho hai mjt phing (P) 2x-y+z+10=0, (Q): x+y+Zz 1=0.
Goi a 14 gbc gitta hai mit phang (P), (Q). Chon dap an ding
A. 300 B. 450. , C. 600, D. 90°.
Hwéng dan giai
M3t phing (P) c6 VTPT n, =(2-1;1).

cosa =lcos(u, )'

Mt phing (Q) ¢6 VTPT n, =(1;1;2).

Eim c6: Cosa——*(cos(nT, v»)l 1. an 2a+(-1)1+12 1
melng] ey 42 2
Suyra a=60°. '
- DapanC
x=-1+2t
Ciu 152: Trong khong gian véi hé toa dd Oxyz, cho dwong thing d: <y=1+t vamait
z=3+t

phéng (P) c6 phuong trinh 2x+4y-2z+3=0. Géc gitta duwdong thing d va mit phang (P) bang
A. 450, B. 900, C. 300, D. 600
Hwéng dan giai
Dudng thing d c6 VICP u= (2,1;1).
M3t phéng (P) c6 VTPT n=(2;4;-2)
Goi a 1a géc giita dwdng thing d va mat phang (P). Khi dé:

22+1.4+1.(-2
sina = Icos(u n)l lz +2 +2 (Z)I Z 162 ;:a =30°
N s | 1/2 +4°+

- PapanC

NGUYEN THI LANH
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. v Van dung
Cau 153: Trong khéng gian v&i hé toa d6 Oxyz, cho tir dién ABCD ¢6 A(1; 1; 1), B(3; 3; 1),
C(3; 1; 3), D(1; 3; 3). Goi a Ia gbc gitta canh bén AB va mit phing (BCD). Chon ddp dn ding
A am125°t6n Bro~54%4"————€-a~356 . P.a=90",
’ Hwdéng dan giai
Em cé ﬁz(Z;Z;O), BC =(O;—2;2), Eﬁz(~2;0;2), [_Ba -]§1_5] =(~4;—4;—4).

Dwong thing AB c6 VTCP KEz(Z;Z;O).

Mt phing (BCD) nhan i =:41 [BC,BD] =(1; 1; 1).

Goi a 12 géc gifra dwdng thang AB va mit phing (BCD). Khi dé:

_ — [2.1+2.1+0.1] 2 04L" s TrAn 4
s1na:lcos(AB,n)l= =—==>0~54'44" - Pip 4n B
NP2 40P N1 412 412 6
* Nang cao

Cau 154: Trong khéng gian v6i hé toa @0 Oxyz, cho dwdng thing A c¢6 phwong trinh

x=2_y-1 =~ZI va mit phang (P): —2x+y —2z+3=0. Phwong trinh mit phang (Q) chira

2 1
Ava tao véi (P) mét géc nhé nhat 1a :
A. 10x—7y +13z2-13=0. B. —x+6y +42—4=0.
C. -2x+y—2z+3=0. D. 2x+y-2z+5=0.

» Hwéng dan giai
Pudng thing A c6 VICP u, =(2;1,-1)
Mt phing (P) c6 VTPT n, =(-21;-2).
GoiA=An (P)— A(Z; 1; 0).
Goid=(P)N(Q.
L&y le A, H1a hinh chiéu caaI1én (P).
Dung HE vuéng goc voi d.
Suy raIEH =§ 1a géc gitta (P) va (Q).

Em c6: tanﬁzl}lzﬁ—.Dé'u “=" x3yrakhiE = A.

AH
Khi d6 duwomg thang d vudng goc véi A tai A. Chon g = [z, Tip] =(—1;6;4).
Nhu viy (Q) 12 mat phing chira hai dwdng thing cdt nhaua va A. Do d6 (Q) diqua A
va nhan vecto g = [0y, Ug] =(10;-7;13).
Phuong trinh mit phing (Q): 10(x-2)-7(y-1)+13z=0 < 10x-~7y+13z-13=0
-»PapanA

NGUYEN THI LANH
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Cau 155: Trong khéng gian Oxyz cho hai dwéng thing a: XIZ = y—2+2 = Z+13

’

-1 z-1 .
b % = y—z— ==, Goi o 1a goc gitra hai duwong thing a va b. Chon dép 4n diing.

A. a~13%", B. a~76°51" C. a~103%". D. a=56°".
Cau 156: Trong khéng gian Oxyz, cho hai mit phing (P): 2x+4y-z+3=0, (Q): x-y+22-5=0.
Goi a1a goc gitta hai mat phang (P), (Q). Chon dap 4n diing

A 0~26°34". B. a~63°26". C. a~20°53". D. a~69°7".
x=1+5t

Cau 157: Trong khéng gian vé&i hé toa d6 Oxyz, cho dwong thing d: <y=1+t va mit
zZ=2

phéng (P) c6 phwong trinh 3x-2y+4=0. Géc gitta dwdng thing d va mit phing (P) bing

A. 450, B. 900, €. 1350, D. 600.

) X=—2+t
Cau 158: Trong khong gian Oxyz cho dwong thing d, sy =1-+/2t, d2 12 giao tuyén ctia hai
z=2

mdt phiang (P) :2X+\/§y—1= O,(Q) :2x+27—3=0.Géc gitra hai dwong thing di, d; bing

A. a=30" B. a.=60". C. a=120" D. a=45".

Cau 159: Trong khong gian Oxyz, cho hai mit phing (P): x-2y+2z+3=0, (Q): 2x+2y+z+1=0.
Goi d 1a dwomg thang qua A(0; 0; -1) ndm trong mit phing (Q) va hop véi (P) géc 450.
Phwong trinh cia dwong thing d 13

X=—2t x=t X=t x=1
A.jy=t B. \y=-t C.iy=t D. y=1
Z=-1+2t z=0 zZ=-1-4t Z=—4—t

Cau 160: Trong khéng gian Oxyz, cho mit phéng (P): 2x-y+z-3=0. Goi (Q) 13 mit phing
qua M(-2; 1; 2), gbc toa d6 O va hop véi (P) géc 300. Phwong trinh ctia mit phing (Q) 1a

A.x-7=0. B.-3x+4y+5z=0. C.x+z-1=0. ~ D. 3x-4y+5z=0.
PAP AN
155 156 157 158 159 160
B D A A C D
HUONG DAN GIAT

Cau 155: .

Puong thing a c6 VTCP u= (1; 2; —1), dwong thangb c6 VTCP v :(4; —2;3)

Em cé6: ‘

NGUYEN THI LANH
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coso= lcos 1 uv| |14+2 2+ 3| = = 0~ 7651
ol [v] \/12+22 1) o (-2) 32 V174
- PapanB
Cau 156:
Mt phéng (P) ¢6 VTPT n, = (24 ~1), mt phing (Q) c6 VTPT n, =(1;-1;2).
Em cé:
] paesnend s
coso. = 'cos(np,n )I ‘__anl \/22+42 \/12 _ +22 —E:>0w697
- PapanD
Cau157:

Pudng thing d ¢6 VTCP u=(5;1;0), mt phing (P) ¢6 VIPT n=(3;-2;0).
Goi o 13 géc gitta dwdng thing d va mit phing (P). Khi dé:

53+1.(-2)+0.0 13 1 = o =45

\/52+12+02.\/32+(—2)2+02 132 2 |

sina= lcos(u,n)l =

—»bapan A
Cau 158:
Puwong thdng dq c6 VTCP U= (1;—\/5 ;O);

Hai mét phing (P), (Q) c6 VTPT theo thit tr 12 n_p’:(Z;\/_Z_ ;o), fig =(10;1).
Duwong thing dz =(P) A (Q) nén c6 VTCP ¥ = [ip, fig] =(J’z‘ —2;—/2 )

Goi a 12 géc gitra hai dwong thang dq va dz. Em c6:

o] _ llff (+o(2] 5

=——=a=30"

i Jey o ey

cosa ZICOS

- Papan A
Cau 159: ‘

M3t phing (P) ¢6 VTPT n, =(1;-2;2), mit phing (Q) c6 VTPT n, =(2;2;1).

Gia st dwdng thing d ¢6 mot VTCP 1a u=(a;b;c)véi ditukidn a® +b* +¢* >0.

+dc(Q)=uln,=2a+2b+c=0

+ Goc gitra dwdng thing d va mit phing (P) bing 459nén
|a-2b+2q |-3a—6b]|

3va’ +b’ +¢* \/_ 3, a* +b* + ( 2a—2b)2

<:>(5az+5b2+8ab)=2(az+4»bz+4ab)c>a2 =b’<a=+b

sin45° =,cos(* ~)

(Do c=—2a—2b)

Do a, b, c khong ddng thoi bang 0 nén chon b=1. Suy raa=1, c=-4 hodc a=-1, c=0
- PapanC

NGUYEN THI LANH
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Ciu 160:
© Mitphing (P) c6 VIPT n, =(2-1;1).

Gia st mit phing (Q) c6 VTPT n, =(A;B;C), A>+B%+C* >0.

Vi (Q) qua goc toa d6 O(0; 0; 0) nén (Q) c6 phwong trinh: Ax+By+Cz=0.

Hon nita M(-2; 1; 2)e(Q) nén ~2A+B+2C=0<B=2A-2C.

Géc gitta hai mat phing (P), (Q) bing 300 nén cos30° =|cos (;;,z)’

2A—-B+C
@£= | | <>5A*+3C* -8AC=0.
2 J6A*+B2+C°
Do A, B, C khong dong thoi bang 0 nén C=0.
A=1=B=0" (Q):X+z=0
Chon C=1 thi 54’ -8A+3=0< 3 4=
(Q):3x—4y+5z=0

A=2=B=—-
5o B

- DapanD

“Néu mudn lam - Ban sé tim cdch.

Néu khéng mudn lam - Ban sé tim i do”.

NGUYEN THI LANH
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CHU PE 3: MAT CAU
A.KIEN THU’C TRONG TAM
1. Phwong trinh mat cau

‘Trong khong gian Oxyz

4

» Mt cau (S) tAm I(a; b; ¢), ban kinh R ¢6 phwong trinh

( (X—a)2 +(y—b)Z +(z—c)Z =R2J

trongdé a, b, ceR,R>0.
» Phwong trinh
E+yz+zz—2:;1);—2by—2cz+d=0(a2 +b2+c2—d>O)J

X

14 phwong trinh clia m§t mat cau cé tam I(a; b; ¢) va

bankinh R=+/a* +b*+c*—d.

2. Vi tri twong d6i ciia mit cdu va mit phing
Trong khong gian Oxyz, cho
Mit cau (S) tAm I(a; b; ¢) ban kinh R.
Mait phang (P): Ax+By+Cz+D=0.
Vi tri twong d6i biéu kién

d(1(P))>R
|Aa+Bb+Cc+D|
= >R
JA 4B 4+

(S)n(P)=2
Mait phing va mit ciu
khéng c6 diém chung

d(5(P))=R
|Aa+Bb+Cc+D)|
< =R
JA? + B +CP

(5)r(P) (1)

Mit phing va mit ciu

tiép xdc nhau tai H

H: tiép diém; (P): ti€p dién
Tiép diém H la giao diém cta (P) v&i
dwong thdng A qua I va nhdn VICP
u=(4;B;C).
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(S)n(P)<(c) d(L(P))<R
M3t phang vA mit ciu
cit nhau theo giao
tuyén 13 mot dwong
tron (C).

|Aa+Bb+Cc+D)|
o—-"<R
VA2 +B* 4+ Puwong tron (C) c6:
e Tam H: I1a hinh chiéu cta I 1én
(P).
e Béankinh
 r=JR*-IF’ ,IH=d(L(P))

3. Vi tri twong d6i cha mit ciu va dwong thing
Trong khéng gian Oxyz, cho:
Mit cau (S): (x—a)’ +(y ~b)’ +(z—c)’ =R* c6 tim I(a; b; ¢) ban kinh R.
X=X, +at
Puong thing A: <y =y, +bt.
z=2, +ct
D& xét vi tri twong ddi cha dwomg thang A va mit ciu (S) em c6 thé st dung mét

trong hai phwong phap dwéi day.

Phuong phdp 1: Can ¢ vao s6 giao di€m cia dwdng thing A va mit ciu (S)
Toa do giao difém (néu c6) cda (S) va duong thing A théa min hé phuong trinh

X=X, +at
=y, +bt
(x—a)'2 +(y—b)Z +(z—c)2 =R?
Nhu vay:
++Néu hé phwong trinh (*) v nghiém thi An (S) =
< Néu hé phwong trinh (¥) ¢6 nghiém duy nhat thi An(S)={K}.

Ta néi dwdng thang A tiép xtic mit ciu (S) tai K.
< Né&u hé phuong trinh (*) ¢6 hai nghiém phén biét thi An(S)={A,B}.
Ta n6i dwong thing A cit (S) theo day cung AB.

Phuong phédp 2: Cin ¢ vao khodng céch tir tAm [ dén dwong thang A.
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Vi tri twong déi biéu kién
(S)nA=w
Pudong thdng va mit ciu d(LA)>R

khong c6 diém chung

(S)nAa={K}

Pudng thing va mit ciu d(I;A)ZR
tiép xtic nhau tai K
o K:tiép diém
e A:tiép tuyén
(S)nA={A,B}
Puong thing va mit cau d(LA)<R
cat nhau.

4. Vi tri twong d6i cha hai mit cau
Trong khong gian Oxyz, cho:

M3t cu (S1) tAm Ii(as; by; ¢1) ban kinh Ry,

Miit ciu (Sz) tAm Iz(az; by; c2) bdn kinh R

Vi tri twrong déi Piéu kién

(S1), (S2) ngoai nhau Iil;> Ri+R;

(S1), (S2) ti€p xtic ngoai - | Iila= Ri+R>
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(S1), (S2) cit nhau theo
giao tuyén 1a mot
dwong tron

]R1—R2| <Lil;<Ri+R;

(S), (S2) tiép xc trong

11z = [R1-Ry|

(S1), (52) chtra trong
nhau

Lilz< |R1—R2|

B. CAC DANG BAI TAP

» Phwong phap 2:

KBu’é'c 3: Kétluan

/ Dang 1: Phwong trinh mit ciu
> Phwong phap 1: . ,

Bwdrc 1: Tim toa d6 tdm L.
Bwérc 2: X4c dinh ban kinh R,
Buwdéc 3: Viét phwong trinh dwong tron tAm I(a; b; ¢) va ban kinh R

(x—a) +(y-b) +(z—c) =R?

Bwére 1: Gia st dwdng tron can tim c¢é phwong trinh
%’ +y? +7* —2ax~2by —2cz+d =0
(v6i a,b,c,deRvaa’ +b* +c* -d>0).
Bwdéc 2: Lip hé 4 phwong trinh 4 4n dé x4c dinh cAchésd a, b, ¢, d.

