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civone 1 ynG DUNG PAO HAM DE
KHAO SAT VA VE DO THI
HAM SO

BAI1.  TiINH PON PIEU VA CUC TRI CUA HAM $O

A. LY THUYET

0.1 Tinh dong bién, nghich bién ctia ham sb

Pinh nghia 1. Ki hiéu K 1a khoang; doan; nita khoang. Gia sit ham s6 y = f(x) xac dinh
trén K.

Ham s6 y = f(x)

e Goi la dong bién tréen K néu Vry, 75 € K ma x1 < xo thi f (1) < f (x9).
e Goi la nghich bién trén K néu Vry, o € K ma z; < x5 thi f (z1) > f (z2).

/\ o Ham soy = f(x) dong bién tren K thy do thi di len tu trdi sang phdi (Hinh a).
o Ham s6 y = f(x) nghich bién trén K thi do thi di zuong tu trdi sang phdi (Hinh b).

Y Y

Hinh a) Hinh b)

0.2 Tinh don diéu ctia ham sé

Pinh li 1. Cho ham s6 y = f(z) ¢6 dao ham trén K.
e Néu f'(x) > 0 v6i moi z thuoc K thi ham s6 y = f(z) dong bién trén K.
e Néu f/'(x) > 0 v6i moi x thuoc K thi ham s6 y = f(z) nghich bién trén K.

/N

15
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e Dinh li van ding trong truong hop f'(x) = 0 tai mot so hitu han diém trong K.

e Néu f'(x) = 0 vdi moi x € K thy ham s6 f(x) khong doi tréen khodng K.

0.3 Khai niém cuc tri cia ham sb
Dinh nghia 2. Cho ham s6 y = f(x) xac dinh v& lién tuc trén khodng (a;b) (a c6 thé 1a
—00, b 6 thé 1a +oo) va diem xg € (a;b).

e Jh > 0 sao cho f(x) < f(xg) v6i moi x € (xg — h;xo + h) C (a;b) va x # x( thi ta

n6i ham s6 f(z) dat cuc dai tai .

e Jh > 0 sao cho f(z) > f(z9) v6i moi x € (zg — h;xo+ h) C (a;b) va x # x thi ta

néi ham s6 f(z) dat cuc tiéu tai .

/N\ e Ham sy = f(x) dat cuc dai tai xo thi vy dugc goi la dieém cyc dai ciia ham s6
f(x). Khi dé, f(xo) dugc goila gid tri cuc dai cia ham so f(x) va ki hiéu la fop
hay yop. Diem My (zo; f (z0)) dude goi la diém cuc dai ciia do thi ham so.

o Ham soy = f(z) dat cuc tiéu tai o thi xo duoe got la diém cuc tiéu cia ham sé
f(z). Khi do, f(xo) dugc goi la gid tri cuc tiéu cia ham sé f(x) va ki hiéu la for
hay yor. Diem My (zo; f (z0)) dude goi la diém cuc tiéu cia do thi ham so.

e Cdc diém cuc dai va diém cuc tiéu duge got chung la diém cuc tri.
Gia try cuc dat va gia tri cuc tiéu dugc goi chung la gid tri cuc tri (cuc tri) cia ham
s0.
0.4 Cach tim cuc tri ciia ham sb
Dinh Ii 2. Gi stt ham s6 y = f(x) lién tuc trén khoang (a;b) chita diém x va c6 dao ham
trén cac khoang (a;xg) va (z¢; ). Khi do:
e Néu f'(z) < 0 v6i moi z € (a;x) va f'(x) > 0 véi moi x € (x0;b) thi x¢ la mot

diém cyc tiéu ctia ham s6 f(x).

e Néu f'(z) > 0 v6i moi z € (a;x) va f'(x) < 0 véi moi x € (z9;b) thi x¢ 14 mot

diém cyc dai ctia ham s6 f(z).

e Dinh Ii trén dudgc viét gon lai trong hai bang bién thién sau:

x a Zo b T a o b
Yy’ + — Yy’ — +
Yyco
Yycr
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Ham s6 f dat cyc dai tai x = x. Ham s6 f dat cuc tiéu tai x = .

/\ o Tw dinh li trén ta cé cdc budc tim cuc tri cia ham s6 y = f(x) nhu sau:

— Bwée 1: Tim tdp zdc dinh 9 cia ham so.

— Buwdc 2: Tinh dao ham f'(z) ciia cic ham s6. Tim cdc diém {x1;x9;...;7,} €

9 ma tai dé dao ham f'(x) bang 0 hodc khong ton tai.

— Bude 3: Lap bang bién thién suy ra cdc cuc tri cia ham so.

o Néu f' (o) = 0 nhung f'(x) khong doi dau khi v qua xq thi zo khong phdi la diém

cue tri cia ham so.

, ) f'(x) = 32° . .
Chang han, ham s6 f(z) = 23 ¢6 , nhung x = 0 khong phdai la diéem
f(0)=0

cuc tri clia ham so.
Y
y =’
(0] T

B. CAC DANG BAI TAP

(3 Dang 1.1. Xét tinh don diéu cGa ham sé cho béi mét céng thirc

Phuong phap:
e Buéc 1: Tim tap xac dinh 2 clia ham sb.

e Budc 2: Tinh dao ham f’(z) ctia cadc ham s6. Tim cac diém {z1;29;...;2,} €

2 ma tai d6 dao ham f'(x) bang 0 hoac khong ton tai.

e Budc 3: Sip xép cac diem x1; x9;. .. ; x, theo thit ty ting dan. Xét dau f/(x)

va lap bang bién thién.

e Budc 4: Néu két luan vé cac khoang dong bién, nghich bién ctia ham s6.

Vi du 1. Xét tinh don diéu ctia ham s6 y = 423 + 32% — 362 + 6.
Loi giai
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Vi du 2. Xét tinh don diéu ctia ham s6 f(z) =

r+1
Loi giai

Vi du 3. Xét tinh don diéu ctia ham s6 y = v/ —22 + 4.
Loi giai

Vi du 4. Xét tinh don diéu ctia ham s6 y = logy (22 — 2x).
Loi giai
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(O Dang 1.2. Xét tinh don diéu clia haim sé cho bdi dé thi - bang bién thién

Phuong phap:

e V6i do thi ham s6, quan sat: huéng len-—xudng ciia dudng cong (chiéu tir trai

sang phai).

e VGi bang bién thién, quan sat: huéng len—xudng ctia mii tén (chiéu tir trai

sang phai).

e V6i bang xét dau, quan sat: dau am-duong cta f/(z).

Vi du 1. Cho ham s6 y = f(x) x4c dinh trén R va c6 bang bién thién nhu sau

T —00 0 1 +00
Y + 0 - 0 +
-1 +00
—00 -2

Xét tinh don dieu ctia ham s6 y = f(z).
Loi giai
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Vi du 2.
Cho ham s6 y = f(z) lien tuc trén doan [—3;3] va ¢6 do y
thi nhu hinh bén. Xét tinh don di¢u ctia ham s6 y = f(x).

Lai giai

(3 Dang 1.3. Xdc dinh cuc ti clia ham s cho bdi cong thirc

Phuong phap:
e Buéc 1: Tim tap xac dinh 2 clia ham sb.

e Budc 2: Tinh dao ham f/(z) clia cadc ham s6. Tim céc diém {z1;29;...;2,} €

% ma tai d6 dao ham f’(x) bang 0 hodc khong ton tai.

e Budc 3: Sip xép cac diem x; x9; . .. ; x, theo thit tu ting dan. Xét dau f/(x)

va lap bang bién thién.

e Budc 4: Két luan ham s6 dat cyc tri tai z =7, y =7 (néu co).

Vi du 1. Tim cyc tri ctia ham s6 y = 22% — 322 + 1.
Loi gidi

7= GV: PHAM LE DUY ® Trang 20/661



Bi Truong THPT Chu Vin An

0704.963.919

Vi du 2. Tim cyc tri ctia ham s6 y = —2* + 223 — 22 — 1.

Lai gidi

Vi du 3. Tim cyc tri clia ham s6 y = )
) 3r—1

Lai gidi

Vi du 4. Tim cyc tri clia ham s6 y =

Lai gidi
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Vi du 5. Tim cye tri clia ham 6 f(z) = 27° -5
Loi giai
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(D Dang 1.4. Xdc dinh cuc tri clia ham s cho bdi bang bién thién - dé thi

e Nhan xét: Ham s6 f(z) y
» Gia tri cuc dai
Diém cue dai (cuc dai)
. clia d6 thi ctia ham s6
¢ cuc tri y' doi dau

khong cuc tri | ¢’ khong doi dau  Diém cye dai

+Yob  Didm cuc tidu
ctia ham sb

clia ham sb

chi ¢6 1 cyc tri | v doi dau 1 lan

c6 2 cuc tri y' doi dau 2 lan
c6 3 cuc tri ' doi dau 3 lan
Z Z Z l‘
e D01 v6i mot ham so bat ki, ham
s6 chi c6 the dat cuc tri tai nhitng
diém z, ma tai d6 dao ham triet
tieu f'(zg) = 0 hodc dao ham ) . )
Gia tri cyce tieu Diem cuyc tieu
khong xac dinh tai do. (cuc tiéu) ctia do thi
clia ham s6
Vidu 1.
Cho ham s6 y = f(x) c6 dao ham trén R va do Y
thi ham s6 y = f/(x) nhu hinh ben. D6 thi ham
s6 y = f(x) bao nhiéu c6 diem cyc tiéu va diém
cuc dai?
O x

Lai giai
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T —00 -1 0 1 +00
! + 0 — — 0 +
2 +00 +00
—00 —00 4

Ham s6 y = f(x) bao nhiéu cé diém cue tiéu va diém cue dai?
Loi giai

x —00 0 3 400
f'(x) + 0 — 0 +
2 400
/(@) / \ /
—00 —4

Duya vao bang bién thién, hay thiét lap cong thiic ham s6 y = f(z) da cho?
Loi giai
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(D Dang 1.5. Todn thuc té ép dung tinh don diéu cla ham sé

e Néu ham s6 s = f(t) biéu thi quang duong di chuyén ctia vat theo thoi gian t
thi f’(ty) bicu thi tdc do titc thoi ciia chuyen dong tai .

e Dao ham cap hai f”(¢) la gia toc titc thoi tai thoi diém ¢ ctia vat chuyén dong
c6 phuong trinh s = f(¢).

Vidu 1.
Trong 8 phiit dau ké tit khi xuat phat, h (mét)
do cao h (tinh bang mét) ctia khinh
khi cau vao thoi diém ¢ phat duge
cho béi h(t) = 613 — 81t2 + 324t. Do 405 7 ----—>>
thi ctia ham s h(t) duge biéu dién 324 -/~
nhu hinh bén. Trong céc khoang thaoi

480 1--------mmmmmoo oo

gian nao khinh khi cau tang dan do

cao, giam dan do cao?

Lai giai

Vi du 2. Xét mot chat diém chuyén dong doc theo truc Ox. Toa do clia chat diém tai
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thoi diém t (giay) duge xdc dinh béi ham s6 x(t) = 3 — 6t2 + 9t v6i t > 0. Khi d6 2/(¢) 1a
van toc clia chat diém tai thai diém ¢, ki higu v(¢). Trong khoang thoi gian nao van toc
clia chat diem tang, trong khoang thoi gian nao van téc ciia chat diém giam?

Loi giai

Vi du 3.

Mot vat chuyén dong véi van tdc v (km/h) phu thuoc
vao thoi gian ¢ (h) ¢6 do thi clia ham s6 dang ham bac
ba nhu hinh bén. Biét ring tai thoi diém ¢; = 1 h vat
c6 van toc v; = 4 km/h va tai thoi diém ty = 2 h vat c6
van toc vy = 1 km/h. Tinh van toc ciia vat tai thoi diém
t=3h.

Lai gidi
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C. LUYEN TAP

PHAN 1. Cau tréc nghiém nhidu phuong én Iua chon

Cau 1. Cho ham s6 y = 2® — 22? + x + 1. Ménh dé nao dudi day ding?
. ) . . 1
A. Ham s6 nghich bién trén (1;400). B. Ham s6 nghich bién trén (g, 1).
. . 1 PN . 1
C. Ham so nghich bien trén (—oo; §> D. Ham so6 dong bién trén (5, 1).
Lo giai

Cau 2. Héi ham s6 y = 22 + 1 dong bién trén khoang nao?
1
A. (—o0;0). B. (—oo;——). C. (0;+00). D. (—§;+oo>.
Li giai

Cau 3. Ham s6 y = — v nghich bién trén
A. R\{-3}. B. R. C. (—o0; —3). D. (3;400).
Loi giai
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—00 -3 0 3 +o00

- 0 + 0 - 0 +

+oo\1/1\1/+oo

Ham s6 da cho dong bién trén khodng nao dudi day?
B. (-3;3). C. (0;3). D. (—o0; —3).

A. (-3;0).
Lai giai

Cau 5.
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Cho ham s6 y = f(z) c6 do thi nhu hinh vé bén. y
Ham s6 da cho dong bién trén khoang P I
A. (—4;0). B. (2;3). |
C. (—1;1). D. (1;3). i
-2 o] 1 l
| 23T
} -1
S ~+ —4
Loi giai
Cau 6. Cho ham sb f(z) ¢6 bang bién thien nhu sau:
T —00 —1 2 +00
f'(x) + 0 — 0 +
1 +00
—00 -2
Ham s6 da cho dat cuc dai tai
A.x=-2. B.z=2. C.rx=1. D.x=-1.

Lai giai
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Cau 7. Cho ham s6 y = f(x) ¢6 bang bién thien nhu hinh dué6i day. Ménh dé nao sau
day dang?

x — 1 3 +00
> 2
f(z) + + 0 —
400 4
1) / / \
—0 —0 —00

. N . 1
A. Ham s6 da cho dong bien trén khoang (—5; —i—oo).

B. Ham s6 da cho dong bién trén khoang (—oo; 3).
C. Ham s6 da cho nghich bién trén khoang (3; +00).

P ) 1
D. Ham s6 da cho nghich bién trén cac khoang <—oo; —§> va (3;+00).

Lai giai

2 2 N z 1
Cau 8. Tim diém cyc ticu ciia do thi ham s6 y = §x3 — 222 + 3z + 1.
7
A.zx=1. B. (3;1). C.z=3. D. (1;—).
Loi giai
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Cau 9. Ham s6 nao dudi day khéng co cuyc tri?

2?41 2r — 2
A y= . B. y= .
Y T Y r+1
C.y=a%—-2x+1. D.y=—a2%+2+1.
Loi giai
20+ 3

¢6 bao nhiéu diém cuc tri?

Cau 10. Ham s6 y =
x

AL B. 0. C. 2.
L&i giai
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Cau 11. Cho ham s6 y = f(z) c6 bang bién thién nhu sau:

x -0 0 3 +oo
f(z) + 0 - 0 +
2 +00
@) / \ /
e 4
Gia tri cyc tiéu ctia ham s6 da cho bang
A. 0. B. 2. C. —4. D. 3.
Loi giai
Cau 12. Cho ham s6 f(z) c6 bang bién thién nhu sau:
T —00 -1 2 +0o0
() + 0 — 0 +
1 +0o0
fa) / \ /
e )
Ham sb6 da cho dat cuc dai tai
A . x=-1. B.z=-2 C.z=2. D.x=1.

L&i giai
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Cau 13. Cho ham s6 y = az® + bz? + cx + d (a,b,c,d € R) ¢6 do thi nhu hinh vé sau.

S6 diem cyc tri clia ham s6 nay 1a

A. 0. B. 2. C. 1. D. 3.
Lai giai

Cau 14. Ham s6 ndo dudi day dong bién trén khoang (—oo; +00)?

—1 1
? 5 B. y=—23- 3z C.y=a2%+uz. D.y:x+ :
x —_

A.y=
Loi giai

7= GV: PHAM LE DUY ® Trang 33/661



Bi Trudng THPT Chu Vin An 0704.963.919

Cau 15. Cho ham s6 y = f(z) ¢6 do6 thi nhu hinh vé bén dudi.

Y

—2 0 x
i 4
G —4
Ham s6 da cho nghich bién trén khoang
1
A. (=2;1). B. (—-2;-1). C. <O;§>. D. (1;3).

Lai giai

Cau 16. Cho ham s6 y = f(z) lién tuc trén R\ {0} vA ¢6 bang xét dau dao ham nhu

sau:
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x ‘—oo -1 O 2 +oo
f@) | + 0 - H - 0 +

Ham s6 da cho nghich bién trén khoang nao duéi day?
A. (—o0;—1). B. (2;+00). C. (1;2). D. (—1;2).
Loi giai

Cau 17. Cho ham s6 y = f(z) ¢6 dao ham f'(x) = 2+ 1, Vo € R. Ham s6 da cho nghich
bién trén khodng nao duéi day?

A. (—1;+00). B. (1;+00). C. (—o0;—1). D. (—o0;1).
Loi giai

Cau 18. Cho ham s6 y = f(z) c6 dao ham f'(z) = (z — 2)?(1 — x), Vo € R. Ham s6 da
cho dong bién trén khodng nao dudi day?

A. (1;2). B. (1;+00). C. (2;+00). D. (—o0;1).
Loi giai
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Cau 19. Ham s6 y = 22* + 1 dong bién trén khodng nao?
1
A. (—o0;0). B. (—oo;——). C. (0;+00). D. (—§;+oo>.
Loi giai

nghich bién trén khoang nao dudi day?

Cau 20. Ham s6 y = —

x4+ 1
A. (—o0;400). B. (0;+00). C. (—o0;0). D. (—1;1).

Lo gidi

Cau 21. Cho ham s6 y = /222 + 1. Ménh dé nao dudi day ding?
A. Ham s dong bién tren khoang (0; 400).
B. Ham s6 dong bién trén khoang (—o0;0).
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C. Ham s6 nghich bién trén khoang (0; +00).
D. Ham s6 nghich bién trén khoang (—1;1).
Loi giai

Cau 22. Cho ham s6 y = f(z) lién tuc trén R va ¢6 dao ham f'(z) = (1—2)*(z+1)3(3—
r). Ham s6 y = f(z) dong bién trén khodng nao dudi day?

A. (—o0;1). B. (—o0;—1). C. (1;3). D. (3;+00).
Loi giai

Cau 23. Cho ham s6 y = 2* — 222. Ménh dé nao duéi day dang?
A. Ham s6 nghich bién trén khoang (—oo; —2).
B. Ham s6 dong bién tren khoang (—1;1).
C. Ham s6 nghich bién trén khodng (—1;1).
D. Ham s6 dong bién trén khodng (—oo; —2).
Loi giai
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Cau 24. Trong 8 phit dau ké tir khi xuat phat, do cao h (tinh biang mét) ctia khinh khi
cau vao thai diém ¢ phit duge cho bdi cong thiic h(t) = 6t2 — 81¢2 + 324t. Trong khoang

thoi gian nao khinh khi cau gidm dan do cao?

A. (1;;). B. (0;3). C. (3;6). D. (5;8).

Lai giai

Cau 25. Cho ham s6 f(z) = 22* — 922 — 242 + 1. C6 bao nhiéu khang dinh ding trong

cac khang dinh sau?

a) Diém cyc dai ctia ham s6 la z = —1.

b) Diém cuec tiéu ctia ham s6 1a z = 4.

c¢) Gia tri cyc dai cia ham s6 1a y = 14.

d) Gi4 tri cyec tiéu ctia ham s6 la y = —111.

A. 3. B. 1. C. 4. D. 2.
Loi giai
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2 2z 2 4
Cau 26. Tim cac diem cyc tri cia ham s6 y = %
Xz
A. Icp — —3, ToT = 1. B. ToTr = —3, Icp — 1.
C. rcp — —5, ToTr = 3. D. Tor = —5, Icp — 3.

Lai gidi

Cau 27. Cho ham s6 y = f(z) c6 do thi la dudng cong nhu trong hinh duéi day.

Y

Khang dinh nao sau day la ding?
A. Diém cuc dai ctia ham s6 14 z = —4. B. Diém cuc dai ctia ham s6 1a z = —2.
C. Diém cuc tiéu ctia ham s6 la £ = —2.  D. Diém cuc dai ctia ham s6 1a x = 3.
Loi giai
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Cau 28. Mot phan lat cit ctia day nti ¢6 do cao tinh bang mét duge mo ta bdi ham s6

1 9 81
y = h(m)/: —1320000x3 + 3520x2 — ﬂ$ + 840 v6i 0 < x < 2000. Tim toa do cac dinh
cia lat cdt day nai trén doan [0;2000].

y
20
1 4+ U:}Z(T>
5001
e 2,000 7
7365 15315 1515 7365
(15005 (105%) . (150,90 (10,7
800; - ) v (450; = 80; .~ ) v (450;
1515) ( 7561) ( 15315) < 7365)
. (480, == 1750; —— ). D. ( 1800; ——- 450; —2 ).
C (80, ) v (1750 800; = ) va (450; =

L&i giai

Cau 29. Tim cac khodng dong bién va nghich bién ctia ham s6 y = 2x+1—+/222 — 8.
A. Ham s6 dong bién trén R.
B. Ham s6 nghich bién trén cac khodng (—oo; —2) va (2; +00).
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C. Ham s6 dong bién tréen cac khodng (—oo; —2) va (2; +00).
D. Ham s6 nghich bién trén (—2;2).
Loi giai

Cau 30. Xét mot chat diém chuyén dong doc theo truc Oz. Toa do ctia chat diém tai
thoi diém ¢ duge xac dinh béi ham s6 z(t) = 3 — 6t +9¢ v6i t > 0. Khi d6 v(t) = 2/(t) 1a
van toc clia chat diém tai thoi diém ¢. Trong khoang thai gian nao van toc cia chat diém
giam?

A.te(0;2). B. t € (0;3). C.t=2. D. t € (2;400).
Loi giai

Cau 31. Cho ham s6 y = x — 2v/22 + 4. Ménh dé nao sau day dung?
A. Ham s6 c6 gia tri ciie dai bang —92v/3.

2V/3

B. Ham sb dat cuc dai tai x = ——5

2V/3

C. Ham sb dat cuc tiéu tai z = ——.

3
103

D. Ham s6 c6 gia tri cuc tiéu bing ————.

3
Lai giai
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Cau 32. Mot ho lam ngheé dét vai lua to tam sdn xuat moi ngay duge x mét vai lua
(1 < z < 18). Tong chi phi san xuat z mét vai lua, tinh bang nghin dong, cho bdi ham
chi phi C(z) = 2 — 322 — 202 + 500. Gia sit ho lam nghé dét nay ban hét san pham méi
ngay vdi gia 220 nghin dong/mét. Vay ho nay can san xuét va ban ra mdi ngay bao nhiéu
mét dé thu duge lgi nhuan t6i da?

A. 6 mét. B. 10 mét. C. 18 mét. D. 12 mét.
Loi giai

T —00 -3 —1 1 +o00

Y -0 + 0 - 0 -+

Ham s6 y = f(3 — 2x) dong bién trén khoang nao dudi day?
A. (0;2). B. (2;3). C. (—o0;—3). D. (3;4).
Loi giai
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Cau 34. Cho ham s6 y = f(z) c6 bang xét dau dao ham nhu sau:

x —00 -1 2 +00

Y -0 - 0 +

Ham s6 y = f(2? — 2) nghich bién trén khoang nao dudi day?
A. (=2;-1). B. (2;400). C. (0;2). D. (—1;0).
Li giai

Yy
2 £
1+ y= h(‘L)
5001
o0 2,000 z
7 1
Ham s6 y = f(2 — 3z) dong bién trén khodng nao sau day?
A. (2;3). B. (1;2). C. (0;1). D. (1;3).
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L&i giai
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PHAN 2. Cau tréc nghiém ding sai

Cau 1. Cho ham s6 y = f(z) lien tuc trén R va c6 bang bién thién nhu sau:

T —00 -3 2 +00
Y + 0 + 0 —
0 5
—00 —00

a) Ham s da cho dong bién trén cac khodng (—oo; —5) va (—3; —2).

b) Ham s6 da cho dong bién trén khoang (—oo; —5).

¢) Ham s6 da cho nghich bién trén khoang (—2; +00).

d) Ham s6 da cho dong bién trén khodng (—oo; —2).

L&i giai

“+00

a) Ham s6 dong bién trén khoang (—3;0).
b) Ham s6 nghich bién trén khoang (0; 3).

¢) Ham s6 dong bién trén khoang (—o0;0).

d) Ham s6 nghich bién trén khodng (—oo; —3).

Lai gidi
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Cau 3. Cho ham 86 y = f(x) c6 do thi nhu hinh vé bén dudi.

Y

f(x)

a) Do thi ham s6 cat truc tung tai diém c6 tung do bang 3.
b) Ham s6 nghich bién trén khoang (—3;0).
c) Dong bién trén khoang (—1;0).
d) Nghich bién trén khoéng (0; 3).
Loi giai
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Cau 4. Cho ham s6 f(z) = —a® + 322

a) Ham s6 nghich bién trén (—oo;0). b) Ham s6 nghich bién trén (2; +00).
¢) Ham s6 dong bién tren (0;2). d) Ham s6 dong bién trén R.

Lai gidi

Y
S €
/ ) o 1 =
a) Ham s6 dong bién trén (—oo; —2). b) Ham s6 dong bién trén (0;1).
¢) Ham s6 nghich bién trén (—2;1). d) Ham s6 nghich bién trén R.

Lai giai
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Cau 6. Cho ham s6 y = f(z) va y = g(x) ¢6 do thi la cdc dudng cong nhu trong hinh
dudi day.

a) Ham sb y = g(x) dat cuc ticu tai diem zo > 1.

b) Ham s6 y = g(x) c6 hai diém cyc tri.

c) Do thi ham s6 y = f(z) c6 diém cyc tiéu la z = 1.

d) Gia tri cuc dai clia ham 86 y = f(z) la yo = 1.
Loi giai

2 1
Cau 7. Cho ham s0 f(z) =2 + —.
T

a) Ham sb nghich bién trén (—1;1).

b) Ham s6 nghich bién trén (—1;0) va (0;1).

¢) Ham s6 dong bién trén ting khodng xac dinh.

d) Ham s6 dong bién trén (—oo; —1) U (1; +00).
Loi giai

7= GV: PHAM LE DUY ® Trang 48/661



Bi Trudng THPT Chu Vin An 0704.963.919

, 2
Cau 8. Cho ham s6 y = % ~ 2 4 3x + 5 ¢6 46 thi (C).

a) Ham sb da cho c6 hai diém cyc tri.
b) Gi4 tri cyc tiéu ctia ham s6 1a z = 3.

c) Diém cyc dai ctia do thi ham s6 da cho la z = 1.

V13

d) Khodng cach giita hai diém cic tri clia dd thi ham s6 da cho la TR

Lai giai

Cau 9. Cho ham s6 y = f(z). Ham s6 y = f’(z) lien tuc va ¢6 do thi tréen R nhu hinh

Ve.
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o

z) da cho ¢6 4 diém cuec tri.

AN

a) Ham s6 y =

x) ¢6 3 diém cuc dai.

/()
b) Ham s6 y = f(x) c6 3 diém cuc tiéu.
c) Ham s6 y = f(x)

/(@)

d) Ham s6 y = f(x) c6 1 diém cuc dai duong.

Lai gidi

Cau 10. Goi gia tri nhé nhat va gia tri 16n nhat ctia ham s6 y = f(x) trén (a;b) lan lugt
1a m va M. Xét tinh dung sai ctia ménh dé sau.

a) m< M.

b) f(a) =m.

c) V6i moi = € (a;b) ta c6 f(x) > m.

d) V6i moi z € (a;b) ta coé m < f(x) < M.
Lo giai
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Cau 11. Cho ham s6 y = f(z) lién tuc tréen R. Goi m va M lan lugt 1a gia tri nhé nhat
va gia tri 16n nhat cia ham s6 y = f(x) trén R. Xét tinh ding sai clia menh dé sau.

a) Phuong trinh f(x) = m c¢6 nghiém.

b) Phuong trinh f(z) = C vo nghiém véi m < C < M.

¢) Bat phuong trinh f(z) > M vo6 nghiem.

d) Bat phuong trinh f(x) > m ¢6 tap nghiém la R.
Loi giai

a) I[Iol;llr]ly = 0. b) I[{)lg}ly = y(0).

1 8
c) miny + maxy = 4. d) min — = —.
) tro T ot ) EDEEE

L&i giai
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Cau 13. Cho ham s6 y = 2sinz — 1. Khi d6

a) maxy = 1. b) miny = -3.

C) maxy = (—)zl. d) miny = y(0) = —1.
) naxy =y {5 )[O;ﬂy y(0)

Lai giai

T 0 1 3
y + 0 -

9
Y 8/ \5

a) C6 7 s6 nguyen m dé phuong trinh f(x) = m(z* — 222 + 2) ¢6 nghiém thudc doan
[0; 3].

b) Gia tri m lén nhat dé phuong trinh f(z) = m(2* — 222 + 2) ¢6 nghiém thuoc doan
0:3] 1a 7.
c) Gia tri m nho nhat dé phuong trinh f(x) = m(z* — 222 + 2) ¢6 nghiém thuoc doan
[0; 3] 1a 3.
d) Tong cac gia tri cia m dé phuong trinh f(z) = m(z* — 222 + 2) ¢6 nghiém thuoc
doan [0; 3] 1a 45.
Loi giai
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Cau 15. Cho ham s6 y = . Khi dé

sSinx

trén khoang (0;7) 1a 1.
1
Sirll:L‘

- trén (O; E)
sinx 2
1 T

- trén <—;7T>.
sinx 2

a) Gia tri nho nhat ctia ham s6 y =

S T

b) Khong ton tai gia tri 16n nhat ctia ham s6 y = tren (0; 7).

c) Khong ton tai gia tri 16n nhat ctia ham s6 y =

d) Khong ton tai gia tri nhd nhét ctia ham s6 y =

Lai gidi

Cau 16. Cho mot tam nhom hinh vudng canh a. Nguoi ta cit 6 4 goc 4 hinh vuong bang

nhau, roi gap tam nhom lai dé duge mot cai hop khong nép.

a) TacéO<x<g.
b) Thé tich ctia khéi hop 1a: V(z) = z(a — 2z)° (0 <z< g)

: , 248
c) Thé tich cia khéi hop 16n nhét bing %
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d) Canh ctia hinh vuong bi cit sao cho thé tich ctia khéi hop 1a 16n nhat bing %.

Lai gidi
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PHAN 3. Cau tréc nghiém & 1&i ngdn.

Cau 1. Hay xac dinh s6 khoang dong bién ctia ham s6 y = 2® — 322 — 92 — 1.
Loi giai

Cau 2. Cho ham s6 y = f(z). Ham s6 y = f’(x) lién tuc va c6 do thi tréen R nhu hinh
vé bén dudi.

vl iz

-1 0 1
-2 j ) 9

1 1
| |
| |
1 1
| |
| 2] SEE
:
|
|
|
|
:
Jo—_44

Gia stt ham s6 y = f(x) nghich bién trén khoang (a;b). Trong khoang (a;b) c¢6 bao nhiéu
gia tri nguyén nho hon 20247
Lai giai
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Cau 3. Cho ham s6 f'(x) = z(2 — 1)(x + 1)3. Ham s6 y = f(z) c6 bao nhiéu diém cyc
dai?
Loi giai

Cau 4. Cho ham s6 y = f(z) xac dinh va lien tuc trén R. Ham s6 y = f’(z) c¢6 bang
bién thién nhu sau
x —00 -1 0 1 2 +00

ffey | + 0o - + 0 + 0 +

Ham s6 y = f(x) c6 bao nhieu diém cyc tri?
Loi giai
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BAI2.  GIA TRI LON NHAT VA GIA TRl NHO NHAT
cUA HAM O

A. LY THUYET
1. Dinh nghia
Pinh nghia 1. Cho ham s6 y = f(z) xac dinh trén 2.

e S6 M dugc goi 1a gia tri 16n nhat (GTLN) clia ham s6 y = f(z) tréen 2 néu
{f(m) <M;Vx e P

, ta ki hieu M = maxf(z) hodc M = maxf(x).
dxg € D: f(ag) =M 2€9 7

e S6 m dugc goi la gia tri nhé nhat (GTNN) clia ham s6 y = f(z) trén 2 néu

flz) > M;Yx e P
, ta ki hieu m = minf(z) hodc m = minf(zx).
E|.CEO €9D: f(.?fo) =M € 7

e Quy u6c rang khi n6i GTLN va GTNN clia ham s6 y = f(z) (ma khong xét
“tren tap 27) thi ta hiéu d6 14 GTLN hay GTNN ctia y = f(x) trén tap xac

dinh ctia ham so.

e Dé tim GTLN hay GTNN ctia ham s6 trén tap 2, ta thuong lap bang bién

thién ctia ham s6 trén tap 2 dé két luan.

2. Tim gia tri 16n nhit - nhé nhét trén doan

A Céch tim gid tri lén nhat - nhé nhat trén doan Tim gid tri lon nhat, gid tri nhé nhat

ctia ham so f(x) lien tuc trén doan [a; D]
e Budc 1: Tim cic diém x1; xo; .. .; T, thudc (a;b) sao cho f'(x) = 0.
e Budc 2: Tinh f(a); f(x1); f(x2); ...; f(xn); f(D).

e Budc 3: Goi M la s6 lon nhat va m la s6 nhé nhat trong cdc gid tri ¢ Budc 2.

Khi do M = IP%T{f(a:) vam = I[nlbl]lf(l‘)
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B. CAC DANG BAI TAP

(3 Dang 2.1. Gid tri I6n nhét - nhd nhét trén doan

Tim gia tri 16n nhat, gia tri nhd nhat ctia ham s6 f(z) lién tuc trén doan [a; b]
e Bué6c 1: Tim cac diem zy; x9; .. .; 2, thude (a;b) sao cho f'(z) = 0.
e Budc 2: Tinh f(a); f(x1); f(22); .. 5 f(zn); f(D).
e BuéGc 3: Goi M 13 s6 16n nhat va m 1a s6 nho nhat trong cac gia tri & Bude 2.

Khi do M = mafcf(x) va m = minf(z).

[asb [a;0]

Vi du 1. Tim gia tri 16n nhat va nhé nhat ctia ham s6 f(z) = 2® — 3z + 1 trén doan
[—2;2].
Loi giai
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(3 Dang 2.2. Gid tri 16n nhét - nhd nhat cla ham sb trén khodng

Tim gi4 tri 16n nhat, gid tri nhé nhat cia ham s6 f(x) trén khoang (a;b).
e Budc 1: Tim diéu kién x4c dinh ctia ham s6 y = f(x).

— f(z) khong lien tuc tren (a;b) = Khong c6 gia tri 16n nhat, gia tri nhd
nhat.

— f(z) lien tuc trén (a;b) = Budc tiép theo.

Buée 2: Tinh dao ham ¢ = f'(z).

Bu6e 3: Tim cac diem x1; x9; - - -5 2, thuoc (a;b) sao cho f/'(x) = 0, hodc f'(z)

khong xac dinh.

Budc 4: Lap bang bién thién ctia ham s6 y = f(z) trén khoang (a; b) cho trude.

Budc 5: Xac dinh diém “cao nhat” va diém “thap nhat” ctia dd thi ham s trén
(a;b).

e Budc 6: Két luan gia tri 16n nhat, gia tri nhé nhat ctia ham s6 y = f(x).

Nhan xét. e Néu de bai khong cho sin (a;b) thi thuong sé lay luon tip zdc
dinh lam khodng phdai zét.

e Day la phuong phdp tong qudt, tiy vao bai todn sé gidn luge bot 1 vai budc.

Vi du 1. Tim gié tri 16n nhét ctia ham s6 y = —2% + 2z + 4 trén khoang (0; 3).
Loi giai

Vi du 2. Tim gi4 tri 16n nhat va nhé nhat (néu c6) ctia ham s6 f(z) = 2° — 3z — 4 trén
[—3;2).
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L&i giai

. . 4 .
Vi du 3. Tim gia tri nhé nhat ctia ham s6 y = x + — trén khoang (0; 4+00).
x
Loi gii

. . £ ) 1
Vidu 4. Tim gia tri 16n nhat va nhé nhat (néu c¢6) ctia ham s6 f(x) = . trén
(=1; —00).
Loi gii
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(D Dang 2.3. S& dung cdch dénh gid dé fim gid tri IGn nhét - nhd nhét

St dung bat dang thic thuong xuyén
e Bit ding thic Co-si:
— V6i hai s6 thuye khong am a + b > 2v/ab. Dau bing xay ra khi < a = b.
— V6i ba s6 thuce khong am: a+b+c > 3v/abe. Dau bing xédy ra < a = b = c.
— V6i n thuc khong am: a; + as + ... + a, > nYaias - .. a,. Dau bang xay

ra < a; = Qg = az... = Ay,

e Bit ding thitc Bunhiacopxki

. b
— Dang ¢ ban:(a? 4+ b?) (¢ + d?) > (ac + bd)*. Dan "=" xay ra < - 7
c

— Dang tong quat:

V6i hai b@ Sé (CLl,CLQ, Ce ,Cln) va (bl, bg, Ce ,bn) ta co

(a? 4+ a2+ +a2) (B3 + 03+ .. +b2) > (aibs + agbo + -+ + anby,)’

£ ai a2 G,
Dau“=" xdyra<s — = —=--- = —.
bl b2 bn

Vidu 1. Gia st M va m lan lugt 1a GTLN vd GTNN ciia ham s6 y = 2 + 3sinz. Tinh
M +m.
Loi giai

Vi du 2. Tim gi4 tri nho nhat clia ham s6 f(z) =
Lai giai
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heo bat dang thitc AM - GM, ta c6

42 >0/ st 242> 2/542
! 356 _ 386
v+ 2o 2V5+2
Y 3se _ 386
22+22+5 7~ 2y/5+2

= flx) =

) ‘ 5
Din“=" xédyra e r=—or’=5< 2 =+5. (viz > 0)
x

(D Dang 2.4. U'ng dung gid tri I6n nhét - nhd nhét

e Bai toan bat phuong trinh
— Chuyén bat phuong trinh da cho vé dang f(z) — g(x) > 0 va tim diéu
kién ton tai clia bat phuong trinh.
— Dat ham s6 y = h(z) = f(x) — g(x), xét tinh don diéu ctia y = h(x) trén
diéu kien xac dinh.
— T d6 két luan vé gia tri 16n nhat, gia tri nhé nhat.

e Bai toan bat phuong trinh chita tham sb
Ta dua bat phuong trinh dé bai cho vé mot trong cac dang sau

|
Z
()
et
3
Vv
-

nghiém ding v6i moi x € & thi m > max f(x).
nghiém diang véi moi x € Z thi m < m@in f(z).
c6 nghiém x € & thi m > m@in f(z).

¢6 nghiém x € 2 thi m < max f(z).

e Nhan xét
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max f(z) = f(a)
— Néu y = f(z) ddng bién tren [a; b] thi { “©
min f(z) = f(b).
i [(x) = /(1)
— Néu y = f(z) nghich bién tren [a; 0] thi { *€
min f(z) = f(a).
Vo)
o) -
)+
@)

Vi du 1. Giai bat phuong trinh v/5z — 1+ vz + 3 > 4.
Li giai

Vi du 2. Giai bat phuong trinh v/223 + 322 4+ 62 + 16 — v/4 — 2 > 2V/3.
Lai giai
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(3 Dang 2.5. Bai todn thuc té dp dung gid tri I6n nhét - nhd nhét

Phuong phap
e Budc 1: Goi an va xéc dinh diéu kién cho an.
e Budc 2: Bicu dién cac dai lugng chua biét theo an s6 va cac dai luong da biét.

e Budc 3: Xét ham sb biéu thi dai lugng ma dé bai yéu cau. Tim gié tri 16n nhat,

gia tri nho nhat ctia ham s6 d6 trén diéu kién ctia an.

e Budc 4: Két luan.

Vidu 1.
Tinh dién tich 16n nhat S, cia mot hinh chit nhat noi tiép

trong nita duong tron ban kinh R = 6 cm néu mot canh B ¢
ctia hinh chit nhat nam doc theo dudng kinh ctia hinh tron
ma hinh chit nhat d6 noi tiép.

A O D

L&i giai

Vi du 2. Mot doanh nghiép can san xuat mot mat hang trong dung 10 ngay va phai st
dung hai may A va B. May A lam viéc trong = ngay va cho s6 tien 1ai 1a 2° + 2z (trieu
dong), may B lam viéc trong y ngay va cho sb tién 1ai 1a 326y — 27y3 (trieu dong). Hoi

doanh nghiép d6 can sit dung may A trong bao nhiéu ngay sao cho sb tieén lai 14 nhiéu
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nhat? (Biét rang hai may A va B khong dong thoi lam viée, may B lam viéc khong qua
6 ngay).
Loi giai

Vi du 3.

Mot méanh dat hinh chit nhat ABCD c6 chiéu dai AB = A 95m B
25 m, chiéu rong AD = 20 m dugc chia thanh hai phan o

bang nhau bdi vach chan MN (M, N lan lugt 1a trung N — v
diem BC va AD). Mot doi xay dung lam mot con dusng ‘

di tit A dén C qua vach chan M N, biét khi lam duong - -

tréen mien ABMN mdi gio lam duge 15 m va khi lam
trong mién CDNM mdi gio lam duge 30 m. Tinh thoi
gian ngan nhat ma doi xay dung lam dugc con duong di
tu A dén C.

Loi giai
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C. LUYEN TAP

PHAN 1. Cau tréc nghiém nhiéu phuong én lva chon

. 5 .
Cau 1. Cho ham s6 y = f(x) xac dinh, lién tuc trén {—1, 5} va c¢6 do thi nhu hinh vé.

NA e ===

. . . 5
Gia tri 16n nhat M va gié tri nhé nhat m cia ham s6 f(x) trén {—1, 5} la

A.M=4m=1. B. M =4m=—1.
C.M:g,m:—l. D.M:g,mzl.

Lai gidi

Cau 2. Cho ham s6 y = f(z) lien tuc trén doan R va ¢6 bang bién thien duéi day.

T —00 3 5 7 +o00
Y + 0 - 0 + 0 —

) m/3\1/5\+m
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Goi M,m lan lugt la gid tri 16n nhat va gia tri nhoé nhat cia ham s6 y = f(z) trén doan
[3;7]. Ta c6 gia tri cia M + 2m la

A. M+2m=1. B.M+2m=7. C. M+2m=3.

D. M +2m = 4.
Lai giai

Cau 3. Cho ham s6 y = f(z) lién tuc trén [—3;2] va c6 bang bién thién nhu hinh dudi
day. Goi M va m lan lugt 1a gid tri 16n nhat va gia tri nhé nhat ctia ham s6 y = f(x) trén
[—1;2]. Gia tri cia M 4+ m bang bao nhieu?

T -3 —1 0 1 2
() + 0 — 0 + 0 -
3 2
f(x) / \ / \
— 0 1
A. 3. B. 2. C. 1. D. 4

Lai giai
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Cau 4. Cho ham s6 y = f(z) x4c dinh trén doan [—\/3; \/5} va ¢6 bang bién thién nhu

hinh vé.

o 2/3\0/2\1

Khang dinh nao sau day la ding?

A. min y=0. B. max y=
[—v3:v5] [—V3:v5]

C. max y=2V5. D. min y=
[—v3:v5] [—V3:v5]

Lai gidi

Cau 5. Tim gid tri 16n nhat M ctia ham s6 y =

A. M =5, B. M = —5. C. M=
L&i giai
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Cau 6. Cho ham s6 y = f(z) lien tuc trén R va ¢6 bang bién thién nhu hinh vé. Gia tri
16n nhat ctia ham sb trén R 1a bao nhieu?

1
z —00 ——= 2 +00
2
f'(x) + 0 - 0 +
3 1
1 —1
1
A. max = ——. B. max = —1 C. max = 1. D. max = 3.
R 2 R R R
Loi giai
~ S ST WGP 1 ) ,
Cau 7. Tim gi tri nhé nhat cia ham so y = —x+3— 5 trén nita khoang [—4; —2).
15
A. mi =4. B. mi =T. . mi = 5. D. mi = —.
it miny=7 G mny=s D ominy=3
Lai giai
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Cau 8. Gia tri 16n nhat ctia ham s6 y = —32* + 423 4+ 1 bang

A.11. B. 0.
Lai gidi

“+00

Menh dé nao sau day ding
A. max f(x)= f(1).
(0;400)
C. ( mi.nl)f(x) = f(-1).
Loi giai

) x
Cau 10. Cho hs 0 =
au o ham s6 f(x) P
M + m bang
4 2
A, ——. B. ——.
3 3

Lai giai
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Cau 11. Gi4 tri nhé nhat ctia ham s6 y = 223 + 32% — 122+ 2 trén doan [—1; 2] dat dugc
tai xo. Gia tri 2o bang

A. 1. B. 2. C. -2. D. —1.
Loi giai

T —00 —1 0 1 +00

Ménh dé nao sau day dung?

A. max f(z) = f(1). B. max f(z)=/(0)
C. min f(z) = f(-1). D. min f(z)= f(0).
z€(—00;—1) z€(—1;400)

Lai gidi
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xr | =5 1 7
Y - 0 +
0 9
2

Meénh dé nao sau day la dang?

A. IFin )f(a:) = 2 va ham s6 khong dat gia tri 16n nhat tren [—5;7).
re[—5;7

X vz, 1.z 4t+4
Cau 14. Tim gia tri nho nhat cta bieu thic P = % trén doan [0; 10].
114
A.3. B. V3. C. . D. 2/3.

L&i giai

7= GV: PHAM LE DUY ® Trang 72/661



Bi Trudng THPT Chu Vin An 0704.963.919

2 10 22
A. = _ B. = C. -2~  D. =
velom ) 3 veom T 3 velom T 3 seloom]

Lai giai

Cau 16. D9 giam huyét 4p ctia mot benh nhan duge cho béi cong thiic G(z) = 0,0352%(15—
), trong d6 z 1a liéu lugng thude duge tiem cho bénh nhan (z duge tinh bang miligam).
Tinh liéu lugng thude can tiem (don vi miligam) cho bénh nhan dé huyét 4p giam nhiéu
nhat?

A.z =8 B. x = 10. C. z=15. D.x=7.
Loi giai

7= GV: PHAM LE DUY ® Trang 73/661



Bi Trudng THPT Chu Vin An 0704.963.919

Cau 17. Sy anh huéng khi st dung mot loai doc t6 véi vi khuan X ducgc mot nha sinh

. 2z t 1 7z 2
hoc md ta bdi ham s6 P(t) = Jﬁ, trong d6 P(t) 1a so lugng vi khuan sau thoi gian

t stt dung doc t6. Vao thai diém nao thi s6 lugng vi khuan X bat dau gidm?
A. Ngay tut ltc bat dau st dung doc t6.  B. Sau 0,5 gio.
C. Sau 2 gio. D. Sau 1 gio.

Loi giai

Cau 18. Mot soi day kim loai dai 120 ecm dugde cat thanh hai doan. Doan day thit nhat
duge uén thanh hinh vuong, doan day tht hai duge uén thanh vong tron (tham khao
hinh ben dudi).

Tong dién tich ctia hinh vuong va hinh tron dat gia tri nhé nhat 1a (Iam tron dén hang
don vi)?

A. 504. B. 462. C. 426. D. 498.
Loi giai
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PHAN 2. Cau tréc nghiém ding sai

Cau 1. Goi gia tri nhé nhat va gia tri 16n nhat ciia ham s6 y = f(z) trén [a; b] 1lan lugt

1a m va M. Xét tinh dung sai cia ménh deé sau.

a) m= m[ir%)]f(x). b) m < M.
xrE|a;
c) Véi moi z € [a;b] ta c6 f(x) > m. d) V6i moi = € [a;b] ta ¢6 f(z) < M.

Lai giai

r |—00 0 1 +00
1) + - 0 +
0 +00
f(z) / \ /
—00 —1

a) Ham s6 co gid tri cyc tiéu bang 1.
b) Ham s6 c6 gia tri 16n nhat bang 0 va gia tri nhoé nhat bang —1.
c) Ham s6 dat cuc dai tai z = 0 va dat cuc ticu tai z = 1.
d) Ham s6 c6 ding mot cuc tri.
Loi giai
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Tz |—00 -1 1 2 +00
f(x) — + 0 + —
+00 2
1 N y

Khi do
a) Ham s6 c6 hai diém cyc tri.
b) Ham s6 c6 gia tri 16n nhat bang 2 va gia tri nhoé nhat bang —3.
c) Ham s6 dat cyc dai tai z = 2.
d) Ham s6 nghich bién trén (—oo; —1) va (2; +00).
Loi giai
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PHAN 3. Cau tréc nghiém & 1&i ngdn.

Cau 1. Trén doan [—1;2], ham 86 y = 2° + 322 +1 dat gid tri nhé nhat tai diém c6 hoanh
do bao nhiéu?
Loi giai

Cau 2. Gi4 tri nho nhat ctia ham s6 y = 3 + va2 — 2z + 5 bang
Loi giai

Cau 3. Ham s6 y = sin*z — cos*z c6 gia tri 16n nhat bing
Loi giai
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. B} 2 1 .
Cau 4. Tim gid tri nhé nhat cta ham s6 f(z) = — — 57 3 trén khoang (0;1). (két
T T —

qué lam tron dén hang phan chuc).
Loi giai

Cau 5. Tim gi4 tri 16n nhat ham s6 y =
Loi giai

Cau 6. Hai thanh phd A va B cach nhau mot con song. Ngudi ta xay dyng mot cay cau
EF bic qua song biét rang thanh phd A cach con song mot khoang 13 5 km va thanh phd
B cach con song mot khoang 14 7 km (hinh vé), biét HE + KF = 24 km va do dai EF
khong dbi. Hoi xay cay cau cach thanh phd B 1a bao nhiéu dé duong di tit thanh phd A
dén thanh phd B 1a ngén nhat (di theo duong AEFB)? (két qua lam tron dén km).
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BAI3.  DUONG TIEM CAN CUA DO THI HAM sO

A. LY THUYET

1. Tiém can ding

can diing (hay tiém can diung) ctia do thi ham s6 y = f(z) néu it

nhat mot trong cac diéu kién sau thoa man: Oa \\ x

. Y
Dinh nghia 1. Duong thing x = a dugce goi la mot dusng tiém \y = f(x)

e lim lim f(x)= +oo0. T=a
r—a—

e lim lim f(z) = —oc.
Tr—a~

e lim lim f(z) = +o0.
z—at

e lim lim f(z)= —o0.
z—a™t

; Ay !
/\ Do thi ham s6 y = Qx cung vdi hai tiém can ! 4
e — |
dimgx =1 vax=—1 } 5
2
\1
| @)

2. Tiém can ngang
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Pinh nghia 2. Dudng thang y = m dudc goi la mot !
duong tiem can ngang (hay tiém can ngang) ciia do
thi ham s6 y = f(z) néu =/(@)
y=m m
o xli)rfloof(x) = m hodc Il_l}gloof(:c) =m.
O T
a) lim f(z)=m

T——00

I\ Dé thi cia ham s6 y = cung vdi tiém can ngang

z+1
y =1 va tiem can ding r = —1.

,,,,,,,,,,,,,,,,,,,

1

\*10 T

Dinh nghia 3. Dudng thang y = az + b, a # 0, dudc goi 1a dudng tiém can xién (hay tiem

N

3. Tiém can xién

can xién) ctia do thi ham s6 y = f(z) néu

e lim [f(z)— (ax +0b)] =0hoac lim [f(z)— (ax +0b)] =0.

T——00 r—r—+00

/N Do thi ham s6 f(z) =z +1+

1
cung tiém can V
r—1
ding x = 1 va tiém cin xién y = x + 1.

B. CAC DANG BAI TAP

(D Dang 3.1. Tim céc dudng tiém cdan khi cho bang bién thién - dé thi

a) Budc 1: Tim Tap xéc dinh ctia ham s6. Gia St D = (—oo; +00)\{z0}.

b) Budc 2: Quan sat Bang bién thien hodc do thi, tim gi6i han
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[ lim Yy =-+00
T—=Ty

lim y = —o0
=Ty

lim y = +o00
z—ag

lim y = —o00
| z—axf

lim [y—(ax+0)] =0

T—r—00

lim [y— (ax+0)]=0

L z—+o0
thi ham s6.

T——+00
ctua do thi ham so.

can ngang.

o Ham s6 zdc dinh trén R thi do thi ham s6 khong cé duong tiém

lim y = yo
S = y = yo la duong tiém can ngang ctia do thi ham s6.
lim y = yo
Lr——00

. = 1 = 7 la duong tiém can ding ctia do thi ham so.

. = y = ax + b 13 duong tiém can xién cia do

/\ o lim y=uy; lim y =1y =y =1y1;y =1y la hai duong tiém can ngang
T—r—00

o Tap wdc dinh khong cé chita +00; —oo thi do thi ham sé khong cé duong tién

can ding.

Cau 1. Cho ham s6 y = f(x) ¢6 bang bién thién nhu sau

T —00 0 3 +00
f(x) — - 0 +
1 2 3
f(x) S S _
+00 -3

Tim tiém can ding va tiém can ngang ciia do thi ham s6 da cho.
Loi giai
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Cau 2.
Cho do thi ham s6 y = f(z) nhu hinh bén. Tim tiém can y

diing va tiém can xién ctia do thi ham sé da cho.

O)—‘

Lai giai

T —00 -2 —1 3 +0o0
f'(z) - + + 0 -

5 +00 1
f() \3 e ) e \_5

Tong s6 dusng tiem can ditng va tiém can ngang ctia do thi ham s6 y = f(x) 1a bao
nhiéu?

Lai giai
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(D Dang 3.2. Tim céc dudng tiém can khi cho bang bién thién - dé thi

a) Budc 1: Tim Tap xéc dinh clia ham s6. Gia St D = (—oo; +00)\{z0}.

b) Budc 2: Tim tiém can ngang ctlia do6 thi ham s6 bang cach tinh céc gi6i han

(néu co): mll)r_noof(m) va xgriloof(x)

¢) Budc 3: Tim tiem can ding ctia do thi ham s6 bang cach tinh céc gidi han

(néu c6): lim f(z) va lim f(z).
z—kt x—k~

d) Bude 3: Tim tiem can xién (danh cho ham s6 ¢6 dang phan thiic ¢6 bac tit s6

16n hon bac mau s6 1 bac) bang mot trong hai cach sau:

e Cach 1: Néu biéu dién f(xr) = azx + b + g(z) thi tinh

lim [y— (az+0)] =0
e =y=axr+b
lim [y—(az+0)] =0

T—+00
e Cach 2: Xac dinh duong tiém can xién y = ax + b bang cich xac dinh hée
s6 a, b:
@) )

a= lim —= hodc a = ——= véia¢0.
r—+00 I T——00 U

Khi d6 tuong tng ta ¢c6 b= lim [f(z) — az| hoac b= lim [f(z) — ax]
T—r—00

T—>+00

A e Do thi ham sé chi c¢6 thé cé mot trong hai loai tiém can ngang hodc tiém

can wién.
e Néu ham so6 xdc dinh trén toan bo tap so thuc thi khong cé tiem can ding.

e Ham s6 hang y = b c¢6 do thi nhan y = b la tiém can ngang, ham so bac nhat

y = ax +b cé do thi nhan chinh né y = ax + b la tiém can wién.
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20 — 1
r—1"

Cau 1. Tim céc dudng tiem can ctia do thi ham s6 y =

L&i giai

Cau 2. Tim cac duong tiém can ctia do thi ham s6 y =

Lai giai

xd—x2 41

Cau 3. Tim cac duong tiém can ctia do thi ham s6 y =

Lai giai
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O Dang 3.3. Duong tiém cdn lién quan géc - khodng cdch - dién tich

a) Bué6e 1: Xac dinh cac dudong tiem can ctia do thi ham s6.

b) Budc 2: Dya vao céac gia thiét: khoang cach, goc, dien tich,---dé tinh toan
hoiic thiét lap phuong trinh, hé phuong trinh dé tim an can tim.

202 — 1

Cau 1. Cho ham s6 y = c6 do thi (C).

a) Tinh khoang cach tu M(2;1) dén dudng tiem can ding ctia do thi ham s6 (C).

b) Duong tiém can xién ctia do thi ham s6 (C) cit hai truc toa do lan lugt tai hai diém
A, B. Tinh dién tich cta tam giac OAB doé.

Lai giai

Cau 2. Cho ham s6 y = c6 do thi Ia (C). Tim gia tri nho nhat clia tong cac

khodng cach tit mot diem M tuy y trén (C) dén hai dudng tiém can ctia do thi ham s6
(©).
Loi giai
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(O Dang 3.4. Bai todn thuc té va y nghia cla gid tri gan vé tiém can

a) Bu6c 1: Biéu dién cac dai lugng véi nhau thong qua ham sé.
b) Budc 2: Tim tiem clia ham s6 vita tim dugc.

c) Budc 3: Neu ¥ nghia cia gia tri gan vé tiem can.

Cau 1. Dé loai bé 2% chat gay 6 nhiém khong khi tit khi thai clia mot nha may, nguoi
300 R .
’ (trieu dong), 0 < z < 100. Hay cho biét
x

ta u6c tinh chi phi can bo ra la C(x) =
a) Chi phi can bo ra sé thay doi nhu thé nao khi x tang?
b) C6 thé loai bé duge 10% chat gay 6 nhidm khong khi khong? Vi sao?

L&i giai

Cau 2. S6 lugng san pham ban duge cia mot cong ty trong o (thang) duge tinh theo
9
ong thic S :200<5——>,t dé z > 1.
cong thic S(x) 7y ) trongdo x>

a) Xem y = S(z) 1a mot ham s6 xac dinh trén nita khoang [1; +00), hdy tim tiém can

ngang ctia do thi ham s6 do.

b) Néu nhan xét vé s6 lugng san pham ban dugc cia cong ty do trong z (thang) khi z
du 16n.
Lai giai
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Cau 3. Mot bé chita 5000 lit nuée tinh khiét. Ngudi ta bom vao bé dé nudc mubi co
nong do 30 gam mudi cho méi it nude véi toc do 25 1it/phit.

a) Ching té6 nong do mudi trong bé sau ¢ phit (tinh bing ti s6 ctia khéi lugng mudi

q i . 30t
trong beé va the tich nudce trong be, don vi: gam/lit) la f(¢) = 200 + ¢

b) Xem y = f(t) 1a mot ham s6 x4c dinh trén nita khoang [0; +00), hdy tim tiém can

ngang ctia do thi ham s6 do.
c¢) Néu nhan xét vé ndng do mudi trong bé sau thdi gian ¢ ngay cang lon.

Lai giai
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C. LUYEN TAP

PHAN 1. Cau tréc nghiém nhidu phuong én Iua chon

Cau 1. Cho ham s6 f(x) ¢6 bang bién thién nhu sau.

T | —00 0 1 +00
J - - 0+
2 +00 +00
Y \ S /
—4 —2
S6 duong tiem can ngang ctia do thi ham s6 da cho 1a
A. 0. B. 3. C. 2. D. 1

Lai giai

axr+b
) cx+d
tiem can ding ctia do thi ham sd c¢6 phuong trinh 1a

A.z=1 B. z=2 C.y=1 D.y=2.

Cau 2. Hinh vé bén la do thi ctia ham s6 y =

Lai giai
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240
Cau 3. Cho ham s6 y = ar” tortce c6 do thi nhu hinh Y
mx +n
bén. Tiem fan xién ctia do thi ham sb 1a
= — = —_ ?)/
A.xfz. B.y=2x-1 X
Coymipg? D.o—1 v
LY =T+ —. o= 1.
Y=o /\
ol | x

Lai giai

lim f(z) =1va lim f(x) = —1. Khang dinh nao

T—r+00 T——00

Cau 4. Cho ham s6 y = f(x) ¢6
sau day la khang dinh ding?

A. D6 thi ham s6 da cho c6 hai tiem can ngang la cac duong thang x =1 vaz = —1

B. D6 thi ham s6 da cho khong c6 tiém can ngang.

C. D6 thi ham s6 da cho c¢6 ding mot tiém can ngang.

D. D4 thi ham s6 da cho c6 hai tiém can ngang la cac duong thang y =1 vy = —1
Loi giai
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Cau 5. Tiem can ngang ctia do thi ham s6 y = 1 1a
x

A.y=-2 B.y=1. C.z=-1 D. x =2.

Loi giai
. . 4r + 1
Cau 6. Tiém can ngang ctia do thi ham so y = * +1 la
1
A'y:z_l' B. y=4. C.y=1. D.y=-1.

Lai giai

Cau 7. Cho ham s6 y = f(z) xac dinh trén R\ [—1; 1] lién tuc trén moi khoang xac dinh

va ¢6 bang bién thién nhu sau:
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Tinh tong s6 duong tiem can ding va s6 dudng tiem can ngang ctia do thi ham sb

y = f(x).
A. 1. B. 4. C. 3.
L&i giai

Cau 8. Cho ham s6 y = f(z) ¢6 d6 thi nhu hinh vé

duéi day. Tong sb tiem can ding va tiém can ngang =1
ctia do thi ham s6 y = f(x) 1a 1
y==
A. 4. B. 3. C. 2. D. 6. 2
—

Lai giai
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N . -2
Cau 9. Tiém can ngang ctia do thi ham so y = a 1 a
x
A.y=1. B. y=-2. C.z=-1 D. x=2.
Loi giai
N . 2 2024
Cau 10. Tiém can ding cua do thi ham s6 y = x—i-—l 1a
x _
A.x=2. B. x=-2. C.r=1. D.x=-1.

L&i giai

X ) 3
Cau 11. Tiém can xién ctia do thi ham s6 y = f(z) =x +2 + 1 la
T
1
A.yzi. B.y=2r+1. C.y=x-2 D.y=x+2.

Lai gidi
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R . 216
Cau 12. Tiém can xién cta do thi ham so y = ’ i la
x
A.y=2z+5. B.y=x+5. C.y=x-5. D.y=2z-5.

Lai giai

2r — 5

Cau 13. Tong s6 duong tiem can ding va tiém can ngang ctia do thi ham s6 y =
1a

A. 0. B. 2. C. 3. D. 1.
Loi giai

2+ 1

Cau 14. Cho ham s6 y = B Khoang cach tit goc toa do dén duong tiem can ding

bang
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1
A. 2. B. 1. C. 5 D.3

Loi giai
Cau 15. Cho ham s6 y = f(z) ¢6 bang bién thién nhu sau.

r |—00 -2 0 +00

Y - + -

400 400 | 1
1| —o 0

Tong s6 dudng tiem can diing va tiém can ngang ctia do thi ham sé da cho la
A. 2. B. 1. C. 0. D. 3.
Loi giai

Cau 16. Do thi ham s6 nao sau day c6 mot tiém can?

3 243x—2
A.y= T . B.y:—$+x .
2:)34—1 2x+3
T
C.y= ) D.y= )
y z—1 Y 2 +1
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L&i giai

Cau 17. Duong thang 2y+ 1 = 0 la tiém can ngang ctia do thi ham s6 nao sau day?

o+l B P4+l
Y= ors1 Y= =2
20 + 1 3—=x
C.y— . D.y——>""
y Y= or —3e+1

1—=x
Loi giai

Cau 18. Duong thang x = —1 la tiém can ding ctia do thi ham s6 nao sau day?
2?2 — 31+ 2

2%+ 32+ 2
A.y:W B.y: x2—1
r+1 z+1
D.y=_—""
4 2+ 1

C.y=—"-—.
y 2 + 4z + 3
Loi giai
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2 —2r+2

Cau 19. Cho ham s6 y = ———95 c6 do thi (C). Géc tao bdi dudng tiem can xien
.I' —
ctia do thi ham s6 (C') v6i truc hoanh béng
A. 45°. B. 60°. C. 120°. D. 135°.

Lai giai

Cau 20. Cac duong tiem can ctia do thi ham s6 y = tao véi hai truc toa do mot
hinh chit nhat c6 dién tich bang

A. 3. B. 6. C. 1. D. 2.
Loi giai

Cau 21. Cho ham s6 y = f(x) lien tuc tréen R\ {1} ¢6 bang bién thién nhu hinh vé sau.
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r |—00 —1 1 +00
f'(x) - 0 + +
f(z) 1 \ . / - / B
—\/2 o0

Meénh dé nao sau day 1a dang?
A. Ham s6 y = f(x) c6 2 diém cue tri.
B. Ham s6 y = f(z) dong bién trén (—1; +00).

C. Ham s6 y = f(z) nghich bién trén (—oo;1).

D. Ham s6 y = f(x) c6 tong cong 3 dudng tiem can.

Loi giai

Cau 22. Cho ham s6 y = f(x) c6 do thi va dudng y
tiem can xién nhu hinh vé bén. Ménh dé nao sau day 1a \\/
ding?

A. Ham s6 dong bién tren khodng (—o0;0).
B. Ham s6 dong bién trén khodng (0; +00). Lr

C. Duong tiém can xién ctia do thi ham sb c¢6 hé s6 goc

O
14 mot sd am. 1
D. Ham s6 khong c6 cuc tri.

L&i giai
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PHAN 2. Cau tréc nghiém ding sai

Cau 1. Cho ham s6 y = f(x) xac dinh tren R\ {—2}, lién tuc trén moi khodng xac dinh
va ¢6 bang bién thién nhu hinh dudi day.

T |—00 -2 4 +00
f'(x) + + 0 -
+00 5
f(x) ) / N / \ 3

Khi do
a) Do thi ham s6 khong c6 tiem can ngang.
b) Tiém can ditng ctia d6 thi ham s6 c¢6 phuong trinh la z = —2.
¢) Do thi ham s6 c6 hai duong tiém can ngang c6 phuong trinh la x = 3 va z = 4.
d) D6 thi ham s6 c¢6 ba dudng tiém can.
Loi giai

. 422 — 9
Cau 2. Cho ham so y = x—l Khi do
l' —
a) Duong thang y = 2 I tiém can ngang ctia do thi ham sb.
b) Do thi ham s6 c6 tiem can ding 1a z = 1.
c) Duong thang y = —2 la tiém can ngang ciia do thi ham sd.

d) Do thi ham s6 ¢6 dung hai dudng tiem can.
Loi giai
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Sx+1—+vr+1
x? — 2
a) Duong thang z = 0 la duong tiem can ding ctia dd thi ham s6.

Cau 3. Cho ham s6 y = . Khi d6

b) Duong thing y = 0 14 dudng tiém can ngang clia do thi ham sb.
c) Dudng thang r = 2 14 duong tiém can ding ctia do thi ham s6.
d) Do thi ham s6 c6 hai duong tiém can ngang.

Loi giai

Cau 4. Cho ham s6 y = L

v6i b, c,d € Z c6 do thi nhu hinh vé sau.
cr +

Y

Khi d6
a) Ham s6 nghich bién trén khoang (1; +00) va dong bién trén khoang (—oo; 1).

b) Do thi ham s6 ¢6 duong tiem can ding la z = 1.
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¢) Do thi ham s6 c6 duong tiém can ngang 1 y = —1.
d) Tong b+c+d=>5.

Lai giai

15t

Cau 5. Nong do oxygen trong ho theo thoi gian ¢ cho bdi cong thite y(t) =5 — BT

v6i y duge tinh theo mg/1 va ¢t duge tinh theo gis, ¢ > 0.
a) Do thi ham s6 y(t) ¢6 mot duong tiém can ngang va mot duong tiém can xien.

b) D6 thi ham s6 ¢6 dudng tiém can ngang la y = 5.

R . 1
c) Do thi ham s6 ¢6 dudng tiém can ding la = = 3
d) Sau mot thoi gian di dai, nong do oxygen trong ho sé bao hoa va dat ngudng 5
mg/1.
Loi giai

Cau 6. Cho ham s6 y =

a) DO thi ham s6 c6 hai tiem can.
b) Giao diém ctia hai tiem can 1a I(—2; —6).

c) Khoang céch tit O dén tiem can xién bing 4+/2.
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d) Tiém can xién ctia ham s6 di qua diém M (0; —4).
Loi giai
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PHAN 3. Cau tréc nghiém & 1&i ngdn.

. 3 —2 e 4 oa . s
Cau 1. Cho ham so y = x—i— T Gia sit do thi ham so ¢6 duong tiém can ding la x = a
x

va duong tiém can ngang la y = b. Tinh gia tri a + b.
Loi giai

T |—00 —2 +00
Y + +
+00 1
y / /
1 —00

D6 thi ham s6 c6 tat cd bao nhiéu duong tiém can?
Loi giai

Cau 3. Cho ham s6 y = f(z) = — 3 c6 do thi (C). Dudng tigm can xién ctia do
’:C J—
thi (C) 1a dudng thang A: y = ax + b. Tinh a + b.
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L&i giai

2+ 3

Cau 4. Cho ham s6 y = 5 c6 do thi (C'). Hai dudng tiem can ctia do thi (C') cing

véi hai truc toa do tao thanh mot hinh thang vuong cé dién tich S. Tinh S.
Loi giai
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BAI4.  KHAO SAT SU BIEN THIEN VA VE O THI
HAM O

A. LY THUYET

1. S¢ d6 khio sat ham sb

Pinh nghia 1. a) Tim tap xac dinh ciia ham sb.
b) Xét su bién thién ctia ham s6:

e Tim 3/, xét dau 3/, xac dinh khoang don dieu, cyc tri (néu c¢6) ciia ham sb.

e Tim gidi han tai vo cie, gidi han vo cie ciia ham s va cac duong tiém can clia

do thi ham s6 (néu co).

e Lap bang bién thién ctia ham sb.
¢) Vé do thi ctia ham sb:

e X4c dinh cac diem cyc tri (néu c6), giao diém ctia do thi véi cac truc toa do
(néu c6 va dé tim), ...
e V& cac dudng tiém can ctia do thi ham s (néu co).

e V& d0 thi ham sb.

/N Chi ra tam déi ziing va truc doi zing cia do thi ham so (néu cd).
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2. Khio sat ham sb

e Ham s6 bac ba y = ax® + bx? + cx + d (a # 0).
& THI1. Phuong trinh ¢ = 0 c¢6 hai nghiém phan biét z; va xo (b* — 3ac > 0).

@ THS3. Phuong trinh ¢’ = 0 vo nghiém (b* — 3ac < 0).

fo TN

A Truong hop: y' = 0 vo nghiém va cé nghiém kép, do thi ham so sé ¢ dang luon
g nop:y g

don dieu nhung truong hop cé nghiém kép thi do thi ham s6 c¢6 1 diém hoi ngang
ngang 1 chit (nhin hinh vé tren).

) , , b
e Ham s0 phan thiic bac nhat trén bac nhat y = gij—_d (c #0,ad — bec #0).
y' >0 : Y Yy : y' <0
"""" e T
,gI/ 19) x 19 \I,i x
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N . d a
— Do thy ham so cé tiém can ding r = ——, tiém can ngang y = —.
c c

— Cdc diém dac biét:
. b , b
Giao diém voi Ox : A (——; O), giao diém vdi Oy : B (0; E)
a

d a )
Giao cua hat duong tiem can I (——; —> la tam doiv xing.
¢ c

ax® +br +c

e Ham s6 phan thic bac hai trén bac nhat y = e
T +e

(ad #0).

— 73/ = 0 v6 nghiém hoac c¢6 nghiém kép

— 9y = 0 ¢6 hai nghiém phan biét

AN
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ar’? +br+c a yn
_ = —I
dr +e d

R . e a
— Khi do do thi ham so co tién can ding r = 7 Tiem can xién y = E:L’ + f.

AN

— Do thi ciia ham s6 y = ax®+bx? +cx+d (a # 0) luon nhan diém I(xo;yo) lam

tam doi ming, trong dé xo la nghiém cia phuong trinh y" = 0 va yo = y(zo).

ar +b
1 d (¢ #0,ad —bc #0):

- -2 2 PN PN 2, N A A N A £ - 2,
x Nhan qiao diém cua tiém can ding va tiém can ngang lam tam dov xing;

— Ta luon tach duge y = it e
r+e

— Do thi ciia ham so y =

x Nhan hai duong phan gidc cia cdc goc tao bdi tiém can ding va tiém can
ngang lam truc doi ziing.

azr?® + bx + ¢
—— (ad #0):
dr +e (ad #0)

x Nhan giao diém cua tiém can ding va tiém can xién lam tam doi xing,

— Do thi ciia ham so y =

x Nhdan hai duong phan gidc cia cdc goc tago bdi tiém can ding va tiém can

xién lam truc dot xing.

B. CAC DANG BAI TAP

(2 Dang 4.1. Khéo sat ham s béc ba y = az® + b2 + cz + d v&i a # 0

Buéc 1: Tap xac dinh Z = R.

Bude 2: Khao sat su bién thién ctia ham sé

Gidi han:
e Véia>0thi lim y=+4ocova lim = —oo.
r—r+00 T—r—00
e Via<0thi lim =—-ocova lim y=+oc.
T—r—+00 T——00

Dao ham va cuc tri: iy = 3ax? + 2bx + c¢. Khi do:

Ham s6 ¢6 hai diém cyc trj khi ' = 0 ¢6 hai nghiem phan biet < A/, > 0.

—2b
, T -+ To = —
Goi A(x1;11); B(x2;y2) 1a hai diem cuc tri, theo dinh 1y Viet: 3a

c
T1Ty = —.

/ 12 = 5o
Ham s6 khong ¢6 cyce tri khi 4/ = 0 vo nghiém hoac nghiém kép < A;, <0.
Bang bién thién.

D6 thi ham sb:

e Khong ¢6 tiém can.
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e Tam déi xitng 1a diém c6 hoanh do théa man 3’ = 0 < x = g—
a

Vi du 1. Khao sat sy bién thién va vé do thi ctia ham s6 y = f(z) = —23 + 322 — 4.
Loi giai

Vi du 2. Cho ham s6 y = az® + bx? + cx + d c6 do thi nhu hinh vé bén dudi. Hay xac

dinh dau ctia céc heé sb a, b, ¢ va d.

8

L&i giai
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[ Dang 4.2. Khéo sat ham sd hiru ti bac nhat trén bac nhét

d
Buée 1: Tap xac dinh 2 =R\ {——}.
c

Budc 2: Khao sat su bién thién ctia ham s6é
Gidi han:

e Gidi han va duong tiém can
. a a ~ PN ~ 2 X . N L
lim y = — suy ra y = — la tiém can ngang cta do thi ham so.
T—F00 C C
lim y=+o00, lim y=-—ocohodc lim y=—o0,

w—)(—%)+ e(-4) a:—)(—%l>+
lim y = —oosuyrax= - 1 tiém can ditng ctia do thi ham so6.

()

e Dao ham va cuc tri: ¢/ =

ad — be
(cx + d)?
— Néu ad — be > 0,Vx € 9.
Ham s6 dong bién trén cac khoang (—oo; —g) va (—CEZ; +oo).
— Néu ad — be < 0,Vx € 2.
Ham s6 nghich bién trén cac khoang <—oo; —g) va (—%l; +oo>.

Bang bién thién.

D6 thi ham s6 luon nhan giao diém ctlia hai dudng tiém can lam tam déi xing.

