BAI 2. PHUONG TRINH MAT PHANG
A.Li THUYET TRONG TAM
1. Phwong trinh mit phing
Vecto phap tuyén
Vecto n# 0 1a vecto phap tuyén ctia (o) néu gia cua n vudng goc véi (o).
Cip vecto chi phwong ciia mit phing
Hai vecto a,l; khong cung phuong la cdp vecto chi phuong cua (oc) néu cac gia cia ching song song
hodc nam trén (o).
Chui y:
e Néu n 1a mdt vecto phap tuyén cuia (o) thi kn (k#0) ciing la vecto phép tuyén ctia (o).
e Néu a,b la mdt cap vecto chi phuong cua (o) thi n= [5,13] 1a mot vecto phép tuyén cua (o).
Phwong trinh tong quat clia mit phing
Ax+By+Cz+D=0 v6i A +B*+C*>0.
e Néu (a) cb6 phuong trinh Ax+By+Cz+D =0 thi 7 =(4;B;C) 1a mot vecto phap tuyén ctia
(a).
e Phuong trinh mit phing di qua M, (x,;,;2,) va cé mdt vecto phép tuyén 7i = (4; B;C) la:
A(x—x0)+B(y—yo)+C(z—ZO)=O.

Cac trwong hop dic biét

Cic hé 50 Phuong trinh m3t phing (o) Tinh chét mit phing (o)

D=0. Ax+By+Cz=0 () di qua goc toa o O

A4=0 By+Cz+D=0 ()//0x hodc (o) > Ox

B=0 Ax+Cz+D=0 (a)/ /0y hodc (o) > Oy

C=0 Ax+By+D=0 (0t)//0z hodc (a) > Oz

A=B=0 | Cz+D=0 (a)//(Oxy) hodc
(a)=(0x)

A=C=0 | By+D=0 (ot)//(Oxz) hode
(a)=(0x)

B=C=0 Ax+D=0 (ct)//(Oyz) hodc




(a)=(0r2)

Néu («) cit cac tryc toa do tai cac diém (a;0;0),(0;5;0),(0;0;¢) v6i abe # 0 thi ta c6 phuong trinh mit

phang theo doan chin () : LR AL
a b ¢

Chii y: Néu trong phwong trinh () khong chira dn néo thi () song song hodc chira truc tirong iing.
2. Khoing cach tir mdt diém t6i mit phing

Trong khong gian Oxyz, cho diém A(x,;y,;z,) va mét phang

(@): Ax+By+Cz+ D =0.

Khi d6 khoang cach tir diém A dén mat phing (¢r) dugc tinh theo cong thuc:

|Ax,+ By, +Cz, +D|

NA* +B* +C?

d(4,(2)) =

3. Vi tri twong ddi
Vi tri twong ddi gitra hai mit phing

Trong khong gian Oxyz, cho hai mit phang

(a): Ax+By+Cz+D =0; (B):Ax+B,y+C,z+D,=0

4 _B _C _D

N @=(p ettt
) (a)//(ﬂ)c»%:%:%;t%

+) (05)(\(,3)<:>%7éﬁ hodc —l;ti.

2 2 B2 C2
+) (o) L(B) <= 44, +BB,+CC,=0. @
Vi tri twong doi gitra mit phiang va mit ciu v

Trong khong gian Oxyz, cho mit phing va mit cau /’rﬁ/ HH _.r-'/
(a): Ax+By+Cz+D=0;

(S):(x—a)’ +(y—b)Y +(z—c)’ =R’. A
Dé xét vi tri ctia (ar) va (S) ta lam nhu sau: a
+)Néu d (1,(a)) > R thi () khong cit (S). w

+) Néu d(7,(a))=R thi (o) tiép xtic () tai H. Khid6 H dugc goi la

tiép diém ddng thoi A 1a hinh chiéu vudng géc ciia 7 lén () va (o)

duoc goi la tiép dién.




+) Néu d (I,(a)) <R thi (a)cit (S) theo duong tron c6 phuong trinh

x—a) + —b2+z—czzR2
(©): | Gm D+ (=) vz =)
Ax+By+Cz+D=0.

Ban kinh cta (C) 1a r=+/R* —d’[1,(a)] .

Tam J ctia (C) 14 hinh chiéu vudng géc cia I trén (o).

