VE MOT SO UNG DUNG CUA
TAM THUC BAC HAI VA NGUYEN LY DIRICHLET
VAO CHUNG MINH BAT DANG THUC DAI SO

Ngay 24 thang 2 nam 2021

Tém tit nodi dung

Bét ding thiic 1a mot bai toan da khong con xa la trong cac ky thi hoc sinh giéi Toan va
cac k¥ thi Olympic Toan trong nuée ciing nhu trén thé gigi. Bai viét nay sé gidi thieu cho ban
doc vé hai phuong phéap tuy khong méi, nhung cé nhidu ng dung gitp cho chiing ta phan nao
giai quyét mot cach dé& dang cac bai toan bat ding thiic ma cac bat ding thitc thong thuong

kho c6 thé giai quyét.

1 Mot sb bat ding thic théng dung

Vi trong bai viét c6 dé cap it nhidu téi cac bat ding thitc thong dung nay, nén minh chi xin néu
ra phat biéu ctia chiing é phan dau ma khong kém theo chiing minh. Chiing minh ctia chiing, ban

doc c6 thé tim kiém trong cac sach, bao ciing nhu trén Internet.

1.1 BAat ding thiic AM-GM

Néu ai,as, ..., a, 1a cac s6 thyc khong am thi
a1+ as + ... +a, > Yajas...ap

Déng thitc xay ra khi va chi khi a1 = ag = ... = a,,.

1.2 Bét ding thic Cauchy-Schwarz
Cho 2n sb6 thuc a1, as, ..., a, va by, ba, ..., b,. Khi d6, ta co:

(a2 + a2+ ... +a2) (02 + b2+ ... +b2) > (ar1by + asby + ... + anb,)?

Déng thic xay ra khi va chi khi “u_ 92 .= a—n.
b1 by bn

Va duéi day 1a mot bién thé ctia bat ding thiic Cauchy-Schwarz:



B4t ding thic Cauchy-Schwarz dang Engel

Cho n s6 thic aq,as, ..., a, va cac s6 thic duong by, ba, ..., b,. Khi do, ta co:

L S S G Lt )
by ba by by +by+ ... + by,

ai az __ ay

ﬁ:ﬁ ...—ﬁ.

Déng thic x4y ra khi va chi khi

2 St dung dinh 1y diu ctia tam thiic bac hai dé chitng minh bat
dang thic

2.1 C0 sé 1y thuyét
2.1.1 Mot sb tinh chéit ctia tam thiic bac hai

Dinh 1y vé diu va nghiém ctia tam thic bac hai.
Xét tam thiic bac hai f(x) = az? + bx + ¢ (a # 0) véi bigt thiic A = b — 4ac.

Ta c6 cac dinh 1y vé nghiém va dau cia tam thiic bac hai nhu sau:
e Néu A < 0 thi f(x) =0 vo nghiém trén R va af(z) > 0,Vz € R.

. b .
e Néu A =0 thi f(z) = 0 c6 hai nghiém kép z; = z9 = ~5, va af(z) > 0,Vz € R. Dang thic
a
b
xay ra v6i khi va chi khi z = ——.
2a
e Néu A > 0, khi d6 f(z) = 0 ¢6 hai nghiem phan biét @1, z2 (21 < z2). Ltc nay, ta ¢ cac

truong hgp sau:

a) af(x) > 0,Vz € (—oo;x1) U (x9; +00)
b) af(z) < 0,Vz € (x1;x2)
r =1

c) af(x) =0«
r =2

Chitng minh. Dé ¥ ring, ta c6 dang thic sau:
b\*  dac—b? b\> A
af(x)za(aa:2+bx+c):a!a(:z—km) +ac4a]:a2<x+2a> e

Ta xét cac kha nang sau:

) b\* A
e Néu A <0 thiaf(z) =a® (x—i— 2) + ]Z\ > 0 nén f(z) = 0 vd nghiém trén R.
a

, b\ , b
e Néu A =0 thi af(z) = a® <:c + 2) > 0 (dang thic xay ra v6i khi va chi khi z = —2—)
a a

nén f(z) =0 c6 hai nghiém kép x; = x9 = ~%g"
a

b—\/5> <$+b+\/ﬁ)

Néu A > 0, khi d¢ =a?
e Néu A > 0, khi d6 f(x) a(x—l— g g

Ta lap bang xét dau:



b— VA b+ VA
x —00 +o00
2a 2a
b—VvA
T+ — 0 + + +
QaA
bh—+/
— — — — 0 +
2a
af(x) + 0 - 0 +

Tit bang xét dau, ta co:

a) af(x) > 0,Vz € (—oo;x1) U (x2; +00)
b) af(z) < 0,Vz € (x1;x2)
r = T

c) af(z) =0«
r = T2

Dinh ly vé dau va nghiém ctia tam thiic bac hai duge ching minh.l

Dinh 1y dio vé diu ciia tam thitc bac hai. Néu ton tai s6 thyc a sao cho af(a) < 0 thi

phuong trinh f(z) = 0 ¢6 hai nghiém phan biét 1 < a < 9.

Chitng minh. Dya vao dinh Iy vé diu clia tam thiic bac hai, ta sé chitng minh dinh 1y nay bing
phuong phap phan ching.

That vay, néu ta gid st A < 0, khi d6 ta c¢6 af(a) > 0,Va € R (trai véi gidi thiét).

Suy ra A > 0 ttic 14 phuong trinh f(2) = 0 ¢6 hai nghiém phan biét.

Gia st ¢ (z1,2), ltc ndy af(a) > 0 (trai véi gia thiét). Vay a € (z1,x2).

Chitng minh hoan tat.H

Tit day, ta c6 mot s6 két qua sau:

Heé qua 1. Néu ton tai mot s6 thuc « sao cho af(a) < 0 thi phuong trinh f(x) =0 luén cé
nghiém.

Hé qua 2. Néu ton tai hai s6 thuc o, B sao cho f(a).f(B8) <0 thi phuong trinh f(x) = 0 luon cé
nghiém. Hon nita, néu f(a).f(B8) <0 (a < B) thi phuong trinh f(x) =0 c6é hai nghiém phan biét

x1,xe (X1 < x9) théa man r1 < a < x9 < B hodc a < 21 < B < x

2.1.2 S dung dinh 1y diu ctia tam thic bac hai vao chiitng minh bat dang thiic

Ap dung cac tinh chét tren, ta c6 cac phuong phap ching minh bat ding thic sau:
Xét tam thitc bac hai f(x) = az? + bz + ¢ (a # 0) véi biet thitc A = b? — 4ac.

