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MO PAU
& wu viét cua phuong phap thi trdc nghiém da va dang duwoc (hu'ng minh ti
nhirtg nudc 6 nén gido duc tién tién trén thé gici béi nhitng wu diém nhw tinh
kha:h quan, tinh bao qudat va tinh kinh té.
irong thoi gian khéng xa, theo chu truong cia BGD&DT cac truomg dai hoc,
cao ddng va trung hoc chuyén nghiép sé chuyén sang hinh thitc tuyén sinh hdng
phumg phdp trdac nghiém. Va dé 6 duoc thoi gian chudn bi tét nhdt, cdc bai kiém
tra cién thitc trong chuong trinh THCS va THPT ciing sé€ ¢é phdn trdc nghiém dé
cacem hoc sinh lam quen.
Tuy nhién, viéc bién soan cdc cdu hdi trdc nghiém cdn tudn thi mét s6 yéu cau
co tdn vé mat li lugn su pham va y nghia dich thuc cia cdc s6 liéu théng ké. Ngodi
ra, not dé thi mon todn dugc chdm hoan toan dua trén két qud trdc nghiém chdc
chdr s€ chua phit hop véi hién trang gido duc ciia nudc ta béi nhiéu li do, tir dé ddn
101 1iéc khéng dam bdo duogc tinh khach quan trong viéc danh gid két qud hoc tdp
ctia hoc sinh. Dé khdc phuc nhwoc diém nay Nhém Cu Mén chunq 16i dé xudt
huong thuc hién nhu sau:
I. Vi méi dé thi hodc dé kiém tra vdn tudn thi ding cdu tric chung va diém
trac nghiém khéng qua 3.5 diém.

Y. Trong nhitng cdu hdi'cé phan trdc nghiém sé dvoc hiéu la "trdc nghiém va
tu lugn”. O ddy, théng thuong cdc em hoc sinh sé phdi lwa chon mot trong
hén ddp s6 va can biét rang s6 diém a ciia cdu hdi nay dwoc chia lam doi:

a~” ” [ . P < ‘A ~ A a . A
* Néu lva chon ding loi gidi trac nghiém sé nhdn duoc o diém.

®  Néu thuc hi¢n ding 107 gidi tw ludn cho cdu hdi sé nhdn dugc % diém
con lai.
Jdy chinh la yéu t6' dé ddm hdo tinh khdch quan bdi:
Vai nhiing hoc sinh chi mo mam ddp dn hodc nhdn dwoc né théng qua
nhitng yéu t6 xung quanh sé€ chi nhéin dwoc t6i da -;— diém véi xdc sudt 25%.
.. VOi nhitng hoc sinh hiéu dugc néi dung cdu hdi tie dé dinh hwomg dugc cdc
phép thit bang tay hodc bing mdy tinh fx — 570MS chdc chdn sé nhdn duwgc
2 diém.
2
Vi nhitng hoc sinh khd hon biéu hién bdng viéc hiéu dugc ndi dung cdu hdi

va ¢6 thé thuc hién duge mot phan cdu hdi ndy dudi dang tu ludn sé nhdn

ditgc khodng —;— + % =3 diém.

«.  Cudi cung, véi nhitng hoc sinh biét cdch thuc hién cdu hdi didi dang tu ludn
s€ nhdn duoc a diém.
Lua trén tw tuong nay, Nhém Cu Mén dudi sw phu trach cia Lé Hong Dirc xin
itrdntrong gioi thiéu toi ban doc bo sdch:



BAI TAP TU LUAN VA TRAC NGHIEM MON TOAN THPT

Bo sach nay sé cung cdp cho ban doc mét ngdn hang bai tdp i ludn va trdwc
nghiém mén toan THPT ¢6 chdt luong theo dung thit twr .cua chuwong trinh Toam
PTTH bai vé hinh thitc ban doc sé nhdn thdy rdang bé sach nay chinh la nhitng cudm
sdch gidi bai tdp ctia bé sach Hoc va On tdp Todn (dugc viét theo lop 10, 11, 12) do
* NXB Dai hoc Quéc gia Ha Néi an hanh.

Cudn GIAI TICH 12: TICH PHAN VA UNG DUNG dioc chia thanh 8 chii dé:

Cha dé1: Nguyén ham

Chu dé2: Tich phan

Chu dé3: Cic phuong phép tinh tich phan

Cha de4:  Tinh tich phan cic dang ham s6 thuong gap

Chu dé5: Ding thitc, bit dang thitc tich phan

Chi dé 6:  Phuong trinh, bét phuong trinh tich phan

Chu dé7: Sk dung tich phan tinh dién tich ctia hinh phang

Chu dé 8:  Sir dung tich phan tinh thé tich clia cdc vat thé

Cudi ciing, cho dn da rat c6 gdng, nhung thdt khé tranh khoi nhiing thiéu sét boi
nhimg hiéu biét va kinh nghiém con han ché, rat mong nhdn dioc nhitng y kiéh déng
g0p quy bau cua ban doc gan xa. Moi y kién déng gdp xin lién hé tdi:

bia chi: Nhém tac gia Cu Mén do Lé Héng Dic phu trach

S6 nha 20 - Ngd 86 - Pudng Té Ngoc Van - Quan Tay Hé - Ha Noi
Dién thoai: (04) 7196671 hoic 0893046689
E-mail: cumon@hn.vnn.vn hoic lehongduc39@ yahoo.com.

Ha Néi, ngay 8 thang 6 nam 2006
NHOM CU MON - LE HONG pUC



CHU PE 1. NGUYEN HAM

1. TOM TAT LY THUYET
1. PINH NGHIA
Ham 56" F(x) dioe goi la nguyén ham ciia ham sé f(x) trén khoang (a, b) néu voi
moi < € (a, b), ta ¢é:
F '(x) = f(x).
Néu thay khoang (a, b) biang doan |a, b] thi ta phai c¢6 thém diéu kién:
F'(a)=f(a) vaF'(b") = f(b).
Dink li: Néu F(x) 1a mét nguyén ham ctia ham s6 f(x) trén khoang (a, b) thi:
a Vi moi hang s6 C, F(x) + C ciing la mot nguyén ham cia f(x) trén khoang
dé.
b Nguoc lai moi nguyén ham ciia ham sé f(x) trén khodng (a, b) déu ¢é thé
viét dudi dang ®(x) + C vai C la hdng s6.
2. CAC TINH CHAT CUA NGUYEN HAM

( [fxdx ) = f(x).

—

2 _[af(x)dx = jf(x)dx ,vOoia#0.
3 [ifx)tgx)ldx = [f(x)dx + [g(x)dx .
4 [f(tydt =F(t)+ C= [f(u)du =F(u) + C.

3. SSTON TAICUA NGUYEN HAM
Diny li: Moi ham s6'f(X) lién tuc trén doan [a, b] déu ¢6 nguyén ham trén doun do.

4. FANG CAC NGUYEN HAM

Nguyén ham cac ham so so cap Nguyén ham cac ham sé so cap
thuong gap hop (v6i u = u(x))
[dx=x +C [du=u+C
a+l o+l
fx“dx=—x——~—+C,a¢—] Ju.du = - +C,az-1
a+ 1 : o+
d
J—’i=lnlx|+C,x¢0 fﬂg=ln!u|+c,u=u(x)¢0
X u
fe'dx = e + C fe'ldu=e"+C -
faddx= 2~ +C,0<azl | Jardu= 2~ +C,0<a=1
Ina ‘Ina
fcosxdx = sinx + C Jcosudu = sinu + C
Jsinxdx = — cosx + C [sinudx = — cosu + C
d
J - =tgx +C f du =tgu+C
cos’ X cos” u
dx du
] —— =-—cotgx+C f —— =—cotgu+C
sin‘ x sin“u



I1. PHUONG PHAP GIAI CAC DANG TOAN LIEN QUAN VA BAI TAP

Bai toan 1: Chimg minh rdng F(x) 12 mot nguyén ham cua ham s6 f(x) trén
(a, b) bing dinh nghia.

PHUONG PHAP CHUNG
Ta thuc hién theo cdc bude sau:
Buoc 1:  Xac dinh F '(x) trén (a, b).
Buoc 2:  Chimg t6 ring F'(x) = f(x) véi Vx € (a, b).
Chit y: Néu thay (a, b) bang [a, b] thi phai thuc hién chi tiét hon, rhu sau:
Buoc 1:  Xéc dinh F '(x) trén (a, b).
Xdac dinh F'(a*) va F(b").
F'(x) = f(x), Vx € (a,b)
Buéc 2: Chimg toring: {F'(a*) =f(a)

F'(b7) = f(b)

BAI TAP TU LUAN VA TRAC NGHIEM
Bai tap 1. F(x) = sin®3x 12 mét nguyén ham ctia ham s6:

A. f(x) = 2sin3x. C. f(x) = 6sin3x.cos3x.

B. f(x) = 6sin3x. D. f(x)=—6sin3x.cos3x.
Bai tap 2. F(x) = (3x — 1)(2x - 3) 1a mét nguyén ham cia ham s6:

A. f(x)=32x-3). C. f(x)=03x - 1)2x - 3).

B. f(x)=23x-1). D. f(x)=12x-11.
Bai tap 3. F(x) =In(x + vx* +a ) véi a> 0 la mot nguyén ham clia ham s6:

A. f(x)=Vx*+a. C. f(x)= vx*>-a.

1 1
B. f(x)= : D. f(x)=
xZ +a Vx*-a

Bai tap 4. Chohams6:vF(x)=12{-\/x2+a +%ln|x+ vx2+a .

a. Chimg minh ring F(x) 1a mot nguyén ham ctia f(x) =Vx* +a ,a>0.
b. Tim nguyén ham ham s6 h(x) = (x + 2)Vx* +a ,a> 0.

Bai tap S. Cho hai ham s6: f(x) = va F(x) = Ixi —In(1 + |x!)

Chimng minh réng ham s6 F(x) 1a rt:Otx r:guyén ham cua ham s6 f(x).
Bai tap 6. Cho hai ham s6:
x*(2Inx -1)
vaF(x) = 4
0 khi x=0
Chitng minh ring ham s6 F(x) 12 mot nguyén ham cua ham s6 f(x).

khi x>0

{x Inxkhi x>0
f(x) =

0 khn x=0



Bai tap 7.

a. Tinh dao ham cua ham s6 g(x) =

x“+1
b. Tim nguyén ham cia ham s6 f(x) = ——1——
J(x2 +1)°
A, FX)= —— +C G, Flij2 ——rie 4 €
vx®+1 Jx2+1)°
1
B. F(x) = T +C. D. F(x) = _,] + C.
V& +1)° x* +1
Bai tap 8.

1+vVx%+a

X

a. Tinh dao ham cua ham s6 g(x) = In ,vix20,a>0.

b. Tim nguyén ham cua ham s6 f(x) = ,vix20,a>0.

a
xvx% +a

1++x? -Vx%+
A Fo=-P Y *2 o 6 Ry =Yt e
X X
B. B = e 20 D. F(x)= +C.

X
XxVx® +a VxZ+a

Bai todn 2: Xdc dinh cdc gid tri ctia tham s6 d€ F(x) 12 mét nguyén ham cia
ham s6 f(x) trén (a, b).

PHUONG PHAP CHUNG
Ta thuc hién theo cic budc sau:
Buoce 1:  Xéc dinh F '(x) trén (a, b).
Buge 2: DE F(x) 1a mot nguyén ham clia ham s6 f(x) trén (a, b), diéu kién la:
F '(x) = f(x) v6i Vx € (a, b) = gi4 tri ciia tham s6.
Chiti y: Né€u thay (a, b) bing [a, b] thi phai thuc hién chi tiét hon, nhu sau:
Budc 1:  Xac dinh F'(x) trén (a, b).
Xdac dinh F'(a*) vaF'(b").
Buéc 2:  DE F(x) 1a mo6t nguyén ham ctiia ham s6 f(x) trén (a, b), diéu kién la:
F'(x) =f(x), Vx € (a,b)
F'(a*)=f(a) => gi4 tri cua tham s&.

F'(b™)=1(b)



BAI TAP TU LUAN VA TRAC NGHIEM

Bai tap 9. Cho hai ham s6: f(x) = {2x R {"“ st Bl
2 khix>1 ax +b khi x> 1
Xéc dinh a, b dé ham s6 F(x) 1a mot nguyén ham cta ham s6 f(x).
A. a=-2,b=1. C. a=-1,b=2.
B. a=2,b=-1. D. a=1,b=-2.
Bai tap 10.Cho hai ham s6:
-1)e* e -1 .
f (iml)f i khi x#0 o J=— khi x20
b khi x=0 a khi x =0
Xéc dinh a, b dé ham s6 F(x) 1a mét nguyén ham cla ham s6 f(x).
A. a=b=1. C. a=b=2,
B. a=1,b=%. D. a=l,b=}.

Bai tap 11.Cho hai ham s6: f(x) = (x> — 3x + 2)e™ va F(x) = (ax” + bx + c)e ™.
Xéc dinh a, b, ¢ d€ ham s6 F(x) 12 mot nguyén ham cta ham s6 f(x).

A. a=b=c=1. C. a=b=c=-1.
B. a=1,b=-1,c=-1. D. a=-1,b=1,c=-1.
Bai tap 12.Cho hai ham s6:

20x2 -30x +7

3
f(x) = J,Fx) =(@x> +bx +0)vV2x =3 véix> — .
(x) Tox—3 (x) = (ax”+ bx +¢) > 5

Xéc dinh a, b, ¢ d ham s6 F(x) 12 mot nguyén ham cita ham s6 f(x).
A a=1b=-2c=4. C. a=4,b=-2,c=1.
B. a=-2,b=4,c=1. D. a=4,b=2,c=-1.

Bai toan 3: Tim nguyén ham.

PHUGONG PHAP CHUNG
Str dung:

®  Cic tinh ch4t cia nguyén ham.
® Bang cic nguyén ham.
®  Cic phép bién déi dai s6.

BAI TAP TU LUAN VA TRAC NGHIEM
Bai tap 13. Chohams6y =

] ” by * b 2 a
—— - Néu F(x) 12 mot nguyén ham cua ham s6 va
sin“x

d6 thi cia ham s6 y = F(x) di qua diém M(g;OJ thi F(x) 1a:

V3

A. 3 —<cox. B. 5 oo C. —\3+4cotx.® D. —— +ootx.

¥
3



1B tap 14. Néu F(x) 1a mot nguyén ham cua f(x) = sinx va F(0) = 0 thi F(x) la:
A. 1+ cosx. B. cosx. C. | - cosx. D. —cosx.

IB:i tap 15.  Cho F(x) 1a nguyén ham ctia f(x) = : va F(2) = 1. K" 16 F(3) bang:
x —

A. In2. B. In2+1. C. lni—. D.

—

IB:i tap 16. Cho ham s6 f(x) = sin3x. Mot ngu.yén ham cia f(x) bang:

] ]
A. —cos3x. B. ——3«*053){. C. -3cos3x. D. EcosSx.

IBai tap 17. Goi IZOOS‘ dx =F(x) + C, v4i Cla hiug s6. Khi dé F(x) bang:

’) )X
A. 2008*, B. 2008 In2008. C. LOUB . D. 2008*".
In 2008
IB&i tap 18. Tinh: .
a. [sin’x.cosxdx.
A. cos’x.sinx + C. C. sin’x.cosx + C.
B. l SInxX — L sin3x + C. D. lcosx - —1— cos3x + C.
2 4 ¥

b. Jcotgxdx.
A. cotgx+C. B, Inlcosx+C. C. tgx +C. D. Inisinxl+C.
(sin X + cos x)dx

C I s
Ysin x — cos x
A. (sinx — cosx)’ + C. C. (sinx + cosx)’ + C.
B. % {/(sinx——cosx)4 +C. D. —i— 5\/(sinx+cosx)4 TN 4
4
Bai tap 19. Cho ham s6 f(x) = e 2+ 2 . Khi dé:
X
2x° 3 2x* 3
A, |f(x)dx = —-=+C. C. |f(x)dx = +— +C.
I(X) X 3 X I(X) * 3 X
3 2% 3
B. |f(x)dx =2x’-= +C. D. f(x)dx = —+— +C.
J X rosan = St
Bai tap 20. Cho ham s6 f(x) = ] 23 - . Khi dé If(x)dx bang:
+X
A. 4In(l + > +C. C. 2In(l +x*) + C.
B. 3In(! + x)+C. D. In(1 +x*) +C.
Baij tap 21. Tinh: *
dx '

a. |

COs X



A ~sgpm2tl e c. X ¢
sinx —1 . cosx —1
S L Sl LY B, 2m Rl e
2 |Isinx+1 cosx + 1
b [~
1+ cosx
A. 1 +C. B. tgi{- +C. C. —1—— +C. D. cotg—)-(- + C.
COSs X 2 sinX 2
Bai tap 22.Cho ham s6 f(x) = u,—dx—u— Khi dé J‘f(x)dx bang:
4x° —4x -3
A 1mE3 e c. L2334
8 |2x+1 4 |12x+1
B. L2223 4 b, L=l e
6 (2x+1 2 12x+1
Bai tap 23.Tim ho nguyén ham cua cic ham s6 sau:
a. f(x)= .
| x’-x-6
A Foge 2wt ve A L) Y
5 |x-=-2 2 Ix=2
B. F(x)=—2—ln!.x_3 +C. D. Fx) = 22| +C.
5 |x+2 2 |x+2
4x° —9x —1
b. f(x)= .
4x* -9
A Fx)=—1In +C C. lx)=—x—-—1In +C.
) 2 |12x+3 R 2 12 |12x+3
B. Fx)=xX-l2x+3 +C D. Fx)=x'-In2x-3 +C.
Bai tap 24.Cho ham s6 f(x) = e*(1 — e™). Khi d6 j'f(x)dx bang:
A. ¢+x+C. C. e*+x+C.
B. ¢e-x+C. D. e*-x+C.

Bai tap 25.Tim ho nguyén ham cla cdc ham s6 sau:
a. f(x) = (3% + 292,

2x Xx\2
B7+27) ¢

In3.In2
34)( 22)( 2-32)(.2)(

+ + +

In3 In2 In3.In2

A. Fx)=

B. Fx)=

10



4x 2X 2x X
C. F(x)z3 +2 +2 3 +2 +C
In3 In2 In3 In2
D. Fix)= &l + % + 248 +C.
In81 In4 In18
bb.y. f(x)=2%3*4".

2x 43x 4 x 2x Ix X
A. F(x)= 27374 + C. G F(x):2 +3 + : +C
In2.In3.In4 In2 In3 In4
X 6x
B. F(x)= il + C. D. F(x)= = + C
In432 In24

Bai t tétap 26. Tim ho nguyén ham cia cidc ham sé sau:
aa... f(x)=e*7>

A. Fx)=e*?+C. C. Fx)=(3x -2)e™? +
B. F(x)= % e™? +C. D. F(x)= % e* 2+ C.
X+l gx-l
bboy. f(x)= — >
10*
A. F(x)= J - i +C. C. F(x)=- > + ol +C.
21n5 In2 21n5 In2
1 1
F(x)= +C. D. Fx= +C.
5"ln5 52 In2 5*In5 52" In2
Bai 1 titdp 27. Tim ho nguyén ham cta cdc ham s6 sau:
1
ia.a, fix)= :
Vx+4-Jx+3

A. F(x)zé(\/x+4—\/x+3)+C.

B. F(x)z%(\ﬁ(+4 +3x+3 54 C

C. F(x) m—i—I\/(x +4)) —J(x+3)* 1+C.

D. F(x) =% [Vx+4)® +(x+3)* 1+ C.

bb. f(x)=

1
xf2—x—\/2x+1 .

A. F(x) = —% [V/8x° +\/(2x +1)’1+C.

B. F(x) = %[\/8)(3 —Jex+1P 1+C.

11



C. F(x) =--§- [v@;+1/(2x+ 1)’ 1+C.

D. F(x)= %[\/8)(3 —\R2x+1)3 ]+C.
Bai tap 28. Tinh:
a. [x(1 - x)'"dx. :
A. F)=x+(1-x)"+0-x"+ C.
B. Fx)=x-(1-x)"-(1-x"+ C.
(1-x)" \ 1—x)"*

C. Fx)=- + C
10 11
11 12
D. Fy=_U=¥ U4=-%" o
12
b. Jx(1 - 3x)*%dx.
A. FX)=x+(1-3x)"+ (1 -3x)""+ C.
B. F(x)=x-(1-3x)®%-(1-3x)"+ C.
C F(x)=—(]—3x)2m + (1-307" + C
18081 18090
Bh Fill= (1—3)()20,]0 ) (]_3x)zon .
18090 18099
" I xzdx
D -x)
A FO)O=(1-x)"+1-x"+(1-x"4+ C.
B. Fx)=(1-x)"-(1-x)""-(1-x)""+ C.
C. F(x)= l = 2 e : e
97(1 - x) 98(1-x) 99(1 - x)
: 3
E(x) 1 2 3

= - + +C
1011-x)""  102(1-x)'"  103(1-x)'"
Bai tap 29. Tim ho nguyén ham cua cdc ham s6 sau:
a. f(x)= sin®x + cos®x.

A. F(x) = 6sin’x + 6cos’x + C. C. F(x) = 6sin’x - 6¢cos’x + C.
B. F(x)= 2 gt 4 2x 404 D. F(x) = R~
32 8 32 ' 8
b. f(x) = 8sin’x.cos’x.

A. F(x)=sinx - —1- cosSx + —I— sin3x + C.
10 6

B. F(x) =sinx - —l-w sinSx + i cos3x + C.
10 6

12



]

]
C. F(x) = —cosx — — sin5x + -- cos3x + C.

|
D. F(x) = —cosx + — cos5x — l cos3x + C.
10 6

Bai tap 30. Cho ham s6'f(x) = 25in3%. Khi do:
A. -f(x)clx =x —sinx + C. C. .f(x)dx
B. .f(x)dx =X + sinx + C. D. .f(x)dx
Bai tap 31. Cho ham sé'f(x) = cot®x. Khi dé:
A. [f(x)dx =tanx - x + C. C. |f(x)dx
-f(x)dx =tanx + x + C. D. -f(x)dx
Bai tap 32. Cho ham s6'f(x) =~ Khi dé:
cos’ X
A. |f(x)dx = + C. C. [|f(x)dx
'[ *) 3cos’ x j
1
B. |f(x)dx =- + C. D. |f(x)dx
I ) 3cos’ X I )
Bai tip 33. Tim ho nguyén ham cia cic ham s6 sau:
1
a. f(x)= —;
sin” X
1,
A. Fx)=x+ = tg'x + C. C.

B. F(x)=tgx + é—tgax + C.
1

. kS 4
SIN X.COS™ X

b. f(x)=

——

X — cosx + C.

x + cosx + C.

—cotx — x + C.

—cotx + x + C.

F(x) = x ——;— cotg’x + C.

F(x) = —cotgx — % cotg’x + C.

A Fx)=

) 1
Inlsinx! + 3 cos’x + C.

B. F(x) = Inltgx| + —;—tgzx + C.

SIN X + COS X

c. f(x)=
( 3+sin2x
" I:(x):llnsmx—cosx+2|
SINX — COS X — 2!

1

SIn X — COS X +2|

C. F(x)=Inlcosx! - -;— sin’x + C.

F(x) = Inlcotgx| — % cotg’x + C.

C.

B. F(x)=x+ —In

sinX —cos X — 2|

+C.

13



sinx~cosx—2{ N

C. F(x)= L] In c.

sinx-—cosx+2I

1

D. F(x) = %x+ LN SINX —COSX — 2

+ C.

SINX —COSX + 2
Bai tap 34. Tim ho nguyén ham cha cic ham s6 sau:

1
a. f(x)= ;
(x+vVx2 +1)?
1
A. Fx)= ———— +C.
X+Vx?+1
B. F(x)=————l——— + C.

X+vx?+1
C. F(x)=%x3+x—%1/()(2+1)3 +C.

D. F(x)=%x4+%x3+—;~x~— \/(x2+l)3 +C.

b. f(x): __)_(_+_1_
x(1+xe*)
A Fx) =l . C. F(x)=x+In|——| +C
1+ xe* 1+xe
X - X
B. F(x)=In +C. D. F(x)=x+1n +C.
1+xe” {1+ xe’
y g 3x%? +3x+3
Bai tap 35. Cho ham s6: f(x) = x} L
X" -3x+2
_ v : ; a b C
a. Xadc dinh c4c hang s6 a, b, c dé f(x) = ~ + + :
(x-1)" x-1 x+2
A. a=3,b=2.¢c=1. C. a=b=c= 1.
B. a2, b=3.¢=1. D. a=zl,b=2,¢c=3.

'b.  Tim ho nguyén ham cua f(x).
4sinx + 3cosx

Bai tap 36. Cho ham s6: y = — :
sinX + 2 cos X
a. Xéc dinh c4c hing s6 a, b dé:

4sinx + 3cosx = a(sinx + 2cosx) + b(cosx — 2sinx).
A a=2,b= 1. C. a=-1,b=2.

B. a=2,b=-1. D. a=1,b=-2.
b. Tim ho nguyén ham cua f(x).
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Bai tap 37. Tim ho nguyén ham cua cdc ham s6:

X

e SIn X
a. f(x)= —— . b. f(x)= — _
e* +e " - SinX +cosx

cos® x

Bai tap 38. Tim ho nguyén ham cua ham s6: f(x) = —; esat,
, sin” X+cos X

A Fiohe o fxd —ti szx”‘@nc

2 242 |sin2x ++/2
m 2

B. F(x)= - (x + — lnﬂnﬂnc
2x/§ sin2x—x/§

€, Fl)=— {4 —ln cosz""ﬁnc
2 2\5 c052x+\/§

B Foo= (5% —l °°szx+‘/§)+c.
< 272 lcos2x -2

IIL. HUGNG DAN - GIAI - AP SO
Bai tap 1. Ddp s6 trdc nghiém C.
& Lot gidi tie lugn: Ta cé: F(x) = (sin*3x)’ = 6cos3x.sin3x, img v6i dép 4n C.
Bai tap 2. Ddp s6 trac nghiém D.
& Loi giai tie ludn: Ta c6 ngay:
F(x)=32x-3)+23x - 1)=12x - 11, ung véi dip an ]?
£ Lya chon ddp dn bang phép thir. Ta 1an luot ddnh gid véi dang ham s6 F = uv:
Dép 4n A bi loai bdi né6 1a dang u'.v.
Dép 4n B bi loai bai né 1a dang v'.u.
Dép 4n C bi loai boi véi dang ham da thitc khéng thé c6 F = F.
Do d6, viéc lva chon dédp dn D 1a ding din.
Bai tap 3. Ddp s6 trdc nghiém B.
& Loi gidi twe ludn: Ta c6 :

1+ 2x

(x+vx*+a)  2Yx’+a
X+vx’+a Xx+vx’+a

]—_=, ing véi ddp an B.
“+a

F(x) =[In(x + Vx*+a)] =

_ Vx’ +a+x _
Vx2+a(x+vVx*+a) \/;(

Bai tap 4.

f e

1 %
¢. Tacéngay: F(x)= 5 X“+a +

2

2vx* +a

i

a Vx* +a
2 x+vx'+a

15



i I
= — 4Xx"+a +

x> .a 1 .
s b, N - b ::f( )
24/x*% +a +2 Vx2 +a ’ ‘ "

Vay, véi a > 0 thi F(x) 1a mot nguvén nam cua ham so6 f(x) trén R.
b. Viét lai ham s6 h(x) dudi dang:

h() =xVx> +a +24x% +a.

Tu do, suy ra:

H(x) = hix)dx =[x Vx? +adx + 2[Vx~ + a dx
=%\/(x2+a)3 +;:—\/x2 +a 4+ %lnix . \[x2~+al+C.

Bai tap 5. Viét lai ham s6 F(x) dudi dang:
x—=In(1+x) khix2>20
F(x) = . :
—X—=In(1-x) khix <0
Ttr do6, suy ra:

1

l——— khix>0 |—2—Kkhix>0
i) = 1+x _J1+X - B
e KR 2T |l g T
l-x 1-x
= f(x) V6i x # 0. )

Ngoai ra, ta cé:
" Dao ham bén trdi chia ham s6 tai diém x, = 0.
F(x)-F(0) X —=In(1+x)

F'0)= lim = lim
x—0" X—O x—0" X-—O
- lim[l—-]n(lﬂ)} —1-1=0.
x—0" X

*  Dao ham bén phdi cia ham s6 tai diém x, = 0.

F(x)HE(_O_) ~ lim -x=In(1-x)

F'(0") = lim
x—0" x—0 x—0" x -0
~ lim[—l 5 003 "")} el D2
x—0" - X
Nhan xét riing F(0") = F(0) = 0 = F(0) = 0 = f(0). 2)

Tir (1) va (2) suy ra F(x) la mot nguyén ham cua ham so f(x) trén R.
Bai tap 6. Ta c6 ngay:

, l[2)((2111)(-—1)+2x] khi x >0 xInxkhi x>0
F'(x)=<4 = 0 chi x =0 = f(x).
0 khi x =0 k=
Vay, ham s6 F(x) 1a mot nguyén ham cua ham s6 f(x).
Bai tap 7.

a. Tacd ngay:
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-~

\/__-,—_ X~
X"+l —— : )

V24l xT+l-xt 1
x4l AV +l w1y
by. Padp so trac nghiém A.

&5 o giai tie luan: T két qua cau a), ta duge g x) = f(x) nén suy ra:

gx)= —

F(x) = Jf(x)dx =g(x)+C= + C.

X" +1
Bai tap 8.
at. Ta xét hai truong hop :
: . 1 +vx?
T ruomg hop 1: Véi x > 0, ta duoc g(x) = lnu . Suy ra:
X

— ' X
1+vxira) ———=x—-(1+Vx*+a)
— S x’+a =
X
X

-~

2 a
gx)= = =—— :
1+Vx +a I 4+/%" +a xvVx* +a

X X

1+Vx* +a

Truomg hop 2: Véi x <0, ta duoe g(x) = ln[—
X

} . Tuong tu, suy ra:

gx)= -

a
2
XVX~ +a

s . . L _ a

Vay, véi moi x # 0 ta luén cé g'(x) = -——
' » XVX° +a

. b. Pdp so trdc nghiém A.

& Lot giai tie ludn: Tir két qua cau a), ta duoc @ [-g(x)]' =f(x), Vx=20,a>0.

1+vx% +a

X

Suy ra: F(x) = If(x)dx =—g(x)+C=-In +C,vVx#0,a>0.

Bai tap 9. Pdp so trac nghiém B.
£ Loi giai tie ludn: Xét hai truong hop:
Truong hop 1: Véi x # 1, ta co:

2x khi x <1
Fi{x)= _ .
a khix>1

Suy ra, d€ F'(x) = f(x) v6i x # | diéu kién laa = 2.
Triecong hop 2: Véi x = 1, thi dé ham s6 F(x) c¢6 dao ham tai diém x = 1, trudc hét
F(x) phai lién tuc tai x = 1, do dé:

lim F(x) = lim F(x)=F(l) < 1=a+bsb=1-a=-1.

x—=1 x—=1*
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»  Dao ham bén trdi cia ham s6 y = F(x) tai diém x = 1.

Fiiy=lim 2R o g B =) g
x—1” x—1 x—=1" X —1
*  Dao ham bén phdi ctia ham s6 y = F(x) tai diém x = 1.
- F(l +b-1 . 2x-2
e el il STl O T e Y
x—1" X — 1 x—>1" X — ] x—1" X —

Nhan xét rang: F(17) =F(1")=0= F(1) =2 =f(1).
Vay, véi a=2, b = -1 thoa man diéu kién ddu bai.
Bai tap 10.Pdp so6 trdc nghiém B.
& Loi gidi tw lugn: Xét hai trudng hop:
| xe* —(e* =1) _ (x—1e" +1
2 L] xz

= f(x).

Truomg hop 1: Véi x #0, tacé: F(x) =

Truong hop 2: V6i x =0, tacé :
Pé ham s6 F(x) c¢6 dao ham tai diém x = 0, truéc hét F(x) phai lién tuc tai x = 0,
do dé:

i ERS =Ty &5 lim et =4 =1,
x—0 x—0 X
e -1
Khi d6: F(0) = lim - =FO) _yyy _x _ jjy & 2%
x—0 x—-0 x—0 X x—0 X2
. &*=1 1 |
= lim = —,
x=0  2x %

Tir d6, dé: F(0) = f(0) © b= % )

1 - oy
Vay,véia=1,b= > thoa man diéu kién dau bai.

Chi y: Trong 10i giai trén, d€ c¢6 dugc phép chuyén:
. et—x-1 . . e'-1
lim ——— = lim
x—0 X x=0  2x

ching ta da "Sw dung dao ham tinh gidi han ciia ham s6'" trong cuén "Hoc va sn
1dp todn gidi tich 12 tdp 1", cu thé: 4
biatf(x)=e*—x—-1,tac6f(0)=0vaf'(x)=e* - 1.
Dit g(x) = x%, ta cé g(0) = 0 va g'(x) = 2x.

f(x)-f(0)
Bt iy S = iy B0 o iy LD gy SN
x—0 X~ x—0 g—(—)_(_)_—-_g_g(_)—) x—0 g'(x) x—0  2x
x-0
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Bai tap 11.Pdp so trac nghiém D.
&5 Loi giai tw luan: Ta c6 ngay:
F(x)=QRax+ble™* —(ax’+bx +c)e* =[-ax*+ (2a—b)x + b—cle™
Tir d6, dé ham s6 F(x) 1a mot nguyén ham cuia ham s6 f(x) diéu kién la:

—a=1 a=-1

2a-—b=-3 & <{b=1

b-¢c=2 c=-1
Vay,voia=-1,b=1,c=-1 thoa man diéu kién dau bai.

Bai tap 12.Pdp so trdc nghiém C.
& Loi giai twe luan: Ta c6 ngay:

ax’ +bx+c _5ax’ -3(2a-b)x-3b+c

2X =3 v2x -3

Tir d6, dé ham s6 F(x) 1a mo6t nguyén ham ctia ham s6 f(x) diéu kién la:

F(x)=(Qax+b)42x -3 +

53=20 a::4
-3(2a-b)=-30 & <b=-2.
-3b+c=7 c=1

Vay, véia=4,b=-2 ¢ =1 thoa man diéu kién ddu bai.
Bai tap 13. Pdp so trac nghiém A.

& Loi giai tir ludgn: V& ham sy =

—— thi: F(x) = —cotx + C.
sin“x

A\
Khi dé, dé dé thi cia ham s6 y = F(x) di qua di€ém M [—E;OJ diéu kién la:
n . o A
O=—cotg +CeoC=3 >Fx)= J3 - cotx, ing véi ddp 4n A.
& Lita chon ddp dn bang phép thir 1: Ta 14n lugt danh gia:

*» Nguyén ham cia hams6y =

—— ¢6 dang F(x) = —cotx + C nén cdc dap
sin” x

4n C va D bi loai.
. Vi cotg = 3 nén dép 4n B b loai.

Do dé, viéc lua chon ddp 4n A 1a ding din.
& Lua chon dap dn bang phép thir 2: Ta 1an luot danh gia:

= Vi(cotx) = —— l, nén cic dap an C va D bi loai.
sin” X

. Véix= g thi /3 —cot% = 0 nén dép 4n A 12 ding.

Do dé, viéc lua chon déap 4n A 1a ding dan.
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Bai tap 14. Pdp 5o trdac nghiém C.
5 Loi gidi tu ludn: Vi ham s6 f(x) = sinx thi: F(x) = —cosx + C.
Khi d6, dé F(0) = 0 diéu kién la:
0=-—c0s0+C«> C=1=F(x) =1 - cotx, ing véi dip an C.
& Lua chon ddp dn bang phép thir 1: Ta lan luot dénh gia:

* Nguyén ham cua ham s6 f(x) = sinx ¢6 dang F(x) = —cosx + C nén cac
dip an A va B bi loai.
* VicosO=1nénddpan D bi loai.
Do d6, viéc lua chon dip 4n C la ding dén.
& Lua chon ddp dan bdng phép thit 2: Ta lan luot ddnh gia:
*  Vi(cosx)' = —sinx nén cdc ddp 4n A va B bi loai.
* V6ix=0thil - cosO=0néndip dn Cla ding.
Do dé, viéc lua chon dép an C 1a ding dan.
Bai tap 15. Pdp sé trac nghiém B.

& Loi giai ti ludn: VGi ham s6 f(x) = thi:

X —
F(x) =In|x — 1| + C, ing v&i dap an B.
Khi d6, dé F(2) = 1 diéu kién la:
I=I2-1|+Ce C=1=Fx)=lnx - 1|+ 1
=5 F(3) = In2 + 1, g véi ddp 4n B.
Bai tap 16. Pdp sé trdc nghiém B.
& Loi gidi ti ludgn 1: St dung bang nguyén ham co ban, ta ¢6 véi:

f(x) = sin3x = F(x) = - % cos3x + C

1
=> n6 c6 moét nguyén ham la -3 cos3x.

& Lua chon ddp dn bang phép thit: Ta lan luot danh gia:
s V& F(x) = —cos3x thi:
f(x) = (—cos3x)" = 3sin3x = Dép é4n A bi loai.

» VéiF(x) = —?;- cos3x thi: f(x) = (—% cos3x)' = sin3x, ding.

Do d6, viéc lua chon ddp 4n B la diing dan.
Bai tap 17. Pdp s6 trdc nghiém C.
& Loi gidi tw ludn: St dung bang nguyén ham co ban, ta c6:
2008* +C = F(x) = 2008*
In 2008 In2008
& Lua chon dap dn bang phép thir 1 (T tri qua phai): Ta 1an luot danh gia:
= Véi F(x) = 2008 thi:

f(x) = (2008%)' = 2008".In2008 = Pap an A bi loai.

J’zoos*dx =

, ng véi dip an .
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= Véi F(x) = 2008*.1n2008 thi:
f(x) = (2008*.1n2008)' = 2008".In"2008 = Pdp 4n B bi loai.

2008 . ( 2008"

} =2008" = bdp an C la ding.

/

v Vi Elx) = sl Fls) ==
TS 1 100= 1 n2008

Do d6, viéc lua chon dép 4n C la ding dan.
£ Lua chon ddp an bang phép thir 2 (Tit phai qua trai): Ta 14n luot dénh gia:
= Vi F(x) = 2008 *' thi: g
f(x) = (2008 *")' = 2008" * ' 1n2008 = Ddp an D bi loai.

s VéiF(x)= bl thi: f(x) = [ L
In2008 In2008
Do d6, viéc lua chon dédp dn C 1a diing dan.
Bai tap 18.
a. Pdp so trac nghiém B.
& Loi giai te luan: Ta cé:

] = 2008 = Pdép an C la ding.

. | B .
[sin’x.cosx.dx = 5 [sinZx.sinx.dx = % I(cosx — cos3x).dx

1 1
= —sinx — — sin3x + C.
4 12

b. Pdp s6 trac nghiém D.
cosx.dx | d(sinx)

& Loi giai ti lugn: Ta c6: Icotgx.dx =] = Inlsinx| + C.

sin X sin X
¢. Pdp so' trac nghiém B.
& Lot giai tw ludn: Ta cé:
J(sin X + cos x)dx dx = [ d(sinx —cosx)
X =

Jsin x — cos x sinX — cos X

= J(sinx — cosx)™"*.d(sinx — cosx)

= %(sinx~cosx)‘”+c= -Z— 3(sinx - cosx)* +C.

Bai tap 19. DPdp so trdac nghiém A.
# Loi giai tie lugn: Ta c6:

4 3
ffexdx = szx2+3dx - J(2x2+—?—’i—)dx =2 32 .¢

X 3 x
ing véi dip 4n A.
% Lya chon ddp dn bang phép thir: Ta 14n lugt danh gia:
3
- VeiFm=22_3 scm:
| 3 x

3 L] 5 .
f(x) = (—2;——2+C) =2x> + —3—2 => Ddp 4n A diing.
X X

Do d6, viéc lua chon ddp 4n A 1a ding déan.



Bai tap 20. Pdp so trac nghiém D.

dX [d(l-’r-X)

& Loi gidi te ludn: Ta c6: If(x)dx —f 1
1 +x° +x°

=In(1 + x> + C,

trng véi ddp an D.
& Lua chon ddp dn bang phép thi I (Tix trdi qua phai): Ta 1an luot ddnh gia:
= Véi F(x) = 4In(1 + x*) + C thi:
y ) 2x 8x . o
f(x) =[4In(1 +x°) + C] =4. - = ~ = Ddp dn A b loai.
1+ x 1+x
= Bdi cdc ddp dn A, B, C, D chi khac nhau & hé s6 va gia thiét cho hé s6 2
(tic 8:4 = 2) nén ta loai bo ti€p dugc céc ddp an Bva C.
Do d6, viéc lva chon ddp 4n D 1a ding dan.
& Lita chon ddp dn bang phép thir 2 (Tl phai qua trdi): Ta lan luot danh gid:
»  Véi F(x) =In(1 + x*) + C thi:

f(x)=[In(1 +x*) +C]' = = Pap an D diing.

2

Do d6, viéc lua chon ddp an D 1a ding dén.
Bai tap 21.
a. Ddp so trdc nghiém B.
& Loi gidi tie ludn 1: Bién déi:

I dx =I dx . dx
COSX 5 T . X T X |
4 — 2sin(— + — — 4+ —
sin(x 2) sin( 5+ 3 ) cos( 5 4)
1 d[tg(% + E)}
X X bl
ot o = = l t — + S + C.
f ] nhg( 7 )

X T 5 X T X b
2tg(=+ )08 (= +— tg(= +—
g(2+4) 0s (2 4) g(2 4)

& Loi gidi tw ludn 2: Bién doi:

,f dx jcosx.dx 3 I d(sinx) _ d(sinx) ——»l—l sinx --1 +C
Cos X cos® x l—sin® x sin® x — | 2 |sinx +1 '
Cha y: Trong 1&i gidi cua cdch 2, chiing ta da sir dung két qua: |
=2 - LA e vsiaxo.
X“—a 2a |x+a

b. Pdp sé'trdc nghiém B.
d(2)
e =2I—2—— =tg—’£ +C.

& Loi gidi t ludn: Ta bién déi: |
X
Dcos® =
2

1+ cosx

Bai tap 22. Ddp so trdc nghiém A.
& Loi giai tir ludn: Ta cé:
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ﬁumxzﬁwigf—:lldg”f)=l.lm3ii;3+c
(2x—1)“—4 2 2x-1)"-4 2 4 2x-1+2
2223 4 g v dipdn A,
8 2x + 1

& Lita chon ddap dn bang phép thir. Bai cac ddp dn A, B, C, D chi khéc nhau & hé s6
nén ta xét ham so:

y =k.n e

2x +1
:>y'=k.(lnl2x—31—ln|2x+l|)'=k[ 2 2 ]'_.""___5—8]5._.“—-—
2x -3 2x+1 4x° —4x -3

1 - o
4 4 P = DPap an A la ding.

Do do, viéc lua chon dédp an A la ding déng
Bai tap 23.
-~ a. BDdp so trac nghiém B.
& Loi gidi te ludn: Ta bién déi:
f(x) = 2 " a . b :(a+b)x+2a—3b
(x 3)(x+2) x—-3  x+2 (x=3)(x+2)

a+b=0 ,a_—b
Vo — i
2a—-3b=2 la=2/5

Tir d6, suy ra: .
\
f(x)z—%[l . ]:>ff(x)dx=—2-j L | dx
- O\%=3 x+2 Xx-3 x+2}
—(ln{x— |~ln|x+2})+C—g~l +C.

D x+2

b. Ddp so trdc nghiém C.
& Loi gidi tw ludgn: Ta bién d6i:

fix) =x- : =x.—( a4 b J:x—z(a+b)x+3(a—b)

4x* -9 \2x-3 Ix +3 4x* -9
2a+by=0 1 ]
= &Sa=— vab=——.
3a—b)=1 - 6 6

1 1
2x-3 - 2x+

6 :
= [f(x)dx = f[x-nl—[ L - ! J]dx
6(2x-3 2x+3

(1 jd(Zx ~3) _ljd(2x-k3)]
27 2x-3 27 2x+3

Tir d6, suy ra: f(x) = x ~ l[

=]‘xdx-——
-6
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s L npx = 3= mpx +3) +C
2 12
1 , 1 |[2x-3
=—Xx - —In
2 12 |2x+3
Bai tap 24. Pdp so trac nghiém B.
& Loi gidi tw ludn: Ta co:
If(x)dx — Ie"(l —eMdx=J(e*- Ndx=¢e*-x +C, Ung véi ddp 4n B.
&5 Lua chon dap an bang phép thir 1 (Tix trdi qua phai): Ta ldn luot dédnh gia:
» VéiF(x)=¢"+ x + Cthi:
fx)=("+x+C)=¢e"+1=¢*(1 +e *) = Pap an A bi loai.
* VéiF(x)=¢"-x+ Cthi:
f(x)=(*-x+C)=e"-1=¢*(1 —e *) = Dap dn B ding.
Do dé, viéc lua chon déap 4n B 1a diing din. '
& Lua chon ddp dn bang phép thie 2 (Tut phéi qua trai) — Ban doc tu thuc hién.
Bai tap 25.
a. Pdp sé trdac nghiém D.
& Loi gidi ne ludn: Ta bién déi:
f(x)=3"+2*+ 232" =81"+ 4"+ 2.18"
81" 4* 2.18"
+ + +
In81 In4 Ini8

I

+ C.

]

= [f(x)dx = [(81* + 4* + 2.18")dx =
b. Ddp s6 trdc nghiém B.
& Loi gidi tie ludn: Ta bién d6i:
432"
In432

f(x) = 4°27°.4* = 432" = [f(x)dx = [432*.dx = +C

Bai tap 26.
a. Ddp sé trdc nghiém B.
& Loi giai ti ludgn: Ta cé ngay:
2 | R |
Jf(x)dx = Je*2dx = 3 [e2d(3x = 2)x = 5 e 2+ C.

b. Ddp sé trac nghiém D.
& Loi gidi ne ludn: Ta bién déi:

fy=22--132 ., l] _1 l)
10° 510" 5) " 502

- A - =
1 11
nff(x)dx—Zf(g) .dx—gf(—z-] = nl 2 :
5° 2
2 1

- + +C
5*In5 5.2%In2

]
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Bii tap 27.
a. Pdp so trac nghiém D.
& Len gidi tie lugn: St dung phép nhan lién hop, ta bién déi:
_ | .‘
+/) 5
fix) = Vx4 \/X+3 = x/x+4+\/x+3 =(x+4)° —(x+3
X+4-x-3
1 1

= [fxdx =[(x +4)2 —(x +3)? ]dx:% [V(x +4)° +(x +3)" ]+C

b. Padp so trac nghiém A.
&5 Loi gial tu ludn: St dung phép nhan lién hop, ta bién doi:

N ! !
f(x) = \/22—x+72x-1|-1 =—V2x —2x +1 =-(2x)F —(2x +1)?
X —2x - :
! '
= [f)dx = =J[12x)2 +(2x +1)? |dx

- L% d@x)+ [2x +1)?d@x+ 1)

3

113

= 3 3
s | A IRYD
ﬂ)(_x) +2(2x+1)

;
J+c.—._— [V8x® +(2x +1)* ]+C

9 |

2 4

Bai tap 28.

a. Pdp so6 trac nghiém D. ,

& Loi giai te lugn: St dung phép bién doi :
Jx(1 = x)"%x = J[1 = (1 = x)]J(1 = x)'"°%dx = [[(1 = x)"° = (1 = x)"]dx

(I-x)"'"  (Q-x)"

= - + + C.
11 12

b. Pdp sd trac nghiém C.
& Lot gidi ti luda: St dung phép bién déi: o

[x(1 = 3x)™3dx = %I[z ~ (1 = 3x)](1 - 3x)*%dx

= —% .%I{(] = 3x)™® - (1 - I;x)z‘m]d(l - 3x)

o (1 _3x)2009 N (1 _3x)20l0
~ 18081 18090

. Ddp s6 trac nghiém C.
& Loi gidi e ludn: Sit dung déng nhat thitc x*= (1 — x)* = 2(1 = x) + 1 ta duoc:

x> _(-x'-20-x+1__ 1 . 2 1
(l__x)IOO - (l_x)IOO ] (l—x)% (]_X)w (l_x)IOO
x 2dx 1 2 1
Khidé: | —— =— - d(1 -
idé I(l_x)‘m I[(]—x)qs = +(1—X)mo] (1-x)

1 2 1
= - % +C
97(1-x)" ' 98(1-x)"®  99(1-x)”
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Bai tap 29.
a. BDadp so trac mgihiem B.
& Loi giai tie ludm: Ta bién doi:
f(X) = (sitx + cos'x)' — 3sin’x.cos’x(sin’x + cos™x)
3 3 1-cosdx 3

8 5
=1-- Zgin2x=1-—. ———— = —cos4x + —
. 4 2 8

r 3
s If(x)d)\' = ]| g cosdx + —5— dx = —sindx + é x + C.
8 8 32 8

\

b. Ddp so'trac nghiém B.