4. Géc giira hai mit phang
Trong khong gian Oxyz, cho hai mit phang
(a): Ax+By+Cz+D =0 va (f): 4,x+B,y+C,z+D, =0.

Goc giita () va () bang hodc bu voi goc giira hai vecto phap tuyén n,,ng. Ticla

COSHa,Np

Ay |44,+BB,+CC)| |
fiﬁ| \/Af +Bl+C} \/Azz +B; +C;

cos((a),(ﬂ)) =

Chum mit phang

7|

e Tap hop tit ca cac mit phing qua giao tuyén cta hai mat phing (o)

va () duoc goi 1a mot chum mit phing. / \

e Goi (d) la giao tuyén cia hai mit phing d

():Ax+By+Cz+D =0

(B):Ax+B,y+C,z+D, =0 X~ ] B
Khi d6 néu (P) 1a mat phang chtra () thi mat phang (P) c6 dang

m-(Ax+By+Cz+D,)+n-(Ax+B,y+C,z+D,)=0 v6i m* +n’ 0
SO PO HE THONG HOA




n(a;b;c)la vecto phap tuyén:
Gia vudng géc véi mat phdng

l n
Phwong trinh ax+by+cz+d=0
1dng quat

veia®+b2+c? >0

|ax, + by, +cz, +d|

MAT
{L{LLL PH&NG >4

d(A,(P))=

va® + b* +¢?
¥

2223>>

Bi qua M, (X, ¥0:2,)
a(x—x,)+b(y-y,)+c(z-2)=0

‘ Khoang cach tur diém

Goc gilra hai mat Il
: i H P).(Q))=
A @én mat phang (P) ohéng (P) va (Q) [ ] 03((P)-(Q)) =[cos .7

v(— a b w. b6
/[a) khéng cét (S) =) (a)n(B) = 57 hode Fig\
df1, R Vi tri twong doi T

= é (a,))} giira méat phang V!gn t}_rUng (e }H(,{:’)Qil=£=£.¢i
(@) tiep xic (S) Bl d i gitra 2 a b ¢ d
<d(l(a))=R {S)témi,- mélﬂ‘héng (g);[ﬁ]@i=£=£=£ /
(@) cét (S) ban kinh R (@)va(F) a' b ¢ o
<d(l(a))<R ¥ (a)L(B)en, -n,=0

\_ < aa+bh'b+cc'=0

B. CAC DANG BAI TAP

Dang 1: Xac dinh vecto phap tuyén va viét phwong trinh mit phing

1. Phwong phap

1. Mit phang () di qua diém M (x,;y,;z,) c6 vecto phap tuyén ;z=(A;B;C) la
A(x—x,)+B(y—y,)+C(z—2z,)=0.

2. Mit phing (&) di qua diém M (xo; yO;ZO) cO cap vecto chi phuong 5,5. Khi

d6 mot vecto phap tuyén cia (o) 13 7 = [El,l;].

2. Bai tap
Bai tap 1: Cho mit phang (Q) :x—y+2z-2=0. Viét phuong trinh mat phang (P) song song v&i mat
phang (Q), dong thoi cit cac truc Ox, Oy lan luot tai cac diém M, N sao cho MN = 2.

A. (P):x—y+2z+2=0. B. (P):x—y+2z=0.

C.(P):ix—y+2z+2=0. D. (P):x—y+2z-2=0.
Huéng din gidi

Chon A.

(P)//(Q) nén phuong trinh mit phang (P) c6 dang x—y+2z+D =0 (D # -2).

Khi d6 mat phang (P) ct cac truc Ox,Oy lan luot tai cac diém M (-D;0;0), N(0;D;0).
Tur gia thiét: MN =2v2 < +2D> =242 < D=2 (do D #-2).

Vay phuong trinh mat phang (P):x—y+2z+2=0.




Chit y: Mdt phang (oc) di qua diem M (xo;yo;zo) va song song véi mdt phiang (f): Ax+By+Cz+D =0
thi (o) ¢6 phwong trinh la

A(x—xo)+B(y—yO)+C(z—zo)=O

Bai tap 2: Cho diém M (1;2;5). Mit phing (P) di qua diém M cit tryc toa dd Ox,0y,0z tai A,B,C
sao cho M 14 tryc tim tam gidc ABC. Phuong trinh mit phang (P) la

A x+y+z-8=0. B.x+2y+5z-30=0. C.>+24+Z=0. D. 2+ 24220,
5 201 5 21
Huwéng din gidi

Chon B.

04 1 BC

Tacod OA L (OBC)=
AM | BC

}: BC 1 (0OAM)= BC LOM (1)

Tuong ty AB L. OM (2).

Tu (1) va (2) suy ra OM L (ABC) hay OM L (P).

Suy ra OM = (1;2;5) 1a vecto phap tuyén cia (P).

Vay phuong trinh mit phing (P ) la

x—14+2(y-2)+5(z-5)=0< x+2y+5z-30=0.
Bai tip 3: Cho t dién ABCD c6 dinh A(8;—14;-10); AD, AB, AC lan lugt song song véi Ox,Oy,Oz.
Phuong trinh mgt phang (BCD) di qua H(7;-16;-15) la truc tim ABCD ¢6 phuong trinh la

A. x+2y+5z-100=0. B. x+2y+5z+100=0.
c. i+l v 2 o ) SR A S
7 -16 -15 7 -16 -15
Huéng dén gidi
Chon B.

Theo dé ra, ta c6 (BCD) di qua H(7;—16;—15), nhan HA= (1;2;5) 1a vecto phap tuyén. Phuong trinh
mit phang (BCD) la

(x=7)+2(y+16)+5(z+15)=0

& x+2y+5z+100=0.

