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LS1 NOI AU

mm Vi SAO BAT PANG THU'C KHO

Bat ddng thuc 1a mot trong nhirng ndi dung
kho nhat ctia chuong trinh boi dudng hoc sinh
gioi. Kho khong phai vi thiéu cong cu: bat ddng
thitc AM-GM, bat dang thuc Cauchy—Schwarz
hay bat déng thitc Schur déu c6 thé phat biéu
gon trong vai dong. Kho la vi ciing mot bai toan
chap nhan rat nhiéu dudng di, ma phan 16n céc
duong ay dan t6i ngd cut sau vai bude bién doi.

Kinh nghiém gidng day cho thay phan 16n céc
ngd cut dy ¢6 chung mot nguyén nhan: nguoi
giai st dung mot danh gid trung gian lam mat
dau dang thuc. Khi mét danh gia trung gian
dat ddu dang thuc tai nhitng bo gia tri khéc véi
b0 gid tri lam cho bat dang thtc ban dau trd
thanh déng thuc, chudi déanh gia sé cho mot két
qua yéu hon diéu can chung minh, va moi c6
gang tiép tuc theo chubi dy déu khong dan t6i
két luan.

Khi bai todn ¢6 kha ning dat didu dang thirc, viéc du doan
truéc diem roi — b gia tri ctia cac bién 1am cho diu dang

thirc xay ra — nén 1a mét trong nhirng budc dau tién,

trudc khi chon cong cu danh gia.

Can néi thém réng diém roi 1a thuat ngit su pham quen diing trong tai liéu tiéng Viét va dugc
gitt lai trong sdch nay; né tuong ing véi khai niém truong hop dau dang thuc (equality case)
ctia tai lieu qudc té, chit khong phai mot thuat ngit da dugc chudn hoa.

Hai Ivu y kém theo

\_

Nguyén tic trén can dugc hiéu kem hai luu y.

e Thi? nhat. Mot bai todn c6 thé c6 nhidu diém roi: do tinh thuan nhét, cic diém roi thuong
lap thanh ca mot ho ti 1¢; cling ¢6 bai ma dau dang thirc xay ra tai nhiéu bd gia tri roi nhau.
Vi vay, d6i tugng can xac dinh néi cho du la tip diém roi (con goi 1a ho ddu ding thiic) cta
bai todn, va trong sach, cum tir diém roi dugc hiéu theo nghia ay.

e Thi? hai. C6 nhiing bai todn khong c6 diém roi nao: véi bat ddng thic nghiém, hodc véi
bai todn ma can can tim khong dat dugc, thay cho viéc tim diém roi ta phai khao sat dang
diéu ctia biéu thiic trén bién mién xdc dinh cling cac gi6i han ctia né.

J

mm PHAN TicCH TRUGC, LSI GIAI SAU

Toan bd cuén sach nay dugc t6 chitc quanh nguyeén tic ay. Trong mdi vi du, phan Phén tich luon di
tru6c phan Loi giai: § d6 ching t6i du doén diém roi, 1ap so dd diém roi khi can, va chi ra vi sao mot
dénh gid cu thé dugc chon. Chi sau khi duong di da rd, phan tinh todn méi dugce trinh bay day du.

/\/\/
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BEEm CHUONG 1

Dai cwong va ky thuét bién
doi twong duong

Tir dinh nghia hiéu khong am dén cdc hing bat ding thitc nén, kij thugt tach tong binh phuong va théi quen
du dodn diém roi trudc khi tinh todn.

A. Kién thi'c trong tam

Dinh nghia va cac tinh chat co ban

Cho hai biéu thttc A va B. Theo dinh nghia,
A>B & A-B>0, A>B © A-B>0.

Tir dinh nghia suy ra céc tinh chat dugc dung thuong xuyén sau day, v6ia, b, ¢, d 1a cac sd
thuc.

e Baccau.Néua > bvab > cthia>c.

eCongmoétsébvaohaivé.a>b & a+c>b+c.

e Nhan hai vé v&i mét s6. Néuc > 0thia > b & ac > be;néuc <0thia > b & ac < be.
Phép nhan véi s6 am lam d6i chiéu bat déng thic.

e CAng Vé theo vé. Néua > bvac > d thia +c¢ > b +d. Khong duoc trir vé theo vé hai bat
déng thuac cung chiéu.

e Nhan vé theo vé. Néua > b > Ovac > d > 0 thiac > bd.

o Luy thira va cdn. Néua > b > 0 thia” > b" va {/a > /b v6i moi s6 nguyén duong 7.

e Nghich ddo. Néua > b > 0 thi % < %

g /

Bon dang dich cta phép bién déi twong duong

N
Gia st can chiing minh A > B. Tu tudng ctia phuong phép bién déi tuong duong la dua
bat ddng thirc d6 vé mot bat ddng thitc hién nhién ding. Bén dang dich thuong gép la:

e Dang hiéu khéng am. A > B & A — B > 0, 16i chi ra A — B 1a mot biéu thic khong am.
e Dang téng binh phwong. A — B = mX? + nY? + kZ? v6im, n, k 1a cac s6 duong. Day l1a
dang dich quan trong nhat ctia chuong.

e Dang tich céc thira s6 cung dau. A—B = X - Y v6i X, Y cling ddu, hoic A- B = X?"*.Y
veiY > 0.

e Dang khai thac diéu kién rang budc. Néu gia thiét cho x, y, z € [a; §] thi cac bat déng
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thitc sau ludn ding va thuong duge dung lam diém xuat phat:

(x-—a)x-p)<0, (-a)y-a)z-a)20, (B-x)B-y)(-2)20.

= 5 ,
(@+b+c)=a’+b%2+c%+2@ab+bc + ca),

a

a’ + b3+ c® —3abc = (a+b+c)(a® +b* +c* —ab —bc - ca),

(a+b)b+c)c+a)=(a+Db+c)ab+bc+ca)—abc.

B6 dé 1.1. (Cdc hing bét ding thitc nén) Vi moi sb thuc a, b, ¢ ta ludn c6

a’ >0, (a-b)*>0, a’ +b? > 2ab, (a+b)? > 4ab,

2 2
a’+ab+b*> > 0, a’-ab+b> > _(a-zb), a?+ab+b* > _3(a1b)‘,
a?+b?+c? 2 ab+be+ca,  3(a?+D7+c%) 2 (a+b+c)’ = 3(ab+be+ca).

Bat dang thirc a? > 0 c6 dau déng thitc khi va chi khi a = 0; cdc bat ddng thirc hai bién con lai
c6 dau dang thic khi va chi khi a = b; cdc bat dang thirc ba bién ¢6 dau dang thurc khi va chi
L khia=b=c.

e Chirng minh. Toan b Bo dé trén dugc suy ra tir hai ddng nhat thic
(a-b)?=a®—-2ab + 12, 2(a2+b2+c2—ab—bc—ca) =@ -b)2+®-c)+(c-a)>

e Khai thac dong nhat thirc thi? nhat. Ddng nhét thic thit nhat cho a2 + b2 > 2ab, va cing cho
(a+b)?—4ab=(a-b)?>0.

e Khai thac dong nhat thirc thir hai. Ddng nhét thitc thtt hai cho a? + b2 + ¢2 > ab + bc + ca; hai
bat dang thiic ba bién con lai theo sau vi

3(a*+b*+c*) —(a+b+c)*=2(a*+b*+c*—ab—bc—ca),
(a+b+c)*—3(ab+bc+ca)=a®+b%>+c?>—ab-bc—ca.
e Ha xudng hai bién. Lay ¢ = 0 trong ddng nhat thitc thit hai rdi thay b béi —b thi duge a®+ab+b? > 0.
e Hai danh gia cudi. Cubi ciing,

(a +b)? 3(a+b)?

=3(a - b)?, 4(a®+ab+b% - 1

4la? —ab+ b2 - =(a - b)?,

nén hai bat dang thirc hai bién con lai cting dung.
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Bo dé 1.2. (Mot dang tong binh phuong thudn loi) Nhiéu bat ding thirc di xting ba bién dua
duoc vé dang

Sa(b =)+ Sp(c —a)® + Sc(a —b)? > 0,
trong d6 S,, Sp, S¢ la cac biéu thtc cia a, b, c. Badiéukién S, > 0,5, > 0,5, > 0 hogp thanh
mot diéu kién dii dé bat ddng thic dung, vi khi dy vé trai 1a tong ctia ba s6 khong am. D6 khong
phai diéu kién can, va mot biéu thirc néi chung c6 nhiéu cch viét vé dang trén chit khong phai
chi mot cach. Véi cac biéu thitc hodn vi vong quanh, ddong nhat thic nén la

ab? +bc? + ca®? —a?b - b*c - ca=(a-b)b-c)(c—a).

\ J
Bat déng thi’c trong tam giac
\
Ba s6 duong 4, b, ¢ 1a d6 dai ba canh cia mot tam gidc khi va chi khi
|lb—cl<a<b+c a+b-c>0
l|c—al|<b<c+a S b+c—-a>0
la—bl <c<a+b c+a-b>0
b+c- +a-b +b-— .
Khi d6 phép ddt x = ; a,y=c g ,z=a Cchotabasédudngx,y,zvéi
a=y+z, b=z+zx, c=x+y,
nho d6 moi rang budc hinh hoc dugc thay bang diéu kién don gian x, vy, z > 0.
- Y,
.. R N\
Bo de 1.3. (Hai dinh gid vé nghich dio) V&i moi sb thuc duong x, v, z ta c6
1 1
E+z>2, (x+y+z)(—+—+—)29
y X X z
Dau dédng thic lan lugt xdy rakhix = y vakhix = y = z.
J
s XYy (—y) el oo
That vay, y + - 2= = > 0. Khai trién tich & danh gia thit hai ta duoc
3+(£+z)+(z+i)+(£+f) > 3+2+2+2=09.
y X z Yy X oz
Ky thuat dv doan dau dang thirc ~

Trudc khi bién ddi, hay du doan diém roi, ttc bo gid tri ctia cdc bién lam cho dau déng thic
xay ra. Ba can ctt thuong dung:

e Tinh doi xt*ng. Néu bat déng thitc khong déi khi hodn vi cdc bién thi diém roi thuong
nam & tAm, tca = b = c.

e Khao sat trén dudng chéo a = b = c khi hai vé Iéch bac. Véi bat déng thitc déi xing
ma hai vé léch bac, hay thay a = b = ¢ = t dé hiéu hai vé trg thanh ham mot bién ¢, rdi im
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nghiém kép ctia ham ay. Gié tri t thu dugc 1a du doan cho gia tri chung ctia ba bién tai diém
roi, con phai dugc xac nhan lai & budc chitng minh.

e Bién ctia mién. Néu cac bién bi chin trong mot doan, diém roi thuong ndm & dau mt
cta doan chi khong & tam.

Viéc dy doan diém roi quyét dinh cdch nhém hang ti: mdi binh phuong thu duge phai triét
tiéu dung tai diém roi da dy doén.

\ J

B. Ky thuat va vi du minh hoa

Vidu 1.1. Choa, b, ¢ 1a cac s6 thuc tuy y. Chiing minh rang
a) a?+b%+c?>ab+bc+ca;
b) a?+b%2+c?+12> 4(a+b +c).

Phan tich. Hai vé déu la da thic bac khong qua hai, nén phép xét hiéu dua vé mot biéu thirc bac hai
viét duge thanh téng cac binh phuong. Oy a), bat déng thirc d6i xting nén diémroilaa =b = c. Oy
b), vé phai tuyén tinh con vé trdi bac hai, dita = b = ¢ = t thi hiéu hai vé bang 3t2—12¢+12 = 3(t-2)?,
triét tiéu tai t = 2. Vay diém roilaa = b = ¢ = 2, va ta phai nhém sao cho xuéat hién cac binh phuong
(a —2)2.

Lai giai
e Y a), nhan déi hiéu hai vé. Xét hiéu hai vé rdi nhan d6i dé tranh phan sb:

2(a® +b% +c?) —2(ab+bc+ca)=(a-b)*+ (b —-c)*+(c—a)* > 0.

Suy ra a? + b? + ¢? > ab + bc + ca. Dau dédng thitc xay ra khi va chikhia = b = c.
e Y b), tach hdng sé cho ba bién. Tach hing s6 12 thanh ba phin bing nhau rdi ghép véi ting
bién:

A2+b2+c2+12-4a+b+0)=@-22+1b-22%+(c-2)? > 0.
Vay bat dang thirc duge chiing minh, dau déng thie xay ra khiva chikhia =b = ¢ = 2.
Nhan xét. C4 hai y déu minh hoa mot quy tic chung: sau khi du doan diém roi, hing sb tu do & vé
tréi dugc tach ra ding bing luong can thiét dé mdi nhém trd thanh mot binh phuong triét tiéu tai
diém roi dé.

Vidu 1.2. Choa, b, ¢ la cac s6 thuc duong tuy y. Chiing minh rang

DERRcaiNaD

+ > a+b+c.
a b c

Phan tich. Bat ddng thtc ddi xting nén diém roila a = b = ¢. Mau s6 ctia ba phan thicla g, b, ¢,
nén nhan hai vé v6i abe > 0 sé khir hét mau. Khi d6 vé trai tré thanh (be)? + (ca)? + (ab)?, con vé phai
laabc(a+b+c) =ab-bc+bc-ca+ca-ab. Day dang la dang x? + y% + z2 > xy + yz + zx v6i x = ab,
y=bc,z=ca.
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L&i giai

e Khi*¥ mau. Vi abc > 0 nén nhan hai vé véi abc, bat ddng thic cAn chiing minh tuong duong véi
(bc)? + (ca)® + (ab)® > abc(a +b +c).
e Nhan dang. Dit x = ab, y = bc, z = ca. Khi d6 abc(a + b + ¢) = a’bc + ab?c + abc? = xy + yz + zx,

nén bat déng thic trén chinh 1a x? + y2 + z% > xy + yz + zx.

o Két luan. Theo hing bat déng thitc nén da néu & muc A, bat ddng thitc cudi luon ding, vi
2[(ab)2 + (be)? + (ca)® —abe(a + b + c)] = (ab —bc)® + (bc — ca)® + (ca —ab)® > 0.

Vay bat déng thttc dugc chiing minh; dau dang thire xay ra khi va chikhiab = be = ca, tica = b = c.
Nhan xét. Bat dang thirc nay sé dugc chiing minh lai & Vi du 3.5 bang ky thuat ghép cdp AM-GM,
khong can khit mau. Hai 16i giai dugc gitr song song 1a c6 cht1 y: phép khir mau quy bai toan vé hang
bat dang thic nén, con phép ghép cip khai théc truc tiép cau truc tich ctia ba phén thuec.

Vidu 1.3.Choa, b, ¢, d, e 1a cac sb thuc tuy y. Chiing minh ring

a2 +b2+c2+d%+e? > alb+c+d+e).

Phan tich. Vé phai chi chtta cac tich ab, ac, ad, ae, tic bién a ghép véi tirng bién con lai. Vi bén
bién b, ¢, d, e c6 vai trd nhu nhau nén ta tim hing s6 k dé hiéu hai vé viét dugc thanh (a — kb)? +
(a—kc)? + (a—kd)* + (a — ke)?. Hé s6 ctia a? trong tong nay 1a 4, nén phai nhan hai vé ctia bat ding
thitc ban dau véi 4; hé s cua b? 1a k% = 4, cho k = 2. Vay diém roi la a = 2b = 2¢ = 2d = 2e.

L&i giai

o Nhan hai vé vdi 4. Bat ddng thitc cdn chiing minh tuong duong véi
4a% + 4b® + 4c” + 4d” + 4¢® — dab — 4ac — dad — dae > 0.

e Tach va ghép. Viét 4a2 = a2 + a% + a? + a? rdi ghép mdi hang tir a? v6i mot trong bén hang tir
4b?, 4c?, 4d?, 4e? cling s6 hang chtta tich tuong tng. Vé tréi trd thanh

(a—2b)?+(a—-2c)+(a—2d)*+(a—2e)° > 0.

o Két luan. Bat déng thttc cubi hién nhién ding, do d6 bai toadn duge chitng minh. Dau déng thitc
xdy ra khi va chi khia = 2b = 2¢ = 2d = 2e, chdng han (a;b; c; d;e) = (2;1;1; 1;1).

Vidu 1.4. Choa, b, c 1a cac s6 thuc tuy y. Ching minh rang

264> + 11b* + 25¢% > 12ab? + 10b>%c + 40ca.

Phan tich. Vé trai chi chtra cac luy thira bac chén ctia a, b, ¢, con vé phai chita cac tich ab?, b%c, ca.
Ba tich nay goi ba cdp (a;b?), (b%;¢), (c; a), nén ta tim ba s6 duong m, 1, k sao cho hiéu hai vé béng

m(a - b2)2 +n(b? - c)2 +k(c —a)*

Trang 9 » Mai Thanh Luan
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e Giai hé dong nhat. Dong nhat hé sb ctia ab?, b?c, ca ta duge 2m = 12, 2n = 10, 2k = 40, tic m = 6,
n =25,k =20.
e Kiém tra hé sé bac chan. Khi d6 hé sé ctia a2 lam + k = 26, cia b*lam + n = 11, ctia ¢2 1a
n + k = 25, dang bang cac hé s6 § vé tréi.
o Du doan diém roi. Diémroilaa = b? =c.

L&i giai
e Chuyén vé. Bat dang thitc cAn chiing minh tuong duong véi

26a% + 11b* + 25¢% — 12ab* — 10b%c — 40ca > 0.
e Tach theo ba cap da chon. Ta viét lai vé trai thanh
6(a? — 2ab® + b*) + 5(b* — 2b%c + ¢?) +20(c* — 2ca + a?)
=6(a—b2)" +5(b%—c)” +20(c —a)® = 0.

o Két luan. Bat déng thic dugc chitng minh. Dau déng thic xdy ra khi va chi khi a = b% = ¢, ching
hana=c=1, b=+1hodca=c=4, b = +2.

Nhan xét. Day 1a ky thudt hé so bit dinh: gia dinh trudc dang cta tong binh phuong véi cac hé sd
chua biét, rdi giai hé ddng nhat thitc dé tim ching. Ky thuat dung duoc khi hé dy c6 nghiém khong
am; khi d6 hiéu hai vé 1a mot tong binh phuong v6i cac hé s6 khong &m nén hién nhién khong am.

Vi du 1.5. Chting minh rdng v6i moi s thuc a, b khac khong ta luon ¢6

a2 b2
+= > -+

a” a b
b2 a2 — b a

2 2

Phan tich. bit ¢ = E + é . Binh phuong lén ta ¢6 t2 = ZQ + — + 2, nén vé trdi bang +* — 2. Bat ddng

thitc trd thanh +2 — t — 2 2 0, tic (t — 2)(t + 1) > 0. Diédu klen cua bién phu 1a || > 2, chinh diéu kién
nay bao dam tich trén khong &m. Diém roi tng véi t = 2, ttic a = b.

e Dt bién phu. Dit t = % Z. Vi % va Z 1a hai s6 nghich ddo cing dau nén
1= 7] + %‘ > 2,

ticlat > 2hodct < -2.

e Viét lai bat dang thire. Tir t2 = bz + = s 5 + 2 ta dugc bat dang thitc tuong duong

2-2>t e t?-t-2>0 (t-2)(t+1) > 0.

e Xét hai trwvong hop. Néu t > 2thit -2 > 0Ovat+1 > 0, nén tich khong am. Néu t < -2 thi
t—2<0vat+1<0,nén tich duong.

o Két luan. Trong ca hai truong hgp bat ddng thic cudi déu ding. Dau déng thic xay ra khi va chi
khit =2, tidca = b.
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Vi du 1.6. Cho céc s6 thuc a, b, ¢ € [0;1]. Chiing minh rdng

a®+b*+¢3 < ab+bc+ca+1.

Phan tich. Gia thiét 0 < a,b, ¢ < 1 kéo theo a® < a,b* < b, ¢® < ¢, nén chi can chiing minh danh gia
manhhona +b+c <ab+bc+ca+1.Dailugng 1 —(a+b +c) + (ab + be + ca) chinh 1a ba s6 hang
dau trong khai trién ctia tich (1 — a)(1 — b)(1 — ¢), ma tich nay khong &m do mdi thira s6 khong am.
Diém roi ndm & bién ctia doan [0; 1] chtt khong & tdm: chdnghana =b =1, ¢ = 0.

L&i giai

¢ Khai thac tinh bi chan. Via, b, c€[0;1]nén1-a4>0,1-b>0,1—-c > 0,do d6
(1-a)1-b)(1-c) > 0.
Khai trién vé trdi ta duogc

1-(a+b+c)+(ab+bc+ca)—abc > 0.

e B6 hang tt¥ abc. Ciing via, b, ¢ = 0nén abc > 0, suy ra

a+b+c < 1+ (ab+bc+ca)—abc < ab+bc+ca+1.

e So sdnh céc luy thira. V6i 0 < a < 1 thi a® < g; tuong tu b? < b va ¢® < c. Cong vé theo vé ba bat
déng thuc nay:
a®+b*+c* < a+b+ec.

o Két luan. Ghép hai két qua trén theo tinh bic cdu ta dugc diéu phai chiing minh. Dau déng thitc
xay ra chdng hankhia =b =1, c=0hodca=1, b =c=0.

Nhan xét. Khi céc bién bi chin trong mot doan, hai cong cu chuén 1a bat ddng thitc tich (x—a)(x—p) <
0 va phép so sanh céc luy thira cung co s6. Ca hai déu chi dung dugc nho gia thiét vé mién gia tri,
nén phai néu rd gia thiét & méi budc.

Vidu 1.7. Cho a, b, c 1a d6 dai ba canh cia mét tam giac. Ching minh rang
a) a’+b%+c? < 2(ab+bc+ca);
b) abc>(a+b—-c)(b+c—a)(c+a-Db).

Phan tich. Gia thiét hinh hoc dugc dung dudi dang daisba < b+c¢,b <c+a,c <a+Db. Véiy
a), nhan bat ddng thitc a < b + ¢ v4i s6 duong a rdi cong ba két qua la du. Véi y b), ta nhan thay
a?—(b-c)* =(a+b-c)a—b+c), titc mdi thira s6 & vé phai xuat hién trong mot hiéu hai binh
phuong; nhan ba hiéu d6 lai sé cho binh phuong ctia vé phai. Piém roictiayb) laa = b = ¢, ttc tam
giac déu.

L&i giai

e Y a), cdng ba bat dang thirc canh. Vig, b, ¢ 1a ba canh ctia mot tam gidcnén 0 < a < b+c.Nhan
hai vé véi s6 duong a ta dugc a? < a(b + ¢). Tuong tu b? < b(c + a) va ¢ < c(a + b). Cong vé theo vé
ba bat dang thic do:

a2 +b?+c?<alb+c)+b(c+a)+ca+b)=2®ab+bc+ ca).
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Day 1a mot bat ddng thace ngit: v6i ba canh ctia mot tam giac, dau ddng thirc khong bao gidy xay ra.

e Y b), dwng hiéu hai binh phwong. Tita <b +cvaa > |b—c| suyraa® > (b - c)?, do d6
0<a’-0b-cP=@+b-c)a-b+c) < a%

Tuong tw 0 <b%?—(c—a)? <b*va0<c?-(a—-b)*<c2

e Y b), nhan vé theo vé. Nhan vé theo vé ba bat déng thitc duong vira thu dugc. Chu ¥ ring
a-b+c=c+a-bb-c+a=a+b-cvac—a+b=>b+c—a, nénveé trai clia tich bang

(a+b—-c)c+a-b)-b+c—-a)a+b—-c)-(c+a—-b)b+c—a)
= [(a+b—c)(b+c—a)(c+a—b)]Q.

Do d6
[(@+b—c)b+c—a)c+a-b)|> < a’b%c? = (abc)>.

e Y b), lay can bac hai. Cabasbéa+b—c, b+c—a, c+a—bdéuduong, va abc > 0, nén lay cin
bac hai hai vé ta dugc

(a+b-c)b+c—a)c+a—-Db) < abc.
Dau déng thirc xay ra khivachikhia =b = c.
Nhan xét. Bat dang thiic & y b) con dung véi moi s6 thuc duong a, b, ¢ chit khong riéng ba canh
tam gidc. That vay, tong ctia hai trong basé a + b — ¢, b + ¢ — a, ¢ + a — b ludn bang hai 1an mot
bién nén ludn duong; do d6 trong ba sb dy c6 nhiéu nhat mot s6 khong duong. Néu ca ba sd déu
duong thia, b, ¢ 1a ba canh ctia mot tam gidc, ta trd vé trudng hgp vira ching minh. Néu c6 mot s6
khong duong thi hai s6 con lai duong, nén tich cua ba s6 khong duong, trong khi abc > 0. Day la
mot truong hop riéng cua bat ddng thae Schur, duge trinh bay & Chuong 8.

Vidu 1.8. Cho g, b, ¢ 1a cac s6 thuc duong tuy y. Ching minh bat ddng thirc Nesbitt

a N b N @ >3
b+c c+a a+b — 2

Phan tich. Cacmausé b + ¢, ¢ + 4, a + b ¢6 vai trd nhu nhau, nén phép ddtx =b+c,y = c +a,

: +z—
z:a+bsélémbiéuthfrcgonlai.Khid(’)x+y+z:2(u+b+c),dodc’)a=¥

va tuong tu

L 2 R L X x .
cho b, c. Vé trai trd thanh mot tong chi gom cac ti s6 o va ta chi con duing danh gia ” + % > 2. Diém
roilax=y=ztca=b=c.

L&i giai

eDoibién. Ditx =b+c,y=c+a,z=a+b;khidéx,y,z>0vax+y+z=2@a+b+c),suyra

g Ytz _ztx—y Lo xty-z
2 ’ 2 ’ 2

e Viét lai vé trai. Thay vao biéu thic cin danh gia:

a_ b c _1 y+z—x+z+x—y+x+y—z
b+c c+a a+b 2 x v z

o) 60
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o Ap dung b dé. Mai cip trong ngodc vudng khong nho hon 2, nén

a+b+c
b+c c+a a+b

1

2§@+2+2—$_2.
e Két luan. Bat déng thic duge chiing minh. Dau ding thic xay ra khi va chi khi x = y = z, tic
a=b=c.
Nhan xét. Phép ddtx =b+c¢, y = c +a, z = a + b 1a cong cu chuan cho cac bat déng thirc c6 mau
s0 la tong hai bién. N6 bién mot biéu thitc phan thitc ba bién thanh tng cac cdp nghich dao, dang
da duge xt ly tron ven & muc A. Bat dang thirc Nesbitt sé con trdlai ¢ Vidu 2.8, Vidu 5.1, Vidu 7.6
va Vidu 9.1. Su ldp lai nay 1a c6 chu y: cing mot dé bai duge chiing minh bang nam ky thuét khac
nhau, nh¢ d6 n6 déng vai tro thude do dé so sanh cdc phuong phép trinh bay trong sach.

Vidu 1.9°. Cho a, b, c 1a céc sb thuc duong thoa man 2a + 3b + 4c¢ = 6. Chting minh ring

3b+4c+11+2a+4c+11+2a+3b+11
2a+1 3b+1 4c+1

> 15.

Phan tich. Ba mau s6 1a 2a + 1, 3b + 1, 4c¢ + 1, trong khi céc tir s6 lai chtra ding hai trong ba biéu

thic 2a, 3b, 4c. Diéu d6 goiphép ddtx =2a+ 1,y =3b+ 1,z = 4c + 1. Gid thiétchox + y + z =

(2a +3b +4c) + 3 = 9. Khi d6 tir s6 thunhatla (y — 1) + (z — 1) + 11 = y + z + 9, va bat dang thuc chi

con chtta ba bién x, y, z véi rang budc x + y + z = 9, dang ma ta da c6 sdn cong cu & muc A. Diém
2 1

roﬁlaxzy:z:3,tu0ng1’1nga:1,b:g,c:g.
Loi giai
o Doi bién.Détx:2a+1,y:3b+1,z:4c+1.Via, b,c>0nénx, y, z>1,vatx gia thiét

x+y+z=2a+3b+4c)+3=6+3=9.

Ngoaira3b+4c+11=(y—-1)+(z—-1)+11 =y +z + 9, tuong tu cho hai tir s6 con lai.
e Viét lai bat dang thirc. Bt déng thiic cAn chiing minh tré thanh

+z+9 +x+9 x+y+9
¥ PR o Yy

> 15.
X y z
e Tach thanh hai nhém quen thuéc. Vix + y + z = 9nén
y+z+9+z+x+9+x+y+9
X y z
:(£+z)+(z+i)+(i+f)+u+y+z)G~+l+ly
y o x z Yy X oz X Yy oz

e Danh gia tirng nhém. Theo B4 dé vé nghich déo, ba cdp dau mdi cip khong nhé hon 2, con nhém
cubi khong nhé hon 9. Do d6 tong trén khong nho hon 2 +2 +2 + 9 = 15.
o Két luan. Bat déng thirc duge chiing minh. Dau déng thic xay ra khi va chi khi x = y = z = 3, tttc

2 1
a=1, b=-, c=-,
3 2

va khi d6 2a + 3b + 4c = 2 + 2 + 2 = 6, phut hop vdi gia thiét.
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C. Bai tap c6 I5i giai

Bai 1.1. Cho a, b, c 1a céc s6 thuc tuy y. Ching minh rang

4(a* +b% +c*) +27 > 12(a+b +0).

Phan tich. Bat dang thtc d6i xing theo a, b, ¢, con hai vé 1éch bac: vé tréi bac hai, vé phai bac nhat.

e Do diém roi trén dudng chéo. Theo phép khao sat trén dudng chéo a = b = ¢ & muc A, ta dit
q 2 PN 3

a =b =c =t dédo diém roi; khi d6 hiéu hai vé bang 12t? — 36t + 27 = 3(2t — 3)?, triét tiéu tai t = 3

e Dinh hwéng phép tach. Vay diémroilaa = b = ¢ = %, va phép tach phai sinh ra ding ba binh
phuong (2a — 3)%, (2b — 3)?, (2¢ — 3)%. Mubn thé, hing s6 27 dugc chia déu thanh ba phan béng 9.
Lo giai

e Tach hang s6 cho ba bién. Chuyén vé phai sang vé trdi rdi viét 27 = 9+ 9+ 9, ta c6

4a*+b%+c?) +27-12(a+b +¢)
= (4a® —12a +9) + (46> - 12b + 9) + (4c* — 12c + 9).

e Ghép mbi nhém thanh mét binh phwong. Méi nhém 1a mét binh phuong dting, vi 4a%—12a+9 =
(2a — 3)?, va tuong tu cho b véi c. Do d6

4(a® +b*+c?) +27T—12(a+b +c) = (2a — 3)* + (2b — 3)* + (2c — 3)*.

o Két luan. Vé phai la tdng ba binh phuong nén khong am, suy ra diéu phai chiing minh. Dau ding
thite xdy rakhivachikhi2a -3=2b-3=2c-3=0,ttca=b=c = g

Bai 1.2. Chung minh rang véi moi s6 thuc a, b ta c6

a* +b* > a3b +abd.

Phan tich. Hai vé ddi xting theo a, b va ciing thuan nhéat bac bon, nén diém roi du doén la a = b.
Diéu d6 budc hiéu hai vé phai chia hét cho (a — b)2. Nhém hiéu ay theo nhan tir chung a — b ta duge
tich (a — b)(a® — b3); phan tich tiép hiéu hai lap phuong sé lam 16 nhan tir (2 — b)? ciing thita s6 con
lai a% + ab + b?, vdn da dugc khéng dinh khong 4am & muc A.

L&i giai

e Nhém hiéu hai vé theo nhan tir chung. Ta ¢6
at+b*—a’b—ab®=a*(a-b)-b*a-b) = (a - b)(a® - b%).
e Phan tich hiéu hai lap phuong. Vi a3 — b3 = (a — b)(a? + ab + b?) nén

at +b* — a®b — ab® = (a - b)*(a® + ab + b?).
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e Danh gia thira s6 thi¥ hai. Theo hing bat ddng thitc nén & muc A ta c6 a? + ab + b% > 0. Diéu nay
cing thay truc tiép tir dong nhat thuc

4(a® + ab +b?) = (2a + b)* +3b% > 0.

e Két luan. Tich ctia mot binh phuong véi mot s6 khong am 1a sd khong am, nén a* +b* > a3b +ab?.
DAau dang thirc xay ra khi (a — b)? = 0 hodc a? + ab + b? = 0. Theo ddng nhét thitc vira néu, truong
hop thithaibudc2a +b =0vab =0, tica = b = 0, va truong hop nay da ndm trong truong hop thu
nhat. Vay dau dang thirc xay ra khi va chi khia = b.

Bai 1.3. Cho a, b, c 1a cac s6 thuc duong tuy y. Ching minh rang

a* +b* +c* > abe(a+b+oc).

Phan tich. Bat ddng thuc d6i xting nén diém roilaa = b = c.
e Doc lai hai vé. Vé phai viét dugc thanh abe(a+b +c) = a®bc+ab%c +abc? = ab-ca+ab-bc+bc-ca,
tirc tong cac tich doi mot ctia ba so ab, be, ca; con vé trai la tong cac binh phuong cua a?, b?, 2.
e Danh gia qua hai nhip. Hai vé cach nhau dung hai nhip, vi thé ta dung hang bat ding thuc nén
x%+y? + 2% > xy + yz + zx hai 1an lién tiép: 1an tht nhat ha a* + b* + ¢* xudng a?b? + b%c? + c2a?,
lan tha hai ha tiép xubng abc(a + b + c).
L&i giai

e Ap dung Ian th nhét cho ba binh phuong. Thay x = a2, y = b?, z = ¢? vao hing bat déng thic
nén x? +y2 + 22 > xy + yz + zx muc A, ta dugc

at +b* +ct > a?b? + b c? + c*a’.

e Ap dung Ian thir hai cho ba tich. Thay x = ab, y = bc, z = ca vao cling hing bat dang thtc d6:

(ab)? + (bc)® + (ca)®> = ab-bc +bc-ca+ca-ab.

e Nhan ra vé phai ctia dé bai. Vé trai ctia danh gid vita viét chinh 1a a?b? + b2c? + ¢2a?, con vé phai
ctia n6 bang
ab%c + abc® + a®bc = abc(a + b +¢).
e Ghép hai danh gia theo tinh bac cau. Tir hai két qua trén,
at +b* +ct > a?? +b2%c® + c%a® > abec(a+b +c).

e Két luan. Bat déng thitc dugc chiing minh. Dau déng thirc xay ra khi va chi khi dong thoi a? =
b? =c?vaab =bc = ca;v6ia, b, c > 0ca hai diéu kién ay quy véa =b = c.
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Bai 1.4. Cho céc s6 thuc a, b, ¢ thod man a4 + b + ¢ = 0. Chiing minh rdng

ab + 3bc +5ca < 0.

Phan tich. Biéu thuc ab + 3bc + 5ca khong d6i xing, nén kho trong cdy vao mot phép nhém déi
xtng. Ngugc lai, rang budc a + b + ¢ = 0 cho phép rat hdn mot bién va dua bai toan veé hai bién tu
do.
e Hinh dang sau phép thé. Sau khi thay ¢ = —(a + b), vé trdi trd thanh d6i ctia mot tam thitc bac
hai thuan nhat theo a va b; chi con phai chiing t6 tam thtic ay khong am, bang cdch hoan chinh binh
phuong theo a.
o Dv doan diém roi. Vi moi binh phuong thu dugc déu thudn nhét, ding thitc chi c6 thé xay ra khi
ching cting triét tiéu, tac taia = b = ¢ = 0.

Lo giai

e Rut mét bién tir rang budc. Tira + b + ¢ = 0 suy ra ¢ = —(a + b). Thay vao vé tréi:

ab +3bc + 5ca = ab + Sb[—(a + b)] + 5[—(a + b)]a
= ab — 3ab — 3b® — 54 — 5ab
= —(5a* + Tab + 3b?).

e Hoan chinh binh phuong theo bién a. Hé s6 ctia a? 1a 5, nén

2
7b 49h?
2 _ -
5a +7ab—5(u+10) 50"
R 49 11
do d6, vi 3 50 = 207 2
7b 11b?
2 2
= — ! +— > 0.
5a“ + 7ab + 3b 5(a+10) 50 2 0

<oroa P b
e Két luan. Vay ab+3bc+5ca = —(5a®+7ab +3b?) < 0. Dau ddng thiic xay ra khi va chikhia+I—O =0
vab=0,ttca =b=0,kéo theo c = 0.

Bai 1.5. Cho hai s6 thuc a > 1 va b > 1. Chung minh rang

aVb-1+bVa—-1 < ab.

Phan tich. Hai can thtic Va — 1 va Vb — 1 can tré moi phép bién ddi da thirc, nén truée hét phai chdn
chiing bai biéu thirc khong chtra can.

e Cong cu chan can. Hing bat déng thitc x> + y? > 2xy 6 muc A, dungchox = Va—-1vay =1,
A . e s . o
chongay va-1< o dau dang thiac 6 d6 xdy rakhi Va -1 =1, tica = 2.

o Du doan diém roi. Vay diém roi du doan 1a a = b = 2, khi d6 hai vé cting bing 4.

.z R . b b b
¢ Kiém tra duwdng di. Sau khi thay hai can thitc béi g va 5 vé trai dugc chan béi % + %, dang

bang vé phai.
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L&i giai

e Chén tirng can thirc bdi mét nhi thive. Ap dung x2+ y? > 2xychox =Va—-1>0vay =1,cha
y x%2 =4 -1, ta duoc

(@a-1)+1 > 2vVa—-1 = a—

—
IN
RS

b
Hoan toan tuong tu, Vb —1 < 3"
e Nhan vdi hé s6 dwong. Via > 1 > 0vab > 1 > 0, phép nhan hai vé v6i mot s6 duong khong lam
déi chiéu bat déng thirc. Nhan déanh gid thi hai v6i a va danh gia thit nhét vdi b:

a\/b—ls%, b\/a—ls%.

e Cdng hai bat dang thirc cung chiéu. Cong vé theo vé hai danh gia vira thu dugc:

aVb—1+bVa—-1 < %+%:ab.

e Két luan. Bat ddng thitc dugc chirng minh. Dau déng thitc xay ra khi va chi khi ca hai danh gia &
budc dau déu la déng thuc, tic Va —1 = 1va Vb — 1 = 1,nghiala a = b = 2; khi d6 hai vé cling bang
4.

Bai 1.6. Cho céc s6 thuca, b, ¢ € [0;4] thod man a + b + ¢ = 6. Ching minh rang

12 < a2+ b2+ % < 20.

Phan tich. Mién [0;4] va rang budc a + b + ¢ = 6 déu can d6i quanh gi4 tri 2, nén phép ddi bién
x=a-2,y=b-2,z=c-2duabaitodn vé dang gon nhat: x, y, z € [-2;2] vax + y + z = 0, dong
thoia? + b2 +c?2 =x2 +y? +z2 + 12.
e Hai chan sau déi bién. Chin dudi tré nén hién nhién, con chin trén quy vé x2 + y? + 22 < 8.
e Cong cu cho chan trén. Vi cic bién bi chdn trong mot doan, theo muc A ta dung hai tich khong
am dyng tir hai dau mut; cong chiing lai thi cac s6 hang bac 18 triét tiéu, dé lai mot chdn dudi cho
xy + yz + zx. Rang budc x + y + z = 0 bién chin &y thanh chan trén cho tong binh phuong.
o Dv doan diém roi. Diém roi ctia chin dudi ndm & tdm, con ctia chin trén ndm & bién.

Loi giai
e Doi bién vé tam cha doan. D3t x = a -2,y = b—2,z = ¢ — 2. Tita, b, ¢ € [0;4] suy ra
x, Y, z€[-2;2;tta+b+c=6suyrax +y+z =0.Ngoaira

2+ +c?=(x+22+(y+2°+(z+22 = +y? + 22+ 4(x +y +2) + 12,
néna?+b?+c?=x>+y?+z2+12.

e Chirng minh chan dudi. Vix? + y2 + z2 > 0nén a? + b? + ¢ > 12. Dau déng thtc xay ra khi va
chikhix =y =z =0,tlca =b = c = 2; gid tri nay thod man a + b + ¢ = 6.

e Dung hai tich khéng am ti¥ hai ddumut. Vi-2 < x, y, z < 2nénsdusb2—x, 2—y, 2—2z, 2+
x, 2+, 2+ z déu khong am, do d6

2-x)2-y)(2-2) =0, 2+x)(2+y)2+2z) = 0.
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e Cong hai tich dé khir phan bac 1. Khai trién ting tich:

2-x)2-y)2-2)=8-4(x+y+2z)+2xy +yz+2zx)—-xYZ,
2+x)2+y)2+2)=8+4x+y+2z)+2xy+yz+2zx)+xyz.

Cong vé theo vé, cac sd hang bac mot va bac ba triét tiéu, con lai
16 +4(xy +yz+2zx) = 0 = Xy +yz+zx > —4.
e Chuyén sang tong binh phuong. Vix + y + z = 0 nén
0=(x+y+2z)?=x2+y?+22+2(xy +yz + zx),

suyrax? +y? +z% = -2(xy + yz + zx) < 8.

o Két luan. Vay a?+b%+c? = x2+y?+22+12 < 20, va két hop véi chin dudi ta dugc 12 < a?+b%+c? <
20. Dau déng thitc & chin trén xay ra khi va chi khi ca hai tich trén ciing bang 0, chdng han x = 2,
y =0,z =-2,ttc (a;b;c) = (4;2;0) va cac hodn vi.

Bai 1.7. Cho céc s6 thuc a, b, ¢ € [-2;4] thod man a + b + ¢ = 0. Chiing minh ring

2> +b%+¢? < 24.

Phan tich. Céc bién bi chin trong doan [-2; 4], nén cong cu tu nhién la bat dang thuc tich (x — a)(x —
B) < 06 muc A v6i a = —2 va f = 4. N6 ha mdi binh phuong xuéng mot bidu thirc bac nhat, sau d6
rang budc a + b + ¢ = 0 triét tiéu tron phan bac nhat va chi dé lai hang s6. Vi dau ding thitc ciia mdi
tich chi dat & ddu mut, diém roi ndm & bién: moi bién nhan gia tri —2 hodc 4; rang budc téng bang 0
chon ra bo (4; -2; -2).
L&i gidi
e Khai thac mién gia tri cGa tirng bién. Vi-2 < g < 4néna+2 > 0vaa — 4 < 0, do d6 tich clia
ching khong duong:
(a+2)a-4) < 0.

Khai trién tich nay ta dugc a?—2a -8 < 0, titc a® < 2a+8. Lap luan tuong tu cho b va ¢ cho b? < 2b +8
vac? < 2c+8.

e Cong ba bat dang thirc cung chiéu. Cong vé theo vé ba dénh gia trén:
a2 +b%+c? < 2a+b+c)+24.

e Dung rang budc dé triét tiéu phan bac nhat. Via + b + ¢ = 0 nén vé phai bing 24, do d6
aZ+b%+c? <24

o Két luan. Bat ddng thirc dugc chitng minh. Dau déng thitc xay ra khi va chi khi ba tich (a +2)(a —4),
(b+2)(b—-4), (c+2)(c—4) ciang bang 0, tttc mbi bién nhan gié tri —2 hodc 4. Kéthgp véia+b+c =0,
chi con kha ndng mot bién bang 4 va hai bién con lai bang -2, tic (a; b; c) = (4; —2; —2) va cac hoan
Vi.
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Bai 1.8. Cho a, b, c 1a cac s6 thuc duong tuy y. Ching minh rang

ab(a+b—2c)+be(b+c—2a)+ca(c+a—-2b) > 0.

Phan tich. Vé trai ddi xttng va thudn nhat bac ba, nén diém roila a = b = ¢; khi d6 méi thira s6
a + b —2c déu bang 0. Diéu d6 goi y rang sau khi khai trién, biéu thuic viét duge vé dang tong binh
phuong thuan 1gi néu d muc A, véiba hé sd S,, Sp, Sc chinh1a 4, b, ¢ — ba s6 duong theo gia thiét.
Dau mdi ctia phép nhém la dong nhét thitc ab? + ac? — 2abe = a(b — ¢)*: mbi bién ding lam nhan ti
chung cho hiéu binh phuong ctia hai bién con lai.

L&i gidi
e Khai trién vé trai. Nhan tung tirng sb hang:

ab(a +b —2c) = a®b + ab® — 2abc,
be(b + ¢ — 2a) = b2c + be? — 2abc,

ca(c +a —2b) = c¢%a + ca® — 2abc.
Cong ba dang thic d6, vé trai ctia bai todn bang
a’b + ab? + b%c + bc? + c®a + ca® - 6abc.
e Nhém lai theo nhan ti¥ chung la tirng bién. D3t a 1am nhan ti chung cfia hai s6 hang ab?, c%a

va ctia mot lugng —2abc; lam tuong tu v6i b cho cdp be?, a?b va véi ¢ cho cdp ca?, b%c. Méi luong
—2abc duge dung dung mot 1an, nén ta duoc

a’b + ab® + b%c + bc? + c?a + ca® — 6abce

=a(b? +c* - 2bc) + b(c* + a* — 2ca) + c(a® + b* — 2ab).

o Duwa vé dang téng binh phuang thuan Igi. M&i ngoic 1a mot binh phuong dting, nén vé trai ctia
bai toan bang

a(b—c)®+b(c-a)®+c(a-0b)>
e Kétluan. Via, b, c > 0néncabahés6 S, =a,S, = b, S. = c déu duong, do d6 tdng trén khong

am. Vay bat dang thtc dugc ching minh; dau déng thitc xay ra khi vachikhib =c¢,c =avaa =1,
tica=b =c.

Bai 1.9. Cho a, b 1a cac s6 thuc tuy y. Ching minh rang

(@>+ b2+ 1) = 3(a%b? +a® +b?).

Phan tich. Ca hai vé chi phu thudc vao a? va b2, nén phép dit x = a?, y = b? lam bai toan gon hn
mot bac. Bat ddng thic trd thanh (x + y + 1)2 > 3(xy + x + y); khai trién rdi rat gon thi phan bac hai
va phan bac nhat ty sdp thanh hing bat dang thic nén x2 + y? + z? > xy + yz + zx &p dung cho bd
ba (x;y;1). Diém roi tuong tng la x = y = 1, tic |a| = |b] = 1.

L&i giai
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o D6i bién theo binh phwong. Dit x = a2 vay = b2, khid6 x > 0,y > 0 va bat ding thiic cn ching
minh tré thanh
(x+y+1)% > 3(xy+x+y).

e Khai trién va rat gon. Vi (x + y + 1) = x2 + y? + 1 + 2xy + 2x + 2y nén hiéu hai vé bing

(x+y+1)2=3xy+x+y)=x?+y? +1+2xy +2x +2y — 3xy — 3x — 3y

=x’+y’+l-xy—-x-y.

e Ap dung héng bat ddng thirc nén. Dit z = 1 trong bat ddng thirc x2 + y2 + 22 > xy + yz +zx &
muc A, ta dugc

+yi+l > xy+y+x,
tic hiéu vira tinh khong am.
o Két luan. Bat ddng thitc dugc chiing minh. Dau ding thtic ctia hing bat déng thirc nén xdy ra khi
va chi khi ba s6 bang nhau, ttic x =y = 1, nghialaa® = b?> = 1: khid6a = 1 va b = =1.

s 2
Bai 1.10. Cho a, b 1a hai s6 thuc khéc khong. Ching minh rang

4a?b* a? b2
T
(a2 + b2)2 b2 a2
. /
2 b2
b_2 + a—2, theo
(a2 +b%)°
a?b?
Nho vay bai toan ba tang phan thic quy vé mot bat ddng thitc mot bién trén nira khoang u > 2, x
ly duge béng phép quy dong va phan tich thanh nhan tr. Biém roi la u = 2, ttc a? = b2
Loi gidi

Phan tich. Hai hang tir sau tao thanh mot cap nghich ddo quen thudc, nén ta dat u =

Bo dé vé nghich ddo 6 muc A thiu > 2. Hang tir ddu ciing biéu dién duoc qua u, vi =u+2.

e Dt bién phu 1a cap nghich ddo. Via # 0va b # 0néna? > 0 va b? > 0. Dat

_a? b2
u_b_2+ﬁ.

Ap dung B4 dé vé nghich dao & muc A cho hai s6 duong a2 va b2, tacé u > 2.
e Biéu dién hang t&r ddu qua bién phu. Quy déng réi diing hing déng thirc binh phuong ctia mot
téng,
a’> b? at + 2422 +b*  (a®+ b2)2
M+2:b—2+a—2+ = 2752 = 22

Viu >2nénu+2>4>0,do délay nghich dao hai vé ro6i nhan véi 4 ta dugc

4a%p? 4

(tl2+b2)2 Cu+?2

e Quy bai toan vé mét bién. Bat déng thiic can chiing minh trd thanh

>3 & —+u-3 > 0.

u+2
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e Quy dong va phan tich thanh nhan tl¥. Viu + 2 > 0,

4 +u_3_4+(u—3)(u+2)_u2—u—2_(u—2)(u+1)
u+2 - u+2 o ou+2 u+2 '

e Kétluan. Véiu > 2tacéu—2>0,u+1>0vau+2>0,nén phan thuc trén khong am. Vay bat
ddng thirc dugce chitng minh; ddu ddng thirc xay ra khi va chi khi u = 2, tic a? = b?, nghiala b = +a.

Bai 1.11*. Chung minh rang v4i moi sb thuc a, b, ¢ ta c6

(@a+b+o)*+(b+c—a)+(c+a-b)*+@+b—c)* < 28(a* +b* +c?).

Phan tich. Bon s6 hang & vé trai ghép dugc thanh hai cgp c6 dang (x — y)* + (x + y)*: cdp thit nhét
gdm (a+b+c)tva(b+c—a)t, tngvéix =b+cvay = a; cip thithai gdm (a +b—c)* va (c +a —b)?,
ingvéix=avay=>b-c.
e Cong cu khir bac lé. Hing déng thuc (x — y)* + (x + y)* = 2(x* + 6x2y? + y?) khur sach cac luy
thira bac 1é, nén sau khi thu gon chi con cac luy thira chdn cta a, b, ¢ va bai todn quy ve hang bat
ddng thic nén ap dung cho a?, b2, ¢2.
¢ Dv doan diém roi. Diém roi vi thé 1a |a| = |b] = |c|.

Loi giai

e Ghi nhan hang dang thi’c nén. Véi moi sb thuc x, y ta c6
(x=y'+ @+t =20 +62°y" +y),

vi khi cong hai khai trién, cdc s6 hang chtra luy thira bac 1é ctia y triét tiéu tirng d6i mot.

e GOp cap thi* nhat. Layx =b+cvay =a;khidéa+b+c=x+yvab+c—a=x-y,nén
(a+b+c)4+(b+c—a)4:2[(b+c)4+6a2(b+c)2+a4].
eGopcaptht hai.Ldyx=avay=b—-c;khidéa+b-c=x+yvac+a—-b=x-y,nén

(c+a—b)4+(a+b—c)4=2[a4+6a2(b—c)2+(b—c)4].

e Thu gon tdng bén sb hang. Goi S 1a vé trai ctia bat d&ng thitc cdn chiing minh. Cong hai két qua
trén rdi dung lai hing ddng thic da ghi nhan cho (b + ¢)* + (b — ¢)* = 2(b* + 6b%c? + ¢*), cing véi
(b+c)? +(b-c)* =2(b%+ ¢?), ta dugc

5= 2[(b + o)t (b - c)4] +dat + 12a2[(b + )+ (b - 0)2]
4(b* + 6b%c? + c*) + 4a* + 24a* (b + c?)

=4(a* +b* + ¢*) + 24(a?b? + b2c? + c*a?).

e Quy vé hang bat dang thirc nén. Bit déng thic cAn chiing minh trd thanh

A(a* +b* + c*) +24(a?b? + b2c? + c?a?) < 28(a* + b + ¢*)

& a2 +b%c? +c%a? < at + b+ 4,
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vi hiéu hai vé ctia dong trén bang 24(at + b* + ¢*) — 24(a%b? + b%c? + c?a?) va 24 > 0. Déanh gia cudi
chinh1a x? + y2 + z%2 > xy + yz + zx v6i x = a%, y = b2, z = ¢?, nén n6 ding.
2

o Két luan. Bat ding thttc dugc chiing minh. Dau ding thtic xdy ra khi va chi khi a? = b? = ¢?, ttic

|la] = b] = c].

Bai 1.12*. Chung minh rang v4i moi sb thuc a, b, ¢ ta c6

(a® +b* + 02)2 > 3(a’b +b3c + c*a).

Phan tich. Hiéu hai vé bat bién qua phép hoan vi vong quanh ¢ — b — ¢ — a nhung khong bat
bién khi ddi chd hai bién, nén moi cach nhém déu phai ton trong thit tu vong quanh ay.
o Tr& ngai vé diém roi. Ngoai bo a = b = ¢ bat déng thitc con mot diém roi khong tdm thuong; vi
thé mot cach nhém chi duing ba binh phuong (a — b)?, (b — ¢)?, (¢ — a)? véi ba hé s6 khong am kho
dan t6i két qua, bai ba biéu thirc ay chi ciing triét tieu khia = b = c.
e Dinh huvdng cach nhém. Ta di tim ba tam thtic bac hai X, Y, Z 1a anh hoan vi vong quanh ctia
nhau sao cho X? + Y2 + Z2? dtng bang hai 1an hiéu hai vé; khi d6 bat ddng thirc tré nén hién nhién
va tap diém roi chinh la nghiém ctahé X =Y =Z = 0.
Lai giai
e Chon ba tam thirc hoan vi vong quanh. Dit
X =a?-c%+ca+bc-2ab,
va goi Y, Z lan lugt 1a anh thit nhat, tht hai ctia X qua phép théa — b — ¢ — a, tic
Y = b% —a® + ab + ca — 2bc, Z =c%2=b%+bc+ab-2ca.
Cong ba biéu thtc lai, cic binh phuong triét tiéu timg doi va méi tich ab, be, ca xuat hién vdéi tong
hés61+1-2=0,nén X +Y +Z = 0.
e Khai trién mét binh phwong. Khai trién truc tiép binh phuong ctia tdng ndm sé hang:

X2 = a* + c* + 4a®b? + b2c? + c%a® - 2a%¢2

—4a3b + 2a3c — 2bc® — 2¢3a — 2a%bc + 6abc? — 4ab’c.

e L4y tong vong quanh. ViY va Z nhan dugc tir X bing phép théa — b — ¢ — a, téng X2+ Y2+ 272
chinh 1a tong vong quanh ctia biéu thic vira khai trién. Xét ting nhom s hang:
e haisd hang a? + ¢* cho 2(a* + b* + ¢%);
e bon s hang 4a%b? + b?c? + c2a® — 2a°c? c6 tong hé s0 4 + 1 + 1 — 2 = 4, cho 4(a?b? + b2c? + ¢%a?);
e hais6 hang —4a3b va —2c3a cling sinh ra tong vong quanh a3b +b3c +c3a, cho —6(a®b +b3c +c3a);
e hai s6 hang 2a3c va —2b¢? ciing sinh ra tong vong quanh ab? + bc? + ca® véi hai hé s6 d6i nhau
nén triét tiéu;
e ba s6 hang —2a%bc + 6abc? — 4ab?c déu cho tong vong quanh abc(a + b + ¢), v6i tong hé sb
-2+ 6 — 4 = 0 nén cling triét tiéu.

e Thu dwgc dong nhat thirc chét. Tir d6

X*+Y*+ 2% =2(a" + bt + c4) +4(a®b? + b%c? + c?a?) - 6(a’b + bPc + c’a).
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Mit khéc (a2 + b2 + ¢2) = a + b* + ¢* + 2(a%b? + b2c? + c%a?), nén vé phai trén viét gon thanh
2[(a2 +b2 +¢%)? = 3(aBb + b3c + c?’a)].
o Két luan. vay
2[(112 +b%+ c2)2 —3(a’b + b*c + c3a)] =X2+Y%2+272% > 0,

tirc (a% + b2 + c2)® = 3(a3b + b3c + c3a). Déu déng thtc xay ra khi va chi khi X = Y = Z = 0. Bo
a = b = ¢ thod man hé d6. Vi X, Y, Z déu thuan nhat bac hai nén mdi nghiém ctia hé van con la
nghiém sau khi nhan ca ba bién véi cting mot s6 khéac khong; ngoai ho nghiém a = b = ¢, hé con mot
ho nghiém khong tam thuong nira, sinh bdi bo
o4 52 | 5T

(a;b;c) = (Sln2 = sin? = sin? ?)
cung cac hoan vi vong quanh ctia né.
Nhan xét. Sy ton tai ctia diém roi thit hai giai thich vi sao bai todn nay khé hon hén cac bai ddi xting
cting bac: n6 budc phép tach tong binh phuong phai duing ba tam thitc bac hai day du chit khong
phéaiba hiéua —b,b — ¢, c — a. Ddng thitc X + Y + Z = 0 tién dung khi kiém tra: n6 1a diéu kién can
dé thir nhat dé loai nhanh mot bo ba tam thitc duge doan sai, truée khi bo cong khai trién tong ba
binh phuong.
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BEEm CHUONG 2

Bat dang thirc AM—GM va ky 02
thuat diéem roi

Tix mot bit ding thitc co dién dén mot quy trinh lam viéc bon budc: dy dodn diu ding thitc, ldp so do diem
roi, chon hé so tich, roi mdi rip danh gid.

A. Kién thirc trong tam
Bat dang thirc AM-GM ~

Cho n s6 thuc khong am x1, x2, . .., x,,. Khi d6

X1 +Xo+---+ Xy

> {fx1xz - Xy
n
Dau déng thurc xay ra khi va chi khi x; = xp = -+ = x,,.

Bét déng thiic nay c6 tén goi day du la bat ding thitc giita trung binh cong vd trung binh nhin,
viét tit theo thong 1é qubc té 1a bit ding thite AM—-GM (Arithmetic Mean — Geometric Mean).
O nudc ta, theo cach goi quen thudc trong sach gido khoa, né con dugc goi 1a bat ding thic
Cauchy (hay bat ddng thirc Cosi). Trong toan bo cudn séch, ching t6i thong nhat dung tén
goi bat ding thirce AM-GM.

Ba cach viét sau day 1a tuong duong véi nhau va déu hay dung:

X1 +Xx9+---+ Xy
> Afx1x0 - Xp;

n
Dang2: xi+xo+ -+ x; > nifxixa- - xp;

n
Dang 3: (x1 +XQ-:1 + xn)

. /
Hai truong hop riéng n = 2 va n = 3 duge dung nhiéu nhat trong chuong trinh pho thong, can ghi
nhd ciing véi diéu kién cta dau déng thue.

Dang 1:

> X1X9: - Xp.

x+y > 23xy (x,y=0), dang thuc khi x = y;
x+y+z = 3{xyz (x,y,z>0), ddngthuckhix =y =z.
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Cac hé qua thwong dung

\
V6i moi s6 thuc x, y, z ta ¢6
X +y? > 2xy; 2(x*+y?) = (x+y)%
x +y)?
(x +y)? > 4xy; X —xy+y? > ry)y 4]/) ;
3(x + y)?
4y +y? > %; X +y?+z2 > xy+yz+zx;
3(x*+y*+2%) = (x+y+2)% (x+y+2)* > 3(xy +yz +zx);
Py +y?z? + 220 > ayz(x+y +z2); 3(xt+yt+zt) > (vy+yz+zx)t
Ngoaira (xy + yz + zx)* > 3xyz(x + y + z), vavéi x,y > 0 thi y2(x + y) > Vx + /7. Trong
moi bt ddng thic trén, dau dang thire xay ra khi cac bién bang nhau. V6i cac bat dang thuc
chi chira hai bién, d6 dong thoi 1a diéu kién can.
- Y
.. o ~ J )
Bo de 2.1. (bat dang thitc cong mau) Véi cac sO duong x1, x2,...,x, ta cd
11 1 n?
—t— = > ,
X1 X2 Xn X1 +x9+---+x,
y 1 1 2 AL 4% oz s i
tuong duong véi (xq +--- + x,) pri R > n°. Dau dang thitc xdy ra khi va chi khi
1 n
X1 = --- = Xx,. Hai trudng hop dung nhiéu nhat la
1 1 4 1 1 1 9
S 2 T
Xy x4y X Yy oz  x+y+z
\ J

e Chirng minh. Ta chiing minh dang tich trudc, rdi chia hai vé dé thu dugc dang tha nhét.
e Danh gia tirng thira s6. Ap dung bat ding thicc AM-GM cho 1 56 duong & mdi thira sd, ta dugc

X1+ o+ X 2 nixr--x, va

1 1 n
xl xn_ x1'xn

e Nhan theo vé. Hai bat ding thtc trén cting chiéu véi hai vé déu duong, nén nhan theo vé ta dugc

1 1
(x1+---+xn)(—+---+—)2n2

e Trd vé dang thir nhat. Chia hai vé cho x1 + - -+ + x,, > 0 thu dugc dang tht nhét.

o Kiém tra du déng thirc. Diu déng thitc ctia ca hai d4nh gié ciing xay ra khiva chikhix; = -+ =
T

Nhan xét. B6 dé trén chinh la dang Engel cta bat déng thitc Cauchy-Schwarz trong trudng hgp céac
tir s6 bang 1. Chuong 5 sé trinh bay dang tong quét; § chuong nay ta chi dung dang vira néu, va né
dugc suy ra truc tiép tir AM-GM nén 16i giai van tu dung duoc.
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B6 dé 2.2. V6i moi s6 thuc duong a,b ta c6 a® +b® > ab(a + b). Dau ddng thirc xay ra khi va
chikhia =b.

e Chit*ng minh. Bt déng thic tuong duong véi a® +b3 > a%b +ab?. Ap dung bat ding thitc AM-GM
cho ba s6 duong 6 mbi dong:

a®+a’ +b% > 3Vabb3 = 3420, a®+ b3+ b3 > 3Vad3b6 = 3ab?.

Cong theo vé rdi chia cho 3 ta dugc a® + b3 > a?b + ab? = ab(a + b).

Diém roi va quy trinh bén buéc

Diém roi cia mot bat ddng thirc 1a bd gié tri ctia cc bién, thod man moi gia thiét, tai d6 dau
déng thirc xay ra. Bat dang thitc AM—-GM chi chit tai noi cac s6 duge ghép bang nhau; vi
vay mdi danh gia trung gian trong 16i giai déu phai bdo toan diém roi: ddu déng thic cta
né phai xay ra dang tai bo gia tri da du doan. That vay, néu b gid tri du doén dung la noi
déng thitc cua bai todn xay ra, ma mot danh gia trung gian lai dit sai chd dau dédng thic, thi
chubi 1ap luan tuy van dung nhung két qua thu dugc da yéu hon két qua can ching minh.
Quy trinh bon bude dung xuyén sudt chuong:

e D doan dau dang thirc. Trude hét, néu biéu thie dbi xting véi cac bién thi du doan
c4c bién bang nhau. Néu céc bién c6 vai trd khac nhau thi so sénh vai tro ting nhém dé du
doén ti 1é gitra chting. Néu rang budc c6 dang bat phuong trinh thi ddu dang thuc thuong
rdi vao bién ctia mién xac dinh.

o Lap so do diém roi. Tiép theo, an dinh trudc dang bo s6 sé dem vao AM-GM, dé lai mot
hé sb k chua biét, r6i viét diéu kién céc s6 ay bang nhau tgi diém roi. Giai ra k.

e Tach va ghép theo hé so vira tim. Sau d6 viét lai biéu thic thanh téng ctia cdc nhém
ding theo hé s6 k, phan du gitt lai dé dung gi thiét.

o Rap danh gia va kiém tra. Cudi ciing, 4p dung AM-GM cho timng nhém, diing rang budc
cho phan du, cong lai, r6i kiém tra rdng tat ca cac ddu déng thic dong thoi xay ra tai diém
roi da du doan.

N p 1 n
Sai lam thwong gdp. Xét bai todn: cho a > 3, tim gia trinhé nhatctia A = a + ’ Nhieu loi giai
p 1 e T 2 e ,
viét ngay A > 24/a - o= 2 r6i két luan min A = 2. Két ludn nay sai, vi dau dang thirc cua

1 . .
danh gia d6 doi hoia = = tirc a = 1, trdi v6i gia thiet a > 3. Danh gia tuy dang nhung dau
déng thttc ctia n6 khong xdy ra duge trén mién da cho, nén 2 chi 1a mot chdn dudi chit khong
phai gié tri nhé nhat. Vi du 2.1 dudi day xt ly dang tinh hudng nay.
N J

B. Ky thuat va vi du minh hoa
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. B < . 1
Vi du 2.1. Cho s6 thuc a > 3. Tim gi4 tri nhé nhat ctia biéu thic A = a + "

Phan tich. Trén ntra khoang [3; +0), khi a tdng thi s6 hang a taing nhiéu hon mic giam ctia s6 hang

1 < 1
= nén A tang theo a. Ta du dodn A nhoé nhat tai bién a = 3, khi d6 A = ?0 Khong duoc ghép truc

A | T P
tiép cdp (a; E) vi dau dang thitc ctia né roi vao a = 1; phai tach a thanh hai phan v6i mét hé so thich

hop.
Diém roi. a = 3. Ghép cip (%; %) va budc hai s6 nay bang nhau tai diém roi:
a8_12
a=3 = 11{:511, = %:% = k=9
a 3
Lai giai
e Tach biéu thirc. Véi hé sb k = 9 vira tim, ta viét
1 a 1 8a
A:a+E:§+E+?'

p e . IS .
e Rap danh gia. Ap dung bat dang thitc AM—GM cho hai s6 duong g va ~ roi dung gia thiéta > 3

cho phan du:
A > 2 E1+8_a—2+8_a>2+§—2+§—g
- 9 a 9 3 9 -3 9 3 3 3
; e i . . 1
¢ Kiém tra dau dang thu’c.Dénhgiéthﬁ’nhéttr(’xthénhdéngthl’xckhig:E tica =3 (doa > 0);

dénh gia tha hai tré thanh déng thuace cting khi 2 = 3. Hai dau ddng thiace xay ra dong thoi.

Pap s6. min A = % dat dugc khia = 3.

Nhan xét. Hé s6 k = 9 khong dugc chon tuy tién ma la nghiém ctia mot phuong trinh bac nhat, sinh
ra tir yéu cau “hai s6 dem vao AM-GM phai bing nhau tai diém roi”. Ngoai cip (%; %), ta c6 thé
chon (ka; %), (a; S) hoac (a; %) ; mdi cach cho mot gia tri k khac nhau nhung cuing dan t6i mot

cach tach.
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. B < . 1
Vi du 2.2. Cho s6 thuc a > 3. Tim gid tri nhé nhat ctia biéu thic A = a + =

A ar q 1 28
Phan tich. Lap ludn nhu vi du trudc, ta du doan diéfmroia =3va A =3 + 5= o So dd diém roi

cho cap (k’ ! )la

a 1
- I
a=3 = i_l :E_§:>k_27
az 9
o Ghép hai sb chu’acm.Néuchighe'phaz'séi7 a—thl

Ao o L, 2%a__2 %

- = +
= Nor 22" 27 T 3\Ba | 27

va bién a van con & mau.
2

3V3a

2 _ .
< 9 Két qua cudi ctiing c6 thé

= =X = P R A 2 . N < A 2 A N A Z
e Cho de sai chieu. Muon tiép tuc, nguai giai thuong vieta > 3 = > g day 1a mot danh

5 o 2
gid sai chieu: mau so cang 16n thi phéan thitc cang nho, nén ta c6
3V3a
van dung s6 nhung 1ap luan da hong.
e Céch chira. Tach a thanh hai phan bing nhau dé dung AM-GM cho ba s6, khi d6 bién a bi khu
hoan toan.
Loi giai

e Tach biéu thirc. Ta viét
1 a a 1 25a
A=a+=s=—=+—+—=+—.
az 27 27 a2 27

. o R A £o 32 2 1
e Rap danh gia. Ap dung bat dang thttc AM—GM cho ba s6 duong 2i7, 2i7, ok
a a 1 sla a 1 3 1 1
B S e =34/=—==.
27 27 a2_3 27 27 a? 729 3
25a _ 25-3 25
> — = — >
Két hop véi — T 5 do a > 3, ta dugc
A > 1+§—§+§—§
3 9 9 9 9

1
e Kiém tra dau déng thirc. Danh gid dau la déng thic khi — 5 = 73 tic a3 = 27, tic a = 3; danh gia

7
sau cling 1a dang thic khia = 3.

Pap s6. min A = %, dat dugc khi a = 3.

Nhan xét. Nguyén tic rut ra cho dang bai nay: khi chin dudi can tim 1a mét hang s6, nén tach sao

cho b6 s6 dem vao AM-GM c6 tich khong con chita bién. Néu tich con bién thi budc sau lai phai danh
1

gid thém mot 1an nita, va d6 1a chd dé di sai chiéu. Véi biéu thiic Chua —, thong thudng ta tach a

thanh n phan bang nhau.
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Vi du 2.3. Cho hai s6 thuc duong a,b thod man a + b < 4. Tim gié tri nho nhét cta biéu
thitc A = ab + %
ab

Phan tich. Biéu thuc chi phu thudc vao tich t = ab. Tur gia thiét va bat ddng thuc (a + b)? > 4ab ta
(a+Db)?

c60<t< < 4, nén chi can khao sét t trén ntra khoang (0; 4]. Trén ntta khoang ay, biéu thic

64 < . . .
t+ — gidm khi ¢ tdng, nén A nho nhat khi ¢ 16n nhat, tac t = 4; dieu d6 doi héi dong thoia = b va

a+b=4

2 4 s .
biém roi. a = b = 2, khi d6 ab = 4. Ghép cdp (k ab; g—b) va budc ching bang nhau tai diém roi:
4k:%:16$k:4.

L&i giai

e Chén trén cua tich. Tix (a — b)2 > 0 suy ra (a + b)? > 4ab, do d6

(a +Db)? 42
< < — =4
TSy
- =R - a8 A A A 64
e Tach biéu thirc. VGi hé s6 k = 4 ta viet A = 4ab + i 3ab.
e Rép danh gia. Ap dung bat ding thicc AM-GM cho hai s6 duong 4ab va %, roi dung chin trén

ab
ab < 4 cho phan du:

[ 4
A>2 4ab-g—b—3ab=2\/256—3ab=32—3ab > 32-3-4=20.

o Kiém tra dau déang thirc. Panh gid thu nhét 1a ddng thic khi 4ab = %, tuc ab = 4; danh gia thu

hai 1a ddng thac khi ab = 4, ma diéu nay chi xdyrakhia =bvaa+b =4, tica="> = 2.
DPap s6. min A = 20, dat duoc khia = b = 2.

Nhan xét. Néu ghép ngay cip (ab; %) thi dugc A > 16, nhung dau dang thirc doi héi ab = 8, vuot

qua chdn trén ab < 4. Day dung la sai lam thudng gdp da néu & muc A: chin dudi thu duge la dung
nhung khong dat dugc, nén khong phai gia tri nho nhat.

Vi du 2.4. Cho ba s6 thuc duong a, b, ¢ thod man a + 2b + 3¢ > 16. Tim gia tri nhé nhat caa
biéu thtic 5 s 1
Sl= A e = e — =

a b c

Phan tich. C4c bién ¢6 vai tro khac nhau, rang budc lai 1a bat phuong trinh nén dau dang thic duge
du dodn roi vao bién a + 2b + 3¢ = 16. V6i mdi bién, ta ghép mot phan ctia n6 véi phan thirc nghich
ddo tuong ting; phan con lai cia ca ba bién gop lai phai dung bang mot bdi cta a + 2b + 3¢ thi méi
dung dugc gia thiét. Hai yéu cau d6 dan t6i bo sé a = 2, b = 4, ¢ = 2; b0 nay ndm dung trén bién vi
a+2b+3c=2+8+6 =16, nén ta lay n6 lam diém roi du doén.
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Diém roi.a =2, b = 4, ¢ = 2. Ba so d6 diém roi tuong tng la

a 3 2 3 4 b 8 4 c 1 2 1
—== = —-== = k=-; —==- 5 —=2 = m=2; —=- = —==- > n=4
k a kK 2 3 m b m n c n 2
Loi giai
i .2 . < b b
e Tach biéu thu’c.Theobahésévtratim,tatécha=%Ta+%,b=§+§,c:§+%vénhémlaiz
30 3 b 8 c 1 a b 3c
A=(—+—)+ = db = +(—+—)+ —db=db =],
4 a 2 b 4 ¢ 4 2 4
e Rap danh gia. Ap dung bat ding thitc AM-GM cho tirng ngodc dau tién:
3a 3 9 b 8 c 1 1
Zr2>202=3  Z42>2VA=4;  —4+->2,/-=1
4 +a_ 4 3 2+b_ \/_ ’ 4+c_ 4

=5

Ngodc cudi cung chinh la i(u +2b + 3c) >
3+4+1+4=12.

e Kiém tra ddu déng thi’c. Ba danh gid dau 1a dang thic 1an luot khi a® = 4, b? = 16, ¢2 = 4, tuc
a =2,b=4,c=2;danh gid cudi la ddng thic khi a + 2b + 3¢ = 16. B0 (a;b; ¢) = (2;4;2) thod man
dong thoi tat ca.