\

/
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oy J
BAI TAP MAU
w Co ban
Céu 1: Cho cic phwrong trinh sau

T Xy ~6ﬁ8—+‘9“0‘ft)\3x+3yy*— 322 —=12x=0(2)
X +y’ +2° ~2xy —4x—1=0 (3) X +y*+2° -2y +22+9=0 (4)
Céc phirong trinh thoa mén 1a phwong trinh clia mét mat cau
A. (1), (2). B. (1), (2), (4). C.3), (4. D. (2), (4).
Hwéng dan giai
Em c6 hai cAch d€ kiém tra mo6t phwong trinh ¢6 phaéi 1a phwong trinh cia mat ciu
hay khéng.
Cach 1. Dung hing d4ng thitc dwa dugc phwong trinh vé dang
(x— a)2 +(y —b)z +(z- c)2 =R? thi phwong trinh d4 cho 13 phwong trinh mét mit ciu.
Véi cach nay em dé dang xac dinh dworc toa d6 tAm 14 (a; b; ¢) vaban kinh R.
Cach 2. Pwa dwoc phuong trinh vé dang x* +y* +z° —2ax—2by —2cz+d =0 v6i cic
hé s§ a, b, ¢, d théa man a* +b?+c* —d >0 thi phwong trinh d3 cho 1a phwong trinh
modt mit cau.
Vi du voi phwong trinh (2):
Cach 1: Bién ddi(2) <:>3(x2 +y*+z° —4x)=0 SN (x—2)2 +y*+zi=4.
Do véy (2) la phwong trinh ctia mt ciu tAm I(2; 0; 0) va ban kinh R=2
Cach 2: Phuong trinh di cho bién d6i vé dang x* +y* +z* —4x =0 twong tng véi cic
gi4 tri a=2, b=c=d=0 théamén a’+b? +c*-d=4>0.
Do viy (2) 1a phwong trinh cha mit cau.
Twong tw, em kiém tra duoc
- Phwrong trinh (1) cling 1a phirong trinh ca mét mat cau. ‘ :
Phwong trinh (3) khéng c6 dang cda phwong trinh mdt cdu vi chira tich x. y.
Phwong trinh (4) khéng 1a phwong trinh mgt mat cdu vi cac hé s6 a=0, b=1, c=-1, d=9
khéng théa man didu kiéna® +b* +c* ~d >0 '
- PapanA
Cau 2: Trong khong gian Oxyz, cho mit ciu (C):x* +y” +7° —2x+4y+6z—1=0. Tam va

ban kinh ctia mit ciu (Q) 1a

A I-123)R =13, B. I(-1;2;3);R =I5
C. I(1;—2-3);R=+13 . D.J(1;-2-3);R =15 .

Hwdng dan giai
Bién d6i phwong trinh mit ciu
X4y +7° - 2x+4y +62-1=0 (x-1) +(y +2)° +(z+3)’ =15
Do viy mit cdu (C) ¢6 tAm I(1; -2; -3) va ban kinh R=+/15 — Pap anD
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Cau 3: Trong khéng gian Oxy, phirong trinh mit ciu tim 1(1;2;3), ban kinh R=\/§ 1a
A X +y 472 - 2% —4y —62+9=0. B. X +y? +7* - 2x— 4y —6z+3 =0,
C. X’ +y* +Z° +2x+4y +62-9=0. D. X’ +y’ +7z* ~x—2y —3z+19=0.
‘ Hwéng dan giai
Phuong trinh mit ciu tAm I(1;2;3), ban kinh R=\/§ la:
. (x—l)2 +(y—~2)Z +(Z—3)2 =(\/§)2 oxXP+y* +2° -2x—4y—6z+9=0
- PapinA
Cau 4: Trong khong gian Oxyz cho A(3;3;0),B(3;0;3),C(0;0;3),D(3;3;3). Phirong trinh mit
ciudiqua A, B,C,D1a
A X*+y*+7° +3x+3y+3z~36 =0 B. x* +y*+7z°—-3x—-3y-3z=0
C. x*+y* +z* —3x~3y+3z=0 D. X’ +y* +7° —6x+62=0
Huwdng dan giai
Gia str mit ciu (S) c6 phwong trinh .
X’ +y? +7° —2ax—2by ~2cz+d =0, a* +b* + > —d>0
Vi mat ciu (S) di qua cic diém A, B, C, D nén thay toa dd clia cac diém vao phwong
trinh m3t ciu em c6 hé phwong trinh:
3*+3%+0*-2a.3-2b.3-2c.0+d=0 ([6a+6b—-d=18
32 +0*+3*-2a.3-2b.0—-2c.3+d=0 6a+6¢c—-d=18 a=b=c=—3—
= < 2
0% +0°+3*-22.0-2b.0-2c3+d=0 |-6c+d=-9 d=0
3?+3%+3%-2a3-2b3-2c3+d=0 [(6a+6b+6c—d=27

(S):x*+y* +2*-3x~3y-3z=0

- PapinB
Phwrong phap gidi nhanh:
T dién ABCD 1a 4 dinh ctuia hinh ldp phwong =~ - 4.
A N s s N Ak c
nhén goc O lam dinh va cac canh nam trén cac ey
. A N ~ PN ™S D
truc toa d6 (nhw hinh vé). B i
Do d6 mit ciu ngoai tiép t& dién chinh 13 mit N
v Y A P " Y /A/
cdu ngoai ti€p hinh l4p phwong véi tm I 1a \ 51
0" N y
‘o S sy 0D TR NN

trung diém OD va ban kinh R=— IS

2 - SN

X
A

2 2 2
Vay (S){x—%J +(y—§j J{z—gj =34Z<:>x2+yz+z2 -3x-3y-3z=0
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., v Van dung
Cau 5: Phuong trinh: x° +y2+2 +2(m—1)x—2(m+1)y —(2m—4)z+4m’ +1=0 la phwong

trinh ctia mot mat cau khi

A. me(—5;~1). B. me(—S;l). C. me(1;5). D. me(—l;S).
Hwéng dan giai
Phwong trinh di cho c6 dang 1a phwong trinh ciia mdt mit cdu véi a=-m+1,
b=m+1,c=m-2 va d=4m®+1.
Pidu kién dé phwong trinh di cho 12 phwong trinh ctia mot mat cdu:
(~m+1)2 +(rn+1)2 +(m—2)2 —(4mZ +1)>0@—m2 ~4m+5>0<>me(-51) .
- Pap anB
Cau 6: Trong khong gian Oxyz, phwong trinh mt ciu c6 tim ndm trén Oy va qua
A(2;1;1),B(3;-1;-2) 1a
A X’ +(y-2Y +72" =6. B. & +(y-2)+7"=14.
C X +(y+2) +z°=14 . D. x* +(y+2)* +2* =6.
" Huwdng dan giai
Cach 1. Goi diém I va R>0 theo thi¥ tt_rb 14 tAm va ban kinh clia mit ciu.
Do I ndm trén Oy nén I(O;a;O),a eR.

Theo bai ra: A, B thudc mit ciu nén IA=IB=R

[A=1Be> |2 +(1-a) +1* =3 +(-1-a) +(-2) ©a=-2 = R*=IA’=14.

Phwong trinh mit ciu (S):x° +(y+2)2 +7z2=14 »Pap ancC

Cach 2.

Vi tAm ciu ndm trén Oy nén phuong trinh mit ciu cé dang: x?+y?+2z? —2by +d =0.

Do A, B ndm trén mit ciu nén toa dd cla A, B théa man phwong trinh trén.

, 22412 +1*-2b+d =0 —2b+d,=-—6 b=-2

Suy ra h¢ phuong trinh {32 H(f 4 (2f +2brd=0 " {Zb rd=-14" {d =-10

Vay (S):x*+y* +2° +4y-10=0 %" +(y +2)2+z2 =14

- DPip an C

*Nang cao .

Cau 7: Trong khéng gian Oxyz, cho ti dién ABCD véi A(0;1;2), B(1;-2;2), C(-1; 1; 1), D(3;
0; -1). Tap hop diém M théa man MA? +MB? +MC* =4MD? 12 mgt mit cdu. Phrong trinh
mit ciu dé la

A. (x—12)' +y* +(z+9) =202. B. x*+(y—12)" +(z+9) =202,

C. x* +(y-9) +(z+12) =202. D. (x+12)’ +y*+(z—9)’ =202.
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Hwéng dan giai
Goi M(x; y; z) 12 diém thda mén bai to4n. Khi d6: MA® + MB® + MC? =4MD? (*).
MA? =(-x)’ +(1-y) +(2-2) s MB? =(1-x)’ +(-2—y) +(2~2)’
MC? =(-1-x)" +(1-y) +(1-2)"; MD* =(3—%)" +(~y) +(-1-z)’
(*) X’ +y* +2° ~24x+182+23 =0 (x~12)" +y* +(2+9) =202
Vay phuong trinh mit ciu la: ()(—12)2 t+y? +(z+9)2 =202 —DipanA
BAI TAP TU’ LUYEN
Cau 8: Trong khong gian Oxyz, phwong trinh mit ciu tAm I(3; 2; -4) tiép xfc véi mat
phing (P):x—4y +z+5=0.

A. (x=3) +(y-2) +(z+4) =16. B. (X—3)2+(y—2)2+(z—4)2=—§—.

C. (x+3) +(y+2)' +(z—4) =16. D. (34—3)2+(y—2)2+(z+4r)'2 =—g-.

Cau 9: Trong khong gian Oxyz, phwong trinh mit ciu tim I(4; -3; 1) tiép xdc véi mdt
phang (0xz)

A (x-4) +(y+3) +(z-1) =17, : B. (x—4) +(y+3)" +(z—1)" =9.

C. (x—4) +(y+3)" +(z~1) =26. D. (x—4) +(y+3)’ +(z—1)’ =16.

Ciu 10: Trong khéng gian Oxyz, phwong trinh mit ciu tim I(5;-2;3) ti€p xiic véi mat
phang (Oxy) .
A. (x-5)" +(y+2)" +(z—3) =9. B. (x-5) +(y+2)" +(z—3)" =29.

C. (x=5) +(y+2) +(z-3) =13. D. (x-3)’ +(y—2)Z +(z+‘4)2 =25.

Cau 11: Trong khong gian Oxyz, phwong trinh mét ciu (S) qua 4 diém A(1;0;0), B(0;3;0),
€(0;0;3), D(5;2;2)1a

A X +y? +7% —4x—4y —4z+3=0. B. X’ +y*+7° -2x—2y-2z+3=0.

C. X*+y*+2* +8x+8y +82—3=0. D. X +y*+7° +4x+4y +4z—3=0.

Cau 12: Trong khéng gian Oxzy, cho mit phang (P): x-2y+3z-6=0. Goi A, B, C Ian lwot la
giao diém cﬁa(P)v()'i cac truc toa do Ox, Oy, Oz. Phwong trinh mét ciu (S) ngoai tiép t&
dién OABC 13

A. X2 +y%+7° -6x-3y -2z =0. B. x* +y2 +z° +6x-3y +2z=0.

C. x* +y2 +72 -6x+3y-22=0. D. x +y2 +77 +6x+3y +2z2=0.

Cau 13: Trong khéng gian Oxyz, phwong trinh mit ciu tAm thudc (Oxy)va qua 3 diém
A(1;0;2),B(-1;-2;2),C(-1;0;0).

A. (x—1)2+(y+2)2+z2=2. B. (X+1)2+(y—2)2+22=2.
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C. (x—1)2+(y'+2)2+z2 =8. D. (X+2)2+(y—1)é+zz =8.
Cau 14: Trong khéng gian Oxyz, goi (S) 1a mit cdu tAm I cb hoanh d§ dwong va ban kinh
R =3, tiép xuc v&i mit phing (P):x+2y+2z+3=0 tai A(1;1;—3). Phuong trinh (S) Ia

A. X’ +y* +7F +4x+6y~22+5=0. B, X' +y*+7' +2y +102+17=0,
C. X’ +y* +72* ~4x—~6y +22+5=0. D. X’ +y* +7* —2x—4y+z-3=0.

Cau 15: Trong khéng gian Oxyz, phwong trinh mit ciu (S) c6 tdm thudc dwdmg thing
x+2 y-1 z+1
1 2 2
(a;):2x -y +3z+5=0 12

A: doéng thoi ti€p xuic véi 2 mit phang (al):x+3y+2z—5=0;

A (1) + -1+ = B. (e 4y ¢ (o5 =225
¢ (X+5)2+(Y—5)2+(Z+5)Z=§- D. (x+3) +(y-3) +(z+3) = 217:15

Cau 16: Trong khéng gian Oxyz, phwong trinh mat ciu (S) ¢6 tim thudc A: x-1=y-1=z-1va
tiép xtic v&i 2 mit phdng (P): 3x-y+2z-1=0 va (Q): x+3y-2z+5=0 12

A (x=3] +(y-3) + (23 ==~ B. (x-2) +(y-2) +(2-2)' = .
. (x=1) +(y-1) +(z41) =2 D. (x+5) +(y-5) +(z+5) = 2.

Cau 17: Trong khdong gian Oxyz, phwong trinh méit cu (S) ¢6 tAm thudc A: {y=0 vatiép

z=-1
x(c v&i 2 m3t phing (P): x-y+2z-3=0 va (Q): x+2y-z+5=0 1a
A X +yt+7 —4x+22~12—7=0. B X +y+7 +6x+2y—%=0 .
C. x2+y2+zz+x+22—£2%=0. D. x2+yz+zz+2x—22—1é§=0.

‘Cau 18: Trong khéng gian Oxyz, phirong trinh mit ciu qua A(Z 0;1),B(1;0;0),C(L1;1) va
tam thudc mit phing (P):x+y+z-2=013

A. (x-1) +(y-1)" +2* =2. B. (x—1) +y*+(z-1) =1.

C. % +(y-1) +(z-1) =1. D. (x-2) +(y-1) +(z+1)’ =5.

Cau 19: Phwong trinh mit ciu (S) tAm I c6 toa dd Am. thudc dwong thing
X1 _y+2

=§ VA tiép xtic v6i mit phéing (P):2x+y—2z+2=0, ban kinh R=1 1

B. (x-2)" +(y-3) +(z—1) =1.
C. (x+5) +(y+4)2+(z+2)2=1. D. (x+1) +(y+3)" +(z+2)’ =1,

3 1
A. (x+2)2+(y+3)2+(z+1)2 =
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Ciu 20: Phwrong trinh mit ciu (S) témll thudc dwong thing d: ;:t—B va tiép xiic véi mit
z=—t

phing (P): 2x+y+z+1=0 ban kinh R=+/6 1

A. (x=2) +(y+3)' +(z+1)" =6. B. (x-2) +(y+3)" +(z+2)" =6

C. (x+1) +(y-3)' +(z-1)" =s. D. (x+4) +(y+3) +(z—4) =6.

Cau 21: Cho 4 diém A(1;-1;2),B(1;3;2),C(4;3;2),D(4;—1;2). Véi A’ 12 hinh chiu ctia A lén
Oxy, phwong trinh mit ciu (S) qua A',B,C,D 1a |

A. X’ +y* +7" +5x+2y +22—1=0. B. x* +y® +7z* —2x~5y-2z-5=0.

C. x*+y*+7> —2x -2y —5z+4=0. D. x* +y* +7* ~5x -2y -2z +1=0.

Cau 22: Trong khéng gian Oxyz, cho khéi ling tru ABCA'B'C’' c6 A(0;-3;0), B(4;0;0),
C(0;3;0), B'(4;0;4). Phwong trinh mit ciu tim A va tiép xdic véi mit phﬁng (BCC'B) 1a

A ¥ 2 g2 576 B. 2, ,_144
x*+(y+3) +z TR X’ +(y+3) +z o5
9 36
C. x2+(y+3)2+22=§§. D. x2+(y+3)Z +7° =c
Cau 23: Trong khéng gian Oxyz phwong trinh mit ciu (S) tAm I(6;3;-4), tiép xiic v4i Oy 1a
A (-6 +(y=3] + a8 9. B. (-6 +(y-3 +(z+4] ~16.
C.(x=6) +(y—-3) +(z+4)'=52. D. (x-6) +(y-3)" +(z+4)" =36.