Vay (BCD):x+2y+5z+100=0.
Bai tap 4: Trong khong gian vai hé toa do Oxyz, 1ap phuong trinh cia cac mit phang song song v&i mat
phiang (B):x+y—z+3=0 vacach (£) mot khoang bing V3.

A. x+y—Z+6=O;X+y_Z=O- B. x+y—Z+6=0.
C. x_y_z+6:();x—y—z=0_ D.x+y+z+6=0;x+y+z=0.




Huwong din gidi
Chon A.
Goi (&) 1a mit phing can tim. Ta c6 4(0;0;3) € (B).
Do (@)//(f) nén phuong trinh ciia mit phang (&) c6 dang:

x+y—z+m=0véi m#3.

Ta 6 d((@).(B) =3 < d(A.(@)) =3 < ’"f‘; _.

m=6
= m—3|=3©{ (thoa man).
m=0

Vay phuong trinh ciia cac mat phang can tim 1a
x+y—-z+6=0vax+y—z=0.
Bai tap 5: Trong khong gian Oxyz, cho hai mit phang
(P):x+3z+2=0,(Q):x+3z—-4=0.
Mit phang song song va cach déu (P) va (Q) c6 phuong trinh l:
A. x+3z-1=0. B. x+3z-2=0. C.x+3z-6=0. D. x+3z+6=0.
Huéng dén gidi
Chon A.
Diém M (x;y;z) batky cach déu (P) va (Q) < d(M;(P))=d(M:(Q))

|x+3z+2| |x+3z-4| [x+3z+2=x+3z—4

\N1+9 V149 X+3z4+2=—x-3z+4

2=—4
= < x+3z-1=0.
x+3z-1=0

Vay M thudc (a):x+3z—1=0. Nhan thiy («) song song véi (P) va (Q).
Bai tip 6: Trong khong gian voi hé toa d0 Oxyz, cho hai diém A(1;2;1), B(3;4;0) va mit phing
(P):ax+by+cz+46 =0. Biét rang khoang cach tir 4, B dén mit phang (P) lan lugt bang 6 va 3. Gia tri
ctia biéu thirc 7 = a+b+c bang

A. -3. B. —6. C.3. D. 6.

Huéng dén gidi

Goi H,K lan luot 1a hinh chiéu ciia 4, B trén mit phiang (P).

Theo gia thiét, ta c6: AB=3,AH =6,BK =3.

Do d6 4, B & cung phia véi mat phang (P).

Laico: AB+BK > AK > AH. Ma AB+BK = AH nén H=K .

Suy ra 4,B,H laba diém thing hang va B 1a trung diém ctia AH nén toa dd H(5;6;—1).

Vay mit phang (P) di qua H(5;6;—1) va nhan AB = (2;2;-1) 1a vecto phap tuyén nén c6 phuong
trinh 1a 2(x-5)+2(y-6)-1(z+1)=0<=2x+2y—-2z-23=0

Theo baira, tacod (P):—4x—4y+2z+46=0 nén a=—-4,b=-4,c=2.




Vay T=a+b+c=-6.

Dang 2. Viét phwong trinh mit phing lién quan dén mit ciu

1. Phwong phap
Viét phuong trinh mit phing (o) tiép xtic voi mit cau (S) tai diém H.
Gid st mit cau (S) c6 tam / va ban kinh R, khi d6 ta viét duoc phuong trinh mit phang () di qua H
va cd mot vecto phap tuyén 1a 7 = IH .
2. Bai tap
Bai tap 1: Trong khong gian véi hé toa dd Oxyz, cho mit cau (S) c6 phuong trinh
(x=1)?+(y+2)* +(z-3)* =12 va mit phang (P):2x+2y—z—3=0. Viét phuong trinh mit phang song
song v6i (P) va cat (S) theo thiét dién 1a duong tron (C) sao cho khdi nén co dinh 14 tAm mat cau va
day 1a hinh tron (C) c6 thé tich 16n nhat.

A. 2x+2y—-z+2=0 hodc 2x+2y—-z+8=0.

B. 2x+2y—z—-1=0 hodac 2x+2y—-z+11=0.

C.2x+2y—-z—-6=0 hodc 2x+2y—-z+3=0.

D. 2x+2y—-z+2=0 hodc 2x+2y—-z+2=0.

Huéng dén gidi
Chon B
Taco (@)//(P) nén (a):2x+2y—z+d =0 (d #-3).

Mat chu () ¢6 tam 1(1;-2;3), ban kinh R=2+/3 .

Goi (H) 1a khdi non thoa man dé bai véi dudng sinh IM = R = 24/3.

S
DPit x=h=d(I,(a)). Khi d6 ban kinh dudng tron day hinh nén 1a r =~/12—x> .
2 Lo o1 1 2 .
Thé tich khoinon la ¥V, =§7Z'(12—x )x V6 0<x<24/3.
Xét ham s6: f(x)z%ﬂ'(lZ—xz)x voi 0<x<24/3.