. . R . d
Tam doi xing ctia do thi ham so 1a [ (——; 2)
cc
P > £ - 4 o N~ 32 R N Z 2 +1
Vi du 1. Khao sat sy bién thién va vé do thi cia ham so y = 1
T

Lai giai
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Vi du 2. Khio sat sy bién thién va vé do thi clia ham s6 y = 1
x
Loi giai

(3 Dang 4.3. Khéo sat ham sé hiru ti bac hai trén bac nhét

az® 4+ bx + ¢ e
— = " Y6iad . _°
Y P v6i ad # 0;x # y

T va mau khong c6 nghiém chung. Viét ham s6 duéi dang (bang cach chia da thiic)

Budc 1: Tap xac dinh 2 =R\ {—2}.

Bude 2: Khao sat su bién thién ctia ham so6

Gi6i han:

e GiGi han va duong tiém can
hril [y — (ax + B)] = 0 suy ra y = ax + [ la duong tiém can xién cta
T—>T 00
do6 thi ham so.
lim Y= +o00 suy ra x = —2 la tiem can ding ctia do thi ham sb.
==(~a)
d 2 —yd
e Dao ham va cyc tri: v/ = afdr +e)” — 7 )
(dx + e)?
Dau ctia dao ham la dau clia g(x) = a(dr +e)? — vd.

— Phuong trinh 3’ = 0 v6 nghiém ho#c ¢6 nghiém kép thi khong c6 cuc
tri.
— Phuong trinh ¢/ = 0 ¢6 hai nghiém phan biét thi ¢6 hai cuyc tri.
Bang bién thién.

D6 thi ham so:
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e Tim giao diém ctia do thi véi cac truc toa do (néu co).

e Do thi ham s6 luon nhan giao diém I ctia hai dudng tiém can lam tam

d6i xiing.

Nhan xét. Do thi ham s6 nhan giao diém hai duong tiem can lam tam doi zing.
A . e
Do thi ham cé cuc dai, cuc tieu < y' =0 co hai nghiém phan biét khdc 7

Trong truong hop do thi ham sé cé cuc dai, cuc tiéu thi phuong trinh duong thdang
2ax + b

Z Z ? d ' 7
Moi tiép tuyén tai diem M € (C) cat hai duong tiém can tai A, B thi M la trung
diém AB.
Dién tich tam gidic IAB khong doi.
Moi diém M € (C) ¢6 tich khodng cach tuw M dén hai duong tiém can la mot hing

qua hai cyc tri la y =

$0.
Néu tir mot diém E nam trén mot duong tiem can cia (C) thi qua E ké duy nhdt

mot tiép tuyén vdi (C).

) X . 22?4544
Vi du 1. Khao sét sit bién thien va vé dd thi cita ham s6 y = — 22+ 2

T+ 2
Loi giai
. . oz e e e ax 1. . 2 24+ —2
Vi du 2. Khao sat sy bién thién va vé do thi cia ham so y = 1
x

Lai gidi
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(3 Dang 4.4. Nhén dang ham sé khi biét dé thij - bang bién thién

Vi du 1. Cho ham s6 bac ba y = f(z) ¢6 do thi nhu hinh bén duéi. Viét cong thitc clia

ham sb.

Lai giai

. —1 .
Vidu 2. Cho ham s6 y = ;lq; 0 c6 bang bien thién nhu hinh bén dudi. Xac dinh a, b.
x
T | —00 —1 400
Y - -
-1 +00
—00 —1

Lai giai
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, 222 b . .
Vidu 3. Cho ham so hitu ti y = % c6 do thi nhu hinh bén. Viét cong thic
cr —
ctia ham so.
y

Lai gidi
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(3 Dang 4.5. Nhén dang dbé thi - bang bién thién khi biét ham s6

Van dung céc kién thic lien quan: Don diéu, Cuc tri, Dudng tiém can
e Buéc 1: Tap xéac dinh.
e Buéc 2: Su bién thien
— Chiéu bién thien.
— Cuec tri.
— Duodng tiém can.

— Dbiém di qua.

e Buéc 3: Két luan do thi.

Vi du 1. Xéc dinh bang bién thién ctia ham s6 y = —23 — 322 + 9z — 9.
Lai giai

Vi du 2. Xac dinh do thi ctia ham s6 hitu ti y =
Loi giai
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(3 Dang 4.6. Xéc dinh ddu - gié tri cdc hé sé

a) Loai 1: Ham da thiic bac ba y = f(z) = ax3 + bx® + cx + d (a # 0).

e Buéc 1: Nhin vao nhanh ngoai cling clia do thi Xac dinh dau ctia hé s6

a.
e Budc 2: Diem cit truc tung: xac dinh dau heé s6 d.

e Bué6c 3: Nhin vao hai diem cue tri (néu c6). Xét phuong trinh ¢ = 0 &

3az? + 2bx + ¢ = 0.
— Néu do thi ham s6 khong c6 diém cuc tri = A/ = b — 3ac < 0.
— Néu d6 thi ham sb ¢6 hai diém cuc tri:
Cac diém cuyc tri o1, 2o ctia ham s6 1a hai nghiém ctia phuong trinh
Yy =0.
2b
1+ Xy = —5—
Khi d6 3a (Vi-ét).
c
T1Ty = —
172 = oo ?
Duwra vao vi tri ciia x1, z9 dé suy luan cac phép tinh x1 + x5 va 129
mang dau gi.
Néu khong cho toa do ro rang, uée luong khoang cach tit O t6i cac

diém xq, 2.
e Budc 4: Xéc dinh toa do cac diém da cho.
e Budc 5: Dua vao diém uén U-La tam déi xing ctia do thi ham s6.
— zy la nghiém cia phuong trinh y” = 0.
— Diém U la trung diém ctia doan thang ndi hai diém cuyec tri.
Nhan zét: Bang bién thién mo phéng do thi ham s6. Cach doc bang bién thien
gibng nhu cach doc do thi.

ar+b ax® +bxr +c
vay = ———.
cx +d Y dr +e

b) Loai 2: Ham phan thic y =

e Buéc 1: Xac dinh cac dudng tiém can. Dung cong thitc tinh nhanh dinh

nghia) dé tim mdi quan he gitta cac hé so.
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Luu 4: Giao diém clia hai dudng tiem can la tam doéi xing ctia do thi
ham sb.

e Buéc 2: Xac dinh cac diém thudc dod thi ham so: giao v6i cac truc toa
do, cuc tri.

e Budc 3: Tu hinh dang do thi (bang bién thién), xac dinh dau cia dao
ham dya vao cac khoang dong bién/nghich bién. Tt d6 x4ac dinh dau cla

cac hé sb.

Vi du 1.

Cho ham s6 bac ba y = az® + bx® + cx + d c6 do thi nhu y
hinh bén dudi. Trong cac hé s6 a, b, ¢, d c6 bao nhiéu gia tri

duong?

L&i giai

Vi du 2.
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Cho ham s6 hitu ti y = az + 2 + c6 do thi nhu

hinh bén. TinhP =a + b+ c.

x4+ c

Lai gidi

(3 Dang 4.7. Poc dé thi ca dao ham

Xac dinh tinh don diéu, cyc tri, gia tri 16n nhat nhé nhat cia ham s6 y = f(z),
g(x) = f(u(x)), g(z) = g(f(x)) khi biét do thi (bang bién thien) ciia do thi dao
ham y = f'(x) hodc y = f'(u(x)).
e BuéGc 1: Tinh ¢'(x) (cha ¥ ham hgp dang g(z) = f(u(z)) = ¢'(x) = u/(z) -
f'(u(z))).

e Buéc 2: Giai ¢'(z) = 0 ta duge x1; 295 . .. ; 2 1a cac diém ma tai d6 ¢'(z) =0
hodc ¢'(x) khong xéc dinh.

e Budc 3: Lap bang xét dau ctia ¢'(x) lap dugc bang bién thien ctia ham s
y = g(z). Dya vao bang bién thien xét cac tinh chat don diéu, cyc tri, min,

max. ..
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Vidu 1.
Cho ham sb6 y = f(z) lién tuc trén R, y = f'(x) c¢6 do thi Y
trong hinh dudi day. Lap bang xét dau cta y = f'(z)?
=) 1
0] x

Loi giai
Vi du 2.
Cho ham s6 y = f(z) lién tuc trén R, y = f'(z) ¢6 do thi y
trong hinh duéi day. Tim diém cuc dai ctia ham sb da cho

-1 /0 1 3 T

Lai giai
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Vi du 3.
Cho ham s6 f(z) ¢6 dao ham trén R va ham s6 y = f'(z) y
c6 do thi nhu hinh vé. Xac dinh gia tri 16n nhat ciia ham 5
$6 g(x) = f(2z — 1) — 2z + 1 tren [0; 1].
2
1

-2 -1 o {/2 T
—1

Lai giai

(O Dang 4.8. Su tuvong giao

Céc ham s6 y = f(z), y = g(x) ¢6 do thi lan lugt 1a cac duong (C4), (Cy), khi do:

e S6 nghiém ctia phuong trinh f(x) = g() chinh la s6 giao diém clia cac do thi
(Cl>7 (02)

e S6 giao diém ctia cac duong (C1), (Cy) chinh 1a s6 nghiém ctia phuong trinh

f(x) = g(x).

Vi du 1. C6 bao nhiéu gia tri nguyeén duong ctia tham sé m dé do thi ctia ham s6
y = 32 — 92 + 3(m — 1) giao véi truc hoanh tai hai diém phan bigt?
Loi giai
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C. LUYEN TAP

PHAN 1. Cau tréc nghiém nhiéu phuong én lva chon

Cau 1. Ham s6 y = —23 + 32% — 2 dong bién trén khoang
A. (0;2). B. (—o0;0). C. (1;4). D. (4;400).
Lai giai

Cau 2.
Do thi clia ham s6 ndo dudi day c6 dang nhu duong cong y

trong hinh bén?

A.y=212%— 31 B.y=—2%+3x.
C.y=2a%—-322+1 D. y = —2% + 322
Lo giai
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Cau 3.
Cho ham s6 bac ba y = f(x) ¢6 do thi 1a duong cong trong
hinh bén. S6 nghiém thyc ctia phuong trinh f(z) =1 1a

AL B. 0. C. 2.
L&i giai

Cau 4.
Cho ham s6 bac ba y = f(x) c6 do thi 1a duong cong trong
hinh bén. S6 nghi¢m thuyc ctia phuong trinh f(z) = 1 1a

A. 0. B. 3. C. 1.
L&i giai
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Cau 5.
Cho ham 6 bac ba y = f(x) ¢6 do thi la dudng cong trong y
hinh bén. C6 bao nhiéu gia tri nguyén ctia tham s6 m dé e
phuong trinh f(z) = m c6 ba nghiém thyc phan biét? 1 /\
A. 2 B. 5. C. 3. D. 4. ‘ %

Lai giai

Cau 6. Tim gia tri cuc dai ctia ham s6 y = 2% — 3z + 2.
A.y=-1. B. y=4. C.y=1 D.y=0.
Loi giai
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R . 5 1
Cau 7. Tiém can ngang ctia do thi ham so y = * +1 la
1
A.y:—g. B. y=5. C.y=1 D.y=0.
Loi giai
L s R . -3 — 2017 B}
Cau 8. Biét rang do thi ciia ham s6 y = (n=3)z+n (m, n 1a cac s6 thuc) nhan
x+m-+3 ,
truc hoanh lam tiém céan ngang va truc tung la tiém can ding. Tinh tong m + n.
A. 0. B. -3. C. 3. D. 6.
Loi giai
\ ) 24203
Cau 9. Tiém can ding ctia do thi ham so y = a:;——:cQ 1a
x —_—
1
A.z=1. B. z = 3
C.z=2 D. Khong c¢6 tiém can ding.

Lai giai
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Cau 10. D5 thi ham s6 y = —2 + 222 — 1 cit truc tung tai diém c6 tung do bing
A. 3. B. 1. C. —1. D. 0.
Loi giai

Cau 11. S6 giao diém ctia do thi ham s6 y = 2 + 322 v do thi ham s6 y = 322 + 3z
la

A. 3. B. 1. C. 2 D. 0.
Loi giai
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Cau 12. Biét ring duong thing y = 4 + 5 cit do thi ham s6 y = 2 + 22 + 1 tai diém

duy nhat; ki hiéu (zo;yo) 12 toa do ciia diém dé. Tim yo.

A. Yo = 10. B. Yo = 13.
L&i giai

Cau 13. 2,y
Cho ham s6 y = “Z € 6 48 thi nhu

mx +n
hinh bén
Xét cac ménh dé sau:
a) Tap xac dinh ciia ham s6 1a R\ {1}.
b) Ham s6 nghich bién trén khoang (—oo;2)
va (2; +00).
c¢) Diém I(1;2) la tam déi xing ctia do thi.
d) He s6 a va m trai dau.

C6 bao nhiéu ménh dé ding?

A. 1. B. 2. C. 3. D. 4.

Lai gidi

\
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Cau 14. S6 giao diém ctia do thi ham s6 y = 2° + 22 vi do thi ham s6 y = 2%+ 5z 13
A. 3. B. 0. C. 1. D. 2.
Loi giai

Cau 15.
Duong cong & hinh bén 1a do thi clia mot trong boén ham s6 Y
dudi day. Ham s6 d6 1a ham s6 ndo? 9
A.y=—2%—32%2-2. B. y =23+ 32% — 2. |
C.y=—a%+322-2. D.y=2a%—322 - 2. i
5 O x

L&i giai
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2 2 2 4
Cau 16. Goi M, N la giao diem cua duong thang y = x + 1 va duong cong y = T )
x

Khi d6 hoanh do x; ciia trung diém I ctia doan M N bing bao nhiéu?
A. 17]:2. B. ZL‘[:1. C. 1'12—5. D. l’[:—g.
Loi giai

Cau 17. Biét duong thing y = x — 1 cit do thi ham s6 y = —
biét c6 hoanh do 1a z1, zo. Gia tri 1 + x5 bang

A, —1. B. 3. C. 2. D. 1.
Loi giai

»

T —00 —2 0 2 +00

f(x) + 0 — 0 + 0 -

7= GV: PHAM LE DUY ® Trang 130/661



Bi Trudng THPT Chu Vin An 0704.963.919

Ham s6 da cho dong bién trén khodng nao dudi day?
A. (0;+00). B. (—2;2). C. (=2;0). D. (—o0; —2).
Loi giai

Cau 19.
Cho ham s6 y = f(z) c6 do thi ctia ham s6 y = f/(x) nhu y
hinh vé bén. Ham s6 da cho nghich bién trén khoadng nao dudi
day?
A. (—2;0). B. (—4;-2). 9 o1
C. (—o0;1). D. (1; +00). >

Lai gidi

Cau 20. Trong bon ham s6 duge liet ke 6 bon phuong an A, B, C, D dudi day. Ham s6

nao c6 bang bién thién sau?
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T —00 —1 +o0
Y — -
-2 +o0
f(t) ~ ~.
—00 -2
rz—1 —2x -2+ 1—2x
A.y= ) B.y= . LY = . D.y= .
y z—1 Y r—1 C.y r+1 y x+1

Lai giai

Cau 21. Hinh nao duéi day la dang do thi ctia ham s6 y = —a® + 322 — 27
Y Yy

\ T
C. . D.
Loi giai
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e
—_

e

. I\

L&i giai

Sy S

|

|

|

|

|

|

|

|

!

|

—
S A

Cau 23.
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Cho ham s6 y = ax® + 3z + d (a;d € R) ¢6 d6 thi nhu
hinh bén. Meénh dé ndo dudi day dung?
A.a>0,d>0. B.a<0,d>0.
C.a>0,d<0. D.a<0,d <0.

Lai giai

sau:
T —00 0 4 +00
f'(z) + 0 — 0
3 400
f(z)
—00 -5
C6 bao nhiéu s6 duong trong cac sb a, b, ¢, d?
A. 2. B. 4. C. 1 . 3.

Lai gidi
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Cau 25.

Cho ham 86 y = az® + bx* + cx + d, (a # 0) c6 y
do thi nhu hinh vé. Chon khang dinh ding vé dau

cua a, b, ¢, d.

A.a>0,b>0,d>0,c>0. B.a>0,¢>0>0b,d<0.
C.a>0,b>0,¢c>0,d>0. D.a>0,b6<0,c<0,d>0.
Loi giai

Cau 26.
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Ham s6 y = az® + bx?® + cx + d ¢6 do6 thi nhu hinh Y
vé bén dusi Khang dinh nao la ding? <J 2
A.a<0,b<0,¢<0,d<0.
a>0,b>0,¢>0,d<0. |
a>0,b>0,¢<0,d>0.

.a>0,b<0,c<0,d>0. 1 0 \\/ x

L&i giai

gaw

sau

r |—oo 0 1 3 +00
Yy’ + 0 + — 0 +
+00 | 00 “+00
Yy / ~ 27 —
— 00 Z

Tim diéu kién ctia m dé phuong trinh f(z) = m c¢6 3 nghiém phan bigt.

27 27
A.m<0. B. m>0. C'O<m<Z' D'm>Z'

Lai gidi
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cat hai truc Oz va Oy tai A va B. Khi d6 dién
tich tam giac OAB (O la gbc toa do bang)
A. 1 B. -. C. 2. D.

. P 1
Cau 28. Do thi cia ham s6 y = *
z+1

Loi giai
~ X . N S 1 ~ PN ~ PN N
Cau 29. D6 thi ham so y = Q1 cO tiém can xién la
x
A.y=u. B.y=—=z. C.y=x+1. D.y=—-z+1.
Loi giai

Cau 30.
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(a—1)x+0b
(c=1ax+d i
tren. Khang dinh nao duéi day la ding? |
A.a>1,b>0,c<1. B.a>1,06<0,c>1. i
C.a<l,b>0,c< 1. D.a>1,6>0,c>1. i

Cho ham s6 y = d < 0 c¢6 d6 thi nhu hinh y

Lai giai

Cau 31.
N A ax _'_ b - X . N ~ ~ 2
Cho ham s6 y = n ¢6 do thi nhu hinh vé bén. Khang N
CT 1
dinh nao sau day la khang dinh ddng. E
ad < 0 ad < 0 |
A. . B. e [ I
bc >0 be <0 o
ad >0 ad >0 E / O r
C. . D. . !
bec <0 bc > 0

L&i giai
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2 2 N P 2 - 3
Cau 32. Tinh tong cac hoanh do giao diém gitta hai do thi ham so y = 4x va
—x
y=06—ux.
A. 12. B. 27. C. —12. D. —-27.

Lai gidi

Cau 33. Mot hoc sinh dugde giao thiét ké mot cai hop thoa man: Tong ctia chiéu dai va
chiéu rong bing 12 cm; tong ciia chiéu rong va chiéu cao la 24 cm. Gido vien yéu cau hoc
sinh ay phai thiét ké sao cho thé tich cai hop 16n nhat, gia tri thé tich 16n nhat bang bao
nhiéu?

A. 600. B. 843/3. C. 384+/3. D. 348/3.
Loi giai

Cau 34. Mot con ca hdi bai nguge dong (ti noi sinh séng) dé vugt khodng cach 400 km
t6i noi sinh sdn. Van téc dong nude 1a 6 km/h. Gia st van toc boi clia ca khi nude ding
yén la v km/h thi nang lugng tiéu hao ctia cé trong t gi cho béi cong thitc E(v) = cv3t.
Trong d6 ¢ 1a hang s6 cho trude; F tinh bang Jun. Van toc boi ciia ca khi nude ditng yén

dé nang lugng clia cé tieu hao it nhat bing
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A. 9 km/h. B. 8 km/h. C. 10 km/h. D. 12 km/h.
Loi giai
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PHAN 2. Cau tréc nghiém ding sai

Cau 1. Cho do thi ham s bac ba nhu hinh bén dudi.

.
N

Trong cac khang dinh sau, khang dinh nao DUNG? Khéang dinh nao SAI?

a) Diém cyc dai ctia do thi ham s6 1a (—1; 2).
b) Do thi cat truc hoanh tai hai diém phan biét.

c) Ham s6 dong bién trén khoang (1;+00).
d) D6 thi ham s6 c6 hai diém cyc tri d6i xting véi nhau qua goc toa do O.

L&i giai

Cau 2. Chohams6y = ————
r+1

a) Ham s6 dong bién trén khoang (—2; —1); (—1;0).
b) Ham s6 c6 hai diém cuec tri.
c) Do thi (C) khong cit truc Ox.
d) Do thi (C) c6 tiem can xién di qua diém A(1;2) .
Loi giai
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Cau 3. Cho ham s6 y =
Sai?
a) Do thi (O)
b) Do thi (C) nhan giao diém 1(3; —9) lam tam déi xiing.
c) Do thi (O)
d) Do thi khong cét truc Ow.

z—3

¢6 tiém can xién la y = —x — 6.
c6 hai diém cyc tri nam 2 phia déi véi Oy.

Lai giai

Cau 4. Cho ba dang do6 thi ham so.

Hinh 1 Hinh 2
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T —00 —2 1 2 +00
! — 0 + + —
+00 +00
2 —00 —00
Hinh 3

Trong céc khéng dinh sau, khéng dinh nao PUNG? Khéng dinh ndo SAI?

a) Hinh 1 14 do thi ham s6 bac ba y = az® +bx? + cx + d c6 he s6 a > 0 va d = —2.

\ ) b
b) Hinh 2 14 do thi ham s6 ¢6 dang y = aa:id thod a = ¢, v6ia # 0, ¢ #0.
(64))
24 p 7
c) Hinh 3 1a dd thi ham s6 ¢6 dang y = Lﬁ“ véia 0, m#0vacé didm cuc
mx n

dai ctia do thi ham s6 1a (2;3).

d) Hinh 3 ¢6 y = 1 1a tiém can ngang ctia d6 thi ham s6 da cho.

Lai giai

R . b
Cau 5. Cho hai do thi ham so hinh 1 la y = ax+ g va hinh 2 1a y = ax® + ba? +cx +d
cr
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Yy
2
__________ L I
ERVIREE :
o
Hinh 1
r |—00 0 2 +00
f(z) -0 + 0 -
+0o0 3
M| S N
—1 —00
Hinh 2

Xét tinh DPUNG, SAI cac ménh dé sau
ar +b

cr +d
ar +b

cr +d
c) Hinh 2 ¢6 d6 thi ham s6 ¢6 dang la y = —2°® + 322 — 1.
d) Hinh 2 14 dd thi ham s6 c¢6 tong cac hé sé a +b+c+d < 0.

thod man a + 2d = 0.

a) Do thi ham s6 y =

b) D6 thi ham s6 y = thod man 3b — 4¢ — 2d = 0.

L&i giai
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1
x4+ 1
a) DO thi clia ham s6 c6 tiem can ding 1a z = 1.
b) Do thi ham sb cit truc Oy tai M.
Phuong trinh tiép tuyén cta (C) tai M lay =22 — 1.

Cau 6. Cho ham s6 y = x —

c) Ton tai hai tiép tuyén ctia do thi vuong goc véi nhau.
d) Dé dusng thing y = k cit (C) tai hai diém phan biét A va B sao cho OA 1 OB
khi d6 k 1a nghiém ctia phuong trinh &2 — k — 1 = 0.
Loi giai

Cau 7. Cho ham s6 y = f(x) ¢6 dao ham lién tuc trén R va ¢6 do thi ham s6 y = f/(x)
nhu hinh vé bén dudi.
Y
-2 0

Xét ham s6 g(z) = f(22 — 3) va xét tinh DUNG, SAI ciia cac menh dé sau.
a) Ham s6 f(z) nghich bién trén (—oo;1).
b) Ham s6 g(x) c6 3 diém cuc tri.
c) Ham s6 g(x) dat cyc tiéu tai z = 0.
d) Ham s6 g(z) dat cyc dai tai x = 2.
Loi giai
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Cau 8. Mot cong ty mudn xay mot duong éng dan tit mot diém A trén bo bién dén mot

diém B trén mot hon dao (nhu hinh vé).

B

6km

9km T
A C

Gia dé xay dudng ong trén bs 1a 50000 USD méi km va 130000 USD dé xay médi km
duéi nuée. Goi C la diém trén bd bién sao cho BC' vudng géc véi b bien, BC' = 6 km,
AC =9 km. Goi M 1a vi trf trén doan AC sao cho khi lam éng dan theo dudng gap khuc
AM B thi chi phi it nhat. Xét tinh PUNG, SAI cac menh dé dudi day.
a) Néu cong ty lap duong 6ng theo duong AC'B thi chi phi hét s6 tien 1230000 USD.
b) Néu cong ty lap dudng 6ng thing theo dudng trén bién tit A dén B thi chi phi hét
s6 tien nhé hon 1400000 USD.
c) Néu cong ty lap duong dng theo dudsng gap khiic AM B thi khi M la trung diém
ctia AC' chi phi hét s6 tien 1200000 USD.
d) Chi phi thip nhat dé hoan thanh viéc xay dung duong éng dan 1a 1170000 USD.
Lai giai
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PHAN 3. Cau tréc nghiém & 1&i ngdn.

Cau 1.
Cho ham 86 y = ax® +bx* + cx +d, (a,b,c,d € R) c6 do thi la y
dudng cong trong hinh bén. C6 bao nhiéu s6 duong trong cic

s a, b, c, d?

L&i giai

Cau 2. Ta xéac dinh dugc céc sb a, b, ¢ dé do thi ham s6 y = 2% 4+ az? + bz + ¢ di qua
diém (1;0) va c6 diém cyc tri (—2;0). Tinh gia tri biéu thic T = a? + b + 2.
Loi giai
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Cho ham s6 y = ax® + bx? + cx + d ¢6 do thi nhu hinh bén v

C6 bao nhiéu s6 duong trong cac sb a, b, ¢, d? \/\

Lai giai

Cau 4. Gia st chi phi cho xuat ban z cuén tap chi (gom: luong can bo, cong nhan vién,

gidy in,...) dugc cho bdi cong thiic:
C(z) = 0,0001z% — 0,22 + 10000

trong d6 C(z) duge tinh theo don vi la van dong (1 van dong = 10000 dong). Chi phi
phéat hanh cho méi cudn la 4 nghin dong. Ti sd M(z) = @ duge goi 1a chi phi trung
binh cho mot cudn tap chi khi xuat ban x cudn va tong chi phi T'(z) (xuit ban va phat
hanh) cho x cudn tap chi. Tim chi phi trung binh thap nhat cho mot cuén tap chi xuat
ban (don vi: van dong), biét rdng nhu cau hién tai xuat ban khong qua 30000 cudn.
Loi giai
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Cau 5. Mot ho lam nghé deét vai lua to tam san xudt moéi ngay dude x mét vai lua
(1 < 2 < 18). Tong chi phi san xuat  mét vai lua, tinh biang nghin ddng, cho bdi ham
chi phi C(x) = 2* — 32% — 202 + 500. Gid sit ho lam nghé dét nay ban hét san pham méi
ngay véi gia 220 nghin dong/mét. Goi B(x) la s6 tién ban duge va L(x) 1a 1¢i nhuan thu
dugce khi ban z mét vai lua. Tim loi nhuan t6i da ma ho lam nghé dét nay c6 thé thu
duge mdi ngay (don vi: nghin dong).

Loi giai
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BAI§. UNG DUNG PAO HAM PE GIAI QUYET
MOT SO VAN BE LIEN QUAN THUC TIEN

A. LY THUYET

1. Quy trinh giai mét bai toan tbi wu don gian

e Xac dinh dai lugng QQ ma ta can lam cho gia tri clia dai luong ay 16n nhat hoac nho

nhéat va biéu dién né qua cac dai lugng khac trong bai toan.

e Chon mot dai luong thich hop nao do, ki hieu la x, va biéu dién céac dai lugng khac
4 Bué6e 1 theo 2. Khi do, dai lugng @ sé 1a ham s6 clia mot bién 2. Tim tap xac
dinh ctia ham s6 Q = Q(x).

e Tim gia tri 16n nhat hodc gia tri nhé nhat clia ham s6 Q = Q(x) bang cac phuong
phap da biét va két luan.

B. CAC DANG BAI TAP

(O Dang 5.1. Téc dé thay ddi ctia doanh thu, loi nhudin

Néu C = C(x) 1a ham chi phi, ttc 14 tong chi phi khi san xuat  don vi hang hoa,
thi tdc do thay doi titc thai C'(x) ctia chi phi d6i véi s6 lugng don vi hang hoa dugc
san xuat duge goi 1a chi phi bién.

Vé ¥ nghia kinh té, chi phi bien C’(x) (xap x{ vi chi phi dé san xuit them mot don
vi hang ho4 tiép theo, tiic 14 don vi hang hoa thit z + 1 (xem SGK Toan 11 tap hai,
trang 87, bo sdch Két ndi tri thiic véi cude song). Goi p(x) la gia ban mdi don vi
ma cong ty c6 thé tinh néu ban = don vi. Khi d6, p dugce goi la ham cau (hay ham
giad) va ching ta mong dgi d6 13 mot ham gidm ciia 2. Néu x don vi duge ban va

gia mdi don vi 1a p(z) thi tong doanh thu la
R(z) =z - p(z).

Va R(z) duge goi 1a ham doanh thu. Dao ham R'(x) ctia ham doanh thu dugce goi
la ham doanh thu bién va la téc do thay doi ctia doanh thu déi véi s6 lugng don
vi san pham ban ra.

Néu z don vi duge ban, thi téng 1oi nhuan 1a
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Va P(z) duge goi 1a ham 1gi nhuan. Ham 1¢i nhuan bién 1a dao ham P’(z) cla

ham lgi nhuan.

Vidu 1. (MH - THPTQG 2025). Mot doanh nghiép dy dinh sdn xuat khong qua 500
san pham. Néu doanh nghiép san xuét = san pham (1 < x < 500) thi doanh thu nhan
duge khi ban hét s6 san pham dé 1a

F(z) = 2 — 19992% + 1001000 + 250000
(dong), trong khi chi phi sdn xuat binh quan cho mot san pham la

250000
G(x) = = + 1000 +

(ddng). Doanh nghiép can san xuat bao nhiéu san pham dé lgi nhuan thu duge 1a 16n
nhat?
Loi giai

Vi du 2. (CT - THPTQG 2025). Néu mot doanh nghiép san xuat 2 san pham trong mot
thang (v € N*; 1 < 2 < 4500) thi doanh thu nhan dugc khi ban hét s6 san pham dé 1a

F(z) = —0,012% + 450z

(nghin dong), trong khi chi phi san xuat binh quan cho mé&i sdn pham la

30000
G(r) = —— 4340
x
(nghin dong). Gia sit s6 sdn pham san xuat ra luon duge ban hét. Trong mot thang, doanh
nghiép dé can san xudt it nhat bao nhiéu san pham dé 1gi nhuan thu duge 16n hon 100
trieu dong?

Lai giai
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(D Dang 5.2. Bai todn thuc té lién quan dén téc dd thay ddi ctia mét dai
lwvong

e Néu s = s(t) 1a ham vi trf ctia mot vat chuyén dong trén mot duong thang thi
v==5(t)

biéu thi van toc titc thoi ctia vat (tdc do thay doi clia do dich chuyén theo thoi
gian). Téc do thay ddi tiic thoi ctia van toc theo thoi gian 1a gia toc tiic thoi
cua vat:
a(t) =0'(t) = s"(t).
e Néu C' = C(t) 1a nong do clia mot chat tham gia phan tng hoa hoc tai thoi
diém ¢, thi
C'(t)
I3 tdc do phan tng tic thai (tidc 1a do thay ddi nong do) ctia chat do tai thoi
diém t.
e Néu P = P(t) la s6 lugng ca thé trong mot quan thé dong vat hodc thuc vat
tai thoi diém ¢, thi
P'(t)

biéu thi tdc do tang trudng tic thoi clia quan thé tai thoi diém ¢.

Vi du 1. Mot cita hang kinh doanh may loc nuée Karofi. Ham cau biéu thi lien heé giita
gia ban ctia mot chiée may véi s6 lugng may ban dude trong mot thang 14 ham bac nhat.
Khi gia ban 1a 5 trieu dong mot chiée thi mot thang ban duge 100 chiée, khi gia ban 1a
4.5 trieu dong mot chiée thi mot thang ban duge 120 chiée. Biét chi phi trung binh cho
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mot chiée may khi ban dude z chiée 1a

3x + 50

T

Hoi ciia hang can ban véi gia bao nhiéu trieu dong mot chiéc may dé lgi nhuan thu dudc
trong mot thang 16n nhat?
Loi giai

Vi du 2. San lugng téo trén mdi cay khi thu hoach lé thuoc vao mat do cay dugce trong.
V6i ctiing mot phuong phap cham séc nhu nhau, néu trén méi sho dat duge trong n cay
tao thi nguoi ta uée tinh trung binh san lugng tao khi thu hoach la

f(n) = —0,06n* — 0,4n + 320

kg/cay. Biét rang binh quan chi phi giong va cham séc tir lac trong cho dén khi thu hoach
12 560 nghin dong mdi cay. Gia ban méi kg téo 1a 50 nghin dong/kg, véi gia ban nay thi
tat ca lugng tédo thu hoach déu duge ban hét. Héi nén trong trung binh bao nhiéu cay tao
trén moi sho dat dé mang vé 1gi nhuan cao nhat?

Loi gii
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C. LUYEN TAP

PHAN 1. Cau tréc nghiém nhiéu phuong én lva chon

Cau 1. Mot hop tac xa trong dua ludéi tai Lam Dong ky hop dong cung cap dua cho
chudi siéu thi. Qua khdo sat, néu moi ngay hop tac xa cung cap z tan dua thi gia ban
trung binh ctia méi tan 1a

p(r) =26 — 0,25z

(trieu dong), véi 0 < z < 40.
Doanh thu méi ngay ciia hop tac xa dude biéu dién bdi cong thic ndo dudi day?
A. R(z) =26 —0,25z. B. R(z) = 26x — 0, 252
C. R(x) = 26x + 0, 2522 D. R(z) = 26x.

Lai giai

Cau 2. Mot cong ty san xuat pin xe dién udc tinh tong chi phi dé san xuat x bo pin

trong mot ngay duge cho bdi
C(z) = 0,042 + 120x + 350

(trieu dong).

Dai lugng nao dudi day biéu dién chi phi bién ctia cong ty?

A. 0,08z% + 120. B. 0,04z + 120. C. 0,08z + 120. D. 0,08z + 350.
Loi giai
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Cau 3. Mot doanh nghiép ché bién thiiy san ban toan bo san pham san xuat trong ngay.

Doanh thu va tdng chi phi (don vi: triéu dong) lan lugt duge cho béi
R(z) = 180w, C(x) = 0,2z* 4+ 70x + 500,

trong d6 x 1a s6 tan thiy san ché bién.
Biéu thiic nao sau day 1a ham lgi nhuan ctia doanh nghiep?
A. 0,222 + 110z + 500. B. 0,22% — 110z + 500.
C. —0,22? + 110z — 500. D. —0,2z% + 250z — 500.
Loi giai

Cau 4. Mot hang xe khach lien tinh nhan thay ring néu mdi ngay khai thac x chuyén

xe thi gia vé trung binh ctia méi hanh khach duge moé hinh héa bdéi ham
p(zr) =320 — 4z

(nghin dong).
Nhéan xét nao duéi day diung?
A. Gia vé tang khi s6 chuyén xe tang. B. Gia vé gidm khi s6 chuyén xe tang.
C. Gia vé luon khong doi. D. Gia vé ti le thuan vé6i s6 chuyén xe.
Loi giai
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Cau 5. Mot xudng san xuat ban hoc thong minh uée tinh lgi nhuan (tricu dong) thu
dugc khi san xudt = san pham trong mot thang ducce cho béi

P(x) = —x* + 80z — 600.

Theo mo hinh trén, s6 san pham can san xuat dé loi nhuan dat 16n nhat la
A. 20. B. 30. C. 40. D. R0.
Loi giai

Cau 6. Mot chudi cita hang ca phé di kién tung ra chuong trinh khuyén mai cho loai ca
phé mang di. Theo khao sat, néu mdi ngay ban dugc x cdc thi gia ban trung binh clia
mdi coc 1a
p(z) =65 — 0,05z

(nghin dong), véi 0 < z < 600.

Doanh thu mdi ngay ctia chudi cita hang duge biéu dién béi cong thiic nao dudi day?

A. R(z) = 65— 0,05z, B. R(x) = 65z + 0,052

C. R(z) = 65z — 00,0522 D. R(x) = 65z.
Loi giai
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Cau 7. Mot cong ty logistics van chuyén hang héa giita cac tinh. Tong chi phi van hanh
khi thiyc hién z chuyén xe trong mot ngay duge mo hinh héa bdi

C(x) = 0, 12* + 452 + 180

(trieu dong).
Theo ¥ nghia kinh té, dai luong nao sau day biéu dién chi phi bién ctia cong ty?
A. 0,22% + 45. B. 0,1z + 45. C. 0,2z + 45. D. 0, 2x + 180.
Loi giai

Cau 8. Mot doanh nghiép san xuat nude giai khat ban hét toan bo san pham trong ngay.

Doanh thu va téng chi phi (don vi: triéu dong) lan lugt duge cho béi
R(z) =250z,  C(z) = 0,5z% 4+ 120z + 600,

trong d6 x 1a s6 nghin chai nudc gidi khat ban ra.
Ham lgi nhuéan ctia doanh nghiép la
A. 0,522 + 130z + 600. B. 0,522 — 130z + 600.
C. —0,5z% + 130z — 600. D. —0,522 + 250z — 600.
Loi giai
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Cau 9. Mot khu du lich sinh thai nhan thiy rang khi s6 lugng khach tham quan mdi
ngay tang thi dé thu hat khach, gia vé trung binh phai diéu chinh theo mo hinh

p(r) =180 — 0, 2x

(nghin dong), trong do6 x 1a s6 khach tham quan.
Khang dinh nao sau day ding?
A. Gia vé tang khi lugng khéch tang.
B. Gia vé khong phu thudc vao lugng khach.
C. Gia vé giam khi lugng khéach tang.
D. Gia vé luon bang 180 nghin dong.

Loi giai

Cau 10. Mot doanh nghiép san xuat tam pin ning luong mat trsi wde tinh lgi nhuan

(trieu dong) khi san xuat z tam pin trong mot thang duge cho béi
P(x) = —22° + 160z — 500.

Theo mo6 hinh trén, doanh nghiép dat lgi nhuan 16n nhat khi san xuat
A. 20 tAm pin. B. 40 tam pin. C. 60 tam pin. D. 80 tam pin.
Loi giai
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Cau 11. Mot cong ty giao hang stt dung thiét bi GPS dé theo déi chuyén dong ciia xe
tai. Quang dudng xe di dugc sau ¢ gis ké tir khi xuat phat dudge mo ta bdi ham sé

s(t) =2t +6t*+5t (0<t<6),

trong d6 s(t) dugc tinh bang kilomét.

Van toc tic thoi clia xe tai thoi diém ¢ duge xac dinh béi v(t) = s'(t).

A.v(2) =29 km/h. B. v(2) =37 km/h. C. v(2) =41 km/h. D. v(2) =53 km/h.
Loi giai

Cau 12. Trong mot thi nghiem sinh hoc, s6 lugng vi khuan (don vi: nghin té bao) sau t
gi6 dugec mo hinh hoéa bai
P(t) = 120",
Toc do tang trudng tic thoi clia quan the tai thoi diém ¢ 1a P'(t).
Gia tri cia P’'(0) bang
A. 0,48. B. 2.4. C. 4,8. D. 120.
Lai giai
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Cau 13. Mot 6 t6 chuyén dong trén dudng cao tdc. Van toc clia xe tai thoi diém ¢ (giay)
duge cho béi
v(t) = 18 + 4t.

Gia toc titc thoi clia xe tai thoi diém ¢ duge x4c dinh béi a(t) = v'(¢).

Gia toc clia xe bang

A. 18m/s?. B. 4m/s% C. 22m/s?. D. 4t m/s?.
Loi giai

Cau 14. Mot bé chita nuée duge bom vao vé6i luu luong thay doi theo thoi gian. Thé tich
nuéc trong bé sau ¢ phit duge mo hinh héa béi

V() =02t +3t+15 (0<t<30),

trong d6 V/(t) tinh bang lit. Téc do tang thé tich nudc tai thoi diem ¢ 1a V/(¢).

Téc do tang thé tich nude tai thoi diém ¢ = 10 phit 1a

A. 5 lit /phit. B. 6 lit/phit. C. 7 lit /phit. D. 20 lit/phit.
Loi giai
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Cau 15. Sau khi mot lugng chat thai hitu co bi x4 vao ho, nong do oxygen hoa tan trong
nudce sau t gio duge ude tinh bai

Ct)=6——— (t>0),

trong d6 C(t) tinh bing mg/l. Dai lugng C’(t) biéu thi tdc do thay ddi nong do oxygen
theo thoi gian.

Khéng dinh nao sau day ding?

A.C'(t

B. C'(t
C.C'(t
D. C'(¢

> 0 v6i moi ¢ > 0, nén nong do oxygen luodn tang.
< 0 v6i moi t > 0, nén nong do oxygen gidm theo thoi gian.

=0 v6i moi t > 0, nén nong do oxygen khong doi.

)
)
) =
) = 2 6i moi t >0

v6i moi :
Loi giai

Cau 16. Mot cong ty vién thong théng ke s6 lugng thué bao méi sau ¢ thang ké tit khi

trién khai mot géi cuéc méi duge mo hinh héa béi ham s6
N(t) = 500 + 40t

(trong d6 N(t) tinh bing thué bao, 0 < ¢t < 12). Khi dé N'(¢) biéu thi téc do ting s6
thué bao.
Toc do tang s6 thue bao sau 6 thang 1a
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A. 40 thué bao/thang. B. 120 thué bao/thang.
C. 240 thué bao/thang. D. 480 thué bao/thang.
Loi gii

Cau 17. Mot xe buyt di chuyén trén tuyén dudng noi thanh. Van téc ciia xe tai thoi
diém ¢ (giay) dugc cho béi
v(t) =15+ 0, 8t.

Gia tbc titc thoi cta xe la
A. 15m/s?. B. 0,8m/s% C. 15+0,8tm/s®>. D. 1,6m/s?
Loi giai

Cau 18. Mot phong thi nghiém theo déi nong do ctia mot chat phan tng theo thoi gian.
Sau ¢ phiit, nong do ctia chat duge xac dinh béi

C(t) =15 — 0, 5t*

(mmol/1).
Téc do thay doi nong do clia chét tai thoi diém ¢ = 4 phit bang
A. —2 mmol/l/phiut. B. 2 mmol/l/phit.
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C. —4 mmol/l/phut. D. 4 mmol/l/phut.
Loi giai

Cau 19. Mot may bom hoat dong lién tuc dua nude vao bé. Thé tich nude trong bé sau
t phut duge mo hinh héa bai
V(t) = 5t* + 20

(Iit).
Téc do bom nudc tai thoi diém ¢ = 8 phut la
A. 40 lit /pht. B. 60 lit/phiit. C. 80 lit /phit. D. 320 lit/phiit.

Lai giai

Cau 20. Mot trung tam béo ton theo déi s6 lugng chim trong mot khu sinh thai. Sau ¢
nam, so lugng chim duge uée tinh béi

P(t) = 200”93,

Khi d6 P'(t) biéu thi tdc do tang trudng sé Iugng chim.
Téc do tang trudng ban dau ciia quan thé 1a

A. 0,03 con/nam.  B. 3 con/nam. C. 6 con/nam. D. 6 con/nam.
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L&i giai
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PHAN 2. Cau tréc nghiém ding sai

Cau 1. Mot cong ty sau khi ra mit san pham mdéi da ghi nhan loi nhuan P(t) sau t
thang kinh doanh. Trong nam dau tién, gid sit moi lien hé gitta 1gi nhuan va thoi gian
kinh doanh dugc mo hinh héa bdi ham sé

P(t)=—t*+ 122 + 60t — 50, 0 <t <12

a) Loi nhuan clia cong ty tai thoi diém ¢t = 2 1a 110 ty dong.
b) Ham s6 biéu thi tdc do tang trudng lgi nhuan P'(t) = —3t% + 24t + 10.
c¢) Loi nhuan ciia cong ty dat mic t6i da tai thoi diém ¢ = 10.
d) Tai thoi diém ¢ = 4 thi téc do tang trudng lgi nhuan la 16n nhat.
Loi giai

Cau 2. Chi phi van hanh trung binh (tinh bang triéu dong/chuyén) ctia mot cong ty van

tai khi van hanh 2 chuyén xe moi ngay dude cho béi ham s

500
A(z) =0,22 4+ 2 + —, 10 < 2 < 100.
x

a) Dao ham ctia ham chi phi trung binh 1a A'(z) = 0’21:1—;_500

b) Chi phi trung binh trén mdi chuyén xe thap nhat bang 22 tri¢u dong.

c) Néu do gi6i han vé s6 lugng tai xé khién cong ty chi c6 thé van hanh t6i da 40
chuyén xe mdi ngay, chi phi trung binh méi chuyén xe trong truong hop nay thap
nhat bang 22,5 triéu dong.

d) Tong chi phi van hanh clia cong ty van tai trong mot ngay thap nhat bang 1,1 ty
dong.

Lai giai
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Cau 3. Mot nha san xuét trung binh ban duge 1500 tivi man hinh phédng mdi tuan véi
gid 15 trieu dong mot chiée. Mot cudc khdo sat thi truong chi ra ring néu ct gidm gia
ban 600 nghin dong (0,6 tricu dong), sé lugng tivi ban ra sé ting them khodng 120 tivi
mdi tuan. Goi p (trieu dong) 1a gia clia méi tivi, z 14 s tivi ban ra méi tuan.

a) Ham caula p = ~550% T 3 (trieu dong).

b) Tong doanh thu tit tién ban tivi 1a f(p) = —200p* + 4500p (trieu dong).

c) Cong ty gidm gid 3,5 trieu dong cho ngudi mua thi doanh thu ctia cong ty sé 16n

nhat.

) . X 7 5 )
d) Néu ham chi phi hing tuan la C'(z) = 12000 — 3% (trieu dong), trong dé6 x 1a 8o tivi

ban ra trong tuan, nha sdn xuat nén dat gia ban 9,5 triéu dong thi lgi nhuan 1a 16n
nhat.
Loi giai

Cau 4. Mot co s san xuat khan dang ban moéi chiéc khan véi gia 50 000 dong mot chiée
va mdi thang co sé ban dude trung binh 34000 chiée. Co s san xuat c6 ké hoach tang
gia ban dé c6 1gi nhuan t6t hon. Sau khi tham khéo thi trudng, ngudi quan 1y nhan thay
rang néu tir mic gia 50 000 dong ma cit ting them 1000 dong thi mdi thang sé ban it hon
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500 chiéc. Biét von san xuat mot chiée khan khong thay doi la 32000 dong, goi tién can
tang gia mdi chiée khan 1a x (nghin dong).
a) Tong doanh thu trung binh méi thang co s san xuat thu duge khi chua tang gia la
1700000 nghin dong.
b) S6 khdn ban ra duge mdi thang sau khi tang gia 1a 34000 — 5z chiée.
c) Dé dat lgi nhuan 16n nhat thi sau khi tang gid mdi chiéc khan 1ai 41 nghin dong.
d) Dé dat lgi nhuan 16n nhat thi s6 khan ban ra gidm 12500 chiéc.
Loi giai

Cau 5. Mot cong ty bat dong san u6e tinh riang lgi nhuan P (ti dong) thu duge ti viee

xay dung x can ho cao cap trong mot dit 4&n duge cho bdi ham s6

P(z) = —2®*+92° — 150 — 50, 0<x<S8.

a) Néu cong ty khong xay dung cin ho nao (z = 0) thi cong ty van chiu chi phi ¢b
dinh (16 von) 1a 50 ti dong.
b) Ham lgi nhuan dong bién trén khoang (1;5).
c) Lgi nhuan dat cic tiéu khi xay dung 5 can ho.
d) Dé dat lgi nhuan 1én nhat, cong ty nén xay dyng 5 cin ho.
Loi giai
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Cau 6. Mot doanh nghiép san xudt va tieu thu mot loai san pham. Trong mot ngay, néu
doanh nghiép san xuat va tiéu thu x san pham (z € N, 1 < 2 < 186) thi chi phi trung

binh cho mdi san pham 1&

— 750
C(z) = 2° — 62 + 140 + —
x

(USD/san pham) va toan bo chiing duge ban véi gia (1400 — 7, 52) (USD) mot san pham.
Gia sit toan bo = san pham san xuat ra déu dude tieu thu hét.
a) S6 tien doanh nghiep thu duge 1a F(z) = 1400x — 7, 5z* (USD).
b) Chi phi doanh nghiép phai bo ra la C(x) = 2® — 622 + 140z + 750 (USD).
c) Loi nhuan doanh nghiep thu duge 1a P(x) = —23 — 1,522 4+ 1260x — 750 (USD).
d) Loi nhuan 16n nhat ma doanh nghiep thu duge 1a 15850 (USD).
Loi giai

Cau 7. Mot xudng san xuat mot loai san pham A. Phong kinh doanh da nghién citu va

dua ra cac ham sb sau:
e Ham chi phf sdn xudt x san pham la C(x) = 20z + 1200
e Ham gid ban clia mdi san pham (khi ban ra z san pham) 1a p(z) = 100 —

Don vi cia o 1a san pham, don vi ctia chi phi va gia ban la nghin dong.
a) Ham lgi nhuan P(z) thu dudc tit viéc san xuat vi ban z san pham A 1a P(z) =
—22 + 80z — 1200.
b) Dé cong ty khong bi 15, s6 san pham can san xuat va ban ra phai thuoc doan [20; 60].

¢) Doanh thu ctia xudng 1a mot ham sé dong bién tren khoang (0; 60).

7= GV: PHAM LE DUY ® Trang 169/661



Bi Trudng THPT Chu Vin An 0704.963.919

d) Néu chinh phti 4p thué 4 nghin dong trén mdi san pham ban ra thi 1gi nhuan tdi da

clia xudng sé gidm di 80 nghin dong so véi khi chua cé thué.
Loi giai

Cau 8. S6 lugng san pham ban dude clia mot cong ty trong « thang dude tinh theo cong
thic

S(x):200<5—mj_2>,

trong d6 x > 1. Khi d6 S’(x) biéu thi tdc do thay ddi ctia s6 lugng san pham ban dugc
theo thoi gian.
a) Cong ty ban duge 775 san pham trong 6 thang.

. 1800
b) Dao ham S'(z) = («754‘—2)2
c) Néu cong ty duy tri thoi gian ban hang du lau thi s6 lugng san pham ban dugc sé
vudt mitc 1000.

d) Doanh s6 clia cong ty tang truéng cham dan theo thoi gian.
Loi giai

Cau 9. Mot ho lam nghé deéet vai lua to tam san xuat moéi ngay duge x mét vai lua
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(1 < x < 18). Tong chi phi san xuat  mét vai lya, tinh biang nghin ddng, cho bdi ham
chi phi:
C(x) = 2° — 32* — 20z + 500.

Gia stt ho lam nghé dét nay ban hét sdn pham mdi ngay véi gia 220 nghin dong/mét. Goi
B(z) 1a s6 tién ban duge va L(x) 1a lgi nhuan thu duge khi ban x mét vai lua.
a) Biéu thitc tinh B(x) theo z 1a B(z) = 220z (nghin dong).
b) Biéu thitc tinh L(x) theo z 1a L(x) = —% + 322 + 2202 — 500 (nghin dong).
c) Ho lam nghé dét nay can san xuat va ban ra mdi ngay 10 mét vai lua dé thu dugc
lgi nhuan t6i da.
d) Lgi nhuan téi da ctia ho lam nghé dét vai lua to tim c6 thé dat duge mdi ngay 1a
1000 nghin dong.
Loi giai

Cau 10. Tai mot xi nghiép chuyén san xuat vat licu xay dung, néu trong mot ngay xi

3 san pham thi phai bé ra cac khoan chi phi bao gom: 4 triéu dong

nghiép san xuat r m
chi phi ¢6 dinh; 0,2 triéu dong chi phi cho m&i mét khéi san pham va 0,00122 trieu dong
chi phi bdo dudng may moéc. Biét rang, mdi ngay xi nghiép san xuat duge t6i da 100 m?

3 s&n pham trong mot ngay

san pham. Goi C(z) la tong chi phi dé xi nghiép san xuat z m
va C' la chi phi trung binh trén moéi mét khoi san pham.
a) C = 0,2z +0,00122 v6i 0 < z < 100.
b) Toéng chi phi sdn xuat 100 m® san pham la 34 triéu dong.
— 4
c) C'=0,00lz+—+0,2 v6i 0 <z <100.
x

d) C c6 gia tri thap nhat bing 0,326 trieu dong (két qua lam tron ba chit s6 thap
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Cau 11. Nha may A chuyéen san xuat mot loai san pham cung cap cho nha may B. Hai
nha may thoa thuan ring, hing thang A cung cap cho B s6 lugng san pham theo don dat
hang ctia B (t6i da 100 tan san pham). Néu s6 lugng dit hang 13 o tan san pham thi gia
ban cho mdi tan san pham la

P(x) = 45 — 0,0012>

(trieu dong). Chi phi dé A san xuat z tan san pham trong mot thang la
C(z) = 100 + 30z

(trieu dong).
a) Chi phi dé A san xuit 10 tan san pham trong mot thang 1a 400 triéu dong.
b) S6 tien A thu duge khi ban 10 tan san pham cho B 1a 600 trieu dong.
c) Lgi nhuan ma A thu duge khi ban z tan san pham (0 < x < 100) cho B duge biéu
dién bang cong thitc —0,0123 + 152 — 100.
d) A ban cho B khoang 70,7 tan san pham méi thang thi thu dugc lgi nhuan 16n nhat.
Loi giai

Cau 12. Mot cong ty sau khi md ban sdn pham méi da ghi nhan lgi nhuan P(t) (don

vi trieu dong) sau ¢ thang kinh doanh. Trong nam dau tién, giad st moi lien he gitta 1gi
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nhuan va thoi gian kinh doanh duge mo hinh héa béi ham s6
P(t) = —t* 4+ 15t* + mt + 50, teN, 1<t<12, meR.

Biét sau thang dau tién mdé ban, cong ty thu duge 1gi nhuan 13 136 trieu dong.
a) Toc do tang trudng loi nhuan clia cong ty 1a ham sé P'(t) = —3t2 + 30t + 50.
b) Lo¢i nhuan ciia cong ty dat miic toi da tai thoi diém t = 3.
¢) Sau 2 thang md ban, 1gi nhuan cong ty thu vé duge 1a 246 tricu dong.
d) Tai thoi diém t = 5 thi téc do thay doi lgi nhuan la 16n nhat.
Loi giai

Cau 13. Mot co s6 déng giay san xuat moi ngay duge x doi giay véi 1 < z < 50. Tong
chi phi san xuat x doi giay (don vi nghin dong) la

C(z) = 2* — 90x* + 2400 + 900.

Gia st co s6 nay ban hét sdn pham médi ngay vdi gida 600 nghin dong/mot doi.
a) Doanh thu clia co s6 khi ban hét 45 doi giay 1a 27 trieu dong.
b) Lo¢i nhuan thu dugce trong mot ngay 16n nhat khi san xuat va ban hét 47 doi giay.
c) Tong chi phi sdn xuat 25 doi giay 1a 20 triéu dong.
d) Tong chi phi cao nhat trong mot ngay 1a 30 trieu dong.
Loi giai
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Cau 14. Mot doanh nghiép san xuat 6 to c6 ham san xuat 14 ham Cobb-Douglas
Q= VKL,

trong d6 K va L lan luogt 1a s6 don vi von va s6 don vi lao dong ma doanh nghiép thue
duge, Q 1a 86 6 t0 san xuat ra duge (don vi: chiée 6 t0). Gia sit gia thué mot don vi von la
ck, gia thué mot don vi lao dong 1a ¢y, ngoai chi phi thué lao dong va von, doanh nghiép
con phai chiu mot chi phi ¢6 dinh 1a Cy (don vi: tram USD). Khi d6 ham s6

F:CKK+CLL—|-OQ

mo ta tong chi phi ma doanh nghiép phai boé ra. Tit nam 2025 thi doanh nghiép ¢6 dinh
gia thue nhu sau cxg = 10, ¢z, = 5 va chi phi ¢6 dinh Cy = 50. Nam 2026 doanh nghiép du
dinh sdn xuat 2026 chiéc 6 to. Xét du dinh sdn xuat nam 2026 ctia doanh nghiép.

20263
N C s 20263
b) Ham tong chi phila FF = 10K +5- R + 50.
20263
c) F'(K)=10-5- 73

d) Tong chi phi tdi thiéu doanh nghiep chi ra dé san xuat 2026 chiéc 6 to 1a 3,44 trieu
USD.
Loi giai

Cau 15. Dan s6 cia mot quoc gia sau ¢ (ndm) bat dau tit nam 2023 dugdc tinh theo cong
thitc
N(t) = 1006”1
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(trong d6 N(t) dugc tinh bang tricu nguoi, 0 < ¢ < 50) (cac két qua lam tron dén hang
phan muoi).

a) Dan sb6 ctia qubc gia nay ¢ nam 2030 vugt mitc 110 trigu ngudi.

b) Dan s6 clia quoc gia nay ¢ nam 2035 vugt mitc 115 tri¢u ngudi.

¢) Vao nam 2030 téc do tang dan sb 1a 1,6 trieu ngudi/nam.

d) Vao nam 2026 toc do tang dan s6 1a 1,2 tri¢u ngudgi/nam.
Loi giai

Cau 16. Tai mot khu bao ton thién nhién cidc nha khoa hoc da tha mot sb ca thé cta
mot loai dong vat quy hiém trong mot khu ring rong 10 héc-ta dé theo doi sy tang trudng
s6 lugng ciia ching. Ho thay ring s6 luong ca thé ciia loai dong vat dé sau t nam ké ti

khi nuoi tai lap khu bdo ton duge xap xi béi ham s6

8t+1

(ca thé, t 1a s6 thuc duong) va toc do tang trudng s6 lugng ciia loai dong vat do tai thoi
diém sau ding ¢ nam ké tit khi nuai 1a /() (don vi: ca thé/nam).
a) Thoi diém ban dau, ngudi ta tha nuoi 30 ca thé.
b) Sau 9 nam théng ké thi bat dau nuoi, s6 lugng ca thé clia loai dong vat dé 1a 170.
c) Téc do tang trudng sb lugng ca thé clia loai dong vat do tai thoi diém ding 6 nam
ké tit khi nuoi 1a = (ca thé/nam).
d) S6 lugng ca thé clia loai dong vat d6 khong vugt qua 240.
Loi giai

7= GV: PHAM LE DUY ® Trang 175/661



Bi Trudng THPT Chu Vin An 0704.963.919

Cau 17. Mot chat diém chuyén dong theo phuong trinh
s(t) =1 — 3t* + 8t + 1,

trong d6 t tinh bang giay va s(t) tinh bang mét.
a) Van toc clia chat diém tai thoi diém ¢ = 3 s bing 8 m/s.
b) Tai thoi diém ma chat diém di chuyén duge 13 m, van toc khi d6 bing 8 m/s.
c) Van toc nhd nhit ctia chat diém 1a 5 m/s.
d) Gia toc tai thoi diém chat diém dat van téc nhé nhat bang 2 m/s?.
Loi giai

Cau 18. Kinh vién vong khong gian Hubble dugce dua vao vii tru ngay 24/4/1990 bang
tau con thoi Discovery. Van toc clia tau con thoi trong st ménh nay, tit lic cat canh tai
thoi diém ¢t = 0 s cho dén khi téen lita day duge phéng di tai thoi diém ¢ = 126 s, cho béi
ham s6

s(t) = 0,001302¢* — 0,090292t* + 23,61t — 3,083

duge tinh bang feet/s, 1 feet = 0,3048 m.
a) Van toc ciia tau con thoi luon tang trong khoang thoi gian tir lic cat canh dén khi
ten ltta day dugc phong di.
b) Gia tdc 16n nhat tau con thoi c6 thé dat dugce trong ltc thyc hién sit ménh trén,
lam tron dén hang phan tram, 1a 62,87 feet /s?.
c) Gia tdc clia tau con thoi tang trong khoang thoi gian tit ltc cat canh dén thoi diém
t=23s.
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d) Gia toc ctia tau con thoi tang trong khodng thoi gian tit ¢ = 21,5 s dén 126 s.
Loi giai

Cau 19. Ngudsi ta bom xi@ng vao binh xang ctia mot xe 6 to, biét rang thé tich V' (lit)
ctia lugng xang trong binh xang duge tinh theo thai gian bom xang ¢ (phiat) duge cho béi
cong thic

V(t) =300t — ) +4, 0<t<05.

Goi V'(t) 1a téc do tang thé tich tai thoi diem ¢, véi 0 < ¢ < 0,5.
a) Lugng xdng ban dau trong binh la 1 lit.
b) V'(t) = 300(2t — 3t*) + 4, v6i 0 < t < 0,5.
c) Xang chdy vao binh xang vao thoi diém ¢ giay thit 30 c6 téc do tang thé tich 1 16n
nhat.
d) Lugng xdng 16n nhat bom vao binh xang la 41,5 1it.
Loi giai

Cau 20. Thé tich nuée (don vi: m®) ctia mot bé bai sau ¢ phiit bom duge cho bdi cong
thic
V(t) = — (—0,5¢> + 90*) , 0 <t < 120.
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Goi v(t) = V'(t) 1a t6¢ do bom nude.
a) Thé tich nudc sau 10 phit 1a 80 m®.
b) Téc do bom nude tai thoi diem ¢ = 20 phit 14 30 m3/phit.
c) Trong 30 phit dau, thé tich nudc 16n nhat trong bé 1a 675 m?.
d) Téc do bom nude cao nhat la 60 m*/phut.
Loi giai

Cau 21. Dan s6 clia mot thi tran sau ¢ nam ké tit nam 1970 dugc uéce tinh béi cong thiic

26t + 10
="
IO ==73

(f(t) tinh bang nghin nguoi).
a) S6 dan cta thi tran vao dau nam 1980 1a 18 nghin nguoi.
b) S6 dan ciia thi tran vao dau nam 1995 la 23 nghin ngudi.
c) Xét f 1a mot ham s6 xac dinh trén nita khodng [0; +00), vay ham sb dong bién trén
[0; +00).
d) Dao ham ctia ham s6 f biéu thi téc do ting dan sb ctia thi tran (tinh bing nghin
ngudi/nam). Vao nam 1998 thi toc do tang dan s6 1a 0,125 nghin ngudi/nam.
Loi giai
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Cau 22. Dua vao thiét bi giam sat hanh trinh ctia mot xe khach di chuyén trén mot
duong thang theo thoi gian ¢ (phit), véi goc toa do 1a van phong clia cong ty va chicu
duong cho trude, ngudi ta xac dinh dudc vi tri clia xe tai thoi diém ¢ (phit) duge cho béi
ham s

%t?) - ét2 (km), € [0:6].

Van toc ciia xe tai thoi diém ¢ (phit), v6i t € [0;6], 1 v(t) (km/phit) duge tinh theo

cong thic v(t) = 5'(t).

S(t) =

Y 5
a) Sau 1 phut di chuyén, xe cach van phong cong ty mot doan 36 km.

b) Van toc clia xe tai thai diem ¢ = 1 phit 1a —}1 km /phiit.

c) Sau 6 phit di chuyén, xe di chuyén duge quang dudng 1a %6 km.

d) Trong khoang thoi gian tit phtt thit 2 dén phat thi 4, toc do xe dang tang dan.
Loi giai

Cau 23. Dau dé la mot loai thie pham quen thudc trong bita #in ciia ngudi Viet Nam.
Ngoai gia tri dinh dudng cao, dau d6 con c6 nhiéu cong dung tuyet voi cho siic khoe va
sac dep nhu: chdéng oxy héa, gitip co bap con ngudi khde manh, tang cudng stic khde cho
tim mach con ngudi, loi ich cho hé tiéu hoa, bo than, cung cap vitamin bé dudng cho co
the, dao thai doc t6, giai doc, t6t cho hé mién dich, gitp huyét 4p én dinh, da dep.

Cay dau doé khi trong c6 chiéu cao 6 cm. Khao sat cho thay do cao tinh bang centimet

ciia cay dau do tai thoi diém ¢ ké tir khi duge trong duge cho bdi ham s6
h(t) = —0,005t* 4 bt® + ¢

(trong d6 b, c € R), v6i ¢ tinh theo tuan. Gia st A'(t) 1a toc do tang chiéu cao clia cay dau
d6 sau khi trong (don vi ctia 1/(t): cm/tuan). Biét /(5) = 5.

a) Ham s6 h(t) c6 cong thic h(t) = —0,005¢* + 0,1¢3.

b) Giai doan tang trudng cia cay dau do doé kéo dai 15 tuan.
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c) Chiéu cao toi da ctia cay dau dé do 1a 90 cm.

d) Vao thoi diém cay dau dé d6 phat trién nhanh nhat thi chidu cao clia cay 1a 56 cm.
Loi giai

Cau 24. Khéi lugng ctia mot ca thé sinh vat X theo thsi gian ¢ tuan (¢ > 0) cho béi
cong thic
f{t) =01+

(k € R, don vi tinh bang microgram). Biét rang sinh vat X chi song duge ding 6 tuan
va khéi Iuong ctia n6 16n nhat tai thoi diém t = 4, dang lic né sinh san.
a) f'(4)=0.
b) f'(t) = 2te k.
c) k= %
d) Biét ring méi lan sinh san, moi c4 thé X sinh ra 10 c4 thé con. Néu ban dau (¢ = 0),
ngudi ta nuoi mot ca thé X vira mdéi sinh thi s6 lugng ca thé X tai thoi diém ¢ = 17

1a 11000.
Lai giai
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Cau 25. Mot hat chuyén dong trén mot duong thang cé gdn mot truc toa do véi goc toa
do 1a vi tri bat dau chuyén dong. Toa do cia hat trén truc tai thoi diém ¢ giay ké tit khi
xuat phat dude cho bdi

o(t) =2t —3ln(t+1), t>0.

Ham s6 v(t) = 2/(t) biéu thi van toc chuyén dong ciia hat.
a) Toa do ctia hat tai thoi diém ¢t = 3 giay 1a 1,84 m.

b) Hat ding yén tai thoi diém ¢ = 0,5 s.

3
c) v(t) =2— PR

d) Van t6c ban dau cta hat la —1 m/s.
Loi giai

Cau 26. Mot chat diém M chuyén dong trén mot duong thiang di qua O. Dé khéo sat
chuyén dong ctia M ngudi ta gin trén duong thing dé6 mot truc toa do 1a Oz véi O la
diém gbc, mdi don vi trén truc tuong tng véi do dai 1 mét. Xét trong 12 giay dau tien,
toa do z(t) ctia M tai thoi diém ¢ giay ké tit lic bat dau khao sat dugc cho béi

3 )
x(t) = -3 + 6t + 4.

a) Ban dau M 6 vi tri cdch O mot khodng béng 6 mét.

b) Van toc titc thai cia M tai thoi diem ¢ giay, 0 <t <12, A v(t) = —t2 + 12t m/s.

c) Trong sudt 6 giay dau tién, van toc tiic thoi ctia M luon tang.

d) Xét trong 12 giay dau tien, tinh tir lac bat dau khéo sat dén lic M c6 van toc tiic
thoi 16n nhat thi M di duge mot quang duong dai 148 mét.

Lai giai

7= GV: PHAM LE DUY ® Trang 181/661



Bi Trudng THPT Chu Vin An 0704.963.919

Cau 27. Sy phan hity ctia cac chat hitu co ¢6 trong nude sé lam tiéu hao oxygen hoa tan
trong nuée. Nong do oxygen (mg/1) trong ho nude sau ¢ giv, ¢ > 0, khi mot lugng rac thai
hitu co bi x4 vao hd dude xac dinh bdéi ham sb

15t
92 + 1

y(t) =5

130t2 — 15
(92 +1)2°
b) Nong do oxygen trong ho nude thap nhat sau 30 phut khi mot lugng rac thai hitu

a) Toc do thay ddi oxygen trong hd nude sau t gio, t > 0, la g(t) =

¢ xa vao ho.

c) Vao thoi diém ¢ = 2 thi téc do thay ddi nong do oxygen trong hd nudc 1a 369"

d) Vao thoi diém ¢ = 1 thi ndong do oxygen trong hd nude 1a 3,5 mg/1.

Lai giai

Cau 28. Dé k¥ niem 70 nam ngay thanh lap truong THPT Viet Dic, céc cuu hoc sinh
t6 chitc phat hanh 4o ky niém gay quy hoc bong. Gia sit doanh s6 (tinh bing s6 40 ban
duge) tuan theo quy luat logistic duge mo hinh héa bang ham s6

7000 >0,

0= 15 12
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trong d6 thoi gian ¢ duge tinh theo don vi ngay, ké tit thoi diém ngay phéat hanh dau tien
(11/8/2025).
a) Sau ba ngay ké tit thoi diém ngay phat hanh dau tién, s6 4o ban ra vugt qua 2000
chiéc.
b) Tong s6 40 dugce ban ra khong vugt qua 7000 chiée.
c) Ngay tai thoi diém ngay phat hanh dau tién, s6 4o dugce ban ra da dat 100 chiéc.
d) Dao ham f’(¢) biéu thi téc do phat hanh. Sau 360 gid ké tit thoi diém phat hanh
dau tien thi téc do phat hanh 1a 16n nhéat.
Loi giai

Cau 29. Trong mot s6 truong hgp, tin don lan truyén va dude mo hinh héa bing ham

A

SO
1

)=
trong do p(t) 1a ti 1é dan s6 biét tin don tai thoi diem ¢ (gio) v a, k 1a hing s6 duong.
Gia sit a = 10 va k = 0,5. Khi do

)l () L

1005t
(1 + 10e-05t)*
¢) Toc do lan truyén tin don l6n nhat sau 9,2 gio.

d) Tai thoi diém tin don lan truyén véi tde do 16n nhat thi c6 50% dan s biét tin don.

b) Toc do lan truyen tin don la p/(t) =

Lai gidi
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Cau 30. Mot cai chau dung nude c6 dang hinh chép cut déu day 1a cac tam gidc déu
canh bang 1 dm va 3 dm. Chiéu cao chau nudc bang 4 dm. Ngudi ta bom nuée vao chau
v6i luu lugng khong doi 0,5 1it /phat.

a) Toc do dang len ctia nude giam dan.

13v/3
3\/_ dm3.

b) Thé tich ctia chau la

c¢) Sau 10 phut bom thi chiéu cao ctia myc nuée bang 3,27 dm.
d) Dén phut thit 10 thi toc do dang lén cia nudce 1a 4,32 dm/phit.
Loi giai
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PHAN 3. Cau tréc nghiém & 1&i ngdn.

Cau 1. (CT - THPTQG 2026). Mot cong ty nong san c¢6 cong suat ché bién khong qué
180 tan nguyen lieu mot thang. Néu cong ty ché bién x tin nguyeén liu trong mot thang
(1 < x < 180) thi chi phi sdn xuat va doanh thu lan lugt 1a

C(z) = 0,0022° + 30z + 20

(trieu dong) va
R(z) =90z

(trieu dong). Lgi nhuan 16n nhat ma cong ty dat duge trong mot thang 14 bao nhiéu triéu
dong?
Loi giai

Cau 2. Mot gia dinh dan luéi danh cd, mdi ngay dan duge x mét ludi (1 < z < 18).
Tong chi phi sdn xuat  mét ludi, tinh bang nghin dong, cho bdi ham chi phi

C(z) = 2 — 32* — 202 + 500.

Gia stt gia dinh lam nghé dan lu6i ban hét san pham méi ngay véi gia 220 nghin dong/mét.
Goi L(x) 1a lgi nhuan thu duge khi ban z mét ludi. Hoi 1gi nhuan tdi da ctia gia dinh dan
luéi trong mot ngay 1a bao nhiéu nghin dong?

Loi giai
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Cau 3. Néu mot doanh nghiép san xuat x san pham trong mot thang (z € N; 1 <z <
300) thi doanh thu nhan duge khi ban hét s6 san pham la

F(z) = 2 — 199922 4+ 1001000z 4 250000

(dong). Trong d6, chi phi van hanh may moéc binh quan cho méi sin pham khi san xuat
r san pham la

100
G(z) =300 + —
T

(nghin dong), chi phi mua nguyén vat liéu dé san xuat o san pham la
H(z) = 22° + 100000z — 50000

(dong). Doanh nghiép can san xuat bao nhiéu san pham dé 1gi nhuan thu dugc la 16n
nhat?
Loi giai

Cau 4. Mot doanh nghiép du dinh san xuat khong qua 180 san pham. Néu doanh nghiép

san xuat z san pham (1 < x < 180) thi gia ban ctia mdi san pham la
f(z) = 35840 — 192z

(nghin dong) va chi phi san xuat binh quan trén mot san pham 13

19200
x

g(x) = 25,62° — 153,62 + 3072 +

(nghin dong). Biét rang mic thué trén mot san pham la 512 nghin dong. Hoéi doanh nghiép

can san xuat bao nhiéu san pham dé loi nhuan thu duge la 16n nhat?
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L&i giai

Cau 5. Mot doanh nghiép san xuat doc quyén mot loai san pham. Gia s khi san xuét

va ban hét x san pham (0 < z < 2000), tong s tién doanh nghiép thu duge 1a
F(z) = 2000z — 2°
(chuc nghin dong) va tong chi phi doanh nghiép bo ra 1a
G(z) = 2% + 1440z + 50

(chuc nghin dong). Cong ty ciing phai chiu mtc thué phu thu cho 1 don vi san pham ban
dugc 1a ¢t (chuc nghin dong) (0 < ¢ < 300). Mic thué phu thu ¢ 14 bao nhiéu sao cho nha
nude thu duge sé tién thué phu thu lén nhat va doanh nghiép ciing thu duge lgi nhuan
nhiéu nhat theo ding mitc thué phu thu d6? Két qua lam tron dén hang don vi.

Loi giai

Cau 6. Gia sit chi phi cho xuat ban x cuén tap chi (gom: luong can bo, cong nhan vién,

gidy in, ...) dugc cho béi cong thitc
C(z) = 0,00012% — 0,22 + 10000,
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trong d6 C'(z) dugc tinh theo don vi 1a van dong. Chi phi phat hanh cho méi cuén la 4
nghin dong. Ti s6

dugc goi 1a chi phi trung binh cho mot cudn tap chi khi xuat ban x cubén va tong chi phi
T(z) (xuat ban va phat hanh) cho x cudn tap chi. Tim chi phi trung binh thap nhat cho
mot cudn tap chi 1a bao nhiéu van dong, biét rang nhu cau hién tai xuat ban khong qua
30000 cudn?

Loi giai

Cau 7. Mot doanh nghiép tu nhan A chuyén kinh doanh xe gin may céac loai. Hién nay
doanh nghiép dang tap trung vao chién luge kinh doanh xe X véi chi phi mua vao mot
chiéc 13 27 trieu dong va ban ra vdéi gia 31 trieu dong. V6i gia ban nay, so lugng xe ma
khach hang da mua trong mot nam 14 600 chiée. Nham muc tiéu day manh hon nita luong
tiéu thu dong xe dang ban chay nay, doanh nghiép du dinh gidm gia ban. Bo phan nghién
cttu thi truong uéc tinh rang néu gidm 1 tricu dong mdi chiée xe thi s6 luong xe ban ra
trong mot nam sé tang them 200 chiéc. Hoi theo d6, gia ban mdi 14 bao nhiéu thi lgi
nhuan thu duge cao nhat?

