Pia chi: 40 dudng s6 9, KDC Cityland, P. Go Vép
331/25 Phan Huy Ich, P. An Hoi Tay
DT: 078 345 2255 — 078 345 4455

OCEAN EDUCATION

Trung tam boi dudng nang luc & phat trién tu duy

CHON POI TUYEN THAM DU KY THI HOC SINH GIOI QUOC GIA
Trudng Pho thong Ning khiéu - PHQG TP.HCM
Nam hoc: 2026 — 2027
Mén thi: TOAN (Ngay 1)
Thoi gian lam bai: 180 phut

DE THI VA HUONG DAN GIAI
Thuc hién bdi doi ngii Gido vién va Tro giang ciia Trung tam boi dudng nang luc va phat trién tw duy
Ocean Education: Lé Viét An, Vé Thanh Pat, Luong Tran Cong Danh, Ho Chi Quéc.

Cau 1 (5.0 diém). Cho da thic P(z) = 22°27 — 220% { 3 va s6 thuc a; € (0,1). Xét day s6 (a,) xdc dinh
bdi P(a,.1) = a, v6i moi n € N*. Chiing minh rang day s6 (a,,) x4c dinh duy nhat va lim,, . a,, = 1.

Cau 2 (5.0 diém). Cho tam gidgc ABC nhon, AB < AC, dudng tron tim I ndi tiép tam gidc tiép xidc voi
canh BC tai D. AD cit (I) tai diém thit hai £ # D. Tiép tuyén tai F cta (I) cdt AB, AC tai M, N. Dudng
thng qua N vudng géc v6i M N cit M1 tai P, dudng thing qua N vudng géc véi AC cdt C1 tai Q.

a) Chling minh ring BN 1 PQ.
b) Goi K = CM N BN, L la trung diém ctia PQ. Chiing minh ring K, I, L théng hang.
Cau 3 (5.0 diém). Mot s6 nguyén duong n goi 1a “hoan hao” néu tong tit ca cic uéc duong ciia n gip doi
no.
a) Chiing minh ring s6 nguyén duong chin n 12 s6 “hoan hdo” khi va chi khi n c6 dang n = 27-1(2°—1)
v6i p va 2P — 1 1a s6 nguyén t6.
b) Chitng minh ring khong thé c6 sd nguyén ducng 1é n nao “hoan hdo” ma cé ding 3 udc nguyén td

phan biét.

Cau 4 (5.0 diém). Cho n 12 mot s6 nguyén duong. Mot hinh vudng dudc chia thanh n x n 6 vudng don
vi. Céc giao diém ctia nhitng dudng ké trong hinh goi 1 niit lu6i. Ta chi di chuyén tit mot nit lu6i dén mot
niit lu6i ké n6é doc theo mdt canh ctia & vudng. Mot dudng di ndi hai nit dugce goi 1a ngdn nhat néu né st
dung it budc di chuyén nhat. Mot tap céc niit u6i dudce goi 1a “t6t” néu vé6i hai niit phan biét bat ky thudc

tap do, sd dudng di ngdn nhit ndi hai nit 4y 12 mot s6 18.
a) Gia st n 12 1fiy thita ctia 2. Chting minh ring ton tai mot tap tdt gdm 2n niit 1uéi.

b) Véi n tuy y, hiy xdc dinh s6 nit ludi 16n nhét c6 thé c6 trong mdt tap tot.
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HUGNG DAN GIAI
CAU 1. (5.0 diém)

Cho da thitc P(z) = 22927 — 22926 4z va s6 thuc a; € (0, 1). Xét ddy s6 (a,,) xdc dinh bsi P(a, 1) =

a, v6i moi n € N*. Chiing minh ring day s6 (a,) x4c dinh duy nhét va lim,, ., a, = 1.

Loi gidi. Xétham sd f(x) = x20% — 220% + z — q (v6ia € (0,1)) trén [0, 1]. Tacé f'(x) = 2027220% —
202622°% + 1. Véi z € (0,1), ta duge f'(z) > 2025220% + 1 — 202622°%° > ( (theo AM—GM). Suy ra f
dong bién trén (0, 1). Mt khéc, talai ¢6 f(0) - f(1) = a(a—1) < 0 (via € (0,1)). K& hgp v6i f lién tuc
trén [0, 1], ta dugc phuong trinh f(z) = 0 ¢6 duy nhat mot nghiém thudc (0, 1).

Biéng quy nap, ta chiing minh day (a,,) xdc dinh duy nhét va a,, € (0,1) Vn € N*.

Véin=1,tacéa; € (0,1).

Gi4 stt ménh dé ding v6i n, tdc 12 a,, xdc dinh duy nhét va a,, € (0, 1).

Xét phuong trinh P(z) = a,, <= %% —2?°%64 3 —q,, = 0. Theo ching minh trén (véia = a,, € (0,1)),
phuong trinh ¢6 duy nhat mot nghiém thudc (0, 1). Goi nghiém d6 12 a,,, ;. VAy a,,,; xdc dinh duy nhét va
Apt+1 € (0, 1).

V6i moi n € N, ta €6: ant1 = an + a2 (1 — apt1). Viansr € (0,1) nén suy ra a1 > a,, hay (a,) 1a

day tdng. Dong thdi (a,,) bi chdn trén bsi 1 nén (a,,) hoi tu. Pt L = lima,, (0 < L < 1). Trong déng thic
P(any1) = a, chon — +oo, taduge: L% — [2926 4 [ = [ < L=1(wi0<L<1).

