CHUYEN DE
BAI GIANG GIOI HAN HAM SO
Muc tiéu

% Kién thire

+ Nim duogc khai niém giéi han cia ham sb.

+ Né&m duogc cac tinh chét va cac phép toan vé gii han ciia ham sb.
+ Kining

+ Biét cach tim gidi han cua ham sb tai mot diém.

+  Van dung duoc cac quy tic tim gidi han ctia ham sb.

+ Thuc hanh khir mot sb hang v6 dinh co ban.

I. Li THUYET TRONG TAM
Pinh nghia giéi han ciia ham s6 tai mt diém
1. Gi6i han hiru han tai mdt diém
DPinh nghia 1 Cac gidi han ddc biét
Cho khoang (a;b) va mét diém x,. Himso y = f(x) +) limC=C,véi Cla hang sé bt ky.
xac dinh trén (a;b) hodc trén (a;b)\{xo} . Tanoi rang +) f(x) la ham s6 quen thuéc (da thirc, phén
ham sb f(x) cb gi6i han 1a s6 thuc L khi x dan d&én g0 hi ti, can heong gidc) xac dinh trén (a;b)
x, (hodc tai diém x,) néu v6i moi diy so {x,} trong g X, thi lim f(x)=f(x,).

tap hop (a;b)\{x,} ma limx =x, ta déu cb

limf(xn)zL.
Khi d6 ta viét limf(x):L hay f(x)—)L khi
X—X,.

2. Gidi han vé6 cuc

Ta n6i ham s6 y = f'(x) c6 gidi han dwong v cuc khi
x dan t6i x, néu v6i moi day s6 (x,) sao cho x, — x,

thi f(xn)—>+oo .Kihiéu lim f(x)=+o.

X=X
Tuong tu ta cling c6 dinh nghia gidi han am vo cuc

lim f(x)=—0.

X=X
3. Gi¢i han ham so tai vo cuc

Dinh nghia 2

Cdc gioi han dac biét
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Lo o g ren khod _ e s
Gia s ham so y=f(x) xac dinh trén khoang |, lim C=C: 1im S =0 véi C la hing 6.
xX—>to0 x—>to0 X
(a;+00). Ta ndi rang ham s0 f(x) co gidi han la s6 .
e limx"=+0 véi k nguyén duong;
4 4 X—>+00

thye L khi x — 400 néu véi moi ddy s6 (x,): (x,)>a

lim x* =—0 véi k la so nguyén duong Ié
va x, =400 thi f(x,)>L. o

) ) lim x* = +o0 véi k nguyén dirong chan.
Kihiéu: lim f(x)=L. X

X—>+0

Céc gidi han lim f(x)=L.

X—>+00

Céc gi6i han lim f(x)==o0; lim f(x)=400 va

X—>+00

lim f(x)=L dugc dinh nghia twong ty.

X—>—00

4. Mt s6 dinh 1i vé gi6i han hiru han

Pinh 1i 1
Gia sit lim f(x)=L, lim g(x)=M .Khido

a) lim[ f(x)+g(x)]=LtM.

X=X

b) lim[ f(x).g(x)]=LM .

- f(x)_ L
¢) lg?ﬂg(x) —M(M;tO).
d) fim|f (x) =|z]-

e)Néu f(x)20, lim /(x)=L thi lim/f(x)=VL.
) lim /s (x) =L .

g) Néu ¢ 1a mot hang s thi lim cf(x) =cL.

Quy tic 1
Cho lim f(x)==e0; lim g(x)=L#0. Ta co:
limf(x) | Diuciaz | Hm[f(x)g(x)]
+00 + too
—00 + —00
—o0 - +00
Quy tic 2
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Cho lim f(x)=L; limg(x)=0; L#0. Ta co:

% %
Déu cua L Déu ctia g (x) }1_)12 %
+ * +oo
_ n o
_ _ +00

Gi6i han mot bén
1. Gi6i han hiru han
Pinh nghia 1
Gida sir ham sé f(x) xdc dinh trén khodng
(x,;0), (x, €R). Ta néi rdng ham sb f(x) c6 gioi
han bén phai 1a s thuc L khi x can dén x, (hoic tai
diém x,) néu véi moi day so (x,) thudc khodng
(x,;6) ma limx, =x, ta déu cé lim f(x,)=L.

Khi d6 ta viét lim f(x)=L hodc f(x)— L khi

XX
XX, .
Dinh nghia 2
Gia st ham s6 f(x) xdc dinh trén khoang
(a;%,), (x, €R). Ta néi rdng ham sb f(x) c6 gioi
han bén tréi 1a s6 thuc L khi x dan dén x, (hoic tai
diém x,) néu véi moi day (x,) thudc khoang (a;x, )
ma limx, = x, ta déu cé lim f(x,)=L.

Khi d6 ta viét lim f(x)=L hodc f(x)—>L khi

XXy
X—>Xx,.
2. Gid6i han vo cuce

a) Cac dinh nghia lim f (x) =+, lim f(x)=-o,

X=X X=X

lim f(x)=+ va lim f(x)=-o dugc phat bicu

tuong tu Pinh nghia 1 va dinh nghia 2.
b) Cac cha ¥ 1 va 2 van ding néu thay L bodi +oo hoic

—00 ,

Chu y:
a) 1imf(x)=L<:> limf(x)zlirqf(x)zL.

b) Cac dinh li vé gioi han cua ham so van dung

khi thay x — x, boi x — x, hodc x — x; .
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II. CAC DANG BAI TAP
Dang 1: Tim giéi han ciia ham s6 bang cach thay truec tiép
+ Phuwong phap giai

Néu f(x) la ham s so cip xac dinh tai x, thi Vi du: Giéi han lim (x2 —2x+4) c6 gia tri 1a bao

x—>—1
}Lr? f(x) = f(xo). nhiéu?
Huéng dén gidi
Do ham sb f(x)=x"-2x+4 xac dinh tai diém
x, =—1, nén giéi han nay bang f(-1).

:>1im(x2—2x+4):7.

x—>-1

4+ Vidu miu

2
Vi du 1: Giéi han 1in21% c6 gia tri 1a bao nhiéu?
xX—> X —
Huwong din gidi
2

Cich I: lim*—>>=>__7

-2 3x-—1 5

xP=3x-5 . e
Cdch 2: Nhap may tinh nhu sau Tl bam CACL, nhép gia tri cia
x [—
x =2 vata s€ nhan dugc dap an.
2tanx +1

Vidu 2: Tim gi6i han cua ham s6 B =lim— .
x>k SINX+ 1

Huwéng din gidi

T
2tan — +1
Taco B=lim2t.anx+1= 6 =4\/§+6.
Hg sinx+1 9

.
sin—+1
6

Vidu 3: Cho lim f(x)=3. Tim gi6i han 4= limm.
X2 x—2 f (x)+1

Huéng dén gidgi

Tacé d—lim2 (W)L 2341 7
=2 f2(x)+1  3*+1 10

3
Vi du 4: Tim céc gidi han lim XA .
=24 (2x-1)(x* -2)
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Huéng déin gidi

Ta co lim x4 = 242 =0
=2(2x-1)(x* -2)  \(2.2-1)(2° -2)

Vi du 5: Tim gi4 tri cua tham s6 m dé B<2 véi

B :1inll(x3 —2x+2m’ =5m+5).
Huéng dén gidgi

Ta co B=lim(x3—2x+2m2—5m+5)=2m2—5m+4.

x—1
Do BS2<:>2m2—5m+2S0<:>%SmS2.

4+ Bai tap tu luyén dang 1

Cau 1: Gia tri cua limf;1 la
H‘12(x —x+l)

A, —0 B.0 C. 1 . 400
2
A e 1 .
Cau 2: Gia tri cua lim—— 1a
(27 -3x+2)
A.0 B. 1 C. 1 . 1
2 8
" e . L X2+
Cau 3: Gia tri cua gidi han lim ———— bang
x—-1 3’2x5 +1
A. -2 B. 1 C. 1 .2
2 2
Ciau 4: Chon két qua dung trong cac két qua sau cua ling x> Alcosx+3
A. Khong ton tai. B.0 C.1 . 00
Ciiu 5: Cho 4 =lim 3“;” .Pé A=5, gia trj cia m 14 bao nhiéu?
=2 x+
A. 14 B.4 C.3 10
3
Céu 6: Cho ham s6 f(x) —ﬂ Gia tri cua lim (x) 1
' 2x* +x7 -3 e
A. 1 B. khong xac dinh. C. ﬁ . +00
2 33
" £ y ar , .. sin3x+1 _,
Cau 7: Két qua dung cia lim ——— 1a
x>-% cot 2x-3
A. —© B. V2-2 C. ﬂ . khong xéc dinh.
6 6
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3 2
A 4 Iy ; 4 , ) . VX —X
Cau 8: Chon ket qua dung trong cac két qua sau cua lim

ol x—1+1+x

A. -1 B.1 C.0 D. +w
A . A . — N . _ M A ?

Céu 9: Neu lim (x)=5 thi }1_)1{12[13 4f(x)] bing bao nhiéu’
A. —-17 B. -1 C.9 D. -7

T, =% ( % 1a phén s6 tbi gian; a, b 1a s6 nguyén duong).
x —_—

x—1

2 _ 3 3
Cau 10: Cho 1111{*/’C +x+2-432x +5x+1J

Tinh tong L = a” +b”.

A.6 B. 36 C.7 D. 37
Cau 11: Cho ham s6 y = f(x) théa man f(zx_lj=3x+5(x¢—2;x¢lj.Giétri cua lim f(x) 1a
x+2 2x-1 2 Xt
AL B. c.2 D. 2
3 5 2 3
41 X’ +x) f(x)+2
Cau 12: Cho limﬁz—l,tinh I:lim( )f( ) .
ol x41 ¥l x+4
A.]Z—% B.]Z% C.1=4 D.I=-5

; 0
Dang 2: Tim gi6i han ciia ham so dang vo dinh °

A 2\ / AN AN sz 5 \ A [N 3 s A 3 0 \ N
bay 1a dang toan v6 cung quan trong vé tim gidi han ciia ham so. Viéc tim gidi han dang v6 dinh ° la bai

P(x)

toan tim gi6i han cua ham sé dang hiru ti L = lim m trong dé Q(xo) =0 va P(xo) =0.
x—)xo x
+ Phuwong phap giai
Phan tich ca tir vd mau thanh nhan tir va rat gon. 2
o 7 & Vi du: Tinh gi¢i han lim >+ 2!
St dung cac hang dang thirc d€ nhan lién hop o tu x>l Dx+2
va mau dua vé dang 1. Huong din gidii
Chu y:

Ta thay khi thay x, =—1 thi bai toan c6 dang %,
 Néu tam thirc bac hai ax’ +bx+c¢ c6 hai nghiém

. nhu vay ta nhom nhan t& chung (x+1) cta ca tr va
x, %, thi ax’ +bx+c=a(x—x)(x—x,). y g (x+1)

. . DU mau dé triét tiéu sau d6 dua vé dang bai toan 1 dé
* q"-b" =(a—b)(a” +a"b+..+ab" " +b" ) .
tim két qua.

Truwong hop 1.

ruwong ngp ) . x2+2x+1 . (x+1)2
' P(x) . Cach 1: lm}1 = lim

L:th( ) voi P(x,)=0(x,)=0 va P(x), >l 242 o12(x+1)
X—>X, X
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O(x) 1a c4c bicu thirc chira cin cung béc. x+1

= 111'1’117 =0.
Str dung cac hing ding thirc dé nhan lién hop & tir
2
va mau dua vé dang 1. Cich 2: Bam may tinh nhu sau: x2+—2x2+1 CACL
X+

x=-1+10" va nhan duoc dap an.

