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MO PAU — HAI MUOI NAM PE POI NHAN THANH CONG

Hay tudng tuong ban 1a mdt nha thién van cudi thé ki XVI. Mdi dém ban ghi lai vi tri cac hanh
tinh, mdi ngay ban phai nhén, chia, khai cin nhiing con s6 c6 bay, tam chit s6 dé tinh quy dao.
Khong méy tinh, khong bang sd, chi ¢6 gidy, but 1ong va sy kién nhin. Mot phép nhan hai s6 bay
chit s6 can khoang bdn muoi chin phép nhan nho, roi cong don, va chi cAn nhdm mot chir sb 1a ca
tuan lam viéc d6 song dd bién.

Nim 1614, mot nha quy toc Scotland tén 1a John Napier cong bd cudn sach mong Mirifici
Logarithmorum Canonis Descriptio (M6 ta bdang logarit ki diéu). D6 1a két qua cua khoang hai
muoi nam tinh toan [1, 2]. Mon qua ong ting cho nhan loai rat don gian dé phat biéu:

Mudn nhan hai s6, hiy cong logarit ctia chiing.
Phép cong nhanh hon phép nhan rat nhiéu, nén chi trong vai nim, bang logarit lan khip chau Au.
Johannes Kepler dung n6 dé hoan thanh Bdang Rudolphine (1627). Hon mot thé ki rudi sau, Pierre-
Simon Laplace con nhan xét rang phat minh logarit, nho rat ngan cong viéce tinh toan, di “nhan doi
cudc doi cua cac nha thién van” [3].
Ngay nay may tinh bo tii dd thay bang s6, nhung logarit khong hé bién mat. N6 nam trong thang
d6 Richter cua cac tran dong dat, trong d6 pH ciia cdc nude chanh, trong decibel cua tiéng 6n ngoai
phé, trong thuat toan tim kiém cua dién thoai, va duong nhién, trong dé thi t6t nghi¢p THPT nam
nao cling co.
Trude khi doc tiép, hiy thir sitc véi ba cau hoi:
« Mot td gidy day 0,1 mm. Mdi 1an gip d6i, do day ting gip d6i. Phai gip bao nhiéu lan dé
d6 day vuot khoang cach tir Trai Dat t6i Mit Trang (khoang 384 400 km)?
« S 22926 ¢4 bao nhiéu chit s6, va chit sé dau tién cua nd 1a gi? (Khong duoc dung may tinh
dé tinh thing 220261)

«  Trong 1000 sb 21,22, ..., 21990 ¢4 bao nhiéu sb bat dau bang chit s6 1?

Ba cau hoi nghe nhu ba trd d6 khac nhau, nhung ca ba déu dugc giai bang ciing mot cong cu, va
ciu tra 101 (42 1an; 610 chit sb, bat dau bang 7; dung 301 s6) s& 1an lwot xuit hién trong chuyén dé.

I Muc tiéu ctia chuyén de

« V& kién thire: hiéu logarit tir ba goc nhin: céng cu tinh todn (bién tich thanh tong), phép
todn nguwoc cua iy thira va dién tich dudi hypebol; ndm vimg tinh chit, cong thirc ddi co
$6, ham s6 mi, ham sb logarit cung dd thi va dao ham cua ching.

«  V&Kining: giai thanh thao phuong trinh, bat phuwong trinh mii va logarit bang bon cong cu:
dua vé cling co sd, dit 4n phu, logarit hoa, ham dic trung; xir 1i dugc cac cau van dung cao
nhu bai toan chira tham s6, dém cdp sd nguyén, cyc tri nhiéu bién; 1am quen cac dang ciu
Puing/Sai va Tra 1o ngdn trong ciu trac dé thi méi.
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e Ve tw duy: bit nhan ra “dau vét logarit” trong cac hién tugng tang truong, suy gidm va do

luong ngoai doi song; biét udc lugng nhanh nhiing con s6 rat 16n hodc rat nho.

I Poi twong va cach sir dung

Chuyén dé danh cho hoc sinh 16p 11, 12 6n thi tt nghiép THPT va danh gia nang luc, hoc sinh 6n
thi hoc sinh gioi, gido vién day chuwong Hdam sé mii va ham sé logarit (Toan 11, Chuong trinh
GDPT 2018), va bat ki ai yéu toan mudn biét logarit tir ddu ma co.

Bang. CAu triic chuyén dé

Phin Noi dung Mirc dd
| Céau chuyén lich su: tir Archimedes, Stifel, Napier, Briggs dén Poc hiéu
Euler
11 Ttr tinh hudng dén khai niém; tinh chét; ham sé mii va logarit Co ban
I 12 dang toan, hon 60 vi du phan tich chi tiét Co ban = Olympic
v Logarit quanh ta: thudce loga, Richter, pH, decibel, Benford, tin M6 rong
hoc
A 52 bai tap chia 6 mirc d6 (c6 12 bai thyc té bd sung) Luyén tap
VI | DPap sb va huéng din giai Tu kiém tra
VII | Ké hoach budi day 6n thi 120 phat, phiéu hoc tap, 4 dé luyén tap Day hoc
co6 dap an

% Ki hiéu trong chuyén dé. ‘

Theo sach gido khoa hién hanh, logx (hoic lgx) 13 logarit thap phan (co s6 10), Inx 13 logarit tu
nhién (co s6 e ~ 2,71828).
Céc con sd trong ngodc vudng nhu chi tai liéu tham khao & cudi chuyén dé.

Nhiing vi du ghi phdt trién 14 bai do ngudi bién soan xdy dung dya trén y tudng cua dé thi.
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PHAN I. CAU CHUYEN LICH SU - LOGARIT PA RA POI NHU THE

NAO?

Trong sach gio khoa, logarit xuat hién sau lity thira, nhu mot phép toan ngugc: log,b 13 sé6 mii ma
ta phai nang a 1én dé duoc b. Thé nhung lich sir lai di theo thir tuw nguoc han. Logarit ra ddi trude
khi nguoi ta ¢ khai niém lly thura voi s6 mil thuce, va phai hon mot thé ki sau Euler méi nhan ra
rang logarit chinh 13 s6 mii [1, 3]. Hiéu cau chuyén nay sé& gifip ta hiéu vi sao logarit c6 nhiing tinh

chat “ki la” nhu log(xy) = logx + logy.

Arithmetica bat dau 20 ndm Logarithmorum dién tich Introductio: may tinh bo tai
integra tinh bang Chilias Prima hypebol logarit = s6 mi thay thudc loga
Stifel Napier Briggs Saint-Vincent Euler HP-35
1544 1594 1617 1647 1748 1972

1588 1614 1622 1668 1935

Biirgi Napier Oughtred Mercator Richter
bang tién trinh Mirifici Logarithmorum thudc loga chudi thang do

(in 1620) Canonis Descriptio tron In(1+x) dong dat

Dong thoi gian: hon bon thé ki ciia logarit, tir y twong ciia Stifel dén khi mdy tinh bé tiii thay thé thudc loga.

I 1. Mam mong: hai diy s6 song song (Archimedes, Stifel)

Y tudng cdt 151 cua logarit di c6 tir thoi cb dai. Trong tac pham Nguwoi dém cdt, Archimedes (thé
ki III TCN) nhan xét rang khi nhan céc sd trong diy 1,10, 102, ... thi “bac” cua chung cong lai voi
nhau, didu ma ngay nay ta viét 1a 10™ - 10" = 10™*",

Niam 1544, nha toan hoc Ptrc Michael Stifel viét diéu d6 tuong minh hon trong cudn Arithmetica
integra. Ong dit ddy cép sé cong 0,1,2,3, ... ngay trén diy cip s6 nhan 1,2,4,8, ... va chi ra rang:
phép nhdn o dong dudi twong ung voi phép cong o dong trén, phép chia twong ung voi phép tru,
phép khai can twong wng voi phép chia [3, 7].

cong ddongtrén 3+5=8
CllaCE]0
¢ ¢ ¢
Cép s6 nhan 1 2 4 16 64 128

nhan ¢ dong dudi 8 x 32 =256

9 10

512 | 11024

Bang ciia Stifel: muon tinh 8 X 32, ta céng hai s6 phia trén 3 + 5 = 8, roi tra xuéng dwoc 256.
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Béng cua Stifel c6 mot nhuge diém chét nguoi: cac s6 ¢ dong dudi cach nhau qué xa. Muon nhan
7 X 13, bang chiu thua. Mudn bang “day” hon, ta can mot cap so nhan c6 cong boi rat gan 1.

Do chinh 1a budce di thién tai cua Napier.
I 2. Mot cach nhan bang lweng giic (khoang 1580—1590)

Trudc Napier, cac nha thién vin da c6 mot meo ddi nhan thanh cong, goi 14 prosthaphaeresis (tiéng
Hi Lap: “cong va trur”). N6 dya trén cong thirc bién doi tich thanh tong:

sinAcosB = 1/2 [sin(A + B) + sin(4 — B)].
Mudn nhan hai s, ta tra bang sin va cos dé tim cac goc A4, B, cong trir goe, roi tra nguogc lai.
Phuong phap nay duoc ding nhiéu & dai thién vin ctia Tycho Brahe (Pan Mach).
Vi dy trong [2]: dé tinh 0,17365 X 0,99027 ta thdy 0,17365 = sin10°, 0,99027 = cos8°, nén tich

bang 1/2 (sin18° 4 sin2°) = 1/2(0,30902 + 0,03490) = 0,17196. Cach lam nay kha ton cong
va rat bat tién khi chia hay khai can, nén Napier mudn tim mot cong cu t6t hon [1].

I 3. John Napier va hai diém chuyén dong (1614)

John Napier (1550-1617), lanh chuia vung Merchiston gﬁn Edinburgh, 12 mét nha than hoc, nha
phat minh va nha toan hoc nghiép du. Ong khong c6 khai niém ham sé mii. Thay vao do, ng hinh
dung hai diém chuyén dong (hinh minh hoa):

«  PiémB chay déu trén mot tia vo han, xuét phat tir A.

Sau nhiing khoang thoi gian bang nhau, B vach ra cac diém C, D, E, ... cach déu nhau, tirc 13
quing dudng lap thanh cdp sé cong.

« Piémb chay trén doan az c6 do dai 107, cuing van tbc ban dau véi B, nhung van tdc & mdi
thoi diém ¢ 16 véi quing dwong con lai d&én z. Vi vay phan con lai cz, dz, ez, ... giam theo
cdp sé nhan.

Napier dinh nghia: quang duong AC 1a “logarit” cua dg dai cz. Theo ngon ngir ngay nay, logarit
ctua Napier la

7

1
NapLog(x) = 107In —

va n6 c6 tinh chat NapLog(x) + NapLog(y) = NapLog(xy/107), tirc 1a d6i nhan thanh cong, chi
sai khac mot phép doi ddu phay [1, 2].
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Piém B chay déu: quang dudng tang theo cap sé cong
C D E F G
Ae @ ® 4 ® @

v

ae ® @ @ C O 4

Piém b cham dan: phan con lai t&i z giam theo cap sé nhan (van tdc ti 1é véi khoang cach con lai)

Napier dinh nghia: Log(cz) =AC, Log(dz)=AD, ... véi az=10’

M6 hinh hai diém chuyén déng ciia Napier: chuyén dong déu sinh ra cdp sé cong, chuyén dong chdam dan sinh ra
cdp sé nhan.

Chir logarithm do chinh Napier dat, ghép tir hai tir Hi Lap logos (ti s6) va arithmos (con sd): “con
s6 dém cac ti s6”. Bang cua 6ng lay cong boi 1 — 1077 = 0,9999999, rat gan 1, nén cic s trong
bang “day dac” va c6 thé dung dé tinh véi bay chir sb. Trong cudn sach nam 1614, Napier dd minh
hoa wu diém nay: dé tim trung binh nhén caa 10 000 000 va 5000 000, 6ng ldy trung binh cong
cac logarit (0 + 6931 470): 2 = 3 465 735 1di tra bang, dugc 7 071 068 [1].

]
% Goc lich sir.

Napier con ndi tiéng véi nhitng chiéc que Napier (Napier’s bones, 1617), mot bd que khic bang
ctru chuong gitp nhan nhanh, va 1a mot trong nhitng nguoi phd bién dau thap phan & chau Au.
Hang sb e d6i khi duoc goi 1a “sé Napier”, du ong chua bao gio viét ra nd: sé e chi an trong
cach 6ng xay dung bang [3].

I 4. Jost Biirgi: ngwoi phat minh doc 1ap (1588-1620)

O Prague, ngudi thg 1am dong hd Thuy ST Jost Biirgi (1552—1632), cong su cua Kepler, ciing xay
dung mot bang tuong tu voi cong bodi 1,0001. Ong c6 thé di ¢ y tudng tir khoang 1588, nhung
mai dén 1620 m&i in Arithmetische und Geometrische Progress Tabulen, khi bang ctia Napier da
ndi tiéng khap chau Au [3, 7]. Day 1a mot vi du dién hinh cua hién twong “phat minh ddng thoi”
trong lich str khoa hoc: khi nhu cau da chin mudi, nhiéu nguoi ciing tim ra mot ¥ tuong.

I 5. Henry Briggs va logarit thap phan (1615-1624)

Logarit ctia Napier dung rat bat tién vi NapLog(1) # 0. Henry Briggs (1561-1630), gi4o su hinh
hoc & Gresham College (London), doc cudn sach nim 1614 va say mé dén mirc vuot hang tram
dam 1én Edinburgh gip Napier vao mua hé nim 1615. Tuong truyén khi giap nhau, hai nguoi ling
nhin nhau gan muoi lam phat roi Briggs moi cat 10i. Ho thong nhit mot cai tién quan trong: chon
logl = 0 valogl10 = 1. D6 chinh la logarit thap phan ma ta dung ngay nay [2, 3].
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Briggs tinh bang bang mdt phwong phap don gian nhung cuc ki kién nhan: khai cin bdc hai lién
tiép. Vilog10 = 1 nén logy/10 = 1/2, logy/10 = 1/4, ... Khai cin da nhiéu lan, ta duoc nhiing
sO rat gan 1 voi logarit da biét, roi ghép lai bang tinh chat log(xy) = logx + logy.

Vidu[2]: V10 = 3,162277 nén log3,162277 = 0,5; 103/4 = 5,623413
nén log5,623413 = 0,75.

Briggs khai can bac hai lién tiép: log 102" = 1/2k

10,000000
10
8 -
=
o 67
(@]
4
2 78279
1333521 1154782 1074608 1,036633  1,018152
— —9o o
O T T T T T T T T
10 101/2 101/4 101/8 101/16 101/32 101/64 101/128

Phwong phép ciia Briggs: cdc can bdc 2% cia 10 tién rat nhanh vé 1; logarit ciia ching la 1/2k.
Niam 1617 Briggs in bang logarit ctia cac s6 tir 1 dén 1000 voi 14 chir s6 thap phan; nim 1624 cudn
Arithmetica Logarithmica mé rong cho cac sd tir 1 dén 20 000 va tir 90 000 dén 100 000.

Khoang tréng con lai dugc nha xuit ban Ha Lan Adriaan Vlacq lap day nam 1628 [3, 5]. Briggs
cling dit ra hai thuat ngir characteristic (phan nguyén) va mantissa (phan thap phan) cua logarit

* Mot meo ciia Briggs ma hoc sinh c6 thé dung ngay.

Vi 210 = 1024 ~ 103 nén 10log2 = 3, tirc log2 =~ 0,3.

Chinh xac hon, log2 = 0,3+ 1/101log1,024 = 0,30103.

Tir d6 log5 = 1 —log2 ~ 0,69897, log8 ~ 0,90309. Chi bang vai phép tinh, ta di c6 mot
“bang logarit mini”!

I 6. Thwéc loga: ba thé Ki trong tii 40 ki sw (1620-1972)

Nam 1620, Edmund Gunter khic logarit l1én mdt cay thudce: khoang cach tir vach 1 dén vach x ti 18
v6i logx. Vai nam sau, William Oughtred dat hai thudc nhu thé truot 1én nhau va tao ra thuede loga
(slide rule). Mubn nhan 2 X 3, ta dit vach 1 caa thudce dudi théng vach 2 cta thude trén, roi doc
gia tri phia trén vach 3 cta thudc dudi: dugc 6, vi hai doan log2 va log3 ndi tiép nhau thanh doan
log6 (hinh minh hoa).
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log 2

4
N

| ||||I|u|||1ul|||||
T

|
4 5

S ¢ 7 8 9 10
I
I

e )

A
v

log 3
Nguyén li thuée loga: cong hai do dai log2 + log3 dé doc ra tich 6.

Tir thé ki XVII dén nhitng nam 1970, thudce loga 1a cong cu khong thé thiéu cua ki su: ciu, tau
thuy, may bay va ca cac chuong trinh khong gian déu duoc tinh bang nd. Chi khi may tinh khoa
hoc bo tai HP-35 ra doi nam 1972, thudc loga méi dan lui vao bao tang. O Viét Nam, nhiéu thé hé
hoc sinh trude khi c6 may tinh bo tai di quen tra Bdang sé vdi 4 chit sé thdp phdn dé tinh logarit.

I 7. Logarit 1a dién tich: hypebol va chudi liiy thira (1647-1668)

Mot bat ngd 16n dén tir hinh hoc. Nam 1647, Grégoire de Saint-Vincent chimg minh rang dién tich
dué6i hypebol y = 1/x c6 mot tinh chét dic biét: dién tich tir 1 dén a bang dién tich tir b dén ab.
Niam 1649, hoc trd cua 6ng 1a Alphonse Antonio de Sarasa nhan ra diéu d6 c6 nghia 1a dién tich dy
la mét logarit: S(ab) = S(a) + S(b) [3, 8]. Ngay nay ta viét

*dt
Inx = —.
1
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= S(ab) =S(a) + S(b): dién tich la mét logarit
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Hai mién t6 mau cé dién tich bang nhau: dién tich dwdi hypebol bién phép nhén thanh phép céng.

Niam 1668, Nicolaus Mercator cong bd chudi
2 43 44

= —_— —_— cee —_ <
In(14+x) =x 2+3 4+ (-1<x<1),

cho phép tinh logarit véi dd chinh x4c tiy ¥ ma khong can khai cin hang nghin l1an nhu Briggs.

