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CHUONG

PHUONG PHAP GIAI TOAN VA CAC KY
THUAT XU LY

Chuong nay gidi thiéu cung ban doc:
(1) Cac phuong phap gidi phuong trinh vo ty dién hinh.

(2) Reén luyen ki nang st dung phuong phép giai toan.

(3) Phan tich sai lam va giai quyét cac kho khin ctia mdi phuong phap.
(4) Phan tich uu diém va nhuge diém ciia mdi phuong phap giai toan.
(6) Nhitng géc nhin méi cho nhitng dang bai toan cil.

rai nghiém mot s6 phuon ap gial toan va ky thuat mdéi la nhu: ép chit mién nghiem dé
Trai nghié ot sO phuong phap giai t ky thuat la nhu: Khép chat gh d
danh gia, truy nguogc dau biéu thiec liéen hop. ..

¢} PHUONG PHAP NANG LEN LOY THUA
0 Mét s6 dang toan co ban

[ DANG 1. /f(z) = \/9(x)
Phuong phap gidi. +/f(z) =+/g(z) & {?g

(z) > 0( hotic f(x) > 0)
(z) = g(2)

Vi du 1. Giai phuong trinh v/2z — 1 = Va2 + 22 — 5.

# Loi giai.

20 =120 x>
V2 —1=+v22+22 -5 & =

2 4+2r—5=2r—1 e

. DN | —

(>
8
Il

|

[\
T
S
I
Bo

Céc ban dé y ring viéc chon f(x) = 2z — 1 > 0 sé khién ching ta gidi quyét bai todn mot cach
don gian hon viec chon f(z) = 2% + 2z —5 > 0.

Bai tap twong tu
(1) Giai phuong trinhy/4 — x = /22 + 3z + 4.
(2) Giai phuong trinh V222 + 3z — 1 = /5 — .
(3) Giai phuong trinh v2x + 3 = Va2 + 22 + 2.
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Vi du 2. Giai phuong trinh v/23 — 3z + 1 = Va3 + 22 — 5.

# LOi giai.

3 4+2r—5>0

V3 —3z4+1=vVa3+2xr -5 <
2 —3r+1=234+22-5

3 4+2r—5>0 22 4+2x—-5>0
& & (Phuong trinh vo nghiém)

S5r =6 T

Trong viéc gidi phuong trinh vo ty néu viec tim nhing gia tri ctia x dé g(z) > 0 1a phiic tap, ching
ta nén trién khai viéc tim nghiém ctia phuong trinh sau d6 thit vao diéu kién dé xét xem nghiem
vita tim dugce c6 théa man diéu kién bai toan hay khong.

Chéang han bai toan trén ta can thit xem x = — c¢6 théa man diéu kien f(r) = 2 +22 —5 > 0
. . N ) 6 109
khong bang cach thay tryc tiép gia tri can tim duge vao ham f(x), ta sé thay f (5) =195 <0,

6
nén gia tri x = R khong la nghiém ctia phuong trinh da cho.

Bai tap twong tu
(D Gidi phuong trinh V23 + 222 + 1 = /2?(z + 2) + 3z..
(2) Giai phuong trinh vat + 1 = a1 — 3z + 1.
(3) Giai phuong trinh v/23 — 1 = /23 + 22 —5..

Vi du 3. Giai phuong trinh va3 + 22 — 4 = V23 — 3z + 1.

# LJi giai.

42 —4>0 42 —4>0
Vi + a2 4=V} -3z + 1 &

B4 —4=2*—-3r+1 22+3xr—-5=0

42 —4>0

_ —3+V29
- —=

(Phuong trinh vo nghiém)
T

V6i nhitng bai toan c6 nghiém sé phiic tap hon, ta c¢6 thé lam nhu sau:
flx)=2*+22—4=(2>+3x —5)(z —2) + 11z — 14

(x2+3z—5)(x—2)+g(x):>f<#m> =g(#2_9) <0

Bai tap twong tu
(1) Giai phuong trinh Va3 + 22 = Va3 + x + 1.
(2) Giai phuong trinh vVat +z = vt 4+ 22 — 1.
(3 Giai phuong trinh Va5 — 223 = /(2% — 2) (23 + 1).
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Vi du 4. Giai phuong trinh \/z(23 — 3z + 1) = \/2(2? — z).

# L3l gidi.

Va(@? =3z +1) = /z(2® —2) &
r(x® —3x+1) =x(2® — x)

(3 —2) >0
(3 —x) >0
< & x=0 Sx=0
x(2xr—1)=0 1
L LT 72

Bai tap twong tu
(D Gii phuong trinh \/z(2? + 2z + 3) = \/z(2? + 1).
(2) Giai phuong trinh \/(z 4+ 1)2(22 — z + 1) = /(22 + ) (2? + 3).
(@ Gidi phuong trinh \/(z — 1)2(22 + 2+ 1) = /(z — 1)(23 + 22 — 2).

Tong quat: V/f(z) = V/g(z)

[ DANG 2. ¢/f(z) = ¢/4(x)

Phuong phdp gidi. {3/ f(z) = /g9(z) & f(z) =g(z) & {

Vc”}inGN,nE?vanchén.

Vi du 1.
Vi du 1 Giai phuong trinh /23 — 222 4+ 1 = /23 — 7.

# Loi gidi.

Phuong trinh da cho tuong duong véi:

P?-2+1l=* -2 -2r-1=0& x:_lle
2

Bai tap twvong tw
(1) Giai phuong trinh V22 + 2z + 1 = Va2 + .

(2) Giai phuong trinh v/a3 + 222 + 1 = /x + 3.

(3) Giai phuong trinh v/2* — 322 + 1 = v/1 — 2a3.

Vi dy 2. Gidi phuong trinh {/(z — 1) (23 — 22 + 2) = {/(z — 1) (2% — 22).

# Lo gidi.
Phuong trinh da cho tuong duong véi:

r=1
(-1 (2*-22+2)=@-1)(2*-22) s (x-1)(2*-22+2)=0&

r=—1

-Két luan. Tap nghiém ctia phuong trinh da cho 1a T'= {—1;1}.

PHAM KIM CHUNG ITEX-https://www.facebook.com/groups/GeoGebraPro/ Ei


http://trunghochoasen.com/

CHUYEN DE PHUONG TRINH VO TY
Bai tap tvong tv

(D Giai phuong trinh /z (23 + 1) = /23 (z + 1).

@ Gidi phuong trinh {/(z +1)* (22 —z + 1) = ¢/(@? + 2) (2% + 3).

(3 Giai phuong trinh {'/(x 12+ l)= (1) (@3 + 22 —-2) .

BAI TAP REN LUYEN
(1) Giai phuong trinh Va2 + 22 +4 = /2 — 2. Dap s6. T ={—2; —1}.

(2) Giai phuong trinh /22 — 4z + 2 = /3x — 10. Dap s6. T = {3;4}.

D 1
(3) Giai phuong trinh /223 — 3z = Va2 — 2x. Dap 6. T = {—5; 0} :

3 £
(@ Giai phuong trinh 2v/22 — 9 = (2 +5) 4/ x_—i—?) Dap 6. T ={-3;1}.
x j—

15+ 3V/33
S

(5 Giai phuong trinh v/x + 3 = /52 + 3. Dap 6. x = 1;x =

Vi du 1. Giai phuong trinh va?2 —2x +4 =2 — 1.

# L3i gidi.
r—1>0 rz>1
Val+r—4=z—-1< & S x=05.
22—z —4=(z—-1)> r=>5

Bai tap twong tu
(@ Giai phuong trinh v/422 + 22 + 1 = 2z — 1.

(2) Giai phuong trinh v/222 + 3z +1 =1 — .
(3) Giai phuong trinh V222 + 2 +1 = 3z — 1.

Vi du 2. Giai phuong trinh \/(x —3)’(x—1)=x—3.

# LJi giai.
.
r >3

r—3>0
\/($—3)2(x—1):x—3<:> & r=3

@ =3[ -1 ~1]=0 Gr=3

N
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-Sai lam thuong gap: \/(30—3)2(3(:—1):x—3<:>(m—3)\/x—1=x—3
z=3

e@z-3)(Vz-1-1)=0%
75 =

. AA>0
-Nguyén nhan sai lam: v A2 = |A| =

—A,A<0

A>0

-Huéng khac phuc: VA2.B = A &
A2 (B-1)=0

Bai tap twong tu
a) Giai phuong trinh \/(x +1)°Q2z+3)=x+1.

b) Gii phuong trinh /(22 — 1)* (32 4 2) = 2z — 1.

c) Giai phuong trinh \/(:E —4)? (22 +1) =z — 4.

Phuong phdp giai. {/f(z) = g(z) & f(z) = [9(@]3

Vidu 1. Vidu 1 Giai phuong trinh va3 + 22 +1 =2+ 1.

# 1.3i gidi.
Phuong trinh da cho tuong duong véi:
5 x=0
P+ri+l=(+1)" 22 +3x=0% 5
xr=—=
2

. 3
Két luan. Tap nghiém cua phuong trinh da cho la T = {—5; O} .

Bai tap twvong tv
(1) Giai phuong trinh v/a3 + 322 +2 =2 + 1.
(2) Giai phuong trinh V22 + 2 +1=1—z.
(3) Giai phuong trinh /23 + 222 +1 =2 + 2.

Vi du 2. Giai phuong trinh \g’/(x -3’ (@ —1)=x—3.

# L3 giai.
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Phuong trinh da cho tuong duong véi:

=)V Ts—36 -9 (Ve=T-1)=0s |

r =2

Két luan. Tap nghiém ctia phuong trinh da cho 1a T = {2;3}.

Phép bién d6i v/ A3 = A la mot phép bién ddi tuong duong.

Bai tap tvong tv
(D Giai phuong trinh \/ (z+1°@2zc—-1)=z+1.
(2) Giai phuong trinh \/ 30+ 1% (z—2) =3z +1.

(3 Giai phu‘dng trinh \/ (22 3 ) (22 —1) = 2% + 1.
Tong quat: {/f(z ) f ) [g(=)]".

Ching ta can phan biét r6 dau la cach lam ctia thuoc dang toan 3, dau l1a cach lam thuoc dang
toan 4 khi ding truée dang toan {/ f(z) = g(x).

BAI TAP REN LUYEN

) Giai phuong trinh 3z + V23 — 2+ 1 = —2. Dap s6. x = — 1.

) Giai phuong trinh /z* — 423 + 142 — 11 =1 — z. Dap s6. x = —2;x = 1.
c¢) Giai phuong trinh Va3 + 22 — 2z + 1 = x. Dap s6. z = 1.
)
)

d) Giai phuong trinh /4 — 3y/10 — 3z = = — 2. Dap sb. z = 3.
e) Giai phuong trinh \/7 — 22 + 2v/x + 5 = V3 — 2z — 22. Déap s6. © = —1.

O DANG 5. vVax + b, + Vasx + by = Vasz + b

Phuwong phap gida.

ax+by >0

© Giai he didu kien: { g0+ by, > 0

asx + bz >0
\

@ Binh phuong 2 vé, dua phuong trinh da cho vé dang +/F(z) = G(x)
™ Giai phuong trinh /F(z) = G(z)

@ Kiém tra sy thda man ctia nghiem vita tim dugce véi diéu kien bai toan va két luan.

Vi du 1. Giai phuong trinh v/ +1+ z +4 = 3.

# LOi giai.
. r+1>0
Diéu kién < x> —1.
r+4>0
Phuong trinh da cho tuong duong véi:

(Veril+vVr+4)’ =902 +5+2/% 1 50+4=9 Vil o0 +4=2—=x
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2—x>0 z <2
& & < x =0 (théa mén)

2 +5r+4=(2—z) 92 =0
Két luan. Nghiém ctia phuong trinh da cho 1a z = 0..
Bai tap twong tu
(@) Giai phuong trinh vz + 1+ V4 — 2 = /9 + 2x.

(2) Giai phuong trinh o + 3 + 21 — 1 = 3y/31 — 2.
(3) Giai phuong trinh v/5x + 1 = 142 + 7+ /22 + 3.

Vi du 2. Giai phuong trinh /3 —2 — Vo +1 =32+ 7.

# LJi giai.
Diéu kien —1 < z < 3.
Phuong trinh da cho tuong duong véi:

V3—x=Ve+1+V32+7 3 -2 =4r+8+2V322+ 102+ 7 & —5x —5 = 2¢/322 4+ 100 + 7
(

< -1

r+1<0 3
1322 + 10z — 3 = 0 13
r=—1

\

Két luan. Nghiém ctia phuong trinh da cho 1a x = —1.

O vi du 3, dé sit dung phép bién ddi tuong duong viee dua phuong trinh da cho vé dang v/3 — z =
Vo +1++/3x + 7 dé ddm béo ca hai vé khong am 1a can thiét. Sai lam thuong méic phai bién doi:
V3—c-vitl=v3zt7e (V3-a—vrtl) =3z+7

-Bién doi trén khong phai 1a phép bién doéi tuong duong.

-Dé khic phuc van dé nay ching ta phai thit lai tap nghiém tim dude vao phuong trinh ban dau
dé kiém tra no6 la nghiéem hay khong.

O DANG 6. va;22 + biz + ¢1 + Vasz? + byx + ¢ = Vasx? + bsx + c3

Phuong phdp gidi. v/a12% + bix + ¢ + Vagx? + bex + c3 = Vasz? + bsr + c3
(Trong d6 a; + as = a3 hoac a; + az = as hodc as + az = ay).
(

a1z +bx+c¢1 >0

asx? + bz +c3 >0

\
Buée 2

+Trudng hop: a1 + as = az binh phuong hai vé dua phuong trinh da cho vé dang
VF(z) =G(x).

+Trudng hop: a; + a3 = ay (hodc ay + a3 = a;) bién doi phuong trinh vé dang:
Vax? + box + ¢ = Vagz? + bgx + c3 — Vaz? + bz + ¢
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Vazr2 + bz +c3 — Va2t + bz +c¢; >0
<~

a22? + bax + ¢ = (Vasx? + bz + c3 — Vayz? + bz + 01)2

™ Kiém tra sy théa méan ctia nghiém vira tim duge v6i diéu kien bai toan va két luan.

O DANG 7. G

Phuong phdp gidi. idi phuong trinh va2 — o+ 1+ Va2 +x+1=4 —x.
& L3i gidi.

Dieu kién x < 4.

Phuong trinh da cho tuong duong véi:

Vi—z—Vz2+2z+1>0
vz —z+1 = Vi—2 — Vzi4+zrz+1 & &

44z=2\/4d—z)(2®+x+1)

22 +2x—3<0 z=0

= _
) | #=0 11— VIS
B 8

473 — 1122 -4z =0
472 — 11z —4=0

\

_11—@}

Két luan. Tap nghiém ctia phuong trinh da cho 1a T' = {0, 3

-Truong hop: a; + as = ay (vi du 2) & trong dang toan nay viéc sit dung hé diéu kien dé bién doi
gitp ching ta vita stt dung dugc phép bién ddi tuong duong ciing vita st dung dude phép bién doi
hé qua.

-Dic thu clia dang toan nay 1a viéc tim dieu kién

Vasz? + b3z + c5 — Va 22 + bix + ¢ > 0 tuong d6i don gidn. Néu trong trusng hgp viée tim diéu
kien nay 1a kho khin, ching ta hay wu tién cho viéc stt dung phép bién doi he qua.

BAI TAP REN LUYEN
a) Giai phuong trinh v/22 + 3 + /222 — 1 = /322 + 6. Dap s6. x = £1.

. 1
b) Gii phuong trinh v/22 — 22 + 5 + V22 + 22 + 10 = /29. Dép s6. z = 5

—1—-4/10
—

c¢) Giai phuong trinh V22 — x + V22 + 22 = V222, Dap s6.x = 0;2 =
d) Gidi phuong trinh 222 — 1+ 22 — 1= 222+ 2. Dap s6. v = 1.

e) Gidi phuong trinh v—22 —2+1— V222 +2r =22+ 2 +1Dap s6. v = —1;2 = 0.
(O DANG 8. ajz + by + «

Phuong phdp gidgi. Bién doi phuong trinh vé dang:

3V ar1x + by asx + by (\Valx+bl+€/a2x+b2) = (a3 —ag —ay)x + (b3 —by—by)
= 3¢/ (a1z + b)) (ax + by) (a1 + by) = (ag—ay—a)x + (b3—ba—b1) <&
27 (arz + by) (a1 + by) (a7 + by) = [(as — ag — ar) @ + (bs — by — by)]*.
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Vi du 1. Giai phuong trinh /o2 — 1+ /z — 2= /22 — 3

# LJi giai.
Phuong trinh da cho tuong duong véi:
(Voe—1+¢zr-2"=20-33{/(t-0)(@-2)(Vo—1+yr-2)=0

rz=1

:>3\3/(:L'—1)(:c—2)(2x—3):0<:> T =

Tr =

Thit lai ta thiy cac gia tri = 1;2 = 2;2 = = déu théa man phuong trinh da cho.

DN oo w BN

. 3
-Két luan. Tap nghiém cta phuong trinh da cho la T' = {1; 2; 5} .

Vi du 2. Giai phuong trinh v/2x — 1+ ¢z = v/ — 1.

# L3i gidi.
Phuong trinh da cho tuong duong véi:

(3/2:v—1+\3/5)2:x_1©3x—1+3\3/x(2x—1)(\3/2x—1+{’/E):;1:—1

& 3Yr2r—1)(V2r -1+ ¥z) = =20 = 322 — 1) (x — 1) = —2z & 622° — 812® + 272 = 0
Sr=0

Thit lai ta thiy gid tri = 0 thoa man phuong trinh da cho.

-Két luan. Nghiém ctia phuong trinh da cho 1a x = 0.

-Ching ta da sit dung héng d&ng thic (a + b)® = a® + b® + 3ab (a + b) khi nang len liy thira.
-Trong cac phép bién déi ¢ bai toan, viec thay ax + by + Vasx + by = Jagx + bs 1 mot phép
bién doi hée qua. Vi vay ta can thit lai tap nghiém tim dugc vao phuong trinh ban dau dé kiém tra
no6 c¢o la nghiém hay khong.

BAI TAP REN LUYEN

7
Giai phuong trinh /22 — 1+ /2 — 1= /3z + 1. Dap s6: = 5

3
b) Giai phuong trinh /z — 14+ V2 — 2 = /22 — 3. Dap s6: T = {1, 3

N}
—

Giai phuong trinh /2x + 1+ /22 +2 + /22 + 3 = 0. Dap so: x
11
e) Giai phuong trinh /2 + 5+ Vo +6 = /22 + 11. Dap s6: T = { 6;—5;——}_

)
)
c¢) Giai phuong trinh v/z + 1+ /o + 2+ /x + 3 = 0. Dap s6: x = —2.
)
)

O DANG 9. \/(ax + b) (mi1x + ny) + /(ax + b) (mex + na) = /(ax + b) (m3x + n3)

Phutong phdp gidi. Nang len liy thita, dua phuong trinh vé dang (ax + b)* [f(x) — g(z)] = 0.

Vi du 1. Giai phuong trinh v22 4+ 42 + 3 4+ V22 + v = /322 + 4o + 1.

# LOi giai.
-Binh luan. Day 1& dang toan kha co ban, phuong phap gidi toan thuong dung 1a dua phuong trinh vé
dang: vz +1(vVz+3+ 2 —+/3x+1) = 0. Tuy nhien vin dé kho khan véi nhiéu hoc sinh d6 1a phai
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chia céc trudng hop dé thuc hien duge phép bién déi vA.B = VA.V/B, dé tranh ric réi nay ching ta
sé sit dung phép nang lén liy thira.
(

22 +4r+3>0

Dieu kien: ¢ 42 44 >0 (*). Phuong trinh da cho tuong duong véi:

322 +4xr+1>0
\

22+ 5x+3+2/(z+ 1)+ (22 +32) =3 + 4z + 1 = 2\/(x+1)*(22+32) = (z+ 1) (2 —2) &

(x+1)(x—2)>0 (x+1)(x—2)>0 r=-1
= =
—8 =76
4z 4+ 1) (224 32) = (x+1)° (z — 2)° (z+1)° (322 4+ 162 —4) =0 T=—g
. —8 — /76
Két luan. Tap nghiém cta phuong trinh da cho la T = {—1; T} .

Vi du 2. Gidi phuong trinh \/z (z — 1) + /2 (22 — 1) = z.

# LJi giai.

. z(x—1)>0
Dieu kién . Phuong trinh da cho tuwong duong véi:
r(2r—1)>0
x>0 x>0
=
3z — 22+ 2/2? (v — 1) 2z — 1) = 2? e/ (x—1) 2z —1) =z (1 —x)
=0
x=0
Mg 0<z<l1 <~
r=1
(z—1)(2z—-1)=(1—x)

Két -luan. Tap nghiém ctia phuong trinh da cho 1a T'= {0; 1} .
BAI TAP REN LUYEN

. . 14+ V17
a) Giai phuong trinh Va2 — 14+ V22 +x = /(z + 1) (22 + 3). Dap s6: T = {—1; +T} .
P 3 2

b) Giai phuong trinh V222 — 3z + /222 — 5x + 3 = /222 — 7Tx + 6. Dap s6: © = §;x =1- —3
c¢) Giai phuong trinh /1 — 22 + V22 +3r +2 =1+ 1. Dap s6: x = —1.
d) Giai phuong trinh Va2 —4r +3 — 222 —3x + 1 =2 — 1. Dap s6: = = 1.

. 19
e) Gidi phuong trinh Va2 — 9z + 24 — /622 — 592 + 149 =5 — 2. Dap s6: z = 5; 2 = X

O DANG 10. /f(z) + v/g(x) = Ju(z) + \/v(z)
Phuong phadp gidi. +/f(z) + v/g9(z) = /u(z) + /v(z)

(f([‘r%lg do\/ f(z).9(z) = y/u(z).v(z) hodcy/f(z).u(z) = /v(z).g(x) hodc f(z) + g(z) = u(x) +
™ Truong hop +/f(x).9g(x) = Ju(z)v(r) st dung phép bién ddi tuong
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dUOng:(\/f(:c)—ir\/ a:>2: (\/ ) + /( )2
& Truong hop \/f(2).9(z) = /u(z ) st dung phép bién déi hé qua: («/ —\u )
(Vo@) - V@) -

™ Truong hop f(x) + g(x) = u(z) + v(z), st dung phép bién doi tuong duong dua vé phuong
trinh dang: \/f(z).g(z) = \/u(z).v(x).

3+ 1
r+ 3

Vi du 1. Giai phuong trinh +Vr+3=val—z+1+Vr+1.

& L gidi.
Diéu kién z > —1. Phu’Ong trinh da cho tuong duong vdéi:

(\/x +1+\/ﬁ> — (V@ =z 1+vr+1)

2¢/(z + 1) (22 + 1)+ ( —l—l)(:)xg !
x T4 - x
r+3

Két luan. Tap nghiém ciia phuong trinh da cho 1a T = {1 — v/3;1+v/3} .

3
+ 1
3 +2vVa3 + 14 (x+3) = (2*—z+1)+

=l—r—l1leor?-2r—2=0x=1++3.

3

8
Vi du 2. Giai phuong trinh +Vr+2=vVa2 -2 +4+2x+ 1.

20+ 1
# LOi giai.
N 1
bieu kién x > —5 Phuong trinh da cho tuong duong véi:
z® 48 2% 48 )
T 1 —V2r+1=+vVa12-2x+4—-Vr+2 = 5 —2\/x3+8+(2x+1):(a: —2x +4) —
x
r=1
2y/(z+2) (22 —224+4)+ (z+2) & 2® -5+ Tx —3 =0«
r=3

Thit lai ta thay nghiém ctia phuong trinh da cho chi c6 gia tri z = 1.

Vi du 3. Giai phuong trinh vz + 3 + 3z + 1 = 2/ + 2z + 2.

# Lo gidi.

Nhan xét: Ta thay (x + 3) +4x = (3x + 1) + (22 + 2) néu ta bién ddi phuong trinh vé dang: vz + 3 —
Vixr = \/2x 4+ 2 — /3z + 1 va nang lén liy thita v6i phép bién déi he qua.

Diéu kién z > 0. Phuong trinh da cho tuong duong véi:

VI+3—Viz = V22 +2 -3 +1 = 52 +3—2/4drx(x+3) = 52 +3 —2,/22+2) Bz + 1)
Sz (z+3)=/(22+2)Bz+1) e’ —20+1=0&z=1

Thit lai ta thay 2 = 1 théa man phuong trinh ban dau.

Vay phuong trinh da cho c6 nghiém la: x = 1.

BAI TAP REN LUYEN

8z + 1 1

a) Giai phuong trinh x+—|—2 +vVr+2=+2x+1+ V422 — 2z + 1. Dap s6: :1:_—1,3::—1
b) Giai phuong trinh ’ 1+\/2 +3=V4r24+2x +1++22x —1Da L
141 ng trin T = Vix x r—1Daps6: v = —.
P & 2z + 3 P V2
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8% — 1 )
x+1 Vit 1=VAr? + 2+ 1— 2z — 1. Dép sb: & = 2.
xr

d) Giai phuong trinh v/10x + 1+ /32 — 5 = /92 + 4 + /22 — 2. Dap s6: z = 3.

. 13
e) Giai phuong trinh vz + 7+ 4z + 1 = /bx — 6 + 2y/2x — 3. Dap s6: = = T

c¢) Giai phuong trinh

Tong két

(1) Muc dich ctia phuong phap nang lén lity thita 1a lam triét tieu céc cin thitc va dua phuong trinh
vo ty vé hitu ty.

(2 Do phuong phap nang lén lily thira thudng lam s6 mii ciia x tang lén, vi thé dé triét tieu nhiing
biéu thitc chita x ¢6 s6 mil cao ching ta nén khéo 1éo trong viéc lia chon stt dung phép bién doi
tuwong duong hay phép bién déi he qua.

(3) Trong mot s6 bai toan khéac chiing ta can c6 st két hop v6i nhitng phuong phap khac nhu: danh
gia, stt dung dao ham ctia ham sb. .. v6i nhitng phuong trinh ¢6 s6 mil cao sau khi nang lén liy
thita (xem chuong III).

(@) Trong mot sé vi du dude néu & trén, ching ta thiy nhiéu bai toan dude giai quyét mot cach dep
mat nho st két hop hoan hao gita phép bién déi tuong duong va phép bién déi he qua. Dé chinh
14 sy bién tau tha vi clia phuong phap nang lén lity thita.

(5) Nhitng sai lam va kho khan thusng gap:

W St dung tuy tién dau hay mot cach tuy tien.

& Sai lam khi khai phuong mot tich: VA.B = vVA.VB; VA2 = A.

@ Khong phan biet duge phép bién ddi tuong duong hay bién doi he qua.
Q Giai toan bang “con mat” ctia phwong phap nang Ién liy thira

Vi du 1. Giai phuong trinh 22 — 1+ 22 — 32+ 1= 0.

# Lo gidi.
R 1
bieu kién x > 3 Phuong trinh da cho tuong duwong véi:
22 —-3x+1<0
—(*=-3rx+1)=V2r-1%

(z2 =3z 41)° =2z — 1.

(

22 —3x+1<0 2?2 —=3x+1<0
= =
rt =62 + 1122 — 8z +2=0 (22 =22 +1) (2 =42 +2) =0
\
4
3—\/5<x<3+\/5
2 - = 2
rz=1
& =1 &
x:2—\/§.
r=2++2

\

Két luan. Tap nghiém ctia phuong trinh da cho 13 T = {1; 2 — \/5} .

-Quan sat phuong trinh, ta nhan thay néu st dung phuong phap nang lén liiy thita phuong trinh
da cho sé dugce dua vé phuong trinh hitu ty bac 4. Dé tim nghiém ctia phuong trinh bac 4 nay, ta
viét phuong trinh X* —6X3 +11X? —8X + 2 = 0 lén m4dy tinh CaSiO FX 570 ES (Xem phu luc).
-0 vi du trén ta st dung hing dang thitc quen thuoc sau dé khai trién thanh da thic (a + b + 0)2 =
a? + b% + 2 + 2ab + 2bc + 2ca.
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Bai tap tuvong tv

a) Giai phuong trinh 2% + vz + 1 = 1.

b) Gidi phuong trinh 922 + 122 — 2 = /32 + 8.
c¢) Giai phuong trinh 922 — 6z — 5 = v/3z + 5.

Vi du 2. Gidi phuong trinh 222 — 62 — 1 = /4x + 5.

# 131 giai.
R 4
bieu kién x > —E Phuong trinh da cho tuong duong véi:

202 —6x—1>0 202 —6xr—1>0 202 —6xr—1>0
= p=—

(222 —6x —1)" =4z +5 ot —62° + 822 + 22 — 1 =0. (22 =2z —1) (2 —4x+1)=0
> 3+ V11

2
— V11
<2Vl r=1-V2

sk 2 &

r=1++2 r=2++3

r=2++3
\ L
-Két luan. Tap nghiém ctia phuong trinh da cho 1a T = {1 —V2;2+ \/§} )

Dang toan 6 vi du 1 va 2 1a ax? + bz + ¢ = /mx + n (a,m # 0), vé cd ban ca hai vi du nay ching
ta déu st dung phuong phéap nang lén lity thita dé giai toan. Tuy nhién su khac nhau gitta hai vi
du nay chinh 1 vAn dé c6 nghiem hitu ty hay khong ¢6 nghiem hitu ty. O vi du 2, st dung méy
tinh CaSiO FX 570 ES ta hoan toan tim dugc mot nhan ti 1a (22 — 2z — 1), cong viéc con lai 1a
thuc hién phép chia da thitc 2* — 62° + 822 + 22 — 1 cho da thiic 22 — 22 — 1 dé dua phuong trinh
bac 4 veé danh tich.

Bai tap twong tu
(@) Giai phuong trinh 22 + /o + 11 = 11.
(2) Giai phuong trinh 1822 4 62 — 29 = /127 + 61.
(3) Giai phuong trinh 422 4 4r — 3 = /2x + 5.

Vi du 3. Giai phuong trinh 2 (22 + 2) = 5v/2% + 1.

# LOi giai.
Diéu kién z > —1. Phuong trinh da cho tuong duong véi:
4(22+2)° = 253 +1) & 42t —250% + 1622 —9 = 0 & (22 —bBx—3) (422 —52+3) = 0 &

22 —5xr—3=0 5:i:\/ﬁ
S r=—--.

2
42 —5x+3=0 (VN)

. d— V37T 5+ V37
Két luan. Tap nghiém cta phuong trinh da cho la T' = { 5 ; +2 } .
Bai tap tuvong tv

a) Giai phuong trinh 22 + 5z — 1 = 7v/a3 — 1.
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b) Giai phuong trinh 3 (z? — z + 6) = 10v/23 + 8.
c¢) Giai phuong trinh 3 (22 + 2) = 10v/23 + 1.

Vi du 4. Gidi phuong trinh 4z — 1+ V422 — 1 = 1.

# L3l giai.

N 1
Diéu kién = > 3 Phuong trinh da cho tuong duong véi:

(\/496—1—1-\/4962—1)2 =14 +40—242/(dr—1)(4a2—1) =1 & 2/(dz—1) (42?2 - 1) =
1
4a® + 42 —3 <0 —§§x§—
3—dr —42® & & 2 2
4(4z —1) (422 — 1) = (3 — 4o — 422)? (20 —1) (82 — 122% — 22 — 5) = 0
- 1
r=—.
2 1
Két luan. Tap nghiém ctia phuong trinh da cho 14 T = {5} .
Bai tap twong tu
(1) Giai phuong trinh Va2 — 2z + 5+ vz — 1 = 2.
(2) Giai phuong trinh 2v/2x + 4 + 4v/2 — z = v/922 + 16.
(3) Giai phuong trinh /222 + 162 + 18 + Va2 — 1 = 2z + 4.
Vi du 5. Giéi phuong trinh 2? 4+ 3z + 1 = (2 + 3) Va2 + 1.
# Li gidi.
Phuong trinh da cho tuong duong véi
(
. \/52— 3
(22 +3x+1)(x+3) >0
ol | 5<acB3Y5 wu-x0a
(@43 +1° = (z+3)>2 (2 +1) 2
22 —-8=0

\
Két luan. Tap nghiém ctia phuong trinh da cho 1a T = {—2\/5; 2\/5} .
Bai tap twong tu
a) Giai phuong trinh (3z + 2) 2z — 3 = 222 + 3z — 6.
b) Giai phuong trinh (z + 3) V10 — 22 = 2% — z — 12.
c¢) Giai phuong trinh 2 (3z + 1) v222 — 1 = 102% + 3z — 6.
Binh luan. Tit cic vi du trén ta c6 thé nhan thay:
@ Viec khai trién thanh da thic kha phtc tap, dé dan dén nhiing tinh toan sai lam.
@ Tuy chiing ta c6 thé dé dang tach cac da thitc bac cao thanh tich, nhung viec két hop véi dicu
kien c6 nghiém khi nang lén liiy thita lam mat kha nhiéu thoi gian cho ngudi giai toan.
@ Tit nhitng khé khan dé ta can tim nhitng phuong phap giai khac dé dua bai toan vé v6i mot 15
gidi ngan gon hon, b6t nhitng tinh toan phiic tap hon.
BAI TAP REN LUYEN
a) Giai phuong trinh 2v/z +2+2vz + 1 — vz + 1 = 4. (Khéi D — 2005) Dap s6: © = 1;2 = 2 — /2.

b) Giai phuong trinh vz — V2?2 — 1+ Vo + Va2 — 1 = V2 (23 +1). Dap s6: x = 1.

7 7 .
c¢) Giai phuong trinh \/2? — — + /2 — — = z. Dap s0: x = 2.
T T
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d) Giai phuong trinh vz + 3 + /32 + 1 = 2y/z + 22 + 2. Dap s6: = = 1.

2 (22 —16) — (-
Vo —3 Ve _\/ac—3

1 1 2 ) 5)
f) Gidi phuong trinh \/z + — + \/ — — = —. Dapso: x —{’/:
x x x 4

e) Giai phuong trinh . Dap s6: 2 = 10 — /34.

g) Giéi phuong trinh V-V —1+Ve+ Va2 +1= V2 (23 +1). Dap s6: z = 1.

h) Giai phuong trinh v/ (3 — 2)* + 5(z — 1) V3 — 2z = 6/z — 1. Dép s6: 2 = 2.
© PHUONG PHAP SU' DUNG LUONG LIEN HOP
Mot trong nhitng Céch ngudi gidi toan lira chon dé xit I mot phuong trinh vo ty, do 1a dua phuong
trinh dé vé dang tich. Phuong phap nhan thém mot luong lien hgp hay tach thanh céc bicu thiec lien
hop 1a nhitng su ho trg dic Iyc cho phuong 4n xit 1y nay. Trude hét mai cac ban cting rén luyén ki nang
nhan thém mot lugng lien hop va tach thanh céc biéu thic lien hgp thudng ding.
0 Nhan thém Iwgng lién hop

Kiéu 1. Bién d6i \/f(x) — \/g(z) = \/%1%,]”2(90) +¢*(z) >0,V € D

Vi du 1. Giai phuong trinh v/3z + 1+ 2z = Vo —4 — 5.

£ L3i giai.
-Phan tich.
Nhan thay (3z +1) — (v —4) =22+ 5, va \/3x + 1 + o — 4 > 0,Vx > 4 nén ta c6 thé thyc hién phép

s 2z + 5
bién doi vV3x +1 — vz —4 =
v v V3r+1++Vx—4

dé lam xuat hieén nhan ti (2z +5) .

Diéu kién = > 4.

Ta co
2+ 5
V3t+14+2r=vVr—4-5& (V3r+1—+Vr—4)+2xr+5=0<%& +2x4+5=0
v v ) V3r+1+ Vo —4
1 1
= 2x+5( +1):0<:>2x+5:O<D0 +1>0,Vx24)
( ) V3r+1++Vr—4 V3r+1++Vx—4
S r=—c
x 5 5
D6i chiéu diéu kién, suy ra x = -3 khong théa man. Vay phuong trinh da cho vo nghiém.

Vi du 2. Giai phuong trinh V22 + 5z +5+ 2% = /o +2 — 32 — 2.

& L gidi.
-Phan tich. Nhan thay (z?+5x+5) — (z+2) = 2 +42x+3 = (z+1)(z+3) va 2> + 3z + 2 =
(x + 1) (z + 2) dong thoi: Va2 + 5z + 5++/z + 2 # 0nén ta c6 thé thuyc hién phép bién ddi: a2 + 5z + 5—

2 +4rx+3 . .
Vvr+2= dé lam xuat hién nhan ti (z + 1) .
Va2 + 5z +5+ o + 2 ( )
. -5 5
bieu kién x > +\/— Phuong trinh da cho tuong duong véi:
24420+ 3
(Va2 B5e 15 -Vat2) +a® +3c+2 = 0 & vy Y4342 =0o
Va2 +5r+5+Vr+2
3 3
(x+1)< v +x+2):0<:>x+1=0<:>x:—1 Do v +
Va2 +5r+5+Vr +2 Va2 +5r+5+Vr +2
-5 5
:L‘+2>0,V332+\/_
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Vay phuong trinh da cho ¢6 nghiém la x = —1.
Vi du 3. Giai phuong trinh V22 +x — 2+ 2% = /2 (z — 1) + 1.

# LOi giai.

-Phan tich. Nhan thay (22 +2—2)— 2z —2) =2’ —z=z(z —1)vax*—1= (z — 1) (x + 1), nhu vay

khi chting ta thitc hién phép nhan lien hgp sé xuat hién nhan tit: (x — 1) . Tuy nhién khi 2 = 1, biéu thic
> - v e B ’—x

Va2 +z—2+4/2(x—1)=0do dé bién doi Va2 +xz —2— /2 (x — 1) e AT

la mot phép bién ddi khong c6 nghia. Vi vay trude khi thiyc hien phép nhan lien hgp ta can chi § dén

biéu thic lien hgp da khac 0 hay chua. Dé xtt 1y cic dang toan nay ta c6 thé chia ra cac trudng hop

ctia x lam cho /f(x) + /g(x) = 0 va trudsng hop /f(z) + 1/g(z) # 0. Cu thé, v6i bai toan nay ta cé

thé xit 1y nhu sau:

Diéu kien = > 1.

+Nhan thay z = 1 14 mot nghiém ctia phuong trinh da cho.

+V6i > 1, phuong trinh da cho tuong duong véi:

Vit+r—2—2@-1)+22-1=0«

2 —x
+(rx—1(x+1) =0« (z—1
\/a:2+x—2+\/2(1:—1) ( ) ) ( )(
0()
T
Khiz>1thiz—1>0va 4+ 2 4+ 1 > 0 nén phuong trinh (*) khong cé
Vat+z—2+4/2(x—1) P s ) &

x
\/x2+x—2—|—\/2(x—1)+x+1> B

nghiém x > 1.

Két luan. Phuong trinh da cho c6 nghiém duy nhat x = 1.

BAI TAP REN LUYEN

a) Giai phuong trinh 3z + 5+ z = 6 + /22 + 11. Dap s6: z = 6.

b) Giai phuong trinh a2 + 2z + 2 =1+ V3z. Dap s6: z = 1.

c¢) Giai phuong trinh a2 + 3z + 22 = 2y/z + x. Dap s6: = 0;x = 1.
)

. 14++v5

d) Giai phuong trinh Va2 +x + 1+ 2% = /22 + 2+ 22 + 2. Dap s6: © = 2\/_.
e) Giai phuong trinh Va2 — 3z + 5 + 2% = \/2r — 1 + 422 — x — 6. Dap s6: x = 2;x = 3.

2 f(@) —g(x) Cex az
Kiéu 2. {/f(z) — /g(z) = hoac bién doi:

3fJ(C2()37) +(f§f($)-9(33) + /g% (@)
z)+ glx s

V@) + /o) = : v6i f2(x) + g*(x) # 0.

- VP@) = f@)g(@) + /g (@)

Vi du 1. Gidi phuong trinh /22 +3 — Yz — 1+ 2 +4 = 0.

# L3i gidi.

-Phan tich. Nhan thay (22 4+ 3) — (z — 1) = 2 + 4 va khong ¢6 gia tri ndo ciia lam cho céac biéu thiic

2z 4+ 3, /x — 1 dong thoi bang 0. Do do6 ta c6 thé thuc hién phép nhan lien hgp dé xuat hién nhan ti
4

(x+4). V2x+3—Vr—14+z+4=0% T +(x+4)=0

Y (2r+3)° + Y Qr+3)(x — 1) + /(x — 1)
1

r+4 +1 ) =0&2x=—-4
@ lerd) Y (2r+37°+ Y Cr+3)(x+ 1)+ {/(z — 1) -

-Két luan. Phuong trinh c¢6 nghiem z = —4.

Vi du 2. Giai phuong trinh v/22 + 3z + 1 + 22 = /5x + 1 + 22.

# L3i giai.
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-Phan tich. Nhan thay (22 + 3z + 1) — (52 + 1) = 2% — 22 va khong c6 gid tri ndo ciia lam cho céac biéu
thitc V22 4+ 3z + 1, /5 + 1 dong thai bing 0. Tt d6 ta c6 thé nhan thém luong lien hop dé xuat hien
nhan ti (z? — 2z) . Phuong trinh da cho tuong duong véi: ({7&:2 +3z+1— Vb5 + 1) + (22 —22)=0

2
-2
& - - + (2?2 = 22) =0
Y@ 430+ 1+ @232+ 1) Ga+ 1) + ¢/ (5z +1)°
=0
S1?-2r=0%&
T =2

-Két luan. Phuong trinh da cho c¢6 nghiém x = 0; 2 = 2.

Vi du 3. Giai phuong trinh /2 + 14 /22 — 3 + 32 = 2.

# LOi giai.

-Phan tich. Nhan thay (x + 1) + (22 — 3) = 32 — 2 va khong ¢6 gia tri ndo ctia lam cho cic biéu thitc
x4+ 1, /22 — 3 dong thoi bang 0. Nén ta c6 thé thyc hien phép nhan lien hop dé xuat hién nhan ti
(3x — 2). Phuong trinh da cho tuong duong véi:

3x — 2
+32-2=0
V(z+ 1) = /(x+1) (20 — 3) + {/ (22 — 3)°
1

)
V0 +1)? = Y (x+1) 2z —3) + /(22 — 3)

-Két luan. Nghiém ctia phuong trinh da cho la z = 3

& (3r—2

2
+1 :0(:>3:v—220(:):v:§

Vi du 4. Giai phuong trinh /7 + 2 + /22 — 3 + 323 = 2%

& L gidi.
-Phan tich. Nhan thay (z + 2) 4+ (22 — 3) = 3z — 1; 32 — 2% = 2% (3z — 1) va khong ¢6 gia tri nao cta
lam cho cac biéu thitc /z + 2, /2 — 3 dong thsi bang 0. Phuong trinh da cho tuong duong véi:
3z —1
- +22(3z—-1)=0
V(r+2)° — /(2 +2) 2z — 3) + {/(2x — 3)°

1 1
& (3z—1) + 22 :0<:>3x—1:0<:>x:§

Vi +2)? = Y (x+2) 2z —3) + /(22 — 3)?

-Két luan. Nghiém ctia phuong trinh da cho 1a o = 3

BAI TAP REN LUYEN

a) Giai phuong trinh v/2x + 1+ 2 = /x — 5 — 6. Dap s6: x = —6.

b) Gidi phuong trinh Va2 —z — 1+ 22 +2 = 22 —3+3z. Dap s6: v = ;2 = 2.

c¢) Giai phuong trinh /3z + 5 + 23 = /2 + 5. Dap s6: z = 0.
)

d) Giai phuong trinh /32 + 1+ /2 — 2+ 42 = 1. Dap s6: o =

e) Giai phuong trinh /r — 2+ v/2z — 1+ 2® = 1. Dap s6: = = 1.

f) Gai phuong trinh Va2 +1++Vr -3+ 22 =2 — 2. Ddp s6: 2 = —2;2 = 1.
flz) —a’

Kiéu 3. \/f(7) —a = NiOETS v6ia >0

Vi du 1. Giai phuong trinh v/3z +1++vxz+3+2—-5=0.

o

# L3i gidi.
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-Phan tich.

-Nhan thay: » = 1 la nghiém ctia phuong trinh da cho (Cac ban ciing c6 thé st dung may tinh CasiO
dé kiém tra phuong trinh trén c6 nghiém duy nhat z = 1-Xem Phu Iuc)

Khiz=1,thi: 3z +1=/3.(1)+1=2=3x+1-2=0
vavr+3=y143=2&Vr+3-2=0

Tu cac phan tich do ta c6 thé viét phuong trinh dudi dang: (V3 +1—-2)+ (Ve +3—-2)+2—-1=0

dé dua phuong trinh vé dang c6 nhan ti (z — 1). Diéu kien o > —3
Phuong trinh da cho tuong duong véi:

3r —3 rx—1

V3t+1-2)+ (Ve +3—-2)+42x—-1=0«& + +x—1=0
( ) ( ) V3r+14+2 r+3+2
< ( 1)( ’ + ! +1) 0ez=1

T — = Tr = s

V3r+14+2 Jr+3+2
3 1 1

Do + +1>0,Vx>—=

V3x+14+2 /x+3+2 3

-Két luan. Phuong trinh da cho c6 nghiém duy nhat z = 1.

Vi du 2. Giai phuong trinh 3z + 1 — /6 — x + 322 — 14z — 8 = 0 (KhoiB — 2010)

# LJi giai.

-Nhan thay x = 5 1a nghiém ctia phuong trinh da cho.

Khiz=5,thi: V3z+1=/3.05)+1=4=3x+1—-4=0
vayvb—r=y6—-5=1=6—2—-1=0

Tt cac phan tich d6 ta c6 thé viét lai phuong trinh thanh (v3z + 1 —4)+ (1 — /6 — z)+32?— 14z —5 =

0 dé dua phuong trinh vé dang c¢6 nhan tit (x — 5) . Diéu kién -3 <z <6.

3z — 15 )
3r+1—-4)+(1—v6—2)+32?—1dr—-5=0% + +(x—=5)Bz+1)=0
v Jr=6=a) NerEs B R TR A

3 1
+ +
V3r+1+4 1+6—=

& (x—5) +@Bx+1) =0« x =5 Do

3 1
_l’_
V3r+1+4 1++6—2x
1
(Bx+1)>0,Vx € [—5;6]

-Két luan. Phuong trinh da cho c6 nghiem z = 5.

Vi du 3. Giai phuong trinh va2 +2x +3+V2r +2=va2 +1+ 1.

# Li gidi.

-Phan tich. Nhan thay phuong trinh c6 nghiem x = —1.

Khi d6: Va2 +22+3 = V22 +1;v/x+2 = 1, nén ta c6 thé gidi quyét bai toan nhu sau: Diéu kien:
x > —2. Phuong trinh da cho tuong duong véi:

20+ 2 z+1
Vi2+2x+3—-vVa2+1)+ (WVz+2-1) = 0 < + =0 <
( ) ) ( 3 Vi +2z+3+ Va2 +1 Mx22+1
x+1( + =0« 2z =-1. Do: +
( 1) Va2 +22+3+Vr2+1  Vr+2+1 Va2 + 22+ 3+ Va2 + 1
—_—— > (0. Vz > -2
Vr+2+1 T

-Két luan. Phuong trinh da cho c¢6 nghiem x = —1.

BAI TAP REN LUYEN

a) Giai phuong trinh /22 + 1+ vz +4 + 2 = 3. Dap s6: x = 0.

b) Giai phuong trinh 3z + 1+ 22 =2+ /2 — 2. Dap s6: = = 1.

c¢) Giai phuong trinh (z +4)Vr+3+2* =22+ 2+ 9. Dap s6: x = 1.
d) Gidi phuong trinh /z =1 — /322 + 2 — 1+ 2z + 1. Dap s6: v = 1.
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e) Gidi phuong trinh V222 +2+1+v222 —2+1=1++1-22. Dapsd: 2 =0,x = —=

Kiéu 4. Bién déi ¥/f(z) — \/f2 / f) \_/;3 T hodc bién ddi
a a
V(@) +a= flw) +a Vi a # 0

V() = a/f@) +a*

Vi du 1. Giai phuong trinh vz + 3 + v/5z + 3 = 4.

# LJi gidi.

-Phan tich. Nhan thiy x = 1 14 mot nghiém ctia phuong trinh da cho, lic d6 Vz +3=y1+3=2=
Vr+3-2=0vaybr+3={5.1)+3=2=Vbr+3-2=0

Khi dé chiing ta c6 thé thuc hien phép nhan lien hop dé xuat hién nhan ti (x —1). Diéu kien z > —3.
Phuong trinh da cho tuong duong véi:

Ve+3+Vhr+3=4e (Ve +3-2)+ (Vb +3-2) =0

r—1 5(x—1) 1 5
&= + :O<:>(.Z'—1) +
Ve+3+2 350432 1295z +3+4 VIF3T2 3 (br+3)" +205r +3+4
0<:>a::11 5

>0,V > -3

0 +
VI+3+2 3/ (50 43)° + 295z + 3+ 4

-Két luan. Phuong trinh c¢6 nghiem z = 1.

Vi du 2. Giai phuong trinh /22 — 3+ 3z +1 =2 — .

# Loi gidi.
-Phan tich. Nhan thay = 1 1a nghiém ctia phuong trinh. Khi z = 1, thi: v/2z — 3+1 = 0; \/3x +1-2=
0. Tt d6 ta thyc hign phép nhan lien hgp dé xuat hien nhan t (z — 1) . Diéu kieén z > _5

Phuong trinh da cho tuong duong vdi: (\/Zx -3+ 1) + (\/Sx +1-— 2) +(zx—-1)=0
o 2@ —1) P C el B
3(2:1:—3)2—\3/256—3—1—1 Vir+ 142

3
& (z—1) +1 | =0&s2=1

,/Qx_ — 25 —3 +1 \/3I+1—|—2
1
+1>0,Vr > ——
\/ 21 —3) — 2r —3+1 v399+ +2 3

-Két luan. Phu’dng trinh da cho c6 nghiém z = 1.

Vi du 3. Giai phuong trinh /o +2+4+6 = /5 — z — x.

# L3 gidi.

-Phan tich. Nhan thiy 2 = —3 I3 nghiém ctia phuong trinh. Khi x = —3, ta ¢6: Yz +2+ 1 =
0;2 — /5 — x = 0, tit d6 ta thyc hién phép nhan lién hgp dé xuat hién nhan tit (x + 3) . Phuong trinh
da cho tuong duong véi: (Ve +2+1)+ (2—V5—xz)+ (z+3)=0

T+ 3 T+ 3

+ +(x+3)=0
V(E+2P—Vr+2+1 44285 —z+ /06 —2z)

1 1
& (v +3) + +1 ] =0&2=-3

V(@+2P - Ve +24+1 4+2¥5—z+J/(6—2)

-Két luan. Phuong trinh da cho c¢6 nghiém x = —3.
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BAI TAP REN LUYEN

. . 1
Giai phuong trinh /3x + 2 + 32® + 22 + 32 = 0. Dap s6: x = -3

)

b) Giai phuong trinh /x + 4 + /22 + 7 + 2? + 8z + 13 = 0. Dap s6: z = —3.

c) Giai phuong trinh /2z + 1 + 2z + 3 + 42% + 362 + 65 = 0. Dap s6: o = —=
)
)

d) Giai phuong trinh /22 + 3+ (z +2)Vr +3=+/6 —x — 3. Dap s6: z = —2.
Giai phuong trinh \/2x—5+\/2x—3+$ +2=2(2*+1). Dap so:x = 2.

Kiéu 5. \/f(z) — g(x) \/(L—F 61 \/f(x)+ g(z) #0,Vz € D

Vi du 1. Giai phuong trinh = + /x = Va2 —z+ 1+ 1.

# Loi gidi.

-Phan tich. Nhan thiy = = 1 la nghiém ctia phuong trinh da cho. Khi z = 1, thi: Va2 —2z +1 -2 =
0;4/Z — 1 = 0, tit d6 ta thyc hien phép nhan lien hgp dé xuat hién nhan tit (z — 1). Diéu kién 2 > 0.
Phuong trinh da cho tuong duong véi:

z—1 r—1
r—Vri—z+1)+(HWV/r—1)=0« + =0
( ) (\/_ ) r+Vai—x+1 o+l

1
@x—l( ):O<=>$:1
( ) x+\/x2—ac+ \/54‘1

Do : >0,z >0
x+m f+1

-Két luan. Phuong trinh c¢6 nghiem z = 1.

Vi du 2. Giai phuong trinh 2v/22 — 40 —4+ 2 =2yr —1—4

# L3i giai.

-Phan tich. Nhan thay x = 2 la nghiém ctia phuong trinh da cho. Khi d6: z — 2v/x — 1 =0 v&

Va2 —4xr —4 42 = 0, tit d6 ta thuc hién phép nhan lien hop dé xuét hién nhan tu x — 2. Dieu kién
x> 1.

Phuong trinh da cho tuong duong véi: (x —2V/x — 1) + 2 (\3/902 —4dr — 4+ 2) =0

1 2
& (z—2)° =0<x=2Do

—_—F
x+2\/x— \/ x—lO 2m+4 T+ 2v/x —1

>0,V >1
Y@ -2 —10? 292 —z — 10+ 4
2?2 —dr +4 2 (2% — 4z + 4)
& + =
T2V =1 82 a4y —4)? — 2 —dr —d+4

-Két luan. Phuong trinh c¢6 nghiem z = 2.

Vi du 3. Giai phuong trinh 423 + 522 + 1 = /32 + 1 — 3z.

# Loi gidi.
. 1 )

-Phan tich. Nhan thay phuong trinh da cho c6 2 nghiém xz = 0;x = T suy ra ching ta c6 thé dua
phuong trinh trén vé phuong trinh tich v6i nhan tit z (4x + 1) = 42% + 2 (Cac ban c6 thé st dung may
tinh CaSiO dé hd trg tim nghiém ctia phuong trinh)

. , ) dm -3 =1
Bay gio ta can tim m dé: 2z +m)” — 3z + 1) =42 +z = =m=1

m?—1=0
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L 4o 4+ x )
Suy ra khi ta thuc hién phép bién doi: (2 +1) —v3x + 1 = sé xuat hién nhan t
Y pHep ( ) 2z +1)+v3z+1

N 1
(42% + ) . Diéu kien: z > —3 Phuong trinh da cho tuong duong véi:

422 + ¢
(2r+1)— 3z +1 +423 4522+ =0« +(x+1D)Uz2+2)=0
I 2r+1)+v3r+1 ( ) )
) 1 ) z=0
& (4x —1—.7:( +az+1):0(:)4a: +rx=0<
( ) 2r+1++V3x+1 1
r=—=
4
1 1

Do
2c+1++3xz+1

-Két luan. Nghiém ctia phuong trinh da cho 1la z = —i; x = 0.
BAI TAP REN LUYEN
a) Giai phuong trinh /222 + 3z +1 — 2 =2 — \/2x + 1. Dap s6: = = 0.
b) Gidi phuong trinh /5x — 1+ 22 +2 =7+ /2 + 2. Dap s6: 2 = 2
c¢) Giadi phuong trinh o +3 + 2 +4 = /4 — 22 + V22 + 41 + 5. Dap s6: v = —2.
d)
e)

Giai phuong trinh x + /32 + 8 = V22 + 1+ 1. Dap s6: = 0.
Giai phuong trinh zv/222 + 1+ 2% — 322 — 2 = 0. Dap s6: x = 2.

o 2 P 2. f(l’) - 93(1') o 3 2.
Kiéu 6. Bién ddi ¢/f(x) — g(z) = hoac bién doi ¥/ f(z z) =
6. Bitn 061 YTT ~a(0) = e e YT@ + g(o)
f(x) +9°(x) véi £2(x) + g2(x) # 0,Vx € D.

V@) = /f@).g(@) + ¢*(x)

Vi du 1. Giai phuong trinh v/a3 + 22 — 4 + 22 = 2 + 2.

# LJi giai.

-Phan tich. Nhan thiy z = 2 la nghiém cta phuong trinh, lic d6: 23 + 22 —4 — 2 = 0; V22 — 2 = 0.
Tit d6 ta thyc hien phép nhan lien hgp dé xuat hién nhan ti& (x — 2). Diéu kién x > 0. Phuong trinh
da cho tuong duong véi:

24 2(x—2

(VAT d-a)+ (VE-2) =0 : f2222 g,

f’/(x3+x2—4)2+x\3/a:3+x2—4+x2 V2 +2

2 2
(z—2) o + —0er—2
i/(x3+$2—4)2+x\3/x3+$2—4+x2 V21 +2
2 2

Do Tt + >0,Ve >0

f’/(:v3—|—x2—4)2+:v\3/.r3+:c2—4—|—;1:2 V2r +2

-Két luan. Phuong trinh c¢6 nghiem z = 2.

Vi du 2. Giai phuong trinh v/—224+2 — 1+ 22 — 1+ 2% +2 = 2.

# LJi giai.

-Phan tich. Nhan thay 2 = 1 14 nghiém ctia phuong trinh da cho. Khiz =1, tacé: vV—a22 +x — 1+ 2 =
0;v2r —1—1=0;x2—1 =0, tit d6 xuat hién nhan tit (z — 1) ta c6 thé gidi quyét nhu sau: Diéu kien

1
x> 3 Phuong trinh da cho tuong duong véi:
3 _ .2 -1
(V= vz —T+a)+ (VI —1-1)+(@*—1) =0 & rorte +
{’/(—xQ—f-x— 1) —av/—22 + 2 — 1+ a2

2(z—1)

Ty e DE+1)=0
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s (r—1) el + 2 t@+l) | =0er=1
f’/(—xQ—l—x—1)2—x\3/—x2+x—1+x2 var —1+1
241 2 1
Do v + (I+1)>OV1’Z§

f/(—x2+x—1)2—x\3/—x2+1:—1—|—x2 var —1+1

-Két luan. Phuong trinh c¢6 nghiem z = 1.

Vi du 3. Giai phuong trinh 23 + 2z — (22 + 1) /22 — 1 = /222 — .

# L3i gidi.

. 1
biéu kién x > 3

2 —2r+1
Phuong trinh da cho tuwong duong véi: (22 + 1) (z — V22 — 1)+ (x — V222 —2) =0 (22 + 1) —F—MM——+
g g duong vdi: ( ) ( )+( ) ( )x+m
2 —22% +x 0o (z—1)? 22 +1 x _
22+ 2.y/222 — x + /(222 — )2 7"""\’25”_1 22+ 2.v/222 — x + /(222 — )2
1 1
0 x=1 Do 2 + + a >0,Vx2§

THV2r—1 g2 8007 —p 4 /(202 — 2)
-Két luan. Phuong trinh da cho c¢6 nghiem x = 1
BAI TAP REN LUYEN
) Giai phuong trinh va? + 22 — 1+ y/z + 2*> = 3. Dap s6: =z = 1.
b) Giai phuong trinh /z — 10+ vz — 1+ 2> =2 + 1. Dap s6: = = 2.
4 . 1

c¢) Giai phuong trinh {/x — 3 +4x = Va3 + 322 + 2 — /3x. Dap s6: v = 3
d) Giai phuong trinh v/3z — 5+ /3 — 2 = 22 + 2. Dap s6: x = —1.
e) Giai phuong trinh 2% + 2z = xv/4x + 1 + v/3x + 2. Dap s6: x = 2.
Q Tach thanh tich cac biéu thirc lién hop

O muc 1, chiing ta da st dung k¥ thuat nhan thém mot lugng lién hgp dé dua phuong trinh vo ty vé
dang tich. Tuy nhién trong mot s6 dang toan k§ thuat nhan thém mot luong lien hop khong dam bao
duge mau s6 khéc 0, hodc viee giai quyét biéu thiic thit 2 trong phuong trinh tich 1a kho khan. Chiing
ta c6 thé Iva chon phuong an tach da thitc thanh cac biéu thiic lien hop dé thay thé.

| rw=o
Kiéu 1. f(z) (w/ z)+ /g )(\/f(m)—\/g(x)%vc’n

g(z) >0

Vi du 1. Gidi phuong trinh 2 + vz — 1+ /327 — 5 = x.

& L3 gidi.

-Phan tich. Nhan thay (Vo —1+4++32—5) (V3zr—5—-Vo—1) =Bz —5)— (2 —1)=2(z —2)

Do vay, néu ta bién doi vz —1 + 3r -5 = 2(x=2) , ta s& ¢6 nhan tui (x —2). Tuy
V3r —5—+vx—1

nhien van dé ndy sinh ¢ day la chua ddm béo duge rang bicu thic (v3z —5 — /o — 1) khac 0 va dé

khic phuc né ching ta cé thé xét 2 truong hop v3z —5 — vz —1 =0va 3z -5 — Vo —1 # 0.

Song dé tranh sy rdi rAm khong can thiét, ta chon phuong an bién ddi nguge lai, do la: 2 (z —2) =

(Vo =143z =5) (V3z —5— vz — 1), tir d6 ta c6 thé gai quyét bai todn nhu sau:

Diéu kién z > 3

Phuong trinh da cho tuong duong véi:
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2(x—-2)—2(Ve—1++/32—-5) =0
& (Vr—1+32-5)(V3z—5—-+vVa—1)-2(Vz—1+32—-5)=0

Ver—14++3x—-5=0(VN)

& (Vr—1+v32-5)(V3z-5-Va—-1-2)=0%&

V3T -5 -1 —-1-2=0

T >4

Laico: 3z —H—vVr—-1-2=0&2—-4=2/z -1 & S =10
22— 120 +20=0

-Két luan. Nghiém ctia phuong trinh da cho 1a z = 10.
Bai tap twong tu

a) Giai phuong trinh 2z + 1+ /1 — z = 3x.

b) Giai phuong trinh v4x — 3+ 2x+7=x — 5.

¢) Giéi phuong trinh o +5++v2 -2z =z + 1.

Vi du 2. Giai phuong trinh Va2 +x — 2+ Vo — 1 =22 —1.

# Loi gidi.

-Phan tich. Nhan thay

(Val+ao—2+Ve—1) (Va2 +2—-2—-Vo—1) = (@*+2—2)— (¢ — 1) = 2% — 1 tit d6 ta c6 10i giai
sau: Dieu kien z > 1. Phuong trinh da cho tuong duong véi:

Val4+r—2+Vr—1= (\/x2+x—2—|—\/x—1) (\/x2+x—2—\/x—1)

Va2 +z -2+ —1=0(1)

& (\/x2+x—2+\/x—1) (\/x2+x—2—\/x—1—1) =0«

Vii+r—-2—+r—1-1=0(2)
r—1=0
(1) < sr=1
?+rx-2=0

T >?2

xt —4x? —4x +8=0

2)ea?—2=2/r—1

r>/2

& Sr=2
(x—2)(2*+ 222 —4) =0

Do 2%+ 222 —4>2v/2+4—4>0,Ve > 2

-Két luan. Tap nghiém ctia phuong trinh da cho 1a: T = {1;2}

Bai tap twong tu

a) Giai phuong trinh Va2 + 3z — 1+ V22 +2r — 1 = 7.

b) Gia phuong trinh x + 3 = V322 + 13z + 12 + /222 + Tx + 3.

¢) Giai phuong trinh 3 —z (v + 1) = V4 — 22 + Va + 1.

Vi du 3. Giéi phuong trinh (141 +2) (V222 — 22+ 142 — 1) = 2\/z.

# L3i gidi.
-Phan tich. Ta nhan thay (\/1 +x— 1) (\/1 +x— 1) = x, tuy nhién kh sit dung phép nhan thém lugng
lien hop ta phai chia thanh céac trudng hop v/1 + 2 — 1 = Ovagy/1 +x — 1 # 0. Dé tranh nhiing van dé
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van dé phiic tap d6 ndy sinh, ta cé thé xi Iy nhu sau: Diéu kien x > 0. Phuong trinh da cho tuong
duong véi:

(I+vVIi+2) (V222 -2z +1+2—1)=(1+vVI+z) (VI+z-1)Vz

V22 —2r+14+2—-1=(V1+o—-1)/z

& <\/2x2—2x+1—\/x2—|—x>—l—(x—l—i-\/f):O

2 —3r+1
& +(rx—14++/2)=0
V2?2 —2x+1+ Va4 ( V)

o a1+ va) (-1 )

V212 —2x+ 14+ Va2 +x

+(x—1++x)=0

r—1—+/x
®($_1+\/§)<\/2x2—2x+1—\k/:/x2+a:+1):O
r—1++/x=0(1)
=
V212 -2z +1+vVei+ao+ax—1—+x=0(2)
Khi dé:
(1)<:>x:3‘2‘/5.

2) & (V2T =20+ 1+2—1) + (Va2 + 2 — /7)) = 0(x)
V22 =2z 41+ —1=\/22+(z -1 °+2-1>\/(z—-1)°+@-1)>1—-2)+(x—1)=0

Vol t o — x> /r—x=0
Do d6 (%) & x = 0.
Bai tap twong tu
a) Giéi phuong trinh (v5z —1+ 2 —1) 3z —1— m) = 4.
b) Giai phuong trinh 2z + g —1=+422+9+ 22 — 3.

Ta co:

1 1 2
c¢) Giai phuong trinh \/z + — + \/ - =
x x x

Vi du 4. Giai phuong trinh (z 4+ 1) vz +2+ (x +6) Vo + 7= 2> + Tz + 12.

# LOi giai.

-Phan tich.

-Tru6c hét ta nhan dinh phuong trinh ¢6 nghiém duy nhat z = 2. Néu ta sit dung phuong phap nhan
lien hgp mot cach thong thuong, dau trude cac bicu thic 1a ngude nhau nén cé thé dan dén viec phai
két hop v6i phuong phap danh gia. Ta sé tim cach khic phuc van dé nay bang cach tim nhom cac biéu
thiic v6i sao cho phuong trinh duge dua vé dang (z — 2).f(z) = 0, trong d6: f(z) > 0,Vr > —2.

-Dé y ring, v6i didu kién: 2 > —2 thi ta chwa khang dinh duge dau ctia nhi thiic (z + 1) vi vay khi thye
hién phép nhan lien hop d6i véi (z + 1) vz + 2, ta can tao ra nhan tit: (z + 1) (z — 2) hay ta can tim

1
-m+n=1 m =

m, n sao cho: mz +n —+vax —2=0khi z = —1;x = 2, tiic ta c6 hé: = 43
2m+n =2 n=g

T d6 nhan ca hai vé ctia phuong trinh vé6i 3 cho ta:

322 +21z +36 -3 (z+ 1) Ve +2—-3(x+6)Vo +7=0

Tién hanh viéc nhom nhan ti cho biéu thitc 3 (x 4+ 1) Vo + 2, ta sé dugc:
(x+1)(z+4-3Ve+2) +2:> +162+32 -3 (z+6) Ve +7=0

D61 v6i (4 6) v +7 thi do x + 6 > 0,Vo > —2 nén ta sé nhém nhu sau
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(z+1) (r4+4-3Vr+2)+(z+6) Vo +7 (Vo +7—3)+2>+3x—10 = 0 Diéu kien > —2. Phuong
trinh da cho tuong duong véi:

(z+1) (z4+4-3Ve+2)+ (x+6) Vo +7 (Ve +7-3) +2> 432 - 10=0.

(2417 (2 —2) oy i
rraravais @OV T== @2 (x4 5) =0,

(z+1)° +(x+6)\/x—+7
r+4+3Vr+2 Vr+T7+3
. (z+1) N (z+6) vz +7
r+4+3vVr+2 Vr+T7+3
Vay phuong trinh da cho c¢6 nghiém duy nhat z = 2.
Bai tap twong tu
a) Giai phuong trinh 322 4 14z + 13 = (2 4+ 1) V42 + 5+ 2(z + 5) Vo + 3.
b) Gidi phuong trinh 522 + (3x +1)v2 — 2 = 172 + 28 + 3 (z — 13) y2z — 1.
c¢) Giai phuong trinh 2 (822 4 7z + 1) = (z + 1) 2z + 34+ 2 (3z + 1) vz + 2.

& (x—2) +(z+5)|=0z=2.

+ (z+5) > 0,Vo > —2.

Vi du 5. Giai phuong trinh (z +2) vz + 1 — (4o + 5) 22 + 3 = —6x — 23.

# LOi giai.
Diéu kien z > —1, dat v/z + 1 = ¢ (¢ > 0) . Phuong trinh da cho trd thanh:
B34+662+t+17= (42 +1) V22 + 1
& (42 +1) (V2P + 1=t — 1) + (t —2) (3> + 4t + 8) = 0.
2 — 2t

V22 4+ 14+t+1

& (42 4+ 1)
A3 + ¢

o=
( ) 224+ 1+t+1

483+t
i +3t2 + 4t +8 > 0,Vt > 0.

+(t—2)(3t*+4t+8) =0

+3t2+4t+8) =0et=2.

Do

V22 +14+t+1
V6i t = 2, thay tré lai ta tim duge z = 3.
Vay nghiém ctia phuong trinh da cho la x = 3.

Thong thuong khi st dung phép bién doi truy nguge sé lam xuat hien nhing biéu thiic khong chia
can c6 s6 mil cao. Trong trudng hop s6 mii cao nhat ctia biéu thic khong chita can bé hon sé mi
cao nhat ctia nhitng biéu thic chita can thic, ta st dung phép dat an phu dé thay doi vai tro clia
ching.

Bai tap tuvong tv

a) Giai phuong trinh x =34+ (z+1)ve —1—-(z —1)vVa+2=0.

b) Giai phuong trinh (82 + 13)v4x +7 = 120+ 35+ 2 (x + 2) /22 + 3.
¢) Giéi phuong trinh 4z + 12 = (32 + 8) Vo + 6 — (4o + 13) Va + 2.

Vi du 6. Giai phuong trinh 23 4+ 222 —6r +1=2Va2 —x+1— (z +1)/3z + L.

# L3 gidi.
N 1
bieu kién x > —3 Phuong trinh da cho tuong duong véi:
Ve —r+1(Val —o+1-1)+V3r+1(z+1—-V3x+1)+2®—z=0.
2 2

22—z 22—z
S /r2—x+1 +V3x+1 +(x+1) (x> =2)=0.
Viz—r+1+1 z+1++3z+1 ( ) )
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) 2Va? —x+1 V3z +1 ) =0
& (2% —x) + +r+1)=02-2=0&
Vaz—x+1+1 x24+1++V32+1 g1

2V —x+1 N V3r+1
0
Viz—z+1+1 z+1++V3zx+1

Vay tap nghiém ctia phuong trinh da cho la 7' = {0;1} .
Bai tap twong tvw

a) Giai phuong trinh 3z% — 10 = 2v22 +x — 1 — (z + 2) /32 + 6.

D

1

1 2
b) Giai phuong trinh i/g — a3+ \/:1: 3= 1.
c) Giai phuong trinh (x + 3) (\/ 202 + 6x + 2 — Qx) =vVa2+1+ (22— 7)vz +3.

Binh luan.

+Khi gidi mot phuong trinh vo ty bang phuong phap nhan lién hop ta thuong gip rat nhiéu kho khin
§ cong doan xtt 1y phuong trinh A(x) = 0 bdi né phu thudéc nhiéu vao sy tinh té clia ngudi giai toan
trong qua trinh so sanh cac dai lugng c6 trong biéu thitc A(z). Dé gidi quyét van dé nay, ta thay thé
nhitng cach nhém nhan t thong thuong bing nhiing cadch nhom truy nguge dau ctia biéu thitc lien hop.
+Khi bién doi truy ngude chiing ta luén phai chii ¥ dén diéu kién c¢6 nghia ctia phuong trinh vo ty ban
dau dé ddm bao dau ctia cac dai lugng trong biéu thiic A(z) 1a ciing duong hodic ciing am.

+Ta can chii ¥ dén hé sé bac cao nhat clia cac biéu thitc chita can va biéu thic khong chia can, néu
dau ctia ching nguoc nhau ta sé stt dung phép truy nguge biéu thitc lien hop dé bién déi .

+Trong phuong phap st dung lien hop dé gidi phuong trinh vo ty, viec doan biét duge nghiem va
s6 nghiém ctia phuong trinh rat quan trong. Tuy nhién néu st dung sy hd trg clia may tinh bo tai
CaSiO-FX 570ES van dé nay hoan toan dugdc giai quyét.

BAI TAP REN LUYEN

a) Giai phuong trinh 4v/x + 2 + /22 — 3z = 22 + 8 (TH&TT — T11/396).

b) Giai phuong trinh vz — 2+ 4 — x4+ /22 — 5 = 22? — 5z (TH&TT — T4/388).

c) Giai phuong trinh 22 + 14z +1 = /22 + 1+ 292 + 4 — 2/4 — z.

d) Giai phuong trinh 152 + 6 = v/2z + 1 + Va2 + 1 + 2y/11z + 4.
e) Giai phuong trinh 6 (z — 1) Vz + 1 + (2® +2) (Vo — 1 —3) = 2 (2? + 2) (TH&TT - T4/419).

f) Giadi phuong trinh (z +6) vz +2+1= V32 + 7.

g) Gidi phuong trinh (4 3) (2+ V2 +2) = V22 +5+ V32 +7.

h) Giai phuong trinh a2 4+ 9z — 1 + 2v/11 — 3z = 22 + 3 (Cudc thi 45 nam TH&TT).

i) Giai phuong trinh vz — 1+ vz + 3+ 2y/(z — 1) (2> — 3z + 5) = 2.

0 Ky thuat nhém phan t& (ax? + bz + ¢) .
O cac muc trén chiing ta da co ban nghién cttu phuong phéap st dung lugng lién hgp, cac bai toan
chll yéu tap trung vao nhiing phuong trinh c6 nhan tit 1 (azx + b) . O muc nay chung ta van dung céc

phuong phap trén vao cac phuong trinh c6 nhéu nghiém hitu ty hay nhitng phuong trinh c6 nghiém vo

—b+ VA
ty dang x = —5n v6i ki thuat nhém nhan ti (az?® + bz +¢) .
a
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3.1 Phuong trinh c6 nhiéu nghiém hitu ty

Vi du 1. Gidi phuong trinh /222 — 2 + 3+ 22 — 2 = /212 — 17.

# 131 giai.

-Phan tich.

Ta nhan doan duge rang phuong trinh ¢6 hai nghiem = = 1;2 = 2 (6 thé st dung su ho trg clia may
tinh bo ti — Xem Phu luc). Do vay phuong trinh nay sé c¢6 nhan tit (z — 1) (z — 2) = 2? — 3z + 2 khi
ta c6 ¥ dinh st dung luong lien hop dé gidi bai toan. Diéu quan tam la cach tach-nhém céac dai lugng
¢6 trong phuong trinh.

Gid st ta s¢ nhom (V2122 —x +3 — (mx + 1)) + ((aox + by) — 21z — 17) . Thay cac gia tri =

, \/2x2—x+3—(a1$+bl)20 2—(11—b1:0
;2 = 2 vao cac dang thic , ta sé tim dugc
(agx + by) —/21z — 17 =10 3—2a;—b; =0
a1:1 a2+b2—2:0 a2:3 ) ) .
= ; = . Hay ta sé bien doi phuong trinh nhu sau: Dicu
b1:1 2a2+b2—5:0 bgz—l

kién x > o7 Phuong trinh da cho tuong duong véi:

(\/2:52—:6—1—3—3:—1)—1—(395—1—\/2133—17)+$2—3x+2:0.

- 2 — 31+ 2 n 9 (2* — 3z +2) 42232 4+2=0
r° — 3z = 0.
22 —x+3+z+1 3v—14+21x—17
1 9
:U2—3a:—|—2< - +1)=0
( ) V212 —x+34+z+1 3x—1++21z—-17
r=1

S2-3rx+2=0<
T =2

D L ) 1 Vo > 17
OV e 8tatl B liyaaom e

-Két luan. Tap nghiém ctia phuong trinh da cho 1a T' = {1;2}.

Bai tap twong tu

a) Giai phuong trinh 22 — 22 + /222 + 1 = 4z + 1.

b) Giai phuong trinh 32 —x +3 = 3z + 1+ v/bz + 4.

c¢) Giai phuong trinh 22 — 2 — 3 + /222 + 52 + 7 = /b + 6.

Vi du 2. Gidi phuong trinh 4v/x +1 —1 =32+ 21 — 2 + V1 — 22,

# LJi giai.

-Phan tich.

Bai toan lai xuat hién nhiéu dau cin thic va véi mot suy nghi don gidn 1a ching ta sé lam triet tieu
mot sd can thitc nhung dong thoi ddm bao bac ciia da thitc ngoai dau can khong qué cao, va toi lua
chon phuong phap bién ddi hé qua dé dua vé phuong trinh (*) nhu sau:
Sd/r+1-2/1—x=3c+1++V1— 2?2

=16(x+1)—16vV1—22+4(1—z)= Bz +1)>+2Bz+1) VI — 22+ (1 — 2?)

& 4r? —3r — 9+ 3z +9) V1 — a2 = 0(%)

Lic nay dé dang tim ra nhan tit ctia phuong trinh (*) 14 x (5z + 3) = 5z% + 3x. Dicu kien —1 <z < 1.
Phuong trinh da cho tuong duong véi:

4o +1—-21—x=3x+1+v1— 22
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=16(x+1)—16vV1—a22+4(1—xz)= Bz +1)*+2Bz+1) VI — 22+ (1 — 2?)
S 4r? —3r — 9+ 3z +9) V1 — a2 = 0(%)

& (522 +32) + Br+9) V1 —22— (22 +62+9) =0

2 (z + 3) (52 + 3z) 2046
& (5x? + 32) — =0« (5?2 +32)(1— =0
( ) 3V1—a2+x2+3 ( ) 3V1—a22+x2+3
522 +3x =0 x=0
= = 3
3V1—a2?2=2+3 T=-7

. 3
Thi lai ta thay z = 0;x = — la nghiém cta phuong trinh da cho.

. 3
-Két luan. Tap nghiém cta phuong trinh da cho la T = {O; —5} .

Bai tap tuvong tu

a) Giai phuong trinh 2 (3x + 1) v/222 — 1 = 102% + 3z — 6.

b) Giai phuong trinh  + 27 — 2 =2y/x — 1 ++v/—22+8x — 7+ 1.

c) Giai phuong trinh va? + 92 — 1 + zy/11 — 3z = 22+ 3.

Binh luan. Chang ta sé géip lai nhitng dang toan nay & cac phuong phap giai toan khac, tuy nhién &
muc nay ching ta da trai nghiém phuong phap st dung lugng lién hgp cho nhitng dang toan ma ching
ta it ngd t6i c6 thé sit dung duge phuong phap nay va ciing la gitp ching ta nhan ra nhing uu diém
va nhuge diém ctia timg phuong phap giai toan.

~b++vD
2a. .

Trong viéc giai todn noéi chung, va giai phuong trinh vo ty noéi rieng. Cau hoi ban dau ctia ching ta la
“Liéu c6 thé dua ching vé nhitng dang quen thudc hay khong?” — D6 la didu kha quan trong trong viec
tim 161 giai toan. Trong muc nay chung ta sé cung trai nghiém phuong phap st dung lugng lién hop vé6i
nhitng bai toan quen thudoc da c¢6 ¢ phuong phap nang lén Ity thira, tit d6 hay tu danh gia sy khac biét
ciing nhu nhitng khé khan va nhitng 16i thé ctia cac phuong phap gidi toan khac nhau trén ciing mot
dang toan.

3.2 Phuong trinh c6 nghiém vo6 ty dang = =

Vi du 1. Giai phuong trinh 22 — 62 — 2 = /2 + 8.

# LOi giai.

-Phan tich va binh luan.

Day 1a phuong trinh vo ty dang ax® + bz + ¢ = Vex + d (a # 0) da gidp 6 phuong phap nang len liy
thtra. Bay gio chung ta cung xem vGi phuong phap st dung lugng lién hgp cho dang toan nay.

-Céi kho ctia loai toan nay & ché nghiém ctia phuong trinh khong hitu ty. Vi vay muc dich cudi cling
clia cac phuong phap giai toan 1a c6 gang dua phuong trinh vé dang tich

(mlai +ni +Vexr + d) (mgx +ngs + Vex + d) = 0 va phuong phédp nhéom phan tit sé néu sau day ciing
khong ngoai 1é

-Ta tim dugc nhan tit ctia phuong trinh trén 1a (22 — 7z + 1) = 0, tit d6 ta sé nhém cac s6 hang ciing
phép bién dodi lien hgp dé dua phuong trinh vé dang: (22 — 7z +1).A = 0. Va 15i giai sau day la mot
phuong an Iwa chon dé nhém cac biéu thitc trong phuong trinh. Diéu kien z > —8.

Phuong trinh da cho tuong duong véi: (22 — 7z + 1)+ (x —3 — 2 +8) =0
S(r-3-Vr+8)(r—3+Vz+8)+ (z—3—-Vr+8)=0

3 JiTE= oo [H3V5
S(r-3-Vo+8) (r—2+Vr+8) =0 < T e & 2

5 —v4l
r—2++vx+8=0 x:T\/_
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Vay nghiém ctia phuong trinh da cho la 7' = {

5—¢H‘7+3\/5}

2 2

Vi dyu 2. Giai phuong trinh 2 (22 + 2) = 5v/2% + 1.

# L3i gidi.
-Phan tich va binh luan.
Su ho trg cia médy tinh bé tii, cho ta nhan ti (z? — 5z — 3), do d6 v6i mot suy nghi don gidn ta nhém
cac biéu thiic nhu sau:
(5w +1— 102 — 10) —2 (22 — 52 — 3) = 0, tit d6 ta giai quyét dugc bai toan mot cach kha don gian.
Dieu kien x > —1.
Ta c6: 2 (22 +2) = 5v/2 + 1 & (5v/2F+ 1 — 102 — 10) — 2(a? — 5z — 3) = 0
ehvr+l(Val—z+1-2V/z+1) —2(2* -5z —3)=0

54/ 1
<:>(a:2—5x—3)( v —2):0

Va2 —z+1+2Vr+1

r? —5r —3=0(1)
=

SWr+1=2(Va2—z+1+2Vz+1) (%)
Lai c6: (*) & Vr+1=2va?2 —x+1 & 422 — 52+ 3 =0(VN)

5+ /37

Giai phuong trinh (1) va déi chiéu diéu kién cho ta nghiem ctia phuong trinh da cho 1a z = 5

Vi du 3. Gidi phuong trinh 72% + 62+ 1+ (22 + 1)* vz + 1 = 0.

# LJi giai.

-Phan tich va binh luan.

D@ giai bai toan nay bang phuong phap sit dung luong lien hop , ching ta can biét nhan ti clia phuong
trinh.

Nhu da néu & trén, chung ta dé dang tim ra nhan ti (22 — 2 —1).

Khi d6 ta sé bién déi phuong trinh vé dang:(2z 4 1) (:E t+1) — (4x+1) (2> —2 —1) = 0 Dicu
kién x > —1. Phuong trinh da cho tuong duong véi:

Ta? 462+ 1+ (20 + 1P Vo 1=0

2+ (z+vr+1) - dr+1)(a2—2—1)=0

&2+ (r+vVe+l) —(z+1) (z+vVo+1) (z— Vo +1)=0

SE+vVr+1)[Bz+1)+(@z+1)Vz+1]=0%
Br+1)+(4z+1)vVz+1=0

+Truong hop 1.z +Vz +1 =00 = ! _2\/5.
+Truong hop 2.3z + 1) + (dz+ 1)V +1=0& 2 = @
-Két luan. Tap nghiém ctia phuong trinh da cho 1a T = {1 _2\/5; \/3—?;2_ 15} .
BAI TAP REN LUYEN
25 — /13

a) Giai phuong trinh 922 — 28z + 21 = /z — 1. Dap s6: © = 2;2 = B
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) 44/2
b) Giai phuong trinh 222 + 4 + 4y/2 — x = /922 + 16. Dap s6: x = T\/_

c¢) Giai phuong trinh 22 = /5 + 2z + /5 — x + 12. Dap s6: z = +4.

. 3++V3 —1 7

d) Giai phuong trinh 82% — 8z + 3 = 82222 — 3z + 1. Dap s6: o = 4\/_; T = Z \/—
c 2. ~ P S 3 \/g
e) Giai phuong trinh 2¢/1 — 2 — Vo +1+ 31 — 22 =3 — z. Dap s6: z = X= 0

f) Giai phuong trinh (22 —6)Vr +4— (x —5)vV2r +3=3(z —1).

Dapst:z=1;x=3;x=5

P v33—15
g) Giai phuong trinh x +1 = 2z + 1) \/vz + 1+ 2. Dap s6: « = —

h) Giai phuong trinh 2 (1 — z) v22 4+ 22 — 1 = 2> — 2z — 1. Dap s6: v = —1 £ V/6.

O X ly phurong trinh sau khi nhan thém lwgng lién hop

O muc 3. chiing ta da st dung phuong phap truy nguge dau bicu thic lien hgp dé xit Iy phuong
trinh sau khi nhan thém lugng lien hop. tuy nhién trong mot sé6 dang toan phuong phép nay chua thé
giai quyét dugc triet dé. O muc nay ching ta cling tim hiéu them mot sé6 huéng xi 1y khéc.

Vi du 1. Giai phuong trinh 2® — 3z +1 = /8 — 3a2.

# LOi giai.

-Phan tich trong quy trinh giai toan.

Buée 1. Diéu kién — g <z< \/g

Budc 2. Ta tim duge nhan ti (2% — 2 —1).
Phuong trinh da cho tuong duong véi:

2—2r—V8—-322=0
(z+1)(@*—2-1)+(2-2—-vV8-32) =0«
(z+1)(2—z+vV8—322)+4=0

Bude 3. Truong hop. 2 —x — V8 —322 =0z = 1 iQ\/g.

Budc 4. Truong hop. (z+1) (2 — 2 + /8 — 322) + 4 = 0(x).

Huéng xit Iy 1. (St dung phuong trinh hé qua)

Thay v/8 — 322 = 22 — 3z + 1 tit phuong trinh ban dau vao phuong trinh (*) va dua phuong trinh (*)
vé phuong trinh hé qué:

(x+1)(2*—4x+3)+4=0s 2 +23 42> — 2+ 7=0(a)

X1t Iy phuong trinh hé qua.

8 /8
PT (a) & (22 —2)* +2® —x+3=0ma a2’ —z+3>0,Vz € [_\/;5 \/;] nén phuong trinh hé qua

(a) vo nghiém hay phuong trinh (*) vo nghiém.

Huéng xii 1y 2. (St dung danh gia tryc tiép trén phuong trinh)
+Nhan thiy = —1 khong la nghiém ctia phuong trinh (*).
+Khi x # —1, phuong trinh (*) tuong duong véi:

—3)(x+2
2= Soar e & x)f’iJr ) _ 5T 320

x —
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) S VT(b) <0
Neu -1 <z < \/g, thi = Phuong trinh v6 nghiém.
VP() >0

/ 8 .
Neéu —\/g < x < —1. Xét ham so:

'f(""c):“”‘xi —2,z¢ [ \f\q\{ 1} ta c6

f’(x)zl—l—(x%‘!l)?>O,Vx7é1:>f(x)2f<—\/§) :#
meéOgv@tﬁﬁf§¢EVxe[—V§y4>.Do&&ﬁ—;%T—2;zgi%?@:>¢52v§t§ﬁ.
Hay phuong trinh (b) vo nghiém.

-Két luan. Phuong trinh da cho c¢6 nghiém x = L 12\/5.

1
Vi du 2. Giai phuong trinh Va2 —z + /2 — — =2
x

# Loi gidi.
-Phan tich trong quy trinh giai toan.

. rz>1
Buée 1. Dieu kién
-1<z<0

Budc 2. Ta tim dugce nhan ti (22 — 2 — 1) . Phuong trinh da cho tuong duong véi:

1 2 gz 1 2 g1
(\/xQ—x—l)qL( x—;—l):()(:)x - TR —— =0
x

?—x—1=0

= [ 1
x( x—;+1>+\/:v2—x+1:0(1)

1++5

Bué6c 3. Truong hop. 22 —2 -1 =0 &z =

1
Buédc 4. Truong hop. z (\/x - —+ 1) + Va2 —xz+1=0(x).
x

Huéng xit Iy 1. (St dung phuong trinh hé qua)

1 N

Thay \/x — — +1 = /22 — 2z — 1 tit phuong trinh ban dau vao phuong trinh (*) cho ta phuong trinh
x

hé qua.

x(m_1)+(m+1):o@“f’jz‘xﬂ) (V7 —z+1) =

<:>x(x2—x—1)—|—(\/:c2—x+1)2:()(:>:c —2r+142vVa2—2=0
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z>1

V6i dieu kien thi 2% — 22 + 1 > 0 hay phuong trinh hé qui 23 — 22+ 1+ 22?2 — 2 =0
—1<z<0
v0 nghiém, suy ra phuong trinh (*) vo nghiém.
Huéng xit Iy 2. (St dung danh gia tric tiép trén phuong trinh)
+Néu z > 1, phuong trinh (*) tuong duong véi v/z (z — 1) + 2+ 1+ /z (x — 1) =0(a) .
Véiz > 1= VT(a) > 0, tic (a) vo nghiém.
+Néu —1 < z < 0, phuong trinh (*) tuong duong véi
22 (1 —x)

T /13— ) —
(z+1)+ (Va2 —z — Va? —x) 0<:>(x+1)+\/x2—m+\/x3—x
Véi —1 <z < 0= VT(b) > 0, titc phuong trinh (b) vo nghiém.
Tt d6 suy ra phuong trinh (*) vo nghiém.
1+5

-Két luan. Phuong trinh da cho c¢6 nghiém x = 5

Binh luan. R6 rang trong qua trinh xit Iy mot phuong trinh vo ty nao dé, cé thé viec doc lap sit dung
mot phuong phap sé rat kho khan dé dan dén thanh cong. Do vay su két hgp khéo léo giita cac phuong
phap gidi toan 1a can thiét trong qua trinh tim 10i gidi bai toan nao d6. Mai cac ban cliing theo déi &
cac chuong sau dé lam 1o hon nhitng van dé nay.

BAI TAP REN LUYEN

= 0(b)

‘1+\/ﬁ}

a) Giai phuong trinh 3z + 6 = V322 + 8z — 3 + V222 + 62 + 29. Dap s6: T = {2, 5

b) Giai phuong trinh 2z — 5 + & + 2 — v/22 — 62 + 9 = 0. Dap s6: © = 2.
222 — 9x + 17 o 9 — V41
. bap so: v = ——.
V212 — 6+ 16+ 3z —1 2

1 1 . 1++v5
d) Giai phuong trinh 24/ — — —21/1 — — = 3. Dap so: = 2\/_.
x x

4 .
e) Giai phuong tinh 2% — 3z + 3 = (4 + 3z — —) VvV —1. Dap s6: © = 8 £ 4/3.
T

c) Giéi phuong trinh 3 —z =

1 1 -1 .
f) Giai phuong trinh \/ - = - \/1 SRR . (Chon HSG Tinh Pha Yen 2012) Dép s0: z =
T

x T
1++5
1;x= 5

/ 7 7
g) Giai phuong trinh /22 — ST 5=

/2 1 2
Vi du 3. Giai phuong trinh 2 T _ Tt .
x+ r+1

# Loi gidi.
-Phan tich.
-Nhu da néu & vi du 1, truée khi mudn st dung phuong phap dat an phu, ching ta can tu dit ra cau
hoi: Cac biéu thic trong phuong trinh ¢é méi lien quan dac biét nao véi nhau?

-0 vi du nay, ta nhan théy: (Vz + 1)2 =z + 1, cau héi dat ra la: (22 4+ 1) vd (x + 2) ¢6 moi lien he
nhu thé nao?