A <0
a>0

e Mudn chiing minh f(x) > 0,Vx € R, ta chiing minh

. A<O0
Ngugc lai, dé chitng minh f(z) < 0,Vz € R, ta chiing minh -
a<0

f(z) >0,Vzr e R

e Mubn chitng minh A < 0, ta chitng minh
f(z) <0,VzeR



e Mubn chiing minh A > 0, ta chiing minh phuong trinh f(x) = 0 ¢6 nghiém bang mot trong

ba céch sau:
a) Chi ra cac nghiém ctia phuong trinh f(xz) =0
b) Chi ra mot s6 « sao cho af(a) <0
¢) Chi ra hai s6 a, 8 sao cho f(a)f(8) <0
2.2 Mot sb bai toan
Dang 1: St dung dinh 1y diu ctia tam thiic bac hai trong chiing minh bat ding thiic
Bai toan 2.1.1 Ching minh ring vdi moi so thuc a,b ta cé bat ding thic ding sau

(a® +2)(b* +2) > 3(ab+a +b) (2.1.1)

Nhan xét. Day 1la mot bat ding thiic déi xiing theo hai bién a,b. Ta hay tim cach dua vé phuong

trinh bac hai theo a hoic b.
L&i giai. Ta viét lai bat déang thitc (2.1.1) duéi dang:
fla)=(b*+2)a®* =3(b+1)a+2b*—3b+4>0
Ta c¢6 f(a) 1a mot tam thiic bac hai véi he s6 ciia a? 1a b? +2 > 0 v& c6 biet thic:
Ag =9(b+1)% — 40 +2)(20% — 3b+4) = 9b> + 18 + 9 — 8b* + 12b° — 326% — 24b + 32

= —(8b* — 120 + 8b* + 4b% 4 8b% + 3b + 23b%) — 46b + 23 = — (b — 1)*(8b% +4b +23) <0

Do d6, theo dinh ly dau ctia tam thiic bac hai ta c6 f(a) > 0.
Bai toan dugc chitng minh. Dang thiic x4y ra khia =b= 1.1

Ta thay ngoai viec dua bat ddng thiic vé dang tam thiic bac hai, viec dé tinh A véi cac s6 mil 16n
va tim cach dua né vé mot biéu thitc dé so sanh véi 0 cling 13 mot viec can thiét. Vay dé phan
tich dudc ra cac nhan tit nhu thé, ching ta can phai dua vao "diém roi" gitp cho viéc phan tich

A dé dang hon.

Bai toan 2.1.2 Cho cdc so thuc a,b, c,d théa man diéu kién a +d = b+ c. Chitng minh rang néu

liy m sao cho |ad — be| < 2m thi ta cé bat dang thiic sau:
(x —a)(z —b)(z —c)(x—d)+m> >0,V €R (2.1.2)
Lai giai. Ta c6:
(z —a)(z —b)(x — c)(x — d) + m* = [2* — (a + d)z + ad] [2* — (b+ )z + bc]
Mit khéc, theo gid thiét thi a +d =b+c < 22 — (a + d)z = 2% — (b+ ¢)x nén ta c6
(@ —a)(x = b)(z — ) (& — d) + m* = [2* — (a+ d)z]” + (ad + be) [4? — (a + d)z] + abed + m?

4



=f (:U2 — (a+ d)x)

Ta thay f (22 — (a + d)z) 12 mot tam thic bac hai c¢6 he s cta [2? — (a + d)x]2 la1>0vaco
biet thic:
A2 (gyayz = (ad + be)? — 4(abed + m?) = (ad — be)* —4m?* <0

(Vi |ab — bc| < 2m)

Do d6, theo dinh 1y dau clia tam thitc bac hai thi f (x2 —(a+ d)iL‘) >0,Vzr e R.
Bai toan dugc ching minh.H

. 1 .
Bai toan 2.1.3(Vasile-Cirtoaje) Cho cdic so thuc a,b,c € [3; 3] . Chitng minh rang:

a b c Z
5

> 2.1.
a+b+b+c+c+a_ (2.1.3)

Nhan xét.

e Day la mot bat déng thitc ba bién nén néu dem vé dang tam thitc bac hai thi A sé chia it

nhét hai bién.

e Dua vao nhan xét day 1a bat dang thuc hoan vi, hay thit gid st @ = max {a, b, c} dé so sanh

cac bién trong A.

, L s 1
e Dang thic ctia bat dang thic nay tai (a, b, c) = (3, 3 1) va cac hoan vi.

. . 1
Loi giai. Khong mat tinh tong quat, gid st a = max{a,b,c}. Do a,b,c € [3; 3] nén

b<a< =b=090.

Wl | w

Bét dang thic (1.2) tuong duong véi:
f(c) = (3a — 2b)c? + (3b* — 2a® + ab) + ab(3a — 2b) > 0

Ta thay f(c) la tam thitc bac hai v6i hé s6 ctia ¢® 14 3a — 2b > 0 (vi @ = max {a, b, c}) va c6 biét
thic:

A. = (3b* — 242 + ab)? — 4ab(3a — 2b)* = —40a®b — 10ab® + 37ab* + 4a* + 9b?
= (a — 9b)(4a® — 4a®b + ab® — b*) = (a — 9b)(a — b)(4a®> +1*) <0
(Do 9a > 9b > a)

Do d6, theo dinh ly dau clia tam thic bac hai, ta c6 f(c) > 0.
5 1
Dang thitc xay ra khi (a, b, c) = (3, 3’ 1) va cac hoan vi.l

Tuwong tuy phuong phap ¢ Bai toan 2.1.3 hay thi sic v6i bai toan sau:

Bai toan 2.1.4 Cho cdc so thuc a,b,c € [1;4]. Chiing minh rdang:

a b c 23
>

— 2.14
a+b+b+c+c+a_15 ( )

5



Gdi y. Diém roi xay ra tai (a;b;c) = (4;1;2) va cac hoan vi.
Bai toan 2.1.5 Cho cdc so thuc duong a,b,c théa man a® + b + ¢ = 2. Chiing minh ring:
ab + be + ca < 1+ 2abe (2.1.5)

Nhan xét.
e Day 1a mot bat déng thitc dbi xitng véi "diém rai" tai (a;b;c) = (1;1;0) va cac hoan vi.

e Bit dang thitc (2.1.5) ¢6 thé viét lai thanh: 1+ 2abc — a(b+ ¢) — be > 0 va theo gid thiét, ta
c6 (b+c)? + a? = 2 + 2bc. Hay thit dit b+ ¢ = x, bc = y, tit d6 dem vé dang tam thiic bac
hai.

L&i giai. Khong mat tinh tong quat, gid sit a = max {a, b, c}.
z . 2 .z 2.
Tt gia thiét bai toan, ta c¢6: 3a®> > a®> + 0> + 2 =2=a > \/; Ta c¢6 cac bien doi tuwong duong

Sau:
a?+ (b+c)> -2
2

ab+bc+ ca <1+ 2abc < 14 2abe — (b+ ¢)a—be >0

A+ +t=2s =bc

b+ c=xz(x >0)

Vi thé, khi dat . Bai toan 2.1.5 dudc viét lai nhu sau: Cho cac s6 thie duong

be=y(y > 0)
a’+ 1z -2

5 . Chitng minh rang:

a,x,y théa man y =
2ay —xa—y <0 (2.1.5.1)

Tt gia thiét bai toan nay, ta cé thé viét bat dang thic (2.1.4.1) lai nhu sau:

2, .2
-2
(a2+x2—2)a—ax—%—l—120

2

1
@f(x):(a—i):cZ—ax+a3—%—2a+220

P p 2
Ta thay f(z) 13 mot tam thiic bac hai v6i he s6 ciia 22 14 2a — 1 > 2\/; — 1> 0 va c6 biet thitc

1 2
Am:a2—4(a—§)(a3—%—2a+2)

:—4(a4—a3—2a2+3a—1):—4(a4—a3—2a2+2a+a—1)

= 4la—-1)(a®-2a>+1) = —4(a—1)*(@®*+a—-1) <0

2 2 2
(Doaz\/;©a2+a—123+\/;—1>0)

Vay, theo dinh 1y dau ctia tam thitc bac hai, ta c6 f(x) > 0.
Bai toan dugc ching minh.