Loi giai
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Cau 8. Mot cong ty san xuat dung cu thé thao nhan dugc mot don dit hang san xuét
300000 qua bong Pickleball. Cong ty nay sé hitu mot s6 may moéc, mdi may cé thé san
xuat duge 60 qua béng trong mot gid. Chi phi thiét lap may nay 1a 125 ngan dong cho
moi may. Khi duge thiét lap, hoat dong san xuat sé hoan toan dién ra tu dong dudi su
gidm sat. SO tién phai tra cho nguoi gidm sat 1a 90 ngan dong mot gid. S6 may moéc cong
ty nén st dung la bao nhiéu dé chi phi hoat dong 13 thap nhat?

Loi giai

Cau 9. Mot ctta hang kinh doanh may loc nuéc Karofi. Ham cau biéu thi lien hé giita
gia ban ctia mot chiée may véi s6 lugng may ban dude trong mot thang 14 ham bac nhat.
Khi gia ban 1a 5 trieu dong mot chiéc thi mot thang ban dude 100 chiée, khi gid ban 1a
4.5 trieu dong mot chiéc thi mot thang ban duge 120 chiée. Biét chi phi trung binh cho
mot chiée may khi ban duge x chiée 1a 3 + @ Hoi cita hang can ban véi gia bao nhiéu
trieu dong mot chiéc may dé lgi nhuan thu dﬁ’dc trong mot thang 16n nhat?

Loi gidi
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Cau 10. San luong téo trén mdi cay khi thu hoach lé thuoc vao mat do cay dudgc trong.
Véi ciing mot phuong phap cham séc nhu nhau, néu trén méi sho dat dude trong n cay

tao thi nguoi ta uée tinh trung binh san lugng tao khi thu hoach la
f(n) = —0,06n* — 0,4n + 320

(kg/cay). Biét rang binh quan chi phi giéng va cham s6c cho mdi cay téo tir luc trong
cho dén khi thu hoach 14 560 nghin dong. Gid ban méi kg tao 14 50 nghin dong/kg, vdi
gia ban nay thi tat ca luong tao thu hoach déu duge ban hét. Em hay cho biét nén trong
trung binh bao nhiéu cay tao trén méi sao dat dé mang vé lgi nhuan cao nhat?

Loi giai

Cau 11. Mot doanh nghiép di dinh san xuat 2 san pham trong mot thang (x € N; 100 <
x < 800). Tong doanh thu khi ban hét z san pham dé 1a

F(z) = —0,0012° + 0,62” + 5002 + 100000

(nghin dong). Chi phi dé san xuat binh quan cho mdi san pham la

40000

G(z) = 0,00022% +
T

(nghin dong) v& chi phi dé mua nguyén vat ligu khi chua chiét khau 1a

4 5 750 1500000
+ -

H(z) = ——g2 4 222
@) =30+ 7T

(nghin dong). Cong ty cung cap nguyén vat lieu giam 2% tong tién mua nguyén vat liéu
cho doanh nghiép d6. Trong mot thang, doanh nghiép dé can san xuit bao nhiéu san
pham dé lgi nhuan thu dugc 1 16n nhat?

Loi giai
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Cau 12. Tai mot cong ty san xuat do choi an toan cho tré em, cong ty phai chi 34567
USD dé thiét lap day chuyén san xuat ban dau. Sau dé, cit san xuat dudge mot san pham
do choi X, cong ty phéai trd 8 USD cho nguyén ligu ban dau va nhan cong. Goi x (z > 1)
la s6 do choi X ma cong ty da san xuat va C(z) 1a tong sb tién bao gom ca chi phi ban
dau ma cong ty phai chi trad khi sdn xudt x do choi X. Khi d6 chi phi trung binh cho

moi san pham dd choi X 1a ham s6 C(z) = ?) xac dinh trén [1;4+00). Khi s6 do choi

san xuat tang lén thi chi phi trung binh cho mdi san pham do choi X gidm xudng nhung
khong xubéng dusi mitc t6i thicu 14 bao nhidu USD?
Loi giai

Cau 13. Nam 2025, mot ciia hang can nhap vé téng cong 600 chiéc dien thoai. Cita hang
sé nhan theo nhiéu 16 hang, mdi 16 hang chita s6 lugng dién thoai bang nhau. Chi phi van
chuyén 13 50 USD cho méi 16 hang, cong thém mot loai phi van chuyén nita 13 3 USD cho
mdi chiéc dien thoai va phi nay cd nam chi tinh cho lan van chuyén dau tien. Héi ctia
hang d6 nén nhap mdi 16 hang bao nhiéu chiéc dién thoai dé chi phi van chuyén c4 nam
2025 thap nhat?

Loi giai
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Cau 14. Bac An c6 mot cita hang chuyén ban buon budi Doan Hung. Néu ban mdi
kilogram budi véi gia 30 nghin dong thi mdi tuan c6 60 don hang va mdi don hang mua
100 kilogram. Néu cit ting gid mdi kilogram budi thém 2 nghin dong thi hing tuan s6
don hang giam 4 don, dong thoi s6 lugng budi ma mdi don hang dat mua ciing giam di 2
kilogram. Hoi bac can ban méi kilogram budi v6i gia bao nhieéu nghin dong dé 1¢i nhuan
hing tuan thu dugdc 1 16n nhat, biét gia nhap moi kilogram budi 1a 24 nghin dong va gia
ban khong vugt qua 50 nghin dong/kg? Két qua lam tron dén hang don vi.

Loi giai

Cau 15. Trén mot khiic song c6 dong nuée ling, mot chiée tau chay véi toc do khong
ddi. Chi phi nhién lieu gom hai phan: phan thit nhat khong phu thudc vao tdc do va mat
630 nghin dong/gio; phan thit hai ti 1¢ thuan véi binh phuong ciia téc do, khi v = 10
km/h thi chi phi phan thi hai 14 70 nghin dong/gis. Tim téc do ctia tau dé tong chi
phi nhién liéu khi tau chay 1 km trén song la it nhat. Két qua lam tron dén hang phan
tram.

Loi giai
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Cau 16. Mot xe 6 t6 chd khach du lich c6 siic chita t6i da 13 16 hanh khach. Trong mot
khu du lich, mot doan khach gom 22 ngudi dang di bo va mudn thué xe vé khach san. Lai
xe dua ra théa thuan véi doan khach du lich nhu sau: Néu mot chuyén xe chd x ngudi thi
gia tien cho mdi nguoi 1a

(40 — z)?

2

nghin dong. Véi thda thuan nhu trén thi lai xe c6 thé thu duge nhidu nhat bao nhiéu trieu
dong tit mot chuyén chd khach? Lam tron két qua dén hang phan tram.
Loi giai

Cau 17. Mot trung tam thuong mai ban 2500 ti vi mdi nam. Chi phi gii trong kho la
100000 dong mot cai ti vi mdi nam. Dé diat hang, chi phi c6 dinh cho mdi lan dat 1a
200000 dong cong thém 90000 dong mdi cai ti vi. Trung tam nén dat hang n lan trong
mdi nam vA moi lan m cai dé chi phi hang ton kho la it nhat. Biét ring mdi lan dit hang

vé chi c6 mot nita trong s6 dé duge trung bay & cita hang. Tinh gié tri bicu thic

T = 20m + 25n.

Lai gidi
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Cau 18. Mot co s6 san xuat sita hat chat luong cao c6 thé san xuat duge téi da 300
lit moéi ngay. Chi phi sdn xuat z lit sita mdi ngay bao gom: chi phi nhan cong 1a 1 trieu
dong/ngay; chi phi nguyén vat lieu, déong chai, bao bi la 35 nghin dong cho mot lit stta;
chi phi bao duéng may moc la
Cy(x) = 0,0000122

trieu dong. Ngoai ra, néu z lit sita sdn xuat mdi ngay vugt 200 1it thi phat sinh thém chi
phi van hanh qua tai la

C,(z) = 0,00003(x — 200)*
trieu dong. Gia ban mdi lit sita 14 60 nghin dong. Biét co s ban hét lugng sita san xuat
trong ngay. Héi mdi ngdy co s ¢6 1gi nhuan dat duge nhiéu nhat 1a bao nhiéu trieu dong?
Két qua lam tron dén hang phan tram.
Loi giai

Cau 19. Mot tap doan du dinh dau tu tong s6 von 1a 20 ty dong dé phat trién hai du an
cong nghé A va B. Biét rang khodn chi phi co s6 ha tang ¢6 dinh ban dau 14 4 ty dong.
S6 von con lai duge phan bo cho hai du an A va B. Lgi nhuan k¥ vong ctia dy an A khi
dau tu z ty dong 1

La(z) = —2* + 122.
Loi nhuan ky vong ctia dy an B khi dau tu y ty dong la

Li(y) = —y* + 20y.
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Dé t6ng 1¢i nhuan ky vong dat gia tri 16n nhat thi tap doan nén phan bd vén cho dir an
A bao nhiéu ty dong?
Loi giai

Cau 20. Mot cong ty dang trién khai chién dich quang cdo san pham mdéi. S6 tién dau
tu quang céo la A (trieu dong). Theo két qua nghién ctu thi truong, sé lugng san pham

ban ra phu thudoc vao chi phi quang cao theo ham

101
q(A) = 1000 + % In(1+ A).

Biét ring, chi phi san xuit mdi san pham la 10 trieu dong va gia ban mdi san pham la
20 trieu dong. Gia tri lgi nhuan t6i da ma cong ty c6 thé dat duge 1a bao nhieu ti dong?
Lam tron dén hang phan mudi.

Loi giai

Cau 21. Theo thong ké tai mot nha may Z, néu ap dung tuan lam viéc 40 gio thi moi
tuan c6 100 t6 cong nhan di lam va mdi t6 cong nhan lam duge 120 san pham trong mot

gis. Néu tang thoi gian lam viéc thém 2 gid mdi tuan thi sé ¢ 1 t6 cong nhan nghi viéc
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va niang suat lao dong giam 5 san pham/1 t6/1 gid. Ngoai ra, s6 phé pham mdi tuan uéc

tinh 1a
B 9522 + 120x

Pla) = 2
v6i z 13 thoi gian 1am viéc trong mot tuan. Nha may can ap dung thoi gian lam viec moi
tuan may gis dé s6 lugng san pham thu dude méi tuan 1a 16n nhat?

Loi giai

Cau 22. Mot xudng in ¢6 18 méy in, moéi méy in in duge 3500 bén in trong mot gis. Chi
phi dé van hanh ban dau cho mot méy trong mdi lan in 1a 80000 dong. Chi phi cho n may
hoat dong trong mot gio 1a (60n + 100) nghin dong. Ho6i néu in 70000 t0 quang céo thi
phéi st dung bao nhiéu méy in dé dugc lai nhiéu nhat?

Loi giai

Cau 23. Mot cong ty tai ché van chuyén nguyen vat lieu gom gidy va bia carton tit thanh
phd A dén mot nha may ché bién 6 thanh phé B doc theo mot tuyén duong cao téc. Toc
do t6i da cho phép trén dudng cao toc 1a 120 km/h va tdc do toi thidu 1a 60 km/h. Goi

téc do xe tai van chuyén nguyén vat ligu clia cong ty 1a z km/h. Biét rang loai xe tai ma
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cong ty dang sit dung c6 téc do tieu thu nhién lieu 1a

2
12 + —

1it moi gio va loai nhien ligu nay c6 gia 20000 dong/lit. Dong thai, cong ty tra luong cho
tai xé 120000 dong mdbi gis lai xe. Xe tai nén duge lai véi téc do bao nhicu km/h dé chi
phi ma cong ty phai tra cho toan bo viéc van chuyeén la it nhat?

Loi giai

Cau 24. Mot dai 1y nhap khau trai cay tuci dé phan phéi cho cac cita hang. Mai lan
nhap khau trai cay, khodn chi phi van chuyén khong doi 1a 25 trieu dong. Chi phi bao
quan moi ta trai cay du trit trong kho 1a 80 nghin dong/ngay. Thoi gian bdo quan trai cay
trong kho t6i da 10 ngay. Biét ring, ké tit ngay dau tien nhap hang, dai Iy sé phan phoi
tdi cac clra hang 25 ta trai cay moi ngay. Moi lan nhap hang, dai Iy phai nhap du tréi cay
cho bao nhiéu ngay phan phéi dé chi phi trung binh cho mdi ngay la thap nhat?

Lai giai
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Cau 25. Gia sit gia ctia mot ¢6 phiéu nao dé, tinh bing euro, trong mot ngay nhat dinh
c6 8 gio giao dich dugc mo ta bdi ham s6

T+ 2

f(x) =357 m,

x € [0;8],

trong dé x la thoi gian tinh bing gis ké tir khi phién giao dich mé cita. Néu mot ngudi
mua 100 ¢6 phiéu va ban ching ngay trong ngay nay thi ngudi dé c6 1oi nhuan téi da la
bao nhiéu euro?

Loi giai

Cau 26. Theo két qua tham do truée mot budi biéu dién van nghe ngoai trsi, néu gia
ban mdi vé 1a p nghin dong thi sé ¢ 2 ngudi mua vé xem biéu dién, gitta p vd = ¢d moi
lién hé

p= 5006_0’0005:6.

Don vi t& chiic nén ban vé véi gia bao nhieu nghin dong thi dat dudce doanh thu cao
nhat?
Loi giai
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Cau 27. Mot doanh nghiép diy dinh san xuét khong qua 400 san pham. Néu doanh nghiép
san xuat  san pham (1 < 2 < 400) thi doanh thu nhan dugc khi ban hét s6 san pham la

F(z) = 2* — 199922 4+ 1001000z + 250000.

Trong do6, chi phi van hanh méay moéc cho méi san pham la

10000023
Glr) =~

dong. Tong chi phi mua nguyen vat lieu la
H(z) = 2% + 1000002 — 50000

dong nhung do doanh nghiép mua véi s6 lugng 16n nén dude giam 1% cho 200 san pham
dau tién doanh nghiép sdn xuat va giam 2% cho san pham tiép theo. Doanh nghiép can
san xuat bao nhiéu san pham dé lgi nhuan thu duge la 16n nhat?

Loi giai

Cau 28. Mot cong ty chuyén phat nhanh can van chuyén mot 16 hang trén quang dudng
dai 200 km bing mot xe tai. Gia sit rang xe chay v6i van téc khong doi bang v km /h trén

su6t quang duong d6 véi miic tiéu thu dau clia xe duge mo hinh héa bdi ham s6

5 v
C(U)—;‘l—ﬁ

1it/km. Biét chi phi tra cho tai xé 1a 150 nghin dong/gid va gia dau la 20 nghin dong/1it.
Hoi chi phi thap nhat, tinh bang nghin dong, bao gom tién cong tra cho tai xé va tién
dau, cho chuyén van chuyén hang do6 1a bao nhieu?

Loi giai
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Cau 29. Mot cong ty cong nghé san xuat linh kién dién t1t. Chi phi sdn xuat z linh kién
dugce tinh theo cong thiic
C(z) = 0,52% + 200z + 5000

(USD). Khéch hang ky hgp dong bao tiéu sdn pham véi mitc gid nhu sau:
e V6i 500 san pham dau tién duge mua vé6i gia 1000 USD /san pham.
e Tir san pham thit 501 trd di, gia thu mua 13 800 USD/san pham.

Dé diéu tiét san xuat, Nha nudc 4p dat mot mitc thué phu thu la ¢ USD trén mdi don
vi san pham, nhung chi 4p dung cho nhitng sdn pham tit thi 501 tré di va khi thu thué
thi mong muén s6 tién phu thu 16n nhat. Véi cach tinh thué va yéu cau nhu vay, doanh
nghiép nén san xuat bao nhiéu linh kién dé loi nhuan thu duge 16n nhat?

Loi giai

Cau 30. Mot doanh nghiép kinh doanh mot loai san pham 7' duge san xuat trong nudce.
Qua nghién citu thiy ring néu chi phi sin xuidt méi san pham 7 1a x USD thi s6 san

pham 7' cac nha mAay san xuat sé la
R(z) = 30z — 200
va 56 san pham 7 ma doanh nghiép ban dugc trén thi trudng trong nudc sé 1a

Q(x) = 3000 — 10z
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S6 san pham con du doanh nghiép xuat khau ra thi trusng quoc té véi gia ban mbi san
pham 6n dinh 13 150 USD. Nha nudc danh thué trén mdi san pham xuat khau la ¢ USD
va luon dam bao ti lé giita 1gi nhuan tir viec xuat khau ctia doanh nghiép va thué thu
dude ctia nha nude tuong tng 1a 4 : 1. Hay tim gid tri clia @ biét 1gi nhuan ma doanh
nghiép thu duge tit viec xuat khau la nhiéu nhat.

Loi giai

Cau 31. Mot cong ty van tai co thé huy dong téi da 10 xe tai dé chuyén 60 tan hang hoa
dén mot dia diem. Mbi xe tai c6 thé chd 3 tan hang trong mot chuyén di va mat 1 gio dé
hoan tat mot chuyén. Chi phi khéi dong dé diéu mot xe tai 1a 100 nghin dong. Ngoai ra,

khi cting chay, n xe tai ton chi phi nhién liéu méi gio 1a
15(2n + 5)

nghin dong. Cong ty dang tinh todn dé sit dung mot sé lugng xe tai sao cho tong chi
phi van chuyén 1 thap nhat. Chi phi thap nhat ay 14 bao nhiéu nghin dong cho dgt van
chuyén hang noi trén?

Loi giai
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Cau 32. Tt nam 2004 dén nam 2019, doanh thu R(t), tinh bang triéu do la, ctia Mc-
Donald’s ¢6 thé duge mo hinh héa béi

R(t) = —130,769t> + 2296, 47t* — 11493,5t + 35493, 4 <t <19,

trong do6 t 1a dai dién cho nam, véi t = 4 tuong tng v6i nam 2004. Biét rang R/(¢) la ham
toc do doanh thu theo thoi gian. Téc do thay déi doanh thu ctia McDonald’s 16n nhat
vao nam nao?

Loi giai

Cau 33. Cong ty X can van chuyén mot lugng 16n hang héa tit nha kho A dén cita hang
B, lugng hang héa chia ra thanh nhiéu chuyén di bing mot xe tai c¢6 tai trong toi da la
50 tan. Biét ring dé boc xép z tan hang hoa tit nha kho A lén xe can thoi gian

T
60 — x

gid. Sau khi xe dén B, dé di chuyén mdi tan hang tit xe xubéng cita hang B can thoi gian
3 phit. Tong thoi gian trung binh di chuyén tit nha kho A dén cita hang B va quay vé A
la 1,2 gio. Em hay cho biét trong méi chuyén di, xe nén van chuyen bao nhiéu tan hang
dé khoi luong hang héa duge van chuyén trung binh trén méi gio 1a 16n nhat? Két qua
lam tron dén hang phan muoi.

Loi giai
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Cau 34. Mot thi sinh danh 40 phut dé lam 21 cau hoéi mitc do van dung va van dung
cao trong dé thi tét nghiep THPT Qudc Gia mon Toan, bao gom 14 cau héi van dung
va 7 cau hoi van dung cao. Néu danh z phit cho céc cau héi van dung thi tong diém thi

sinh dat dugc cho nhém cau héi van dung la

14«
5(x+1)

con néu danh y phit cho céc cau hoéi van dung cao thi téng diém thi sinh dat duge cho

nhém cau héi van dung cao la
14y

5(3y+1)
Héi thi sinh nay nén danh bao nhiéu phit cho nhéom cau héi van dung cao dé tong diem
dat dugc 1a 16n nhat?
Loi giai

Cau 35. Cong ty chiing khoan VNStock can xit 1y 18000 lénh giao dich trong mot ngay

lam viec (8 gio). He thong gom cidc may chi xit 1y véi thong s6 nhu sau:
e Ning suat 250 lenh/gio/may.
e Chi phi trién khai 15 triéu dong/may.
e Chi phi van hanh dién va béo tri 120000 dong/gic/may.
e Chi phi nhan vién giam sét 8 tricu dong/gio.

Tim chi phi thip nhat ma cong ty phai bo ra dé thuyc hién s6 lugng giao dich trén (lam

tron dén hang don vi ctia trieu dong).
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L&i giai

Cau 36. Mot cong ty muén dau tu vao he théng dien mit troi ¢6 cong suat x (don vi
tinh: MW). Theo nghién cttu cho thay mot s6 thong tin sau: Chi phi dau tu ban dau la

Ci(x) = 140 + bbx
(ty dong). Doanh thu héng nam la
R(x) = 28z — 0,152
(ty dong/nam). Chi phi van hanh hang nam la
Cy(x) = 12 4 0,352 + 0,0122°

(ty dong/nam). Hay tim cong suat z (Iam tron dén hang don vi) dé t6i da héa 1gi nhuan
tren dau tu, dude tinh 1 ty 1é 1gi nhuan hing nam trén chi phi dau tu ban dau.
Lai giai

Cau 37. Mot cong ty kinh doanh dich vu nghi duéng nhan thay ring: Néu ap dung miic
gia 3 trieu dong/ngudi/ngay thi méi thang c¢6 140 khach dén nghi va mdi khach sé nghi

7= GV: PHAM LE DUY ® Trang 204/661



Bi Trudng THPT Chu Vin An 0704.963.919

12 ngay. Néu ctt tang gia them 500 nghin dong/ngudi/ngay thi hing thing s6 khach dén
nghi sé gidm di 6 nguoi va thoi gian luu tra cia méi khach cing gidm 2 ngay. Nguoc lai,
néu ctt gidm 500 nghin dong/ngudi/ngay thi hing thang s6 khach dén nghi sé tang them
6 nguoi va thoi gian luu tra ctia mdi khach cling tang them 2 ngay. Héi cong ty can ap
dung mitc gia bao nhiéu triéu dong/ngusi/ngay dé lgi nhuan hing thang thu dugc la 16n
nhat, biét tong chi phi cong ty phai chi cho mot ngay luu tra clia mdi ngusi khach 1a 2
trieu dong va s6 du lich khong cho cong ty vugt quéa 10 trieu dong/ngudsi/ngay (lam tron
két qua dén hang phan tram).

Loi giai

Cau 38. Mot cong ty cong nghé cung cap géi luu trit dit lieu doanh nghiép véi gia niem
yét 200000 dong/théang va dang c¢6 400 khach hang. Phong kinh doanh xac dinh duge quy
luat: Ctt gidm gia 10000 dong thi sé c6 them 50 khach hang mdi. Tuy nhién, do bién tugng
qué tai bang thong, chi phi van hanh C'(n) theo s6 khach hang n duge xac dinh boi

C(n) = 28n + 0,01n* + 15000.

Cong ty can chét gid ban bao nhiéu nghin dong dé lgi nhuan dat mitc toi da?
Loi giai
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Cau 39. Dé han ché vi pham thoi gian lam viéc déi v6i cong nhan, giam déc cong ty
quyét dinh xit 1y bang cach phat tien. Nho sy giam sat chat ché ciia quan doc, giam doc
cong ty biét duge trong mot thang, gitta ti 1¢ cong nhan vi pham diang & lan (1 < k < 2)
la t, = Wk’ trong d6 NN, 14 s6 cong nhan vi pham ding k lan, N 1a tong s6 cong nhan va
miic phat méi lan vi pham c6 méi lien hé nhu sau: Néu mdi cong nhan nop phat z nghin
dong (60 < x < 300) khi vi pham lan thit nhat va nop phat  — 20 nghin dong khi vi
pham lan thit hai thi

L 36 L
YT 10 T =30

Biét ring N khong doi va bang 2400. Tong sb tién nop phat trong mot thang it nhat la
bao nhiéu triéu dong?
Loi giai

Cau 40. Viet Nam dang trién khai du an duong sit toc do cao chang Thanh phé Hé Chi
Minh — Nha Trang v6i tong chiéu dai quang dudng la 375 km. Tong cong ty dudng sit
can xac dinh van toc khai thac v (km/h) cho doan tau (200 < v < 350) dé dat 1¢gi nhuan
cao nhat cho mdi chuyén tau. Qua cac s6 lieu tinh toan ki thuat va khio sat thi truong,
ta c6 cac thong tin sau: Chi phi dién nang tiéu thu cho toan bo hanh trinh duge tinh toan
chinh xac theo cong thitc Cy(v) = 15v? (nghin dong). Chi phi van hanh c¢6 dinh bao gom
nhan sy, khau hao thiét bi va bao trl duong ray tinh cho méi gio tau chay 1a 250 trieu
dong/giv. S6 lugng khach mua vé cho mdi chuyén tau phu thude vao van tdc v theo ham
$6 N(v) = 4v khach. Gia vé binh quan ¢ dinh cho toan chang la 1500000 dong/khach.
Xéc dinh van téc khai thac v dé lgi nhuan rong ctia mot chuyén tau la 16n nhét.

Loi giai
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Cau 41. Mot xuéng san xuat robot hit bui thong minh dang trong giai doan tang toc.
S6 lugng robot san xuat moi thang 1a x chiée, véi € N* va 10 < o < 500. Mdi robot

dugce ban véi gia ¢ dinh 1a 12 trieu dong, tong chi phi san xuat médi thang la
C(z) = 150e%00952 1 450

(trieu dong). Dé xudng dat lgi nhuan tdi thiéu la 1,5 ty dong méi thang, xudng can san
xuat va tiéu thu it nhat bao nhiéu robot mot thang?
Loi giai

Cau 42. Mot doanh nghiép can sdn xuat mot mit hang trong 10 ngay va phai st dung
hai may A vad B. May A lam viéc trong = ngay va cho sb tién 1ai 1a 2 + 2z (trieu dong),
may B lam viéc trong y ngay va cho s6 tién 1ai 1a 326y — 27y? (trieu dong). H6i doanh
nghiép d6 can sit dung may A trong bao nhiéu ngay sao cho s6 tién 1ai 1a nhiéu nhat? Biét
rang hai may A va B khong dong thoi lam viéc, may B lam viéc khong qua 6 ngay.

Loi giai
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Cau 43. Mot nha hang c6 tong cong 30 nhan vien. Mai nhan vien khi lam tang ca dugc
trd mutc luong ¢6 dinh 14 400 USD/thang. Néu ¢6 them mot nhan vien tang ca, mic luong
clia tat cad cac nhan vién tang ca sé dudce tang théem 2% so véi mic luong c6 dinh. Bén
canh tién Iuwong cho nhan vién thi tién dién nudc va duy tri co sé vat chat 1a ¢d dinh 8000
USD/thang. Biét nha hang ¢6 doanh thu trung binh tit khach hang 1a 10000 USD /thang.
Ngoai ra, mdi nhan vién tang ca trung binh sé duge khach hang tip 800 USD/thang. Tuy
nhién toan bo tien tip phai duge nop lai cho chti nha hang va khoan tién nay sé dude tinh
vao doanh thu ctia nha hang. Dé lgi nhuan ctia nha hang dat 16n nhat thi s6 nhan vien
tang ca la bao nhiéu?

Lai giai

Cau 44. Dé san xuat mot mit hang phuc vu ngay tét, mot doanh nghiep c6 ké hoach
vay ngan han s6 tién 150 triéu dong trong vong 1 thang, véi lai suat 1a 4% /thang. Tong
chi phi dé san xuat va kinh doanh z san pham la

20000

X

V(z) = 1,4z — 600 +

(don vi: trieu dong), véi = 1a s6 nguyen duong. Biét ring gid ban mot san pham la 1,2
trieu dong, doanh nghiép chiu thué thu nhap 1a 17% tinh trén téng loi nhuan thu duge
sau khi san xudt va ban hét x san pham. Hdi sau 1 thang san xuat va kinh doanh nhu
trén, doanh nghiép trd hét phan ng vay ngan han thi con s6 tién lgi nhuan nhiéu nhat 1a
bao nhiéu (don vi: trieu dong)?

Loi giai
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Cau 45. Mot doanh nghiép chuyén san xuat 6 to hang sang, biét nhu cau ctia thi truong
va chi phi ciia loai sdn pham nay lan luot 1

Q = 5000 — ? C(Q) = Q* + 2200Q + 500,

trong dé @ la s6 san pham va P la gid ban ctia mot san pham. Gia st Nha nude danh
thué diic biét ¢ (trieu dong) trén mdi don vi sdn pham. Véi mdi miic thué ¢, doanh nghiép
lua chon san luong Q dé loi nhuan dat 16n nhat. Hay xéc dinh mic san luong @ ma doanh
nghiép sé san xuat néu Nha nuéc chon mic thué ¢ sao cho s6 tién thué thu duge 1a 16n
nhat.

Loi giai

Cau 46. Mot doanh nghiép san xuat thiét bi dién ti thong minh c6 quy trinh van hanh
va chinh sach thué nhu sau: Trong mdi thang, doanh nghiép phai chi trd mot khoan chi
phi ¢6 dinh 200 triéu dong, khoan chi phi nay khong phu thuoc vao sb lugng san pham
san xuat. Ngoai ra, dé hoan thién mdi san pham, doanh nghiép phai chiu chi phi bién
doi 1 trieu dong cho mdi san pham. Méi san pham duge ban ra thi trudng véi gia 3 trieu
dong mot san pham.

Nham khuyén khich gia tdng quy mo san xuat, co quan quan ly a4p dung chinh sach
thué tinh theo tong doanh thu trong thang, véi mic thué suat gidm dan theo san luong.
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Néu doanh nghiép ban duéi 100 san pham trong thang, thué suat 1a 10% téng doanh thu.
Néu ban tir 100 dén dudi 300 san pham, thué suat 1a 8% tdng doanh thu. Néu ban tit 300
san pham trd len, thué suat 1a 5% tong doanh thu.

Goi x 12 6 lugng san pham doanh nghiép san xuat va ban ra trong mot thang (r € N*).
Tim s6 san pham toi thiéu dé doanh nghiep bt dau c6 lai.
Lai giai

Cau 47. Mot cong ty cong nghe GigaCloud chuan bi ra mat dich vu luu trit dam may
cao cap danh riéng cho cac doanh nghiép l6n. Qua phan tich dit lieu 16n (Big Data), céc
chuyéen gia kinh té clia cong ty xac lap duge mo hinh cau nhu sau: Néu dinh gia géi cuée
hing thang 1a z (trieu dong) thi s6 lugng doanh nghiép dang ky st dung S (nghin doanh
nghiép) sé la

S(z) =V45 —x (V6i © < 45).

Chi phi van hanh he théng ctia GigaCloud bao gom hai khoén:
e Chi phi ¢6 dinh 1a 10 ty dong mdi thang (cho co sd ha tang, nhan sy ¢t 161).

e Chi phi van hanh. D#c thit bdo mat dit lieu khién s6 Ilugng khach hang tang lén thi
chi phi bang thong va bao tri tang theo cap s6 nhan. Cu thé, chi phi nay ti 1é thuan
v6i binh phuong s6 lugng khach hang

C, = 357
(ty dong).

Hay x4c dinh miic gia cuée 2 ma GigaCloud can niém yét dé dat lgi nhuan rong hing
thang cao nhat.
Loi giai
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Cau 48. Mot cong ty khai thac tuyén tau cao toc chd khach du lich tir dat lién ra dao
v6i khoang cach 60 km. Gid st tau di chuyén véi van tdc v khong doi trén sudt tuyén

duong. Chi phi van hanh cho méi gio hoat dong ctia tau bao gom:
e Chi phi nhién ligu: 1000 dong, v6i v (km/h) 1a van toc ctia tau (v > 0).
e Chi phi ¢6 dinh (luong thiiy thit doan, khau hao, bén bai, ...): 4000000 dong.

Dé dam bao chat lugng dich vu, thoi gian di chuyén méi chuyén khong ducce vugt qué 1
gio 30 phut. Dong thoi, vi Iy do an toan hang hai, tau khong duge chay qua 55 km/h.
Tau c6 sttc chita t6i da 150 hanh khach va gid st rang s6 lugng khach trén méi chuyén di
luon dat mic tdi da. Ban giam déc thiét 1ap muc tiéu lgi nhuan thu duge tit méi chuyén
di bing 25% tong chi phi van hanh ciia chuyén dé. Dé dat duge miic lgi nhuan nay trong
diéu kien tau duge van hanh véi tong chi phi thap nhat, gi4 vé moi hanh khach phai tra
1a bao nhiéu nghin dong?

Loi giai

Cau 49. Trong ké hoach khai thac tuyén ca no cao téc phuc vu du lich sinh thai trén
viing long ho Thiy dién Son La tit bén Muong La di Quynh Nhai c6 chiéu dai 100 km.
Ban quan ly can xac dinh van toc khai thac v (km/h) cho ca no (30 < v < 70) dé dat lgi
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nhuan kinh té cao nhat. Cac thong s6 duge xac dinh nhu sau: Cong suat tieu thu dien
cua dong co ca no la
P(v) = 100* (W).

Gia dién kinh doanh tai bén sac 1a 2000 dong/kWh. Chi phi van hanh ¢6 dinh gom luong
nhan Iyc 1ai tau, khau hao va bén bai dugce tinh 14 2500000 dong cho mdi gid ca no chay.
S6 luong khach mua vé cho mdi chuyén phu thuoc vao van téc khai thac theo ham s6

N(v) = % +20.

Gia vé binh quan cho tuyén nay 1a 500000 dong/khach. Hay x4c dinh van t6c khai thac v
dé loi nhuan rong ctia mdi chuyén ca no trén tuyén nay la 16n nhat. Biét cong thiic tinh
dién lugng tieu thu la A = P(v) - t.

Loi giai

Cau 50. Chi phi dau tu ban dau dé xay dung mot nha may san xuat xe méy dién 14 840
ty dong. Bo phan nghién citu thi trudng wdc tinh rang lugng cau déi véi dong xe nay phu
thuoc vao gia ban theo ham s6

2 =100 — 2p,
trong do6 p (trigu dong) la gid niém yét clia moi chiée va = (nghin chiée) 1a s6 lugng xe
ban ra trong mot nam. Chi phi dé san xuat = nghin chiéc xe trong mot nam, khong bao

gom von dau tu xay dung nha may, dugde cho béi
S(z) = 0,52 + 10z + 50

(ty dong). Biét rang nhd may phai déng thué thu nhap doanh nghiep 14 20% tren loi
nhuan hang nam. Héi véi chién Iuge gid t6i wu, nha may sé thu hoi duge toan bo von dau
tu ban dau sau bao nhiéu nam hoat dong?

Loi giai
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Cau 51. Hang Xtul Air — Cong ty chuyén vé cic chuyén bay thué chuyén vita c6 hoat
dong tham nhap thi truong Viet Nam. Hang da cho ra mat dich vu sit dung may bay riéng
ctia Xtul Air, trong d6 c6 chiéc Gulfstream G650 1a may bay phan lyc thuong mai 16n,
stic chita t6i da 20 ngudi, ¢ thé bay tit Ha Noi vé TP. H6 Chi Minh trong 1 tiéng, c6 gia
8000 USD/gio. Hang cho biét v6i méi lan bay, hang sé ton 4000 USD bao gom tién nhién
lieu va bao hiém may moéc. Ngoai ra tén them 1000 USD cho méi khach hang do trong
lugng tang thém va cac dich vu trén méy bay. Dé khuyén khich khach hang trai nghiem,
hang Xtul Air 4p dung chinh sach gidm gia vé cho cac chuyén bay, ctt mdi chuyén bay c6
n ngudi sé duge giam gia vé theo ty 1¢ phan tram dia trén s6 lugng khach hang. Cu thé,
néu chuyén bay c¢6 5 nguoi thi mdi hanh khach duge gidam 15% gia vé, chuyén bay c6 6
nguoi thi mdi khach duge giam 18% gia vé, va cit thé ting v6i n ngudi thi vé duge gidm
3n% gia vé, toi da 20 hanh khach. Hoéi 1gi nhuan ctia hang cao nhat khi s6 khach hang
trén may bay la bao nhiéu?

Lai giai
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CHUONG 2/ VEC TO VA HE TRUC TOA
DO TRONG KHONG GIAN

BAIO.  VEC TO TRONG KHONG GIAN

A. LY THUYET

1. Khai niém vecto trong khong gian; hai vects cung phuong, cung hudng,
bing nhau; vecto-khong
Pinh nghia 1.

e Vecto trong khong gian 1a mot doan thang c6 huéng.

A N e ? N 2 2 .~ + 2 X N + 2 L. 2 s [N
e Do dai cia vecto 1a khoang cich gitta diem dau va diem cudi ctia vecto. Ki hieu |d|.

e Gid clia vecto la duong thing di qua diém dau va diém

cudi cta vects dé.

e Hai vecto cung phuong néu gia ciia chiing song song hodc

trung nhau.

e Hai vecto bang nhau néu ching c6 cing do dai va cung

huéng. Néu hai vecto @, b bang nhau thi ta viét 1a @ = b

it

e Hai vecto déi mhau néu ching c6 cing do dai va nguge

huéng. Vecto doéi ctia @ dude ki hieu 1a —a.
e Vecto-khéng c6 diém dau va didm cudi trimg nhau, kf hieu 1a 0.

Qui u6c vecto-khong c6 do dai bang 0 va cing phuong, ciing huéng v6i moi vecto.
I\ Chii g
o Ki hiu AB chi vecto c6 diém ddu A, diém cudi B.

e Néu khong can chi ro diem dau va diem cudi thi vecto con duoge ki hiéu la W, U, @,

215



Bi Trudng THPT Chu Vin An 0704.963.919

2. Tong va hiéu cha hai vecto

Pinh nghia 2 (Tong hai vecto).

Trong khong gian, cho hai vecto @, b Lay mot diém A tiy = 2
y. /

e Ve AB = @, BC = b. Vects AC la tong cia hai vecto

@, b _

o Ky hisula @+ b. @+b

e Phép lay tong ciia hai vecto con dude goi la phép cong vecto.

Nhan xét. Phép cong vecto trong khong gian ciing cé cac tinh chat nhu phép cong vecto

trong mat phdng.

e Tinh chit giao hodn: @ + b = b+
o Tinh chit két hop: (@ +b) + @ =3+ (b + 2).
o Vdi moi vecto @, ta luon c6 @+ 0 =0 + @

/\ (Cha ) Tu tinh chat két hgp, ta vdc dinh dugc tong ba vecto @, b, la

+b+2=(a+0)+7.

Dinh nghia 3 (Hi€u hai vecto).

Trong khong gian, cho hai vecto @, s e
e Hi¢u clia hai vecto @; b 1a vecto @ + (—Z) / \
o Ki hicula @ — 0. - 7

e Phép lay hiéu ciia hai vecto con dugce goi 1a phép trit vecto.

Cac quy tdac
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Quy tic ba diém va quy tic hinh binh hanh: Véi ba diém A,
B, C bat ki, ta co AB + BC = AC (Quy tdc ba diém phép
cong).

e Néu ABCD la hinh binh hanh thi AB + AD = AC (Quy
tiac hinh binh hanh).

Quy tac hinh hop:
o Néu ABCD.A'B'C'D’ 1a hinh hop thi AB + AD + AA" =
ACT

Quy tac hieu:
e V6i ba diém A, B, C bét ki, ta c6 AB — AC = CB.

3. Tich ctia mot sé véi mot vecto

Pinh nghia 4. Trong khong gian, cho s6 k # 0 va vects @ # 0.

e Tich ctia 86 k véi vecto @ 1a mot vecto.

o K hicu Ia k@ .

e Phép lay tich ctia mot s6 véi mot vecto duge goi 1a phép nhan mot s6 véi mot vecto.
> Cung huéng v6i @ néu k > 0.

> Ngudc huéng véi @ néu k < 0.

> C6 do dai bang |k| - ||

4. Tich v6 hudng cua hai vecto

Pinh nghia 5 (Goc giua hai vecto trong khong gian).
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Trong khong gian, cho @ va ¥ 1a hai vecto khac 0. N B

e Liy mot diém A bat ki, goi B va C la hai diém sao
cho AB = 0, AC = 7.
A

Ta goi BAC Ia goc gifta hai vecto U va U.

e Ki hicu la (7, 7). 7

Pinh nghia 6 (Tich v6 hudng hai vecto).

~ . — . =1 . g
Trong khong gian, cho u va v 1a hai vecto khac 0.
e Tich vo huéng ctia hai vects ¥ va ¥ 1a mot sb.
e Ki hieula o - 7.

Dugc x4c dinh bdi cong thice: @ - ¥ = |4 || V| - cos (U, T).

=

h

=

/\ (Cha y) e Trong truong hop @ = dc T =0, ta quy wéc T - T = 0.

2 —>
o -U=0u=|d|5;0*>0;ut=0&

)

I
Sl

N
o Vdi hai vecto W, U khdc 0, ta cé cos

—

o Vdi hai vecto W, U khdc 0, ta c6 €@ L U < W -

B. CAC DANG BAI TAP

0 Dang 6.1. S& dung céc dinh nghia

Phuong phap
e Vecto trong khong gian la mot doan thang c6 huéng.
e D6 dai cia vecto 1a khoang cach giita diém dau va diém cudi ctia vecto. Ki

hieu ||
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e Gid clia vecto la duong thing di qua diém dau va diém

cudi ctia vecto do.

e Hai vecto cung phuong néu gia ciia chiing song song hodc

trung nhau.

e Hai vecto bang nhau néu ching c6 cing do dai va cing

huéng. Néu hai vecto @, b bang nhau thi ta viét 1a @ = b

i

e Hai vecto déi nhau néu ching c6 cting do dai vh ngugc
huéng. Vecto déi ciia @ duge ki hieu 1a —a.

Vidu 1.
Cho hinh hop ABCD.A’B'C'D'. Trong céc vectd khéc 0, B

c6 diem dau va diém cudi 1a cac dinh ctia hinh hop, hay

C

chi ra nhiing vecto:

(1) cung phuong véi vecto AB;

(2) bang vecto A—B);

(3) ngugc hudng véi vecto AA.
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Cho hinh chép déu S.ABCD c6 canh day a va duong
cao h. Goi M, N, P, @ lan lugt 1 trung diém cta
céc canh ben SA, SB, SC, SD va O, H 1an lugt 1a
tam cua cac hinh vuong ABC'D, M N PQ. Tinh do
dai cac vecto M N, MP, MS theo a va h.

Lai giai

[ Dang 6.2. Tdng va hiéu cla hai vecto

Phuong phdp
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Quy tac hieu:

e V6i ba diém A, B, C bét ki, ta 6 AB — AC = CB.

Vi du 1. Cho hinh 1ap phuong ABCD. A'B'C'D’ ¢6 canh bang 2. Tim do dai cla cac

vecto sau:

(1) @ = BA+ BC + BB,

(2) b =BC - BA+CA.

Lai gidi

= GV: PHAM LE DUY
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/\
Quy tdc ba diém va quy tic hinh binh hanh: Vi ba diém A, D
B, C bt ki, ta 6 AB + BC = AC (Quy tdc ba diém phép
cong).
e Néu ABCD la hinh binh hanh thi AB + AD = AC (Quy
tac hinh binh hanh).
B c
/N D
\ \\> ——————————— ; "}\\‘\
/ /B/
Quy tac hinh hop: Al D’
e Néu ABCD.A'B'C'D’ 1a hinh hop thi AB + AD + AA' =
ACT
A

C/
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Vi du 2. Cho t dien ABCD. Chiing minh AC + BD = AD + BC.
Lai giai

Vi du 3. Cho hinh hop ABCD.EFGH. Chiing minh rang

AB+AD+AE+GH+GB=0.

Lai giai

Vi du 4.

Mot chat diém chiu tac dong béi 3 luc I 1, F 2, 177)3 c6 chung diém 7y
dat A va c6 gia vuong géc nhau tung doi mot. Biét cuong do

clia cac e Fy, Fa, Fy lan lugt 1a 10N, 8N va 5N. Xac dinh

hop luc ciia 3 Iye va tinh cuong do ctia hgp luc (lam tron két qud

dén hang don vi).
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L&i giai

(3 Dang 6.3. Tich clia mét s6 véi mét véc-to

Trong khong gian, cho s6 k # 0 va véc-td @ % 0.

Tich ctia $6 k v6i véc-to @ 1a mot véc-to, ky hieu la k'@, c6 do dai bang |k| - | @] va
e Cung hudéng véi @ néu k > 0.
e Ngudc huéng v6i @ néu k < 0.

- £ N P . S N ~ P2
Véi hai vée-to @ va b bat ki, véi moi s6 h va k, ta luon c6

o (h+k)d=hd+kd.

Hai véc-to @ v b (3 + 6) ciing phuong khi va chi khi c6 s6 k sao cho
T=kb.
Ba diém phan biét A, B, C' thang hang khi v& chi khi c6 s6 k # 0 dé AB =

>

EAC.

Hé qua:

a) I la trung diém ctia doan thing AB < TA+TIB =70 <201 = OA + O_B),

v6i moi diém O.
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b) G la trong tam AABC < GA+GB +GC = § < 30G = OA+ OB + OC,

v6i moi diem O.

Vidu 1. Cho ti dien ABCD. Goi G la trong tam ctia tam giac BC'D va O la trung
diém doan thang AG. Chiing minh ring

1) 30A+0B+0C+0D=0.

2) SMA+ MB + MC + MD =6MO (M la diém bat ki trong khong gian).

Lai giai

Vi du 2. Cho hinh hop ABCD.A'B'C'D’. Gia stt diém M thuoc AC, diém N thuoc DC”
va AM = [L’A_C'), DN = yDC'.
1) Biéu dién cac véc-td BD', M N theo BA=72, BC = 7;, BB = 2.

MN
BD'"

2) Tim z va y sao cho MN || BD', khi d6 tinh ti s6

Lai giai
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0 Dang 6.4. Tich vé6 huéng cua hai véc-to

}“\\
DPinh nghia 7. Trong khong gian, cho % v& ¥ 1 hai L B
véc-to khac 0. Lay mot diém A bat k¥, goi B va C la A
hai diém sao cho AB = 0, AC = 7. Khi do, ta goi // c
\UA //

BAC 1a goc gitta hai véc-to @ va U, ky hieu (7, 7).

Pinh nghia 8. Trong khong gian, cho hai véc-to @ va ¥ khac 0.
Tich vo huéng ciia hai véc-to ¥ va ¥ 1a mot s6, ki hieu @ - ¥, duge xac dinh bdi
~ o= = — — - -
cong thic w - v = |u|-|7] - cos(w, V).
/N e 0°< (T, V) < 180°.
o Néu (U, V) =90° thi ta néi ¥ va U vuong géc vdi nhau, kj hieu & L V.
o Khi W va U cung hudng thy (U, 7)) = 0°.

o Khi @ va U ngugc hudng thy (4, 7) = 180°.

—>
- - — — — — —
o U -U=u=|u*1W>0,0*=0U=0.

Vi du 1. Cho hinh lap phuong ABCD.A'B'C'D’. Xac dinh cac goc

1) (AB,A'D). 2) (AB,AC).
3) (4B, DC). 4) (4D,C'B)).

Lai giai

Vi du 2. Cho ttt dien déu ABCD c¢6 H la trung diém ctia AB. Hay tinh géc giita cac

cap véc-ta
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1) AB va BC. 2) CH va AC.

Lai giai

Vi du 3. Cho tit dien ABCD c¢6 AC va BD cung vuong goc véi AB. Goi I, J lan lugt
la trung diém ctia hai canh AB, CD. Chitng minh ring I.J 1 AB.
Loi giai
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C. LUYEN TAP

PHAN 1. Cau tréc nghiém nhidu phuong én Iua chon

Cau 1.
Cho hinh hop chit nhat ABCD.A'B'C'D’. Véc-to nao sau
day cung phuong véi BC?

A.DC.  B. DA C.BB. D.CC.

Lai giai

Cau 2. Trong cac véc-ta sau, véc-td nao sau day cé diem dau 1a A, diem cudi la B?
A. A4 B. BA. C. AB. D. BB.
Loi giai

Cau 3. Trong khong gian cho 3 diém phan biet A, B, C. Véc-to nao trong cac vec to sau
day la véc-to-khong?
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A. BB. B. BA. C. AB. D. CA.
Loi giai
Cau 4.
Cho hinh hop chit nhat ABCD.A'B'C'D'. Véc-ts BA A D

bang véi véc-to nao sau day?

A. A'B. B. CD. C. BC.
Loi giai

Cau 5. Cho hinh chép S.ABC. Tim véc-to téng cita hai vée-to SA va AB.
A. BS. B. BA. C. SB. D. SC.
Lai giai
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Cau 6.

Cho hinh hop ABCD.A'B'C'D’. Tim véc-to tong cua A D
hai vée-to AD va AB.

A. DB. B. BD. C. AC.
Lai giai

Cau 7.

= GV: PHAM LE DUY @ Trang 229/661



Bi Trudng THPT Chu Vin An 0704.963.919

Cho hinh hop ABCD.A’B'C’'D’. Ménh dé nao sau day
diang?

A. AL+ AD + AA = AC'.

B. AD + AC + AA' = AD.

C. AB + AD + AC = AC'.

D. AB + AD + AC" = AC.

L&i giai

A.SA— AB =SB, B. SA— SB = AB.
C.SA—-SB=BA D.SA—SB=SC

Cau 9.
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Cho hinh hop ABCD.A’B'C’'D’. Ménh dé nao sau day
diang?
A.AB+ AD =AC. B.AB+AD =BD.
C.AB+A'D' = AC'. D.AB+ A'D =CA.

L&i giai

Cau 10. Cho hinh chép S.ABCD c6 day la hinh binh hanh tam O. Tinh tong SA +
SB + 5C + SD.

A. 250. B. 450. C. 350. D. 0.
Loi giai

Cau 11. Cho ti dien ABCD. Goi M, N lan luot la trung diém ctia AD va BC. Tong
AB + DC béang

A. 0. B. 24D. C. 2NM. D. 2MN.
Loi giai
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Cau 12. Cho hinh hop ABCD.A'B'C'D'. Tinh téng AB + AD + A'C'.
A. 244", B. 0. C. 2AC. D. 20'A’.
Lai giai

Cau 13. Cho khéi lap phuong ABCD.A'B'C'D’. Khi d6, goc gitta véc-to AB va véc-to
AD 1a

A. 90°. B. 60°. C. 45°. D. 30°.
Lai giai
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Cau 14. Cho lang tru ding ABC.A’B'C’. Day la tam giac ABC vudng tai B. Khi d6
gbc gitta véc-to BA va véc-to B'C bang bao nhiéu?

A. 45°. B. 120°. C. 90°. D. 30°.
Loi giai

Cau 15. Cho hinh hop ch@ nhat ABCD.A'B'C'D’. Khi d6, véc-to bang véc-to AB 1a
véc-to nao dudi day?

A.DC". B. BA. C. CD. D. BA.
Loi giai

A T+b+C=4d. B.T=b+7C
C.T4+b+C+d=0 D.b-C+d=0
Loi giai
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Cau 17. Cho hinh hop ABCDA.'B'C'D’. Tim gia tri ctia k thich hop dién vao déng thiic
véc-toc BD — D'D — B'D' = kBB'.
A. k=4 B. k=1.

Lai gidi

Cau 18. Cho tit dien ABCD, goi I, J lan lugt la trung diém ciia AB va C'D. Dang thiic

nao sau day sai?

A.f]’:%(fé+§5). B J_’:%(AD+BC)
C.TJ = (CD+ DA+ DB). D.7J = ; (DC+ AD + BD).
Loi giai
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Cau 19. Cho hinh hop ABCD.EFGH. Goi O la trung diéem CH. Khang dinh nao sau
day la khang dinh ding?
A. BO:%BA—FBC’—FEBF. B. BO:BA+§BC+§BF.
C.BO:§BA+§BC’+§BF. D. BO = BA+ BC + BF.
Loi giai

Cau 20. Cho hinh lap phuong ABCD.A'B'C'D’. Khang dinh nao sau day 1 sai?

A. (AB; AD') = 90-. B. (AB; AC") = 45°.
C. (AC; B'D') = 90°. D. (A4 CB) = 45°.

Lai gidi

Cau 21. Cho tit dien déu ABCD c6 canh bang a. Tinh goc (A_B), C—D))
A. (AB.CD) = 60°. B. (AB,CD) = 90°.
C. (AB,CD) = 120°. D. (AB,CD) = 180°.
Lai giai
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Cau 22.

Theo dinh luat II Newton: Gia tdc cua
mot vat ¢6 cing hudng véi liuc tac dung
len vat. Do 16n cia gia toéc ti lé thuan

v6i do 16n cua luc va ti 16 nghich véi

gl

khéi Iugng clia vat: F = mda, trong doé
T la véc-to gia toc (m/s?), F la véc-
to luc (N) téac dung len vat, m (kg) la

khoi luong ctia vat. Mudn truyen cho qua

bong c6 khoi lugng 0,5 kg mot gia toc
20 m/s? thi can mot lyc da c6 do 16n 1a

bao nhiéu?
A. 100 (N). B. 20 (N). C. 25 (N). D. 10 (N).

L&i giai

Cau 23. Cho hinh hop ding ABCD.A'B'C'D’, trong d6 mét day 1a hinh binh hanh véi
DAB = 120°. Biét do dai cac canh AB = 25 cm, AD = 12 cm va AA’ = 12 cm. Tinh
AB + AD + AAl|.

A. 12 (cm). B. V469 (cm). C. /613 (cm). D. 25 (cm).
Loi giai
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Cau 24. Mot em nho can nang m = 25 (kg) trugt trén cau trugt dai 3,5 (m) (nhu trong
hinh duéi day). Biét rang, cau truct c6 géc nghiéng so véi phuong nam ngang 1a 30°.

Trong cac khang dinh sau, ¢6 bao nhiéu khéng dinh dang?

a) Vi gia toc roi ty do ¢ ¢6 do 16n 1a g = 9,8 (m/s?) thi do 16n cia trong lyc P = mq
tac dung lén em nho c¢6 do 1on 1a 245 (N).

b) Géc giita do dich chuyén d so véi trong Iirc P 1a 30°.

¢) Cong A (J) sinh béi mot Iy F c6 do dich chuyén d duge tinh béi cong thie
A= )1—5‘ . )Zl)‘ . cos(ﬁ; Zi)) thi cong sinh bdi trong luc P khi em nho truot hét chieu
dai cau truot la 428,75 (J).

A. 2. B. 1. C. 3. D. 0.
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PHAN 2. Cau tréc nghiém ding sai

Cau 1. Cho hinh hop chit nhat ABCD.A'B'C'D' ¢6 AB = 2, AD = 3, A'A = 4. Khi

do

a) véc-to BA’ bing véc-to CD'.

b) ‘BA’

_ ‘A’D‘ _ ‘DB‘.

c) Sb cac véc-to khéc 0 ¢6 diém dau va didm cudi la cac dinh ciia hinh hop la A2,
d) Do dai clia véc-to BD' bing 3v/3.

L&i giai

A’ D’
|
|
|
|
/ | /
B ‘
|
|
|
|
N-——~~7|——~ -z
//A\\ /’/ D
N
=
7 ,///’\/\\
‘ \

a) AL+ AD + B'B=AC.

¢) AB—AD = D'B,

Lai giai

b) AB + AA" = B'A.
d) AB + BD — AC = DC.
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Cau 3. Cho hinh ling tru ABC.A'B'C’. Goi M la trung diém ctia BB’ va G 1a trong
tam tam gidac ABC. Khi d6

—> 1—— —> —_— 11—
a) BM = §BB/. b) AM = AB + EB/B.
-— 11— 1-—
¢) AM = JAB + JAF. d) MA + MB + MC = 3MC.

Lai gidi

Cau 4. Cho hinh hop ABCD.A'B'C’'D’. Khi d6
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a) Hai véc-to AB va C'D’ biing nhau.

b) Hai véc-to A’D va C'B’ ddi nhau.

c) Hai véc-to A'B’ va AC cung phuong vé6i nhau.

d) U6 3 véc-to khac véc-to 0 bing véc-to BC.
Loi giai

Cau 5.

Cho hinh chép ti gidc déu S.ABCD c6 O la tam cia day
ABCD, canh day bang a, canh bén bang 2a (tham khao
hinh bén). Khi d6

a) Goc gifta hai véc-to AD va CB la 0°.
b) Géc gitta hai véc-to BD va BO la 180°.
c) Cosin ciia goc gitta hai véc-to BAvaCS bang i
d) Goc gitta hai véc-to AO va SD biang 60°.
Loi giai
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Cau 6.

Cho tit dién déu S.ABC c6 tat ca cac canh bang a, M 1a trung S
diém ctia canh BC. Khi d6

B
a) SA-SB=SB-SC=54.5C. b) AM = ~SA+ 2SB + 35C.
c) Géc giita SA va BC bing 90°. d) AM - SC =

L&i giai

Cau 7.

7= GV: PHAM LE DUY @ Trang 242/661



Bi Truong THPT Chu Vin An 0704.963.919
Cho hinh hop chit nhat ABCD.A'B'C'D’ ¢6 ABCD la hinh A D’
vuong canh a va AA" = M Goi O 1a giao diém ctia AC va
BD. Khi dé B! j
AT
/// ////’\);:\
B C
a) (AC,C"A") = (AC,C'A').
b) Goi @ =AB+AD, ¥ = B'C". Ta c6 (u;7) =60°.
c) Goi 7 = BA + E_é, y = A'C". Ta ¢6 (Z;9) = 90°.
d) (04,007 = 90°.
Loi giai
Cau 8.
Cho hinh lap phuong ABCD.A’B'C'D’ ¢6 canh bang a. Goi A D
0,0’ lan lugt 1a tam cta hinh vuong ABCD va A'B'C'D’.
Khi do . <.
AT
RN
B C
—_— ——> CL2 —_— ——> a2
a) AB-DC”:E. b) AB’-B’D’:—E

c) DA+ C'C+ AB| = av3.

L&i giai

d) |0A'+ OB’ + OC' + OD'

= 4a.
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PHAN 3. Cau tréc nghiém & 1&i ngdn.

Cau 1. Cho hinh hop ABCD.A'B'C'D’, tit cac dinh ctia hinh hop da cho, ¢6 bao nhiéu
vée-to doi (khac vée-to khong) clia vée-to AB?
Loi giai

Cau 2. Cho ti dien ABCD, goi M, N lan lugt 1a trung diém ctia AB va CD. Biét rang
MN = aAB + bAC + cAD. Gi4 tri ctia bidu thic a + b+ ¢ bang
Loi giai

Cau 3. Cho hinh lap phuong ABCD.A'B'C'D’. Gia tri tan cia géc gitta hai vectc AD’
va A'C’ bang (lam tron két qud tdi hang phan tram).
Loi giai
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Cau 4. Trong khong gian véi hé toa do Ozyz, cho @ va b tao v6i nhau mot goc 120°,
déng thoi |@| = 2 va m 5 DEt U =kT — b T =a+20.DéT LT th gid tri
cua k la

Loi giai

Cau 5. Cho bavecto @, b, @ khong ddng phing. Xét T = 20— b2, 7 = —a+2b+C,
2 =3 +4b +m?. Gid tri chia m dé céc vects T v Z dong phing bang

Li giai

Cau 6. Cho hinh hop cht nhat ABCD.A’B’C'D’ nhu hinh vé. Dat mot vat tai dinh
A, khi d6 tac dong vao vat béi nhitng i ﬁ , ﬁ;, 1—7’; c6 gia lan lugt nam trén cac canh
AB,AD, AA va ?’1| = 2N, |?’2| = 3N, |l*_§| = 4N. Hay xac dinh do 16n ctia hgp Iy F tac

dong len vat (lam tron két qud dén hang phan tram).

Lai giai
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Cau 7. Cho tu dien ABCD. Dat AB = a, ;1_6 = F, AD = ¢ goi G la trong tam cua
tam giac BC'D. Tim gia tri thich hop ciia k théa dfng thiic vecto AG = k - (? +b+ ZL’)
(lam tron két qud tdi hang phan tram).

Loi giai

Cau 8. Cho tu dien ABCD. Goi G la trong tam tam giac ABC'. Tim gia tri thich hgp
ctia k théa dang thic vecto DA + DB + DC =k-DG
Loi giai
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Cau 9. Cho hinh chép S.ABC ¢6 SA = SB = SC va ASB = BSC = CSA. Hay xac
dinh goéc gitta cap vecto SC va AB (don vi: do).
Lo giai

Cau 10. Cho hinh chép S.ABCD c6 day 1a hinh vuong ABC D canh bang a va cic canh
bén déu bang a. Goi M va N lan lugt 1a trung diém ctia AD va SD. Xéc dinh s6 do clia
gbc (MN,SC) (don vi: do).

Loi giai

Cau 11. Cho hinh chép S.ABC ¢6 SA =SB va CA = CB. Tinh s6 do clia goc giita hai
duong thang chéo nhau SC va AB (don vi: do).
Loi giai
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Cau 12. Mot chiée 6 to dude dat trén mat ddy dudi ctia mot khung sit c6 dang hinh
hop chit nhat véi ddy trén 1a hinh chit nhat ABC'D, mit phang (ABCD) song song véi
mat phing nim ngang. Khung sit d6 dude budc vio méc E ciia chiée can cau sao cho céc
doan day cap EA, EB, EC, ED c6 do dai bang nhau va cling tao véi mit phang (ABC D)
mot géc bang 60°. Chiée can cau kéo khung sit len theo phuong thing ding. Tinh trong
lic ctia chiée xe 6 to (lam tron dén hang don vi), biét rang cac lyc cang £, 1—7;, ﬁ;, F, déu

c6 cuong do 1a 2700N va trong luc ctia khung sat 1a 1500 .

E
Fl . 1_*:4 F3
Fy
A D
C
B

Lai giai

Cau 13. Cho tt dien ABCD c¢6 AB = AC' = AD va BAC = BAD = 60°,CAD = 90°.
Goi I va J lan luot la trung diém ctia AB va C'D. Hay xéac dinh géc giita cip vecto 17
va CD (don vi: do).
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L&i giai
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BAI 7. HE TRUC TOA PO RONG KHONG GIAN

A. LY THUYET

1. Hé toa do trong khong gian

DPinh nghia 1.
Trong khong gian, cho ba truc Oz, Oy, Oz do6i mot vuong z
goc.

- —

Goi 7,7 ,E’ lan luot 1a ba vecto don vi trén céc truc
Oz,0y,Oz. 4

Hé ba truc nhu vay dugdc goi la hé truc toa do Descartes

vuong géc Oxyz trong khong gian hay goi don gian hé toa N
do Oxyz. J

2. Toa d6 diém cua vecto

2.1 Toa d6 diém
Trong khong gian Ozyz, cho diém M. z
NéwOM = x4 +yj + 2% thi ta goi bo ba s6 (z;y;2) 1a >
toa do clia diem M ddi véi he truc toa do Ozyz. a2 M
Viét M = (z;y;z) hoac M(z;y;z); Trong d6 x 1a hoanh

do, v 1a tung do, z 1a cao do clia diem M.

~

2.2 Toa do6 vecto
Trong khong gian Oxyz, cho vects @.
Néu @ = a17 + ag}> -+ agz thi ta goi bo ba s6 (ay;as;as) 1a toa do clia vecto @ ddi vdi
hé toa do Oxyz.
Viét @ = (ay;az;as) hodc @ (ai;as;az). Trong d6 a; 14 hoanh do, a, 1a tung do, as 1a cao

do ctia vecto @.
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B. CAC DANG BAI TAP

(O Dang 7.1. Toa dé diém

M thudc cac mit phing toa do:

Phuong phap Néu @ = a17—|— a27—|— ag,z thi @ = (ay; as; az).

Néu OM = m17+m27+mgz thi OM = (mq;mo;mg) = M (mq;ma; ms).

Néu MO = m17+ m27+ mgz thi MO = (my;mo;mg) = M(—mq; —ma; —ms3).
M € Ox — M(x;0;0)

M thuoc céc truc toa do ¢ M € Oy — M(0;y;0)

M € Oz — M(0;0; 2).

M € (Ozy) — M (z;y;0)
M € (Ozxz) — M(x;0;2)
M € (Oyz) — M(0;y; 2).

Vi du 1. Xéc dinh toa do diém M trong cac truong hop sau

—

o MO =27 — 3%

o OM =204+ 7 voi A(2;—3;1)

Lai giai

Vi du 2. Trong khong gian Ozyz, cho hai diém M (—4;3; —1) va N(2; —1; —3). Tim toa

do cua cac vecto OM, ON.

Lai giai
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Vi du 3. Cho diém M(—2;5;3). Tim hinh chiéu vuéng géc ctia diém M trén cac truc
toa do.
Loi giai

Vi du 4. Trong khong gian Owzyz, cho diém A(1;2;—3) va vecto @ = (3;—4;2). Hay
biéu dién theo cac vecto ?, 7 va k mbi vecto sau:

—

o OA.

L&i giai
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Vi du 5.
Trong khong gian Oxyz, cho toa do A(4;5;3) va vi z
tri cac diém L; K; H; A;; Ay; As nhu hinh vé bén. Xac
dinh toa do ctia cac vecto A1 A, A, A I A
As : A(4;5;:3)
O Y
el e
/ K
H /
Ay
X

Lai gidi

(O Dang 7.2. Toa do vecto

Phuong phap: Xét hai vecto @ = (a1;ag;az) va b= (by; ba; b3) ta co:

a] = b1
e Hai vécto bang nhau: @ = b e as = by.

a3:b3

e ABCD I3 hinh binh hanh AB = DC.

Vi du 1. Trong khong gian Ozyz, cho @ =37 +27 — k.

a) Xéc dinh toa do vecto @.

b) Tim x;y; z dé b= (r+2y—2—1,x —y+32+1;3r —y — 2 —6) bang @.
Loi giai
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Vi du 2. Trong khong gian toa do Ozyz cho ba diém M(1;1;1), N(2;3;4), P(7;7;5).
Tim toa do diem @ dé ti giac M N PQ 1a hinh binh hanh.
Loi giai

Vi du 3. Trong khong gian Ozyz, cho hinh hop ABC'D.A'B'C'D’ ¢6 A(1; 3; —2), B(3; —2;4),
D(5;2;4), D'(4;1;2). Tim toa do dinh C".
Loi giai
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(3 Dang 7.3. Bai todn thuc té

Vi du 1. Mot chiée xe dang kéo cing soi day cap AB trong cong truong xay dung, trén
do6 da thiét lap heé toa do Oxyz nhu hinh bén dudi véi do dai don vi trén cac truc toa do

bang 1 m. Tim toa do ciia vecto AB.

POZOTIZET0%0 |

e e R

Lai gidi

Vi du 2. Mot may bay dang cat canh ti phi truong. Véi hée toa do Ozyz duge thiét lap
nhw hinh bén dusi, cho biét M 1a vi tri ctia may bay, OM = 14, NOB = 32°, MOC = 65°.
Tim toa do diém M.

Loi giai
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C. LUYEN TAP

PHAN 1. Céu tréc nghiém nhiéu phuong dn lva chon

Cau 1. Trong khong gian Oxyz gia st OM = 27 + 37 — %’, khi d6 toa do diem M
la

A. (—2;3;1). B. (2;-3;-1). C. (2;3;-1). D. (2;3;1).
Loi giai

—

Cau 2. Trong khong gian Ozyz, cho AO = 7 - 23) +3%. Toa do ciia diem A la
A. (—1;2;-3). B. (2;-3;-1). C. (=3;2;-1). D. (2;-1;-3).
Loi giai

Cau 3. Trong khong gian Oxyz, diem nao sau day thuoc truc Oy?
A. M (0;5;0). B. N (4;0;0). C. P(0;0;6). D. @ (4;5;0).
Loi giai
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Cau 4. Trong khong gian Oxyz, diem nao sau day nam trén mat phang toa do (Oyz)?
A. N (0;4;-1). B. P(—2;0;3). C. M (3;4;0). D. @ (2;0;0).
Loi gii

AT+ —k=(-1-1;1). B. i+ ) —k=(11-1)
C.T47—F%=(-11;1). D.7+j—k=(1;-11)
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Cau 6. Trong khong gian Oxyz, cho A(2;—1;0) va B(1;1;—3). Vecto AB c6 toa do
la

A. (—1;2;-3). B. (1;-2;3). C. (—1;-2;3). D. (1;-2;3).
Loi giai

Cau 7. Trong khong gian v6i hé toa do Ozyz, cho diém A théa, OA =27 — 37 +4% va
B (2;1;4). Toa do cua vécto BA la

A. (0;—4;0). B. (4;-2;8). C. (-1;-1;2). D. (—2;-2;4).
Loi giai

Cau 8. Trong khong gian vé6i hé toa do Oxyz, cho hinh lap phuong ABCD.A'B'C'D' ¢6
d6 dai canh bing 1 nhuw hinh vé. Toa do clia vécto AC la
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Y
D C
D’ C
B
ZA/ B’
A. (1;1;0). B. (0;1;1). C. (1;0;1). D. (1;1;1).

Lai giai

Cau 9. Trong khong gian Oxyz, toa do hinh chiéu ctia M (2;1;4) lén truc Oz la
A. (2;0;0). B. (0;1;0). C. (0;0;4). D. (0;1;4).
Loi giai

Cau 10. Trong khong gian Ozyz, toa do hinh chiéu cia M (—2;1;4) len (Oyz) 1a
A. (-2;0;0). B. (0;1;0). C. (0;0;4). D. (0;1;4).
Loi giai
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Cau 11. Trong khong gian Ozyz , cho ba diem A (1;2;—1), B(2;-1;3), C(=3;5;1).
Tim toa do diém D sao cho ti gidc ABCD la hinh binh hanh.

A. D(-2;8;-3). B. D(-2;2;5). C. D(—4;8;-5). D. D (—4;8;-3).
Loi giai

Cau 12. Trong khong gian Ozyz, cho hinh hop ABCD.A'B'C'D’ ¢6 A (1;0;1), B (2;1;2),
D (1;-1;1), C"(4;5;=5). Tim toa do dinh A" ctia hinh hop.

A. A (3;4;-6). B. A’ (4;6;-5). C. A (2;0;2). D. A’ (3;5;—6).
Loi giai
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Cau 13. Trong khong gian Oxyz, cho diem M thoéa méan MO =3k —27 + 47. Toa do
diém M la

A. (3;-2;4). B. (—2;4;3). C. (2;—4;-3). D. (3;2;4).
Loi giai

Cau 14. Trong khong gian Oxyz, cho diém M théa méan OM = (2z — 4) 7 - 4? +
(y—1) %. Khi diém M € Oy thi gia tri  + 2y bang

A. 2. B. 4. C. 1L D. 3.
Loi giai

Cau 15. Trong khong gian Ozyz, cho diém A théa A0 = 4% — 27 va B (1;2;—1). Toa
do cna vécto A—é 1a

A. (1;0;3). B. (0;2;4). C. (0;—-2;—-4). D. (—1;0; -3).
Loi gidi
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Khi @ = b thi gia tri x — y bang
A. 0. B. 2. C. 1 D. —1.
Loi giai

Cau 17. Trong khong gian Oxyz, cho b= 47 — 7. Toa do b béang
A. (—1;4;0). B. (1;4;0). C. (0;—1;4). D. (4;-1;0).
Loi giai

Cau 18. Trong khong gian Ozyz, cho A (1;0;0), B(0;2;0), M (x — 1;2y — 2; 7). Goi M’
I3 hinh chiéu ctia M trén mit phang (Owzy). Khi tit giac OBM’A 1a hinh binh hanh thi
gia tri x + y bang
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A. 4. B. 2. C. 1. D. 1.
Lai giai

Cau 19. Trong khong gian Oxyz, hinh chiéu vudéng géc ctia diem A (1;2;3) trén mit
phang (Ozz) la

A. P(0;2;3). B. M (1;0;3). C. N (0;2;0). D. @Q(1;2;0).
Loi giai

Cau 20. Trong khong gian Oxyz, cho A (1;2;3). Diém déi xing véi A qua truc Oz ¢6
toa do 1a

A. (1;2;-3). B. (—1;-2;3). C. (0;0;3). D. (—1;2;3).
Loi gii
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Cau 21. Trong khong gian Oxyz, cho cac diém A (1;0;3), B (2;3; —4), C (—3;1;2). Diém
D sao cho ti gidc ABCD la hinh binh hanh c6 toa do la

A. D(—4;-2;9). B. D (4;2;9). C. D (6;2;-3). D. D (—2;4;5).
Loi giai

Diumng dit lieu sau dé tra 15i cac cau hoi 22, 23, 24.

Can truc chan dé la kiéu cot quay dude sit dung dé phuc vu cong viéc xép dé hang
héa chii yéu ngoai cic cang bén, bai (hinh d&nh minh hoa). Ta chon hé truc Ozyz thoa
truc Ox trung vé6i truc chan dé, truc Oy vuodng géc véi truc Oz va truc Oz trung véi
truc can cau (theo don vi mét, nhu hinh vé). Goi M 1a vi tri tai dinh can cau, H 1 hinh
chiéu ctia M len (Ozy). Biét tay can KM ctia can truc dai 50 m, truc can OK dai 50 m,
(?; W) = 60°, (7, O_H)> = 45°.

Cau 22. Diém M c6 cao do 2z, 14 bao nhiéu

A. 1002‘/5. B. 93,3. C. 75. D. 60.
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L&i giai

Cau 23. Diém H c¢6 toa do 1a bao nhiéu

A. (25v2;25V/2;0). B. (25;25;0).
C. <¥;¥;O>. D. (57\/5;5—\2/§;O>.

Lai giai

Cau 24. Vecto KM c6 toa do 1a bao nhiéu

A. (25V/2;25V2;25). B. (25;25;25).
C. (%;%;25). D. (M M 25).

Lai gidi
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PHAN 2. Cau tréc nghiém ding sai

Cau 1. Trong khong gian véi hé toa do Ozyz, cho diém M (2; 4; 6) va ON=27+k.
a) Toa do diem N (2;1;0).
b) Hinh chiéu vuong goc ctia M trén truc Oz la diém M’ (0;0;6).
c) Hinh chiéu vuong goc ctia M trén mat (Ozy) 1a diem N (2;4;0).
d) Déi xting v6i diem M qua mat (Oyz) 1a diém K (—2;0;0).
Loi giai

Cau 2. Trong khong gian Ozyz, cho hinh binh hanh OABC vé6i A (1;2;3), B (5;0;—1)
va C (a;b;¢).

a) Toa do diém O (0;0;1).

b) Toa do vecto OA = (1;2;3).

c) OB=5-7 —F.

d) Néu OABC hinh binh hanh thi a + b+ ¢ = 2.
Loi giai

Cau 3. Trong khong gian Ozyz, cho hinh hop ABCD.A'B'C'D’ ¢6 A (0;0;0), B (3;0;0),
D (0;3;0) va D' (0;3;3).
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a) AB =37 + 7.
b) A’ (0;0;3).
c) M la trung diem DD’. Khi d6 toa do diem M (0;3; —3).
d) Toa do diem C’ (3;3;0).
Loi gii

Cau 4. Trong khong gian Oxyz, cho diem M thdéa man OM =27 + 7 + s
a) Toa do clia diem M 1a (2;1;1).
b) Hinh chiéu ctia diém M len truc Oz 1a (2;1;0).
c) Hinh chiéu ctia diéem M léen truc Oy la (0;1;0).
d) Hinh chiéu ctia diém M lén mit phang Ozy 1a (2;0;1).
Loi giai

Cau 5. Trong khong gian Ozyz, cho hinh lap phuong ABCD.A'B'C'D’ ¢6 canh bang 4,
dinh A trimg véi goc O, cac diém B, D, A’ lan lugt ndm trén céc tia Oz, Oy, Oz.

a) Toa do ctia diém D la (4;0;0). b) Toa do ciia diém C la (0;4;0).
c) Toa do ctia diem A’ 1a (0;0;4). d) Toa do ctia diem C' 1a (4;4;4).

