SG GIAO DUC VA PAO TAO KY THI CHON POI TUYEN
oy DU THI HQC SINH GIOI QUOC GIA THPT
HA TINH :
NAM HOQC 2025 - 2026

PE THI CHINH THUC

\ : Mén thi: TOAN
(Dé thi cé 1 trang, gom 3 bai) Thoi gian lam ba:li: 180 phut
Ngay thi thir nhét: 10/9/2025

Bai 1. (6 diém)

Cho hai da thitc P(x)=a,x"+a, x"" +..+ax+a, va O(x)=b,x"-b, x"" —..—bx—b, cb
hé 6 thuc théa mén 0 <5, <|a,

va b, >|a| véimoi ie {0;5;...;n-1}.

a) Chimg minh ring O(x) c6 ding mét nghiém duong duy nhét.

b) Goi x, 1a nghiém duong duy nhét ciia Q(x). Ching minh réng cic nghiém cia P(x) néu
c6 thi déu thude khoang (—x,;%,)-

Bai 2. (7 diém)

a) Chimg minh rang khéng ton tai cac sb nguyén duong x,y thoa man x* -3xy+ 3> =3.

b) Tim tit ca cac sd nguyén duong m sao cho ton tai vé han sb nguyén duong & thoa min
phuong trinh x* — kxy + y* =m c6 it nhit mot nghiém nguyén (x,y) véi x>0,y > 0.

Bai 3. (7 diém)

Cho tam gidc ABC, dudng tron ndi tiép (1) tiép xtic BC,CA4, 4B tai D,E,F .

a) Goi X,Y,Z lan luot 1a trung diém cia 4I,BI,CI. Chimg minh ring DX,EY,FZ dong
quy.

b) Goi L la giao diém cia AD véi EF, liy diém P thudc BC sao cho —%=£, M la

LE
trung diém BC. Trén dudng trung tryc cia MP iy K sao cho MK song song véi AI.

Ching minh rang duong tron tim K diqua M va P tiép xuic véi duong tron (BIC).
Hét




SO GIAO DUC VA PAO TAO KY THI CHON POI TUYEN

HA TINH DU THI HQC SINH GIOI QUOC GIA THPT
PE THI CHINH THUC NAM HOQC 2025 - 2026
Dé thi ¢6 1 trang - gdom 3 bai Mén thi: TOAN

Thoi gian lam bai: 180 phit
Ngay thi tha hai: 11/09/2025

Bai 4. (6 diém)
Cho tam gidc ABC (AB < AC) ndi tiép duong tron (O). Goi M la trung diém ctia doan thang BC, D 1a diém

bét ky nam trén doan théng CM. Léy E, F 1an luot 1a hinh chiéu cua B, C trén duong théng AD. Goi G 1a giao
diém cia dudng thing qua £ song song vdi AB va dudng thing qua F song song vdi AC, K 1a tim dudng tron
ngoai tiép tam giac GEF.

a) Chirg minh rang OKD =90’
b) Goi N 1a trung diém ctia O4. Ching minh rang NM = NK .
Bai 5. (7 diém)

An va Binh choi trd choi trén bang 8 x 8. Hai ban thay phién nhau di. Mdi budc, An danh diu mét 6 trong nao
d6 (chua dugce danh diu ciing nhu khong bj phu boi cac quan domino). Con mdi bude, Binh duoc phép chon
2 6 ké nhau va phu chung béi mot quan domino sao cho hai 6 nay déu chua bi phii boi domino, va téng sé 6
bi ddnh diu ma quan domino d6 phu 18n 14 0 hodc 2 (tirc 13, hodc ca hai 6 déu da bi danh dau, hodc ca hai 6
déu chua bi danh diu). Nguoi nao khong thé di duoc nira thi thua. Hoi ai ¢6 chién luoc thing cudc néu:

a) An la nguoi di trude?

b) Binh la nguoi di trude?

* Mot domino la mot hinh chir nhat gém hai 6 ké nhau.

Bai 6. (7 diém)

Vi s6 nguyén duong n, ki hiéu 7 (n) 1a s6 cac uée s6 nguyén duong cua n (ké ca 1 va n).

a) Chimg minh rang phuong trinh z'(n) =2025 ¢6 vo sd nghiém.

b) Hiy tim tat ca s nguyén duong k sao cho z'(nz) =kz(n), v6i n nguyén duong nao do.