Vaylima,; =1 O

CAU 2. (5.0 diém)

Cho tam gidc ABC nhon, AB < AC, dudng tron tdm [ ndi ti€p tam gidc tiép xiic v6i canh BC tai
D. AD cét (I) tai diém thi hai E # D. Tiép tuyén tai E cta () cdt AB, AC tai M, N. Pudng théng
qua N vudng géc v6i M N cét M1 tai P, dudng thing qua N vudng géc v6i AC cit C1 tai Q.

a) Chiing minh ring BN 1 PQ.

b) Goi K = CM N BN, L la trung diém ctia PQ. Chiing minh ring K, I, L thing hang.

Loi gidi.

a) Goi X la diém ddi xting ctia N qua M P va Y la diém d6i xdng cia N qua QC'. Khi do, ta suy ra
MX = MN vaCN = CY. Theo dinh ly Pitot, ta c6:

BC—-CN=MB—-MN = BX = BY.

Trang 2/9



Pia chi: 40 dudng s6 9, KDC Cityland, P. Go Vép
331/25 Phan Huy Ich, P. An Hoi Tay
DT: 078 345 2255 — 078 345 4455

OCEAN EDUCATION

Trung tam boi dudng nang luc & phat trién tu duy

Ta c6 chudi bién ddi sau:
NP? - NQ@Q?=PX%-QY?=(PB? - BX?) - (BQ? - BY?) = BP? — BQ*

Theo dinh ly 4 diém, thi PQ L BN.

b) Goi F = MNNBCvaG=CMnNAF.
DE thdy ta c6 cdc hang diém diéu hoa (B,C, D, F) = —1va (M, N, E, F) = —1. Tt d6 suy ra:

(BsD, BYC"="(FyETN, Mj)
Déng thiic trén kéo theo ba dudng thing ED, MC, N B dong quy, suy ra K € AE.

Khi dé ta c6:
(GRBaM L) ="A(G2ESM  CN=(EDr BC) =

Suy ra
I(G,K,M,C)=-1 (1)

Tiép theo, xét cuc va dbi cuc ddi v6i dudng tron (7). Theo mot tinh chat quen thude, ta c6 BN 1a
dudng dbi cuc ctia G d6i v6i (1), suy ra duge IG | BN.

Mit khac, BN L P( (cau a). Do cung vuong géc véi BN, ta c6:

PQIIG (2)

Tu (1) va (2), ta suy ra KT di qua trung diém ctia doan thing PQ. Hay néi céch khéc, K1 di qua
L. Vay ba diém K, I, L thing hang.
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Nhan xét
Ta cdn ¢6 cdch gidi khac nhu sau: qua N ké dudng thing vuong géc v6i IN cit CM tai R. Khi d6
P, Q, R théng hang trén dudng cdt tuyén truc giao ctia N ddi v6i tam gidc /C' M. Khi d6 dung cuc

va dbi cuc s€ ra dudc ca cau a, b!

Phét trién

Cho tam gidc ABC c6 canh BC' tiép xidc v6i dudng tron ndi tiép (/) tai diém D. Dudng thing AD
cdt lai (/) tai E. Tiép tuyén tai F cta (I) cdt cdc canh AB va AC lan lugt tai M va N. Hai dudng
thdng BN va C'M cit nhau tai K. Chiing minh ring néu X va Y lan lugt 1a tim dudng tron noi tiép
cla cdc tam gidc BM N va BCN thi dudng thdng /K chia doi doan thing XY
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CAU 3. (5.0 diém)

Mot sd nguyén duong n goi 1a “hoan hdo” néu tong tit ca cdc uéc duong ctia n gap doi né.

a) Chiing minh ring s6 nguyén duong chén n 1a sd “hoan hao” khi va chi khi n ¢6 dang n =
2P=1(2P — 1) v6i p va 2P — 1 1a s6 nguyén td.

b) Chitng minh ring khong thé c6 sé nguyén duong 1& n nao “hoan hio” ma cé ding 3 uéc

nguyén td phén biét.

Loi giai.

a)

b)

Giastin = 28p{ps? ... p%, trong d6 2 < p; < pa < -+ - < p, la cdc sb nguyén td, a; € N*,

Ta cé:
S a;+1 o 1

o(n) =2n & (2Y=1) H VA Vam.

:2k+l
i1 Di Th

al

pUpe? Py (%)

bitt = pi*p5? ... p%s. Tu (x), ta c6:

(2k+1 . l)O'(t) = 2k+1 Ut

Do ged(2**! — 1,2%+1) = 1 nén tir (*) suy ra:

g, o2 Qs __

g — 1L [pPpl? .08

bitm = € Z* = m | t. Khi d6:

2k+1 = |

J(t) >t+m= m(2k+1 — 1) +m=m:- 2k+1 (**)

Nhu vay, ddu “=" & (**) phai xdy ra < ¢ chi c6 2 u6c la t va m < t 1a sd nguyén td, m = 1. Kéo
theo t = 2%+ — 1 12 s6 nguyén t6. Hon nita, néu k& + 1 12 hop s6 thi k& + 1 ¢6 uéc duong that su
l<d<k+1,dindén2¢—1 | 2kl _1val < 2¢ —1 < 21 — 1, mau thuln v6i 28! — 112 s6
nguyén t6. Diéu mau thuin cho ta p = k + 1 phéi 12 s6 nguyén to.

Vay n = 2kt = 2P~1(2P — 1) va p, 2P — 1 1a s6 nguyén td.