-Cha ¥ rang ta luon tim dugde sy lién heé:

ar +b  a(mz+n)+ B (cr+d) P cr +d

mx +n mx +n mx +n’
Vi vay ta sé tien hanh xac dinh «, 8 trong phan tich:
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2 1 2 1 a+26=1 a=3 , .
v+2 _aletD+fRrtl) = Tit d6 ta c6 1oi giai Diéu kien
r+1 r+1

a+ =2 g=-1
r<-1 20 + 1 2 + 1
. Viét phuong trinh da cho dudi dang: 2 T =3- vt :
z+1 z+1
> ——
- 2
2 1
Dat 4/ :c—:—l =t(t > 0) , phuong trinh da cho tré thanh:
x
t=1

P+2t-3=0%<
t = —3 (loai)

V6i t = 1, thay trd lai cho ta nghiém ctia phuong trinh da cho laz = 0.
Bai tap twong tu

1 3x
Giai phuong trinh = —1
a) Giai phuong trin Ty
9 2x
b) Giai phuong trinh — 4+ ————1=0.
) phuong =t o

1
c) Giai phuong trinh + +1=0.
T

2(4—2?)  2zv/4— 22

1
Vi du 4. Gidi phuong trinh 22 + 2z4/2 — — = 32 + 1.
x

# L3i giai.
-Phan tich. Thoat nhin, ta thiy ring cac biéu thiic trong phuong trinh gan nhu la rdi rac va khong tim
thay su gdn két. Mot cach suy nghi ¢d dién la dua x vao can thic .

1 1 P
-Gia st phép toan nay thyc hién duge: zy/x — — = 4 [2? <x — —) = Va3 — x, ta thay rang phuong
T x
trinh da cho c6 thé chuyén vé dang: (22 — 1) +2y/2 (2 — 1) — 32 = 0 hay né6i cach khac n6 c6 méi lien
2
he kiéu: a2 + 2ab — 36% = 0 = (%) +2% _3=0(x) .
-Tuy nhién véi diéu kién bai toan, viéc dua x vao can thiic, sé phai chia ra cac trusng hop riéng 18, dong
thoi néu thyc hién phép chia cho b = x, sé& cho két qua tuong tu phuong trinh (*). T nhitng nhan dinh

x#0
tréen, ta co: Dieu kien Chia c4 hai vé cho z # 0, ta ¢6 phuong trinh:

t=1
P+2t—-3=0<

t = —3 (khong thoa man)

/ 1 1++V5 N
Véit=1:\o——=11*-2-1=0&1= 2\/_(th6améndiéukién)
x
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-Két luan. Tap nghiém ctia phuong trinh da cho 1a T = { 5

1i\/5}

@ PHUONG PHAP SU DUNG AN PHU
0 DPuwa phuaong trinh vé ty vé dang phuwong trinh mét an
1.1 Dua phuong trinh vé ty va dang phuong trinh at? + bt +c¢ = 0(a # 0)
Phuong phéap dat an phu dé dua phuong trinh vo t§ vé phuong trinh bac hai mot an sb 1a mot ki thuat
can ban trong phuong phap st dung an phu dé giai phuong trinh vo ty. O muc nay ching ta ciing diém
lai mot s6 dang toan phuong trinh vo ty gidi duge bang phuong phap vita néu.

Vi du 1. Gidi phuong trinh 222 + Va2 — 2 — 2 = 22 + 7.

# LJi gidi.

-Phan tich.

-V6i mot suy nghi thong thuong, trude phuong trinh vo ty chita mot can thiic chiing ta c6 thé nang len
Ity thita dua vé phuong trinh da thitc bac cao. Tuy nhién lai ndy sinh 2 van deé:

+Cong viéc nang 1én liy thita gay ra cac phép tinh toan phiec tap.

+Phuong trinh bac cao khé gidi quyét khi nghiém ctia né khong hitu ty.

-Tw dé chiing ta nay ra mot ¥ nghi la sé ding an sé6 phu va dua phuong trinh da cho vé phuong trinh
da thiic bac < 3 nho mdi lien hé gitta cac biéu thic con lai véi can thite. Didu kien 22 — 2 — 1 > 0.
Viét lai phuong trinh da cho dudi dang: 2 (22 — 2 —2) + Va2 —2—-2-3=0

bat vVa? —x —2=1t(t > 0) , phuong trinh da cho tré thanh:

t=1
W +t-3=0% 3
t:—é(loai)

1+ 13
V6i t = 1, thay tré lai cho ta nghiém ctia phuong trinh da cho la x = —s

Nhan xét. Vi du trén la dang toan quen thuoc a.f(z) + by/f(z) + ¢ =0(a #0) .
Quy trinh giai toan.

Bué6e 1: Tim diéu kién dé phuong trinh c¢6 nghia: f(z) > 0.

Bu6e 2: Dat /f(x) =t (t > 0), dua phuong trinh vé dang at® + bt + ¢ = 0 (a # 0)
Budc 3: Xt Iy phuong trinh : at? + bt + ¢ = 0(a # 0) , v6i diéu kien ¢ > 0

Bué6c 4: Thay tré lai tim nghiém phuong trinh ban dau va két luan.

Bai tap twong tu

a) Giai phuong trinh /52 + 10z + 1 =7 — 2?2 — 2x.

b) Giai phuong trinh (x +5) (2 — z) = 3v2? + 3.

¢) Gidi phuong trinh 2? — 2z 4+ 13 = 4,/(4 — ) (z + 2).

ST 2
Vi du 2. Gidi phuong trinh 24/ = = 212,
z+1 rz+1

# LOi giai.
-Phéan tich.
-Nhu da néu & vi du 1, truée khi mudn st dung phuong phap dat an phu, ching ta can tu dit ra cau
hoi: Cac biéu thic trong phuong trinh ¢é méi lien quan dac biét nao véi nhau?

-0 vi du nay, ta nhan théy: (Vz + 1)2 =z + 1, cau hoi dat ra la: (22 4+ 1) vd (x + 2) ¢6 moi lien he
nhu thé nao?

-Chu ¥ rang ta luon tim dugde sy lién heé:

ar +b  a(mz+n)+ B (cr+d) S cr +d

mx+n mx +n mx +n’
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Vi vay ta sé tién hanh xac dinh o, 8 trong phan tich:

2 1 2 1 a+26=1 a=3 R
v+2 _ ozt D+BRz+D) - Tit d6 ta c6 1oi giai Didu kien
r+1 r+1

a+ =2 b =-—1.
r<-1 20+ 1 2 + 1
. Viét phuong trinh da cho dudi dang: 2 T =3 - T :
1 r+1 r+1
r > —=
- 2
2 1
Dat 4/ le =1 (t >0) , phuong trinh da cho tré thanh:
x
t=1

?+2t-3=0%

t = —3(loai)
V6i t = 1, thay tré lai cho ta nghiém ctia phuong trinh da cho lax = 0.
Bai tap twong tu

-1 4dzx-1
a) Giai phuong trinh 24/ i e ——
x 3r —1
7 [3x + 2
b) Giai phuong trinh BRI VY i .
x—4 x—4

1
c¢) Giai phuong trinh 5/x + —= =2z + — + 4.

\/_ 2

Nhan xét.

2 A 2 P b b
Deé giai quyet phuong trinh tong quat Qgg \/ Zj—td (a,c#0), ta dat t = \ ZZ——l—i_d - =

va dua phuong trinh da cho vé phuong trinh hitu t§ an t.

b—t%d
ct? —a

Vi du 3. Giai phuong trinh (2% + 1)2 =5 —xv2x? + 4.

# L3 gidi.

Z 2 2 Z
-Phan tich. Ta nhan thay (m\/ 222 4 4) = 22% + 42% = 222 (22 +2), vi vay dé xuat hién 16 rang da
thiic bac 4 ta tién hanh khai trién (22 + 1)%, tit d6 ta 6 ¢6 10i giai. Phuong trinh da cho tuong duong

voi: 22 (22 4+ 2) = 4 — 2222 + 4.

. t2 =2
bat t = /222 + 4, phuong trinh da cho trd thanh: 5= 4—t &
t=—4
Thay tré lai ta co:
x>0
Véit=2:2V222+4=2% Sr=vV3-1
2t 4222 -2=0
x <0
Voit=—4:2v202+4=-4& Sr=—2
rt+ 222 -8 =0
Két luan. Phuong trinh da cho ¢6 céc nghiem z = —v/2;2 = V3 — 1.
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4 .2 1 5
Vi du 4. Gidi phuong trinh ~—— 2 " 4 +2=0

22 (1—22) 221 — 22

& L3i giai.
-Phan tich. Véi suy nghi nhu vi du 3, ta nhan ra réng (zv/1 — x2)2 = 22 (1 — %), tuy nhién biéu thic
ot — 2?1 1

2* — 2241 c¢6 mdi lien hé nao? Va véi cach lam nhu vi du 2, cau tré 1i 1a Py ) Sy s gy -1,
. —-l<z<l1
tir do6 ta co: Dieu kién .Dat 271 — 22 =t = 2% — 2* = 2, lic d6 phuong trinh da tré
x#0
2 t 1
1—t 5 =75
thanh: ——+ — +2=0 2 +51+2=0 2
t=-2

N 1
Thay tré lai, ching ta tim dugce nghiém ctia phuong trinh ban dau la xr = ——.

V2

Nhan xét: O vidu 3 va 4, sai lam thuong gap ciia hoc sinh 1a bién déi:
V222 + 4 =224 + 422 va 21 — 22 = Va2 — 2%, Cha §: AVB = VA2B khi A > 0.
Bai tap twong tu

1 3
a) Giai phuong trinh i \/1%552 -1
9 2x
b) Giai phuong trinh — + ———-1=0
) P & x? 1\/ 22249
¢) Giai phuong trinh + +1=0
) Gidi phutong trinh 25 oy S T

. 1
Vi du 5. Giéi phuong trinh 22 + 224/ — — = 3z + 1.
x

& L3i gidi.
-Phan tich. Thoat nhin, ta thiy ring cac biéu thiic trong phuong trinh gan nhu la rdi rac va khong tim
thay sut gdn két. Mot cach suy nghi ¢d dién la dua x vao can thiic .
1 1 L s
-Gi& st phép toan nay thuc hién duge: zy\/x — — = /22 (3: — —) = Va3 — x, ta thay rang phuong
x x
trinh da cho c6 thé chuyén vé dang: (22 — 1) +2y/2 (22 — 1) — 32 = 0 hay né6i cach khac n6 c6 méi lien
. a\?2 a
he kidu: a2 + 2ab — 362 = 0 = (5) +22—3=0(x).
-Tuy nhién vé6i diéu kién bai toan, viéc dua x vao can thiic, sé phai chia ra cic truong hop riéng 18, dong
thoi néu thyc hién phép chia cho b = x, sé& cho két qua tuong tu phuong trinh (*). T nhitng nhan dinh
\ v #0 ,
trén, ta c6: Dieu kién . Chia ca hai vé cho x # 0, ta ¢6 phuong trinh:
r——>0

x
/ 1 1 1 / 1

T+ 2 x———3+—<:><x——)+2 r——=—3=0
x x x x

1
bat t =/2 — — (t > 0) , phuong trinh da cho trd thanh:
T
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t=1
P+2t—-3=0&

t=-3 (kh@ng thoa mén)

/ 1 1+ +v5
NVéit=1:\z——=1lo*—-r—-1=01z= \/_
T

-Két luan. Tap nghiém ctia phuong trinh da cho 1a T = {

(thdéa man diéu kien)

1i\/5}

2

Nhan xét: O vi du nay ta nhan thay, an phu chi thuc su xuat hien khi ta thuc hien phép chia.
Bai tap twong tu

2
—2=0.
x? —6

a) Giai phuong trinh 2% — 2z +

b) Giai phuong trinh z? — 6z + z —6=0.
T

c) Giéi phuong trinh « + 1 + Va2 —4x + 1 = 3/x.

35
Vi du 6. Gidi phuong trinh o + —— = 22,
x2 —1 12

# Loi gidi.
-Phan tich. Nhan théy (v/a? — 1)2 = 22— 1, tuy nhién céc da thiic ngoai dau can c6 bac 1, suy nghi ban

. . . . 222 2 35
dau 1a sé nang lén lity thita dé dua cic da thitc ngoai dau can vé bac 2: 2%+ - + = (—) )
2—-1 22-1 12

x? 2 x? 1 .
lai co: (m) =51 r? — ST +1 va bay gio ta chi quan tam dén bieu thiic chiia bién s6
con lai la:

x? 2 . x>1
22+ a1 = \/ﬁ Dieu kién . Phuong tinh da
r<—1
cho tuong duong véi:
z>1 x>1
( L@ )2 (35)2 - e Ly T (35)2(*)
€T —_— = _— = _
x?—1 12 x?—1 2 —1 12
2

x
Dat t = ——— (¢t > 0), phuong trinh (*) tré thanh:

35 25
t?+2t = ( ) S t=—(dot >0

* 12 1 (Aot > 0)
5 5

Thay trd lai ta tim duge: x = g; T = i

Nhan xét: O vi du nay ta nhan thay, an phu chi thyc sy xuat hién khi ta thyc hién phép nang lén liy
thua.
Bai tap twong tu

a) Giai phuong trinh = + +1 = 2V/2.
x —
b) Giai phuong trinh 2\/_ +vVr=+vzr+9
v+

¢) Giai phuong trinh /z + \/9 —r=+v—22+9x +6.
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N 1
Vidu 7. Gidi phuong trinh T S
Ver+1—+3—=x 2

# L3 gidi.

. —1<x<3
Dieu kién . Phuong trinh da cho tuwong duong véi:
x#1
+1 +14+v3 - 1
v (\/2x 5 v3—a) :x—§@x+1+\/2x—x2+3:2m2—3x+1®\/2m2—x2+3:2x2—4x
x_
bat V222 — 22 +3 =a(a > 0) , ta c6 phuong trinh:
3
a=-
202 +a—6=0< 2
a = —2 (loai)

2+7
5

Thay trd lai ta tim dugc nghiém cua phuong trinh da cho la x =

Nhan xét: O vi du nay ta nhan thay, an phu chi thuc sy xuat hien khi ta thue hien phép nhan them
lugng lién hop.

Vi du 8. Giai phuong trinh /3 + 2 +v6 — 7 = 3 + vV—22 + 37 + 18.

# LOi giai.

-Phan tich. Trudc hét ta nhan thiy (V3+2)' + (V6—2) = 9va (V3+a+v6-2)° = 9+
2y/(3+2) (6 —x) =9+ 2v—12?+ 3z + 18, diéu nay gitp ching ta nhan ra ring:

-Ta tim dugc mdi lien hé gitta: Phuong trinh chi con lai cin thic: v —22 + 32 + 18 va ta c6 quyen hy
vong bai toan sé quy dugc vé phuong trinh ¢ dang 1. Diéu kien —3 < z < 6.

Phuong trinh da cho tuong duong véi: (v3 -+ — /6 — x)2 =B+ V-2 +3z+ 18)2

S 9+2vV—22+3x+ 18 =9+ 6v—22 + 3z + 18 + (—2? + 3z + 18)

S (=2 + 32+ 18) +4vV—22 + 32z + 18 = 0. Dat vV—a22+ 3z + 18 =t (¢t > 0)

t=0
Phuong trinh da cho trd thanh: t? + 4t = 0 &
t = —4 (loai)
Thay trd lai, giai va kién tra diéu kien, ta duge nghiém ciia phuong trinh da cho la: o = —3; 2 = 6.

Binh luan.
-Day la dang toan: m (Vaz + b+ vVex +d) +n [(a +¢)x +2¢/(ax +b) (cx + d)} = k, v6i quy trinh

giai todn nhu sau:

. ar+b>0
Buée 1: Xt 1y hé dieu kién
cx+d>0

Budc 2: Dat vVar +b+Ver +d=1t(t > 0) = (a+ )z +2y/(ax +¢) (cx + d) =t* — (b+ d)

Budc 3: Dua phuong trinh vé dang sau va xi 1y:

mit+n(t?—b—d)=ksnt>+mt— (nb+nd+k)=0

Bude 4: Thay trd lai cach dat, gidi phuong trinh dang vax + b + Vex + d =ty (xem PP nang lén liy
thira).

Buéce 5: Kiém tra diéu kien va két luan.

-0 vidu 8, toi chon 15i gidi nang lén lity thita 16i mdi dat an phu, muc dich dé ching ta hiéu ring ban
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chat thuc sy ciia n6 1a dang toan a.f(z) + by/f(x) + ¢ = 0 (a # 0) ma ta da gidi quyét ¢ vi du 1.

Vi du 9. Gidi phuong trinh 2z + 3 + vz + 1 = 32 + 2v/222 + 5x + 3 — 16.

# Lai giai.
Diéu kien x > —1.
Dat vV2z +3+ Vo +1=1t(t > 0) = 3z + 2v/22? + 5z + 3 = t* — 4. Thay vao phuong trinh da cho ta

t=5
cot=—-4)-16t?-t-20=0%

t = —4 (loai)
V6i t = 5, thay tré lai ta ¢6 phuong trinh:

V2 +3+Vr+1=52vV222 +52+3=21—-3z

1
21— 32 >0 r< 19

YN & 3 &r=3
4(22% 4 5z + 3) = (21 — 3x)° 2? — 1462 + 429 = 0

-Két luan. Nghiém ctia phuong trinh da cho 1a z = 3.

Vi du 10. Giai phuong trinh 51 +64/(z +1) 8 —2) =17 (Vo + 1+ 8 —1).

# LJi giai.
Didukien —1 <2 <8 Dat Ve +1+V8—a=t(t>0)=2/(x+1)8—a2)=t*—9

t=3
Phuong trinh da cho tré thanh: 51 +3 (> —9) = 17t & 3t — 17t + 24 =0 & <
t=2
3
-Vé6i t = 3, thay trd lai ta ¢6 phuong trinh :
r=—1
Vi+l+y8—z=3<2/(z+1)8—2)=0«
r =38
" 8 N ) -
-V6i t = 3’ thay tré lai ta c6 phuong trinh:
8 17
\/:L‘—|—1+\/8—:1c:§(:)\/(x+1)(8—:13):—1—8(VN)

-Két luan. Tap nghiém ctia phuong trinh da cho 1a T = {—1;8} .
Nhan xét: Ching ta hoan toan cé thé loai gia tri t = 3 néu nhan xét duce ring 3 < ¢t < 3v/2, tit d6

c6 thé tranh duge van dé gidi quyét phuong trinh vz + 14+ /8 —z = g . Van dé dat ra ¢ day 1a lam
sao tim duge diéu kien: 3 < ¢ < 3v/2 va licu van dé tim didu kien “chiit” ctia an phu c¢6 can thiét?

-Dé di tim diéu kien chit ciia an phu ching ta cé thé xit 1y theo cac phuong an sau:

+Stt dung danh gia:

2=94+2/(z+1)8—z)>9=1¢>3.

t=verl+v8—z < JI+D[@+1)+E-2) =3v2 hay: 3 <t <32

+Stt dung dao ham: Xét ham s6: f(z) = Vo +1++/8—x, z € [-1;8], ta co :

7
() = - = fllr)=0V8—zr=Vr+ler=—
/') 2vx+1 248 —x /')
Lap bang bién thién cho ta {\MT]Lf(x):3][\4aa]vf(:p):3\/§hay:3§t§3\/§
—1;8 —1;8

2

-Déi véi vi du 10, van dé dung diéu kién chat c6 thé khong can thiét, tuy nhien khi giai nhiimg phuong
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trinh theo an t c6 nghiém sé khong hitu ty, bat phuong trinh, phuong trinh chita tham s6 c6 dang nay
viec tim dicéu kieén chiit sé gitip chiing ta gidi quyét bai todn mot cach nhanh chéng va chinh xac hon.
Chung ta c¢6 thé xem cac vi du sau day dé thay su hiéu qua va can thiét khi tim diéu kién chit ctia an
phu.

Vi du 11. Giai phuong trinh 7+ 2v4 — 22 =5 (V2 — 2+ V2 + 1) .

# L3 giai.
Dieu kien —2 < x < 2.
Dt t =+v2—2+v2+2 (2<t<2V2). Phuong trinh da cho trd thanh:

5+ 413
2

T+ (2 —4) =56t t*—5t+3=0&t= (loai)

Vay phuong trinh da cho vo nghiém.
5++13

Nhan xét: Véi viec tim dicu kien 2 < ¢t < 2v/2 , da giap ta nhanh chéng loai b 2 nghiém t = 5

, néu khong viec bién doi khi thay ngudc trd lai 1a tuong doéi phiic tap.

Vi du 12. Giai phuong trinh: 3v/2 + x — 6/2 — x + 4v/4 — 22 = 10 — 3z (Khdi B nam 2011)

# LOi giai.
-Binh luan. Vi du nay dugc trich tit dé thi DH khéi B nam 2011. Dé giai quyét phuong trinh nay cé kha
nhiéu cach (ching ta sé gap lai vi du nay trong phuong phap dit an phu chuyén vé hé phuong trinh
hay phuong phap nhan lién hgp).
-Phéan tich. )
-Ta ¢6: (3v2+ 2 —6v2 — ) =90 — 272z — 36v4 — 22 = 9 (10 — 3z — 4v/4 — 2?2)

) 2 t=0
Tu do neu dat: t = 3v/2 4+ x — 64/2 — z, ta sé c¢6 phuong trinh: ¢t = 9 &

t=9
-Bay gio ta sé tim diéu kién chat ctia t = 3v/2 + 2 — 64/2 — z, xét ham sb:
3
) =3vV2+x—6y2—x,x€[-2;2], taco: f(x)= + >0, Ve e (—2;2

() = 327 — 6V ~2:2] 10 c6: f(a) = gt + i (~2:2)
Do f (x) lién tuc trén [—2;2], nén: —12 = f(—2) < f(x) < f(2) =6 hay t € [—12;6]
Tu d6 suy ra gia tri: ¢ = 9 khong thoéa man yéu cau bai toan. Diéu kien —2 < o < 2. Diat t =
3WV2+x—6v2— 1.
Xét ham s6: f(z) =3vV2+x — 62—z, x € [-2;2], ta co:
"(z) = + >0, Vz e (—2;2
@) 2V2+x  2-u (=22)
Do f (x) lien tuc trén [—2;2], nén: —12 = f(—=2) < f(x) < f(2) =6 hay t € [—12; 6]

2 t = 0 (khong thoa man)
Phuong trinh da cho trd thanh: ¢t = 9 &

t = 9 (loai)

6
Véi t = 0, thay tré lai ta co: 3\/2+x—6\/2—x20<:>2+x:4(2—x)<:>x:g.

. . 6
-Két luan. Phuong trinh ¢6 nghiém duy nhat z = —.

Khi xit Iy dang toan bing phuong phéap st dung an phu t = avax + b + B+v/cx + d néu ching ta
tim dugce nghiem hitu t¥, viec tim diéu kien chiit ctia an phu c6 thé khong can thiét. Song khi ta
tim dugc nghiém vo ty clia an phu, ta nén st dung diéu kién chat dé kiém tra va loai di nhiing gié
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n tri d6 néu can. %

BAI TAP TY LUYEN

a) Giai phuong trinh 2vx — 2> =3 (Vo ++v1—2 —1). Dép s6: T = {0;1}.

b) Gidi phuong trinh (z +1)v/—22 — 4z +4 =2+ 2. Dap s6: x = 0;2 = —3 — /3.

¢) Giai phuong trinh vz — Va2 — 1+ vz + V22 — 1 = 2. Dap sb: = = 1.

d) Giai phuong trinh 2 (5z + 3m> =3V —1+Vx+2+27 Dap s6: x = 2.

1.2 Dua phuong trinh v6 ty vé dang F(t) = 0.

Vi du 1. Gidi phuong trinh /32 — 2 = 222 + 22 — 3.

# Loi gidi.
-Nhan xét. Phuong trinh c6 chita 1 cin thic, ta c6 thé ding an phu dé thoat can thic va dua phuong
N . . 2
trinh vo ty veé phuong trinh hitu ty vé6i an t. Dieu kién z > 3 bat v/3x —2 =1t (t > 0). Phuong trinh
da cho tré thanh:
t?+2 t? 42 A ) 5 )
t=2 3 +2 5 — 32"+ 14" =9t —T7T=0& (t—1)(2t° + 2t + 16t + 7) = 0(1)

Xét ham s6: f(t) =2t3 +2t2 +16t +7 =10, t > 0.

Ta co: f'(t) = 6t> + 4t + 16 > 0, V¢ > 0 suy ra ham s6 dong bién trén [0; +00)
Do d6 f(t) > f(0)=7>0,Vt>0,nén (1) =t =1

Thay tré lai cho ta nghiém ctia phuong trinh da cho la x = 1.

Vi du 2. Giai phuong trinh (3z + 2) v/2x — 3 = 22% + 3z — 6.

# LOi giai.
N 3
Diéu kién z > §.Dat V2r—3=t(t>0)=z=
t2+3)2 <t2+3>
2 3 -6
( 2 + 2
St =3+ 9213t +6=0 (t—1)° (2 —t+6)=0t=1.
Thay trd lai cho ta nghiém ctia phuong trinh can tim 1a 2 = 2.

t?+3

3t +9
. Phuong trinh da cho tré thanh: ( 2+ + 2) t=

Vi dy 3. Giai phuong trinh 2y/3x — 2 + 3v/6 — 5z — 8 = 0 (Kho6i A nam 2009)

# L3 gidi.

-Nhan xét: Phuong trinh c6 chita 2 cin thiic, viec stt dung an phu sé lam triet tieu 1 can thic va dua
phuong trinh vé dang: {/f(x) = g(z) va dang toan nay c6 & chuong I va thong thuong duge giai quyét
3+ 2

< . )
bang phuong phap nang lén liy thia. Dieu kién x < 5 bat V3x —2=t =z =
da cho tré thanh:

3V835 =8 -2t & S t=-—2.

3(8 —5t3) = (8 — 2t)° 1563 + 412 — 32t +40 =0

. Phuong trinh

Thay tré lai cho ta nghiém cua phuong trinh da cho la z = —2.

Vi du 4. Giai phuong trinh vz + 8 + v/x — 7 = 3.

# L3i gidi.
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Diéu kien —8 <z < 7.
Diat o —7 =1t (t > 0) = 2 = t* + 7. Phuong trinh da cho tré thanh:

3—t>0 t<3

Vit+15=3—-t & & &st=1.
tr+15=(3-1)" 23 — 92+ 18t — 11 =10

Thay trd lai cho ta nghiém ctia phuong trinh da cho la z = 8.

Vi du 5. Giai phuong trinh 2v/35 — 2% (2 + V/35 — 23) = 30.

# LJi giai.

3 —35
Dat o+ V35 — 2% =t = v/35 — 2 (2 4 V/35 — 23) = 3
3 — 35
Lic d6 phuong trinh da cho tré thanh: =30 &3 =125 <t =5,
=2
Thay tré lai ta c6: V35 —a3 =5 -z <22 —bhr+6=0< .
r=3

Vi du 6. Giai phuong trinh z = (2004 + /) (1 —/1- \/5)2

# LOi giai.

Diéu kien 0 < < 1. Dat y = \/1 — v/x = /2 = 1 — y2. Phuong trinh da cho tré thanh:
2(1—y)? (¥ +y—1002) =0 < y = 1.

V6i y = 1, thay trd lai cho ta nghiém cta phuong trinh da cho la x = 0.

6 — 2z 6+ 2z 8
Vi du 7. Giai phuong trinh + = —.
) P & Vhb—x Vh+ax 3

& L3 giai.
Diéu kién —5 < x < 5. Phuong trinh da cho tuong duong véi:

26-2)—4 2(5+x)—4 8 — — 1 1 8
Vb —x * \/5—1—33'( _3©2(‘/5 TVhta) 4(\/5—x+\/5+a:>_3
\/5—95—1—\/54-1;)7% .
& (Vo—z+Vb+u)—2 N _3()
t2 - 10 4t 4

Diat: Vb —x+vVbh+ax =t = V10 <t <20 va /25 — 22 =

. Thay vao (*) ta co: t_tQ —5 =3

t=4 (kh()ng thoa mén)
—4++4
t= T\/_fi (loi)

Véi t = 4, thay tré lai ta c6: Vb — a2 +vVb+ax2 =4 V25— 122 =3 & =44,
Vay nghiém ctia phuong trinh da cho la © = +4.
BAI TAP TU LUYEN

(1) Giai phuong trinh z* — 1122 — 8 = 13v/22 + 1. Dép s6: © = £/15.

(2) Giai phuong trinh v/22 — 22 + 5+ /2 — 1 = 2. Dap s6: 2 = 1.

42? — 22 — 20 . 1
(3) Gai phuong trinh % =+2x+ 3. Dap so: v = 7
x_

(@) Giai phuong trinh 23 + 322 + 42 + 2 = (32 +2) V/3z + 1 (HSG Quang Binh 2010) Dap s6: x =
0;x=1.

S35 — A2 42 +40 =0 < (t —4) (32 + 8t — 10) = 0 <
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. 11— 17
(5) Giai phuong trinh = + /5 4+ vz — 1 = 6. Dap s6: x = —s

(6) Giai phuong trinh /1 — 2 + /1 + 2 = 2. Dap s6: = 0.
(7) Giai phuong trinh vo +8 — /2 — 8 = 2. Dap s6: x = 8.
13

Giai phuong trinh /5 + 3z + /3 — 22 = 3. Dap sb: v = —23;2 = it 1.

) 1£5
(9) Giai phuong trinh 22 + /o1 — 22 = 22 + 1. Dap s6: x = 2\/_.
Giai phuong trinh 2 — 222 + 41— 22 = (VI -z ++v1+2) (2+ V1 —22). Dap s6: = = 0,

9 —2x dr + 3 15 . 15
Giai phuong trinh + = —.Dapso:x =00 = —.
) Gidi phuong Vi—z Vizii 2 P 1

2 . 217
@ Giai phuong trinh 4/ % —1={3@—-3°+¢/9(x—3). Dap sd: . = 0;2 = -

Q DPuwa phuaong trinh vé ty vé phwong trinh nhiéu an phu

2.1 Dua vé phuong trinh 2 an déng bac
Kiéu 1. au® + Buw +v.0* =0 (a® + % #0)

Vi du 1. Giai phuong trinh 222 — 6z + 4 +/(z + 1) (2 + 1) = 0.

# Loi gidi.
Dicu kien x > —1. Dat Va2 +1=a; Vo +1 =10 (a,b > 0)

2a = 3b
Ta c6: 2a* + ab — 60> = 0 & (2a — 3b) (a +2b) =0 &
a = —2b(loi)
9+ 4161
V6i 2a = 3b, ta c6: 22 +1=3Vr+1 <422 - 92 -5=0& 1 = Era— (khf)ng thoa mén)
9+ /161
Vay nghiém ctia phuong trinh da cho la x = —s

Binh luan. Cau hoi dit ra trong bai todn nay 1a: Vi sao ta ¢6 phan tich: 222 — 62 — 4 = 2a® — 6b* va
c6 phéi dang toan nay luong phan tich duge vé dang au? + S.u.v +v.0? = 0 (a? + 42 # 0) hay khong?
-Tra 1i: Néu mudn dua bai todn vé dang au? + S.u.v + v.0% = 0 (a® ++% # 0) thi chic chan ching ta

(

n=2
can tim m, n sao cho 2x? — 6z —4 = m (z + 1) + n (22 4+ 1), dong nhat hai vé ta sé ¢c6 { 1, — —¢
m+n=—4
\
n =2
= hay 222 — 62 — 4 = 2a® — 61°.
m = —06
Va tat nhién néu m, n khong théa man m+n = —4 thi ta khong thé dua bai toan vé dang au? + B.u.v+

vyt =0 (a?+~2#£0).

Khi gap phuong trinh kiéu tuong ty 2a 4+ ab — 66> = 0 , ta sit dung may tinh giai phuong trinh
bac 2 v6i cadc hé 86 a = 2; b= 1; ¢ = —6 , may tinh cho ching ta nghiém:
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X, = —; Xy = —2, diéu d6 c6 nghia l1a , tc

Vi du 2. Giai phuong trinh 622 + 92 + 3 — 11v/23 — 1 = 0.

# LOi giai.
-Phan tich. Ta nhan thay 23—1 = (z — 1) (2% + 2 + 1), vi vay ta c6 thé nghi dén phan tich: 6224+92+3 =

(
m =06
m =6 . vVl+zrz+1=a
m(@*+z+1)+n(z—-1)=< man=9 = Diéu kien = > 1. Dat
n=3 vr—1=0
m—-n=23
\
(a,b>0) , ta c6 phuong trinh:
3a=0>
6a® — 11lab+ 3b* =0 &
2a = 3b

+V6i:3a=b=3Vel+z+1=vVr -1 922 +82+10=0(VN)
+V6i: 2a =30 = 2Va2+x+1=3Vr — 1 & 42?2 —= 52+ 13 =0(VN)
Vay phuong trinh da cho voé nghiém.

Vi du 3. Giai phuong trinh 622 — 28z + 2 = 11,/(z — 2) (22 — 1).

# Lgi giai.
-Phan tich. Theo nhan dinh ban dau ta sé phan tich:

m==06

622 — 28z +2=m (x> —1)+n(r—2) =< , = 98

m-+2n = -2

\
RO rang khong ton tai m,n théa man yéu cau. Vay phai chiang bai todn khong dua duge vé dang toan
ching ta mong muén?

(x —2) (2?2 = 1)

Ta hay luu ¥ mot chat: (z —2) (22— 1) =(x —2) (z — 1) (z+1) = (z—1) (2% — 2 —2)

] (z+1) (2% — 3z + 2)

Vi vay ta can kiém chiing xem né c6 roi vao truong hop nao trong 3 trusng hop trén hay khong? Tit
viec kiem chiing sé cho chiing ta két qua: 622 — 282 +2 = 6 (22 — 3z +2) — 10 (z + 1) . Vay bai toan c6

> 2

thé dua vé dang ta can! Diéu kien (z —2) (22 —1) > 0 &<
—1<z<1
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T > 2 r+1>0
Vi = = /(z—2) (22— 1)=Vr+ 1.Vz? -3z +2

—1<z<1 (x—1)(x—=2)>0

bat Va2 -3z +2=a;vVr+1="0(a,b>0)

2a = 5b
Phuong trinh da cho tré thanh:6a? — 11ab — 100* = 0 &

3a = —3b (loai)

37 £ V1641

+V6i2a =50 = 2v12 —3x+2=5r+14(2*-32x+2)=25(z+1) ez = — s
37 £ 1641
Vay nghiém ctia phuong trinh da cho la z = — s

Chiing ta can luu ¥ bién ddi \/(z — 2) (22 — 1) = o + 1.v/2% — 3v + 2, vi VA.B = VA.v/B khi
A B>0.

Vi du 4. Giai phuong trinh 622 — 162 — 2 = 11,/(z — 2) (22 — 1).

& L3i gidi.
-Phan tich. Vi du nay c6 nét tuong dong véi vi du 3, va v6i phan tich giong véi vi du 3, ta sé tim dugc:
62% — 162 — 2 = 6 (2 —x — 2) — 10 (z — 1). Tuy nhién nhu da néu & vi du 3, ta thay rang véi dicu

T > 2

kién: chua thé dam béo dudc ring: /(z — 1) (22 — 2z — 2) = Vo — 1./(z + 1) (z — 2).
—-1<z<1

Va dé khic phuc van dé nay ching ta c6 thé chia ra 2 trudng hop: > 2 va —1 < = < 1. Hoiic stt dung

. > 2
cach dat nhu loi giai sau: Dieu kién
1<z <1.
”¥—-r—-2=a
Dat = 622 — 160 —2=6(2>—2—2)—10(x — 1) = 6a — 100
r—1=b
6a — 10b > 0 3a—5b>0
Phuong trinh da cho tré thanh: 6a—10b = 11vab < &
(6a — 10b)2 = 121ab 36a? — 241ab + 1006 = 0
(
3a —5b>0
= 9 da = 25b
9a = 4b
\
3a—5b>0 32 —-8xr—1>0 29 + /569
da — 25b =0 42 4+ 21x —33 =0
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3a—5b>0 32 —8xr—1>0 13 — /673
9a —4b =0 922 — 132z — 14 =0
29 + /569 13 — V673
Vay phuong trinh ¢6 cac nghiém x = +8 ;T = 13 :

Kiéu 2. au® + fuv +yuv? + X0® =0 (o + A2 #0)

Vi du 5. Giai phuong trinh (22 + 42 +5) Vo + 1= (32> — 8z — 5) Va2 + 1

# LOi giai.
Dicu kien x > —1. Phuong trinh da cho tuong duong véi: 4 (x +1)vVz +1+ 8(z+1)vVar2+1 +

V+1(z?2+1) =322+ 1) Va2 +1=0(x)

r+1=u
Dit (u,v > 0) . Phuong trinh da cho tré thanh:
Viz+1l=v

2u="v

4w + 8uv + wv® = 3v® = 0 & (2u —v) (2u+3v) (u+v) € | 2y + 30 = 0 (loai)

u+ v = 0 (loai)

x> —1

Véi: 2u=v=20Vz+1=vV12+1< s r=2+7
2 —4r—3=0

Vay cac nghiém ctia phuong trinh da cho 1a z = 2 + /7.

r+1=u
Binh luan. Bai todn nay c6 hai can thiic bac 2, viéc st dung cach dit (u,v > 0)
vVat+1l=v

c6 thé dua dugce vé dang ta can. Cau héi dat ra la lam sao dé nhan biét ring dé6 1a dang toan nay, va
tai sao lai c6 khai trién (*).

-Tra 1oi: Bai todn nay dua duge vé dang: au® + S.u?v + yu.v? + Av® = 0 (a? + A\? # 0) néu ching ta
tim duge m1, m2, m3, m4 thdéa méan:

2 +4rx+5=my(x+1)+n; (22 +1)

322 —8r —5=my(x+1)+ng(z* + 1)

( (

ny = 1 N9 = 3
Stt dung dong nhat thitc cho ching ta: < 4, = 4 S g = —8
m1+n1:5 m2+n2:—5
\ \

Vi du 6. Giai phuong trinh 22° + 22 + z = (22 4 62 + 6) vz + 1.

# LJi gidi.
Diéu kién z > —3. Phuong trinh da cho tuong duong véi:
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20° —2*Vr+14+x(x+1)—6(z+1)vVz+1=0(x)

bat , phuong trinh da cho tré thanh:
Ve+1l=v(v>0)

2u® — uv + w? — 60 = 0 & (2u — 3v) (u? + uv + 20?)

& 2u = 3v (dou # v = u? + uv + 20v* > 0)
z >0

V6i: 2u =3v =2z =3z +1 & S x =3
4o — 92 —9 =10

Vay nghiém ctia phuong trinh da cho la z = 3.

Binh luan. Bai todn nay cé mot an phu ré rang la: v/ + 1 = v , chiing ta chi can biét an phu con
lai 1a gl thi chic chén ching ta sé biét cach phan tich thanh (*). Néu ching ta sit dung dong nhat thiic
bai toan sé r6i ram, ta hay dung phan doan dé phan tich vay!

. 22+ 62+ 6 =m(az +b)° +n(x+1)
Ta can phai c6 phan tich:
22° + 2° + x = plazx + b)* + ¢ (ax +b) (z + 1)
Tuy nhién viéc tim ra cac hé s6 trong cdc dong nhat thitc trén 14 khong dé, vi vay khi gap nhitng dang
toan sau nay chung ta co ban dya vao kha nang dy doan va tryc quan!
Sau day la mot cach dé cac ban nhan doan an phu con lai:

) )
Vi du 7. Giai phuong trinh 623 + 822 + 5z + 1 (13:{;2 + 15z + Z) V1—z.

# L3 giai.

-Phan tich. Dua phuong trinh vé dang: 2423 + 3222 + 20z + 5 = (5222 + 60z + 5) /1 —x
-Ta c6: 24 = 3.23; 52 = 13.22

-Cho z = 1, vao phuong trinh ta dugc 81, ma: 81 = 3.3° = 3 (24 1)°

-Dudoan: u=2z+1;v=+1—x

“Thit:+(2423 4+ 3222 + 202 4+ 5) =322+ 1)° = =422+ 20 +2 =222 + 1) (1 — 2)
+5222 + 602 +5— 1322+ 1) =8 (x — 1)

dat muc dich ching ta yéu cau. Diéu kién x < 1. Phuong trinh da cho tuong duong véi:
320 +1)°+2Q2e+1)(1—-2) =132+ 1)*-8(1—2)|vVI—=

2r+1=a
Dat , Phuong trinh da cho trd thanh:

Vi—x=0b

323 + 2ab® = (13a* — 80?) b < 3a® — 13a*b +2a* + 83 =0 | 4 —p

2a +3b=0

Thay trd lai cac trusng hop, ta tim duge cac nghiém cuia phu’dn-g trinh la
—5—1—2\/10‘% —10 — /55
2 T 18

r=0x=
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BAI TAP REN LUYEN

(@ Giai phuong trinh 5v/23 + 1 = 2 (22 +2) Dap s6: v =

1+
2

(2) Giai phuong trinh 2¢/(1 + 2)> 4+ 3v1 — 22 + /(1 — 2)* = 0. Dap s6: Vo nghiem.

74
Giai ph trinh 44/ ( 2) —7\/ — 3v (2 — >=0. Da = 0;
(3) Giai phuong trin (x + x) >4 x) ap sO: x T = R
Z':c 5+ 061

(@) Gii phuong trinh 222 —52+2 =5,/(z + 1) (x +4) (x — 5). Dap s6: © = ik 8 x = 5

1%

4+ 32 +4r+2
30

(6) Giai phuong trinh v/3 (22 — 2+ 1) + V24 +22 +1=0. Dap s6: = = 1.
(@ Giai phuong trinh (22 — 62 4+ 11) Va2 —z+ 1 =2 (22 —da +7) Vo — 2. Dap s6: v =5+ 6 .

(6) Giai phuong trinh 322 — 2z — 2 = 6\/ . Dap so: © = 2.

5 5
Giai phuong trinh 423 — 62% + x + o7 = (12:172 — 14z — 5) V2z + 1.

28 + 126 7 4+ /69
L= .
3 ’ 12

(@ Giai phuong trinh 2% — 322 4+ 21/(z 4+ 2)° = 62. Dap s6: © = 2,2 = 2 — 2V/3.

Dap s6: v =

2.2 Pua vé phuong trinh 2 an dbi xiing
Dua phuong trinh vé dang: aa® + f.a = a.b®> + .b

Vi du 1. Gidi phuong trinh 22 — 22 = 22 + 1 — Va2 + 1.

£ L3i gidi.
2
-Nhan xét. 22 — 2z = (22 +1) — 2z +1) = ( x2+1) - (\/2x+1)2. Tu d6 dat: a = Va2 + 1;
N 1
b= +/2x + 1, ta sé c6 phuong trinh: a? — > = a — b Diéu kién z > ~5

Data—\/ I; b=+2x+1, (a,b>0) , phuong tinh da cho trd thanh:
a —b2—a—b<:>( )(a+b+ )=0<a=0b

Khia=0b,taco: Va2 +1=2r+1 <2’ =2r &

Vay cac nghiém cta phuong trinh 1a = = 0;x = 2.

Vi du 2. Giai phuong trinh 822 4 22 + 5 = 6222 + 2 + 1 + 327 — 1.

& L3i gidi.

-Nhan xét: Dat V222 + 2 +1=a; v2r — 1 =0 . Gid st ta c6 phan tich:

812 +2r+5=m@2*+z+1)+nRx—1)=2m+ (m+2n)x+m—n
(

2m =8
m =4
Dong nhat he s6 2 vé ta ¢6: ¢ ;49 =2 < . Hay: 822 + 2x + 5 = 4a® — b*. Diéu kién
n=-—1
m—n=>5

\

PHAM KIM CHUNG ITEX-https: //www.facebook.com/groups/GeoGebraPro/ Kl


http://trunghochoasen.com/

TOAN THPT | 49

1
x> 3 bat V222 +zx+1=a; vV2r —1=10(a,b > 0)
Phuong trinh da cho tré thanh: 4a® —b? = 6a+3b < (2a)°+3(2a) = B*+3b < (20 +b) (20 —b—3) =0
S2a—-b0-3=0
Vé6i: 2a — b — 3 =0, ta c6 phuong trinh:
2V202+x+1=+20—14+3 & 4a? + 0 —2 =321 — 1(x)

t? 41

bitt=v2x—-1(t>0) =>x= Lk Phuong trinh (*) tré thanh:

200+ 52 —6t—1=0& (t—1) 2 +22+ 7t +1) =0 <t =1 (dot > 0)
Thay tré lai ta tim duge z = 1.

Vi du 3. Giai phuong trinh 323 + 2% — 8z +4 = 222 — 1 — 232 + 1.

# L3 giai.

-Nhan xét. Néu khong c6 co sd, ching ta khé long nhan doan rang phuong trinh nay quy dude vé dang
a.a’® + B.a = a.b? + B.b, mot cau héi ma di qua 2 vi du ching ta vAn chua tra 1oi!

C6 thé suy luan mot cach don gidn nhu sau: Ta doan duge nghiem = = 1 ctia phuong trinh, va khi

a=1xV3r+1=2 .
r=1= = a = b. Nghia la ta ¢6 quyén hy vong bai toan trén dwa dugc
b=22xr—1=2

vé phuong trinh dbi xtng. T d6 ta thi khai trien: a® — b* = 22 (3z + 1) — 4 (22 — 1) Diéu kien
1

T2 Dit a = v/3x +1; b = 2¢/2x — 1 (a,b > 0). Phuong trinh da cho tré thanh: a*> — 0> = b —a

& (a—b)(a+b+1)=0<a=0.

Thay a = b vao phuong trinh da cho ta: zv/3z +1 =22z — 1 &

wlinn =

2
Vay phuong trinh da cho c¢6 cac nghiem z = 1;z = 3

Vi du 4. Giai phuong trinh 222 —x — 7+ 3v2 +3 = 0.

# L3i gidi.
Binh luan. Day 1a phuong trinh dang: az? + bz + ¢ = ay/ex + f quen thudc véi kha nhiéu cach gii.
Chiing ta hay thit phan tich va tim 15i gidi bing cach dua vé phuong trinh 2 an (phu) déi xting.
-Phan tich. Do heé s6 22 bang 2, hé s6 trudc v/ + 3 bang 3. Tit d6 ta hy vong c¢é thé dua phuong trinh
ve dang:
2(x4+m)’ =3@x+m)=2(x+3) -3/ +3
Suy ra: 2(z+m)> =3 (x+m) —2(x+3) =222 -2z 7
= (4m —5)x+2m* —-3m —6=—x —7
. ) ) dm — 5 = —1
Dong nhat hai ve ta co: =m = 1.
2m? —3m = —1

Tu d6 diat: a = (x4 1), b = Vo + 3. Dieu kien x > —3. Dat a = (z + 1), b = vz + 3, ta ¢6 phuong
trinh:

a=1b
202 —3a =20 -3b = (a—b)(2a+20—-3) =0 &

20 +20—-3=0

PHAM KIM CHUNG ITEX-https://www.facebook.com/groups/GeoGebraPro/ Ei


http://trunghochoasen.com/

CHUYEN DE PHUONG TRINH VO TY

2—15
2 ‘ o .
Binh luan. Tit cac vi du trén ching ta c6 thé dé dang nhan ra viéc ché tac mot bai toan kiéu doéi
xiing dong bac kha don gian. Mic do kho dé cia bai toan phu thuoc vao viéc lza chon va bién doi clia
ngudi ra dé. Moi cac ban xem vi du sau:

. /3
Budce 1: Ta chong 2 an phu tuy y, vi du: a = 5 +1; b=+3—2x
x

Buée 2: Chon kiéu phuong trinh déi xitng hay nita déi xting theo an a, b

. 3 3
-Néu chon: 2a® + 3a = 20 + 3b, ta sé co: 2 <2$+ 1) + 34/ il 2 (3 —2x) + 33— 2x.

L s . , 8x2 — 8 /3
Bién doi phuong trinh nay theo ¥ muon, chang han: o T 3 <\/3 — 2z — ) ()
20 +1 20 +1

Nhu vay thay khé cho chiing ta dé nhan ra rang, phuong trinh (*) c¢6 dang déi xing. Va dé khic phuc
kho khan trong viéc tim kiém 161 gidi, moi cac ban tiép tuc theo déi véi phuong phap dua phuong trinh
vo ty va dang tich ctia 2 an phu.

Dua phuong trinh vé dang: a.a® + .a% + v.a = a.b® + B.b* + ~.b

Thay tré lai va giai ta duge: v = 1,0 =

Vi du 5. Giai phuong tinh 2% — 422 — 52 + 6 = /722 + 92 — 4.

# LOi giai.

-Phan tich. Ching ta nhin thay nét tuong dong véi vi du 4, nghia la ta sé dat cau hoi: lieu c6 thé phan
tich duge né duéi dang: (z +m)® + (z +m) = (7T2® + 9z — 4) + /722 + 9z — 4 khong?

Dong nhat thitc ta tim duge m = 1 . Bai toan ltc nay duge gidi quyét nhu sau: Dit: 2 + 1 = q;
V722 4+ 92 — 4 = b, phuong trinh da cho tré thanh:

AGta=0+bs (a—b)(a>—ab+V*+1)=0a=0b,doa’—ab+b*+1>0

r=2>5

—1++5
T

Véia=b=VT?+9r—4=x+1& (x-5)(2*+2—-1)=0%

Vi du 6. Giai phuong trinh 23 + 322 + 5z + 3 = (22 + 3) Va2 + 1.

# Lo gidi.

Phan tich. Néu dat v/#2 4+ 1 = a, lac dé c6 thé dua phuong trinh vé dang: 2 + 322 4 5z + 3 = a® + 2a.
Ta hy vong c6: 2% + 322 + 52 + 3 = (2 +m)® + 2 (z + m) () , thay nghiem z = 0 vao (*) tim dugc
m=1.

Kiém tra lai ta c6: 2 + 322 + 52 +3 = (z + 1)’ + 2 (z + 1) Diéu kien —1 < z < 1. Phuong trinh dé cho
tuong duong véi:

(z+1)°+2(@+1) =@+ 1) Va2 +1+2Va2 + 1

Dat: (x +1) =a; V22 +1=05b (b > 0) . Phuong trinh da cho tré thanh:

+2a=0+2b& (a—b)(a®>+ab+b*+2)=0<a=b.

V6i a = b, thay tré lai ta c6: Va2 +1=x+1 <z =0.

Vay nghiém cua phuong trinh da cho la: z = 0.

Vi du 7. Giai phuong trinh 72% — 13z + 8 = 222 /2 (1 + 3z — 32?).

# LJi giai.
-Phan tich. Nhan thay bac cao nhat ctia phuong trinh 1a bac 3, phuong trinh chtia 1 cén thiic bac 3(2
phép todn ngugc nhau). Vi vay ta nhan dinh ring phuong trinh c6 thé dua vé dang ddi xitng dong bac.
Dé vé trai xuat hien bac 3, ta nghi dén phuong an chia ca 2 vé cho 2®, lic nay phuong trinh duge dua
N 7 13 8 1 3 . 1
ve dang: — — — +— = 2{/ — + — — 3, lic nay néu dat — = t, s& cho ta phuong trinh: 8° — 13> + 7t =
x 2z x

2 3
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2+v/12 + 3t — 3. Lac nay véi nhitng phan tich nhu cac vi du trén ta c6: Do # = 0 khong 1a nghiém ctia
phuong trinh, chia ca hai vé cho 23 , ta dugc:

7 13 8 I 3 2 3 2 1 3 I 3
—— =+ = —2\3/—+——3<:>(——1> +2(——1)z(—+——3)+2{’/—+——3
r  x2 23 x x 2 x 2 x
2 1 3
Dat:a:<——1);b:\/—2+——3 Phuong trinh da cho trd thanh:
T

aA+2a=0+2b (a—b)(a®>+ab+V*+2)=0&a=5b

.. 2 1 3 r=1
Véia=b=|—-——-1]) = —+——3<:)2x +322—-13x+8=0<
T 2 -5+ /89

xr =
4
—5 £ v89

Vay cac nghiém cua phuong trinh da cho la: x = 1; x = 1

Vi du 8. Gidi phuong trinh (Vo +1-1) (z+5-2Vz+1) =2(z +1)v2z — 1.

# L3 gidi.

Phan tich. Dat v/2z — 1 = a, & vé phai clia phuong trinh da cho ta: (a*> + 3)a = a® + 3a. Ta sé suy
luan ring c6 thé tim thay didu gi d6 ¢ vé trai xoay quanh an b = v/ + 1 , thay vao vé trai cho ta:
(b—1) (02 —20+4) = =32 +6b—4 = (b—1)+3(b—1) . Tir d6 ta tim dugc 16i giai Diéu kien
T > % bat a = V2x —1; b = (\/:v+ 1-— 1) . Phuong trinh da cho tré thanh: ® + 3b = a® + 3a
S (a—b)(a*+ab+b*+3)=0&a=10

Thay trd lai cho ta phuong trinh: V22 — 1 =z +1—1 e 2 =5 — 2V/5.

Binh luan: -Nhu ching ta nhan xét ¢ dang toan trude, dé ché tac mot phuong trinh vo ty 1a muon
hinh muon vé, né phu thudc vao chii quan ciia ngudi ra dé. Nhung van dé 16n nhat 1a ngusi giai toan
lam sao ndm bat dugc y tudng clia ho? Cau tra 10i d6 chinh 1a can dit tu duy léen hang dau khi giai
toan, hay khi bat gip mot 151 giai. Dé ngusi gidi toan c6 thé hoéa gidi ;mot bai toan phuong trinh vo
ty c6 thé c6 nhidu cach, tity vao su tinh té clia titng ngudi giai. Tuy nhién dé hoc phuong trinh vo ty,
chiing ta luong dat cau héi: Vi sao bai toan lai c6 10i giai nhu thé nay? Mot hudng di khéac o giai quyét
duge khong? Van dé nay sinh ctia méi huéng di d6? Tong quéat nhu thé nao?...

-Véi hai dang toan trén, ching ta c6 thé dua ra cic bai toan tong quat c6 dang F(a) = F(b) .

Vi du:

+Ta chon ham dai dién: f(u) = u* + u v6i 2 an phu: V52 — 1 = a; v/3x +1 = b . Khong can nhiéu
phép bién doi ta c6 phuong trinh: 1622 — 162 4+ v/bx — 1 = /32 + 1

+Ta chon ham dai dién: f(u) = 2u* + uvu2 + 3 v6i 2 an phu: 20 +1=a; -3z =b

+Ta ¢6 phuong trinh: (2x + 1) (2 + Vdz? + 4o + 4) + 3z (2 + V922 + 3) =0

-Van dé ndy sinh ma chiing ta can giai quyét la: Déi xitng 1a vay, con bat déi xitng thi sao? Lam sao dé
c6 su phan biét, dau 1a déi xing dau 1a bat ddi xting? Nhung trude khi tiép tuc v6i cau hoéi, moi cac
ban rén luyén kha nang quan sat véi mot sd bai tap ren luyén sau.

BAI TAP REN LUYEN

. 54429
(1) Giai phuong trinh 22 — 42 —3 =+ +5. Dapsé: v = —1;2 = +T

(2) Giai phuong tinh 222 — 3z — 7 = 4z + 5. Dap s6: © = 1 + /5.
(3) Giai phuong trinh 822 — 8z + /1 — 3z = /1 + x. Dap s6: x = 0.
3+5

(@ Giai phuong trinh 223 + 22 =32 +1 =23z — 1) /3x — 1. Dap sb: = = 5

(8 Giai phuong trinh {/(z —1)> —=2¥/2 —1 — (z —5) V2 — 8 — 3z + 31 = 0. Déap s6: 2 = 9.
(6) Giai phuong trinh 2% + 42 + 2 =2+ (2—2%) V1 —22. Dapsd: 2 = —1; 2 =
(7) Giai phuong trinh 222 4+ 22 — 4 +5vVa2 +1 =53 — . Dap s6: x = —2; 0 = 1.

Nl
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Gii phuong trinh 2v/1 — 22 =3 (V1 —z + 1+ 2) =2 + 7o + 8. Dap s6: z = 0.

_ 1 )
(9) Giai phuong trinh (x 3) \/ tr_ (2 +3)v2z + 1. Dap s6: x = 0.

r—1 -2
) 51
Gii phuong trinh o+ 5v/1 — VI =3 = 6yT=3. Dép s: o = L L

2
@ Giai phuong trinh (z +5)vz + 1+ 1= /3z + 4. Dap s6: x = —1.

2.3 Ky thuat: “Delta chinh phuong”

Vi du 1. Gidi phuong trinh 4/1 —2 =2+ 6 — 3v1 — 22 + 5/1 + x.

# LOi giai.
Ditukien -1 <z <1.Data=V1—-z;b=vV1+2 (0,0 >0)=>z2+6=(1—-2)+2(x+1)+3
Phuong trinh da cho tré thanh:
da = a*+2b* 4+ 3 — 3ab+ 5b < a* — a (3b+4) + 2b* + 5b + 3 = 0(x)
Xem a la an s6, b 1a tham s6 ta cé:
Ay = (3b+4) 420> +5b+3) = +4b+4 = (b+2)
(Bb+4)—(b+2)—(b+2)

a= =b+1

T d6 suy ra phuong trinh (*) ¢6 nghiém: 2
(3b+4)+ (b+2)
a= 5 =2b+3
3

+V6ia=b+1, taco: \/l—x:\/1+x+1®x:—\/7_.
+V6ia=20+3,taco: vV1I—x=2y/14+2+3(VN)

3
Vay phuong trinh da cho ¢6 nghiém x = —%.

Binh luan. Diéu chiing ta quan tam trong cach giai phuong trinh trén chinh la viéc lam sao dé tach:
r+6=(1-2)+2(x+1)+3=a*+20"+3.

Truée hét ta khang dinh ring chi c6 thé tach x — 6 dusi dang: ma? +nb® 4+ p (Vi z — 6 khong chiia can
thitc nén cac hé s6 «a, 3,7 trong phan tich nay déu bang 0: x — 6 = ma® + nb* + p + a.a + B.ab + 7.b)
Dé tim cac hé s6 m, n, p ta sé lam nhu sau:

-Buée 1: Dat a = /1 —x; b= /14 z, ta ¢6: 4a = x + 6 — 3ab + 5b(x)

-m+n=1
Gia stt can phan tich: x+6 = m.a*> +nb*+p=2+6=m(1 —z)+n(1+2z)+p=
m+n-+p=2~06
m=mn-—1
= (1)
p=T7T—2n

-Budc 2: Két hop véi (*) ta c6: 4da = ma*+nb®+p—3ab+5b = ma? —a (3b + 4)+nb*+5b+p = 0 (m # 0)
Xem a la an 6, b 1a tham s6 ta can: A, = (3b — 4)° — 4m (nb* + 5b + p) 14 mot sb chinh phiong
-Buée 3: Chon b = 0 thay vao A, ta co:

A, = 16—4mp:4(4—mp)(?)4[4— (n—1)(7—2n)] =4[2n* — 9n + 11]

Ta can chon n sao cho 4 (2n* — 9n + 11) chinh phuong. Do trén bang TABLE ciia may tinh CaSiO ham
s6 F(x) = 222 — 9X + 11. (Xem bai sy hd tr¢ clia may tinh CaSiO — cic ban ciing c6 thé do triyc tiép
cac gia tri nguyén nhé ma khong can dung may tinh) ta thiy X = 2 «» F(x) = 1 hay ta sé chon n = 2
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m=1
= . (Chu § gié tri n = 1 lam cho m = 0 nén ta khong chon)

p=3
-Budc 4: Thit cac gia tri tim duge vao A, = (3b+ 4) — 4m(3b+ 4)* — 4m (nb® + 5b + p) ta c6: A, =
(3b + 4)2 — 4 (202 +5b+3) = (b+ 2)2 , hay viéc lya chon céc gia tri trén thuyc hién duge.

Vi du 2. Giai phuong trinh 2¢/1 — 2 — Vo +1+3V1 —22 =3 — x.

# L3i gidi.

-Phan tich. Dat a = V1 —2; b = /1+2 = 2a — b+ 3ab = 3 — z, ta can tim m, n, p sao cho:
-m+n=-1 m=n-+1

3—x=ma*+nb®+p=m(l—x2)+n(l+z)+p= = (m#0) (1)
m+n+p=3 p=2-—2n

Thay tré lai phuong trinh cho ta:

2a — b+ 3ab=ma*+nb*+p=ma*—a(2+3b) +nb* +b+p=0

Khi d6: A, = (24 3b)*> — 4m (nb* 4+ b+ p) , chon b = 0 va két hop véi (1) suy ra:

A,=4—4mp=4[1— (n+1)(2—2n)] =4(2n? — 1) chinh phuong.

m =2
Ta chon dugce ngay n = 1 suy ra:
p=20
Thit lai ta thiy: A, = (24 3b)° — 82 +b) = b*> +4b+4 = (b+2)° Ditu kien —1 < = < 1. Dat
a=vV1—z;b=+1+z (a,b>0) = 3 —x =24 + b?
Phuong trinh da cho trd thanh: 2a — b+ 3ab = 2a* + b* < 2a* — a (24 3b) + b* + b = 0(%)
Xem a la an s6, b 1a tham s6, ta c6: A, = (2+3b)° =8 (b2 +b) = b +4b+ 4 = (b + 2)°
a_2+3b—(b+2)
Khi d6 phuong trinh (*) ¢6 nghiém 4
s ®) B _2+3b+(b+2)
B 4

~—

SN o

+1

a

b 3
+V6ia:§:>2\/1—x:\/1+x(:)x:g.

+Véia=b+l=V1l-a=V1i+tz+ler=—

=

ot W

Vay phuong trinh da cho c¢6 cac nghiém x =

Vé nguyen tfc gidi toan ta cAn tim m, n, p sao cho phuong trinh: A, = (3b+4)> —
4m (nb®> +5b+p) = 0 c6 Ay = 0, tuy nhién cong viéc nay sé khién ching ta mat théem thoi
gian kha nhiéu. Néu ching ta “di tat-don dau” bang cach gan gia tri diic biet cho b.

Vi du 3. Giai phuong trinh 222 + 3z — 6 = (3x + 2) 2z — 3.

# L gidi.

Binh luan. Phuong trinh nay dé dang gidi quyét bang cach binh phuong va dua vé phuong trinh bac 4,
sau dé stt dung may tinh CaSiO dé tim nhan ti, hodc sit dung nhan tit trong phép nhan lién hgp. Tuy
nhien trong rat nhiéu tai lieu loai phuong trinh nay dugce giai bang k¥ thuat. Deta chinh phuong, va dé
lai cho nguoi doc rat nhiéu cau héi: Vi sao?

-Phan tich. Ta dit +/2x —3 = b, vi dé c6 dinh hé s6 trudc an o? , ta dit @ = z. Lac do ta co:
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20> +3r — 6= (3a+2)b
Suy ra ta chi can tim m, n, p trong phan tich: 3z — 6 = mb? + na + p
Tuwong tu cac vi du trén ta co:

2Zm+n =3 n=3-—2m
3:10—6:mb2+na+p:m(2x—3)—|—n.a¢+p:> = (1)

—3m+p=—6 p=—06+3m

Phuong trinh tré thanh: 2a® + mb* + na+p = (3a +2)b < mb*> — (3a+2)b+ 2a* + na+p =0

Lic d6: A, = (3a 4 2)* — 4m (24 + na + p)

Chona=0=A,=4—4dmp=4[1—m(3m —6)] =4(-3m? +6m +1).

Do trén TABLE ctia CaSiO (cic ban c6 thé do triyc tiép cac gia tri nguyén nhé ma khong can st dung
méy tinh) dé tim m cho (—3m? + 6m + 1) chinh phuong, ta c6 ngay m = 1.

Thit tré lai ta c6: Ay = (3a+2)* —4 (2> + a — 3) = (a 4+ 4)* Dit a = x; b = v/2z — 3 . Phuong trinh
da cho tré thanh: 2a®> + 0> +a —3 = (3a+2)b < b* — (3a+2)b+2a*> +a — 3 = 0(1)

Xem b 12 an s6, a la tham s6 ta c6: Ay = (3a+2)* — 4 (20> + a — 3) = (a + 4)°

_3a+2—(a+4)

b =a—1
Khi d6 phuong trinh (1) ¢6 nghiém: 2
3a+2+ (a+4)
b= 5 =2a+3

+Véib=a—-1=V2r—-3=x—-1xr=2
+Véib=2a+3 = +v2xr —3=22+3(VN)
Vay phuong trinh c6 nghiém duy nhat x = 2.

Vi du 4. Gidi phuong trinh 3 (V222 +1—1) =2 (1+ 3z +8v227 + 1) .

# LJi gidi.

Phan tich. Trudc hét ta dua bai toan vé dang quen thuoc:

322+ x+3+ B8r—3)vV22+1=0

Dit @ = x; b = /222 + 1, ching ta khong c¢6 dinh duge hé s trude a? hoic b? bdi cd a? hay b? déu
lam xuat hien dai lugng 2.

T d6 ta can tim cac hé s6 m, n, p trong phan tich:( 3x2+2+3= ma2(+ nb? + pa + q

2n+m =3 m=3—2n
Hay: 32° + 2 +3=ma’ +n(22* + 1) +pr+q= 1 p=1 =4 p=1 (1)
n+q=3 qgq=3—n
\

Phuong trinh ltc nay c6 dang: ma® +nb?+pa+q+ (8a — 3)b =0 < nb?+ (8a — 3) b+ma*+pa+q =0
Suy ra: Ay = (8a — 3)* — 4n (ma® + pa + q)
Cho a = 0, va két hop véi (1) ta duge: Ay =9 —4ng =9 —4n (3 —n) = (2n — 3)*, ta loai truong hop
nay vi ta khong thé thit hét tat ca cac gia tri.
-Cho a =1, ta c6: Ay =25 —4n (m +p + q) = 12n? — 28n + 25, thit trén TABLE ta tim dugc 2 gia tri
n # 0 lam cho A, chinh phuong la: n = 1;n = 3.
) n=3 ) )

Tht lai ta thay véi c6: Ay = (8a — 3)° — 12(=3a* + a) = (10a — 3)” Phuong

m=-=3;p=1¢=0
trinh da cho tuong duong véi: 322 + 2z + 3+ (8x —3) V222 +1=0
Dita = ;b= V222 + 1 = 322 + 2+ 3 = —3a®+ 3b*> + a. Phuong trinh da cho trd thanh: —3a®+ 3b% +
a+ (8a—3)b=0 < 3b*+ (8a — 3)b— 3a® + a = 0(x)
Xem b 12 an s6, a la tham s6 ta c6: Ay = (8a — 3)* — 12(—3a® + a) = (10a — 3)*
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~ 3—8a— (10a — 3)

b =1—-3a

Khi d6 phuong trinh (*) ¢6 nghiem 6
3—8a+(10a—3) a
+V6ib:£—3a:>\/2x2+%:1—3x(:)x20
Vay phuong trinh c¢6 nghiém duy nhat 1a z = 0.
Vi du 5. Giai phuong trinh (z + 1) vVa? — 2z + 3 = 2% + 1.
# Loi gidi.
Phéan tich: Dat a = x; b = Va2 — 2x + 3.
Ta can c6 phan tich: 22 + 1 = ma® + nb* + pa + q
( 4
m+n=1 m=1—n

Hay: 22 +1=maz? +n (2> - 22+ 3) + px + ¢ = —n4+p=0 =9 p=2n

\3n+q:1 qg=1—-3n
\
Luc d6 phuong trinh tré thanh:
ma®*+nb®>+pa+q=(a+1)b = nb*—(a+1)b+ma*+pa+q=0
Suy ra: A, = (a +1)° — 4n (ma? + pa + q)
Choa=0,taco: Ay=1—4ng=1—4n(1 —3n) = 12n* — 4n + 1. Thit cac gia tri trén TABLE ctia
CaSiO ta thay n = 1; n = —3 lam cho A, chinh phuong.

n=1
Thit kicm tra lai ta cé: =N =(a+1)°—42a—2)=a>—6a+9 = (a —3)
m=0;p=2;q= -2
Dita=x;b=+v22-20+3 =22+ 1=0%+2a — 2. Lic dé ta c6 phuong trinh:
V+2a—-2=(a+1)be b —(a+1)b+2a—2=0.Xem b la an sd, a la tham s6, ta c6: A, =

1—(a—
2 2 2 b:a—l— 2(a 3):2
+1)"—4(2a—-2)=a"-6a+9=(a—-3)".8S a:
(a+1) (2a —2)=a a (a—3)".Suyr a1t (a—3)
b: 2 :a_l

+Voib=2=Va?—ax+3=2&2=1+2.
+Véib=a—1= 2?2 —-2r+3=x—1 (v0 nghiém).
Vay phuong trinh ¢6 céc nghiem = = 1 4 /2.

4

Vi du 6. Gidi phuong trinh 2 (vI+ 7 + T —7) + VI — 22 = % 2?45,

# Loi gidi.
Dieu kien —1 <z < 1.

2
-2
Dat V1—2z + V142 = a, (\/§§a§2>=> 1—:152:&2 ;b =22 (0<b<1). Ta c6 phuong
2_2 62
trinh:2a+a2 = 25— b+ 5 b — 320 — 16a% — 6da+ 192 = 0(+)

Xem b 1a &n 6, a la tham s6 ta c6: A = 16a2 4 64a + 64 = (4a + 8)°

b=16+ (4da + 8) = 4a + 24
T do suy ra:

b=16— (da+8) =8 —4a
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+V6i b= 4da + 24 (loai do b € [0;1], a € [V/2;2])
2 -9 (1,2 2

FVoib=4(2—a),déy I VI —a2=" — = b=a=1- (5—1> .
Dodé:b=4(2—a) e a*—4a*—4a+8=0& (a—2)(a®>+2a*—4)=0a=2(doa € [\/5,2})
Tu do thay tré lai cho ta z = 0.
BAI TAP REN LUYEN

(1) Giai phuong trinh 22 + (3 — \/m) =14 2v22+2. Dap s6: x = £/14.

(2) Giai phuong trinh 2 (1 — 2) V22 422 — 1 =22 — 22 — 1. Dap s6: . = —1 + /6.

(3 Giai phuong trinh (3z +1)v222 — 1 = 522 + ;:c —3.Dap s6: . = +1;x = 5.

1++v41

(@) Giai phuong trinh 22 — 42+ (r —3)vV22 —2—1—-1=0. Dap sé: z = —1;20 = 5

(6) Giai phuong trinh2<2\/1+x2—\/1—m2) —V1—24=322+1. Dap so: x = 0.

Giai phuong trinh (4o — 1) Va3 + 1 =223 4+ 22 + 1. Da 861$:2'I’:—3§.
(6) Giai phuong Vv p : 7
8 — 3z .
Gidi phuong trinh —— =+ V4 +2 = 2(v322+13x+4—2z). Dap s6: ¢ = 0;x =
@ Gidi phuong 3+ 3z +1 ( ) Dip
114+ /34
5 .
Giéi phuong trinh 3 (V1 + 2z + /1 — 2z) + 21 — 422 = 2 + 72% + 8. Dép s0: 2 = 0.
) 5—1b
(9) Giai phuong trinh 9z +8v1 -2z =3z +1+vV—-322+2x + 1+ 7. Dap sé: x = 1;20 = 8\/_

Giéi phuong trinh 5 (v2 —2 + vz —1) =3vV—2?+ 3z — 2442 — 9 = 0. Dap s6: z = 1.
Q Pua vé phuong trinh 2 an cé dang tich

6 1 1
Vi du 1. Giai phuong trinh = +
r+3 itz /J243/1+z

# Loi giai.

Phan tich. Suy nghi ban dau, khi ching ta gip phuong trinh chita nhiéu cin thitc ching ta sé dit ching

bing mot an phu nao dé, sau dé ching ta sé phan tich cac dai luong khong c¢é can thitc theo cac an

phu do:

Vi du nay ciing vay, ta sé dat: a =1+ x; b = \/—2 +3+v/1 + x. Bay gio ta quan tam dén dai luong

(x+3),tact: > =0 =x+3-3V1+z=a*>—0"+3/1 +6:U::1:+31mé,{z: V14 x vl vay ta sé co:
22 N N 5 A _

x4+ 3 = a” — b° + 3a. Thay vao phuong trinh ta sé co: 2P i3 a + E(*>

Chiing ta chua voi vang bién ddi phuong trinh (*) vi cach dit ctia ching ta c6 thé khong tim thay méi

lien he gitta a, b néu chi nho vao phuong trinh (*). Bay gio nhiem vu la ching ta can tim truée mot

nghiém ctia phuong trinh (Céc ban c6 thé st dung may tinh CaSiO dé trg gitip — Xem bai: Sy ho trg

cia may tinh CaSiO trong giai phuong trinh vo ty)

a=1

Ta tim duge nghiém: z = 0 va khi . = 0 thi |  — 1 . Nhu vay phuong trinh (*) c6 thé phan tich vé

a=1b
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(a—1)f(a,b)=0

cac dang sau: | (ph—1) f (a,b) =0 - Bay gio ta sé kiém tra xem phuong trinh (*) c6 thé dua vé dang

(a_b>f(a>b) =0
toan nao trong 3 dang toan trén khong?

-Thay a = 1 vao (*), ta co: =1+ — (khong théa man véi moi b)

4—0? b
6 1
-Thay b =1 vao (*), ta co: W = + 1 (khong thod mén véi moi a)
-Thay a = b vao (*), ta c6: = = = (thdéa man véi moi a). Vay chiing ta khing dinh ring (*) dua dugc
a a
N . T >—1 5
ve dang (a —b) f (a,b) =0 . T d6 ta c6 16i giadi. Dieu kién & x> ——.

9
3Ve+1>2

Dita=+v1+a;b=+v—-2+3vVI+z (a,b>0), ta c6 phuong trinh:
6 1 1

a2_b—2+3a:aJrg@a‘o’—b3+3a2—3ab+a2b—a62:O@(a—b)(a2+b2+3a):o@a:b

z=20

Véia=0b,thay trélaitaco: vVi+tz=vV-2+43VI+tz<3V/Itr=0+3 <
T =3

-Két luan. Cac nghiém ctia phuong trinh da cho 1a x = 0; z = 3.

Vi du 2. Giai phuong trinh z —2v/z —1—(z — 1)z + Va2 —x = 0.

# 131 giai.

-Phan tich. Quan sat bai toan ta nhan thay, phuong trinh trén xoay quanh cac can thic \/z va vz — 1.
Vi vay ta sé dat: a = /z; b = v/ — 1, (a,b > 0) . Theo mot suy nghi rat ty nhien phuong trinh da cho
tré thanh a? — 2a — b?a + ab = 0(*) , nhu da phan tich 6 vi du trén trudc khi xtt Iy phuong trinh ta sé
tim xem nghiém clia phuong trinh. Ta thay nghiém clia phuong trinh 1a x = 2, va khi x = 2, ta lai co:

a=+2

b=1 , thit vio phuong trinh (*) ta thay khong c6 trudng hop nao dé ching ta c6 thé dua (*) vé

a=+/2b

dang tich quen thudc?

Vay nguyén nhan nao da dan dén phuong trinh (*) khong thé dua vé phuong trinh tich? Cau tra 15i
don gian & chd, ching ta da cho z = a?. Bay gio ta sé thay b = 1 vao phuong trinh da cho truéc khi
tim hiéu xem bién doi x theo a hay theo b?

Thay b = 1 vao phuong trinh ta thay: 1 —2—a+a =0 = 1 —2 = 0 (x*) . D& y ring néu bién ddi z = a?
thi (**) khong ding véi moi a, b (nghia 1a khong thé dua vé tich). Nhung néu bién déi x = b* + 1 , ta
lai 6 b? — 1 = 0 va r6 rang khi thay b = 1 , phuong trinh (**) sé dting véi moi a, b. Hay néi cach khac
sé dua dugce phuong trinh vé dang (b — 1) f (a,b) = 0 . Diéu kién = > 1.

Dat a = x; b=+/x — 1, (a > 1,b > 0) . Phuong trinh da cho trd thanh:

(1% + 1)—2b—bPatab =0 (b—1)>—ab(b—1) =0 (b—1) (b— 1 —ab) = 0 & =1 (1)

b—1—ab=0
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+Véi:b=1taco: Ve —1=12=2
+Voi:b—1—ab=0<b(l—-a)—1=0,doa>1=1-a<0=0>b(1—a)—1<0.Nen khong ton
tai x thoa man phuong trinh nay.

-Két luan. Nghiém ctia phuong trinh da cho 1 o = 2.

1 1
Vi du 3. Giai phuong trinh <x — 5) vV1i+az+ (:C—I— 5) Vvi—x=ux.

# LJi giai.

-Phan tich. Quan sat phuong trinh ta thay rang:

-Phuong trinh c6 nghiém la: z = 0.

-Dit a = /14 z; b =+/1 — z, phuong trinh tré thanh: 22 (a +b—1) — (a — b) = 0(%)

Nhan thay khi z = 0 = a = b va sé lam cho (*) luon dang. Tt d6 ta phan tich: 2z = a® — b? va phuong
trinh sé dua duge ve dang: (a — b) f (a,b) = 0 Diéu kien —1 < 2 < 1. Phuong trinh da cho tuong duong
v6i:

20 (Vitao+vVi—-2-1) - (Vi+2z—-vV1I—-2)=0

Dita=vV1+z;b=+1—1x, (a,b>0) = 2z =a>— V>

Phuong trinh da cho tré thanh:

(@ =) (a+b+1)—(a—b)=0&(a—b)[(a+b)(a+b+1)—1] =0

= =
1 5
(a+b)°+(a+b)—1=0 a+b= +2\/—
Thay tré lai ta co:
+Véi:a=b=>V1—-x=y14+2x2r=0
1 5 1 5 5 5
+Véi: a+ b= +2\/_:>\/1+x—|—\/1—3:: +2\/_<:>x:i +8\/_
. 5 5
-Két luan. Phuong trinh c6 cac nghiéem z = 0; x = + +8\/_ .

Vi du 4. Giai phuong trinh /72 + 1+ V22 -8 —1 =2+ va?2 —x — 8.

# Loi gidi.

-Phan tich. Quan sat thay:

-Phuong trinh ¢6 nghiém z =1

Dit a = YTz +1;b=+v/22—8x—1,khidé: Va2 —x —8={/b> + a® — 8, phuong trinh trd thanh
a+b=2+ Vb +a>—8(x)

a=2
Khiz=1,tacé: | p= —2 . Thay vao (*) ta thay truong hop a = 2; a + b = 0 thda man véi moi
a+b=0

a, b. Vay nén phuo_ng trinh (*) luon dua duge vé dang: (a —2) (@ +b) f (a,b) =0 . Dat a = /7o + 1 ;
b=+v22—8x—1= va2—z—8= /b +a3— 8, tit d6 ta c6 phuong trinh: a +b =2+ /b3 +a3 — 8
Sa+b-2"=a+b0 -8 (a+b)’+6(a+b(2—a—b) —8=(a+b)"—3ab(a+b)—8
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S a+b)(4—2a—2b+ab)=0< (a+b)(a—2)(b—2)=0& | =2

+Véiia=-b=>VTr+1l=—V2—-8r—-1Tr+1=—-2>+8r+1 &

+Véi:a=2=JTr+1=2<=2=1

r=-—1
+V6i:b=2= Va2 —-8r—1=2<22—81r—-9=0<
r=29

Vay cac nghiém cta phuong trinh da cholaz=—-1; 2 =0; 2 =1; 2 =09.

Vi du 5. Gidi phuong trinh (z +2)va? =2z +4= (z — 1) vVa? + 4z + 7.

# L gidi.
> —a®+9
rr2=-__947T°
bat a = Va? —2x+4;b=+va2+4x+7 (a,b > 3). Suy ra " 62 0
x_lz%

b2 2 9 b2 a2 9
Khi d6 phuong trinh da cho trd thanh: (++) a= (+) b

SV —-a?+9a=0*-a>-9Nb<e (a+b)(a—3-0)(a+3-0)=0
Licdé:a—3=bo Va2 —2x+4=vVa2+4c+7+3

r <2
SVt +T=—-2-2¢& (VN)

44+ T=a2>—4dr+4
a+3=beVi2-2x+4+3=Va2+4x+7

x>1

SV -2x+4=x—-1=

4=1(VL)
Vay phuong trinh da cho vo nghiém.

Phuong phap dua phuong trinh vo ty vé phuong trinh tich clia cdc an phu dic biet hieu qua
khi ta phdn doan dugc phuong trinh c6 thé dwua dugc vé cac dang (a —b) f (a,b) = 0 hay
(a — 20) f (a,b) = 0 bang cach nhan doan va thit cac nghiém hitu ty ctia phuong trinh da cho.

BAI TAP REN LUYEN
. 3
(1) Giai phuong trinh 4v/x +1 —1=3z4+2v1 — 2 + V1 — 22 Dap s6: = —g; xr=0
(2) Giai phuong trinh  +2v/7 —2 =2z —1++vV—22+8x — T+ 1. Dap s6: . = 4; 2 = 5.
7 7 .
(3) Giai phuong trinh \/:1:2 3 + \/m - Dap so: z = 2.

) 1 2
(@) Giai phuong trinh 2z + (422 — 1) V1 — 22 = 423 + /1 — 22. Dap s6: v = ié;x = \/7_
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(5) Giai phuong trinh 2z — 3v/422 +4z +1=2% —3y2rx + 1. Dap s6: v = 0; 2 =

4 1 ) .
(6 Giai phuong trinh — + /2 — — =z + /22 — —. Dap s6: z = £2.
T x T
(7) Giai phuong trinh /2 +1+ V2 +2=1+ V22 +32x+2. Dap sé: z = —1;2 = 0.
. 3
Gidi phuong trinh v/a? + 3z +2 (Vo +1— vz +2) = 1. Dap s6: © = ——.
] 2
(9) Giai phuong trinh /z + 1 + Va2 = /z + /22 + 2. Dap s6: o = 1.
Giai phong trinh (v +5— vz +2) (1+va?+ 72 +10) = 3. Dép sb: 7 = —1.

1-2 142 .
@ Giai phuong trinh \/1—233—1—\/1—1—2.7::\/ x+\/ + x.Dép so: ¢ = 0.
1+ 22 1 -2z

(12) Giai phuong trinh (22 — 62 +11) Va2 — 2 + 1 = 2 (2> — 42+ 7) Vx — 2. Dép s6: 2 = 5 £ /6.
O Pua phuong trinh vé ty vé hé phuong trinh hitu ty
4.1 Duwa phuong trinh v6 ty vé hé phuong trinh giai dudc bang phép thé

—-3++/5
-

Vi du 1. Giai phuong trinh Va2 + z + 2 + /222 + 22 — 3 = 3.

# L3i giai.
Diéu kién 222 4+ 2x —3 > 0. Dat Va2 + 2 +2 =a; V222 + 22 — 3 =10 (a,b > 0)
( a=2
a=3-0b
a+b=3 a=3-0b b=1
Ta c6 hé phuong tinh: & < b=1 & ;
20> —b® =7 2307 - =7 a= -8 _
b=11 (loai)
‘ b=11
r=1
V6ia=2,taco: Vi2+z+2=2224+2-2=0%
r=—2

Vay cac nghiém ctia phuong trinh da cho la z = —2; x = 1.

Vi dy 2. Giai phuong trinh 2{/3z — 2 + 3v/6 — bz — 8 = 0 (Khdi A — 2009)

# L gidi.
. 6
Diéu kién z < 5 bat v/3z —2=a; 6 — 5z =>b (b >0), ta c6 he:
-2
2a+3b =8 poS=2a 4= 9
o 3 VN
5a3 + 3b* = 8 15a3 +4a® —32a+40 =0 b=4

Thay trd lai ta tim duge x = —2.

Vi du 3. Giai phuong trinh /o + 1+ 3z +1 =z — 1.

# LOi giai.
+Nhan thay z = 1 khong 13 nghiém ctia phuong trinh da cho.

1 3 1
+V6i z # 1, phuong trinh tuwong duong véi: i’/x + 1 + ¢ a: +1 =1
xr — xr —

[+l [3z+1 —27 — 2 1
Dat (/- :a;33$+ :b:>—2a3+b3:( o)+ @+l
x—1 r—1 x—1
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a+b=1 a=1-9b a=20
Tu doé ta co hé: & &
—2a® + b =1 3a® — 6> +6b—3 =0 b=1
2, . pe 3'1.—{—1 '~ N ~ z s~
Thay tré lai ta co: 1= 0 < o = —1. Vay phuong trinh da cho ¢6 nghiém z = —1.
l‘_

Ta luon ¢6 mdi lien he gitta 3 nhi thitc bac nhat nho dong nhat he sé: m (v + 1)+n 3z +1) =z —1

m+3n=1 m=—2
= =

m+n=-—1 n = 1.

BAI TAP REN LUYEN
(1) Giai phuong trinh Va3 + 22 + 2 4+ Va3 + 22 — 1 = 3. Dap so:x = 1.
1++5

(2) Giai phuong trinh v/3 — 2 +22 — V2 +2 — 22 =1. Dap s6: o = 5
(3) Giai phuong trinh /2 —2=1— vz — 1. Dap s6: = 1;x = 2; 2 = 10.

(@) Giai phuong trinh /3 — 22 + /5 + 3z = 3. Dap s6ix = —23;2 = 1,0 = —1?83.

(5) Giai phuong trinh /3 + z + V11 — z = 2. Dap s6: x = 4 + 5v/2.

(6) Gai phuong trinh v/18 + 5z + v/64 — 5z = 4. Dap s6: v = —g;x = 6;

(7) Giai phuong trinh v/5 — 2 + /12 + 2 = 3. Dap s6: v = —11;2 = 4.

(8 Giai phuong trinh Vz — V22 — 1+ Vo + V22 — 1 = 2. Dap sé: z = 1. JE
6+ 126

(9) Giai phuong trinh /222 + 122 + 5 + /222 — 3z + 5 = 8/z. Dap s6: = =

. 7 5
Ga&i phuong trinh v/2x — 5+ /3z + 7 = v/6z + 2. Dap s6: v = —3T= +-—.

2
@ Giai phuong trinh /x +1+ Vo +2 + /2 + 3 = 0. Dap s6: x = 2.

2

4.2 Pua phuong trinh v6 ty vé hé phuong trinh déi xing
Kiéu 1. Dua phuong trinh vo ty vé he déi xing kiéu 1.

1 1
Vi du 1. Giai phuong trinh — + Worr-An 2 (TH&TT)
T -
# Lo gidi.
R —2<r<?2 r=a
Diéu kien . Dat =a?+b?=2(b>0)
x#0 V2—a22=5b
a+v*=2 (a+b)* —2ab =2
Ta c6 hé phuong trinh: 1 1 &
-+-=2 a+b=2ab
a b
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-
( ab=1
ab=1
2(ab)* —ab—1=0 ) a+b=2
& & ab=—- & ; ]
a+b=2ab 2 ab:—§
a+b=2ab
) a+b=—1
. - \
ab=1
+V6i (1) = a, b 1a nghiém ctia phuong trinh: X2 —2X +1=0< X = 1.
a+b=2
\
T d6 cho ta a =1 hay x = 1.
(ab— L
+Véi 2 (2) = a,b la nghiém cta phuong trinh XQ—FX—%:()<:>X:%\/g
a+b=—-1
\
Tfrdéchota:a:#ghayx:_1:&\/§
Vay tap nghiém ctia phuong trinh da cho la T = {1; #} .

Vi du 2. Giai phuong trinh \3/(2 — )’ + \3/(7 +2)’ =3+ (7T+2)2—2).

& L3i gidi.
V2—z1=a
Dat =a*+b0*=9
VT+z=0b
ad+ b =9 (a+b)° —3ab(a+b) =9
Tu do6 ta co hé: &
a*>+ 0> =3+ab (a+b)* = 3+ 3ab
(a+b)° = (a+b) [(a+b)° 3] =9 a+b=3
= =
3ab = (a+b)* — 3 ab =2
X=1

Suy ra a, b 1a nghiém ctia phuong trinh: X2 -3X +2=0 &

+tKhi X =1=a=1=V2—-2x=1&z=1.
+Khi X =2=a=2=V2—-2=2%&2=—6.
Vay cac nghiém ctia phuong trinh da cho la z = —6, x = 1.

Vi du 3. Giai phuong trinh /(1 +2)° — /(1 —2)* = 2+ VT —22. Ditu kien —1 < 2 < 1. Dat
Vid+zr=a
Vi—x=0

(a,b>0) = a® + b* =2
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a?+b* =2 (a —b)* +2ab =2
Tu doé ta co hé: s
a® — 0 =2+ ab (a —b)* +3ab(a—b) =2+ ab
2~ (a—b)’
ab:L(l)
PN 2

(a—b)°+ab[3(a—b)—1] = 2(2)
Thé phuong trinh (1) vao phuong trinh (2) ta co:

(a—b)° + [#] B(a—b)—1] =2

a—b=1

s a—b°>—(a—0°>-6(a—-b+6=0c a—b=+6

a—b=—-6
1 1 1+£+v3
+Véia—b=1=ab= 5 Suy ra a va (—b) la nghiém ctia phuong trinh: XQ—X—§ =0 X = 2\/_
1 3 1 3 3
Doa>0=a= +2\/_,hay: 1+2= +2\/_ <:>x:§.
+Véia—b=+v6= (a—b)*=6=ab=—2 (loai do a,b > 0)
3
Vay nghiém ctia phuong trinh da cho la x = %
Vi du 3. Giai phuong trinh /22 — 1 — v — 1 = /42 — 3.
# L3 giai.
)
V2re—1=a
-Phan tich. Pat ¢ &7 —1-p (a,b,c>0)
Vidr—3=c¢
\
Ta tim moi lien hé gitta cac an phu:
m+4n =2 m=—2
20 —1=m((x—1)+n(dx-3) = = , hay: a* = —2b* + ¢*
m+3n=1 n=1
Tt d6 ta can gidi quyét hé phuong trinh:
a—b=c A
= (b+c)" = =2b" + ¢ = bt + 2b3¢ + 3b*c* + 2bc® = 0
a* = —2b* + ¢
b (B + 2b% + 362+ 2bc?) = 0 <= b =0 (do a,b, ¢ > 0)
(
V2re—1=a

O phuong trinh nay ching ta can chi § dén 1gi thé (a,b, ¢ > 0) Diéu kien z > 1. Dat e —1=h
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(a,b,c >0) = a' = —2b" + ¢!
Tu dé ta co he:

a—b=c
= (b4 )" = —2b* 4 ¢* = b* 4 2b3c + 3022 4 2bc® = 0

a* = —2b* + ¢

& b (b + 2b%c+ 3bc* +2bc?) =0 < b =0 (do a,b,c > 0)
V6i b =0, cho ta x = 1 . Thit lai ta thay nghiém ctia phuong trinh da cho la z =1 .

Binh luan.
-Phuong phap dimng nhiéu an phu dic biét hiéu qua véi nhitng phuong trinh chia nhiéu can thic ma
biéu thitc dusi dau can thiic 1a bac nhat, don gidn vi mot nhi thitc bac nhat bat ky luon bicu dién duge
qua hai nhi thitc bac nhat khac.
-Chiing ta ciing can luu ¥ véi nhitng phuong tinh nhu trén duge cho dudi dang bac nhat tra hinh, vi
du:
1) Giai phuong trinh: Va2 + 1+ V322 +1= {/(z —1)(x + 1)
Thite ra phuong trinh nay ciing gidéng vi du 1, nhung da duge thay x béi 22
2) Giai phuong trinh: v/222 — 22 — 1 — Va2 — 2 — 1 = V42?2 — 40 — 3
Thitc ra phuong trinh nay ciing gidng véi v6i du 2, nhung da duge thay x bdi 22 — x
-Tém lai: Khi ching ta quyét dinh st dung nhiéu an phu cho viéc giai phuong trinh vo ty, ching ta
can dam bao rang sé tim duge mot biéu thite lien hé gitta cac an phu dé. Viéc giai quyét phuong trinh
nhiéu an phu tity thudc vao mic do kho dé cia bai toan dugce cho.