Khido f(x) dat gia tri 16n nhit tai x =2 hay d(1,(a))=2.




(=2)— d-5=6 [d=11
Taco d(I.(a)) =2« 21422 3*‘”:2@{ [ .

=
22 4+27 4+ (-1)° d=5=-6

Chii y: Cong thire tinh thé tich hinh non.:

V= th = l.27rR.h
3 3

Trong d6 R la ban kinh déy, h la chiéu cao.

Bai tip 2: Trong khong gian Oxyz, cho mit cau (S): x>+ v’ +(z—1)> =4 va diém A4(2;2;2). Tt 4 ké

ba tiép tuyén AB, AC,AD véimit cau (B,C, D 1a cée tiép diém). Phuong trinh mit phang (BCD) la

A. 2x+2y+z-1=0. B. 2x+2y+z-3=0.

C.2x+2y+z+1=0. D. 2x+2y+z-5=0.
Huwong din gidi

Chon D.

Ta c6 mit cau (S) c6 tam 7 (0;0;1) va bankinh R=2.
Do 4B, AC, AD 14 ba tiép tuyén ctia mit cau (S) v6i B,C,D la céc tiép diém nén

AB=AC=4D . . . Yy
= IA41a tryc cia duong tron ngoai tiép ABCD.
IB=IC=ID=R

=14 1 (BCD).

Khi d6 mat phang (BCD) c6 mdt vecto phap tuyén 7i = IA=(2;2;1).
Goi J 1a tim ctia dudng tron ngoai tiép ABCD = J € IA va IJ L BJ.
Ta c6 AIBA vuodng tai B va BJ L I4 nén

2
By -y=8_*_G-%0.
A 3 9

Dt J(x;y;2). Tacd IJ =(x;y;z—1); 14 = (2;2;1).

Tur ﬁ:iﬁ suy ra J(§,§,Ej
9 9°9° 9

Mit phang (BCD) di qua J (g,%,gj va nhan vecto phap tuyén 7 = (2;2;1) ¢6 phwong trinh:

2(x—§j+2[y—§j+[z—2j=0:>2x+2y+z—5=0.
9 9 9

Bai tdp 3: Trong khong gian Oxyz, cho mit ciu (S):(x—l)2 +(y—1)?+(z—1)> =12 va mat phing
(P):x—2y+2z+11=0. Xétdiém M di dong trén (P) va cac diém A4, B,C phan biét di dong trén (S)
sao cho AM,BM,CM la céc tiép tuyén ctia (S). Mat phang (4BC) ludn di qua diém c6 dinh ndo dudi
day?




A. (l;—l;—lj. B. (0;-1;3). C. (2;0;2}. D. (0;3;-1).
4 2 2 2

Huéng dén gidi
Chon D.
Mit cau (S) c6 tam 7 (1;1;1) va ban kinh R =2+/3.
Xét diém M (a;b;c) € (P); A(x; v;z) € (S) nén ta co hé diéu kién:
x=-1D)*+(-1)’+(z-1)*=12
Al* + AM? = IM”?
a-2b+2c+11=0
(x=1+(y-D>+(z=1)>=12 (1)
{12+ (x—a)’ +(y=b) +(z—c)* =(a=1) +(b-1)* +(c—1)* (2)
a-2b+2c+11=0 (3)

Lay (1) — (2) ta co:
(=D’ + (=1 +( -1 =[12+(x—a) +(y=b) +(z-¢)" ]
=12 (@=1) +(b=1)" +(c-1)’ ]
S@a@-Dx+b-DYy+(c—-Dz—a-b-c-9=0
Vay mit phing di qua ba tiép diém la:
O :(a-Dx+b-1)y+(c—-1)z—a—-b—c-9=0
Két hop voi (3) suy ra mit phang nay ludn di qua diém c6 dinh (0;3;-1).

Dang 3. Phwong trinh méit phing doan chin

1. Phwong phap
Phuong trinh mat phang () di qua ba diém A(a;0;0), B(0;5;0) va C(0;0;c¢) voi abe =0 la:

EIR AN

a b ¢
2. Bai tap
Bai tap 1: Trong khong gian v6i hé truc toa dd Oxyz, cho hai diém M (3;0;0), N(2;2;2). Mit phang (P)
thay d6i qua M, N cit cac truc Oy,Oz lan lugt tai B(0;b;0),C(0;0;¢) v6i b,c # 0. Hé thirc nao dudi day
la dung?

A.b+c=6. B. bce=3(b+c). C. bc=b+c. D.l+l=l.
b ¢ 6
Huéng dén gidi

Chon D.
Mit phiang (P) di qua M (3;0;0), B(0;b;0),C(0;0;c) véi b,c#0 nén phuong trinh mit phiang (P)

theo doan chén la: AL
c




2 1 1 1
—=le—t+—=—.
c b ¢

Mit phang (P) di qua N(2;2;2) suy ra §+%+

Bai tap 2: Trong khong gian Oxyz, cho diém G(l; 4;3). Phuong trinh mit phing cit cac truc toa do
Ox,0y,0z lan luot tai 4, B,C sao cho G 1a trong tam ti dién OABC la

I A B. X+ 22,
312 9 416 12
C.3x+12y+92-78=0. D. 4x+16y+122-104=0.