& Loi giai tw ludn: Ta co: [f(x)dx = [(

. - 1)dx = —cotgx — x + C.
sin” x

c. BDdp so trac nghiem D.

& Loi gidi tw ludn: Ta bién doi:

T . : 1. ;
f(x) = 2sin"2x.sinx = (1 — cos4x)sinx = sinx — — (sin5x — sin3x)

= ff(x)dx = —COSX + Tl() cosSx — % cos3x + C.

Bai tap 30. Pdp so trac nghiém A.
& Loi giai ne ludgn: Ta co:

jf(fx Ydx = f2sin:% dg= f(l —cosx)dx = x — sinx + C, (mg‘vé‘i dap an AL

& Luta chon ddp dn bcng phép thie. Ta 14n luot dénh gia:
* V@i F(x) = x - sinx + C thi:

f(x) 2 (x —sinx +C)' =1 +cosx = 2sin3—;— = Ddp an A dung.

Do d6, viéc tua chon dip dn A la ding din.
Bai tap 31. Pdp s trac nghiém C.
& Loi gidi i lugn: Ta co:
{ ] I R -
If(x)dx = |cot™xdx = I ——- -~ 1)dx = —cotx - x + C, img véi dap an C.
sSm” x
& Lita chon dap dn harig phép thi 1 (Tii trdi qua phai): Ta l4n luot danh gia:
* V&1 F(x) =tanx - x + C thi:

f(x)=(anx - x+C)' = 1, - 1 =tan’x = Ddp 4n A bi loai.
cos” X
s  Véi F(x) =tanx + x + C thi:
f(x) = (tanx + x + C)' = ——— + 1 # cot’x = Ddp dn B bj loai.
cos” X
» V& F(x) = —cotx - x + C thi:
f(x) =(—cotx —x +C)' = — l, — 1 = cot’x = Pdp 4n C diing.
sin” x

Do dé, viéc lua chon dap dn C la ding dan.
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&5 Ly chon dap dn bang phép thir 2 (Tix phai qua trdi): Ta l4n luot ddnh gia:
v V& F(x) = —cotx + x + C thi:

f(x)=(——cotx + x + C)' = + 1 #cot’x = bidp an D bi loai.

sin® x
v Vo1 F(x) = —cotx — x + C thi:

f(x) =(-cotx - x + C)' = ~ 1 =cot’x = Pép dn C ding.

|
sin,? X
D> d6, viéc lua chon dédp dn C la ding dan.
Bai tip 32. Pdp so'trac nghiém B.
&5 Lo giai tir ludn: Ta co:

tanx.dx sinx.dx COS X
[foodx = [ROXAX _ poinXdx g HCosx)
cos” X cos’ x cos’ x
1
=-—cos x+C=- — + C, img v6i ddp an B.
3 3cos” x
&5 Lue chon ddp dn bang phép thir 1 (Tix trdi qua phai): Ta 1an luot danh gid:
+ V6iF(x) = ——— +Cthi:
3cos” x
' P 2
) = ( B C} _ l'(cosbx).;_,: 1 3s‘m_x.6cos X _ tan‘x
3cos’ x ) 3 cos'x 3 cos’ X cos” X
= Pap an A bi loai. '
v Ve Fx)=- + C thi:

3
3cos” X

o N . N
f(x):(— I +CJ 1 (cos’x) 1 —3sinx.cos’x _ tanx

3cos’ x 3 cogﬁ'x_ 3 cos® x " os X
=% szp an B ding.
D> d6, viéc lua chon ddp dn B 1a ding dén. -

£ Lica chon dap an hung phép thir 2 (Tl phai qua tral) ,B(m doc tie thire hién.
Bai tap 33.
a. FEdp so trdc nghiém D.

£

& Lo gidi tw ludn: St dung két qua

—— = —d(cotgx), ia.guqc:
sin” X i i

dx
.2

= —-—I(l+cotg2x)d(c6_tgx)
SIn” X SIn X 3

[f(x)dx =

1
= —cotgx — = cotg’x + C.

b. #Edp so trac nghiém B.
c. Edp sé trac nghiém C.
£ L gidi twe ludgn: Ta bién déi:
SIn X + COS X COS X +sin X
f(x) = - : = e 3
4—-(l-sin2x) 4—(sinXx —cosXx)
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Tir d6, suy ra:

Jf(x)dx = I—(Cfoifi sinxjdx d(sinx — cosx)

4 —(sINX —COSX)”

A ‘
1 SINX —COSX — 2|
= —ln‘—_»— —— +C.

4  |sinX —cosx + 2|

“(sinx —cosx)® —4

|

Bai tap 34.
a. Ddp so trac nghiém C.

& Loi giai tw luén: Ta bién doi:

fx)= (x—\[x2 :)3

=+ =2V ] =20 -2V L
(X" =x"=1)
Tir dé, suy ra:

. |
Jfoodx = J(2x*+ 1-2xyx? +1)dx =[x+ Ddx = [(x* +1)2d(x* + 1)
2

? #
=v3—x"+x—§\/(x“+])3 +C.

b. Pdp sé trac nghiém D.

- s 1 ex + xe"
& Loi giai tw lugn: Tabién doi f(x) =1+ — —

X 1+ xe”
1 ' ¥ d(1+ xe*
Tixd(’),suyra:ff(x)dx:-:I(I+-*—e +xe: )dxzj(1+l)dx_j’_(___xil
X X

1+ xe*

1 + xe

:x+lnlx|—ln|l+xe‘|+C=x+ln + C.
' 1+ xe”
Bai tap 3S.
a. Ddp sé trac nghiém A.

, 3% +3x +3 a b c
& Loi gidi tw ludn: Tacé: f(x) = =

: = =% +
X' =3x+2 (x-1) x-1 x+2
_(btox’ +@+b-2c)x+2a-2b+c
(x+2)(x = 1)°

b+C=3 Jﬂ:3
=<a+b-2c=3 &

b=
2a-2b+c=3

E=
Vay,v6ia=3,b=2, ¢= 1 thod min diéu kién d4u bai.
b. Khidé: f(x)= > k 1

~ + + :
x-1)" x-1 x+2
= [f(x)dx = [ : : :

- + ]dx
(x-1)° x-1 x+2

+

+ 2Injx— 1|+ Injx + 2| + C.
x—1 :
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Bai tap 36.
a. Pdp so trac nghiém B.
& Loi giai e luan: Ta co:
4sinx + 3cosx = a(sinx + 2cosx) + b(cosx — 2sinx)
=(a — 2b)sinx + (2a + b)cosx.
a-2b=4 {a =2
&>

Dong nhat ding thirc, ta duoc: {

2a+b=3 b=-1
Vay, véi a =2, b = —1 thoa man diéu kién dau bai.
b. Khi dé: ’
i) = 2(sin X + 2cosXx) —(cosx — 2sin x) 5 COSX — 2sin X _
sin X + 2 ¢os X sin X + 2 cos X

COs X — 2sinx d(sinx + 2cos x)

= [f(x)dx = (2 - ydx = 2fdx — |

SinX + 2Cos X sin X + 2 cos X
= 2X — ln] sinx + 2cosx1 +C.
Bai tap 37.
=X

a. Chon ham s6 phu g(x) = _x_i.__

x

e +&
Goi F(x) va G(x) theo thit tu 1a nguyén ham cua f(x), g(x). Ta cé:
X + s X
f(x) + () = ——— = 1 = F() + G(x) = Jdx = x + C,.
e +e '
eX _c”)(
f(x) — g(x) = T
e +e

:>F(:<)*G(x)=fc—‘:~€_—,‘dx:fﬂ%—ﬂL—e_;-2
e +e et +e”

F(x)+ G(x)=x+C,

=Inle*+e Y| +C..

Ta duoc : { = F(x) =% (Infe*+e | +x)+C.

F(x)-G(x)=Inle* +e™* 1+C,

b Chon ham s6 phu g(x) = cos X

sin X + cos X
Goi F(x) va G(x) theo thit tu 1a nguyén ham cua f(x), g(x). Ta co:

Inx +
f(x) + g(x) = 270X | S F) + G =Jdx =x + C,.
sin X — cos X
Sin X —COS X
f(x) - g(x) = ——
sin X + cos X |
:F(x)_G(x)zjs%nx-cosxdxzjd(s.inx+cosx)
sinX + cos X SN X + Cos X
= In|sinx + cosx| + C..
F(x)+G(x)=x+C
Ta duoc : (x) (x) _'
F(x)-G(x) =Inlsinx +cosx | +C,
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. 1 :
=% F(X) = . (x + In|sinx + cosx|) + C.

Bai tap 38. Pdp so trac nghiém B.

. 4
Sin X

& Lot giai tie lugin: Chon ham s6 phu g(x) = — 5 e
sin” x +cos” X
Goi F(x) va G(x) theo thir tu 1a nguyén ham coa f(x), g(x). Ta c6:
X +sin’
) + ) = “’“4 SN X | 5 F(x) + G(x) = Jdx = x + C,.
sin” X +cos” x

COG X —Slﬂ X

f(x) - g(x) =
sm X+C05 X
:>F(x)—G(x):J(C(?:q 4stm ‘i()dx | cols2x.dx _ icos‘Zz.dx
sin® x +cos” x 1 Lain? o _sin? 2x
b
J d(Sin2X) _ 1 Sm2x ,\/5
sin2x-2 242 sm2x+\/—

F(x)+G(x)=x+C,
Ta duoc:
a dugc F(x) - G(x) = 1 §1n2x w,/_l
2[ bln2X+\/_|

SIn2X — \/_
sin 2x + «,/—

= F(x)= %(X+ : In

NG

)+ C.
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CHU PE 2
MOT SO PHUONG PHAP TIM NGUYEN HAM

. TOM TAT LY THUYET
1. PHUONG PHAP BOI BIEN SO
Céic phuong phdp doi bién s6 duge sir dung khd phé bién trong viéc tim nguyén
ham, Co sd ctia phuong phéap d6i bién s6 1a cong thirc sau:
Dinh Ii. |
a. Néu Jf(x)dx = F(x) + C va u = ¢(x) 1a ham s6 c6 dao ham thi
[f(u)du = F(u) + C.
b. Neéu ham s6 f(x) lién tuc thi khi dat x = @(t) trong d6 o(t) cung véi dao
ham ctia né @'(t) 1a nhitng ham s6 lién tuc, ta sé duoc
Jfodx = ffle®].o'wdt.
Tir d6, ching ta thiy cé hai phuong phép déi bién.
1.1. D6i bién dang 1
Dinh nghia: Phiuong phdp doi bién dang 1 la viéc sit dung mot ham sé'x = u(t) lam bién
maon.
Pinh li: Gid sir o < 3, néu:
1. Ham s6'x = u(t) ¢d dao ham lién tuc trén doan [a, B].
2. Ham s6 hop f(u(t)) duoc xac dinh trén doan [o, B).
3. u(a)=avau(P)=b.

b p
thi ta c6: [f(x)dx = [flu(t)].u'(t)dt.
1.2. D6i bién dang 2
Pinh nghia: Phuong phdap doi bién dang 2 la viéc sit dung mot ham sé't = v(x) lam
bién moi.

Nhu vy, & phuong phdp nay ta bién déi f(x) thanh g(v(x)).v'(x), réi dat t = v(x),
thi dt = v '(x) d6i ximg. Do d6, ta c6:

b b v(b)
[f(x)dx = Jg[v(x)].v'(x)dx = [g(t)dt.
a a v(a)

2. PHUGNG PHAP TIiCH PHAN TUNG PHAN

Phuong phap ldy nguyén ham timg phan duge st dung khéa phé bién trong viéc
tim nguyén ham. Co s& clia phuong phép 1a dinth 1i sau:

Dinh li: Néu u(x), v(x) la hai ham s6 ¢6 dao ham lién tuc trén 1 thi:
fu(x).v'(x).dx = u(x)v(x) — fv(x).u'(x).dx
hodc viét Ju.dv = uv - jv.du.
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IL. PHUONG PHAP GIAl CAC DANG TOAN LIEN QUAN VA BAI TAP

Bai toan 1: Phuong phip phan tich -

e

PHUONG PHAP CHUNG |
Dé tim nguyén ham hing phuong phip phan tich ta thue hién theo cic buéce sau:

Buée 1: Bién déi f(x) védang: f(x)= > o f(x),

vai fi(x) €6 nguyeén ham trong bing cong thie va o, 1a cdc hing s6.
n n
Bucge 2: Khi dé: [fdx = [Y afds = Y a, [f(x)dx
i=l =1

Chii y quan trong: Diém mau chot 1a phép phan tich trong bude 1, cic em hoc simh
c6 thé rit ra y tudng cho riéng minh tir mot vai minh hoa sau:

= Vi f(x) = (x* = 2)° thi viét lai f(x) = x° - 4x7 + 4.

2 - 5 o 2
= Voif(x)= ¥ —K+a thi viet lai fix) =x - 3 + %
= x_-
. o l 1
= Véif(x) = — —— thi viét lai f(x) = - .
X" —-5x+6 X—-3 X—2
" Vi f(x) = ——

thi viét lai
V2x +1+3-2x '
f(x) = %(\/3—2x - N2x+1).

Véi f(x) = (2° - 3%)" thi viét lai f(x) = 4' - 2.6* + 9",
Véi f(x) = 8cos’x.sinx thi viét lai

f(x) = 2(cos3x + 3cosx).sinx = 2cos3x.8inX + 6COsSX.sinX
= sindx - sin2x + 3sim2x = sindx + 2sin2x
D6 chi 1a mot vai minh hoa mang tinh dién hinh.
BAI TAP TRAC NGHIEM
Bai tap 1. Cho ham s610x) = x(1 —x)*". Khi d6 [f(x)dx bing:
¢\ 2010
A JU-%)

_(1-x) »\imx)jml +C B _\l__x)z()l() s (l_X)ZGll
' 2010 2011 2010 2011
. _'(_1-: X)th) SI :E):(Tm - _(i __x)zooq . (1 “x)zom
' 2009 2010 o 2009 2010
Bai tap 2. Cho ham s6 fix) = A‘”BL? Khids [f(x)dx bing:
X" =J3Xx+ 2
X + 1 X+ 2
A. In 1+ C. C. In + C.
X +2 x+1
B.lnXh2 +C. l).lnx*l + C.
X — 1 X-2
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4x> —9x -1

2_

o Ly o g Lplly,

"2 12 [2x+3 12 2

1 1 12x-3 Lo, ]
12 2 |2x+3 ‘ 2 12

Bai tap 3. Cho ham s6 f(x) = -Khidé [f(x)dx bing:

2x -3
2x+3

+ C.

+ C.

2x+3

Bai tap 4. Cho ham s6 f(x) = (I_XF Khido [f(x)dx bing:
__.x =

1 ¢) 1
+ +
36(1-x)*  37(1-x)"  38(1-x)"

B. ! = £ = 1 +C

36(1-x)*  37(1-x)"7  38(1-x)"
1 - 2 A 1
36(1-x)*  37(1-x)Y  38(1-x)*
1 2 1

+ +C
36(1-x)°  37(1-x)"  38(1-x)®

2
Bai tap 5. Ho nguyén ham cua ham s6 f(x) = i:;%—)(—l—z-— la:
X+
A, Inl-x+H+imlk+1 + C mlKP+x+ 1+l -1+
s C ‘

B. ln|x3—x+l|—ln|x+l| + D. Inlx*+x + 1-Inlx - i+
¢ C

Bai tap 6. Cho ham so6 f(x) = cos3x.cos5x. Khi d6 _.'f(x)dx bing:

+ C.

+ C.

D.

A. —l- sin8x — —l— sin2x + C. C. —l— sin8x + l sin2x + C.
4 16 16

B. -1— SIn8x — -1— sin2x + C. D. —1— sin8x + —l— sin2x + C.
16 4 4

Bii tap 7. Cho ham s6 f(x) = cos?2x.cos6x. Khi d6 jf(x)dx bing:

A. —1— sinbx + —1- sin10x + i sin2x + C.
12 8

B. —l- cos6x + ——1— sinl0x + % sin2x + C.

12

C. —l— sinbx + —I—— cosOx + l sin2x + C.
12 40 8

—l— Sin6bx + —]— sinl0x + —l- cos2x + C.
12 40 8
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{ { 7 y ,‘ &
Bai tap 8. Cho ham s6 f(x) = tanx.tan %[ ~ x} .tani g“‘f' x]. Khi d6 J'f(x)dx bang:
* \

A. —%ln lsin3x| + C. i %1n lsin3x| + C.

B. ——:l; In icos2x| + C. D. %En |cos3x| + C.

Bai tap 9. Cho ham s6 f(x) = sin*2x. Khi d6 [f(x)dx bing:
1 : 1 . 1 . 1 .
A. —8- (3x — sindx + g sindx) +C. B. e (3x + sindx + g sin8x) + C.

4.9 —}8— (3x + cos4x + ~:§ cos8x)+ C. D. % (3x — cosdx + é—cosSx) + C.

Bai tap 10.Ho nguyén ham clia ham s6 f(x) = sin*x + cos*x la:

A L10x+ Leostn+C c. Lox+ Lsindxy+c
4 4 4 4
1 1 1 1 .

B. —(3x - —cos4x) + C. D. —(3x — —sindx) + C.
4 4 4 4

Bai tap 11. Ho nguyén ham clia ham s6 f(x) = sin’x.cos3x + cos’x.sin3x la:

3 i B
A. If(x)dx = T sindx + C. C. If(x)dx = l—g cosdx + C.

B. If(x)dx = _——3— sindx + C. D. jf(x)dx = ——3—cos4x +C.
16 16

Bai tap 12.Ho nguyén ham cia hiam so6 f(x) = —_Egi—-— la:
SINX + cosx
A. sinx —cosx + C. C. cosx - sinx + C.
B. sinx + cosx + C. D. cosx + sinx + C.
Bai tap 13.Cho ham s6 f(x) = tan’x. Khi dé:
A. If(x)dx =cotx — x + C. . Jf(x)dx =tanx — x + C.
B. If(x)dx =cotx + X + C. D. _[f(x)dx =tanx + x + C.
Bai tap 14.Cho ham s6 f(x) = — — . Khi d6 [fx)dx bang:
cos® x
A. 3tanx + tan’x + C. C. 3tanx + tan’x + C.
B. 3tanx - tan’x + C. D. 3tanx - tan’x + C.
Bai tap 15.Cho harm 86 f(x) = —— ' —— . Khidé [f(x)dx bing:
sin X.cos” X
X . 1 X
A. + Inftan—| + C, C. —+Intan—|+C,
COS X 2 sin X 2
X . 1 X
B. —Inftan—| + C. D. ——Injtan—|+C.
CcOSs X 2 sin X 2

34



Bai tap 16.Cho ham s6 f(x) = _Khidé [f(x)dx bang:

cos X
A. In|tan i+£ + C. C. Injcot £+EJ + C.
2 4 2 4
B. Inftan|X-2] +C D. Inleot| -2 | +C
2 4 2 4
1 .
Bai tap 17.Cho ham s6 f(x) = .Khidoé |f(x)dx bang:
B \/;(+2+\/x—3 I

A. % [\/(Hz)3 +J(x—3)3] +C. B. % [\/(H:z)3 +\ﬂ«—3)3] +C
C. ?13 [J(x+2)3 -—ﬁx—})”} +C. D. % [\/(Hz)3 —\/(x-3)3] +C

Bai tap 18.Cho ham s6 f(x) =

L Khids Jf(x)dx bang:
1+¢*

A. x+In(l+e")+C. C. x—-¢e*'+C.
B. x-In(l+e")+C. D. x+e"+C.

Bai toan 2: Phuong phép déi bién s6 dang 1.

PHUONG PHAP CHUNG

Dé sit dung phuong phdp déi bién dang 1 tim nguyén ham cia ham s6 f(x)
chiing ta thuc hién theo céc budc:

Buoc 1: Chon x = @(t), trong d6 ¢(t) 1a ham s& ma ta chon cho thlch hop.
Buge 2: LAy vi phan dx = @’(t)dt.

Butoe 3: Biéu thi f(x)dx theo t va dt. Gia sif ring f(x)dx = g(t)dt.

Bic6e 4: Khidé [f(x)dx =[g(t)dt.

Luu y: Cic ddu hiéu din t6i viéc lua chon 4n phu kiéu trén théng thudmg 1a:

Dau hiéu Cach chon
| . . T i
2 3 x =lalsint v6i —=<t<—
a’ —-x° 2 2

=lalcost v6i 0<t<m

7 2 | x=—|—|— vmte[—— —]\{0]

X —a sint
X = -|—§|— voi te[O,n]\l——]
L  cost 2
a2 + x? [ x =laltant v6i —n/2<t<n/2

| X =lalcott v6i O <t <n

a+x a—X X = a.cos2t
hoéc
a—-x a+Xx

J(x —a)(b-x) x =a+ (b —a)sin’t
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BAY TAP TU LUAN VA TRAC NGHIEM

Bai tap 19. Ho nguyén ham cua ham so f(x) = N . la:

Ja-x*)
A. J1-x* +C. C. xV1-x2 +C

1

X
B. —— +C D. +C.
V1-x? V1-x?
Bai tap 20. Ho nguyén ham caa ham s6 f(x) = B8 la:
- (1+x%y
A. JI+x’ +C C. xv1+x*+C
X 1
B. +C. D. +C.
V1+x? V1+x?
Bai tap 21. Ho nguyén ham cua ham s6 f(x) = : la:
Jix-1@2-x)7
e NPT 6 ——223 _ ae
Jx= D2 -x) Jx=1)2-%)
2x -3 2x+3
+C. D. +C.
2J(x -1)(2-x) 2J(x -2 - x)
2
Bai tap 22. Tim nguyén ham | . 2dx :
x“ -1

Bai toan 3: Phuong phap d6i bién s6 dang 2.
PHUGNG PHAP CHUNG
Dé sir dung phuong phdp doi bién dang 2 tim nguyén ham ctia ham s6 f(x)
chiing ta thuc hién theo céc budc:
Buéc 1:  Chon t = ¢(x), trong dé ¢(x) 1a ham s6 ma ta chon cho thich hop, r6i
xéc dinh x = (1) (n€u 6 thé).
Buoc 2: Xéc dinh vi phan dx = ¢'(t)dt.
Buoc 3: Biéu thi f(x)dx theo t va dt. Gia si rang f(x)dx = g(t)dt.
Budc 4: Khido: [g(ndi

Luu y: Cic d4u hiéu din t6i viéc lua chon 4n phu kiéu trén thong thudng 1a:
Dau hiéu Cé thé chon
Ham cé miu s6 t 1a méu s6

Ham f(x, o(x)) t=yo(x)

. a.sinx + b.cosx X , .. X
Ham f(x)=-— t = tan— (v8icos —#0)
c.sinx+d.cosx +e 2 2

e Véix+a>0vax+b >0,
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L dat:t=\/x+a+\/x+b
J(x +a)(x + b) Véix+a <0vax+b <0,

t=+v-x-a + v-x-b
BAI TAP TU LUAN VA TRAC NGHIEM

Bai tap 23. Ho nguyén ham clia ham s6 f(x) = x*(2 — 3x%)° la:
2,10 2,9 2,210 2,249
A (2-3x7) +(2 3x°) +C. B (2-3x7) _(2 3x°) =

Ham f(x) =

dat:

C.
180 81 180 81
219 2,238 2,2y _2y23\8
C. (2 -3x°) +(2 3x°) +C D. (2-3x°) _(2 3x°) +C
180 81 180 81
2x +1

Bai tap 24. Ho nguyén ham ctia ham s6 f(x) =

x*+2x* +3x* +2x -3

2 2
A w22l SR Lkl
X“+x+3 X“+x-3
2 2
B, m XX ¢ p. m[S 2 e
X“+x+3 X“+x-3
2
Bai tap 25. Ho nguyén ham cia ham s6 f(x) = : : la:
x* +
2 2
A, L2l e e 2l e
2 x2+xV2+1 22 |x2+xy2+1
2 2
B. —n/X tx2ell In "2”‘5” +C.
2k —xV2 +1 22 |x2-xv2 +1

Bai tap 26. Ho nguyén ham clia ham s6 f(x) = sin’x Vcosx Ia:
A. ;l— (3cos’x — Tcosx)Vcosx +C. B. % (3cos’x 4 Tcosx) Vcosx +C

i %(coslx ~ Tcosx)vcosx +C D. %(cos3x + 7cosx)vVcosx +C

Bai tap 27. Ho nguyén ham clia ham s6 f(x) = i Sll'lx.COSX 1a:

: 2 +sinx
sinx — In|2 + sinx| + C.
P. cosx —In|2 + sinx| + C.

Bai tap 28. Ho nguyén ham clia ham s6 f(x) = .. la:

sinx.cos’x

A. sinx +In|2 + sinx| + C. C.
B. cosx + In|2 + sinx| + C.

A. In|cotx| + %cot’x +C. C. In|cotx| - %cotzx +C.

B. Injtanx| + —;-tanzx +C. D. Injtanx| - %tanzx +C.
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1

Bai tap 29. Ho nguyén ham cta ham s6 f(x) = la:
Ysin®x.cos’x
A. 4itanx +C. C. Ytanx +C.
B. 43%cotx + C. D. ¥Ycotx +C.
. "
Bai tap 30. Ho nguyén ham cta ham s6 f(x) = M la:
I +smn®x

A. é—[l +cos’x + In(1 +cosx)]+C. C. —;—[1 + sin’x — In(1 + sin*x)] + C.

B. %[1 +cos’x —In(1 + cos™®)] +C. D. %[1 + sin’ + In(1 + sin’x)] + C.

X2
V1-x
A. —%(3x2-4x-—8)\/1—x +C. C. ——l~2—5~(3x2+4x+8)\/1—x +C.

Bai tap 31. Ho nguyén ham cta ham s6 f(x) =

B. —~-l—2§(3x2+4x—8)\./1—x +C. D. —%(3x2—4x+8)\/1—x +C.
1

Bai tap 32. Ho nguyén ham clia ham s6 f(x) = —— la:
; as 2xV2x + 1

V2x +1+1 1. (V2x+1+1)

A. Inf|—————-, +C. C. —Inl/————-_+C.
V2x+1-1 2 I2x41 =1
N2x+1-1 1. iN2x+1 -1

B. Inl————| +C. D. —hl—m—e——- +C.
V2x+1+1 2 WN2x+1+1

1

Jx2=5x+6
A. 2In(vx-2 + Vx-3)+C. C. In(¥x-2 + Jx-3)+C.
B. 2In(Vx-2 —Vx-3)+C. D. In(vx-2 - Vx-3)+C.

x!

V1-x?
A. -;‘-(x2+2)\/!—-x2—+C. C. —-1-(x2+2)\}l~x2+C.

3
B. %(xf+1)\/l—x2+C. D. —%—(x2+l)\/l—x2+C.

Bai tap 35. Ho nguyén ham ctia ham s6 f(x) =

Bai tap 33. Ho nguyén ham ctia ham s6 f(x) = , (V6 x > 3) la:

Bai tap 34. Ho nguyén ham cta ham s6 f(x) = la:

N
la:

1
Jx? +1
A. Injx+ V2 +1]+C C. 2lnjx + Vx> +1]+C.
B. Injx - Vx'+1|+C. D 2nx- VX +1]+C.
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Bai tap 36. Ho nguyén ham cta ham s6 f(x) = = la:
2 :
X+vx -1
9]
A. %x’ —13-\/(x —1¥ +C C. §x3+§—\/(x - +C
B. %x-’—%,/(xl_lf +C. D. %f-% x*-1’ +C.

. 1
Bai tap 37. Ho nguyén ham ctia ham s6 f(x) = la:
vi+e'

vi+e* -1 Vi+e* +1
Vi+e* +1 Ji+e* -1
B. In(Vl1+e* +1)+C. D. In(v1+e* - 1)+C.

Bai toan 4: Phuong phdp 14y nguyén ham timg phan.
PHUONG PHAP CHUNG
Dé tim nguyén ham cla ham s6 f(x) bing phuong phap 14y nguyén ham timg
phén ta thuc hién theo cdc budc sau:
Bice 1: Bién déi: [f(x)dx = [f,(x).f2(x)dx.
u=f(x) {du
— 1
dv="f,(x)dx v
Budc 3: Khi d6 [f(x)dx = uv - [vdu.
Luu y: Khi st dung phutong phdp ldy nguyén ham ting phan dé tim nguyén
ham ching ta c4n tuan thl c4c nguyén tic sau: |
“a. Lua chon phép dit dv sao cho v dugc xdc dinh mot cdch dé dang.

b. Tich phan b4t dinh [vdu duoc xéc dinh mét cich d& dang. hon so véi L.
BAI TAP TU LUAN VA TRAC NGHIEM

A. In + C. C. In +C.

Buoc 2: Dat: {

In(cosx)

Bai tap 38. Ho nguyén ham cta ham s6 f(x) = — la:
cos X
A. In(cosx).cotx + cotx + x + C. In(cosx).tanx + tanx + X +
C. C.
B. In(cosx).cotx + cotx —x + D. In(cosx).tanx + tanx —x +
C. C.

Bai tap 39. Ho nguyén ham cta ham s6 f(x) = cos(Inx) la:
A. -;—[cos(lnx) -sin(lnx)] +C. C. %[cos(lnx) + sin(Inx)] + C.
B. x[cos(Inx) - sin(Inx)] + C.  D. x[cos(Inx) + sin(Inx)] + C.
Bai tap 40. Ho nguyén ham cua ham s6 f(x) = Ji+x? I
A. Inlx + ml +xx/ri:—>_c? + C.

B. %(lnlx+ J1+x2 | +xvV1+x? ) + C.
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C. %(ln|x+ Vi+x2 | =xV1+x2)+C.
D. Inlx+ Vi+x*|-xVv1+x?)+C

Bai tap 41. Ho nguyén ham cla ham s6 f(x) = x.sinx la:
A. —x.sinx + cosx + C. C. —x.cosx + sinx + C.
B. x.sinx + cosx + C. D. x.cosx + sinx + C.
Bai tap 42. Ho nguyén ham ctia ham s6 f(x) = x.sinx.cosx la:

I 1 C. —l X.COs2X + 1 sin2x
A. —x.cos2x + —sin2x + C. 4 8
4 8
1 | . 1 1 .
B. —x.cos2x - —sin2x + C. D. ——x.cos2x — —sin2x
4 8 4 8

: C.
Bai tap 43. Ho nguyén ham cda ham s6 f(x) = (x* + 2).sin2x la:

A. —-;— (x> + 2)cos2x + %sin 2X + %cos2x +C.

B. ~—;~ (x* + 2)cos2x + g—sin . -1—0082)( +C.

C. L] (x* + 2)cos2x + Xsin2x + 1 cos2x + C.
2 : 2 4

D. L] (x> + 2)cos2x + Xsin2x - L] cos2x + C.
2 2 4

Bai tap 44. Ho nguyén ham cia ham s6 f(x) = e*.cosx la:

A. %(sinx + cosx)e* + C. C. —% (sinx + cosx)e* + C.
B. %(sinx —cosx)e* + C. D. -% (sinx — cosx)e™ + C.
Bai tap 45. Ho nguyén ham ciia ham s6 f(x) = x.e™ la:
A. ! x.e™ + L e +C. C. xe™+ 1 e+ C.
3 9
l 3x l 3x 3x 1 3x
B. —xe*-—-e"+C. D. xe* - —-e*+C.
3 9

Bai tap 46. Ho nguyén ham cta ham s6 f(x) = (2x* + 5x* — 2x + 4)e™ 1a:

A, X +2x-2x+3)e™+C.  C. (X +x*-2x+3)e>+C.

B. (x*+2x*+2x+3)e*+C. D. (x*+x>+2x+3)e*+C.

Bai tap 47. Ho nguyén ham ctia ham s6 f(x) = x*.In2x la:
3

3 3
A Tmxi i C. ¥Inx -2 + ¢
3 9 9
x’ x’ x?
B. —In2x - — + C. D. X’.In2x+ — + C.
3 9 , 9



~ Bai tap 48. Ho nguyén ham cta ham s6 f(x) = x".Inx la:

]
A. £ x* Inx — L3 x*+ C. C. LR Chnx- —-x*+C.
4 16 4

B. —!—x“.lnx + S x* + C. . D. LS x*.Inx + 1 x*+ C
4 16

II1. HUONG DAN — GIAI - PAP SO

Bai tap 1. Ddp so trac nghiém B.
& Li zidi tw lugn: S dung dong nhat thie x = 1 — (1 - x), ta duoce:
x(1 —x)™ =[1-( -x))1-x)*=1-x)*-(1 -x)™"
Kh dé: If(x)dx = J(1 = x)™dx - J(1 — x)®"°dx

= J(1 = x)™d(1 - x) + J(1 = x)™"°d(1 = x)
2010 2011
L U=R U L6, g v dspan A,
2010 2011

& Luachon dap an bang phép thir. Ta lan luot danh gia:
) (1 - x)™"° ) a1 -x)®"
2010 2011

2010 _ ¢\201
f(x) = _(1 X), _(1 X)
2010 2011

= (141 =n(1 = 0™ £ (2 = x)(1 = x)™ = Dép 4n A bij loai.
_ (] _x)mlﬂ . (l ‘X)EO”

» V& Fx)= + C thi:

+C1 =(1-x)> 4 (1 -x)20

* Véi F(x) = + C thi:
2010 2011
(l " x)‘.ZDlO (l _ x)2011 : p— —
f(x)=| - +— +Cl=(1-x)""-(=-x)°
( [ 2010 2011 ( ) ( )

=(1 =14 x)(1 = x)* =x(1 - x)*™ = Dép 4n B ding.
Dodé, viéc lua chon ddp dn B 1a ding dan.
Bai tap 2. Ddp s6 trac nghiem B.
& Loigiai tie ludn: Ta cé:

1 1 1 ]
=l = = — d
J'f(x)dx j’xz-—3x+2dx I(x—l)(x—Z)dx J‘()(—2 x-—l) x

=lnjx -2 - lnjx - 1| + C = In|>—2
' X -1

£ Lyachon dap dn bang phép thir. Ta 14n lugt danh gid:

+ C, ing vé6i dép 4n B.

¥

* V6iFx)=In

XD i f= | 2+ C | =finx + 1= Injx + 2]+ CF
X+2 X+2

1 1 1 1

x+1 x+2 (x+D(x +2) T X +3x+42
= Ddp 4n A bi loai.
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. Ix -7
s VG Fx)=m"" i + C thi:

f(x) = [ln :'{ +(‘] =[Injx =2/ -Injx = 1| +CT’
%=1

o L 1

T x-2  x-1 T;—l}(x—Z) T x1-3x+2
= Pdp dn B dung.
& Lua chon ddp dn bdng phép thit két hop p*"ép danh gid: Ta 1an luot thdy:
= Vix?—3x+2=(x- 1)(x —2) nén nguyém ham cta né khéng thé chida x
+1vax + 2. Dodd, ciac dip an A va C bi loai.

. vaiF(x)=1n“2|+cm1:
Cix=1
x —2| ' .
f(x)=1In l‘+C =[Injx = 2| - Injx - 1| + C]
x__
Y N : = — 1 = Pdp 4n B diing.
x-2 x-1 (x=D(x=-2) x =3x+2
Do d6, viéc lva chon dép 4n B la ding dan.
Bai tap 3. Pdp s6 trdc nghiém A.
& Loi giai tir luan: Ta cé:
b -
i 11 =x_( a_, =x_2(a+b)x’+3(a b)
4x- -9 2x -3 2x+3 4x° -9
2(a+b)=0 .
= <>a=— vab=-—.
3(a-b) =1 6 6

Tir d6, suy ra:

11 !
= fix-~ - |ld
Jroods j{x 6[2){——3 2x+3ﬂ "

3
- e 1 R0, 10845
6\2° 2x=3 27 2x+3
= -;xz— -115 (In]2x - 3| - In2x + 3)) + C
= —l—xz— L] In 2,‘(_:_%; + C, ting v6i ddp dn A.
2 12 |2x +3]

& Lia chon dap dn hing phép thit = Ban doc te gidi ticong tw bai 3.
‘Bai tap 4. Pdp sé trac nghiéem C.
& Loi gidi tw lugn: St dung déng nhat thitc x> = (1 - x)* = 2(1 - x) + 1, ta dugc:
x> _ 1-x)? -2(1-x)+1 1 ~ 2 + 1
(]_X)39 (1 _x)39 (I“X)jﬂ (1 "’X)38 (l ~X)39 '
Khi dé:
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jf(x)dx :I(] dx —I 2dx dx

_x)¥ 1-x)® * (1-x)"
_ 1 ~ 2 N
36(1-x)* 3701-x)" " 38(1-x)"
& Lita chon dap dn bang phép thit Ta lan lwgt danh gia:
1 2 1

+C, img véi dapan C.

= Vi F(x) = + + + C thi:
36(1-x)  37(1-x)"  38(1-x)*
1 2 I
f(x) = F(x) = + +
(1-x)7  (1-x*  (q=x)*
1 ; x> —4x+4
= —— [ =% +2(1 - X+ 1] = —————
(1-x)* (1-x)"
= Pdp 4n A bi loai.
~ o VBR e = oL pipm
36(1 - x) 37(1-x)""  38(1-x)
1 2 1
f(x) = F(x) = - -
(l_x)37 (I—X)SS (1_)()39
1 5 x* =2
= — [l =Xy =-2(1 = x) - 1] =
(1-x)* t (1-x)”
— Pi4p 4n B bj loai.
*  V6iF(x)= ] b = =+ ] & +Cthi
36(1 - x) 37(1—x) 38(1—x)
l 2 1
f(x)=F(x) = - +
(l_x)37 (1 ___X)38 (l_x)19
- -xr-21-ge= X
(1-x)% (1-x)*
=> Pap an C dung.
Do d6, viéc lua chon ddp dn C 1a diing dan.
Bai tap S. Pdp so'trdc nghiém B.
& Loi gidi tw ludn: Bién d6i:
x2+2x-2  x*+2x-2 A LBex-h  C
x? +1 x+DxP-x+1)  x+1  x*—x+1 x*-x+1
_(A+2B)x*-(A-B-C)x+A-B+C
w1 _
A+2B=1 A=-]

Déng nhét dang thic, ta duge: {-A+B+C=2 < {B=1
" |A-B+C=-2 C=0

Wl

” 43



2. ) ; _
Khi d6: X *2"_: | " 2x -1

3 I a—

X +1 X+ 1 X" —x +1
( 2x - \
-Do dé: If(x)dx :ﬂ(-—;x : - —1—#- dx
Lx" —x+1  x+1
=Tn X = x+ 1| —Infx+ 1 + C, img véi d4p 4n B.

& Lita chon ddp dan hdng phép thi: Ta lan luot danh gia:
» VG6iFx)=Inx’ - x+ 1| +Inlx+ 1]+ Cthi:
d Y 2
fix)=Fix)= :'X : + l = :jx = Pap an A bi loai.
X“-x+1 x+1 . x"+1
Vi F(x)=1In x* - x + 1| —Inlx + 1|+ Cthi:

f(x) = F(x) = 2x -1 ] X" +2x-2

L4l x+l Bl = Dipén B ding
Do d6, viéc lva chon dip dn B 1a ding din.

Bai tap 6. Pdp sé trdac nghiém C.

& Loi giai tw ludn' Ta c6:

If(x)dx =— I(oosSx + cos2x)dx = Té sindx + % sin2x +C, u'ngvéldépénC.
& Lya chon dap dn bdng phép thit I (T trdi qua phai): Ta ldn luot ddnh gia:

Vaéi F(x) = i— SIN8x — Tlg sin2x + C th1:

f(x) = F(x) = 2cos8x - é cos2x = Ddp dn A bi loai.

Véi F(x) = j—-sinSx - isirm2)~:-i— Cthi:
16 4

1
f(x)=F(x)= — cosSx - % cos2X = —sinSx.sin3x

= Pap 4n B bi loai.

: 1
Vé&i F(x) = l_l(; sin8x + i sin2x + C thi:

fx)=F(x) = —;—COSSX + —l cos2X = cos5x.cos3x

= Biéip 4n C ding.
Do d6, viéc lva chon dap 4n C 1a ding din.
& Luwa chon ddp ém bdng phép thi 2 (Tir phai qua trai): Ta 14n luot ddnh gia:

* VaiF®x)= Z sin8x + —18 sin2x + C thi:

f(x) = F(x) = 2cos8x + % cos2x = Dap 4n D bi loai.

= VéiF(x)= l_lt’; sin8x + L sin2x + C thi:

1
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f(x)=F(x) = %—COSBX + Jz-cost = cos5x.cos3x

= Pdp an C ding.
Do dé, viéc lua chon dép an C la ding dan.
B:ai tap 7. Pdp so'trac nghiém A.
&5 Loi giai tw ludn I: Ta cé:

Jf(x)dx = Icosz2x.c056x.dx: fcos2x.c052x.cos6x.dx

1
2
1, 1 1
— I( —cosl0x + cos6x + — cos2x).dx
zZ 2 2z

= b il - chiB b il 2 C, tng vGi ddp 4n A.

40 12 8

&5 Lot giai tw ludn 2: Ta cé:

j'f(x)dx = Jcos®2x.cos6x.dx :% f(1+ cosdx)cos6x.dx
| 1 1 : 1
=5 J(cos6x+ cosdxcos6x)dx= 5 J(cos6x + S cos10x + 3 cos2x).dx

= = sinbx + L sinlOx + ! sin2x + C, @ng vdi dap an A.
12 40 8
& Lua chon ddp dn bang phép.thir. Ta 1an luot danh gia:

s V& F(x) = i sin6x + L1 sinl0x + L sin2x + C thi:
12 40 8

f(x)= (—1— sin6bx + —!- sinl0x + i sin2x + €)'
12 40 8

= lcos6x+ i—cos]Ox+ al-cos?_xz lcos.6x + %(colex + cos2X)

= %coséx + %cosz.cos4x = %(1 + cosdx)cosbx

= cos’2x.cos6x = Dép 4n A diing.
Do d6, viéc lva chon dédp 4n A 1a ding dén.
Bai tap 8. Ddp s6 trdc nghiém B.
& Loi giai tir ludn: Ta c6:

f(x) = tanx.tan[g - x} .tan (g - x) = tan3x,

nén:

[fxax WL P R D TR R
cOS3X 3 cos3x 3

tmg véi ddp dn B.

=— I(cosSx + cosdx)cos2x.dx = —;— f(cos8x.cos2x + cosdx.cos2x)dx
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& Lita chon ddp an hing phép thir: Ta lan luot danh gid:

«  VGiF(x) = - lnkin3x +Cthi
s
f(x)=F(x)=- qu—%i = cot3x = Dap 4n A bi loai.
sin 3x

= V6iF(x) = - Inlcos3x| + C thi:

)

sin 3x

f(x) =F(x) = = tan3x = tanx.tan{-;E - x] .tan (*315 + XJ

cos 3x
— Dép an B ding.
Do d6, viéc lua chon dip 4n B 1a ding dan.
Bai tap 9. Ddp s6 trdac nghiém A.
& Loi giai tw ludn: Ta co:

If(x)dx = [sin‘x.dx = f[t%o—sle dx = %f(l — 2cosdx + cos™4x)dx

= %I[l — 2cosdx + %(l + cos8x)]dx

=—:; Ii’3 — dcosdx + cos8x)dx = —é (3x — sindx + % sin8x) + C,

ing véi ddp 4n A.
& Lua chon ddp dn bang phép thit. Ta 1an lugt danh gia:

* VéiF(x) = %(3)( - sindx + %sinSx) + C thi:

1
_f(x)=F(x)= % (3 —4cosdx +cos8x) = % (3 — dcosdx + 2cos’dx — 1)

S o | - cos
= %(l ~ 2cosdx + cos™4x) = (__ cos4dx

Y = sin*2x
J

= Dap 4i A diing.
Do d6, viéc luya chon ddp dn A la ding dan.
Bai tap 10.Ddp 56 trdc nghiém C.
& Loi gidi tw ludn 1: (Svr dung phép ha béc don): Bién d6i f(x) vé dang:

Il—cos2x : i (l+cos2x)z
2 2
1 + cos4x

2

f(x) = (sin’x)” + (cos’x)’ = (

| ] " 1
=— 4+ —Ccos2Xx = —
2

- —l— ) — —1— (3 + cos4x).
2 2 4

Khi do: J.f(x)dx = -LII I3 + cosdx)dx = -ﬂli (3x + -} sindx) + C, tmg v&i ddp an C
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£ Ly zidi nelugn 2: (Sir dung phép ha bdc toan cuc): Bién déi f(x) vé dang:
VT = sin®x + cos*x = (sin’x + cos’x)* — 29in3x cos’x

=] - l.sin22x 0 [ S ——(3+c054x)
2 2

Khi d6: If(x)dx = ?l—f(3 + cosdx)dx = :]1—(3)( + Z sindx) + C, img véi dap an C.

& Lwa chon ddp dn bang phép thir. Ta 14n lugt ddnh gia:
« VaiFx)= %(3)( i %6654)() + C thi:

3
f(x) =F(x) = %(3 F sindx) = f(0) = i #sin*0 + cos*0 = 1
= Céc dap 4n A va B bj loai.

« VaiFx)= %(3)( - %sin4X) + C thi:

f(x)=F(x) = —;-(3 — cosdx) = f(0) = % #sin‘0 4+ cos*0 =1

= DPdp an D bi loai.
Do dé, viéc lua chon ddp 4n C 12 ding dén.
Baitap 11. DPdp so trdc nghiém D.
& Loi gidi tw ludn 1: (Si dung phép ha bdc don): Bién d6i f(x) vé dang
3sinx —sin3x cos3x + 3cosx

f(x) = .cos3x + .sin3x
4 4

%(cos3x.sinx + sin3x.cosx) = %siné‘lx.

Khi dé6: If(x)dx - i—f sindxdx = —E—3-6— cos4x + C, ing véi dap 4n D.

& Lon giai nie ludn 2: (Sir dung phép ha béc doi ximg): Bién d6i f(x) vé dang:
f(x) = sin"x.sinX.cos3X + cos’x.cosX.sin3x
= (1 - cos’x).sinx.cos3x + (1 — sin’x).cosx.sin3x
= $iNX.cos3X + cosx.sin3x — (cosx.cos3x + sinx.sin3x)sinx.cosx

) ) : A 3 .
= sindx — —;-cos2x.sm2x = sindx — %sméix = = sindx.

Khi dé: [f(x)dx = % J sindxdx = -1—36— cos4x + C, itng véi dap 4n D.

& Lita chon dap dn bang phép thir — Ban doc v 1am tuong tu bai 10.
~ Bai tap 12. Pdp s trdc nghiém B.
& Loi giai tu ludn: Ta co:

cos2x.dx (cos’x —sin’x)dx

jf(x)dx: . =

sinx + COsX sinx + cosx

= [(cosx - sinx)dx = sinx + cosx + C, ttng vdi ddp an B.
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& Lua chon ddp an bang phép thir: Ta lan heot danh gid:
» V&1 F(x) = sinx - cosx + C thi:
" 2
| ; SINX + cosX)” COS2X
f(x) = F'(x) = cosx + sinx = (— — 7 -
SINX + COSX sSinX + cosx

= Ddp an A bi loai.
»  Vai F(x) = sinx + cosx + C thi:
p) = 2
: . cos” X —sin” X cos2x
f(x) = F'(x) = cosx - sinx = — = —
sin X + cos X Sin X + Cos X

= Ddp 4n B ding.
Do d6, viéc lua chon ddp 4n B la ding dan.
Bai tap 13. Ddp so trdc nghiém C.

£ Loi gidi tw ludn: St dung két qua tan'x = ——— — 1.