1 1 1 1
Vi du 4. Giai phuong trinh + = + )
P ¢ V2r0e—-1 V2r+1 Vae+1 V3zx-—1

# Loi giai.

(

a=+2x—1
. 1 b=+v2x+1
Diéu kien = > 5 Dit (a,b,c,d > 0) = a® + b* = 2 + d?

c=+vzxr+1
d=+v3x—1

Tu do ta co hé:
1 1 1 1 , )
-4+ -=—4- cd(a+b) =ab(c+d) Ad?(a+b)" = a*V? (c+d)
a b ¢ d o PN
a2+b2:c2—|—d2 a2—|—b2202—|—d2 a2—|—b2202+d2

Suy ra: ¢2d? (a® + b? + 2ab) = a*v* (* + d* + 2cd)

& (a* + b?) (a®V* — *d?) + 2abed (ab — cd) = 0

& (ab — cd) [(a* + b?) (ab + cd) + 2abed] = 0

& ab = cd (do a,b,c,d > 0)

Véi ab = cd , ta c6: V2 —14/2x + 1=+ + 1.3z -1

1
T > -

< 2 S x =2
42 —1=(z+1) 3z — 1)

Thit lai ta thay, nghiém ctia phuong trinh da cho la 2 = 2.
BAI TAP REN LUYEN
(1) Giai phuong trinh Va2 — 3z + 2+ Va2 —4x + 3 = 2v/22 — 5z + 4. Dap s6: = 1.
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) 2
(2) Giai phuong trinh 22 + 1+ V22 +22 +4 = /94 6x. Dap s6: 2 = 0; . = 3
(3) Giai phuong trinh 2/z — 1 + /32 — 2 = /bx — 4. Dap s6: = = 1.

(@) Giai phuong trinh \/7x+ 1-— \/x2 -8+ \/x2 8r—1=2.Daps6: z=0; 2 ==%1,2=09.
5) GlalphuTOngtrmh —i—\/x——-x%—\/ x—— Dap s6: = 2.
(6) Giai phuong trinh \/3 r+5) —I—\/S \/11 x+ vx+13. Dap s6: v = —1.
1
Giai phuong trinh —+ = ( ).Dé so: x = 1.

@ Gidi phuong trink —= \/21:— Vi m= e PP

1 . 1+ +/1921
Giai phuong trinh 4z = \/30—|— Z\/30+ Z\/30+ Z\/:L‘-i—?)(). Dap so: x = +3—2

(9) Giai phuong trinh 2 =2 —2.V/3 -2+ V3 —2./5 -2+ V5 —2.v/2— 2. Dap s6: z = f;g
4.3 Van dung cic hing dang thiic trong giai phuong trinh vo ty

Nhéc dén dai s6 ngusi ta thuong nghi ngay t6i nhiing hing ding thic dang nhd, hing dang thic theo
subt chiéu dai toan hoc tit bac THCS. V6i phuong trinh vo ty, dang dap ciia hing dang thitc dang nhé
trai déu khap noi, tuy nhién trong muc nay ta nhic dén sy van dung linh hoat cac hing ding thic dé
mang dén mot cach nhin tuy khong méi nhung chua han da quen!

9z
Vi du 1. Giéi phuong trinh vz + 8 + — 64/ =0.
phuong V s VT

& L3i gidi.
Diéu kién z > 0. Phuong tinh da cho tuong duong véi:
(VT +8) —2.B3Va) Ve +8+(3va)’ =0 & (Vz+8-3ya) =
r+8=3/r & ax=1
Vay phuong trinh da cho c¢6 nghiém duy nhat z = 1.
Nhan xét.
-Véi cach 1am nay, bai todn duge gidi quyét mot cach ngan gon, dep mat va tir nhién.
-Néu dat /= + 8 = a, 3y/z = b, ta nhan thay ring thic ra phuong trinh trén dugc khai trién tit hing
déng thitc (a —b)> =0 .
Bai tap twvong ty

(@ Giai phuong trinh /52 — 1 + ——— = 4,/7.

Vor —1
20 +1

(2) Giai phuong trinh Va2 + 1 + —— = 222 + 1.
Vit 1

3 Giéiphu?dngtrinhx+2+\/1—x:2\/x+1+\/(x+1)(1—x)2.

Vi dyu 2. Giai phuong trinh 22 — 6z + 29 + 2v/322 4+ 10z + 3 = (10 — 2z) (\/x + 3+ 3z + 1).

# L3 gidi.
N 1
bieu kién x > -3 Phuong trinh da cho tuong duong véi:
(x =57+ (@+3)+Br+1)+2y/(x+3)Br+ 1) +2(x—5)Vr+3+2(x—5)vV3x+1=0
(
vr+3=a

bat ¢ /3r+1=0b (a,b>0).Phuong trinh da cho tré thanh

r—>b=c

\
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24+ +AE+2ab+2c+2ca=05 (a+b+c)’=0a+b+c=0.
Thay trd lai ta c¢6 phuong trinh /z +3++V3z+14+2—-5=0

S Ve+3-2)+ (V3 +1-2)+(x—-1)=0

ezl 3D Lo gy
T — =
vVer+3+2 V3rz+1+2
< ( 1)( ! + 5 —1—1) 0& 1
T — = z=1.
Ver+3+2 3z +1+2
1 3

-1
Do + +1>0,Ver>—.
VI+3+2 VBr+1+2 3

-Két luan. Nghiém ctia phuong trinh da cho 1a o = 1.
Nhan xét. Thuc ra bai toan dugc khai trién tit hing dang thic
(a+b+c)’=a2+ b+ +2ab+2bc+2ca. véia=vVr+3,b=v3z+1;c=x—-5.
Bai tap twong tu
(D Giai phuong trinh 2% — 3z + 14+ 2v227 + 9z + 4 = (6 — 22) (Vz + 4+ 22+ 1) . KQ. 2 =0 .

(2) Giéi phuong trinh 1622 +192+7+4v =322+ 52+ 2= 8z +2) (V2 — 2+ 232z +1) . KQ.z = 1.

Vi du 3. Giai phuong trinh (26 — z) bz — 1 — (13z + 14) /5 — 22 + 124/(5z — 1) (5 — 2z) =
18x + 32
(Chon DT dy thi VMO 2013 — Luong Thé Vinh, Dong Nai).

# L3i gidi.

R a=+v5cr —1
Diéu kién x > 0 . Dat (a,b > 0) . Phuong trinh da cho tré thanh
b=+v5—2x

(a® +3b* +12)a — (3a® + b* + 12) b + 12ab = 6 (a® + b*) + 8

Sa—b°>=6(a—b°+12a—-b)-8=0=(a—b—-2°=0a—-b—-2=0

Thay tré lai ta c6 5z —1—vb—22=2% (Voo —1—1)+ (1 -5 —22) =0
2

5(x —2) 2(x—2) —O@(az—Z)( 5 N )_0
vVor—1+3 1++/5—-22 vor—1+3 1++/5—-22
5 2 15
Sr=2.D + >0,V E{—;—}
T T B it3 1+vso2 152

Két luan. Phuong trinh da cho c6 nghiém duy nhat x = 2.
Nhan xét. Ta nhan thay ring, ban chat thuc su clia bai toan 1a qua trinh khai trién hing déng thic
(a—b—2)3:OVéia:m;b:m.
Bai tap twvong tv
(D Giai phuong tinh (z +17) V4 — 2+ (20 —2) Vo + 1 — 9y/(4 —z) (z + 1) = 36. KQ.T = {0;3}

(2) Gii phuong trinh (z +16) /1 — 2z 4+ (16 — 52) /1 4+ + 62 = 12,/(1 — 2z) (1 + z) + 20. KQ.
8
T = {——;0} .
9

Vi du 4. Giai phuong trinh 42% + (8¢ — 4) /x — 1 = 3z + 2v/222 + 5z — 3.

# 1,31 giai.
R 1
bieu kién x > 3 Phuong trinh da cho tuong duong véi:
(22 —1)2 +2 (20 — 1) (2v2) + 4z = 22 — 1) + 2/ — 1) (x + 3) + (z + 3)
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20 —1+2y/r=V2r—1+Vr+3

& Qr-14+2y7) =(V2r—1+vz+3) &

20 —1+2yx = — (V2r — 1+ Vz +3)

+V6i 2x — 1+ 2¢/z =2x — 1+ vz + 3(1) , ta co:
DeV2r—1(V2r-1-1)+ 2V - V2 +3)=0

@2(95—1>‘/2x—1+ 3(x—1) e (r—1) 22z —1 n 3 _0
V2r —1+1 2WT+VT+3 V2r—1+1 2yz+Vz+3
< x=1. Do 2v2r — 1 + 5 >0,Vx21.
V2r—1+1 2yz++xr+3 2

+V6i 22 — 1+ 2z = — (V2r — 1+ Va +3) (2) , ta co:
20 — 1+ 2/x + 22 — 1+ vx + 3 =0 vo nghiem, do
20 — 142y +V2x —1+Vae+3=2x -1 +2y/r+V2r — 1+ +3>0,Ve >
Két luan. Phuong trinh c6 nghiém duy nhat 1a x = 1.
Nhan xét. Ta nhan thay ring, ban chat thuc sy ciia bai toan 1a qua trinh khai trién hing dang thic
A2—B?*=0v6i A= (2 —1+2yx); B= (V2z +1+Vz +3).
Bai tap twong tvw
(1) Giai phuong trinh 22 + 22 + 22v/x + 3 = 6y/1 — 2 + 7. Dap s6: v = 1.

DO | —

(2 Giai phuong trinh 22 + 5z + 4+ (2 +4) vV +5=2,/(3 —z) (z +2) . Dap s6: z = —1.

Vi du 5. Gidi phuong trinh (52 4+ 8) v2r — 14+ 72v/x +3 =92+ 18 — (2 + 26) /o — 1

# Lai giai.
(

V2r—1=a
Dieu kien ¢ /7 73=0p (a,b,c>0) . Phuong trinh da cho tr§ thanh:

r—1=c
\
(a®+3b)a+ (1*+3a)b=27—27c+ 932 - & (a+b)° = (3—¢)°
Sa+b=3—-c&Sa+b+c—3=0
Thay trd lai ta ¢c6: V2r —1++Vr+3++vV2—1-3=0
S (V2r—-1-1)+(Vz+3-2)+V2-1=0

2 (z — 1) v 1 — S N N -
Ve S e SR L (\/Qx— +1+\/9&+3—2+1>_0

2vr — 1 Vo —1
Vir i+l Vz+3-2
Vay nghiém ctia phuong trinh da cho la x = 1.
Nhan xét. Ta nhan thay ring, ban chit thuc su ciia bai toan 1a qué trinh khai trién hing ding thic
A —B=0v6i A= (V2r —1+2Vz+3); B=(3—- Vo —1).
Bai tap twong tu

@ Giai phuong trinh (72 +19) vz + 1+ (94 52) /21 +6 = 272 + 63 — (3x + 31) V32 + 4. KQ.

r=—1.

SvVr—1=0&2=1. Do +1>0,Ve >1.

(2) Giai phuong trinh 6423 +3622+332+7 = (4822 + 23z + 5) /2 — 2+ (242 + 8) v3z + 1. KQ.z = 1.
Binh luan. Qua cac vi du trén, ta c6 thé nhan thay ring mot bai toan véi 161 gidi stt dung hing dang
thitc luon cho nhitng diéu bat ngs va tha vi.

-Mot bai toan tudng chiing rat kho, lai duge gidi quyét mot cach don gidn va tu nhién ti viec doan
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nhan rang phuong trinh dé dudc trién khai tit hing dang thiic. Nhung ciing c6 nhing bai toan nhin rat
kho véi cach lam nay lai duge gidi mot cach don gidn bang mot phuong phap khéc.

-Tuy nhién khi st dung khai trién hing déng thic dé “ché dé&” ta c6 thé gii gam duge nhidu ¥ do giai
toan trong d6. Va chung quy lai, mot bai toan ndéi riéng va mot phuong trinh vo ty néi chung thuong
c6 nhiéu cach gidi quyét (Ching ta sé tim hiéu them & chuong 2) va dé gidi quyét né chiing ta can cé
nhitng cai nhin bao quéat nhat vé cac phuong phap giai toan.

(® PHUONG PHAP DANH GIA

Khi doan biét duge mot s6 nghiém ctia mot phuong trinh vo ty, ciing nhu so sanh dude cac dai luong
& hai vé ctia phuong trinh dé. Ta thuong hita chon phuong phap danh gia dé giai quyét phuong trinh.
Mot bai toan phuong trinh vo ty dude giai bang phuong phap danh gid thuong cho ta mot 10i gidi bat
ngd, dep mét va thé hién duge tu duy linh hoat clia ngudi giai toan. Sau day 1a mot sé ki nang can
thiét gitp ching ta ciing nhin nhan phuong phap danh gida mot cach gan gfii hon.

0 Lam chat mién nghiém dé danh gia

Vi du 1. Giai phuong trinh 3 + v/7x + 15 = z + /2x.

# LGi gidi.
-Phan tich.
3=z

VTx + 15 =2z

-Ta viét lai phuong trinh thanh (z — 3) + <\4/ x4+ 15—/ 2I> = 0(x)
-Ta tim nghiém chung ctia cac hé bat phuong trinh:
(

-Do z = 3, 1a mot nghiém cia phuong trinh. Nén khi do:

z <0
3—x>0
+ S (r-3)(dr+5) <0 = 0=r<3
VTr + 15 — 22 > 0
x>0
\
T >3
3—x <0
+ S9N (z—3)(dr+5) >0 ©T>3
iz + 15 — 2z < 0
x>0

\

-Nhu vay:

+Néu 0y§ r<3thi(3—1x)+ (\4/73: +15 — \/%) > 0 hay (*) vo nghiém.
+Néu z > 3 thi (3 —z) + (W - \/ﬁ) < 0 hay (*) vo nghiém.

Hay phuong trinh (*) ¢6 nghiém duy nhat 2 = 3. Diéu kién x > 0 .
Phuong trinh da cho tuong duong véi: (x — 3) + (m — \/ﬁ) = 0(x)
+Nhan thay x = 3 la nghiém ctia phuong trinh (*).

+Xét cac he bat phuong trinh:

r <0
3—x>0
- Sy (r-3)dr+5 <0 =0s2<3

VT +15 —v22 >0

x>0

\
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r >3
3—x<0
- Sy (@-3)dr+5) >0 S>3
Vir+15—v2x <0

x>0

\

Suy ra:

+Néu 0 <z <3thi (3—xz)+ <\4/7$ + 15— \/215) > 0 hay (*) khong c6 nghiem x € [0;3).
+Néu > 3 thi (3 — ) + (V72 + 15 — v22) < 0 hay (*) khong c6 nghiem z € (3;+00)
Vay PT c6 nghiém duy nhat 1a o = 3.

Vi du 2. Giai phuong trinh v/722 + 112 + 6 — v/3xz = 2 — 6.

# LJi giai.

Dieu kién x > 0.

Phuong trinh da cho tuong duong véi: <\4/ T2+ 11z +6 — 3:L‘> +(6—-—2)=0
+Nhan thiy x = 6 14 nghiém ctia phuong trinh (*).

+Xét cac hé bat phuong trinh:

(

r <6
6—x>0
- 9 (z2-6)2c+1)<0 & 0=<2<6
VT2 4+ 11z +6 — 3z >0
z >0
r>6
6—x<0
- S (r-6)20+1)>0 S T>6
VT2 + 11z +6 — /32 <0

z>0

\

Suy ra:

+Néu 0 < z < 6 thi (\4/7x2 + 11z +6 — \/3x) + (6 — ) > 0 hay (*) khong c6 nghiem z € [0;6)
+Néu z > 6 thi <\4/73:2 + 11z +6 — \/31') + (6 — x) < 0 hay (*) khong ¢6 nghiém z € (6;+00)
Vay PT c6 nghiém duy nhat = = 6.

Vi du 3. Gidi phuong trinh (z — 1)* + /(z + 1)° + /(22 + 1)° = 3(x)

# L3i gidi.
Dieu kién x > —3

+Nhan thiy z = 0 14 nghiém ctia phuong trinh (*).
+Xét cac hé bat phuong trinh:

( ( (x+1)x
. (z+1)(Vz+1-1)>0 m>0
JE+1)P > (@+1) ot Dz
2z +1)° > (22 + 1) r +11 +
> _ = __
(=2 [ 7773
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( ( (x+1)x
. (z+1)(Vz+1-1) <0 m<o
Vi+1) < (z+1) (20 + 1)
- <y Qe+ (V2 +1-1)<0 < ﬁa) & —5sr<
2z +1)7° < (22 +1) ) 4 “1 +
> -
xx_ 2 \SL’Z 2
0
Suy ra:

+Néu x > 0, ta co:
VT (1) = (2 =1+ /(e +1)° + /e +1)*> (@ = 1)+ (2 + 1) + 20 + 1)
=22+ 1+ 3> 3= VP (*) hay (*) khong c6 nghiem z € (0; +00)

. 1
+Néu—§§x<07tacc’):

VI (#) = (- 12+ @+ 1)’ + /e + 1)’ < (@—1)*+ (x+1) + (2 + 1)
=34z (x+1) <3=VP (*) hay (*) khong c6 nghiem z € (0; +c0)
Vay phuong trinh da cho ¢6 nghiém duy nhat z = 0.

Vi du 4. Gidi phuong trinh v2z — 1 — o — 1 = /4x — 3.

# LOi giai.
)

V2re—1=a
-Phan tich. Dat ¢ w7z —1=p (a,b,c>0)
Vir —3=c¢
\
Ta tim moi lien hé gitta cac an phu:
m+4n = 2 m = —2
20 —1=m(z—1)+n(4x —-3) = = , hay: a* = —2b* + ¢*
m+3n=1 n=1

Tt d6 ta can gidi quyét hé phuong trinh:

a—b=c
= (b4 )" = —2b* 4 ¢* = b* 4 2b3c + 3022 4 2bc® = 0

at = =20 + ¢
& b (b + 2b%c+ 3bc* +2bc?) =0 < b =0 (do a,b,c > 0)

O phuong trinh nay ching ta can chi y dén loi thé (a,b,¢ > 0) Didu kien 2 > 1. Dat { &7 -1 =

(a,b,c > 0) = a* = —2b* + !
Tu dé ta co heé:
a—b=c .
= (b+c)" = =2b" + ' = b + 2b%c + 3b%* + 2bc® = 0
a* = —2b* + ¢
& b (b + 2b%c + 3bc? +2bc?) =0 < b =0 (do a,b,c > 0)
V6i b =0, cho ta x =1 . Thit lai ta thiy nghiém ctia phuong trinh da cho la z =1 .
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Binh luan.

-Phuong phép dimng nhiéu an phu dac biét hiéu qua v6i nhitng phuong trinh chita nhiéu cin thitc ma
biéu thitc dusi dau can thic 1a bac nhat, don gian vi mot nhi thic bac nhat bat ky luon biéu dién dugc
qua hai nhi thitc bac nhat khac.

-Chung ta ciing can luu ¥ véi nhitng phuong tinh nhu trén duge cho dudi dang bac nhat tra hinh, vi
du:

1) Giai phuong trinh: Va2 + 1+ V322 + 1= {/(z — 1) (z + 1)

Thitc ra phuong trinh nay ciing giong vi du 1, nhung da duge thay x béi 22

2) Giai phuong trinh: v/222 — 2z — 1 — Va2 — 2 — 1 = V42?2 — 40 — 3

Thite ra phuong trinh nay ciing gidng véi v6i du 2, nhung da dude thay x bdi 22 —

Tém lai: Khi ching ta quyét dinh st dung nhiéu an phu cho viéc gidi phuong trinh vo ty, ching ta
can dam bao ring sé tim duge mot biéu thiic lien hé gitta cac an phu dé. Viec giai quyét phuong trinh
nhiéu an phu tity thudc vao mic do kho dé ctia bai toan duge cho.

1 1 1 1

Vi du 5. Giai phuong trinh + = + .
; PRTONS V2r—1  V2rtl Jrtl Br-1

# LJi giai.

=+2r—1
o 1 b=+v2x+1
Dieu kién x > 3 Dat (a,b,c,d > 0) = a®> +b* = * + d?
= VTFT
d=+/3x—1
\
Tu dé ta co heé:
1 1 1 1 2 1 2 27,2 2
—+-==-4= cd(a+0b)=ab(c+d) ccd*(a+b)" =a*b® (c+d)
a b C d N &
a’ + b = c? + d? a’ +b? = c? + d? a? +b? = c? + d?

Suy ra: 2d? (a® + b* + 2ab) = a*b* (¢* + d* + 2cd)
& (a® + %) (a®V* — Ad?) + 2abed (ab — ed) = 0
[

& (ab — cd) [(a® + b%) (ab + cd) + 2abed] = 0
< ab = cd (do a,b,c,d > 0)
Vé6iab=cd , taco: 2z — 1.2 +1 =z +1./32 -1
1
T > =
& 2 S =2.

422 —1=(z+1)(3z — 1)

Thit lai ta thay, nghiem ctia phuong trinh da cho la z = 2.
BAI TAP REN LUYEN

(1) Giai phuong trinh v/22 — 3z + 2 + V22 — 42 + 3 = 2v/22 — 50 + 4. Dap s6: = = 1.

(2) Giai phuong trinh 22 + 1+ V22 +22 +4 = /94 6x. Dap s6: 2 = 0; . = ;

(3) Giai phuong trinh 2/z — 1 + /32 — 2 = /bx — 4. Dap s6: = = 1.

(4) Giai phuong trinh \/7:c+1 \/:c2 8—1—\/:1:2 S8t —1=2.Dapsé:z=0; 2 ==%1,2=09.
(5) Giai phuong trinh — +\/x———x+\/2x—— Dap s6: x = 2.

(6) Giai phuong trinh \/3 xr+5) —I—\/S \/11 xr+ v+ 13. Dap s6: © = —1.

(7) Giai phuong trinh ﬁ—i— \/2957— = \/_<\/4x—1 + \/5;_2) .Dap s6: x = 1.
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1 1 1 . 14+ +/1921

Giai phuong trinh 4z = \/30+ Z\/?)(H_ Z\/3O+ Ve +30. Dap s6: x = +3—2
239
(9) Giai phuong trinh 2 =2 —2.V/3 -2+ V3 —2.Vb -2+ V5 —2.v/2 — 2. Dap sb: v = —— 50"

Q Van dung cac hang dang thirc trong giai phuong trinh vé ty

Nhéc dén dai s6 nguoi ta thuong nghi ngay t6i nhitng hing dang thitc dang nhd, hing déng thic
theo sudt chiéu dai toan hoc tit bac THCS. Vé6i phuong trinh vo ty, dang dap ciia hing ding thitc dang
nhé trai déu khap noi, tuy nhién trong muc nay ta nhic dén sy van dung linh hoat céc hing dang thiic
dé mang dén mot cach nhin tuy khong méi nhung chwa han da quen!

Vi du 1. Giai phuong trinh v/ + 8 +

9z
— 64/ = 0.
v+ 8 Ve

& L3i gidi.
Diéu kién z > 0. Phuong tinh da cho tuong duong véi:
(Ve +8)" —2.B3Va) Ve +8+(3va) =0 & (Ve +8-3ya) =
r+8=3/zr & =1
Vay phuong trinh da cho c¢6 nghiém duy nhat z = 1.
Nhan xét.
-Véi cach lam nay, bai todn duge gidi quyét mot cach ngan gon, dep mat va tu nhién.
-Néu dat /= + 8 = a, 3y/z = b, ta nhan thay ring thuc ra phuong trinh trén dugc khai trién tit hing
déng thitc (a —b)> =0 .
Bai tap twong tu

(@ Giai phuong trinh /bz — 1 + ———— = 4,/.

\/51‘ -1
20+ 1
Giai phuong trinh V22 4+ 1 + ——— = 2+/2z + 1.
® Vs L oy

3 Giéiphu‘dngtrinhx—i—ZJr\/l—xz?\/x+1+\/(x+1)(1—x)2.

Vi du 2. Giai phuong trinh 2?2 — 62 + 29 + 2v/322 + 10z + 3 = (10 — 2z) (\/x +3+V3z+1).

# L.3i gidi.
N 1
Diéu kién z > —3 Phuong trinh da cho tuong duong véi:
(=57 4+ @+3)+Br+1)+2/(z+3) Bz + 1) +2(x -5 Ve +3+2(x—5)v3z +1=0
(
vVr+3=a

bat ¢ /3r+1=0p (a,b>0).Phuong trinh da cho tré thanh

r—5b=c

\
P+ +AE+2ab+2c+2ca=0< (a+b+c)’=0ca+b+c=0.
Thay tré lai ta c6 phuong trinh vz +3++vV3z+14+2—-5=0
& WVr+3-2)+ (V3 +1-2)+(z—-1)=0

r—1 3(z—1)

& + + (z—1 0
VZ+3+2 3z +1+2 ( )=
1
s (v —1 ) =
( ) \/x+3+23 \/Bx—l— +2
0 + +1>0, Vi > —
vVer+3+2 J3z+1+4+2 - 3

-Két luan. Nghiém ctia phuong trinh da cho 1a o = 1.
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Nhan xét. Thuc ra bai toan dugc khai trién tit hing dang thic
(a+b+c)=a2+b+c+2ab+2bc+2ca. véia=vVr+3,b=vV3r+1:c=x-5.
Bai tap twong tu

(D Giai phuong trinh 22 — 32 + 14 +2v222 + 92 +4 = (6 —22) (Vo +4+ V22 +1) . KQ. 2 =0 .

(2) Giéi phuong trinh 162241924744y =322+ 52+ 2= 8z +2) (V2 —2+2V32x +1) . KQ.z = 1.

Vi du 3. Giai phuong trinh (26 — z) v/b6z — 1 — (13z + 14) /5 — 22 4+ 124/(5z — 1) (5 — 2z) =
18z + 32
(Chon DT dy thi VMO 2013 - Luong Thé Vinh, Dong Nai).

# Li giai.

R =+vdr—1
Diéu kién x > 0 . Dat (a,b > 0) . Phuong trinh da cho tré thanh

b=+b5-—2x
(a® 4+ 30 + 12) a — (3a® + b* + 12) b+ 12ab = 6 (a® + b?) + 8
Sa-b°=6(a—b)°+12(a—-b)-8=0=(a—b—-2°=02a—-b—2=0
Thay tré lai ta c6 vV5z —1—vb—22=2% (Voo —1—1)+ (1 -5 —22) =0
2

Sle-2 | 2(@-2) —0@(9;—2)( > + )—0
vVor—1+3 14++/b—2x VvVohr—1+43 14++5—2x
5 9 15
Sr=2.D + >O,Vx€[—;—}
¢ C rr—1+3 1+6-22 52

Két luan. Phuong trinh da cho c6 nghiém duy nhat x = 2.

Nhan xét. Ta nhan thay ring, ban chat thuc su ciia bai toan 1a qué trinh khai trién hing déng thic
(a—b—2)°=0v6ia=+br—1;b=+/5— 2z

Bai tap twong tu

1) Giai phuong tinh (x 4+ 17) V4 — 2+ (20 — 2) Vo + 1 = 9/(4 — z) (v + 1) = 36. KQ.T = {0; 3}

2) Giai phuong trinh (z + 16) /1 — 2z + (16 — 52) V1 + x + 62 = 12,/(1 — 22) (1 + 2) + 20. KQ. T =

[

Vi du 4. Giai phuong trinh 422 + (87 — 4) /o — 1 = 3z + 2v/222 + 5z — 3.

# Li gidi.
N 1
bieu kién x > 3 Phuong trinh da cho tuong duong véi:
2z —1)° +2(2z — 1) (2y/7) + 42 = 22 — 1) +2¢/2x — 1) (x + 3) + (z + 3)

20 —1+2/z =20 —1+Vz +3

20 =142z =— (V22 —1+Vz +3)

+V6i 2x — 1+ 2y/x =2x — 1+ vz + 3(1) , ta co:
()& vz —T(VZ—1-1)+ (2vF— Vot3) =0
@2(1:—1)\/2:1;—1+ 3(x—1) e (r—1) 2V2x —1 3 _0

V2r —1+1 2\/E+\/x+3_ V2r —1+1 2\/E+\/x+3
24/ 22 —

- + k >0, Ve >

m+1 2y/r+Vz +3
+V6i 2x — 1+ 2/z = (\/2$—1+\/x+3)(2),taco.
20 — 1+ 2y/x +/2x — 1+ /2 + 3 = 0 v0o nghiém, do

o Qr-14+2y2) = (Ve —1+vz+3)" &

l\l)lr—l

< x=1.Do
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20 — 142z +V2r —1+Ve+3=2z -1 +2yr+V2r -1+ +3>0,Ve >

Két luan. Phuong trinh c6 nghiém duy nhat 1a z = 1.

Nhan xét. Ta nhan thiy riing, ban chat thuc sy clia bai toan la qua trinh khai trién hing dang thiic
A= B2=0v6i A= (20 —1+2yz); B= (VZr + 1+ Va +3).

Bai tap twong tu

1) Giai phuong trinh 22 + 2z + 222 + 3 = 64/1 — x + 7. Dap s6: x = 1.

2) Giai phuong trinh 2 + 5z +4+4 2z +4) Vo +5=2,/(3— ) (x + 2) . Dap s6: = = —1.

N | —

Vi du 5. Giai phuong trinh (52 4+ 8)v22x — 14+ 7oy +3 =92+ 18 — (v +26) Vo — L.

# L3 gidi.
)

V2r—1=a
Dicukien ¢ /zr+3=p (a,b,c>0).Phuong trinh da cho trd thanh:

r—1=c

(
(a®+3b)a+ (1> +3a)b=27—27c+ 93 - & (a+b)° = (3—¢)°
Sa+b=3—-cea+b+c—-3=0

Thay trd lai ta c6: V2 —1++Vx+3++v/x—-—1-3=0

& V2ar—1-1)+ (Ve +3-2)+Vz—-1=0

2(x—1) x—1 2vr —1 Vo —1

& + +Vr—-1=0&vr—1 + +1)=0
Vor —1+1 Verz—2 V' v (\/Qx—l—i-l VIts-—2

2¢v/x —1 vr—1

SVr—1=0&2x=1. Do —29@—1+1+ _$+3_2+1>0,Vac21.

Vay nghiém cta phuong trinh da cho la z = 1.

Nhan xét. Ta nhan thay ring, ban chat thuc su ciia bai toan 1a qué trinh khai trién hing déng thic
A*—B*=0v6i A= (V2r—1+2Vz+3); B=(3—-Vz—1).

Bai tap tuvong tv

1) Giai phuong trinh (72 + 19) Vo + 1+ (94 52) V22 + 6 = 272 +63— (32 + 31) 3z + 4. KQ. x = —1.
2) Giai phuong trinh 64z + 3622 4 33z + 7 = (482% + 23z +5) V2 — v + (24z + 8) V3r + 1. KQ.z = 1.
Binh luan. Qua cac vi du trén, ta c6 thé nhan thay rang mot bai toan véi 16i giai st dung hing dang
thiic luon cho nhitng diéu bat ngd va tha vi.

-Mot bai toan tudng ching rat kho, lai duge gidi quyét mot cach don gidn va ty nhién ti viec doan
nhan ring phuong trinh dé dugc trién khai tit hing déng thitc. Nhung ciing ¢6 nhitng bai toan nhin rat
khé v6i cach lam nay lai dude gidi mot cach don gidn bang mot phuong phap khac.

-Tuy nhién khi st dung khai trién hing déng thic dé “ché dé” ta c6 thé gii gdm dudce nhiéu ¥ do giai
toan trong d6. Va chung quy lai, mot bai toan néi riéng va mot phuong trinh vo ty néi chung thuong
c6 nhiéu cach giai quyét (Ching ta sé tim hiéu thém & chuong 2) va dé gidi quyét né ching ta can c6
nhitng cai nhin bao quat nhat vé cdc phuong phap giai toan.

Vi du 6. Giai phuong trinh 222 — 112 + 21 — 3v/4x — 4 =0 (VMO - 1995. Béng B)

# Loi gidi.

-Phan tich.

-Ta nhan dinh phuong trinh da c6 nghiém duy nhat z = 3 (c6 thé stt dung sut hd trg tit may tinh bo
tai), tit dé ching ta nady sinh y tuéng danh gia xoay quanh gia tri z = 3.

~Lai ¢6: 222 — 112 +21 - 34z — 4 =2 (z — 3)* + (z 4+ 3 — 3v/4x — 4) va néu ching ta ching minh dugc
rang: (x +3—3v/4x — 4) > ( bai toan sé dugc gidi quyét, ma: (x +3—3v/4x — 4) >0 r+3>
3VAdr —4 & (z —3)* (x4 15) > 0(%) , lac nay (*) chi dang véi z > —15.
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-Tit d6 ¥ tudng x1t 1y van dé nay la sit dung diéu kién c6 nghiém ctia phuong trinh dé lam ‘hep’ khoang
¢6 nghiém.

That vay: PT < 3v/4r —4 =22 — 112 +21 >0 =34z —4 >0 = x > 1.

Va Vo > 1 thi (*) hién nhien ding. Phuong trinh da cho twong duong voi: 2 (z — 3)°+ (v + 3 — 33/4x — 4) =
0

Tt phuong trinh ban dau ta co:

3VAdr —4 =222 -1z +21>0=3V4r —4> 0=z > 1.

Ma: (z + 3 — 3/4z — 4) >0 2+3>3V4r —4 < (z—3)° (z+15) > 0 luong dang Yz > 1

Tit dé: 2 (z —3)* + (z+3 — 3¢/4z — 4) > 0, dau ‘=" xéy ra khi va chi khi = = 3.

Hay phuong trinh da cho c6 nghiém duy nhat z = 3.

Chu y:Trong mot s6 bai toan viec stt dung diéu kién c¢é nghia la chua di dé ching ta st dung danh
gia trong phuong trinh, tit d6 ta nghi dén phuong an tim diéu kién c¢6 nghiém ctia phuong trinh do.
Bo6 dé: Xét phuong trinh: f(z) = g(z), v € D().

-Néu f(z) > m, Vo € D, thi dé phuong trinh (*) ¢6 nghiém ta can phai c6 g(z) > m .

-Néu f(z) < M, Vx € D, thi dé phuong trinh (*) c6 nghiém ta can phai c¢6 g(z) < M.

Vi du 7. Giai phuong trinh /1 + 22 + /1 — 22 = /1 + 32 + /1 — 3.

& L giai.

-Phan tich. Bai toan nhin c6 dang dap ctia ham s6, tuy nhién phuong phap sit dung ham sé véi bai
toan nay la khong don gian. Ta cé thé lien tudéng dén viec sit dung danh gia dé thay thé.

Xét cac bat phuong trinh:

VIit2r>Y1+3r e (14+22)°>(1432)° < 22(3+8z)>0

VI—26>¥1-3z (1—-22)°>(1-32)° < 22(3—-8z)>0

. 11 . ‘
Véi dieu kién xac dinh x € {—5; 5} khong lam cac bat phuong trinh trén nghiém duang, tit d6 ta nay

sinh ¥ tuéng lam hep khodng danh gia nay bang cach st dung diéu kién c6 nghiém ctia phuong trinh.
That vay:

Dat v/1+2x + /1 -2z = /1 + 32z + /1 — 3z = u, ta co:

WP =24+2V/1 422 >2=u>+2

u=I+32+VI—3z (u>V2) = u®=2+3uyT - 922

32 1 1
- YT 02 =" >0:>—§<x<§
11 )
R6 rang Vo € (—§,§> cac bat phuong trinh trén nghiem dang. Dat v/1 + 22 + 1 — 22 = /1 + 3z +

V1 — 3z =u, ta co:

W =2+4+2/1—422>2=u>+2

u= YT+ 32+ I1— 3z (uz\/ﬁ) = 3 =2+ 3.uY1 — 922
ud — 2 1 1

>0=——<ax< =
3 73

) 11
Suy ra cac bat phuong trinh sau day nghiém duang Va € (—g; §)
VIF2z> Y143z (1+22)° > (1+32)° < 22(3+8z) >0
VI—2e>V1-3z (1-22)°>(1-32)° ©22(3—-8z)>0

f 11 .
Hay: vV1+22++vV1—20> V/1+32+ /1 -3z ,Vz € (—§,§> . Dau ‘=’ xdy ra khi va chi khi z = 0.

= V1 —922 =

-Két luan. Phuong trinh ¢6 nghiém duy nhat z = 0.

Binh luan. Phuong phap danh gia nay, ching ta van thuong goi la danh gia “nhd” né duge thé hien
ro nét nhat trong sy két hgp v6i phuong phap nhan lien hgp (xem chuong sau). Cai khé khan trong
phuong phap chinh la sy tinh té va kinh nghiem “doc bai toan” ciia nhitng ngudi gidi toan. Va dé ren
luyén kha nang danh gia “nhd” mai cdc ban cting lam mot s6 bai tap.
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BAI TAP REN LUYEN
(1) Giai phuong trinh &z — 1+ /2 +8 = —2% + 1. Dap s6: 2 = 0.

6 8 . 3
(2) Giai phuong trinh \/ + \/— =6 (TH&TT) Dap s6: . = —.
3—x 2—x 2

(3) Giai phuong trinh v3x + 1+ vz + V72 +2=4. Dap s6: z = 1.

1
(@) Giai phuong trinh vz +2 + Vo + 1 = /222 + 1 + v/222. KQ: z = —5iT= 1.
3z —1

V3—2x2+2—x
(6) Giai phuong trinh /5 — 26 — /324 — 2 = 1. Dap s6: z = 1.

(@) Giai phuong trinh 2 (z + 2) = o — 1 + 2v/4 — 22. Dap s6: Vo nghiém.

Gidi phuong trinh (14 2)° Va2 +z + 14+ (1 — 2)° Va2 —z + 14 = 8. Dap s6: = = +1.

(9) Giai phuong trinh Va2 +z —1++vVz —22+1=2>—2+2. Dapsb: z = 1.
Giai phuong trinh v — 522 + 4 4 22 = V4z* — 1622 + Va2 — 1. Dap s6: « = /5.
1 .
@ Giai phuong trinh = + /7 + 2 (— — 1) (1 + 2z — 1) =2.Dap so: z = 1.
x
Q S dung cac bat dang thirc kinh dién

Cac bat dang thic thudng diung.
+Bat dang thitc AM — GM (bat dang thiic gitta trung binh cong va trung binh nhan).

. b
-Cho 2 6 khong am a, b: Vab < @t (a,b>0)

Dau ‘=" x4y ra < a = b.

(5) Giai phuong trinh 2z — 3 + = 0. Dap s6: z = 1.

. b
-Cho 3 s6 khong am a, b, ¢: vabc < atote a,b,c>0
3

Dau ‘="xdyra < a=b=c.
&1+a2+...+an

n

-Cho n s6 khong am: {/a;.as...a, <

Dau‘="xdyra < a; =ay = ... = a, .
+Bat dang thitc Cauchy — Bunhiakowski — Schwarz (CBS)
-Véi bo 4 s6 thuyc a,b, x,y ta co:

. t b
laz + by| < \/(a® + b?) (22 + y?). Dau ‘=" x4y ra < a7,
r Yy
. b
az + by < |az + by| < /(a® + b?) (22 + y?). Dau ‘=" xdy ras L=2 > 0.
r oy
-V6i bo 2n 86 a1, as, ..., an; by, ba, ..., by,
larby + asbs + ... + apby| < /(a2 + a3+ ...+ a2) (b2 + b3+ ...+ 12).
Diu ‘=" xdyra < L=2_ =&
v T h b,
arby 4 agby + ... + anby, < larby + ashy + ... + apby| < /(a2 + a2+ ... +a2) (02 + b2+ ... + b2).
2 ” aq a9 Qp,
Dau ‘=’ S —=—=.=—2>0.
au ‘=’ xay ra b b b 2

+Thong thuong viec gidi phuong trinh bang sit dung bat ding thitc chi danh rieng cho hoc sinh giéi
toan, né dua trén co s von c6 vé Bat Dang Thiic ciia ho cling nhu dya trén nhitng kinh nghiem giai
toan riéng cua ting ngudsi lam co s 1y luan.

+Bai viét nay toi khong thien nhidu vé déi tugng hoc sinh gidi, ma mudn st dung co sé 1a viéc kiém tra
phuong trinh trén may tinh CaSiO dé phan doan mot bai todn nén hay khong nén sit dung bat dang
thiec.

-Yéu cau. Doc bai ‘St hd trg clia méy tinh CaSiO trong gidi phuong trinh vo ty’.

Kiédu 1. DANH GIA GIAN TIEP

Vi du 1. Giai phuong trinh 2 — 32? — 8z + 40 — 8vy/4x + 4 =0 (VMO — 1995 - bang A)

# L3i giai.
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-Phan tich.
-Stt dung may tinh CaSiO ta kiém tra cac gia tri ctia ham s6 f(z) = 2% — 322 — 82 + 40 — 8v/4x + 4
, ta nhan thay: f(z) > 0, f(3) = 0 dong thdi cac gia tri nay kha lon, didu do chitng t6 bat dang thitc
23 — 322 — 8x + 40 > 8+/4x + 4 1a khong chat. Tt d6 ta c6 thé st dung danh gia qua mot dai luong
trung gian.
-Nhan thay = = 3 1a nghiém, dong thoi st xuat hién ctia dai lugng 8+v/4x + 4 gitp ching ta nhan ra s
xuat hién ctia bat dang thitc AM — GM trong truong hop nay 1a kha thi.

) 24 424 4+ 2t 4x + 4 e ) .
-Ta c6: 8v/4x + 4 = 2.2.2v/4x + 4AM§GM 1 =z + 13 , tit d6 néu ching ta chiing
minh duge 2® — 322 — 8x +40 > z + 13 , Vo > —1 bai toan sé dudc gidi quyét.

That vay: 28 — 322 — 92 +27 > 0 < (2 —3)* (£ + 3) > 0 luon ding Vz > —1 . Ap dung bat déng thiic

AM — GM ta co: ot 4ot i 4 A
VI Td=29292Vir T4 < R e I P

AM—-GM 4
Déu ‘=" x4y ra khi va chi khi z = 3.
Ta s6 chimg minh: 23 — 32% — 8z +40 > = + 13 Vo > —1 (¥)
That vay: () < 2® — 32 — 92+ 27> 0 < (z —3)* (z + 3) > 0 luong ding véi moi = > —1. Dau ‘=’
xay ra khi va chi khi z = 3.

8vidr+4 <xz+13

23— 322 —8xr 4+ 40>z + 13

Svidr +4 =2+ 13

=23 —322 —8xr+40 =8Vir + 4 & o= 3.
22 =322 —8r+40 =2+ 13

T do ta co:

Hay phuong trinh da cho c6 nghiém duy nhat z = 3.

Vi du 2. Giai phuong trinh o — 4+ /6 — 2 = 2% — 10z + 27 (TH&TT)

# LOi giai.

-Binh luan. Day la mot bai toan quen thudc véi rat nhiéu ban, né xuat hién 6 hau hét cac tai lieu ban
doc duge. Néu hoi lam thé nao? Nhiéu nguoi sé néi ban nghe! Nhung ching ta lai hoi vi sao lai lam
vay?

-Trudc hét ta kiem tra duge rang f(z) = Vo — 44++/6 — x— (22 — 10z + 27) < 0 trong bang TABLE ctia
may tinh CaSiO, nhan thay cic gia tri nay khong qua gan vé6i 0 (nghia la khong c6 dang 0.0000000000001
chang han) hay néi cach khac bat dang thiic nay /z — 4 + v/6 — o < (22 — 10z + 27) khong chat. Tit
d6 ta phan doan cé thé st dung danh giad né qua dai luong trung gian.

-Thtt hai: tat nhien la sy xuat hién ctia can thic /2 — 4 + /6 — x lam ching ta nhic nhé dén bat dang
thiic quen thuoc CBS va luu ¥ rang phuong trinh c¢6 nghiem z = 5. Diéu kién 4 < x < 6.

Ap dung bt déng thitc CBS ta c6: Vo —4+v6 -2 </(1+1)(z —4+6 —2) =2

Dau ‘=" x4y ra khi va chi khi z = 5.

Ta sé chitng minh: 2 — 10z 4+ 27 > 2, that vay: 22 — 10z 427 > 2 (x — 5)* > 0 , ding véi moi z € [4; 6]
Dau ‘=" x4y ra khi va chi khi z = 5.

Hay noi cach khac phuong trinh ¢6 nghiém duy nhat z = 5.

Vi du 3. Giai phuong trinh Va2 4+ 2 —1++vV—a22+ao+1 =22 —x +2

# LJi gidi.
-Phan tich. Ta nhan thay dudc cac van de:
-Bat dang thitc Va2 +2 — 1+ =22 + 2 + 1 < 22 — 2 + 2 khong chat.
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-Nghiém cta phuong trinh z = 1.

, 2>+rx—-1>0
-/a+ /b c6 thé ding CBS (tat nhien ding AM — GM ciing ching sao) Diéu kien

— 22 4+r+1>0

<:>\/5_1 <zx< \/3+1
2 - 2

Ap dung bat ding thic CBS ta co:

\/x2+x—1+\/—x2+x—|—1§\/(1—|—1)[(a:2+x—1)+(—x2—|—x+1)]:2\/5

Dau ‘=" xay ra khi va chi khi z = 1.

Ta sé chitng minh: 22 —x+2> AV that vay:

2 —2+2> 275 (z— 1)+ (o —1)* > 0 luon ding véi moi x. Dau ‘=" xay ra khi va chi khi z = 1.

Hay phuong trinh da cho ¢6 nghiém x = 1.

Vi du 4. Giai phuong trinh 223 + 222 + 1 = /1 + 22.4/1 — 3.

# LOi giai.
Diéu kien z > —% . Véi diéu kien d6 ta ¢6 22° + 222 +1 =22 (z +1)+1 >0,
Suyra V142291 -32>0< J1-32>0
Ap dung bat dang thiic AM — GM ta co:
L TTor< L0 +20)
141+ (1—32)

1.1.y/1 -3z < 3

Ta sé chiing minh: 22 + 222 +1 > (1 +z) (1 — z) (*). That vay:

=0<vV1+2ey1-3x<(1+2)(1-2)

(%) & 223 + 32% > 0 & 2% (20 + 3) > 0 ding v6i moi x > -5 hay (*) dugc chiing minh. Dau ‘=" xay

ra khi va chi khi z = 0.
-Két luan phuong trinh da cho c6 nghiém duy nhat z = 0.

3 1 3 3—2
Vidu 5. Gidi phuong trinh Yo T LT VIS T 3V
T+5+ /2 (22 +1) 2
# LOi giai.
Diéu kien 0 < z < 1. Ap dung bat déng thitc CBS ta c6:
T4+54+2@2+1)> (45 +/(x+1)°=22+6
Ap dung bat ding thic AM — GM ta lai co:
44 3x+1
2viztls —/—— 5+3x+7+uw
2 =3z +1+Vr+3< =43
4+x+3 4
Do dé: \/3x+1+\/x+3 x—|—3 1
T+5+4/2(@2+1) 2x+6 2
2
Ta sé ching minh: (1—95)3—1— 2\/_>§ Va € [0;1], that vay:
3 3 2\/_ 3 ~ _ P : ES (> 2
(1—2)"+ 2 (1—2)"+(1—+/x) >0, ludn ding véi moi = € [0;1]. Dau ‘=" xdy ra

tal cécAbat (‘iang thu’g la x = 2. Do d6 phuong trinh c¢6 nghiém x = 2.
BAI TAP REN LUYEN
(1) Giai phuong trinh v/2x — 3 + /5 — 2z = 322 — 122 + 14. Dap s6: = = 2.
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(2) Giai phuong trinh 3z + v2 — 2% = 3 + 2% Dap s6: . = 1.
(3) Giai phuong trinh v4z — 23 + V& + 23 = 3v/3. Dap s6: 2 = V/3.

. 2
(@) Giai phuong trinh 13v/22 — 24 4+ 9v/22 + 2% = 16. Dap s6: o = :lzﬁ.
YA R 27 2
(6) Giai phuong trinh 2.1/ 2722 + 24z + 3= 1+ Dk + 6. Dap so: z = 9
(6) Giai phuong trinh 3 [ 23 + % +2= \/(1 +z)° + \/(1 —xz)°.
(1+2?)

= 1. Dap s6: z = 0.

@ Gidi phuong trinh — 4+ © L
iai ng trin
e T Yy Vidte 1+vitos 1+v1t3w
Giai phuong trinh /323 + 222 + 2+ =323 + 22 + 22 — 1 = 222 + 22+ 2. Dap s6: x = —1. (Chon
DT du thi VMO 2013 — DHSP Ha Noi).

(9) Giai phuong trinh N

x 1
+ +
+V1i+z 1+v1+2x 1++/1+4+37
Giai phuong trinh (26 — 2) /52 — 1 — (132 + 14) /5 — 22 + 12/(52 — 1) (5 — 2x) = 18z + 32 .
(Chon DT dy thi VMO 2013 — Luong Thé Vinh, Dong Nai). Dap s6: x = —1.

= 1. Dap s6: z = 0.

Kiéu 2. DANH GIA TRUC TIEP

, 1 1
Vi du 1. Giai phuong trinh {/x — — + \/1 ——=2z.
x x

# LJi giai.

. , 1 1 N
-Phan tich. Kiém tra ham so f(z) = \/x - =+ \/1 — — —x, x > 1 bang bang TABLE ctuia may tinh
T x

~ . 1 1
CaSiO — Xem bai sy hd trg cia méy tinh CaSiO. Ta nhan thay f(z) = \/:U - —+ \/1 ———x<0,
x x

dong thai cac gia tri nay ctia f(z) rat gan véi 0, dieu nay chiing té bat ding thiic sit dung trong bai 1
kha chit. Viec sit dung danh gia gian tiép 1a khong nén st dung.

1 ~
-Nhan tif ctia bai toan la (z? —x — 1), khi d6: — = x — 1-(Xem bai sy hd tr¢ ctia may tinh CaSiO),
T

nén stt dung bat déng thic trung binh cong va trung binh nhan ta cé:

1
1 1+IE'—— 1 1 _“‘[E—l
ly/o—~ < —$(1);\/1——:\/—(x—1) < T (9
T AM—GM 2 T x AM—GM 2
( 1
\Vr—— < SE—
T AM—GM 2 .
1 1 ——|—SL’—1
L T T AM—-GM 2

1 1
1 1 1+x2—— —+x—1
x x

Cong (1) va (2) ta dugc diéu minh can. Diéu kién z > 1.

- 2 2
372 —x—1=0 5 1
Dau ‘=" x4y ra kh va chi khi S r= \/_;—
z>1
5+1
Vay nghiém ctia phuong tinh da cho la x = \/_2+ )

PHAM KIM CHUNG ITEX-https://www.facebook.com/groups/GeoGebraPro/ Ei


http://trunghochoasen.com/

CHUYEN DE PHUONG TRINH VO TY

1 3 1 3
Vi du 2. Giai phuong trinh </§+x+<‘/§—x+{’/(§+x) (5—90) =3.

# LOi giai.
-Phan tich.

-Chiing ta dé dang kiém ching dugc \/ —+x+ \/ —x+ \/ -+ :1: - — :c) < 3, dong thoi day la

mot bat dang thiic chat. Nghiem ctia phuong trinh la z =

-Dong thoi sy xudt hién ciia cac dai luong v/a + vb; Va lam ta lien tudng ngay dén hai bat dang thiic
R 1 3 L e
quen thuoc AM — GM va CBS. bieu kién —3 <zx< 5 Theo bat dang thitic AM — GM:

(5+2) (5-=) 1(1+ 3-a) <12 3(34e) (3-0) <1
yte)\g—%)sg\gtrtg -2 ACE

Theo bat ding thiic CBS

/ / 3
3 1 3
:4_ 4__ 5 - - <
Suy ra VT \/2—|—x+\/2 x+\/(2+x>(2 x>_3

1
NénVT:VP(:)§+:B:;

1 . 1
—r=1&2= 5 Hay phuong trinh c6 nghiém duy nhat x = 3

Vi du 3. Giai phuong trinh zv/2? + x — 2+ 32v/2% — 1 = /(22 + 3) (327 — 222 + = — 2).

# LOi giai.
Diéu kien z > 1. Ap dung bat ding thic CBS, ta co:
rVat+x—24 3V —1< \/[(xQ +z—-2)+ (\/§x>2 (x5 — 1)] [x2 + (\/5)2]

= zV1? +x — 2+ 3zVad — 1 < /(22 + 3) 3x7—2x2—|—x—2)
Vit 12 Vz S —
e+ \/_x\/g e S
x
sSzd -zt —2? -2 +2=0(x)
Xét ham s6 f(z) =2 —2* — 2% — 2 + 2, Vo > 1. Ta c6:
fx) =928 —42® =20 — 1 =228+ 423 (2" — 1) + 22 (2" — 1) + (2® — 1) > 0, Vz > 1.
Suy ra phuong trinh (*) ¢6 nghiem duy nhat x = 1.
-Két luan. Phuong trinh da cho c6 nghiem duy nhat z = 1.

Dau ‘=" x4y ra &

1 T -
Vi du 4 Gidi phuong trinh vz + 1 + Vet ltve—2)

3(Vae—2+1)"
# LJi giai.
Diéu kien z > 2. Ta c6 vz +1 > Vo —2, Vo > 2, tit d6 phuong trinh tuong duong véi v/x +1 +
4
(\/x—i—l—\/x—Q) (\/x—2—|—1)2
4
Dat Vez+1=a; vz —2=0>b (a>b>0). Ta c6 phuong trinh a + =3

(@—b) (bt 1)
(a—b)étb+1)2 Tl=(a=b+ (HTl) * <b+Tl> +
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4 b+1)? 4 4 R
2244((1—1))( + ) 5 = 4 hay: a + 5 > 3 . Dau bang
(a—0b)(b+1) 2 (a—0b)(b+1) (a—0b)(b+1)
a=2
XAy ra <
b=1

Thay trd lai ta tim duge x = 3. Vay nghiém ctia phuong trinh da cho 1la = = 3.
BAI TAP REN LUYEN

/ 1 1 .
(1) Giai phuong trinh V2 — 22 + 2-—=4- (ZL‘+—) . bap so: z = 1.
x x
(2) Giai phuong trinh v1 — 22 + /1 + 2+ v/1 — 2 = 3. Dap s6: # = 0.

22 ) 1
+ =+vz+9 Dapso: z=—.
vr+1 Ve p 7

p
-2
(@) Giai phuong trinh v/8 — 22 + 1/ :(;2 — =5—
x x
(® Giai phuong trinh /4 — 2 + /10 — 3z = (V1 + 2+ V3 —2) /7 — 22. Dap s6: = = 3.

(6 Giai phuong trinh 23 4+ 24/ (2z + 1)* = 322 + 62 + 2. Dép s6: 2 = 0.

(3) Giai phuong trinh

1+ a2 )
. bap so: z = 2.

@ Giéi phuong trinh (v1+ 2+ 1+ 3z) V14 22 = 2/1 + 4. Dép s6: « = 0.
Giai phuong trinh {/(z —2) (4 — ) + Vo — 2+ V4 — v = 2* — 62v/3x + 30. Dap s6: z = 3.
0 S dung tinh don diéu ctia ham so
paragraph Danh gia dya vao mién gia tri clia ham s6
Tinh chat. Néu ham s6 y = f(z), € D don diéu trén khoang (a,b) € D va f (zg) =0, xg € (a,b) thi
r = xo la nghiém duy nhat ctia phuong trinh f(z) = 0.

/
Chd . y = Va(@) = ¢f = — L&)

n{/un=1(z)

Vi du 5. Giai phuong trinh 327 — /5 — 42 = 3 — 2°.

# L3i giai.
Diéu kién z < Z
Phuong trinh da cho tuong duwong véi: 327 4+ 2% — /5 —4x —3 =0

. 5
Xét ham s6: f(z) =32" +23 -6 —4x—-3=0,z € <—oo;ﬂ,tacé:

RN 5
f(z) = 2125 + 322 + >0, Vo < 2 dong thoi f(x) lién tuc trén (—oo; ﬂ va f(1) =0

2
Vo —dx
Suy ra phuong trinh f(z) = 0 ¢6 nghiém duy nhat z = 1.
Binh luan. Khi ching ta thong thao cac phép tinh dao ham, ta c6 thé sit dung phuong phap nay dé
giai mot phuong trinh vo ty. Tuy nhién cau hoi thusng duge dat ra la: Khi nao ching ta nén sit dung
phuong phép nay? Lam sao dé biét phuong phap nay la st dung dugc?
-Thong thuong khi ching ta gip nhing phuong trinh vo ty chita v"(z) , hay {/u(x) ma n > 4, ta
thuong nghi dén van dé st dung ham sb6 dé giai toan. Béi d6 1a cach nhanh gon nhat dé tiép can véi
nghiém ctia phuong trinh vo ty.
-Dé biét duge bai toan nao hiéu qué véi phuong phap ham sb, chiing ta can doan biét duge nghiem ctia
phuong trinh, dong thoi kiém tra mot s6 khoang trong mién nghiém khi can thiét dé xem su ting hay
giam clia mién gia tri. Cac ban c¢6 thé doc bai “Suy hd trg ciia may tinh CaSiO trong gidi phuong trinh
vo t§” dé tim hiéu them vé van deé nay.
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Vi du 6. Giai phuong trinh 3v/3 — 2z +

— 223 = 6.

5)
V2 —1

# LJi giai.

. 1 3
bieu kién — < —.
iéu kien 5 <zr< 5 5
Xét ham so f(.’L‘) = 3\4/3 — 2z + ﬁ
x —_—
—6 5}
Ta c6: f'(x) = -
V(3 —22)"  (V2r—1)

Suy ra phuong trinh c¢6 nghiem duy nhat z

—2x3—6,a:€(—‘ }

13
5 — 622 <0, Vo € <§,§) . Lai c6 f(1)

13
22
0

=1.

Vi du 7. Giai phuong trinh 22 = /5 + 2 + /5 — z + 12.

# LGi gidi.
Diéu kien —5 < x < 5.

Xét ham 86 f(zr) =a2? — /b5 +x — /b —x— 12, z € [-5;5] , ta co:

1

f’(:r)z?a:—§ L L

Vitz Vh-=z

( )

2x +

X

V25 — 22 (Vo + 1+ 5 — )

= f'(zr) =0« 2 =0.Tu do6 ta c6 bang bién thien:
Nhin vao bang bién thién, suy ra phuong trinh f(z) = 0 chi ¢6 2 nghiem. Ma f (—4) = f(4) =0 . Nen

2 nghiém do6 la: x = —4; © = 4.

Binh luan. Ching ta hoan toan cé thé si dung phuong phap ham sé trong truosng hop giai dugc
phuong trinh f/(z) = 0 hodc nhan dinh duge dau cta f”(x).

Vi du 8. Giai phuong trinh 222 — 112 + 21 — 3v/4x — 4 = 0 (VMO - 1995. Bang B)

# L giai.

Xét ham s6 f(r) = 222 — 11z + 21 — 3v/4x — 4, ta co:

f(z) =4z — 11 —
o/ (4x — 4)°
11

= fllz) =04 —-11=

=T > —.

o (4z — 4)? 4

Lai ¢6: , Vo > T va f'(3) = 0 suy ra phuong trinh f’(z) = 0 ¢6 nghiém duy nhat = = 3.

Ta c6 bang bién thién:
Tt bang bién thién ta thay: 1]\14 in

G

()

nhat z = 3.

f(3) = 0. Do d6 phuong trinh f(z) = 0 ¢6 nghiém duy

Nhan xét: Viéc sit dung bang bién thién thuce sy hitu hiéu v6i nhitng bai toan duge chia ra nhiéu

khoang xac dinh. Ta xét cac vi du sau:

Vi du 9. Giai phuong trinh /32 —8 — vz +1=

5
20 — 11

# LOi giai.

x>
bieu kién

— | 0o

1

2

bt

Taco v3x —8—Vr+1=

2z — 11

SV3r—8—Vr+1—

=0
2z — 11
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) 3 1 10
Xét ham s6 = 3z -8 — I-— 6. f'(z) = -
é ham 0 f(z) = vz Vel - oy 0 S0 = = T (22 — 11)°
_3VeFl-VEe -8 10 6z + 17 P L
2/(Br—8)(z+1) (2z-11)° 2(B3Va+1+v32-8)/(Br -8 (z+1) (2z-11)

Tt d6 ta c6 bang bién thién:
Tt bang bién thién, két luan: phuong trinh f(x) = 0 ¢6 2 nghiem x = 3; x =8 .

Vi du 10. Giai phuong trinh (4o — 1) (Vo + 3 + ¥/32 +5) = 4z + 8.

# 131 giai.
. . 1 1

Diéu kién x > —3. Nhan thay z = 1 khong 1a nghiém ctia phuong trinh. Vé6i x # 1 phuong trinh da

dr+8

4o —1

. 4 8 1
Xét ham so: f(x):\/x+3+\?/3x+5—4ij17$€ [_3§+OO)\{Z}

1 1 36 1
Ta co: f'(x) = + + >0 Ve e (—3;+0 {—}
Bang bién thién:
Tt bang bién thién, suy ra:
Phuong trinh f(x) = 0 chi ¢6 2 nghiém la z = —2; x = 1.

cho tuong duong véi: Vo + 3+ v/3x +5 — 0

r+1
Vi du 11. Giai phuong trinh V22 +1= ————.
P 8 1—ava? -1
& L3i gidi.
2?2 =120 x+1
Dieu kién .Taco: Va2 +1l= ——————
' 1—ava? -1
l—ava2—1#£0
SV2+l(l-ava?—1)=z+1e Va2 +1—avat —1=a+1(x)
2
x
Talaico: (x) e Vat+l—-1=z(Vat-1+1) & —— =z (V2*—-1+1)=2>0
rz>1
Két hop diéu kién cho ta:
0P S 1+\/3
T # 19 = 5
Tit phuong trinh (*), xét ham s6: f(2) = Va2 +1—avat—1—a2—1
T 22 -1 224
flla)=———Vat—1l—-————-1= —Vrt—1—-—— < 0,Ve > 1.
Va2 +1 Vat—1 \/x2—|—1<x+\/x2+1> rt—1

= f(z) < f()=v2-2<0

Suy ra phuong trinh (*) vo nghiém, hay phuong trinh da cho vo nghiém.

Binh luan. Phuong phap danh gia néi chung va phuong phap ham s6 néi riéng 13 phuong phap thuong
diing nhat trong viéc chiing minh mot phuong trinh vo nghiém.

Vi du 12. Giai phuong trinh 2v/1 — 2z + ¥/20z +1 = 3.

£ Li giai.
Dita=+vV1-2r=2r=1-a*(a>0);b= Y20z +1= 20z =5 —1(b>0), ta c6 hé phuong
trinh:
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20 +b=3 3_Db\2
@b10+10(7> — 11 =0 = 2b'° + 5b% — 300 + 23 = 0(*)
b0 +10a2 - 11 =0

Doa,b>0néntiu:2a+b=3=0<b<3
+Néu: b = 0 phuong trinh (*) vo nghiém, suy ra PT da cho vo nghiém.

. 5> 30 23
—|—Néu:0<b§3,tfr(*)tac():2+ﬁ——+—20

po T plo
R . 5 30 23 )
Xét ham so: f(b):2+ﬁ_ﬁ+ﬁ’ (0 < b < 3) ta co:

4 2 2 1
F(b) = —b_§+£_§ - —b—ﬂ (23 — 27b + 40?)
Lap béang bién thién ta thay: f(b) > f(1) = 0.
Hay phuong trinh (*) ¢6 nghiem duy nhat b = 1.
Thit lai cho ta phuong trinh da cho c¢6 nghiem duy nhat z = 0.
Binh luan. Lya chon phuong phap dat an phu dé dua vé phuong trinh bac cao, sau d6 két hop véi
phuong phép ham s6 dé xit Iy bai toan ciing 13 mot lva chon tinh té cho nhing bai toan khé.

1 /3 2
Vi du 13. Cidi phuong trinh \/% T T2 Jsa—3

# Li gidi.

Diéu kien x > 3

Phuong trinh da cho tuong duong véi: v/3x + 2.4/3x — 2 = 8x — 12(x) .
Véix>§thi: \73x+2.\/3x—2>0:>8x—12>02>x>g.

bat vV3xr —2=a (a > \/2) . Phuong trinh da cho tré thanh:

8(a®+2 1 4 20
a\S/a2—|—4:M—12©3\3/—+—+—:8
3 a a3 a?

£ 1 4 20 . )
Ham s6: f(a) = 3{/ =+ — + — — 8, nghich bién trén: \/j; +oo | va f(2)=0
a a® a? 2

Suy ra phuong trinh da cho c6 nghiém duy nhat x = 2.

Vi du 14. Giai phuong trinh vz + V22 —1=32(z — 1)* 2z — 2 .

# LJi giai.

Diéu kien x > 1.

Phuong trinh da cho tuong duong véi: & + a2 — 1 = 2 (4x — 4)°
bat: 4o —4 =a (a > 0) . Phuong trinh da cho tré thanh:

4 4\?
aZ — (QZ ) —1=0%8a°=+va?+8a+a+4(x)

+R6 rang a = 0 khong la nghiém ciia phuong trinh (*)
4 1 1 8
+Véi a # 0, phuong trinh (*) tuong duong véi: 8 = — + — + 1/ — + —
a’  a a®  a

. 4 1 1 8 .
Ham s6: f(a) = P + oy + 14/ p + P 8 , nghich bién trén (0;+00) va f(1) =0
Suy ra phuong trinh da cho ¢6 nghiém duy nhat z = 1.
BAI TAP REN LUYEN
(1) Giai phuong trinh o + ¢z — 1+ o +2 = 5. Dap sé: = = 2.

2a° —
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7 1 )
(2) Giai phuong trinh /z + 3 + 95 = 3% + 5. Dap so: x = 1.
x

. 5
(3) Giai phuong trinh 13v/x — 1 4+ 9v/x + 1 = 16z. Dap s6: © = T

(4) Giai phuong trinh x + Dap s6: x = 1.

1 1
—_ =1
244 —x V3+V3+

. 2 —2 1422
(56) Giai phuong trinh /8 — 22 + =5— . bap so: z = 2.

x

22
) 2
(6) Giai phuong trinh 13v/22 — 2% + 9v/22 + 24 = 16. Dap s6: v = £—.

V5

(@) Giai phuong trinh v/2z +3.5/z +5 =22 +2 — 6 . Dap s6: © = 3.

Gidi phuong trinh (v32z —2 -z +3) (20 —7)=5. Dapsé: 2 =1; 2 =6 .

4.1 St dung ham sb dai dién
Tinh chat. Xét ham s6: y = f(t), t € D.
1) Néu ham s6 f(t) don dieu trong khoang (a,b) C D, ta co:

(

f(u) = f(v) u=uv
=
u,v € (a,b) u,v € (a,b)
\
2) Néu ham s6 f(t) dong bién trong khoang (a,b) C D, ta co:
( (
u>v fu) > f(v)
=
u,v € (a,b) u,v € (a,b)
\ \
3) Néu ham s6 f(t) nghich bién trong khoéng (a,b) C D, ta c6:
( (
u>v fu) < f(v)
=
u,v € (a,b) u,v € (a,b)
\ \
Vi du 1. Giai phuong trinh (52 — 6)° ! 2 !
i . Giai ng trinh (5bx — 6)" — —— = 2% —
' P s Vor — 7 r—1

# Loi gidi.
N 7 .
bieu kién x > £ Phuong trinh da cho tuong duong véi:

2 ! == ! *
N 7 B B s A

. 1
Xét ham s6 f(u) = u® — ,u>1. Taco: f'(u) =2u+
Vu—1

Suy ra ham s6 f(u) dong bién trong khoang (1; +00) nén:

>0, Vu > 1.

1
2/ (u—1)>

7 z>1;00—6>1 3
V(’jix>5,tacé: =>br—6=r&1r=—.

f (52— 6) = () ’

. 3
Thi lai ta thay nghiém cia phuong trinh da cho la z = 3
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2% 4+ 622 + 15z + 13
=Vz+9—

Vi du 2. Giai phuong trinh .
j 1al paiong trn 24+ 4+ 7 r+12

# L gidi.
Diéu kién > —9. Phuong trinh da cho tuong duong véi:
1

1
T+2) - ——— =T+ 0— P A J - uy P —
@+ - o7 PEST IR (r+2)*+3 (:v+9)+3()
. 1
Xét ham so: f(u)—u—u2+3t2rén R, ta c6: 2
2u w?+3)"+2u  ur+5u+8+ (u+1
fllu)y=1+ 22( ) — = 2( )>0,
(u? +3) (u? +3) (u? +3)
Suy ra ham s6 f(u) dong bién trén .
v29 -3
Nen f(z+2)=f(Vz+9) ©z+2= rHYer=—0—
V29 -3
Vay phuong trinh da cho ¢6 nghiém la z = —
3x —x —2
Vidu 3. Giai phuong trinh 262° + 3022 = 4 — \/_:”3 _ xﬁ .
2 — 61

# LJi giai.
Diéu kien x > 2. Dat 3z = a; vVx —2 = b (a,b > 0) . Phuong trinh da cho tré thanh: % + 3a* — 05 —
—b 1 1
3t + 2 =0 & 0¥ +3a" — — = 10 +3' — 2 (x)
a

a
. 1 1
Xét ham s6: f(u) = u® +3u* — —, u >0, ta co: f'(u) = 6u° + 12u® + — >0, Vu > 0
u u
Suy ra ham s6 f(u) dong bién trén khoang (0; +o00) , do do:
fla) = f(b)
(x) Sa=0b
a,b € (0; +00)

Véi a = b, thay tr6 lai ta c6: 3z = o — 2 (VN).
Vay phuong trinh da cho vo nghiém.

Vi du 4. Giai phuong trinh /3 (z +5) — Vo + 13 = V11 — 2 — {/3(3 — ).

# L3 giai.

Diéu kien —5 < 2 < 3. Phuong trinh da cho tuong duong vdi:

V3@ +5)+ /3B —x) =Vl —a+ Vo +13

& V/Br+2)+13+ /11— Bz +2) = V1l —z+ Vo + 13(x)

Xét ham sb: f(u) = V11 —u+ v/u+ 13, u € [-13;11] , ta c6: Ham s6 f(u) lien tuc trén doan [—13;11]
, dong thoi: X

o o
Fw = =~ i

Suy ra: f(u) dong bién trén [—13; —1) va nghich bién trén (—1;11.] Do d6 ta co:

= f(u) =0 u=—1.

/ ~13<3r4+2<—1
+Neu z € [-5;-1) = nén: f (3z 4 2) < f(z) hay phuong trinh (*) khong ¢6

r+2<x
nghiem z € [-5; —1)
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, —1<3r4+2<11
+Néu z € (-1;3] = nén f (3x +2) < f(x) hay phuong trinh (*) khong co

3r+2>x

nghiem z € (—1;3] .
V6i x = —1 = f(x) = f (3x + 2) . Hay phuong trinh da cho c6 nghiém duy nhat x = —1.

2 _ 2 2
Vi du 5. Gidi phuong trinh — Yo — 2 +t2 VT AT a2y
l+v—-a2?4+z+2 1+vV—-2a?—zx+4
# L3 giai.
. 0<z< _1+— V17
Diéu kién 2 . Phuong trinh da cho tuong duong véi:
r=—1
Va2 —x+2 Vi + o

1+/A— (@ —2+2) 1+,4-(22+a) =o' 1)

Xét ham s6: f(u) = ,0<u <2, ta cor

14+ V4 —u?
Vi —u?+4

f’(u):m(l_m) >0, VYu € [0;2)

Dong thoi f(u) lién tuc trén doan [0;2] , suy ra f(u) dong bién trén doan [0;2] . Ta lai co:
+x = —1 khong la nghiém ctia phuong trinh.

—1 17
+Véi z € [0;%—] ,tacor Va2 —x +2, Va2 +x € [0;2] va:

Neuo<z<l=Va?—z+2>Vi2+ao=f (Va2 —2+2) >f<\/:r2+x),suyra:
VT(x) = f (\/x2 —x+ 2) > f (\/:cQ + :E) > 0, dong thoi VP(x) = 22 — 1 < 0 hay phuong trinh (*)
khong c¢6 nghiém z € [0;1)

P —1 17
—Néu1<x<+—\/_:>\/x2—x+2<\/x2+x:>f(\/x2—x+2)<f(\/x2+x>,

2
Suy ra: VT'(x) = f (Va2 —x+2) — f (\/IQ + :v) < 0, dong thoi V P(¥) = 2° — 1 > 0 hay phuong trinh
—14+ V17
(*) khong c6 nghiém z € <1; %] .

-Véi x =1 ta c6: f (\/xQ -+ 2) =f <\/ac2 + x) . Suy ra phuong trinh da cho c6 nghiém duy nhat
=1
BAI TAP REN LUYEN

@) Giai phuong trinh 22° + 24/ (1 — 22)° = 2% + 1/ (1 — 22)°.

(2) Giai phuong trinh 2% + 322 + 40 +2 = 3z +1)v3z + 1. Dap s6: 2 = 0; v = 1.

(3) Giai phuong trinh v/1 — vt — 22 + €/1+ 1—Vat—22=Yr+1+ Yz Dap sd: o = 1.

@ Giai phuong trinh 3z (2+ V927 +3) + (4z+2) (VI+z +22+1) =0

(5) Giai phuong trinh (622 + 2 — 1) Vo — 1 — (322 + 22+ 7) V22 + 7 = 42° + 322 — 3x. Dap s6: Vo

nghiém.
4
(® Giai phuong trinh 1+ 2 (vV1—22+ 1 -2+ 1+ 2) :%+\/x4—|—4.
1 1 3
Giai phuong trinh 24z% — 60x + 36 = — . Déap sb6: . = —.
@ P & Vor—T7 Vrx—1 p 2
Vi —x V3+x . 1
Gidi phuong trinh — =2x— 1. Dap so: z = —.
phtions I+vz 1+v1-z P 2

PHAM KIM CHUNG ITEX-https://www.facebook.com/groups/GeoGebraPro/ Ei


http://trunghochoasen.com/

CHUYEN DE PHUONG TRINH VO TY
222 —5xr+3 v/ — 1
+2=
3+ V—62%+ 152 + 3 3+ /=323 —6z\/x +9

(9) Giai phuong trinh + 22°. Dap s6: x = 1.

4.2 Danh gia trén téng cuc tri cia ham sbé

Tinh chét. Cho cic ham s6 f(x), g(z) xac dinh trén D. Néu:
-]\/_gmf(x) = my; ]\%ng(m) =my = f(x)+ g(z) > my +my Vo € D.
—Mlgzxf(:c) = M;; Mlgwcg(a:) =M, = f(z)+ g(x) < My + My Vx € D.

, flz) =m
-Min f(z) = m; Max g(x) =m = f(z) = g(z) <

g(z) =m

Vi du 1. Giai phuong trinh v/923 — 1822 + /3622 — 923 = 22 + 9.

& L3i gidi.
Dat: a = V923 — 1822; b = /3622 — 923 (a,b > 0) =

a® + b?

A+,
18 "
Ta c6:a+b= +9 < (a*> — 18a +81) + (b* — 180+ 81) =0

S @-9"4+0b-9"=0ca=b=09.

-Binh luan. O vi du nay ta thay rang véi cac ham so:

f(a) = a®> — 18a + 81; g(b) = b* — 18b + 81 thi [é\hn) f(a) =0; [é\hn)g(b) =0= f(a)+g(b) >0
;o0 jFoo

3r+3 r+1
—:4_|_

N Vi2—z+1

Vi du 2. Giai phuong trinh

# LOi giai.
Diéu kien x > 0.
< < » 3 r+1
Phuong trinh da cho tuong duong véi: (3\/5 + N 6) + (2 - —) =0
T

2 —x+1
1 2V x? — 1—2-—-1

@3(\/5+——2)+ vorE o ~0
N& 2 —x+1

<:>3(\/— 1)2+ 3(x—1)° 0o r—1=0 N 1
Tr — —— = xr = 1.
Vi (Va2 —z+1+a+1) Va2 —az+1 \/_—L—O

VT o

-Binh luan. Khi giai toan ta dua trén ban chat tong cuc tri ctia ham sé nhung khong phai lic nao ciing
nén ding ham s6, mot phép bién ddi binh phuong hodc mot phép tach hang tit c6 thé dua ching ta dat
duge muce dich ctia minh.

1
Vi du 3. Giai phuong trinh (z — 3) (555 + \/5) =(z—1)v2x+ 143z — 11

& L3 giai.

Diéu kien x > 0.

PT tuong duong véi: (z — 3) (z + 2y/x) =2 (x — 1) vV2x + 1 4+ 61/ — 22.
el@-1=2@@-1)v2r+1+22+1| + (227 — 32 — 12z +20) = 0
o (v =122 +1)" + (20T — 3z — 127 + 20) = 0()

Dat /z =a (a > 0), xét ham s6 f(a) = 2a® — 3a*> — 12a + 20, a > 0
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Ta c6 f'(a) =6a® —6a—12 = f'(a) =0 < a=2 (do a>0)
Lap bang bién thién cho ta [g)\/lin) f(a) =0 < a =2 hay:
oo

20\/r — 31z — 12/ +20 > 0, Vz > 0

r—1=+v2zx+1

Tu do ta c6: (%) < & =4
V=2

Vay = = 4 1a nghiém ctia phuong trinh da cho.

-Binh luan.
+Ta c6 thé gidi béng céch phan tich: PT& (2 — 1 — 2z + ) + (2vx +5) (Vr — 2)2 =0
+Tuy nhién néu ham s6 f(a) dudc cho phiic tap hon, van dé phan tich dé danh gia sé c6 nhiéu ric roi.

Vidu 4. Giai phuong trinh /37 — 7 + (42 — 7) /7 — 2 = 32.

# Loi gidi.

. 7 /14
Dieu kién§§x§7.Da‘ca:\/7—x (O§a§ §>.Phu0ng tinh da cho tré thanh /14 — 3a2 —
4a®>+21a—32=0. Taco 0 < f(a) =14 — 3a® < V14

; 14

gla) = —4a*+2la—32,0<a < 3

/ 2 \/?
= ¢'(a) = —120° + 21 = =32 = 9(0) < g(a) < g | = =32+ 77

Do dé f(a) + gla) < —32 4 7v/7 + /14 < 0. Hay phuong trinh da cho vo nghiem.

54 3vV1—2a? 13

4
Vi du 5. Giai phuon trlnh + = .
P & —x2 81 —a24+48—-222 24+Vb—zx+V3+=x

# LOi giai.
Dieu kien —1 < x < 1. Ta ¢6:
13 13

2V2<V5—z+V3+2</1+1)(5 —x+3—|—x)—4:>€§2+\/5_I+\/3+x:f(95)

13
Hay{\{iﬁf(x):—@le(l).})at V1—22=a (a>0), ta cé:

6
4 54 3v1 — 22 4 5+ 3a 4 1 1

—ar 8v1 — 2% + 8 — 222 3+a2+8a+6+2a2 _3+a2+(a+3)+2(a+1)'

Xét ha (a) ! + ! + ! >0

1 . = .

ét ham s6: g(a 3+ (at3) 2<a+1),a_
8a 1 1

Ta c6: ¢'(a) = — - - < 0, Ya > 0, hay ham s6 nghich bién trén [0; +o00) .
) = = a3 2 1? @rar Y g (0 +e0)
13 4 5+ 3v1—x? 13
Do dé: g(a) < ¢g(0) = — tiic la: + < —(2
9la) < 9(0) =5 2 s i rs—e 6

Dau ‘=" xay ra < z = +£1. Két hop (1) va (2) cho ta nghiém ctia phuong trinh la z =1 .
BAI TAP REN LUYEN
. 5)
Bai 1. Giai phuong trinh 13v/x — 1+ 9v/x + 1 = 16z. Dap so: x = 1
Bai 2. Gii phuong trinh 2? — 2 (z 4+ 1) \/351; +1=2v222+ 52 +2—8x—5 Dép s6: z = 1.
Bai 3. Giai phuong trinh 422 + 12+ V& — 1 =4 (252 — 14 /9 — bz) . Dap s6: = = 1.
Bai 4. Giai phuong trinh /322 + 62 + 12 + \/51;4 — 1022 +9 = -2z (z +2) + 3. Dap s6: x = —1.

1 1 ,
+ =2(v2x —T+ x —3+5).Dap so6: x = 4.
V2r —T7 x—3 (v v ) P

Bai 5. Giai phuong trinh 3z +
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2
14+« T T .
Bai 6. Gidi phuong trinh < + a:) =2 ( + ) + 1. Dap so: x = 0.
phuong Vis VT ] V1o D
Bai 7. Giai phuong trinh 6/(3 — 3z) (3z + 7) + 4¥/3x + 7 = 27z + 76. Dap sb: v = —2.
Bai 8. Giai phuong trinh 22 — 8z + 10+ ————— =2/ — 1. Dap s6: x = 5.
P & T+ 2vV/x —1 P

Tr —3 .
x =22z — 1 +4vV22+ 3. Dap s6: = = 1.
212 — x

(@ PHUONG PHAP LUONG GIAC HOA

Thong thuong khi ta stt dung may tinh bé tdi dé kiem tra nghiém ctia phuong trinh vo ty, ta nhan
duge két qua bai toan khong c6 nghiem hitu ty va khong dua nghiém ciia phuong trinh vé dang nhan
tit (ax® + bz + ¢), nguyén nhan rat c¢6 thé nghiém clia bai todn duge cho dudi dang hugng gidc.

Tuy nhién do tinh phd bién clia loai phuong trinh nay trong cac dé thi hién nay, nén ching t6i khong
di sau vao loai phuong trinh nay. Sau day xin dugc g6i thieu véi cac ban mot s6 ki thuat lugng gic
héa thong thuong.

1. Mot s6 dang bién doi luong giac.

-Néu 22 +y? = a* , (a > 0) thi ¢c6 mot s6 a € [0; 27| sao cho:

T =asina, Yy = acos .

Bai 9. Giai phuong trinh z (2 + 2 +4) +

T =sina
+Dic biét @ = 1 thi ta c6 thé dit voi a € [0;27] .
Yy = cosa
-Néu |z| < a ,(a > 0) thi c6 mot s6 a € [—g; g] sao cho: z = asina, va mot s6 8 € [0;7] sao cho
r=acosf .
+Dic biet: a = 1 thi ta c6 thé dit z =sina, a € [—g; g} hodc z = cosa, a € [0; 7] .

. 2 m . N ~ P ™
-Neu 0 <z <1 thi ¢6 mot so a € [O; 5} sao cho: x = sina, va mot s6 [ € [0; 5] sao cho: x = cos 3 .

Z . 2 2 2~ 2 2~ S - m ™
-Néu |z| > m, (m > 0) ho#ic cac bai toan c¢6 chia bieu thic Va2 —m? thidit 2 = ——, a € [O; —> U
cos

2
2

, 1 3
+Dac bigt: m = 1 thi ta c6 thé diat z = = [0; Z) U [w; —W) :
Ccos & 2 2

-Néu khong rang budc diéu kien cho bién s6 va bai toan c¢é chita biéu thic v22 + m?2 thi dat = m. tan a,
T

R
2°2 S

+Dic biet: m =1 thi ta c6 thé dat z =tana , a € (—5; 5) )

2. Mot s6 vi du minh hoa.

Vi du 1. Giai phuong trinh /1 — 22 = 423 — 3z.

# LJi gidi.
-Phan tich. Phuong trinh trén thudc dang co ban, nhung néu st dung phuong phap nang lily thita
sé cho ta mot phuong trinh bac cao. Tuy nhién, ta dé ¥ ring trong phuong trinh c6 chita biéu thiic
V1 — z2 nén diéu kién ban dau ctia phuong trinh 1a || < 1. Do d6, ta st dung mot trong hai phép dat
an x = sina hodc @ = cosa . Tiép tuc quan sat phuong trinh, ta c6 thé thiy ngay biéu thiic 42 — 3z
lam ta lién tudng dén mot cong thiic trong luong gidc doé: 4 cos® a — 3 cos v = cos 3av. Ta ¢6 10i giai nhu
saw: Dieukien 1 — 22 >0« -1 <z < 1.
Diat x = cosa , a € [0;7] , khi d6 phuong trinh da cho tré thanh:

T
V1 —cos?a =4cos®a — 3cosa < sina = cos3a < cos 3a = cos <§ — a)
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Ba:E—a—i—kZW a:Lr’f_”
o 2 o 52
3a=—(g—a>+k27r a:—%+§
T 5m 3w
D € |0; E{ }
o« € [0;7], nén « S 81

Vay tap nghiém ctia phuong trinh:
T 5 3T \/ 24++/2 \/ 22 V2

S = {cos g;cos g;cos Z} = { 5 : 5 ;—7} )

-Binh luan. Dé c6 thé st dung dugc phuong phap luong gidc hoa khi giai phuong trinh vo ty thi trude

hét ta can ndm viing cac cong thitc lugng gidc va nhitng dang bién déi ctia né. Nhu vay, véc quy ve giai

mot phuong trinh luong giac da gitp ta giai quyét phuong trinh vo ty mot cich nhe nhang hon.

Vi du 2. Gidi phuong trinh /1 — 2 = 222 — 1 — 22v/1 — 22

& L gidi.
-Phan tich. Dé ¥ ring trong phuong trinh c6 chita biéu thic v/1 — z va /1 — 22 nén diéu kién ban dau

1—22>0
ctia phuong trinh 13 |z| < 1. St dung phép dit an x = cosa ta c6 16i gidi: Didu kien
1—-x2>0
s -1 <z <1
Diat 2 = cosa , a € [0; 7] , khi d6 phuong trinh da cho trd thanh:
V1—cosa =2cos?’a —1—2cosar/1—cos?a & 2sin2% = cos2a + 2 cos arsin «
& ﬂsin% = cos 2a + sin 2a = /2 sin (Za—i— %) & sin (Qa—i— %) = sin%
k4
204+E:g—|—k:27r a:—z—i——ﬁ
PN 4 2 o ; 6 k43
T e s 0
2 —=71——+k2 = — 4+ —
a+4 s 2+37r a310+5
Do a € [0; 7] ,nena—% <:>x—cosl—g
3 V10 — 2+/5
Vay nghiém ctia phuong trinh la: x = cos 17[; = T\/_
-Binh luan. Trong 15i giai trén gido vién can luu ¥ cho hoc sinh & phép bién ddi: 1/2sin® — = V2 sm —
Néu trong 10i gidi trén ta st dung phép dat z = sina, o € [—g 2] thi ta c6 /1 —x = \/1 —sina =
2
\/(Sin% — cos%) ’sm— — cos—) = \/_‘sm (— — —>‘ = —/2sin <% — %)
x 35

Vi du 3. Giai phuong trinh —_— = .
1 du lal phuong trinh x + —— D

& L gidi.
-Phan tich. V6i diéu kién ban dau ciia bai toan 22 — 1 >0 < 2 > 1V < —1 ta c¢6 thé s dung phép

. 1 3 1
dat an phu = = ,a € [O;E> U [ﬂ';—ﬂ—). Khi do, ta c6 Va2 —1 = 4/ — 1 = |tanz| . Tuy
COS & 2 2 cos?

nhien, dé giai quyét van dé tao ra mot phuong trinh cé chita dau gia tri tuyet doi, ta chd ¥ ring néu
x < 0 thi phuong trinh trén sé khong c6 nghiém thyc. Tt d6 ta c6 10i gidi cho bai toan nhu sau: Déu
kien ban daw: 22 —1>0&<z>1Vae < —1.
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Dé y ring néu x < —1 thi phuong trinh da cho vo nghiém. Cho nén ta chi can xét = > 1 . Khi do6, ta

1
« ™ N N = SRR 1 COS (v 35
dat x = , € (0; —) va phuong trinh da cho tré thanh: + = —
COS (v 2 COS (v ( 1 >2 12
-1
cos «
1 1 35 , .
& — = — & 12(sina + cos o) = 35sin av. cos (1)
cosa  sina 12 2
t .
batt =sina+cosa, t € (1; \/5} = sin a.cosa = — Khi do
2 _
12t:35< >(:)35t2—24t—35:0
5 1 1 35
t = —— (loai) - = —
& 7 = sino. cosa = 2 = sinv cosa 12
s T 25 1 1 25
5 sina’cosar 12
5
]' ]' N PN 2 ~ 2 U= §
Suy ra ——; la 2 nghiém cua phuong trinh: 12u* — 35u + 25 =0 &
SIn ¢ COS « B 5
YT
1 5 5
= - Tr = —
Do do, COT a g & g (thda méan phuong trinh ban dau).
cos ; 4 YT
Vay x = 3’ T=7 la 2 nghiém cta phuong trinh da cho.

Vi du 4. Giai phuong trinh 642% — 1122% + 5622 — 7 = 2v/1 — 22.

# L gidi.

-Phan tich. St dung cong thic cos (n + 1) a + cos (n — 1) a = 2 cos a. cosna .

Suy ra: cos3a = 4cos®a — 3cosa

cosda = 8costa — 8cos?a + 1

cos ba = 16 cos® a — 20 cos® a + 5 cosa

cos 6a = 32cos® a — 48 cos* a + 18 cos?a — 1

cos 7a = 64 cos” a — 112 cos® a + 56 cos® a — Tcosa

T d6 ta c6 161 gidi nhu sau: Dt = cosa, « € [0; 7] , phuong trinh da cho tré thanh:
64 cos® o — 112 cos* v + 56 cos> a« — 7 = 2¢/1 — cos? a(1)

Nhan thay cosa = 0 khong thoéa phuong trinh (1), nén nhan hai vé phuong trinh (1) véi cosa # 0 ta
co

64 cos” o« — 112 cos® v + 56 cos® o — 7 cos o = 2sina.cosa

T 2k
T Q= —=T —a
& cosTa = sin2a0 < cos Ta = cos <——2a> & 18 9
2 7 +2k:7r
10 5
D € [0:7] ne 6{7? 57 97 137 177 37 77r}
.l nén I L S N
cas BTN At 187187 18 T 18 1 10 10
T 97 7 b 97 137 177 37m Tw
& — = —.Vayph inh da cho ¢ hiem la: —_
\ﬁcosa#Onen(x#2 13 Vay phuong trinh da cho ¢6 6 ng 1emaa€{18,18,18, 13 18° 10° 10

-Binh luan. Phuong trinh trén thuc sy rat kho. Kho bdi cac bicéu thite trong phuong trinh c¢6 bac cao.
Vi thé dé sit dung dudc phuong phap lugng giac héa khong phai don gian, ta can c6 mot cach nhin
téng quat phuong trinh.

PHAM KIM CHUNG ITEX-https: / /www.facebook.com/groups/GeoGebraPro/ Kl


http://trunghochoasen.com/

TOAN THPT ( 93

5
Vi du 5. Giai phuong trinh v1+22 = ——— +
P & 2+ V1422
# L3i giai.
-Phan tich. Phuong trinh trén khong c6 diéu kién rang buoc ctia an x. Sy xuat hién ciia bicu thiic
V1 + 22 trong phuong trinh dinh huéng cho ta phép dat x = tana, a € (—g ;T) Dat x = tanq,
a € (—g; g) , phuong trinh da cho trd thanh:
5) 1 dcosa  sina
V1+tan? a = t & =
Flanta 2+\/1+tan2a+ ana cos 2 +COSOé
sina =1
& 5cos’a+2sina—2=0«< —5sinfa+2sina+3=0<
sina = ——
)
™ . . 3 3
Do a € <—§ §> =sina#1. Chonensma:—g @x:tana:—z .