Diang thitc xay ra khi (a,b,c) = (1,1,0) va cac hoan vi.l



Tuwong tu bai toan trén, hay thi stic v6i bai toan sau.
Bai toan 2.1.6 Cho cdc so thic duong a,b,c théa man a + b+ ¢ = 3. Chiing minh rang:

a + ab + 2abc < (2.1.6)

N} N}

Gdi y. Hay thit rit cac sb a, b, ¢ theo hai s6 con lai tir gid thiét a + b+ ¢ = 3. Sau d6 dua vé dang

tam thuc bac hai.
Bai toan 2.1.7 Cho k € (—1;2) va a,b,c la cic s6 doi mot phan biet. Chiing minh rang:

[a® + 0% + % + k(ab + be + ca))

_|_

1 1 ] L 92-k) 217

(a—0b)?  (b—c)? * (c—a)? 4

Loi giai. Khong mét tinh téng quat, gid st a > b > ¢. Ap dung bat ding thic Cauchy-Schwarz

va Cauchy-Schwarz dang Engel, ta c6:

1+1+1>1+11+12
(a—b)2 (b—0¢)? (¢c—a)® (¢c—a)®> 2\a—-b b-c

11 4 9
“(c—a)? 2\a-b+b—c) (c—a)?

Bay gis ta can ching minh:

a? + b* + 2 + k(ab + be + ca) > (c —a)?

& flet+a) = (k+2)(c+a)® + 4kb(c + a) + 4b*> > 0

Ta thay f(c+ a) 1d mot tam thiic bac hai v6i he s6 ctia (a +b)? 1a k+2 > 0,Vk € (—1;2) va ¢6
biet thic:

Acrg =407 —4b%(k +2)* =42 (k* — k- 2) =4 (k+ 1)(k —2) <0
(Vi k € (—1;2) nén theo dinh 1y dau clia tam thitc bac hai thi (k + 1)(k — 2) < 0)

Do d6, theo dinh 1y dau ctia tam thitc bac hai, ta c¢6 f(c+a) > 0.
Bai toan dudc chiing minh.

Déng thiic xay ra khi b= 0,a = t,b = —t va céc hoan vi (¢ 14 mot s6 duong).H
Dic biét, véi k = 0 bat ding thiic (2.1.6) trd thanh mot bai todn quen thuodc sau:
Bai toan 2.1.8 Cho a,b,c la cic s6 doi mot phan biet. Chitng minh rang:

1 1 1 9

TEE + > = (2.1.8)

(b—c)2 (c—a)?] ~ 2
Ban doc ¢6 thé tim dugce nhiéu cach gidi khac nhau ciia bai toan nay trong cac sach béo va ca

(a® +b* + c2)

trén Internet.



Bai toan 2.1.9 Cho cdc s6 ay,as, ..., a, théa man 0 < a < ay, < b,k = 1,n. Chiing minh rang:

1 1 n?(a® + v?)

— 4+ ...+ —) < —F—= 2.1.9.1
i) (a1 +az + +an)(a1+a2+ +an)_ 57 ( )

A (a+Db)?
—_— < 2.1.9.2
W5 S e (2.192)

2 2 2
(véi A = a1+a2:m+a”,B: a1+a2;|;...+an)‘

Nhan xét. V6i gia thiét 12 0 < a < a, < b,k = 1,n, dya vao dinh Iy dau clia tam thiic bac hai, ta
sé ¢6 (ar — a)(ap —b) < 0. T nhan xét nay hay thit van dung cic phép bién déi va cac bat ding

thiic thong dung dé giai quyét bai toan.

Lai giai.

i) Theo dinh 1y dau ctia tam thitc bac hai, ta co:

1
ar, € [a;b] < aj +ab < (a+b)a, & ap +ab— < a+bk=T,n
ak

Thay k lan lugt bang 1,2, ..., n, ta dudc:

1
a1 +ab— <a+b
ay

1
as+ab— <a+b
ag

1
ap +ab— <a+d
a

n

Cong vé theo vé clia n bat ding thic tréen lai, ta c6:

1 1 1
(a1 + a2+ ... +ap) +ab(—+ —+ ...+ —) <n(a+0) (2.1.9.1.1)
aq a9 Ay,
Mat khéac, theo bat dang thic AM-GM thi:
1 1 1 1 1 1
(a14ag+...4+an)+ab(—+—+..4—) > 24 Jabla; + az + ... + ap)(— + — + ... + —) (2.1.9.1.2)
ap a2 Qn air az Qn
T (1.1.5.1.1) va (1.1.5.1.2) suy ra:
11 1 n?(a+0b)? _ n%(a®+b?)
—F — 4.+ —) < <
(a1 +az+ +an)(a1 +a2 + +an)_ 4ab - 2ab

(Theo bat dang thitc Cauchy-Schwarz, ta c6 2(a? + b?) > (a + b)?)

Bat ding thic (2.1.9.1) duge chiing minh. Déng thitc x4y ra khi a; = ag = ... = a, = a = b.
ii) T 4) ta c6: ai — (a + b)ag + ab < 0,k = 1,n. Thay k lan lugt bang 1,2,...,n, ta dugc:

a? — (a+Db)ag +ab<0

a3 — (a+Dbjag +ab<0



a2 —(a+b)ag +ab<0

Cong vé theo vé ctia n bat déng thic trén lai, ta co:
(a2 +a3+..+a)—(a+b)(ay+az+..+a,) +nab<0 (2.1.9.2.1)
Chia n & ca hai vé clia bat dang thic (2.1.9.2.1), bat dang thitc trd thanh:
A—(a+b)B+ab<0< (a+b)B>A+ab
Mait khéc, theo bat ding thitc AM-GM thi:
A+ ab > 2V Aab

Do doé, ta co:

4A A (a+0b)?
2
Bét dang thiic (2.1.9.2) duge chiing minh. Dang thitc x4y ra khi a1 =as = ... =a, = a = b.H

Bai toan 2.1.10 Cho 2n so duong ai,as, ..., a, va by, ba,...,b, théa man

b; — .
0<m< —Z < M,i=1,n. Chitng minh rang:

a;

(af +a3 +...+an) (B + b3+ .. +b3) _ (M +m)?
(a1by 4 asby + ... 4+ anbp)? - 4Mm

(2.1.10)

b; .
Loi giai. Vi0o < m < = < M,i =1, n nén theo dinh Iy dau ctia tam thic bac hai ta co:
a;

. . . 2 .
<bl—m> <bZ—M) <0& (bl) —(m+M)g+Mm§0,i=1,n

a; a; a; a;

<:>b22—|—Mma% < (m+ M)a;b;,i=1,n

Thay i lan luct bang 1,2, ..., n, ta dudc:
b2 + Mma? < (m+ M)aiby

b2 + Mma3 < (m + M)asbs

b2 + Mma? < (m + M)a,b,

Cong vé theo vé clia n bat ding thic tren lai, ta cé:
(b3 + b3+ ... +02) + Mm(ai + a3 + ... +a2) < (m+ M)(a1by + agbs + ... + anby)

= [(b] + b5+ ...+ b2) + Mm(a] + a3+ ... + ai)]2 < (m 4 M)*(a1by + agby + ... + anby)?

Mat khac, ap dung BDT AM-GM ta cé:

(02 + 03+ ..+ 02) + Mm(a? + a2 + ... + a2)]? > AMm(bB? + b3 + ... + b2)(a + a3 + ... + a2)



Do doé,

(af + a3 + ... +ap)(OF + b5+ .. +b7) _ (M +m)?
(a1by + azbs + ... + anby)? T 4Mm
Bai toan dugc ching minh.
2 a1 =a2 = ... = an = k
Dang thiic xay ra khi ! ? " (k#0).1
blzbgz...:bk:mk‘:Mk‘

Va duéi day 1a mot cach phat biéu khac clia Bai toan 2.1.10 nhu sau:

Bai toan 2.1.11 Cho 2n so6 duong a1, as, ...,a, va by, by, ...,b, théa man 0 < a<a; < A,i=1,n

% (@Jr \/Ty (2.1.11)

7Z:

va 0 < b<b; <B,i=1,n. Chitng minh rdang:

(a2 4+ a3+ ... +a2) (b3 + b2+ ... +b2)
(a1b1 + agby + ... 4 anby)?