Lai giai
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Cau 6. Trong khong gian Oxyz, cho hinh hop chit nhat ABCD.A'B'C'D’ ¢6 dinh A
trung véi gbc O, cac vecto fTé, E, AA theo thi tu cung huéng véi 77 7, % va c6
AB =3, AC =5, AA =6.

a) Toa do cia vecto AB la (3;0;0).

b) Toa do cia vecto AC 1a (3;4;6).

c) Toa do cia vecto AC" 1a (3; —4;6).

9 —_—> 3 2 P
d) Toa do cia vecto AM la (5, 4; 6), v6i M la trung diém cta C'D’..

L&i giai

Cau 7. Trong khong gian Ozyz, cho hinh hop ABCD.A'B'C'D’" ¢6 A (1;0;1), B(2;1;2),
D (1;-1;1), D' (3;4; —6).

a) Toa do AB = (1;1;1).

b) Toa do C (2;1;2).

c) Toa do A’ (3;5;—6).

d) Toa do trong tam tam giac A'B'C' 1a G (3;4; —3).
Loi giai
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Cau 8. Duéi day la mot gia dé chiu hai lye. Biéu dién ting lue dudi dang vecto Descartes.

]: 400N

a) Fy=—2007 + 2817 +200%.

b) F, = 86,5471 + 185,601 — 143,394 % .

c) Do 16n Iyc tong hop len gia dé bang 485,297N.

d) Goc tao bdi lyc tong hgp len truc Oy 1a 16,145°.
L&i giai
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PHAN 3. Cau tréc nghiém & 1&i ngdn.

Cau 1. Trong khong gian Oxyz, cho OA =37+ 47 —5k. Toa do diem A (z;y; 2). Gia
tri biéu thitc S = 100z + 1000y + 10z bing bao nhiéu?
Lo giai

Cau 2. Trong khong gian Oxyz, cho hinh hop chit nhat OABC.EFGH c¢6 céc canh
OA=5,0C =8, OE = T (xem hinh vé dudi day). Toa do H (z;y; 2). Tinh gia tri biéu
thic P = 50z + 75y + 1000z.

z
TE H

E | G
e L
@) C

A B

L&i giai
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Cau 3. Trong khong gian Ozyz, cho hai diém A(4;2;1), B(—2;—1;4). Goi M la diém
théa man déng thic AM = 2MB. Tim do dai vecto OM.
Loi giai

Cau 4. Trong khong gian Owzyz, cho A(3;2;—1), B(—1;0;5). Diém M (a;b;c) thay doi
thuoc mat phang (Owzy). Tinh gia tri ctia biéu thic T = a + b + ¢ khi )m + ]\ﬁ‘ nho
nhat.

Loi giai

Cau 5. Trong khong gian Ozyz cho A(1;0;2), B(—1;2;2), C(3;1;1). Goi M(a;b;c) la
diém thuoc mit phang (Ozz) sao cho biéu thitc S = 2M A - MB+MB-MC+3MC-MA
dat gia tri nho nhat. Khi do, tinh gia tri 7' = 6a — 5b + 3c.

Loi giai
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Cau 6. Trong khong gian Ozyz, cho hinh hop ABC'D.A’B'C'D’ ¢6 A(0;0;0), B(3;0;0),
D(0;3;0), D'(0;3; —3). Goi G la trong tam tam giac A’B’'C' va toa do vecto AG = (a;b;¢).
Tinh S=a+0b+c.

Loi giai

Cau 7.

Trong khong gian Ozyz, cho hinh chép S.ABCD c6
day ABCD la hinh thoi canh bang 5, giao diém hai
duong chéo AC va BD trung véi goc O. Céac vecto
OB,0C,08 lan lugt ciing huéng véi 7, 7,/—; va,
OA = OS = 4 nhu hinh vé. Toa do vects AM =
(a;b;c) véi M la trung diém ctia canh SC, khi do,
tinh a 4+ b+ c.

Lai giai
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Cau 8.

Cho ti dien SABC ¢6 ABC' la tam giac vuong tai B, BC' =
3, BA = 2, SA vuong géc v6i mat phang (ABC) va c6 do
dai bang 2. Chon hé truc toa do nhu hinh vé. Diém D(a; b; ¢)
sao cho SBCD la hinh binh hanh. Khi dé, tinh a 4+ b+ c.

Lai gidi

Cau 9.

Cho hinh chép S.ABC c6 diy ABC la tam giac déu canh
bang 2, SA vudng géc véi day va SA bang 1. Thiét lap he
toa do nhu hinh vé, toa do diém S (a; \/Z_); c). Khi do, tinh
a+b+c.
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L&i giai

Cau 10. Trong khong gian véi mot hé truc toa do cho trude (don vi do lay theo kilomét),
ra da phéat hién mot chiéc may bay di chuyén véi van toéc va huéng khong doi tir diém
A(800;500; 7) dén diem B(940;550;9) trong 10 phut. Néu may bay tiép tuc giit nguyén
van toc va huéng bay thi toa do clia may bay sau 5 phut tiép theo 1a C'(z;y; 2). Tinh
rT+y+z

Loi giai

Cau 11. Trong khong gian Oxyz, cho hinh hop OABC.O' A’ B'C’ va cac diém A(2;3;1),
C(—1;2;3) va O'(1; —2;2). Vecto d =0B+0C+0A + 0B ¢6 toa do la (a;b; ¢). Tinh
a+b+c.
Loi giai
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Cau 12. Nhiing can nha go trong Hinh 1 duge phac thdo dudi dang mot hinh lang tru
diing tam giac OAB.O’A’B’ nhu trong Hinh 2. Véi hé truc toa do Ozyz thé hien nhu
Hinh 2 (don vi do lay theo centimét), hai diem A’ va B’ ¢6 toa do lan lugt 1a (240; 450; 0)

va (120;450; 300). Mbi can nha gb ¢6 chiéu dai 1a @ cm, chiéu rong 1a b cm, mdi canh bén

clia mat tién c¢6 do dai 1a ¢ em. Tinh a + b + ¢ (Iam tron dén hang don vi).
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BAI8.  BIEU THOC TOA PO CUA CAC PHEP TOAN
VECTO

A. LY THUYET

1. Biéu thic toa dd ctia tong, hiéu hai vects va tich ctiia mét s6 véi mét vecto

Pinh nghia 1. Trong khong gian Oxyz, cho hai vecto @ = (ay;az;a3) va
b = (by; by; by) va s6 k. Khi d6

—

o T+ b = (as+bi;a+ by: az + bs).

—

- b= (al —bi;a2 — boas —b3)-

°
!

o kd = (kay; kao; kas).

a1 = kbl
Nhan xét. Hai vecto @ ; b owdi b #* [i] cung phuong @ = k - b e as =k - by
as = k’bg

/N Ti nay, cac bai tap lien quan dén toa do déu dugc zét trong khong gian Oxyz.

2. Biéu thitc toa do cuia tich vo huéng

Dinh nghia 2. Trong khong gian Oxyz, tich vo huéng clia hai vecto @ = (ay;as;az) va
b = (by; by by) dudc xac dinh béi cong thiic @ - b = arby + asby + asbs.

3. Van dung

e Toa do diém dau cudi:
Trong khong gian Oxyz, cho hai diém A(x4;ya;24), B(xs;ys; 2B).

Ta c6 AB = (X — TA;YB — Ya; 2B — 24)-

e Toa do trung diém doan théng:
Trong khong gian Oxyz, cho hai diem A(xa;ya;24), B(wp;ys; 25). Toa do trung

diém M ctia doan thing AB la M (:EA —; zB; g4 _g yB; A _g ZB).

e Toa do trong tam tam giac:
Trong khong gian Oxyz, cho AABC ¢6 A(xa;ya;2a), B(xp;ys; zB) va C(zc; yo; zo).

Toa do trong tam G cia AABC' la G (xA—i-x; +xc; yA—i-y; +yc; ZA+Z§+ZC>.
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B. CAC DANG BAI TAP

(D Dang 8.1. Toa dé téng hiéu vecto

Phuong phap:
Trong khong gian Oxyz, hai vecto @ = (ay; az;az) va b= (b1; bo; b3) va s6 thuc k.

—

(1) 6’4— b = (CL1 +b1;a2+b2;a3+b3).

I

(2) a —_g: (al—bl;CLQ—bQ;ag—bg).
(3) ka = (k&l; k’az; k’ag).
a] = k’bl

(4) @ va b ciing phuong khi va chi khi { ap = kbs
as = kbg

Vi du 1. Trong khong gian Ozyz, cho hai vecto @ = (2; —1;5) va b= (0; —2; —4). Tim
— 7 > - —> —> 1>

toa do cua cac vectosau: @ + b, @ — b, ba, 2a — Eb.

Loi giai

Vi du 2. Trong khong gian Oxyz, cho ba diem A(—1;—3;—2), B(2;3;4) va C(3;5;7).
Ching minh ring ba diém A, B, C tao thanh tam giac.
Loi giai
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(O Dang 8.2. Toa dd diém - vecto thda diéu kién

Phuong phap:

(1) Tich vo huéng ciia hai vecto: @ - b= ai1ay + biby + cieo.

—

(2) @vab Vu()nggéc@3-3:0@a1a2+b1b2+0102:0

(3) I 1a trung diém AB:

]<$A+CEB,ZJA+QB.ZA+ZB>
2 ’ 2 ’ 2 '

Tac6 IA+ 1B = 0 suy ra VM: MA + MB = 2M].

(4) G la trong tam AABC:

G(xAJr:cBerc_yA+yB+yc_zA+zB+zc>
3 ’ 3 ’ 3 '

TacéCTél)jL@)%—GTC):(_))suyraVM:MA+MB+MC:3MG.

(5) G la trong tam hinh chép ABCD:

G(.TA—i-%B—i-ICc—i—SCD.yA+yB+yc+yD_ZA+ZB+ZC+ZD)
4 ’ 4 ’ 4 '

Vi du 1. Trong khong gian Ozyz, cho ba diem A(3;2;1), B(1; —1;2) va C(1;2; —1). Tim
toa do vecto @ théa © = B_é — 31716.
Loi giai
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Vi du 2. Trong khong gian Oxyz, cho ba diem A(1;2;—1), B(2;—1;3) va C(—3;5;1).
Tim toa do diém D sao cho AB =2DC.
Loi giai

Vi du 3. Trong khong gian Oxyz, cho bén diém A(2;0;0), B(0;2;0), C(0;0;2) va D(2;2;2).
Goi M, N lan lugt 1a trung diém AB va CD. Xac dinh Toa do trung diém I ciia M N.
Loi giai

Vi du 4. Trong khong gian Oxyz, cho hai diém A(1;2;—1) va B(0; —2;3). Tim toa do
chan duong cao ké tit dinh O cta tam giac OAB.
Loi giai
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Vi du 5. Trong khong gian Ozyz, cho AABC biét A(2;4;—3) c¢6 trong tam G(2;1;0).
Khi dé xac dinh toa do A_é + A_é
Loi giai

(O Dang 8.3. b6 dai vecto

(1) AB = (x5 — 24;yp — Ya3 25 — 24).
Suy ra AB = ‘AB‘ = \/(xB —2a4)’ + (yp — ya)? + (2 — 24)2.

(2) Do dai vects @: [@] = v/(a1)® + (a2)? + (a3)2—= | @ = T2 = (a1)? + (a2)? +

(as)?.

Vi du 1. Trong khong gian Ozyz, cho A(1;2;—1) va B(0;3;1) Tinh do dai doan thing
AB.
Loi giai
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Vi du 2. Trong khong gian Ozyz, cho tam giac ABC biét A(1;0;—2), B(2;1;—1),
C(1;—2;2). Tim chu vi cia AABC.
Loi giai

Vi du 3. Trong khong gian Ozyz, cho A(1;2;—1), B(0;3;1), C(3;2;0). Tinh dién tich
AABC (néu co).
Loi giai

Vi du 4. Trong khong gian Oxyz, cho ba diem A(2;0;0), B(0;3;1), C(—3;6;4). Tim
diém M thuoc doan BC sao cho MC = 2M B. Tim do dai doan AM.
Loi giai
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(O Dang 8.4. Su cung phuong cua hai vecto

Phuong phap

Xét hai vecto @ = (ay; az; az) va b= (by1; bo; b3). Ta co

Cllzbl

(1) Hai vecto bang nhau: @ = = ag = by

az = bg.
ap = k- b1
(2) Vecto @ cling phuong vecto VT =k-b e as =k - by
az = k- bg

Vi du 1. Trong khong gian Ozyz, cho cac vecto @ = (4;1; —2); b= (1,-2;-1); € =
(8;2; —4); d = (—4; —1;2). Vecto @ = (4;1; —2) cung phuong véi vecto nao da cho?
Li giai

Vi du 2. Trong khong gian Oxyz, cho hai vecto @ = (1;1;5) va b= (m+1;2n;10) Tim
m, n dé hai vecto @ va b cung phuong.
Loi giai
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gi4 tri nao ctia z, y thi A, B, M théng hang.
Loi giai

Vi du 4. Trong khong gian Oxyz, cho hai diém A(—2;3;1) va B(5;6;2). Dudng thing
z 2 2 z AM

AB cat mat phang (Ozz) tai diem M. Tinh ti so B

Loi giai

7= GV: PHAM LE DUY ® Trang 287/661



Bi Trudng THPT Chu Vin An 0704.963.919

(O Dang 8.5. Tich vo6 huédng va irng dung

Phuong phap
Xét hai vecto @ = (ay; az;az) va b = (by1; bo; b3). Ta co

7 b= b] - cos ; b
(1) Tich vo huéng hai vecto: N |@]-]b] - cos(a; b)
@ b =a;-by+ay by+az-bs
Goc gitta 2 vecto:
COS(E)'Z)): E/)Y; o al'b1+a2'b2—|—a3.b3

@1 [B] V@) + (@) + (a5 - v/(01) + (b2)? + (bs)?

/N

o Khi@-b >0 thicos(a;b)>0= (T

— —
a a;
— —
a a;

-Z<Othicos( ; ) = (a;

a 7))) la géc nhon.
o Khi @ b) la géc tu.
(2) Vecto @ vuong goc vecto b a- 3:O®al-b1+a2-bg+a3-b3 = 0.

Bai toan lién quan gitta do dai va tich vo huéng:
Cho hai vecto @ va U ¢6 |d| = m; | V| = n va tao véi nhau mot géc o. Tinh |7 + V|

hosic |7 — V| hodc tlty vao yéu cau bai toan.
Huéng giai quyét

e Budc 1: Bién déi (|7 + 7|)> = (T + V)’ =02+ 20 - U + 2

. wr=|u)?
e Budc 2: Ap dung: = =
a-b=1da|-|b| -cos(d;b)

Vi du 1. Trong khong gian Ozyz, cho @ = (—3;4;0), b= (5;0;12). Tinh cosin ctia géc
gitta 3;3.
Loi giai
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Vi du 2. Trong khong gian Oxyz, cho A(—1;—2;3), B(0;3;1), C(4;2;2). Césin cia BAC
bang

Loi giai

Vi du 3. Trong khong gian Oxyz, cho hai véc to @ = (2;1;—2), b (O; —V/2; \/5)

Tim tat ca gia tri cia m dé hai véc to & = 2@ + 3mb vi

I
S

|
<
[
(@)}
=
()
0
[@
(@)
<
=

nhau.
Loi giai

Vi du 4. Trong khong gian Oxyz, cho vecto @ = (1;1;—-2), ¥ = (1;0;m). Tim m dé
gbc gitta hai vecto @, U bang 45°.
Loi giai
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Vi du 5. Trong khong gian Ozyz, cho hai vecto @ vd ¥ tao véi nhau mot goc 120° va
|7| =2, |7| =5. Tinh |7 + 7.
Loi giai

O Dang 8.6. Tam ty cu

Bai toan cuc tri do6 dai vecto:

Chon diém A; as; .. .; A, vacachésb ky; ko ... kysaocho k = ki + ko+. . .4k, #0
va dudng thang d hodc mit phang (P). Tim diém M trén duong thing d hodic mat
phang (P), sao cho ‘kl . m—i- ko - M—A;—i- L m nhé nhat.

Huéng giai quyét
e Budc 1: Goi I 1a diém thdéa man kl-m+k2~m+...+kn~m:6.
e Budc 2: Ap dung quy tic ba diém bién ddi:

lﬁ~MA1+k2~Ma2+...+k;n~MAn|:|(k1+k2+~--kn)]\7f):|k|~’J\7f‘.

e Buéc 3: Tim do dai nhé nhat clia cac vecto da cho xay ra khi M x4y ra & vi

tri nao?
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Bai toan cuc tri dé dai binh phuong vecto:
Cho da giac ajas ... A, va cac hé s6 ki; ke ...k, saocho k = ki + ko+...+k, > 0.
Tim diém M trén duong thang d hodc mat phang (P), sao cho tong

S =k - MA} + ky- MAS+ - -+ k, - MA?
dat gia tri nho nhat.
Huéng giai quyét
e Buéc 1: Goi I 1a diém théa man kl-m+k2-l—1412)—l—‘..+kn-l—/ln): 0.
e Budc 2: Thay rang
MA? = \mf — (MAY) = (M +14)" = (I 42 (3] - TA]) +(1A7)
Ap dung quy tic ba diém bién déi:

S = Kk -MA? +ky- MAS+ -+ k, - MAZ
= k(M) 2 (M- TAT) + (A1) + ..
b [(371)" 2 (W1 T2) + (7'
= (ki+kot- -+ k) MIPP+ (k- TAT+ ..+ ke - TAY) + ...

oMl TA 4. 4k, - TA,
-5

= (ki+kot - +k)MP+ (k- TA3 + -+ k, - [A?)

e Budc 3: Dok >0,dé S =k - MA? +ky- MAZ+ -+ + k, - MA2 dat gia tri

nho nhéat thi ta xac dinh vi tri diém M can tim.

A Cho da gidc ayas . . . a, va cac hé 56 ki3 k... k, sao chok =k +ky+...+k, <0.

Tim diém M tréen d hodc (P), sao cho tong S = ky - MA? + ky- MAZ + - -+ k, - MA?

dat gid tri I6n nhat. Ta cing thuc hién tuong ti.

Vi du 1. Trong khong gian Ozyz, cho bon diém A(2;—3;7), B(0;4;1), C(3;0;5) va
D(3;3;3). Goi M la diém nam trén mat phang (Oyz) sao cho biéu thiic ‘MA +MB+ MC+ MD
dat gia tri nho nhat. Khi d6 xac dinh toa do diém M.

Loi gidi
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Vi du 2. Trong khong gian Ozyz, cho OA=T+ 7 - 3?, B(2;2;1). Tim toa do diém
M thuoc truc tung sao cho M A% + M B? nhé nhat.
Loi giai
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C. LUYEN TAP

PHAN 1. Cau tréc nghiém nhidu phuong én Iua chon

Cau 1. Trong khong gian Oxyz, cho hai vecto @ = (—1;5;0) va ¥ = (1; —5; —3), toa do
clia vecto U + U 1a

A. (2;-10;3). B. (2;10;3). C. (0;0;—-3). D. (2;0;3).
Lai giai

Cau 2. Trong khong gian Ozyz, cho hai vecto @ = (—2;5;2) va b = (1; =3; —1), vecto
E’—?cé toa do 1a

A. (1;,-2;3). B. (—3;8;3). C. (—1;2;1). D. (3;-8;-3).
Loi giai

— 3—>
Cau 3. Trong khong gian Ozyz, cho vects @ = (—2;6;2), vecto 5@ c6 toa do 1a
A. (—6;9;6). B. (—3;9;3). C. (6;9;6). D. (—3;6;3).
Loi giai
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Cau 4. Trong khong gian Oxyz, cho ba vecto @ = (2;—1;0), b= (—1;-3;2), ¢ =
(—2; —4; —3), toa do clia ¥ = 27d — 30 + 2 la

A. (5;3;-9). B. (—5;-3;9). C. (=3;,=-7;-9). D. (3;7;9).
Loi gidi

Cau 5. Trong khong gian Ozyz, cho hai vecto @ = (3;0;1), ¢ = (1;1;0). Tim toa do
ctia vecto b thoéa man ding thiic b-a 122 =107

A b =(-1;2-1). B. b =(-21-1). C.b=(1;-21). D.b=(121).
Loi giai
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Cau 6. Trong khong gian Owxyz, hinh chiéu vuong goc clia diém M (2; —2;1) trén mit
phang (Ozy) c6 toa do la

A. (2;0;1). B. (2;-2;0). C. (0;-2;1). D. (0;0;1).
Loi giai

Cau 7. Trong khong gian Oxyz, cho hai diem M(1;—2;2) va N(1;0;4). Toa do trung
diém ctia doan théng M N la

A. (1;-1;3). B. (0;2;2). C. (2;-2;6). D. (1;0;3).
Loi giai

Cau 8. Trong khong gian Oxyz, cho hai diém A(1;1;—2) va B(2;2;1). Vecto AB c6 toa
do la

A. (-1;-1;-3). B. (3;1;1). C. (1;1;3). D. (3;3;-1).
Loi giai
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Cau 9. Trong khong gian Ozyz, cho diém A(2; —3;5). Tim toa do A’ la diém doi xiing
véi A qua truc Oy.

A. A'(2;3;5). B. A'(2;-3;-5). C. A'(—2;-3;5). D. A'(—2;-3;-5).
Loi giai

Cau 10. Trong khong gian Ozyz, cho hai diém A(1;3;2) va B(3; —1;4). Toa do vecto
T =2BA— 0B I

A.T=(-77,-8). B. 7 =(-7;3;-8). C. 4 =(-7;5—-8). D. 7 =(-T;9-8).
Loi gii

Cau 11. Trong khong gian Owxyz, cho hai diém A(0;2;1) va B(3;—2;1). Do dai doan
thing AB bang

7= GV: PHAM LE DUY ® Trang 296/661



Bi Trudng THPT Chu Vin An 0704.963.919

A. 5. B. 3. C. 25. D. 9.
Lai gidi

Cau 12. Trong khong gian Oxyz, cho hinh binh hanh M N PQ ¢6 M(—4;3;3), N(4; —4;2)
v P(3;6; —1). Biét chu vi ciia hinh binh hanh MNPQ bing /a + Vb v6i a,b € N* va
a >b. Tinh a — b.

A. 4. B. 8. C. 16. D. 32.
Loi gidi

Cau 13. Trong khong gian Oxyz, cho vecto @ = (1;—2;3). Vecto nao sau day clng
phuong véi vecto ?

A. @ = (2;4;6). B. b = (—3;6;-9)
13 -

C._’:<—;—2;—>. D. d =(—-1;2;-3).

cT\373 ( 3)

Lai giai
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Cau 14. Trong khong gian Ozyz, cho hai diem A(0;3;—1) va B(—1;—6;2). Tim giao
diém C ciia duong thing AB va truc Ox
1 1
A.C (—5;0;0) B. C <§;0;0>. C. C(3;0;0). D. C(-3;0;0).
Loi giai

Cau 15. Trong khong gian Oxyz, cho hai diém A(1;2;3) va B(—1;4;1). Goi I la trung
diém ctia doan thing AB. Tinh TA - BA.

A. 4. B. 6. C. —4. D. —6.
Loi giai
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PHAN 2. Cau tréc nghiém ding sai

Cau 1. Trong khong gian Oxyz, cho @ = (2; —1;3), b= (—1;5;2).
a) T+ b= (-36—1). b) @ — b = (3;—6;1).
c) 35 = (—3;15;6). d) 2@ — b = (5;—T;4).

Loi giai

a) —2@ + b = (=5;—2 —2). b) b L2 m=S8.
S92 R
c) cos(a’,b):g d) |[C|=2|d] & m=

Cau 3. Trong khong gian Oxyz, cho AABC, biét A(—1;0;3), B(4;2;0), C(3;1; —3).
a) G(2;1;0) la trong tam tam giac ABC.
b) D(—2;—1;0) la mot dinh ctia hinh binh hanh ABCD.
c) M(a;b;c) thod méan AM =3CB. Khi d6 a+b+c=—13.
d) M(a;b;c) € Ox sao cho BM vudng goc v6i dusng thang AC.
Khi d6 4a® + b* + ¢* = 162.
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L&i giai

Cau 4. Trong khong gian Ozyz, cho ba diém A(1;2;3), B(2;5;4), C(0;2;0).Trong cac
khéng dinh sau, khang dinh nao ding ? Khang dinh nao sai?

a) Khi vecto ¥ = (1;3; —2n) cing phuong vdi AB thi n 6 gia tri 1a —%.

b) Khi ABCD la hinh binh hanh thi diem D(—1;-1;—1) .

c) Véi diém E(r;y; —2) dé B, C, E thang hang thi z +y = —%.

d) Diém M € (Owxy) sao cho A, B, M thang hang c6 toa do la M(—2;7;0).
Loi giai

Cau 5. Trong khong gian Ozyz, cho ba diem A(2;—1;1), B(—1;3;—1), C(5; —3;4).
Trong cac khang dinh sau, khang dinh ndo ding? Khing dinh nao sai?
a) Tich vo hudng clia hai vecto AB va BC bing —52.
b) Goc ABC la goc ti.
—_— — —23
c) Cosin gitta hai vecto AB, AC bang

V638

d) Diém D(1;2;z) véi AABD vuong tai B thi gia tri + = —6.

Lai giai
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PHAN 3. Cau tréc nghiém & 1&i ngdn.

Cau 1. Trong khong gian Ozyz, cho hinh hop ABCDA'B'C'D’ ¢6 toa do cac diém
A(1;2;-1),C(3; —4;1), B'(2; —1;3), D'(0; 3;5) . Gia sit toa do diem A’(x;y; 2) thi x+y+2
la bao nhiéu?

Loi giai

Cau 2. Trong khong gian Ozyz, cho hai diem B(1;2;—3) va C(7;4; —2). Goi E(x;y;2)
la diém théa man déng thiic CE =2EB khi d6 = + 1y + 2 bang bao nhiéu?
Lai giai

Cau 3. Trong khong gian Oxyz cho 3 diem A(2;0;0), B(0;3;1), C(—3;6;4). Goi M la
diém nam trén doan BC sao cho MC = 2M B. Tinh do dai doan AM (Két qua dugce lam
tron ¢ chit s6 thap phan thi nhat).

Lai giai
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Cau 4. Trong khong gian Ozyz, cho hai diem M(2;2;1), N ( ), E(2;2;3). Goi

333
I(a;b; c) 1a tam duong tron noi tiép tam gidc OMN. Tinh do dai [E.
Loi giai

Cau 5. Trong khong gian véi hé toa do Owzyz, cho hai diém A(—2;3;1) va B(5;6;2).
Duong thiang AB cit mat phang (Oxz) tai diém M. Tinh ti s6

BM
Lai gidi

Cau 6. Trong khong gian Oxyz, cho hai vecto ¥ = (1;1; —2) va ¥ = (1;0;m). Goi S 1a
tap hop céc gia tri m dé hai vecto ¥ vi U tao v6i nhau mot géc 45°. S6 phan tit ctia S
la bao nhiéu?

Lai giai
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ciuone 3 chicsd PAC TRUNG DO MUC

DO PHAN TAN CUA MAU SO
LIEU GHEP NHOM

BAIQ.  KHOANG BIEN THIEN VA KHOANG T(
PHAN VI

A. LY THUYET

1. Khoang bién thién
DPinh nghia 1. Khoang bién thién, ki hieu R, ctia mau sb lieu ghép nhém 13 hieu s6 gitta
dau mat phai clia nhém cudi cling va dau mut trai ciia nhém dau tién cé chia dit lieu

clia mau so lidu.

Y nghia
Xét mau sb lieu ghép nhéom duge cho ¢ bang sau:
Nhom | [ug; ug) | [ug;us) | - | [ug; Upsr)
Tan s6| my No e ng
Béang 1

Néu n; va ny,1 cung khac 0 thi R = upyq — uy.

e Khoang bién thién ctia mau s6 licu ghép nhém luon lon hon hodc bang khoang bién

thién ctia mau so liéu goc.

e Khoang bién thién ctia mau s6 lieu ghép nhém 1a gia tri xap xi khodng bién thién

clia mau so lieu gdc va c6 thé dung dé do miic do phan tan ciia mau so lieu.

e Khodng bién thién R = wuy; —u; chua phan anh duge day di miic do phan tan cla

phan 16n céc s6 lieu.

e Hon nita, gid tri cila R thudng tang vot khi xuat hién gia tri ngoai 1é trong mau s6
lieu. Do d6, dé phan anh mitc do phan tan ctia s6 lieu, ngudi ta con ding cac s6 dic

trung khac.

305
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2. Khoang tit phan vi

Pinh nghia 2. Khoéng ti phan vi clia mau s6 lieu ghép nhém cho ¢ Bang 1, ki hieu Ag,
14 hiéu gitta tit phan vi thit ba Q3 va tit phan vi thi nhat ; clia mau s6 lieu ghép nhém
do, tic la:
Ag=Q3— Q1.
Y nghia
e Khodng t1 phan vi ctia mau s6 lieu ghép nhém 1a gia tri xap xi cho khodng tit phan
vi clia mau s6 ligu gbe va c6 thé dimg dé do mitc do phan tan clia nita gitta clia mau

s6 liéu (tap hop gom s6 lieu nam chinh gitta mau s6 licu).

e Khoang tit phan vi ctia mau s6 lieu ghép nhéom cang nhé thi dit lieu cang tap trung

xung quanh trung vi.

e Khoang ti phan vi dugc diing dé xac dinh gia tri ngoai lé trong mau s6 lieu.
Gi4 tri o trong mau s6 licu 1a gia tri ngoai lé néu = > Q3 + 1,5A¢g hoac =z <
Q1 — 1,5A¢.

e Khoang tt phan vi ctia mau s6 lieu ghép nhéom khong bi anh hudng nhiéu bdéi cac

gid tri ngoai 1é trong mau sb lieu.

Y nghia
o Tit phan vi thit ¢, ki hieu la Q;, v6i i = 1,2,3 clia mau so lieu ghép nhém duge xéc
in
Z-c
dinh nhu sau Q; = u,, + (Umt1 — Up,). Trong do:

*n=ny+ng+---+n;lacd mau.

* [t Umy1) 18 nthém chita t& phan vi thi 1.

* n,, 12 tan s6 clia nhém chita t¢ phan vi thi 4.

*C=n1+ne+- - +npm_1.

B. CAC DANG BAI TAP

(3 Dang 9.1. Khodng bién thién ctia mdu sé liéu ghép nhém

Phuong phap

e Xét mau s6 lieu ghép nhom dudge cho & bang sau:

Nhom | [ur; ug) | [ug;us) |-+ | [wk; Ukt1)
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‘T?msé n, ‘ No “ ng

e Néu n; v ngyq ciing khac 0 thi R = upyq — uy.

e Khoang bién thién cia mau s6 lieu ghép nhém luén 16n hon hodc bang khoang

bién thién ctia mau s6 lieu goc.

Vi du 1. Dit lieu vé téc do ciia 100 xe 6 t6 luu thong trén mot doan dudng cao toc vao
gis cao diém, dugc trich xuét tit camera ciia co quan canh sat giao thong. Hay tim khoang

bién thién ctia mau s6 lieu (bang s6 lieu hinh bén duéi).

Téc do (km/h) | [60;70) | [70: 80) | [80;90) | [90: 100) | [100; 110)
S6 xe 10 20 20 35 15

Lai giai

Vi du 2. Thoi gian hoan thanh bai kiém tra ctia cac ban trong 16p 124 dugc cho bang
sau:

Thoi gian (phut) | [25;30) | [30;35) | [35;40) | [40;45)
S6 hoc sinh 8 16 4 2

a) Tinh khoang bién thién R cho mau s6 lieu ghép nhém trén.

b) Néu biét hoc sinh hoan thanh bai kiém tra mat 27 phtut va muon nhat mat 43 phiit.
Hay so sanh khoang bién thién ctia mau s6 licu ghép nhém va mau sé lieu goc.
Lai giai
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tan

(O Dang 9.2. Y nghia cGa khodng bién thién trong viéc do mic dé phan

Phuong phap:

bién thién ctia mau so liéu goc.

liéu.

tan clia phan 16n céc so6 lieu.

diing cac s6 dic trung khac.

e Khoang bién thién ctia mau s6 lieu ghép nhém luon 16n hon hodc bang khoang

e Khoang bién thién ctia mau s6 lieu ghép nhom 1a gia tri xap xi khodng bién

LN 2 = FEREPN £ N 2 2 ~ 2 - ~ ~ 2 2 = A
thién ctia mau so liéu goc va c¢é the dung dé do mic do phan tan ctia mau so

e Khodng bién thien R = uj,; — u; chua phan anh duge day dia mic do phan

e Hon nita, gia tri clia R thuong tang vot khi xuat hién gia tri ngoai lé trong

mau s6 lieu. Do d6, dé phan anh miic do phan tan ciia sb lieu, ngusi ta con

Vi du 1. Dé chuan bi mé mot trung tam thé duc thé thao, anh Son da tién hanh diéu

tra tuoi tho clia may chay bo (don vi: nam) do hai hang X, Y san xuat. Bang biéu thi

hai mau s6 lieu ma anh thu thap duge qua Internet.

Tudi tho [2;4) | [4;6) | [6;8) | [8;10) | [10;12)
S6 may ctia hang X 20 | 36 20 17
S6 may ctia hang Y 20 | 35 35 10

Khoang bién thién ctia mau s6 liéu nao 16n hon? Tit d6 c6 thé noi la may chay bo do hang

nao san xuat co tudi tho phan tan hon?

Lai giai
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Vi du 2. Ngudi ta tién hanh phéng van hai nhém khan gid vé mot bo phim mdéi cong
chiéu. Nhom A gdm nhiing khan gid thuoc Iia tudi 20 — 30, nhém B thudc lia tudi trén
30. Nguoi dude hoéi ¥ kién phai danh gid bo phim bing cach cho diém theo mot tieu chi
néu trong phiéu didu tra va sau d6 lay tong s6 diém (thang diém 100). Bang dudi day

trinh bay két qua diéu tra hai nhoém khéan gia:

Tudi tho 2:4) [ [4:6) ] [6:8) [ [8:10) [ [10; 12)
S6 nguoi ciia nhém A | 7 20 | 36 20 17
S6 ngudi cia nhém B| 0 20 | 35 35 10

Y kién danh gia clia nhom khan gia nao phan tan hon?
Loi giai

Vi du 3. Bang duéi bieu thi két qua diéu tra thoi gian st dung Internet hing ngay clia

mot s6 nguoi.

Thai gian (phit) | 30:60) | [60; 90) | [90; 120) | [120; 150) | [150; 180)
S6 ngudi 2 4 10 5 3

Tim khoang bién thién ctia mau s6 lieu da cho. Két qua cho biét diéu gi?

Lai giai
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(3 Dang 9.3. Y nghia cGa khodng bién thién trong viéc do mirc dé phan
tan

Phuong phap:

e Ti phan vi thi &, ki hieu 1a Qy, véi k = 1,2,3 clia mau so lieu ghép nhém

- _c

4

dugc x4c dinh nhu sau Q) = u,, + (Umg1 — U ). Trong do:

m

*n=mn; +ng+---+n;la céd mau.

* [tm; Umy1) 1 nhém chita & phan vi thi .

* n,, 12 tan s6 clia nhém chita t phan vi thi 4.

*C=ni+ng+- -+ npm_1.
e Khoang tit phan vi ctia mau s6 lieu ghép nhém ciing dude xac dinh dya trén

t1 phan vi thit nhat va t phan vi thit ba nhu déi véi mau s6 lieu khong ghép

nhoém.

e Khoang tt phan vi ctia mau s6 lieu ghép nhém ¢6 ki hieu Ag, 1a hiéu gitta ti
phan vi thit ba Q3 va ti phan vi thi nhat ; clia mau s6 lieu ghép nhém do,
tuc 1a AQ = Qg - Ql-

e Budc 1: Xéac dinh ¢ mau, tinh t& phan vi thit nhat va t& phan vi thit ba clia

mau sb lieu.

e Bud6c 2: Tinh khodng t1t phan vi clia mau so lieu.

Vi du 1. Mot nguoi ghi lai thoi gian dam thoai clia mot s6 cudc goi cho két qua nhu

bang sau:
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Thoi gian ¢ (phit) [0 <t<1|1<t<2|2<t<3|3<t<4|4<t<5
S6 cuoc goi 8 17 25 20 10

Tinh khodng t phan vi clia mau s6 lieu ghép nhém trén.
Loi giai

Vi du 2. Ban An rat thich chay bo. Thai gian chay bo mdi ngay trong thoi gian gan day
ctia ban An duge thong ké lai 6 bang sau:

Thai gian ¢ (phut) | [20;25) | [25;30) | [30;35) | [35;40) | [40; 45)
S6 ngay 6 6 4 1 1

Hay tinh khodng tit phan vi ctia mau sb lieu ghép nhéom trong bang trén.
Loi giai

Vi du 3. Khao sat ning suit ciia mot s6 thita ruong duge minh hoa & biéu do sau:

7= GV: PHAM LE DUY ® Trang 311/661



Bi Trudng THPT Chu Vin An 0704.963.919

S6
thita
ruong

5__

4

3__

2

1__

O .
P D o o> o > Nang
7Y Y S suft
N N N A A AV )

(tan/ha)

a) C6 bao nhiéu thita ruong duge khéo sat?

b) Lap bang tan s6 ghép nhém va tan sb tuong ddi ghép nhém tuong ting clia mau s6
lidu trén.

c) Hay x4c dinh khodng bién thién va khodng ti phan vi clia mau sb ligu trén.
Loi giai

(3 Dang 9.4. Y nghia cGa khodng t& phan vi trong viéc do mirc dd phén
tan

Phuong phap
e Khoang ti phan vi clia mau s6 lieu ghép nhém 1a gia tri xap xi cho khoang tit
phan vi ctia mau s6 lieu goc va ¢6 thé ding dé do mic do phan tan clia nita giita

clia mau s6 lieu (tap hop gom 50% s6 lieu nam chinh giita mau s6 ligu).
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e Khoang tit phan vi clia mau s6 licu ghép nhém cang nhoé thi dit lieu cang tap
trung xung quanh trung vi.

e Khoang ti phan vi duge dung dé xac dinh gia tri ngoai 1é trong mau so lieu.
Gi4 tri o trong mau so lieu la gia tri ngoai lé néu x > Qs+1,5A0 hoacx < (1—1,0A¢
e Khoang t1t phan vi clia mau so lieu ghép nhém khong bi anh huéng nhiéu baéi cac

gia tri ngoai lé trong mau sb lieu.

Vi du 1. Két qua do chiéu cao ctia 100 cay dita trong sau 10 nam tai mot vuon trai cay
4 Bén Tre cho 6 bang sau

Chidu cao (m) | [8,4;8,6) | [8,6:8,8) | [8,8;9,0) | [9,0;9,2) | [9,2;9,4)
S6 cay 5 12 25 44 14

a) Hay tim khodng bién thién, khoang tt phan vi ctia mau s6 lieu ghép nhém tren.

b) Trong 100 cay dita trén c¢6 1 cay cao 8,4 m. Hoi chiéu cao cia cay dita nay c6 phai
la gia tri ngoai lé khong?

Lai gidi

Vi du 2. Biéu do sau mo ta két qua diéu tra vé diém trung binh nam hoc ciia hoc sinh
hai truong A va B
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Sé hoc sinh
9 | 2N
[ 6A2

8
7 1
6

(W31

W~

[5;6) [6;7) [7;8) [8;9) [9;10) Diém trung binh

a) Hay xac dinh gia tri dai dién cho méi nhém va lap bang tan s6 ghép nhém cho mau

s6 lieu tren.

b) Néu so sanh theo khoang tit phan vi ctia mau s6 lieu ghép nhém thi hoc sinh truong

nio c6 diém trung binh déu hon?

Lai giai
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C. LUYEN TAP

PHAN 1. Cau tréc nghiém nhiéu phuong an luva chon

Cau 1. Bang sau théng ké khéi lugng mot s6 qua mang cut duge lya chon ngau nhién

trong mot thung hang.

Khdi lugng (gam) | [80;82) | [82;84) | [84;86) | [86;88) | [88;90)
S6 qué 17 20 2 16 12

Khoang bién thién ctia mau sb lieu ghép nhém trén 1a
A. 10 gam. B. 12 gam. C. 2 gam. D. 20 gam.
Loi giai

Cau 2. Mot cong ty cung cap nuée sach thong ké luong nude cac ho gia dinh trong mot

khu vyc tiéu thu trong mot thang 6 bang sau.

Lugng nude tieu thu m? | [3;6) | [6;9) | [9;12) | [12;15) | [15;18)
S6 ho gia dinh 20 60 40 32 7

Khoang bién thién ctia mau sb lieu ghép nhém trén 1a
A. 3m3. B. 15m?3. C. 18m?3. D. 20m?3.
Loi giai

7= GV: PHAM LE DUY ® Trang 315/661



Bi Trudng THPT Chu Vin An 0704.963.919

Cau 3. Nguoi ta thong ke tdc do clia mot s6 xe 6 t6 di chuyén qua mot tram kiém soat

tréen duong cao toc trong mot khodng thoi gian ¢ bang sau.

Téc do (km/h) | [75;80) | [80:85) | [85;90) | [90; 95) | [95; 100)
S6 xe 15 22 28 34 19

Khoang bién thién ctia mau sb lieu ghép nhém trén 1a
A. 75 km/h. B. 25 km/h. C. 100 km/h. D. 5 km/h.
Li giai

Cau 4. Két qua diéu tra veé s6 gio lam thém trong mot tuan ctia 100 sinh vien duge cho
& biéu do sau.
S6 sinh vien

45

40

35

30

25

20

15

10
alll;
0

2;4) [4;6) [6;8) [8;10) [10;12) SO giv

Khoang bién thién ctia mau s6 lieu duge cho trong biéu do trén 1a
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A. 2. B. 3. C. 10. D. 37.
Lai giai

Cau 5. Tham nién cong tac cua cac cong nhan hai nha may A va B dugce cho trong bang

sau

Tham nién cong tac (ndm) | [0;5) | [5;10) | [10;15) | [15;20) | [20;25)

S6 cong nhan nha may A | 35 13 12 12 8
S6 cong nhan nha may B | 19 26 24 11 0

Stt dung khoang bién thién, hay cho biét tham nién cong tac cic cong nhan ctia nha may
nao c¢6 do phan tan 16n hon?

A. Khong so sanh dugc.

B. Nha may A c¢6 tham nién cong tac clia cac cong nhan phan tan 16n hon nha may B.

C. Nha may A ¢6 tham nién cong tac cua cac cong nhan phan tan nho hon nha may

B.

D. Nha may A c6 tham nién cong tac ciia cac cong nhan phan tin bang nha may B.

Loi giai
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Cau 6. Két qua khéo sat can nang ctia 40 qua cam Canh ¢ mdi 16 hang 1 va 16 hang 2

dugce cho & bang sau

Can nang (gam) [100; 110) | [110;120) | [120;130) | [130; 140) | [140; 150)
S6 qua cam 6 16 hang 1 0 10 11 19 0
S6 qua cam 6 16 hang 2 3 15 12 7 3

Stt dung khodng bién thién, hay cho biét can nang ctia 40 qua cam Canh ctia 16 hang nao
c¢6 do phan tan 16n hon.

A. Khéng so sanh dugc.

B. L6 hang 2 ¢6 can ning cia 40 qua cam Canh phan tan 16n hon 16 hang 1.

C. Lo hang 1 ¢6 can nang cua 40 qua cam Canh phan tan 16n hon 16 hang 2.

D. Lo hang 1 ¢6 can nang ciia 40 qua cam Canh phan tan bang 16 hang 2.
Lai giai

Cau 7. Ban Lan thong keé lai chiéu cao (don vi: cm) ctia cac hoc sinh nit 16p 10B va 16p

10C' & bang sau. Chon dap an c6 khang dinh ding.

Chidu cao(em) | [150; 155) | [155; 160) | [160; 165) | [165; 170) | [170; 175)
S6 hoc sinh nit 16p 108 0 5 13 7 0
S6 hoc sinh nit 16p 10C 2 10 9 3 1

. Chiéu cao ctia cac ban nit 16p 10B dong déu hon chiéu cao clia cac ban nit 16p 10C.
Chiéu cao ctia cac ban nit 16p 10C' dong déu hon chiéu cao clia cac ban nit 16p 10B.
Chiéu cao ciia cac ban nit 16p 10B va 16p 10C dong déu nhu nhau.

gaowp

. Khoang bién thién ctia mau s6 lieu ghép nhém vé chiéu cao clia cac ban nit 16p 10C
nho hon khoang bién thién ctia mau so lieu ghép nhém vé chiéu cao clia cic ban nit
16p 10B.

Loi giai
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Cau 8. Mot hang xe oto thong ke lai s6 lan gap sy c¢6 vé dong co ciia 100 chiée xe cling
loai sau 2 nam st dung dau tién ¢ bang sau. Hay tim khoang ti phan vi clia mau so lieu

ghép nhom nay? (Lam tron cac két qua dén hang phan tram).

S6 lan gap su ¢ | [0,5;2,5) | [2,5;4,5) | [4,5;6,5) | [6,5;8,5) | [8,5;10,5)
S6 xe 17 33 25 20 5
A. 5,32. B. 3,52. C. 2,53. D. 5,23.

L&i giai

Cau 9. Kiém tra dieén luong ctia mot s6 vien pin tieu do mot hang san xuat thu duge
két qua sau. Hay tim khodng tit phan vi clia mau s6 lieu ghép nhém nay? (Lam tron céc

két qua dén hang phan tram).

bién lugng (nghin mAh) | [0,9;0,95) | [0,95;1,0) | [1,0;1,05) | [1,05;1,1) | [1,1;1,15)
S6 vién pin 10 20 35 15 5)
A. 0,06, B. 0,08, C. 0,07. D. 0,09.

Lai giai

= GV: PHAM LE DUY

® Trang 319/661




Bi Trudng THPT Chu Vin An 0704.963.919

Cau 10. Mot nguoi théng ké lai thoi gian thyce hién cac cuoc goi dién thoai ctia ngudsi do

trong mot tuan ¢ bang sau. Hay tim khoang ti phan vi clia mau sb lieu ghép nhom nay.

Thai gian (don vi: giay) | [0;60) | [60;120) | [120; 180) | [180; 240) | [240; 300) | [300; 360)
S6 cudc goi 8 10 7 5 2 1

A. 100. B. 110. C. 120. D. 130.
Lai giai

Cau 11. Mot phong kham thong ké s6 bénh nhan dén kham bénh méi ngay trong thang
4 nam 2022 § bang sau. Hay tim khodng t1t phan vi ctia mau s6 lieu ghép nhém nay. (Lam

tron cac két qua dén hang phan chuc).

S6 benh nhan | [0,5; 10,5) | [10,5; 20,5) | [20,5: 30,5) | [30,5; 40,5) | [40,5; 50,5)
S6 ngay 7 8 7 6 2

A. 203. B. 20.2. C. 204. D. 20,5.
L&i giai
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Cau 12. Can ning clia mot s6 lon con méi sinh thuoc hai giong A va B duge cho 6 bang

sau. Chon dép an c6 khang dinh diing.

Can nang (kg) | [1,0;1,1) | [1,1;1,2) | [1,2;1,3) | [1,3: 1,4)
Gibng A 8 28 32 17
Giéng B 13 14 24 14

A. Can ning clia lgn con mdi sinh thuoc giong A dong déu hon can ning cia lgn con
mdi sinh thuoc giéng B.

B. Can ning trung binh ctia lgn con méi sinh giéng A nhé hon giong B.

C. Can ning ctia lgn con méi sinh thuoc giong B dong déu hon can ning ciia lgn con
mdi sinh thuoc giéng A.

D. Khoang bién thién ctia mau s lieu ghép nhém vé can nang ctia lon con méi sinh
thuoc giong A nhé hon khoang bién thién clia mau s6 lieu ghép nhém vé can ning
clia lgn con mdi sinh thuoc giong B.

Loi giai

Cau 13. Mot mau so lieu ghép nhém c6 khoang tit phan vi 1a 4,43 va tid phan vi thi 3

68 2 b 1 .
1a Y thi gia tri ngoai lé cia mau so lieu ghép nhém dé phai 1a bao nhiéu?
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A. x> 2931 B. » > 1,51. C. r < 51,23. D. r < 25,11.
Lai giai

Cau 14. Mot mau s6 lieu ghép nhém c6 tit phan vi thit 1 14 254,9 va t¢ phan vi thi 3 1a
417,25 thi diéu kién gia tri ngoai 1é clia mau s6 lieu ghép nhém do 1a
x>12.1 x> 11,2 x > 660,775
) B. . C. )
x <135 x < 0,375 x < 11,375
Loi giai

D. z > 11,375.

Cau 15. Gido vien chii nhiem thong ké chiéu cao (don vi cm) ciia céc ban hoc sinh nit

cua 16p 12A & bang sau

Chiéu cao | [150; 155) | [155; 160) | [160; 165) | [165; 170) | [170; 175)
S6 hoc sinh 2 4 10 0 1

X4c dinh khodng bién thién ctia chiéu cao ciia cdc ban hoc sinh nit 16p 124
A. 20. B. 10. C. 5. D. 25.
Loi giai
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Cau 16. Bang duéi day théng ke can ning (gam) ctia 100 qué xoai cat Hoa Loc sau khi
thu hoach tai mot khu vuon

Can nang | [200;205) | [205: 300) | [300: 305) | [305: 310)
S6 lugng xoai| 10 15 45 30

Khoang bién thién ctia mau s6 lieu ghép nhém trén 1a
A. 35. B. 60. C. 55. D. 110.
Loi giai

Cau 17. Thai gian va s6 ngay tap thé duc ctia bac T va bac H trong mot thang (30
ngay) duge thong ke theo bang dudi day

Thoi gian tap (phat) | [15;20) | [25;30) | [30; 35)
S6 ngay tap cia bac T | 10 15 5
S6 ngay tap ciia bac H 9 21 0

Meénh dé nao sau day dang?
A. Khoang bién thién thoi gian tap ctia bac 7' bang 10.
B. Khoang bién thién thoi gian tap ctia bac H bang 20.
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C. Do phan tan thoi gian tap ctia bac T cao hon do phan tan thoi gian tap ctia bac H.
D. Do phan tan thoi gian tap ciia bac T thap hon do phan tan thoi gian tap cta bac
H.
Loi giai

Cau 18. Bang sau thong ké khéi luong mot s6 qua mang cut dude lga chon ngau nhién

trong mot thung hang.

Khdi lugng (gam) | [80;82) | [82;84) | [84;86) | [86;88) | [88;90)
S6 qua 17 20 25 16 12

Khoang bién thién ctia mau s6 lieu ghép nhém trén 1a
A. 10 gam. B. 12 gam. C. 2 gam. D. 20 gam.
Loi giai

Cau 19. Mot cong ty cung cap nude sach thong ké lugng nuée cac ho gia dinh trong mot

khu vire tiéu thy trong mot thang & bang sau.

Khdi lugng (gam) | [80;82) | [82;84) | [84; 86) | [86;88) | [88;90)
S6 ho gia dinh | 20 60 40 32 7
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Khoang bién thién ctia mau sb lieu ghép nhom trén 1a
A. 3m3. B. 15 m?. C. 18 m?. D. 20 m?.
Loi giai

Cau 20. Ngudi ta thong ké toc do clia mot s6 xe 6t6 di chuyén qua mot tram kiém soat

tréen duong cao toc trong mot khodng thoi gian ¢ bang sau.

Téc do (km/h) | [75;80) | [80:85) | [85;90) | [90; 95) | [95; 100)
S6 xe 15 22 28 34 19

Khoang bién thién clia mau s6 lieu ghép nhom trén 1a

A. 75 km/h. B. 25 km/h. C. 100 km/h. D. 5 km/h.
Lai giai

Cau 21. Két qua diéu tra vé s6 gio lam thém trong mot tuan ciia 100 sinh vién duge cho

4 bieu do sau.
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(S6 sinh vién)

37

371

20 21

201

12
12 10

10§

) [2;4) [4;6) [6;8) [8;'10) [10‘:12> (86 giv)
Khoang bién thién ctia mau s6 lieu duge cho trong biéu do trén la

A. 2. B. 3. C. 10. D. 37.
Lai giai

Cau 22. Tham nién cong tac cia cac cong nhan hai nha may Ava Bduge cho trong bang

sau

Tham nién cong tac (nam) | [0;5) | [5;10) | [10;15) | [15;20) | [20;25)
S6 cong nhan nha may A | 35 13 12 12 8
S6 cong nhan nha may B | 19 26 24 11 0

Stt dung khodng bién thién, hay cho biét tham nién cong tac cic cong nhan ctia nha may
nao c¢6 do phan tan 16n hon?

A. Khong so sanh dugc.
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B. Nha méay A ¢6 tham nién cong tac ctia cac cong nhan phan téan 16n hon nha may B.
C. Nha may A c¢6 tham nién cong tac ctia cac cong nhan phan tan nhé hon nha may
B.
D. Nha may A c6 tham nién cong tac ciia cac cong nhan phan tin bang nha may B.
Loi giai

Cau 23. Két qua khao sat can nang ctia 40 qua cam Canh ¢ mdi 16 hang 1 va 16 hang 2

dugce cho & bang sau

Can ning (gam)

[100; 110)

[110; 120)

[120; 130)

[130; 140)

[140; 150)

S6 qua cam & 16 hang 1

0

10

11

19

0

15

12

7

3

S6 qua cam & 16 hang 2 3

Stt dung khodng bién thién, hdy cho biét can ning ctia 40 qua cam Canh clia 16 hang nao
¢6 do phan tan 16n hon.

A. Khong so sanh dugc.

B. L6 hang 2 ¢6 can nang ctia 40 qua cam Canh phan tan 16n hon 16 hang 1.

C. Lo hang 1 ¢6 can niang cua 40 qua cam Canh phan tan 16n hon 16 hang 2.

D. Lo hang 1 ¢6 can nang ciia 40 qua cam Canh phan tan bang 16 hang 2.
Loi giai
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Cau

24. Ban Lan thong ke lai chiéu cao (don vi: cm) ctia cac hoc sinh nit 16p 10B va 16p

10C & bang sau. Chon dap an c6 khang dinh ding.

Chiéu cao(cm) | [150; 155) | [155; 160) | [160; 165) | [165; 170) | [170; 175)
S6 hoc sinh nit 16p 10B 0 5 13 7 0
S6 hoc sinh nit 16p 10C 2 10 9 3 1

gow s

. Chiéu cao clia cac ban nit 16p 10B dong déu hon chiéu cao clia cic ban nit 16p 10C.

Chiéu cao clia cac ban nit 16p 10C dong déu hon chiéu cao ctia cac ban nit 16p 10B.

Chiéu cao ciia cac ban nit 16p 10B va 16p 10C dong déu nhu nhau.

. Khoang bién thién ctia mau s6 lieu ghép nhém vé chiéu cao ctia cac ban nit 16p 10C

nhé hon khodng bién thién ciia mau s6 lieu ghép nhém vé chiéu cao clia cac ban nit
16p 10B.

Lai giai

Cau 25. Mot hang xe 6t6 thong ké lai s6 lan gap su ¢6 vé dong co ctia 100 chiée xe cling

loai sau 2 nam st dung dau tién ¢ bang sau. Hay tim khoang t phan vi ctia mau s6 lieu

ghép nhém nay? (Lam tron cac két qua dén hang phan tram).

S6 Lan gap su c6 | 0,5:2,5) | [2.5:4.5) | [4.5:6.5) | [6,5:8,5) | [8,5:10,5)
Sé xe 17 33 25 20 5
A. 5,32. B. 3,52. C. 2,53. D. 5,23.

Lai giai
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Cau 26. Kiém tra dién lugng ctia mot sé vien pin tiéu do mot hang san xuat thu dugc
két qui sau. Hay tim khodng tit phan vi clia mau s6 lieu ghép nhém nay? (Lam tron céc

két qua dén hang phan tram).

bién lugng (nghin mAh) | [0,9;0,95) | [0,95;1,0) | [1,0;1,05) | [1,05;1,1) | [1,1;1,15)
S6 vién pin 10 20 35 15 5)

A. 0,06. B. 0,08. C. 0,07. D. 0,09.
L&i giai

Cau 27. Mot nguoi thong ke lai thoi gian thyc hién cac cuoc goi dién thoai ctia nguoi dé

trong mot tuan & bang sau. Hay tim khoang t1t phan vi clia mau so lieu ghép nhém nay?

Thoi gian (don vi: giay) | [0;60) | [60; 120) | [120; 180) | [180; 240) | [240; 300) | [300; 360)
S6 cuoc goi 8 10 7 5 2 1

A. 100 B. 110. C. 120. D. 130.
L&i giai
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Cau 28. Mot phong kham théng ké s6 bénh nhan dén kham bénh mdi ngay trong thang
4 nam 2022 6 bang sau. Hay tim khoang ti phan vi clia mau s6 lieu ghép nhém nay?

(Lam tron cac két qua dén hang phan chuc).

S6 benh nhan | [0,5; 10,5) | [10,5: 20,5) | [20,5; 30,5) | [30,5; 40,5) | [40,5; 50,5)
S6 ngay 7 8 7 6 2

A. 20,3. B. 20,2. C. 20.,4. D. 20,5.
L&i giai

Cau 29. Can nang clia mot s6 lon con méi sinh thuoc hai giong A va B dudce cho 6 bang

sau. Chon dap an c6 khang dinh ding.

Can nang (kg) | [1,0;1,1) [ [1,1:1,2) | [1,2;1,3) | [1,3; 1,4)
Gibng A 8 28 32 17
Gibng B 13 14 24 14

A. Can ning clia lgn con mdi sinh thuoc giong A dong déu hon can ning ctia lon con
mdi sinh thuoc giéng B.

B. Can ning trung binh ctia lgn con méi sinh giéng A nhé hon giong B.

C. Can ning ctia lon con méi sinh thuoc giong B dong déu hon can ning clia lgn con

mdéi sinh thuoc gidng A.
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D. Khoang bién thién ctia mau sb liéu ghép nhém vé can niang cia lon con méi sinh
thuoc giong A nhoé hon khodng bién thién ctia mau s6 lieu ghép nhém vé can nang
clia lon con méi sinh thuoc giong B.
Loi giai

Cau 30. Mot mau s6 lieu ghép nhém c6 khoang t1¢ phan vi 1a 4,43 va t phan vi thi 3
68 .

la 3 thi gia tri ngoai lé ctia mau so liéu ghép nhém doé phai la bao nhigu?
A. x> 2931 B. z > 1,51. C. z < 51,23. D. z < 25/11.

Loi giai

Cau 31. Mot mau s6 lieu ghép nhém c6 ti phan vi thit 1 14 254,9 va t1¢ phan vi thi 3 1a
417,25 thi diéu kién gia tri ngoai 1é clia mau s6 lieu ghép nhom dé 1a
x>12,1 x> 11,2 x > 660,775
. B. . C. )
r <135 x < 0,375 xr < 11,375
Loi giai

D. z > 11,375.

7= GV: PHAM LE DUY ® Trang 331/661



Bi Trudng THPT Chu Vin An 0704.963.919

Cau 32. Gido vien chii nhiem théng ké chiéu cao (don vi cm) ciia céc ban hoc sinh nit

cua 16p 12A & bang sau

Chiéu cao | [150; 155) | [155; 160) | [160; 165) | [165; 170) | [170; 175)
S6 hoc sinh 2 4 10 0 1

Xac dinh khodng bién thién ctia chiéu cao ciia cac ban hoc sinh nit 16p 12A
A. 20. B. 10. C. 5. D. 25.
Loi giai

Cau 33. Bang dudi day thong ke can ning (gam) ctia 100 qua xoai cat Hoa Loc sau khi
thu hoach tai mot khu vuon

Can nang | [200;205) | [205: 300) | [300: 305) | [305: 310)
S6 lugng xoai| 10 15 45 30

Khoang bién thién ctia mau sb lieu ghép nhom trén 1a
A. 35. B. 60. C. 55. D. 110.
Loi giai
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Cau 34. Thai gian va s6 ngay tap thé duc ctia bac T va bac H trong mot thang (30
ngay) duge thong ke theo bang dudi day

Thai gian tap (phat) | [15;20) | [25;30) | [30;35)
S6 ngay tap cia bac T| 10 15 5

S6 ngay tap ciia bac H 9 21 0

Meénh dé nao sau day dang?
A. Khoang bién thién thoi gian tap ctia bac T bang 10.
B. Khoang bién thién thoi gian tap ciia bac H bang 20.
C. Do phan tan thai gian tap ctia bac Tcao hon do phan tan thoi gian tap cua bac H.
D. Do phan tan thoi gian tap ctia bac T thap hon do phan tan thoi gian tap ctia bac
H.
Loi giai

Cau 35. Bang dudi day biéu dién mau s6 lieu ghép nhém vé s6 tién (don vi: nghin dong)

ma 12 khach hang mua sach ¢ mot cita hang trong mot ngay.

Gi4 tién [40; 50) | [50; 60) | [60; 70)
S6 luong khach mua 2 6 4

X4c dinh khodng t1t phan vi clia mau s6 lieu ghép nhém trén
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12 12
A% B. 2, c. 2. D. °12,
6 3 5 5
Loi giai

Cau 36. Bang sau thong ké can ning ctia 50 qua xoai Thanh Ca dugc lia chon ngiu
nhién sau khi thu hoach ¢ mot nong truong

Can nang(g) | [250;290) | [290; 330) | [330;370) | [370;410) | [410;450)
S6 qua xoai 3 13 18 11 5

Hay tim khoang tit phan vi ctia mau so lieu ghép nhom trén.

9080 980 908 9080
. m. Bo E?). Co m. Do T%.

L&i giai

Cau 37. Biéu do duéi day thong ke thoi gian tap thé duc budi sang mdi ngay trong thang
9/2022 ctia bac Binh va bac An.

7= GV: PHAM LE DUY ® Trang 334/661



Bi Trudng THPT Chu Vin An 0704.963.919

2E’
= 00B4c Binh
00 Bac An
2 |
12
10| 8 8
5 5
3 2
. DO i D Ho mo]

[15;20) [20;25) [25;30) [30;35) [35;40)

Hoi gitta bac Binh va bac An thi ngudi nao c6 thoi gian luyén tap deu?
A. Béac Binh c¢6 thoi gian tap déu hon.
B. Bac An c¢6 thai gian tap déu hon.
C. Khong xac dinh dugce.
D. Bac Binh va Bac An c6 thoi gian tap déu nhu nhau.
Loi giai

Cau 38. Ban Trang thong ké lai chiéu cao (don vi: cm) clia cac ban hoc sinh nit 16p 12C
va 16p 12D 6 bang sau

Chiéu cao
L [155;160] | [160; 165] | [165;170] | [170; 175] | [175; 180] | [180; 185]
gp

12C 2 7 12 3 0
12D 5 9 8 2 1 0

Hay so sanh do phan tan clia nita gita hai mau s6 liéu chiéu cao clia cac hoc sinh nit 16p
12C va 12D.
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A. Mau sb lieu ciia 16p 12C it phan tan hon mau s6 liéu cta l6p 12D,

B. Mau s6 liéu ctia 16p 12D it phan tan hon mau s6 lieu cta l6p 12C.

C. Mau s6 lieu ctia 16p 12C va mau s6 lieu ctia 16p 12D khong phan tan.

D. Khong xac dinh duge.
Loi giai

Cau 39. Gia sit két qua khao sat hai khu vuc A va B vé do tudi két hon clia mot s6 phu

nit vira lap gia dinh duge cho 6 bang sau

Tudi két hon [19;22] | [22;25] | [25;28] | [28;31] | [31; 34]
S6 phu nit khu vyc A 10 27 31 25 7
S6 phu nit khu vyc B 47 40 11 2 0

Néu so sanh theo khodng t& phan vi thi phu nit § khu vic ndo c6 do tudi két hon dong

deu hon?

A. Phu nit é khu vuc B ¢6 do tuoi két hon dong déu hon.
B. Phu nit é khu vic A c¢6 do tudi két hon dong déu hon.

C. Phu nit 6 khu vuc A va khu vue B ¢6 do tudi két hon dong déu nhu nhau.

D. Khong xac dinh dugc.
Loi giai
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Cau 40. Két qua do chiéu cao ctia 100 cay keo 3 nam tudi tai mot nong truong duge cho

4 bang sau

Chidu cao (m) | [8,4:8,6) | [8,6:8,8) [ [8,8;9,0) | [9,0:9,2) | [9,2:9,4)
S6 cay 5 12 25 44 14

Khang dinh nao sau day la ding?
A. Cay keo cao 8,4 m 1a cay keo c6 chiéu cao 1a gia tri ngoai lé.
B. Cay keo cao 8,4 m 1a cay keo c6 chiéu cao khong 1a gia tri ngoai lé.
C. Khoéang t1 phan vi ctia mau s6 lieu ghép nhom 1la Ag = 0,5.
D. Ti phan vi thi nhat ctia mau s6 lieu ghép nhom 13 7.
Loi giai

Cau 41. Bang tan s6 ghép nhom duéi day thé hieén két qua diéu tra vé tudi tho trung

binh ctia nam gi6i va nit giéi 6 50 quoc gia.

\ Giéi tinh Nam | N
Nhoém (Tudi tho)

[50; 55) 4 |3
[55; 60) 7 | 4
[60; 65) 4 |5
[65; 70) 6 | 3
[70; 75) 15 | 7
[75; 80) 12 |14
(80; 85) 13
(85;90) 1
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Khéng dinh nao sau day la ding?
A. Tudi tho clia nam gigi déu hon tudi tho ciia nit gidi.
B. Khoang tit phan vi clia mau s6 lieu nam gidi 1a Ag = 14.
C. Khoang t1t phan vi ctia mau s6 lieu nit gidi 1a Ay = 16.
D. T phan vi thit nhat cia mau s6 lieu nam gi6i 1a 63.

Loi gidi
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PHAN 2. Cau tréc nghiém ding sai

Cau 1. Thai gian cho kham bénh ctia hai phong pham 1 va phong kham 2 & thanh phd
Xduge cho trong bang sau:

Thai gian (pht) [0;5) | [5;10) | [10;15) | [15;20)
Phong kham s6 1 (S6 bénh nhan) | 3 12 15 18
Phong kham s6 2 (S6 bénh nhan) | 5 10 12 0

Xét tinh dung/sai cac ménh dé sau:

a) Tong s6 bénh nhan chd kham bénh & phong kham s6 1 duéi 5 phit la 3.

b) Khoang bién thien clia miu so lieu ghép nhom vé thoi gian chd kham bénh cla
phong kham s6 1 1a Ry = 15.

¢) Khoang bién thien clia mau s6 lieu ghép nhom vé thoi gian chd kham bénh cla
phong kham s6 2 13 Ry = 20.

d) Thai gian chd khdm bénh & phong kham s6 2 phan tan hon thoi gian chd kham
bénh ¢ phong kham s6 1.

Loi giai

Cau 2. Thong ké thu nhap theo thang (don vi: trigu dong) ctia mot nhém ngudi chay

Grab dugc cho trong bang sau:

Thu nhap (tri¢u dong) | [3;5] | [5; 7] | [7;9] | [9; 11]
S6 nguoi 5 | 10 ] 5 | 2

Xét tinh dang/sai cac ménh dé sau:
a) C6 mau la n = 22.
b) Tt phan vi thit nhat cia mau s6 lieu ghép nhom 1a @, = 10.
¢) Tt phan vi thit ba ctia mau s6 ligu ghép nhom 1a Q3 = 5.
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d) Khoang t1t phan vi ctia méau s6 ligu ghép nhom 1a AQ = 5.
Loi giai

Cau 3. Ngudi ta theo doi sy thay d6i can ning, dugc tinh bang hiéu can niang trudc va

sau ba thang 4p dung ché do an kiéng ctia mot s6 ngudi cho két qua sau:

Thay ddi can nang (kg) | [—1;0] | [0;1] | [1;2] | [2;3] | [3;4]
3 2
3 1

S6 ngudi nam 6 4 1
S6 ngudi nit 6 0

Xét tinh dung/sai cac ménh dé sau:
a) SO ngudi thay ddi can nang theo chiéu huéng gidm can 1 11.

b) Khoang bién thién ctia miu s6 liéu ghép nhom vé sy thay doi can niang ciia nam 1a

Ry =5.
c) Khodng bién thién ctia mau s6 lieu ghép nhém vé sy thay doi can niang clia nit 1a
Ry = 3.

d) Néu biét nit tdng can nhiéu nhat 1a 2 kg va gidm can duge nhiéu nhat 1a 1 kg thi
kho&ng bién thién ctia mau s6 lieu goc la 1.
Loi giai
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Cau 4. Diém kiém tra cubi khéa mon Tiéng Anh ctia hai 16p é mot trung tam ngoai ngit
dugce thong ke trong cac bang sau
Bang a. Piém cta 16p A

Diém | S6 hoc vien
[50; 60] 8
[60; 70] 20
[70; 80] 10
180; 90]
[90; 100]

Bang b. Diém cta 16p B

Diém | S6 hoc vién
[50; 60] 15
[60; 70] 25
[70; 80] 30
[80; 90] 20
[90; 100] 10

Xét tinh dang/sai cac ménh dé sau:

a) Nhom chita ti phan vi thit nhat cia mau s6 lieu ¢ Bang a 1a [60; 70].
b) Nhom chita ti phan vi thit ba clia mau s6 lieu & Bang b 1a [90; 100].
¢) Khodng t1t phan vi clia mau s6 lieu 6 Bang a 1a 10.

d) Khoang t1t phan vi clia mau s6 lieu 6 Bang b 1a 20.

Lai giai
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Cau 5. Diém kiém tra cubi khéa mon Tiéng Anh ctia hai 16p ¢ mot trung tam ngoai ngit
duge théng ké trong cac bang sau:

Bang a. Piém cua 16p A Bang b. Diém cta 16p B

biém | S6 hoc vien biém | S6 hoc vien
150; 60] 8 150; 60] 15
[60; 70] 20 160; 70] 20
[70; 80] 17 [70; 80] 30
180; 90] 10 180; 90] 20
[90; 100] 5 [90; 100] 15

Xét tinh dang/sai cac ménh dé sau:
a) Nhom chita ti phan vi thtt nhat ctia mau s6 lieu 6 Bang a la [60; 70].
b) Nhom chita ti phan vi thit ba cia mau s6 lieu & Bang b 1a [90; 100].
c) Khoéang t@ phan vi cia mau so lieu 6 Bang a 1 10.
d) Khoang tt phan vi clia mau s6 lieu 6 Bang b 1a 20.

Loi giai

Cau 6. Cho mau sb lieu thong ké chiéu cao ciia cac hoc sinh 16p 12A1, 12A2 va 12A3
cua mot trusng THPTnhu bang sau:

Chidu cao (don vi: em) | [150; 155 | [155; 160] | [160; 165] | [165; 170] | [170; 175] | [175; 180]
S6 hoc sinh 16p 12A1 1 3 6 5 3 2
S6 hoc sinh 16p 12A2 0 2 5 7 1 0
S6 hoc sinh 16p 12A3 0 1 3 7 2 0

Xét tinh dang/sai cac ménh dé sau:

a) Néu dya vao khodng tit phan vi thi mau s6 ligu thong ké chiéu cao clia hoc sinh 16p
12A1 phan tan hon so v6i 12A2.
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b) Néu dya vao khodng tit phan vi thi mau s6 lieu thong ke chiéu cao clia hoc sinh 16p
12A2 phan tan hon so v6i 12A3.
c) O 16p 12A2 ¢6 mot hoe sinh ¢6 chidu cao la 173 cm, chidu cao ctia hoc sinh d6 1a
gia tri ngoai 1é ctia mau s6 lieu ctia 16p 12A2.
d) 0 16p 12A3 ¢6 mot hoc sinh c¢6 chiéu cao 1a 177 cm, chiéu cao clia hoc sinh dé 1a
gid tri ngoai 1é clia mau s6 lieu cua 16p 12A3.
Loi giai

Cau 7. Dé chuan bi mé mot trung tam thé duc thé thao, ong Ada tién hanh diéu tra
tudi tho (don vi tinh bing nam) ctia may chay bo do ba hang X, Y, Z san xuat. Bang s

lieu sau biéu thi cac mau s6 lieu ma anh thu duge trong qua trinh nghién citu:

Tudi tho [4;6] | [6;8] | [8;10] | [10;12]
S6 may ctia hang X | 7 20 20 15
S6 may ctia hang Y| 10 | 35 30 5
S6 mAy ctia hang Z | 5 10 20 15

Xét tinh dang/sai cac ménh dé sau:
a) Khoang bién thién clia may chay bo do hang X san xuat bang 10.
b) Khoang bién thién ctia may chay bo do hang Y san xuat khong vuot qua 6.
¢) Khoang bién thién clia may chay bo do hang Z sdn xuat thi 16n hon khoang bién
thién ctia may chay bo do hang Y san xuat.
d) Néu dya vao khoang bién thién thi may chay bo do hang Z san xuit c6 tudi tho
phan tan nhat trong ba hang.
Loi giai
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Cau 8. Diém kiém tra cudi hoc ky 2 mon Toan (thang diém 10) ctia hai l6p 12A va 12B
¢ mot truong THPT dude thong ké trong cac bang sau:

Bang A. Diém cua 16p 12A Bang B. Diém cua 16p 12B
Diém | S6 hoc sinh Diém | S6 hoc sinh
[6,5;7) 5 6,5;7) 3
[7,7,5) 9 [7,7,5) 6
[7,5;8) 8 [7,5;8) 7
8;8,5) 7 8;8,5) 9
8,5;9) 5 8,5;9) 7
[9;9,5) 4 9;9,5) 4
9,5; 10] 2 [9,5; 10] 2

Xét tinh dung/sai cac ménh dé sau:
a) Nhom chita ti phan vi thit nhat cia mau s6 lieu 6 Bang A 1a [7;7.5).
b) Nhom chita ti phan vi thit ba clia mau s6 lieu ¢ Bang B 1a [8.5;9).
¢) Khoang t1t phan vi clia mau s6 lieu 6 Bang A thi 16n hon 2.
d) Khodng t phan vi ctia méau s6 ligu ¢ Bang B nh6 hon khoang tit phan vi clia mau
s6 lieu 6 Bang A.
Loi giai
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PHAN 3. Cau tréc nghiém & 1&i ngdn.

