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Chuyén dé BAT PANG THUC va MAX MIN Luyén thi THPT Quéc gia 2016

Chidé: PHUONG PHAP HAM SO CHO BAI TOAN GTLN-GTNN VA
BAT PANG THUC HAI BIEN SO

Ky thuat 1] Thé bién dwa vé khdao sat ham mét bién

Buge 1: Rut 1 bién biéu dién theo bién kia. Xac dinh mién gié tri cua bién duoc rut.
Buodc 2: Thay bién duogc rat vao biéu thirc gia thiét. Khao sat va dua ra ket luan.

Bai tap 1: Cho x, y la cac sb thuc thoa man diéu kién y <0, x* +x—y—12=0. Tim gia tri nho nhat
cua biéu thuc P=xy+x+2y+17.

Bai gidi:
Tur gia thiét ta co: y:x2+x—12£0<:>xe[—4;3].
Khi do: P:x(xz+x—12)+x+(x2+x—12)+17:x3+3x2—9x—7.

Xét ham s f(x)=x"+3x*—9x -7, xe[—4;3], ta co: f/(x):3x2+6x—9=0<:>{ 3
Y=—

Taco: f(—4)=13, f(3)=20, f(1)=-12, f(-3)=20.
Suy ra: r{r\14eg}af(x) =f(-3)=r(3)=20, 1[’{1415’]1]0()() = f(1)=-12.
Vay gid tri nho nhét cia P bang —12 dat dugc tai (x;y) =(1-10).

Bai tap 2: (HSG Quéc gia 1998) Cho x, y la cac s thuc thoa man diéu kién 2x—y=2. Tim gia tri
nhé nhat cua biéu thuc P = \/x2 +(y+1) + \/x2 +(y-3).

Bai gidi: _ q
T gia thiet ta c6: y =2x—2. Thay vao biéu thurc P ta co:
Khi d6: P =+/5x% —4x+1+5x>—20x+25
Xétham sé f(x)=/5x% —4x+1++/5x> —20x+25, ta co:
f/(x)z Sx=2 N S5x-10 '

V52 —dx+1  ~/5x% =20x+25

£ (x) =0 (5x=2)/5x% =20x +25 = (10— 5x)/5x° —4x +1
{(5x—2)(10—5x)20 xe[z;z}
= 5 S x

(5x-2)" (5x” —20x+25) = (10-5x)" (5x* —4x +1)

_2

24x* —16x =0
Tir d6 suy ra: P:f(x)zf(§j=2x/§

Vay gia tri nhé nhat ctia P bing 2+/5 dat duoc tai (x;y)= (%—%j .

Bai tAp 3: Cho a, b 1a cac s6 thuc duong thoa mén diéu kién a+ b =1. Tim gi4 tri nho nhat cua biéu
thirc P =31+ 2a> +240+9b> .

Bai gidi:
Tugia thiéttaco: a=1-b>0=be(0;1).
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Chuyén dé BAT PANG THUC va MAX MIN Luyén thi THPT Quéc gia 2016

Khi do: P =3\/1+2(1=b)" +2/40+95’
Xétham sb f(b)=3\1+2(1-b)" +2440+9b*, be(0;1), ta co:

1 (b)= oy 18 =0 (1-b)V9b* +40 =3b32b* —4b +3 .

2b'—4b+3 ob’ +40
& (1-b) (96 +40) =9 (2b” —4b+3) = (b+2)(3b-2) (30’ —10b+10):0:>b:§

Tir d6 suy ra: P =f(b)2f@j =5J11.

Vay gié tri nho nhit cia P bang 5v11 dat duoc tai (a;b) = (l;zj .

33
Bai tap 4: Cho a, b 1 cac sb thuc khong &m thoa mén diéu kién a+3b=4. Tim gia tri I6n nhat va
gia tri nho nhét cua biéu thae P = L+ﬂ .
l+a 1+b
Bai gidi:
Taco: a+3b=4<a=4-3b.Do a, b khdong am nén OSbsg.
Khido: po2=0, 36 _, 1 3

5-3 1+b  5-3b 1+b
Xét ham sé f(b)=4—L—i be{o;ﬁ}.

5-3b 1+b’ 3
, 3 3 bh=1
Ta co f’(b): (5_3b)2 _1+b;f/(b):0<:>(5—3b)2 :(1+b)2 C{b:?