IN

S

)

|
A
S

[y

Gai y. Dé ¥ ring, tir gia thiét bai toan, ta c6 0 < — < M.

| e

a;

’

SN

. b
Khi nay, bai toan quay tré vé Bai toan 2.1.10 v6i M = — vam = 1

Bai toan 2.1.12(VMO 1986) Cho n bat phuong trinh::

1
422 —4a;x + (a; — 1)2 <0,Va; € [2;5} i=1,n

Goi x; la nghiem bat ky cia bat phuong trinh tuong 1ing vdi tham so a;. Ching minh rang:

\/x%—i—x%—l—...—&—x%<x1+x2+...xn+1 (2.1.12)
n - n o

Loi giai. Ta co:

i —v2a; — 1  +v/2a; — 1 1
4x2—4aix+(ai—1)2§0@a22alSxSW,VaiE{Q;E)],i:l,n
Suy ra,
— V2a; — 1 + 20 — 1 1
ngigw—al,vaie =:50,i=1,n
2 2 2
Mat khac,
= V20 — 1 1
% >0 al>2a;— 1< (a; —1)>>0,Va; € {2;5] ,i = 1, n(ding)
i ++2a; —1  5++/25—-1 1
gitvaeizl 5t =4,Ya; € |=;5|,i=T,n
2 2 2
Nén

0<z;<4dea?<dax;,i=1n

(Theo dinh ly dau clia tam thiic bac hai)
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Thay 4 lan lugt bang 1,2, ..., n, ta dudc:

x% < 4z,

z3 < day

22 < 4z,

Cong vé theo vé clia n bat ding thic tren lai, ta c6:

e ai b2 <Az ot ..+ ay)

w2+l a2 i< Az + 22+ ... + )
n mn
Ma theo bat ding thitc AM-GM, thi

+4

x%+x%+...+x%+424\/x%—|—x§+...+x%
n
Do doé,

~ < +1
n n

\/l‘%+l‘%—|—...+l‘2 r1+ T2+ ... Ty

Bai toan dugc chiing minh.H

Dang 2: St dung dinh 1y ddo vé déu tam thic bac hai trong ching minh bat ding
thic
Bai toan 2.2.1 Cho sb thuc duong a va so6 ty nhién n (n > 1). Chiing minh rang:

LEVEFT, ot ot ot va (22.)

n déau can

1+ vVia+1
Nhan xét. Ta thiy %

chiing minh xem f \/a ++/a+ ...+ +v/a | c6 nhd hon 0 hay khong?

13 mot nghiém ctia phuong trinh f(t) = t? — t — a. Hay tht

n dau cin
Loi giai. Dat 1 = /a, 2 = Va + +Va,..., x, = \/a—i— Va+ ...+ Va.
n dau can
Via>0nén x; >x;_1,7 = 2,n. Tu cach dat, ta co:
2 _ 2 2
T, =0+Tp 1>, <a+xr, ST, —T,—a<0 (1.2.1.1)

Xét tam thiic bac hai: f (t) =2 —t — a(a > 0) c¢6 hai nghiem la

1—+v4a+1 < 1++V4a+1
2

t1 =

2
Mat khéc, tir (1.3.1) ta c6 f (x,) < 0. Do d6, theo dinh 1i ddo vé dau tam thiic bac hai thi
t1 < xp < to VO t1, to 1a hai nghiém cta f(t) = 0 tic la:

1++v4da+1
Tn S Ty

= 1.

Bai toan dugc ching minh.H
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Bai toan 2.2.2 Cho s6 thuc duong a; € [0;1],i = 1,n. Ching minh bat ddang thitc sau ding:

(a1 +ag+ ... +an +1)2 >4} + a3+ ... + d2) (2.2.2)

Nhan xét. Bit ding thiic nay c6 thé giai baing AM-GM v6i nhan xét a; > a?,i = 1,n. Tuy
nhién, § day minh xin trinh bay cach giai bang tam thitc bac hai.

Nhan thay (a1 + ag + ... + an + 1)? > 4(a? + a3 + ... + a2) ¢6 nét tuong dong véi didu kien c6
nghiém ctia phuong trinh az? + bz + ¢ = 0(a # 0) 14 b% > 4ac. Hay thit xem (ay +ag + ... +a, + 1)

la b, (a? + a3 + ... + a2) la a hodc c. Sau d6, hay thit tim mot s6 a sao cho f(a) < 0.

L&i giai. Xét tam thite bac hai f(z) =22 + (a1 + az + ... + ap + Dz + (a2 + a3 + ... + a2). Do

z; € [0;1],i = 1,n nén ta c6 a; > a?,i = 1,

Nén ta c6 f(—1) =1+a?+a3+...+a2 — (a1 +az + ... + a, + 1) < 0. Vay, theo dinh ly dio vé

s

dau tam thitc bac hai thi f(x) = 0 luon c6 nghiém hay:
Ay =(ay+ag+ ... +a,+1)? —4(ai+a3+...+a2) >0

s (ag+ag+ ... +a, +1)2>4(a+ a3+ ...+ ad?)

Bai toan dugc chitng minh. Dang thiic x4y ra khi c6 duy nhat mot sé trong aq, asg,..., a, bang 1

van — 1 s6 con lai bang 0.1

Bai toan 2.2.3 Ching minh rdang néu:

a b c
mis Tmai T 0m#0

Chiing minh rang bat ding thic sau ding:
b? > 4dac (2.2.3)

L&i giai. V6i ac < 0, ta thay bat dang thic (2.2.3) luon ding.
Véi ac > 0. Dat f(z) = ax® + bx + c.
Ta co:

f(0)=c

f m B m2a N mb Lo
m+1) (m+1)2 m+1

%'f <m?—1> J10) = <(m¢il|—al)2 + ml—)s— 1t nc@> ¢
- ((mn—lal)2 - mi2) T lm+ 1_);((;71—1-2) <0
Do d6, f (m> f(0) < 0.

m+1
Suy ra, theo dinh 1y ddo vé dau ctia tam thitc bac hai, ta c6 f(x) = 0 luon c6 nghiem hay

b2 > 4ac.l

Khi do,

Sau day minh xin trinh bay mot 16i gidi khac ctia bai toan nay, nhu sau:
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Lai giai khac. Ta thiy vé6i ac = 0 thi bat dang thitc (2.2.3) luon ding.
Véi ac # 0. Dat f(z) = az?® + bx + c.

Tuwong ty véi 10i gidi trén, ta ciing tinh £(0), f (wﬁl) va f(1)

Khi dé,

mf(1) + (m+1)%.f (m?—l) = ma + mb -+ me+ m2a+m(m + )b+ (m + 1)%¢

=m(m+ Da+m(m+2)b+mec+ (m+1)%c=—(m+2)(m+ e+ mc+ (m+1)%c = —c

= ). m)+ 12 (0 )] = - <o

Do d6, tén tai it nhit mot trong hai s6 £(0).f(1) va f(0).f <711> nhé hon 0.
m
Suy ra, theo dinh 1y ddo vé dau clia tam thitc bac hai, ta ¢6 f(x) = 0 luon c6 nghiém hay

b2 > 4ac.l

Nhan xét. Véi cach gidi nay va nhan xét (0;1) € [0;1] va (o; TL) € [0;1] theo Hé qua 2.
m
ctia dinh Iy d4o vé dau ciia tam thiic bac hai, ta ciing c6 thé chi ra duge f(z) luon c6 nghiem

thuoc [0;1].
Bai toan 2.2.4 Cho cdc so thuc a,b, c,d,p,q théa man:
P+ - - - —-d®>0

Chatng minh rdang:
(p? — a® —b*)(¢* — & — d°) < (pq — ac — bd)? (2.2.4)

Lai gidi. Tit gid thiét, ta co:
(p*—a* =)+ (¢* - —d*) >0

Suy ra, ton tai it nhat mot trong hai s6 (p? — a® — b?) va (¢*> — ¢ — d?) duong.
Khong mét tinh téng quat, gia sip?> —a®> = 0> >0=p> >a? +02>0=p#0.
Xét tam thic bac hai

F(t) = (0 — a® — b})2 — 2(pg — ac — bd)t + (¢ — * — d?)