Cau 24: Trong khong gian Oxyz, phwong trinh mit ciu (S) tim 1(4; -2; 1) va tiép xuc véi
truc Ox la

A. (x—4) +(y+2) +(z-1)"=5. B. (x—4) +(y+2)’ +(z-1) =17.

C. (x~4)' +(y+2)" +(z-1)" =20. D. (x~6) +(y-3)' +(z+4) =21.

Cau 25: Trong khéng gian Oxyz, goi (S) 1a mit ciu tAm I c6 cic toa d6 dwong thudc

d:){_2=l=Z—3 , qua M(1;1;4) va tiép xic v6i dwong thing d':X+2=y+2:Z_4.
1 -1 2 1 1 -4

Phwong trinh mit ciu (S) la

A X +y* +7" -2x -2y —-22—6=0. B. x* +y* +2° ~11x+7y —20z+66 =0.

C. X* +y*+2° —6x+2y—10z+32=0. D. X +y* +7* —4x—6z2—6=0.
x=2t x=3+t'

Cau 26: Cho hai dwdng thing d, :qy=t ;d,:qy=—t' chéo nhau. Phwong trinh mat cau
z=4 z=0

(S) nhén doan vudng géc chung cla d,,d, lam dwong kinh 1a

A. (x~2)2 +(y-1) +(z—2) =16. B. (X—Z)2 +(y-1)' +2*=4.
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C. (x=2)" +(y-1)" +(z+2) =16. D. (x-2) +(y-1) +(z—2)' =4.
Cau 27: Trong khong gian véi hé toa d6 Oxyz, cho mit ciu (S):(X—Z)2 +(y—1)2 +z°=1
- vamitphing (Q):2x=2y ~z+1=0-Viét phuong trinh mit chu-(S') d6i xirng véi mit Shu{S)———
qua mit phing (Q)

SR N I R
N e e I o N

Cu 28: Cho diém A(4; 1; 2). Miit ciu (S) c6 tAm A va cit truc Ox tai hai di€m phan biét B, C
sao cho tam giac ABC vudng can tai A. Phwong trinh mit cau (S) 1a

Bén kinh R ciia mit cdu bang khodng c4ch tir tdm I dén mit phing (P).
B-42-4+5 4

17 +(—4) +12 32

A. (x—4) +(y -1 +(z-2)* =20. B. (x—4) +(y-1)" +(z—2)’ =10.
C. (X—4)2+(y—1)2+(z*—2)2=16. - D (X—4)2+(y—1)2+(z—2)2=5.
DAP AN
8 9 |10 | 11 [ 12 [ 13 [ 14 | 15 | 16 | 17 | 18
D | B A | A C C C B A C B |
19 | 20 | 21 | 22 | 23 | 24 | 25 | 26 | 27 | 28 |
A D D A C A | A D D B \
HU'G'NG DAN GIAI
Cau 8:

Em ¢6 R=d(L(P))=

Vay phwong trinh mit ciu : (){—3)2 +(y—2)2 +(z+4‘)Z =g - PapanD
Ciu 9:
Khodng cich tir I(a; b; ¢) dén
v' Mt phdng toa do (Oxy) 12 |
v' Mit phing toa d6 (0xz) 1a [b|
v' Mt phing toa do (Oyz) 12 |a] :
Mt cau tam I(4 ;-3 ;1) ti€p xic v&i midt phing (Oxz)c6 ban kinh 13 khoang cach tir |
dén mit phing (0xz)=> Ban kinh miit ciu 13 R=|-3|=3.
Vay phwong trinh mit ciu: (X—4)Z + (y+3)2 +(z~—1)2 =9 »Pap anB
Ciu 10:
Mt cau tam I(5 ;-2 ;3) tiép xiic véi mit phing (Oxy)cé ban kinh 13 khoang cach tir I
dén mit phing (Oxy)=> Ban kinh mét ciu 13 R=|3|=3.
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Véy phwong trinh mit ciu : (x—5) +(y+2) +(z-3)" =9
—-PapinA :
Cau1t:
Gia str mdt ciu (S) c6 phuong trinh
x* +y* +7* —2ax—2by —2cz+d=0, a’ +b* +c* —d >0
Vi mat ciu (S) di qua cc diém A, B, C, D nén thay toa d6 cia cac diém vao phwong
trinh m3t ciu em c6 hé phwong trinh:

1-2a+d=0 —Za+d=-1

9—-6b+d=0 —6b+d=-9 a=b=c=2
<> . <>

9-6¢+d=0 —6¢c+d=~9 d=3

25+4+4-10a—4b—4c+d=0 10a+4b+4c—-d=33
V4y phwong trinh mit cAu : x*+y*+7° —4x—4y—4z+3=0—D4p 4n A
Ciu 12:
Em cé: A(6; 0; 0); B(0; -3; 0); C(0; 0; 2). Phwrong trinh mat ciu (S) ¢6 dang:
X% +y? +2% - 2ax-2by -2cz+d =0 (az +b? +cz—d>0)
d=0
36-12a=0

A,B,C,0&(S) < a=3b=-2;c=1d=0
9+6b=0 2

4—4¢c=0
Vay (S): x*+y° +2% -6x+3y-2z=0.
—-PapanC
Cach giai nhanh:
Goi K 12 trung diém AB »K(B;—% ;oj .
d 1a dwdng thing vudng géc véi mit phing
(Oxy) taiK
X=3
. 3
— phuwong trinh d : y=—5 .

Zz=t

Tam I ctia mit cdu ngoai tiép tir dién OABC 12 giao diém cia dwong thing d va mit
phang z=1 (mit phing trung tryc OC).

Suy ra 1(3;—-%;1),]?{=01:—7- .
2 2

Tir d6 em c6 dwgce phwong trinh miét ciu:
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2 3)? 2 49 2.2, .2
(x=-3)"+ y+5 +(z-1) = SX Y4z -6x+3y-2z=0.

- PapanC

Cau 13:
Goi 112 tAm mit ciu. Do I thudéc mit phang (Oxy) nén I(a; b; 0).
Do viy phwong trinh mit c3u cé dang: x* +y* +z* —2ax—2by +d =0, a’ +b* ~d >0
Vi mat ciu (S) di qua cic diém A, B, C nén thay toa dd ctia cac di€m vao phwong trinh

mat ciu em c6 hé phwong trinh:

1+0+4-2a+d=0 —2a+d=-5 a=1
1+4+4+2a+4b+d=0<42a+4b+d=-9&b=-2
1+2a+d=0 2a+d=-1 d=-3

Suy ra ban kinh R=1f1‘""+(—2)2 +3=4/8.

Vay (S): (x—1) +(y+2) +22=8.
—PapanC
Cau 14:
M3t phing (P) c6 VTPT n= (1:22).
, ‘ x=1+t
Goi d L(P) tai A. Phwong trinh dwong thdng d1a: {y =1+2t
z=—-3+2t
Vi miit cau tidp xtic véi mit phing (P) tai A nén ban kinh R=IA
Ied = I(1+t; 1+2t; -3+2t) vaT1A=3 (t>-1)

il —i,(2; 3; -1).

Em c6 IA=3<:>\/(—t2)+(—2t)z +(-2t) =309 =9 [t

Vay (S): (X—Z)2 +(y—3)2 +(z+1)2 =9 x?+y?+22 -4x -6y +22+5=0. -
- PapanC |
Cau 15:
X=-2+t
Dwong thdng A ¢6 phwong trinh tham s6 <y =1+2t
z=-1-2t
Vil thudc dwong thang A nén 1(-2+t; 1+2t; -1-2t).
Mt ciu () tiép xtic v6i hai miit phing (a1) va (az) khi va chi khid(I;(o, ))=d(L(a, )
|-2+t+3+6t—2-4t—5 |[-4+2t—1-2t—-3—6t+35

J1+9+4 J4+1+9
Suy ral(-5; -5; 5), szi hoac I[—E;E;—g),R:i
J14 33" 3 J14
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1

o[Bt-6=-6t-3<| 3 — Pap 4n B
t=-3

Cau 16:

Phwong phép chung: ‘
e Tham s6 héa dwdng thing A, 1dy diém I tiy ¥ thudc d.
e Tinhkhodng céch tir I d&n hai mit phing (P) va (Q)
e Cho gia tri hai khodng cich bang nhau-> tim t— toa dd tam.
Phuwong phap gidi nhanh:
Vi I € Anén hoanh dg, tung do va cao do tim I déu bang nhau— Loai C, D.

Pap an A: tam (3; 3; 3)~ d(L(P))=d(E; (Q)) — —>ChonA

Dép 4n B: tam 1(2; 2; 2)—> d(I,(P)): NS a1 (Q)) J’Z —» Loai B.

- bapan A
Caul7:
Nhin thiy I eAnény= 0 zi=-1— Loai B, D.

Pap 4n A: tam I(2; 0; -1)— d(1L(P))#d(5;(Q)) — loai A.

_ A 1 s
Pép 4n C: tAm I(—E;O;—lj va d(I,(P)) (I (Q)):—— — chon C.

206

—BPapanC
Cau 18:

Goi I(a; b; ¢) 12 tAm mit chu, phwong trinh mét cau cé dang:

X2 +y? +7* —2ax—2by —2cz+d=0, a* +b* +c* —~d >0
» Vil thudc mit phing (P) nén a+b+c-2=0 (1)
»  Vimit ciu (S) di qua cic diém A, B, C nén thay toa d6 cia cac diém vao phuong
trinh médt ciu em c6 hé phwong trinh:

4+0+1—4a-2c+d=0 —4a—2¢c+d=-5
{1-2a+d=0 < {-2a+d=-1 (2)
k1+1-l—1——221——2b—2(:+d=0 —2a—-2b—2c+d=-3

Két hop (1) va (2) em c6 hé phirong trinh

—4a-2c+d=-5

-2a+d=-1 a=c=d=1
>

—2a—2b-2c+d=-3 b=0

la+b+c=2

Vay mit ciu tam I(1;0 ;1), béan kinh R=1 —>(S): (x-1)* +y? +(z-1)’ =1.
- Bap 4n B
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Cau 19:
Toa d6 tAm mit ciu 1a [(1+3t; -2+t; t), diéu kién t< —% .

Ban kinh mat ciula:

' | 1
|2(1+3t)+(—2+t)—2t+2l=1©'St+2’=3© t=;

\/22 +1 +(—2)2 | t=—1

R=d(L(P))<

Vit< —% nén t=-1 théa min. Phwong trinh (S): (X+2)2 +(y +3)z +(z+1)2 =1.

- PapidnA
Ciu 20:
Phuwong phap chung:

e Tham s& h6éa dwdng thing d, 14y diém I tiy y thudc d.
e Tinh khoang cach tir I d6n miit phéng (P) va cho gi4 tri kho4ng cach bang ban
kinh R — tim tham s6 — toa d0 tam.
Phwong phap gii nhanh:

Déap 4n A: Vi hoanh d6 va cao d9 tidm I d6i nhau— loai A.

Dap 4n B: tAm [(2; -3; -2) €(P) — loai B.

Dép 4n C: Tung d6 tdm I bdng ~3— loai C.

D4p 4n D: Tam I(-4; -3; 4) c6 d(I;(P)) =+/6 — chon D.

- PapanD

Cau 21:
DPiém A c6 hinh chiéu 1én (Oxy) 1a A’(1; -1; 0).
Gia str mat cau (S) ¢6 phwong trinh:
Xt +y* +7° —2ax—2by —2cz+d=0,a* +b* +c* —d>0

i Vi mit ciu (S) di qua cic diém A’, B, C, D nén thay toa dd clia cac diém vao phuong
“ trinh mit ciu em c6 hé phwong trinh:

2—2a+2b+d=0 —2a+2b+d=-2
1+9+4—-2a—6b—4c+d=0 —2a—6b—-4c+d=-14 a=-Fl

< < 2
16+9+4-8a—6b—4c+d=0 " |-Ba—6b-4c+d=-29 | _ ' . |

16+1+4-8a+2b—4c+d=0 —8a+2b—4c+d=-21
Viy (S): x2+y2+22-5x-2y~-2z+1=0
—»PapanD
Cau 22:
G&n hé truc Oxyz nhw hinh vé.
Duwa vao tinh chit hinh ling try, em ¢6 AA'=BB'=CC' —A’(0; -3; 4), C(0; 3; 4).

Miit phing (BCC'B') qua diém B(4; 0; 0) va nhan VTPT n= %[ﬁ‘, E?:] =(3:4;0).
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Phwong trinh mit phing (BCC'B’) 1a: 2
3(x~4)+4y=0<3x+4y-12=0. A T‘L ¢
Vi (S) tAm A ti€p xdc mit phing (BCC'B’) i i

B i
nén ban kinh R=d(A;(BCC'B')) =—25i. : !
Vay phwong trinh mit cdu cin tim la: A3 o 3 v

576 ' C
X+ (y+3P +z8=— . o :
(y+3) T
X

- Pipan A B

Phwong phép giai nhanh:
Hinh chiéu ctia O 1én mit phing (BCC'B’) 12 chin dudng cao H ké tir O cla tam giic

. ) iy . OBOC 12
vuéng OBC. Suy ra d(0,(BCC'B ))_OH_——BC -
Bén kinh mit cau R=d(A,(BCC'B'))=24(0,(BCC'B) =-25ﬁ .
—»Pipan A
Cau 23:

Hinh chiéu ctia I 1én truc Oy la: I'(0; 3; 0).

M3t ciu tam I tiép xtic truc Oy c6 ban kinh R=1I" =w/(—6)2 +0° +4% =452,

Vay (S):(x—6) +(y—3) +(z+4) =52

- PapanC
Phwong phap gidi nhanh: St dyng c6ng thirc tinh nhanh khodng cach tir mot diém dén truc

toa do.
Khoang cich tir diém I(a; b; ¢) dén cic truc toa dd Ox, Oy, 0z 1an lwot 1a:

d(1,0x)=vb* +¢, d(1,0y) =+’ +¢*, d(1,0z) =/a? + b?

Mat cau tiép xtc véi truc Oy thi c6 ban kinh bang khoang cich tir tim I dén truc Oy.

— Béan kinh mit caula R=, [(—6)Z +4% =4[52

-PapanC
Cau 24:
Mit cau tiép xic véi truc Ox thi cé ban kinh bang khoang cach tir tAm I dén truc Ox.

—> Bén kinh mit ciula R=/(-2)’ +1* =/5 - Pap 4n A

Cau 25:

X=2+t
Duong thang d c6 phwong trinh tham s6 <y =-t
Z=3+2t
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Duomg théng &’ qua N(-2; -2; 4) va ¢6 VICP u=(1;1;,-4).

Vilthudc dwdng thing d nén 1(2+t; -t; 3+2t), —% <t<0.

Goi R1a ban kinh matcdu (S)—>R=IM.

i,

;

Em 6 NI=(4+t;2—t;—1+2t),[ NLu |=(2e-7;6t+15;2t+2),IM=(-1-t;1+ 5;1-2t).

Miit ciu (S) tiép xtic dudng thing d’ khi va chikhi d(I;d")=R < IM (*)

2t-7) +(6t+15) +(2t+2)°
() ) J(mﬁ)z (2e2) ~ -t () (12
t=-1 3.,
o2t*-5t-7=0 7 —2—1(1; 1; 1),R=3.
2
Phwong trinh (S): (x-1)2+(y-1)2+(z-1)?=9 < X2+y2+72-2x-2y~27-6=0
—-Papan A
Cau 26:
' Hai dwdng thing ds, d; ¢6 VTCP theo thir tw 13 u, =(2;1,0),u, =(1;,-1,0).

Goi A 13 dwdng thing vudng gbéc chung cfia hai dwdmg thing ds, dz va ct chiing theo
th ty tai A, B.