COS™X

Ta duoc: jf(x)dx =f(— 1,
Cos” X

& Lica chon ddp dn bang phép thie 1 (Tir trai qua phai): Ta lan luot danh gid:
*  Véi F(x) =cotx — x + C thi:

- 1)dx = tanx — x + C, ung v&i dép dn C.

1 5 ga %

f(x) =(cotx —x + C) = ———— — 1 #tan"x = Ddp an A bi loai.
sin“x :
* Véi F(x) = cotx + x + C thi:
1 > s

f(x)=(cotx +x + C)' = ———— + | = —cot’x # tan’x

sin”x
= Dép an B bi loai. | \

*  Véi F(x) =tanx — x + C thi:

f(x) = (tanx —x + C)' = __],5._ ~ | = tan’x = Dip 4n C ding.
Cos X

Do dé, viéc lua chon dédp dn C la ding dan.
& Lua chon dap an bang phép thu 2 (Tir phai qua trdi): Ta 14n luot danh gid:
=  Véi F(x) =tanx + x + C thi:

' ] 2 . .
f(x) = (tanx + x + €)' = —5— + | #tan™ = Ddp dn D bi loai.
CoOS X

s V& F(x) =tanx - x + C thi:

f(x) = (tanx - x + )’ = LI | = tan’x = Ddp dn C ding.

5

COS™X
Do dé, viéc lva chon dép dn C 13 ding dan.
Bai tap 14. Ddp s6 trac nghiém A.

Ny o gl ., dx
& Loi giai tir lugn: Sir dung két qua —— = d(tanx).
: COS X

1 dx

cos’x cos’x
= 3Jd(tanx) + 3Jtan’xd(tanx) = 3tanx + tan’x + C,
irng v6i ddp én A.
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#5 Liua chon dap an bdng phép thir. Ta 14n luot ddnh gia:
» Vi F(x) = 3tanx + tan’x + C thi:

3 3tan’x 3 3sin’x
+ +

f(x) = Btanx + tan’x + )’ = —— — = — ;
cos’x  cos’x  cos’x  cos'x

=> Pép dn A ding.

3 2 2
= — (cos™x + sin“x) = 3
COS X cos” X

Do dé, viéc lua chon dédp 4n A 1a diing din.
Bai tap 15. Pdp so trac nghiém B.
# Loi gidi ne ludn: Sir dung ddng nhat thite sin’x + cos’x = 1, ta dugc:

] _ sin’x +cos’x _sinx . 1
sin x.cos’ x sinx.cos’x cos’x  sinXx
1
_sinx 2 1
= : ,
2 X X
008 & cos2 — tan—
2 2
: d(tan—)
sin P | d(cosx Py
Suy ra: jf(x)dx =] - dx + | 2 dx = — | ( : )+I
2 X X
cos X cos2 5 tanE cos X tan —

+ Injtan 2| + C, ing v6i dap 4n A.
COS X 2

& Lia chon dap an bang phép thir — Ban doc ty giai.
Bai tap 16. Ddp so trdc nghiém A.
& Loi giai tit ludgn 1: Ta cé:

[fedx = jcz:x ] T8 — = - :" —
sin(X + — 2sin(— +— —+—
( 2) 1 (2 4)<:OS(2 4)
X =
d| tan(— + )
y N y anc) 4)}
X t X Tt X n
2tan(= +—)cos’ (= + — tan(= + —
Gy + s G+ o Gy
X = . b e
= In tan(—2—+ZJ + C, (ng v&i ddp 4n A.
& Loi gidi e ludn 2: Ta cé: |
dx cos x.dx d(sinx) d(sinx)
$OsX cos“X I —sin“x sin“x —1
e Y e tan(ii) +C, timg v6i ddp 4n A.
2 |sinx+]1 2 4




& Lua chon ddp dn hding phép thit: Ta lin luot dinh gia:

* VGiF(x)=1In tzm(g + gj + C thi:

_ 1 R
2005(—)5 +E].sin(x+n Sin(X+E) HSK
2 4 2 & 2

= Didp an A ding.
Do d6, viéc lva chon dip 4n A 1a ding din.
Bai tap 17. Ddp so trdac nghiém D.
& Loi gidi ty ludn: Ta-c6:

j‘f(x)dx =

J(Vx+2 - Jx=3)dx

:
5
é[f(x +2)"Pd(x +2) - [(x - 3)"d(x - 3)]

2
=5 [\/(x 12 - Jox—3y } +C, g v6i dap én D.
& Lya chon ddp dn bang phép thir 1 (Tix tédi qua phai): Ta I4n luot d4nh gia:
h ,
*  V6iF(x)= s [\/(X-FZ)} +\ﬁx--3)"} + C thi:

f(x) = 1—2‘; [\/(HZ)" +\./wa3)" ] = % B\/x+2 +—;-\/x—3:|

—

= - (wWx+2 + x:5)=-

I
5 Vx+2-vx-3
Bdi trong phép thit trén, hé s6 —]% 1a phu hop nén cic ddp 4n B, C bi loai.

Do d6, viéc hya chon dép dn D 1a ding dan.
& Lya chon ddp cin hang phép thir 2 (Tt phai qua trédi): Ta 14n luot ddnh gia:

« Vi F(x)= ]_25_ H(Hz)-‘ _Jix _3):‘} + C thi:

=>Papan A bi loai.

A
2

s

_ R P I B sune S Y -t
f(x)_.l—s—[\ﬁx+2) \/(x 3)}— T {2 X + 5 X 3}

S0



]

i : - ;
o (Vx+2 -Vx-3) T = Pap 4n Ddiing.
Do d6, viéc lva chon ddp 4n D la ding dan.
Bai tap 18. Pdp s6 trdc nghiém B.
& Loi gidi tie ludn: St dung dong nhat thirc:
I=(l+e")-e"= : = W3E =g =1- A
‘ 1+ e" 1+¢ 1+¢e*
Tur dé: jf(x)dx =] - M —In(1 +¢") +C,
l+e
ing v6i dap an B.
& Lwa chon ddp an bang phép thir: Ta lan lugt danh gia:
»  Véi F(x) = x +In(1 +¢€") + C thi:
f) = [x+In(l +€9+ ' = 1 4+ —— = 1+2¢
1+e* 1+¢
= Ddp an A bi loai.
*  Véi F(x) =x-In(1 +¢") + C thi:
e e’

fx)=[x=In(1+e)+C]'=1- _ = :
l+e l+e

= Dép én B ding.
Do d6. viéc lva chon ddp 4n B 1a ding dan.
Baitap 19. Pdp so trac nghiém B.
& Loi gidi tr ludn: Dat x = sint, -g <t< g suy ra:

cost.dt dt

dx = cost.dt va f(x).dx = T = - = d(tant).
' cos't cos“t

Khi dé: J‘f(x)dx = [d(tant) = tant + C = X
v1-x?

& lua chon dap an bdng phép thir. Ta 14n lugt danh gia:
* Véi F(x) = v1-x? + Cthi:

fx)=(V1-x* +0)'=-

= Ddp an A bi loai.

+ C, ing véi dép 4n B.

1
2\/1 - \/(1 - x%)?

X
* VGiFx)= + C thi:
vI-x2 .
' 1_,(2___2’(_2__
fix) =| X _ 2V1-x% _ 1
(x) = +C | = ; T
J1-x2 1-x (1-x%)?

= Ddp an B diing.
Jo dd, viéc lua chon ddp 4n B 12 diing din.
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Bai tap 20. Pdp 56 trdac nghiém B.
& Loi gidi tu lugin: Dat x = tant, g <t g suy ra:

dt dx cos’ t.dt
dx = va = = costdt.

cos’ t ,/(1 x5y cos’ t

Khi dé6: If(x)dx = Jcostdt = sint + C =

%

v1+x?

& Lua chon ddp dan bang phép thit — Ban doc tu thire hién.
Bai tap 21. Ddp s6 trdc nghiém B.

+ C, ing véi dép 4n B.

. s P A & « 2 ’" n
& Loi giai ty ludgn: Dat x = | + sint, véi Os<t£—2- suy ra:

dx = 2sint_cost.dt = sin2t.dt,

: dx sin2t.dt sin 2t.dt
Khi d6: ff(x)dx = | - [ i =
Jx-n2-0F  *Jsinteostty 7 sin’2t
=] . =—cot2t+C= D +C.

sin® 2t 2J(x-1)}2-x)
Ung v6i ddp 4n B.

& Lua chon dép an bang phép thir — Ban doc tu thuc hién.
Bai tap 22. Vi diéu kién Ix| > 1, ta xét hai trudng hop:

Truomg hop 1: Véi x > 1 ditx =

n
——,0<t< — suyra:
sin 2t 4

~ 2cos2tdt
O i ————
sin” 2t

x*dx _ 2dt 2Acos’ t +sin’ t)?dt
x? -1 sin® 2t 8sin’ tcos’ t

+ tant. 12 + 2 )dt

sin“t cos t sintcost

1 | l 2 |

= == {COt. ~—2= * tant, ——~ + -
4 sin‘t cos't tant cos“t

d(tgt
= —% [ -- cott.d(cott) + tant.d(tant) + 2_(?_g__)_ ].

L]

Khi dé:
d(tant)
tant

— %[ - J‘cott‘d(coﬁ) + ftant.d(tant) + 2[ ]

—.:--l—(—-ic-otzH D ant + 2In kant ) + C = l(COtzt—"U‘mzt)“ llnltant] +C
4 2 2 8 2
= -;—X\[;(T—_l - %lnlx— X —11+C.

Truomg hgp 2: Véi x < — | — Dé nghi han doc tw lam.
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Bai tép 23. Ddp so trdc nghiém B.
& Lo gidi e lugn: Datt = 2 - 3x7, suy ra:

dt = —6x.dx,

x*(2 - 3xH)%dx = x*(2 - 3x?)¥xdx = ? .ts.(—% dt) = é (t° = 2t%)dt.

Khi dé: If(x)dx = I!g_[(tg-zts)dtz l(itw_ 1?'—t9)+c ._l_t")__ s P 0

2,10 2,\9
o EmX ) | C3K) L ingvidEpln B
180 81
& Lua chon ddp dn bang phép thir. Ta 14n lugt ddnh gi4:
Vi ham s6 f(x) 1a ham da thic cé bac bing 19 nén nguyén ham F(x) cia
nd phai ¢é bac bang 20. Do d6, céc ddp 4n C va D bi loai vi bac clia chiing

bang 18.
i 2410 _ 2,9
. VeiFmy= 22X Q%) L om
180 81
x(2-3x?)"  2x(2-3x%)®
f(x)=FXx)=- - d
( (x) 3 3

= —% x(2-3x)%2-3x2+2)
- _% x(2 - 3x)%(4 - 3x%) = Déip 4n A bj loai.

Do d6, viéc lwa chon dép 4n B 1a diing dén.
Bai tap 24. Ddp sd trdc nghiém A.

& L gidi i lugn: Bién d6i ham s6 vé dang: f(x) =

2x +1
(xX+x+1)Y7-4
Ditt=x>+x+1, suyradt“(2x+ 1)dx. Khi dé:

t-2 +C=In
t+2

x2+x-1
: -

+C,
X“+x+3

4
& Liea chon ddp an hdng phep thu. Ta 14n lugt ddnh gia:

* V6iFx)=In i-i-’i—l = Injx2 + x — 1| - Injx* + x + 3| thi:
x> +x+3 .
2x +1 2x + 1 2x +1
f(x)=F(x)= - =
(), () xX24x-1 x>+x+3  x*+2x’+3x+2x-3
= Didp an A dung.
Do d6, viéc lva chon ddp 4n A 12 dung dan.
& Lta chon ddp én béng phép dénh gid: Dé twong ving véi cic ddp 4n A, B, Cva D
-thi ham s6 f(x) phai c6 dang: f(x) = y———l
UV
2x +1 _ 2x +1

Ta ¢co: f(x) = -
) x4+2_x3+3x2+2x—~3 X +x=1D(x*+x+3)
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Tic 13, trong dédp 4n phai c6 cac da thitc dang x* + x — 1 vd x> + x + 3. Suy ra,
cac dap an B, C va D bi loai.
Do dé, viéc lua chon dép 4an A 1a ding dan.
Bai tap 25. Pdp sé trac nghiém C.
& Loi gidi tw ludn: Bién d6i ham s6 vé dang:
1- —]2- 1- i
fox)=—2*- = x

l 2 -

== e (x +— ) —2
X2

bat t=x+ l,suyradt:(l - —z)dx. Khi dé:
X X

1
1 t_\/i 1 ”;“E
jf(x)dx [l = \/_ \/_ J_xn 1 +C
tt-2 2 t+ 2 X +—+2
X

|x -xv2+1
2\/_ e rav2 4l
Bai tap 26. Pdp so'trac nghiém A.
& Lot giai tw ludn: Datt = Jeosx , suy ra:
t? = cosx = 2tdt = —sinxdx;

sin’x Vcosx dx = sin’x Vcosx sinxdx = (1 — cos’x) +/cosx sinxdx

= (1 - t*).t.(=2tdt) = 2(t* — t)dt.

Khi d6: [f(x)dx =20t - )dt = 2( % t' % th+C= % Bt -7+ C

2
= o (3cos’x — Tcosx) Veosx + C, iing v6i ddp dh A.

+C, tng v6i ddp 4n C.

& Lua chon ddp dn bhdng phép thir. Ta ldn luot danh gia:
* V6iF(x) = —2* (3cos’x — Tcosx) Jeosx + C thi:

f(x) = %(300&; x — 7cos”x)'

2 1. 1.
2 (-—%—sm x.cosx*? + —i—smx.cosx”z]

21
= (—cos’x + 1)sinx. vVcosx =sin’x Vcosx = Ddpén A dung
Do d6, viéc lua chon ddp dn A 1a ding dén.
Bai tap 27. Ddp sé'trdc nghiém C.

& Lo gidi ty ludn 1: Bién d6i him s6 vé dang f(x) = (L #iSinz)cosx )

2 +sinx
bat t = sin, suy ra:

(1+ smx)cosx dx (l +t)dt

dt = cosxdx va
: 2+ sinx 2 +1
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Khi d6: [f(x)dx = j(l:t)td[ = J(I—El—t}m —t—In2+1+C
2+ +

= sinx — In|2 + sinx| + C, img v&i dap an C.
(I+sinx)cosx

& Lo gidi e lugn 2: Bién d6i ham s6 vé dang f(x) = _
) 2 +sinx

bat t = 2 + sinx, suy ra: dt = cosxdx va —
2 +sihx t

Khi dé: [f(x)dx = j(‘ ”:)d‘ = J(l—%}it =t—Injt|+C

=2 + sinx — In|2 + sinx| + C = sinx-— In|2 + sinx| + C,

img véi dip an C.
£ Lira chon ddap dn bdng phép thit — Ban doc tu thuc hién.
Bai tap 28. Pdp so trac nghiém B.

£ Loi gidi tie lugn: Bién d6i ham s6 f(x) vé dang: f(x) = ]

. (I+sinx)cosx.dx (t-—l)ﬂ

tanx.cos* x
batt = tanx suy ra:
- )dt
R SRR SENURR 0 P . S i 3
cos” X tan X.cos X tan x Ccos™ X t
. (1 +t7)dt 1. 1,
Khi dé: J’f(x)dx: j(—i;)— = I(? +0dt =lnlf] + ¢+ C

b g s e g g
= In|tanx| + = tan’x + C, img vé6i ddp 4n B.

£ Lua chon ddp dn bang phép thir — Ban doc ty thuc hién.
Bai tap 29. Pdp so trdc nghiém A.
& Loi gidi t lugn: Bién d6i ham s6 f(x) vé dang:

1 1
Ytan® x.cos®x  cos? x.Ytan’ x
patt = tanx suy ra:
dx dx

v ‘ 3 dt
2 _— .
cos” X cos® x.tan’ x J“ '

Khido: I = I% =44t + C=4%anx + C, img véi ddp 4n A
t
& Lita chon ddp dn bang phép thir — Ban doc tu thuc hién.
Bai tap 30. Pdp sé trac nghiém C.
& Lo gidi tw lugn: Pat t = 1 + sin’, suy ra:
dt = 2sinxcosxdx,

cosx.sin’xdx _ sin’x.cosk.sinxdx _ (t—Ddt _ -l~(l £ -l~)dt
1+ sin’x 1+ sin’x 2t Z t"

f(x) =

dt=
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Khi dé: jf(x)dx = nlif(l - %)dt = i (t = Inlth) + C

= }! [1+sin"x —in(1 +sin"x)] + C, img v&i dap 4n C.

& Lua chon ddp dn bdng phép thiz. Ta 1an luot danh gia:
* Vi f(x) c6 miu s6 la | + sin’x nén trong F(x) phai chia In(1 + sin’x), tic la
cdc ddp 4n A va B bi loai.

. Véi Fx) = % [1 + sin’ + In(1 + sin’x)] + C thi:

2cosX.sinx )

f(x) = 1 [1 +sin’x +In(1 +sin’x)] = 1 [2cosx.sinx + =%
) . 1 +sin°x

sin2x 2 +sin’x  cosx.sin’x

‘ s = DPép dn D bi loai.
2 I+sin°x 1+sin’x

. Do d6, viéc lua chon dép 4n C la dung ddn.
Bai tap 31. Pdp s6 trdc nghiém C.
& Loi gidi tu lugn: Datt = J1-x , suy ra:
x=1-¢,
x*dx _a —t*)*(-2tdt)

vI-x t

Khi dé: If(x)dx =-2f(t* - 22 + l)dt=—2(%t5— §t3+t)+C

dx = -2tdt va

=-2(t" - 2% + 1)dt.

=—--125-(3t4— 107 + 15)t+C

:-—%[j(l*x)z—lO(l—x)+15Nl-x +C '

=-~I—2g(3x2+4x+8)v’ -x +C, img véi ddp 4n C.
& Luwa chon ddp dn bdng phép thir — Ban doc tu thuc hién.
Bai tap 32. Ddp s6 trdc nghiém D.
£ Lon giai tw ludn: Datt = \/lx +1 suy rat” = 2x + 1. Khi dé6:

2tdt = 2dx va __gi_x;__: = e __dt

2x\/2x+1 @ -nt -1

Khi d6: If(x)dx —f———- ~ln-t——l C-~in-2111—_—1- +C,
-1 2 |t+1 P J2x+_l+l
ing véi dép 4n D.
£ Lua chon ddp dn hdng phép rhir. (T trai qua phai): Ta l4n luot ddnh gié’
«  VHRX)= mM 30 m[J2x+1+1[ lnl\/2x+l-1|+Clh:
v2x +1 -1




f(x)=F(x) =

1 1
2(W2x +1 +1)V2x +1 2(V2x +1 =DV2x +1

mmebe i b Btn g0 A B loal.

XijX +1 2xV2x + 1

* V3i cich tinh dao ham nhu trén thi vé1 cac ddp an B va C ching ta sé

1 1
XvV2x + 1

nhan dugc ham s6 f(x) theo thir tu 12 va — . Do dé,

2xV2x + 1
cic dap 4n B va C bi loai.
Do do, viéc lua chon dip én D la ding din.
& Lua chon ddp dn bang phép thir 2: (Tut phai qua trdi): Ta 14n lugt ddnh gia:

V2x+1-1 1 1
= VéRx — | 4+C=—In|V2x +1 =1|-=1In|v2x +1 = 1| + Cthi:
l:()=l“\/2x+l+l 2 l ! 2 ’ l
fx)=Fx) = } - 1
A4V2x+1-1DV2x +1 AN2x+1+ DV2x +1
1
= ————— => Pdp 4n D ding.
2xv2x +1 P ¢

Do d6, viéc lua chon ddp 4n D 1a ding dén.
Bai tap 33. Ddp s trdc nghiém A.

& Lo gidi 1¢ lugn: Bién d6i ham s6 f(x) vé dang: f(x) = '

Jx-2)(x-3)
Véi gia thi€t x > 3, tadatt= Vx -2 + s/x—3,suy ra:
dt_( 1,1 ]d _ (Wx=2+x-3)dx
2Vx-2  2Vx-3 2(x -2)(x - 3)
dx 2dt
Lo = .
Jx-2)(x-3)

Khi dé: jf(x)dx =2I‘—:‘- =2+ C=2In(Vx -2 + Vx-3)+GC,
Umg véi dip 4n A.
& Luta chon ddp dn bdang phép thir. Ta 14n lugt d4nh gia:
* V6 Fx)=2In(Vx-2 + Vx-3)+Cthi:
1 1
+
2Vvx—-2 2Jx-3
f(x)=F(x)=2. =
VX-2+vJx-3
_ 1 _ 1
VX =2)(x-3) x> -5x+6
Do d6, viéc lva chon ddp 4n A 1a ding dén.

=> Dép 4n A ding.
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Bai tap 34. Pap s6 irdc nghiém C.
& Loi gidi i ludgn 1: Datt= J1-x* | suy ra:

x2=1-1,
2xdx = - dt,
3 2 _ _
X dx _ ,\r_.xjiz(l ) Id”:(:-l)dt.
2 / 2
1 -x o Foi t

Khi dé: _[f(x)dx = [’ = Ddt = % t' —t+C= %(t3—3)t+C

=_%(x3+2)\/1—x2 + C, ung vot dap dn C.

" . 3 : n n
& Loi giai tu ludn 2: Dat x = sint, == &l 5 suy ra:

r=

dx = costdt,
3 3
x dx sin” t.costdt . —_ .
- = sin’tdt = — (3sint — sin3t)dt.
1 —x> cost 4

Khi do: If(x)dx = %I(3sint —sin3t)dt=tant + C= —%cost + % cos3t + C

3
= ——cost + —l— (4cos’t — 3cost) + C = —1- cos’t — cost + C
4 12 3

= (é—coszt — l)cost + C= [%(] - sin’t) — 1]cost + C
]
_[3

1 < x7% ~ 1191 =% +C
1

3(x3+2)\/l-x2 + C, tng véi dép 4n C.

£ Luta chon ddp dn bang phép thir 1 (Tir trdi qua phai): Ta 14n luot d4nh gia:
= VéiFKx)= % (x> +2)V1-x* + Cth:

X
V1-x2
, 2 _ 2 ] 3
2 2U-X)-CHIX X Dépan A bi loi.

V'S VI-x2
* Bdi trong phép thir trén, chi thay ddu [a phu hop nén cic dip 4n B, D bi
loai.
Do d6, viéc lva chon dip 4n C 1a ding dén.
Bai tap 35. Ddp s trac nghiém A.

& Loi gidi tu lugn: Datt=x + Vx* +1 suy ra:

X NS E S dx dt

At (14 e YK o e R D e =

Vx® +1 Vx?+1 x> +1 n

Yy l 2]
f(x)=I<‘(x?= -li.Zx\/l—x‘ - 5(X‘+2)
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Khi do: J.f(x)dx = fﬂ =Injt| + C=Injx + Vx* + 1| + C, (ing v6i dap an A.
t

& Lua chon dép dn bdang phép thir: Ta 1an luot danh gia:
= Véi F(x) =Injx + Vx* +1 |+ C thi:

29x*+1 _ 1
x+\/x2+l \/x2+1

f(x) = (njx + VX2 + 1]+ C) =

= Déap dn A duing.
Do d6, viéc lva chon dép 4n A la ding dan.
Bai tap 36. Ddp s trdc nghiém D.
& Loi gidi tu lucn 1: Ta bién déi:
2x.dx J-2x(x - -1).dx

J‘f(x)dx-—'[x+\/x____. m
J‘Zx dx - IZx x? -~ dx-—~x J.\/x ~1dx*-1) +C

=-%x-— (x> =1)’ +C,img véi ddp 4n A.

3
& Loi giai tu lugn 2: Datt = X+ Vx: -1 , Suy ra:

- (2 . - 3
t—-x=vVx -1 =>x= t :;-dx=t ,ldt.

2 20
4l -1
2xdx  _ jz'”j“‘z}z‘ e (¢ =Dt

Khi dé: |f(x)dx =] =
I( ) x+vx® -1 ! 2t

1 1 |
=—I(I—¢~]dt = —(t+ —)+C
t* 2( 3t’)

1
(x+ Vx*-1)+ : +C
6(x +Vx:-1)

x} - % (x2=1)’ +C,mg véi dédp 4n A.

i

=

Bai tap 37. Ddp s6 trdc nghiém A.

& Loi gidi tw lugn 1: Datt= \1+e* ,suyra: =1+e",

2tdt dx 2tdt 2dt
va —

2tdt =e’dx & dx = = = .
- -1 fleer tE-D  t*-1

l+e* -1

Ji+e® +1

Khi d6: jf(x)dx =2 tzd‘ == In

t-h1|+C=ln +C,

t+1|

ing véi ddp an A.
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& Loi gidi tw lugn 2: Datt = e ", suy ra:

dt=—%e""”dx<:>~2dt = ci)/(, ,
dx dx N dx _ =2t
Vi+e'  Jer(e+1) e 41 Vi +1
Khi dé: If(x)dx =-2f : =-2njt+ Vt' +1|+C

V' +1
=-2lnle + Ve +1|+C=1n

ing v&i dédp dn A.
Bai tap 38. Ddp s6 trdc nghiém D.
u = In(cosx) " sinx
& Lo giai tu ludgn: Dat: dx = cosX
dv= cos’x Vv = tanx

Vi+e* -1
s/l+¢"+l

+C,

Khi dé: If(x)dx = In(cosx).tanx + Jtan’x.dx = In(cosx).tanx + | ( 12 - l]dx
cos”X
= In(cosx).tanx + tanx — x + C, ing véi dap an D.
& Lua chon ddp dn bdang phép thiz 1: (Tix tréi qua phai): Ta l4n luot d4nh gid:
= Véi cotx thi ta nhan duoc: '

(cotx)' = ——— => ham s6 f(x) s& c6 miu s6 chita sin’x

sin“x
=> Céc ddp 4n A va B bi loai.
s  Véi F(x) = In(cosx).tanx + tanx + x + C thi:

sinx.tanx  In(cosx) . 1
+ +

f(x)=F(x)=- +1

COSX cos’x cos’x

—sin’x + In(cosx) + 1 + cos’x _cos2x + In(cos x)

cos’x cos’ x
= Pép 4n C bi loai.
Do d6, viéc lva chon dép 4n D 12 diing dén.
& Lua chon ddp dn bdng phép thir 2: (Tir phai qua tréi) : Ta l4n luot ddnh gi4:
=  Véi F(x) = In(cosx).tanx + tanx — x + C thi: -

sin X.tan x N In(cos x) " | 1

f(x)=F(x)=-

COs X cos’ x cos’ x

O 2
—sin“ X + In(cosx)+ 1 —cos” x In(cosx) ., i
- ( 2) " — = Dép an D ding,
cos” x cos” X

Do d6, viéc lya chon d4p 4n D la ding dén.




Bai tap 39. Ddp sé trdac nghiém C.

1
, = 1 d — _____S‘ s
& [.oi gidi ti ludn: Dat: {u CoS(LK) =5 - " in(In x)dx '
dv =dx
v=X
Khidé: 1= If(x)dx = xcos(Inx) + [sin(Inx)dx. (1)

Xét J = [sin(Inx)dx, bing cich dat:
u = sin(ln x) du= lcc:s(ln x)dx
= X .
dv=dx

v=X

Khi d6: J = x.sin(Inx) - fcos(lnx)dx = x.sin(Inx) - I. , 2)
Thay (2) vao (1), ta duogc: I = x.cos(Inx) + x.sin(Inx) — I

ol= -;—[cos(lnx) + sin(Inx)] + C, ¥ng véi ddp 4n C.
# Lua chon ddp dn bang phép thi 1: (Tu tréi qua phai): Ta l4n luot ddnh gi4:
* Vai F(x) = %[cos(lnx) — sin(Inx)] 4 C thi:

sin(Inx) _co s(In x)]

X X i

™ |

f(x)=F(x)= %[COS(IHX) — sin(Inx)] + —;— {—

= —sin(Inx) = Ddap 4n A bi loai.
* Vi hai dap 4n A va B chi khic nhau hé s6 nén ddp 4n B bi loai.

s V& F(x) = -;i[cos(‘lnx) + sin(Inx)] + é thi:

f(x)=F(x)= ——-[cos(InX)+sm(InX)] [

sin(In x) 2 cos(inx)
X
= cos(Inx) = Dap 4n C diing.
Do d6, viéc lua chon ddp 4n C 12 ding din.

& Lua chon ddp dn hdng phép thir 2: (Tir phai qua tréi): Ta l4n lu‘ot danh gia:
* V& F(x) = x[cos(Inx) + sin(Inx)] + C thi:

f(x) = F(x) = [cos(Inx) + sin(Inx)] + x
X

{_ sin(Inx) N Eg_s(ln x)]
X

ek

= 2cos(Inx) = Dép 4n D bi loai.
* Vi hai ddp 4n C va D chi khéc nhau hé s6 va véi hé s6 bing % ta s€ nhan

dugce f(x) = cos(Inx), phii hgp.
Do d6, viéc lra chon ddp 4n C 12 ding din.
Bai tap 40. Ddp s6 trdc nghiém B.

G § y n T
& Loi gidi tu ludgn 1: Dat x = tant, 5 <t< 5 suy ra:

. va V1i+x*dx = =

cos CcoS t

dx =
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- 5 dt | dt 0 \{A'{
Khido: I = jf(x)'dx = e — = |- }-__ et s
cos 't cos*t (l -sin” t)

costdt du
bit u = sint, suy ra: du=costdt vi — ———

(1--sin” t)’ (u+l)"(uﬂl)2'

Khids:1=f— 4 Lhplerll 28}, ¢
(u+1)(u—1) 4 u-]‘ (u+Du-=1)
_ 1! In| 91nt~f—1]~ 2sint N’+C
4| smt—l' (smt+l)(§mt~—l)|
L. g
L PN S \/l+xz +C
4 = ‘._x,,u.-_ -1 i O ] S e o
vi+x° \/l+\< \,/I+x
-Vl
l(]n ,_Jr_x_ +2xV1+x7)+C
4 X—v1+x

=-31(21n x+ V1+x2 | + 2% V14x2 )+ C

V1+x* )+ C, ing véi dép 4n B.

= —I—(ln‘§x+ | +x?
2

& Loi giai tw ludn 2: Datt=x + \/i +x°, suy ra:

e 2
t-~x=\/1+x2:>(t—x)2=l+x3:>x=tz—l
t
1+x2 ::t_[“—l:["+|
2t 2t
»)2 2 E
Khi d6: dt = (1 4 —2m y e X2VEE = L odxed= e
\,/l+x e 4] %
£ 4] 424l I (" +1
+x? dx=- - .~—f-d = ~-—~+-«)—-d L (t+z+—i-;)dt
L[ ’)l 4 [ 4 t U

Tirdo: 1= _[f(x)'dx = i,f(u £ - -I,~)dt= 1(16 +2In
_ 4 bt 42

- ‘
= g[(t" —l;)+4|nM]+C=—;-[4x l+x* +4lnk+V1+x*]]-C
t

1 ‘1— 9 » 2, ’, ,
=-2—(1n}x+ \;m“l +xV1+x")+C, ing v6i dap 4n B.

72 Y du = xdx
& Lo giai ne ludin 3 Dat: i el = 4 x4+ -
dv =dx .
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Khi do: 1 = If(x)dx =xvx’ +l = X dx (1)

Vx® i
Trongdé:]zf x:di_ =I[(x'+£)—]]dx =f\/x3+ldx—f-—cix
vx© +1 vx©+1 x" +1
=I-Inlx+Vx’+1] +C. )

Thray (2) vao (1) ta dugc:

I=xVx*+1 —(I-alnlx + Jx?+1| +0O)
= 2l= xVx*+1 +Inlx+ Vx> +1| +C

<:>I::—§—\/x2+1 +%ln|x+ Vvx* +1| + C, img véi dap 4n B.

& Litc chon ddp dn bang phép thir — Ban doc tu thuc hién.
Bai tap 41. Pdp s6 trac nghiém C.
& Lo gidi nir ludn: S dung phuong phép 1dy nguyén ham timg phan, bang cich dat:

Juzx du =dx
_ = :
Ldv = sin X.dx V = ~—COS X

Kti do: If(x)dx = —X.COSX + Icns x.dx = —x.cosx + sinx + C, ing véi ddp an C.

& L. chon ddp dan bang phép thie 1 (Tir trdi qua phai): Ta 14n luot dénh gia:
*  Véi F(x) = —x.sinx + cosx + C thi:
f(x) = (=x.sinx + cosx + C)' = —sinX — X.cOSX — sinx
=> Pdp 4n A bi loai.
* V& F(x) = x.sinx + cosx + C thi:
f(x) = (x.sinx + cosx + C)' = sinx + X.COsX — Sinx
= Pdp an B bi loai.
*  Véi F(x) = —x.cosx + sinx + C thi:
f(x) = (—x.cosx + sinx + C)' = —cosx + X.Sinx + COsX = X.sinx
= Pdp an C ding.
De d6, viec lua chon ddp dn C 1a diing dan.
& Luuchon dap dn héng phép thir 2 (Tu phai qua trdi): Ta lan lu'ct danh gia:
. Véi F(x) = x.cosx + sinx + C thi:

f(x) = (x.cosx + sinx + C)' = cosx — X.SInX + cosx
= Ddp 4n D bi loai.
*»  Vai F(x) = —x.cosx + sinx + C thi:
f(x) = (—x.cosx + sinX + C)' = —cosx + X.Sinx + COsxX = X.Sinx
= Pdp dn C duing.
Dc d6, viéc lua chon dép an C la ding dén.
Bai tap 42. DPdp so trac nghiém C.
£ Loigiar te ludin: Ta c6:

If(x)dx = Ix.sinx.cosxdx= % xsin2xdx .

- du = dx
u=x

Fat: ) < 1 :
{dv:sm2xdx v=—5coszx
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Khi dé: j‘f(x)dx - -% X.COS2X + J%cosilxdx'-& C

= -—% X.cos2x + % sin2x + C, img véidap an C
& Lua chon ddp dn bang phép thir 1 (Tt trdi qua phai): Ta l4n luot danh gid:
= Véi F(x) = %x.cost + -;— sin2x + C thi:

| ; 1 1 1 |
X) =(—x.cos2x + — sin2x + O)'= — cos2x — — x.sn2x + — cos2x
fx) (4 . 8 Q 4 2 4

-;-C__OSZX - %—x.sian = Ddp 4n A bi loai.
*» VéiFx) = -i—x.cost - % sin2x + C thi:
f(x)“(lxoos2x— 1 sin2x + C)' = -l—oos2x— 3 X.sin2x — lc:osZ}:v
4 8 4 7 4
= —x.sinx.cosx = Dép 4n B bi loai.
* V& Fx)=- ix.cost + % sin2x + C thi:

fix)= (—-} X.COS2X + -;— sin2x + C)"

- ._% cos2X + -l— X.Sin2x + %cost = x.sinx.cos_x

= Diép 4n C diing.
Do d4, viéc lua chon ddp 4n C la ding dén.
# Lua chon ddp dn bdng phép thir 2 (Tx phai qua trdi): Ta l4n luot dénh gia:

s Vé6iFx)=- %x.cos2x - %sin—?.x + C thi:
fi(x) = (-l X.CO82X — —1- sin2x + C)'
4 8
1 | 1
= —— COS2X + — X.SIn2X — — CO82X
4 2 4
= -%cos2_x + -;— x.sin2x => Ddp 4n D bi loai.
* V& F(x) = - %x.cos2x + % sin2x -+ C thi:
f(x) = (- % X.Cos2X + % sin2x + C)'

= ——1— cos2x + —l- X.8in2x + 1<:os2x
4 2 4

= x.sinx.cosx = Dép 4n C diing.
Do d6, viéc lya chon dép 4n C 12 diing dén.
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Bai tap 43. Pdp so trac nghiém A. \
25 o7 gidi tie ludn: St dung phuong phap 1dy nguyén ham timg phén, bang cach dat:
du = 2xdx

JV u=x’+2
& :
|dv=sin2xdx |v= ~ cos 2x

Khi d6: F(x) = - % (x? + 2)cos2x + Ix.cos2xdx + C

du =dx
u=x
Eat: et 1 :
{dv:cos2xdx V=—2-Sin2X

Khido: I = L (x> + 2)cos2x + Xsin2x - I~l~—sin 2xdx + C
2 2 ¥

= —-1~(x2 + 2)cos2x + Xsin2x + 1 cos2x + C.
2 2 4

&5 Liaa chon dap an bang phép thir: Ta 14n luot ddnh gia:

v Vo F(x) = ——;— (x> + 2)cos2x + %sin 2X + i—cost + C thi:
Hu) = [—% (x> + 2)cos2x + %sin 2x + %cost +CJ

= —X.Cco82X + (X + 2)sin2x + —;—sin 2X + X.COS2X — é—sian

= (x* + 2)Isin2x = Dap 4n A diing.
D» d6, viéc lua chon ddp dn A la ding dan.
Bai tip 44. Padp sd trdac nghiém A.

&5 Lo gidi e lugn 1: Sit dung phuong phap 14y nguyén ham timg phén, bang cach dat:

u=e' du =e'dx
ot s
dv =cosx.dx vV =sinXx

Kidé: 1= If(x)dx = e*.sinx — Ie".sin x.dx . (1)
, | = ¢t du=e'd
X:t tich phan J = J-e".sm x.dx , dat: n=e = =E .
dv = sin x.dx vV =-COSX
Kii dé: J = —e*.cosx + Ie‘ cosx.dx = —e*.cosx + L. (2)

Tray (2) vao (1), ta duoc:
I=e'sinx—(-e'cosx+DN <=1 = % (sinx + cosx)e” + C, img véi ddp an B.
& Lo giai ti ludn 2: Ta viét:
Ie" cosx.dx =(a+b.cosx + c.sinx)e* + C. (*)

Liy dao ham hai v€ cua (*), ta duoc:
e*.cosx = (~b.sinx + c.cosx)e* + (a + b.cosx + ¢.sinx)e”
= [a + (c + b)cosx + (¢ — b)sinx]e*
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a=0 |
= <b+c=1 &@a=0,b=c= %
|b-c=0
Vay, ta duoc: If (x)dx = %(Sinx + cosx)e™ + C, img vdi dap 4n B.
& Luwa chon ddp an bang phép thir: Ta lan luot danh gid:

» V6iFx) = %(sim_( + cosx)e”* + C thi:

f(x)= [-;—(sinx + cosx)e* +C]' = -;—[(cosx — sinx)e* + (sinx + cosx)e’]"

= cosx.e” + C = Ddp 4n A diing.
Do d6, viéc lua chon dép 4n A 1a ding dén.
Bai tap 45. Ddp so'trac nghiém B.

& Loi gidi ne lugn: Si dung phuong phap 1y nguyén ham timg phdn, bing cach dat:

du =dx
i=%
= :
{dV:e:“dx Vz_;ef&x

Khi dé: If(x)dx = % xe™ — % Je*dx = % x.e™ — —ée”‘+C, {ing véi dip 4n B.

& Lua chon ddp dn bdng phép thir. Ta 14n lugt ddnh gia:
*  VéiF(x) = L .8 o L e + C thi:
3 9

1 1 1 1
fx)=(=xe*+ —e*+0)' = — (™ + 3x.e™) + —e”
(x) (3 9 ) 3( 3

= —i—e”-!-x.c*’":DépénAbi loai.

* VéiFx)= 1 x.e* - -l-e3" + C thi:
3 9

__l_ 3x___1_ Ix '.__1_ = 3"_163"
f(x) (3x.e 9c +0) 3(8 + 3x.e™) 3
= x.”™ = Ddp 4n B diing.
Do dé, viéc lya chon ddp 4n B 1a ding dén.
Bai tap 46. Ddp so trdc nghiém C.
& Loi giai t ludgn: Ta cé:
i _[f(x)dx = J(2x* + 5x* = 2x + 4)e® dx = (ax’ + bx’+ cx + d)e™ + C.

L4y dao ham hai v€ cuia (1), ta duogc:

(2% + 5% — 2x + 4)e™ =[2ax’ + (3a + 2b)x* + (2b + 20)x + ¢ + 2d]e”.
[2a=2 a=1
. ) 3a+2b=35 b=1
Péng nhét déng thirc, ta duoc: < ! & 9 :
2b+2c=-2 c=-2
c+2d=4 d=3
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Khi dé: J’f(x)dx =(x*+x2 = 2x + 3)e* + C.

& Lita chon dap dn bang phép thir — Ban doc tu thuc hién.
Bai tap 47. Padp so trac nghiém B.

& Lo gidi e ludn: St dung phuong phap 1dy nguyén ham timg phén, bang cdch dat:

du:d—X

o =Indx X
= =

dv =x“dx Il 4
V=-—X"

3
Khi do: Jf(x)dx = 5-1 In2x —-]— Ixzdx = x—31n2x - x_’ + C, (ng v6i ddpan B
' 3 3 3 9
& Lita chon dap dn bang phép thir. Ta 14n luot danh gia:
3 3

« VG F(X) = 2 1n2x + = + Cthi:
3 9
x3 3

2 2
()= (2 In2x + 2 + C) =x2In2x + — + —
3 9 3 3

=> Pdp dn A bi loai.
3 R}

s V6i F(x) = —’;;lnzx_ % + C thi:

3 k) 2 2
f(x) = (%—anx - X o =xin2x + L — —%—: x>.In2x
, = Diép 4n B ding.
Do d6, viéc lua chon ddp 4n B 1a ding dén.
Bai tAp 48. Pdp s6 trdc nghiém A.

_ a=Lax
. ) u=Inx X
£ Loi giai t ludn: Dat: L, &
dv =x"dx 1,
vV=—X
4

B . _ kL 3 _ l 4 ' X3 _ ] 4 _ _l__ 4
Khi dé: j‘f(x)dx_ ]'x lnxdx-lenx— j’~4~dx = lenx X +C.

& Lia chon dap an bang phép thir. Ta 14n luot ddnh gid:
* Vé6iFx)= i—x“.lnx .3 x* + C thi:
1
f(x) = (%x“.lnx - -1% x'+C) =x"Inx + L x} — —x*=x’.Inx

= DPdp 4n A ding.
Do dé, viéc lva chon dép 4n A la diing dén.
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CHU PE 3. TICH PHAN

I. TOM TAT LY THUYET
1. PINH NGHIA TiCH PHAN

Gid sut f(x) la ham s’ lién tuc trén mot khodng K, a va b la hai phdn tie bdt kki
cua K, F(X) la mot nguyén ham ciia f(x) trén K. Hiéu s6' F(b) — F(a) diwoc goi la ticeh

b 4+
phdn tir a dén b ciia f(x) va dicge ki hiéu la If(x)dx. Ta ciing dung ki hiéu F(x) ":’

dé chi hiéu s6 F(b) - F(a).
Vay, theo dinh nghia ta c6:

b
Jf(x)dx =F(x)|; = F(b) - F(a).
Cong thic trén duge goi la cong thiie Niuton — Laipnit.

2. Y NGHIA HINH HOC CUA TiCH PHAN

b
New Lam s6 f(x) lién tuc va khong dam trén [a, b) thi n’rh phan jf (x)dx la dién
a
tich hinl- thang cong gidi han boi dé thi ciia ham s6'y = f(x), truc Ox va hcu diromg
thing x =avax =b.

3. CAC TINH CHAT CUA TiCH PHAN
Gia sur cdac ham s6 f(x), g(x) lién tuc trén khoang K va a, b, ¢ 1a ba diém cua K,

dva vao dinh nghia tich phin ta ¢6 céc tinh chat sau:
I .J‘f(x)dx sl
X ;
2. [f(x)dx =~ [f(x)dx
a b
b b
3. [kf(x)dx =k [f(x)dx, véik e R.
X T, b
4. [[f(x)tg(x)ldx = [f(x)dx + [g(x)dx.
c b o
5. [f(x)dx = [teodx + [f(x)dx.
a a b~
-
6. Neuf(x)20,Vx e [ab]th [f(x)dx >0.
’ b b
7. Neéu f(x) 2 g(x), ¥x € [a,b] thi [f(x)dx > [g(x)dx.
b
8. Néum <f(x) <M, ¥x € [a,b] thim(b —a) < [f(x)dx <M(b-a).
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t
9. Cho t bién thién trén doan [a, b] thi G(t) = _[f(x)dx la nguyén ham cua f(t)
va G(a) = 0.

I1. BAI TAP TU LUAN VA TRAC NGHIEM

S

Baitap 1. Tich phan jfli bing:

¥ %
5 y
A. Ing. B. In3. C. Ins. D. In—
e , e dx .
Bai tap 2. Tich phan I bang:
RR 3 |
3 . +
A. Ine-2). B. Ine-7). C. W= g’)]_'““(e
3 .
Bai tap 3. Tich phan I(x3+1)dx bang:
-1
A. 24 B. 22. C. 20. D. 18.
16
Bai tap 4. Tich phan [/x.dx bing:
I .
A. 44. B. 42. C. 40. D. 38.

4 x
Bai tap 5. Tich phan j(3x —e*)dx bing:
(4]

A. 28-4c. B. 28-3e. C. 28-2. D. 28-e.
Bai tap 6. Tich phan [—o%

(5]

bang:
-2 e |
1
A. L B. J_ Kol l D. —.
2 3 4
n/4 .
Bai tap 7. Tich phan | ( -— —3sin x]dx bang:
-n/4\ COS X
A. 2. B. 4. C. 6. D. 8.
b
Fai tap 8. Biét [(2x—4)dx =0, khi d6 b nhan'gid tri bing:
0
A. b=0hoicb=2. C. b=1hoacb=2.
B. b=0hoicb=4. D. b=1hoacb=4.
1/Je :
Lai tap 9. Biét I - % véi a > 0, khi d6 a nhan gi4 tri bang:
X
1 1
A ——: B. 1. L & D. -
e e
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Bai tap 10.Cho ]f(x).dx =3, khi dé ?[41“()() ~3]dx bang:
A. 2.0 B. 4. 0 R D. 8.
Bai tap 11.Cho }f(x).dx =-2Vva ]g(x).dx = 3, khi d6 -].[Bf(x)—g(x)]dx bang;
A. —9I. B. —6.l C. 6. | D. 9.
Bai tap 12.Cho ?f(x).dx =-4va ]f(x).dx = 6, khi dé. ]f(x).dx bang:
| A. lOi. B. 8. | C 4. 2 D. 2.

3 4 4
Bai tap 13.Cho [f(2).dz =3 va J’f(x).dx =7,khi d6 [f(1).dt bing:
0 0 3

A. 2. B. 4. C. 6. D. 8.
Bai tap 14.Cho dé thi ham s6 y = f(x). Dién tich hinh phang (phdn gach doc tronig
hinh) la:
4
A. [ f(x)dx. AY

3

B. } f(x)dx + }f(x)dx ;
-5 !
0

C. [f(x)dx +?f(x)dx .
4

=3

D. [ f(x)dx+ [£(x)dx .

0 0

x/6
Bai tap 15.Biét J'sin" x.cosx.dx = é , khi dé n bang:
0

A. 6. B. 5. C. 4 D. 3.

a

Bai tap 16.Tich phan [(1 +x)"dx (véi n > 0) béng:
: -0

& @+D"' +1 C (@a+1)"+1

' n+l ' ' n '

5 (a+ D™ -1 p @+D" -1
n+l1 . ) n

| .
Bai tap 17.Dé€ ham s6 f(x) = a.sinnx + b thoa man f(1) = 2 va jf(x)dx =4 thia, b
0

nhan gia tri:
A a=mb=0. B. a=nb=2 C a=2rb=2 D. a=2nb=3
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X X

|
)ai tap 18.Dé ham s6 f(x) = ij + L + 2 thoa man f'(%) = —4 va Jf(x)dx

1/2

2 —3In2 thi a, b nhan gia tri:
s

2

Bai tap 19.Tich phan ”x - lldx bang:

-2

A. 0. B. 2. C. 4. D. 5.

1/2

Bai tap 20.Tich phan J‘\/(2x - 1)’dx bing:
0

A. l B. —l— ~l D. 2
2 4 : 4
3
Bai tap 21.Tich phan I\/x3 —2x’ +xdx bing:
0
o - 2
A 23 g 243-8 . u3es V342
3 15 15 5
Bai tap 22.Tich phan | |x’ —-l\dx bang:
A. 1. B. 2. C. 3. D. 4.