Lap BBT ta suy ra GTLN cua P la g, dat dugc khi b=0, a=4; GTNN cua P la 2, dat dugc khi
a=1 b=1

Bai tdp 5: Cho x, y la cac sb thuc duong thoa man diéu kién x* —xy+3=0 va 2x+3y<14. Tim
gia tri 16n nhat va gia tri nho nhét cua biéu thic P =3x%y - xy* —2x(x* ~1).

Bai gidi:
x> +3 x°+3
, Y= Y= X
Tt gia thiét suy ra: * o
2x+3.5 31y xe{k—}
X 5

2
2 2
Khi do6: P:3x2[x +3)—x[x +3J —2x(x2—1):5x—g.

X X X
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Chuyén dé BAT PANG THUC va MAX MIN Luyén thi THPT Quéc gia 2016

Xét ham sd f(x)sz—g, X e{kg}.
X

Taco: f'(x)= 5+% >0 Vxe [ng. Do d6 ham sb ddng bién trén {1;%}

Suy ra: maxf( )= f(9]=4, migf(x)zf(l):—4.
) 5)7 " Y
Vay GTNN cua P la —4 dat duoc khi x=1, y=4; GTLN cua P la 4 dat duoc khi x —g y :%.

Bai tap 6: Cho x, y la c4c s thuc thoa man diéu kién v2x+3 +/y+3 =4. Tim gia trj I6n nhat va

gié tri nho nhit caa biéu thic P =vx+2+4y+9.

Bai gidi:
Pit V2x+3=a, «/y+ =b.Taco: a+b=4,a20,b>0.Suyra: b=4-a=ae|0;4]

Khido: P=|9—3124b" -3 L 4/“+ +(4-a)
XethamSOf = a’+1 2+6 ae
Taco: f ,ae[o;ﬂ.

\/2 Cl —I—l \/ _a)2+6
4

ae [O; 4] c [0;4J
= ) , &
a*(4-a) +6a2:2(a2+1)(4—a) a*—8a*+12a" -16(a-2)=0
ae[0;4}
= Sa=2
(a—2)(a3—6a2—16)=0

Ta co: f(0)=£+\/_ 2,f(2)= \/7 ()=£ J6.

2
Vay GTNN cia P 1a 3J25 dat dugc khi x—% y=1; GTLN caa P 1a @wz dat dwoc khi
3
-2 y=13.
X 2 y
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Chuyén dé BAT PANG THUC va MAX MIN Luyén thi THPT Quéc gia 2016

K¥ thuat 2] Xur 1y biéu thire déi xing hai bién

Bugc 1: Tir diéu kién dat = x+ y (hodc = xy) rat xy theo ¢ (hoiac x + y theo ¢). Tim mién gia tri
cua s, giasureD. ? , ,
Budc 2: Thay bién duogc rat vao biéu thirc gia thiét dugc ham so theo ¢, véi te D.

Bai tidp 1: Cho «x,y la cac sé thuc khdng &m thoa man thay doi thoa man diéu kién
4(x2 +y’ +xy)£ 1+2(x+y). Tim gia tri 16n nhét cta biu thuc P =xy +/x+y —x* -y

Bai gidi:

2
Tacc’):xys(x+y) 24y

2
Khi do: Pg(x;yj +Jx+y—%(x+y)2 =—i(x+y)2+\/x+y.

1
Dit t=x+y, t20:>P§—Zt4+t.

Tir diéu kién bai toan ta co: 4()(2 +y° +xy)£1+2(x+y)<:> 4(x+y)2 —2(x+y)—1£4xy£()c+y)2

:>3t2—2t—1£0<:>te{—%;l}:ﬁe(o;l].

Xéthamso f(t)= —it“ +1, te(0;1].

Taco: f/(1)=—£ +120, Vte(O;l]:f(t)Sf(l):%:Ps%.

Vay gia tri 16n nhat caa P bang % dat duoc tai {"Hy =l (xy)= G%)
X=Yy

A . .z , T U 2 . S,
Bai tap 2: Cho x, y la cac s6 thuc duong théa man diéu kién 3xy+3=x*+y* +—. Tim gid tri l6n
Xy

. iy 1
nhét cta biéu thic P = x*y’ +#.
X +y +2
Bai gidi:
Ta co:

3xy+3:x4+y4+£Z2x2y2+£<:>2x3y3+2S3x2y2+3xy<:>2x3y3—3x2y2—3xy+2£0
Xy Xy

<:>(xy+1)(2xy—1)(xy—2)£0<:>xy6{5;2},do xy>0.
16 e
2xy+2 xy+1

s 2, 8 1, (N =y
Xét ham so f (1) =1 vt te[z,Z]taCO. f(t)=21

. bat t:xy,te{%;Z} khi do: Psf(t)=t2+i.