L, L P Cach 3: Dung chic ndng lim cia mdy Vinacal
Chu y: Ta c6 thée MTCT dé tim céc gidi han
x’+2x+1

2x+2

1. St dung MTCT v6i chuc nang cia phim CALC.  570ES Plus: lim

x—>—14107°

2. Dung chtrc lim cia may Vinacal 570ES Plus.

\ 3’ 1 ,
Trwong hop 2. Vidu: Tim gi¢i han L =lim x-1-vx+2 .

(x) x—>7 \4/2x+2 -2

L= 122 o0) voi P(x,)=0(x,)=0 va P(x) la Huéng dén giii
biéu thirc chira can khong ddng bac. T e e

=7 42x+2-2

Gia sir: P(x)=2fu(x)—4v(x) voi
)=~ | 123 Jxv2-3
Qu(x,) =3v(x)=a. o1 4ox+2-2 Yax+2-2
Ta phan tich P(x)z(,m/ (x)—a)+(a—m). Ta c6

fax-1-3

o1~ N _\4/2x+2—2
v6i nhitng bai toan cén bac cao.

Trong nhiéu trudong hop viéc phan tich nhu trén 2(x4/2x+2 +2)(,“/(2x+2)2 +4) 64

=lim(4-B).

x—7

Cht y: Ta hoan toan c6 thé dung cach dit an phu 4

khong di dén két qua ta phai phan tich nhu sau: ( R (4x ~ 1)2 2331+ 9) 57

({5 ()~ () ()

trong d6 m(x)—>c.

3
V2x+2-2
2

Nx+2 -

(4 2x+2+ )(4 (2x+2)’ +4)

8

2(\/x+2+3) 3
L=11m(A—B)=ﬁ—§=_—8.
x> 27 3 27

+ Vidu miu

3 A2
Vi du 1: Tim gi6i han A =lim* > 2
=1 x"—4x+3
Huéng déin gidi

o2 (x-1)(x-2x-2) ¥ -2x-2 3

Taco A=1i =
4 e o x*—4x+3 = (x—l)(x—3) o x=3 2
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4 2
Vidu 2: Tim gi¢i han B = lirrzlﬂ.

x -8
Huéng dén gidi
4 _ 5,2 1) (x> -4
Taco B=lim™ 2% 4 i 3)(x3 )
x—2 x_8 x—2 x_2
:lim(xz—l)(x—Z)(x+2):lim(xz—l)(x+2):1.

=2 (x-2)(x* +2x+4) =2 X +2x+4

3 4
Vi du 3: Tim giéi han € =lim 07> ~(1=6%)

x—0 X

Huéng dén gidi

3 4
Ta co Czlim(1+5x) —(1—6x)

x—0 X

(1+5x) -1 (1-6x)" -1

=lim —lim
x—0 X x—0 X
Sx| (1450) +(1+52) 41| 12x(3x=1)[ (1-6x)" +1]
= 1in(} —ling
X x X x

= lim5| (1+5x)" +(1+5x)+1 |~ lim12(3x 1) (1-6x)" +1]=39.

x—0

Vidu 4: Tim giéi han D =lim(ler)(lJr2)6)(1+3x)_1 )

x—0 X

Huéng dén gidgi
1+x)(1+2x)(1+3x)-1 3 2
Tac Dol UFR)+20)(1430) -1 6 411" +6x _
x—0 X x—0 X

Vidu 5: Tim gi¢i han 4= lirrll xm _ (m,n € N*).

X—> X f—
Huéng dén gidi
Ta co

A:11m (x_l)(xn71+x’172++x+l) :11m xnil+xn72++x+1 _l

o (x=1)(x" 4+ x" b x ) X X e x] m

Sau day chung ta s& tim mot s6 gi6i han lién quan dén biéu thirc chtra dau can.
Nguyén tic co ban cua dang bai tdp nay 1a nhan luong lién hop dé dua vé da
thirc. Ngoai cach d6 ching ta c6 thé chuyén vé da thirc khi thyc hién dat an phu
tly bai cu thé:

o 2B+l
Vidu 6: Tim gioi han [/ =lim————.

x—0 X
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A.6 B.3 C. -6 D. 0
Huéng dén gidi
2(V3x+1-1) 6x

Tacod I =lim =1lim =1lim

6
150 X 10 (\/m'i‘l) 50 \/3x+1+l

2 —
Vidu 7: Tim gi6éi han K =1lim X o 3x

0 Jax+1-1

Huéng dén gidgi

(x=3)(Vax+1+1) 5
Ta co Kzli_r)rol 2 =

V3x+1-

Vidu 8: Gigi han lim——F—— cé gié tri bang bao nhiéu?

x5 3 [

Huéng dén gidgi

Ta c6 lim V3x+1-4 lim[(3x+l)—16](3+m)
=5 3 Jx+4 o3 [9_(x+4)}(m+4)

_ B3(3+Vx+4) g 9
=lim = :—Z.

=5 3x+1+4 8

Vi du 9: Tim gidi han thm.
=2 x+42

Huwong din gidi

Taco lim

o2 x+2 Hs(x+2)(3(x+l)2—\3/x+1+1)

=lim =—

o {/(erl)2 “ifaiel 3

Bang phuwong phap twong tw ta lam mét s6 cac bai toan mé rong sau day

Vi du 10: Tim giéi han M =1lim

x—0

Ji+4x-31+6x
_ .
X

Huéng dén gidgi
4x+1—(2x+1 Nil —(2x+1
TacéM:lirr(}\/ X+ 2( X+ )—lin(}\/ +6x 2( x+1)
X—> X X—> X

—4 . —8x—12

=lim —lim
DONAX A2 +T 20 (14 6x) + (200 + 1)+ 6x + (20 +1)

=2+4=2.

TOANMATH.com
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2 J— J—
Vi dy 11: Cho biét lim YLH 4 ~0x=2
H% 4x” =3x+1

Phuong trinh ax* —2bx? +¢—1=0 c6 nhiéu nhit bao nhiéu nghiém trén R ?
Huéng dén gidi

Taco 4x* =3x+1=(2x—1)" (x+1).

Suy ra phuong trinh = 1+ ax® —(bx + 2)2 =0 phai c6 nghiém kép 1a x = % .

= (a—b")x’ —4bx—3=0 c6 nghiém kép x=%

a_b2:0 a—b2¢0
= A=16b2+4(a—b2).3=0 = a—b2=—gb2 =a=bh=-3.

1Y 1 2
a-b*) =| —4b-—-3=0 4.,(1 |

Thir lai dang. Vay a=b=-3.

-3(2x-1)’
2 _ 2 _ _
Khi d6 lim\/l-?»)c +3x—2:1. v1-3x (3x 2)

4y aarl ’
ol 4’ =3y or (2x=1) (x+1)

=lim 3 =-2.

o (V=3¢ —3v+2)(x+1)

Suyrac=-2.
Vay ta c6 phuong trinh —3x* +6x”> -3 =0 c6 nghiém x =+1.

Sau day ching ta sé lam mét s6 bai toan mang tinh téng quat

Vidu 12: Tim gidi han B = limw(

x—0 X

neN,a# 0) .
Huéng dén gidi
Cach 1: Nhan lién hop
(\”/1+ax —1)(’(/(l+ax)"_1 +(/(1+ax)"_2 +...+ 1 +ax +1)
Taco B=1lim
o x((/(lJrax)"_1 +(/(l+ax)"_2 +o+ 41+ ax +1)

B =lim a _4

0 d(l-ﬁ-axyil +d(1+ax)"72 +o+ 1+ ax +1 n

Cdch 2: it an phu

=c, voi ¢ 1a mot sO nguyén va a,beR.
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« =1
bat t={1+ax = x= vaix—>0sr—>1.
a

.t—1 . t—1 . 1 a
= B=alim——=alim 1 =alim— =—.
A B (t—l)(z"’ +t”+...+t+1) A R R A B

W +ax —X1+bx

Vidu 13: Tim gidi han N = ling

X
Huéng dén gidgi
, . NM+ax-1 . Nl+bx-1 a b
Taco N =lim —lim - _ -
x—0 X x—0 X m
Vi du 14: Tim giéi han 4 = lim =L v6i a2 0.

=0 81+ bx —1

Huéng dén gidi
Ap dung bai toan trén ta c6 A4 =1lim 1+ax_1.lim al _an_dam
x>0 X =>0814px—1 n b bn
3 J—
Vi du 15: Tim gi6i han B:hng“”“x“”bx L ysi ab=0.
X x
Ta ¢6 V1+ax31+bx -1 =x/1+ax(\3/1+bx—1)+(\/1+ax —1)
,‘3' — 1' —
B =lim+1+ax 1+bx 1+lim I+ax 1:>B:£+é.
x—0 X x—0 X 2 3
3 4 _
Vi du 16: Tim gi6i han pofimYiresiitbdive—1 oo

x—0 X

Huéng déin gidi

Ta co \/1+ax3/1+bx{‘/1+cx -1

=\/1+ax3/1+bx(é/l+cx—1)+\/1+ax(3/1+bx—1)+(\/1+ax—1).

4 _ 3 _ _
B=lim(\T+axd +bx)—“1+c“+ lim it ax b=l Vitar—1
x—> X X

x—0 X x—0

:>B:£+2+3.
4 3 2

(l + mx)” - (l + nx)m
5 .

Vidu 17: Tim gi6i han L =1lim

x—0 X

Huwong din gidi

Ta c6 L =lin3(1+nx) —2(1+mnx) ~ ing(1+mx) —2(1+mnx) _ mn(:;—m) .
= X X—> X
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(1—&)((1—%/5)).1..(1—%)'

Vidu 18: Tim gidi han K = 1inll

Huéng dén gidi
1

Taco K =lim

1
=t (1+\/§)(%7+m)(" X" +...+1) nl’

of(2x+1)(3x+1)(4x+1) -1
Vidu 19: Tim gi6i han leim\/( T )( T )( d ) .

x—0 X

Huéng dén gidi

Pt y=¢/(2x+1)(3x+1)(4x+1) = x>0 thi y > 1.

Taco 4/(2x+1)(3x+1)(4x+1)—1=y-1.

y' =1 (2x+l)(3x+1)(4x+l)—l

Lai c6 lim =lim =9.
x—0 X x—0 X
Do d6 F = lim2—" = lim y -1 _9

x>0 x x—0 x(y”_l + y”_z

+o4y+l) n
beé tiép tuc ta xét mot s6 bai toan tim gidi han cia ham an va gidi han c¢6 tham so

Sau.

Vi du 20: Cho limM:—l. Tinh [ = lim(

x>l x—1 x—l1

X+ x) f(x) +2
x—1 '
Huwong din gidi

(x2+x)f(x)+2 i (x2+x)(f(x)+l)—x2—x+2

Ta co lim im
x—1 x_l x—1 x_l
2
i ) )
x—1 x_l

Vi du 21: Cho a, b 1a cac sb thuc dwong théa min a+b =2020 va

o A tax+1—bx+1
lim

x—0 X

=1010. Timq, b.

Huwong din gidi

Vx'tax+1-bx+1 . (x2+ax+l)—(bx+1)

Ta c6 lim = lim
0 X "_’Ox(\/x2+ax+l+\/bx+l)
2 — — —
— lim X +(a b)x — lim x+(a b) a b.

HOx(\/)cz+ax+1+x/bx+l) H0\/)62+ar)c+1+\/bx+1_ 2
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Lai c6 lim =1010 & =1010 < a—-b=2020.

x—0 X

VX' +ax+1—+/bx+1 a-b
2
< s o . a+b=2020 a=2020
Twr d6 ta c6 hé phuong trinh = .
a—b=2020 b=0

2
Vi dy 22: Cho m, n 1a cdc s thyc khac 0. Néu gioi han lim %’;” =3, hiy
5 x4

tim mn?
Huéng dén gidgi

2
.. X +mx+n . . A .
Vi hm—5 =3 nén x = -5 1a nghiém cta phuong trinh x> +mx+n=0
x—>-5 X —

= -Sm+n+25=0n=-25+5m.