= (pt — q)* = (at — ¢)* — (bt — d)”

()= () () =
S (- <g) <0

Do do6, theo dinh ly ddo vé dau ciia tam thiic bac hai ta ¢6 f(t) = 0 luon c6 nghiem, tic la:

Ta co:

A} = (pg—ac—bd)* = (p* —a® =) (¢* = —d*) > 0
Bai toan dugc ching minh.H
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Bai toan 2.2.5 Cho cdc so thuc a,b, c théa man:
A+ 4+=2
ab+bc+ca=1

Chatng minh rang:

—4 4
— < a< =
Sy
3 <b< - (2.2.5)
O 1
<< =
3 - 73
~ - Z 2 P —4 4 16 2 . £ s P ~ .
Nhan xét. Bat dang thic 3 <z< 3 hay 9~ z® > 0 gdi cho ta dén A ctia tam thic bac hai

4 2 L
fit)=t>+ -t + % Béang dinh 1y ddo vé dau clia tam thiic bac hai hay thi chi ra @ € R sao cho

3
fla) <0.
Loi giai. T gid thiét:
A +b2+c2=2
ab+bc+ca=1
Ta co:

(a+b+c)? =a*+b* +c*+2(ab+be+ ca) = 4

a+b+c=-2
a+b+c=2
Xét cac tam thic bac hai sau: ,
4 a
fl(a:):xz%—ga:—kz
4 b2
_ .2 = e
fo(z) == —|—3x—|—4
4 c?
_ .2 = i
f3(x) == +3T+
Véia+b+c= -2, ta co:
212+ 4 b 2 4.2 1
fa)+ o)+ fo() =a? 402 2 CEEAC L AOHIEOD _p 2 A2 1

Do d6, luon ton tai it nhat mot trong ba s6 fi(a), fo(b), f3(c) nhé hon hodc bang 0. Gia sit
f1 (a) S 0.
Suy ra f1(z) = 0 luon c¢6 nghiém theo dinh ly déo vé dau ciia tam thiic bac hai hay
A=28  2sohay 2<a<d
=— - ay — —.
I e
Tuong t,
Véia+b+c=2, ta co:
1
fil=a) + fo(=0) + fs(=¢) = = <0
Do d6, luon ton tai it nhat mot trong ba sé fi(—a), fa(—b), f3(—c) nhé hon hodc bang 0. Gia st
fl(—a) § 0.
Suy ra fi(z) = 0 luon c6 nghiém theo dinh 1y ddo vé dau clia tam thiic bac hai hay
1 — 4
Alzj—GQZOhay?Sagg.
Bai toan dugc ching minh.H
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Bai toan 2.2.6 Cho cdc so thuc a,b,c. Ching minh rang néu ton tai so thuc m sao cho

lam? + ¢| < |bm| thi ta cé bat dang thic ding sau:
b’ > dac (2.2.6)

Lai giai. Vi ac = 0 bat ding thiic (2.2.6) luon ding.
V6i ac # 0, ta c6:

lam? + ¢| < |bm| < (am? — bm + ¢)(am® 4+ bm +¢) <0

Xét tam thitc bac hai: f(z) = ax?® + bx + c.

Khi do, ta c¢6: f(m)f(—m) <0.

Do dé, theo dinh ly d4o vé dau ctia tam thiic bac hai, ta c¢6 f(x) = 0 luon c6 nghiem hay b > 4ac.
Bai toan dugc ching minh.H

3 St dung nguyén ly Dirichlet dé ching minh bat dang thiic

3.1 Nguyén ly Dirichlet va ttng dung trong chitng minh bat dang thic
3.1.1 Cod sd ly thuyét

Nguyén ly Dirichlet, duge phat biéu dau tien bdi nha toan hoc Phap P. L. Dirichlet (1805 — 1859)

nhu sau:

"Néu nhoét n + 1 chiit thdé vio n cai chuong thi bao gis ciing ¢6 2 con thé bi nhét vao

cting mot chuodng"

Dua vao nguyén ly Dirichlet, ta c6 nhan xét sau:

Chobasbz=a—k,y=b—k, 2=c—k (vi a, b, c 1a ba bién s6 va k la s6 thuc bat ky), ta luon
tim dugc trong ba s6 x, y, z cing 16n hon hodc bang 0 hay nhé hon hoac bang 0.

Khong méat tinh téng quét gia st hai s6 d6 1a x va y.

Lic do, ta c6: xzy > 0 hay (a —k)(b—k) >0

Hon nita, v6i n(n > 3) s6 2; = a; — k,i = 1,n luon ton tai hai s6 x;, 2;(i # j vd i, € [1;n]) sao

cho z;.z; > 0.

Vay, dé hiéu r6 hon vé tng dung trén ctia nguyeén ly Dirichlet trong chitng minh cac bai todn bat

déng thitc, ching ta xét cac vi du sau.

3.1.2 Mot sb bai toan

Bai toan 3.1.1 Cho cdc so thuc a,b,c. Chitng minh rang:

a? + b% + 2 + a*b*c® + 2 > 2(ab + be + ca) (3.1.1)
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Phan tich. Nhan thay day la mot bat déng thic déi xting. Ding thic xay ra khi
a®? = b> = ¢ = 1 Theo nguyeén Iy Dirichlet thi hai trong ba s6 a® — 1, b> — 1, ¢ — 1 ¢6 it nhét hai
s6 cling 16n hon hodc bing hay nhé hon hodc bing 1. Mit khéc do tinh déi xtng nén cé thé gia sit

hai s6 d6 1a (a? — 1), (b — 1). Liic nay, ta cé:
(@@= -1) >0 a®?>ad®>+b* -1 (3.1.1.1)

Ta da thay chit nét tuwong dong gitta hai bat dang thic (3.1.1.1) va (3.1.1).

Dén day, ban doc chic ciing da nam chit it vé 16i tu duy ctia phuong phap nay.

L3i giai. Theo nguyeén 1y Dirichlet thi hai trong ba s6 a® — 1, b®> — 1, ¢® — 1 ¢6 it nhat hai s6 cling
16n hon hodc bing hay nhé hon hodc bang 1 nén c6 thé gia st hai 6 d6 1a (a? — 1), (b — 1).