Khi dé: P<x’y’ +

8

>=0s1=1.
(r+1)
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Chuyén dé BAT PANG THUC va MAX MIN Luyén thi THPT Quéc gia 2016

Ta co: f(%j:f—;,f(z): f():— suy ra P< f(r)< f(2)=2—30.

\Vay gia trj 16n nhét cua P béng ? dattai x=y=+/2.

Bai tap 3: Cho x, y la cé4c sb thuc duong thoa mén diéu kién x + y+xy =3. Tim gié tri nho nhat cua

3
biéu thic P = 4(“1} 4(y—+1j 2y

y X

Bai gidi:
Str dung BT a+b > ab(a + b) ,

16(x° +y* +x+
ta co: P24(X+1](y+1J(X+1+y+1j+\/x2+y2 = ( f : Y)+,/xz+y_2

y X y X X7y
216(2xy+3 xy) \/ﬁ 16( xy+3 +\/—
x’y?
Tur gia thit ta co: 3—xy = x+y>2f@JE +2xy 30 & Jxy €(051] = xy e (031]
bit 1 =xy, t =t (0;1] khidé:PZf(f):&jti)ﬁ- 2t, t(0;1].

16(7+3)

2

Khao st GTNN cua f(7) = z

21, t €(0;1], ta c6: Gid tri 16n nhat cia P bang 64 ++/2 dat

tal x=y=1.

Bai tap 4: Cho x, y la céc sb thuc duong théa mén diéu kién x + y=1. Tim gié tri nho nhit cua biéu

thuc P—(x +ij(y +i2j
y X

Bai gidi:

Ta c6: P=(xy)2+ -+2. bat t:(xy)z,do 1=x+y22\/5<:>xyS%:>O<(xy)2S%.

()
-1 1 . e ~
— <0, Vte O;E suy ra f(r) nghich bién trén

Khao sat ham f(t):t+%+2, te(O;%]Cé ()=

056
16
Vay minP:(r:liﬁf(t)zf(%]:% dat tai x = y—;

Bai tAp 5: Cho x, y 14 cac s thuc duong thoa man diéu kién x +y =1. Tim gia tri nho nhat cua biéu
s
4y xy

thac P =

Bai gidi:
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Chuyén dé BAT PANG THUC va MAX MIN Luyén thi THPT Quéc gia 2016

Taco: P= ! +i: ! +i: 1 +L
' (x+y)(x2—xy+y2) Xy (x+y)2—3xy xy 1-3xy xy

1 1
bat r=xy, do 1=x+y22\/5<:>xySZ:>O<xySZ.

t:3+\/§¢(0;1}

3 1. 6 4
(1-3%) ¢ 3-43
6

Khao sat ham f(z):ﬁ%, te(o;ﬂ,cé f(t)=

t =
Lap BBT ta dé dang suy ra:

minP=I(1;iﬁf(t)=f(%J=4+2J§ dat tai x=%[li /2\/53‘3}y=%(1¢ /2\/53— ]

4

Bai tap 6: Cho x, y la cac sb thuc duong thoa man diéu kién x + y=2. Tim gia tri 16n nhat va gi4 tri

nho nhét cua biéu thuc P =

+ xy.
1+ xy

Bai gidi:

2
bat r=xy, do O<t:xy£(xzy) :1:>te(0;1]. Khi do: P:Fltﬂ, te(O;l}.

Khao sat ham f(t):%t+t, te(0;1], taco f’(r):l—( )
+ r+1

Lap BBT ta dé dang suy ra:

>0, vt e(0;1)

2

GTLN cua P Ia g dat duoc khi x=y=1. Vi f(r) khong ton tai GTNN trén (0;1] nén P khong ton
tai GTNN.

Bai tap 7: (CP 2008) Cho x, y 1a cac sb thuc thoa man diéu kién x* + y* =2. Tim gia tri 16n nhat va
gid tri nho nhét cua biéu thac P =2(x’ +y’)-3xy.