2 2 _
Khi d6 Tim XA _ iy XIS (54 m)=m—10

x—>-5 x—1 x—>-5 x+5 x—>-5

om=13=>n=40=mn =520.

, % . R \ L f(x) -16
Vi du 23: Cho ham s6 y= f (x) x4c dinh trén R thoa man hn}—2 =
X—> x-

12.

JSf(x)-16-4
Tinh gidi han lim fz( ) .
=2 xT+2x-8

Huéng dén gidi
Theo gia thiét ¢o lim(/ (x)~16)=0 < lim / (x) = 16.
351 (x)-16 -4
Ta co lim fz(x)
=2 x"+2x-8
5f(x)-16)-64
i (5/(x)-16)

“2 (x—2)(x+4)[(3 5f(x)—16)2 +43f57(x)-16 +42}

. 5(/(x)-16)

“2 (x—z)(x+4)[(3 5f(x)—16)2+4,3/5f(x)—16 +42}

f(x)-16 d
w2 x=2 (x+4)((3 5f(x)—16)2+4§/m+42)

=12. > =i.

2
6[(3/5.16—16) +435.16-16 +16J 24
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4+ Bai tip tu luyén dang 2

A A 5 , 5 “ e . Ix? + 4 - 2 N
Cau 1: Két qua dung cta gidi han 111121 4 bang
xX—> X —
A - B. > c.-> L
12 12 12 12
A 4 . 4 5 oy . 1- X -1 M
Cau 2: Két qua dung cia gidi han hng— bang
X—> X
A.0 B. +o0 C. 1 . 1
2 2
4 — N
Ciu 3: Két qua dung cta gii han lim x2 27x bang
=3 2x"=3x-9
A7 B.5 C.9 .3
Cau 4: Tinh gidi han linllzx_z—s);le , ta duogc két quala
X—> X -
A.0 B. 4 C. > .2
3 8
3
Cau 5: Két qua dung cta lim ﬂ bang
2 xr+3-2
A2 B. C.0 .1
3 Ja-2
A o . (x+ a)3 -a
Cau 6: Két qua ding cta gidi han llnol bang
A.ad’ B. 24’ C.0 .3a’
: w g . x'-16 :
Cau 7: K&t qua ding cta gioi han lim —————— bang
=2 x"+6x+8
A. -14 B. -16 C. -18 . —12
A e oy , . x*+8x N
Cau 8: Két qua ding cta lim —————— bang
=2 42X+ x+2
A -2 B. 2! c.2 S
5 5 5 5
: X’ +8-3 .
Cau 9: Két qua dung ciia lim ——— bang
x—-1 /1 —-x - \/5
A —o B, 22 c. 22 =)
3 3
2 - N
Cau 10: Két qua ding cua lin(}%+11 bang
x> X
A. +0 B. 1 C. 1 .1
3 6
TOANMATH.com Trang 14



A/ 2 — N
Cau 11: Két qua ding cua lim AT s

——F——— bang
04X +16

A. +o0 B. -1 C. 4 D.4
Céiu 12: Tinh gi6i han lim xx:f : myneN taduge két qua la

A. 40 B. m—n C.m D. mn
Cau 13: Gi6i han 1}(12:1 x/?—i—_il/Sx——2 bang

Al B.0 C. +o D. %

Cau 14: Gia st L =lim

x—0

A.6 B. -6 C. -12 D. 12

Vx+1-3x+19 a

T A K L Ke e, \ \ s A A
=% trong do 3 la phan so toi gian, a va b la cac s6 nguyén duong.

Jax+1-1
2x

. Hé s a bang bao nhiéu dé L =37

Cau 15: Biét lim

=8 Yx+8-2

Téng a+b bang

A. 137 B. 138 C. 139 D. 140
4 4 .
Cau 16: Cho a 1a mot s6 thuc khac 0. Két qua ciia lim rod bang
X—a x —_ a
A.3a B. 24’ C.a D. 44’
'\3' _— r r r
Céu 17: Biét lim 8x:r11 x+7 -4 trong dé 2 1a phén s0 toi gian, a va b 1a cac s6 nguyén duong.
=2 x"=3x+2 b b
Tong 2a+b bang
A. 68 B. 69 C.70 D.71
J— 3 _— r r r
Cau 18: Biét lim J6x+9 2\/27x 4 _a trong do 2 1a phan so toi gian, a va b 1a cac sO nguyén
-3 (x—3)(x +3x—18) b b

duong. Tong 3x+b bing
A. 57 B. 58 C. 56 D. 55

Dang 3: Tim giéi han ciia ham s6 dang vé dinh i
e 0]

. X
bay la dang quan trong cua gidi han ham so, 1a 16p cac bai toan tim gidi han dang L = lim fg )) , trong
x—>too g X

do f(x);g(x)— too khi x — o0,

+ Phwong phap giai

x'+7

Vi du: Tinh gi6i han lim ———.
x40 x7 4]
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Huéng dén gidi

1. Chia tir va mau cho x" véi n 1a s6 mii cao nhat Cdch 1: Chia ca tir va mau cho x*.

cia bién ¢ miu (hodc phan tich thanh tich chira 1+ 7
. 7
Ne o, .oX . 4
nhan tr x” roi gian udc). lim = lim —%-=1.
x40 x4 ] X—>+00 1+i
2. Néu f(x) hodc g(x) c6 chira bién x trong diu x*
Y S o N 4
cin thi dua x* ra ngoai dau cin (v6i k 1a mil cao Cich 2: BAm may tinh nhu sau X 4"‘3 - CACL:
X+

nhit cta bién x trong dau cin), sau dé chia tir va
méu cho liiy thira cao nhit cua x (thuong 1 bac cao ¥~ 10" va nhan duoc dép dn.
nhit & mau).

3. Str dung cac két qua sau day dé tinh.

Cac gioi han dic biét:

. . C ‘. 1Y AN
* limc=c¢; lim—=0 véiclahangsova keN.

x—>too x—>to0 xk

* lim x* =40 véi k nguyén duong; lim x* = —o0

X—>+00 X—>—00

voi k1&; lim x* = +oo véi k chan.

+ Vidu miu
2x—~/3x7+2

Vidu 1: Tim giéi han lim

R Sx /Xt +2

Huéng dén gidi
2- 3+£
L 2x—+3x* 42 ) x2 2—\/3
Taco lim \/ = = lim > = Pt
o Sy X +2 5+\/1+2
X
Vidy 2: Cho hamsd f(x)= X m gi6i han lim f(x)
- 2xt+x -3 T aowe ‘

Huéng dén gidi

Taco lim

X—>+0

Vidu 3: Tim gi¢i han lim = .
= 2043

Huéng dén gidi

TOANMATH.com Trang 16



Taco lim 1+3x = lim

X
X—>-0 \/2X2+3 X—>—0 \/ 3 2

L Al xt
Vi du 4: Tim giéi han lim x4

= 1+ X7+ x*

Huéng dén gidgi
11
s 4 6 X3+t +1
Ta c6 lim%zlim%zl.
X X
Vidy 5: Cho ham sé f(x)=(2+x),/ 4, tim giéi han lim £ (x).
X +x +1 x>t
Huéng dén gidgi
2
- -1)(2+
Taco lim (2+x),|—>—2— = lim w
¥t X' H+x"+1l o xT+xT+1

2 5
Vi du 6: Tinh gi6i han lim fx—x
x40 x" +6x+5

Huéng déin gidi
3
3x* —x° g _1+x3j
Taco lim —= lim —————~<=-o.
x40 x4+ Gx+ 5  xoHe (1 6 5 )
+—+
XX
-2x"+x* -3

Vidu 7: Tinh giéi han lim >
X—>—0 3Ix- =7

Huong din giai
5 4 Y2+ l - is
. 2x+x"=-3 . X X
Taco lim > = lim =400,
X—>—0 X - X—>—00 7
3-—%
X

3r3 1 2
Vi du 8: Tinh gidi han 4 = lim Vil r1-42 el

Huéng dén gidi

1 I 1
P3x +1-2x +x+1 . x§/3+x3+x\/2+x+x2 :_3/§+\/§

A= lim

SR TR N N

44+?
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Vidu 9: Tim giéi han 4 = lim

Huéng dén gidi

xVxt+1-2x+1

( o l2
X X

A i xNxt+1-2x+1

m
e Yo —2 41

Céu 1: Gid sir lim f(x)=a va lim g(x)=b. Trong cdc ménh dé sau, ménh dé nao sai?
X—>+0

X—>+0

A. xlil}}Of(x).g(x) =a
c. tim LY _a
X—>+00 g(x) b

Cau 2: Tim gi6i han B = lim

= lim

) x(3 2—%+
X

4+ Bai tip tu luyén dang 3

b

:

B. lim [f(x)—g(x)]za—b

X—>+00

D. lim [_f(x)+g(x):| =a+b

X—>+00

\/4x2 +Xx +5/64x6+x—1

dugc két qua 1a

o (‘/ xt+3

A. -4

Cau 3: Gia tri dung cta lim

X—>+0 x

A. -1

Cau 4: Tim gi6i han C = lim

B.

A. +0

B. 2
3

Xt +7

14 la

B. 1

2x—9x* +2

—00

C.4 D.

C.7 D.

dugc két qua 1a

c.> D.
4

2
Ciu 5: Cho ham sé f@):J%.Két qué ding cta lim £ (x) 1a
X +x X—>+0

A.

N | =

Cau 6: Tim gioi han lim

X—>—0

3

A —
{/5

Cau 7: Tim gi6i han D = lim

A. 40

B.

+3x

1
J2x°+3

V2

2

duogc két qua

B.0

2x+ 41+ x* +x°

H'“’\/l+x3+x4 +x-1

B.

—00

C.0 D.

2

duoc két qua

c.2 D.
2

+00

+00

TOANMATH.com

Trang 18



x*=2x-1

CAu 8: Cho hamsd f(x)=(2x+1) .Kétqua cua lim f(x) 1a

x*+3x7 +1 x>
A.0 B.2 C. -2 D. 4o
[ 4 2 )
Cau 9: Tim giéi han lim ~°——* 3 dwoc két qua
o |x|\/4x2 +5
A.3 B. 1 C.1 D. 1
4 4
4 /
Céu 10: Chon két qua dung trong cac két qua sau cia lim al 3+ 8x 2x F2+
xoo xT +2x" +x+2
A.0 B. +o0 C. —© D. 1
2 — — 7
Cau 11: Tim gidi han £ = lim al x+11 2x duogc ket qua la
X—>+0 x+
A. +o0 B. —© C. -1 D.0
x(\/4x2+1+x) )
Cau 12: Tim gidéi han F = lim duogc ket qua la
= 4xd +14+2x
1 1
A, —— B. +o© C. — D.0
4 4
[.3 2
Cau 13: Két qua diing ctia lim —2 5 72% 13
x>+ \/x4 ety
A.3 B.2 C.1 D. +oo
2 _ 2 .
Cau 14: Tim gi6éi han M = lim \/x t3x+l ?\/X x+l duogc két qua la
X—>—0 X +
A. +o0 B. —© C.1 D. -1
2
Cau 15: Tim giéi han N = lim - ¢ +3 duogc két qua 1a
o ﬂ(fﬂx3 + 2x) +200%/8x7 + 2x +4x” +2
1 1
A. 4o B.0 C. - D. —
6 12
4 4 2
Cau 16: Tim giéi han H = lim \/16)6 vl +\/4x 2 duogc két qua la
x> 3x+1
A. +© B. —o C. 4 D. _4
3 3
37,3 _ 2 ;
Cau 17: Tim gi6éi han 4 = lim \/3x *l \/2x txl duoc két qua la
X—>—00 4[4x4 + 2
3
A. +0 B. - c. B2 D. 0
V2
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xNxt+1-2x+1
J2x* =2 +1

CAau 18: Tim gidi han B = lim

X—>+00

duogc két qua la

A. +o0 B. —o C. g D.0
. N _(2x#1) (x4 2)™ A
Cau 19: Tim gidi han 4 = lim w5 dugc két qua la
e (3-2x* ) (1-x)
A. 400 B. —© C. 4 D.0
\ 2 - - 4
Cau 20: Tim gidi han B = lim x —3xtd-2x duoc két qua la
= i x4+l —x
A. +o0 B. —o C.2 D.0

Dang 4: Tim giéi han ciia ham s6 dang v6 dinh o —c0 va 0.00

+ Phwong phap giai
1. Tim gi6i han dang L = lim (f(x)—g(x)) , trong

x—>to0

do f(x);g(x)—>+oo,khi x — too hodc
f(x);g(x) = =00, khi x — o0,

2. Tim gi6i han dang L = lim f(x).g(x), trong d6

x—>to0

f(x)—)O; g(x)—)ioo,khi X — Fo0,

+ Vidu miu

Vi du 1: Tim gi6i han F = lim x(\/4x2 +1 +2x).