Lic nay, ta co:
(a,2 — 1)(b2 -1)>0& a’t? > a? + b2 — 1= a®b’2 > a?P +b?? — &2
Suy ra,
A2+ 4+ 4+ a2 +2>d?P+ 02 +a® + 02 +2
Bay gio can chitng minh
a?? + 022 +a® + b2 +2 > 2(ab+ be + ca)
& (ac—1)2+ (be—1)*+ (a—b)2 >0

Day la mot bat ding thic ding.
Bai toan dugc chiing minh. Déng thiic xay ra khi va chi khi

(a2 -1 -1)=0
a=1b & |

ac=bc=1

Tit day, ta rat ra phuong phép van dung nguyén ly Dirichlet trong chiing minh bat ding thiic

nhu sau:

e Xét bat dang thiic déi xting c6 dang fi(a,b,c) > fa(a, b, c) véi dang thiic xay ra khi c6 it
nhat hai s6 bang nhau va bang k (k 13 mot hang s6). Theo gid dinh nay, ta sé tim cach lien
he bat dang thitc fi(a,b,c) > fo(a, b, c) v6i mot bat dang thiic ding c6 chita cac s6 a — k,
b—k c— k.

e Dura vio nguyén Iy Dirichlet ta nhan thiy rang trong ba sé a — k, b — k, ¢ — k ludn c6 hai sb6

cting 16n hon hodc bang 0 hay cting nhd hon hodc bang 0, titc 14 tich clia hai sé nay khong

al.

e Miit khac, do tinh déi xtng, ta hoan toan c6 thé gia st tich ctia hai s6 bat ky trong ba s

khong am. Tt nhan dinh d6, ta c6 thé suy ra dugc bat diing thic can chitng minh.
Bay gio hay thi stc véi cac bai toan sau.
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Bai toan 3.1.2 Cho cdc so thic duong a,b,c. Chitng minh rdang:
a? + b* + ¢ + 2abe + 1 > 2(ab + be + ca) (3.1.2)

Gdi y. Dang thiic xay ra khi a = b = ¢ = 1. Hay thit st dung nguyen 1y Dirichlet cho ba s
a—1,b—1,¢c— 1.

Bai toan 3.1.3 Cho cdc so thuc duong a, b, c. Chiing minh ring:
>+ 0+ +2abc+3> (a+1)(b+1)(c+1) (3.1.3)
Gdi y. Stt dung bat dang thic (3.1.2)

Ta thay viéc sit dung nguyen 1y Dirichlet trong chiing minh bat dang thiic dat hieu qua kha cao.
Dic biet, déi véi cac bat ding thic khong dong bac khi ma viéc sit dung céc bat dang thiic thong
dung khong may hiéu qua thi viec van dung hgp 1y nguyeén 1y Dirichlet cling v6i mot s6 bién ddi
va cac bat ding thiic thong dung gitp cho ta giadi quyét kha "gon gang" bai toan. Sau day, bing
phuong phap nay hay ciing dén véi cac bai toan trong céc ki thi hoc sinh giéi va Olympic trong

nude ciing nhu trén thé gidi.
Bai toan 3.1.4(APMO 2004) Cho cdc s6 thuc duong a,b,c. Chiing minh rang:
(a® +2)(b? + 2)(c* +2) > 9(ab + be + ca) (3.1.4)
L&i giai. Ta c6 bat ding thiic can chitng minh tuong duong véi:
2a%0% 4 2b%¢? + 2¢%a® + 4a® + 4b* + 4 + 8 4 a?b e > 9(ab + be + ca)

Dua vao bat ding thic
a? + 0% + 4 a*b*c* 4+ 2 > 2(ab + be + ca) (3.1.1)

Bay gio ta can chitng minh:
2a%b% + 20%c? + 2c%a® 4 3a® + 3b? + 3¢2 + 6 > 7(ab + be + ca) (3.1.4.1)
Thyc ra bat dang thitc (3.1.4.1) dudc suy ra tit hai két qua quen thuoc sau:
a4+ b+ >ab+be+ ca

a?b* + b*c? + c*a® + 3 > 2(ab + be + ca)

Bai toan dugc ching minh. Déang thitc xdy rakhia =b=c= 1.1

Ta ciing c6 mot két qua manh hon ciia Bai toan 3.1.4 nhu sau.

Bai toan 3.1.5 Cho cdc s6 thuc duong a,b,c. Chitng minh ring:

(a® +2)(0* +2) (> +2) > 3(a+ b+ c)? (3.1.5)
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Bai toan 3.1.6(Ninh Thuan, 2014) Cho cdc s6 thuc duong x,y,z. Chitng minh ring:
ryz+a? + P+ 245> 3@ +y+2) (3.1.6)

Lai giai. Ta thay trong ba s6 thuc duong x;y; 2 luén ton tai hai sé6 cing nhé hon hay bing 1
hoac 16n hon hay bang 1. Gia st d6 1a x va y. Khi d6 ta c6:

(z—1Dy—-1)>0cay>r+y—1=zyz>z20+yz—=2

Do doé,
xyz+:v2+y2+z2+5 22x+yz—z+x2+y2—|—22—|—5
Nén bay gio ta chi can chiing minh
cxtyz— 2+t 4y + 225> 3@ Fy+2)
1 1 1
& i(x +2-2)2%+ §(y+ z2—2)2+ 5(1"2 +9?) —(x+y)+1>0 (3.1.6.1)
Mat khéac, theo bat dang thiic Cauchy-Schwarz va AM-GM

(z+y)P+1>a+y

=

1
5(9024'92) +12>

Nén (3.1.6.1) ding.
Bai toan dugc chitng minh.

Déng thitc xay ra khi vichikhiz =y =2 = 1.1

Tit bai todn nay ta co thé suy ra duge bat ding thitc sau:

Bai toan 3.1.7 Cho cic s6 thuc duong x,y, 2z va hing s6 k (k> 0). Ta cé bat ddang thic sau:
zyz+ (k+ D@2+ 12 +22) +5+3k> (3+2k)(z+y+ 2) (3.1.7)

Thie ra bat dang thitc nay dude xay dung tit bat déng thitc (3.1.6) va cAc bat dang thic sau:
2?2 4+1>2c, 92 +1>2y, 22 +1> 22

Dic biét, trong dé thi Hello IMO, 2007, hing s6 k = 1. Bai toan nhu sau:
Bai toan 3.1.8(Hello IMO, 2007) Cho cdc so thuc duong x,y, z va hing s6 k (k > 0). Ching
minh rang:

zyz+ 222+ 12+ 22) +8>5(x +y + 2) (3.1.8)

Bai toan 3.1.9(USA 2001) Cho cdc s6 thuc duong a, b, ¢ théa man a® + b* + ¢® + abc = 4. Chiing
minh rang:

ab + bc + ca — abe < 2 (3.1.9)

Lai giai. Dya vao nguyén ly Dirichlet, ta thay trong ba s6 a — 1, b— 1, ¢ — 1 ludn ton tai hai s6

c6 tich khong am. Gia stt hai s6 nay 1a @ — 1, b — 1. Khi d6 ta c6:
(a—1)(b—-1)>0=ab>a+b—1= abc>ac+bc—c
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Do doé,
ab+bc+ ca —abe < ab+c (3.1.9.1)

Mat khéac, tit ding thiic bai cho. Két hop st dung BDT AM-GM, ta c6:
d=a’+ 0+ +abc>2ab+c? +abc=4—c*>ab2+c¢)=2—c>ab<=2>ab+c (3.1.9.2)

T (3.1.9.1) va (3.1.9.2) ta c6 diéu phai chitng minh. Dang thiic xay ra khi

(a—1)b—-1)=1 a=1
a="b Scb=1 1
ab+c=2 c=

Bai toan 3.1.10(UK TST 2005) Cho cdc s6 thic duong a, b, ¢ sao cho abc = 1. Chitng minh

ring:

a+3 b+ 3 c+3
> 1.1
ar 2 T or e T ere = (3.1.10)

Loi giai. Trudce tien ta ching minh hai bé dé sau.
Bo6 dé 1.