Huéng dén gidi
Chon B.
Gia st A(a,0,0);B8(0,b,0);C(0;0;c).

X, +xp+x+X,
X6 =
4
G(1;4;3) 13 trong tam t& dién OABC < yG:yAJ’yBZyC”D
XGZZA+ZB+ZC+ZD
4
0+a+0+0=4.1 a=4
&10+0+b+0=44<=1b=16.
0+0+0+c=43 c=12
. . < 2 X Yy z
Ta c6 phuong trinh mat phang (ABC) la: Z+E+E=l.

Bai tp 3: Trong khong gian véi hé toa do Oxyz. Viét phuong trinh mit phang (P) di qua diém
M (1;2;3) va cét cac truc Ox,Oy,Oz lan luot tai ba diém A4, B,C khac v6i gdc toa dd O sao cho biéu

thirc 12 + 12 +——— €0 gia tri nho nhat.
04~ OB OC
A. (P):x+2y+z-14=0. B. (P):x+2y+3z-14=0.
C.(P):x+2y+3z-11=0. D. (P):x+y+3z-14=0.
Huwong din gidi

Chon B.
Goi H latryc tam AABC.

. |BH L AC
Ta co = AC L(OBH)= AC L OH (1)

OB 1 AC

Chimg minh tuong tw, ta ¢6: BC L OH (2).
Tur (1), (2) ta c6 OH L (ABC).
1 1 1

Suy ra + + = )
Y oL o8 T oc T o




1
+ +
04> OB*> 0cC’
nén OH dat gia 16n nhat bang OM hay H = M.

Vay dé biéu thuc dat gia tri nho nhat thi OH dat gia tri 16n nhat. Ma OH < OM

Khi d6 OM L (ABC) nén (P) co6 mdt vecto phéap tuyén la OM = (1;2;3).
Phuong trinh mat phang (P) 1a
I(x-1D)+2(y-2)+3(z-3)=0<=x+2y+3z-14=0.

Bai tap 4: Trong khong gian Oxyz, c6 bao nhiéu mat phang qua diém M (4; —4;1) va chan trén ba truc
toa d0 Ox, 0y, Oz theo ba doan théng c6 d6 dai theo tha tu 1ap thanh cép s6 nhan co cong boi béng %‘?

A. 1. B. 2. C.3. D. 4.
Huéng dén gidi
Chon C.
Goi A(a;0;0), B(0;5;0),C(0;0;¢) voi abe # 0 1a giao diém ciia mit phang (P) va cac truc toa do. Khi

d6 (P) c6 phuong trinh 1a Z+2+Z=1.

a b ¢
Theo gia thiét ta co:
M e(P) i_iJrl:l a=-8b=—4,c=2
oc=Los=1o4®) b1 o e|a=db=—de=n2
T2 4 el lbi=lal [a=16b=-8,c=4

Viy c¢6 ba mit phang thoa man.
Bai tip 5: Trong khong gian v6i hé toa dd6 Oxyz, cho cac diém A(1;0,0),B(0;1;0). Mat phing
x+ay+bz+c=0 di qua cic diém A, B dong thoi cit tia Oz tai C sao cho tir dién OABC c6 thé tich
bang % Giatri cia a+3b—2c 1a

A. 16. B. 1. C. 10. D. 6.

Huéng dén gidi
Chon D.
Mat phéng di qua cac diém 4,B déng thoi cit tia Oz tai C(O; O;t) voi ¢t >0 c6 phuong trinh 1a

RRAREEY
1 1 ¢
< L1z 1 1 1
Mat khac: V5 =g<:>g OA.OB.OC =g<:>l=1.

Vay phuong trinh mit phang can tim c6 dang %+%+%=1©x+y+z—l=0.

Vay a=b=1c=-1.
Suyra a+3b—-2c=1+3.1+2=6.

Dang 4. Vi tri twong doi giira hai mit phing




1. Phwong phap
Cho hai mit phang:
(P):Ax+By+Cz+D=0;
(P'):Ax+B'y+Cz+D'=0.
Khi do:
e (P)cit(P)=A4:B:C#A":B:C.
e PPyt B_C D
A B C D
A B C D
[ ] P = P’ o—=—="—=—),
( ) ( ) AI BV CI DI
o (P)L(P') = dipy L i py < Tipyii ) = 0.
< AA'+BB'+CC'=0.
Chii y:
e Néu A=0 thitwong tng 4'=0.
e Néu B=0 thituong tmg B'=0.
e Néu C =0 thitrong img C'=0.
Vi du: Trong khong gian v6i hé truc toa d6 Oxyz, cho hai mit phiang (a):x+2y—z—1=0 va
(B):2x+4y—-mz—-2=0.