Tir day, logarit roi khoi ban tinh dé bude vao giai tich.
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I 8. Euler: logarit 1 s6 mii (1748)

Niam 1683, Jacob Bernoulli nghién ctru bai toan 13i kép: gui 1 dong voi 13i suat 100%/nam, néu
b ~ r n 3\ 14 3\ 14
nhdp 13i n lan moi nam thi cudi nam co (1 + %) dong. Khi n tdng vo6 han, so tién tién toi mot gidi
han, ma sau nay Euler ki hiéu la e = 2,71828 [3].
Trong cudn Introductio in analysin infinitorum (1748), Leonhard Euler 1an dau tién dinh nghia
logarit theo cach cua sach gido khoa hién nay: néu a” = x thi y 1a logarit co s6 a cta x [6]. Ong
ciing ching minh ham e* va Inx 1a hai ham nguoc cia nhau va tim ra cac chudi
x? x3
X — —_ —_— e
e¥=1+x++7+
Nhu vy, sau hon 130 nim, ba y tudéng tudng nhu roi rac (bang sb cta Napier, dién tich duéi
hypebol, 14i kép) d duoc thong nhit thanh mot.

Bang. Ba guwong mat cua logarit

Phit bidu Ngwi ki1 xutmg

Cong cu tinh todn | bién tich thanh tong: log(xy) = logx + logy | Stifel, Napier, Briggs, Biirgi

Dién tich 1 *dt Saint-Vincent, de Sarasa, Mercator
nx=| —
1 ¢
Phép toan nguoc logiax =y a’ =x Euler

I 9. Thé ki XX — XXI: logarit trong do lwdng, tin hoc va phong thi

Khi khong con dung dé tinh toan tha cong, logarit tim dwoc vai trd méi: nén nhimg dai liwong trdi
dai nhiéu bédc d¢ 1ém vao mot thang do d& hiéu. Nam 1856, Norman Pogson chuin hoa thang cip
sao trong thién van; nam 1909, Seren Serensen dua ra do pH; nam 1935, Charles Richter dua ra
thang do 16n dong dat [17]. Nam 1938, Frank Benford cong bd quy luat chir sé dau tién mang tén
ong [16]. Trong tin hoc, d6 phirc tap 0 (logn) cua tim kiém nhi phan cho phép tim mét tén trong
danh ba moét ti ngudi chi vai khoang 30 phép so sanh.

O Viét Nam, logarit 12 noi dung trong tAm ciia giai tich pho thong va c6 mit trong moi d¢é thi dai
hoc, tbt nghi¢p THPT. Theo Chuong trinh GDPT 2018, chu dé Ham s6 mii va ham sé logarit dugc
hoc & 16p 11 [18]. Tir nam 2025, dé thi t6t nghiép c6 thém cac cau hoi Pung/Sai va Trd 107 ngdn,
nhiéu cau gin voi bdi canh thyc té nhu 13i suat, ting trudng dan sd, phan ra thude, cudng do anh
sang . Phan I1I s& di qua tat ca nhitng dang toan ay.

Logarit tra 11 cau hoi: “phai nhan bao nhiéu 1an?”
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PHAN II. TU TINH HUONG PEN KHAI NIEM

Trude khi dinh nghia, hiy dé ba tinh huéng din ta dén cung mot cau hoi: biét két qua ciia phép liy
thira, lam sao tim lai $6 mii?

I Tinh hudng 1. Gap gidy 1én Mit Tring
Mot to gidy day 0,1 mm. Sau n 1an gép doi (gia str gip duoc mii), d6 day 1a 0,1 - 2™ mm. Khoang
cach Trai D4t — Mat Trang khoang 384 400 km = 3,844 - 10'* mm. Ta can

0,1-2" > 3,844 10" & 2" > 3,844 - 10%2,

Thur ting gia tri n thi rit mét. Ta cdn mot phép toan “déo nguwoc” phép liy thira: s mil n sao cho
2™ = 3,844 - 10'2. S6 mil d6 duoc ki hidu 14 log, (3,844 - 10'%) ~ 41,8. Vay chi can 42 lan gap!
Tryc giac cua chung ta thudng danh gia rat thip toc do ciia ham mil.

Géap dbi to gidy day 0,1 mm: sau n lan day 0,1 - 2" mm. Can bao nhiéu l&n dé cham Mé&t Trang?

32 16p

16 I6p

8 16p

4 16p

116p 2 16p ‘ |
0 lan gap 11an gap 2 lan gap 31an gap 4 lan gap 51an gap

MGéi lan gdp, sé 16p tang gap déi: tang trieong theo cdp sé nhan.
I Tinh hudng 2. Bing nhan khong can nhéan

Dung bang cua Stifel (hinh minh hoa), hdy tinh 16 X 64 va 1024: 32 ma khong nhan chia: 16 ing
voi 4, 64 tmg v61 6,4 + 6 = 10 tng v6i 1024. Con 1024: 32 tng v6i 10 — 5 = 5, tirc 32.

Phép nhan trd thanh phép cong ciia “sd mi”.
I Tinh hudng 3. Bao gio tién gip doi?

Guri tiét kiém véi 13i suat 7,2%/nam theo hinh thirc 13i kép. Sau n nam, s6 tién gap (1,072)™ lan
vén. Hoi sau bao nhiéu niam thi tién gip d6i? Ta cin s6 mi n sao cho 1,072" = 2, tirc
n = logy 0722 =~ 9,97. Vay sau 10 nam.

Ca ba tinh huéng déu din dén phuong trinh dang a* = b. Khi b khong phai 13 mot lity thira

“dep” cua a, ta khong thé nham ra x; ta can mot tén goi va maét ki hiéu cho nghiém ay.

bo 1a logarit.
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I 1. Pinh nghia va cac tinh chat co ban

m Dinh nghia logarit. ‘

Cho hai s6 thuc dwong a, b véi a # 1. SO thuc a thoa man a® = b dugc goi 1a logarit co 56 a
cua b, ki hiéu log, b:

|a=logab=)a“=b| 0O<a=#1,b>0).

bac biét: logh = Igb = log,,b (logarit thap phan); Inb = log,b (logarit tu nhién).

A Ba diéu kién khong dwoc quén.

Co s6 duong va khac 1; biéu thirc duéi dau logarit phai duong. Khong co log; 5, khong c6
log_,4, khong c6 log;0 hay log (—9). Hau hét 13i sai trong giai phwong trinh logarit bit ngudn
tlr viéc quén diéu kién.

Tir dinh nghia suy ra ngay: log,1 = 0, log,a = 1, a!°8® = b, log,a® = a.

Biang. Cac quy tic tinh logarit (v6i 0 < a # 1,0 < c # 1, b, by, b, > 0)

Quy tic Cong thire Ghi chu
Logarit cua tich log,(b,1b;) = log,by + log,b, nhan thanh cdng (Napier)
Logarit cta thuon b chia thanh trir

¢ ¢ loga ;- = l0gaby — logab,
Logarit cta lity thira log,b* = alog,b Ity thira thanh nhan
Déi co sd log.b moi logarit quy vé In hoic log
log,b = ]
og.a
H¢ qua 1 log,b = log;a’ log,b - log,c = log,c “day chuyén” (b # 1)
b
HE qua 2 logsb = %logab, al%8ch = plogca B#0

m Chirng minh quy tic logarit ciia tich, chi trong mjt dong.

bat x = log,b,, y = log,b, thi a* = b;, a¥ = b,,nén b;b, = a*a” = a**¥. Theo dinh nghia,
log,(byb;) = x+y.

Quy tac nhdn cia lily thira a*a® = a**Y va quy tdc céng cia logarit la mét, nhin tir hai phia.
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A Biy thwong gip.

log, (b, + b,) # log,b, + log,b,valog, (b, b,) # log,b, - log,b,.
Dic biét, log,x? = 2log,|x| (véi x # 0), chir khong phai 2log,x khi x c6 thé am. Chinh du
gia tri tuyét ddi nay lam nhiéu ban mat nghi¢m hodc thira nghiém.

I 2. Ham s0 mii va ham so logarit

Bang. So sanh hai ham s6 nguoc nhau

Ham s6 mii y = a* Ham s6 logarit y = log,x
Tap xac dinh R (0; +0)
Tap gia tri (0; +0) R
Dao ham a®) = a*lna, (e¥)' =e* A L
: (a®) (e®) (loggx) prm (Inx) "
Ham h. W' =u'q* r= W —
am hop (a*)' =waina (logaw)' = oo, (Inful)' =%
Don di¢u a > 1: déng bién; 0 < a < 1: nghich bién | a > 1: déng bién; 0 < a < 1: nghich bién
Diém dic biét | di qua (0; 1) va (1; a) di qua (1;0) va (a; 1)
Tiém can tiém can ngang y = 0 tiém can dung x = 0
Ham s6 mi y = a* Ham s6 logarit y =logasx
A
*
eX

(3

(3)*

AN

— logi;z x

Do thi ham sé mii va ham s6 logarit véi cdc co sé khdc nhau.
Viy = a* va y = log,x 1a hai ham nguoc nhau, do thi cua ching déi xirng qua dwong thing y =
x: diém (1;2) trén d thi y = 2% Gng v6i diém (2; 1) trén d0 thi y = log,x.
Tinh chit déi xtng nay 1a chia khoa cho nhiéu bai toan van dung cao, chang han phuong trinh

a* + m = log,(x —m) & Dang 8: hai vé 1a hai ham ngugc nhau, nén nghiém (néu c6) nam trén
duong y = x.
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Hai giéi han nén tang:

_ 1 o In(1+x)
lim(1+-)" =e, lim———=1
n-oo n x-0 X

Do thiy = 2% va y = log,x doi xirng qua y = x.

I 3. So sanh hai logarit — “thwéc do” co sb

m Quy tiic so sanh.

« Néua > 1:log,b >log,c © b > ¢ > 0 (cung chiéu).
« Néu0<a<1:log,b>log,c e 0<b < c (ddi chiéu).

« log,b >0 (a—1)(b—1)>0: co 56 va biéu thirc cung phia so véi 1 thi logarit
duong.

Quy tac cudi cing rat hay dung dé xét dau nhanh: log 30,7 > 0 (ca hai nho hon 1),
con log:0,2 < 0.
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I 4. Quy trinh giai phwong trinh, bat phwong trinh mii — logarit

1. Diéu kién 2. Nhan dang 3. Chon coéng cu 4. béi chiéu

cds60<a=l cling cg sé dugc? cling cd s6, 4n phu so diéu kién & budc 1
biéu thuic trong log > 0 1&p lai mot biéu thic? logarit héa thtt lai nghiém
mau #0,cidn =0 hai vé khac cd s6? ham dac trung, danh gia két luan tap nghiém

Bon céng cu chu luc & budc 3

Sai ldm hay gdp nhdt: quén diéu kién, chia hai vé cho biéu thiic cd thé bdng 0, ding log, x? = 2log, x khi x < 0.

Quy trinh 4 buéc va bon cong cu chii lwc khi giai phwong trinh, bdt phwong trinh mii — logarit.

1. Dit didu kién cho co s6 va biéu thire dudi dau logarit, mau sd, can thirc.

2. Nhan dang: c6 dua vé cung mot co s6 duoc khong? cb6 mot biéu thire 1ap di lap lai khong?
hai vé ¢6 “cing hinh dang” f(u) = f(v) khong?

3. Chon cdng cu: dua vé cing co sd; dit an phy; logarit hoa (1iy logarit hai vé); ham dic trung
hodc danh gia (don di¢u, bat dang thtrc).

4. Doi chiéu nghi¢m vaéi dicu kién, két ludn.

% Bang tra nhanh: phuwong trinh co bén.

a/® = b & f(x) = log,b(can b > 0);log,f(x) = b & f(x) = a’;

a’® = a9 o f(x) = g(x); log,f(x) = log,g(x) & f(x) = g(x) > 0.
V6i bat phuong trinh: a > 1 giit chiéu, 0 < a < 1 doi chiéu.
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PHAN III. CAC DANG TOAN VA Vi DU PHAN TiCH

Phan nay gém 12 dang toan, di tir mirc nhan biét dén van dung cao va Olympic. Mdi dang c6 phan
tom tat phuong phap, cac vi du co phdn tich (tai sao nghi nhu vay) trude loi gidi (viét thé ndo),

va nhan xét (rat ra di€u gi, phat trién bai toan ra sao). Nguon cua moi vi du ghi trong ngodc.

I Dang 1. Bién doi va tinh gia tri biéu thirc logarit

% Phuong phap.

Pua moi logarit vé ciing mot co sd (thuong 1a co s6 nho nhat xuét hién, hodc In); ding ba quy
tac tich — thuong — lily thira; khi dé cho log,b = m, hiy biéu dién moi th&r theo cac “logarit
nguyén t6” nhu log, 3, log,5.

@ Vi du 1. (Bé thi thir TN THPT 2026)

Véi moi s6 thuc duong a, logs(27a) — logsa bang
A. log;(26a). B.9. C.3. D. 3 — 2logsa.

Loi giai. log;(27a) — logza = log, % = log;27 = 3. Chon C.

A Biy thwong gip.

Phuong 4n A 1a “bay” danh cho ai nghi log(x) — log(y) = log(x — y). Phuong 4n B danh cho
ai nham log,27 véi 27: 3.

# Vi du 2. (Biéu dién logarit)

Cho log,3 = a valog;5 = b. Biéu dién log¢45 theo a va b.

Phién tich. Ta c6 hai “vién gach” log,3 va log;5. Hiy chuyén moi thir vé co s 2 vi log,5 =
log,3 - logs5 = ab (quy tac day chuyén).

Loi gii.

log,45 log,9 +1log,5 2a+ab  a(b+2)

log,6 log,2+1log,3 1+a 1+a

loge45 =
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# Vi du 3. (Bé thi TN THPT 2020 )

Cho a, b 14 hai sé thuc duong théa méin 4'°82(4*2) = 343, Gi4 tri cua ab? bing

A. 3. B. 6. C. 12. D. 2.

Phén tich. Co s6 4 cua liiy thira va co sd 2 cua logarit “an khép” nhau vi 4 = 22. Nh¢ cong
thic a'°8eX = X,

Loi giai. 41082(4°0) = (2lee2(a”0))2 = (42p)2 = a*b2. Do d6 a*b? = 3a3 & ab? = 3.

Chon A.

@ Vi du 4. (Bé thi TN THPT 2020 )

Cho x, y 1a cac sb thuc duong thoa méin logox = logsy = log, (2x + y). Tinh %

Phin tich. Ba logarit bang nhau: hiy dit chung bang mot an t va “mé” logarit thanh lity thira.
Ba cosd 9,6,4 1a 32,2 - 3,22: bong dang ctia mot phuong trinh dang cap bac hai.

Loi gidi. Dat loggx = logey = log,(2x +y) =t, taco x = 9%, y = 6%, 2x + y = 4%. Suy ra
2 -9t 4+ 6° = 4t Chia hai vé cho 4¢ va diatu = (3/2)¢ > 0:

2u’ +u—1=0 e u=1/2 (nhin) hoic u = —1 (loai).

avE= (Dt =3yt =1
Viyi=r=0r =2

€ Vidu S. (AIME 1983)

Cho x,y,z 16n hon 1 va w duong thoa méan log,w = 24, log,w = 40, log,,,w = 12.

Tim log,w.

Phén tich. Logarit “co s6 thay d6i” rat kho cong. Lat nguoc lai bang log,b = log;a dé moi thur
b

¢6 cung co s6 w, khi d6 tich xyz bién thanh tong.
1

SRS . 1 1
Loi gidi. Ta ¢6 log,,x = — log,y = . log,, (xyz) = —.

Vilog,, (xyz) = log,,x + log,,y + log,,z nén
1 1 1 10— S5i—3 1

long:ﬁ_ﬁ_E_T=% = lOgZW=6O.
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I Dang 2. So sanh, wéc lwgng va dém chir so

% Phwong phap.

So sanh hai logarit khac co s6: tim mot sé trung gian (thuong 1a phan sé don gian nhu g); hodc

khao sat ham sd. S6 chit s6 cua sd nguyén duong N 1a [logN | + 1; chit s6 dau tién duoc quyét
dinh boi phan Ié ctia logN.

€ Vidu 6. (So sdnh khong dung may tinh)

So sanh log,3 va log;5.

Phén tich. Ca hai déu nam gitta 1 va 2. Thu s & giita %: ta cAn so sanh 3 v6i 23/2 = /8 va 5
voi 332 = /27.

Lai gidi. Vi 23/2 = V8 < /0 = 3 nén log,3 > =. Vi 33/2 = v/27 > V25 = 5 nén log;5 < =.
Vay log,3 > log,5.

# Vi du 7. (Kinh dién)

Chung minh log,3 14 s6 vo ti.

Loi gidi. Gia sir log,3 = svéi p, q nguyén duong. Khi d6 2P/9 = 3, tirc 2P = 39. V¢ tréi 1a s6

chén, vé phai 1a s6 1&: vo 1i. Vay log,3 vo ti.

Chung minh ngén dén bat ngd nhung hé qua rat sdu: vi log2 vo ti, cac phan 1¢ cua nlog2 rai déu
trén [0; 1) (dinh 1i Weyl). D6 1 1i do ¢6 lity thira ciia 2 bat dau bang bét ki ddy chit s6 nao, ké
ca 2026 ... (Bai 40).

# Vi du 8. (Pém chit s6 — tra 10i ngan)

Biét log2 ~ 0,30103. S6 22926 ¢4 bao nhiéu chir s6? Chit s6 dau tién cta no 1a gi?

Phén tich. Mot s6 c6 k chir s6 thi nam trong [10%1; 10%), nén logarit ciia né nam trong

[k — 1; k).
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Loi giai. 10g22026 = 2026log2 ~ 609,8868. Do d6 1050° < 22026 < 1(610; g§ 22026 ¢4 610
22026 — 10609 . 100,8868 00,8868

chir s0. Hon ntra val ~ 7,70, nén chir so dau tién la 7.

(Kiém tra bang may tinh: 22926 = 77049 ..., ding 610 chir sb.)

@ Vi du 9. (Cau hoi ndi tiéng)

S6 nao 16n hon: e™ hay m¢?