X—>—00
Huwong din gidi

Taco F = liméz—l

N

Vidu 2: Tim giéi han B = lim (x+\/x2 +x+1).

Vidu: Tim gidi han £ = lim ('\/x2 -x+1 —x).

i
Huéng dén gidi

Pay 1a giéi han dang oo — oo, dé tinh gi6i han nay ta
nhan lién hop cta tir sau d6 chia ca tr va mau cho

X.

Cha § khi x —> +oo thi x=/x? .

Taco E = lim;“z—l.

e Uxt—x+1+x 2

Day la gioi han dang oo — oo,
dé tinh gidi han nay ta nhan
lién hop cua tr sau do chia
cd tir va mdu cho x.

Chu y khi x — —oo thi

/.2
X=—NX .

Huéng dén gidi
Taco B= lim (x+\/x2 +x+1)= lim Lz— ! .
TOANMATH.com Trang 20



Vidu 3: Tim giéi han C = lim > .
> JAx 4 x+1-2x

Huéng dén gidi

2
Ta o C = lim VaAx T +x+1+2x _

X—>+0 X+ 1

4.

Vi du 4: Tim gi6i han M = lim (\/x2 +3x+1-+/x —x+1).

Huwong din gidi

Taco M = lim 4x =-2.

o 3 431+ —x +1

Vi du 5: Tim gi¢i han K = lim x(\/xz -1 —2x) .

X—>+0

Huwong din gidi

Tacc')K:lime ! + ! ]:0.
Xt \/x2+1+x \/x2—1+x

Tiép theo, ta xét bai tap lién hop cua cin bac ba hay sy két hop can o ca tir
va mau.

Vi du 6: Tim gi6i han N = lim (3 8 +2x —2x) .

Huéng dén gidgi
Tacé N = lim 2 ~0.

o i/(st + Zx)2 +2x38x* + 2x +4x*

2_
Vi du 7: Tim gi6i han B = lim Y% 33X F4+2%
= ¥t x+l+x

Huwong din gidi

Vi anraran_ (o3[ eeiox)

B=lim

im :
> ¥ b x+l4x H’°°(x+1)(\/4x2—3x+4—2)c) 2

Vi du 8: Tim gi6i han D = lim (3/x3+x2+1+\/x2+x+1).

X—>—00
Huwong din gidi

Tacél):1hn((ﬁx3+x2+l—x)+(Vx2+l+l+x)>

X—>—0

241 x+1 1

= lim

x
+ =—_.
X—>—00 2 2
,3[(x3+x2+1) +xA Pl ex? VX FxFl—x 6
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Vi du 9: Tim gi6i han 4 = lim (%/f 2 41 -2 —x +x) .
Huéng dén gidgi

Tacod A= lim ((\3/x3 +2x% +1 —x)—2(\/x2 —x —x))

X—>+00

2x% +1 2x 5

= lim

+ .
X—>+00 2 2
i/(x3+2x2+1) +x3x +2x7 +1+x° Vel—x+x | 3

+ Bai tap tu luyén dang 4

Cau 1: Tim gioi han 4 = lim (\/x2 -3x+1 —x) duogc két qua la

X—>+00

A. +o0 B. —E C. —l D. E
2 2 2
Cau 2: Tim gi¢i han B = lim (2x At —x +1) duoc két qua 1a
AL B L c -1 p. -1
4 2 4 2

Ciu 3: Tim gi¢i han C = lim d(x+a1)(x+a2)...(x+an) —x) duoc két qua 1a

X—>+00

—

a,a,...qa, a+a,+..+a, a+a,+..+a,

A.n(a +a,+..+a,) B. C. D.
n 2n n
Cau 4: Tim gi6éi han D = lim x( 9x* +1 —3x) duogc két qua 1a
A -1 B. L c. -1 D. L
6 6 3 3
Cau 5: Tim giéi han E = lim x° (\3/x3 ) —x) duoe két qua 1
A -1 B. -2 c.2 D. -+
6 3 3 3
Cau 6: Tim giéi han F = lim (x =8 ) duoc két qua 1
1
A. +o0 B. —© C. Z D.0
Cau 7: Tim gi6i han G = lim (%/x3 ~3x’ +\/X2 —2x) duogc két qua 1a
5
A0 B. 1 c. -2 D. 2
2
Cau 8: Tim gi6i han H = lim ({‘/mx“ 1 3x+1-+/4x* +2) duoc két qua la
4
A. +o0 B. —© C. g D.0
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3[ 6 _ 4 _ o
Ciu 9: Két qua gi6i han 1 = lim a4 x+1 4‘/)§ t207l_ 4 u6i @ 1a phan s i gian (azb>0).
X—>+00 (2x+3) b b

Téng a+b bing
A.7 B.5 C.6 D. 8

Cau 10: Két qui gi6i han J = lim (\/x2+x+1—2%/x3+x2—1+x)=—% , voi % 1a phan sé i gian

(a;b>0). Tong a+b bing
A.7 B.5 C.6 D. 8

X—>+00

Cau 11: Két qua gi¢i han K = lim x(\/xz +2x—3/)c3 +3x2)=%, voi % 1a phén sb ti gian (a;b >0).

Téng a+b bang

A.3 B.5 C.4 D.2
Céu 12: Cho L = lim (m 4 2x) = 5. Gid tri cia a 14

A. 10 B. 6 C.6 D. 20
Céu 13: Cho a, b Ia céc s6 duong. Biét M = lim (\/4x2 —ax + 8% + bx? +5) :%. Tim gi4 tri 16n nhat
cua ab.

N 18 * bt

Cau 14: Biét rang L = lim (\/ 2x* —3x+1 +x\/5) :%\/5 (a 1a s6 nguyén, b 1a s6 nguyén dwong, % t6i

X—>—00

gian). Tong a+b co gia tri la

Al B.5 C.4 D.7
3 - - 2
Céu 15: Biét ring b>0,a+3b=9 va lim Vax t17VIZPY 5 K héng dinh nao duci day sai?
X—>! X
A.l<a<3 B. b>1 C.a*+b*>12 D.b-a<0

Cau 16: Cho céac s6 thuc a, b, ¢ thdoamin ¢* +a =18 va lim (\/ax2+bx—cx)=—2. Tinh P=a+b+5c.

X—>+00

A. P=18 B. P=12 C. P=9 D. P=5

Dang S: Tim gi¢i han m§t bén va gi¢i han v6 cung
+ Phwong phap giai

1. Ti i61 han 1i ta st d ac dinh s . x=3
i glo1 han xg}}f (x) a su dung cac din Vi du: Tim gidi han 11m|5—1|.
z x=3 )X —
nghia va quy tac gidi han mdt bén. .
Huong din giai

Do x >3 = x <3, nhu vay |x—3|=—x+3.
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2 lim f(x)=L & lim f(x) = lim f (x) = L. Taco tim 22 i 243 g =L 2L
-3 5x—=1 »=35x—-15 -3 5§ 5

Vi du: Cho ham s

Sx*—6x’—xkhix>1 _
f (x) = . Tinh gidi han
—x’+3x  khix<l1

K =lim f(x).

x—1
Huwéng din gidi

Tac6 lim £ (x) = lim (—x +3x) =-1+3=2;

x—1 x—-1
3. Cic dinh 1i v giéi han ciia ham sb vin dang khi  1m / (x)=lim (Sx* = 62% —x) =2,
thay x — x, béi x — x, hodc x — x;. Do lim f(x)# lim £ (x) nén khong ton tai
x—1" x—-1*
4. Quy tac si dung cac gioi han vé cung dang lim f (x)
thuong !
Néu limf(x)=L#0, limg(x)=0 va g(x)>0
x—a x—a . . . ‘xz _3x+ 2‘
f( x) Vi du: Tinh gidi han lim .
hoic g(x)<0 véi moi xeD\{a}, thi lim=——= =2 x=2
g(x) Huéng din giii
duoc cho bdi bang sau
C “N(x-1 _ _
g Toes gD (=2
L DAu cla g(x) li_I)n— =2 x-2 2 x-2
g(v) = lim (x-1)=1.
x—2*
+00 + +00
+00 — —© lim |(x_2)(x_1)| = lim —(x—2)(x—1)
x—2 X — x—2" x—2
—00 + —00
- - o = lim (1-x)=-1
-2)(x-1 -2)(x-1
, . i DG (=2 (1)
5. Quy tac sir dung cac gidi han vo cung dang tich a2 x=2 a2 x—=2
Néu lim f (x)=L#0, limg(x)=o thi [ =3x+2|

Vay khong ton tai lin} 5
xX—> X —
lim f'(x).g(x) duoc cho boi bang sau

X—>a

£i_r)13g(x) DAu cua L £i_r)ralf(x).g(x)
o + +00
+00 _ -
—% n "
—®© - +00
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6. BAm mady tinh gi¢i han lim £ (x)

- Nhép ham s f(x).
x — 40 = CALC x=10"
x = —o= CALC x=-10"

x—>x,= CALC x=x,*

_1011
N 1
x—>xy = CALC x=x,+—
10
x—>x, = CALC x=x,——.
0
CACH CHON KET QUA:

4+ Vidu miu

Vidu 1: Tim giéi han lim 25+

x—0" x_\/; )

Huéng dén gidi

2x+x ‘/;(2\/;“) C2Jx#l 1

Ta cod lim =—1.

= lim =lim="2 -
x—0" x_\/; x—0" \/;(\/;_1) x—0" \/;_1 -1

2
Vi du 2: Tim gi¢i han lim %3

o)
Huéng dén gidi

X +4x+3 ’ (x+1)(x+3)= i Vx+1(x+3) 0

Tacdo lim = 0.

—= lim ————=+= lm ————* =
D) Y I B N (x + 1) xo(-1)" \/)72 1

Mot bai toén vé dinh 1i ton tai giéi han lim f(x)=L < lim f(x)=lim f(x)=L.

x>y x—>x; x—>x;

Vi du 3: Tim lim £/(x) v6i £(x) x-3 khix <1
1duJo: 11m lim X ) vO1 X)= .
) ol 1-7x* +2 khix>1
Huéng dén gidi
Ta co lg?f(ﬂz}glﬂx_ﬂ:_z
lim £ (x) = lim (1-7x" +2) =2
x>t x—1"
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Do lim f(x)=1lim f(x)=-2 nén lim /' (x)=-2.

x>l x—-1" x>l

Sau day ta s& xét mot s6 bai tap vé két qua gidi han mot phia bang vo cung.