Em c6: A(2t;t;4),B(3+t5-t50),AB=(3+t'-2t;—t'~t; 4.

ABu, =0 [t'-5t=-6
 ViAvudng gécvéicads, dznén 4 <:>{ . ot=Lt'=-1
ABu,=0 (2t'-t=-3
— A(2; 1; 4), B(2; 1; 0), AB=(0;0;—4).
1

Mit cAu dwdng kinh AB ¢6 tdm I(2; 1; 2) vaban kinh R =§AB =2.

- Pap an D.

Chii ¥z Quan sat phirong trinh hai dwéng thing dy, dz em nhén thdy rang di nim trong mgt
phing z=4, d; nim trong mit phing z=0 va khoang cich gilta hai mit phang d6 la
d=4. Suy ra ’

v Bankinh mit ciu Rz—;—dzz — Loai A, C.
v Dudng vudng géc chung ctia dy, d, ciing phuong truc 0z — AB=mk, k=(0;0;1)
3+t'—2t=0 |
suy ra —AB—1
—t'-t=0

Cau 27:
Mit cau (S) ¢6 tim M(2; 1; 0) va c6 ban kinh R=1
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Goi M’ 14 hinh chiéu vudng géc ctia M trén mit phing (Q)

Ta ¢6 MM’ L(Q) nén duong thing MM' di qua diém M va nhan VTPT ctia mit phing
xX=2+2t

(Q) lam VTCP. = phwong trinh tham s8 dwong thing MM':{y=1-2t ,teR
z=-t

Vi M’ 14 hinh chiéu vudéng géc ctia M trén mit phing (Q)=M'=MM'~(Q)

=> Toa dd diém M’ 1a nghiém hé phwong trinh:

2x-2y-z+1=0 (2(2+2t)-2(1-2t)+t+1=0 1
x=2+2t X=2+2t t——§
-~ ’ =
y=1-2t y=1-2t A y—§-z=1
Z=—t Z=—t 3’7 37 3

333

Goi I(x; y; z) 14 tAm ctia mat ciu (S"), do mit ciu (S’) d8i xing véri mit ciu (S) qua mit
phing (Q) =1 d&i xitng vé6i M qua mit phing (Q)

—> 1 d6i xtrng véi M qua mat phang M’

=M’ 13 trung diém cta doan thing IM

2 7 2 27 2
:>X:ZXM,—XM:§;y=2yM,—yM=§;Z:ZZM,—ZM=§:>I 5; 5.—3-

Khi d6 mat cAu (S') ¢6 tAm I(g ; g ; —g) , ban kinh R’=R=1 nén c6 phwong trinh:

SIGICE

-»PapanD
Céau 28:
Goi H 12 hinh chiéu ctia A trén Ox— H(4;0;0) ' A
= AH=(0;-1;-2)= AH=+/5 %/
Tam gidc ABC vudng cin tai A nén B H
AH=HB =HC.

= AC=vAH? +HB? =\/10 =R.
Vay (S): (x—4) +(y—1)" +(z—2)" =10.
—»PapanB
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[ Dang 2: Bai toan tong hop | J

BAI TAP MAU

= Co ban
Cau 29: Trong khéng gian Oxyz, cho mit ciu (S): x*+y”+z" —2x+2y~4z—3=0. Mat
phéng ndo dwéi day tiép xtic mdt cau (S)?
A. (P): 2x+y-2z+3=0. B.(Q): 2x+2y-z-7=0.
C.(R): 3x+4y-10=0. ' D. (T): x+2y-5z+11=0.
Huwéng dan gidi

M3t cau (S) c6 tdm I(1; -1; 2) va ban kinh R=3.

Kiém tra thdy tdm I thudc hai mit phing (P) va (T) — Loai A, D.

Tinh khoang céch tir [ dén hai m3t phing (Q) va (R) em dugc:

R
o)

—»PapainB

R

Cau 30: Trong khéng gian Oxyz, cho mit ciu (S): X’ +y’ +7" —2x~2y —2z+2=0. Duong

thang ndo dwdi day cit mt ciu (S) tai hai diém phén biét?

r

X=—+t
x=1+2t x=2+t x=1-2t i
A d;:qy=0 . B.d,:qy=t . C.dy:qy=—1+t. D. d4:<y=—i—2t.
z=3+t : z=0 ' z=1-t
Z==+t
v

Hwéng dan giai
Mit cau (S) c6 tdm I(1; 1; 1) va ban kinh R=1.
Phuwong phdp chung:

»  Pidu kién d6 dwong thing A cit mit chu (S) tai hai diém phan biét la
d(LA)<Red(1,A)<1.

* Tinh khoang cach tir I dén cic dwong théng d,,d,,d,,d, — d(Ld,)<1

"—»DbipanD

Phwong phdp gidi nhanh:

% Mt cau (S) tiép xtic cdc mit phing (Oxy), (Oyz), (Oxz) theo thit tw tai M(1; 1; 0),
N(0; 1; 1), P(1; 0; 1).

% Pudng thing d; ndm trong mit phiang (Oxz) nhung khong di qua P — Loai A

Puong thing dz ndm trong mit phing (Oxy) nhwng khong di qua M — Loai B
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3

" Du‘o'ng thing ds qua diém K( ; ;) —IK -—2—— <R —» Knam trong mit ciu (S).

Moi duwong thang di qua K ludn cit (S) tai hai diém phan biét — Pwong thing d,
thoéa man. ;

Trong bai todn nay néu em chwa nhén ra dwgc K ndm phia trong mit cau thi hoan
toan c6 thé tim ra d4p 4n D  bang c4ch tinh khoang cach tir tim I d&n duwong thing

ds vade: d(Ld;)= \/Z >1;d(Ld, )= £<1

-»DapanD
Cau 31: Trong khéng gian Oxyz, cho hai r mit ciu (S ):(x— 1) +(y+2) +(z— 3) =5 va
(S,):(x+1) +(y-1)’ +(z+2)" =7. Ménh @& dtngIa
A. (S1) va (Sz) ¢6 nhiéu hon 2 diém chung. B. (S1) va (S2) tiép x1ic ngoai.
C. (S1) chira trong (S3). D. (S1) va (Sz) & ngoai nhau.

Hwéng dan giai
Mt cau (S) ¢6 tam I11(1; -2; 3) vi ban kinh R, =+/5.
M3t c3u (Sz) ¢6 tam In(-1; 1; ~2) va ban kinh R, =/7 .

Em tinh dwoc LI, =(-1-1) +(1+2)’ +(~2-3) =38 —Ll>Ri+R;
-PapanD :
v Van dung

Cau 32: Mit phang (P):2x+2y+z—m’-3m=0 tiép xdc v&i mit cAu (S) cé6 phwong trinh

(x—1F +(y +1)* +(z—1)*=9. Gi4 tri 16n nhét ciiam 12
A. m=5. B. m=-5, C. m=2. D. m=-2.
Hwéng dan giai
Mat cau (S) c6 tAm I(1; -1; 1) va ban kinh R=3.
Mt phéing (P) tiép xtc m3t cau (S) khi va chi khi d(L,(P))=

[2.1+2.(-1)+1-m* —3m|
V22 2P 1P

m’ +3m— 10=0 [m:—S

=3<»:>Jm2+3m—1,=

=S
m’+3m+8=0 (VN) |[m=2
- Pap an C
X=6+2t ‘ :
Cau 33: Cho dwong thing d:{y=4+t , mit ciu (S):x*+y* +2” +4x—6y +m=0. Véi gia
z=5+2t

tri ndo cia m mit ciu (S) cit dwdng thing d tai hai diém A, B sao cho AB=8.
A. m=6. B. m=-12. C.m=15. D. m=-6.
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Hwéng dan giai
Mit cau (S) c¢6 tim I(-2; 3; 0) va ban kinh
R=+/13—m v6i diéu kién m<13.

) £h 3 e N o e Y 4 A
buong thang d-qua M(6;-4;-5) va-co6-mot

VICP u=(21;2).

Em c6:
IM=(8;1;5) N ﬂm_
wi)-(ss0) " TR

Goi H 12 trung diém cia AB — d(I, d)=IH=3 vi AH= éZE =4.

Vay R? =IH*+ AH? © 13-m=9+16 <> m=-12
- PapanB
Chi ¥: Diéu kién (S) 1a mit ciu: 13-m>0<m<13—> Loai C.

Vi R? =IH? + AH*nén R>%§©m<~3 s LoaiA.

Cau 34: Trong khéng gian Oxyz, cho mit phing (Q) chita Ox va cit mit cau (S) c6 phurong

trinh x*+y* +7* ~2x+4y+2z—3=0 theo giao tuyén 1A dwdmng tron ban kinh bing 3. Diém

ndo sau day khéng nim trén (Q)
A.(-5;0; 0). B.(1;2; 1). C.(0;-6;-3). D. (3; -4; 3).

Huéng dan giai
Mit phang chita Ox c6 phwong trinh by +cz=0,b? +c* #0.
Mat ciu (S) tAm I(1; -2; -1) ban kinh R=3.
Tir gia thiét: dwdng tron giao tuyén 6 ban kinh r=3 suy ra tim [€(Q) =~2b-c=0.
Chon b=1, c=-2 em dwgc phwong trinh mit phang (Q): y-2z=0.
-»PapanD :
* Nang cao

Céu 35: Trong khéng gian Oxyz, diém M thudc mit ciu (S):x* +y* +2° —2x+4y+2z—3=0

va cdch mit phing (P): -x+2y-2z-9=0 mdt khoang 16m nhit. Téng toa dd ctia M 1a

A. 1

B.-3. C -1. D. 2.
Huwéng dén giai

Mit ciu (S) tAm I(1; -2; -1) ban kinh R=3.
Goi H 12 hinh chi&u vudng géc ctia I 1én mit phing (P), dwdng thing IH ciat (S) theo
dwong kinh AB (AH>BH).
M 12 mét diém tuy ¥ trén (S), K 12 hinh chiéu vudng géc ctia M 1én (P)
—> d(M, (P))=MK < AH.
Nhu vy d(M,(P))mu=AH khi M=A.
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Phwong trinh dwong thdng IH vubng géc véi

x=1-t
(P tail: <y=-2+2t.
z=-1-2t
Vi A=IH(S) nén toa d6 didm A théa man hé - é(
phwong trinh:
x=1-t x=1-t
y=—2+2t y=—2+2t
z=-1-2t lz=-1-2t

X’ +y? +7* -2x+4y +22—3=0 (x—l)2 +(y+2)2 +(z+1)2 =9
,:t=1,x=0,y=0,z=—3
SN
t=—1,x=2,y:74,z:1
Vi d(4, (P))>d(B, (P)) nén A(2; -4; 1)
~PapanC
BAITAP TU’ LUYEN

Cau 36: Trong khéng gian Oxyz, cho mit ciu (S): x*+y’+2° —6x—8y+2z+1=0. Mit
phang nao dwéi day khong cé diém chung véi mit ciu (S)?
A.(P): x+2y-z+11=0. . B.(Q): 2x+y-7z-1=0.
C. (R): 3x+4y=0. D. (T): 2x+y-2z-4=0.
Cau 37: Trong khéng gian Oxyz, cho mit cAu (S): x*+y*+7z° —2x+4y+4z—7=0. Mit

phing ndo dwéi day tiép xic véi mit ciu (S) tai A(B;l;\/g - 2) ?

A. 2x—y+32-8+23=0. B. 2x+3y +32-12+23=0.
C. 2x+3y +3z+4+23 =0. D. 2x—y—/3z-2-2/3 =0,

C4u 38: Trong khéng gian v&i hé toa d6 Oxyz cho diém M(2;3;O) , mit phing

(P): x+y+2z+1=0 va mit ciu (S): x° +y2 +77 ~-2Xx+4y-6z+8=0. Phwong trinh mit phrfmg
(Q) song song vo1i (P) va tiép xic véi mit cau’(S) 1a

A x+y+2z+1=0. B, x+y+2z+11=0,

C x+y+2z-11=0va x+y+2z+1=0. D. x+y+2z—-11=0.

Cau 39: Trong khong gian Oxyz, cho mit ciu (S): X2 +y” +7% +2x-+2y +22+2=0.. Duong

thang nao dwéi day khéng cé diém chung véi mit ciu (S)?

x=-1-3t x=-1-t% x=1-3t x=1-4t
A d:qy=—t B.d,:sy=-1+3t C.d,:qy=—1+2t D.d,:qy=-2t
Zz=—1+2t z=—1+2t . z=—-1-t 7z=—2+3t

Cau 40: Trong khong gian Oxyz, cho hai mat ciu (S1): (x+1)2 +(y—3)2 +(z—4)2 =8 va
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(S2): (x+2)° +(y~3) +(2z-1)’ =9. Ménh d& n2o dwéi day ding?
A. (S1) va (Sz) c¢6 nhiéu hon 2 diém chung. B. (S1) va (S) ti€p xtic ngoai.
€. (51) chiva trong (S2). D. (S1) va (Sz) & ngoai nhau.

Cau 41: Trong khéng gian Oxyz, cho hai mit cau (S, ):(x+1)" +(y—1)2 +(z—2)‘ =1 va

(SZ)!(X+ 1)2 +(y—2)2 +(Z——1)2 =16 . Ménh dé nao dwéi day diung?

A. (S1) va (S2) c6 nhiéu hon 2 diém chung. B. (S1) va (Sz) tiép xtc trong.

C. (S1) chira trong (S2). D. (S1) va (Sz) & ngoai nhau.

Cau 42: Cho (C) 13 dwdng tron dugc tao bdi mit phing (oc) :2%+2y +z+7=0 cit mit ciu
-

(S) :(X—l)2 +(y—1)2 +(z—1)Z =25. Goillatim cﬁa(C) , ban kinh r. Chon khang dinh dung?

A. 1(—5 -2, —lj R=3. B. 1(—5 -2, 3) R=4.
3" 3" 3 2
C. I(-1,-1;-3);R=6. , D. I(-2-21);R=3.

Cau 43: Trong khong gian Oxyz, cho mit ciu (S):(X—l)2 +(y—1)2 +(z—1)2 =25.Mit phdng
(P) qua A(1;-1;2), B(3;5-2) va ct (S) theo mft dwdmg trdn c6 ban kinh nhé nhit. Biém

nao dwéi diy thudc mit phing (P)? ,
A.M(-1;-2; 4). B. N(1; -1; 0). C.J(1; 2; -4). D.T(1; 3; 2).
Cau 44: Trong khong gian Oxyz, mit ciu (S) tdm I(1;%;-2) giao v6i mit phing

(P):2x+2y +z+5=0 theo giao tuyén 1a dudng tron (C) cé dién tich 16 (dvdt). Phuwong

trinh mét céu (S)
A. (x-1)’ +(y—2)2+(z+2)2=25. B. (x—1)2 +(y-2) +(Z+2)2 =7.
C. (x=1) +(y—2) +(z+2) =9. D (x-1 4 (y-2) +(z+2) =36.