Cau 1. Cho bang théng ké thoi gian tap thé duc budi sang mdi ngay trong thang 9/2022

clia Bac An va Bac Binh. Goi R4, Rp lan lugt 1a khoang bién thién ctia mau s6 lieu ve
thoi gian tap thé duc ctia Bac An va Béac Binh, khi d6 R4 + Rp bang

Thai gian (phut) | [15;20) | [20;25) | [25;30) | [30;35) | [25; 40)
Bac An 5 12 8 3 2
Bac Binh 0 20 5 5 0

Lai giai

Cau 2. Mot hang xe oto thong ke lai s6 lan gap sy c¢6 veé dong co ciia 100 chiée xe cling

loai sau hai nam st dung dau tién dugc cho ¢ bang sau:

S6 1an gap su ¢6 | [1;2)

[3;4)

[5;6)

[7;8) | [9;10]

S6 xe

17

33

25

20

Khoang bién thién ctia bang s6 liéu trén 14 bao nhiéu?

Lai giai
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Cau 3. Bang tan s6 ghép nhom duéi day thé hien két qua diéu tra vé tudi tho trung

binh clia nam gi6i ¢ 50 qubc gia.

Do tudi | [50; 55) | [55: 60) | [60: 65) | [65:70) | [70;75) | [75;80) | [80;85) | [85;90]
Tansé | 4 7 4 6 16 12 2 0

Hay xéac dinh khodng bién thién clia tuodi tho trung binh clia nam gidi trong mau s6 lieu
ghép nhém trén.
Loi giai

Cau 4. Ban Trang thong ke lai chiéu cao (don vi: cm) ctia cdc ban hoc sinh nit 16p 12C6

bang sau:

Chiéu cao | [155;160) | [160; 165) | [165;170) | [170;175) | [175;180) | [180; 185]
Tan s6 2 7 12 3 0 1

Ban Trang nhan xét nhu sau: Chénh léch chiéu cao ciia cac ban trong 16p khong vigt qua
a(cm). Hay x4c dinh gia tri cia a dé nhan xét ctia Trang 1a ding.
Loi giai
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Cau 5. Co Ha thong ke lai duong kinh than gb ctia mot sb cay xoan dao 6 nam tudi duge

trong ¢ mot lam truong ¢ bang sau

Dudng kinh (cm) | [40;45) | [45; 50) | [50;55) | [55; 60) | [60; 65)
Tan sb 5 20 18 7 3

Hay xac dinh khoéng t1t phan vi clia mau s6 lieu ghép nhom trén (Iam tron dén hang
phan tram).
Loi giai

Cau 6. Két qua do chiéu cao ctia 100 cay keo 3 nam tudi tai mot nong truong dude cho

4 bang sau:

Chiéu cao (m) | [8,4:8,6] | [8,6:8,8] | [8,9;9,0] | [9,0;9,2] | [9,2;9,4]
Tén s6 5 12 25 44 14

Hay xac dinh khoéng tt phan vi clia mau s6 lieu ghép nhém trén (Iam tron dén hang
phan tram).
Loi giai
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Cau 7. Luong thang ciia mot s6 nhan vien mot van phong duge ghi lai nhu sau (don vi:

trigu dong):

Luong thang (trieu dong) | [6; 8] | [8;10] | [10; 12] | [12;14]
S6 nhan vien 3 6 8 7

Tim khodng tt phan vi clia mau s6 liéu ghép nhém trén (két qué lam tron dén hang phan
tram).
Loi giai

Cau 8. Két qua do chiéu cao ctia 100 cay keo 3 nam tudi tai mot nong truong dude cho

4 bang sau:

Chiéu cao (m) | [8.4;8,6) | [8,6:8,8) | [8,8:9,0) | [9,0:9,2) | [9,2;9,4)
S6 cay 5 12 25 44 14

Trong 100 cay keo trén c6 1 cay cao 8,4 m. H6i gia tri ngoai 1é clia mau s6 liéu 1a bao
nhiéu?
Loi giai

7= GV: PHAM LE DUY ® Trang 348/661



Bi Trudng THPT Chu Vin An 0704.963.919

Cau 9. Théng ké s6 thé vang ctia mdi cau lac bo trong gidi ngoai hang Anh mua gidi
20212022 cho két qua sau:

101
63

79
61

79
60

78
99

75
o7

73
95

68
95

67
20

67
47

63
42

(Theo premierleauge.com)

Hay tim khodng bién thién ctia mau so lieu ghép nhém c6 do dai bang nhau véi nhém
dau tien 1a [40; 50)?
Loi giai

Cau 10. Ban Loc thong ké lai chiéu cao (don vi: cm) clia cac ban nam 16p 12A va 16p
12B 6 bang sau.

Chiéu cao (cm) | [155; 160) | [160; 165) | [165; 170) | [175; 180) | [180; 185)
Lép 12A 3 5 12 0
Lép 12B 6 10 7 0 2

Khoang bién thién chiéu cao cia hoc sinh nam 16p 12B ¢6 do phan tan 16n hon khodng
bién thién chiéu cao ctia hoc sinh nam 16p 12A bao nhiéu cm?
Loi giai
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Cau 11. Thong ke s6 thé vang ctia mdi cau lac bo trong gidi ngoai hang Anh mua giai
2021 — 2022 cho két qua nhu sai:

101 {7979 |78 | 75| 73|68 |67|67]|63
63 | 61|60 |59 |57|55|55|50 47|42

Tinh khoang bién ctia mau s6 lieu ghép nhém day sb liu trén thanh cac nhom c6 do dai
bang nhau véi nhom dau tien la [40; 50).
Loi giai

Cau 12. Bang tan s6 ghép nhém dudi day thé hien két qua diéu tra vé tudi tho trung

Nhom (Tudi tho) | [50;55) | [55;60) | [60;65) | [65;70) | [70;75) | [75;80) | [80;85) | [85: 90)

Nam 4 7 4 6 15 12 2 0

N 3 4 5t 3 7 14 13 1

Tinh khodng t@& phan vi ctia mau sb lieu ghép nhém c6 tudi tho trung binh dong déu
nhat.
Loi giai
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BAI 10. PHUONG SAI VA PO LECH CHUAN

A. LY THUYET

1. Phuong sai

Phuong sai ctia mau s6 lieu ghép nhém, ki hiéu s?, dude tinh béi cong thic:

1 _ _ —
= e =) + ey — 7P+ +myles — 77,

Trong do:
e n=mn;+ng+- -+ mn;lacd mau.

1 )
e T = —(njic; + nacy + - -+ + ngcy) 1a s6 trung binh.
n

2. D6 léch chuan

Do léch chuan ctia mau s6 lieu ghép nhém ki hiéu s.

Do lech chuan 1a can bac hai sd hoc cua phuong sai:
Do léch chuan s = Vs,
/N Chii y:
e Phuong sai ctia mau so lieu ghép nhom cé thé duge tinh theo cong thic sau

1
2 2 2 2 —2
s? = =(nic] + nacy + -+ + ngcy) — T
n

o Trong thong ké, nguoi ta con dung dai luong sau dé do mic do phan tdn cia mau
56 lieu ghép nhom:
9 1

C— — [nl(cl _f)2+n2(62 —E)Q—l—"’nkz(ck —5)2} .

I\ Y nghia:

o Phuong sai ctia mau so licu ghép nhom la gid tri xap xi cho phuong sai ciia mau so

lieu goc.

e Do léch chuan ciia mau s6 liéu ghép nhom ciing la gid tri xap xi cho do léch chuan

ctia mau so6 liéu goc. Dugc dung dé do mic do phan tan cia mau sé lieu ghép nhom.
e Phuong sai va do léch chuan cang lon thi da liew cang phan tdn.
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7 2 N . 4 . 2 X POl RPN
e Do léch chuan co cung don vi voi don vi cua mau SO liéu.

Vi du 1. Thay gido théng ké lai diém trung binh cudi nam ctia céc hoc sinh 16p 11A va

11B thu dudgc bang sb lieu sau

Diém trung binh | [5;6) | [6;7) | [7;8) | [8;9) | [9;10)
11A 1 0 11 22 6
11B 0 6 8 14 12

a) Néu so sanh theo khoang bién thién thi hoc sinh 16p nao c6 diém trung binh it phan

tan hon?

b) Néu so sanh theo do léch chuan thi hoc sinh 16p nao c6 didm trung binh it phan tan

hon?

L&i giai

o Trong vi du trén, két qud so sanh do phan tdn theo gid tri trung binh va do léch
chuan cé su khac biét. Diéu nay la do mau so liéu ciia hoc sinh lop 11A ¢6 mot gid

tri mgoai lé.

o VGi cic mau so lieu ghép nhém cé cung so trung binh (hodc zap xi nhauw), ta thuong
s dung phuong sai va do léch chudan dé so sanh mic do phan tdan cia cdc mau so

lieu do.
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B. CAC DANG BAI TAP

(3 Dang 10.1. Lap mau sé liéu ghép nhém va tinh gid tri trung binh

Phuong phap:

Xét mau s6 lieu ghép nhém duge cho ¢ bang sau

Nhém | [a1;as) | ... | [ai; aiz1) |- | [ak; ags1)

Tansb6| mqy |... m; . mi

S6 trung binh cong duge tinh nhu sau

@i + Qg1

e Budc 1: Tinh gia tri dai dién moi nhém z; = 1=1,2,3,... k.

e Buéec 2: Tinh n=my +ma + -+ + my.

. . omixr1 Mmoo+ -+ My T
e BuGe 3: 7 = .

n

Vi du 1. Chiéu cao ctia 20 cay giong duge cho béi bang sau

Chiéu cao (cm) | [40;44) | [45;49) | [50;54) | [55;59) | [60;64) | [65;69)
S6 cay giong 2 5 3 4 3 3

Tinh s6 trung binh T (1am tron dén chit s6 thit hai sau dau phay) ctia bang néi trén.
Loi giai

Vi du 2. Cac ban hoc sinh 16p 12A tra 15i 40 cau héi trong mot bai kiém tra. Két qua
duge théng ké & bang sau

S6 cau tra 101 dang | [16;21) | [21;26) | [26;31) | [31:36) | [36; 41)
S6 hoc sinh 4 6 8 18 4
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Tinh gia tri trung binh s6 cau tra 16i ding.

L&i giai

Vi du 3. Trong tuan 1& bdo vé moi trudng, cdc em hoc sinh da tién hanh thu nhit vo

chai nhya dé tai ché. Nha truong thong ké két qua thu nhit vé chai nhya ctia hoc sinh

thu duge bang sau

Sé vo chai nhua

[1; 5]

[6; 10]

[11; 15]

[16; 20]

[21; 25]

S6 hoc sinh

23

82

48

39

18

Tinh gi4 tri trung binh s6 cau tra 16i ding.

L&i giai

(3 Dang 10.2. Tinh phuong sai clia mdu sé liéu ghép nhém

Phuong phap:

Xét mau sb lieu ghép nhom duge cho ¢ bang sau

Nhém | [aq; as)

[az’§ ai+1)

[ak§ Ap+1

Tan s

ma

m;
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Phuong sai s? dugc tinh nhu sau

e Budc 1: Tinh gid tri dai dién méi nhém z; = % i=1,2,3,... k.

e Buéec 2: Tinh n=my +ma + -+ + my.

m1-Ty+ Mg -To+ -+ My - Tk

e BuGe 3: 7 =

n
e Budc 4: s2 = ml'(“"1—f>2+mz-(xg—f)2+---+mk.(xk—f)2.
n
1
HOéC 32:—(m1.x%+m2.x%+...+mk'xi>_52.
n

Vi du 1. Can niang (kg) clia mot s6 qua mit trong mot khu vuon duge théng ké 6 bang

sau

Can nang (kg) | [4;6) | [6;8) | [8;10) [ [10; 12) [ [12; 14)
S6 cay giong | 6 12 19 9 4

Lai giai

Vi du 2. Théng ké diém trung binh ctia hai 16p 12A va 12B duge cho & bang sau

Diém trung binh | [5;6) | [6;7) | [7;8) | [8;9) | [9; 10)
S6 hoc sinh 16p 12A | 1 0 11 22 6
S6 hoc sinh 16p 12B | 0 6 8 14 12

Néu so sanh phuong sai thi hoc sinh 16p nao c¢é diém trung binh it phan tan hon?
Loi giai
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Vi du 3. Tudi tho ctia mot s6 linh kién dién tit (don vi: nam) duge san xuat bdi hai

phan xuéng duge cho nhu sau

Tudi tho (nam) 11,5;2) | [2;2,5) | [2,5;3) | [3;3,5) | [3,5;4)
S6 linh kién ctia phan xudng 1 4 9 13 8 6
S6 linh kién ctia phan xudng 2 2 8 20 7 3

Tinh phuong sai ctia mdi mau s6 lieu ghép nhém va nhan xét vé do phan tan ctia tuoi
tho céc linh kién dien ti dugce san xuat béi mdi phan xudng.
Loi giai

[ Dang 10.3. Tinh dé 1éch chudn ctia méu sé liéu ghép nhém va y nghia

Phuong phap:

Xét mau sb lieu ghép nhom duge cho & bang sau:

Nhém | [a1;as) | ... | [ai; aiv1) |- | [ak; ags1)

Tanso| my . m; . mp

Phuong sai s? dugc tinh nhu sau:

e Tinh gia tri dai dién moi nhém z; = %;i =1,2,3,... k.
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e Tinhn=m;+mqg+ -+ my.

my-T1+ Mg To+ -+ My - Ty
- .

e Tinhz =

e Tinh phuong sai

Hoéc .
82:ﬁ(ml-x%+m2-x§+---+mk-xi)—(5)2.

e Tinh do lach chuan s = v/s2.

Y nghia:
Khi hai mau sb lieu ghép nhém cé ciing don vi do va c6 s6 trung binh cong xap
xi nhau, mau s6 lieu nao c¢6 do lech chuan nhé hon thi mic do phan tan so véi sd

trung binh cong ctia cac s6 lieu trong mau do sé thap hon.

Vi du 1. Cho méu sb6 liéu ghép nhém vé do tudi cia cu dan trong mot khu pho.

Do tudi | [20:30) | [30:40) | [40:50) | [50; 60) | [60; 70) | [70; 80)
Gid tri dai dien| 25 35 45 55 65 75
S6 cu dan 25 20 20 15 14 6

Tinh phuong sai va do léch chuan ctia mau s6 lieu dé (két qua lam tron dén hang phan
muoi).
Lai giai

Vi du 2. Cho hai mau s6 lieu ghép nhém théng ké miic luong ctia hai cong ty A, B (don

vi la trigu dong)
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Cong ty A (don vi: trieu dong) | | Cong ty B (don vi: trieu dong)
Miic luong | S6 lugng nhan vien | | Mic luong | S6 lugng nhan vien

[10; 15) 15 [10; 15) 25

[15; 20) 18 [15; 20) 15

[20; 25) 10 [20; 25) 7

125; 30) 10 [25; 30) 5

[30; 35) [30; 35) 5

[35; 40) [35; 40) 3

a) Tinh phuong sai va do léch chuan ctia mau s6 lieu ghép nhom lan lugt bicu dién
miic luong clia hai cong ty A, B (két qua lam tron dén hang phan mudi).
b) Cong ty nao c6 mitc luong dong déu hon?
Loi giai

(D Dang 10.4. S& dung phuong sai, dé Iéch chuén do db i ro

Phuong phap:

Xét mau sb lieu ghép nhom duge cho & bang sau:

Nhém | [a1;as) | ... | [ai; aiz1) |- | [ak; aks1)

Tansb| mqy |... m; o me

Phuong sai s? duge tinh nhu sau:

@ + Qg1

=1,2,3,... k.
2 72 ) S )

e Tinh gia tri dai dién moi nhém z; =

e Tinh n=m; +mqg+ -+ my.

my - Ty + My - Ty + -+ My - T,
- :

e Tinhz =
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e Tinh phuong sai

Hoac
5 1

s :ﬁ(ml«xf+m2-:c§+~~-+mk-:ci)—(f)Q.

e Tinh do6 lech chuan s = Vs2.

Y nghia:

Khi hai mau s6 lieu ghép nhém c6 ciing don vi do va ¢6 s6 trung binh cong xap xi
nhau, mau sb liéu ndo c6 phuong sai va do lech chuan cao hon thi mic do rai ro 16n
hon.

Vi du 1. Gia déng clta ctia mot ¢o phiéu la gia ciia ¢d phiéu dé cudi mot phién giao
dich. Bang sau théng ké gia dong ctia (don vi 14 nghin dong) ctia hai ma ¢ phiéu A va

B trong 50 ngay giao dich lién tiép.

Gia dong cta

[120:122)

[122:124)

[124: 126)

[126; 128)

[128; 130)

Co phiéu A

9

8

11

13

9

Cb phiéu B

14

6

5

20

5

a) Tinh phuong sai va do lech chuan ctia hai ma co phiéu A, B (két qua lam tron dén

hang phan mudi).
b) So sanh do rti ro ciia ¢6 phiéu A va B.

L&i giai
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Vi du 2. Chi s6 P/B (viét tat ctia tit Price to book ratio) 1a mot chi s6 tai chinh quan
trong, dudc st dung dé so sanh giita gia ctia ¢d phiéu véi gia tri ghi s6 clia c6 phiéu dé.
Khi chi s6 P/B cao, nghia la thi truong dang c6 nhiéu ky vong déi v6i ¢ phiéu nay, doanh
nghiép c6 tiém nang phat trién tét trong tuong lai. Bang sau thong ké chi s6 P/B ctia hai

ma co phiéu A vd B trong 10 nam giao dich lién tiép.

Gia dong cia | [0;2) | [2;4) | [4;6) | [6;8) | [8;10) | [10;12)

Co phiéu A | 1 0 4 2 2 1
Cé phiéu B | 1 2 1 2 3 1

a) Tinh phuong sai va do lech chuan ctia hai ma co phiéu A, B (két qua lam tron dén

hang phan mudi).

b) So sanh do rti ro clia c6 phiéu A va B? Biét rdng cic chi s6 tai chinh con lai ciia

hai ¢o phiéu d6 1a xap xi nhau.

Lai gidi
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C. LUYEN TAP

PHAN 1. Cau tréc nghiém nhiéu phuong én lva chon

Cau 1. Ban Chi rat thich nhay hién dai. Thoi gian tap nhdy mdi ngay trong thoi gian
gan day ctia ban Chi dugc thong ké lai 6 bang sau

Cu li (m) | [19;19,5) | [19,5;20) | [20;20,5) | [20,5;21) | [21;21,5)
Tan s6 13 45 24 12 6

S6 trung binh ctia mau s6 lieu ghép nhom 1a

A. 100. B. 20,015. C. 2001,5. D. 2.
Loi giai
Cau 2. Gia dong ciia ctia mot ¢o phiéu la gia ctia ¢d phiéu dé cudi mot phién giao dich.
Bang sau théng ké gia dong ctta (don vi: nghin dong) clia hai ma c6 phiéu A trong 50
ngay giao dich lién tiép.

Gia déng ciia [120;122) | [122;124) | [124;126) | [126;128) | [128;130)
S6 ngay giao dich ctia ¢o phiéu A 8 9 12 10 11

S6 trung binh ctia mau s6 lieu ghép nhom 1a
A. 50. B. 12528. C. 125,28. D. 10.
Loi giai
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Cau 3. Mbi ngay bac Huong déu di bo dé ren luyen stic khée. Quang dudng di bo méi
ngay (don vi: km) ciia bac Huong trong 20 ngay duge thong ké lai ¢ bang sau

Quang duong (km) | [2,7;3,0) | [3,0;3,3) | [3,3;3,6) | [3,6;3,9) | [3,9;4,2)
S6 ngay 3 6 5 4 2

Phuong sai ctia mau sb lieu ghép nhém 1a (Iam tron dén hang phan tram)
A. 3,39. B. 11,62. C. 0,13. D. 0,36.
Loi giai

Cau 4. Ban Chi rat thich nhay hién dai. Thoi gian tap nhdy mdi ngay trong thoi gian
gan day ciia ban Chi dugce thong ké lai & bang sau

Thai gian (phut) | [20;25) | [25;30) | [30;35) | [35;40) | [40; 45)
S6 ngay 6 6 4 1 1

Phuong sai ctia mau s6 ligu ghép nhom 1a (lam tron dén hang phan tram)
A. 31,77. B. 31,25. C. 31,44. D. 32,25.
Loi giai
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Cau 5. Diing 1 hoc sinh rat giéi choi rubik, ban cé thé giai nhiéu loai khéi rubik khac
nhau. Trong mot lan tap luyén gidi khéi rubik 3 x 3, ban Diing da ty thong ké lai thoi

gian gidi rubik trong 25 lan giai lien tiép 6 bang sau

Thoi gian giai rubik (giay) | [8;10) | [10;12) | [12; 14) | [14;16) | [16; 18)
S6 1an 4 6 8 4 3

Do léch chuan ctia mau s6 ligu ghép nhom 13 (1am tron dén hang phan tram)
A. 5,98. B. 6. C. 2,44, D. 2,5.
Loi giai

Cau 6. Mot bac tai xé thong ke lai do dai quang duong (don vi: km) bac da lai xe mdi

ngay trong mot thang & bang sau

Do dai quang duong (km) | [50; 100) | [100; 150) | [150; 200) | [200; 250) | [250; 300)
S6 ngay 5 10 9 4 2

Do lech chuan ctia mau s6 licu ghép nhém 1a (1am tron dén hang phan tram)
A. 55,68. B. 56,67. C. 3100. D. 3000.
Loi giai
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Cau 7. Nguoi ta ghi lai tién 1ai (don vi: trieu dong) clia mot s6 nha dau tu (véi s tien

dau tu nhu nhau), khi dau tu vao hai linh vigc A, B cho két qua nhu sau

Tién lai [5:10) | [10; 15) | [15; 20) | [20; 25) | [25; 30)
S6 nha dau tu vao linh vuc A| 2 5 8 6 4
S6 nha dau tu vao linh viiec B| 8 4 2 5 6

Nguoi ta c6 thé diing phuong sai va do léch chuan dé so sanh mtc do rii ro dau tu céc
linh viic ¢6 gia tri trung binh tién 1ai gan bang nhau. Linh vyc nao c¢6 phuong sai, do léch
chuan tién 1ai cao hon thi dude coi la ¢6 do rii ro 16n hon. Theo quan diém trén, do rai
ro ciia ¢o6 phiéu nao cao hon?

A. Linh vyc A ¢6 do rii ro bang linh vie B.

B. Linh viic A ¢6 do rui ro cao hon linh vyce B.

C. Linh vic A ¢6 do rti ro thap hon linh vuc B.

D. Khong so sanh dugc.
Loi giai
Cau 8. Gia dong ciia ctia mot ¢o phiéu la gia ctia ¢d phiéu dé cudi mot phién giao dich.
Bang sau thong ké gia dong cita (don vi: nghin dong) ctia hai ma c6 phiéu A va B trong

50 ngay giao dich lién tiép.

Gia déng cita | [120;122) | [122;124) | [124; 126) | [126;128) | [128;130)
C6 phiéu A 8 9 12 10 11
Cd phiéu B 16 4 3 6 21

Ngudi ta ¢6 thé ding phuong sai va do lech chuan dé so sanh mic do rii ro clia céc loai

co phiéu c6 gia tri trung binh gan bang nhau. C6 phiéu ndo c6 phuong sai, do léch chuan
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cao hon thi dugc coi 1a ¢6 do rii ro 16n hon. Theo quan diém trén, do rii ro clia ¢6 phiéu
nao cao hon?

A. C6 phiéu A c6 do rii ro bing c6 phiéu B.

B. C6 phiéu A ¢6 do rii ro cao hon ¢6 phiéu B.

C. (6 phiéu A c6 do rii ro thap hon ¢6 phiéu B.

D. Khong so sanh dugc.
Loi giai

Cau 9. Két qua 40 1an nhay xa ctia hai van dong vien nam Diing dugce lan lugt thong ke

trong cac bang sau (don vi: mét)

Nhom | [6,22; 6,46) | [6,46; 6,70) | [6,70; 6,94) | [6,94; 7,18) | [7,18;7,42)
Tan so6 3 7 5 20 5 n = 40

Gia tri trung binh ctia mau s6 lieu ghép nhom bic¢u dién két qua 40 lan nhay xa cia
van dong vién Diing bang bao nhiéu (két qua lam tron dén hang phan tram theo don vi
mét)?

A. 6,92 B. 7.34. C. 9,86. D. 5,85.
Loi giai
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Cau 10. Mot siéu thi thong ké s6 tién (don vi: chuc nghin dong) ma 44 khach hang mua
hang & siéu thi d6 trong mot ngay. S6 lieu duge ghi lai trong bang sau.

Nhom | [40;45) | [45;50) | [50;55) | [55; 60) | [60;65) | [65;70)
Tan s6 4 14 8 10 6 2 n =44

Gia tri trung binh cia miu s6 lieu ghép nhém trén bing bao nhieu (két qua lam tron dén
hang phan muoi)?

A. 53,2. B. 57,34. C. 49,86. D. 65,85.
Loi giai

Cau 11. Mbi ngay bac Huong déu di bo dé ren luyeén stic khde. Quang duong di bo méi
ngay (don vi km) ctia bac Huong trong 20 ngay duge thong ke lai § bang sau

Quang duomg (km) | [2,7;3) [ [3:3,3) [ [3.3:3.6) | [3.6:3,9) [ [3.9:4,2)
S6 ngay 3 6 5) 4 2

Phuong sai ctia mau s6 lieu ghép nhém biang
A. 3,39. B. 11,62. C. 0,1314. D. 0,36.
Loi giai
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Cau 12. Ban Chi rat thich nhay hién dai. Thoi gian tap nhiy mdi ngay trong thoi gian
gan day ctia ban Chi dugc thong ke lai 6 bang sau

Thai gian (phut) | [20;25) | [25;30) | [30;35) | [35;40) | [40; 45)
S6 ngay 6 6 4 1 1

Phuong sai clia mau s6 licu ghép nhém béng bao nhiéu (Iam tron dén hang phan tram)?

A. 31,77 B. 31,25. C. 31,44. D. 32,25.
L&i giai

Cau 13. Mot mau sb lieu c¢6 bang tan sdé ghép nhém nhu sau

Nhém | [1;5) [ [5;9) [ [9;13) | [13;17) | [17;21)
Tans6| 4 8 13 6 4

Phuong sai cia mau s6 lieu bang bao nhiéu (két qua lam tron dén hang phan tram)?
A. 21,01, B. 20,01. C. 2. D. 23.
Loi giai
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Cau 14. Khéo sat thoi gian tu hoc bai ¢ nha ctia hoc sinh khéi 9 & truong X, ta thu
duge bang sau

Thasi gian(phat) | [0;30) | [30;60) [ [60;90) [ [90; 120) | [120; 150)
Sé hoc sinh 9 10 9 15 7

Phuong sai ctia mau so lieu ghép nhém bing
A. 1602. B. 1601,64. C. 1601,9. D. 1603.
Loi giai

Cau 15. Thai gian truy cap Internet moéi budi t6i ciia mot s6 hoc sinh duge cho trong

bang sau:

Thai gian(phat) | [9,5;12,5) | [12,5;15,5) | [15,5;18,5) | [18,5;21,5) | [21,5; 24,5)
S6 hoc sinh 3 12 15 24 2

Do léch chuan ctia mau s6 licu 1a ( két qua lam tron dén hang phan tram)
A. 2,93, B. 8,56. C. 8,59. D. 3,01,
Loi giai
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Cau 16. Mot cau lac bo thé duc thé thao da ghi lai s6 gio cac thanh vién ctia minh si

dung co sé vat chat ciia cau lac bo dé tap luyén trong mot thang nhu sau

Thoi gian (gi0) | [1:5) | [5:9) ] [9;13) | [13;17) [ [17; 21) [ [21; 25)
Tan s6 (s6 nguoi) | 10 | 14 31 2 5 23

Do léch chuan ctia mau s6 licu 1a (két qua lam tron dén hang phan tram).
A. 69 B. 9.6. C. 6,96. D. 7,96.
Loi giai

Cau 17. Théng ké tong sb gio nang trong thang 9 tai mot tram quan trac dat ¢ Ca Mau
trong cac nam tir 2002 dén 2021 dugce théng ké nhu sau

S6 gio nang [80;98) | [98;116) | [116;134) | [134;152) | [152;170)
S6 nam 3 6 3 5 3

Do léch chuan ctia mau s6 licu 1a (két qua lam tron dén hang phan nghin)
A. 23,795, B. 24,795, C. 23,794. D. 23,796.
Loi giai
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Cau 18. Gia déng ciia clia mot ¢o phiéu la gia ctia ¢6 phiéu d6 cudi mot phien giao dich.

Bang sau théng ké gia déng cta ( don vi: nghin dong ) ctia hai ma co phiéu A va B trong

50 ngay giao dich lién tiép.

Gia déng cita 120 122) | [122;124) | [124; 126) | [126; 128) | [128; 130)
S6 ngay giao dich clia co phiéu A 8 9 12 10 11
S6 ngay giao dich clia co phiéu B 16 4 3 6 21

Ngudi ta c6 thé dung phuong sai va do lech chuan dé so sanh mitc do rii ro ciia cac loai

o phiéu c6 gia tri trung binh gan bang nhau. C6 phiéu nao c6 phuong sai, do léch chuan

cao hon thi dugc coi 1a ¢6 do i ro 16n hon. Chon khing dinh ding.
A.

gaw

Gia déng cita cia ¢ phiéu A it phan tan hon gia déng ctia ciia ¢ phiéu B.

Gia dong ciia cia ¢o phiéu A it phan tan hon gia déng cita clia c6 phiéu B.

Gia dong cita ciia hai co phiéu A va B ¢6 do phan tan nhu nhau.

co phiéu B.

Lai gidi

. Phuong sai ctia mau s6 lieu ciia ¢d phiéu A 16n hon phuong sai ctia mau s6 lieu cua

Cau 19. Trong 30 ngay, mot nha dau tu da theo doi gia c¢6 phiéu ctia hai cong ty G va

H vao phién mé cita moi ngay. Thong tin duge ghi lai 6 hai bang dudi day

Gia cb phiéu ctia cong ty G

Gia (nghin doéng) | [50;52] | [52;54] | [54;56] | [56; 58] | [58; 60]
Tan sb 3 7 9 8 3
Gia co phiéu ctia cong ty H
Gia (nghin dong) | [40;42] | [42;44] | [44;46] | [46;48] | [48;50]
Tan s6 6 7 5 7 5
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Chon cau tra 15i ding nhat biét do lech chuan cang cao thi ty 1é rii ro cang 16n:
A. Cong ty G rii ro hon. B. Cong ty H rti ro hon.
C. C4 hai déu rti ro nhu nhau. D. C4 hai cong ty déu khong ri ro.
Loi giai

Cau 20. Anh An dau tu s6 tien bang nhau vao hai linh viic kinh doanh A, B. Anh An
thong ké s6 tién thu duge moi thang trong vong 60 thing theo méi linh viie cho két qua

nhu sau:
Sé tién (triéu dong) [5;10) | [10;15) | [15;20) | [20;25) | [25;30)
S6 thang dau tu vao linh vyc A ) 10 30 10 )
Sé thang dau tu vao linh viuc B| 20 ) 10 ) 20

Dép &n nao sau day dang?

A. Dau tu 6 linh vuc A rai ro hon.

B. Dau tu 6 linh vuc B rii ro hon.

C. Do lech chuan 6 linh vuc A 16n hon 10..

D. Dau tu 6 hai linh vuc A va B rti ro nhu nhau.
Loi giai
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Cau 21. Mot van dong vien luyeén tap chay cy li 100 m da ghi lai két qua luyén tap nhu

sau.

Thai gian (giay) |[10,2;10,4) | [10,4;10,6) | [10,6;10,8) | [10,8;11)

S6 van dong vién 3 7 8 2

Tim phuong sai ctia mau s6 lieu ghép nhém (lam tron két qua dén chit s6 thap phan thit
2)

A. 1,03. B. 0,03. C. 2,90, D. 1,86.
Loi giai

Cau 22. Biéu dd dudi day mo ta két qua dicu tra vé miic luong khéi diém (don vi: trieu

dong) ctia mot s6 cong nhan 6 hai khu vyc A va B.

(s6 cong nhan)

7 IiKhu vue AUDKhu vue B

4

[5; 6] 65 7) [7; 8] [8; 9][9; 10]  (miic luong)

Tong do leéch chuan ctia mau s6 licu ghép nhom & 2 khu vie gan bang véi s6 nao sau day
nhat.

A. 2. B. 3. C. 5. D. 1.
Loi giai
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Cau 23. Bo phan kiém tra chat lugng san pham ding may dé do (chinh x4c dén 0,001
mm) do day clia mot chi tiét may. Két qua do mot s6 san pham duge thong ké trong bang

sau:

Do day (mm) | [18;19) | [19;20) | [20;21) | [21;22) | [22;23)
Tan sb 3 7 23 25 2

Nhan xét nao sau day sai?
A. Do lech chuan ctia mau 16n hon 2.
B. S6 trung binh ctia mau s6 lieu gan bang véi 20,77.
C. Do day ctia chi tiét may khong bi sai léch nhiéu.
D. C6 mau ctia mau so lieu 1a 60.

Loi giai

Cau 24. Thong ke 1¢i nhuan hang thang (don vi: trieu dong) trong 20 thang ctia hai nha
dau tu duge cho nhu sau:

Lgi nhuan | [10;20) | [20;30) | [30;40) | [40;50) | [50; 60)
S6 thang 2 4 8 4 2
Bang 1. Loi nhuan theo thang ctia nha dau tu nho
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Lgi nhuan | [510; 520)

[520: 530)

[530: 540)

[540: 550)

[550; 560)

S6 thang

4

3

3

3

4

Bang 2. Loi nhuan theo thang ctia nha dau tu lén

Dap an ndo dudi day dang nhat?
A. Khong neén chi duya va do lech chuan dé danh gia mic do rii ro.
B. Loi nhuan trung binh mdi thang ctia nha dau tu nhé cao hon nha dau tu 16n.
C. Do lech chuan ctia nha dau tu 16n cao hon 14.

D. Nha dau tu 16n c6 mitc do rii ro cao hon.

L&i giai
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PHAN 2. Cau tréc nghiém ding sai

Cau 1. S6 khach hang mua bao hiém & ting do tudi dude théng ké trong bang sb lieu

ghép nhém sau:

Do tudi [20; 30) | [30;40) | [40; 50) | [50; 60) | [60; 70)
S6 khach hang | 4 6 10 7 3

Khi dé
a) Gia tri dai dién ctia nhom [20;30) la 25.
b) Gia tri dai dién ctia nhom [60; 70) 1a 70.

c) Cong thiic tinh do tudi binh quan ctia khach hang mua bao hiém trong bang théng
20:4+30-6+40-10+50-7+60-3

30 '
d) Do tudi trung binh (lam tron dén hang phan tram) ctia khach hang mua bao hiém

1 44,67.

kéla: T =

Lai giai

Cau 2. Xét mau dit lieu ghép nhém duge cho & bang sau véi n =ny +ng + -+ + ny

Nhém [ur; ug) | [ugsuz) | -+ | [ug; ups1)
Gia tri dai dién c1 Co e Cr
Tan so ny o e Nk
Khi do6
e e e . Ug + U3
a) Gia tri dai dién cia [ug; u3) 1a co = g

N —

L 1
b) Gia tri trung binh ctia mau s6 liéu ghép nhém 147 = — (¢ + e + -+ - + ).
n
¢) Phuong sai ctia mau s6 lieu ghép nhém la

32:5 [nl(cl—:7:)2—|—n2(cg—:E)2+---+nk(ck—:i)2}.

- . SN 1 _
d) Phuong sai ctia mau s6 lieu ghép nhom la s? = - (n1c} + nacs + -+ + nyc) — .
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L&i giai

Cau 3. Cho mau s6 licu dusi dang bang sau

S6 cau tra 18i dang | [16;21) | [21;26) | [26;31) | [31;36) | [36;41) | N = 40
Tan sb 4 6 8 18 4

Khi do
a) Gia tri dai dién cta 16p [36;41) 1a 38,5.
185-4+235-6+28.5-8+335- 18 + 38,5 - 4
40 '

b) Cong thic tinh s6 trung binh 1A T =

c) S6 trung binh 1a 30.
d) Phuong sai ciia mau s6 licu 1a §% = 32,75.
Loi giai

Cau 4. S6 lugng khach hang nit mua hang thoi trang trong mot ngay ctia mot cilta hang
dugce thong ke trong bang tan s6 ghép nhém sau:

Khoang tubi 20; 30) | [30;40) | [40; 50) | [50;60) | [60; 70)
S6 khach hang n| 3 9 6 4 2
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Khi do
a) Gia tri dai dién ctia nhom [30;40) la 35.
b) C3& méu la n = 20.
c) S6 trung binh ctia mau s6 lieu ghép nhém 1a 42,08 (lam tron dén hang phan tram,).
d) Phuong sai ctia mau s6 licu ghép nhom 1a 129,99 (lam tron dén hang phan tram,).
Loi gii

Cau 5. Thai gian (phut) dé hoc sinh hoan thanh mot cau héi thi duse cho nhu sau:

Thai gian (phut) | [0,5;10,5) | [10,5;20,5) | [20,5;30,5) | [30,5;40,5) | [40,5;50,5)
S6 hoc sinh 16p 114 2 10 6 4 3
S6 hoc sinh 16p 11B 3 8 10 2 4

Khi do
a) Phuong sai clia mau s6 licu 16p 11A 1a 133,44 (lam tron dén hang phan tram,).
b) Do lech chuan ctia miu s6 lieu 16p 114 1a 11,77 (lam tron dén hang phan tram)..
c) Do lech chuan ciia mau s6 ligu 16p 11B 1a 11,55 (lam tron dén hang phan tram,).
d) Néu so sanh theo do lech chuan thi thai gian dé hoc sinh hoan thanh mot cau hoi
thi ctia 16p 11A it phan tan hon 16p 11B5.
Loi giai
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Cau 6. Nguoi ta ghi lai tién 1ai (don vi: trieu dong) clia mot s6 nha dau tu (véi so tien

dau tu nhu nhau), khi dau tu va hai linh vigc A, B cho két qua bing bic¢u do dusi day

Sé nha déu tua Tién lai cia mot sé nha dau tu vao
linh vyc A

linh vue A 7

’ 5 10 15 20 25 30 Tien 1ai (trigu dong)
S6 nha dau tu4 Tién lai ciia m@tlijhnilicdéu tu vao
linh vuc B :
1
)
5h----- e
4b----1 I
R S ! S Y N
2 ______ (RN NS N
1 ______ (RN RN )
0 N

5 10 15 20 25 30 Tién lai (trieu dong)

Khi do
a) Do léch chuan ctia mau s6 ligu s6 nha dau tu vao linh vic A 1a 5,83 (lam tron dén
hang phan tram,).
b) Do léch chuan ctia mau s6 liéu s6 nha dau tu vao linh vie B 1a 7,01 (lam tron dén
hang phan tram,).
¢) Vé trung binh, dau tu vao linh vic B dem lai tién 1ai cao hon linh viyc A.
d) Néu so sanh theo do léch chuan thi tién 1ai clia cAc nha dau tu trong linh vie A ¢
xu huéng phan tan rong hon so vdi tién lai clia cac nha dau tu trong linh vice B.
Loi giai
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Cau 7. Bac si A diéu tri 18 bénh nhan md mau bang cach xét nghiem Cholesterol toan

phan trong budi sang diéu tri nhu sau

Khi do

38 40 38 42 43 45 41 46 48

5,0 5,2 51 47 53 56 58 56 44

a) Khoang tit phan vi clia mau s6 liéu trén bang 1, do lech chuéan ctia mau sb6 liéu trén

bang 0,61 do béc si A dicu tri.

b) Bang tan s6 ghép nhém véi nhém dau tien 1a [3;7,4; 14] va do dai méi nhém bang

0,44 do bac si A diéu tri duge théng ke dudsi day

Chi s6 Cholesterol [3;7,4; 14] | [4,14;4,58] | [4,58; 5,02] | [5,02; 5,46]
toan phan do bac si A diéu tri
S6 bénh nhan 3 5 6 4

c) Gia tri do léch chuan ctia mau sb lieu ghép nhom dau tien 1a [3;7,4; 14] va do dai

moi nhom bang 0,44 do bac si A diéu tri 1a 0,58.

d) Biét rdang bac si B cling diéu tri 18 bénh nhan trén v6i nhom dau tien la [3;7,4; 14]
va do dai moéi nhom biang 0,44 duge thong ke dudi day:

Chi s6 Cholesterol [3;7,4;14] | [4,14;4,58] | [4,58;5,02] | [5,02; 5,46]
toan phan do bac si B diéu tri
S6 bénh nhan 4 5 6 3

L&i giai
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Cau 8. Biéu do dudi day biéu thi két qua thu thap duge vé mitc tién (don vi: ty dong)

ctia mot s6 khach hang ng 6 hai ngan hang A va B.

S6 khach hanga Miic tién ctia khach hang ng & hai ngan hang A va B
(nguoi)
0F-------------------puu---------------
Qb-cooo B IINgan hang A

U0Ngan hang B

[152) [2:3) [3; 4) [4; 5) [5; 6) [6; 7)  muc tien
(ty dong)

Khi do
a) Bang gia tri dai dién cho m6i nhém va bang tan s6 ghép nhém cho méu s6 lieu
tuong ng v6i biéu do trén
Mrtic tién dai dien (ty dong) | [1;2) | [2;3) | [3;4) | [4;5) | [5;6) | [6;7)
S6 khach hang ngan hang A | 6 7 9 5 4 3
S6 khach hang ngan hang B| 7 bt 6 4 3 2

. < . 661
b) Do léch chuan ctia mau so6 lieu ghép nhém ctia ngan hang A béang e

. ~ N 3221
c) Do léch chuan ctia mau s6 lieu ghép nhém ctia ngan hang B bang Taad’

d) Ngudi ta ding do lech chuan dé so sanh mic do rii ro clia s6 tién khach hang ng
ngan hang. Ngan hang nao c6 do lech chuan cao hon thi c6 do rii ro 16n hon. Theo
quan diém tren, do rii ro ctia ngan hang A cao hon ngan hang B.
Loi giai
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PHAN 3. Cau tréc nghiém & 1&i ngdn.

Cau 1. Bang thong ké sau cho biét dién nang tiéu thu ctia 30 ho 6 mot khu dan cu trong
mot thang nhu sau (don vi: kW):

50 | 473065 |63|70|38|34|48(53|33[39|32{40]50
5550|6137 |37|43|35]65|60|31|33|41|45|55|59

Chuyén mau sb lieu trén sang méau so lieu ghép nhém gom 8 nhém c6 do dai biang nhau

va bang 5 nhu sau:

Gia tri |[30;35) | [35;40) | [40;45) | [45;50) | [50;55) | [55; 60) | [60;65) | [65; 70)
S6 lugng | 6 5 3 T 4 3 Y 2

Tinh gia tri cia S = 43z + 47y + 1000z.
Loi giai

Cau 2. Doanh thu ban hang trong 20 ngay dugc lua chon ngau nhién ctia mot cita hang
duge ghi lai 6 bang sau (don vi: triéu dong)

Doanh thu | [5;7) | [7;9) | [9;11) | [11;13) | [13;15)
Sé ngay 2 7 7 3 1

S6 trung binh ctia mau s6 lieu trén bang bao nhieu?
Loi giai
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Cau 3. Diéu tra 42 hoc sinh ctia mot 16p 12 vé s6 gio tu hoc & nha, nguoi ta c6 bang

thong ké sau

S6 gid tu hoc

[1;2) | [23)

[3;4)

S6 hoc sinh

8 10

12

Tinh phuong sai ctia mau s6 liéu ghép nhom trén.

Lai giai

Cau 4. Diéu tra 42 hoc sinh ctia mot 16p 12 vé s6 gio tu hoc & nha, ngudi ta c6 bang

thong ké sau

S6 gio tu hoc [1;2)

2;3)

[3;4)

[4;5)

[5;6)

S6 hoc sinh 8

10

12

9

3

Tinh phuong sai ctia mau s6 ligu ghép nhém trén (lam tron dén hang phan tram).

Lai giai
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Cau 5. Théng ké diém trac nghiem mon Tiéng Anh ctia 40 hoc sinh, ngusi ta c6 bang

sau
Diém 120 30) | [30; 40) | [40;50) | [50; 60) | [60; 70) | [70;80) | [80; 90) | [90; 100]
S6 hoc sinh 3 5 5 8 7 5 3 4

Tinh phuong sai ctia mau s6 lieu ghép nhém trén (két qué lam tron dén han don vi).
Loi giai

Cau 6. Thong ke doanh thu (don vi: trieu do la) clia 20 cong ty san xuét 6 to trong nam

2023, ngudi ta c6 bang sau

Doanh thu | [0;20) | [20;40) | [40;60) | [60;80) | [80;100]
S6 cong ty 5 5 6 2 2

Tinh do léch chuan ciia mau s6 liéu ghép nhom trén (két qua lam tron dén hang phan
chuc).
Loi giai
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Cau 7. Diéu tra vé s tién mua sich (don vi: nghin dong) trong mot nam ctia 50 hoc

sinh trong mot truong THPT, ngudi ta ¢6 bang sau

S6 tién mua sach [0;200) [200;400) | [400;600) | [600;800) | [800;1000)
Sé hoc sinh 29 11 3 4 3

Tinh do6 lech chuan ctia mau s6 lieu ghép nhom trén (két qua lam tron dén hang don vi).
Loi giai

Cau 8. Toc do ciia 20 xe hoi khi di qua mot tram kiém tra tdc do (don vi: km/h) dugc
thong ke lai nhu sau

42 434 | 434 | 465 | 46,7 | 46,8 | 475 | 477 | 48,1 | 484

50,8 92,1 52,7 53,9 54,8 55,6 97,5 29,6 60,3 61,1

Tinh phuong sai ctia mau s6 lieu ghép nhém v6i nhém dau tien 1a [42;46) va do dai moi
nhém bang 4 (Iam tron dén hang phan mudi).
Loi giai
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Cau 9. Mot gidng cay xoan dao dudc trong tai hai dia diém A va B. Ngudi ta thong ke

duong kinh than ctia mot s6 cay xoan dao 5 nam tudi ¢ bang sau.

Duong kinh (cm) (30;32) | [32;34) | [34;36) | [36;38) | [38;40)
S6 cay trong 6 dia diém A 25 38 20 10 7
S6 cay trong 6 dia diém B 22 27 19 18 14

Goi phuong sai dudng kinh than clia mot s6 cay xoan dao 5 nam tudi ¢ dia diem A va B
lan lugt 1a S% va S%. Tinh |S% — S%| bang bao nhieu?
Lai giai

Cau 10. Thai gian hoan thanh mot bai viét chinh ta ctia mot s6 hoc sinh 16p 4 hai truong
X va 'Y dugc ghi lai 6 bang sau.

Thai gian (Phut) [6;7) [7;8) 8;9) [9;10) [10;11)
S6 hoc sinh truong X 8 10 13 10 9
S6 hoc sinh truong Y 4 12 17 14 3

Goi do lech chuan thoi gian hoan thanh mot bai viét chinh ta ctia mot s6 hoc sinh 16p 4
§ truong X va Y lan lugt 1a Sy va Sy. Tinh Sy — Sy bang bao nhiéu?
Loi giai
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Cau 11. Két qua 40 lan nhay xa ctia van dong vien HUY dugce thong ké trong bang sau
(don vi: mét):

Nhoém Tan sb
[6,22; 6,46) 3
[6,46; 6,70) 7
[6,70;6,94) 5
[6,94;7,18) 20
[7,18;7,42) )

n = 40

Do léch chuan ctia mau s6 lieu ghép nhém trén 1a bao nhieu? (lam tron két qua dén hang
phan tram)
Loi giai

Cau 12. Anh An dau tu s6 tién st dung vao hai linh vie kinh doanh A, B. Anh An
thong ké so tien thu duge mdi thang trong vong 60 thang theo ting linh vige cho két qua

nhu sau
S6 tién (trieu dong) [5:10) | [10:15) | [15:20) | [20:25) | [25;30)
S6 thang dau tu vao linh vic A 20 5 10 5 20
S6 thang dau tu vao linh vic B 5 10 30 10 5

So sanh gia tri trung binh va do lech chuan ctia s6 tién thu duge méi thang khi bat dau
tu vao ting linh vire A, B. Ki hieu A = Sy — Sg néu A > 0 thi dau tu vao linh viyc A “rti
ro” hon, ngugdc lai néu A < 0 thi dau tu vao linh vyc B “rti ro” hon. Tinh A =S4 — Sp

(lam tron két qua dén hang phan tram).
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Loi giai
Cau 13. Gia dong ctia ctia mot c6 phiéu la gia ciia ¢6 phiéu dé cudi mot phién giao dich.
Bang sau thong ké gia déng cita (don vi: nghin dong) ctia hai ma c6 phiéu A va B trong

50 ngay giao dich lién tiép.

Gia déng ctia [120;122)| [122;124)| [124; 126)| [126; 128)]| [128; 130)
C6 phiéu A 8 9 12 10 11
C6 phiéu B 16 4 3 6 21

So sanh gia tri trung binh va do lech chuan cta s6 tién thu duge médi thang khi bat dau
tu vao tung linh vuc A, B. Ki hieu A = S4 — S néu A > 0 thi dau tu vao linh vyc A “rii
ro” hon, nguge lai néu A < 0 thi dau tu vao linh vie B “riii ro” hon. Tinh A = 54 — Sp(
lam tron két qua dén hang phan tram).

Loi giai
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CHUONG 4/ NGUYEN HAM VA TiCH PHAN

BAI 11. NGUYEN HAM

A. LY THUYET

1. Nguyén ham

Pinh nghia 1. Cho ham s6 f(z) xac dinh trén K. Ham s6 F(x) dugce goi 1a nguyén ham

ctia ham s6 f(x) trén K néu F'(z) = f(x) v6i moi x thuoc K.
Cho F(z) la mot nguyén ham ctia ham s6 f(z) tren K. Khi do:

e V6i mdi hang s6 C, ham s6 F(x) + C cling 1a mot nguyen ham cta f(x) trén
K.

e Néu G(z) la mot nguyén ham ciia ham s6 f(z) trén K thi ton tai hing s6 C
sao cho G(z) = F(z) + C v6i moi x thuoe K.

Nhan xét. Moi nguyén ham cia ham so f(z) trén K déu cé dang F(x) + C, vdi C la
hing so. Ta goi F(x)+ C, C € R la ho tdt cd cic nguyén ham cia f(z) trén K.

o Ki hz’éu/f(a:) dz

. Vz’ét/f(x)da::F(:c)—irC

2. Nguyén ham mét s6 ham s6 s¢ cap co ban

Bang nguyén ham cic ham so cap

a+1 1
Véi a # —1, tacé/wadx— - + /—dx—ln]x\—i—C;
a+1 x
. |
/sinxdx:—cosx+0; / ——dr = —cotx +C
. sin®
/COS$da::sin:1:+C; —dr =tanz + C;
. J cos’x
V(jia>0,a7é1,tacé/axd:c:a +C.
Ina

3. Tinh chét

Tinh chét 1. Cho f(z), g(z) 1a hai ham s6 lien tuc trén K.

391



Bi Trudng THPT Chu Vin An 0704.963.919

o /k:f(:z:) de =k - /f(x) dx véi k 1a hang s6 khac 0
o [l5@+g@lde= [f@)det [g)da
o [17@) - g@)de = [ @) [ gle)da

B. CAC DANG BAI TAP

(D Dang 11.1. Ap dung dinh nghia

Phuong phap:
Cho F(x) 1a mot nguyén ham ctia ham s6 f(z) trén K. Khi do:

e V6i mdi hang s6 C', ham s6 F(x) + C cling 13 mot nguyén ham ctia f(x) trén
K.

e Néu G(z) la mot nguyén ham ctia ham s6 f(z) trén K thi ton tai hang s6 C
sao cho G(z) = F(z) + C, Vx € K.

Vi du 1. Chiing minh F(x) = 223 — 5z +4 13 mot nguyén ham ctia ham s6 f(z) = 62 —5
trén R.
Loi giai

Vi du 2. Tim/
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Vi du 3. Trong moéi truong hop sau, ham s6 F(x) c¢6 1a mot nguyén ham ctia ham s

f(z) trén khodng tuong tng khong? Vi sao?
a) F(z) =xzlnz va f(z) =1+ Inz trén khoang (0; +00);
b) F(x) = es"® va f(z) = e“5® trén R.

Loi giai

(D Dang 11.2. Nguyén ham ham sé lily thira

Phuong phap:

a)/de:C b)/dx:x—l—C

ot 1 1
c) /xo‘dx: +C (a#-1) d)/—de:——+C
x x

1 1
e)/ﬁdx—Z\/E—l—C f) /;dx—ln\x!—i—c (x #0)

Ta c6 thé ap dung lity thita v6i s6 mil thie dé bién ddi. Cho a, b 1a nhitng s6 thuc
duong, a, 8 1a nhitng s6 thie bat ki. Khi do:

«

a) a® - a’ = a**? b) — =a*# c) (a®)P = a*P
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d) (ab)* = a*b® o (3) = Z—:

Vi du 1. Nguyén ham ctia ham s6 f(z) = 23 + x 1a
Loi giai

Vi du 2. Nguyén ham ctia cac ham s6

2) f(z) = %xf” 922 g — 2024 b) f(z) = (x+ 1)z + 2)(x + 3)

Lai gidi

Vi du 3. Nguyén ham ctia cac ham s6
1
a) / <3\/E+ %> dz b) /\/E (72° — 3) da(z > 0)

Lai giai
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(3 Dang 11.3. Nguyén ham ham sé luong gidc

(1) /sinxdaz = —cosz + C.

1
(3)/ ——do = —cotx + C.
sin® x

1. Céng thitc co ban

o sina+cos’a=1

1
° 1+c0t2a:m,a7€kﬁ

2. Coéng thic co ban
e sin(a+b) =sinacosbtsinbcosa
e cos(atb) = cosacosbFsinasinb
3. Cong thic nhan doéi

e sin2a = 2sin o cos o

e cos2a = cos? a — sin?

2tan o
e tan2a=_—"-5—,
1 —tan“«

4. Coéng thic ha bac

9 1 — cos2a
0= —
2

1 — cos2a
1 + cos2a’

e sin

e tan®a =

(2) /cosxdm =sinz + C.

1
(4) /cost dz =tanz + C.

Ta c6 thé dp dung cdc cong thic lién quan dé bién doi.

a=2cos?a—1=1-2sina
T s
Tl
aF gty

a;«ég—l—kﬂ

a#g—l—kﬁ

1
. 1+tan2a:—2,oz7éz—i—k:7r
COS? (v 2

km

° tana-cota=1,a#7

tan(a + b) tana £+ tanb
e tan(a -
1 Ftanatanb

1 + cos 2«
o coOs“a= ————

= GV: PHAM LE DUY

® Trang 395/661



Bi Truong THPT Chu Vin An

0704.963.919

5. Cong thic tich thanh tong

e cosacosb= —[cos(a—b)+ cos(a+D)

i NCR S

e sinasinb= - [cos(a —b) — cos (a +b)]

— N

e sinacosb= = [sin(a+ b) + sin (a — b)]

=N

e cosasinb = 5 [sin (a + b) — sin (a — b)]

Vi du 1. Tim gguyén ham clia cac ham s6 sau

(1) f(x) =1+sinx. (2) f(x) =2sinz + 3z.
(3) f(z) = cos? 5. @) Fa)=1-

Vi du 2. Tim nguyén ham /sin 3z cos bx dz.

L&i giai
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Vi du 3. Nguyén ham ctia cdc ham s6

(1) / (sing — cos 2)2 dz. (2) / (z + tan®z) da.

Lai gidi

(3 Dang 11.4. Nguyén ham ham sé mii

(1)/ezdx:ex+0. (2)/axdx:1a—x+0(a>0,a7£1).

na

Ta c6 thé a4p dung céc cong thiic lien quan dé bién doi:
Cho a, b la nhiing so thuc duong, o, B la nhiing so thuc bat ki. Khi do:

» a“a’ = a*th. » Z—Z =a* P, y () = a~b,
»  (ab)® = a®b™. » <%>a = Z—:.
Vi du 1. Tim nguyén ham ctia cdc ham s6
(1) fla) = e (2) fla) =3 (3) fla) =77 2742

L&i giai
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Vi du 2. Tim nguyén ham clia cac ham sb

(1) /<2x + %) dz. (2) /(e“”rl — %) d.

Lai gidi

(3 Dang 11.5. Nguyén ham cé diéu kién

Bai toan: Tim nguyén ham F(x) clia f(x) thoa F(a) = b.

» Budc 1: Dia vao bang nguyén ham, tinh chat nguyén ham, cac phuong phap
bién ddi.

» Budc 2: Dya vao diéu kién clia gid thiét F(a) = b dé tim C.

» Buéc 3: Két luan.

Vi du 1. Cho ham s6 f’(z) = 3z% Tim nguyén ham f(x) cta f'(x) thoa f(0) = 1.
Loi gii
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Vi du 2. Tim nguyén ham F(z) ctia ham s6 f(z) = sinz + cos z thod man F (g) = 2.
Loi gii

3
Vi du 3. Cho F(z) la mot nguyén ham cta f(x) = e* + 2z théa man F(0) = 3 Tim
Loi gii

1
Vi du 4. Cho F(z) la mot nguyén ham cia f(z) = 71 % # 5 va F(1) = 0. Tinh
x —

F(5).
Lai giai
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. R 1
Vi du 5. Cho ham s6 y = f(x) xac dinh trén khoang (0; +00). Biét rang f'(x) = 22+ —
x
voi moi x € (0;+00) va f(1) = 1. Tinh gia tri f(4).
Loi giai

Vi du 6. Cho ham s6 y = f(z) ¢6 dao ham f'(z) = 12z + 2 véi moi x € R va f(1) = 3.
Biét F(z) l1a nguyén ham cia f(x) thod man F(0) = 2. Tinh gia tri F(1).
Loi giai

[ Dang 11.6. Bai todan thuc té (lién quan dén van téc, gia téc, qudng
duong,...)

Bai toan: Tim nguyén ham F(z) cua f(x) théa F(a) = b.

» Buéc 1: Xét moi lien he gitta cac dai luong.
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e Xét moi quan he gitta cac dai lugng van toc v(t), quang duong s (t) va
thoi gian .

— Dao ham ciia quang duong la van toc: s’ (t) = v (¢).
— Nguyen ham cta van téc 1a quang duong: s (t) = [v (t) dt.

e Xét mdi quan he gitta cac dai lugng van toc v (t), gia toc a (t) va thoi

gian t.
— Dao ham ctia van toc 1a gia toc: v’ (t) = a (t).

— Nguyen ham ctia gia toc la van toc: v (t) = [ a () dt.
» Buéc 2: Dua vao diéu kién clia gia thiét dé tim dai lugng yeu cau.

» Buéc 3: Két luan.

Vi du 1. Mot 6 t6 dang chay v6i van toc 19 m/s thi ham phanh va chuyén dong cham
dan véi toc do v(t) = 19 — 2t (m/s). Ké tit khi ham phanh, quiang duong 6 t6 di dugc sau
5 giay la bao nhiéu?

Loi giai

Vi du 2. Mot vien dan dude ban thang ding lén trén tit mat dat. Gia st tai thoi diém
t giay (coi t = 0 la thoi diém vien dan duge ban lén), van toc clia né duge cho bdi

v(t) =160 — 9,8t (m/s). Tim do cao clia vien dan (tinh tit mat dat):

(1) Saut =5 giay.

(2) Khi n6 dat do cao 16n nhat (lam tron két qua dén chit s6 thap phan thi nhat).
Loi gii
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C. LUYEN TAP

PHAN 1. Cau tréc nghiém nhidu phuong én Iua chon

Cau 1. Ham s6 F(z) 1a mot nguyén ham ctia ham s6 f(z) trén khoang K néu
A. F'(x) = —f(z), Vx € K. B. f'(z) = F(z),Vz € K.
C. Fl(x) = f(z),Vx € K. D. f'(z) = —F(z), Vo € K.

Loi giai

Cau 2. Cho ham s6 F(x) la mot nguyén ham ctia ham s6 f(z) xac dinh trén khoang K.
Meénh dé nao dudi day sai?
A F() = fla > B. F'(x) = ()

/f dx ~ F(a). D./f(x)dx:F(x)JrO.
Loi giai

Cau 3. Cho hai ham s6 f(x), g(x) 1a ham s6 lien tuc, ¢c6 F(z), G(x) lan lugt 1a nguyen

ham cta f(x), g(x). Xét cadc menh dé sau:
(I) F(x)+ G(z) la mot nguyén ham cia f(z) + g(z).
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(II) k- F(z) la mot nguyén ham cia k- f(z) v6i k € R*.
(III) F(z)-G(x) la mot nguyén ham cua f(z) - g(z).

Cac ménh dé dang la
A. (I) va (IT). B. Cad 3 menh de.  C. (I) va (III). D. (II) va (III).
Loi giai

Cau 4. Cho [ f(z)dz = Fi(z), /g(m)dx = Fy(x). Tinh [ = / [2g(x) — f(z)]dz.

C. 2F(z) — Fi(x) + C. D. Fi(z) + Fy(z) + C.
Lai giai

Cau 5. Cho /5“dx = F(z) + C. Khang dinh nao dudi day diang?
A. F'(z) =5"1nb. B. F'(x) =5"+C.
C. F'(z) = —5". D. F'(z) = 5*.

Loi giai
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Cau 6. /w4daf; bang

1
A. 5175—1—0. B. 423 + C. C.z2°+C. D. 52° + C.

Lai gidi

Cau 7. Tim nguyén ham ctia ham s6 f(z) = 2z — 1.

A./f(x)dmz%(?a:—l)\/Qx—l—l—C. B /f(x)dx:%(Qx—l)\&x—leC’.
C./f(x)dx:—%\/Zx—l%—C. D./f(x)dx:%\/Qx—l—i—C

L&i giai

7= GV: PHAM LE DUY ® Trang 405/661



Bi Trudng THPT Chu Vin An 0704.963.919

Cau 8. Tim nguyén ham clia ham s6 f(z) = cos 3x.

in 3
A. /cosBxdm = 3sin3z + C. B. /cos3g;dg; _ SioT

+C.

sin 3z

C. /COS 3zdz = sin3x + C. D. /cos 3edx = —
Loi giai

A N £ 2 9s ~ N o N PN < N £
Cau 9. Ham s6 F(z) = e* la nguyén ham ctia ham s6 nao trong cic ham so sau

A. f(z) = 2ze””. B. f(z) = 22" — 1.
C. f(z) = e*. D. f(z) = %.

Lai giai

a N ~ N ? N A x4+2
Cau 10. Tim nguyén ham clia ham s6 f(r) = —;
T
3 1 3 9
A-/f(x)dxz"%—;+c. B./f(x)dxz%—i—;—i—(}’.
3 1 3 2
C./f(x)dx:%-FE-FC, D./f(x)dx:%—;—i-C.

Lai gidi
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Cau 11. Khéng dinh nao sau day sai?

A/ z) + g(x dx—/f dx+/()d
/ d:c—/f d:c—/()d

C. /kf(a:)dx = k/f(x)dx,Vk ER.

D. /k‘f(x)dx = k:/f(x)dx,Vk’ ERE#O.
Lo gidi

2 3
1

A. (x—l) dx:I——Qx——+C’.

T 3 T

1\? 3 1
B./(x——) dx:x——2x+—+C’

x 3 T

1)\? 1 1\?
C./(x——) dx:—<$——> +C

T 3 T

1\? 3 1
D./(x——) dx:1<x—l> (1+—)+C

T 3 T T2
Loi giai
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Cau 13. Ham s6 F(x) = xsinz + cos x + 2024 14 mot nguyén ham ctia ham s6 nao trong
cac ham s6 sau?

A. f(z)==xsinx . B. f(z) = —xcoszx .

C. f(z) = —zxsinz . D. f(x) =xcosx .
Loi giai

Cau 14. Ho nguyén ham ctia ham s6 f(z) = 32° + 2z + 5
A3 +22+5. B.2* +2+C .
C.22+22+52+C . D.2?+224+C .

Loi giai
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Cau 15. Tim nguyén ham ctia ham s6 f(z) = (z + 1)(z + 2).

w3, 2,
A.F(x):§+§x +2z+C . B. F(x):§+§a: +2x+C .
3
2
C.Flz)=2x+3+C. D.F(m):%—§x2+2x+0.

Lai giai

COSs 2x

Cau 16. Tim nguyén ham /ﬁdm.
sin® x cos? x
A. F(x)=—cosx —sinz + C' . B. F(z) =cosx +sinz+ C .
C. F(z) =cotx —tanz + C' . D. F(z) = —cotz —tanz + C .

Lai gidi

Cau 17. Cho ham s6 f(x) = 2z + e”. Tim mot nguyén ham F(x) clia ham s f(z) thoa
man F'(0) = 2024.

A. F(z) = 22 + o* + 2023 . B. F(z) = 2 +e* — 2023 .

C. F(z) =2 +¢e* 4+ 2022 . D. F(z) = 2* + " — 2024 .
Loi giai
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Cau 18. Nguyen ham F(x) ctia ham s6 f(z) = cosz théa man F(0) =1 1a
A. F(z)=sinz+1. B. F(z) = —sinz + 1.
C. F(z) =cosz . D. F(z) = —cosz +2 .

Lo gidi

Cau 19. Cho ham s6 f(z) = 2z +¢®. Ham s6 F(z) 1a nguyén ham ciia ham s6 f(z) trén
R, sao cho F(0) = 2024. Tinh F(1).

A. e+ 2025 . B. e—2024 . C. e+2024 . D. e—2025.
Li giai
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Cau 20. Ham s6 F(z) = J/x + 2¢/7 + xy/x 132 mot nguyén ham ctia ham s6 ndo dudi
day?

11 Va2 13
C. flx) = - fla) = + VT

.
3Var | Ve \/5
Loi giai

. 3 .
Cau 21. Goi F(z) la mot nguyén ham cia ham s6 f(z), v6i f(x) = ————, biét
)
F(1) = 3 Tinh F(2).

A.F(2) =2+9In2.. B. F(2) = —2+9n2.
C. F(2)=1+9In2. . D. F(2) =
Lai giai

. 2 4 .
Cau 22. Cho ham so f(x) = 3 cosx — —+ ———. Khang dinh nao dudi day la dung?
r  sin‘z

A. /f(x)dx =3sinz —2In|x| —4cotz + C.

B. /f(a;)dx =3sinx —2Ilnx —4cotz + C.
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C. /f(a:)dx = 3sinx — 21In|z| +4cotx + C.

D. /f(x)dx = —3sinx — 21In|z| — 4cotx + C.
Loi gidi

Cau 23. Mot vat chuyén dong c6 gia téc 1a a(t) = 3t2 4+t (m/s°). Biét ring van téc ban
dau ctia vat 1a 2 m/s. Van toc clia vat d6 sau 2 giay 1a

A.8m/s. B. 12 m/s. C. 10 m/s. D. 16 m/s.
Loi giai

Cau 24. Mot vien dan dugc bin thing ding len trén tit mit dat. Gia st tai thoi diém
t giay (coi t = 0 la thoi diém vien dan duge ban lén), van téc ciia né duge cho bdi
v(t) = 25—9,8¢ (m/s). Do cao clia vien dan (tinh tit mat dat) dat gia tri 16n nhat 1a

A2 B. 22 c. 20 D. 222
49 98 392 98

Lai gidi
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Cau 25. Cho ham 86 y = f(z) c6 dd thi la (C). Xét diém M (x; f(z)) thay ddi trén (C).
Biét riing, hé s6 goc ctia tiép tuyén ctia do thi (C) tai M 1a ky = (2 +2)? va diem A(0; 1)
thuoc do thi (C). Tim biéu thic f(x).

3
A. f(x):%+2x2+4x. B. f(z) = 2° + 22% + 4z + 1.
x? ) 3 )
C.f(:v):§—2:v + 4x. D.f(x):§—|—2x +4x + 1.

Lai giai
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PHAN 2. Cau tréc nghiém ding sai

Cau 1. Trong mdi truong hgp sau, ham s6 F(z) c6 1a mot nguyén ham ctia ham sb f(x)
trén khoang tuong ting khong? Vi sao?
a) Ham s6 F(z) = gm?’ la mot nguyen ham ctia ham s6 f(z) = z? trén R.
b) Ham s6 F(z) = 2sin x—3 cos x 1a mot nguyen ham ctia ham s6 f(z) = 2 cos x—3sinx
trén R.
c) Ham s6 F(z) = ¢ 1a mot nguyen ham ctia ham s f(z) = 2ze*” tren R.
d) Ham s6 F(zr) = (42?2 — 2z + 1)y/2r —3 13 mot nguyén ham cta ham s6

2022 — 30 7 3
f(z) = x\/%jL trén khoéng <§;+oo).

Lai giai

Cau 2. Cho ham s6 f(x) = ax® + bz, v6i a,b € R.
4 2

a) Biét a = b= 1, nguyén ham ctia ham s6 f(x) la xz - % +C.
1

b) Biét a = b = 4, nguyén ham ciia ham s6 f(x) 1a IZ + 222+ C.

c) Biét f(1) = 6; f(2) = 36, nguyen ham ctia ham s6 f(z) 1a z* — 2% + C.

d) Biét f(1) = 2; f(—2) = —52, nguyén ham ctia ham s6 f(z) 1a 22* — 322 + C.
Loi giai
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Cau 3. Xét khang dinh sau
1 1

1 1 1
a) /(E—FP—;)dx—lnm—l—E—@%—C.

2_2 1 2
b) wdx:l,——Qx—Hn]a:HC.
T 2

2 2 3 3
c) /(5_2m+E+;>dx:ln|5—2x|+21n|x|—E—FC’.
r+1

5 thoa F(4) =3 thi F(z) =

d) Néu F(x) 1a mot nguyen ham ctia ham s6 f(z) =

r+4ln|r—3| -1
Loi gidi

Cau 4. Cho ham s6 F(x) = /\/E(x2 —bx+ 1) dr = 0z’ — az*Vzx + %x\/z—l— C
(x > 0).

a) F(z) = Q:U?;\/E — 221 + gm\/f—f— C.

b) Tong a +b+c = 12.

c) Ticha-b-c=42.

2002 23 2
d) F(1) = 51 thi F(x) = x7‘/5 —22%\/x + gzc\/EJr 2024.

Lai gidi
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1 1
Cau 5. Cho I = / (ex + —2) dz va Iy = / <623”_1 - —2> dx.
x x

1
a) Ilzez—g—i-C.

eQx—l

b) I, = +1Injz|+ C .

2rx—1

C) 1'14—[2:895—1— —|—C

. 1 .
d) Goi F(r) la nguyén ham ctia ham s6 f(z), v6i f(z) = e” + —. Neu F(1) = e thi
T
1
F(ln2)=1- —.
Loi gii

Cau 6. Cho ham s6 f(r) = 4 cos? %
a) Cho ham s6 f(z) = 4 cos? g + C.
b) Biét ring /f(x)dx =ax+bsinx+C, a,b € Z,khi d6 a + b = 4.
¢) Nguyén ham F(z) clia ham s6 f(x) théa man F(0) =1 1a F(z) = 2(z + sinz) + 1.
d) Nguyén ham F(x) ctia ham s6 f(z) théa man F <g) =01la F(r) =2(x+sinz) —.
Loi gii
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Cau 7. Cho ham s6 f(x) = 2z — 3cosz.
a) f(z)la mot nguyen ham ctia ham s6 g(x) = 2 + 3sinz.
b) Mot nguyén ham ctia ham s6 f(z) = 2x — 3cosz 1a h(x) = 2* + 3sinx + 2024.
¢) Nguyén ham F(z) cta ham s6 f(r) thod man diéu kien F (g) = 3 la

2
F(x):a:2—3sinx+6—7r—.

4
d) f(z) = 2z — 3cosz la mot nguyén ham ctia ham 86 k(z) - e, ho tat ca cac nguyen
ham cta ham s ¥/ (x) - e* 1a 3sinz + 3cosx + 2z + C.
Loi giai

Cau 8. Cho ham s6 y = f(x) ¢6 dao ham la f'(z) = 82 + sinz,Vxr € R.
a) Ham s6 y = f(z) 1a mot nguyen ham ctia ham s6 f'(x).
b) Biét f(0) = 3. Khi d6, f(z) = 22* — cosz + 3.

2 N .
c) /f(m)da: = /(2x4 —cosz + 3)dz = 5x5 —sinz + 3z + C, v6i C la hang so.
) 32
d) Biét F(z) la nguyén ham cia f(z) thod man F'(0) = 2. Khi do, F (1) = 5~ sin 1.
Loi giai
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Cau 9. Biét F(x) = 32?4+ 2r —Inz + C, z € (0; +00) la ham cta ham s6 f(z).
a) f(r)=6x+2— i,x € (0; +00).
b) F(1) = 3. Khi d6 F(2) = 14 — In2.
c) f(1)=1.
d) Bat phuong trinh f(z) + é — 8 < 0 ¢6 tap nghiém la (—oo; 1).

Lai giai

Cau 10. Biét F(z) 1a mot nguyén ham ctia ham s6 f(z) = trén khoang (0; +00).

2
a) F(z) = % + Inz + 2025.
2

b) Biét F(1) = g khi do F(e) = % +1.
c) F(z)= f'(x),Vz € (0;400).

£ s N A . 1
d) Biét rang do thi ctia ham s6 F(z) di qua M (e; %) Khi dé F(1) = o

L&i giai
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. £ x 1
Cau 11. Cho ham s0 y = f(z) xac dinh trén (—oo;0). Biét rang f'(x) = 2z + —.
T
1
a) f(1)=2.Khido f(z) =2 — - +2.
T
b) f(1) = 0. Phuong trinh f(z) = 0 ¢6 hai nghiém.
13

c) Do thi ham s6 y = f(r) di qua diém M (—1;2). Khi dé f(2) = R

1 L 2
d) f(-2) = 1 Ham s6 g(z) = xf(z) ¢6 3 diem cuc tri.
Loi gii

Cau 12. Cho ham sb f(z), biét f/(x) = “ L bidt f(~2) = g v f(2) = 22 — °.
Trong cac khang dinh sau, khang dinh nao dxflng? Khang dinh nao sai?
a) Ham s6 f(z) = In|z| — % + C, v6i C' 1a hing so..
Inx — 1+C’1,khi x>0
b) Ham s6 f(z) = t 1 , voi C1, Cy 1a hing s6.
In(—z) — - + Cy,khiz <0
c) Gia tri f(—1) =2—In2.
d) Gia tri f(4) =
Loi giai
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Cau 13. Mot vat chuyén dong déu v6i van toc c6 phuong trinh v(t) = t2 — 2t + 1, trong
dé t duge tinh bang giay, quang dudng s(t) dugc tinh bang mét. Trong cac khang dinh
sau, khang dinh nao ding? Khéng dinh nao sai?