5
Bai tap 23.Tich phan [(Ix+21-1x —21)dx bang:
-3
A. 8. B. 6. C. 4. D. 2.
2n
Bai tap 24.Tich phan I\/l +sinxdx bang:
0

A. 842. B. 42. C. 22 D. V2.

Bai tap 25. Biét f(x) = x>, g(x) = 3x - 2, tich phan Tmax (f(x),g(x))dx bang:
0

A B B. 1O e 2 p. 2
3 4 6 7
Bai tap 26.Néu f(x) > 0 trén [a; b] thi:
b b -
A. jf(x).dx >0. C. j'f(x).dx <0.
" :
B. jf(x).dx >(. D. jf(x).dx <0.

|
A a=0b=L B a=lb=-3 C a=lb=s D. &= b=l
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Bai tap 27.Néu f(x) > g(x) tién [a; b] thi:

A. ri[f(x).d)( > ]g(x).cix. C. }:‘.f'(x).dx > l]g(x).dX.
B. k:[f(x).dx < ]g(x).dx. D. tjf(x).dx S ]g(x).dx.

Xx+a kht x <0
x> +1khix>0

a. Xét tinh lién tuc cua ham s6 da cho tai di¢m x, = 0.

Bai tap 28.Cho ham s6: f(x) =

|
b. Véiadé ham s6 lien tuc tai x = 0, hdy xdc dinh  [f(x)dx .
-1

PNLLY B. 2. c. - D: fk
6 2 2
Bai tap 29.Cho ham so:
f(x) = cos % khi x| <1
x =1 khi Ix| > 1
a. Xét tinh lién tuc cua ham s6 trén toan truc so.
3
b. Véi két qua tir a) hdy xdc dinh  [f(x)dx
A.9——2—. B.—9——i C. l—g D. -9~-1t
m 2 n 2 7 2
Bai tap 30.Cho ham so6:
| sinx khi |x|S—TE
f(x) = 27: :
ax + b khi [x| > =
s
a. Xac dinh a, b dé ham s0 lién tuc trén toan truc so.
4
A. azz,b=0. B. az—z--,b=l. C. u=i ,b=0.  D. a=—,b=1
T s n n
2n/3
b. Vi két qua tir a) hay xic dinh jf(x)dx .
0
7 .
A X g P c. U p T
36 36 36
Bai tap 31.Chdang minh rang :
o1 n/2 — o | 2
a. —< I 3+2sin” x dx< n\[Sl'. b 1< j—ﬁji—dxs—\/é
n/4 4 0 2 2
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B3ai tap 32.Tim céc hiang s6 a, b dé ham s6 f(x) = a.sinnx + b thoa man f(1) = 2 va

1
”f!x)dx = 4,

0

A, a=nu, b=2. B. a=n, b=0. €. a=2n. b=l. D. a=2n, b=3.

: ) b , : ] ;
Blai tap 33.Tim a, b dé ham so f(x) = = = 2 thoa man F(;; ) = -4 va

X X L

!
ji(x)dx =2 - 3In2.
11/2
A. a=—1,b=3. B. a=1,b=-3. C. a=-3,b=1. D. a=3,b=-1.

B3ai tap 34. Tinh dao ham cua cdc ham s6:
x? 2 sin x°
e b. G(x)= _((sint2 + cos2t)dt.

2x‘\f(2 +1 . sin” x

IIIl. HUONG DAN — GIAI - PAP SO
Bai tap 1. Pdp s6 trdc nghiém A.

a. F(x)=

& Lot giai tie luan: Ta cé: I—— Injx||}

=In5-In3 = lng , ng véi ddp an A.

&5 Ly chon ddp dan bang phep thir: Sit dung may tinh CASIO fx - 570MS, bang cédch
thuc hién theo thu‘ tu:

MODE
| RcrrAX B8 05108

Do d6, vnec Iua chon dép 4n A la ding dan.
s Lua chon dap dn bdng phép ddanh gid: Dua theo tinh chét 8, bing cdch 14p luan:

| I tdx 1
- < =X —VmVx635:>—5 = <-(5-3)
e 3;5]1= —(5-3) j -
<:>§< gi(—<—§-—:>CacciapanBCvanlloal
X

1
Do d6, viéc lua chon dip dn A 1a ding dan.
Bai tap 2. Pdp so trac nghiém C.
& Lo giai tie lucn: Ta c6:
3 I
J’-——- = (Injx + 3)I =In(e +3) - Ind = In _;_3, itng véi dép an C.

& Lia chon dap dan béng phép thir: St dung may tinh CASIO fx — 570MS, bang cdch
thuc hién theo thit tu:

MODE[1]
M A AcrHAXE B B BAcPHAE

Do d6, viéc lua chon ddp dn C la ding dén.

0.3573
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& Lica chon ddp dn bang phép ddnh gia: Ta 1an luot:

€

dx

Vi >0, vai Vxe[l;e] = I
|

*  Vie-7<0(vi pham diéu kién cla lc‘)gérit) nén dip an B bi loai.

>0 = Diép an A bi loai.

X+3 X+3

RV dx

<1,vaiVxe[1-,e]:>j
X+3 [x+3

Do d6, viéc lva chon dép 4n C la ding dan.
Bai tap 3. Ddp 56 trdc nghiém A.

& Loi gidi tir lugn: Ta cé:
3
= [13“ +3J“(1(_1)4 ~ 1) =24, .
i 4 4

3
I(x3 +1)dx = (l x* + x)
i 4
ting v&i ddp 4n A. )
& Lua chon ddp dén bdng phép thir: St dung mdy tinh CASIO fx — 570MS, bing céch
thue hién theo thir tu:
MODE
LA K SHEFTSE A B DB 24
Do d6, viéc lva chon ddp an A la ding dan.
Bai tap 4. Ddp sé trac nghiém B.

< [dx =~ 1 = Diépn D bi loai.
I

3 16

16 16
.. 2 3
& Loi gidi tie ludgn: Ta cé: I\/xdx = J'x”z.dx = SXSI“ =42,
1 1

- %(163/2 _ l)

ig véi dép in B.
& Lua chon ddp dn hing phép thir: Sit dung méy tinh CASIO fx — 570MS, bang céch
thuc hién theo thir tu:
MODE][ 1
NN AKX B BicBB 42)
Do d6, viéc lua chon dap 4n B la diing dén.
Bai tap 5. Ddp so trdac nghiém A.

4 X x
& Lo gidi tu ludn: Ta c6: I(3x—e“ )dx=(%x2—4e4 )|3 =(24 -4e)-(0-4)
0

= 28 — 4e, \ing v6i ddp dn A.
& Lua chon ddp dn bdng phép thir. Sit dung may tinh CASIO fx — 570MS, bing céch
thuc hién theo thit tu:
OD

T ——

Do d6, viéc lua chon dap 4n A 1a ding dén.
Bai tap 6. Pdp so trac nghiém C.
& Loi giai tir ludn: Ta cé:

ZI & 1 [
f@x-1? T 20x-1)|

=_(l_l) - %,l’mg véi ddp 4n C.
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& Lia chon ddp dn bing phép thir: St dung may tinh CASIO fx — 570MS, bang cdch
thuc hién theo thir tu:

MODE]

%E&D’@@l ISR B08 0353
Da do6, viéc lra chon dap dn C la ding dan.

Baitap 7. Padp so trac nghiém D.

& Loi giai tir luan: Ta c6:

n/4 4 o
[ ( —3sin x)dx = (4tanx + 3cosx) " =8, img véi dap dn D.
ora\cos” X

-n/4

& Lica chon ddp dn bang phép thir. St dung may tinh CASIO fx — 570MS, bang cich
thuc hién theo thir tu:

MODE][ |]

MODEMODEMODEMODE (Thiét ldp dom vi do rad)
o] - | o L] ]
[ StiFT < B« @ srer < R« DB g
Do d6, viéc lya chon ddp 4n D la ding dén.

Bai tap 8. Ddp so trdc nghiém B.
& Loi gidi e ludn: Ta c6:

y R |b=0 o as 2
0= I(Zx—4)dx =(x2-4x)z=b'—4b<:>[ , Umg v&i dap 4n B.

& Luwa chon dap dn bang phép thir. Ta 14n lugt danh gid:
» Dua theo tinh chét 1, chiing ta thdy ngay b = 0 théa man diéu ki¢n ddu bai.
Do d6, cic dap 4n C va D bi loai.
. VO’I b 2, ta duogc:

[(2x 4)dx = (x —4x) =4-8=—-4+0= Dépan A bi loai.

Do do, vnéc lva chon dép 4n B 12 ding dan.
e Litachon ddp dn bdng phép thit két hop sir dung mdy tinh CASIO fx — 570MS:
» Dua theo tinh chit 1, chiing ta thdy ngay b = 0 thoa man diéu kién dau bai.
Do dé, ciac ddp dn C va D bi loai.
= V§ib=2tadn:
ODH[ ]
2pLriAl+ B0l 08 4
= Ddp 4n A bi loai. :
Do dé, viéc lya chon d4p 4n B 12 diing dén.
& Luachon ddp dn bdng phép thir két hop sir dung mdy tinh CASIO fx — 57T0MS:
«  Véib=1,tain: '
MODE|[ 1]

M- ArrrA Xl «Bof: D8 -3

= Céc dép 4n C va D bi loai.

75



*  V6ib=4 tasidung diucon tro trén mdy tinh dé sira 1 thanh 4 roi an:

= b =4 thou mian = Ddp «dn A bi loai.
Do d6, viéc lva chon ddp dn B la duing din,
Bai tap 9. Pdp so' trac nghiem D.
1/Je

11 Je 1
= de (Inlxl)w =In—-Inlal < Infa|=-
X

Je

. ung véi dip an D.

& Loi giai ne ludn: Ta ¢cé:

a>0

Slajl=—- = a=
e

O = ] —

Ban doc dé xuét thém hai céch:
& Lica chon dap <an bang phép thir.
& Lua chon ddap an bang phép it két hgp st dung mdy tinh
CASIO fx - 57TOMS.
Bai tap 10.Pdp s6'trac nghlem C.

£ Loi giai tw ludn: Ta co: j[4f(x) 3jdx = 4If(x)dx BIdx -4x3 3x x|

Bai tap 11.Pdp so trdc nghwm A.

& Loi gidi ne ludn: Ta co: J[3ffx) g(x)]dx =3 jf(x)dx - jg(x)dx =3(-2) - 3=-9,
Bai tap 12.Pdp sé trdc nghxem A.

5 2 5
5 Loi gidi 1y lugn: Tacé: [f(x).dx = jf(x).dx $ jf(x).dx
. | | 2

5 5 2 ‘
N jf(x).dx = fix)dx - jf(x).dx =6+4 = 10, img v6i ddp 4n A.
| |

2
Bai tap 13.Ddp so trac mghiém B.

& Lot giai ne ludn: Ta co: ff jf(i) dr + If(t) dt

0
4 3

If(t)dt I (t).de - jf(t)dt jf(x)dx - .[f(z)dz

= 7 -3 =4, ungvmdapanB
Bai tap 14. Dadp s6 trac nghiém C.
& Lot giai tie ludgn: Ta ¢6 ngay:

0 4
S= [f(x)dx - [f(x)dx j f(x)dx + ff(x )dx , dng v&i ddp dn C.
b 0 4

Bai tap 15.Pdp sé trac nghiem D.

& Loi giai tir luan: Ta ¢c6-

6 it . I /6
| I v , sin™! x 1
_—= _[sm x.cosx.dx = Ism x.d(sinx) = RS
64 : n+l X (n+1).2

Sm+ 12" =64 o n=3, ttng voi dap dn D.
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&5 Lita chon dap an bang phép thie | (Tit trdi qua phai): Ta 1an luot ddnh gid:
= Vain=6thi:

n/6 6 Sin X n/6 1
Isin" x.cosx.dx = J. sin” x.d(sinx) = = —
. 2 o 1.2
1 I i 3 S
= — # — = Ddpan A bi loai.
896 64
* Véin=>5thi
/6 /6 i 6 B8
5 ; , I
Isin’ X.cosx.dx = IsmSX.d(sm X) = caeilies = =
: ; 6 |, 0.2
1 : .
= — # — = Ddp an B bi loai.
384 64
176 7/6 L
l
=  Véin=4thi jsin4 X.cosx.dx = Isin4 x.d(sinx) = - = z
2 : X 52
1 l . b
= — # — = DPdp dn Cbi loal.
160 64
Do d¢, viéc lua chon ddp dn D la ding dan.
&5 Lic chon ddp an bang phép thir 2 (Tl phai qua trdi): Ta ldn luot danh gid:
*  Véin =3, ta dugc:
S /6 . 4 /6
. 3 i3 . sin- X 1 1
sin” Xx.cosx.dx = | sin x.d(sinx) = = = s
5[ Oj ; . 42° o4
Do dé, viéc lua chon dap dn D la ding dan.
£ Lica chon ddp an bang phép thir két hop ne luan: Ta ¢6:
n/6 /6 Qil]”“ xln“) l
1= J‘sin" x.cos x.dx = J‘sin” x.d(sinx) =- — s,
: : n+l | (n+1).2
_ 1 I N
* Voin=6thil= —— # — nén ddp dn A bi loai.
896 64
, . | 1 g b oy
* Vdin=5thil= — # — nén ddp an B bi loai.
384 64
I

. I S o3
e Véin=4thil= - & nén dap an C bi loai.

160
Do dé, viéc lua chon ddp an D la ding dan.

& Lita chon ddap dn bang phép tinr (Tir trdi qua phai) s dung mdy tinh CASIO
fx = 570MS: Ta lan luot:

»  Véin=06thian:

MODE[]

MODHMODEMODEMODH(2]  (Thiét ldp dom vi do rad)
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[ (0 (A Al X I R ACPEA X B B
1 (S [ [
— Dép 4n A bi loai.
* S dung phim tré dé thay 6 bang 5, ré1 an:
B | 2384
=  Sirdung phim tré d€ thay 5 bang 4, réi 4n:
B i 1J160]
Do d6, viéc lua chon dép 4n D la ding dén.
& Lita chon ddp dn bdng phép thir (Tir phai qua trdi) sit dung may tinh CASIO
fx — S70MS: Ta lan luot:
*  V6in=3thiin:
MODE|[ ]
MODE MODE EMODE (Thiét Igp dom vi do rad)

MAMer s B A
o cHFT-ERcBE | 164
Do d6, viéc lua chon dap 4n D la diing dan.
Bai tap 16.Pdp 56 trdc nghiém B.
£ Loi gidi ti ludin: Ta c6:

(x+ l)rﬁ-l 4 _ (a+ l)n+l —1

n+l i n+1

I= [(+x)"d(x+1) = , ing v6i ddp 4n B.
0

Bai tap 17.Pdp so trdc nghiém B.
& Lot gidi tit lugn: Ta 1an lugt xét cdc gia thiét:

® Vé6if(l)=2thiasinn+b=2<b=2. ()
|
" V6i [f(x)dx =4 thi:
0
24 (h

| .
4= j'(a.sinnx+b)dx=(—icosnx+bx) b =— +b=> a=mn
0 n n

Vay, véi a = m, b = 2 thoa man diéu kién ddu bai.
& Lita chon ddp an bing phép thir: Ta 1an luot dénh gia:
* Véia=mn, b=0thif(x)=nsinnx, khi dé:
f(1) = m.sinmt = 0, khong thoa man = Ddp dn A bi loai.
* Vaia=mn,b=2thif(x)=mnsinnx + 2, khi do:
f(1) = mt.sinw + 2 = 2, théa man.

| |
Jf()dx = [(rsinmx +2)dx = (—cosx +2x)| =4, théa man.

0
Do d6, viéc lva chon ddp 4n B 1a diing dén.
& Lita chon ddp dn bang phép thir két hop sir dung mdy tinh CASIO fx — 570MS
* Véia=mn, b=0thif(x)= nsinnx, khi dé:
f(1) = n.sinmt = 0, khong thoa man = Ddp dn A bi loai.
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» Véia=mn,b=2thif(x)=mnsinntx + 2, khi do:
f(1) = m.sinwt + 2 = 2, thoa man.
| I
j'f(x)dx — I(n.sin nx + 2)dx =4, thoa man
0 0

bang cach thuc hién theo thit tu:
MODE|[ 1]
MODHMODHMODEMODE([2]  (Thici igp dom vi do rad)

« [l @8 (ALPHA] @l SHIFT « [ALPHAI X I}
L[] .31 |- 4
Do dé, viéc lua chon ddp 4n B 1a ding dén.
Bai tap 18.Pdp so trac nghiém B.
& Loi giai tw luan: Ta 1an luot xét cdc gia thiét:

. vaar[%) = —4 thi: F(x)='-*~2-§l— .} :f(%) = —16a - 4b

2
X X

= -l6a-4b=-4<4a+b=1. (1)

1
* V6i [f(x)dx =2 -3In2 thi;
1/2

1
1/2

1
2-3In2= j(%+3+2)dx = (== +binl x| +2x)
aAXT X X

=a+bin2+ 1= #+bln2=1-3In2. ()
Tir (1) va(2) suyraa=1vab=-3,ing véi dip én B.
& Lua chon ddp dan bang phép thir. Ta 14n luot danh gia:

. Véia=0,b=lthif(x)=l+2,khid6:
X

f(x) = —-—1:,- = f'[—l-] = —4, théa man,
X" 2

1
lff(x)dx = j(-]—JrZ)dx:(lnli +2x)
X

1/2 1/2

=2+ 1#1-3In2

1
1/2

= Pép 4n A bi loai.
% |
» Véia=1,b=-3thif(x)= —l,,— " + 2, khi dé:
b S §
fix)= ——27 + -9,— =5 F(l) = -4, thoa man,
X X 2
' o1 3 1 0
[f(x)dx = I[——;~—+2)dx =(-— - 3In + 2)()!,,2
1/2 Xt X X
= 2 - 3In2, thoéa man.
Do d6, viéc lua chon dédp 4n B 1a ding din.



Bai tap 19.Pdp sé trac nghiém D.
& Loi gidi e ludn: Ta c6:

]]x—l|dx = ilx—lldx + ﬂx—l[dx = i(l—x)dx + I(x—l)dx
=9 -2 | =2 |

(5] -]

& Litu chon ddp dan hdng phép thir: St dung mdy tinh CASIO fx — S70MS, bang céch
thuc hién theo thit ty:

MODE [1]
MEA-rAXE SAE:A:08] 3
Do d6, viéc lya chon dép 4n D 1a diing dén.
Bai tap 20.Pdp so trdc nghiém B.
& Loi giai i ludn: Ta c6:
1/2 1/2 1/2

j\/(Zx-l) dx = jl2x—lldx= j(l 2x)dx-(x x)j”':l.

4

£ Lia ch_on ddp dn hang phép thir: Sit dung mdy tinh CAS[O fx — 570MS, bang cich
thuc hién theo thit tu:

MODE| (1
NI AeHA Xl DB 08 14
Do dé6, viéc lua chon ddp 4n B la dﬁnf dan.
Bai tap 21.Ddp 56 trdac nghiém C.
& Loi giai tir lucin: Ta cé:

]\/x“-2x2+xdx=] x(x = 1) le—lI\/_dx
0

0

= 5, img v&i ddp 4n D.

. I(x_l)\/;dx + j(x ~ I)xdx
0 |

[ 3
_ I(xm —x”z)dx & J'(x.wz —x”z)dx
0

=_(zx5fl__zxm)|[r)+ 2xsf’ 2 }p)[ 24\/-4-8

5 3 5 3 s
img véi dap an C.
& Lita chon ddp dn bang phép tir. Sit dung mdy tinh CASIO fx — 570MS ban doctu
thuc hién.

Bai tap 22.Pdp sé trdac nghiém D.
& Loi gidi tie lugn: Xét biéu thic y = x* — | trén doan [-2; 2] :

y=0<:>x2—l:0<:>x= + 1.
Ta co bang xét dau:
X lT~o:> -2 -1 l

2 4o
y ‘7z o+ 0 - 0 v 7y
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Do do:

2

} x? —-lldx= _jl(xz -1Ddx + i(]—xz)dx + I(xz - 1)dx
) -1 1

+ -~

I 2
o + (EX"—X)},

1 2
L+ (= -x)| =4
L+ (xR

=(%x~’—x) Do+ (x-

&5 La chon ddp an bang phép thir: Sir dung may tinh CASIO fx — 570MS, bang cach
thuc hién theo thir tu:

MODE [1
RNAArrAXSE ISR 08 Z
Do d6, viéc lua chon déip dn D la ding dén.
B.ai tap 23.Pdp so trdc nghiém A.
&5 Lot giai e ludn: Xétdau x + 2 va x — 2 trén [ - 3, 5], dugc:
X - i 2 ‘ 5
X+2 — 0 + +
X —2 —~ - 0 +

2

Khi dé: 1 =—_.2[4dx + ?2xdx + ]4dx =—-4x‘:§ +x*|-2

)

£ Lwa chon ddp dan bang plrep thie, Su dung mdy tinh CASIO fx — 570MS ban doc tu
thue hién.

Bai tap 24.Pdp s6 trac nghiém B.
&5 Loi giai tir ludan: Ta co:

= _J‘\/(sinintcosi)zdx =
: 2 2
sl ]'

2n

J

0

. X X
SIn— + COS—KAX
2 2
2n

In/2

! X W X m
dx =2 sin(—+—=)dx - | sin(—=+—)dx ]
x=v2[ Iem(2+4) X Slrl(2 4)

3n/2
3n/2 ] —4\/—

£ Lya chon ddap dn bang phep thir: Sit dung mdy tmh CASIO fx — 570MS, bang céch
thuc hién theo thit tu:

ODE| ]]
Mong MODE MODHMODH(2]  (Thiét ldp don vi do rad)

o V| R I@@IIOM-KI

5.6569|

O
sin(— + —
(2 4)

3In/2

+ 2cos( - +

= \/E 2COS(*2- +-—)

De dé, viéc lua chon ddp én B 1a ding dan.
Bai tap 25.Ddp so trac nghiém C.
& Lot giai tie ludn: Xét hiéu:
f(x)-g(x)= x¥*=3x+2<01<x<2,
Do dé:
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O —— D

| 2
max (f(x),g(x))dx = {)max(f(x),g(x))dx 5 {max(f(x),g(x))dx
i )

i 2 17
=jx“dx+.f(3x—2)dx=% f = —
0 1

0
Bai tap 26.Pdp 56 trac nghiém A.
& Loi glal tu lugn: Goi F(x) la mOt nguyén ham cuta f(x) va vdi a < c < b, ta cé:

jf(x)dx =F(b) - F(a) = F(c)(b - a) = f(c)(b - a) > 0,

img véi ddp dn A.
Bai tap 27.Ddp so'trdc nghiém A.

& Lot giai tie ludn: Goi F(x), G(x) theo thit tu 1a mot nguyén ham cua f(x), g(x) va
vdia<c<b,ta co

ff(x)dx - jg(x)dx = [F(b) - F(@)] - [G(b) - G(a)]

= F(C)(b a)—G'(c)(b—a) =f(c)b—a) —g(c)b—a)
= [f(c) — g(c)](b —a) > 0, ing v&i ddp dn A.
Bai tap 28. ‘
a. Ham s6 xdc dinh v4i moi x € R.
Tacé: lim f(x)= lim (x*+ 1)=1va lim f(x)= lim (x +a) =a,

x—0" x—0* x—0" x—=0"
f(0)=1.
Vay : .
®* Néua=1thi lim f(x) = lim f(x)=1(0)= 1 nén ham s6 lién tuc tai x,=0.
x—0* x—=0"
* Néua=1thi lim f(x)# lim f(x) nén ham s6 gian doan tai x, = 0.
x—0" x—0"

b. Védia=1,taco:

| 0 | 0 |
[f(x)dx = [f(x)dx + [f(x)dx = [(x+ Ddx + [(x* + Ddx
-1 =1 0 -1 0

ol 3 0 Loy 11
—(—2—x +x)|‘1 +(§x +x\|0—€.
Bai tap 29.Viét lai ham s6 du6i dang;

x—1 Kkhilx/>1
f(x) = cos%’i Khi x| < 1
1=x" Kkhil<-1

a. Ham s6 lién tuc trén cdc khoang (-0, 1) U (=1, 1) U (1, +0).
=  Xét tinh lién tuc clia ham s6 tai diém x = 1, ta cé:

lim fx) = lim (x = 1)=0va lim f(x) = lim cos%’-‘- =0
x—1* x—1* x—>1 x—=1" '
f(1)=0

Suy ra, ham s6 lién tuc tai diém x = 1.
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v Xét tinh lién tuc clia hAm s6 tai diém x = -1 iacé:

lim fo0= lim coss =0 G f= lim (1~x)=0

+ + = e
x—-1 Xx——1 X—>—1 x——1

f(-1)=0
Suy ra, ham s lién tuc tai diém x = —1.
"/ay, ham s6 lién tuc trén toan truc so.

3 -1 1 3
b. Tacongay: [f(x)dx = [f(x)dx + [f(x)dx + [f(x)dx
-2 2 -1 |

-1 ] X 3
= [(1-x)dx + jcos—i—dx + [(x = 1)dx
w3 ] |

1

=G o) S

. .M
S, +—sin—

4
s 2 T

(SN INe)

1 i
+(§x‘—x)l,3 =

Bai tap 30.

I s 3 P . N ~ g . P 2 n
a. Deé ham s6 lién tuc trén R diéu kién la ham s6 lién tuc tai cac diém x = iz .

. T@idiémx:z,tacéz lim f(x)= lim (ax+b)=—2—~+b

x—».—z— x--bg
i L T
lim f(x) = lim sinx=1= f(g ).

x-—ig x—)%

D()dé,déhitms('iliéntl_jct.@tidié’mxz_j—;E diéukit?:nl:?i-azE +b=1. (1)

" Taidiémx=-=,tacé: lim f)= lim sinx=~-1 =f(—32-‘-)
Iim f(x)= lim_ (ax+b)=—327—t~ + b.

-

Dodo,déhémsdliénmgtaidiémx=—g dic:sukienlai‘i’£ tb=-1. (2)

Tu(l)va(2)suyraa= 2 vab=0.
i

b. Ta c6 ngay:

2n/3 n/2 2n/3 /2 2n/3
[fx)dx = [f(x)dx + [f(x)dx = [sinx.dx + [(ax +b)dx
0 0 n/2 0 n/2
n/2 2n/3 " I
= [sinx.dx + [ =xdx =—cosx|§/? s oP o =
T 36

0 ,,/27[



Bai tap 31.

; T T 2
a. Véixe [z, Ejtacénhanxet:

—~—2~ Ssinxsl:% <sin’x <1 4<3+2sin’x<5

nf2 n/2 n/2
©2<V3+2sin*x <5 = [2dx < j\/3+25in2x's Ix/gdx
n/4

n/4 n/4

n/2

e = \/3+251n x <5 x
1!/4

i n/2

< x/3+251n X <—— , dpc

T
2 n/4

b. Véix e [0, 1] ta ¢c6 nhan xét:

n/2

< 2x n/4

J—f

O<x <1 =>4<4+x%x° <5¢:>2<

4 +x? V5 4 +x*
= fox < PP g < 2 cox lo- B
0 o 2 2
'1 -
1< | X sﬁ,dpc
0 2
Bai tap 32, Ta lan luot xét céc gia thiét:
®  Vaif(1) =2 thi:
asint+b=2&b=2. : (1)
1
" Véi [f(x)dx =4 thi:
0
| 23 (1)
= [(a.sinmx + b)dx = (——cosrtx+bx) =" +b= a=n.
0 T n

Viy, v6i a = 1, b = 2 thoa man di€u kién diu bai.
Bai tap 33. Ta ldn luot xét cdc gia thiét:

" Véi f'(%)=—4th]:

2a b’ 1
f(x)=—-—= - — = f(=)=-16a-4b
( x*  x? 2
= —-l6a-4b=-4<=>4a+b=1. (1)
1 .
" Véi [f(x)dx =2 - 3In2 thi:

1/2

2-3In2= J(m+b+2)dx ""(--—— +blﬂ]X| +2X)\”2
12 X
=a+bln2 +1
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=>a+bln2=1-3In2. (2)
Tu(l)va(2)suyraa=1vab=-3.
Bai tap 34.
a. Ta bién déi:
0 24t 2 t3dt 2% 2t "2tdt

Rl N el Veorial Neoelil N ek

Tu do, suy ra:
(2x)* ey -8x* © 2x°

———+ (x%)' .
Vi2x)* +1 " S 41 Jax? +1 \/(x +1

sin X

G(x) = j'(smt +cos2t)dt + I(smt + cos 2t)dt
2

F(x) =-(2x)

b. Ta bién déi:

sin” x
5|n2 X o sin K2 "
=—  [(sint® +cos2t)dt+ [(sint® + cos2t)dt
' 0 0
Tir d6, suy ra:

G'(x) = —(sin*x)'[ sin(sin® x)* + cos2(sin® x) ] +
+ (sinx®)'[sin(sinx?) + cos2(sinx?)].
= —2cosx.sinx[ sin(sin® x)* + cos 2(sin® x) ] +
+ 2x.cosx’[sin(sinx?) + cos2(sinx*)].
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CHU PE 4, CAC PHUONG PHAP TINH TICH PHAN

L. TOM TATLY THUYET
1. PHUONG PHAP POl BIEN SO

b .
Gia st phai tinh [f(x)dx trong dé f(x) 1a ham s6 lién tuc trén doan [a, b].
1.1. D48i bién dang 1
Dink nghia: Phuong phdp doi bién dang I la viée sit dung mot ham s6'x = u(t) laam
bién mai.
Dinh li: Gia su o < 3. néu:
1. Ham sé'x = u(t) cd dao ham lién tuc trén doan [a, B].
2. Ham sé6 hop f(u(t)) duoc xdc dinh trén doan [o, B].
3. w(a)=avauP)=">.
b B
thi ta c6: {f(x)dx = [flu(t)].u'(t)dt.
a a
1.2. D6i bién dang 2
Pinh nghia: Phuong phdap doi bién dang 2 la viéc sw dung mot ham s6't = v(x) lam
bién madi.
Nhu vay, & phuong phap niy ta bién déi f(x) thanh g(v(x)).v (x) roi dat t = v( x),

thi dt = v '(x) d6i xting. Do do, ta c6:
b

b vib)
[f(x)dx = [g[v(x)].v'(x)dx = [g(tdt.

a via)

2. PHUONG PHAP TiCH PHAN TUNG PHAN

Dinh li: Néu u(x) w) v(x) la lat ham s6 ¢6 dao ham Iién tiic trén doan [a, b] thi:

J’u(\()v (x)dx = |u(x).v(x)] l - jv(x)u (x)dx

b

b
hay [udv ﬁuv - fvdu.

a a

II. PHUONG PHAP GIAI CAC DANG TOAN LIEN QUAN VA BAI TAP

Bai toan 1: Phuong phép d6i bién s6 dang 1.

PHUONG PHAP CHUNG
bé sir dung phu(mL phép déi bién dang 1 trong tinh tich phan:

1= _[f(x)d‘( véi gid thigt ham so f(x) lién tuc trén [a, b]

ta thuc hién theo cic buorc
Buoce 1: Chon x = ¢(1), trong d6 ¢(t) 1a ham s6 duge lua chon mot cdch thich
hgp (anh cua @ nam trong tap xdc dinh cua f).
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Buoe 2: Lay vi phan dx = @'(t)dt, gia str ¢'(t) lién tuc.
Buoe 3: Ta lua chon mot trong hai hudng :

Huong [ : Néu tinh duge cac can o va [ twvong ting theo a va b (vl

a=@(a) vab= () thi ta duge:

1= [f(o(t).e'(1)dt.

I‘hrdwg 2 : Neéu khong tinh duge dé dang cdc can tuong ing theo a va
b thi ta lua chon viéc xac dinh nguyén ham, tir d6 suy ra
gid tri cua tich phan xdc dinh (trong truong hop nay ¢
phai 1a don anh dé dién ta két qua ham s6 cua t thanh
ham s6 cua x).

Chu y:
Cac dau hiéu din t4i viéc lva chon dn phu kié€u trén thong thuong la:

1.

Dau hicu

Cach chon

) .. T n
X=lalsint v —— <t < —
2 2

x=lalcostvdiO0<t<n

/az i
/xz =g

x=120 sipe=E Binio)
sint . 2 2

la .. _ 4
K = voit € [0, ]\ (=}
L cost 2
i o B n
> 3 x=laltgt véi —— <t < —
a“ +x 2
| x=lalcotgtvéi0<t<m
a+x ., . |a—-x
hodc X = acos2t
a-x a+x
‘/(x —a)(b-x) x =a+ (b - a)sin’t

Pé minh hoa viéc lva chon mot trong hai huéng trén, ta cé vi du:

1/2

a. Véil= jf(x)dx , viéc lua chon &n phu x = sint, —g- <t<

0

lva chon hudng 1, boi khi d6:
* Véix=0,suyrat=0.

. 1
* Véix= 5,suyrat= L

1/3

b. Véil= jf(x)dx , viéc lua chon 4n phu x = sint, —
0

chon hudng 2, bai khi dé:
* V6ix=0,suyrat=0.

s
2

StE-

i
2

N R

, 1 . ,
» Véix= 3’ ta khong chi ra duoc s6 do goc t.

— cho phép ta

ta thuong lua
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BAI TAP TU LUAN VA TRAC NGHIEM
Bai tap 1. Tinh céc tich phan:

212
a. I= I 1-x%dx.
1/2
A T, 31 5 M A8
12 4 12 4
B.l‘—+2"‘/§. p. & _2-¥3
24 8 24 8
I= j' 4 —x°dx
1 .
" 1—J§_ " 16 —3/3 " 33-1 . 623
Z - 12 6 9
Bai tap 2. Tinh cic tich phan
3/2
4 I= dx
i (4_x2)3
3 1 2 = 3 1
Al ——-—— B. —. C. —. D. —+—.
7 3 3 J7 J1 3
|
b. I = [xv1-xdx
0
A L B. = c. = p. &
8 11 13 15
Bai tap 3. Tinh cic tich phan:
2 2.
5 Te j_x.Tl-ﬂ_
| X’
A 22 B, "2 g, XA p. "2
8 4 3 2
4 x2dx
b. I=j .
3Vx? -4
A. 4\/7-3‘[g In 3""‘/_. C. 43+ g’-}/-——-ln 3-95
2 4+23 4-243
B. 4\/_—3‘/g 345 . D. 4\/§+§i_5——]n 3-45 .
2 | a-243 2 4+243
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¢c. I= jm———w—
4/J’ix\[x3—4
A & B. *.
2 4
4, fafE
X+vx° -1
Bai tap 4. Tinh cdc tich phan:
‘Jﬁ.’:
a. I= Ixx’l+x2dx.
|
— D
A. 3 VT. B.
3
> d
b, = Jer,
()X"+3
n
A, — . B.
3.3
|
g l= _j’—“r—d‘}:,‘—““*
o(x"+D(x +
o n n
AL —————. B. —
8 1243
g D= e
VX =x-1
Bai tap S. Tinh céc tich phan:
2 12
a. I= M TXax .
SV2-X
A n-1 B
1/2
T s TN
S VI=x
m_~3 n
3 4 3

2 dx

Bai tap 6. Tinh céc tich phan:
3

a. I= [{J(x=1)(5-x)dx.
2

A.

T 3

——— B.

6 4

5

b. I= [{J(x=1)(9—-x)dx.

3

|3

E

o
(B9
by

. 3n-4.
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’) o]
A. §+\5 B. = C. ?+ 3. 1, “—?—ﬁ

Bai toan 2: Pih.  _ phdp doi bién s6 ddl"‘ ,

PHUONG PHAP CHUNG

Dé tinh tich phdn I= jf(x)dx

bang phuong phap déi bién dang 2, ta thuc hién céc budc:
Buoc 1:  Chon:
= t=@(x), c6 dao ham lién tuc
= g(t) lién tuc trén tap gid tri cua ¢ sao cho g(e(x)).9’(x) = f(x).

p(b)
" Bude2: Khidé: [[gdt] = [fodx va Jf(x)dx = [a(dt.

¢(a)

Luu y Cic ddu hiéu dan t6i viéc lva chon 4n phu kiéu trén théng thuong la:

Dau hiéu Cé thé chon
Ham f(¢’(x), ¢(x)) . t=o(x)
Ham c¢6 méiu s6 t 12 miu s6
Ham f(x, y/o(x)) t= yo(x)
Ham f(x) = 1 eVdix+a>0vax+b>0,dat:
\/(X+3)(X+b) t=+yJx+a + Vx+b
eVdix+a<0Ovax+b<0,dat:
= \/—x -a + \/—x-—b
Him f(x)=—2:310% + bicosx t=tg> (vicos— # 0)
c.sinx +d.cosx +e 2 2

BAI TAP TU LUAN VA TRAC NGHIEM
Bai tap 7. Tinh cic tich phan sau:

1
a. I= [x(1-x)"dx.
0

L. B L ¢ = b=
420 380 342 462

A :

I= [(1+3x)(1+2x+3x%)%dx .

0 .
12 n o _ %

2=, mi=, @i, BT

24 22 20 18
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Bai tap 8. Tinh cac tich phan sau:

X dx
j :
0 X +1
5 _" 5 _9 749 9
g MEZE g HECE g IERE o J0EES
4 2 4 2
b [= ““(_i(%l)d_xw
) X" +1
3-242 1 1+42
A. C. —In -
7J_ 5 2 2
B. In 3+2\/- D. lln]_\/i.
2\/_ 5 a2
Bai tap 9. T/nh céc tich phan sau:
d
a I=]—F—. b Befte
X(x° +1)° X(x+1)”
Bai tap 10. Tinh céc tich phan sau:
| -
a. I= j'xxfl—xdx.
0
A, -l— B. l C. —3- D. —4—
9 11 13 15
’J. x.dx
o X -1
2 4 1 b
A, — —In2. B. — -2In2. C. 1 - —In2. D. | + —In2.
3 3 2 2

Bai tap 11. Tinh cdc tich phan sau:

. = "6 tg* xdx - b ”’f sin x.cos':x.d)_(_
o COS2X 0 1+cos” x
Bai tap 12. Tinh cdc tich phan sau:
Ho cos Xx.dx
a. l = v . *
o 6=5sinx +sin” x
4
A. ln—?~. B. lnlg. C. ln—s—. D. In—.
10 9 4 i
b e ""J? cos x.dx
' 5 11=7sinx —cos®x .
1
A. §ln~1—. B. lln§. C. lln§. D. §ln—.
S 3 3 5 5 3 3 5
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Bai tap 13. Tinh céc tich phén sau:

T[Z
a. I= [sinvxdx.

0

A. m. B. 2.
n/2 : e
b = I\/smx‘ im xdx.
/6 sin” X
A 242 —1 272 +1
. 5 . 3 5
Bai tap 14. Tinh cdc tich phan sau:
a. I: Iﬁﬂdx
P 2x |
L A s
: 3 3
i
b. I= [edx.
g .
A. 2. B. 4.
Bai tap 1S. Tinh céc tich phan sau:
| 3
A = Icosxdx_
-1 e’ +1
A. sinl. B. cosl.
1 / el
b I= [V gy
O 1+2F
A X B. L.
2 4

Bai tap 16. Tinh cic tich phan sau:

L o ol
-1 X +1
Bai tap 17. Tinh céc tich phan sau:

bid
a. I= [xsin’ xdx.
0

A I B.
2
B ot
b. I= IEE—x-dX
=3* +1
A E B.
2

S| A

&2
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D. 2n+ 1.
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Bai toan 3: Phuong phép tich phén timg phan.

b

PHUONG PHAP CHUNG

b
Ta co judv :uv’r — Jvdu. ()

H]

b

Peé sir dung (1) trong viéc tinh tich phan I = If(x)dx ta thuc hién cdc budc sau:

Biuoe | :

" Biroe 2:

Biuoc 3.

- KhidéI= uv

a

b b
Bién ddi tich phan ban ddu vé dang: 1= [f(x)dx = [f (x).f,(x)dx.

u=f(x) du
bat: : o .
dv =1, (x)dx v

b
. = fvdu.

Chi j: Khi sir dung phuong phép tich phan timg phin dé tinh tich phan chiing ta
cin tuan thi cdc nguyén tic sau:
1. Lua chon phép dat dv sao cho v dugc xdc dinh mot cach dé dang.

b
2. Tich phan Ivdu duge xdc dinh mot cich dé dang hon so véi L.

3. Chung ta cn nhé céac dang co ban sau :

Dang 1: 1 =[x“Inxdx, v6i aeR\{-1} khi d6 dat u = Inx.

Dang 2: I= [P(x)e™dx (hoac I = [P(x)e™dx) véi P Ia mot da thic thudéc R[X]
va aeR" khi d6 dit u = P(x).

Dang 3: 1= _[P(x)sin axdx (hoac j?(x)cosaxdx ) v&i P la mot da thie thude
R[X] va aeR" khi d6 dit u = P(x).

Dang4: 1= fe“"cos(bx) (hoac Ie““sin(bx)) vdi a, b # 0 khi d6 dat u = cos(bx)

(hoac u = sin(bx)).

BAI TAP TU LUAN VA TRAC NGHIEM

Bai tap 18. Tinh cdc tich phan sau:

a. I=

n/3

[x.cosxdx ..

0

w31 mBol o w3
6 2 2 6 2
n/3 _de

n}f«iSian

—T-t-—l+ln~—3~ C E+—E-~+ln~\/~—§—

2 3 2 2 3 2
s T \/g T T \[6
— — —— +In—. D. — + — +1In )
4 343 2 4 33 2
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Bai tap 19. Tinh cic tich phan sau:

n/2

a. I= f e " sin3xdx.
0
A' 3_e~7t/2 . B. l+e-/‘!/3
10 2

t/2
b. I= [e™ cos3xdx.

0
| <3e e Y 1+3e ™
10 10
Bai tap 20. Tinh cic tich phan sau:

n
) 3
a. I= [e**sin®xdx.
0

1

b 1 ]
A, —(™=-1). B. —(e"-1.
( 4( )

8

b. I= [cos(Inx)dx .
|

1 1
A- g x =3 l . B- O o = l .
2 (e" - 1) 5 (e =1

Bai tap 21. Tinh cdc tich phan sau:
In2

a. I= [xe™dx.
0

o |
A —(1-12). B. —(+In2).
2( ) 2( )

b. I= jln3 xdx .
|

A. 6-2e. B. 4-e.
Bai tap 22. Tinh cdc tich phan sau:

a. I= ]’xln2 xdx .
]

e’ +1 . gt =1

A. .
2 2

1
b. I= [xIn(x®+1)dx.

0

A. 2In2 - 1. B. 2In2 + 1.

94

C.

C.

1™ B, 3+e"i:_
4 10
3__e—n/2 oD. 3+e“n/.'l
2 2
! e™-1). D l(<:3"+ 1)
5 . r :
l n & 1 n
—("+°1). D. ——(e"+1).
2
l(ln2-—1) D —I~(!+lr12)
5 ] p A
4 - 2e. D. 3 —4e.
el +1 D. el —1
4 4
1 ]
In2 — —. D. In2+ —.
2 i



B.ai tap 23. Tinh cdc tich phan sau:
2. I= j‘(l —Inx)"dx .

A, e-2. B. 2e - 3. C. 3e - 4. D. 4de + 3.
“In x.dx

b, [= -
2

-—14-‘(‘—")

1 l 1
A. 5 (1 -In2). B. 5 (1 +1In2). C. 5 (In2-1). D. Z (1 +1In2).
Bai tap 24. Tinh cdc tich phan sau:

e
i

a. I= [x.cos“xdx.

2
o

non o |l n° TR S

T
2 .. Yo e + :
2 6 4 2 g8 2 16 4 2

b, 1= t[xz sin xdx .
0
A -4 B. ©+4. C. 2n°-3. D. 2n° + 3.
Bai tap 25. Tinh cic tich phan sau:
1
a. I= J'e‘ sin® (mx )dx .
0

1 1 1 1
A, .—(e+1). B. —(e-1). C. —(e—-1). D. —(e+ 1)
8(6 ) 4(6 ) 3(e ) 2(6 )

1'\

/

b. I= j e cos” xdx .
0

zen/3_3 5 en/’.l = r)enfi_l E:1t/2_|_2
5 ; | . E “. . 2 ; 3

I1I. HUONG DAN - GIAI - PAP SO

Bai tap 1.

a. Tacé thé lua chon mét trong hai cdch dit dn phu sau:

e . n Tt
Cach [: Dat x = sint, =5 <t < — suy radx = cost.dt

2

Déi can :
 WeiaE s

2 6

5
" Véix= V2 e ®

2 4

n/4 = /4 , l n/4
Khidé: I= [ VI-sin“t.costdt = [ cos™tdt = 7 [(1+cos2t).dt

ni6 n/6 /6 ,

1 1 —+/3

= — (t + — sin2t) ’,‘ﬁ;‘ = 4 2 \/_
7" g Ve T4 T Ty
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Cach 2: Pat x = cost. t € [0. (] suy ra dx = —sint.dt.

Péi can :
. . T
" Véix=-— thit= --.
2 3
2 m
® Véix=— thits —.
2 4
n/4 g, = n/4 ) 1 n/4
Khids. I=~ [+vl-cos”t.sintdt =~ [sin’tdt == [(I-cos2t)dt
n/3 n/3 ~ n/3
I 1 o ® 243
Bt (= —BAHEO | e B ) o e,
2 2 24 b
. . T n .
'b. Dit x = 2sint, —E <t< 5 suy ra dx = 2cost.di.

Déi can:

. " T
" Vgix=-1lthit=-—.

. .o

. V61x=2th|t=—2—.
n/2 /2

Khidé: I= [ v4-4sin®t2costdt =4 [.Icost!.cost.dt
-n/6 - =n/6

/2 —16_3\/‘5

-n/6 12

Yéu cau: Ban doc hiy thuc hién viéc tinh tich phan trén bang viéc lva chon &n phu
theo cic céich sau:

et

n/2 2 n/2 l )
=4' _[ cos” t.dt=2 §(1-+ cos2t).dt =2(t —;sm2t)

-n/6 -n/6

a. x=2costvdit e [0, n]‘.
b. x*=4cos2t véit e [0, g 1
Bai tap 2.

: s s
a. batx =2sint, - 5 <t< S suyra dx = 2cost.dt.

"

Ta lya chon huéng xdc dinh nguyén ham :

~ " t
J. dx zjuost;dtzj‘ dtﬁ :tgt+C:il£—-+C
V@& =x2)? cos t cos™ t cost
x=2sint
=251nt+C="x . C
2cost 4 —x?
3/2 l
Khidé: 1= — -
4-x* , 7 3
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tb. Ta cé thé lva chon mot trong hai cach dat 4n phu sau:

(Cach 1: Véix € [0, 1] dat x = sint, 0 <t < ;:— suy ra dx = sin2t.dt.

—

Poi can:
* Véix=0thit=0.

L. g T
" Voix=1thit=—.
2

n/2

Khido: 1= jsm tv1-sin’t.sin2tdt = jsinzt.cost.sin2t.dt
0

x/2 -y

—1~ [ sint.sin” >2tdt = LA [sint.(1 - cos4t).dt

2 0 4 0

] n/2 1 n/2

o [(sint —cos4t.sint).dt = = [(2sint —sin 5t +sin 3t).dt

0

= l( 2cost + lcos5t - -1—c083t) M i

8 5 3 15

Cach 2: Véi x € [0, 1]dat x =cos2t,0 <t < % suy ra dx = —2sin2t.dt.

e

D6i cén:
n
" V3ix=0thit= —
4
" Véix=1thit=0.
0 n/4
Khidé: I=-2 [cos2ty1-cos2t.sin2t.dt = J2 [sint.sin4t.dt
n/4 0

n/4
= — j(cos3t—cosSt) t = £(—sm3t— lsmSt)
2 2 S

f1f1£4

n/4

BN |
Yéu cdu: Ban doc hiy thuc hién viéc tinh tich phan trén bang viéc lya chon an phu

X = cos’t véit € [0, %].
Bai tap 3.
t.dt
a. Patx= _1 ,0<t< z suyradx=—2£(§21—.
sin 2t 4 sin” 2t
Péi can :

s ox=42 >t= X,
8
|4

B x=]=2t= —.
: 4
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) 1 2cos 7t dt 5 2 cos 2[ dt

e ] cot g2t.
Khi dé - lz_“f sin” 2t sin® 2t _“f £ sin” 2t
wa — s i
sin” 2t sin” 2t
n/4 . n/4 1 . m 1
=2 j cos” 2t.dt = j(1+cos4t).dt =(t+ — sindt) ’;58 =— - -,
n/8 n/8 4 g8 4
Yéu cdu: Ban doc hdy thuc hién viéc tinh tich phan trén bang viéc lwa chon in phu
1
X=—— hodcx = 1 !
sint cost
1 2 4
b. Pat x =— ,Vix € [3,4] nén 3 £ — <4 & —<sin2t £ — do 16, de
sin 2t sin 2t 2 3

i d ~ - ¢ 4 ﬁ
thoa man tinh chit don dnh ta chon 0 <t < Z .