Vay phuong trinh da cho ¢6 1 nghiém x = ——

BAI TAP REN LUYEN

Bai 1. Giai phuong trinh /1 + V1 — 22 =z (14 2V1 —2?) .
Huéng dan: Dit o = cosa, a € [0; 7]

1+ 22v1 - 22
Bai 2. Giai phuong trinh \/ TANVITY g g2

2
Huéng dan: Dit o = cosa, a € [0; 7]
1 N 1 43
—Vi—z 14+V1-z VJVi—z

Hudéng dan: Dat = = cosa, a € (0;7] \ {g

Bai 4. Giai phuong trinh (V1+2z—1) (VI—z+1) =

Huéng dan: Dit o = cosa, a € [0; 7]
Bai 5. Giai phuong trinh /1 — [z] = v/2 (222 — 1) . Huéng dan: Dat |z| = cosa, a € [0; q

2
Bai 6. Giai phuong trinh ‘21: —VI- 4x2’ = V2(8a% - 1).

Bai 3. Giai phuong trinh N

Huéng dan: Dat 2x = sina, a € [—g g]

Bai 7. Giai phuong trinh m [\/ 1—a)" — \/(1 + x)?’J =241 — 22

Huéng dan: Dit = = cosa, a € [0; 7] Dap s6: z = —%

Bai 8. Giai phuong trinh 2 + /(1 — 22)° = =x,/2 (1 — 22).

Huéng dan: Dat x =sina, o € [ 72T ;T} Dap sb: x—%;x: 1-v2- 2\/5_1.
Bai 9. Giai phuong trinh x + \/:;—L—I—?) = /3. Huéng dan: Dat = = \/_tan& o€ (—g g)

> +1 (% +1)°
2r —2?)’

2z (1
Huéng dan: Dit z = tana, a € (—g; g) \ {i%; 0}

Bai 10. Giai phuong trinh vz2 + 1 +
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CHUONG

PHAN TiCH, SUY LUAN BE TiM LG1 GIAI

-Chuong nay gidi thiéu cung ban doc:
+Phan tich va suy luan khi ding truéec mot phuong trinh vo ty.
+Lua chon phuong 4n hop 1y dé tim 151 giai t6i uwu.
+Nhitng huéng di khac nhau — khé khan va cach xit 1y.
o) chuong I cac ban doc gia da biét dudge phuong phép dién hinh dé gidi mot bai toan phuong trinh vo
ty, ciing nhu mot bai todn vo ty ¢6 thé c¢6 nhiéu phuong phép khac nhau dé tiép can. Tuy nhién, lam
thé nao dé ching ta cé thé tiép can mot bai toan phuong trinh vo ty va dua ra duge mot 1i giai cho
n6 la mot cau héi kha 16n dang con bo ngdé? Vi muc dich, mé ra mot huéng di, mot suy nghi can co
tru6c mot phuong trinh vo ty thi trong chuong nay, ching toi xin man phép dua ra mot sé nhitng suy
nghi 1a tai sao ching ta c6 16i gidi nhu thé, dya trén nhitng kinh nghiém ma ching toi da rat két ra
dugc trong qua trinh giang day.
1. Khi nao nén sit dung phuong phap nang lén liay thira?
Trong bai toan phuong trinh vo ty thi phép nang lily thita 1a mot phép bién déi tu nhien, dep dé giai
quyét. Co lac phuong phap nay duge giai tryc tiép hodic sé duge st dung gian tiép va sé 1a chia khoa
con lai dé tim nghiém clia phuong trinh. Nhitng bai toan thudng duge giai bang phép nang lity thita la
nhitng bai toan c6 dang phuong trinh co ban, phuong trinh c6 chita hing déng thiic, phuong trinh c6
chita nghiem chung, phuong trinh c6 chita nhiéu 16p can thitc c6 thé dua vé phuong tinh co ban. Diéu
quan trong trong huéng giai bang phép nang lity thita d6 chinh la ta sé thu duge phuong trinh tuong
duong hay phuong trinh he qua. Dé c6 thé bién dbi chinh xéc, ta can chi § ta sé thu duge phuong trinh
tuong duong néu hai vé phuong trinh cting dau va hé qua khi hai vé phuong trinh chua r6 vé dau. D6
la nhitng nhan dinh chung ma ta c6 thé dinh hudéng 1i giai cho bai toan dung phuong phap nang liy
thita. Bay gio ta sé quan tam chinh dén cac vi du sau dé c6 thé hiéu ré hon.

Vi du 1. Giai phuong trinh /7 — 22 + 2/ + b = /3 — 22 — 22.

# L3i gidi.
-Phan tich huéng giai. Phuong trinh nay vé hinh thitc 13 mot phuong trinh co ban nén dé gidi quyét
bai toan nay ta sé diing phép nang lily thita dé loai b6t can thic trong phuong trinh.

3—2r—22>0

Céch gidi: V7T — 22 +avVr +5=V3—22 — 22 &
7T—2’+x/z+5=3— 21 —a°

( (
—3<z<1 —3<z<1
—3<z<1
& 9 z(—22—-4)>0 9 2<-2ve>0 Sr=-1
rvVr+5=-2x—-4
22 (x4 5) = (22 + 4)° (z+1) (2> —16) =0
\ \
Vay phuong trinh da cho c¢6 nghiém duy nhat x = —1.
, . 45
Vi du 2. Giai phuong trinh x + V22 + :W.
x

# L3i giai.
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-Phan tich huéng gidi. Quan sat phuong trinh ta nhan thay chi can quy dong mau sb ta sé thu dudgc
phuong trinh co ban.

740 = RS
Céch giai: © + v \/T@x\/x 9+ 22 +9=45
V2 +9=236—12% = 22 (22 +9) = (36 — 22)°
& 8l2? = 1296 & 1 = £4.
Thit lai ta c6 nghiém ctia phuong trinh la x = 4.
-Binh luan. V6i 15i gidi trén, sau khi bién déi vé phuong trinh quen thudc, sit dung phép nang lity thira
ta thu duge phuong trinh hé qua vi ta chua biét ré vé dau ctia hai phuong trinh nén ta can thi lai
nghiém.

Vi du 3. Giai phuong trinh 2% — 7 = 4/8z + 1.

# Loi gidi.
-Phan tich huéng giai. Phuong trinh nay c6 hinh thiic quen thuoc, ta c6 thé ding phép nang liiy thira
dé giai quyét. Tuy nhién trén thic té, c6 mot s6 hoc sinh rat quan ngai khi gidi quyét phuong trinh nay
bang phép nang lity thita vi sé tao ra phuong trinh bac 6. Stt dung may tinh ta biét dudgc phuong trinh
nay c6 nghiem duy nhat 2 = 3. Do d6 ta c6 thé tu tin gidi phuong phap nay bing phép nang lity thita.
22 —T7>0
Céch gidi: 22 —7T=4y/8r +1 &
(z8 —7)* = 16 (8z + 1)

x> 7 x> 7

28 —142% — 1282 +33 =0 (r —3) (2° + 321 + 923 + 1322 + 392 — 11) = 0
& x=3via®+ 3zt +92% + 1322 + 392 — 11 > 0, Vo > /7
Vay phuong trinh c6 nghiém duy nhat x = 3.
-Binh luan. Bai toan dudgc giai quyét kha gon nhe va trong phép nang liiy thita thi doi lic ta cling can
mot chit khéo 1éo dé lam giy gon vé nghiém ctia phuong trinh bing nhitng danh gia co ban.

1 / 1
Vi du 4. Giai phu0ngtrinhx+\/x+§+ w+Z:

# LJi gidi.

-Phan tich huéng giai. Bai toan nay c6 chita nhiéu can thic va khi chuyén x sang vé phai phuong trinh
ta sé thu dudge mot phuong trinh quen thudc. Dicu do6 ta hoan toan cé thé sit dung phép nang lity thira
dé giadi quyét bai toan. Tuy nhién néu ching ta dé ¥ mot chit thi trong phuong trinh c¢6 chita mot hang
déng thic.

That vay: +1+\/ +1— +1+21\/ —|—1+1— \/ +1+1 2
at vay: x 5 T 4—:70 1 5 T 1t1= T 113

V6i phat hién nay, thi bai toan da cho sé dugce thu gon hon va sé c6 16i giai gon nhe hon.

1 1
Cach giai: Diéu kien x —|— >0z > 1 Luc do:

2
1 1 1
:c—l—\/:C+2+\/x+——3<:>x+\/(\/x+zl+§) =3
2
+ = +\/ o (erlel) =3
T TVETY T SRAVIRESY B

1 1
:z;—i-4+— \/_<:>:c+1—3 \/_+ sr=3-43
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Vay phuong trinh ¢6 nghiém duy nhat z = 3 — /3.
-Binh luan. Véi viéc phat hién ra hing ding thic ta da co 1oi gidi gon hon vi khi d6 ta chi st dung
phép nang liy thira cho mot bai toan don gian.

142241 — 22
2

Vi du 5. Giai phuong trinh \/ =1-22%.

# LOi giai.
_Phan tich huéng giai. Hinh thitc phuong trinh ¢6 két ciu khé gidng phuong trinh ta vita xét. O trong
phuong trinh nay, ta tinh ¥ ciing sé phat hién ra mot hing dang thiic.
That vay: 1 +22v2 — 2?2 =1—-2? + 22Vl — 2?2 + 2% = (z + V1 — 1:2)2.
T do ta c6 cach giai nhu sau:

1—22>0 2 9
Cach giai: Diéu kien = —g <z < \/7_

1—-222>0
Véi diéu kién vita xét ta c6: & ++/1 — 22 > 0. Lic d6 phuong trinh tré thanh:

2
x4+ V1 — a2

\/( NG ) =1-222 v +V1+22=+2[(1—2?) — 27

<:>x+\/1—x2:\/§(\/1—:v2—x) (1+V1-2a?)

r++vV1—-22=0
Vi—2?2—x=

o ErVImP) I-V2(VI—@—2)] =0 &

e

2
2
1—2?= (x+£)

D6i chiéu diéu kién cho ta tap nghiém ctia phuong trinh T = { 5 I

-Binh luan. Qua vi du nay, mot lan nita ta thay dudce viec phéat hién phuong trinh c¢6 chita hing dang
thiic va dua vé duge phuong trinh co ban sé gitp ching ta sit dung phép bién déi liy thita chi con la
mot phép bién déi co ban dé tim nghiém ctia phuong trinh. Trong vi du trén, ta cé hai lan st dung
hing dang thiic. ban chat ctia hai vi du 4 va 5 thuc chat 1a ching ta da sit dung phép nang lity thita &
hai ¥ nghia “ngugc” va “thuan”.

_Q.M}.

Vi du 6. Gidi phuong trinh z(v27 + 1 — 22 + 17)° = 16.

# L3i giai.

-Phan tich huéng gidi. Bai toan nay c6 chita mot hiéu binh phuong va hinh thic phuong trinh 14 mot
phuong trinh khong quen thuodc. Bay gio ta sé sit dung phép nang lity thita nay nhu nao? Néu ta si
dung tryc tiép thi ta sé tao cho phuong trinh bac con cao hon bac ban dau.

Ta dé y rang: 16 = (V22 + 17— 2z + 1) (V22 + 17+ V22 + 1) .

V6i bién doi nay ta thay s6 16 c6 chita hing dang thiic. Do d6 ta sé bién dbi dé lam vé trai phuong
trinh gidm su phtic tap bang nhitng bién doi xuat phat tit nhan xét da chi ra.

@ PHAM KIM CHUNG ITEX-https: / /www.facebook.com/groups/GeoGebraPro/ Kl


http://trunghochoasen.com/

TOAN THPT | 97

2c0+1>0

Céch giai: Dieu kien ¢ 9,4+ 17 >0 ©2>0

x>0
\

Véi x = 0 khong thoa phuong trinh nén ta chi can xét z > 0 .

Liic d6 phuong trinh da cho dugc bién déi tré thanh:

r(V2r + 1+ V22 +17) (V2 + 17 — 2 + 1)" = 16 (V22 + 1 + 22 1 17)°
& 160 = (V2r + 17— 2r+1)" & 62— 9 = VAz? + 360 + 17

6z —9>0 x>
= =

(62 — 9)* = 42% + 36z + 17 3222 — 1442 4 64 = 0

N W

& =4.

D6i chiéu diéu kién ta c6 nghiém clia phuong trinh 1a 2 = 4.

-Binh luan. Bai toan nay, mot lan nita khing dinh sy manh mé ctia viée phuong trinh vo ty c6 chia
hing dang thiic va dua vé phuong trinh co ban thi phép nang liiy thita sé 1a lya chon uu tién. Diéu dac
biét cia bai toan d6 chinh la viéc biéu dién 16 dudi dang hing dang thiic.

Vidu 7. Gidi phuong trinh v222 + 8z + 6+ Va2 —1=2(x + 1).

# Loi gidi.

-Phan tich huéng gidi. Quan sat bai toan nay, viéc dau tién mudn sit dung nang liiy thita thi ta hoac
lity thita truc tiép phuong trinh da cho hoiic chuyén bét can thitc sang vé phai ro6i lity thita. Cac phép
bién d6i nay déu thie hien duge, tuy nhién néu quan sat phuong trinh ta thay ngay dugce phuong trinh
gitta cac dai lugng c6 mot nghiém chung x = —1. Do d6 ta c6 thé gian udc duge do phtc tap gitta cac
dai luong dé dua vé pl(lu’dng trinh co ban.

222 +8r+6>0
R r>1
Cach giai: Dieu kién ¢ 2 _ 1> &
rz=-—1
\x+120

V6i © = —1 phuong trinh da cho dugc nghiém ding.
V6i & > 1, ta bién ddi phuong trinh da cho tuong duong véi phuong trinh:

V2@ + D) @+3)+ /e -DE+)=2/(=+1)° 2@ +3)+vVr —1=2V/z +1
S3r+54+2/2@+3)(z—1)=4(x+1) &2V +4r—6=x—1

r=1

S 422442 —6)=22—20+1 T2+ 182 -25=0 <

Déi chiéu véi dieu kien x > 1 ta co x = 1.

Vay phuong trinh da cho c¢6 hai nghiém x = +1.

-Binh luan. Viéc phat hién ra nghiém chung, gitap chung ta st dung phép liy thita cho mot bai toan co
ban va hinh thitc gon nhe hon so véi bai toan ban dau.

Vi du 8. Giai phuong trinh /o +2 — vz — 1 = /22 + 1.

# LJi giai.
-Phan tich huéng giai. Bai toan c¢6 chita hai can bac leach, thuong bai toan cho dwéi hinh thiic nay thi
thuong phép nang liy thita it duge tinh dén. Nhung quan sat thay phuong trinh chita hai can bac ba
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nén ta co thé ghép ching lai véi nhau roi st dung phép nang lity thita.

Cach giai: Diéu kien = > 1.

Vé6i x = 1, phuong trinh da cho dugc nghiém ding.

V6i & > 1, phuong trinh da cho duge bién déi.

V22— rti=vri—1e Ver2—a+1) =(@z-1) Vo -1
=1-2-3y(2z+1)(z+2)Vz—1=(z—1)Vz -1
SE-)Ve—1+(We-1)'+3/Qe+ D) (z+2)Ve—1=0
Sr—1+Vr—1+3{/(2z+1)(z+2)=0(1) .

Nhan xét véiz > 1thiz — 1+ vz —1+3¢/(2z+1) (x +2) > 0.

Do d6 (1) vo nghiém. Vay phuong trinh ¢6 nghiém duy nhéat z = 1.

-Binh luan. Véi hinh thitc phuong trinh da cho ta c6 thé nghi kho c¢é thé st dung phép nang lity thira,
nhung ta thay qua 10i giai thi bai toan c6 hai can bac leach nhung c6 dau hiéu dic biét ta hoan toan
c6 thé st dung phuong phép nang lity thita dé gidi quyét. Bai todn nay cé thé co cach gidi ngan gon
hon nhung bang ki nang lily thita co ban ta van c6 thé giai bai toan mot cach tu nhien va dep.

Vi du 9. Giai phuong trinh v/x +5 — 3z +4 =2+ 10 —/3x + 7.

& L gidi.
-Phan tich huéng giai. Bai toan c¢6 chita bon cin bac hai, theo nguyén tic thi ta vAn cé thé sit dung
phép nang lity thita dé gidi quyét. Tuy nhién néu ta khéo 1éo mot chit bing st cdm nhan gitta cac dai
lugng thi khi nang lity thita ta sé thu duge mot phuong trinh gon gang va dep hon. Quan sat bai toan
ta nhan thay gitta cdc dai lugng trong phuong trinh & ca hai vé déu chita x va 3x va dé tieén 1oi trong
phép nang lity thita ta nén chuyén cac dau trit thanh dau cong.

N 3
Céch giai: Dieu kién z > T Luc d6 phuong trinh da cho trd thanh:
VIFB+V3r T =V 10+ V3r+4 & (Vi+5+V3r+7) = (Vo + 10+ 3z +4)°
S 4x 4+ 12 4+ 24322 + 220 + 35 = 4z + 14 + 24/322 + 34z + 40

S /3x2 4+ 220 4+ 35 = 1 4 /322 + 34x + 40
& 322 + 222 + 35 = 32?2 + 34x + 41 + 2v/322 + 342 + 40

—6x—32>0

& —6r —3=+322+34x +40 &
(62 4 3)* = 322 + 34z + 40

1
r< ——

& 2 s x=—1.
33r+2x—31=0

D6i chiéu diéu kién ta c6 nghiém ciia phuong trinh 1 oz = —1.

-Binh luan. V6i sy nhan xét tinh té gitta cac dai lugng c6 trong phuong trinh thi ta sé gidi quyét bai
toan gon gang va dep hon. D6 1a mot trong nhitng diém dang luu ¥ trong cac phuong trinh chita bén
can bac hai ma khi ta sit dung phép nang lity thita dé gidi quyét né.

Vi du 10. Giai phuong trinh 24/2 (25 — 2% + 23 + 1) = 22° — 22 + 3

# L gidi.

-Phan tich huéng gidi. Phuong trinh nay c6 hinh thic rat quen thuoc, nhung didu quan ngai 1a ca dai
lugng trong can thitc va ngoai cin thitc déu chita bac cao. Do dé dé c6 thé nim chic 15i giai nay bing
phép nang lity thira, thi diéu quan trong lic nay ciing chinh la chiing ta di tim hiéu nghiém ctia n6 thé
nao? St dung may tinh ta biét dugc phuong trinh nay c6 hai nghiem =z = 1; 2 = —5 Mit khac khi

nang liiy thira ta sé thu duge phuong trinh bac 6, v6i hai nghiem da biét thi trong qua trinh phan tich
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ta sé con phuong trinh bac 4, phuong trinh nay quen thudc hon nén bay gic ta méi tu tin dung phép
nang lity thita dé giai quyét bai toan.
Cach giai:

203 — 22 +3>0 203 — 22 +3>0
2225 —zt+ 23 +1) =223 —2’43 & &
8(2° —at + 23+ 1) = (22° — 22 4 3)° 428 — 1225 + 921 +
203 — 22 +3>0 r=1
= 4 1
(z—1)*22+1)°=0 v=—3
1

Vay phuong trinh da cho c¢6 hai nghiem z = 1; z = —5

-Binh luan. V6i nhitng phuong trinh co ban cé chita cac dai luong bac cao, néu nghiém ctia phuong
trinh “dep” thi ta vAn c¢6 kha nang diing phép nang lity thita dé giai quyét tron ven bai toan.

V6i 10 vi du vita phan tich va binh luan trén, ching t6i hi vong da mé ra cho quy doc gia c6 cai nhin
téng quan cho mot phuong trinh gidi bing phuong phap nang lity thita bao gdm nhitng tu duy va danh
gia ndo can c6 ngoai nhitng bai toan co ban. Bay gio van dé dit ra 1a v6i nhitng bai toan ma khi st
dung phép nang lity thita tao cho ching ta nhing bién doi phic tap hoic khong thé dung phép nang
lity thita dé gidi quyét thi ching ta sé giai quyét né bing phuong phap ndo? Msi cac doc gia chuyén
sang cau héi thit 2 ctia chung toi.

2. Khi nao nén st dung phuong phap dat an phu?

Phuong phép giai phuong trinh vo ty bing an phu héa la mot phuong phap vo ciing quan trong, cé doi
lac khi gip phuong trinh vo ty ma ta khong thé dung phép nang lity thita béi vi ¢6 thé 1a do khong giai
duge hodic giai duge nhung lai rdc réi. khi do c6 thé néu ta an phu héa sé duge mot 11 gidi gon hon.
Tuy nhién, ngoai nhitng dinh dang cu thé dé an phu héa & phuong phéap thi ta can phai xac dinh 16 xem
bai toan dang xét nén an phu héa bang cach nao la thuan tién nhat. Dé an phu héa mot phuong trinh
vo ty thanh cong thi diu quyét dinh d6 chinh 1a tim ra cac moi lien quan gitta cac dai lugng trong bai
toan dudc gin két v6i nhau thé nao. Mat khac cac phép bién doi an phu héa phai dua duge vé phuong
trinh c6 16i thoat nhat dinh, thuong gip dé chinh 1a cidc phuong trinh tdch nhan ti, cic phuong trinh
da thitc quen thudc, phuong trinh déng cap, hé phuong trinh giai bang phuong an thé hoiic he déi xing
hoiic hé c6 16i di danh gia nao dé. Dé hiéu 16 hon ta xem xét cac vi du sau:

Vi du 1. Giai phuong trinh 22 + V24 — 22 = 22 + 1

-Phan tich huéng giai. V6i phuong trinh nay, ta sé bat bau tim cac mdi lién quan gitta cac dai lugng véi
nhau dé tit d6 c6 thé an phu héa thanh cong. Ta dé ¥ rang: 2* — 2% = 23 (a: — i) . Khi d6 ta dé y thay
duge ring néu phuong trinh c6 nghiém thi nghieém dé buoc phai khac 0. Ngoai ra tit sut bién doéi nay ta
thay sy xuat hién clia s6 1 trong cin va ngoai cin lam ta lién tuéng dén phép chia hai vé phuong trinh
cho x # 0, ta thu dugc phuong trinh:

/ 1 1 1 / 1
r+r——=24+4-"r——F+{xr—==2
€T T T T

RO rang dén nay ta da thay dudgc siu lien quan gitta cac dai lugng trong phuong trinh nén ta hoan toan
c6 thé an phu héa dé giai phuong trinh nay.

Cach giai:

V6i x = 0 phuong trinh da cho khong thoa.

V6i & # 0 ta bién doéi phuong trinh da cho trd thanh:

1 ) 1
% 4 3x3<$——):2x+1<:)x2—|—$\5/$——:2:v+1
\/ x x
1 1 1\ /1
Sr+ifr——=24+-|lz——]+\/z———-2=0(1)
x x x x
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1
Dat t = {/x — —. Lic d6 (1) tr6 thanh:
T

B+t—2=0@t-1)(*+t+2)=0st=1.

1 1++5
sSir—"=lerr?—-zx-1=0zr= 2\/_
x

1++5

Vay phuong trinh da cho ¢6 hai nghiém =z = 5 .

-Binh luan. Ldi di tim moéi lién quan gitta cac dai luong & phuong trinh nay 1a mot huéng di rat quen
thuoc trong nhitng 16i di tim an phu  cac bai toan phuong trinh vo ty trong cac ki thi. Viéc phét hién
ra chia hai vé phuong trinh cho bién x dé tim an phu héa xuat phat tit ¥ tudng cac hé sé doi xiing, thé
hién ré trong bai toan nay chinh 1& s6 1.
Vi du 2. Giai phuong trinh 5 (2% + 3z + 5) = 3v/a* — 1522 + 25.
-Phan tich huéng gidi. Quan sat bai toan nay, ta thay hinh thitc phuong trinh rat quen thudc nhung
néu ta diing phuong an liiy thita dé giai quyét sé rat khé dat dude két qua kha thi phuong trinh tao ra
sé 1a phuong trinh bac 6 ¢6 nghiem vo ty. Do d6 dé giai bai toan nay, ta thit xem c6 thé an phu héa
duge khong?
Ta can tim cac moéi lien quan gitta cac dai lugng c6 trong phuong trinh.
Nhan x6t ring: 1 —1522425 = (21 4 1022 + 25)—2522 = (2% + 5)°—(5z) = (22 + 5z + 5) (22 — 5z + 5)
Téi nay, ta thay dudc dai lugng trong can thiic duge bicéu dién thanh tich. Do dé ta thit tim hiéu xem
dai lugng ngoai can thitc c¢6 lien quan gi dén tich nay khong? Thong qua xac dinh cic hé s6 bat dinh
m, n dé c6 duge phan tich sau: 522 + 152 4+ 25 = m (2 + 52 + 5) + n (2? — 5z + 5)
&b+ 152425 =(m+n)z2+5(m—n)z+5(m+n) ()

(

m+n=2>5

Dong nhat hé s6 hai vé ctia (*) ta thu dude: ¢ — =3 &

m+n=>5

\
Diéu d6 c6 nghia la: 5z% + 152 + 25 =4 (2? + 52 + 5) + (2> — dz +5) .

T6i nay xem nhu ta da thuyc sy thanh cong trong viéc tim ra mdi lién quan gitia cac dai lugng c6 trong
phuong trinh v6i nhau.

Céch giai: Phuong trinh da cho duge bién déi thanh phuong trinh:

4 (x? + 5z +5) + (22 — bz + 5) = 39/(2? + 5z + 5) (22 — Sz + 5)

4<x2+5x+5>+1_33 22 +5x+5

(1) vi 2? =5z +5 > 0, V.

22 —5r+5 -\ a2—-5z+45
245245
Dat t = ¢ % , khi d6 phuong trinh (1) tré thanh:
t=—1
4 -3t+1=0< (t+1) A2+ 4+1) =0« .
t=—
2

24 5245
Véit = — <:>,3/%:—1@:5%5:0(vanghiém).

1
1 24 52+5 1 _45 + /1045

Voit = = o ¢ T0TH0 1 2 s 185 =0 e g = o= VDS
2 2 —55+5 2 14

—45 £+ /1045

21 z T 2 14 ‘ 2 2
-Binh luan. Viéc tim hé so bat dinh deé gan ket cac dai lugng trong phuong trinh v6i nhau deé tao an phu
héa 1a mot hudéng di rat quen thudc va quan trong trong 16i di an phu hoéa. Dé stt dung duge diéu nay,
ta can tach dugc dai lugng trong can thitc thanh tich, viec tach tich nay thudng dya vao hing dang

Vay phuong trinh da cho c¢6 hai nghiém x =
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thitc hodc biét trude nghiém ctia phuong trinh. Tuy nhién néu sau khi buéc tach tich ma ta khong tim
duge he s6 bat dinh gan két dai lugng con lai theo hai thita s6 c6 trong tich tach duge thi dé c6 kha
nang la phuong trinh dé khong giai bing an phu2 hoa.

Vi du 3. Giai phuong trinh /222 — 3z + 1 = ;Cx é

-Phan tich huéng gidi. Quan sat bai toan nay, véi dieu kién cho phép ta quy dong sé dua bai toan vé
dang quen thudc va c6 thé sit dung phép nang lily thita dé giai quyét bai toan. Tuy nhién, ta hay thi
v6i phuong phap an phu héa bai toan nay, ta sé thu dude nhitng kién thitc gi va 1oi gidi cho né dugce tu
duy thé nao dé gin két mdi lien quan gitta cac dai lugng véi nhau.

Ta c6: 202 —3x+1=a (22 —3) + 1.

Khidonéut=/z(2x—3)+1=2(2r—-3)=1>—1.

Khi dé6 két hgp véi phuong trinh ta sé thu duge hé phuong trinh:

t?—1=x(2z—3)

2 —1=1t(2x—3)

He thu duge 1a mot he déi xing loai 2 quen thuoc. Vay xem nhu viéc tim sy lién quan gitta cac dai
luong c6 trong phuong trinh da hoan tat.

1
R 202 —3x+1>0 —-1<z< =
Cach giai: Dieu kien ¢, & ] 2
x J—
>0 =
2w —3° T3

Datt=+/z(2r—-3)+1t>0=z2x—-3)=t>—1.

Khi dé6 két hgp véi phuong trinh ta sé thu duge hé phuong trinh:

t?—1=x(2x—3)(1)

2?2 —1=1t(2z—-3)(2)
Lay (1) — (2) vé theo vé ta thu dugc phuong trinh:

- =02rx-3)(z—t) & t—2)(t+3z-3)=0<&

20 3++5
Véit=z=>V212-3zx+1=2< &= \/_

2?2 —=3x4+1=0

<1
V6it=3-3x V222 -32+1=3—-3z & o =1.

722 — 152 +8 =0
3i¢51
2 )
-Binh luan. Viéc dit an phu héa két hgp véi phuong trinh dua vé hé phuong trinh giai bing cac phuong
phap co ban la mot trong nhitng 16i di cling kha pho bién trong cac bai toan phuong trinh vo ty.

D6i chiéu diéu kién ctia x, t ta c6 nghiem x = {

Vi du 11. Giai phuong trinh V22 + 3z + 6 + V222 — 1 = 3z — 1.

# Loi gidi.
-Phan tich huéng gidi. Quan sat bai toan ta thay bai toan c6 chita hai can thitc nhung cac dai luong
trong cac can thic lien hé véi nhau khong c6 “than tinh” véi dai lugng con lai & vé phai cia phuong
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trinh nén ta khong thé an phu héa hai can thic dé rdi biéu dién dai lugng con lai theo an phu duge.
Do dé dé c6 thé tim duge mbi lien quan gitta cac dai luong v6i nhau trong bai toan ta can phai thoat
can thitc dé lam gidm do phic tap ctia bai toan. Dé thoat can thic thi phép nang liy thita la uu tién
hang dau.

Duing phép nang liiy thita ta bién déi phuong trinh vé phuong trinh:

2?4+ 3r+6=1122+ 62 —2(3x+ 1) v2z2 — 1

S 2Br+1)vV222—1=102>+3x —6

Phuong trinh vita bién déi chi chita mot cin thitc nén ta hoan toan cé thé sit dung phép nang lity thita
mot lan nita dé giai phuong trinh bac 4. Tuy nhién huéng di nay, ching ta sé tim hiéu tiép theo ¢ phan
sau. Van dé bay gio 1a ta di tim cac moi lien quan gitta cac dai lugng c6 trong phuong trinh véi dai
lugng chita trong can thiec.

Ta c6: 102% + 3z — 6 = 4 (222 — 1) + 222 + 3z — 2.

Khi d6 néu ta dat t = v/222 — 1 thi phuong trinh vita c6 duge sau phép nang liiy thita tré thanh phuong
trinh: 46> =23z + 1)t +22°+32—-2=0

Xem phuong trinh nay la phuong trinh bac hai theo bién t thi phuong trinh c¢6 biet thic A = (32 + 1)2 —
422243z —2) = (z —3)°.

Diéu nay c6 nghia rang phuong trinh bac hai theo t hoan toan tach dugc nhan ti. Vay dén nay ta da
két thic bude di tim méi lien quan gitta cac dai luong véi nhau.

V2 V2

Cach giai: Diéu kien 222 —1 >0 & 2 < 5 V> -
Phuong trinh da cho duge bién déi thanh:

V2435 +6=3r—1-V22—1 =22 +32+6= (30— 1— 222 —1)

S22 +3r+6=1122 4+ 62 —2B3x +1)v222 -1

2Bz +1)v222 -1 =102+ 32 — 6

4222 -1)—-20Bz+1)vV222 — 1+ 222 + 32 — 2 =0(1)

Dat t =222 — 1, ¢ > 0 . Liac d6 phuong trinh (1) tré thanh:

42 — 2Bz + 1)t + 222 4+ 32 — 2 = 0(2)

Phuong trinh (2) ¢6 biet s6: A = (32 +1)* — 4 (222 + 3z — 2) = (. — 3)*
,_Srtlta—3 2w-1

Suy ra phuong trinh (2) ¢6 hai nghiém phan biét: 4 2
yrap & ) ST D ’ t_3x+l—a:+3_x+2
N 4 2
>1 \/_
2z — 1 T =5 —1 6
Véit:xT@Q\/QxQ—lz%c—l@ 2 x:%.
422 +4x —5 =0
2 T > =2 2+ 2v/5
Véit:%©2\/2x2—1:x+2<:> @x:T\/_.
Te? —4r —8=0
P p . 2+2v5 —1 6
Dai chieu dieu kién va thit lai ta ¢6 nghiém: x = { +7 \/_; —; \/_} )

-Binh luan. Day la huéng di an phu héa khong hoan toan hay con goi la st dung biét sé Delta chinh
phuong dé tach nhan ti ctia phuong trinh, mot trong nhitng phuong 4n ciing thudng gap trong ki thi
hodc & mot 16p bai toan phuong trinh vo ty. Phuong phap nay, can c¢6 nhing ki nang bién doi thich
hop va khéo 1éo gitta cac dai luong dé c6 thé tim duge biet s6 Delta chinh phuong thanh cong. Trong
cac phan phan tich sau ching ta sé biét cach dé dat dugce diéu dé ta can qua nhing bude phan tich co
s6 nao. Va 16i di trong bai toan 1a tim an phu sau mot phép bién ddi nang liiy thita ciing 1& mot 16i di
ma ta thudng stt dung khi can an phu hoa.
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Vi dy 12. Giai phuong trinh 7 (z — 2) 22 — 1+ (11 — 82) /4 — 2+ 6 = 5/ =222 + 9x — 4 —21.

# LJi giai.

-Phan tich huéng gidi. Quan sat phuong trinh ta thiy phuong trinh chita ba cén thiic, trong d6 c6 hai
can thiic chiia can bac nhat v mot can thiic chita tam thiic bac hai. V6i phuong trinh phép nang Iy
thita xem nhu that bai. Vay ta sé chuyén huéng tim méi quan hé giita cac dai luong dé tim cach an phu
hoa.

Trude tién ta quan tam dén hai dai luong bac nhat va dai lugng tam thitc bac hai c6 lien quan gi dic
biét khong?

Ta c6: —22° +9r —4=(2r — 1) (4 —x) .

V6i nhan xét nay, ta c6 thé an phu hoa ca hai can thitc hodc mot can thic, tuy nhién quan sat thay
hé s6 ding trude cac can thiic chita dai luong bac nhat khong cé su tuong dong nén ta khong nén dit
mot an phu ma la ca hai an phu va sit dung tim hé s6 bat dinh dé gin két cac dai luong lai véi nhau
theo an phu.

N |

Céch gidi: Dieu kien ¢ 4 — 2 >0 =3

222 +9x—4>0
\

u=+2x—1

Dat ,u,v > 0.
v=+4—x

Khi d6 ta c6: 7 (z — 2) = 2u? — 3v%, 11 — 8z = —3u? + 202, 22 + 6 = 2u® + 20v% .
Luc d6 phuong trinh da cho trd thanh:

2u® — 3utv — 3uv? + 203 = — (2u? — Huv + v?) (1).

Nhan xét rang vé trai va vé phai cia (1) déu la phuong trinh ding cap.

Do dé6 ta xét cac kha nang.

V6i v =0 = u = 0, khong thoa phuong trinh da cho.

V6i u,v >0, dat u= kv (k> 0) . Khi d6 (1) tré thanh:

(2% — 3Kk2 — 3k + 2) 0% = — (2K — 5k + 2) v?

& (k+1) (2K — 5k +2) v® = — (2% — 5k + 2) 02

1
A
o 2K -5k+2)[(k+Dv+1]=0s 2 vi(k+1)v+1>0
k=2
- 1 8
lek:—<:>\/2x—1:§\/4—x<:>2x—1:—(4—x)<:>:c:§.
1
V(’jik::2<:>\/2x—1:2\/4—x<:>2x—1:4(4—x)@x:g.

e as . 8 17
Dai chieu dieu kién ta thu duge nghiém = = {5, E} )
-Binh luan. Bai toan nay la bai toan c6 16i an phu hoéa rat thudng gip trong phuong trinh vo ty. Bai
toan c6 chita f(z), g(z) va f(x).g(x). C6 thé phat trien bai todn nay theo nhidu géc do khac nhau va
tng v6i mdi goc do ta sé ¢6 161 di an phu hoa phit hop va diéu dé lé thuoce nhiéu vao cach nhin va bién
doi ctia ngudi gidi. Ching ta sé c6 rat nhiéu bai toan dé c6 luyen tap cho bai toan nay.

3 4+222 —3x+1

Vi du 13. Giai phuong trinh va?2 —z + 1 = T
x
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# Loi giai.

-Phan tich huéng gidi. Bai toan nay c6 nhiéu 16i di khac nhau, 6 nay ta quan sat bai toan dudi cai nhin
an phu héa. V& phai phuong trinh 1a mot phan thic c6 ti 1a mot da thic bac 3 va mau la mot tam
thiic bac 2, con vé trai chita mot can thic ma bén trong 1a mot dai lugng bac 2 nén ta thit bién doi
khéo 1éo cac dai lugng tit va mau ciia phan s6 véi dai luong trong can thitc xem thé nao?

Taco: 2+ 202 -3z +1=(z+3) (2> —x+1)— (x+2) .

Mat khac: 22 +2= (22 —z + 1) + o + 1.

Khi do6 véi t = Va2 — x + 1 thi phuong trinh da cho tré thanh:
FBtr+1)t=+3)?—(2+2) - (z+3)*+(x+1t+x+2=0(1)

Xem phuong trinh (1) 1a phuong trinh bac ba theo bién t, ta sé c6 gdng bat nhan tit bang cach doan
nghiém duya trén hé s6 hodc bang ki thuat thém bét. Ta dé y rang véi cac he s6 ¢ phuong trinh (1) thi
viec doan nghiém dang k.x véi k 1 s6 thuc khéac khong 1a diéu khong dé nén ta sé nghi dén viéc c6 khi
nghiém ma ta can doan c6 thé ¢ dang t = ax + b. Ma diéu nay la khong dé dang nén dé di tim nghiem
nay thi ta sé ¢6 gang tach phuong trinh (1) sao cho ¢6 nhan tt ¢t —ax —b=0 .

That vay ta bién ddi (1) ta co:

B—(z+3)2+(x+Dt+x+2=0

st —t—1)—z(—-t—-1)-2F—-t-1)=0&*-t—-1)(t—x2—-2)=0.

T6i nay ta da thanh cong trong viéc bicu dién an phu theo céac dai lugng lien quan trong phuong trinh
du khong triet dé hét.

Céch giadi: bat: t =va?2—z+1,t>0 .

Lic d6 phuong trinh da cho dudc viét lai:

(24+ 1)V —ao+1=234+22>—-3x+1
S@—z+l+z+)Vai—x+1l=(+3)(2*—z+1)— (z+2)
SE+r+)t=+3)t?—(2+2) - (z+3)*+(x+1)t+2x+2=0

St —t—-1) -z —-t-1)-2F-t-1)=0—-t—-1)({t—-2-2)=0

o 1oV5
)
t?2—t—1=0 t=xa—2
& S| = L+V5 . Déi chéu dieu kien ta co:
2 1++5
t=x+2 t= 5
t=x+2
1 5 1 5 1 5 1++v/3+2v5
Véi t = +2\/_<:>\/x2—x+ = +2\/_<:>I‘2—I— +2\/_:0<:>x: 2+ \/_
r+2>0 3
Véit=o+2V2—z+l=0+2% @x:—g.

2?2 —z41=(zx+2)°

34+2v5 3}

) L s 1+
Doi chieu dieu kién ta c6 tap nghiém 7' = { P

2 "5
-Binh luan. Qua bai toan nay da gitp ching ta thay dudc tam quan trong ciia viec bién ddi khéo léo
gitta an phu va cac dai lugng lien quan doi lac phép bién doi dé rat triet dé nhung ciing c6 doi lic phép
bién doi do khong triet dé duge, Vi vay tam quan trong ctia an phu héa mé ching toi dé cap & trén dé
chinh 1a can phai tim dudc méi lien quan gitta an phu va dai lugng c6 trong phuong trinh.

Vi du 14. Giai phuong trinh 22 4 222 — 92 + 3 = (322 — 3z — 5) vz — 1.

& L gidi.

-Phan tich huéng gidi. Phuong trinh nay c6é hinh thic kha gidng v6i phuong trinh vita xét, nhung ta
khong thé ing dung dugc 161 giai ctia bai toan vita xét vao bai toan nay vi dai luong trong can chi la
bac nhét, viéc tao ra cac biéu thic lien quan sé rac réi. C6 1 diéu rat tu nhién trong phuong trinh vo
ty d6 1a néu trong phuong trinh chi chita mot can thiic ¢ dai lugng bac nhét thi khi muén an phu héa
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ta chi can dat t bang can thic. Khi d6 ta can thém yéu t6 vé nghiém ctia phuong trinh dé c6 thé tu tin
vé an phu héa. Déi v6i phuong trinh nay, sit dung may tinh ta biét duge phuong trinh c6 nghiem duy
nhét 1a « = 2. Diéu nay gitp ching ta khéng dinh dugc manh mé hon viéc an phu héa phuong trinh
nay.

Cach gidi: Dieu kien z —1 >0 < 2 > 1.

Datt=+vax —1,t>0.Ltacdo6taco: xz =t>+1.

Do d6 phuong trinh da cho duge bién doi thanh:

(+1)°+2(2+1)7 -9+ 1) +3= 32 +1)° =32 +1) — 5|t

S0 -3+ 5t -3 - 22 +5t —3=0 (t —1) (5 —2t" + 33 — 2t + 3) = 0(1)

Nhan xét rang véit > 0 thi ta co:

-2 43— 2 4+3 =3t -1 +28 -2 4+3 =3t -1+t +2)(t—1)°+t2+t+1>0
Dodo (1) chota:t—1=0t=1<Vr—1=1<r=2.

D6i chiéu diéu kién ta c6 duge nghiem la z = 2.

-Binh luan. Qua bai toan nay ta nhan thay ring néu phuong trinh c6 chita mot can thitc ma can thic
d6 chita dai lugng bac nhat, ciing véi nghiém ctia phuong trinh tim duge bang may tinh 1a “dep” thi ta
hoan toan cé thé an phu hoa bai toan thanh cong. Day ciing chinh 1a 16i di thuong gap trong cac bai
toan thi.

Vi du 15. Gidi phuong trinh /72 +1 — Va2 —2 — 8+ v/a2 — 8z — 1 = 2.

# L3 gidi.

-Phan tich huéng gidi. Quan sat bai toan ta thay bai toan c6 chita ba cin thitc bac ba, trong d6 c6 hai
can thitc chita tam thiic bac 2 nén néu ding phép lity thita cho bai toan nay c6 thé ching ta sé vuéng
phai nhitng tinh toan ric r6i. Do d6, ta chuyén huéng an phu hoa cho bai toan nay.

Trude tién ta tim moi lien hé gitta cac dai lugng tham gia phuong trinh xem chiing ta c6 duge dieu gi?
Nhan xét ta c6: (Tox +1) + (—2?* + 2 +8) + (22 — 8z — 1) = 8.

(
a=+/Tr+1
Dodonéudat { p— J/—2 1748 =>a’+b+=8.

c=+vz?—8xr—1

\

. a+b+c=2
T day ket hgp véi phuong trinh ta c6 hé:

a’+ b +c* =8

Quan sat hé nay, ta cadm gidc duge ngay chia khoa gidi quyét bai toan chinh la hing dang thic.
(

a=~/Tx+1

Cach gial: Dt § p=— ¥/—2 1 2+8 = ad+b¥+3 =8

c=var2—8xr—1

\

. a+b+c=2
Két hgp v6i phuong trinh ta c6 hé:

a®+b*+c* =8
Laico: (a+b+c)’ =a®+b0+cE+3(a+b)(b+c)(cta).
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a=—b Vix+1=—v/—22+2+8
Suyra: (a+0b)(b+c)(c+a)=0& | p=—¢ © | V2 2r+8= 22 _8r—1
c=—a | VT 8 T=-YmTI

22 —8x+9=0 r = =1
2 —x=0 x=0

Thit lai ta c6 tap nghiém cta phuong trinh 14 7= {—1;1;9} .
-Binh luan. Hé phuong trinh ching ta thu dude giai quyét bing hing ding thic va thé, mot trong
nhitng huéng giai quyét cling thudng gip trong qua trinh an phu héa phuong trinh.

Vi dy 16. Cidi phuong trinh 2 (4v/z + Va2 1 2 - 3) + \3/4 (2 +Va¥12) =0

# LOi giai.
-Phan tich huéng gidi. Bai toan thoat nhin ta thay hét sic réi mat vi da chita hai can bac léch lai con
cac dai luong duéi can thic lai chita can. Tuy nhién quan sat mot chit va du tinh ¥ trong dai s6, ta sé
thay rang hai dai luong chita trong hai can thic c6 gan két véi nhau.
That vay ta co: (z+ Va2 +2). (-2 + Va7 +2) =2

L 2
Tu dé tanghidéen neutadat t =z +vVa?+2 = -+ Va2 +2 = I
Vay la xem nhu méi lien hé gita dai lugng c6 trong phuong trinh va an phu héa da hoan tét.

2

Céch gidi: Dat t =x + Va2 +2 = —ax + Va2 +2 = T

Lic d6 phuong trinh da cho trd thanh phuong trinh:

8 2 1
24t—3:§/j<:>24t—3:—<:>4 t+——3=0(1
(1VE-3) = {f @ 2(1Vi-3) = o & i+ 5 -3=00)
Lai dit u = v/t, u > 0. Ta c6 (1) trg thanh:
1 w? = —1
4u3+—2—320<:>4u6—3u2—|—120<:> 1
U
2 _
1 1u_21
Déi chiéu diéu kién ta c6: u? = 3 et = 3 St = %"
Tu doé ta co:
<1 <1 13
1 T> 56 =55 1-2
Vit +2= - & 2 & 2 Sr= :
T+ T+ 26 ) ) 1 1 1_213 x 27

-Binh luan. Viéc phuong trinh c6 chita ciap s6 ma tich ciia chiing bang k sé thyc thi viéc giai quyét né
bing an phu la hoan toan c6 thé giai quyét duge, mot 16i di ciing thuong gap.

Vé6i 9 vi du vita phan tich trén chac doc gia da c6 phan nao vé viéc tra 10i duge cau héi khi nao giai
phuong trinh vo ty bang an phu. Theo nhitng gi da phan tich trén da cho ta thiy dugc dé gidi mot
phuong trinh vo ty theo huéng an phu hoéa, ta can nhat chinh la su phat hien cac dai luong lien quan
dén an phu bing méi quan hé nao? Tim dugc mbi quan hé nay ta sé di duge dén 161 giai bai toan. Vay
ta c6 thé khéng dinh dugc ring cac phuong trinh giai bing an phu hoéa thi cac dai lugng trong phuong
trinh phai c6 cong hudng dude véi an phu hoac triét dé hosic khong triet dé.

PHAM KIM CHUNG ITEX-https: / /www.facebook.com/groups/GeoGebraPro/ Kl


http://trunghochoasen.com/

TOAN THPT | 107

0 Khi nao nén sir dung luvgng lién hop?

C6 mot 16p bai toan phuong trinh vo ty ma véi hai phuong phap dau ta xét tinh khong thé giai
quyét duge vi né6 qua phiic tap khi nang lity thita hosic khong tim dudge mdi tuong quan hd trg nao khi
mudn an phu héa. Nhung nghiem ctia phuong trinh lai chi ra duge, khi dé phuong phap nhan lugng
lien hiép sé phat huy manh vai tro ctia né. Ban chat thuc sy ctia phuong phap nay la lam dung cac ki
niang lien hiép dé bit nhan tit chung tach tich trong dé c¢6 mot thita sé trong tich chi ra nghiém ctia
phuong trinh, con thita sé con lai thuong ta phai danh gia n6é vo nghiém ho#c két hop véi phuong trinh
dau hoac ding ki thuat da biét dé tim nghiém ctia né. Dé ¢6 thé hiéu 16 hon va thay duge wu va nhuge
diém ctia phuong phap nay ciing nhu thuc hanh lai mot lan nita cac ki nang lien hop ta chi ra trong
phan phuong phép ta xét cac vi du sau.

Vi du 1. Giai phuong trinh vz3 4 4x — 2 = /8 — 22.

# L3i gidi.
-Phan tich huéng gidi. Bai toan c6 hinh thitc don gidn dé danh lita gidc quan ciia ching ta gidi quyét
né bang lity thita, tuy nhién qua hai lan lity thita dé thoat can thic ta di dén phuong trinh bac 6, mot
phuong trinh khong phai dé thit lita trong lic lam bai thi duge. Su xuat hién ciia hai can thitc va cac
dai lugng trong can thitc khong c¢6 méi lien quan nao ca nén viéc an phu héa la hoan toan khong kha
thi. St dung mAy tinh ta biét phuong trinh nay c6 nghiém duy nhat x = 2. Do d6 ta sé sit dung phuong
phap lien hop dé tao cho phuong trinh c¢6 dang (z — 2).f(z) =0
Ta dé ¥ ring khi x = 2 thi ta c6: Va3 +4 =4; /8 — 22 =2
Tu dé ta di dén cach gidi sau:
. S—z2>0

Céch giai: Diéu kien s 0<x<2V2

x>0

Phuong trinh da cho duge bién doéi thanh phuong trinh:

Vi +dr —2=/8—12 &Vt +4xr —4 =8 — a2 -2

o ( 2)(x2+21:+8+ T+ 2 ) 0(1)
T — =
Vad+4dr+4 /8 —a242
2+ 2x+8 T+ 2

Nhan xét: >0 voi 0 <z < 2V2.

Vad+4r+4 * V8 —1x2+42
Do d6 (1) chor —2=0<x=2.

Vay phuong trinh c¢6 nghiém duy nhat 1a z = 2.

-Binh luan. O bai toan nay ta thiy phép nhan lien hgp bat nhan ti cho 10i gidi vo cing don gian, cach
tao biéu thitc lien hop d6 chinh la tim gia tri clia cén thitc tai vi tri ctia nghiem dé tit d6 thém bét tao
dude nhan ti, phan con lai danh gia kha don gian.

Vi du 2. Giai phuong trinh  — v/9 — 222 = /9 — 23.

& L gidi.

-Phan tich huéng gidi. Bai toan nay c6 hinh thiic kha gidng v6i phuong trinh vita xét, viec st dung
hai phuong an kia chiing ta tam thoi gac lai ma chii yéu nhan manh vao yéu t6 vi sao c6 thé giai dugc
phuong trinh nay bang phuong phap nhan lugng lién hop.

St dung may tinh ta biét phuong trinh nay c6 nghiém duy nhat = 2.

Mit khéc ta dé y thay rang: 22 — 4 (9 — 22%) = 9 (2% — 4) .

Lai ¢6: (9 — 23) — (9 — 22%) = —2% (x — 2) . Do d6 ta di dén 10i giai sau:

PHAM KIM CHUNG TEX-https: //www.facebook.com/groups/GeoGebraPro/ Ei


http://trunghochoasen.com/

CHUYEN DE PHUONG TRINH VO TY

(
9—-222>0
N 3vV2
Cach gidi: Didu kien { g _ 43 > 0 @ongTf.
x>0
\
Ltc dé phuong trinh da cho duge bién déi thanh:
9 (2% —4) —22 (z —2)
r—2v/9 =222 =9 — a3 — /9 —
x+2\/ 9 — 222 \/9—:E3+\/9—2x2
9(x+2)
& (v —2 + —0(1
( ) T+ 2v/9 — 222 \/9—x3+\/9—2x2 W
9 (x+2) z? 32

>0V010<x<—

Nhan et T4+2v9—222 9 — 23+ 9 — 222

Dodé (1) chox—2=0<z=2.

Vay phuong trinh c6 nghiém duy nhat x = 2.

-Binh luan. Bai toan nay dudgc lién hop “mot cach rat noi tang” tiic 1a ban chat phuong trinh da chia
sén biéu thitc lien hop tit viec nhan dinh ca hai dai lugng trong can thitc dé chita s6 9 va hé s6 ctia bién
gitip tao ra dugc nhan tit can tim.

Vi du 3. Giai phuong trinh 3v/22 — 1 + 2v/5 — 422 = 42

# LJi giai.

-Phan tich huéng gidi. Phuong trinh nay hinh thic cho ta biét hai phuong phap ma ta vita phan tich
§ trén hoan toan bat lic véi phuong trinh nay. Stt dung may tinh ta biét phuong trinh nay c6 nghiém
T = {5, 1} . Do do6 ta sé can tim cach lién hgp dé xuat hién cho dugc nhan tir chita hai nghiém nay.

V6i phuong trinh nay, ta can tim nhan tit ¢6 dang 14 mot tam thic bac hai vi phuong trinh da cho c6
hai nghiém.
Do d6 v6i hai gia tri ciia nghiém ta sé thu dugc hai s6 a, b thda hé dang thitc: 3v/2x — 1 — (az +b) = 0

Thay lan luot hai gia tri nghieém ctia phuong trinh ta thu duge a = 6;b = —3
Tuong tu cho dang thitc: v/5 — 422 — (cx +d) = 0
Ta sé thu dugc ¢ = —2;d = 3.
Ltc d6 ta sé hoan thién phuong trinh bing cach thém bét sao cho phuong trinh van khong ddi va bit
dau lién hop.
. 20 —12>0

Cach giai: Dieu kién

5—4x2>0

1
Véi x = 2 phuong trinh khong thoa.

1 5 o
VG S < < \/7_ ta bién déi phuong trinh da cho thanh:

3V20 —1— (62 —3)+x [vVb—4a?2 —(3—2z)] —3(22® =3z +1) =0
(222 — 3z + 1) 4z (22° — 3z + 1)

< —6 — —3(222-32x+1)=0
V2r—1+4+2x—1 /5 —422+3—-22 (22 ’ )
6 4x
—2x2—3x+1( + 3) 0(1
( ) V2r—1+2x—1 /5 —422+3 -2z (1)
6 Az 1 V5
Nhan xét: + +3 >0, < —.
‘ V2r—1+2x—1 /5 —422+3—2x 2 -2

1
Dodétfx(l)tacé:2:1:2—3:U+1:0<:>:U:§\/:U:1.
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S

Z. .z . X . 1 e . N
Doi chieu véi dieu kién 3 <z < , ta c6 nghiém la z = 1.

"y

1
-Binh luan. Bai toan nay cac ban luu y ching t6i dua ra nghiém x = 5 trude la c6 1i do. Vi khi z =
thi biéu thic /22 — 1 + 22 — 1 = 0 nén ta khong thé nhan lugng lien hop duge. Do dé viec khép chiit
lai mién nghiém nhu trong 16i gidi gitip cho phép lién hgp duge thanh cong. Day 1a mot trong nhiing
yéu t6 ma cac ban rat dé pham sai lam.

Két hop lai ta c6 nghiem 1a: o =

— Do
DO | =

1

DO |

Vi du 4. Giai phuong trinh xv/22 + 4 — 2v/522 4+ 20 + 3z = 0.

# L3i gidi.

-Phan tich huéng gidi. Quan sat bai toan ta thiy dudc ta chi gidi duge phuong trinh nay trén tap so6

thuc duong.

That vay v6i « < 0 thi xva? + 4 — 2v/522 4+ 20 + 3z < 0.

Mat khéc ta bién déi phiong trinh da cho trd thanh: (z — 2v/5) V2% + 4 = —3x(1).

Vé6i phuong trinh (1) ta lai thdy ring néu z > 2v/5 thi phuong trinh v nghieém. Do d6 ta chi can xét

phuong trinh trong khoang 0 < z < 2v/5.

St dung may tinh ta biét dugc phuong trinh nay c6 nghiem duy nhat « = /5. Tir d6 ta di dén 10i giai

cho bai toan nhu sau.

Céch giai: Véix < 0 thi xva? +4 — 2522 + 20 + 3z < 0.

Do dé phuong trinh da cho vé nghiém.

Phuong trinh da cho duge bién doéi thanh phuong trinh:

(z—2v5) Va2 +4 = —3z(1).

V6i phuong trinh (1) ta thiy ring néu 2 > 24/5 thi phuong trinh vo nghiem. Do dé ta chi can xét

phuong trinh trong khoidng 0 < 2 < 2+/5.

Luc do6 éohufdng trinh (1) dugc bién doi tlféanh'
x

T+ — N Wb =0z —\Vb+ —— Nz

& <x — \/5) + 2(” 5) =0

(22 +4) (

_\/__0

i)
f)

2+ 4

e (z—v5) [ 1+ =0(2)

2(v
@44 (

V6i 0 < x < 2v/5 thi 1+

)
)

2 >
(22 4 4) ( Wi
Do d6 tit (2) ta c6 x — /5 =0 <z = /5.
Déi chiéu diéu kien ta c6 nghiém ciia phuong trinh = = /5.
-Binh luan. Viéc chia khodng nghiém chinh xac phuong trinh c¢6 thé c6 la mot viec lam hét sitc quan
trong trong bai toan nay, vi khi dé phan con lai duge danh gia rat chit va dé dang. Diéu nay da lam
gidm di sy kho khian cho bai toan, mot dieu dang luu § va can thiét can c6 khi gidi bing phuong phap
nhéan lugng lién hgp.

\/7+
2(+

> 0.

+\/5)

Vi du 5. Giai phuong trinh /72 — 8 + 5vx — 1+ 2 = 222 — 1.

# L3i gidi.
-Phan tich huéng gidi. Day la bai toan kha hay dé chiing té dudc stic manh ctia phuong phap nhan
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lugng lien hgp va ki thuat truy nguge dau biéu thic lien hgp. That vay, sit dung may tinh ta biét dugc

nghiém ctia phuong trinh da cho la x = {1;5} . Diéu nay c6 nghia rang ta can phai tao ra nhan ti la

mot tam thiic bac hai 22 — 62 + 5. Tuy nhién véi cac hé s6 nhu bai toan dang c6 ta sé st dung ki thuat

truy ngucc dau biéu thic lien hop dé tao thuan loi trong viéc danh gia.

Tric 1a thay vi ta ding biéu thiic lien hgp dang: v/ f(z) — (ax +b).

Ta sé dung ngudc lai nhu sau: (ax +b) — / f(z).

Véi viéc sit dung ngugce nay tic 1a ta da c6 mot dong thai ddo dau rat c6 1oi trong khi gidi quyét phan

con lai khi bat duge nhan tii.

Cach giai: Diéu kien o > 1.

V6i z = 1, phuong trinh da cho dugc nghiém dung.

V6i x > 1, ta bién déi phuong trinh da cho thanh phuong trinh:

2v/Tx — 8+ 10v/x — 1 +4 = 2xv/22 — 1

Srr+1-2v20-1)=5(r—-1-2Vz—1)+ (2> =6z +5)+2(z —2— Tz —8)
vl(z+1)°—4(20—1)]

r+14+2v22x -1
5lx—1)°—4(z-1)]

z—1+2v/x—1

2[(x—2)° - (72 - 8)]
(x =2+ (x — 2) VYTx — 8+ /(T — 8)°

+(x—1)(x—5)+

5 2z x
&le-hl=5 r—1+2/2-1 " (4 91 (c_2) U7e 84 3/(7x_8)2+1_x+1+2\/2x—1
0(1)
5 2z

Véi x > 1 ta co: > 0.

0,
P 0 (-2 VTS + T )

x T T
T+ 14220 -1 SIF1 <l=1 r+1+2V20 -1 >0
Dodotu (1) tact: (x—1)(x—5)=0&z=1VvVer=>5.
Déi chiéu dieu kien x > 1tac6 x =5 .
Két hop lai ta c6 nghiém ctia phuong trinh 13 7 = 1; x = 5.

Lai co:

-Binh luan. Viéc chi ra nghiém z = 1 truéc 1i do nhu vi du trén, viéc nhan hé s6 2 trude khi phan tich
c6 duge 1a do trong qua trinh tim cac hé s6 bat dinh dé tao biéu thiic lien hgp cé chita phan sb co
mau 1a 2. St dung ki thuat truy ngude dac biét c6 10i cho cac bai toan ma hé s6 ctia chiing c6 cach dit
dé nhu nhan hé s6 truée can bing mot biéu thiic chita bién. Tuy nhién trong nhiéu trusng hop thi ci
“thuan” va “ngugc” déu co 161 giai toi uu.

Vi dy 6. Giai phuong trinh vz — 1+ vz + 3+ 2y/(z — 1) (22 — 3z + 5) = 2.

# LGi gidi.

-Phan tich huéng gidi. Quan sat bai toan va sit dung méy tinh ta biét phuong trinh nay c6 nghiem duy
nhat z = 1.

Ta dé ¢ thiy ring: (22)° — (Va + 3)2 =42 —x—3=(x—1)(4r +3).

Tt d6 ta di dén 10i gidi cho bai toan nhu sau:

Céch giai: Diéu kien « > 1. Lic d6 phuong trinh da cho duge bién ddi nhu sau:

Vi —1+2/(x—1) (22 -3z +5) = (x-1)(r+3)

2v +Vx + 3
4z +3) Vo — 1
e ViTT |1+ 20/ s U3 Ve = 0(1).
20 ++vxr + 3
Taco 1+2Va8 =30+ 5=1+/2[s2+ (=3 +1] > 1+ V22 > 1+2

Mait khéac theo bat dang thitc Cauchuy ta cé:
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x
—  (Az+3)Vr—1  (dx+3)vr—1 5(433"’3)
e=le-D+lz2va-1= 2v 4+ vz + 3 = 2x = 2x
Tt cac nhan xét nay (1) chotav/xr—1=0< 2z =1.

Vay phuong trinh c6 nghiém duy nhat x = 1.

-Binh luan. Bai toan trén khong kho vé mit tao nhan t nhung lai ¢6 khé khian trong phan danh gia.
Viéc stt dung cac bat dang thiic co ban quen thuoc dé danh gia 1a mot viec hét sic can thiét trong
phuong phap nhan luong lien hgp khi ma ching ta khong cach nao dé tranh danh gia.

Vi du 7. Giai phuong trinh 32% + 522 4+ 22 + 5 = (2% + 3x + 5) V222 + Hz.

# Loi gidi.
-Phan tich huéng gidi. Quan sat phuong trinh nay, ta dé y thay dugc giita hai dai lugng bac ba cé ciing
s6 5 nén ta thit ghép chiing lai bang phép trit dé khit hé s6 ta thu duge dicu gi?
Ta c6: (3z% + 52% +2x +5) — (2% + 32 +5) = z (222 + bxr — 1).
Dai luong vita thu duge gan giéng biéu thiic chita trong cin vi ta chi can thuc hién phép bién ddi sau:
(Vaa™+ 595)2 —1=22245z—1.
V6i hai nhan xét nay, ta da biét nhan ti chung can tim chinh 13 dai lugng ma cd hai budc phan tich
trén da chi ra.
Tt d6 ta di dén 10i gidi cho bai toan.
r< —=
Céch giai: Didu kien 222 +52 >0 < | 2
x>0

Phuong trinh da cho duge bién doi tré thanh phuong trinh sau:

323 + 5% + 22 +5 — (2° + 3x + 5) V222 + bz

©32% + 522 + 20+ 5 — (2% + 32 +5) — (2 + 32+ 5) (V222 + 52 — 1) =0
222 + 5r — 1

) =0
V222 4+ 52 +1

23 13245 202 +b5xr—1=0
— =U <=
\/2x2+5x—|—1> . 2 +3x+5
V2r2 4+ 5z +1
—5++33
4

&z (202 4+ 5 — 1) — (2% + 3z +5)

& (222 + 52 — 1) (a:

V6i 222 +5x—1=0< 1z =

2 +3r+5
Véi = S22+ br =23 4+2x+5
V2r2 +5x+1

= 23 (22 +5) = (z%)° + 2.4%. (22 4+ 5) + (22 + 5)°
& @)+ 2045+ (22457 =0
2x+5>2+3(2x+5

(thoa diéu kien).

2
) = (0 vo nghiém.

—5++/33
2 P 4 . N Z

Tong ket. V6i bai toan nay viéc phan tich duge nhan tit chung 1a do mot phan bai toan c¢6 dau hiéu
qué dic biet. Tuy nhién trén thic té va qua cac bai toan da biét & phan phuong phap cac ban déu biét
dé st dung phép lien hop thanh cong thi viéc sit dung may tinh dé doan dugc nghiém ctia phuong trinh
trude 1a dieu khong thé bé qua nén cho dit phuong trinh c6 nghiem chin hay 1é ta déu c6 thé st dung
may tinh dé tim nghiém ctia phuong trinh v bat nhan t& chung. Cac ban hiy xem ky phan phu luc
clia chiing t6i trong viéc tim nghiém bang may tinh.

Két thiac phan cau héi nay & vi du 9, hy vong rdng v6i nhiing phan tich é nhitng géc nhin khac nhau
va nhitng bai toan khac nhau da phan nao gidi quyét duge cau tra 1oi 1a ding truéc mot phuong trinh

= <x3+

Vay phuong trinh da cho c¢6 hai nghiém =z =
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vO ty ta can giai quyét thé nao? Va vi sao phai chon phuong phap lien hop dé giai. Uu va nhuge diém
va cach khiac phuc danh gia thi tit cac bai toan & chuong I dén lic nay, chac da tra 16i duge phan 16n
cac cau hoi ma ching toi da dat ra. Luu ¥ rang, trong qua trinh lien hop sau khi bat nhan ti chung
khong phai ltc ndo ching ta ciing thu duge mot két qui vo nghiém, sy c¢6 nghiém trd lai sau khi lién
hop sé duge chiing t6i phan tich & cac bai toan sau.
Q Khi nao nén s dung phuong phap danh gia

C6 mot s6 16p bai toan phuong trinh vo ty ma khi st dung cdc phuong phap khac cho 10i giai kha
dai va ric réi va cling ¢6 khi véi nhitng phuong phap do ciing khong thé giai quyét duge bai toan, khi
d6 phuong phap danh gia sé dugce tinh dén. Nhitng phuong trinh vo ty giadi bang phuong phap danh gia
thuong 13 nhitng phuong trinh thudng c6 nhitng dau hiéu dé 1a néu chia trén timg khodng nghiém ctia
phuong trinh ta thu dugce nhitng diéu vo 1y va phuong trinh chi ding trén mot ho#ic hai gia tri nao do6
ma thoi. Ciing ¢6 khi dau hiéu nam & hinh thic phuong trinh ggi cho anh clia mot trong nhitng hang
déng thtic co ban, cling c6 khi can dén ham s6 dé danh gia. Diéu d6 nhdm dén dé st dung danh gia
phuong trinh ta can c6 nhing ki nang hét stc khéo 1éo va dit manh dé c6 thé thanh cong. Dé vén mot
phan bi mat va gitp cho doc gia c6 thé hinh dung cau hoi dat ra duge gidi quyét thé nao, cong véi cac
bai toan da xét trong phuong phap ¢ chuong I, hay xem xét cac vi du sau.

Vi du 1. Giai phuong trinh vz — 14z +3+42y/(z — 1) (22 — 32+ 5) =4 — 2z.

# Loi gidi.

-Phan tich huéng giai. St dung may tinh ta c6 nghiém duy nhat ctia phuong trinh 1a x = 1. Diéu nay
gdi ¥ cho ching ta sé lien hop phuong trinh nay. Tuy nhien néu ta dé ¥ xudt phét tit dieu kieén cta
phuong trinh la z > 1.

Khi détaco: Vo —1++Vr+3+2\/(x—1)(22—32+5) >Vr+3=2vad—2z <2

Diéu nay gai cho chiing ta manh dan danh gia phuong trinh nay cho 10i gidi gon gang.

Cach giai: Dieu kien = > 1. V6i dieu kién nay, ta c6 hai danh gia sau:
Ve—1+vVr+3+2/(x—1)(22—32+5) > Vo +3=2.

Dau x4y ra khi va chi khi x = 1.

4 — 2z < 2. Dau xdy ra khi va chi khi z = 1.

T hai danh gid nay ta c6: Vo — 1+ vz +3+2y/(x —1) (22 =32 +5) > 2 >4 — 2z.

Do d6 dang thitc xay ra khi va chi khi z = 1.

Vay phuong trinh c6 nghiém duy nhat x = 1.

-Binh luan 1. Viéc chi ra nghiem 2 = 1 trude 1i do nhu vi du trén, viéc nhan hé s6 2 trude khi phan
tich c6 dugc 1a do trong qué trinh tim cac hé s6 bat dinh dé tao biéu thic lien hop c¢6 chita phan sb ¢6
mau la 2. St dung ki thuat truy ngude dac biét ¢6 10i cho cic bai toan ma hé s6 ctia chiing c6 cach dat
dé nhu nhan hé s6 truée can bing mot biéu thiic chita bién. Tuy nhién trong nhiéu trusng hop thi ci
“thuan” va “ngugc” déu co 161 giai toi uu.

-Binh luan 2. V6i su tinh té khéo 1éo cach phat hién tir dicu kién thi hai vé phuong trinh déu sé c6
dang f(z) < a < g(x) da gitp ching ta c6 161 giai bang danh gid gon nhe. Day 1a mot trong nhiing
huéng danh gia rat quan trong va thuong gap rat nhidu trong phuong trinh vo ty, c6 thé dé la phuong
phap danh gia truc tiép dé giai phuong trinh, ciing c6 khi d6 chinh 13 16i di dé xt li phan con lai trong
phuong trinh khi ta da xi 1f biang cac phuong phap khac.

Vi du 2. Giai phuong trinh vz — 1+ Vo +8 = 23 + 1.

# LGi giai.

-Phan tich huéng giai. Phuong trinh nay chia can bac cao nén ré rang cac phuong phéap khac da xét
dén khong thé triet pha ndi phuong trinh nay, dit ta biét phuong trinh nay cé nghiem duy nhat = = 0.
Do d6 ta sé chuyén huéng danh gia phuong trinh xung quanh nghiem c6 duge. Tic 1a ta sé siét chiit
lai mién nghiém ctia phuong trinh.

Céch giai: Nhan xét x = 0 thoa phuong trinh da cho.
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Vr—1+yr+8>-1+2=1
Véiz>0= < nén phuong trinh vé nghiém.

3 +1<1

\
(

Vi—1+vVr+8<-1+4+2=1
Véixz <0 = nén phuong trinh vé nghiém.

234+ 1>1

\
Vay phuong trinh c6 nghiém duy nhat x = 0.
-Binh luan. Véi phuong trinh c6 bac kha cao thi viéc stt dung danh gia loai phuong trinh nay c6 thé la
t61 uu nhat. Ki thuat siét chit mién nghiem 6 161 giai trén la mot 161 di dang dé cha y khi giai phuong
trinh bing phuong phap danh gia. Cai kho ctia 16i danh gid nay chinh 14 ta can chi ra duge quanh ving
nghiém chi ra ta can so sanh véi diéu gi? O bai toan khi cho z = 0 thi hai vé phuong trinh déu bang
1, nén ching t6i da tap trung quanh viing ctia s6 0 dé so sanh hai vé phuong trinh véi s6 1.

Vi du 3. Giai phuong trinh /322 + 62 + 12 + v/52% — 1022 + 9 = —2z (z + 2) + 3.

# Loi gidi.

-Phan tich huéng gidi. Quan sat bai toan ta thiy dudc cac dai lugng trong can thic 1a mot tam thic
bac hai luon duong, mot phuong trinh trung phuong dua vé tam thitc bac hai cling luon duong. Mot
diéu ty nhien, khi gip cdc dai lugng tam thiic bac hai duong la tach ching vé dang (az + b)2 +k.

Ta ¢6: 322 4 62 + 12 =3 (z + 1) + 9 = /322 + 62 + 12 > 3.

5t — 102249 =5 (22— 1)° + 4 = bzt — 102% + 9 > 2.

Do do6 ta c6: vV3x2 + 6z + 12+ vVbat — 1022 +9 >3+ 2 =5.

Laico: —2z(x42)+3=-222—4x+3=-2(2+20+1)+5=—-2(x+1)>+5<5.

V6i nhan xét nay ta da hinh dung duge cach giai ctia bai toan.

Céch giai:

Taco: =2z (x+2)4+3=—-222 -4 4+3=-2(22+204+1)+5=-2(z+1)"+5<5.

Dau ding thic xay ra khi va chi khi « = 1. Mt khac ta lai c6:

V3 6+ 12+ VB — 1022+ 9 = /3 (e +1)2 + 124+ /5 (22 + 1)’ +4>3+2=5

Dau déng thic xay ra khi va chi khi z = 1.

Vay phuong trinh c6 nghiém duy nhat x = 1.

-Binh luan. Véi bai toan nay ta bat dugc sy danh gia do c¢6 syt nhan xét vé cac dai luong duong trong
can thic nén cho phép ta tach cac hing ding thic du va ddu bing xay ra tai cing mot vi tri, mat khéac
két hop véi vé phai phuong trinh 13 mot tam thiic bac hai luon am va khi thay gia tri dé c6 ding thiic
§ vé tréi lai cho ding bang gia tri. Day ciing la mot trong nhing yéu t6 danh gia quen thudc.

Vi du 4. Gidi phuong trinh v4a3 — 622 — 2z + 10 =1 — 2*\/z (z + 1) (v — 2).

& L3i gidi.
-Phan tich huéng giai. V6i bai toan hinh thic nay viée tim diéu kién trude tien 1a wu tien hang dau.
. 43 — 622 —x+10>0 —1<z<0
Diéu kién s
z(x+1)(x—2)>0 x> 2
Tu diéu kién nay ta 6 ngay duge: 1 — 2?/z (z + 1) (z —2) < 1.
Vay van dé con lai ta chi can chi ra duge: v/4a3 — 622 — o + 10 > 1.
Binh phuong hai vé, ta thu duge: (z + 1) (422 — 10x + 9) > 0.
T6i nay, da xem nhu danh gia thanh cong.
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. 422 — 622 — 2+ 10> 0 —1<z<0
Cach giai: Dieu kién &
rz(x+1)(x—2)>0 x> 2

Tu diéu kien nay ta 6 ngay duge: 1 — 2?y/z (z + 1) (z — 2) < 1.

Dau dang thiic x4y ra khi va chi khi z = —1.

Mat khac tu dieu kién ta luén cé: V4x3 — 622 — 2 + 10 > 1.

That vay, binh phuong hai vé bat phuong trinh ta c6:

423 — 62> —2+9> 0 (z+1) (422 — 10z +9) > 0 (luon ding).

Dau ding thic x4y ra khi va chi khi z = —1.

T cac danh gia nay ta c6: V423 — 622 —2+10>1>1—2?\/z (v + 1) (z — 2)

Déng thitc xay ra khi va chi khi z = —1.

Vay phuong trinh c¢6 nghiém duy nhat x = —1.

-Binh luan. Bai toan nay tu diéu kién ta c6 ngay dugc mot danh gia, do d6 bai toan tré nén danh gia
kha don gidn. Stt dung phép bién déi tuwong duong dé hoan thién danh gié 1a mot viec rat thuong ding.

2_2 1 2
Vi du 5. Gidi phong trinh V8= 2% + /5 =5 - R
xr A

# Loi gidi.

-Phan tich huéng giai. Quan sat bai toin va st dung may tinh ta biét duge nghiém duy nhat ctia phuong
trinh 1a 2 = 2. T6i nay kha ning cé thé nghi dén lic nay la phuong phap nhan lugng lien hop vi hai
phuong 4n nang lity thita va an phu héa la hoan toan khong kha thi. Tuy nhién véi cau tao ctia bai
toan thi viec stt dung phuong phap lién hop ciing kha thi. Mat khac, ta nhé rang v6i phuong trinh vo
ty thi cho di phuong phép nao thi muc dich chinh ciing 1a thoat can thiic. Véi cac dicu vira luu y thi dé
gidi bai toan nay ta sé chon 16i danh gia, cong v6i viec can phai thoat can thiic nén mot diéu tu nhién
ta nghi ngay dén bat ding thitc Cauchuy (AM — GM) sao cho dau dang thitc phai xay ra tai z = 2.
Dé c6 duge diéu do ta phan tich nhu sau:

—s 8 — 8 — a?
S /™ x<@+ x

4 m 4 m

£ 2 - 2 : BN 2 . m 8_m2 2 2
Dau dang thic x4y ra khi va chi khi — = & m®=4(8—2a%).
m
_A+8- §
Voi =2 = m = 4. Tit do ta c6: VB — % = S—a) < x:3—“%.
2 —2 ma?—2 _m  x*—2
Vo =2V T g m <5+ .
4 2ma? 2ma? )
DAau dang thitc xay ra khi va chi khi: _:3: — o omPa? =4(22 - 2).
2m$2
3: —2 x2—2 1 3 1
Cho x =2 = m =1 nén ta co: \/ ,/ 572 972 +Z:Z_ﬁ

8—22>0 2 <x< =2

Cach giai: Diéu kien ) &

—2
L >0 V2 <1<2v2

212

Ap dung bét déng thic AM — GM ta ¢6 cac danh gia:
2

4
VB2 = \/ R—x +8 —3—%

Dau ding thu’c Xay ra khl va chi khl —2’ =41 =242

/a: —2 x—2 _3 1
23:2 222 4 4 g2

)
Déu dng thitc xdy ra khi va chi khi: v’

1
— =42,
222 4"
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V6i hai danh gia nay tu phuong trinh da cho ta co:
241 2.3 1 2 (1 1)
5T <3+t e (5-1) +(———) <0.

xr 4 4 x? 2 x 2/ =
z 2 E - 1 = 0
Dau dang thiic xay ra khi va chi khi: ? . S x=2.
=0
r 2

Vay phuong trinh da cho c¢6 nghiém duy nhat z = 2.
-Binh luan. Bai toan c6 16i danh gia thoat cian bing bat dang thitc Cauchuy, mot trong nhitng yéu to
rat duge wa chuong trong 161 danh gia. Tiép theo ta xét mot bai toan c6 161 danh gia giong nhu vay.

Vi du 6. Giai phuong trinh 3/x + v/2 — 2 + v/3 — 22 = 5.

# 131 giai.

-Phan tich huéng giai. Ta sé tap trung danh gia phuong trinh nay bing bat ding thitc AM — GM quen
thuoc dé tao duge nghiém ctia phuong trinh 1a z = 1.

Cach gidi: Diéu kien 0 < z < 2.

St dung lien tiép bat déng thic AM — GM ta c6 cac danh gia:

T < (\/_+1) xl—?) 37 < (a:4—|—3)

< \/ —x+1 S —x

4
2_
T 4

2

V3 Ton < \/3—223:—1—1 < 6—42x
Cong vé theo vé cac danh gia nay ta thu duge: 3v/r + v2 — o+ /3 — 22 <5

Dau ding thic xay ra khi va chi khi z = 1

Vay phuong trinh c6 nghiém duy nhat x = 1.

-Binh luan. Két cau hinh thic clia phuong trinh gitp ching ta lién tuéng dén phuong an chon dé giai
quyét 1a phuong an danh gia.

Vidu 7. Giai phuong trinh 2 (22 + 1) Vo + 1+ (4 — ) V2 — 22 = 622 + 2.

& L gidi.
-Phan tich huéng giai. Hinh thitc bai toan & vé trai goi cho chiing ta lién tudng dén viec an phu hoa bai
toan nay, tuy nhién ching ta sé khong dat dugc két qua nhu mong mudn, vi vé phai phuong trinh chita
mot can thiic c6 chita dai lugng tam thic bac 2. Mat khac vé trai phuong trinh c¢6 hinh thic ggi ta mot
bat dang thiic quen thudc, d6 la bat dang thiic Bunhiacopxki (B.C.S). Bat dang thitc B.C.S dugc viét
duéi dang.

PO ) ... b d
lab + cd| < /(a® 4 b?) (¢® + d?). Dau dang thic xdy ra khi va chi khi: — = =

a ¢

Mat khac khi sit dung may tinh ta biét dugc phuong trinh nay vo nghiem.
Tt d6 ta di vao hudng gidi quyét bai toan nhu sau:

. r+1>0
Cach giai: Dieu kién: S -1<z<1.

2—-2x2>0
Nhan xét v6i « = +1 khong thoa phuong trinh da cho.
V6i —1 < z < 1, ta st dung bat dang thitc B.C.S ta c6:
V2(2r+1)vV2z + 2+ (4—2)v2 -2z < \/(2(2x+1)2+(4—x)2> (22 +2+2 — 2z) = 627 + 2.
V22 +1)  4-u 2z + 1 4—x

Vi3 Vioor  Viil Vooox

Dau déng thitc xay ra khi va chi khi:
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e 2+D)V2—2r=(A-2)VeF+1l=2c+1)2—-2z)=4—2x)(z+1)°

& 13— 32% + 62+ 14 = 0(1)

Véi (1) ta c6: 2® — 322 4 62 + 14 = (z — 1)* + (3z + 15).

Mavéi: —1 <z <1=-8<(z—1)°<0;12<3z+15< 18

—=4<(z—1)"+3z+15 < 18.

Do dé (1) vo nghiém nén dau dang thitc khong xay ra.

Vay phuong trinh da cho vé nghiém.

-Binh luan. Qua bai todn nay, ta thay dudc rang doi lac hinh thic phuong trinh c6 thé goi lén cho
chiing ta mot hinh dnh bat déng thiic nao dé roi ta st dung phép danh gia pht hop tit bat déng thic
do ta sé tao dugc 1oi giai cho bai toan.

Vi du 8. Giai phuong trinh vt 4+ 20 — Vot +9 = 23 — 7.

# Li gidi.
-Phan tich huéng gidi. Quan sat phuong trinh ta thiy cac dai lugng chia trong can thitc déu 1a cac dai
luong bac 4, vé phai phuong trinh lai 1a mot dai lugng bac 3. St dung may tinh ta biét duge phuong
trinh ¢6 mot nghiem duy nhat z = 2. Mat khéc ta c6: (z* + 20) — (z* +9) = 11.

Do d6 ta bién ddi phuong trinh da cho trd thanh: 11 = (23 — 7) (\/x4 + 20+ Vaxt + 9)

Tit phuong trinh nay, ta suy ra duge Diéu kien 2° — 7> 0 < 2 > /7 .

Khi d6 ta tiép tuc bién déi phuong trinh vita bién doi thanh phuong trinh vz 4+ 20++va2t + 9 =

11
. 3 =7
Khong khé dé nhan thay rang phuong trinh cudi ¢6 vé trai 1a mot ham sd dong bién, con vé phai 1a
mot ham s6 nghich bién nén ta nghi dén viéc giai phuong trinh nay bang cach st dung ham s6 dé danh
gia.
Céch giai: Phuong trinh da cho duge bién ddi thanh phuong trinh:
11 = (2 = 7) (VaT+ 20 + V2T +9)
Tit phuong trinh nay, ta suy ra dude diéu kien 2° — 7 > 0 < z > /7.
Khi d6 ta tiép tuc bién déi phuong trinh vita bién déi thanh phuong trinh:
Vet +20 4+ Vit +9 = ——— (1)
l’ J—
Xét ham s6: f(z) = Va2 +20 + Vot + 9, = > /7.
Ta c6: ':10:2173( + )>O,x>\?/7.
@) Vat+20  Vat+9

Vay ham s6 f(z) lien tuc va dong bién véi 2 > /7.

3 Lo 332 3
:U>\/7.Taco:g(x):—m<0,x>\/7.

Xét ham s6: g(v) = — =
x J—

Vay ham s6 g() lien tuc va nghich bién véi z > /7.

Do d6 phuong trinh f(z) = g(x) néu c6 nghiém thi ¢6 t6i da mot nghiem.

Ma: f(2) = ¢g(2) nén x = 2 1a nghiém duy nhat ctia phuong trinh.

-Binh luan. St dung ham s6 dé danh gia 1d mot phuong phéap rat dude quan tam hién nay, né la mot
cong cu manh nhung khong khé lai c6 tinh pho bién rat cao, hau hét cac bai toan xuat hién trong dé
thi thit ho#c dé thi dai hoc thi phuong phap nay luon c6 chd ditng rat dang quan tam. Ngoai so sanh
tinh déi lap gitta hai ham, ngudi ta con c6 thé st dung danh gia mot ham sé nao dé dé chi ra nghiem
cua phuong trinh.

1 /1 1 [ 1
Vi du 9. Giai phuong trinh | ——— +1 ——x—(—+1> ——+2x—-1=0.
(1—x) x x? 1—x

# L gidi.
-Phan tich huéng gidi. Bai toan c6 hinh thitc kha rdi, tuy nhién ta lai thiy gitta cac dai luong c6 su doi
xing dan chéo cho nhau.
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That vay, ta bién doi phuong trinh da cho gon lai thanh:

0 phuong trinh nay, hai vé phuong trinh goi cho dé giai phuong trinh nay ta sé thong qua danh gia

mot ham s6 dic trung 16t t& duge hinh thiie cho ca hai vé.
1
) 2t
D6 chinh la ham so: f(t) = 12 Vay ta sé di vao huong giai cho bai toan.

1
\/ - —t
t

Cach giai: Diéu kien 0 < z < 1.

1 1
Bién dbi phuong trinh da cho tré thanh: £ - = - (1)
V= game
x 11—z
1
) - t+1
Xét ham s6: f(t) = L L0<t<l.

1
Vot
/
BV )/
Vit —4— (12— 1)

Ta co: f'(x) = i = N : <0,te(0;1).
i 2t4(——t> = —t
t t

Vay ham s6 f(¢) lien tuc va nghich bién v6i 0 < ¢ < 1.

1 1 1 1 1
Do do i (1)t £(5) -1 () = L gL
o do tur (1) ta c6: f o f T )T T T3
. . . . 1
Dai chieu dieu kién ta c¢6 nghiém duy nhat ctia phuong trinh la x = 3

-Binh luan. Day la mot trong nhing 161 di danh gia thong qua mot ham sé dic trung dé giai quyét bai
toan. Loi di nay v6i nhitng bai toan ¢6 mdi lien quan v6i nhau dé tao ra duge mot ham sb dic trung
thi né thuc su rat manh.

Vay 1a chiing toi vita trinh bay véi ban doc vé nhitng vi du va nhitng phan tich can c6, nhitng cht dich
tu duy thuong gap nhat khi gidi phuong trinh bang phuong phap danh gid. Mat khac qua cac vi du da
xét, chiing t6i ciing da ¢ gang lira chon nhing vi du dit manh dé c6 thé tra 15i cho cau hoéi duge dit
ra trude d6. Hy vong quy doc gid da rat cho minh duge nhitng diéu can thiét.

Tuy nhién, trén nay chi 1a nhitng hanh trang can c6 khi ding truuée mot phuong trinh vo ty, nhung trén
thie té déi véi mot phuong trinh vo ty ta sé gip rat nhiéu cach gidi quyét khac nhau va dé chinh I3
diéu thd vi ctia phuong trinh vo ty. Dé biét duge didu do6, ching ta tiép tuc tim hiéu nhitng phan tich
c6 1y dé giai quyét mot phuong trinh vo ty theo nhiéu cach khéc nhau, nhitng khé khan va thuan 1o,
hodc nhitng 16i di doc d4o cho bai toan phuong trinh vo ty qua 5 phan sau.

Q Nhiéu huwdng giai cho mét bai toan — Uu diém va nhugc diém

Vi du 1. Gidi phuong trinh 2 — 2% = /2 + 2.

# LOi giai.

-Phan tich huéng gidi. Ddi v6i mot phuong trinh vo ty, cho diu ching ta c6 chon huéng nao giai quyét
di chang nita thi muc dich cudi ciing ctia ching ta la lam cho phuong trinh “thoat” cin thic mot cach
don gidn nhat c6 thé va dé t6i gidn hoéa hinh thiic clia phuong trinh. Mot diéu can nhé do6 1a khi giai
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phuong trinh vo ty ta c6 gang doan dudc it nhat mot nghieém ctia phuong trinh dé tit dé c6 thé phan
doan huéng di thuan lgi nhéat.

V6i bai toan ta dang xét, hinh thiic ciia phuong trinh gon dep don gidn nhung dé giai quyét né ching
ta sé c6 rat nhiéu diéu tha vi. Khong qua kho, ta nham thay duge phuong trinh c6 gia tri = —1 thda.
Va ciing véi hy vong thoat can thi ching ta c6 hai phuong an: nang lity thita va dat an phu.

-Huéng 1: Nang lay thua

2—22>0 —V2<2<V2

Taco:2—a2?=r+2& &
2—a2)’=z+2 xt— 42t —x+2=0

V2 <2 <V2

r=-1
—V2<1<V2 r=—1
= = = =
(22 —2—-2)(z*+2—-1)=0 T x—ﬂ
- -1-V5 T2
r=——"

2
—1—1-\/5
T =

2

~14++/5
d Zz 2 . 2 2

-Huéng 2. Dat an phu. Quan sat bai toan, ta thay bai toan chi chita mot cin thiic, vay ta cé the an
phu héa t bing can thic rdi rat bién x theo an phu. Lai ¢6, trong phuong trinh chita 22 nén phuong
trinh theo an phu t sé la mot phuong trinh bac bén. Tuy nhién, do ngay tit dau ta da nham duge gia
tri x nén ta c6 gia tri t = 1. Tt d6 ta hoan toan gidi quyét bai toan. That vay: Diéu kien: x > —2. Dat
t=vVr+2,t>0.Tacoao=1>—2.
Ltc d6 phuong trinh da cho tré thanh: 2 — (2 —2)° =t < t? — 42+t +2 =0

\ -

Vay phuong trinh ¢6 hai nghiém z = —1; z =

t=1
) t= -2
St-1)(t+2)t*—-t—-1) =0« t:1+\/3

2
14++5

Déi chiéu dicu kién ta thu duge: t = 1; t = 5

_ —1++5
-—=r

Tu doé tacod:x=—1;x . Tuy nhién, trén day chi 14 hai huéng di c6 thé 1a thuong gip nhét

khi gip phuong trinh nay. Chung ta con c¢6 mot s6 hudng tiép can khéac, néu ching ta nhin né dusi mot
gbéc nhin khéc.

-Huéng 3. Bay gio quan sat phuong trinh da cho:

2—at=Vr+2 &2t =2—z+2)

Hay quan sit vé phai ctia (*) ta linh cdm duge sy “thiéu hut” ctia mot hang dang thitc.

Z Z 2 2z ]. 1 Z
That vay, neu ta bien doi vé phai thanh: 2 —\/x +2 =2+ 2 — 2.5.\@ + 2+ 1 va ve trai cua phuong

1
trinh thanh: z2 4+ = + T

V6i céc bién doi nay, ching ta da thay hai vé clia phuong trinh 1a hai hing dang thiic, tit d6 ta c6 15i
giadi cho bai toan:
Diéu kien x > —2. Phuong trinh da cho dugc bién déi thanh:
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1 1
m2:2—\/x+2®x2+x+—:x+2—\/x—+2—|—zl

4
- [
r+1>0
1)\ 2 1\2 r+1=+vx+2 ?4+rx—1=0 r=-1
<:><:c—|—§> :(\/:L'+2—§) & & > & L+ V5
Vr+2=—x <0 x:T
{
?—x—2=0

— \
-Huéng 4. Gio ta quan sat phuong trinh: 2 — 22 =V +2 22 -2+ +2=0
O phuong trinh nay néu ta nhin hing ding thic dudi géc do khéc ta ciing sé thu duge mot 161 gidi tha
vi. That vay, ta chi can them bét dai lugng x vao ngay s6 2 ta thu duge phuong trinh:
?—r—24r+Vr+2=02"—(z+2)+ (r+V2+2) =0
& (x—\/x+2) (x+\/x+2) =+ (x—i—\/a:—l—Z) =0& (m—i—\/a:—l—Z) (:v—l—l—\/x 2) =0

—r =z +2
=
r+1=+x+2

Téi day, ta giai nhu hudng 3.
-Huéng 5. Tt huéng hai ta thay ring khi ta dit ¢t = Vo +2 = t? — x = 2. Ké hop véi phuong trinh

2 —ax=2
ban dau ta thu duge mot hé phuong trinh:
2 4+t=2
Hé phuong trinh nay 1a hé phuong trinh gan doéi xtng loai 2. Nén ta hoan toan cé thé giai quyét bai
toan. Cu thé:
Dicukien x > —2. Datt =z +2,t>0.Taco: z =t> — 2 .