- Thi sinh khong dwoc sw dung tai liéu.

- Giam thi khong giai thich gi thém.



Chuong

CHON DTQG HA TINH 2025

la 3

( Baitodn 0.1. ] (LMF - Ha Tinh TST 2025 - P1)
Cho hai da thic

P(#) = @nt™ + ap-12" 1+ ooz +ap v Q) = bpx™ —bp_12" L — oo —bjz— by
¢6 heé s6 thyc thod man 0 < b, < |a,|, b >|a;] v6imoiie {0,1,...,n—1}.
@ Chitng minh ring Q(z) c6 ding mot nghiem duong duy nhét.
@ Goi zg 1a nghiém duong duy nhat ctia Q(z). Chiing minh réing cac nghiém ctia P(z) néu c6
thi déu thuoc khodng (—zo; o).

@ Lai giai.
@ bit R(z) = z"Q (i) = —bgz™ — bzl — ...+ b,.
Ta c¢6 R(0) = by, > 0 va zBI-ir-loo R(x) = —oo nén theo dinh ly gia tri trung gian ton tai nghiém duong
ctua da thic R(z).
Dé ¥ R'(z) = —nbpz™ 1 — (n — 1)b12™ 2 — ... — by_1 < 0 véi moi z > 0.
Vi vay R(x) nghich bién trén (0, +o00).
Do d6 ton tai duy nhat nghiém duong ctia R(zx), vi thé ton tai duy nhat nghiem duong cta Q(z).
@ Goi z la mot nghiém thuce cia P(z). Gia st |z| > xg.

Khi d6 a,2" = —(@n-12""1 + an—22""2 + ... + a12 + ag).
(1 a a
Hayan=—(nl+n2 —2)
z
iy ] = |22 2252 1. a_;;.
z
Ap—1 ag
Vi |ap| > b, >0 va b; >|al|nenb <‘n z"1+z_"
1 1 1
< |an_1]—— + |an_2|——2— + ...+ |a0|———— <bp1—+ bn_z—-§ + ...+ bo—n.
|| || |2[™ o 2 g

Vi vay bpzg < bn_lwo_l + ... + bo hay Q(z0) < 0, vo ly.

T d6 |z| < 2o nén ta c6 diéu phai ching minh.

s
[ Bai todn 0.2. ) (LMF - Ha Tinh TST 2025 - P2)

@ Chitng minh rang khong ton tai cac s6 nguyén duong z,y thod man
2% — 3xy + 9% = 8.

@ Tim tat ca cdc s6 nguyén duong m sao cho ton tai vo han s nguyén duong k thod méan
phuong trinh 22 — kxy + y?> = m c6 it nhat mot nghiem nguyeén (z,y) véi z > 0,y > 0.

@ Lai giai.
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' LIM EDU

ﬁ(‘) Gia sit ton tai 2,y nguyén duong thdéa man yéu cau.
Ta c6 22 + y? = 3 + 32y nén x? + y? chia hét cho 3 nén z,y chia hét cho 3.
Do d6 z? + y? chia hét cho 9 nén 3 + 3zy chia hét cho 9.
Ma 3zy chia hét cho 9 nén mau thuan xay ra, do d6 ta c6 diéu phai chiing minh.
(2) C6 dinh s6 nguyen duong m.
Lay ko > 10 la s6 nguyén duong sao cho ton tai nghiém nguyén duong (z,y).
Xét tap L = {(z,y) | z,y € N*, 22 — kozy + y*> = m}.
Khi d6 L # 0, do d6 ton tai bo nghiem (zo, yo) sao cho zg + yo nhé nhat va zg > yo.
Xét phuong trinh 22 — kozyo + y3 — m = 0.

Phuong trinh nay la phuong trinh bac hai nén ta cé thé gia sit phuong trinh c6 hai nghiem 1a zg, 2;
(c6 thé bing nhau). Theo Viete ta c6 zg + 21 = koyo VA Zox1 = Y3 — m.

Néu y2 > m thi z; ciing 1 s6 nguyén duong.

Vi (z1,y0) cing la mot bo nghiém cta phuong trinh nén x; + yo > o + yo hay z; > xo.
2:1:0

Do do koyo = zog + x1 > 229 nén ky > y_
0

k
Laicokg= 24+ %0_ ™ ™ 1 _ mnen0<k<2-2m<0,voly.
Yo ®o xoyo 2

Vi vay y§ < m.