Trude hét, xin phét biéu, khong chiing minh dinh ly Euler vé s6 hoan hao 1é va dinh ly Zsigmondy

nhu sau:

Néu n 1a mot s6 nguyén duong 1& va 1a sd hoan hao, thi n phai ¢6 dang n = p*m?, trong

d6 p 1a s6 nguyén t6, s va m 1a céc s6 nguyén duong thda min: p = s = 1 (mod 4) va

ged(p,m) = 1.
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Dinh ly Zsigmondy

Goia > b > 11acdc s6 nguyén van > 21a mot sd nguyén. Khi dé a™ — b™ ¢6 it nhat mot uSe
s0 nguyén t6 nguyén thiy (nghia 1a mot u6c s6 khdng chia hét a’ —b* chomoi 1 <i < n—1)
ngoai trif hai truong hop sau:

(i) 26 — 18,

(i) n = 2 va a + b 1a liy thura ctia 2.

Quy lai bai toén.
Gia st tdn tai s6 hoan hdo 18 n = p2g¥r¢ véi 3 < p < ¢ < r la céc s6 nguyén t6, a, b, c € N*.

Ta co:
a+l 1 b+1 1 c+1 1 a+1_ b+1,.c+1
o(n) = s . & A < il
p—1 S r—IQ~E-1)(g—1)(r-1)
n
\ | i 1
%) (-2 4655)
P q i
Suy ra
1
| o(n) o

1 1 1
-2 5] 4
p q {3
Néup>5thig>7,r>11,chota

-6 I D

cho ta diéu mau thuin. Do d6 p = 3, néu ¢ > 7 thir > 11, khi d6

< 2,

e D)

ciing cho ta diéu mau thuin. Ddn dén ¢ = 5, néu r > 17 thi

< 2

SN

ciing cho ta diéu mau thuin. Vay p = 3,¢ = 5,r < 17.

< 2
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e Xét (p,q,7) = (3,5,7) thin = 3%5°7¢, do o(n) = 2n nén 5 | o(n), xét

3o+l _ 1 gbtl _ ] petl _
2 4 6

ogn) =030 (Sb) (%) =

Theo dinh 1y Euler thi n ¢6 diing mot uc nguyén t6 ¢ sd mii 18, va uSc nguyén t6 d6 chia
4 du 1, nén trong trudng hop nay udc nguyén td d6 chinh 1a 5, suy ra a, ¢ chin. Ta thiy ring
5f0(5°),nén5 | o (3%) hodc5 | o (7°). Néu 5 | o (3%) thi 5 | 3**! — 1, cho ta a + 1 chia
hét cho 4, suy ra a 18, diéu nay mau thun v6i dinh 1y Euler vi a phai chdn. Do d6 5 | o (7°),
tdcla 5 | 7¢* — 1, cling cho ta ¢ + 1 chia hét cho 4, tic 1a ¢ 1. Diéu ndy mau thuin véi dinh

ly Euler vi ¢ phai chén.
» Xét(p,g;r)=(3,5,11) thi

3a+1 i 5b+1 - | 11c+1 —1

=2-.3%°11%.
2 1 10 ok

o(n) = o(3%)o(5°)o(11°) =

Theo dinh ly Euler, ta suy ra dudc ¢ chén, tit d6 ¢ > 2. Ta ¢6 hai céch cho trudng hgp nay
nhu sau:

Céch 1: Taciing suy ra 5 | o (3%) hodc 5 | o (11¢). Ta chi xét trudng hop 5 | o (11¢). Suy ra
5| 11¢"! — 1 va nhu vy, suy ra

0=1+11+112+...+11°=c+1 (mod 5).
Suyra5 | ¢+ 1, kéo theo

11° -1 | 115
i M | =1l

115 Al P
a = = 141141124113 + 11* = 5- 3221, ma 3221 khong chia hét cho 2, 3, 5, 11

nén 3321 c6 udc nguyén t6 khéc 2, 3, 5, 11, cho ta diéu mau thuin.
Cach 2: Ap dung dinh ly Zsigmondy cho 11°*! — 1 v6i ¢ + 1 > 3, suy ra 117! — 1 ¢6
u6c nguyén td nguyén thity py sao cho py 1 11¥ — 1,V1 < k < c. N6i céch khic, o(n) ¢6

mot uéc nguyén td pp ma cp cta 11 modulo py 1a ord,,(11) = ¢+ 1 > 3. Mit khdc, vi
po | o(n) =2nnén py € {2,3,5,11}. Ro rang py # 11, suy ra py € {2,3,5}. Tuy nhién, ta
dé& dang kiém tra céc cip: ordy(11) = 1,0rd3(11) = 2, ords(11) = 1. Tat ca déu nho hon 3,
mau thuln v6i ord,, (11) > 3. VAy trudng hgp ndy khong thé xdy ra!

e Xét (p,q,r) = (3,5,13) thi trudng hgp 5 | o (3%) 1a tuong tu (bdi vi a chidc chin chén), ta
xét trudng hop 5 | o (13¢) = 5 | 13" — 1. Suy ra ¢ + 1 chia hét cho 4 va nhu vay c 1é. Theo
dinh ly Euler, do 13 = 1 (mod 4), ma s6 mii ctia 13 12 ¢ 1é nén ¢ = 1 (mod 4), di€u nay
mau thudn vi ¢ = 3 (mod 4).