. . 2
a) Quang dudng di dugce cia vat sau 2 giay la 3 (m).

b) Quiang duong vat di dugce khi gia téc bi triet tieu 1a % (m).
¢) Quing duong vat di dugc trong khoang tir 2 giay dén thoi gian ma van toc dat 9
(m/s) Ia ? (m).
d) Quang duong vat di duge tix 0 giay dén thoi gian ma gia toc bang 10 (m/s?) 1a 44
(m).
Loi giai

Cau 14. Cho ham s6 y = f(x) c6 do thi la (C). Xét diem M (z; f(x)) thay ddi tren (O).
Biét riang, hé s6 goc clia tiép tuyén ctia do thi (C) tai M 1a kyy = 322 + 2z — 2 va diém
M trung vé6i goc toa do khi né nam trén truc tung.
a) Heé s6 goc clia tiép tuyén ctia do thi (C) tai diém c6 hoanh do z = —11a k = —1.
b) f(1) =0.

c) Diém B(2;7) thuoc do thi ham s6 y = f(z).
4 3

d) Ham s6 F(z) = % + % — 22 + 1 la mot nguyén ham cta ham s6 f(zx).

Lai gidi
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Cau 15. Mot 6 to dang chay véi toc do 72 km/h thi nguoi 1ai xe bat ngs phéat hien
chuéng ngai vat trén duong. Nguoi 14i xe phan ting mot giay sau d6 bang cach dap phanh
khan cap. Ké tit thoi diém nay, 6 t6 chuyén dong cham dan déu véi tée do v(t) = —10t-+30
(m/s), trong d6 ¢ 1a thoi gian tinh bing giay ké tit lic dap phanh. Goi s(t) 1 quang dudng
xe 0 t0 di dudc trong #(s) ké tit lic dap phanh.

a) Cong thiic biéu dién ham s6 s(t) = —5t2 + 30t + 72 (m).

b) Thai gian ké tit lic dap phanh dén khi xe 6 to ditng han 1a 3 giay.

c) Sau 3 giay ké tit lic dap phanh, quang dudng xe 6 to di chuyén dugc 1a 45 (m).

d) Quang dudng xe 6 to da di chuyén ké tit lic ngudi 1ai xe phat hién chuéng ngai vat

trén duong dén khi xe 6 to dimg han 1a 120 (m).

Loi giai
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PHAN 3. Cau tréc nghiém & 1&i ngdn.

Cau 1. Cho F(z) la ho nguyén ham ctia ham s6 f(x) = sinz — cos x +
Tinh F (7).
Loi giai

F0)=1.

cos? x’

Cau 2. Cho F(z) 1a ho nguyén ham ctia ham s6 f(z) = e” — 2z + 1, F(0) = 2. Tinh gia
tri F(1) (Iam tron két qua dén s6 thap phan thi hai).
Loi giai

Cau 3. Cho F(z) = (az® + bz + c¢)e™® la mot nguyén ham ctia ham s6 f(x) = (22 — 3z +
2)e®. Tinh tong S = a + 2b — c.
Lai giai
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Cau 4. Cay ca chua khi trong c6 chiéu cao 5 cm. Toc do tang chiéu cao clia cay ca chua
sau khi trong duge cho béi ham s6 v(t) = —0,1¢3 + 2, trong d6 ¢ tinh theo tuan, v(t) tinh
bang centimét/tuan. Goi h(t) 1a do cao clia cay ca chua ¢ tuan thit ¢. Chiéu cao cay ca
chua sau 2 tuan la bao nhiéu? Lam tron két qua dén s6 thap phan thit hai.

Loi giai

Cau 5. Khi duge tha tit do cao 20 m, mot vat roi véi gia téc khong doi a = 10 m/s%
Sau khi roi dugc ¢ giay thi vat c¢6 téoc do bao nhieu?
Loi giai
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BAI 12. TiCH PHAN

A. LY THUYET

1. Hinh thang cong

Cho ham s6 y = f(x) lien tuc va khong am trén y

doan [a;b]. Hinh phang gidi han bdi:
e d0 thi ham s6 y = f(z),
e truc hoanh,

e hai duong thing z = a,z = b

duge goi la hinh thang cong.

2. Dién tich hinh thang cong

Pinh nghia 1. Néu ham s6 y = f(z) lién tuc va khong am trén doan [a; b] thi dién tich S
cua hinh thang cong giéi han béi:

e d0 thi ham s6 y = f(z),
e truc hoanh,

e hai dudng thing z = a,z = b

dugc tinh béi cong thic | S = F(b) — F(a)
Trong d6 F(x) la mot nguyén ham cta f(z).

3. Pinh nghia tich phan

Pinh nghia 2. Cho ham s6 f(x) lién tuc tren doan [a; b].
Néu F(z) 1a mot nguyén ham ciia f(z) trén doan [a;b] thi hieu s6 F(b) — F(a goi la tich

b
phan tit a dén b ctia ham s6 f(x), ki hieu /f(x) dz.

. Viét / f@)de = F(z)| = F(b) — F(a).

a

7= GV: PHAM LE DUY @ Trang 424/661



Bi Trudng THPT Chu Vin An 0704.963.919

e Goi la dau tich phan; a 1a can dudi; b 1a can trén,

—

f(x)dx 1a biéu thitc dudi dau tich phan,
f(z) 1a ham s6 dudi dau tich phan.

/N Chii y:
o Truong hop a = b: /f(sc) dz = 0.

a

b
o Truong hop a > b: /f(x) dor = —/f(x) dz.

b
b b

e Tich phan khong phu thudc vao bién so6 x hay t, nghia la /f(x) doz = /f(t) dt.
4.Y nghia hinh hoc cta tich phan

Néu ham s6 y = f(x) lien tuc va khong am trén doan [a; b] thi dién tich S clia hinh thang
cong giGi han bdéi:
e do6 thi ham s6 y = f(x), y

e truc hoanh, y = f(z)

e hai dudng thing z = a,z =

dugce tinh béi cong thic | S = /f(x) dz.

/N Chii y:

e Néu ham so f(x) c6 dao ham f'(x) va f'(x) lién tuc trén doan [a;b] thi

o Toc do v(t) > 0 tai moi thoi diém t € [a;b] thi quing duong di chuyén trong khodng thoi
gian t a dén b dugc tinh theo cong thic:

s =s(b) —s(a) = /v(t) dt.
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5. Tinh chét tich phan
Tinh chét 1.

(1) Cho hai ham s6 y = f(x),y = g(x) lién tuc trén doan [a;b]. Khi do:

/[f( +g(x dx—/f d$+/bg

/[f( e dx—/f dx—/bg

(2) Cho ham s6 y = f(z) lien tuc trén doan [a;b], k 1a s6 thyc. Khi do:

b

o [ kf(x)dz =k bf(:v)dx
futone=t]

a

(3) Cho ham s6 y = f(z) lien tuc trén doan [a;b], ¢ € (a;b). Khi do

o /bf(x)da::/Cf(:E)d:E—i—/bf(a:)dx.

B. CAC DANG BAI TAP

(3 Dang 12.1. Ap dung dinh nghia - tinh chét
Phvong phap
e Ap dung dinh nghia, tinh chit va bang cong thic nguyén ham co
ban.
1 / f(z (Tich phan c6 hai can giéng nhau thi bang 0).
b
2 /f - / f(x)dz (Tich phan dio can— them dau tri).
b
3 /k: (@) / )dz v6i k € R.
7 b b
4
i@ £ g@lde = [ e [ g a
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b

Trong doan [a;b], ton tai ¢ € [a;b] thi /f(x) dz = /f(x) do + /f(x) dz.

a

b

c

e Y nghia hinh hoc ciia tich phan: Néu ham s6 y = f(z) lien tuc vi khong
am tren doan [a; b] thi dién tich S ctia hinh thang cong gidi han bdi: do thi ham

b
s6 y = f(x), truc hoanh, hai duong thing r = a,7 = b 1a|S = /f(x) dax.

3 3
Vidu 1. Cho /f(x) dz =5 va /g(m) dz = 2. Tinh
0 0

2 4

Vi du 2. Cho /f(x) dz =1, /f(t) dt = —4. Tinh /f(y) dy.
22 22 2

Loi giai
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Vi du 3.
Tinh dién tich hinh thang cong giéi han bdi do thi ham so6 y
y = f(x) = €, truc hoanh, truc tung v dudng thing r = 1.
Loi giai

Vi du 4. Cho f, g 1a hai ham lién tuc trén doan [1; 3] thoa
3 3 3

/ (F(z) + 3g(x)] dz = 10, / 2f(2) — g(x)] dz = 6. Tinh / [F(z) + g(x)] dz.
Loi gidi 1 1
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Vi du 5. Cho 6 thyc a > 1, tinh tich phan / |z — 1| dz theo a.
0

L&i giai

(3 Dang 12.2. Tich phén ham sé chira ddu trj tuyét ddi

b
Phuwong phdp Tinh I = / |f(z)] da.

a

B Cach 1:

— Cho f(z) = 0 tim nghiém thudc doan [a;b]. Gia st cac nghiem d6 la
x1;%9; .. .5 Ty € [a;b]. Khi do
b

I = 7|f(93)|d$+jlf($)|d$+7|f(ﬂf)|dx+---+/|f(9f)|d93

T1 T2 3 b
&1 = /f(x)dx + /f(a:)dx + /f(x)dx +- 4 /f(m)dx
B Cach 2:

— Cho f(z) =0 tim nghiém z; € [a;b] (i =1,2,... k).
— Xét dau f(x) trén [a;b].
f(z) khi f(z) =0

— f(z) khi f(z) <0

s6 duéi dau tich phan trong / e

— Ap dung |f(z)| = { dé bo dau gia tri tuyet d6i ham

a
Tinh mdi tich phan thanh phan.
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2
Vidul. a) A:/}x2—1|dx.
2

Vi du 2. Tinh céc tich phan sau:

a) A= [ (Jz+2| — |z —2|) dz.

b) B =

/
/

L&i giai

= GV: PHAM LE DUY

(r+ 11—z —|xr+2|) d.

2
c) C’:/}a:3—3x+2‘dx.
5

2
d)D:/{x4 32° — 4| dx
29
52 2| +1
C)C:/&dx‘
x

1

3
d) D:/\/;U3—2x2+xdx.
0
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(O Dang 12.3. Tich phéan ham sé cho bdi nhiéu céng thirc

Bai toan 1. .
) g(x),x <b
Cho ham s6 f(z) = lien tuc tren . Tinh J = /f(:c) dz.
h(z),z > b
Xét b € [a; .

e Budc 1. Kiém tra ham sb f(zx) co lién tuc tai z = b?

Ttic 1a kiém tra lirlr}Jr f(z) = f(b) & lirlr)li g(x) = lim h(z) = f(b).

—
c b c
e Budc 2. Tach can J = /f(x) dz = /g(x) d:c—l—/h(x) dz.
a a b
T T %

e Buéc 3. Tinh cac tinh phan I;, I, bang cach phuong phap da hoc.

Bai toan 2.
g(wsm),z < b

Cho ham s6 f(z) = ~ lién tuc tréen 2. Tinh J = /f(x) dz.
h(x;m),x > b J

Xét b € [a; c].

e Budc 1. Kiém tra ham s6 f(z) c6 lien tuc tai x = b?

Tic 1a kiem tra lim f(z) = f(b) & lim g(x;m) = lim h(z;m) = f(b).
xz—bt x—b~

z—bt
c b c
e Budc 2. Téch can J = /f(x) de = /g(:v;m) da:—{—/h(:v;m) dz.
a a b
IO S

e Buéc 3. Tinh cac tinh phan I;, I, bang cach phuong phap da hoc.

3

% — l,z > 2
. Tinh tich phan I = /f(m) dz.

Vi du 1. Cho ham s6 f(x) =
o? =20 43,10 <2
Loi gidi
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2
Vi du 2. Cho ham 6 f(x) = { . Tinh tich phan I = /f(x) d.
0

4—z,1<z<2
Loi giai

0,5z, 0<r<?2 20
Vi du 3. Cho ham s6 f(x) = < 1, 2<xz <15 . Tinh /f(a:) dz.
4—-02z, 15<2<20 0
Loi giai
. . 2x, x <0
Vi du 4. Cho s0 thuc a va ham s f(z) = lien tuc trén R. Tinh
alr — %), >0

/1 f(z) da.

Lai giai
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(D Dang 12.4. Bai todn thuc té

Bai toan chuyén dong ctia mot vat.

e Mot vat chuyén dong theo phuong trinh van tdc v(t) trong khoang thai gian
b

t=adént=>0, (a <b)sédichuyén dugc quing dudng la s = /v(t) dt.

a

e Mot vat chuyén dong c6 phuong trinh gia toc a(t) thi van toc clia vat do sau
t2

khodng thoi gian At =ty —t; la v = /a(t) dz.

t1

Bai toan ting dung tich phan vao tim cac dai lugng vat 1y nhu cong, dién
luong, ...

e Theo dinh luat Hooke, Iuc can diing dé giit 10 xo gian thém x mét tir do dai tu

nhién 14 f(x) = kz, v6i k (N/m) la do ciing ctia 1o xo. Cong can dé kéo dan

I
16 x0 tit do dai ¢; dén do dai £, 1 Q = / () dz.
4y

e Dien lugng chuyén qua tiét dien ctia day dan ctia doan mach trong thoi gian

to
t1

Vi du 1. Mot vat chuyén dong v6i van tdc 10 m/s thi ting toc véi gia tdc a(t) = 3t + 2.
Tinh quang dudng vat di duge trong khoang thai gian 10 giay ké tit lic bat dau tiang toc.
Loi giai
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Vi du 2. Mot vat chuyen dong doc theo mot dudng thang sao cho van toc ciia né tai
thoi diém ¢ (giay) 1a v(t) = #2 — 3t + 2 (m/s). Trong khodng thdi gian 1 < ¢ < 3.

a) Tim do dich chuyén ciia vat.
b) Tim téng quang duong vat di duge trong khoang thdi gian nay.

Lai giai

Vi du 3. Mot vat chuyen dong doc theo mot dudng thang sao cho van toc ciia né tai
thoi diém ¢ (giay) 1a v(t) = t2 — t — 6 (m/s). Trong khoang thoi gian 1 <t < 4

a) Tim do dich chuyén ctia vat.
b) Tim téng quang duong vat di duge trong khodng thai gian nay.

L&i giai
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Vi du 4. Gia sit lgi nhuan bién (tinh bang triéu dong) ctia mot san pham duge moé hinh
héa bang cong thiic P'(x) = —0,0002x + 7,5. O day P(z) 1a 1¢i nhuan (tinh bang trieu
dong) khi ban duge x don vi san pham.

a) Tim sy thay déi ctia loi nhuan khi doanh s6 tang tit 50 lén 60 don vi san pham.

b) Tim su thay déi ctia lgi nhuan khi doanh sé tang tit 100 len 150 don vi san pham.
Loi giai

Vi du 5. Gia sit lgi nhuan bién (tinh bang triéu dong) ctia mot san pham duge moé hinh
héa bang cong thic P'(z) = —0,0005z + 12,2. O day P(x) 1a 1¢i nhuan (tinh bang trigu
dong) khi ban duge  don vi san pham.

a) Tim sy thay doi ctia lgi nhuan khi doanh s6 tang tir 100 len 101 don vi san pham.
b) Tim su thay déi ctia lgi nhuan khi doanh sé tang tit 100 lén 110 don vi san pham.
Loi giai
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Vi du 6. Gia sit van toc v ciia dong mau & khodng cach r tir tam ctia dong mach ban
kinh R khong doi, c6 thé dutge mo hinh héa béi cong thitc bén dusi. Tim van toc trung
binh (d6i véi r) clia dong mach trong khoang 0 < 0 < R. So sanh van toc trung binh véi
van téc 16n nhéat.

k (4 . )
a) v = 3 (§R2 — 7“2), trong dé6 k 14 mot hang so.

b) v =k (R? —r?), trong d6 k 1a mot hang s6.

Lai giai
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C. LUYEN TAP

PHAN 1. Cau tréc nghiém nhidu phuong én Iua chon

Cau 1. Cho ham s6 y = f(z) lien tuc tren doan [a;b]. Goi F(z) 1a mot nguyen ham cia

ham s6 f(z) trén doan [a;b]. Chon ménh dé dung.
b

b
A. /f(x)dx:F(b)—F(a). B. /f(x)dx:F(a)—F(b).
C./f(x)da::F(b)—i-F(a). D./f(x)dx:FZ(b)—FQ(a).

Lai gidi

Cau 2. Cho ham s6 y = f(z) lién tuc trén doan [a;b]. Goi F'(z) 1a mot nguyén ham clia

ham s6 f(z) trén doan [a;b]. Chon ménh dé sai.

b
A./f(:z:)dx:F(b)—F(a). B./f(a:)dle.

C. /af(x) dz = 0. D. /f(x) dx:—/f(m) da.

Lai gidi
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Cau 3. Cho ham s6 y = f(z) ¢6 dao ham f'(z) va f’(x) lien tuc trén doan [a;b]. Goi

F(r) 1a mot nguyén ham ctia ham s6 f(x) trén doan [a;b]. Chon ménh dé dung.

b
A. f(b)—f(a):/f’(:c) dz. B. F(b) — Fl(a) :/f’(a:) dz.
ab ab
C. 1)~ 1@ = [ Fo)ds D. f'() - 'la) = [ F'w)da
Loi giai ' ’
Cau 4. Tinh tich phan /costdt.
B. 0. C. —2. D. 1

A. 2.
Lai gidi

1
Cau 5. Tinh tich phan /; dt v6i a > e.
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A.lna+1. B.1—-Ina. C.lna—1. D. Ina.
Loi giai

3
Cau 6. Néu /f(x) dz = 2 thi /[f(x) + 2x] dx bang
1

1

A. 20. B. 18. C. 12. D. 10.
L&i giai

Cau 7. Trong mit phang toa do Ozy, cho hinh thang OABC giéi han béi y = 3z + 1,
truc Oz va hai duong thang x = 0,z = 1 (nhu hinh vé).
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)
B
4
A
C
0 1 z
1
Khi d6 /(Bx + 1) dz bang bao nhiéu?
20 ) 3
A. - B. - C. - D. 2
) 2 2
Lai giai

2
Cau 8. Cho /f(x) de = —1 va /g(m) dz = 3. Ménh dé nao sau day la ding?

A. /[f(a:) 4 g(x)]de = 8. B. /[f@;) ~ ()] de = 4.
C. /5f(a:) dz = 5. D. /[3f(x) —4g(z)] dz = —15.

Lai gidi
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0
Cau 9. Tinh [ = /(Qx +3)* du.
-1

1 14 1
A.I:—g. B.I=—. C.]:——g.
3 3 3
Loi giai
1
Cau 10. Tich phan /(6336 + 5z*) dz bing
’ 3
. 2
At 4D B. e. c. &2
2 3

L&i giai
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Cau 11. Biét F(x) = z? 1a mot nguyén ham ctia ham s6 f(x) tréen R. Gia tri cla
2

/ 2+ f(x)] de bang

1
13 7
A. 3. B. 5. C. —. D. -.
3 3
Lai giai
................ R
Cau 12. Cho/f(x)dxz—l;/f(a:)dxz& Tinh/f(:c)da:
0 0 1
A. 3. B. 6. C. 5. D. 4.
Loi giai
Cau 13. Cho /(3x2—2x+1)dx = 6. Gia tri clia tham s6 m thuoc khodng nao sau
0
day?
A. (—1;2). B. (—o0;0). C. (0;4). D. (=3;1).

Lai gidi
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1
Cau 14. Cho I = /(4x— 2m?) dz. C6 bao nhiéu gia tri nguyén ctia m dé I+6 > 07
0
A. 1 B. 5. C. 2. D. 3.

Lai gidi

Cau 15. Cho a la s6 thyc duong, tinh tich phan I = / |z| dz theo a.
21

2 2 _ 2 2 _
Ar= YL B.1-%“*2 c.r-—2 1l B
2 2 2 2

L&i giai
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1 3
Cau 16. Cho f(z) 1a ham s6 lien tuc tren R va /f(x) de = 4; /f(x) dz = 6. Tinh
0 0

3

I= [ #(ludu

1

A. 2. B. 5. C. 10. D. 12.
L&i giai

1 Khi z > 1 ;
Cau 17. Cho f(z) = . Tinh J = /f(x) dz
2r—1 khiz<1 %
A. —1. B. % C. 4. D.5

Lai giai

Cau 18. Van tbc ctia mot vat chuyén dong 1a v(t) = 3t2 +5 (m/s). Quang dudng vat do
di dugce tir giay thit 4 dén giay thi 10 1

A. 669 m. B. 696 m. C. 699 m. D. 966 m.
Loi giai
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Cau 19. Gia stt 1gi nhuan bien (tinh bing trieu dong) ctia mot san pham duge mo hinh
héa bing cong thitc P'(z) = —0,0004z + 9,3. O day P(z) 1a lgi nhuan (tinh bing trieu
dong) khi ban duge z don vi san pham. Khi d6 sy thay do6i ctia 1gi nhuan khi doanh s
tang tit 100 len 125 don vi san pham la

A. 232,325 trieu dong. B. 230,315 triéu dong.

C. 321,385 trieu dong. D. 231,375 trieu dong.
Loi giai

Cau 20. Gia st van téc v ctia dong méau & khodng cach r tit tam cia dong mach ban
kinh R = 9, c6 thé dugc mo hinh héa bdi cong thiic v = k(R? — r?), trong d6 k 1a mot
hing s6. Tim van toc trung binh (d6i v6i r) ctia dong mach trong khoang 0 < r < R.

A. H4k. B. 45k. C. 9k. D. 27k.
Loi gidi
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) ) 2 khi <0
Cau 21. Cho s0 thyc a vahamso f(z) = . Tinh tich phan/f(x) dz
a(r — %) khi >0 I
a 2a a 2a
A. - -1 B. —+ 1. C. -+1 D.——-1
6 3 - 6 * 3
Loi giai

Cau 22. Mot chiée xe 6 t6 dang chay trén dudng cao toc v6i van toc 72 km/h thi tai xé
bat ngd dap phanh lam cho chiéc 6 t6 chuyén dong cham véi gia toc a(t) = —gt (m/s?),
trong dé t 1a thoi gian tinh bang giay. Héi ké tit khi dap phanh dén khi 6 to dimg han
thi 6 t6 di chuyén bao nhiéu mét (m)? (Gid sit trén dudng 6 t6 di chuyén khong c6 gi bat

thuong).
250 200 100

L&i giai
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PHAN 2. Cau tréc nghiém ding sai

0 0
Cau 1. Cho /f(:n) de = —4 va /g(x) dr = —3.
3 =3

0 0

a) / F(2) + g(2)] dz = —7. b) / (@) - g(a)] de = 1.

c) /—3f(x) dz = 12. d) /[Zf(m) + 3g(z)] dz = —51.

L&i giai

3
b b L2
Cau 2. Tinh I = /(3 —sinz)dx = ar — - (trong d6 a, b, ¢ € N* va — 1a phan s6 toi
c c
0

gian). Trong cac khang dinh sau day, khdng dinh nio ding, khing dinh nio sai?
a) a>+0>—c=0. b)a®>+0b > c) 3a=2b+c. d) c=a+0.
Loi giai
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Cau 3. Cho ham s6 f(z) lien tuc va khong am trén doan [0; 3]. F'(z) la mot nguyén ham
cia f(z) trén doan [0; 3] théa F'(3) =2 va F(0) = 1.
a) Hieu s6 F(3) — F(0) goi la tich phan tit 3 dén 0 ctia ham s f(z).

b) / f(2)de = — / f(x)dz = F(3) — F(0)

d) Hinh thang cong gidi han bdi do thi ham s6 y = f(x), truc hoanh v hai duong
thang v = 0, = 3 c6 dién tich bang 1.

Lai giai

b
a) Goi J:/x5dx thi ta c6 J = 61.

a
b b b

b) Biét /(6x5+x)dx:8va/xda::3thi[:/6x5dx:5.

a a a
b

c b
c) Véi c € [a;b], thi /6x5dx:/6x5das+/6x5dm.

d) /|6x5‘ da:—/6$ dz + / 2° dx.

Lai giai
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3
Cau 5. Cho I = / ‘xz - 21“ dz.
0

22 —2z, 0<zx<2

a) Ta c6 |z% — 22| =
22 —2, 2<x<3

3 2 3
b) ]:/|x2—2x| dx:/|x2—2x| dx+/|x2—2$| dz.
0 0 2
3 2 3
c) ]:/|x2—2x| dr = /(x2—2x)d:p—|—/(x2—2x)dx.
0 , 0 , 2
3 3
d) I = <—x—~|—x2> +<I——ZB2)
3 0 3 2
Loi gii
1
Cau 6. Cho tich phan I = /\490 — 1| dz. Trong cac khang dinh sau day, khing dinh
2

nao ding, khang dinh nao sai?
1

1
1
a) Tich phan [ = /(4x —1)dz + /(4x —1)dz.
o

N
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45
b) Gia tri ctia tich phan [ = =
1
c) Tich phan [ = /(4x —1)dz|.

2
d) Goi S la dién tich hinh phang gi6i han béi cac do thiry = 4o — 1,y = 0,0 = —2;2 =

1. Khi d6 S = |1.
Lai giai

Cau 7. Trong mat phang toa do Ozy, cho do thi ham s6 y = /16 — 22. Cac ménh dé

sau ding hay sai?
4

a) 4/\/ 16 — 22 dx bang dién tich hinh tron co
0
ban kinh bang 4.
4

0
b) /\/16—x2dx——/\/16—x2dx.
4

0

4 4
c) /\/16—x2dx:4/\/16—x2dx.
Z4 0

4
d) /\/16—x2dx = 8.
4

Lai gidi
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Cau 8. Mot chat diem chuyén dong trén dudng thang nam ngang (chiéu duong huéng
sang phai) véi gia toc phu thugc vao thoi gian ¢ (s) 1a a(t) = 2t — 7 m/s?. Biét van toc
dau bing 6 m/s, xét tinh ding sai clia cdc khang dinh sau.

a) Van toc titc thai clia chat diém tai thai diém ¢ (s) xac dinh béi v(t) = 2 — 7t + 10.

b) Tai thoi diém t = 7 (s), van téc clia chat diém 1a 6 (m/s).

c) Do dich chuyén ctia vat trong khoang thoi gian 1 <t < 7 14 18 m.

d) Trong 8 giay dau tién, thdi diém chat diém xa nhat vé phia bén phai la t =7 (s).
Loi giai

Cau 9. Gia st lgi nhuan bien (tinh bang triéu dong) clia mot san pham duge mo hinh
héa bang cong thic P'(x) = —0,0008z + 10,4. O day P(x) 1a l¢i nhuan (tinh bang trigu
dong) khi ban duge  don vi san pham.
a) Lgi nhuan khi ban duge x don vi sdn pham duge tinh bing cong thic P(r) =
—0,000822 + 10,4x.
b) Loi nhuan khi ban duge 50 sdn pham dau tién 1a 519 trieu dong.
c) Su thay doi ciia 1oi nhuan khi doanh s6 tang tit 50 lén 55 don vi san pham 1a 49,79
trieu dong.
d) Biét sy thay doi clia lgi nhuan khi doanh s6 tang tit 50 lén a don vi san pham 16n
hon 517 trieu dong, khi d6 gia tri nho nhat cia a 1a 100.
Loi giai
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Cau 10. O nhiét do 37°C, mot phan ting héa hoc tir chat dau A, chuyén hoa thanh chét
san pham B theo phuong trinh A — B. Gia sit y(x) 1a ndng do chat A (don vi mol L™1) tai
thoi diém x (giay), y(z) > 0 v6i x > 0, théa man hé thic: y/ () = —7-10*y(x) véi z > 0.
Biét ring tai z = 0, nong do (dau) cta A 12 0,05 mol L. Xét ham s6 f(z) = Iny(z) véi
x > 0. Khi do, ta cé

a) f'(z)=-7-10""%

b) f(z) = —7- 104 + In (0,05).

c) y(30) — y(15) = —6- 104,

d) Nong do trung binh ctia chat A tit thoi diém 15 giay dén thai diém 30 giay gan bang

0,05.

L&i giai

Cau 11.
Mot vat chuyén dong vé6i van téc duge cho béi do thi trong o(t) (m/s)
hinh sau:
21 I I
o 12t
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2t khio<t<1

2 Khit>1
b) Quang duong vat di duge trong 1 giay dau tien duge xac dinh bdi cong thiic s(t) =
1

/v(t) dt.

0
¢) Quang duong vat di dugc trong khoang thoi gian tit 1 giay dén 2 giay duge xac dinh
2

a) Van toc clia vat tai thoi diém ¢ duge xac dinh béi v(t) = {

béi cong thiic s(t) = /v(t) dt.
0
d) Quang duong ma vat di duge trong 2 giay dau tien 1a 3 m.
Loi giai
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PHAN 3. Cau tréc nghiém & 1&i ngdn.

. 1 . .
Cau 1. Néu F'(z) = By va F(1) = 1 thi gia tri cia F(4) bang bao nhiéu? Lam tron két
x
qua dén chit s6 thap phan thi 2.
Lai giai

Cau 2. Cho ham s6 y = f(z) lién tuc trén doan [0;2]. Gia stt y = F(z) 12 mot nguyén
2
ham cta y = f(x) va /f(ac) dz = 3 va F(0) = 2. Gi4 tri F(2) bang bao nhiéu?
0

Lai giai

Cau 3. Cho ham s6 y = f(z) lién tuc tren R. Gia s

S
D\m
=
=
o
S
I
D
<
g)/
w\m
=
8
S~—

o
8
I
oo

2
Gi4 tri /f(x) dx bang bao nhieu?
0

L&i giai
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Cau 4. Chocachamsdy = f(x) vay = g(z) lién tuc trén R. Gi sﬁ.’/ 2f(x) + 3g(z)] dx

2
2

7 7
Lva [ [f(z)—2g(z)] dz = 4. Khi do, /f(a:) dr — B/g(x) dx bang bao nhieu?
2
iai

2 7

Loig

Cau 5. Biét F(r) = z? 12 mot nguyén ham ctia ham s6 f(z) tren R. Gia tri cla
2

/ [2 + f(z)] do bang bao nhieu?
1
Loi giai
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2? —2r+3, khiz<?2
bao nhiéu? Lam tron két qud dén chit s6 thap phan thi 2.

/ 21, khi & > 2 1 \
Cau 6. Cho ham so f(x) = . Tich phan I = 5 / f(z) dx bang
1

L&i giai

. 1 khiz >1
Cau 7. Cho ham so6 f(x) =< @ . Tich phan I =
x

+1 khiz<l1
nhiéu? Lam tron két qua dén chit s6 thap phan thd 2.

—3t*f(t) dt bang bao

w\o

L&i giai

9
) 1
Cau 8. Cho ham s6 f(z) =< o — 1, khi 0 < x < 2. Tinh tich phan I = /?f(t) dt
5

5—2x, khix>2
bang bao nhiéu? Lam tron két qui dén chit s6 thap phan thi 2.
Loi giai
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Cau 9. Mot vat chuyén dong doc theo mot dusng thang sao cho van téc clia né tai thoi
diém ¢ (giay) la v(t) = t> —t —6 (mét/giay). Quang dudng (mét) vat di dugc trong khoang
thoi gian 1 <t < 4 bang (lam tron t6i hang phan tram).

Loi giai
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BAI13. (NG DUNG HiNH HQOC CUA TiCH PHAN

A. LY THUYET

1. Dién tich hinh thang cong

1.1 Hinh phing gidi han bdi dd thi ham s6 y = f(z), truc hoanh, z = a, z = b
Ham s6 f(x) lién tuc tren doan [a; b].

e Truong hop f(x) > 0 trén [a;b).

Khi dé6 dién tich hinh thang cong gidi han bdi do thi
b

f(z), Oz va hai dudng thang z = a, x = bla / f(z)dz.

e Trudng hop f(z) < 0 trén [a; b].

Ta ¢6 —f(z) > 0 va dién tich hinh thang cong a ABb y
bang dien tich hinh thang cong a A’ B’ (trong d6 a A’ B'b u
la hinh d6i xtng ctia hinh thang da cho qua truc —f(=) i

hoanh).

b
Do do S = SaABb = SaA’B’b - / <_f<x)> dx.

Téng quat. Dien tich ciia hinh phing gidi y
han bdéi do thi ham s6 f(z) lien tuc trén

[a;b], Oz va hai dudng thing * = a, 2 = b

b
dugc tinh theo cong thitc S = / |f(z)| da. 19)

Gia st ham s6 y = f(z) lién tuc trén [a;b]. Néu f(x) khong ddi dau trén [a; b] thi

b

[1r@de =

a
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1.2 Hinh phing gisi han béi dd thi ham sb y = f(z), y = g(z), t=a, t =D

Cho ham s6 f(x) va g(z) lién tuc trén doan [a;b]. Goi D la hinh phang gidi han bdi
do thi hai ham s6 d6 va dudng thing r = a, x = b.

Xét truong hop f(x) > g(x), Vx € [a;b].
Goi S la dién tich hinh thang cong gidi han bdi
y:f(m),y:g(x),x:a,x:b.
b
Khi dé dién tich S = / [f(z) — g(z)] da.

a

|
‘ |
a 0] b x

Tong quat. Dién tich ctia hinh phéng giéi han bdi d6 thi ham s6 y = f(z), y = g(z) va
hai duong thing z = a, x = b dugc tinh theo cong thic

b

5= / f(x) - g()] d.

a

2. Thé tich

Goi B la phan vat thé giéi han béi
hai miit phang vuong géc véi truc Ox
tai cac diém a va b, S(z) la dién tich
thiét dien ctia vat thé bi cit bsi mat
phéang vuong géc véi truc Ox tai diem
z, (a <z <b). i i

Gia st S(r) la ham s6 lien tuc trén i x [; x
doan [a;b]. Khi d6, thé tich cia vat
the B dugc xac dinh béi cong thiic

3. Thé tich khdi tron xoay
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Thé tich khéi tron xoay duge sinh ra khi quay hinh phdng v
gidi han bdi y = f(x), truc Oz va hai dudng thang = = a,
x = b quanh truc Ox la

b
V= 7T/f2(£13) dz.

B. CAC DANG BAI TAP

(O Dang 13.1. Xay dung cong thirc tinh dién tich theo hinh vé

Phuong phap
Buéc 1: Xac dinh do thi ctia caAc ham s6 dude cho trén hinh vé.

Buéc 2: Xac dinh cac vi trf tuong giao gitta cic do thi.
b
Buéc 3: Ap dung cong thiic tinh dien tich S = / |f(z) — g(x)| dz.
Buéc 4: Pha tri tuyet déi: Lay cong thic ham sé ctia do thi nam trén trit cong
thitc ham s6 ctia do thi nam dudi.

Vidu 1.
Goi S 1a dién tich mién hinh phang dugce t6 dam trong hinh
vé bén. Xay dung cong thic tinh S7

L&i giai
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Vi du 2.
X4c dinh cong thitc tinh dién tich mién duge gach soc ¢ hinh

bén.

Vi du 3.

Cho ham s6 y = f(z) va y = g(x) lien tuc trén [a;b].
Xac dinh cong thiic tinh dién tich ctia hinh phéng (H)
gi6i han béi do thi ctiia ham s6 y = f(z), y = g(x) va
hai duong thang = a, z = b (xem hinh bén).
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[ Dang 13.2. Dién tich clia hinh phdng giéi han bdi y = f(z), Oz va z = a,

rx=15b

Phuong phdp
y=f(x) b
Dién tich hinh phang gigi han béi { Oz la S = / |f(z)|dx.

r=a,x=>0
Dé pha bd dau gia tri tuyet déi ta thuong lam nhu sau:

Budc 1: Giai phuong trinh f(z) = 0 tim tat c& cac nghiém z1,zs, ..., 2, € (a;b).
Gidsta<z <a9<---<ux, <b.

Budc 2: Dién tich hinh phang can tim la

S = 7|f(x)|d$+7|f(x)|dw+"'+/b|f(f€)|dfff
= 7f(m)dx + 7f(:6)d:c +e /bf(x)dx :

Chu y: Ngoai cach trén, ta cé thé diya vao do thi dé bo dau gia tri tuyét déi.

Vi du 1. Dién tich S ctia hinh phang gigi han béi dd thi ham sé y = 22, truc hoanh va

cac dudng thing z = 1, = 2 bing bao nhiéu?
Loi giai

Vi du 2. Dién tich hinh phang giéi han bdi do thi ham s6 y = (z — 2)? — 1, truc hoanh
va hai duong thang = 1, 2 = 2 bing bao nhiéu?

Lai giai
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Vi du 3. Tinh dién tich S ctia hinh phéng gi6i han béi y = 22 — 22, y = 0, * = —4,
r =1
Loi giai

hoanh, truc tung va duong thing z = 2.
Loi giai
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[ Dang 13.3. Dién tich ctia hinh phéng giéi han béi y = f(z), y = g(z) va

r=a,z=2"5

Phuong phap
y = [(z) b
Dién tich hinh phéang gi6i han béi ¢ y = g(z) 1a S = / |f(z) — g(z)|da.

r=a,x=>0

Dé pha bé dau gia tri tuyét déi ta thuong lam nhu sau:

Budc 1: Giai phuong trinh f(z) = g(x) tim tat ca cac nghiem xq,x9,...,2, €
(a;0). Gidsta <z <y < -+ <xp <.

Buéc 2: Dién tich hinh phang can tim la

5 = /|f(x)—g(fv>|dx+/|f(fv>—g(rv)\dx+---+/|f(w)—g(x)|dw

— | 1#@ ~ glaNds| +| [ (#@) = g(@) da| + -+ | [ 11(@) = gla))da|.

a 1 Ty,

Chu y: Ngoai cach trén, ta c6 thé dya vao do thi dé bo dau gia tri tuyet doi.

Vi du 1. Tinh dién tich hinh phang gi6i han béi do thi ham s6 y = 2* — 422 + 4, y = 22
va hai duong théing z =0, v = 1.
Loi giai

Vi du 2. Tinh dién tich ctia hinh phang giéi han béi cac duong cong y = 2° — z va
y=uz(1—x).
Loi giai
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Vi du 3. Tinh dién tich hinh phéng giéi han béi cac duong y =e®, y =22 — 1, x = —1,
r =1
Loi giai

Vi du 4. Tinh dién tich hinh phang gi6i han bdi cac dudng y = sinz, y = z, © = g,
x =T.
Loi giai
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Vi du 5. Tinh dién tich hinh phang gi6i han béi cac duongy = e, y =22, 2 =0, 2 = 1.
Loi giai

Vi du 6. Tinh dién tich hinh phang gi6i han béi cac dusng y = cosz, y =z +1, z = g,
T =T.
Loi giai

Vi du 7. Tim a dé dién tich S ctia hinh phing gi6i han béi (P): y = , duong
thangd: y =2 — 1 va = a, z = 2a (a > 1) bang In 37
Loi giai
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(9 Dang 13.4. Tir dién tich hinh phéng tinh gid tri ham

b
Ap dung dinh nghia tich phan /f(m) dz = F(z)| = F(b) — F(a). Thi lic nay de

a

bai yéu cau so sanh F(b); F(a).

-

/ O

Bai toan: Cho ham s6 y = f(z) lien tuc, ¢6 do thi nhu hinh. F(x) 1a nguyén ham
cia f(z) trén [a; ¢|. So sanh F(a); F(c); F(z;)z; € [a; c].

e Budc 1. So sanh F(a)

Trén [a;b]: >0:>/|f |dx—/f F(b) — F(a).
Ma/f(x)dx>0:>F(b)—F(a)>0<:>F(b)>F(a).

e Budc 2. Tuong ty so sanh F'(b); F(c).

y=f(z)
e Budc 3. Ta thay dién tich hinh phéng gisi han bdi < Oz 16n hon
r=a;x=>
y = [f(z)
Ox

r=bxr=c
b

/|f(:v)|dz>/|f(as)|dx = F(b)— F(a) > —F(c) + F(b)
a b

& —F(a) > —F(c) = F(a) < F(c).
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Vidu 1.
Cho ham s6 y = f(x) x4c dinh, lién tuc va ¢c6 mot nguyén y
ham 1a F(x) trén [—2;1] dong thai f(z) ¢6 d6 thi nhu hinh

NS 3
vé bén. Hoi trong céac sb sau: F(2) — F(—2); F(—2) — F(1); |
F(2) — F(1); F(2) — F(0) ¢6 bao nhiéu s6 duong? i

Lai giai

Vi du 2.
Cho ham s6 f(z) ¢6 dao ham tren R, do thi ham s6 y = f/(x)
nhu trong hinh vé ben. Hay so sanh cac s6 f(a); f(b); f(c).

Lai giai
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Vi du 3.
Cho ham s6 y = f(x) ¢6 do thi tréen doan Yy
[—4; 4] nhu hinh vé. Goi F(z) la mot nguyén
ham ctia ham s6 f(z), tinh gia tri cia S =
F(4) — F(—4).

Lai gidi
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C. LUYEN TAP

PHAN 1. Cau tréc nghiém nhiéu phuong an luva chon

Cau 1.

Cho ham s6 f(z) lién tuc tréen R. Goi S 1a dien tich hinh Y
phing giéi han bdi cac dusng y = f(x), y =0, v = —2
va x = 3 (nhu hinh vé). Ménh dé nao duéi day ding?

3

A.S:—/lf(x)dx—/f(x)dx.

B. S:/f(:c) d:c—/f(a:) dz.

C. S:—/lf(x)dm—l—/gf(x)dx.

D.S:/f(:v)dx—l—/f(x)dm.

1

Lai giai

Cau 2.
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Cho ham s6 y = f(x) lién tuc trén doan [a;b]. Goi D la
dién tich hinh phing gidi han bdi do thi (O): y = f(z), truc
hoanh, hai dudng thang z = a, z = b (nhu hinh bén). Gia sit
Sp la dien tich hinh phing D. Chon coéng thiic ding trong
cac phuong an A., B., C., D. cho duéi day?

0

A. SD:/f(x) dx+/bf(x) da.

Cau 3.
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Dién tich ctia hinh phang dugc giéi han béi do thi ham sb y
y = f(x), truc hoanh vi hai duong thing x = a, z = b, /
(a < b) tinh theo cong thic nao dudi day? P
b s
S = fle)dz+ | f(z)da. 710 -
a C
b
B. S = / f(z)dx
a
b
C S:—/f(x)d:c+/f( ) dz
a C
b
D.S= / f(z)dx
a
Loi giai
Cau 4.
Goi S 1a dién tich hinh phéng giéi han béi cac duong Y

y = f(z), truc hoanh va hai dIIOng thing v = -3, 2 = 2.

bat a /f Ydx, b = /f )dz. Ménh dé nao sau

dayladung? &
A.S=a+0b. B. S=a-0.
C.S=—-a—-0 D.S=b—a.

L&i giai
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Cau 5.
Cho ham s6 y = f(x) lién tuc trén doan [a;b] c6 do thi Yy
nhu hinh bén va ¢ € [a;b]. Goi S 1a dién tich ctia hinh
phiang (H) gi6i han bdi do thi ham s6 y = f(z) va céc
dudng théing y = 0, = a, * = b. Ménh dé nao sau day

sai?
b

AS/f d:z:+/f()d.
BS/f dx—/()d

C. s —/|f(x)]dx.

D.S:/cf(x)dx—i—/f(w)dx.

L&i giai

Cau 6. Dien tich hinh phang dugc giéi han bdi do thi ham s6 y = /z, truc hoanh va
hai dudng thang z =1, z = 8 1a
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4 4 4 4
A2 B. 2 c. 2 D. 2
2 4 7 8
Loi giai

Cau 7. Dien tich hinh phang giéi han bdi do thi ham s6 y = (x — 2)% — 1, truc hoanh va
hai duong thing z = 1, = 2 bing
1

2 3 7
A. - B. -. C. = D. -
3 3 2 3
Loi giai

Cau 8. Dién tich S ctia hinh phing gi6i han bdi cac duongy = 2? +1, 2 = —1, 2 = 2 va
truc hoanh 1a

A. S =16. B. S =6. C.S:E.
Loi giai

D. §=13.
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Cau 9. Coi S la dién tich ctia hinh phing giéi han béi cac duong y = 2%, y =1, x = 0,
x = 2. Ménh dé nao duéi day sai?

2 2
A.S:/ |2 — 1| dz. B. S:/ 11— 27| dz.
0 0

2 2
C.S:/ (1 —2%)duz. D.S:/ (2% — 1) dz.
0 0
Loi giai

Cau 10. Hinh phing gi6i han bdi cac dusngy =4+22x — 2%, y=2%, v = -1, 2 =2 ¢6
dién tich bang

A.9. B. 12. C. 15. D. 6.
Loi giai

Cau 11. Cho hinh phing D giéi han bdi dudsng cong y = 22+ 1, truc hoanh va cac dudng
thang z = 0,2 = 3. Khéi tron xoay tao thanh khi quay D quanh truc hoanh c6 thé tich
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V bang
4
A. 127. B. % C. 327. D. 9.

Lai giai

Cau 12. Dien tich hinh phang giéi han bdi do thi ham s y = cosz, truc tung, truc
hoanh va dudng thing ¢ = 7 bang

A. 1 B. 3. C. 2. D. 4.
Loi giai

Cau 13. Dién tich S ctia hinh phéng giéi han béi do thi ham s6 y = 22, truc hoanh Oz,
cac duong thing x =1, z =2 1a

A.S=8 B. S=
Loi giai

C.S:; D.S=r.
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Cau 14. Cho ham s6 y = f(z) lien tuc trén R va théa ma f(0) < 0 < f(—1). Goi (S) 1a
dién tich hinh phang gidi han bdi cac duong y = f(x), y =0, v = —1 vi x = 1. Xét cac

ménh dé sau

W 5= [ s@ars [ 17e)ar
@ 5= [ Il
(3) 5 = /_ 11 Fa)da.

(4) 5= ‘/_llf(m)da:

S6 ménh dé dung 13
A. 3. B. 1. C. 4. D. 2.
Loi giai

Cau 15. Khoi chéom cau c¢6 ban kinh R = 3 va chiéu cao h = 1 sinh ra khi quay hinh
phang gi6i han bdi cung tron c¢6 phuong trinh y = /9 — 22, truc hoanh va hai dudng
thing z = 2, x = 3 xung quanh truc Oz. Tinh thé tich khéi chém cau nay.

10
A. %ﬁ B. 2r. C. Tﬂ D. .

Lai gidi
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Cau 16. Cho tam giac OAB vuong tai A, ¢6 canh y
OA = a nam trén tuc Ox va AOB = g Goi 3 1a B
khoi tron xoay sinh ra khi quay mién tam giac OAB l
xung quanh truc Ox. Thé tich ciia khéi 3 bang 0 T
a3 ma’
A. 3rad. B. ma®. C. —. D. —.
3 9
z

L&i giai

Cau 17. Goi Si, S lan luot 1a dien tich hinh vuong canh bang 1 va dién tich hinh phing
gi6i han béi cac dusng y = 22 + 1, y = 0, # = —1, = 2. Khang dinh nao sau day
ding?

A. 51 =05;. B. 5; > 5. C. 25, =05,. D. 65, = 5,.
Loi giai
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Cau 18. Goi (H) la hinh phang gi6i han bdi cac duong y = 22+ -2,y =20 +4, v =1
va 2 = 4. Cho dién tich hinh phing (H) bing % (dvdt), v6i a,b € N va % 12 phan s6 toi
gian. Gia tri T = a + b bang

A. 67. B. 25. C. 76. D. 23.
Loi giai

Cau 19. Cho tam giac vuong OAB, ¢6 canh OA = a Yy
némtréntucOxva@:a(0<a§%).Goiﬁ B

13 khéi tron xoay sinh ra khi quay mién tam gidc ‘
OAB xung quanh truc Oz. Thé tich V citia B tinh 0 T

theo a va o 1a ) 5 ) 5 /
Ttan® o - a drtan® o - a

AV=—-—-—". BV=———. z

3 2
C.V:ﬂsin23a~a3‘ D.V:2ﬂcos;a~a3.

Lai gidi
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Chiéu dai ctia duong ham mo hinh 14 5cm, mit phang vuong géc véi mat day clia dudng
ham tao dudc thiét dién 13 mot hinh parabol, thiét dien c6 do dai canh day gap doi chiéu
cao. Tinh thé tich khong gian bén trong dudng ham mo hinh, biét chiéu cao ctia mdi thiét
dién parabol cho béi cong thic y = 3 — gx (don vi la cm), v6i x 1a khoang céch tinh tu
161 vao 16n hon ciia duong ham mo hinh. (Két qua lam tron dén hang don vi theo don vi
cm?).
A. 29. B. 30. C. 28. D. 31.

Loi giai

Cau 21. Céc nha kinh té sit dung dudng cong Lorenz dé minh hoa sy phan phdi thu
nhap trong mot qubc gia. Goi z 1a dai dién cho phan tram s6 gia dinh trong mot quoc
gia va y 1a phan tram tong thu nhap, mo hinh y = 2 sé dai dién cho mot qubc gia ma
cac gia dinh c¢6 thu nhap nhu nhau. Dudng cong Lorenz y = f(x), biéu thi sy phan phoi
thu nhap thuc té. Dien tich gita hai mo hinh nay, v6i 0 < = < 100, biéu thi “su bat binh
déng vé thu nhap” ctia mot qubce gia. Nam 2009, duong cong Lorenz ciia Hoa K3 c¢6 thé
duge mo hinh héa bdi ham sbé

y = (0,0006122 + 0,0224z + 1,666)°, 0 < < 100,
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Trong dé z dugc tinh tit cac gia dinh ngheo nhat dén giau c6 nhat. Su bat binh ding vé
thu nhap ctia Hoa Ki vao nam 2009 c6 gia tri gan nhat véi gia tri ndo dudi day?

A. 7922.9. B. 2022.9. C. 2085,5. D. 2077,1.
Loi giai

Cau 22. Cho mot cai coc thiy tinh hinh tru ban kinh day 1a 6 cm, chiéu cao 1a 10 cm
dang dung mot lugng nude. Tinh thé tich Iugng nude trong coc, biét khi nghiéng coc nude
vita lic khi nuée cham miéng coc thi & day muce nuée tring véi duong kinh day?

A. 240 cm?. B. 250 cm?. C. 245 cm?. D. 249 cm?.
Loi giai
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PHAN 2. Cau tréc nghiém ding sai

Cau 1. Cho ham s6 f(z) lién tuc trén [a;d] va ¢6 do thi nhu hinh vé. Biét do thi f(x)
cit truc hoanh tai 4 diém a, b, ¢, d, dong thdi tao vé6i truc hoanh va 2 duong thing z = a,
o = d thanh mot hinh phang (H) gom 3 phan c6 dién tich lan lugt 14 S;, Ss, S3 nhu hinh

ve.

a) S1= [ f(x)dx.
b) So—— [ |f(x)] de.

c) S3=— [ f(z)da.

Cau 2. Cho hai ham 86 f(z) = —2* +4 va g(x) =z — 1.

a) Dién tich hinh phang (H;) tao bsi f(z), Ox v hai dudng thing x = —3,2 = 3 1a
3 46

Sy = [ 1f)] do =5
-3

b) Dién tich hinh phing (H;) tao bsi f(z), Ox vi hai dudng thing x = —2,2 = 2 1a
2
32
Sy :/ flw)de = —.
-2
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c) Dién tich hinh phang (Hs) tao bdi g(x), Oz va hai duong thang r = —3,2 = 3 1a

1 3
S(Hy) = ‘/ g(x) d:p+/ g(z)dz| = 6.
-3 1

d) Dién tich hinh phang (Hy) tao bdi g(x), Oz va hai dudng thang » = —3,2 = 3 1a

1 3
Sy = —/ g(x)dx +/ g(z)dz = 10.
- 1

3

Lai giai

Cau 3. Cho ham s6 y = f(z) lien tuc trén [—3; 3] ¢6 do thi nhu hinh vé, Biét rang f(x

~—

tao véi truc hoanh va 2 dudng thang 2 = —3,x = 3 mot hinh phang (H) gom 2 phan c6

dién tich lan lugt 1a S;, Ss.

7777
ey
Yy

Ny vy

NUYNUINNANUNNNNANNNNNN

AR AR A AR
N

-3 -1 O

3
a) S(H) = L f(l’) dx.

3
b) S, — / (=22 +4) da| = 1.
2

c) SI:/_I(x+3) dx+/12dx+/12(—2x+4) dz.

3 -1

3
d) S = S — / (=20 +4) da.
2
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L&i giai

Cau 4. Cho khéi chép déu c6 day 1a hinh vuong canh L va chiéu cao 1a h. Chon truc Oz
sao cho goc O trung véi dinh ctia khoéi chop va truc di qua tam cia day (nhu hinh dudi).

Y

a) Day ctia khdi chop nam trén mat phang song song véi Ox.
b) Mbi mit phang vuong goc véi truc Oz tai diém c6 hoanh do biang z (0 < z < h),

cat khéi chop theo mat cat 1a hinh vudng canh a.
c¢) Dieén tich mat cat 1a S(z) = %IQ.
d) Thé tich ctia khéi chép 1a V = %LQh.
Loi giai
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a) Hinh phang dugce t6 mau gidi han béi 3 dudng.

1
b) Dién tich hinh phang dugc tinh bdi cong thitc S = / (%) du.

-1
, 1
c) Dién tich hinh phang S =e — ~

d) Thé tich khdi tron xoay khi quay hinh phang dé quanh truc Oz la V =

1 1
2
27 (e B 62>'

Cau 6. Cho do thi ham s6 y = 22 — 3z +2va y = v —1 va S;; Sy 1a phan dién tich phan
duge t6 nhu trong hinh dudi.
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;;/g::v—l

a) Dién tich hinh phang gi6i han bsi d6 thi ham s6 y = 22 — 3z +2vay =2 —1 1a

3
/ (—x2 + 4z — 3) dzx.
0
4

C) Sl = SQ.
d) Dién tich hinh phang gi6i han bdi do thi ham s6 y =22 — 32+ 2,y =2 — 1; 2 = 0;

3
szlé/ (—x2—|—4x—3) dx = 1.
0

Lai giai

Cau 7. Goi (H) la hinh phang gii han béi cac duongy = —sinz,y =1,z =a (0 < a < 7),
T =T.

a) Néu a = 7 thi dien tich ctia (H) bang 0.

b) Néu a = 0 thi dién tich ctia (H) bang 7 + 2.

) 3 ) )
c) Néu dién tich ctia hinh (H) la S=7—a+ B thi = Ia s6 nguyén chia het cho 9.
a
d) Néu dién tich ctia hinh (H) 1a S’ thi / sinzdz =5 —7—a.
Lai giai
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Cau 8. Trong mat phang Oxy, cho ham s y =z + /T va y = x + 22.
a) Hoanh do giao diém ctia do thi hai ham s6 trén 1a z = 0 hoic z = —1.

b) Dién tich hinh phing gisi han béi do thi hai ham s6 trén va x = 0, x = 1 dugc tinh
1
theo cong thic S = / (\/5 — 332) dx.
0
c) Dién tich hinh phing gii han béi do thi hai ham s6 trén va x = 0, x = 1 dugc tinh
1

1
theo cong thiic S = / (x + xz) dx — / (x + \/E) dx.
0 0

. N . .1
d) Dién tich hinh phang gi6i han béi do thi hai ham s6 trén va o = 0, z = 1 bang 3

L&i giai

Cau 9. Cho hinh phing (H) gidi han béi cac duong y = 22 +3,y =0, 2 =0, 2 = 2.
2
a) Cong thic tinh dién tich hinh phéng (H) la Sy = / (z* +3) da.
0

g .26
b) Dién tich hinh phang (H) bang 3

c) Cong thic tinh thé;tich khdi tron xoay sinh ra khi quay hinh phang (H) xung quanh
truc Oz A V = / (z* + 3)2 dz.
0

d) Thé tich khoi tron xoay sinh ra khi quay hinh phang (H) xung quanh truc Oz bing
202

=
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L&i giai

Cau 10. Khoi chéom cau c¢6 ban kinh R = 5 va chiéu cao h = 1 sinh ra khi quay hinh
phéng giéi han béi cung tron c6 phuong trinh y = /25 — 22, truc hoanh va hai dudng

thing x = 4, x = 5 xung quanh truc Oz.
a) Khoang cach tit tam ctia khoéi cau dén khoi chom cau bang 3.

5
b) Thé tich ctia khéi chém cau V) duge tinh theo cong thitc V) = 7T/ (25 — x2) dz.
4

2 P Z by 14
c) The tich cta khoi chém cau V; = ?ﬁ
. . N . LT
d) Goi V4 1a thé tich cia nita khéi cAu ¢6 ban kinh bing 5. Ti sb thé tich 71 =
2
Loi giai

Cau 11. Cho tam gidc vuong OAB c6 canh OA = a nam trén tuc Oz va AOB =
a <0 <a< g) Goi 8 1a khoi tron xoay sinh ra khi quay mién tam giac OAB xung

quanh truc Ox.
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]

7r . ) ma’

a) Khia = 1 thi the tich V' ctia khoéi g 1a 5 (dvtt).
m . ) Ta?

b) Khi a = 6 thi the tich V' cta khoi S la 9 (dvtt).

3

,) ) 4
c) Khi thé tich V cia khéi 8 1a ——— thi gid tri cosa < 5

wad

d) Khi tan o = cot a thi thé tich V ctia khoi 8 1a 3
Loi giai

Cau 12. Céc nha kinh té sit dung dudng cong Lorenz dé minh hoa sy phan phdi thu
nhap trong mot qubc gia. Goi z 1a dai dién cho phan tram s6 gia dinh trong mot quoc
gia va y 1a phan tram tong thu nhap, mo hinh y =  sé dai dien cho mot qubc gia ma
cac gia dinh c6 thu nhap nhu nhau. Duong cong Lorenz y = f(z), biéu thi sut phan phoi
thu nhap thuc té. Diéen tich gifta hai mo hinh nay, v6i 0 < = < 100, biéu thi “su bat binh
ding vé thu nhap” clia mot quoc gia. Nam 2005, dudng cong Lorenz ciia Hoa Ky c6 thé

ducgc moé hinh héa béi ham s6
y = (0,0006122 + 0,0218z + 1,723)%, 0 < = < 100.
Trong d6 x duge tinh tit cdc gia dinh ngheo nhat dén giau c¢6 nhat (Theo R.Larson, Brief
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Calculus: An Applied Approach, 8th edition, Cengage Learning, 2009)

Xét tinh ding/sai ciia cac khang dinh sau

Phat biéu b |S
a) Tinh theo thit tu tit cdc gia dinh ngheéo nhat dén giau nhat, tong thu

nhap thuc té clia 60% cac gia dinh dau tién chiém chua dén 30% so

vOi téng thu nhap ctia toan bo cac gia dinh.

b) Néu sip xép cac gia dinh theo thi tu tit ngheo nhat dén giau nhét,
roi chia thanh 10 nhém bing nhau tit 1 dén 10, tong thu nhap clia cac
gia dinh trong nhém 3 chiém khoang 8,56% tong thu nhap clia toan

bo cac gia dinh.

c) Su bat binh ding vé thu nhap ctia Hoa Ki nam 2005 dugc xac dinh
béi cong thiic
100
/ [ — (0,0006122 + 0,0218z + 1,723)*] d

0

d) Su bat binh déng vé thu nhap ciia Hoa Ky nam 2005 da vugt qua 2000.

L&i giai
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PHAN 3. Cau tréc nghiém & 1&i ngdn.

Cau 1. Do thi trong hinh duéi day 1a ctia ham s6 y = f(x).

///////

AN x
0 1 .
Biét [ f(z)dz =3; [ f(z)dx = —1. Tinh dien tich phan hinh phang t6 dam trong hinh.
2 0

Lai giai

Cau 2. Tinh dién tich S ctia hinh phing giéi han béi cac dudng y = 2 + 2z + 1, truc
hoanh, r =1 va x = 2.
Loi giai
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Cau 3. Thé tich khéi tron xoay sinh ra khi quay hinh phang gigi han béi cdc dudng
y=3x+12% y=0; 2=0; z =3 quanh truc Oz bang bao nhiéu (lam tron dén hang don
vi)?

Loi giai

Cau 4. Khéi chém cau c6 ban kinh R = 3 va chiéu cao h = 2 sinh ra khi quay hinh

phing gidi han bdi cung tron c6 phuong trinh y = v/9 — 22, truc hoanh va hai dudng
thing » = %, r = 3 xung quanh truc Ox. Tinh thé tich khéi chém cau nay (Iam tron két
quéa dén hang phan chuc).

Loi giai

Cau 5. Tinh dién tich ctia hinh phéng giéi han bdi cac duong y = 8 — 22, y = 322,
r=—v2, 2 =2 (két qua lam tron dén chit s6 thap phan thi 2).
Lai giai
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Cau 6. Tinh dien tich ctia hinh phing giéi han béi cac dusng v = 2z, y = %2, x =0,
r =2 (két qua lam tron dén chit s6 thap phan thi 2).
Loi giai

Cau 7. Goi (H) la phan hinh phang dugc gii han béi do thi ctia cac ham s6 y = 3% |
y =4 — x va truc hoanh. Dién tich ctia (H) la bang bao nhieu?
Loi gii
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Cau 8. Cho (H) 1a hinh phang dugc gidi han béi cadc dudng c6 phuong trinh y = %x—xz

Y

z—2 khiz>1
Loi giai

—z khiz <1 N
y = . Dién tich ctia (H) bang bao nhiéu.

Cau 9. Cho tam giac vuong OAB c6 canh OA nam trén truc Oz va AOB = a <a<
Z) va B(a;b) v6i a, b 1a céc s6 thuc thoa a® +b? = 1. Goi 3 1a khdi tron xoay sinh ra khi

quay mieén tam giac OAB xung quanh truc Ox.

Y

.

Tinh gid tri tan o khi thé tich ctia khéi 3 dat gia tri 16n nhat (Lam tron két qua dén chit
s6 thap phan thi 2).
Loi giai
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Cau 10. Trong chuong trinh nong thon mdéi, tai mot xa Y ¢ xdy mot cay cau bang bé
tong nhu hinh vé. Tinh thé tich khéi bé tong dé do du cay cau. (Dudng cong trong hinh
vé 1a cac dudng Parabol)

Lai giai

Cau 11. Cho hinh phing (D) dugc gidi han bdi cac dudng y = 22 +2z +2; y = 6 — ;
y = 2 va (D) nam ngoai Parabol y = 2% + 2z + 2. Khi cho (D) quay quanh truc Oz, ta
nhan dugc vat thé tron xoay cé thé tich V = @, trong d6 a, b la cac s6 nguyén duong.
Gia tri biéu thitc P = a — 2b% bang bao nhiéu.

Loi giai
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CHUONG 5/ PHUONG PHAP TOA DO TRONG
KHONG GIAN

BAI 14. PHUONG TRINH MAT PHANG

A. LY THUYET

1. Vects phép tuyén va cip vecto chi phueng ctia méit phang

1.1 Vectd phap tuyén ctia mit phing Cho mit phing (). Vecto 7 # 0 va
c6 gia vuong goc véi mit phing (a) goi 1a vecto phap tuyén ctia mat phang (o).
Nhan xét. o Néu 7 la mot vecto phdp tuyén cia (o) thi k-7 (k # 0) ciing la

mot vectd phdp tuyén cia (o).

o Mot mat phang hoan toan duge xdc dinh khi biét mot diém va mot vecto phap

tuyéen cua no.

1.2 Ciap vectd chi phuong ctia mat phang Cho mit phing («). Néu hai
vecto @ va b khong cting phuong va gia ciia ching song song hoic nam trén mit
phiang (a) thi @, b la cap vécto chi phuong clia mit phang ().

Nhan xét. Mot mat phd)ng hoan toan duoc xac dinh khi biét mot diém va cap vecto

chi phuong cia no.

1.3 Vectd phap tuyén ctia mat phing khi biét mot cap vectd chi phuong
Trong khong gian Oxyz, néu mit phang () nhan hai vecto @ = (a1;az;as) va
b= (b1; bo; b3) 1am ciip vecto chi phuong thi () nhan 7 = [ZL’, T;} lam vecto phap

tuyén.
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A o Vecto m = [ZL), _b)} = (agbs — azby; asby — arbs; arby — asby) duge goi la

tich c6 hudng cia hai vecto @ = (ay;a;az) va b= (b1;ba; b3).

® [ZL), _b):| = ((lng — agbg; a3b1 — albg; albg - agbl).

2. Phuong trinh tong quat ctia mit phang

2.1 Phuong trinh téng quat ciia mat phang Trong khong gian Ozyz, mdi

mat phang déu c6 dang phuong trinh: Az + By +Cz+D = 0 v6i A2+ B%+C? # 0,

duge goi 1a phuong trinh tong quét ciia mat phing.

Nhan xét. e Néu mat phing (o) c¢6 phuong trinh Az + By + Cz+ D =0 (vdi
A2+ B?2+ C%*#0) thi vecto 1t = (A; B; C) la mot vecto phdp tuyén ciia mdit
phing ().

e Cho mat phing (o) cé phuong trinh Az + By + Cz + D = 0.
Khi doé: Ny (1‘0; Yo, Zo) € (Oé) & Axg + Byo +Cz+ D =0.

2.2 Lap phuong trinh téng quat ctia mit phing khi biét mot sd diéu
kién
e Lap phuong trinh tong quéat ciia mit phang di qua diém va biét vecto phép
tuyén.
Trong khong gian Ozyz, phuong trinh tong quat ctia mit phing di qua diém
Mo (z0; yo; 20) va ¢6 vecto phap tuyén 7 = (A; B; C) 1a

A —) + By —yo) +C(2—2) =0
hay Axr+ By+Cz+ D =0v6i D = —Axy — Byy — Cz.

e Lap phuong trinh téng quat ctia mat phing di qua diém va biét cap vecto chi
phuong.
Dé lap phuong trinh tong quat ctia mat phang (a) di qua diém My (2o; yo; 20)
va, c6 cap vecto chi phuong a; _b), ta thyc hién nhu sau

— Budc 1: Tim mot vecto phap tuyén 7 = [E’; T;}

— Buéc 2: Viét phuong trinh mit phang («) di qua diém M, (70; yo; 20) V&

c6 vectd phap tuyén 7.
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2.3 Phuong trinh mat phing qua 3 diém khong thing hang

e Lap phuong trinh tong quét ctia mit phang di qua ba diém khong thing hang.
Dé lap phuong trinh téng quat ctia mat phang (o) di qua ba diém A, B, C
khong thing hang, ta thuc hién nhu sau:

— Buéc 1: Tim cap vecto chi phuong AB , AC.
— Budc 2: Tim mot vecto phap tuyén 7 = [A—B), A—C)}
— Buéc 3: Viét phuong trinh mit phang () di qua diém A (hodc diém B
hoac diém C) va c6 vectd phap tuyén 7.
Nhan xét. — Mat phang () khong di qua goc toa do O wva lan higt cit
truc Ox tai A(a;0;0), cat truc Oy tai B(0;0;0), cat truc Oz tai C(0;0;c)

co phuong trinh ld§+%+§=1. vdia-b-c#0.

— Phuong trinh trén duoc goi la phuong trinh mdat phdng theo doan chdin.

3|

s\

3. Piéu kién dé hai mat phang song song, vudng géc

3.1 Diéu kién dé hai mit phang song song: Trong khong gian Ozyz, cho 2
mat phang (o) : Ayx + By + Ciz+ Dy = 0 va (aw) @ Aoz + Byy + Coz + Dy = 0
c6 vecto phap tuyén lan luot 1a 7y = (Ay; By; C1) , Mo = (Ag; By; Cy).

ﬁl == ]{5%}2
Khi d6: (o) | (an) < { ,(k €R).

ﬁlzkﬁg
YA o(al)z(a2)<:>{ T (keR).

o (o) N(ay)) & 1y va 1y khong cung phuong.

7= GV: PHAM LE DUY ® Trang 501/661
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3.2 Diéu kién dé hai mit phang vudng géc  Trong khong gian Ozyz, cho 2
mat phang (o) : Ayx + Biy + Ciz+ Dy = 0 va (o) : Apx + Byy + Coz + Dy = 0
c6 vecto phap tuyén lan lugt 1a 7y = (Ay; By; C1), Mo = (Ag; By; Cy).

Khi d6: (o) L (o) € 71 - 7o = 0 < A1 Ay + By By + C1Cy = 0.

4. Khoang cich tir mét di€m dén mét mat phang

Dinh nghia 1. Trong khong gian Ozyz, cho diém M, (xo;y0;20) va mit phéang
(): Av+ By + Cz+ D = 0.
Khi d6 khoang cach tit diém M, dén mit phing («) dugc tinh

B |A$0+By0+CZ'0+D|
AMo0) = e

5. Cac mit phang dic biét

Céc mat phing dac biét

TINH CHAT MAT PHANG | PHUONG TRINH | HE SO DAC BIET

a di qua/chta goc O. a:Ar+ By+Cz=0 D=0
a song song/chia Ozx. a:By+Cz+D =0 A=0
a song song/chia Oy. a: Ar+Cz+D =0 B=0
a song song/chia Oz. a: Ar+By+ D =0 C=0

a song song/trung Oxy. a:Cz+ D=0 A=B=0

« song song/trung Oxz. a:By+D =0 A=C=0

a song song/trung Oyz. a:Az+D =0 B=C=0

B. CAC DANG BAI TAP

(3 Dang 14.1. Xéc dinh vecto phép tuyén ctia mat phéng

Mot mat phang c6 vo sd vécts phap tuyén va chiing ciing phuong véi nhau.

e Chang han 7 la vécto phap tuyén clia mat phang () thi k- 7, (k # 0) ciing
14 vécto phap tuyén ctia mat phang (o).

e Néu mit phang (P) c¢6 cap vécto chi phuong 1a @ va @y thi (P) c6 vécto

phép tuyén 1a 7 = [W1; Us).
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Vi du 1. Trong khong gian Oxyz, mit phang («) song song vdi gia ciia hai vecto @ =
(1;-2;3), b= (3;0;5). Tim vecto phap tuyén clia mit phiang (a).
Loi giai

Vi du 2. Trong khong gian Ozyz, cho mat phang (P): 2y + 2 + 3z — 1 = 0. Xac dinh
mot vectd phap tuyén clia mat phang (P)?
Loi giai

Vi du 3. Trong khong gian Oxyz, cho A(2;1;—-3), B(0;—2;5) va C(1;1;3). Tim toa do
vecto 7 ¢6 phuong vuong goc véi hai vecto AB va AC.
Loi gii
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(3 Dang 14.2. Phuong trinh mét phdng khi biét diém di qua va cdp véc-to
chi phuong

e Phuong trinh téng quat ctia mat phang (P) di qua diém M (xg; yo; 20) va 6
vécto phap tuyén 1a 7 = (A; B; C) c¢6 dang

Ax—29)+By—yo) +C(z2—20) =0= Az +By+Cz+ D =0.
Vé6i D = —A.Cl?o—Byo—OZQ.

e Néu mit phang (P) c6 cap vée-to chi phuong 14 @ 1; @, thi (P) ¢6 vée-to phap
tuyén la 7 = [U1; Ua).

3|

AV

Vi du 1. Trong khong gian Oxyz, viét phuong trinh tong quat ctia mat phang (P) di
qua diém M (2;1; —3) c6 véc-to phap tuyén la 7 = (3; —2;6).
Loi giai

Vi du 2. Trong khong gian Ozyz. Viét phuong trinh tdng quat ctia mat phang (P) di
qua diém M (2; —1;0) va c6 cap vécto chi phuong 1a @ = (2;1;3), b= (1;1;2).
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L&i giai

(D Dang 14.3. PTMP 1 diém kém diéu kién vudng géc véi méit phding khéc

Phuong phap. Trong khong gian Ozyz, viét phuong trinh mit phing (a)

7= GV: PHAM LE DUY ® Trang 505/661



Bi Trudng THPT Chu Vin An 0704.963.919

Loai Phuong phap

Qua  M(xo;v0;20) va L 2 mat|Tim cip vée-to 7 (p) va 7i(q).
(P): Ax + By + Cz + D = 0, | Véc-to phéap tuyén («) la:
(Q): Az +By+C'2+ D =0.

= [ M)

/é é\ . Mit phang («) qua diém M (zo; yo; 20)-
te

Hoac bai toan sé gap:
“Qua M (xo; yo; 20) va vudng géc véi giao
-- L - tuyén cia (P): Ax+By+Cz+D = 0

Z@Q / / 1 / ”
(Q): Alz+By+C'z+ D =0".
«

Loai Phuong phap

Qua diém A; B v vudng géc véi Tim cap vécto ABwa 7 = [A—B:;_?__z:(g)].
Vécto phap tuyén (o) 1a: 7 = [AB; 1 (s)].

(0): Ax+By+Cz+ D =0. Mit phing (a) qua diem A.

Vi du 1. Trong khong gian Oxyz, cho hai mit phang

(): 3z —2y+2247=0,
(B): bx —4y +32+1=0.

Phuong trinh mit phang di qua goc toa do O dong thai vuong géc véi ca(a) va (B)
1a?
Loi giai
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Vi du 2. Trong khong gian Ozyz, cho hai diém A(2;4;1), B(—1;1; 3) va mit phang
(P): x — 3y +2z—5 = 0. Lap phuong trinh mit phang (Q) di qua hai diém A,B va
vuong goc véi mit phang (P).

Loi giai

Vi du 3. Trong khong gian Owzyz, mit phang (P) di qua hai diém A(0;1;0),
B(2;3;1) va vudng goc v6i mat phang (Q): = + 2y — z = 0 c6 phuong trinh 1a?
Lai giai
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O Dang 14.4. Khodng cdch tir mét diém dén mot mét phéng

Phuong phap
Tinh khodng cach tit diém Mo (zo; yo; 20) dén mat phang (P): Az+By+Cz+D =0
nhu sau

Buédc 1: Tim My(zo; yo; 20) va viét phuong trinh mit phang
(P): Az +By+Cz+ D =0.

Buéc 2: Tinh khodng cach tit diém M, dén mit phéang (P): Ar+ By+Cz+D =0
theo cong thiic

_ |Axg + Byy + Cz + D|

- Er B

Lutu 2 d (Mo, (Oxy)) = \/(20) va d (M, Ox) = \/(40)* + (20)*.

Vi du 1. Cho hinh lap phuong ABCD.EFGH canh 1. Diém M dugc cho théa man
he thitc AM + AE = 3CD. Tinh khoang céch tit diém M dén mat phing (EBD).
Loi gii

d(Mo, (P))

Vi du 2.

Cho hinh ling tru tam giac déu ABC.DEF,
AB = 6, AD = 2. Goi M, N, P lan lugt la
trung diem DE, DF, BC. Lap hé truc toa do
Ozyz nhu hinh bén. Goi diém S théa man hé
thic SA + 258 + SC = 0. Tinh khoang cach
tit diem S dén mat phang (M NP).
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Lai giai

7= GV: PHAM LE DUY @ Trang 509/661



Bi Trudng THPT Chu Vin An 0704.963.919

C. LUYEN TAP

PHAN 1. Cau tréc nghiém nhidu phuong én Iua chon

Cau 1.
Cho hinh lap phuong ABC'D.A'B'C'D’. Vecto nao la vecto A o
phap tuyén ctia mat phang (ABCD)? b l c
/A“ ******* /B
D/ C
A. AC B. ACY C. AA D. AD’
Loi giai
Cau 2.
Cho hinh lap phuong ABC'D.A'B'C'D’. Vecto nao la vecto A o
phap tuyén ctia mat phang (ADD’A’)? I l c
g e SRR B
D/ C
A.CC. B. AD. C. BC'. D. AB.