C4u 45: Trong khéng gian Oxyz, goi (S) 1a mit cdu qua M(l;—S;Z) va chira (C) 12 duwdng
tron giao didm cla mit cAu (S):x’+y*+z° +2x—4y—4z—40=0 va mit phing

(a):2x+2y—2z+9=0. Phuong trinh ctia (S) 1

A.khong ton tai. B. (x -1y’ 4—()7—3)2 +(z-1)"=65.
C. (x-3) +(y—4) +2* =40. D. (x+5) +(y+2) +(z—4) =49,
-,
7 x=142t
Cau 46: Trong khéng gian Oxyz, cho dwong thing d:{y=-1-3t va mit cau (S) c6 phuwong
z=2-1

trinh % +y? +2% +2x—2y+2z—1=0. Phwong trinh mit phing (P) chita dwong thing d va
cit mit ciu (S) theo giao tuyén 1a dwong tron (C) ban kinh r=11a

A. 2x+y+z-3=0. B. x+y-z-4=0.

C. 2x+y-z+1=0. D. 13x+7y+52-16=0.
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x-1 y
1

Cau 47: Trong khéng gian Oxyz, cho duwong théngd:———l—= =—i—,mét ‘phﬁng

(P): 2x+y-2z+2=0 va mit ciu (S):(x+2) +(y+3)" +(z+1)’ =1 tiép xtic (P). Goi M Iz
giao diém ctia d va (P), A 12 tiép di€m ctia (S) va (P). D6 dai MA bang?

A \26. B. [%0. C. ,_233 D. 3./3.

3
, x=2t
Cau 48: Cho mit ciu (S):x* +y* +2° —2x+2y+4z—-3=0 va dudng thing A, :qy=1-t va
' ’ z=t

-1 : . " N pi s
A, :X—1 = % =z Phwong trinh mat phang (P) tiép xtc véi mét ciu (S) va song song véi hai

dwong thing Ay, Az 127

A. 2x+3y—z+1+33 =0. B. 2x+3y-z-1-314 =0.

C. 2x+y+z-2=0. D. x+3y+z-3=0. _

Cau 49: Cho mit ciu (S):x°+y’+2°-10x+2y+26z—113=0 va duwong thing
x=-=7+3t . 1 13

A {y=—1-2t va A, Xt Y—g I Phuong trinh mit phang (P) tiép xic véi mat
zZz=8

cau (S) va song song v&i Ay, A 137

A, 4x+6y+52+205=0. B. —4x+6y+5z+9=0.

C. 2x+y+z+22=0. , D. 8x+12y+10z-105=0.

Ciu 50: Trong khong gian véi hé toa do Oxyz, tim tit ca cic gia tri cia m d€ phwong trinh
X’ +y* +7* —2x—2y—4z+m=0 12 phwong trinh ctia mét mit ciu. v

A. m>6. B.mz>é6. C. m<é6. ‘ D. m<6.

Ciu 51: Trong khéng gian v&i hé toa d6 Oxyz, phuwong trinh nao dwéi day 1a phwong trinh
mit ciu di qua ba diém M(2; 3’; 3),’N(’2; -1; —ij, P(—2; -1; 3) va ¢6 tAm thudc mit phing
(a):2x+3y—z+2=0

A X 4+y? 477 —2x+2y —22—-10=0. B. x* +y? +22 —4x+2y —6z—2=0.

C. X2 +y? +Z2 +4x-2y +6z+2=0 . D. x* +y? +72° —2x+2y —2z—-2=0

Cau 52: Trong khéng gian Oxyz, cho mit cﬁu(S):(x+1)2+(y—1)2+(z+2)2=2 va hai

dwong thing d:—%—_—gzzz%—_—l, A:§=X=Z—_i. Phwong trinh nao dwéi day la phwong
1 2 - 11 -1

trinh cia mgt mit phang tiép xtic v&i (S), songsongvéi dva A?

A x+z+1=0. © B.x+y+1=0.

C. y+z+3=0. D. x+z-1=0.
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Cau 53: Trong khong gian véi hé toa 6 Oxyz, cho diém 1(1;2;3) va mit phing (P) cé
phwong trinh 2x—2y —z—4=0. Mt ciu tim I tiép xic vdi (P) tai diém H. Tim tga d6 H
~H(=1;4;4). B. H(-3;0;-2). C. H(3;0;2). D. H(1;-1;0).

Cziu 54: Trong khéng gian v&i hé toa A9 Oxyz, cho hai diém A(3;—2;6),B(0;1;0) va mit ciu
(S):(x-1)" +(y ~2)" +(2—3)" =25 . Mit phing (P):ax+by+cz-2=0 di qua A, B va cit
(S) theo giao tuyén 1a dwomg tron c6 ban kinh nhé nhit. Tinh T=a+b-+c.

A.T=3. B.T=5. C.T=2  D.T=4

Cau 55: Trong khéng gian Oxyz, cho ba diém A(-2; 0; 0), B(0; -2; 0) va C(0; 0; -2). Goi D 1a
diém khac O sao cho DA, DB, DC db6i mot vudng géc véi nhau va I(a; b; ¢) 1a tAm miét ciu
ngoai ti€p ti dién ABCD. Tinh S =a +b +c ,

A.S=-4 B.S=-1. C.S=-2. D.S=-3.

Cau 56: Trong khong gian Oxyz, cho mit cau (S): x* +y* +z* =9, diém M(1; 1; 2) va mit
phing (P): x +y + z -4 = 0. Goi Ala dwdng thang di qua M, thudc (P) va ct (S) tai hai diém
A, B sao cho AB nhé nhit. Biét A ¢6 mét VTCP 1a ﬁ=(1;a;b), tnhT=a-b

A.-2. B.1. ‘ C.-1. D.0. 1
PAP AN
36 | 37 | 38 | 39 | 40 | 41 | 42 | 43 | 44 | 45 | 46
A B D C A C A C A D D
47 | 48 | 49 [ 50 | 51 | 52 | 53 | 54 | 55 [ 56
B | B A D B A C A B C
HU'GONG DAN GIAI
Cau 36:
Mat cau (S) c6 tAm I(3; 4; -1) va ban kinh R=5.
d(I,(P)):—j% >R->Chon A; d(I,(Q))=3—f/%<R —>Loai B.
d(L(R))=5=R —Loai ; d(1,(T)) =3 <RLoaiD
‘ 3
-»PapanA
Cau 37:

M3t ciu (S) c6 tAm I(1; -2; -2) va ban kinh R=4.
Mit phdng tiép xic véi mit ciu (S) di qua diém A(B,’l,"\/§ —2) va ¢6 VTPT

n=IA= (2; 343 ) . Phwong trinh mit phing tiép dién can tim 1a:

2(x=3)+3(y—1)+3(2~\B+2) =0 2x+3y +\B32-12+23 =0

- PbapanB
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Cau 38:
(Q//(P)=(Q): x+y+2z+m=0 (m=1)
(S) c6 tam I(1; -2; 3), ban kinh R=+/6.
Mgt phing (Q) tiép xtic mit ciu (S) khi va chi khi d(1;(Q))=R
m=1(L)

1+(-2}+2.3
@l +( )+ +ml=\/5<:>|m_+5|=6<:>{ _:>(Q):x+y+22—11=0

N1 +1% 427 m=-11(t/m)
—>PipanD
Céu 39:

Miit ciu (S) ¢6 tAm I(-1; -1; -1) va ban kinh R=1.
Phuwong phdp gidi nhanh:
% Mit cau (S) tiép xic cic mit phing Oxy, Oyz, (Oxz)theo thir tw tai cic diém
M(-1; -1; 0), N(0; -1; -1), P(-1; 0; -1).
Puong thing d; di qua diém P(-1; 0; -1)(S)—> Loai A
Puong thing d; di qua tAm I— Loai B

& d(I;d3)=\/17‘0>1 —Chon G; d(I;d4)=\/’2—§<1—>LoaiD

- Pip an C

Cau 40:
M3t ciu (S1) ¢6 tim Iy(-1; 3; 4) va ban kinh R, =2+/2.
Mt cau (Sz) c6 tdm I3(-2; 3; 1) va ban kinh R, =3.

e
pX g

Em tinh dwoe LT, = /(—2+1)° +(3-3' +(1-4) =10 - Ry-Ri<lil<Ri+R,

- PapanA

Ciu 41:
M3t cau (S1) c6 tAm I1(-1; 1; 2) va ban kinh R, =1.
Mit cdu (Sz) c6 tam Ix(-1; 2; 1) va ban kinh R, =4.

Em tinh dwge LT, = /(~1+1) +(2-1)" +(1-2) =v2 — Lib<Re-Ry - Ddp 4n C
Cau 42:
M3t cau (S) c6 tdm K(1; 1; 1) va ban kinh R=5, mit phing (&) c6 VTPT n=(2;2; 1).
* Khodng cich tir K dén miit phing (@) 13 h [2+2+1+7| 4
K oang cach tw K den matphang(a)la h=-"r———===
\22 422 412
— Bankinh r=+yR?*~h? =/25-16 =3 —sloai C, D.
. . |1e (a)
% Ilatim duong tron giao tuyénkhi {7
KI//n
Thir vé1i cac két qua dap 4n A, B—>1loai B— Pap an A
Ciu 43:
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M3t ciu (S) c6 tAm I(1; 1; 1) va ban kinh , I

R=5. |

Goi K Ia hinh chiéu vudng goéc caa I 1én

dwirng thang AB — K ¢4 dinh i ? ,
Gid sir mit cau (S) vd mit phing (P) cit B

nhau theo giao tuyén l1a dwong tron tim H /P< /
ban kinhr. :

H 12 hinh chiéu cda I 1én (P) var® =R? ~II?.
IHLIK=>1* 2R* -IK* — I'minkhi H=K.
x=1+t
Puong thing AB c6 phwong trinh {y =-1+3t.
Z=2-2t
Diém K thudc AB nén K(1+t; -1+3t; 2-2t)—> IK=(t;3t - 2,1~ 2t)
4

Em c6: IKAB=0=>t=—~ 1K= —;~3-;—1 va IH<R.
7 777

Do vay ton tai mit phing (P) chinh 12 mit phdng qua A va nhan VTPT n= (4; -2; —1) .
Phwong trinh mit phang (P): 4x-2y-z-4=0.
—-PapanC
Cau 44:
Puong tron ¢ ban kinhr — mr* =16n & r=4. v
[21+224(-2)+5) 5

Khodang cach tir tAm I dén mit phing (P)1a: h=
V2 + 22 +12

Ban kinh mit ciu R=+r*+h? =5.
Phuong trinh m3t ciu (S): (x—1) +(y-2) +(z+2)" =25 - Pap 4n A
Ch1 ¥: r=4, R>rsuy ra R>4 — loai B, C.
Ciu 45: '
Mt cau (S') ¢6 tm I'(-1; 2; 2) va ban kinh R'=7.
Mt phéng () c6 VIPT n=(2;2;-1).

Em c6 d(I',(a))=3<R’ - ton tai (S)— loai A.

Pudmng tron (C) cé ban kinh r=, KR')2 —d* =2+/10,, tim H 13 hinh chiéu cia T 1én ().

x=—1+2t
Goi A 1a dwdng thing qua I' vudng gdc véi (a). Phwrong trinh A: sy =2+2t
Z=2—%

Tam I ctia mét cau (S) thudc A nén I(-1+2t; 2+2t; 2-1).
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=lZ(—l+2t)+2(2+2t)—(2_t)+gl

=3h+q
3

Em co: d(I;(a))
R*=IM*
R*=r*+d*(L,(at))
o (-1+2t-1) +(2+2t+5)" +(2-t~2)' =40+ 9(t+1)’
<:>(2'c—2)2 +(7+2t)2 +t? =40+9(t+1)2
o t=-2=1(-5 -2; 4), R=7
—-PapainD

Ciu 46:
Mit cau (S) tAm I(-1; 1; -1) va ban kinh R=2.

Dudmng thing d qua M(1; -1; 2) va ¢6 VTCP u=(2;-3;-1).

Mt phing (P) c6 VTPT n=(A;B;C) thi nu=0<>2A-3B-C=0<>C=2A-3B.

Vi d=(P) nén M (P) — phuwong trinh mit phang (P) la: A(x-1)+B(y+1)+C(z-2)=0.
Khodng céch tir I dén (P) 1a: d(L,(P))=vR*~1*

- [-2A+2B-3C] _

JA? + B +C
' A=1 —C=-1

Vi A, B, C khéng cuing bang 0 nén chon B=1— A 13 5 —=PiapanD
L7 -

\/§ C=2A-3B %7A2_20AB+13B2=0

—C

Phwong phap gidi nhanh:
Mit phing (P) di qua hai diém M(1; -1; 2) va N(3;.-4; 1) cia duong thing d va cach

tam [ cia mit ciu mot khodng bing d= 3.

Pép 4n A: qua M, N nhung khodng cach tix I dén mat phéng bang % —> loai A.

Dap 4n B, C: khéng qua M nén khong chtrad — Loai B, C.

Pép 4n D: qua M, N va khoang céch tir I dén mit phing bing +/3 — Chon D.
Ciu47:

M3t ciu (S) tAm I(-2; -3; -1) va ban kinh R=1.

Em c6 JAL(P) nén IALAM va JA=R=1

M=dn(®) t=o M -2;2;%
3 3’33

2 2 2
MA =+/IM? —IA? =\/(—%+2J +[§-+3) +(§+1j -1

- DPapanB
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Cau 48: V
Mit cau (S) tAm I(1; ~1; ~2) va ban kinh R=3.
Puwong thing A1 qua M(0; 1; 0) va c6 VTCP E = (2;——1;1) .

Duong théng Az qua M(1; 0; 0) va ¢6 VTCP u, = (—1;1;1) .

Mt phéng (P) c6 VTPT n= I:ul, ] (-2-3;1).

Phwong trinh mit phing (P) 1a: -2x—3y+z+D=0.

Vi (P) tiép xtic mit cdu (S) nén khodng cach tir I dén (P) bing R:

s hcio: IURAPTERY 7 PR NPT 7

J14
Vay phwong trinh mit phing 13 :
~2x-3y+z+1+3y14 =0 hodic -2x-3y+z+1-314=0.
- Dap dn B ,
Cht y: Em can k1em tra diéu kién song song giitra mit phang (P)va Ay, Az,

Phuong phap gidi nhanh:
Mt phéng (P) c6 VTPT n=| u,,u, |=(-2-3:1)- Loai ¢, D.
Dép n A: d(L(P))=R — loai A.
Dap 4n B: d(1,(P))=R > chon B.
- PapanB

Cau 49;
M3t ciu (S) tam I(5; -1; ~13) va bén kinh R=+/308 .
Pudng thang A; qua M(-7; -1; 8) va c6 VTCP u1 (3 -2; O)
Duong thing A, qua M(-5; 1; -13) va c6 VTCP u, = (2-3;2).
Mt phéng (P) c6 VTPT n :[Ii; uT] =(4;6;5)—>10ai B, C.
Dap 4n A: d(I,(P))zR—) chon A.
Dép an D: d(1,(P))=R - loai D.
—Pap an A

Cau 50:
Cach 1: Taco

X' +y% 420 - 2x -2y —dz+m=0(x’ ~2x+1)+(y? ~2y+1)+(z’ —47+4)+m—-6=0
<:>(x—1)2 +(y—1)2 +(z-2)'=6-m

D& phwong trinh trén 1a phwong trinh clia mat ciu thi 6-m>0<>m<6
- PapanD

Cach 2: Phuong trinh t6ng quat ctia mit ciu 1a x* +y® +7° —2ax—2by —2cz+d =0

NGUYEN TH] LANH
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pidu kién a® +b*+c¢*-d >0
a=1

, b
Theo dau bai ta c6 ) =12+1?+2*-m>0<6-m>0<m<6 —PipanD
C

d=m

Ciu 51:
Vi MN=MP=NP nén tam giac MNP déu = G[—i« ;% ,—g] 12 tAm cda tam giac MNP.