Pap s6. minA =12, datdugckhia =2, b =4, ¢ = 2.

= 4. Cong theo vé boén déanh gid trén ta dugc A >

Vi du 2.5. Cho ba s6 thuc duong a, b, c. Tim gié tri nhé nhét ctia biéu thic

A

a b @ b+c c+a a+b
= + + + +
b+c c+a a+b a b c

A 2 D . a 1
Phan tich. Biéu thac doi xing véi a, b, c nén du dodn diém roia = b = c. Tai d6 T ie - 3

b+c C o ba e B FAE e e
, phan con lai gitt nguyén va danh gia riéng.

R b+
= 2. Ta ghép ba? v6i mot phan ctia

b+c PN ; 1
m- T) va budc hai s6 bang nhau tai diém roi: 3= 2m =

Diém roi. a = b = c. Ghép cip (buTc;

m= i.Nhu vay moi phén thuc bte duoc chia thénh% dung dé ghép cap Vé£~ b:C dé danh
lai.
Loi giai
« Téch biéu thic. Theohésém:ivtratim,
A= +b+c N b +c+a L€ +a+b +z b+c+c+a+a+b
“\b+c 4a c+a 4b a+b 4c 4\ a b c

e Danh gia ba ngodc dau. Véi moi a, b, ¢ > 0, theo AM-GM cho hai s6 duong,

a +b+c>2 a b+c_2l
b+c 4da ~ b+c 4a 2

=1,
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va hai ngodc con lai duge dénh gia hoan toan tuong tu. Tong ba ngodc khong nho hon 3.
e Danh gia phan dw. Nhom lai theo titng cip nghich dao,

b+c+c+a+a+b:(E+B)+(%+£)+(£+%) > 2+2+2=6.

a b c b a b a
A : 21 2
e Cong lai. Tir hai danh gia trén, A > 3 + £~6 =3+ 7= 77
3 . 2 . A o +
e Kiém tra dau dang thirc. Ngodc thit nhat 1a dang thic khi 5 i . = b4ac, tac b + ¢ = 2a; tuong tu
c+a=2bvaa+b=2c. Hénay choa = b = ¢, cling dting la diéu kién dé danh gia phan du la ddng
thec.

Dép s6. min A = %7, dat duogckhia =b = c.

Vi du 2.6. Cho hai s6 thuc duong a, b thod méan a + b < 2. Chiing minh rang

4 4
- +—+ab > 7.
2+b2 ap T

Phan tich. Vé trai déi xting v6i a,b nén du doan diém roia = b = 1, khi dy a® + b2 = 2ab = 2 va

ab = 1. Dai lugng a? + b? ndm & mau, mudn ding bd dé cong mau dé bién n6 thanh (a + b)? thi can
x 4 NPT 2 2

thém 2ab vao mau, nghia la phai trich ra tir = mot phan bang 75" Phan = con lai dugc chia doi:

mot ntira ghép cdp nghich dao véi ab, mot nira duing chan ab < 1.

L&i giai

e Hai hé qua cua gia thiét. Tir (2 — b)? > 0ta c6 (a + b)? > 4ab, do d6

(a+b? _

ab < 1 <1, (a+b)* < 4.

e Tach biéu thirc. Ta viét lai vé trai thanh
4 +i+ab—(L+£)+(ab+i)+i
a?+b?  ab T \a24+p2  ab a '

e Danh gia nhém thi nhat. Theo B3 dé 2.1 cho hai s6 duong a2 + b? va 2ab,

=4.

4 2 1 1 16 16 16
=4 )2

_ — =4 | — — = > —
a2+b2+ab a2+b2+2ab T a?2+b%2+2ab (a+b)?2 T 4

- 1
e Danh gia hai nhém con lai. Theo AM-GM cho hai s6 duong, ab + i > 2. Ngoaira ab < 1 nén

1 > 1
ab —
e Cong lai. Cong theo vé ba danh gia trén ta dugc
4 4
——+—+ab > 4+2+1=".
2+02 ab "
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o Kiém tra diu dang thirc. Nhém thit nhat 1a d&ng thirc khi a? + b? = 2ab va a + b = 2; nhém tha
hai 1a ddng thue khi ab = 1; danh gia cudi 1a ddng thic khi ab = 1. Tat ca cuing xay ra khi va chi khi
a=b=1.

4 s 2 1 1 n z R _mp
Nhén xét. Viéc chia - thanh ba phan T va - khong tuy tién: phan thi nhat do bo dé cong

mau quy dinh, phan tha hai do yéu cau ghép cip nghich dao v6i ab tai ab = 1 quy dinh, phan tha
ba la s con lai. Méi phan déu c6 dau déng thic tai 2 = b = 1, nho d6 tong ba danh gia van chit.

Vi du 2.7. Cho hai s6 thuc 4, b thoa man a > b > 0. Chiing minh rang a + 6.

8
- >
b(a-b) —

Phan tich. Vé phai la hang s6, nén khi dp dung AM-GM cho vé tréi ta phai kht sach bién, nghia la
tich ctia bo s6 dem vao AM-GM khong duogc chtta a, b. Mau sb b(a — b) goi y hai dai luong duong
a —bvab; mdtkhdca = (a —b) + b. Vay ta ap dung AM-GM cho ba s6 duong a — b, b va ﬁ,
tich ctia ching bang 8, khong con bién.

L&i giai

e Tach biéu thirc. Via > b >0néna—-b >0vaa =(a—b)+b,do dé6

8 8

a+b(a—b):(a_b)+b+b(a—b)'

e Rap danh gia. Ap dung bat ding thicc AM~GM cho ba s duong vita néu:

8 3 8 — —
(a—b)+b+b(a_b) > 3\/(a—b)-b-m_3€/§_6.

_ 8
" b(a-b)

R 8
b:t>0,diéukiéncf)nlaichot:t—2,t1’rct3:8,t1’1ct:2.V€1yb:2véa:4.

o Kiém tra dau déng thirc. Diu déng thitc xay ra khi va chikhia —b = b Data-b =

4 )
Vi du 2.8. Cho ba s6 thuc duong 4, b, c. Chiing minh rang

a N b N c
b+c c¢c+a a+b —

DN | W

(bat dang thtc Nesbitt).
- Y,

~ ” 2 ~ S 1
Phan tich. Diéem roila a = b = ¢, tai d6 mdi phan thic bang 5

X s A b+ . .
e Hurdng ghép cap quen thugc. Mot huéng di ty nhién la ghép baTc vé6i 4ac — hai s0 nay bang
; ] b+ £ az
nhau tai diém roi — dé dugc 2 j_ E + VC > 1, cong ba bat dang thirc tuong tu thi
a N b N c B b+c+c+a+a+b
b+c c+a a+b — 4a 4b 4c
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e A g A 1z X b+ +a a+b
e Hudng ay bi bac bo. Mudn két thic, ta phai chirng minh p C4E 2 24 C < 6. Danh gia nay
sai:véia =b=1,c=2vétrdibdng 3+ 3+ 1 = 7 > 6. Diém roi tuy dugc bdo toan nhung chiéu bat

dédng thuc da bi dao, nén hudéng di phai bi bac bo.

a+b+c
+1=—"-

e Chuyén hudng. Ta chuyén sang huéng thit hai, dya trén déng nhét thic 2 j_ . T

L&i giai

e Quy vé mét bat dang thirc tich. Cong 1 vao mdi phan thic,

a+b+c
b+c c+a a+b

)+3:(a+b+c)( ! ! L )

+ +
b+c c+a a+b

1 N 1 N 1
b+c c+a a+b
e Danh gia thira s6 th& nhat. Vi2(a + b +¢) = (a +b) + (b + ¢) + (c + a), theo AM-GM cho ba sb
duong,

Vay chi can chiing minh 2(a + b + ¢) ( ) > 9.

2a+b+c) > 33 +b)b+c)c+a).
e Danh gia thira s6 th hai. Ciing theo AM-GM cho ba sé duong,

1 1 1 3
+ + > :
btc c+a a+b — Ya+b)b+c)c+a)

o Nhan theo vé. Hai bat ding thttc trén ciing chiéu va hai vé déu duong nén dugc phép nhan theo

vé: . . .
2(a +b + ( + + )29,
& ) b+c c+a a+b
suy ra 4 + g + ¢ >g—3—§
Y e T cva Ta+b -2 9

e Kiém tra dau déng thirc. Ca hai danh gid déu l1a ding thic khi va chikhia +b =b+c¢ = ¢ +a,
taica=b =c.

Nhan xét. Vi du nay cho thay bao toan diém roi 1a diéu kién cdn cht chua du. Huéng di thir nhat
gitt ding diém roi nhung lai quy bai todn vé mot ménh dé sai, vi phép danh gia da day bai toan sang
chiéu ngugce lai. Khi roi vao tinh huéng 4y, cach xt ly thuong dung 1a déi cdch nhém chir khong
phai diéu chinh hé s6. Dé bai nay da dugc giadi & Vi du 1.8 bang phép déibiénx =b+c,y =c +a,
z=a+b;n6contrdlai 5Vidubs.1, Vidu 7.6 va Vi du 9.1.

Vi du 2.9%. Cho ba s6 thuc duong 4, b, c. Chiing minh rang

(a+b)a+b+c)? > 16abc.

Phan tich. Bat dang thic khong doi xing véi ca ba bién, nén du doan quen thudc a = b = ¢ chua
chdc dung dugc: thira = b = ¢ = 1 thi vé trdi bang 18, vé phai bang 16, hai vé khong bang nhau, nén
phai loai du doan ay. Ta xét vai tro ting nhém.

e Cap bién binh dang. Trudc hét a va b c6 vai trd nhu nhau, vi ddi chd chiing thi hai vé khong ddi;
do d6 du dodn a = b, va khi &y 4ab = (a + b)>.
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e So vai tro vdi bién thi? ba. Viét 16abc = 4c - 4ab r6i diing 4ab < (a + b)?, ta thay chi cin chiing
minh (a + b)(a + b + ¢)? > 4c(a +b)?, ticla (a + b + ¢)? > 4c(a + b); & bat dang thiccnay a + b va ¢
hoéan déi dugc cho nhau, nén dy doan tiép ¢ = a + b.

e Chét diém roi. Tém lai, ddu ddng thitc dugc du doan xdy rakhia = bvac = a+b, tic c = 2a = 2b.
Diém roi. ¢ = 2a = 2b; chéng han (a;b; c) = (1;1;2), khi d6 hai vé ciing bing 32.
Li giai
e Chon hai danh gia bao toan diém roi. Theo hé qua (x + y)? > 4xy da néu & muc A,
(a+b)? > 4ab >0, (a+b+c)® > 4c(a+b) > 0.
banh gia thit nhat 1a dang thic khi 2 = b, danh gia thit hai la ddng thac khi ¢ = a + b; ca hai déu
ding tai diém roi da du doan.

e Nhan theo vé. Hai bat ddng thtic trén cling chiéu va hai vé déu khéng 4m nén

(a+b)*(a+b+c) > 16abc(a + D).

e Rut gon. Chia hai vé cho a + b > 0 ta dugc (a + b)(a + b + c)? > 16abc.

o Kiém tra ddu déng thirc. Dau ding thirc xay rakhivachikhia = bvac = a+b, ticcc = 2a = 2b > 0.
Nhan xét. Khi cac bién khong binh ddng, ta tim diém roi bing céch so sanh vai tr0 ctia titng nhém
dai lugng trong biéu thic, thay vi mic dinh cho céc bién bang nhau. Cach 1am d6 mé rong dugc: véi
bdn bién, ciing 1ap luan &y choa =b =cvad = a + b + ¢, dan t6i Bai 2.11 & muc sau.

C. Bai tap c6 1 giai

.. p § 2 16
Bai 2.1. Cho s6 thuc a > 4. Tim gié tri nhé nhat cta biéu thic A = a2 + —

Phan tich. Trén ntra khoang [4; +c0), khi a ting thi s6 hang a? ting nhiéu hon mtc gidm cta s6 hang
16 B
o nén A tang theo a va ta du dodn A nhé nhat tai bién a = 4, khi d6 A = 16 + 4 = 20. Phan thdc c6

x p z 1 T n
mau bac nhat trong khi s6 hang kia c6 bac hai, vi vy ta tach 76 thanh hai phan bang nhau roi duing
AM-GM cho ba s6; cach téach dy lam cho tich ctia b s6 dem vao AM-GM khong con chita bién.

L2 . 288 . . .
Diém roi. a = 4. Ghép bo ba (%; P va budc ba sd nay bang nhau tai diém roi:
a2 _8
L::4:>JéC o' 185 kos
=9
a
Loi giai

e Tach biéu thirc. Vi hé sb k = 8 vira tim, ta viét

2
A:a2+—: §+§
a a

a 7a?
— + + —.
8 8
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2
e Danh gia ba s6 hang dau. Ap dung bat ding thiic AM-GM cho ba sé duong %,

4

SH o)
X |

e . A D L Ta® _ 7-16
e Danh gia phan du. Via > 4 > 0nén a”® > 16,dodo? > 5 - 14.
e Cong hai danh gia cung chiéu. Cong theo vé ta dugc A > 6 + 14 = 20.

2

e Kiém tra dau dang thi’c. Danh gia thi nhit 1a déng thic khi % = 2, ttc a3 = 64, tc a = 4; danh
gid thi hai la dang thic khi 2 = 4. Hai ddu dédng thic xay ra dong thoi tai a = 4, va gia tri nay thoa
man gia thiét.
Dap s6. min A = 20, dat duogc khia = 4.

Bai 2.2. Cho s6 thuc a > 4. Tim gia tri nho nhét cta biéu thic A = a + g.

Phan tich. Cang nhu bai trén, A ting theo a trén nira khoang [4; +o0) nén du doan A nho nhat tai

9 25 . ) A g
biéna =4,khid6 A =4+ 1T Khong duoc ghép truc tiép cap (a; E): dau dang thic cia danh
gia y doi hdia = g, tic a = 3, ndm ngoai mién dang xét. Phai tach a thanh hai phan theo mot hé s
thich hop.
Diém roi. a = 4. Ghép cip (%; %) va budc hai s6 nay bang nhau tai diém roi:
a_ 9
~ k- a 4 9 16
a=4 = 9_9 :>k_4:>k_9,
a 4
~_ 1x X L, o . a 9a
nghia 1a phan dem ghép cap la =16
Loi giai
e Tach biéu thirc. Theo hé s6 vira tim,
9 9a 9 Ta
A—H+E—E+E+1—6.

e Ghép cap nghich ddo. Ap dung bat déng thitc AM-GM cho hai s6 duong El)—g va %

9a 09 5 9% 9 _, Bl_, 9_9
16 a 16 a 6 "4 2
7-4

- .z A N A 7a : 7
; > — > — =-.
e Danh gia phan du. Via > 4 nén 62 16 — 2

e Cong hai danh gia cung chiéu. Cong theo v

O»
-
Q
Q.
g
(@)
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e Kiém tra ddu déng thirc. Danh gig thit nhit 1a ddng thic khi ?—g = %, ttc a® = 16, tic a = 4 (do
a > 0); danh gia tha hai la dang thitc cting khi a = 4. Hai ddu déng thitc xay ra dong thoi.

. 2
Pap sb. min A = Z5 dat duoc khi a = 4.

Bai 2.3. Cho hai s6 thuc duong 4, b thod méan a + b < 2. Chting minh rang

;-FL > 1
a2+b2  2ab —

Phan tich. Vé trai déi xing véi a, b nén du dodn a = b; mit khac rang budc 1a bat phuong trinh
nén dau ding thitc duoc dy doan rai vao bién a + b = 2. Hai diéu d6 cho diém roia = b = 1,
. . N 1 1 N Y q
khi &y a? + b% = 2, 2ab = 2 va vé trai bing 5 T 5 = 1 Diéu déng cht y la hai mdu s6 ¢6 tong
(a? +b%) + 2ab = (a + b)?, dtng 1a dai lugng ma gia thiét khéng ché; d6 chinh la dau hiéu dé dung
b6 dé cong mau.
Loi giai
e Dung bé dé cong mau. Via,b > 0 nén a® + b> > 0va 2ab > 0. Ap dung B d8 2.1 cho hai s6
duong a? + b? va 2ab:
1 1 4 4

. > = .
a2+b2+2ab T a?+b%2+2ab  (a+Db)?

e Dung rang buédc cua gia thiét. Tt 0 < a + b < 2suyra0 < (a + b)? < 4, do d6

_ 4 o 2Ly
(@a+b)2 = 4

1 N
2 + — > 1, ding la diéu phai

RA Mol 5 na £, a2 1
e NoOi hai danh gia. Ghép hai bat dang thuc trén ta duoc =02 ' 240

ching minh.

e Kiém tra ddu déng thirc. Danh gia thit nhit 1a déng thite khi a2 + b2 = 2ab, tirc (a — b)? = 0, tic
a = b; danh gia thi hai la dang thic khi a + b = 2. Hai diéu kién ciing xay ra khi va chikhia = b = 1.

Bai 2.4. Cho ba s6 thuc duong a, b, ¢ thod man 2a + b + ¢ > 8. Tim gid tri nho nhat ctia biéu

thtc 2 o @
A=a+b+c+-—+ - +-.
a b ¢

Phan tich. Bai toan c6 cung cau trtic véi Vi du 2.4: ba bién vai tro khac nhau, rang budc 1a bat phuong
trinh nén dau déng thirc duge du doén roi vao bién 2a + b + ¢ = 8. V6i mdi bién ta ghép mot phan
ctia n6 v6i phén thitc nghich dao tuong ting; ba phan con lai gop lai phai ding bang mot boi cua
2a + b + ¢ thi méi dung duoc gia thiét. Hai yéu cau dy dan t6ibd a = b = ¢ = 2; bd nay nam dung
trén bién vi 2- 2 + 2 + 2 = 8, nén ta lay n6 lam diém roi du doéan, khi d6 A = 10.
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Diém roi. a = b = ¢ = 2. Ba 50 d6 diém roi tuong tng la

a—2:>2—1:>k—2 b—3:>2—3:>m—4

kK a ko - m b m 2 R

c 3 2 3 4

—_—=- = —=—- =5 n=_=

n c n 2 3

Loi giai

i .2 ., . b b
OTachbleuthu’c.Theobahésévfiatim,tatécha=%+g,b=3Z+Z,c=%c+ivénhémlaiz

A=(g+§)+(%+%)+(%+%)+(g+%+i).

e Danh gia ba ngodc dau. Ap dung bat déng thitc AM-GM cho hai s6 duong trong mdi ngodc:

(ol

3
t- 22 =% > 2,/> =3

N 4

IS )
ISI )

3 9 3c 3 9
+= > 24/==3; — L=
b — 4 5 4 ¢

NN RS
NGRS

c L p 1 <
e Danh gia phan du. Ngodc cudi cting chinh 1a 1 (2a 4+ b + c), ma theo gia thiet 2a + b + ¢ > 8, nén
LA
2 4 474 7
e Cong bén danh gia cung chiéu. Cong theo vé ta dugc A > 2+3+3 +2 = 10.
o Kiém tra dau déng thirc. Ba danh gid dau 1a déng thirc 1an luot khi a? = 4, b2 = 4, ¢ = 4, tuc
a =b = c =2 (cacbién déu duong); danh gia cudila dang thirc khi 2a+b+c = 8.BO (a; b; ¢) = (2;2;2)
thoa man dong thdi tat ca cac diéu kién ay.

Pap s6. min A = 10, dat dugc khia =b =c = 2.

27 > 9.

Bai 2.5. Cho hai s6 thuc 4, b thod man a > b > 0. Ching minh rang a + ba—b) >

Phan tich. V& phai 1a hing s6, nén b6 sd6 dem vao AM-GM phai ¢6 tich khong chira bién. Mau s
b(a — b) ggi ra hai dai luong duong a — b va b; mdt khac a = (a —b) + b. Vay ta 4p dung bat dang thirc

p 2 N . p
AM-GM cho ba s6 duong a — b, b va b i b): tich ctia chting bang 27, dting la mét hang so6. Day la

luge d6 ctia Vi du 2.7 v6i hing s6 8 dugc thay boi 27.
Lai giai

e Tach biéu thirc. Tira > b > Osuyraa —b > 0, dong thoia = (a — b) + b, do d6

27 27
+ b =1) =(@-b)+b+ =)
e Rap danh gia. Bas6a — b, b va % déu duong, nén theo bat dang thire AM-GM cho ba sd,

b)::ﬁ“’/ﬁ:g

27 , 27
(a_b)+b+b(a—b) > 3\/(a—b)-b-b(a_
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27 S 9

Vaya+b(a_b) >

27
b(a—0b)
R 27
b =t >0, diéu kién con lai tré thanh ¢ = t—2,tﬁct3:27,t1’rct =3.Khidéb=3vaa=t+b=06,bod

o Kiém tra dau déng thirc. Diu ding thic xay ra khi va chikhia —b = b = bita-b =

sd nay thod mana > b > 0.

Bai 2.6. Cho ba sb thuc duong a, b, ¢ thod man abc = 8. Chiing minh rang
1 1 1 1

+ 4 < 5.
ad +b3+abc  b3+c3+abc  c3+ad+abc 8

Phan tich. Bat dang thurc c6 chiéu <, nén mdi phén thitc ¢ vé trai phai duge chdn trén; mudn vay ta
chdn duéi titng mau sd. Biéu thirc di xtiing véi ba bién, két hgp rang budc abe = 8, ta du doan diém
roia=b=c=2.
 Nhan ra b6 d& & mau. Miu a3 + b3 + abc chita téng a® + b3, dting 1a vé trai ctia BS dé 2.2.
e Hinh dung budc rit gon. Sau khi thay a3 + b3 bdi ab(a + b), mau sb trd thanh ab(a + b + ¢); ba
phan thitc méi quy dong dugc vé cing mau abe(a + b + ¢) va tong ba tir s6 1a a + b + ¢, nhd d6 rat
gon hét.
Lai giai

e Chan dudi tirng mau sé. Theo B6 dé 2.2, v6imoi a, b > 0 ta c6 a® + b® > ab(a + b), do d6

a® +b3+abc > ab(a+b)+abc=aba+b+c) > 0.
Ap dung bd dé ay cho cip (b; ¢) 16i cho cip (c; a), ta cling 6

b3 +c3+abc > be(a+b+c¢)>0, c3+a®+abc > ca(a+b+c)>0.

e Chan trén tirng phan thirc. O mbi bat déng thirc trén hai vé déu duong, nén lay nghich dao sé
déo chiéu bat déng thuc:

1 1 1 1 1 1
< : < : < )
ad3+b3+abc ™ ab(a+b+c)’ b3+c3+abc ™ be(a+b+c) c3+a3+abc ™ cala+Db+c)

Nhan ca tir va mau ctia vé phai thi nhat véi ¢, ctia vé phai tha hai véi a, ctia vé phai thit ba véi b, ba
phén thic &y c6 chung mau s6 abc(a + b + ¢):

1 & 1 a 1 b
< : < : < )
a3 +b3+abc = abc(a+b+c) b3+c3+abc ™ abcla+b+c) 3 +ad+abc T abe(a+b+c)

e Cdng ba bat ding thi’c cung chiéu. Cong theo vé va dimng abc = 8,

1 N 1 N 1 < c+a+b
a3+ b3 +abc  b3+c3+abc  c3+ad+abc ~ abcla+b+c)
11
abc 8’

o Kiém tra ddu déang thirc. Ba lin dung B6 dé 2.2 1an lugt 1a déng thitckhia = b,b = ¢,c = a,nén ca
ba cting 1a ddng thtrc khi va chi khia = b = ¢. Két hop véi abc = 8 ta dugc a® =8, ttca=b=c = 2.
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Bai 2.7. Cho ba sb thuc 4, b, ¢ bat ki. Ching minh rang

(a® +2b%) (b +2¢?) (c? +2a%) > 27a*b?c?.

Phan tich. Trong ca hai vé chi c6 a2, b?, c? xuat hién, nén c6 thé lam viéc vdi ba s6 khong am ay thay
cho a,b,c. Hé s6 27 = 3% & vé phai goi y danh gia mdi thira s6 ctia vé trai boi 3 1an mot can bac ba;
mudn tich ba cin 4y ding bang a2b%c? thi trong mdi thira s6 ta phai tach 2b? = b? + b? rdi dung
AM-GM cho ba s6. Diém roi duge du doan tai |a| = |b| = |c|, khi d6 mbi thira s6 bang 342 va hai vé
cuing béng 27a5.

L&i giai

e Danh gia thira so6 thit nhat. Basé a?, b2, b? déu khong am, nén theo bat déng thiee AM-GM cho
ba sb,

a2 +202 = a2+ b2+ 0% > 3¥Va2 b2 b2 = 3Va204 > 0.

e Danh gia hai thira s6 con lai. Lip lai 1ap luan trén véi bo ba b2, c2, c? r6i véibo ba c?, a2, a2, ta
duogc
b2 +2¢2 > 33b2c4 > 0, c2+2a2 > 3Vc2at > 0.

e Nhan theo Vé. Ba bat ddng thirc trén ciing chiéu va moi vé déu khong am nén dugc phép nhan
theo vé:

(a2 +2b%) (b% + 2¢?) (c? + 2a%) > 27Va2pt - b2ct - 2at.
e Rut gon vé phai. Biéu thtric duéi dau can bing a®b6¢8, ma Vabb6c6 = a2b2c?, nén vé phai bing
27a%b%c?. Ta thu dugc diéu phai chitng minh.
o Kiém tra diu déng thirc. Ba danh gid & trén 14n luot 1a d&ng thirc khi a? = b2, b% = ¢?,c? = a%.Ca
ba ciing xay ra khi va chi khi |a| = |b| = |c|; chdng han b0 (a; b; ¢) = (2; —2;2) cling 1am hai vé bang
nhau.

4
Bai 2.8. Cho hai s6 thuc duong a, b. Ching minh rang (\/E + \/E) > 8(a + b)Vab.

Phan tich. Ca hai vé chi phu thudc vao hai dai lugng déi xting s = a + b va p = Vab: that vay
2
(\/E + \/Z_J) = a+2Vab +b = s + 2p, con vé phai bing 8sp. Bit ding thirc cAn ching minh tré thanh

(s+2p)? > 4-s-2p, danglahé qua (x +y)? > 4xy dd néu d muc A v6i x = s va y = 2p. Vi vé trdi dbi
xting, diém roi dugc dy doan taia = b.

L&i giai

« Dat hai dai lwgng déi xing. Dits =a +b > 0 vap = Vab > 0. Khi d6

2
(\/E+\/E) =a+2Vab+b=s+2p,

4
suy ra (\/E + \/E) = (s +2p)?; ddng thoi vé phai ctia bat d&ng thirc cAn chitng minh 1a 8(a + b)Vab =
8sp.
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« Dung hé qua binh phuong téng. Ap dung (x + y)? > dxy véix = s vay = 2p:
(s+2p)* > 4-5-2p =8sp.
e Tré vé bién ban dau. Thay s = a + b va p = Vab vao bat déng thtc vira nhan dugc, ta c6
4
(\/E + \/l_l) > 8(a + b)Vab.

o Kiém tra ddu déng thirc. Hé qua (x+y)? > 4xy 1a ding thicckhi x = y, titc s = 2p, tiac a+b = 2Vab.
2
biéu nay tuong duong véi (\/_ - \/5) =0,taca =b.

a2+5

>
Va2 +1

=~

Bai 2.9. Cho s6 thuc a bat ki. Ching minh rang

Phan tich. Vé trai chi phu thudc vao 4, hon nita tir sd viét dugc thanh a® + 5 = (a? + 1) + 4. Dit
t2 +4

. 4 .
t =Va2+1thit > 1vat?=a?+1,nén vé trdi trd thanh = t + . Cdp nghich déo nay c6 dau
déng thuc tai t = 2; gid tri &y nam trong mién ¢ > 1 nén dugc phép ghép cdp truc tiép, khong phai

tach hé s6 nhu hai bai ddu muc nay.
Lo giai

o D6 bién vé mot an. Dt t = Va2 +1. Via? > 0nént?> = a®>+1 > 1,dodét > 1 > 0; ngoai ra
a? +5=1t? +4. Vay
a?+5  t?+4 4
- =t+-
a?+1 t t

e Ghép cip nghich dao. Ap dung bat ding thitc AM~GM cho hai s6 duong t va %:

4 [ 4
s 2 2 t~?:2\/4_1:4.

2
ac+5 L
> 4 véi moi so thuc a.

Va2 +1

e Kiém tra ddu déng thirc. Dau déng thirc xay ra khi t = 7 tict? = 4,tict =2 (dot > 0); gid tri

nay thoa man diéu kién t > 1. Khi d6 a? + 1 = 4, tic a® = 3, tlic a = +V3.

Vay

B

Bai 2.10. Cho ba s6 thuc duong 4, b, c. Chting minh rang
a 8 b 8 c 8
— 4 ~ 4 — 4+ —) > .
a(2+bc)+b(2+ca)+c(2+ub)_18

Phan tich. Y tudng trung tam 1a ra vé trai thanh ba bai mot bién cting dang. Biéu thirc ddi xting nén
du dodn a = b = ¢; bai mot bién cho tiép a = 2, vay diém roi du dodn laa = b = ¢ = 2, khi d6 vé trai
bang 18.
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212, A2
- S A x s PPN , Ao ATF¥b 4
e Hai cum sau khai trién. Nhan vao titng ngodc, vé trai gom hai cum: cum béc hai —
8 (a2 + b* + ¢?)
abc i
e Khi¥ s’ dan xen ba bién. Cum thit hai con ba bién dan xen nén chua téch bai toan ra duoc; ta ha

n6 xudng dang mdi sd hang chi chita mot bién nho hé qua a? + b2 + ¢? > ab + be + ca.

cum phan thtc

e Dua vé bai mét bién. Sau budc dy bai toan ra thanh ba bai mot bién gidng hét nhau, méi bai cé
2
a- 8 : . .
dang 5t cung kiéu v6i Bai 2.1 & dau muc nay va dugce xi ly theo nguyén tac da ratra ¢ Vidu 2.2:

tach sao cho tich ctia bo s6 dem vao AM-GM khong codn chira bién, ¢ déy 1a tach % thanh hai phan

bang nhau.
Lo giai

e Viét gon vé trai. Nhan vao titng ngodc r6i quy dong ba phan thittc vé mau chung abc:
(E+§)+b 2+§ +c(£+§)
“\2 7 be 2 ca 2 ab

a% +b? + c? a?  br P a2 +b2+c2 8(a?+0b%+c?)
= - - —_—t—+—| = + .
2 abc  abc abc 2 abce

e Ha cum phan thirc vé mét bién. Theo hé qua a® + b% + ¢ > ab + bc + ca da néu 3 muc A, va vi
abc > 0,
8(a®+b*+c?) _ 8ab+bc+ca) 8 8
> =—+—+
abc c a

S| oo

abce

e Nhém lai thanh ba bai mét bién. Tir hai buéc trén, vé trdi khong nhé hon

2 4 2 b 2 ¢’

. 4 4 An, AF %
¢ Danh gia tiyrng bai mét bieén. Tach 2 =+ roi 4p dung bat dang thttc AM—-GM cho ba s6 duong
4,
=

, b? 8 ¢z 8
Ciing véi b ba tuong ting ctia b va ctia ¢, ta c6 Zt3 > 6 va -

e Cong ba bat dang thirc cuing chiéu. Cong theo vé, vé trdi ctia dé bai khong nhd hon 6+6+6 = 18.
o Kiém tra dau dang thirc. Hé qua dung & bude thi hai la déng thic khia = b = ¢; ba danh gia
2
. 4 <
AM-GM la dang thic khi % = taca® =8, ttca = 2, va tuong tu b = 2, c = 2. Tat ca cung xay ra
khivachikhia=b=c¢=2.
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Bai 2.11". Cho bdn sb thuc duong a, b, ¢, d. Ching minh rang

(@a+b+c)*@a+b+c+d)? > 108abcd.

Phan tich. Vé phai tdch dugc thanh 108abcd = 27abc-4d: phan 27abc ting v6i bat dang thitc AM-GM
chobasb a,b,c, phan 4d tng v6i hé qua (x + y)* > 4xy dp dungchox =a+b+cvay =d.

e Xét vai tro cac bién. Babién a, b, c c6 vai trd nhu nhau vi ddi chd chiing thi hai vé khong déi, nén
du doén a = b = ¢; trong danh gié tha hai, a + b + ¢ va d hoan d6i dugc cho nhau nén du doén tiép
d=a+b+ec.

e Lién hé vdi vi du trudc. Day dung la cich md rong Vi du 2.9 da néi & 10i binh cta vi du &y, chi
khac 1a tang trong duing AM-GM cho ba s6 thay vi hai sb.

Diém roi.a = b = c va d = 3a; chdng han (a; b; c;d) = (1;1;1; 3), khi d6 vé trai bing 32 - 6 = 324 va
vé phai bang 108 - 3 = 324.

L&i giai

e Danh gia tang trong. Ap dung bat déng thitc AM-GM cho ba s6 duong a, b, c tadugca+b+c >
3Vabc. Hai vé déu duong nén lap phuong dugce, va

(a+b+c)® > 27abc > 0.

e Danh gia tdng ngoai. Theo hé qué (x + y)? > 4xy dmuc AvSix =a+b+cvay =d,
(a+b+c+d)? > 4d@a+b+c) > 0.
Dénh gia tht nhat la dang thic khia = b = ¢, danh gid tha hai la dang thic khid = a + b + ¢; ca hai

déu dung tai diém roi da du doan.

e Nhan theo vé. Hai bat ding thic trén cting chiéu va moi vé déu khong am nén duge phép nhan
theo vé:

(a+b+cP@a+b+c+d)? > 27abc-4d(a +b +c) = 108abcd (a + b + ).

e Rut gon. Chiahaivéchoa +b +c > 0taduoc (a +b +c)?(a+b+c+d)?> > 108abcd.

o Kiém tra diu dang thirc. Diu dng thirc xdy rakhivachikhia = b = cvad = a +b + ¢, tic
a=b=cvad=3a.

Bai 2.12. Cho ba s6 thuc duong 4, b, c. Chiing minh ring

2a 2b 2c 1 1 1

+ + < =+ =+ —=.
at+b2 bi4c?2  ct+a2 a? b2 2

Phan tich. Bat dang thttc c6 chiéu < nén mdi phan thuc § vé trdi phai dugc chin trén, mudn vay
ta chdn du6i mau s6 cta né. Diém roi phai dong thoi thod a = b = ¢ va a* = b?, nén du doan
a=b=c=1.

e Chia khoa & mau s6. Mau a* + b 1a tdng ctia hai s6 duong c6 tich a%b? = (a2b)” la mot binh

phuong, nén AM-GM cho hai s cho ngay a* + b? > 2a?b va phan thtrc duge chin béi %.
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R B 1 1 1
e Phan viéc con lai. Tiép theo ta so sénh — + — + — v4i — + — + —, d6 1a mot hé qua quen
; : P ab  bc  ca a2 b2 (2 SR
thudc & muc A.

Loi gidi
e Chan dudi tirtng mau sd. Ap dung bt déng thitc AM-GM cho hai s6 duong a* va b2,
at +b% > 2Vatb? = 24%b > 0.

Lap lai v6i cdp (b*; c?) rdi v6i cdp (c*;a?), ta ciing c6 b* + ¢ > 2b%c > 0 va ¢t + a2 > 2¢%a > 0.
e Chan trén tirng phan thirc. G mbi bat ding thic trén hai vé déu duong, nén tir s6 duong gitr
nguyén con mau sb 16n hon sé cho phan thitc nho hon:

22 _ 2 _ 1 % 2 1
at+b2 = 2a2b  ab’ bi+c2 = 202¢  bc’
2c 2c

< = —.
ct+a2 7 2c%2a  ca
e Cong ba bat dang thirc cliing chiéu. Cong theo vé,

2a 2b 2c 1 1 1

+ + < —+—+—.
at+b2  br4+c2  ct4a2 ab  bc  ca

. 12 R B - 1 1
e Danh gia vé phai trung gian. Theo hé quéa x? + y? + z? > xy + yz + zx §muc A vdi x = Y=g
1
z=-,
c

1 1 1 1 1 1

b a2 et
e NGi hai danh gia. Ghép hai bat déng thitc cudi ta dugc didu phai chitng minh.

e Kiém tra dau déng thirc. Ba danh gi4 & budc dau la déng thirc khi a* = b2, b* = ¢?, ¢* = a%; vi cc
A ap A z : 1 1 1

bién déu duong, diéu d6 co nghialab = a?, ¢ = b?, a = ¢ Déanh gid cubi 1a ddng thic khi Pl

tca = b = c. Thay vao b = a? dugc a = a2, tic a = 1. Vay tat ca cac dau ddng thic cing xdy ra khi

vachikhia=b=c=1.
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BEEm CHUONG 3

Ky thuat tach, ghép va thém 03
bét trong AM-GM

Neéim thao tdc dua mot bidu thitc vé ding dang dp dung dugc bit ding thirc AM~GM ma vin bdo toan diu
diing thitc.

A. Kién thi'c trong tam
Bat didng thivc AM—-GM N

Cho 1 sb thuc khong &m x1, x2, ..., x,. Khi d6

X1 +Xo+ -+ Xy

> AYX1X2...Xyn,

n
dau déng thic xay ra khi va chi khi x; = x5 = --+ = x,. Trong céc tai liéu trong nudc, bat
dang thuc nay con dugc goi la bat dang thic Cauchy. Hai trudng hgp riéng duge dung

nhiéu nhat 1a

x+y=>24xy (x,y>0), x+y+z2>3¥xyz (x,y,z>0).

2
(x +y)? > 4xy, %22x—y (y >0).

Hai danh gié trén déu 1a hé qua truc tiép ctia bat dang thi'e AM-GM cho hai s6: déanh gia thir nhat
2
tuong duong vdéi (x — y)? > 0, con dénh gia tht hai chinh la x? +y > 2x. Hai dénh gid nay duoc st

dung nhiéu lan trong chuong.

Nguyén tac bao toan dau déng thic

Moi ky thuét ctia chuong déu dugc xay dung trén mot nguyén tic duy nhat: mdi lan &p
dung bat ddng thi'c AM-GM cho mot nhém s, dau déng thic ctia riéng bude d6 phai xay
ra dung tai diém roi ctia bai toan ban dau. Quy trinh lam viéc gdm ba budc.
1. Du doéan diém roi, thuong dua vao tinh d6i xting ctia gia thiét va cta biéu thtc can
danh gia.
2. Chon cach tach hang tit, chon dai lugng thém vao hodc chon hing s6 nhan thém, trong
d6 dé lai mot tham s chua xéc dinh.
3. Ap diéu kién “céc sb trong mdi nhoém béng nhau tai diém roi” dé im tham s6 do.
Néu b6 qua budc tha ba thi chubi déanh gia tuy van ding nhung thuong chi cho mot can
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yéu hon cén can chiing minh, va khi &y phép chiing minh khong hoan tat dugc theo chudi

danh gia do.
\_ J
.. ] j N\
Bo de 3.1. (tong nghich ddo) V&i n s6 duong x1,x2,...,x, tacd
1 1 1 n?
— =t — 2> .
X1 X9 Xy X1 +XxXo+---+ Xy
Dau dédng thuce xay ra khi va chi khi x1 = x5 = -+ = x,,. Trudng hop n = 2 cho dénh gia quen
1 4
thudéc — + — > .
X Yy x4y
\_ J

e Chirng minh. Theo bat dang thitc AM-GM,

1

1 1
(x1+---+xn)(—+~--+—) : 2
X1

nyYX1...Xp1n ﬁzn.
1:+4n

\%

Xn

Chia hai vé cho x; +--- + x, > 0 ta dugc diéu phai chiing minh. Dau ddng thuc cta ca hai 1an &p
dung déu doi hoi céc s6 bang nhau.

Bo dé nay chinh 1a B6 dé 2.1 ¢ Chuong 2; n6 dugc nhic lai kém chitng minh vi dugc dung lién tuc
trong chuong.

( )
Bo dé 3.2. (cdc luoc do ghép cip doi xitng) Cho X,Y,Z va A, B, C 1a cac s6 khong am. Gid st ba

tich XY, YZ, ZX chdn dugc binh phuong ctia ba sd A, B, C theo mot cach ghép nao d6, chang
han
XY > A%,  YZ > B?), ZX > C%.

Khid6 X+Y+Z > A+B+CvaXYZ > ABC.Néuba bat ding thitc ghép cidp di theo chiéu
nguoc lai, tic1a XY < A%, YZ < B2, ZX < C?,thi XYZ < ABC.
\ J
e Chirng minh. Ca hai két luan, ké ca truong hgp doi chiéu, déu chi dung bat ddng thiic AM-GM
cho hai s6 va phép nhan theo vé.
e Chin téng. Theo bat ding thitc AM—GM cho hai s6, X + Y > 2VXY > 24; tuong tu Y + Z > 2B
va Z + X > 2C. Cong ba bat dang thuc rdi chia cho 2 ta dugc két luén tht nhat.
e Chan tich. Véi két luan thit hai, nhan ba gia thiét theo vé va chu y (XY)(YZ)(ZX) = (XYZ)?, ta c6
(XYZ)? > (ABC)?; do cac s6 déu khong &m nén XYZ > ABC.
e Trvdng hgp ddi chidu. Khi ba bat ddng thirc ghép cip di chiéu, phép nhan theo vé van ding
duoe va cho (XYZ)? < (ABC)2, do d6 XYZ < ABC.
Trong céc luge do trén, viée ghép cdp déu ton trong tinh ddi xting cta bai toan: hai dai lugng dugc
ghép véi nhau 1a hai dai lugng déi xting d6i véi bién con lai.

Nam thao tac cia chwong

e Tich hang tir. Viét mot hang tr thanh tong nhiéu phan véi hé s6 chua biét, rdi can bang
hé s6 dé dau déng thttc khop diém roi.
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e Thém b6t mot dai lugng. Cong vao vé trai mot dai lugng thich hop dé tao ra nhém
dung dugc AM-GM, sau d6 trir dai lugng ay di.

Ghép cdp do6i xing. Nhom céc hang tir theo cdp hodc theo b ba sao cho tich cta ching
1a mot biéu thirc don gidn & vé phai.

e Dinh giia mAiu s6. Thay mau sd phuc tap bang mau s6 don gian hon, hodc tach nghich
dao ctia mot tong nho Bo dé 3.1.

Nhan thém hing s6. Nhan biéu thic dudi can véi cdc hing s6 bang 1 tai diém roi dé ha
béc cdn thuc bang bat dang thic AM-GM.

- J

B. Ky thuét va vi du minh hoa

B.1. Tach hang tr dé diém roi khép

Khi vé trai la mot tong cac luy thira v6i hé sé khac nhau con gia thiét lai 1a mot biéu thitc d6i xtiing
bac thap hon, ta tach méi hang ti thanh nhiéu phan véi hé s6 chua xac dinh r6i can bang dé tat ca
cdc danh gia cing dat dau dang thtc tai mot diém.

Vidu 3.1. Cho a, b, c 1a céc sb thuc duong thod méan ab + bc + ca = 7. Chtiing minh rang

6a’ + 6b% + 2 > 21.

Phan tich. Vé phai la hang s6, con gia thiét cho ab + bc + ca; do d6 ta phai lam xuét hién dong thoi
ba tich ab, bc, ca ¢ vé phai cua chudi danh gia. Hai bién a4 va b ¢6 vai trd nhu nhau nén c? duoc chia
déu thanh hai ntra: mot nira ghép v6i phan ctia 6a dé sinh ra ac, mot nirta ghép véi phan ctia 652 dé
sinh ra bc; phan con lai ctia 6a2 va 6b% ghép v6i nhau dé sinh ra ab.

e Tach v@i tham s6. Cu thé, dat 6a = ka? + (6 — k)a? v6i 0 < k < 6 rdi 4p dung bat déng thitc
AM-GM:

2 2
ka® + % > \2kac,  kb%+ % > V2kbe, (6 k)a®+ (6 - k)b® > 2(6 — k)ab.

e Can bing hé sb. Cong ba danh gia lai ta dugc 6a2 + 6b2 + ¢ > V2k (ac + bc) + 2(6 — k)ab. V& phai
12 boi ctia ab + be + ca khi va chi khi V2k = 2(6 — k), ttc 1a 2k2 — 25k + 72 = 0, cho k = g (nghiém con

lai k = 8 bi loai vi 16n hon 6).
2
Diém roi. Véi k = g, dau déng thtc doi héia = b va gaQ = %, tic ¢ = 3a. Thay vao gia thiét dugc

7a’=7,vaya=b=1vac=3.

L&i giai

e Tach va ghép. Nhan hai vé vdi 2 rdi tach theo cach vira tim duoc:
2 (6a® +6b% + c?) = (9a% + c?) + (9b* + ¢) + 3 (a® + b?).
o Ap dung AM-GM cho tirng nhém. Ta c6

9a% + c? > 6ac, 9b% + c? > 6bc, 3a% + 3b% > 6ab.
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e Cong theo Vvé. Suy ra
2 (6a® +6b% +c?) > 6(ab+bc+ca)=6-7=42,
tic 1a 6a” + 6b2 + ¢? > 21. Dau ddng thitc xdy ra khivachikhia =b=1,c¢ = 3.

e - . 9 3 . .
Nhan xét. Mau chot ctia 16 gidi khong nam & cach tach 6 = 3t3 ma & phuong trinh can bang hé so6

V2k = 2(6 - k). V6i cac bai toan cuing dang pa® + pb? + gc? > m kém gi thiét ab + bc + ca = s trong
chuong nay, ta cting dat tham s6 k roi gidi phuong trinh can bang tuong ting; chi nghiém chap nhan
dugc ctia phuong trinh &y mdi 1am vé phai ctia chubi dénh gia trd thanh boi ctia ab + be + ca.

Vidu 3.2. Choa, b, c 1a céc sb thuc duong thoa méan ab + be + ca = 3. Chtiing minh rang

A+ +c3 > 3.

Phan tich. Vé tréi c6 bac 3, gia thiét c6 bac 2, nén khong thé ghép truc tiép hai hang tir cta vé trai
dé ra mot tich ab. Muén tur a® va b3 sinh ra ab bang bat dang thic AM-GM cho ba s6, ta phai thém
vao mot hing s6 t > 0: a® + b® + t > 3Va3b3t = 3abVt.
Diém roi. Gia thiét d6i xting nén du doan a = b = ¢ = 1. Mudn dau déng thirc ctia danh gia trén xay
ra tai d6 thit = a® = 1. Vay hdng s6 can thém 1a 1.

Loi gidi
e Thém hang sé va ap dung AM-GM. Véi ba s6 duong a3, b3, 1 ta c6

a®+b% +1 > 3Va3b3 = 3ab.

Tuong tu b® + ¢3 +1 > 3bc va c® +a + 1 > 3ca.

e Cdng theo vé. Ta duoc
2(a®+b%+c*) +3 > 3(ab+bc+ca)=9,

do d6 a® + b3 + ¢® > 3. Dau déng thitc xdy ra khi va chikhia =b = ¢ = 1.

Nhan xét. Hang s6 thém vao khong dugce chon tuy y: né phai bang dung gia tri chung cta céc bién
tai diém roi, dugc nang 1én ding luy thira dang xét. Néu gia thiét la ab + be + ca = 3m? thi diém roi
laa = b = ¢ = m va hing s6 phai thém 1a m3.

B.2. Ky thuat thém bét mét dai Ilwvong

Khi vé trai chtra nhiing phéan thitc ma ban than ching khong ghép dugc véi nhau, ta cong vao vé
tréi mot dai lugng phu dé moi phan thitc ndm trong mot nhém dung duge bat déng thiee AM-GM,
sau d6 trir chinh dai lugng ay di. Pai lugng thém vao phai triét tiéu dugc mau sd va phai lam dau
ddng thic khop diém roi.
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Vidu 3.3. Cho 4, b, c 1a céc sb thuc duong. Ching minh rang

2 b2 2

a c
—+—+— >a+b+c.
b c a
. a? .
Phéan tich. Biem roilaa = b = c. Tich > b = a? 1a mot binh phuong, nén nhém tu nhién nhét la
a? b? & .
cap (?, b); hai cdp con lai la (?, c) va (7, a). Tong cac dai lugng thém vao dung bang a +b + ¢,

nén sau khi bét di ta thu duge ngay két luan.
Loi giai

e Thém va ghép cap. Theo bat dang thitc AM-GM cho hai s6 duong,

2 2 2
a b @
—+b > 2a, —+c > 2b, —+a > 2c.
b c a

e Cong theo vé roi bét. Ta duoc

2 b2 2

%+?+%+(u+b+c) > 2(a+b+c),
2 2 2 )
suyra -+ -—+— >4 + b + c. Dau dédng thirc xay ra khiva chikhia = b = c.
( )
Vidu 3.4*. Cho a, b, ¢ la cac s6 thuc duong. Chiing minh rang
a’ N b3 N c? o a+b+c
(b+3c)2  (c+3a)2 (a+3b)2 — 16
\ y,

Phan tich. Bat ddng thic thuan nhat bac mot va ddi xiimg vong quanh, diém roilaa = b = ¢. Mau s
1a mét binh phuong nén mudn khir né bang bat dang thttc AM—GM cho ba s6, hai dai lugng thém

3
vao phdi cing dang £ v6i K > 0 chua xac dinh.

3 . b+3c 4 ) 5
4 v C = fa. Ba so trong nhém bang nhau

2 a
biém roi. Taia = b = ¢ = = —
e R R E T E R T

ca _da _
kh1E— K,tucK—64.

L&i giai

e Thém hai dai lwvong phu. Véi K = 64, bat ddng thiaee AM-GM cho ba s6 duong cho

a3 +b+3c+b+3c S a3 a>  b+3c b+3c
(b+3c)2 64 64 ~ “\(b+302 64 64
58 as _ 3_a
- 4096 16"
b+ 3c

Hai dai lugng thém vao cong lai bang %
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e Viét hai danh gia twong tw. Hoan toan tuong tu ta c6

b3 c+3a 3b c? a+3b 3c
+ > =, + > =
(c+3a2 32 16 (a+30)2 32 16

e Cong theo vé. Cha ¥ (b + 3c) + (c + 3a) + (a + 3b) = 4(a + b + ¢), tdng cac dai lugng thém vao bing
4a+b+c) a+b+c

5 . . Do dé
a3 N b3 N & 3atb+c) a+b+c _a+b+c
(b+3c)2 (c+3a)2 (a+3b)2 ~ 16 8 16

Dau dang thurc xay ra khiva chikhia =b = c.

Nhan xét. Hang s6 K hoan toan bi quyét dinh bdi diém roi. Néu thay mau s6 boi (b + kc)? thi lap
Iuan trén cho can % ; riéng k = 1 cho lai két qua quen thudc #.

B.3. Ky thuat ghép cap déi xirng

Khi hai vé déu la tong hodc déu 1a tich ctia ba dai lugng, ta khong danh gia tirng hang tir mot ma
ghép ching theo cip, theo céc lugc do ctia B6 dé 3.2.

Vi du 3.5. Cho 4, b, ¢ 1a céc sb thuc duong. Chiing minh rng

ab  bc ca
—+—+—>a+b+c.
c a b

@ g, b8 o B
c a b

Hai dai lugng X va Y déi xtimg ddi véi b, vi XY = b?; tuong tu YZ = ¢? va ZX = a?. Vay cach ghép
cdp cho dungbdba A=b,B=¢,C=a,vatong A+ B+ Cchinhlaa+b+c.

L&i giai

Phan tich. Bat déng thttcc6 dang X + Y +Z > A+ B+ C ctaB6 dé 3.2 véi X =

e Ghép cap thi nhat. Theo bat déng thttc AM-GM,

ab be o, fab be
c a c a
e Ghép hai cap con lai. Tuong tu,
E+ﬂ22c, L o
a b b c
e Cdng theo vé roéi chia cho 2. Ta duoc
ab bc ca
—+—=+—| >
Z(C + p + b) > 2(a+b+o),

tic 1a diéu phai ching minh. Dau dang thitc xay ra khi va chikhia = b = c.

Nhan xét. Dé bai nay da xuét hién & Vi du 1.2 v6i 16i giai bang bién ddi tuong duong: nhan hai vé
v6i abe rdi nhan ra hing bat dang thac nén. Viée trinh bay lai & day 1a ¢6 cha y, nhdm so séanh hai
con duong; 16i gidi bang ghép cdp ngén hon vi né khong pha v cau tric phan thue.
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Vidu 3.6. Cho a, b, c 1a d6 dai ba canh ctia mdt tam giac va p la ntra chu vi ctia tam gidc d6.
Chung minh rang

(p—a)p-b)(p-c) < éubc.

Phan tich. Bat ddng thuc c6 dang tich v6i céc bat ddng thac ghép cap di theo chiéu chin trén, ung

v6i khing dinh cubi ctia B6 dé 3.2. Bat déng thiic tam gidc cho p —a, p — b, p — ¢ déu duong, con
2
(p—a)+(p—-b)=2p—a—b=c.Vivay tich (p —a)(p — b) bi chdn trén boi CZ

L&i giai

e Ghép tirng cap. Véi hai s6 duong p —a va p — b, hé qua (x + y)? > 4xy cho

- .y
e = a);(p ) _ c
Tuong tu (p ~B)(p — ) < 5 vap—O)p —a) <

¢ Nhan ba danh gia theo vé. Vi

NS

(p-a)p-b)p-c)=~p-a)p-b)-p-b)p—c)p-c)p-a),

nén(p—a)p-bilp-c)<5-5-5 =—.

e Két luan. Dau déng thirc xdy ra khi va chikhip —a = p —b = p — ¢, ttc tam giac déu.

B.4. Ky thuat danh gia mau s6

V6i cac biéu thirc ma bién ndm dudi mau, ta khong danh gié tir s6 ma chuyén sang déanh gid mau sé.
Cong cu chinh 1a B4 dé 3.1: nghich dao ctiia mot tdng dugc chin dudi bang cach tach téng d6 thanh
hai phan thich hop.

Vi du 3.7. Cho g, b, c 1a d6 dai ba canh ctia mét tam gidc va p 1a nira chu vi. Chting minh
rang

1 1 1 (111)

> a4 -
p—a+p—b+p—c =2 PR

Phan tich. Vé trai ¢c6 ba mau, vé phai ciing c6 ba miu, nhung hai bd mau khong c6 quan hé truc
tiép. Quan hé don gidn ndi chung laila (p — a) + (p — b) = c; vi vay ta ghép hai phan thtc cta vé trai
v6i nhau rdi dung Bo dé 3.1.

L&i giai

e Ghép tirng cdp mau s6. Vip —a >0vap—b > 0nén

1 1 4 4
+ > = -
p—-a p-b ~ (p-a)+(p-b) ¢

Tuong tu

1 1 4 1 1
- +
a p—-c p-a

\
S|~
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% s 1 1 1
2 th ’\- A el 2 z .z A . >3 2
e Cong theo ve. Ve trdi cta ba danh gid cong lai bang (P — 50 + o

), do d6

4
a

SHIN
o0

+ -+

( 1 1 1 )

2 + + >
p-a p-b p-c

e Chia cho 2. Ta dugc diéu phai chitng minh; diu dang thirc xay ra khi va chikhia = b = ¢, tic tam
gidc déu.

Vi du 3.8. Cho 4, b, ¢ 1a céc sb thuc duong. Chiing minh ring

1 1 1 1 1 1
+ + > + + .
3a+2b 3b+2c 3c+2a 20+2b+c a+2b+2c 2a+b+2c

Phan tich. Ca hai vé cting bac —1 va cuing ddi xting vong quanh, diém roilaa = b = ¢. Khong thé so
sénh tirng phan thic mot, vi chdng han 3a + 2b va 2a + 2b + ¢ khong so sénh duge. Y tudng la ghép
mot phan thic clia vé trdi v6i mot phan thic cta vé phai sao cho tong hai mau s6 chia hét cho 2 va
cho ra dung mot mau cta vé phai.

Loi giai
e Ghép cap thi nhat. Vi (3a + 2b) + (a + 2b + 2¢) = 2(2a + 2b + ¢), B6 dé 3.1 cho

1 1 4 2
+ > = :
3a+2b a+2b+2c — 2(2a+2b+c) 2a+2b+c

e Hai cép con lai. Tuong tu, tir 3b +2c)+ (2a+b+2c) =2(a +2b+2c) va (3c +2a) +(2a +2b +c¢) =
2(2a + b + 2c) ta dugc

1 N 1 S 2 , 1 N 1 > 2 '
3b+2c 2a+b+2c a+2b+2c 3c+2a 2a+2b+c 2a +b+2c

1 1 1 . 1

+ + T
2a+2+c at2b+2c  2a+b+2 . Bat2b
. Cong ba bat dang thic trén ta duge T + S > 25, suyra T > S, dung la diéu phai

+

e Cong theo vé va rat gon. bit S =
1

+
3b+2c  3c+2a
chtirng minh.

e Diéu kién dau dang thirc. Dau déng thitc doi hoi3a +2b = a +2b +2¢,3b +2c = 2a + b + 2c va
3¢ +2a =2a+2b+ ¢, lan lugt tuong duonga =c,a =bvab =c,nghialaa =b =c.

Nhan xét. Thao tac dic trung cta ky thuat danh gid mau s6 la chon cdp ghép sao cho tong hai mau
6 1a boi cia mot mau sb G vé phai. Sau khi cdng, céc phan thirc ctia vé phai xuat hién & ca hai phia
va tu triét tiéu bét.

B.5. Ky thuat nhan thém hang s6

Bat ddng thiice AM-GM ha dugc bac ctia mot can thitrc néu ta nhan biéu thitc dudi cin véi nhitng
héng s6 phu. Céc hing s6 ay phai dugc chon sao cho tai diém roi chting bang ding biéu thitc dudi
cin, khi d6 dau déng thic méi duogc bao toan.
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Vidu 3.9%. Cho a, b, ¢ 1a cac s6 thuc duong thod man a + b + ¢ = 1. Chiing minh rang

1 1 1
+ + >
Va+2b Nb+2c Nc+2a

Phan tich. Can bac ba ndm du6i mau nén mudn chan dudi vé trai, ta phai chin trén cac cin thuec.
Bat déng thitc AM-GM cho ba s6 cho phép lam viéc d6 néu ta viét biéu thitc dudi cin thanh tich ctia
ba thita sé: ¥a +2b = ¥/(a +2b)- 1- 1.

.2 . 2 1 N s
Diém roi. Gia thiét doi xiingnéna =b =c = 3/ khi d6 a + 2b = 1. Gid tri nay dang bang hai hang
s0 da nhan thém, nén dau dang thic dugc bao toan.

Loi giai

e Ha bac can thirc. Theo bat ddng thite AM-GM cho ba s6 duong a + 2b, 1, 1,

Va+2b=xa+2b)-1-1 < (@+20)+1+1 _a+2b+2

3 3
Suy ra ! > i .
Va+20 a+2b+2
e Viét hai danh gia twong tu. Ta c6
1 3 1 3

> > .
b+2c b+2c+2 fc+2a  c+2a+2

e Cong theo vé rdi dung B6 dé 3.1. Téng ba mau s6 & vé phai bing 3(a +b +¢) + 6 = 9, do d6

3 3 3 3-9
>

+ + = 3.
a+2b+2 b+2c+2 c¢c+2a+2 9

PR - . £ 2z . o s aanao 1
e Két luan. Vay vé trai khong nhoé hon 3. Dau dang thic xady ra khivachikhia =b=c = 3
Nhan xét. S6 hang s6 1 duge nhan thém phu thudc bac ctia cin: véi cdn bac ba can hai hing s, véi
can bac hai chi cdn mot. Néu diém roi khong cho a + 2b = 1 thi phai nhan thém héng s6 m khéc 1 rdi

chia lai cho Vm2; hiing s6 m chinh la gid tri ctia biéu thtrc dudi can tai diém roi.

C. Bai tap c6 15 giai

Bai 3.1. Cho a, b, ¢ 1a cac s6 thuc duong thoa man ab + bc + ca = 9. Ching minh rang

10a% + 1062 + ¢ > 36.

Phan tich. Vé phai la hing sb con gia thiét cho ab + bc + ca, nén chudi danh gia phai két thiic 6 mot
boi ctia ab + be + ca; mudn vay ca ba tich ab, be, ca déu phai xuat hién. Hai bién a va b c6 vai trd nhu
nhau nén ¢? duge chia déu thanh hai nira: mot nita ghép véi mot phan cuia 10a? dé sinh ra ac, nia
kia ghép v6i mot phan ctia 10b? dé sinh ra bc; hai phan con lai ctia 104 va 10b? ghép v6i nhau dé
sinh ra ab.
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e Tach vdi tham s6. Cu thé, dat 10a% = ka? + (10 — k)a® v6i 0 < k < 10 16i 4p dung bat ddng thic
AM-GM: , ,
ka® + % > \/ﬂac, kb? + % > @bc,

(10 — k)a® + (10 — k)b? > 2(10 — k)ab.
¢ Can bang hé sb. Cong ba déanh gi4 lai ta duge 10a% + 1062 + ¢? > V2k (ac + be) + 2(10 — k)ab. Vé
phai 12 boi ctia ab + be + ca khi va chi khi V2k = 2(10 — k), tuc 1a 2k? — 41k + 200 = 0, cho k = 8
(nghiém con lai k = 2?5 bi loai vi 16n hon 10).

2
vz - < . ag N oL S AR (A
Diem roi. Véi k = 8, ddu déng thitc doi hoia = b va 8a% = 5 tac ¢ = 4a. Thay vao gia thiét dugc

a’ +4a® +4a®> =9a> =9,vaya=b=1vac =4.

L&i giai

e Tach hang ti¥ theo hé so vira tim. Nhan hai vé véi 2 rdi tach:

2 (10a% + 10b% + ¢?) = (16a” + c?) + (16b* + ¢?) + 4 (a® + b?).

e Ap dung AM-GM cho tirng nhém. V6i hai s6 khong am 1642 va c? ta c6 16a% + c2 > 2V16a2c2 =
8ac; ddi vai tro ctia a va b dugc 16b? + ¢ > 8bc. Ciing theo bat ddng thiic AM-GM, 1an nay cho hai
06 khong am 4a? va 4b?,

4a® + 4b* > 2V16a2b2 = 8ab.

e Cong ba bat dang thirc cung chiéu. Suy ra
2 (10a% + 10b* + ¢?) > 8(ab+bc+ca)=8-9="72,

tic 1a 10a® + 1062 + ¢* > 36.

e Xac dinh dau dang thirc. Ca ba dénh gis cing dat ddu déng thitc khi va chi khi 1642 = ¢?,
1602 = ¢? vaa? = b?, ticlaa = b va c = 4a. Két hgp voi gia thiét 9a% = 9 ta dugca = b = 1, ¢ = 4; khi
d6 10 + 10 + 16 = 36. Vay dau dang thitc xdy rakhivachikhia =b =1vac = 4.

Bai 3.2. Cho 4, b, ¢ 1a céc sb thuc duong thod man ab + be + ca = 3. Chiing minh rang

at+ bt +c* > 3.

Phan tich. Vé trai c6 bac 4, gia thiét c6 bac 2, nén hai hang tr a* va b* khong thé tu sinh ra tich ab.
Mubn diing bat déng thitc AM-GM cho bdn s6 dé tir a* va b* thu dugc ab, ta phai thém vao hai hing
s6 bing nhau, ching han t > 0: a* + b* +t +t > 4Va%b4t2 = 4abvt.
Diém roi. Gia thiét déi xing nén du dodn a = b = ¢ = 1. Ddu dang thtc ctia danh gia trén doi hoi
t = a* = 1; vy hai hing s6 phai thém déu bang 1.

Loi gidi

e Thém hai hang s6 r6i 4p dung AM-GM cho bdn sd. Vé6i bén s6 duong a?, b4, 1, 1 ta c6

a4+ bt +1+1 > 4Vatbt-1-1 = 4ab.
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e Viét hai danh gia twong tw. Thay b6 (a, b) 1an lugt bai (b, ¢) va (c, a),
b+ c*+2 > 4dbe, ct+a*+2 > 4ca.

e Cong ba bat dang thirc cuing chiéu. Mbi lu§ thira bac bén xuat hién ding hai 1an nén
2(a*+b*+c*)+6 > 4(ab+bc+ca) =12,

do d6 a* +b* + ¢t > 3.
e Xac dinh dau dang thirc. Dau déng thiic ctia danh gid thi nhat doi héi a = b* = 1; hai danh gid

4

conlaichob? =c¢*=1vact=at=1.Vaya =b = c = 1, b sd nay thod man ab + bc + ca = 3 valam

hai vé cuing bang 3.

Bai 3.3. Cho 4, b, ¢ 1a céc sd thuc duong. Chiing minh rang

a2 b2 c? a+b+c

+ +
b+2c c¢c+2a a+2b — 3

Phan tich. Bat ddng thic thuan nhat bac mot va déi xiing vong quanh nén diém roilaa = b = c.

Mau s6 b + 2¢ 1a mot nhi thitc bac nhat; mudn khir n6 bang bat dang thite AM-GM cho hai sb, dai
2

¢ v6i K > 0 chua xac dinh, vi khi d6 tich cta hai dai luong la %,

lugng thém vao phai c6 dang

mot binh phuong chia hang so.

e q 2 2 b+2 3 A o
Dlerr;rdl.Taia =b=ctacod b—iZc = g—a = %va X £ = %.Hai sO trong nhém bang nhau khi
a a
-=—,tacK=9.

5 = g tue g

L&i gidi
e Thém mét dai lwgng phu. Véi K = 9, bat dang thiee AM-GM cho hai sé duong cho

a2 b+2c a2 b+2c 2a
+ > . .
b+2c 9 b+2c 9 3

e Viét hai danh gia twong tw. Hoan toan tuong tu ta c6

b2 c+2a 2b c? a+2b 2c
> >

+ = = + > .
c+2a 9 3 a+2b 9 3

e Cdng theo vé roi b6t cac dai lwong da thém. Vi (b + 2¢) + (c +2a) + (a + 2b) = 3(a + b + ¢) nén
3a+b+c) a+b+c

tong cac dai lugng thém vao bang 5 5 Do do6
a? b2 & 2@+b+c) a+b+c a+b+c
+ T > - = :
b+2c c+2a a+2b 3 3 3

e Xac dinh dau dang thirc. Ba danh gid ciing dat ddu ding thitc khi va chikhi 3a = b+2c, 3b = c+2a
va 3¢ = a + 2b. Trir hai hé thirc dau theo vé ta dugce 3a —3b = (b + 2¢) — (¢ + 2a), tic 5a = 4b + ¢; thay

a+2b
CcC =

tir hé thtc thi ba vao, ta c6 154 = 12b +a + 2b, suy raa = b, rdi ¢ = a. Vay dau déng thic
xdy ra khivachikhia =b =c.
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Bai 3.4. Cho a, b, c 1a céc sb thuc duong. Ching minh rang

a N b N c =4 N b N @
b+c c+a a+b  a+b b+c c+a

Phan tich. Hai vé déu thuan nhat bac khong va déi xiing vong quanh nén diém roilaa = b = ¢. Hai
vé lai dung chung dung ba mau sb b + ¢, ¢ + a, a + b nhung céc tir s6 bi ghép 1éch nhau mét nhip. Vi
vay ta chuyén vé rdi gom céc phan thitic ¢ cing mau; hiéu thu duge 1a mot tong ba phan thitc c6 tir
sd chua xéc dinh dau, va cach xtr Iy quen thudc 1a cong thém mot don vi vao mdi phan thitc dé moi
tur s6 trd thanh duong.

Lo giai
o Chuyén vé va gom theo méu sé chung. Ghép —— véi L hé b Vi — hé
;I 9 9- Prre b+c 8P 4 c+a 8P
véi — thay bat ddng thuc da cho tuong duong véi
u—b+b—c+c—a 0
b+c c+a a+b — 7
e Cong thém mét don vi vao méi phan thire. Ta c6
a->b c+a b-c a+b c—a b+c
+1=-—2, +1=222, +1=—1,
b+c b+c c+a c+a a+b a+b
nén bat dang thuc trén tuong duong véi
+ +b b+
c+a a c N

+ + >
b+c c+a a+b

e Ap dung AM-GM cho ba sé duwong. Tich ctia ba phan thtic & vé trai bing 1, do d6

c+a a+b b+c i/c+a a+b b+c
> 3

+ + > =3.
b+c c+a a+bd

b+c c+a a+b

e Xac dinh dau dang thirc. Dau déng thic doi héi ba phan thitc bing nhau, ma tich ctia ching
bdng 1 nén mdi phan thicbang 1, titcb+c =c+a =a+b. Tu dé a = b = ¢; khi ay hai vé ctia bat

dédng thirc ban dau ciing bang g

é )
Bai 3.5". Cho a, b, c 1a céc s6 thuc duong thod mén abc = 1. Chiing minh ring
a’ b3 c? 1
+ + > -
2+b)2+c) (2+c)2+a) 2+a)2+Db) 3
\ J

Phan tich. Gia thiét abc = 1 ddi xtiing nén diém roilaa = b = ¢ = 1. Mau s6 1a tich cta hai nhi thic
bac nhét, vi vay dé khir mau béng bat ddng thiic AM-GM cho ba s6, hai dai lugng thém vao phai la

2+b 2+ Lo a3 ..
X va . khi d6 tich ctia ba s6 1a %, mot luy thira bac ba chia hang so.
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P s 1 2+b _ 3 ) s
bDiémroi. Taia=b=c=1tacé Mm =9 va X - Ba s0 trong nhém bang nhau khi
1 3

- = —, tic K = 27.

g =g tek =2t

L&i giai

e Thém hai dai lvong phu. Véi K = 27, bat ddng thitc AM-GM cho ba s6 duong cho

a3 +2+b+2+c S 32 a3 24+4b 2+c¢
2+Db)2+c¢) 27 27 2+b)2+¢c) 27 27

3 a3 a
= 3 _ = -,
V 729 3

e Viét hai danh gia twong tu. Hoan toan tuong tu,

b3 2+c 2+4a b c3 2+a 2+b>

>
QroC+a) 271 TT21 T3 @+a@+b) 27 27 ©

wla

2+a 2+b 2+c¢
271 121 27
.bats =a+b+c, ta dugc

e Cong theo vé r6i b6t cac dai lwgng da thém. Méi dai luong
2(6+a+b+c)

xuat hién dung

hai 1an, nén tong céc dai lugng thém vao bang

27
a’ N b3 N c? o s_12+2 _ 7s-12
2+b)2+c) 2+c)2+a) (@2+a)2+b) ~ 3 27 21
e Chin dudi tong ba bién. Theo bat ding thitc AM—GM cho ba sé duong, s = a+b+c > 3Vabc = 3.
. =12 .. .
Ham bac nhat o dong bién theo s nén

75—12> 7-3-12 9 1
2T 27 27 '

a3

e Xac dinh dau dang thirc. Danh gi4 thit nhat dat ddu déng thickhi2+b = 2+cva —————— =
(2+Db)2+c)

2+b . -
7 hai danh gia con lai cho céc diéu kién tuong ting, tat ca cing xay ra khia = b = c. Danh gia
s > 3 cling dat dau ddng thtc taia = b = c. Két hgp véiabe = 1 tadugca = b = ¢ = 1, khi d6 vé trai
N 1 1
bang 3- — = —.
ang3- o5 =3

Bai 3.6. Cho 4, b, ¢ 1a céc sd thuc duong. Chiing minh ring

x

+

a2 b2 2 b
B oods o
a

b—2+c—2+; >

o
a

2 b2 2

Phan tich. Bat déng thitc c6 dang X +Y+Z > A+B+C clia Bd d 32 v6i X = Z—Q,Y =5Z= %.Ta
. a’ b? ST TR B A s
tinh XY = 2 YZ = pok ZX = =k déu la binh phuong ctia cac phan thirc PN ; tong ba phan thtc

ay chinh la vé phai. Hai vé thuan nhét bac khong va ddi xting vong quanh nén diém roilaa = b = c.