Bai todn dugc gidi quyét.
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CAU 4. (5.0 diém)

Cho n 1a mdt s6 nguyén duong. Mot hinh vudng dugc chia thanh n x n & vudng don vi. Céc giao
diém cta nhitng dudng ké trong hinh goi 1a nit ludi. Ta chi di chuyén tit mot nit ludi dén mot nit
lu6i k& né doc theo mdt canh ctia 6 vudng. Mot dudng di n6i hai nit dudc goi 1a ngin nhét néu né st
dung it budc di chuyén nhit. Mot tap céc niit lu6i dudc goi la “t6t” néu vé6i hai nit phan biét bat ky
thudc tap do, sd dudng di ngdn nhét ni hai nit ay 1a mot s 18.

a) Gi4 st n 12 1fly thita ctia 2. Chting minh riing ton tai mot tap tot gdm 2n niit 1u6i.
b) V6in tly ¥, hay xé4c dinh s6 nit lu6i 16n nhét c6 thé c¢6 trong mot tap tot.

Loi gidi.

Ta phét biéu dinh 1{ Kummer nhu sau:

Dinh 1i Kummer

Gid tri ctia v,(C™) bang v6i s6 1an “nh6” khi cong m va n — m trong hé cd sd p, hay néi cach khac:

Sp(m) + Sp(n — m) — Sp(n)
pi—1

vp(Cr') =

v6i S, (k) 1a tdng cdc chit sO cta k khi duge bicu dién & hé co sd p.

Chitng minh: Ap dung hé thic Legendre v,(n!) = %S,,l(n)’ ta co:
my __ n! N s Sp(m) " Sp(n B T)'L) - Sp(’l’l)
vp(Ch') = vp (m) = vp(nl) — vp(m!) — v((n —m)!) = P

a) Gid sl tit c& cac nit lu6i c6 toa do (z; y) v6iz,y € Nva0 < x,y < n. Tachon 2n diém, gdm n+1
diémc6y = 0van — 1 diém c6 y = n (trit (0;n) va (n;n)). Ta chiing minh tap hop nay la tap tot.

V6i 2 dlém Pl(l‘l; yl) va PQ(CL‘2; yg), dét = |£l?1 = LL'2| vaY = |y1 % y2| Dé di tur Pl dél’l PQ, ta C?ln
di t6i thi€u X canh song song v6i truc hoanh va tdi thi€u Y canh song song véi truc tung.

Do d6 dudng di ngdn nhét can X + Y canh va ¢6 C5 ., dudng di, do can chon vi tri X canh song

song truc hoanh trong X + Y canh. D& C .y 18 thi v2(C¥ ) = 0, theo dinh 1f Krummer ta c6:
'IJQ(C))((+Y) ES SZ(X) + SQ(Y) - SQ(X + Y) = 0 = SQ(X + Y) = SZ(X) + SQ(Y)

Hay n6i cdch khac, phép cong X cho Y khong cé nhé trong hé nhi phan.

V6i 2 diém P; va P, phan biét thi Y = 0 hodc Y = n = 2* (k € N), do d6 k chit s6 cudi ctia YV’
ludn bang 0 va phép cong X cho Y khong c¢6 nhé. Vay tap hop 2n diém nay 1a tap tét.
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b) Xét n 1a mot s6 nguyén ducng tuy y. Dit k = |log, n |, tdc 1a 2% < n < 2", Ta s& chiing minh s6
nit [u6i 16n nhat trong mot tap tt ludn 1a 212l +1,
Dau tién, ta chiing minh mot tip t6t khong thé c6 qua 25! diém.
Dinh nghia phép “cong khong nh6” giita hai sd tu nhién (ky hiéu 1a @): cOng hai s6 trong hé nhi
phan theo tiing cot nhung bo hét cdc phép nhd.
Vidu: 6®3,tac6 6 = (110)5 va 3 = (011),. Cot gilta 1 + 1 = 0 (viét 0, khong nhé 1 sang trdi) —
101, = 5. Vay 6 & 3 = 5.
Gén cho mdi nit (z,y) mdt nhan 12 sd z B y.

Néu hai ndt khic nhau P (x1,y;) va Py(22, y2) ¢6 cung nhan thi 1 & y; = 2o @ yo. Suy ra
Z1@n) P (2P y2) = (@2@Y2) B (2P y2) =0 (via®a=0)

Laicé: p@g=0kéotheop=q(Vip=pB0=p® (D¢ =pPDq Dq=00q=q).Ap
dung v6i p = x1 ® x3 va ¢ = y1 D Yo, ta dugc x; B 3 = Y1 D Yo.

Dit 2, @ 25 = y; ® Y2 = d. Do 2 diém nay phan biét, z; ® x5 va y; © y» khdng ddng thdi bing 0
nén d > 0 hay d nguyén duong.

Goi j 1a vi tri dau tién tinh tf phdi sang trdi ma d c6 chit s6 1 (j > 0). Hai 6 x;, 2, giong nhau &
moi vi tri bén phéi vi tri j nhung khéc nhau tai vi trf j, nén X = |z; — 3| chia hét cho 27 va khong
chia hét cho 27*1. Tdc la trong hé nhi phan, X chic chin c6 chii s6 1 tai vi trf j. Chiing minh tuong
tu, Y cling 6 chit s 1 tai vi tri j.

Theo Dinh 1i Kummer, vi tri j trong phép cong X cho Y s& ¢6 nhé, do d6 vy(C5.y) > 0 nén sb

dudng di ngdn nhit giita 2 diém nay 12 s6 chdn (khong thod man tinh chét tap t6t).