4 cos 2tdt
Tacédx = __c.os’— , va lua chon hudng xéc dinh nguyén ham :
sin” 2t
i x2dx e 8dt J(cos t +sin’ t) dt
Vx2 -4 sin” 2t 8sin’ tcos’ t
2
= —I(cotgt. _ !, + tgt. 17 + — )dt
sin~ t cos™t sintcost
1 1 2 1
= —f(cotgt. —— + tgt. - e
sin- t cos 't tgt cos’ t
i d(tgt)
=—[- ,fcotgt.d(cotgt) + ,ftgt.d(tgt) +7) - ]

= -(--;- cotg’t + —12— tg’t + 2lnjtgt)) + C

= % (cotg’t — tg’t) — 2In|tgt| + C

=—;—x\/x2—4 - Injx - vxz—4|+C.
Y FE 35
Khi dé: I:(%x X —4 —Injx- vx~ - |)‘ =443 ——2—)—\/: +1In » :

Chia y : Trong o1 giai trén s& di tacé :
cotg’t —tg’t = 4xvx~ -4 vatgt=x- Vx’ -4
cos*t—sin*t  d4cos2t 441-sin’ 2t

1a bdi : cotg’t - tg’t = — = = —
cos” t.sin” t sin~ 2t sin” 2t

= _2 /‘1 —4 =xVx’-4.
sin2t \sin“ 2t
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sint sin” t 1 —cos2t I —/1=sin? 2t

tant = = = =

cost  sintcost sin 2t sin 2t
1 2 4 1 \/—1—_—
= — | — - —— —4 | = —(x—- VX~ —4).
2 | sin2t sin” 2t 2
Gs Datx—i t € (0, —)suyradx-“zis:'(—ji.
sint 2 sin” t
Déi can :
s x=do>t= 1
6
4 |
[ ] X= T —
- ZCost.dt :
S sint ] Bl I w6 @
Khidé: I= I L 5 e en Idt=__t .3
n/3 2 4 4 2 /3 2 i 12
sint Vsin®t
Chu y : Cing c6 thé sir dung phép déi bién t = L , bing cdch viét :
X
”J? dx 1 "f dt
1= _— = — g
J%/zxa 1___‘_1__ 2 Brvl-t°
o2

A ] 9 o D . . Tt
RO1 11€p tuc su dung phép doéi bién t = sinu, ue (0, 5 ), ta dugc:

n/6
[=—1 j‘du_1 |m=—n—.
2 &1 2 n!6 12
o = 2 2_1
d Pitt=x+Vx" -1 &t-x=vJx" -1 =>x= t 2+1 vadx = tz —idt.
t t-
2 2
2xdx 2 2]‘“ t* —1dt 1 1
X +Vx® 1 t 2t t

1 1 1 -
=—(t+—)+C=—(x+Vx*-1)+
2( 3t3) 2\ )

1
+
6(x +Vx2 -=1)°
Chu y : Bai todn trén con c6 thé duoe gidi bing phuong phép phan tich, cu thé:
2xdx 2x(x —yx* = 1)dx ’ :
=] = [——— = [2x%dx - [2xVx* - 1dx
x+\/x2—1 X" =x"+1

=-x mj'\/x - d(x —1)+C—§ % (x*-1)° + C

A
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Bai tap 4.

T b4 dt
a. Datx=tgt,—— <t< — suyradx = :
' &t 2 2 4 cos’ t
Déi can :
" x=\/§_—.>t=-1-t—.
3
s
. Xx=]t= —.
4
n/3 g
. ®(3 dt /3 d(cost) 1 8 —2+/2
Khidé:I= [ tgta/l+tg’t. =— = = .
n;|.4g = cos’ t n}’; cos‘t 3cos’t|, 3
b. Datx=v/§tgt,—ﬁ<t<£suyradx— V3 f(l+tgt)dt
2 cos’ t
Péi can :
= x=0thit=0.
" x=3thit= =~
3
n/3 2 n/3
Khidé: 1= jﬁ(“;tg I W N | .
o 3tglt+3 N R W3
) 1 a b (a+b)x* +3a+b
c. Taco: : : = — + — = > -
x“+Dx"+3) x“+1 x"+3 (x“+D(x°+3)
a+b=0 1
Sa=-b=—
3a+b=1 2
| | d l |
Khxdol=l_[[ ,l —,1 dlejzx —-—Izdx (1)
o\x“+1 x°+3 2 0x°+1 2 0x°+3
LT,_/ T
1
” T T 5
Véil, datx =tgt,-— <t< — suyradx = 2 = (1 + tgt)dt.
- 2 p. \ cos“t
Péi can ;
= x=0thit=0.
» x=Ithit= 2,
4
n/4 2 n/4
Khido: I,= [ S BOA_ Ty _yfws 2T @)
0 tgt-\‘-l 4
J3d

t 5
— = V3 (1 +tg’tdt.

Véil,datx = Jitgt,—E <t<1t— suy radx =
2 7 cos” t

Péi can:
100




s x=0thit=0.
¥ e R,
6

1 "].6(1+tg2t)dt A

1
= dt = —t
Y3 o glt+l 3 cj) J3

Thay (2), (3) vao (1), ta dugc I = % (E = —L)

4 63

Khi dé: 1, =

dx

1, 5
s

Dattzx——;— =g =X,

Khi dé: I=f—dt——— =ln|t+‘ft2——5~ x—~1—+\/x2—x~l +C.
| Ji2 =574 | 4 2

Chii y: Trong 0i giai trén chiing ta da sir dung két qua:

!\/_(:x— =Inlk+Vx*+tal +C
x“*a

d. Bién déil vé dang: 1=]

+C=1In

Bai tap 5.
a. batx=2.cos2t,t e (0, g ] suy ra dx = —4sin2t.dt,
Déi can:

n
' Xx=-2t= —.

X x=0:>t=£.
4
rld 242, —{ n/4 )
Khidé: 1= _[1/—1-—% (—4.sin2t.dt) = -4 [l cotgt | .sin2t.dt
n/2 2—2.cos2t n/2
' Al 2 %2 . n/2
=—8n;[2cos t.dt=4 ,Ifl+C082t)dt= (4t+2sin2t)” [ =n-2.

b. Dit x = cos2t, t € (0, g—] suy ra dx = -2sin2t.dt,

Ddi can:
4
P x==1t=—,
2
1 L8
' X=-=t=—.
2 6

Khi dé :

&
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n/6 n/6
I= | JI—ES—ZE (~2sin2t.dt) = -2 [l cotgt |.sin2t.dt
a2 V1 —cos2t n/2

n/2 o \ﬂg

n/2 n/2
= 2 jcos"‘ t.dt= j(1+cos2t)dt= (t+—;—sin2t] i

n/6 /6

n/6

Bai tap 6.
a. Patx =1+ 4sin’t, te[0, -g] suy ra dx = 4sin2t.dt.

Dé6i can :

/4 /4 1 s ﬁ
Khid6: I= [4sin2tdt=2 j(l—cos4t)dt=2(t—zsin4t) -

n/6 n/6

o M|

n/6
b Datx = 1+ 8sin’t, te[0, | suy ra dx = sindtdt
Déi can:

A3 oA

n/4 n/4 1
Khidé: I= jlésin’Qt.dt——*S I(l—cos4{)dt:8[[—zsin4tj

n/6 n/6

n/6
Bai tap 7.
a. Ta c6 thé lya chon mot trong hai cdch sau:
Cach I: Datt=1-xsuyrax = —tvadx =-dt

P6i can:

" x=0=>t=1.

" x=1=>t=0.

0

1 t20 t2|
Khidé: I=—[(1-1).t"dt = [(t" —t*)dt = | — - —
! Ja-ofde = J7 = o5~

0
Cdch 2: Sir dung déng nhat thic :

x=x-1+1
ta dugc :

x(1=%)"=-[(x - D+ 1x - 1D ==x-)* - (x = D".
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0

. ! ) ' : x-1"  (x=D*
Khidé: I=- [(x=1D"dx - [(x-1"dx =- +
| Jor =7 = J-) 2 2

1 ] 1

——t — = —
21 20 420
Tong qudt: Véi tich phan bat dinh :

I =[x(ax + b)%dx, véia =0

st dung déng nhat thic : x = L] X = 1 [(ax + b) — b]
a a

ta duge : x(ax +b)’ = 1 [(ax + b) — b](ax + b)* = 1 [(ax + B)**' = (ax + b)“].
a a
Khidé: I = —1— [J(ax + b)**'dx - J(ax + b)*dx]
a

= lﬁ [,[(ax +b)**'d(ax + b) - f(ax + b)“d(ax + b)].
a’ ]

Ta xét ba truong hop :

pA

* Véia=-2,taducc: I = - [J(ax + b) 'd(ax + b) — J(ax + b)d(ax + b)]
a

=—];[ln|ax+bl+ ]+ C.
a2

ax+b
1

2
a

* Véia=-1,tadugc: 1= — [Jd(ax + b) - [(ax + b) - 'd(ax + b)]

= Lz[ax+b—ln|ax+b]]+c.
a

a+2 a+l
. Vs R, 1T ta s 1= e[ EREE)  , BXFD)
a” o+ 2 o+
b. Patt=1+2x+ 3x° suy radt = (2 + 6x)dx = 2(1 + 3xdx.
Déi cin:
P x=0=>t=1.
. x=]=3t=6.

6 I _
Khi d6: 1= 2 [t"dt = Lo | = '
2 22 22

Bai tap 8.

a. Datt=x+1suyrax’=t-1vadt=2xdx.

Péi can:
B x=0=1t=1.
» =] =st=2.

]+ C.
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| 274 132 2
TR L o N GV j( —2+l)d
20 x +1 21 t 2 t

~.<lt “2em g = 222

b. Talua chon hucng xdc dinh nguyén ham:.
1 1
I(xz—l)dx _J -3 I e

4 :
K+l L (x+—)° -2
X

dx.

bat t=x + ! suyradt= (1 - —lz—)dx.
X X

o (xE-Ddx o dt 1 |-+
Khi dé: = = In +C
/ x* +1 t2-2 242 |t++2]
X+ -2
1 ” 1

= In +C= In
W2l 2

X

xz—x\/i-l-l

X% +xv2 +1]

s

ix - X 2+1" 1 l 3+2\/'2'.

2\/_ |x +x\/§+1" 2

Cha y: Véi tich phan I = j——ldx ta c6 thé trinh bay bing c4ch xét ham s6:
al+Xx

Suy ra: I =

1 lnx -Xxv2 +1
2\/5 x2 +x42 +1
2_ 2__
(lnx x2+1),=x4 1‘
272 x2+x2+1°  x*+l
Do d6 1= F(x)|? .

F(x) =

Khi d6: F (x) =

Bai tap 9.
a. Datt=x3suyradt=3xzdxvé—9x——=l.—2—dt——?.
x(x* +12 3 t(t*+1)
Khi dé: I———I—L
37t(t? +1)°
Ta cé:
1 a bt ct ©  (a+b)t* +(2a+b+c)’
R atd ot ad a1 Tl 7 112
(it +1% t 241 (2 +1) t(t2 +1)
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a+b=0 a=1l
=<2a+b+c=0 < <b=-1.

a5 c=-1

dt _1_“ t B t
t 2+l @+

L1
- e o b il SR S e FE
t"+1 (7 +1)° 4 2 t°+1

2 6
%(mt;+1-+t211)+czbéanx:+l+-;:+1)+C'

b =(a+b)x3+(2a+b+c)x+a"
x+1 (x+1)2 ox(x=Dx+1)
a+b=0 a=]

=<{2a+b+c=0<{b=-1.

1l

, a
b. Taed ——sv ==+
X

a=1 o |

Khi do: —*——l—z ] - 1 =y
A+l (x+1)°

,
x(x +1)2 x
1 1

1 >
Dodé: I=][— - - 1dx
X x+1  (x+1)?
=mm—mm+u+mL-+Cﬂn B + l +C.
X+ 1 X+1 x + 1

Chii y: Ciing c6 thé trinh bay theo cich dat t = x + 1 = dt = dx. Khi dé:

dt -1
Fes | ’zj(] _Lm;}t=mi—-+l+c
(t—=Dt” t-1 t t° t t
P .S R B
x+ﬂ x+1
Bai tap 10.
a. Ta c6 thé lua chon mot trong hai céch sau:
Cach I:Patt=1-xsuyrax=1-tvadx =-dt.
Péi can:
®E Xx=0=t=1.
" x=1=t=0.
0 1 4
Khi dé6: I=—j(1—t)\/fdt = [(t'? =¥ *)dt =(%t”2_ %tm) o = T
I 0
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Cdch2:Datt= +/1-x suyrat’=1 - x va2tdt = —dx
Déi can:
" x=0=1t~ .
" x=1=>t=0.
0
Khi dé: 1= - [(1-t?)t.2cdt —2j(r-—t Mt =2 ¢ ——t)i;, -
. 0 3 : 15
b. Ta c6 thé lua chon mat trong hai cdch sau:
Cdch 1: Datt = v/x suyrax =t vadx =2t .
Péi can:
" x=0=t=0

. x=—:>t=l.
4 2
1/2 42 112 ‘
Khidé: 1= jt L =2 [(tz+t+l+i]dt
o t-=1 0 t—1
-2(—t+lt‘+t+ln|t—1| ”’=i—21n2.‘
4 2 3 '

Cach2: Datt=~/x —lsuyrax=(t+ 1) vaidx=2(t+ 1)dt.
Péi can:
B x=0=t=-1.

1 1
" X= Z :>t=—~2—.
. -1/2 2 -1/2 3 ~1/2
Khi d6: 1= [ (t+1)°.2(t+1).dt =5 jwl:z I (t2+3t+3+ﬂdt
-1 t = t -1

bl e 2 4
=2(1t3+ gz-+3t+1nlt|)|_}’~ = — —2In2.
32 3

Bai tap 11.

2
a. batt=1tgx suy racos2x=1 t2 va:
I+t
d " dt
dt= - ): =(1 +tgx)dx & dx= -
Cos” X 1+t°
Péi can:
" x=0=t=0.
1
® X=—t=—.,
3
, dt '
I/\/St _—ii ]/ij t4dt 3/\"_5 1
Khidé: 1= [ L = ] - =- j(t2+l+ - ]dt
0 Ll_—_t: o 1-1t° 0 t° ~1
1+t°
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Bai tap 12.

a. Dat t = sinx suy ra dt = cosxdx.
~ D6i can:
= x=0=>t=0.
B X=—Dt=—
1/2 t 1/2 =3 1/2 10
Khi dé Iz‘[—g——,-:j LI =In I / =ln—.
0 6-5t+t° t-3 t-2 t-2 9
b. Dat t=sinx suy ra dt = cosxdx.
D6i can:
= x=0=t=0.
s
B x=— =t=l.
2
"2 d ‘ dt 11 1
Bhidh: Ie [t oo = o =_I(___ﬁ_.“
osm“x—7smx+10 ot*=Tt+10 3Ukt-5 t-2
L3t oL, 8
) 3 s
Bai tap 13.
a. Datt—\/_suyrat-xvamdt dx.

Dit t = | + cos’x suy ra dt = —2sinx.cosxdx.
Doi can :
* x=0>t=2.

i1
B x=— t=1].
2

_sinx.cos” xdx cos” X.cos X.sin xdx (t = Ddt
Taco: - = . i, 1)

1 +cos” X 1 +cos” X 2t

1 1

== ] - =jdt

2 t
Khi dé = 2[(1 1)dt 1 (t = Injt)|? 1 (1 —1n2)
i : — ——Jdt = —{f~ =—(l- .

20 2 b2

>

Daéi cin:

B x=0=t=0.
9

B g ESisR

Khidé: 1= [2tsint.dt.
0

Patt=n — u suy radt = —du.
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Péi can :
" t=n=3u=0.
® t=0=u=m.

0 n
Khidé: I=-2 [(n-t).sin(n-t).dt =2 [(n-t).sint.dt
n 0

n

T
=27 [sint.dt — [t.sint.dt =— 2m.cost
0 0

< 2A=4n1=2n.
b. Dat t=sinx suy ra dt = cosxdx.

o —1

D6i can:
T
. Xx==—=t=1
2
T 1
FoX==t=—.
6 2
Khido: = ne \/(l—sin‘zf)sinxdx _ "fdsinx-.c}osx.dx _ It_gdt
n/6 sin X /6 sin” X 1/2
=_zt‘3/2 1z _ 4\[5-_2 '
3 @ 3
Bai tap 14.
d
a. Datt=Inxsuyradt= —,
X
Péi can:
" Véix=1thit=0.
" Véix=ethit=1.
. Ry, -1 343 -242
Khidé: 1= I_Z_tt_dt = ._(2+t)3f3|('J = _l/_____‘/—_
o 2 3 3
b. Pit t= Jx suy ra t* = x va 2tdt = dx.
Péi can:
® Xx=0=>t=0.
" x=l=>t=1.
1
Khidé: I= [2te'dt. (*)
0
Ta di xac dinh nguyén ham cta ham s6: f(x) = 2te', gia sir:
F(t) = [2te'dt = (at + b)e' + C. (1
Ldy dao ham hai vé& ctia (1), ta duoc:
2te' = (at + a + b)e'. (2)

Dong nhat he s6, ta duoc:
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A= ia=2
o = F(t) = (2t - 2)e' + C.
a+b=0 b=-2

Do dé: 1=(2t-2e'|} =2

Chii y: B¢ tinh duoge gid tri cua I trong (*) chiing ta ¢6 thé su dung phuong phap
tich phan tirng phan, cu thé dat:

=1 du =dt
o> "
dv =e'dt v=e'

|
Khi d6: I = 2(te'|, - [e'dt)=2(e ~¢|;)=2.
0

Bai tap 15.
: @ d : d
a. Viétlailvédang: I= jcosx * s jcosx X
Se+l g et +1
9 d
Xét tinh phan J = [
-1 ex+1

(D

bang cach dat x = —t = dx = —dt.

Déi can :
B xz=l=t=1.
" x=0 =t=0.

Khi do:
0cos(—t)dt 'e' costdt e* cos xdx
e S
e +1 0o € +1 0o e +1
Thay (2) vao (1) ta duoc:
I aX | |
[= Ic cos xdx ; ICOSde j(e + 1) cos xdx _ j'cosxdx
e’ +1 0 e’ +1 0 e +1 0
=sinxl(') =sinl.
0.J1=x?2 V1
b. Bién déi I vé dang: I = ITTX"_d sz—d (1)
-1 1+ +

. o i o2
Xét tich phan I, = I—ll——szdx biang cich dat x = —t thi dx = —dt.
g 14

Dii can:
8 xX==]=t=1.
" X=l) St=0

K hi dé:
o "I\/l—(—t)z (dt) = 'IZ‘\/I-tz.dt _ k2 1-x7 dx -
1A 5 142 d 142
Thay (2) vao (1) ta duogc:

[ 4
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'2*\5——;dx+'\/1—x L1+ 2" W1 = x? dx

[ =
J 142" OI1+2" J 1+27%
|
= [V1-x*.dx.
0
Dzjtx:sinu,—% gusgthidx=cosudu.
P6i can:
T
" x=lt=—.
-

" x=0=>t=0.

x/2 %12 /2
Khido: 1= J v1-sin®u.cosudu = jl cosul cosudu = j' cos® udu

0 0
x/2 1
l I +cos2u)du=—(x+——sm2u) ”"—E.
2 9 2 2
Bai tap 16.
| tad
a. Vietlai 1 dusi dang: 1= [ 9% 4 Snxdx. (1)
JIX +[ . x‘+]1
ﬁ Iy
Vi tich phan I, ta bi€n déi:
L x* Lx* —1+1 '[z I ]
I = dX = [——dx = || x" -1+ dx
| _'[x2+1 I. x? +1 I, x2 +1
1
' 1 boodx
= [{x* -1 —x* -x
( }j (3 )_l _le2+l
4 1 dx
=-— + [——. (2)
3 _'{x”+1
%r_—l
L2
L d
Véil,,= _[ qx tasfr'dungphuongphépdéibié’nxztgt,-—g»<t<gsuyra:
ax°
t ’ 1+tg’t)dt
dx = d2 = (1 +tgt)dtva 2dx =( 2g) =dt.
cos“t X“+1 tg t+1
Déi can:
" x=-l=t=-1.
4
. x=l:>t=1t-.
4
nl4 m
Khidé: 1,,= [dt =t|"}, = —. (3)
ik 2
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4
Thay (3) vao (2), taduoc I, = :;E ; ) (4)
\6i tich phan L, ta bién di:
L= Losinx _ J.smx ' sjnx . 5)
ax?+1 oX” +1
Xét tinh phan I, | = I () x] dx ta st dung phuong phap déi bién bing cach dat
|X +
X = -t suy ra dx = —dt
Poéi can:
" x=-1=t=1.
» x=0 =t=0.
% sin(-t) losint L sin x
Khi dé: L,_j—~—~( dt) = - [——dt =- [—/——dx. (6)
P(-)” +1 ot +1 oX~ +1
Thay (6) vao (5) ta duoc I, = 0. (7)
Thay (4), (7) vao (1) tadugc [ = 5 - % :
1 1
b. Bién déi I vé dang: I = _[e"2 sinxdx + [ e®.x’dx. (D)
-1 -1
Iy Iy
Véi tich phan I, ta bién d6i: I, = J'e sin xdx + Ie sin xdx . (2)

Xét tich phan 1, , = Ie"2 sinxdx ta sir dung phuong phdp ddi bién bang cich
=

dat x = —t suy dx = —dt.

Péi can:
" x=-1l=t=1.
P x=0 2t=0.
Khi dé:

0 2
I, == [e"™" sin(-t)dt
1

Thay (3) vio (2) ta duge I, = 0.

Do dé: I = e, —[ : _2
3
Bai tap 17.
a. bat x =rn - tthidx = —dt.
Déi can:

" x=p=t=0.
" =0 =t=7

L
=—[e" sintdt = —je‘z
0

|
sin xdx . 3)

0
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0

Khidé: 1= [(n- t.sin’ (t— ty(=dt) = [(n- t).sin” tdt
his 0
. " ™ A m %
=7 [sin® tdt — {t.sim tdt = = [3sint -sin3t)dt -1
9 0 4
n l dm 2n
& 2= = (~3cost + — condit)| ? Rl Lot
-+ A | 3 3
e g " gin * x.dix in~ x.dx ;
b. Biéndéil vé dang: 1= [~ ——= + f:wm———‘ (1)
2 31 0 3+
o, I
Xét tinh phan I, = }———T{b\ ta sr dung phucing phdp doi bién Hing cdch dat
x = —t thi dx = —dt.
Poi can:
# X=-n>>t=m1m

" x=0=t=0.

Khi dé: 1, = (}.sin:(—t)(—dt) _ _“]3'.Sin2 t.dt J.3 sin” x.dx .

= (2)
n 37 +1 o 341 o 3+
Thay (2) vao (1), ta duoc:
[= "‘IB".sin2 X.dx s “Isin.2 x.dx _ ’].( 3"+ ]).'Sm- x.dx‘ - ]'sir;;’ <dx
o 3% +1 0 3% +1 0 3" +1 &
n
l fa —cost)dx:l({x .
2 B 2 2
Bai tap 18. ‘
a. Surdung phuong phdp tich phan tirng phin, bang cich dat:
=X du = dx
&b o
dv = cos xdx |V=sinX
"/3 /3 ‘ 3
Khido: I =x. Sinx"’"‘"‘ - J‘s‘inx(dx = I%‘ + COsX ;” L %
0
b. Sirdung phuong phap tich phan timg: phn, bang «"h dat:
=X ‘ |
Jdu = dx
Dat: o
' dv=_»d_§__ 1v:—cmx;'
sIin- x
e n m 13 cos X.dX
Khidé: 1 = —x.cotx|” ,,/4 + Jcotx.dx = ————= + | ——
/4 4 3'\/3 /4 SINX
n/3 d M
==--L dsinx) PE_Y . + Inl sinx| |7 ,,,4

n
4 33 ., sinx 4 343
E——E—+1n—-——.

4

112



Baitap 19. '
a. St dung phuong phdp tich phan timg phéan, bang cich dit:

{u =8N 3% {du = 3cos3xdx
& .

-X

dv =e¢ "dx vV=—e

Khi dé :

) n/2 n/2 )
7 +3 [e ™ cos3xdx=e™+3 [e*cos3xdx. (1)
0 -0

I = —esin3x

J

J

\ i u = cos3x du = -3sin3x.dx
Xét tich phan J bang cdch dat: &S )

dv=e"dx V=—¢
3 M2

Khi dé : J = —e*cos3x (T;/ -3 Ie sin3xdx =1 - 3L 2)

-

g

-x/2

3+e

10
Yéu cqu: Cic em hoc sinh hﬁy giai bai tap trén bang cich st dung phuong phdp hé
80 bdt dinh.

Thay (2) vao (1), taduoc: I=e™+3(1 -3 1=

b. Ta c6 thé lva chon mot trong hai cich gidi sau:
Cach I: St dung phuong phdp tich phén timg phén, bang céch dat

{u = Ccos3x {du = -3sin3xdx
Pt )

dv =¢ "dx V=—e
- Khi dé: ,
n/2 n/2
I = -—-e*cos3x "’2 -3 J'e"‘ sin3xdx =1-3 je"‘ sin3xdx. (1)
3 |
\-——_‘"W——/

J

. u = sin3x du = 3cos3xdx
Xét tich phan J bang cach dat: & . 3

dv=e™"dx vV=-¢
n/2 i
KhldO J = —e*sin3x """ +3 Ie cos3xdx =e ™+ 3l (2)
] _
1
Thay (2) vao (1), ta dugc:
— a2
I=1-3e™+3]) <I= l—i—.
10
Cdch 2: Ta di xdc dinh nguyén ham ciia ham s6 f(x) = e “cos3x, gia sr:
F(x) = Je "cos3xdx = (a + b.cos3x + c.sin3x)e™ + C. 3)
Lay dao ham hai v€ cua (3), ta duoc:
e *cos3x = [-a + (3¢ — b)cos3x — (c + 3b)sin3x]e ™. 4)
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Bai

a.

114

a=0 4=
Déng nhat hé s6, ta duoc: {3c-b=1 = el 3
c+3b=0 10 10

Vay, ta duge F(x) = I% (—cos3x + 3sin3x)e ™ + C.

3 _3 ~-n/2
Dodé: 1= —l— (—cos3x + 3sin3x)e " g’- = l———e————.
10 _ : 10

tap 20.
Bién déi I vé dang : .

1= . n’ LA

I=— [e*(1-cos2x)dx = l(J'c:z"dx — [e’* cos2xdx). (1
2 0 2 0 0
N — ~ ~ et
I Iy ’
Xét tich phan I, ta c6 ngay: I, = Tj'e,z"dx = l el"rg = 627:‘ - l ) (2)
. 0 2 ] 2
| " du = -2sin 2xdx
. u = cos 2X
Xét tich phan I, bang cach dat: 1. . <> 1,
dv = e *dx v=§e"‘

Khi d6 :

1 g F SRR Y

L= =e*cos2x|j + [e** sin2xdx = £ sy fe**sin2xdx. (3)
2 0 ) 2 2 0 L
T
. du = 2 cos 2xdx
. lu=sin2x
Xét tich phan I, | bang cach dat: s N .
dv=e""dx v=—e’
. 2
Khidé: I, = 1 e”sinx|j - jez‘ cos2xdx = -I,. (4)
: 0
_ I
Tﬁay (4) vao 3), taduoc : I, = S IS (5)
PR g BTET g4 g
1 e 1 e’ 1 1

e s il
2 2 4 4 8
Stt dung phuong phép tich phan timg phan, bang cach dat:

Thay (2), (5) vao (1), tadugc : 1= -2-[

u=cos(lnx) . |[du= ~lsin(ln x)dx
dv =dx

v=X
n

'f" + jsin(l-nx)dx =—"—1+1]. (h
|

S S
]

Khi dé: I = x.cos(Inx)




Xst tich phan J biang cédch dat:

Ju = sin(Inx) du = l cos(In x)dx
s X F
|dv = dx
V=X
Khi d6: J = x.sin(Inx) 'fn - fcos(ln x)dx =-1 (2)

1
(S —

I
Thay (2) vao (1), tadugc : I =—e" -1 —I@Iz—%(e"+ 1).

Chiz y Néu bai todn yéu céu tinh gia tri cua mét cap nguyén ham:
I, = Isin(Inx)dx va I, = [cos(Inx)dx
ta nén lua chon cach trinh bay sau:
® S dung tich phan timg phdn cho I, bang céch dit:

u = sin(Inx) du = L cos(In x)dx
= X i
dv =dx '

V=X
Khi d6: I, = x.sin(Inx) - Jeos(Inx)dx = x.sin(Inx) — L. (3)
®  Sir dung tich phan timg phén cho I,, bang céch dat:
{u = cos(Inx) du = —ls'm(ln X )dx
=

X :
dv = dx
V=X

Khi d6 : I, = xcos(Inx) + Isin(lnx)dx = xcos(Inx) +1,. 4
® Tir hé tao bdi (3) va (4) ta nhan duoc:

Il = % [ sin(Inx) — cos(Inx)] + Cval, = —;- [sin(Inx) + cos(Inx)] + C.

Bai tap 21.
a. Sirdung phuong phép tich phan timg phan, bang cich dat:

u=x du =dx
= )
dv =e *dx v=—e "
In2 1 1 1

In2 -X -x|(In2
+ le'dx =——1In2-¢™* =——1In2+ —.
o J 2 0 ) 2

b. Sk dung phuong phap tich phan titng phén, bang céich dat:

Khidé: I1=—-xe™

_3In’x

u=In"x du = dx
= X .
dv =dx
V=X
Khi dé: 1= x.In’x|} -3 [In® xdx =e-3J. (1)
| : ;

J
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Str dung tich phan timg phin cho J, bang cach dat:

u=In- x du = -P-\-,dx
= 3
dv = dx
v=X

: e
Khidé: 3 =xIn’x|] - 2[lnxdx = ¢~ K.
- |

Su duhg tich phan timg phan cho K, bang cich dat:

{u=lnx duzéi

= X
dv = dx
V=X
Khidé: K=xInx|{ - [dx =e-(e~1)=1
I
~ Thay (3) vao (2) ri tiép tuc thay (2) vao (1), ta duoc:
I=e—-3(e -2)=6-2e.

Bai tap 22.
a. Sirdung phuong phép tich phan timg phén, bing cich dat:
( 2Inx
5 du = dx
u=In"x X
="F. i
{dv = xdx X
V=—
2

2 & 2
Khi dé : 1=i“2—,1;ﬁxif - [xInxdx = < _J

|
S ——

' I
Sir dung tich phan timg phin cho J, bing cich dat:

du:rEli
u=Inx %
=>4 5 ™
{dv:xdx X
\(!E—-m-:
2
_ X’ e 18 et 1 4. er+l
Khi dé : J:—Ezf.lnx;l —-z—ij‘xdxz-—z—uzx ¢ = y
‘ e  et4l #F=]
Thay (2) vao (1), ta duoc [ = — - =
y (2) vao (1), ta dug : y 4

b. Su dung phuong phdp tich phan timg phén, bing cach dat:

2%

5. du:_“—’—?dx

u=In(l+x") 1+ x°
&

dv = xdx
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2

x*dx 1
71n(1+x)| [—

2 e

ido: 1

i
I
Il
i

1+x
l1nz—|lx2
2 2

]
I
Il
I

p 23.

I
X
In2 - |(x — )x
6[ ]+ x>

=ln2~—l.
2

dung phthuhuhuwrong phdp tich phéan timg phén, biang cach dat:

du=
w X
dv = ¢ ¢ ¢ ddx

{u — (10300 =Inx)? .
V=.X

1d6: T4 = ==x(1 ~Inx)*

T -2 [(Inx - 1)dx
|

dung tictchchchh phan timg phan cho J, bing cich dat:

du=9—)E
s >

u=lrinlnlmx
dv=¢ecd¢dx

V=X
id6: JIJJe=xlnx|f - [dx se-(e~1)=
|

i tich ph:hdhahain K, ta ¢6 ngay: K =

2(Inx-1) dx

xlf =g- 1,

3 ~2?lnx.dx +26jdx. (D)

ay (2), G333 vao(l),tadugc: I=1-2+2(e~1)=2e - 3.
t dung phohvhuhwong phdp tich phan timg phan, bang cich dat:

'u=lllnlnlmx du=gﬁ
X
—
d\/::-: j:-f: ((ifl 1
> OX” W = e
. X
1 5
ndoé: 1 :_=——lnxi’+'[_)f..=_l_nz__.
1 X° 2
p 24.
- x/2
En déi I v v v veé dang:l-*-% jx(1+cos2x)dx =
0

n/2

31 tich phshshahain I, ta c6 ngay: I, = jxdx = %x

— L
J K
1. (2)
%))
1 2 _ 1"lr12
x ! 2 -
1 /2 n/2
— dex + Ix cos2xdx) (1)
2 KN
5y : I
2
2{n/2 - __n_ p)
0 - (2)

5 tich phshéhahain I, sir dung phuong phap tich phan timg phan, dat:

du = dx

U=XXX X
1 . -
dv == e & cos 2xdx V= Esm 2x
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. 1 " "2 ‘ i
Khi d6: I, = — xsin2x |5 - a [sin2xdx = L (xsin2x + = cos2x) |5’
2 I 2 9 2 2
T
=5t 3)
2
n on 1
Thay (2), (3) vao (1) ta dugc: 1= Fo 5 =,
’ ) ' 16 4 2

b. Sirdung phuong phdp tich phan timg phén, bang cich dat:

u=x-> du = 2xdx
& i
V=-—CO0SX

dv = sin xdx
Khi d6: I = —x’.cosx|f +2 [x.cosx.dx =7+ 2J. (1)
| ol

j
Vi tich phan ) sir dung phuong phép tich phan tirng phan, dat:
u=x du =dx
< L -
dv = cos xdx vV =sinx

Khi d6: I = x.sinx|g — [sinx.dx = cosx’g =-2. (2)

0
Thay (2) vao (1) ta duoc I = n° - 4.
Bai tap 25,
a. Bién d6il vé dang:

| | |

= L. fe*(1--cos2nx)dx = l(je"dx — [e" cos2mxdx ). ¢
2 0 2 0 0 )

I

:,ze—l. (2)

Vi tich phan I, ta co ngay I, = ¢”

Véi tich phan I, str dung phuong phdp tich phan tirng phan, dat:
{u = cos 27X {du = -2sin2nx.dx
= :

dv =e*dx v=e*

!
Khi d6: 1, = e"cos21tx“) +2fe"sin2nxdx =e - 1 +2I,,. 3)

0

(. J
—_—

12 :

Véi tich phan 1, sir dung phuong phép tich phan timg phan, dat:

. u =sin 27X du = 2 cos2nxdx
{dv =e"dx < {v, =e" ’
Khi dé: 1,, = e*sinznxlg =8 lje* cos2nxdx = ;212. | (4)
9 I
Thay (4) vao 3),taduoc L=e -1 -2, & I, = _e_-3—_1 . ' (5)
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e—1. =l

)= ——

3 3

b. Tac6 thé lua chon cic cich sau cho viéc tinh nguyén ham I' = fe* cos™xdx:
Cach I : Viét lai I' duéi dang:

Thay (2), (5) vao (1), ta dugc I = %(e— 1-

’

I'= %fe".(l + cos2x)dx = % (fe’dx + Je*.cos2xdx)

= % (e* + e*.cos2xdx). (1

* Tinh tich phan J = [e*.cos2xdx bing cich dat:
u = cos2x du = —-2sin 2xdx
= .
dv = e"dx

Khi dé: J = e’cos2x + 2Je*sin2xdx. (2)
" Tl’ph tich phan K = Je*sin2xdx bang cach dat:
{u =sin2x {du = 2 cos 2xdx
e’ .

v=eg'

dv =e’dx v=g" |
Khi d6: K =e’sin2x — 2fc“cos2xdx = e'sin2x — 2J. 3)
Thay (3) vao (2), ta dugc: .
J=e€"cos2x +2(e'sin2x -2y = J = é (cos2x + 2sin2x)e” + C. (4)

Thay (4) vao (1), ta dugc :
I =% [e* +% (cos2x + 2sin2x)e’] + C= -116 (5 + cos2x + 2sin2x)e" + C.

2e™? -3

] I 2
Tirdo, suy ra: 1 = 10 (5 +cos2x + 2sin2x)e’|/* = :

Cach 2 : Viét lai I' duéi dang:
' = %— fe".(l + cos2x)dx = (a + b.cos2x + c.sin2x)e* + C. (5)
Liy dao ham hai vé cua (5), ta dugc:
% e (1 +cos2x) = (r25.55n2x+ 2c:c032x) e +(a+ B.cos2x + c.sin2x)e’

= [a + (2¢c + b)cos2x + (c — 2b)sin2x]e*. (6)
2a =1 a=1/2
Péng nhat he s6, taduge = {2(2c+b)=1 = {b=1/10.
2c-2b)=0 - |c=1/5

Vay,tacé: I’ = _116 (5 + cos2x + 2sin2x)e* + C.

: n/2
-3
Trdé, suyra: I = % (5 + cos2x + 2sin2x)e*| 2%, = g?_?.w

0 =
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CHUPE 5
TINH TICH PHAN
CAC DANG HAM SO THUONG GAP

Bai toan 1: Tinh tich phan cdc ham s6 chita d4u tri tuyét déi.
PHUONG PHAP CHUNG

Pé tinh tich phan:
b
= [ff(x,m)dx

ta thuc hién theo cic budce sau:
Buoc 1:  Xét ddu biéu thic f(x, m) trén [a, b].
Tir d6 phan dugce doan [a, b] thanh cic doan nho, gia su:
[a,b] = [a,c,] U [c), c] L...L [¢, b].
ma trén mbi doan f(x, m) c6 mot d4u.
Buoc 2: Khi dé6:

= chf(x,m)\dx + cﬂf(x,m)]dx + ...+ t]‘If‘(x,m)ldx.

Chu y: Phuong phép trén dugc mé rong tu nhién cho bai todn téng quat:
b
I= [{|f,|£|f,|£... £[|f,[idx.

r'4

BAI TAP TU LUAN VA TRAC NGHIEM
Bai tap 1. Tinh cdc tich phan sau:

2
a. I= j|x—1|dx.
% 0 )
A 1 B. 3. C. 6. - D. 11,
2
b. I= [Ix*+2x-31dx.
0

A. 2 B. 4. C. 8 D. 9.
Bai tap 2. Tinh c4c tich phan sau:

1
a. I= J'(|2x~ll-lx|)2dx.

A = B 2 c 2. D. >
8 4 2 2
4 3 ’
b. I= - +3|)dx.
_j;[lx—ctl—l X .
3 33 53

A, 2n2-—. B. In2- C. 2n8-—. D. 3n8-—.
2 2 2

L]
~
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Bai tap 3. Tinh cdc tich phan sau:

4 5 dl
a. 1= [,x"+=—2dx
12 X"
7 i
J——]—. B. 2 e = D. —.
10 8 6 4

3
b. I= I\/x3 —4x°% + dxdx .
0

V2-V3 o 23 2243 322 -643
]5 e g, . 5 . . 5 . 15 »

Bai tap 4. Tinh cdc tich phan sau:

In/8
a. I= j|cotg;<—tgx|dx.

/8

A. ln2.' B. h]\/_i, C. ]n\[g, D. In3.
n/4
b. I= J-|cotg>(*cotg2x]dx.
n/6

N3 N

A, In—. B. In—. C. In
2 2

. In—.

N_I. $|
o

o

Bai tap S. Tinh cdc tich phan sau:
a. I = ﬁcos3x.sin3x +-sin3x.cds3x|dx )
0

Ly B. 2. c. 2. D. =.
16 8 4 2
) n/12 T 1
b. I= I tgx.tg(——x).tg(—=+ x)ldx :
~-n/12 3 3
1
A i B. 2nvZ. € 2mv3. D. ZIm.
3 3 3 3
Bai tap 6. Tinh céc tich phan:
2 2
a. I= 6[x|a—x|dx.' b I= iﬂxz —(a+2)x +‘2aIde.
Bai tap 7. Tinh céc tich phan:
| 2
a. I= ﬂxz—-2x+m|dx. b. I= j‘x2—4x+4m]dx.
0 0
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Bai toan 2:  Tinh tich phin ¢ © . >0 hitu ti.

= o

PHUONG PHAP CHUNG ;
Pé xdc din! «.ch phan cac ham s6 hitu ti ta cén linh hoat ira chon mot trong cidc
phuong phdp co ban sau: '
1. Phuong phdp tam thic bic hai, ta co:

T T P R T
X" ta
d -
J— X = =~—1—lnx a +C,vaia=0.
X" —a” 2a  |Xx+a

2. Phuong phap déi bién.
3. Phuong phép phan tich.
- 4. St dung cic phuong phap khéic nhau.
BAI TAP TU LUAN VA TRAC NGHIEM
Bai tap 8. Tinh cic tich phan sau:

0
a. I= I._’_,E(____
_;X~“3X+2.
A. lné. B. lng. C. lnE D ln—2-.
6 4 g 3

_ (2% —10x? +16x — D)dx
5 x* ~5x+6 '

A. In3 - In2. B. 2In3-1n2. C. 4In3-3In2. = D. 7In3 - 11In2.
Bai tap 9. Tinh cic tich phén sau: i

1
a. I= j——x—f‘—dx
0(]+2X)' :

b, 1

PN N N P O LY
2 2 6 12 = & 28 96 " 128
Bai tap 10.Tinh céc tich phan sau: ‘ ‘

1 14241 1. 421 1 2-V2
2 2 "2 A2-1 2 V2 2442
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b1+ x?

b. I= dx .
€')l.1+x()
A, T B. . c. L. D. ~
3 -+ 6 . 12
Bai tap 11. Tinh cdc tich phan sau:
3 2
a. I:deXO.
2 (I=x)
11 2 1 1 1
A —(—-D+=(—=+D+=(—-1.
gige ~DH oG+t oG-
| 2.1 1 1
B. ;(?—l)+—8-(?+l)+ 6(59——1).
1 1 2.1 1 1
C. (—=-1N-—=(—=+D)=-=(—-1).
sG-S D25 -1 |
1 1 2 1 i 1 ;
D. (—=-1D)-=(—=+1)-=(—-1).
7(27 ) 8(28 ) 9(29 )
4 xdx
b. I= [——0o.
2 (x=1)
1 1 3 1 3 1 1 1
A —(1-—=)+=-(1-—)+—-(1-—)+=-(1-—).
S(I- 3+ JU- 70+ 2 - 5) 5(' )
1 1 3 ] 3 1 1 1
B. —(1+ =)+=-(1+ =)+-(+—=)+—-(1+—).
g1+ ) U+ )+ 24 04 U+ 55)
1 1 3 ] 3 1 ] ]
C. - (l-—=)+=-(1-—=)+=(1-—=)+—(1=-—).
g(I= )+ g- g+ -5+ = 36})

1 1.3 1. 3 too 1
D. —(Il+ =)+=(1+—=)+=-(1+ =)+ —=(1+ —).

Bai tap 12. Tinh céc tich phan sau:
Lx? +2x7 +10x +1

a. I= dx .
J_ X2 +2x+9 | |
A. l+llni. . l+llnl C. -1—;,11112. D L P
2 2 3 . 2 2 2 72 2
| _
b 1= [t g
0X +5x+6

A. In3 - In2. B. In5 - In2. C. In7 —1n2. D. In9 - In2.

~ Bai tap 13. Tinh céc tich phan sau:
2y? -

= j(x +23x 2)dx ‘

1 x®+1

A. In2. B. In3. C. 2In2. D. 3In2.




; dx
P X7+ 2x% +x
ani-l i -l ¢ |
4 6 3 6 4 6
Bai tap 14. Tinh céc tich phan sau:
}(x - 3x* +x+6)dx
4

b. I=

x> —5x% +6x

A. 2+1n~2-9 B. 6- ln2—0. C. l+lnﬂ. D. ln4—0—l.
3 3 9 9

b, = ‘}(7x—4)dx

Ax3=3x+2
A. —i- — 41n2. B. ~1— — 3In2. C. — -2In2. D. — —1n2.
2 2 2

Bai tap 15. Tinh céc tich phan sau:
20,3 _
A I= I(x 4x l)dx
1

L L
A B i

Bai toan 3:  Tinh tich phan cdc ham s6 lugng gidc.
PHUONG PHAP CHUNG

Dé xé4c dinh tich phan cic ham s6 lugng gidc ta cin linh hoat lya chon mot

trong cdc phuong phap co ban sau:

1. St dung cdc dang nguyén ham co ban.

2. Dai 56 hoa.

3. Sirdung cic phep bién déi luong gidc dua vé cdc nguyén ham co ban

4. Phuong phép déi bién.

5. Phuong phép tich phan timg phén.

BAI TAP TU LUAN VA TRAC NGHIEM
Bai tap 16. Tinh c4c tich phan sau:

92 sin® x

a I= —dx .
é[ sin® x + cos® x
T Y- T
Ao e g B- T C- iy
4 3 2 DI 0'
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dx

/3

b. I= j
Y6 sin x.sin(x + E)

6

A. ln2 : B. In-7-.
4 3
Bai tap 17. Tinh céc tich phan sau:
g Ji j' ‘ 4sin x _dx.
o (siInx + cosx)
A. 2. B. 4.
n/3
A P

.4 "
2/6 SIN X COS X

1+42 4 3

+ —

23 2

2+4J3 14 26

$o wm = mmeai

V3 3 93
Bai tap 18. Tinh cdc tich phan sau:
M2 sinX +7cosx + 6

a. 1= [— dx .
o0 4sinx +3cosx +5

A. In

B. In

A. E+ln2 B. E+l.
2 8 2 6
/2 -
b I= I 3sinXx + 4 cosx dx.

o 3sin® x + 4cos? x

A. -;3+1nfz. B. §+In\/§.

Bai tap 19. Tinh céc tich phan sau:

n/2
o1t
o 1+sin2x
A. 0. B. 1.
n/4 '
b, [= -2
o COS X
A 2 2
3
Bai tap 20. Tinh céc tich phan sau:
: /4 . 3
a. I= If-m—n%~dx
o 1+cos” x

. In

0| W

W ocos2X

l
o

D.

3
. In—.

=
3

I= J————h—dx.

o I+cosx

3
In - + —.
) V2
2+43 14 26
In -+ —=.
V3 3 943
e b, Dy e b
8 6 2 8 6
i@ +In3. D n_g +In2.
6 :
3 i
N D. —.
2 p)
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Bai tap 21. Tinh céc tich phan sau:

/ .
W sin’ x

a. I= [——dx.
o 1+cos” X
B == =i B. X4l
2 2
%2 Jsinx —sin® xdx
b. 1= = .
. n/6 SN x
A 2\53—1. ‘B 2-\/53-{-1-

Bai tap 22. Tinh céc tich phan sau: -
n/2
a. I= [ xcos’xdx.
0

2 2
b E Dy o BoB.
8 2
n/2

b. I= [(2x—1).cos’ xdx.
: v

2 2
A. —T—t—+£—1. B. —E—+1[—.
8 4 8 4

Bai tap 23. Tinh céc tich phan sau:

n
4 - 13
a. I= [x.cos” x.sin” xdx.
0

2
. . %
35 17
n/3 :
b = J. (x+5111x)dx-
0 cos” X
nv3
A. 1 -1n2. B. T+I.
Bai tap 24. Tinh céc tich phan sau:
21x.cos xdx
a. I = T T T
o 1+sin” x
A I B. X
4 8

b. I = [cos(Inx)dx
0

1 1
A, —("=-1). B. —("-1).
4(e ) 2(6 )
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. ——In2.
2

3
LA
16 4 2
£,

4
167

5
E—3—ln2+

3

D ——1-(e“+1)
. =3 :



Bai tap 25. Tinh céc tich phan sau:

/2

a. I= j cos” Xcos(n +2)xdx . = o I= _[sin"*i x cos(n + 1)xdx .
0

0
n/2

b, I= [ cos” xsin(n+2)xdx.
0

Bai tap 26.

n/2 S 2 of d
a. Tinh céc tich phan I = ﬂﬁﬁﬁwm=jﬂﬂii
' o I+smn” x o I+cos” x
A 1=1=2 B.1=1=2. c 1=1=% p.1=3=Z
4 - -3 6 2
n/2 y
b. Ching minhrang [ — _C?SX'SmX K 5 —.
_ o (I+sin”™ x)(1+cos” x) 12
Bai tap 27. Cho ham s6:
‘ sin x

fx) & ~—p—
sinx + cos x

a. Tima,bsaochof(x)=a+ b(mj.