A z R s R z 2.9 , , Ine ,. Inm A S,
Phén tich. Lay In hai s0: so sanh  vdéi elnm, tirc so sanh - VoI —. Hai v€ c6 cung dang
V(3
Inx

fl) =—!
In

Loi giai. Xét f(x) = 7’6 trén (0; +00): f'(x) =

1_

Inx 2. ;4 . A . ~
= doi dau tir duong sang am tai x = e, nén

sz . r A A . 1
f dat gia tri 16n nhat duy nhat tai e. Do  # e: % < i oenr <t ot <e”.

Inx < x—1, ddu béng khix =1 Cuc dai duy nhat tai x = e
A
— . (e; d/e) Inx
y=Inx 0.4 fix) =
2 y=x-1
0.2 1 fle)>fm)=e">n
’I -
0.0
1 2 3 x =021
-1
-0.4 A
_2 -
_06 T T T T T 1
2 4 6 8 10 12

pe 1 A, 22 , | L, N
Trai: bat dang thirc Inx < x — 1. Phai: ham % dat cuc dai tai e, tir do e™ > m€.

I Dang 3. Ham s6 mii, ham so logarit: tip xac dinh, do thi, dao ham

% Phuwong phap.

Tap xéac dinh: biéu thirc dudi logarit duong, co sé duong khac 1. Poc db thi: ké duong thang
y =1 cat d6 thi y = log,x tai diém c6 hoanh d6 dung bang a (vi log,a = 1); v6i y = a* thi
ké x = 1. Pao ham cua ham dang u” hodc tich nhiéu thira sb: 1dy In r6i dao ham (logarit hoa).
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€ Vi du 10. (Cau DBung/Sai, theo )

Cho cac ham s6 y = log,x, vy = log,x, y = log.x v6i a, b, ¢ 1a ba sé thuc duong khac 1 c6 d6
thi nhu hinh v&. Xét tinh dung sai cia cic ménh dé:

y =logc

Ménh dé Dung | Sai

a) | Ham s y = log.x ddng bién trén khoang (0; +00).

b) | Puong thing y = 3 cit hai do thi y = log,x, y = log,x tai cac diém co
hoanh do x;, x, théa x, = 2x,. Khi d6 % =12

¢) Tuddothitaco0<c<1<a<bh.

d) | D6 thi cac ham sb trén déu di qua diém A(1;0).

Loi giai. a) Sai: d6 thi y = log,x di xudng nén ham nghich bién, 0 < ¢ < 1.

b) Sai: log,x; = 3 = x; = a3;log,x, = 3 = x, = b3. Tt b3 = 2a3 suy rag = /2, khong
,e A

phai o

¢) Pung: duong thing y = 1 cat hai do thi dong bién tai x = a va x = b,

trthinhvel <a<b;con0<c<1.
d) Ping: log,1 = 0 v&i moi co sb.

4
ALY

thi co s0 cang nho, nguoc voi truc gidc. Meo duong thang

Do thi y = log,x (a > 1) cang “ddc

y = 1 gitp ta khoi phai nh¢ diéu nay.

@ Vi du 11. (Tap xac dinh chira tham s6)

C6 bao nhiéu s6 nguyén m dé ham sé y = In(x? — 2mx + 4) c6 tap xac dinh 1a R?
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Loi gidi. Can x2 —2mx +4 >0 véimoi x, tic ' =m?> -4 <0 -2<m < 2.Co 3 s6
nguyén m € {—1;0; 1}.

# Vi du 12. (Logarit héa dé dao ham [1])

Tinh dao ham cia ham s0 y = x* véi x > 0.

Phén tich. Ca co s 13n sé mii déu thay ddi: khong ap dung duge (x*)’ hay (a*)’. Logarit s&
“kéo” s6 mil xudng.

Loi gii. Iny = xInx. Pao ham hai vé theo x: y; = Inx + 1. Vay y’ = x*(Inx + 1).

# Vi du 13. (Cau DPing/Sai — S6 GD&PT Cao Bang, thi thir TN THPT 2026 )

Trong san xuat gidy, goi y(x) 1a ndng do chét giy bot (mol/L) tai thoi diém x gidy, y(x) > 0.
Sau khi thém chét chdng bot, y'(x) = —7 - 10™* y(x) v6i x > 0; lac dau y(0) = 0,05 mol/L.
Xét f(x) = Iny(x).

Ménh dé Dung Sai
a) | fi(x)=-7-10"% |
b) | f(x) =—=7-10"*x +1n0,05.
c) | y(30)—y(15) = 5,7 -107%.

1
30-20

d) | Nong do trung binh f2300 y (x) dx bang 0,03 mol/L.

Loi giai.

a) Pung: f'(x) = % =-7-107*

b) Pung: f(x) = =7 - 10~*x + C, f(0) = In0,05, nén y(x) = 0,05 0007~
¢) Sai: y(30) — y(15) = 0,05(e~%0%1 — ¢=00105) ~ 517 .107* (4m, vi ndng do giam).

d) Sai: trung binh = 005 (50014 _ 5-0021Y 5 (00491 mol/L.
10-0,0007
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y(x) = 0,05e790007% (thang thudng) f(x) = Iny(x): mdt dudng thang!

0.05 A -3.0 1
g 0.04 A -3.57 hé sé géc =-7-107*
o]
1S
o 0037 é\ -4.0 1
S <
o
ag) VD | -4.5
( <

0.01 -50

0 1000 2000 3000 0 1000 2000 3000
thai gian x (giay) thai gian x (giay)

Ham mii y(x) tré thanh dwong thang khi ldy logarit: y twéng ciia cac biéu do “thang logarit”.

I Dang 4. Phwong trinh mii va logarit: bon cong cu co ban

€ Vidu 14. (Dat an phu)

Giai phuong trinh 9% — 4 - 3¥ 4+ 3 = 0.

Loi giai. bat t = 3* > 0, phuong trinh thanh t* — 4t +3 =0 t =1 hodc t = 3. Suy ra
x = 0 hodc x = 1. Tap nghiém {0; 1}.

@ Vi du 15. (Logarit hoa)

Giai phuong trinh 2%°~* = 3%72,

Phan tich. Hai co s0 2 va 3 “khong chiu” quy vé nhau. Lay logarit co s6 2 hai vé d€ s6 mil roi
xuong.

Loi gigi. x2 — 4 = (x — 2)log,3 © (x —2)(x + 2 —1log,3) =0 x =2

hodc x = log,3 — 2.

A Biy thwong gip.

Ping chia hai vé cho x — 2! Lam vay s& mat nghiém x = 2. Hiy ludn dit nhan ttr chung.

@ Vi du 16. (Pua vé cung co s6, chi ¥ diéu kién)

Giai phuong trinh log,x + log, (x — 2) = 3.
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Loi giai. Didu kién x > 2. Phuong trinh & log,[x(x —2)] =3 © x> —-2x—8=0

< x = 4 hoac x = —2. Doi chiéu dicu kién: x = 4.

# Vi du 17. (Poan nghiém va ching minh duy nhat)

Giai phuong trinh 3* + 4% = 5%,

Phin tich. By ba Pythagore 3,4,5 goi ¥ x = 2. Nhung lam sao biét khong con nghiém khac?

Loi giai. Chia hai vé cho 5%: (3/5)* + (4/5)* = 1. V& trai 1a tong hai ham nghich bién nén
nghich bién trén R, do d6 phurong trinh ¢6 nhidu nhat mot nghiém.

Ma x = 2 thoa man (= + 22 = 1). Vay x = 2 la nghiém duy nhat.

4 Vidu 18. (Dé thi Pai hoc khdi D nam 2010 )

Giai phuong trinh 42X+VX+2 4 2% — 42+Va+2 4 px+dx—4,

Phin tich. S6 mii rat phirc tap, nhung cha ¥ (Zx + M) - (2 + M) =2x—2va
42%=2 = 24%~%4: cing mot dai lugng 24*~* xuat hién & ca hai bén. Hiy nhom dé dit nhan tir
chung.
Loi giai. Didu kién x > —2. Chuyén vé:

42+M(42x—2 _ 1) _ 2x3 (24x—4 _ 1) -0 (24x—4 _ 1)(42+\/m _ 2x3) =0.
Truong hop 1: 2 * =1 x = 1.
Truong hop 2: 2422 = 2° o o\x +2=x -4 o 2(Vx+2-2)=x>-8

2072 Gttt

—_— = (X — X X .
vx+2+2

Hoic x = 2; hodc ——— = (x + 1) + 3, v6 nghiém vi vé trai < 1, vé phai > 3.

Vx+2+2
Vay tap nghiém {1; 2}.

I Dang 5. Bat phwong trinh mii va logarit

% Phuong phap.

Nhu phuong trinh, cong thém mot quy tic vang: co s6 I6n hon 1 giik chiéu, co sé trong (0;1)
d6i chiéu. Véi bat phuwong trinh dang tich c6 chira cin, xét riéng truong hop cin bang 0.

TRAM TOAN APLUS TEAM Ceral - Trang 24 - CHIENMATH.COM



CHUYEN PE LOGARIT — Tir bing s6 ciia Napier dén dé thi THPT TEAM Ceral
# Vi du 19. (B¢ thi thit TN THPT 2026 )

Tim tap nghiém ciia bat phuong trinh loga (x — 2) > —1.
6

Lai giai. Dicu kién x > 2. Vi co's6 = < 1 nén ddi chiéu: x — 2 < (1/6) ' = 6 & x < 8,

Téap nghiém (2; 8).

# Vi du 20. (Phat trién theo d& TN THPT 2022)

C6 bao nhiéu s6 nguyén x thoa man (4% — 5 - 2¥*2 + 64),/2 — log(4x) = 0?

Phén tich. Tich “khong am” véi mot thira sb 1a can: hodc can béng 0, hodc can duong va thtra
s0 kia khong am.
Loi giai. Didu kién: x > 0va 2 —log(4x) > 0 © 4x < 100 © 0 < x < 25.
«  Can bang 0 khi x = 25: thoa mén.
« V6i0<x<25:can4* —20-24+64>0.Ditt =2%: (t—4)(t—16)=>0
S t<4hoact =16 & x < 2 hoac x = 4.

Céc s6 nguyén thoa man: x € {1;2} U {4;5;...;25}. C6 2 + 22 = 24 sb.

A Biy thwong gip.

Ldi pho bién 13 quén x = 3 bi loai (vi t = 8 cho tich 4m), hodc nguoc lai quén rang x = 25
luén théa man nho cin bang 0 du thira sé dau duong hay am.

I Dang 6. Phuwong phap ham dic trung

m Nguyén li ham dic trung.

Néu f dong bién (hoic nghich bién) trén khoang D va u,v € D thi f(u) = f(v) © u = v.
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Péng bién = méi gia tri chi dat tai mot diém:
flu)=flv) & u=v

L f(t)=t+logst

v \'/
Ham don diéu khong nhdn mot gia tri hai lan.
Déu hiéu nhan biét: phuong trinh chira cd biéu thire mil (hodc logarit) /dn biéu thirc da thirc cua
cung cac dai luong, kiéu logs X + X = logsY + Y.
Ham hay gip: f(t) = t + log,t, f(t) = at +t, f(t) =t-a (véit > 0), f(t) =3+ t.

@ Vi du 21. (Bé thi TN THPT 2020 )

C6 bao nhiéu cap s6 nguyén (x; y) thoa man 0 < x < 2020 va logs(3x + 3) + x = 2y + 97?
A. 20109. B. 6. C. 2020. D. 4.

Phan tich. Vé phai c6 97 = 32 va 2y = log;3%”: d6 1a “logsY + Y7 véi Y = 97.
Vé trdi logs(3x +3) + x = 1 + logz(x + 1) + x = logs(x + 1) + (x + 1): ciing cung dang!

Loi giai. Phuong trinh © logs(x + 1) + (x + 1) = log;9” + 9¥. Ham £ (t) = logst + t dong
bién trén (0; +o0) nén x + 1 = 97,

Tu 0 <x <2020:1 <9 <2021 © 0 <y<logy2021 = 3,46.
Vay y € {0; 1; 2; 3}, tuong tng x € {0; 8; 80; 728}. C6 4 cap. Chon D.

@ Vi du 22. (Dé thi THPT Qudc gia 2017 )

1—xy

Xét cac sb thuc duong x, y thoa man log, = 3xy + x + 2y — 4. Tim gi4 tri nho nhit cua

x+2y

P=x+y.

Phén tich. V& phai c6 3xy; mudn ghép v6i logs (1 — xy) tacan “3(1 — xy)”. Thém 1 = log,3
vao vé trai dé bién 1 — xy thanh 3(1 — xy).

Loi giai. Didu kién xy < 1. Phuong trinh twong duong
logs(3(1 — xy)) + 3(1 — xy) = logs(x + 2y) + (x + 2y).

TRAM TOAN APLUS TEAM Ceral - Trang 26 - CHIENMATH.COM



CHUYEN PE LOGARIT — Tir hdng s6 ciia Napier dén dé thi THPT TEAM Ceral

Do f(t) = logst + t dong biénnén 3 — 3xy = x + 2y, suyray = 33x_+x2 v6i 0 < x < 3.Khi do
3—x 11
P=x+ , P=1-——-=03x+2=+v11
x 3x + 2 (3x + 2)? x

Lap béng bién thién, P dat gi trj nho nhit tai x = YL, va Py = Y12 4 Y121 201153,

% Phat trién. ‘

Thay logs boi log,, 3xy + x + 2y — 4 boi 2ab + a + b — 3 ta dugc bai toan cung ho:
; 2@—3)

; —ab N ,
cho a,b > Othoalogzlaflbz 2ab+a+b—3, timmin P = a+ 2b (dap so .
Gido vién c6 thé “san xuat” vo sb bai tuong tu bang cach chon trude ham dic trung rdi

viét nguogc.

I Dang 7. Cwec tri va danh gia v6i biéu thirc logarit

# Vi du 23. (THPT Tran Pht — Hoan Kiém, thi thir TN THPT 2026 1an 3 )

Cho x, y 1a cac s6 thyc thoa man x > y > 1. Tim gia tri nho nhat ciia P = logx(x®) + 27log, g
y

Phén tich. Hai co s § va y khac nhau; hiy quy vé mét an t = log,x.

logyx t ,
log X = ; Do d6
gyy

Loi gidi. Dat t = log,x > 1. Taco logyi =t—1valogxx =
y

3t 3
P=——7+27(t-1)=3+—-+27(t— 1) 23+2/81 =21

Dau bang khi (t — 1)? = g ot= g tirc x° = y*. Vay P = 21.

# Vi du 24. (DBé thi TN THPT)

Cho a > 0,b > 0 théa man logs42p+1(9a% + b% + 1) + logeep+1(3a + 2b + 1) = 2.
Tinh a + 2b.

Phéan tich. Mot phuong trinh hai an ma lai hoi mot gia tri cu thé: dau hiéu cua ddanh gia, tic la
vé trai ludn > 2 va dau b'ﬁmg x4y ra tai mot diém duy nhéat.

Loi giai. Vi 9a% + b? = 6ab va co s6 3a+2b +1 > 1 nén logsg,zp41(9a% + b2+ 1) >
1083q+2541(6ab + 1). Pat X = 1083442541 (6ab + 1) > 0, vé tréi = X +~ > 2.

TRAM TOAN APLUS TEAM Ceral - Trang 27 - CHIENMATH.COM



CHUYEN PE LOGARIT — T bang s6 ciia Napier dén dé thi THPT TEAM Ceral

Dau bing khi b =3a va X =1 3a+2b+1=6ab+1©9a=18a ©a=- b=">.
7

Veflya+2b=2

I Dang 8. Phwong trinh chira tham s6

@ Vi du 25. (Dé thi THPT Qudc gia 2018 )

Cho phuong trinh 5% + m = logs(x — m) véi m 1a tham s. C6 bao nhiéu gia tri nguyén ciia
m € (—20; 20) dé phuong trinh c¢6 nghiém?
A. 20. B. 19. C.9. D. 21.

Phén tich. Him y = 5* + m va y = logs(x — m) 1a hai ham ngwoc nhau. D6 thi hai ham
ngugc nhau (dong bién) chi ¢ thé cat nhau trén duong y = x.

5"+m=t

5t+m_x.Trfrvé:5x+x=5t+

Li gidi. Didu kién x > m. Datt = logg(x — m), ta co he{
t. Ham f(u) = 5* + u dong bién nén x = ¢, dan tGi

m=x—5% = g(x).
Taco g'(x) =1—5%In5 =0 © x, = —logs(In5) = —0,2075, va g(x,) ~ —0,917 la gia tri
16n nhét ciia g (g — —oo & hai dau). Phuong trinh c6 nghiém © m < g(x,) = —0,917. Véim
nguyén thudc (—20; 20): m € {—19; ...; —1}, ¢6 19 gia tri. Chon B.

Hai d6 thj ddi xting qua y = x (vi du m = —2) Khao sat g(x) = x — 5%
y
— y=5%4+m
y=I2gs L0 max ~ -0.917
O o e VUM~ e s A AN
/
7
7
//’ < gmax = c6 nghiém
///
P -4
e g(x) =x—5%
//
// _5 -
’/
T T T 1
-3 =2 -1 0 il

Trdi: do thi hai ham ngwege nhau doi ximg qua y = x.

Phai: khdo sat g(x) = x — 5%,
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# Vi du 26. (DBé thi THPT Qubc gia 2019 )

Cho phuong trinh (4logsx + log,x — 5)v/7* — m = 0. C6 bao nhiéu gi4 tri nguyén duong ctia
m dé phuong trinh ¢6 dung hai nghiém phan biét?

A. 49, B. 47. C. Vo sb. D. 48.

Phén tich. Phuong trinh tich c6 ba “ing vién” nghiém: x = 2, x = 275/4 (tir thira s6 dau) va
x = log,m (tir can). Piéu kién 7% > m s& “loc” b6t cac g vién; ta phai dém sé nghiém con
lai theo vi tri cia log,m.
Loi gidi. Diéu kién x > 0, 7% > m. Thira s dau bang 0 khi log,x = 1 hodc log,x = —2, tirc
x = 2 hofic x = 27%/* = 0,42.
e m=1:7* =21 luén dang véi x > 0; x = log,; = 0 bi loai. C6 dung 2 nghiém 2 va
275/*. Théa man.
«  m>2:ditx, = log,m > 0, didu kién 13 x > x,.
— X, <2 em< 727" % 2,27 them = 2:¢6 3 nghiém. Loai.
— 27%* < xy <2 3 <m < 48:nghiém 1a x, va 2. Théa min: 46 gia tri.