Két hop véi phuong trinh ban dau, ta thu duge hé phuong trinh: (+')

LAy hai vé phuong trinh trong he (') trit vé theo vé ta co:

t=—x
-zt —r—t=0t—2)(t+r)—(t+2)=0&(t+z)t—-2z-1)=0&
t=x+1
(
r <0
—x >0
Véit=—ax & Vr+2=—1& & r=—-1 %©r=-L
> —x—-2=0
T =2
\
§
z> -1
>
Voiit=z+1aoVitl=a+1& Tt & e VA RN :%ﬁ
?+rx—-1=0 _13\/5
\ e 2

-Binh luan. Qua vi du don gidn trén day, ching ta da thay dugce ding truéc mot phuong trinh vo ty
thi 16i di giai bai toan dat trong tam nhiéu vao huéng tu duy va tim cach gd rdi nhu thé ndo 1a hieu
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qua nhat. Tuy bai toan trén chi 14 mot bai toan don gian va co ban. Chiing ta cé thé khai quat hoa cho
bai toan tren la gidi phuong trinh: 22 + Va2 + a2 = a va dua vao cac huéng di nhu trén dé giai quyét
tron ven bai toan.

Vi du 2. Giai phuong trinh (z +2)va? —2r+4=(zr — 1) Va2 +4c+7

# LOi giai.

-Phan tich huéng giai. Bai toan nay vé hinh thiic c6 thé dua ra hai huéng giai quyét dé thoat can thic
la nang lity thita hodc dit an phu. Tuy nhién, khi sit dung phép nang liy thita ta can chi ¥ dén phép
bién déi tuong duong va phép bién déi hé qua vi ta chi duge phép bién doéi tuong duong trong phuong
trinh nay khi hai vé cing dau.

-Huéng 1. Stt dung phép nang liy thira:

Taco: (r+2)vVa? —2x+4=(x—1)Va?+4x+7
(

(x+2)(x—1)>0
< 9
(z+2)° (@ =20 +4)=(x—1)° (2® + 42 +7)
\
(
r< -2Vzr>1 r<—-2Vz>1
= =
(2 +27° [(2 =1 +3] = (z - 1) [(z +2)* + 3] (z+2)% = (2 — 1)
\
(
r< —-2Vz>1
& . (Hé vo nghiém). Vay phuong trinh da cho vo nghiém.
rT=—=
3 2
-Huéng 2: Dat an phu.
a=+rz2-2x+4 b2 _ a2 49 2 _a2—9
Dat ,(a;b>0).Tacé:x+2:++;x—1:+.
b= VT AT ET
Khi d6 phuong trinh da cho tré thanh:
b —a®+9 b —a?>-9
(P vo), (o), e gan o
a=3+b
< (a+b)(a—3-b(a+3—-0)=0< .
b=a+3
Véi:a=b+3 Va2 —20+4=vV22+4x+7+3 V2 +dr+T=—x—2
(
—x—22>0
& (Hé vo nghiém).

2?4+ 7= (x+2)°
\

V6i:a+3=bea Va2 —-20+4+3=V2+dao+7T V2 —-20+4=0—-1
4

r—1>0
&4 (Hé vo nghiém).

\ (22 — 204 4) = (z — 1)

Vay phuong trinh da cho vo nghiém.

-Binh luan. Bai toan 1a mot bai toan co ban va thuong gap.
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Chii ¥ phép bién ddi sau day la sai: AVB=CvVD < <{ D>

A’B = (C?*D
p \
AC>0 (
B>0
B>0
Bién d6i dung la: AVB = CVD < hoic AVB=CvVD < { o>
D >0
A’B =C*D
\ A’B=C?D )

Néu st dung phép bién doéi hé qua can kiém tra lai nghiém ctia phuong trinh.

Vi du 3. Giai phuong trinh 3 (2 + VT — 2) =2r++vVr+6.

# 131 giai.

-Phan tich huéng gidi. Quan sat phuong trinh da cho ta nhan thay trong phuong trinh c6 chita 2 cin
thitc nén ta nghi ngay dén viéc loai can thitc. C6 hai hinh thic loai dé 1a loai mot can thitc hoac 1a loai
hai cén thitc, nhim muc dich t6i gidn hoéa hinh thic bai toan.

-Xét kha ning loai mot can thic thi ta c6 thé chon can thiic nao ciing duge.

Dit ¢ = v/x — 2 thi lic d6 ta c6 z = t* 4 2

Phuong trinh trd thanh: 3 (2 +1¢) =2 (¢* + 2) + V2 + 8.

Bién doi phuong trinh méi ta sé thu duge phuong trinh: /12 + 8 = —2t% + 3t + 2.

Tiép tuc binh phuong phuong trinh nay ta sé thu duge phuong trinh bac bén t* — 32 + 3t — 1 = 0.
Can ctt vao sy nham nghiém ctia phuong trinh da cho ban dau, mot chid ¥ ma ching toi da nhac & vi
du 1. Khong khé dé thay = = 3 théa phuong trinh. Diéu dé ciing ¢6 nghia ring phuong trinh theo t ¢6
nghiém ¢t = 1.

Tt d6 phuong trinh bac bén theo t phai c6 nhan ti ¢ — 1. Thuc hién phép chia da thic hodic sit dung
s do Honerr ta thu dudc:

=33 +3t—-1=0¢t-1)E -2 -2t+1) =0t -1t +1) (> -3t +1).

T6i day bai toan hoan toan gidi quyét do d6 ta c6 hudng gidi nhu sau:

-Huéng 1: Diéu kien z > 2.

Dit t = Vo —2 ,t > 0. Tt d6 ta c6: ¢ = t2 + 2 . Lac d6 phuong trinh da cho trd thanh:
32+ =2(2+2)+ V12 +8 & V2 +8= 2> + 3t + 2

1
=212+ 3t+2>0 ——<x<2
& VN 2
248 =(—2t2+3t+2)° =33 +3t—1=0
(1
——<x <2
_2_ a
) t=1
—§§x§2 t=1 Vr—2=1
& & t=—1 & &
3—-5 3—5
— 2— = = — =
(t—1)@t+1)*=3t+1)=0 t_3+\/5 t 5 N ) 5
2
o 3=V5
L 2
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=3
11-3V5
r=———
2
11 —3v/5
Vay phuong trinh da cho c¢6 hai nghiem: x =3 ; x = T\/_ .

-Xét kha nang loai hai can thic:

Khi nhic dén viéc loai hai can thiic tic 1a ta diing hai an phu dé hoa giai hai can thitc bac hai trong
phuong trinh. Liic nay, thong thuong ching ta sé gidi mot phuong trinh hai an hoac mot hé phuong
trinh hai an, tity theo do khé clia bai toan ma ta c6 thé tinh todn xem viéc gidi phuong trinh hay hé
phuong tinh c6 1gi. Trudc tién ta an phu héa hai can thiic nhu sau:

avr —2;b=+x+6.
Do trong phuong trinh vAn con x nén ta sé bién déi x theo a, b bang cach ta binh phuong a, b rdi cong
2 12
. +b°—4
lai ta thu duoc x = CLT hay 2z = a® + b* — 4.

T6i day thay vao phuong trinh da cho ta thu duge phuong trinh:

3(24+a)=a?’+b*—4+b.

o) huéng 1 ta da tim dugce nghiem x = 3 tit d6 ta sé thu dude b = 3a. Do d6 ta can tach duge nhan ti
b — 3a.

Chuy ¥ diéu kien an phu héa ban dau ta sé thu duge: a> — > +8 =0

Tt day ta di dén cach gidi quyét thi hai nhu sau:

-Huéng 2: Diéu kien z > 2.

a=+xr—2 a?=1x—2
Dat: & =2r=a*+b—4,(a>0,0>0).

b=+Vz+6 V=146
Lac d6 phuong trinh da cho trd thanh:
324+a)=a*+bV —-4+bs10=0a’>+b*+b— 3a.
Tu phép dat ta c6: 8 = a? — b%. Do d6 ta c6 phuong trinh:
10
g(bQ—aQ):a2+b2—i—b—3a<:>2b2—18a2:b—3a
< (b—3a)(b+3a)=4(b—3a) & (b—3a)(b+3a—4)=0

b=3a Va+6=3vz—2(1)
= =
b+3a=14 VI + 643V —2=4(2)

Tu (1) tacé: Ve+6=3yVz -2 zx+6=9(x—2) & x=23.
Tu (2) taco: Vo +6+3vVe —2=4<3/(z+6) (z —2) =14 -5z

< 14
14—52>0 <1 t=7
— I =~ r < —
< & g & Lo E3VE
0 +4r—12) = (-5 | 1622 = 1760+ 304 0 13y
= —
\ 2
11 —3v5
2 ’ \/_
. . . ) 11 — 3v/5
D6i chiéu dieu kién ta c6 nghiém ciia phuong trinh h o = 3 ; 2 = —

-Tuy nhién, chung ta co thé loai can thitc mot cach trie dién cho bai toan thong qua goc nhin sau:
Qua hai huéng phan tich trén ta thay dugc phuong trinh da cho luén c6 nghiem z = 3. Quan sat
phuong trinh da cho ta c6 hai nhan xét sau:
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6—2x=2(3—x)

9(z—2)—(x+6)=8(z—3).

Vay dé thay ching ta c6 nhan tit x — 3, mudn c6 duge nhan xét thit hai ta can thoat hai can thic, dicu

nay c¢6 duge nho ching ta van dung lién hop cho dai lugng 3v/x — 2 — /x + 6.

T nay, ta sé ¢6 them mot hudng giai nita cho bai toan nhu sau:

-Huéng 3: Diéu kien z > 2.

Phuong tinh da cho duge bién ddi thanh: 3v/x — 2 — /2 + 6 = 22 — 6(*)

Nhan xét rang o > 2 ta luon c¢6 3v/z — 2+ /2 + 6 # 0 . Khi d6 ta bién d6i phuong trinh (*) trd thanh:

(3vVz =24z +6) (3Vz —2— Vz +6) 8 (z — 3)
3V —24+Vr+6 3Vr—2++vVx+6

=2(z—-3) &

=2(x—3)

4 r=3

3WVr—2++/x+6

@(m—?))( —1):0@

3Vr—2++r+6=4

T6i day ta gidi nhu huéng 2 va ta ciing tim dude két qua clia bai toan.

-Binh luan. Lai mot 1an nita ching ta thay dude, ditng truéc mot phuong trinh vo ty véi nhitng ling
kinh nhin khac nhau thi ching ta lai thu dugce nhiing 16i giai tha vi khac nhau va méi y tudng giai né
déu c6 xuat phat diém tu duy khac nhau.

Vi du 4. Giai phuong trinhy/12 — 2.4/15 — 2 + V15 — 2.4/20 — 2 + /20 — 2.4/12 — x = =.

# L gidi.

-Phan tich huéng giai. V6i bai toan nay dé thoat cin cac ban sé nghi khong thé dung phép nang liy
thita duge vi sé tao ra ric roi cho phuong trinh. Tuy nhién cédc ban hay dé y bén vé trai clia phuong
trinh ¢6 chita cac tich dang ab + be + ca gin gidng véi sy khai trién clia hiing déng thic (a + b+ ¢)*.
Do d6 dé thoat can thiic ta nghi dén phép nang lily thita hodc dit an phu héa, dong thsi st dung may
tinh ta biét dugc phuong trinh c6 nghiem duy nhat « = 11, ta c¢6 thé nghi dén phuong phap lien hop
hosic phuong phap ham sb6 dé giai quyét. Tuy vay phuong phap lien hop v6i bai toan nay that su sé
khong can thiét vi khi do6 ta sé tao ra nhiing biéu (thfl’C rac roi them cho bai toan.

12—z >0
. 15—2>0
-Huéng 1: Dung phép nang liy thirta: Dieu kién: &S 0<x <12
20—z >0
>0

\

Phuong trinh da cho duge bién doéi tuong duong véi phuong trinh sau:

A7 =30+ 212 —2./T5 — 2 + 215 — 2.4/20 — 2 + 2¢/20 — 2.4/12 — & = 47 — 3 + 2x.
e (VR2—z+VIE—a+v20 1) =47 =
S12-r+2V12—a(VI5—a+v20—2) + (VIE —2+ V20 —2) =47~

(VB —2+vV20—a)' =4T—2-VI2— 2 (VI2Z— 2+ V15— 2 +v20 — 2 + /15 — 2 + /20 — @)
= (VIE—a+V20—2) =47 -2 - V2 =2 (VAT — 2+ Vi —2— V12— 1)

s (VB —z+v20—2) = (V& —2) —2V12— 2 VaT —z + (V12— 2)°

o (VB—a+v20—2)' = (ViT—z—-V12—1)°

& 35+ 2v/15 —2.4/20 — 2 — 22 = 59 — 2\/4T —x.\/12 — 2 — 22

S V1 —2/20—2 =12 - /4T —2./12 —

= (15— ) (20 — z) = 144 — 24\/(47 — x) (12 — x) + (47 — z) (12 — 2)

S JWT—r)(12—2)=1T—2& @ —2)(12—2)=(17T-2)’ &z =11

D6i chiéu diéu kién va thit lai ta c6 nghiém clia phuong trinh 1a z = 11.
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(

12—z >0

-Huéng 2: Dat an phu. Diéu kien: { 5—z>0 <r<12

\ 20—z >0
( =12—2z>0 (x:12—a2
Dat: § p=/15 -2 >0 , (a,b,c>0). T phép dat ta c6: ¢ 7 =15 — p?
=v20—2>0 =20 — c?

\
Két hop véi phuong trinh da cho ta c6 hé phuong trinh:
( (

ab+ bc+ ca =12 — a? (a+0b)(a+c)=12
ab+bc+ca=15—-0* < (b+c)(b+a)=15

ab+be+ca =20 —c? (c+a)(c+b) =20

\ \

(

at+b=3

S (a+b)(b+c)(c+a)=60=345=< pyrc—5

ct+a=4
( ( N

a=1 V12—x=1
S p=2 &< Jib—r=2 &©rv=11

c=3 V20— =3

\ \
D6i chiéu diéu kién va thit lai ta c6 nghiém clia phuong trinh 1a z = 11.
(

12—z >0

-Huéng 3: Stt dung ham s6. Dicu kien: ¢ 15 _ >0 er<12

20—x >0

\

Taco: 1b—ax=(12—2)+3; 20—z =(12—2)+8.
Do d6 dit: t = /12—, (t >0) . Ta c6 phuong trinh da cho duge bién d6i thanh phuong trinh:
VB +3+VE+3VE+ 8+ 1V + 8412 =12,
Xét ham s6 f(t) —t\/t2+3+\/t2+3\/t2+8+t\/t2 8 + 1% vii ¢ > 0

o T3 2t% + 11t TR
T c6: fi)) = v St eas T vernera VTR +m
Do do ham s6 f(t) lien tuc va déng bién v6i t > 0 . Mat khac f(1) = 12.
Suy ra phuong trinh f(¢) = 12 ¢6 nghiém duy nhét
t=lev2—arx=1<x=11.

Vay phuong trinh da cho ¢6 nghiém duy nhat z = 11.

>0véit>0.

-Binh luan. Day 1a mot bai toan huéng giai ¢6 thé dén rat tu nhien 1a nang liy thita hosic an phu dé
dua vé hé phuong trinh ba an co ban, phuong phap ham sé ciing khong c6 gi 1a kho khan chi can xit
1i dao ham t6t. Bai toan nay vé hinh thtc clia né ¢6 kha nhiéu bai toan gidng nhu vay trén cac sach
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tham khao khac nhung vé huéng giai dung phép nang liiy thita hau nhu khong duge quan tam dén ma
chtt yéu an phu héa dua vé hé phuong trinh ba an co ban nhu huéng 2.

Vi du 5. Giai phuong trinh x + 1 + v22 — 4z + 1 = 3/x.

# Loi giai.
-Phan tich huéng gidi. Déi v6i phuong trinh nay diéu dau tién ta quan tam chinh la diéu kién ctia bai
toan.

R 2 —4xr+1>0 x22+\/§
Ta c6 dieu kién: pEN

x>0 0<zr<2-+3
Stt dung mAy tinh bam nghiém ctia phuong trinh trong viing cho phép ciia diéu kién vira tim ta c6 hai
1 . R 1
gia tri la 7 4. Dieu nay ggi y cho ta can tach phuong trinh sao cho ¢6 hai nhan ti (x — Z) (x—4)=

17
2
- — 1.
T 43:—|—

Mudn dat duge diéu nay, ching ta can st dung phuong phap chon hé sé bat dinh dé them bét trong
phuong trinh da cho, sau dé dung lien hiép dé dat duge hieu qua mudbn co.
Ta bién déi phuong trinh: # + 1 — 3y/Z + Va2 — 4z + 1 = 0(x)

; 17
O phuong trinh (*) muc dich clia chiing ta 1a tach cho c¢6 duge dai lugng bac hai 2% — Zx + 1 va trong

phuong trinh (*) lai chita ba dai lugng: = + 1; \/7; Va2 — 4z + 1 nén dé c6 dai lugng bac hai vi khong
lam x40 tron cic dai lugng trong phuong trinh thi ta nén dé ¥ t6i dai lugng +/z, béi vi n6 chinh la sy
khac biét nhat doéi vai hai dai luong con lai nhung lai lién quan chat ché vi ta can dai lugng nhan ti
bac hai do d6 ta can ghép dai lugng v/ v6i mot dai lugng bac nhat hodc véi mot dai lugng can thiic
chita phuong trinh bac hai. Ma hai yéu cau thi trong bai toan da c6. Do d6, viéc con lai 1a bay gio ta
chon hé s6 bat dinh nita 14 xem nhu nat that bai toan dude gidi quyét.

Bay gio, ta di chon hé s6 qua hai nhan xét sau:

17 17
-Ta co: (:1:—1)2—((1\/5)2:1:2——x+1<:>x2—(2+a2)x+1:x2—zx+1(1)

4
N . p £ 17 S
Dong nhat hé s6 hai vé clia phuong trinh (1) ta c6: 2 + a? = 7 Fae= :I:i.
17 17
-Ta c6: (\/x2—4x+1)2— (b\/i)2:x2—zx—|—1 <:>x2—(4+b2)x+1:x2—zx+1(2)
N . ) L 17 1
Dong nhat hé s6 hai vé ctia phuong trinh (2) ta c6: 4 +b* = — b= +—.

4 2
. ) 5 1
-Lai ¢6 hé s6 /x trong bai toan 1a —3 nén ta sé chon hai hé s6 phut hgp lai a = —5; b= —5 Do dé ta

c6 huéng gidi quyét bai toan nhu sau:

. 2?2 —4x+1>0 r>24+3
-Huéng 1: Dieu kién: &

z >0 0<z<2-V3
Z 2 5 1
Phuong trinh da cho dugce bién doi thanh: z +1 — 5\/5 +Vat—4dx +1-— 5\/5 =0(3)
Nhan xét rang véi dicu kien dang xét ta luon co:
5 1
x+1+§\/§>0; \/x2—4x+1+§\/§>0
Do d6 phuong trinh (3) duge bién do6i thanh:

25 1
(:U—l—l)Q—Zx x2—4x+1—zlx

5 " -~
33—1—1—1—5\/5 \/$2—4x+1+§\/§
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, 17 1 1
< |27 - 7= +1 5 + 1 =0
x+1+§¢§ \m2—4x+1+§¢5
1
17 r=7
Sat—Trt+l=0s 4
r=4
B . N 1
Doi chieu dieu kién ta c6 hai nghiém ctia phuong trinh la ¢ = 4; = 1

Tuy nhién, néu ta dé ¥ mot chit vé hé sé ctia phuong trinh da cho, ta sé thay c6 su déi xting nén ta c6
quyén hy vong vao viec dat an phu dé giai bai toan. That vay, ta c6 huéng giai sau day:

. 22 —4r+1>0 r>2+3
-Huéng 2: Dieu kién: &
x>0 0<r<2-+3
\ . r>2+4/3
Nhan xét rang x = 0 khong théa phuong trinh nén véi dieu kién:
0<xr<2-—+3

Chia hai vé phuong trinh cho /x ta thu dugc phuong trinh:

ﬁ+%+\/x+i—4:3(3)

1 1
bat t = Vx + NG > 2. Ta ¢6: t* — 2 = z + —. Luc d6 phuong trinh (3) trd thanh: v/t2 —6 = 3 — ¢
T T

3—t>0 2<t<3 5
& & St=—.
) 2
t2—6=9 — 6t + t t=3
1
5 1 5 117, 17 =7
by 9 L2 2t T r41=
Véi t 2@\/5+\/E et = e - rd 0 < )
Tr =

Doi chieu dieu kién ta c¢6 hai nghiém cta phuong trinh la z = 4; x = T

Vi du 6. Giéi phuong trinh 2v/z + 146v9 — 22 +6+/(z + 1) (9 — 22) + 2%+ 222 — 10z — 38 = 0.

# LOi giai.

-Phan tich huéng gidi. Phuong trinh da cho ¢6 hinh thtic kha r6i mat, tuy nhién van kha thoang trong
cach danh gia 16i di cho bai toan. That vay, bai toan chi xoay quanh hai dai luong d6 1a +/x + 1; V9 — 22.
Mat khac khi lap tich ciia hai biéu thitc trong can ctia hai dai lugng nay ta giap duge phuong trinh bac
3 gan gidng phuong trinh bac ba trong dé bai. Vay la tong quan xem chimg chiing ta tim duge mdi lién
hé gitta cac dai lugng.

Bay gio, ta chi can chi rd mdi lien hé 1a gi? Quan sat ta thay he s6 truée vz + 1122 va /9 — 2212 6
diéu nay goi cho ta lién tudng dén hing déng thitc. Mudn dat hieu qua ta thit tach thém bét:

Tach: 2V +l=a+1-2Vz+1+1=(Vo+r1-1)

Taco: 6/ —a2 =9 — 22 —6V/I— 22+ 9= (VI—2? —3)°

“Taco: (x+1)(9—2?)=—2—224+92+9

Dé dat duge hai hing déng thic nhu da phan tich ta can thém bét di hai dai lugng « + 2; 18 — 22
Diéu d6 c6 nghia la: —23—222+102+38—(x + 2)— (18 — 2?) = -3 —2?4+92+18 = (—2® — 2% + 9z + 9)+
9
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Tu nhan xét nay két hop véi dai luong 6+/(x + 1) (9 — 22) ta thu duge hing déng thric <\/(x +1)(9 —a?) — 3)
. T6i dat xem nhu bai toan da duge giai quyét. Cu thé ta cé hudng giai:
Dieu kien: (z+1)(9—2*) >0 -1 <z <3.
Phuong trinh da cho duge bién ddi thanh:
2V +1-6V9—22—6y/(z+1)(9—2?) —a® — 227+ 102+ 38 =0
Sr+1-2Vr+1+149-22-6V9—2249+9—-6y/(z+1)(9—2?) —2*—2?+924+9=0
2

& (WatI-1)"+(Vo-a2-3)"+ (V@ +DO-27)-3) =0
(

Vr+1—-1=0
S /9 2-3=0 S r=0

VE+1)(9—2%)-3=0
\
Vay phuong trinh c6 mot nghiem duy nhat 14 z = 0.
-Binh luan. Bai toan nay duge huéng di nhu thé chinh 14 sy cAm nhan tit tich cta hai dai lugng

(z +1) (9 — 2?) va he s ditng trudc cac bieu thitc can thitc. Va 16i di nay c6 thé duge xem gon dep
nhat d6i v6i bai toan nay.

Vidu 7. Giai phuong trinh (z —1)va?2 =22 +5 —4dava? +1=2(z+1).

# 131 giai.
-Phan tich huéng giai. Khong khé dé thay phuong trinh ching ta dang xét c6 ving dieu kién ctia x
la St dung mAay tinh bam nghiém ctia phuong trinh ta sé thu dugc mot nghiem z = —1. Diéu d6 co
nghia ring ta can c¢6 nhan ti z + 1. Dé thyc hién duge diéu nay ciing v6i quan sat céc can thiic trong
phuong trinh thi kha nang loai can bang an phu khé c6 thé dat duge hieu qua, vay kha niang tach dugc
nhan tit « + 1 chi con dya vao tach tich nhém hang tit. Dé tach tich ta c6 thé sit dung truc tiép bing
cach them bét dai s6 nhom hang tit phit hgp hoiic ching ta sit dung khit lien hop dé dat duge nhan ti.
Trong trudng hop bai toan nay thi st dung bién ddi tryc tiép tit phuong trinh tao ra nhan ti 1a diéu
khong kha thi nén ta sé diing phuong an khu lién hop dé tach nhan tit « + 1. Bay gio ta quan sat that
néu véi bieu thitc v/22 — 22 + 5 dé c6 thé lien hgp ra nhan tit « + 1 ta can chon z = —1.
Tic 1a cho x = —1 = /22 — 22 + 5 = 2. Vay biéu thtc can lien hop dé6 chinh 1a 22 — 22 + 5 + 2.
Tuy nhién, nhin vao vé phai phuong trinh da thiy nhan t& x + 1 da c6 va hé s6 clia n6 ciing 1a 2 nén
ta c6 quyen nghi dén viéc phan phdi nhu sau:
2(+1) —(z—1) Va2 =2z +5=(x+1) (2+ Va? — 2z + 5) — 2zva? — 20 +5.
Ltc nay, ta dé y thay rang dai lugng méi vita xuat hién la —22v/22 — 22 + 5 két hgp véi dai lugng c6
san trong phuong trinh 1a 4zv/z? 4+ 1. Khi d6, ta nhém hai dai lugng nay lai c6: —2xvx? — 2z + 5 +
42v/22 +1 =2z (2V22 +1— Va7 =22 +5)
T6i day ta dé § thay rang: 4 (22 +1) — (22 —22+5) =322 +22 — 1= (v + 1) Bz — 1).
Diéu nay goi cho chiing ta ¥ tudng sé lien tuéng cho biéu thiic
222 +1— 22 =22+ 5 dé c6 nhan tit x + 1 .
Téi day, chiing ta da roé nét vé huéng giai bai toan dang xét. Cu thé nhu sau:
Diéu kien. Phuong trinh da cho duge bién doi thanh:
2 +1)—(x—1)vVa? —2x+5+4ava2+1=0
< 2(x+ (x+1—-2x)vVa? —2c+5+42vVa?2+1=0
& (x+1) Va2 -2z + )+2£L‘<2\/£L’2—|—1—\/m2—21’+5) 0

Vi =25 55) + 22 4(x*+1)— (x> =22 +5)

Wi+ 1+Va?—22+5

(x4+1) 3z —1) B

2Va? + 14+ Va2 —2x+5

2

+
+

1)+
) (
& (x+1)(2
) (

& (r4+1) 2+ Va2 —2r+5) + 22
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622 — 2z
S (r+1 <2+\/:L’2—23:+5+ ):O
( ) 2V + 1+ Va2 —2x+5

r+1=0
622 — 2x

24+ 22— 22 +5+ = 0(x
22 + 14+ V22— 22 +5 ()

Phuong trinh (*) cho ta: 4v/22 + 1 + 2 <\/x2 — 2z +5+ Va2 + 1) + 722 —4x+5=0

AV +1+2 (Va7 =20+ 5+ Va2 + 1) + 622+ (2 —2)° + 1 =0

Phuong trinh vo nghiém vi

WaT+1+2(Va? =20 +5+ Va2 +1) + 622+ (=2 + 1> 0,

Do dé6 phuong trinh da cho ¢6 mot nghiém duy nhat z = —1.

-Binh luan. Phuong trinh nay chiing toi dua ra 161 tu duy giai phuong trinh bang cach tach tich cong véi
lien hgp dua trén yéu t6 nhan biét 2 = —1 1a nghiém duy nhat ctia phuong trinh. Tuy nhién, phuong
phép gidi toan thi khong c6 gi 1a wu viet nhat, vi doi lic v6i bai toan nay noé la wu viet nhung véi bai
toan khéc thi né chua chic duge vi ¢6 nhiéu li do khach quan. Cu thé, khi sit dung phuong phép lién
hop thi thuong ta c6 uu thé vé nghiem nhung lai vuéng phai mot dieu dé 1a danh gia phuong trinh
con lai vo nghiém thé nio ciing 1a mot dicu dang quan tam, chua ké c6 doi lic phuong trinh ay lai c6
nghiém “ngam” ma ta khong biét. Bai toan trén khi xtt 1f phuong trinh con lai vo nghiém 13 mot hinh
thite x1t If don gidn vé sau ching toi sé c¢6 nhitng bai toan danh gia phiic tap hon ciing nhu c¢6 nghiem
“ngam” dé doc gia c6 thé hiéu hét van dé.

Vi du 8. Giéi phuong trinh 162* — 722° + 812 — 28 + 16 (v — V& — 2) = 0.

# L3i gidi.

-Phan tich huéng gidi. V6i moi phuong trinh vo ty, thi hau hét ta phai nham nghiém truée khi dua ra
van dé suy xét 1a gidi n6 nhu thé nao? St dung may tinh ta c6 ngay x = 1 1a nghiém ctia phuong trinh.
Nhu vay, theo 18 tu nhién ta can xuat hién nhan ti 4z — 9 bang nhitng phuong phap tach nhan ti. Tuy
nhién, v6i bai toan nay néu ta di tach tich bang nhém hang ti dai s6 lien hgp nhu vi du 5 ta sé gap
trd ngai ngay tic khac.

That vay, khong khé dé bién dbi phuong trinh vé phuong trinh sau:

[z (42 — )" + 4 (dx — 9) + 8 (1 — 2¢/z — 2) =0

8 dr —9 =0

=0«

S Wr—-9) |22 (e —9)+4— ———x
L2y =2 ? (4o —9) +4 —

S
142y -2

Van deé bay gio 1a phuong trinh (*) ching ta gidi quyét thé nao? Kinh nghiém cho thiy nghiém ctia
phuong trinh dang xét thu duge la x = 1 ta thit xem v6i nghiém nay phuong trinh (*) ¢6 théa mén
hay khong?

. 9 )
Va that may man ta c6 ngay x = 2 théa man phuong trinh (*) cting v6i may tinh ta biét duge ngay

. 9
phuong trinh nay chi ¢6 moéi nghiem x = 1 Vay ching t6 phuong trinh (*) khong vo nghiém nhu

chiing ta mong mudn. Do d6, ta can gidi quyét phuong trinh (*).

Quan sat thay phuong trinh (*) chi chita mot can thiic nén ta hoan toan loai can thiic bang an phu
hoéa.

Nhan thay rang x = 2 khong théa phuong trinh do dé ta chi can xét = > 2.

Dat t = vz —2,¢t > 0. Ta ¢6 t* + 2 = z. Thé vao phuong trinh (*) ta thu dugc phuong trinh:
(2 +2) (42 — 1) (14+2) + 4 (1 +2t) —8 = 0(+)

Phuong trinh (¥') cho ta thay su xuat hién rat nhiéu lan ctia 2¢ + 1 nén thay vi khai trién truc tiép ra

PHAM KIM CHUNG ITEX-https: / /www.facebook.com/groups/GeoGebraPro/ Kl


http://trunghochoasen.com/

TOAN THPT | 129

phuong trinh bac 7 hoi &i ngai, ta c¢6 thé an phu héa thém 1 lan nita. Va t6i day bai toan hoan toan
dugce giai quyét.

Cu thé 151 giai nhu sau:

Diéu kién: z > 2. Nhan xét x = 2 khong théa phuong trinh da cho. Xét > 2 phuong trinh da cho
duoe bién déi thanh:

[z (4x - 9))* +4(dz —9) +8 (1 —2Va —2) =0

< (4 — 9 2(4x -9 4— —
(o =9) @ e =) T4 = 5=

0e
2? (4 —9) +4 —

5 =0
Tvajaz
V6i phuong trinh (*)

-Cach I: Dat t = vz —2,t>0. Ta co: o =2 + 2.
Lic d6 phuong trinh (*) tré thanh:
(t24+2)° (462 — 1) (1 4+ 2t) + 4 (1 + 2t) — 8 = 0(1)

batu=2t+1,u>1 Taco:t= Y= Lac ds phuong trinh (1) tré thanh:

2
[(u;1> +2] [4(“;1> —1] +Au—2)=0
Suu?—2u+9) (-2 +16(u—2) =0« (u—2) {ul(u—1)"+8] +16} =0
eu=2do {u(u—1)"+8]+16} >0, vu>1

1 9
Tuu=2 t=— —2== = -.
Vay phuong trinh c¢6 mot nghiém duy nhat z = 1

3 2, ~ -, . P4 . - - ~ P £ . . £ 9
Tuy nhién, ¢ phuong trinh thi hai néu ta tinh §¥ mot chat cing v6i syt xuat hién nghiém duy nhat x = 1

thi ta c6 thé lien hop tiép mot lan nita nhu sau:
-Cach 2: Phuong trinh (*) tuong duong véi phuong trinh sau:

2? (4o —9) +4 — 8(1(1_:_22 mx_—2>22) =0 2?4z —9) (1+2\/x—2)2+4(4x—9):0
& (1r—9) [22 (1+2v2 —2)" +4] :0@4:0—9:0@:0:%

Va qua day, ta thay bai toan nay néu diing phuong an lién hop tach nhan ti wu thé vé nghiem that sy
khong wu viet va kha dai. Tuy nhién, néu quan sat ki bai toan duéi cach nhin khéc ta sé c6 mot 161 giai
rat dep cho bai toan.

Ta bt dau bang viec dé y dai luong  — vz — 2 1a mot dai lugng duge xem nhu “thiéu hut” hing dang
thiec. 9

Ma nghiém ctia phuong trinh lic nay la x = 17 ma phuong tinh vo ty thi can thoat cin do d6 khi

9 1 . . )
cho z = 1 ta c¢6 ngay dugc var —2 = 3 va lic nay ta da biet huéng di t6i hang dang thic chinh la:

12
e
Va téi day nhiém vu ciia ching ta la c6 bién doi sau:
1 7 1\?
16 (2 — Vo —2) :16(33—2—\/33—24—1%—1) :16(\/.7:—2—5) + 28(2)

Tiép theo da dé ¥ phuong trinh bac 4 dé bai cho gitp cho ta hoan toan tach dugc mot bac hai cong
(trt) 1¢ 1 hang s6. That vay, ta co:
4 3 2 2.2 9 81 2 9\’
162* — 72x° + 81a* — 28 = 162° | « —§x+1—6 — 28 = 16z T —28(3)
T (2) va (3) goi cho ta mot suy nghi d6 1a ta dung bién phap so sanh: f(z) < a < g(z). That vay, ta
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di vao 16i giai cu thé nhu sau:
-Céach 3: Dieu kién: z > 2.
Phuong trinh da cho duge bién déi thanh phuong trinh sau:
16 (:1: —Vr— 2) = —162* + 7223 — 8122 + 28
7

1 1\?
Ta co: VP:16(33—\/:E—2) :16<x—2—\/x—2+1+1>:16<\/aj—2—§> + 28 > 28

P 2 ]— 9
Dau dang thiic xay ra khi va chi khi: Vo —2=- <z = R

2
s 4 3 2 2.2 9 81 2 9\’
Lai co: VI' = —162* + 722° — 81x” + 28 = —16z° | = —§x+1—6 + 28 = —16zx x—z + 28 < 28
P 9 9
Dau dang thic xay ra khi va chi khi: z (1’ — Z) =0sr=0Vr= 1
Vay ta c6: VT < 28 < VP. Déi chiéu diéu kién clia bai toan va dé c6 duge phuong trinh da cho thi
PN FS 2 N , 2 N 9
nghiém duy nhat théa bai toan do6 la z = 1

Vidu 9. Giéi phuong trinh (141 +2) (V222 -2z +1+2—1) = zy/2. (1)

# Loi gidi.

~Phan tich huéng giai. O bai toan niy, quan sat bai todn ta thiy ring bai toan chita kha nhidu can
thiic vd xem chiing ching khong lién quan gi dén nhau nhiéu. V6i mong muén thoat can thi viéc nang
lity thita thi tinh kha thi khong cao, con dat an phu thi cling khé nhin thay. Nhung c6 mot diéu ching
ta dé nhan thay nhat do la vé trai clia phuong trinh chia tich clia hai tong chita can, dic biet sy xuat
hien d6i lap ctia —1 va 1 & hai tong va bén vé phai phuong trinh lai khong chita bat ki mot hé s6 nao
nén diéu ty nhién ta nghi ngay dén gia tri z = 0 c6 lién quan gi dén phuong trinh da cho khong?

Véi x = 0, ta thay ngay dugc phuong tinh da cho thoa.

Mzt khac v6i hy vong thoat can thi ré rang ta “gd” duge can thic bét di bén vé trai bao nhiéu thi ta
dude 1gi bay nhiéu. Quan sat ta thay duge hai danh gia sau:

1-(1+2)=—x

(20> =2z +1) — (2 —1)> = 22

Diéu nay, gitp ta nghi dén lien hgp “kiéu ngang” cho phuong trinh da cho hai lan, méi lan cho mot tong
ta sé thu gon dugc hét can thic bén vé trai va b6t an sé x cho vé phai. That vay, ta bién ddi nhu sau:
—z (V222 =22 +1+2—-1) =2z (1-V1+2)

Tiép tuc lien hop cho tong thit hai, ta thu duge:

—P =z (1-V1-2) (V222 =22 +1—2+1)

V6i diéu kien ctia bai toan, ta thu gon ta c6 dugc bién doi:

—ryr=(1-vV1—1) (V202 20 +1—2+1) ()

Ta thay & phuong trinh (*) v phuong trinh ban dau c6 tong hai vé cong lai biang 0 va c¢6 cac s6 hang
c6 thé rat gon v6i nhau nén ta thuce hién phép cong ta thu duge mot bién ddi don gian sau:

V22 —2z+1=(1—-2)/1+4+zx

Day 1a mot phuong trinh vo t¥ hoan toan c6 thé nang lily thita gidi don gian.

Bay gio, ta cu thé hoa lai 15i giai ctia bai toan nay nhu sau:

-Céach 1: Diéu kién: =z > 0

Nhan xét z = 0 théa phuong trinh da cho. Vay ta chi can xét v6i z > 0 .

Véix > 0taluon co: v222 -2z +1—2x+1#0val—+/1+x#0

Do d6 phuong trinh da cho duge bién doi thanh phuong trinh:

—z (V222 =2z +1+2—-1) =2z (1-V1+2)

<:>—x3:x\/5(1—\/1+x) (\/2x2—2x+1—x+1)

S (1-Vitr)(V2e2-22+1—2+1) = —2yz(2)

Lay (1)+(2) vé theo vé ta th dugc phuong trinh:
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1—x2>0

V22 —2z+1=(1—-2)V1+2 &

x>0

202 —2x+1=(1—2)>(1+z)

\

0<z<1
O<xr<1 rz=0 3_\/5
= = =T = .
3 5 2
(22 —3x+4)=0 T = +2\/_
3-V5
Tr =
L 2
3—b
Vay phuong tinh da cho c6 hai nghiém: © = 0; z = 2\/_.

Nhu da chi ra ¢ phan phan tich huéng giai, ching t6i c6 dé cap dén viec dat an phu la khoé thay nhung
diéu d6 khong c6 kha ning 1a chung ta khong diat duge. Néu quan sat tinh ¥ mot chit ta thay rang
~ ~ A ~ ~ ~ A PN . 1 S - . N < A .
cac hé so trong phuong trinh da cho sé xuat hién dai lugng — néu ching ta chia va sap xeép dai lugng
T
chia hop li. That vay néu véi tong thit nhat trong tich ta chia cho v/ ta sé thu dugc mot bién ddi sau:

1+vIta 1 1
— ==+l

N Vi

V6i tong thit hai ta chia cho x ta sé thu dugc mot bién ddi sau:

V2r2 — 2z +1+2x—1 2 1 1
= 2——+—2+1——
T T T T

Diéu nay dan dén cho ta thuan lgi d6 la: khai thac hét dai lugng x+/x & vé phai va lam xuat hién duge

1
dai lugng — .
T
V6i viec khai thac nay, ta sé chuyén héa bai todn vé an phu cho hinh thiic bai toan duge don gidn héa hinh
1 N
thitc cliané. Véia = —, ta sé dua bai toan vé phuong trinh sau: (va +va +1) (V2 —2a+a®> +1—a)
T
1
Lic nay v6i nhan xét rang:
(Va++va+1) (Va—+va—1)=1va/1+(a—1)*—(a—1)
14+ (a—17%=(a—1)=va+1—a(x
O phuong trinh (*) ta thiy vé trai va vé phai vé hinh thic c¢6 sy giéng nhau chi khac vé bién s6 nen ta
sé nghi ngay dén viec xét mot ham s6 diic trung dé tit dé giai bai toan bing phuong phap ham sb.
Tu do ta co tiép mot cach giai sau:
-Cach 2: Diéu kién = > 0
V6i z = 0 phuong trinh da cho duge nghiém dang.
V6i z > 0 ta chia hai vé phuong trinh cho z+/7, ta thu dugc phuong trinh:

Nén ta c6 tiép bién doi sau:

1+Vi+z V222 —2e+1+a—1
N2 x B

@(L
T

1

+\/?>.<\/2—;+$+1—§)=1(3)

1
bit a = —, a > 0, ta ¢6 phuong trinh (3) tré thanh phuong trinh:

x
(Va+Vat1) (V2=2aF@+1-a) =16 (Va+vaT1) (YI+(@-1"-(a-1)=1
Nhan xét v6i a > 0 = v/a + 1 — y/a # 0 nén ta c6 dugc bién doi sau:
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I+ (a—17°=(a—1)=va+1-yae\/l+@—-1)7°-(a—1) =1+ (/a) - va(4)
Xét ham s6 f(t) =1+t —t,t>0
Ta co: f'(t) = ! —1:ﬂ
' VI+#2 VI+i2

Vay ham s6 f(t) luon nghich bién v6i moi ¢ > 0 . Do d6 tit phuong trinh (4) ta ¢6: f(a —1) = f (y/a)

<0,t>0.

a—1>0 a>1 3++/5
Va=a—-1& &= 3+ 5 Sa=—0
a?—3a+1=0 a= 5
1 3 5 3—+b
Tu d6 ta c6: — = +2\/_<:)x: 2\/_.
T

3—56

S
-Binh luan. Qua bai toidn nay, ta thiy ca hai cach gidi déu c6 nét hay rieng. Nhung ro rang tng véi moi
cach gidi ta da thiy dugce them tam quan trong khi doan hudéng giai cho bai todn vo ty rat quan trong.
Theo nhan xét chi quan cua ching t6i thi ¢ cach 1 161 giai bai toan cho huéng ty nhién hon, con loi
gidi 2 mang dam tinh chat tu duy va ki thuat. trong cach hai dude xem 1a mot 16i gidi phoi hop nhiéu
phuong phap dién hinh dé gidi mot bai toan vo ty ma doc giai sé duge thiy hét nét dep ciia né trong
chuong tiép theo ma ching toi khai thac cac bai toan duge gidi nhu cach 2.

Do d6 phuong trinh da cho ¢6 hai nghiém: z = 0; x =

28 —x

Vi du 10. Giéi phuong trinh /48 — 8x — 22 = .
r+3

# LOi giai.

-Phan tich huéng giai. Déi v6i phuong trinh nay hinh thic don gidn, nhung thong qua bai toan nay
ching t6i mudn giii dén doc gid mot cach gidi phuong trinh bac bén c6 nghiém khong phai 14 nghiem
nguyen.

That vay, véi hinh thic clia phuong trinh dé thoat can ta ding phép nang lity thita dé thu dudge mot
phuong trinh bac bén. Cu thé ta cé phuong trinh duge bién doi thanh:

(48 — 8z — 22) (z + 3)° = (28 — 2)® & o + 142® + 1022 — 2722 + 352 = 0(%)

Phuong trinh (*) 134 mot phuong trinh ¢6 nghiém ma nghiém khong phai 1a nghiem nguyén. Diéu nay
gay khé khan kha nhiéu cho hoc sinh. Dé gidi phuong trinh nay, ta sé di tim héu mot phuong phap
gidi phuong trinh bac bén theo phuong phap Ferrari, phuong phap nay muc dich chinh quy vé phuong
trinh bac ba va dua phuong trinh bac bén vé tich hai phuong trinh bac hai. Xét bai todn tong quat:
rt+ar® + bz’ +cr+d=0

Ta bién déi phuong trinh trd thanh: z* + az® = —ba? —cx — d .

. £ iz PPN a my 2
Ta thém an m vao phuong trinh méi bién doi sao cho vé trai la mot binh phuong nhu sau: (:v + DR + 5)
2 2

(5 —vem) et (0o (% -0)0

Ta sé& tim m sao cho vé phéai ciia (i) cting 1a mot binh phuong. Diéu d6 ¢6 nghia rang phuong trinh bac
hai ¢6 nghiém kép nén:
A =m?—bm? + (ac — 4d) m + (4bd — a®d — ¢*) = 0
Giai phuong trinh nay ta sé tim duge mg va lic d6 phuong trinh (i) sé dugc bién doi thanh phuong
trinh: " N2
2 0\* _ 2
(a: +§x+7) = (ux +v)
Ap dung két qua nay vao phuong trinh (*) ta ¢6 bién déi sau:
2t + 1423 = —1022 + 2722 — 352

2 2
& (:702—1-790—!—%) :(39+m)x2+(7m+272)x—|—(%—352)
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2
Ta cAn tim m dé A = 0 < (Tm + 272)% — 4 (39 + m) (%—352) =0 & m=—38

Khi do, ta sé c6 phuong trinh:
(224 Tx —19)° =22 4+ 62 + 9 < (22 + Tz — 19)° = (z + 3)?
Té6i day, ta c6 hudng giai cu thé:

28 —
28 — = >0 —3<2<28
-Cach 1: Ta co: V48 — 8z — 22 = +3<:) r+3 &
T
(z +3)* (48 — 8z — 22) = (28 — )’ ot + 142° + 1022 —
—3<x<28
~
(22 + 72 — 19)° = (z + 3)?
)
—3<z<28
T =—44+42
—3<x<28 T =—4+42
= = r=—-4—-4V2 =
(2% 4 8z — 16) (22 + 62 — 22) =0 r=—-3++31
r=-3++31
r=-3—+31
\ L

Tuy nhién, néu ching ta nghi mot cach tir nhién theo 16i khic rang phuong trinh chita duy nhat mot
can thitc ma khi diing nang lity thita sé gip chuéng ngai phuong trinh bac bén thi ta c6 thé thoat can
thitc bang cach stt dung dit an phu. Cu thé ta dit: t = v/48 — 8z — 22 khi d6 ¢* = 48 — 8z — 22 . Nhung
lac nay, trong phuong trinh khong c6 chita 22 nén ta can phai théem bét, néu thém b6t nhu thé thi ré
rang an x ban dau khong khit triet dé duge bang an phu t nén khi dé ta sé c6 mot phuong trinh hai an.
Nhu thé ching ta sé cam thay kho khan, tuy vay ldc nay ca an x va t déu c6 bac cao nhat 1a bac 2 nén
hoan toan c6 thé tham s6 phuong trinh dé dua vé tich thong qua biét thic A 1a mot s6 chinh phuong.
Va nhu thé ta day bai toan vé phuong phap giai goi la dat an phu khong hoan toan.

Mubn dat duge dieu do6 ta can phan tich:

28—z =a (48 — 8z — %) + az? + (8a — 1) v — 48a + 28.

Khi d6 phuong trinh da cho duge bién déi thanh:

at* — (x4 3)t +ax? + (8a — 1) z — 48a + 28 = 0(x)

Phuong trinh (*) c6 bigt thitc : A = (1 — 4a?) z*> + 2 (3 — 16a + 2a) x + 9 — 112a + 192a>

Ta can tim a sao cho A 14 mot binh phuong tic 1a ta can tim a sao cho phuong trinh bac hai theo x c6
biét thic bang 0. Diéu d6 c6 nghia la ta co:

A, = (3 —16a% — 2a)° — (1 — 4a?) (9 — 112a + 192a%) = 0.

Giai phuong trinh nay ta tim dudc a = 7 Té6i day, ta dua ra 1oi giai khac cho bai toan nhu sau:

48 —8x — 22 > 0 —-12<z <14 —-12<z <14

-Céach 2: Dieu kien: & &
r+3#0 x# -3 < <4

Phuong trinh duge bién d6i thanh phuong trinh:
28—z — (z+3)vV48 —8x — 122 =0

1 1
(:>5(48—8:E—x2)—(:17+3)\/48—8a7—x2—|—§x2—|—3x—|—420(1)
Dat t = V48 —8x — 22, t > 0 . Khi d6 t* = 48 — 8¢ — 2. Ltc d6 phuong trinh (1) tré thanh:
2 —2(x+3)t+ 2%+ 62 +8=0(2)
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Xem phuong trinh (2) la phuong trinh bac hai theo t thi ta c6 biet thitcA’ = (z + 3)*— (2% + 6z + 8) = 1
Suy ra phuong trinh (2) ¢6 hai nghiém phan biét:

t=x4+4 VA8 —8x — a2 =z + 4

=

t=x-+2 VA —8x — a2 = + 2

T > —4
Véi: VA8 —8x — 2 =+ 4 & & x=—4+4V2.

22 +8r—16=0

x> =2

Véi: Va8 —8r — 2?2 =242 & Sar=-3+v3l

22 4+6xr—22=0

Déi chiéu diéu kien ta thu dude hai nghiém ctia phuong trinh: © = —3 + /31, z = —4 + 4V/2.

-Binh luan. Bai toan chung ta dang xét vé hinh thitc thi thuc sy khong cong kénh nhung chat chita
bén trong 1a nhitng bai hoic tu duy danh gia can co6 1a nhitng ki ning hét stc chu . O cach 1 tuy chi
ap dung phuong phap rat don gidn d6 1a nang lity thita nhung lai ¢6 sy khé khan khi gid phuong trinh
bac béon khong c6 nghiém nguyén va ching ta nén nhé riang, doi véi bai thi dai hoc thi thuong khi gap
phuong trinh bac bén ching ta chi ¢6 hai kha nang 13 phuong trinh d6 vo nghiém ho#c ¢6 nghiém phai
tuong minh (nghiém nguyén, nghiém vo ty) chtt khong bao gis gap nghiem dudi dang téng quat hay
lugng giac. Vé cach khic phuc thi bai toan tong quat & cach 1 1a chia khéa vo ciing quan trong dé dat
duge hieu qua. O cach 2, tuy ciing st dung phuong phap an phu don gidn nhung lai khé khan trong
viec khong khai thac hét duge an ban dau theo an phu thi ldc dé ta sé nghi ngay dén su dong bac giita
hai bién hoac xem chimg nhu d6 1a mot phuong tinh thuong gap (bac 2, bac 3, bac 4) ¢ dinh dang c¢6
thé phan tich nhan ti. néu bac hai ta diing biét thitc c6 s6 chinh phuong, bac 3 (bac 4) ta tach nhan
t dua trén doan nghieém dac biet. Cai khé & cach hai 1a viec chon hé s6 dé tach cho duge dai lugng dit
an phu va kéo theo 1a mot phuong trinh bac hai c6 biét thic 1a s6 chinh phuong mot cach logic khong
stt dung mo mam, cu thé nhu trong bai toan ching t6i da néu ra huéng phan tich va viéc vi sao ching

£ 1 £ 2 . ~ ~ .z . ~ ~
tol chon duge hé s6 a = 7 Trén thyc té 6 cach 2 ching ta c6 tim duge 4 gia tri a trong d6 c6 a = 0

(chinh 1a truong hgp gidi theo cach 1) va con hai gia tri a khong dep nén khong duge wu tién sit dung.
Vay qua bai toan nay, mot lan nita gitp cac doc gia khac sau them duong 16i cAc phuong phap trong
chuong I va hinh thitc 4p dung né duge thi ta can tu duy va sap xép thé ndo cho chinh xéc.

Vi du 11. Giai phuong trinh /22 +3.v/x +5=a2>+2 —6

# Lgi gidi.

-Phan tich huéng giai. Bai toan dua ra c6 hinh thic kha la va diic biet, dé giai quyét v6i phuong trinh
nay ta sé dit ra mot chiéu huéng diéu kién khong don thuan c6 nghia nita ma sé 14 mot diéu kién manh
hon d6 chinh la diéu kién dé phuong trinh da cho c6 nghiém luon. Véi hinh thic diic biét ctia phuong
trinh nay, truée khi gidi quyét ta sé c¢6 gang di tim nghiém ctia phuong trinh trude dé tit dé co thé tu
duy xem liéu huéng gidi quyét nao la thuan lgi. Khong qua kho, biang may tinh hodc tryc gidc cho ta
c6 nghiem 2 = 3 14 nghiém duy nhat ctia phuong trinh. T d6 ta c6 thé dua ra hai huéng tu duy la
dung phuong phép lien hop dé tach nhan tit z — 3 hodc diing ham s6 chi r6 sy don dieu dé két luan
nghiém ctia phuong trinh. Véi huéng tach nhan tit x — 3 ta dung phuong phép lién hgp ta dua ra cac
danh gia sau:

-V6i dai lugng /2 + 3 dé c6 nhan tit z — 3 ta can them dai lugng nhu sau:
V2r+3—a=0chorz=3=a=3

-V6i dai lugng /= + 5 dé c6 nhan tit  — 3 ta can them dai lugng nhu sau:
vr+5—b=0chox=3=b=2
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-Tuy nhién do ta co: \/2m + 3./ + 5 nén khi them b6t hai dai lugng a = 3 ; b = 2 ta can phai bién
ddi nhu sau: (\/2:1: +5 ) vr+5+3 (\/ +5— 2) :

-Khi d6, phuong trinh da cho dugc bién déi thanh:

(\/293—1— 3) Ve +5+3 (Vo +5—-2)=a’+2—12

T do, ta c6 huéng giai nhu sau:
. . 20 4+32>0
-Cach 1: Dieu kién de phuong trinh c6 nghiém la: S x> 2.
224+r—6>0
Véi diéu kien d6 ta luon ¢6: v2z +5+3 > 0; ¢/ (x + 5 +2¥z +5+4 >0
Phuong trinh da cho duge bién déi thanh phuong trinh:

(m 3) Vo F5+3(Yrr5) =a+3—12

20 +3-9 (x+5)—38
L 3. r+3)(x+4
= \/7+BJr (x+5)° + 2V +5+4 sy
R A il ) NS r=3 r+3)(z+4
v VEraes o (z+5)° + 29z +5+4 sty
r=3
= 292+ 5 3

+ =z + 4(%)
V2r+343 (w45 +2¥r +5+4
V6i phuong trinh (*) ta cha ¥ ring v6i x > 2, ta luon co:
2c+3=(x+5)+(x—-2)>x+5>1

23/x + 5
= V2r+3>Vr+5i>Vr+h = —m—————
v >V v V2zr+3 —|—2
3
<-<1
S(x+5°+2¢x+5+4 4
2v/x + 5 3

T do ta co: + <3 <x+4. Do do6 (*) vo nghiem. Vay phuon
V2 +3+2 3(x 457+ 2%z +5+4 (1) vomghiem. Vay pliuons
trinh c6 nghiém duy nhat x = 3.
Tuy nhién, néu ta tinh té hon mot chit trong phép bién doi vé dai lugng can lién hop ta cé thé dua bai
toan vé danh gia don gian hon nhu phép bién déi sau:

. , 20 +32>0
-Cach 2: Dieu kién de phuong trinh ¢6 nghiém la: S > 2

224+rx—6>0

Phuong trinh da cho duge bién doi thanh phuong trinh:
2(x=3)+ (2 —V20+3) Ve +5+x (2 —1—Vx+5) =0(1)
Véi dicu kien o > 2 taluon cé: 2 + V22 +3>0; 2 — 1+ /2 +5> 0

1) 249
Do dé (1) & (z—3) |24 EFDVEES | v(@”+2) ~0
r+V2r+3 (1)’ 4 (e - 1) Ve +5+ /(x+5)
1) Yz 55 249
Taco |24+ EEDVEES (@ +2) > 0,2 >2

THV2EE3 (1)’ 4 (-1 + 5+ (x+5)
Neén: z = 3 1 nghiém duy nhat théa phuong trinh.
Tt hai cach bién doi trén cong véi viec phuong trinh da cho c6 nghiém duy nhét nén ta cé thé ding
ham s6 dé gidi quyét bai toan nay. Tit do ta c6 cach giai sau:
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. . 20 +32>0
-Cach 3: Dieu kién de phuong trinh c¢6 nghiém la : S > 2
224+2—-6>0
Xét ham s6 f(z) =2x +3./x+5— 2> — 2+ 6, Vo > 2.
Ta co: f'(x) = 5T 8 2z — 1.

3V2x +3.Vr+5
Lai c6: Vz > 2.
Suy ra: f'(z) < f(2) =0 . Vay ham s6 f(z) lien tuc va luon nghich bién véi z > 2.
Do d6 phuong trinh f(x) = 0 c¢6 t6i da mot nghiem.
Ma: f(3) = 0 nén phuong trinh da cho ¢6 nghiem duy nhat z = 3.
-Binh luan. Bai toan trén 1a mot bai toan kha hay, vé duong 16i di thi ching ta da thay nhu phan tich.
Tuy nhién, qua bai toan nay, ching ta thay dugc tinh chat quan trong ctia bai toan dung phuong phéap
lien hgp né ciing co cai hay rieng, néu bién doéi khéo ta sé duge mot 16i gidi gon nhe hon néu ta bién
ddi khong khéo 18m thi ching ta c6 chit van dé & phan danh gid. Ngoai ra khi gip phuong trinh c6
nghiém duy nhat va hinh thitc phuong trinh c¢6 thé ggi t4 mot ham s6 ma khi xét tinh don diéu ctia
n6 c6 st kha thi thi viec ting dung né vao duong 16i gidi ciing 1a mot 16i di dep. Tuy vay, néu ching ta
diing ham s6 dé giai quyét mot bai toan ta can dé ¥ tinh lien tuc ctia ham s6 néu khong ching ta sé
pham sai lam. Cu thé ta c6 thé xét vi du sau dé hiéu ré hon.

Vi du 12. Giai phuong trinh (22 —1) (Vo +2+ V32 +2) =4(z+1)

# L3i gidi.

-Phan tich huéng giai. Bai toan nay, vé hinh thiic c6 thé nghi ngay dén viec dit an phu dé giai quyét
hodc ham s6 dé giai quyét. That vay, ta c6 thé bién ddi phuong trinh vé phuong trinh sau véi diéu kien
ciabaitoan la xz > —2: Vo +24+ /3x+2 = %

T6i day, rat nhiéu hoc sinh sé két luan mot s6 dieu tudng chiing nhu c6 1y sau:

Ta c6 vé trai phuong trinh 14 mot ham s6 dong bién, vé phai clia phuong trinh 13 mot ham s6 nghich
bién.

Do dé phuong trinh da cho néu c6 mot nghiem thi d6 1a nghiem duy nhat. Nham thay z = —1 thoa
phuong trinh.

Vay x = —1 la nghiém duy nhat ctia phuong trinh. trén da c6 mot sai 1am nghiém trong vi ta khong
thée két luan dugce vé phai ctia phuong trinh 13 mot ham sé nghich bién véi 2 > —2 vi ham s6 bi gian

doan tai x = % van nam trong diéu kién cho phép ciia bai toan.

Diéu d6 dan dén 10i gidi trén sai hoan toan.

Dé gii tot bai toan nay, ta can phan dinh ré giéi han cho phép dé khi xét ham s6 phai bdo dam tinh
lien tuc thi khi d6 ta méi c6 thé két luan dude nghiém ctia phuong trinh da cho. Cu thé ta di vao 1oi
gidi bang ham s6 cho phuong trinh trén nhu sau:

Diéu kién: x > —2.

1 1 . s .
Do x = 3 khong thoa phuong trinh da cho nén véi z # 3 ta bieén doi phuong trinh vé phuong trinh:

\ Az +1)
VI 24+ Ve + 2= ———=(1)
bat: f(x) =vVr+2+ 3z +2; g(x) = %
I 1 —12

Ta c6: f'(x)

- v )=
2V +2 €/<3$+2)2 (20 — 1)
Mat khac x = —2 khong thoa phuong trinh nén ta xét hai truong hop:

1 1 1
-V6i -2 <z < 3 thi ta c¢6: f'(x) > 0, Vx € (—2; 5) , ¢ (z) <0, Vr € <—2; 5)
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1 . N . P
Do d6 trén khoéng (—2; 5) ta c6 f(z) la ham so lién tuc va dong bién, g(z) la ham so6 lién tuc va
nghich bién.
Tu do ta c6: f(x) = g(x) néu c6 nghiém thi c6 t6i da mot nghiem.
Nhan thay: f(—1) = g(—1) nén tit (1) ta ¢6 = 1 1a nghiém ctia phuong trinh.

1 1 1
—lex> — thi ta c¢6: f'(z) >0, Vo € <§;+oo> , g (x) <0, Vx € <§;—|—oo>

1 . N . .
Do d6 trén khoang (57 +oo> ta c6 f(x) la ham so6 lién tuc va dong bién, g(x) la ham so lien tuc va

nghich bién.

Tu d6 ta co: f(x) = g(x) néu c6 nghiem thi c6 t6i da mot nghiem.

Nhan thay: f(2) = ¢g(2) nén tit (1) ta ¢6 z = 2 14 nghiém ctia phuong trinh.
Vay phuong trinh da cho c¢6 hai nghiém z = —1; x = 2.

Vi du 13. Gidi phuong trinh 44/2 (z + Va? — 1) = 27 (z — 1)* vz — L.

# Loi gidi.

-Phan tich huéng giai. Bai toan nay chita rat nhiéu can thic va mdi can thic lai ching cé lien quan gi
dén nhau, nén dé thoat can thtic ta chi con mot phuong 4n duy nhat la nang lity thita vé6i diéu kién cho
phép ctia bai toan.

Cu thé sau khi nang lily thita ta dua phuong trinh vé phuong trinh:

32 (z+ Va2 — 1) =729 (z — 1)°

T6i day ta nhan xét rang: (9(: +Vax? — 1) (Jc —Va?— 1) =1vaxz—+a%2—1+#0,Vxneén ta co tiép mot
bién déi nita: 32 = 729 (z — 1)° (v — Va2 — 1) ()

Phuong trinh (*) ggi cho 16i thoat can thiét nhat ltc nay la ham s6, dé st dung duge dicu do6 ta can
suy nghiém phuong trinh trudec xem ta can phai lam gi v6i ham s6. Khong khé biang may tinh ta c6
nghiém duy nhat ctia phuong trinh 13 x = g Vay diéu nay sé ggi duong cho chiing ta khing dinh ham

s6 can xét sé lien tuc v hoac don diéu ting hoic don dicu giam. Tu day ta dua ra cach gidi cho bai
toan nhu sau:

Dieu kién: = > 1.

Do x = 1 khong théa phuong trinh da cho nén ta chi can xét diéu kien x > 1.

Binh phu’ong hai vé phuong trinh da cho ta dugc mot phuong trinh tuong duong nhu sau: 32 (x +Vx? — ) =
729(r -1’ e 32=729(x—1)" (v — Va2 - 1) (x) doa—va2 =1 £ 0,2 > 1 729 (x — 1)’ (v — Va2 — 1) -
32=0

Xét ham sb: f(z) =729 (z — 1)° (z — V2% — 1) — 32, V2 > L.

Taco: f'(x) = 3645 (x — 1)* (z — a2 — 1)+729 x—15(1—L):729 x—1)" (z—
Pw) = 3645 (2 — 1)* ( J+129(0 - 1 (1= =) =720 (0 = 1)

Nhan xét rang Vo > 1 ta c6: z — V22 —1 > 0.

Laic6: 5v/z2 — 1>z —1 (Ve >1) <252 —1) > 2> -2z +1 (Vo > 1)

& 2427 + 22 — 24 > 0 (Vo > 1) (luon ding)
Suy ra f'(x) > 0, vay ham s6 f(z) lién tuc va dong bién véi moi z > 1.

Do d6 phuong trinh f(z) = 0 ¢6 t6i da mot nghiem. Mat khac f (g) = 0.

22 — 1) (5V/7°

. 5 .
Vay phuong trinh ¢6 nghiém duy nhat z = 3 la nghiém duy nhat ctia phuong trinh.
-Binh luan. Bai toan trén 1a mot bai toan kha hay, vi dudng 16i giai n6 c6 dieu ma khi gap phuong trinh
vo ty ta van thuong tinh dén. Cai quan trong chinh 1 thong qua nhitng danh gia co ban ching ta sé
thu dugc nhiing diéu tudng chiing nhu rat khé thanh don gian bdi nhitng phép toan co ban.

Vi du 14. Gii phuong trinh /1 + V22 — 22 + V1 — 2z — 22 =2 (2 — 1)* (222 — 4z + 1) .
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# L3i gidi.

-Phan tich huéng giai. Bai toan chiing ta dang xét vé hinh thic cling chita nhiéu can nhu vi du 11. Tuy
nhién ¢ vi du 11 cac cén thiic lai khong gan két véi nhau, ¢ bai todn nay néu ching ta tinh ¥ sé thay
cac dai lugng trong cin va ngoai can cb lien quan véi nhau. That vay, ta hay dé ¥ dén cac “hing déng
thiic hut” va “héing ding tht du’ sau day:

‘Taco: 2r—a?=1—(2>2—22+1)=1—(z—1)°

Taco: 222 —dx+1=202—-20+1)—1=2(x—1)"—1

T6i day, ta da hinh dung dugc dé don gidm hoa b6t hinh thiic bai toan ta sé an phu héa u = (z — 1)2
Lic d6 phuong trinh sé duge viét lai: /141 —u+ /1 — V1 —u=2u®(2u—1).

V6i hinh thic ctia phuong trinh vita bién ddi cong véi nhan xét (1++/1—wu) (1 — /1 —u) = u gitp
ching ta c6 thé manh dang thoat can thiic bing phuong phap nang liiy thita.

Bay gid, ta cu thé hoéa 1oi giai bai toan nhu sau:

Diéu kien: 2r — 22 >0 0< 2 < 2.

Phuong trinh da cho duge bién doéi thanh phuong trinh:

\/1+ V1-(z—1)? \/1—\/1—(1«—1) =2(z—-1)"'[2@-1)°-1] (1)
Ditu=(z—1)%,vi0<2r<2=-1<r-1<1=0<(z-1)’<1=0<u<l
Lic d6 phuong trinh (1) tré thanh phuong trinh:

1
2u—1>0 UZé
VIFVI—utV1—VI—u=222u—-1) < 9 .
2 o 2
1+ﬁ:2u4(2u—1) E+m—2(2U—1)
1 £ a2
Nhan xét rang voi — 5 <u<l :>2(2u—1)2 < 2. Dau dang thic xay ra khi va chi khi v = 1.

1 1
Laicév@i2<u<1:>—+

-—= > 2. Dau dang thic xéy ra khi va chi khi u = 1.
u\/_
N - , 1 ]- 2 9 35:0
Tedotact: —+ ——==22u—-1) cu=1<(z-1) =1«

ut  udu

D6i chiéu diéu kién ta c6 nghiém ctia phuong trinh 13 z = 0; z = 2.

-Binh luan. Day la mot bai toan hay, 16i giai trén cho bai toan nay la mot 16i giai tu nhién khong qué
ki thuat chi can su quan sat va ghi nhé cac hing dang thic cong véi viec nhan biét danh gia co ban la
chiing ta sé c6 mot duong 16i gidi bai toan rat gon gang.

Vi du 15. Giai phuong trinh (3z + 1) v22 + 3 = 32% + 22 + 3

# Lgi gidi.

-Phan tich huéng gidi. Truée tién cac ban hay thi tu duy phan tich bai toan nay theo hudng giai dit
an phu khong hoan toan dé giai phuong trinh nay xem sao nhé? Bay gio chiing ta sé phan tich bai giai
nay theo huéng phuong phap nhan lién hop. Thong qua cac vi du vira qua, chic cac ban ciing da tich
liiy cho minh dugc mot s6 ki nang lien hop nhat dinh. Tuy nhién, thong qua bai toan nay ching toi
dua dén tiép cho cac ban mot ky nang nhan luong lien hop nita. Cu thé khong qua khé dé nhan biét
phuong trinh nay c6 hai nghiem z = 1 , tifc 1a ta can c¢6 nhan tii (z —1).

Diéu d6 dan dén ta can them heé s6 hodc biéu thic dang ax + b dé dat duge nhu mong muén. Tuy vay,
hinh thiic bai toan chua cho phép ching ta danh liéu dé them bét.

. 1 1 N
Nhéan xét thay x = —g khong théa phuong trinh nén véi o #£ —3 ta dua phuong trinh da cho ve phuong

3 2z 43
trinh: Va2 + 3 = %(1)

Bay git néu ta thém bét ngay cho dai lugng can dé xuat hién nhan t (z — 1) thi kha nang bén vé phai
(1) cting xuat hién nhan tit (z — 1) thi diéu d6 cling x4y ra nhung c6 khi ta sé gip trd ngai sau khi dua
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dugc nhan tt (x — 1) . Vi vay, dé thuan tién va chic chin hon ta sé thém bét cd hai vé dé can bang
cho bai toan. Cu thé, ta thém bét nhu sau:

2
2

3r +1
(1—a®)a® —2abr+3—0> (3—3a)a®*+(2—a—3b)z+3—0>
Va2 +3+ar+b B 3x+1

T6i day, ta can xac dinh a, b sao cho:
(1—a*)2® —2abr+3—-0*=(3—-3a)2*+(2—a—3b)z+3—0b
Dong nhat hé s6 hai vé ctia phuong trinh dan dén ta gidi heé:

( (

1—a’=3-3a a’>—3a+2=0

a=2 a=1
2ab=—-24+a+3b < 2ab=-24+a+3b < v

b=0 b=1
3—b=3-b \62—b:0

\
Vay ta co hai cach them bét. Cu thé:
-Cach 1: Do 322 4 2z + 3 > 0, Vo nén diéu kién dé phuong trinh c6 nghiem la:

1
3934—120(:):152—5.

1 1 . e
Nhan xét x = —3 khong thoa phuong trinh. Do d6 z > -3 ta bien doi phuong trinh da cho tré thanh:

30% + 22 + 3 3(1—4%)  3(1—4?
N B e ek BEP I 1 ekl B )

xr
3r+1 Vi +3+2x 3r+1
2
1 1 1—2c=0
@(1—9:2)( ):0@

Va2 S 3r+1
2+ 3+ 2% o SRR

V6i: 1—22=0< o =+1.

r+1>0
Véi: Va2 +3=2+1% & x=1.

2 +3=(z+1)
D6i chiéu véi dieu kién ta thu duge o = 1 1a nghiém duy nhat ctia phuong trinh.
-Cach 2: Do 322 4 22 + 3 > 0, Vo nén diéu kién dé phuong trinh c6 nghiem la:

1
393+120<:)x2—§.

1 1 L e
Nhan xét x = -3 khong thoa phuong trinh. Do d6 z > -3 ta bien doi phuong trinh da cho tré thanh:

3z + 2z +3 2(1—ux) 2(1—2x)
24+3-@r+l)=—7F—-—-(z+1) & =
( ) 3z +1 ( ) V2+3+az+1 3z +1
1 1 z=1
& 1—x< — )zO@
( )\m¢+3+x+1 3z 41

Viz+3 =2

x>0
V6i Va2 +3 =21 & sSr=1

3(1—-2?)=0
D6i chiéu dieu kién ta c6 = 1 1a nghiém duy nhat ctia phuong trinh.
-Binh luan. Thong qua bai toan nay, mot lan nita ching ta lai biét them mot ki nang nita trong viéc tao
nhan t chung nhd vao phuong phap nhan lugng lien hgp. Va thong thuong cac ki ning nay né can cé
sy trau doi va tao mot phan xa nhat dinh khi ching ta can 4p dung t6i. Vi du hai cach giai trén ching ta
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thay su linh hoat trong viéc thém bét va huéng di ctia n6 trong bai toan. Chiing ta c6 thé sit dung phuong
phap nay cho mot bai toan tong quat sau: az? +bx +c¢ = (max + n) Va2 + byxr + ¢;. Vay van dé dit ra
14 néu 16 diing truéc mot phuong trinh c¢6 dang: ax® +bx? + cx +d = (mx + n) Varx® + bjz? + ¢z + dy
thi ta con c6 thé tu duy gidi bai toan nay theo huéng do khong? Van dé sé duge giai quyét thong qua
vi du tiép theo sau day.

Vi du 16. Giai phuong trinh 2® + 622 — 2z + 3 = (5z — 1) V2 + 3.

# Loi gidi.
-Phan tich huéng giai. Tuong tu nhu vi du vita phan tich & trén, bay gid ching ta sé di tim céc hé s6
nhu da phan tich 6 vi du trén nhu sau:

3 4622 — 22 +3
x+5x 1x—|— —(ax +b) = Va3 +3 — (ax +b)

'I‘ _
- 2*+(6—5a)a*+ (a—5b—2)x+3+b a°—a’x® —2abr +3 —
Sr —1 Vad+3+4+axr+0b

Ta di xac dinh a, b sao cho:
23+ (6 —5a)x® + (a—5b—2)x +3+b=2—a*2? — 2abx + 3 — b?
Dong nhat hé s6 hai vé phuong trinh da cho ta hé phuong trinh sau:

( (

6 — ba = —a? a=2Va=3

a—5b—2=—-2ab < a—5b—2=2ab =
b=0

3+b=3-V =0Vvb=1
\ \
Tit day, ta dua ra huéng giai quyét nhu sau: Diéu kien: z > — /3.
1 ‘ 1 L e R

Nhan xét z = R khong thoa phuong trinh da cho. Do dé = # R ta bien doi phuong trinh veé phuong
trgnh: ) . )

6x° — 2x + 3 6x° —2x + 3
x” + 0x T+3 _ x3+3<:>x+x x+ % = VB3 = 22(1)

or — 1 or — 1 .
V6i diéu kien x > —+/3, ta chua biét chic /23 + 3 4 22 # 0 nén dé nhan lugng lien hop ta can xét:

—2z 20 3—+/21
Vs +3+2r=0« @x:TthéaxZ—%
22— 422 +3=0

3 — 21 3—v21

Vé6i z = — ta ¢6 phuong trinh da cho nghiém diang. Do d6 x = — la mot nghiém cua

phuong trinh.

—21
Véi x # 3T = Va3 4+ 3+ 2z # 0 nén (1) twong duong v6i phuong trinh:

2?4+ 62> —20+3—20(be—1) a*4+3—42®  2®—4a®+3 2P —4a?+3

= = =
51 — 1 Vit + 3+ 2z 5z —1 Va3 + 3+ 2
1 1 ) 3 —422+3=0

<:>(x3—4x2+3)( - 0
br—1 /a3 2
T+ 3+2z Vi +3=3z -1

r=1

_3+4V021
=

Voi: 22 — 422 +3 =0 (z —1)(2* - 32-3) =0 &
T
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x>

W —

V6i: vVad +2=3x—-1 &

22 =922 4+6x+2=0

T > r=1

<~
(x—1)(2? =82 —2)=0 T =4+32
D6i chiéu diéu kién ta c6 nghiém ciia phuong trinh:

3+ v21
le;x:4+3\/§;x:T.

T
W =

Vi du 17. Giai phuong trinh 4523 — 1722 — 372 + 25 = 4/ (2 + 1) (52 — 3)°.

# Loi gidi.

-Phan tich huéng giai. Bai toan nay, ta c6 thé sit dung cach trén dé tim heé s6 v nhan luong lien hop.

Tuy nhién, & day ching t6i xin dua ra mot phan tich tu duy tu nhién dé giai bai toan trén nhu sau:

Nhin vao hinh thiic ciia phutong trinh, chiing ta nghi ngay dén hai bicu thiic dic biét x + 1; 5o — 3. Diéu
L1 s i iz . 3

do lam ta nghi dén viéc kiém tra phuong trinh véi hai gia tri z = —1; x = 5

Khong khé dé ta thay z = —1 thdéa phuong trinh da cho. Dan dén phuong trinh bac ba vé phai cla

phuong trinh cting ¢6 mot nghiém z = —1.

Bay gig, ta cha § rang: \/(x +1) (52 — 3)® = (52 — 3) V/5x2 + 22 — 3. V6i sut chi ¥ nay, ta sé& ¢6 hai
huéng dé vach ra huéng giai quyét.

-Huéng 1: Ta lay phuong trinh bac ba chia cho phuong trinh bac hai trong can véi diéu kién 1a hé s6 clia
2% chia cho he s6 2 t6t nhat phai 1a mot he s6 nguyen. Cu thé: (4523 — 1722 — 372 + 25) : (5% + 22 — 3)
duge thuong 1a 922 — 7 va s6 du 1a 4 — 10z.

Khi d6 phuong trinh da cho sé tré thanh:

(922 — 7) (5a? + 22 — 3) + 4 — 10z = 4 (5x — 3) Vb2 + 2z — 3(1)

Véi (1) ta nghi ngay dén viéc an phu héa t = /522 + 2z — 3, khi d6 ta bién ddi (1) thanh phuong trinh:
(922 — )12 — 4 (5z — 3)t + 4 — 10z = 0(2)

RO rang phuong trinh (2) hai an t, x ¢6 mil cao nhat 14 2 nén ta hoan toan c6 thé xem phuong
trinh (2) 1a phuong trinh baach hai theo t va phuong trinh nay c¢6 biet thic la: A’ = 4 (5z — 3)* —
(4 —10z) (922 = 7) = 8[(z — 1)]*.

T6i day xem nhu huéng 1 duge gidi quyét hoan toan.

-Hudng 2: Lay phuong trinh bac ba dem chia cho dai lugng bac nhat ngoai can (chinh la dai lugng bac
nhat chita mi 3 trong cin) cling véi luu ¥ 1a he s6 22 chia cho x tot nhat 1a s6 nguyen. Sau hai 1an chia
phan du con lai sé 1a mot dai luong bac nhat, ta dem dai lugng bac nhat nay ciing véi viéc chon hé s6
bat dinh phan tich dai luong con du nay theo hai dai luong bac nhat c6 trong bai toan. Cu thé ta co:
4523 — 172? — 37x + 25 : 5 — 3 duge thuong 1a 922 + 2z va s6 du la —31z + 25.

Bay gio ta sé tim hai hé s6 a, b sao cho:

—3lz+25=a(bzx —3)+b(z+1) = (5a +b)x + b — 3a.

. ) ) ) ba+b=-31 a=—7
Dong nhat hé so hai vé ctia phuong trinh ta dugc: &

—3a+b=25 b=4

Khi d6 ta c6: 452 — 1722 — 37z + 25 = (5x — 3) (922 + 2x) — 31z + 25
=(Br—3)(922+22) = 7Gx —3)+4(x+1) =Bz —3) (927 +22 —7)+4(z+1).
Véi sy phan tich nay, ta dua phuong trinh vé phuong trinh:

5z —3) (922 +22 —T)+4(x+1) =45z — 3) /(z + 1) (5 — 3)
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r+1 z+1
@4( )—45 —3)4/ 922 + 22 — 7= 0.
Bz — 3 (o =3)\ g g + 9" + 2

T6i day, cling nhu huéng di 1 ta an phu héa t = 4/ 5:2——’_13, khi d6 ta c6 phuong trinh: 4t> —4 (5x — 3) t+
922 +22 —T7=0

Nhan xét tuong tu nhu huéng di 1, phuong trinh nay la phuong trinh bac 2 an t c¢6 biet thite: A/ =
8 (z—1)*.

Bay gio ta di vao giai quyét cu thé bai toan theo huéng 2 nhu sau:

Do: 452% — 172% — 37x + 25 = (v + 1) (452% — 627 — 25)

T d6 ta c6 z = —1 thoa man phuong trinh da cho.

R 3 3
Diéu kién: x > £ Nhan xét vé6i x = = khong thoa man phuong trinh.

Phuong trinh da cho duge bién ddi vé phuong trinh:
(5r—3) (922 +22 —T)+4(x+1) =45z — 3) /(z + 1) (5 — 3)

x—i—l) r+1 9
4 — 4 (52 —3) 4/ 0 4 22 — 7 = 0(1
< (5:::—3 (b =3)\ 5, g+ 2 (1)

i 1
Dt ¢ — \/5?:3, £>0. Lic do 2 = 5x+ . Khi do (1) tr thanh:

T —
4t — 4 (bx — 3)t + 92% + 2z — 7= 0(2)

Xem phuong trinh (2) 14 phuong trinh bac hai theo an t c6 biét thic:
AN =452 —3)7 492>+ 22 —7) =8[(z — 1)]?

Suy ra phuong trinh (2) ¢6 hai nghiém phan biét:
2(50—3)+8(z—1) 18z —14

4 4
t_2(5x—3)—8(m—1)_2x+2
B 4 4
18z — 14 r+1 9 — 7
Véirt = — & =
1 1 Vie—3~ " 2
7
92 —7>0 ng
& Sr=1
r+1 _(91‘—7)2 9
P35 5 4(x+1)= (92 —T7)" (5bx — 3)
Veip2t2  [TAT _etl z+120
1 — =
4 br—3 2 z+1 _(x+1)2
be—3  \ 2
z > -1
4 S =+1
( +1)( 1 x—l—l)o
! br—3 2 /)
D6i chiéu diéu kién ta c6 nghiém ciia phuong trinh 1a: 2 = 1; 2 = —1 .

-Binh luan. Bai toan trén ta c6 thé khai quat héa vé bai toan sau:

a$3+bx2+cx+d:k\/(em+d) (pzr +q)°

Khi d6 ta c6 hai huéng gidi quyét theo 16i an phu (vi ta c6 thé gidi bing phuong phap nhan lugng lien
hop), tat nhién trong nhu cau can thiét gidi quyét bai todn khong tinh todn qua phtic tap vi thé khi
dat an phu ta nén giai theo huéng 2 nhu trong phan tich dé c6 thé dua bai toan gon gang hon huéng
di 1.

Vi du 18. Giai phuong trinh /3 —z+ 2+ 2 =2° + 22 — 4o — 4+ |z| + |z — 1]

# L3i giai.
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-Phan tich huéng gidi. Bai toan nay vé hinh thitc ¢6 chita dau gia tri tuyet déi nén thusng day cho
chiing ta huéng giai khé phan doan. Thong thuong, ching ta hay chia khoang dé bé dau gia tri tuyét
d6i sau dé méi tinh dén cac phuong an khéac dé thoat cin. Tuy nhién, néu ta khéo 1éo mot chit trong
tu duy thi doi lic mot bai toan ma ching ta cam thay khé cé thé dua cho ching ta mot 11 giai dep.
V6i phuong trinh nay bang cidch nham nghiém ching ta c6 hai nghiém ctia phuong trinh 1a r = —1;
x = 2 . Tt hai nghiém nay, ching ta da biét 1a ching ta can c6 nhan tit (z + 1) (z — 2) = 2> — z — 2.
Va 16 rang khong c6 huéng di nao hiéu qua hon lidc nay, bang cach tao lien hop. That vay:

Quan sat ngay phuong trinh: o3 + 22 — 42 — 4 = 0 thay « = —1; 2 = 2 vao ta thay nghiém ding. Do
dotaco: a3+ 2?2 —dr—4=(x+1)(x—-2)(z+2).

Bay gio ta chi can di chon hé s6 a, b sao cho h{ai dai luong can thic (nhu’ sau:

1

a—b=-2 a=—=

V3—x—(ax+b)=0chor=-1;2=2= & 53
—2a—b=-1 b=
- 0
1
c—d=-1 c= —
Vr+2—(cx+d)=0chor=-12=2= & i
\ 3

\
Téi day, néu ta cit thé thay vao phuong trinh da cho ma khong dé ¥ t6i bude ta phan tich trude dé ta
sé thay khé khan ngay lap ttc. That vay, vi phuong trinh bac ba dé bai cho da hién nhién xuat hién
nhan tit can c6 cho ching ta, bay gio thém bdt dai lugng vita tim vao hai can thic § vé trai phuong
trinh titc 1a da can thém bét vao dai lugng nhu thé bén vé phai, thé thi khong nhitng khong lam gidm
do kho ctia bai toan ma con lam tang sit phiic tap clia bai toan lén. Nhu ta biét, bai toan nay né kho &
chd nhitng dai lugng chita dau gia tri tuyét doéi, vay nén khi them dai lugng méi vao thi 16 rang huéng
di nay ciing ching giai quyét duge gi ca.
Nhung néu ta tinh ¥ mot chit va khong may méc thi ta thit xoay chuyén tinh hinh thé nay xem sao?
Muc dich ctia chting ta la lam don gidn héa can thitc va dau gia tri tuyét déi nén thoi thi hai cai kho
ta thit nhap vao xem biét dau “cai kho 16 cai khon”.
Dé ¥ thay dugc rang, mdi quan hé sip xép sau day la hoan toan thich hgp v6i nhu cau nhan ti ciia
ching ta:
Xép: V3 —x — |z — 1| =0 cho x = —1; = 2 thoéa.
-Xép: Vr +2 — |z| =0 cho x = —1; = 2 thoéa.
Diéu d6 chiing minh dugce rang, bai toan nay khi tao nhan ti lien hop thi tu trong bai toan da cé sin
ma ching ta khong can di chon hé s6. D6 chinh la cai hay clia bai toin ma chting ta dang xét.
, . 3—x>0
Cu the 161 giai nhu sau. Dieu kién: S -2 < <3
r+2>0
Phuong trinh da cho duge bién doéi thanh phuong trinh sau:

V3—z—|z|+Vr+2—|z—1=2>+2> -4z —4
3—z—(zr—1)0°  z+2-—2a?
( ) =(x+1)(x+2)(r—2)

& +
V3—z+ |z —1] \/x—k + |x|

—2? +x+2 —x? +:Jc-|—2

=

V3—a+ |z —1 \/:z:+ 2|
S (- +r+2

( ) V3 —x+|x—1| Vo +2 —1—]9:\

Nhan xét v6i Vo € [-2;3] = +x+2>0

V3—a+ |z —1] \/a:'+2+\a:|

(—:c2—|—x—|—2)(x+2)

—i—:r;—l—Q) =0(1)

Viz+2>0,Vee[-2;3]
Do d6 phuong trinh (1) & 22—z —-2=0&z=—-1Vzr=2.
D6i chiéu diéu kién ta c6 nghiém ciia phuong trinh 1a 7 = —1; x = 2.
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-Binh luan. Qua bai toan nay, lai mot lan nita thay dudc sut tim toi danh gia ban dau dé chon giai phap
t6t nhat dé giai bai toan phuong trinh vo ty, doi lac néu chi st dung don gidn méay moéc mot viec lam
cu thé nao do sé khong dan dén hieu qua diu da cé thé dinh hinh duge dudng 161 di, ma doi lic ta can
chtt tinh té hon dé c6 nhuan nhuyén va thye tién duge dusng 16i ma ching ta da vach ra ngay tit ban
dau.

Vi du 19. Giai phuong trinh z (22 + 7) —4v/22? + 9z + 10410 = (32 + 2) (2vz +2 — V22 +5) .

# Loi gidi.

-Phan tich huéng giai. Quan sat bai toan ta hay dé ¥ ngay dén phuong trinh bac hai trong cin & vé trai
phuong trinh hinh nhu c6 lien quan gi dén hai dai lugng bac nhat trong can & vé phai phuong trinh.
That vay ta c6: (z +2).(2z +5) = 222 + 9z + 10

Tiép theo ta dé ¥ rang sy xuat hién ctia hé s6 4 trong dai luong 4v/222 4+ 92 + 10 va hé s6 2 va 1 trude
hai dai lugng 2v/z + 2, v/2z + 5 lam ta nghi ngay dén héing déng thic, ta c6: (2vz +2 — 2z + 5)2 =
6x + 13 — 4222 + 92 + 10 .

Téi day, ta da c6 thé hinh dung dugc moi lien hé giita cac can thic v6i nhau, dong thsi c6 thé goi cho
ta hai ¥ tudng chinh dé t6i gian hoa bai toan d6 chinh la an phu. Ta c¢6 hai huéng an phu nhu sau:
-Huéng 1: Dat hai an phu cho hai can bac nhat va kéo x va hé s6 tu do theo hai an phu dé.

-Huéng 2: Dat mot an phu cho hiéu hai can thitc va kéo dai lugng can bac hai chia phuong trinh bac
hai theo an phu v an x dé dua phuong trinh an phu khong triet dé kéo duge biét thitc va s6 chinh
phuong.

Néu ta giai quyét theo hudéng 1, ta c6 thé dinh hinh vé ¥ tudng nhu sau:

a=2vVzr+2 a? =4x +8

Dat: = =2r=a’>—b>—3,2ab=4v222+ 92+ 10, a® — 2b*> = -2
b=+2x+5 V¥ =22 +5

Khi d6 phuong trinh da cho sé tré thanh phuong trinh sau:

2 (20 4+ 7) — 8222 + 92 4+ 10+ 20 = (6z +4) (2vx +2 — V22 +5)

(
(a®> —b*—3)(a®> = b* +4) —4ab+20 = 3 (a — b) (a®* — b*) — 5 (a — b)
& (a2 =)’ + (a2 — b%) + 8 — dab =3 (a — b) (a2 — b%) — 5 (a — b)
(a® — ) + (a® — b?) — 4 (a® — 20%) — dab =3 (a — b) (a® — b%) — 5 (a — b)
& (a—b)* —3a? + 7b* — 4ab— 3 (a — b) (a® — b*) + 5 (a — b) = 0(1)
O phuong trinh (1) sy xuét hién cia 4ab va cac dai lugng a — b, a2 — b2 lap lai lien tuc nén ta ¢6 quyén
suy nghi 1 day mot hing dang thic lien quan dén 4ab va la binh phuong ctia mot hiéu lien quan dén
a, b.
Do do, ta tiép tuc tach phuong trinh (1) nhu sau:
(a2 — b?)* +2a% — dab+ 20> — 5 (a> = b?) —3(a —b) (a2 = b?) +5(a—b) = 0
S (a2 =1)+2(a—b)>+5(a—b)—3(a—0b) (a2 —b) —5(a2—b?) =0
& 2(a—b)%—(a—b)(a®—b?)+5(a—b)—2(a—0b) (a2 —b*) + (a2 —b%)° =5 (a2 —b*) =0
S (a—b)2(a—0b)—(a®> =) +5—(a®* = 0*)[2(a—b) — (a* = b*) + 5] =0
& 2(a—0b) — (a®> = 0*)+5].[(a—b) — (a®* = b*)] =0
Téi day, xem nhu hu’(;jng di 1 thanh cong, tit d6 ta hoan chinh cach giai bai toan nhu sau:

r+22>0

-Cach 1: Dieu kien: ¢ 24 45> 0 S > -2

222 +9x +10 >0

\

PHAM KIM CHUNG ITEX-https: / /www.facebook.com/groups/GeoGebraPro/ Kl


http://trunghochoasen.com/

TOAN THPT | 145

a=2\x+ 2 a’? =4x + 8

Dat: & , (@>0,0>0)
b=+2x+5 bV =22 +5

Tt diéu kién ta c6 cac két qua sau:

20 = a? — b? — 3; 2ab = 4/222 + 9z + 10; a® — 2b* = -2

Nhan hai vé phuong trinh da cho véi 2 ta duge phuong trinh:

20 (2x +7) — 8v/222 + 9z + 104+ 20 = (62 +4) (2Vz +2 — /22 +5)

& (a®> —b* —3) (a®> — b* +4) — 4ab + 20 = (3a® — 3b* — 5)(a—b)

& (a2 =)’ + (a2 — %) +8 — 4ab—3(a—b)( b?) — 5 (a —b)

& (a2 —0)° + (a2 — b?) — 4 (a? 262)—4ab—3(a—b)(a —52) 5(a —b)

& (a—b)? —3a2+ 70> —dab—3(a —b) (> —b*) +5(a — b) =

& @ -0)’+2(a—0)"+5(a—0b) —3(a—0b)(a® - b) 5(2 ) 0

&

&

2(a—b)* = (a—1b)(a> =) +5(a—b) —2(a—b)( a b2+ —?)* —5(a>—b?) =0
(a—b)[2(a—0b) — (a*> = b*)+5] — (a®* = b*) [2(a — ) — b2 +5]=0

a—>b=a*-"V?
S [2(a—b)—(a®* =b*) +5].[(a—b) — (a® — b?)]