Tim m dé (a) va (B) song song véi nhau.

Huwong din gidi

1 2 -1 -1

Taco (@) () —=—=—#—

@B &5 =5=—2=
2 4 2
volyvi —=—=—).
(VolyviT=2=—)

Vay khong ton tai m d¢ hai mét phang (o), (B) song song v6i nhau.
2. Bai tap
Bai tap 1: Trong khong gian véi hé toa do Oxyz, cho mit phiang (P) c6 phuong trinh
mx+(m—1)y+z-10=0 va mit phing (Q):2x+y—2z+3=0.
Vi gia tri nao cua m thi (P) va (Q) vudng goc voi nhau?
A.m=-2. B.m=2. C. m=1. D. m=-1.
Huéng dén gidi
Chon C.
(P):mx+(m—1)y+z-10=0 co vecto phap tuyén n,=(mm-1L1).
(Q):2x+y—2z+3=0 c6 vecto phap tuyén nj =(2;1;,-2).
P)LO)en n=02m+m-1-2=0=m=1.




Dang 5. Vi tri twong doi giira mit cAu va mit phang

1. Phwong phap
Cho mit phang («): Ax+ By +Cz+D =0 va mit cau tim /; ban kinh R.
e () va (S) khong co diém chung < d(I,(a)) > R.
e (o) tiép xuc véi (S) = d(I,(a)) = R. Khi d6 (o) 1 tiép dién.
e () va (S) catnhau < d(I;(a))<R.
Khi d6 (0) c6 tam 1a hinh chiéu cta 7 trén (o) va ban kinh r=\[R* —d*(I;(a)) .
2. Baitap
Bai tap 1: Trong khong gian Oxyz, cho mit cau (S): x>+ y* +z> —6x+4y—12=0.

Mit phing nao cét (S ) theo mdt duong tron c6 ban kinh » =37

A. 4x=3y—z-426 =0. B. 2x+2y-z+12=0.

C.3x—4y+5z-17+2032 =0. D. x+y+z++3=0.
Huéng dén gidi

Chon C.

Phuong trinh mit cdu () 1a x*+y° +2° —6x+4y—-12=0.

Suy ra tam /(3;-2;0) va ban kinh R=5.

Ta goi khoang cach tir tim / ctia mit cau téi cac mit phang & cac dap an 1a 4, khi d6 ¢é mat phang cat
mit cau (S) theo mot dudng tron c6 ban kinh r =3 thi h= JR =7 =J25-9 =4,

|18—4\/%|¢4'

V26

bap an B loai vi h=%¢4.

Pap an A loai vi h =

Chondépan Cvi h=4.

1+\/§
NG}

Bai tap 2: Trong khong gian vé6i hé toa do Oxyz, cho diém 7(1;2;-2) va mit phing

Dap an D loai vi h = 4.

(P):2x+2y+z+5=0. Phuong trinh mat cau tim / cat mat phang (P) theo giao tuyén 1a mot dudng
tron ¢ dién tich bang 16w 1a

A (x=2) +(y—2)" +(z—1)> =36.

B. (x—1)+(y-2)"+(z+2)* =9.

C. x-1)’+(y—-2)" +(z+2)* =25.

D. (x—1)" +(y—2)" +(z+2)’ =16.

Huéng dén gidi




Chon C.

12.142.2-245]

Ta co a=d(I;(P)) = N
+27 4

3.

Bén kinh cta duong tron giao tuyén la: » = \/E =16 =4.
T

Mt cau tim / cédt mit phang (P) theo giao tuyén la mot dudng tron nén ta co
RP=a>+r'=9+16=25=R=5.
Vay phuong trinh mit ciu tim 7, ban kinh R =35 la:
(x=17+(y=2)* +(z+2)* = 25.
Bai tip 3: Trong khong gian Oxyz, cho mit cau (S) c6 phuong trinh x* +y* +2° —2x—4y—62z-2=0
va mit phing (a):4x+3y—12z+10=0. Tim phuong trinh mit phing (B) thoa min dong thoi cac diéu

kién: tiép xtic vdi (S ); song song voi (a) va cat truc Oz ¢ diém co6 cao do duong.

A. 4x+3y-12z-78=0. B. 4x+3y—122-26=0.

C. 4x+3y—12z+78=0. D. 4x+3y-12z+26=0.
Huéng dén gidi

Chon C.

Mit cau (S) co tam 7(1;2;3), ban kinh R =+/1* +2% +3*+2 =4,
Vi («)//(f) nén phuong trinh («) c¢6 dang: 4x+3y—12z+d =0,d #10.
Vi () tiép xtic mit cau (S) nén

d=-26
d=78 °

14.1432-123+d| _
42 +3° +(-12)

d R&

Ly = 4<:>|d—26|:52<:{

Do (B) cit truc Oz & diém c6 cao do duong nén chon d =78.

Vay phuong trinh mit phing (8):4x+3y—12z+78=0.