—  m = 49: x, = 2 trung nghi¢m, chi con 1 nghi¢m. Loai. m = 50: chi c6 nghiém
Xo. Loai.

Tong cong 1 + 46 = 47 gia tri. Chon B.

A Biy thwong gip. ‘

Hai “bdy” cua bai: quén m = 1 (khi x, = 0 khong thudc diéu kién x > 0) va quén m = 49
(nghiém trung). Chinh hai by nay tao ra cac phuong 4n nhiéu 48 va 49.

€ Vidu 27. (Dinh li Vi-ét cho phuong trinh mii )

Tim m dé phuong trinh 9% — 2 - 3**1 + m = 0 ¢6 hai nghiém thyc x;, x, thoa x; + x, = 1.

Loi gidi. Dat t = 3* > 0: t2 — 6t + m = 0. Can hai nghiém duong phan biét: ' =9 —m >
0, m > 0. Khi do t;t, = 3*13%2 = 3*17*2 = 3 ma t,;t, = m, nén m = 3 (thda man).
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I Dang 9. Pém s0 nguyén, cap so nguyén

% Phwong phap.

Day 1a dang “dic san” cua dé thi tot nghiép tir 2020. Ba hudng chinh: (1) dat logarit chung bang
t roi dung bat déng thire dé chan t; (2) chung minh mdt ham theo y don di¢u dé tap nghiém la
mot doan lién tiép, rdi dém; (3) bién doi vé mot mién hinh hoc (hinh tron, duong thang) réi dém
diém nguyén.

# Vi du 28. (DBé thi TN THPT 2020 )

C6 bao nhiéu s6 nguyén x sao cho ton tai s6 thuc y thoa man logs (x + y) = log, (x? + y2)?
A.3. B. 2. C. 1. D. V6 s6.

Phin tich. Dit t bang gia tri chung: x + y = 3%, x? + y? = 4%, Tong va tong binh phuong lién
hé v6i nhau qua bét dang thic (x + y)? < 2(x? + y?): day 1a “cai phanh” chin t.

Loi gidi. Taco 9 = (x + )2 <2(x*+y?) =24t © (9/4) <2 o t <logs2 ~ 0,855.
4
Khi d6 x? < x? + y? = 4t < 4085 ~ 327 nénx € {-1;0;1}.
e x=0:chony =1 (logz; =logs; = 0). Thoa man. x = 1: chon y = 0. Thoa man.

e x=-1: y=3"'41, phuong trinh 1+ (3t +1)?=4" 9" +2-3t+2=4" vo
nghiém vi 9¢ > 4% khi t > 0, con khi t < 0 thi vé trai > 2 > 4¢.

Viy ¢6 2 sd nguyén x. Chon B.

Tap diém (x; y) thoa logs (x + y) = logs (x? + y?)
Xmin = — 0J1452
157

1.0 1

0.5 1

0.0 T

=057
Xmax = 1.4794

T T T

-0.5 0.0 0.5 1.0 1.5
Tép cdc diém (x; y) théa man la mét dwong cong kin; hoanh do ciia né chi chay trong khodng [— 0,145, 1,479).
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# Vi du 29. (Bé thi TN THPT 2020 )

C6 bao nhiéu s6 nguyén x sao cho mg véi mdi x c6 khong qua 728 s nguyén y théa man
log,(x% +y) = logs(x +y)?
A. 59. B. 58. C. 116. D. 115.

Phin tich. C6 dinh x, coi bat phuong trinh 1a mot bat phuong trinh an y. Néu ham F(y) =
log;(x + y) — log,(x? + y) dong bién thi tap nghiém 14 cac s6 nguyén lién tiép bat dau tir y =
1—x.
Loi giai. Didu kién x +y > 0 (khi d6 x® +y > x + y > 0 vi x? > x vdi x nguyén). Xét

! >0
(x+y)n3 (x2+y)nd "~
dox 4+ vy < x% + y valn3 < In4. Bit phuong trinh 1a F(y) < 0. Vi F dong biénva F(1 — x) =
—log,(x?> —x + 1) < 0, thp nghiém nguyén 1a {1 — x; 2 — X; ...; Ymax}-

F(y) =logs(x +y) —log,(x* +y), F'(y) =

C6 khong qua 728 sb & sb thir 729, tic y = 729 — x, khong thoa man:

F(729 —x) > 0 © logsy,9 > log,(x? —x + 729) © x? — x + 729 < 4% = 4096
o x? —x—3367<0.

Suy ra —57,5 < x < 58,5, titc x € {—57; ...; 58}: ¢6 116 s nguyén. Chon C.

# Vi du 30. (Pé thi TN THPT 2023)

C6 bao nhiéu cap s6 nguyén (x; y) thoa man:

log;(x? + y2 + x) + log, (x2 + ¥?) < logsx + log, (x? + y? + 24x)?

24y24x | x%+y2%+24x
x24y2

A , ’ . \ A A A A ’ . A X
Phéan tich. Gom céc logarit cung co s0, ta thay xuat hién cac ti s0

2 2
C4 hai chi phu thudc vao mgt dai lugng u = e

Li giai. Dicu ki¢n x > 0.Dats = x? +y? > 0 vau = 2 > 0. Bit phuong trinh & log; ©= <

s+

log, §4x o logz(u+ 1) <log, (1 + %)

Vé trai dong bién, vé phai nghich bién theo u, va tai u = 8 hai vé cing bang 2 (logso = log,,).
Do d6 bat phuong trinh ©® u < 8 © x? +y? < 8x & (x — 4)? + y? < 16, voix > 0.

Pém diém nguyén trong hinh tron tim (4; 0), ban kinh 4, bo gbc toa do:
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< 8x <7 <12 <15 <16 <15 <12 <7 <0
2
-

s6 gia tri 5 7 7 9 7 7 5 1
y
Tongcong5+7+7+9+7+7+5+1 =48 cap.

x% +y? <8x, x> 0: 48 diém nguyén

48 diém nguyén trong hinh tron (x — 4)? + y? < 16, x > 0.
I Dang 10. Bai toan thuec té: ting truéng, suy giam, thang do

% Ba mé hinh cin thudc.

Lai kép: T,, = A(1 + r)™. Tang truéng/suy giam lién tuc: S(t) = Spe™ (r > 0 tang, r < 0
giam). Chu ki ban ra T: m(t) = my(1/2)%/". Cau héi “sau bao 14u” ludn dan téi mot logarit.

@ Vi du 31. (Dé thi THPT Qudc gia 2017 )

Mot nguoi gui tiet kiém voi 131 suat 7,2%/nam, 131 hang nam dugc nhdp vao von. Hoéi sau it
nhat bao nhiéu nam nguoi do thu dugce so tien gap doi so tien gui ban dau?

Loi gidi. (1,072)" = 2 © n > log; 97,2 = 9,97. Vay sau it nhat 10 nim.
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Lai suat 7,2%/nam: sau bao lau tién gap doi?

407 —— Jaikép (1L+n)"

35 —s— |didon 1+nr i
: :n=1091,0722=9,97

3.0 1

2.5 1

gologdpasi P el

s6 tién / von ban dau

15

1.0 1

T T T T T T T T T

0.0 2.5 5.0 7.5 10.0 125 15.0 17.5 20.0
s6 ndm n

Lai kép vwot xa ldi don: dwong cong cdp s6 nhdn so véi dirong thang.

G161 ngan hang c6 meo nham: thoi gian gap doi =

(y) .Voir =7,2%:72:7,2 = 10 ndm, khép

In2 0 693
1n(1+r)

tuyét voi! Lido: n = , va 72 duoc chon vi dé chia hon 69.

@ Vi du 32. (S6 GD&PT Ha Noi, thi thir TN THPT 2026 lan 1)

Nong d6 thudc khang sinh trong mau sau t gio 1a C(t) = C,e™" (mg/L). Ngay sau khi tiém,
nong d6 1a 15 mg/L; sau 4 gio con 10 mg/L. Béc si tiém liéu méi khi ndng do giam con it nhat
6 mg/L. Hoi khoang thoi gian nhiéu nhat giita hai 1an tiém 14 bao nhiéu gio (1am tron d&én hang
don v1)?

\e exs o _ In1,5 x _ In2,5 _ 4In2,5
Loi gidi. Tr 15e %" = 10 suyrar = nT. Canlbe™™ >6 6ot < nr = 1nn15 ~ 9,04.

Pap sb: 9 giv

@ Vi du 33. (Cum truong THPT s 1 Ha Noi, thi thae TN THPT)

Cuong do anh sang dudi mit nude bién giam theo d6 sau d (mét) theo cong thirc I = I, - a®
O do sdu 1 m, cuong do béng 95% cuong do trén mat nudc. Tinh ti ) cuong do anh sang ¢ do
sau 20 m so voi & d sau 10 m (Iam tron dén hang phan muoi).

1(20)

Loi gidi. Iya = 0,951, > a = 0,95. Ti s 0 a0 =

a'® = 0,95 =~ 0,5987.

Pap so: 0,6
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@ Vi du 34. (THPT Lé Hong Phong — Thai Nguyén, thi thirt TN THPT )

Chi phi hao mon ciia ddy chuyén sau khi san xudt x san pham la C(x) = 20Inx + 50 (triéu
d6ng); mdi san pham thu vé 5 triéu dong. Mdi chu ki can san xudt it nhat bao nhiéu san pham
dé loi nhuan khong nho hon 500 triéu dong?

Loi giai. Loi nhuan L(x) = 5x — 20Inx — 50 dong bién khi x > 4. Can 5x — 20lnx > 550.
Thir: L(129) ~ 497,8 < 500, L(130) ~ 502,6 > 500. Pap sb: 130

@ Vi du 35. (Pinh tudi bang carbon phong xa)

Carbon-14 ¢6 chu ki ban rd khoang 5730 nim. Mot mau gd c6 con 70% luong C-14 so véi gd
tuoi. Udc tinh tudi mau gd.

Lai gidi. (1/2)1/57° = 0,7 & t = 5730log, —— ~ 2949 nam.

Phan ra carbon-14, chu ki ban ra 5730 nam
100 A

80 1

70% =t = 2.949 nam

60 T

40 1

% C-14 con lai

20

0 5730 11460 17190 22920
thgi gian (nam)

Puong cong phan ra C-14: cir 5730 nam luong C-14 giam mot nira.

€ Vi du 36. (Thang d¢ Richter)

Do 16n dong dat theo Richter 4 M = log Ai v6i A 13 bién d6 ghi dugc va A, 13 bién do chuan.
0

Nang luong giai phong E (jun) théa logE = 4,8 + 1,5M (h¢ thirc Gutenberg — Richter). So sanh
tran dong dat 9,0 6 véi tran 7,0 do.

Loi giai. Bién do: ;ﬁ = 1077 = 100 lan. Nang lugng: = = 102547 = 10% = 1000 lan.
2

2

Tran 9,0 d0 manh gép khoang mot nghin tran 7,0 d9, du con s6 chi hon “2 don vi”.
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Dang 10. Muoi bai toan thue té c6 hinh minh hoa

% Quy trinh 3 buwéc cho bai toan thyc té.

(1) Doc mé hinh: nhanradang y = A-a*, y = Ae™, y = 1010gli, ... (2) Tim tham sé tir hai
0

dir kién (thuong 13 gia tri ban dau va mot gia tri sau mot khoang thoi gian), dung logarit dé giai.
(3) Tra loi cdu héi: cha ¥ don vi, cach 1am tron va chir “it nhat”, “sau bao lau”.

€ Vi du 37. (Pinh luat [am ngudi Newton )

Mot coe ca phé vira pha c6 nhiét do 90°C, dat trong phong c6 nhiét d§ 25°C. Nhi¢t do ca phé
sau t phut1a T(t) = 25 + 65e %t Sau 5 phut, nhiét do con 75°C. Hoi sau bao nhiéu phut (1am

tron dén hang phan muoi) thi ca phé ngudi téi 50°C, nhiét d6 “udéng ngon” theo nhiéu ngudi?

Pinh luat lam ngudi Newton: T(t) = 25 + 65e <t
90°C

90 1
80 1

>

50°C sau = 18,2 phUt-

70 7
60

50_ ---------------------------------- g

nhiét dé T (°C)

40

30 1 : nhiét dé phong 25°C

20 T T T T - T T T T T
0 5 10 15 20 25 30 35 40

thdgi gian t (phut)

Dinh luat lam nguoi Newton: nhiét do ca phé giam theo ham mil vé nhiét do phong.

Léi gidi. Tir T(5) = 75: 6575 =50 = k = §1n§—§ = §1n1,3. Cin 25 + 65¢ % = 50 <

_ 5 In2,6 5In2,6
kt =~ ot = =

= = e 18,2 phut. Dap so: 18,2

e

Cha y m6 hinh khéng phai T = 90e~*!: nhiét do tién vé nhiét 46 phong chir khong vé 0°C.
Phan “chénh 1éch” T — 25 méi giam theo ham mii. P4y 14 156i m6 hinh hoa hoc sinh rat hay mac.
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@ Vi du 38. (Pé kiém tra theo bai hoc — Ham s6 mii va ham s6 logarit )

Biét rang nam 2001 déan s6 Viét Nam 1a 78 685 800 ngudi va ti 16 ting dan s6 nam do 1a 1,7%.
Dan sb dugc udce tinh theo cong thirc S = A - eN", trong d6 A 1a dan sé nam lay lam mdc, S 1a
dan s6 sau N nam, r 1a ti 1¢ ting dan s6 hang nim. C{r ting dan s véi ti 1& nhu véy thi dén nim
nao dan s nuéc ta & mic 120 triéu nguoi?

Loi gidi. 78,6858 e%017N = 120 & N = — In——.

= 24,8.
0,017 78,6858

Vay dén nam 2001 + 25 = 2026.

Mo hinh chi 14 gia dinh “ti 16 khong d6i”. Thyc té, theo Téng cuc Théng ké [29], dan sb Viét
Nam vuot mdc 100 triéu ndm 2023 va ti 1¢ ting di giam xudng dudi 1%/nam. Khi day, gido

vién nén cho hoc sinh so sanh mo hinh véi so li¢u that dé thay gidi han cua mé hinh ham mi.

@ Vi du 39. (S6 liéu dan s6 2023 ctia Tong cuc Thong ké)

Niam 2023 dan s6 Viét Nam khoang 100,3 triéu ngudi. Gia st ti 16 ting dan sd giit on dinh &
mirc 0,84%/nam theo mé hinh P, = 100,3 - 1,0084™. Hoi nam dau tién dan s6 vuot 110 triéu
nguoi la ndm nao?

Du bao dan sé néu ti lé ting gilr 8 0,84%/nam (gia dinh)

115 7

110 triéu
R it e il e -

105 7

triéu ngudi

100

95~

2023 2025 2027 2029 2031 2033 2035 2037 2039

D bdo ddn s6 theo mé hinh tang truéng mii véi ti 16 0,84%/ndm.

Lai gidi. 1,0084" > —— & n > logy gogs o= ~ 11,04, nén n = 12: nam 2035
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@ Vi du 40. (Ap suat khi quyén — phat trién tir bai tip SGK)

Ap suét khi quyén & d6 cao h (mét) so voi muc nude bién 1a P(h) = 760 e ™" (mmHg). O d6
cao 1000 m ap suat 1a 672,71 mmHg. Tinh ap sut trén dinh Fansipan (3143 m), 1am tron dén

hang don vi.
Ap suat khi quyén giam theo ham mi: P(h) = 760 e <"
muc nudc bién
800 T 760 mmHg
Pa Lat #1500 m
633 mmHg
© 600 Fansipan 3143 m
I 518 mmHg
€
£
<@ 400 T
a Everest 8849 m
o 258 mmHg
®©
200 1
O T T T T T
0 2000 4000 6000 8000
dd cao h (m)

Ap sudt khi quyén giam theo ham mii khi lén cao: vi thé leo niii cao dé bi thiéu 6-xi.

Loi gidi. k = —In—> ~ 1,2200 - 10+, P(3143) = 760 3143 ~ 518 mmHg, chi con

1000 672,71
khoang 68% ap suat & mat bién.

@ Vidu 41. (Vay tra gop — bai do nguoi bién soan xay dung)

Anh Minh vay ngan hang 500 triéu dong mua nha v&i 13i suat 0,8%/thang. Cudi mdi thang (bat
dau tir thang thtr nhat), anh tra c¢6 dinh 10 triéu ddng. Hoi sau bao nhiéu thang anh tra hét no
(thang cudi c6 thé tra it hon 10 tridu)?

Phin tich. Sau mdi thang, du ng nhan vai 1 + 7 16i trir di a. Du ng sau n thang 1a mot tong cp

sénhan: D, = A(1 + )" — a%.
Léi gidi. D, <0 & (1+7)"(a—Ar) = a & n > log,, ——= 1og1,008% ~ 64,1.

Vay sau 65 thang. Tong tién phai tra khoang 641 triéu, tirc tién 1di hon 140 triéu dong!
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Vay 500 triéu, lai 0,8%/thang, tra 10 triéu/thang

500 A
tra xong &
400 thang thu 65:
,g) :
5 300 7 :
ko] :
@ 200 A :
- II"||||III
3 0 - i IIIIlll.A;
~1007 ___ néu khéng ¢ 1ai (50 thang) \\\\5\
0 10 20 30 40 50 60

thang

Du no giam chdm hon nhiéu so voi “khong co lai” (duong cam).

@ Vi du 42. (Sac pin di¢n thoai — bai do ngudi bién soan xay dung)

Phén tram pin sau ¢ phat sac (tir lac can) duoc mo hinh hoa boi P(t) = 100(1 — e~*¢). Sau 30
phut pin dat 60%. Hoi sau bao nhiéu phut pin dat 90% (lam tron dén phut)?

Ino4 . _ In10 In10 ,
—n—.Cane’“=O,1(:)t=n—=30-n ~ 75 phut. 30
0 k In2,5

phut dau sac duoc 60%, nhung 30% tiép theo mat thém 45 phut: d6 14 li do cac hang dién thoai
hay quang cao “sac nhanh 0 — 50%".