Bai gidi:
Taco: P= 2(x+y)(x2 —xy+y2)—3xy = 2(x+y)[(x+y)2 —3xy}—3xy :

Tur gia thiét suy ra: (x +y)2 =2xy+2. Nhu vay néu ta dat = xy thi x+y chua thé rat theo + ngay
duoc vi x+y cb nhan gia tri &m va gia tri duong.

-2
2

2 2
Do d6 ta dat r = x + y, khi do: P:Zt[tz—B.t 5 2]—3.t =—t3—gt2+6t+3.

Taco: ¢ :(x+y)2 SZ(x2+y2):4:>te[—2;2].

Khao séat ham f(t)—r3—%t2+6r+3, te[-2:2], taco f/(t):—3t2—3t+6:0®L_ 5

Lap BBT ta dé dang suy ra:
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Chuyén dé BAT PANG THUC va MAX MIN Luyén thi THPT Quéc gia 2016

2

GTLN cua P Ia 22 dat duoc khi 1 (xy)= :
2 2 7 2

xy=—=
Y=y

x+y=1 le@ 1—\@]

o\ [1-v3 1443
\/(x,y)— R .
x+y:_2<:>x=y:—1.

GTNN cua P la -7, dat duoc khi
xy=1

Bai tap 8: Cho x, y la cac sb thuc thoa man diéu kién y <0 va x* +x=y+12. Tim gia tri 16n nhat va
gia tri nho nhét cua biéu thac P = xy+x+2y+17.

Bai gidi:
Taco: y=x’+x-12<0< xe[-43]. Thay y vao biéu thic P ta duoc:
P =f(x) :x(x2 er—12)+)c+2(x2 +x—12)+17 =x’+3x*-9x-7, x€ [—4;3]
, =-3
Ta co: f/(x)=3x2+6x—9:0<:>{x =
X =
Taco: f(—4)=-13, f(3)=20, f(-3)=20, f(1)=-12.
Vay GTLN cua P bang 20 dat duoc tai x=-3, y=—6 hoic x =3, y=0.
GTNN cua P bang —12 dat duoc tai x=1, y =-10.

Bai tdp 9: Cho x, y la céc sb thuc khong &m thoa man diéu kién x+y=2. Tim gia tri nho nhét cua

2 2
bidu thae p= X T +Y +x=3

3x—xy+1

Bai gidi:
Tacod: y=2-x>0< xe[0;2]. Thay y vao biéu thic P ta dugc:

B x* +x(2—x)+(2—x)2 +x-3 X2 —x+1

P:f(x) 3x—x(2—x)+1 _x2+x+1’xe[0;2]
Taco: f/(x)=—22 =2 o =12(02) ;6. £0)=1,f(2)=2. F(1)="1.
(x2+x+1) x=1 7 3

Viay GTNN ciia P biing % dat duoc tai x=y=1.

Bai tap 10: Cho x, y la cé4c s6 thuc thoa man didu kién x+y#=—1, x> +y* +xy=x+y+1. Tim gia tri
XY

I6n nhat, gia tri nho nhat cua biéu thic P = .
x+y+1

Bai gidi:
Ta co: x2+y2+xy=X+y+1<:>xy=(X+y)2—(X+Y)—1-

2
bat r=x+y, taco: (x+y)2 Z4xy<:>(x+y)2—(x+y)—1=xy£@<:3t2—4t—4£0<:>te[—§;2]
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Chuyén dé BAT PANG THUC va MAX MIN Luyén thi THPT Quéc gia 2016

s Y s L P —t-1 2
Khi d6 P tro thanh: P=f(¢)= ,tel—=:21.
t+1 3

t=0
2 +2t

Taco: f/(r)= -=0& z=—2¢(—3-2j'TaCé: f(—%jz%,f@):%,f(o):—l.
3

(1+2)

Vay GTLN cia P bing % dat duoc tai x = y=—% hoic x=y=1, GTNN ciia P bing 1 dat duoc tai

x=-1,y=1hoac x=1, y=-1.

Bai tAp 11: Cho x, y la cac sb thuc thoa man diéu kien x, y 20, xy(x+y)=x"+y’ —x—y+2. Tim gia

tri Ién nhat cua biéu thac P = 1.1
Xy
Bai gidi:
Ta co: xy(x+y):(x+y)2—2xy—(x+y)+2.
3 2
bat r=x+y, taco: (x+y)224xy<:>t _2; +24t_820<:>te(—oo;—2]u[2;+oo).
+
L Y s 42t
Khi d@6 P tr¢ thanh: sz(t):t2 et te(—oo;—Z]u[Z;+oo).
—t+
3P 141+ 4 =2
Taco: f/(1)= & 0 > . Lap BBT ta d& dang suy ra két qua.
(# —t+2) 1=-3

Vay GTLN cua P bang 2 dat duoc tai x=y=1.