Vl'dl.14:Timgi('rihe_mL:1im[ L _ 21 j
-2\ x—-2 x" -4

Huwong din gidi

L—lim( P 1 j—lim L _ !
o2 (x-2 x-4) o2 x-2 (x—2)(x+2)

Taco lim(x—2)=0va x >2 = x<2=>x-2<0.

x—27

. :§>0.
4

Mit khac lim =
=2 x+2

Két luan L =—o0.
Vidu 5: Tim lim w
X3 (x+3)
Huwong din gidi
Lo fim XPVAFI2 o xmxml2 (x-4)
X3 (x+3)2 x>=3 (x+3)2 (x—\/x+12) x—>-3 (x+3)(x—\/x+12) '

Taco lim &:Z

o3 (X—M) 6

Mit khac lim (x+3)=0va x >-3"=x>-3=x+3>0.

x—>-3"

Két luan L = +o.

Vidu 6: Tim lim (\/2x2 +1 +x).

Huéng dén gidgi
Taco lim (v2x +1+x)= lim ( % (2+i2j +xJ = lim x(— L+l +1J -~
X—>—00 X—>—00 X X—>—00 X
lim x =—o0

X—>—0

Vi :
lim (— /2+%+1J=1—\/§<0
X—>—00 X

Vidu 7: Tim lim (\3/x2 —4x —x).

X—>+0

Huwong din gidi
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Taco lim (i/x2 —4x —x) = lim x(#l—iz —1] =—0,
X—>+0 X—>+00 X x

Sau day chiing ta xét cac bai tap vé tim diéu kién dé ton tai gidi han.
x+m khix<0

co gidi
x*+1 khix>0 g

Vi du 8: Tim céc gia trj thuc cia tham s6 m dé ham sé 1 (x) = {

hantai x=0.
Huwong din gidi

Taco lim f(x)=lim (x+m)=m; lim f(x)=lim (x* +1)=1.

x—0" x—0" x—0" x—0"
Ham s c6 gi¢i han tai x=0 khi lim £(x)=lim f(x) & m=1.
x>0~ x—>0"
3x+b, khix>-1

Vidy 9: Biét ham s6 y = f(x)= co gidi han tai x =—1. Tinh gia tri
x+a, khix>-1

cua a—-b?
Huéng dén gidi
Tai diém x=-1tacé lim f(x)= lim (3x+b)=-3+b=f(-1)

x—(-1) x—(-1)

va lim f(x)= lim (x+a)=-1+a.

x—(-1)" x—(-1)"

Ham s6 ¢6 gi6i han tai x =—1 khivachikhi lim f(x)= lim f(x).

x—>(-1) x—(-1)

Diéu nay twong duong voi -3+b=-1+a=a-b=-2.

+ Bai tap tu luyén dang 5

Cau 1: Két qua lim (L—ij la

x—0" x2 _x3
A, —o0 B.0 C. 40 D. khong ton tai.
3 2
. VX' —x
Cau 2: Kétqua im— 1a
= x=1+1-x
A. -1 B.0 C.1 D. +oo
" Ao e L X —x+l
Cau 3: K&t qua ding cta lim —; bang
x>t xt —
A. —© B. -1 C.1 D. 4o
" e e, A |x_3| N
Cau 4: Gia tri ding cua lm; 3 bang
X253 X —
A. khong ton tai. B.0 C.1 D. +x

Ciu 5: Gi6i han 4= lim (\/x2 x4l 2x) két qua bing

X—>+0
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A. +0 B. —© C. — D.0

Cau 6: Gidi han B = lim (2x+\/4x4 —x+l) c6 két qua 1a

X—>—00

A. 400 B. —© C. % D.0
A N 1 1 N
Cau 7: Cho hamso f(x)=———-——"Tim lim f(x).
x -1 x-1 ol
A, —0 B. 22 C. 2 D. +o
3 3
Cau 8: Gidi han B = lim x(\/4x2 +1 —x) bing
1
A. 400 B. —© C. 7 D.0
2x* =3, khi |x| <2
Céu 9: Tim li(m)i f(x) véi f(x)=15, khi |x|=2 .
x—>(-2
3x—1, khi|x|>2
A. Khong ton tai. B. —© C.5 D. -7
2
) o X hix <t o .
Cau 10: Cho ham s0 f(x)=1 1-x .Khi d6 lim f(x) bang
x—-1
N2x=2, khix>1
A.0 B.2 C. —© D. +o
NA—x?, khi —2<x<2
Cau 11: Cho f(x)=1 2 _4 .Gid trj cia lim f(x) la
, khix>2 ¥=2
x_
A.0 B. 4 C. +o D. khong ton tai.

Nx=2+3, khix>2

tdn tai lim 7 (x) 1a
ax—1, khix<2 Hzf( )

Céu 12: Gi trj thuc cua tham s a dé ham s6 £ () ={

A.2 B.3 C.4 D. 1
m—3 khix <1
Céu 13: Gi4 tri thuc cua tham sé m dé ham s6 f(x)=12m—13 khi x =1 ton tai lim £ (x) 1a
1-7x" +2 khix>1
A. khong ton tai. B. m=1 C.m=5 D. m:l—l

2

x*+1
. . . 1/— khix >3
Cau 14: Tim cac gia tri thuc cia tham s6 b d€ ham so f(x) NP _xr6 ix ¢6 givi han tai
b+3, khi x <3

x=3.

TOANMATH.com Trang 28



A3 B. —\3 C. 23 D. 23

3 3

3

x +l ki x < -1
Cau 15: Céc gié tri thyc cia tham s m dé ham s h(x)=4 x+1’ c6 gi6i han tai

mx* —x+m?, khix>-1

x=-11a
A.-m=-1m=2 B.m=-1m=-2 C.m=lm=-2 D.m=1m=2
L o 2 khix>3
Cau 16: Gia tri thyc cua tham s6 m dé ham s6 f(x) =4 /x+1-2 c6 gidi han 11n31f(x) 1a bao
m khix<3 '
nhiéu?
A.m=-1 B. m=4 C.m=-4 D. m=1
3 —
o , VX222 s
Cau 17: Céc gia trj thyc cia tham s6 a dé ham s6 f(x)= r= 6 gidi han ljrrzlf(x)
ax+l khix<2
4
12 bao nhiéu?
A.a=0 B.a=3 C.a=2 D.a=1
. L . . . a’x’ Jhi x <2 o
Cau 18: Goi S 1a tap hop cac gid tri ciia tham s6 a d€ ham s6 f'(x)= c6 gidi han
(2—a)x2 khi x >2
tai x=42. Tong cac gia tri cua S 1a
A.3 B.0 C.1 D. -1
x—=2 khix<2
Céu 19: Cho ham s6 f(x)={ax+b khi2<x<6. Biét ham sé f(x) c6 gi¢i han tai x=2 va x=6.
x+4 khix>6
H¢ thirc nao sau day dung?
A.2a-b=0 B. 2a+b=0 C.a-2b=0 D.a+2b=0
_3 J—
20x+1-1/8—x khix>0
X
Céu 20: Cho ham s§ f(x)=<ax+b-1 khi =2 <x<0. Tim a, b & ham s6 cing c6 gi6i han tai
2_
i Jhi x <=2
x+2
x=-2vax=0.
A.azﬂ, _B B.a=3—7,b=i C.azﬂ,b:L D.a:8—5, B
24 12 24 12 24 12 24 12
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Dang 6: Tim gi¢i han ham lwgng giac
4

-

Phwong phap giai

, L , .. sinx
1. Str dung céac gidi han co ban lim =

x—0

I;

X

. tanx
=1; lim =1.
x—0

lim —
=0 S1n X

=1; lim
*=0 tan x

X
2. Mé& rong ta c6 thé sir dung cac két qua sau véi

moi s thuc a#0.

. sinax . sinax .
sin sin 1
+) lim =alim =a; lim— =—;
x—0 X x—0 ax x—0 Sin ax a
. tanax . 1
lim =a; lim =—.
=0 x 0tanax a
sin” x sinx )" &
+) lim =lim =1; lim— =1;
x>0 x" x—0 X x>0 gin” x
. tan" x ) "
lim =1, lim =1.
x—0 x" x—0 tann X

3. Str dung nguyén ly kep.
4. St dung MTCT nhu cac gidi han trén, nhung

chuyén qua ché d6 Radian.

4 Vidu miu

, g . 1l-cosax ,.
Vidu 1: Tim giéi han 4 =lim————,v6i a#0.
x—0 X
Huong din giai
. 5 ax . ax

2sin’ — sin—— 7

Taco 4A=1im —=—=—1Iim 2 | =L
=0 x 2 x>0| ax 2
2

Vidu 2: Tim giéi han B =1lim

2

x—0 X
Huong din giai
, 1—cosx.cos2x.cos3x
Ta co

2
X

3 1—cosx+cosxcos2x(l—cos3x)+cosx(l—cos2x)

1—cosx.cos2x.cos3x

- 2

Vidu: Tim giéi han 4 = limw.

x—0 X
Huéng dén gidi
Taco A :lim(tanzx _ Sm3xj —2-3=—1,
x—0 X X

1—cos2x

2
X

Vidu: Tim giéi han 4 =lim

x—0

Huéng dén gidi

sin x

Tacdo A=1lim?2.

x—0

] =2

X

X
1—cosx 1—cos3x 1—cos2x
=—2+cosx.cos2x > >
X X X
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B=1lim

x—0

>— +C0S X.COS 2x > +cosx >

X X X

1+sinx—cosx

Vidu 3: Tim giéi han 4 =1lim - .
x>01+4sin2x—cos2x

Huéng dén gidi

.2 X . X X
. 2sin” —+2sin—cos —
1+sinx—cosx 2 )

Ta cod - =— -
1+sin2x—cos2x  2sin” x+2sinxcosx
. X .X X
sin - sin_+cos
= A=lim-——2 % 2 2__,
=02 X sinx sinx+cosx 2
2

Mot cach tong qudt ta cé bai tdp sau:

1+ sin mx — cos mx

Vidu 4: Tim giéi han 4 =1lim ,vo1i mn#0.

x>0 ]+ sin nx — cos nx

Huwong din gidi

., mX . mx mx
1+ Sin 1 — COS M 2sin" —+2sin— cos——
Ta co Tos = 2 2 2
— ., NX . nx nx
FSIMAX=COSAX 9 gin? ™= 4 2sin " cos
2 2 2
. mx nx . mx mx
sin— — sin— +4cos—
_m 2 2 2 2
n. mx . nx . nx nx
—  sin— sin— +cos—
2 2 2 2
X nx . m
m sin—— — sin==+cos— =
Suyra 4="1lim—2 lim—2— lim =7
n x—0 mx x—0 nx x-—0 n
— — sin— +cos —
2
, \ ‘e . 1—cos2x
Vidu 5: Tim giéi han 4 =lim———
x—0 . 3x
2sin—
Huéng dén gidi
sin’ x sinx) 3 sin =~
Tacod A=lim =limx Zlim—2 =0,
x>0 . 3x x50 X 2 x50 3x
sin — =
2
, . . COoS2x—cos3x
Vidu 6: Tim giéi han B =lim— - .
x>0 (sin 3x —sin 4x)
Huéng dén gidi
. S5x . ox . S5x
2sin—sin— sin—
. . |5 ) 1 5
B =1lim = —. 1 =—
x—0 X x>0 2 Sx x—0 Tx 2

(1—cosx 1—cos3x l—cos2xj_7
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Bay gio ta xét mot s6 bai tap chira ddu can:

tan” 2x
Vidu 7: Tim giéi han C =lim——F————.
01 —3/cos 2x
Huéng dén gidi
tan® 2x tan’ 2x(1+\3/cos 2x +13/cos’ Zx)
C =lim =lim
=01-3[cos2x 0 1—-cos2x
tan® 2x (1 +3/cos2x +3/cos® 2x )
=lim —
x>0 2sin” x
2 2
- Zlim(tanzx] ( 'x j .(1+\3/cos 2x +1/cos’ 2x) )
x>0\ 2x sin x
=C=6.
x2

Vi du 8: Tim gid¢i han D =1lim - .
0 /1 + xsin 3x —cos 2x

Huéng dén gidgi
Taco D=lim - !
x>0 \/1+xs1n3x—cos2x
x2
.. Al+xsin3x—-cos2x .. ~1+xsin3x—-1 .. 1-cos2x
ma lim > =1lim > +lim >
x—0 X x—0 X x—0 X
:3lim[sm3x. ! ]+2=1.
=0\ 3x 1+ xsin3x +1 2

o _ sin (nx’” )
Vidu 9: Tim giéi han 4 =lim— :
¥l gin (Tr.x” )

Huwong din gidi

AZI}E} s1nn(1—x”) e n(l—x"’) x>l sinn(l—x”) R
liml_ n i (1—x)(x”’1+x”’2+...+1) n

Trong nhiéu trudng hop viée tim gidi han phai sir dung dén nguyén 1y kep.
Bai tap sau ddy 1a mot truong hop cu thé.
Vi du 10: Tim gi6i han F = lim SSX 2608

Jx+1+x

Huwong din gidi
\/E 3sinx+2cosx

_ i3

1
x+l+x

Tacod — <
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+
Laicd lim 13

H+°°\/x+1+\/;:

Vay F = lim 3sinx+2cos

o Jr+l+4/x -

0.