Vay trong mot tap t6t, hai niit khdc nhau khong thé cing nhan. Vi toa d céc nit bi gidi han boi
0 <2,y <n < 28! mditoa do dudc viét trong hé nhi phan biing nhiéu nhat k + 1 chit s (& céc
vitri 0, 1,. .., k), do d6 moi nhin z & y déu nhé hon 251, Do d6 chi c6 t6i da 28*! nhin khdc nhau

(tir 0 dén 281 — 1) dugc gdn, suy ra mot tap tdt c6 nhiéu nhét 2%+ niit.

Chon mot 1u6i 6 vudng 2F x 2% bén trong 1u6i 6 vudng n x n ké trén, ta c6 thé xay dung mot tap tot
gdm 2 - 2F = 2F+1 diém theo céch xdc dinh & ciu a).

Viy, s6 niit 1u6i 16n nhét c6 thé c6 trong mdt tap t6t dbi vi n tuy y 1a | 210827 +1 |

£
— HET —
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CHON POI TUYEN THAM DU KY THI HOC SINH GIOI QUOC GIA
Trudng Pho thong Ning khiéu - PHQG TP.HCM
Nam hoc: 2026 — 2027
Mén thi: TOAN (Ngay 2)
Thoi gian lam bai: 180 phut

PE THI VA HUONG DAN GIAI

Thuc hién bdi doi ngii Gido vién va Tro giang ciia Trung tam boi dudng nang luc va phat trién tw duy
Ocean Education: Lé Viét An, Vé Thanh Pat, Luong Tran Cong Danh, Ho Chi Quéc.

Cau 1 (6.0 diém). Tap hop M gbm cic s6 thuc ducng dude goi 1a tip “co cum bédc hai” néu nhu ty sb giita
phén tif 16n nhit va phan tif nhd nhit ctia né nhd hon 2. Chiing minh ring tir 2000 s6 thuc duong c6 tdng

bang 1, mdi s6 déu nhé hon hay bang - ludn c6 thé chon ra mot tap con “co cum bdc hai” ¢6 51 phan ti.

Cau 2 (7.0 diém). Cho tt gise ABC'D ndi tiép dudng tron (O) ¢6 AB = AD va BAD > 90°. Goi G la
giao diém khéc O ctia CO vé6i duong tron (OBD) va L la diém trén C'A sao cho CGL = 90°. Ly E, F
ddi xiing véi G qua OB, OD.

a) Chiing minh EF, LG, BD dong quy.
b) Goi H, K 1a hinh chiéu ctia L 1én CB, C'D; M, N 1a giao diém ctia HG, KG v6i C' A. Chiing minh
diém L c6 ciing phudng tich ddi v6i cac dudng tron (GM N) va (OBD).

Cau 3 (7.0 diém). Cho da thtic hé s6 nguyén P(z) va sd nguyén t6 p, ta n6i P(z) 1a p-tdt néu moi sb
nguyén c6 thé thu duge tir 0 sau hitu han cdc phép thay sau: thay a bdi P(a), hodc thay a bdi s6 nguyén b
(néu ton tai) sao cho P(b) = a (mod p).

a) Hoi c6 bao nhiéu da thic 3-tdt c¢6 bac 99 va moi hé sb thude {1;2;...;99}?

b) Chiing minh ring v6i moi da thic hé sd nguyén P(x) c6 bac 2, ton tai v han sd nguyén td p sao
cho P(x) khong la p-tét.
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HUGNG DAN GIAI
CAU 1. (6.0 diém)

Tap hop M gdm céc s6 thuc duong dudc goi 1a tp “co cum bac hai” néu nhu ty s6 giita phan tir 16n
nhét va phin tif nhd nhét ctia n6 nhd hon 2. Chiing minh ring tir 2000 s6 thuc duong c6 tong bing 1,

mdi s6 déu nhé hon hay bing —L- ludn c6 thé chon ra mot tip con “co cum bdc hai” ¢6 51 phan ti.

100

Loi gidgi. Goi ay,as, . .., asm 1a cdc sd duong c6 tong bang 1 va a; < Wl() (i=1,2,...,2000).

Khong mit tinh téng quat, gid stt a; < as < ... < asggo-

Gia stt khong ton tai mot tap “co cum bdc hai” ¢6 51 phan ti dugc chon tir 2000 s & trén.

Xét tap My = {ak, @pi1, ..., are50} Vi k = 1,2,...,1950. RO rang M khong phai 1a mot tap “co cum
bac hai” nén ta c6 a; < Eak+50 véimoi k =1,2,...,1950.

Dit Sy = ag + agys0 + - - + arr1950 VOik = 1,2, ..., 50.

Theo chiing minh trén, ta c6

(41900 < B 3 Ak+1950

1 I
Af+1850 < 20A+1900 =5 52 Tk+1950

1 L
Upt50 < 2<1A+100 = 238ak+1950

<=
ar = 2ak+50 = 539 539 Tk+1950

Suy ra
o <f(1a1, ] 1 _ [1-1/2%
< L 5 Tt T g ) Mtros0 = 112 A+1950
1 1 1
= <2 - ﬁ) A+1950 < 2041950 < 2+ 100 — 50"

Dan t6i

2000 50 !

Za,- => S <50- =1 (ol

1=1 k=1
Vay diéu gié sit 12 sai, do d6 ta c6 dpem. O
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1
Cdch 2. Ta phan hoach khodng (O, m} thanh vo han cdc nita khoang rdi nhau c6 dang:

1

100 - 287 100 - 2k—1

1 e R .
Vi 2000 s da cho déu duong va khdng vugt qud 100" nén moi sO thudc ding mot khoang /..