Tit day ta rit ra két luan: V6i k > 10 sao cho phuong trinh 22 — kzy +y? —m = 0 ¢6 nghiém nguyén
duong (zk, yx) nhé nhat théa man xp > y, thi yp < /m.

Khi d6 1 < yr < /m v6i moi k > 10 théa man yéu cau nén ton tai day (k,) ting ngit gom vo s6
cac s6 nguyén duong doi mot phan biet théoa man yéu cau sao cho y, = Yk; =Y v6i moi i # j.

Ta c6 3712:1 — kizr, e, + y,%i = I = :z:ij — kjzr; yk; + yﬁj véi moi 7 # j.

Vi y,%i < m v6i moi ¢ > 1 nén le — kizg,yr, > 0 hay xg, > kjyr, v6i moi ¢ > 1.

Néu y,zci < m thl zg, > kiyk, nén xy, > ky, + 1.

Vi vay m = 23 — kit Yk, + Up, = Tx; (Th; — Kiyw,) + Y, = (kiyw, +1) +y3, v6i moi i > 1.

5
m-—y; —1 — e 1 P
Do dé k; < Y g 2 v la hang so véi moi ¢ > 1.
Yk,

Vi vay day (k,) 14 day s6 nguyén duong tang ngit bi chan trén, vo 1.
Do d6 yii = m nén m la s6 chinh phuong.

Khi m 1a s6 chinh phuong, véi mbi s6 nguyén duong k, ton tai bo (z,y) = (kv/m,/m) la nghiéem
ctia phuong trinh. Vi vay tat cd s6 nguyén duong m can tim 1a cac sd chinh phuong khéc 0.
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Chuong 1. Chon DTQG Ha Tinh 2025 %3 LIMEDU

£

[ Baitoan 0.3. ) (LMF - Ha Tinh TST 2025 - P3)
Cho tam giac ABC', dudng tron noi tiép (/) tiép xtic BC,CA, AB tai D, E, F.
@ Goi X,Y, Z lan lugt la trung diém ctia AI, BI,CI. Chiing minh ring DX, EY, FZ dong quy.
@ Goi L la giao diém ciia AD véi EF, lay diém P thuoc BC sao cho
PB LF
7 PC "I
Goi M la trung diem BC'. Trén duong trung truc ciia M P 1ay K sao cho M K song song véi
AI. Chitng minh riang duong tron tam K di qua M va P tiép xic v6i duong tron (BIC).

@ L& giai.
@ Goi H' 1a truc tam cia tam giac DEF va N’ 1a trung diém TH va DN’ cit AT tai X.

Ta ¢6 DH'TI 1a hinh binh hanh nén ZH'DT = /DTI.

Dé ¥ hai tam gidc can ITF va IFX dong dang v6i nhau nén I1D? = [F? = [X.IT.

Vi vay tam gidc IDX dong dang tam giac ITD nén LIDX = ZITD = ZH'DT.

Déy LEDH' = ZIDF nén DN’ va DX dang giac géc ZEDF.

Tuong tu ta duge DX, EY, FZ dong quy tai diém lién hgp dang giac véi N’ trong tam giac DEF.
Diém dong quy trén con la diém Kosnita ctia tam giac DEF.

(2) Goi Y, Z lan lugt la giao diém cita BI,CI v6i EF. Goi X Ia giao diém ciia BZ va CY.
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Tam giac X BC dong dang véi tam giac XY Z dong dang v6i tam giac DFE.
XB DF LF? PB?
XC ~ DE LE®  PC?
Lai ¢6 MK vuong EF va XO' vuong EF nén MK | EF.

Do dé nén X P 1a déi trung ctia tam gidc X BC.

Liic nay ta quy vé bai toan sau:

Bai toan mdi. Cho tam gidc ABC nai tiép duong tron (O) c¢6 dudng cao BE,CF va tryuc tam H.
Goi AD la déi trung ctia tam giac ABC (D € BC). Trung truc cia DM cit duong thang qua M
vuong goc EF tai K. Ching minh riang (K, KM) tiép xtc (BHC).

Chuing minh bai toan mdi.

Goi AM cit EF tai V, T la trung diém ctia doan thing AH, N la trung diém ctia doan thing EF
thi M, N,T va A, N, D thing hang.