COS X + SIn X
A, a=1lvab=-1. C. a=-lvab=1.
B. a=lviib=———]—. D.a=—»—l~ véb:l.
2 ' Z 2
“ n/3 =
b. TinhI = [f(x)dx.
h -
AT B o X o ol 3+l
4 8 12 6 2 2
Bai tap 28. : .
x/ 4 %2 .4
a. Chimg minh rang | 4COS x —dx = 4sm x i
0o COS X +sIn X' 0o COS X+SsIn X :
. 1':/2 5 4
b. Tinhl= [—— " dx.
0 cos” x+sin” x
A 1=2, B. 1= L. c.1==L. D. 1=T1.
\ 4 3 6 2
Bai tap 29. Tinh céc tich phan sau:
- "f Vsinxdx & e Y2 Jcosxdx
0 \Einx +\£osx 0 \/sinx +\fcosx
8 f=s, B Tes, G T=. 1 T P
4 3 6 2
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Bai tap 30. Cho ham s6:

h(x) = sin 2x

(2 +sinx)* '

a. Tima, bdé hex)= 2% - D.cosX

o e + .
(2+sin x)~ 2 +sinXx

A. a=4vib=-2. C. a=-4vab=2.
B. a=2vab= -4, D. a=-2vab=4.
0 ’
b. TinhI= [h(x)dx.
-n/2
A. In2-2. B. In2+1. C. In3+2. D. In3-2.
Bai toan 4:  Tinh tich phan cic ham s6 vo ti. j

PHUONG PHAP CHUNG

' D€ xdc dinh tich phan clia cac hiam s6 vo ti ta cAn linh hoat lua chon mat trong
cac phuong phép co ban sau:

1. Sir dung cic dang nguyén ham co ban, ta c6:

J'\/_};dx_;-\/xzia +C.
X“*a

d [ 2
b. | = = =Injx + ¥x“ ta|+C.
Vx’+a
lnjx + Vx> +a |+ C.

c. JWx*tadx= % \./)p2 fa & %
2. Phuong phap déi bién.
Phuong phap tich phan timg phan.

4. Siurdung cdc phép bién déi.

=

BAI TAP TU LUAN VA TRAC NGHIEM
Bai tap 31. Tinh cdc tich phan sau:

|
a. I= [x’v1+x%dx.
0

A. —;—(ﬁw]). B.%(\/E*l). C. %(JEH). D. %(\EH).

242 —
b. I= jxw/x2+1dx.
. 0 ‘ ‘

i} B. 2. c. 12. D.
3 | 3 5

A.

N W,
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Bai tap 32. Tinh céc tich phan sau:

713
o = (x+1)dx_

o V3x+1
5 15
b I__Zj(x+l)d'x
oY3x+2
o B. 2.
10 20
Bai tap 33. Tinh céc tich phan sau:
(o2 _
a. I= I(i(__!l(_ii
0 \/;(-+1
A D B. -0
31 13
J7 3
b, I I x dx ;
o yY1+x32
a4 B. .
20 10

Bai tap 34. Tinh céc tich phan sau:
J3/.5 3
[ I(x +2x )dx.

0 VYx%Z+l1

a.

| o
E
(=}

A.

xdx

V2x+1

b. I=

O — & <9

0
3
Bai tap 35. Tinh céic tich phan sau:

dx

! x(1+\/;).
A. 2lni.
3

A. B.

(PLR

—h

a. I =

3

b, < ‘j. dx
Avx? +x +1
3 3

A. In—.
2

B. 2In—.
4

B. 2In—.
2.

36
25°

77
30

31
30

11
20

| w

2-In—.

3in—.

26

" 35

Ik

13

30

wN

wiN

.2+m3.
4
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Bai tap 36. Tinh céic tich phan sau:

2 dx
a. I= :
(X +D(x+2)
A B2 V3 _— 3 =2 |
J§+f J2-3
b 1o | JImxlex
1/V2 X
A V2 -1 B. V2 +1.
Bai tap 37. Tinh céc tich phan sau:
i 1_7 dx

Q[s/x—4+\fx+2 .

A. —;»(264_- 77 +34/3).

B. %(26+ Tl =333,

! dx

ik

A. 5(\/5-1). B. -;(\/54»1).

Bai tap 38. Tl’nh céc tich phan sau:

2
A. ln2 J_ B. ln3_2ﬁ.
2
4
S xVx® +9
A. lni. B. -l—lnl.
7 6 4
Bai tap 39. Tinh céc tich phan sau:
2
a. I-I— .
I xvx? +1
A. 1(1n‘/g+l nlnﬁ+l).
27 51 V21
-y J§1 Ji L
2 J§+l JE+1

130

. In

~/§+2 D. 2In \f§+2
V2+43 V2+43
. 3-1.  D. 34+l

. %(26— 17 =33).
! %(26— 747+ 343).

! %(J?-l). D. %(\/EH).

34242 1. 3+2J2
. Dc —ln .
s 2 2
" —l-lnft—. D. 1+lni.
6 7 7

S5-1 V2-1
1 J5-1 . 2-1
(In +In ).
J5 +1 J2 +1



i
b. l=j'x'5 1+3x%dx .
4]

- B.
270 30
Bai tap 40. Tinh céc tich phan sau:
2 dx
a. I = |— :
7V2+ X +1
A. lni + 2. B. lni - 2.
3 3
b lj X
I = | —=dx.
0x+vVx? +1
5 2\/5-1 ‘2«/'2_‘+1
15 15
" I_*x/l—xdx
04/(1+x)°
A L B. 2.
3 3

Bai tap 41. Tinh céc tich phan sau:

a
a. 1= [x*Vx®+a’dx,véia>0.
0

b 1= ]‘xz-\/az—xzdx,vé‘ia>0.
0

Bai tap 42. Tinh tich phan:

2a -
I = [xv2ax-xdx,véia>0.
0

Bai tap 43. Tinh tich phan:
1

[ = dx

" §(1+x“)~/"1+x"'

27
20

. 2lnfl— - 2.
3

w |

D.

ZIni + 2.
3

w | oo

Bai toan 5:  Tinh tich phan cdc ham s6 siéu viét.

PHUONG PHAP CHUNG
D€ xdc dinh tich phan clia cdc him s6 siéu viét ta cin linh hoat lua chon mét

trong cic phuong phdp co ban sau:

1. Sirdung céc dang nguyén ham co ban.

2. Phuong phép phan tich.
3. Phuong phip déi bién.

4. Phuong phdp tich phan timg phén.
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BAI TAP TU LUAN VA TRAC NGHIEM

Bai tap 44. Tinh cic tich phian sau:

1 I x\2
( +Q——)——dx‘

x

I= |=
0 €

1 1
A, e——-2 B. e+—+2

A -2 B metl
e+l

Bai tap 45. Tinh tich phan:

Bai tap 46. Tinh tich phan:

In2
= I\/e‘ —1dx
0

Abae 3,
2

Bai tap 47. Tinh tich phan:

B 2-2T,
2

l
_—

A m+Z B et
6 6
Bai tap 48. Tinh c4c tich phan sau:
2 .
a. I= [x.e 2dx.
0

A. 4+§. B. :

e e
! x
Je* dx.
0

A. ce+l _ee' B-
132

]ln({/l +In? x)dx
- .

In .
1+2e

1+

&la

In3-2

2+

ce+l _2ec

In3-2 =
+—.
3 6

et 26,



Bai tap 49. Tinh céc tich phan sau:

1
a. I= | (x .
QCX‘FI
A, B e nZ. b n22
e+1 2e e+2 2e
In2
b. I= j—i——dx
0 5+e*
A lnE. B. lng. C. ln—6-. D. ln—‘}-.
7 5 5 3
‘ h2]1 "
Bai tap 50. Tinh céc tich phan sau: 1= I —dx.
0 1+Cx
A ln—2-. B. lni. - C. ln—6—. D. In—
3 5 7 |
HUONG DAN - GIAI - PAP SO
Bai tap 1. ,
a. Ta dixét ddu ham s6 f(x) = x — 1 trén doan [0, 2], dugc:
X IO 1 2
f(x)T - 0 4

1 2 s
Khidé: 1= [(1-x)dx + [(x—1)dx =(x’—-;—x2)|:, +(-;-x2--x),2 =1
0 1

b. Ta dixét ddu ham s6 f(x) = x> + 2x — 3 trén doan [0, 2], duoc:
x | O 1 2
f(x) | - 0 4

1 - 2
Khi d6: 1=~ [(x* +2x =3)dx + [(x? +2x -3)dx
0 1

=—(% x +x2—3x)|:, +(%x3 +x2—3x)‘,2 =4,

Bai tap 2.
a. Xétdiu2x -1 vaxtrén[-1, 1], dugc:
X -1 0 1/2 1
21— 1 - - 0 +
X = 0 + +

0 1/2 1
Khidé: I= [(1-2x+x)%dx + [(1-2x-x)’dx+ [(2x—-1-x)’dx
-1 0

1/1

/
= }(l—x)zdx + lj2(1~3x)2dx+ 'j(x—l)zdx
0

-1 1/1
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_[(xﬂl) dx + j(3x—1) dx + I(x—-l)zdx
/1

25
—(x—l)l oo (3x 1)’]”2+—(x )}, ==
b. Xétddu x — 4vax+3tren[ 5, 4], duoc:
X |-5 3 4
X —4 ~ — 0
x+3 - 0 +

—5

=(—3]nb—x]+—;—x3+3x)l:§ +(-3InB - —% x3—3x)| -31:18*-5-—3-.
2z
Bai tap 3.
: . 2 Xy 2|
a. Tabién déilvé dang:1= | (x——) dx = [|x——dx.
1/2 X 1/2 X
. i 1 x*-1 1
Ta di xét ddu ham s6 f(x) =x - — = trén doan [-5,2], duoc:
X X
x |12 1 © 2
f(x) | - 0 4+

1 1 2 - 1 :
Khidé: 1= - j'(x-——-)dx + [(x-—]dx
1/2 X 1 X

Bois: : 1,
=—(5x*-mlxl)|:,2 +(-2-x--1nix|)|l2 =2
3

3
b. Tacé:I= [yx(x—2)*dx = ﬂx —2xdx
g 4

0

= —zj(x ~2)W/xdx + j'(x ~2)v/xdx
; ; _‘

2 3
- J‘(x3/2 _lelzﬂx + I(x3/2_2xll2nx
0 2

- (2 x5 3n)| x5 1r>)| 32‘/— 6‘/(
5 15
Bai tap 4.

a. - Ta c6 thé lua chon mot trong hai cach sau:
Cach I: Ta cé:
cos’ x —sin*x  2cos2x

cotx —tanx = - = — = 2cot2x.
COS X.SIin X sin 2x
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In/8 n/4 In/8

Khi dé: 1 = j cot2x/dx = jcot 2xdx - j cot 2xdx -

n/8 n/8 n/4

_n/j‘i sos Il _3"f80052xdx 1 nT dsin2x) 1 3B d(sin2X)

<8 SIN2X 74 sIn2x 2 .78 SIin2x 2 .74 Sin2x

s =1nv/2.

1 1
= — (Inlsin2x)|*? — = (In lsin2x
; s g n 3n )
Cach 2: Ta xét ham s6 f(x) = cotx — tanx trén doan [g , ~—8——] va thay:

» Véixe [%, %)thi cotx > tanx < f(x) > 0.

" V§gixe (%, —g—[]thi cotx < tanx < f(x) < 0.

Tir d6, suy ra:

n/4 In/8
I= j(cotx —tanx)dx - I (cotx —tanx)dx
n/8 n/4
n/4/ ¢ n/8 :
cosX sinx cosX sinx
= I - - dx - I ; = dx
28\ SINX  COSX x/a\ SINX  COSX

= (In kinx +1n losx] )| /¢ — (in kinx +In kcosx|)

= =1ny2.

b. Ham s6 f(x) = cotx = cot2x trén doan [%}, g ] luén duong, do d6

/4 n/4 ..
1= I(cotx—coth)dx = [Cf)sx_c?SZx)dx
s 26\ SINX  sin2x
=(In ksin - In lsin2x )| /¢ =lni§-.'
Bai tap S.
a. Tacé:

cos3x.sin’x + sin3x.oos’x= % (3sinx — sin3x)oos3x + —} (3c0sx + cos3x)sin3x

. 3 .
= 2 (sinx.cos3x + cosx.sin3x) = i sindx.

Tir d6, suy ra:

3 n 3 n/4 x/2
I== _ﬂsin4xldx = = ( [sind4xdx - [sin4xdx)
4 ¢ 2 o - x/4
3 1 1 3
= = (——cosdx|¥* + —cosdx|™M2y= =,
23 ° T4 i6)= 3

135



b. Ban doc ty chimg minh:

tan(x — % )-tanx.tan(x + %) = tan3x.

Tiur d6, suy ra:
n/12 r/12
I= [ltg3xldx =- jthxdx + jtg3xdx
-n/12 -n/12

_ OI sin3xdx+"“2sm3xdx
_z/12 €083x o c€os3x

=% (Inl cos3x)|%,,,; - %'(I"I cos3x/)

3“2 = —i—lnﬁ.

Bai tap 6.
a. Ta viét lai tich phan duéi dang: I = ?xix - a|dx :
Ta di x& céc truong hgp sau: 0
Truomg hop 1: Néu a > 2, khi dé:
l=—[x(x a)dx--j'(x — ax)dx ——(—3 - ——-—)| =2a - —2—

Truong hop 2. NéuO<ac< 2, khi dé:

=—‘Ix.(x —a)dx + T[x.(x—a)dx=— ](Xz —ax)dx + zj‘(x2 —ax)dx

X 3 a2
8
= (— - — —_— - — ._._.2 + —.
(5 )| +(5 )l a+ 3
de'nghop3 Ne’uaSO khldé
3
8
I= fx(x a)dx-[(x —ax)tix—(———m)| =-3—-— 2a.
Tém lai, ta duoc:
2a—§ néuax2
3
3
I= 43-——23+—8~ néu O<a<?2.
3 3
8
—5-—2a néua<0

b. Bién déi ‘I vé dang:
2 2
I= ﬂ(x -2)(x - a)]dx = j(x - 2)|x - a|dx )
1 1

Ta di xét céc trudng hop sau:
Truomg hgp 1: Néu a 2 2, khi 46:
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- _zj(x ~2)(x —a)x = —Zj[x2 ~(a+2)x +2aldx
i I

3 ‘ 2
_—__H[Z(__ _E_z)_x.'.zax]l‘z =
3 2

Truomg hop 2: Néu | <a <2, khi dé:
a 2
I=-[(x-2)(x—a)x + [(x-2)(x —a)dx
1 a

-3a
—

- _ii[[x2 (a+2)x +2a}dx+zj[x2 —(a+2)x +2aldx
1 a

Truong hop 3: Néu a < 1, khi dé:
2 2

I= [(x-2)(x—a)x = [[x* - (a+2)x+2aldx
1 1

(a+1)x? . 3a—4

x|} = —
(4-3a

6

a’> ., 7a )
Témlai,taduqc:l=«-j—-—23 +—2—-—2 néu l<a<2.

3a—-4
6

X
...[3

néuaz2

nfuac<l

L

Bai tap 7.

a. Xéttam thic f(x,m)=x’-2x+m,tac6A'=1-m
Ta di xét cac trudng hgp sau:

Trurd'nghopl NéuA'<0&< 1-m<0< m2 1. Khidé:

3
I= I(x2-2x+m)dx =(——- —x2+mx)lb =m-—-2-.
0o - 3 3

Truong hop 2: NEuA'>0 1 -m>0< m< 1. Khidé:

X, =1++J1-m>1
x,=1-+1-m<1

» Néux,<0thil- v1-m <0haym <0. Khi dé:
| 3
I=- [(x® -2x +m)dx =—-(-%— -x*+mx)|}
0

fx,m=0&

"
Wl
i
3
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» Néux,>0thi0<m<1.Khido:
1-v1-m

|
I= [ (x*-2x+m)x - [(x* —2x+m)dx
0 1-V1-m
3 \/___v x3
' (—-5——x+mx)““m
_4(0-m)W1-m +3m-2
3 .
Tém lai, ta duoc:
m.—% néum21
3
1= {4 m)3+3m 2 nfu O<m<l.
—2——m néu m<0
L3
b. Ban doc tu gidi twong ti céu a).
Bai tap 8.
a. Ta bién déi:
1 _ 1 __a b (a+b)x-a-2b

x2-3x+2 (x-Dx-2) x-2 x-1  (x=-D(x-=2)

a+b=0 a=-b
= o :
—-a-2b=1 a=l
Tir d6, suy ra: :
of
I= J‘( 1 - lz)dx =(1nix—l| —lnlx—ZI)\(_)l =ln—i—.

-1 x-1 X-

b. Dé ti€n minh hoa phuong phip, & day sé trinh bay 1i giﬁi thong qua phep tinh
nguyén ham:

I(2x ~10x* + 16x - l)dx

x:-5x+6
Bién déi:
2x3 —10x% +16x -1 4x -1 4x -1
=2x+——~—————2x+
x> -5x +6 x> -5x+6 (x=3)(x-2)
=2x + A + : :
x-3 x-=2

Ta duge hang ding thic:
4x -1 =a(x — 2) + b(x - 3). , (1
Dé x4c dinh a, b trong (1) ta c6 thé lya chon mot trong hai cich sau:
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Cach I phu()‘ng phdp d(ing nhdt hé,so
Khal trién vé& phai cta (1) va sip xép da thic theo thit tu bac 1ui dan, ta c6:
4x — I'=(a+b)x — 2a - 3b.
a+b=4 a=11"
22 :
—-2a-3b=-1 b=-7
Cdack 2: (Phuong phdp tri s6'riéng): Lan luot thay x = 2, x = 3 vao hai vé€ clia (1) ta

Dong nhat hé s6, ta duoc: {

=11
duoc hé: :
b=-7
3 2
Todysiny ra: 2 ok THOXTE g 0 WL
- X" =5x+6 x-3 x-2
1
Do dé: T'=[(2x + 8 - i )dx = x>+ 11Inlx = 31 = 7 Inlx = 2I + C.
x-3 x-=-2
Tir d6, suy ra: I = (x* + 11Inlx = 31 = 7 Inlx = 2)|, = 7In3 — 11In2.
Cha y:

I. C4c em hoc sinh can ghi nhan dugc céch thitc thyc hién trong phép bién déi
2x° -—10x +l6x—1

-5x+6
a. O budc diu tlén, ta thuc hién phép chia da thirc (1S cho MS).
b. O budc thi hai, v6i nhan xét A > 0 ta thuc hién phép phan tich da thic:
X’ =5x+6=(x-3)x-2).
c. Cu6i cung, 1a viéc phan tich.
Nhimg luu y trén, cho dii rdt hién nhién nhung dé chinh 1a dinh huéng chii dao
trong viéc thire hién.

2. Trong 1&i gidi trén, viéc xdc dinh céc hé s6 a, b bing hai cich c¢6 d6 phirc tap
gdn giéng nhau, tuy nhién véi bai todn cdn phan tich thanh nhiéu hang tir thi
céch 2 thudng to ra don gian hon.

Bai tap 9.

phan thiec:

a. Su dung d6ng nhit thic x = % (1 +2x - 1), ta dugc:

X _ _]_[ 1 1 ]
(1+2x)> 2 (1+2x)? (1+2x)°
Khi dé6:
] 1 ] 1 ]
=— dx =—[- + o =—
oj(1+2x) (1+2x)3] 2[ 2(1+2x)  4(1+2x)? |° 18

b Ditt=x*suy ra dt = 4x’dx.
Déi can:
* x=0=>t=0.
* x=Il=t=1.
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|
Khido: 1=~ [— 3
: 4 O(t _4)2

Sir dung déng nhat thirc 1 = i [(t+2) - (t = 2)]% ta duoc:

1 L[(t+2)—(t-2 1! 1 s 1
640 (t2 —4)* 64@(t—2) ‘4 (1+2)
64 t-2 2 |t+2] t+2 96 128
Bai tap 10.
a. Tham khao bai tap 8 cau b) ch& dé 3, ta suy ra:
" 1 X2 -x 78| 2-42
|x +x«/§+l 2\[— 2+J_
b. Bie'nddl.
1+x*  x*-x*+1+x? 1 . x>
1+x%  x2+DE -x*+1)  xP+1 x®+1
1 1 2 '
Khidé: 1= [—x 4 (X 9% (1)
0X +l 0X +1
I Iy
Véi tich phan I, ta 4t x = tgt, -~ <t< ~ suyradx = = (1 +tg2)dt.
¢ 2 2 cos? t
Péi can:
® Véix=0thit=0.
. Vdix=1thit=§.
n/4 2 n/4
Khide:l,= | X8O _ "y oqfse = 2 )
o tgt+1 0 4
Vdiﬁchphmlz,tadatx3=tgt,—1!-<t<£ suy ra 3x’dx = -(l+tg’t)d!.
. 2 2 cos’ t
Péi can:
" Véix=0thit=0.
» Véix=1lthit=2.
4
r/ n/4
Khide fy= 1 "fltE0d 1% Lo & 3)
3 0 tgt+1 3 0 3 12 .
T ®m X
Thay (2), 3) vao (l),tadwgc I = — + — = —.
y (2), (3) vao (1), ta TR
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Bai tap il.
a. Si dung déng nhat thic x* = (1 - x)* = 2(1 - x) + 1 ta duoc:

x* _(-x)*-20-x)+1_ 1 2 1
(1-x)° (1-x)° 1-x)" (1-x)* (1-x)°
Khids:1= 2 _ % | &

J0-x)  3-x)F i-x)
=_3d(l—x) +2}d(l—-x) ~ 3d(1-x) |5

2(1-x)  Ti(1-xb 20-x)° "
e |

Te1-x° P T 70-x) 12 T 8a-x) 2
1 1 2 1 1 1
=—(—-D+Z(— + D)+ =(— - 1).
6(26 7(2’ ) 8(23 )
b. Sir dung dong nhat thic (cong thic Taylo):
X=14+3x-D+3x-1)2+x-1)
3 2 3
ta duoe: —> _ 143 -D+3(x -1 +(x - 1)
(x _ l)lO (x _ 1)!0
v .3 3 1
x-D"  x-1° x-1D* (x-1"
4
Khidé: I= || : — + 2 s+ g -+ 1 -~ 1dx
2 (x=1) x-1)" (x-=1) (x=-1)
4
| 1 ~ 3 _ 3 _ 1
9x-1)° B(x-1' 7x-17 6(x-1°],
1 1 3 1 3 1 1 1
2= )% = ik =l e Jo (] e §
9( 39)+8(. 38)+7( 37) 6( 36)
Bai tap 12.
3 2
o Bidaad: X +2x% +10x +1 =x+—x-—ﬂ———= _1__72_’_"__12___
x?+2x+9 x2+2x+9 2 x*+2x+9
' 1 2x+2 1, 1. 1 1. 4
Khidé: I= [(x + —.——— = )dx =(— +— b+ 2Xx+M|) == +—Ih—.
J(- 2x2+2x+9)d (3742 Mo=3+313
b. Bien déi: 4x +11 4x+11  a " b _(a+b)x+3a+2b

X2+5%x+6 (X+2)(x+3) x+2 x+3  (x+2)(x+3)
a+b=4 a=3
= famg .
3a+2b=11  |b=1
Khi d6: 4x+11 3 1

= = + )
X°+5x+6 x+2 x+3
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W3 1 |
X =G Inlx + 2l +1Inlx + 3|, =

Dodé: 1= | +
oAX+2 x+3
Biaitép13:
a. Bié’ndoi
x% +2x — 2 X% +2x =2 a b(2x—1) c
x4l x4+ DXE—x4+1) x+1 X -x+1 x2—~x+]
(a+2b)x -(a-b- c)x+a—b+c
x +1 '
a+2b=1 a=-1
=><—a+b+c=2 < <b=1
a—-b+c=-2 c=0
UL et I NN ) B
x* +1 x+1 x?2-x+1
2
Dodé:I:zj(—- = g )m:[m" '“'IJ = In2.
Uox+1 x*P-x+1 X +1 |
b. Bién dbi: — 12 W _ =2, b, =9
X" +2x°+x  x(x+1) X x+1 (x+1
_ (a+b)x*+(2a+b+c)x+a
- _'x'(x+1)2
a+b=0 a=1
=<2a+b+c=0 & (b=-1.
a=1 c=-1
Khi dé: . =—1—— 1 - ]*.
xX*+2x74+x X x+1  (x+1)? |
Dodé:l:zj[—l—— R de =l ¥ I x+1] +——~)| % 4
Tx x+1 (x+1) 3 6
Bai tap 14.
a. Tacé:
2x? —=5x + 6 2x* -5x+6

x> -3x2+x+6 o
x} —5x?% +6x

+
X(x=2)(x=3)

+
x' —5x% +6x

a b C

=1+ -+ + .
X x-2 x-3

Ta duoc hing ding thic:
2x" = 5x+6=a(x - 3)(x —2) + bx(x — 3) + cx(x — 2). (1)

)€ xdc dinh a, b, ¢ trong (1) ta ¢6 thé lva chon mét trong hai cdch sau
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Cdach 1: (Phuong phdp dong nhat hé s6): Khai trién vé phai cta (1) va sip x€p da
thirc theo thu tu bac lui dan, ta co:
2x2~5x+6=(a+b+c)x2—_(5a+3b+20)x+6a.
a+b+c=2 a=1
Déng nhat dang thirc, ta duoc: {Sa+3b+2c=5 < <{b=-2.
6a=6 e=3
Cach 2: (Phuong phdp tri sé riéng): Lan luot thay x = 0, x = 2, x = 3 vao hai vé ctua
(Dtadugca=1,b=-2vac=23.
3 2
: -3x" +x +
Khids: =% 6 _,, 1.2 .3
X" —5Xx° +6x X x-2 x-3

S
Dodé:I=Il+l— 2 - - dx
4 X X-2 x-3

= (x + Inix| = 2Inix — 2/ + 3nlx - 3) |} =1 +1n%9.

Chu y: Néu chua c6 duge kién thic vé dang phan tich cac em hoc sinh ¢6 thé dinh
huéng thong qua phép bién ddi dan, cu thé:

X' =3x>+x+6 2x% -5x+6
3 2 = L = 2
X~ =5x° +6x X" =5x° +6x
3x2-10x+6 x? —5x
=] e 2 B 2
X" =5x"+6x x  —5x" +6x
3x2 -10x +6 X-5
=1+ = . -
X" =5x"+6x x“-5x+6
=1 & 3x*-10x +6 X-5

x'=5x2+6x  (x-2)(x—3)
3x2—10x+6_( a_ b ]
x'-5x2+6x \x-2 x-3
3x* -10x+6  (a+b)x-3a-2b
x*=5x2+6x  (x-2)(x-3)

a+b=1 a=3
= =) ’
~3a-2b=-5 b=-2

x}=3x*+x+6 _hl+3x2—10x+6 3 2

=1+

=1+

" + .
x'=5x%+6x x?-5x2+6x x-2 x-3

5 2 _ ,
AT B FW st L SN
4 x*=-5x"+6x x-2 x-3

Khi do:

40
= (x +In| x* = 5x* + 6x| —3ln|x—ﬂ_+2ln]x—3|)|§ :=l+ln—9-—.
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b. Tacé: _
Tx -4 Tx -4 a b C
: = -= = +
X" =3x+2 (x+2)(x-1D)° (x-1)° x-1 x+2
_(b+o)x*+(@a+b-2c)x+2a-2b+c

(x +2)(x = 1)?

Ta duge hing ding thic: g
Tx—4=a(x+2)+bx - 1)(x+2)+c(x- 1) )
Dé x4c dinh a, b, ¢ trong (1) ta c6 thé lva chon mét trong hai cich sau:

Cdch 1: (Phuong phdp déng nhdt hé s6): Khai trién v€ phai caa (1) va sdp xép da
thic theo thit tir bac lui dan, ta cé: ‘

Tx-4=(b+c)x>+(@a+b-2c)x +2a-2b+c. |
b+c=0 a=1
Déng nh4t ding thic, taduge: Ja+b-2c=7 & {b=2 .

2a-2b+c=—4 c=-2

Cdch 2: (Phuong phdp tri s6 riéng): Lin luot thay x =0, x = 2, x = 3 vao hai v€ clia

a=1

(1) ta dugc hé: {b=2 .

c=-2

7x -4 1 2 2

—

= - + g .
xP=3x+2 (x-1D)* x-1 x+2

0
Dodé:l:][ l + ¢ . .5 ]dx

d(x=-1)%  x-1 x+2

Khi dé:

= (c— 4 2Inix - 11 2lnlx + 2| = % - 4ln2.

x-1
Bai tap 18.
a. Tacé:
x'-x?-4x-1_x*-x’-4x-1 _ a b ¢ d
T 3 = 3 e e S il
X +X X'(x+1) X X X x+1
_(c+dx*+(b+c)x’ +(a+b)x+a
x>(x+1)
(c+d=1 (a = -1
b+c=-1 b=-3
= < <> A .
a+b=-+4 c=2
la=-1 d=-1
3 2 _ _ ‘
AP e M e S SO SN T S
X" +X - K X X x+1



2 3 5
Dodc’>:l=j'(——]3—-—3 2 ! )dx=(—~17+—+2|nlxl—lnlx+ll),’

2

X % X x+1 2x° X
8 15
= e =
7
— 1
Bién doi: —; - = — 12 :l. 21 - — )-
X" +4x°4+3  x“+Dx“+3) 2 x“+1 X" +3
1 L dx L dx
Khi dé: I = — ( - ) (1)
2 c'!x2+1 £x2+3
Iy Iy
V(jitichphanIl,tadatx=tant,-E<t<E suyradx = > =(1 + tant)dt.
2 2 cos”t
Déi can:
* Véix=0thit=0.
* Vix=lthit= =
4
. “¢(1+tan’t)dt */¢ A
Khidé: 1, = |———— = [dt =t[§/* = —. - (2)
o tan t+1 0 4
o 1: n
Vi tich phan I, tadatx-——\/gtant,—§<t<5 suy ra:
dx = ‘/5(2“ =3 (1 + tan’n)dt.
cos” t '
Péi can:
* V6ix=0thit=0.
* Véix=lthit= 2.
6
n/6 2 n/6
Khido: =~ [0 04 L T o Lyfye = T @)
Y3 tanftxl 3 J3 63
n
Thay (2), (3) vao (1), ta duge [ = — — .
1243

Bai tap 16.

a.

Patt = g — x, khi d6 dt = —dx..
Péi can:
T x=0=t= E.
2
" Xx= = =5t=0.
2
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.6 T
W2 o6 o sin’([ -t)(=dt)
Khido: 1= | —om Xdx _ 2
' o Sin X+C056X

y o BT n
52 smf’(-i -t)+ cos6(-2— ~t)

/ 6
_ ¥ cos® tdt M2 cos® x.dx
- . 6 6, - 6 6. °
o SIn t+cos t o SINn X-+COS X

J

n/2

Mt khic, tacé: 1+ = [dx =x|3/> = =
0

Tl‘rdé,suyral=—}.

Chu y: Phuong phdp trén dugc str dung cho dang téng quat:

n/2 : . 2n
sin“" x.dx - ..
I= [— >— ,véine N
0 SIN“" X+ Cos™" X ‘

b. Sir dung d6ng nhit thitc:

sin% sin[(Xx + E) -x]

1= —2 - 1 =Zsin[(x+%)-—x].
3in— —
6 2

Ta duoc: o =

‘ ; n ; ; n
sin X.sin(x + —6—) sin X.sin(x + g)

2sin[(x + g) ~x]

2[sin(x + -g)cos X —sin X.cos(X + —2—)]

X ) T
sin x.sin(x + g)

. 4
cosx cos(x+—6—)
=2[— - - ].
k13 sin(x + —)
. 6
n/3 COS X COS(X+§) b I,
Khi d6: 1=2 [[ = - Jax =2{In kinx| ~Inkin(x+ =} 1773 =
/6 SINX T 6

sin(x + E)

Bai tap 17.
a. Tac6 thé lya chon mét trong hai cdch giai sau:
Cdch I: Gia str:
4sinx = a(sinx + cosx) + b(cosx — sinx) = (a — b)sinx + {(a + b)cosx
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Dong nhdt hé s6, ta duoc: {

a-b=4 {azZ
—

a+b=0 b=-2
n/2 n/i x . d
Khi dé: 1= . 2dx e ) (cos X —sin x) 1x
0 (sINXx +cosx) o (siInx+cosx)
_ "/'[2 2dx ®22d(sin X + cos x)

, T i :
0 2sin?(x+ ) © (sinX + cosXx)

=[—cotg(x+1t-)+" ! ~]|¥? =2.
(sinx + cosx)”
Cdch 2: Sit dung nguyén ham phu béng viéc xét tich phan:
J_"/2 4 cos x.dx
0 (sinx+cosx)3.
Ta c6 nhan xét:
n/2 n/2
I4d= | ——2 — gx= | — = =-<:ot(x+—z-:-)3’2 =4.
o (sinx + cosx) O sin(x + 1)
4
n/2 " 3
J_1= 4(cos x snnx?dxz_ . 2 : 3,2 e 3
o (sinX + cosXx) (sinx + cosx)
T d6, suyral=2.
b. Datt = sinx, khi d6 dt = cosxdx.
i cin: '
s 1
8 X=— 2t=—.
6 2
] x:E:)t-_— [?_._
3 2
Bz gy V2t~ 417 -2 + 1)dt
Khidé:l= [ ———F- = I( 4 2 :
2 (1=t t'(1-t%)
ACTCTN T S ISR N 12 | RS N [ IV
= +—+—=)t =(=Inj|— - - - ) (12
|/J‘2fl--tz O e e R R I
2443 14 26 "
=In e
Vi 3 93
Bai tap 18.
a. Giasu:

sinx + 7cosx + 6 = a(4sinx + 3cosx + 5) + b(4cosx — 3sinx) + €
= (4a — 3b)sinx + (3a + 4b)cosx + 5a +c.
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4a-3b=1

Pong nhat he 6, ta dugc: {3a+4b=7 ea=b=c= .

Sa+c=6
Riiidsel = f (14— cosn dumy . . 1 )dx
0 4sinx +3cosx+5 4sinx+3cosx+5
n/2 n/2 _ ¥ n/2
_ Idx+ (4c.:osx 3sinx)dx N ' dx ()
0 o 4sinx+3cosx +5 o 4sinx+3cosx +5
Trong dé: '
0 , T ’
I = [dx =x|¥? = = ' (2)
0 2
[ _ %2 (4 cosx — 3sin x)dx _ "2 d(4sinx +3cosX + 5)
? o 4sinx+3cosx +5 o 4sinx+3cosx+5
= Inldsinx + 3cosx + 51|/ ;ln—z-. (3)
L2 dx _ 1 /f dx
= LI .
o [l+cos(x-a)] 10 - X—-a

/2 ] (4)

1 X—o
= — tan
9

10 2 1 6
Thay (2), (3), (4) vao (1), taduoc I = -g + ln—g- +

.
6
Cha y:

3
1. Gid tri o trong 101 giai trén dugce x4c dinh bdi sina = - va coso = =

2. Lai khuyén danh cho cdc em hoc sinh trong viéc tinh gid tri cha I, 1a sir dung

phép dat 4n phu t = tan% , cu thé:

X
it t = tan 5 ta duoc:

1 1 ] Rl ] , 2dt
dt=—. dx= — (1 +tan” x=—(1+0)dx =>dx= =,
2 5 X 2( 2)d 2 1+41t°
Cos” -
¢ 2
: 2t . 1-t?
SINX = ———— Va COoSX = = :
1 +t- 1+t
Péi can:

" x=0=>t=0.

n
8 x=—=t=1
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2dt
s [

I ) 5 | l
Khi do: 1, = | L+t ) L AL Y
0 8t 3(1—{ ) L5 o(t+2)° l+2(s 6
1+1° [ +t°
b. Bién doi I vé dang:
g 3sin xdx n 2 4 cos xdx
I + ) ) ° (l)
o 3sin”® x +4cos’ X 0 3sin” x+4cos” X
1 I
Véi tich phén I, dat t = cosx, khi d6 dt = — sinxdx.
Déi can:
s x=0=>t=1.
. x=-7£:>t=0.
. o —3dt o dt
Khidé: I, = | 3 - =3 [—.
13(1—-(“)%—4[” 03+t-
batt = \/Stanu, —g <u< g— suy ra:
, t “u)d du
dt = ‘/3?“ = B {1+ i — e w0 (L
cos” u t2+3 J3 tan’u+l 3
Péi can:
* t=0=u=0.
T
8 t=1l>u=—.
n/6 3 | .
Khid6:1,=—3~ jdu=uug’6=~’£. . (2)
V3o 3 6
Véi tich phan I, dat t = sinx, khi dé dt = cosxdx.
Péi can:
= x=0=1t=0.
n
" x=—t=1.
4dt 2+t ‘
Khidé: I, = j j I ” =In3. 3)
0 3t° +4(l—t) 04 |2—t||
Thay (2), (3) vao (1) ta duoc I = i + In3.
Bai tap 19.
n/2 n/2 1 T |,
a. Taco:l= j ; L - = j = = —tan(x - —)|g/% =1
o (sinX +cosx) 3

 2cos’(x —E)
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b.-Tacé:I-—:j' s
0 COS“X cos“ X
Bai tap 20.
~a. Détt—cosx khi d6 dt = — sinxdx.
.Délcan
" x=0(=>t=1
] x:lt. = [%.
4 2
v2/2 _¢2 v2/2 2—1dt
Khido: [=— | -t _ W (t = Ddt
1 1+t I 1+t
Téi day, tham khao bai tap 8 ~au b) cha dé 3, ta suy ra:
B -
4 [-xV2e T 4 52+42)
YR . n2 2=\
n2 (1 _ n/2 n/2
b. Tabiendéi:1= | 2sin” x)dx _ % dx
.0 1+ cosx o 1+cosx
n/2 n/2
= | x -2 f(l cosx)dx = tg
0 2cos® =
2
Bai tap 21.
a. Dﬁtt-cosx khi d¢ dt = - sinxdx.
DCncan
® x=0=>t=1.
B x===t=0
‘ 01 _¢2 1 1 dt
Khi dé: 1= - S0 [( X —1)dt= [
i I+t o\t +1 olt™ +
!
1
. m it
Véi tich phan I, datt =tgu, ——<u<— suyradt=
2 2 cos’ u
Péi céan :
" t=0thiu=0. .
« t=1thiu= =,
4
n/4 2 x/4
Khide: 1= | LHEWA_ Tryy s = T
Sootgfu+l 0
Véi tich phan I, ta ¢6 ngay i, = 1
Thay (2), (3) vao (1), ta duge I = 12‘- =1,
b. Tham khdo bai tap 13 cau b) chi dé 3.

W] dx e
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'[(1 +tan’ x)d(tanx) = (tanx + %tan X))o

"’2 — 2(X — sinx)

[ d

~ fdt.

0
—
I

= (1 + tgu)du.

r:/4

-2 _[(l —cos x)dx

'!/2__3

(1)

(2)
3)

4

3

= R



Bai tap 22.
a. Tham khdo bai tap 24 cau a) chu dé 3.
b. Bién déi I vé dang:
n/2 n/2 n/2

l=% I(Zx—l)(1+cos2x)dx=—;— _[(2x—l)dx+ j'xcos2xdx.(l)
0 0 0

~ ]

I I

Vi tich phan 1, ta ¢é ngay:

-~

w2 , W T
L= [2x=-Ddx =(x*-x)|}* = ——=, 2)
1 (! ) ( ) 0 4 2
Tich phan I, dugc tinh béng phuong phép tich phan timg phdn, dat:
du =dx
u=x
& 1 .
{dv = cos 2xdx v = —sin 2X

2

n/2 k
3/2 - _]_ jsiandx = L (xsin2x + -I—COSZX) 3/2
2 2 2", 2

Khidé: I, = % Xsin2x

i
= ], 3
5 (3)
2 2
. v A | SR (¢ is m
Thay 2). @)vao(l)taduocl= —-— + — - 1= — + — - 1.
y (2). (3) vao (1) ta duc s 1773 s v
Bai tap 23.
a. batt=mn - x, khi dé dt=-dx.
Déi can:

B x=0t=m.
T x=n=>t=0.

0 n
Khidé: 1= j'(ﬂ —t).cos*(m —t).sin’ (m - t)(=dt) = j(n —t).cos* t.sin’ tdt
n 0

T T 1Y
=n f.cos® t.sin’ tdt — [t.cos” t.sin” tdt = [.cos” t.sin® tdt —1

0 0 4]
T
&2=nf.cos’tsin‘tdt e I=

T . .
= [.cos* t.sin’ t.sintdt .
0 2

(= E—

\ i
v
J

Véi tich phan J, dat u = cost, khi dé du = —sint.dt.
Déi can:

i {=0=u=1.

" t=nu=-1.

f - 1 . I 4
Khidé:J=— [u'(1~u’)du == f(u* ~u®)du=—Lw-Luf;t = 2
1do lfu( u”)du |j‘(u u®)du (Su 7u)l T

Tudésuyral= EE
59
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e e e : Misinxdx 2 xdx
b. Viétlaildu6idang: 1= | — 4+ [ —, ()
0 €COS~ X 0 cos')g

1y 1y

[

| x/3 1 n/3
Vi tich phan I, ta c6 ngay: I, = — d(cof X e = 1. (2)
0 COs” X cosx|0

_ HE=a du = dx

Véi tich phan 1,, dat: dx < ,
dv ==y v = tgx

: \ cos” X '

Khi dé:
I, = xtgx|; w3 jtgxdx (xtgx + In ‘cosx|) t/3 _751/; —In2. (3)
Thay (2) (3) vao (1) ta dugc I = %‘C —In2+1.
Bai tap 24.
a. batt=2n- x, khi d6 dt = —dx.

Péi can:
" x=0=>t=2n.
" x=Zn=>t=0.

. C(2n—1t). —t)dt % costdt 2rt.cost.dt
Khi dé: 1 = — I(Zn' t)‘ccz;)s(Zn t) — _[ cos- LI co§ :

x l+sin“(2rn—-1t) ol+sin”t ol+sin”t
|
2n 2n d
2l =2n .[ cosltdzt — J. cos tdt
ol+sin”t ol+sin®t

Pat u = sint, khi d6 du = costdt.
Péi can:

" t=0=>u=0.
8 t=2n=>u=0. -

0
KhidéT=rn -2 =0,
01+U -

b. Tham khdo bai tdp 20 cdu b) chu dé 3.
Bai tap 25. Ban doc i gidi bdng phwong phdp tich phdn titng phan.
Bai tap 26.
a. Vi tich phan I, bing phép ddi bién t = sin’x suy ra dt = sin2xdx.
boi can :
* V6ix=0thit=0.

" Véix= 2 thit=1.
2

- |
Khidsl= [0 - T
ot” +1 4
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n/') .
. 'z sin 2xdx )9
Tuong tv ta cing duge J = | ———— = —.
o 1+cos” x 4
b. Tacé: sin*x + cos’x <1< 2 +sin*x + cos’x <3

COS X.SINn X 3 sin 2x
(1+sin® x)(1+cos* x)  2(1+sin®* x)(1+ cos” x)
, | (1+sin* x + 1 + cos” x)s'm2x_l( sin 2x .\ co.82X )
6 2(1+sin® x)(1 +cos* x) 6 1+sin*x l+sin®x
ddu déng thiic chi xay ra tai x = 0 hodc x = g,do dé:
"/J? .ci)sx.sinx _x >l("’f sin2-xilx +"/I2 sin2x<jx )=_1t___
o (I+sin” x)(1+cos™ x) 6 o l+4sin*x ¢ l4+cos"x 12
Bai tap 27. | |
) sin X (a—b)sinx +(a+b)cosx
a. Tacé: — = .
sin X + Cos X sin X + Cos X
. ) i a-b=1 a=l
D6ng nhat hé s6, ta duogc: = 2 .
a+b=0
b=-
Khi dé: sin X _ l _ l EP_sx—smx. )

, sinx+cosx 2 2 sinx+cosx
b. Sirdung (1) ta dugc:

o mj?dx l"f(cosx—sinx)dx n l"/j3d(sinx+cosx)
2 o sinx+cosx 6 2 ( sinx+cosx
1 n 1 N3+l
=—1E———(Inlsmx+cosxi)"”—-——~—In ;
o 2 6 2 2
Bai tap 28. |
a. Dan:l;-—x,khidédt:-dx.
Déi can:
. x=0:‘>t=£.
2
. x=—7E::>t=0
p.
22 0 sin ( -—t)( —dt)
Khide:J= | S xdX_ 0
o sin® x +cos® x ""2sin4(E—t)+cos4(—-—t)
2 2
m2 cos®t.dt M2 cos® x.dx
= J. = J ,dpcm

- - 4
o sin‘t+cos®t g sin®x +cos® x
N e s
I
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n/2
b. Matkhic,tacé: I+J= [dx =x|j/* =
0

=51

l

kid L
2 4

Bai tap 29. Patt = % — X, khi d6 dt = —dx.

Péi can:
n
T x=0>2t=—.
p
. x= &1 e,

T
2

| sin(E - t)dt‘
Khidé: 1= | 2 _ T costdt

= J. =].
m ; int
/2‘/sm(E—t)+\Fos(E—t) o Vsint ++/cost
9, 2
: H n T
Mat khéc, tacé: 1+J = [dx =x|;* = 5 = lsd= 2,
0
Bai tap 30.
, sin 2x - acosx bcosx
a. Tacé: — = el .
(2 +sinx) (2 4 sin x) 2 +sinx
?sinx.cosx _ (a+2b)cosx + bsinx.cosx
(2 +sinx)* (2 +sin x)*
. ) ) a+2b=0 a=-4
Dong nhét hé so, ta duogc: = :
, b= 2 b=2
Khi dé: sin 2X - 4cosx _ 2c0f;x _ 0
(2+sinx) (2+sinx)” 2+sinx
9 4cosx p
b. Sirdung(l)taduge: I= | [-———— + —"" Jdx
x2 (2+sinx) 2 +sinx
9 4
= - it o — |d(sinx)
-n2 (2+5sInx) 2 +sinx
= (—i—— +1n2 +sinxl)|?_, =In2-2.
2+sinx "~
Chu y: Gia sit bai todn duge phét biéu tong quét hon, nhu:
0 sin2xdx

"Tina tich phan[= [ ———"
—x2 (2 +sinx)”

Pé cic em hoc sinh dé nhin nhan ra phuong phép thuc hién, ta trinh bay nhusaw:
Bién déi I vé dang:

% 2sinx.cos xdx

e 5
-x2 (2+sinXx)
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£t L= sinx, khi d6 dt = cosxdx.
Déi can:
P x=0=t=0.

I
" ox=-— =>t=-1.
0
t
Khidé: 1=2 | = _2j(2”) 24 uzj : —]dt
MeETs O 2+ -,2+t (2+1)°
=202 41+ ——1° =22 - 1.
2+t |
Bai tap 31. |
a. Datt= vVx*+1 suyradt= xfdx <:>dx=£d—t.
X~ +1 X
Déi can:
" Vix=0thit=l.

. Vérix-lthit—‘vri

Khidé: 1 = j(t —-Dt*dt= j(t —t )dtu(% _%tj)l'

T d
b. D{_itt=_x2+1‘suyradt= — < xdx = tdt.

x2 +1
Déi can:
" Vgix=0thit=1.
" V6iv=22 thit=3.
3 :
Khids: I = [t?dt = lt’)’f =£6-
| 3 3

Bai tap 32.
a. Ta c6 thé lva chon mot trong hai cich dat 4n phu sau:
Cdch 1: Dat t = 3x + 1 suy ra dt = 3dx.