LAy hai s6 bat ky cung thuoc mot khoéng I, ta thiy ti sd ctia chiing ludn nho hon 2 (do phan tit 16n hon

). Do d6, céc s6 ndm trong ciing mot

khong vuot qua 100 2F-1" con phan ti nh hon lai 16n hon

100 - 2k
khoang I}, bat ky ludn tao thanh mot tip “co cum bdc hai”.
Gia stt khong ¢6 tip “co cum bdc hai” nao gom 51 phan ti. Khi d6, mdi khoang I} chita toi da 50 sd.

Goi M 1a tap hgp gdm 2000 s6 da cho vany, = |[[, N M
Theo gia thiét phan chiing, ta c6:

12 s6 lugng phan tli ciia M ndm trong khoéng .

B /092000
0<n <50, VkeZt

Lsi— 3
a < 100 251" Ya € I, N M

Khi dé, tdng ctia 2000 s6 ban dau dugc chin trén nhu sau:

% 400 1
ZCL:Z(Z a)SZTLk-ﬁ
aceM k=1 \ecI}NM k=1 100 -2

it Vi it thige 4 = e =0 A diy (ca)hgiad ngit, tac6
at ¢y, = ————. VOI gia thi€ va aay (Cy) glam ngat, ta co:
100 - 2k-1 Sy, = 2000
40 400 40 4o
Z 500;C — anck = 2(50 = nk)ck - Z NkC
k=1 k=1 k=1 k=41
40 400
> Cy0 2(50 — k) — Ca Z ng,
k=1 k=41
40 +00
= C40 (2000 = an> — C41 Z N
k=1 k=41
+oo
= (40 — Ca1) Z ng > 0
k=41
Suy ra

400 40
Z NECr S Z 5OCk.
k=1 k=1
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Dan t6i:
Zcécsé<50 '1_+L+L+ +
- 100~ 200 400 100 - 239
- N OUNE SRS S
100 2 " 239
1/1—1/2% 1
= (/L ) =1-—<1 (Wly).
2 < 1-1/2 210 (als)

Vay diéu gid st 1a sai. Suy ra phai c6 it nhit mot khodng chia tit 51 s6 tré 1én, va chiing tao thanh tap “co

cum bdc hai” cin tim. O

CAU 2. (7.0 diém)
Cho tt gidc ABC'D noi tiép dudng tron (O) ¢6 AB = AD va BAD > 90°. Goi G 1a giao diém khac
O ctia CO v6i dudng tron (OBD) va L 1a diém trén C'A sao cho CGL = 90°. Liy E, F' dbi xting
v6i G qua OB, OD.

a) Ching minh EF, LG, BD dong quy.
b) Goi H, K 1a hinh chiéu cta L 1én CB,C'D; M, N 1a giao diém ctia HG, KG v6i C' A. Chiing
minh diém L c¢6 cung phuong tich d6i véi cdc dudng tron (GMN) va (OBD).
Loi gidi.

a) Goi P,Q lan luot 12 trung diém ciia CE, C'F. Khi d6 PQ || EF va GPO = GQO = 90°. Do d6 tt
gidc GOPQ ndi ti€p. Do d6 néu goi S = EF N BC thi:

GES &) =Con&SGBD = GBS.
Suy ra ti gidc GBES ndi ti€p.

Tuong tu: ti gide GDF'S ciing ndi tiép.

GoiT = OGNBC.TuOB = ODnéncé DGT = OGBvaGDT = GOBnén AGDT « AGOB
(g-g) nén GTD = GBO.
Ta co

@za/@:@:gw-%ﬂ:geo_@zgoo_@.

Diéu nay chiing t6 AGT'S vudng tai G, tlic OGS = 90° nén hai duong thing G'S va GL trung
nhau, suy ra GL di qua S, suy ra dpcm.
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Bai todn c6 thé gidi bing dudng thing Simson va Steiner, két hop véi phép dbi xting ciing rét
nhanh!

b) Goi I la diém chinh giita cung BG'D ctia (OBD). Khi d6 OI 1a dudng kinh ctia (OBD) nén
1GO = 90° = OGL nén GL di qua /. Ta sé chiing minh 7 nidm trén dudng tron ngoai tiép tam
gidc GMN.

That vay, dé thdy ti gidc GHC'K noi ti€p dudng tron dudng kinh LC va tt AB = AC ¢6 duge AC
la phan gide BCD. Chii y GO 1a phan gidec BGO. Do d6:

DGN = DGI + NGL Vi GL = GI)
= (DGO + OGI) + KCL (vi tit gide GKCL ndi tiép)
= 1)2@ +90° + -Bg—D (vi GC, C'L 1a phan gidc BGD, BCD)
= w +90° + ? (Vi tit gide GBOD ndi tiép)
= 180° — BCD — % (vi O 1a tam (BCD))
— ]_800 — BCY—D

2
= 180° — DCN.

Suy ra tt gidc GDCN ndi tiép.

Trang 5/10



Pia chi: 40 dudng s6 9, KDC Cityland, P. Go Vép
331/25 Phan Huy Ich, P. An Hoi Tay
DT: 078 345 2255 — 078 345 4455

OCEAN EDUCATION

Trung tam boi dudng nang luc & phat trién tu duy

Vi AB = AD vaIB = ID (vi I la diém chinh gilta cang BGD ctia (GBD) nén I A 1a trung truc
ctia BD, tu d6 Al la phan gidc cta BID. Tu dé:

__ Fib _EGD

AID = = 5 —CGD =CND = AND.