Loi gidi. e 3% =04 =k =

Sac pin: P(t) = 100 (1 — e ™)

: 90% sau 75 phut

: 60% sau 30 phut

0 1 T : T T : T T T
0 20 40 60 80 100 120
thdi gian sac (phut)

Puong cong sac pin: cang gan day, cang sac cham.

TRAM TOAN APLUS TEAM Ceral - Trang 38 - CHIENMATH.COM



CHUYEN PE LOGARIT — Tir bdng sé6 ciia Napier dén dé thi THPT TEAM Ceral

€ Vi du 43. (Cau bung/Sai, theo)

Mirc cuong do am L = 1010glL (dB), I, = 10712 W/m?. Xét tinh diing sai:
0

Ménh dé Dung Sai

a) | Hai cay dan ghi-ta giéng nhau, mdi cAy phat ra 4m 60 dB. Ca hai cting choi
cho mirc cuong d6 am xap xi 63 dB.

b) | Ca hai cung choi cho mtc cuong d6 am 120 dB.

¢) | Xuoéng cwa cd 7 may cua gidng nhau chay cing lic giy ra 93 dB. Néu 3
may ngung chay thi mic cuong do &m nho hon 90 dB.

d) | Khi cudng do 4m ting 100 1an thi mirc cuong d6 am ting 20 dB.

|
L =10log—
lo

) ) Géap doi cudng do:
10log2 = 3 dB

1cay dan 2 cay dan
60 dB = 63 dB (khdéng phai 120 dB!)

Cuong dp céng lai, nhung decibel thi khéng: hai nguon bang nhau chi thém khodng 3 dB.

Loi giai.
a) Pung: I gap d6i nén L = 60 + 10log2 ~ 63,0 dB.
b) Sai.

¢) Sai: con 4 may nén L = 93 — 1010g£ ~ 90,6 dB, van lén hon 90 dB.

d) Ping: 10log100 = 20.

@ Vi du 44. (Cau Bung/Sai, theo])

Poloni-210 ¢ chu ki ban ra 138 ngay; khéi lugng con lai sau t ngay 1a m(t) = my(1/2)/7.
Luc dau c¢6 100 gam.
Ménh dé Dung Sai

a) | Sau 138 ngay khéi lugng Poloni con lai 13 50 gam.

b) | Khéi lugng con lai sau 30 ngay nhiéu hon 85 gam.

¢) | Ké tir ngay thr 55 trg di thi khéi lugng con lai it hon 75 gam.
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d) | Sau 276 ngay khéi lwong da phan ra gap ba lan khéi lugng con lai.

Poloni-210: chu ki ban ra 138 ngay
100 A

t=30: 86,0 g

80 - t=55:759¢ phén da phan ra

60 t=138: 50,0 g

40 A
t=276: 25,0 g

20 1

khéi lugng Po con lai (g)

0 100 200 300 400
thai gian (ngay)

Phan rd Poloni-210: méi 138 ngay khoi lwong giam mét nira.

Loi giai.

a) Dung.

b) Pung: m(30) = 100 - 273%/138 ~ 86,0 g.

¢) Sai: m(55) = 759 >75:m(t) <75t > 13810g2§ ~ 57,3, tlrc tr ngay thir 58.

d) Pung: m(276) = 25 g, da phanra 75 g.

@ Vi du 45. (Tra 10i ngan — S6 GD&DT Quang Ninh, thi thir TN THPT 2024 — 2025)

Mot cong ty chi A (tridu dong) cho quang céo. S6 san pham ban ra la
q(A) = 1000 + —=In(1 + 4). Chi phi sin xuét mi sin pham I 10 triéu dong, gié ban mdi
san pham 1a 20 triéu dong. Loi nhuan t6i da cong ty co thé dat dugc 1 bao nhiéu ti dong (1am

tron dén hang phan mudi)?

10130
3

Loi gidi. Loi nhuan L(4) = (20 — 10) g(4) — A = 10000 + In(1+A) — A.

L) =22_1=0e04="2_1%~33757.
3(1+A) 3

bay la diém cuc dai, Lpnax = 34058,5 tricu déng. Pap s0: 34,1
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Lgi nhuan L(A) = 10 q(A) — A véi g(A) = 1000 + 1913In(1 + A)
40 7

35_ 4&

A=~ 3376 triéu
: Igi nhuan max = 341t

IGi nhuan (ti dong)

- =5 N N w
o o1 O o1 O uo1 O
1 1 1 1 1 1

0 2000 4000 6000 8000 10000 12000
chi phi quang céo A (triéu déng)

Loi nhudn tang rat nhanh roi giam dan: quang cdo qud nhiéu ciing khéng c6 loi.

@ Vi du 46. (Tra 10i ngan — theo )

Nhiét 6 khong khi quanh mét bong dén duge mé phong bsi T(x) = a + b - 2% (°C), véi x 1a
khoang cach toi bé mat bong dén (mm). Trén bé mat bong dén nhi¢t o 1a 125°C; cach bé mat
3 mm va 9 mm, nhiét d6 1an luot 13 75°C va 37, 5°C. Tinh nhiét d6 cach bé mit bong dén 1 cm
(1am tron dén hang phan muoi).

Phin tich. Ba an a, b, k, ba dit kién.

Dit u = 23% thi 29 = u3: hé tré thanh phuong trinh dai sd.

Léi gidi. a + b = 125; b(u — 1) = —50; b(u® — 1) = —87,5.

Chia vé: u? +u +1=175 & u =~ (logiu = —2). Suyra b = 100, a = 25, 2% = 27%/2,

Vay T(10) = 25 + 100 - 271%/3 ~ 34,9°C.
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O

Nhiét dd quanh béng dén: T(x) =a + b - 2K

125,0°C

120 A

100 A

© 80

60 T

40 A

______________________________ YA O —— —

20 1

0.0 25 5.0 7.5 10.0 12.5 15.0 17.5 20.0
khoang cach tdi bé mat bong dén x (mm)

Nhiét do quanh bong den giam nhanh theo khoang cach.

@ Vi du 47. (Tra 16i ngén — THPT Chuyén DPH KHTN Ha N6i, thi that TN THPT 2026 )

Do 16n dong dat Richter 1a M = logA — logA,. Ngay 11/3/2011 tran siéu dong dat & Tohoku
(Nhat Ban) c6 d6 16n 9,1; ngay 21/5/2003 tran dong dat & Bac Algeria c6 do 16n 6,8.

Bién d6 rung chan tbi da cua tran & Nhat Ban gip bao nhiéu lan tran ¢ Algeria (1am tron dén
hang don vi)?

Lo gidi. 22 = 1071758 = 1023 ~ 200 lan.
2

® Vi du 48.

Pau thang 1 nam 2026, anh Nam gui tiét kiém X triéu dong. Tir thang thir 2, mdi thang anh guri

thém mat s6 tién 1on hon thang 1ién truéc 5%. Ngan hang tinh 13i kép ki han 1 thang, 13i suét
1%/thang; anh ludn giri vao ngay dau thang va khong rat. Tim X (lam tron dén hang phan muoi)
dé cudi thang 12/2026 anh ¢ dung 200 triéu dong.

Loi giai. Khoan guri thang thir i 14 X - 1,051, sinh 13i 13 — i thang. Tong

12
. . 1,05%% —1,01%?
T=XZ 1,0571.1,0131t=1,01X - 0.04 =200 X =~ 11,8.
i=1 ’

Pap so: 11,8
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I Dang 11. Nang cao — nhirng y twéng Olympic

@ Vidu 49. (AIME 1988)

Tim (log,x)? biét log, (loggx) = logg(log,x).

Lai giai. Dt t = log,x > 0, thi loggx = =.
Phuong trinh thanh logzg = glogzt = glogzt = log,; © t = 3%/2,

Vay (log,x)? = t? = 27.

@ Vi du 50. (AIME 2020 1)

C6 duy nhat mot s thuc duong x sao cho ba s6 logg(2x), log,x, log,x theo thir tir 1ap thanh

£ £ a 2 A N o R m . z. ., .
cap sO nhan c6 cong bdi duong. Biét x = — t01 gidn, tim m + n.
n

t2  (1+0)t

e e - £ 92 1+t A A A A A
Loi gidi. batt = log,x. Baso la - 5 t Dbiéu kién cap s6 nhan: " ;

Véit#0:3t=4+4t &t =—4 Basdla—1,—2,—4, cong bdi 2 > 0 (thoéa man).

Vayx=2‘4=i,m+n=17.

@ Vidu 51. (AIME 2020 II)

Nghiém cua phuong trinh log,x3%% = log,x+332°20 ¢6 dang % toi gian. Tim m + n.

2.4 320 Ra A X 20lo 20201lo 3
Loi giai. Doi vé co s0 2: xg23 — x+3g23 & 20(x +3) =2020x © x = —

Vaym +n = 103.

# Vi du 52. (Ching minh bit dang thirc AM-GM bang logarit (G. Péolya)])

2 o N 29 o X X1+:+x
Chirng minh rang véi cac sd duong xq, ..., Xp: % > "xyxy 0 Xy,

Phén tich. Bit dang thic Inx < x — 1 (hinh minh hoa, trai) bién tich thanh tong: chinh 13 y
tuong cua Napier, dung dé chimg minh bat dang thuc!

Loi giai. Goi A 1a trung binh cong. Ap dung Int <t —1chot = %réi cong lai:
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n n

X; X; nA X1 X
lenjszl(j—l)=7—n=0 = In n <0 = Xq Xy <A™
=

i=
Dau bang khi moi % = 1, tirc cc s6 bang nhau. Theo truyén thuyét, Polya ké rang chirng minh

nay dén vdi ong trong mot giac mo, va goi nd 1a “ching minh dep nhat ma t61i ting mo thay”.

# Vi du 53. (Chudi diéu hoa phan ki)

Chimg minh —— < In (1 +l) <2véimoin > 1.SuyraH, =1+~++=>In(n+1),vi
n+1 n n 2 n
do do6 tong H,, lon tuy y.

n+1dt
L=

Li gidi. Theo dinh nghia dién tich, In (1 + %) = ,ma—— < =< ~trén (n;m + 1), nén

n+1 t
c6 bat dang thuc kép. Cong cac bat dang thirc bén phai véi k = 1, ..., n:

In(n+ 1) = X, In“= < H,. Viln(n + 1) - +oo, tong diéu hoa phan ki, i tang cham dén
kinh ngac: phai cong hon 1,5 - 10*3 s6 hang méi vuot 100!

@ Vi du 54. (Chir s6 dau cua lity thira — mot bai toan dep)

Biét 21999 ¢4 302 chit so. Trong cac so 21,22, ..., 21990 ¢4 bao nhiéu so c6 chir so dau tién 1a
1?

Phin tich. Khi nhan d6i mot s6, s6 chir s6 ting thém nhiéu nhét 1a 1. S6 chir s6 ting ding khi
nao?

Loi gidi. Néu 2™ ¢6 k chir s thi 2" = 2- 21 < 2. 10k,
Néu 2" ¢6 k + 1 chix s6 thi 10F < 2™ < 2 - 10%: chit s6 dau la 1.

Nguoc lai, néu 2™ bat dau bang 1 thi 2"~ = 2™/2 bat dau bang 5, 6, 7, 8 hodc 9 va co it hon
mét chit sb.

Vay 2™ bdt dau bang 1 khi va chi khi s6 chit sé ting thém 1.
Tir 2° = 1 (1 chit s6) dén 21°°° (302 chir s6), s chit sb ting ding 301 lan.
Pap sb: 301 sb.
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30(1)hCr s6 dau cua cac Iy thira clia 2 tuan theo luat Benford

0.30 1 —@— du doan logio (1 + 1/d)
B tan suat thuc té, 21, ..., 21000

0.25 1

0.20 1

0.15 A

tan suat

0.10 1

0.05 T

chir s6 dau tién d
Tan sudt chir s6 dau ciia 2, ..., 21°°°: 301 56 bat dau bang 1, chi 45 s6 bdt dau bang 9. Pwong do la ludt Benford
1
log (1 + E)'

% Nhan xét.

Til¢ % ~ log2 khong phai ngau nhién: 2™ bat dau bang chir s6 d khi phan 1¢ ciia nlog2 thudc
[logd; log(d + 1)), mot khoang c6 do dai log (1 + %)
Day 1a ludt Benford, s& gip lai & Phan IV.

I Dang 12. Bdi dudng hoc sinh gi6i: bat dang thirc, giéi han, cuec tri

% Ba ki thuit cot 15i.

(1) Logarit héa dé bién liiy thira c6 s6 mii bién thién (u?) thanh tich vinu.
(2) So sanh qua ham f (x) = me hoic ﬁ dé so sanh a® vai b?.

(3) Bit dang thirc tiép tuyén e* > 1 + x, Inx < x — 1 va don diéu ctia ham sd.

@ Vi du 55. (Chuyén dé boi dudng HSG Toan 12)

Chtng minh rang n™** > (n + 1)" véi moi s6 ty nhién n > 3.

n+1 n

Phén tich. Lay logarit hai vé: (n + 1)Inn > nln(n + 1) e >
Hai vé 12 gi4 tri ciia cung mot ham f(x) = ﬁ tain + 1 van.

Inx—1
InZx

Loi giai. Xét f(x) = ﬁ trén (e; +): f'(x) = > 0, nén f dong bién.

Véin =3 >e: f(n+1) > f(n), suy ra diéu phai ching minh.
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Véin = 2 bat dang thirc sai (23 = 8 < 9 = 32). Hé qua dep: diy Vn giam tir n = 3 tré di, nén

V3 1 56 16n nhat trong day 1, \/Z V§, W,

# Vi du 56. (Chuyén dé boi dudng HSG Toan 12 [20], Bai toan 4.46)

Cho0<x<1,0<y<1vax # y. Ching minh rang

”M

Phin tich. Vé trai c6 dang “ti sai phan voi g(t) = ln —

Mubdn né 16n hon 4, ta chimg minh g(t) — 4t dong bién.

—_1)2
Loi gidi. Gia st y > x. Xét f(t) = ln——4t trén (0; 1): f'(¢t) = e t)—4 = (f(tl_lt)) =

dau bang chi tai t = E’ nén f doéng bién. Do d6 f(y) > f(x), tic lng — lnlex > 4(y — x).
Chia cho y — x > 0 ta dugc diéu phai ching minh.

# Vi du 57. (Chuyén d& bdi dudng HSG Toan 12 [20], Bai toan 4.47)

Cho @ > b > 0. Ching minh (za + Zi)b < (zb + Zib)a

Loi gidi. Vi 22 + 27¢ = © bt ding thuc twong duong (4% + 1) < (4 + 1)°

In(1+4¢
o ( )
a

1n(1+4) X6 tf( ) 1n(1+4—) x>0

, 4*In4* — (1 + 49)In(1 + 4%)
f'(x) = > ~ ,
x%(1+4%)
vi ham tInt dong bién trén (1; +00) va 4* < 1 + 4%,
Vay f nghich bién, a > b = f(a) < f(b).

# Vi du 58. (Chuyén dé boi dudng HSG Toan 12 [20], Bai toan 4.23)

1
Cho a, b 13 hai sb duong khac 1. Tinh lim,_,, (“ *b )x

Phén tich. Dang v6 dinh 1%: logarit hoa dé dwa vé dang %.
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aX+b*
In:

1/x
) ,tacolny = —=

X

a*+b*

Loi giai. Paty = (

a*+b*

Vi

_1:%[(ax_1)+(bx_1)]~thix—>0,véln(1+u)~u,

n Ina+Inb
nén Iny — = Invab.

2

Vay gi6i han bang vab: trung binh lily thira bdc x tién téi trung binh nhan!

Chimg minh rang v6i moi sé duong a, b: a? + b® > 1.

Phén tich. Néu a > 1 hodc b > 1 thi hién nhién. Kho 13 khi ca hai thudc (0; 1): cAn mdt chin

dudi cho a?.

Loi gidi. Giast 0<a,b<1.Véi0<a<1vax>0 hamh(x) =1 +x)%—1—ax cb

h'(x) = a[(1+x)* 1 —1] <0,nén (1 +x)* <1+ ax (bat dang thirc Bernoulli). Viét a =
1 1 1 a

—thia? =

b .
= — = > — Tuong ty b* > ——. Cong lai: a? + b* > 1.
1+x (1+x) 1+bx a+b—ab a+b a+b

Xét cac sb thuc a, b, ¢ 16n hon 1 (v6i a > b) thoa man 4(log,c + log,c) = 25log,,c. Gia tri
nho nhat ctia P = log,a + log,c + log.b bang

A. % B. 5. C.3. D. 8.

Loi giai. Pit x = log.a, y =log,b (x >y > 0). Diéu kién < 4 (i + %) = % © 4x? —

17xy+4y2=O@x=4y(v‘1x>y).Khidélogba=§=4ve‘1P=4+§+y=4+$+
y = 4+2,/1/4 =5, ddu bang khi y = = Chon B.

. , 3 1 1 .\ R T
V01a,b,cth0a§<a<1,§<b<1,g<c<1,t1mg1atr1nhonhatcua

p =4l (3b 1)+31 (c 1)+6l (a 3)
—*08a\y Ty %6v\2 " 16 %8c\2 " 16/

Phan tich. Cac co s6 déu nho hon 1, nén muon chan dudi logarit ta can chén trén biéu thirc bén
S JURTY N , 4 R ok 3b—-1 c 1 a 3
trong bang mdt Iy thira ctia co s0 “ke tiep”: —— < b3, ST S c?, TS a*.
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Loi giai b3 — 3b-1 _ (2b-1)%(b+1)

2
20;c2—5+i=(c—1) > 0;
4 4

2 14
a4—§+%=(a—§) (a2+a+2)ZO.Vicéccosénhéhonlz

P > 12log,b + 6log,c + 24log.a = 3i/12 624 -log,blog,clog.a = 311728 = 36.
Daubangtaia = b = %, c= i (khi d6 12log,b = 12, 6log,c = 12, 24log.a = 12).
Pap so6: 36

C6 bao nhiéu s6 nguyén duong b sao cho tng véi mdi b c6 ding 3 sd nguyén duong a thoa

man log, % +2*<a(b—1)?

Loi giai. Bat phuong trinh < log, (2% + a) + (2% + a) < log,(ab) + ab.
Ham log, ¢ + t déng bién nén & 2% +a < ab & b > f(a) == + 1.
Taco f(1) =3, f(2) =3, f(3) = % f(4) =5, f(5) = 7,4 va f ting khi a > 2.