Ta c6 EF, HU, BC dong quy tai S theo hang diém diéu hoa.

Déy AAEFU{N,V} v A ABC U{M, D} nén ttt gisc NVMD nai tiép.

T giac AEUF 1a tu giac dieu hoa nén (AUV M) = —1, ma DV vuéng géc DM nén DV, DM lan
lwgt 1a phan giac trong, phan giac ngoai goc LADM.

Déy £LVUS = ZVDS = 90° nén VUDS la tit gidc noi tiép.

T dé6 LDUM = LVSM =90° — ZNMD = %ADKM nén K la tam ctua (DUM).

Trang 6 £} CLB Todn Lim - Olympic



Chuong 1. Chon DTQG Ha Tinh 2025 %3 LIMEDU

Goi W 1a giao tiép tuyén tai A cta (O) véi BC.

Dé v T 1a tryc tam cia tam giac AMW nén WT L AU nén WA = WU.
Khi d6 WU? = WA? = WB.WC nén WU tiép xtc (BHUC).

Lai ¢c6 AD, AM ding giac goc ZBAC nén (ADM) tiép xic (ABC).

Do d6 WU2 = WA2 = WD.WM nén WU tiép xtic (DUM).

Vi vay (K, KM) tiép xtic v6i (BHC') va ta c¢6 diéu phai ching minh.

[, Bi fodin 0.4. ) (LMF - Ha Tinh TST 2025 - P4)

Cho tam giac ABC (AB < AC) noi tiép dudng tron (O). Goi M la trung diém ctia doan thing
BC, D la diém bat ky nim trén doan thing CM. Lay E, F lan lugt 1a hinh chiéu ctia B, C' trén
dudng thing AD. Goi G la giao diém ctia dudng thing qua E song song véi AB va dudng thing

qua F song song v6i AC, K la tam dudng tron ngoai tiép tam giac GEF.
@ Chiing minh rang ZOK D = 90°.
(2) Goi N la trung diém clia OA. Chitng minh ring NM = NK.

(¢ Loi giai.
@ Ta sé chiing minh tit giac OK DM noi tiép.
Vé hinh binh hanh BECH, khi d6 H nam trén CF va M la trung diém ctia doan thang FH.
Lai c6 tam giac EFH vuong tai F' néen ME = MF = MH.

Két hop v6i KE = KF tac6 MK | EF.

Ta c6 ZEKF = 180° — 2/EGF = 2/BAC = /BOC va g—g = % do BE||CF.

Vi thé AOBC U{D} »» A KEF U{D}.
Do d6 ZKDE = ZODB nén ZODK = ZADB = /K MO.

Vi vay ti gidc OM DK noi tiép nén ZOKD = 90°.
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§7 LIV EDU

@ Goi T 1a tam ctia (OMDK) thi T la trung diém ctia OD.
Khi d6 NT||AD, ma AD | MK nén NT 1| MK.
Ma TM =TK nén NT la trung truc cia MK hay NM = NK.

[
( Baitodn 0.5. ) (LMF - Ha Tinh TST 2025 - P5)

An va Binh choi tro choi trén bang 8 x 8. Hai ban thay phién nhau di. M&i bude, An danh dau
mot 6 trong ndo d6 (chua duge danh dau béi ai trude dé) biang mot domino (gom hai 6 ké nhau

theo mot canh). Binh duge phép chon va bo di 2 6 bat ky nhung phai bo cing mot bude domino
sao cho hai 6 d6 van ké nhau. Nguoi bé di khong duge boé domino da bi bé di & bude trude. Ngudi
nao khong thé di duge nita thi thua. Héi ai ¢6 chién luge thing cude néu:

(1) An la ngudi di trude?

(2) Binh la ngudi di trude?

@ Ldi giai.
@ Chia bang 8 x 8 thanh 16 bang 2 x 2. Ta sé chitng minh Binh 14 ngudi chién thang.

Néu An danh dau mot 6 trong bang 2 x 2 ma trude dé chua c6 6 ndo duge danh dau, khi d6 Binh

sé diat mot quan domino chiém hai 6 (trong ba ) con lai trong bang 2 x 2 d6.

Néu An danh dau vao mot bang 2 x 2 da c6 sdn mot 6 duge danh dau, lic nay An chi ¢6 thé danh
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Chuong 1. Chon DTQG Ha Tinh 2025

dau vao 6 bén canh v6i 6 da danh dau trude dé do cach dit domino ctia ban Binh. Khi dé Binh dat
quan domino lén hai 6 duge danh dau dé.