Trang 56 » Mai Thanh Luan



Chuong 3 Mai Thanh Luan | 0854070701

L&i giai

e Ghép cap thi nhat. Theo bat ding thite AM-GM cho hai sé duong,

£+b_2>2a_2g—2_a
b2 2 T “Np2 2 ¢

e Ghép hai cap con lai. Tuong tu,

B2 G2 2b a2 g2 2

—+ +—= > =,
c2 g2 a az b2 b

e Cong theo vé roi chia cho 2. M5i phan thtic cia vé trai xudt hién ding hai 1an nén
2c12_|_l)2+c2 >2a+b+c
b2 2 a2~ T\c a b}’

tic la diéu phai chang minh.

e Xac dinh dau dang thirc. Ba 1an ghép cip ciing dat ddu ding thic khi va chi khi % = % = 2.
Nhén ba ti s6 bang nhau ay dugc lap phuong cta ching bang 1, nén mdi ti sd bang 1, tica = b = ¢;

khi d6 hai vé cting bang 3.

Bai 3.7. Cho a, b, ¢ 1a cac s6 thuc duong. Chiing minh rang

a> p? 3
—+—+— > ab+bc+ca.
b c a

Phan tich. Bat déng thuc thudn nhat bac hai va diém roila a = b = c. Dai lugng thém vao cho phan
3
thac % phai khir dugec mau b va phai bing dung phan thuc y tai diém roi: taia = b = ¢ ta c6
3
a- _ 2
=
xt Iy bang hing bat déng thittc a® + b2 + ¢? > ab + bc + ca.

,ma ab = a?,nén dai lugng can thém la ab. Sau khi cdng ba danh gid, phan thira con lai duoc

L&i giai

e Thém mét dai lwgng phu. Theo bat dang thite AM—GM cho hai s6 duong,

3 3
a a
— +ab > 24/— -ab = 24>
b b

e Viét hai danh gia twong tu. Hoan toan tuong tu,

3 3

c
— +bc > 207, — +ca > 2%
c a

e Cong theo vé roi b6t cac dai lwgng da thém. Ta duge
B pd 3

¢ 2 2 2
R R > — .
ot 2 (a* +b* + ¢?) — (ab + be + ca)
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e Ching minh bat dang thirc phu. Cong ba danh gié a? + b2 > 2ab, b% + ¢ > 2bc, c? + a® > 2ca
ctia bat déng thitc AM-GM rdi chia cho 2, ta c6 a? + b% + ¢? > ab + bc + ca.
o Két hop hai danh gia. Suy ra

2 (a® +b? +c?) — (ab + bc + ca) > 2(ab+bc + ca) — (ab + bc + ca) = ab + be + ca,

3 3 3

a c
tacla — + — + — > ab + bc + ca.
b G a

3
e Xac dinh dau dang thirc. Danh gia thit nhat dat ddu déng thic khi % = ab, tic a = b; hai danh
gia con lai cho b = ¢ va ¢ = g; bat ddng thuc phu ciing dat dau dang thtc khia = b = ¢. Vay dau
déng thire xay ra khivachikhia =b = c.

é )
Bai 3.8". Cho a, b, ¢ 1a cac s6 thuc duong thod man abc = 64. Chiing minh rang

b+c c¢c+a a+b
+ + > va + Vb ++c +6.
Vi b e

. V.
Phan tich. Gia thiét ddi xting nén diém roilaa = b = ¢, két hgp abc = 64 choa = b = ¢ = 4. Vé
phai gdm hai phan khac hdn nhau: mét tong ba cin va mot hing s6. Diéu d6 goi y chin vé trai boi

2 (\/E +Vb + \/E) roi téch d6i can dy, mot ntra duing cho tong ba can, mot nira dung cho hing s6 6.
Mubn t6i dugc can 2 (\/E +Vb + \/E) ta ghép cdp hai lan: 1an tht nhat ghép hai hang tir trong moi
tur sd, 1an thit hai ghép cac cin thirc thu dugce véi nhau.

L&i giai

e Ghép cap trong tirng tir 6. Theo bat ddng thitc AM-GM cho hai s6 duwong b va c,
b te o 2\/_ be

ca 5@ + b ab
\/_ c
e Dat ba dai lvong trung gian. Ky hiéu X = w/ ,/ w/ .Khi d6 XY = V2 = ¢,

=Va2=avaZX =Vbh2 = b, con budc trén cho
b+c c+a a+b
+ + > 2(X+Y+2).
Vi "5 e
e Ghép cap lan th hai. Theo bat ding thitc AM-GM, X +Y > 2VXY = 2+/c, Y + Z > 2+/a va
Z + X > 2Vb. Cong ba bat ddng thitc rdi chia cho 2 ta dugc X +Y + Z > +a + Vb + +/c, do d6

bJEC+CJ;+aJEb > 2(\/E+\/E+\/E).

e Chan dudi téng ba can thirc. Theo bat ddng thite AM—-GM cho ba s6 duong,

Va + Vb + Ve > 3+VaVbve = 3Vabe = 3364 = 6.
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e Tach dbi can vira thu dugc. Viét 2 (\/E +vb + \/E) = (\/E +Vb + \/E) + (\/E + Vb + \/E) ri thay

danh gia cia budc trén vao nhém thir hai, ta dugc

b+c c+a a+b
T + > va + Vb ++c +6.
Vi e

e Xéc dinh dau dang thirc. Lan ghép cdp thi nhat doi hoib = ¢, ¢ = a, a = b; 14n ghép cdp thi hai
va déanh gié cudi cing cting doi hoia = b = c. Két hgp véi abe = 64 ta dugca = b = ¢ = 4; khi d6 hai
vé cuing bang 12.

Bai 3.9". Cho a, b, ¢, d 1a cac s6 thuc duong. Chiing minh rang

a—d+d—b+b—c+c—a>0
b+d c+b a+c a+d —

Phan tich. Bén trsda—d, d—b, b —c, c —a déu chua xac dinh ddu nén kho danh gia tirng phan thic
mot. Tong bén tir s6 bang 0, d6 1a dau hiéu quen thudc cho thao tac cong thém mot don vi vao mdi
phan thite: khi &y moi tir s6 déu duong va bat ddng thic chuyén thanh mot can dudi bang 4. Diém
roi khong phailaa =b =c =dmardong hon, cuthélaa =bvac=d.

L&i giai

e Céng thém mét don vi vao méi phan thire. Ta c6

a—d+1_u+b d—b+ _c+d
b+d T b+d’ c+b T c+b’
b-c a+b c—a c+d

+1= , +1=——,
a+c a+c a+d a+d

nén bat dang thtc da cho tuong duong véi

a+b c+d a+b c+d
b+d c¢c+b a+c a+d —

e Nhém hai phan thirc cung tl sé. Vé trai viét lai thanh

)+(c+d)( ! + ! )

c+b a+d

(a+b)(ﬁ+

a+c
¢ Danh gia tirng tdng nghich ddo. Dits =a+b+c+d. Vi(b+d)+(@+c) =sva(c+b)+(@a+d) =s
nén B dé 3.1 v6in = 2 cho

1 N 1
b+d a+c

=

\%

O |~
—_

x

+ | =

u

© |~

’ b

o
+

e Cong theové.Doa +b > 0vac+d > 0, ta duoc

a+b c+d a+b c+d 4(a+b) 4(c+d) 4s
+ > + B —

+ + =4
b+d c+b a+c a+d — s s s !

dtng 1a diéu phai ching minh.
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e Xac dinh dau dang thirc. Hai 1an duing B3 dé 3.1 dat ddu déng thic khiva chikhib+d =a + ¢
vac+b =a+d. Trix hai hé thic theo vé dugc d — ¢ = ¢ — d, tic ¢ = d; thay lai dugc a = b. Vay dau
déng thuc xay ra khiva chikhia =bvac =d.

Nhan xét. Diém roi ctia bai nay 1a cd mot ho hai tham s chtt khong phai mot bo s6 duy nhéat. D6 1a
hé qua cta viéc bat dang thirc chi ddi xing theo cdp (a, b) va cdp (c, d); cac danh gid dung trong 1oi
giai déu dugc chon cho bao toan dung tinh d6i xang ay.

Bai 3.10. Cho a, b, ¢ 1a céc s6 thuc duong thod man a + b + ¢ = 3. Chiing minh rang

V3a+b+V3b+c+V3c+a < 6.

Phan tich. Vé trai 1a tong ba cin bac hai, vé phai 1a hdng s0, nén phai chin trén tiing cin thitc bang
mot biéu thire bac nhat. Bat ddng thitc AM-GM cho hai s6 lam dugc viéc d6 néu ta viét biéu thic

N ) 1 +@Ba+b
dudi can thanh tich ctia chinh né v6i mot hang s6 m > 0: V3a + b = \/—_\/m(Ba +b) < %\/u_).
m m

Hing s6 m phai béng gia tri ctia 3a + b tai diém roi thi ddu ddng thic méi duge bao toan.
Diém roi. Gia thiét d6i xting theo vong nén a = b = ¢ = 1, khi d6 3a + b = 4. Vay hing s6 nhan thém
1am = 4va i =2.

Lai giai

e Nhan thém hang s6 dudi can. Theo bat ding thitc AM-GM cho hai s6 duong 4 va 3a + b,

4
\/3a+b:%\/4(3a+b) < % +(32a+b) _ 4+34a+b'

e Viét hai danh gia twong tu. Ta c6

V3b+c¢ < %, V3c+a < 4+?++a.

e Cong ba bat dang thirc cung chiéu. Vi(3a +b)+ 3b+c)+ Bc+a)=4(a+b +c¢) =12 nén

12+ 12
V3a+b+V3b+c+V3c+a < 1 =6

e Xac dinh dau dang thirc. Ba danh gid ciing dat diu déng thitc khi va chikhi3a +b = 3b + ¢ =
Jc+ta=4Tuwc=4-3bvaa =4-3ctadugca = 9b - §; thay vao 3a + b = 4 dugc 28b = 28, titc
b=1kéotheoc=1vaa=1.Bos6a =b =c =1thod man gia thiét va lam vé trdi bang 6.

Bai 3.11*. Cho 4, b, ¢ 1a céc s6 thuc duong thod man a + b + ¢ = 3. Ching minh rang

a\/E+b\/E+C\/E < 3.

Phan tich. Mdi hang tir ctia vé trai 1a tich cia mot bién bac nhat véi mot cdn bac hai. Ta gitt nguyén
thira s6 bac nhét va chi ha bac can thirc: mudn diing bat ding thic AM—GM cho Vb thi phai ghép b
v6i mot hing s6 bang dtng b tai diém roi. O day gia thiét d6i xing cho diém roia = b = ¢ = 1, nén
hing s ay 1a 1.
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L&i giai

e Ha bac tirng can thirc. Theo bat ddng thite AM—GM cho hai s6 khong am b va 1,

b+1
Vb=Vb-1 < %
c+1 a+1
Tuong tu Ve < Tva\/ﬁ_lS :
. s . = A Rl b !
¢ Nhan vdi cac thira so6 dwong rmcgng.Via,b,cduongnénﬂ‘/gsa(2+ ),b\/Es (C2+ )Va

cla+1)
2

cva <

. Cong ba bat dang thuc,

(ab+bc+ca)+(a+b+c) ab+bc+ca+3
< = .
aVb +bvc + cVa < 5 >

e Chan trén téng ba tich. Cong ba danh gid a2 + b% > 2ab, b? + c? > 2bc, ¢ +a? > 2ca ctia bt déng
thitc AM-GM rdi chia cho 2, ta c6 a? + b? + ¢ > ab + bc + ca; cdong thém 2 (ab + be + ca) vao hai vé
duoc (a + b +¢)? > 3(ab + bc + ca), do d6

(a+b+c) 9

Z=3

ab +bc+ca <
3 3

e Két luan va xac dinh dau dang thic. Suy ra aVb + bfc + cva < ¥ = 3. Cac danh gia ha bac

can thac dat dau ddng thic khia = b = ¢ = 1, con déanh giad ab + be + ca < 3 dat ddu dang thuc khi
a = b = c. Vay dau dang thiic xay ra khivachikhia =b =¢ = 1.

Bai 3.12. Cho a, b, ¢ 1a cac sb thuc duong thoa man a + b + ¢ = 12. Chting minh ring

8(\/E+\/E+\/E) > ab + bc + ca.

Phan tich. V& phai chtta ab + bc + ca con vé tréi chi chita cdc cdn bac hai ctia tirng bién; cdu ndi tu
nhién nhét gitta hai loai dai lugng ay 1a ddng nhét thitc (a + b + ¢)? = a? + b% + ¢2 + 2 (ab + bc + ca).
Cong a? + b% + ¢? vao ca hai vé sé bién bai toan thanh mot bat ddng thirc tach dugc theo ting bién,
khi &y chi con viéc chon céch tach 16+/a cho khép diém roi.

Diém roi. Gia thiét d6i xingnén a = b = ¢ = 4. Tai d6 a® = 16 va 8y/a = 16, hai dai lugng nay bing
nhau; d6 chinh 1a Iy do hé s6 8 xuat hién trong dé bai.

L&i giai

e Duwa vé dang tach dugc theo tirng bién. Nhan hai vé v6i 2 rdi cong a? + b? + ¢2 vao ca hai vé,
bat dang thtc da cho tuong duong véi

a2+b2+c2+16(\/5+\/l;+\/5) > a2+b2+c2+2(ab+bc+ca):(a+b+c)2:144.

e Tach hang t& theo diém roi. Viét 16+/a = 8va + 8+/a rdi 4p dung bat ding thitc AM—-GM cho ba
sd duong a2, 8+/a, 8+/a:

a2 +8Va +8va > 3+/a?-8Va-8va = 3V64a3 = 12a.

Trang 61 » Mai Thanh Luan



Chuong 3 Mai Thanh Luan | 0854070701

e Viét hai danh gia twong tw. Ta c6 b2 + 16Vb > 12b va c2 + 16v/c > 12¢.
e Cdng ba bat dang thi'c cuing chiéu. Suy ra

a2+b2+c2+16(«/ﬁ+\/5+\/5) > 12(@+b+c)=12-12 = 144,
dung la dang tuong duong da néu & bude dau.
e Xac dinh dau dang thirc. Danh gia thit nhat dat diu déng thirc khi a? = 8+/a, titc ava = 8, cho

a=4tuongtub =4vac=4B0sba=b=c=4thoAmana+b +c = 12, khi d6 vé trdi bang
8 - 6 = 48 va vé phai bang 48. Vay dau ding thurc xay ra khivachikhia =b =c = 4.
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Ky thuat Cauchy ngugc dau 04

Khi bat ding thirce AM—GM tdc djng vio méau so cho ta chiéu nguoc v6i chieu can chitng minh, hay tich phan
nguyén ra khéi phan thirc roi chi danh gid phan bi trir.

A. Kién thi'c trong tam
Bat dang thivc AM-GM ~

V6i n s thuc khong am x1, xo, ..., X, ta ludn c6

X1 +Xo+ -+ Xy

> xi1x9...x,.
n
Déu déng thtic xay ra khi va chi khi x; = xo = -+ = x,,. Trong tai liéu tiéng Viét bat dang

thuc nay thuong dugc goi 1a bat ding thirc Cauchy; toan bo cudn sach dung thdng nhét tén
goi bat ding thirc AM-GM.
Hai truong hop dugc dung nhiéu nhat trong chuong nay 1a

X+y > 24/xy, x+y+z > 3{xyz (x,y,z>0).

Tinh hudng dan tdi ky thuat

Xét bai todn: cho a,b, c > 0 thod man a + b + ¢ = 6, chiing minh

4a N 4b N 4c > 3
4402 44c¢2 44qa%2 —

béng thirc dugc du doén taia = b = ¢ = 2, khi d6 4 + b? = 8 = 4b. Diéu nay goi y duing bat
déng thitc AM-GM cho m&u s&: 4 + b? > 4b. Nhung danh gid mau sb lam phan thic nho
di, nén
fa_ _da_a

4+b%2 7 4 b’
tc 1a ta thu duge mot bat dang thic nguoc chiéu véi chiéu can ching minh, do d6 khong
st dung dugc.
Céch khdc phuc 1a tich phan nguyén ra khdi phan thitc, dua phan thitc chita mau vé dang
bi trir. Khi d6 viéc 1am mau s6 nho di sé lam s6 bi trir 16n 1én, nghia 1a danh gia lai thuan
chiéu. D6 chinh la n6i dung cta ky thuat.
Quy udc tén goi. Trong séch nay, thao tac tich phan nguyén ra khoi phin thitc roi chi dinh gid
phan bi trir dugc goi 1a kij thudt Cauchy ngugc diu, theo cach goi quen thudc cta tai liéu tiéng
Viét. D6 1a tén dit cho mot thao tac bién d6i, khong phai tén mot dinh ly da duge chuan hoa
trong tai liéu qudc té; moi lap ludn & chuong nay déu chi dua vao bat dang thiaee AM-GM
va cac phép bién déi tuong duong.
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ma at m t a3 ab?

a —_ =0 .
m+t m+t’ m+t m+t’ a2 + b2 a2 + b2

Sau khi tach, cac danh gid déu dugc dit 1én s6 bi trir: mau s6 cang nho thi sd bi trir cang 16n, do dé
bat ddng thitc thu dugc gitt nguyén chiéu can thiét. Tir chuong nay tré di, ky hiéu .. chi tong lay
theo vong hoén vi cta céc bién. Bén bé dé dudi day 1a nhitng danh gia phu trg dugc dung 1dp lai
trong ca chuong.

( )
BO dé 4.1. (dinh gid tong ba tich doi mot) V&i moi sb thuc a, b, ¢ ta c6

(a+b+c)?

ab +bc+ca < 5

Dau déng thirc xay ra khiva chikhia =b = c.
That vay, bat ddng thitc tuong duong véi (a —b)? + (b — ¢)? + (c —a)? > 0. Hé qua tryc tiép: néu

a,b,c>0thia+b+c>+/3(ab+bc+ca).

Bo6 dé 4.2. (dinh gid vong bon bién) V6i moi sb thuc duong a, b, ¢, d ta c6

(a+b+c+d)?
n )

ab+bc+cd+da = (a+c)b+d) <

Dau déng thirc xay ra khivachikhia +c =b +4.
Diéng thuc gitta hai vé trai 1a phép nhom truc tiép; bat ddng thitc con lai chinh 14 AM-GM cho
haisba+cvab+d.

B6 dé 4.3. (ddnh gid tong bon tich ba) V6i moi s6 thuc duong a,b, ¢, d ta c6

(@a+b+c+d)?

abc + bed + cda + dab < 16

Dau dédng thurc xay ra khiva chikhia =b = c = 4.

batp = a+c,q = b+d.Nhém lai ta dugc abc+bed+cda+dab = ac(b+d)+bd(a+c) = gac+p bd.
2

2
Theo AM=GM, ac < % vabd < qz do dé

PPa+a’p _pap+q) _ (p+q)® ptqg_ (at+brc+d)’

abc +bed + cda +dab < 1 1 < 1 1 16

B6 dé 4.4. (cin ctia tich khong vuot qud tong) V6i moi sé thuc duong a, b, ¢ ta ¢6
Vab +Vbc++ca < a+b+ec.

Dau déng thirc xay ra khivachikhia =b = c.
Cong theo vé ba bat déng thic AM=-GM 2Vab < a +b, 2Vbc < b +c,2vca < ¢ +a.
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B. Ky thuat va vi du minh hoa

Vi du 4.1. Cho céc s6 thuc duong 4, b, c thod méan a + b + ¢ = 6. Ching minh rang

4a N 4b N 4c > 3
4402 44¢2 4+4a2 —

Phan tich. Bat ddng thtc ¢6 tinh hoédn vi vong quanh nén diém roi hgp Iy nhatlaa = b = ¢ = 2.

Tai d6 4 + b? = 8 va 4b = 8, nghia 1a AM-GM cho mau s6 dat dadu déng thic ding & diém roi.

Nhu da phan tich d muc A, khong dugc ap bat dang thic d6 truc tiép vao mau; y tudng chdt 1a tach
4a ab?

yer il roi chi dénh gid so bi trir.

Lai giai
e Tach phan nguyén. Véi moi a,b > 0 ta c6 déng thirc

da _ a(4+b?)—ab? _ ab?

4+b2 4 + b2 T T Iy

e Danh gia so bj trir. Theo bat déng thitc AM-GM, 4 + b? > 2V4b2 = 4b, do d6

ab? <ﬁ_@ - 4a S ab
4+b2 ~ 4b 4 4402 ~ 4"

e Cong ba danh gia cung dang. Viét thém hai bat dang thitc tuong tu véi cac cdp (b, ¢) va (¢, a) roi
cOng theo vé,

4a N 4b N 4c S (a+b+c)_ab+bc+ca B 6_ab+bc+cu
4+b2 4+4c¢2 4+a2 4 B 4 ’
A . . x +b+c)?
e Chan trén dai lvgng phu. Theo Bo dé 4.1, ab+bc+cas%:12. Vi vay
4a 4b 4c 12

> —
4+b2+4+c2+4+a2 = ¢ 4

Diém roi. Ca hai ddnh gia da dung cting dat ddu déng thitc khia = b = ¢ = 2; khi d6 mdi phan thtc
béng 1 va tong bang 3. Vay dang thitc xay ra khi va chikhia =b = ¢ = 2.

Nhan xét. Hang s6 4 6 mau khong dugc chon tuy tién: né chinh la binh phuong cua gia tri 2 tai
diém roi. Kinh nghiém chung khi van dung ky thuat 1a chon héng s6 & mau sao cho bat ddng thtc
AM-GM dung cho mau sb dat ddu ding thic diang tai diém roi da du doan. Néu chon sai, chudi
déanh gia van dung nhung khong con chit va thong thuong ta khong thu duge hang sbé & vé phai.
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Vi du 4.2. Cho céc sb thuc duong a, b, c thod méan a + b + ¢ = 9. Chiing minh rang

9 9 9 3
>

9+a2+9+b2+9+c2 -2

Phan tich. Diém roilaa = b = ¢ = 3, tai 46 9 + a® = 18 = 6a. O dang nay tir s6 1a hing s6 nén phan
2

N L9 £ a2 .
nguyén tach ra cting la hang so: 972 1- 9 j_ ok Day la bién thé don gian nhat ctia ky thuat trong

chuong nay, khong can dén b6 dé phu nao.

Lo giai
e Tach phan nguyén. Véi moi a > 0,
9 _ 9+a)-a* @
9+a2  9+a2 9+a2

e Danh gia sé bi trir. Theo AM-GM, 9 + a2 > 2V942 = 64, suy ra

a 9
9+a2 ~ 6a 6 9+ a2

> 1-

[SpN RS

e Cong ba danh gia. Cong theo vé ba bat dang thuc cing dang ta dugc

9 N Y N 9  ,_atbtc_
9+a2 9+b2 9+c2 T 6

9 3
3--==2.
6 2

Diém roi. Dau déng thirc xay ra khi va chi khia = b = ¢ = 3; khi d6 mbi phan thtc bing %

Vi du 4.3. Cho céc sb thuc duong a, b, c thod man a + b + ¢ = 6. Chiing minh rang

a+2+b+2+c+2 >3
b2+4 c2+4 a24+44 = 2

O 1 2 = = o Al <
Phan tich. Diem roivanlaa = b = ¢ = 2, § d6 moi phéan thitc bang 3 Tt s6 bay gio 1a a + 2 cha
a+2

khong phai a, nén phan nguyén téch ra la . Sau khi tach, sb bi trir sé chtta ca ab 14n b, va ca hai
dai lugng nay déu da kiém soat dugc nho gia thiét cing B6 dé 4.1.

L&i giai

e Tach phan nguyén. Véimoia,b > 0,

a+2 a+2 (a+2)b?

2+4 4 4(b2+4)

e Danh gia sé bi trir. Vib2 + 4 > 4b nén

(a+2)b%>  (a+2)b> ab+2b a+2 a+2 ab+2b
< = > —

A02+4) 166 16 /O iy T Ty 16
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e Cong ba danh gia. Cong theo vé ba bat ddng thitc ciing dang,

a+2 (a+b+c)+6_(ab+hc+ca)+2(a+b+c) B 3_(ab+bc+ca)+12
Lib?+4 4 16 B 16 '

e Chan trén dai lwvgng phu. Theo B dé 4.1, ab + bc + ca < 12, do d6
a+2 _ , 12+12 3 3
b2+4 ~ w6 7 2 2

cyc

Diém roi. Dau déng thitc xay ra khivachikhia =b = ¢ = 2.

Nhan xét. So v6i Vi du 4.1, diéu duy nhét thay déi la tir s6. Diéu d6 cho thdy phép tach phan nguyén
van thuc hién duge khi tir s6 déi dang: chi can tach sao cho phan con lai c6 mau ding bang mau
cti, khi &y s6 bi trir dugc danh gid bing AM-GM & mau. Viéc kiém soat s6 bi trir sau d6 thi con phu
thudc dang cua tt s6: § vi du nay n6 sinh thém hang tir 2b, va ta phai dung t6i gia thiéta +b + ¢ = 6.

Vi du 4.4. Cho cac sb thuc duong x, y, z. Chiing minh rdng
4 4 4 +y+
AR -
¥34 2y y3+4+223 234+ 2x8 8

Phan tich. Bat déng thttc thuan nhat bac mot, khong c6 rang budc, nén diém roi duge dy doan tai
x = y = z. Mau s6 gdm ba hang tit néu ta viét x® + 2y3 = x3 + y3 + y3, vi vay 1an nay phai dung

P o tach i a o op X 2xy°
AM-GM cho ba s6. Phan nguyén tdchrala x, vi ——— = x - ——.
x3 +2y3 x3 +2y3
Loi giai
e Tach phan nguyén. Vé6i moi x, y > 0,
o x (P 2yt) - 2xyt 2xy3
x3+2y3 x3 +2y3 - x3 +2y3

e Danh gia mau sé bang AM-GM cho ba sé.
P +2y? =+ P + Y3 > 33x3y0 = 3xy”.
e Suy ra danh gia thuan chiéu. Tir hai budc trén,
3 3 1
2y YW X, W
x3+2y3 T 3xy? 3 x3 +2y3 3

e Cong ba danh gia. Cong theo vé ba bat déng thitc cung dang ta dugc
x4 26+y+z) x+y+z
- > - = .
Zx3+2y3 z (x+y+z) 3 3

cyc

Diém roi. Dau déng thicc 6 buéc AM-GM doi hoi x = y, tuong tu y = z va z = x. Vay déng thic
xdy ra khiva chikhix =y = z.

Nhan xét. Trong céc bai thudn nhat ctia chuong nay, chudi déanh gia thuong khong can dén bo dé
phu nao: téng cac s6 bi trir tu n6 da la mot boi ctia x + y + z. D6 la dau hiéu thuong gdp & nhitng bai
toan ma ky thuat Cauchy ngugc dau cho 1oi giai ngdn gon.
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Vi du 4.5. Cho céc sb thuc duong a, b, ¢, d. Chiing minh rang

as b3 c3 a a+b+c+d
+ + + > 5
a2+ab+b2 b2+bc+c? c2+cd+d? d2+da+a? 3

Phan tich. Van 1a mot bat ddng thitc thuan nhat bac mot, hoan vi vong quanh bén bién, diém roi
a=b=c=d Mausba®+ab + b? la tong ba hang ti c6 tich bang a3b3, nén AM-GM cho ba s6 sé
cho a? + ab + b* > 3ab, dau déng thic dung taia = b.

L&i giai

e Tach phan nguyén. Véimoia,b > 0,

a3 a’b + ab? ab(a +b)

Zrab+b2 @ tab+b2 T R rab+ b
e Danh gia mau s6. Theo AM-GM cho ba s6, a2 + ab + b2 > 3¥a3b3 = 3ab, do d6

ab(a +b) ab(a+b) a+b R a3 S a_a+b
a2+ab+0b2 3ab 3 a2+ab+b2 = 3

e Cong bon danh gia. Téng cac s6 bi trir 1a

(@a+b)+(b+c)+(c+d)+(d+a) 2@+b+c+d)
3 B 3 ’

2a+b+c+d) a+b+c+d

vi vay vé trai khong nho hon (a + b + ¢ +d) —

3 3
Diém roi. Dau déng thic xay ra khi va chikhia =b = ¢ = d.
Nhan xét. Bit ding thic trung gian z > 2a-b cling dung va tuong duong véi (a +b)(a —
an xét. g ggian ————5 > —— ciing diing g duong

a+b+c+d

3
xtt Iy bang ky thuat Cauchy ngugc dau hodc bang ky thuat hé sb bat dinh trinh bay & Chuong 7, hai
con duong dan t6i cing mot danh gid trung gian.

b)? > 0. Cong theo vong, tong vé phai cling bang . Nhu vay mot bai toan c6 thé dugce

Vi du 4.6. Cho céac s6 thuc a, b, c thoaman 0 < 4, b, ¢ < 6. Ching minh ring

1 1 1 a2 +b2+c2 1
+ + > =
6—a 6-b 6-c 54 2

Phan tich. Vé trdi khong c6 phan thic nao chita mau bac hai, nén thoat nhin ky thuat Cauchy nguge
t249

54
va chinh bat dang thirc phu nay lai la hé qua truc tiép cua ky thuét 4p dung cho phan thic

% c < £y 32 1
dau chua dung dugc. Y tudng chot 1a dung mot bat dang thac phu 67 > cho0 <t <6,

9
) 9+ 2
biém roi dugc du doén tai a = b = ¢ = 3, khi d6 ca hai vé cung bang 1.

L&i giai
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e Dwng bat dang thirc phu. Véi 0 < ¢t < 6, tich phdn nguyén va ding 9 + 2 > 6t,

2 2 _
LN S S I S . el
9+ t2 9+ t2 6t 6 6
 Nhan chéo va bién déi twong duwong. Tix TR g va 6 — t > 0, nhan chéo hai vé duong ta
duoc (6 — t)(9 + t?) < 54; chia hai vé cho s6 duong 54 (6 — ) ta dugc
1 t2+9
— 2> 0<t<6).
6-t 54 ( )

e Coéng ba danh gia. Ap dung lan lugtchot = a,t = b, t = ¢ 16i cong theo V&,

1 1 1 >(a2+b2+62)+27_a2+b2+02 1
- 54 B 54

Diém roi. Bit ddng thitc phu dat diu dng thirc khi t = 3, nén dng thic ctia bai todn xay ra khi va
chikhia =b=c=3.

Nhan xét. Vi du nay cho thdy pham vi tic dung cta ky thuat rong hon dang thitc ban dau ctia dé
bai: n6 khong chi giai truc tiép cac tong phan thic c6 mau bac hai, ma con la cong cu dé thiét 1ap cac

2
dénh gia phu mot bién kiéu - > i 5-;: 9, chinh la dang danh gid thuong gap trong phuong phap
tiép tuyén.

r D

Vidu 4.7. Cho x, , z 1a cac s6 thuc duong. Tim gia tri 16n nhat cta biéu thic

P = vz + vz + vy
X+24YZ  y+2\xz zZ+2\XY

(Dé dur bi khéi B, 2010)
\_ Y,

Phan tich. Biéu thirc thuan nhét bac khong, hoan vi vong quanh, nén diém roi tynhiénlax = y = z;

~ . 1 < < <
khi d6 mdi phan thitc bang 3 va P =1.Tadu dodn max P = 1. Cht y rang néu nhan ttr sO véi 2 thi ti
s6 trg thanh dung phan 24/yz c6 mit & mau, cho phép tach phan nguyén. Sau khi téch, ta can chdn
dudi phan bi triy, tiec 1a chidn trén mau sd, va day chinh 1a chd dung 24/yz < y + z.

L&i giai

e Tach phan nguyén. Véi moi x, y,z > 0,

2z _(x+2\/y_z)—x_1 X
X+24YZ  X+240YZ  x+2yZ

e Chén trén mau s6. Theo AM-GM, 2z < y +z,dod6 x +2/TZ < x +y +z va

24/yz
X y <1 X

x
> = .
X+24yz ~ x+y+z X +2\yz ~ X+y+z
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e Cong ba danh gia. Viét thém hai bat dang thitc tuong tu réi cong theo vé,

X+y+z
2P 3- 2

IA

— =2 = P < 1.
X+y+z

o T x . 1
e Chi ra gia tri dat dug'c. V6i x = y = z thi mdi phan thic bang 3 nén P = 1.

Dap s6. max P = 1, dat dugc khi va chi khix = y = z.

4 )

Vidu 4.8. Cho 4, b, c 1a cac s0 thuc duong thod méan a + b + ¢ = 3. Chting minh rang

a+b+c a+b+c a+b+c 9
= 3 + 2 + 2 Z .
a’?+abc  b%?+abc c?+abc 2

(Dé thi thir Dai hoc lan 2, truong chuyén Nguyén Hué, 2007-2008)
N\ Y

A 2 = s 3 N
Phan tich. Biémroilaa = b = ¢ = 1, khi d6 abc = 1 va moi phan thitc bang 7 Dai lugng abc nam

& mau cta ca ba phan thtic; chin trén n6 bang 1 sé 1am mau nho di, tac la lam ca ba phén thic 16n
len, dtng chiéu can thiét. Sau budc d6 bai todn trd vé ding dang chuan ctia ky thuat Cauchy nguoc
dau.

Loi giai
e Chan trén tich abc. Theo AM-GM, 3 =a + b + ¢ > 3Vabc, suy ra abc < 1.

e Ha mau so6. Tir abc < 1ta cé a® + abc < a? +1,do d6

a+b+c> 3
a2 +abc — a?+1’

va tuong tu véi b, c.

e Ap dung ky thuat Cauchy ngugc dau. V6i moi a > 0, tich phan nguyén va diing 1 + a2 > 2a,

2 2
1 :1— a 2 1—a—=1_z,
1+a2 1+a? 2a 2
nén cong theo vé ba bat ddng thic cung dang ta duge
1 N 1 N [ a+b+c 3
1+a2 1+b2 1+c2 ~ 2 2
o Két luan. Két hop hai budc trén, V. > 3( Lo, 1 ) > 3.3 0
o 45 T T\ a2 14+b2 0 14c¢2) T 7 20 2

Diém roi. Ca ba danh gia da ding ciing dat ddu déng thitc tai a = b = ¢ = 1, vy déng thtic xay ra
khivachikhia=b=c=1.

Nhan xét. Bai todn minh hoa mot tinh hudéng thuong gdp: ky thuat Cauchy nguoc ddu khong dung
dugc ngay, ma chi phat huy tdc dung sau mot bude lam gon gia thiét. Trong nhirng tinh hudng nhu
vy, nén chin céc dai lugng phu trudc, dua bai toan vé dang chuan, rdi mdéi tdch phan nguyeén.
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Vi du 4.9". Cho céc sb thuc duong a,b, ¢, d thod man a + b + ¢ + d = 8. Chiing minh rang

8a+8b+8c+8d > 4
8+b2c 8+c2d 8+d?a 8+a?b —

Phan tich. Diém roilaa = b = ¢ = d = 2; khi d6 b?c = 8, nén bat ding thic 8 + b%c > 2V8b2c dat
dau déng thic ding & diém roi. Sau khi téch phan nguyeén, s6 bi trir con chita cin thic; ta phai ha
n6 vé bac nhét theo tirng bién bang mot buéc AM-GM nita, réi méi dung duge B6 dé 4.2 va B6 dé
4.3.

L&i giai

e Tach phan nguyén. Véi moi a,b, ¢ > 0,

8a ab?c

8s+b2c T 8+pc

e Danh gia mau s6. Theo AM-GM, 8 + b2c > 2V8b2¢ = 4b\2c, do d6

ab?c - ab’c  abc _ abV2c
8+b%c T 4bv2c  4V2c 8
. A % V4 -2 1 4+2 +2 . ..
e Ha cin thirc vé bac nhét. Ciing theo AM-GM, V2¢ = 5 €< 3 3 € - CT dau déng thuc
khi ¢ = 2. Vivay
abv2c < ab (c +2) _ abc+2ab’ vie 1a 8a — abc+2ab'
8 16 16 8+ b2¢ 16

e Cong bon danh gia. Cong theo vé bén bat déng thiic cting dang,

> 8

Z 8a B (abc + bed + cda + dab) + 2(ab + bc + cd + da)
e 8+b2c 16 '

3
e Chan trén hai dai lwgng phu. Theo B dé 4.3, abc + bed + cda + dab < % = 32; theo B6 dé 4.2,

2
ub+bc+cd+da§%:16.Dodé

3 8a_ [ g_32+2-16 o ,_4

8+b2c 16
cyc

Diém roi. Moi danh gid da diing cting dat ddu ddng thitc khia = b = ¢ = d = 2; khi d6 mdi phan
thirc bang 1. Vay dang thirc xay rakhivachikhia =b=c=d = 2.

A . N T I c+2 . ..
Nhan xét. Diém déang luu y cta 15i gidi 1a budc ha can thic: dénh gid V2c < — phai duoc chon
sao cho dau ding thic roi dung vao ¢ = 2, cht khong phai ¢ = 1. Chon sai hing s6 & budc nay thi
toan bo chudi dénh gia tuy van dung nhung khong con chit, va vé phai thu dugc sé nhé hon 4.
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C. Bai tap c6 I5i giai

Bai 4.1. Cho céc s6 thuc duong a,b, ¢, d thoAman a + b + ¢ + d = 8. Chiing minh rang

4a+4b+4c+4d S 4
44b2 44c2 4+d?2 44a%2 —

Phan tich. Bai toan 1a ban bén bién ctia Vi du 4.1: mdi phan thtc c6 tit sé bac nhat theo mot bién,
con mau sd chita binh phuong ctia bién ké tiép. Diém roi duge du dodn taia = b = ¢ = d = 2; khi d6
4 + b% = 8 va 4b = 8, nghia la bat déng thitc AM-GM duing cho mau s dat ddu déng thac ding &
ab+bc +cd+da

diém roi. Sau khi tadch phan nguyén, tong céc sb bi trir sé 1a i - dtng dai lugng da
duogc Bd dé 4.2 chan trén.
L&i giai
e Tach phan nguyén. Véi moi a,b > 0 ta c6 déng thic
da  a(4+b?)—-ab? . ab?
4+0b2 4+ b2 B 4+0b%

e Danh gia sé bi trir. Theo bat déng thttc AM-GM, 4 + b? > 2V4b2 = 4b, do d6

ab> @b’ ab 42 ab
4+b2 = 4b 4 4+p2 = 4"

e Céng bon danh gia cung dang. Viét bat ddng thiic vira thu dugc 1an lugt cho cac cp (a,b), (b, c),
(c,d), (d,a) roi cOng theo vé,
4a 4b 4c 4d ab+bc +cd+da

> _
1+ T Ir 2 A @ Tar g = Btbretd 1

_ab+bc+cd+da

=8
4
e Chan trén dai lwvgng phu. Theo BS dé 4.2,

(a+b+c+dy? 8
4 4

ab+bc+cd+da < =16,

. 16
vi vay vé trdi khong nho hon 8 - ik 4.

Piém roi. Dau déng thuc & bon bat dang thic AM-GM doi hoib = 2, ¢ =2,d = 2,a = 2;b0 s6
a=b=c=d=2ciinglam B6 dé 4.2 dat ddu ddng thttc vikhid6 a + ¢ = b + d = 4. Khi &y mdi phan
thitc bing 1 va téng béng 4. Vay dang thirc xay ra khi vachikhia=b=c=d = 2.
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Bai 4.2. Cho céc sb thuc duong a, b, ¢ thod madn a + b + ¢ = 6. Ching minh rang

a3 N b3 N c3 S
a?+4 b2+4 244

Phan tich. Diém roi dugc dy doan tai a = b = ¢ = 2; khi d6 a? + 4 = 8 va 4a = 8, nén bat déng thic
AM-GM duing cho mau s6 dat dau ddng thic dung & diém roi. Tir s6 bac ba, mau sd bac hai nén
4a
) a?+4
mot bién va bi chin trén béi hing sb 1, vi vay 10i giai khong can dén bo dé phu nao.

phan nguyeén tach ra la mot biéu thitc bac nhat. Piém dang cha y 1a s6 bi trix chi phu thudc

Lo gidi
e Tach phan nguyén. Véi moia > 0,
a’ a(a®+4)-4a 4a
= = 4a-— 0
az+4 a2+4 az+4

e Chan trén so bj trir. Theo bat déng thitc AM-GM, a? + 4 > 2V4a? = 4a, do d6

3
4q <4a_1 a

< —= = > a-1.
a2+ 4 4a az+4

e Cong ba danh gia. Viét thém hai bat dang thiic cing dang v6i b va ¢ rdi cong theo vé,

as b3 c3

+ +
a?+4 b2+4 2+

1 >(a+b+c)-3=6-3=3.

Diém roi. Ca ba bat d&ng thicc AM-GM cuing dat ddu déng thtrc khia = b = ¢ = 2; khi d6 m&i phan
thic bang 1 va tong bang 3. Vay déng thic xay ra khivachikhia =b =c¢ = 2.

Bai 4.3. Cho céc s6 thuc duong a, b, ¢ thoa méan a + b + ¢ = 6. Ching minh rang

4 4 4 4 4 >3
44ab 44+bc 4+ca ~ 2

Phan tich. T s6 1a hdng s6 nén phan nguyén tach ra ciing la hing s6. Diém roi dugc du dodn tai
a=b=c=2khidéab = 4vad+ab = 8 = 4Vab, nghia la bat déng thitc AM-GM dang 4+ab > 4Vab
dat diu ding thirc ding & diém roi. Sau khi tach, téng cac s6 bi trix chita Vab + Vbc + v/ca, chinh 1a
dai lugng da dugc Bo dé 4.4 chin trénbdia + b + c.

L&i giai
e Tach phan nguyén. Véimoia,b > 0,
4 (4+ab)—ab _ - ab
44ab 4 +ab B 4+ab

e Danh gia mau s6. Theo bat dédng thitc AM-GM cho hai s6 4 va ab,

4+ab > 2V4ab = 4Vab,
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dau déng thace khi va chi khi ab = 4.
e Suy ra danh gia thuan chiéu. Tir hai buéc trén,

ab ab Vab 4 Vab
< = = > ——5
4+ab AVab 4 4+ab 4

e Cong ba danh gia. Viét thém hai bat dang thitc cing dang véi céc cdp (b, ¢) va (c, a) rdi cong theo
vé,
4 4 4, Vab + Vbc + +ca

+ -
44ab 4+bc 4+ca — 4

e Chin trén tdng cac can. Theo B6 dé 4.4, Vab + Vbc +Vea < a+ b + ¢ = 6,do d6

4 N 4 N 4
44+ab 4+bc 4+ca —

Diém roi. Dau déng thtic & ba bat dang thitce AM-GM doi hoi ab = be = ca = 4, con diu déng thic
& B6 dé 4.4 doi hoia = b = ¢; hai diéu kién y cung xdy ra khi va chi khia = b = ¢ = 2, va bo s6 nay

, = !
thoa man gia thiet a + b + ¢ = 6. Khi d6 moi phan thic bang o

é )
Bai 4.4". Cho cac s6 thuc duong x, y, z thod man x + y + z = 6. Tim gid tri nhé nhat cta
biéu thttc

e Y2 "
— + + :
2x+y?2 2y +z2 2z +x2

. J

Phan tich. Mau s6 2x + y? khong thudn nhat, nén 10i giai can khai thac rang budc x + y + z = 6.

q X s 4 1 3
Diém roi dugc du doan tai x = y = z = 2; khi d6 moéi phan thitc bang 3= 3 vaV = 3 Ta du doan

minV = g va chiing minh V' > g

e Chon dénh gia cho mau s6. Tai diém roi ta c6 2x = 4 = y2, nghia 1a bat ding thitc AM-GM dang
2x + y? > 2yV2x dat dau déng thic ding & diém roi.
e Dv liéu duong di. Sau khi tach phan nguyén, s6 bi trir con chtra can thire, nén can thém mot budce
ha cdn vé bac nhat truée khi dung B6 dé 4.1.

Lai giai

e Tach phan nguyén. Mau s6 chtta hang tir 2x nén phan nguyén tach ra la g That vay, v6i moi
x,y >0,

x xy? x@e+yH-xy? 0 2?2

2 202x+y?) 202x+y?) 2Qx+y?) 2 +y?

e Danh gia mau sd. Theo béat ddng thitc AM-GM cho hai s6 2x va y2,

2 +y? > 24/2xy2 = 2yV2x,

dau ding thtc khi va chi khi 2x = y2.
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e Dura s6 bj trir vé dang chira mét can. Tir danh gi vira néu,

xy? - xy? _ Xy :xy\/ﬂ:y\/ﬂ
2@2x+y?) T ayvex  42x 42 8

x+2
, dau

e Ha cén thirc vé bac nhat. Theo bt déng thitc AM—-GM cho hai s6 2 va x ta c¢6 V2x <
déng thuc khi va chi khi x = 2. Vi vay

Xy +2y
16

tac 1 >
16 16 S PR

yV2x - y(x+2) xy+2y o 52 x
8 B ' 2

e Cong ba danh gia. Viét thém hai bat dang thtc ciing dang véi cac cdp (y, z) va (z, x) roi cdng theo

Ve,
x+y+z (xy+yz+zx)+2(x+y+2z2) (xy +yz +zx)+12
V> - = 3- .
2 16 16
L . (x+y+2)?
e Chan trén dai lvgng phu. Theo B dé 4.1, xy + yz + zx < ———— =12,do d6
12 +12 3 3
> — =3 - == -,
s & 16 s 2 2
. ke o . S oA 1A 1 4 |
¢ Chi ra gia tri dat duwgc. V6i x = y = z = 2 thi x + y + z = 6 va m6i phan thitc bang 174°- g/nen

V =

| W

Pap s6. minV = g, datduockhivachikhix =y =z = 2.

Bai 4.5. Cho hai s6 thuc duong 4, b thoa méan ab = 4. Chiing minh rang

ad b3
+— >
4402 4442 —

Phan tich. Rang budc la ab = 4, diém roi dugc dy doan tai a = b = 2; khi d6 4 + b? = 8 = 4b, nghia

1a bat ddng thitc AM-GM dung cho mau s6 dat dau ddng thic ding & diém roi. Tir sd bac ba nén
3 2
phan nguyén tach ra la %. Nhd gia thiét ab = 4, s bi trir sau khi dénh gia rut gon thanh %, va bai

toan quy vé mot bat dang thirc mot bién theo s = a + b, trong dé s > 2Vab = 4.

L&i giai
e Tach phan nguyén. Véi moia,b > 0,
[ (O 0 A . U S
4 4(4+0b2)  4(4+Db2) 44+ 4+b2

e Danh gia so bj trir. Theo bat ddng thitc AM-GM, 4 + b? > 4b, do d6, két hop véi gia thiét ab = 4,

a3h? asb?  a?-ab 44?42

4(4+b2) ~ 16b 16 16 4’
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e al-a
R T T
e Cong hai danh gia. Viét thém bat déng thuc cing dang véi vai tro ctia a va b d6i chd rdi cong theo
vé,
@B (@b (a2 +b?)
1+0? dva? T 4 '

e Quy vé mét bién. Dits =a +b. Viab = 4 nén

a3+ b3 =53—3abs =s3-12s, a>+b%=s2-2ab=5%-38,

s3-52-125+8
- .
e Chirng minh bat ddng thirc mét bién. Theo AM-GM, s = a + b > 2Vab = 4. Ta ¢6

do d6 vé phai & budc trén bang

s5-s-125+8 s3—s2-125 s(s—4)(s +3) S
4 4 4 B
vis > 4kéotheos >0,s—4>0vas+3>0.
a? b3
R e T
Diém roi. Bat déng thitc mot bién dat ddu déng thic khi s = 4; cting véi ab = 4 diéu d6 budce

0

e Két luan. Ghép hai budc cudi,

a = b = 2. Khi &y mdi phan thtc bang 2 = 1 va tong bdng 2. Vay ding thic xay ra khi va chi khi
a=b=2.

Bai 4.6. Cho céc s6 thuca, b, c,d thod man 0 < a,b, ¢, d < 6. Ching minh rang

1 . 1 N 1 N 1 >a2+b2+c2+d2+g
6-a 6-b 6-c 6-d 54 3’

Phan tich. Bai toan 1a ban bdn bién ctia Vi du 4.6. Céc bién hoan toan doc 1ap véi nhau va méi phan
thte chi chita mot bién, nén chi cdn mot danh gid mot bién roi cong theo vé.
t2

54

e Bat dang thic phu mét bién. Déanh gid 4y chinh 1a bat ding thitc phu 6% > V6i0 <t <6,

dugc dung bang ky thuat Cauchy nguge dau dp dung cho phan thue %
o Dy’ doén diém roi. Diém roi ctia bat dang thitc phu la t = 3, nén diém roi ctia baitoanlaa = b =
, . 4
¢ = d = 3; khi d6 hai vé cing bang 3
Lai giai
e Dung bat dang thirc phu. Véi 0 < t < 6, tach phan nguyén rdi diing bat ding thitc AM-GM
9+t2 > 2V9t2 = 6t,
9 t? t

t
S a0 2 laes=sl==
9 + ¢2 9+t2 — 6t 6

6—1t B
e 6i s6 duong 6 (9 + t2) ta
dugc (6 —t)(9+t%) < 54.Vi0 <t < 6nén 6 —t > 0; chia hai vé cho s6 duong 54 (6 — t),

 Nhan chéo va bién déi twong dwong. Nhan hai vé ctia

1 t2+9
>

ﬁ_ 54 (0<i’<6).
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bay dung 1a bat dang thic phu da dung 6 Vi du 4.6.
e CAng bon danh gia. Ap dung bat ding thttic phu ldn lugt chot = a,t = b, t = ¢, t = d rdi cong
theo vé,
1 1 1 1 (a®> +b%+c?+d%) +36
o4
a?+b2+c?+d* 2

+ -
54 3

(=
|
S
(=
|
S
(=
I
a
(=
|
[
|

Diém roi. Bat ding thitc phu dat ddu déng thiic khi va chi khi 9 = 2, tttc t = 3. Vay ddng thic ctia
, . 4
bai toan xay ra khi va chikhia = b = ¢ = d = 3; khi d6 ca hai vé cing bang 3

Bai 4.7. Cho céc sb thuc a, b, ¢ khong nho hon 2. Ching minh rang

> 36.

a(b+c)+b(c+a)+c(a+b)+32( L ! L )

+ +
444a2 A44+b2 442

Phan tich. Vé trai gdm hai phan bién thién ngugc nhau: phan da thiic ting theo céc bién, con tong
ba phan thirc gidm. Y tudng chdt 1a chdn duéi tdng ba phan thic béng ki thuat Cauchy nguoc dau
dé dua bai toan vé mot bat ddng thitc da thiic, rdi khai thac diéu kién bién a, b, ¢ > 2.
e Du doan diém roi. Vi cac bién chi bi chin duéi boi 2 nén diém roi duoc du doan & bién, tuc

< N 3
a=b=c= 2;khidévétréibéng24+32'§ = 36.
e Chon danh gia cho mau s6. Khi d6 4 + a? = 8 = 44, nén bat ding thitc AM-GM diing cho miu
s0 dat dau déng thic ding & diém roi.

L&i giai

e Viét gon phan da thirc. Khai trién rdi nhém lai,

ab+c)+b(c+a)+c(a+b)=2ab+bc+ca).
e Chan dudi tirng phan thirc. Vi moi a > 0, tich phan nguyén roi dung bat dang thitc AM-GM
4+ a? > 2V4a2 = 4a,

4 a2 a2 a
=1- >1-—=1--, tuacla >
4 +qa2 4+ a2 4a 4 4+ g2

e Cong ba danh gia. Viét thém hai bat dang thitc ciing dang vdi b va c roi cong theo vé,

1 1 1
+ + > 24—-2(a+b+c0).
(4+a2 4+ b2 4+c2) - & 2

e Quy Vvé bat dang thirc da thitc. Ghép hai két qud trén, vé tréi ctia bai toan khong nhé hon 2(ab +
bc +ca)+24—2(a + b+ c). Vivdy chi con phai chiitng minh

2(ab+bc+ca)—2(a+b+c) > 12, tuong duong ab+bc+ca—-(a+b+c) > 6.
e Khai thac diéu kién bién. Nhém lai vé tréi theo tirng bién,

ab+bc+ca-(a+b+c)=ab-1)+b(c—-1)+c(a—1).
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Via,b,c>2néna >2vab-12>1,dodéa(b—1) > 2;hoan toan tuong tub (c—1) > 2vac(a—1) > 2.
Cong ba bat dang thirc ay ta dugc ab + bc+ca —(a +b +¢) > 6.

o Két luan. Vay vé trai khong nhé hon 12 + 24 = 36.

Diém roi. Babat ding thitc AM-GM dat dau d&ng thic khia = b = ¢ = 2,vacécdanh gida (b—1) > 2,
b(c—1)>2,c(a—-1)> 2cang dat dau ding thirc dung tai b s6 d6. Vay ddng thirc xay ra khi va chi
khia=b=c=2.

é )
Bai 4.8". Cho cac sb thuc duong x, y, z thod man xyz = 8. Ching minh rang
xty yiz z4x
> 12.
Ita? 442 T2 T
g V.

Phan tich. Rang budc la xyz = 8, diém roi dugc dy doan tai x = y = z = 2; khi d6 4 + x? = 8 = 4x,
nghia 1a bat ddng thitc AM-GM dung cho mau s6 dat dau dang thic ding & diém roi.

e Chon cach tach. T s6 x*y chua thira s6 x%y, nén cach tach hop 1y la

xty 4 )

2
= 1—
4+ x2 xy( 44 x2

trong d6 phan trong ngodc ding dang chuan cda ky thuat.
e Dinh huéng phan cén lai. Sau buéc dé bai toan quy vé viéc chan duéi x%y + y%z + z%x qua
Xy + yz + zx, roi chdn dudi xy + yz + zx bang AM-GM cho ba s6 dudi rang budc xyz = 8.

Lo giai
e Tach phan nguyén. Véi moi x, y > 0,
xty 2 x? 2 4
= X2y = 2%y (1- ).
4+ x2 Y e xy( 4 + x2

e Danh gia s6 bj trir. Theo bt déng thitc AM-GM, 4 + x2 > 2V4x2 = 4x,do d6 < =—va

4
4+x2 7 4x  x
xty
44 x2

> x%y (1— %) = x%y — xy.

e Cong ba danh gia. Viét thém hai bat dang thtc ciing dang véi cac cdp (v, z) va (z, x) roi cdng theo
vé,
xty yiz z4x
+
44x2 44y?2 4422

> (x*y +y%z +z%x) — (xy + yz + zx).

e Chan dudi theo tong ba bién. Ap dung bat ddng thitc AM—GM cho ba s6 duong x%y, x%y, z2x
vadung xyz = 8§,

2y +x%y +2%x > 33/x5y222 = 3x(xyz)? = 3x V64 = 12x.

Thuyc hién phép hoan vi vong x — y — z — x hai lan ta dugc thém 2y%z +x%y > 12y va 2z%x +y?z >
12z. Cong ba bat dang thtc,

3(x*y+y*z+2%x) > 12(x+y +2) = Xy +yiz+ 2% > Ax+y+2).
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e Chin dudi theo tong ba tich déi mét. Ciing theo AM-GM, x%y +4y > 24/4x2y?2 = 4xy; tuong tu
y?z + 4z > 4yz va z%x + 4x > 4zx. Cong ba bat ddng thuc,

X2y + vz + 2% > Axy +yz +2zx) — 4(x + y + 2).
e Cong hai chan dudi. Cong theo vé hai két qua vira thu dugc, s6 hang 4(x + y + z) triét tiéu va
2(x%y + y?z + z2%x) > A(xy +yz + zx) = Xy +yPz+2%x > 2xy +yz + zx).

e Két thiic bang AM-GM cho ba tich. Thay vao buéc cong ba danh gia,

x* iz 4

4+Zz + 4{_ " 41; > 2(xy +yz+zx)— (xy + yz +zx) = xy + yz + zx,
va theo AM=GM cho ba s6 xy, yz, zx thi xy + yz + zx > 3(xyz)? = 3364 = 12.
Diém roi. Danh gid mau s 4 + x? > 4x dat diu d&ng thirc khi va chi khi x = 2; hai danh gia cing
dang viét cho y va z budc y = 2 va z = 2. Nguoc lai, b0 s6 x = y = z = 2 thoa man gia thiét xyz = 8
va lam moi dénh gid con lai tré thanh déng thic: khi dy 2x2y + z%x = 24 = 12x, x%y + 4y = 16 = 4xy

< . 32 5 s B

va xy +yz + zx = 12 = 34/(xyz)?. Khi d6 moi phan thtc bang 5 4 va tong bang 12. Vay dang
thacxdyrakhivachikhix =y =z = 2.

Bai 4.9. Cho hai s6 thuc duong a, b thod méan a + b = 4. Tim gia tri nhé nhét ctia biéu thic
a? b?
+ .
a+2 b+2

Phan tich. Rangbudclaa+b = 4, diém roi dugc du dodn taia = b = 2;khidéa+2 =4 = 224, nghia
A mg A g A og q 4 4

la bat dang thitc AM-GM dung cho mau s6 dat dau dang thic ding ¢ diém roi, va M = 173" D,

Ta du doan min M = 2 va ching minh M > 2. Tt s6 bac hai, mau s6 bac nhat nén phan nguyén tach

ra la a; s6 bi trir chtra cén thirc va sé duge kiém soat nhd danh gia vV2a + V2b < 4.

Lai giai
e Tach phan nguyén. Véi moia > 0,
a? a(@a+2)-2a _ ., 2a
a+2 a+2 B a+2

e Danh gid miu s6. Theo bat ding thitc AM-GM cho haisbava2,a +2 > 2v2a, dau dang thuc
khiva chikhia = 2.
e Suy ra danh gia thuan chiéu. Tir hai budc trén,

2a 2a a _av2a _2a - a? vV2a
-

< = = = > a-—
a+2 2V2a  V2a 2a 2 a+2

e Cong hai danh gia. Viét thém bat ddng thtrc cing dang véi b r6i cong theo vé,

V2a+V2b _ V2a+V2b
— A by

2

M > (a+b)- 4
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e Chan trén téng hai can. bat u = 2a, v = 2b. Theo AM-GM, 2vuv < u + v, do dé
(@+@)2 =u+v+2Vuv < 2(u+v)=4(a+b)=16,

suy ra V2a + V2b < 4, dau déng thic khiva chikhia = b = 2.

< ~ 4
o Két luan. Ghép hai buéc trén, M > 4 — 3= 2.

e Chi ra gia tri dat dwgc. Bos6a =b =2thodmana+b=4vachoM == +

I
NG
1]
[\

Dap s6. min M = 2, dat dugc khiva chikhia =b = 2.

Bai 4.10. Cho cac s6 thuc duong a, b, ¢ thod man ab +bc + ca = 12. Tim gia tri nhé nhat cta
biéu thtc
p_ 41 4 4
T 4403 4+c3 4+ad

Phan tich. Rang budc la ab +bc +ca = 12, diém roi dugc du doadntaia = b = ¢ = 2;khid6 4+b3 = 12

x N 2 X
va moi phan thirc bang 1% =3 cho P = 2. Ta du dodn min P = 2 va ching minh P > 2. Mau so

béc ba nén bat dang thitc AM-GM phai dung cho ba s6; mudén dau dang thuc roi dung vao b = 2, ta
nhan ca tir 1an mau ctia s6 bi trir v6i 2 dé mau trg thanh 8 + b3 + b3, ba s6 c6 tich 8b° va bing nhau
ding khi b = 2.

Loi giai
e Tach phan nguyén. Véi moia,b > 0,
da  a(d+b3)-ab® . ab®
4+b3 4+ b3 B 4+ b3

o Nhan doéi dé can bang mau sé. Nhan ca tit va mau cta sb bi trix v6i 2,

ab? 2ab?

4+b3  8+2b3°

e Danh gia mau s6 bang AM-GM cho ba s6. Véi ba s6 duong 8, b3, b3,
8+2b% =8 +b3+b3 > 3V3b6 =602,

dau ding thirc khi va chi khi b3 = 8, titc b = 2.
e Suy ra danh gia thuan chiéu. Tir hai budc trén,

2ab3 <2ab3_@ R 4a >a—@
8+2b3 = 6b2 3 4+b% ~ 37
e Cong ba danh gia. Viét thém hai bat dang thuc cing dang véi cac cdp (b, ¢) va (c, a) roi cong theo
Ve,
P > (a+b+c)—W:(a+b+c)—%:(a+b+c)—4.

e Chan dudi téng ba bién. Theo hé qua ctia B6 dé 4.1,

a+b+c > \/3(ub+bc+ca):\/%:6,
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dod6P>6-4=2.
2 2 orf a 8
e Chi raglatr!datdu’cjc.BC)s()a:b:c:2thoéménab+bc+ca:12véch0P:3-E:2.

Dap s6. min P = 2, dat dugc khivachikhia =b =c = 2.

Bai 4.11. Cho céc sb thuc duong a, b, c. Chting minh ring

ad N b N c® S a+b+c
at+3b%  bA+3ct  ct+3a4 4

Phan tich. Bat ddng thtic thuan nhat bac mot va khong c6 rang budc, nén diém roi duge du doan
tai a = b = c. Mau s6 viét duogc thanh a* + 3b* = a* + b* + b* + b4, tic tdng bdn hang tir ¢6 tich a*b!?;
vi vdy AM-GM cho bén s6 cho a* + 3b* > 4ab® v6i ddu dang thitc dung tai a = b. Phan nguyén tach
rala a, ding nhu 6 Vi du 4.4.

Lai giai
e Tach phan nguyén. Véi moia,b > 0,
a>  a(a*+3b*) -3ab* . 3ab*
at +3b% a* + 3b* B at + 3b%’

e Danh gia mau s bang AM-GM cho bon s6. V6i bon s6 duong a*, b*, b*, b*,
at +3b* = a* + b + b + bt > 4Vatb'2 = 4ab?,

dau dang thuc khi va chi khia = b.

e Suy ra danh gia thuan chiéu. Tir hai buéc trén,

3ab? - 3ab4_% R ad . _3b
at+3b% T 4ab3 4 pranE T

e Cong ba danh gia. Viét thém hai bat dang thic cung dang véi céc cdp (b, ¢) va (c, a) rdi cong theo
vé,

ad® 3@a+b+c) a+b+c
ZmZ(a+b+C)— 1 = 1 .

cyc

Diém roi. Dau ding thic & ba bat ding thitce AM-GM 1an lugt doi héia = b, b = c va ¢ = a. Vay
dédng thure xay ra khivachikhia =b = c.

( )
Bai 4.12*.Chon > 3vaay,as, ..., a, la cic s6 thuc duong. Chiing minh rang
Zn: ain s a+as+---+ay
n—-1 n-1 — _ 4
el +(m-2)al; o=l

trong d6 quy uéc a,41 = a;.

\_ /
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Phan tich. Bai toan la dang tong quét ctia Vi du 4.4: mau s6 x? + 2y® & vi du ay chinh 1a o' +
(n —2)a/'7" tng v6i n = 4, chi khac la vi du ay viét cho ba bién con phét biéu ¢ day lay s6 bién
béng ding n. V@ trai thuadn nhat bAc mot va khong c6 rang budc, nén diém roi dugc dy doén tai
ay=as=--+=a,.
e SO bién khéng can trd 1ap luan. Ché khac biét 4y khong anh huéng t6i lap luan, vi dii c6 bao
nhiéu bién thi mdi bién cting xut hién ding mot 1an & vi trf a4, nén tong céc sd bi trir ludn i 1é v6i
tong tat ca cac bién.
e Chon bac cia AM-GM. Mau s6 a/""! + (n — 2)a/" ! 1a téng ctia n — 1 hang tir, gdm mot hang tir
a!""! van —2hang tia' ', vi vay phai dung AM-GM cho 1 — 1 s6.
e Dv liéu budc cong. Sau khi tach phan nguyén, téng cac s6 bi trir 1a mot boi ctia ay +as + -+ + ay,
nén 16i giai khong can dén b6 dé phu nao.

L&i giai
e Tach phan nguyén. C6 dinh chi s6 i va ddt u = a;, v = 4,11 cho gon. Khi d6

un uw" '+ m-2)o" ) —(n-2)uov"?!

unl+(n-2)ont unl+(n—-2)on-1

(n-2uovr!
unl4+(n-2)on1

e Danh gia mau s6 bang AM-GM cho n — 1 s6. Ap dung bat déng thiec AM-GM cho n — 1 sb
duong gdbm motsé utvan —2s60" L,

u"l+(n-2)0"t > (n-1) "ur-lr )" = (n-1uo"?,

1 o s
vi (u" 1o (1=D0=2) 7T = 4 -2 D4u déng thic xay ra khi va chi khi u = v.
e Suy ra danh gia thuan chiéu. Tir hai budc trén,

(n-2uov™! n-2uov"™! -2
url+m—-2)ov" 1 =~ (mn-Duovr2 n-1

7

tiec 13, trd lai ky hiéu ban dau,

a;' L (n—2)ain

— — =
al '+ (m—-2)al"! n-1

(i=1,2,...,n).

e Cong n danh gia. Bdt S = a; +az + -+ + a,. Do quy u6c 4,41 = a1, ddy az, as, ..., a,41 chila day
ai,...,a, viét theo thit tu khac, nén )., a;41 = S. Cong theo vé n bat ddng thirc & budc trén,

n n
Z a; > S_(n—2)5 _ S ‘
a7t +(n-2)al' n—1 n—1

i=1 i

Diém roi. Dau dng thtc & bat ding thitc AM-GM ting véi chi s6 i doi hoi a; = a;41; cho i chay tir 1
dén n ta dugc ddng thuc xay ra khiva chikhiay =ay =--- = a,.
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BEmm CHUONG S5

Bat dang thic
Cauchy-Schwarz va dang
Engel

Tix bit diing thitc gifta hai b s6 dén kij thudt cong mau: chon bd s6 phu sao cho diém roi dugc bdo toan.

A. Kién thi'c trong tam

Bat ding thi’c Cauchy-Schwarz

\
Cho hai bo sb thuc aq,as,...,a, vaby,bs,...,b,. Khido
(@2 +a2+--+a2) (b2 +b2+---+b2) > (a1by +asby + -+ ayb,)*.
Déau ding thiic xay ra khi va chi khi hai b6 s6 (a1, a2, ..., a,) va (b1, bs, ..., b,) phu thude
tuyén tinh. Néu (b3, bs, ..., b,) khong phai bo sé khong thi diéu do6 tuong duong véi viéc
ton tai hang s6 A sao cho a; = Ab; v6i moi 7; khi thém gia thiét moi b; déu khéc 0, diéu kién
ay viét duge dudi dang day ti s6
G _a2_ _ %
b1 by by,
. J

Trong tai liéu phd thong & nudc ta, bat dang thuc trén thuong dugc goi la bat ding thic
Bunhiacopxki; tén goi day du la bat dang thic Cauchy-Bunhiacopxki-Schwarz. Toan bd cudn sach
nay dung théng nhét tén bat ding thirc Cauchy-Schwarz, con dang cong mau trinh bay ngay sau
day duoc goi la dang Engel (mot so tai liéu trong nude goi la dang phén thic).

V6in =2van =3 tac6 hai truong hop riéng duge dung nhiéu nhat:

a2 +b%) (x2+v?) > (ax +b 2, a?+ b2+ (P+y?+2%) > (ax+Db +cz)?.
Y Y y Y
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( )
Bo dé 5.1. (dang Engel vdi hai s6 hang) Cho a, b 1a cac sb thuc va x, y 1a cac s6 duong. Khi dé

x oy x+y’

a® b2 (a+D)’

dau déng thuc xay ra khi va chi khi % = S

. J

e Chi*rng minh. Vi x, y > 0 nén bat ddng thic tuong duong véi

a?y(x +y) +b*x(x +y) > (a+b)*xy & a’y?-2abxy +b** > 0 & (ay —bx)*> > 0.

Bat dang thtic cudi ludn dung, va dau dang thiic xay ra khi va chi khi ay = bx, tic la

R

e \
Bo dé 5.2. (bit ding thitc Cauchy-Schwarz dang Engel) Cho ay,as,...,a, 1a cac sb thuc va

X1,X2,...,X, 12 cdc s6 duong. Khi d6

2 2 2 2
ai a a A +ax+--+a
L B ”),
Xp Xy X, X1+ Xg o+ Xy

3 2 P 2 RN > . a1 az a ~ 42 A 2 o~ . X
dau déng thic xay ra khi va chi khi — = —= = ... = —% (day ti s6 nay c6 nghia vi moi x; déu
X1 X9 Xn

duong).
- J

e Chtrng minh. Xét trudng hop n = 3 va viét gon a, b, ¢ thay cho a1, az, a3 cing x, y, z thay cho
X1,X2,X3.
e Ghép dan cac phan thirc. Ap dung B4 dé 5.1 hai 1an ta dugc

a> b2 2 _ (a+b)?® 2 _ (a+b+c)?

Sl s e s s BT
X Yy oz xX+y z X+y+z

e Quy nap lén téng quat. Lap luan tuong tu va quy nap theo 1 cho két qua tong quat.

e Dau dang thirc. Dau dang thitc xay ra khi va chi khi moi 1an d4p dung Bé dé 5.1 déu c6 dau didng

. 1 coa ez Big s
thire, tire 1a khi cac ti so x—z bang nhau.
i

Ba hé qua thwdng dung ~

V6i moi s6 thuc a, b, c ta co

(a+b+c)* > 3(ab +bc + ca), 3(a®+b%+c?) = (a+b+c),

vadodo6 a? + b% + c? > ab + be + ca. Ca ba déu c¢6 dau déng thic khia = b = c.
. J
Hai bat dang thtrc dugc viét § dang hién thi trén day déu quy vé (a — b)? + (b — ¢)? + (c —a)? > 0;
riéng bat dang thic tha hai cting chinh 1a bat ddng thitc Cauchy-Schwarz ép dung cho bo (a;b; ¢)
vabd sb phu (1;1;1).
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Ba ky thuat chi dao

o Ky thuat 1: chon bd s6 phu. Khi gia thiét la mot rang budc tuyén tinh hodc bac hai, ta
ghép biéu thtrc cdn danh gid véi mot bo s6 phu (m; n; k) rdi 4p dung Cauchy-Schwarz. Bo
s0 phu dugc chon tir dieu kién diu ding thirc, cha khong chon tuy tién.

~

o Ky thuat 2: nhan t&r s6 dé tao binh phuwong. Dang Engel doi héi tir s6 1a binh phuong.

e A a4t ab o ad et
V’Ol phan tllurc i ta viét RIS t/a viét MM Céch nhan phai chon sao cho
tong cdc mau mdi rat gon dugce theo gia thiet.
- A c = 2 a9 N 2 ax A +b)?
e Ky thuat 3: tach mau dé dao chieu. Doc Bo dé 5.1 theo chiéu nguoc lai, (a +y) <

2 32
ac b

— F =7 ta thu dugc cong cu danh gia trén cho cac phan thirc c6 tir 1a binh phuong. Viéc
tach x + y phai bao toan dugc dau didng thic tai diém roi.

o /

Nhan xét. Mot tong phan thic thudng c6 nhiéu cach 4p dung dang Engel, nhung chi mot s6 cach git
dugc diém roi. Nguyén tic kiém tra nhanh: thay diém roi du doén vao bat déng thirc trung gian; néu
& d6 dau déng thitc khong xdy ra thi cach dp dung dy da lam mat diém roi, chdn thu dugc thuong
qua yéu va nén thay bang cach khac.