Cédﬁngbaséakhilg,—ls b < 5,tlrc b = 4 (khi d6 a € {1;2;3}). Pap so: 1
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PHAN IV. LOGARIT QUANH TA

Khi may tinh da 1am thay phép nhan, logarit chuyén sang mot nghé méi: do nhitng thir trdi dai trén
nhiéu bdc dg 1on. Tai ngudi nghe dugce tir tiéng 1a roi dén tiéng may bay, chénh nhau hang nghin ti
lan vé cudng do; mat ngudi nhin dugc tir anh sao md dén anh ning chéi. Mot thang do tuyén tinh
khong thé chira ndi nhitng khoang cach ay, nhung thang logarit thi c6.

Poéng dat (Richter) b6 pH A
Am thanh (dB)

Tohoku 2011 nudc xa phong 120 ngudng dau

tan pha manh ELR— xe co dong

nudc bién
ndt tusng nudc tinh khiét
60 tro chuyén
mua sach
dé vat rung

[ — thi tham
nudc chanh
khé cam nhan
dich vi da day

el () IR 5 - A x710
+1d6 = bién dé x10 pH = ~log[H"] fgustid ighe

Ba thang do logarit quen thudc: moi vach la mét phép nhan, khong phdi mét phép céng.
I 1. Thang d9 Richter va dj 16n dong dat

Niam 1935, Charles Richter dinh nghia d6 16n dong dat bang logarit thap phan cua bién d6 song ghi
trén dia chan ké [17]. Tang 1 do Richter nghia 14 bién d6 tang 10 1an va ning luong ting khoang
10%° ~ 31,6 lan. Tran dong dat Tohoku (Nhat Ban, 2011) c¢6 do 16n khoang 9,0-9,1; ning luong
ctia n6 gap khoang mot nghin 1an mét tran 7 do (Vi du & Dang 10).

Ngay nay cac nha dia chan dung thang d6 16n mo-men M,,, nhung van 1a mot thang logarit.
I 2. Do pH: logarit trong coc nwée chanh

Niam 1909, nha hoa hoc Pan Mach Seren Serensen dinh nghia pH = —log[H*], v6i [H*] 14 ndng
d6 ion hidrd (mol/L). Nudc tinh khiét ¢c6 [H*] = 1077, nén pH = 7. Nudc chanh c¢é pH khoang
2,5, tic chua gdp khodang 10%° =~ 30000 lan nudc tinh khiét vé nong d6 ion H*. Dau trir trong
dinh nghia gitp pH 1a s6 duong dé dung.

I 3. Decibel: logarit trong tai ta

Mirc cuong do am L = 1010gIL (dB), v6i I, = 1071 W/m? 1a ngudng nghe. Cr thém 10 dB,
0

cuong d6 am tang 10 1an. Cudc trd chuyén binh thudng khoang 60 dB, duong phd dong xe khoang
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85 dB (cudng do gap khoang 300 lan), ngudng dau khoang 120 dB (gip mat triéu 1an trd chuyén).
Day 1a bai toan quen thudc trong ca Vat 1i 12 13n dé thi Toan.

% Dinh luit Weber — Fechner.

Khong phai ngau nhién ma decibel dung logarit: cdm gic cta con ngudi (Am lugng, d6 sang,
ca cam nhan vé gia ca) thudng ti 18 v6i logarit cua kich thich. Tang gip doi cuong do am, ta chi
thdy to hon “mot chut” (khoang 3 dB).

I 4. Cap sao: logarit trén bau troi

Tir thoi Hipparchus, cic ngdi sao duoc xép tir cp 1 (sang nhat) dén cap 6 (md nhit mat thuong
thiy duoc). Nam 1856, Norman Pogson chudn héa: chénh 5 cap ing v6i do sang gip dang 100 lan,
tac my — m, = —2,5log % MJi cép sao chénh nhau V100 ~ 2,512 lan.

2

I 5. Luat Benford va kiém toan

Nim 1881 Simon Newcomb, roi naim 1938 Frank Benford [16], nhan thay trong rat nhiéu bo s6
lidu thuc té (dan s6 cac thanh phd, dién tich song hd, gia co phiéu, s6 liéu ké toan), chit s6 dau tién
1a d véi xac sudt xap xi

1
P(d) = log (1 +E>: P(1) ~ 30,1%, P(2)~17,6%, .., P(9) ~ 4,6%.

Céc lily thira cua 2 tudn theo luat ndy mot cach gan nhu hoan hao (hinh minh hoa). Ngay nay cac
kiém toan vién dung luat Benford dé phat hién s6 liéu bi “bia”: nguoi bia ) thuong dung cac chir
sO dau déu nhau, trai v6i luat logarit.

| 6. Biéu dd thang logarit

Khi mét dai luong ting theo ham mii (sé ca bénh giai doan dau dich, sb transistor trong chip theo
dinh luat Moore, dan sb vi khuan), biéu d6 thong thuong s& “dung dimg” va che mat cac giai doan
dau. Néu truc tung chia theo logarit, duong cong mii y = Ce** tré thanh duong thang Iny = InC +

kt véi hé sb goc k chinh 1a tbe do ting trudng (hinh minh hoa). Poc duoc biéu d6 thang log 1a mot
ki nang quan trong cua cong dan hién dai.

I 7. Logarit trong tin hoc

«  Tim kiém nhi phan: mdi l4n so sanh loai duoc mot ntra danh sach, nén tim mot phf?m tr
trong danh sach n phén tir chi can khoang log,n budc. V&i n = 10°: khoang 30 budc.

«  S6 bit: dé biéu dién s6 nguyén N trong hé nhi phan can |log,N| + 1 bit. Mot byte (8 bit)
ma hoa dugce 28 = 256 gia tri.
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*  Thong tin: ndm 1948, Claude Shannon dinh nghia lugng thong tin cua mot sy kién c6 xac
sudt p 1a —log,p bit. Tung mot ddng xu cin ddi cho 1 bit thong tin; tro choi “hai muoi cau

hoi c6/khong” phan biét duoc t6i 22° ~ mét triéu ddi tuong.

< Logarit va &m nhac. ‘

Céc ndt nhac cach nhau mot quing tam c6 tan sd gip d6i nhau; hé binh quéan 12 cung chia quing
tam thanh 12 nira cung c6 ti s6 tan sb bang nhau '3/2 =~ 1,0595. Nhu viy, ban phim dan piano
chinh 1a mét truc logarit cia tan sb: cac phim cach déu nhau, nhung tan sb ting theo cap sd

nhan, ding nhu bang cua Stifel!
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PHAN V. HE THONG BAI TAP

Bai tap duoc chia lam 5 mirc d6. Cac cdu danh dau [TLN] 1a cau trd l6i ngan, [D/S] 14 cau Puing/Sai
theo ciu triic dé thi tot nghiép.

| Mikc 1 — Nhén biét

Bai 1. Tinh logze, — log; .

Bai 2. Tinh 99832 + 1085,

Bai 3. Giai phuong trinh 271 = 16.

Bai 4. Giai phuong trinh log; (2x — 1) = 2.

Bai 5. Tim tap xac dinh ctia ham s y = log, (4 — x?).
Bai 6. Tinh dao ham ctia ham s6 y = log;(2x + 1).

Bai 7. Ham s ndo sau dy nghich bién trén R?
Ay =" B.y = (D" C.y=(V3-1)". D.y=2025"

Bai 8. Giai bat phuong trinh (g)x >9.

| Miic 2 — Thong hiéu

Bai 9. Cho log,; = a. Biéu dién log,324 theo a.

Bai 10. [TLN] Tinh tong cac nghiém cta phuong trinh 4* — 6 - 2* + 8 = 0.
Bai 11. [TLN] Giai phuong trinh log,x + log,x + loggx = 11.

Bai 12. Giai bat phuong trinh loggs(x? — 5x + 7) > 0.

Bai 13. [TLN] Biét log3 ~ 0,4771. S6 3'°° ¢6 bao nhiéu chir s6?

Bai 14. [D/S] Cho ham s6 f(x) = In(x? + 1).

Ménh dé Diing Sai

a) | Tap xac dinh cua f 1a R.
b fo) =

¢) | Ham sb f dong bién trén R.

2x
x2+1°

d) | f(x) = 0 v6i moi x va gia tri nho nhét cia f bang 0.

Bai 15. Mot ngudi giri 100 tridu dong véi 13i suat 0,4%/thang, 13i nhap vén hang thang. Sau ding
6 thang ngudi d6 linh dugc bao nhiéu (Iam tron dén nghin déng)?

Bai 16. [TLN] S6 lwong vi khudn s(t) = s(0) - 2¢ (¢ tinh bang phut). Sau 3 phut c6 625 nghin con.
Hoi sau bao nhiéu phut c6 10 tri¢u con?
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I Mirc 3 — Van dung

Bai 17. Giai phuong trinh 2¥°~* 4 x2 — x = 22%°2 4 2x — 2.

9 2
Bai 18. [TLN] Tinh tdng cdc nghiém cia phuong trinh log, —— = x2 — 3x + 2.

2x2-2x+3
Bai 19. Tim m dé phuong trinh 4* — m - 2*** + 2m = 0 ¢6 hai nghiém x,, x, théa x; + x, = 3.
Bai 20. [TLN] C6 bao nhiéu sé nguyén m € [—10; 10] d¢ phuong trinh log(mx) = 2log(x + 1)
c6 nghiém duy nhat? (Phat trién tur .)
Bai 21. Cho a > 1,b > 1 va cac sb duong x, y théa a* = b¥ = /ab.
Tim gi4 tri nho nhit cia P = x + 2y.

Bai 22. [TLN] Dén s6 mot tinh nam 2025 14 1,5 triéu nguoi, ting déu 1,2%/nam. Hoi nam dau tién
dan s vuot 2 triéu nguoi 1a ndm nao?

Bai 23. [TLN] Mot mau than cui trong hang dong ¢ con 70% lugng C-14. Biét chu ki ban rd
C-14 14 5730 nam, wdc tinh tudi mau than (1am tron d&én hang chuc nim).
Bai 24. [D/S] Hai tran dong dét c¢6 do 16n Richter lan luot 7,0 va 5,0.

Biét M = 1ogi valogE ~ 4,8 + 1,5M.

T e ——i

Bién do cua tran 7,0 do gap 2 lan tran 5,0 do.

b) | Bién d6 cta tran 7,0 d gﬁp 100 14n tran 5,0 d9.

¢) | Néang lugng cua trén 7,0 d6 gép 1000 14n tran 5,0 do.

d) | Mot tran dong dat c6 nang luong gip d6i tran 5,0 do thi co do 16n khoang
5,2 do.

I Mirc 4 — Van dung cao
Bai 25. [TLN] C6 bao nhiéu sd nguyén x sao cho tmg v6i mdi x c6 khong qua 242 sb nguyén y
théa man log, (x? + y) = log;(x + y)?

Bai 26. [TLN] C6 bao nhiéu sb nguyén x sao cho tmg v6i mdi x c6 khong qua 127 s6 nguyén y
thoa man log; (x? + y) = log,(x + y)?

Bai 27. Cho a > 0,b > 0 thoa log9q43p+1(25a% + b% + 1) + 10g19qp+1(10a + 3b + 1) = 2.
Tinh a + 2b.

Bai 28. Xét cac s thuc khong 4m x, y thoa 2x + y - 4*+Y~1 > 3.

Tim gia tri nho nhét cia P = x2 + y? + 6x + 4y.
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Bai 29. Xét cic s6 nguyén duong a, b sao cho phuong trinh aln?x + blnx + 5 = 0 ¢ hai nghiém
phan biét x;, x, va phuong trinh 5log?x + blogx + a = 0 c¢6 hai nghiém phan biét x5, x, thoa
X1X, > X3%,. Tim gia tri nho nhit cua S = 2a + 3b.

Bai 30. Trong cac cip sb thuc (x; y) thoa log,242,2(2x +y) = 1, tim gid trj 16n nhéit cia
T=2x+y.

Bai 31. [TLN] (Phat trién tir & TN THPT 2023) C6 bao nhiéu cip sb nguyén (x;y) théa min
log, (x% + y2 + x) + logz(x? + y?) < log,x + log; (x* + y? + 24x)?

Bai 32. [TLN] C6 bao nhiéu gia tri nguyén ctia m € (—15;15) dé phuong trinh

3* + m = logz(x — m) c6 nghiém?
| Miic 5 — Thir thach (Olympic)

Bai 33. Ching minh rang véi moi s6 nguyén n > 2:log,(n + 1) > log,,1(n + 2).

1 1 1
.
log,(2025!)  logz(2025!) log,025(2025!)

Bai 35. Khong dung may tinh, so sanh 20252926 va 20262025,

Bai 34. Tinh S =

Bai 36. Giai phuong trinh x'°8* = 100x.
Bai 37. Ching minh rang véi moi a, b, ¢ > 1: log, (bc) + log, (ca) + log,.(ab) = 6.
Bai 38. Giai hé phuong trinh
log,x +log,y +loguz = 2
logzy + loggez + logex = 2
log,z + log,¢x + logiey = 2.
Bai 39. Chirmg minh rang phuong trinh 2% = x2 ¢6 ding ba nghiém thuc, va tim chung hoic chi ra
khoang chtra chung.
Bai 40. Chirng minh ring ton tai sé nguyén duong n sao cho 2™ bit dau bang cac chir s6 2026 (tirc
la c6 dang 2026 ...).

I Mikc 6 — Bai toan thuc té bd sung

Bai 41. [TLN] Nam 2025 dan s6 mot qudc gia 1a 19 triéu ngudi; ngudi ta wdce tinh dan sb ting gip
d6i sau 30 niam, theo cong thirc A = 19 - 2t/3% (triéu nguodi, t tinh tir 2025). Hoi 20 nim sau dan sb
khoang bao nhiéu triéu ngudi (1am tron dén hang don vi)?

Bai 42. [TLN] Bac An guri 300 triéu dong ki han 12 thang, 13i kép 5%/nim. Sau ba nim bac rat ra
100 triéu, phan con lai tiép tuc giri. Hét bén nam tiép theo bac rut toan bo. Hoi bac nhan duoc bao
nhiéu triéu dong (1am tron dén hang phan muoi)?

Bai 43. [D/S] Mot ngudi giri 100 tridu dong voi 13i sudt 0,6%/thang theo thé thirc 13i kép.
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’ Ménh dé Diing ’ Sai
a) | Sau 1 thang, sd tién ca von 1an 14i 1a 106 triéu dong.

b) | Sau 2 thang, s6 tién 1di thu dugc 1a 1.203.600 dong.

¢) | Saun thang, sd tién ca von 1an 14i 1a 100(1 + 0,6%)™ ! triéu dong.

d) | Bé thu duoc nhiéu hon 10 tri¢u dong tién 13i, cAn giri it nhat 16 thang.

Bai 44. [P/S] Ti 1¢ lam phat trung binh r%/nim 1am sttc mua cta s tién P sau n nim chi con
A=P(1—1r%)".

Ménh dé Ping | Sai

a) | Voi lam phat 7%/nam, strc mua ciia 100 triéu dong sau hai ndm con
86490 000 dong.

b) Néu sau ba nim strc mua ctia 100 triéu déng chi con 80 tri€u thi ti 1€ lam
phat trung binh 1a 9,17%/nam.

¢) | Véi lam phat 6%/nam, sau 12 nam sttc mua con khong qua maot nura.

d) | Véi lam phat 6%/nam, sau 11 nam sttc mua con khong qua mot nira.

Bai 45. [D/S] Do pH cua dung dich 1a pH = —log[H™].

Ménh dé Ping | Sai
a) | Dung dich c6 [H*] = 0,001 mol/L thi pH = 3.
b) | Dung dich c6 pH = 8 thi [H*] = 108 mol/L.

¢) | KhipH ting 1 don vi thi néng d6 ion H* giam 10 lan.

d) | Pénodng do ion H* tang 100 lan thi pH giam 2 don vi.

Bai 46. [D/S] Gia tri con lai (triéu déng) ctia mot chiéc may sau t nam st dung la

P(t) = 500 - (g)m.

Ménh dé Diing Sai

a) | Gid tri con lai sau 2 nam khoang 314,98 triéu dong.

b) | Gia tri con lai sau 2 ndm 3 thang khoang 297,3 triéu dong.

¢) | Sau 1 nam, gia tri con lai bang khoang 79,37% gia trj ban dau.

d) | May mat mot nira gia tri sau 6 nam.

Bai 47. [TLN] Mot khoang nhac tinh bang cent giita hai nét ¢6 tan sé a > b 1a n = 1200log, %
Tinh khoang cach (cent) giita hai ndt 443 Hz va 415 Hz, 1am tron dén hang don vi.

Bai 48. [TLN] Vi khuan ting theo S = Ae™. Ban dau c6 100 con, sau 5 gid ¢6 300 con. Hoi sau it
nhat bao nhiéu gio (sé nguyén) thi ¢c6 hon 10000 con?

Bai 49. [TLN] Tha mot cdc tra 95°C vao phong 28°C; nhiét do sau t phut 1a T = 28 + 67e 7t
Sau 10 phit tra con 70°C. Hoi sau bao nhiéu phat (1am tron dén hang don vi) tra con 40°C?
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Bai 50. [TLN] Chi Lan vay 300 triéu dong, 14i suat 1%/thang, cudi mdi thang tra c6 dinh a triéu
dong, tra hét sau ding 24 thang. Tim a (1am tron dén hang phan mudi).

Bai 51. [TLN] Trén dinh nti Ba Pen (Tay Ninh, cao khoang 986 m), ap suit khi quyén 1a bao
nhiéu mmHg (1am tron dén hang don vi), néu ding mé hinh P(h) = 760e %"

voi P(1000) = 672,71?

Bai 52. [TLN] Mot sinh vién bat dau di 1am, mdi thang giri tiét kiém 3 triéu dong vao dau thang,
1ai kép 0,5%/thang.

Hoi sau it nhat bao nhiéu thang s6 tién tich lity (ca gdc va 13i) vuot 200 tridu dong?
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PHAN VI. DAP SO VA HUONG DAN

| Mikc 1 — Nhén biét

Bail.6—(-3) =9

Bai 2. 9l°8a2 = (310832)" = 4; 10/°85 = 5, Téng 9.
Bai3. 25 1=2t5x=5
Bai4.2x—1=9=>x=05.