1 1 1 1
>1
@112 x0T er1? Tavbrer1lc

(3.1.10.1)

Chitng minh. Dya vao nguyén 1y Dirichlet, ta thay trong ba s6 a — 1,b — 1,¢ — 1 ludn c6 hai sb6
¢6 tich khong am. Gia st ding la a — 1, b — 1. Khi dé6 ta co:

1
(a—1)b-1)>0=ab+1>a+b=ab+abc>a+b= et >a+b
c
Do d6, theo bat ding thitc AM-GM thi:
1 1 2 2 1 c

> = > =
@+12  0+12° @40+ db+ltatb-ab+l1 c+l

Suy ra,
1 N 1 N 1 N 1 S ¢ 1 N 1
(a+1)2  (b+1)2 (c+1)? a+b+c+1 " c+1 (c+1)? c+1—|—c—|—1
C
Ma,
c_ . 1 N 1 _c(c+1) 1 +_C
e+l (e+1)? ctl 0 (c+1)? (c+1)? (c+1)?
C

Nén B6 dé 1 duge chitng minh.
Diang thitc xdy rakhia=b=c= 1.

B6 dé 2.
1 1 1 2

> 1
a—i—1+b+1+c—i-1_a+b+c—i-1+

(3.1.10.2)
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Chitng minh. Ta c6 bat dang thic

(2182) © (a+Db+D+ e+ D+ )+ (b+Det1) 2 o
(a+1)(b+1)(c+1) a+b+c+1
ab+bc+ca+2a+b+c)+3 2
> +1
abct+a+b+c+ab+bc+ca+1  a+b+c+1
ab+bc+ca+a+b+c+2+a+b+c+1 2
= > +1
a+b+c+ab+bc+ca+2 a+b+c+1
a+b+c+1 S 2

=
at+b+ec+ab+bc+ca+2 " a+b+c+1
S(a+b+c+1)2>2a+b+c+ab+be+ ca+ 2)

s a+b2+(c+1)2+2a+b)(c+1)>2a+b+c+ab+bc+ca+?2)
sal+b*+c>3
Day 1a mot bat dang thiic ding theo AM-GM véi abe = 1.
Vay B6 dé 2 duoc chitng minh.
Déng thitc xdy rakhia =b=c= 1.
Ap dung vao bai toan. Tit hai b dé trén, suy ra:

1 1 1 2 2 2 2 2

> 142
atr1 b+l Teri Tarr T s T er 2 tatbreri Tagrbgrert 0T

N a+3 n b+ 3 n c+3 S 3
(a+1)2  (b+1)? (c+1)2 ™~

Bai toan dugc ching minh.

Déng thitc xdy rakhia=b=c= 1.0

Sau day, bang phuong phéap st dung dinh 1y dau ciia tam thiic bac hai va nguyén ly Dirichlet, hay
thit stic v6i mé rong ctia Bai toan 3.1.6(Ninh Thuan, 2014) nhu sau:

Bai toan 3.1.11(Nguyén Van Huyeén) Cho cdc s6 thuc duong a,b,c. Ching minh rang vdi moi s6
1 (L sz y .
thuc k > —, bat dang thic sau luon ding:

V2
k(a® + 0% 4 c*) +abe + 3k +2 > (2k + 1)(a+ b+ ¢) (3.1.11)

Lai giai. Dya vao nguyén ly Dirichlet, ta thay trong ba s6 a — 1, b— 1, ¢ — 1 ludn ton tai hai s6

c6 tich khong am. Gia st hai s6 nay 1a a — 1, b — 1. Khi d6 ta co:
(a—1)b—-1)>0<ab>a+b—-1

Mat khac, theo bat déng thic Cauchy-Schwarz thi

(a +b)?

a?+ v >

Do doé,
(a +b)?
2

k(a2+b2+02)+abc+3k+22k[ +c2]+(a+b—1)c+3k+2
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Bay gio ta can chitng minh

2
k[(a;b) +c2}+(a+b—1)c+3k+2—(2k+1)(a+b+0)20
b b\’ b
@f<‘“2r >_2k<“; > +2(c—2k—1).%+c2k—2ck—2c+2+3k20

) b , b\? 1
Ta thay f ath 14 mot tam thic bac hai ¢6 hé so cua ath la 2k > 0,Vk > — va c6 biét
2 2 V2

thic
Aass = (¢ — 2k — 1)? = 2k(c*k — 2ck — 2¢ + 2 + 3k)
2

=2+ 4k +1 — dck + 4k — 2¢ — 2¢%k? + Ack® + Ack — 4k — 6k
= —(2K** — ? —4k* + 2+ 2k —1) = —(c - 1)*(2k* - 1) <0
1
(Vi 2k2 > 2.5 = 1)

Vi thé, theo dinh 1§ dau clia tam thiic bac hai, ta c6 f(t) > 0.
Bai todn dugc ching minh.
Déng thitc xdy rakhia=b=c= 1.0

Bai toan 3.1.12(mathlinks.ro) Cho cdc s6 thuc duong a,b,c théa man a® + b* + ¢ > 3. Ching
minh rang:

(a® + b + abe)(b* + 2 + abe)(c? + a® + abe) > 3abe(a + b + ¢)? (3.1.12)

Nhan xét. Bai toan nay c6 "diém roi" tai @ = b = ¢ = 1 nhung chiing ta khong thé sit dung
nguyeén 1y Dirichlet cho ba s6 a¥ — 1,0* — 1,¢¥ — 1(k # 0) mot cach don thuan duge. Hay dén véi

l6i giai sau.

Loi giai.
Dua vao nguyen ly Dirichlet, ta thiy trong ba s6 a® — abe, b* — abe, ¢ — abe luon ton tai hai s6 c6

tich khong am. Gia st hai s6 nay 1a a? — abe, b> — abe. Khi d6 ta co:
(a® — abe)(b? — abe) > 0 & a?b® + a?b*c? > a3be + ab’c
& a?b? + 2a® + adbe + ab3c + 2abe® + ¢t + 2P + a®b2? > Pa® + b2 + ¢t + 2a3be + 2ab3 ¢ + 2abe?
& (A +a? + abe)(b? + 2 + abe) > (a? + b2 + ) (2 + 2abc)

Mait khéc, theo bat ding thitc Cauchy-Schwarz thi
(¢® 4 abc + abe)(abe + a® + b%) > abe(a + b+ ¢)?
Va tit gia thiét ta c6 a® + b2 + ¢ > 3. Do do,
(a® + b + abe)(b* + 2 + abe)(c? + a® + abe) > 3abe(a + b + ¢)?

Bai toan dugc chiing minh.
Déng thitc xdy rakhia=b=c= 1.0
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Bai toan 3.1.13 Cho cdc so thuc duong a,b,c. Ddt

1 1 1
r=a+—-,y=b+—,z=c+—
b c a

Chitng minh ta ¢6 bat ding thic ding sau:

-1y-D+wy—-1E-1)+(x—-1)(x—-1) >3 (3.1.13)

Ggi y. Bat ding thitc xdy rataia=b=c=1ticlar =y =z = 2.
Ta c6 bat déng thic (3.1.13) tuong duong véi zy + yz + zx > 2(x +y + 2).
Hay thit ap dung nguyén ly Dirichlet cho ba s6 = — 2,y — 2,z — 2 sau d6 sit dung mot s6 bién ddi

va cac bat ding thitc thong dung dé hoan thieén bai toan.
Bai toan 3.1.14(Vo6 Quéc Ba Can) Chitng minh rdang vdi moi sé thuc a,b, c, ta co:
(a®>4+3)(D* +3)(?+3) > 4(a+b+c+1)? (3.1.14)

Ggi y. Déng thiic cia bat ding thic xdy rakhia=b=c=1suyraa’— 1= —-1=c>-1=0.
Dé y ring ta c6 ding thic ding sau:

(@ +3)(y* +3) = (¢ = D(y* — 1) + 4(a? + y* +2)
Hay thit stt dung nguyeén Iy Dirichlet cho ba s6 a? — 1,b% — 1,¢? — 1, sau d6 stt dung dang thic
trén roi hoan thién bai toan.