0.

+ Bai tip tw luyén dang 6

A L . tan(x—1) o
Cau 1: Tim gioi han B = hnll— duoc két qua la
X—> X —
5
A. +0 B.0 C. E

tan 2x.sin 5x

Céu 2: Tim gi¢i han C =lim : duoc két qua la

x—0 X
5
A. 10 B.7 C. -
2
Cau 3: Tim gidi han D = lirr(}m duogc két qua 1a
X—> x
A. 400 B. 1 C. >
2 2
" g . cos3x—cos4x £ y 1
Cau 4: Tim gioi han 4 =lim———————— dugc ket qua 1a
x>0 cos 5x —cos 6x
7
A. +o0 B. —© C. —
11
f— 43' 1 ’
Cau 5: Tim gioi han B = limwﬂ duoc két qua la
x>0 sin 3x
A. +© B. —© C. _4
9
Cau 6: Tim giéi han C =lim SIC2Y g ki qua la
’ ' =0 3/cosx —cosx
A. +oo0 B. —© C. -96
sin 2x :
Cau 7: Tim gi6i han D =lim——— duoc két qua chinh xéc la
x>0 sin” 3x
A. +o0 B. —© C. 16
81

(=
1—sin (2 cos x)
Cau 8: Tim gi6i han E =lim

dugc két qua 1a
=0 gin (tan x)

A. +o0 B. —© C. %

A L .o e 2 .
Cau 9: Két qua ding cta limx* cos— 1a
x—0 nx

TOANMATH.com

Trang 33



A. khong ton tai. B.0 C.1 D. +w

3x—5sin2x+cos’ x

Céu 10: Két qua dang cia lim > la
X—>+0 X +2
A. 1 B.0 C.3 D. -1
Cau 11: Tim giéi han L = lim COS; két qua la
ox——
A. L=1 B. L=-1 C.L=0 D.ng
Cau 12: Tim gidi han H = lim eos @ _ZJCOS]”‘ c6 két qua 1a
x>0 sin” x
A. 4+ B. —© C. i—i D.O
2n 2m
Céu 13: Tim gi6i han M = 1in011_— NEOS AT o két qua la
X—> x
a
A. +o0 B. —© C. — D.0
2n
\3[ —\[ r r 2
Cau 14: Két qua giéi han M =lim I+3x —V1+2x =4 trong do L phén s0 toi gian a;b > 0. Tong
X0 1—cos2x b b
a+b bing
A.3 B.2 C.6 D.5
[— 3 — I
Céu 15: Cho ham s y = f(x)= VIHX V87X &t qua gi6i han lim f'(x) =", trong d6 = 1a phan
sin3x x>0 b b
sO thi gian a;b>0. Tong a+b bing
A.49 B. 48 C.21 D. 35
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DAP AN

Dang 1. Tim gi6i han ciia ham s6 bang thay truec tiép

1-B 2-B 3-A 4-B

5-A 6-C

10-B

11-C 12-A

HUONG DAN GIAI CHI TIET
Cau l.

Taco lim (x+1)

H‘12(x2 —x+l) =0

Cau 2.
L . 1
Ta co hm—3=1.
7 (2x7 =3x+2)

Cau 3.

3 2
Ta co limwz—Z

x—-1 3/2x5 +1

Cau 4.

Ta co lim[xzx/cosx+3] =O.\/Z =0.

x—0

Cau 5.

3x+m _6+m

Néu lim f(x)=>5 thi lim[13-4/(x)]=13-4.1im f(x)=13-4.5=-7.

Tacd 5=A4=1lim = =>m=14.
=2 x+2 4
Cau 6.
A x*+1 \/g
Ta co lim — 5 =
—=>22x"+x" =3 33
Cau 7.
2
Taco lim sin3x+1 _ 2 :\/5—2'
x_>,§ cot2x—3 =3 6
Cau 8.
x = x? 0
Tacd Im————=—=0
ol 2x—1+1+x 3
Cau 9.
x—>=2
Cau 10.
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2 3 3
Tac()g:lim(\/x +x+2—24\/2x PSxrl) 242
b X -2 2-2
Cau 11.
Béttzzx_lzxz_zt_l.Khix—>+oothit—>2.
x+2 -2
c(2x-1) 3(x+2) 1 t+13
T = — =
a0 f(x+2j 2x—1 2x—1:f(t) 5t
= lim f(x)zllinzlf(t)zg.
Cau 12.
Tacc’)limw:—lzﬁz—ljf(l):—&
=l x 41 1+1
i (¥ +x)f(x)+2 (+1)f(D)+2 2.(-3)+2 4
=lim = = =——.
x>l x+4 1+4 5 5

; 0
Dang 2: Tim gi6i han ciia ham so dang vo dinh °

1-D 2-C 3-C 4-C 5-A 6-D 7-B 8-D 9-B

10-C

11-C 12-B 13-B 14-D 15-C 16-D 17-A 18- A

HUONG DAN GIAI CHI TIET
Cau l.

3 2 _ 2
Ta co lim X +4 2:lim x4

I Hz(3(x2+4)2+23x2+4+4)(x2—4)

~lim ! _1

Hz(3 (x2+4)2 +23 x2+4+4j 12

Cau 2.
Taco im M= _fim— =X iyt _~1
x—0 X xaox( '1—x+1) xﬁo( '1—x+1) 2
Cau 3.
4 _ -3 2 3 9 2 3 9
Ta c6 hmﬂ_hmx(x )(x ox+ ):hmx(x tox+ ):9

=32x7 =3x-9 =5 (2x+3)(x-3) =3 (2x+3)
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Lo 2x—~3x+1 . 4x* =3x—1 . 4x+1 5
Ta co lim =lim =lim =§.

Sl o e (x2 —1)(2x+M) =t (x+1)(2x+M)

Ux+1 ; (x+1)(ﬁ+2) ‘ (MJJ) 4

Cau 6.
33 3 2 2

Ta 6 lim ) =9 _jyp, X +3x7a+3xa =lim(x* +3xa +3a°) =3,

x—0 X x—0 X x—0
Cau 7.

4_ +4)(x=2)(x+2 4+ 4)(x-2

Ta co hm;c—m—lim(x )(x )(x )zlimM:—m.

22 x" +6x+8 2 (x+2)(x+4) X2 (x+4)
Cau 8.

+2)(x* —2x+4 P 2x+4) _

Ta co lim x' +8x —limx(x )(x T )thx(x T )= 24.

20 420 A x+2 o2 (x+2)(x2+l) x>-2 (x2+l) 5
Cau 9.

Vx*+8-3

im———=1lim m = — .
= 4322 H"(i/xiz—i/;+1)(x2—l) H*(%/?—%H)(x—n 6 3

Tacd im————==lim

=1 I-x =2 Hl(\/x2+8+3)(—x—l)_x+l —(\/x2+8+3) 3
Ciu 10.

L. X Hx+1-1 Xt +x . x+1
Ta co lim =lim =1lim =

1
x50 3x 'Ho3x(\/x2+x+l+l) H03(\/x2+x+1+1) 6

Cau 11.

» (4+\/x +16) (4+\/x2+16)
Tacod Ilm————— =lim =—4.

xa04 /x +16 x»O —x ( ,X2+1+1) x—0 _( ,X2+1+1)

Cau 12.

Ta co lim =1lim
-l oy —1 x—l X —

e ()

(x—l)( Tax" 4 +1) (x— 1)(x”"+x”’2+...+1)
1

x—l X —

= lim[(x’”'1 +x"? +...+1)—(x"'1 +x"? +...+1)] =m-n.

(F-)(ITx+42) (D=5 Z) 23

TOANMATH.com

Trang 37



V2x-1-1 . 2 L RBx-2-1

Ta co lim =lim =] va lim———=1lim =1.

-l x—1 =2y —1+1 -l x—1 )Hl( ,3)6 2) +\/3x—2+1)
N2x-1-33x-2 . V2x-1-1 .. A3x-2-1

Do d6 L =1lim =1lim —lim————=1-1=0.Vay L=0.
x—1 x_l x—l1 x_ x—1 x_
Cau 14.
Taco L= ax+l-1 =lim a4 :E:g:3:>a=12.
HO 2x =0 2(\/ax+l +1) 4
Cau 15.
_ 4_ _3 4
Dat\/xT—t: t 8=x — lim Vx+1 \/x+1 lim\/t 7 -t +11
x—o>8=t—2 % Yx+8-2 -2 -2
J £ +4)(t+2
Khi do lim ¥~/ =3 imwzﬁ
t—2 t—2 /t4_7+3 3
ST (£ +4)(r+2) 32
va lmg =111’1’21 - =—.
) =2 (3(z4+11) +33t4+11+9j 27
Taco——hm\/ —tt+11 t4—7—3_lim3t4+11—3_g_2
t—2 t—2 t—>2 t—2 x—2 t—2 3 27 '
2
Suyra —=—=a+b=139
Cau 16
4_ 4 X +a*)(x+a)(x—a
Ta ¢ lim*— :nm( J(x+a)l )zlim[(x2+a2)(x+a)]:4a3.
xX—a x—a xX—a x—a xX—a
Cau 17.
Y8x+11-3 . 8 8
Vi lim =1lim =—
o2t =32 (x—l)(,3/(8x+11)2 +3%/8x+11+9) 27
Nx+7-3 . 1

lim =lim =

1
DIt =3x+2 2 (x-1)(Vx+ T 4+3) 6
Pxrl1-3 . +7-3 8 1 7

Suyra——l —— —lim ———
b 2 X —3x+2 2x’-3x+2 27 6 54

Vay L= o 0a4b=14+54=68.
b 54

Cau 18.
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V6x—9—x . -1 -1

Vi lim =lim =—:
3 (x=3) (x46) 7 (x+6)(Vox—9+x) 54
lim 27x-54 —x lim -1 :—_1
2 (x=3) (x+6) (3/(27x—54)2 +x327x—54 +x2) 27
. N6x—9-327x-54  J6x-9-x P7x-54-x -1 1
Suy ra lim =lim —lim =4