Do dé, sau mdi buée di ctia An, Binh luon c¢é thé thyc hién mot bude di hgp 1é. Vi s6 6 trén bang
12 hitu han nén tro choi chic chan sé két thic, va khi d6 Binh sé 1a ngudi gianh chién thang.

@ T6 mau bang vuong tring den xen ké nhau nhu hinh vé.

Dé ¥ mbi quan domino ciia Binh sé chiém ding 1 6 den.

Trong 16 lugt choi dau ciia mdi ban, Binh va An lan lugt dat domino va danh dau 6 den trong bang.
Khi dé tat ci cac 6 den trén bang déu da bi to hét, va lugt choi thit 17 ctia ban Binh sé khong thé
dat them quan domino ndo nita do An khong danh dau hai 6 ké nhau (vi hai 6 den khong thé ke
nhau). Do d6 An sé la ngudi gianh chién thang.

[

[ Baitoan 0.6. ) (LMF - Ha Tinh TST 2025 - P6)

Vé6i s6 nguyén duong n, ki hiéu 7(n) la s6 cac ude s6 nguyen duong ctia n (ké ca 1 va n).
@ Chitng minh ring phuong trinh 7(n) = 2025 ¢6 vo s6 nghiém.

@ Hay tim tat cd sé nguyen duong k sao cho

7(n?) = kr(n), v6i n nguyén duong nao dé.

@ Ldi giai.
(1) Chon n = 2232527211%p* véi s nguyen té p > 11.
Khid6é 7(n) =(2+1)(2+1)(2+1)(2+1)(4 +1)(4 + 1) = 2025.
@ Vé6i k = 1 thi ton tai n = 1 thoéa man, xét k > 2, khi d6 néu ton tai n thi n > 2.
Viét phan tich thita s6 nguyén t6 ciia n = pM...pf* v6i py < pa < ... < p; 1a s6 nguyen t6.
Kni do b= T Gt DGRt D) ooy s
7(n) (k1 +1)...(ke + 1)

Do d6 néu s6 nguyén duong k théa man yéu cau dé bai thi k 1a s6 18.

Ta sé chiing minh v6i moi 86 nguyén duong k 1& thi ton tai s6 nguyén duong n théa man yéu cau
dé bai bang nguyén ly quy nap (*).

£ CLB Todn Lim - OLYMPIC - 8 0789102019 - 0947654794 Trang 9



f LIM EDU

Véi k = 3 thi n = 2234 thoa man, gia sit (x) ding véi moi s6 nguyén duong 1é bé hon k > 3.
Ta sé chitng minh (*) ding véi s6 nguyén duong k 18.

Viét k+1 = 2t.1 v6i [ 18 va t tu nhién, ta co:
2t-1k+1 (2'-1Dk+3 (28-1k+271-1

(28— 1)k 2 4 ot—1 _k
2t-1Dk+1 (2°-1Dk+3 (22—-1)k+7 2t-Dk+28—-1 1
2 4 8 2t
2 —1Dk+1 oF. T2 —1 . (2F =142t -1
Dat (2t—1)k=vo,%=v1,..., ( ) 2t_(1 ) = vp_1 VA ( )Qt = v
i+ 1
joni s 2T s v B=0.T, w1
Lay po < p1 < ... < p; & cac sd nguyen to.
2
Dé y I < k nén ton tai s6 nguyén duong m > pg + p1 + ... + pr—1 sao cho [ = ki (T:;))
T
-1 il -1 1 1-—1 1
Vi véy k = Ezo 1;+ 221 1§+ Ezt 1 1;+
§= [ = o=
1 1 —=+1
2 * 2 ¥ 2 ¥
w1\ 2 vi-1\2 ve-1-1\2 po-1l pi-1 wo1-l \2
T (po = > T (pl < ) T (pt_f > 5 T (Po Tt wiled m)
_ T(m°) _
- vp—1 : n-1 vt—1-1 “r(m) B Bzt 2 Mt '
T (po & ) T (pl z ) T (pt_f ) () T <p0 YT alh m)

Do d6 () ding v6i k nén theo nguyén ly quy nap ta c¢6 (%) ding.

Vi vay moi s6 nguyén duong k can tim la cac s6 nguyén duong k 1é.
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