Nhu da quy uéc 6 Chuong 4, ky hiéu Z chi téng hoén vi vong quanh theo bd ba bién, chdng han

cyc

Z a _ a N b N c
b+c b+c c+a a+b’
cyc

B. Ky thuét va vi du minh hoa

4 )

Vidu 5.1. Cho a, b, ¢ 1a céc s6 thuc duong. Ching minh rang

a2 b2 c2 a+b+c
+ + >
b+c c+a a+b 2

(1)

a+b+c
b+c c¢c+a a+b

> @

(bat déng thirc Nesbitt).
N J
Phan tich. O bat ddng thtic (1), vé trai da c6 s&n dang cong mau vdi tir 1a binh phuong nén &p dung
ngay duoc B6 dé 5.2; téng ba mau béng 2(a + b + ¢), mot biéu thitc gon, d6 1a dau hiéu cho thay cach

4p dung nay gitr dang diém roi a = b = c. O bat ddng thtc (2), tir s6 chua phai binh phuong nén
phai tao ra binh phuong trude khi dp dung.

L&i giai

e Ap dung dang Engel cho vé trai. Theo bt ding thirc Cauchy-Schwarz dang Engel,

a? N b2 . c? (a+b+c)? _(a+b+c)  a+b+c
b+c c+a a+b = (b+o)+(c+a)+@+b) 2a+b+c) 2
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« X4c dinh déu déing thirc ciia (1). Déu déng thic xdy ra khi va chi khi —— = —— = —°_ e
b+c c¢c+a a+b

laa=0b=c.

e Tao binh phuong & tlf s6 cho (2). Bat ding thic (2) khong phai 1a hé qua truc tiép cta (1); ta d4p
dung dang Engel mot lan nita, nhung trudc hét phai dung Ky thuat 2, nhéan ca tir va mau ctia mdi
phéan thuce v6i chinh bién 6 t,

a+b+c_a2+b2+c2 (a+b+c)
b+c c+a a+b alb+c) bc+a) cla+b) = 2(ab+bc+ca)

Kéthop v6i (a +b + ¢)? > 3(ab + be + ca) ta dugc vé trai khong nhé hon % Dau dang thtc xay ra khi
a=b=c.

Nhan xét. Hai phan cta vi du minh hoa khéc biét gitra hai ky thuat: ¢ bat dang thic (1) tir s6 von da
12 binh phuong nén chi can &p dung b6 dé; & bat ddng thic (2) ta phai tu tao ra binh phuong bing
cach nhan tir s6. Cach nhan ay gitt dugce diém roi vi tong cac mau méi 1a 2(ab + be + ca), dat dau
dang thuc v6i (a + b + ¢)? taia = b = c. Bat ddng thic Nesbitt da dugc chiing minh bang bién d6i
tuong duong & Vi du 1.8 va bang AM-GM & Vi du 2.8; n6 con trd lai ¢ Vidu 7.6 va Vi du 9.1. o day
n6 chi 1a hé qua truc tiép ctia dang Engel.

Vidu 5.2. Cho g, b, c 1a céc sb thuc duong thoa méan a + b + ¢ = 6. Tim gid tri nhé nhat cua

P:l+é+g
a b ¢

Phan tich. Cac tr s6 1,4, 9 chinh 1a 12,22, 32, nén P da c6 dang Engel v6i bo s6 phu (1;2; 3). Tong
cac mau bang a + b + ¢ = 6 dung bang gia thiét, d6 1a dau hiéu cho thay cach 4p dung nay gitr dugc
diém roi.
T a1 2 3
Diém roi. Dau dang thitc cua dang Engel doi hoi =, kéthgpa+b+c=6choa=1,b=2,
c=3.
Loi giai

e Dwa vé dang cong mau. Viét lai P dué6i dang cong mau véi tir 1a binh phuong:

e Ap dung dang Engel. Theo bat déng thitc Cauchy-Schwarz dang Engel,

2
P > M:E:&
a+b+c 6

R = R . A 2 2 . N 2 .1 2 N - N
e Kiém tra diém roi. Dau dang thdc xay ra khi va chi khi S == vaa +b+c =6, tic la
a=1,b=2,¢c=3.Khid6P=1+2+3 =6.

Pap s6. min P = 6, dat dugckhia =1,b=2,¢c = 3.

alw
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Vidu 5.3. Cho a, b, c 1a cac sb thuc duong thod man a + 2b + 3¢ = 28. Tim gia tri nhé nhat
ctia

P =a?+b%+ 2

Phan tich. Gia thiét 1a mot rang buodc tuyén tinh, con biéu thitc cin danh gia la tong binh phuong.
Day dung la tinh hudng cua bat ddng thic Cauchy-Schwarz dang hai bo sé: ghép bo (a; b; ¢) v6i mot
bo s6 phu (m; n; k) sao cho ma + nb + kc trung véi vé trai cta gia thiét.

Diém roi. Muén ma + nb + kc = a + 2b + 3¢ ta chon (m;n; k) = (1;2;3). Diéu kién dau déng thic

%:—:%Cfmgvdia+2b+3c:28chou=2,b=4,c=6.

L&i giai

e Ghép vdi b s6 phu. Ap dung béat ddng thitc Cauchy-Schwarz cho hai bd s6 (1;2;3) va (a; b; ¢):
(17 +22+3%) (a® +b* + c?) > (a+2b+3c)*
e Thay gia thiét vao danh gia. Thay gia thiét a + 2b + 3¢ = 28 va 12 + 22 + 3% = 14 ta dugc
14P > 282=78 = P > 56.
o Kiém tra diém roi. Ddu déng thitc xay ra khi va chi khi % =

a=t,b=2t, c=3tthildt =28,suyrat =2, taclaa=2,b=4,c
Dap s6. min P = 56, dat dugc khia =2,b =4, c = 6.

b

5 = %Véu+2b+3c - 28. Pit
=6, khido P =4+ 16 + 36 = 56.
Nhan xét. Bo s6 phu khong dugc chon theo cam tinh: n6 dugc xac dinh bdi yéu cau tich vé hudng
ma + nb + kc phai i 1é véi biéu thic da cho trong gia thiét, trong d6 (1;2; 3) 1a lua chon don gian
nhét. D6 1a ndi dung cu thé cta Ky thuat 1.

Vidu 5.4.Cho 4, b, c 1a cac s6 thuc duong. Chitng minh rang

a b @ 3

+ + > —.
b+3c c¢+3a a+3b — 4

Phan tich. Vé tréi la tong phan thiic nhung tir s6 chua phai binh phuong, nén chua dung ngay dugc
dang Engel. Theo Ky thuét 2, ta nhan ca tir va mau ctia phan thtc thit nhat véi a, tuong tu cho hai
phan thic con lai; khi d6 tong cdc madu mdi 1a mot biéu thue d6i xting gon.

L&i giai

e Nhan t& s6 dé tao binh phuong. Ta viét

a_, b L a? N b? N e
b+3c c+3a a+3b al+3c) bc+3a) c(a+3b)

e Tinh tong cac mau. Khai trién va nhém lai,

a(b +3c)+b(c +3a)+ c(a+3b) =4(ab + bc + ca).
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e Ap dung dang Engel. Theo bat ddng thitc Cauchy-Schwarz dang Engel,

a? b? & (a+b+c)

a(b + 3c) - b(c + 3a) - c(a+3b) — 4(ab+bc+ca)

e Dung hé qua @ muc A. Do (a + b + c)? > 3(ab + bc + ca) nén

(a+b+c)? S 3(ab+bc+ca) 3

4(ab +bc+ca) = 4(ab+bc+ca) 4

o Két luan. Bat déng thic duge chitng minh. Dau déng thirc xay ra khi va chikhia = b = c.
Nhan xét. Cach nhan tir s6 néi trén khong phai 1a cach duy nhat, nhung la mot cach gitt duge diém
roi: tai @ = b = ¢ ¢ hai bat ddng thuc trung gian vira dung déu tré thanh dang thuec.

Vidu 5.5. Choa, b, ¢ 1a céc s6 thuc duong. Ching minh rang

a3 b3 c3 a’ + b2 + ¢?
+ + >

a+3b b+3c c+3a 4

Phan tich. Tt s6 c6 bac ba, 1a bac 1¢, nén chua dung ngay duoc dang Engel. Nhén tir va mau cta
4

a
a(a + 3b)’
cdc mau chi chtta a? + b% + ¢? va ab + be + ca, hai dai lugng so sanh dugc véi nhau.

phan thttc dau véi a ta dugce tir s6 tré thanh (a2)”. Céch nhan nay déng thoi lam cho téng

L&i giai

e Nhan t&¥ s6 dé ha vé dang Engel. Ta viét

a’ b3 - (ﬂ2)2 (b2)2 (C2)2

+ + = c
a+3b b+3c c+3a a?+3ab b2+3bc  c?2+3ca

e Ap dung dang Engel. Theo bat déng thitc Cauchy-Schwarz dang Engel,

(a2)° (b2)? (c?)? (a2 + b2 + 2)?

a2+3ab  b2+3bc  c2+3ca  a?+b%+c2+3(ab+bc+ca)

e Danh gia mau sd. Viab+bc+ca < a?+b?+c? nén mau s6 & vé phai khong vuot qué 4 (a2 + b2 + ¢2),
do do
2 2
(a? +b% + c?) (a® + b2 + c?) a? + b2 + ¢2

a2 +b2+c2+3(ab+bc+ca) ~ 4(a2+b2+c2) 4

o Két luan. Bat déng thtric dugc chiing minh. Dau déng thiic xay ra khi va chikhia =b = c.
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Vidu 5.6. (IMO 1995) Cho a, b, ¢ 1a cac s6 thuc duong thoa man abc = 1. Chting minh rang

1 N 1 N 1 S §
as(b+c) b3(c+a) c3a+b) — 2

Phan tich. Néu dp dung dang Engel vdi tr s6 1a 12 thi mau chung la a3(b + ¢) + b3(c + a) + c3(a + b),
mot biéu thitc bac bon kho xur 1y va khong rat gon dugce theo gia thiét abe = 1. Can mot cach viét
khéc.

e Cach viét khai thac dugc gia thiét. Nhan xét

R
a3l +c) alb+c)

cho ttr s6 la binh phuong, ddng thoi tong cdc mau méi bang 2(ab + be + ca) va tong cac tir duge rat
gonnhd abe = 1.

e Bai hoc chung. Nhu vay ciing mot tong c6 nhiéu cdch dua vé dang Engel, nhung thong thuong
chi cach khai thac dugc gia thiét méi dan t6i két luan.
Loi giai
e Chon céach viét tir s6. Vi mbi sb hang ta viét
1\2
)

a3(b +c) - a(b+c)’

va tuong tu cho hai s6 hang con lai. Tong cadc mau bang a(b +¢) +b(c +a)+c(a +b) = 2(ab +bc + ca).
e Ap dung dang Engel. Theo bat déng thitc Cauchy-Schwarz dang Engel,

1 1 1)\2
1 1 1 (E*E*ﬁ

a3(b + c) * b3(c +a) * c3(a+b) — 2(ab+bc+ca)

e Khai thac gia thiét abc = 1. Do abc = 1 nén % + % + % = ab-i_f% = ab + bc + ca. Thay vao,
(ab + be + ca)? _ab+bc+ca

2(ab +bc +ca) 2

e Chan dudi tdng ab + bc + ca. Theo bat ding thitc AM-GM va gia thiét abc = 1,
ab+bc+ca > 3+(abc)? =3,
P R . 3
do d¢ veé trai khong nhé hon 3
e Két luan. Bat déng thttc duge chitng minh. Dau ding thitc xay ra khiva chikhia =b=c = 1.
Nhan xét. Diém mau chét khong ndm & viéc dung dang Engel ma & viéc chon cdch viét tir so. Trude

khi 4p dung, nén thit tinh nhanh tdng cdc mau: néu téng d6 rat gon dugc theo gia thiét thi cach viét
la dang hudéng.
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Vidu 5.7. Cho a, b, ¢ 1a c4c s thuc duong thod man a? + b? + ¢? = 3. Ching minh rdng

as b3 c3
+ + > —.
3a+4b+5¢c 3b+4c+5a 3c+4a+5b 4

—_

Phan tich. Tt s6 bac ba, mau s6 bac mot, gia thiét cho theo a? + b? + ¢?. Nhan tir va mau véi bién &
N
Q N a 3 x N
tir dé dua vé (—): khi d6 tong cac mau chi gdbm a? + b? + ¢% va ab + bc + ca, hai dai lugng
a(3a + 4b + 5¢)
da c6 sdn quan hé.
Loi gidi
e Nhan t&¥ s6 dé tao binh phuong. Ta viét
a3 (a%)” (6%)° (c*)’
Z = + + :

o 3a+4b+5¢c a(Ba+4b+5c) b(Bb+4c+5a) c(3c+4a+ 5b)

e Tinh téng cac mau. Khai trién va nhém lai,

a(3a +4b + 5¢) + b(3b + 4c + 5a) + c(3c + 4a + 5b)
=3 (a® +b* + c?) + (4dab + 5ab) + (4bc + 5bc) + (5ca + 4ca)

=3 (a® +b* +c?) + 9(ab + be + ca).
e Ap dung dang Engel. Theo bat déng thitc Cauchy-Schwarz dang Engel,

a3 . (a® + b? +c2)2
CZyc3a+4b+5c ~ 3(a?2+b2+c2)+9(ab +bc +ca)

e Danh gia mau s6. Viab + be + ca < a? + b2 + ¢ nén mau s6 khong vuot qué 12 (a + b2 + ¢2), do
dé

Z a’ R S
3a+4b+5c — 12 12 4
cyc

o Két luan. Bat déng thic dugc chitng minh. Dau déng thirc xay ra khivachikhia =b =c = 1.

Vidu 5.8. Cho a, b, c 1a cac s6 thuc duong thod man a? + b? + ¢? = 2abc. Chitng minh réng

a N b N @ 4
b2¢2 242 a2b2 T a+b+c

Phan tich. C6 hai cach tu nhién dé tao binh phuong & tur:

a a2

b2¢2  ab2c2?

hoac

a a

b2c2 ~ 43b2¢2
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e So sanh hai cach theo gia thiét. Cach tht nhat cho tr chung 1a (a + b + ¢)?, khong dinh gi t6i gia
thiét. Cach thit hai cho tir chung 1a (a2 + b2 + ¢2)?, ma gia thiét lai phat biéu dting theo a2 + b2 + ¢2.
Vay ta chon cach thit hai.
e Bai hoc chung. Day chinh 1a tinh huéng nhiéu cich dap dung, chi mot cich khai thic duoc gidg thiét.
Li giai
e Chon céch viét ti¥ so. Viét lai vé trdi theo cach khai thac dugc gia thiét:
a b @ ) ()

+ + = :
b2c?2 = c2a2  a2b?  a3b2¢?  b3c2a?  c3a2b2

e Tinh tdng cac mau. Téng cic miu bing
a®b%c? + b3c%a? + c3a?b? = a®b%c*(a + b + ¢).
e Ap dung dang Engel. Theo bat déng thitc Cauchy-Schwarz dang Engel,

2
a b c (a2 + b2+ CZ)

+ + > .

b2c?2  c2a?  a2b? a2b2c2(a +b +c)

e Thay gia thiét vao tl sd. Vi a2 + b2 + c2 = 2abc nén

(2abc)? B 4a%b?c? 4
a2b2c2(a+b+c) a?b2c2(a+b+c) a+b+c’

o Két luan. Bat ddng thttc duge chiing minh. Dau ddng thitc xay ra khia = b = ¢; thay a = b = ¢ vao
7 3
gia thiét dugce 302 = 243, suyraa =b=c = 3

2 2
# = al:ch? thi danh gid dang Engel cho vé phai . bc((aa;f— lJ?rcCJ)r Y
va bai toan trd vé mot bat dang thite chua rat gon dugce bang gia thiét. Cach viét d6 khong sai nhung
khong khai thac duoc gia thiét, nén khong dan téi két luan theo duong nay. D6 1a ly do nén kiém tra
tong cadc mau trudc khi ap dung.

Nhan xét. Néu chon c4ch viét

Vidu 5.9%. Choa, b, c 1a céc s6 thuc duong thod méan a + b + ¢ = 6. Ching minh rang

1 1 1 1

+ + < 5.
402 + b2 +c? a2 +4b2+c?  a?2+b2+4c?2 T 8

Phan tich. Bat ddng thuc ngugc chiéu so v6i dang Engel thong thuong, nén phai dung Ky thuat 3:

A+B+C)? A? B> (C? ) . +b+c)?

A+B+C) < —+—+ C— Muon vay ta viet s0 1 & tir thanh atb+cy
X+y+z X Yy oz 36

nhd gia thiét, rdi tich mau 4a? + b? + ¢? thanh ba phan tuong ting véiba tir 4, b, c.

doc B6 dé 5.2 theo chiéu

2 o . A s fA no o b2 aEarstag.c @ DO
Diém roi. Diem roila a = b = ¢ = 2. Diéu kién dau dang thitc cia Bo dé 5.2 1a ba ti so ot ?, Z bang
nhau, nén cach tdch mau phai bao dam diéu do6 tai diém roi. Véi cach tach x = 242, y = a? + b?,

©oax s 1 .
z=c?*+a%thitaia =b =c =2 cabati s6 déu bang 7 nén diém roi duoc bao toan.
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Loi giai
e Tach mau sé theo diém roi. Tix gia thiét, (a + b + c)? = 36, do d6

1 1 (a+b+c)?

402+ b2+ 36 2a% + (a2 +b2) + (2 +a?)’

e Dung dang Engel theo chiéu ngugc lai. Ap dung B4 dé 5.2 theo chiéu nguoc lai,

(a+b+c)? a? b2 =

< + + :
2a2 + (a2 +b2)+ (c2+4a2) ~ 2322 a2+0b2 2442

Vay

__ ot iy e
42 +b2+c2 T 36 \2 a2+0b2 c2+a2)
o Viét hai bat dang thirc twong tu. Lap lai lap luan trén cho hai phéan thic con lai,

1 _ 1+ c2 N a2
a2 +4b2+c¢2 ~ 36\2 b2+c2  az+b2)’

1 1 (1 a2 b? )
< + .

—_ < —|= +
a2 +b? 4+ 4c2 36\2 2442 bZ4c2

e Cong ba bat dang thirc cung chiéu. Cong theo vé. Cac phan thitc ghép lai thanh timg cip c6
tong bang 1:
a?+b> b2+c?  ?+a?
a?+b%  b2+c?2  c?2+a?
iz a1 (3 19 1
Do d6 tong vé phai bang 3% (5 + 3) =% 3" %
o Két luan. Bat déng thtrc dugc chiing minh. Dau déng thitc xdy ra khi va chikhia =b =c = 2.

Nhan xét. C4ch tdch mau néi trén dugc chon theo tinh ddi xting: trong 4a2 + b2 + ¢2 bién a déng vai

tro riéng, hai bién b va ¢ déng vai trd nhu nhau, nén ta danh cho 2 phan 242, con hai phan con lai la

a? + b% va c? + a®. Néu tach theo cach khéac, chdng han x = 442,y = b2,z = ¢?, thitaia = b = ¢ cAc Hi
a

s6 2 va % khong bang nhau, dau dang thtc bi phé va danh gia thu dugc sé qua yéu.

C. Bai tap ¢ 1i giai

e 2
Bai 5.1. Cho x, y, z 1a c4c s6 thuc duong thoa man x + y + z > 6. Chiing minh ring
2 2 2
a P + = > 3.
X +4/yz v+ Vzx  Z XYy
. Y

Phan tich. Tt s6 cia ca ba phan thuc déu da 1a binh phuong nén ap dung ngay dugc dang Engel;
tong cdc mau bang (x + y + z) + (\/¥Z + Vzx + {/x¥). Mudn thu duge mot chin dudi chi phu thude
X + Y + z, ta phai chdn trén tong ba cin thic bang bat ddng thitc AM-GM. Vi ca hai danh gid déu
dat ddu déng thitc tai x = y = z, gid thiét x + y + z > 6 cho du dodn diém roix =y = z = 2.
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L&i giai

e Ap dung dang Engel. Theo B3 dé 5.2,
x2 y2 22 (x + y + 2)2

XEVTE g rvEx  ZENET C (xhy+2)+ (VI VRS T
(V7z N

e Chan trén tong cac can thi’c. Theo bat ddng thitc AM—-GM cho hai s6 duong,

yt+z
2 4
Cong ba bat dang thirc cing chiéu nay theo vé ta dugc

VVZ+Vzx + Xy < x+y+z.

e Thu gon chan duwdi. Mau s6 & vé phai ctia danh gia Engel la mot s6 duong va khong vugt qua
2(x +y +z),nén

xX+y

+
Vzx < %, Vxy < 5

yz <

(x+y+2)° (x+y+2z)?  x+y+z
(x+y+2)+ (VIZ+Vzx +FY)  2x+y+z) 2
Ny =2 = X ~ A x+y+z R 2z .z A A Z . A 2
e Dung gia thiet. V1x+y+226nenTZ3. Noi ba dénh gia trén ta dugc ve trai khong nhoé

hon 3.
o Két luan. Bt ddng thirc dugc chitng minh. Dau ddng thttc doi hoi x = y = z (diéu kién cta ba bat
déng thttc AM-GM) vax + y +z = 6, ticla x = y = z = 2. Tai d6 diéu kién dau ddng thiic ctia dang

x Y z
CHVYE Y4 Ex 2V

. . 1 x
Engel cling dugc thoa méan vi ba ti so cung bang oY khi d6 moi phan

N 4 4 N
thac bang 373 1 va ve trai bang 3.

Bai 5.2. Cho a, b, ¢ 1a cac sb thuc duong thod man a + 3b + 5¢ = 35. Tim gia tri nhé nhét ctia
P=a%+0b%+c2

Phan tich. Gia thiét 1a mot rang budc tuyén tinh, con biéu thic can danh gia 1a tong binh phuong:
day dung la tinh hubéng cta Ky thuéat 1. Ta ghép bo (a; b; ¢) véi mot bod sd phu (m; n; k) sao cho tich
vo huéng ma + nb + kc trung véi vé trai cua gia thiét; yéu cau d6 budc (m; n; k) = (1;3;5).

.2 e 2 o L £ R b
Diém roi. Diéu kién dau dang thitc caa bat dang thic Cauchy-Schwarz la % =3 = % Dita =t¢,
b =3t,c =5t thia+3b+ 5¢c = 35t, két hop gia thiét dugc t =1, ticlaa=1,b=3,¢c =5.

L&i giai

e Ghép vdi b s6 phu. Ap dung bat ddng thitc Cauchy-Schwarz cho hai bo s6 (1; 3;5) va (a; b; c),
(12 + 3% +52) (a® + b* + ¢?) > (a+3b+5¢).
e Thay gia thiét vao danh gia. Vi12 + 32 + 52 = 35 vaa + 3b + 5¢ = 35 nén
35P > 35°=1225 = P > 35.

e Kiém tra diém roi. V6ia = 1,b = 3,c = 5 thia + 3b + 5¢ = 1 + 9 + 25 = 35 nén gia thiét dugc thoa
man, va P =1+ 9+ 25 = 35. Vay chan dudi 35 la dat dugc.

Pap s6. min P = 35, dat dugckhia=1,b =3, ¢ = 5.
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Bai 5.3. Cho a, b, ¢ 1a céc s6 thuc duong. Chiing minh rang

2 b2 C2

—

a
+ + e
b2+ c2+4bc  c2+a2+4ca a2+ b2%2+4ab 2

Phan tich. T sd da 1a binh phuong nén ap dung ngay dugc dang Engel. Dau hiéu cho thay cach dp
dung nay gitt ding diém roi 1a tong cdc mau rut gon duge thanh 2(a + b + ¢)?, ttc 1a dang hai 1an ti
s thu dugc sau khi &p dung bo dé.

Loi gidi
e Tinh téng cac mau. Khai trién va nhém lai,
(b% + ¢ + 4bc) + (c* + a® + 4ca) + (a® + b + 4ab)
=2 (a?+b% +c?) +4(ab + bc +ca) = 2(a+b+c)*
¢ Ap dung dang Engel. Theo B6 dé5.2,

a? b? & (a+b+c) 1

+ + =3
b2+ c2+4bc  c2+a?+4ca  a?+b2+4ab — 2(a+b+c)? 2

o Két luan. Bat déng thttic dugc chiing minh. Theo B3 dé 5.2, dau déng thiic xay ra khi va chi khi

a b @

2+c2+4bc  c2+a’+4ca  a’+ b2 +4ab

Téng ba tir s6 bang a + b + ¢, tong ba mau s6 bang 2(a + b + ¢)?, nén theo tinh chat ctia ddy ti s6 béng

. A_ag 1 n
nhau, ti s6 chung ay bang bt Diéu kién trén do d6 tuong duong véi hé

)
2a(a+b+c)=b%+c?+4bc, 20(a+b+c)=c?+a®+4ca, 2c(a + b +c)=a’+b% + 4ab.
Trir hai dang thirc dau theo vé,
2a-b)a+b+c)=(b*-a*)+4c(b-a) & 3a-b)a+b+2c)=0,
ma a+b+2c > 0néna = b; trit hai dang thuc sau theo vé va lap luén tuong tu dugc b = c. Vay dau
a1

ddng thurc xdy ra khi va chi khia = b = ¢; khi d6 mdi mau béng 642, mdi phan thic bang 2= 6

VSR
va tong bang 3

Bai 5.4. Cho a, b, ¢ la cac s6 thuc duong. Chiing minh rang

a2 +2b2 b2+2c2 (24242

+ + >a+b+c.
a+2b b+ 2c c+2a ¢ ¢

Phan tich. Mbi tir s6 1a tong ba binh phuong, chédng han a? + 2b? = a2 + b2 + b?, nén ¢6 thé tich mdi
phan thuc thanh ba phan thuc 6 tr 1a binh phuong réi ép dung dang Engel mot 1an cho ca chin s6
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hang. C4ch tach nay gitt dugc diém rai vi tong chin tir s6 bang 3(a +b + ¢) con tdng chin mau s6 bang
9(a + b + c), hai dai lugng cting bac moét theo a, b, c.

L&i giai

e Tach méi phan thirc thanh ba. Vi a? + 2b2 = a2 + b2 + b2 nén

a’?+2b%  a? . b? . b2
a+2b  a+2b a+2b a+2b’

va hoan toan tuong tu,

b2 + 2¢2 b2 ¢? ¢2 c? + 242 i a2 al

= + + , = + + :
b+ 2c b+2c b+2c b+2c c+2a c+2a c¢c+2a c+2a

Nhu vay vé trai 1a tong ctia chin phan thirc déu c6 tir 1a binh phuong.

e Tinh tdng cac t&¥ va tdng cac mau. Chin t s6 1an luctla a, b, b; b, ¢, c; ¢, a, a, nén tong ctia
chiing bang (a +2b) + (b + 2¢) + (¢ + 2a) = 3(a + b + ¢). Chin mau s6 gdbm ba 1an a + 2b, ba lan b + 2¢
va balan ¢ + 24, nén tong ctia ching bing

3[(@a+2b)+ (b +2c)+(c+2a)]=9@a+b+c).
e Ap dung dang Engel cho chin s6 hang. Theo B dé 5.2,

a?+2b% b2+2c2 24207 [Ba+b+c)]”  9a+b+c)?

a+20 b2 c+2a = 9Ya+b+c)  9a+b+c) = atbre

e Két luan. Bat déng thttic duge chitng minh. Dau ding thirc doi hoi chin ti s6 gitta tir va mau bang

nhau; riéng hai ti s6 bing nhau da cho a = b, tuong tu b = c. Vay dau dang thuac

a 5
a+20 Ca+2b ) R
xay ra khi va chi khi a = b = c¢; khi d6 ca hai vé ciing bang 3a.

Bai 5.5. (Croatia 2004) Cho x, y, z 1a cac s6 thuc duong. Chiing minh ring
2 2 22

+ + > -

x+y)x+z) (W+z)y+x) (z+x)(z+y) 4

w

Phan tich. Tu sd da 1a binh phuong nén dp dung ngay duge dang Engel. Sau khi 4p dung, tong céc
mau chi gdm x2 + y2 + z2 va xy + yz + zx, hai dai lugng da c6 sdn quan hé & muc A, nén bai toan
quy vé hé qua x? + y2 +z2 > xy + yz + zx.

L&i giai

e Tinh tdng cac mau. Khai trién tirng tich,

(x+y)(x+z)=x*+xy +xz+yz,
(y +2)(y +x) = y*> + yz + yx + zx,

(z+x)z+y)=z2+zx +2zy +xy,

cong ba déng thic theo vé ta dugc tong cdc mau bang x? + y2 + z2 + 3(xy + yz + zx).
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e Ap dung dang Engel. Theo B dé 5.2,

x2 . y? . 7 . (x +y +2)?
(x+y)x+z) (Y+2)y+x) (z+x)z+y) — 2 +y?+22+3(xy +yz +2x)

e Quy vé hé qua & muc A. Miu sb & vé phai la s6 duong, nén bat ding thirc

(x+y +z2)? .
x2+y2+22+3(xy+yz+zx) 4

| o

tuong duong v6i 4(x +y +2)% > 3 [x? + y% + 22 + 3(xy + yz + zx)|. Khai trién hai vé,
4(x*+y? +2%) +8(xy +yz +zx) = 3(x* +y? +2%) +9(xy + yz + zx),
tcla x? + y? + 22 > xy + yz + zx. D6 ding la hé qua da néu & muc A.
o Két luan. Bat ding thiic dugc chitng minh. Ca hai danh gia déu dat ddu dang thic tai x = y = z;
nguoc lai, danh gia thit hai quy vé x2 + y? + z2 > xy + yz + zx, chi ¢6 ddu ddng thickhix =y = z
2
p o x s 1
Vay dau dang thitc ctia bai toan xay ra khi va chi khi x = y = z; khi d6 moi phéan thirc bang & =1

SiAors 3
va tong bang 1

Bai 5.6. (Romania 2004) Cho a, b, c 1a céc sb thuc duong. Ching minh rang

a b c 27
+ + > .
be(c+a) ca(a+b) ab(b+c) 2(a+b+c)?

A ar A X 1A s TIE\ Toly e A e 2 1A A 2 . a
Phan tich. Ttr sd ctia moi phén thic la bAic moét nén phai nhan thém deé tao binh phuong: becta) =
2
abe(c +a)’
2(a + b + ¢), nén tong cadc mau rat gon duge hoan toan. Sau d6 chi con lién hé gitta a + b + ¢ va abe,

tuc la bat ddng thite AM—GM cho ba s6 duong.
Loi giai

Céch nhan nay khién ba mau méi ¢6 chung thira sé abc, con (c +a) + (a +b) + (b +¢) =

e Nhan t&¥ s6 dé tao binh phuong. Vé6ia, b, c > 0 ta c6

a B a? b B b? c B c?
be(c+a)  abe(c+a)’ ca(a+b)  abc(a+b) ab(b +c¢)  abc(b+c)

e Tinh tdng cac mau. Ba miu méi c6 chung thira sb abc, do d6

abc(c +a) +abc(a+b)+abc(b+c)=abcl[(c+a)+(a+b)+(b+c)]=2abc(a+b+c).

e Ap dung dang Engel. Theo B6 dé5.2,

a b c (a+b+c) a+b+c

be(ec +a) * ca(a +b) * ab(b+c¢) = 2abc(a+b+c)  2abc

e Chan trén tich abc. Theo bt ding thic AM-GM cho ba s6 duong, a + b + ¢ > 3Vabc; nang luy
(@a+b+c)

thira bac ba hai vé duong ta duoc (a + b + ¢)® > 27abc, ttc la abe < -
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o Két hop hai danh gia. Viabc > 0 nén

a+b+c S a+b+c B 27
2abc ) (@a+b+c)P  2a+b+c)?
27

o Két luan. Bat déng thttc duge chitng minh. Dénh gia dang Engel c6 dau dang thitc khi va chi khi

a _ b 3 c o a b ¢
abc(c +a) abc(a+b) abe( +c) c+a a+b b+c’

con bat dang thite AM-GM ¢6 dau déng thie khi va chikhia = b = ¢. Tai a = b = ¢ ca hai diéu kién

, . 3
cung dugc thoa man, khi dé hai vé cing bang 22"

Bai 5.7. Cho a, b, c 1a céc s6 thuc duong thod mén abc = 1. Chiing minh rang

1 1 1
> 1.
a%(b + 2c¢) - b2(c + 2a) " c2(a +2b) — 1

ey
a2(b+2c) b+2c
thanh binh phuong va téng ba mau bang 3(a + b + ¢), mot biéu thic rat gon. Sau khi 4p dung dang
Engel, gia thiét bién tong cdc nghich ddo thanh ab + bc + ca va bai todn quy vé (ab + bc + ca)? >
3abc(a + b + ¢), chinh 1a hé qua (x + y + z)? > 3(xy + yz + zx) viét cho x = ab, y = bc, z = ca.

thi t sb trd

Phan tich. Gia thiét abc = 1 goi y lam viéc véi cdc nghich dao. Viét

L&i giai

e Dua vé dang cédng mau. Véia,b,c > 0tacod

N ) S (- NS

a2(b+2c) b+2c’ b2(c +2a) c+2a’ c2(a+2b) a+2b’

e Tinh tong cac mau. (b +2¢) + (c + 2a) + (a + 2b) = 3(a + b + ¢).
e Ap dung dang Engel. Theo B6 d8 5.2,

(£+1+1f
1 + ! + L >4 b o
a2(b+2c) b23(c+2a) c2(a+2b) 3a+b+c)
e Khai thac gia thiét abc = 1. Ta ¢6 % + % + % = ab-'-:% = ab + bc + ca, nén vé phai cia ddnh

(ab + bc + ca)?

3a+b+c)
e Chan dudi tir sé bang hé qua @ muc A. Dt x = ab, y = bc, z = ca. Theohé qua (x + y + z)% >
3(xy + yz + zx)  muc A,

gia trén bang

(ab +bc +ca)® > 3(ab-bc+bc-ca+ca-ab) = 3abc(a+b+c) = 3(a+b+c),

trong d6 dang thic cubi dung abce = 1.
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o Két luan. N6i hai dénh gi4,

1 N 1 N 1 . 3a+b+c)
a2(b+2c) b2(c+2a) c2(a+2b) ~ 3a+b+c)

Danh gia ¢ budc trude doi hoiab = be = ca, ttclaa =b = c; kéthgp abec = 1 dugca =b = ¢ = 1. Tai
1/a 1/b 1/c

b+2c" c+2a’ a+2b

d6 diéu kién dau dang thuc ctia dang Engel cting dugc thod man vi ba ti s6

cung bang % ; khi d6 mdi phén thirc bang % va tong bang 1.

Bai 5.8. Cho a, b, ¢ 1a cac s6 thuc duong. Ching minh rang

—_

b+c N c+a N a+b < 1+1+
a2+bc b2+ca c2+ab ~ a b ¢

Phan tich. Day la mot chdn trén cho téng phan thitc nén phai dung Ky thuat 3: doc B dé 5.1 theo
A+B)? A? B? ) ) < L

% < ~ + ? Mudn vay, trudc hét nhan ca tir va mau véi b + ¢ dé tir s6 thanh binh

phuong, rdi tdich mau thu dugc thanh hai phan sao cho khi cdng ba bat dang thirc, sdu phéan thac

1

b c

chidu

. 2 n s oL
ghép lai thanh ba cdp cting mau c6 tong lan luot bang =

L&i giai

e Tao binh phuwong & tlr 6. Vib + ¢ > 0 nén

b+c (b +c)?
a2+bc  (a2+bc)(b+c)

e Tach mau s6. Khai trién va nhém lai,
(a® +bc) (b +c)=a’b+a’c+b%*c+bc® =c(a® +b?) +b(c? +a?).

e Dung dang Engel theo chiéu ngugc lai. Ap dung B8 dé 5.1 v6i hai tir s6 b, ¢ va hai mau sb
c (a2 +0%),b(c*+a?,

b +c)? S -
c(@2+b2)+b(c2+a?) = c(a2+b2) b(c2+a?)’
b+c b? c?

e Ia .
M e S t@+0) | b (2 +ad)

e Viét hai bat dang thirc twong tu. Thay vong quanha — b — ¢ — 4,

2 2

c+a  _ @ N a
b2+ca =~ a(b2+c?) c(a?+b2)’
a+b a? b?

< + .
c24+ab =~ b(c2+a2) a(b?2+c?)
e Cong ba bat ding thirc cung chiéu. Sau phan thiic & vé& phai ghép lai thanh ba cip cting mau,
mdi cdp c6 tong céc tir dting bang mau chung cua cdp dy chia cho mot bién:

b? +a? c? + a? c? + b2 1
+ + = -+
c(a2+b%) b(c2+a?) a(?+c?) c

1
+-.
a

S| =
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b c .

(@ +b2)  b(c2+a2) B
hai ddng thuc tuong tu. Ddng thac thi nhat tuong duong véi b? (¢ +a?) = ¢? (a? + b?), tac la
a?b? = a%c?, cho b = c; hai ddng thiic con lai cho ¢ = a va a = b. Vay dau déng thtic xay ra khi va chi

o Két luan. Bat ding thttc dugc chiing minh. Dau déng thic doi héi .

Khia = b = ¢, khi & hai vé cling bling g

Nhan xét. Bai 8.10 néu lai dung bat dang thttc nay, viét theo chiéu ngugc lai, véi hudng gidi bang
bat dang thitc Vornicu-Schur; hay déi chiéu hai duong di.

Bai 5.9". Cho a, b, ¢ 1a c4c s6 thuc duong thod man a? + b + ¢? = 4. Ching minh rdng

be N ca N ab <
a?+4 b24+4 244

=~

Phan tich. Vé trai 1a tong phan thiic can chin trén, lai c6 tir s6 be chua phai binh phuong. Trudc hét

b+c)? .
( 4C) dé
tr s6 trd thanh binh phuong; cudi cung tach 2a? + b% + ¢ = (a? + b?) + (¢ + a?) rdi dung B6 dé 5.1
theo chiéu ngugc lai.

diing gia thiét dé viét a® + 4 = 242 + b? + ¢2, sau d6 dung bat déng thiic AM-GM be <

aA e x £ 2 N 2 ax \ b © =
Diem roi. Diéu kién dau dang thitc cta Bo de 5.1 ¢ day la = ; cach tach mau néi trén
i a?+b2  c?+a?
bao toan diém roi vi tai @ = b = ¢ hai ti s6 &y bang nhau. Bat ddng thiic AM-GM 4bc < (b + ¢)?

ciing dat dau dang thuc tai b = ¢, nén moi dénh gia déu dat dau dang thac taia = b = ¢; két hop

2
a2 +b%2+c?2=4duoc3a? =4, taclaa=b=c=—.

V3
L&i giai
e Thay s0 4 & mau bang gia thiét. Via2 +b2+c2 =4néna?+4 = a?+ (a® + b2 + ¢?) = 2a% + b2 + 2,

do do
be be

a2 +4  2a2+b2 +c?’

e Tao binh phwong & tir s6. Theo bat ding thiic AM-GM, (b — c)? > 0 cho 4bc < (b + c)?, tic 1a

2
be < (b+c)

. Vi miu s duong nén

bc - (b +c)?
202 +b2+c2 ~ 4(2a2+b%2+c?)

o Tach mau s6 theo diém roi. Viét 2a% + b% + ¢ = (a® + b?) + (c? + a?) 16i 4p dung BS dé 5.1 theo
chiéu ngugc lai véi hai tir sé b, c:

(b + c)? - b? N =
(@2+b2)+(c?2+a2%) ~ a2+b%  c?2+a?

Két hop hai danh gia vira néu,

b? c2

+ :
a?+b%  c?2+a?

be
az+4 ~

=
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e Viét hai bat dang thirc twong tw. Thay vong quanha — b — ¢ — a,

ca_ 1 c2 N a2
b2+4 ~ 4\b2+c%2  a2+0b2)’
ab - 1 a° N b2
c2+4 = 4\c2+a2 b2+c?)

e Cong ba bat dang thirc cuing chiéu. Sau phan thitc & vé phai ghép lai thanh ba cip ciing mau,
mdi cdp c6 tong bang 1:

1 L12+172_|_b2+c2+¢:2+a2 _1,_3
4\a2+b2  b2+c2 c2+a2) 4 7 4
o Két luan. Bat déng thic dugc chiing minh. Dau déng thtrc xdy ra khi va chi khia = b = ¢ = % ;
khi d6 mdi phan thirc & vé trai ban 43 1 va téng ban 3
P 8716/3 ~ 4 bang -
( )
Bai 5.10*. Cho 4, b, ¢ 1a céc s6 thuc duong. Ching minh rang
a? b? c? 1
+ + < 3
(2a+b)2a+c) (2b+c)2b+a) (2c+a)(2c+Db) 3
G J

Phan tich. Laila mét chidn trén nén phai dung Ky thuét 3. Mau chot 1a dong nhat thic (2a+b)(2a+c) =
2a(a +b+c)+ (2a% + bc): n6 tach mau thanh hai phan, mot phan chi chita a cting a + b + ¢, phan con

q B 2 1 N
lai 14 24 + bc. Bo tir (2; 1) dugc chon dé taia = b = ¢ hai ti s6 va bang nhau,
2a(a+b+c)  2a%+bc
nhd d6 diém roi a = b = ¢ duge bao toan.
Loi gidi
e Tach mau s6. Khai trién va nhém lai,
(2a + b)(2a + ¢) = 4a* + 2ab + 2ac + bc = 2a(a + b + ¢) + (2a* + bc) .

e Dung dang Engel theo chiéu nguoc lai. Ap dung B4 dé 5.1 v6i hai tir s6 2, 1 va hai mau sb
2a(a+b+c),2a>+bc,

9 B (2+1)? - Pe . 14
(2a+b)2a+c) 2a(a+b+c)+(2a2+bc) ~ 2a(a+b+c) 2a2+bc

2
A e a
Nhén hai vé v6i s6 duong K

a? - 2a +1 a?
(2a+b)2a+c) ~ 9a+b+c) 9 2a%+bc

e Cong ba bat dang thirc cung chiéu. Viét hai bat ddng thirc tuong tu cho b va ¢ rdi cong theo vé,

2 2(a +b+ 1 2 1 2
R ET. — 11 P S It} e
(2a +b)(2a + ¢) 9@a+b+c) 9 2a2 + bc 9 9 2a2 + be
cyc cyc cyc
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2
a
Nhu vay chi con phai chitng minh E o<1
o4 20° + bc

e Dua chan trén vé chan dwéi. Véimoia, b, c > 0,

a2 1 20> 1 ) be

2a2+bc 2 2a2+bc 2 202 +bc|’

nén Z _3_ 1 Z Do dé bat dang thurc vira néu tuong duong véi Z — 2>
2a2+bc 2 2 £ 2a2+bc

1.
e Ap dung dang Engel. Nhan ca t&r va mau ctia mdi phan thitc v6i be rdi ding BS dé 5.2,

Z be Z (be)? (ab +bc + ca)2
£d2a% +bc £ be (20 + bc) Z be (2a% + bc

cyc

e Tinh téng cac mau. Khai trién va nhém lai,

Z be (2a® + be) = (2a*be + b*c?) + (2ab?c + ¢*a?) + (2abc? + a?b?)

cyc

= 2abc(a +b +c) + (a®b* + b?c? + ¢*a?) = (ab + be + ca)®.

be a2
Va — > 1, kéo theo —— <1
’y;2a2+bc ;2a2+bc

e Két luan. Thay vao danh gi da c6,

a? 2 1 1

;(2a+b)(2a+c) = §+§.1 3

Déau déng thtic cia danh giad Engel doi hoi 2a% + be = 2b% + ca = 2¢? + ab, con dau déng thitc cia Bd
dé 5.1 doi hoia(a + b + ¢) = 2a% + be cung hai dang thic tuong tu. Vi

a(a+b+c)—(2a® +bc) = —a*+ab+ac—bc=—(a—b)a-c),

diéu kién th hai viét lai thanh (a —b)(a —¢) =0, (b—c)(b—a) =0, (c —a)(c —b) = 0. Néu a = b thi
déng thuc thi ba cho (a — ¢)(c —a) = 0, ttc a = ¢; cac truong hop con lai lap luén tuong tu. Vay dau

2 ~ < N 1
dang thic xay ra khi va chi khi a = b = ¢, khi d6 mdi phan thirc & vé trdi bang ok

é )
Bai 5.11"*. (USAMO 2003) Cho a, b, ¢ 1a cac s6 thuc duong. Ching minh rang

2a+b+c)> (2b+c+a)’> (2c+a+b)?
202+ (b+c)?2 202+ (c+a)? 2c2+(a+b)? ~

. J

- . s 16a®> 8 T ;
Phan tich. Tai 4 = b = ¢ moi phan thac bang 67{12 =3 va tong bang dung 8, nén diém roi la

a = b = c. Téng ba phan thtic phai nhé hon 9 mot lugng it nhat bing 1; diéu d6 goi y xét hiéu

Trang 101 » Mai Thanh Luan



Chuong 5 Mai Thanh Luan | 0854070701

(2a + b + c)?
242 + (b + c)?
chuyén thanh mot chin dudi, thuan chiéu véi cadc danh gia quen thudc.

cho ting s6 hang. Hiéu ay 1a moét phan thic ¢6 tr 1a binh phuong, nén bai toan

L&i giai

e Bién d6i tirng s6 hang. Dits = b + c. Ta ¢6
3(20% +5%) — (2a +5)? = 6a% + 35% — 4a% — 4as —s2 = 2(a — 5)?,

do d6, vi2a%+ (b +c)?> >0,
_ (@a+b+c)® _ 20b+c-a)
202+ (b+¢c)2 222+ (b+c)?

e Quy bai toan vé mét chidn dudi. Cong ba déng thirc dang trén theo vé,
Z(2a+b+c)2 B Z2(b+c—a)2

202+ (b+c)2 2a2 + (b +c)?’

e e 2(b + c — a)?
Vay bat dang thic da cho tuong duong v6i ) ——— >
; 2a2 + (b + ¢)?

e Chan trén cac mau s6. Vi (b — c)? > 0nén (b + ¢)? < 2 (b% + ¢2), suy ra

2a® + (b +c)* < 2a® +2b% +2c® =2 (a® +b% + ¢?).

Ba mau s6 déu dugc chdn trén bdi cting mot s6 duong ay, do d6

2(b + ¢ — a)? 2[(b+c—a)+(c+a-b)?+@+b-c)?
> g
;2a2+(b+c)2 - 2(a% + b2 + ¢?)

e Danh gia t&r s6. Khai trién va nhém lai,
(b+c—a)y+(c+a-b)*+(a+b-c)*=3(a’*+b*+c?) —2(ab +bc + ca),
ma ab + be + ca < a? + b% + ¢? theo hé qua § muc A, nén vé phai khong nho hon
3(a?+b%+c?) —2(a®+b*+c?) =a*+b*+ 2

e Két luan. Néi hai danh gis,

2(b + ¢ — a)* . 2(a? +b%+c?)
= 202+ (b+c)2 T 2(a2+b2+c2)

ttic 1a tong ba phan thtrc ban dau khong vuot qua 9 — 1 = 8. Ca hai danh gia déu dat dau déng thic

tai a = b = ¢, nén dau dang thuc cta bai toan xay ra khi va chi khia = b = ¢; khi d6 mdi phan thac
. 8 q s

bang 3 va tong bang 8.

Nhan xét. Bai toan nay sé dugc giai lai § Vi du 7.7 bang ky thuét hé s6 bat dinh U.C.T; hay d6i chiéu
hai duong di.
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BEmm CHUONG 6

Phuong phap phan chirng va
nguyén ly Dirichlet

Phii dinh cho diing ménh dé can chirng minh, roi ding nguyén lj Dirichlet dé tich ra cidp s6 nim cing phia
vdi diém roi.

A. Kién thi’c trong tam

No6i dung phwong phap phan chirng

\
Gid st can chting minh ménh dé P. Thay vi di théng tir gia thiét t6i két luan, ta tam thoi
thira nhan ménh dé pha dinh P rdi tit P cting v6i gia thiét suy ra mot dieu vo ly. Vi P dan
t¢i diéu vo Iy nén P sai, do d6 P dung.

e Lap ménh dé phu dinh. Viét ra ménh dé pht dinh cta diéu can chiing minh va ghi 16
ménh dé doé.

o Suy ra diéu vé ly. Két hgp ménh dé pht dinh véi gia thiét, bién ddi dé thu dugc mot didu
vo ly. Diéu vo ly thuong thudc mot trong ba dang: tréi v6i gia thiét; trdi véi mot ménh dé
da dugc thira nhan la dang; hodc hai hé qua thu dugc mau thuan véi nhau.

o Két luan vé ménh dé ban dau. Khing dinh diéu gia st 1a sai, tttc 1a ménh dé P dting.

e Chu y vé céch trinh bay. Budc lap ménh dé pht dinh quyét dinh toan b 15i giai: néu
ménh dé phut dinh 1ap sai thi moi bién ddi phia sau déu khong con gid tri. O bude suy ra
diéu vo ly, phai chi dich danh ménh dé bi mau thuén, khong dugc dirng lai & mot bat dang
thire ma chinéi la “vo ly”.

- J

Lap ménh dé phu dinh ~

Dudi day la cac dang phu dinh thuong gdp khi lam viéc véi bat dang thuc.

e Phu dinh ctia A > Bla A < B; pht dinh ctia A > B1a A < B. Pha dinh ctia “16n hon” la
“nho hon hodc bang”, khong phai “nhé hon”.

e “Trong ba bat ddng thtc da cho c6 it nhat mot bat ddng thirc dang” c6 phu dinh 1a “ca
ba bat déng thirc da cho déu sai”.

e “Trong ba bat dang thirc da cho c¢6 it nhat mot bat dang thiic sai” ¢6 phu dinh 1a “ca ba
bat dang thiic da cho déu dung”.

e “C6 it nhat hai trong ba bat ddng thtc la dting” ¢6 phu dinh 1a “c6 it nhat hai trong ba
bét déng thic la sai”.

e “Cabasba,b,cdéuduong” c6 phu dinh la “ton tai it nhat mot trong ba sd a, b, ¢ khong
duong”.
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e “Khong ton tai bo s6 thoa man céc diéu kién da néu” c¢6 phu dinh 1a “ton tai mot bo sd
thod man c4c diéu kién da néu”.

& /

( )
Bo dé 6.1. (ddnh gid nén ciia phuong phdp phan chiing) V6i moi s6 thuc a, b, ¢ ta c6

(a=b)?+({b-c)®+(c—a)? S0,

a2 +b%+c?>—(ab+bc+ca)= 5

Déau dang thuc xay ra khi va chi khia = b = ¢. Do d6 néu ba sb 4, b, ¢ khong dong thoi bang
nhau, tc 1a khong xdy raa = b = ¢, thi a® + b2 + ¢ > ab + bc + ca.

- J
B6 dé trén 1a ménh dé dung thuong duge chon lam dich ctia mau thudn: mot 16i gidi phan ching
dua dugc vé bat déng thic a® + b? + ¢ < ab + be + ca thi da hoan tat.

Nguyén ly Dirichlet phét biéu rdng néu xép nhiéu hon n ddi tugng vao n nhém thi c6 it nhat mot
nhém chua tir hai doi tuong trd 1én. Trong chiing minh bat ddng thirc, nguyén ly nay duge dung
duéi dang: ba s6 thuc bat ki duge xép vao hai nhém “khoéng nhé hon mébe k” va “nhé hon mée k”,
nén ludn c6 hai s6 cing mot nhom. D6 chinh 1a noi dung ctia b dé sau.

Bo6 dé 6.2. (hai s ciing phia v6i mot moc) Cho sé thuc k va ba sb thuc a, b, ¢ bat ki. Khi d6 trong
ba s6 d6 ludn ton tai hai s6, chdng han x va y, sao cho

(x —k)(y—k)=0.

e Chtrng minh. Xét ba hiéu a —k, b — k, ¢ — k. Mdi hiéu hodc khéng am, hodc 4m; ba s6 dugc xép vao
hai nhém nén c6 it nhét hai s6 cting nhém. Tich cta hai s6 cting dau (ké ca trudng hgp mot trong
hai bang 0) 1a mot s6 khong am.

e Hé qua thudong dung. Néu diém roi ctia bai todn 1a 2 = b = ¢ = k thi ta chon mbc ding bang k.
V6ik=1vac>0,tu(a—1)(b-1)> 0 tanhan hai vé v6i ¢ va thu dugc danh gia ha bac

abc > ac+bc—c.

DPanh gia nay bién hang tir bac ba abc thanh céc hang tir bac hai, nho d6 bai toan quy vé mot bat
déng thic quen thudc.

Sap thi tw va gia thiét "khong méat tinh tong quat”

B6 dé 6.2 chi khéng dinh ¢6 hai s cung phia véi méc, chir khong chi ra d6 la cdp nao. Cach
viét “khong mét tinh téng quat, gia stt (a—1)(b—1) > 0” 1a hop ly khi biéu thitc trong bai ddi
xting hoan toan véi ba bién, titc 1a khong ddi qua moi hoan vi cta a, b, c: khi d6 viéc ddi tén
cac bién khong lam thay ddi bai toan, nén dugc phép goi cip ma bd dé cung cap 1a (a; b).
Néu biéu thtc chi bat bién qua hoan vi vong quanh thi khong duge sdp thu tu tuy ¥; khi
d6 chi c6 thé gia stt mot bién cu thé 1a s6 16n nhat hodc nho nhat. Day 1a mot 18i trinh bay
thuong gdp khi van dung nguyén ly Dirichlet.
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B. Ky thuat va vi du minh hoa

Vidu 6.1. Cho a, b, c la cac s6 thuc bat ki. Ching minh rang trong ba bat dang thirc sau ¢6
it nhat mot bat dang thic dung:

a? +b% + c? > 3ab; a? +b% + c? > 3bc; a2 +b%+c% > 3ca.

Phan tich. Yéu cau “c6 it nhat mot bat dang thic ding” ¢6 phu dinh 1a “ca ba bat dédng thuc cung
sai”. Ba bat dang thirc phu dinh ¢6 cling vé trdi, nén chi can cdng ching lai 1a thu dugc moét hé qua
gon, d6i chiéu duge véi B6 dé 6.1 & muc A.
Loi giai
e Lap ménh dé phu dinh. Gid sir ca ba bat déng thic da cho déu sai, tic la
a’? + b2+ c? < 3ab, a? + b2+ c¢? < 3be, a’? + b2+ ¢? < 3ca.

e Cong theo vé. Cong ba bat ddng thiic trén ta duge

3(a®+b%+c?) <3(ab+bc+ca) & a’+b*+c?<ab+bc+ca

e Chi ra mau thuén. Bat ding thic vira thu dugce trdi v6i danh gid a? + b2 + ¢2 > ab + be + ca ding
v6i moi sb thuc a, b, c.

e Két luan. Diéu gia st 1a sai, do d6 trong ba bat déng thirc da cho c6 it nhat mot bat déng thitc
dang.

Diém roi. Khia = b = c thi ca ba bat déng thitc trg thanh d&ng thic, nén khong thé thay dau >
trong dé bai bang dau >. Ciing vi vay hing s6 3 & vé phai la hang sb tot nhat: v6i moi k > 3, bo
a =b =c = 11am ca ba bat déng thttc a® + b% + ¢ > kab, a? +b% +c? > kbc, a® +b% + c? > k ca cing
sai.

Vi du 6.2. Cho céc s6 thuc a, b, ¢ € (0;4). Chting minh rdng trong ba bat dang thtc sau c6
it nhat mot bat dang thuec sai:

a(4—-b) > 4; b(4-c) > 4; c(4-a)> 4.

Phan tich. Phu dinh cta yéu cau la “ca ba bat dang thic cung dung”. Ba vé trai déu duong vi
a,b,c € (0;4), nén dugc phép nhan ba bat dang thic theo vé. Sau khi nhan, cac thira s6 ghép lai
dugc thanh a(4 — a), b(4 — b), ¢(4 — ¢), ma mdi biéu thirc dang nay déu bi chin trén bai 4.

Lai giai
e Lap ménh dé phu dinh. Gia st ca ba bat ding thirc da cho déu dtng. Via,b,c € (0;4) nén 4 — a,
4 —b, 4 - c déu duong, do d6 ca ba vé trai déu 1a sé duong va ta dugc phép nhan ba bat dang thuc

theo vé:
a(4—-b)-b(4-c)-c(4—a)> 64.

e Ghép lai theo tirng bién. Déi thit tur cac thita sb & vé trai ta c6

[a(4—a)][b(4—-D)][c(4-c)] > 64.
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e Chan trén tirng thira sé. V6i moi x € (0;4),
O<x(d—x)=4—-(x-2)?2<4.
Ap dung 1an luogt cho x = a, x = b, x = ¢ rdi nhan ba bat déng thtrc duong theo vé, ta dugc
[a(4 —a)][b(4 —b)][c(4-c)] < 64.
o Két luan. Hai két qua trén mau thun vé6i nhau, nén diéu gia st 1a sai. Vay trong ba bat déng thtic
da cho c6 it nhat mot bat dang thic sai.

Diém roi. Taia = b = ¢ = 2 ca ba biéu thitc a(4 — b), b(4 - ¢), c(4 — a) cung bang 4; d6 1a vi tri ma ca
ba bat dang thirc dong thdi sét ngudng.

4 2

Vidu 6.3. Cho a, b, c 1a céc sb thuc thoa man dong thai
a+b+c>0, ab +bc+ca >0, abc > 0.

Chung minh rang ca ba s6 4, b, ¢ déu la s6 duong.
N\ Y
Phan tich. Phu dinh cua két ludn 1a “c6 it nhat mot trong ba s6 khong duong”. Ba gia thiét déu doi
xtng véi a, b, ¢ nén c6 thé gia sur s6 d6 1a a. Tir d6 1an luot khai thac ba gia thiét theo thit tu dé ép
dau ctia abe.

Lo gidi
e Lap ménh dé phu dinh. Gia st trong ba s6 a, b, ¢ ¢6 it nhat mot sd khong duong. Vi ca ba gia thiét
déu déi xting véi a, b, c nén khong méat tinh téng quat, gia st a < 0.
e Xac dinh dau cta a. Néu a = 0 thi abc = 0, tréi v6i gia thiét abc > 0. Do dé a < 0.
e Xac dinh daucta bc. Tua+b+c >0 suyrab+c>—-a>0,dod6a(b+c) < 0. Gia thiét thi hai
viét lai thanh a(b + ¢) + bc > 0, suy ra
bc > —a(b+c) > 0.

e Chira mau thuén. Tacé a < 0 va bc > 0nén abc < 0, tri véi gia thiét abe > 0.

o Két luan. Diéu gia str 1a sai, vay cad ba s6 a, b, ¢ déu duong.

Vi du 6.4. Chting minh rdng khong ton tai ba s6 duong a, b, ¢ thod man dong thoi

4 4 4
a+— <4, b+-<4, c+— <4
b c a

Phan tich. Phu dinh ctia yéu cau 1a “ton tai ba s6 duong thoad man ca ba bat dang thic”. Cong ba
bat déng thirc rdi ghép lai cac s6 hang dé mdi bién ding canh nghich dao ctia chinh no, khi d6 bat
déng thtte AM-GM cho ngay chdn dudi.

Loi giai
e Lap ménh dé phu dinh. Gia st tdn tai ba s6 duong a, b, c thod man ca ba bat déng thitc da cho.
Cong ba bat dang thic theo vé ta dugc

4 4 4
a+b+c+-—+-+-<12.
a b ¢
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e Ghép lai theo tirng bién. Vé trai duoc viét lai thanh
(a+é)+(b+é)+(c+é) < 12.
a b c

e Chan dudi bang AM-GM. V6i moi s& duong x, theo bat déng thitc AM-GM ta c6 x +

R |

4 - .
2,/x-;:4.Apdungchox:a,x:b,x:créiccf)nglai,

(a+%)+(b+%)+(c+%)212.

o Két luan. Hai két qua trén mau thudn v6i nhau. Vay khong ton tai ba sd duong a, b, ¢ thod man
doéng thoi ba bat dang thue da cho.

Nhan xét. Mau chét ky thuat 1a bude déi chd cac s6 hang: & dé bai mdi bién ghép véi nghich dao ctia
bién khéc, con sau khi cong thi ghép lai dugc véi nghich dao cta chinh né. Néu khong doi chd, bat
déng thitc AM-GM khong dung duoc truc tiép.

Vi du 6.5. Cho hai s6 duong a, b thod méan a® + b® = 2(a — b). Chting minh réng

a?+b%<2.

Phan tich. Gia thiét cho hai vé khong ciing bac: vé trai bac ba, vé phai bac mot. Mudn so sanh dugc,
phai dong bac hoa bang cach nhan vé phai véi mot dai lugng bac hai; dai lugng bac hai sdn ¢6 trong
két luan chinh la a2 + b%. D6 la ly do phép phan chiing & day tu nhién: gia st a® + b2 > 2 rdi nhan
gia thiét voi a? + b2.

L&i giai

e Nhan xét mé dau. Via > 0vab > 0néna®+ b3 >0,dodé2(a -b) >0, ttclaa > b > 0.
e Lap ménh dé phu dinh. Gié stt a2 + b? > 2. Nhan hai vé ctia bat ddng thitc nay véi s6 duong a — b
ta duoc

(a-b)(a*+b?) > 2(a—b) =a®+0b"

e Khai trién va thu gon. Vi (a — b) (a2 + b?) = a® + ab? — a%b — b® nén
ad+ab?-a’h-03>a3+1® o ab®-a’h-20°>0 & b(ab-a®-2b%) 0.
e Chi ra mau thuan. Do b > 0 nén ab — a? — 2b% > 0, ttc la a? — ab + 2b% < 0. Nhung

b)2
aQ—ab+2b2:(a——) +— >0

vGi moia > b > 0. Mau thuan.

o Két luan. Diéu gia st 1a sai, vay a2 + b2 < 2.

Nhan xét. Hang sb 2 & vé phai 1a hang so6 tot nhat. That vay, xét nhanh nghiém duong sau.

e Dung bd so6 thoa man gia thiét. V6i mbia € (0; \/5) ta c6 2a — a® > 0; ham sd g(t) = 3 + 2t

dong bién trén [0; +c0) va nhan moi gia tri khong am, nén phuong trinh ¢(b) = 2a — a® c6 ding mot
nghiém b = b(a) > 0. Cdp (a;b(a)) gdm hai s6 duong va thod man dung gia thiét a® + b3 = 2(a — b).
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o Tién sat moc. Tix 2b(a) < g (b(a)) = 2a — a3 suy ra
2a — a?

0<b)< 5

nén khi a dan t6i V2 thi b(a) dan t6i 0 va a? + b(a)? dan t6i 2. Vay khong thé thay hing s6 2 bing mot
hang s6 nhé hon.

Vi du 6.6. Cho céc s6 thuca, b, c thodmana > 2,b > 3, ¢ > 4vaa? + b? + c? = 38. Chiing
minh rang
a+b+c>10.

Phan tich. Ba diéu kién chin du6i c6 ba mbc khac nhau. D4t bién phu dé dua ca ba vé cing mot
moc0:a=x+2b=y+3,c=2z+4v6ix,y,z > 0.Khid6kétluan tré thanh x + y +z > 1. Néu phu
dinh, ta c6 0 < x, v,z < 1, va trén khodng d6 t? < t — dutng chiéu can thiét dé chin trén vé tréi cua
gia thiét.

Loi giai
e Dat bién phu.Dita = x+2,b = y +3, ¢ = z +4; diéu kién dé bai cho x, y, z > 0. Gia thiét trd thanh

(x+22+(y+3)°+(z+4)32=38 © x> +y* +z° +4x +6y + 8z =9,

con bat dang thic can ching minh trg thanh x + y + z > 1.

e Lap ménh dé phu dinh. Gidsttx +y +z < 1. Vix, y,zkhéongamnén 0 < x < 1,0 < y < 1,
0<z<1,dodo
x2<x, yvi<y, z*<z.

e Chan trén vé trai cla gia thiét. Tir cdc danh gid trén va tir 4x + 6y + 8z < 8(x + y + z) ta dugc

9=x?+y’ +22 +4x+6y +8z < (x+y+2)+8(x +y +2)=9(x+y +2z) < 9.

o Két luan. Ta thu dugc 9 < 9, mot didu voly. Vay x + y +z > 1, tclaa + b + ¢ > 10.

Piém roi. Diu déng thic xdy rakhix = y = 0vaz = 1, taclaa = 2,b = 3, ¢c = 5; khi d6
a2 +b%+c2=4+9+25=38vaa+b+c=10.

Nhan xét. Phép chiing minh chay dugc 1a nho hdng s6 9 & vé phai bang dung tong cta 1 va hé s6
16n nhét trong ba hé sb 4, 6, 8. Khi ra dé theo mau nay, nén chon hing sb rang budc dung nhu vay
dé két luan 1a chan tot nhat.

Vidu 6.7. Cho 4, b, ¢ 1a céc s6 thuc khong am. Chiing minh rang

a’? +b? +c? +2abc + 1 > 2(ab + be + ca).

Phan tich. Dau déng thac du dodntaia =b =c =1,nénbahiéua —1,b — 1, ¢ — 1 dong thdi bang
0 tai diém roi. Vé trai chtra hang tur abce, goi ¥ dung tich ¢(a — 1)(b — 1). Dau cta (a — 1)(b — 1) chua
duoc xdc dinh, nén ta dung nguyén ly Dirichlet dé chon ra mot cdp c6 tich khong am.

L&i giai
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e Chon cdp cuing phia. Bat ddng thitc ddi xtiing hoan toan véi a, b, c. Theo B6 dé 6.2 véi méc k = 1,
trongbaséa—1,b— 1, c —11udn c6 hai s6 cting phia v6i 0; khong mét tinh tong quat, gia st

@a-1)b-1)=0.
eHabéac.Vic>0nénc(a—-1)(b—-1) >0, tacla
abc —ac—bc+c>0.
e Phan tich vé trai trir vé phai. Ta c6 ddng nhét thic
a2 +b%+c%+2abc+1—-2@ab+bc+ca)=(a-b)?+(1-c)?+2(abc—ac—bc+c).

o Két luan. Ba s6 hang & vé phai déu khong am, trong d6 s hang cudi khong am nhd bude ha bac.
Vay bat dang thirc dugc chitng minh.

Diém roi. Ding thitc doi hoi dong thoia = b, c = 1 vaabc —ac—bc+c=0.Véia=bvac=1thi
abc—ac—bc+c = (a—1)% nén phéicé a = 1. Vay dau déng thirc xay ra khivachikhia =b=c = 1.

Nhan xét. Day 1a bat ddng thitc nén ctia cd muc: nhiéu bai toadn déi xing c6 diémrogia =b =c =1
va chua abe déu quy dugc vé né. Hai bai tdp & muc C st dung truc tiép két qua nay. Bai 8.3 néu lai
ding dé bai nay v6i mot hudng giai khac, dua trén bat ddng thirc Schur bAc mot sau phép dita = x3,
b=y3c=2z5

Vidu 6.8. Cho a, b, c 1a céc sb thuc duong. Ching minh rang

3(a? +b*+c?) +abc+11>7a+0b+c).

Phan tich. Thay a = b = ¢ = 1 thi hai vé cing bang 21, nén diémroilaa = b = ¢ = 1 va mbc Dirichlet
can chon 1a k = 1. Hang tir abc c6 bac ba trong khi moi hang tir con lai c6 bac khong qué hai; danh
gid abc > ac + bc — ¢ ha bac hang tir nay, dua bai todn vé mot bat dang thuc bac hai viét dugc thanh
tong cdc binh phuong.

L&i giai

e Chon céap cuing phia. Bat ddng thic d6i xtiing hoan toan véi a, b, ¢. Theo B6 dé 6.2 v6i méc k = 1,
khong mét tinh téng quat ta gia stt (a — 1)(b — 1) > 0. Nhan hai vé v6i ¢ > 0 ta dugc

abc > ac+bc—c.
e Ha bac vé trai. Tir danh gia trén,
3(a? +b*+c?) +abc+11 > 3(a® +b*+c?) +ac+bc—c+11.
o Dua vé téng binh phuong. Phép chiing minh hoan tt néu chi ra dugc
3@ +b*+c?) +ac+bc—c+1127(a+b+c).
Nhaén hai vé véi 2 rdi chuyén vé, bat ddng thirc nay tuong duong vdi

b+c-2 +(Cc+a-22+5@@-12+50-1)2+4(c-1)2>0,

Trang 109 » Mai Thanh Luan



Chuong 6 Mai Thanh Luan | 0854070701

va bat dang thtre cudi luon dung.

o Két luan. Vay bat dang thirc da cho duge chiing minh; diu ding thic xay ra khi va chikhia = b =
c=1

Nhan xét. So dd chung ctia dang nay: v6i bat ddng thic déi xing chita abe va c6 diém roia = b =
¢ = 1, ta dung nguyén ly Dirichlet dé thay abc bdi ac + be — ¢; phan con lai 1a mot bat déng thitre bac
hai va thuong viét duge thanh téng cac binh phuong.

Vidu 6.9°. Cho 4, b, c 1a céc s6 thuc duong thoa man a? + b2 + ¢? + abc = 4. Chiing minh
rang
ab +bc +ca—abc < 2.

Phan tich. B (1; 1; 1) thoa man gia thiét va bién vé trdi thanh 3—1 = 2, nén diémroilaa =b=c=1
va moc Dirichlet 1a k = 1. Panh gid abc > ac + bc — ¢ khit duge dung hai hang tr be va ca & vé trai,
dua bai toan vé bat dang thirc mot dong ab + ¢ < 2, va bat dang thic nay 1ay duoc truc tiép tir gia
thiét.
Loi giai
e Chon cap cuing phia. Ca gia thiét 1an két luadn déu ddi xiing hoan toan véi a, b, c. Theo B6 dé 6.2
v6i mbc k = 1, khdong mét tinh tong quat ta gid st (¢ — 1)(b — 1) > 0. Nhan hai vé v6i ¢ > 0 ta duoc
abc > bc +ca —c.

e Rut gon Vé trai. Tir danh gid trén,

ab+bc+ca—abc < ab+bc+ca—(bc+ca—c)=ab+c.

Nhu vay chi con phai chitng minh ab + ¢ < 2.
e Khai thac gia thiét. Vi a? + b2 > 2ab nén tir gia thiét,

4=a%+b%+c%+abc > 2ab+c? +abc = ab(2 +c) + 2.

Suyraab(2+c) < 4-c?=(2-c)(2+c).Doc > 0nén2+c > 0, chia hai vé cho 2+ ¢ ta dugc ab < 2—c,
tiaclaab +c < 2.
o Két luan. Két hop hai budc trén, ab + be + ca — abe < ab + ¢ < 2. Dau déng thtrc xay ra khi va chi
khia=b=c=1.

C. Bai tap c6 15i giai

Bai 6.1. Cho 4, b, c 1a ba s6 duong khong dong thoi bang nhau va thod mana +b + ¢ = 3.
Chung minh rang trong ba s6 ab, bc, ca ¢6 it nhat mot s6 nhoé hon 1.

Phan tich. Két luén “c6 it nhat moét s6 nho hon 1” ¢6 phu dinh 1a “ca ba s6 déu khong nhé hon 1”.
Ba bat déng thttc phu dinh cong lai cho mot chdn dudi cta téng ab + be + ca; ngugc lai, gia thiét
a +b + ¢ = 3 cho phép biéu dién a? + b? + ¢? qua chinh tong d6. Hai ddnh gia gdp nhau tai diém roi
a =b = c =1, trong khi gia thiét lai loai trir dtng trudng hop ba s6 cing bang nhau — d6 chinh 1a
chd sinh mau thuan.
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L&i giai

e Lap ménh dé phu dinh. Gia str ca ba s6 ab, bc, ca déu khong nhé hon 1, tiic 1a
ab>1, bc > 1, ca > 1.

Cong ba bat dang thirc theo vé ta dugc ab + be + ca > 3.
e Biéu dién tong binh phuong. Tir gia thiét a + b + ¢ = 3 va hing déng thic (a + b + ¢)? =
a% +b%+c? +2(ab + bc + ca) suy ra
a2 +b2+c2=@+b+c)?—2@ab+bc+ca)=9-2ab+bc+ca).
e Chan trén tong binh phuong. Thay ddnh gid ab + bc + ca > 3 vao ding thic trén,

a2 +b2+c2=9-2@ab+bc+ca)<9-2-3=3<ab+bc+ca.

e Chi ra mau thuan. Ta thu dugc a? + b2 + ¢ < ab + bc + ca. Nhung ba s6 a, b, ¢ khong ddng thoi
bang nhau nén theo B4 dé 6.1 phai c6 a? + b2 + c? > ab + bc + ca. Hai két qua nay mau thuan véi
nhau.

o Két luan. Diéu gia st 1a sai, vay trong ba s6 ab, bc, ca c6 it nhat mot s6 nho hon 1.