Véi:a—b=a*> -0 & 2y +2— 22 +5=2x + 3(x

Ta nhan xét thay ring:

2V +2—V22+5) 2V +2+ V22 +5) =4(x+2) — 22 +5) =22 +3
Do d6 ta c¢6 phuong trinh (*) tuong duong v6i phuong trinh sau:

20 +3=0
20 4+3=(20+43) (2Vz +2+ 2z +5) &

2V +2+V2r+5=1

3 N
Véi: 22 +3 =00 = —5 (théa dieu kien)

V6i: 2z +2+V2r+5=1<2Ve+2=1—20+5=4(x+2)=2x+6—2/22+5
sr+1=V2r+5=2=4=1=+2
Th lai ta c6 x = —2 la nghiém cta phuong trinh.

. a’>—b> -5
le:a—b:T<:>2\/x+2—\/2:v+5:a:—1
©2(WVr+2-2)— (V2r+5-3)=z-2
2(x—2) 2(x—2) ( 2 > .
& — =r—-2%& (-2 —1) =003
vVr+2+2 V22xr+5+3 ( ) Vo +2 —|-2 V2r +5+3 )
Nhan xét v6i © > —2 ta c6 — —1 < 0mnén tu (i) ta c6 x = 2.

vVr+2+42 \/23:—1- +3
3
Vay phuong trinh da cho c¢6 ba nghiem: x = —2; x = 5 T = 2.
Néu ta gidi quyét theo huéng 2 thi ta sé c6 sy phan tich sau:

Dat t =2vVa +2 — 22+ 5 = t> = 62 4+ 13 — 4222 + 92 + 10

= 4222 + 92 + 10 = ¢ — 62 — 13

Liac d6 phuong trinh sé trd thanh: ¢t — 3z +2)t + 222 +2 -3 =0 .

Xem day la phuong trinh bac hai theo t ¢6 biét thiic
A=Bz+2)°—422+z—3) = (z+4)°.

T6i day xem nhu huéng 2 da dude gidi quyét. Tt do ta c6 cach gidi thi 2 nhu sau:
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;

x+2>0

-Céch 2: Dieu kien: ¢ 24 + 5 >0 S x> =2

222 +9x +10 >0

Ditt =2V +2—V2x +5=12=62x+13 —4v222 + 92 + 10 = 4v222 + 92 + 10 = t* — 62 — 13
Lac d6 phuong trinh sé tré thanh: ¢ — 3z 4+ 2) ¢t + 222 + 2z — 3 = 0(1)

Xem day la phuong trinh bac hai theo t ¢6 biét thiic

A=Bz+2)°—4222+z—3) = (z+4)°.

Suy ra phuong trinh (1) ¢6 hai nghiém phan biét:

3 2 4
t= Tt 2—i—x+ =2x+3 2Vr +2—2x+5=22+3
=4

t= 5 =x—1 2V +2—\2x+5=2—1

Véi: 2¢/x + 2 — /22 + 5 = 2x + 3 ta giai nhu cach 1.

V6i: 2v/x 4+ 2 — /20 + 5 = 2 — 1 ngoai 1di giai nhu cach 1 ta con c6 thé sit dung ham s6 dé giai quyét
n6 dia trén yéu t6 c6 nghiém duy nhat x = 2 nhu sau:

Taco: 2vVr+2—2o+b=2—-1e22+3=(x—1)(2Ve +2+Vz +5)

Do x =1 va x = —2 khong thdéa nén v6i x # 1 va x > —2 ta c6 phuong trinh tré thanh: 2v/x + 2 +
Norre i 2x +3 _ 0

T —2
+Xét ham 86 f(r) =2vx +2+21r +5 —

1 1 )
Ta c6: f'(x) = + +
f'(@) vVe+2 2r4+5 (x—1)
Do d6 ham s6 f(z) lién tuc va dong bién trén khodng (—2;1) nén phuong trinh f(z) = 0 c¢6 t6i da mot
nghiém.
Ma f (—2) > 0 nén phuong trinh f(z) = 0 vo nghiém trén khoang (—2;1).
. 2 3 f
+Xét ham s6 f(x) =2z +2+ 22 +5— ° +1 lién tuc trén khoéng (1; +00)
1 1 5
Ta c6: f'(x) = + +
f'(@) vr+2 2r+5 (z—1)
Do d6 ham s6 f(x) lién tuc va dong bién trén khoang (1;400) nén phuong trinh f(z) = 0 c¢6 t6i da
mot nghiém.
Ma f(2) = 0 nén phuong trinh f(z) = 0 ¢6 nghiém duy nhat z = 2.

2 3
’ +1 lién tuc trén khoang (—2;1)

5 >0, Ve e (-2;1)

5 >0, Vo € (1; +00)

3
Do dé phuong trinh da cho ¢6 ba nghiém: © = —2; z = —5; r = 2.

-Binh luan. Qua bai toan trén, ta thay hai cach giai an phu cho bai toan déu la nhitng huéng giai kha
ti nhién. Tuy nhién & cach 1 bai toan doi hoi sy van dung khéo 1éo trong viéc tach nhan tit mot cach
tinh § va hop ly. O céch 2, tuy bai toan khi giai c6 vé nhu don gidn hon nhung that chat 14 nho cach 1
c6 thé tach nhan tit thanh cong nén viéc phuong trinh bac 2 ¢6 biét thiic 1a sé chinh phuong la diéu tat
yéu titc 1a khong can qua nhiéu ki nang phan tich dé chon hé s6 tach dude phuong trinh cé biét thic
chinh phuong nhu ta titng giai ¢ cac vi du trude. Va dén vi du nay, ta c6 thé thay ring phuong trinh
giai biang phuong phap an phu khong hoan toan la mot budce tién kha nét va gon clia bai toan dit hai
an phu tach dugc tich cac nhan tit ma doi héi sy bién déi dai s6 phai linh hoat, doi khi gay nhiéu tré
ngai cho nhitng ai khong thuan thuc ki niang dai sb.

Vi du 20. Giai phuong trinh Vo +1+ vz — 1=V — 1+ Va2 — 22+ 3

# L3 giai.
-Phan tich huéng gidi. Quan sat bai toan ta thay chi c6 duy nhat mot can bac 4, dong thoi dai luong
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x — 1 xuat hién t6i ba lan vi 2% —2x + 3 = (v — 1)2 +2. Do d6 ta sé bién doi luon dai luong = + 1 theo
dai lugng x — 1 nhusaw: x + 1= (x — 1) + 2
Vi can bac 4 qué 1é loi nén ta ty nhién nghi ngay dén viec an phu hoéa né ngay lap tic. Cu thé:
t=vx—1=t*=2—1. Khi d6 phuong trinh da cho s& tré thanh: vt* + 2 + ¢t = 2 + /(£2)" + 2(1)
O phuong trinh (1) ggi ¥ cho ta st dung phuong phap xét ham s6 dac trung dé giai 14 huéng di nhanh
nhat. Ta di vao giai bai toan nhu sau:
Diéu kien: # > 1. Phuong trinh da cho duge bién ddi nhu sau:
V=D 2+ Ve —1=vr—1+/(z—1)>+2(x)
Dit:t=+v2x —1,t>0.Lacdotacé: t* =2 —1.
Phuong trinh (*) twong duong véi phuong trinh: Vi1 + 2 + ¢ = 2 + 1/ (¢2)* + 2(1)
Xét ham s6 f(u) = g/m + u lién tuc trén nita khoang [0; +00) .

N 2w
Ta ¢6: f'(u) = N
Do d6 ham s6 f(u) lien tuc va dong bién Vz € [0; +00) . Do d6 tit (1) ta co:

t=0 Vr—1=0 r=1

fOy=f) et=1*«< & &

t=1 Yi—1=1 r=2

D6i chiéu diéu kién ta c6 nghiém ctia phuong trinh da chola z = 1; z = 2.

+1>0,Ve|0;+00) .

-Binh luan. Cach di trén chi 1a ching t6i ¢d gang khai thac tu duy vé huéng gidi theo huéng logic nhat
v6i bai toan. Tuy nhién, néu ta tinh ¥ thi ta c6 thé bién déi truc tiép phuong trinh trén vé phuong

trinh: /(x — 1) + 24+ V2 — 1= /(v = 1)> +/(z — 1)* + 2.

Tu do ta dua hudng giai nhu 16i giai & trén.

Vi du 21. Giai phuong trinh 42% + (22 — 5) Vdz + 2+ 17 = 4z + (22 + 3) /6 — 4z

# L3i gidi.
-Phan tich huéng gidi. Quan sat bai toan ta thiy c6 chita hai cin thitc khong lién quan dén nhau nén
mot diéu ty nhién ta nghi ngay dén viéc an phu héa hai can thic dé thoat can.

a=+6—4x a’ =6 — 4x

Cu thé, ta dit: =
b=+4x + 2 b? = 4o + 2

Van dé tiép theo ta dé ¥ ring trudc hai can thitc thi méi can thiic chita mot dai lugng bac nhat, nén ta
thuan hoa bai toan theo an phu thi ta sé kéo hai dai lugng bac nhat do theo hai an phu bang céch ta
chon hai hé s6 m, n sao cho:

20 =5 =m (6 —4z) +n(de+2) = (—4m +4n) z + (6m + 2n) (1)

3
. ) ) ) —4Am +4n =2 m= —-
Dong nhat hé so hai vé cia (1) ta thu dugce: & 14
6m +2n = -5 n=-7
3 1
Ttc la: 20 — 5 = —ZCZ2 - Zb2
20 +3=m (6 —4z)+n(drx+2) = (—4dm+4n)x + (6m + 2n) (2)
1
. ) ) ) —4Am +4n =2 m= —
Dong nhat hé so hai vé cia (2) ta thu dugce: & 34
6m +2n =3 n=7

1 3
Tic la: 20 — 5 = —a? + —b2.
c la: 22 4(1 —1—4
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Véi cac hé s6 c6 su dan chéo dbi xiing nhu vay va dic biet cac hé s6 1, 3, 3, 1 goi cho chiing ta cai gi
d6 khé quen thudc nén ta thit lien két hai biéu thiic lai v6i nhau xem diéu gi xay ra?

1 1
Ta co: (2x+3)\/6—4x—(2x—5)\/4x+2:Z(a2+3b2)a+1(3a2+b2)b

1 1
=1 (a® 4 3a2b + 3ab® + b*) = (ot b)°

T nhan xét dic biet nay, ta nghi ngay dén viéc thay gi dat hai an phu ta quay vé dat mot an phu.
Vay ta sé chuyen huéng dat: t = /6 — 4z + 4z + 2.

Quan sét lai phuong trinh lan nita, ta lai thay trong phuong trinh c6 chita 422, 4x ma diéu nay ti tich
hai dai luong (6 — 4x) (4 +2) = —162% + 162 + 12, ta thay ngay hoan toan c6 thé biéu dién phuong
trinh bac hai con lai theo t mot cach dé dang.

\ 8 —12\°
Cuthé,tacé:t2:8—|—2\/—16x2+16$+12:>16x2—16x:( 5 )+12.

Mat khac stt dung may tinh ta biét duge phuong trinh ¢6 mot nghiém duy nhat x = = =t = 4.

N | —

Téi day ta hoan toan c6 thé tién hanh cac budc phan tich trén vao 10i giai nhu sau:
. g 1 3
-C4ch 1: Diéu kién: —3 <z< 5
Phuong trinh da cho duge bién doi tuong duong véi phuong trinh:
422 — 42 + 17 = (22 + 3) 6 — 4o — (22 — 5) V4z + 2
1
& da? —do +17= (V6 — 1z + Vir +2)" & 1602 — 160 + 68 = (V6 — 4z + VIz +2)° (3)

Datt =6 — 4o +V4x +2,t>0 .

2 -8\
Lic d6 ta co: t? = 8 4+ 2/6 — 4 + 4z + 2 = 1622 — 162 = ( 5 ) + 12,
Khi d6 phuong trinh (3) tré thanh:

2 —8\°
< 5 >+12+68:t3©t4+4t3—16t2—256:0
S (-4 +8t2+16t+64)=0st=4
SV6—4dr+Vir+2=4 V6 —4do -2+ \V4r +2-2=0
2(1 — 2x) 2(2x—1) 20 —-1=0 1

= =0« S = —.
J6—dz+2 Az tr2+2
v et V6 —dr = Iz + 2

D6i chiéu diéu kién ta c6 nghiém ctia phuong trinh 1a o = 3

Tuy nhién, néu ta c6 huéng suy nghi khac ngay tit dau dya vao hinh thic ctia phuong trinh sau khi
nhém cac can thic lai gan nhau va nhitng gi khong lien quan dén cin thitc gan nhau ta sé c6 mot huéng
di khéc 10i giai tren. Cu thé, ta bién déi phuong trinh vé phuong trinh:

4 — 4z + 17 = (22 + 3) V6 — 4o + (5 — 2x) Az + 2(4)

T nhan xét lien quan dén “hing dang thic du’ sau:

4o — 4 + 17 = (20 — 1) +16 > 16 1

Dau ding thitc x4y ra khi va chi khi: 22 — 1 =0 & 2 = .

[\

Mit khéc vé phéi ctia (4) ¢6 hinh thiic: ab + cd 1am ta lien quan dén bat dang thitc B.C.S nhu sau:
“ tacoab+cd < \/(a?+ 2) (0* + d?) 7

Dau ding thitc x4y ra khi va chi khi: % = cEZ

Tuy vay do chi 1a cach nhin ciia chiing ta, nhung dé ap dung dudc trong bai toan ta can xac dinh dugc

rang dau bang xay ra ¢ danh gia vita tim dugc phai xay ra cho bat déng thitc nay.

v6—dx  dr+2
20 +3  5—2x

bY . . 1 . , ., . > 2 .
Dong thoi khi x = 3 ta lai c6 gia tri cua bieu thic

. 1 PN
Muon vay ta lap ti lé: cho x = 3 ta c6 hai vé bang nhau
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(22 4+ 3) /6 — 4z + (5 — 2z) v/4x + 2 bang 16.

Vay xem nhu sy linh cdm ctia chiing ta c6 1y va dong thoi lic do c6 dau ctia bat ding thic B.C.S nén
ta 88 c6 bieu thic (2r + 3) v/6 — 4z + (5 — 27) v/4z + 2 < 16 nén bai toan chuyén vé bai toan so sanh
nhu saw: VP <16 < VT .

Tuy nhién, d6 chi 1a sy linh cdm chinh x4c vé huéng tu duy di, nhung con mot van dé nita ching ta can
chi ¥ 1a can kiém tra lai xem diéu ching ta linh cdm c6 that su la chinh xac dau déng thic c6 that su
x4y ra hay khong hay bi ngudc dau, van dé nay hét siic quan trong. Cu thé, néu ta tién dé dau dang
thiic xay ra ta sé 4p dung bat déng thic nhu sau:

(27 4 3) V6 — dz+(5 — 22) Az + 2 < \/[(2w+3)2+(5—2$)2] (6 — 4z 4 4z +2) < /8 (822 — 8z + 34) <

V16 (4% — 4z + 17) < /16 (22 — 1)* + 162

R6 rang t6i day, bai toan khong giai quyét duge vi bat dang thic bi nguoe dau, phai chang linh cam
huéng di ctia ta bi pha san?

Hay binh tinh, ching ta xem thit ching ta c6 van dé gi? Van dé 6 chd 1a chd dau bang xay ra & phia
trén tuy c6 xdy ra nhung lai khong cho két qua ding.

) 1
Lai thay khi z = 3 ta lai co: (2x + 3) /6 — 4oz = (5 — 2z) V4dx + 2.
Mt khéc: (2z + 3)° (6 — 4z) + (5 — 22)* (42 + 2) = —962 + 962 + 104.

Dau (—) nay la mot su khé thi kha ro trong lic ching ta can vé phai bé hon 16. Tu d6, ta ¢6 thém
cach giai sau:

1
-Céch 2: Diéu kién: 5= <z< §

Phuong trinh da cho duge bién doi thanh phuong trinh:

4o —4r +17 = (22 +3) V6 — 4z + (5 — 22) Az + 2(5)

Ta c6: 42 — 4z 4 17 = (22 — 1)* 4 16 > 16. Dau déng thitc xay ra khi va chi khi 22 —1=0 < z = %

Lai 4p dung bat ding thic B.C.S ta co:

(22 +3) V6 — da+(5 — 22) VAz £ 2 < \/[(2x +3)% (6 — 42) + (5 — 22)° (42 + 2)| (1+ 1) < \/2(=962% + 96
V2. [~24 (4% — 4z + 1+ 128)] < \/—48 (22 — 1)* + 162 < 16.

Dau dang thitc xay ra khi va chi khi:

(20 +3)V6—dr=(5—-20)Viz +2= (22 +3)* (6 —42) = (5 —22)° (dz +2) &z =
Tit d6 ta c6: 4a2 — 4x + 17 > 16 > (22 + 3) /6 — 4v + (5 — 22) Vdx + 2

Dau ding thic x4y ra khi va chi khi z = 3 va ciing chinh la ngiém ctia phuong trinh.

[\D

DN | —

Qua sit phat hién ra: 4% — 4o + 17 = (22 — 1)2 + 16 > 16 ta c6 thé dua bai toan theo huéng tu duy
khac dé la ta sé dua bai toan gidi phuong trinh nhu dé bai da cho vé bat phuong trinh véi sit cdm nhan
13 phuong trinh c¢6 mot nghiém duy nhéat nén bat phuong trinh can xét sé cé tinh ding nhat dinh dé
suy ra nghiém ctia phuong trinh. Cu thé ta c¢6 cach giai tiép theo sau day:

1 3
-Céach 3: Diéu kién: ) <x< = Do: 42® —dx + 17 = (220 — 1)> + 16 > 16.

Ta sé chitng minh: (2.1:—1—3)\/6 dr + (b — 2x)/4x +2 < 16
1

<:>Z(\/6—4x+\/4m+2) <16

o (V6—dr+ iz +2)° <64 & V6—du+ Az +2<4

& 8+ 2y 1622+ 162 + 12 < 16 < /—1622 + 160 + 12 < 4
& —1622 4160 —4 <0 —4 (422 — 42 +1) <0 & —4 (22 — 1)* < 0 (luon ding)

Dau dang thiitc x4y ra khi va chi khi: 22 — 1 =0 < z =

—~

[\DI»—t

Thi lai ta c6 ngay = = 5 14 nghiem duy nhat ctia phuong trinh da cho.

-Binh luan. Qua ba cach giai nay, nhin vé bai gai c6 1é doc gid dé cAm nhan 16i gidi cach ba hay va gon
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hon, tuy nhién céch giai thit 2 va thit 3 doi héi mot sit tu duy va tinh tdo nhat dinh méi ¢ thé trién
khai thanh cong, con cach 1 tuy c6 vé khé nhan ra vé diéu dic biet ¢ lap phuong mot téng nhung dé
di dén duge diéu d6 chung ta lai bat dau bang nhitng tu duy tu nhién va d6 chinh 1 nét trong sang
cach giai thit nhat.

Vi du 22. Giai phuong trinh (322 + 11) /22 + 1 = 3v/32% — 822 + 113z + 4.

# LJi giai.

-Phan tich huéng gidi. Quan sat phuong trinh diéu dé nhan thay nhat 1a bén vé phai phuong trinh tuy
14 mot phuong trinh bac ba kha rac réi, tuy nhién c6 hai hang ti khi nhém lai sé bat dugc nhan ti
chung véi bén vé trai clia phuong trinh.

That vay, ta cé: 3v/3z® — 822 + 11V3z + 4 = <3\/§x3 + 11\/§$> —4(22%-1) = NEY: (3z? +11) —
4(222 — 1)

Khi d6 ta sé bién doi phuong trinh vé phuong trinh:

(322 +11) (Va?+ 1 — V3z) = 4(1 — 22%).

T6i day ta tinh ¥ mot chut ta sé ¢6 nhan xét:

(\/xQ +1— x\/g) (\/xz +1+ :1:\/3) =1— 222

Nhu vay, 1o rang st dung nhan luong lién hgp ta lai tiép tuc bat nhan tit chung mot 1lan nita va dua
phuong trinh thanh:

(322 +11) (1 — 2¢2) = 4(1 - 22%) (Va2 + 1 +2v/3)

& (1-222) (32° + 11 —4Va7 + 1 — 42/3) =0

Hay dé v trong biéu thic 322 4+ 11 — 4v/22 + 1 — 4x/3 ¢6 chita hé s6 4 trude cac biéu thic va2 + 1,
zv/3 lam ta c6 lien tudng dén hing ding thic. Do do6 ta bién doi sau:

30° + 11 — 422 +1 - a3 =2+ 1 —4Va? + 1+ 4+ 22° — 42V/3 4 6

— (V¥ Fi-2) +2(z - v3)’

Va t6i day ta da xem nhu bai toan duge gidi quyét tron ven. Tu d6 ta di dén 10i gidi chi tiét nhu sau:
-Diéu kien: 3v/3z° — 822 + 113z + 4 > 0(%)

Phuong trinh da cho duge bién doi thanh:

(322 +11) Va2 + 1 = (3v/32% + 11v/3z) — 4 (22 — 1)

& (322 +11) Va2 +1 =3z (322 +11) — 4 (222 — 1)

< (

& (322 +11) (Va?+ 1 - 2v3) = 4(1 — 22?)
& (322 +11) (1 - 22%) =4 (1 - 222) (Va? + 1 + 2V/3)
& (1-22%) (322 + 11 - 4V22 1 —42+/3) =0
@(1—2932)[(\/x2+1—2)2+2(x—\/§)2}:0

) [ V2
1—-222=0 $::|:7 . Q
= Vaz41-2=0 = r=+V3 ©
=13
] x—\/§:0 I x:\/§

D6i chiéu diéu kién (*) ta c6 nghiem ctia phuong trinh la: z =

s 2 2 ) ,
-Binh luan. Bai toan nay, cac ban dé mac sai lam & buéce (\/ 2 +1-— 2) +2 (:1: — \/3) = 0 neu khang
dinh vo6 nghiem do thay tong hai s6 duong. Céc ba chi ¥ ta chi khing dinh dugc n6 vo nghiem khi ma
tong d6 duong that sut véi moi gia tri.
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T+ 3
5

Vi du 23. Giai phuong trinh 222 + 4x =

# Loi giai.

-Phan tich huéng gidi. Véi bai todn nay, ching ta c6 thé dua ra cac 16i gidi nhu nang lity thita, dat an
phu lién hop,. .. Tuy nhién, ching t6i dua ra vi du nay, dé chuan bi cho mot 16p bai toan ma khi giai ta
sé dua vé hé phuong trinh déi xtng hay hé phuong trinh gan déi xting thong qua dit an phu dic biet.
Va duong 16i nao cho ta cach tim an phu dac biet d6? Dé tra 15i cau héi nay ciing chinh 1a 1y do ma
ching t6i trinh bay cho cac ban huéng suy nghi va cach di tim an phu dé bang nhiéu duong 16i khéc
nhau sau day.

Vé6i phuong trinh dang xét, cac ban quan sat thay vé phai phuong trinh chia cin bac hai con vé trai
phuong trinh 13 mot phuong trinh bac nhat. Day duge xem 13 mot phép toan ngude va bai toan phép
toan ngugc thuong dua duge hé phuong trinh déi xing hoiic gan ddi xtng. Vay lam cach nao dé co thé
dua phuong trinh da cho vé hé déi xiing hay gan déi xitng. Ta c6 nhitng dinh huéng sau:

+Huéng 1: Khai thac triet dé he sé 2% va hé s6 clia x bén vé phai clia phuong trinh dé c¢6 duge hing
déng thiec:

/ 1 2
Ta co: 2x2+4x:2($2+2$+1)—2:2(x+1>2_2' Khi do: \/x—gi_?): (x+2)+ ’

Lac d6 phuong trinh da cho trd thanh:

1)+2 1 1
2(r+1)2—2= (x+)+ s@+r1)’—1=- wm+ +1
x + 1
bat:a=2z+1; b= +1=4/= ~|— 1 . Khi d6 phuong trinh tré thanh hé phuong trinh:

a2—1:§b 202 —b=1
I (+
b2:§+1 2b2—a:1

He (*) 1a mot he ddi xiing loai 2 va ta hoan toan giai quyét dugc.
+Huéng 2: Do hai vé chita hai phép toan nguge nhau lién quan dén bac 2 nén ta c6 thé dua phuong
trinh vé hé doi xing loai 2 hodc gan doi xiing loai 2.

3 N . s s
Dat: my +n = % Do ta can dua hé phuong trinh doi xiing (gan doi xing) loai 2 nén ta xét hé
3
(mx+n)2:x+ 2m?*z? + dmnx + 2n? = r + 3
phuong trinh: 2 &
222 + 4r = mx +n 222 + 4r = mx +n

. 2m?  4mn 1 3 —2n? m =1
Ta tim m, n sao cho: — = — = — = =
4 m n

713 ) 202 +4r =y +1
Khi do6 ta dat: y+1 = 4/ — Lic doé ket hgp véi phuong trinh ta duge hé phuong trinh: 3
x

1=

202 +4x =y + 1
& (")

2 +dy =a+1
He phuong trinh (') 1a mot he déi xing loai 2.
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1\ 2
3 1 (5) !
+Huéng 3: Do trong phuong trinh ta co: 3 + 5.0 =

ham s6 dé dao ham tim ra an phu (bac 2 thi chi can dao ham cap mot) véi ham sé c6 biéu thic la vé
phéi clia phuong trinh. Cu thé:
Xét ham s6 f(z) =22 +2x 6 f(z) =20 +2va fl(z)=0&22+2=0& 0= —1.

/ 3 .
Khi do¢ ta dat: % =y + 1. Két hgp v6i phuong trinh ta ¢c6 hé phuong trinh:

(1 + 2) nén ta c6 thé st dung phuong phap

1
2 +2x == (y+1) 20 +dr =y +1
2 &
+3
x2 =y+1 207 +4y =+ 1

He nay giong he (x) .
-Cht y: Dé st dung duge dao ham vao viéc dat an phu dua vé hé déi xing loai 2 ta can cha v 1a déi
phuong trinh téng quat: v/ax + b = pr? + cx + d thi ta c6 hai trusng hgp.

1 2
-Truong hgp 1:p:5; b—i—ad:%(l 2) thi dat \/ax—i-b—y—i-?vdlg la s6 doi cuax——%

12 nghiém ctia dao ham cap 1 ctia ham s6 f(z) = —22 + cx + d.
a
1 1 L ez . .
-Truong hop 2: p # —; a # — thi dat véi 2£ la s0 doi cua x = —2£ la nghiém ctia dao ham cap 1 cua
a c c c
ham s6 f(x) = px? + cx + d.
+Hudng 4: Stt dung mot bién thé ctia phuong phap Ferrari (nhac dén trong vi du 8). Cu thé ta sé bién
ddi nhu sau:
Xét phuong trinh: Vaz + b = px® + cx + d.
Ta thém hé s6 m sao cho vé trai phuong trinh 1a binh phuong mot tong.

o 1\? 1
Bien doi nhu sau: m<\/ayc +b+ 2—) =pr®+ (c+ma)x+d+bm+ 4_(1)
m m

Ta can tim m sao cho vé phai ciia (1) ¢6 dang binh phuong mot tong hodic binh phuong mot hicu la
xem nhu duge giai quyét. Tiic 1a ta can tim m sao cho vé phai ctia phuong trinh (1) ¢6 biét thic A =0
& a*m? + (2ac — 4bp) m* + (* — 4dp) m — p = 0.

1)? .
Sau khi tim duge m thi ta co: m(\/ax +b+ 2—) = (ux +v), x6t cac kha nang xdy ra sau:
m

+Khénéng1:m§0:>x:_g
v

. 1
+Khé nang 2: m > 0 = Var + b = \/_y + \/—_ m™ ta thu dugce he doi xing.
1
+Kha nang 3: m > 0 = —vax +b= — — ta thu dugc hé gan ddi xing.

Nz AN

-Ap dung vao bai toan dang xét ta co:

2
p . 3 1 3 1
Thémmvabiénd()i:m( Tt +—) :2x2+<4—1—%)x+— + —

2 2m 2 4m
Phuong trinh bac hai bén vé phai ctia phuong trinh c6 biét thiic:
m 2 3 1
+ 5 8 5™ + i 0=m

Ta day ta dua phuong trinh da cho vé phuong trinh:
2 2 9
3 1 25 3 1 5
2( v +Z) = 227 + 5x + — ( x;r +Z) =($+1> (+")

2
Khi d6 két hop v6i phuong trinh ta thu duge hé phuong trinh:

r+ 3 1
Dat: = —
a 5 2y+

8
1
4

s\@
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]. 5 2 < 5)2 1 5 2 5 2
5(“1) U - §(y+z) :<“z)
v+3 1 _1( +5>2 ( 5)2_1( 5)2
2 1) "2\ vt1) T3\t

Heé thu dugce 1a hée déi xiing, d6 1a do chiing toi ¢6 tinh ép cho duge hinh thitc hé déi xting nhu Ii thuyét
da phan tich. Trén thuc té thi v6i phuong trinh tong quéat nay thi ngay tit ching ta hoan toan giai
quyét duge nhanh chéng va didu dé c6 nghia rang phuong trinh téng quat dang xét hoan toan giai
quyét duge vé dang phuong trinh A% = B? nhu ngay tit vi du 1 ching toi c6 néu ra huéng giai trong
truong hop m 1a s6 nguyéen tim duge. Chi ¥ huéng di 4 chi duge 4p dung cho hinh thitc phuong trinh
Vax +b=pz?®+cr +d.

Bay gio, ta di vao giai cu thé bai toan nhu sau:

N / 3 .
Dieu kién: x > —3. Dat: y+ 1 = % = y > —1. Két hgp v6i phuong trinh da cho ta thu duge hé
phuong trinh:

1
2 +2r==(y+1) 222 +4x =y + 1(1)
2 =
3
x—2|— =y+1 2y% + 4y =z + 1(2)
Lay (1) — (2) vé theo vé ta co:
r=y
22 ) +4(@—y) =y-r e (z-y) (2r+2y+5) =0 _
—5—2x
Yy=——%—

2
x_—3—\/ﬁ

Vé6i x =y thay vao (1) tacé: 222 +3z—1 =0 < 4
Yy y () —3—{—\/ﬁ
r=——

4
. . . -3+ V17
Doi chiéu ca dieu kién cta x, y ta thu dUQCJ::+T.
-5 —+/13
Voi y = 2222 thay vao (1) ta o 42 + 100 +3 =0 | 4
iy = ——— thay vao a co: 4x x =
Y 2 y 54+ VI3
r=—

4
. . R -5 —+13
Dai chiéu ca dieu kién cua x, y ta thu duge: © = ———.

4
—3+\/ﬁx —5—13

Vay phuong trinh da cho c6 hai nghiém: x =

4 4

-Binh luan. Thong qua bai toan nay, ching ta da cé thé hinh dung dugc vi sao ching ta cé thé dit
an phu dic biet nhu vay trong bai toan dua phuong trinh vo t§ vé hé déi xiing. Theo ¥ kién chii quan
clia chiing t6i thi doi v6i bai toan nay 16i di dua vé hé khong tu nhién 1am, tuy vay ching ta can phai
mé cho chiing ta nhiéu huéng di dé tiép can véi mot bai todn vo ty cho du 16i di dé né khong duge
tu nhién va nhanh gon. Nhung thong qua dé ta co thé thay su phong phi trong cach tiép can mot bai
toan phuong trinh vo ty tiy theo huéng tu duy ma ching ta ren luyén duge. Dé ndi tiép huéng di nay,
chiing ta tiép tuc khai thac mot s6 phuong trinh nita dé c6 cai nhin tdng quan hon.

4
Vi du 24. Gidi phuong trinh /8lz — 8 = 2% — 222 + 3%~ 2.

# L3i gidi.
-Phan tich huéng gidi. Quan sat phuong trinh ta c6 vé phai chita mot phuong trinh bac ba va vé trai
chita mot can bac ba nén bai toan chita hai vé c6 phép toan ngugc nhau nén ta cé thé dua vé hé phuong
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trinh déi xting hodc gan déi xing dé giai quyét. Ta sé chon mot s6 huéng di nhu vi du trén dé xem doi
v6i phuong trinh nay xem sao?

Tru6e tién ta viét phuong trinh da cho gon lai nhu sau: 3v/8lx — 8 = 323 — 622 + 42 — 6.

+Huéng 1: Khai thac triet dé hét he s ctia 2® va hé s6 ctia 22 dé vé phai ciia phuong trinh chita hing
dang thitc. Mudn vay, ta dua phuong trinh vé phuong trinh: 27/81z — 8 = 272° — 5422 + 362 — 54

& 27Y8Tx — 8 = (3z)> — 3. (3x)* 2+ 3.322% — 23 — 46
& 27/8lz — 8 = (32 — 2)° — 46 & 27/27 (3x — 2) + 46 = (3v — 2)° — 46(1)

Dit: a = 3z — 2; b= /27 (3z — 2) + 46 = ¥/27a + 46.
Khi d6 két hgp v6i phuong trinh (1) ta c6 hé phuong trinh:

27b = a3 — 46 a® — 27b = 46
< (%)
b® = 27a + 46 b3 — 27a = 46
He (*) 1a mot he ddi xing loai 2.
+Huéng 2: Ta st dung tim hé s6 an phu dua vao diéu kien déi xiing ciia hé loai 2:
Dat: my + n = 3y/8lx —8. Do ta can dua vé hé doéi xing loai 2 nén ta xét hé phuong trinh:
my +n = 3v/81lx — 8

323 — 622 +4x —6=mx +y

m3y? + 3m?*ny? + 3mn?y +n® = 37z — 33.8
=

323 — 622 +4x —6=my +n

Ta can tim hé s6 m, n théa man hé thrc:

m3 _ 3m?>n 3mn? 37 _ —33.8—n3 m=9

3 —6 4 m n+6

T d6 ta c6 cach dat: 9y — 6 = 3v/8le — 8 & 3y — 2 = +/81lx — 8
Khi d6 két hgp véi phuong trinh da cho ta duge hé phuong trinh:

9y — 6 =323 — 622+ 42— 6 323 — 622 + 4z = 9y
& (+)

(3y —2)° =81z — 8 3y° — 6y% 4+ 4y = 9
He (+') 1a he doi xing loai 2.
+Huéng 3: Quan sat phuong trinh da cho ta dé ¥ thay 81 # % nén ta cé thé st dung dao ham dé tim
an phu véi luu ¥ do xét ham bac ba nén ta sé dao ham t6i cap 2 dé tim an phu thich hgp.
Xét ham s6: f(z) = 2 — 222 + %x —2taco
f'(x) :35132—4:0—1-%, S = ;
Tit d6 ta dua ra cach dat: /8lz — 8 = 3y — 2.
Khi dé6 két hgp véi phuong trinh da cho ta c6 hé phuong trinh:

4
3y —2=a3 222+ o —2

3
V8lr —8 =3y —2

Heé 13 mot he doi xting loai 2.
Bay gio ta di vao 16i giai cu thé ctia bai toan: Dat: /S8lz — 8 = 3y — 2.
Khi d6 két hgp véi phuong trinh da cho ta c6 hé phuong trinh:
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4 4
Jy—2=ua%—22"+ -1 —2 23— 2% + —x = 3y(I)
3 - 3
4
V8lx —8 =3y —2 y3—2y2—|—§y:3x (I1)

Lay (I) — (II) vé theo vé ta c6: 3 (z° — y*) — 6 (z* —
& (v —y) (32% + 3zy + 3y? — 62 — 6y + 13) = 0(2)
Xét phuong trinh: 322 + 3 (y — 2) z + 3y? — 6y + 13 = 0(3)

Xem phuong trinh (3) 1a phuong trinh bac hai theo bién x thi ta co:

2 2
A=9(y—2)%—12(3y> — 6y + 13) = —27y + 36y — 120 = — [27(y—§) +108

) +13(x—y) =0

<0

Do d6 phuong trinh (3) vo nghiém nén tit (2) ta c6 z =y
4 4
Thay vao (1) ta co: x3—2x2+§x:x®x<x2—2x+§> =0

z=0 r=0
=
) 4 34+2v6
¢ =2+ -=0 r=—""
3 3
3+2v6
Vay phuong trinh da cho ¢6 ba nghiém: z = 0; x = T\/_

-Binh luan. Qua cach giai trén ching ta luu ¥ rang v6i phuong trinh: vax +b = ca® + dz? +ex + f .
Dé dua duge vé hé dbi xitng bing dao ham ta can chi ¥ t6i nhitng luu ¥ trong huéng hai & vi du s6 20
va ta cling c6 cach dat tuong tir giong vay. Tiép theo, ta tiép tuc khai thac mot phuong trinh vo ty nita
ma 161 gidi ciia chiing ta nham dén huéng dua vé hé phuong trinh déi xiing.

1
Vi du 25. Giai phuong trinh 822 — 132 + 7 = (1 + —) V/3x2 — 2
x

# LJi giai.

-Phan tich huéng giai. Bai toan nay vi sao mé ching ta cé thé nghi dén viéc bién ddi phuong trinh vé
he do6i xing duge? Cau tra 16i cling ndm & hai vé phuong trinh chita hai phép toan ngugc nhau. Cai
khoé clia bai toan nay chinh 13 6 truée dai lugng can thitc ta con mot dai lugng bac nhat. That vay, ta
bién d6i phuong trinh da cho vé phuong trinh sau:

8% — 1322 + Tz = (v + 1) v/322 — 2.

Bay gio trong cidc huéng dua vé hé phuong trinh ma ta da xét dén trong cac vi du trude thi lieu rang
huéng di ndo c6 thé gitp ching ta dwa phuong trinh nay vé hé phuong trinh déi xing hosic gan déi
xing.

Cau tra 10i c6 vé hieu qua nhét chinh la ta khai thac triet dé hé s6 clia 2% va he s6 ctia 22 trong phuong
trinh dé tao ra mot hiang déng thic.

Dura vao phuong trinh bac ba bén vé trai ctia phuong trinh ta thay hé s6 cia 2 1a 8 = 23 ¢6 vé nhu la
mot két qua dep nhu vay ta chi can lam cho hé s6 ctia 22 sé theo mot hé s6 c6 thé dua vé hing déng
thitc bac ba lien quan dén 2x. Do d6 ta c6 su phan tich sau:

82 — 1322 + 7 =82 — 1222+ 6+ 1— 2?42 —1= 20— 1) — (a2 —z — 1)

Dai lugng vita xuat hién trong lic tim hing déng thiic bac ba chinh la 22 — 2 — 1 nén ta can phai cho
no6 xuat hién lai trong can bac 3. Vi sao c6 suy nghi nay? Cau tra 18i cling ndm & chd hai vé ctia phuong
trinh 1a mot phép toan ngugc.

Vay con dai lugng (z + 1) thi sao? Sé giai quyét né thé nao day?

Cau tra 16i vdn nam & phép toan ngugc clia hai vé phuong trinh trong bai toan, ttc 14 hé ngoai dai
luong cin c6 gl thi ta ciing trd vé trong can dai lugng d6 cong véi trong cin bac ba 1a mot tam thiic
bac hai.

Diéu nay ciing c6 nghia I ta can xi 1f dai luong 322 — 2 theo ba dai luong x +1; 20 — 1; 22 — 2 — 1.
Lai dé y dai luong = + 1 1a dai lugng tich véi can thiic bac ba, con dai lugng 2z — 1 14 mot biéu thiic c6
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dugce khi lay can bac ba va cudi cling dai luong 22 — 2 — 1 1a phan du bi trit ra khi tach hang dang thic.
Tat ci nhitng nhan xét nay dan dén sy phan tich nhu sau: 322 =2 = (x +1) 2z — 1) + (2> —z — 1)
V6i su phan tich nay, lic dé phuong trinh da cho duge bién déi thanh phuong trinh:
21— (@ —2—-1)=(+1)/le+1)2r—1)+ 22—z —1)(1)

T hinh thic phuong trinh (1) ta ¢6 ngay phép dat:
u=2r—Lv=3(z+1)2r—1)+ (22 -z —1)

Két hop phép dat va phuong trinh (1) ta thu duge mot hé phuong trinh:

w— (P —x—-1)=(z+1)v w—(P—x—-1)=(r+1)v
© (%)
v=(x+1)2z—-1)+ (2> —2—1) vV—(P—r-1)=(z+1)u
He (%) 1a mot he ddi xing loai 2. Vay xem nhu bai toan da duge giai quyét, bay gio ta di vao 101 giai
cu thé ctia bai toédn nhu sau:
-Diéu kien: x # 0
Phuong trinh da ché duge bién ddi thanh phuong trinh:
8r3 — 1322 + Tx = (v + 1) v/322 — 2
217 @ —r-1)=@+1) Y e+1)2r—1)+ (@2 —x—1)(1)
Ditu =2z —1;v= /(v +1)(2z — 1)+ (22 — x — 1) . Ké hop phép dat va phuong trinh (1) ta thu
duge mot hé phuong trinh:

wW—(?—x—-1)=(x+1v w— (2 —x—1)=(x+1)v(2)

vV=@+1) 2z -1+ (2*—x2—-1) v — (P —2—1)=(z+1)u(3)

Lay (2) — (3) vé theo vé ta dugc:
wW—vP=@+1)(v-—u) & (u—2) (W +uw+v2+z+1)=0(4)
2

3
Ta c6: u* +uwv + v +r+1= <v+2> —|—(x+1)(2x—1)+x2—(3x2—2)+1u2

2
u\ 2 2 2 3 2
= (v+3) + @+ 1) Eo—1)+a>— (3~ 2) + 220 - )
w\ 2 2 2 3
:<u+—> +2°+(x—1)"+->0.
2 4
r=1
Do d6tit (4) tach: u=v &2r—1=+v322 -2 83— 152> +6r+1=0«& .
r=—=
. 8
D6i chiéu diéu kién ta c6 nghiém ctia phuong trinh Ia: 2 = 1; x = 3

-Binh luan. Qua vi du nay, mot lan nita ching ta thay néu ching ta c6 sy tinh toan ki ludng trude
huéng di va vi sao nghi dén duge huéng gidi quyét do sé gitp ching ta g& roi bai toan kha don gian.
Tuy nhién khong phai bai toan nao ngude c6 thé dua vé hé doéi xing loai 2 hoan chinh nhu vay. Quan
sat vi du sau ching ta sé thay dugc dieu do.

2 37
Vi du 26. Giai phuong trinh 5\/417 +1 =922 — 26z + 3

# L3i gidi.
-Phan tich huéng giai. Bai toan nay mot lan nita ta thay hai vé phuong trinh chita hai phép toin ngudc
nhau va theo suy nghi ty nhién ta sé dua bai toin vé hé doi xiing. Va van nhu nhitng gi da phan tich
cac huéng chuyén doi tit phuong trinh ¢6 hinh thic nay vé hé déi xting, ta tién hanh nhu sau:
+Huéng 1: Khit triet dé he s6 ctia 22 va heé s6 cia x dé tao hing dang thec:

37 11 11
Ta c6: 9:c2+26:zc+E = (32)? —2.30.4+4% — 22 — 5 = (3z —4)° — 22 — <

V6i st phan tich dé khit triét dé cac hé s6 can thiét, thi ta chi c6 thé khit duge & kiéu “gan triet de”
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(vi du trong bai ta chi khit dugc triet dé hé s6 —26). Di¢u nay mach béo cho chiing ta thiy duge néu
phuong trinh nay c6 dua dude vé hé doi xing thi d6 chi 1a hé gan hé déi xing.
That vay, tu sy phan tich ta dua ra phép dat: 4z +1 = 3y — 4 . Luc do ta sé dugc hé phuong trinh

3z —4)°=2z+2y+1
sauu: ()

3y —4)° =4z + 1

He (*) chi dugc xem 1 hé gan doi xiing.

Tuy nhién, gia sit nhu ta khong phan tich theo huéng 1 ma ta day luon cach phan tich theo huéng cho
hé s6 dé duge he doi xtng thi lieu tré ngai nao dang chd ta phia trude? Dé tra 16i cau héi nay ta chuyén
sang huéng phan tich thit hai nhu sau:

+Huéng 2: Ta di tim heé s6 an phu thong qua hé déi xiing loai 2:

bat my +n = 4z + 1. Khi d6 ta xét hé phuong trinh sau:

my +n=+v4xr +1 m2y? + 2mny +n? = 4x + 1
=
37 2 37 2
9x2—26x+§:§(my+n) 9x2—26x+§:§(my+n)
Ta cin 6 h'm_an_4_1—n2
a can tim m, n sao cho: - = — ¢ = 5— =5 57
3 3 3

Va that khong may mén la ta sé khong tim duge cip s6 (m,n) thoa he thiic nay, diéu nay linh cam cho
ta thay duge phuong trinh nay khong thé duwa vé he déi xing. Vay, cau héi dat ra lieu c¢6 phai chang
phuong trinh nay chi duge dua vé hé gan déi xiing? Mudn tra 16i duge cau hoi nay thi ta phai tim cach
tim bo s6 (m, n) théa man he thitc da cho nhu thé nao day? Ta bat dau di tim cau tra 10i nhu sau:

2 2 4 2z N
Bay gio ta hay xét téi bieu thic tim m: % =5 m? = 54. R6 rang két qua nay khong hé co 1gi.
gm
Vay ta can tao ra mot he s6 a dé 54a 1a lap phuong ctia mot s6, khi d6 m® = (A)® ma: A = 32.6.a
1
=a=_
73
1
o mE da m? g
bieu nay ciing ¢6 nghia la 54a = 3° nén lac dé ta cé hé thic dieu chinh lai la: o7 & o -7
-m -m
3 3
Sm=3
. . m2y? + 2mny +n? = 2x + 2x + 1
Nén hé dang xét can dieu chinh nhu sau: 37 9
922 — 26z + — = = (my +n)
) 3 3
3 2 R . .
Mat khac v6i m = 3 = 9= 2= 1 nén ta can dieu chinh cho hé s6 & phuong trinh thi hai trong hé
3.=
3
m2y? + 2mny +n? = 2z + 2 + 1
nhu sau: 37 9 5
?x2—24m—|—? = 577/1y—|—2x+§n
V6i syt can bang ta vira tao ra, tiep theo ta sé di tim n dya vao hé thiic sau:
2mn 2
3
© 32 c 1—n’ 1_(_4)2 N L ~ ~ s N
Khi d6 ta lai c6: 5 77 = 3 77 = 1. Dieu d6 ¢6 nghia ta da tim duge (m,n) = (3;—4) . Tu
S 7 W
3" 303
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d6 dan dén cach dit: 3y — 4 = v/4x + 1 va ta sé gidi quyét bai toan gon nhe nhu sau:
. 1 .
-Dieu kién: x > T bat:3y—4d=vdr+1 =y > 3 Khi do6 ket hgp phép dat va phuong trinh da cho

(32 —4)° =2z + 2y + 1(1)
ta c6 hé phuong trinh:

(3y —4)° =4z + 1(2)
Lay (1) — (2) vé theo vé ta c6 duge phuong trinh:

r=1y
Bz -4’ —@By—4)°’=2y—2) = (r—y) Yz +9y—-22)=0< -
y=-a+

9
14 +£+/61
V6i 2 = y thay vao (1) ta co: 9932—28934—15:0(:)sz

22 10 £ v53
V6iy = —x + 5 thay vao (1) ta c6: 8122 — 2162+ 91 =0 0= ————.

9
D6i chiéu diéu kién clia c x, y ta c¢6 nghiém ctia phuong trinh:

14+ /61 10 — /53
r=———r=———.

9 9

-Binh luan. Day 1a mot bai toan két thuc trong chudi cic vi du vé cac phuong trinh vo ty gidi bang
cach dua hé phuong trinh déi xiing hoiic gan ddi xtng. Tuy nhién, cac bai toan nay déu cé thé bat gip
mot 161 di khac nhu ching toi da néi ¢ trén. Cac ban hay ¢b giang tao cho minh mot théi quen bién ddi
dita vao nhitng huéng di ma ching t6i da néu ra, tat nhién cac huéng néu ra khong phai la con duong
duy nhat dé tim ra 15i gidi nhung thiét nghi dé 1a nhitng dau hiéu don gidn dé nhé va tu nhien.

Vi du 27. Gidi phuong trinh 2% — 2 = 3/3z + 2 .

& L gidi.
-Phan tich huéng giai. Bai toan c6 hinh thic kha don gidn va ta khong khé dé dua ra cac hudng giai
co ban c6 thé nghi dén nhu nang liiy thita, dit an phu dua vé phuong trinh hodc hé phuong trinh déi
xtng va mot s6 huéng khac. Tuy nhién, ching to6i dua phuong trinh nay, dé bat dau cho mot loat bai
toan diing tinh don diéu clia ham s6 dudi dang xét ham s6 dic trung ctia ham s6 dé gidi mot phuong
trinh vo ty. V6i dinh huéng giai phuong trinh vo ty theo huéng nay cai kho nhat la lam sao bién déi
dugc vé dau hiéu c6 thé xét ham dic trung va ham dac trung 1a mot ham sé ¢6 “mit miii” nhu thé nao?
Dé mé dau cac van dé do ta bt dau di phan tich bai toan dang xét. Khong kho tit phuong trinh da
cho ta c6 thé bién doi vé phuong trinh:
P4 3r =3+ 2+ Br 12 o8+ 30 = (V3 +2)° +393r 1 2(1)
Hinh thtic phuong trinh (1) cho ta nghi dén xét ham s6 dac trung: f(¢) = 3 + 3t,
Ta c6: f'(t) = 3t*+3 >0, . Do d6 tir (1) ta co: f(z) = f (¥/3x+2) . Tt do ta co 1oi gidi chi tiét nhu
sau:
-Phuong trinh da cho dugce bién ddi vé phuong trinh:
24 3r=3r+2+Br 12 o5+ 3= (V3 +2)° +3¢3r 1 2(1)
Xét ham s6 f(t) =3+ 3t, . Ta co: f'(t) =3t>+3 >0, .
Vay ham s6 f(¢) lien tuc va luon dong bién trén . Do d6 tit (1) ta co:

r=—1
f(z) :f(\3/3x+2) sr=yr+213-3r-2=0«<

T =2
Vay phuong trinh da cho c¢6 hai nghiem: x = —1; z = 2.
-Binh luan. Phuong trinh da cho khong khé dé bién déi vé phuong trinh c6 dau hiéu xét ham dac trung.
Tuy nhién, khong phai lic no ta ciing c6 thé bién doi dé dang nhu vay dé dat dude diéu ta can co,
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ma ta can c¢6 sy phan tich nhat dinh dé di tim 16i thoat mot cach logic nhat. Vi du tiép theo sé lam ré
diéu do.

Vi du 28. Giai phuong trinh 823 — 3622 + 53z — 25 = v/3z — 5.

& L gidi.

-Phan tich huéng gidi. Ta quan sat phuong trinh thiy vé phai phuong trinh chita phuong trinh bac ba
con vé tréi chita can bac ba nén ta nghi dén viéc néu c6 xét ham s6 diic trung ta sé ham s6 f(t) = at3+bt.
Van dé con lai 1a tim hai hé s6 a, b. Trudc tién ta viét vé phai vé hinh thic:
a(V3x—5)+b/3r—5=+v3r—-5=b=1

Lic do6 ta viét vé trai clia phuong trinh vé hinh thic:

82% — 3622 4 53z — 25 = a(mx +n)° + (mz + n)

Bay gio ta chi can tim ba hé s6 a, m, n sao cho:

a(mz +n)® + (mx +n) = a(m)g + 3z — 5.

a=1m=2

Do 82° = (22)° = am® =8 =
a=8m=1
Néu a = 1;m = 2 Khi d6 ta c6: (22 +n)* + (22 +n) =3z — 5+ 3z — 5
& 823 + 12n2? + (6n* — D) ax+n® +n+5=+/3z —5(1)
Két hop (1) v6i phuong trinh da cho ta c6: < 8x3+12nz%+(6n* — 1) z+n*+n+5 = 823 — 3622 +532—25

(

12n = —36

Dong nhat hé sé ¢ hai vé clia phuong trinh nay ta thu duge hé phuong trinh: < g2 — 1 = 53

nd+n+5=-25
\
Sn=-3

Diéu nay c6 nghia I ta sé xét ham s6 ddc trung la: f(¢) = ¢3 + ¢ dong thoi phuong trinh da cho dugc
bién ddi: (22 — 3)° + (20 —3) = (V32 —5)" + ¥/3r — 5 .

Ta di vao 101 gidi chi tiét cho bai toan

-biéu kien:

Phuong trinh da cho duge bién ddi thanh phuong trinh:

(22 —3)° + (22— 3) = (VB =5)’ + Bz —5(2)

Xét ham s6 f(t) =13 +t,. Taco: f'(t) =3t +1>0, .

Vay ham s6 f(¢) lien tuc va luon dong bién trén . Do do6 tit (2) ta co:

f(2z—3)=f(V3x—-5) &2z —-3=+3z—-5

& (22 -3 =3r—-5e 8% — 3622+ 51z —22=0

T =2
S (r—2)82? —20r+11) =0 &

xr =

4

5++V3
Vay phuong trinh da cho c6 ba nghiém: x = 2; z = 4\/_.
-Binh luan. Céc ban sé& thic méc vi sao cip s6 (a;m) = (8;1) khong duge trinh bay. Li do don gian vi
v6i cap 86 (a;m) = (1;2) ta da tim duge cac hé sé thda man yéu cau trong qua trinh bién ddi phuong

trinh dé xét ham.

Vi du 29. Giai phuong trinh 2® — 622 + 120 — 7 = v/—22 + 922 — 192 + 11.

# L3i gidi.
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-Phan tich huéng gidi. Ciing nhu vi du trén ta ciing sé nghi dén viéc xét ham s6 dac trung f(t) = at®+bt.
Ta viét vé phai vé hinh thic:

(V=27 927 — 192 + 11)" + b (V=22 + 927 — 19z + 11) = /=22 + 922 — 19z + 11

Tt phuong trinh nay ta suy ra b = 1 . Ltc nay ta viét phuong trinh vé hinh thic bién ddi:

a(mz +n)° + (mx +n) = a(V—22 + 922 — 19z + 11)3 + v/ =22+ 922 — 192 + 11(1)

) a=1 a=38 a=—1 a=—8
Do hé s6 ctia 22 14 1 nén ta c6: am? =1 = V V V

Véi (a;m) = (1;1) ta co:

228+ (Bn —9) 2? + (3n? +20) x + nd +n — 11 = v/—22? + 922 — 192 + 11.

Khi d6 két hgp véi phuong trinh da cho ta can tim n sao cho:

20 + (3x —9) a2+ 3n? +20)z +n*+n—11 =2 — 622 + 122 — 7

Diéu nay khong thé thuc hién duge vi hé s6 clia 2® & hai vé da khac nhau.

Tuong tu cho truong hop cap s6 (a;m) = {(8; %) (1;,-1); (—8; —%)} ta cing khong tim dugc n.
Vay ta can tim n nhu thé nao day? Cau tra 16i nam & phuong trinh (1) ta co:

(1) & (am? + a) 23+ (3anm? — 9a) 22+ (3n*am + m + 19a) r+am®+n—1la = v/—23 + 922 — 19z + 11
Két hop véi phuong trinh da cho ta co:

(am® + a) 2* + (3anm? — 9a) 2* + (3n*am + m + 19a) z + am® + n — 1la = 2* — 62° + 122 — 7

D(éng nhat he sé hai vé phuong trinh nay ta co:

am?®+a=1 ( 1
a==

3anm? — 9a = —6 2
=9y m=1

3nZ2am +m + 19a = 12

an®+n—1la = -7

\
. 1 £ sz 1
Khi d6 ta sé xét ham so f(t) = §t3 + ¢ va phuong trinh da cho sé duge bién doi thanh: §(x —1)°* +

1
(0= 1) = 5 (V=27 + 927 = 100+ 11)" + V=27 + 027 — 10z + 11.
Cu thé ta di vao 151 gidi cho bai toan nhu sau:
-Diéu kién:
Phuong trinh da cho duge bién doi nhu sau:

1 1

S@=1" 4 (1) = S (V=27 + 927 — 10z + 11)° + /=% + 927 — 19 + 11(x)
) 1 3

Xét ham s6 f(t) = §t3 +t,.Taco: f'(t) = §t2 +1>0,.

Vay ham s6 f(¢) lien tuc va luon dong bién tren . Do d6 tir (%) ta co:
flx—1) = f (V=234 922 — 192 + 11) e @—10°=—-234922-192+11 © 23 — 622 + 11z — 6 = 0

r=1
< | x=2
=3

Do d6 phuong trinh c6 ba nghiém: x = 1; x = 2; z = 3.

Vi du 30. Giai phuong trinh 223 + 2% —32x+1=2Bz—1)V3xr — 1.
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# Loi giai.

-Phan tich huéng giai. Thoat nhin bai toan ta thay vé trai c6 bac la 3, vé phai ¢6 bac la 5 thi c6 vé
kho6 diing tinh don dieu dé giai quyét bai toan duge. Tuy nhién néu ta xem u = v/3z — 1 thi lap tic vé
phai sé tré thanh 2u?® va nhu thé thi bai toan cé thé gidi quyét bang tinh don diéu. Viéc tim ra ham s6
dac trung cho phuong trinh nay la don gian. Cac ban doc giai hay thyc hanh viéc tim ham dac trung
nhu hai vi du ma chiing toi vita phan tich & trén. cu thé ctia bai toan nhu sau:

N 1 z 2
-Diéu kién: z > 3 Phuong trinh da cho dugc bien doi nhu sau:

203 + 22 =2 (V3r —1)° + (V3z — 1) (1)

Xét ham s6 f(t) =23+ t2,t > 0. Taco: f'(t) =6t>+2t >0,V >0

Vay ham s6 f(t) lien tuc va luon dong bién trong khoang (0;+o00) . Do d6 tur (1) ta c6: f(z) =
3D

f(\/Bx—l)<:>:U:\/3x—1<:>x2—3x+1:0<:>x: 2\/_.

3++6

D6i chiéu diéu kién ta c6 nghiém ctia phuong trinh 1a o = 5

Vi du 31. Giai phuong trinh 72% — 13z 4+ 8 = 222. ¢/ (1 + 3z — 322).

# Loi gidi.

-Phan tich huéng giai. Quan sat thay vé phai ctia phuong trinh c6 chita an x ngoai can nén mot 1é tu
nhién ta nghi ngay dén viéc xét cac truong hgp z =0 va z # 0 .

V6i = 0 ta khong kho dé thay phuong trinh da cho khong thoa.

V6i o # 0 ta chia hai vé phuong trinh cho 23 ta thu duge phuong trinh:

7 13 8 o/ 1 3
Lo S —o =+ 2301
T :c2+:c3 x3+:r; (1)

2 2 <2 2 N P N 2 ~ 4 . 1
O phuong trinh (1) dé don gian héa hinh thitc bai toan ta nghi ngay dén viec dat ¢t = —.

x
Ltc d6 phuong trinh (1) tré thanh: 83 — 13t2 4 7t = 2v/t2 + 3t — 3(2)
Phuong trinh (2) c6 thé gidi duge bing cach dua vé hé gan d6i xting (cic ban doc gid hay tim hiéu
xem?)
Bay gio chtung t6i chon gidi bang cach sit dung tinh don diéu, cac ban doc gia hay thuyc hién viec tim
ham s6 diic trung nhu da phan tich dé lay kinh nghiém thitc hanh.
-Khong kho dé thay = = 0 khong thda phuong trinh.
V6i x # 0 ta bién doi phuong trinh vé phuong trinh:

1 3 7 13 8 1 3
7x2—13x+8:2x23x3<—+——3) & ———=+—==2¢=+--3(2)
2 x x  x?2 23 2 x

1

Dat t = —, ¢t #0 . Lic d6 (2) tré thanh: 83 — 13t + 7t = 2v/12 + 3t — 3
:I: b

S 2—17+22—1)= (VE+30—3)" + 292+ 30— 3(3)

Xét ham s6 f(u) = u® + 2u, . Ta c6: f'(u) =3u?+2 >0 ,.

Do d6 ham s6 f(u) luon dong bién tren Do do6 tit (3) ta co:

f@-1)=f(VP+3t-3) 2 —-1=V12+3t-3

o2t -1 =243t -383—132+3t+2=0

&
5+ /89 16
t=—"—T" r=—=
16 5+ /89

. . . ‘ 16
Dai chieu dieu kién ta ¢6 nghiém cua phuong trinh la: v =1, 1 = ———.
5+ 89

-Binh luan. Bai toan trén la bai toan két thic phan phan tich vd hudng gidi cho 16p bai toan phuong
trinh vo ty giai bang ham sé dac trung. Tuy nhién, ngoai 18i giai trén ching ta vAn hoan toan cé thé

St-1)8t*-5t—-2)=0«
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giai bai todn nay bing cach dit an phu va st dung hing ding thitc. Cac ban chi ¥ cac bai tit vi du
21 dén vi du 28 néu ching ta khéo 1éo trong tu duy va bién doi ching ta c6 thé giai cac bai toan dé
theo mot trong hai huéng la dua vé hé hosc dung ham s6. Mot ghi nhé quan trong truée khi ching ta
giai bai can phai tu duy trude xem lidu bai toan ta dang xét c6 thé thuc hién, chuyén héa vé hé hoic
ham s6 khong? Vi cac bai toan nay doi lac hinh thitc c6 thé gan gidng nhu hai huéng di vita nhic dén
lai khong thé ap dung dugc hodc néu co thi qué phiic tap. Va dé ciing chinh 1a cai hay ciia viéc tim ra
dugc tu duy giai toan noéi ching va phuong trinh vo ty noi riéng.

1 1
Vi du 32. Giai phuong trinh 2/2 ( T — 3 + xz: ) =2+ 18z —T.

& Li gidi.

-Phan tich huéng gidi. Quan sat bai toan nay, thi suy tinh thoat can ctia phuong trinh chinh la bién
phap an phu. Tuy nhién, & trong bai toan c6 chiia hai can thitc, mot cin la chita dai lugng bac nhat va
mot can chita dai lugng bac hai nén viéc dau tién ta can suy tinh dén d6 1a lieu phuong trinh bac hai
d6 c6 thé kéo theo duge can thitc bac nhat hay khong? Cau tra 1oi c6 thé thiy ngay duge 1a néu chi
diing dai lugng bac nhat kéo theo thi kha nang tim ra hy vong la mong manh nén ta lién tudng dén dai
lugng khong chita can thitc con lai xem thé nao?

Do can bién déi dai lugng bac hai nén ta sé tim hé s6 théa man:

1 1\?
$2+18I—7ZM(x—§>+n<$Z ) @x2+18x—7:f—6x2+<m+g>x+1ﬁ6—%
(
Tt
N P P . n =16
Dong nhat hé so ¢ hai vé phuong trinh ta thu dude: ¢ 5, + "_18g &
n 8m m = 16
— T _7
\ 16 2

Lic d6 phuong trinh da cho dudc viét lai la:
[T x+1) ( 1) (x + 1)2
2\/§< T-5+— )_\/16x 5) +16(—;

1
a=\/r— =
Dat: 2 ta c6 phuong trinh: a + b = /2 (a® + b?)

r+1
"=
T6i day, ta c6 hai huéng di.
-Huéng 1: Nang lity thita gip ngay hing dang thiic.
-Huéng 2: Ap dung béat déng thiic quen thuoc: a 4+ b < /2 (a2 + b?)
T6i day, ta sé di 1oi giai chi tiét cho bai toan theo duong huéng ngan gon nhat nhu sau:

1
. r——=2>0
-bieu kién: 2 (%)

224+ 18x—7>0

2 2
L I 1 [ L !
Phuong trinh da cho duge bién déis /o — -+~ = |2 [( - 5) + (xi ) (1)

Ta ¢6 v6i moi 6 thuyc a, b luon ¢6: a +b < /2 (a? + b?) . Dau bang xay ra khi va chi khi a = b. Do d6
tr (1) cho ta:
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1 1 r+1>0
e LTl L AGr S—rile oz =T742/10

2
22— 14 4+9=0
Déi chiéu diéu kién (*) ta c¢6 nghiém cta phuong trinh 1a: x = 7 4+ 24/10.

-Binh luan. Bai toan nay thoat dau tién khi dinh huéng giai ta nghi dén phép dit an phu, tuy nhien
trong quéa trinh phan tich huéng di ta lai bat gap bai todn chi can st dung mot danh gia quen thuoc
14 c6 thé gidi ngin gon bai todn. Bé dé duge ding trong bai toan rat yéu trong né c6 xuat phat diem
chinh 1a bat dang thitc B.C.S. Tuy vay, ta van c6 thé chitng minh né bing phép bién ddi tuong duong
bang cach liy thita hai vé. Con duong tu duy ctia chiing ta doi lic né sé dan ching ta vé mot huéng
di méi bat ngd hon va dep hon. Do d6 ta ding ngai tu duy va tim toi 161 giai cho mot bai toan nao dé
ma ta phai doi mit.

Vi du 33. Giai phuong trinh v/14 — 23 + 2 = 2 (1 + Va2 —2x — 1) .

# L3i gidi.

-Phan tich huéng giai. Quan sat bai toan, ta thay viéc thoat cin & phuong trinh nay khong thé cé
cach nao té6t hon bang khit lien hop tach nhan tit. Tuy nhién dé lam duge diéu dé ta can doan trudc
nghiém ctia phuong trinh. St dung may tinh bam nghiém trong viing cho phép clia x thda diéu kién
22— 27 — 1> 0 ta ¢ tim dugc hai nghiem o = 2,414213562 = 1 +v/2; = —0,4142135624 = 1 — /2 .
St dung dinh i vi ét ta c6 ngay duge nhan ti can tim la 22 — 2z — 1

Nhan xét ta c6: (2 —z)* — (V14 — x3)3 =6 (22 -2z —1).

T6i bude phan tich nay, ta da thay dude nghiém ciia phuong trinh xdy ra ngay tai dau bang ciia diéu
kién nén ta c6 quyen day suy nghi lieu tit hiéu hai bac ba da c6 duge danh gia nay 2> — 22 — 1 < 0?
Muén vay: 2 — 2 < V14 — 22 & /14 — 23 + 0 > 2.

Diéu nay lai hoan toan xay ra vi ta ¢6: 2 (1+ Va2 — 22 — 1) =24 2V22 - 22— 1> 2.

Vay thay vi trinh bay bai toan theo hudéng lien hop ta sé day 10i giai bai toan vé hinh thic danh gia
gon nhe va dep mat hon nhu sau:

-Cach 1: Dieu kien 22 — 22 — 1 > 0.

Do: 2(1+\3/x2—2x—1) =24+ 2va?2 -2 —1>2

Nén tit phuong trinh ta suy ra: ¥VId—a + 2> 22—z < yld— & (2—2)° —(14—2%) <0
S2—2r—1<0

Két hop véi diéu kien ta cé: 22 — 22— 1 =0z =1++/2

Vay nghiém ctia phuong trinh la: z = 1+ /2

Tuy vay, ngoai 16i giai lien hop hodc nhu 16i gidi da trinh bay ta c6 thé giai bai toan nay theo huéng an
phu héa. Cu thé ta c6 1oi giai 2 nhu sau:

-Cach 2: Diéu kieén: 22 —2x —1>0

u=2-—x
Dat: (v>0) = V14 — 23 = Vu3 — 6u?.
v=+vax2—-2x—2

Khi d6 phuong trinh da cho trd thanh: V3 — 6u2 = u + 2v < u® — 60> = (u + 20)

v=20

@v[v2+3(u+v)2+3v]:0(:> v=0 dov>0

u=>0
Voo =0 Vi 27 — 0 =022 —20—2 =0z =142

PHAM KIM CHUNG ITEX-https://www.facebook.com/groups/GeoGebraPro/ Ei


http://trunghochoasen.com/

CHUYEN DE PHUONG TRINH VO TY

u=20 2—x2=0
Véi & (Heé vo nghieém)

v =0 Va2 -2z -2=0
Vay phuong trinh c¢6 nghiem: z = 1 + /2.
-Binh luan. Bai todn nay lai mot lan nita cho ta thay sy linh hoat trong dinh huéng di tim 18i gidi cho
mot phuong trinh vo ty, c6 khi ¥ tudng ban dau xuat phat tit nhitng suy nghi quen thuoc thuong gip
nhu nang lity thita, an phu, lien hop, vv.. lai day cho ching ta mot 16i di méi ciing quen thudc nhung
kh6 nhan ra ngay tit dau va lac do6 ching ta sé c6 mot 10i gidi méi dep hon va gon hon. O loi giai 2 ta
¢6 cach biéu dién /14 — 23 theo u, v cing giéng nhu vi du 32.

Vi du 34. Giai phuong trinh /22 — 2v/37 + 51 + /22 + 4/32 + 87 = 3v/30.

# Loi gidi.

-Phan tich huéng gidi. Quan sit phuong trinh ta thay mudn thoét can thic ciia phuong trinh ta chi c6
thé nghi cac huéng nang lity thita va dat an phu. Tuy vay, néu nang lity thira ta sé gip phuong trinh
bac bén c6 thé sé gay kho khan cho ching ta do hinh thitc phuong trinh (c6 gang thi c¢6 thé ching ta
van t6i dich dugc), con néu dit an phu thi ta sé chon an phu thé nao day khi ma ca hai dai lugng trong
can bac hai chéing c6 lien quan gi dén nhau. Vay ta thoat cin thitc bai toan nay bing cach nao?
Nhan xét ring ta cé: 22 — 2v/3z 4+ 51 > 0; 22 + 4y/3z + 87 > 0.

Do d6 theo suy nghi tu nhien ta sé tach hai dai lugng nay vé hinh thic: (az £ b)* + k.

Cu thé ta c6: 22 — 2\/533 +51 = (ZB — \/5)2 + 48 = (.CE — \/5)2 + <4\/§)2
2% + 43z + 87 = (z + 2\/5)2 +75 = (:c+2\/§)2 + (5\/5)2.

Khi d6 phuong trinh da cho sé dugc bién doi thanh phuong trinh sau:

V(e =v3) + (13)" +/(z+2v3)"+ (5v3)" = 3v30(1)

MBoi can thiic & vé trai ctia phuong trinh (1) ggi cho hinh anh cong thiic ciia do dai mot véc to.
That vay néu ta c6: @ = (r;y) = | 7| = /22 +°

Vay ta sé xét hai véc to: U = (x -3 4\/5) , U = (x +2V/3; 5\/3) )

Khi d6 ta c6: || = \/(l’ — \/§)2 + <4\/§)2; 17| = \/(x + 2\/5)2 + (5\/3)2
Téi day, ta ap dung béat ding thic véc to sau day: ||+ | 7| > |7 + 7|
Déng thiic x4y ra khi va chi khi i, ¥ cling phuong.
Nhung ching ta thay bén vé phai clia phuong trinh (1) khong con chita bién x do d6 ta can v+
phai khong con chiia x va c6 do dai bang vé phai clia phuong trinh (1) . Mudn vay, ta can diéu chinh
lai hai vec to nhu sau:
-Truong hop 1:
U= (—2+V34v3); ¥ = (v +2v35v3) = U + ¥ = (3v3,9v3) = | + V| = 3v/30
-Truong hop 2:
U= (2—V34V3); 7 = (—2—2V3:5V3) = ¥ + 7 = (=3v3,9V3) = [T + V| = 3V30.
Vay ta c6 hai truong hop théa man. Do d6 ta di vao 10i gii chi tiét sau:
+Phuong trinh da cho duge bién doi thanh phuong trinh:
2 2 2 2
V(e =v3) + (48) + /(zx +2v3)" + (5v3)" = v30(x)
Xét cac vec to:
U= (—2+V34v3); U = (2 +2v35v3) = U + ¥ = (3v3,9v3) = | + V| = 3v/30
Khi d6 phuong trinh () tré thanh: | 7| + |7 = |« + V).
Ta lai co: | @] + || > |& + ¢|. Dau déng thiic x4y ra khi va chi khi @, 7/ cing phuong.
V3

Tit d6 ta cé: 5\/§<—:1:+\/§> :4\/§(x+2\/§) Gr=—r
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V3

Vay phuong trinh c¢6 nghiém duy nhat x = —5

-Binh luan. Huéng di trong bai toan chinh la huéng giai phuong trinh vo ty bang bat ding thitc hinh
hoc, huéng gidi clia phuong phap nay can do khéo léo trong bién ddi véc to va chon véc to thich hop
dé dau bang bat ding thiic xay ra va nghiem ding phuong trinh da cho.

Vi du 35. Giai phuong trinh (/3 (z +5) — V11 —2 = V13 + 2 — {/3(3 — x).

# LJi giai.

-Phan tich huéng gidi. Quan sat phuong trinh ta nhan thiy muén thoat cin phuong trinh nay thi ta
khong thé ding phép nang lity thita dudce vi cac can thitc déu la cin bac cao. Vi vay, dudng huéng
thoat can hieu qua trong lic nay chinh la dit an phu. Cé hai huéng dat an phu.

-Huéng 1: Dat 4 an phu cho tat ca cac dai luong 6 trong bai toan.

Phuong trinh da cho ta sé bién déi phuong trinh vé phuong trinh.

V3 (x+5)+ /3B —2)=vVI13+z+ V1l —z(1)

Dat:a= /3 (x+5);b=/30B—x);c=v13+x;d= 11—z, (a,b,c,d > 0)

a+b=c+d
Khi d6 (1) tré thanh: (%)

ot 0t =t d

Stt dung hiing ding thic: (m +n)' = m* + 4m3n + 6m2n? + 4mn® + n*.

Ta co: a* 4+ 0* = & + d* & (a4 b)* — 2ab (202 + 3ab + 2b%) = (¢ + d)* — 2¢d (22 + 3ed + 2d?)
= ab [Q(G—I—b)Q —ab} =cd [2(c+d)2 —cd}

= (ab — cd) [(a +b)% —ab+ (c+d)* — cd} =0(2)

C6 dugc tat ca cac phép bién doi dé 1a nhd st dung a + b = ¢ + d.

T6i day ta cha ¥ rang: (a + b)2 > 4ab > ab; (¢ + al)2 > ded > cd.

ab = cd
a=10
Do d6 ta c6 (2) tuong duong véi: a=0 ©ab=cdvi vO nghiem
b=0
b=0

T6i day ta co thé gidi quyét tron ven bai toan nhu sau:
+Cach 1: Diéu kien: —5 < x < 3.

bat: a = /3 (x+5);0=+/3B—2);c=V13+z;d= 11—z, (a,b,c,d > 0)

T diéu kien dat an phu ta c¢6: a* + b* = ¢* + d*.

) . a+b=c+d
Két hgp diéu nay v6i phuong trinh da cho ta ¢6 hé phuong trinh:

a* + bt =+ d*

Tu: a* + b =c* + d*
& (a4 b)* — 2ab (202 + 3ab + 20%) = (¢ + d)* — 2¢d (262 + 3cd + 2d2)
= ab [2((1—1—())2 —ab} =cd [2(c—i-d)2 —cd}
= (ab—cd) [(a+b)* — ab+ (c+ d)* — cd| = 0(2)
Ta luon co: (a + b)2 > dab > ab; (¢ + d)2 > 4ed > cd.
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ab = cd
a=0
Do dé6 tir (2) ta co: a=0 <ab=cdvi vO nghiém.
b=0
b=0
Véiab=cd < /9(x+5)(3—2)=+/(13+z) (11 — z)
& 922 — 1804+ 135= -2 + 20+ 143 = (z4+1)° =0 =z = —1.
Kiém tra lai ta thay phuong trinh c6 nghiéem duy nhat z = —1.
-Hudng 2: Dat hai an phu do ¢6 nhan thay (13 + z) + (11 — ) = 24 hogc (3 + 15) + (9 — 3z) = 24.
a=+v/15+ 3z a* =15+ 3z
Dit: & =at+b' =24

b= /9 —3x b*=9—3x

2 N 1 24 b4
Tadéyréng:x+13:§[2(15+3x)+9—3x]: ¢
1 44 2p
11—z = [15+30+2(9—32)] = J;

Két hop véi phuong trinh ta c6 hé phuong trinh:

at+ vt =24

b_</2a2+b4 §1/a4—i—2b4
RN o
Hé nay giai truc tiep rat khong kha thi v6i cac bien doi dai so thong thuong nén thit tim toi mot hudng
di khac xem sao?

Bat dau tit nhan xét:2a* + b* = a* + a* + b*; a* +2b* = a* + bt + b?

Ta lién tudng dén mot bat déng thitc co ban rat quen thudc:

1
m2+n2+p225(m+n+p)2.

1 11 S|
Tit dé: a4+a4+b42§(a2+b2+62)2 zg[g(a+a+b)2} :ﬁ(2a+b)4
2at + bt 1 W Wf2d5 0 1
Hay: > —(2 > —(2
ay 3 _81(a~|—b) & 3 _3(a+b)
Y2t 1
Danh gia tuong tu ta co: \4/%25(6%1-21))

2a* + b* 44 2pt
Tit d6 ta co: Q‘/ ¢ ; +(‘/a z >a+b.
Dau déng thiic xay ra khi va chi khi a = b. Va téi day bai toan dugc gidi quyét, do dé ta co 1oi giai thit
hai nhu sau:
+Cach 2: Diéu kien: —5 < x < 3.

a=+/15+ 3z a* =15+ 3z

Dit: & =a*+0*=24,(a,b>0).

b= /932 b =93

1
Tacc’):x+13:§[2(15+3x)+9—3x]:

1 44 opt
-z =5 [15+30+2(9 - 30) = ° J;

Két hop tur diéu kién va phuong trinh da cho ta c6 hé phuong trinh:

2a* + b*
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a* +b* =24

J]2a% + bt JJat + 204
a+b= 3 + 5

. 1
Ta c6 v6i moi s6 thuc m, n, p ta luon co: m? + n? + p? > g(m +n+p)?

That vay ta c6 bat dang thic can ching minh tuong duong véi bat ding thec:
3(m*+n? o ) > (m+n+p) & 2(m?+n?+p*) —2(mn+np+mp) >0
& (m—n)’+(n—p’+@p-m)?=0

Dau ding thitc x4y ra khi va chi khi: m =n =p
Ap dung bat ding thic nay ta co:

20 +b*  at+at+0* _ 11

_ > (a2 2 b22
3 3 _33(a—|—a+)_

20 +0* 1
Hay ta c6: \/ % 3 (2a+ D).
264 1
Thiét lap tuong ti ta co: |/ ——— o + § (a+ 2b)
/2 b4 4/ 20
T do ta co: a! + a! + > a +b . Dau dang thiic x4y ra khi va chi khi: a = b.

Khi d6 ta c¢6 he phu’dng trinh:

at + bt =24 a2 =23 V15 + 31 =23

= = = =—1.
a="b b2 =23 0— 31z =2V3

Vay phuong trinh c¢6 mot nghiem duy nhat z = —1.

Bay gio ta sé nhin bai toan véi mot cach nhin khac ngoai an phu xem bai toan c6 thé di theo hudéng
gidi quyét nao nita khong?

Ta quan sat phuong trinh va dé y thay ring:

B4+2x=15+(x—2);11—2x=9—(z—2)

Khi dé ta bién déi phuong trinh da cho tré thanh phuong trinh:

VIE+3z+ V9 =3z = {15+ (x —2) + /9 — (z — 2)(3)

Qua hinh thiic ctia phuong trinh (3) ta thay ngay bai toan cé thé st dung phuong phap ham sé dic
trung dé giai quyét bai toan. Tt d6 ta dua ra mot 16i giai khac cho bai toan nhu sau:

+Cach 3: Dieu kien: —5 <z < 3.

Phuong trinh da cho dugde bién doéi vé phuong trinh sau:

VIE+3z+ V9 =3z = {15+ (x —2) + /9 — (z — 2)(3)

Xét ham s6 f(t) = V15 +t+ v9 —t, Vt € [-15;9)

E(a +a+ b)Q] : 811 (2a + b)*

Ol =

Taco flf)=——0 L pp—0e L oL 43
(V15+1t)"  (V9-1) (V15+1t)"  (V9-1)

Khi d6 ta c6: f'(t) <0, Vt € [-15;-3], f'(t) > 0, Vt € [-3;9]
Mat khac: 3z,x — 2 € [-15; —3] khi x € [-5; 1], 3z, — 2 € [-3;9] khi z € [-1; 3]
Tu do ti (3) tacdt: f(Bx)=f(r—2)e3r=0—-2<1=—1.
Vay phuong trinh c6 nghiém duy nhat z = —1.
-Chii ¥: Ta c6 thé bién déi phuong trinh vé phuong trinh:
VI243(@+ 1)+ Y12-3@x+1) =12+ (z+ 1)+ 12— (x + 1)
Va tit d6 dan dén xét ham s6 ddc trung: f(t) = V12 + ¢+ 12 — ¢
-Binh luan. Day 1a mot phuong trinh vo ty c¢6 hinh thitc dep, 161 giai cho bai toan ciing ¢6 nhiing

diém thd vi va thudng c6 thé gap trong phuong trinh vo ty. O hai cach dit an phu thi thong qua cach
1 ching ta thiy c6 doi lic sit dung hing dang thic khéo ciing c6 thé giai quyét dudce bai toan phuong
trinh vo ty va ¥ tudng nay ciing thuong duge dimng dé giai phuong trinh vo ty. O cach hai thi ching ta
c6 st dung mot bo dé thong qua bat dang thiic co ban quen thudce, diéu nay ciing c6 khi xuat hien ty

PHAM KIM CHUNG ITEX-https://www.facebook.com/groups/GeoGebraPro/ Ei


http://trunghochoasen.com/

CHUYEN DE PHUONG TRINH VO TY

nhién trong lac ta khong thé bién doi truc tiép dai sé vi sé gap nhiing khé khan nhat dinh va trong bai
todn c6 su xudt hien dau hieu dé st dung céc bat ding thitc quen thuoe. O céch 3 thi phuong hudng
di da quen thuoc va khong kho dé c6 thé nhan thay ham s6 dic trung, tuy nhién trong cach 3 né co
sit kh6 khan rieng néu ta khong quen véi viée chia khoadng (doan) dé thay ro tinh don diéu. Dac biét
hinh thitc bai todn va dau hiéu chi c¢6 nghiém duy nhat hay dua chiing ta vé viéc suy nghi dung phuong
phap lién hop nhung r6 rang phuong phap nay hoan toan that bai trong phuong trinh nay vi qua kho
khan.

Vi du 36. Giai phuong trinh vz + 2+ /z — 1+ /327 — 5 = 2v/3z + 26.

# L3i gidi.
-Phan tich huéng gidi. Bai todn nay vé hinh thic that sy an tugng bdi bac ciia cac can thic. Cling
chinh su dic biét nay nén dé giai quyét bai toan nay ching ta khong can tinh dén véc phai thoat can
thé nao 1a hieu qua. V6i hinh thitc phuong trinh nay, ta sé c6 buéec dau tim nghiém ctia phuong trinh
bing may tinh va c6 nghiem duy nhat 1a x = 2 . Va ¢6 1é con duong cé6 thé giai quyét tot bai toan nay
la diing tinh don diéu ctia ham s6 dé giai. Do do6 ta sé khong phan tich sau cac budc giai ma tric tiép
vao 101 giai cho bai toan nhu sau:

. )
+Dieéu kién: x > 3
Phuong trinh da cho duge bién déi vé phuong trinh sau:
VI+2+ Vo —1+v3x—5—-2v3x+26=0

Xét ham s6 f(x ):\/w+2+\%€—1+\‘73x—5—2\5/3x+26,Vx2—.

3 6
2\/3? T2 3y (x {‘/(395 —5)%  5¢/(3z+26)*
Téi day ta sé tim cach danh gia cho f’( ) .
Quan sat thay gitta hai dai luong 3z + 26 va z + 2 lien quan dén nhau va vé bac cin thiic ta ciing thay

dé két hop hon nén ta sé xét hiéu sau:
1

2vr+2 53/(3x + 26)*

Dé xét dau biéu thic A thi ta can chuan quy vé mot can thic dé cé thé tien 1gi so sanh va vi trong
biéu thitc A chita can bac hai va cin bac nam nén ta sé chuan quy vé can bac mudi. Do dé ta bién doi
nhu sau:

1 6 /510(3z + 26)° — /1210(z + 2)°
Ve 42 57/(3x +26)° 10v/z + 2.4/ (3 + 26)"
Vay dé xét dau ctia A ta chi can xét dau ctia higu: \/510 3z 4 26)° \/1210 (z+2)°

5
Taco:x2§:>3x+26231.

Lai c¢6: 5°9(3z +26)° = 51°(3z + 26)°. (3x + 26)* > 5'°(3z + 26)°313
Tit d6 ta co: 5'°(3z 4 26)° > 51935 (z + 12)°31% > 51935 (2 + 2)°313 > 1210(z + 2)°

Do d6: A>0= f(z) >0. Vay ham s6 f(x) lién tuc va luon dong bién véi z € [g, —i—oo) . Mt khac

at

w

Ta co: f'(x) =

ta c6 f(2) = 0 nén phuong trinh da cho c6 nghiém duy nhat x = 2.

-Binh luan. Day 1a mot bai toan hay, tuy dudng 16i gidi quyét c6 sy han ché do dic diém dic bist cla
hinh thitc phuong trinh nhung ré rang dé giai tron ven bai toan thi ching ta sé khong c6 nhitng danh
gia nham chan quen thuoc ma long vao dé c6 nhitng danh gia khéo 1éo va tha vi.

Vi du 37. Giai phuong trinh 2 (2% + 2 — 1)° + 2 (22 + z) = 3+ V4z + 5.

# LJi giai.
-Phan tich huéng gidi. Quan sat bai toan nay ding may tinh ta bam dudc nghiém duy nhat z = 1, ta
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thay bai toan chi chita mot can thitc nén 16 rang theo huéng suy nghi thoét can thiic cia phuong trinh

ta sé an phu hoa cho can thic.
2

, t*—5
Cu the ta dat ¢t = Vdr +5 = x = 1 Khi d6 phuong trinh da cho tré thanh phuong trinh:

-5\ -5 | -5\ -5
2[( . ) +— —1] +2[< y ) +— ]—3+t(1)
Phuong trinh (1) 1a phuong trinh bac 8 ddi vé6i t thi cho du biét truée nghiém ctia t = 3 di chang nita
thi that su dé giai n6 1a cad mot sy lidu linh khong can thiét dén lac nay. Vay ta khong thé an phu héa
bai toan dé thoat cin neén ta can phai dinh liéu lai huéng di khac cho bai toan.
Mot diéu dé gay nhiéu cho cach nhin ctia bai toan nay chinh 1 cach sip xép phuong trinh kha doc dao.
That vay, bang phép bién doi dua nhan tit ta c6 thé dua phuong trinh vé phuong trinh dep mat sau:
22 +z -1 422 +x—1) =1+ Az —5(2)
T6i phép bién do6i nay & vé trai clia phuong trinh (2) va suy nghi nghiém duy nhéat dé gay ra cho chiing
ta an tuong la bai toan co thé gidi theo huéng phuong phap ham sé bang cach chon mot ham sé dac
trung. Didu nay 1a khong thé vi vé phai ctia (2) khong cho phép tao duge mot dang diéu giéng vé trai.
Vay hai huéng di xem chitng nhu c6 thé gidi quyét bai toan lai cho chiing ta vao dudng cut. Tuy nhién
cai thi vi & bai todn nay van con, cu thé ta sé khai trién binh phuong c6 trong bai toan ta van thu
duge mot phuong trinh dep mét tiép theo nhu sau: 2 (22 + ) — 11> + 2 (22 + 2) = 3+ 4z + 5
22 +2)° —2@2+2) =1+ VAz + 5(3)
Phuong trinh (3) ciing gay duge mot an tugng vé huéng giai gidng phuong trinh (2) va két qua khong
kha thi ctia hai phuong trinh 1a nhu nhau.
T6i day, xem nhu ta chua tim duge 16i thoat ctia phuong trinh, vay bay gio ta bat budc phai tinh dén
viéc bat nhan tit (z — 1) bang phuong phép lien hop.
Muén vay ta xtt Ii can thic nhu cac vi du trén da dé cap thi ta c6 hai huéng tach nhu sau:

4(x—1)

+Huéng 1: V4dr +5+3 = ——————
& VAT 15—
4(1—x)

+Huéng 2: 3 — \/M— m
R6 rang két qua huéng hai cho phép ta st dung t6t nhéat vi don gidn 1a 3+ 4z +5 > 0
Do d6 ta bién doi phuong trinh da cho vé phuong trinh:
222 +2) =22 +2)—3—-143—Ar +5=0
<:>2[(1;2+x)2—(x2+x)—2} +3—Vdr +5=0
4(1—z)
3+VAr+5

Téi day bai toan xem nhu dugce gidi quyét. Bay gio sé di vao 10i giai cu thé hon.

S22 +r+1) (22 +2-2)+

Dieu kién: x > T

Phuong trinh da cho duge bién doéi thanh phuong trinh:
22242 =2 +2)=1+VAz +5

S22 +2)° —2(@242)—3—-1+3—-VAz+5=0
2@ 42— (@ +2) - 2| +3 - VIz +5=0

‘:’2(x2+x+1)(x2+x_2)+:3i(\1/—4_x%:

®($—1){(x+2)(g;2+3;+1) \/WHJ 0
r—1=0

) 2
(r+2)(2®*+x+1)— s 2 g

\/4x+ —|—3 3++v4xr +5
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5
Taco: (x4 1)°+1— >0, Ve > —.

2
Vidr+5+4+3
2

1
P+1>——+1>2
(x4+1)+1> 64+ 5
2

- <
Vidr+5+3

Vay phuong trinh da cho c¢6 nghiém duy nhat z = 1.

5
That vay ta c6 Vx > 1 thi

W | ot

-Binh luan. Qua I6i giai chinh thiic ctia bai toan cac ban doc gia sé ¢6 cam nhan la phuong trinh vo ty
nay cach tiép can la dua ra huéng gidi ciing rat quen thudc nhung vi sao ching toi khong di vao truc
tiép phan tich ngay 10i gidi theo huéng lien hop? Cau tra 1i ciia chiing t6i chinh 1a do céch sip xép
hinh thitc phuong trinh kha doc ddo va dai luong can thic chi ¢c6 mot nén sé dé gay tac dong “40” cho
nguoi gidi vé dinh huéng tu duy giai bai toan nay. D6 chinh 1 muc dich chinh ciia chuong nay dé gitp
cho cach nhin tu duy gidi mot bai toan theo huéng hoan thién hon va md ra nhiéu sy suy nghi hon
logic ciing nhu chua logic khi ding trude mot 10i gidi cho bai toan phuong trinh vo ty. Cha y rang bai
toan sé van giai quyét t6t néu ta bién ddi phuong trinh da cho vé phuong trinh (2) va néu ap dung lien

. 4(x—1) N . s
hop duéi hinh thtc v4x + 5+ 3 = ———"— sé dé sai lam néu khong c6 diéu kién v4x +5—3 #0
P VAr +5—3 & ' 7

Vi du 38. Giai phuong trinh (2 — z) /1 — z + (42 — 2) V1 + = = 3z/x.