Déi can:

= V6ix=0thit=1.

. Vé‘ix:%thit=8.

8
Khi d6: I_é— (Lt 2)de

19 -1/3
6'{ +2t ’)dt=—'(

5

Cdch 2: Dat t=3/3x+1 = t' = 3x + | suy ra 3t’dt = 3dx.
Péi can:’
= VGix=0thit=1.

-
. Véix=—3- thit=2.

34 3P|} =
5

a2
= —(~v2 + 1.
ls(f )
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2 (43 2 2 e 4
Khi dé: 1= + ju)‘—‘":l f(t* +20dt = — (= + )|} = hal
3 i t 3 15
b. Dat t=Y3x+2 = *=3x + 2 suy ra 3t%dt = 3dx.
Déi can:
= Véix=0thit=1.
= Véix=2thit=2.
2P+ Dt*dt 12 1,0, 77
Khxdol—— = [(t*+0)dt = —(—t — )} = —.
j t 3I 2 1130

Bai tap 33.

a.

Dattzs/; + 1 suy ra: \/; =t-1:3x=(t~,—1)3:>dx:_2(t—l)dt.
Péi can:
= Véix=0thit=1.
= Véin=1thit=2,
2

4
Khi dé: I = 2}[“ ). _t”(t = oy f(t=2)(* =2t +2)(t = 1)dt
| 1

2 i 1.5, 10 13
=2 ((t* =5t +10t> =10t + 4)dt =X~ -= f'+— £-C+4)|> =———
lj( ) 2(5 4 3 ) 30

Dt t= Vi+x? =0=14+x suy ra 3t%dt = 2xdx.
Déi can:
. véix=0thit=l.
* Voix=7 thit=2

2 ¥ )
Khids; 1= 2 [ DUdt

3 1 s _ 141
24 2 |

2jt—t)dt—2 —]~t5——t')' —
25 2 120

Bai tap 34.

a.

Patt= vx® +1 suyrat®=x>+ 1 = 2tdt = xdx.

béi can:

" VGix=0thit=1.

" Voix=+3 thit=2

—1? +2(t* = D]tdt
t

Ditt=2x+1 suyrat’=2x+ 1= 2tdt = 2dx.
Péi can:

" Véix=0thit=1.

= Véix=4thit=3.

Khi d6: 1_— j——l-)-@_

2 %
t 2 ;

2 ¢ 2 ,
K da: 1= I[(t = J(t* =yt =(%t5—t)]' =
1 |

. |
j - Ddt = —(—t—t) 10.

Bai tap 35.

a.

Patt= vx suyrax =t = dx = 2udt.
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DOncan
1 Vd]/\—]{h]t-l
* Vaix=4thit=2.

2 tdt 2 )
Khidé: [ =2 [— =2 (———~J

e (t+1) t(t+1) | t+1
=2(Inl 4 —Inlt + z})|f=21n%.

b. Viétlai tich phan I dudi dang:

.-u-m-‘|')

0 " 3
= j dx =(lrdx+l+\/(x+l)'+§l)j‘_’l =ln—.
_.\/ 1, 3 2 2 4 2
(xX+=)" +— :
2 4
Bai tap 36.
a. batt= +Jx + VX +2 suyra:
( 1 )d (Vx+1++x+2)dx
\2Jx+ 2Jx+ 2J(x +1)(x +2)
= dx _ 2dt
Jx+Dx+2) ot
D6i can:
" Véix=1thit=+2 + 3.
» Véix=2thit=+3 +2.
41+7
Khids:1=2 | 95 = 2ol 272 =2l 4342
i t V2443
b. Ta c6 thé lva chon mét trong hai cdch dat 4n phu sau:
Cach 1 : Dét x=sint,—~g— <t<% suy ra dx = cost.dt.
Péi can :
n
" x=]lt=—.
2
R
(] S, t= —
/_
2 n/2 - n/2
Khidé: = ,f co.st?.dt _ d(.Sll;lt) __ .1 _ \/—5 1
e sin®t  .s sin’t sint|_,,
Cach 2: Dat x =cost, t € (0, m) — Ban doc tu lam.
Bai tap 37.

a. Bién doi I vé dang:

=—é 7j'(x/x—4 +Vx +2)dx =—~é%[(x-4)3’2—(x+2)3’2] :

’ %(26— 747 -343).
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“ign déi 1 vé dang:

I(Jx+ —J’)dx——[(xm” e =—§—<\/§-~:).

Bdl tap 38.
a. Datt=vx* +1 suyrat’= x>+ 1 = 2tdt = 3x’dx.
Péi can: '

" Véix=1thit= 2.
2 Véia=2thit=3

3
 Khide1= -2 =1
Lt -1 2

b., Patt= vx? +9 suyrat’=x*+9 = 2tdt = 2xdx.
D6i can:
. V6‘ix=ﬁthit=4.
@ Véix=4thit=5

5
Khidé:1 = [
at?

1 3+2\/§

t—‘l3
n = —In
tHJE 2 2

!
O\

Bai tap 39.

a. Datt=x’>+1 suy ra t® = x* + 1 = 2tdt = 2xdx.
Déi can:
" Véix=1thit=+2.

* Véix=2thit=+5.
V5 dt 1

Khido: 1 = 5 = —In
5t -1 2

1 «fl J5~1
f+l \/-+1

Datt= +/143x® suyrati= 1 +3x* = 2tdt =24x"dx.
Déi can:

" V6ix=Othit=1.

" Véix=1lthit=2.

Khid6: 1= — [ -Detdt = S (Lol = 2
36 | 365 3 270

t—-l

t+1ji 5

&

Rai tap 40.

a. Datt= V2+x suyrat’ =2+ x = 2tdt =dx.
Péi can:
8 Véix=7thit=3.
@ V6ia=2thit=2.

Khi d6: 1=2 1oL _21{1—-«1-_)& =2+ 12 =2m2 -2
3't+1 3 \ 3
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Bién d¢i | vé dang:

1 ——— 1 1 o,
1= jx3(x~\/x2 +1)dx = [x*dx - jx3\[x2+!dx. (1)
0 g : & ;
I I
1
Vai tich phan I, ta cé ngay: I, = jx"dx = %xf’ b= % (2)
O -~ -
Véi tich phan I, dat t= vx2 +1 suy ra:
C=x>+ 1= 2tdt=2xdx va x> Vx? + 1 dx = (€ - Dt = (t* — t)dt.
Déi can:
" VGix=0thit=1.
* Véix=1lthit=+2.
V2 1, 1 4-22
Khidé: L= [(t*—t2)dt =(—t* — —¢})|V? = Z2¥2 3)
2 lj( ) (5 3 )1 15 /
242 -1
Thay (2); (3) vao (1) taduoc I = .JIES .
c. Ta c6 thé lya chon mot trong hai cach dat 4n phu sau:
2
- - — 4tdt
Cdch 1: Datt = e :>x=1 tz =>dx = ——-it—;l—;
1+x 1+t 1+t)
Déi can:
= VGaix=0thit=1.
® Véix=1thit=0,
2
o (1+t*) - ; 1
Khi dé: 1= |t * ; 4t§h2 =- [t*dt =-=¢|} = 2
I 2 (1+1t7) 3
Cdch 2: Dat x =cos2t = dx = — 2sin2t.dt.
Déi can:
. V(’)’ix=0th‘1t=£.
4
®* V6is=1thit=0.
Khi dé:
o [I—cos2t sin2tdt MMrgitdt O
I=-2 [1/ ~= | £ — = [ tg’td(tgt)
x7a V1 +cos2t (1+cos2t) 0 Cos i 0
1 3, n/4 1
= —tgt = —.
30 T3
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Bai tap 41.

u=x
a. bat:

a :> 1 v bl *

dv = xvx* +a’dx v:g\/(x‘-i-a“)"’

Khi dé: 1 =%x J(x? +a?)’
22442, 1°

— e fing x2+a2dx—la2j x? +a’dx
3 30 3 0

4 a
<:::>§I=2a V2 —la3IVX2+a2dx. (1
. 0 -

a

5 = A f(x* +a’)Wx* +a’dx
30

3

w

Ta biét ring;

a 2
= [Vx* +a’dx =(—;— vyt +a® + a7lnlx+ vx* +a’l)
0

a
G

2 2
=a;/5+32——lnll+ﬁl. )

Thay (2) vao (1), ta dugc:
| 1_2 2a4\/§ 1 azﬁ a

_.._az( + —
4 > 3 P .

nll + V2 1)]
a’ '
= ?[3«/5 ~ In(1+ v2)].
Chut y: Boi han ché chuong trinh trong sich gido khoa nén khi thuc hién bai thi cic
em hoc sinh cin chitng minh lai cong thic:

[Vx?+adx= —;— Jx?+a + Llalx + Vxi tal+C

: 2
b. Ban doc tw gidi ticong 1 cdu a).
Bai tap 42. Ban doc tu giai.
Bai tap 43. Ban doc tu gidi.

Bai tap 44.
a. Diatt=e¢" thie'dx =dt.
Déi can:

* Véix=0thit=1.
® Véix=lthit=e.

. R 2 1 1
Khi d6: 1= jgif—)-«jt=j(lzm+?+1)dt= ——+2mff+t |[s=e-—+2.
1 t- T\t t €
b. Patt=e" thie'dx =dt. h

Déi can:
" Véix=0thit=1.
® VéGix=1thit=e.
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e+1

Khi d6: 1= j——l

Bai tap 45. Tinh tich phan:

a. bat t=e " thidt =—e "dx.
P6i can:
* VSix=0thit=1.

; 1
" Véix=1thit=—.

e
Ife _
Khi d6: 1= j—d=—nn|1+t| e S pp22
1+t l+e
b. Patt=¢" thtdt=edx.
Péi can:
= Véix=0thit=1.
" Véix=In2thit=2.
% 1 t+1 2
 Khidé:1= [ j[( DU e - yar
P VE+1 Vi+1 . \/t+
= —[(t+l)3/2 21+ 1)) = 22
3 3
\ > X N .2 2t
Bai tap 46. Datt= ve* -1 thitt=¢e*-1 = 2tdt= e’'dx & dx = zd;.
t"+
Déi can:
®* Véix=0thit=0.
= Véix=In2thit=1.
t*dt ’ 1 R A
Kh.dol-zj 2[(1— 5 ]dt=2(jdt — ). (N
OI +1 0 t°+1 0 ot® +1
—— ———
I I
Véi tich phan I, tacé ngay I, = 1. (2)
Véi tich phan I, dat t = tgu, PP suy radt =———=(1 + tg’u)du.
2 2 cos“u
Péi can :
= t=0thiu=0.
s t=1thiu=—.
4
n/4 2 n/4
Khid: 1= | S8 WM Ty _yfwe 2 I (3)
0 tg u+l 0 4

Thay (2), (3) vao (1), ta duge [ =2 - 325
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Bai

¢In(l+In” x)

tap 47. Bién déi I vé dang: I = "]E el gy
3 X

d
bat t=lnxsuyradt=——x.
X

Péi can: ‘
= Véi:=1thit=0.
" VGéix=ethit=1.

1
Khi dél=% [In(1+1t*)dt.
0

2tdt
= In(1+t? du =
bat: u = In(l )<:> 1+t°.
dv = dt '
v=t
Khi dé:
1 ) ' t’dt . In3 2 Y (t* +1-1)dt
I= =[tIn(1 +0)|, -2 1= .
3 ° 6(]+t2 3 3({ 1+t
' L dt -2
32 g 0 3 2 2 n 32w
3 3 0 ol+t 3 3 3 4 3 6
J
Chi y: Trong 10i giai trén ching ta da su dung két qua J = ; da dugz chitng minh
trong bai tap 46.
Bai tap 48.
u=x du=dx
a. Dét X = X -
dv=e 2dx v=-2¢ 2
. 4 . 2 ¢ 4 "% 2 8
Khidé: I=-2xe ? l“ +2fe2dx =-— -4e 2|; =4~ —.
0 € €
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I X
Viét lai I duéi dang: I = Ie"e° dx .
0

biat t =e” suy rae’dx =dt.
Déi can:

" Véix=0thit=1.
" Véix=1thit=e.

Khidé1= [te'dt.
1

u=t du =dt
bat: &> :
dv =e'dt v=e'



: e
Khidéil'—‘tﬁ'f - Ie'dt =e°+'_e»e'f =et! —e°

Bai tap 49.

d.

bitt =e* thi e'dx = dt.
Paéi can:

= VGix=0thit=1.
= Véix=I1thit=e.

€ € t 2
Khidé:l:j il j(l——l— t =(Inj—{)|{ =In -
pte+1) Lt t+1 t+1 e+1
Pitt=e* thidt = e*dx.
Poi can:
" VGii=0thit=1.
= Véix=In2thit=2.
2 5dt 2 t . 12
Khidé: 1= | : = 'f(l—L}itz(ln——),‘—ln—-.
pt(t+5) Lt t+5 7

Bai tap 50. bat t = e* thi dt = edx.

Péi can:
" V6ix=0thit=1.
* VGix=In2thit=2.

Khide: 1= (LD _ 2}(1---—)& =l d - 2ml e+ 12 mg

P t(t+1) I
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7 CHUDE 6
PANG THUC, BAT PANG THUC TiCH PHAN

Bai toan 1: Chimg minh dang thitc tich phan.

PHUONG PHAP CHUNG _

Phuong phdp dugc sit dung nhiéu nhé4t dé chimg minh cdc dang thic tich phan
12 phuong phédp déi bi€n, viéc lua chon phép dat 4n phu phu thudc vao cén a, b va
tinh ch4t cia ham s6 f(x) dudi ddu tich phan. Ngoai ra, con sir dung:

®=  Phuong phap phan tich.

®  Phuong phép tich phan titng phén.

= Phuong phap quy nap todn hoc.

= St dung tich phan truy héi.

BAI TAP TU LUAN
Bai tap 1. Chimg minh ring:
1.1 _ 2 ' 2 x? lsinx
a. I—Lidx=£. b. I——|——x—ldx=n+2.
=1 1+2* 4 -n/2 1+2
2e?

1
Bai tap 2. Ching minh ring: j(e’t2 sinx +¢*.x2)dx = ="
-1

12 .

Bai tap 3. Chimg minhring: | cos x.ln(1 = )dx =0.
-1/2 1+x

Bai tap 4. Ching minh ring:

/2 In

a. £o8" KX = b.  [sinx.sin2x.sin 3x.cos 5xdx =0.
0o cos"x+sin"x 4 0
Bai tap 5. Ching minh ring:
2004 nt

[ v1-cos2xdx = 40082 .

0
Bai tap 6. Cho ham s6 f(x) lién tuc va 12 ham 1€ trén [—a, a]. Chimg minh ring;

ajf(x)dx =0.

Baitap 7. Cho :am s6 f(x) lién tuc va 1a ham chdn trén doan [—a, a]. Chitng minh ring:
]'f(x)dx = 23[f(x)dx ;

Bai tap 8. Cho ;ém s6 f(x) li(:’:n tuc va chin trén R. Chimg minh ring :

| BRICH: ?f(x)dx véi Vo € R* vaa>0.
0

X

wa +1
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Bai tap 9. Cho ham s6 f(x) lién tuc trén [0, —125 ]. Ching minh ring

"/2 n/2

[f(sinx)dx = [f(cosx)dx .
0 0

Bai toan 2:  Chimng minh b4t déng thic tich phan.

PHUONG PHAP CHUNG
Dé chtmg minh mot bAt ding thiic tich phan, ta thudmg st dung lai ba tinh chat

6, 7, 8 cua tich phan xdc dinh. Ngoai ra, mot tinh chét rat don gian ciing thudng
dugc su dung trong phép tinh tich phan 1a:

l?f(x)dx < l]’|f (x)ldx .

b
Nhur vy, dé ching minh b4t déng thic: [f(x)dx <A

ta thuc hién theo cic bude sau:

Buoc 1:  Xac dinh mot ham s6 g(x) thoa man céc diéu kién:
f(x) < g(x), Vx €[a,b]
b
[g(x)dx =
Bucc 2:

b b
Khi d6 f(x) < g(x) = [f(x)dx < [g(x)dx = A.

D4u déng thic x3y ra khi f(x) = g(x).

Chu y: Dé thuc hién duge bude 1 trong bai todn trén (tim ra ham g(x)) ta thudong
lva chon mét trong cdc hudng sau :

Huong 1. Diénh gia ham s6 f(x) theo cic c4n a, b.
0 huéng nay, tir x € [a, b] sau mot vai phép ddnh gid nho ta thu duge
f(x) < g(x).
Huong 2. Sit dung dao ham xét tinh don diéu ciia ham s6 f(x) trén [a, b]

Bang viéc xét ham s6 f(x) trén doan [a, b] ta tim dugc gia tri 16n
nhat va gia tri nho nhét (n€u c6) cia ham s6, tic 1a :
m £ f(x) <M.
Huomg 3. Sk dung céc bit ding thic.

Ngoi ra ciing c6 thé sir dung dinh 1y vé ddu chia tam thiic daé chung minh mét
bdt déng thirc tich phan.

BAI TAP TU LUAN
Bai tap 10. Ching minh rang I—L < L.
2+X+Xx 8
/3
Bai tap 11. Chimg minh ring l@ < | B < 1

/6 X 2
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e 1
Bai tap 12. Ching minh ring [x sin® xdx < ik
0

Bai tap 13. Chimg minh ring j:ﬂidx > | X x|
Q X n/2 X

Bai tap 14. Chitng minh rang:

n< } ox < 27.

osin® X + cos® x
Bai tap 15.Ching minh ring:

n\[?: z dx 27t-\/-§
< | & = .
3 Ox[coszx+cosx+1 3
Bai tap 16. Chimg minh rang:
1 a2x 2 N Y J2
N Ie cos ;cdx e b e* sin xdx L Te
o I1+x 4 1+ xz 12

Bai tap 17. Chimg minh ring:

1 n/3
a. [v3+eTdx<2. b. [_3_< "'C_m_"_d,((l.
0 2 5 X 3
Bai tap 18. Ching hai tich phan:
/2 . /2 o
[= J sm2-x<;ix Vi J= J. sm2xc:x .
o l+sin” x o l+cos™ x
a. Tinh céc tich phan1, J.
n/2 | . )
b. Ching minh ring | .c:)sx.smx —dx > .
, 0 (I+sin” x)(1+cos” x) 12
HUGNG DAN - GIAI - AP SO
Bai tap 1.
a. Bién déi tich phan I & VT vé dang:
0Vl-x%dx v1-x%dx
I= | + | ) (N

- 1+2° o 1+ 2
L—-—«-----?,----——------—’ __lv_____/
1 2
Xét tich phan I, véi phép d6i bi€n x = — t thi dx = - dt.
Péi can:
= x=-1>t=1

s x=0 =t=0.

Khi dé: 1, = (}m(—dt)

1 1'1'-2—l

2'VlI-t2.dt ]2*J1—x2.dx ,

2)
42 o g st e 28

g
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Thay (2) vao (1), ta duogc:

If “V1-x? L pYl=x?dx __‘J.(l+2")\/1—x2.dx
0 1427 0 ]4—2‘ 0 l+—2‘
I
j' 1 -x°.dx.
0
bat x = sinu, - —g— <u< g thi dx = cosudu.
Déi can:
i
P X=]l=2t= —
| 2
s x=0=t=0.
nl/2 . n/2 n/2
Khidé:I= [ +1-sin’u.cosudu = [lcosulcosudu = | cos’ udu
0 0 0
<k ulz(l +cos2u)du = l(x + lsm2u) me I dpcm
2 4 2 2 4’ '
b. ‘Bién déi tich phan I & VT vé dang:
: } xz.lsinxldx n/2 xz.‘sin x!dx
= NS EESHIRT aT CH e M M
vz 1427 0 1+2f‘
_ ‘j x 2 sinx.dx /f .sin x.dx M
-n/2 1+2° 0 l+‘2x )
I 1
Xét tich phan I, v6i phép d6i bién x = — t thi dx = - dt.
Péi can: ,

n/2 1+2—l_ l 0 i |.2’ o 1+2x
Thay I, vao (1), ta duoc: .

- "/J?Z"xz.sinx_.dx N "/J? x*.sin x.dx f(1+7 )x*.sin x.dx
0 1+2% 5 1427 0 1+2°

o B 1 o G 1!/2 Vo2 o n/2 A X 2 .
Khi d6: I,= j.( t).sin(—t).( dt)=_ J.2 L. sint.dt 27X .smx.dx.

n/2 5
= [ x%sinxdx.
0
u=x- [du = 2xdx
Dcu 4 i I
[dv = s1n xdx lv = —COSX
n/2

/2 . x/2
Khi d6: 1=-x%cosx|5/* +2 [x.cosxdx =2 [x.cosxdx.
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u=x du =dx
bat: et .
dv = cos xdx vV =sinXx

Khi d6: I = 2(x.sinx |32

n/2
- jsinxdx):Z[g - (- cosx) 3’2 ]=n+ 2, dpcm.
0
- Bai tap 2. Bién déi tich phan 1 & VT vé dang:

i | :
I= _[e"z sinxdx + [e’.x’dx. (1)
-1 -1

o
v

I I

0 |
Véi tich phan I,, ta bién déi: I, = jc‘z sinxdx + jc"2 sin xdx . )
-1 0

J [N v
—

Iy Lia

Xét tich phan I, , bing phép d8i bién x = —t thi dx = —dt.
Péi can:

s x=-1>t=1.
s x=0=t=0.

0 1 !

Khidé: 1, =- je‘"’z sin(-t)dt = - ]e'2 sintdt = - je"2 sinxdx. (3)
1 0 0

Thay (3) vao (2), taduoc I, = 0.

3 2
Do dé, ta c6 ngay: I = €”. %— l'_, = Zg_ , dpcm.
Bai tap 3. Bién déi tich ph&n 18 VT vé dang:
12
[ cosX.In| —— = X ldx + jcosx In| —% s X lax. (1)
-1/2 1+x 1+x
I Iy
Xét tich phan I, bing phép déi ble'n x = —t thi dx = —dt.
Déi can:
¢ x=-1+ot=1
2 2

s x=0=t=0.

1/2
Khidé: I,=- j'cos(-t) ln[1+t)dt =- jcost ln(1 t)dt
1-t 1+t

172

0
Thay (2) vao (1), ta duge I = 0, dpcm.
Bai tap 4.

1/2 ] -
=- jcosx.ln( )dx =L, (2)
1+x

a. Xét tich phan I & VT véi phép d6i bién t = —2— — x thi dx = —dt.
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Déi can:

s x=0=t= 13.
2

T
L X =:E£ o t=:0.

n n :
0 cos (— —t)(—dt) /2 . W
. sin” tdt
Khids: 1= | - = |
LT ) P n con
o=~ Tyt =~f) 0 =5 rsn
2 2
n/2 n"
sin” X
= | - _ dx
o0 cos" X +sin” x
n/2 n 1 N n/2
cos" x +sin” x n
Dods: 2l= [ — ——dx = [dx == =>1=—,dpem.
0o cos" x+sin" x 0 2 4
b. Bién ddi tich phan [ & VT vé dang:
3n/2 3n
I= [sinx.sin2x.sin3x.cos5xdx + [sin x.sin 2x.sin 3x.cos Sxdx . (1)
0 3n/2

Xét tich phan J = _[ sin X.sin 2x sin 3x.cos 5xdx véi phép déi bién

In/2
X =371 — t thi dx = —dt.

s x=3n =>t=0.

0
Khidé J=- [sin(3n—t).sin2(37 - t).sin 331 — t).cos S(3n — t)dt
3n/2
3n/2
=— [sint.sin2t.sin3t. cosStdt
0
In/2
= - ]'sin X.sin 2X.sin 3x.cos 5xdx . (2)
0

Thay (2) vao (1), ta duge I = 0, dpcm.
Bai tap 5. Trudc tién, chiing ta di phat biéu va ching mmh bd dé sau:
B6 dé: Néu f(x) lién tuc trén R va tudn hoan véi chu ky T thi:

a+T

[f(x)dx = Tj'f(x)dx .
.a 0

Chimg minh‘
a+T i
Ta cé: If(x)dx = If(x)dx + If(x)dx & j'f(x)dx (D
\___r . N - a+T
I Iy .
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Xét tich phan I, véi phép d6i bién t = x — T thi dx = dt.
Péi can:

= x=a+T=>t=a

* x=T =t=0.

Khi dé:

0 a a
L= [f(t+T)dt =- [f()dt = - [f(x)dx . (2)
a 0 0

a+T

T
Thay (2) vao (1), taduoc [f(x)dx = [f(x)dx ,dpem.
0 a

Chiing minh ddng thirc: Bién déi tich phan 1 & VT vé dang:
2004

I=+2 [Isinx | dx
0

2n 4 2004
= 24 [isinxldx + [Isinxldx +..+ [lIsinxldx).
0 2n 2002n
Theo bé dé trén, ta duoc:
2n 4n 2004 n
[Isinxldx = fIsinxldx =..= [Isinx|dx.
0 2n 2002n
Vay, ta dugc:

2n 2n n
1=1002v2 [Isinxldx =1002+2( [Isinx|dx - [sinxdx)
0 0 0

= 10022 ( - cosx 2%y = 4008 /2 .
Bai tap 6. Bién déi tich phan I & VT vé dang:

I= (j[f(x)dx + aj'f(x)dx. (1)
-a 0 1

n
o + cosx

J -

I I
Xét tinh phan I, v6i phép d6i bién x = —t thi dx = —dt.
Péi can:
" x=-a>t=a.
= x=0 =>t=0.

Khi dé:
0 f(ylénenf(-t)=-f(1) a a
L=-[f(-t)dt - '= - [f()dt =- [f(x)dx . (2)
a 0 0
Thay (2) vao (1), taduge I = — [f(x)dx + [f(x)dx =0, dpcm.
0 0
Bai tap 7. Bién déi tich phan I & VT vé dang:

0 a k ;
1= [f(x)dx + [f(x)dx. | (1)
-a 0

I I

ét tinh phan I, v6i phép déi bién x = —t thi dx = —dt.
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Do can:
' X=-a—mt=a.
» x=0 =3t=0.
0 fit)chinnénf(-t)=f(t) a
Khi d6: I, = — [ f(-0)dt = [f(hdt = jf(x)dx (2)
0

Thay (2) vao (1) ta duoc:
[= [f(x)dx + [f(x)dx =2 [f(x)dx, dpcm.
0 0 0

« f(x)d
Bai tap 8. Bién déi tich phan & VT vé dang: 1= [ 00X | 7f00dx ),

A Tl ) | oa +1

h I2
Xét tich phan I, véi phép déi bién x = —t thi dx = —dt.
Dé: can:
" x=—aDt=ao
v x=0 =st=0,

Kh: dé:
()f —t dt f(tychinnénf(-t)=f(t) ualf t d[ aaxf X dX
() . Ot _gatfoode
o a +1 0o a +1 o a +1
Thay (2) vao (1) ta duyc:
[ ja f(x)dx . J.f(x)dx j.(.':1 + Df(x)dx _ jf(x)dx,dpcm.
o a +1 oa +1 g +1 0
Bai tap 9. Xét tich phan & VT véi phép d6i bién t = g — X thi dx = —dt
béi can:
. x=0:>t=£.
2
. x—E =>t=0
2
Khi dé: .
n/2 n/2
VT =- I f(sm(——t)dt If(cost)dt jf(cosx)dx,dpcm.

n/2

Chu y: Viéc stt dung dang thic trén dé tinh tich phan

n/2 n/2
I= [f(sinx)dx (hodcI= [f(cosx)dx)
0 0

thuong duoc thue hién theo cdc bude sau:

Buree 1 Béing phép déi bién t = g — x nhu trong phan ching minh tinh chat,

n/2
ta thu duoc I = If (cos x)dx .
0
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Buoc 2: i xac dinh kI (né duge phan tich
n/2 /2

ki=a [f(sinx)dx +B [f(cosx)dx)),
0 0

thudng 1a:
n/2 n/2 n/2

2I= [f(sinx)dx + [f(cosx)dx= [[f(sinx) + f(cosx)]dx
0 0 0
Tir d6 suy ra gid tri cha L.
Bai tap 10. Ki hiéu bt ding thitc 3 (). Vi x < [0, 1] thi ta dugc:
1 < 1 ,
2+x+x° 2(1 +x?)
d4u ding thic chi xdy ratai x =0 hoic x = 1 'do do:

X222+ x+x322+2%8% &

: dx Lodx 1!

I 7 < Y .{ (D

02+ X +X 02(1 +x%) 20] +x?

(4 ot . - s 0
Xét tich phan I bing phép d6i bién x=tgt,——2— <t< 5 By T
2
dx = dtz = Hrangd v = = (+tan D _ g
i cos’ t x2+1 tan’t +1
Déican :
* Vé6ix=0thit=0.
« Véix=lthit= —.
4
n/4 T
Khi d6 I = [dt=tg’“ = )
Thay (2) vao (1), ta dugc j—di—— < E,d'pcm.
2+x+x> 8
Nhdn xét : Trong 161 giai bai toan trén, s& di ching ta di ddnh gid ham s6
‘ 1 1
f(x) = = 5 ==y (3)
2+X+X 2(1+x7)
ma khoéng lva chon viéc danh gia
1 :
)= ——— < — @

2+x+x%  2+x
cho du viéc 14y tich phan & (4) don gian hon rét nhiéu so véi (3), 1a vi v& tréi cia (¥)
d6 12 mot biéu thirc chita ©t va két qua dé chi c6 duge & tich phan trén khi nguyén
ham 1a m6t ham luogng gidc nguogc. Hay nhd lai :

dx t
I 2 > = — +C, trong d6 x = atant.
a‘ +x a ‘
dx .
I —— =t + C, trong d6 x = asint.
2 2
a —X L
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- ko . sin X
Baitap 11. Xéthams6y =
X
XCOSX —sinX (X —tgx)cosx
2 = 2
X X
suy ra ham s6 nghich bi€n trén D.

sin X T 3«/5 sin X 3

trén mién D=[1t—, E].
6 3

Paoham: y'=

<0, vxeD

s
T d6, suyra: y(—) < <y(—) o < < —
¢ 3 X ¥ 6 2n X T
- 2 2, ”? i k] / 9. . ﬂ ~ 7 2 #
ddu dang thirc chi xay ra o v€ phai tai x = 5 avétriix = % ,dodo:
3V3 2 " smx 3 w3 w3 smx 1
‘/— [dx < J' = [dx © £ < [—d

n/6 /6 T z/6 z/6 X 2

Bai tap 12. Xét ham s6 y = sinx — x trén mién D = [0, 1].
Pao ham : y'=cosx — 1 <0 suy ra ham s6 nghich bién trén D.
Tir d6 suy ra : 0 < sinx < x = xsin’x < x°

du déng thifc chi xdy ra tai x = 0, do dé:

" ' 1 1
fxsin® xdx < [x’dx = —x*|{ = —, dpem.
0 0 4 4
Bai tap 13. Ta bi€n déi bat ding thirc vé dang:
®/2 .
Ismxx__ Ismx jlnxlx>0

n/2

o 43 . . sinx
bat dang thic trén luén ding do
X

>0, véi moi x (0, 7).

Bai tap 14. Ta c6 nhan xét:
sin®x + cos*x < sin’x + cos’x = 1

. . . | 1
sin’x + cos*x = (sin’x + cos’x)* — 2sin’x.cos’x = | — 5 sin®2x > —

2
1 x dx
=51 <€ ==y =~ ‘<..2:>TC<I‘ % < 2n, dpcm.
SIN” X + Ccos”~ X © pSINn X+COos X

Bai tap 15.Ta c¢6 nhan xét:

1 3
cos’X +cosx + 1 =(cosx + — )2 + — = choszx+cosx+ls3

4

& —23 < Jeos? x+cosx+1 < 43

] 1 ~ 2

e < <
\/5 Jcoszx+cosx+1 \/3

- 3 ’ 2 9 2 - . . . 2. . 27[
diu dang thuc chi xay ra & vé trdi tai x = 0 va v€ phai tai x = 3 do dé:
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dx 2 ’].dx
3

1 n b1 4

— jdx

\/50 Ox/coszx+cosx+1 -\/_0
n\[3_ i dx 2n«/§

= < | < , dpcm.
3 0\/coszx+cosx+l 3

<

Bai tap 16. R
a. Vd&ix e [0, 1] thi ta c6 nhan xét:

e?* cos x e
<

l<e™ <e - ,
= 0<e’cosx <e” &

O<cosx<l1 1+x? g beox®
2x 2 2
e”* cosxdx L e“dx , mie
Do d6, suy ra: - < =e’t|}* = —— dpem.
J 1+x? é[] +x° 0 4
b. Véix e|[l, \/5] thi ta ¢6 nhan xét:
X J3 S V3
BE e :>O<e‘sinx<e‘5<:>c sm2x< = ;
O<sinx <1 1+x 1+x
Do dé, suy ra:
Gersinxdx  Vieldx 5 (o  meV?
J 7 < J 2 = M » dpem.
1 1+x | l+x _ 12
Chi y: Trong 18i giai cta bai todn trén chiing ta da sir dung két qua:
d r
I zx =t + C, trong d6 x = tant.
X“+1
Bai tap 17. i

a. V6ixe[0, 1]thitaconhanxét:e* <1 = v3+e™ <+/3+1 =2
ddu dang thitc chi x4y ra tai x = 0, do dé6:

1 1

b. Xéthams6y= coX trénmiénD=[E, E].
X 4 3
&5 —cotx
bao ham: y'= S X <0, VxeD = ham s6 nghich bién trén D.
X
Tu do, suy ra: y(—)< - < (E)<:> _‘/__;_3_ 5 = < &
4 C T X n

- 2 ’ ” 2 2 . ). . n » - . Tt ’
ddu dang thic chi xay ra o v€ phai tai x = 2 va vé trdi x = 3’ dodo:

43 ﬂ{.}dx o wcotx.dx Id <::>
T /4 n/4 X T ona /4

Bai tap 18. Tham khao bai tap 26 chi dé 4.

J- cotx
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CHU PE 7
PHUONG TRINH, BAT PHUONG TRINH TiCH PHAN

Baitoan 1:  Giai phuong trinh, bat phuong trinh chia tich phan.

PHUONG PHAP CHUNG

Ta thuomg thuc hién theo cdc budc:

Buoe [: Trude tién, can xdc dinh tich phan trong phuong trinh, bat phuong
trinh d6, sau dé sé thu dugc mot phuong trinh, bat phuong trinh dai
s6 quen thudc.

Buwoc 2 Giai phuong trinh dai s6 nhan duoc.

Nhu vay cdc em hoc sinh cén :

" Nam vitng cic phuong phép tinh tich phan.

* B6 sung thém kién thic vé dai s6.

BAI TAP TU LUAN VA TRAC NGHIEM
’] (1+Int)dt

Bai tap 1. Tim cédc nghiém duong cua phuong trinh sau: t =0.
. I/e )
A, x=2e. B. x=e. C.le. D.x=-2-.
e e
Bai tap 2. Giai cic phuong trinh:
X At- 1
a. [(27'.In2-2t+2)dt = 2 4 —.
0 2
A x=1. B. x=2. -~ C. x=4. D. x=8.
b. [(4sin® t--3-)dt =
0 2
A x= Km B. x= KT C. x=km. D. x =2km.
4 2
X . 3 dt
Bai tap 3. Giai phuong trinh:  [———— =1gx.
0y(1-17)’
A. x=0. B. x=m. C. x=2m. D. x =3mn.

Bai tap 4. Tim tat ca cdc nghiém cha phuong trinh : jcos(t —x?)dt = sinx.
0 _

Bai tap S. Giai phuong tr‘mh n x :

£r-\/1+

A.x:—l—. B.x=l. C.xz—%. D, x=
3 2 2

_J_ 2x(1 + 241 -x2).

W | W
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Bai tap 6. Tim nghiém x > 1 thoa man phuong trinh :
[7'7" In7dt = 6log,(6x — 5).

I
A x=0vax=1. B. x=lvax=2 C. x=2vax=3. D. x=3vax=4

X
Bai tap 7. Giai va bién luan phuong trinh sau véi 4n x: 2 [(mt-m +2)dt =3 - m.
0

Bai tap 8. Cho phuong trinh: x*+ [[3t* + 4(6m - 1)t —3(2m - 1)|dt = 1.
1
Tim m dé phuong trinh ¢6 3 nghiém phan biét c6 t6ng binh phuong béng 28.

Ao m=l. B- m=—l- C- m=_1_,_ D. mz__..l_.
12
Bai tap 9. Giai bat phuong trinh: 12 + l j(cost —sint)dt + 1.

2COS X 2sm X 0

A x=2+kx. B. x=—~4+2kn. C. x=—+kn. D. x=— +2kn.
4 4 2 2

Bai todn 2:  Sur dung tich phan chirng minh phuong trinh cé nghiém.

PHUONG PHAP CHUNG
‘Dé chimg minh phuo’ng trinh f(x) = 0 c6 nghiém trén (a, b) véi f(x) la ham s6
lién tuc trén [a, b), ta c6 thé thuc hién cdc budc sau :

. b
Buéc 1:  Xéc dinh gid tri cha tich phan I = [f(x)dx .

Buoc 2: Neéu I = 0 thi két luan phuong trinh f(x) = 0 ¢6 it nhat mét nghiém
trong (a, b).
Luu y: Ta cung biét nhiéu bai todn yéu cdu "Chimg minh rdng phuong trinh ¢6 nghiém
vdi moi tham s6™", khi d6 ta c4n lua chon [a, b] thich hgp dé 1=0. :

BAI TAP TU LUAN
a b C

+ +
2003 2002 2001
ax® + bx + ¢ = 0 ¢6 nghiém thudc khodng (0, 1).

Bai tap 10. Gi sit

= 0. Ching ™inh ring phuong trinh:

Bai tap 11.Ching minh ring phuong trinh: iai cos(ix) =0

luon cé nghiém véi moi a, € R, i = 1,

=3

Bai tap 12. Ching minh rang phuong trinh: iai sin(ix) =0

i=1

N

luén ¢6 nghiém véi moi a; € R, 1 =

Bai tap 13.Ching minh rang phuong trinh: iai cos[i(zzt- -x)] =

luén ¢6 nghiém véi moi a; € R, 1= 1,
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HUGNG DAN - GIAI - PAP SO

Bai tap 1. Bién d6i VT cua phuong trinh vé dang:
1

1
e =lnx + —In’x + —.
2

VT = _[(1 +Int)d(Int) = (Int + %ln"t)
/e
Khi dé6, phuong trinh c6 dang:

Inx + %ln2x+% =0<:>ln2x+21nx+l=0<:>lnx=-l<:>x=l.

e
1

Vay, phuong trinh ¢6 nghiém x = —.
¢
Bai tap 2.
a. Ky hiéu phuong trinh ban dau la (1).
Bién ddi VT cia phuong trinh vé dang:

VT =242t |5 = (2 ' = x* + 2x) —-;— 4 2)

Thay (2) vao (1), taduoc: 2* ' +x—1= 2% + x> - x.
Xét ham s6 f(t) = 2' + t dong bién trén R.
Vay, phuong trinh duge viét duéi dang :
fx-D=fx*-x)ox-1=x*-x x=1.
Vay, phuong trinh cé nghiém x = 1.
b. Ky hiéu phuong trinh ban dau la (1).
Bién d6i VT ctia phuong trinh vé dang:

VT = j'(;— cos4t — 2cos 2t)dt = (% sindt — sin2t)|,
0

i %sin4x — sin2x. (2)

Thay (2) vao (1), ta duogc :

%sin4x -sin2x=0& (%cost— Dsin2x =0 x = %’-‘—,k eZ.

k
Vay, phuong trinh c6 mét ho nghiém x = 7“ .k e Z.

Bai tap 3. Xét tich phanI = o v6i phép d6i bién t = sinu, A i 2
(1-¢%)° 2 2
suy ra: dt = cosudu va di = cos_l;du = dlzl = d(tgu).
,/(1-8)3 cos"u cos'u
Khi d6: 1= Jd(tanu) = tanu + C = — = +C.
1-t
Do dé, phuong trinh cé dang:
t X sin X

0 =tanx &

(1)

1-x%2  l-sin’x

=g
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X

1-x?
1
t '(X) = ——=—=—=——=—= >0 = ham s6 d6éng bién trén [0, 1)
Va-x%y’

Xét ham s6 f(x) =

trén [0, 1)

x€[0.1)
Khid6: (2) < f(x) = f(sinx) &x =sinx & x=0.

Viy, phuong trinh c6 nghiém duy nhét x = 0.
Bai tap 4. Bién déi VT clia phuong trinh vé dang:
VT =sin(t - x%)

8 = S.ln(x = Xz) = Sin(— Xz) = Sinx2 - Sin(xz - X).
Do d6, phuong trinh ¢6 dang:

2

sinx? — sin(x® — X) = sinx < 2cos 8 =5 sin-g- = 3 S
3 x =kn
sin—=0 i
2X° —x X
& ; 5 =-—+2In
2x° —x X 2
cos = COS — 5
L 2 2 2X° =X X
=—+2mn
2
x=kn
o [ x=+2In,1=0],.. k,I,me Z.
1+/1+8mn
X= 5 , m=0,1,...
Bai tap 5. Bién déi VT cuaa phuong trinh vé dang;
— 2tdt

x
NEYD)

VT-—-—ZJ‘[ W18 _ il
732\/1+v1—t2

= - 2(V1+V1-x? --\/5_6—)=\[6~2\/1+\/l—x2 .

Do d6, phuong trinh c6 dang:

Vi+¥1-x2 =x(1 +2v1-x2). (1)

biéukien 1 -x*>0 -1<x< 1. (2)

Dit x = sinu véi u € (-%, g). Khi d6, phuong trinh (1) ¢6 dang:

\/1+\}1—sin2 u =sinu(l +2v1-sin’u)
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<> 41+ cosu =sinu(l + 2cosu)

&5 2cosE = éinu+sin2u & \EcosE =23in3—ucos—
2 2 2 )
5 cos—;~=0 (D
&> 20052(]*\/§Sin~—2)=0© ‘ o
2 2 C3u 2
sm——=7

Vay, nghiém cua phuong trinh la x = :’l): .

Bai tap 6. Bién ddi VT cua phuong trinh vé dang: VT =7'""

Do d6, phuong trinh ¢6 dang: 7* 7' — 1 = 6log,(6x — 5).

Diéuki{:néx“5>()<:>x>%.

Paty - 1 =log,(6x - 5). |
Khi d6, phuong trinh duoc chuyén thanh hé:
T =6y-D+1 |77 =6y-S (1)
y—-1=log,(6x-5) |77 =6x-5 (2)
Trir theo v€ hai phuong trinh cua (1), ta duoc:
Th+6x=T"" +6y. :
Xét ham s6 f(t) = 7' "' + 6t 12 ham don diéu trén R.
Khi d6 (3) duoc viét lai du6i dang: f(x) = f(y) @ x=y.
Khi d6 (2) cé dang: 7' —6x + 5= 0.

Xét ham s6 g(x) = 7""'—6x+5tréntapD=(-2—, + o).

* Paohiam: gx)=7"'In7-6

X
|

u

U=

u=—

o3 ola

(3)

loai

XK= =

o

=771,

ey

g'(x)=7""1In"7> 0, Vx € D = g'(x) 12 ham déng bién trén D.
Tir d6, theo dinh ly Réon phuong trinh g(x) = 0 c6 khong qud 2 nghiém trén D.

Nhan xét rang g(1) = g(2) = 0.
Vay, phuong trinh ¢6 hai nghiém x = 1 vax = 2.
Bai tap 7. Bién d6i VT cla phuong trinh vé dang:
VT = [mt* = 2(m - 2)t] 0 = mx’ - 2(m - 2)x.

Do d6, phuong trinh ¢6 dang: mx* - 2(m - 2)x + m -3 =0.

Xét hai truong hop cua m.
Truong hop 1: Véi m = 0, ta duoc :

()=4x-3=0& x=%.

Tritomg hop 2: V6i m # 0, ta tinh biét thic A' = 4 — m.

" NEuA'<0=4-m<0< m>4,thi(l)vé nghiém.

(1)
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* NéuA'=0< m=4,thi (1)cénghiém kép x, =

(SR

*  NéuA'>0<>m<4,thi (1)062 nghiém phan biet x, ,= T2 V4-m
Két luan : ) i

- Véim =0, phuong trinh c¢6 nghiém duy nhat x = % :

- Véi m = 4, phuong trinh ¢6 nghiém kép x, = % :

- V&im > 4, phuong trinh v6 nghiém.

- V&0¢m<4,mumguinh062nghi¢mphanbi¢tx,z=m-zimm.

Bai tap 8. Trudc hét ta di x4c dinh tich phan [ & trong phuong trinh:
I=[t'+2(6m - 1)t*-32m - ]|}
, =x>+2(6m- 1)x*=3(2m - 1)x — 6m — 2.
Do dé, phuong trinh c6 dang: :
2x* + 2(6m - 1)x* = 3(2m - 1)x — 3(1 + 2m) = 0. ¢))
&S x-DR2x2+ 12mx + 3(1 +2m)] =0

x=1
= 5 |
f(x)=2x" +12mx + 3(1+2m) =0 (2)
Tru6e hét, phuong trinh (1) c6 ba nghiém phan biét
<> phuong trinh (2) c6 hai nghiém phan biét khéc 1

m> 1++7
A >0 36m* —12m -6 >0 6
o \ o .(¥)
f1)20  |17+6m=#0 17 1-47
) -—#Fm<—

Khi d6, phuong trinh (2) c6 hai nghiém phan bie; X, X, thod man:
X, +X, =—6m
- 3(1+2m) -
2
T8ng binh phuong cic nghiém ca (1) bing 28
S xi+x2+12=28 x? + x2 =27 (x, + X))’ - 2x,x, = 27
*
& 36m*-3(1+2m)=27 & m=1.
Viy, v6i m = | thoa man diéu kién ddu bai.
Bai tap 9. Trudc hét ta di xdc dinh tich phan I & trong b4t phuong trinh:
I'=(sint + cost)|, = sinx + cosx — 1.

Do dé, bt phuong trinh c6 dang: 12 + _]2 - < sinx + COsX.
2COS X 25"1 X
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Ta c6 nhan xét:

o .2
sm” x Coi sin- X
S N B | 252\/2 .5
1-sin” x sin” x 2 sin® x 2 sin® x
2 2 2, 2

VP = 2 sin(x + g)s V2.
Vay, bat phuong trinh c6é nghiém khi va chi khi:

(25“‘21 1 sinzx 2
VT = \/5 2 - siﬁzx (2 ) = 2
= 2" 7 & "
VP =42 , n x = — +2kn
Lsm(x +Z) =1 4

<:>x=§+2k1t,keZ.

Vay, nghiém ciia bat phuong trinh 1a x = g +2kn, k € Z.
Bai tap 10. Xét ham s6 f(x) = ax™” + bx*®' + cx*®, ta cé:

1 |
I=[f(x)dx= [(ax®? + bx ™" +cx**)dx
0 0

gy D m, € oy B D €,
2003 2002 2001 2003 2002 2001

<> phuong trinh f(x) = 0 ¢6 it nh4t mét nghiém trong (0, 1)

& (ax’ + bx + ¢)x*™® = 0 ¢6 it nh4t moét nghiém trong (0, 1)

¢>-ax’ + bx + ¢ = 0 ¢6 it nh4t mo6t nghiém trong (0, 1).
Bai tap 11. Phuong trinh 3 a, cos(ix) =0 luon c6 nghiém v6i moi a,c R,i= 1,n bdi:

i=1 ’

n e
i)
oi=1 i=1Q i=1

T[iai cos(ix)dx = z":x.[ai cos(ix)dx = [ia_—isin(ix):'

Bai tap 12. Phuong trinh Zn: a. sin(ix) =0 lu6n c6 nghiém véi moi a,€ R, i= 1,n_boi:
i=1

2n n n 2n n .
[> a;sin(ix)dx = Y [a, sin(ix)dx = I:Za%cos(ix):l 2 _,
i) i=l 0o i=1 1

“Bai tap 13, Huéng dan: Bién d6i phuong trinh vé dang:
iai sin(ix) = 0. | *)
i=1 '

Viéc chitng minh phuong trinh (*) luén c6 nghiém xem bai tap 28.
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CHU DE 8.
SU DUNG TiCH PHAN TINH DIEN TICH
CUA HINH PHANG

I. TOM TAT LY THUYET
1. TiNH DIEN TiCH HINH PHANG

a. Dién tich hinh phdng giéi han béi do thi ham s6'y = f(x), (f(x) lién tuc trén
doan 7=, b)), truc Ox va hai dwong thdng x = a va x = b duoc cho bdi céng thiic:

S= [If(x)! dx.

b. Dién tich hinh phdng gici han bdi hai duomg thing x = a, x = b, va dé thi
cua hai ham s6'y = f,(x) va y = £5(x) (f,(x) va fy(x) lién tuc trén doan [a, b))

b
duoc cho boi cong thuc: S= II f,(x)-f,(x)ldx.