Nhan xét. Diéu kién “khong dong thdi bang nhau” khong bo di dugc: v6ia = b = ¢ = 1 thia+b+c =3
vaab = bc = ca = 1, khong ¢6 s6 nao nho hon 1. Nhu vay a = b = ¢ = 1 1a dung vi tri ma két ludn
vira hét hiéu luc. Nguoc lai, 16i gidi trén chi dung t6i mtc “ba s6 khong cing bang nhau”, nén gia

< X p 5 11 <
thiét quen gdap “do6i mot khac nhau” 1a manh hon mitc can thiét; chang han bd (5, 2’ 2) ¢6 hai s6

s . x 1
bang nhau ma két ludn van dang viab = 1° 1.

Bai 6.2. Cho hai s6 duong 4, b thod man a® + b® = 16. Chitng minh rdng a + b < 4.

Phan tich. Gia thiét cho tong cac lap phuong, két ludn néi vé tdng bac nhét, nén cau ndi tu nhién 1a
hing dédng thitc (a + b)® = a3 + b3 + 3ab(a + b). Gid stt phan chting a + b > 4 bién hing déng thic
d6 thanh mot chidn dudi cho ab(a + b); chia tiép cho a + b va dung a® + b3 = (a + b) (a® — ab + b?) thi
hai vé cting bac hai, mau thuan hién ra dudi dang (a — b)? < 0. Diém roi du dodn la a = b = 2 vi khi
d6ad+b3=16vaa+b=4.

L&i giai

e Lap ménh dé pha dinh. Gia stta + b > 4.
e Lap phuong téng va dung gia thiét. Via + b > 4 > 0nén (a + b)? > 4% = 64. Két hop v6i hing
déng thic (a + b)3 = a® + b® + 3ab(a + b) va gia thiét a® + b3 = 16,

16 + 3ab(a + b) = (a + b)> > 64,

suy ra 3ab(a + b) > 48, ttc la
ab(a +b) > 16 = a® + b°.

e Chia hai vé cho téng a +b. Via® + b3 = (a +b) (a® — ab + b?) nén bat ding thtic trén viét lai thanh

ab(a +b) > (a +b) (a> — ab + b?).
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Do a +b > 4 > 0, chia hai vé cho a + b ta dugc ab > a? — ab + b°.

e Chira mau thuan. Bat déng thtrc vira thu dugc twong duong véi a?—2ab+b? < 0, ticla (a—b)? < 0.
Diéu nay trai vi ménh dé ding (a — b)? > 0.

o Két luan. Diéu gia st 1a sai, vay a + b < 4. Dau déng thirc xay ra khi va chi khi a = b = 2; khi d6
a® + b3 = 8 + 8 = 16 dung béng gid tri ma gia thiét doi hoivaa +b = 4.

Bai 6.3. Cho hai s6 duong a, b thod man a* + b* < 2 (a® + b3). Chting minh ring a + b < 4.

Phan tich. Moc 4 trong két luan tach thanh 2 + 2, nén phép tinh tiéna = x + 2, b = y + 2 bién
ménh dé phu dinh a + b > 4 thanh x + y > 0 — dang thuan tién nhat dé khai thac phan tich
x3+y3 = (x +y) (x* — xy + y?). Sau phép dit, biéu thirc a + b* — 2 (a3 + b3) chi con nhitng s6 hang
ma dau déu xac dinh dugc, va tat ca déu khong am.

Lai giai
e L4p ménh dé pht dinh. Gidstta +b > 4. Dita =x+2, b=y + 2 khidéx > -2,y > -2 va
x+y=a+b-4>0.

e Khai trién quanh diém 2. Vi moi sb thuc ¢ ta c6
(t+2 =20t +2)3 =t +2°[(t+2)—2] =t(t+2)° =t (3 +6t* + 12t +8),

tacla (t +2) = 2(t +2)% = t* + 6t3 + 12t2 + 8t. Ap dung 1an lugt cho t = x va t = y rdi cong hai déng
thuec,
at+ bt =2 (a® +b%) = (x* +y?) +6 (x* +y?) + 12 (x* + y?) + 8(x + v).

e Xéc dinh dau tirng s6 hang. Hién nhién x* + y* > 0, x2 + y2 > 0 va x + y > 0. Ngoai ra

2 3y

2 2 _ y ) y

= + - - = + — = O/
x*—xy+y (x > T2
nén x% + % = (x + y) (x? — xy + y?) la tich cta hai s6 khong am, do d6 x3 + y3 > 0.
e Chi ra mau thuan. Bon s6 hang & vé phai déu khong am nén a* + b* — 2 (a3 +b3) > 0, tic la
at + b1 > 2 (a® + b3). Didu nay tréi v6i gia thiét a? + b* < 2 (a3 + b3).
o Két luan. Diéu gia st 1a sai, vay a + b < 4.
Nhan xét. Hing s6 4 1a hng s6 tot nhat. That vay, véi a = b = t thi gia thiét trd thanh 2t* < 4¢3,
tuong duong t < 2; khi cho t dan t6i 2 thi a + b dan t6i 4 nhung khong bao gio dat. Cling vi thé
bai toan khong c6 dau dang thire: & bude xac dinh dau, bon sd hang dong thoi bang 0 khi va chi khi
x =y =0, thca = b = 2, ma bd nay lai khong thoa man gia thiét vi khi d6 a* + b* = 32 = 2 (a® + b3).

Bai 6.4. Cho a, b, c 1a céc sd thuc khong am thod méan a + b + ¢ > 4abc. Chiing minh rang

a’? +b?+c? > 2abc.

Phan tich. Gia thiét a + b + ¢ > 4abc va két luan a? + b? + ¢ > 2abc déu so sanh mot biéu thirc bac
thap v6i abc. Ménh dé pht dinh a? + b2 + ¢? < 2abc cho phép chén riéng tirng binh phuong béi 2abc,
tir d6 thu dugc ba bat dang thirc bac hai; cdng chung lai ta dugc 2(ab + be + ca) > a + b + c¢. Chi can
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n6i thém danh giad nén a® + b? + c2 > ab + bc + ca 1a ép dugc 4abe > a + b + ¢, ding chiéu ngugc vo6i
gia thiét.

Loi giai
e Xét riéng trwdng hop tam thwdng. Néu abe = 0 thi vé phai bing 0, trong khi a2 + b2 + c2 > 0,
nén bat ddng thitc hién nhién ding. Tir day chi con phai xét abc > 0; via, b, ¢ khong &m nén khi d6
a>0,b>0,c>0.
e Lap ménh dé phi dinh. Gia st a2 + b% + ¢2 < 2abc.
e So sanh tirng binh phwong Vi 2abc. Vib? + ¢c? > 0nén a? < a2 + b? + c? < 2abc; chia hai vé ctia
a? < 2abc choa > 0 ta dugc a < 2bc. Hoan toan tuong tu, tir b? < 2abc chia cho b > 0 duge b < 2ca,
va tir ¢ < 2abc chia cho ¢ > 0 dugc ¢ < 2ab. Cong ba bat ddng thirc theo vé,

a+b+c<2(ab+bc+ca).

e Dung danh gia nén. Theo BS dé 6.1 ta c6 a® + b? + c2 > ab + bc + ca, do d6

2abc > a? +b%>+c¢? > ab +bc +ca,
va nhan hai vé ctia 2abc > ab + bc + ca vé6i 2 ta duogc 4abe > 2(ab + be + ca).
e Chi ra mau thuan. Néi hai danh gi4 vita c6,

4abc > 2(ab +bc+ca)>a+Db +c,
ticlaa + b + ¢ < 4dabc, trdi v6i gia thiét a + b + ¢ > 4abc.
o Két luan. Diéu gia str 1a sai, vay a® + b + ¢ > 2abc. Bo a = b = ¢ = 0 thod man gia thiét va lam hai
vé cting bang 0, nén dau dang thic xay ra tai d6.

Nhan xét. D6 cling 1a vi tri duy nhéat c¢6 ddng thire. That vay, gia st dang thic Xy ra; ta chi ra tich
ba s6 budc phai bang khong.

e Ep ca day chuyén thanh dang thirc. Néu a2 + b2 + ¢2 = 2abc v6i abe > 0 thi 13p lai cac budc trén

& dang khong ngat ta dugc a + b + ¢ < 2(ab + be + ca) va dabe > 2(ab + be + ca); két hop véi gia thiét

a+Db + ¢ > 4abc thi moi bat ddng thuc trong day chuyén déu la ddng thuec.

e Loai kha nang tich dwong. Riéng a? + b? + ¢2 = ab + bc + ca budc a = b = ¢, va khi d6 342 = 243
2 <

choa = g; nhungbdnaycéa +b+c = g trong khi 4abc = 77, trai v6i gia thiet.

e Chét vi tri dang thirc. Vay bit budc abe = 0, kéo theo a? + b2 +c2 =0, tlica =b = c = 0.

Bai 6.5. Cho a, b, ¢ 1a céc sd thuc duong. Chiing minh rang

a2 +b%+c2+2abc+3>(a+1)B+1)(c+1).

Phan tich. Thay a = b = ¢ = 1 thi hai vé cting bing 8, nén diém roilaa = b = ¢ = 1. Vé phai la mot
tich, hay khai trién dé hai vé cting & dang da thitc. Khi d6 hiéu hai vé, sau khi nhan vé6i 2, tach dugc
ding thanh tng cta hai dai lugng khong 4m quen thudc: bat déng thitc nén & Vi du 6.7 va téng ba
binh phuong (a — 1) + (b — 1)? + (¢ — 1) — c& hai déu triét tiéu taia = b = ¢ = 1.

L&i gidi
o Khai trién vé phai. Ta c6

(a+1)(D+1)(c+1)=abc+ab+bc+ca+a+b+c+1,

Trang 113 » Mai Thanh Luan



Chuong 6 Mai Thanh Luan | 0854070701

nén bat déng thirc can ching minh tuong duong véi
a2 +b%+c2+abc+2 > (ab+bc+ca)+(a+b+c).
e Nhan hai vé vdi 2. Bat déng thic trén tuong duong véi
2 (a® +b? +c?) +2abc +4 > 2(ab+bc+ca)+2(a+b+c).
e Tach thanh hai danh gia da biét. Chuyén hét sang mot vé r6i nhém lai, ta c6 ddng nhéat thirc
2 (a® +b? + c?) + 2abc + 4 — 2(ab + bc + ca) = 2(a + b + ¢)
= [a2+b2+c2+2abc+1—2(ab+bc+ca)] + [a2+b2+c2+3—2(a+b+c)].

e Danh gia tiyrng nhom. Nhom thtt nhat khong 4m theo Vi du 6.7 (4p dung dugc vi a, b, ¢ duong
nén dic biét 1a khong 4&m). Nhém tha hai bang

(a-12+0b-12+(c-1)? > 0.
o Két luan. Téng ctia hai dai lugng khong am la khong am, nén bat ddng thitc da cho dugce chiing
minh. Dau dang thtte doi héi ca hai nhém cuing bang 0; riéng nhém thi hai bang 0 da budc a =
b = ¢ = 1, va bd nay cling 1am nhém thi nhat bang 0. Vay dau ddng thuc xay ra khi va chi khi
a=b=c=1.

Bai 6.6. Cho a, b, c 1a céc sb thuc duong thod méan abc = 1. Ching minh rang

a2 +b?+c2+a+b+c=2ab+bc+ca)

Phan tich. Rang budc abc = 1 dugc dung hai 1an va theo hai cach khac nhau: mot 1an dé chin dudi
tong a + b + ¢ bang bat ddng thitce AM-GM, mot 1an dé viét hing sd 3 thanh 2abc + 1 cho khép ding
dang ctia Vidu 6.7. Diémroia = b = ¢ = 1 vita thod man rang budc, vira 1a chd déng thic cta ca hai
dénh gia d6, nén phép no6i hai danh gia khong lam mét dau dédng thuec.

Lo giai

¢ Chan dudi téng ba s6. Theo bat dang thttc AM-GM cho ba s6 duong a, b, ¢ va gia thiét abc = 1,

a+b+c > 3Vabc = 3.

Do do
2 +b2+c2+a+b+c > a>+b>+c*+3.

o Viét héng s6 theo abc. Viabec = 1 nén 3 = 2abe + 1, suy ra
a2+ b2 +c?+3=a?+0b%+c%+2abc +1.
e Ap dung bét dang thirc nén. Ba s6 a, b, c duong nén dic biét 1a khong am; theo Vi du 6.7,

a2 +b%+c%+2abc+1 > 2(ab +be + ca).
e N6i ba dénh gia. Ghép lién tiép ba két qua trén,

+b2+c2+a+b+c 2 a?+b%+c?+2abc+1 = 2(ab + be + ca).

o Két luan. Bat ddng thtrc dugc chiing minh. Dau déng thic & bude thit nhat doi hoia = b = ¢; két
hop véiabc = 1tadugca = b = ¢ = 1, va bo nay ciing bién danh gia tha hai thanh dang thic. Vay
dau déng thuc xay ra khiva chikhia =b=c = 1.
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Bai 6.7. Cho a, b, c 1a céc sb thuc khong &m. Chiing minh rang

abc+2+i2[(a—1)2+(b—1)2+(c—1)2] >a+b+c.

\/_

Phan tich. Thay 4 = b = ¢ = 1 thi hai vé cing bdng 3, néna = b = ¢ = 1 la mot diém roi va
moc Dirichlet can chon 1a k = 1. V& trai chtta hang ti béac ba abc; dénh gia ab > a + b — 1 rtt ra t
(a—1)(b —1) > 0 ha bac hang tir nay va gom phan con lai thanh dung mot tich (2 + b — 2)(c — 1). Khi
d6 bai toan quy ve viéc so sanh tong ba binh phuong véi tich dy, va bat déng thite AM-GM cho hai
6 lam nét viéc nay.

L&i giai

e Chon cép cung phia. Ca hai vé déu déi ximg hoan toan véi g, b, c. Theo B6 dé 6.2 v6i méc k = 1,
khong mat tinh tong quét ta gia st

(@a-1)b-1)=0, tac la ab>a+b-1.
e Ha bac hang tf abc. Nhan hai vé cta ab > a + b — 1 v6i s6 khong am ¢ ta dugc abe > c(a +b - 1).

Do do6
abc+2—-(a+b+c) =2 cla+b-1)+2-(a+b+c)=@+b-2)(c-1),

trong d6 dang thtc cudi 1a mot phép nhom truc tiép:
cla+b-1)+2—-(@a+b+c)=(@+b)(c—-1)-2(c-1)=(@+b-2)(c-1).
e Quy vé mét bat dang thi'c phu. Theo danh gid trén, dé chiing minh bai todn chi con phai chi ra
1
— [@-1)?+®-12+(c-1?| 2 (a+b-2)1-0),
A ) ] = ( (

vi khi d6

\%

abc+2—(a+b+c)+%[(a—1)2+(b—1)2+(c—1)2] (@a+b-2)(c-1)+@+b-2)(1-c)=0.

ePiatanphu.Bitu = a+b-2vav =c—-1Tix(a -b)? > Osuyra2[(a—1)2+(b—1)2] >

2
[(a—1)+® -1 =u tacla@—1)2+ (b -1)2 2 %.Do do

2
@-12+B-12+(c-1)2 > %+02.

2
o Ap dung b4t ding thirc AM-GM. Vi ”? va v? déu khong am nén

2 2

5 u
— 4+ 0% > 24— 02 =V2|uv|.
2 - 2 \/_l |

Chia hai vé cho V2 roi két hop v6i budc trén,

[a=1+(®-1%+(c-1)?] = |uv| > —uv=(a+b-2)(1-c).

&l
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D6 dung la bat dang thirc phu can c6.

o Két luan. Vay bat déng thitc da cho dugc chiing minh.
2
Diém roi. Ddu déng thirc doi hoi ddng thoic(a —1)(b—1) =0,a = b, L v?vauv <0.Doa = b,

2
diéu kién thi nhat thanh c(a — 1)? = 0, tttc c = 0 hodc a = 1.

e Nhanh dan vé diém roicii. Néua =1thib=1,u = 0, kéo theov = 0, tiic ¢ = 1.

e Nhanh cho diém roi mdi. Néu ¢ = 0 thi v = —1; khi d6 diéu kién uv < 0 budc u > 0, cOn
u2 V2
7=02=1Chou=\/§,tt’rca=b=1+7.

e Thi¥ lai va két luan. Thit lai bo vira im dugc: vé trdi bing

1 /1 1
O+2+—(§+—+1):2+\/§

V2 2
va vé phai cling bing 2 + V2. Vay ngoai bo a = b = ¢ = 1, bat ddng thtic con trg thanh dang thtc tai
2 2
(1 + %; 1+ g; 0) cung cac hoan vi ctia b nay.

2 a Ao q S S p
Nhan xét. Chinh diém roi thit hai giai thich vi sao hé so6 T khong thé thay bang mot hang s6 nho
2

2

hon: tai b (1 +—; 1+ —= 0) hai vé da bang nhau, nén giam hé s6 di mot chut 1a bat dang thuc

sai ngay.

Bai 6.8". Cho a, b, ¢ 1a cac s6 thuc duong thod man a + b + ¢ = 3. Chiing minh ring

(a>-a+1)(b*-b+1)(c*—c+1) > 1.

Phan tich. Bo (1;1; 1) thod man gia thiét va bién vé trdi thanh 1, nén diémroilaa =b =c = 1va
moc Dirichlet 1a k = 1. V& trdi la mot tich ba thira s6 cing dang t? — t + 1; ghép hai thira s6 ting v6i
cdp ma nguyeén ly Dirichlet khong ché dugc dau, ta tach ra mot hang tir chwa (b — 1)(c — 1) cOng véi
mot biéu thite ddi xting chi phu thudc b + ¢. Nho gia thiét b + ¢ = 3 —a, bai toan quy vé mot bat déng
thttc mot bién.

Loi giai
e Chon cap cung phia. Ca gia thiét 1an két ludn déu dé6i xiing hoan toan véi 4, b, c. Theo Bo dé 6.2
v6i mbc k = 1, khdong mét tinh tong quat ta gid st (b — 1)(c — 1) > 0.
e Ghép hai thira s6 theo cép da chon. Khai trién truc tiép cho ddng nhét thic

(b*=b+1)(c?—c+1)=be(b-1)(c—1)+b*>+c*—b—c+]1.
Vib>0,c>0va(b-1)(c—1)=0nénbc(b-1)(c-1)=>0,dodoé

(L*-b+1)(c*—c+1) = b*+c*—-b—-c+1.

b+c)?

e Duwa vé bién téng b + c. Tix (b — ¢)? > Osuy ra b + 2 > 5~ neén

(b +c)?

Phed—h—etl = —(b+c)+1.
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Thay b + ¢ = 3 — a r6i thu gon,

3—a)? 2-6a+9 2-4a+5
SR S Pl L PP R A}

X X 2 ” ~ = X ]. 2 3 z
e Quy ve bat dang thirc mét bien. Vig? —a+1 = (a - 5) + 1 > 0, nhan hai vé ctia danh gié vita

thu duoc véia? —a + 1 ta co

(a2 —a+1) (a® — 4a +5)
5 )

(a>—a+1) (B -b+1)(c*-c+1) >

Nhu vay chi con phai ching minh (a2 —a + 1) (a? — 4a + 5) > 2.
e Chirng minh bat déng thirc mét bién. Khai trién rdi nhém lai cho déng nhét thirc

(a*-a+1)(a*—4a+5)-2=(a—1)*(a®>—3a +3).

\ 3\ . 3 ) )
Tac6 (a—1)* > 0,ddng thoia?—3a+3 = (a - 5) +7 > 0,nén vé phai 1a tich ctia mot s6 khong am

v6i mot s6 duong, do d6 khong am. Vay (a? —a + 1) (a? — 4a +5) > 2.

e Két luan. N6i hai budc cubi,

a?—a+1)(a?-4a+5
(a>-a+1)(b*-b+1)(c*—c+1) = ( )2( ) >
Bat dang thirc duge ching minh.
Diém roi. Dang thtrc doi hoi déng thoi (a — 1)? (a? =32 +3) = 0 va b = c. Diéu kién thit nhét cho
a=1;khidob+c=2vab=cnénb=c=1 Thulaibda =0b=c=1bién vé trai thanh 1. Vay dau
déng thace xay rakhivachikhia =b=c=1.

é )
Bai 6.9". Cho a, b, c la céc s6 thuc duong thod mén abc = 1. Chiing minh rang
1 1 1
§+ﬁ+c_2+322(a+b+c)'

(Viet Nam MO 2006, bing B)
. W,

Phan tich. Piém roilaa = b = ¢ = 1, nén moc Dirichlet 1a k = 1. Rang budc abc = 1 cho phép bién

< 1 1 1 1
moi nghich ddo thanh tich ctia hai bién con lai: o cva o= ab. Nho d6, sau khi tach o) + =) thanh

2 B N < 7
mot binh phuong cong b cd hai bién ¢ déu bi khir va hiéu hai vé chi con la tong ctia ba dai luong,
trong d6 ding mot dai luong can téi nguyén ly Dirichlet dé bao dam dau.
Loi giai

e Chon cap cung phia. Ca gia thiét 1an két ludn déu dé6i xtiing hoan toan vdi 4, b, c. Theo B dé 6.2
v6i mbc k = 1, khdong mét tinh tong quat ta gid st (a — 1)(b — 1) > 0.
e Tach téng hai nghich dao binh phuwong. Véi moi 4, b duong,

1 1 1 1\2 2
Lol (doly, 2

Trang 117 » Mai Thanh Luan



Chuong 6 Mai Thanh Luan | 0854070701

e Dung rang budc dé khi¥ bién c. Tix abc = 1 suy ra % =¢,dod

1 1 p ,
- =ab,dod6 7 = a?b?. Thay hai két qua nay vao vé tréi,
c

6 = 2c; cling tlit abc = 1 suy ra

1+1+1+3—(1 1)2+2c+a2b2+3
a? b2 (2 “\a b '

e Lap hiéu hai vé. Trir di 2(a + b + ¢), hang tir 2c bi khit va ta dugc

11 1 1 1L s
§+ﬁ+c_2+3_2(a+b+c):(ﬁ_5) +a“b® —2a — 2b + 3.

e Nhém phan cén lai. Khai trién truc tiép cho déng nhét thic
2(a —1)(b - 1) + (ab - 1)* = (2ab — 2a — 2b + 2) + (a®b* — 2ab + 1) = a®b® — 2a — 2b + 3.

Do dé6

11 1 1 1)2 >
p+ﬁ+c—2+3—2(a+b+c)—(g—5) +2(a - 1)(b 1)+ (ab - 1)2.

e Danh gia ba s6 hang. S6 hang tht nhat va sd hang tht ba 1a binh phuong nén khong am; s hang

gitta khong am nho gia stt (@ — 1)(b — 1) > 0 6 bude chon cdp. Vay vé phai khong am.

% 4. 32 £ 32 1 1
e Kéet luan. Bat dang thirc dugc chiing minh. Dau dang thirc doi hoi Pl vaab = 1,tca = b

1 < .
vaa?=1;via >0néna =b = 1, kéo theo ¢ = i 1. Vay dau dang thitrc xay ra khi va chi khi
a=b=c=1.
Nhan xét. Bai 8.9 néu lai dung dé bai nay v6i mot hudng giai khac, dua trén phuong phép p, q, 7;
hay so sanh hai cach khai thac rang budc abc = 1.

é )

Bai 6.10*. Cho 4, b, c 1a cac sb thuc thoa man dong thoi
a<b<e, a+b+c=12, ab + bc + ca = 36.

Chung minhrang 0 <4 <2,2<b<6va6<c <8.
. J
Phan tich. Hai gia thiét cho biét tong va tong cac tich doi mot, nén dai lugng dau tién can tinh 1a
a? + b? + ¢2. Sdu chin phai chitng minh déu c6 dang so sdnh mot bién véi mot mdc, va mdi mée lai
1a ché ma mot bat dang thuce chit trd thanh déng thuc.

£ £ £ . X 2 - P a+b 2 Z » Z
e Bon moc lay duoc truc tiep. Mbc 8 ciia ¢ dén tir a2 + b2 > %, mdc 6 ctia c dén tira? < ac va

(b +c)?

b? < bc, mbe 0 ctia a dén tix be < , con moc 2 ctia b suy ra truc tiép tir hé thac b = 12 —a —c.

e Hai méc can phan chirng. Hai méc 2 ctia a va 6 ctia b dugce lay ra bang phép phan ching két hop
v6i dénh gid (x — 2)(x = 8) < 0va (b —6)(c —6) > 0.

Lai giai
e Tinh tdng binh phuong. Tir hai gia thiét,

a2+ +c2=@+b+c)?-2ab+bc+ca)=122-2-36="72.
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2
e Chan thé hai dau cho 4. Vib < cnén (b — ¢)? > 0, suy ra bc < (b ZC) . Viét lai gia thiét thu hai
dudi dang a(b + ¢) + bc = 36 rdithay b +c =12 —a,
12 — a)?
36 = a(12 — a) + be <a(12—a)+%.

Nhan hai vé véi 4 va thu gon,
144 < 480 —4a% + 144 - 24a + 42> © 0<24a-3a%>=3a(8-0).

Tich 3a(8 — a) duongnén 0 < a < 8. Pacbiéta >0,dod60<a <b <c.

eChandudichoc.Vi0<a<cnéna? <ac,vavi0 <b < cnénb? < bc. Do dé
2=a?2+b?+c?<ac+bc+c®=cla+b+c)=12c,

suy rac > 6.
(a+b)> (12-c)?

Do dé
5 7 o dé

e Chantrénchoc.Via # bnén (a —b)? > 0,suy ra a? + b? >

12— ¢)?
72:a2+b2+c2>%+c2.

Nhan hai vé véi 2 va thu gon,
144> (12-¢)? +2c2 =144 - 24c + 3¢? &  3c(c-8) <0.

Vic>6>0nénc—-8<0,ticc < 8 Kéthop budc trén, 6 < ¢ < 8.
e Chan trén cho 4. Gid st ngugc lairang a > 2. Khid62 <a < b < ¢ < 8. Vi moi x € [2;8] ta co
(x = 2)(x — 8) < 0, tirc 1a x? < 10x — 16, va bat déng thirc 1a ngdt khi 2 < x < 8. Ap dung cho x = a
duoc a? < 10a — 16; 4p dung cho x = b va x = ¢ dugc b? < 10b — 16, ¢ < 10c — 16. Cong ba bat déng
thuc theo vé,

72=a2+b%+c®<10(@+b+c) — 48 = 120 — 48 = 72,
ticla 72 < 72, vo ly. Vay a < 2, va két hgp véi budc trén, 0 < a < 2.
eChandudichob.Titb=12—-a—ccungvéia < 2vac < 8suyra

b=12-a-c>12-2-8=2.

e Chan trén cho b. Gia st ngugc lai rang b > 6. Khidé ¢ > b > 6 nén (b — 6)(c — 6) > 0, tuc la
bc > 6(b +c)—36. Thay vaoa(b +c) +bc =36 vadung b +c = 12 —a,

36 =a(12—a)+bc > a(12—-a)+6(12—a) — 36 = —a> + 6a + 36,

suyraa(6—a)=6a—a®><0.Nhung0<a<2néna>0va6—a>4>0,dod6a(6—-a)>0.Mau
thudn. Vay b < 6, va két hgp budc trén, 2 < b < 6.

e Két luan. Ta da chiing minh 0 <2 <2,2<b <6va6 <c<8.

Nhan xét. Sdu moc trén déu 1la moc t6t nhat. That vay, bo diu kiéna < b < cvachigitta < b < ¢
thi hé hai phuong trinh con hai nghiém bién: bo (2; 2; 8) va bd (0; 6; 6), déu thod man a + b + ¢ = 12
va ab + bc + ca = 36. BO6 thit nhadt cham bambca =2, b = 2 va ¢ = 8, bo thit hai cham ba méc a = 0,
b = 6, ¢ = 6; nhu vay ca sdu mdc déu bi cham, va diéu kién ngdt a < b < ¢ loai dung hai bd nay ra.
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Ky thuat hé so bat dinh U.C.T 07

Tim mot danh gid phu bic nhdt tiép xiic v6i do thi tai diém roi, nho d6 tich bat ding thitc nhiéu bién thanh
cdc bat ding thirc mot bién.

A. Kién thi'c trong tam

Y twéng tach bién

Xét 16p bai toan: cho cac sd a, b, c thudc mién D va thoa man a +b + ¢ = s, ching minh rang

fla)+ f(b) + f(c) = k.

O day ca vé trai 1an diéu kién rang budc déu 1a tdng ctia cac biéu thic theo timng bién riéng
biét. Diéu d6 goi ¥y tach bai toan thanh ba bat dang thirc mot bién. Néu tim dugc hai hiang
sd a, B sao cho

f(x) = ax+p (x e D),

thi cong ba bat ddng thirc d6 theo vé ta dugc ngay
f(a)+ f(b)+ f(c) > a(a+b+c)+3B=as+3B.

Bai todn sé duoc giai quyét néu as + 38 = k. Hai hang sb a,  chua biét trudc, chung duge
xac dinh sau nho diéu kién dau déng thuc; vi thé ky thuat nay mang tén kij thudt hé so bat
dinh, viét tdt 1a U.C.T (Undetermined Coefficients Technique).

g J

4 N
Bode7.1. (Nguyén lij tich bién) Cho D C R, cacsday, as, ..., a, € Dthodmana;+as+---+a, =

s. Néu ton tai hai hidng s6 «,  sao cho f(x) > ax +  v6i moi x € D thi

fa1)+ f(az) +---+ fan) = as+np.

. J
Bo dé trén tuy hién nhién nhung cho thdy mot diéu quan trong: cdp hé sb (a, B) thuc chat chi c6 mot
béc tu do.

e Pudng thang phai qua diém roi. That vay, ddu ding thitc ctia bai todn thudng xay ra tai a; =
e =a, = X0 Vi xg = %, khi d6 dudng thdng y = ax + g budc phai di qua diém (xo; f(x¢)), ttc la

B = f(xo) — axo.

e Chi con mét hé sé phai do. Thay vao ta dugc
as +np =as+nf(xg) —naxy=nf(xp),

dung bing gia tri ctia vé tréi tai diém roi. Nhu vay hdng s6 g khong can do tim, chi con duy nhat hé
s0 « phai x4c dinh.
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Xac dinh hé sé bang diéu kién tiép xuc

~

Buong thdng y = ax + B di qua diém (xo; f(x0)) va ndm dudi dd thi ham y = f(x) trén toan
mién D. Do d6 x¢ 1a diém cyc tiéu ctia ham x — f(x) — ax — §; néu xg la diém trong ctia D
va f kha vi tai x¢ thi dao ham ctia ham nay triét tiéu tai xo, nghia la
a=f'(xo), B = f(xo)=xof(xo)-
N6i cach khéc, ddnh gid phu can tim chinh la bat ddng thic tiép tuyén
f(x) = f(xo) + f'(x0)(x =x0), x€D.

Vile d6 U.C.T va phuong phép tiép tuyén 1a hai cich phét biéu ctia cing mot y tuéng: U.C.T
nhan manh viéc do hé sd, cdn phuong phap tiép tuyén nhan manh y nghia hinh hoc cua

dudng thing do.
S J
Khi khong mudn dung dao ham, c6 thé xac dinh a bang phép tach nhan tir. D4t
(x) - f(xo)
)= e = ate =) = (e so)fg()-a], g = LI

e Chon hé s6 bang gidi han. Chon a = lim g¢(x) (gii han nay ton tai va bing f’(xo) khi f kha vi
xX—Xg

tai xo) thi thira s6 g(x) — @ dan t6i 0, nén hiéu & vé trdi la vo cting bé bac cao hon x — xj.

e Ngudn goc ctia nhan t&¥ binh phwong. Trong cic vi du da thic va phan thitc hitu ti ctia chuong,
N(x)
Q(x)
d6 da thitc N chia hét cho (x — x0)?. D6 1a Iy do nhan ti (x — x()? thudng xuét hién trong cac phép
phan tich d muc B. Can luu y day 1a két luan vé da thuc, khong phai két luan tu dong cho moi ham
kha vi.

sau khi quy dong hiéu ay c6 dang v6i Q(x) > 0 trén mién xét; khi d6 N(xg) = N’(xg) = 0, do

( )
B6 dé 7.2. (Dang tong qudt ctia U.C.T) Cho cac sb a1, az, . ..,a, € D thod man

h(aqy) + h(as) +--- + h(a,) = 0.
Néu ton tai hang s6 m sao cho f(x) > m h(x) v6i moi x € D thi

fay) + flag) +---+ f(ay) > 0.
> J

B& dé nay bao tritm moi rang budc dang a¥ + -+ + ak = n: chi can dat h(x) = x* — 1. Hé s6 m duoc

x4c dinh bai diéu kién tiép xuic f’(xo) = m h'(xo) tai diém rdi xo. Trudng hop h(x) = x — x¢ dua vé
dung nguyén ly tach bién da néu.

Chuan hoa va gidi han cta ky thuat

e Chuan hoa. Néu bat dang thuc thuan nhat, nghia la hai vé ciing bac theo bd bién (a, b, ¢),
thi phép thay (a,b, ¢) béi (ta, tb, tc) khong lam thay déi ndi dung bai toan. Khi dé ta dugc
phép gia st thém a + b + ¢ = 3 (hodc a + b + ¢ = 1) dé tao ra rang budc téng, rdi mdi 4p
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dung U.C.T.
e Cau truc clia danh gia phu. Véi cdc bai toan da thirc va phan thic hitu ti ctia chuong,
sau khi quy dong, hiéu f(x) — m h(x) viét dugc dudi dang

(x = x0)2 p(x)

qx) '
Néu p(x) > 0 trén toan mién D thi bai todn két thiic. Néu p(x) > 0 chi dung trén mot phan
cta D thi phai chia truong hgp: trén phan d6 dung danh gia phu, ngoai phan dé tim mot
udc lugng tho nhung dia manh.

fx) = mh(x) = 9(x) > 0.

e Gidi han. Danh gid phu bac nhat thuc chat la moét duong do: duong thang y = ax +  phai
ndm dudi do thi trén toan mién D va cham d6 thi tai moi gia tri ma bién nhan & moét bd
dau déng thitc. Mot dudng thdng hoan toan c6 thé cham dd thi tai nhiéu diém, chdng han
duong y = 0cham dd thiy = (x? - 1)2 tai cd x = —11an x = 1. Vi vAy néu bai toan c6 nhiéu
b6 dau ddng thitc ma cuing mot duong do di qua tat ca cac gia tri tuong tng thi U.C.T van
dung dugc.

e Khi nao phai déi cong cu. Ky thuat chi mat hiéu luc khi khong c6 duong thang nao bao
toan dugc toan b tap dau ding thirc; khi d6 phai chuyén sang ham trung gian bac cao hon,
chia mién, hogc dung cong cu khac. Do d6 sau khi do dugc hé sd, viéc kiém tra bat ding
thirc phu trén toan mién D 1a mo6t bude khong duge bd qua.

. /

B. Ky thuat va vi du minh hoa

Vidu 7.1. Choa, b, ¢ 1a cic s6 thuc duong thod man a + b + ¢ = 3. Chiing minh rang

1 1 a?2+b%2+c2
tatgt—s—— 24

1
a? c2 3

a

2

Phan tich. Vé trdi 1a f(a) + f(b) + f(c) v6i f(x) = % + %, rang budc 1a téng ba bién. Du doan
diémroia = b = ¢ = 1,khid6 f(1) = = va 3f(1) = 4 dtng bang vé phai. Ta di tim dénh gid phu

f(x) > ax + p tiép xtc tai xo = 1.

ol

L&i giai

sc dinh hé s6. Ta c6 F/(x) = — 2= + 2% =2 vava=—2vag= f)—a=24428
e Xac dinh hé so.Taco f'(x) = x3+3,suyraf(1)— 3.Vaya— 3Va,B—f(l) a—3+3—3.
DPanh gid phu can ching minh la

x > 0.

1 x2 8 —4x
— :
x2 3 3

e Chirng minh danh gia phu. Nhan hai vé v6i 3x2 > 0, bat ddng thic trén tuong duong véi
x4 -8 +3 > 0 © (x—1)*(x*+6x+3) > 0,

hién nhién dtng v6i moi x > 0.
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e Cong ba danh gia. Ap dung danh gid phu lan lugt cho x = 4, x = b, x = ¢ 18i cOng theo vé:

1 1 1 a2+b%2+¢? 4a+Db+c)
=ft=F=F——— F fo=———c=f=d=d
a?z b2 c? 3 3

Diém roi. Dau déng thitc xay ra khivachikhia =b = c = 1.

" . . . P 4
Nhan xét. Néu bo qua rang budc va cd chirng minh truc tiép f(x) > 3 v6i moi x > 0 thi ménh
dé khong ding. That vay, sau khi nhan hai vé véi 3x? > 0, bat ddng thuc d6 tuong duong véi
(x2 = 1)(x% = 3) > 0, ttrc 1a n6 sai trén toan khoang 1 < x < V3; ching han vé6i x = g thi f(x) =
1 4 < . < < A
% < 3 Chinh vi thé dédnh gid phu bat budc phai chita s6 hang bac nhat ax: né la noi diéu kién
a+b+c =3 dugc st dung.

Vi du 7.2. (Vasile Cirtoaje) Cho a,b, ¢, d 1a cic s6 thuc duong thod mana +b + ¢ +d = 4.

Chung minh rang
1 1 1 1

+ + +
a2+1 b24+1 241 d2+1 —

Phan tich. S6 bién ting 1én bon nhung ciu tric khéng déi: van 1a tong bén ham cuing dang vdéi rang

budc téng. Diémroia =b=c=d =1cho f(1) = = va 4f(1) = 2, khép voi vé phai.

Loi glai
e Xac dinh hé s6. V6i f(x) = ey ——taco f'(x) = ﬁ, dodé f'(1) = —= Danh gia phu can
chirng minh la
1 >1_x—1_2—x >0
x2+1 -2 2 27 '

e Chirng minh danh gia phu. Nhan hai vé v6i 2(x2 + 1) > 0, bat ddng thic trd thanh
> 2-x)x*+1) @ ¥*-2x%+x > 0 © x(x -1 > 0,

ding v6i moi x > 0.

e Cong bon danh gia. Cong theo vé bon bat ddng thitc thu dugc véi x = a, b, ¢, d:

Z 1 >8—(a+b+c+d)_8—4

= = 2.
a2+1 — 2 2

Diém roi. Diu déng thitc xdy rakhivachikhia=b=c=d = 1.
Nhan xét. Danh gid phu trén con thu dugc bang ky thuat “Cauchy nguoc dau”:

1 a2 a
=1-—— > 1
a2 +1 az+1 2a

trong d6 ta da dung bat déng thittc AM-GM a? + 1 > 24. Hai con dudng khac nhau nhung dan téi
cting mot duodng théng, ding nhu bo dé da chi ra: duong thing ay la duy nhat. Truong hop ba bién
cua cung bat dang thiic nay, sau phép co gian, chinh 1a Vi du 4.2 6 chuong Cauchy nguoc dau.
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e D
Vi du 7.3. (Vasile Cirtoaje, Algebraic Inequalities — Old and New Method) Cho a, b, c 1a cac sb
thuc duong thod man 4 + b + ¢ = 3. Ching minh rdng

1 1 1
Zibtc DPtcta Zrath -
- /
Phan tich. Didukiéna +b +c = 3cho b + ¢ = 3—a, nhd d6 m&i mau s6 chi con mot bién: a? +b+c =
a? —a + 3. Bai toan trd thanh dang chuan ctia U.C.T. Vi bat ddng thtic mang dau < nén danh gié phu
ciing phai mang dau <, titc duong thang nam trén do thi.

L&i giai

e Dwa vé mét bién. Tira +b +c =3tacéa® +b +c = a® — a + 3, va twong tu cho hai mau con lai.
Ngoaira 0 < a,b, ¢ < 3. Bat ddng thuc can ching minh trd thanh

1 N 1 N 1
a2—a+3 b2-b+3 c2-c+3

« Xéc dinh hé 6. Dat f(x) = 3(2_; i (1) = = va

x+3

W =

, _ —-(2x-1) g
f(x) = Z-xta)2 f(l)——g-

Vay dénh gia phu can ching minh la

1 1 x-1 4-—x
< - = =

x2—-x+3 ~ 3 9 9

, 0<x<3.

e Chirng minh danh gia phu. Do x? — x + 3 > 0, bat ddng thic tuong duong véi
A-x)x =x+3)-9 >0 & (x-12B-x) > 0,

ding vi0 < x < 3.
e Cong ba danh gia. Cong theo vé ba bat dang thuc véi x = a, b, ¢ ta dugc

=1.

Z 1 < 12-(a+b+c) 12-3
a2-a+3 9 9
Piém roi. Dau déng thirc xay ra khivachikhia =b=c=1.

Nhan xét. Nhan tir 3 — x chinh 1a b + ¢. Diéu nay cho thdy dénh gia phu chi dung nho rang budc
a + b+ ¢ = 3; néu bo rang budc va cho x vugt qua 3 thi bat dang thirc phu sai. Khi lam bai, viéc ghi
rd mién bién thién ctia bién la mot bude bat budc chir khong phai hinh thuec.
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Vidu 7.4. Cho a, b, ¢ 1a c4c s thuc duong thod man a3 + b + ¢3 = 3. Ching minh rdng

1 1 1
—+-+—+a2+b2+c2 > 6.
a b ¢

Phan tich. Rang budc 1an nay khong phai tong cdc bién ma la tong céc lap phuong. Ta dung dang
tong quét ctia U.C.T v6i h(x) = x® — 1, khi d6 h(a) + h(b) + h(c) = 0. Diémroivanlaa =b = ¢ = 1,
va rang budc kéo theo 0 < a,b, ¢ < 3.

L&i giai

e Xac dinh hé s6. Dit f(x) = % +x2-2vah(x) =x%-1;tacé f(1) = h(1) = 0. Tir diéu kién tiép

1 1

xtc f'(1) = m h'(1) véi f'(x) = =7 2x va h'(x) = 3x2, ta dugc 1 = 3m, thc m = 3 Danh gia phu
can ching minh la

x3 =1

3 0<xs€'/§.

1
—+x2-2>
x

e Chirng minh danh gia phu. Nhan hai vé v6i 3x > 0 rdi chuyén vé, ta dugc

1 3_ x—1)%(3 +x — x2
Ly o1 W)
X 3 3x

Do0<x <3< gmémx2 < % <3+ x,suyra3+x—x?> 0. Vay vé phai khong am va déanh gia
phu ding.
e Cong ba danh gia. Cong theo vé ba bat dang thuc véi x = a, b, c:

1 1 1 +b3+c%-3
Sh it +a?+b24c2-6 > 2 <

a b ¢ - 3

=0.

Diém roi. Dau déng thitc xay ra khivachikhia =b = c = 1.

Vidu 7.5. Cho a, b, c 1a cac sb thuc thod man a, b, ¢ > V3-1vaa+b+c=3. Chirng minh
rang

Vaz +2a -2+ Vb2 +2b -2+ V2 +2c -2 < 3.

Phan tich. Diéu kién a > V3 - 1 dting béng diéu kién dé biéu thtrc dudi dau can khong am. Vé trai
1a tong ba ham cuing dang, bat déng thic mang dau < nén ta tim dudng thdng ndm trén do thi va
tiép xtc tai xo = 1, noi V1+2 -2 =1va 3-1 = 3 ding bang vé phai.

L&i giai

e Xac dinh hé s6. V6i f(x) = Vx2 + 2x — 2ta c

x+1

fx) = Va2 r2x—2

(1) =2.
Dénh gia phu can ching minh la

Vx2+2x—2 < 2x -1, x>V3-1.
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. . , .. 1
e Chirng minh danh gia phu. Vix > V3 -1 > 5 nén 2x — 1> 0. Mat khéc

(2x -1 - (x*+2x-2)=3x*-6x+3=3(x—-1)* > 0,
do d6

VeZ42x—2=/2x-12-3(x-1)2 < V(@x-1)2 =2x—1.

e Cong ba danh gia. Cong theo vé ba bat dang thuc véi x = a, b, ¢ ta dugc

Z\/a2+2a— Aa+b+c)—3=2-3-3=3.

Diém roi. Ddu déng thitc xay rakhivachikhia =b =c = 1.

Nhan xét. V6i biéu thtrc chtra cdn, viéc quy dong roi phan tich nhan tir thuong dan t6i tinh toan
phtc tap. Céach viét x% + 2x — 2 = (2x — 1)? — 3(x — 1)? gitp nhin thay ngay dai lugng binh phuong
(x — 1)? dung tai diém roi, dong thoi tranh hoan toan phép binh phuong hai vé.

Vi du 7.6. (Bat dang thuc Nesbitt) Cho a, b, ¢ 1a cac s6 thuc duong. Chiing minh rang

a b @ 3
>

+ + > -,
b+c c+a a+b 2

Phan tich. Bat dang thirc khong c6 rang budc, nhung ca hai vé déu thuan nhét bac 0: thay (a, b, ¢)
bdi (ta,tb,tc) v6it > 0 thi hai vé khong déi. Do d6 ta dugce phép chuan hod a + b + ¢ = 3 dé tao ra
rang budc téng, sau d6 4p dung U.C.T.

L&i giai

e Chuan hoa. Khong mét tinh tong quat, gia stta +b + ¢ = 3. Khi d6 b + ¢ = 3 — a va bai toan quy vé

a b c 3
> = .
3—a+3—b+3—c 2 5 0<a,b,c<3
e Xac dinh hé s6. Dit f(x) = —th if(1) = —Vaf(x) )2,nenf(1) % dnh gid phu
can chiing minh 1a
X 1 3x-1) 3x-1
> — = .
Ty 2 2+ 1 G 0<x<3

e Chirng minh danh gia phu. Nhan hai vé vdi 4(3 — x) > 0:
dx —(Bx—1)B-x)=3x2-6x+3=3(x—-1)? > 0
e Cong ba danh gia. Cong theo vé ba bat déng thitc véi x = a, b, c:

a b c 3a+b+c)-3 9-3 3
+ + > = =—.
3—-a 3-b 3-c 4 4 2

Piém roi. Dau dang thtc xay ra khiva chikhia =b = c.

Nhan xét. Day la 1an tht tu bat ddng thic Nesbitt xuat hién trong sach: Vi du 1.8 dung bién déi
tuong duong, Vi du 2.8 ding AM-GM véi diém roi, Vi du 5.1 dung dang Engel, con & day 1a U.C.T.
Vidu 9.1 sé khép lai chudi nay bang phéan tich S.O.S.
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Vidu 7.7. (USAMO 2003) Cho 4, b, ¢ 1a céc sb thuc duong. Ching minh rang

(b+c+2a)® (c+a+2b)? (a+b+2c)?
202+ (b+c)?2  2b2+(c+a)® 2c2+(a+b)?2 ~

Phan tich. Biéu thtrc ¢ vé trai tuy nhiéu tAng nhung hai vé déu thudn nhat bac 0. Chudn hod a+b+c =
1 sé 1am gon tirng s6 hang: tr s6 thanh (1 + a)?, mau s6 thanh 24 + (1 —a)2. Sau d6 bai toan trd thanh
1

dang chuén caa UC.Tvéi diémroia =b =c = 3

Lo giai
e Chuan hoa. Khong mét tinh téng quét, gidstta+b+c = 1. Khidé b+c+2a = 1+ava2a®+(b+c)? =

2a% + (1 — a)? = 3a% — 2a + 1. Bai toén quy vé

(a+1)? N (b +1)? . (c +1)?
302 -2a+1 3b2-2b+1 3c2-2c+1 ~

7

v6i0 <a,b,c < 1.

sk +1)? 1\ 16/9 8 8 ..
e Xac dinh hé so. bit f(X) = ﬁ Ta c6 f(g) = 2/—/3 = g vad- 5 =38, dl:ll’lg bél’lg veé phél
A 1 1 X
Tinh dao ham réi thay x = 3 ta duoc f ,(5) = 4, do d6 danh gia phu can chtirng minh la
(x +1)? 8 ( 1) 12x + 4
< = 4 —_ =] = 7 1.
3x?—ox+1 ~ 3 \"73 3 f<xs

e Chirng minh danh gia phu. Do 3x2 — 2x + 1 > 0, bat ddng thuc tuong duong véi
(12x +4)(3x* =2x+1) =3(x +1)* > 0 & (Bx—1)?(4x+1) > 0,

hién nhién dang véi moi x > 0.

e Cong ba danh gia. Cong theo vé ba bat dang thuc véi x = a,b, c:

Z (a +1)? <12(a+b+c)+12_%

< = 8.
302 -2a+1 3 3

Diém roi. Dau déng thirc xay ra khiva chikhia =b = c.

Nhan xét. Ciing mot 16i giai hoat dong cho ca ho bai todn c6 mau s6 242 + (b + ¢)*: chi can thay
tr s6 rdi tinh lai hé s6 goc tiép tuyén. Bai tap & muc C dudi day vdi tir s6 (b + ¢ — 3a)? 1a mot dai
dién khac cta ho nay. Cang dé bai nay da dugc néu & Bai 5.11 v6i hudng giai bang bat dang thuc
Cauchy-Schwarz; dit hai 1oi giai canh nhau sé thay rd U.C.T thay thé dugc ca chudi dénh gia trung
gian & d6 bang mot danh gid phu duy nhat.
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Vidu 7.8. Cho a, b, ¢ 1a cac s6 thuc duong thod méan a + b + ¢ = 3. Ching minh rang

3a3—b3+3b3—c3+3c3—a3
a2 +ab b2 + be c2+ca

Phan tich. Mdi s6 hang phu thudc hai bién chtt khong phai mot, nén danh gia phu phai ¢6 dang
ma + nb véi hai hé s6 bat dinh. Téng cong lai cho (m + n)(a + b + ¢), muén bang 3tacan m +n = 1.
Con lai mot bac tu do, dugc an dinh boi diéu kién tiép xtc tai a = b.

L&i giai

e Thiét 1ap dang danh gia phu. Ta tim hai hé s6 m, n v6i m + n = 1 sao cho

3a% — b3

——— < ma+nb a,b>0.
a2 +ab ! !

© s . . a .
Ca hai vé déu thuan nhat bAc mot, nén dat ¢ = 5 > (0 ta dua vé

e Xac dinh hé s6. Dau ding thtic ctia bai todn xdy rataia =b = ¢, tact = 1. Tac6 F(1) = 1 = m +n,
pht hgp véi rang budc da néu. Diéu kién tiép xac cho m = F/(1). Tix

F(t) = Ot2(t2 +t) — (3t3 = 1)(2t + 1)

(£2 +1)2
18 —
ta duoc F'(1) = % =3.Vaym =3 van =-2.
, . - v X 2 . 3ﬂ3 - b3 2 c A g D X
e Chtrng minh danh gia phu. Can ching minh T ah < 3a — 2b. Nhan hai vé v6i a® + ab > 0 roi

chuyén vé:
(3a — 2b)(a? + ab) — (3a® = b®) = a®b — 2ab® + b* = b(a — b)* > 0.

e Cong ba danh gia. Ap dung cho cac cdp (a,b), (b, ¢), (c, a) 16i cong theo vé:

ZM < 3a+b+c)-2@a+b+c)=a+b+c=3
a?+ab B e

Piém roi. Dau dang thtic xay ra khivachikhia =b =c¢ = 1.

é )
Vidu 7.9%. Cho x, y, z 1a cac sb thuc duong thoa man x + y + z = 6. Ching minh rang
5 y? z 3
+ + > .
2+ Wy+z2)? yYP+(z+x)? 22+(x+y)? "5
G V.

Phan tich. Rang budc cho y +z = 6 — x, nén mdi s6 hang chi con mot bién. Piémroilax =y =z = 2.
Diém dang chti y: danh gia phu thu duoc sé khong ding trén toan khoang (0; 6), chi dting khi bién
khong qué 16n. D6 1a tinh hudng dién hinh budc phai chia truong hop.
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L&i giai

e Dua vé mot bién. Tirx +y +z = 6 ta c6

x2+(y +2)% = x%+ (6 — x)* = 2x* — 12x + 36,

x2

X 460 < x < 6; bai todn 2
%2 —12x+36 O ! quy v

va tuong tu cho hai s6 hang con lai. Bat f(x) =

Fl)+ fp) + ) 2 =

. 4 1
e Xac dinh hé so. Tacé f(2) = W0-F va3f(2) = g bao ham
, 12x(6 — x) , 96 6
= = — = —.
@) ) == o

- (2x2 —12x + 36)2’
Danh gia phu du doan la

5 1 6(x—2) 6x—7
> + = .

2x2-12x+36 ~— 5 25 25

e Mién diing ctia danh gia phu. Nhan hai vé véi 25(2x% — 12x + 36) > 0 ta dugc
25x% — (6x — 7)(2x% — 12x + 36) = 3(x — 2)*(21 — 4x).
Vay danh gia phu ding khi va chi khi x < 24—1 Ta chia hai truong hgp.
e Trwéng hgp moi bién déu khéng 16n. Gia st max{x, y,z} < 2741 Ap dung danh gia phu cho ca
ba bién roi cong theo vé:

6(x+y+z)—-21 36-21 3
F)+f)+ fla) > I SRR o

R P L . 21 ., 21 s
e Trudng hop c6 mét bien qua Ion. Gia sit max{x,y,z} > T chdng han x > e Chia ca tr va

mau ctia f(x) cho x? ta duoc

1 1
f(x)=2_2+§= —
x o xZ 1+(§_1)

Trén khoang (0; 6) dai luon 5_ 1 duong va giam, do d6 f dong bién. Suy ra
g g~ gvag g y

f(x)>f(%)=?l_l)2:%>g
7

Hai s6 hang con lai duong nén téng van 16n hon %
Diém roi. Dau déng thirc xay ra khiva chikhix =y =z = 2.

~ n 5 21 , .
Nhan xét. Moc chia truong hop khong duoc chon tuy y: gid tri 7 chinh la nghiém cta nhan t
21 — 4x, tac la ranh gidi mién ding cta danh gia phu. N6i chung, khi phan tich dugc f(x) —ax - =

(x — x0)*p(x)
q(x)

thi cdc nghiém ctia p ndm trong mién bién thién sé chi ra ngay cdc moc can xét.
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Can luu y thém mot tinh huéng ma danh gia phu bac nhat khong con du. Xét bai toan “choa, b, ¢ > 0
vaa+b+c =3, ching minh 2(a® + b3 + ¢3) + 9 > 5(a® + b? + c2)”. Dt f(x) = 2x3 — 5x? thi bai todn
1a f(a) + f(b) + f(c) = -9, v6i ddu dang thuc xdy rataicda =b=c=114na =0, b=c = g
o Tiép tuyén tai diém roi khéng dl. Duong thing tiép xtc tai xo = 1 cho ddnh gid phu f(x) > 1-4x,
tuong duong (x — 1)?(2x — 1) > 0, chi dtng khi x > % nén khong dung dugc tai x = 0.

e Khéng dudng thang nao thay thé duwoc. Hon nita, riéng & bai toan nay, muén cong ba danh gia
phu ma van gitt nguyén dugc ca hai bd dau ddng thic thi hiéu f(x) — ax — B phai triét tiéu tai du ba

3
giétrjx:O,le,ng,tt’rclé

fx)—ax -8 =2x(x—1)(x—g)
A 2 A A 2 3 2 > 5 . 5 A \ 2 S A >
Ve phai am trén khoadng 1 < x < o chang han bang ~33 tai x = 7/ nén duong thang ay khong nam
dudi do thi. Vay d bai todn d6 U.C.T thuan tuy khong du, phai két hgp thém cong cu khac.

C. Bai tap c6 1i giai

Bai 7.1. Cho a, b, ¢ 1a cc sb thuc duong thoad man a? + b? + ¢? = 3. Chiing minh réng

1 1 1
—+—-+—-+2(a+b+c) 2 0.
P (a c) >

Phan tich. Rang budc khong phai 1a tong cac bién ma la tdng cac binh phuong, nén ta ding dang
tong quat caa U.C.T v6i h(x) = x? — 1; khi d6 h(a) + h(b) + h(c) = 0. Du doan diémroia = b =c = 1:
tai d6 vé trai bang 3 + 2 - 3 = 9, dung bang vé phai. Rang budc con cho mbi bién mot chidn trén, d6 la
chi tiét quyét dinh tinh dtng dan ctia danh gia phu.

L&i giai

e Chan mién bién thién. Vib,c > 0néna? = 3-b?—c? < 3,suyra 0 < a < V3. Hoan toan tuong
tu,0<b <V3va0<c< V3.
e Xac dinh hé sé bat dinh. Dit

f(x):%+2x—3, h(x)=x?-1,
thi f(1) = h(1) = 0. Tir diéu kién tiép xuac f'(1) = m h'(1) v6i f'(x) = —% + 2 va h'(x) = 2x, ta dugc
1=2m,thcm = % banh gid phu can ching minh 1a

x2—1

5 0<x<\/§.

1
—+2x -3 >
X

e Chirng minh danh gia phu. Nhan hai vé v6i 2x > 0 rdi chuyén vé, ta c6 déng nhat thic
x2 -1
2

1
2x ;+2x—3— = 3 dx’ — B+ 2 = (x— 122 x).
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Do 0 < x < V3 < 2nén (x — 1)?(2 — x) > 0, vay dénh gid phu dtng trén toan mién dang xét.
e Cong ba danh gia cung chiéu. Thay x 1an luot béi a, b, ¢ 1di cong theo vé:
a?+b%+c?-3

1+1+1+2(11+b+c) 9 > =0
a b ¢ - 2 -

Diém roi. Dadu déng thitc xay rakhivachikhia =b =c = 1.

Bai 7.2. Cho a, b, ¢, d 1a céc sb thuc duong thod man a + b + ¢ + d = 1. Chting minh rdng

1
8(a® +b3+c3+d%) > a2+b2+c2+d2+z.

Phan tich. Chuyén toan bd céc s6 hang chita bién vé vé trdi, bat ddng thic trg thanh tong bon ham
cung dang theo tirng bién riéng, rang budc lai 1a tong bén bién: ding khuon ctia nguyén ly tach bién.

q 1 A 2 1 3 « 1 2 2
Diémroidudodnlaa=b=c=d = 7 tai d6 mdi s6 hang bang T va tong bang 7 ding bang hang
s0 & vé phai.

L&i giai

o Dua vé téng cac ham mét bién. Bat ding thirc cAn chiing minh tuong duong véi

(8a° — a?) + (8b® — b?) + (8¢® — c?) + (84° — d?) >

-

it f(x) = 8x3 — x? véi x > 0.

R ol 1 1 1 1 A
Xic dinh hé s& bat dinh. ,(_):__ _ Lo (_):_’, S & bhai. Vi
e Xac dinh hé so bat dinh. Ta ¢6 f 1 s 16-16 2 af 1 1 ding bang vé phai. Vi
f'(x) = 24x2 — 2x nén

1 1 1 4 n
Véyazlvéﬁ:f(z)—a'z=1—6—E=—%.Dénhgiéphucanchfmgminhlé

3
8x3—x22x—1—6, x> 0.

e Chirng minh danh gia phu. Nhan hai vé v6i 16 > 0 rdi chuyén vé:

16 (8x3 — % —xt 13_6) = 128x3 — 16x2 — 16x + 3 = (4x — 1)(8x + 3),

dai lugng nay khong am véi moi x > 0.

e Céng bdn danh gia cung chiéu. Thay x 1an lugt bdi 4, b, ¢, d 16i cdng theo vé:

Z(8a3—a2) > (a+b+c+d)—4-i:1—%:

1
16 4

o 1 R AR 1
Diem roi. Dau dang thirc xdy ra khi vachikhia =b=c=d = T
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Bai 7.3. Cho a, b, ¢ 1a céc sb thuc duong thod man a2 + b? + ¢? = 3. Chiing minh réng

a b c 3

+ + > -,
b2+c?2  c2+a2 a2+0b2 — 2

Phan tich. Rang budc cho b? + ¢? = 3 — a2, nhd d6 mdi s6 hang chi con mot bién. Vi dai lugng duoc
bao toan la tong cac binh phuong chir khong phai tong cac bién, déanh gid phu nén lay vé phai 1a boi
ctia x? thay vi bdi ctia x: khi cong ba bat dang thirc, tdng a? + b? + ¢? sé dugc thay bang 3. Diém roi
dudodnlaa=b=c=1.

Loi gidi
e Duwa vé mét bién. Tir a? + b? + ¢ = 3 ta c6 b% + c? = 3 — a2, va tuong tu cho hai miu sb con lai.
Ngoairaa? =3-b%-c? <3nén0 < a < V3, tuong tu véi b va c. Bat ding thitc cAn chiing minh trd

thanh
a b c

3—a?+3—b2+3—c2 -

N W

e Chon dang danh gia phu. Ta tim hing s6 m sao cho

> mx?, 0<x< V3.

Cong ba bat ddng thitc nhu thé sé cho vé trai khong nho hon m (a? + b2 + ¢?) = 3m; mubn két qua

bang g ta phai lay m = %

. N . 1
« Kiém tra didu kién tiép xuc. Vi g(x) = = xe ta.co g(1) = 5 va
3+ x2 4
§x)=——, gg)=-=1,
(3-x2)° 4

2
X 1 s 5 <
trong khi ham x 1 cling nhan gia tri 5 va ¢6 dao ham bang 1 tai x = 1. Vay hai do thi tiép xtac

nhau dung tai diém roi, dang nhu ky thuat doi hoi.

e Chirng minh danh gia phu. Nhan hai vé v6i 2(3 — x2) > 0 rdi chuyén vé:
2x —x2(3—x%) =x* = 3x? +2x = x(x = 1)*(x +2) > 0,

ding v6i moi 0 < x < V3.

e Cong ba danh gia cung chiéu. Thay x lan luot béi a, b, ¢ 1di cong theo vé:

a_ b L a2 +b2+c2 3
3—-a2 3-02 3-c¢2 2 2’

Diém roi. Dau déng thitc xay ra khivachikhia =b = c = 1.

Bai 7.4. Cho n la s6 nguyén duong va ay, as, ..., a, 1a cac s6 thuc khong 4m thoa man
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ai +as +--- + a, = n. Chiing minh rang
ay as an
— SHocout <
a?+3  al+3 az+3
- Y
Phan tich. S6 bién 1a mot s6 nguyén duong n tuy y, nhung diéu d6 khong gay kho khan: U.C.T chi
can mot danh gid phu duy nhét rdi cong n bat ddng thitc, nén cach lam khong phu thudc n. Biém

o~

e s Al . s n < -
roidudoanlaa; =ap =--- =a, =1, tai d6 mdi s6 hang bang 1 va tong bang i ding bang ve phai.
Bat ddng thic mang dau < nén duodng thang can tim phéi ndm trén d6 thi.

L&i giai

« Xéc dinh hé s6 bét dinh. Dt f(x) = —— voi x > 0. Ta c6 f(1) = i -

x2 +

yon (X243)-x-2x  3-x2 L2 1
fi(x) = = f(l)—1—6—§~

(x2 +3)° (x2+3)*

DPanh gid phu can ching minh la

X x—1 x+1
+ =

1
< = , > 0.
2+3 - 41" 8 3 X

e Chirng minh danh gia phu. Do x? + 3 > 0 va 8 > 0, sau khi nhan chéo bat déng thuc trén tuong
duong véi

(x+1)(x2+3)—8x >0 ¥+x2-5x+3 >0 (x-1>*x+3) > 0,
hién nhién diang véi moi x > 0.
e Cong 1 danh gia cung chiéu. Thay x 1an lugt béi a1, as, . . ., a, 16i cong theo vé:

n
Z a; <(ﬂ1+a2+"'+ﬂn)+n n+n n

D) = = = —.
= ai+3 8 8 4

Piém roi. Dau dang thtic xay ra khivachikhiay =ay =--- =a, = 1.

e \
Bai 7.5. (Titu Andreescu, Gabriel Dospinescu, Old and New Inequalities) Cho a, b, ¢ 1a céc s6
thuc duong thod méan 4 + b + ¢ = 1. Ching minh rang

1 . 1 N 1 <27
1+a2 1+b2 14c¢2 ~ 10°

o /

Phan tich. Vé tréila f(a) + f(b) + f(c) v6i f(x) = Tlﬂ

rang budc la tong ba bién véi s = 1. Diém
. i 13 o ol 9 1 27 . 5 £ 12 RAL A2 .
roidudodnlaa =b=c= 3/ tai do f(g) =102 3f(§) = 10’ ding bang vé phai. Bat dang thuc

p . N 5 p 1
mang dau < nén ta tim dudng thang nam trén do thi va tiép xtc tai xo = 3

L&i giai
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e Chan mién bién thién. Vib,c >0vaa+b+c=1nén0<a < l;tuongtu0<b<1val<c< 1.

L 1 1 1
« Xéc dinh hé s6 bt dinh. Voi f(x) = T ta c6 f(g) -3 - 1% va
9
2
L -2 (. T3 2 081 2
f(X)_(1+x2)2' f(3)‘(10)2_ 3 100 50
9
banh gia phu can chting minh 1a
1 9 27/ 1\ 27(2-x)
LI P L N P T E!
1+x2 = 10 50 (x 3) 50 *

e Chirng minh danh gia phu. Do 1 + x? > 0, sau khi nhan chéo bat ddng thiic tuong duong véi
272 -x)(1+x%) =50 > 0 © —27x* +54x* —27x+4 > 0 © (3x—1)’(4—3x) > 0.

Vi0 <x <1nén4-3x >1>0,dodobat ding thirc cudi dung.

e Cong ba danh gia cung chiéu. Thay x lan luot béi a, b, ¢ 16i cong theo vé:

1 1 1 _27(6-(a+b+o) 275 27

+ + = o
1+a2 1402 1+c¢%2 ~ 50 50 10

NS s A ag 1
Diem roi. Dau dang thitc xay ra khivachikhia =b =c = 3"

Bai 7.6. (Darij Grinberg, Old and New Inequalities) Cho a, b, ¢ 1a cac s6 thuc duong. Ching
minh ring
a__ b L€ S 9
(b+c)? (c+a)? (a+b)? ~ 4a+b+c)

Phan tich. Bat ddng thitc khong c6 rang budc, nhung hai vé déu thuan nhat bac —1: thay (a, b, ¢) boi
. 1 g
(ta,tb,tc) voit > 0 thi ca hai vé cing dugc nhan véi 7 Do d6 ta dugc phép chuanhoda +b+c =3
: q a_ g s 3 B s
de tao ra rang budc tong; khi ay vé phai bang 1 va mdi mau sd trd thanh (3 — a)?, tc chi con mot
bién. Diém roi du dodnlaa =b=c = 1.
Loi giai

; 1
_3 > 0 va thay (a,b,c)bdi (ta, tb, tc). Vi hai vé cing dugc nhan véi —
a+b+c t

nén bat ddng thitc khong thay ddi noi dung. Vay khong mat tinh tong quat, gid stta + b + ¢ = 3. Khi
d6b+c=3-a,dong thoi0 < a,b,c < 3, va bai toan quy vé

e Chuan hoa. bit ¢ =

w

a b N @ .3
B-af B-bF @B-cp - 1

o X4c dinh hé sé bét dinh. Dt f(x) = ﬁ V60 < x < 3.Taco f(1) = i va3f(1) = %, dting
bang vé phai. Hon nira
yon (B3-x2+2x(3-x)  3+x iy 41
fix) = (3—x)4 (3-x)3 f(l)_8_2‘
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Panh gid phu can ching minh la

N + p
B-x2 =4 2 1

X >1 x—1:2x—1 0<x<3.
e Chirng minh danh gia phu. Nhan hai vé v6i 4(3 — x)? > 0 rdi chuyén vé:

dx — (2x — 1)(3 — x)? = —2x3 + 13x% — 20x + 9 = (x — 1)%(9 — 2x).
Vi0 < x <3nén9-2x > 3> 0,do do6 vé phai khong am va dénh gia phu dung.
e Cong ba danh gia cung chiéu. Thay x lan luot béi a, b, ¢ 16i cong theo vé:

a b c >2(a+b+c)—3_6—3_3

G-af B-bZF @B-cp - 1 1 a4

Diém roi. Dau déng thitc xay ra khiva chikhia =b = c.

Bai 7.7. (Pham Van Thuan) Cho a, b, ¢ 1a céc s6 thuc duong. Chting minh ring

(b+c—-3a)> (c+a-3b)? (a+b-3c)? o1

202+ (b +c)? 202+ (c+a)? 22+ (a+Db)2 — 2

Phan tich. Hai vé déu thuan nhét bac 0 nén chuan hod dugc a +b + ¢ = 3. Khi 4y tir s6 thanh (3 —4a)?
va mau s6 thanh 242 + (3 — a)?, mdi s6 hang chi con mot bién. Piém roi du dodanlaa =b =c =1,

. o 1 5 . 1 N p
tai d6 moi s6 hang bang 5 va tong bang 3/ ding bang vé phai. Day la mot dai dién khac ctia ho bai
todn c6 mau s6 242 + (b + ¢)? da gdp & Vi du 7.7, chi khéc tir sd.
Loi giai
e Chuan hoa. Vi hai vé thudn nhét bac 0, phép thay (a,b, ¢) béi (ta, tb, tc) véit > 0 khong lam thay

déi hai vé. Chon t = %, ta duoc phép gidstta+b+c=3;khid60<a,b,c <3,

+b+
b+c-3a=B-a)—-3a=3-14a, 202 +(b+c)?>=2a°>+(3-a)? =3a2-6a+9,

va tuong tu cho hai s6 hang con lai. Bai todn quy vé

—_

(3 —4a)? . (3 —4b)? . (3 — 4c)?
3:2-6a+9 3b2-6b+9 3c2-6c+9 ~ 2

_ 2
e Xac dinh hé so6 bat dinh. Dit f(x) = %

1 1 s ,
dinh trén toan khoang (0;3). Ta c6 f(1) = 5 va3f(l) = 5 ding bang ve phai. Dao ham

Vi3x? —6x+9 =3[(x —1)>+2] > Onén f xac

—8(3 — 4x)(3x? — 6x +9) — (3 — 4x)?(6x — 6)

fi(x) = ;
(3x2 — 6x +9)°
-8-(-1)-6-1-0 4 4 N
taix = 1cho f'(1) = (1) -8 —. banh gid phu can chiing minh 1a
36 36 3
(3 — 4x)? 1 4 8x — 7
— > -+ - —1 = o 0< <3.
2 —6x+9 - 6 3% V=g g
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e Chirng minh danh gia phu. Do 3x? — 6x + 9 > 0, sau khi nhan chéo bat ddng thitc tuong duong
véi
6(3 — 4x)* — (8x — 7)(3x% — 6x +9) = (96x — 144x + 54) — (24x° — 69x> + 114x — 63)
= —24x3 + 165x2 — 258x + 117
=3(x —1)*(39 - 8x) > 0.

Vi0 < x < 3nén 39 —8x > 15 > 0, do d6 bat dang thuc trén dang.
e Cong ba danh gia cung chiéu. Thay x 1an luot béi a, b, ¢ 1di cong theo vé:

(3 —4a)? . 8a+b+c)—-21 _24-21 _1
302 -6a+9 6 62

Diém roi. Dau déng thirc xay ra khivachikhia =b = c.

Bai 7.8. Cho a, b, ¢ 1a cac s6 thuc duong thod méan a + b + ¢ = 5. Chiing minh rang

613 b3 03

+ + >
a2 +3ab +b%2 b2+3bc+c?2 2+ 3ca+a?