Bai tAp 12: Cho x, y la céc s6 thyc thoéa méan diéu kign 1-y” = x(x—y). Tim gid trj l6n nhat, gia tri

x°+y°—1
3

nhé nhat cua biéu thuc P = =
Xy+xy

Bai gidi:
Taco: 1=x>+y" —xy>2xy—xy=xy < xy<l.
Mait khéc: 1=x2+y2—xy=(x+y)2—3xy<:>(x+y)2=1+3xy20<:>xy2—%.
2 2 2 | 2\ 2.2
x6+y6—1_(x ty )[(x +y) —3x7y }_ 1 _(1+xy)2—3x2y2_ 1

3

Sy+xy xy(x2+y2) xy(x2+y2) Xy xy(l—xy)'

bat r=xy, te{—%;l]

Taco: P=

_ 2
Khi d6 P tro thanh: P = f(r)= 2; 1+3, te[—%;l]

2t —4t-3
(t+1)

Vay GTLN cua P bang = dat duoc tai x=—y=

Taco: f/(r)= <0. Tacé: f(—gjz%,f(l)zé.

GTNN cua P bang — dat dugc tal x=y==1.

f
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Chuyén dé BAT PANG THUC va MAX MIN Luyén thi THPT Quéc gia 2016

Bai tap 13: Cho x, y 1a cac s0 thuc thoa mén dieu kign 2(x* +y*)=xy+1. Tim gia trj 16n nhat, gid tri
x4yt
2xy+1

nho nhét cua biéu thac P =

Bai gidi:
Ta co: xy+1=2(x2 +y2)<:>xy+1=2[(x+y)2—2xy}2—4xy<:>xy2—é.

Mat khac: xy+1:2(x2+y2)<:>xy+1:2[(x—y)2+2xy}24xy<:>xy2%.

2.2

2
xy+1
vy _eefoaey (%520

2xy+1 - 2xy+1 2xy+1
2
it 1=y, te[—l;l}. Khi d6 P tro thanh: p= f(r)= 0 *2+1 {_1;1]
53 4(21+1) 53

Taco: P=

2 t:O
(=t —t
maot /00| ) e (B
53

2(2e+1)

Vay GTLN cua P bing i GTNN caa P bing %

Bai tap 14: Cho x, y 1a céc so thyc théa man diéu kién x>1, y>1 va 3(x+y)=4xy. Tim gid tri I6n

o , . 11
nhat, gia tri nho nhat cua bieu thac P =x’+y* + 3(—2+—2j.
Xy

Bai giai:
bat x+y=a:>xy=%7a, a>0.Suyra x, y langhiém cua phuong trinh: #° —at+%

=0 (1)
Vi (1) conghieme A=a"-3a>0=a>3.

Vi x, y>1 nén (x—1)(y—1)20@xy—(x+y)+1zo@%“—a+120@as4.Vay ae[3:4].

Mat khac tir gia thiét suy ra: i% =§.

Lic do: P:(x+y)3—3xy(x+y)+3(%+§]2—%:a3—%a2—%+%, ae[34].

Xét ham sé f(a)=a3_§a2_§+§, ae[34]

Ta co: f/(a):3a2—§a+%:3a(a—%j+%>0, Vae([3;4]. Taco: f(3)=%,f(4)=%.

. x=1,y= . .
Vay GTLN cua P bang % dat duoc tal {x ¥ =3 , GTNN cua P bang % dat duoctal x=y =%.

x=3y=1

Bai tap 15: Cho x, y 1a cac sb thuc thoa man diéu kién x € (0;1], y e (0;1], x+y =4xy. Tim gid tri I6n
nhat, gi tri nho nhat cua biéu thac M = x> + y* —7xy.
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Chuyén dé BAT PANG THUC va MAX MIN Luyén thi THPT Quéc gia 2016

Bai gidi:
Déti:xy:x+y:4a. Suy ra x, y la nghiém cua phuong trinh: g(r)=r*-4ar+a=0 (1)
A>0
1.g(0)<0 .
Vi (1) c6 cé&c nghiém thoa man 0<7 <, <l < 1.g(1)20 @ae[z;g}.
O<§§1
2