Tam I ctia mit ciu sé nim trén dudng thing d di qua G va vudng goc voi (MNP)

Ta c6: MN = (0;—4;—4), MP =(~4;~4;0) — MN;NP | =(-16; 16; ~16)

,
x=2—t
3
Puong thang d di qua G nhan a=1—1€i—[ﬁﬁ;ﬁ]=(—1;1;—1) 13 VTCP: y=—§+t
' 5
z=——1t
. 3

112 giao ctia d va mit phing (a):2x+3y—z+2=0

2 .1 5
=——ty=—+tz=--t -
Vaytoa d6 cialthéamanhé {3 0 3 3 St=r
3
2x+3y-z+2=0

- =1(2-13) - Pap an B
Ciu 52:
Goi phuong trinh mat phing cin tim 14 (P)
Mt ciu (S) c6 tam 1(~1;1;-2), ban kinh R=+/2,
u,,u, 12 VICP ciia dudmg thing d vd A, trong d6 u; =(1;2-1);u, =(L,1;-1)

Vi (P) song songv6i dva A nénVTPT cta (P) Ia ﬁz[ul,u';].—_—(uog)

= Phwong trinh mit phing (P): x+z+a=0

.« A ’ ’e N . _ |a—3l_~ _ - a=
Do (P) tiép xic véi (S) nén d(I,(P))—R<:> 5 =2o@h-3=2& 1
Phwong trinh (P):x+z+5=0 hay x+z+1=0 - Pap an A

Cau 53:
VTPT cita mit phing (P) 1a n=(2-2-1)
Goi U 13 VTCP cila dwdmg thing IH. Vi IH L (P) nén u=n=(2-2-1)
Phwong trinh dwong thang IH qua 1(1;2;3) va cb
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, x=1+2t
VTCP u=(2-2-1)la {y=2-2t

z=3~-t

Toa d6 ctia HelH 1a H(1+2t;2-2t;3-t)
M3t ciu tdm I tiép xic véi (P) tai diém H nén

He(P). Khi dé:

2(1+2t)-2(2-2t)—-(3-t)-4=0=>t=1=H(3;0;2) - Pap anC
Cau 54: ‘
Mit ciu S ¢6 tAm 1(1;2;3) vaban kinh R=5 1
AB=(-3;3;-6)
e A
Phwong trinh dwdong thing AB1a 1y =1-t / (a8
. ) z=2t

Goi M 13 hinh chiéu cia I trén AB, H 12 hinh chi€u cia I trén (P).

Khi d6 H 12 tim dudng tron giao tuyén cta (S) va (P) c6 ban kinhr.

Vi IH? +1? =R* = r?* =R* -IH? > R* - IM* = r nho nhit khi IH 16n nhit (H=M)
MeAB=M(t;1-t;2t),IM=(t—1;~t-1;2t-3)

Vi IM L AB=IM.AB=0 '
&3(t—1)-3(-t-1)+6(2t-3)=0 ©18t-18 =0 t=1=IM=(0;-2-1)
Khi H=M thi IM L(P) tai M '

Goi n, =(a;b;c)1a mot VTPT ciia (P). Suy ra:

> n,,IM clng phwong = azo;%z_%
3a-2b+6¢c—2=0
b-2=0
Giai hé didu kién em dwoc a=0, b=2, c=1=>T=a+b+c=3 - DPapanA
Cau 55:

> A Be(P)= {

Dé thdy ring: A(-2; 0; 0)e0x, B(0; -2; 0)€0y, 2

C(0; 0; -2) 0z. y

D la diém khéc O sao cho DA, DB, DC d6i mdt vudng  x 0 A
goc v6i nhau nén D chinh la diém d6i ximg O qua S . 2
(ABC). A2

Xét tir dién OABC K

OA=0B=0C=0+0+2*=2,AB=BC=CA= 22 [z
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V4y tit dién 0.ABC chinh I3 hinh chép tam gidc déu.

Goi K 1a tdm mdt cau ngoai ti€p OABC. Khi d6 K 1 giao diém ciia

¢ Duong thing d vudng géc mit phing (OAB) tai trung diém H ciia AB.
e Mit phang trung truc (P) cia OC.

x=-1
Em c6: d qua H(-1;-1;0) v c6 VTCP k=(0;0;1) —» phwong trinh d:{y=-1
z=t

Phwong trinh (P): z=-1

Suy ra K(-1;-1;-1) — Ban kinh mt ciu ngoai tiép OABC1a R=0K =3

Do D va O d6i xtirng qua (ABC) nén D.ABC ciing 14 hinh chép déu noi ti€p mit ciu c6
ban kinh R=+/3.

Goi I 14 tAm mit ciu ngoai tiép tir dién DABC. Khi d6 I thudéc dwdng thing OK: x=y=z

va [A=R
-1 -1 1
Giai didu kién em duorc I -1 »}-,—l S=za+b+c=—+—+—=-1.>PdpanB
3 3 3 3 3 3
Cau 56:
(P) giao v6i mit ciu tai dwdng tron thiét dién.

OM<R . .
Em thiy = M nam trong dwdng tron thiét dién.
Me(P)
Goi O, la tdm cla dwdng tron thiét dién
00, la dwong thang di qua O nhén VTPT
cfia 14 (1; 1; 1) 1am VTCP.
x-0 y-0 z-0
1 1

Phuong trinh 001:

Viyx=y=z.
Vi 0, =00, \(P) ném:x+x+x-4=0

4 4 (4 4 4J
<:>X=§C>X=y=z=—::>0

3 3’33

P& AB ntho nht thi 0:M L AB. Em c¢6 O,M =(11 =1 g)
-1
Mit phang (Q) di qua M nh4n O M= (?

Phwong trinh (Q): %(x—l)»%(y—1)+§(z—2)=Oc>x+y—2z+2=0

Q) (?)={a) =, //[rg 2y |=(3:-30)
Chon u, =(1,-1;0). Vdya=-1;b=0.T=a-b=-1. — PépanC
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CHU PE 4: CAC BAI TOAN MIN - MAX
CAC DANG TOAN
- — )

Dang 1: Tim diém thuoc mit phing thoa man diéu kién Min - Max

4 _J
Bai toan 1.1. Trong khéng gian Oxyz cho hai diém A, B va mit phang (P). Tim trén mat
phing (P) diém M sao cho T=m.MA® + n.MB? dat gia tri nhé nhit hodc 16n nhét.
" Phwong phap:

Buéc 1: Tim toa do diém I théa méan mIA+nIB=0.

Buréc 2: Bién ddi biéu thikc:

T=mMA? + n.MB?

= m.(IA-1M)"+n.(B-1M)

= mIA? + nIB? + (m-+n)IM> —zfl\"a(mEJr niB)
\_"ﬂ_"_l

0
=mIA? +nIB? + (m+n)IM?
Nhu vay:
T

max

Ty <> (m+10)IM’min (trong TH: m+1n>0)

& (m+n)IM’max(trong TH: m+n <O)} m
min

Khi d6 M chinh 12 hinh chiéu ctia I 1én mit phang (P).

Buéc 3: Tim toa d6 hinh chidu M ctia diém 1 1én mit phing (P).

Chd ¥: Bai toan 1.1 dwoc thuc hién trong truomg hop téng quat véi s6 diém la k, k>2.
v Vindung
Cau 1 : Trong khéng gian Oxyz cho hai diém A(1;2 ;1) va B(1 ;-4 ;3) va mdt phing
(P) : x+y-1=0. Goi M(x ;y ;z) 1 diém trén mit phing (P) théa man MA? +MB? dat gi tri nhd
nhit. Gidtri T=x+y+z bang '
A4 B.3. C. 1.  D.2.
Hwéng dan giai ‘
Goi [ 13 trung diém AB. Khi d6 1A + 1B = 0 va I(1;-1;2).

e 2 — —\2
Em c6: T=MAZ?+MB? = (IA—IM) + (IB —IM) —IAZ + 1B + 2IM?
Do d6 Tmin < IMmin<> M 12 hinh chiéu cta I 1én mt phang (P).
x=1+k

Pudng thing d qua’l va vudng géc véi (P) ¢6 phwong trinh: 4y =-1+k
z=2

(
M 12 giao diém ctia dwdng thang d va mit phang (P)= ML = ;Zj

N | W
N | =

— T=x+y+z=3. - Dap 4n B
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Bai toan 1.2. Trong khong gian Oxyz cho hai diém A, B va mit phing (P). Tim trén mit
phing (P) diém M sao cho [m.MA + n.@l dat gia tri nhoé nhat.

Phwong phép:
Budc 1: Tim toa d§ diém I thoéa man miA + n.IB = 0.
‘Buréc 2: Bién d6i biéu thirc:
m.MA-+n.ME| =|m. (1A~ TM) +n. (1B~ M
=|mIA +nIB—(m+n)IM
ﬁ_)
0

=|m+n|.lﬁ{

m.MA +n.MB| dat gi4 tri nhé nh4t khi IM nhé nh4t <> M chinh 12 hinh chigu
cia I18n mit phang (P).
Buwérc 3: Tim toa dd hinh chiéu M ctia diém I 1én mit phing (P).
Chii y: Bai toan 1.2 dworc thyce hién trong tredng hop tong quat véi s6 diém la k, k>2.
v Van dung
Ciu 2 : Trong khéng gian Oxyz cho hai diém A(1; -2; 3) va B(2; 1; 0) va mit phing (P) ¢6
phirong trinh x-y+z=0. Goi M(a; b; c) Ia diém trén mit phing (P) théa min [2.MA+3.MB|
dat gia tri nhé nhit. Khi d6 T=5(a-2b-c) bang
A.-6. B.-2. C.4. © . D.-5.
Hwéng dan gidi
Goi I (x;y; z) 1A diém théa man 2JA + 3.18 = 0.
[2(1-x)+3(2-x)=0
=42(-2-y)+3(1-y)=0x=
2(3-z)+3(-z)=0

1 6 8 16
s y=——iz===1 ——-=;=
5 5 5 55

v oo

Em c6:[2.MA + 3.MB| =[2.(IA~ M)+ 3.(TB M) =[21A -+ 315 - 51M] =5.1M]

Do dé )2.m+3.l\ﬁ, min < IMpin<> M 13 hinh chiéu cta I 1én m3t phing (P).

X=§+k
, 5
Pudng thing d qua I va vudng géc véi (P) c6 phwong trinh: <y = —%—k
z=—+k
341 2
M=dnP)=>M E,—gg — T=5(a-2b-c) =-6 - PapdnA

|
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Bai toan 1.3. Trong khéng gian Oxyz cho hai diém A, B va mdt phéng (P). Tim trén mit
phing (P) diém M sao cho MA+MB dat gid tri nho nhat.

Phwong phap:
TH1 TH2

A, B nm khac phia d8i véi mat phang (P) | A, B ndm ciing phia ddi véi mit phing (P)

Buée 1: Kiém tra di€ém A, B nim cing | Buéc 1: Kiém tra diém A, B ndm cling phia
phia hay khac phia d6i véi mit phing (P). | hay khéc phia d6i v6i mét phang (P).

A A

M / \‘\I \\\/ ¥

N

2 P
MA + MB = AB \ MA + MB =MA'+MB= A’ Bx=
D4u "=" x4y ra khi M=I' B DAu "=" x3y ra khi M=I Ve
- Buwéc 2: Tim toa d6 1= AB (P). " | Bwde 2: Tim toa do diém A’ d6i ximg véi A
Vi MA+MB min khi M=l qua mét phdng (P).

Burée 3: Timtga do 1= A'B n (P).
Vi MA+MB=MA’+MB min khi M=l

¥ Van dung
Cau 3 : Trong khong gian Oxyz cho hai diém A(1;4 ;2) va B(0;-3 ;1) va mdt phéng (P) ¢
phwong trinh x+2y-z+1=0. M(a ;b ;c) 1a diém trén mét phing (P) théa mdn MA+MB dat gia
tri nhd nhat. Khi d6 T=7(a+b+c) biang
A.-1. B.7. C.15. D.13.
) Huong dan giai
Thay toa d6 di€m A, B vao biéu thirc vé&
trai cta phwong trinh (P):
(1+2.4-2+1)(0+2(-3)-1+1)<0

Y
M Y

=A, B ndm khdc phia déi véi (P).

MA+MB dat gi4 tri nhé nhét khi M=I Ia
giao diém cua AB va (P).
Diém I(x;y ;z) théa man MA + MB 2 AB
¥ D4u "=" xay ra khi M=I B

X+2y-z+1=0 7 4
I<(P) x-1=k(0-1) k== 3 10
Ai—kap  ly-4=k(-3-9)7 ). 3 101" 7;0;7)
Al=kAB |y—4= =iy =0iz=10

z-2=Kk(1-2) 7 7
M=l — T=13
- PbapanD
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* Nang cao
Cau 4: Trong khong gian Oxyz cho hai diém A(1;1;3) va B(1;3;-1) va mit phing (P) ¢6
phuwong trinh x-2y-z+1=0. M la diém trén mit phing (P) théa min MA+MB dat gia tri nhé
nhit. Toa d6 diém M 1a

A. M E,'1;1 . B. M —5;1;——5— . C. M(1;1;0). D. Khéng c6 M.
‘ 22 U2 2/ ‘
Hwéng dan giai

Thay toa dd diém A, B vao biéu thirc v& trai A
ctia phwong trinh (P):
(1-2.1-3+1)(1-2.3+1+1)>0 B
= A, B nam ciing phia déi véi (P). \ i
Goi A’(x’;y;z’) d6i xtng véi A qua (P), K I IS

o 2 , P A
trung diém clia AA’. A

MA + MB =MA'+MB= A'B \
D&u "="xay ra khi M=I 4’

Mét phéng (P) ¢6 vecto phap tuyén np =(1; —2;-1). Khi d6:

1;’{ —2.1?’ —BZZ +1=0 [k=1
Ke({P _ Y
{_( )~c> x'—1=k =2 vayae-12)
AA'anP y._lz___2k y =——1

z'-3=-k z'=2

MA+MB dat gia tri nhé nh4t khi M=I 14 giao diém ciia A’B va (P).
biém I(x ;y ;z) théa man

x-2y-z+1=0 1

Ie(P) x-2=t(1-2) t=3
=

AT=tAB  |y+1=t(3+1) 3

SI(E;I;}-J
1 22
=l;z==

z-2=t(-1-2) -l e

X==;
277

3

ViM=l » M[E;l;%j - Pipan A

Cach giai nhanh:

Ag(P)

Kiém tra dwoc { ___ .
A .I’IP = 0

=AB//(P).

Do d6 11a trung diém clia A'B. NN é

NGUYEN THI LANH
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Bai toan 1.4. Trong khéng gian Oxyz cho hai diém A, B va mgt phing (P). Tim trén mit
phing (P) diém M sao cho |MA-MB]| dat gia tri 16m nhat.