Dang 6. Khoéng cach tir mt diém dén mit phing

1. Phwong phap
Khoang céch tir di€m M, (x,;,;z,) dén mit phing (o): Ax+By+Cz+D=0 la

_|4x,+ By, +Cz,+D|
JA&+B+C*

d(M,.(a))
2. Baitap

Bai tip 1: Trong khong gian Oxyz, khodng cach giita hai mit phang (P):x+2y+2z-10=0 va

(Q):x+2y+2z-3=0 bing

A. i B. 3. C. § D.
3 3

Huwong din gidgi

w2




Chon D.

Vi (P)//(Q) nén d((P).(Q))=d(4,(Q)) véi A€(P).
_[0+2.0+25-3 7
N EETENP O

Chon A4(0;0;5) € (P) thi d(4(Q))

Chii y: Khodng cdch gitta hai mat phdng song song bang khoang cach tiv mot diém bat ki trén mdt phang
nay dén mdt phang kia.
Néu hai mdt phdng khéng song song thi khodng cdch giita chiing bang 0.

Bai tap 2: Trong khong gian v6i hé truc toa d6 Oxyz, cho A(1;2;3),B(3;4;4). Tim tat ca cac gia tri ciia

tham s6 m sao cho khoang céch tir diém A dén mit phing (P):2x+y+mz—1=0 bang d¢ dai doan

thang AB.
A.m=2. B. m=-2. C. m=-3. D. m=22.
Huéng dén gidi
Chon A.

Taco AB=(2;2;1)= AB=~2"+2"+1 =3 (1).
Khoang céch tir 4 dén mit phang (P) la

[2.1+2+m-3-1| |3m+3]
V22412 m? 5+ m?

d(4,(P))= 2).

_|3m+3|
N5+m?

Bai tap 3: Trong khong gian Oxyz, cho tir dién ABCD vé6i A=(1;2;1), B=(2;1;3),

Vi AB=d(4,(P)) <3

& 9(5+m*)=9m+1 o m=2.

C=(3;2;2),D =(1;1;1). Do dai chiéu cao DH cua tir dién bang

NEES B Y4 c. N4 p. W4,
14 14 7 7
Huwong din gidi
Chon A.

Ta c6 AB= (1;-1;2), AC = (2;0;1) > [E; R’] =(-1;3;2) 1a mdt vecto phap tuyén cua mit phing
(ABC).
Vay phuong trinh miat phang (4BC) 1a
“1(x-D+3(y-2)+2(z-1)=0<= —x+3y+2z-7=0.
Do dai chiéu cao DH cia tir dién ABCD 1a khoang cach tir D dén (ABC).
|-1.1+3.1+2.1-7| 314
Jer ezt 14

Suy ra DH =d(D,(ABC)) =




Bai tip 4: Trong khong gian toa d6 Oxyz, cho diém A(a;b;c) v6i a,b,c#0. Xét (P) 1a mat phing thay
d6i di qua diém A . Khoang cach 16n nhat tir diém O dén mit phiang (P) bang
A.Na*+b*+ct . B. 2\Va® +b* + ¢’ C.3Ja*+b* +c*. D. 4\Ja* +b* +c* .
Huwéng dén gidi

Chon A. o]

Goi H 1a hinh chiéu vudng géc cia O 1én mit phang (P).
d(0.(P)) = OH <OA =& +h +¢ |

Dang 7. Géc giira hai mit phing

1. Phwong phap
Cho hai mit phang (a),(B) c6 phuong trinh:
(a): Ax+By+Cz+D =0
(B): 4x+B,y+C,z+D, =0.

Goc gitra (a),(B) bang hodc bu vdi goc gitta hai vecto phap tuyén n,,n,.

ol )-

|4,4, + BB, +C,C,|
\/Af + B} +C} \/Aj +B;+C; '

2
|n,

Chit j: 0" < (o), (B) ) <90
2. Baitap

Bo0 sung sau

Dang 8. Mét s bai toan curec tri

Bai tap 1: Trong khong gian Oxyz, cho ba diém A(L1;1),B(-1;2;0),C(3;-1;2) va M la diém thuoc
mit phang (a):2x—y+2z+7=0.
Tinh gia tri nh6 nhét ctia P = 3MA+5MB - TMC ‘
A. P =20. B. P =5. C. P =25 D. P
Huwong din gidgi
Chon D.
Goi diém I(x;y;z) sao cho 3I4+5IB—-7IC =0.
3(1—x)+5(—1—x)—7(3—x)=0 x=-23
Khi dé {3(1-3)+5(2—3)=7(-1-y) =0 {y=20 = I(-23;20;-11).
3(1-2)+5(0-2)-7(2-2)=0 z=-11




Xét P:‘3W+5M§—7M—C‘=‘3(W+TA’)+5(}W+E)—7(W+E)‘.
:‘M+(3ﬂ+5ﬁ—7ﬁ)‘:‘ﬁ‘:m.