Bii5s. 4 —x?> 0o x € (-2;2).
2
(2x+1)In °

Bai7.C,vi0<V3-1%0,73<1.
Bai8. 3 *>32 o x < —2.

Bai 6.y’ =

| Mikc 2 — Théng hiéu

log,(8:3) _ 3+a
log,(2:9)  1+2a’

Bai10.t = 2%: t2— 6t +8= 0>t € {2;4} = x € {1;2}. Téng 3.

Bf‘li 9. 10g1824‘ =

Bai 11.t = log,x: t (145 +3) =11t =6 x = 64.
Bai12.Cos60,5<1:0 <x?—5x+7 < 1. Vétrailuon ding (4 < 0); x> - 5x+6 <0 & x €
(2;3).

Bai 13. 100log3 =~ 47,71 = c6 48 chir s6.

Bai 14.

a) Dung.

b) Dung.

¢) Sai (f' < 0 khi x < 0: f nghich bién trén (—o0; 0)).

d) bung (x2 + 1 = 1).

Bai 15. 100 - 1,004° ~ 102,424128 triéu ~ 102 424 000 dong.

Bai 16. s(0) = 625000: 8 = 78125; 2t = 107: 78125 = 128 = t = 7 phut.

| Miic 3 — Van dung

Bai17. f(t) = 2t + t dong bién, fF(x2 —x) = f(2x —2) 2> x* —3x+2=0=>x € {1;2}.

TRAM TOAN APLUS TEAM Ceral - Trang 57 - CHIENMATH.COM



CHUYEN PE LOGARIT — Tir hdng s6 ciia Napier dén dé thi THPT TEAM Ceral

Bai 18. Viét lai log,(x2+x+ 1)+ (x* +x + 1) = log,(2x% — 2x + 3) + (2x* — 2x + 3)
(kiém tra: hiéu hai biéu thuc bang x? — 3x + 2). Ham log,t + t dong bién nén x> + x +1 =
2x? — 2x + 3 & x € {1;2}. Tong 3.

Bai 19. t = 2%: t2 — 2mt + 2m = 0, can hai nghiém dwong phan biét va t,;t, = 2¥1+*%2 = 8 =
dm=8=>m=4kiémtrad =16 —-8>0,5 = 8> 0). m = 4.

2
Bai 20. mx = (x + 1), x > —1, mx > 0. Khao st m = <=

: voi m < 0 luon c6 dung mot
nghiém x € (—1;0); véim > 0 chi m = 4 cho nghiém kép x = 1. C6 10 + 1 = 11 gia tri.

1+t 141/t

Bai 21. Détt=logab>0:x=7,y a—
khi t = /2.

t

P=24-4-224V2 Poyn=-+V2~ 291

Bai22.1,5-1,012" >2 & n > loglng ~ 24,1 = n = 25: nam 2050.

Bai 23. t = 5730log, 0’17 ~ 2948,5 =~ 2950 nam.
Bai 24.

a) Sai.

b) Dling (10?).

¢) Pung (101°2).

d) Bung: AM = logz 0,2.

15
I Mirc 4 — Van dung cao

Bai 25. Lam nhu Vi du 6 Dang 9 v&i 243 = 3%: x2 —x + 243 <45 = 1024 @ x> —x — 781 <
0o =274 < x < 284.Cb 56 sb.

Bai 26. Véi 128=27: x2—x+4+128<37=2187 o x2—x—-2059< 0 —449<x <
45,9.C6 90 sb.

Bai 27. 25a% + b? > 10ab; vé trai > X + % > 2. Dau bang: b = 5a va 10a + 3b + 1 = 10ab +

11
1:>25a=50a2=>a=%,b=§.a+2b=?.
\ E_ A A A - A A A \
Bai 28. Dicukién & y - 4Y > G - x) 427*; ham t - 4% dong bién nén mién chap nhan duoc 1a x +
65 . e o c AL 1A r
y =2 g, X,y = 0. Ppin = - ix= i,y = % (xem lo1 gidi chi tiét bén dudi).

Bai 29. Hai phuong trinh bac hai theo Inx, logx: x,x, = e /%, x;x, = 1072/>. Diéu kién —S >
bln10

@a>$z2,17:a23;thémb2>20a.V6ia=3:b28,S=6+24=30.

TRAM TOAN APLUS TEAM Ceral - Trang 58 - CHIENMATH.COM



CHUYEN PE LOGARIT — Tir hdng s6 ciia Napier dén dé thi THPT TEAM Ceral

Bai 30. Xét x% + 2y? > 1 (truong hop co s nhohon 1 cho 2x +y < 1): 2x +y > x? + 2y? &

(x—1)?+2(y —)? <2 Theo Bu-nhi-a-cop-xki, 2(x— 1)+ (y - i) < \[(4 + %) =25

8 4

T <> (dattaix =2,y =2).

X

Bai 31. Nhu Vi du Dang 9 (TN 2023) véi u =
u = 3 hai vé bang 2). Mién x2 4+ y2 < 3x,x > 0: x = 1: 3 gid tri y; x = 2: 3; x = 3: 1. Tong 7.

24y2 24 .
xy log,(u + 1) < logs (1 +:) S u < 3 (tal

Bai 32. m = x — 3* < max = —log;(In3) — é ~ —0,996. m € {—14; ...; —1}: 14 gia tri.

| Mitc 5 — Thir thach

Bai 33. Can chimg minh log, ., -log,.;(n + 2) < 1. Theo AM-GM: log, ;1 - log,.;(n +

2
2) < (el Dy o o2 — g i Jog,(n+ 1) =

. ta c6 diéu phai chimg

logn+1n’
minh.

1
logy (N

Bai 34. = logy k. Tong = logy,(2 - 3+--2025) = logy,N! = 1.

T , In2025 ., In2026 \ Inx . A ~ ~ 1n2025 In2026
Bai 35. So sanh va : ham — nghich bién trén (e; +) nén
2025 2026 x : 2025 2026

2026In2025 > 2025In2026. Vay 2025%°26 > 20262025,

Bai 36. Lay log: (logx)? = 2 + logx = logx € {2; -1} > x € {100;%}'

Bz‘li37.Détp=lna,q=lnb,r=lnc>0.Biéuth1’rc=ﬂ+ﬂ+m=(g+£)+(z+£)+
p a r P q p T
E+9)=>s.

q r

Bai 38. Hé © x%yz = 16, y?zx = 81, z%xy = 256. Nhan lai: (xyz)* =2*-3*-28 = xyz =
2, =8 _27 25 _32

16
24. Syyrax=—=-y=—= A .
Y 24 3’y 24 8’ 24 3

‘. . 1 Inz2 . 2 _1 ., 1 5 . . .
Bai 39. Vdi x > 0: 2x=x2(=>%=n7. V10<n7<;, ham%(tang trén (0;e), giam trén

(e; +0)) nhan gi4 tri nay dung hai 1an: x = 2 vax = 4. Véix < 0: g(x) = 2¥ —x2 c6 g'(x) =
2*In2 —2x > 0, g(—1) < 0 < g(0), nén c6 dung mot nghiém x, € (—1;0) (x, = —0,767).
Bai 40. 2" bat ddu bang 2026 < phan 1¢ ciia nlog2 thudc [log2,026;10g2,027). Vi log2 vo i,
theo nguyén li Dirichlet ton tai k sao cho phan 1¢ § ctia klog2 duong va nhé hon d6 dai khoang 4y
(hodc gan 1 tuy chiéu); cac bdi k, 2k, 3k, ... ¢6 phan 1¢ tién ting budc § nén khong thé “nhay qua”
khoang da cho. Vay ton tai n.

| Loi giai chi tiét Bai 28

4y 4
; bat

41—x’

V6i x,y > 0: didu kién la y - 4771 > 3 — 2x. Viét 3 - 2x = 22 - x) va 451 =

dang thirc twong duong
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3 3
y-4Y = (3/2—-x)-2- 41=x = (3/2 — x)4_§_x (Vi 2. 41-x — 45—x).

Ham h(t) = t - 4* ddng bién trén [0; +00) va h(t) < 0 khit < 0. Néu% — x < 0 thi diéu kién luon
dung; néu 3 — x > 0 thi diéu kién & y > % — x. Trong moi trudng hop, mién chap nhan duoc 1a
x+y2§,x,y20.

P = (x + 3)? + (y + 2)? — 13 1a binh phuong khoang cach tir (x; y) dén I(—3; —2), trir 13. Diém
gan I nhat trén mién 1 hinh chiéu cia I 1én duong thang x +y = g: di tir I theo vecto (1; 1) mot
doan t Vi —5 + 2t =, titc t ==, duoe diém G ; z) (thudc midn). Khi do

P = 132_|_132 13_338—208_130_65

I Mikc 6 — Bai toan thuc té bd sung

Bai 41. A(20) = 19 - 22/3 ~ 30,16: khoang 30 triéu nguoi.
Bai 42. (300 - 1,05% — 100) - 1,05* ~ 300,6 triéu dong.
Bai 43.

a) Sai (1a 100,6 tri¢u).

b) bung: 100(1,006% — 1) = 1,2036 triéu.

¢) Sai (diing 1a 100 - 1,006™).

d) bung: 1,006™ > 1,1 © n > 15,9.

Bai 44.

a) Dung: 100 - 0,932 = 86,49.

b) Sai: r =1—3/0,8 = 7,17%.

¢) bung: 0,94'% ~ 0,476.

d) Sai: 0,94 ~ 0,506 > 0,5.

Bai 45.

a) Dung.

b) Sai ([H*] = 1078).

¢) Dung.

d) Dung.

Bai 46.

a) bung.

b) bung.
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¢) Pung: 2713 ~ 0,7937.

d) Sai: mat mot nira sau 3 nam (chu ki “ban gia tri”).

Bai 47. 1200log, = ~ 113 cent,

Sin1
In

In(67/12)
k

In3

Bai48.r = R 100e™ > 10* & t > ~ 20,96: it nhat 21 gio.

Bai49. k= —InZ;67e ¥ =12t = ~ 37 phut.

__ Ar(1+r)™ _ 300-0,01-1,01%*
T @a+r)n-1 1,0124-1

Bai 51. P(986) = 760e~°8%¢ ~ 674 mmHg.

Bai 50. a ~ 14,1 triéu dong.

1,005™—1

Bai 52. Sau n thang: 3 - 1,005 -
0,005

> 200 © n > 57,2: it nhit 58 thang.
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PHAN VII. THIET KE BUOI DAY ON THI VA PE LUYEN TAP

| 1. K& hoach budi day (120 phut)

Tién trinh mat budi day 6n thi 120 phut

Kién thuc

Thuc té

Vi du mau Luyén dé so 1

sG db 4 budc Dang 4-9 lam & chita thao ludn nhém

112" 120°

Tién trinh budi day 6n thi 120 phiit.

Muc tiéu. Sau budi hoc, hoc sinh: (1) hé thong dugc cac cong thirc, tinh chit va quy trinh 4 budc;
(2) giai thanh thao 6 dang toan trong tim cua dé thi (Dang 1, 4, 5, 6, 8, 10); (3) 1am dugc dé luyén
sO 1 trong 45 phit voi do chinh xac tir 80% trd 1én; (4) biét mo hinh hoa bai toan thyc té bang ham
mil — logarit.

Chuin bi. Gido vién: may chiéu (ding cac hinh trong chuyén d¢), phiéu hoc tap in Dé luyén sd 1,

bang phu so d6 4 bude (Hinh & Phan IT). Hoc sinh: may tinh cam tay, on lai bang cong thirc &

Phan 1I.

Thoi gian Hoat dong ctia giao vién Hoat dong ciia hoc sinh ’ Tuw li¢u trong chuyén dé
0-10 Ké chuyén Napier, néu ba cdu | Dy doén, thao ludn nhanh | M¢ dau; Hinh gép giéy
d6 (gap gidy, 22°%°, chir s6
dau)

10° - 30° Hé théng kién thirc bang so Dién khuyét bang cong Phén II, Bang quy tic
d6: dinh nghia, 6 quy tac, ham | thuc
s0, quy trinh 4 budc

30° - 60’ Chira 6 vi du mau: mot vidu | Lam theo nhom d6i, 1én Vi du & Phan III
mdi dang 4,5, 6, 8,9, 10 bang trinh bay

60’ - 95° Phat Dé luyén s6 1, bAm gio Lam bai ca nhan, tu chAm | Dé Iuyén sb 1
30 phut; chita nhanh 5 phut chéo

95— 112> | Chia 4 nhom, mdi nhém mét | Mo hinh hoa, trinh bay 2 Dang 10 (tiép theo)
bai thuc té (ca phé, vay tra phut/nhém
gop, sac pin, ap suat)

112’ — 120’ | Tong két sai 1am hay gip, giao | Ghi chép, nhan nhiém vu | D& luyén s 2; Bai 41 — 52
bai vé nha
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% Go¢iy phan hoa.

Nhom hoc sinh kha gioi 1am thém Phan III caa Dé luyén sé 2 thay cho phan bai thuc té; nhom
hoc sinh trung binh tap trung vao Phan I — II ctia Dé luyén s6 1. Hoc sinh dy thi HSG lam Dé
luyén s6 3 & nha (150 phut). Dé luyén s6 4 (90 phut) dung lam bai kiém tra & budi hoc sau.

I 2. Pé luyén tap so 1 (mirc d co ban — thong hiéu, 45 phut)

Phin 1. Triac nghiém nhiéu phwong 4n lya chon (8 céu)

Céu 1. (S6 GD&PT Qudng Ninh, thi thir TN THPT 2024 — 2025 ) Tap nghiém ctia bat phuong
trinh logys(x —7) +2>01a

A. (11; +0). B. (7;11). C.(—;11). D. [7;11].
Cau 2. (Pé thi thir TN THPT 2026 ) Nghiém ctia phuong trinh 3**1 = 27 1a

A.x = 3. B.x = 2. C.x =5. D.x = 4.
Cau 3. Vi moi s6 thuc duong a, In(e?a) — Ina bang

A. 2. B. 2. C. 2Ina. D. In2.

Cau 4. (Pé thi thir TN THPT 2026 ) Ham s6 nao dudi day nghich bién trén khoang (0; +00)?
A.y = Inx. B. y = logsx. C.y= log%x. D.y = logx.

Cau 5. Tap xéac dinh ciia ham sé y = logz(x? — 4x + 3) 1a
A. (1;3). B. (—0; 1) U (3; +0).C. R\{1; 3}. D. [1;3].

Cau 6. Dao ham ctia ham sd y = 2% 1

2
y_ 2x:2%

Ay =x2.2¥71 B.y =2x-2%In2. C.y =2"In2. D.y ==

Cau 7. S6 nghiém ctia phuong trinh 4* — 5.2 + 4 =01a

A. 0. B. 1. C.2. D. 3.
Céu 8. (Pé thi THPT Quéc gia 2017 ) Pau nim 2016, ong A thanh 1ap cong ty. Tong tién luong
o6ng tra cho nhan vién nam 2016 14 1 ty ddng; mdi ndm sau tong tién lwong ting 15% so voi nam
trude. Nam dau tién tong tién luong ca ndm 16n hon 2 ty dong 1a

A. Nam 2023. B. Nam 2022. C. Nam 2021. D. Nam 2020.
Phin II. Tric nghiém Piing/Sai (2 ciu)
Cau 1. Cho ham sé f(x) = log, (x + 1).
Ménh dé Diing Sai
a) | Tap xac dinh ctia ham s6 1 (—1; +00).

b) | f(7) =4
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’ Ménh dé Diing ’ Sai
9 fx) =

1
(x+1)In2’

d) | Bét phuong trinh f(x) < 3 c¢6 dung 8 nghiém nguyén.

Cau 2. (Theo va Cum truong THPT s6 1 Ha Néi ) Cuong d6 anh sang dudi mat bién giam theo do
sau d (mét): I = I, - a®. O d6 sau 1 m, cudng do bang 95% cudng do trén mat nude.
Ménh dé Diing Sai
a) ' a=0,95.

b) O d6 sau 10 m, cuong do anh sang con khoang 59,9% so voi trén mat nudc.

¢) | O do siu 15 m, cudng d6 anh sang con 15% so véi trén mat nude.

d) | Muén do duoc cuong do béng 15% cuong do trén mat nudc, can 13n sau
khoang 9,96 m.

Phan IIL Tra 16i ngin (4 ciu)

Cau 1. (Pé thi thir TN THPT 2026 ) Tinh tong cac nghiém cta phuong trinh

log;(x? —3x +5) = 1.

Cau 2. (S6 GD&PT Ha Ngi, thi thir TN THPT 2026 ) Nong d6 thude trong mau sau t gio la

C(t) = Coe "t (mg/L). Ngay sau khi tiém ndng d6 1a 15 mg/L, sau 4 gio con 10 mg/L. Bac si tiém
liéu m&i khi nong do giam con 6 mg/L. Khoang thdi gian nhiéu nhit gitra hai 1an tiém 14 bao nhiéu
gid (1am tron dén hang don vi)?

Cau 3. C6 bao nhiéu sé nguyén x théa man 3%*~2% < 277

Cau 4. (Dé thi THPT Quéc gia 2017 ) Giri tiét kiém voi 1ai suat 7,2%/nam theo thé thuc 1ai kép.
Sau it nhat bao nhiéu nam sd tién (ca gdc 14n 14i) gap d6i sd tién giri ban dau?

I 3. Dé luyén tip s6 2 (mirc d6 van dung — van dung cao, 60 phut)

Phin L. Tric nghiém nhiéu phwong 4n lya chon (8 céu)
Céu 1. (Pé thi THPT Quéc gia 2018 ) Goi S 14 tap hop cac gia tri nguyén cua m dé phuong trinh
16* —m - 4**1 + 5m? — 45 = 0 c6 hai nghiém phan biét. S6 phan tir cia S 1a

A. 13. B. 3. C.6. D. 4.
Céu 2. (Theo ) Gia tri thuc cia m dé phuong trinh 9% — 2 - 3**1 + m = 0 ¢6 hai nghiém x,, x,
thdax; +x, =11a

A.m = 6. B.m = -3. C.m=3. D.m=1.
Cau 3. (Pé thi TN THPT 2020 ) Cac sb thuc duong a,b,x,y théaa>1,b>1vaa* =bY =
Vab. Gia tri nhoé nhat cua P = x + 2y thudc tap hop nao?