1

= (x=3) (¥ +3x-18) 2 (x=3) (x+6) 7 (x-3) (x+6) 4 27 547

Vay a_ 1 3iip=57.
b 54

Dang 3: Tim giéi han cia ham s6 dang vé dinh i

o0
1-C 2-C 3-B 4-C 5-C 6-A 7-D 8-C 9-B 10-B
11-C 12-B 13-B 14-C 15-C 16-D 17-C 18- A 19-C 20-C
HUONG DAN GIAI CHI TIET
Caul.
Theo tinh chat thi C sai khi 5 =0 hay g(x)zO.
Cau 2.
1 1 1
2 6 6 _ _\/4+_664+5_6
Taco B = lim Vax ”Jﬁx ol lim X - XX _y4,
X—>—0 X +3 X—>—0
—41+F
Cau 3.
7
14 1+7
Tac lim o = lim —- =1
X
Cau 4
2 24+.194+—
, . 2x—=9x"+2 . x2 5
Taco C=lim ——— k= lim ———=— ==
X——00 5X+ Ix2+1 X——0 1 4
S—,1+—
X
Caus

Taco lim f(x)= lim

X—>+00 X—>+00
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x l+3 l+3

, 1+3x X . X 3

Ta co 11m€/ = =1 = lim :%
2x+3 x§/2+35 52+i5
X X

X
2x+3/1+x* +x°

Tacdé D= lim = lim

o= i axt 4x-1 == L [1 1 1 -
Xyttt ———
X x X x
Cau 8.
x*=2x-1 1
Taco lim f(x)= lim (2x+1 1’—: lim|2+= || - [—* X
xﬁfoof( ) x~>700( ) x4+3x2+1 X—>—00 X

Cau9
) 1 3
42 X 1—724‘74 1—724—74
Taco lim x\/x2+3:im Y X o lim X X :l
20| Vax*+5 2x2\/4+52 ” 2\/4+52
X X
Cau 10.
8 2 1 8 2 1
Xl —= 1+ 2 +— x| 1+ 1+=
L X +H8xx+2+1 x xooxt , xix x x'
Taco lim —; > = lim = lim =400
x0T +2x  +x+2 X—>+0 3 2 1 2 X—>+0 2 1 2
x| l+—+—+— I+—+—+—
X x x X x x
8 2 1
I+—F= 1+—+—
Vi lim x —1>0 va lim x = 4o0.
X—>+00 ( 2 1 2] X—>+0
I+—+—+—
x x x
Cau 11.
VXt —x+1-2x \/1_1+12_2
Taco E=lim = lim X lx =-1.
X—>+00 x+1 X—>+00 1+7
X

Cau 12.

xz(— /4+12+1j
X
Ta co leirp = lim ;
x(3/4+13+2j §/4+3+2
X X
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Vi lim b0 va limx=—o.
X—>—0 1 {/14_2 X—>—00
S4+—+2
X
Cau 13.
- , xz[ l—%+2 /l_iJrz
= x x 4
Ta ¢6 lim\/:c f*zf - ——— = lim x1 x1 —=2.
X—>+00 x _x +x _x X—>+00 2 X—>+00
x -t -+
\/ x x> xt \/ x x* X
Cau 14.
(—\/l+3+12+2\/1—1+12] _\/1+3+ 1 +2\/1_1 !
X X X X 2 2
Taco M = lim 1 :1im X X 1 X X 1.
’ x(l+j ! I+—
X X
Cau 15.
x2(2+32j 2+i2 1
Tacd N = lim - il = lim - X =5
X—>+00 X—>+00 2 2 2
xz[‘3/[8+22) +23 8+22+4+22J i/(8+2) +2‘3/8+—2+4+—2
X X X X X X
Cau 16.
X ‘{/16+33+14+\/4+22
, C H1ext +3x 414442 12 X x X
Tacd H=1lim = lim—
X—=>=0 3x+1 X—>—00 3x+1
d16+33+14+\/4+22
= lim - AR X _ 4
X—>—0 3+l 3
X
Cau 17.
X i/3+13+\/2+1+12
, B2l x X x
Tacd 4= lim 4/ - = lim —
4" +2 x</4+24
X
1 1 1
3 N [ T
- lim_\/SJrX3 +\/2+x+x2 :_{/§+\/§
X—>—00 \/ 2 \/5 ’
Ha4+—
X
Ciu 18.
TOANMATH.com Trang 41



x’ /1+L_2+l 1+ 12,1
NxP+1-2x+1 X x x . X x x _

Taco B=lim = lim

=1
X—>+00 3 3 X—>+00 xX—>—0 2 1
P2 —2 41 x(32_13+1} 2,1
X X X X

3 2020
x2°23(2+1j (1+2J
Tacdo A= lim X ad

Yoo 2019 T T 2009
e R G )
X x X X

/4—§+i2+2
Tacé B = lim =1 )16 xl =2.
—x( /1+1+12+1J 1/1+7+—2+1
X X X X

Dang 4: Tim giéi han ciia ham s6 v6 dinh o —c0 va 0.0

Cau 19.

Céau 20.

1-B 2-A 3-D 4-B 5-C 6-B 7-A 8-D 9-A 10- A

11-A 12-D 13-B 14-D 15-A 16-B

HUONG DAN GIAI CHI TIET
Caul.

Tacd A= lim (\/x2—3x+l—x)<:>A= fim =X+t 3

xX—>+00 xX—>+00 [x2_3x+1+x 2
Viy 4= lim (\/x2—3x+1—x)=_73.

X—>+00

Cau 2.

Ta ¢6 B=lim(2x+\/4x2—x+1)<:>B=1im gl
e o= J4x —x +1-2x 4

Vay B = lim (2x+\/4x2 —x+l)=

1

e

Cau 3.

Sir dung cong thirc a" —b" =(a—b)(a"" +a"b+..+ab"> +b"").

n

(x+a)(x+a,)..(x+a,)-x

n-1

Tacé C = lim ('(/(x+al)(x+a2)...(x+an)—x)<:>C= lim
Hm’\'/(x+al)(x+a2)...(x+an) +otx"!

X—>+00

o btatota,

n

Cau 4.
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Tacé D= lim x(\/9x2 +1 —3x)= fim——* 1
X—>+0 X—>+00 [9x2+1+3 6

Cau 5.

Taco E=lim x (\/x +2 = lim

o Hw.[ x +2 +x\/x +24x°
Cau 6.
Taco £ = lim (x=31-+") = lim {1—3/%—1}:—00.

X—>—0 xX—>—© X

Cau 7.

Ta o G:rli}}lw(%/x}—3x2 +\/x2—2x)@GZXILQ(M—JC)+}EEO()C+\/E)

& G=lim Flim— 2 e G=—141=0.
Hw1/x—3x +xm+x O x—xt - 2x

Cau 8.

Taco H = lim ((‘/16;&‘ F3xt1—Jar +2)

X—>+00

o H=lim (4 16x4+3x+1—2x)+ lim (Zx—\/4x2+2)

X—>+0 X—>+00

- lim 3x+1 + lim 2 oS H=0.

o ‘\‘/(16x4 +3x+1)3 +2x.‘\‘/(16x“ +3x+1)2 i iflor +3xale8e T 2x 4T 42

Cau 9.

§/1+ ! + ! 4\/1+ 2
3/_.6 _ 4 _ 5 76_ 73_
Tact I — lim Yx® +x+1-4x" +2x . 2 3 2 x 3

T 2x+3) e 3’
2+—

Suyraa+b=7.
Cau 10.

Tacd J=1lim (\/x2+x+1—2{/x3+x2—l+x): lim (\/x2+x+l—x)+ lim 2(x—\3/x3+x2—1)

X—>+00 X—>+00 X—>+0

x+1 —x* +1 1
= lim ————+1im 2 .
DN Al T 2 0y —1+./ x*+x —1 6
Suyraa+b=7.
Cau 11.

Taco K = lim x(\/x2+2x—{/x3+3x2)= lim x(\/x2+2x—x—l)+ lim x(x+1—3 x3+3x2)

X—>+0 X—>+00 X—>+00
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—X 3xt+x 1 1

= lim + lim :——+1:—_
e +2x+(x+1) Hm(x+1 +(x+1)/x° +3x+\/ x +3x 2 2
Suyra a+b=3.

Cau 12.

Tacé L= lim (\/4x2+ax+12+2x): lim ax+12 __a

o o J4x tax+12-2x 4

Suy ra —%=5<:>a:—20.

Cau 13.

Taco lim (\/4x2 —ax +§/8x3 +bx* +5) = lim (\/4x2 —ax+2x)+ lim (3 8x+bx* +5 —2x)

X—>—0 X—>—00 X—>—00

bx*+5 b
= lim ————+ lim = _-

a
,— —+—.
A —ax -2x 7 \/(8x3 +bx* +5)2 +2x38x* +bx* +5+4x? 4 12

Ta co £:£+£2
3 4

a b 16
——
12 4 12

ab<—.
3

Cau 14.

Ta c6 lim(mﬂcf)_hm ~3x+1 KN

S A \/2x 3x4l-x2 4

Suyraa+b=7.
Cau 15.

el ihe

x—0

{\/ax+l—1+1—\/1—bx}

«\*}0 X X

~ lim bx

ax
+
. x(,3/(ax+1)2+\3/ax+1+1) x(1+v1—bx)

. b a
=lim + 2.z

x_)o_.3/(ax+1)2+\3/ax+1+1 I+¥1-bx | 3 2

Theo bai ra ta co %+§:2<:>2a+3b:12.Tl‘rgiéthiét a+3b=9 suyra a=3;h=2,vay A sai.

Cau 16.

2 2
. . a—c) x° +bx
Taco lim (\/ ax* +bx —cx) = lim L
X—>+0 xX—>+00 'ax2+bx+cx
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2 _
. _ (a—cz)x2+bx a=c =0
bé gioi han lim ~——=———=-2 thi b

X—>+00 2 :_2 ’
Vax® +bx +cx \/E+c

a—-c*=0 a=9

Theo diubaitacohé {a+c’> =18 < {c=3 (néu c=-3 thi Ja+c=0).
b__, [b=-12
Ja+e

Suyra P=a+b+5¢=9-12+15=12.

Dang 5: Tim giéi han mgt bén va giéi han biang vo ciing

1-C 2-C 3-D 4-A 5-B 6-A 7-A 8-B 9-D 10-D

11-A 12-A 13-A 14-D 15-C 16-C 17-A 18-D 19-B 20-A

HUONG DAN GIAI CHI TIET
Cau 1.
Cach 1:
Ta co lim(%—%j = limiz— 1irn?£3 =40,
-0\ X7 X 00X a0 x
Cach 2:
(St dung MTCT)
Nhap ham s f(x) = (%—%j
X x
Vi x >0 nénnhdp CALC x= —10%.
Cau 2
Cach 1
Taco lim—YE = XL X
o fx—T4l-x = Jx—1+1-x =1 1-x-1
Cach 2:
(St dung MTCT)

Jxt = x?
Vx—l+1—x'

Vi x > 1" nén nhép CALCx:1+%.
10

Nhap ham s f(x)=

Cau 3.
Cach 1:

TOANMATH.com Trang 45




xP—x+1 _

Ta c6 lim —;
x> xT —
Cach 2:
(St dung MTCT)
Nhap ham s f(x)= x;—x+1
x -1
Vi x > 1" nén nhap CALC x:1+%.
10
Cau 4.
Cach 1:
3
Taco lim|x |—1 x=3 =1.
x=3" x—=3  xo3" x— 3
-3 _
Mt khie Tim =2 = jim 375y
x=3 x—=3 o3 x—3
-3 -3 5
Do lim | | # lim | | . Nén khong ton tai gioi han.
=3 x—=3 13 x—=3
Cach 2:
(St dung MTCT)
AT £ |x 3|
Nhép ham s0 f(x)
x-3

Vi x = 3" nén nhap CALCx=3+%.
10

Vi x = 3" nén nhép CALCx:3—%
10

Hai gia tri khong gan nhau nén khong ton tai gidi han.