P

min

khi MI ngan nhat hay M la hinh chiéu vudng géc ciia / 1én mit phing (o).
2.(-23)-20+2.(-11)+7
-]

Khi do: P, =d(I,(a)
() 224 (1) 422

min

Bai tip 2: Trong khong gian voi hé truc toa dd Oxyz, cho hai diém A(-3;5;-5),B(5-3;7) va mat
phang (P):x+ y+z=0. Tim toa d6 diém M trén mit phang (P) sao cho MA* —2MB* 16n nhit.

A. M(=2;1:1). B. M(2;—1;1). C. M(6;-18;12). D. M(=6;18;12).

Huéng dén gidi

Chon C.

Goi I théa min 14 —21B =0.

Khi d6 10+04—-2(I0+0B) =0 <> OI =20B - 04 < 1(13;-11;19).

Ta c6 MA® —2MB* = (mf —2(%)2 = (M1 +f4)2 ~2(Mi +E)2 =-MI" + (14> - 21B*).

MA?> —2MB* 16n nhat khi MI nho nhat. Khi 6 7 14 hinh chiéu vudéng goc cia M 1én (P).

Ta tim dugc M (6;-18;12).
Bai tip 3: Trong khong gian Oxyz, cho cac diém M (m;0;0), N(0;n;0), P(0;0; p) khong tring véi gbc
toa do va théa man m” +n” + p* =3. Gia tri 16n nhat ctia khoang cach tir O dén mit phang (MNP) bing

1 1 1
A S B. 3. C.E. D. .
Huéng dén gidi
Chon C.
Do M, N, P khong trung voi géc topadonén m=0,n=0,p+#0.
Phuong trinh mat phang (MNP) la: i+l+£=1<:>ix+ly+lz—1=0.
n o p m n° p

Suy ra d(O,(MNP)) = ;

+
RN
+
=
3

2

|
N|
|

Ap dung bét dang thirc Co-si cho ba sé duong m?*,n*, p* va ba sé duong

1 1 1 1
m*+n’ + p*> 233m’n’p* va — t st 52335
m \}m n'p

np

2

3
S]
aS

1 1 1
Suyra (m*+n° + p*)| —+—+—[>9
y ( p )(mz n? pz]




1 1 1
&3 | —=+—=+— |29 (dom’ +n* +p* =3
(mz n? pz] ( p )
<:>L2+LZ+L223<:> LZ+L2+L2\/§<:> ! SL
m- n p m- n° p 1 \/g
ot ot s

Vay d(O,(MNP)) < L Dy xay ra khi va chi khi m* =n® = p* =1.

NG
Vay gié tri 16n nhat ciia khoang cach tir O dén mt phang (MNP) 1a % :

Bai tip 4: Trong khong gian v6i hé toa d0 Oxyz, cho mit phang (P):x—2y+2z—-3=0 va mit cau
(S): x>+ +22+2x—4y—-2z+5=0. Gia st M e(P) va N e(S) sao cho MN cung phuong véi vecto
i =(1;0;1) va khoang cach giira M va N 16n nhat. Tinh MN.

A. MN =3. B. MN =1+242. C. MN=32. D. MN =14.

Huéng dén gidi

Chon C.

(S) cotam I(-1;2;1) vabankinh R=1.
|-1-2.2+2.1-3]

Ny

Goi H 1a hinh chiéu vudng géc cia N trén mit phing (P) va « la géc gita MN va NH.

Taco: d(I,(P))= =2>R.

Vi MN cung phuong véi 4 nén goc a c6 s6 do khong doi.
1
cosa

HN

AMNH vuong tai H ¢6 oo = HNM nén HN = MN.cosa = MN =
Do d6 MN 16n nhit < HN 16n nhit < HN =d(I,(P))+R =3.

=L nén MN = !

2 cosa

Bai tap 5: Trong khong gian v6i hé toa d0 Oxyz, goi (P):ax+by+cz—3=0 (véi a,b,c 1a cic sb

HN =32

Co cosa = |cos(ﬁ,;z;)

nguyén khong dong thoi bang 0) la mét phang di qua hai diém M (0;-1;2),N(-11;3) va khong di qua
diém H(0;0;2). Biét rang khoang cach tir H dén mit phang (P) dat gia tri 16n nhét. Gia tri ciia tong
T=a-2b+3c+12 bing

A. -16. B. 8. C. 12. D. 16.

Huéng dén gidi

Chon D.

Goi K 1a hinh chiéu cia H 1én (P), E 1a hinh chiéu ciia H 1én MN.

Taco d(H;(P))=HK va d(H;MN)=HE, HK < HE (khong doi).

Vay d(H;(P)) 1énnhitkhi K = E, v6i E 13 hinh chiéu cia H 1én MN .




Suyra £ _—1;_—1;1 .
3 3°3

Vay mit phiang (P) can tim la mit phing nhén HE = {—%;—%;%) lam vecto phép tuyén va di qua M

c6 phuong trinh 1a —x—y+z—-3=0.

a=-1
Suyra<sb=-1.
c=1

Vay T =16.