A. (1;2). B.[2;3). C. [3;4). D.[3;3).
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Céu 4. (Dé thi THPT Quéc gia 2018 ) Cho phuong trinh 3* + m = log;(x — m). C6 bao nhiéu
gia tri nguyén cia m € (—15; 15) dé phuong trinh c¢6 nghiém?

A. 16. B. 9. C. 14. D. 15.
Cau 5. (Pé thi TN THPT 2020 ) C6 bao nhiéu s6 nguyén x sao cho tng v6i mdi x c6 khong qua
242 s6 nguyén y thoa mén log, (x% + ) = logs(x + y)?

A. 55. B. 28. C. 29. D. 56.
Cau 6. (Pé thi THPT Quéc gia 2019 ) Cho a > 0,b > 0 thoa méin

logs442p41(9a% + b? + 1) + 10ggp41(3a + 2b + 1) = 2. Gia tri ctia a + 2b bang
A.6. B. 9. c.l D.2
2 2
Cau 7. (Pé thi TN THPT 2020 ) Xét cac sb thuc khong 4m x,y thoa 2x + y - 4**Y~1 > 3. Gia tri
nho nhét ciia P = x2 4+ y? + 6x + 4y bang
A2 B.Z c.z D.2
8 4 8 8
Ciau 8. Trong cac nghiém (x; y) ctia bat phuong trinh log, 2 +2y2(2x +y) = 1, gid tri 16n nhat cta

T = 2x + y bang

9

A2 B. C.9. D.2.
2 8

& 10

Phan II. Tric nghiém Piing/Sai (2 ciu)
Céu 1. (Phdt trién tir ) Cho phuong trinh 4* — m - 2**1 + 2m = 0 (*) v6i m 1a tham sb.
Ménh dé Ping | Sai

a) | V6i m = 1, phuong trinh (*) v nghiém.

b) | V6i m = 4, phuong trinh c6 hai nghiém x;, x, va x; + x, = 3.

¢) | Phuong trinh c6 hai nghiém phéan biét khi va chi khi m > 2.

d) | C6 dung 3 gia tri nguyén m € [—5; 5] dé phuong trinh c6 nghiém.

Cau 2. Chi phi quing cao A (triéu dong) lam sb san pham ban rala q(4) = 1000 + 103£ In(1 + A);

mdi san phdm c6 chi phi san xudt 10 triéu dong va gia ban 20 triéu dong.

Ménh dé Ping | Sai
a) | Néu khong quang céo thi cong ty ban duoc 1000 san pham.
b) | Loi nhuan 1a L(A) = 10 q(A) — A (triéu dong).

¢) | Loi nhuan 16n nhat khi chi phi quang cao khoang 3375,7 triéu dong.

d) | Loi nhuan téi da 16n hon 35 ti dong.
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Phan IIL. Tra 16i ngin (4 ciu)
Céu 1. (Dé thi TN THPT 2023) C6 bao nhiéu cip s6 nguyén (x; y) thoa mén

logs(x? + y2 + x) + log, (x? + y?) < logsx + log, (x? + y* + 24x)?
Céu 2. (Pé thi TN THPT 2020 ) C6 bao nhiéu cip sé nguyén (x;y) théoa min 0 < x < 2020 va
log;(3x+3)+x =2y +9”?
Cau 3. (THPT Pdo Duy Tir — Thanh Héa, thi thiw TN THPT 2026 ) Dau thang 1 anh Huy gui 1 ti
dong, 13i suat 0,5%/thang. Tir dau thang thir hai, mdi thang anh rat 30 triéu dong dé chi tiéu. Hoi
sau bao nhiéu thang anh rat hét tién (thang cudi c6 thé rat it hon 30 triéu)?
Ciu 4. Goi S 12 tap cac s6 nguyén y sao cho v6i mdi y € S ¢6 dung 10 s6 nguyén x théa min
2Y7% > log;(x + y?). Tinh tong cac phan tir ctia S.

I 4. Dé luyén tap s6 3 — Pé luyén thi hoc sinh giéi (tw luin, 150 phut)

~ L2 \ x%+x+3 2
Cau 1. (4,0 diem) Giai phuong trinh log, . + 3x + 2.

—=x
x2+4x+5
22X -2 =y—x

Cau 2. (4,0 diem) Giai h¢ phuong trinh {xz Fxy+y?=3.

Cau 3. (4,0 diém) Tim m dé phuong trinh \/log%x + logix? — 3 = m(log,x* — 3) c6 nghiém
2
thudc nura khoang [32; +0).
Cau 4. (4,0 diém) (Theo [20], Bai todn 4.45) Ching minh rdng e* — e™ > 2In(x + V1 + x2) véi
moi x = 0.
Cau 5. (4,0 diem)
a) Chirng minh — <In (1 + l) < 2 véi moi sb nguyén duong n
n+1 n n ; y )

n

b) Suy ra (1 + %)n <e< (1 + i)nﬂ va tinh lim,,_, (1 + %) .
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I 5. Pap an va huéng din giai cac dé luyén tip

Pé so 1
Chu 1 2 3 4 5 6 | 71 | 8
‘ P4p 4n ‘ B ‘ B ‘ A ‘ C ‘ B ‘ B | C | C ‘
Phin II.
Cau 1.

a) bung

b) Sai (f(7) = 3)

¢) Bing

d)Pung (-1 <x <7:x €{0;...;7}).
Cau 2.

a) bing

b) Bng (0,95 ~ 0,599)

¢) Sai (0,95'° ~ 0,463)

d) Sai (d = log( 50,15 ~ 37 m).
Phan III.

Cau 1. 3.

Ciu 2. 9.

Ciu3.x2—2x-3<0&e -1<x<3:556.
Cau 4. 10.

Huéng din Cau 8 (Phan I): 1,15" > 2 & n > log; 152 ~ 4,96, nén n = 5: ndm 2016 + 5 =
2021.

Désb 2

Ciu 1 2 3 4 5 6 | 71 | 8
“hipin | B | C | D | | > | c | A | A |
Huéng dan Phan I.

Cau 1. t = 4* > 0: t? — 4mt + 5m? — 45 = 0 can hai nghiém duong phan biét: 45 —m? > 0,
m > 0,5m? > 45 > m € {4;5;6}.

Céu 3. xem Bai 21 (Phan VI), P, = ; ++2 ~2,91.
Caud.m = x — 3 < —0,996.
Cau 5. xem Bai 25.
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Cau 6. xem Vi du ¢ Dang 7.

Cau 7. xem Bai 28.

Cau 8. xem Bai 30.

Phin II.

Cau 1.

a) Dung (t? — 2t + 2 = 0 vd nghiém)

b) bung (t,t, = 8)
¢)bing(4'=m?>—-2m>0,S=2m >0,P =2m > 0)

d) Sai: phuong trinh ¢6 nghi¢ém khi m < 0 (tich hai nghiém am, luén c6 mot nghiém duong) hoac
m = 2, nén cd 9 gia tri.

Cau 2.

a) Dung

b) bBing

¢) Ding

d) Sai (L. = 34,06 ti).
Phan II1.

Cau 1. 48.

Cau 2. 4.

Cau 3.1 = logy g5 -2 ~ 36,6: 37.

30—
Cau 4. ham f(x) = 2¥7* —log;(x + ¥?) nghich bién theo x; c6 ding 10 sb nguyén x khi
f(=y?+10) =0 > f(—y? + 11), dan t6i y € {—4; 3}: tong —1.
Pé s6 3 (thang diém 20)
Cau 1. Nhan xét (2x2 + 4x + 5) — (x? + x + 3) = x% + 3x + 2, nén phuong trinh
e log,(x?+x+3)+ (x? + x + 3) =log,(2x? + 4x + 5) + (2x2 + 4x + 5).
Ham g(t) = log,t + t dong bién trén (0; +o0)

nén x2 +x+3=2x>4+4x+5x*+3x+2=0 x € {—1;—2} (ca hai biéu thac dudi
logarit luén duong).

Cau 2. Phuong trinh dau © 2% + x = 2¥ + y. Ham h(t) = 2! + t dong bién nén x = y.
Thay vao: 3x2 = 3 & x = +1. Nghiém (1; 1), (—1; —1).
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Ciu 3. Dit t = log,x > 5. Phuong trinh thanh Vt2 — 2t =3 =m(t —3) © /(t = 3)(t + 1) =
m({t—3). Vit—3>0: m= g=\[1+%. Khi t € [5; +), 1+%E(1;3]. Vay m €
(1;V3].

Cau 4. Xét f(x) =e*—e™ — 21n(x + m) trén [0; +o0): f'(x) =e* +e™* — J1i7 Vi

— 2 A ’ A e
e*+e*=>222> mnenf (x) = 0, f dong bién, f(x) = f(0) = 0.
Cau5.2)In (1 + %) = frf“% va—— <= < ~trén (m;n + 1). (C6 thé chimg minh bang khao sat

ham In(1 + x) — == va x — In(1 + x).) b) Nhan bit ding thire bén phai voi n: nln (1 + %) <15
1+ %)n < e; nhan bt dang thirc bén tri véi n + 1: (1 + %)nﬂ > e. Do do e(1 + %)_1 <1+

%)n < e; theo nguyén li kep, gi6i han bang e.

I 6. Phiéu hoc tap dung trong budi day

Gi4o vién in phiéu nay phat cho hoc sinh ¢ phit thr 10 — 30 (hé thdng kién thirc). Hoc sinh dién
vao chd trong, sau d6 dbi chiéu voi bang quy tic & Phan I1.

Noi dung can dién Hoc sinh dien

log,f(x) >logag(x) véi0<a<le ...

Bon cong cu giai phwong trinh mii — logarit: ............

Laikép: T, = ..o........ ;chukibanra: m(t) = ............

10 | S6 chit s6 cua sd nguyén duong N 1a ............

| 7. Dé luyén tip s 4 — Dé tong hop theo ciu tric dé thi TN THPT (90 phiit)

Dé gdm 12 cau tric nghiém nhiéu phuong an, 4 cau Ping/Sai va 6 céu tra 16i ngin, dung cau trac
dé thi tt nghiép THPT mén Toan tir nam 2025, nhung gidi han trong chu dé mil — logarit. Bé do
ngudi bién soan soan méi dé gido vién dung kiém tra sau budi 6n tap.
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Phan I. Trac nghiém nhiéu phwong 4n lya chon (12 ciu)

Cau 1. Vi moi s6 thuc duong a, log, (4a) — log,a bang

A. 2. B. 4. C.log,(3a). D. 2a.
Cau 2. Nghiém cua phuong trinh 5¥72 = 25 1a

A.x = 2. B.x = 3. C.x =4. D.x = 5.
Céu 3. Tap xac dinh cia ham sé y = In(2 — x) 1a

A. (2;+00). B. (—x; 2). C. (—oxo; 2]. D. R\{2}.
Ciu 4. Dao ham cta ham sd y = e3* 1a

Ay = e3x, B.y' = 3e3*, C.y = §e3x. D.y' = 3xe3*1,
Cau5.Choa > 0,a # 1valog,b = 2. Gia tri cia log, (a?h*) bang

A. 8. B. 12. C.6. D.7.
Céu 6. Tap nghiém cta bit phuong trinh 2* < 8 1a

A. (3; +0). B. (—x; 3). C. (0;3). D. (—; 3].
Cau 7. Ham s ndo sau ddy dong bién trén R?

A.y =0,9%. B.y = (%)x. C.y= (\/E)x D.y= (%)x

Cau 8. Nghiém cuia phuong trinh log; (x + 2) = log;(2x — 1) 1a
A.x =1. B.x =3. C.x=-3. D.x =5.

Cau 9. Gia tri nho nhat ciia ham sé f(x) = x — Inx trén doan E, e] la

A1, B.e— 1. C.=+1n2. D. 0.

Cau 10. Phuong trinh logx — 3log,x + 2 = 0 ¢6 hai nghiém x,, x,. Tich x; x, bang
A.6. B. 8. C.3. D. 2.

Cau 11. Biét log5 ~ 0,69897. S6 52926 ¢4 bao nhiéu chir s6?
A. 1416. B. 1417. C. 1418. D. 2026.

Cau 12. Mot nguoi giri 200 triéu dong véi 13i suat 6%/nam theo thé thirc 13i kép. Sau it nhat bao
nhiéu ndm ngudi d6 ¢6 nhidu hon 300 triéu dong?

A. 6. B.7. C.8. D. 9.

Phin II. Tric nghiém Ping/Sai (4 ciu)
Céu 1. Cho hai ham s6 f(x) = 3% va g(x) = logsx.
Y
a) | D6 thi hai ham s6 d6i xing nhau qua dudng thing y = x.
b) | f(2)+g(9) = 11.
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’ Ménh dé Diing ’ Sai
¢) | Phuong trinh f(x) = g(x) c6 nghiém.
d) | £'(0) = In3.
Céu 2. Cho phuong trinh 4* — (m + 1) - 2¥ + m = 0 (%), m 1a tham sb.

Ménh dé Diing Sai

a) | Voim = 2, phuong trinh c¢6 hai nghiém x =0 vax = 1.

b) | x = 0langhiém cta (*) v&i moi m.

¢) | Phuong trinh c¢6 hai nghi¢m phan bi¢t khi va chi khim > 0 vam # 1.

d) | Véi m = 8, tong hai nghiém ctia phuong trinh bang 4.

Cau 3. Nong do mot loai thude trong méu sau t gio ké tir khi ung 1a €(t) = 20 - 0, 8¢ (mg/L).
Ménh dé Diing Sai
a) | Nong do thudc ban dau 14 20 mg/L.
b) | Sau 2 gio, nong do thude 14 12,8 mg/L.

¢) | Mdi gio ndong do thude giam 20% so véi gid trudc.

d) | Sau 8 gio, ndng do thudc da xudng dudi 3 mg/L.

Cau 4. Muc cuong d6 am L = IOlogli (dB), véi I, = 10712 W/m>,
0

Ménh dé Ping | Sai

a) | Am c6 cudong d6 I = 107¢ W/m? thi c6 muc cudng do 60 dB.

b) | Mirc cuong d6 am ting 10 dB thi cudng d 4m ting 10 lan.

¢) | Hai loa giéng nhau, mdi loa 80 dB, cing phat thi muc cudng d6 4m 1a 160
dB.

d) | Mubdn giam murc cuong do am tir 90 dB xudng 80 dB thi phai giam cuong

d6 am di 90%.

Phan III. Tra 161 ngin (6 ciu)

Cau 1. Bat phuong trinh logi(x — 1) = —3 ¢6 bao nhiéu nghiém nguyén?
2

Cau 2. Tinh tich c4c nghiém cta phuong trinh 3¥°~4¥*5 = 9,

Céu 3. C6 bao nhiéu s6 nguyén m € (—10; 10) dé phuong trinh 4* — 2*** + m = 0 c¢6 nghiém?
Cau 4. Ba Mai giri 500 triéu ddng, 13i suat 0,5%/thang, 13i nhap von hang thang. Cudi mdi thang
(sau khi tinh 14i) ba rat 5 triéu dong. Sau 12 thang, trong tai khoan con bao nhiéu triéu déng (lam
tron dén hang phan muoi)?

Cau 5. Dung dich A ¢6 pH bang 3,2, dung dich B ¢6 pH bang 5,5. Nong d6 ion H* cia dung dich
A gap bao nhiéu lan dung dich B (1am tron dén hang don vi)?

Cau 6. C6 bao nhiéu cip s6 nguyén (x;y) thoamin 1 < x < 100 va 2¥ +y = x + log,x?
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Pap an Dé so 4

Dap an A C B B A B C B A B B B

Phin II.

Cau 1.

a) Dung

b) bung (9 + 2)

¢) Sai (vi 3* > x > log;x voi moi x > 0)
d) Dlng.

Cau 2.

a) bing

b) Ping(1-(m+ 1) +m = 0)

¢) bung (hai nghiém 2* = 1 va 2* = m)
d) Sai (hai nghiém 0 va 3, tong bang 3).
Cau 3.

a) bing

b) Dung

¢) bung

d) Sai (C(8) =~ 3,36; can t > log(40,15 ~ 8,5, tiic sau 9 gid).
Cau 4.

a) bung

b) DBung

¢) Sai (» 83 dB)

d) Bing (cuong dj con %).

Phan IIL.
Ciul.0<x-1<8e1<x<9:8
Cau 2. x? — 4x + 3 = 0: tich 3.
Cau3.t%> — 2t + m = 0 c6 nghiém duong © m < 1: m € {—9;...; 1}, c6 11 gia tri.

12 _
Cau4.500-1,005'2 — 5222 "1 + 469,2.
0,005

Cau 5. 10>°732 = 1023 =~ 200.
Cau 6. vé phai = 2!°82% 4+ Jog,x; ham 2° + t dong bién nén y = log,x, x = 2 € [1;100]:
y €{0; ...; 6}, c6 7 cap.
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LOI KET

Tir chiée bang hai dong cua Stifel, qua hai muoi ndm tinh toan cta Napier, nhirng dém khai cin
ctia Briggs, dén dinh nghia gon gang cua Euler, logarit d3 di mot hanh trinh dai dé tré thanh dong
chir ngan ngui trong sach gido khoa: log,b = a © a* = b.

Ping sau dong chit dy 1a mot ¥ twong da thay doi khoa hoc: bién phép nhdn thanh phép céng, bién
ting trudmg thanh dwong thang, bién nhiing con sé khong 16 thanh nhiing con sé vira tam tay.

Khi gip mot bai toan mii — logarit, hdy nhé bdn cau hoi: Pieu kién la gi? Cé dwa vé ciing co sé
diroc khéng? C6 biéu thirc nao lap lai dé dat an phu? Hai vé ¢6 ciing “hinh dang” dé ding ham
ddc trung khéng? Va khi gip mot hién twong ngoai doi ting hay giam “theo ti 16”, tir cc ca phé
ngudi dan, khoan vay tra gop, dén vién pin dang sac, hiy hoi thém cau hoi cua chinh logarit: phdi
nhén bao nhiéu lan?

Chuc cac em hoc sinh tim thdy niém vui trong timg con s, va chiic quy thay co c6 thém tu liéu dé
ké cho hoc trd nghe cau chuyén dep nay.
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