2. DIEN TICH CUA HINH TRON VA CUA HINH ELiP
a. Hinh tron bdn kinh R ¢6 dién tich S = nR™.
2 2

b. Hinh elip (E): = + %7 = 1 ¢6 dién tich S = mab.
a

II. PHUONG PHAP GIAI CAC DANG TOAN LIEN QUAN VA BAI TAP

Bai toan 1:  Dién tich hinh phing dang 1.
PHUONG PHAP CHUNG

Véi yéu clu: _
"Tinh dién tich hinh phdng giéi han bdi dé thi ham s6'y = f(x) (lién tuc trén
doan [a, b]), hai dudmg thdng x = a, x = b va truc Ox"
ta thuc hién cdc budce sau :
Buwgc 1:  Goi S 1a dién tich can x4c dinh, ta c6 :

b
S= [If(x)ldx. (1)-

Buoce 2:  Xét d&u biéu thitc f(x) trén [a, b].
Tir 46 phan duge doan [a, b] thanh cic doan nho, gia si :
_[as b] = [as CI]U[CH c2] U"'U[Cks b]
ma trén mébi doan f(x) chi c6 mot ddu.

(] < b .
Buéc3: Khidé: S= [lf(x)fdx + Jfoldx +...+ [ffofdx.  (2)
a ) <1 Ck
Chii y: Néu bai todn phét biéu duéi dang:
" Tinh dién tich hinh phdng gici han bdi dé thi ham s6 x = f{y) (lién tuc trén
doan [a, b]), hai dwong thdngy = a,y = b va truc Oy "

b
khi d6 cong thitc tinh dién tich1a: S= {I f(y)!dy.
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BAI TAP TU LUAN VA TRAC NGHIEM

Bai tap 1. Tinh dién tich hinh phéang giéi han boi:
y = sin’x + cos’x va truc Ox giifa hai giao diém lién ti€p.
S5v2
W2 g MW g M2 5 5
3 2 2 3
Bai tap 2. Tinh dién tich hinh phang gi6i han bdi :

A.

y=sin2xcos3x;y=0véx=0;x=g-.
A L. B. . c. - D. 1.
15 8 10 a

x* +3x +1
x+m
a. Khao sét va vé d6 thi ham s6 véim = 1.
b. V&i m = 1, tinh dién tich hinh phang giéi han bdi céc dudmg x = 0, X =
l,y=0va(@).

A, L — In2. B. L - In3. C. c —In2. D. 3 - In3.
P 2 2 2

Bai tap 3. Chohamsé: (O):y =

Bai tap 4. Tinh dién tich hinh phing gi6i han bi :

a 1 0, x==t b R’ 0 +t
. = —,y=0,x=%t. . V= ,y=0,x= .
y X2+32 y ’ X2+R2 y
Tir d6, tim S= lim S(t).

t—»+00

Bai toan 2:  Dién tich hinh phing dang 2.
PHUONG PHAP CHUNG

Véi yéu cdu :
"Tinh dién tich hinh phdng giéi han bdi d6 thi hai ham s6'y = f(x), 'y = g(x)
(lién tuc trén doan [a, b)), hai duomg thdng x = a, x = b"
ta thuc hién cac bude sau:
Buwoc I Goi Sladién tich cAn x4c dinh, ta c6 :

S= [If(R) - g(x) 1 dx . (1

Buéc 2:  Xét ddu biéu thite f(x) — g(x) trén [a, b]. |
Tir d6 phan duge doan [a, b] thanh cdc doan nho, gia sir :
[a, b] = [a, c,JUlc,, ;] L...U[¢g,, b]
ma trén mébi doan f(x) — g(x) chi cé mot a4u.
Buoc 3: Khidé:

cy b
S= [If(x)-gldx +...+ [[f(x)-gxldx. (2)

Chu y': NEw A (odn phit biéu dudi dang :
"Linh dién ticl hinii phaay 2150 han boi do thi hai ham <6’ x=f(y)va =~ x=1\y)
lign tue trén doan [a, bl), hai diicnig thane v =a,y =bvd huc Oy "
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khi d6 cong thic tinh dién tich 1a :
b
S= [If,(y)-f,(y) I dy.

BAI TAP TU LUAN VA TRAC NGHIEM

Bai tap S. Tinh dién tich hinh phing gidi han bai:
12x

y=|1 — 2sin’ ——)I )’—l+——— x=0,x

A. 2n-1. B. 2n+ 1. C. n-2.
Bai tap 6. Tinh dién tich hinh phing gidi han bdi:
y=2";, y=3-x; x=0.
3 2 B 3 2 C 5 2

—_——-— — e Sa— — —

2 In3 "2 I3’ T2 2’

Bai tap 7. Tinh dién tich hinh phing giéi han bdi:
y=(x+1)y=ex=1.
A. -2—3—3 B. £+e. C. E—Ze.
2 2 2
Bai tap 8. Tinh dién tich hinh phéng gi6i han bdi:
y=—x>+2x ; y=-3x.

N S

2 3 6
Bai tap 9. Tinh dién tich hinh phéng gi6i han bdi:

3
y=x2+%x = = vay=|x|

A= B g 2.
3. 3 2

Bai tap 10. Tinh dién tich hinh phing gi6i han bdi :

y-smx y=cos’x vatruc Oy v6i 0 < x <

A V2-1. B.2V2-1. cC 42-5
Bai tap 11. Xét hinh bi chan béi Parabol (P): y = x* va dudng thing di qua diém
A(Xg, Yo) (Yo > x3) va c6 he s6 géc k. Xdc dinh k dé hinh néi trén c6 dien tich nho

nhét.

Bai tap 12. Cho Parabol (P): y = x* + 2. Xét hinh gi6i han bdi mot ti€p tuyén bat
ky cta (P) va cic duong x =0, x = 1, y = 0. Tim céc ti€p tuye'n dé hinh néi trén c6

dién tich 16n nhat.

Bai tap 13. Xét hinh giéi han b&i Parabol (P): y = x* v dudng thing di qua diém
A(x,, xg) khong tring v6f géc O va vuéng géc véi ti€p tuyén tai A cta (P). Tim

céc diém A dé hinh néi trén c6 dién tich nho nhat.
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Bai toan 3:  Dién tich hinh phang dang 3.
PHUONG PHAP CHUNG

Véi yéu ciu :
"Tinh dién tich hinh phdng giéi han bdi dé thi cia ba ham s¢
y=f{x),y=glx)vay=h(x)"
ta thuc hién cac budc sau :
Buwoc 1: Gidi cac phuong trinh :
f(x) — g(x) = 0 va f(x) — h(x) = 0 hoac g(x) — h(x) = 0.
Buwoce 2: Thiét 1ap cong thitc dién tich.

BAI TAP TU LUAN VA TRAC NGHIEM

2
Bai tap 14. Tinh dién tich hinh phing gi¢i han bdi: y=x%y = 58_ g 8 :
X

A. 4In2. B. 8n2. C. 10In3. D. 4ln3.

Bai tap 15. Tinh dién tich hinh phang gidi han bdi :
y= -—X2+X;y2 xl;y= x> 4 X — 2.
-3 B. 2. ¢ 2. D. L.
3 8 2 4

Bai tap 16. Cho Parabol (P): y = x> —4x + 5.
a. Viét phuong trinh hai ti€p tuyén cta (P) ké tai hai diém A(1, 2) va B4, 5).
b.. Tinh dién tich hinh phing gi6i han béi (P) va hai ti€p tuyén trén.
& 2. B. 2. c. L. D. 2.
2 4 4

Bai tap 17. Tinh dién tich hinh phing gidi han bdi :
y=|x*=1|; y=|x|]+ 5.

A B B. .. c. 3. D. =
3 3 7 73
Bai toan 4:  Dién tich hinh tron — elip va ng dung.
PHUONG PHAP CHUNG
Trudbce tién:

1. Véi hinh tron (C) biét: (C): x* +y* =R
Suy ra phuong trinh cia (C) trong géc phén tu thir 1 la:

Yi
y=VR>-x%. 5
Goi S 1a dién tich cdn xdc dinh, ta cé: / m
R
S=4S,=4 [VR? - x*dx. (1) Qj N
0
Dé tinh (1) ta thuc hién phép déi bién, dat:

. e i m
X = Rsint, véi — E <t < ~2— = dx = Rcost.dt.
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Péican:

= Vaix=0=>t=0.
. T

» Vgix=R=2>t=—.

2

n/2 n/2

Khidé: S=4R I\/R —R?sin’ t.costdt =4R? f’ costl.costdt

0

/2 w2

= 4R’ I cos” tdt = 2R> j(l +cos2t)dt = 2R? (t+— sin2t) (7% = nR'.

2. Véi hinh Elip (E), c6 phuong trinh: (E) =3 %7 =1
Suy ra, phuong trinh cua (E) trong géc phan tu thir I 1a: Y4 Sy
b
y=— /az —x2 . / |
a 11 >
Goi S 12 dién tich cdn x4c dinh, ta c6 : Q‘jx
4b ®
S 4S,-———fa—-x dx. (1)

pé tmh (1) ta thuc hlén phép déi bién, dit :
; K m
X = asint, voi ———2— <t< E => dx = acost.dt.
Péi can :
= Vix=0=>t=0.
. Vérix=a::>t=1t—.
2

n/2 n/2
Khi dé: S=4ab ]\/a —a?sin? t.costdt =4ab II costl.costdt .

nll n/2
= 4ab j cos tdt-?ab j(1+cos2t)dt 2ab(t+—sm2t) +/? = mab.

Tir hai 101 giai trén, ching ta cé duqc y tudng chung dé€ tinh dién tich mét hinh
gi6i han boi mot dudng cong kin nhan O lam tam d6i xdng va céc truc toa do lam
truc d6i xing, cdc em hoc sinh hay thir 4p dung né cho bai todn tinh dién tich gidi
han bdi dwong cong (C): y* = x*(a’ - x%).

BAI TAP TU LUAN
Bai tap 18. Tinh dién tich hinh phing gi6i han béi:
(P): y* = 2px v (C) 2Tpy* = 8(x — p)’.
Bai tap 19. Cho Parabol (P) vi dudng tron (C) ¢é phuting (inh:
(P): v =2px (p>0); (O x* + v’ =24p".
Tinh ti s6 dién tich ma Paraboi (P) chia du¢ug tron ().
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Bai tap 20. Cho Parabol (P) va elip (E) ¢6 phuong trinh:
Y -1
ZpT P
Tinh ti s6 dién tich ma Parabol (P) chia elip (E).

(P): y* =2px (p > 0):

I11. HUONG DAN - GIAI - PAP SO
Bai tap 1. Hoanh d6 giao diém:

: s
stn3x+cos3x=0<:>tg3x:——l<:>tgx=—l<:>x=—z +km, ke Z

2 " b i i e AR T 3n
O day, ching ta chon hai giao diém lién ti€p la x = “2 vax= ks
Dién tich hinh phing c4n tinh dugc cho béi:
In/4 3n /4
N j' Isin® x +cos’ x | dx = j (sin’ x + cos’ x)dx
-n/4 -n/4
in/4

= — [(3sinx —sin3x +cos3x + 3cosx)dx

-n/4
3n/4 5'\/5

1
= —15 (—9cosx + cos3x + sin3x + 9sinx)

Bai tap 2. Goi S la dién tich cdn xdc dinh, ta cé:

®i2 "’jzl+cos2x 3cosx — cos3x

S= [ sin’ xcos' x.dx = : dx

| /2 |

== [(3cos2x.cosx - cos3x + 3cosx - cos2x.cos3x)dx

! ,

] =23 1 A

= — [ (Zcos3x - —cos5x + 4cosx)dx
8 5 2 2

21 ( L sin3x — L sin 5x + 4sinx) |5/° el (dvdt)
8 2 10 15

Bai tap 3.
a. Dé nghi han doc nelam.
b. Goi S1adi¢a tich can xdc dinh, ta cé:

L(x™ v 3x+ Dd t
N T SR A N

0 X! 0 X+1

, =(%x2+2x-‘.n!x+l|)|‘l)-r%-lnl(dvdt)
Bai tap 4.
a. Dién tich S(t) duge cho boi:

! dx ‘} dx N todx

S(t) =

N

2 )
+a _.x2+a“ oX™ +a-
A — N a——
h ‘ I

nilg = T (dvdt).

(1
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Véi tich phan I; sir dung phép déi bién x = — u suy ra dx = —du.
Péi can:

. X=—-tDu=t.

s x=0 =u=0.

0 t t dX
Khi dé: I, = j—-—————j = [5—-. (2)
J(-u)* +a out+a’ ox*+a
t t t d
Thay (2) vao (1), ta duge: SO = [—— 4 [ 2o
oX +a 0X +a ox +a

Ta di x4c dinh nguyén ham I =/ ——— bing phép ddi bién x = atanu suy ra
X" +a ,

o , '
dx = a;1 =a(1 + tan"u)du.
cos” u
2
]
Knide: 1=(20r@nwds g o vic=larcan® +c
a‘tan‘u+a’ - a a a
Tir d6, suy ra:
S(t) = L 'arctani ':) = —l—arctan—t—.
a a a
S= limS(t) = l 2 e
(e a 2 2a

b. Thuc hién turong tu cau a), ta dugc:

S(t) = 2R2arctani vaS= lim§(t) = R nR>.

MI:-:

Bai tap 5. Goi S1a dién tich cn x4c dinh, ta cé:

/2
l 2sm23—i—1 ﬁ‘—l fl(l+—-—|cos3xl)dx
T

nlﬁ 12x n/2 12x
jl(l+——c053x)dx+ _{|(l+———+cos3x)dx—21t 1. (dvd)
T n

n/6
Bai tap 6. Hoanh d6 giao diém cha hai d6 thiy =2 vay=3 - x la nghlem cla
phuong trinh :
2"=3-x. (1)

- V& phai cua (1) 1a moét ham nghich bién.

- VEtréi cua (1) 1a mot ham déng bién.

Do vay, (1) c6 nghiém duy nhét x = 1.

Goi S 1a dién tich c4n x4c dinh, tacé6 :

S= ](3 —x-2")dx

/ x g
3)(—l - l' == - —2—(dvdt).
2 In2 2  In2

n/2
S=
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1

Chit y : Trong bai todn trén sd di ta ¢6 ngay S = J'(3 -x =27 )dx 1a bai do thi cua
0

y = 3 — x & phia trén dé6 thi cua y = 2" trén doan [0, 1]. Nhu vay trong nhiéu bai todn

néu mo ta duge hinh vé ta c6 thé xac dinh ngay duge ddu.

Bai tap 7. Hoanh do giao diém cta hai d6 thi 1a nghiém cta phuong trinh :

x+ 1) =e=>x=0.
Goi S la dién tich cin xéac dinh, ta c6:

S= Ij'l(x+1)5—e" ldx = lj'[(x+1)5—e"]dx
0 0

b 1 69
b o 2 L — — 4+ 1= — —e(dvd?).
L = e . o (dvdt)

Yéu cdu: Cic em hoc sinh hay li giai "Tai sao phuong trinh (x + 1)’ = €* ¢hi ¢6
nghiém duy nhdt x = 0 ?"

Bai tap 8. Hoanh d¢ giao diém cua hai d6 thi 1 nghiém cta phuong trinh:

x=0

x=5

=[é(X+l)°—6"]

—x2+2x=—3x¢:>x2—5x=0<:>|:
Goi S la dién tich can xdc dinh, ta cé:

5 |
S= |l —x2 +2x+3x1dx = j'(—x2 +5x]dx =(——;—x3+ %xz)_ &
0 0

(M5 15 125
3 2 6
Bai tap 9. Hoanh do giao diém clia hai d6 thi 12 nghiém cta phuong trinh:
, 3 3 2x*+x-3=0 v6ix20 x=1
X+ —X—— =[x & = "
2 2 2x2 +5x-3=0 v6ix <0 X=-3
Goi Sla dién tich cdn xdc dinh, ta cé: |
1
s=j|x2+-3-x—3—|xndx
k! 2 2
0 |
= J‘Ix2+§x—zldx + j‘lx2+lx—§ldx
3 2 0 2 2
o, 5 3 L1 3
= (X" +=—x—-=)dx - |(x" +=—x—-=)dx
| ‘g( . OI( 5%~3)
1, 5, 3 1o 1, 1, 3 1, 23
=(=X+ =X - =X) || —(=X"+ =%x"= =x)|, = — (dvdt).
3% 2)1'(3.4 2Pl =73 @

Bai tap 10. Hoanh d¢ giao diém cta hai d6 thi 12 nghiém cta phuong trinh:
sin’x = cos™x < tan’x = | Stanx=1 @ x= = Vi0<x < —.

Dién tich hinh phéng cén tinh dugc cho béi:

189



n/4 n/4
- 3 3 3 .
S= [lIsin*x-cos’x1dx = [ (cos’x —sin’ x)dx
0 0
n/4

= — [(cos3x +3cosx —3sinx +sin3x)dx
0 i

/4 =542 — 4 (dvd).

1
=05 (sin3x + 9sinx + 9cosx — cos3x)

Bai tap 11. Ta lan lugt thuc hién:
a. Tinh dién tich hinh phf"mg: Goi (d) 1a duong thing di qua A(Xo, Yo) (Vo> x%) va
c6 hé s6 goc k, tacd : y4
(d): y=k(x-Xxp) + Yo
< (d): y=kx—kxg+ Y,
- Hoanh d6 giao diém cta (d) va (P) 1a nghiém cta
~ phueng trinh:

X

(]

x> =kx —kxg+ Yo X —kx + kxo— ¥, =0 G O OB
tacé: A=k —4(kxo— Yo) = (k — 2%o)* + (Yo — x3).
Do y, > X, nén A > 0, Vk bai vay (1) c6 hai nghiém phan biét x,, x, (gia sif x,
< X,) theo thit tu 12 hoanh d6 giao diém B, C cia (d) va (P).
Dién tich hinh phang duoc tinh bdi : '

1

X3 T X,
S= J'(kx—kx0+y0—x2)dx=[£x2— (kxg — yo)x — —)—(«—J -
g 2 3 ix,
1 5
=% (X2 — x)(k™ = 4kx, + 4y,). (2)
Mat khdc: x, - x, = ——\[_é = \/k2 -4kx, +4y, . 3
a

Thay (3) vao (2),tadugc : S= —;— (k* - 4kx, + 4y,) ‘\/kz —4kx, +4y, .

b. X4c dinh k d€ hinh néi trén cé dién tich nho nhét: Ta cé:
Smin < k = 2x, (nghiém kép clia phuong trinh k* — 4kx, + 4y, = 0).
Khi dé, ta dugc S, = 4(yo — X7).

, Ya (d )
Bai tap 12.Ta l4n luot thuc hién: ( -
a. Tinh dién tich hinh phing: L4y diém M(x,, x¢ +2) € (P), -
tiép tuyén tai M c6 phuong trinh: b J —
(d): y = y'(X)(X — Xo) + x5 +2
& (d): y = 2%px — X +2. /Ol Xo 1 .
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Dién tich hinh phang dugc tinh béi

S= [(2xox —x§ +2)dx =—X{ + X, + 2.
0
s 1. 9 9
Tacd: —x, +X,+2=— —-(X,— =)< — &<S< —.
1 0 0 4 (O 2) 4 4
b. Khi do, suy ra sMﬂ,=§,dz_uduqc khi :

] 1 9 |
Xo= — =>M(—,—)=>tiéptuyén(d): y=x+ —.
0 5 24 p tuy b g 4

Bai tap 13. Ta lan luot thuc hién:

a. Tinh dién tich hinh phiang: Vi (P) nhan Oy lam truc d6i Xng nén khong mat
tinh téng quat ta chi cdn xét vdi x> 0.

Goi (d) 1a duong thang di qua A(Xy, Yo) (Yo > xg) va

vuodng goc vai ti€p tuyeén tai A, ta c6 : (d) B Yt
(
1 2
(d): y=—— (X = Xg) + X,
y (X4

l

I |
€]

<:>(d):y_=—§£—~ + X2+ =,
0

Hoanh do giao diém cua (d) va (P) 12 nghiém cta phuong trinh :

2 2 X 2 1
X'=—— 4+ X+ - OOX+ — - X;—-=— =0
r 2K 2% 2
Ay =Xy
= 1
Xp =—Xg—
B 0 2x0
Dién tich hinh phang dugc tinh béi :
0 . X TN 1 1
S= (=X*=——4x-+)dx = —2xo+ —)°. (1)
I, 2x, 0 2 6 2x,

-X()——
..X”

b. Dién tich nho nhat: Ap dung bat dang thitc Cauchy, ta dugc:

2x0+—]— 22<:>S_>_£.
2x,

4 1
Suy ra Sy;, = 5— , dat dugc khi : 2xg= — & xo=

1 = A(
2%, 2

11
274"

‘ . 1 1 P 1. . 4
Va ,t(’fmtaih i diém A g va A, P T de s in= -
1y 1l hat d1 1(2 4) A 5 4) M 3
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Bai tap 14. Hoanh d6 gino diém cua cic dé thi di cho 1a nghiém cia hé phuong trinh :

. , X
y=x y:x” y:?
x2 <x=0; g <>x=2 { " ox=4.
ATy =X ly=—
X
Dién tich hinh phang cén tinh la :
2 pi 2 2
S=jx2—x dx+f~8~—i~—x
0 8 s\ X 8
=[—1—x3-—~1—x3 2+ 81nx——1-x3 4=:81nz.
3 24 0 24 :

Bai tap 15. Hoanh d¢ giao diém cla cac dé thi di cho 12 nghiém cla hé phuong trinh:

y=-x?+x y=-x%+x K=l
S x=zxl; < |
y=x>+x-2 y=x° X=c
2
=X
. > x=2.
y=x*+x-2

(Ban doc cdn vé doé thi ba parabol trén trén cing mor hé truc toa do dé hiéu
cong thire tinh dién tich)y: Dién tich hinh phang c4n tinh la: :
0 : 1/2
S= [(—x? +x-x"=x+2)dx + [(-x’+x-x7)dx +
-1 0

0
+ f(x* —=x? —=x +2)dx
i
0 _ 1/2 0
- I(-sz +2)dx + j(--2x2 +x)dx + [(-x +2)dx
-1 0 -1

2 9 1 3 2 1 b
=(——§ x3+2x)§?| +(“§ X'+‘2“X") i +("2'X'+2X)|2|
4 1 R} 23
S df s i et e
3ty T W

Bai tap 16.
a. Taldn luot cé:
*  Phuong trinh t:ép tuyén clia (P) ké tai diém
Ae (P) c6 dang:
(d):y=y(hHx-1)+2
S):y=-2(x-1)+2
() y=-2x+4.
*  Phuong trinh tiép tuyén caa (P) ké tai diém B € (P) c6 dang:
(dy):y=y@)(x-4)+5
Std)y=4x-4) +5d):y=4x-11.
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b. Hoanh d6 giao diém C cua (d,) va (d,) 1a nghiém cta phuong trinh:

‘—2x+4:4x—ll<:>x=—l£.

Vay dién tich hinh phéng gi6i han bdi (P) va hai tiép tuyén duoc cho bdi:
15/6 4
$S=8,+S, = [ (x*—4x+5+2x-4)dx+ [(x* —4x+5-4x+11)dx.
! 15/6
15/

6 4
= [ (x*=2x+Ddx + [(x* —8x+16)dx

1 15/6

2 1 ol 9
=(§x3-—x“+x)‘:5’6 +(-3—x3-4x“+ 16x) fsm = Z (dvdt)

Bai tap 17. Cic ham s6 y = |[x*— 1| va y = |[x| + 5 déu chdn nén dién tich hinh
phdng S giéi han bdi hai dé thi ham s6 dugc cho béi:
=125, '
vé6i S, 1a dién tich hinh phing giéi han bdi hai d6 thi ham s6 véi x > 0, tic 1a cla
y=[x*—1|vay=x+ 5.
Phuong trinh hoanh do giao diém:

, x> -1=x+5 v6ix=1
X*—Il=x+ 5
~x*+1=x+5v6i0<x <1
Khi d6, dién tich S, duge cho bai:

3

! 3
S =[(x+5-1x*=1Ddx= [(x+5+x> = Ddx + [(x +5-x* +1)dx
0 0 i

&x =73,

1 3
= [(x* +x+4)dx + [(-x* +x +6)dx
0 1

11, | il &« L 4 3y _ 13
_—(gx —Ex'+4x)!0 +(—§x + =% +6x)lI ——6- (dvdt)

F

Tudé suyraS=2S§, = 35:—3— (dvdt).

Bai tap 18. Khong mdt tinh t6ng quét ta gia sir p > 0.
Trude tién, ta cé:

= Ham s6 y* = 2px xac dinh véi x > 0.

Ham s6 27py” = 8(x — p)’ xdc dinh véi x > p.
Phuong trinh hoanh d6 giao diém:
3 3
2px = BE=P) & 2px = 20 p)-l . (1)
27p _l

Ditt= 2(x3— P)

,t=20suyrax= %(3t+ 2p) va khi dé6 (1) c6 dang:
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3p’t + 2p’ = & t(t — p)(t + p) = 2p*(L + p)
t20 t20

S tr-pt-2p=0 t=2p>x=4p,
Nhan xét rang:

= Hamsoy= 2—7—— (x = p)** chi x4c dinh véi x > p.
P

* Trong khoang p < x < 4p thi \/E x> /% (x - p)”~.
P

* Hinh phing cén tinh d6i xing qua Ox.
Tu dé, ta nhan duoc:

[ * (8 q 2
seaff oo [ e B2
0 P P :

15

Bai tap 19. Tham khao vi du 2 trang 95/ Hoc va 6n tap toan Giai tich 12 tap Il -
Dé nghi ban doc ﬂmh bay loi giai chi tiét.

Bai tap 20. Tham khao vi du 2 trang 95/ Hoc va on tap toan Giai tich 12 tap II —
Dé nghi ban doc trinh bay loi gidi chi tiét.
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CHU DE 8
SU DUNG TiCH PHAN TINH THE TIiCH
CUA CAC VAT THE
1. TOM TAT LY THUYET
1. CONG THUC TINH THE TiCH

Gia sir vat thé T duoc gidi han bai hai mat phang song song (a), (B).
Ta chon truc Ox sao cho:

Ox L(a)vagiast OxNn(a)=a Y4 / / /
~|Ox L(B) vagiasit Oxn(B)=b

Gia st mat phang (y) LOx va()) " Ox=x (a < x
< b) cit T theo moét thiét dién cé dién tich S(x) (1a
ham s6 lién tuc theo bién x). Khi d6, thé' tich V cia
var thé' T duoc cho bdi cong thirc: o | /4 /x/ /b/

V= bfS(x)dx.

=

>V

2. THE TiCH KHOINON VA KHOI CHOP, KHOI NON CUT VA KHOI CHOP CUT
a. Thé tich khéi nén (khéi chdp) ¢6 dién tich day bdang B va chiéu cao h dutoe
cho boi V = ﬂ;—Bh.
b. Thé'tich khéi nén cut (khoi chép cut) 6 dién tich hai day la B,, B, va chiéu
cao h duoc cho boi V = %(Bl +B,+ \/B_,?z )h.

3. THE TiCH CUA VAT THE TRON XOAY

a. Thé tich cia vdt thé tron xoay sinh boi mién (D) gidi han béi y = f(x), x = a,
x = b, y = 0 quay quanh truc Ox duoc cho bai céng thic:

b b
V=n[y?dx == [f*(x)dx.

a
b. Tinh thé tich vat thé tron xoay sinh boi mién (D) gidi han bdi x = f(y), y = a,
y = b, x =0, quay quanh truc Oy dugc cho bdi céng thirc:

b b
V=mr[x’dy == [f*(y)dy. .

4. THE TICH CUA KHOI CAU

Thé tich ciia khéi cdu ¢6 ban kinh R dugc cho béi V = %KR3.
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II. PHUONG PHAP GIAI CAC DANG TOAN LIEN QUAN VA BAI TAP

Bai toan 1:  Thé tich vat thé T.

PHUGNG PHAP CHUNG
Sir dung kién thic trong phin "Cong tinic tinh thé tich" va hay hiéu cén thuc
hién theo hai budc.

BAI TAP TU LUAN VA TRAC NGHIEM

Bai tap 1. Tinh thé tich phan hinh try ban kinh ddy R, gidi han boi ddy véi phin
phia dudi cua hai mat phang (P) va (Q). biét:

- Mat phing (P)di qua mét dudng kinh ciia ddy hop véi ddy mot goéc w (0 <o < g ).

- Mat phing (Q) cit hinh tru, song song va cich ddy mot khoang bang h < Rtanq.
Bai tap 2. Tinh thé tich khéi nén dinh S, ddy 1a mot dudng tron c6 bén Kirh béng
R, chiéu cao h.

Bai tap 3. Tinh thé tich khéi non dinh S, ddy 1a mét Elip c6 nira do dai hai truc
bing 2, 3, chiéu cao 5.
A. 10m. B. 9. C. 6m. D. 3n.
Bai tap 4. Tinh thé tich vat thé dinh S, chiéu cao h, diy 12 mét vién phan Parabol
c6 ddy bang chiéu cao va bing 2h.
3 3 3 3

LI R , 23 sh_

9 9 9 9

Baitoan 2:  Thé tich vat thé tron xoay dang 1.
PHUONG PHAP CHUNG

Ta c6 hai dang sau:
Dang 1: Véi yéu ciu:
" Tinh thé'tich vdt thé tron xoay sinh bdi mién (D) gidi hanhdi y =
flx),x =a,x = h,y =0 quay quanh truc Ox"
b

b
ta 4p dung cong thitc: V=n jyzdx =17 J‘fz(x)dx '
! a

Dang 2: Véi yéu cau:
" Tinh thé tich vit thé tron xoay sinh bdi mién (D) gidi hanhdi x =
fly).v =a,y=h,x=0,quay quanh truc Oy "
, b b
ta d4p dung cong thite: V=7 [x*dy == [f*(y)dy.
BAI TAP TU LUAN VA TRAC NGHIEM

Baitap S. Tinh thé tich cua vat thé tron xoay sinh ra bdi phép quay xung qianh Oy
2
cla hinh giéi han bdi Parabol (P): y = % ,y=2,y=4vatruc Oy.

A. T B. 4n. C. 6m. D. 12mx.
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Bai tap 6. Tinh thé tich clia khéi tron xoay tao nén khi ta quay hinh H quanh truc

Ox, vai:
a. H:{y::O;y=\/1+cos4x+sin4x;x=%;x=n}.
7 2 2 2 2
A T B, o e & p. =
8 7 6 2
b. H= {y=xlnx;y=0;x=1; x=¢}. ;
3 3 3 3
A M D g e 4D o ome -3 L mGeT-3)
3 2 27 27
B H={y:0;y=\/cos_f’x+sin6x;x=0,x=-g—},
2 2 2 2
A X B. L. g =X p.
3 2 6 16
d. H={y=3ax-x"(a>0),y=0)
8la’m 8la’n 8la‘m I 8la’n
10 10 10 10
Baitap 7. Cho mién D giéi han bédi dudng tron (C): x* + y* = 8 va Parabol
P): y~ = 2x. "
a. Tinh dién tich S cia mién D.
A, n+ l B. 2n+ i C. 3n+ —5— D. 4n + §-
: 3 3 4 5

b. Tinh thé tich V sinh béi D khi quay quanh Ox.

n(\/§—7)‘ . (V2 +7) (2 -1) D 8(8/2 - 7)
ke E RS S, S,

A. C.

3
Bai tap 8. Tinh thé tich ciia Parapol bdi dudng tron xoay c6 ddy B va chiéu cao h.
B B
A, i ¢ B. E{ : C. -E—SP— 2 D. il .
3 6 12

Bai toan 3:  Thé tich vat thé tron xoay dang 2.
PHUONG PHAP CHUNG

Ta ¢6 hai dang sau:

Dang 1: Véi yéu cdu:
" Tinh thé tich vdt the tron xoay sinh boi mién (D) gidi han bdi y = ;
f(x),y =g(x),x =a,x=b quay quanh truc Ox"

b
ta 4p dung cong thic: V=1 jl £2(x) = gz(x) ldx .

Dang 2: Véi yéu clu:
" Tinh thé tich vdt the tron xoay sinh bdi mién (D). gici han bdi x =
f(y),x=g(y),y=a,y="b quay quanh truc Oy"
ta 4p dung cong thic: '
b

V=m[If*(y)-g’(y)ldy.

a
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BAI TAP TU LUAN VA TRAC NGHIEM

Bai tap 9. Cho hinh phing D trong mat phang Oxy gidi han bdi cic dudng y = x°,

y = +/x . Tinh thé tich vat thé trdn xoay khi D quay quanh truc Ox.
Ly B, 3¢ c. L. D, 2%,
10 10 3 3

Bai tap 10. Cho hinh phiang D trong mat phiang Oxy giéi han bdi cic dudng
y=x>—4x + 6,y =—x" - 2x + 6. Tinh thé tich vat thé tron xoay khi D quay quanh

truc Ox.
A. . B. 2n. C. 3m. D. 8n.

Bai tap 11. Cho hinh phiang D trong mat phiang Oxy gi6i han boi cic dudong y =

y = 2x + 4. Tinh thé tich vat thé tron xoay khi D quay quanh truc Ox.
= B. 2% ¢ & p Hm
3 3 3 3
Bai tap 12. Cho hinh phing D gi6i han béi hai dudng cong
V=@ -x)Yva y=4dx .
a. Tinh dién tich hinh phing gi6i han béi mién D.
b. Tinh thé tich vat thé tron xoay khi D quay quanh truc Ox.

A.

Bai toan 4:  Thé tich vat thé tron xoay dang 3.

PHUONG PHAP CHUNG

o

Véi yéu clu " Tinh thé tich vdt thé tron xoay sinh bdi mién (D) gici han bdi

mot dirong (C) kin" 1a xét hai trudng hop sau:
Truong hop 1: Khi quay quanh Ox, ta thuc hién hai budc sau:
- Buwoc 1: Phan dudng cong kin (C) thanh hai cung
Cly=fix)=y,va(G)y=fx)=y,
vai a < x < b va f,(x), fy(x) ciing dau.
Buéc 2:  Thé tich cin x4c dinh duoc cho béi:
b
V=nly;-y;ldx.

Truong hop 2: Khi quay quanh Oy, ta thuc hién theo hai burGe ~ou:
Buoc 1:  Phan dudng cong kin (C) thanh hai cung
(C): x=fi(y) =x, va (C): x = fio(y) = x,
véi a<y < bvaf(y), f(y) cing ddu.
b
Budc 2:  Thé tich cAn x4c dinh duge cho bdi: V= [I x{ —x; I dy .
' %
BAI TAP TU LUAN VA TRAC NGHIEM
Bai tap 13. Tinh thé tich cia kh6i tron xoay tao nén bdi hirh
x2+(y-b)*<a’(0< a<b)khi quay quanh Ox.

A, 2m’ab. B. 2n%a’b. C. 2m’ab’. D. 2r’a’b’,
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Bai tap 14. Cho hinh tron tam 1(2, 0), ban kinh'R = 1, quay quanh truc Oy. Tinh
thé tich cia vat thé tron xoay duge tao nén.

Bai tap 15. Cho mién (H) gidi han boi dudng cong y = sinx va doan 0 < x < 7t cta truc
Ox. Tinh thé tich vAt thé tron xoay duoc tzo nén bdi (H) khi quay quanh:
a. Truc Ox.
b. Truc Oy.
Bai tap 16. Goi (d) 1a dudng thang qua M(1, 1) véi hé s6 géc k < 0. Gia sir (d) cat
Ox, Oy lan luot tai A va B.
a. Tinh thé tich khoi tron xoay sinh bdi AOAB khi quay quanh truc Ox. Xic
dinh k dé khai tron xoay dé c6 thé tich nho nhat.
b. Tinh thé tich kh6i tron xoay sinh boi AOAB khi quay quanh truc Oy. Xac
dinh k dé khai tron xoay dé c6 thé tich nho nhat.
IIl. HUGNG DAN - GIAI - PAP SO

Bai tap 1. Chon hé truc toa d6 sao cho Ox la dudng kinh giao tuyén cta ddy hinh
tru v6i mat phing (P), Oy la dudng kinh vuéng géc véi Ox cua day, khi dé:

B
s B,
C B, b
e Ty
A A <A,
O H A, g ™ %
- -R O Ol R ¢

a. Thiét dién tai hoanh d6 x la hinh thang vuong O,A,B,C, ¢6 Ai(ﬁ),Ci = o va dién

tich duoc cho boi: S(x) = —;— A,B,(0,A+B,C)) (1)

trong d6: AB,=h, O,A;=VR? —x* , B,C;=0,A,-O,H=vR* —x* -h.tana.
Do dé: S(x) = —;-h(2 JR? -x? — htana).
b. Thé tich vat thé duoc cho béi: .
V= ES(x)dx - %h r](2\/1_{_2———5-hmnon)dx
: R

R s
e h“_l[ R’ --xzdx—-:-71--:vch"“’tanml_':,2

/2

=hR [ y/R*(1-sin’ t)costdt — Rhtana
-n/2 ’
h 2 w2 ,
s [(1+ cos2t)dt -Rh’tanct
-n/2
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-

hR* E : . hR
= —(t+ . sinlt) f f,ﬂ;: - Rhtana = —2~—— (n-2tana).

Baitap 2. V= % nRh.

Bai tap 3. Ta cé ngay:
s Dién tich day duoc cho bt B=7n.2.3 = 6m.
= Thé tich vat thé dugc cho boi V = —;—Bh = —% 6n.5=10x.
Bai tap 4. Chon hé truc toa do sao cho vién phan Parabol ddy & trong mat phing
Oyz nhan Oz lam truc d6i xing va ddy cua vién phan thudc truc Oy, khi dé6:

Phuong trinh Parabol ddy (ABC) duoc A

cho boi:
~z=my +2h 5t

Mait khéc: z(za)=0=>m= —H.

Vay phuong trinh Parabol ddy (ABC):

2 5
z=——Yy +2h.

= Dién tich day duoc cho bai:

a

2 2
B= [(-=y*+2h)dy = (-—7y’ +2hy)|?, =
(hy )dy (Bhy Y)

v
et |

8h?

Dién tich thiét dién duoc cho boi:

\ _ 2

Thé tich vat thé duoc cho béi:
h

h
V= [S(x)dx =’~§ f(l1—x)2dx =
0

0

’ 4
Baitap S. Tacongay V=1 nydy = 12m (dvtt).

)

4

Bai tap 6. Tinh thé tich cua kh6i tron xoay tao nén khi ta qyay hinh H quanh truc Ox
Thé tich vat trdn xoay cin tinh duge cho bdi:

a.
T . ~ 4
V=n [(1+cos’x+sin*x)dx =7 | e St
n/2 n/2 4
_ G 1 i -
= n[-x - —sin 4x) = —n’(dvtt).

b. Thé tich vat thé trdn xoay cdn tinh 1a: V =7 [(x In x)*dx .
1
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Peé tinh tich phan trén ta sit dung phuong phap tich phan timg ph4n, dit:

\—.\/_J

2 duzzlnxdx
u=In-x X
o | <:> &
{dv:x“dx ] 5
V=—-X
3
1 , e ¢ f
Khidé:V:n[—x3ln“ xJ ~2—n jx ‘nxn(—lté——zE fx Inxdx. (1)
3 13 i 3
[' 1
_ du = —dx
) u=Inx X
Xét tich phan I, dat: N &
dv = x“dx 1 5
=—X
3
l s 2 | 2
KhldOl=—X31nX’ lj“ :E———]-x}] =—3—
3 3 9 9
Thay (2) vao (1), ta duoe V = - (5@ 7_—32 (dvtt),

c. The tich vat thé trén » .y cén tinh 1a,
/2

Va=n I(cos X+sin’x)dx =7 j (l—%sm 2x)dx
0 0

3
f ( e cos4x)dx = -:(-S-X + -=-sindx)|*/?
0 g§ 32

d. Phuong trinh hoanh d6 giao diém ctia (P) va Ox la:
x=0

3ax-x2=0<:>[ .
X =3a

Khi d6, thé tich cin xdc dinh dugc cho bai:

3a 3a
V=mn [(Bax-x*)?dx == [(x* —6ax’ +9a’x*)dx
0 0

5

: w812 .

5 10
Bai tap 7.
a. Hoanh d6 cic giao diém cua (P) va (C) la nghiém cua:

x20
5 Sx=2Dy=12.
|Xx*+2x =8

-—dvt
1(t)
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Goi S la dién tich hinh phing gioi han boi (P) va (O), ta duge :

[ ;8]

S =2[(/8-y* ~ L)y = [f8—vidy - (1% ,)dy) (1)
0 - O 0 Lad

I 15
Xét tich phan I, ta str dung phép doi bién :
y= 2+/2 sint = dy =2 V2 cost.dt.
Déi can :
* y=0=>t=0.

s
n =2>>t=—.
d 4

/4 —0m7mM8 —— n/4
Khidé: I,=2+2 j V& =8sin’ t.costdt =8 JI cost|.costdt
0 0
/4 /4
=8 j cos” tdt =4 j(l +cos2t)dt =4t + —sm2t) n/4 w42, (2)
0 0
% g 3 yi. _ 4
Ngoai ra, ta cling ¢6 ngay I, = g«‘,_, = 3 3)
4 4
Thay (2), (3) vao (1), taduge : S=2[(n+2) - 5 |=2n+ 3 .
b. Hoanh d6 giao diém ctia (C) va (P) 1a nghiém clia phuong trinh:
x20
B-x’=2xox*+2x-8=0 x=2.
Thé tich vat tron xoay cén tinh duoc cho bai:
2\[’
V=V, +V1—21t|:j‘2xdx+ [ (8-x" )de
! o] 8m(8Y2-7
= 2n[x2‘3 +Bx- x") i‘lz} S ~~)~ (dvt).
Baitap 8. V= -1—3;—

Bai tap 9. Hoanh d6 giao diém 1a nghiém cta phuong trinh:
\/* x=0

= =

x=1
Thé tich vat trdn xoay cdn tinh dugc cho bdi:

» 1 in
g7 o) !,‘) = e {dvit),

10

3

|
V= 7'<c_f|x4 - xiciA 70

0.

o
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Bai tap 10. Hoanh do giao diém la nghiém cua phirong tiinh:
[x =0

X —4x+6=-x"-2X+6=x-x=0 ¥
X =

-

Thé tich vat tron xoay can tinh la:
1

V= nf

0

:nlj(l?.x3 ~36x° +24x)dx :n(3x4 — 12y +12x3)|:, = 3m (dvtt).
J

(x2 —4x+6)2 —(—x3 —?_x+6)z

dx

Bai tap 11. Hcanh d¢ giao diém la nghiér cta phuong trinh:
3 g = =]
2x’=2x%-4<:>x*—x—2=0<:$“ g
Thé tich vat tron xoay cén tinh la:

—nj|4x (2x +4)° Idx —47tj'( x* +x7 +4x +4)dx

= 47:(—-1— 4 2 gyl 4x)|§, -, S (dvtt).
S 3 3
Bai tap 12. Tham khao bai tap 18 chu dé 7
Bai tap 13. Xét (C): x* + (y — b)* =a’ ¢6 tam (0, b), bian kinh R = a.
Vy, ta duoc:
* Nira (C) ¢ trén c6 phvong trinh:

y=f,(x)=b+ va~ —x* Véixe|- a. a
= Nira (C) & duéi c6 phuong trinh:

y=£f(x)=b- a’ —x? véix-| 2 al
Khi dé, tné tich vat thé tron xoay cén tinh I

V= n]‘|:(b+\/a2 —x:)3 —-(b-—\/[;?:” [ I - 4mb }Jaz —x*dx

J
Thuc hién phép déi bién x = asint thi dx = a.costd!.
Dai can:

L. . T
s Vo x=-athit= -—7)—.

s

» Véix=athit=

IJ [\)‘r.‘-‘l

Knido: V= 4nab chosﬁcostd!z?r b [(1 os”0)dt

_n/’) 4

= Ima’bh(t + i sin2t)|”™

“

ﬂ/w—-n -ab.
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Bai tap 14. Xét (C): (x - 2) + y3 =1¢6 tam 1(2,0), ban kinh R = 1.
Viy, ta dugc:
* Nira (C) o bén phii c6 phuong trinh:
x=f(v)=2+ \/l -‘y: voiry € -1, 1.
* Nira (C) 0 bén trii co phmmo trinh:

% =faly)=2 \/] T veye [-1,1].
Khi d6, thé tich vat thé tron xeay cén tinh la:

V= n_lj;[(2+ N —(2_\ﬁ—yfﬂdy =8n_l_[\ﬁ~—y;dy

Thuc hién phép ddi bién y = sint thi dy = costdt.
; Déi can:

= Véiy=-1 th'nz—g

—

= Véiy=lthit=—.
Khi dé:
"2 - r/2
V=8n j cos” t costdt= 87 j( +cos 2t)dt
-n/2 nf2

1 bai 3
=4n(t + 5 sinZt)g 1’[;2 =4n°.
Bai tap 15. Ban doc tir giai.
. Bai tap 16. 7
Phuong trinh duong thang (d) duge cho boi:

(d:y=k(x-1)+ 1. A
Vi (d)nOx = A}, toa do A la nghiém cla hé: \B
=k(x-—-1)+1 1=K
Yy ( ) s A(k 1 0) P
y=0 k A
Vi (d)nOy = { B}, toa d6 B la nghiém cua hé: ~ 0O 1IN X
=k(x-1)+1
{y =D+l _ 011
x=0

a. Goi Vo, la thé tich clia vat thé sinh bdi AOAB khi quay quanh truc Ox, dé xdc
dinh V,,, ta c6 thé lua chon mot trong hai céch sau:
Cdch 1: St dung hé gua cua bai todn 1, ta dugc:

1 , k-1 ;
Vou = ~m(l ~K25 10 = Zgeo3k+3- 1),
R k

Cdch 2: Sir dung bai toan 2, ta duoc:

k-1 k-1

& " no. 1
=n [yldx = [[k(x-D+1]°dx = = (K -3k+3- ).
0 0 3 k
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b.

. Xic dinh MinV,,
Xét ham s6 f(k) = k> — 3k + 3 — L véi k <O.

k
Pao ham:
o 1 . 1 k<0 1
f'ky=2k-3+ — , f'k)=0=2k-3+ =0 & k=-——.
k’ k* 2
Bang bién thién:
k 0 -1/ | + o
2
f'k) | O - 0 +

flk) | +90—p27/4 —F +©

Vay, ta duge MinV,, = %” , dat duoc khi k = —% .

Goi Vo, 1a thé tich cla vat thé sinh bdi AOAB khi quay quanh truc Oy, dé xéic
dinh Vg, ta cé thé lua chon mét trong hai cach sau:
Cdach 1: Sit dung hé qua cua bai toan 1, ta dugc:

Voy =~;~n(k;1J .(1—k)=§(%—%—k+3).

Cdch 2: Str dung bai todn 2, ta dugc:

L

s ko 2 no 3
Voo=m [xdy = [[=(y-D+11°dy = =(—~ - = -k +3).
0 o k 3 k* k
* Xdc dinh MinV,,
Xéthéms6g(k)=iz—_i_—k+3 vGi k < 0.
k
bao ham: \
2 .3 : 2 .3 ksl)
K=-"1+="-1,gk)=0=-"+ = -1=0 & k=-2
g k3 k2 g k] k2
Bang bién thién
k | 0 -2 + o
gk | O - 0 +
gy |t T2 —+
o0

Viay, ta dugc MinV,, = %T , dat duoc khik =-2.
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