Phan tich. Mdi s6 hang phu thudc hai bién chi khong phai mot, nén danh gia phu phai ¢6 dang
ma + nb v6i hai hé s6 bat dinh, hoan toan nhu ¢ Vi du 7.8. Cong ba bat dang thtc theo vong cho

<z . X 1 P
(m+mn)a+b+c)=>5m+n);, muon ve phdibang 1 tacanm +n = = Bac tu do con lai dugc an dinh
A < : )
bai dieu kién tiép xtc taia = b, tng véi diemroia =b =c = 3

L&i giai

Ry 1 , a A 1
¢ Thiet 1ap dang danh gia phu. Tatim hai hé sd m,n véim + n = v sao cho

3

a
_ > +nb, ,b>0.
a2 + 3ab + b2 T 4

C s . . a . . R
Ca hai vé déu thuan nhat bAc mot, nén dat ¢ = 5 > (0 roi chia hai vé cho b, ta dua vé

t3

=— > mt+n.
t24+3t+1

F(t)

e Xac dinh hé s6 bat dinh. Diu déng thirc ctia bai todn xdy rataia = b = ¢, tic t = 1. Ta c6
1 N <
F(1) = 5= m + n, phtt hgp véi rang budc da néu. Biéu kién tiép xtic cho m = F’(1). Tix
3t2(42+3t+1) — 132t +3) 4 + 613 + 3¢2

F(t) = -
(2 +3t +1)° (2 +3t +1)°

10 2 2
—==.Vaym=—-van =

ta dugc F'(1) = 5 = F
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as S 2a—-b
a? +3ab + b2 — 5
3ab + b? > 0, nhan hai vé v6i 5(a” + 3ab + b?) 16i chuyén vé:

e Chirng minh danh gia phu. Can chting minh véimoia, b > 0. Via? +

5a® — (2a — b)(a® + 3ab + b?) = 3a® — 5a®b + ab® + b> = (a — b)*(3a + b) > 0.

e Cong ba danh gia cung chiéu. Ap dung dénh gid phu lan lugt cho cac cdp (a, b), (b, ¢), (c, a) r6i
cong theo vé:

=—-=1.
a? +3ab +0b2 — 5 5 5

Z a3 S 20+b+c)—(a+b+c) a+b+c 5

2 I 5 5
Diém roi. Dau dang thitc xay ra khivachikhia =b =c = 3

Bai 7.9. Cho a, b, ¢ 1a cac s6 thuc duong thod man abc = 8. Ching minh rang

a® + b3 N b3 + ¢ N c3 +ad
a2+ab+b2 b2+bc+c? c2+ca+a?

Phan tich. Rang budc 1a tich chtr khong phai tong, nén khong tach truc tiép theo tong nhu céc bai

trudc duge. Y tudng chét gdm hai nhip: trude hét ding mot dénh gid phu hai bién dé ha méi s6 hang

xubng bac nhat, dua vé trai vé bdi ctia a + b + ¢; sau d6 dung bat ddng thite AM-GM dé chuyén rang

budc tich thanh mot chdn du6i cho tong. Diém roi du dodn la a = b = ¢ = 2, pht hgp véi abe = 8,
. % . 4 q S

tai d6 moi s6 hang bang 3 va tong bang 4.

L&i giai

e Thiét 1ap danh gia phu hai bién. Ta chting minh rdng véi moi x, y > 0,

x3+ 3 . Xty
x2+xy+y?2 3

That vay, do x3 + y3 = (x + y)(x® = xy + y?) va x + y > 0, sau khi nhan hai vé v6i 3(x? + xy + y%) > 0
bat dang thiuc trén tuong duong véi

3x+y)(x®—xy+y?) = (x+y) (P +xy+y?) © 3(xF-xy+y?) = X +xy+yt
Hiéu hai vé bang 2x? — 4xy + 2y% = 2(x — y)? > 0, nén danh gid phu ding.
e Ha bac vé trai. Ap dung danh gia phu 1an lugt cho cac cdp (a, b), (b, ¢), (c, a) r6i cong theo vé:

Z ad +b3 >(a+b)+(b+c)+(c+a)_2(a+b+c)
a2 +ab+b2 ~ 3 B 3 '

e Khai thac rang budc tich. Theo bat dang thitc AM-GM cho ba s6 duong va gia thiét abc = 8,
a+b+c > 3Vabc =3V =6.

Két hop hai danh gia trén ta duoc

Z a3 + b3 S 2-6_4
a2+ab+b2 - 3 7

Diém roi. Dau déng thirc & danh gia phu doi héia = b = ¢, con diu déng thic trong bat déng thic
AM-GM ciing doi hdia = b = ¢c; két hgp véiabc = 8tadugca =b =c = 2.
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( )
Bai 7.10". (Vasile Cirtoaje, Romania TST 2006) Cho 4, b, ¢ 1a céc s6 thuc duong thod man
a+ b+ ¢ = 3. Chting minh rang

. J
Phan tich. Chuyén vé phai sang trai, bat ddng thitc tro thanh f(a)+ f(b)+ f(c) = 0v6i f(x) = % -x2,

rang budc 1a tong ba bién. Diém roi du dodnlaa = b = ¢ = 1, tai d6 f(1) = 0. Tuy nhién danh gia
phu thu dugc sé khong dtng trén toan khoang (0; 3) ma chi ding khi bién khong qué 16n, dting nhu
tinh hudéng da gap ¢ Vi du 7.9%; vi thé phai chia truong hop, lay moc 1la mot chan dudi cho bién nho
nhat.

L&i giai

ra - ~ K A - ]-
e Xac dinh hé so bat dinh. Dat f(x) = ol x2v6i0<x <3 Taco f(1) =0va

f@=-2-2  fO)=-1
Panh gia phu du dodnla f(x) > f(1) + f'(1)(x — 1) = —4(x — 1), tic la

1
—2+4x > x2+4.
X

e Mién duing cta danh gia phu. Nhan hai vé véi x2 > 0 rdi chuyén vé, ta c6 déng nhét thiic

1
xQ(F+4x—x2—4) = —xt+4x3 —4x? + 1= (x - 1)*(1 + 2x — x?),

Vi1+2x-x% =2—(x—1)? nén dénh gid phu dtng khi va chikhi (x —1)? < 2,nghiala 0 < x < 1+V2.
Ta chia hai truong hgp theo gid tri nho nhat cta bo bién.

3 z A 74 - 2 2 g 1 P S ) A 2 - PN N i R
e Trrdong hop c6 mét bien qua nho. Gia st min{a, b, c} < 3 Hai vé ctia bat dang thitc deu 1a bieu
; y 3 . z 1
thitc doi xting theo a, b, c nén khong mat tinh tong quat, gia sit bien nho nhatla a, taca < 3 Khi dé

1 1
0<a?< g/suyTa — > 9. Mat khac, do a,b, ¢ > 0 nén

(@+b+c)—(a®+b%+c?) =2@ab+bc+ca)>0 = a?+b’>+c?<(a+b+c)?=09.

Suy ra
1 1 1 9 19 9
u—2+ﬁ+c—2>9>a +b°+c?,
bat ddng thitc dung va tham chi 1a bat ddng thiic nghiém ngit.

Y A 4 1
e Trwdong hop moi bien deu du I6n. Gia stra, b, c > 3 Khi dé

g=8=lh=8 & 3=

w3

L =
W~

4\2 1 4 < . N
va tuong tu b, c < g.Vi (g) = 36 < 2nén 3 < V2, kéo theog <1+ Vay ca ba biéen deu nam

trong mién dung ctia dénh gia phu.

Trang 138 » Mai Thanh Luan



Chuong 7 Mai Thanh Luan | 0854070701

e Cdng ba danh gia cung chiéu. Van trong trudng hop tht hai, 4p dung dénh gis phu cho x = 4,
x = b, x = ¢ roi cOng theo vé:

1 1
Sttt 2 4P+ +12-4a+b+c)=a®+b%2+c2+12-12=a? + b2 + 2.

Hai truong hop trén da vét hét moi kha nang, vay bat dang thic dugc chiing minh.
Diém roi. O truong hop thir nhat bat ddng thirc 1a nghiém ngit nén khong thé c6 dau déng thic.

. A e 7
O trudong hop thit hai méi bién déu thod man x < g < 1+V2,dodé 1+ 2x — x> > 0va hiéu

(x = 1)2(1 + 2x — x?) chi triét tiéu khi x = 1; mudn c6 déng thic thi cd ba danh giad phu phai dong
thdi trd thanh déng thic, tica = b = ¢ = 1. B0 86 nay thod man a + b + ¢ = 3. Vay dau déng thuc
xdy rakhivachikhia=b=c=1.
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BEmm CHUONG 8

Bat dang thi’c Schur va
phuong phap p, q, r

Dua bat ding thirc d6i ximg ba bién ve b bap = a+b +c, q = ab+bc + ca, r = abc, r0i khép chit mién
bién thién ciia r biang bat ding thitc Schur.

Ldp bat déng thire ddi xting ba bién xuat hién thuong xuyén trong céc ky thi hoc sinh gioi. Véi 16p
bai nay, hai cong cu cht dao la bat déng thic Schur va phép déi bién vé bo ba p, g, r. Bat ddng thic
Schur cung cap mot chin dudi cho abe theo a + b + ¢ va ab + be + ca; chidn dy ¢6 thé nhan gid tri am,
nén khi st dung phai két hop thém véi chin hién nhién abe > 0. Con phép déi bién p, g, r thi bién
mot biéu thire ba bién thanh mot biéu thic ba 4n rang budc 1an nhau. Khi biéu thitc thu duge 1a bac
nhét theo r, bai todn quy vé viéc kiém tra tai hai ddu mtt ctia mién bién thién ctia r; d6 chinh la noi
dung cot 16i ctia chuong nay.

A. Kién thirc trong tam

Bat dang thi'c Schur
\

V6i moi s6 thue khong am 4, b, ¢ va moi s6 thuc k > 0, ta ludn c6
a*(a-b)a-c)+b*®-c)b-a)+c(c-a)c-b) > 0.

Déau déng thitc xay ra khi va chi khi a = b = ¢, hodc hai trong ba s bang nhau va s6 con lai
bang 0.
. J

e Chi*ng minh. Ta sdp thi tu ba bién r6i nhém vé trdi thanh hai s6 hang khong am.

e Sap thi tw va nhém vé tréi. Biéu thic & vé trdi d6i xing ddi véi a, b, ¢, nén khong mat tinh tdng
quattagiastta > b > c > 0.Chuy (c —a)(c—b) = (a—c)(b - c), vé trai dugc viét lai thanh

(a-b)[ak@—-c)-b*®-c)] +cF@a-c)b-o).
e Danh gia dau tirng s6 hang. Tirta > b > ¢ > Osuyraa* > b* > 0vaa—-c2>b—-c > 0,do d6
ak(a—c) > b*(b —c). Kéthop véia —b > 0va ck(a — c)(b — ¢) > 0, ca hai s6 hang déu khong am. Bat

déng thic duge ching minh.
Hai truong hop duge dung nhiéu nhatla k = 1vak = 2.

a® + b3+ c®+3abc > ab(a+b)+bcb+c)+ca(c+a),

at + bt +ct +abca+b+c) > ab(a®+b%) +be(b? + c?) + ca(c? + a®).

Trong sudt chuong, ta ludn quy udce

p=a+b+ec, g =ab+bc+ca, r =abc.
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( )
BO dé 8.1. (Bit ding thitc Schur qua bo ba p, q, r) V&i moi a, b, c > 0, bdn bat déng thitc sau

tuong duong v6i nhau:

(i) a®+b>+c®+3abc > ab(a+b)+be(b +c) + calc + a);
(i) p*+9r > 4pg;

2 19 9 9abc .
(ili) a“*+b°+c +—a+b+c > 2(ab+bc+ca) (p>0)
(iv) abc > (a+b-c)b+c—a)c+a-D).

Tir dang (ii), v6i p > 0 ta ¢6 chdn dudi tha nhét cta r; bat dang thac Schur bac hai, viét theo
p,q,r1apt+4q* + 6pr > 5p%g, cho chdn dudi thit hai:

4g — p? 4g — p2)(p? —
rz maX{U, W} va r 2 max{o, (g P6);P q)},

\ _/

e Giai thich. Ca bon dang déu dugc quy veé dang (ii).

o Tir (i) sang (ii). Tir cdc ddng nhét thic a3 +b3+¢3 = p3—3pg+3r vaab(a+b)+bc(b+c)+ca(c+a) =
pq — 3r, dang (i) trd thanh p? — 3pg + 3r + 3r > pg — 3r, tac 1a (ii).

e TUr (ii) sang (iii). Chia hai vé ctia (ii) cho p > 0 rdi diing a? + b% + ¢? = p? — 2q thu duogc (iii).

o T (iv) ve (ii). Cudi cting, khai trién truc tiép cho

(a+b-c)b+c—a)c+a—-b)=—p>+4pg-8r,

nén (iv) tuong duong véi r > —p? + 4pg — 8r, tic la (ii).

Dang (iv) tién dung khi bai toan xudt hién cac biéu thic a + b — ¢: n6 khing dinh ring tich ctia ba
dailuonga+b—c,b+c—a,c+a—bkhong vuot qué abc, ké ca khi mot trong ba dai lugng d6 am.
e Luu y vé cach dung. Dai lugng 4 — p? ¢6 thé nhan ca gid tri am 14n gid tri khong am; khi 4q < p?
thi chdn r > p(4q — p?)/9 con yéu hon ca chdn hién nhién r > 0. Khi 13i giai cAn mot chdn dudi thuc
su chat, ta phai két hgp thém r > 0, ttre duing dang c6 dau max, va thuong phai chia trudng hop theo
dau ctia 4q — p2.

Bat dang thi’c Vornicu-Schur ~

Choa>b>c>0vax,y,z > 0.Khidé6bat didng thic

x(a-b)a-c)+ylb-c)b—a)+z(c—a)c—-b) >0

dung néu xay ra mot trong céc diéu kién sau:
1. x> yhodcz > y;
2. ax > by;
3. bz > cy, vdi gia thiét a, b, ¢ la d6 dai ba canh ctia mot tam gidc;
4. Vx++z = 4y
o /

e Chirng minh diéu kién 1. Viét vé trai duéi dang

z(a-c)(b-c)+(a- b)[x(a === c)].

Trang 141 » Mai Thanh Luan



Chuong 8 Mai Thanh Luan | 0854070701

Néux > ythix(a—c) > y(b—c)via—c > b—c > 0,nén ca hai s6 hang déu khong am. Néu z > y, ta
ddi vai trd bang cach viét vé trai thanh x(a — b)(a — ¢) + (b — ¢)[z(a — ¢) — y(a — b)] va lap luan tuong
tu.

e Chirng minh diéu kién 2. Néu b = 0 thitira > b > ¢ > Osuy ra ¢ = 0, khi d6 vé trai bing xa? > 0.

Xét truong hop b > 0:vib(a —c)—a(b—c)=c(a—b)>0néna—c > %(b —c).Suy ra

(a="b)b—-c)ax —by) S
5 >

z(a—c)(b-c)+(a- b)[x(a -c)-yb- c)] > z(a-c)b—-c)+ 0.

e Chirng minh diéu kién 3. Vi g, b, ¢ 1a d6 dai ba canh ctia mot tam gidcnéna > b > ¢ > Ova

b+c—u>O,dodéc(a—c)—b(u—b):(b—c)(b+c—a)20,tﬁca—cz%(u—b).Suyra

N (a=b)®—-c)bz—-cy) S

x(a—b)a-c)+(b- c)[z(a —c)-yla - b)] > x(a—-"Db)a-rc) .

0.

e Chirng minh diéu kién 4. Ta xét riéng hai truong hop bién, r6i xtt Iy trudng hop con lai bing bat
déng thaue AM-GM.

e Hai trwong hop bién. Néu a = b thi vé trai bang z(c — a)(c —b) = z(a — ¢)? > 0;néu b = c thi vé
trai bing x(a — b)(a — ¢) = x(a — b)> > 0.

e Trwong hop a > b > c. Chia hai vé cho (¢ — b)(b — ¢) > 0, bat dang thic tuong duong véi

x-a_c+z-a_c2y.Via—c:(a—b)+(b—c)nénvétréib?mg
b-c a-b>b
a—>b b-c 2
X+ZHX gz o 2 X2 H2VX =(Vx++vz)" >y,

trong d6 ta da dung bat dang thae AM-GM.
Trong bon diéu kién trén, diéu kién 1 duge dung nhiéu nhat § céc bai toan ctia chuong nay: chi can
sdp tha tu a > b > ¢ rdi so sénh hai trong ba hé s6 x, y, z.

Bébayp,q,r
— G N

Véip=a+b+c,g=ab+bc+ca,r=abc, tacécic dong nhat thic

a? +b% +c? = p?-2g, a® +b* +¢® = p* = 3pq + 3r,
a’b? +b%c* +c*a’ = q* = 2pr,  (a+b)b+o)c+a)=pg-r,
at +b* + ¢t = p* — 4p?q + 2¢* + 4pr,
ab(a +b) +be(b+c)+ca(c+a)=pg-3r,
ab(a® + b%) + be(b? + c?) + ca(c? + a?) = p*q — 2¢% - pr,
(a+b)a+c)+{b+c)b+a)+(c+a)c+b)=p*+q,

va, véia, b, c > 0, cdc bat dang thuc rang budc
2 3 2
p°=3q, p° = 27r, q° =z 3pr, pq = 9r,

2% +9r > Tpq,  p?q+3pr>4q>,  p*+49% +6pr > 5p%q.
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e Ngudn gdc cac rang budc. Bén rang budc dau la cac dang clia bat ding thic AM-GM. Rang
budc 2p? + 9r > 7pq nhan dugc bang cach cong p* + 9r > 4pq (Schur bac mot) véi p? > 3pg (hé qua
ctia p? > 3¢). Rang budc p%g + 3pr > 4¢° 1a hé qua ctia ddng nhét thic

ab(a —b)? + be(b — ¢)® + ca(c — a)® = p?q + 3pr — 4q°.

Rang budc cudi chinh 1a Schur bac hai.

B6 dé 8.2. (Mién bién thién ciia r khi c6 dinh p va q) Cho trude p > 0 va q v6i p> > 3q > 0. Tap
céc gid tri r sao cho ton tai bo s6 khong am (a,b,c) véia +b+c=p,ab+bc+ca =gq,abc=r
1a mot doan [rq; 72]. Tai r = r2 bo s6 dat dugc c6 hai s6 bang nhau; tai r = r1 b s6 dat duge ¢6
hai s6 bang nhau, hodc c6 mét s6 bang 0.

e Chiyng minh. Ta quy bai toan vé viéc dém nghiém ctia mot phuong trinh bac ba, réi doc mién bién

thién can tim tir bang bién thién.

e Quy vé phuong trinh bac ba. Basé a, b, c nhan p, g, r 1am ba téng déi xtng co ban khi va chi khi

chiing la ba nghiém, ké ca boi, ctia phuong trinh ¢(t) = r, trong d6 g(t) = 3 — pt% + gt.

e Khao sat ham bac ba. Ta c6 g’(t) = 3t> — 2pt + q v6i biét thic 4p2 — 12 > 0,nén ¢’ c6 hai nghiém
2 X <

t1 < tgthodmant) +to = ?P > 0vatity = g > 0;dod6 0 < t; < to. Him g dong bién trén (—oo; t;],

nghich bién trén [f1; t2] va dong bién trén [f5; +00). Dt M = g(t1) vam = g(t2) thim < M, dong thoi

M>g(0)=0vi0< t.

o Dém nghiém theo bang bién thién. Tir bAng bién thién, phuong trinh g(t) = r c6 dting ba nghiém

thuc ké ca boi khi va chi khi m < r < M; khi d6 nhanh (—o0; ;] chita ding mdt nghiém u, con hai

nghiém kia ndm trong [1; +0).

e Gilf ca ba nghiém khéng am. Gia st thém r > 0. Vi g(u) = r > 0 = g(0), vi u va 0 cung thudc

nhénh déng bién (—oo;¢;], nén u > 0; hai nghiém con lai déu khong nho hon t; > 0. Nguoc lai, néu

ba nghiém déu khong am thi r = abc > 0. Vay tap gid tri can tim dung bang doan

[r1;72] = [ max{0;m}; M],

va doan nay khacréng viM > mva M > 0.

e Nhan dién b6 s6 tai hai dau mut. Cubi ciing, tair = ro = M = g(t1) tac6 g(t1)—r = 0vag’(t1) = 0,
nén t; 1a nghiém boi ctia g(t) — r: bd ba nghiém c6 hai s6 bang nhau. Tai r = r1, néur, = m = g(t2)
thi 1ap ludn tuong tu cho thay £, 1a nghiém boi, bo ba nghiém c¢6 hai s6 bang nhau; néur, =0 > m
thi ¢(0) = 0 = 7, tirc mot trong ba nghiém bang 0.

Néu F(a, b, c) dbi xting va 1a ham bac nhat theo r khi p, ¢ dugc gitr ¢ dinh, thi trén mdi ho b
sd ung vdi p, q cho trudc, F dat gia tri nho nhét va gia tri 16n nhat tai mot dau mut cta doan
[r1;72]. Do d6, néu F ¢6 gia tri nho nhat hodc gia tri 16n nhat trén toan mién dang xét thi gia
tri &y dat dugc tai mot bo s6 c6 hai s6 bang nhau, hodc c6 mot sé bang 0.

bay 1a ly do khién hai truong hop b = ¢ va ¢ = 0 thudng dugc kiém tra dau tién khi du doan
diém roi cia mot bat ddng thtc d6i xting ba bién. Trong cac bai todn ctia chuong nay, ta hiém khi
phai xac dinh tudng minh ry, ro: thong thuong chi can biét F don diéu theo r roi thay chin dudi
r > max{0, p(4q — p?)/9} hodc chin trén r < pq/9 vao.
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B. Ky thuat va vi du minh hoa

Vi du 8.1. Cho céc s6 thuc khong am a, b, ¢ thod méan a + b + ¢ = 3. Ching minh ring

52 +b%+c?) < 2@ +b3+c3)+0.

Phan tich. Hai vé déu la téng d6i xting ctia cc luy thira, nén chi can thay bang biéu dién theo p, g,
r 1a bat déng thuc trd thanh mot quan hé tuyén tinh gitta ¢ va r. Diém roi cdn du doén trudc: ngoai
b6 a = b = ¢ = 1, dang béac ba con hay nhan thém diém roi bién ¢ = 0,2 = b.

L&i gidi
eDuwavebdbap,q,r.Ditp=a+b+c=3,q=ab+bc+ca,r=abc. Theo cic ddng nhét thirc &

muc A,
a?+b*+c*=9-2q, a® + b3 +c3 =27 -9q + 3r.

e Rut gon vé quan hé giira g va r. Bat ddng thitc can chiing minh trd thanh

5(9-29) < 227-99+3r)+9 & 45-10g < 63— 187 +6r & 49-9 < 3r.

e Ap dung Schur bac mét. Theo bt déng thitc Schur bac mot, p3 + 97 > 4pq. Thay p = 3 ta dugc
27 + 9r > 12q, tic1a 3r > 4q — 9. B6 dung 1a bat déng thic vita thu duge & bude trén.

Diém roi. Diu déng thitc ctia Schur bac mot xay ra khi a = b = ¢ hodc khi hai s6 bing nhau va s6
tht ba bang 0. Véi rang budéca + b + ¢ = 3, tadugca = b = ¢ = 1 hodc (a,b,c) = (g, g; 0) cling cac
hoéan vi.

Nhan xét. Vi du nay cho thdy budc chuyén sang p, g, r doi khi bién bai toan thanh ding mot bat
déng thirc da biét. Quy tac thuc hanh: quy moi tong d6i xting vé p, g, r trudc, rdi méi chon cong cu.
Ciing bat déng thic nay sé dugc ching minh lai & Vi du 9.3 bang phan tich S.0.S.; gitt song song
hai 10i giai 1a c6 chu y, vi ching cho thdy phuong phép p, g, r va S.0.S. tuy khac nhau vé hinh thtrc
nhung cuing dua trén bat dang thitc Schur bac mot.

Vi du 8.2. Cho céc sb thuc duong a, b, ¢ thod man a + b + ¢ = 6. Chting minh rang

e 200 (@ 1)
abce a b ¢

Phan tich. Ca hai vé déu quy dong dugc vé mau chung abc = r; tir s6 khi d6 1a mot biéu thic bac
nhat theo r va bac nhét theo g. Pay 1a tinh hudng dién hinh dé dung chin dudi r ctia Schur.

L&i giai

5 A o 1 1 1
¢ Quy dong roi doi sang p, q,r.Détp=6,q=ab+bc+ca,r=abc>0.ViE+E+E=g,nhén

hai vé véi r > 0 ta thdy bat ddng thac tuong duong véi

3r+96 > 10q.
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e Chan dudi cla r theo Schur. Theo b4t ding thic Schur bac mét, 97 > p(4q — p?) = 6(4q — 36), do

a0 8q — 72
> -

rz ——s—,
e Danh gia phan cén lai theo 4. Tir 46
3r+96—10g > (8 —72)+96—10g = 24-2q = 2(12—q).

tacla  3r > 85-72.

2
Mit khéc g < % =12, nén 2(12 — q) > 0. Bat dang thic duge chiing minh.

Diém roi. Ca hai danh gi4 déu trg thanh dang thic khi g = 12, ticlaa = b = ¢ = 2. Khi d6 vé trai

2 96 . 2 3
bang 3 + i 15 va ve phai bang 10 - e 15.

Vi du 8.3. Cho céc s6 thuc duong 4, b, c thoa man a + b + ¢ = 3. Ching minh rang

12

———— +abc > 5.
ab + bc + ca ave =

Phan tich. Vé trai la ham bac nhat dong bién theo r, nén thay r bdi chdn dudi ctia Schur sé cho mot
< q 12
ham chi con phu thudc 4. Ham mét bién thu duoc ¢6 dang tong cta 7 va mot bdi cta ¢, goi ngay

dén bat dang thte AM-GM.

Loi giai
o Viét bat dang thirc theo g va r. Ditp = 3,9 = ab + bc + ca > 0, r = abc > 0. Bat déng thiic cAn
ching minh la
12
—+r > 5.
q

e Khir r bang chin Schur. Theo bat ding thttc Schur bAc mot véi p = 3, ta 6 27 + 9r > 124, suy ra

r >

. Vi vé tréi dong bién theo r,
12 12 49-9 12 4
N s Bk s N )
q q 3 q 3

e X ly ham mét bién theo g. Theo bat déng thitc AM-GM,

4 4
E+_q22 E._q:Q\/E:S,
q 3 Vq 3

Do do6 1[1—2 +r > 8 — 3 =5, chinh 1a diéu phai ching minh.

.2 s 12 4 <
Diém roi. Dang thitc § danh gia AM-GM xay ra khi 7 = ?q' tlc g% = 9, ttic q = 3; kéthop v6ip = 3

g / . 12
dugca =b = c = 1. Khi dé r = 1 va Schur cting dat dang thttc. Vé trdi bang 3t 1=>5.

Nhan xét. Thit tu cdc budc & day 1a nhip chung ctia ca chuong: khit r bang Schur trudc, sau d6 xur
ly ham mot bién theo g bdng cong cu so cap. Can kiém tra kj chiéu don diéu theo r trude khi thay

chin: néu hé sd ctia r &m thi phai dung chan trén r < % chi khong phai chdn duéi ctia Schur.
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4 )

Vi du 8.4. Cho cac s6 thuc duong 4, b, ¢ thod man a? + b? + ¢? = 3. Chting minh ring

(Pham Kim Hung)
& J

Phan tich. Tir a? + b%> + ¢ = 3suyra 0 < a,b,c < V3 < 2, nén cac mau sé déu duong. Quy dong
mau s, ca tir 1dn mau la nhitng da thitc d6i xtiing, do d6 chuyén dugc sang p, g, r; hon nita gia thiét
2

chongay g = P , nghia 1a chi con hai 4n p va r.

L&i giai

e Quy dong mau sd. Dt p, g, r nhu thuong 18. Khai trién tryc tiép,

Z(2—b)(2—c): 12—4p+q, (2-a)2-b)2-c)=8—4p+2q—r.
Vi moi mau s6 déu duong nén bat déng thuc tuong duong véi
12-4p+q > 38—-4p+2q—-r) & 8p+3r > 12+ 5.

2

e Khi¥ g theo p. Gia thiét cho p? —2q = 3, tiic g = . 5 Va khi d6 49 — p% = p? — 6. Theo bat ddng

thic Schur bac moét,

p(p? - 6)

9r > p(4q —p?) = p(p* - 6) = 3r > 5

e Rut vé da thirc mét bién. Thay hai két qua trén vao, ta chi con phai chttng minh

PP -6

5% -3
8p 3 12—M2

5 0.

Nhén hai vé v6i 6 > 0 roi rat gon, bat dang thtc trén trd thanh

2p — 15p2 +36p —27 > 0 & (2p—3)(p—3)> = 0.

e Xét dau trén mién cta p. Vip? > a2 +b2+c? = 3nénp > V3 > g,dod(’)2p—3 >0va(p-3)?>0.
Bat ddng thic duge chiing minh.

Diém roi. Déng thirc ddi hoi p = 3; két hop v6i a? + b? + c? = 3tadugca = b = ¢ = 1, khi d6 mbi s6
hang vé trdi bang 1.

Nhan xét. Phép thay a +— 2a, b — 2b, ¢ > 2c bién bat ddng thirc nay thanh Vi du 10.7, & d6 n6 duoc
chiing minh bang phuong phép tiép tuyén véi ham trung gian bac hai. Hai 16i giai dugc gitt lai canh
nhau dé ddi chiéu: phuong phép p, g, r khai thac rang budc bang cach khép mién bién thién cta p,
con phuong phap tiép tuyén khai thac n6 bang cach tach tong.
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4 )

Vi du 8.5. Cho céc s6 thuc khong am a, b, ¢ thod man ab + be + ca = 3. Ching minh rang

ad + b3+ 3+ 7abe > 10.

(Vasile Cirtoaje)
- J
Phan tich. Gia thiét cd dinh g = 3, nén vé trai chi cdon phu thudc p va r v6i hé s6 ctia r duong. Chan
duéi ctia Schur c6 dang max{0; p(12 — p?)/9}, va dau cta 12 — p? thay déi tai p = 2V3; d6 chinh la
moc chia truong hgp.

L&i giai

e Chuyén sang hai an p va r. Dit p, g, r nhu thuong 16, g = 3. Khi d6
a®+b3+c3=p3-3pg+3r=p>-9p+3r,

nén bat déng thitc can chitng minh 1a p? — 9p + 107 > 10. Ngoai ra p? > 39 = 9, tiic p > 3.

e Trwéng hop p > 2v/3. Khi d6 p? > 12, suy ra p® > 12p. Vir > 0,

p?—9p+10r—10 > 12p - 9p -10=3p —10 > 6V3—10 > 0.

e Trvdng hop 3 < p < 2v/3. Theo bat déng thitc Schur bac mot, 9r > p(4q — p?) = p(12 - p?), do d6

10p(12 - p2
TIELLE S i

10p(12 — p? —p3 +39p — 90 S GT=r2) s (=) D)
p3—9p+10r—102p3—9p+¥_10: P+9p _ )|« Pg) (4-p) ]

V6i3<p<2V3<dtacép-320,16-p?>0vad—p > 0,nén vé phai khong am.

Diém roi. Trong trudong hop thit hai, déng thirc xay rakhip = 3, kéthgp véiq = 3dugca =b = c = 1;
khi d6 r = 1 va vé trai bang 3 + 7 = 10.

Nhan xét. M6i khi chdn dudi ctia Schur duge dung ¢ dang ¢6 max, ta phai chia truong hop theo dau
ctia 49 — p?, véi mdc chia la p? = 44; hai nhanh sau d6 dugc xt Iy bang hai déanh gia khac nhau.
Ngugc lai, néu riéng chan 9r > p(4q — p?) da du dé két thic 16i gidi, nhu & Vi du 8.4, thi khong can
chia truong hop.

4 )

Vi du 8.6. Cho céc s6 thuc khong am a, b, ¢ thod man a? + b? + ¢? = 8. Chitng minh ring
4a+b+c—-4) < abc.

(Nguyén Phi Hing)
- /
Phan tich. Diém roi ctia bai toan khong phaia = b = c: thi bd (2; 2; 0) thay hai vé ciing béng 0. Diém
rdi bién nhu vay gai ¥ rang bat déng thic Schur bac mot c6 thé chua du chit, nén & day ta thir dén
bac hai.

L&i giai
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e Khi¥ g theo p. Gia thiét cho p? — 29 = 8, ttic g = 2

4g-p*=p°-16, p’-q="—

Chuyp?>a?+b*+c?=8,nénp>2v2>0.
e Chan dudi cta r theo Schur bac hai. Theo bat ding thirc Schur bac hai,

. g- p2)p*—q) _ (p*-16)(p> +8)
- 6p B 12p '

e Rut vé da thirc mét bién. Nhu vay chi con phai chitng minh

(p? — 16)(p* + 8)
12p

> 4(p - 4).

Nhan hai vé véi 12p > 0 rdi chuyén vé, bat déng thuc trén tuong duong véi
pt—56p2+192p —128 > 0 & (p-4)*(p*+8p-8) = 0.

e Xét dau trén mién cha p. Vip > 22 nénp? +8p — 8 > 8 + 16V2 -8 > 0, con (p — 4)? > 0. Bat
déng thic duge ching minh.

Diém roi. Ddu dang thic xay ra khi p = 4, ddng thoi Schur bac hai dat déng thic; diéu d6 tng véi
(a,b,c) =(2;2;0) va cac hoan vi. Khi d6 hai vé cting bang 0.

Nhan xét. Gia thiét dang a® + b? + ¢? = const ludn cho phép khtr g theo p; sau khi khtt tiép r bang
Schur, bai toan rat vé mot bat déng thitc da thitc mot bién p. Vé viéc chon bac ctia Schur: néu diém
rdila a = b = ¢ thi bAc mot thuong da d; néu diém roi ndm ¢ bién danga = b, ¢ = 0 véia # 0 thi
(49 - p?) (p* - 3q)

nén thu bac hai. Hiéu ctia chdn bac hai va chdn bac mot bang , nén chan bic hai

18p
chit hon dang trén mién 4q > p2.
4 N
Vi du 8.7. Cho céc sb thuc duong a, b, c. Ching minh rang
a?+bc b +ca c*+ab
Sk + > a+b+ec.
b+c c+a a+b
(Hojoo Lee)
. W,
a*+bc

Phan tich. Hiéu cia méi phéan thic véi bién tuong tng phén tich dugc thanh tich:

(a—="b)a-c)
b+c
dung bat dang thirc Vornicu-Schur.

b+c

. Sau khi dua duge vé tong dang )’ x(a — b)(a — ¢), ta chi cdn so sénh cac hé s, ttc la

L&i giai

e Tach tirng phan thi'c thanh tich. Véi moia, b, c > 0,

a% +bc a’>+bc—ab—-ac (a-Db)(a-rc)
—q = = .
b+c b+c b+c
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Viét ba déng thitre tuong tu rdi cong lai, bat dang thitc can ching minh tuong duong véi

(a—b)(ﬂ—0)+(b—6)(b—a)+(C—a)(c—b) > 0.
b+c c+a a+b

e Sap thir tw va dat hé s6. Vé trai doi xtng ddi véi a, b, ¢, nén khong mét tinh tdng quét gia st
a>b>c>0.bat
1 1 1

50 S = S ——
b+c’ Y c+a’ a+b’

thix, y,z > 0 va vé trdi dang bang x(a — b)(a — c) + y(b — ¢)(b — a) + z(c — a)(c — b).

e So sanh hai hé s6. Tira > bsuyrab+c < c+a,do d6 x > y. Theo diéu kién 1 ctia bat ddng thtic
Vornicu-Schur, téng trén khong am. Bat déng thirc duge chitng minh.

Diém roi. Dau déng thitc xay ra khi va chi khi a = b = ¢; khi d6 m&i phan thitc bing a va hai vé
cung bang 3a.

@ )
Vi du 8.8%. Cho céc sb thuc khong am 4, b, c. Chiing minh rang

a*(b+c)+b*(c+a)+c*(a+b) < %(a+b+c)5.

(Vasile Cirtoaje)
. W,

Phan tich. Bat ddng thtrc thuan nhat bac ndm nén chuan hod dugc p = 1. Sau khi chuyén sang p, ¢,

y , . p , ? 1 ,
r, vé trai la ham bac nhat theo r v6i hé s6 59 — 1; dau ctia hé s6 nay doi tai g = = va d6 la moc chia
q 1
truong hop. Biém roi khong phaia = b = ¢: thira = 0 va b, ¢ 1a hai nghiém cta t? — t + i 0 thi hai
vé bang nhau.

Loi giai

e Chuén hoa va déi bién. Do tinh thudn nhét, ta chudn hod p = a + b + ¢ = 1. Diing céc dong nhét
thic dmuc A,

at(b+c)+b*(c+a)+cta+b)=p3q-3pg® —p*r +5qr = q(1 - 3q) + r(59 — 1).

An £ a 1 1
Bat dang thtic can chitng minh tré thanh (1 — 3g) +r(5q — 1) < T3’ Va0 < g < 3 var > 0.
e Trvong hop g < 1. Khid6 59 —1 < 0var > 0,nén r(5q — 1) < 0. Theo bat déng thic AM-GM,

5"

1 1(3g+1-3g9\2 1
§(1=39) + (5 - 1) < q(1-30) = 3 -3(1 - 3q) < (u) -

3 2 12°
o Trwdng hop g > 1. Khi d6 57 — 1 > 0, ta cAn mot chdn trén cho . Rang budc pg > 9r cho r < g,
do do6
59 -1 8-22 1 1
g1 =3q)+r(bg—-1) < q(1-39) + 7659 = 1) = a( 7 _ —(-884% + 329 — 3) + —

9 9 36 127
Tam thirc —88¢2 + 32g — 3 c6 biét thirc 322 — 4- 88 - 3 = —32 < 0 va hé s6 bac hai 4m, nén n6 ludn am.

. 1
Vay vé trai nho hon bk
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e Gop hai trwdng hop. Trong ca hai truong hop bat ddng thirc déu dung, nén bai toan dugce giai

quyét.
=R . 2 2z R 2 2 N P A . PN P 1
Diém roi. bang thic chi c6 thé xady ra & truong hop thi nhat, khi3g =1-3qvar =0, tacq = i

3+V3 3-13
6 ' 6

1
r = 0. Tuong tng v6ia = 0 va b, ¢ 1a hai nghiém cua t? —t + i 0, ttc (a,b,c) = (0;
cuing cac hoan vi va cac bo ti 1é véi né.
Nhan xét. Day la minh hoa tryc tiép cho B6 dé vé mién bién thién cta r: vi biéu thtrc bac nhéat theo
r, gié tri 16n nhat ctia n6 chi c6 thé dat tai mot ddu mut, tic tai r = 0 (mot bién bang 0) hodc tai dau
mut ang véi hai bién bang nhau. Viéc chia hai trudng hgp theo dau cta 59 — 1 chinh la viéc chon
xem phai xét dau mut nao.

é )
Vi du 8.9%. Cho céc s6 thuc khong &m x, y, z, trong d6 khong ¢6 hai sd nao dong thoi bang
0. Chting minh rang

1 1
C+y)?  yr2?  @trp

9
(xy + yz + zx) 2 7
(Iran MO 1996, Ji Chen)
\ J
Phan tich. Bat ddng thtrc thudn nhéat bac 0 va c6 hai diém roi rdinhaw: x =y = zvax = y,z = 0.
Chuyén hén sang p, g, r sé cho mdt da thirc bac hai theo r; diéu déang chu y 1a da thite d6 phan tich
dugc thanh t6 hgp v6i hé s6 khong am ctia ding ba rang budc da biét 6 muc A.
Loi giai

e Tinh hai tong déi xitng. Dt p = x + y + 2, g = xy + yz + zx, r = xyz. Theo c4c ddng nhét thirc &
muc A,
x+y)y+2)z+x)=pg-r,  (F+yPE+2)+y+2)(y+0)+@E@+x)Ez+y)=p’+q.
Tir d6
Dy +22z+x)? = (p?+q)° - 2pq —1)- 2p = p* — 2p*q + 4% + 4pr.
q(p* —2p°q +q° + 4pr)
(pq —r1)?

e Quy vé mét da thirc ddi xing. Vay vé tréi ctia bat ddng thirc bing , va
bat dang thic can ching minh tuong duong véi
4q(p" = 2p%q + 4%+ 4pr) = 9(pqg = 1)* 2 0,

tacla
4p*q — 17p%q? + 4¢% + 34pqr - 9% > 0.

e Phan tich thanh t6 hgp ba rang budc. Khai trién truc tiép cho ddng nhét thic
4ptq —17p%q® + 4¢3 + 34pgr — 9r? = 3pq(p® +9r — 4pq)
+ q(p4 +4q* + 6pr — 5p*q) +r(pq — 9r).

o Két luan vé dau. Ba biéu thtc trong ngodc 1an lugt khong am theo bat ddng thitc Schur bac mot,
bat déng thirc Schur bac hai va rang budc pg > 9r; ba hé s6 3pq, g, r ciing khong am. Vay tong & vé
phai khong am, bat ddng thirc duge ching minh.
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Diém roi. Véix = y = ztac6 p® + 9r —4pq = 0, p* + 4 + 6pr — 5p%q = 0vapg — 9r = 0,nén ca ba
s6 hang cuing triét tiéu. Véi x = y, z = 0 thi r = 0 va hai ngodc dau cling bang 0. D6 chinh 1a hai bd
diém roi ctia bai toan.

Nhan xét. Vi bat ddng thic c6 hai diém roi roi nhau nén trong mot day danh gia dung chung cho
toan mién, moi danh gid trung gian déu phai dat déng thuc tai ca hai diém ay; mot danh gia chi chit
tai mot trong hai diém sé 1am hong 16i giai. Cach khic phuc ctia phuong phép p, g, r 1a khong danh
gid tirng phan, ma phan tich toan b hiéu thanh t6 hop hé s6 khong am ctia nhitng rang budc ma ca
hai diém roi déu lam cho déng thirc xay ra.

C. Bai tap c6 19i giai

Bai 8.1. Cho céc s6 thuc duong a4, b, c. Ching minh rang

9abc

a2 +b%+c%+ > 2(ab + bc + ca).
a+b+c

Phan tich. Vé trai chtra dung mot phan thirc, mau sé ciané la a + b + ¢ > 0, nén nhéan hai vé véi
a + b + c sé bién toan bd bat ding thitc thanh mot da thitrc d6i xting bac ba. Moi téng ddi xting c6
mit déu biéu dién dugc qua p, g, 7, va két qua thu dugc ding la mot trong bén dang tuong duong
ctia bat ddng thirc Schur bac mot. Piém roi dy dodnlaa =b = c.

L&i giai

eDuavébdbap,q,r.Ditp=a+b+c>0,q=ab+bc+ca,r=abc. Theo ddng nhat thitc § muc
A tac6 a? + b% + ¢? = p? — 2. Nhan hai vé cua bat déng thitc can chiing minh véi p > 0, n6 tuong
duong véi

p(p?—2q) +9r = 2pq & p*+9r > 4pq.

e Ap dung Schur bac mét. Bat ddng thitc p> + 9 > 4pq chinh la dang (ii) trong B dé vé bat déng
thte Schur quabdba p, g, r §muc A, dung véi moi a, b, ¢ > 0. Vay bat ddng thue da cho dugc chiing
minh.

Diém roi. Dang (ii) dat ding thic khia = b = ¢, hodc khi hai s6 bing nhau va s thit ba bang 0. Vi
& day a, b, c déu duong nén chi con kha ndng a = b = c; khi d6 vé trdi bang 3a? + 3a = 6a® va vé
phai ciing bing 642

Nhan xét. Bai 9.2 néu lai dung dé bai nay véi huéng giai bang phan tich S.0.S.; git song song hai
16i giai cho thay dang (iii) cia Schur bac mot 1a diém gdp nhau ctia hai phuong phép.

Bai 8.2. Cho céc s6 thuc khong am 4, b, ¢ thod méan a + b + ¢ = 3. Ching minh rang

4(ab + bc + ca) — 3abc < 9.

Phan tich. VGi p = 3 ¢d dinh, vé trai 1a ham bac nhat theo r v6i hé s6 —3 4m, nén n6 16n nhat khi r
nho nhat; do d6 phai thay r bdi chan dudi ctia bat ddng thtc Schur cht khong phai chin trén. Sau
khi thay, hé s6 ctia ¢ triét tiéu hoan toan, dau hiéu cho biét bai todn c¢6 ding hai bo diém roi ctia
Schur bac mét.
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L&i giai

e Viét bat dang thirc theo gvar.Ditp =a+b+c = 3,9 = ab+bc +ca, r = abc. Bat déng thic cin
chirng minh la
4qg —3r < 9.

e Chan dudi cuia r theo Schur. Theo bat déng thitc Schur bac mét, p3 + 9r > 4pq. Thay p = 3,

27+ 9r > 129 & 3r > 49 -9.

e Thay chan vao Vé trai. Vi hé s6 ctia r & vé trdi bang —3 < 0, viéc thay 3r bdi dai lugng nhoé hon
hodc bang né lam vé trai ting 1én. Do d6
4q-3r < 49-(49-9) = 9.
Bat dang thirc duge ching minh.
Diém roi. Déng thirc xay ra khi va chi khi 37 = 4q — 9, titc khi bat déng thirc Schur bac mot trd thanh
o p N 3 3
dang thac. Kéthgp v6ia +b + ¢ = 3, dieu dé cho (a, b, c) = (1;1;1) hodc (a,b, c) = (5; 3 0) cling cac
hoén vi. Kiém tra truc tiép: v6i bo thit nhat vé trdi bang 4 - 3 — 3 - 1 = 9; v6i bo thit hai vé trai bing
9

4.2-0=09.
4

4 N
Bai 8.3. Cho céc s6 thuc khong 4m 4, b, ¢. Chiing minh ring

a2 +b%+c%+2abc+1 > 2(ab +be + ca).

(Darij Grinberg)
. Y,

Phan tich. Bat dang thirc khong thuan nhat: s6 hang 1 dung riéng, con 2abc c6 bac ba trong khi cac
s6 hang khéc déu bac hai. Cau ndi gitta hai bac 1a bat déng thitc AM-GM cho b6 ba abc, abe, 1, cho
ra 34/(abc)? — mot dai lugng bac hai theo cin bac ba ctia cac bién. Vi vay ta d6i biéna = x3, b = 3,
¢ = z® dé moi tht tré lai thanh da thic, rdi diing Schur bac mot cho bo (x2, y2, z2). Diém roi du dodn
laa=b=c=1.

L&i giai

o D6i bién dé khir can. Via,b,c > 0, taditx = §fa, y = Vb, z = {fc, ttcca = x3, b = y3, ¢ = 23 v6i
x,y,z > 0.Khi dé

a? +b% +c? = x5 + b + 25, ab +bc +ca = x3y> + y3z% + 23x3.
e Danh gia s6 hang chira abc. Theo bat ding thitc AM—GM cho ba s6 khéng am abc, abe, 1,

2abc +1 = abc +abc+1 > 34(abc)? = 3x%y*z>

e Ap dung Schur bac mét cho bd (x2, y?, z%). Dang (i) ctia bat ddng thitc Schur bac mét & muc A,
viét cho ba s6 khong am x2, y2, z2, cho
x0+y0 + 20 +3x%y%2? > 2Py (x% +y?) +yP2 (v + 27)

+2%x% (2% + x%).

Trang 152 » Mai Thanh Luan



Chuong 8 Mai Thanh Luan | 0854070701

e Ha vé phai xuéng téng can cé. Vi moi x, y > 0 ta c6 x2 + y2 > 2xy; nhan hai vé véi x2y? > 0,

y? (2 +y?%) - 2x%y® = Py (x —y)? > 0.

Viét hai bat déng thitc tuong tu cho cdp (v, z) va cdp (z, x) rdi cdng ca ba theo vé,
2y (x? + %) + y?2% (y? + 2%) + 287 (22 + &P
> 2(x%y® + 323 + 2%x7).
e Ghép cac danh gia. Nb6i hai két qua trén,

xO+y0 420 +3x%y%2? > 2(xPy? + P2 + 2%,
tirc 1a a? + b2 + c? + 34(abc)? > 2(ab + be + ca). Két hop véi 2abe + 1 > 3+(abc)?,
P

a2 +b%+c2+2abc+1 > a? +b%+c?+34(abc)? > 2(ab + bc + ca).

Bat ddng thic dugc chiing minh.

Diém roi. Déng thitc 6 buéc AM-GM doi hoi abe = 1; ddng thitc & budc cudi doi héi x = y = z, tic
a =b = c. Hai diéu kién d6 choa = b = ¢ = 1, khi d6 vé trdi bang 3 + 2 + 1 = 6 va vé phai bang
2-3=6.

Nhan xét. Dé bai nay chinh 1a Vi du 6.7, & d6 né duogc ching minh bang nguyén ly Dirichlet; hai
huéng gidi dugc gitt song song dé déi chiéu.

e D
Bai 8.4. Cho céc sb thuc duong a, b, c. Chiing minh rang

(a% +2)(b% + 2)(c? +2) > 9(ab + bc + ca).

(APMO 2004)

N\ /
Phan tich. Khai trién vé trai cho bén nhém: a?b?c?, tdng a?b? + b2c? + ¢2a?, tdng a® + b? + ¢? va hing
s08.Diémroilaa=b=c=1,taid6 abc = 1vaab =bc = ca = 1;vivay tatdch8 = 1 + 6 + 1 dé mbi
phan hang s6 ghép dugc véi mot nhéom sao cho danh gia AM-GM tuong tng dat ddng thac dung
tai diém roi y. Phan bac hai con lai chinh la bat ddng thitc cua Bai 8.3.

L&i giai
e Khai trién vé trai. Nhan hai thira s6 dau, (a2 + 2)(b? + 2) = a2b? + 2a + 2b? + 4; nhan tiép v6i c? + 2
roi nhom lai,
(a® +2)(b? +2)(c? +2) = a*b?c? + 2(a’b? + b*c? + c*a?)
+4(a® +b? + c?) +8.
e Tach hang s6 theo diém roi. Viét 8 = 1 + 6 + 1 va phan bd ba phan d6 cho ba nhém dugce xtt Iy
dudi day.
e Danh gia nhém chira a?b2c?. Theo bat ding thitc AM-GM cho hai s6 a2b%c? va 1,

a’b%c®> +1 > 2abc.
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e Danh gia nhém chira céc tich déi mét. Ciing theo AM-GM, a?b? + 1 > 2ab, b%c? + 1 > 2bc va
c2a% +1 > 2ca. Cong ba bat dang thirc rdi nhan hai vé véi 2,

2(a*b? + b*c? + c?a®) + 6 > 4(ab + be + ca).
e Danh gia nhém bac hai con lai. Theo Bai 8.3 G trén,
a2 +b%+c?+2abc+1 > 2(ab + be + ca),

cona?+b2+c?—ab—bc—ca = =[(a=b)>+(b-c)*+(c—a)?| > 0nén 3(a%+b?+c?) > 3(ab+bc+ca).

DO | =

Cong hai bat dang thuc do,
4(a® +b* +¢?) +2abc+1 > 5(ab + be + ca).
e Cong céac danh gia lai. Ti hai déanh gia dau,
(a% +2)(b% +2)(c* +2) > 2abc + 4(ab + be + ca)
+4(a? +b* +c?) + 1.
Ap dung dénh gi thit ba cho phan 4(a? + b% + ¢?) + 2abc + 1 & vé phai,
(a2 +2)(b% +2)(c2+2) > 4(ab + bc + ca) + 5(ab + be + ca) = 9(ab + be + ca).

Bat dang thuc duge ching minh.

Diém roi. Cac danh giad AM-GM dat déng thtic khi abc = 1 va ab = bc = ca = 1; danh gia cubi dat
didng thitc khia = b = c. Tat ca ciing xay ra khi va chi khia = b = ¢ = 1, ltic d6 vé trai bang 3% = 27
va vé phai bang 9 - 3 = 27.

4 h
Bai 8.5. Cho céc s6 thuc khong am 4, b, ¢. Ching minh rang

2a? +b2+c%) +abc+8 > 5(a+b+c).

(Tran Nam Diing)
- Y,

Phan tich. Bat ddng thirc khong thuan nhat va chira dong thdi bac mot, bac hai lan bac ba, nén khong
chuyén thing sang p, g, r dugc. Y tudng la nhan hai vé véi 6 rdi tdch 48 = 3 + 45: phan 3 ghép véi
» 2Tabc

6abc dé AM-GM dua vé Y haio dung dai lugng c6 mit trong dang (iii) ctia bat ddng thirc Schur;

phan 45 ghép v6i —30(a + b + ¢) nhd dénh gid 30p < 5(p? +9). Piém roidu dodnlaa =b=c=1,va
ca ba danh gia vira néu déu dat dang thtc tai d6.

L&i giai

e Loai b6 trwdng hop tam thudng. Néu a = b = ¢ = 0 thi vé trdi bing 8 con vé phai bing 0, bat
déng thuc dung. Tu day tro digiasaup =a+b+c¢ > 0.
e Nhan hai vé roi tach hang s6. Nhan hai vé v6i 6 > 0, bat ding thitc cin chiing minh tuong duong
vOi

12(a% + b? + ¢?) + 6abc + 48 > 30p,

trong do6 ta viét 48 = 3 + 45.
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e Danh gia nhém chira abc. Néu abc = 0 thi bat dang thirc

6abc +3 > 2N

hién nhién dting, vi vé trdi bing 3 con vé phai bang 0. Néu abc > 0 thi theo AM-GM cho ba s6 abc,
abe, 1,
6abc + 3 = 3(abc +abc +1) > 9+/(abc)?,

déng thoip = a + b + ¢ > 3Vabc cho

9abc 2T7abce
9+v/(abc)? = > )
Vabc p

2
Vay trong moi trudng hop 6abc + 3 > 7;z)bc.

e Danh gia nhém chita p. Vi (p — 3)2 > O0nén p2 — 6p + 9 > 0, tic la
30p < 5(p*+9) = 5p* + 45.
e Ghép hai danh gia. Thay lan luot hai két qua trén,

27abce

12(a® + b* + c?) + 6abc + 48 — 30p > 12(a® +b* +¢?%) +

+45 — 5p? — 45

27abce

12(a® + b + ¢?) + - 5p2.

Thay tiép p? = a® + b + ¢* + 2(ab + bc + ca), vé phai bang

27abce

2 2 2
7(a® +b% +c?) + Y

—10(ab + bc + ca).

e Chirng minh bat dang thirc phu cudi cung. Theo dang (iii) ctia bat d&ng thitc Schur bac mot &
muc A,

9abc

a? +b? +c?+ ———
a+b+c

> 2(ab +bc + ca).

Mit khéc, tir dong nhat thuc

1
a?+b?+c?>—ab—-bc—ca= 5[(a—b)2+(b—c)2+(c—a)2]
suy ra 4(a? +b%+ c? —ab —bc — ca) > 0. Nhan hai vé ctia bat ddng thirc Schur néi trén v6i 3 rdi cong
v6i bat ddng thic vira néu, ta dugce

27abc

2 2 2
7(a®+b*+c )+—a+b+c

> 10(ab + bc + ca).

Vay dai lugng & budce trude khong am, va bat dang thiic ban dau duge chiing minh.

Diém roi. Ca ba danh gia cting dat ddng thic khia = b = ¢ = 1: khid6 abc = 1, p = 3, dang (iii) ctia
Schur thanh déng thic va a? + b? + ¢2 = ab + be + ca. Lic ay vé trdi bang 2- 3 + 1 + 8 = 15 va vé phai
bang 5 - 3 = 15.
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4 )

Bai 8.6. Cho céc s6 thuc khong am a, b, ¢ thod man a? + b? + ¢? = 3. Chting minh réng

12 +9abc > T(ab + bc + ca).

(Vasile Cirtoaje)
N\ J
Phan tich. Gia thiét dang tong binh phuong cho phép khtr g theo p; hé s6 ctia r & vé trai duong nén
thay r bdi chdn dudi ctia Schur 1a hop ly. Sau hai phép khtr y, bai toan rat vé mot bat dang thuc da
thitc bac ba theo mot bién p trén doan [\/g, 3]. biém roi dydodnlaa=b=c=1,Gng véip = 3.

L&i giai

e Khoanh mién bién thién cta p. Ditp = a+b+c,q = ab+bc+ca,r = abc. T p? = a? +b%+c?+2q =

2_3 3(p? -3
.ViqZOnéanZB;vip223q=M

3+2qsuyraq:p nén p? < 9.Vay V3 < p < 3.

e Chan dudi cla r theo Schur. Ta c6 49 — p% = 2(p? - 3) — p2 = p? - 6, nén bat ddng thitc Schur
bac mot § dang 97 > p(4g — p?) cho

9r > p(p*-6).
e Rut vé da thirc mot bién. Bat ddng thiic can chiing minh tuong duong véi 12 + 97 — 7 > 0. Nhan
2
, N -3
dai luong & vé trdi v6i 2 > 0 roi thay g = 2 5

2(12+9r — 7q) = 24+ 18r — 7(p* — 3) = 45 + 18r — Tp*.
Thay tiép 18r > 2p(p* - 6),
45 + 187 — Tp? > 45+ 2p> —12p — Tp? = 2p> — Tp? — 12p + 45.
e Phan tich thanh nhan t{. Khai trién truc tiép cho ddng nhét thic
2p3 — Tp% —12p + 45 = (p — 3)*(2p +5).

V6i V3 < p<3tacé2p+5>0va(p—3)% 2> 0,nén vé phai khong am. Bat déng thitc duge ching
minh.

Diém roi. Dang thic doi héi p = 3; két hop véi a? + b? + c? = 3taduge g = 3,dodéa=b=c = 1.
Khi d6 vé trai bang 12 + 9 = 21 va vé phai bang 7 - 3 = 21.

e N

Bai 8.7. Cho céc sd thuc khong am a, b, ¢ thod man a + b + ¢ = 3. Ching minh rang

1 N 1 N 1 < 3
6-—ab 6-bc 6-ca ~ 5

(Vasile Cirtoaje)
\ /

Phan tich. Ba mau s6 chtra ba tich ab, be, ca, nén phép déi bién ty nhién la dit u = ab, v = b,
w = ca: ca ba tdng db6i xting co ban ctia u, v, w déu biéu dién duge qua p, g, r. Sau khi quy ddng, bat
déng thtc trd thanh mot da thirc bac hai theo 7, va diéu déng chu y 1a da thic d6 tach duge thanh
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tong ctia mot boi khong Am ctia biéu thite Schur véi tich 7(1 — 7). Diéu nay pht hgp véi viéc bai toan
c6 hai bo diém roi: (1;1;1) va (g g; 0).

Loi gidi
e Kiém tra dau ctia cac mau s6. Pitp =a+b+c=3,9 =ab+bc+ca, r = abc,vau = ab, v = b,

w=ca.Via,b,ckhong dmnén u,v, w > 0 va

p?
u+v+w=qg < §=3.

Do d6 méi tich khong vuot qua 3, kéo theo 6 — ab, 6 — be, 6 — ca déu khong nho hon 3; moi mau s6
déu duong.

e Tinh ba tdng ddi xi&*ng cha u, v, w. Khai trién truc tiép,

u+v+w=gq, uv +ovw +wu =abc(a+b+c)=3r, uvw = (abc)? = r2.

e Quy dong hai vé. Dit M = (6 — u)(6 — v)(6 — w) > 0. Khi d6

1 N 1 N 1 :(6—0)(6—w)+(6—w)(6—u)+(6—u)(6—v)
6-u 6-0v 6-w M
108 -12(u +v+w)+ (uv +ow +wu) 108 -129 +3r
- M - M ’

M =216 - 36(u + v + w) + 6(uv + vw + wu) — uvw = 216 — 364 + 187 — 1>
Vi M > 0, bat ddng thtic can chiing minh tuong duong véi
5(108 — 12q + 3r) < 3(216 — 36q + 18r — r?),
tic 13, sau khi rat gon roi chia hai vé cho 3,
36 — 16 + 13r —r* > 0.
e Tach thanh hai phan. Khai trién truc tiép cho ddng nhat thirc
36 — 16 + 13r —r* = 4(9—4q + 3r) + r(1 — r).

e Chirng minh tirng phan khéng dm. Theo bat ding thirc Schur bAc mét véip = 3tacé 27+9r > 124,
tac 9 + 3r > 4¢q, nghia 14 9 — 4g + 3r > 0. Mdt khac theo AM-GM,

a+b+c\’
r=abc < (—) =1,
3

var > 0,nénr(l—r)>0.Vay 36 — 169 + 13r — r? > 0 va bat ddng thitc dugc chiing minh.

Diém roi. Dang thirc doi hoi déng thoi 9 — 4q + 3r = 0va r(1 — r) = 0. Véi (a,b,c) = (1;1;1) thi
3 3

(5;)5’

= con truong hop thit hai vé trdi bang

N 5 9
g = 3, r = 1: ca hai diéu kién déu thod man. Véi (a, b, c) 0) thig = s 0: cting thod man.

o] =

Kiém tra tryc tiép, trudng hgp thit nhét vé trai bing 3 -
1 1 1 4 1 3

e s .
6-2 6 6 15 3 5
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Bai 8.8. Cho céc s6 thuc khong &m a, b, ¢ thoda man ab + bc + ca = 1. Chiing minh rang

ab+1 bc+1 ca+1
+ + >
a+b b+c c+a

(Nguyén Manh Diing)
& /
Phan tich. Gia thiét g = 1 cho dong nhat thitc (b + ¢)(c + a) = ¢? + g = ¢? + 1, nhd d6 tir s6 sau khi
quy dong gon lai rdt nhiéu va bat ddng thic chi con hai an p, r duédi dang (p —1)(p —2) +r(p +3) > 0.
Dau ctia p — 2 chia bai todn thanh hai trudng hop: khi p > 2 moi s6 hang déu khong am, khi p < 2
mdi phai vién dén chgn Schur. Diém roi ndm & bién, tai (a,b, ¢) = (1;1;0).

L&i giai

e Kiém tra ddu clia cac mau s6. Pitp =a+b+c,g=ab+bc+ca=1,r =abc.Vig=1>0nén
khong c6 hai bién nao dong thdi bang 0, do déa + b, b + ¢, ¢ + a déu duong. Ngoai ra p? > 3g = 3,
ticp > V3.

e Dung déng nhat thirc cda tich hai mau sé. Véimoia, b, c,

G+c)c+a)=c?+ab+bc+ca=c>+g=c®>+1.
q

Dat N = (a+b)(b +c)(c +a) =pqg—r =p—r>0.Quy dong ba phan thttc theo mau chung N,

ab+1 bc+1 ca+1 1 9
a+b " b+c " c+a —NZ(ab+1)(c 1),

e Tinh t&* s6 theo p va r. Khai trién,

Z(ab+1)(02+1):Zubc2+2ab+202+3.

Oday Y abc? = ab-c?+bc-a®+ca-b? = abc (c+a+b) = pr,con Y ab = g = 1vay c? = p2—2q = p2-2,
nén tu s6 bang
pr+1+(p*-2)+3=p*+pr+2.

ViN =p —r > 0, bat ddng thuc can ching minh tuong duong véi
pP+pr+2 2 3p-r) © (p-p-2)+r(p+3) = 0.

e Tréng hop p > 2. Khidé (p — 1)(p — 2) > 0 va r(p + 3) > 0, nén tdng & vé trai khong am.
o Trwdng hop V3 < p < 2. Khi d6 4q — p? = 4 — p? > 0, va bat ddng thirc Schur bac mot cho

4 — 2
r 2> M > 0.
9
Vip + 3 > 0, thay chdn dudi nay vao rdi nhan hai vé véi 9 > 0,
Ip-Dp-2)+r(p+3)] = 9p-1)(p-2)+p(4-p*)(p+3).
e Phan tich vé phai thanh nhan ti. Khai trién tryc tiép cho déng nhét thic

Ip-Dp-2)+pA-pH)p+3)=—(p-2)(p*+5p> - 3p+9).
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Véi V3 < p < 2tacép -2 < 0; ddng thoi
PP +5p=3p+9=p>+p(Gp—3)+9 > 0

vip > g Do d6 vé phai duong. Bat dang thttc dung trong ca hai truong hop.

Diém roi. Dang thitc chi c6 thé xay ra & trudng hop tht nhét, khi p = 2 va r = 0. Két hop vé6i g = 1:
mot bién bang 0, chang han ¢ = 0,cona +b = 2vaab = 1, ttca = b = 1. Khi d6 vé trdi bang
1+1+O+1+0+1 _3

2 1 1

4 )

Bai 8.9. Cho céc sb thuc duong a, b, ¢ thod man abc = 1. Chiing minh ring

1 1 1 b
a_2+b_2+c_2+3 > 2(a+b+c).

(Viét Nam MO 2006, bing B)
. J

1 1 .
—,z=—,va

b c
phép ddi bién &y bién a + b + ¢ thanh xy + yz + zx. Sau khi d6i bién, bat ddng thtrc chi con la mot
lién heé gitta p va g ctia bd m6i, ma chinh bat déng thitc Schur bac mot véi r = 1 cung cap. Diém roi
dudodnlaa=b=c=1.

R 11l 1
Phan tich. Rang budc abc = 1 duogc bao toan qua phép doi bién nghich dao x = Y=

Loi giai
2: 0 ok . z y 1 1 1 . N -
e Doi bien nghich dao. it x = e y= b %= = Khidéx,y,z >0vaxyz = —— =1, honntra
1 1 1 xy+yz+zx
u+b+c:—+—+—:—y y =Xy + Yz + zx.
X Yy oz xXyz

e Viét lai bat dang thirc theopva g. Datp=x+y+z,g=xy +yz+zx,r =xyz=1. Vi

1 1 1
a—2+ﬁ+§:x2+y2+22:p2—2q,
bat dang thitc can ching minh trd thanh
p?-20+3 > 20 © p*+3 > 4q.

e Ap dung Schur bac mét. Theo dang (i) § muc A, p3 + 9r > 4pg; v6ir = 1 d61a p3 + 9 > 4pq.
Chia hai vé cho p > 0,

Ne)

pP+= > 4q.

=

e Chan s6 hang phu. Theo AM-GM, p = x + y + z > 3{/Ayz = 3,do d6 % <3va

p2+3 > ;72+g > 4q.

=

Bét ddng thirc dugc chiing minh.
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Diém roi. Déng thitc ddoihoip = 3, ttcx =y =z = 1, ticca = b = ¢ = 1. Khi d6 vé trdi bing 3+3 = 6
va vé phai bang 2 - 3 = 6.

Nhan xét. Bai 6.9 néu cing dé bai nay véi hudng giai bang nguyén ly Dirichlet; hai cach khai théc
rang budc abc = 1 dang dugc dit canh nhau dé so sanh.

e D
Bai 8.10. Cho céc sb thuc duong 4, b, ¢. Ching minh rang
l+1+1> b+c L.cta a+b
a b ¢ a’?+bc b +ca c2+ab
(Hojoo Lee)
. J

Phan tich. Hiéu ctia tiing cdp sd hang tuong ting & hai vé phan tich dugc thanh tich, cu thé la

1_b+e (a-ba- C)‘ Cong ba dang thuc d6, hiéu hai vé ¢6 dung dang >, x(a — b)(a — ¢) ctia

a a’+bc a3 + abc ) )
bat dang thtic Vornicu—Schur, va viéc con lai chi 1a so sénh hai trong ba hé s6 sau khi sdp tht tu cac
bién.

L&i giai

e Phan tich hiéu tirng cap s6 hang. V6imoia,b,c > 0,doa? +bc—ab—ac=a(a-b)—c(a-b) =
(a—=b)a—-c)nén

1 b+c a?+bc—alb+c) (a—Db)a-c)

a aZ+bc a(a2+bc) ad+abc

e Cong ba dang thirc cung dang. Viét hai ding thitc tuong tu cho b va cho c rdi cong cé ba theo
vé, bat dang thirc can chiing minh tuong duong véi

(a=b)a-c) (b-c)b—a) (c—a)lc—D)
a3 + abc * b3 + abc " c3 +abc =

e Sap thir tw va dat hé sé. Vé trai déi xtng ddi véi a, b, ¢, nén khong mét tinh téng quét gia st
a>b>c>0. Dt
1 1 1

T 3 +abc’

a3 +abc’ Y= b3+ abc’
khi d6 x,y,z > 0 va vé trai dung bang x(a — b)(a — ¢) + y(b — c)(b — a) + z(c — a)(c — D).
e So sanh hai hé s6. T b > ¢ > Osuy ra b® + abc > ¢® +abc > 0,do d6 z > y. Theo diéu kién 1 ctia
bat ddng thic Vornicu-Schur & muc A, tong trén khong am. Bat ddng thic dugc chiing minh.
Diém roi. Dau déng thirc xay ra khi va chi khi a = b = ¢; khi d6 m&i phan thitc & vé phai bing
2a
242
Nhan xét. Bai 5.8 néu cung bat dang thic nay, viét theo chiéu ngugc lai, v6i huéng giai bang bat
déng thuc Cauchy-Schwarz.

P S
= —, nén hai veé cung bang —.
a a
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@ )

Bai 8.11". Cho céc s6 thuc duong 4, b, ¢ thod méan a4 + b + ¢ = 3. Chting minh ring

a_ b L 3
a+bc b+ca c+ab — 2
(Vasile Cirtoaje)
\ W,
8 z 5 q 2 = 3
Phén tich. Hang sb g ¢ veé phai tach dugc thanh tong ctia ba dai lugng %, vi tong ba ti

sd ding béng 3(ab +bc + ca). Trit theo ting cédp, hiéu hai vé trd thanh mot tong dang . x(a —b)(a —c)
nhan véi mot hé s6 duong, va bat ddng thitc Vornicu-Schur giai quyét nét phan con lai. Diém roi du
doédnlaa=b=c=1.

L&i giai

e Tach vé phai thanh ba phan. Dit g = ab + bc + ca > 0. Khai trién truc tiép,
[2a(b +c)— bc] + [2b(c +a)— ca] + [2c(a +b)— ab] =4q-q=3q,

do do
2a(b+c)—bc+2b(c+a)—ca+2c(u+b)—ub _3q9_3

2q 2q 2q 2g 2

e Tinh hiéu cuta tirng cap s6 hang. Véia,b,c >0vaa+b+c =3,

a_ 2a(b+c)-bc _ 2aq —(a +bc)[2a(b+c)—bc]

a+bc 2q 2g(a + bc)
Khai trién t s6,
2a(ab + be + ca) — (a + be)(2ab + 2ac - be)
= 2a’b + 2abc + 2a%c — (2ab + 2a%c — abc + 2ab?c + 2abc® — b*c?)
= 3abc — 2abe(b + ¢) + bc%.
Thay 3 = a + b + ¢ vao s6 hang dau roi rut gon,
3abc — 2abe(b + ¢) + b2c? = a®be + abe(b + ¢) — 2abe(b + ¢) + b2c?
= bc[a2 —ab+c)+ bc] =bc(a —Db)(a - c).
e Dua vé dang Vornicu-Schur. Nhan ca tir 1An mAu ctia phan thic thu duge vé6ia > 0,

a _2a(b+c)—bc_@‘(a—b)(a—c)

a+bc 2q 2q a? + abc

Viét hai ddng thuc tuong tu cho b va cho ¢ r6i cdng ca ba theo vé, hiéu hai vé ctia bat ddng thitc can
chiing minh bang
abc | (a =Db)(a-c) N (b—c)b—-a) N (c—a)ic—b)

2g a?+abc b2 + abc c2 +abc

b .
Vi 512_c > 0, ta chi con phai chitng minh tong trong ngodc vuong khong am.
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e Sap thi? tw va so sanh hai hé s6. Téng trong ngodc vudng ddi xtiing d6i véi a, b, c, nén khong
mét tinh tong quat gid sta > b > ¢ > 0. D4t

1 1 1
X = ——-, =, FE
a2 +abc Y b2 +abce c2 +abc

Tub > ¢ > 0suyrab? +abc > ¢ +abc > 0,do d6 z > y. Theo diéu kién 1 ctia bat déng thiic
Vornicu-Schur d muc A,

x(a-b)a-c)+ylb-c)b—-a)+z(c—a)c—-b) > 0.
Bat dang thirc dugc chiing minh.
Diém roi. Diu déng thirc xay ra khiva chikhia = b = c; kéthop véia+b+c =3dugca=b =c = 1.

~ p . 1 . N
Khi d6 moi phan thtc & vé trai bang D va ve trai bang 2

@ )

Bai 8.12". Cho céc sb thuc khong &m 4, b, ¢, trong d6 khong ¢6 hai s6 nao dong thoi bang
0. Chting minh rang

a’(b+c) b c+a) c*>(a+b)
b2 + c? c2+a? a? + b?