Bai toan 3.1.15(Viet Nam TST 2005) Cho z,y,z > 0. Chitng minh ring:

z \° Y 3 z 3
Tty y+z z+x 8

Gdi y. Data:g, b:E, c:zsuyraa,b,c>0, abc =1
x Y z
Déng thitc ciia bat déng thic xdy rakhi z =y =zhaya=b=c = 1.

Bat ding thic (3.1.15) tuong duong véi:

1 \? 1\? 1 \?
_ >
() +(335) () 2

Bang nguyen ly Dirichlet, ta c6 thé gia si:

ol w

(@—1)(b—1) >0 2ab+1) > (a+1)(b+1)

Mat khéac, theo bat dang thitc AM-GM thi:

1? LY L1 S R
(1+a) +<1+b) +§—2(a+1)(b+1)—4(ab+1)_4(c+1)

Cong viéc con lai khong may khé khian, minh xin danh cho ban doc.

Sau day, minh xin trinh bay mot ting dung nita clia viéc sit dung nguyeén ly Dirichlet dé chiing
minh bat déng thitc nhung nhitng bat ding thitc nay dude cho thém céc diéu kién ciia tong céc

bién nén ciing phan nao "chit" hon.
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3.2 St dung nguyén ly Dirichlet két hop diéu kién ciia tong cac bién
3.2.1 Co s ly thuyét

Tuong tir § phan trude, dia vao nguyén 1y Dirichlet ta luon tim dude trong ba s6
a—k,b—k,c—k (kla hing s6) hai s6 cung 16n hon ho#c bang 0 hay nhé hon hoiic bang 0. Gia sit
hai s6 d6 1a a — k va b — k. Khi do,

(a—k)(b—Fk)>0<=2a—-k)(b—k) +k +(@+b—k)?>k +(a+b—k)?

Sk 4+a+b—k2? > +(a+b—k)?—=2a—-k)(b—k) =a® +b?

Nhu thé, néu mot bat dang thitc cho diéu kién a + b+ ¢ = S va ding thiic xay ra khi c6 it nhat

hai bién bang nhau va bang k thi bing nhan xét & trén, ta sé co:
AP < (bte—k)P2=k+(S—c—k)?

Bang danh gia nay, bai toan clia ta sé dude quy vé mot bién va cong viéc con lai sé khong con

méay kho khan nita.
V6i phuong phap nay, hay cting xét cac bai toan sau.

3.2.2 Mot sb bai toan

Bai toan 3.2.1 Cho cdc s6 thuc a,b,c théa man a + b+ ¢ = 1. Ching minh ring:

a b c 9
< — 3.2.1
P S N R R R T) (382.1)
A < 2 o 2 . 1
Nhan xét. Dang thic xdy rataia =b=c= 3

s . 1 1
Do d6, bang nguyén ly Dirichlet, ta c¢6 the gia si (a — 3) <b — > > 0 suy ra dudc

3
1 2 2
2 2<7 =
a?+b _9+<3 c>.

Viéc con lai ctia ta la lam xuat hién a? + b% bang cach them bét va sit dung bat dang thic

Cauchy-Schwarz mot cach hgp ly.

L&i giai. Ta c6 bat dang thic (3.2.1) tuong duong véi:

2a n 2b n 2c <18
a?2+1 b2+1 241710

a b c
ettt e
(@a—1)?  (b-1)?  (c—1)?
a?+1 b +1 c2+1
Theo nguyeén 1y Dirichlet, ta c6 thé gia si:

<1

>

ol O

6
5
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Mat khac, theo bat dang thitc Cauchy-Schwarz thi:
(a—1)2  (b—1)2 - (a+b—2)? - (1+¢)? 91 +¢)?

a? +1 +1 T a2 +02+2 7 2 27 23 —12¢ + 9¢?
9 3
Bay gio, ta can chitng minh:
o1+ (=16

23 — 12¢ + 9¢2 c2+1 5
9(1 +c)? S 1+ 10c + ¢?
23 —12¢+9¢2 = 5(1+ ¢?)
& 11 — 64¢ + 89¢? + 6¢% + 18¢* > 0

& (3c—1)%(2¢% +2¢+11) >0

Day 1a mot bat ding thic luon ding véi Ve € R.
Bai toan dugc chiing minh.

Déng thitc xdy rakhia =b=c= 1.1

Bai toan 3.2.2 Cho cdc so thic a,b,c théa man a + b+ ¢ = 3. Chiing minh ring:

1 1 1 1
< Z
5a2—4a+11+5b2—4b+11+562—4c+11 — 4

Lai giai. Ta c6 bat déng thiic (3.2.2) tuong duong véi:
51 51 51 ol
+ + <=
25a% — 20a + 55 2502 —20b+ 55  25¢2 — 20c + 55 — 20
51 ol ol ol

&1 - 1-—
25a2 — 20a + 55 + 25b2 — 20b + 55 +

(5a — 2)? (5b — 2)? o 83 +4ddc— 55¢2
25a2 —20a + 55 25b% — 20b + 55 ~ 100c¢2 — 80c¢ + 220
Theo nguyén Iy Dirichlet, ta c6 thé gia si:

(a—1)b-1)>20=a®>+0* <1+ (2-¢)?

Mat khac, theo bat déng thic Cauchy-Schwarz thi:

(5a — 2)? (5b — 2)2 - (5a + 5b — 4)?
25a2 — 20a + 55 = 2562 — 20b+ 55 ~ 25(a? + b2) — 20(a + b) + 110
(11 — 5¢)? (11 -5¢)?

> =
T 254+25(2—¢)* +50+20c  25¢% — 80c+ 175
Bay gio, ta can chiing minh:

(11 — 5¢)? . 83+ 4dc— 55¢2
25¢2 — 80c + 175 ~ 100c? — 80c + 220

(¢ — 1)2(775¢% — 2150c + 2419) -0
(5¢2 — 16¢ + 35)(bc? — 4c+ 11) —

Day 1a mot bat dang thiic luon ding véi Ve € R.

Bai toan dugc chiing minh.

Déng thitc xdy rakhia =b=c= 1.
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Bai toan 3.2.3 Ching minh ring vdi moi s6 thuc duong a,b,c, ta cé bat ding thic ding sau:

(b+c—a)?  (c+a—-0b?* (a+b—rc)? .3 (3.2.3)
a2+ (b+c)? V+(c+a)? A+(a+b)? "5 -
Lai giai. Do bat déng thic (3.2.3) thuan nhéit nén ta c6 thé chuan héa a +b+c = 1.
Khi d6, bat dang thic (3.2.3) trd thanh:
(1 —2a)? (1 — 2b)? (1 —2¢)? 23
202 —2a+1 202 —-2b+1 2¢2—2c+1 "5
Theo nguyén 1y Dirichlet, ta c6 thé gia si:
1 1 1 (2 2
— (b= )>0=a® 4+ <+ (= -
(e3) (-3) 20w wter =g (o)
Mat khac, theo bat dang thitc Cauchy-Schwarz thi:
(1 —2a)? (1 —2b)? - (2 — 2a — 2b) - 4c? B 18¢?
202 —2a+1  202—-2b+1 " 2(a®+b%)—2(a+b)+2 ~ 2 2 2  9¢2—3c+5
9 +2 37 c| +2c

Bay gio, ta can chitng minh:

18¢2 N (1 —2¢)? 3
9¢2 —3¢c+5 2c2—2c+1 "5
0

& (3a —1)*(17a* — 8a + 5) >

Day 1a mot bat ding thic luon ding véi Ve € R.
Déng thitc xay ra khi a = b = c.
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