Do d6 tt gidac AIN D ndi tiép.
Miit khéc, tir OT 1a dudng kinh (BDO) ¢6 ID 1 OD nén ID latiép tuyén (ABC D). Tut d6

INM =INA

— IDA (Vi ttt gide AIN D ndi tiép)
—ACD (Vi AD la tiép tuyén (ABCD))
— ICH (vi AC la phan gidc BCD
— IGH (vi LHCG nbi tiép)
= IGM.

Suy ra tt gidc IMGN ndi tiép. Tac I € (GMN).
Tu doé PL/(GMN) =ILM-LN=LI-LG = PL/(OBD), ta c6 dpcm.
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TAm clia dudng tron ngoai tiép tam gidc GM N ndm trén dudng tron ngoai tiép tam gidc
OBD.

CAU 3. (7.0 diém)
Cho da thic hé s6 nguyén P(x) va s6 nguyén t6 p, ta n6i P(z) 1a p-tdt néu moi s6 nguyén c6 thé thu
dudgc tir 0 sau hitu han cdc phép thay sau: thay a bdi P(a), hodc thay a bsi s6 nguyén b (néu ton tai)
sao cho P(b) = a (mod p).

a) Hoi c6 bao nhiéu da thiic 3-t6t c6 bac 99 va moi hé s6 thude {1;2;...;99}?

b) Chiing minh ridng v6i moi da thiic hé s6 nguyén P(z) c6 bic 2, ton tai vo han sd nguyén t6 p

sao cho P(x) khong 12 p-tot.

Loi gidi.

a) Goi S la tap cdc sd nguyén thu dudgc tit 0.
P(z) 12 da thitc 3-t6t < S = Z.

Quy tdc sinh phan ti ctia tap S:

* (QuyticA):ue S = P(u) €S.
* (QuyticB):v € SvaP(u)=v (mod 3) = u€S.

Nhén xét 1: Néu u € S thi moi s6 nguyén x théa man z = u (mod 3) ciing thudc S.

Chitng minh: V6i P(x) € Z|[x], ta ¢6 tinh chdt c6 ban: © = u (mod 3) = P(z) = P(u)
(mod 3). Viu e S Dty P(u) € S.Laic6 P(z) = P(u) (mod 3) QB 5 XS,

Nhan xét 1 cho thiy dé S = Z, tap S chi cin chtia di 3 dai dién c6 s6 du 12 0, 1, 2 khi chia cho 3.
Nhan xét 2: C6 3* = 27 bd s6 du (P(0), P(1), P(2)) modulo 3.

Tap S (xudt phét tir 0) khong thé sinh ra toan bd Z <= tap {0, 1,2} bi phan hoach thanh céc tap
con X r0i nhau théaman: z € X <= P(z) € X.

Céc trudng hop thét bai nay bao gom:

* Phéan hoach thanh 3 tap {0}, {1}, {2}:
Vio e {0} = P(0) € {0} = P(0) =0 (mod 3).
Vile{l} = P(1)e{l} = P(1)=1
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Vi2e {2} = P(2) € {2} = P(2)=2 (mod 3).
Suy ra: P(z) =z (mod 3),Vz € {1,2,3}.
—> (06 1 trudng hop.
* Phan hoach thanh 2 tap {a} va {b, ¢} (v6i {a,b,c} = {0,1,2}):
Via € {a} = P(a) € {a} = P(a) =a (mod 3).
Vibe {b,c} = P(b) € {b,c} = P(b) =bhodc P(b) = ¢ (mod 3).
Vice {b,c} = P(c) € {b,c} = P(c)=0bhoidc P(c) =c (mod 3).
C6 3 céch chon a. Vi mdi a, 6 2% = 4 céch chon dnh cho P(b) va P(c). Trir di 1 trudng
hop P(b) = b, P(c) = ¢ (43 dm & trén). = C6 3 X (4 — 1) = 9 trudng hgp.
Suy ra s6 bo (P(0), P(1), P(2)) thanh cong (thda médn S = Z)1a: 27— 1 — 9 = 17.

Mit khic, véi z € {1,2},tac6 2> =1 (mod 3) = 2 = x va 2™ =1 (mod 3). Do dé:

P(z) = co+ (Z ck> z + Z Ck (mod 3)

k1é k chin >2

DétA=co,B=chvﬁC= Z c. Ta cé hé:

ke k chin >2
P(0)=A (mod 3)

P(1)=A+B+C (mod 3)
P2)=A+4+2B+C=A—-B+C (mod3)

Hé phuong trinh ndy xéc dinh duy nhat bd du (A, B,C') (mod 3) ttbd (P(0), P(1), P(2)). Suy ra
c6 ding 17 b0 (A, B, C') théa man.

Cudi cling, ta dém sd cach chon hé s6 ¢ € {1,2,...,99}. Tap nay c6 99 s6, chia déu mdi loai s6
du 0, 1,2 ¢6 33 s5. V6i mot bd (A, B, C) ¢b dinh:

* ¢p = A (mod 3): C6 33 cach chon.

* Tdng ctia 50 hé s6 bac 1é = B (mod 3): Chon 49 hé s6 dau tién tuy y (c6 99%° cdch). Hé

s6 cudi cling bi budc phai nhan mot sd du duy nhét dé tong bing B (c6 33 cdch chon gi tri
théa man s du d6). Nhém nay ¢6 99%9 - 33 céch.