> a+b+c.

(Darij Grinberg)

. J
Phan tich. Mdi phan thtc c6 tr s6 1a mot tich, nén viét tir s6 thanh binh phuong roi dung bat dang
thtte Cauchy-Schwarz dang Engel sé gop ca ba phan thitc vé mot. Bat dang thuc thu duge sau d6
thudn nhat va d6i xtiing; chuyén sang p, ¢, r thi hiéu hai vé rat gon dung thanh r(2p? + 9r — 7pq),
ma 2p3 + 9r > 7pq 1a mot rang budc da c6 & muc A. Trudng hop c6 mot bién béng 0 phai tach riéng,
vi khi 4y mot mau s6 ctia dang Engel bang 0.

L&i giai

e Trwdng hgp c6 mét bién bang 0. Do tinh déi xting, gia st ¢ = 0. Khi d6 a va b khong ddng thoi
bang 0; hon ntta néu mot trong hai bang 0 thi cing véi ¢ ta ¢6 hai s6 cuing bang 0, trai gia thiét. Vay
a,b > 0 va vé trdi bang

b2 a? b a

Nhan bat ddng thitc cin ching minh véi ab > 0, né tuong duong véi
a’+b% > ab(a+b) © (a+b)(a®—ab+b*) > ab(a+Db),
ttc (a + b)(a — b)? > 0, hién nhién ding.
e Ap dung Cauchy-Schwarz dang Engel. Tir day gia stt a, b, ¢ > 0. Viét lai mdi phan thrc,

a?(b+c) [a2(b + C)]2
b2+c2  a2(b+c)(b? +c2)’

rdi 4p dung bat dang thuec Cauchy-Schwarz dang Engel cho ba phan thic d6,

2
2o |ZeE+o)
iz - Y a2(b +c) (b2 +c2)
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e Quy vé mét bat dang thirc da thirc. Mau sb & vé phai duong, nén bat déng thitc da cho sé ding
néu

[Za2(b +c)]2 > (a+b +C)Za2(b +0)(b* + c?).

e Chuyén sang bé ba p, g, . Ditp =a+b+c,q = ab + bc + ca, r = abc. Khai trién truc tiép cho
dong nhat thuc

[Za2(b + c)]2 —pZaQ(b +0)(b% +c?) = r(2p® + 97 — Tpgq).

e DUNg rang budc cé san. Theo rang budc 2p> + 9 > Tpq & muc A va r > 0, vé phai khong am.
Vay bat dang thirc da thic & budc trude dung, va bai todn dugce giai quyét.

Diém roi. Ding thitc trong bat ddng thitc Cauchy-Schwarz dang Engel doi hoi b2 + ¢2 = ¢? +a? =
a?+b? taca=b=c;khido, véia=b=c=ttacé2p®+9r — Tpq = 543 + 9t3 — 63t = 0 nén dénh
gid thu hai cling thanh déng thic, va hai vé cuing bang 3t. Ngoai ra, & truong hop bién dang thuc
con xay ra khia = b, ¢ = 0 cting cac hoan vi: chang han vé6i (4, b, ¢) = (1; 1; 0) hai vé ciing bang 2.
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BEmm CHUONG 9

Ky thuat phan tich binh
phuong S.0.S

Dua bit ding thitc ba bién vé tong ba binh phuong c6 hé s6, 16i chi con phdi xét didu ciia ba hé s6 dy sau khi di
sdp thit tu cdc bién.

Hau hét cic bat dang thic ba bién trong chuong trinh chuyén c6 dau déng thirc xay ra taia = b = c.
biéu d6 goi y ring hiéu gitra hai vé phai triét tiéu khi ba bién bang nhau, nén né c6 thé viét duge
thanh mot t6 hop ctia ba binh phuong (a — b)?, (b — ¢)?, (c — a)? v6i cac hé s6 la nhitng biéu thic ctia
a, b, c. Cach viét &y duoc goi la phin tich binh phuong, viét tat theo thong 1é quoc té 1a S.0.S (Sum Of
Squares). Sau khi phan tich xong, bai todn chuyén thanh mot bai toan méi don gidn hon nhiéu: xét
dau ba hé s6. Chuong nay trinh bay bang cac phan tich co sd, cac tiéu chuan vé dau da dung ¢ muc
thi hoc sinh gidi, va ky thuat sdp thi tu bién trudc khi xét dau.

A. Kién thi’c trong tam

Dang S.0.S va quy uvéc goi tén

Cho biéu thttc F(a, b, ¢) thod man F(t, t,t) = 0 v6i moi t. Néu tim dugc ba biéu thic S, Sy,
Sc.caaa, b, c sao cho

F(a,b,c) = S,(b —c)*>+ Sp(c —a)® + Sc(a —b)?,

thi ta n6i F ¢6 mot dang S.0.S. Khi d6 bat déng thic F > 0 dung néu S,, Sp, S. dong thoi
khong am. Bo ba hé s &y néi chung khong duoc xac dinh duy nhat béi F; trong sach, bo hé

s6 cu thé l1ap duge 6 méi 1oi giai dugc goi la dang chinh tic S.0.S, va d6 chi la mot quy udc

goi tén noi bo.

N\ Y
e Quy Ud'c tén chi s6. Hé s6 ding trude (b — c)? mang tén S,, nghia la chi s6 ghi tén bién khong xuat
hién trong binh phuong tuong ting. Quy udc nay gitip cac tiéu chuan dugc phat biéu gon hon.

e Vi sao chinh tic chi la quy wdc. Mot biéu thic F ¢6 thé c6 nhiéu bo hé s6 S.0.S khac nhau. That
vay, v6i moi 4, b, ¢ ta ¢c6 dong nhat thtc

(@a-ba-c)b-cP-@-b)b-c)c—a)’+((b-c)a-c)a-b)?=0,

vivé tréi bang (a —b)(b—c)(a —c) [(b —c)—(a—c)+(a— b)] va ngodc vudng bang 0. Cong ba hé s6 ay
vao S, Sp, Sc ta duge mot dang S.0.S khéc cta ciing mot F. Vi vay chit chinh tic & day chi ¢6 nghia
1a bd hé s6 vira lap dugc trong 1oi giai dang xét, khong ham y tinh duy nhat.

e Ba budc lam viéc. Thit nhéat, dung bang phan tich co s¢ dé dua hiéu hai vé vé dang chinh tic.
Th hai, sdp tht tu cac bién, chdng han a > b > ¢; diéu nay ludn lam dugc véi bat dang thac doi
xung. Thi ba, xét dau S,, Sy, S, va ap dung mot tiéu chuan thich hop.
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e Vi sao phai sap thi¥ tu. Trong da s6 bai todn, ba hé s6 khong dong thai khong am; thuong chi c6
mot hé s6 c6 thé am, va d6 1a hé sb ting vé6i bién 16n nhat hodc bién nhé nhét. Sau khi sip thit tu, ta
biét ro hé s6 nao c6 nguy co am va bt trir né bang hai hé sb con lai.

V6i bat déng thtc chi 6 tinh hoan vi vong quanh, hiéu hai vé néi chung khong déi xing, nén ngoai
ba binh phuong con xuét hién tich (2 — b)(b — ¢)(c — a). Ta thdng nhat cac ky hiéu

D=(@-b)b-c)c—a), P=(a+b)b+c)c+a), U=a’b+b*c+c%a, V =ab®+bc®+ca’

Bang phan tich co s& ~

Phan d6i xirng. V6i moi s6 thuc a, b, c:

(Al) a®>+b?+c?—ab—-bc—ca=3%[(a-b)*+ (b —-c)*+(c—a)];

(A2) a3+b3+c3—3abc:%(a+b+c)[(a—b)2+(b—c)2+(c—a)2];

(A3) (a+Db)(b+c)(c+a)=-8abc =a(b—c)*+b(c—a)’+cla-b)%

(A4) a3+ b3+ c® +3abc —ab(a +b) —be(b +c) — ca(c +a)
=i{b+c—a)b-c)?+(c+a—-b)c—a)?+@+b-c)a-Db)?]

Vé6ia, b, c duong;:

(a-b) (b—c)? (c-a)?

a b @ 1
2((b+c)c+a) (c+a)a+b) @+b)b+o)|

3
(A5 b+c+c+a+a+b_§_

Phan hodn vi. V&i moi s6 thuc a, b, c:
(H1) V- U = D; (H2) P =U+V + 2abc;
(H3) ab®+bc® +ca® - a’b-b3>c-cPa=(a+b+c)D;

(H4) V —3abc =1[D +a(b—c)* +b(c —a)? + c(a — b)?].

Véia, b, c duong:
a-b b-c c—a D

51 a+b+b+c+c+a=_F;
a b c 1 D
UB19) a+b+b+c+c+a_§(3_ﬁ)'
\ J

e Ghi chu. Vé trai cua (A3) con viét dugcla ab(a+b)+be(b+c)+ca(c+a)—6abe, vi(a+b)(b+c)(c+a) =
ab(a+b)+be(b+c)+ca(c+a)+2abc. Dang thtc (A4) chinh la dang S.0.S ctia bat dang thuc Schur
bac mot; n6 cho thay ngay vi sao bat déng thirc d6 van dung du mot trongbahésdb+c—a,c+a—b,
a+b—ccéthé am.

e Cach dung. Hai déng thuc (H1) va (H2) giit vai tro then chét: chung cho phép chuyén qua lai
gitta ba dai lugng U, V, P chi nhd mot minh D. Hai déng thic (H5) va (H6) bién nhitng tong phan
thtre hoan vi quen thudc thanh mot hing s6 cong véi boi ctia D /P, nho d6 bai toan rut gon vé viéc
so sdnh cac boi ctia D.
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( )
Bo dé 9.1. (Hai phép quy vé dang chinh tic) V6i moi s6 thuc A, B, C vaa, b, c:

A(@=b)?+B(b - )’ + C(c —a)?
=(A+C)a-b)a-c)+(A+B)b—-c)b—-a)+(B+C)c—a)c-Db)

AR2a -b—-c)?>+B(2b—c —a)’> +C(2c —a - b)?
=4A+B+C)a-b)a-c)+(A+4B+C)(b—c)(b—-a)

+(A+B+4C)(c —a)(c — D).
\ J

e Chirng minh. Ca hai ddng thic déu kiém duge bang cach quy vé hai bién hiéu.

e Dua vé hai bién hiéu.Ditu =a-b,v=b—-c,khidéc-a=—-(u+v),a-c=u+v,b—a=-u,
@ =) = =,

e Dang thirc thi nhat. Vé trdi bang (A + C)u? + 2Cuv + (B + C)v?. Vé phai bing

A+Quu+v)—(A+Buv+B+C)ou+v)=(A+Cu’+(A+C-A—-B+B+Cuv+(B+C)v?,

tttc ding béng (A + C)u? + 2Cuv + (B + C)v?.
e Dang thirc th hai. Taviét 22 —b—c = (a — b) + (a — ¢) nén

YARa-b-c))=(A+B)a-b)?+B+C)b-c)?>+(C+A)c—a)*+2> A(a—-b)a-c),

roi ap dung dang thtc tha nhat chobahésdé A+ B, B+ C, C + A.

e Y nghia. Phép bién déi thir nhat ndi dang chinh tic S.0.S véi dang ¥, x(a — b)(a — c); phép thit hai
dacbiét hiru ich khi bai toan ¢ rang budc a+b+c cho trude, vikhia+b+c = 3tacé 3(a—1) = 2a—b—c.

4 \
Bo dé 9.2. (Tiéu chudn vé diu ciia S,, Sp, S¢) Gidstta > b > cvaddtx =a-b>0,y =b—c > 0.

Khi do
Sa(b —c)? + Sp(c —a)® + Sc(a —b)* = (Sp + Sc)x® + 28, xy + (Sz + Sp)y>.

Do d6 téng trén khong &m néu mot trong céc diéu kién sau dugc thod man:
(T1) Sp >0, S +Sp, >0, Sp+S:.>0;
(T2) Sy +5S,>0, Sp+S.>0 va (S, +Sp)(Sp +S¢) > S2;
(T3) ¢>0,b>0, S,>0, Sc >0 va b3S, +a?S, > 0.

Ngoai ra, v6i biéu thirc viét & dang lién hgp qua Bd dé 9.1 ta c6 tiéu chuan
(T4) néua>b>cvax,y,z>0max > yhodcz >y thi

x(a=b)a—-c)+ylb—-c)b—-a)+z(c—a)c—-b) = 0.
. J

e Chirng minh dang thi¥c. Vic —a = —(x + y) nén (c — a)? = x2 + 2xy + y?; thay vao rdi nhém theo
x%, xy, y? ta dugc ngay két qua.

e Chirng minh (T1). Ca ba s6 hang (Sp + Sc)x?2, 2Spxy, (S, + Sp)y? déu khong am.

e Chirng minh (T2). Néu S, > 0 thi da xong theo (T1). Néu S;, < 0, theo bat dang thitc AM-GM,

(Sp + S)x? + (Sa + Sp)y? = 2v/(Sq + Sp)(Sp + Se) xy = 2|Sp| xy = =25, xy.

Trang 166 » Mai Thanh Luan



Chuong 9 Mai Thanh Luan | 0854070701

e Chirng minh (T3). Tira > b > ¢ > Osuyrac(a —b) > 0, tc b(a —c) > a(b —c),do d6 (a — ¢)? >

2
2—2(19 — ¢)?. Nhan bat ddng thtc nay v6i Sp > 0 16i cong thém S, (b — ¢)? ta duoc

Sa(b—c)*> + Sp(c —a)? > 73

(b-c)* >0,

con Sc(a — b)? > 0. Cong lai duge diéu phai ching minh.

e Chirng minh (T4). Trong mdi trudng hop, ta tach vé trdi thanh hai s6 hang khong am.

e Trwong hop x > y. Viét vé trdi thanh z(a —c)(b—c) + (a —b) [x(a —c)-yb- c)] Nia—c>b-c>0
nén x(a —c¢) > y(b — ¢), do d6 cé hai sd hang déu khong am.

o Trudng hop z > y. Ta viét vé trai thanh x(a — b)(a — ¢) + (b — ¢)[z(a — ¢) — y(a — b)] va lap luan
tuong tu.

Dang S.0.S hoan vi vong, ky hiéu riéng S.0.C

Véi bat ddng thirc hoan vi vong quanh, dang thich hop 1a
Sa(b —c)? + Sp(c —a)?> + Sc(a—b)? > S(a—-Db)b-c)c—a).

Céch viét nay duoc goi la dang S.0.S hodn vi vong; dé cho gon, tir day trong sach ta ky hiéu
n61aS.0.C. Can luu y S.0.C 1a ky hiéu riéng cta sach, khong phai ky hiéu thong dung nhu
S.0.S; diém khdc biét so véi dang S.0.S ddi xting ndm & vé phai, noi xuat hién thém tich
D = (a—b)(b — ¢)(c — a). Vi hai vé chi khong ddi qua phép hoan vi vong quanh, sau thi tu
c6 thé c6 ctia ba bién rit vé hail6p: l6pa > b > ¢ (gdmcdb > ¢ > avac > a > b) ting vdi
D<oO,valopc>b>a(gomcab>a>cvaa>c>b)ungv6iD > 0.NéuS§ > 0vavé
trai khong am thi 16p tha nhét 1a hién nhién, vi khi d6 vé phai khong duong. Vay chi con
phdixétc>b>a.Datx=b-a>0,y=c-b>0,khidoc-a=x+y, D =xy(x+y)va

Sa(b— )+ Sp(c —a)? + Sc(a — b)? = (Sp + Sc)x? + 28, xy +(Sq + Sb)yQ.

Do d6 bat dang thuec dung néu S, + S, > 0, Sp + S > 0 va

24(Sa + Sp)(Sp + Sc) + 2S5, > S(c—a).
\ J
e Phép dat bién khir tham s6. Khi cic hé s6 S;, S, S cong kénh, ta dat

b=a+x, c=a+x+y (x,y>0),

ung véi tha tu ¢ > b > a. V6i phép dat nay, moi hiéu ctia ba bién déu chi phu thudc x va y. Trong
cac bai bac ba ctia chuong nay, sau khi khai trién, bién a chi con xuét hién tuyén tinh, tic hiéu hai vé
c6 dang

aG(x,y)+H(x,y).

Via > 0, néu kiém dugc thém réng G(x,y) > 0 v6i moi x,y > 0 thi a G(x,y) > 0, nén c6 thé cho
a = 0 ma khong lam yéu bat déng thitc; phan a G(x, y) bi bd di chinh 1a phdn du dung dé lam chit
bai toén.

« Diéu kién phai kiém trwdc khi cho a = 0. Viéc xét dau ctia G 12 bit bude va phai lam truéc khi cho
a = 0. Néu G ddi dau trén mién x, y > 0 thi a G(x, y) c6 thé am, khi dy a G(x, y) + H(x, y) < H(x, y):
chting minh dugc H > 0 chi cho mdt ménh dé yéu hon, khong kéo theo bat ddng thiic ban dau, nén
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phép cho a = 0 khong hop 1é. Ngoai ra, v6i nhitng biéu thitc bac cao hon, bién a néi chung khong
con xuat hién tuyén tinh sau phép dit, nén 1ap luan trén khong dung dugce.

B. Ky thuat va vi du minh hoa

Vidu 9.1. Cho 4, b, ¢ 1a céc sb thuc duong. Ching minh bat dang thirc

a b c 3 f a2
S 3 40 22 , i),
e + i + 7 > 3 (bat dang thtrc Nesbitt)

Phan tich. Hiéu hai vé triét tiéu tai 2 = b = ¢, lai i xtiing hoan toan, nén dua dugc vé dang chinh
tdc S.0.S. Ta thiét lap phan tich (A5) bang cach trir 3 vao timng phan thitc rdi ghép céc s6 hang theo
tirng hiéu.

L&i giai

e Tach tirng phéan thirc. V6i mbi hang ti,

a 1 2a-b-c (a—-b)+(a-c)

b+c 2 2b+c¢) 2(b +¢)

e Ghép theo tirng hiéu. Cong ba déng thirc tuong tu roi gom hai s6 hang cung chira a — b, ta duoc

a-b N b-—a _a-b (c+a)-(b+c) _ (a —b)?
2b+¢) 20c+a) 2 b+c)c+a) 2b+c)c+a)

e Dang chinh tac. Lam tuong tu véi hai cap con lai,

a b c

— )2 — )2 2
N N (a—D) N (b-c) N (c—a)
b+c c+a a+b

1
2((b+c)c+a) (c+a)a+b) @+b)b+o)l|

3
-

o Két luan. Ca ba h¢ s6 déu duong nén vé phai khong am; & day ba hé s6 ciing dau nén khong can
sdp thu tu bién. Dau dédng thirc xay ra khi va chikhia = b = c. Phén tich vira 14p chinh 1a (A5) trong
bang co s& va sé con dugc dung lai nhiéu lan.

Nhan xét. Day 1a lan tha ndm va ciing 1a lan cudi bat dang thac Nesbitt duge ching minh trong
sach; bon 16i giai trude ndm & Vi du 1.8 (bién déi tuong duong), Vi du 2.8 (AM-GM véi diém roi),
Vidu 5.1 (dang Engel) va Vidu 7.6 (U.C.T). Ddi chiéu nam 16i gidi la cdch ngén nhat dé thdy pham
vi d4p dung cua ting ky thuat.

@ )

Vi du 9.2". Cho 4, b, c 1a céc s6 thuc khong am, trong d6 khong c6 hai s6 nao dong thoi
béng 0. Chitng minh bat ddng thtc

a? +b? + ¢? N 8abc -

ab+bc+ca (a+b)b+c)c+a) —
. J
Phan tich. Dau déng thic xdy rataia = b = c vacd taia = b, ¢ = 0. V6i hai diém roi céch xa nhau
nhu vay, khong nén ky vong ca ba hé s6 ctia dang chinh tic déu khong 4m. Phan tich cu thé dusi
day cho thay S, that su c6 thé am, chdng han tai (a,b, c) = (10,1,1) thi S, = —178; do d6 can sdp tht

Trang 168 » Mai Thanh Luan



Chuong 9 Mai Thanh Luan | 0854070701

tu bién rdi dung tiéu chuan (T3). Hai hang tt ctia vé trdi déu ndm sin trong bang cd s&: hang ti dau
dung (A1), hang tir sau dung (A3).

Piémroi.a=b=c,vaa=b,c=0 cuing cac hoan vi.

L&i giai

Datg=ab+bc+cavaP =(a+Db)b+c)c+a).
e Tach hai phan. Theo (A1) va (A3),

(12+b2+c2_1_(ﬂ—b)2+(b—C)2+(C—ﬂ)2 1_8abc_a(b—c)2+b(c—cz)2+c(a—b)2
q - 2q ’ P P '

e Dang chinh tac. Trir hai ding thtc trén cho nhau, vé tréi trir 2 bing

Sa(b —c)? + Sp(c —a)? + Sc(a — b)?
2qP ’
trong d6, sau khi quy dong va dung P = (a + b + ¢)g — abc,
Se=q(b+c—a)-abc, Sy =q(c+a—-b)—abc, Sc=qg(a+b-c)—abc.
e Sap thi¥ tv bién. Do biéu thirc ddi xting, gidstta > b > ¢ > 0;khidé b > 0, vinéu b = 0 thic = 0,
tréi v6i gia thiét khong c6 hai s6 nao dong thoi bang 0. Ta c6
Se=qa+b—-c)—abc > abla+b—-c)—abc=abla+b—-2c) > 0,

vig>abvaa+b—c>0.Tiép theo,

Sy =q(a—b)+qc—abc=q(a-b)+c(qg—ab)=q(a-b)+c*@a+b) > 0.
e Kiém tiéu chuan (T3) ctia B6 dé 9.2. Chi con phai kiém b3S, + a2}, > 0. Trude hét

a2(c+a-b)+b2(b+c—a)=c(@®+b®+ @ +b®) —abla+b) =ca®+b?+@a+b)a-b)

Do do6
b2S, +a%Sy = ¢ [c(a2 +b%) +(a+b)a- b)2] — abe(a? + b?)

= c(a® + b*)(q — ab) + g(a + b)(a — b)?
= c*(a+b)(@a*+b* +q(a+b)(a-b)* > 0.

o Két luan. Theo (T3), tdng S,(b — ¢)? + Sp(c — a)? + S¢(a — b)? khong am, nén bat ding thirc duge
ching minh. Dau dang thitc xdy ra khi a = b = ¢, hodc khi hai bién bang nhau va bién con lai bang
0.

Nhan xét. Véi nhitng bai ¢6 hai diém roi nhu trén, tiéu chuan (T3) thuong la cong cu thich hgp: né
cho phép hé s6 ting vdi bién 16n nhat mang ddu 4m, mién l1a dugc hai hé sb kia bu lai theo trong sé
a2, b2.

Vidu 9.3. Cho g, b, ¢ 1a céc s6 thuc khong am thod man a + b + ¢ = 3. Chiing minh bat ddng
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2(a* +0* + ) +9 > 5(a® + b+ ¢?) (Nguyén Thac Vi Hoang).

Phan tich. Ddu déng thic xdy rataia =b =c =1vacataia = 0,b = ¢ = 3. Vi ¢6 hai diém roi nén
phép danh gia ting bién mot cach doc lap noéi chung khong du. Ta tach hiéu hai vé thanh ba s6 hang
dang (t — 1)(2t — 1) bang mot dong nhit thirc, rdi dung phép quy vé dang chinh tac thit hai ctia B6
de9.1.

Piémroi.a=b=c=1;vaa=0,b=c= % cung cac hodn vi.

L&i giai

e Dong nhat thirc mét bién. Véi moi sé thuc ¢ ta cé
23 — 52 4 4t — 1 = (t — 1)2(2t - 1),
tic1a 213 + 3 — 512 = (+ — 1)%(2t — 1) — 4(t - 1).
e Cong ba dong nhat thirc. Ap dung chot =a,t =b,t = c rdi cong lai,chiya + b +c -3 =0:
2@ + b3 +c®) +9-5(a* + b2 +c?) =(a—1)*Q2a - 1)+ (b —1)*(2b - 1) + (c — 1)*(2c - 1).
e Quy vé dang chinh tdc. Vi3(a — 1) =3a — (a + b + ¢) = 2a — b — ¢, nhan hai vé véi 9 ta duoc

9Y (a-1’Qa-1)= Y (2a-b-cP(2a-1),

trong d6 tdng 1ay theo hoan vi vong quanh. Ap dung B6 dé9.1v6i A =2a-1,B=2b-1,C =2c—1
vacha y
4A+B+C=8a—-4+(2b-1)+(2c—-1)=8a+2(3—a)—6 = 6a,

ta thu dugc

Z(Qa —b-0c)(2a-1) = G[a(a —b)a-c)+bb—-c)b-a)+c(c—a)(c— b)].

e Két luan. Do biéu thitc ddi xting, gid st a > b > ¢ > 0. Khi d6 ba hé sb 64, 6b, 6¢ khong am
va 6a > 6b, nén theo tiéu chuan (T4) ctia B6 dé 9.2 tong trén khong am. Dau déng thitc xay ra khi
a =b = c = 1, hodc khi mot bién béng 0 va hai bién con lai bing 2.

Nhan xét. Phép quy vé dang chinh tdc tha hai ddc biét hgp véi cac bai ¢6 rang budc a + b + ¢ cho
truudc: moi hiéu a — 1 déu bién thanh 2a — b — ¢, va bai todn quy ding vé dang ctia tiéu chudn (T4).
Deé bai nay da dugc giai 6 Vi du 8.1 bang phuong phép p, ¢, r, noi né rat gon thanh dung bat ddng
thirc Schur bac mot; hai 16i giai duoc gitr lai canh nhau dé d6i chiéu hai cach khai thac ciing mot bat
déng thic nén.
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Vi du 9.4°. Cho a, b, c 1a céc s6 thuc khong am thod mén a + b + ¢ = 3. Chting minh bat
dang thtc

ab® +bc? + ca® + abe < 4.

Phan tich. V& trai chi c6 tinh hoan vi vong quanh, nén & day ta dung dang S.0.C. Dau déng thtc
xdyrataia =b=c=1vatai(a,b,c)=(0,1,2); diém roi thi hai léch hdn khoi dudng chéo, bdo hiéu
rang saukhiddtb =a+x,c =a+x + y tasé phaichoa =0vax =y.
Piémroi.a=b=c=1;va(a,b,c)=(0,1,2) cuing cac hoan vi vong quanh.

Loi giai

Vi hai vé thuan nhat hod dugc, bat dang thic tuong duong véi
4a+b+c)® > 27(ab® + bc? + ca® + abc).

Datp = a + b + ¢ va gitt nguyén cac ky hiéu U, V, P, D 6 muc A.
e Trvong hgpa > b > c.Khidé D < 0, ma theo (H1) thiV —U = D, nén V < U. Két hop véi (H2),

u+v

V +abc < +abc:§.
Mit khéc, theo bat dang thiuc AM-GM,

3
P=(a+b)b+c)c+a) < (”+b)+(b;rC)+(c+a) =82_p73_

Do d6 27(V + abc) < % < 4p3.
e Trwdng hop ¢ > b > a. Dung (A2), (A3) va (H1), ta phan tich
4p® = 27(V + abc) = 4(a® + b* + ¢® — 3abc) — 3[(a + b)(b + c)(c + a) — 8abc]|
FEU-v),
va sau khi nhan hai vé v6i 2 roi thay cac phan tich co s6 vao,
2[4;73 -27(V + abc)] =S,(b — )+ Sp(c —a)® + Sc(a —b)? — 27D,

trong d6 S, =a +4b+4c,Sp =4a+b+4c, S, =4a+4b +c.
e Dat bién. V6ic > b > a,ditb =a+x,c=a+x+y(x,y > 0).Khidéb-a=x,c-b =y,
c—a=x+y,D = xy(x +y), va mot phép khai trién truc tiép cho

2[4p® = 27(V + abc)| = 18a(x? + xy + y?) +2(5x% + 4y — 6x%y — 3xy?).
o Két thiic. S6 hang dau khong am. Véi s6 hang sau, theo bat dang thic AM-GM,
2(x* +x*+°) = 6x%y, P+’ +y° > 3xy?,

cong lai dugc 5x3 + 4y3 > 6x%y + 3xy?. Vay bat ddng thic duge ching minh.

Déu dang thitc xay rakhix =y =0, tiica = b = ¢ = 1; hodckhia =0vax =y, tic (a,b,c) = (0,1,2)
cuing cac hoan vi vong quanh.

Nhan xét. Phan 18a(x? + xy + y?) bi bo di chinh 1a phan du. Gii lai n6, ta nhan dugc két qua chit
hon: néu k = min{a, b, c} vat = max{a,b,c} thid(a+b+c)? > 27(ab?+bc? +ca® +abc) + 2L k(t — k)2
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Vidu 9.5. Cho 4, b, c 1a céc sb thuc khong am. Chiing minh bat dang thurc

3,13, 3
% > abc + |(a —-b)b-c)(c- a)|.

Phan tich. Ca hai vé khong d6i khi hoan vi cdc bién, nén c6 thé sdp thit tu tuy y. Vé tréi trix abe da
6 sén phan tich (A2); viéc con lai 1a so sénh téng ba binh phuong véi tich D, va d6 dtng 1a ndi dung
ctia mot danh gid AM-GM don gian.
Diémroi.a=b=c.

Loi giai
Do vé trai d6i xting va vé phai khong déi khi hodn vi, tagidsttc > b>a > 0vaditx =b—-a >0,

y=c—b>0.Khido

(@=b)(b=c)c—a)=(=x)(-y)x +y) =xy(x +y) = O,
nén dau gid tri tuyét déi c6 thé bo di.
e Duing phan tich (A2). Bat dang thitc tuong duong véi a3 + b3 + ¢ — 3abe > 3xy(x + ), tic

a+b+c

o [(a =2 (b =le) e = a)z] > 3xy(x +y).

e Danh gia téng binh phwong. Vic —a = x + y nén
(@a-bP+b-c)P+(c—a)P=x*+y*+(x+y)*=2(x* +xy +y?) > 6xy,

dox?+xy+y?-3xy=(x-y)*=0.
e Két luan. Tir hai danh gid trén, chi con phai chitng minh

3a+b+c)xy = 3xy(x +y)=3xy(c—a),

ticlaa+b+c > ¢ —a, hién nhién ding vi tuong duong véi 24 + b > 0. Dau ddng thic xay ra khi va
chikhia=b =c.

Nhan xét. Bat ding thtic vira chitng minh manh hon dang thudng gap véi hé s6 2 ¢ vé phai. C6 thé
héi hé s6 1 dung trudce |(a —b)® - c)(c - a)| da 16n nhat chua. Néu thay n6 bang hang s6 k thi tai
(a,b,c) = (3,1,0) bat ddng thirc trd thanh 22 > 6k, nén moi k diing dugc déu thod k < 4. Vay hing
s6 tot nhat nam trong doan [1; 134]; xac dinh chinh xéc gia tri &y doi hoi khao sat ham sb mot bién,
vugt ra ngoai pham vi chuong.

Vi du 9.6. Cho x, y, z 1a cac s6 thuc duong. Ching minh bat ddng thic

8x 8y 8z 2(xy?+yz? +zx% + xyz)
+ +

> 14.
x+y y+z z+x  x2y+y?z+z2x+axyz

Phan tich. Ca hai nhém & vé trai déu la tong hoan vi vong quanh va déu do dugc bing mot minh
D: nhém dau qua (H6), nhém sau qua (H1). Néu cac hé s dn khép thi hiéu hai vé sé rat gon thanh
mot binh phuong diang caa D.
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Diém roi. Khi trong ba s6 c6 hai s6 bing nhau.
L&i gidi

Gitt nguyén cac ky hieu U = x?y + y?z + z%x, V = xy? + yz2 + zx%, P = (x + y)(y + z)(z + x) va
D = (x — y)(y — z)(z — x); ngoai ra ky hiéu L la vé trdi ctia bat ddng thitc can chiing minh.
e Nhém th nhat. Theo (H6),

8
v % 82 g 13 Dy_y_ 4D
X+y y+z z+x 2 P P
e Nhém th hai. Theo (H1) tac6 V —U = D, do d6
2(V +xyz) 2(V-U) 2D
———— == =2+ .
U+xyz U+xyz U+xyz

e Rut gon. Cong hai két qua trén roi trir 14,

2D 4D _ 2D[P—2(U+xyz)]
U+xyz P (U +xyz)P

L-14=

Theo (H2) thiP =U +V +2xyz,nén P - 2(U + xyz) =V — U = D. Vay

2D?

L-14= —-—— >
U+xyz)P — 0

e Két luan. Bat ddng thirc dugc chitng minh. Dau déng thitc xay ra khi va chi khi D = 0, tac khi
trong ba s6 x, y, z ¢6 hai s6 bang nhau.

Nhan xét. Vi du nay cho thay loi ich ctia viéc phén tich theo D: khi cic hé s6 duge chon dung, toan
bd hiéu hai vé rut gon thanh mot binh phuong ctia D, va bai toan két thiic ma khong can mot tiéu
chuan nao.

Vidu 9.7°. Cho a, b, ¢ 1a cac s6 thuc duong thod man abc = 1. Chiing minh bat déng thic

a+3 b+3 c+3
@+12 Br12  crl? >3  (UKTST 2005).

L
X

Phan tich. Rang budc abc = 1 cho phép data = ;, c= g Sau phép ddt, méi hang tir tro
5 . . %=
thanh mét phan thac thuan nhat bac 0 theo x, y; dat tiép u = o /

va cac dai luong tuong tng, bai
toan rut vé mot bat déng thice gitra Y, u? va tich uow, ma (H5) cho biét u + v + w = —uovw.

Piémroi.a=b=c=1.

Loi giai
R K ~ a X Q P y Z x . 2
e DOi bien. Viagbc = 1 nén ton tai x, y, z duong véia = o lp = y, = . Khi dé
z+3
a+3  x _x(y+3x)  3x%+xy
(a+1)2 (x+y)2 C(x+y)? (x+y)?T
x
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e Tach theo dai lwvong u. Dit

X — -z zZ—X
y, o= w =
X+y

U= , = .
y+z z+x

2x
Tal+u= a (x +y)? — (x —y)? = 4xy ta c6
u T valx+y)y-(x-y) xy ta co

3x2
(x +y)?

_3 2 xy  1-u?
—4(1+u), (x+y)2 4

3x2 + Xy 1/[2 3u n 2 . X 4. z: 2 £ 2 ., >
nén W =5 t5+ 1. Cong ba dang thirc tuong tu, vé trdi cta bat dang thirc bang

W +v2+w? 3u+v+w)

+ o.
2 2 3

e Quy vé mét bat dang thirc cda u, v, w. Theo (H5),

G-y -DE-») _
(x+ Yy +2)(z + )

U+o+w= —uow.

Vay bat dang thttc can chitng minh tuong duong véi u? + v? + w? > 3uvw.
e Két thic. Néu uvw < 0 thi diéu d6 hién nhién. Néu uvw > 0 thi theo bat déng thuc AM-GM,

w2+ 02+ w? > 3Vu2o2w? = 3 (uow)?/>.

Mt khéc |u| < 1,]9] < 1, |w| < 1nén 0 < uow < 1, do d6 (uow)?? > uvw. Két hop lai dugc
u? + 92+ w? > 3uvw.
Vay bat dang thirc duge chiing minh. Dau dédng thirc xay ra khiva chikhia =b =c = 1.

4 N

Vidu 9.8. Cho 4, b, ¢ 1a céc sb thuc duong. Chiing minh bat ddng thuc

a2 +b2+c2  2(a%b +b%c + c%a) — abc
+ >
ab+bc+ca  2(ab? + bc? + ca?) — abc

. Y,
Phan tich. Hang tir dau d6i xtiing va c6 phan tich (A1); hang tt sau chi hoan vi vong quanh va léch
khoi 1 ding mot bdi cia D. Sau khi trir 2, bai toan trd thanh so sanh tong ba binh phuong v6i mot
boi ctia D, va ta xt Iy bang cach sdp thit tu rdi danh gia tho tong binh phuong.

Piémroi.a=b=c.

L&i giai

Dét g = ab +bc + ca cung cac ky hiéu U, V, D nhu trén, va ky hiéu L 1a vé trai ctia bat dang thac can
ching minh. Theo bat ddng thttc AM-GM thi V > 3abc, nén 2V — abc > 0 va biéu thic c¢6 nghia.

e Tach hai phan. Theo (A1) va (H1),

:(a—b)2+(b—c)2+(c—a)2+2(U—V)_(a—b)2+(b—c)2+(c—a)2 2D

IL=2 = - :
2q9 2V —abc 2q 2V —abc
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e Trvdng hop @ > b > ¢. Khi d6 D < 0 nén ca hai s6 hang déu khong am, bat ddng thitc hién nhién
ding.
eTrwonghopc>b>a.Ditx=b-a>0,y=c-b20,khidéc—a=x+yvaD =xy(c—a).
Ngoai ra
(=02 +{®-c)+(c-a)=2(x+xy+y?) > 6xy.

Do d6 chi can chiing minh

6xy . 2xy(c —a)

29 — 2V —abc’

tacla  3(2V —abc) = 2g(c - a).

e M6t danh gia manh hon. Ta chitng minh 2V — abc > g(c — a). Khai trién truc tiép,
2V —abc — q(c — a) = 2ab? + bc? + 3a®c + a?b — abc —ac’* = ¢ [c(b — @) = S — ab] +2ab? + a®b.

Vic>bvab—-a>0nénc(b—-a)>b(b—a) suyra

cb—a)+3a>—ab > b?>—ab—ab+3a®= (b -a)®+24a% > 0.
Vay 2V —abc —g(c —a) > 0,vado c > anén 3(2V —abc) > 3q(c —a) = 2q(c — a).
o Két luan. Bat ding thirc duge chiing minh trong ca hai trudng hop. Dau déng thiic xay ra khi va
chikhia=b =c.
Nhan xét. Budc danh gia (a — b)? + (b — ¢)? + (c — a)? > 6xy la budc then chét: né thay tdng ba binh
phuong bang mot bdi ctia xy, dung thira s6 xy ¢6 trong D, nhd d6 x va y dugc triét tiéu va bai todn
quy vé mot bat déng thuce da thic don gidn caa a, b, c.

C. Bai tap c6 15i giai

Bai 9.1. Cho 4, b, ¢ 1a cac s0 thuc duong. Chiing minh rang

(a+b)(b+c)c+a) > Sabc.

Phan tich. Hiéu hai vé triét tiéu tai @ = b = ¢ va biéu thic hoan toan ddi xttng, nén phan tich cd s
(A3) dung duoc ngay: né cho luén dang chinh tac véi ba hé s6 la chinh a, b, c. Vi ca ba hé s6 déu
duong nén khong can sdp tha tu bién; day la truong hop thuén 1gi nhat caa ky thuat S.0.S.
Diémroi.a=b=rc.

Lo giai

e Kiém lai phan tich co sé. Khai trién vé phai ctia (A3),
a(b—c)? +b(c—a)®+c(a—-0b)?=ab?+ac®+bc®+a?b +a’c + b*c — 6abc
=ab(a+b)+be(b+c)+ca(c+a)—6abc.

Mit khac (a + b)(b + ¢)(c + a) = ab(a + b) + be(b + ¢) + ca(c + a) + 2abc, nén trix hai ddng thic cho
nhau ta dugc ding (A3):

(a+Db)(b+c)c+a)—8abc =a(b —c)?+b(c—a)+c(a—b)>.

e Xét dau ba hé sé. Dang chinh tac vitalap ¢6 S, = a, Sy = b, S = ¢. Via, b, c duong nén ca ba hé
s6 déu duong; theo dang chinh tic S.0.S & muc A, tong ba s6 hang khong am.

o Két luan. Vay (a +b)(b+c)(c+a) > 8abc. Dau déng thiic xay ra khi va chi khia(b—c)? = b(c—a)? =
c(a —b)? = 0; do ba hé s6 déu khac 0, diéu d6 tuong duong v6ib =c,c =a,a =b,tlca =b = c.

Trang 175 » Mai Thanh Luan



Chuong 9 Mai Thanh Luan | 0854070701

Bai 9.2. Cho a, b, c 1a céc sb thuc duong. Ching minh rang

9ab
by 20 2(ab + bc + ca).
a+b+c

Phan tich. Vé trdi c6 mau a + b + ¢; nhan hai vé véi a + b + ¢ > 0 thi bat ddng thuc trd thanh mot da
thitc d6i xting bac ba, va da thuc ay dung bang vé trai cia phén tich co s& (A4). Dang chinh tic thu
dugccobahéséb+c—a,c+a—b,a+b—c;hésdtng véibién 16n nhat c6 thé am, ding tinh huéng
ma tiéu chuan (T3) duoc 1ap ra dé xu ly.
Diémroi.a=b =c.

Lai giai

e Khi¥ mau. Via + b + ¢ > 0, bat déng thtc tuong duong véi

(a* +b* + c®)(a+Db+c)+9abc —2(ab + bc +ca)a+b+c) > 0.

e Nhan ra vé trai cta (A4). Ky hiéu T = ab(a + b) + be(b + ¢) + ca(c + a). Khai trién truc tiép,
(@*+b?+c?)@a+b+c)=a’+b*+ >+ L, 2(ab + bc + ca)(a + b + c) = 2~ + 6abc.

Do d6 vé trai cia bat ddng thic vira viét bang a® + b + ¢3 + 3abc — L.
e Duva vé dang chinh tac. Theo (A4),

u3+b3+c3+3abc—2:%[(b+c—a)(b—c)2+(c+a—b)(c—a)2+(a+b—c)(a—b)2],

nén chi con phai chiing minh tdng trong ngodc vuong khong am, ttc 1a xét dang chinh tic véi S, =
b+c—a,S,=c+a-b,S.=a+b-c.

e Sap thi¥ tw cac bién. Biéu thic ddi xting nén gidstta > b > ¢ > 0.Khid6 S, =a+b—c>a >0
vib>c¢,vaSy,=c+a-b>c>0via>b.Chic6S, =b+c—alacéthéam.

e Kiém diéu kién cha tiéu chuan (T3). Tadac6 ¢ > 0,b > 0, S, > 0, S, > 0; con lai phai kiém
b2S, +a2S, > 0.Chtiy a3+ b3 —ab(a+b) = (a+b)(a? —ab+b%) —ab(a +b) = (a +b)(a —b)?, ta dugc

bib+c—a)+a*(c+a—b)=c(a®+b%) +a’+b®>—abla+b)

=c(a®+b?) +(@a+b)a-b)* > 0.

o Két luan. Theo (T3) ctia BS dé 9.2, téng S,(b — ¢)? + Sy(c — a)? + Sc(a — b)? khong am, nén bat
déng thuc duge ching minh. Mudn ¢6 dau dang thtc thi trong chudi déanh gid ctia (T3) phai c6
Sc(a—b)? =0;viS. > 0néna = b. Khi d6 b3S, + a*S, = c(a? + b?) > 0, budc (b — ¢)* = 0. Vay dau
déng thuc xay ra khi va chikhia =b = c.

Nhan xét. Bat dang thic nay chinh 1a Bai 8.1, & d6 n6 duoc giai bang phuong phép p, g, r. Hai 1oi
giai dugc gilt song song dé thy rang ciing mot bat ddng thitc Schur bac mot c6 thé tiép can tir hai
hudng: hodc quy vé ba dai lugng dbi xtiing co ban, hodc phan tich thanh téng ba binh phuong c6 hé
s0.
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Bai 9.3. Cho a, b, c 1a céc sb thuc khong &m. Chiing minh rang

at +b* +ct+abe(a+b+c) > ab(a®+b%) + be(b? + c?) + ca(c? + a?).

Phan tich. Hiéu hai vé 1a bat ddng thitc Schur bac hai, viét gon dugc thanh Y a?(a—b)(a—c). B6 dé9.1
ndi dang &y véi dang chinh tic S.0.S; doc bd dé theo chiéu ngugc, ta tim dugc ba hé s6 1 (b2 + ¢ —4a?)
cting cac biéu thttc tuong tu. Hé s ting v6i bién 16n nhét ¢6 thé 4m nén lai ding tiéu chuan (T3).
Diém roi. a = b = ¢; va hai bién bing nhau, bién con lai bing 0.

L&i giai

e Rut gon hiéu hai vé. Vé phaibing a(b+c)+b3(c+a)+c3(a+b), con a’be+b2ca+c?ab = abe(a+b+c).
Via?(a —b)(a—c)=a*—a3b+ c) + a’bc va tuong tu cho hai s6 hang con lai, ta dugc

at +b* + ¢t +abc(a +b+c)—ab(a® +b%) - be(b? + c?) - ca(c® + a?)
=a%(a-b)a—-c)+b%*b-c)b-a)+c(c—a)c-Db).
e Quy vé dang chinh tac. Ap dung déng thtc thit nhat ctia B4 dé 9.1 véi

A=1(a®+b*-c?), B=1(b*+c*-4a?), C=13(c*+a%-b7),

No—=

khid6 A+C =42 A+B=0b%B+C=c?nén

al(a —b)a—-c)+ b2 b -c)b—-a)+c*(c—a)c-b)

= 4?42 — )0~ o + (¢ +a> = b)) —a)? + (a2 + 17— ?)(a ~ b)?].

Vay dang chinh tic c6 S, = 1(b% + c2 - a?), Sp = £ (c® +a% = b?), Sc = $(a® + 1% - ?).
e Tach trwéng hop suy bién. Biéu thitc d6i xting nén gid stta > b > ¢ > 0. Néu b = 0 thic =0 va
bat ddng thuc trd thanh a? > 0, hién nhién dung. Tir day gia thiét théem b > 0.
eDauctaS,vasS..Via>cnén2S. = a2+b%2-c2>b2>0;via>bnén2S, = c2+a2-b%2> 2> 0.
Chicé S, 1a c6 thé am.
o Kiém diéu kién cua tiéu chuan (T3). Ta ¢6

2(b%S, + a?Sp) = b*(b? + ¢ — a?) + a*(c? + a* - b?)

=a* +b* - 2a%b* + *(a® + b?) = (a® - b2)2 +c?(a? +b%) > 0.

e Két luan. Theo (T3) ctia B dé 9.2, dang chinh tic khong am, nén bat déng thitc dugc chitng minh.
Dau déng thitc doi Sc(a — b)? = 0; vi S > 0nén a = b, va khi d6 2(b%S, + a%S;) = 2a%c?, nén hodc

¢ =0, hodc (b —c)? = 0. Vay dau dang thitc xdy ra khia = b = ¢, hodc khi hai bién béng nhau va bién
con lai bang 0.
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Bai 9.4. Cho a, b, c 1a céc sb thuc duong. Ching minh rang

a_ b c (a+b+c)?
b+c c+a a+b — 2ab+bc+ca)

Phan tich. Hai vé cung nhan gia tri % taia = b = ¢, nén tru % vao ca hai vé sé 1am 10 ra hai dang
chinh tdc da c6 sdn trong bang co sd: (A5) cho vé trdi va (A1) cho vé phai. Hiéu ctia chiing lai 1a mot
dang chinh tic, v6i hé s6 tng véi (a — b)? ti 1é véi g — ¢, trong d6 g = ab + bc + ca; hé s6 tng véi bién
16n nhéat c6 thé &m nén dung tiéu chuan (T3).

Diémroi.a=b=c.

L&i giai

Datg = ab + bc + ca.
e Trir 2 vao Ve trai. Theo (A5),

a b c

—_ hH)2 2 2
N N (a—D) (b-c) N (c—a)
b+c c+a a+b

1
2 (b+c)(c+a)+(c+a)(u+b) (@a+b)b+c)|”

S
=

o Trir 2 vao vé phai. Vi(a + b +¢)?2 = a? + b% + c? + 2g nén

(a+b+c)

a?+b?+c?—q (@a-b>+0b-c)+(c—a)
2q B ’

2q 4q

_9
5=

trong d6 dang thuc cudi chinh 1a (A1).

e Dang chinh tac cla hiéu. Trir hai déng thtc trén cho nhau, hiéu hai vé ctia bat déng thitic can

chiing minh bang

VU Mg — Y o2
2(b+c)(c+a) 4q](a b+ 2(c+a)a+b) 4q (b=c)
1 1 )

D) 4q](c a)”.
Vi(b+c)(c+a)=q+c?nénhé sé dau ba 29 -0+ _ = Lam t tu véi
1 Cc)\C a —q Cc” nen he so dau ang 4q(b+c)(c+a) _4q(b+c)(c+a)' am udng l.IVOI
hai hé sb kia,

q - a? q-b? g - c?

Sp

0= Lic+a)arby S LG@+hb+) T mpeocra)

e Sap thi? tu cac bién. Biéu thitc d6i xiing nén gid stta > b > ¢ > 0. Khi d6
g—c*=ab+cla+b-c) > ab>0, g-b*=ca+ba+c-b) > ca>0,

via>ckéotheoa+b—-c>b>0vaa>bkéotheoa+c—b>c>0.VayS, >0vaS, > 0; chico
S, 1a c6 thé am.
o Kiém diéu kién cta tiéu chuan (T3). Ta ¢6

L [Pla-a?) a1

b2 2 —
Sa + 475 49(a+b)| c+a T e |’
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nén chi can ching minh E := b2(b + ¢)(q — a?) + a*(c + a)(g — b?) > 0. Khai trién truc tiép cho hai
déng thuc
g—a*=2ca—-(a—-b)a+c), g—b*=2bc+(a—-b)b+c),

thay vao roi nhém lai,

E =2abc|b(b +c)+a(c+a)| +(a—b)a+c)b+c)a®-b?)
= 2abc [b(b +c)+alc+ a)] +@+b)a+c)b+c)a-b)? > 0.

o Két luan. Theo (T3) cta B6 dé 9.2, dang chinh tac khong 4m, nén bat déng thitc dugc chitng minh.
Dau déng thic ddi Sc(a — b)? = 0; vi Sc > 0néna = b, khi d6 E = 2abc[b(b + ¢) + a(c + a)] > 0 bude
(b = ¢)? = 0. Vay dau déng thic xay ra khi va chikhia = b = c.

Nhan xét. Hé s6 S, that sy c6 thé am: v6i (a, b, ¢) = (10,1, 1) thi g — a? = 21 — 100 = =79 < 0. Vi vay
10i giai khong thé dirng lai & nhan xét cd ba hé s6 déu khong dm, ma phai sép thtt tu bién rdi duing mot
tiéu chuan chap nhan dugc mot hé sd am; & day ta chon (T3).

Bai 9.5. Cho a, b, ¢ 1a cac s6 thuc khong &m. Chitng minh rang

3

a3+ b3+ ¢ > a’b +b3c + 2a.

Phan tich. Vé trai ddi xiing cdn vé phai chi hoan vi vong quanh, nén hiéu hai vé con chita thém tich
D = (a-b)(b - c)(c — a): day la dang S.0.C. Ghép (A2), (A3) va (H1) ta dugc hiéu bang nira tong
ba binh phuong c6 hé s6 cong thém nita D. Néu D > 0 thi két thuc ngay; néu D < 0 thi chi riéng s
hang (c + a)(c — a)? da du bt cho | D|, vi | D| ciing chira thira sd ¢ — a.

Diémroi.a=b=rc.

L&i giai

Gilt nguyén cac ky hiéu U = a?b + b%c + ¢%a, V = ab? + bc? + ca?, P = (a + b)(b + ¢)(c + a) va
D =(a—-"b)b - c)(c —a) cia muc A.

e Thu gon s6 thi¥ tw phai xét. Vé trai doi xting, con U khong ddi qua phép hoéan vi vong quanh
(a,b,¢) — (b, c,a), nén hiéu hai vé cting khong déi qua phép hoan vi ay. Theo muc A, sdu thu tu
6 thé c6 ctia ba bién rat vé hai 16p: 16p D < 0 v6i dai diéna > b > ¢ valép D > 0 véi dai dién
¢ > b > a. Vay chi can xét hai dai dién do.

e Biéu dién U qua P va D. Theo (H2) thi U + V = P — 2abc, con theo (H1) thi V — U = D. Trix hai
déng thuce cho nhau,

oU = (P—2abc)-D, ticl u:P_TM’C—%,
e Dua vé dang hoan vi S.0.C. Tir d6
a3+b3+c3—u=(a3+b3+c3—3abc)—P_TSabc+%
:%[(u—b)2+(b—c)2+(c—a)2]
_a(b—c)2+b(c—a)2+c(a—b)2+2
2 2
B (a+b)(a—b)2+(b+c)(b—c)2+(c+a)(c—a)2+2
- 2 2’
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trong d6 ddng thuc th hai dung (A2) cho nhém dau va (A3) cho nhém sau, con déng thice cudi do
a+b+c—a=>b+cvatuong tu.

e Trvonghopc>b>4a.Khidéa-b<0,b—c<0,c—a>0nénD > 0.Ca hai s6 hang & vé phai
déu khong 4m, bat dang thuc dung.

eTrwonghopa >b > c.Ddtx =a-b>0vay =b-c > 0;khidéa-c=x+yvaD = —xy(x+y) <0,
tac |D| = xy(x + y). Ta phai chtiing minh

(a+b)a—-b>+ (b +c)b-c)+(c+a)c—a)? = xy(x+y).
e M6t s6 hang da di bu. Vic > 0 nén
(c+a)c—a)-(a-c)=(a—- c)2[(c +a)—(a —c)] =2c(a—-c)? > 0,

do d6 (c +a)(c —a)? > (a — ¢)® = (x + y)>. Mat khdc (x + y)? > 4xy > xy nén (x + y)® > xy(x + ).
Hai s6 hang con lai khong 4m, vay bat ddng thuc trén dung.

e Két luan. Bat ding thirc dugc chiing minh trong ca hai truong hgp. Dau déng thic trong ca hai
déu doi (a + b)(a —b)? = (b+c)(b—c)? =0;via, b, c khong 4m nén mdi déng thic y buodc hai bién
tuong ing bang nhau. Vay dau déng thirc xay ra khi va chikhia = b = c.

Bai 9.6. Cho 4, b, ¢ 1a cac s6 thuc khong &m. Chitng minh rang

2(a® + b3 + ¢®) + 3(ab + b*c + c®a) > 5(ab®+ bc? + ca?).

Phan tich. Hai vé chi khong d6i qua hoan vi vong quanh nén hiéu cta chiing ¢6 dang S.0.C. Viét
3U -5V qua hai dai luong U + V va V — U 1di dung (H2), (H1), (A2), (A3), ta duogc hiéu bing tong
ba binh phuong c6 hé s6 trir di 4D. Truong hop D < 0 xong ngay; truong hop con lai dung phép dit
biénb = a + x, ¢ = a + x + y dé khu bién a va quy vé mot bat déng thic hai bién.

Diémroi.a=b =c.

L&i giai

Gitt nguyén cac ky hiéu U, V, P, D ctia muc A.

e Thu gon so6 th¥ tu phai xét. Ca hai vé déu khong ddi qua phép hoan vi vong quanh (a, b, c) +—
(b, c,a), nén theo muc A sdu thit tu c6 thé c6 ctia ba bién rat vé hai 16p: 16p D < 0 v6i dai dién
a>b>cvalép D > 0véidaidién ¢ > b > a. Vay chi can xét hai dai dién do.

o Tach 3L — 5V theo U + V va V — U. Vi3U -5V = —(U + V) — 4V — U), két hop (H2) véi (H1) ta
dugc 3U — 5V = —(P — 2abc) — 4D.

e Dua vé dang hoan vi S.0.C. Do d6
2(a® +b* + %) +3U - 5V = 2(a® + b* + ¢* - 3abc) — (P — 8abc) — 4D
:(a+b+c)[(a—b)2+(b—c)2+(c—a)2]
— [a(b =) + b(c — a)* + c(a - b)*| - 4D
=(@+b)(a—b)2+ b +c)b—c)+(c+a)c—a)?-4D,
trong d6 dang thuc tht hai dung (A2) va (A3).

e Trvong hopa > b > c.Khid6é D < 0nén —4D > 0; ba s6 hang dau cling khong am, bat ddng thic
ding.
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eTrvonghgpc>b >a.Ditb=a+x,c=a+x+yvéix,y>0.Khidya-b=-x,b-c=-y,
c—a=x+yvaD=xy(x+y).Ngoairaa+b=2a+x,b+c=2a+2x+y,c+a=2a+x+y, nén

(@a+b)a-b2?+O+c)b-c)+(c+a)c—a)?

= 2a[x2 +y2+(x+y)2] +x3+(2x+y)y2+(x+y)3

= 4a(x* + xy + y?) +2x° + 2y° + 3x%y + 5xy”.
Trir di 4D = 4x?y + 4xy? ta dugc

(@a+b)a—-b2+®+c)b-c)+(c+a)c—a)*—4D =4da(x* + xy + y?) + 2x* + 2y — 2%y + xy*.
o Két thuc bang AM—GM. S6 hang 44 (x% + xy + y2) khong am. Véi phan con lai, theo bat déng thitc
AM-GM cho ba 56 khong am x3, x3, 2 ta 6 2x3 + y3 > 3/x0y3 = 3x2y, do d6
2x% + 2y — x?y + xy? = (2¢% + ¥ - 3x%y) + 2%y + P + xy® > 0.

o Két luan. Bat déng thitc duge chiing minh trong ca hai truong hop. O truong hop tht nhét, dau
déng thitc budc ba s6 hang binh phuong triét tiéu, tic a = b = c¢. O truong hop thi hai, ddu déng

thitc budc y® = 0 va 2x3 + y3 — 3x%y = 0, tiic y = 01di x = 0, cling cho a = b = ¢. Vay dau dédng thiic
xdy ra khivachikhia =b =c.

Bai 9.7°. Cho a, b, c la cac s6 thuc khong 4m thod man a? + b? + ¢? = 12. Chting minh rdng

ab® +bc? + ca®? < 16 +abe.

Phan tich. Ca gia thiét 1an hai vé déu khong ddi qua hoan vi vong quanh, nén ta duge quyén chon
bién nao ding & vi tri gitta. Chon b 1a s6 dung gitra thi hiéu b(a” + ¢?) — (ab? + be? + ca? — abc) rat
gon thanh tich a(a — b)(b — ¢), mot s6 khong &m. Nho d6 bai toan ba bién quy ngay vé bai toan mot
bién b(12 — b?) < 16.
Diémroi.a=b=c=2va(a,b,c)= (0,2 2V2) ciing cdc hoan vi vong quanh.

L&i giai

e Chon bién dirng gitta. Gia thiét a® + b2 + c? = 12 va hai vé ab? + bc? + ca?, 16 + abc déu khong
déi qua phép hoén vi vong quanh (a, b, c) + (b, ¢, a). Ba phép hoéan vi vong quanh 1an luot dua b,
¢, a vao vi tri thit hai, nén c6 thé gia st b 1a s6 ding gitra theo thit tu 16n bé, ticla (a —b)(b —¢) > 0.
e M6t dong nhat thire then chét. V6i moi sb thuc a, b, c,

b(a? + c?) — (ab® + bc? + ca® — abc) = a(a — b)(b - ¢).

That vay, vé trai bang a’b—ab?—ca?+abc = a(ab—b*—ca+bc), maab—b*—ca+bc = b(a—b)—c(a—b) =
(a—Db)b - c).
e Chan trén bang mét bién. Via > 0va(a —b)(b—c) > 0néna(a — b)(b — ¢) > 0,do d6

ab® + bc? + ca® —abe < b(a* +c?) =b(12 - b?).
o Bai toan mot bién. Tira? + b2 +c2=12vab > 0suyra0 < b < 2v3. Véimoi b > 0,

16-b(12-b%) =b>-12b+16 = (b - 2)*(b +4) > 0.
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o Két luan. Két hop hai danh gia, ab? + bc? + ca® — abe < 16, tic 1a bat déng thitc dugc chiing minh.
Déu dang thicc doi b = 2 vaa(a —b)(b —c) = 0. Khib = 2 thi a® + ¢? = §; néua = 0 thi c = 2V2,
chobd (0,2,2V2);néua =b = 2thic = 2, néub = ¢ = 2 thi a = 2. Vay diu déng thic xay ra tai
a=b=c=2vatai(0,2,2V2) cling cdc hoan vi vong quanh.

Nhan xét. Ciing c6 thé md dau theo dang S.O.C:khia > b > ¢ thiD < 0nén V < U, do d6
2(V —abc) < U +V —2abc = P — 4abc va bai toan quy vé (a + b)(b + ¢)(c + a) < 32 + 4abc. Déanh gia
ay dung nhung chit taia = b = ¢ = 2 va van con ba bién, nén 16i di qua dong nhat thuc & trén ngdn
hon han.

Bai 9.8". Cho x, y, z 1a céc sb thuc duong. Ching minh rang

X Y z 3xyz
+ + + >
y+z z+x x+y (x+y)y+2z)(z+x)-2xyz

Phan tich. Ca bon phan thitc déu roi vao bang co sd: ba phan thic dau trir 3 thi dung (A5), phan
thirc cudi trir  thi diing (A3). Quy déng theo mau chung 2P (P — 2xyz) ta dugc mot dang chinh tac
V6i Sy = P(y + z — x) — 2xyz(y + z). Sau khi sdp thit tu x > y > z, hai hé s6 S, S; khong am con
Sx + Sy rat gon thanh mot biéu thic hién nhién khong am; d6 dung la ba diéu kién cua tiéu chuan
(T1).

Piémroi.x =y =z.

L&i giai

Ky hiéu L1avé trai, P = (x+ y)(y +z)(z + x), U = x>y + y*z + z2x va V = xy? + yz? + zx%. Theo (H2)
thi P — 2xyz = U + V > 0, nén phan thic cubi c¢6 nghia.

e Ba phan thirc dau. Vi (y + z)(z + x) =

va tuong tu cho hai tich con lai, phan tich (A5) viét

X+y
lai thanh
x ¥ o,z 3_(@Hpa-pPH Ay -2+ z+0E -2
y+z z+x x+y 2 op .
e Phan thirc thir tuw. Theo (A3),
3xyz 1 _ 8xyz-P _ x(y-z2P+ylz-x)’+z2(x-y)
P-2xyz 2 2(P - 2xyz) B 2(P - 2xyz) :

e Dang chinh tac. Cong hai két qua rdi quy dong theo mau 2P (P — 2xyz) > 0,

_ Suly - 2)? + Sy(z — x)? + S (x — y)?

L-2
2P (P - 2xyz)

4

trong d6
Sy=(P-2xyz)(y+z)—Px=(y + z)[(x +yY)z+x)y+z—x)- 2xyz],

Sy = (P -2xyz)(z+x)-Py=(z+ x)[(x +y)y+z)(z+x—y) - 2xyz],
S;=(P-2xyz)(x+y)—Pz=(x +y)[(y +z)z+x)(x+y—2z)- 2xyz].
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e B6 dé dau chirng minh tai ché. Véimoia > > 0vay > 0, ditu = a — § = 0; khi d6

(a+B)B+y)a—pB+7y)—2apy = 28%u + pu? + yu® + pyu + y*u + 28y* > 0.
That vay, thay a = f + u thi

(28 +u)(B+y)u+y) = (2B +u)(Bu+ By +yu +y?)
= 2[32u + 2,327/ +2Byu + 257/2 + ﬁu2 +Byu + yu2 + )/Zu,

con 2aBy = 2B%y + 2Byu; trir hai biéu thic cho nhau duge dang vé phai.
e Hai hé s6 khéng am. Hai vé ctia bat ddng thtrc ddi xting nén gia st x > y > z > 0. Ap dung bd
dévéi(a,B,y) = (x,y,z), hoplévix > y, tadugc (x +y)(y +z)(z +x —y) —2xyz > 0,do d6 S, > 0.
Ap dung bd dé véi (a,B,y) = (y,z,x), hoplé viy > z, ta duge (y + z)(z + x)(x + y — z) — 2xyz > 0,
dod6 S, > 0.
e Tong hai hé s6 dau. Cong hai biéu thic ctia S, va Sy,

Sx+ Sy :2Pz—2xyz(x+y+22):ZZ[P—xy(x+y+22)].
Vi(y+z)(z+x):xy+z(x+y+z)nénP=(x+y)[xy+z(x+y+z)],dodé
P—xy(x+y+2z)=z(x+y)(x+y+z)—2xyz=z[(x+y)2+z(x+y)—2xy]
:z[x2+y2+z(x+y)].

Vay Sy + Sy, =222[x2 + y2 + z(x + y)| > 0.

o Két luan béng tiéu chuan (T1). V6i thi tu x > y > z,ba didu kién ctia (T1)1a Sy > 0, S, +Sy > 0
va S, +S; > 0; ca ba déu vira dugc kiém. Vay tir s6 ctia dang chinh tic khong am, tiac L > 2.

e Xét dau dang thirc. Ditu =x—y > 0vav =y —z > 0. Theo B6 dé 9.2,

Sx(y —2)* +Sy(z = x)* + Sz(x —y)* = (Sy + Sz)u® + 25, uv + (Sy + Sy)0°.

Viz > 0nénS,+S, > 0,dodé tdng bing Obudcv =0, ticy =z. Khiy =z thi S; = (x + y)[2y(x +
y)x —2xy?| = 2x%y(x +y) > 0,nén (S, + S.)u? = 0 budec u = 0. Vay dédu déng thic xay ra khi va chi
khix=y =z

Bai 9.9". Cho a, b, c 1a céc s6 thuc khong 4m thod méan a + b + ¢ = 3. Ching minh rang

3(a* +b* +cY) +a? + b2+ 2 +6 > 6(a® + b3 +c3) (Vasile Cirtoaje).

Phan tich. Bai todn c6 rang budc a + b + ¢ = 3 va hai diém roi khac nhau, nén phai tach hiéu hai vé
thanh ba s6 hang mot bién dang (f — 1)?(3t% — 2), rdi dung phép quy vé dang chinh tic tht hai cua
B6 dé9.1vi3(a—1) =2a — b — c. Két qua 1a mot tong dang Y, x(a — b)(a — ¢) v6i ba hé s6 khong am,
dung khuon ctia tiéu chuan (T4).

Piémroi.a=b=c=1;va(a,b,c) = (3,3, %) ciing cdc hoén vi.

L&i giai

e Dong nhat thi'c mét bién. Vi moi sé thuc ¢,

3t + 124267 + 4t — 1) = (t - 1)*(3t% - 2).
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That vay, vé phai bang (t2 -2t +1) (3t2-2) = 3t*—6t3+ 2+ 4t —2, con vé trai bang 3t* — 613 + 1% +4t - 2.

e Cdng ba déng nhat thirc. Ap dungchot = a,t = b,t = c 16i cong lai, cht ¥ (a—1)+(b—1)+(c—1) =
0:
3(a* +b* +c) +a? + P+ 2+ 6-6(a® + b3+ c?) = Z(a —-1)%(3a% - 2),

tong lay theo hoan vi vong quanh.

e Quy vé dang chinh tic. Vi3(a —1) =3a — (a + b + ¢) = 2a — b — ¢, nhan hai vé véi 9 ta dugc

9> (a-12(3a%-2) = Y (2a-b-c)*(3a% - 2).
Ap dung déng thitc thit hai ctia B6 dé 9.1 véi A = 3a2 =2, B =3b% - 2,C =3c? —2vachay
4A+B+C=12a> -8+ (3b> - 2) + (3c® - 2) = 3(4a” + b* + c* - 4),
ta thu dugc
QZ(u - 1)*(3a%-2) = 32 (4a® + b* + c* —4)(a - b)(a — ).
e Sap thir tu cac bién. Biéu thirc déi xting nén gia stta > b > ¢ > 0. Dt
X = 4a® + b + % - 4, Y = 4b% + % + a? - 4, 7 =4c®+a% +b% - 4.

Khid6 X -Y =3(a2-0%) 20vaY-Z=3(b*-c?)>0,tacX>Y > Z.

2
E2OF o

e Chan dudi hé so nhé nhat. Via +b =3 -cvaa? +b% > 5

_ )2 2 _ 2 _ _1)2
(3-10) _4=8c +9—-6c+c 8=(3c 1) S

Z > 4c% +

0.
B 2 2 2

Vay X >Y > Z > 0.

o Két luan béng tiéu chuan (T4). Bahé s6 X, Y, Z khong am va X > Y, nén theo (T4) ctia B6 dé 9.2,
X(@a-b)a-c)+Yb—-c)b—-a)+Z(c—a)c—-b) > 0.

Do d6 X,(a — 1)?(3a® — 2) > 0 va bat ddng thitc dugc chiing minh.

e Xét dau dang thirc. Taia = b = ¢ = 1 ca ba s hang déu bing 0. Ngoaira, taia =b =3, c = 1 ta

c6a-b=0vaZ=g++% —4=0 nénbasdhang ciing déu triét tiéu; d6 chinh la diém roi th

hai, tng véi chd chin dudi @ béang 0.

Bai 9.10". Cho a, b, c la cac s6 thuc khong &m thod man a? + b? + ¢2 = 4. Chting minh rdng

(@a+b+c)a-b)b-c)c—a) < 4.

Phan tich. Vé trdi 1a tich cia a + b + ¢ v6i D, nén néu D < 0 thi két luan hién nhién; chi con 16p
¢ > b > a. O16p Ay ta khai thac mot tinh chét riéng ctia D: n6 khong ddi khi trir ciing mot s6 vao ca
ba bién. Nh& d6 don dugc bién nho nhét vé 0, va bai todn con lai chi ¢6 hai bién, két thic badng mot
dénh gid AM-GM.

Diém roi. (a,b,c) = (0, V2 - V2,2 + V2) ciing cac hoan vi vong quanh.
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L&i giai

batD =(a-b)(b-c)(c—a)va
(a+b+c)D

(a2 + b2 +c2)°

f(a,b,c) = ((a,b,c) #(0,0,0));
day la mot biéu thitc thudn nhat bac 0, nén gia tri ciia n6é khong déi khi nhan ca ba bién vé6i cing mot
s6 duong. V6i a® + b? + ¢? = 4, bat déng thic can chiing minh tuong duong véi f(a,b,c) < 1.
e Loai trudng hop hién nhién. Néu D < 0 thi vé trai khong duong, bat ding thirc dung. Vay chi
con phéi xét D > 0. Vica a + b + ¢ 1an D déu khong déi qua hodn vi vong quanh, va theo muc A 16p
D > 0 gdm tht tu ¢ > b > a cung hai hoén vi vong quanh ctia n, ta c6 thé gidsttc > b > a > 0.
e D6n bién nhé nhat vé 0. DatB=b-4>0,C=c-a>0,18ipg=B+C >0vasg=B2+C?>0
(hai dai lugng nay duong vi D > 0 budc B, C khdc nhau va khac 0). Do D chi phu thudc vao céc
hiéu ctia ba bién nén

D(a,b,c) =D(0,B,C) =BC(C - B) > 0.
Ngoairaa+b+c = 3a+pgvaa®+b?+c? = 3a + 2apg + so. Vay bat déng thitc f(a,b,c) < £(0,B,C)
tuong duong véi

po(3a% + 2apo +s0)° = (3a + po)s2.

e Chirng minh phép don bién. Vi 3a2 + 2apg + sp = s¢ + 2apg = 0 nén

po(3a* + 2apo + 50)2 > polso+ 2apo)2 = posg + 4apiso + 4a’p;,
do dé
po(3a” + 2apo + 50)2 — (3a +po)sg = a[so(4p? — 3s0) +4apy].
Ma 4p} — 3sg = 4(B + C)? — 3(B* + C?) = B? + C* + 8BC > 0, nén vé phai khong am. Vay f(a,b, c) <
f(0,B,C).
e Rut vé hai bién. Theo trén,
(B+C)BC(C-B) _BC(C*-B?)
(B2 + CQ)2 (B2 + CZ)2 .

f(0,B,C) =

e Danh gia bang AM-GM. Pst m = BC > 0vat = C2 - B? > 0.Khi d6
t2 + 4m? = (C* - B?)® +4B2C? = (B* + C?)°,
nén theo bat dang thuc AM-GM,

@m)?+2 _ (B2+C?)°
' 2 - 4 '

1 1
F=Z2.02m)-t < =
m 5 (2m) 5

Do dé6 £(0,B,C) < 1.
o Két luan. Két hop hai budc, f(a,b,c) < 1, ticla

2 2 2\2
(@+b+c)a-b)b-c)c—a) < W:zl

Dau déng thic & budc don bién dodi aso(4p2 — 3s0) + 4apl] = 0, masg > 0 vapy > Onéna = 0;
khi &y B = b, C = ¢ va B® + C? = 4. Dau déng thtic § buéc AM-GM doi 2m = t; két hop vdi

Trang 185 » Mai Thanh Luan



Chuong 9 Mai Thanh Luan | 0854070701

t2 + 4m? = (BQ+C2)2 =16 dugc m = V2, t = 22, 16i tit B2 + C%2 = 4va C%> - B2 = 2\2 suy ra
B? = 2 -2, C? = 2 + V2. Vay dau ding thuc xay ra tai (a,b,c) = (0, V2 -2, V2 + V2) ciing céc
hoén vi vong quanh.