Lai gidi
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Cau 3. Trong khong gian Oxyz, cho ba diém A(3;0;0), B(0;4;0), C(0;0;5). Toa do nao
sau day 1a toa do vecto chi phuong ctia mat phang (ABC)?

A. (3;4;5). B. (0;4;5). C. (=3;4;0). D. (=3;0;-5).
Lai giai

Cau 4. Trong khong gian Oxyz, cho ba diem A(3;2;1), B(—1;4;1), C(3;—2;5). Toa do
nao sau day la toa do vecto phap tuyén ctia mat phang (ABC)?

A. (1;1;1). B. (8;—16;16). C. (-1;2;-2). D. (1;4;4).
Loi giai
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Cau 5. Trong khong gian Oxzyz, cho mit phang (P) c6 phuong trinh —2z+42y—2—3 = 0.
Mit phang (P) c6 vecto phap tuyén la

A. (4;—4;2). B. (—2;2;-3). C. (—4;4;2). D. (0;0; —3).
Loi giai

Cau 6. Trong khong gian Oxyz, cho mit phang (P) c6 phuong trinh % + % + Z_1=o

2
Mit phang (P) c6 vecto phap tuyén la
A. (4;6;2). B. (2;3;1). C. (3;2;6). D. (3;2;1).
Loi giai

Cau 7. Trong khong gian Ozyz, cho mat phang (a): 2z — 3z +1 = 0. Vectd phéap tuyén
clia mat phang (a) la
A. Ty =(2;0;-3). B
C. 13 =(—2;0;-3). D.
Loi giai
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Cau 8. Trong khong gian Oxyz, mat phang (P): 2 +y+ 2z — 3 = 0 di qua diém nao dudi
day?

A. M(—-1;-1;-1). B. N(1;1;1). C. P(-3;0;0). D. Q(0;0; —3).
Loi giai

Cau 9. Trong khong gian Ozyz, mit phang (P): % +=+ g = 1 khong di qua diém nao
dudi day?

A. P(0;2;0). B. Q(0;0;3). C. M(1;2;3). D. N(1;0;0).
Loi gii

Cau 10. Trong khong gian Ozyz, mat phang nao sau day di qua gbc toa do?

7= GV: PHAM LE DUY ® Trang 513/661



Bi Trudng THPT Chu Vin An 0704.963.919

A.(P): z4+20=0. B. (Q): x—2024 =0.
C. (R): y+2025 = 0. D. (S): 2z + 5y — 8z = 0.
Loi giai

Oxy) di qua diém nao sau day?
A. M(1;2;0). B. N(3;2;-1). C. P(1;0;-3). D. Q(0;2; —5).
Loi gii

—~

Cau 11. Trong khong gian Ozyz, mat phing

Cau 12. Trong khong gian Oxyz, phuong trinh mat phang («) di qua diém A(2; —1;3)
va ¢6 vecto phap tuyén 7 = (2;3; —1) 1a

A (0): 20 +3y—2—2=0. B. (0): 20 +3y—2+2=0.

C.(a):2s —y+32—2=0. D. (a): 2z —y+32+2=0.
Loi giai
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Cau 13. Trong khong gian Ozyz, cho mit phang (P): 2o +y — 2z + 4 = 0. Mat phang
nao sau day vuong goéc véi (P)?
A 2x+y—224+5=0. B.z+2y+2z-5=0.
C.z+3y—z+1=0. D.z2+y+2-6=0.
Loi gidi

Cau 15. Trong khong gian Oxzyz, vecto nao sau day khong phéi 1a vecto phap tuyén
clia mat phang (P): z + 3y — 5z + 2 = 07?
A. W= (-1;-3;5). B. 7 = (2;6;—10).
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C. n = (—2;-6;-10). D. 7 = (—3;-9;15).
Loi giai

Cau 16. Trong khong gian Ozyz, vecto nao sau day la mot vecto phap tuyén ctia (P),
biét @ = (—1;—2; —2), b= (—1;0; —1) 1a cap vecto chi phuong ctia (P)?

A7 =(2;1;2). B. 7=(2-1;-2). C.7=(2:1;-2). D.7n=(-2;1;-2).
Loi giai

Cau 17. Trong khong gian Ozyz, phuong trinh mat phang di qua A(1; —1;2) va c6 vecto
phéap tuyén 7 = (4;2; —6) la
A.dx+2y—62+5=0. B.2x+y—-32+5=0.
C.2z4+y—-32+2=0. D.2z+y—-32-5=0.
Loi gidi
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Cau 18. Trong khong gian Oxyz, cho A(0; 1;1); B(1;2;3). Viét phuong trinh mat phang
(P) di qua A va vudng goc voi dusng thang AB.
A.(P):x+y+2:—-3=0. B.(P):z+y+22—6=0.
C.(P):ox+3y+42—-7=0. D. (P):z+3y+42z—26=0.
Loi giai

Cau 19. Trong khong gian Oxyz, cho hai diém A(2;4;1), B(—1;1;3) vA mit phang
(P): x — 3y + 2z — 5 = 0. Lap phuong trinh mat phing (Q) di qua hai diém A, B va
vuong goc véi mit phang (P).
A.2y+32—11=0. B. 2z — 3y — 11 =0.
C.x—3y+22—-5=0. D.3y+2z—-11=0.
Loi giai

Cau 20. Cho hai mat phang (a): 3z —2y+22z+7 =0, (8): bz —4y+3z+1 = 0. Phuong
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trinh mat phang di qua goc toa do O dong thai vuong goc véi ca (o) va (B) la
A 2z —y—22=0. B. 2z +y—-22=0.
C.2z—y+22=0. D.2x+y—22+1=0.

Loi giai

Cau 21. Trong khong gian Ozyz, cho ba diém A(3; —2; —2), B(3;2;0), C(0;2; 1). Phuong
trinh mat phing (ABC) 1a
A. 22z —-3y+6z+12=0. B. 22+ 3y —62—12=0.
C.2xr—-3y+6z2=0. D. 22 4 3y + 62+ 12 = 0.
Loi giai

Cau 22. Trong khong gian Ozyz, cho ba diém A(0;1;2), B(2;—2;1), C(—2;1;0). Khi
d6, phuong trinh mit phang (ABC) la ax +y — z +d = 0. Hay xac dinh a va d.

A.a=6,d=—-6. B.a=1,d=1. C.a=-1,d=—6. D.a=—6,d=6.
Lai giai
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Cau 23. Trong khong gian Ozyz, mat phang di qua diém A(1;3; —2) va song song véi
mit phang (P): 2z —y+32+4=01a

A 2z +y+324+7=0. B.2x+y—-32+7=0.

C. 2z —y+32+7=0. D.2z —y+32—-7=0.
Loi giai

Cau 24. Trong khong gian Ozyz, cho mat phang (P): 3z — 2y + 4z — 5 = 0 va diém
A(2;—1;-3). Mat phang (Q) di qua A va song song véi mat phang (P) c6 phuong
trinh

A.(Q):3z—2y+42—4=0. B. (Q): 3z —2y+4z+4=0.

C. (Q):3x—2y+42+5=0. D. (Q): 3z +2y +42+8=0.
Loi giai
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Cau 25. Trong khong gian Oxyz, cho A(1;2;3), B(3;4;4). Tim tat ca cac gia tri clia
tham s6 m sao cho khoang céch tit diém A dén mat phing 2z +y +mz — 1 = 0 bang do
dai doan thing AB.

A.m=2. B. m=-2 C. m=-3. D.m=+2.
Loi gii

7= GV: PHAM LE DUY ® Trang 520/661



Bi Trudng THPT Chu Vin An 0704.963.919

PHAN 2. Cau tréc nghiém ding sai

Cau 1. Trong khong gian Ozyz, cho mat phang (P): 2z + 3y + 2z — 2024 = 0. Khi d6
a) Mit phang (P) c6 mot vecto phap tuyén 1a 7 = (2;3;1).

: N 201945
b) Khoéng cach tit N(0;2; —1) t6i mat phang (P) bang \/_

c) Mit phang (Oyz) c¢6 vecto phap tuyén 1a 7y = (—4; —6; —2).
d) Diém M (0;0;2024) khong thuoc phang (P).

Lai gidi

Cau 2. Trong khong gian Oxyz, cho hai diem A(1;0;0), B(4;1;2). Khi d6
a) AB = (3;1;2).
b) Mit phang di qua A v vuong goc véi AB c6 phuong trinh 1a 3z +y + 22 — 3 = 0.

P 2 2 5 1
c) Néu I la trung diem doan thang AB thi [ (57 5 1).

d) Mit phang trung tric doan thing AB c6 phuong trinh 1a 3z +y + 22 — 12 = 0.
Loi giai
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Cau 3. Trong khong gian Oxyz, cho bén diem A(1;1;4), B(2;7;9), C(0;9;13), D(1;8; 10).
Khi do

a) AB=1+6] +5k.

b) AB L AC.

c) Phuong trinh mit phéng di qua diém B va vuong goc véi AC 1a z—8y—9z+14 = 0.

d) Phuong trinh mit phang chita AB song song véi CD la 8z — 7Ty — 13z + 50 = 0.
Loi giai

Cau 4. Trong khong gian Oxyz, cho ba diém A(1;1;4), B(2;7;9), C(0;9;13). Khi d6
a) AB = (1;6;5).
b) Mit phang (ABC) c¢6 mot vecto phap tuyén 1a 7 = (1; —1;1).
c) (ABC):z—y+2z—4=0.
d) O € (ABC).
Loi gii

Cau 5. Trong khong gian Ozyz, cho ba mit phang (P): x + 2y —2—1=0, (Q): 3z —
y+z—5=0va (R): 2z +4y —mz—2=0. Khi d6
a) (P) [ (Q).
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b) (a) qua O va song song (P) c¢6 phuong trinh 1a (a): z + 2y — 2z = 0.
c) (P) || (R) khi m = 2.
d) (P) L (R) khi m = —10.

Cau 6. Trong khong gian Oxyz, cho M (—2; —4; 3) va hai mat phang (P): 20—y +22z—3 =
0, (Q):2x —y+22z—6=0. Khido

a) d(M,(P))=2.

b) M cach déu hai mat phang (P) va (Q).

c) d((P),(Q)) =1.

d) Mit phang (a) song song véi (Q) va cach (Q) mot khodng bing 2 c¢6 phuong trinh

la (a): 20 —y+22—9=0.

Loi giai
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PHAN 3. Cau tréc nghiém & 1&i ngdn.

Cau 1. Cho diém A(1;2;—1) va mat phang (a): 2v — 2y + 2z — 7 = 0, Khodng cach tit
M dén mat phang (a) c6 dang % toi gidn; a;b € Z. Tinh T = 2a — b?
Loi giai

Cau 2. Cho diém A(1;2;—1) v& mat phang (a): x — 2y + 22 + 2 = 0. Mit phang (3)
song song v6i mit phang (a) va cach A mot khoang 1 ¢6 dang (a): o — by + cz +d = 0.
Khi d6 S =3b—c+d?

Loi gii

Cau 3. Trong khong gian Ozyz, diém M (a; b; 1) thudc mat phang (P): 22 —y+2—3 =
Tinh gia tri biéu thitc S = 2a — b.
Lai giai
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Cau 4. Trong khong gian Ozyz, cho phuong trinh mit phang (P) qua A(2;1;—3) va
song song véi mat phang (Q): z —y +2z—1 =0 c6 dang x — y + az + b = 0. Tinh gia
tri biéu thic S = a — b.

Loi giai

Cau 5. Trong gian Ozyz, cho ba diem A(2; —1;1), B(1;0;4), C(0; —2; —1). Mt phang
qua A v vuong goc véi duong thang BC' ¢ phuong trinh dang = + ay + bz + ¢ = 0. Tinh
gi4 tri bieu thic S =a+ b+ c.

Loi giai

Cau 6. Trong khong gian Oxyz, cho mat phang (P): ax + by + cz — 27 = 0 qua hai diém
A(3;2;1) va B(—3;5;2) va vuodng goc véi mat phang (Q): 3z +y + 2z +4 = 0. Tinh tong
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S=a+b+c.
Loi giai

Cau 7. Trong khong gian Oxyz, mit phang (P) di qua A(1;0;0); B(0;0;2) va cit tia
Oy tai diém C sao cho thé tich khéi chop OABC bing 2. Biét diem S(—1;6;m) thuoc
(P), thi m bang bao nhiéu?

Loi giai

Cau 8. Trong khong gian Ozyz, cho (a): z+2y—z—1=0va (8): 2e+4y—mz+2 = 0.
Tim m dé (a) va (3) song song véi nhau.
Loi gii
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Cau 9. Trong khong gian Ozyz, cho hai diém A(1;2;0), B(3;4; —2) va (P): z—y+z—4 =
0. Phuong trinh mat phang (Q) di qua hai diém A, B va vuoéng goéc v6i mit phang (P),
c6 dang (Q): ax+by+cz+2=0.Timh T =a+b+c.

Loi giai

Cau 10. Trong khong gian Oxyz, cho cac diém A(0;1;2), B(2; —2;1), C(—2;1;0), M(3;0;1).
Tinh khodng cach tit M dén mit phang (ABC), (két qua lam tron dén hang phan tram).
Loi gidi

Cau 11. Trong khong gian Ozyz, biét mit phang (P) song song v6i mat phang—7 va
cach diem A(2,—3,4) mot khoang bing 3. Tinh tich hai hé s6 tu do ctia phuong trinh
tong quat mit phang (P) (biét hoanh do clia vecto phap tuyén ctia (P) bing 1).

Loi giai
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Cau 12. Trong khong gian Oxyz, cho cac diem M (m;0;0), N(0;n;0), P(0;0;p) khong
trung véi goéc toa do va thdéa man m? +n? 4 p? = 3, m, n, p 1a cac s6 thuc duong. Tim gia
tri 16n nhat ctia khoang cach tit O dén mat phang (M N P). (Lam tron két qua dén hang
phan tram).

Loi giai

Cau 13. Trong khong gian Ozyz, cho diém A(1;1;2) va mat phang (P): (m— 1)z +y+
mz —1 =0, v6i m 1a tham s6. Tim m dé khoang cach tit diém A dén mat phang (P) lon
nhat.

Loi giai
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BAI 15.  PHUONG TRINH PUONG THANG TRONG
KHONG GIAN

A. LY THUYET

Pinh nghia 1. Phuong trinh duong thing

1. Vecto chi phuong ctia dudng thing:
Cho duong thang A va vecto @ khac 0. Vecto @ dugc goi it
1 vecto chi phuong clia duong thing A néu gia ciia ¥ song /

song hOéC trflng v6i A. /
M,

Hinh 1
Nhan xét:
e Mot duong théng hoan toan dude xéc dinh khi biét mot diém ma no di qua va
mot vecto chi phuong ciia né.
e Néu 7 la mot vecto chi phuong ctia duong thang thi k- u (k # 0) cling 1a mot

vecto chi phuong ctia duong thang do.

2. Phuong trinh tham s6 clia dudng thang:
Trong khong gian Oxyz, phuong trinh tham s6 ctia dudng thiang A qua diém
M (o; 9o; 20) va nhan @ = (a; b; ¢) 1am vecto chi phuong c6 dang:

T =x9+at

Yy =yo + bt

z = zy+ ct.
V6i t € R (t duge goi 1a tham s6 va a? + b? + ¢* # 0).

3. Phuong trinh chinh tic ctia dudng théng:
Trong khong gian Oxyz, phuong trinh chinh tic ctia dusng thing A qua diém
M (0;90; 20) va nhan @ = (a;b; ¢) 1am vecto chi phuong c6 dang:

T—To Y—Y 22— %0
a b c

Vé6i (a-b-c#0).
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4. Phuong trinh duong théng qua hai diém cho truée
Trong khong gian Oxyz, cho dudng thang A di qua hai diém A(x4;ya; 24), B(2;yB; 25)
va nhan Zg = (g — xA;YB — Ya; 2B — 24) lam vecto chi phuong c6:
e Phuong trinh tham s6:
r=x4+ (xp —xa)t
y=ya+ (s —yat
z=2za+ (2 — za)t.
Véi t € R.
e Phuong trinh chinh tic:

r—Ta  Y—Ya  Z—zA

T —TA YB —Ya ZB — ZA

Véi (zp # T4,YB # Ya, 2B # 24).
Dinh nghia 2. Vi tri tuong ddi hai dudng thang. Diéu kién dé hai duong thang vuong goc

1. Sy cling phuong-Su dong phéng
Trong khong gian Oxyz.

e Hai vecto duge goi la cung phuong khi gia cia ching cung song song véi mot
dudng thang.
e Ba vecto dugc goi la dong phing khi gia ciia ching cliing song song véi mot

mit phang.

Trong khong gian Oxyz, cho ba vects @ = (ai;as;as), b= (b1;b9;b3) va € =
(c1;¢2;¢3).

—

o Hai @, b cung phuong < [@, _)] =0.

a
e Hai @, b kh

—>

ng ciing phuong < (@, Z)] # 0.

O

, ¢ dong phang < [@, Z] - =0.

=

e Ba vecto @,
N
a

e Bavecto @, b, ¢ khong dong phing < [@, 3] - C#£0.

2. Vi trf tuong déi gitta hai duong thing:
Trong khong gian Ozyz, cho hai dudng thang A;, A, lan luot di qua cac diém
My, My va tuong tng c6 U1 = (ay;b1;¢1); Ua = (ag;bo; c2) 1a hai vecto chi phuong.
Khi do, ta co:

1, Uy cling phuong (@1, Wa] = 0
o Al = AQ <~ N R 54 Ly —
w1, My M; cung phuong [Ul,MlMQ] =0.
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N
w1, U cung phuong U1, U ciing phuong] = 0
—
U

® Al || AQ =4 -
4, My M, khong cting phuong

——

1, U2 khong ctuing phuong [717 M, M,
= N
Tl,)g, MlMQ d@ng phéng [Ul, 1_[2} . M1M2 7£ 0.

oAlcétAQ@{

S

1

° Al va AQ chéo nhau < [1_11)1, 1_11)2] - MM, # 0.

3. Vi tri tuong doéi giita hai dudng thang
Trong khong gian Ozyz, cho hai duong thing A;, A, lan lugt di qua céc diém
My, My va tuong tng c¢6 U1 = (ay;bi;c1); Us = (az; bo;cz) 1 hai vecto chi phuong.
Khi dé, ta cé:

U1, Uy cling phuong (U1, Wo] = [i]
[ ] Al = AQ = - > = s > —
w1, M1 Ms cung phuong [ul,MlMQ =0
1, Uy cing phuong UL, Wa] =0
0A1||A2<=> _}1 ? R = [_)_>] —
uy, M1 Ms khong cung phuong [Ul,MlMQ] 0.

1

[\

) o khong cling phuon
.A1CétA2<:>{ N s s g@{[
U

s
Uy, Ua, My M, dong phang

e A; va A, chéo nhau & (W1, Us] - M1 M, # 0.
/N DéE zét vi tri twong doi gitta hai duong thang. Trong khong gian Oxyz, hai
duong thing Ay, Ay tuong ing c6 U1 = (ay;bi;cy) va Wy = (ag;by; o) la hai vecto
chi phuong va c¢é phuong trinh tham so:

r=x1+a-t T =Ty + a1y
A1: y:y1+bl't1 (tleR), AQZ y:y2+b2't2 (tQER)

2221+Cl't1 Z:ZQ+CQ‘t2

r1+ay -ty =22+ as -t

Xét hé phuong trinh hai an ti,ty: L y14+by-t1 =ys+ by -ty . (¥)

21+01't1222+62't2
Khi do:

AL = Ay & Uy cung phuong vdi Uy va hé (*) vo nghiém.

Ay || Ay & He (¥)c6 vo s6 nghiém.

Ay cat Ay & Heé (*) ¢6 nghiém duy nhat.

Ay va Ay chéo nhau < Uy khong cing phiuong vdi Uy va hé (*) vo nghiém.
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4. Diéu kien dé hai duong thing vuong goc

Trong khong gian Ozyz, cho hai duong thang Ay, A, tuong tng c6 w1 = (a1;b1;¢p)
va Uy = (ag; bo; c2) 1a hai vecto chi phuong. Khi do, ta co:

AlLAQ@ﬂHJ_T[Q@Ul'TL)Q:O@alaQ—i‘ble—i—ClCQ:O.

B. CAC DANG BAI TAP

(9 Dang 15.1. Xdc dinh vecto chi phuong clia dudng théng

e Trong khong gian Oxyz, vecto @ = (a;b;c) # 0 la vectd chi phuong cua
dudng thing A thi vecto m = k- ¥ ciing 1a vecto chi phuong ctia duong thing
A.

r=2x9+ at
e Phuong trinh tham s6 A:

y=1yo+ bt (t € R) c6 vecto chi phuong @

z2=2zy+ct
(a;b;c) (he sb trudc t).

. r — T — z — 2z
e Phuong trinh chinh tac A: 0 _ Y~ %

= 0 ¢6 vecto chi phuong
) § a b c
u = (a;b;c) (hé s6 6 mau).

Nhan xét. o Vi phuong trinh tham so lay ding thit tu hé so trude tham so t.

o VGi phuong trinh chinh tdc lay hé s6 dudi mau.

o Néu gid thiét chua ding cau tric, ta phdi sdp zép lai 101 mdi lay hé so.

Vi du 1. Trong khong gian Ozyz, xac dinh mot vecto chi phuong ciia duong thang dudi
day

r=2-—1

a) d: cy=1+2t
z=3+1.
r—1 y—2 =z+41

b) d

) 2 1 2
r—1 y—-1 2-z

d

c) 2 2 1
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(D Dang 15.2. Pudng thdng qua diém va cé sén vecto chi phuong

Loai Phuong phap

r=2x9+at

Phuong trinh < y = yo + bt

z = zp + ct.
Qua M, c6 vecto chi phuong | hoac
- r—x — z2—2
a = (a;b;c). 0o_Y=% _ 0 néu a,b,c# 0.

a b
Nhan xét: Phuong trinh tim duge khong nam trong

cac phuong an, ta co thé thay toa do diem ma

dudng thing di qua dé kiém tra.

Vi du 1. Trong khong gian Ozyz, viét phuong trinh tham sé va phuong trinh chinh tac
ctia dudng thing di qua diém

a) M(2;0;—1) va c6 vecto chi phuong @ = (2; —3;1).

b) N(1;0;—2) va c6 vecto chi phuong u = (2;3;1).
Loi giai
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Vi du 2. Trong khong gian Owyz, viét phuong trinh tham s6 ctia duong thang d qua
diém bat ky thudc d va cé vecto chi phuong tuong ting. Biét duong théng d

a) Di qua diém A(1;1;2) va c6 vecto chi phuong b= (1;2; -3).
b) Di qua diém C(3;2;1) va c¢6 vecto chi phuong © = (1;2;3).

L&i giai

(D Dang 15.3. Pudng théng qua hai diém

Loai Phuong phap

Chon A hoic B la diém ma A di qua.

Nhéan AB 1am vecto chi phuong = @ = AB.

Qua hai diém A va B. | Luu y: Phuong trinh tim dugc khong ndm trong cac

phuong an, ta cé thé thay toa do diém ma

duong thang di qua dé kiém tra.

Vi du 1. Trong khong gian Oxyz, viét phuong trinh chinh tic clia dudng thang
a) Di qua goc toa do va H(1;4; —2).
b) Di qua hai diém M(2;0; —1) va N(2;-3;1).

Loi giai
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Vi du 2. Trong khong gian Oxyz, cho AABC ¢6 A(—1;3;2), B(2;0;5), C'(0; —2;1). Viét
phuong trinh dudng trung tuyén AM ctia AABC.
Loi giai

(D Dang 15.4. Pudng théng Ia giao tuyén cla hai mét phéing

Trong khong gian Ozyz, viét phuong trinh dudng thang A la giao tuyén ctia hai
mit phang (a): Az + By+Cz+ D =0va (8): Az + By+C'z+ D' =0, ta thuc

hién cac buée sau

e Buéc 1. Cho 1 trong 3 an z, y, z bing 0 dé tim 2 an con lai

By+Cz+D=0 y =7
r=0= & = M(0;7;77).
By+C'z2+D =0 z =77

e Budc 2. Vecto chi phuong 70 - U = [ 4; 7).

Vi du 1. Trong khong gian Oxyz, cho hai mat phang (P): 2v4+y — 2z — 1 =0,
(Q): v — 2y + z — 5 = 0. Giao tuyén hai mat phéng (P) va (Q) c¢6 mot vecto chi phuong

la
Lai giai
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Goi d = (P)N(Q).

Khi d6 mot vecto chi phuong ctia d 1a 7 - @ = [ p, Tg] = (—1; —3; —5).

Vay 7 - ¥ = (1;3;5) ciing 1a mot vecto chi phuong cta d.

Vi du 2. Trong khong gian Oxyz, cho hai mat phang (a): 22 +y — 2 +3 =0 va

(B): z+y+ 2z —1 = 0. Phuong trinh chinh tic dudng thang A la giao tuyén ctia hai mit
phing (a) va (3) la

L&i giai
Mo =(2:1;—1
Ta co ( )
s =(1;1;1)
= [a, Mgl = (2, =3;1) = 7 - Ua = [Ta, Tp] = (2 -3; 1).

Goi M = (o) N (), thi M € A va M théa

=0
2e+y—2+3=0 ,_
20y =—1= M(0;—1;2).
r+y+2z—1=0 5
z =

Duong thang A di qua M(0; —1;2) vi nhan @a = (2; —3;1) lam mot vecto chi phuong
y+1 z-2
-3 1
Vi du 3. Trong khong gian Ozyz, cho mat phang (P): z +y — 5z + 4 = 0 va dudng
g g @+l oyl 245

S R T
Xéc dinh phuong trinh giao tuyén d’' cia (Q) va (P).

. x
¢6 phuong trinh chinh tac la 5=

. Goi (Q) 1a mat phang chita d va vuong géc véi (P).

Loi giai

Goi duong thang d’ 1a hinh chiéu vuong géc clia dudng thang d trén (P).

Duong thing d di qua diém A(—1; —1; —5) va c6 U4 = (2;1;6).

(P) c6 vecto phap tuyén 7 p = (1;1; —5).

(Q) chita d va vuong goc véi (P) = (P)N(Q) =d'.

Vecto phép tuyén cia (Q) 1a 7o = [ p, W4 = (11;—16; —1).

Phuong trinh ciia mat phang (Q) 1a 11z — 16y — z — 10 = 0.

Do (P)N(Q) = d nén VTCP ciia duong thang d' 1A%y = [ g, 71 p] = —27(3;2;1).
= d' ¢6 vecto chi phuong 1a v = (3;2;1).

r4+y—>5z+4=0
Goi I =d N (P), khi d6 toa do I la nghiem ctiahe § » 11 411 »45

2 1 6

Giéi he ta dugce (z;y;2) = (1;0; 1).
r=1+3t
Dodo d: < y=2t , suy ra duong thang d’ di qua diém P(4;2;2).
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[ Dang 15.5. Pudng théng 1a dudng théng vuéng géc chung cta hai
dudng théng

Trong khong gian Ozyz, viét phuong trinh duong thing A la dusng vuong goc
chung cua d; va dy ta thic hién cac buée sau
M e d;

= MN(?) (toa do theo t; k).
N € d,

e Buéc 1. Goi {

e Buéc 2. M N la duong vudong goc chung

Uy MN =0 k=77 N(7).
M
, qua
e Budc 3. Khi d6 duong thang A: N
Ua=DMN.

r=1+2t r=1+s

Vi du 1. Trong khong gian Oxyz, cho dusng thang d;: { y =2+t Vady: {y=2+3s
z=—2+5t z=1+3s.

Viét phuong trinh duong vuong géc chung ctia hai duong thang d;, ds.

Loi giai

Goi A 1a dudng vuong goc chung ciia hai dudng thang d;; ds.

Duong thang d; c6 VICP 1a @, = (2;1;5); dy c6 VICP la @5 = (1;1;3).

Goi A=ANd = A1 +2t;2+t,-24+5t); B=ANdy, = B(l+5;2+ s;1+ 3s).

AB = (s —2t;s —t;34 3s — 5t).

AB-u; =0 2(s—2t)+s—t+5(3+3s—5t) =0
Ta co &

AB w3 =0 |s—2t+s—t+33+3s—5t)=0
185 — 30t = —15 s=10
= == 1-
11s — 18t = —9 t=3

- 11
Suy ra B(1;2;1) va AB = (—1; —5 5)
r=1-2t
Phuong trinh dudng thang di qua B va ¢6 VICP @ = (—2;-1;1) lacy =2 — ¢t

Y

z=1+t¢.
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C. LUYEN TAP

PHAN 1. Cau tréc nghiém nhidu phuong én Iua chon

Cau 1. Cho duong thang A c6 mot vecto chi phuong 1a @ = (2; —4; —6). Vectd nao sau
day khong phai 1a vecto chi phuong cia A?
AWy =(1;-2;-3). B.
C. U3 = (—2;—4;6). D.
Loi giai

. -1 2 -1
Cau 2. Cho duong thang A c6 phuong trinh * yre_z

la vecto chi phuong cua A?
A7 =(-1;2;-1). B. W
C. U3 =(-3;2;-4). D. u

Loi giai

r=3—1t

Cau 3. Cho duong thang A c6 phuong trinh { y = —1 (¢ € R). Vecto nao sau day la

z =3t
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vecto chi phuong cua A?
A0y =(3;-1;3). B
C. U3z =(-1;-1;3). D.

Loi giai

Cau 4. Cho dudng thang A vuong géc véi mat phang (Ozy). Vecto nao sau day 1a vecto
chi phuong ciia A?

A. 7 =(1;0,0). B.j=(0:;1;0. C.%k=(001). D.%=(110).
Loi giai

Cau 5. Trong khong gian Oxyz, phuong trinh chinh tic ciia dudng thang AB véi A(1;1;2)
va B(—4;3;-2) la

A.$+4:y—3:z+2' B.x—lzy—lzz—Q'
1 -2 -2 1 -2 -2

C.w+1:y—|—1:z+2‘ D.x+4:y—3:z+2.
-5 2 —4 -5 2 —4

Lai gidi
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Cau 6. Trong khong gian Ozyz, phuong trinh tham sé ctia duong thing di qua diém
A(2;0; —1) v vudng géc véi mat phiang (P): 22 —y +2+3 =0 la

(2 =2+2t (=242t
A.Qy=—t (t € R). B.{y=-1 (teR).
lz=—1+1 lz=1—1
(2 =242t (2 =242t
C.qy=-1 (teR). D.{y=—t (t€R).
(2= -1+t lz=1—1

Lai gidi

Cau 7. Trong khong gian Ozyz, dudng thang di qua hai diém A(1; —3;5), B(2; —1;7) ¢6
phuong trinh chinh tic la

r—1 y+3 z-7 r—1 y+3 2-5
A. - — . B, = = .
Y A s P
C..x_ :y—l— _ ) D.x+ _¥= :Z+ )
-1 -2 -2 1 2 -2

Lai giai
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. -1
Cau 8. Trong khong gian Ozyz, cho duong thang A c6 phuong trinh z 5 = =

=T .., .
, diem nao dudi day thuoc duong thiang A?

A. M(1;-3;5). B. N(2;-1;7). C. P(1;-3;7). D. Q(3;-5;7).
Loi giai

r=3—1
Cau 9. Trong khong gian Oxyz, cho duong thang A c6 phuong trinh { y = 1 + 3¢ , diém
z =2
nao dudi day thuoc dusng thang A?
A. M(3;1;2). B. N(3;1;0). C. P(—1;3;2). D. Q(—1;-3;0).
Loi giai
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Cau 10. Trong khong gian Ozyz, dudsng thing nao dudi day di qua diém A(3; —3;2)

A.x—3:y+3:z—l—2' B.x+3:y—3:z+2‘
Ly 33 .%o Tl s
c. iz _¥ts_ 272 p frl_Y=9_zto
—1 -3 2 3 -3 2

Lai giai

A. M(3;1;-2). B. N(5;1;2). C. P(—1;-1;6). D. Q(2;0;4).
Loi giai
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PHAN 2. Cau tréc nghiém ding sai

r=1
; —1
Cau 1. Trong khong gian Oxyz, cho cac dudng thang Ay: ¢y =2 —3t (t € R), Ay: < 5 =
z=3+4
3 2
%: G va mat phang (P): z+3y —2z+1=0.

a) Vecto chi phuong ciia dudng thang Ay 1a @ = (1; —3;4).
b) Duong thang d; vuong goc véi (P) c6 vecto chi phuong 1a @ = (1;3; —2).
c) Duong thing dy vuong goc véi A, va song song véi mat phang (Ozy) ¢ vecto chi
phuong 1a @y = (3;—3;2).
d) Duong thang ds qua A(1;—1;2), cat va vuong géc véi truc Oz c6 vects chi phuong
la W3 = (—1;-1;0).
Lo giai
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PHAN 3. Cau tréc nghiém & 1&i ngdn.

2 2 - 2
Cau 1. Trong khong gian Ozyz, cho diem A(0;2; —4) va hai duong thang dj : ‘ T =
- 1 1 7z 5 2 2
y—l _Z —; . Goi H la hinh chiéu ctia A trén duong thang d;. Duong thang AH c¢6 mot
vecto chi phuong 1a ¥ = (a;b; ¢) v6i a, b, ¢ € Z. Khi d6 2a — b + ¢ bing

Lai gidi

Cau 2. Trong khong gian Ozyz, cho diém A(2; —3;5) c¢6 hinh chiéu vuong goc trén cic
truc Oz, Oy, Oz 1a B, C, D. Goi H 1a tryc tam tam gidc BCD. Phuong trinh chinh tic
ctia duong thing OH cé dang g = ib = ic Khi d6 a + b + ¢ bang

Loi giai

) 1
Cau 3. Trong khong gian Ozyz, cho dudng thang d: g = il = Z—;
(a): z—2y—22z+5 = 0. Diém A(a;b; c) c6 hoanh do duong thudc dudng thang d sao cho

khoang cach tit A dén («) bang 3. Tinh tdng a + b — c.

va mat phang

Lai gidi
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r =2t
~ ~ ) N ) x y+1 =z
Cau 4. Trong khong gian Oxyz cho hai duong thang d; : =3 =% dy: Sy =
z=1—1

Goi ¢ la géc giita hai duong thang d;, do. Gia tri cosp c6 dang %E. Tinh gia tri biéu
thic P =b— 3a + c.
Loi giai

Cau 5. Trong khong gian Oxyz cho tam giac ABC ¢6 A(1;2;—1), B(2;—1;3), C(—4;7;5).
Toa d6 chan dudng phan giac goc ABC ctia tam giac ABC 1a I (a; b; ¢). Tinh tong a-+b+c.
Loi giai
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BAl 10. CONG THUC TINH GOC TRONG KHONG

GIAN

A. LY THUYET

a)

Géc gitta hai duong thing

Trong khong gian Ozyz, cho hai duong thang A;, A, d
tuong ting c¢6 u; = (ay;b1;c1) va Uz = (ag;by; co) 12 hai
vectd chi phuong. Khi do, ta ¢6 s
cos (A1, Ay) = |cos(Uy- Us)] A =
Uy us] laras + bibs + 1o
[ R+ R+ E T
!

Géc gitta duong thing véi mat phing

Trong khong gian Owxyz, cho duong thing A c6 vectd chi

n A
phuong @ = (a;b; c) va mit phang (P) c6 vecto phap tuyén I>/H
n = (A; B; C). Khi d6, ta co: .

7 A
sin (A, (P)) = Jcos(W-7)]| /A#;/

7 -7 laA 4+ bB + C|
|- |7

7 :\/a2+b2+02-\/A2+BZ+C'2.

Géc gitta hai mit phang

Trong khong gian Oxyz, cho hai mat phang (P;), (P3) ¢6 hai vecto Ay, Ay
phap tuyén lan lugt 1a 7, = (Ay; By;C1) va 1io = (Ag; By; Cs). R ny
Khi dé, ta cé: @ a
cos((P1), (P2)) = [cos(7y - 1)
[T T ><
|71 - 72|

|A1 Ay + B1By + C1Cy|
VAL B+ C? AL+ B3 +CF
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B. CAC DANG BAI TAP

(O Dang 16.1. Géc

Trong khong gian Oxyz,

e Hai duong thang A, A, tuong tng c6 @y = (a1;b1;c1) va Ua = (ag; by;ca) 12
hai vecto chi phuong. Khi do, ta c6
|1 - s

Ui+ Uy ]a1a2+b1b2+6102]

cos(A1, Ay) = |cos(U 1, Uo)| = 55— = .
(][] \fa?+ 02+ \Jad+ ]+ &

e Duodng thang A c6 vecto chi phuong @ = (a; b; ¢) va mit phang (P) c6 vecto
phap tuyén 7 = (4; B; C). Khi do, ta c6

|4 - | laA + bB + ¢C|
] - |

Sin(A (P)) = leos(, )| = ] = Ve p s e VET B IO

e Hai mat phang (P,), (P,) c6 hai vectd phap tuyén lan lugt 1a 7, = (Ay; By; Ch)
va Ty = (Ay; By; Cy). Khi do, ta c6

cos((Py), (P2)) = |cos(my, 72)|
Ty T

|71 - [7T2

_ |A1 Ay + B1 By + 105

A2+ B4\ JAI+ BI+CE

r=t x=1—4¢
Vi du 1. Trong khong gian Oxyz, cho hai duong thangdy: < y=5—2t vady: S y=2+1

2 =14 -3t z=—1+5t.
Tinh goc gitta hai dudng thing da cho.
Loi giai
Duong thang d; c6 mot VICP @, = (1;—2; —3).
Duong thang dy c6 mot VICP @y = (—4;1;5).

Ta co
U1 - s
cos(di,da) = S=
|| . [
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Vay (di, d») = 30°.

Vi du 2. Trong khong gian Oxyz, cho dudng thang A: e = va mat

phang (P): 2z +y+ 2z — 1 = 0. Tinh géc gita A va (P).

Loi giai
Duong thang A ¢6 mot VICP @ = (1;2; —1).

Mit phang (P) ¢6 mot VIPT 7 = (2;1;1).
v -7 1-242-14(-1)-1] 1

Ta ¢6 sin (A, (P)) = 55— = =—.
-l s v@r e 2

Vay (A, (P)) = 30°.

Vi du 3. Trong khong gian Oxyz, tinh géc giita hai mat phang (P): z+2y+2z+10 =0
va (Q): —x+y+22+13=0.

Loi giai
Mit phang (P) ¢6 mot VIPT 1a 7y = (1;2;1).
(

Mit phéng (Q) c6 mot VIPT la 7y = (—1;1;2).
1-(=1)+2-1+1-2| 1

1|7l VR 2+ (2t 2+22 2

— —
|n1 no

Ta ¢6 cos ((P), (Q)) =
) =

Vay ((P), (Q)) = 60°

(3 Dang 16.2. Vi tri twong déi clia hai dudng théng

T =g+ art
Trong khong gian Oxyz, cho hai dudng thang: d: { y = yo + ast, (t € R) c6 vecto
Z =29+ ast
T =xy+ ayt’
chi phuong @ = (a1;as;a3) va Mo(zo;yo; 20) € d; d': { y = yo + aht’ ¢6 vecto chi
z =z + ast’
phuong @’ = (a}; ay; ay). Khi do

—>

o d||d < @, d cung phuong va My ¢ d'.

—>

e dtring d' < @, @' cung phuong M, € d'.
To + a1t = xgy + ayt’
e dNd < he phuong trinh an ¢, < yo + ast =y, + abt’ c6 ding mot nghiem.

20 + agt = 2 + agt’
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xo + art = xy + ayt’

e d va d' chéo nhau < @ va @’ khong cung phuong va < yo + ast = y) + ayt’

20 + azt = zy + ayt’
vo nghiém.

Vi du 1. Trong khong gian Ozyz, xét vi tri tuong déi clia cac cap dudsng thang sau

'mzl—i—t x=2+2
a) d: Sy=2t ,(teR)vad: y=3+4t, (t €R).
\z:?)—t z2=5—2t
(
x=1+2t
-1 2 1
b) d: <y:—1+3t,(t€R)vad’:x _ytre_z+ :
3 2 2
(2 =0+t
-1 1 -2 2
C) d:fzy—:zvad’ i :y :z+
1 —1 5 1 -2
Loi giai
r=1+1¢ x=2+2
a) d: Sy=2t ,(teR)vad: y=3+4t, (' €R).
z2=3—t z2=5—2t

Ta c6 cac vecto chi phuong ctia d va d’ lan lugt 1a @ = (1;2; —1) va @’ = (2;4; —2).
Vi @' =2d nén @ va @' cing phuong.

= d va d’' song song véi nhau hoac tring nhau.

Xét diem M (1;0;3) € d, tac6 M ¢ d' nén d || d'.

=142t

—1 2 1
b)d: dy——1+38t, (teR)ywad: L2 Yz _2H1

3 2 2

z=>5+t1
Ta ¢6 d va d’ lan lugt nhan @ = (2;3;1) va @’ = (3;2;2) 1a cic vecto chi phuong.
Vi @ va @’ khong cuing phuong nén d va d' cat nhau hodc chéo nhau.
d qua M(1;—2;—1), c6 VTCP @' = (3;2;2) nén c6 phuong trinh 1a

r=1+3t
d: Sy=-2+2t,(teR)
z=—1+2t
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3

t=—=

/ 5

14+2t=1+3t 9

Xét hé phuong trinh SO ==
—1+3t=-2+2t" 54+t=—-1+2t 5

=hé vo nghiém.

Vay hai dudng thing d va d’ chéo nhau.

r y—1 2z xr—1 y—2 242
a2V _Zaa. - - .
¢)dig =" =W 5 1 2

Ta c¢6 d di qua M(0;1;0) va c6 vecto chi phuong @ = (1; —1;2);
d di qua M'(1;2; —2) va c6 vecto chi phuong @’ = (5;1; —2).
Nén phuong trinh tham s6 ctia d va d’ lan lugt 1a

=t x=1+5t
d: y=1—tvad: Cy=2+1t

2 =2t 2 =22t
t=1+5t t—>5t"=1 p_ 2
Xét hé phuong trinh ¢ 1 —t =24+t & ¢ —t—-t'=1 & 31
I e ——
2t = -2 — 2t 2t + 2t = -2 =3
= hé c6 nghiem duy nhat.
Vay hai duong thang d va d’ cit nhau.
T =2t
. S Ty  z2=2 "
Vi du 2. Trong khong gian Ozyz, cho d;: 1=3= 3 va dy: ¢ y=—3—t. Ménh
z=0
dé nao sau day dung?
A. d, va dy dong phéang. B. d; cit va vuong goc véi ds.

C. d; vuong goc dy va khong cit nhau. D. d, song song véi d».
Loi giai
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Vi du 3.

Trong mot khu du lich, ngusi ta cho du
khéach trai nghiém thién nhién bang cach
du theo duong trugt zipline tir vi tri A
cao 15 m ctia thap 1 nay sang vi tri B cao
10 m cia thap 2 trong khung canh tuyét
dep xung quanh. Véi hé truc toa do Oxyz
cho trude (don vi: mét), toa do ctia A va
B lan lugt 1a (3;2,5; 15) va (21;27,5; 10).

a) Viét phuong trinh dudng thang chita dudng trugt zipline nay.

b) Xac dinh toa do ctia du khéch khi § do cao 12 mét.

L&i giai

Vi du 4.

Cau Cong Vang (The Golden Gate
Bridge) 6 My. Xét hé truc toa do Oxyz
v6i O la bé ctia chan cot tru tai méit nude,
truc Oz tring véi cot try, mat phang
(Oxy) la mat nuée va xem nhu truc Oy
cting phuong véi cau nhu hinh vé.

Day cap AD (xem nhu 14 mot doan thing) di qua dinh D thudc truc Oz va diém A

thudc mit phang (Oyz), trong d6 diém D la dinh cot tru cach mat nude 227 m, diem A

cach mit nuée 75 m va cach truc Oz 343 m. Gia st ta dung mot doan day néi diém N

tren day cap AD va diém M trén thanh cau, biét M cach mat nuée 75 m va M N song

song véi cot tru.

a) Tinh do dai M N, biét diém M céach truc Oz mot khoang bang 230 m.
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b) Ngudi ta cé thé ding doan day dai 100 m dé néi day cap AD véi thanh cau tai vi
trf diem M céach truc Oz mot khoang bing 148 m khong? Vi sao?

(nguon dnh: https://www.goldengate.org/assets/1,/6/ggb-exhibit-chapter-statistics. pdf ).
Lo giai
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C. LUYEN TAP

PHAN 1. Cau tréc nghiém nhidu phuong én Iua chon

r=95—-2t
Cau 1. Trong khong gian Oxyz, cho hai dudng thing A;: {y=5+3t va

z =2t
AVE a I L_ y_+23 - ; 6. Goéc gifta hai duong thang A, va A, bing
A. 30°. B. 90°. C. 60°. D. 45°.
Loi giai
Cau 2. Trong khong gian Ozyz, cho hai dudng thang d; : ? ; ! = % = Z__;Z, dy: :p_+22 =
y_;ll = g Xét vi trf tuong doi clia hai duong thang da cho.
A. Chéo nhau. B. Trung nhau. C. Song song. D. Cat nhau.

Lai giai

7= GV: PHAM LE DUY ® Trang 554/661



Bi Trudng THPT Chu Vin An 0704.963.919

Cau 3. Trén mot phan mém da thiét ké san khau 3D trong khong gian Oa:yz Tinh
cosin clia goc tao bdi hai tia sang c6 phuong trinh lan lugt 1a d: g = % = —1 va
r—1 y—-1 =z-1
3.3 9
A L B. 0 C.1 D L
-t . 0. . 1. et
Loi giai

in

Cau 4. Trong khong gian Ozyz, cho diem M (1;2;3). Goi My, Ms lan lugt 1 hinh chiéu
vuong goc cua M lén cac truc Oz, Oy. Vecto nao dudi day la mot vécto chi phuong cia
duong thang M; M,?

A. 7, =(-1;2,0). B. @, =(0;2;0). C. Uy = (1;2;0). D. @3 = (1;0;0).
Loi giai

Cau 5. Trong khong gian Oxyz, toa do nao sau day la toa do cia mot vécto chi phuong
r=2+4t

ctia duong thang A: {y=1—6t,(t € R)?
z =9t

1 -1 3 113
A. <§,7,Z> B. (5,571> C. (2,1,0) D. (4, —6,0)
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L&i giai

z y+1 z-1

Cau 6. Trong khong gian Ozyz, tinh géc giita hai dudng thang d; : 1= 1 -3
i dy: r+1 Yy z—3.
-1 1 1
A. 45° B. 30°. C. 60°. D. 90°.

L&i giai

Cau 7. Tinh cosin géc giita duong thing d v6i truc Oz biét
r+1 y—-1 =z-2

d: = .
5 1 1
A Y2 . Y6 c. V2 D. L.
G 3 3 6

L&i giai
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Cau 8. Trong khong gian Ozyz, cho dudng thang d: {y =2+t va mit phang

z=1
(P): 3x — 2y + 1 = 0. Goc gitta dudng thing d va mat phang (P) bing
A. 30°. B. 45°. C. 60°. D. 90°.
Loi giai
- o . 3 c—1_y+1 =z
Cau 9. Trong khong gian Oxyz, cho duong thang A: 7 =7 =3V méat phang

(a): z+y—2—2=0. Cosin clia goc tao bdi duong thang A va mat phang («) bang
A YT B Y5 c. V2 p. VIE
9 9 9 9
Loi giai

Cau 10. Trong khong gian Oxyz, cho hai mit phing (P): 22 —y—2—3=0va (Q): v —
z — 2 = 0. Goc giita hai mat phang (P) va (Q) bing
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A. 30°. B. 45°. C. 60°. D. 90°.
Lai giai

Cau 11. Trong khong gian Ozyz, cho ba diém M (1;0;0), N(0;1;0) va P(0;0;1). Cosin
clia goc gitta mat phang (M N P) va mat phang (Ozy) bing
1 1 2 1
A, —. B. —. C. —. D. -.
V3 V5 V5 3
Lai giai

Cau 12.
Cho hinh chép tit giac déu S.ABCD c6 canh day
bing av/2, chidu cao bing 2a va O la tam cia day.
Bang cach thiét lap hé truc toa do Oxyz nhu hinh vé
bén, khoang cach tit diém C' dén mat phang (SAB)
bang

2a 2a 4a 4a

A, —. B.—. C.—. D.—.
3 V1T V17 3

Lai giai
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Cau 13. Cho hinh chép S.ABCD c6 day ABCD la hinh chit nhat va SA L (ABCD)
Cho biét AB = 2a, AD = 3a va SA = 2a. Cosin ctia goc tao béi hai dudng thing SC va
BD bang

. B. c. . D. -
221 221 221 221

Cau 14. Trong khong gian Ozyz, v6i mat phang (Oxy) 1a mat dat, mot may bay cat
canh tur vi tri A(0;10;0) v6i van téc ¥ = (150;150;40). Tinh gbc nang ctia may bay (gdc
gitia hudng chuyén dong bay lén cia mdy bay vdi duong bang, don vi do va lam tron két
qud dén hang don vi).

A. 10°. B. 12°. C. 11°. D. 9°.
Loi giai
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PHAN 2. Cau tréc nghiém ding sai

T+ 2 y—1 z+3

Cau 1. Trong khong gian Ozyz, cho hai duong thing d: T = 5 = g

r=—-1+1
dy: {y=3-+t vamait phing (P): 22 +2y+2—3 = 0.

z=2-mt
a) Khi m =0, 6 do goc gitta hai dudsng thang d; va d, bang 135°.

b) cos(dy, Ox) = —%.

c) Dudng thing A di qua gbc toa do O va vudng goc véi (P) tao v6i duong thang d,
4

mot goc a c6 cosa = —.

9
d) Khim = 2, a, bez, % la phan s6 t6i gidn, s6 do goc giita hai duong thing d; va

dy bang 90°. Gia tri biéu thic a® + b? = 13.
Loi giai

Cau 2. Trong khong gian Ozyz, cho dudng thang A: —il =5 =
(P): z+ 2y — 2z + 2025 = 0.
a) So do goc giita hai dudng thing A va (P) bang 90°.
b) Biét hinh chiéu ctia O lén (P) 1a H(3; —1;2), a la s6 do goc gifta (P) va duong thang
A, cosa = 7R
c) Duong thang d; 1 giao tuyén ctia (P) va (Ozy). Goi § 1a géc giita d; va mit phéng
(Ox2). Khi d6 8 > 30°.
d) Duong thing dy vuong goc véi (P) tao véi (Q): 31U6~|— my — 3 = 0 mot goc 30°. Khi

dé tong tat ca cac gia tri ctia tham sé m bing -
Loi giai
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Cau 3. Trong khong gian Oxyz, cho hinh chép S.ABC c¢6 ba diém S(0;0;3), A(0;0;0),
B(1;0;0), C(0;2;0) va mit phang (P): 2 +y+2z—3 = 0.
a) Cosin goc gifta hai mat phang (SAB) va mat phang (ABC) bang 0.

2 2 N 2
b) Cosin géc gitta hai mét phang (SBC) va mat phang (ABC) bang =

10v/3

c) Cosin goc gifta hai mat phang (SBC) va mit phang (P) biang
d) Goc giita hai mat phang (SAC) va mat phang (ABC) bang 90°.
Loi gii

r=—-3+2t
~ ~ . . N 2 ’ x+4
Cau 4. Trong khong gian Ozyz, cho hai duong thang d: cy=1—-t vad 5 =
z=—14+4t
y+2 z—-4 r—2 y—2 z-1
—— = — (Q): = = :
2 -1 -3 —2 1

a) Hai dudng thang d va d’ vuong goc véi nhau.

b) Hai duong thang d va d’ cit nhau tai diem c6 toa do (—1;0;3).
c) Hai duong thang d’ va (A) song song hodc triing nhau.

d) Hai duong thang d’ va (A) tring nhau.

Lai giai
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Cau 5. Trong khong gian Oxzyz, hai may bay cuing xuat phat ti hai phi truong, trén
man hinh rada ctia tram diéu khién (véi don vi trén ba truc chinh theo don vi km), sau
khi xuat phat ¢ gio (¢ > 0), vi tri ciia may bay s6 mot duge xac dinh bdi cong thiic
r=20+2t
y =20+t , vitri may bay s6 hai c6 toa do la (30 + ¢/;20 +t; —10 — t').

z=-—10—1¢

5v/2

a) Cosin goc gitta hai may bay s6 mot va may bay s6 hai 1a o

b) Sau 10 gid ké tit thoi diém bay hai may bay gan nhau nhat.

¢) Néu may bay s6 mot van 6 phi truong (ding ¢ vi tri ban dau) thi vi trf toa do cla
may bay la (20;20; —10).

d) Sau 5 gio thi vi trf toa do may bay s6 2 trong khong gian 1a (35; 25; —10).

Lai gidi

Cau 6. Trong khong gian v6i hé toa do Ozyz, mot cabin cap treo xuat phat tit diém
A(10;3;0) va chuyén dong déu theo dudng cap c6 véc-to chi phuong 1a @ = (2; —2;1) v6i
toc do 1a 4,5 m/s (don vi trén mdi truc toa do 1a mét) (Hinh béen dudi).
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<
=l

r=104 2t
a) Phuong trinh tham s6 ctia duong cap la ¢ y =3 -2t ,t € R.
z=1
b) Gia sit sau thoi gian ¢ giay ké tir lic xuat phat (¢t > 0), cabin dén diém M. Khi d6
toa do diém M 1a M <3t +10; =3t + 3; %)

c) Cabin dimng & diém B ¢6 hoanh do x5 = 550. Khi d6 AB = 800 m.
d) Duong cdp AB tao v6i mat phang (Oxy) géc 30°.
Loi giai
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PHAN 3. Cau tréc nghiém & 1&i ngdn.

r=1+2t
Cau 1. Trong khong gian Ozyz, cho dudng thang A: {y =2+t va (P): —x+2y+
z2=—-2—-1
22+ 5 = 0. Goi d la dudng thang di qua diém A (—1;0; —1) cit dudng thang A va tao
v6i mat phang (P) mot géc nhé nhat. Gia si, vects chi phuong ciia dudng thang d la
Uq = (a;b;c). Tinh téng a + 2b — 3c.
Loi giai

Cau 2. Trong khong gian Oxyz, cho mat phang (P) : ax +by +cz—1 =0 v6i c < 0 di
qua 2 diem A (0;1;0), B (1;0;0) va tao v6i (Oyz) mot goc 60°. Tinh tong a+ b+ c. (Lam
tron dén hang phan tram).

Loi giai

Cau 3. Trong khong gian Ozyz, cho hai dudng thang dy: {y=—-4—1¢ va
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) —11 -5 . . N
* 5 = Y 1 : 5 Duong thang d di qua A (5;—3;5) cat dy, dp lan lugt &
. AB
B va C. Tinh ti s0 —.
va, inh ti 0 — =

dg:

Lai giai

Cau 4. Cho hinh chép S.ABCD c6 day 1a hinh thang vuong tai A va B, théa man diéu
kién, AB = BC = a, AD = 2a, SA vudng goc véi mat day (ABCD), SA = a. Goi M,
N lan lugt 13 trung diém ctia SB va CD. Tinh cosin ctia goc giita MN va (SAC). (Lam
tron két qud dén hang phan tram)

Loi giai

Cau 5. Mot phan mém mo6 phong van dong vien dang tap ban sung trong khong gian
xr—1 y—2 2-3

1 -3 -5
tam A (8; —19;6m + 4). Hoi m bing bao nhiéu dé van dong vién c6 thé ban tring hong

va hong

Ozyz. Cho biét truc d clia nong stng c¢6 phuong trinh:

tam?
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L&i giai

Cau 6. Trong khong gian Ozyz, mot cabin cap treo ¢ Ba Na Hill xuat phéat tit diem
A (—2;1;5) va chuyén dong déu theo dudng cap ¢ vecto chi phuong 1a @ = (0; —2;6) v6i
téc do 1a 4 m/s (don vi trén mdi truc toa do 1a mét). Gia st sau 5 s ké tit lic xuat phat,
cabin dén diem M. Goi toa do M (a;b;c). Tinh a + 3b + c.

—>
u
—_—

A M

Lai giai
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Cau 7. Trong khong gian Oxyz, nha cong vy clia mot tram hai dang nam trén mét

2 2 1
phang (P) : z+2y+ z —4 = 0 va phuong trinh tram héi dang la duong thang d: % =
y z+2
1 3

Ngusi ta muén lam mot con dudng A nadm trong mit phang (P) dong thai cit va vuong goc

) —1 —b —d
v6i tram hai dang. Gia sit phuong trinh dusng thang A ¢6 dang * _Y - )

a -1 ¢
Hoi ¢6 bao nhiéu s6 trong cac s6 a, b, ¢, d chia hét cho 37
Loi giai

Cau 8. Tai mot nit giao thong c¢6 2 con duong khac mitc. Trén thiét ké, trong khong gian

) -2 -2 —2
Ozyz hai con duong d6 thuoc hai duong thang d; : xl :yl :ilvé dy: xl =
y+1 =z
2 =3
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d2 dl

HHHHHHHH]

Nguoi ta muén tao mot con dudng A cit d;, dy 1an lugt tai A va B sao cho AB nhé nhat.
Tinh do dai AB, két qua lam tron dén hang phan tram.
Loi gidi
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BAl 17.  PHUONG TRINH MAT CAU

A. LY THUYET

1. Phuong trinh mit cau

Phuong trinh mat cau

2. Vi tri tweng doi

2.1 Gitta mit cau va diém: Trong khong gian Ozyz, cho diém M va S(I; R). Khi
do:

Diém
N&m ngoai Nam trén Nam trong
s IMN(S)=H sSIMN(S)=M=H S IMN(S)=9
Mat cau IM >R IM =R IM <R

2.2 Gifta mat cau va mat phang: Trong khong gian Oxyz, cho mat cau S(I; R)
va (P): Az + By + Cz + D = 0. Khi do:
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Mat phéng
Cat theo giao tuyén la
Khong cat Tiép xtc duong tron
S (P)N(S) =9 s (P)n(S)={H} s (P)n(S)=C(H;r)
Mat cau d(I,(P)) < R <(P) cat

mit cau theo giao tuyén
d(I,(P)) = R < Mat | la dudng tron c6 tam H

phéng tiép xtic mat cau va ban kinh r.
tai diém H. R =+r?2+d2.

2.3 Gifta mit cau va duong thang: Trong khong gian Ozyz, cho S(I; R) va
AN T _ YT z_ZO. Khi do:
a b c

Duong thang

Khong cat Tiép xtc CAt tai hai diém A; B
S AN(S) =92 < AN(S)={H} < ANn(S)={A; B}

Mt cau d(I,A) = R < Duong
théng tiép xdc mat cau
tai diém H
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B. CAC DANG BAI TAP

(D Dang 17.1. Xéc dinh tam, ban kinh, nhan biét phuong trinh mét cau

Phuong phap:
Dinh nghia: S(I; R) = {M|IM = R > 0}.
Cho hai diem A, B ¢6 dinh. Néu M A 1 M B thi tap hop diém M 1a mit cau (S) c6

. AB
tam [ la trung diem AB va ban kinh R = -

a) Loai 1: (z —a)’ + (y— b+ (z — ¢)* = R2.
e Hé s6 trude x,y, z bang nhau va bang 1.
e Hé s6 trude cac ngodic bang nhau va bang 1.
e Vé phai 1a hing s6 duong.

Xéc dinh tam: Lay heé s6 tu do trong ngodic =+ — 1.
Xac dinh bdn kinh: Lay can bac hai vé phai.

b) Loai 2: 22 + y* + 22 — 2ax — 2by — 2cz +d = 0.
o Heé s6 trude 22, y?, 2% bang nhau va bang 1.
e Phuong trinh day dua 22, y?, 22.
e Thoéa méan dieu kién ton tai a®> + 0> +c2 —d >0

Xac dinh tam: Lay heé s6 trudc z;y;z + — 2. Xac dinh bdn kinh: R =
Va2 + b2 + 2 — d. Diéu kién ton tai: a®> + b+ 2 —d > 0.

Vi du 1. Trong khong gian Oxyz, xac dinh toa do tam va ban kinh cic mit cau sau:
a) (S):x?+y*+22—2x+4y —62—-2=0.
b) (8): (z—1)°+ (y+2)°+22=09.

Loi giai
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Vi du 2. Trong khong gian Oxyz, cho cac phuong trinh sau:
a) 202+ 22 = (x+y)* — 22+ 22 — 1 — 2.
b) 22 +y* + 22 — 2z + 2y = 0.
¢) ¥+ +22 422 —2y+1=0.
d) (x+y)? =20y —22+1—4z.

C6 bao nhiéu phuong trinh mit cau va mat cau day nhan 7(—1;1;0) lam tam?
Loi giai

Vi du 3. Trong khong gian Oxyz, cho cdc phuong trinh sau:
a) 2+ y*+ 22— 22 =0.
b) 22 +y? —2>+2r—y+1=0.
¢) 202+ 2% = (x4 y)* — 2242z — 1.
d) (z+y)° =2zy— 22— 1.

C6 bao nhiéu phuong trinh mit cau?
Loi giai
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Vi du 4. Trong khong gian Oxyz, cho hai diem A(0;0; —1) va B(0;6;0). Chiing minh
rang néu diém M (x;y; 2) théa man MA - MB = 0 thi M thuoc mot mat ciu (S). Tim
tam va ban kinh ctia mit cau (S).

Loi giai

[ Dang 17.2. Mat céu cé téam va di qua mét diém

Phuong phap: Trong khong gian Oxyz, viét phuong trinh mat cau (S)
a) Tam I(a;b;c) va ban kinh R.

o Tir gid thiét ta da c6 sin tam I va ban kinh R.

e Phuong trinh (S): (z —a)* + (y — b)* + (z — ¢)* = R2.

b) Tam I(a;b;c) va qua diem M (zo; yo; 2o)-

e Ban kinh mat cauR = IM = ‘m) = \/(3:0 —a)’+ (yo — b)* + (20 — ©)°.

e Mit cau c6 tam I(a;b;c¢) va ban kinh R = I M.

Vi du 1. Trong khong gian Oxyz, viét phuong trinh cdc mat cau sau:
a) Tam I(—1;2;—3), ban kinh R = 3.
b) Tam I(0; —4;1) dudng kinh bang 4.
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L&i giai

Vi du 2. Trong khong gian Oxyz, viét phuong trinh cdc mat cau sau:
a) Tam I(—1;2;1) di qua goc toa do.
b) Tam I(1;2;3) di qua diém A(1;1;2).

L&i giai

[0 Dang 17.3. Mat céu cé dudng kinh

Phuong phap: Trong khong gian Oxyz, viét phuong trinh mit cau (S) nhan
M (a5 ynr; 20) va N(zn; yn; zy) lam duong kinh.

e Goi I la tam mit cau (.9).

= [ la trung diém ctia MN = [(xMerN. Ym +Yn . ZM+ZN>

2 ’ 2 2

MN
— =

e Ban kinh mat cau R = IM.
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Vi du 1. Trong khong gian Oxyz, cho hai diém A(1;0;—3) va B(3;2;1). Viét phuong
trinh mat cau duong kinh AB.
Loi giai

Vi du 2. Trong khong gian Ozyz, cho hai vecto A0 = (—1;—2;3) va BO = (=7;—4;-5).
Viét phuong trinh mét cau duong kinh AB.
Loi giai

(D Dang 17.4. Mat céu qua 4 diém khéng déng phéng

Phuong phap: Trong khong gian Oxyz, viét phuong trinh mat cau (S) di qua 4
diém A; B; C; D khong dong phang.

e Goi I(a;b;c) 1a toa do tam mét cau can tim.
1A% = IB?
e Mit cau (S) di qua 4 diém < JA=IB =1C = 1D < { JA? = [C?

TA% = [ D?
= Toa do tam 1.
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e Mit cau c¢6 tam I(a;b;¢) va ban kinh R = T A.

Vi du 1. Trong khong gian Ozyz, néu mit cau (S) di qua bon diem M (2;2;2), N(4;0;2),
P(4;2;0) va Q(4;2;2) thi tam [ cua (5) c6 toa do la

Loi gidi

Vi du 2. Trong khong gian Ozyz, cho 4 diem A(2;0;0), B(0;2;0), C(0;0;2) va D(2;2;2).
Viét phuong trinh mat cau (S) ngoai tiép ti dien ABCD.

Loi giai

[ Dang 17.5. Mat céu cé tam thude dudng thdng, mat phdng

Trong khong gian Oxyz, viét phuong trinh mit cau (9).
Loai 1. Tam [ € (P)vadiqua A, B, Cv6i (P): a-x+ B -y+~v-2+0 =0 hoac (P)
la cac mat phang (Oxy), (Ozz), (Oyz).

e Goi I(a;b;c) 1a tam mat cau.

e Tacole(P)=a-a+pf-b+v-c+0=0(1).
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e Mit cau (S) di qua ba diém A, B, C nén

TA? = 1B? (2)

IA=IB=1IC &
TA* = IC* (3).

a-a+pB-b+y-c+0=0
e Tit (1), (2) va (3) = I la théa he { TA? = IB?
IA* = IC>.
T day ta tim duge toa do I.
e Mat cau c6 tam I(a;b;c) va ban kinh R = [ A.
Nhan xét. Trong truong hop I thuoc mot trong cac mat phang (Oxy), (Oxz),
(Oyz) bai todn sé don gian hon.

T—% _Y—Y% _ =~

<0 9 <
hoéc d 1a cac truc
a b c

Loai 2. Tam [ € d va di qua A, B véi d:
Oz, Oy, Oz.

e Goi I(a;b;c) 1a tam mat cau.
e Tacol ed= I(xg+ at;yo+ bt; 2+ ct).
e Tinh T4, B theo ¢ va tinh do dai ‘ﬁi‘,

73|

e Mit cau (S) di qua hai diém A, B nén [A =B & ’]_A)‘ = ‘I—B>)
T day ta tim toa do 1.

e Mit cau c6 tam I(a;b;c) va ban kinh R = T A.

Nhan xét. Trong truong hop I thudoc mot trong cac truc Ox, Oy, Oz bai toan
s€ don gian hon.

Vi du 1. Trong khong gian Oxyz, cho mat cau (S) di qua 2 diém A(1;2;3), B(2;0; —2)
va ¢6 tam nam trén truc Ox. Viét phuong trinh mat cau (S).
Loi giai
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Vi du 2. Trong khong gian Oxyz, tim ban kinh mit cau qua 2 diéem A(3; —1;2), B(1;1; —2)
—1
va ¢6 tam [ thuoc A: r_¥—- i.
2 1 —1
Loi giai

Vi du 3. Trong khong gian Ozyz, viét phuong trinh mat cau di qua 3 diem A(—2;3;3),
B(—1;1;2), C(4;2;2) va ¢6 tam nam thudc mat phang (Oyz).
Loi giai

(D Dang 17.6. Mat céu tiép xic dudng thdng, mét phdng

Trong khong gian Oxyz, viét phuong trinh mit cau (9).

Loai 1. Tam I(a;b;c) va tiép xtc véi (P) v6i (P): Az + By + Cz + D = 0 hodc (P)
Ia cac mat phang (Oxy), (Ozz), (Oyz).
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_ |Aa+ Bb+Ce+ D)
A2+ B2+ C?
e Mt cau tam I(a;b;c) va ban kinh R = d(I; («)).

e Ban kinh mat cau R = d (I; («))

Nhan xét. Trong truong hop I tiép xzic mot trong cdc mat phdng
(Oxy), (Ozz), (Oyz) bai toan sé don gian hon.

L—To Y—Y 22— %

Loai 2. Tam I(a;b;c) va tiép xtc véi A véi A: 2
a c

hoac A la

cac truc Ox; Oy; Oz.
(73]
7|

e Mit cau tam I(a;b;c) va ban kinh R = d([; A).

e Ban kinh mat cau R =d (I;A) =

Nhan xét. Trong truong hop I tiép xic mot trong cic truc Ox; Oy; Oz bai

todn sé don gidn hon.

Vi du 1. Trong khong gian Oxyz, viét phuong trinh mét cau tam 7(1; —2; 1) va tiép xic
v6i mat phang (Ozy).
Loi giai

Vi du 2. Trong khong gian Ozyz, tim tam mat cau di qua diem B(1;3;0) va tiép xic
v6i (Oyz) tai M(0;3; —2).
Loi giai
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Vi du 3. Trong khong gian Oxyz, cho ba diém A(1; —2; —4), B(2;3;4), C(3;5;7). Tim
phuong trinh mit cau c6 tam 1a A va tiép xtc véi BC.
Loi giai

Vi du 4. Trong khong gian Oxyz, cho B(1;1;9), C(1;4;0). Viét phuong trinh m#t cau
(S) di qua B va tiép xtc véi (Ozy) tai C.
Loi giai

(D Dang 17.7. Mt céu cét dudng thdng, mét phdng

Trong khong gian Oxyz, viét phuong trinh mit cau (9).

Loai 1. Tam I(a;b;c) va cat (P) theo giao tuyén la duong tron tam I’ ban kinh r véi
(P): Az + By+Cz+ D = 0 hogic (P) la cac mat phang (Oxy), (Oxz), (Oyz).
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_ |Aa+ Bb+ Ce+ D)
A+ B2+ C?
e Bén kinh R? = d*([; () +r* = OH? + HM?.

e Tinh d(I;(«))

e Mit cau tam I(a;b;c) va ban kinh R.
Nhan xét. Trong truong hgp I tiép zic mot trong cdc mdat phding (Oxy),

(Oxz), (Oyz) bai toan sé don gian hon.

Loai 2. Tam I(a;b;c) va cat A tai A(xa;ya;2a), Blap;yp;zp) va H 1 trung diém
ABveiA: L0 YT 2T X hodc A la cac truc Ox, Oy, Oz.

a b c
leazil
o Tinh d([;A) = =
]
P 2 _ g2 2 . AB?
e Ban kinh R* = d*(/; (o)) + AH* = OH +T.

e Mat cau tam I(a;b;c) va ban kinh R = d(I; A).

Nhan xét. Trong truong hop I tiép xiic mot trong cdac truc Ox, Oy, Oz bai

toan sé don gian hon.

Vi du 1. Trong khong gian Oxyz, cho mit cau (S): (z — 2)° + (y + 3)° + (z — 4)* = 25.
Mit phang (Ozy) cit mat cau (S) c6 giao tuyén la mot duong tron ¢6 ban kinh bang bao
nhiéu?

Loi giai

Vi du 2. Trong khong gian Oxyz, cho diém I(2;4;1) va (P): 2z +y + 2z —4 = 0. Tim
phuong trinh mit cau (S) tam I sao cho (S) cét (P) theo dudng tron c6 dudng kinh béng
2.

Loi giai
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Vi du 3. Trong khong gian Ozyz, cho diém A(—2; —4;5). Viét phuong trinh ctia mat
cau tam 1a A va cit truc Oz tai hai diém B, C sao cho AABC vuong.
Loi giai

Vi du 4. Trong khong gian Ozyz, cho mit cau (S) c6 tam I(1; —1;2) va duong thang

- 1 2 2 BN 2
d: L S Duong thang d cat mat cau (S) tai hai diem A va B véi AB = 10.
Viét phuong trinh ctia mat cau (.9).

1 -1 1

L&i giai
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(2 Dang 17.8. Vi tri twong déi lién quan mat céu

Vi du 1. Trong khong gian Oxyz, cho mat cau (S): 22 + 3>+ 22 —42 -2y +22—-3 =0
va mot diem M (4;2; —2). Xét vi trf ctia diém M so véi mit cau (5).
Loi giai

Vi du 2. Trong khong gian Ozyz, cho mat cau (S): 22 +y? +22 —22 -2y +22—-1=0
va mat phang (P): 2z +y—2z+1 = 0. Xét vi trf ctia mat phang (P) so v6i mat cau (S).
Loi giai
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Vi du 4. Trong khong gian Ozyz, cho mit cau (S) va mat phang (P) lan lugt c6 phuong
trinh 22 + 92 + 22 =20+ 2y — 22 — 6 = 0, 20 + 2y + 2 + 2m = 0. C6 bao nhiéu gia tri
nguyén ctia m dé (P) tiép xic véi (S)?

Loi giai

Vi du 5. Trong khong gian Ozyz, cho mat cau (S): (x —2)?+ (y+1)2°+(z—1)*=1va

— 1 — 2 2 2 X
z _ Y = il Tim gia tri cia m dé A khong cat mit cau (.5).

duong thang A:
1 m
Loi giai
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(O Dang 17.9. Bai todn thuc té

Vi du 1. Trong khong gian Oxyz (don vi clia céc truc toa do la kilomet), mot tram thu
phat séng dién thoai di dong c6 dau thu phat duge dit tai diém 1(6;—2;4).

a) Cho biét ban kinh phit song ctia tram 1a 3 km. Viét phuong trinh mat cau (S) biéu

dién ranh giéi ctia viing phu soéng.

b) Mot ngudi st dung dién thoai tai diém M (5;2; —2). Hay cho biét diem M nam trong
hay n&m ngoai mit cau (S) va ngudsi dé ¢ thé sit dung duge dich vu ciia tram néi

trén hay khong.
c¢) Cau héi tuong tu ddi véi ngudi sit dung dién thoai & diem N (6;0; 3).

Lai giai
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Vi du 2. Cong nghe hd trg trong tai VAR (Video Assistant Referee) thiét lap mot he
toa do Ozyz dé theo doi vi tri clia qua bong M. Cho biét M dang ndm trén mait san cé
phuong trinh z = 0, dong thoi thuoe mat cau (S): (z — 32)% + (y — 50)* + (z — 8)* = 100
(don vi do dai tinh theo mét).

a) Tim toa do tam I va ban kinh R ctia mat cau (.9).
b) Tim toa do hinh chiéu vuong géc J cta tam I trén mit san.
c¢) Tinh khoang cach tit vi tri M clia qua bong dén diém J.

Lai giai
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C. LUYEN TAP

PHAN 1. Cau tréc nghiém nhidu phuong én Iua chon

Cau 1. Trong khong gian Ozyz, cho mat cau (S): 22 + (y — 4)? + (z — 1)? = 25. Toa do
tam I va ban kinh R ctia mat cau (9) la

A. I(0;—4;-1), R = 25. B. I1(0; —4;—-1), R = 5.

C. 1(0;4;1), R = 25. D. 1(0;4;1),R=5.
Loi giai

Cau 2. Trong khong gian Oxyz, cho mat cau (S): 22 + y> + 2% — 6z + 4y — 82+ 4 = 0.
Toa do tam I va ban kinh R ctia mit cau (S) 1a

A. I(-3;2;—4),R = 25. B. I(3;-2;4), R = 5.

C. 1(3;-2;4), R = 25. D. I(-3;2;-4), R = 5.
Loi giai

Cau 3. Trong khong gian Oxyz, cho mat cau (S): 22 +y? + 22 — 4z + 8y — 22 — 4 = 0.
Toa do tam I va ban kinh R clia mat cau (5) la
A. 1(2;-4;1),R=5. B. I(—2;4;—-1), R = 25.
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C. I(2;—4;1),R = V21. D. I(—2;4;—1),R = 21.
Loi giai

Cau 4. Trong khong gian Ozxyz, cho mat cau (S): (z — 1)* + (y + 2)* + (2 — 3)? = 16.
Diém c6 toa do nao sau day nam trén mit cau?