Khi do: M:(x+y)2—9xy:16a2—9a, ae{%;%}. Xét ham f(t):16a2—9a, ae[i;%}.

p 9 11 . 1 5 1 11 9 81
Taco: f/(a)=32a-9=0 =—¢e|—:=| Taco: f|—|=—=.f| = |=——=. f| = |=——.
f (a) a =a 326(4 3} f(4j 4 f(?)j 9 f(32} 64

Vay GTLN cua M bang —%1 dat duoc khi xy=%:>x=1, y=% hozc x:%, y=1, GTNN cua M bing

31 at duge khi xy=— = x=2y=> hoic y=2x=
64 32 4

AW

Bai tAp 16: Cho x, y la cac sé thuc thoa man diéu kién x*+y* +xy=3. Tim gia tri 16n nhat, gia tri
nho nhit cua biéu thac A = x* + y* +4xy—x°y°.

Bai gidi:

Dét?zxy. Tu giéthiétsuy ra: 3:(x+y)2—xy2—xy©xy2—3 va 3=x>+y" +3xy>3xy < xy<1.
Vay te[—3;1].

Ta co: A:(x2 +yz)2—2xzyz+4xy—x3y3 :(?)—)cy)2 —2x°y* +4xy—xy’.

Khi @6 P tro thanh: P=f(r)=— -1 -2t+9, re[-31].

Taco: f/(r)=-3r"-2t-2<0, Vre(-3;1). Taco: f(-3)=33, f(1)=5.

Vay GTLN cua P bang 33 dat dugc khi x =—y=++/3, GTNN cua P bing % dat duoc khi x=y==1.

Bai tap 17: Cho x, y 1a cac s6 thyc théa mén dicu kign (x* +y’ +1)2 +3x%y? +1=4x>+5y*. Tim gid tri
x> 4+2y* =3x%y?
X +y +1

I6n nhat, gia tri nho nhat cua biéu thic P =

Bai gidi:
Ta Cé: (X2+y2+1)2+3x2y2+1:4x2+5y2@(xz+y2)2_3(X2+y2)+2:_x2_3x2y2 (1)
Pat t=x+y> Vi —x> —3x°y> <0 nén tur (1) ta co: t2—3t+2£0<:>te[];2].

P —t+2

Khi d6 P tro thanh: P=f(r)= .
+

, te[l;Z].

Taco: f/(r) =% >0, Vte(1;2). Do d6 ham s6 dong bién trén [L‘ 2].
t+1
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Taco: f(1)=1,f(2 )=% Vay GTLN cua P bang = dat duoc khi x=0; y=++2, GTNN cua P bing 1

dat duoc khi x=0; y=+1.

Bai__tap 18: Cho «x,y la cac s6 thuc dwong thoa man diéu  kién
(xy+1)(9\/§—2xy):7(x2+y2)—2xy+2. Tim gid tri 16n nhat, gia tri nho nhat cua biéu thac

1 1
P:xy+\/5+—+—.
Xy

Jry
Bai gidi:

bat t=\/g. Tach: x*+y’ Z2xy:>7(x2+y2)—2xy+2212xy+2.
Két hop gia thiét suy ra: (tz +1)(9t— 2t2) >126° +2 < -2t* +9° -141* + 9t -2>0

@(t_l)z(z_t)(zt_l)zo@teE;z}.

Khi do P tr thanh: P= £ (1) =1 +1+ -+, ,EB;Z]
t t

Ta c6: f’(t):(t _1)(2t +t+2):0<:>t=1e(%;2j.Tacé: f(%j:74 = ,f(l):4.

l_3

Vay GTLN cua P bing % dat duoc khi x=y=2 hoic x=y :%, GTNN cua P bang 4 dat dugc khi

X = y = 1_
Bai tap 19: Cho x, y 1a cac s6 thuc thoa man diéu kién x+1+./y+1=4. Tim gia tri I6n nhat, gia tri
, » 4
nhoé nhat caa biéu thac P = xy + 6
4—x—-y

Bai gidi:
bat a=+x+1, b=4y+1.Khid6 a>0,b>0vaa+b=4.
Dt r=ab,tac te[0;4] va a® +b° =16-2t.

Khi d6 P tro thanh:

64

64 32
P=(a2 —1)(192 _1)+W:a2b2 —(a2 +b2)+1+m=t2+2t+;_15’ te[0;4].

s 32
Xét ham sb f(t)=t2+2t+§—15, re]0;4].
39 _2(t—3)(t2—6t—3)
(=5)  (-9)
. 107
Ta co: f(0)=—— f(4)=-23,7(3)=-16.