 Tong ctia 49 hé s6 bac chin = C' (mod 3): Tuong tu, chon tiy y 48 s6 diu, s6 cudi bi ¢
dinh s du. Nhém nay c¢6 99 - 33 céch.

S6 lugng da thic tao thanh cho mot bd (A, B, C) la:

33 x (99 - 33) x (998 - 33) = 333 . 99%7

Tdng s6 da thic 3-tdt 1a: |17 - 33 - 9997 |
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b) Pit p(r) = P(r) mod p. V6i u € S (tap sinh tit 0), day 13p u, p(u), p*(u), ... ludn tudn hoan vé
mot chu trinh ¢d dinh - goi 14 chu trinh t6i han cta u; quy nap truc tiép trén hai quy tic sinh ctia dé
bai cho thdy moi phén ti¥ ctia S ¢6 ciing chu trinh téi han véi 0. Néu ton tai hai chu trinh t6i han
phan biét, cdc diém trén chu trinh thi hai khong thudc S, do d6 P khong p-tot.

Ta phat biéu va chiing minh cdc b6 dé sau:

Néu ham s6 f € Z[z] khong la ham hiing, thi ¢6 vo han sd nguyén t6 p dé phuong trinh

f(z) =0 (mod p) cé nghi€ém nguyén.

Chitng minh: Néu f(0) = 0 thi hién nhién z = 0 1a nghiém v6i moi p.

Giast f(0) = ¢y # 0 vachicé hitu han py, .. ., pr théa man, dit N = cop; - - - pg. Do cdc sd hang ¢6
bac > 1trong f(Nt) déu chia hétcho N, ta cé thé viét f(Nt) dudi dang co(1+N.M(t)) (v6i t € Z).
Thita s6 sau nguyén t6 cung nhau v6i moi p;, va ta ¢4 thé chon ¢ di 16n dé né c6 gid tri tuyét ddi 16n
hon 1. Khi d6 n6 ¢6 uéc nguyén t6 méi ¢ ¢ {p;} — mau thuin. Ta c6 diéu phai chiing minh.

Cho f € Z[z] 1a ham s6 bac 2 ¢c6 AB? — 4AC # 0. Khi d6 ¢6 v6 han s6 nguyén t6 p dé
phuong trinh f(z) =0 (mod p) c6 hai nghiém phan biét.

Chitng minh: Theo B& dé 1, ¢6 v6 han p dé f c¢6 mot nghiém zy mod p. Ta loai bd hitu han gi4 tri
p | AA. Vipt A va zo 1a nghi€ém, phép chia da thic trong F,[z] cho ta f(z) = A(z — zo)(z — 1)
(mod p) véi x; € F, nao d6; theo hé thiic Viete ta dudc zyp + 21 = —B/A (mod p)

Gia stt 7y = ¢ (mod p), khi d6 229 = —B/A = 2Az¢o+ B = 0 (mod p). Ma 4A - f(z) =
(2Az + B)? — A, thay 2 = @ ta c6 dugc A = 0 (mod p) — v li. Ta c6 diéu phai chiing minh.
Tré lai bai todn, dit Q(z) = P(z) —z =az? + (b— 1)z +c¢, A = (b—1)? — 4ac.

Tathdy Q(z) = 0 (mod p) <= P(z) = z (mod p), do d6 cc nghiém ctia Q(x) chinh 1a cdc diém
bat dong ctia ham ¢ ké trén. Xét 2 trudng hop:

¢ A # 0. Theo B6 dé 2, c6 vo han sd nguyén td p dé Q c6 2 nghiém phan biét z; # x5 sao cho
Q(z1) = Q(z2)
1-0b
e A =0.Licnay Q(z) = a(z —r)? v6ir = 5 € Q. V6ip12a,dity =z — r ta dugc
. 2 a,
©(y) = ay® + y mod p v6i diém bit dong duy nhit 1a y = 0.

=0 (mod p). Pa thitc P(x) c6 2 diém bat dong, va do d6 n6 khdng p-tdt.

Ta tinh dude ¢(p(y)) — y = ay?(a®y* + 2ay + 2). Xét H(y) = a*y* + 2ay + 2 € Z[y] ¢6

A = —4a? # 0 (via # 0), dp dung BS dé 2 cho thiy c6 vo han sd nguyén td p sao cho H ¢c6

2 nghiém phan biét y;, # y va ddu khic 0 (theo hé thic Vidte thi y,y, = 3 £0).

V6i modulo céc sd nguyén t6 p ké trén, ta c¢6 ¢(¢(y)) = vy nén p(p(p(y ) ) = ¢(y), nén
o(y

)
©(y) ciing 1a mot trong cdc nghiém {0; y;; y» } clia phuong trinh p(¢(y)) —y =0 (mod p).

Trang 9/10



Pia chi: 40 dudng s6 9, KDC Cityland, P. Go Vép
331/25 Phan Huy Ich, P. An Hoi Tay
DT: 078 345 2255 — 078 345 4455

OCEAN EDUCATION

Trung tam boi dudng nang luc & phat trién tu duy

Ma ¢(y1) # y1 (do y; khong bat dong) va (y:) # 0 (khi d6 p(p(y1)) = 0 # y1), ta bit
budc ¢6 ¢(y1) = y2, va chliing minh tuong tu ta c6 ¢(y2) = 1.

Nhu vy, ton tai chu trinh c6 do dai 2 1a {y; y»} khéc 0 va phan biét véi diém bit dong {0},
suy ra P(z) ¢6 2 chu trinh t6i han va do d6 P khong p-tdt.

Bai todn da dudc gidi quyét.
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