A. (—1;2;-3). B. (1;-2;—-1). C. (1;-2;1). D. (1;-2;3).
Loi giai

Cau 5. Trong khong gian Ozyz, cho mat cau (S): 2%+ (y —1)2+ 2% = 2. Trong cac diém
cho dudi day, diém nao nim ngoai mat cau (S)?

A. M(1;1;1). B. N(0;1;0). C. P(1;0;1). D. Q(1;1;0).
Loi giai

7= GV: PHAM LE DUY ® Trang 589/661



Bi Trudng THPT Chu Vin An 0704.963.919

Cau 6. Trong khong gian Ozyz, cho mat cau (S): 22 +y?> + 22 —4r —2y+22 -3 =0
va mot diem M (4;2; —2). Ménh dé nao sau day diung?

A. Diém M la tam clia mat cau (). B. Diém M nam trén mat cau (S).
C. Diém M nam trong mat cau (). D. Diém M nam ngoai mat cau ().

L&i giai

Cau 7. Phuong trinh nao sau day la phuong trinh ctia mat cau?
A (m=1P2+ -3+ (+2)?=3 B. (x— 12+ (y— 3%+ (2 +2)> = —3.
C.za—1)+(y—3)+(2+2)=09. D.(z—1)+(y—3)+(2+2)=-9.
Loi giai

Cau 8. Diéu kien dé phuong trinh 2% 4+ y? + 22 — 2ax — 2by — 2¢z +d = 0 1a phuong trinh
mat cau?

A.a+b+c—d>0. B. a2+ +c2+d>0.
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C.a°’+b*+c2—d>D0. D.a’>?+b>+c*—d>0.
Loi giai

Cau 9. Trong cac phuong trinh sau, phuong trinh nao khong phai la phuong trinh cta
mat cau?

A 2?2 +y2 + 22 =1.

B. 22 +92+ 22+ 20+ 2y — 42+ 11 = 0.

C.rx?+ > +22+ 20 +4y —42—-21=0.

D. 222 + 2y? + 222 + 42 + 4y — 82z — 10 = 0.
Loi giai

Cau 10. Trong cac phuong trinh sau, phuong trinh nao 1a phuong trinh ctia mat cau
tam I (1; —2;3) ban kinh R = 37
A (2 -1 4+ (@y+2°+(z-3°=3
C.(z+1)’+y—27+(z+3)°=3. D. (z41)
Loi giai
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Cau 11. Trong cac phuong trinh sau, phuong trinh nao 1a phuong trinh ctia mit cau
tam I(—1;2; —3) va di qua diem M (0;3;2)?
A (z—1)°+(y+2°+(2-3°=13.  B.(z—1)+y+2°>+(z—-3)7=13.
C.(+1)"+(y—2"+(:43)"=27.  D.(z+1)"+(y—2)"+ (2 +3)" =27
Loi giai

Cau 12. Trong cac phuong trinh sau, phuong trinh nao 1a phuong trinh ctia mit cau
tam 7(0;3;1) ban kinh R = 2.
A2+ + 22+ 6y+22+6=0. B. 22+ 9+ 22+ 6y +22—6=0.
C.22+y>+22—-6y—22—6=0. D.2?+9y*+22 -6y —22+6=0.
Loi giai
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Cau 13. Xac dinh tam va ban kinh ctia mat cau 2% +y? + 22 +8x — 6y +22 —10 = 0.
A. Tam I(—4:3; —1) va ban kinh R = 6. B. Tam I(—4;3; —1) va ban kinh R = 36.
C. Tam I(4;—3;1) va ban kinh R = 6. D. Tam I(4;—3;1) va ban kinh R = 36.
Lai giai

Cau 14. Trong khong gian Ozyz (don vi clia cac truc toa do 1a kilmet), mot tram thu
phat séng dién thoai di dong c6 dau thu phéat duge dat tai diém I (—6;—1;4). Cho biét
ban kinh phti séng ciia tram 1a 2 km. Nguoi st dung dién thoai ding ¢ diém nao sau day
thi stt dung dugce dich vu ctia tram néi trén?

A. A(—4;0;2). B. B(—5;—-2;5). C. C(—6;2;2). D. D(0;—1;4).
Loi giai

Cau 15. Trong khong gian Oxyz (don vi cia cac truc toa do la kilomet), mot tram thu
phat séng dién thoai di dong c6 dau thu phéat duge dat tai diém I (—6; —1;4). Cho biét
ban kinh phii séng ciia tram 1a 2km. Ngudi st dung dién thoai ding ¢ diém nao sau day
thi khong st dung duge dich vu cta tram noi trén?

A. A(-5;0;3). B. B(—5;—2;5). C. C(—6;2;2). D. D(-7;-2;3).
Loi giai
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Cau 16. Trong cac phuong trinh sau, phuong trinh nao 1a phuong trinh ctia mét cau?
A2+ + 224204+ 2y —22+4=0. B.a2>+9y*+22+40 -2y +22+6=0.
C.o?+ 9> +224+ 20 —6y+42+14=0. D.2?>+y*+224+8x—6y+22—10=0.
Loi giai

Cau 17. Trong cac phuong trinh sau, c6 bao nhiéu phuong trinh la phuong trinh cia

mat cau?
2,2 L2 _ 2 2, .2 _ _
o vty +22+42—-32=0. o 'ty +22+2x+2y—2z+4=0.
o 22+t + 22420 —6y+42—-10=0. e 22+ 9> +224+8x—6y+22—4=0

A. 1. B. 2. C. 3. D. 4.
Lai giai
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Cau 18. Viét phuong trinh mit cau c6 tam M(3;1; —4) va di qua diém N(1;0;1).
A (243 +(y+1)°+(2-47=30.  B.(2-3°+(y—1)°+(z+4)=30.
C. (=3 4(W—112+(=+4>=v30. D.(z—3)7>—(y—1)>—(z+4)* = 30.

Loi giai

Cau 19. Trong khong gian Oxyz, cho diém I(3;4;2). Phuong trinh mit cau tam I va
tiép xtc véi truc Oz 1a
A (-3 4+@y—4)°"+(2-27=16. B. (-3 4+@w—-4)°"+(z-2°=4
C.(z=3"+@y—4"+(2-27°=5. D. (z -3+ (y—4)° + (2 — 2)* = 25.
Loi giai

Cau 20. Trong khong gian Oxyz, cho (S): 22 + y* + 2% — 4z — 2y + 10z — 14 = 0. Mat
phang (P): —x +4z +5 =0 cat mit cau (S) theo mot dudng tron (C). Toa do tam H
cia (C) la
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A. H(—3;1;-2). B. H(-7;1;-3). C. H(9;1;1). D. H(1;1;-1).
Loi giai

8 -2 1
Cau 21. Trong khong gian Oxyz cho dusng thang d: xT - 2—2# . Goi (9) 1a

mat cau cé ban kinh R = 5, ¢6 tam I thuoc dudong thing d va tiép xic véi truc Oy. Biét
rang I c6 tung do duong. Diém nao sau day thuoc mat cau (S)?

A. M(—1;-2;1). B. N(3;2;—-1). C. P(—5;2; 7). D. Q(5;—-2;7).
Loi giai

Cau 22. Trong khong gian Ozyz, mot thiét bi phat séng dat tai vi tri A(3;0;0). Vung
phii séng ctia thiét bi c6 ban kinh bang 5. Hoi vi tri ciia diém nao sau day khong thuoc
viing phi séng ctia thiét bi néi trén?

A. M(5;0;0). B. N(3;2;-1). C. P(—1;3;1). D. Q(0; —2;0).
Loi giai
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Cau 23. Trong khong gian Ozyz, cho tit dien OABC ¢6 toa do dinh A(m;m;0), B(0;m;m),
. R PN 3

C(m;0;m). Biét ti dien OABC ¢6 ban kinh mat cau (S) noi tiép bang \/?_ Khi d6 phuong

trinh mat cau (9) la

A (z—-172+@y—-12+(z-1)?%= :

- B @+ 1)+ 1)+ (2 1) =

C.(z—2%+(y—2>%+(2—2)>%=
Lai giai

D.(z+2)%+ (y+2)*+ (2 +2)* =

W k| =
W RW| —

Cau 24. Trong khong gian Oxyz, cho mat cau (S): 22 +y?+ 22 — 4w+ 12y + 62 +24 = 0.
Hai diém M, N thuoc (S) sao cho MN = 8 vdi OM? — ON? = —112. Khoéang céch tit O
dén duong thang M N bing

A. 4 B. 3. C. 2V/3. D. V3.
Lo giai
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PHAN 2. Cau tréc nghiém ding sai

Cau 1. Trong khong gian Ozyz, cho mit cau (C): (z — 1)? + (y + 2)* + 2% = 16.
a) Diém A(1;2; —1) nam bén ngoai mit cau (O).
b) Diém B(0;0;1) ndm bén trong mit cau (C).
c) Diem C(0;2;1) nam trén mat cau (O).
d) Véi diém D(2;1;—1), ta c6 ID < 4.
Loi giai

Cau 2. Trong khong gian Oxyz, cho mat cau (S): (z+ 1>+ (y—1)> + (2 +2)2 =9 ¢6
tam [ va ban kinh R.

a) Phuong trinh mat cau (S) ¢6 tam I(1;—1;2), ban kinh R = 3.

b) Diem A(0;2; —3) ndm trong mat cau.

c) Diém J(1;2;3) nim ngoai mit cau va khoang cach tit tam I dén diém J bing v/10.

d) Khoang cach tit tam I dén tam mat cau (S'): 22 + y* + (2 — 1)? = 3 bing V2.
Loi giai

Cau 3. Trong khong gian Ozyz, cho mat cau (9): x? +y? + 22 —2x+ 4y +1 = 0 c6 tam
I va ban kinh R.
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a) Mat cau (5) c6 tam I(1;—2;0) va ban kinh R = 2.

b) Ban kinh ctia mat cau (S) 1a doan IM véi diem M (1;1;2).

c) Mat cau (S) ¢6 duong kinh AB véi A(0; 1; —2) va B(2; —1; —4).

d) Mit cau (9) tiép xtc v6i mat phang (P): v +y — 2 —2 = 0.
Loi giai

Cau 4. Trong khong gian Ozyz cho ba diém A(1;0;0), B(0;2;0) va C(0;0;3). Khi do
a) Mat cau tam B, ban kinh R = 3 ¢6 phuong trinh 1a 2% + (y — 2)? + 22 = 3.

b) Mat cau tam A, di qua B ¢6 phuong trinh 1a (z — 1)? 4+ y* + 22 = 5.
N 13
c) Mit cau nhan BC lam duong kinh ¢6 phuong trinh 1a 2% + (y — 1)? + (2 — 3)? = T

d) Mit cau tam O va ¢6 ban kinh R = OG véi G 1a trong tam AABC, c¢6 phuong
14

trinh 1a 22 + % + 22 = 35

L&i giai

Cau 5. Trong khong gian Ozyz (don vi trén moi truc 1a mét), mot ngon hai dang (xem
hinh vé&) duge dat 6 vi tri 1(25;30;50). Mat cau (S) mo ta ranh gidi clia viing phit sang
trén bién clia hai diang, biét ring ngon hai dang dé dugc thiét ké véi ban kinh phii sang
R =5 km.
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I.'\'um’m.'hf.',’l\,'f’r”w'u.r.'fw'.n tock.com)

a) Mit cau (S) ¢6 phuong trinh 1a (z — 25)% + (y — 30)* + (2 — 50)* = 25.
b) Diem A(1025;30;50) nim bén trong mat cau (S).
c) Mot ngudi di bién & vi trf M (45;60; 50) thi c6 thé duge chiéu sang bdi anh sang ciia
ngon hai dang.
d) Mot ngusi di bién & vi tri N(5125;30;0) thi khong thé duge chiéu sang béi &nh sang
cua ngon hai dang.
Loi giai

Cau 6. Trong khong gian Oxyz cho hinh hop chit nhat OABC.O’A'B'C’ vé6i O 1a goc
toa do, A(2;0;0), C(0;3;0), O'(0;0;4). Ta c¢6
a) Mat cau tam O, ban kinh OA c6 phuong trinh 1a 22 + % + 22 = 2.
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b) Mat cau tam A, di qua C' ¢6 phuong trinh 1a (x — 2)% +y* + 22 = 13,

¢) Goi H la hinh chiéu vuong géc ciia O len (ACO'), mit cau tam O di qua H ¢6
phuong trinh 1 22 4+ y? + 22 = 6%

d) Mit cau di qua céc dinh ctia hinh hop c6 phuong trinh 1a

3\ 29
R R I
=12+ (y-3) +-27=7
Loi giai
~ ~ . N 2 Yy— 1 z—2 N = 2
Cau 7. Trong khong gian Oxyz, cho dudng thang d: z = = va mat phang

2 —1
(P): 3z +y—2—5=0. Mat cau (S) c6 tam I thuoc dudng thing d va cit mit phing

(P) theo giao tuyén la dudng tron 16n nhat ¢6 ban kinh r = 5.

a) Mit phang (P): 3z +y—2—5=0c¢6 VIPT 7 = (3;1; —1).

b) Toa do tong quat ctia tam I 1a (; —1 + 2t; —2 — t).

c) d(I,(P)) =3.

d) Mat cau (S) ¢6 phuong trinh 1a (x — 1)% + (y — 3)* + (z — 1)? = 25.
Loi giai
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PHAN 3. Cau tréc nghiém & 1&i ngdn.

Cau 1. Trong khong gian Ozy, tong tat cad bao nhiéu sé tu nhién ctia tham s6 m dé
phuong trinh 2% + y? + 22 + 2(m — 2)y — 2(m + 3)z + 3m? + 7 = 0 1a phuong trinh cta
mot mat cau.

Loi giai

Cau 2. Trong khong gian Ozyz, cho diem A(1;m;1) va mat cau (S) c6 phuong trinh
2?4 y? + 22 — 2y + 42 — 9 = 0. Tap cac gia tri cia m dé diem A nim trong khéi cau c6
dang (a;b) véi a, b 1a cac sd nguyéen. Gia tri clia a® bang bao nhieu?

Lai giai

Cau 3. Trong khong gian Ozyz, c6 bao nhiéu gia tri nguyen duong m dé phuong trinh
2?2 + 9y + 22 — 20 — 2y — 42 +m = 0 12 phuong trinh ctia mot mat cau?
Loi giai

7= GV: PHAM LE DUY ® Trang 603/661



Bi Trudng THPT Chu Vin An 0704.963.919

Cau 4. Trong khong gian Oxyz, cho mat cau (S) ¢6 tam I(1; —3;2) va di qua A(5; —1;4)
c6 dang (z —a)?+ (y — b)? + (2 — ¢)? = R% Tinh gia tri biéu thic T =a + b+ c + R2.
Loi giai

Cau 5. Trong khong gian Ozyz, cho ba diém A(1;2;—4), B(1;—3;1), C(2;2;3). Tinh
dudng kinh [ ctia mat cau (S) di qua ba diém trén va c¢6 tam nim trén mat phang (Ozy)
(lam tron két qua dén hang phan chuc).

Loi giai

Cau 6. Trong khong gian Ozyz, cho cac diém A(—2;2; —2), B(3; —3;3) va diém M khong

) MA 2 .
co dinh trong khong gian théa man VB 3 Cho diem C(4;0;1). Khi d6 do dai CM
16n nhat bang bao nhieu? (lam tron két qua dén hang phan chuc).
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L&i giai

Cau 7. Trong khong gian Oxyz, khi phuong trinh 2? + y? + 2% — 2(m + 2)z + 4my —
2mz + Tm? — 1 = 0 la phuong trinh mat cau. Xac dinh m dé mat cau c6 ban kinh 16n
nhat.

Loi giai

Cau 8. Trong khong gian Ozyz, cho diem I(1;—2;3). Goi (S) 1a mit cau c6 tam I va
cit truc Oz tai hai diédm A va B sao cho AB = 2v/3. Khi d6, phuong trinh miat cau (S)
c6 dang 1a (xr —a)* + (y — b)? + (2 — ¢)? = R?, tinh gia tri ctia P = C%C.

Loi giai
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Cau 9. Trong khong gian Ozyz, cho cac diem A(—2;4;1), B(2;0;3) va dudng thang
r=1+1
d: Cy=1+2t
z=—2+t.
Goi (9) 1a mat cau di qua A, B va c¢6 tam thudc dudng thang d. Ban kinh ciia mat cau
(S) 1a R = av/b, tinh gia tri cta P = a + b.
Loi giai

. -1 2 )
Cau 10. Trong khong gian Ozyz, cho duong thang A: ? 5 = % =3 va mat phang
(P): 22 —y+ 2z — 3 = 0. Goi miit cau (S) ¢6 tam I(a;b;c) thuoe A va tiép xic véi (P)
tai H(1;—1;0). Khi do gia tri a® + b* + ¢* bang bao nhiéu?

Lai giai

Cau 11. Trong hé truc Ozyz cho truée (don vi trén truc la mét), cho mot tram thu

phat séng 5G c6 ban kinh ving phi séng cia tram & nguéng 600 m duge dat ¢ vi tri
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1(200; 450; 60). Tim gia tri 16n nhat ctia m (lam tron dén hang don vi) dé mot ngusi ding
dien thoai & vi tri A(m + 100;m + 370;0) c6 thé sit dung dich vu ctia tram néi trén.
Loi gii

; -2 —1 —1
Cau 12. Trong khong gian Ozyz, cho duong thang A: ‘ 5 = Y 5 = - 5 va hai

mit phang (P): 2 +2y —22—2=0, (Q): z + 2y — 22+ 4 =0 . Goi mat cau S(I, R) c6
tam I thuoc A va tiép xuic vé6i (P), (Q). Khi d6 duong kinh ctia mat cau c6 gia tri bang

bao nhiéu?
Loi giai

Cau 13. Mot qua béng rdé duge dit ¢ mot goc cia can phong hinh hop chit nhat sao cho
qua bong cham va tiép xtc v6i hai bitc tudng va nén nha clia can phong dé thi c6 mot
diém trén qua bong cé khoang cach lan lugt dén hai biic tuong va nén nha 17 cm, 18 cm,
21 cm (tham khao hinh minh hoa). Héi do dai duong kinh clia qua béng béng bao nhieu
cm biét ring qua béng ro tieu chuan c6 duong kinh tit 23 cm dén 24,5 cm? Két qua lam

tron dén mot chit s6 thap phan.

Lai giai
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BAl 18.  XAC SUAT CO PIEU KIEN

A. LY THUYET

1. Pinh nghia xac suat co diéu kién

Pinh nghia 1. Cho hai bién ¢6 A va B.

» X4c suat clia bién c6 A véi diéu kien bién c6 B da xay ra duge goi la xac suat ciia
A véi dieu kien B.

» Ki hieu P (A | B).

2. Cong thitc tinh xac suét c6 diéu kién

P (AN B)

Pinh nghia 2. Cho hai bién ¢6 A va B trong d6 P(B) > 0 khi d6 P (A | B) = P(B)

Cha ¥
» NéuP(B) > 0thi P(ANB) = P(B)-P(A| B).

» Néu A va B 1a hai bién ¢6 bat ki thi: P (AN B) =P(A)-P (A | B) =P(B)-P(A]| B).

n(ANB)

» Cho A va B la hai bién ¢6 véi P(B) > 0. Khi d6, ta c6: P (A | B) = @)
n

Trong do:
n (AN B) la s6 cac truong hgp thuan lgi cia (A N B);
n (B) la sb cac truong hop thuan loi cia B.

» Néu A va B la hai bién ¢6 bat ki, véi P(B) >0 thi: P(A | B) =1-P(A| B).

» Cho A va B 1a hai bién ¢6 v6i 0 < P(4) < 1;0 < P(B) < 1.
Khi d6, A va B 1a hai bién ¢6 doc lap khi va chi khi: P(A) =P (A | B) =P (A | B)
va P(B)=P(B|A) =P (B|A).

» Néu A va B la hai bién ¢b bat ki, véi P(B) > 0 thi: P(A| B) =1-P(A| B).
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3. Cong thitc nhan xac suit
P(ANnB)=P(A)-P(A|B)=P(B)-P(A]| B).
Chii 5 1: Cho hai bién ¢6 doc lap A va B, v6i 0 < P(A) < 1;0 < P(B) < 1.
» P(A)=P(A| B) =P(A|B).
» P(B) =P (B | A) = P(B|A).
Chii 4 2:
» P(A)+ P (4) =1.
» P(A|B)+P(A|B) =1.
» P(ANB)+P (AN B) =P(A).
» P(ANB)+P (AN B) =P(B).
» Céch ghi P (AN B) v6i P(AB) hoan toan nhu nhau.

Chii 3 3: Nhiing bai toan x4y ra xdc suat diéu kien thuong di kem véi viec sit dung quy
tdc nhan xac suét, khi gap bai todn nay ta can luu ¥ dén su doc lap ciia bién ¢ dé van

dung cong thitc dung.

B. CAC DANG BAI TAP

(3 Dang 18.1. Tinh xdc sudt cé diéu kién khdng sir dung céng thirc

Phuong phap

Mo ta khong gian mau
» Cach 1: Liét ké cac phan ti ctia khong gian mau va bién c¢b roi dém.

» Cach 2: St dung quy téc dém, hoan vi, chinh hop, t6 hgp dé dém s6 phan ti

ctia khong gian mau va bién cb.
Chid g
» abc chia hét cho 2 (hay la s6 chin) thi chit s6 ¢ € {0;2;4;6;8}.
» abc chia hét cho 5 thi chit s6 ¢ € {0;5}.
» abc chia hét cho 3 thi chit s6 a + b + ¢ chia hét cho 3.

» abe chia hét cho 9 thi chit s6 a + b + ¢ chia hét cho 9.
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Vi du 1. Cho céac chit s6 1; 2; 3 ;4 ;5 ;6. Lay ngau nhién ba chit s6 va sap xép theo mot
thi tir. Xét bién S6 A: “Ba s6 lap thanh mot s6 chia hét cho 2. Két qua thuan 1gi cho
bién c6 A bang?

Li giai

Vi du 2. Mot nhém cac nha khoa hoc gom 4 nha toan hoc nam; 3 nha toan hoc nit va 4
nha vat If hoc nam. LAy ngau nhién ba nguoi. Xac suat trong ba ngusi c6 cd nam va ni,
ci toan va li bang?

Loi giai

(3 Dang 18.2. Tinh xdc sudt cé diéu kién st dung céng thirc

Phuong phap:

Cho hai bién ¢6 A va B.

X4c suat ctia bién c6 A, tinh trong diéu kién biét rang bién c6 B da xay ra, dudc
goi la xac suat cia bién A véi dieu kien B va ki hieu 1a P(A|B).

Cho hai bién ¢6 A va B bat ky, véi P(B) > 0. Khi d6 P(A|B) =
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Vi du 1. Mot hop chita 8 bi trang, 2 bi dé. Lan lugt boc tung bi. Gia st lan dau tién
bbc duge bi trang. Xac dinh x4c suat lan thi 2 boc duge bi do.
Loi giai

Vi du 2. Mot binh dung 5 vien bi kich thudc va chat lieu giong nhau, chi khac nhau ve
mau sic. Trong d6 c6 3 vien bi xanh va 2 vién bi dé. Lay ngau nhién tit binh ra mot vién
bi ta duge vien bi mau xanh, roi lai ldy ngdu nhién ra mot vien bi nita. Tinh xac suat dé
lay dugc vien bi d6 ¢ lan thit hai.

Loi giai

Vi du 3. Mot hop c6 30 vién bi trang va 10 vién bi den, cac vién bi c¢6 cling kich thuéc
va khoi lugng. Lan thi nhat 1ay ngau nhién mot vien bi trong hop, khong tra lai. Sau do,
lan tht 2 1y ngdu nhién thém mot vién bi trong hop d6. Goi A 1a bién c6: “Lan thi hai
lay dugc vien bi trang”; va B 1a bién c6: “Lan thtt nhat 1y dugce vien bi den”.

Tinh P (A | B).

Loi giai
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Vi du 4. Trong co quan c6 100 ngudi. Trong d6 ¢6 60 ngudi gan co quan (trong d6 c6 40
ngusi 1a nam), c¢6 tong cong 30 nit nhan vien. Theo quy dinh ciia cd quan thi ngusi nao
hoiic 1& nam hodc gan co quan sé phai tham gia trie. Tinh x4c suat dé chon ngau nhién
mot ngudi trong danh sach ma ngusi do lai la nit tryuc co quan?

Loi giai

Vi du 5. Mot gia dinh c¢6 2 dita tré. Biét rang c6 it nhat 1 dida tré la con gai. Héi xéac
suat 2 dita tré déu la con gai 1a bao nhieu? Cho biét x4c sudt dé mot dita tré 1a trai hodc
gai 1a bang nhau.

Loi giai
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Vi du 6. Ba khau sting doc lap ban vao mot muc tieu. Xac suat dé khau tht nhat ban
tring bang 0,7 , dé khau thit hai bén tring bang 0,8 , dé khau thi ba bin tring bing
0,5 . Méi khau ban 1 vién. Tinh xac suat dé khau thit nhat ban tring biét ring chi c6 2
vién trung muc tiéu.

Loi giai

(3 Dang 18.3. Tinh xdc sudt cé diéu kién st dung so dé hinh cay.

Xay dyng so do cay theo mau (hinh bén dué6i) va xac dinh xac suat tréen moéi nhanh.
Tinh P (AN B) bang x4c suat cta 1o trinh (O — A — B).

Tinh P (B) bing tong xic suit ctia 2 16 trinh dan dén B 1a (O — A — B) va
(0O-7-B).

O
P (4) &@
A i
P(B|4) P(B|4) P(BlA) P(Bl4)
B B B B

Vi du 1. Ong An hing ngay di lam bing xe méy hoiic xe buyt. Néu hom nay ong di lam
bing xe buyt thi xdc sudt dé hom sau ong di lam bang xe may 1a 0,4. Néu hom nay ong
di lam bing xe mAy thi x4c suat dé hom sau ong di lam bing xe buyt la 0,7. Xét mot
tuan ma thtt Hai ong An di lam bing xe buyt. Tinh xéc suat dé thi Tu trong tuan do,
ong An di lam bing xe may.

Loi giai
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Vi du 2. Tai mot nha may san xuat linh kién dién t& ti lé san pham dat tiéu chuan la
80%. Trude khi xuat xuéng ra thi truong, cac linh kién dién ti déu phai qua khau kiém
tra chat luong dé déng dau OTK. Vi su kiém tra khong tuyét déi hoan hao nén

e Néu mot linh kién dién tit dat tieu chuan thi né cé xac suat 0,99 duge déng dau

OTK;

e Néu mot linh kien dien tit khong dat tieu chuan thi né c6 xéac suat 0,95 khong duce
dong dau OTK.

Chon ngau nhién mot linh kién dién tit ctia nha may nay trén thi truong. Dung so do
hinh cay, hay mo ta cach tinh xéac suét dé linh kién dien t dugc chon khong dudge dong
dau OTK.

Loi giai
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C. LUYEN TAP

PHAN 1. Cau tréc nghiém nhidu phuong én Iua chon

Cau 1. Mot hop chita 4 qua bong duge danh s6 tit 1 dén 4. An lay ngau nhién mot qua
boéng, bd ra ngoai, roi lay tiép mot qua boéng nita. Xét cac bién co:

A: “Qud béng lay ra lan dau c6 s6 chan”.

B: “Qua béng lay ra lan hai c6 s6 187

Xéc dinh bién ¢6 C = B | A: “Bién ¢6 B véi diéu kién biét A da xdy ra”.

A.B|A={(21),(23),(41),(43).

B. B A={(21),(23),(2,4), (4 1),(4,2),(4,3)}
C.B|A={(1,1),(1,3),(2,1),(2,3),(3,1),(3,3),(4,1), (4,3)}.
D.B|A={(1,2),(1,3),(1,4),(2,1),(2,3),(2,4),(3,1),(3,2),(3,4), (4,1), (4,2), (4,3)}

Cau 2. Mot con xtic xac can doi, danh s6 tir 1 dén 6, dudc gieo 2 1an lien tiép. Xét cac
bién co:

A: “Tong s6 cham trong hai lan gieo 1a s6 chin”.

B: “S6 cham & lan gieo thit nhat 1a s6 187

X4c dinh bién c¢d A khi biét B da xay ra.

A. A|B={(1,1),(1,3),(1,5),(3,1),(3,3),(3,5),(5,1),(5,3),(5,5)}.

B. A|B={(1,1),(1,3),(1,5),(3,1),(3,3),(3,5),(5,1),(5,3), (5,5), (1,2),(1,4), (1,6), (3,2), (3,4), (
C. A|B={(1,2),(1,4),(1,6),(3,2),(3,4),(3,6), (5,2), (5,4), (5,6)}.

D. A| B={(1,1),(1,3),(1,5),(3,3),(3,5),(5,1),(5,3), (5,5) }
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Cau 3. Mot hop chita 5 qua bong: 2 qua mau do (danh s6 1 va 2), 2 qua mau xanh (danh
s6 3 va 4) vad 1 qua mau vang (dédnh s6 5). Lay ngdu nhién 2 qua boéng lien tiép khong
hoan lai. Xét cac bién co:

A: “Quéa bong lay ra dau tién c6 mau do”.

B: “Téng s6 ctia hai qua béng lay ra la s6 1&7.

Xac dinh B | A 1a bién ¢6 B khi biét A da xay ra.

):(2,1)
B. B| A={(1,2),(1,4),(2,1),(2,3)}.
C. B|A={(1,3),(1,5),(2,3),(2,5)}.
D. B | A={(1,3),(1,5),(2,1),(2,3),(2,5)}.

Cau 4. Trong mot ky thi, c6 60% hoc sinh da lam ding bai toan dau tien va 40% hoc
sinh da lam dang bai toan thit hai. Biét rang c6 20% hoc sinh lam ding ca hai bai toan.
Xéc sudt dé mot hoc sinh lam dang bai toan thtt hai biét ring hoc sinh dé da lam ding
bai toan dau tién & bao nhieu?

A. 0,5. B. 0,333. C. 0,2. D. 0,667.
Loi giai
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Cau 5. Mot hop chiia 4 qua béng duge danh s6 tit 1 dén 4. An lay ngau nhién mot qua
béng, bé ra ngoai, roi 1ay tiép mot qua boéng nita. Xét cac bién co:

A: “Qua bong lay ra lan dau c6 s6 chn”.

B: “Qua béng lay ra lan hai c6 s6 187

Tinh xac suét c6 diéu kien P (B | A) .

1 2

A. - B. - C. -. D. §
3 2 3 4

Loi giai

Cau 6. Mot 16 san pham c6 30 san pham, trong dé c6 4 chat luong thap. Lay lien tiép
hai san pham trong 16 sdn pham trén, trong dé san pham lay ra ¢ lan tht nhat khong
duge bo lai vao 16 san pham. Tinh xac suat dé ca hai san pham dugc lay ra déu c6 chat

luong thap.

A B. . C. — D. =
29 10 30 15

Lai gidi
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Cau 7. Cho hai bién ¢6 A va B ¢6 P(A4) = 0,2; P(B) = 0,6; P(A| B) = 0,3. Tinh
P (AB).

A. 0,18. B. 0,42. C. 0,24, D. 0,02.
Loi giai

Cau 8. Cho hai bién ¢6 A va B la hai bién c6 doc lap, véi P(A) = 0,2024,
P (B) = 0,2025. Tinh P (A | B).

A. 0,7976. B. 0,7975. C. 0,2025. D. 0,2024.
Loi giai

Cau 9. Cho hai bién ¢6 A vd B la hai bién c¢6 doc lap, véi P(A) = 0,2024,
P (B) =0,2025. Tinh P (B|A).

A. 0,7976. B. 0,7975. C. 0,2025. D. 0,2024.
Loi giai
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Cau 10. Cho hai bién ¢6 A va B, v6i P (4) = 0,6, P(B) = 0,7, P (AN B) = 0,3. Tinh

Pl f)' 1 6 1
A2 B. -. c. 2. D. -.
7 2 7 7

Lai gidi

P(§|A%. ' ; '
A. - B. -. C. ;. D. -.
7 2 7 7

Lai gidi
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Cau 12. Cho hai bién ¢d A va B, v6i P(4) = 0,6; P(B) = 0,7; P(AN B) = 0,3. Tinh
P(AN B).

A2 B. ..
7 2
Loi giai

Cau 13. Cho hai bién ¢6 A va B, véi P(4) = 0,8; P(B) = 0,65; P (AN B) = 0,55. Tinh
P (AN B).

A. 0,25. B. 0,4. C. 0,3. D. 0,35.
Loi giai

Cau 14. Gieo lan luot hai con xtc xic can dbi va dong chat. Tinh xac suat dé tong sb
cham xuat hién trén hai con xtc xic bang 6. Biét ring con xuc xic thit nhat xuat hién
mit 4 Shém. .
A. —. B. —-.
6 2

Loi giai
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Cau 15. Trong hop ¢6 3 vién bi mau trang va 7 vién bi mau dé. Lay lan lugt moéi lan
mot vien theo cach lay khong tra lai. Xac suat dé vien bi lay lan thit hai 1a mau do néu

biét rang vién bi lay lan thit nhat cing 1a mau dé 1a

2 1 1
A. - B. - C. - D. -
3 7 5 7
Loi giai

Cau 16. Trong hop c6 3 vién bi mau trang va 7 vién bi mau d6. Lay lan lugt méi lan
mot vien theo cach lay khong tra lai. Xac suat dé vien bi lay lan thi hai 1a mau do néu

biét rang vien bi lay lan thit nhat 1a mau trang la

A. g B. 1 C. T D. >
3 3 9 9

Lai giai
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Cau 17. Cho hai bién ¢6 A va B, véi P(A) = 0,8; P(B) = 0,65; P(AN B) = 0,55. Tinh
P(AN B).

A. 0,25. B. 0,1. C. 0,15. D. 0,35.
Loi giai

Cau 18. Mot cong ty xay dung dau thau 2 dir an doc lap. Kha nang thing thau cla cac
dy an 114 0,6 va du 4n 2 14 0,7. Tim xac suat dé cong ty thing thau ding 1 dy an.

A. 0,28. B. 0,7. C. 0,46, D. 0,18.
Loi giai

Cau 19. Mot cong ty xay dung dau thau 2 dir an doc lap. Kha nang thang thau cla cac
du an 114 0,6 va du an 2 1a 0,7. Biét cong ty thang thau du an 1, tim xac suat cong ty
thang thau dy an 2. Tim xac suat cong ty thang thau ding 1 duy an.

A. 0.6. B. 0,7. C. 0,46, D. 0,3.
Loi giai
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Cau 20. Mot cong ty xay dung dau thau 2 dit an doc lap. Kha nang thang thau clia cac
dy 4n 114 0,6 va dy an 2 14 0,7. Biét cong ty khong thang thau dy an 1, tim x4c suat
cong ty thang thau du an 2.

A. 04, B.0.7. C. 0,28, D. 0.6.
Loi giai

Cau 21. Cho mot hop kin ¢6 6 thé ATM ctua BIDV va 4 thé ATM ctua Vietcombank.
Lay ngau nhién lan lugt 2 thé (1iy khong hoan lai). Tim x4c suat dé lan thit hai lay dugc
thé ATM ctia Vietcombank néu biét lan thit nhat da lay duge thé ATM ciia BIDV.
2 4
A. ? B. -. C. Z D. -.
9 3 9 9
Loi giai
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Cau 22. Mot binh dung 9 vién bi xanh va 7 vién bi do. Lan lugt 1ay ngau nhién ra 2 bi,

mdi lan lay 1 bi khong hoan lai. Tinh xac suat dé bi thit 2 mau xanh néu biét bi thit nhat

man dg? 9 9 21
A. - B. —. C. —. D. —.
b} 16 17 80

Lai giai

Cau 23. Trong hop c6 20 nip khoen bia Tiger, trong d6 c¢6 2 nip ghi “Chiic mimg ban
da tring thuéng xe Camry”. Ban Minh Hién dugc chon lén rat tham lan lugt hai nap

khoen, xac sudt dé ca hai nip déu tring thudng la

1 1 1 1
A. —. B. —. . — D. —.
20 19 C 190 10

Lai giai

Cau 24. Ao so mi An Phuée truée khi xudt khau sang My phai qua 2 lan kiém tra, néu

ca hai lan déu dat thi chiéc 40 d6 mdi du tieu chuan xuat khau. Biét ring binh quan 98%
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san pham lam ra qua dugc lan kiém tra thi nhat, va 95% san pham qua dugde lan kiém
tra dau sé tiép tuc qua dugc lan kiém tra thit hai. Tim xac suédt dé 1 chiéc do so mi du

tiéu chuan xuit khau?

A2  BL c. 2 D. =
98 1000 100 100

Lai giai

Cau 25. Lép Toan Su Pham c¢6 95 Sinh vién, trong d6 c6 40 nam va 55 nit. Trong ky thi
mon Xac suat théng ké c6 23 sinh vien dat diém giéi (trong d6 c6 12 nam va 11 nit). Goi
tén ngau nhién mot sinh vién trong danh sach 16p. Tim xac suat goi dugce sinh vién dat

diém gioéi mon Xac suat théng ke, biét rang sinh vien dé la nit?

1 11 12 11
A. —. B. —. C. —. D. —.
5 23 23 19
Loi giai

Cau 26. Mot nhom hoc sinh ¢6 30 hoc sinh, trong dé ¢6 16 em hoc kha mon Toan, 25
em hoc kha mon Hoéa hoc, 12 em hoc khé ca hai mon Toan va Hoa hoc. Chon ngau nhién
mot hoc sinh trong sé d6. Tinh xac suat dé hoc sinh dé hoc kha mon Toan biét réang hoc
sinh d6 hoc kha mon Hoéa hoc.

A. 0,53. B. 0,75. C. 0,48. D. 0,84.
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L&i giai

Cau 27. Gia sit trong mot nhém ngudi ¢6 91% ngudi 1a khong nhiém bénh. Dé phét hien
ra nguoi nhiém bénh, nguoi ta tién hanh xét nghiém tat cd moi ngudsi ciia nhém do6. Biét
rang doi véi nguoi nhiém beénh thi xac suat xét nghiém c6 két qua duong tinh 1a 85%,
nhung déi v6i ngudi khong nhiém bénh thi xac suat xét nghiém c6 phan tng duong tinh
1a 7%. Tinh x4c suat dé ngusi duge chon ra khong nhiém bénh va khong cé phan ting
duong tinh.
A. 0,93. B. 0,0637. C. 0,8463. D. 0,7735.

Loi giai

Cau 28. Mot hoc sinh lam 2 bai tap ké tiép. Xac suat lam dang bai thit nhat 14 0,7. Néu
lam dang bai thi nhat thi kha nang lam ddng bai thi hai 14 0,8. Nhung néu lam sai bai
thtt nhat thi kha nang lam dang bai thit hai 14 0,2. Tinh xac suat hoc sinh d6 lam dtng
ca hai bai?

A. 0,56. B. 0,14. C. 0,16. D. 0,65.
Loi giai
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Cau 29. Cho mot hop kin ¢6 6 thé ATM ctua BIDV va 4 thé ATM ctua Vietcombank.
Lay ngdu nhién lan lugt 2 thé (1ay khong hoan lai). Khong gian mau rat lan lugt 2 thé
biét lan thit nhat da 1y duge thé ATM ctia BIDV la

A. 54. B. 90. C. 100. D. 50.
Loi giai

Cau 30. Trong hop c6 20 ndp khoen bia Tiger, trong d6 ¢6 2 nép ghi “Chiic mimg ban
da tring thuéng xe Camry”. Ban Minh Hién dugc chon lén rat tham lan lugt hai nap

khoen, xac suat dé ca hai nip déu tring thudng la

A B. . C. —. D. -
20 19 190 10

L&i giai
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Cau 31. Mot binh dung 5 vién bi kich thuéc va chat lieu gidng nhau, chi khac nhau vé
mau sic. Trong d6 c6 3 vien bi xanh va 2 vién bi dé. Lay ngau nhién tit binh ra mot vién
bi ta duge vien bi mau xanh, roi lai ldy ngau nhién ra mot vien bi nita. Tinh xac suat dé
lay dugc vien bi d6 ¢ lan thit hai.

1 1 2 p
A. = B. - c. = D. 2
5 2 5 3

Lai giai

Cau 32. Danh sach mot 16p dai hoc Qubc Gia c6 95 sinh vién gom 40 nam va 55 ni.
C6 23 sinh vién qubc tich nude ngoai (trong dé ¢6 12 nam va 11 nit), s6 sinh vién con
lai c6 qubc tich Viet Nam. Goi tén ngau nhién mot sinh vién trong danh sach 16p do6 len

bang. Tinh x4c suat sinh vién goi tén c6 qudc tich nude ngoai, biét rang sinh vien dé 1

na?
1 11 12 11
A. —. B. —. C. —. D. —.
5 23 23 19

Lai gidi

7= GV: PHAM LE DUY ® Trang 629/661



Bi Trudng THPT Chu Vin An 0704.963.919

-~ . . . < ~ L X A 3 2 L 2 Pd A £ £
Cau 33. Gieo hai con xiic xac can doi, dong chat. Tinh xac suat dé tong so cham xuat

hién trén hai con xtic xac 16n hon 10, biét rang c6 it nhat mot con da ra mit 5 cham.

6 4 d 3
A, —. B. —. .. D. —.
11 11 C 11 11

Lai giai
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PHAN 2. Cau tréc nghiém ding sai

Cau 1. Cho hai bién c6 A va B la hai bién ¢ doc lap, véi P(A) = 0,7, P(B) =
a) P(A|B)=06. b)P(B|A)=04. c) P(A|B)=03. d) P(B|A :0,6.

Lai gidi

Cau 2. Cho hai bién ¢b A va B, v6i P(A) = 0,4, P(B) = 0,8, P(AN B) = 0,4.

a) P(A) = 0,6 va P(B) = 0,2. b) P(A | B) = %
0) P(E\A)z%. d) P(ZmB):;

Lai gidi

Cau 3. Mot hop chita bon tam thé ciing loai duge ghi s6 lan lugt tit 1 dén 4. Ban Lan
lay ra mot cach ngau nhién mot thé tit hop, xem s6 trén thé roi bé thé dé ra ngoai va lai
lay ra mot cach ngau nhién thém mot thé nita.
a) Khong gian mau ctia phép thit ¢6 10 phan ti.
b) S6 két qua thuan lgi ciia bién c¢6 “thé 1ay ra lan thit hai ghi s6 18, biét réng thé 1ay
ra lan thi nhat ghi s6 18” bang 2.

7= GV: PHAM LE DUY ® Trang 631/661



Bi Trudng THPT Chu Vin An 0704.963.919

c) S6 két qua thuan 1gi ctia bién 6 “thé 1ay ra lan thi hai ghi s6 18, biét rang thé lay
ra lan thi nhat ghi s6 chin” bang 4.
d) S6 két qua thuan 1gi ciia bién ¢b “thé 1y ra lan thit hai 16n hon s6 1, biét rang thé
lay ra lan thi nhat ghi s6 chn” bang 5.
Lai giai

Cau 4. Lép 10A ¢6 35 hoc sinh, mdi hoc sinh déu gioéi it nhat mot trong hai mon Toan
hodc Van. Biét rang c6 23 hoc sinh giéi mon Toan va 20 hoc sinh giéi mon Van. Chon
ngau nhién mot hoc sinh ctia 16p 10A.
a) Xac suat dé hoc sinh duge chon giéi mon Toan biét rang hoc sinh d6 ciing gidi mon
Van bang %
b) Xac suat dé hoc sinh dudc chon “giéi mon Van biét rang hoc sinh d6 ciing giéi mon
Toan” bang %
c) Xac suat dé hoc sinh duge chon “khong giéi mon Toan biét rang hoc sinh d6 gidi
mon Van” bang %
d) Xac suat dé hoc sinh duge chon “khong gidi mon Van biét rang hoc sinh d6 gidi mon

Toan” bang =

L&i giai
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Cau 5. Mot cong ty truyen thong dau thau 2 dy 4n. Kha niang thang thau ctia dy 4n 1
14 0,5 va dir an 2 1& 0,6. Kha nang thang thau ctia 2 duy an 1a 0,4. Goi A, B lan luot 1a
bién c¢6 thang thau dy an 1 va di 4n 2.

a) A va B la hai bién doc lap.

b) X4c suat cong ty thang thau dang 1 dy an 1a 0,3.

¢) Biét cong ty thiang thau dy 4n 1, xac suit cong ty thang thau dy an 2 1a 0,4.

d) Biét cong ty khong thang thau dy 4n 1, xac suat cong ty thang thau dy an 0,8.
Loi giai

Cau 6. Lép 12A ¢6 30 hoc sinh, trong d6 ¢6 17 ban nit con lai 1a nam. C6 3 ban tén
Hién, trong d6 c¢6 1 ban nit va 2 ban nam. Thay gido goi ngau nhién 1 ban lén bang.
a) Xéc suat dé goi mot ban tén Hién la o
7z 2 N N 3
b) Xéc suat de c¢6 tén Hien, nhung véi dieu kién ban d6 gidi tinh nit 1a T2
c) X&c suat dé c6 ten Hién, nhung véi diéu kien ban d6 gidi tinh nam 13 3
d) Néu thay gido goi mot ban tén Hién lén bang thi xac suat dé ban d6 mang gi6i tinh

0la —.
n a17

Lai giai

7= GV: PHAM LE DUY ® Trang 633/661



Bi Trudng THPT Chu Vin An 0704.963.919

Cau 7. Trong mot cita hang ¢6 18 bong den loai I va 2 bong den loai II, cac bong den
c6 hinh dang va kich thudc nhu nhau. Mot mot ngudi mua hang 1ay ngau nhien lan lugt
2 bong den (lay khong hoan lai) trong ctta hang.
a) Xac suat dé lan thtt nhat 1ay duge bong den loai IT 13 %
b) Xac suat dé lan thit hai lay duge béng den loai 11, biét lan thit nhat 1ay dugc béng

den loai II, 1a —.
19

Z 2 N b Z 9
c) Xé&c suat de ca hai lan deu lay duge béng den loai 1T 1a —.
P , <2 189
d) X&c suat de it nhat 1 lan 1ay duge bong den loai I 1a 190"
Loi giai

Cau 8. Ong An hing ngay di lam bing xe may hodc xe buyt. Néu hom nay ong di lam
bing xe buyt thi xac suat dé hom sau ong di lam bing xe may 1a 0,4. Néu hom nay ong
di lam bing xe may thi x4c suat dé hom sau ong di lam bing xe buyt 1a 0,7. Xét mot
tuan ma thit Hai ong An di lam bang xe buyt. Goi A 1a bién c6: “Thit Ba, ong An di lam
bang xe may” va B la bién co: “Thtt Tu, ong An di lam bang xe may”.
a) Xac suat dé thit Ba, ong An di lam bang xe buyt 14 0,7.
b) Xac suat dé thit Tu, ong An di lam bing xe may néu thit Ba, 6ng An di lam bing
xe may la 0,3.
c) Xac suat dé thit Tu, ong An di lam biang xe may néu thit Ba ong An di lam bing
xe buyt 0,4.
d) Xac suat dé thit Tu trong tuan do, ong An di lam bang xe may néu thit Hai 6ng An
di lam bang xe buyt 1 0,36.

L&i giai
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PHAN 3. Cau tréc nghiém & 1&i ngdn.

Cau 1. Gieo lan lugt hai con xtc x#ic can dbi va dong chat. Cho hai bién c¢6 A: "Tdng s6
cham xuat hién trén hai con xtc xac 16n hon 6" va B: "Con xtic xac thi nhat xuat hién
mit 4 cham". Tinh s6 két qua thuan 16i cho bién c6 A khi bién cd6 B x4y ra.

Loi giai

Cau 2. Hop thit nhat chita 3 vién bi den va 2 vién bi trang. Hop thi hai chita 4 vién bi
den va 5 vién bi trang. Cac vién bi ¢6 ciing kich thude va khéi lugng. Ban An lay ra ngau
nhién 1 vién bi tit hop thit nhat bé vao hop thit hai, sau d6 lai ldy ra ngau nhién 1 vién
bi tit hop thit hai. Goi A: “Vien bi lay ra lan thi nhat 14 bi den” va B: “Vien bi lay ra
lan thit hai 14 bi trang”.

Biét rang bién cd A xay ra, tinh xac suat ctia bién c6

Loi giai

Cau 3. Mot binh dyng 50 vién bi kich thude, chat lieu nhu nhau, trong dé c6 30 vién bi
xanh v 20 vién bi trdng. Lay ngdu nhién ra mot vién bi, roi lai lay ngau nhién ra mot
vien bi nita. Tinh xac suat dé lay duge mot vien bi xanh & lan tht nhat va mot vien bi

trang ¢ lan thit hai. Lam tron két qua dén chit s6 thap phan thi 2.
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L&i giai

Cau 4. C6 40 phiéu thi Toan 12, mdi phiéu chi c¢6 mot cau hoi, trong d6 c6 13 cau hoi
Iy thuyét (gom 5 cau héi kho va 8 cau hoi dé) va 27 cau hoi bai tap (gom 12 cau héi kho
va 15 cau hoi dé). Lay ngdu nhién ra mot phiéu. Tim xac suat riat duge cau hoi 1y thuyét
khé. Lam tron két qua dén chit s6 thap phan thit 2.

Loi giai

Cau 5. Gieo hai con xtc x#ic can doéi, dong chat. Tinh x4c suat dé tong so6 cham xuét
hién trén hai con xtc xac 16n hon hodc bang 10, néu biét rang c6 it nhat mot con da ra
mit 5 cham. Lam tron két qua dén chit s6 thap phan thi 2.

Loi giai

7= GV: PHAM LE DUY ® Trang 637/661



Bi Trudng THPT Chu Vin An 0704.963.919

Cau 6. Mot gia dinh c6 2 dita tré. Biét rang c6 it nhat 1 dita tré 1a con gai. Hoi xac suat
2 dita tré déu la con gai la bao nhiéu? Cho biét x4c suat dé mot dita tré la trai hosic gai
la bang nhau (Iam tron dén hang phan tram).

Loi giai

Cau 7. Hop thtt nhat c6 4 vien bi xanh va 6 vien bi dé. Hop thit hai c6 5 vién bi xanh
va 4 vien bi d6. Céac vién bi ¢6 ciing kich thude va khdi lugng. Lay ra ngau nhién 1 vien
bi tit hop thit nhat chuyén sang hop thit hai. Sau d6 lai lay ra ngau nhién 1 vien bi ti
hop thit hai. Tinh xac suat ctia bién c6 C: “Hai vién bi lay ra khac mau”.

Loi giai

Cau 8. Trong mot tii c6 mot s6 vien keo cling loai, chi khac mau, trong dé c6 6 vien
keo mau cam, con lai 1a keo mau vang. Ha 1y ngau nhién 1 vién keo tir trong tui, khong

tra lai. Sau d6 Ha lai 1ay ngau nhién thém 1 vién keo khéc tit trong tui. Biét ring xac
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suat Ha lay dugc ca hai vién keo mau cam la 3 Hoi ban dau trong tui ¢c6 bao nhiéu vién
keo?
Loi giai

Cau 9. Mot ngudi san thoé trong ring, kha nang anh ta ban tring thoé trong méi lan ban
ty 1é nghich véi khodng cach ban. Anh ta ban lan dau & khoang cach 20 m vdi xac suat
trang tho 1a 0,5; néu bi trust anh ta ban vién thit hai ¢ khoang cach 30 m; néu lai truct
anh ta bin vién tht ba ¢ khoang cach 40 m. Tinh xac suat dé ngusi tho san ban dugc
thé

Loi giai
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BAI 1Q9.  CONG THI'C XAC SUAT TOAN PHAN VA
CONG THU'C BAYES

A. LY THUYET
1. Cong thifc xac suat toan phan
Pinh nghia 1. Cho hai bién ¢6 A va B v6i 0 < P(B) < 1, ta c6:

P(A) = P(ANB)+P(ANB)
= P(B)-P(A|B)+P(B)-P(AB).

2. Cong thuc Bayes
Pinh nghia 2. Cho hai bién ¢6 A va B vé6i P (A) > 0,P (B) > 0, ta co:

P(B)-P(A[B)
P (4)
Nhan xét. Cho hai bién c6 A va B véi P (A) > 0,P(B) >0, do

P (B|A) =

P(A)=P(B)-P(AB)+P(B) -P(AB).

Nén cong thiic Bayes con cé dang:

P(B)-P(A[B)

P(B’A):PH P(A[B)+P (B)-P(AB)

Kién thitc can nhé

1) Cong thiic xdc suat toan phan: P (A) =P (B)-P (A|B) + P (B) - P (A|B).

2) Cong thiic Bayes: P (BJA) = (B)P &§A|B)

P (B)-P(A[B)
P(B) P (A|B)+P(B)-
/N Chi yj 1: Cédc cong thic can nhd

hoic P (B|A) =

P (AB)

e P(A)+P(A) =1

o P(AB)+P (4B) =

e P(ANB)+P (ANB) =P (A)
e P(ANB)+P(ANB) =P (B)
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VAN 4 2: Cong thiic xzdc sudt toan phan va Cong thiic Bayes duoc dp dung
trong cdc truong hop su viéc bai todan dé cap dén gom nhiéu giai doan cé su

lién doi nhau trong qud trinh zady ra.

B. CAC DANG BAI TAP

(3 Dang 19.1. Céng thirc xdc suét todn phdn va céng thirc Bayes.

Phvong phap

e Cong thitc xac suat toan phan
Cho hai bién ¢ A va B v6i 0 < P (B) < 1. Khi do:

P (A) =P (B)P(A|B) + P (B) P (A|B)

VAN ij: Cong thic vdc sudt toan phan cing ding vdi bién co B bat ki.

e Cong thic Bayes
Gia sit A va B 1a hai bién ¢6 ngau nhién thod man P (A) > 0va 0 < P(B) < 1.

Khi do
b () — PBP(AB)
P(B)P(A|B)+P (B)P (AB)
/N Chi y: Voi P(A) >0, P(B|A) = P(B;fA(;HB) cung dugc goi la cong

thitic Bayes.

Vi du 1. Cho hai bién ¢6 A va B v6i 0 < P (A) < 1.
a) Viét cong thiic xac suat toan phan tinh P (B).
b) Véi P (A) =0,1; P (4) = 0,9; P (B|A) = 0,3; P (B|4) = 0,6. Tinh P (B)?

Lai giai
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Vi du 2. Cho hai bién ¢6 A va B véi P (B) = 0,2; P (A|B) = 0,5;P (A|B) = 0,4. Tinh
P (B|A)?
Loi giai

Vi du 3. Cho hai bién ¢6 A va B, v6i P (B) =08, P (A|B) = 0,7, P (A|B) = 0,45.
a) Tinh P (A). b) Tinh P (B|A).

Lai giai

(D Dang 19.2. Cdc béi todn lién quan dén céng thirc xdc sudt todn phan

Phvong phap

e Cong thiic xac suat toan phan
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Cho hai bién ¢6 A va B v6i 0 < P (B) < 1. Khi d6

P (A) =P (B)P (A|B) + P (B) P (A[B)

I\ Chi yj: Cong thic zdc sudt toan phan cing ding vdi bién co B bat ki.

Vidu 1. Ngudi ta khéo sat kha nang choi nhac cu cia mot nhom hoc sinh nam nt tai
mot truong pho thong H. Xét phép thit chon ngdu nhién 1 hoc sinh trong nhém dé. goi
A 1a bién ¢6 “hoc sinh dude chon biét choi it nhat mot nhac cu”, va B 1a bién ¢ “hoc sinh
dude chon 1a nam”. Biét xac xuat hoc sinh dude chon 1a nam bang 0,6; xac suat hoc sinh
dudc chon 1a nam va biét choi it nhat mot nhac cu 1a 0,3; xac suat hoc sinh duge chon 1a
nit va biét choi it nhat mot nhac cu 1a 0,15. Tinh P (A).

Loi giai

Vi du 2. Trong mot truong hoc, ti 1é hoc sinh nt 1a 53%. Ti 1é hoc sinh nit va ti 1é hoc
sinh nam tham gia cau lac bo nghe thuat X lan luot 1a 21% va 17%. Chon ngau nhién 1
hoc sinh ctia truong. Tinh x4c suat hoc sinh d6 c¢6 tham gia cau lac bo nghé thuat X.
Loi giai
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(3 Dang 19.3. Céc bai todn lién quan dén céng thirc Bayes

Phuong phap

e Cong thic Bayes
Gié st A va B 1a hai bién ¢ ngdu nhién thod man P (4) > 0va0 < P(B) < 1.

Khi do6
b (Bl PBP(AB)
P (B)P (A|B) + P (B) P (A|B)
/N Chi y: Voi P(A) > 0, P(B|A) = w cung dugc goi la cong thic

Bayes.

Vi du 1. Mot hop c6 4 vien bi, mbi vien c6 thé la mau den hodc tring. Lay ngdu nhien
ra 2 vien bi. Tinh xac suat dé lay dugc 2 bi trang.
Loi giai

Vi du 2. Mot can bénh c6 1% dan s6 mac phai. Mot phuong phap chuan doan dugc
phét trién c6 ty lé chinh xac 1a 99%. Véi nhitng ngusi bi bénh, phuong phap nay sé dua
ra két qua duong tinh 99% s6 truong hop. V6i ngudi khong méac bénh, phuong phap nay
ciing chuan doan dang 99 trong 100 truong hop. Néu mot ngusi kiém tra va két qua la
duong tinh (bi bénh), xac suat dé ngusi d6 thyc sy bi bénh 1a bao nhieu?

Loi giai
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Vi du 3. Gia st ti 1é nguoi dan ctia tinh X nghién thudc 14 1a 20%; ti 1é nguoi bi bénh
phoi trong s6 nguoi nghién thube 14 1a 70%, trong sé ngusi khong nghién thube 14 1a 15%.

a) Hoi khi ta gap ngau nhién mot ngusi dan cia tinh X thi khd ndng ma d6 bi bénh
phéi 1a bao nhieu %?

b) Tinh x4c suat ma ngudi d6 14 nghién hude 14 khi biét bi benh phoi.

Lai giai

Vi du 4. Mot tram chi phat hai tin hieu A va B véi xac suat tuong ting 0,85 va 0,15.

Do c6 nhiéu trén dudng truyen nén z tin hiéu A bi méo va thu dugc nhu tin hiéu B con

1
3 tin hiéu B bi méo va thu duge nhu A.
a) Xéc suat thu duge tin hieu A 1a bao nhiéu?
b) Gié st da thu duge tin higu A. Tim x4c suat thu duge dang tin hi¢u ltc phat.

Lai giai
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C. LUYEN TAP

PHAN 1. Cau tréc nghiém nhidu phuong én Iua chon

Cau 1. Cho A, B la cac bién ¢ ctia mot phép thit 7. Biét rang 0 < P(B) < 1, xac suat

clia bién c¢6 A dudge tinh theo cong thitc ndo sau day?

Cau 2. Cho A, B la cac bién ¢b ctia mot phép thit 7. Biét rang 0 < P(A) < 1, xac suat

clia bién c¢6 B dugce tinh theo cong thitc nao sau day?
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Cau 3. Cho A, B la cic bién ¢6 clia mot phép thit 7. Biét rang P(B) > 0, xac suat cia

bién c6 A véi diéu kién bién c6 B da xay ra duge tinh theo cong thitc nao sau day?

A. P(A|B) = %. B. P(A|B) = P(A>F;(;()’B|A>.
C. P(A|B) = P(B)P'(i()BM) D. P(A|B) = %.

Cau 4. Cho A, B la cac bién ¢6 cia mot phép thit 7. Biét rang P(A) > 0va 0 < P(B) <
1. X4ac suat clia bién c6 B v6i diéu kién bién c¢6 A da xdy ra dude tinh theo cong thiic

nao sau day?

' ~ P(B)-P(A|B)+P(B)-P(A|B)’
P(B)-P(A|B)
P(A)-P(B|A) + P(A) - P(B|A)

P(B)-P(-A|B)
(

B. P(B|A) =

N
S

D. P(B|4) = 5
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Cau 5. Néu hai bién ¢6 A, B théa man P(A) = 0,3; P(B) = 0,6 va P(A|B) = 0,4 thi
P(B|A) bang

A. 05, B. 0.6. C. 03 D. 0,2,
Loi giai

Cau 6. Cho hai bién ¢6 A, B thod man P(A) = 04; P(B) = 0,3; P(A|B) = 0,25. Khi
do, P(BJ|A) bang

A. 0,1875. B. 0,48. C. 0,333. D. 0,95.
Loi giai

Cau 7. Cho hai bién ¢6 A, B véi P(B) = 0,6; P(A|B) = 0,7 va P(A|B) = 0,4. Khi do,
P(A) bang

A. 0.7, B. 0.4. C. 0,58, D. 0,52.
Loi giai
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Cau 8. Mot cuoc thi khoa hoc ¢6 36 bo cau hoéi, trong dé c6 20 bo cau hoi vé chu deé tu
nhién va 16 bo cau hdi vé chit dé xa hoi. Ban An 1ay ngdu nhién 1 bo cau héi (1ay khong
hoan lai), sau d6 ban Binh 1ay ngau nhién 1 bo cau héi. Xac suat ban Binh lay duge bo

cau héi vé chti dé xa hoi bang

Az B. = c. 2 D. >
35 35 9 9

Lai giai

Cau 9. Trong mot dgt kiém tra stic khoé, c6 mot loai bénh X ma ti 1é ngusi mic bénh
12 0,2% va mot loai xét nghiem Y ma ai mic bénh X khi xét nghiém Y cfing c6 phan tng
duong tinh. Tuy nhién, c¢6 6% nhiing ngusi khong bi bénh X lai ¢6 phan tng duong tinh
v6i xét nghiem Y. Chon ngdu nhién 1 nguoi trong dot kiém tra sttc khoé dé. Gia sit ngusi
d6 c6 phan ting duong tinh véi xét nghiem Y. Xac suat ngudi dé6 bi mac bénh X 1a bao
nhiéu (lam tron két qua dén hang phan tram)?
A. 0,3. B. 0,03. C. 0,04. D. 0.4.

Loi giai
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Cau 10. Mot ctta hang c¢6 hai loai bong den Led, trong dé ¢6 65% bong den Led 1a mau
trang va 35% boéng den Led 14 mau xanh, cic bong dén c6 kich thude nhu nhau. Céc
bong den Led mau trang co ti lé hong 1a 2% va cac béng den Led mau xanh c6 ti 1é hong
12 3%. Mot khach hang chon mua ngau nhién 1 béng den Led tit cita hang. Xac suat dé
khach hang chon dugc béng den Led khong héng bang

A. 0,7956. B. 0,7965. C. 0,9756. D. 0,9765.
Loi giai

Cau 11. Mot hop but bi Thién Long c6 15 chiéc bt trong d6 c¢6 9 chiéc but méi. Nguoi
ta lay ngdu nhien 1 chiéc but dé si dung sau do tra lai vho hop. Lan thi hai lay ngau

nhién 2 chiéc bit, tinh xac suat ca hai chiéc but lay ra déu la chiéc mdi.

2 B. 2 c. 2. D. 2
175 177 175 175

Lai giai
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Cau 12. Mot cong ty du lich b6 tri chd cho doan khach tai ba khéach san A, B, C theo
ti 16 20%; 50%; 30%. Ti le hong diéu hoa & ba khach san lan luct 1a 5%; 4%:; 8%. Tinh
xac suat dé mot khach nghi ¢ phong diéu hoa bi héng.

A= B. 20 c. - D. 2>
500 500 500 500

L&i giai

Cau 13. 6 10 sinh vien thi Xac suat — Thong ke, trong dé c6 2 sinh vien gioéi (tra 1oi
100% cac cau hoi), 3 sinh vien kha (tra 16i 80% cac cau hoi), 5 sinh vién trung binh (tra
161 50% céc cau héi). Goi ngau nhién mot sinh vién vao thi va phéat dé ¢6 4 cau héi (duge
lay ngdu nhién tit 20 cau). Thay sinh vien nay tra 16i dudc ca 4 cau, tinh x4c suat dé sinh
vien d6 1a sinh vién kha? Xéc suat gan bang sd nao sau day

A. 0,336. B. 0,3344. C. 0,337. D. 0,335.
Loi giai

Cau 14. Hop thit nhat c6 3 vien bi xanh va 6 vién bi d6. Hop thit hai c6 3 vién vi xanh
va 7 vien bi dé. Céac vién bi ¢6 cung kich thiic va khéi lugng. Lay ngau nhién ra mot vien

bi tit hop thit nhat chuyén sang hop thit hai. Sau d6 lai lay ngAu nhién dong thai hai vién
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tit hop thit hai, biét rang hai bi lay ra tit hop thit hai 1a bi mau dé, tinh xac suat vien bi
lay ra tit hop thi nhat cling 1a bi mau doé.

8 7 8 7
A. I B. IES C. 5 D. 3

Lai giai

Cau 15. Mot can bénh c¢6 1% dan sé méac phai. Mot phuong phap chan doan dugce phat
trién c6 ty lé chinh xac 1a 99%. V6i nhitng ngusi bi bénh, phuong phap nay sé dua ra két
qua duong tinh 99% s6 truong hop. Vé6i ngusi khong méc bénh, phuong phap nay ciing
chan doan dang 99 trong 100 trudng hop. Néu mot ngusi kiém tra va két qua la duong
tinh (bi bénh), xac suat dé ngusi d6 thyc sy bi bénh 1a bao nhieu?

A. 04 B. 0,35. C. 05. D. 0,65.
Loi gii

Cau 16. Trong mot trudng hoc, ti 1& hoc sinh ntt 14 52%. Ti 1é hoc sinh nt va ti 1& hoc
sinh nam tham gia cau lac bo nghé thuat lan lugt 1a 18% va 15%. Gap ngau nhién mot
hoc sinh ctia truong. Biét rang hoc sinh c¢6 tham gia cau lac bo ngheé thuat. Tinh xac suat

hoc sinh do6 1a nam.

L2 L2 c. 2 D. 2.
1230 1250 27 23
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L&i giai
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PHAN 2. Cau tréc nghiém ding sai

Cau 1. C6 hai hop dung cac vién bi cuing kich thudc va khéi luong. Hop thit nhat chita
5 vién bi d6 va 5 vien bi xanh, hop thi hai chita 6 vién bi d6 va 4 vién bi xanh. Lay ngau
nhién mot vien bi tit hop thit nhat chuyén sang hop thit hai, sau d6 lay ra ngdu nhién
mot vien bi tit hop thit hai. Goi A la bién ¢6 “Vién bi duge lay ra tit hop thit hai 1a bi
do”, B 1a bién ¢6 “Vien bi dugc lay ra tit hop thit nhat chuyén sang hop thit hai 1a bi d8”
Céc khing dinh sau ding hay sai?
a) Xac suat cta bién ¢6 B la P(B) = 0,5.
b) Gia st vien bi lay ra tit hop thit nhat chuyén sang hop thit hai 1 bi doé thi khi do
P(A|B) = 1—71
c) Goi B: “Vien bi dugc lay ra tit hop thit nhat chuyén sang hop thi hai la bi xanh”

thi P (4]B) = -

Z 2 Z ]—3
d) Xac suat de vien bi duge lay ra tit hop tht hai la vién bi d6 1a P(A) = %"

L&i giai

Cau 2. Mot chiéc hop c6 80 vien bi, trong d6 c¢6 50 vien bi mau do va 30 vien bi mau
vang; cac vien bi c¢6 kich thuée va khéi lugng nhut nhau. Sau khi kiém tra, ngusi ta thay
c6 60% s6 vien bi mau dé danh s6 va 50% sb vien bi mau vang c6 danh s6, nhitng vién bi
con lai khong danh so.
a) S6 vien bi mau do c6 danh sb 1a 30.
b) S6 vien bi mau vang khong danh s6 1a 15.
c) Lay ra ngau nhién mot vien bi trong hop. Xac suit dé vien bi duge lay ra c6 danh
so 1a =
d) Lay ra ngdu nhién mot vién bi trong hop. Xac suat dé vien bi duge lay ra khong c6
danh s6 .

Lai giai
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Cau 3. Cho 2 16 san pham. Lo I ¢6 20 san pham, trong do ¢6 15 san pham t6t va 5 san
pham 16i. Lo I ¢6 20 sdn pham, trong d6 c6 10 san pham t6t va 10 sin pham 156i. Lay
ngau nhién 1 16 va tir 16 nay lay ngau nhién ra 1 san pham.

2z 2 2 7z . 2 7z N 5
a) X&c suat de san pham lay ra la sén pham tot bang 3

b) Xac suat dé san pham lay ra la san pham 15i bing 3
c) Gia st san pham lay ra la san pham t6t. Xac suat dé san pham do6 ctia 16 thit 11
.2
bang —.
&% 1
d) Gia sit san pham lay ra la phé pham. Xac suat dé san pham do6 ctia 16 thit I bing 3

L&i giai

Cau 4. Mot thung ¢6 cac hop loai I va loai 11, trong d6 ¢6 2 hop loai I, moi hop ¢6 13
san pham t6t va 2 phé pham va c6 3 hop loai II, mdi hop c¢6 6 san pham t6t va 4 phé
pham.

a) So cach chon dugce 2 san pham t6t trong hop loai I 1a 78 cach.

. ) ) 12
b) Xéc suat chon duge 2 phé pham trong hop loai IT 1a TR
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c) Chon ngau nhién trong thiing mot hop va tit hop dé lay ra hai sdn pham dé kiém
tra, xac suat dé hai san pham nay déu t6t la T
d) Chon ngau nhién trong thiing mot hop va tit hop dé lay ra hai sdn pham dé kiém
tra, %12& stt hai san pham dé déu tot thi xac sudt dé hai san pham d6 thudc hop loai
Ila 57
Loi giai

Cau 5. Gia st 5% email ctia ban nhan dudce 14 email rac. Ban st dung mot hé thong loc
email rdc ma kha nang loc ding email rac ctia hé thong nay 1a 95% va c6 10% nhitng
email khong phéi 1a email rac nhung van bi loc.
a) X4c suat email nhan duge mot email rac 1a 0,05.
b) Xac suat bi loc cia email rac 1a 0,93.
c) X&c suat chon mot email trong s6 nhitng email bi loc bat ké c6 1a rac hay khong 1a
0,1425.

. , . 7
d) Xéc suat chon mot email trong so nhitng email bi loc thuc sy la email rac la To°

L&i giai
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Cau 6. Mot chiée hop c¢6 100 vien bi, trong d6 c¢6 70 vien bi c6 t6 mau va 30 vién bi
khong t6 mau; cac vién bi ¢6 kich thuée va khéi lugng nhu nhau. Ban Nam 1ay ra vién bi
dau tién, sau d6 ban Viéet lay ra vién bi thi hai.

a) Xéc suat dé ban Nam lay ra vien bi ¢6 t6 mau la §

b) So do cay biéu thi tinh hudng trén 1a

Vién bi Nam lay ra Vién bi Viét lay ra

23

—

A
23

p(AB) T3 . 4

A
AL sz oz e o 191
c) Xéc suat de ban Viet lay ra vién bi ¢6 t6 mau la 330"

L an . 139
d) Xéc suat de ban Viet lay ra vién bi khong c¢6 t6 mau la 330"

Lai giai
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PHAN 3. Cau tréc nghiém & 1&i ngdn.

Cau 1. Cho hai bién ¢6 A va B v6i P(A) > 0, P(B) > 0. Cho cic khang dinh sau:
(1) P(ANB) +P (AN B) =P(A).

P(B) - P(A|B)
P(A)
P(B) - P(A|B)

P(B) -P(A|B)+P(B)-P(AB)

(2) P(BJA) =

(3) P(BJA) =

(4) P(A)=P(ANB)+P (ANB) =P(B) -P(A|B) + P (B) - P (A|B).

(5) Cho hai bién ¢6 A va B, vé6i P(B) = 0,8, P(A|B) = 0,7, P (A|B) = 0,45. Khi d6
P(A) = 0,5.

Trong cac khang dinh trén c6 bao nhiéu khang dinh ding?
Loi giai

Cau 2. Gia st ti 16 nguoi dan ctia mot tinh nghién thuéc 14 1a 20%; ti 1é nguoi bi bénh
phdi trong s6 nguoi nghién thube 14 1a 70%, trong sé ngusi khong nghién thube 1a 1a 15%.
Héi khi ta gap ngau nhién mot ngusi dan cta tinh d6 thi khé nang ma ngudsi dé bi bénh
phoi 14 bao nhieu (két qua la tron dén hang phan tram)?

Loi giai
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Cau 3. Mot chiéc hop c6 80 vien bi, trong d6 c¢6 50 vien bi mau do va 30 vien bi mau
vang; cic vien bi c¢6 kich thuée va khéi lugng nhut nhau. Sau khi kiém tra, ngusi ta thay
c6 60% s6 vien bi mau dé danh s6 va 50% s vien bi mau vang c6 danh s6, nhitng vién
bi con lai khong danh s6. Ly ra ngdu nhién mot vién bi trong hop. Xéc suat dé vien bi
duge 1ay ra c6 danh s6 1a bao nhieu (két qua la tron dén hang phan tram)?

Loi giai

Cau 4. Trong mot ki thi t6t nghiep trung hoc pho thong, mot tinh X c¢6 80% hoc sinh
Iita chon t6 hgp A00 (gom cac mon Toan, Vat 1i, Hoa hoc). Biét rang, néu mot hoc sinh
chon t6 hop A00 thi xac suat dé hoc sinh dé dé dai hoc 1a 0,6; con néu mot hoc sinh
khong chon t6 hgp A00 thi xac sudt dé hoc sinh d6 dé dai hoc 1a 0,7. Chon ngiu nhién
mot hoc sinh ctia tinh X da tét nghiép trung hoc pho thong trong ki thi trén. Biét ring
hoc sinh nay da d6 dai hoc. Tinh xac suat dé hoc sinh d6 chon t6 hgp A00 (két qua lam
tron dén chit s6 thap phan thi 2).

Loi giai
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Cau 5. C6 hai chuong thé. Chuong I ¢6 5 con thé den va 10 con thoé trang. Chuong 11
c6 7 con tho den va 3 con tho trang. Trudce tien, tit chuong II 1ay ra ngdu nhién 1 con tho
roi cho vao chuong I. Sau dé, tit chuong I 1y ra ngau nhién 1 con thé. Tinh x4c suat dé
con thé duge 1ay ra la con thé trang (két qua lam tron dén chit s6 thap phan thi 2).
Loi giai
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