Phuong phap:
_Trwonghop1: Trwong hop 2:

A, B niim cing phia d6i véi mit phing (P) | A, B nm khéc phia d6i v6i mét phang (P)
Buéc 1: Kiém tra diém A, B ndm ciing phia | Budc 1: Kiém tra diém A, B ndm ciing phfa

hay khac phia d6i véi mat phang (P). hay khéc phia d6i véi mat phang (P).
A A
B
M / \\I {
2 i
MR [MA - MB| =[MA"MB|< A'B }\ )

Diu "="xay rakhi M=I . A'B=|JA’-]B|

Diu "="xay rakhiM=] -

Buéc 2: Tim toa d6 1= AB N (P). Bwéc 2: Tim toa d6 diém A’ d6i xirng voi A
Vi |MA-MB| max khi M=l qua mit phang (P).
Bwéc 3: Tim tga dd ] = A'B n (P).
Vi [MA-MB|=|MA’-MB| max khi Mz]

¥ Van dung
Cau 5 : Trong khong gian Oxyz cho hai diém A(1; 1; 2) va B(1; -2; -1) va mat phang (P) c6
phwong trinh 2x-2y+1=0. M(a; b; c) 12 diém trén mit phing (P) thoa min [MA-MB]| dat

gia tri 16n nhat. Khi d6 T=a-2b+4c bing

A. 16. B.17. C. 10. ' D. 20.
Hwéng dan giai

Thay toa d6 diém A, B vao biéu thirc vé tréi clia A
phwong trinh (P):
(21-2.1+1)(2.1-2(-2)+1)>0 B
=>A, B nam cling phia d6i v6i (P). AN
|MA-MB]| dat gi4 tri 16n nhét khi M=l 1a giao M %
diém ctia AB va (P). A 5 \\\

le(P) IMA - MB| < AB

A KA AB=|IA-IB|

biém I(x ;y ;z) théa mén{
D4u "="xay ra khi M=I

NGUYEN TH] LANH
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2x~2y+1=0 L
x—1=k(1-1 k=—
( ) o 6 —M 1;_3.;§ . ViM=lnén M 1,'—?1;*Ei
y-1=k(-2-1) 3222 22 °
x=Ly==;z2=—
z—2=k(—1—2) 2 2
> PapancC
* Nang cao

Ciu 6 : Trong khong gian Oxyz cho hai diém A(1;0 ;-3) va B(2;3 ;2) va mit phang (P) c6
phuong trinh x-y-z+2=0. Goi M(a ;b ;c) 12 diém trén mit phing (P) théa min [MA-MB| dat
gia tri 16n nhit. Tong toa dd diém M 1a ,
A.6. B.8. C.3. D.-2
Hwéng dan giai
Thay toa d6 diém A, B vao biéu thirc v€ trai

A’
clia phwong trinh (P):
(1-0+3+2)(2—3-2+2)<0 .
=A, B nam khac phia d6i véi (P). / Y, l"
Goi A'(x’;y’;z’) d6i xirng véi A qua (P), K 1a ) M Vo
trung diém clia AA’. B |
Mit phing (P) c¢6 vecto phap tuyén
vat plang ®) PRAp HYER - Ma - MB) = A’-MB]SA’B)\T
np =(1;—1;—1). A'B=|IA"-IB|
Khi dé: DAu "=" x4y ra khi M=I
1;x _%_—3;2 20 k=—d
Ke(P =
_a( )_‘@ x'-1=k =" 3 vay A(-3:41).
AA'=kn, —k y'=4
y= :
z'+3=-k z=1

[MA-MB| dat gi4 tri 16n nhit khi M=I 1 giao diém cta A'B la (P).
Piém I(x;y ;z) théa man
X-y-z+2=0
I(P) x+2=t(2+3)
— .= <=
Al=tA'B |y—4=t(3-4)
z—-1=t(2-1)

il

N < Xt
1l
N oW ow

Vi M=l nén M(3;3;2)—> atb+c=8 - Papan B
BAI TAP TU LUYEN
Cau 7: Trong khong gian Oxyz cho hai diém A(0 ;2 ;1) va B(1 ;-1 ;2) va mit phing
(P): x+y+z-1=0. Goi M(a ;b ;c) 12 diém trén mit phing (P) thda min MA2+2MB2 dat gia tri
nhé nhat. Khi dé T=9(a-b-c) bang
A.9. B.5. C.-3. D.-13.
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Cau 8: Trong khéng gian Oxyz cho ba diém A(0;0;-1) va B(1 ;-1;0), C(3;0;2) va mat
phing (P) : x-2y+z-2=0. Goi M la diém trén mdt phéng (P) théa man MAz+2MB?-M(2 dat
gia tri nho nhAt. Téng toa d6 diém M la

8 ~n. 8

A=, B.-3. C3: Di==;
3 3

Cau 9: Trong khéng gian Oxyz, cho A(-3,5,-5); B(5,-3,7) va mat phang (P:x+y +z=0.
Piém M thudc mit phing (P) sao cho MA?2 + MB2 nhé nhit. Gia tri clia MA2 + MB?1a

A. 112, B. 142. C. 122. D.132.

Cau 10: Trong hé toa d6 khong gian Oxyz, cho mét phing (P):x—y+2z=0 va A(1,2-1);

B(3,1,-2) ; C(1,-2,1). Piém M thudc mit phéng (P) sao cho MA® —~MB?-MC?16n nhitla
A. M(5,1,-2). B. M(—4,0,2). C. M(2,-2,-2). D. M(2,2,-2).
Cau 11: Trong toa dd khong gian Oxyz, cho mat phing (P):x—2y+z=0,diém A(1,1,0) va
B(% ,-1,0). Toa d diém'M thugc (P) sao cho MA? —3MB’ nhé nhétla
A. M(2,1,0). B. M(2,0,-2). C. M(1,0,-1). D. M(1,0,1).
Cau 12: Trong khéng gian Oxyz cho ba diém A(1;2;0) va B(1;1 ;-1), C(5;1;1) va mat
phing (P) c6 phwong trinh 2x-y+z+1=0. Goi M(a;b;c) 1a diém trén mit phing (P) théa
man |2.MK+@-4ME} dat gid tri nhé nhét. Khi dé T=a+b+c bing

17 | 22

A6 | B. 7 C. 4. p. %% .
3 3

Cau 13: Trong khéng gian véi hé toa d6 Oxyz cho hai diém A(-2;4;-3), B(4;2 ;6). Toa do
diém M trén mit phing Oxz sao cho tam giac MAB c6 chu vi nhd nhét 13

A.M(-2;0;-3). B. M(2;0;3). C. M(2;0;-3). D. M(-2;0;3).
Cau 14: Trong khong gian Oxyz cho hai diém A(0 ;4 ;1) va B(1;-1;1) va mit phdng

(P): 2x+2y-z+2=0. M la diém trén mdt phing (P) thda man MA+MB dat gid tri nho nhét.

Toa d6 diém M la
M l;——(—9—;é . B. M _}Z;_9_;gf1-_ . M 1;—?1;2 . D. M —1—;—1; .
2 105 2 10 5 2 4 33
Cau 15: Trong hé toa do khong gian Oxyz, cho A(1,2,3); B(4,4,5). Piém Q thudc mit phing
(Oxy) sao cho |QA—QB|c6 gié tri I6n nhét cé toa do 1a

7 7 7 7
A. Q(—E,—l,oj. B. Q(5,~1,0j. C. Q(E,wj- D. Q(—E’"lrl}

Cau 16: Trong khong gian Oxyz cho hai diém A(1;0;-1) va B(2;1;2). Goi M la diém trén
miit phing Oyz théa min |MA-MB| dat gi4 tri 16n nh4t. T6ng toa d9 diém M la
A. 1. B.-1. C. 2. D.-3.

NGUYEN THI LANH



HOQC TOT MON TOAN LGP 12 - HINH HOC

oBpaiHoc
FI00KS

PAP AN
7 8 9 10 11 12 13 | 14 15 16
C B B i C D B A A B
HU'O'NG DAN GIAI
Cau 7: '

Goi I(x; y; z) 13 diém théa man TA + 218 = 0.
(0-x)+2(1-x)=0
= (2-y)+2(—1—y)=0@x:3-y:0-z=§:>1[3-0-5j
3! ’ 3 3} )3
(1-2)+2(2-2)=0

e 2 - —\ 2
Em cé:T=MA2+2MB2=(IA—IM) +2(IB—1M) =1AZ 4 2IB? + 3IM?

Do d6 Twmin <> IMmin <> M 12 hinh chiéu ctia I 1én mit phing (P).
X=E+k
Duong thang d qua I va vudng géc véi (P) c6 phwong trinh: {y =k
z=§+k
3

M=dn({P)=M E;—i;—l—1 —>T=9 ;7-_+j‘{_ﬂ =-3 =»Pap anC
9 9 9 9 9
Cau 8:
Goi I(x;y;2) 13 diém théa man IA + 2IB —=1C = 0.
1

(0-x)+2(1-x)-(3-x)=0 X=-3 ) X
=1(0-y)+2(-1-y)-(0-y)=0{y=-1 31(—5;—1;’—5)
(-1-z)+2(0-z)-(2-2z)=0 |,__3
' 2

Em cé

T=MAZ2 +2MB? - MC? :(E—m)z +2(i§—1ﬁ)2 -(fé—_ﬁvi)z =IAZ +2IB% —1C? + 2IM?

Do d6 Tuin < IMmin <> M 14 hinh chiéu ctia I 1én mit phing (P).
1

x=—=+k
2
Dudng thing d qua I va vudng géc véi (P) cé phwrong trinh: 4 y =-1-2k
z=—§+k
2

M=dn (P)zM(—%;—g—;—gj — Téng toa do difm M: xy; +yy +2y =—3

—>BapanB
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Cau 9: .
Goi H 14 trung diém ctia AB, suy ra H c6 toa d6 1a H(1,1,1). Em c6:

MA? + MB2 = (ﬁ+ﬁ)2 +(ﬁ+ﬁ§)z =z(“1\ﬂ-1’)2 +(ﬁ§)2 +(ﬁ3’)2 — IMH? +ATBZ'

Do d6 MA2 + MB2 nhd nht khi MH nhé nh&t =M chinh la hinh chiéu ctia H trén (P).
x-1 y-1_z-1
1 1 1

Pudng thang d chira H va vudng géc (P) la:

’

M(1+t,1+t,1+t)ed
Do M ciing thugc (P) nént=-1
= M(0,0,0)=MA? + MB* =(9+25+25)+(25+9+49)=142.
— Pap an B.
Cau 10:
Goi G 13 diém théa min GA—-GB—-GC=0=>G(3,-3,0).
MA? — MB? —MC? = (WHTA)Z —(ﬁé+@)2 —(M‘é+&)z —_MG? +GA? — GB? —GC?
= MA? —~MB? - MC?16n nhit khi MG nhé nh4t, M 12 hinh chiéu ctia G trén (P).
=M(2,-2,-2).
— bap an C.
Cau 11:
Goi I(a,b,c) thda man IA-3[B=0=>1(2,-2,0).
Ta c6: MA? —3MB? =(M+IK)Z —3(W+ﬁ§)2 = —2MP? +1A% - 31B

— MA? —3MB? nhé nh4t khi MI nhé nhit, M 1a hinh chiéu vuéng géc cda I trén (P).

Goi d 13 dwdng thing qua I va vudng gbc véi (P). Phwong trinh d: X2 y%z = ?
M =d N (P) = t=-1=M(1,0,-1).
— Pap an C.

Cau 12:

Goi I (x;y;z) 12 diém théa man 2IA +IB—-4IC=0.
2(1-x)+(1-x)-4(5-%x)=0  (x=17
=12(2-y)+(1-y)-4(1-y)=0 <{y=-1=1(17;-1;5)
2(0-z)+(-1-z)-4(1-z)=0 (£=>
Em cé:
\2.@‘@@—4@=‘2.(E—fﬁ)+(f§—ﬁ)—4(fé—ﬂ)’:12E+f}§—41_(f+fﬁ‘=}lﬁ]

Do d6 [2.MA +MB —4MC| min < IMmin < M 12 hinh chi&u cia 11én mit phing (P).
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x=17+2k
buong thing d qua I va vudng géc véi (P) c6 phwrong trinh:{y =—1-k
1z=5+k
10 35 11

M la giao diém ctia dwong thing d va mit phing (P)= M(—é—, ?’—-6_}

— Tong toa d6 diém M: a+b+c:-‘23—2 .

- PapanD

Cau 13:
Vi A, B d8u ¢6 tung d6 dwong nén A, B ndm vé B
cung mdt phia d6i véi mit phang (0xz).
Goi B’ 14 diém ddi xitng véi B qua mp(Oxz). A
Suy ra B'(4;-2;6).
Chu vi tam gidc MABIa: M V\ I h’{
MA+MB+AB=AM+MB'+AB> AB'+AB AN s
D4u « = » xay ra < A, M, B’ thang hang. X RN
Goi M(a;0;b). \]L
Vi A, M, B’ thing hang nén c6 s6 k sao cho: B’

2
a+2=k(4+2) |k=3
AM=KAB' & {-4=k(-2-4) & {a=2 .
b+3=k(6+3) |b=3

Vay véi M(2 ;0 ;3) thi tam gidc MAB c¢6 chu vi nhé nhit.
—Pipin B
Cau 14: |
Thay toa d6 di€m A, B vao biéu thirc v& trai cha phwong trinh (P):
(2.0+24-1+2)(2.1+2,(-1)-1+2)>0

=A, B ndm ciing phia d&i véi (P). A
Goi A'(X’;y’;z") d6i xdng véi A qua
mit phang (P) B
= K14 trung diém cha AA". ) 1,]
‘ — A MY K
(P) c6 VTPT ny =(2;2;—1) nén / I A
P N
Ke(P) MA + MB =MA"+MB=> A'B
AA' — kn—l; D#u "=" x4y ra khi M=I ar
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5 0+x’ 4+y' 1+z'

+2 +2=0 |k=-2"
2 2 2 s
e Ix'-0=2k =1 . .Vay A(-40;3).
Vi 4=k y'=0
z'-1=—k =

MA+MB dat gia tri nhé nhit khi M= 12 giao diém ctia A'B va (P).
biém I(x;y ;z) thoa min

2X+2y-z+2=0 9

Ie(P) X+4=t(1+4) =70

— = =

AT=tA'B |y-0=t(-1-0) "| 1. _ 9 _6

—‘:y—"—‘,z—

z~3=t(1-3) 2 10 5

ViM=lnén M —1—;~—(—3—;E
2- 105

-PbipanA

Ciu 15:

(Oxy) ¢6 phuong trinh: z = 0 va 3.5 = 15 > 0 nén A, B cling phfa d6i véi (Oxy).
= |QA—QB| c6 gi4 tril6n nhat khi Q, A, B thing hang hay Q = AB n (P).

Phwong trinh dwdng thang AB:
x-1 y-2 z-3
3 2 2
= Toa dd giao diém Q clia duwdng thing AB

véi (Oxy) 1a Q[—-;-,—Lo). \Q

A

— Péap 4n A. ‘ A '

Cau 16:
Hai diém A, B c6 tung d6 trai ddu =>A, B ndm khac phia d6i véi mat 'phﬁng Oyz.
A’(1;0;1) d8i xirng véi A qua Oyz.
|MA-MB| dat gia tri 16n nhat khi M= 1a giao diém ctia A’'B va Oyz.
DPiém I(0;y ;z) théa mén
0-1=t(2-1) (t=-1
Al=tABo y—0=t(1-0){y=-1
z-1=t(2-1) [z=0
Vay 1(0 ;-1 ;0). '
- PapanB
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Dang 2: Tim di€m thudc dwong thang théa min diéu kién Min - Max

Bai todn 2.1. Trong khong gian Oxyz cho hai diém A, B va dwong thing d. Tim trén dwong
thang d diém M sao cho T=mMA? +nMB? dat gi4 tri nhé nhit hodic 1én nhit.
Phwong phép 1:
Buéc 1: Tim toa d6 diém I théa man m.IA + n. 1B = 0.
Buwéc 2: Bién d46i biéu thirc:
T=mMA? + nMB?
=m.(IA-IM] +n.(IB-IM)
=mIA? +nIB? + (m+n)IM? — zfﬁ(mflmfﬁ)

e e——

0
=mIA? +nIB? + (m+n)IM?
Nhuw véy:
T < (m+n)IM2max(trongTH :m+n< 0)} ML
Topin <> (m+n)IM’min(trong TH: m+n>0) e
Khi @6 M chinh la hinh chiéu cia I 1én dwong thang d.
Buéc 3: Tim toa d6 hinh chiéu M ctia diém I 1én dwong thing d.
Phwong phap 2:
Budc 1: Tham s8 héa toa d6 diém M (gia st tham s6 t)
Buwérc 2: Bién d6i biéu thirc:

T=mMA%*+nMB%=f (t) 12 mot tam thikc bic hai 4n t

Buéc 3: Tim t d€ ham s6 f(t) nhan gia tri nhé nhat (hoic 16n nhit) —toa d6 M.
Chii y: Bai toan 2.1 dwoc thuc hién trong tredng hop téng quat véi sé diém la k, k>2.