Cau 5.
Cach 1:
1 1
Ta co xlirgo( X —x+1- 2x)—hlirg>\/_3 ; );+12 —}Lr& _3_; T 2:—00.
X" —x+1+2x \/_+x+x
Cach 2:
(Str dung MTCT)

Nhép ham s f(x) =(\/x2 —x+1 —2x) .

Vi x — +o0 nén nhap CALC x=10".
Cau 6.
Cach 1:
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_4+i+i_i

_A+v* 2 _ 2 3 4
Ta ¢6 B:Iim(2x+\/4x4—x+1):lim i it Sl SN X x X

3

4 778
X

x x' x
Cach 2:

(Str dung MTCT)
Nhgp ham 6 f (x) = (2v+V4x —x+1).
Vi x = —o0 nén nhap CALC x=-10".

Cau 7.
Cach 1:

Ta c6 lim( 31 —szth(%—q:hm 2 __ %
I x =1 x=1) = x-1\x"+x+1 1" 3(x=1)

Cich 2:

(Str dung MTCT)

1 1

Nhap ham sb f(x)=— 1 z
X — X—

Vi x > 1" nén nhép CALCx:1+Lm.
10

Cau 8.
Cach 1:
x(3x2 +1) 3+iz
Taco B= lim x(\/4x2+1—x)=lim—:lim X — .
e o JAx + 1+ x H““_\/4+1+1
xoxt X
Cach 2:
(St dung MTCT)

Nhap ham sé f(x)= x(\/4x2 +1 —x) .

Vi x — —o0 nén nhap CALC x=-10".

Cau 9.
2x* =3, khi x| <2

Véi f(x)=15, khi |x|=2. Ta co x_l)i(lﬁl})if(x):x_lj(l};)i(3x—l):—7.
3x-1, khil|x|>2

Cau 10.

xr+1

Véihamso f(x)=1 1-x

N2x=2, khix>1

, khix<l1 2
0 Khido tim £ (x) = lim = = oo

x>~ -~ 1—x

= x—Vaxt x4l o2 _\/4 11

TOANMATH.com

Trang 47



Cau 11.

NA—x*, khi —2<x<2

Véihamso f(x)=1 2 _4 .Khidé lim f(x)= lim v4-x* =0.
, khlx >2 x—>-2" x—>-2"
x=2
Cau 12.
lim £ (x) = lim (Vx—2+3) =3
Ta co x—2" x.»fr
)}1_)1121 f(x)= }Lr? (ax—1)=2a-1

Vay de ton tai lim £ (x) thi lim f (x) = lim f (x)

x—2"
< 3=2a-1
Sa=2.
Cau 13.

lim f'(x )—hm(l NTx +2)

x—1*

Taco 1lim f(x)=lim(m-3)=m-3

x> x—1"

f(1)=2m-13
Dé ton tai lxlirllf( x) thi ll—gﬂf( )—}i_rj}f(x)=f(l)<:>—2=m—3=2m—13.
Vay khong ton tai m.
Cau 14.

1
lim / (x) = lim ‘/ X
Ta cd {3 x—3" x — +6

hmf x —hm =

x—3" x—3"

k‘

Vay dé tdn tai lim / (x) thi lim /(x) = lim f (x) & |z =b+3 = b= 2\/_

x—3" x—3"

Cau 15.

lim f(x)= lim (mxz—x+m2)=m2+m+1

x—>-1" x—>-1"

Ta co 3
lim f(x)= lim [" ”J: lim (¥ —x+1)=3
x—>-1"

x—>-1" X+ 1 x—>-1"

Vay dé ton tai }Lnlf(x) thi Xlir}}f(x) = lim f(x)

x—>=1"
em+m+l=3om=m=-2.

Cau 16.
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(3-x)(Vx+1+2)

Fas L1 /()= lim 2= = lim
lim f(x)=limm=m
x—3" x—3"

Vay dé ton tai lxi_r)rslf( x) thi hmf( )=1lim f(x) & m=-4.

Cau 17.

o NBr+2-2 3(x-2)

hmf( ) = lim

7 T xm2 e (x- 2)( (3x+2)° +2\3/3x+2+4)

|
A=

Ta co

x—2" x—2"

lim f(x) = lim (ax+%j =2a +%

Vay dé ton tai lglgf( x) thi lim f(x)= lim f (x)

x—2* x—27

<:>2a+l=l<:>a=0.
4 4

Cau 18.
li =1 2- =4-2
] Jim. /()= lim (2-a)x" =4-2a
faco lim f(x)= lim a’x* =24’
im f(x)= =
x2" x\2"
Dé ton tai | thi 1 =1
Ston tai lim, /(x) th lim, f(x) = lim ()
& 4-2a=2a’
[azl
= .
a=-2
Viy téng cac gia tri cua S1a —1.

Cau 19.

lim £ (x) = lim f(x)  (244p=0
1mf(x):1imf(x)<:>{6a+b:10'

x—6" x—>6"

Viham s0 c6 gidi hantai x =2 va x=6 nén ta cod {

Cau 20.

bé ham so6 ¢6 gidi han tai x=-2 va x=0 thi

2_
lim (ax+b—1)= lim al 4<:>—2a+b—1=—4(1) —2a+b=-3 a:ﬂ
o X2 Tir (1) va (2) ta 6 3 el A
N \/ ' h—1=— 25°
lim 2L VY (b1 s p-1=12(2) 12 b=
x—0" x>0~ 12 12
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Dang 6: Tim gi¢i han ham lwgng giac

1-D 2-A 3-B 4-C 5-C 6-C 7-C 8-D 9-B 10-B

11-B 12-C 13-C 14-D 15-A

HUONG DAN GIAI CHI TIET
Cau l.

tan(x—1)

Tacéo B=I1lim =1.

x—1 x_l

Cau 2.

2tan2x 5sinSx

Taco C=lim . 10.
=0 2x 5x
Cau 3.
2
25sin x.sin’ X sin X
. sinx(cosx—1 . : 1.. si 1
Ta co D:hm¥:—hm3—:__hmﬂ 2| __1
x>0 X~ COSX x>0 X7 Ccosx 20 x X 2
2
Cau 4.
sin—.sin — sin——
Ta c6 A=1in3€053x °°S4x=nn3 1% 2 = lim— -
"0 cosSx—cosbxr > sin—x.sinE H sin—x 11
2
Cau 5.

1-3/1+2sin2x . —2sin2x 4

Taco B=I1lim 1

- 1m :
=0 sin3x 2 sin 3| 14+/1+ 2 5in 2x +§/(1+ 2sin 2x)’ ) ?

Cau 6.
sin’ 2x
.2
, . sin” 2x ) 2
Ta co C:hm3 ; :11m3 X 7 ;
=0 3fcosx —~/cosx 0 j/cosx —1 N 1-</cosx
x° x?
2sin? >
. 1-’/cosx . 1—cosx : 2 1

e lim > =lim =lim = g;

-0 x 0 2 (1 +3/cos2x +3/cos? Zx) 02 (1 +3/cos 2x +3/cos’ 2x)

. 1-%Ycosx . (1-cosx) 1
e lim > =lim =3’
x>0 X H0xz(1+{‘/cosx)(l+\/008x) 8
-2
. limsm 22x:4.
x—0 X
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Vay C=——=-96
_7+i
6 8
Cau 7.
sin’ 2x
. 4 74
Ta o D = lim 22 2leim x _16

—0gin*3x 0sin*3x 81
2

X
Cau 8.
(T
1—sin| —cosx
(2 j
. . .. sin(tanx
Taco E=lim - tan x ma hmM:I.
=0 sin(tanx) x>0 tanx
tan x
.2 X
nsin® =
. M 2sin?
1—sin| —cosx 1-cos —(l—cosx)
., 2 . 2 .
Laicéd lim =lim = =lim
x>0 tan x x>0 tan x x>0 tan x
. X
nsin® =
sin’ 2
. X
sin” = x
= Zlim —2 =
x—0 .
4 x> nsin? X X tan x
2
2
Do do E=0.
Cau 9.
, 2 2 2 2 \ . 2 A . 2 2
Taco 0<|cos—|<1<=0<|x"cos—|<x" ma limx” =0 nén limx“cos—=0.
nx nx x—0 x—0 nx
Cau 10.
. . 3x—5sin2x+cos’x .. 6x—10sin2x+cos2x+1
Taco lim > = lim >
X+ X _|_2 X—>+0 2)(7 +4
. bx+1 . —10sin2x+cos2x . —10sin2x+cos2x
= lim —; + lim > = lim >
xot0 Qx4 4 xoen 2x" +4 Tt 2x"+4

—10sin 2x +cos 2x| _ /101

Vi —10sin 2x +cos 2x < \/(102 +12)(sin2 2x+cos’ 2x) = J101 nén 0 s|

23 +4 | 250 +4°
Laico lim 101 =0 suyra lim —10s1n22x+cos2x:O.
x40 Qx4+ 4 x40 2x"+4
Cau 11.
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T T
X*)E X—* X*)E x_*
2 2
Cau 12.
. Zcosax —%cosbx .. %cosax —1+1—%/cosbx
H =lim — =lim —
x>0 sin” x x—0 sin” x
. cosax—1 ) cosbx—1
=1lim —lim

e [(\”’/ COS ax )mil + (\’"/cos ax )miz +..+ l} sinx 7' [(\m/cos bx )mil + (\’"/cos bx )miz +..+ 1} sin” x

. 2 bx . 5 ax
2sin” — 2sin” —

=1lim —lim

| (ot (ot et sin | (dosar) +(doosar) ot sin

., bx ., ax
5 Smg ‘LZ S1 EX
2 ’ b2x2 2 . a2x2
zllrrol S 4 > — —111’1’(} - 4 = —
[(\’”/cosbx) +(\’"/cosbx) +...+1J sm2x [(\’”/cosax) +(m) +...+1} sm2x
X X
b’ —a’
- 2m
Cau 13.

, . 1-Xcosax .. 1—cosax
Tacd M =lim > =1lim

x—0 x—0 n-1 n-2
X [(\”/cosax) +(\”/cosax) +...+1j|x2

a’ . ,ax
—Sm —
= lim 22 =2

o [(\”/cos ax )H + (\”/cos ax )H +..+ 1} a;xz 2n

Cau 14.
Px+1-2x+1 V3x+1—(x+1)+(x+1)-+2x+1
2 2
Taco M =lim X =lim X
x50 1—cos2x x>0 2sin’ x
x’ x’
Lx+1-x-1 x+1-+2x+1
2 2
= lim X +lim e
x—=0 2sin” x x>0 2sin” x
x’ x?
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3 2
—x’ —3x 2

X
2
xz((\3/3x+1) +(x+1)\3/3x+1+(x+1)2) xz(x+1+«/2x+l)
= lim — +lim —
x>0 2sin” x x>0 2sin” x
x2 x2
=_—1+l:—l:>a=l;b=4:>a+b=5.
2 4 4
Cau 15.
Lo 2 l+x—38—x . 214+ x-2+2-38—x .. 2J1+x-2 .. 2-38—x
Ta co lim - =lim - =lim—— +lim—
x>0 sin3x x>0 sin3x x>0 sin3x 0 sin3x
X 1
72)( 3 3 2 72 3 3 2
IR i 4+2x/8—x+(\/8—x) IR vl 4+2\/8—x+(\/8—x)
=1lim - +lim - =1lim > +lim -
x50 sin3x x>0 sin 3x x>0 _SIn3x x50 sin 3x
3x 3x 3 3
3x 3x 3x 3x
:l+i:£:£:>a+b:49.
3 36 36 b
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