# LJi giai.

-Phan tich huéng gidi. Quan sat bai toan ta thiy c6 sy xuat hién ca ba cin thiic nén ta can gidm di
s6 lugng can thiic cang it cang tot. Dac biét vé phai ctia phuong trinh ci chita don bién x ngoai can va
khong c6 hé s6 nao nén suy nghi ty nhién dé 1a kiém tra phuong trinh véi z = 0 .

Cu thé thay ngay = = 0 théa phuong trinh da cho. Liic d6 ta sé xét z # 0 va két hgp véi nhing diéu
kién c6 trong bai toan thi ta sé chia hai vé phuong trinh z1/z vA phan phéi hop 1f ta thu duge phuong
trinh sau:

(2 () Y=o G i e (-2 e=a

Phuong trinh (1) so v6i phuong trinh da cho da c6 s6 lugng can thiic it hon va hinh thic ciing gon
gang hon, duong 16i tu duy di ciing theo d6 sé thoang hon rat nhiéu. That vay, khong qua kho nghi véi
phuong trinh nay thi c¢6 vé ¥ tudng dua dén dau tien chinh la dat an phu va biéu dién cac dai lugng
con lai theo an phy méi dé thu duge phuong trinh (thuong 1a phuong trinh ding cap ¢ hé s6 tu do
biang 0 hogc phuong trinh dang cap c6 thé dua vé dang A% = B?) hoic he phuong trinh (thuong 1a giai
hé bang phuong phap thé hogic d6i xting, dang cap). Chinh vi If do d6 ta thit v6i hai 16i tu duy an phu
d6 1a dat 2 an phu hodc 1 an phu.

-Huéng 1: Dat hai an phu.

/1
u=1/—-—1

T

/1
v=1/—+1

T

A 2 2 , N .
Ta sé bieu dién hai dai lugng — — 1; 4 — — thong qua hai an phu bang cach tim cap sd (m;n) sao cho:
x x

Dat: =2 —u?=2.

3

2 1 1 m-+n=2 m = =
——l—m(——l>+n(—+1):> & 2
T T T 1
-m+n=—1 n=3

\ 7~

2 1 1 m-+n=-2 m=—3
R ES P .

-m+n=4 n=1
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Khi d6 (1) tré thanh:

3 1
<§u2 + 51)2) u+ (=3u? +v?)v =3 (Bu* +v*)u+2(—3u* +v*) v =6(2)
Tit (2) két hop véi cac hé s6 tim dugdc ta thiy ngay duge phuong trinh (2) ta khong thé nao dua vé
phuong trinh ding cap c6 hé sb tir do bing 0 hodic phuong trinh déng cap cé thé dua vé dang A® = B3
. Do d6 ta budc phai dua vé hé phuong trinh bing cach két hop (2) va diéu kien.

, v?—u? =2
Cu the ta c¢6 hé phuong trinh: (%)

3ud — 6uv + uv? + 203 =6

Hé () 1a mot hé phuong trinh chita 2 phuong trinh dang cip nhung c¢6 bac ¢ 2 phuong trinh trong hé
léch nhau nén ta khong theé stt dung cach giai hé ding cap thong thuong dé giai quyét, do d6 dé giai he
phuong trinh (*) ta can tim hiéu that ky cang truée khi dua ra mot huéng gidi quyét nhat dinh. Quan
sat cic he s6 3; —6;1;2 ta c6 3+ (—6) + 1 + 2 = 0 nén phuong trinh 3u® — 6u*v + uv? + 20 = 0 phai
c6 mot nghiem u = v . Ké hgp v6i nhan dinh v? — u? = 0 ciing ¢c6 mot nghiem u = v
Mzt khac khi v = v ta khong tim duge x do d6 ta c6 u # v nén ro rang tit cac diéu nay ta c6 quyen nghi
dén bién ddi hai phuong trinh trong hé vé mot phuong trinh sau: 3u® — 6u?v + uv? + 2v® = 3 (v? — u?)
& (u—v)(3u? —3uv — 20*) = =3 (u —v) (u +v) & 3u? — 3uv — 2v? + 3u + 3v = 0.

o v?—u?=2
V6i phuong trinh vita bien doi duge ta sé c6 mot hé phuong trinh méi gon dep hon nhu sau:

3u? — 3uv — 20?

He (+') vé hinh thitc nhin dé thd hon va quen thudc hon so véi he (x) .
Ta ¢6: 2 (v? —u? —2) + (3u? —3uv — 20+ 3u+3v) =0 (u—1) (u—3v+4) =0
Téi day xem nhu huéng 1 duge gidi quyét triet dé, do dé ta di vao céch giai chi tiét nhu sau
+Céch 1: Diéu kien: 0 < z < 1.
Do x = 0 thoa phuong trinh nén ta chi can xét 0 < z < 1.
Lic ta chia hai vé phuong trinh cho z+/z ta duge:

2 /1 2\ /1
(——1) ——1—|—(4——) -+1=3
x x x x
/1
u=14/——1
x
/1
v=1/—+1
x
Ltc d6 phuong trinh da cho tré thanh phuong trinh:

3 1
<§u2 + 502) u+ (=3u* +v?)v =3 (3u* +v*)u+2(—3u?+v*)v =6

Két hop diéu kien v? — u? = 2 , ta c6 hé phuong trinh:

Dat: =02 —u? =2 ,(u,v >0)

v —u?=2

3u® — 6utv + uv? + 20° =6
Tu he ta ¢6: 3u® — 6uv + uwv? + 20% = 3 (v? — u?)
& (u—v)(3u? — 3uv — 20*) = =3 (u —v) (u + v)
& 3u? —3uw — 20 +3u+3v=0.Dou#v
v?—u?=2
Lic doé ta c6 hé phuong trinh mdi:
3u? = 3uv — 20 + 3u+3v =0
Ta c6: 2 (vV2 —u? — 2) + (3u? — 3uv — 20* + 3u + 3v) =0

PHAM KIM CHUNG ITEX-https://www.facebook.com/groups/GeoGebraPro/ Ei


http://trunghochoasen.com/

CHUYEN DE PHUONG TRINH VO TY

u=1
Su—-1)(u—3v+4) =0«
u=3v—4
1
Véiu =1, ta ¢c6 v = /3 nén ta ¢ x o op ==

3 1
Véiu:3v—4,tac():v2—(3v—4)2:2@(2’0—3)220@1}:5:>u:§

1. 1
- 2 4
Nén ta co S =—.
s 5
x 2 . A
D6i chiéu diéu kién ta c6 nghiém clia phuong trinh 1a: 2 = 0; 2 = 3 T=

-Huéng 2: Tren co 56 ¢6 duge clia bai toan ta ciing c6 thé chon dat mot an phu.
1
Dat: t = \/ —1,t>0. Taco: —=t*+1. Lic dé phuong trinh (1) tré thanh:

x
(2t> +1) t+ 2-220)Vt2+2=32(1-t)(1+t)Vi2+2=-23—t+3
S2(1-t)Q+t)vVE2+2= (1—t)(2t2+2t+3)

T6i day xem nhu huéng 2 da dude gidi quyét. Bay gio ta di vao 161 giai cu thé:

+Cach 2: Dieu kien: 0 < z < 1.

Nhan xét z = 0 théa phuong trinh. Do d6 v6i 0 < z < 1 ta chia hai vé phuong trinh da cho z/x ta
duge phuong trinh:

E N N

1 1
Dat:t=4/——1,t>0. Taco: — =t + 1. Lic d6 phuong trinh (1) trd thanh:
T

(2t2+1)t+(2—2t2)\/t2+2=3x<:>2(1—t)(1+t)\/t2+ =213 —t+3
S2(1-t)Q+t)VE2+2=(1—1)(2t* +2t + 3)

1—t=0
=
2004+ VE2+2=(1+t)1>+12+2
t=1 t=1 1
= = 1
[\/t2+2—(t+1)2]=0 VEE+2=t+1 =g
. . . 1
Dai chieu dieu kién ta ¢6 nghém cua phuong trinh la z = 0; x = 3 xr = £

-Binh luan. Day 14 mot bai toan khé hay, qua hai cach giai trén ta dang gia tuy cach giai 1 cho 16i di c¢6
vé manh do dat hai an phu nhung ré rang trong 15i giai chi tiét ta thay ngay duge mitc do phiic tap lic
giai he vi lic d6 ta can c6 sy khéo 1éo trong cac bién doi dai s6 mé tim ra dude sy hieu qua. Con cach
2 tuy ban dau nhan dinh huéng tu duy di 1a yéu hon cach 1 vi chi diit 1 an phu, tuy vay doi ngudc lai
st yéu hon dé thi trong 15i giai chi tiét lai manh hon vi chi can bat nhan tit va ghép hing déng thiic.
Mot su hoan doéi thid vi ma déi véi phuong trinh vo ty ta luon bat gip. Tiép theo ta tim hiéu them mot
phuong trinh cing rat tha vi.

Vi du 39. Giai phuong trinh (42 +1) Vo +2 — (4o — 1) Vo — 2 =21

# L3i giai.
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-Phan tich huéng gidi. Bai toan nay c6 hinh thiic kha giéng nhu bai todn & vi du 35 nén theo hudng
suy nghi tu nhién ta ciing sé diit an phu dé thoat can:

u=+x+2

-Huéng 1: Dat hai an phu: Dat: = u? +0? =22 u? —0v? =4
v=+z—2

T6i day ta c6 thé biéu dién hai dai lugng 42 + 1; 42 — 1 theo u, v nhu cach phan tich & vi du trén. 0
day ching ta sé sit dung cac két qua tiur diéu kién thay tryc tiép vao phuong trinh da cho ta sé co:

2 (u? +v?) + 1Ju—[2(u? +0v?) — 1o =21 & 2 (u® +v?) (u—0) + (u+v) = 21(1)

O (1) ta cha § dén phép bién déi sau: 2 (u2 4 v2) = (u+ v)? + (u —v)>.
4

Lai tit diéu kién ta c6: u?> — v’ =4 S u—v =

U+ v

16
Do d6 ta c6: 2 (u2 4+ v2) = (u+v)* + (u —v)* = (u+v)* +

(u+v)*
16 4
(u+v)?| utw
Phuong trinh (2) c¢6 ggi ¥ tiép cho ta them mot lan nita dat an phuy dé gidi quyét. Dat t = u+ v, t > 2.

Khi d6 phuong trinh (2) tré thanh:

<t2+§) Z%+t=21 & 5t — 2117 + 64 = 0.

Phuong trinh nay c6 nghiém ¢ = 4 nén ta c6: (t —4) (563 — > — 4t — 16) =0

T6i day ta cht § rdng phuong trinh bac ba theo t ¢6 ding mot nghiem ¢ &~ 1,73064 € (1;2) 1a nghiem
bi loai nén ta can chiing minh phuong trinh nay vo nghiém dira vao kién thitc sau:

+Dbi v6i ham s6 bac ba y = az® + bx? + cx + d thi do thi ham sb cét truc hoanh tai mot diém duy
nhat khi va chi khi Yyep-Yor > 0.

+Ham s6 y = f(z) lien tuc tren [a;b] va f(a).g(b) < 0 thi do thi ham s6 y = f(z) cit truc hoanh tai it
nhat mot diém c6 hoanh do x = o € (a;b) .

Vay ta xem nhu huéng 1 da dugce giai quyét. Bay gio ta di vao 10i gidi chi tiét bai toan nhu sau:
+Céch 1: Diéu kién: = > 2.

uU=+x+2

Dat: , (u,v > 0) . T cach dat ta c6: u? + v = 2z; u? — v? = 4.

v=+x—2

Vay (1) trd thanh phuong trinh: | (u—+v)* + +u+v=21(2)

Lac d6 phuong trinh da cho trd thanh phuong trinh:

2[(? + )+ u— 2w +0?) —1Jv=21 & 2(u? + v} (u—v) + (u+v) =21
16

(u+ 0)2 U+ v

Dat: t = u+wv,t > 2do Ve+2+ V-2 > 2, Vo > 2. Tt d6 phuong trinh (%) trd thanh:

16\ 4
<t2+t—2)Z+t:21<:>5t4—21t3+64:0

@[(u+v)2+ +u+v=21(x)

t=4
S{t—4)B -t —4—16) =0«

513 —t2 — 4t —16 =0

8—x>0 17
Véit=4tact Vr+2+Vr—2=4Va2—4=8—z1 & Sr=—

4
4 = 17

V6i 563 — 12 — 4t — 16 = 0 . Xét ham s6 f(t) = 5t3 — 12 — 4t — 16, Vt > 2.
Ta co: f'(t) = 15t% — 2t — 4.
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_1-V61

15
_1+V61
15
1+ v61 N P .
) f (le—E)) < 0. Do d6 do thi ctia ham s6 f(t) cat truc hoan tai ding

t
Taco: f/(t) =0 152 -2t —4 =0 <

t

1—+/61
-Nhan xét: f (T\/_

mot diém nén phuong trinh f(¢) = 0 ¢6 ding mot nghiem. Mat khac ta c¢6: f(1).f(2) < 0 nén phuong
trinh f(¢) = 0 ¢6 ding mot nghiém € (1;2) . Do d6 véi ¢ > 2 thi phuong trinh f(¢) = 0 vo nghiém.

D6i chiéu diéu kién ta c6 nghiém ctia phuong trinh 1 o = T

-Huéng 2: Dat mot an phu:

Dit: t = Vo — 2= 1 = t>+2 . Lic d6 phuong trinh da cho tré thanh phuong trinh: [4 (2 + 2) + 1] V2 + 4—
483 + Tt + 21

[4(2+2)—1]t=21 V4= ﬁ( )

Phuong trinh (3) 13 mot phuong trinh quen thuoc ta c¢6 nhiéu huéng gidi quyét nay nhu ching toi da co

‘ : . . 17
dip phan tich 6 cac vi du truée. O day ching ta biét phuong trinh da cho ¢6 nghiém duy nhat z = T

2 Z 3
nén ta sé c¢6 phuong trinh theo an t ¢6 nghiém duy nhat ¢ = 7 Do dé6 ta sé chon giai phuong trinh (3)

theo phuong phap nhan lugng lién hop.

Va theo phuong phap nhan lugng lién hgp thi ré rang qua cac phan tich ctia cac bai toan trude ta co
nhiéu cach dé tao sy lien hgp bat nhan tit chung nhung hai cach thong dung nhat 1a thém bét he sé
hoiic thém b6t ca mot biéu thite ¢6 chita bién. Trong d6 cac huéng them bét nhu thé nao da dude phan
tich ky luéng 6 phan phuong phap giai va cac vi du trude do. Tiy vao bai todn cong véi sy danh gia
phan tich sao cho biéu thtc con lai sau khi bat nhan t& chung thi phan danh gid né vo nghiém hoac c¢6
nghiém phai 1a sy don gian nhat cé thé.

C6 mot dieu 1a cac danh gia phan dai lugng con lai vo nghiém sau khi bat nhan tit chung thi lai gay
rat nhieu sy khé khan cho da sb cac ban doc giad. Theo ¥ kién ctia ching toi thi dé danh gia d6 c6 thé
xuat phét tit cac co sd tu nhién sau:

+St dung diéu kién xac dinh ctia phuong trinh

+Stt dung diéu kién c6 nghiém ctia phuong trinh

+Si dung cac bat dang thitc co ban thudng dung nhat 1a: A < B (A > B), Cauchuy, B.C.S.

+S& dung ham s6 dé khang dinh tinh don diéu ctia né (thuong cach nay phitc tap va dai dong)

Néu phan danh gia con lai ma c6 nghiém thi ching ta cling sé xuat phat tit cic ¥ tuéng tu nhén sau:
+St dung cong dai s6 phan danh gia va phuong trinh da cho.

+Stt dung ham s6 dé chitng minh c6 nghiem duy nhéat.

+Stt dung an phu hoac lien hgp lai mot lan nita.

+Si dung cac danh gia kiéu f(z) < a < g(x) dé chi ra dau bang.

Tuy hoan canh cu thé ma ta st dung linh hoat ting ¥ tudng dé dat két qua cao nhéat.

Bay gio, ta di vao cu thé 15i gidi cho bai toan ¢ huéng 2 nhu sau:

+Céch 2: Dieu kien x > 2.

Datt =+vz—2,t>0.Taco: v =t>+2. Liac d6 phuong trinh da cho duge bién dbi thanh phuong
trinh:

443 4+ Tt + 21
A2 +2)+1VEFA4—[4(2+2)—1]t=21 V2 + :ﬁ
4¢3 + Tt + 21 3—2t —4t? — 2t + 12
SVE+4-—(t+1)=——— —(t+1) & =
( ) 412 4+ 9 ( ) VE2+4+t+1 4249
20-3  _22A-3)(t+D) 2t—3=0
VE+4+t+1 412 +9 B 1 2(t+2)

Brdtt+1 4249
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) . 1 2 (t+2)
Xét phuong trinh JPricirl AZ+9
SAP+9-20t+2)(t+1)=2(t+2)Vi*+4
S22 —6t+5=2(t+2)Vi?+4
V6i t > 0 ta luon co: 2t2 — 6t + 5 < 2 (z + 2) V2 + 4(4)
That vay, ta binh phuong hai vé ctia (4) ta co:
(212 — 6t +5)° < 4 (t+2)> (12 +4) © 4t* + 1613 + 301> + 70t + 59 > 0 (luon ding)
Vay phuong trinh 2¢? — 6t + 5 = 2 (¢ + 2) V{2 + 4 vo nghiém.
Do d6 phuong trinh da cho c6 nghiém duy nhat ¢t = 3 S Vr—2= ; S o= %
-Binh luan. Qua vi du nay, ching ta lai thiay bai todn phuong trinh vo ty chita hai cin thic va cac
dai lugng trong phuong trinh c6 thé biéu dién duge qua hai can thiic c6 rat nhiéu huéng giai. Va méi
hudéng gidi sé dua cho ching ta rat nhiéu diéu tha vi. C6 nhitng hudng gidi tudng chimg nhu sé kho
khan nhung lai ra két qua hét stic gon gang, ngudc lai ¢6 nhiing ¥ tudng ta nghi sé dan bai toan vé don
gian nhung lai hét siic kho chiu va doi héi phéi c6 nhitng kién thitc bo trg khic mdi mong cé duge hieu
qua. Trong 18i giai cach 2 cac ban sé c6 thic mac 1a lam sao chung toi phai thém b6t mot dai luong
t + 1 vao hai vé phuong trinh ma khong phai 1a hé s6. Cau tra 10i ndm chinh & diéu ma ching toi da
néi trong phan phan tich dé la dé lai lugng con lai sao cho dé danh gia don gian nhét c6 thé. Them
mot su chu ¥ nita la tai sao lai chon duge dai lugng thém bét dé khi ma bén phai phuong trinh chia
phan sb chita bac ti va mau léech nhau nhu thé. Dé tim hiéu diéu nay, chic cac ban con nhé § nhiing vi
du truée khi them bét mot biéu thiic chita bién vao dé lien hgp bt nhan ti ching toi tao ra nhu sau:

43 + Tt + 21
Bay gio chiing ta da biét dugc mot nghiém duy nhat ¢ = 3 nén ta sé co: —gm—n= —5(2)

R0 rang t6i day c6 rat nhiéu bo s6 (m,n) thoa he thiic (i) nhung viéc quan trong la ching ta con chon
uu tién sao cho he s6 (m,n) 1a cac s6 nguyen (thuong la cac s6 nguyen duong sé hieu qua hon diéu nay
dé tranh biéu thitc lien hgp c¢6 thé bing 0). Suy ra m = 1, n = 1 . Va cac ban cit yén tam khi can c6
va mot 1i do nita d6 1a khi tao hé s6 c6 doi lic ta can nhitng danh gia phiic tap rat gay kho khin cho
nhiéu doc gia, nhung khi tao biéu thiic chita bién lien hop thi su danh gia nay cé thé gidm & mic toi
thiéu nhat c6 thé. Trén day la hai vi du minh hoa cho cac 16p bai toan c6 hinh thiic giéng nhau ma
thong thudng ching ta hay quy né vé viec gidi phuong trinh dang cap hoic hé phuong trinh. Cac ban
doc gia hay thit sttic minh véi bai toan 35, 36 bang cach sit dung phép nhan lién hiép truc tiép dé ren
luyén thém ky nang.

3z +3yx —1

Vi du 40. Gidi phuong trinh 2 (z — \/z)° — 4 (z — /T) + 4 =
(z+1)/Vr+1

# L3i gidi.

-Phan tich huéng gidi. Quan sat bai toan ta thay c6 hai dai lugng c6 mat trong phuong trinh rat nhiéu
do la z va /x , mot diéu suy nghi tu nhién ctia ching ta sé an phu hoéa hai dai lugng do dé bai toan
trong don gian hon. Mot cach nghi khac d6 1a ,1/z c6 thé biéu dién theo dai lugng /+/x + 1 khi ta
an phu héa dai lugng v/+/z + 1. Tuy d6 la mot suy nghi rat c6 Iy nhung c6 mot diéu ta thay rang vé
trai phuong trinh c6 gi do lien quan dén hing dang thiic.

That vay, ta c6: 2 (z — v/7) =4 (z — V2)+4 =2 [(z = v2)" = 2(z — V&) + 1| +2=2(z — V& - 1)*+
2> 2.

_ 3r+3vz—1

(x+1)/Ve+1

S3r+3V/r—1>2(x+2) /e +1(1)

V6i hinh thic 2(:{’1& (1) dé lam gon ta sé an phu héa t = \/\/z+1 =2 =2 +1 = o =1t> -1
== (t*-1)

T do ta sé c6 phép danh gia:
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Khi d6 (1) s& tr6 thanh: 3 (#2 — 1)* +3 (2 — 1) = 1 > 2[(1? = 1)* + 1] ¢
-1 3B-20+32-1)>2+1
SE-D[t-1)B-2)+3]>2t+1 —t(t*-1)2t+1)(t—-2)>2t+1
SR+ =28 -2 42+1)<0& (2+1) (12—t —1)" <0
T6i day, ta da c6 thé thay duong huéng giai thanh cong phuong trinh nay da hién r6. Vay ta giai chi
tiét bai nay nhu sau:
+Diéu kién: x > 0
Ta c6: 2(x — T) —4(x — J/T)+4=2 [(:c—\/i)2—2(:v—\/§)+1} +2=2(@—z—-1°+2>2
Dau dang thitc xay ra khi v chi khi:  — /7 — 1 = 0(x)
V6i danh gia nay thi tit phuong trinh da cho ta cé:

3 3vr —1

v 3V >2&3r+3Vr—1>2(x+1)/+/r+1(1)

(x+1)/vVr+1
Ditt=/Vi+1,t>1.Taco: 2= r+1eJr=1>-1ez=(>-1)
Liic d6 (1) trd thanh: 3 (12 — 1)* + 3 (2 = 1) =1 > 2 (2 — 1)* + 1] ¢
S -1)°B-200+3(2—1)>2+1
)
)

SE-D[(t-1)B-2)+3]>2t+1& —t(t*—1)2t+1)(t—2)>2t+1
S+ -2 -2 4+2+1)<0 2+ D2 —t—17<0
StP-1-t=0/Vz+tl=yVrer—yz—-1=0(x)

T (%) va (¥') ta ¢6 nghiém ctia phuong trinh da cho phai théa hé phuong trinh sau:
(

1 5
Vi +2\/_
r—yr—1=0 1+/5 3+5
& \/5:1_2\/5 & o= +2\/_<:>:r;: +2\/_
x>0
x>0
\
. 3 5
Vay phuong trinh da cho ¢6 nghiém duy nhat z = +2\/_.

Vi du 41. Giai phuong trinh 22 +2/z (v — 2/ —2) + 13 =23 — z) 3z + L.

# LJi giai.
-Phan tich huéng gidi. Quan sat bai toan ta thay cé hai dai lugng can thic 1a \/z, /32 + 1 nén ta c6
thé nghi ngay dén viéc an phu héa cho phuong trinh.

a=+/t 2a° = 2x
Dat: = =0 -2 -1=2x

b=+3x+1 > =3x+1

Phuong trinh da cho duge bién déi thanh:

(0% — 202 —1)* 4 2a (> — 202 — 2a — 3) + 13 = 2 (4 — b2 4 2a2) b(1)

Ro rang tit (1) dé thuc hien phép bién doi dai s6 bat nhan tit chung hodc tao ra duge dicu gi d6 dac
biét dé c6 thé sit dung hieu qua that kha nan giai va doi héi nhiéu bien phép bién doi khéa phic tap va
khéo 1éo.

Nhung néu ta vAn muén theo chiéu bién déi theo an phu thi ta thi tim céch phan doan lai phuong
trinh da cho c6 gi dic biét va khéo léo thay an phu vao ding vi tri thich hop xem thit thé nao?
Phuong trinh da cho dugce viét lai:

22+ 27 (-2 —2)+13—-2(3—2)3z+1=0

Nhan thay gita ba dai lugng 22 , 2 (2 — x) /32 + 1,13 c6 thé sip xép tao ra dugc hing ding thitc véi
sit bo trg them bét. Vay ta bién ddi tiép phuong trinh vita bién déi thanh phuong trinh:

22— 6r+9-2B-2)V3r T l+30+1+30+2yz (2 — 2T —2)+3=0

o (VBr+l+z-3) 430427 (x—2/7—2)+3=10(2)
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V6i dang diéu ctia phuong trinh (2) néu dat sy can an phu dé lam gon phuong trinh thi ta chi can dat
a = /T va tap trung bién d6i gon lai phuong trinh ma khong can dit an phu cho dai lugng +/3z + 1
V6i a = \/x, ta sé c6 phuong trinh (2) tré thanh:
2
(V3aZ+1+a*—3) +3a® +2a(a® — 20— 2) +3=0
2
& (V3a2+1+a>—3) +2d° —a®> —da+3=0

2
& (V3a2+1+a>=3) +(a—1)*(2a+3) =0

T6i day v6i a > 0, xem nhu bai toan dugce gidi quyét gon gang. Bay gio ta di vao giai quyét cu thé bai
toan.

x>0

+Cach 1: Dieu kien: S x>0
3xr+1>0
Phuong trinh da cho dugc bién doéi vé phuong trinh sau:
2+ 2y (r— 2/ —2)+13-23 —2)/3x+1=0
a2 —6r+9-20B3—2)V3r+1+3z+1+3z+2Vx(x -2z —2)+3=0
& (\/3:6—1-1—|—:1:—3)2—|—3:1:+2\/§(x—2\/_—2)+3:0(2)
bat a = v/z, a > 0. Ta ¢6 phuong trinh (2) tuong duong véi phuong trinh:
2
(V3aZ+1+a*>—3) +3a® +2a(a® — 20— 2) +3=0
2
& (\/3a2+1+a2—3> +2a*—a*—4a+3=0

2
& (VBaZ+1+a>=3) +(a—1)* (2a+3) = 0(3)
V3a2+1=3—a?
T (3) do a > 0 nén ta co: sSa=1leJr=1czr=1
a—1=0
D6i chiéu diéu kién ta c6 = 1 1a nghiém duy nhat ctia phuong trinh da cho.
. >0
+Cach 2: Dieu kién S >0
d3r+1>0
Phuong trinh da cho duge bién déi vé phuong trinh sau:
220 /T (0 — 20T —2)+13-2(3—2)V3r £ 1=0
Sa?—6r+9-203—2)V3r+1+3zx+1+3z+2Vx(z -2z —2)+3=0
o (V3r+1+z-3) " +30+2/z(x—2/7—2)+3=0(2)
Dit a = v/z, a > 0. Ta ¢6 phuong trinh (2) tuong duong véi phuong trinh:
2
(VBaZ+T+a?—3) +3a®+2a(a® —2a—2) +3 =0
2
& (V3a2+1+a>—3) +20° —a® —da+ 3 =0(4)
2 .
T (4) ta co: (\/ 3a2 + 1+ a® — 3) > 0. Dau dang thic xay ra khi va chi khi a = 1.
Xét ham s6 f(a) = 2a® — a? —4a+ 3, Va > 0
Ta co: f'(a) = 6a* — 2a — 4.
a=1
Ta c6: f'(a) =0 6a®> —2a—4=0 < .
a=-3 ¢ [0; +00)
Tu d6 lap bang bién thién ta c6 min f(z) = 0, Va > 0 dat dugc khi va chi khi a = 1. Do dé:
2
(V3a2+1+a>=3) +fla)=0ea=1eyi=leor=1

-Binh luan. Day la mot bai toan hay, & cach giai thé hién rdé khong phai lic nao hai an phu ciing uu
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thé hon mot an phu. Cach giai 1 sit dung phuong phap dua phuong trinh vé phuong trinh tong cac sé
khong am, cach 2 stt dung chat lieu danh gia thong qua ham sb, mot bai toan long ham s6 kha hay.

Vi du 42. Giai phuong trinh 2% + 2% — z (2 + \3/(235 + 1)4> + {’/(Qx +1)°—1=0.

# Loi gidi.

-Phan tich huéng giai. Bai toan nay c6 thé thay dé bai dang xoay quanh dai luong 2z + 1 nén ta sé c6
gang phan tich bai toan da cho theo hudéng nay.

Cuthétaco a®+a2—20—1—ae+1)V2r+1+QR2e+1)/(2x+1)°=0

2422 — 204+ 1) -2+ 1)z +1+ 2z +1) (2 +1)° -2 =0
22041 - Q2e4+1) -2+ 1) V2r+ 1+ 22 +1) Y (2r+1)> —2® =
S22 +1)— 24+ 1) —z e+ 1) 2z +1+ 2z +1) /(2 +1)> — 2% =0(1)

Dé cho gon (1) ta dat t = /2x + 1 < 3 = 22 + 1. Khi d6 (1) trd thanh:

BBt + - =0 @ —at+t?) = (v —t)(2? — 2t + t?)

Téi day xem bai toan nhu da dugce gidi quyét hoan toan. Bay gio ta di vao 161 gidi cu thé cho bai toan.
+Diéu kién

Phuong trinh da cho duge bién déi thanh phuong trinh sau:

Pt -2 —1—xQe+1)V2r+1+22+1)(20+1)°=0

2422 — 204+ 1) -2+ 1)z +1+ 2z +1) (2 +1) -2 =0

S22 +1)— e+ —2@e4+D)2z+1+ 2z +1) /(22 +1)° -2 =0

Dat t = ¥2z +1 & 3 = 2z + 1. Khi d6 (1) tré thanh:

PR -t + - =0 (@ —at+1?) = (v —t) (2® — 2t + %) (2)

t\> 3t
Don—xt+t2:(x—§) +T>0nént1‘1’ (2) ta c¢6 phuong trinh:
t3:x—t<:>2x+1:x—\3/2x+1<:>x—|—1:\_3/2x+1.
x=0
s+ =2+1lczs@*+32+1)=0s x:ﬂ
2
:c——_g_\/g
LT 2
—3++5

Vay phuong trinh da cho c6 ba nghiém: x = 0; z = 5

-Binh luan. Bai toan nay khong khé chi can bién doi khéo 1éo bét cac nhan tit phit hop 1a c6 thé giai
quyét tron ven bai toan.

Vi du 43. Giai phuong trinh 2% + /1 — 322 + 324 — 26 = 2v/2 — 222,

# Loi gidi.

-Phan tich huéng giai. Quan sat bai toan ta thay c6 hai can thitc nén ta can thoat can. Tuy nhién c6
mot dai lugng can thiic chita bac mii qua cao nén viéc nang lity thira la khong kha thi. Bay gio ta tinh
dén viec thoat can bang co s dat an phuy, muén dat duge diéu nay thi trong phuong trinh phai chia
cac dai lugng c6 thé biéu dién an phu dugc.

Ta chi ¥ ring: 1 — 322 4 32% — 28 = (1 — 22)*; 2 — 222 = 2(1 — 2?) . Lc d6 phuong trinh da cho sé tr6
thanh:

28 +1/(1 — 22)° = 221 — 22(1)

Ro6 rang tit (1) cho phép ta nghi dén dit y = v/1 — 22 = 2% + y? = 1. Két hgp diéu nay v6i phuong
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trinh (1) ta dugc hé phuong trinh: (%)
2343 = \/§.xy
He (*) 1a he ddi xiing loai 1.
T do ta c6 cach giai cho huéng di nay nhu sau:
-Céach 1: bieu kien: 1 — 22 >0« -1 <z < 1.
Phuong trinh da cho duge bién doi thanh phuong trinh:
2?4/ (1 — 22)° = 2v/2./1 = 22(1)
Dat: y = V1 — 22,y > 0. Ta c6: 22 +4? = 1. Lic d6 két hgp v6i phuong trinh vita bién doéi ta c6 he
phuong trinh:

2+’ =1 (x4y)° —2zy =1
& (2)
2+ P =22y (z+y)° = 3wy (z+y) = V2.ay
S=x+vy
Dat: , S? > 4P. Khi d6 he (2) tré thanh hé phuong trinh:
P=uxy
S?—1
S?2 2P =1 P =
< 1 $? -1
S% —35P = P\2 53—3( 2_ >S:\/§< 2_ )
¢
S=V3
(
S? -1 1
P= P=-
~ 2 \ 2
S -1 (
P= S =2 S=-1-v2
& 2 & &
25% +v28 -3 —v2=0 S=-1-+2 P=1++2
\
(
\ S=1-v2 S=1-+2
- g
P=1-+2
L \
D6i chiéu véi dicu kien S? > 4P ta c6 hai truong hgp:
S =2 r+y=+2
+V6i: ) & ) = x,y la nghiém cta phuong trinh:
P=— —
2 e
2
2X2—2\/§X+1:O(:)X:\/7_
Trong truong hgp nay ta c6 z = - la nghiém cta phuong trinh.
S=1-v2 r4+y=1-—+2
+V6i: & = x,y la nghiém ctia phuong trinh:

P=1-+2 ry=1-+2
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&
S

= (1-
= (1-

Trong truong hgp nay ta c6 x = <1 —V2—V2v2 - ) iém cua phuong trinh.

2
Vay phuong trinh da cho c¢6 hai nghiém: x = \é_ (1 —V2—-1/2 )

Lai nhan xét rang tit phuong trinh (1) ta thay sy Xuat hién 1 — 22 lam cho lién tuéng dén mot hing
ding thitc lugng gac rat quen thuoc sin® z + cos? z = 1 nén ta sé sit dung luong giac hoa dai sé6 phuong
trinh nay:.

+Céch 2: Dieu kien: 1 — 22 >0 -1 <z < 1.

Phuong trinh da cho duge bién ddi thanh phuong trinh:

2 +/(1 —22)° = 2v2./1 — 22(1)

Dit: @ = cosa, a € [0;7] = sina > 0. Lic d6 phuong trinh (1) tré thanh:

cosd a + sin®a = v/2cosasina

& (cosa +sina) (1 — sinacosa) = v/2sinacos a(3)

Dat: t =sina + cosa = /2sin (a—l—%) ,t e [—\/5,\/5} = sinacosa =
Lic dé phuong trinh (3) tré thanh:

£4+V2—3t—V2=0% (t—V2) (£
Vi t—\/_:>t—z+k2ﬂ':>l’—§

V6i: t2+2\/§t+\/§:O:>t:1—\/§<:)sina+cosa:1—\/§(4)
Dé gidi (4) ta tra vé lai an ban dau neén ta co:

Vi-Z4o=1-V2eVI—@=z+1-12
r+1-v2>0
i (V2 VA ).

_\/ﬁ)

+

X?—(l—\/E)X+1—\/§:0<:>

l\DII—‘[\.’)Ir—\

RS

2 —1
2

+2\/§t+1>:0

[\:Jlr—l

2
Vay phuong trinh da cho ¢6 hai nghiém: z = é_ <1 —V2 -2 )

-Binh luan. Qua hai cach giai cua bai toan nay, cac ban hay cht ¥ rang tat ci nhing phuong trinh vo
ty gidi bang phuong phap lugng gidc hda ma c6 nghiém tuong minh tiic 14 cic nghiem “dep” ma khong
phai 1a nghiem duéi dang lugng giac thi chiing ta déu c6 thé gidi cac bai toan dé bing cac phuong phap
co ban nhu nang liy thita, dat an phu.. ma doi khi 15i gidi cho né con gon va dep hon rat nhiéu so véi
gidi bang phuong phap lugng giac héa. Tuy nhién phuong phép lugng gidc hoa lai t6 ra rat wu viet véi
céc phuong trinh vo ty ¢6 nghiém véi dang lugng gidc (cai nay thi thuong la cac bai toan hoc sinh gidi
chit thi dai hoc chic chan 1a khong c6).

5(2? + 4z +9)
2v10 — 62 +4 +3x+1

Vi du 44. Giai phuong trinh 2 (z +5) /1 — 3z + 3z — 10 =

# Loi gidi.

-Phan tich huéng gidi. Bai toan dang xét chita rat nhiéu cin thitc nén theo quy tic thoat cian clia
phuong trinh vo ty ta c6 thé nghi dén viéc nang lily thita hodc dat an phu. Tuy vay, ca hai suy nghi
nay dat trong truong hop ciia bai toan dang xét that khong kha thi. Do d6 ta can tim céch lam gidm
b6t luong can thitc trong phuong trinh bing cach nhan xét ring ta c6 2¢/10 — 62 = 2v/2.4/5 — 3z vA
VAaz 4+ 3 ¢6 (5 —3x) + (4 + 3z) = 9 nén ta nghi dén viéc sit dung danh gia lam gidm céan thiic bang bat
dang thitc B.C.S.
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Ta c6: 2v/2./5 — 3z + /4 — 3z < \/[(2\/5)2“2} (5—3x+4+3z)=9

Suy ra: 24/10 — 62 + /4 + 3z + 1 < 10.

2 2 9
T do6 ta co: 5(2” +4x +9) 25@ +4x +9) _z +4x+9
2¢/10 — 62 + VA + 3z + 1 10 5

Lic d6 tit phuong trinh da cho ta ¢6: 2 (z +5) /1 — 3z + 3z — 10 <
S4(x+5)V1—3r <a?—2x+29
V6i bat phuong trinh cudi ta cé thé giai bang dit an phu ho#c nang lity thita. Tuy nhién néu ta tinh ¥
ta sé co bién doi sau: ,
4(x+5)v1 -3z < 2?—22+29 < 4 (1 — 32)—4 (z + 5) V1 — Bz+2?+100+25 > 0= (21 -3z —2 —5)" >
0
Téi day bai toan da dudc giai quyét. Bay gio ta di vao 1oi giai cu thé cho bai toan nhu sau:

(

22 +4x+9

1-32>0

Lo W~

<z <

W =

+Dieu kien: ¢ 10— 6z >0 © —

4+3x >0

\

2 2 2
Theo bat déng thiic B.C.S ta c6: 2v2.4/5 =37 + I =3z < \/[<2\/§) v 12] (5-3c+4+32)=9
Déau déing thitc x4y ra khi vi chi khi: /5 — 32 =2V2V/4+ 32 © 5 -3 =32+ 24z < v = —1

5(x%+4 9
Suy ra: 2¢/10 — 62 + VA + 32 +1 < 10 . Lai ¢6: 2% + 42 +9 > 0 nen (x* 4+ 42+ 9) >
2y/10 — 6z + V4 + 3z + 1

5(a*+4x+9) a2 +4x+9
10 B 2
Lic do tu phuong trinh ta co:
2442 +9
2(z+5)VI—3z+3r—10< —— "% +2x+

& (2\/1 — 3z —x — 5)2 > 0 (luon dang).
Dau déng thitc xay ra khi va chi khi:

S 4(x+5)v/1 -3z <2?—2r+29

r=-—1
WI—3z=2+5e4(1-3z)=(z+5)° <22+2204+21=0«

r=-21

D6i chiéu diéu kién ta c6 x = —1. Vay phuong trinh c¢6 nghiém duy nhat z = —1.

-Binh luan. Day 1a mot bai toan kha hay, tuy hinh thitc v& dau hiéu c6 nghiém duy nhat z = —1 dya
vao méy tinh ta c6 thé nghi dén phuong phéap lien hop. Tuy nhién néu ta c6 cai nhin tinh ¥ ta sé thu
duge mot 161 giai gon gang va dep.

28 27
Vi du 45. Giai phuong trinh 2(/27:1;2 + 24z + 3= L+4/ 27 + 6.

# 131 giai.
-Phan tich huéng gidi. Quan sat bai toan ta thay bai toan chita hai cin thic nén ta c6 quyén nghi dén
an phu va biéu dién an x theo hai hodc mot an phu dé c6 duge hé phuong trinh hoic phuong trinh.

\ 93 28
) a:\/27a:2+24;r+— a* = 27x% + 240 + —
Cu thé ta dit: 3 o 3

2 2
b:\/§x+6 b4:?7x+6

-Huéng 1: Thiét lap hé phuong trinh tit hai an phu.
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s, 2T L 27
beé ¥y rang: b* = 7x+6©b =77 + 27.6.x + 36

Lai co6: a* = 272% + 4.6.20 + ? Tt d6 ta c6 phép bién déi: 27a* — 4b* = 108
2a —b=1 o . )
Twu do6 ta c6 hé phuong trinh: . Hé nay giai quyet rat gon bang phuong phap the.
27a* — 4b* = 108
Cu thé ta co6 10i giai chi tiét nhu sau:
+Diéu kién: %x +6>0< 2> —g.

28
a:</27x2+24x+— a4:27x2+24x+§
Dat: 3 o 3

27 L 27
b—\/?x+6 b= w46

= 27a* — 4b* = 108 , (a,b > 0)

) 2a —b=1
Khi d6 ket hgp véi phuong trinh ta c6 hé phuong trinh: .
27a* — 4b* = 108
Thay b = 2a — 1 vao phuong trinh thi hai trong hé ta c6 phuong trinh:

27a* — 4 (2a — 1)* = 108 < 37a* — 1284 + 9642 — 324+ 112 = 0
& (a—2)° (37 +20a+28) =0 = a=2=b=3

28
a=2 2722 + 24z + — = 16 9 X
Véi <9 o 3 & @ = 5 (thoa diéu kien)

. 2
Do dé phuong trinh c6 nghiém duy nhat x = 9

Néu ta khong tinh § dé khéo 1éo kéo dugc phuong trinh 27a* — 4b* = 108 , ta c6 thé chon cach lam sau:
-Huéng 2: Thiét lap hai an phu dé kéo theo x theo mot an phu.

. 27 4
+Dieu kién: ?x +6>0 x> ~9

23
a:§/27x2+24:c+— ot = 270?42 4 2
3 o 3 (a,b>0)

/2 2 -
b= ?733—1—6 b4:77x—|—6

+1
T phuong trinh ta ¢6: 2a =1+b < a = — tit cach dat ta c6: x =

Dat:

2b% — 12
o8 27
Do d6 tu: a* = 2722 + 242 + 3 ta c6 phuong trinh.

b+1)2 <2b2—12>2 (252—12) 28

— ) =27 (=—/—= U =)+ =

( 2 7 27 + 27 t3

& 37 — 108b3 — 16262 — 108b + 1701 = 0

& (b—3)7 (370 +114b+189) =0 = b=3 = a =2

28

a=2 2722 + 240 + — = 16 9 .
Véi = 3 & x = — (thoa dieu kién)
27 9

. 2
Do dé phuong trinh c6 nghiém duy nhat x = 9
-Huéng 3: Néu ta tinh y ngay tit phuong trinh da cho ta c6 hai phép bién doi sau:
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2 12° + 72z 4+ 16 4 12 4)?% 2 A

0722 4 ogp o 28 8l A R4 16412 (Gt )7 27 o 3(9r+d)
3 3 3 2 2

9z +4)° 39z + 4

Khi d6 phuong trinh da cho trd thanh: 24 M+4:1 ($2+ )

Dé cho gon ta diit t =9z +4, t > 0.

[t? /3t
Ta c6 phuong trinh trd thanh: 24 3 +4=1+ 5(1)

Véi (1) dé giam nhe bac can thiic ta sé binh phuong hai vé thu dugce phuong trinh:

t2 3t
4 §+4:1+§+\/§(2)

Vi (2) ta c6 thé giai bang cach tiép tuc binh phuong hoic dat tiép an phu nita roi binh phuong hai vé
ta sé thu duge mot phuong trinh bac bon nghiém dep. Tuy nhién & day ta chon 16i di khac. Do ¥ mudn
can thiic cang it cang tot nén ta sé thoat can bang danh gia tinh y 14 & phuong trinh chita dai lugng
V6t gan giéng nhu 2v/ab nén ta nghi ngay dén viec thoat bét can thic biang bat ding thic Cauchuy
t+6
nhu sau: V6t < —5
3t t+6

. s [t?
Khi d6 phuong trinh ta chuyén ve danh gia:4 3 +4<1+ 5 + 5 = 2t +4

Binh phuong va thu gon ta sé duge bat phuong trinh: (¢ — 6)° <0.

T6i day xem nhu bai toan duge giai quyét trong ven. Ta di va 10i gidi chi tiét nhu sau:
N 27 4

+Dieu kién: 730 +6>0< x> ~9

Phuong trinh da cho duge bién ddi vé phuong trinh:

4)? 4
¥ (9z + 4) A1+ 3(9z + )(*)

3 2
= z N~ 2, N 4t2 3t
bat t =92+ 4, t > 0. Ta ¢6 phuong trinh tré thanh: 2 3—1—4:14— 5

. . t+6
Ap dung bat dang thic Cauchuy ta cé: v/6t < %

[ 3t t+6
T do ta co: 4 §+4§1+§+——£ =2t+4
2
@4t2+48§3t2+12t—|—12@(t—ﬁ)z§0<:>t:6(:)9x+4:6<:>x:§.

. 2
Do dé phuong trinh ¢6 nghiém duy nhat x = 9

-Binh luan. Bai toan nay thuc chat huéng di 1 va 2 1a ty nhién nhat, tuy nhién van con c6 nhitng bién
doi khéo léo, con huéng di 3 dam chat tu duy khéo va 1a mot 10i giai dep cho bai toan nay.

3x [ 1—=x
z 2. ~ 2 .
Vi dl.l 46. Glal phlrdng trinh z + 4x + 5 — m = (l’ — 1) (1 -2 m)

& L3 gidi.
-Phan tich huéng giai. Quan sat phuong trinh dé bai cho, viéc dau tién ching ta dé ¥ dén khong phai
la can thic ma d6 chinh 1a vé trai cia phuong trinh can phéi lam gon lai.

3T 3x

Taco: a2 +4x+5— - = (z+2)* +1— ——
a co: x4+ Ao + R (x+2)" + pom——

Khi d6 phuong trinh tré thanh:

(z+ 2)2 =@-1 (1 —2 V 22 1—}—;:: 1) B xgl+_x$%)—21(1)

O (1) goi cho ta ¥ tudng dat an phu véi u = v/1 — z, v = Va? + « + 1. Lic d6 (1) tré thanh:(z + 2)* =
) (1 2u> ut @)
_u —_— — —_— —
v

V2

(1—a)’

— ) R S
(z+2) +x2—|—x+1
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O (2) ta thay vé tréi ¢6 (z +2)° >0

4
Z ., U (Y N N Pe e 2 A
Do d6 néu ta danh gia dugce: —u? (1 — 2—) — — < 0 1a bai toan dugc giai quyet.
v v
4 3 4 2

2
Mit khac ta lai c6: —u? (1—29>—“—=—u2+2u——“—:—(u——u) <0
v V2 v 2 v

Vay huéng di ctia bai toan qua 16 rang. Do d6 ta trinh bay 18i giai cu thé nhu sau:
+Diéu kien: x < 1.
Phuong trinh da cho duge bién déi thanh phuong trinh:

] (Y L PR L S
B ?+ax+1 2+ar+1
bittu=+v1—-z,v=vaz?+z+1, (u,v>0).

2 4
Khi d6 (1) tré thanh phuong trinh: (z + 2)* = —u? (1 _ _“> D)

v v2
4 3 4 2 2
Nhan xét: (z +2)> > 0; —u2<1—29)—“—:—u2+2“——“—:—(u——u) <0
v v2 v V2 v
, r+2=0 T = —2
Do d6 de ¢6 (2) thi: ) & S xr=-2
L v=0 l—z=a?+z+1

v
D6i chiéu diéu kién ta c6 phuong trinh c¢6 nghiém duy nhat z = —2.

-Binh luan. Day 1a mot bai toan hay, tuy hinh thic ¢6 su cong kénh nhung 16 rang qua phép bién doéi
dau tien dé c6 duge (x + 2)2 thi moi viéc da trd nén don gidn hon rat nhiéu vi chi can sy nhay bén 13
ta sé ¢6 duge mot 16i giai dep cho bai toan.

Vr+3+Vr+2

—1.
Ve +3+vr+2)°

3
Vi du 47. Giai phuong trinh Z\/x + 3+

# LOi giai.

-Phan tich huéng gidi. Quan sat bai toidn ta thiy c6 hai dai luong can thic va duéi can thitc déu I
bac nhat nén ta c6 thé dat an phu dé gidi quyét bai toan. Van dé do la ching ta nén chon diat mot an
phu hay hai an phu dé cho bai toan c6 duong 16i gidi quyét don gian hon, vi ré rang thong qua céc vi
du day an phu 6 trén da co6 phan tich ta thay doi lic viec dit an hai an phu lai cho 15i gidi phtc tap
hon mot an phu. St dung may tinh ta c6 phuong trinh c6 nghiém duy nhat z = —2 va hinh thic ciia
phuong trinh cho ta nghi dén viéc lien hop hoisic danh gia bing bat ding thic co ban.

-Huéng 1: Dat mot an phu. Diéu kien: z > —2 .

Diat t = Vo +2,t > 0. Ta c6: 22 = t — 2. Khi d6 phuong trinh da cho trd thanh phuong trinh:
3 VE2+ 1+t

—Vt2+ 1+ it 5 =1

4 (2vZ+1+t)

S3(2V/EFT+t)VEFT+4(VEFTT+1) =4 (22 +1+1)

& (15t% — 16t + 16) V12 + 1 = —1213 + 20t* — 16t + 16

—12t3 + 20t* — 16t + 16 t2 t2 (5 — 12t)
SVtt+1l= -1& =
15t2 — 16t + 16 VE+14+1 1512 — 16t + 16
t=0
< 1 5 12t ()

(2)

11 152 — 16t + 16
V6i (2) , ta xét cac truong hop:

+Truong hop 1: ¢ > O gy 012 !
I 1 . —. 1
B = M s 16t +16 = VE 1141

> 0 nén (2) vo nghiém.
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)
+Truong hop 2: 0 <t < = 5 —12t > 0. Do d6 phuong trinh (2) tré thanh:

1562 — 16t +16 = (5 — 126) V2 + 1 & 156 — 4t + 11 = (5 — 12¢) V2 + 1
& (1582 — 4t +11)° = (5 — 2t)° (> + 1) < 81#* + 177t 4 32t + 96 = 0(3)

Ta ¢6 (3) vo nghiem vi 81¢* + 177t + 32t + 96 > 0, Vt € [0; %)

T d6 ta ¢6 véi ¢t > 0 thi (2) vo nghiem. Do d6 tit (%) ta c6: t =0 & Vo +2 =0 < 2 = —2. Ddi chiéu
diéu kién ta c6 nghiém ctia phuong trinh 14 2 = —2.
-Huéng 2: Dat hai an phu. Diéu kien: z > —2.

W= VTF3

Dat: , (u,v >0) . Ta c6: u? —v* = 1. Két hgp véi phuong trinh da cho ta c¢6 hé phuong
v =T+ 2
3 4
_u+—u+v2:1 3u + 5 (;L+v) 2:4 4
trinh 4 (2u +v) YN (u? —v?) (2u +v) = 3u + = 4(4)

u—v) (2u+v)?
u? —v? =1 u? —v? =1 ( )( )
O phuong trinh (4) r6 rang ta khong thé giai bing cach bién déi tric tiép dé ding phép thé hay dat an
phu nén ta sé cach danh gia phuong trinh nay. Ta quan sat thay vé phai (4) chi chua hé s6, con vé phéi
13 mot tong chita cac bién c6 mot binh phuong nén ta nghi dén danh gia bing bat dang thiic Cauchuy,
tuy vay muén dung duge bat déng thic hiéu qua ta can tach tong bén hai vé phai sao cho tich ctia
ching 1a mot hing s6 va dau déng thic xay ra tai v = 1; v = 0 do phuong trinh c¢6 nghiém duy nhét
) ) 2 2
v = —2. Tit d6 ta bién déi: 3u + = ()l 2 ;
(u—v) (2u +v) 2 2 (u—v) (2u +v)
22\/(u—v)(2u—|—v)+2 2 222'242(u—v)(2u+v)24
2 (u—v) (2u +v) 2(u—v)(2u+v)

Dau déng thitc x4y ra khi va chi khi:
(

2u+w
u—v=—
2 + v 4 u=1 vVr+3=1
5 :( ) 2u+ )2 < & S x=-2
u—v)(2u-+v
(u—v)Qu+v) 9 v=0 vz+2=0
( 2  (u—v)(2u+v)

D6i chiéu diéu kién phuong trinh c¢6 nghiém duy nhat x = —2.

-Binh luan: Day 1a mot bai toan kha hay, 161 gidi 1 dua ta vé mot phuong trinh c6 cach gidi quen thuoc,
161 giai 2 dua ta vé xit If mot phuong trinh bing phuong phap danh gia bing bat dang thic ciing tha vi
khong kém. Chi ¥ 6 16i giai 2, ngoai 16i gidi dude trinh bay & trén doc giai c6 thé sit dung truc tiép bat
dang thitc Cauchuy cho 4 s6, tuy nhién khi di thi dai hoc phai can chiing minh lai bat déng thic do.

1
Vi du 48. Giai phuong trinh x =1 + 5\/x3 + 22 — 8z — 2+ v/a3 — 20.

# LOi giai.

-Phan tich huéng gidi. Phuong trinh dang xét chita hai cin bac léch va mdi can thitc déu chita cac dai
lugng phuong trinh bac ba nén viéc nghi dén thoat can biang phép nang liy thita va an phu la khong
kha thi. V6i may tinh ta sé tim dugc nghiém ctia phuong trinh 14 1++/3, 1 — /3. Ta ¢6 téng ha nghiem
12 2 va tich hai nghiém la —2 nén trong phuong trinh sé chita nhan ti 22 — 22 — 2. Tt d6 dan dén cho
ta sé sit dung phuong phap lien hgp dé gidi quyét bai toan nay. Tuy vay, mic do khé khan chua ditng
& do6 vi ta thay ring diéu kien ctia phuong trinh sé khong duge biéu dién tudng minh vi phuong trinh
23 + 22 — 82 — 2 = 0 ¢6 nghiém rat 18. Diéu nay dy bao trude rang phuong trinh con lai sau khi bét
nhan t1 sé c6 kho khan chs dgi phia trude.
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Diéu kién: 2° + 22 — 82 — 2 > 0(x). Phuong trinh da cho dugc bién ddi thanh phuong trinh: 2z — 2 —
2v/x% — 20 = Vad + 22 — 8z — 2(1)

S (20 —4) -2V —20=Va3 + 22 —8x —2 -2

- (2z — 4)° — 8 (2® — 20) _ (#+3)(e* —22-2)
(20 —4)2 +2 (20 — 4) V2B — 20+ {/(a3 —20)2 VaP+a® —8r—2+2
- —48 (22 — 22 — 2)  (z43)(a* —22—2)

(20— 4)? + 22z — 4) Va5 — 20 + /(23 —20)2 V' +a? —8r—2+2
2220 -2=0
& 48 r+3 (2)

(20— 4)* +2(20 — 4) Va® — 20+ /(a3 —20)2 VPP —8r—2+2
Bay gio van dé chinh da xuét hien, d6 1a lam sao danh gia duge phuong trinh (2) khi ma diéu kien (1)
khong biéu dién duge tusng minh. Vay dé danh gia (2) ta tap trung vio cac nhan xét sau:

+0 (2) 6 chita hai phan s6 trong d6 da ¢c6 mot phan s6 luon am, do d6 chi can phan s6 con lai khong
am thi sé vo nghiém.

+Dé vé phai (2) khong am ta can diéu kien x > —3.

+Hai nghiém ctia phuong trinh déu 16n hon —3 diéu d6 cé thé suy ra dude phuong trinh c6 thé sé vo
nghiém khi x < —3.

+Néu xét hai truong hop x > —3, < —3 thi c¢6 nghia ta xét trén toan truc do dé sé chita khoang
nghigm dé diéu kien (1) thoa nén hoan toan cé thé yen tam vi khi d6 néu né vo nghiem véi z > —3
thi trong khoang nghiém ctia () chita khodng 2 > —3 ciing khong thé c6 nghiém dugc, tuong tu cho
truong hop =z < —3.

Tit cAc nhan xét nay ta dan dén hai truong hop sau:

-Truong hop 1: Khi x > —3thiz+3 >0 = Lt > 0. Do d6 ta c6 (2) vo nghiém
Va3 +a22 —8r—2+2

-Truong hop 2: Khi z < —3 thi phuong trinh (1) v6 nghiém.

That vay vi 2o — 2 < 2v/a3 — 20 khi 2 < —3.

Ta c6: 2i'r—2<23x3—20(:)(2x—2)3<8(:v3—20) &322 32— 19> 0

@x<6(3—\/2_37) Vx>é(3+\/ﬁ)

Két hop véi dicu kien z < —3 ta dude v < —3 .

Do d6 tir hai trudng hop vita xét ta cé: 22 =22 —2=0<2z=1++/3

D6i chiéu dicu kien () ta cé nghiém ciia phuong trinh la: z = 14 /3.

-Binh luan. Day 1a mot bai toan rat kho, cai kho clia né khong nam & chd huéng tach nhan tit ma chinh
la huéng danh gia phuong trinh con lai sau khi tach nhan tit. Danh gia nay doi hoi qué chéat va kho doi
héi nguoi giai that sy tinh tao va khéo 1éo suy nghi dan dét tu duy sao cho c6 thé day duge hudng giai
quyét hieu qua nhat.

576 26 [ 15
Vi du 49. Giai phuong trinh ° 5 =31 ——+8\/r+— (z>0).
(z+ V27 +8) v v

# Loi gidi.

-Phan tich huéng gii. Quan sat phuong trinh ta nhan thay ring dé thoat can phuong trinh nay bing
cac bién phap nang lity thita hay an phu hoéa la khong thé ap dung. Stt dung may tinh ta biét phuong
trinh c6 nghiém duy nhat « = 1. Tuy nhién dé thuc hién viéc diing phuong phép lien hop dé tach duge
nhan ti z — 1 qua that khong hé dé tit phuong trinh. Vay véi nghiém duy nhat dé ta chi con mot huéng
giai quyét cudi cing do 1a stt dung danh gid hosic ham sb hoiic két hop ca danh gia va ham sb dé giai
quyét bai toan.

Cu thé & vé trai phuong trinh hinh thiic c6 thé gitp ta tinh dén viéc xét ham s6. That vay, ta xét ham
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2 X .
so: f(x) = 5 Vi x>0
(z+ V27 +8)
3
(a:+\/x2—|—8)3—3(x+\/m2+8)2(1+L>m 1-
A f1( ) — 2+ 8 B x2 48
Ta c6: f'(z) = =

6 3
<m—|—\/x2—|—8> (ZE+ x2+8>
f(z)=0& Va2+8=3r s 2°+8=91 <=1 (v > 0)

. . 1
Lap bang bién thién ta thay max f(z) = f(1) = 61 Vo >0
1
Suy ra f(x) < Vi 576 f(x) <9, Va >0 .
Dau ding thic x4y ra khi va chi khi z = 1.

L . 26 / 15 P
Bay gio van de con lai ta chi can danh gid duge: 3z — — +8y/x + — > 9, Vo > (0 va dau dang thic
x

T
xdy ra tai x = 1 xem nhu bai toan dugdc giai quyét trong ven. V6i hinh thitc 6 vé phai phuong trinh da
cho ta ciing c¢6 thé nghi dén xét ham s6, dao ham tuy nhieén diéu dé sé khé thuc hien duge tét vi ta sé
kho6 khan ltc gidi phuong trinh dao ham bang 0. Do d6 ta chon lya phuong 4n khac d6 1a dung cac bat
déng thiic co ban dé danh gia.

2
1 V1 4 1z, 32
Tu sy nhan xét: \/z + —g = \/(\/5)2 + (—5> , cho ta nghi dén bat dang thic B.C.S.
T T
2
V15./15 V15 15
(\/5)2 + (T) ] =16 (I“i‘ F)

2
That vay ta co: (\/E + —) < (1+15)
i

15 _ 1 15)° 15 _ 1 15

s n 25 L 2) o B ()

oacox+x2_16 \/E—i—x S\t 52 \/EqLz
o 2% 15 2 15 4
Kh1dotaco:3x—?+8\/x+ﬁ23x—?+2(\/§+?):3x+2\/5+;

. ) 4 .
Vay ta chi can danh gia duge 3x + 2v/z + — > 9 1a xem nhu giai quyét xong.
x

Dé y bat dang thiic cudi ciing can danh gia bén vé trai 13 tong cac sd hang, bén trai 13 mot hing sé nén
ngoai cach chitng minh bing phép bién doi tuong duong ta cé thé nghi dén bat ding thitc Cauchuy,
nhung néu ct dé vay ma ap dung ta sé khé c6 thé dat duge hieu qué vi tich cac sé hang khong cho
dude két qua la hang sé do d6 ta can tach cac s6 hang d6 sao cho tich ctia chiing 1a 9 va dau bang xay
ra tai x = 1.

£ a2 4 1 1
Ta bién doi: 3x+2\/§+—:3<x+—)+(\/§+\/§+—> > 6+ 3 =9. Vay xem nhu thanh cong vi
T T T

lic nay dau bing xay ra tai z = 1. Vay bay gio ta di gidi quyét cu thé bai toan nhu sau:
. x
+Xét ham so f(z) = voi z > 0.

(x+\/m>3
(v+VaT¥8) =3 (2 + V2T F3) <l+ﬂ>x T

2
Ta c6: f'(z) = - x — .

<x+\/x2+8> <x+ x2+8)
flle) =0 Va24+8=3r 22 +8=92<z=1 (x> 0)

P . 1
Lap bang bién thién ta thay max f(x) = f(1) = 61 VY >0

1
Suy ra f(z) < ol < 576f(x) <9,Ve > 0.
Dau dang thitc xay ra khi va chi khi z = 1.

Mait khac theo bat dang thitc B.C.S ta cé:

<ﬁ+@> < (1+15) (\/E)2+(@> ] :16(:c+E>

z 2
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Tu do ta co: —15 <\/_+ >2<:) 1( )
? ST Vi =g
26 15 26 5
Vay: 3x——+8\/x+—>3x———|—2(\/_+ ) +2\/‘+—

Theo bat dang thitc Cauchuy ta lai co:

4 1 1

2 / 1
Do dé: 3z — —6 +8\/x —i— > 5> 9. Dau ding thitc xay ra khi va chi khi:

(1 \/15
NG 15
xr
1 S o =1
r=—
T
1
| V=g

576 2 15
Vay ta co: L <9<3r— 248z +— dodo:
(:E—I—\/xz—l—S) X X

576 26 15
z - =3z — — +8y/z + — khi va chi khi.
(x—i—\/a:2—l—8) X X

Do d6 phuong trinh da cho c6 nghiém duy nhat x = 1.

-Binh luan. Day la mot bai toan kho, duong huéng giai quyét ching toi dua ra c6 thé 1a phuong an tot
nhat cho bai toan nay né doi héi sy danh gia ctia ca hai ki thuat thuong dung trong phuong trinh vo
ty d6 1a ham sb va cac bat ding thic co ban.

BAI TAP REN LUYEN CUOI CHUONG 2
Giai cac phuong trinh sau trén tap sé thuc.
@ V22 + V622 + 1 =  + 1. Hudéng dan: St dung phép nang lity thita hai vé. Dép s6: = {0;2}
@ V922 —26x + 1 —1 = /722 — 20x — 2. Huéng dan: Chuyén vé sit dung phép nang liiy thita. Dap
so: = {~1;3;2£ 5} .

2 2 - )
B3 2z -5)V2r+3= (gx + 1) 1/ 3% 1. Huéng dan: Sit dung phép nang lay thira. Dap so: z = 3.

@ 6 (z+1—+ix+1) =5\/(2—x) (4 + 1) — 3v/2 — z. Hudéng dan: Bién doi tryc tiép thanh tich

. . 2 4 / 1 / 5
hodc dat an phu thoat can. Dap so: z = {—1—7 2} .Baib. —+1\/xr——=2x+1/22 — —. Hubng
x x x

dan: Bién doi truc tiép thanh tich hodc dat an phu thoat cian. Dap s6: x = 2.

. N . 3 2
(B) 2x — 1422 + 1 = 2v/16. Huéng dan: St dung phép nang lity thita. Dap s6: z = {0 iz iQV \/_2+ }
® r=vV2—2V3—2+V3—-2v6 -2+ 6 —2v/2 — x. Huéng dan: St dung phép nang liiy thira
hosic dat an phu hoac sit dung ham s6. Dap s6: 2 = 2 .

9 3

@ ‘ = 622 — 132 + 8. Huéng dan: Khit mau bién doi phuong trinh vé A%2 = B2 Dap

(V3z+1-1)"

. 21 — /159

SO: X =8 ——— 7.

18
Va2 +4x + 3+ Va2 + 1 = /322 + 4o + 1. Huéng dan: Stt dung diéu kién gidn udc hodc sit dung
. —8 — /76
nang liy thia. Dap so: x = {—1; T} .
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3 ~ , . .
@ Vir+1 -3z +2 = % Huéng dan: St dung an phu héa dua vé hé phuong trinh hoa lién

hop kiéu ngang vé trai phuong trinh bién déi tach tich. Dap sé: z = 2.
@ x® —22%/3x — 2 — 2x (1 — v/ (3x — 2)2> = 1. Huéng dan: St dung an phu héa cin thiic. Dap sb:

x={— 21}
5y

1 x/_
2
§) 1 1 . ~ 2 L . . X <
@ Huéng dan: An phu hoéa hai can thic dua ve phuong trinh

t+3 o+l V_2+3/1+z
tich. Dap s6: = = {0;3}.

@ V(1 +2)* =3z =1/(1 —2)°. Huéng dan: An phu héa cén thic. Dap s6: z = 0.

3(22 +1)° — 15 = 8224/2 (2 — 2)*. Huéng dan: Dat an phu u = 22+ 1; v = /2 (2 — 22) Dép sb:
r=1v3v13-09.

@ (22 —6x +11) Va2 —x +1 = 2(2? — 42 + 7) Vo — 2. Huéng dan: Sit dung an phu héa hai can
thitc hodc thém bét lien hop téch nhan ti 22 — 2z + 3. Dap s6: © = 5 + /6.

2V/a3 =222 + v +4 = 2% — 22 + 5. Hudéng dan: Dé y: 2% — 222 + v +4 = (v + 1) (22 — 3z + 4).
Dat an phu héa. Dap s6: x = {1;3}.

@ V@r+ 1+ Ve + 1Az +1 = (z+1) (V4z +1+ vz +1). Hudng dan: D&t an phu hoa can

. -3+ V13

thic. Dap so: x = {O; %} .

VT 4+ V22 +1 = /222 — 3r — 4. Huéng dan: Binh phuong hai vé va an phu hoa. Dép s6: x =
5+ v 34.

3 — 21 . . )
= 2V/6. Huéng dan: St dung tach nhan ti va an phu hoéa. Dap sb: z =
2 —1—+z?2—-1 ' '

{\/8+\/@;\/8—\/@

9 13 11
22 (:U + 3T + 5) + (4\/_+ ) =5~ —\/_ Huéng dan: Bién doi phuong trinh va dit

1
t::v+\/_+—. Dap s6: 7 =2 (2 - /3).
2
- 2 ~ Z 2 _2
@ \/x T 5 = 1. Huéng dan: Bién doi phuong trinh dat v = “1:_; v =
x—l _ r—1
(Ve +2+Vz—2)
[x — 2 .
hoac dat t = r—= Dap so: x = 2.
T+ 2 T+ 2

@ 5z —3)Vr+1+5(x+1)v3 -2 =35z +1). Huéng dan: Dit an phu hoa cac can thitc hodc
. 1 11
chi mot céan thice. Dap so: ¢ = {—5 %5 3}
4r — 1 11-2 15 . L s
@ < + ——— Huéng dan: Sit dung an phu hoéa hai can thic hodc bién doi phuong
Vidr—3 Vb —=x 2

R . . 19
trinh roi dat an phu. Dap so: © = {1 Z}

3x + 2 . .
:1324— V4ax? —x — 1 = 32% + 22 — 2. Huéng dan: Stt dung an phu héa cin thic dua phuong trinh

—. Huéng dan: St dung phép nang lily thita va an phu héa. Dap s6: x =

. P . . 2 10
ve phuong trinh tham s6 bien thién c¢6 biét thiic A 1a so chinh phuong. Dap s6: ¢ = {—1; =
33

@ 3(z+ 1)2 + (\/2 —x?— 9) = 4. Huéng dan: St dung phép nang lity thita hodc an phu héa
can thic dua vé phuong trinh tham sé bién thién c6 biét thitc A chinh phuong. Dap s6: v =
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1
b -va)a)
(32 +2x + 1) Va? — 3z + 3 = 32® — 42 + 4z + 3. Hudng dan: Dat t = v/2? — 3z + 3. Dép sb:

{ 31\/_}

=41
2

@ (152 +1)2? = T7(x+1) =43z — 1) \/(z + 1) (3z — 1). Huéng dan: Stt dung an phu hoa. Dap so:
r = =xl.

7 ~ 2 N
@ 322 +6x —3 =1/ % Huéng dan: Stt dung phép nang liy thira hoac dat an phu hoa dua ve hé
—5+ VT3 —7— /69
6 ’ 6 '
@ 4% — 11z + 10 = (v — 1) /222 — 62 + 2. Huéng dan: Sit dung an phu héa dua phuong trinh vé
he phu’dng trinh déi xting. Dap s6: x = @

phuong trinh déi xting. Dap s6: © = {

1 .z
@ 3x + 7 \/ =2 ({4/2:r —7+vVr—3+ 5) . Huéng dan: An phy héa dwa phuong trinh
ve tong hal s khong am. Dap s6: z = 4.
@ (3z4+1)"=2(z+1)vV3z +1 =2 (22 + 1) V422 + 5— 3z — 7 Huéng dan: Stt dung hiing déng thic
dua phuong trinh vé tong hai s6 khong am. Dap sO: x = 1.
@ 922 (v3x — 4 — 4) + 18 (3z — 4) = 384 10/6z + 9. Huéng dan: Sit dung héng dang thic bién doi

phLIOng trinh vé tong hai s6 khong am. Dap s6: x = 3"

(33 4(Vr +1—-3)2® + (13vx + 1 —8)x = 3+ 4y/z — 1. Hudng dan. St dung hiing déing thic bién

2 b 2 Z ? Z 5

doi phuong trinh ve tong hai so khong am hoac an phu héa. Dap so: x = T

22 4+ v2x + 1+ V2 (2? + 32+ 1) = /2 (x — 3). Huéng dan: Sit dung hiing dng thiic va lien
hop. Dap s6: 2 = @.

(35) Vo — 2 +2v2% — 522 + 11z — 10 + /52 + 6 = 2z. Hudng dan: Sit dung lien hop. Dap s6: © = 2.

v+ 6+ 2?2 =7—+z+ 1. Huéng dan: St dung lién hgp. Déap s6: x = 2.
@ r+4—/r(x+8) = (Ve +1-Vz— 1)4. Huéng dan: Sit dung lien hgp. Dap s6: z =

- 4(Ve+1+Vz-2)
TV = UL

bat dang thic Cauchuy. Dap s6: ¢ = 3.

7
r—1+4 1 23 = /422 — 42 — 1. Huéng dan: St dung lien hop. Dap s6: z =

. , . 3E£+VH
VT + /3 —x =121 — 2. Huéng dan: St dung lién hop. Dap s6: © = 2\/_.

V2% + 487 — 27 + /222 — 24z + 67 = 4z + 6. Huong dan: St dung lien hop va két hop véi

) 3
phuong trinh da cho. Dép sb: @ = {6 + i— 16— 33 }

1+ /257
16

= 3. Huéng dan: Dat an phu dua vé lien hop hoic danh gia bing

142
TR

VT +T7—Vr —2+5yx% — 422 + Tz — 6 = 3 (3 — ) . Huéng dan: Sit dung lién hop. Dap s6: z = 2.
2 (\/1 —br —\r — VI — xz) =z — 1. Huéng dan: St dung lien hop. Dap s6: 2 = 3 — 2v/2.

2 (32 4 322 — 4 . . .
vr+8 = ( x2 j—i—x5 w1+ ) Huéng dan: St dung lién hgp hosic an phu. Dap so6: =z =
T T —

e

1 /9 1
. 2x2—x—§ =9 2 +— — 1. Huéng dan: St dung ham s6 dic trung. Dap s6: x =
x
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20 + 4234302+ 170 —24 = 24/3 — 2z. Hudng dan: St dung ham s6 déc trung. Dap s6: z = {—3;1}.
323 — 622 — 3z — 17 = 33/9 (=322 + 21x + 5). Huéng dan: St dung ham déc trung. Dap sb:z =
2

Vi-1
3 (2 + V922 + 3) +(4x +2) (1 +V1+ax+ x2) . Huéng dan: St dung ham s6 dac trung. Dap so:
1

VI+22—v22 + 2 +4 =22+ + 5+ Hudng dan: Dit t = V22 + = + 4, két hop v6i xét ham
s6 dac trung. Dap s6: x = 4.
(L_ \/5)2_ 4(1+V1+4x)
N r+Vr2+3r+2+1
V2 -1
r=
(61) 152 +10y/(2 +1)° +26 = 64/ (z + 1)° +30v/z + L. Hung dén: Dit &n phu cin thic két hop véi
stt dung tinh don diéu ctia ham s6. Dap s6: z = 0.
@ ’\/xZ — 22+ 5— Va2 —6x + 10‘ = /5. Huéng dan: St dung béat ding thic hinh hoc danh gia.
Dap s6: z = 5.
@ V2 =4z + 8 + V42?2 + 122 + 10 + v922 — 302 + 50 = 10. Huéng dan: St dung bat déng thic
hinh hoc danh gia. Dap s6: x = @.
(x 4+ 9y/T + 16) (x — 4\/7 + 16) = 68z. Huong dan: St dung bat dang thitc Cauchuy danh gia.
Dap s6: x = 16.
@ (2 —12)v/Z+V3 =22 =+/—2%+ 722 — 17z + 15. Huéng dan: St dung bat dang thiic B.C.S danh

gia. Dap s6: x = 1.
36 (2% + 6z + 13)
2022 + 162 + 129 — 28y/8x + 7 =
V3+4r++/b5—4x+5
1

dang thitc B.C.S danh gia. Dap s6: v = 7
1 ~ P Z 2 2
@ ?+ = (1 + Va2 + 1) = 2v/1+ V1 + 22. Huéng dan: St dung bat dang thitc dé danh gid. Dap
T
1++5

o: r =+ .
SO: T 5

. Huéng dan: St dung xét ham s6 dic trung. Dap sob:

. Huéng dan: St dung ham s6 hodc bat
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CHUONG

SU KET HQP GIA CAC PHUONG PHAP
GIAI TOAN PHUONG TRINH VO TY

-Chuong nay gidi thiéu cung ban doc:

Chuong dau tién ctia cudn sach da cung cap cho chiing ta day di cac phuong phap dién hinh duge si
dung dé giai mot phuong trinh vo ty.

Chuong thi hai da gitp cho ching ta c¢6 duge nhitng huéng di ding dan va sy lya chon phuong phap
giai t6i wu khi ding truéc mot phuong trinh vo ty.

Trong chuong thi ba nay, cac ban doc giai sé duge trai nghiém mot 16p cac phuong trinh vo ty. Ma,
néu chi st dung mot phuong phap nao dé ta rat khé cé thé gidi quyét dude hoan toan phuong trinh.
Nhung khi ta biét két hop nhiéu phuong phap lai v6i nhau, cdc phuong trinh vo ty sé dude gidi quyét
mot cach triet dé. Va su két hop do6 ching t6i goi 1a “nghé thuat giai phuong trinh vo ty”. S6 di ching
toi goi nhu vay bdi vi sit két hop nhiéu phuong phap gidi mot phuong trinh vo ty sé cho ta mot 161 giai
khong chi hoan thién ma con rat tu nhién. Ngay sau day sé 1a mot hée théng cac bai tap dién hinh nhim
rén luyén cac ban nhitng ky nang thiét yéu nhat ciia “nghé thuat két hop” nay.

@ SU KET HOP GII'A PHUONG PHAP NANG LUY THUA VA CAC PHUONG PHAP
KHAC

Vi du 1. Giai phuong trinh /122 (z — 1) — 48/222 + 1 + 77 = 22 — 3.

# LJi giai.

-Phan tich. Phuong trinh c6 dang /f(x) = g(x) nén budc dau chiing ta c6 thé nghi ngay dén phuong
phép nang liiy thita dé pha b 16p can thitc ngoai cling. Sau phép nang lity thita hai vé phuong trinh
ta thu duge phuong trinh sau day: 222 + 17 — 12v/222 + 1 = 0(1)

Néu tiép tuc thie hien phép nang liiy thita cho phuong trinh nay, ta sé thu duge phuong trinh bac cao
lai khong c6 nghieém hitu ti. V6i dic diém cac biéu thic trong phuong trinh (1) , chiing ta c6 thé nghi
dén mot hudng giai khac dé 1a sit dung phuong phap dat an phu. Tit d6, ta 6 16i giai cho bai toan nhu
sau: Dieu kien: 12z (x — 1) — 48v/222 + 1 + 77 > 0. Khi d6, phuong trinh da cho tuong duong véi

120 (2 — 1) — 48222 + 1+ 77 = (22 — 3)°

20 —3 >0
202 + 17 — 12v/222 + 1 = 0(1) 1
& 5 .batt =222 +1 (tz {’/7)
>
=3

Phuong trinh trd thanh: 2 — 12t + 16 =0 < (t —2)* (t +4) =0 & t = 2.
7 3 7
Tacit=2< V2241 =202 =72 = \/;(Vi$2 5) Gia tri z = \/;théamémphmjng

trinh ban dau nén day la nghiém duy nhat ctia phuong trinh da cho.

noindent -Binh luan. Dai khi ta gap mot sé6 phuong trinh ma viéc tim diéu kién ctia an khé khan thi
ta khong nhat thiét phai tim ra céc gia tri cu thé ciia an dé phuong trinh xac dinh. Chi ¥ khi tim duge
nghiém thi phai thi lai cdc diéu kién ctia bai toan. Ro rang, trong bai toan trén néu chi sit dung moi
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phuong phap nang liiy thita khong thoi thi phuong trinh chua thé gidi quyét dude hoan toan. Nhung
khi c¢6 su két hgp v6i phuong phap dit an phu, bai toan dude giai quyét hoan toan va 1oi giai cho bai
toan trén rat tir nhién va ngan gon.

€) Bai tap twong ty

1. Gidi phuong trinh 1+ 2z = /4 (z + 6) + 3v/22 — 6 + 2

2. Giai phuong trinh v/4v/z + 1 — 1 = \//256x + 256 — 7

Vi du 2. Giai phuong trinh /522 + 142 +9 — V22 — 2 — 20 = 5/ + 1
(Dé thi HSG cac truong chuyen KV Duyén hai va Dong Bang Bic Bo nam 2010).

# LOi giai.

-Phan tich. Déi véi phuong trinh nay, ¥ tuéng dau tién xuat hién trong dau ta d6 1a thyc hién phuong
phap nang lity thita. Tuy nhién, dé dam bao hai vé khong am, sau khi chuyén vé va thuyc hién binh
phuong hai vé ta dugc:

(x—1)(5z — 9) = 2> 4+ 24z + 5+ 10y/(z + 4) (z — 5) (z + 1)(x)

Néu tiép tuc thyc hién phép nang liiy thita cho phuong trinh (*) ta sé thu duge phuong trinh bac cao
sé gay khé khan cho ta. Dicu nay coé nghia la phuong phap nang lity thita khong thé mot minh giai
quyét hoan toan duge phuong trinh trén. Do d6, ta can mot huéng di khac dé giai quyét phuong trinh
(¥) . Béng ki nang bién do6i khéo 1éo phuong trinh (x) ta co:

(%) < 2(2* -4z —5)+3(x+4) —5y/(22 — 4z —5) (z +4) =0

Dén day, phuong trinh (%) da 16 ré nguyén hinh. Day 16 rang la mot phuong trinh dang cap bac

2, va dé gidi quyét né mot cach don gian nhat ta sé chon phuong phap diat an phu. Diéu kien:
(

5x? +14x+9>0

22— 7 —-20>0 < x>5. Khido, chuyen vé roi binh phuong hai vé ta duge: (z — 1) (bz — 9) =

r+1>0
\

2?4242+ 5+ 104/ (z +4) (x — 5) (z + 1)
&2 =4z —5)+3(x+4) -5/ (22 —4z—5) (z +4) =0
Dita=+va2? —42—-52>0,b=+x +4 > 0. Phuong trinh trd thanh

a=1b 22 =5 —-9=0
2a® + 3b* —5ab=0 < (a—b) (2a —3b) =0 & &

2a = 3b 422 — 252 — 56 =0
5461
—

-Binh luan. Buéc khéi dau trong 1oi gidi ta chon phuong phép nang liiy thira 1a hét stc tir nhién. Va
diing sau diéu tu nhién nay, ta da chuyén dudc phuong trinh vé dang:

ax? +bxr +c=Var3 + 22 + i + d;.

D6i v6i phuong trinh dang nay thi ¥ tudéng phan tich thanh dang phuong trinh dang cap ciing chi 13
mot trong nhitng huéng di da dinh sdn ma thoi. Sy két hop gita hai phuong phap nang lfiy thia va
phuong phap dit an phu déi véi phuong trinh trén gidng nhu sé6 phan da an bai. Chinh vi vay ma
phuong trinh da dugc giai quyét hoan toan.

Bai tap twong tu

1. Giai phuong trinh /1422 + 74x — 515 — 11z — 4 = /222 + 3z + 1

2. Giai phuong trinh /43 + 522 — 262 + 14 — 2v/23 — 222 — 32 + 6 = /62 + 4

Giai ra ta dugc 2 nghiém thoa man: © = 8; z =

Vi du 3. Giai phuong trinh o + 1 = v/4x2 + 5x

# L3i gidi.
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-Phan tich. Phuong trinh c6 dang tuong tu bai 1. St dung phép nang liy thita hai vé phuong trinh ta
6 duge:(z +1)° =422 + 5z < 2 — 22 — 204+ 1 =0(1)

Dang phuong trinh bac 3 thuong cé it nhat mot nghiem hitu ty va ta cé thé sit dung phép chia da thiic
dé phan tich da thitc bac 3 thanh tich mot nhi thiic bac nhat va mot tam thic bac 2, tit do tim nghiém
cta phuong trinh. Ma phuong trinh (1) khong ¢6 nghiém hitu ty da gay kho khan cho viée tim nghiém
ctia phuong trinh.Do d6, phuong phap nang lity thita chua thé gidi quyét dude hoan toan phuong trinh
da cho. Tuy vay, bang cach sit dung méy tinh bo tii ta c6 thé thay duge phuong trinh (1) c6 3 nghiem
thuoc khoang (—2;2) . Dayco thé 1a mot co sd dé ta c6 thé nghi dén viéce sit dung phuong phap dat an
phu (lugng gidc héa) dé gidi quyét phuong trinh (1) . Bing cach lap phuong hai vé va bién doi, ta dugc:
23— 2% -2z +1=0(1)

Dit f(z) = —a? — 2+ 1, ta 6 f(=2) = 7, f (=) =1, f (%) _ —é, £2) = 1.
f(=2).f(-1) <0
Suyra q f(=1).f (%) <0

|1 (3) <0

Hon nita, f(z) lién tuc Suy ra phuong trinh (1) ¢6 ba nghiém phan biét thuoc khoang (—2;2). Dat
x=2cosa vii a € (0;7) .

Khi d6 phuong trinh (1) tré thanh: 8 cos®* @ — 4 cos* « —4cosa +1 =10

& dcosa(2cos?a—1)=4(1 —sin*a) — 1 & 4cosa.cos2a = 3 — 4sin®

& 4sina. cos a. cos 2a = 3sina — 4sin3a (do sina > 0)

a = k27

T k27
a=—-+—

< sinda = sin 3o <

Via € (0;7) nén a € {g, 3;; 5;} . Do do, tap nghiém ctia phuong trinh da cho la
T = {2COS§;QCOS 3771-;2008 5;} .
-Binh luan. R6 rang véi phuong trinh nay, néu khong c¢6 sy hau thuan bang phuong phap lugng giac
hoéa thi phuong trinh chua duge gidi quyét mot cach tron ven.

Bai tap twong tu

1. Giai phuong trinh 822 — 12z + 3 = /1 — 2x.

2. Giai phuong trinh x + {’/6x3 — 6z + 6221 — 22+ /1,5 =1 — a2

: 35
Vi du 4. Giai phuong trinh = + _r >
x?2—1 12
# L3i gidi.
. N 72 4 z 2
-Phan tich. Dé ¥ rang 2% + 5 = = = (a:—) . Do d6, sau khi thuc hién phép binh
x4 —1 x4 —1 72— 1

phuong hai vé phuong trinh ta thu duge

x? x? 35\?

2 +2. =|7) ()
x4 —1 vr2 —1 12
Sau phép nang lily thita ta lai thu dugec mot phuong trinh mdéi. Tic 13, mudén tim duge nghiém cia
phuong trinh ban dau ta can phai giai quyét duge phuong trinh (x) . V6i ddc diém ctia phuong trinh ()
thi ¥ tuéng diat an phu da qué ré rang. Sau day 1a 1oi gidi cho bai toan: Diéu kien: > 1 hosic < —1.
Dé dang nhan thay néu x < —1 thi phuong trinh trén vo nghiém. Do d6 ta chi can xét x > 1. Luc nay,
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. x? x? 352
binh phuong hai vé phuong trinh ta duge: a1 +2. 7 (E) (%)
22
batt= —— >0
x?—1
. 1 2 35 25 , .
Phuong trinh (%) tré thanh ¢t* + 2t — ) = 0&t= B (véit > 0)
25 )
25 22 25 r? = r =+
V6i t = — ta 6 ——— = — & 1442 — 62522 + 625 = 0 & 16 o 4
12 2—1 12 , 25 :|:5
rr=— e
. 9 5 3
Kiém tra lai diéu kien ban dau ta c6 2 gia tri théa man dé 1a z = 3r=7
) 5)
Vay phuong trinh da cho c6 2 nghiém x = §; r = 1

-Binh luan. Trong phuong trinh trén, st dung phuong phap nang liiy thita dau tién khong phai nham

muc dich phé bé can thiic ma co sé cia n6 1a moi quan hé giita cac biéu thitc sau phép nang lity thita.

Ngoai ra, ching t ciing c6 thé gia quyét phuong trinh ban dau bing mot huéng khac. Ching han ta
ar

dat z = ——, t € (0;7) . Dang tong quat clia phuong trinh trén: o + ———— = b.
cost 2 — a2
Hay cting thuyc hién véi hai bai tap tuong tu:
1. Giai phuong trinh SR Y-
222 — 1
/90 — 22
2. Giai phuong trinh e R
V2r — a2 —1

Vi du 5. Giai phuong trinh \/4 —3y/10 — 3z = x — 2 (HSG Toan Qudc 2002)

# LJi giai.

-Phan tich. Phuong trinh c¢6 dang \/f(x) = g(x). Do d6, bang phép binh phuong hai vé phuong trinh
ta duge 4 — 3v/10 — 3z = (z — 2)° (1)

R6 rang, phuong trinh chua thé gidi quyét duge hoan toan. Néu tiép tuc sit dung phép nang liy thita,
két qua thu duge 1a mot phuong trinh bac 4 va tit dé ta co thé tim duge nghiem ctia phuong trinh. Tuy
nhién, bing mot sy tinh té nho nhé, chiing ta c¢6 thé biéu dién phuong trinh (1) dudi dang:

(10 —3z) —3vV1I0 =3z = (z — 2)* — 3 (z — 2)

Diéu nay dan dén y tuéng st dung phuong phap ham sé dé giai quyét phuong trinh (1) duge hay khong?
T do6, bai toan co thé dude gidi quyét bang su két hc}(p gitta phuong phap nang lity thita va phuong

2<x<E
- 3

phap ham s6 nhu sau: Phuong trinh tuong duong véi { (0 < /10 — 3z < 4
- -3

4—3y10 =3z = (z —2)*(1)

\

. 8 1 4 .
Xét ham s6 f(t) =12 — 3t c6 f'(t) =2t — 3 < 3~ 3= —3 < 0, Vt € [O; g} , nén ham f(¢) nghich bién

4
trong doan {O; 5]

. 4
Mit khéc, ta ¢6 v/10 — 3z, (z — 2) déu thude doan [0; 3

Do d6, (1) < f(V10—32) = f(z —2) © V10 =3z =2 — 2
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=3
S@-2"=10-3z <

x = —2(loai)
Vay phuong trinh da cho c¢6 nghiém duy nhat z = 3.
-Binh lugn. Céi hay trong 13i giai trén d6 1a xét ham s6 f(t) = t2 — 3t. B6i vi, f'(t) = 2t — 3 chua thé
khang dinh duge f(t) dong bién hay nghich bién. Cho nén, dé y dé sit dung phuong phap ham s6 duge
thuan lgi ta can tim mién xac dinh ctia bién t dé khi d6 ham s6 f(¢) dong bién hodc nghich bién. Va
day ciing chinh la diéu khé khan nhat trong 10i gidi trén.
D6i véi phuong trinh trén, huéng giai quyét tu nhién va don gian hon ca dé 1a dua vé phuong trinh bac
4 dé gidi. Nhung tai sao ching toi lai dua ra 16i giai c6 su két hgp hai phuong phap giai nhu trén?
Xu huéng hién nay, nhiing ¥ tuéng mdi luon xuat hién trong cac bai toan. D6 chinh 1a sy sang tao bat
nguon tit sy thay doi ctia tu duy. Vi thé, ngoai nhing 16i tut duy cit chiing ta nén tiép can cac bai toan
v6i cach tu duy méi. Tiép theo, moi cac ban doc gid cing dén véi mot bai toan c6 dang tuong tir.

Vi du 6. Giai phuong trinh {3/14\3/ 202 +6— (z+9)(4—2x) =3 —x.