¥ Vian dung
‘ . x=t
Cau 17: Cho hai diém A(1;2;1) va B(1;-4;3) va duwdng thang d :{y =2—t . Goi M 13 diém
z=1+t -

trén dudng thing d thda min MA2+2MB?2 dat gia tri nhé nhat. Téng toa d6 diém M 1A
A.5. B. X6 - €4 ' p. 28,
. 9 . 3
Hwéng dan giai
Cach 1:

Goi I (x;y;z) 12 diém théa man: IA+2IB=0.Em c6:
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(1-x)+2(1-x)=0  |x=1 ~
=1(2-y)+2(~4-y)=0< y=—2:>1(1;f2;§j

(

\

t-2)+2(3-2)=0 L_%

e e\2 s 2
Em c6: T=MA? +2MB? =(IA~IM)" +2(IB-IM)" =1A +21B” +31M*
Do d6 Tmin <> IMmin <> M 12 hinh chi&u cta I1én dudng thing d.

Gia sir M(t;z—t;1+t)ed:'m=(t—1;4—t;t—§j

Pudng thing d c6 vecto chi phuong uy = (1;-1;1). Khi d6:
M 12 hinh chigu ctia I 18n dwomng thing d <> IMuy -0

<:>t—1—(4—t)%tt—f3}-=o<:>t=£

9
4
Vay M _12~138~ — Téng toa d6 diém M: x + yy + ZM—-é
9° 9’9 9
- DipanB

Cach 2:
Vi Med nén M(t;2-t;1+t). Khi d6

T=MA? +2MB? :(1—t)z +t? +(—t)2 +2[(1—t)2 +.(~6+t)2 +(2—t)2]

=9t -38t+82= 3t-—£ .37
3 9
19
Vay Tin khi t=——9~ AM(%,—% 2—;)—9 Tong toa d diém M: Xy + Vi + Zy —flgé }

- PapanB

Bai toan 2.2. Trong khong gian Oxyz cho hai diém A, B va dwdng thang d . Tim trén dudng
thang d diém M sao cho m.ﬁﬂl.ﬁa dat gid tri nhé nhit.

Phwong phap: »
Buwéc 1: Tim toa dd diém I thoa man m. IA+nIB=0.
Buwéc 2: Bién d6i biéu thirc:

R 5| .1 ) .. - )
=Imﬁ+nﬁ—(m+n)m‘

=|m+n].ifﬁ{
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Nhw vdy: |mMA+n.MB| dat gia tri nhé nht khi IM nhé nhit <> M chinh Ia
hinh chiéu ctia I 1én dwong thing d.

Bugc 3: Tim toa dd hinh chifu M cta diém 11én dudng thang d.

Phuong phip 2:
Bugc 1: Tham s6 héa toa dd diém M (gid st tham s6 t)

Buwéc 2: Bién d6i biéu thirc:
2
T? =(mMA+nMB) =f(t) 1a mot tam thec bic hai &n't
Buwdc 3: Tim t d€ ham s6 f(t) nhén gia tri nhd nhat (hoic 16n nhAit) —stoa do M.
Chi y: Bai todn 2.2 dwoc thyc hién trong truwdrng hop téng quat véi s6 diém 12 k, k>2.

v Vindung
Cau 18: Trong khdng gian Oxyz cho hai diém A(-2;-1 ;1) vaB(1;1;4) va dwong thing

-1 i . —
XY 2 0 diém trén dwomg thing d théa min }z.MA—s.MB{ dat gia tri nho

1 2 =
nha“{t. Toa dé diém M 1a
A. M(~4;—1;4). B. M —1—2;15;E .
‘ 2 2
C. M 1—5;13;——1-§ . D. M E;E;_E .
2 2 6 3 6

Hwéng dan giai
Goi I (x;y;z) 1a diém théa man 2.JA — 3.1B = 0.
2(-2-x)-3(1-x)=0 (gx=7
=12(-1-y)-3(1-y)=0<<y=5 =I(7; 5 10).
2(1-z)-3(4-2)=0 z=10

Em c6: 2.@—3.1@[=‘2.(1K-M)—3.(1§—ﬁ\71)‘=~zﬁ—3ﬁ+1ﬁ]=]ﬁﬁ|

Db dé { Z.W—S.M-Ei min < IMuin <> M 14 hinh chiéu cda [ Ién dudng fhﬁng d.
Gid str M(1+t;26—1—t)ed=IM=(t-6;2t-5-t-11)

Puong thing d ¢6 vecto chi phwong a = (1;2;—1)

M 1a hinh chiéu ctia I 1én dwdmg théng d <> IMu, =0

c>t—6+2(2t-5)—(—t—11)=0<:>t=g— . Vay M(—;—;——j.

- bapanD
Phuong phéap gidi nhanh:
biém M thudc d— xmu=-zm—>Loai B.
Vo1 dép an A, C, D em hdy kiém tra 2 diéu kién:
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. " Chon M dé [2.MA-3.MB| dat gi4 tri nhé hon — Chon D.

2%"5."& CHUYEN PE 3: PHUO'NG PHAP TOA DO TRONG KHONG GIAN

. M thuécd - Loai A 7
o Tinh gid trilz.m—&l\_@ tmg v&i 2 diém M trong phwong an G, D.

- DbipanD
Bai toan 2.3 Trong khdng gian Oxyz cho hai di€ém A, B yé dwong thing d. Tim trén dwong
thang d diém M sao cho MA+MB dat gia tri nhé nhit.
v Van dung
Cau 19: Trong hé toa dd khong gian Oxyz, toa d di€m M thudc truc Ox sao cho MA +MB
nhé nhatla, véi A(3,0,2) ; B(2,1,0)

A. (—g—,o,o). B. G—,o,oj. C. (3,0,0). D. (-3,0,0).
| Hwéng dan giai
Taco AB(-1,1,-2);1(1,0,0)=>[1.AB].OA =850 nén AB va Ox chéo nhau.

Lay M(a,0,0) thudc Ox :WA(3—3,0,2);M§(2—3,1,0).

:>MA+MB=\/(3—a)2 +4 +\ﬁ2—a)2 +1

Cich 1: ,
Xét trong mit phing toa d6 Oxy, 14y M’(a,0) thudc Ox, A’(3,2); B'(2,-1) thi

MA+MB=(3-a)’ +4+4/(2-a)’ +1=M'A" M'B'
Nhén thiy, A’ va B’ ndm khic phia d6i véi truc Ox nén M'A'+M'B' nhé nhat khi M’ 1a
giao diém ctia Ox véi A'B'.

Phuong trinh dwdmng thang A'B’ trong hé toa 6 Oxyla3x-y -7 =0.

M’ 13 giao di€m ctia Ox v&i A'B’ nén a =—Z—
— Pap an B.

Cach 2:

Xét u=(3-2;2);v=(a-21)

:‘ﬁ(+(\7(2‘ﬁ+§l<:>\/(3—a)2+4+\/(2—a)2+1 >J10

DAu bang xay ra khi i%zZ@a:-;- — Dap 4n B.
a.—

Cach 3:

Xétham st £(£)=y/(3-t) +4+(2—t) +1

=f'(t)= s 2 ;f'(t):0<:>t=z.
JE-tf+a -t ~ 3

Bang bién thién
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t —00

) .

i) M\ﬁa /m

Vay min f(t) =f[§} — Pap 4n B.

o Wi~

Bai todn 2.4. Trong khong gian Oxyz cho hai diém A, B va dwdng thang d. Tim trén dwong
thing d diém M sao cho [MA-MB]| dat gi4 tri 16n nhit.
¥ Vin dung
Cau 20: Trong hé toa do khong gian Oxyz, cho A(-1,-1,0); B(5,2,-3) va dwong thing
X1 1 _y_ z+1
-1 2

A—1 B.
3

.Piém M thudc d sao cho [MA MB[ lo'n nhit ¢6 hoanh d6 1a

¢d p.-2
3 3

QW | =

Hwdéng din giai
Ldy M(1-t,2t,t-1)=AM(2-t,2t +1,t —1); BM (-4 ~t,2t -2,t +2)

( 1)2 35 ( 1}2 35
t—= |+ e+ |+
6) 36 3) 9

Xét trong hé toa df Oxy, ldy M'(t,0); A'[%,__@]; B'(_é.l_,i‘?’—_s_}

IMA—MB|=/6t? 2t +6 —/6t? +4t +24 =+/6

6 3
=>|MA—MB|=+/6|M'A’-M'B', 16n nhit khi M, A’, B’ thing hang.

Tacoé A'B’ [ -1 \/6—)2 PT dwong thing A'B’ 12 \/?Ex+3y— 4

v, 2 by ’ A 2
M’ la giao diém cha Oxva A’'B’ nén t= 3

— Pap an B.
BAI TAP T LUYEN
Cau 21: Trong hé khéng gian Oxyz, cho A(0,1,-2); B(2,-1,2); C(4,3,3) va duong thing
x-1 y-2 z-3
1 2
A. 4. B. 3. C. 1 D.-1.
Cau 22: Trong khéng gian Oxyz, cho A(1,1,1); B(-1,2,0); C(3,-1,2) va dudng thing
x-1 y z+1

d: =TT Toa d6 diém M thudc d théa man S 2MA? +3MB? —4MC? nhé nhitla

d: . T6ng toa d6 diém M trén (d) sao cho MA? + MB? +MC? nho nhitla
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A[BALS) g (sars)  (sus) (85
3 6 6 3 6 6 366 3 6 6
Cau 23: Trong khong gian Oxyz, cho A(1,0,-1); B(0,2,3); C(-1,1,1) va dwong thing

ﬁﬁrﬁlﬂ\hz—z e A :
d 3(—1—=——2~=E. Toa do diém M thudc d sao cho MA” +2MB*=4MC* Ién nhidt, cao dd——

diém M 1a
a8 B =2 ¢l e
9 9 9 9

- — -1
1 y-2_ z -

Can 24: Trong khong gian Oxyz, cho dwdng thing d:X2 == a A(-1,1,1);

B(1,4,0). Piém M thudc d, chu vi tam gidc MAB nhd nhit bing |

A. \14. B. 34/2. C. 342 +14. D. 3J2-/14. !

Cau 25: Trong khong gian véi hé toa d6 Oxyz, cho A(—k1,1,2); B(1,0,1) vA dwong thiang ’

d: 5 Y+ 271 ik trf nhé nhit cta |-3MA -+ ME| khi M di déng trén d 1a |
1 -1

A, JEZ. B. \34. C. Va4, D. V14,

~1_y_z+1

Cau 26: Cho hai di€ém A(-1,2,1); B(1,-2,-1) va duong thangd 321 . biém

M(x,,y,,%,) thudc d sao cho MA +MB| nhé nhit. Tinh S=3(x ~Y,+Z
D2 0r~o 0 0 0

A.S=4. B. S=—4. C. S=6. D.S=-2 1
Cau 27: Trong hé toa dd khong gian Oxyz, cho A(-1,2,1); B(1,-2,-1) va dwdng thing ;
|

1
RO Zil Dbiém M thudc d sao cho ‘MA 3MBI nho nhit cé tung 45 1a

12 |

1 .
P B. §. C. 10. D. 8.

3 3 ‘3
 DAP AN

21 22 23 24 25 26 27 v

A A B C C D A ‘

HUONG DAN GIAI
Cau 21:

Goi diém G(x,y,z) 1a diém théa man GA+GB+GC=0 thi G(2,1,1) 13 trong tim A ABC.
Em cé:

MA? + MB? + MC? = (MG + GA)?+(MG+GB)*+(MG+GC)? = 3MG+GA? +GB? +GC>

Do GA? +GB? + GC” khéng d6i nén MA® +MB? + MC* nhd nh4t khi MG nhé nhit.

=M la hinh chiéu vuéng géc ctia G 1én dwdng thﬁng'd.

Lay M(t+1,2t+2,t+3) thudcd nﬁﬁ(l—t,—l—Zt,—Z——t)
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M 13 hinh chiéu vudng géc ctia G 1én duwdng thing d nén MG.u=0
<:>t:;1:>M l,l,E .
2 272
— Pap an A.
Can22:
Goil(a,b,c) thda mén 2IA+3[B—4IC=0=IA=4AC-3AB=1(-13,12,-6).
Em cé6:
—_— —\2 —_— —\2 —  —\2
S=2MA? +3MB? — 4MC? =2(MI+IA) +3(MI+IB) —4(MI+IC)
=MI? +2IA% +31B* - 41C
= Snho nhit khi MI nhé nhét, tirc 14 M 1a hinh chiéu vudéng géc cta [ trén d.
Liy M(2t+1,t,~1-t)ed=IM(2t +14,t -12,5-t).
IMLd :M.@:o:n:ll—l:»M 815
6 13766
— Papan A
Cau 23:
Lay M(t-1,1-2t,2t)ed

= AM(t-2,1-2t,2t+1); BM(t—1,-1-2t,2t—3); CM(t,—2t,2t —1)

. 2
MA? 4 2MB? —4MC? =—9t? 8t +24=—9| t+ 2 | +252<232
. 9) 9 " 9
= max(MA? + 2MB? - 4MC?)= 22 khie= £ 22 17 8
9 9 9 9 9
— Dap an B.
Cau 24

Tacé: AB(2,3,-1), dwdng thing d di qua diém I(1,2,1) va c6 VTCP u(2,2,1)

= [ﬁzﬁ]lﬁ =6#0=> ABvad chéo nhau.
Chu vi tam gidc MABla: C,,,,;, =AB+MA +MB,
Do AB=+/14 khong ddi nén chu vi tam gidc MAB nho nhit khi MA +MB nhd nhit.

Ly M(2t-+1,2t+2,t +1)ed=MA+MB=,[(3t+2) +1+,(3t-1)° +4
Cach 1:

= i BbAIHOC
FIOOKS

Xét trong mit phang toa dd6 Oxy, 18y M'(3t,0) thudc Ox, A’(-2,1); B'(1,-2) thi

MA+MB=(3t+2) +1+(3t-1) +4=M'A"+M'B"

Nhin thiy, A’ vd B’ nam khic phia d6i voi truc Ox trong hé toa d9 Oxy nén
M'A'+M'B'nh6 nhit khi M’ 13 giao diém cia Ox v&i A'B’ véi Ox. :
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7 7

= lm—sﬁlnhé nhatkhi t=—> =M 3,10 _8)
3 3 3”3

— Pdp an A.

Céch khdc: Goi 11 diém théa man IA — 3IB = Toa do [

,m—SMﬁl =2lﬁ[ nhé nhét khi M 13 hinh chiéu vudng géc ciia I trén d.

“Ngwoi nghéo nhdt trén thé giéi khéng phdi la ngwoi khéng cé tién ma la
ngwoi khéng cé wéc mo.

Nho ¢6 wérc mo ma con ngwoi tré nén vi dai - Nguwoi vi dai la ngwoi bién woc
mo thanh hién thuc’.
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