Nhan xét. Phép don bién & trén chi ding dung mot tinh chat cia D: né bat bién khi tinh tién ca ba
bién. D6 1a 1y do bai todn chita thira s6 D thuong duge dua vé truong hop bién nhé nhat bang 0,
giong hét vai tro ctia phép ddtb =a +x,c = a + x + y d muc A.
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Emm CHUONG 10

Ung dung dao ham: phuong
phap tiép tuyén va don bién

Dua bat diing thitc nhiéu bién ve mot bién roi khdo sit ham so; phuong phdp tiép tuyén nhu truong hop tuyén
tinh ciia kij thudgt U.C.T: kj thudt don hai bién bing nhau va budc dau lam quen vdi nhan tir Lagrange.

Céc chuong trude stt dung nhitng cong cu thuan tuy dai sd. Chuong nay bé sung mot cong cu manh
hon, thudc chuong trinh 16p 11 va 16p 12: dao ham va bang bién thién. Tu tudng chung gom hai
budc. Bude thir nhat 1a don bién: bang mot danh gia trung gian hodc mot phép ddi bién thich hop,
ta dua biéu thirc nhiéu bién vé mot ham s6 chi con phu thudc mot bién ¢, ddong thoi xac dinh that
chinh x4c mién bién thién cta t. Budc thi hai 1a khao sat ham mot bién d6 bang dao ham dé tim gia
tri nhé nhat hodc gia tri 16n nhat.

Mot bién thé quan trong ctia tu tudng trén la phuong phdp tiép tuyén: thay vi don vé mot bién, ta danh
gid riéng timg s6 hang bdi mot ham bac nhat, cu thé 1a tiép tuyén ctia dd thi ham sb tai diém roi.
Phuong phép nay chinh 1a k¥ thuat U.C.T da trinh bay ¢ Chuong 7, v6i ham trung gian dugc chon
1a ham béc nhat, va dao ham cho ta céch chon ham d6 mot cach hoan toan tu dong.

Phan cubi chuong gidi thiéu & mitc doc hiéu phuong phap nhan tir Lagrange. O day ta chi ding n6
nhu mot cong cu dir dodn diém roi, con phan chiing minh van dugc viét bang cac bat ddng thic so
cap da hoc.

A. Kién thi'c trong tam

Khao sat ham mét bién trén mét mién cho trudc

Cho ham s6 f lién tuc trén doan [«; B]. Khi d6 f dat gia tri nho nhat va gia tri 16n nhat
trén [o; B]; cdc gid tri d6 chi c6 thé dat tai mot trong hai dau mdt «, B, hodc tai mot diém
to € (a; B) ma f’(to) = 0 hodc f khong cé dao ham tai fo.
Néu f lién tuc trén mot khoang va c6 ding mot diém ding to, dong thoi f7 d6i dau tir Am
sang duong khi f vuot qua to, thi f(t) > f(to) trén toan khoang dé.
g J
Trong thuc hanh, quy trinh gom ba budc.

e Chan vé mét dai lvgng. Diing mot déanh gia trung gian (thuong la bat déng thttc AM-GM hoéc
bét ddng thitc Cauchy-Schwarz) dé chin biéu thic da cho boi mot biéu thite chi phu thudc mot dai
luogng t.

e Xac dinh mién bién thién. X4c dinh chinh xdc mién bién thién ctia t. Day la budc thudng bi bé qua:
néu lay mién rong hon thuc té thi két qua khao sat c6 thé khong dat dugc, con néu lay mién hep hon
thi 1oi gidi khong con dang.

e Khao sat ham mét bién. Khao sat ham mot bién trén mién vira tim, rdi d6i chiéu diéu kién dé
moi dau dang thic trung gian ciing xay ra.
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Phuwong phap tiép tuyén ~

Cho ham sb f ¢6 dao ham trén khoang I va x( € I. Dudng thing

d:y = f(xo)+ f(x0)(x = xo)

1a tiép tuyén cua do6 thi ham s6 y = f(x) tai diém c6 hoanh do xo. Néu f 16i trén I, ching
han khi f”(x) > 0 v6i moi x € I, thi do thi ndm phia trén tiép tuyén:

f(x) = f(xo)+ f'(x0)(x = x0) véimoi x € I.

Néu f 16m trén I, chdng han khi f”(x) < 0 v6i moi x € I, thi bat déng thiic trén déi chiéu.
Ngoai hai truong hop ay, do thi khong nhat thiét ndm han vé mot phia cta d; khi d6 bat
déng thtc phu f(x) > f(xo) + f'(x0)(x — x0) phai dugc chiing minh truc tiép trén dung
mién ma céc bién c6 thé nhan. Diéu kién dé dau dang thitc xay ra cling phai kiém tra riéng
cho tiing bai: ddu déng thtic ludn xay ra tai x = xo, nhung c6 thé con xdy ra tai nhitng diém
khéc nitra.

\ Y,

4 )
B6 dé 10.1. (B4 dé tiép tuyén cho tong) Cho ham s f c6 dao ham trén khoang I, cho xo € I va

datk = f'(xo), m = f(xo) — kxo. Gia st
f(x) = kx+m vGéimoi x € I.
Khi @6, véi moi x1,x2,...,x, € [ thoAman x; + xo +---+x, =S, ta cd

flx)+ f(x2) + -+ f(xn) = kS +nm.

Didc biét, néu S = nxp thi f(x1) + -+ + f(x,) > nf(xg); néu thém nita dau dang thtc trong
f(x) > kx + m chi xay ra tai x = x( thi ddu ddng thic ctia bat ddng thitc tong xay ra khi va chi
khixi =x9=---=x, = xp.

Néu thay gia thiét bdi f(x) < kx + m trén I thi moi bat ddng thic & két ludn déi chiéu; ching
minh gitt nguyén.

. J

e Chiyng minh. Cong n bat dang thic f(x;) > kx; + m theoi = 1,2,...,n ta dugc ngay Y, f(x;) >
kY xi+nm=kS+nm.KhiS = nxgthi kS + nm = n(kxo + m) = nf(xo).

f(x) = kx+m (x €l) = flxp)+--+ f(xn) = kS +nm.

B6 dé trén chi ra ba viéc phai lam khi dung phuong phép tiép tuyén.

e Dv doan diém roi. Véi rang budc x; + --- + x, = S va biéu thirc d6i xting, diém roi thuong 1a
Xo = S/n.

e Viét phuong trinh tiép tuyén. Lap tiép tuyén tai diém c6 hoanh d6 xo; dao ham cho ngay hé s
k= f'(xo).

e Chirng minh béat dang thi'c phu. Phai chiing minh f(x) > kx + m trén toin mién ma cac bién c6
thé nhan. Day 1a mau chét: ham sd h(x) = f(x) — (kx + m) thod man h(xo) = 0 va h’(xo) = 0.

e Tach nhan tr nghiém kép. Cu thé, v6i cdc ham hiru ti thudng gdp trong chuong nay, sau khi quy
déng thi tir s6 nhan x( 1am nghiém boi khong nhé hon 2, nén tach dugc nhan tir (x — x0)?; véi ham
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chita cin thtic, nhan tir &y xuat hién sau mot phép déi bién thich hgp. Phan con lai phai gitt dau
khong déi trén mién dang xét.

Lién hé véi ky thuat U.C.T & Chuong 7

\

Ky thuat U.C.T tim mot ham trung gian ¢ sao cho f(x) > g(x) v6i moi x thudc mién dang
xét, trong d6 téng g(x1) + - - + g(x,) tinh dugc tryc tiép nho gia thiét. Phuong phép tiép
tuyén chinh 1a trudng hop ¢ la ham bac nhat, duing khi gia thiét cho tong x; + - - - + xy,.
Khi gié thiét cho tong binh phuong x?+- - -+ x2, ta chon ham trung gian dang g(x) = A +ux?;
hai hé s6 A, 4 dugc xac dinh tir hai diéu kién tiép xtc

g(x0) = f(x0),  §'(x0) = f'(x0),

f'(x0)
2X()
\ WV

4 ™
B6 dé 10.2. (Don hai bién bing nhau) Cho biéu thic P(a, b, ¢) dbi xttng ddi v6i hai bién b, ¢, xét

nghiala y = va A = f(xo) — ux3. Cach lam hoan toan tuong tu véi cac gia thiét khac.

R . . b+
trén mo6t mién D on dinh doi v6i phép thay (b, ¢) bdi (£, t), trong d6 t = TC hoic t = Vbc.
Néu
P(a,b,c) > P(a,t,t) v6éimoi (a,b,c) € D,
thi viéc tim gid tri nho nhat cta P trén D quy veé viéc khado sat ham mot bién ¢(a) = P(a, t, ),

trong do t dugc tinh theo a nhd rang budc.
. J

e Cach dung. Khi rang budc cho tong a + b + ¢, ta ¢6 dinh a va thay (b, ¢) bdi trung binh cong

b+c .
t= — Khi rang budc cho tich abc, ta ¢o dinh a va thay (b, ¢) béi trung binh nhan t = Vbc; ca hai
phép thay déu bao toan rang budc.
e Mét bién dang thuéing gap. Néu P dbi xiing hoan toan thi ¢6 thé gid sita > b > c hodc ¢ =
min{a, b, c}. Viéc sdp thit tu chi hgp 1é khi vai tro ba bién 1a nhu nhau trong ca gia thiét 1an két luan,
va n6 phai phuc vu mot y dd cu thé: xac dinh dau ctia mot hé sd, hodc chidn mién bién thién ctia bién
nho nhét.

Nhan t&¥ Lagrange — mirc doc hiéu

Xét bai toan tim cuc tri cia ham f(xy, ..., x,) v6i rang budc ¢(x1,...,x,) = 0. Ldp ham
Lagrange
L=f+Ag,

trong d6 A 1a mot hang sb chua xéac dinh, goi la nhan tir Lagrange. Gia stt f va ¢ c6 cac dao
ham riéng lién tuc. Néu cuc tri dat tai mot diém trong ctia mién va tai diém d6 cdc dao ham
riéng ctia ¢ khong ddng thoi bing 0, tic 1a Vo # 0, thi diém d6 thoa hé

JdL JdL JdL
8_361_0’ 8_362_0’ 500 8xn_0’ (P—O

biéu kién Vo # 0 khong dugc bé qua: néu né khong thoa man thi diém cyc tri ¢6 thé khong
nghiém dting hé trén. Ngoai ra day chi la diéu ki¢n cin: nghiém ctia hé méi la cac diém kha
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nghi. Muén két ludn vé cuc tri toan cuc, con phai xét thém céc diém ndm trén bién ctia mién,
céc diém ma V¢ = 0, rdi so sanh gid tri ctia f tai tat cd nhitng diém ay.

Phuong phap nay thudc chuong trinh todan bac dai hoc va ndm ngoai pham vi trinh bay cta sach.
Trong khuon kho luyén thi, ta chi dung n6 theo dting mot muc dich: do tim diém roi. Hé phuong trinh
trén thuong cho ngay ti 1é gitta cac bién tai diém cuc tri; biét ti 1é d6 rdi, ta quay lai chon hé s6 cho
mot bat ddng thitc AM-GM hodc Cauchy-Schwarz va viét mot 10 giai hoan toan so cap. Loi giai
chinh thtc khong dugce vién dan nhan tir Lagrange.

B. Ky thuat va vi du minh hoa

f
Vi du 10.1. Cho céc s6 thuc duong x, v, z thod man x2 + y% + z = 3xy. Tim gia tri nho nhat
ctia biéu thirc .
+
- * Y XY
y+z x+z 36z
\§

Phan tich. Gia thiét chtta z & bac nhat nén c6 thé dung né dé chin z theo xy. Hai phan thitc dau
goi ngay dang Engel ctia bat ddng thitc Cauchy-Schwarz, sau d6 biéu thirc chi con phu thudc tong
t = x + y. Vibiéu thic dbi xting dbi v6i x va y, diém roi ndm & x = y.

Loi giai
e Chan an phu bang gia thiét. Tir gia thiét va bat ding thitc AM-GM, ta c6

3xy=x2+y2+z > 2xy+z = xy = z.
e Danh gia hai phan thirc dau. Ap dung dang Engel ctia bat dédng thitc Cauchy-Schwarz rdi ding

+ )2
z< xyvaxy < (x 4y) o

x 4 y x? + y? > (x+y)?
y+z x+z x(y+z) ylx+z) T 2ay+z(x+y)
4 y)2
Vizxy+z(x+y)<xyQ+x+y)< (x 4]/) (2 + x +y), ta thu duogc
X N y S 4

y+z x+z  x+y+2
e Danh gia s6 hang con lai. Vi x3 + y3 = (x + y)(x? — xy + y?) > xy(x + y) va xy > z nén

x3+ 3 . xy(x +v) . Xty
36z 36z - 36

e Khao sat ham mét bién. D4t t = x + y > 0. Tir hai ddnh gi4 trén,
4 t

P> f)=—+—.

z f®) t+2 36
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4 1 .
Ta co f'(t) = “Troe o do d6 f’(t) = 0 khi va chi khi (t + 2)® = 144, tc t = 10. Dao ham déi
dau tir &m sang duong tai ¢t = 10 nén
4 10 1 5 11
minfl)=fA0 =5+ 553+ 57 15

e Chi ré dau dang thirc. Dau ding thiic doi héi dong thai x = y, z = xy va x +y = 10, tic 1a
x =y =5,z = 25. B0 s6 nay thoa gia thiét vi 25 + 25 + 25 = 3 - 25.

. 11
bap s0. minP = T dat dugc khi x =y = 5vaz = 25.
Nhan xét. Toan bo khé khan ndm & chd chon dung dai luong dé don vé. O day ¢ = x + y dugc chon

vi ca ba s6 hang déu chin dugc theo £, va quan trong hon, vi moi dau ddng thuc trung gian déu
tuong thich v6i nhau tai x = y.

Vi du 10.2. Cho céc sb thuc khong am a, b, ¢ thod man a + b + ¢ = 6. Tim gia tri nho nhat
va gia tri 16n nhat cua biéu thirc

P =2 (a*+b*+c?) +abe.

Phan tich. Biéu thtic d6i xttng hoan toan, nén duoc phép sap tht tu ba bién. Néu c6 dinh bién nho
nhét ¢ thi P tré thanh ham bac nhat theo ab; khi d6 chi can biét dau ctia hé s6 va mién bién thién cta
ab 1a két luan dugc ngay. Viéc chon ¢ nho nhat chinh 1a dé bao dam hé s6 d6 khong ddi dau.

L&i gidi
e Sap thi tw va chan bién nhé nhat. Vi P déi xiing, khong mét tinh téng quét gia st ¢ =
min{a,b,c}. Khid66=a+b+c>3c,suyra0<c<2.
o D3t téng va tich hai bién con lai. Dits = a + b = 6 — ¢ va t = ab. Theo bat déng thirc AM-GM,

s2  (6-c)?

0<t< —= .
4 4

Tix a? + b? = s — 2t ta duge

P=2(s*-2t+c?) +tc=2(6-c)*+2c*—t(4d—c).

e Xét dau hé so clia tich. Do 0 < ¢ < 2nén 4 — ¢ > 0, vay P 1a ham bac nhat nghich bién theo t. Suy
ra
(4= -c)

2(6 — ¢)? + 2c2 T

< P < 2(6-c)+2c%

e Khao sat chan trén. Vé phai bang g(c) = 4c? — 24c + 72. Trén doan [0; 2] ta c6 ¢’(c) = 8c — 24 < 0,
nén g nghich bién va max(g,) ¢ = g(0) = 72.

¢ Rut gon chan dudi. Vé tréi rut gon duoc:

2

w:(ﬁ_c)2.w+2c

4 4
6—c)2(4+ 3_12c+ 144
_(6-0@re) g o2l

4 4

2(6 — ¢)? + 2¢2 —
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5 . 3c*—12 5 e L 128
Trén doan [0; 2] ta ¢6 h’(c) = — < 0, nén h nghich bién va minjg.0 h = h(2) = = - 32.

s . A g 6—c)?

¢ Chiré dau dang thirc. Vay 32 < P < 72. Dau dang thicbén trdi xdy rakhic = 2vaab = )i =
4, tttc a = b = ¢ = 2. Dau dang thttc bén phai xay ra khi ¢ = 0 va ab = 0, ttc bo (a;b;¢) = (6;0;0)
cling cac hoan vi.

Dap s6. min P = 32, dat dugc khia = b = ¢ = 2; max P = 72, dat dugc khi (a; b; ¢) = (6;0; 0) ciing cac
hoan vi.

Nhan xét. Viéc sip thtr tu phai xudt phat tir mot cha dich 16 rang. O day, gia thiét ¢ = min{a, b, c}
chongay 0 < ¢ < 2, nhd d6 4 — ¢ > 0; néu khong c6 n6 thi hé s6 cua t c6 thé d6i dau va ca hai chiéu
déanh gia déu khong con dung.

4 a
Vi du 10.3. Cho céac s6 thuc 4, b, ¢ khong nho hon —% va thod man a + b + c = 3. Chiing
minh ring

a b c 3
249 B2+9 249 = 10
. J

Phan tich. Vé trai 1a tong ctia ba gia tri cing mot ham s, gia thiét cho tong ba bién: day ding la tinh
hudng ctia phuong phép tiép tuyén. Vi bat déng thirc d6i xtiing va a + b + ¢ = 3, diém roi du doén la
a=b=c=1;taviét tiép tuyén tai xo = 1.

L&i giai

~ X X - R . A 9
e Lap tiep tuyen tai diém roi. Xét ham so f(x) = trén [—Z; +oo). Ta c6

X
x2+49

1 p _ 9 — x2 b 82
f(1):1—0, f(x)—m, f(l)_ﬁ_%'

Tiép tuyén ctia dd thi tai diém c6 hoanh do xp = 1 1a

_1L 2 g dxtl
Y=10" 25 ~ 750

e Chirng minh bat dang thirc phu. Ta chiing minh bat ding thirc phu

X 4dx + 1
<
x24+9 50

9
fimolx> —2.
vOl moi x > 1
That vay, vi x? + 9 > 0 nén bat ddng thuc tuong duong véi 50x < (4x + 1)(x% +9), tic la
43 +x2-14x+9 >0 o (x—-1>%MUx+9) > 0,

5 9
diéu nay ddang vi x > ~1 kéo theo 4x +9 > 0.

e CAng ba bat dang thirc ciing chiéu. Thay x 1an luot béi a, b, ¢ rdi cong ba bat déng thiic ciing
chiéuy,

a_ b L <4(a+b+c)+3_§_3
a2+9  b2+9 249 50 S50 10°
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e Chi r6 dau dang thirc. Trong bat déng thtrc phy, ddu déng thirc xay ra khi va chi khi (x — 1)%(4x +

9 P f ae .
9) =0, tircla x = 1 hodc x = ~1 Do d6 dau dang thtc ctia bat dang thic da cho doi héi moi so a, b,

c thudc tap {1; —Z}

e Loai trdng hop bién. Néu trong ba sb ay c6 dung k s6 bang —% thi tong ctia ching bang

. . . . 9 .
tong nay bang 3 khi va chi khi k = 0. Vay rang budc a + b + ¢ = 3 loai hét cac t6 hgp chira ~7 va dau
déng thirc xay rakhivachikhia =b=c=1.

A - X 9 X 2. = A Z 2. N s X A R A
Nhén xét. Diéu kién a, b, c > - 1 trong dé bai khong phai ngau nhién: n6 chinh la dieu kién dé nhan
. N 9 - A o
tir 4x + 9 git dau khong am. Dau mat x = ~1 vi thé cling la mot nghiém cuia dau dang thic trong

bat ddng thuc phuy, va phéi nho rang budc téng mdi loai duge né & bude cudi. N6i cach khac, gia
thiét ctia bai toan dugc dit ra vira du cho bat ddng thitc phu ding, va d6 la dau hiéu dién hinh cua
mot bai toan dugce xay dung bang phuong phép tiép tuyén.

Vi du 10.4. Cho cac s6 thuc duong 4, b, c thod méan a + b + ¢ = 3. Chiing minh rang

a b c 3

> .
9+bc+9+ca+9+ub — 10

Phan tich. Méi s6 hang chtta t6i ba bién nén chua dung ngay dugc phuong phap tiép tuyén. Bude
b+c)?  (3-a)?
] 4 4
hang vé mot ham chi phu thuéc mot bién. Diémroivanlaa =b =c = 1.

chuan bi & day 1a khtr be theo a: bat déng thitc AM-GM cho be < , dua mdi s6

L&i giai

(b +c)? _ (3—a)?

e Khtr tich hai bién trong mau. Theo bat ddng thitc AM-GM, bc < i T Do tur s6
duong va ham sd nghich bién theo mau,
a S a _ 4a _ 4a
9+bc ~ 0. (3-a)2  36+(3-a)2 a2-6a+45
4

Hai s6 hang con lai dugc danh gid tuong tu. Vay chi can ching minh

4a 4b 4c 3

+ + 2 .
a2 —-6a+45 b2-6b+45 c2-6c+45 — 10

« X X . = R . Z 4
e Lap tiep tuyen tai dieém roi. Xét ham so f(x) = — il

P T trén khoang (0; 3). Mau sb bang
(x —3)%2 + 36 > 0 nén f xdc dinh va c6 dao ham

4(45 — x?)
(x2 — 6x + 45)%°

176 11

£x) = fW=5  FO=150= 105
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Tiép tuyén tai diém c6 hoanh do xo = 1 1a

1 11x Clx—1
10 100 100

e Chirng minh bat dang thitc phu. Ta chiing minh bt déng thitc phu

4x S 11x -1
x2—-6x+45 — 100

vGi moi x € (0; 3).

Vi méu s6 duong, bat déng thitc tuong duong v6i 400x > (11x — 1) (x? — 6x + 45), tic la
1x3-67x2+101x—45 < 0 & (x—1)?(11x—45) < 0.

V6i0 < x < 3taco 11x — 45 < 33 — 45 < 0, nén bat dang thirc dung.

e Cdng ba bat dang thirc cling chiéu. Vi g, b, c duong va c6 tdng béng 3 nén ca ba déu thudc (0; 3).
Cong ba bat dang thurc phuy,

a b c_ 11a+b+c)-3 30 3

+ + > ==
9+bc 9+ca 9+ab 100 100 10

Dau déng thirc xay ra khivachikhia =b=c¢ = 1.

@ )
Vi du 10.5". Chiing minh rdng v6i moi s thuc khong 4m 4, b, ¢ khong dong thoi bang 0 ta

co
b+c—a)? (c+a-b)? (a+b-c)? 3

(b+cy+a2 (c+a)2+b2 (@+b)2+c2 — 5

(Japan MO 2002)
. J
Phan tich. Hai vé cing bac 0, tttc la bat ddng thic thuan nhat, nén dugc phép chudnhod a+b+c = 1.
Sau khi chuan hod, mdi s6 hang chi con phu thudc mot bién va tong ba bién da biét: bai toan roi ding
1

vao khuoén ctia phuong phép tiép tuyén, véi diémroia =b = ¢ = 3

L&i giai

e Chuan hoa téng ba bién. Vi bat déng thitc thuin nhét bac 0, ta chudn hod a + b + ¢ = 1. Khi d6
b+c=1-ava

b+c—a)  (1-2a)?  4a’-4da+1

b+c)2+a2 (1-a)+a%2 2a2-2a+1

Bat dang thtc trd thanh: véia, b, c € [0;1]vaa+b+c =1,

w

2 _
F@)+ f0)+f0) = 2, mongdo f(x) = Tt

t

¢ Rut gon ham s6 va lay dao ham. Maus6 2x%—2x+1 = x2+(x—1)%2 > 0véimoi x. Vidx? —4x+1 =
2(2x>-2x+1) - 1nén

1 dx — 2

f(X):2—m, do dé f(X): m
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1 1 1 4 / ; ; 1
T d6 f(§) =z va f’(g) = —2—5, nén tiép tuyén tai diém cé hoanh do xg = 3 la

_1 54(x 1)_23—54x
5 925 3/ 25

e Chirng minh bat dang thirc phu. Ta chiing minh bt déng thitc phu

23 — 54
flx) > X v6imoix e [0;1].
25
That vay,
) 23 —54x 25(4x?—4x+1) — (23 -54x) (2x? —2x +1)  2(54x3 —27x2 + 1)
flx 2% 25 (2x2 — 2x + 1) T o2 —2x+1)

Mt khéac 54x3 — 27x2 + 1 = (3x — 1)(6x + 1), nén véi x > 0 tir s6 khong 4m, con mau s6 duong. Bat
déng thuc phu duge ching minh.

e Cdng ba bat ding thi’c cung chiéu. Cong ba bat déng thic phutaix =a,x = b, x =,

69-54(a+b+c) 69-54 3
25 25 5

f(a)+ f(b) + f(c) 2

Dau dang thurc xay ra khi va chikhia =b = c.

Nhan xét. Trong 16i gidi nay budc chuan ho4 1a can thiét: néu khong cd dinh a + b + ¢ thi tong ba vé
phai ctia céc tiép tuyén khong tinh duoc, va bude cong cudi ciing khong thuc hién duge. N6i tong
quéat hon, phuong phép tiép tuyén can mét dai lugng tong hop ma gia thiét cho phép tinh dugc - téng
cac bién, téng binh phuong, ... — dé ham trung gian cong lai thanh mot s6 da biét. Vi du 10.7 ngay
sau day la truong hop dai lugng tong hop ay 1a tong binh phuong chtt khong phai tong cac bién.

4 N

Vi du 10.6. Cho céc s6 thuc duong 4, b, ¢ thod man a + b + ¢ = 3. Ching minh rang

Va+Vb++c > ab+bc+ca.

(Russia MO 2002)
. J
Phan tich. Vé phai chua phai tong ctia ba gia tri cing mot ham s6 mot bién. Diing dong nhat thic
(a+b+c)?=a%+b?+c%+2(ab+bc + ca) dé thay ab + bc + ca béi mot biéu thitc chi chira cac binh
phuong, ta dua dugc bat déng thirc vé dung dang tach bién.

L&i giai

e Duwa vé dang tach bién. Tira +b + ¢ = 3 tacé
9=(a+b+c)®=a?+b%+c?+20ab+bc +ca),

9— (a%+b%+c?
2

(112 + 2\/3) + (b2 + 2\/3) + (c2 + 2\/5) > 9.

nénab +bc +ca = . Bat dang thuc can ching minh tuong duong véi
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e Lap tiép tuyén tai diém roi. Xét ham sé f(x) = x? + 2v/x trén nira khoang [0; +o0). Ta c6 f(1) =3
va f'(x) = 2x + %, nén f’(1) = 3. Tiép tuyén tai diém c6 hoanh do xo = 11a y = 3x.
x
e Chirng minh bat dang thirc phu. Ta chitng minh f(x) > 3x v6i moi x > 0. Dgt u = vx > 0, khi
do
fx)-3x=x-3x+2Vx=u(u®-3u+2) =u(w-1)*(u+2) > 0.

e Cong ba bat dang thirc cliing chiéu. Cong ba bat déng thtic phuy,
(a2+2\/E) +(b2+2\/5) + (c2+2\/E) > 3(@+b+c)=9.

Dau dang thirc xay ra khi vachikhia =b =c = 1.

Vi du 10.7. Cho cac sb thuc duong a, b, ¢ thod man a? + b2 + ¢? = 12. Chting minh ring

Phan tich. Lan nay gia thiét cho tong binh phuong chit khong cho téng ba bién, nén ham trung gian
phai c6 dang A + px? nhu da néu 6 muc A. Piémroilaa = b = ¢ = 2; hai hé s6 A, pu dugc xdc dinh
tir diéu kién tiép xuc tai xo = 2.

L&i giai

e Xéc dinh mién ctia méi bién. Tix gia thiét, mbi bién thoa 0 < a < V12 = 23 < 4, nén cac miu sb
déu duong.

e Chon ham trung gian bac hai. Xét f(x) = va tim ham trung gian dang ¢(x) = A + ux? tiép

4-x
1 1 1 N B
xuc vdi f tai xg = 2. Tacc’)f(2)=§Véf’(x):m,nénf'(2):Z.Diéu kién tiép xtc cho
_f’(2)_1 _ o 11T 1
b=go e ATf@-wT=5-777

e Chirng minh bat déng thic phu. Ta chiing minh bét déng thitc phu

! >1+x2 6imoix€[0-2\/§]
i—x =~ 4716 TOMC ’ '

Nhan hai vé véi 16(4 — x) > 0, bat dang thuc tuong duong véi
16> (@d+x})(d-x) & 2P-4x?+4x >0 o x(x-272>0,

diéu nay dung véi moi x > 0.

e Cong ba bat dang thirc cuing chiéu. Cong ba bat ding thic phu va dung gia thiét,

1 1 1 3 a2+b2+c¢2 3 12 3
>Z+—=_+_ o

+ + =
4—aqg 4-b 4-c — 16 4 16

Dau dang thirc xay ra khiva chikhia =b = ¢ = 2.
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Nhan xét. So sanh v6i Vi du 10.3, ta thady phuong phép tiép tuyén va ky thuat U.C.T chi 1a hai cach
goi clia cling mdt y tudng: tim mot ham trung gian tiép xtc véi ham da cho tai diém roi, c6 dang
cong duge theo gia thiét. Gia thiét cho tong céc bién thi chon ham bac nhét; gia thiét cho tong binh
b C oaxtsi. o
5 c o dé bai trén
chinh la Vidu 8.4, ¢ d¢6 loi giai di theo phuong phép p, ¢, r; day la moét cdp vi du duoc gitt song song
dé so sanh hai ky thuat.

phuong thi chon ham bac hai khuyét bac nhat. Sau phép thay a +— %, b —

(" )

Vi du 10.8". Xét cac s6 thuc duong a, b, ¢ thoa méan abc = 1. Ching minh rang
(@a+b)b+c)c+a) = 4a+b+c—-1).

(MOSP 2001)
\_ _

Phan tich. Rang buoc 1a mot tich, nén phép dén bién thich hop 1a thay (b, ¢) boi ( Ve, Ve ): phep

. 1 . . .
thay nay gitt nguyén abc. Co dinh a, tich bc = - cling c0 dinh, chi con tong s = b + ¢ thay doi; ta xét
vé trdi nhu mot ham cta s trén mién s > 2Vbc.

L&i giai

e Co dinh mét bién. Dit

F=(@a+b)b+c)c+a)—4a+b+c—1).

P 1 P
Cédinha>0védéts:b+c,p:bc:E.Do(u+b)(a+c):a2+as+p,taviétducjc

1
F:s(a2+as+p)—4(a+s—1):a52+(a2+g—4)s—4a+4.

A . 2 . 2
o Xét dau dao ham theo tong. Xem F 14 ham so ctia s trén nira khodng [2\/;7; +00), Vi 24/p = T
a
Ta c6
P’(s):2as+a2+1—4 P’i =4\/E+a2+i_4
a 4 VE a .

Theo bat ddng thte AM-GM,

1 1 [ 1
4«/E+E=2«/E+2«/E+E > 332\/5-2\/_-E=3€/Z>4,

A p 3 2
bat ddng thirc cudi dung vi (3%) =108 > 64 = 43. Suy ra F’(?) >a? > 0.
a

e Két luan ching don bién. Vi F’ ddng bién theo s (hé sb 22 > 0), ta c6 F'(s) > 0 trén toan ntra
khoang dang xét. Do d6 F dong bién theo s va

F >F

, tic la F(a,b,c) > F (a,\/ﬁ, \/E)
s=2+/p
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e Xét trdng hop hai bién bang nhau. Vay chi con phai xét trudng hgp b = c. Ditb = c =t > 0;

1
trabc=1suyraa = - va

t2
2
1 2 1 2(1+13) 4
S L Y SR TR0 S S
C2(1+8)% 9
Khai triént—g =3 + 4 + 2t3, ta duoc

2 4
_ 3
F =2t —8t+8+t—3—t—2.

A A 2 ” , P t3 P 2
¢ Quy ve bat dang thi'c da thitrc. Nhan hai vé véi 5 0, bat dang thttc F > 0 tuong duong véi

Gt) =t —4t* +43 -2t +1 > 0.
ViG(1)=0vaG’'(1) =6—16 + 12 — 2 = 0, da thiic G chia hét cho (t — 1)2. Thuc hién phép chia,
G)y=(t-12*(t"+2* 12 +1).
Vé6it > 0tacodt*—t2+1 > 0 (do tam thirc u? —u+1 c6 biét thitc Am) va 23 > 0,nén t4+2t3-t2+1 > 0.
Do d6 G(t) > 0.
e Chi rd dau dang thirc. Két hop hai ching trén ta dugc F > 0, ttc 1a diéu phai chiing minh. Dau
déng thuc doihoib =cvat =1, ttca=b=c=1.
Nhan xét. So d6 cua ky thuat don bién c6 dién gdm hai ching: ching tht nhéit ching minh
P(a,b,c) > P(a,t,t), ching thit hai khdo sat ham mot bién P(a, t, t). Ching thi nhat khong nhat

thiét phai khai trién truc tiép; ¢ day ta chi can xét ddu dao ham theo s = b + ¢, cach 1am ngdn hon va
khong phai gia thiét thém vé thi tu ba bién.

Vi du 10.9. Cho cac s6 thuc duong a, b, ¢ thod médn a + b + ¢ = 6. Tim gia tri nho nhat cua
biéu thtc
P =a®+2b% + 3c2.

Phan tich. Biéu thic khong ddi xting d6i véi ba bién, nén khong nén mic dinh diém roi 1a bo dbi
xting a = b = ¢; mot biéu thirc khong d6i xiing van c6 thé dat cuc tri tai mot diém ddi xting, vi vay
ti 1é gita cac bién phai dugc xéac dinh chtt khong dugce doan. Ta dung nhan tir Lagrange dé do ti 1é
ay: hé diéu kién can choa : b : ¢ = 6 : 3 : 2. Sau d6 viét 10i giai chinh thtc bang bat dang thuc
Cauchy-Schwarz véi bo hé sd phit hop.
e DO diém roi. Dt L = a2 + 2b% + 3¢% + A(a + b + ¢ — 6). Heé diéu kién can cho ta

2a + A =0, 4+ A =0, 6c+A =0,

suyra2a =4b =6¢, ticlaa:b:c=6:3:2. Kéthgp véia +b + c = 6 ta dugce

36 18 12 216
a—ﬁ, b_ﬁ’ C—E, khldOP— 11
2 . 36 18 12 . . N g 12 . o A O R
Dlemrdl.a:ﬁ,b:ﬁ,c:ﬁ.ﬁleu:b:c:6:3:2chmhlat11engh1chcuacacheso1,2,3;

day la ggi y dé chon bo sb trong bat ddng thitc Cauchy-Schwarz.
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e Ap dung bat déng thirc Cauchy-Schwarz. Ap dung bit déng thitc Cauchy-Schwarz cho hai b
< N 1 1
sO (a, V2b, \/§c) va (1, E’ %)
(a+b+c)* < (a®+2b% +3c?) (1+%+%) = 1?61(a2+2b2+3c2).
e Thay rang budc vao danh gia. Thay a + b + ¢ = 6 ta dugc
P =a%+2b*+3c* > %-36: %

e Chi ré dau dang thirc. Dau déng thtc trong bat ddng thitc Cauchy-Schwarz xay ra khi va chi khi

a_\/§b_\/§c L s

- ——, ticla a=2b=3c.

1142 1/v3

Két hop v6ia + b + ¢ = 6 ta dugc dung bo s6 da do § trén.

18 12

—, = —.

11 11

Nhan xét. Nhan tir Lagrange khong xuat hién trong 10i giai chinh thue, va cting khong can xuat
hién: trong 16i giai nay vai tro ciané chilachiratilé a : b : ¢. Khi da biét diém rdi, viéc chon hé s6
cho mot bat ddng thitc c6 dién trd thanh thao tdc may méc. D6 1a cach khai thac hop ly cong cu nay
trong pham vi phd thong.

C. Bai tap co 10i giai

.z 216 36
Dap s0. min P = T dat dugc khia = Tk b=

Bai 10.1. Cho céc s6 thuc duong x, y thod man x +y = 1. Tim gia tri nhd nhét cta biéu thic

1 1

—t —.
x2+y?  xy

Phan tich. Gia thiét va biéu thic chi phu thudc hai dai lugng déi xting x + y va xy, ma x + y da cho,
nén phép dit t = xy dua P vé mot ham mot bién. Vi P ddi xting d6i v6i x va y, diém roi du doan

1 1 N ~ n / . s
lax=y= 2 ung véit = 1 ding bang dau mut phai ctia mién bién thién cta ¢. Diém roi nam
& bién nén bude xdc dinh mién cua t 1a bude quyét dinh: nghiém ctia phuong trinh f/(f) = 0 ndm
ngoai mién ay.

Loi giai
e D4i bién vé tich hai s6. Ditt = xy. Trx +y = 1 tacé

ry?=(x+y)?-2xy=1-2t,

do dé6

P=——+-=.
1—2t ¢t
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e Xéc dinh mién bién thién. Vi x, y duong nén t > 0. Theo bat ding thitc AM-GM,

o Gy

t=x —1
Y s T T

e Kiém tra chiéu nguoc lai. Véimdit € ( ] hai s6 x, y la nghiém ctia phuong trinh X2 - X+t = (;
phuong trinh nay c6 nghiém vi A = 1 — 4t > 0, va hai nghiém 4y déu duong vi tong ctia ching bing

5 1
1 > 0 con tich ctia ching bang t > 0. Vay t nhan diing moi gid tri trong nira khodng (0; Z] Ngoai ra
1
1-2t> 3 > 0 nén P xac dinh.

e Xét dau dao ham. Xét ham sb f(t) =

L lue (0 1]T ;
— ren -
1—2t ¢ oo \Bg) e
2 1
’
= ———— —.
f16 (1-2t)2 2
1 ) \ s
V6i0 < t < 7 hai s6 tV2 va 1 — 2t déu duong, dong thoi

1
tV2 < £<§<1—2t

nén 2t2 < (1 -2t)?,suy ra tacla f/(t) < 0 trén toan mién.

2 1
(1-2t)2 <P

% Ao A9 . p < 1
e Két luén tir tinh don diéu. Ham sb f nghich bién trén (O; Z] nén

P=f(t) > f(i)=%+4=2+4=6.
1-3
e Chi rodaudangthu’c Daudangthucxayrakh1vach1kh1t—i tac xy:ivéx+y:1,nghia
= A
lax=y= Kh1doP 1/2+1/4 6

7 % 1
Dap s0. min P = 6, dat dugc khix =y = 7

Bai 10.2. Cho cac s6 thuc duong 4, b, ¢ thod man a + b + ¢ = 3. Chung minh rang

a N b N €
az+2 b2+2 c2+2

Phan tich. Vé tréi 1a tong ba gia tri ctia ciing mot ham s6 mot bién, con gid thiét cho tong ba bién:
day dtng la khudn ctia phuong phap tiép tuyén. Bat ddng thirc ddi xting va a + b + ¢ = 3 nén diém

fr ik . R . x .
roi du dodnlaa = b = ¢ = 1; ta viét tiép tuyén ctia do thi ham sd y = 710 tai diém c6 hoanh do
X = 1.

L&i giai
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e Lap tiép tuyén tai diém roi. Xét ham sb f(x) =

X <
725 trén khoang (0; 3). Mau s6 duong véi moi

X nén
(x?+2) —x - 2x _2-22

x2+2?  (x2+2)?%

f=3  f)= F0=3.

Tiép tuyén tai diém c6 hoanh do xo = 1 1a

x+2
B

1 1
Yy §+§(X—1)—

e Chirng minh bat dang thitc phu. Ta ching minh

X X+ 2
X242 7 9

vdimoi x > 0.

Vi x? + 2 > 0, bat ddng thtc tuong duong véi 9x < (x +2) (x? +2), tic la
3+22-Tx+4 >0 © (x-1>3%(x+4) = 0,

diéu nay dung vi x > 0 kéo theo x + 4 > 0.

e Cdng ba bat dang thirc cung chiéu. Ba sé 4, b, ¢ déu duong nén thay x 1an luot béi a, b, c 16i
cOng theo vé,
a b c_ . (a+b+c)+6 9

+ + ===1,
az+2 b2+2 242 7 9 9

e Chi r6 dau dang thirc. Dau déng thic trong bat déng thirc phu chi xay ra khi x = 1, nén dau déng
thuce ctia bat dang thirc da cho xay ra khi va chikhia =b = ¢ = 1; b0 sé nay thoAmana + b + ¢ = 3.

Bai 10.3. Cho c4c s6 thuc duong a, b thod man a + b = 2. Tim gia tri nhé nhat ctia biéu thitc

Phan tich. Ca gia thiét 1an biéu thitc déu ddi xting d6i vdi a va b, nén sau khi dit + = ab thi P chi
con phu thudc t. Piém roi du doan laa = b = 1, tng v6i t = 1, titc 1a ddu mat phai ctia mién bién
thién; vi vay phai xac dinh mién cua t trude khi két luan.

Lo giai
e Quy dong hai phan thic dau. Véi a, b duong,

a? b2 a?’+b3

b ab

o Biéu dién theo téng va tich. Tir a + b = 2 va ddng nhét thic a® + b3 = (a +b)> — 3ab(a + b) ta dugc
a3 + b3 =8 —6ab. Dat t = ab, khi d6
8§—-6t 4 12-6t 12
L

= = — —6.
t t t t

e Xac dinh mién bién thién. Vi a, b duong nén ¢ > 0; theo bat ddng thitc AM-GM,

2
t=ab < (a+b) = 1.

2
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Vay t € (0;1].

P A ansar ‘n < 12 12 <
e Két luan tir tinh don diéu. Ham s6 g(¢) = i 6c6g'(t) = 72 < 0 nén nghich bién trén (0; 1].
Do doé
P=g(t) > g(1)=12-6=6.

e Chi rd dau dang thirc. Dau ding thic xay ra khiva chikhit = 1, tcab = 1vaa+b = 2, nghiala
a=b=1.KhidoP=1+1+4=6.

Dap s6. min P = 6, dat dugckhia =b = 1.

Bai 10.4. Cho céc s6 thuc duong 4, b, ¢ thod man a + b + ¢ = 3. Ching minh rang

1 1 1
+ + >
a?+a+1 b2+b+1 c%24+c+1

Phan tich. M&i s6 hang da 1a gi4 tri ciia ciing mot ham s6 mot bién va gi thiét cho tong ba bién, nén
dung ngay dugc phuong phép tiép tuyén. Bat déng thitc d6i xting nén diém roilaa = b = ¢ = 1;
chiéu ctia bat dang thurc 1a >, do d6 ta cho dgi d6 thi ndm phia trén tiép tuyén tai xo = 1.

L&i giai
o Lap tiép tuyén tai diém roi. Xéthamsb f(x) = ———. Vix2 +x+1= (x+ l)2+§ > (Onén f
1p fiep fuyen 13 ] P2 B 2 4
xéc dinh trén R va
1 2x +1 3 1
1=z, 'x) = ——, 'M=-c=-3.
/ 3 S (x2 + x + 1) / 9 3

Tiép tuyén tai diém c6 hoanh do xo = 1 1a

- X
3 .

W =

(x-1)=>

Wl

y

e Chirng minh bat dang thi'c phu. Ta chting minh

1 2—x
>
x24+x+1 3

véi moi x > 0.
Nhan hai vé véi 3 (x? + x + 1) > 0, bat ddng thitic tuong duong véi 3 > (2—x) (x% + x + 1). Khai trién
vé phai,

C-x)(x+x+1)=-x*+x+x+2,
nén bat dang thuc trg thanh

3_ .2 2
x’=x—-x+12>20 & (x-1)%(x+1) >0,

diéu nay dung vi x > 0.

e Cong ba bat dang thirc cung chiéu. Thay x 1an lugt béi a, b, ¢ rdi cong theo vé,

1 N 1 N 1 >6—(a+b+c)_3_1
a2+a+1 b2+b+1 c2+c+1 ~ 3 3

e Chi rd dau dang thirc. Dau ding thiic xay ra khiva chikhia =b =c = 1.
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Bai 10.5. Cho cac s6 thuc duong a, b, ¢ thod mén a + b + ¢ = 3. Ching minh rang

a N b N c
Vaz+8 Vb2+8 Vez+8

Phan tich. Mdi s6 hang da la ham ctia mot bién nén chi can lay tiép tuyén tai diém roi xo = 1. Bat
ddng thittc phu chira cén thitc, nhung hai vé ctia n6 déu duong trén mién dang xét nén c6 thé binh
phuong dé dua vé mot bat déng thic da thic.

Loi giai
o Lap tiép tuyén tai diém roi. Xét ham sé f(x) = 2x trén khoang (0; 3). Ta ¢6
x<+8
Vil 48— ——
f,(x): x2+8=(x2+8)—x2: 8
x?+38 (x2 + 8)3/2 (x2 +8)%%’

1 < < .
do dé f(1) = 3 va f'(1) = ;7 Tiép tuyen tai diém c6 hoanh do xo =1 1a

e Chirng minh bat dang thitc phu. Ta chitng minh

X 8x +1
<

vGi moi x € (0; 3).

VEes . o
Trén khoang nay hai vé déu duong, nén bat dang thuc tuong duong véi bat dang thuc gitra hai binh

phuong:
75 - (8x +1)2
x2+8 T 729

& (8x+1)* (x*+8) —729x* > 0.
Khai trién vé trai,
(8x + 1) (x* +8) — 729x% = (64x? + 16x + 1) (x* + 8) — 729x?
= 64x* + 16x® + 513x% + 128x + 8 — 729x?
=8 (8x* +2x? —27x? + 16x + 1) = 8(x — 1)* (8x* + 18x + 1)..

V6i x > 0 ta c6 8x? + 18x + 1 > 0, nén vé trai khong &m va bat déng thitc phu dugc chiing minh.

e Cong ba bat dang thirc ciing chiéu. Vi g, b, c duong va c6 tdng bing 3 nén ca ba déu thudc (0; 3).
Cong ba bat ddng thtc phy,

a b c - 8(a+b+c)+3 _ 27

+ + < =1.
Vaz+8 Vb2+8 Vc2+38 27 27

e Chi rd dau dang thirc. Dau déng thitc xay ra khi va chikhia =b =c = 1.
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Bai 10.6". Cho céc sb thuc khong am 4, b, ¢ thod man a + b + ¢ = 3. Tim gi4 tri 16n nhat ctia
biéu thic

P = (a® - ab +b?) (b* = bc + c?) (¢? — ca + a?).

Phan tich. Tai bd d6i xing a = b = ¢ = 1 ta chi dugc P = 1, trong khi tai b0 (2;1;0) da c6 P = 12:
diém roi ndm & bién cta mién, tng v6i mot bién béng 0. Biéu thic d6i xtiing hoan toan nén dugc
phép gia st ¢ nho nhat; khi d6 hai nhan tit chtta ¢ déu chdn dugc bdi cac biéu thac khong chia ¢,
nho vay bai todn quy vé truong hop ¢ = 0, ttc la vé hai bién véi tong cho trudc.

Loi giai
e Sap thi¥ tw ba bién. Vi P ddi xting hoan toan, khong mét tinh tdng quat gid stt ¢ = min{a, b, c}.
< c < / 2 302
¢ Khir bién nhé nhat. V6i moi s6 thuc u, v ta c6 u? —uv 4+ v? = (u - g) + % > 0, nén ca ba nhan

ti ctia P déu khong am. Mt khac 0 < ¢ < b cho
b2—bc+c2=b?-c(b-c) < b?
va0 < ¢ <achoc?-ca+a?=a%-c(a—c)< a® Nhanba danh gid cung chiéu gitta cac s6 khong
am,
P < a?b? (a® —ab +b?).
o Dt tong va tich hai bién con lai. Dits =a+bvat =ab.Vic > 0nén0< s < a+b +c = 3; theo

2
bat ddng thitc AM-GM, 0 < t < SZ Ngoaira a? —ab + b% = (a + b)?> — 3ab = s? — 3t, do d6

P < t*(s*-3t).

2
e Khao sit theo tich. C6 dinh s va xét g(t) = t2? (s — 3t) = s?t2 — 3t3 trén doan [0; SZ] Ta c6

g'(t) =25t —9t? =t (25> - 9t),

R . 25> o, 287 287 8%
nén g’(f) > 0khi0 < t < 5 VA g'(t) < Okhit > o Vi o < 1 diém dirng nam trong doan
dang xét, do d6
® < 252\  4s? $2 257\ _ 4st 5% 48
sW =879 )"\ 378 3 23

.. 2 . 455 | .
e Khao sat theo tong. Ham s6 s — 2%3 dong bién trén [0; 3], nén tir 0 < s < 3 ta dugc

450 _ 4-3% 2916 _

< — < = —— =12.
243 243 243
2 = A 2 ” A 2 P . 2 . = P N 252
¢ Chi ro dau dang thirc. Dau dang thirc doi hoéi dong thoic =0,s =a+b=3vat =ab= o = 2
Khi d6 4, b 1a hai nghiém ctia phuong trinh X% —3X +2 = 0, ttc {a, b} = {1, 2}. Thit lai v6i (a; b; ¢) =

(2;1;0):
P=(4-2+1)1-0+0)0-0+4)=3-1-4=12.

Dap s6. max P = 12, dat dugc khi (a; b; ¢) = (2; 1;0) ciing cdc hodn vi.
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Bai 10.7. Cho a, b, ¢ la d6 dai ba canh ctia mot tam gidc ¢6 chu vi bang 6. Tim gié tri nho
nhéat cta biéu thic

Q =3 (a®+b? + c?) + 2abc.

Phan tich. So v6i mot bai don bién thong thuong, bai toan chi khac & chd mién xéc dinh 1a tap cdc bd
ba canh tam gidc. Sdp thit tu dé ¢ la canh 16n nhét thi bat déng thic tam gidc cho ¢ < 3, con tinh 16n
nhét cho ¢ > 2; mién ctia ¢ vi thé la nita khoang [2; 3). C6 dinh ¢, biéu thitc Q 1a ham bac nhat theo
ab va hé sb ctia ab gitt ddu khong ddi trén mién ay. Diém roi du doén 1a tam gidc déua =b =c = 2.
Lai giai

e Chan canh I6n nhat. Vi Q déi xtiing hoan toan, khong mat tinh tdng quét gid st 0 < a < b < c.
Tra+b+c=6vac>a,c>btac63c>a+b+c =6, suyrac > 2. Mt khéc bat ding thic tam
gidcchoa+b > c,tc6 —c > ¢,suyrac < 3. Vay c € [2;3).

e Duwa vé ham bac nhat theo tich. Pits =a + b = 6 — c. Tira? + b2 = 52 — 2ab ta duoc
Q =3(s? = 2ab + ¢?) + 2abc = 3(6 — ¢)* + 3¢* — 2ab (3 - ¢).

e Chan tich hai canh con lai. Vic < 3nén 3 — ¢ > 0, do d6 Q 1a ham bac nhat nghich bién theo ab.
a+b\°  (6-c)?
2 4

Theo bat ddng thttc AM-GM, ab < ( , suy ra

(6_C)2(3_C) — (6—C)2' 6—_ (3_0) +3C2 = —(6_6)2(3+C) +3C2.

- Y 2
Q > 36-c)+3c 5 5 5

e Rut gon biéu thire chan. Khai trién (6 —c)%(3+¢) = (36 — 12¢ + ¢?) (3+¢) = ¢ —9c? + 108, ta dugc

3 —9c2+108 g

c 3c?
> +3c? = — — = + 54 =: h(c).
Q> > C=o=5 (c)
e Khao sat ham mét bién. Trén nira khoang [2; 3) ta c6
2 -2

2 2

nén /i dong bién va minpy.3) h = h(2) =4 -6 + 54 = 52. Vay Q > 52.

(6 )
\4
dugca =b =2.B6 (a;b;c) = (2;2;2) laba canh cia mot tam gidc déuchuvi6 vacho Q = 3-12+2-8 =

52.

Pap s0. min Q = 52, dat duockhia =b =c = 2.

e Chi ré dau dang thirc. Diu ding thirc doi héic = 2 vaab =

=4, kéthopvéia+b=4ta
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( )
Bai 10.8". Cho céc s6 thuc a, b, ¢ thudc doan [1; 3] va thod man a +b + ¢ = 6. Tim gid tri 16n
nhat ctia biéu thirc

a2b2 + b%2c2 + c2a2 + 12abc+ 72 1
P = — —abc.
ab + bc + ca 2

(THPT Quéc gia 2015)
. Y,
Phan tich. T s6 dugc 1ap tir dtng cac dai lugng d6i xiing caban, nén dong nhét thitc (ab+bc+ca)? =
a?b? +b%c? + c%a® + 2abc(a + b + ¢) sé rit gon P thanh biéu thitc chi chita g = ab + be + ca va r = abe.
biéukién a, b, ¢ € [1;3] dugc khai thac qua hai tich (a —1)(b—1)(c—1) = 0va (3—a)(3-b)(3—c¢) > 0:
chung chdn r theo ¢ tir hai phia, dong thoi chin ludn g. Sau d6 chi con mot ham mot bién theo 4.

L&i giai

e Rut gon nh& dong nhat thirc doi xing. Ditp =a +b +c =6, q = ab + bc + ca var = abc. Khai
trién binh phuong cta tong ba s6 ab, bc, ca,

g% = a®b® + b%c? + c?a® + 2abc(a + b + ¢) = a®b? + b*c? + c%a® + 12r.

Do d6 tir sd cia phan thite bang g2 — 127 + 12r + 72 = g% + 72, va

e Chan tich ba s6 ti phia du@i. Via,b,c > 1 nén (a — 1)(b — 1)(c — 1) > 0. Khai trién,
abc —(ab+bc+ca)+(a+b+c)-1 >0 & r > g-5.
e Chan tich ba s6 ti phia trén. Via,b,c < 3nén (3 — a)(3 — b)(3 — ¢) > 0. Khai trién,
27-9(a+b+c)+3@b+bc+ca)—abc >0 & r < 39-27.

e Chan tdng céc tich d6i mét. Tir g — 5 < r < 3g — 27 suyraq — 5 < 3q — 27, tic g > 11. Miit khac
36
(a—b)?+(b-c)?+(c—a)®>>0chop? > 3q,ticqg < 5 = 12. Vay g € [11;12].

. ) 5—

« Dwra v& ham m(}tbién.Ttrqu—E)tacé—%s Tq,dodc’)

72 5-q q 72 5
P<g+—+—"T=2424"= .
_q+q+ 5 2+q+2 o(q)

e Khao sat trén doan. Trén doan [11;12] ta ¢6
1 72 g*-144
4 = —— = — < O’
P@=5-nm= "3z =

nén ¢ nghich bién va
max @ = (11)—E+7—2+§—8+2—@
pa - T T e Tt T T

e Chi rd dau dang thirc. Diu déng thitc doihéig = 11 var = g — 5 = 6. Khi d6 4, b, ¢ 1a ba nghiém
ctia phuong trinh

X3-6X24+11X-6=0 © X-1)(X-2)(X-3)=0,
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tic {a,b,c} = {1,2,3}; bd sb nay ndm trong doan [1; 3] va c6 tdng bang 6. Thur lai,

2
P:11+7——§:8+
11 2

72 _ 160
11 11°

s 160 ’
Pap s0. max P = ST dat dugc khi (a; b; c) 1a mot hoan vi ctaa (1;2; 3).

Bai 10.9. Cho céc s6 thuc duong a, b, ¢ thod man 2a + 3b + 4c = 18. Tim gid tri nhé nhéat cta
biéu thtc

Phan tich. Biéu thic va rang budc ding chung bo hé s6 2, 3, 4, mot dau hiéu cho thay nén nhan hai
dai lugng dy v6i nhau.

1A . 2 3 4 . X
¢ DO diém roi. Dung nhan tir Lagrange: v6i L = - + b + B + A(2a + 3b + 4c — 18), hé diéu kién can

2 3 4 1
ChO—a—2+2A=0,—ﬁ+3A=O,—C—2+4/\=O,tlIC§=ﬁ=
dugca=b=c=2.

1 4
z/Suyraa= b = c; két hop rang budc

e Dinh hwdng 10i giai chinh thirc. Biét diém roi r6i, 16i gii chinh thic chi cAn moét 1an diing bét
déng thuc Cauchy-Schwarz va khong nhac t6i nhan tir Lagrange.

Lai giai
¢ Nhan vdi biéu thirc rang buéc. Vi 24 + 3b + 4¢c = 18 nén

P:i(z+§+é)(2a+3b+4c).
a b ¢

e Ap dung bat ding thirc Cauchy-Schwarz. Véi hai bo s6 (\/g, \/g \/%) va (\/2_, V3D, \/@)

2 3 4 2 _
(E+E+E)(2a+3b+4c) > (2+3+4)°=8l.

. ZH s PpR . 1
e Suy ra chan dudi cua biéu thirc. Tir hai budc trén, P > ?—8 = g
e Chi r6 dau dang thirc. Dau déng thiic trong bat ddng thic Cauchy-Schwarz xay ra khi va chi khi
Yo _3fp_afe _ 1 _1
20 3b 4c a2 b 2

| ©

Thay vao rang budc, 9a = 18, tlcca =b =c =2.Khid6 P = 1+;+2:

Lz 9
Dap s0. min P = 2 datduockhia=b=c=2.
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4 h

Bai 10.10. Cho céc sb thuc khong d&m 4, b, ¢ thod man a + b + ¢ = 1. Chiing minh rang
ab +bc+ca—2abc < L
< o
(IMO 1984)
N\ J

P ; £ - o y g
Phan tich. Biéu thac doi xtiing hoan toan nén dugc phép gia st ¢ nhé nhat, khi d6 0 < ¢ < 3" Co

dinh ¢, biéu thtic 1a ham bac nhét theo t = ab v6i hé s6 1 — 2¢ duong, nén chi can thay ¢ béi gid tri
(1-c)?

p g 1 A o ,
16n nhat ctia né la .Piémroidudodnlaa=b=c = 3’ phtt hop véi viéc dau dang thirc cua

(1-c)?

t < doihoia =b.

L&i giai

e Sap thi? tw ba bién. Vi vé trai déi xting hoan toan, khong mat tinh téng quét gia stt ¢ = min{a, b, c}.
1

Khid63c<a+b+c=1suyral0<c< 3

e Dua vé ham bac nhét theo tich. Ditt = ab;tira+b=1—ctaco

ab +bc+ca—2abc=t+cla+b)—2tc=t(1—-2c)+c(l-c).

S S . 1 1 . N .
e Chan tich hai bien conlai. Vi0 < ¢ < 3 nénl-2c > 3 > 0, do d¢6 biéu thitc trén dong bién theo

a+b\’  (1-c)?
2 T4

t. Theo bat ddng thuue AM-GM, t = ab < ( , suy ra
il =Pl =2
(-0 -20)

1 c(1-rc).

ab +bc + ca —2abc <

« Rut gon biéu thirc chin. Dt vé phai 1a ¢(c). Ta c6

_ 2
Imoz(l—dﬁl—aﬂ—2d+4d=(1tﬂ@i+c+1)=1+%[2§.

o i Ay LiA 1
e Khao sat ham mét bien. Trén doan [0; 5]’

— 602 —
_ 2c—6¢ :c(l 3c)>

Eb(C)— 4 2 = O/
nén ¢ dong bién va
1 2
i b= 2
o1y 9 927 28/27 7
ﬁﬁﬁ¢“‘¢(3)_ 1 4 ar
A 7
Vay ab + bc + ca — 2abc < 77
>~ 3k 2 ” £ 2 2 o8 T 2q 1 o (1—C)2 1 P i 2
¢ Chi r6 dau dang thirc. Dau dang thttc doi hoi c = gva ab = 1 :—;kethQrdela+b:§
1 1 < . 1 1 1 2 7
tadu’cxa=b=g.Véya:b=c=g,khid(’)vétréibéng3-§—2-2—7:g—ﬁzﬁ.
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Bai 10.11. Cho céc s6 thuc 4, b, ¢ thudc doan [0; 2] va thod man a + b + ¢ = 3. Tim gia tri
nho nhét va gié tri 16n nhét cta biéu thic

P=a3+b%+c3

Phan tich. Hai chiéu cta bai todn c6 hai diém roi khac hn nhau. Vi gid tri nhé nhat, diém roi déi
xting a = b = ¢ = 1 nén dung ngay bat ding thuc tiép tuyén x3 > 3x — 2. Vi gid tri 16n nhat, diém
roi ndm & bién ctia doan [0; 2]: ¢6 dinh bién nhoé nhat rdi xem a? + b3 nhu ham bac nhéat theo ab véi
hé s6 am, khi d6 chi cdn mot chdn dudi ctia ab, va chin ay lay duoc tir chinh diéu kiéna < 2,b < 2.

Loi gidi
e Lap tiép tuyén tai diém roi déi xirng. Xét ham sb f(x) = x3. Ta c6 f(1) = 1 va f’(1) = 3, nén tiép
tuyén tai diém c6 hoanh do xo = 11ay = 3x — 2.

e Chirng minh bat dng thirc phuy. Vi moi x > 0,
3 -Bx-2)=x>-3x+2=(x-12x+2) = 0.
e Cong ba bat dang thirc cung chiéu. Thay x 1an luot béi a, b, ¢ rdi cong theo vé,
P>3a+b+c)-6=9-6=3,

dau déng thuc xay ra khi va chi khia = b = ¢ = 1; bd s6 nay thuoc [0; 2] va c6 tong bang 3.
e Sap thir tw cho chiéu I&n nhat. Vi P déi xtiing hoan toan, khong mat tinh téng quat gia s
c =min{a,b,c}. Khid63c<a+b+c=3,suyra0<c<1.

e Dwa vé ham bac nhat theo tich. Tira + b = 3 — ¢ va déng nhéat thitc a3 + b3 = (a + b)® — 3ab(a + b)
ta duoc
P=(B-cP®-3ab(3-c)+cd

e Chan dudi tich hai bién con lai. Via < 2vab < 2nén (2-4a)(2-b) > 0, tic la
ab > 2(a+b)-4=23-¢c)-4=2-2c.
e Thay vao va rit gon. Vi 3 — ¢ > 0 nén hé s6 cua ab trong biéu thitc ctia P 1a s6 am, do d6
P<(3-cP+c3-3B8-c)2-20)
= (27— 27c + 9¢? — ¢®) + ¢® — (18 — 24c + 6¢?) = 3¢* - 3c + 9.
e Dung mién ctia bién nhé nhat. Vio < c < 1nénc(c — 1) < 0, do d6

P < 9+3c(c—-1) < 9.

e Chi r6 dau dang thirc. Dau ding thirc doi héic(c — 1) = 0va (2 -a)(2-b) = 0. Néu c = 1 thi
a+ b =2 va mot trong hai s6 a, b bang 2, s6 cdn lai bang 0 < 1 = ¢, trai v6i gia thiét ¢ nho nhét. Vay
¢ =0,khi d6 a + b = 3 va mot trong hai s6 bang 2, s6 con lai bang 1. Thit lai véi (a;b; ¢) = (2;1;0):
P=8+1+0=09.

Dap s6. min P = 3, dat dugc khia = b = ¢ = 1; max P = 9, dat dugc khi (a;b; c) = (2;1;0) cling cac
hoén vi.
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é )
Bai 10.12". Xét cac sb thuc duong 4, b, ¢ thod man abc = 1. Tim gid tri nhé nhat cua biéu
thirc

P=a*®+b3c3 +c3a® - 6(a+b +0).
(Nghé An MO TST 2010)
. V.

Phan tich. Rang budc 1a mot tich nén phép don bién bao toan rang budc 1a thay (b, ¢) bdi (\/b_ ,Vbc )

2
Gia st a 16n nhat thi a > 1, va hiéu hai gia tri ctia P tdch dugc thanh tich cua (\/E - \/E) v6oi mot

biéu thirc khong am. Sau khi don, dit t = va > 1 thi bai toan con lai la mot bat ddng thic da thic
mot bién nhan ¢t = 1 1am nghiém kép.

L&i giai
e Sap thi tw ba bién. Vi P ddi xttng hoan toan, khong mat tinh tdng quét gia stt 2 = max{a, b, c}.
Khi d6 a3 > abc = 1,suyraa > 1.
e So sanh véi bé da don. Pit u = Vb, v = e vaw = Vbe = uv. B6 (2, w, w) vin thod man rang
budcvia-w-w =abc=1.Viét P = a3 (b* + ¢®) + (bc)> - 6(a + b + ¢), ta dugc
P(a,b,c) - P(a,w,w) = a* (b> + ¢* - 2w°) = 6 (b + ¢ — 2w)

=a’ (u® + 0% — 2u0%) — 6 (u? + v* - 2uv)

a’ (u® - 03)2 —6(u—v)? = (u—v)? [a3 (u? +uo + 02)2 - 6] .
e Xét déu biéu thirc trong ngoac. Tix (u — v)? > 0 ta c6 u? + uv + v2 > 3uv, ma hai vé déu khong
amnén (u” + uv + 02)2 > 9u?v? = 9bc. Do d6
a? (u® +uo +0%)° > 9a3bc = 9a> - abc = 94> = 9> 6.
Vay P(a,b,c) > P(a, w,w); chi con phai xét truong hop b = c.
bN - ~ KX ].
e Dua vé ham mot bién. Gia st b = ¢. Ditt = Va > 1;tirab? = abc = lsuyrab = ¢ = ?.Khid(’)
1
ab=ca=tvabc=—,nén
t2

1 2 1 12
_ o943 _ 2, 2) =943 _@t2_ =2
P-2t+t6 6(t+t) 2t+t6 6t T

e Quy vé bat dang thirc da thirc. Nhan hai vé ctia P > —15 v6i t6 > 0, bt ddng thic tuong duong
vai
G(t)=2t -6+ 15t —12t°+1 > 0 (t>1).

e Tach nhan t&r nghiém kép. Tac6 G(1) =2-6+15-12+1 = 0va G’(t) = 18t — 48t" + 90t° — 60t*
nén G'(1) = 18 — 48 + 90 — 60 = 0. Vay G chia hét cho (t — 1)?; thuc hién phép chia,

Gt)=(t—1)% (2t —2t° —6t° + 5t + 41> + 3t + 2t + 1) .
e Chirng minh nhan t& con lai dwong. Dit u = t — 1 > 0 rdi khai trién theo u,

27 — 28 — 615 + 5t  + A3 + 32 + 2t + 1 = 2u” + 12u + 24u® + 15u* — 6u® — 3u® + 12u + 9.
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Theo bat ddng thitc AM-GM, 2u® < u? + u*, nén 6u3 < 3u? + 3u? va do d6 vé phai khong nho hon
2u” + 12u + 24u® + 12u + (12u” — 6u* +9).

Ma 12u* —6u? +9 =12 (u2 - %)2 + % > 0, nén toan bo biéu thic trén duong. Suy ra G(t) > 0, tdc
laP>-15.

e Chi ré dau dang thirc. Dau déng thic ddi hoi b = cvat = 1, tica = b = ¢ = 1. Khi d6
P=3-6-3=-15.

Pap s6. min P = —15, dat dugckhia =b = ¢ = 1.
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PHU LUC. SO TAY BAT DANG THU'C VA BO BE

Céc két qua duéi day duge duing lai nhiéu 1an trong sach. Néu khong noéi gi thém, cac bién dugc hiéu
1a s thuc duong. M&i hop c6 kem chi dan t6i noi két qua duge phat biéu va chiing minh trong than
sach.

1. Bat dang thir'c AM—-GM N

V6i moi s6 thuc khong am ay, as, ..., a, ta co

a+as+---+4ay
n

> Rlajas...ay.
Déau dang thurc xay ra khiva chikhiay = as = -+ = a,.

e Xem thém. Chuong 2, muc A: phat biéu, cac hé qua thuong dung va quy trinh bén budc
ctia ky thuat diém roi. Chuong 3, muc A: cac luge do tach, ghép va thém bét.

g
2. Bat dang thirc Cauchy-Schwarz ~

Véi hai bd s6 thuc ay,...,a, vaby,..., b, tacod

(a1+...+a31) (b%+...+b721) > (a1b1+"'+anbn)2‘

Déau ddng thurc xay ra khi va chi khi hai b sd phu thudc tuyén tinh, nghia 1a ton tai hai sd
thuc A, u khong dong thoi bang 0 sao cho Aa; = ub; v6imoii = 1,2, ...,n. Phat biéu nay
gom ca trudong hop mot trong hai bo ¢6 tat ca cac s6 hang bang 0, khi d6 hai vé cung bang
0. Néu tat ca b; déu khéc 0 thi diéu kién trén tuong duong véi day ti s6

ay _az an
bi by by’

con néu ¢6 mot b; bang 0 thi day ti s6 vo nghia, phéi dung dang phu thudc tuyén tinh.
Dang cong mau (dang Engel): v6i y; > 0,

2 .2 2 2
X7 X x X1+ X9+ +x
_1+_2+.”+_n > ( 1 2 ‘rl) ,
Y1 Y2 Yn Yir+Yys+---+tyy
A 2 P 2 q s > . X1 X2 Xn = N N A 3A
dau dang thic xdy ra khi va chi khly— = y— = ... = —. 0 dang nay moi mau s6 déu duong
1 2 Yn

theo gia thiét, nén day ti s6 vira viét c6 nghia.
e Xem thém. B6 dé 5.1 va B6 dé 5.2 & Chuong 5, muc A.

3. Bat dang thirc Schur

V6i moi s6 thuc khong 4m 4, b, ¢ va moi s6 thuc ¢ > 0,

at(a=b)a—-c)+b'(b-a)b-c)+ci(c-a)c—-b) > 0.
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Truong hop t = 1 duge dung nhiéu nhat. Khai trién ra, n6 tuong duong véi
a® + b3+ c®+3abc > ab(a +b) +bc(b +c) + ca(c + a),

vatheobobap =a+b+c,q=ab+bc+ca,r=abc thituong duong véi

p®+9r > 4pq.
Déau dang thuce xay ra khi a = b = ¢, hodc khi hai trong ba s bang nhau va s6 con lai bang
0.
e Xem thém. Chuong 8, muc A: chiing minh, dang p, g, ¥ va mién bién thién ctia r khi c6
dinhp, q.
. /

4. Cac hang bat dang thi'c co sé ~

Diéu kién ctia cac bién va diéu kién xay ra dau dang thtc khac nhau theo ting dong, can
phén biét: hai bat dang thtc dau chi lién quan t6i hai bién nén chi doi hoi a = b.
e Hai bién, ding v&i moi sé thuc a, b.

a’ +b? > 2ab, (a+b)*> > 4ab.
Cé hai ¢6 dau dang thire khi va chi khi a = b; & day khong c¢6 mit bién thi ba.
e Ba bién, dung v&i moi so thuc a, b, c.
a? +b%+c? > ab+bc+ca, (@a+b+c)? > 3(ab+bc +ca),
3(a?+b*+c?) = (a+b+c)

Cé ba c¢6 dau dang thitc khiva chikhia =b = c.
e Ba bién dvong a,b, c > 0.

\%

1 1 1 a b c
(”+b+c)(E+E+E) % b+c+c+a+a+b_

DO | o

Cé hai ¢6 dau dang thitc khi va chi khia = b = ¢. Gia thiét cac bién duong khong bo dugc:
boa =b =1, c = —11am vé trai ctia bat ddng thuc tha nhatbang 1, conbda=b=1,¢c = -3
lam vé tréi ctia bat dang thic tha hai bang —g.

e Xem thém. Chuong 1, muc A: B6 dé Cic hing bit ding thirc nén va B6 dé Hai danh gid vé

nghich dio. Bat ddng thuc cudi 1a bat ddng thitc Nesbitt, duge ching minh ¢ Vi du 1.8, 2.8,
5.1, 7.6 va 9.1 bang nam ky thuat khéac nhau.
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