# Loi gidi.

-Phan tich. Bang cach lap phuong hai vé phuong trinh ta duge

(B3—2) 4+ (x+9) (4 —2z) = 143222 +6

Néu ta tiép tuc sit dung phuong phap nang liiy thita cho phuong trinh trén, két qua sé cho ra mot phuong
trinh bac rat cao. Chic chan ta sé gip kho khan trong qua trinh bién doi phuong trinh bac cao dé. Tuy
vay, bang phuong phap ham sb chiing ta c6 thé giai quyét phuong trinh mot cach nhe nhang ma khong
mat nhiéu thoi gain tinh toan. Phuong trinh da cho tuong duong véi 14v/222 +6 — (z +9) (4 — 2x) =
(3—ux)’

e (B-2)’4+14(3—2) =222+ 6+ 149222+ 6

Xét ham s6 f(t) = ¢ + 14t xac dinh trén va f'(t) = 3t* + 14 > 0, nén ham s6 f(¢) luon dong bién trén
tap . Do d6, tit phuong trinh trén ta c6 f (3 —z) = f (\3/ 222 + 6) & 3—x = V2% +6(x)

Ta ¢6 x = 1 théa man phuong trinh () . Ma vé trai cia phuong trinh (*) 13 ham nghich bién, con vé
phai phuong trinh (*) 13 ham dong bién. Do d6, z = 1 la nghiem duy nhat ctia phuong trinh (x) .
Vay, z = 1 1a nghiém ctia phuong trinh da cho.

-Binh luan. Bai toan nay tuy c6 dang tuong tu vi du 4, nhung déi véi bai todn nay thi 16i giai trén 1
mot st Iya chon hgp 1y khi két hgp gitta phuong phap nang liy thita va phuong phap ham s6.

Vi du 7. Giai phuong trinh 22z + 4 + 4/2 — 2 = /922 + 16

& L3i gidi.

-Phan tich. Theo huéng tu nhién ta c6 thé thuc hien phép nang liiy thita va dua phuong trinh vé dang:
8(4—2%) +164/2(4 — 22) =22 + 8z

Néu quan sat ki phuong trinh, bing phép dat an phu ¢t = 2,/2 (4 — 22) ta dua phuong trinh vé dang:
t2 + 8t = 22 + 8z . Tt day ching ta c6 thé gidi quyét phuong trinh bing nhiéu ¥ tuéng khac nhau.
Chang han, néu két hgp giita cac phuong phap nang liiy thita, phuong phap dat an phu va phuong
phap ham s6 ta sé c6 cach gidi quyét phuong trinh cu thé nhu sau: Diéu kien —2 < 2 < 2. Khi d6, binh
phuong hai vé phuong trinh ta dudc:

8z + 16 + 161/2 (4 — 22) + 32 — 162 = 922 + 16

& 8(4—12%) +16+/2 (4 — 22) = 22 + 8z(1)

Dat a = 24/2 (4 — 22) > 0. Xét ham 6 f(t) =2+ 8t ¢6 f'(t) =2t +8 >0, Vi > —4
Maa>0,z>—-2nén: (1) & f(a) = f(zx) @a=x
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Dai chieu dieu kién ban dau ta ket luan x = 3 la nghiém duy nhat ctia phuong trinh da cho.

-Binh luan. Muén c6 dudc sit két hop lién hoan va thong nhat gitta cAc phuong phap v6i nhau ta can
phai c6 su tinh té va khéo 1éo khi stt dung mdi phuong phap. Chang han, déi véi phuong phap dat an
phu nhu trén thi ta can c¢6 mot cach nhin tong quan phuong trinh; hay muén sit dung phuong phép
ham s6 ta cling can c6 su khéo 1éo dé danh gia diéu kieén sao cho ham s6 don diéu trong khoang nao doé.

Bai tap tuong tu: Giai phuong trinh vz + 3+ 33—z = \/(295 +1)*+ 22+ 31

1 1
Vi du 8. Giai phuong trinh v2 — 22 4+1/2 — — =4 — (I+ —).
x

12

# Loi gidi.
Ny L 1) , 1
-Phan tich. Chu y (z+ -] —2=2"+ —
x x
Tit d6 dan dén ¥ tudng binh phuong hai vé, ta dudc:
1 1 1 1\?
4 — ($2+—2) +2\/5—2<£C2+—2) :16—8<$+—> + <SE+—>
x x x x

2 P z 2 P 2 1 o
Deé giai quyet phuong trinh nay, ta c6 the sit dung phép dat an phu ¢t = x + — . Khi do6 ta c6 1oi giai:
x

Binh phuong hai vé phuong trinh ta dugc:

, 1 1 1 1\?
44—+ =) +24/5—-2(22+—=)=16—-8(z+—- |+ |z +—
x? x? x x
1\’ 1 1\°
<:>(x+—> —4<x+—>—\/9—2<x+—> +5=0
xZ X T

| N 3
Ta dat t = x + —, dé thay dieu kién cia t 1a 2 < || < E . Khi d6 ta ¢6 phuong trinh:
x

24t -9 20 4+5=0% (t-2"+ (1 -0 —222) =0

. 2(2—4) 2(t+2) |
& (t—2) +W—O©(7ﬁ—2){t—2+—l+m}—
t=2
<~
oy 2012

1+/0—222

1
Véit=o+-—=22=1.
x
3 .
-Véi 2 < Jt] < E suy ra t — 2 va t + 2 cung dau suy ra phuong trinh (%) vo nghiém. Vay phuong trinh

da cho c6 nghiém duy nhat z = 1.

-Binh luan. Thie syt phuong trinh vo ty rat da dang, muon hinh muon vé. D6i véi mot phuong trinh vo
ty, viéc lya chon phuong an t6i wu khong hé don gidn. Trong qua trinh nhin nhan, phan tich bai toin
c6 thé c6 rat nhicu ¥ tudng cho bai toan dé. Ching han, déi véi cac dang toan ma ching ta vita tim
hiéu & trén, ¥ tudng nang lity thita déu la diém khdi ngudn, nhung sau sy khdéi nguon dé lai nay sinh
mot van dé khac ma ching ta can phai gidi quyét. Chinh vi thé, trong truong hgp nay, sy phdi hop
ciing mot s6 phuong phap khac dé giai quyét phuong trinh 1d mot diéu tat yéu va tu nhien.
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BAI TAP REN LUYEN

Bai 1. Giai phuong trinh /6x + 1 = 2z Dap s6: = cos g; r = Cos 5?%
Bai 2. Giai phuong trinh 4z — 1+ V422 —1 =1

Huéng dan: Binh phuong hai vé, sau d6 dat ¢t = 2z + 1. Dap s6: z = %

Bai 3. Giai phuong trinh 1822 — 13z 4+ 2 = /3./812% — 10823 + 5622 — 122 + 1.
11 + /85
18 ’

; & = COS —

9

. . 1 .
Huéng dan: Binh phuong hai vé, sau d6 dit ¢ = 3z + 3 (x #0) Dap s6: © =
x
N 9. ~ \/g 2 ~ A
Bai 4. Giai phuong trinh /x — v — 3 = 3 1+ 7 Dap so:x = 4.
x

Bai 5. Giai phuong trinh 2 — 22 +14/2 — iz =4—x— 1 Dap s6:x = 1.
T T
Q SU KET HOP GIJ’A PHUGNG PHAP DAT AN PHU VA CAC PHUGNG PHAP KHAC

Vi du 1. Gidi phuong trinh 201422 — 4 + 3 = 20132v/4x — 3.

# Loi gidi.

-Phan tich. Néu ta quan sat ki phuong trinh, ta sé nhan ra phuong trinh nay c6 mot diem kha quen

thuoc. Dé thay r6 duge diéu nay, ta c6 thé dat t = /4x — 3 > 0.

V6i phép dat an phu nay, phuong trinh c6 dang: 20142% — 2013zt — t? = 0

Day la phuong trinh ding cap bac hai theo hai an x, t. Giai quyét duge phuong trinh nay ta sé tim
. . 3

duge moi lién hé gita x va t. Dieu kién z > 7 Datt=+v4x—-3>0.

Phuong trinh da cho trd thanh: 20142? — 20132t —t2 =0

t
Giai phuong trinh ta dugc 2 = ¢ hoa =——
iai phuong trinh ta duge x oac x 5014
Voir =t r=+4dr—-3 & 3 &

xZZl r=3
t VI —>5

- <} _ —— ~ }1.A
Véi z 5012 & 5014 (vo nghiém)

Vay phuong trinh da cho ¢6 2 nghiém x = 1;x = 3.

-Binh luan. Nhu vay phuong phap dit an phu nhim muc dich phé v& 16p 4o nguy trang ctia phuong
trinh. Tuy nhién, trong 16i giai trén néu vang mit phuong phap nang lity thita thi bai toan chic chin
khong thé giai quyét hoan toan.

Bai tap tuong tu:

1. Giai phuong trinh 222 + 5z — 1 = 7v/23 — 1 (D& nghi OLYMPIC 30/04/2007)

2. Giai phuong trinh v/30 (322 — 22 — 2) = 6v/23 + 322 + 4z + 2

Vi du 2. Gidi phuong trinh 3 (v222 +1—1) = 2 (1432 +8v227 + 1),

# LOi giai.

-Phan tich.

Phuong trinh trén c6 thé bién ddi vé dang az? + bz + ¢ = (cx + d) \/pr2 + qz + 7.

Y tudng dau tien d6 la st dung phuong phap dat an phu khong hoan toan.

Sau phép dat an t = V222 + 1, t > 1.

Phuong trinh ¢6 dang: 3(t — 1) =32+ z + 82t < 32 — (8x —3)t + 322 + 2 =0

Tt do ta tim duge moi lien he ¢t = § hoac t = 1 — 3x. Néu dimng lai 6 day thi phuong trinh chua duogc

gidi quyét tron ven. Hai phuong trinh nay da thuoc dang co ban va ta co thé gidi quyét ching bing
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phuong phéap nang lity thita. Cu thé 16i giai nhu sau: Dit ¢ = /222 + 1, ¢ > 1. Phuong trinh da cho tré
thanh:

B2 —Br—3)t—3*+r=0& Bt—2)(t+3z—-1)=0

Giai phuong trinh nay ta dugc x = 3t hoact =1 — 3z

=922 + 1) 1722 = -9
-Véix =3t & & (vo nghiém)
x>0 x>0
222 +1=1— 6z + 922 x(7x —6)=0
-Voit=1-3r & . < ) S r=0
r < = r < -
-3 -3

Vay phuong trinh da cho ¢6 1 nghiém x = 0.

-Binh luan. Cai khéo léo trong viec dat an phu khong hoan toan trong 15i giai trén do la bién déi dua
vé duge phuong trinh tich dé tim méi lién heé giita x va t. da c6 mot su két thiic tron ven bing phuong
phap nang liy thia. Bai tap tuong tu:

1. Giai phuong trinh 2 — 222 + (4 — Tz) V22 —xz+ 1 =0

2. Giai phuong trinh 2 |1 — 3z| 4+ 3z (1 — 3z) = (x + 2) /|1 — 32|

3. Giai phuong trinh 3v/2 + = — 62 — 2 + 4v/4 — 22 = 10 — 3z (DH khéi B nam 2011)

1 1
Vi du 3. Giai phuong trinh i/i +r+ \/5 —xr=1.

# LOi giai.

3 2
X s /1 /1 . . .
-Phan tich. Dé thay rang ( ¥ 5 + :L‘) + < 5~ x) = 1, ta c6 thé nghi ngay den phép dat an phu

dua vé hé phuong trinh. Bing su két hop gitta phuong phap dit an phu va phuong phap nang liy thita,

/1 1
— 2/ = 3 _
a 2~|—x a 2+x

R 1
ta c6 loi giai: Dicu kienx§§. Dt : = ; =a+b=1
b=1/=—2>0 b == —
5 %2 5 %
(
a=0
at+ =1 ,
Ta c6 he sSdd+(l—a)'=11¢ 4=1
a+b=1
a=—2
\
o/ 1
a=0<« §+x:0<:)x:——
1 1
a:1<:>3§+x:1<:>w:§
1 17
=-2& 1= =-2r=——
a 2+x z 5 1 -
Vay phuong trinh da cho c¢6 nghiém la v = +—; r = ——.

2’ 2
-Binh luan. Nhiac dén phuong trinh vo ty thi phuong phap nang lity thita hau nhu déu c6 mat trong
qué trinh thie hién giadi quyét bai toan. Ddi v6i phuong trinh trén, sy két hop gitta phuong phap dit
an phu vd phuong phap nang liy thita 1a mot diéu tat yéu. Ngoai ra, phuong trinh trén ciing c¢6 thé
dugc gidi quyét bang phuong phap nhan lien hgp. Bai tap tuong tu:
1. Gi&i phuong trinh v3+ 24+ V6 —2=3+/(3+2) (6 — z)
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[4x + 9
2. Giai phuong trinh xZ;r =Te?+7

9 2
3. Giai phuong trinh /1 — 22 = (§ — \/§> .

1 T T
Vi du 4. Giai phuong trinh 2z + —— = /1 — = + 3/ — ~.
X

X i

# L gidi.
-Phan tich. Phuong trinh c¢6 mot hinh thic nguy trang kha cong phu. Bing su khéo 1éo bién doi phuong
trinh vé dang

—1 [z —1
295—1—96 /2 —
x x

4 Z - 1
Lép 4o nguy trang c6 the sé dugc cdi neu ta dat ¢ = 4/ z . Khi d6 phuong trinh c6 dang ¢ —
x
(1+3Ve+1)t+22=0

r—1
1) =
. (x4+1)=0

t:2(\/a:+1—1)
That may mén, ta c6 A = (Vo +1+ 3)2 = . Dé tim dugc nghiem cubi ciing
t=vr+1-1

ctia phuong trinh, chic chin ta khong thé dimg lai ¢ day. sau day sé cho thay mot su két hop hoan hao
gitta hai phuong phap dit an phu va phuong phap nang lity thita. Diéu kien —1 < 2 < 0 hodic = > 1.
Khi d6, phuong trinh da cho c6 thé dugce viét lai nhu sau:

—1 / —1
2$+x L

bat t = \/ > 0. Ta c¢6 phuong trinh bac hai theo an s6 t (x lic nay déng vai tro nhu tham s6):
— (1—|—3\/x—|—1)t+23::()

(x4+1)=0

t=2(vVr+1-1
Voi A= (Vo +1+3)° ( )
=vVr+1-1
Do dé Viec con lai ta phai giai hai phu’dng trinh
=Vr+1-1(1) va =2(Ve+1-1)(2)

Ta nhan thay ring néu —1 <z < O = vz +1—1<0. Diéu nay khién cho phuong trinh (1) va (2) vo
nghiém. Vi thé, ta chi can xét x > 1. Liic nay ta c6 thé (1) va (2) nhu sau:

eVve—1+yz=yaz@x+l)e®—z+1=2/z(x—1)

_1+45
e(Vel-1-1) =0 1_2\/5 |

z=— (loai)
(2)@)4x2—x+1:2\/x(x—1)<:)<\/x(x—1)—1)2+3x2:0(Vénghiém)

Vay phuong trinh da cho c¢6 nghiém duy nhat z =

1++5
5
-Binh luan. Ta ciing c6 thé st dung phép danh gia dé giai phuong trinh nhu sau:

Néu —1 < 2 < 0 dan dén phuong trinh vo nghiém.
x? -1

1
. 1 1 1 2_1 ZL‘—1+— +1
NéuletacéVl——jLB\/x——:\/(:c—l)——i—?) T 1< L 4 3= =
T T T T 2 2
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2x+x_
T

1+

Dang thtic trén xdy rakhi 2> —2 -1 =0 & 2 = (viz>1)

“ls

Tuy nhién, trong phép danh gia trén khong dé dang dé chiing ta c6 thé nghi dén néu khong biét trudce
diém roi. Trong 16i gidi trén, hoc sinh d& méc sai lam khi thiéu sét sy danh gié
—-1<z<0=>Vr+1-1<0

. 4(x — —
Bai toan tong quat ctia phuong trinh nay: Q + (4\/E+ 4k~/x + a) \/ xb ¢ +(k*=1)z =0
x x
(a>0,b#0)
1
Chona=4,b=1k=—- ta c6 bai tap tuong tu nhu sau day:

/ / 16
Giai phuong tr1nh4————x—|—8 1—— T
x

4
Vi du 5. Giai phuong trinh v/—22 + 2 + 6 + = 2 + .
x _

# L3i giai.

Diéu kien —22+2+6 > 0 < —2 < z < 3. Khi d6, phuong trinh dudc viét lai dudi dang: \/ x) (x4 2)+
2(3—=

Nhan thay 2 = 1 va x = —2 khong phai la nghiém ctia phuong trinh (%) . Bing cach chia hai vé phuong
trinh (%) cho (z — 1) (x + 2) ta c¢6:

1 /3—z 23—z) "
r—1 $+2+(x—1)2(;1:+2)71< )

3 — t=—1
Dat t = \/ —— ,phu’dngtrlnh (xx) tré thanh 262+t —1=0 &
r—1Vox+2
t==
2
1 3 —
FVGi t = —1, ta c6 S
r—1V x+2
3_
T Lo (1-2)? v =—1
=l—-z e T+ 2 =
T+ 2 1—\/5
—2<xrx<l1 T = 5
3—x (z—1)

1 3—zx 1 3—zx z-1 =
Vé6i t = =, ta c6 SEN = e r+2 4 Sr=2
HVat=g e TV T 2 T 2 c+2 2 o

l<z<3
1—-+5

Vay phuong trinh da cho c¢6 3 nghiém z = —1; xz = =2

2
-Binh luan. Diém doc ddo trong 15i gidi trén do 1a phép chia hai vé cho (z — 1) (z + 2) . Sau d6, phuong
trinh da dudc gidi quyét hoan toan bang su két hop gitta phuong phap dit an phu va phuong phap
nang lity thita. Thuc ra, bing phép bién ddi tu nhién dé 1a quy dong ta sé chuyéen phuong trinh vé dang
phuong trinh nhit saw: (z — 1) y/(z +2) (3 — 2) = (x — 1)* (x + 2) +2 (v — 3) . Bai toan trén xuét phét
tir dang téng quéat sau: a[f(x)]* + b.f(x)g(z) + c[g(z)]* = 0.

Vi du 6. Giai phuong trinh (z +2) vz + 1 — (4o +5) v2z + 3 = —62 — 23.

# Lo gidi.
-Phan tich. Theo huéng suy nghi ti nhién, ta c6 thé st dung phuong phap dit an phu cho chuong trinh
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trén.
Chéng han, ta c6 thé diat ¢t = v/ + 1, t > 0. Bién déi phuong trinh theo bién t ta duge: ¢ + 6t> + ¢ +

3+ 62+t +17
17— @2+ 1)V22+1=0 V22 +1 = +4t211+
Dé thay « = 2 1a mot nghiém ctia phuong trinh nén ta c¢é thé st dung phuong phap nhan lien hop dé
tiép tuc xtt Iy phuong trinh. Ta c6 1i gidi: Dieu kicn x = —1 . Datt=vz+1 =2 =t>—-1(t >0) .
Phuong trinh tré thanh:

B 4+6t24+t+17
B4+62+t+17T— AP+ 1D)V262+1=0& V22 + 1= +4t211+
B3 +6t2+t4+ 17
@<\/2t2+1—t—1>+<t+1— Tt )zo

42 + 1
t 32 +4t+8
@(t—2){ il ]:O

+
V2 + 1+t +1 412 + 1

t=2

¢ 3t + 4t + 8
+—0 = 0(x)
V22 +14t+1 4t2 + 1
Vit=2Ve+l=22+1=42=3
RO rang, t > 0 suy ra vé trai phuong trinh (*) luon duong. Do d6 phuong trinh (%) vo nghiem. Vay
phuong trinh da cho ¢6 nghiém duy nhat 1a z = 3.

-Binh luan. Ta c6 thé chic chin mot diéu rang, néu st dung don phuong mot phuong phap sé khong
thé ga quyét duge hoan toan phuong trinh trén. Ta ciing c¢6 thé st dung phép dat t = /2 + 3 hoac
ngay tit budc dau tién ta c6 thé chon phuong phap nhan lien hgp két hop véi phuong phap danh gia
ta cling sé gidi quyét dugc hoan toan phuong trinh. Moi cac ban doc gid cuing thit sitc v6i mot bai tap
tuong tu:

Giai phuong trinh 3z +8)vV3—2 — (z —5)V4dr +5=7— 9.

Vi du 7. Gidi phuong trinh 1+ 22 — Va2 + 2 +4=vVa2+ax+5+x

# LOi giai.

-Phan tich. Nhan thay méi quan hé 22 +z+5 = z?4+z+4+1 din dén ¥ tudng dat an phut = vVa2 + z + 4.
Khi d6, phuong trinh tré thanh: v1+ 22 —x =Vt2+ 1+t

Sau phép dit an phu phuong trinh da tré thanh dang quen thudc va ta c6 thé st dung phuong phéap
ham s6 dé gidi quyét phuong trinh nay. Cu thé 16i giai nhu sau: Dat ¢t = Va2 + 2 + 4, t > 0. Khi do,
phuong trinh tré thanh:

VitZ—o=VE2+1+te/(—2) +1+(—z)=VEF+1+t(1)

. u
Xét ham so f(u) =vVul+1+u= f'(u) = ——+1>0,
Flu) = VEF T+ = ) = <
<0
Dodé (1) & f(—x)=f(t) & —x=Vr’+zr+4 & & r=—4.
zr+4=0

Vay, r = —4 1a nghiém duy nhat ctia phuong trinh ban dau.

-Binh luan. Nhu vay, ta da thay r6 dugc lgi ich ctia phép dit an phu trong khi gidi phuong trinh vo
ty c6 hinh thitc kha phtc tap. Dé ta c6 thé dé& dang quan sat phuong trinh vo ty va c6 phuong an tan
cong hop 1y thi doi lac phép dit an phu sé rat hitu dung. Chang han nhu trong 151 bai toan trén. Va
cac phép dat an c6 chita can thitc thuong sé phai co su két hop véi phuong phap nang liiy thita ta mdi
tim duge nghiém cudi cling ciia phuong trinh.

Vi du 8. Gidi phuong trinh 22 + /22 + 3 = V22 + 8
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# Lgi giai.
-Phan tich. D6i v6i phuong trinh nay thi viéc lya chon phuong phap dat an phu la mot su lua chon
ding dan gitp cho viéc gidi quyét phuong trinh nhe nhang hon.
a=vVr2+3>+3
Dit =02 —a?=5.

b= V12 +8>2/2

b=a+a*-3
Ta c6 he & (a+a® - 3)

b —a?>=5

2
—a*=5

a=2
S(a—-2)(a®*+4a*+2a—-2)=0<

a® 4+ 4a® +2a — 2 = 0(1)
Van dé ndy sinh bay gio 1a gidi quyét phuong trinh (1) nhu thé nao? Stt dung may tinh cam tay CaSiO
van c6 nghiem nhung nghiém thuyc sy 18. Su han ché clia chuong trinh phd thong lai khong cho phép ta
diing cac phuong phap vugt qua SGK THPT. Néu ta khai thac ki hon & diéu kién gia tri a > /3, bang
phuong phap ham s6 ta sé giai quyét duge van dé nay mot cach nhanh chong. Tit d6 ta c6 10i gidi nhu
(
a=vVa2+3>3
sau: Dat = b —a2=5.
b=+12+8>22
\

7

b=a+a*—3 )
Ta c6 he S (a+a>-3) —a®>=5

v —a*=5

L

a=2
S (a—2)(a®+4a*+2a—-2)=0«

a® 4+ 4a® +2a — 2 = 0(1)

Véia=2Vr2+3=2 ==+l
Xét ham s6 f(a) = a® + 4a® + 2a — 2, a > /3.
Ta c¢6 f'(a) = 3a® + 8a + 2 > 0, Ya > /3, nén ham s6 f(a) dong bién trén [\/3, —i—oo)
Do d6, f(a) > f (\/§) =10+ 5v/3 > 0 . Suy ra phuong trinh (1) v6 nghiem.
Vay phuong trinh da cho c6 nghiém = = +1.
-Binh luan. Phép dat an phu da chuyén bai toan giai phuong trinh vo ty vé gidi mot phuong trinh dang
da thiic bac 4. Tuy nhién vé trai phuong trinh bac 4 nay ta chi c6 thé phan tich dugc thanh tich ctia mot
nhi thiic bac nhét va mot da thitc bac 3 6 nghiem 1é khong thuoe [v/3; +00) . Do d6, phuong phap ham
s6 da thé hién vai tro quan trong ctia minh trong viéc danh gia phuong trinh bac ba vo6 nghiém trong
mién xac dinh [\/g, +oo) . Ta c6 thé tong quat hoa bai toan trén nhu sau: a®z?+va222 + b = Va2a2? + ¢
(c—a>0).
Chon a =2, b =4, c = 7 ta c6 bai toan: Gidi phuong trinh 422 4+ 2v/22 + 1 = V422 + 7.

Vi du 9. Gidi phuong trinh \/5+:v+\/1—:£—|—\/(5+a:)(1—x):g+\/x+6

# Loi gidi.
-Phan tich. Cha ¥ dén mébi lién hé giita cac biéu thic trong phuong trinh thi ta c6 thé st dung phép
2

datt:\/5+x+\/1—9c:>\/(5+x)(1—x):%—3.
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t2
Phuong trinh lac nay tré thanh: 5 +t—-3= g + VT + 6(x)
Néu tinh ¥, ta c6 thé nhan ra ham dic trung trong phuong trinh (%) Diéu kien —5 < x < 1. Dat
t?
t:v%+x+vq—w:>¢®+$ﬂ1—@:r§—3@20)

. t? 6
Khi d6 phuong trinh tré thanh: o) +t—-3= Tt + vV +6 — 3(x)

2
2 t? ) S )
Xét ham so f(t):§+t—3:>f’(t):t+1>0, Vt > 0. Suy ra ham s6 f(t) dong bién trén [0; +00)
Dodé (x) & Vi+ao+V1I—-ao=Vr+6<6+2/b+z)(l—2)=2+6
405 +z)(1—12)=2a? 8+ 2v/41
= @IISZT.
x>0
—8 + 2v/41
Vay nghiém cta phuong trinh da cho la z = %\/_

-Binh luan. Phép dat an phu da cdi bo 16p 4o nguy trang ctia ham dic trung. Ta cé bai tap tuong

/3 — / / 5
tu: Giadi phuong trinh 4I—|— %—i—l—i—\/lQ—x—wQ:Qaf;—l—l— :L‘—l—Z

Vi du 10. Gidi phuong trinh 28z — 322 — 49 — 32 (1 4+ /7 — ) = 42® — 35z + 17

# Loi gidi.

-Phan tich. Dé y phuong trinh c6 nhan ti chung 14 /7 — x. Tt d6, ¥y tudng ciia ta c6 thé biéu dién phuong
trinh theo an s6 t = /7 — x. Sau phép doi bién nay ta thu dugc: ¢ (\/m — 43 + 21t —32) = 0
Van dé kho khin cta ta bay gi la tim nghiém cta phuong trinh /14 — 3t2 — 4¢3 + 21t — 32 = 0
. Kiém tra bang may tinh cam tay thi phuong trinh nay vo nghiém. Do dé, ta c6 thé ching minh
phuong trinh vo nghiém bang phuong phap ham s6. Cu thé 15i giai nhu sau: Diéu kién g <z <7

V42
Dat t = V7 -2 = 0 <t < ——. Khi d6, phuong trinh trg thanh ¢ (V14 — 312 — 413 4+ 21t — 32) = 0

t=0
<~

VIA =382 — 43 + 21t — 32 =0
t=0&zx="7
X&fﬁ):wﬁffﬁﬁg\ﬁlg@):4?—2u44neé¢@):1%2—21:0¢>p:i%§Jﬁpmmg
bién thién ham s6 ¢(t) trong doan |0; @

N V42
D@ thay rang f(t) < V14 < 32—-7V7 < g(t) ,Vt € [0; T] . Suy ra phuong trinh (x) vo nghiem. Vay
phuong trinh da cho ¢6 nghiém x = 7.
-Binh luan. Viéc Iva chon phép dit an phu va két hgp phuong phap ham s6 dé giai quyét phuong trinh
nhu trong 10i gidi trén rat doc dio.

Vi du 11. Giai phuong trinh v/222 — 8 + /16 — 22 = 22 — 6.

# Loi gidi.
-Phan tich. Cht ¥ 2 (2% —4) + 2(16 — 2%) = 24 nén ta c6 the st dung phép dit an phu chuyén sang
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a=+vVr2—-4>0

giai he phuong trinh. Dt =a?+ 0 =12.
b=+16—22>0
a? +b* =12 a’+b* =12
Ta c6 hé phuong trinh &
V2.a+b=a2-2 b=a%—+2.a—2

:>a4—2\/§a3—a2+4\/§a—8:0<:><a—2\/§a) (ag—a+2\/§>:0
a=2v2

a® —a+2v2 = 0(%)
Ciing nhu bai 7, van dé ndy sinh d6 1a gidi quyét phuong trinh () . St dung phuong phap ham

=

202 —8>0
s6 ta sé ching minh phuong trinh () vo nghiem. T d6 ta c6 151 giai: Diéu kien

16 —22>0

4 <z< -2 a=+vV12—-4>0

& . bat = a®+ b =12.

2<z<A4 b=+v16—222>0
=12

Ta ¢6 hé phuong trinh &
V2.a+b=a%2-2 b=a?—+2.a-2

=a*—2vV/2a® —a?+4v2a—8 =0
a=2v2

a® —a+2v2 = 0(%)

a=2v2 & Va2 —4 =22 &z = +2v/3 (thda man diéu kien bai toan)

) 1
Xét ham s6 f(a) = a® —a +2v/2, 0 < a < 2V/3. C(’)f’(a):3a2—1:()(:)a:% (O§x§2\/§).
Bang bién thién:
Tit bang bién thien suy ra f(a) > 0, V0 < a < 2v/3. Diéu nay chiing té6 phuong trinh () vo nghiem.
Vay phuong trinh ban dau c¢6 2 nghiem x = +2v/3
-Binh luan. Bai nay c6 ¥ tudng va 1oi gidi tuong tu bai tap trude véi st két hop ctia hai phuong phéap
dit an phu va phuong phéap ham s6. Nhung ¢ bai nay khi st dung phuong phéap ham s6 ta can cha ¥
lap bang bién thien dé tit d6 d& dang suy ra duge f(a) > 0.

<:><a—2\/§a) <a3—a+2\/§>20<:>

Vi du 12. Giai phuong trinh z° — 22 — 8z — 16 = (2® + 112? + 44z + 64) V/x + 4.

# Loi gidi.

-Phan tich. Phuong trinh trén c6 dic diém la bac rat cao, hinh thitc kha phtc tap khién ta chua thé
c6 ¥ tudng nao ca. Do do, viec dau tien ta can lam do6 1a cdi bo 16p &do giap can thic bang cach dat an
phu t = /x + 4. Sau phép doi bién tuy phuong trinh cé bac rat cao nhung bing su khéo léo ta c6 thé
stt dung phuong phap ham s6 dé gia quyét phuong trinh. Tit d6 ta c6 16i gidi sau: Nhan thay x = —4
khong phai 1a nghiém ctia phuong trinh nén ta chi xét z # —4. Khi d6, phuong trinh dugc viét lai dudi
dang:

P —(@+4) =[@+4)’ - @+ +4@+4)| Vo4
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Dat t = /z + 4 # 0, ta c6 phuong trinh (83 — 4)° — 6 = 10 — ¢7 4 444
& <t2 — %)5 + (t2 — %) = t5 4 ¢(2) (chia hai vé cho t°)

Xét f(z) =%+ c6 f'(x) =bx* +1 >0,

Do do, (2)@1&2—?—t©t3—t2—4—0<:>t—2.

V6i t = 2 suy ra = = 4. Kiém tra lai phuong trinh ban dau ta di dén két luan = = 4 la nghiém duy nhat
cua phuong trinh da cho.

-Binh luan. Phép dit an phu chuyén vé mot phuong trinh bac cao hon trong 16i giai trén rat mao hiém.
Nhung chinh st mao hiém nay da cho ta mot 1oi giai hay va dep

Vi du 13. Giéi phuong trinh (z 4+ 5) Vo + 1+ 1 = v/3z + 4.

# LJi giai.
-Phan tich. Nham muc dich don gian héa cach quan sat phuong trinh, ta c6 thé sit dung phép dat an

phu:a=+vzx+1;0=~/3x+4.
. (@>+4)a+1=0 5
Sau d6 dua phuong trinh vé he: = (a+1)°+(a+1)=b+0
3a2+1=10°

Phuong trinh cudi nay ta c6 thé sit dung phuong phap ham sb dé giai quyét nhanh gon, tit d6 tim dugc
modi quan hé gitta hai bién a, b:
a+l=bsVr+1+1=+3r+4 Déyrang, 3v+4=3(z+ 1)+ 1. Ta c6 15i gidi cho bai toan nhu
sau: Diéu kien: # > —1. Khi d6, ta dit a = Vo +1 > 0; b = /32 + 4 va dua phuong trinh vé heé sau:

(@>+4)a+1=0b ,

= (a+1)"+ (a+1) =1+ b(*)

3a2+1=10°
Xét ham s6 f(t) =3+t co f'(t) =3t>+1 > 0,
Dodé (%) & fa+1)=f(b) a+l=besVr+1+1=+3x+4
sa+1=V32+1e(a+1)’=3+1o0a=0Vr+l=0z=—1

Thit lai gia tri * = —1 thoa man phuong trinh. Vay, x = —1 la mdt nghiém ctia phuong trinh da cho.
x+1 V3x + 2

=+3xr — 2.

Vi du 14. Giai phuong trinh

+
V3r —2 4

# Loi gidi.

-Phan tich. Thuc hién quy dong ta bién doi phuong trinh vé dang:

V3x 4+ 2.4/3x — 2 = 8z — 12(x)

Phuong trinh (%) goi cho ta nén dit an phu. Chang han ta dat t = v/3z — 2, ¢t > 0. Suy ra 3z = t> + 2,
phuong trinh (%) lic nay sé tré thanh:

8(t? +2
W+ :%—12®3t\3/t2+2—|—2():8t2

Néu tinh té ta sé nhan thay ring néu chia hai vé phuong trinh sau ciing cho ? ta c¢6 phuong trinh:

3
3 _t + _t3 + _t2 - 8

Quan sat ki phuong trinh ta nhan thay vé trai 1a mot ham s6 nghich bién theo t. Do d6 ta sé sit dung

P /14 20 .
phuong phap ham s6 dé chiing minh phuong trinh 3¢ n + e + ol 8 c6 nghiém duy nhat hoac vo

s 1. 2 o . - . N
nghiém. Diéu kién: z > 3 Khi do, phuong trinh da cho tuong duong véi phuong trinh:
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)
V3x 4+ 2./3x —2=8x—12(x) . Dat t = 3z — 2, t > \/; Phuong trinh (x) trd thanh:

8 (12 +2 1 4 20
t{“’/t2+2:u—l2@3t€/t2+2+20:8t2@3\3/Z+—+—2:8(**)

3 B3t
~ % z - N N N . .z 3 1 4 20 . .z
Nhan thay vé trai phuong trinh 1a ham nghich bién theo t: f(t) = 3 n + o) + " nghich bién theo

t nén phuong trinh (%) néu c6 nghiem sé c6 nghiem duy nhat. M#t khéac, ¢ = 2 13 mot nghiém cta
phuong trinh (%) nén do6 ciing 1a nghiém duy nhat ctia phuong trinh.
Cubi ciing ta tim duge nghiém ctia phuong trinh da cho la z = 2.

-Binh Iuan. Nhu vay qua nhitng bai toan trén ching ta c6 thé nhan thay ring:

Bing phuong phap dit an phu ta da lam xuat hién ban chat thuc ciia cac phuong phap khéc. Ma ngay
chinh ban than ngusi sang téc ra cac bai toan ciing vay. Ho da loi dung cac phép dat an phu dé che
giau ¥ do ciia ho, nham danh lta thi gidc clia nguoi gidi todn va tang do kho clia cac bai toan. Do do,
trong qua trinh gidi phuong trinh vo ty, phuong phap dit an phu cé tac dung mé dudsng cho viéc st
dung cac phuong phap khac mot cach thuan lgi hon. Va sit thuan 1gi d6 nhiéu hay it con phu thudc vao
phép dat an phu nhu thé nao 1 hieu qua nhéat. Mdi cac ban doc gia ciing rén luyen ki nang nay thong
qua cac bai tap dudi day:

BAI TAP REN LUYEN

. 11 —v/17
Bai 1. Giai phuong trinh x + /5 + vz — 1= 0. Dap s6: x = —

2

Bai 2. Gii phuong trinha = (2014 + v/z) (1 — /1= V).

Huéng dan: Dat t = /1 — /x = 0 <t < 1. Dap s6: = = 0.

Bai 3. Giai phuong trinh v/57 — x + v/z + 40 = 5. Dap s6: * = —24; z = 41
. . , . 5+ /37

Bai 4. Giai phuong trinh 2 (z* + 2) = 5v/z3 + 1. Dap so: e

Tr =
2
Bai 5. Giai phuong trinh (22 — 6z +11) Va2 —2+1=2 (2 — 4o+ 7) Vo — 2

~ 3 P
Hu’(’jngdan:Data:\/:r?—x—i—lzg,b:\/:c—QZO. Dap s6: © =5 £+ V6.

Bai 6. Giai phuong trinh (v +5— vz +2) (1-v2Z+ 72 +10) =3
Huéng dan: Data = vz +5>0,b=+x+2 >0 Dap s6: z = —1.

7
Bai 7. Gidi phuong trinh ‘/Zﬁ —1+22=(1-2)
9

Huéng dan: Dat a =/ > 0,b=1— /. Dépsé::v:O;le—G.
Bai 8. Giai phuong trinh v422 + 5z +1—2v22 — 2z +1 =92 — 3

Huéng dan: Dat a = V422 +52 +1>0,b=2Va2 —z+ 1> /3 Dapsb: z =0,z = %;az
Bai 9 Giai phuong trinh 2 (2 — 3z 4+ 2) = 3v2® + 8

Huéng dan: Dat a = Va2 — 2z 4+4 > /3, b=z +2 > 0 Dap s6: z = 3+ v/13.

3 2
Bai 10. Giai phuong trinh (3z + 1) v/222 — 1 = 522 + 77~ 3. Dap s6: © = +1; z = 5.

56
65

. 5 3

Bai 11. Giai phuong trinh 2v/1 — 2 — V2 + 1+ 31 — 22 =3 — 2. Dap s6: 2 = 3T = —g
‘ . 3
Bai 12. Giai phuong trinh 4v/1 —2 =2 + 6 — 3v/1 — 22 + 5\/1 + z. Dap s6: = = —%

Bai 13. Giai phuong trinh /7z + 1 — V22 — 2 — 8+ Va2 — 8z + 1 =2 Dap s6: z € {—1;1;0;9}.
Bai 14. Giai phuong trinh 22 +5 +v/3z + 1 = 13z
15—V0T 11473

N 3 .
Huéng dan: Dat 3z +1=3 -2y, y < 2 Dap so: x = 3 ;X 3
3T

7 )
Bai 15. Giai phuong trinh (VI +2 +vT—2)° + V1 — 2 = 5 Dip s w = =7
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33 .
Bai 16. Giai phuong trinh 4z — 2% = V3 Dapso:z =2+ v4—+V13.
14+ Vot — 83+ 1622 + 1

Bai 17. Giai phuong trinh 222 + 2 — 31 + V3122 + 322 + 1 =

r—2

Huéng dan: Sau khi quy dong va chia hai vé phuong trinh cho z + 1, ta dua phuong trinh vé dang

1) (31 1 . 3
(t+x—1)(t—2c+3)=0v6it= Viz+ )—|—<1x+ ) Dép so: x:—l—\/;;xzo;xzél

T

3 2v/1 — .
Bai 18. Gidi phuong trinh 22 + 4z +5— — = (z — 1) (1 - ——Y——L_ ) Dap s6: = = —2.
2 +r+1 Viz+r+1

Bai 19. Giai phuong trinh 2 = /142 + 1+ 2V1 + 2. Dap s6: 2 = —2;2 = 1 £ /5.
Bai 20. Giai phuong trinh (z +5) Vo +1 — 62 =7+ /3z +2
Huéng dan: Dat a = o + 1; b = /32 + 2, chuyén PT vé he:
3a2—-1=10°
= (a—1)°+(a—1)=b+b. Dap s6: x = 14 + 61/6.
a?—6a’>+4a—1=0»>
8 — 3z

——— +Vitz=2(V322+ 13z +4 -2z
34+V3z+1 ( )

Huéng dan: Dit a = 3z + 1, b = /o + 4. Dua phuong trinh vé dang:
(a—b)2—(a—b)—2:0Dépséz:17:0;93:%—1—\/3_4.

Bai 22. Gidi phuong trinh 3 (v1+ 2z + V1 —2z) +2v1 —42? = 2* 4+ 72® + 8
Huéng dan: Dit a = /1 4+ 22 + /1 — 223 b = 22 (ﬂSaSQ,bZO).Dépsézx:()

Bai 23. Giai phuong trinh (922 + 242 + 17) 3z + 3 — (2 + 423 + 42> + 1) Va2 + 2 + 1 = 2 —5xr — 4

Bai 21. Giai phuong trinh

B a=+3x+3>0 o i
Huéng dan: Dat . Bién doi phuong trinh ve dang:
b=va24+2x—-1>0
—b _p
(@ +20 4 20— 04+ 22 4200+ L 06 g0y ) + D
N . . 1+ v17
Trong d6, ham f(z) = x (z* + 222 + 2) dong bién trén Dap s6: . = T‘/_

€) SU KET HOP GIJA PHUONG PHAP NHAN LIEN HOP VA CAC PHUONG PHAP KHAC

N 1
Vi du 1. Giai phuong trinh vt -
Vr+1—+3—x 2

# L3 giai.

-Phan tich. Vé6i phuong trinh trén, cong viéc dau tién ma ta can thuc hién dé 1a truc can thic ¢ mau
s6 bang phép nhan lién hop thu gon ta dugc:
V3 + 2z — 22 = 227 — 4x(x)

Dé gidi quyét phuong trinh (%) ta c6 thé chon phuong phap nang liy thita. Ta c6 15i gidi: Diéu kien

—1<x<3
. V6i diéu kien nay, phuong trinh da cho tuong duong véi phuong trinh:
x#1
Vi+1(Ve+1++/3—x) 1 224+ V3 4+ 2z — a2
—r— - & =
2(z—1) 2 2(x—1)
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3420 — 2% = 42? (z — 2)°
SV3+2r — a2 =222 —dr &

r<0Vax>2
13
2 (.2 —
T
r<0Vz2>2
. . N 2+ V17
Daéi chieu dieu kién ta c6 x = — la 2 nghiém cia phuong trinh da cho.
, vV b
-Binh luan. Phuong trinh trén c¢6 dang tong quat ar -+ =er+ f

; var +b++ex +d
Chona:2,b:—l,c:l,d:&e:l,f:—étacc’)baitaptu’dngtu’:

V2r —1 B
V2r—1—yz+8

[\CR GV

Giai phuong trinh x —

Vi du 2. Gidi phuong trinh /37 + 1 — v/6 — = + 322 — 14z — 8 = 0 (DH khéi B — 2010).

# Loi gidi.
-Phan tich. D& dang nham dugc mot nghiem « = 5 clia phuong trinh. Diéu nay dan dén ¥ tudng chon
phuong phap nhan lién hop cho khai cude. Bang su khéo 160 thém bét ta bién doi phuong trinh vé dang:

(V3z4+1-4)+(1—-V6—2)+32>— 14z —5=0

3(z—5) r—5
& + +(@—5)(Bz+1)=0
riT+d 1ivoog @ HBrt
r—5=0
- 5 + ! + (Bx 4+ 1) =0(x)
€T g
V3r+1 1++V6—z

Man khai cuoc va trung cuoc c6 vé nhu thuan lgi. Nhung van dé ndy sinh d6 1a gidi quyét phuong trinh
(%) nhu thé ndo? Nhin lai diéu kién bai toan, ta thay rang cac s6 hang trong vé trai phuong trinh ()
déu khong am. Do dé, gidi phap hiéu qua nhat la ta sé chon phuong phap danh gid dé ching minh
phuong trinh (%) vo nghiém. cho bai toan trén nhu sau: Diéu kien —3 < x < 6. Luc do, phuong trinh
tuong duong véi:

(V3z+1-4)+(1-v6—2)+32>— 142 -5=0

3(z—5) r—5
& + +(x—5)Bx+1)=0
V3z+1+4 1++6—2x ( ) )
r—5=0
- 3 + ! + 3z + 1) = 0(x)
:L‘ g
V3r+1 1++/6—2z

R 1
Vi dieu kién —3 <z <6.

Ta ¢6 \/% > 0, ﬁ > 0,3z +1>0= VT > 0, nén phuong trinh (*) vo6 nghiém. Do
d6, z = 5 1a nghiém duy nhat ctia phuong trinh da cho.

-Binh luan. Nhu vay qua 1oi giai trén, sau khi thyc hién phép nhan lién hgp ching ta mdéi chi ra duge
mot nghiém clia phuong trinh. Ngay ldc nay, ta ¢ thé tu dit ra cau hoéi: Lieu phuong trinh con nghiem
ndo khac nita khong? Cau tra 16i nam & phuong trinh (x) . Ma phuong trinh (x) lai ¢6 hinh thitc phiic
tap hon phuong trinh ban dau, néu c6 nghiém thi phai gidi nhu thé nao day?
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Ta can chii ¥ mot diéu rang, khi giadi phuong trinh, ta luon c¢d gang dua phuong trinh vé mot phuong
trinh khéc don gian hon c6 thé tim duge nghiem. Chinh vi thé, ching ta c¢6 quyén nghi ngd phuong
trinh (*) s& khong c¢6 nghiem thic. Va cong cu nao sé gitp ta lam sang t6 nghi ngs d6. Cu thé trong 1o
giai trén ta da st dung phuong phap danh gia xuat phat tit diéu kien bai toan dé khang dinh phuong
trinh (%) vo nghiém.

Nhu vay, su két hop giita phuong phap nhan lien hop va phuong phap danh gia bang bat déng thic da
gitip chiing ta giai quyét phuong trinh mot cadch nhanh chéng.

Bai tap tuong tu:

1. Giai phuong trinh 22 + 42 = 2v/1 4+ 3z + 22 — 1

2. Giai phuong trinh 22+ 42 +1 =3z + 1+ 232 +5

Vi du 3. Tim céc s6 thie x thdéa man phuong trinh 22 — 3z — 1 4+ Va3 +1 = 0.

# L3i giai.

-Phan tich. Kiém tra bing may tinh CaSiO ta tim dudc 2 nghiém ctia phuong trinh 1a x = 0, v = 2.

Tuong tit bai 1, ¥ tudng xuat phat do 1a st dung phuong phap nhan lién hop nham tao ra nhan ti
r+1

x (z — 2). Khi d6 phuong trinh tuong duong véi: x (z — 2) + ) =0

1+
Ved+1l+z+1

r+1
Vad+1l+x+1
V6i diéu kién bai toan ta ciing sé su dung phuong phap danh gia dé hiing minh phuong trinh nay
vo nghiem. T d6 ta c6 10i gidi. Dieu kien: # > —1. Nhan thay # = —1 khong théa man phuong
trinh nén ta chi can gidi phuong trinh trong diéu kién x > —1. Khi d6, phuong trinh tuong duong véi
(22 — 27) + [\/m3+1— (x+1)} =0

B r(z—2)(x+1) o x+1 _
s x(x 2)+m+<$+1)—0<:> ( 2)(1+ $3+1+$+1> 0

Véi diéu kién bai toan, x > —1 = 1+

= 0 nhu thé nao.

Kho khan clia ta bay gio 1a van phai gidi quyét phuong trinh 1 +

z+1

N ES

Do do, phuong trinh da cho ¢6 hai nghiém = = 0; x = 2.

-Binh luan. trong 15i giai trén nhiéu hoc sinh dé& mic sai lam & chd khong kiém tra truong hop = = —1
c6 phéi la nghiem ctia phuong trinh khong. Ngoai ra phuong trinh con c¢6 thé dua vé dang phuong

. ) 1
trinh déng cdp nhusaw: (1) 2?2 —z+ 1+ /(2 +1) (2> —2+1) - 2(z+1) =0 & -2 v

x2—x+1+
vo+1
Vi —x+1

Vi du 4. Giai phuong trinh: 3v/6x%2 —x — 1 +

+1=0.

46z + 17 B
Vor —1—43z+1

5 — 8.

# 131 giai.

-Phan tich. Phuong trinh nay c6 hinh thitc kha cong kénh , cong kénh béi chinh cac can thic xuat hien
¢ mau s6. Diéu do da khién cho phép quy dong clia ching ta c6 thé gap trd ngai. Cho nén thay vi thuec
hién phép quy dong céc biéu thic ma ta khong mong mudn nay, ching ta sé st dung phép nhan lién
hop dé khit can thitc ¢ mau s6. Theo kinh nghiém ctia ching t6i, khi ding trude mot bai toan c¢é hinh
thitc phtic tap nhu thé nay, ching toi nghi &t hén téc gia mudn gii gdm mot diéu gi d6 dac biet ding
sau nhitng canh cita véi cai vé ngoai phitc tap nay. Va chia khéa dé mé canh cita dau tién chinh 1a sy
quan sat tinh t& moéi quan hé gitta cac con s6 trong phuong trinh. Cu thé hon, d6 la cac dang thitc:
46 +17=163Bx+1)— 2z —1) = (4\/3z+1—\/2x— 1) (4\/3w+1+\/2x—1)

622 —2—1=Bz+1)(2r—1)

Sau phép nhan lien hgp dau tien phuong trinh tuong duong vdi:

362 —x —1— (\/Qx—1—|—4\/3$+1) =5— 8.

Nham dugc nghiém = = 1 ta nghi ngay dén bién phap nhan lién hop lan thi hai.
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18z 4+ 15 2 12 N 8} _0
V622 =z —1+2 1++v2x—-1 2+Br+1 N
Su kho khan 16n nhat sau khi st dung phuong phép nhan lién hgp 1a tim nghiém clia vé sau howacj

chiing minh vé sau vo nghiém. Va néu da biét n6 khong c6 nghiém thi ta sé dua vao diéu kién bai
(

Ta thu duge phuong trinh: (x — 1)

622 —x—1>0

‘ 20 —1>0
toan dé danh gia né vo nghiem. Cu thé trong 15i giai sau day: Diéu kien:

3r+1>0

V2T — 14432+ 1

1
S x> —3 Khi d6, phuong trinh da cho tuong duong véi
3622 —x —1— (V2r —1+4y3z+1) =5 — 8z
©3(V6r2—x—-1-2)+(1-v2r—1)+4(2—-V3x+1) +82—-8=0
o 1>[ 18z + 15 2 12 +8} 0
T — — — =
\/6x2—2x—1+2 11—12—\/2x—12 21—2|—\/3x+1

+ <Z4+—-=3
1+v2r—1 2+3z+1-1 2
2 12

Chu y rang,

Suy ra ot F1O L8>0 Ve >
uy r — — , Vo > —.
Y V62 —x—1+2 14+V2x—1 243z +1 2

Do dé6, x = 1 1a nghiém duy nhat ctia phuong trinh da cho.

-Binh luan. Doi khi viéc danh gia vé sau vo nghiém khong phai don gian, ta can phai c6 mot it sy tinh
té méi c6 cac danh gia hieu qua.

Ngoai ra, phuong trinh 3v/622 — 2 — 1 — (V22 — 1+ 4v/32 + 1) =5 — 8z ¢6 thé duge giai quyét béng
phuong phéap dit an phu dua vé viec gidi he phuong trinh. Y tudng nay danh cho doc gia tu tim hiéu.

Vi du 5. Gidi phuong trinh vz — 1+ vz + 3+ 2y/(z — 1) (22 — 3z + 5) = 2.

# LOi giai.
Diéu kien « > 1. Tuong tu nhu trén, ta nham duge mot nghiém z = 1 ctia phuong trinh. Khi dé phuong
trinh da cho tuong duong véi

Vi —1+2/(x—1) (22 -3z +5) =

(z —1) (42 + 3)

v+ 3+ 2
Ve —1(4
eIl oy srrs. Ve e dd))
Vo +3+ 2z
r=1
< VT =1 (4z +3)
1+2va?—-3x+5= (%)
Ve +3+2x

Mit khéc, ta c6 1+ 2v22 — 32 1 5 = 1+\/2 @2+ (-3 +1] > 1+
Lai c6, theo bat dang thitc AM — GM thiz = (z — 1)+ 1> 2z — 1

T

/7T (Ar + 3 (4x + 3)
Do vay, ta co jTé—T—; >§2 5 <z+1<1+2v2%2—-3z+5.
T T T

Diéu nay chiing t6 phuong trinh (*) vo nghiém.
Két luan, phuong trinh da cho c6 nghiém duy nhat o = 1.

-Binh luan. Van d8 khé khan trong 19i giéi d6 la chiing minh phuong trinh (%) vo nghiem. O 15i giai
trén ta da st dung bat dang thic AM — GM (Cauchuy) mot cach hgp Iy dé gidi quyét triet dé doan
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cudi ctia bai toan. Tuy nhién, d6 khong phai 1a cach danh gia duy nhat. Chang han, ta c6 thé danh gia
nhu sau:
Taco 1+2V22 30 +5=14+2/(z =2 +2+1>14+2/z+1>2/7— L.

Vr—1(4z+3) Vo —1(dz+4)
Mat khéc ta lai c6 < =2/r—1<14+2Vx?2 —-3x+5.
’ ’ ver+3+2x 24+ 2z

Do dé6, (*) vo nghiém.

Vi du 6. Giai phuong trinh /2 + 3 + V2 + 2 = v/222 + v/222 + 1.

# LOi giai.

-Phan tich. Quan sat phuong trinh ta nhan thay rang:

(222 4+ 1) — (v + 3) = 222 — (v + 2) = 222 — 2 — 2. Do d6 ta nghi dén bién phap ghép doi dé thyc hien
phép nhan lién hgp. Khi d6 ta duge:

\/a:—|—3—|—\/x—|—2— \/§+ V2P rle Yr+3— \/2:1:2+1— \/% Y1+ 2

22—z — 22—z —

\3/4334 + V222 + 2+ f/(:c+2) f/(a:+3) + Vo 3202+ 1+ /(222 4+1)°

222 — 2 —2=0(1)
= 1 1

+

Vit + 322212+ (@ +2° (@432 + Vo 39207+ 1+ (202 + 1)
Phuong trinh (1) ta dé dang giai quyét. Van dé ¢ phuong trinh (2) ta sé gidi quyét n6 bang phuong
phéap gi? Cau tra 16i duge thé hién trong 16i gidi sau day: Ta c6
Ve +3+Vr+2=V222+ V22 +1 o Yo +3— V22 +1=v222 - Vo +2

202 — 1 — 2 202 — 1 — 2

& + =0
Vit + 32212+ (@ +2)°  S(@+3°+ Vo392 F 1+ (202 +1)°

222 —x —2=0(1)

~0(2)

< 1 1
+ —0(2)
Vart + V202 Yx + 2+ /(2427 (z+3)7+ Yo+ 35202 1+ /(222 + 1)
1+v1
Phuong trinh (1) cho ta hai nghiem x = —7
2 3 :
. b
Dé v, a® +ab+ b = (a + 5) + > 0 nén dan dén vé trai phuong trinh (2) luon duong, tic la

phuong trinh (2) v6 nghiém.

-Binh luan. Trong 16i gidi trén, néu khong c6 sy phéi hop st dung phuong phap danh gia, thi mot
phuong phap nhan lien hop khong du st dé giai quyét tron ven phuong trinh. Tuy nhién, phuong trinh
c6 thé gidi quyét theo phuong phap ham sb: Ta c6 ham s6 f(t) = v/t + /t + 1 1a ham dong bién theo
1417

t , nén tit phuong trinh ta c6 f (v +2) = f (22?) & 212 =0 +2 &z = 1

Vi du 7. Giai phuong trinh Va2 +4 =z — 1+ 22 — 3.

# L3i giai.

-Phan tich. D6i véi nhitng phuong trinh c6 nhiéu loai dau can thic nhu phuong trinh trén thi phuong
phap nhan liiy thita hau nhu bat lye. Trong truong hgp nay, ta nham duge 1 nghiém z = 2 , nén dinh
huéng sé st dung phuong phap nha lién hgp cho khai cudc. Sau phép nhan lién hgp ta thu duge:
Vit+d=\r—1+2r-3 & Vi2+4—-2=yr—-1—-1+2(x—2)

2y 9
& ° =0 +2(z—2)

(22447 + Va2 a+4 Vo141
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T =2
= T+ 2 1
(a2 4+ 4P+ V2 ra+4 VEoltd
Vige con lai bay gio ctia ta 1a phai gidi quyét phuong trinh (%) . Véi hinh thiic phiic tap ctia phuong trinh

(%) , két hop viec kiém tra nghiem bang may tinh CaSiO ta sé danh gia dé khang dinh phuong trinh (%)
vo nghiem. Véi didu kien z > 1,tacé Va2 +4 = o — 14203 & Va2 +4-2=or — 1-1+2 (2 — 2)

—2=0(x)

& v U Y
p— x_
Y@+ 4 + V2 +444 Ve-lt1

T =2

=
2 1
Tt _ — 2= 0(x)

V(@24 + Va2 a4 VI 1AL

N 2
Tit diéu kien 2 > 1 suy ra /(22 +4)° > 2 = il <1= VT, <0.

(22 +4)° + V2P +4+4
Do d6, phuong trinh (%) vo nghiém. Vay phuong trinh da cho ¢6 1 nghiém x = 2.
Nhu vay, qua cic bai toan trén, chiing ta nhin ra dudc 1gi ich ctia sy két hop hai phuong phap nhan
liéen hop va phuong phap danh gia chua nao?
St dung phuong phap nhan lién hgp ta sé chi ra duge nghiém ctia phuong trinh, co phuong phap danh
gia sé chitng minh duge tinh duy nhat nghiém hay vo nghiém ctia mot phuong trinh. Diéu khé khan
nhat hi thuc hién sy két hop gitta hai phuong phap nay dé giai quyét triet dé phuong trinh vo ty va ki
nang danh gia.

Vi du 8. Giai phuong trinh v/16223 + 2 — /2722 — 92 + 1 = 1.

# LJi giai.

2 N 1
-Phan tich. Kiém tra bang may tinh CaSiO ta tim dugc nghiém =z = 3 ctia phuong trinh. V6i § tudng
nhan lién hgp ta c6 duge: v/16223 +2 — /2722 — 92 + 1 =1
2(92% +3x +1 3
& (3r—1) (92° + 3z + 1) T 0

(\3/162:1:3 + 2)2 L oV1620% £ 244 V2122 —9x+1+1

Van dé lic nay ta sé gidi quyét phuong trinh sau nhu thé nao:
2(92% + 3z + 1) 3z

— :O
(\3/162563 - 2)2 +2Y16223 +2+4 V2122 =9z +1+1

Phuong trinh ¢6 hinh thtc rat phtc tap, tuy nhién ta co:
V16223 + 2 = /2722 — 9z + 1+ 1. Va sau d6, dé viec xtt Iy phuong trinh duge thuan tién ta sé sit dung

2 2 1 4
phép dat an a = v/16223 + 2. Khi d6, phuong trinh duge chuyén thanh: 2 <3x + e + 1) =a+—+2
x o

2
—+1
3x 2 + o + ) )
Tu do ta c6 16i gidi: Ta c6 2722 — 9z + 1 > 0, nén phuong trinh luoén xac dinh véi moi s6 thyc x. Viét
lai phuong trinh da cho dudi dang:

V16223 +2 —2+1— /2722 =9z +1 =0

1
<:>3:c—|———|—1:g

- 1622° — 6 Br(r—1)
(Vi625 +2) + 2016207 + 244 V2P =0+ 1+1
2 (922 |
& (32 —1) (92* + 3z + 1) 3x _0

i _
(V16227 +2)" +29/1622% + 2 +4 V272 =9z +1+1
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2 (922 1
Xét phuong trinh (9”72 +3r+1) _ : 3 _0
(V16205 +2) +2V1620° + 244 V2722 — Oz + 141
2(92% + 3z + 1) 3z

- =0
2 p
(V16205 12) + 2916205 12 +4 V16227 +2
Dit @ = /16227 + 2.

a
1 4 1 a2 3r =g
Suyra2(3z4+ —+1)=a+—+23x+—+1==+—-—+1<
3z o 3z 2 o 2
3r = —
o)
e « 3 3 1
-V013x:§(:)216:n = 162z +2<=>$=§.
1
2 r=3
V6i 3z = = < 2723 (1622° + 2) = 8 & 3 .
a
3
r=—\/=—

Thit lai phuong trinh da cho ta ¢6 nghiém thoa méan la z = 3"

-Binh luan. Trong 15i gidi trén ta da két hop ba phuong phép dé gidi quyét phuong trinh, dé 1a phuong
phap nhan lien hop, phuong phap dit an phu va phuong phép nang lily thita. R6 rang néu thiéu mot
trong ba phuong phap nay thi ta sé khong thé giai quyét duge bai toan hoan toan. Chi § phuong trinh

1 a 2

3r+ —+l=24 41

T+ 3 + 5 + o + 1

Ta cling c¢6 thé gidi quyét bang phuong phap ham sb véi f(t) =t + : + 1. Nhung dé ham f(¢) don diéu

. o 2 N R .
khi gan t = 3z, t = 5 hay t = — | ta can cht y thu hep diéu kién cac bien.
o

Vi du 9. Tim tat c& cac gia tri < 2 théa man phuong trinh saw: 2,/(2—z)(5—z) =

z+4/(2—2) (10 — ).

# L3 giai.
-Phan tich. D& dang nhan thiay = = 1 1a mot nghiém ctia phuong trinh trén. Bing ¥ tuéng nhan lién
hop dé tao ra nhan tit  — 1 ta dugc:
2/2—z)b—z)=z++/(2—2) (10 — 2)
e2[/2-2)G-2) -2/ =@-1)+[/2-2) 10—2) -3

2(x—1 — -1 —11
o 2@-1)(z—6) -1+ (z —1) (z—11)

V2-2)(5—z)+2 V2—2)(10—2)+3
. . . 2(x—6

Bai toan sé dugc giai quyet hoan toan ne phuong trinh sau duge giai quyét: (x—6) =

VE2—2)b—z)+2

r—11

NCEDIOEDEE
Chu ¥y rang gia thiét tai sao lai cho x < 2. Do d6, két hop v6i phuong phap danh gia ta sé gidi quyét
phuong trinh nhu sau: Véi 2 < 2 thi cac biéu thic tong phuong trinh luén xac dinh. Thuyc hien truc
can thic cho phuong trinh, ta duge: 24/(2 —z) (5 —z) =2 + /(2 — z) (10 — z)
e2[\/2-2)6-2)-2|=@-1)+[/2=2)10-2z) - 3]

2(x—1 — -1 —11

o 2@—1)(z—6) -1+ (z—1)(z —11)

V2-2)(5—z)+2 V2 —2)(10—2)+3

1+
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r=1
2(x—6) ] x—11

S0 6-m+2 oo (=23
Do x < 2 nén (2—1x)(10—x)2(2—x)(51—:p)

(*)

Suy ra

\/(Q—x)(10—x)+3§ VE2-2)5-2)+2

Nhung do # < 2nén z —11 < 0. Vi vay dau bat ding thiic sé ddi chiéu, hay la:
r—11

V2—12)(5-1) +2(1)

Mt khac hién nhién ta co:

(2)

r—1

V@2 —2)(10—2)+3 =

1>
T V2—2)b—z)+2

N . . r—11 B 2(x—6) x—11
T () v @)t o e 13 Ve n G2 - Je—nG-n+2
1 2(x —6) B 2—1x

>0

V2-2)b-2)+2 J/2-2)b-2)+2 J2-2)b-—2)+2
Do d6, phuong trinh (%) vo nghiém.

Vay nghiém ctia phuong trinh da cho la z = 1.

-Binh luan. Bai toan trén thyc té 1a kha khé. Do d6, ching ta can phai linh hoat khi thiic hién nhan
lien hop va két hop ki nang danh gia can bam sat gia thiét x < 2. Tuy nhién, liéu ta c6 thé mé rong
tap gia tri x trong dude khong? Néu gidi phuong trinh trén trong tap sd thuc thi ta sé nhu thé nao?
Sau day, chiing ta c6 thé tham khao mot huéng gidi quyét khac ctia phuong trinh. Véi sy két hop giita
hai phuong phap nhan lien hgp, phuong phap dat an phu va phuong phap nang liiy thita, ta c6 thé giai
quyét phuong trinh trong nhu sau:

Bién ddi phuong trinh vé dang: 2 [\/(2 —z)(5—x)— (v + 1)} =/2-2)(10—2) — (z+2)

. R . 16 (1 —
Thuc hién truc can thitc (Kiém tra diéu kién cho hai mau khéc 0). Ta ¢6 phuong trinh tuong duong: %ﬂ:ﬂ; =
x

18 (1 —
ﬁ Vil A=\/2—2)(b—2), B=+/2—2) (10— )
Ngoai nghiém x = 1 ta con giai quyét hé phuong trinh:

2A=B+=x

=5B=3r-10&5/2—2)(10—2) =3z —10
8(A+z+1)=9(B+z+2)
\ - 15 +5V5

Bang phuong phap nang lity thita duwa phuong trinh vé bac 2. Tt do6 ta ¢6 thém 1 nghiém z = —

Vi du 10. Gidi phuong trinh 2% — 3z + 1 = /8 — 322,

# LOi giai.

-Phan tich. Kiém tra bing may tinh CaSiO ta tim dugc nghiém kha 1é ctia phuong trinh. Mit khac,
phuong phap nang lily thita va phuong phap dat an phu lai khong thé gitp gi cho ta trong trudng nay.
Do d6, ta sé dimng hé s6 bat dinh dé thiyc hien phép nhan lien hop.

2 —r—1
Khi d¢, ta c6 duge: 23 — 2 — 1+ 4 =0
V8 —-3224+2—2x

4
& (@ —x—1 ( +1+ ):0
(7 =z =1z /8 —32212—2

Va chic chan dén day phuong trinh van chua duge gidi quyét hoan toan. Néu co6 sy két hop st dung
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danh gia bang phuong phap ham s6 thi lieu phuong trinh c6 duge gidi quyét hoan toan khong? Ching

. 216 24/6
ta cing xem xét 16i giai sau: Dieu kién: —T\/_ <z< T\/_
Khi d6, phuong trinh trd thanh: 28 — 20— 14422~ 1
 PREnS ' V8 =312+ 2—z
4
s (22— —1 (x+1+ ):O
( ) V8 —312+2—1x 5
—3x
Xét f(x) =vV/8—=322+2—xtacod: f'(z2) = —m— —1
—3x 2
= flla)=0 ——= =1 10=—/-
f(z) 3.0 3
Ta c6 bang bién thién:
6+ 46 . 24/6 6 + 4+/6
éf@ﬁg—igl:@tva&1ﬂ§—g:¢0<f@0§—i§1:
4 4 21/6 4
=+ 1+ =r+1+ > -l —e >0
V8 —3124+2—x f(x) 3 6 + 4v/6
3
1++5
Vay phuong trinh da cho c¢6 nghiem 2°> —2x —1=0 &z = 2\/—.

-Binh luan. Nhu vay, bang sut két hgp gitta phuong phap nhan lién hop va phuong phap ham sb, ta da
tim dugc tat ca cac nghiem ctia phuong trinh. Ngoai ki nang danh gia bang bat dang thic, thi phuong
phap ham s6 ciing 1a mot phuong phap manh dé khang dinh mot phuong trinh c¢6 duy nhat nghiem
hodc vo nghiém nhd vao tinh don diéu ciia ham s6. Do d6, sy két hop gitta phuong phap nhan lién hop
va phuong phap ham s6 cling 1a mot cong cu rat manh dé giai quyét phuong trinh vo ty.

Vi du 11. Giai phuong trinh 4/ +2 + 22 — 3z = 22 + 8

# 131 giai.

-Phan tich. Bing ki ning nham nghiém ta c6 # = 2 la mot nghiém ctia phuong trinh trén. Tit dé nay
sinh ¥ tudng nhan lien hgp. Va tat nhién, dé gidi quyét nét vé sau thi ta c6 thé phai nhic dén phuong
phap ham so6. T d6 ta c6 1oi giai cho bai toan nhu sau: Dieu kién —2 <z < 3 Khi d6 phuong trinh

da cho tuong duong véi

A(Ve+2-2)+(V22-3z—4) =2 -4
@(m—2)(:v+2— ! + ; >—0
VT +2+2 22-3r+4/

T =2
&
4 3
x4+ 2— + = 0t
[t +9+9 \/224—73:10—#4 *)
) 3
Xét ham s6 f(z) =z +2 — + '
ét ham s0 f(z) = VI+2+2 22—-3z+4
Y 9 22
Tacéf/<$>:1+ 5 + 2>0,VSL’€<—2;—).
Ve+2(Ve+2+2)°  2v22-3x(v22 -3 +4) ’

Vay f(x) 1a ham dong bién trén {—2; %} . Ma f(—1) = 0 nén phuong trinh (%) c6 nghiém duy nhat
r=—1.

Tém lai, phuong trinh ban dau c¢6 2 nghiém =z = —1; z = 2.

-Binh luén. Sau phép nhan lién hgp ta chi méi tim ra duge mot nghiém ctia phuong trinh. Tuy nhién,
van dé kho khan hon d6 1a ching ta lai tao ra mot phuong trinh (*) ¢6 hinh thic phitc tap hon phuong
trinh ban dau. Tuy nhién, bang cich st dung tinh don diéu ctia ham s6 ta da chiing minh dugde ring
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phuong trinh (%) c6 nghiém duy nhat z = —1. Sy két hgp gitta hai phuong phép nay da tao nén nét
dic trung cho 16i giai khi gap nhitng dang phuong trinh vo ty nhuw trén.

Vi du 12. Giéi phuong trinh a2 + 9z — 1 + z/11 — 3x = 2z + 3.

# Loi gidi.
-Phan tich. Y tuéng st dung phuong phap nhan lien hop mé dau xuét phat tit viec ta nham duodc
nghiém cta phuong trinh.

1 1
Khi d6 ta c6: (3xz — 10 [ — }:0
( ) Vat+9r—1+2x+3 V11-3z+1
Kho khan & vé sau ching ta sé giai quyét né bang phuong phap ham s6, cu thé duge thé hien trong loi
V85 —9 11
— <z< 3 Phuong trinh tuong duong véi

Vi + 92 —1—(z+3)+z (VI =3z —-1) =0
1 1

giai sau day: Diéu kién

& 390—10{ — ]:
( )\/x2—|—9:1:—1+x—|—3 V11 -3z +1
10
r=—
PN 3

2?24+ 3r + xv2? + 9z — 1= /11 — 3z + 1(1)
Xét f(z) = 2?4+ 3z + 2va? 4+ 9z — 1, g(x) = /11 — 3z + 1. Ta 6

222 + 9x 3
") =20 +3+Va2+92 —1+ >0, ¢(xr) = —————+=—<0.
f@) N s R A Wiy

Do d6, (1) néu c¢6 nghiem sé c6 duy nhat nghiem.
2 2 2
Hon ntta, ta lai ¢6 f <—) =g (—) =4 nén (1) c¢6 nghiem z = 3

3 3
- . ~ . . 10 2
Vay, phuong trinh da cho ¢6 2 nghiém v = —; v = —.

3 3
-CAC BAI TAP REN LUYEN
Bai 1. Giai phuong trinh Vo +2+vV3 -2 =22 -2+ 1. Dapsd: v = —1; 2 = 2.
/1— 2 2 . 1
Bai 2. Giai phuong trinh . T f_:_;; . bap so: = = 3
1—x 2 + x*
1=
x 1+ a2
Bai 3. Giai phuong trinh 9 (v4z +1 — /3x — 2) = 24 3 Dap s6:x = 6.
Huéng dan: PT < 9 (\/ dr —1—-5+4+4—+3x — 2) = x — 6, truc can thiic lam xuat hién nhan tit chung
x — 6.
Bai 4. Giai phuong trinh /o — 2 + /4 — 2 = 22? — 52 — 1. Dap s6: =z = 3.
Huéng dan: PT < o —2—1++/4 — x —1 = 222 — 52 — 3, truc can thitc lam xuét hién nhan ti chung
x — 3.

Huéng dan: PT < — 1, truc can thitc lam xuat hién nhan tt chung 2z — 1.

3
Bai 5. Giai phuong trinh /42 +1 — /32 — 2 = Tt
. 3 .
Huéng dan: PT & Adx +1—-34+2—+/3x -2 = z —; — 1, truc can thtc lam xuat hién nhan tit chung
T — 2.
Dap s6: z = 2.

Bai 6. Giai phuong trinh z? 4+ 9z + 20 = 2v/3z + 10 Dap s6: z = —3.

Bai 7. Giai phuong trinh 9 (v4z + 1 — v/3z — 2) = 2 + 3. (HSG HN2010) Dap sb: = = 6.
Bai 8. Giai phuong trinh /3 — 2 +vV2+ao =23 +22 — 40— 1. Dapsd: oz = —1; 2 = 2.
Bai 9. Giai phuong trinh Va2 + 12 — V22 4+ 5 = 3z — 5. Dap sb: © = 2, X

Bai 10. Giai phuong trinh /z 4+ V2 + 1 = V222 + V222 + 1. Dap sb: 2 = —1; 2 = —5
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Bai 11. Giai phuong trinh vz — 1 — vz + 3+ 2¢/(z — 1) (2 — 3z + 5) = —2x. Dap s6: z = 1.
Bai 12. Gidi phuong trinh 22 — 3x — 4 = Vo — 1 (2? — 42 — 2) Dap s6: = = 1.

3 .

Bai 13. Giai phuong trinh Va2 — 14+ Vo -3 +Vo +1+2 = x2—|— 6+5. Dap so: x = 3.
x_
1 1 .
Bai 14. Giai phu’dng trinh \/ﬁ —+ \/54‘.1‘2 =x+ E + 1. Dép sO:xz = 1.
. . z+9 2 ?+1
Bai 15. Giai phuong trinh x2+x+2+m_ 1 . Dap s6: © = +V/7.
2 1 7

1 )
S 4 =_. Dapsbx=2.
—x—1+m2+2x 1 ap so: x
Bai 17. Giai phuong trinh v22 — 14+ 2 = V23 — 1
T+ 3 <2<x2—|—3x—|—9
(Va2 —1+1)" +3 Vat =245
Bai 18. Gidi phuong trinh 4v/8 — 64— 22 =2 (1+ V1 + V1 +22) . Dép sorz = 0.

Bai 19. Gidi phuong trinh (272° — 32) (Va2 2+ 1 — 1) = (2% + 22) (z + 1) (2— 022 +3).

Bai 16. Giai phuong trinh

Huéng dan: Chiing minh 1 + . Dap s6: # = 3.

) 1
Dap so: z = —
21 . 3+
Bai 20. Giai phuong trinh /222 — 3z + 1 = ; 3 Dapso:z=1; 2 = 2\/_.
l‘_
22% — 722 + 19
Bai 21. Giai phuong trinh (z — 1) V222 — 5z — 15 + \/ ° ; T 90 T 1204 1T+ VT
Loz DENV1TT
Dapso:le;x:T.

€) SU KET HOP GITA PHUONG PHAP HAM SO VA CAC PHUGNG PHAP KHAC

Vi du 1. Giai phuong trinh 823 — 3622 + 53z — 25 = /3z — 5.

# LJi giai.

-Phan tich. Phuong trinh duge bién ddi thanh dang:

(20 —3)° +20 —3=3x—5+ 3z —b.

Sy phan tich nay dan dén ¥ tudng sit dung tinh don dicu ctia ham s6 dé giai quyét phuong trinh. Sau
d6, ta can tim nghiém ctia phuong trinh 2z — 3 = /3x — 5(x) . Ch#c chan ching ta chua thé két luan
dugce nghiém ciia phuong trinh ngay lic nay. Va c6 1€ bién phap nang lity thira la giai phap an toan cho
phuong trinh (x) . Tit d6, ta c6 16i gidi: Ta c6: 823 — 3622 +53x — 25 = 3z — 5 < (20 —3)° + 20— 3 =
3z — 5+ v/3z —5(1)

Xét ham f(t) = ¢3 + ¢ dong bién v6i moi

Do do, (1) & f(2z —3) = f (V32 —5) & 25 —3= /32 -5
r =2

CERYE]
4

e 2r-3°=3r-5e(z-2)822—20z+11)=0<
x

Vay, phuong trinh da cho ¢6 3 nghiém: x = 2; x = > i4\/§.

-Binh luan. Trong 15i gidi trén ta can chd y dén ki nang tim ra ham s6 dic trung va ham s6 két hgp
cling véi phuong phap nang lity thita dé c6 thé tim duge cac nghiém ctia phuong trinh.

Bai tap tuong tu:

1. Giai phuong trinh 22 — 4z — 3 = /2 + 5.

2. Giai phuong trinh \/(z + 6)* + & + 6 — 28 — 122° — 482 — 642 — 22 — 42 =0

(Dé thi Olympic 30/04/2011).
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Vi du 2. Giai phuong trinh /6z + 1 = 823 — 4z — 1.

# Loi gidi.

-Phan tich.

Phuong trinh duge bién déi thanh dang: 6z + 1+ /62 + 1 = (2:17)3 + 2%

Y tudng tuong tu bai trude, bing su két hop hai phuong phéap ham sé va phuong phép nang liy
thita chiing ta quy viéc gidi phuong trinh trén vé gidi phuong trinh 823 — 62 — 1 = 0. Tuy nhién ,
phuong trinh bac 3 nay lai ¢6 3 nghiém phan biét 1a 3 s6 vo ty déu thuoc (—1;1), dé ¥ dén dang thiic
423 —3x = 4 cos® t—3 cost sé gitip chiing ta dinh huéng duge cach giai phuong trinh bac 3 nay. Cu thé 15i
gidi nhu sau: Ta c6: Voo + 1 =82 —dz—1 o 6+ 1+ V/6r + 1= (20)°+2z & f (V6x+1) = f(2x)
Trong d6 f(t) = t> +t. D& thay f(¢) 1a mot ham dong bién trén nén

1
f(Vox+1) =f(22) & 36:1:+1:2x<:>8x3:63:+1<:>4953—3:U:5(1)

. 1
-Néu |z| > 1 thi [VT(1)] = |z (4cos®* =3)| > 1 > —.

2
-Néu |z| <1 thi dit z = cosp, p € [0;7].
1 1 m  3km
Phuong trinh tré thanh: 4 cos* ¢ — 3cosp = 3 & cos3p = 2 S p= :I:9 + 5
5 7
Vay phuong trinh da cho c6 3 nghiém x = cos g; T = oS ?ﬁ; T = Cos ?W

-Binh luan. Véi phuong trinh trén, bang phuong phap ham s6 ta mdi chi thye hien duge mot cong doan
clia cong viéce giai phuong trinh. Do d6, dé hoan thanh cong viéc gidi phuong trinh thi ta can c6 su két
hop gita phuong phép nang lity thita, phuong phap danh gia va phuong phap dat an phu. Néu thiéu
di mot cong doan ta sé khong hoan thanh cong viéc cling nhu khong gidi quyét duge tron ven phuong
trinh.

Vi du 3. Giai phuong trinh
1
44 2Vdr — 422 +3+V2r + 1+ /3 - 20 = Z—1(2;15—1)2(43:2—43:+3).

# LOi giai.
-Phan tich. Quan sat ki phuong trinh trén ta nhan thay mot s6 dieu sau day:
4=2x+1)+ (3 —2x);
2V4x — 422 + 3 =2/(22 + 1) (3 — 22);
(20 —1)* (42 — 4w +3) = (20— 1)* [(20 - 1)* + 2.
Dua trén nhitng diéu nay, phuong trinh duge bién déi tuong duong thanh:
2

20 — 1) 2z —1)°
(\/2x+1+\/3—2x)2+(\/2x+1+\/3—2$) = [( 5 ) ] +< 5 )
Tu day, v tudng sit dung phuong phap ham s6 da ro rang. Ta quy bai todn vé gidi phuong trinh:

V25 +1+/3=2 :@(*)

Dén day phuong trinh van chua dugc gidi quyét hoan toan. Van dé nay sinh bay gio 1a giai phuong

2 2 1_ _2
trinh(*).DéyQ;p_1:(x+ )2(3 )

) . 1 3
phuong trinh (%) . Cu the 16i gai bai todn nhu sau: Dieu kién —3 <z< 3" Khi do, phuong trinh duge

gdi cho ta nghi dén phuong phap dat an phu dé gidi quyét

viét lai dudi dang sau:
(2¢ — 1) 27 — 1)°
(V2r+1+v3—21)" + (VZr + 1++/3—2z) = [x ] ”2)

Xét ham s6 f(t) = t* +t, Vit € [0;4+00) ¢6 f'(t) =2t +1 > 0, Vt € [0; +00) nén ham s6 f(¢) dong bién
trén [0; 4+00) .
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22 — 1)°
Do d6, phuong trinh tuong duong véi v/2x + 1+ /3 — 22 = %(*)
a=+v2xr+1>0
Dit = a®+b* =4
b=+v3—2x>0
8(a+b) = (a®—b?)° 8 = (a—b)* (a+Db)
Ta ¢6 hé phuong trinh &
a’+b* =4 a+b =4
(4 —2ab) (a+b) =38 (2—ab)(a+b)=4 ) S=a+b>0
& & . Tiep tuc dat
a4+ 0> =4 (a+b)* —2ab=14 P=ab>0
4
. (2—P)S=4 S=——
Ta can giai hé phuong trinh & 2-P
S?2 2P =4 P(P*—4P —-4)=0
P=0=S5=2
4
& | P=1+/6=8= loai
1_\/5( )
P=1-+5
i o -
a=2 V2r+1=2
3
S =2 b=0 3—2x=0 r == .
Véi & > & > & 2 . (théa man dieu kién va phuong
P=0 a=0 V22 +1=0 rT="3
b=2 V3—2x=2
L\ L\

trinh ban dau)

1 3
Vay phuong trinh da cho ¢6 hai nghiém z = 5 T=35

-Binh luan. Mot phuong trinh tuy c¢6 hinh thitc kha cong kénh nhung bang su két hop gitta hai phuong
phap ham s6 va phuong phap dat an phu da gitp ta giai quyét phuong trinh mot cach tu nhién va tron
ven. Bing su két hop giita phuong phap ham s6 va mot s6 phuong phap khéc, cac ban doc gia c6 thé
thire hién gidi quyét mot s6 bai toan sau day:

BAI TAP TU LUYEN

Bai 1. Giai phuong trinh 23 4+ 322 + 4r + 2= 3z +2) 3z + 1. Dap s6: . = 0; x = 1.
Bai 2. Giai phuong trinh 23 — 622 4+ 122 — 7= v/—23 + 922 — 192 + 11. Dap sdé: x = 1; x = 2; x = 3.
Bai 3. Giai phuong trinh 2¢/2x — 1 = 2723 — 2722 + 132 — 2.
(Trich dé thi HSG Hai Phong) Dap sb: z = 0.

02 1 1
Bai 4. Giai phuong trinh {/ % =2+ 1.

(Trich dé thi chon doi tuyén Phi Yéen) Déap s6: © =~ —0,3; x ~ —0,2; x ~ 1,9.
Bai 5. Giai phuong trinh 423 + 1822 + 27x + 14 = /4x + 5.

~ 1 .
Hudng dan: Chua y 423 = 4(x)3 = 5(23:)3. Dap s6: x = 2; x = 5.
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€© MOT sO KIEU KET HGP KHAC DE GIAI PHUGNG TRINH VO TY

Vi du 1. Giai phuong trinh 2® — 3z = V2 + 2.

# Loi gidi.

-Phan tich. Kiém ta nghiém phuong trinh bing méy tinh CaSiO ta thay ring phuong trinh trén c6 3
nghiém phan biét déu thuoce (—2;2) . Do do, bang su két hgp gitta phuong phap danh gia va phuong
phap dat an phu ta c6 15i gidi: Néu z < —2; phuong trinh khong xéac dinh.

Néu z > 2, ta c6: 23 — 3z =z + 2 (2 —4) > x > /o + 2. Suy ra phuong trinh vo6 nghiéem. Do do6, ta
chi can gidi phuong trinh da cho véi —2 < z < 2.

Dat x = 2cost, t € (0;7). Khi d6, phuong trinh tré thanh:

t=20
t
2 (4cos*t — 3cost) = 2(1—|—Cost)<:>cos?>t:cos(§><:> t:4_7r (vite (0;m).)
5
t_47r
L7
dm 4m

Toém lai, phuong trinh da cho ¢6 3 nghiém: 2; x = 2 cos ?; r = 2cos -
-Binh luan. Béi vi phuong trinh xuat hién 2 nghiém rat 1é nén ta khong nén sit dung phuong phap nang
lity thita ngay tit dau. Phép dit an phu bang cach luong giac héa phuong trinh nhu trén ta ciing c6 thé
nhan ra néu lién tudng dén cong thitc quen thudc trong luong giac:

(2cost)® — 3 (2cost) = 2cos 3t.

Bai tap tuong tu: Giai phuong trinh 23 — 322 +2 = 2 + 1.

Vi du 2. Giai phuong trinh 922 — 28z + 21 = /2 — 1.

# Loi gidi.
-Phan tich. Phuong trinh dang nay rat quen thudc, ta c6 thé gidi quyét bang phuong phap nang liy
thita hodic phuong phap dat an phu (v — 1 = 3y — 5) dé dua vé he ddi xing loai 2. Nhung véi y tudng
tao bao hon d6 1a stt dung phuong phap ham s6, ta sé xt 1y phuong trinh trén nhu thé nao. sau day sé
chiing minh cho ¥ tudng nay: Diéu kién xac dinh: x > 1.

. 1
-Néu z > 3 :>3:v—52—§
Phuong trinh duge viét lai dudi dang: (3z — 5)° + 3z — 5) = (z — 1) + vz — 1(1)

. 1

Ta c6 ham s6 f(t) =t*+t co f/(t) =2t +1>0, Vt > 5

3z -5 =z—1
Dodé (1) f(Bz—5)=f (Vo —1) &3z —-5—Vzr -1 . Sx=2.
> —
3 1 $_3
Néul<z< ) = 4r — 3 > —5 Phuong trinh duge viét lai dudi dang:

4r =32 +M@r—3)=(z—-1)+vo—1& fAr—-3)=f (Vo 1)

(4—3:1;)2::1;—1 25 — /13
S4-3r=Vr—-1%& Sr=—:
< 4 18
=3
25 —/13
Vay phuong trinh da cho c¢6 tap nghiém S = {2; 1—8} .

-Binh luan. Qua 10i gidi trén ching ta thay rang, viec xay dung ham s6 ciing can phai c6 sy linh hoat.
Nhu vay, su két hop phuong phap danh gia va phuong phap nang lily thita ding thoi diém ma ¥ tudng
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stt dung phuong phap ham s6 di thanh cong.

1 1
Vidy 3. Gidi phuong trinh 2 — 22 +4/2 — — =4 — (x—i——).
x

T

# Loi giai.
. / 1 1
-Phan tich. Phuong trinh duge viét lai duéi dang: v/2 — 22 +4/2 — —+ (m + —) = 4.
x T

. . 1 1 . s . L o
Ta dé y rang 2 — 22 + 2 — i % + == 4. Dé c6 duge dicu nay ta c6 thé st dung bat dang
thitc Bunhiacopxki dé danh gia. Nhung diéu quan trong hon dé la viéc tim nghiem phuong trinh ciing

2—22>0
nhu tim di¢u kien dé dang thic xay ra. Khi dé ta cé 16i gidi nhu sau: Diéu kien: .
2 — o >0

& T2 Vi didu kien nay phuong trinh da cho duge bién déi thanh: /2 — 22 +

NG)
2

T
/ 1 1
2——2—|—<x—|——):4.
xr X

Ap dung bat déng thic Bunhiacopxki ta co:

1 1 1 1
\/2—x2+\/2——+<x+—)§\/(1+1+1—|—1)(2—x2+2——2+x2—|——2):4
T T

Diang thiic xay ra khi va chi khi —12=1/2—-— =

I/\
IN
&

1:2
.
2 — 2?2 =22
V2—1?2=x 1 1
= S 9 — - ax=1
2_i:l 72 72
\ 2
x * x>0
\

Vay phuong trinh da cho c¢6 nghiém duy nhat 1a z = 1.

-Binh luan. Suy tinh té trong 15i giai tréndo 1a sit dung bat dang thitc Bunhiacopxki mot céch hiéu qua.
Tuy nhién ta khong thé dimg tai day, viec tim dau dang thitc xay ra ciia bat dang thiic dan dé viec giai
mot hé cdc phuong trinh chita can thitc va phuong phap nang liiy thita sé gitp ta van dé nay.

2 1
+ =
Ve+1—yz z++v22+1

Vi du 4. Giai phuong trinh

# L3i gidi.

-Phan tich. Déi v6i phuong trinh nay ta can truc cin thitc bang cich nhan luong lien hop.

Khi d6, phuong trinh tuong duong véi 2 (\/x +1+ \/5) + Va2 +1—x=3(x)

Quan sat ki phuong trinh (%) ta nhan thiy cac bicu thitc trong phuong trinh c6 thé dé& dang lay dao
ham.

Néu xét ham s6 f( ) = (\/:c+ +VE) + Va2 + 1 -z, x> 0.

Khi d6 f'(z) = \/_ V+1 \/a:j—i—

hay khong? Hay né c6 thé don dié trén khoang nao? Van dé sé dugc giai quyét trong 16i giai sau: Diéu
kién x > 0. Phuong trinh tuong duong véi 2 (\/x +14 \/E) +vVr2+1—1x=3(%)
Néuz>1thi VIy >2 (Ve +1+z) >3=VPy

— 1. Van dé dat ra bay gio d6 la lieu ham f(z) c¢6 don dieu
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-Néu 0 r < 1 : Dé& thay x = 0 1a mot nghiém ctia phuong trinh () . Xét ham s6 f(z) =
2(Ve+1+ VEF Iz, 220,

1 1 T 1 1 T
Ta c¢6 f'(x) = \/_ x+1+\/x2+1 1 (\/5 1>+\/x+1+\/x2+
Do d6, ham f(x) dong bién trén (0;1]. Suy ra f(x) > f(0) = 2+ 1 = 3, hay phuong trinh (*) vo
nghiém.
Tém lai, x = 0 1a nghiém duy nhat ctia phuong trinh ban dau.
-Binh luan. Su khéo 1éo khi ta két hop phuong phap ham s6 véi phuong phéap trong 16i giai trén do 1
nhd ki niang danh gid dé chia trudong hgp. Su ving mit ctia phuong phap danh gia trong 15i giai trén
thi chi hai phuong phap nhan lien hgp va phuong phap ham s6 ta khong thé gia quyét tron ven phuong
trinh duge.
Bué6c vao thé giéi phuong trinh vo ty ta mdi biét duge phuong trinh vo ty da dang nhu thé nao. Co
nhitng phuong trinh rat don thuan, chi can chon ding 1 phuong phap ndo dé I ta co thé giai quyét
ngay phuong trinh d6. Nhung hau hét cic bai toan ma ching ta thuong gap trong cic dé thi Dai hoc,
dé thi HSG déu khong phai tam thuong nhu vay. Chinh vi thé, ching ta can phai biét phdi hop mot
cach nhuan nhuyén, linh hoat giita cac phuong phap giai mot cach hiéu qua thi méi ¢ thé giiar quyét
triet dé phuong trinh. Khi ta sit dung mot cong cu nao dé ma khong thé giai quyét triet dé phuong
trinh, ta hay nghi dén viéc st dung thém mot cong cu khéc nita va tham chs c6 nhiéu cong cu khac
nua.

| N

- > 0, Vo € (0;1]
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