Vay GTLN cua P bang —16 dat dugc khi x=0; y=8 hodc x=8, y=0;
GTNN cua P bang —23 dat duoc khi x=y=3.

Taco: f/(t)=2t+2-

=0 1=3¢(0;4).
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Bai tap 20: Cho x, y la cac sb thuc thoa man diéu kién x+y=2Vx—2+/y+1+1. Tim gié tri l6n
2(1+xyw/x+y)
«/x—lry .

nhat, gi tri nho nhat cua biéu thac F = g(x—y) +%(y —x)+

Bai gidi:
Tu gia thietsuy ra x>2, y>-1.

Ta co: (2.Jx—2 +1.\/y+1)2 <(2241)(x -2+ y+1) @ 22+ y+1 <, [5(x+y-1).
Néntlr x+y=2vx—2+y+1+1=>x+y<5(x+y—-1)+1.

Datr=x+y,tacod: r-1< 5(t—1)<:>te[1;6].

_Lp +£=f(t), t[1;6].

2
Jr+y 2 Jr

Ta co: f’(t)zt—%ZO, vie(1;6). Taco: f(1)=

Khi do: F=%(x+y)2+

F(6)=18+ 2.

%

dat duoc khi x=6, y=0, GTNN ciia F bing g dat duoc khi

N | L

2

N

Vay GTLN cua F biang 18+

x=2,y=—1.

Bai tAp 21: Cho x, y 12 céc sb thuc thoa man diéu kién x+y=~/x—1+./2y+2 Tim gia tri 16n nht,
gid tri nho nhat cua bieu thic F=x*+y* +2(x+1)(y+1)+8{4—-x—y.

Bai gidi:

biéu kién x>1, y>-1,suyra x+y>0. Sir dung BDT: (au+bv)2 S(a2+b2)(u2+v2) ta co:
(x+y)2:(\/x—l+\/2y+2)2:(l. x—1+\/§.\/y+1)2£3(x+y)

Suy ra x+y£3.f)étt=x+y:>te[0;3]

Khi d6: P=(x+y) +2(x+y)+8/d—(x+y)+2=r>+2r+8V4—1+2, 1€[0;3].

Xétham so f(t)=r+2t+8Jd—1+2, 1€[0;3].

Ta c6: f’(t)=2t+2—L,f”(z):2—

4
w0

Suyra f'(¢) dong bién trén | 0;3]. Do do: f'(t)= f/(0)=0, Vi &(0;3).

Suy ra f(t) ddng bién trén [ 0;3]. Taco: £(0)=18, f(3)=25.

Vay GTLN cua P bang 25 dat dugc khi x=2, y=1, GTNN cua P bing 18 dat dugc khi x=1, y=—1.

>0, Ve (0;3).

Bai tap 22: Cho x, y la cac s6 duong thoa man diéu kién x+y=1. Tim gia tri nho nhét caa biéu thic

p=—>_4+ 2
V1-x Jl—y.

Bai gidi:
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1-x
Apdun BDT: —+—=2>+a++b.Lac do: P= a +—2x+Vl—x=f(x), xe(0;1
£BPT: o> arh 22 e T = £ (x). xe (o)

Ta co: f/(x):———=0<:>x:%e(0;l).

2Wx 21-x
Lap BBT ta c6 két qua r{gg}i(f(t):fej =+/2. Suy ra GTNN cua P bing +2 dat duoc khi x=y =%.

3

Bai tap 23: Cho x, y la cac s thuc thoa man diéu kién x> +y* =2. Tim gia tri 16n nhat, gia tri nho
nhét ciia biéu thic M =2(x* +y*)—3xy.

Bai gidi:
Tacod: +> 2 2 _ _(X+y)2—2
aco: x +y —2<:>(x+y) —2xy—2<:>xy—T.
2
Mat khac: 2 =x* +y’ Z@:x%rye[—Z;Z]. bt r=x+y, re[-2;2]
Taco: M= 2(x +y) 3xy = 2 x+y)( xy+y2)—3xy:2(x+y)(2—xy)—3xy

—(x4y) - ( VY + (x+y)+3——t—%t+6t+3 £(0). re[-2:2]

Ta co: f’(t):—3t2—3t+6:0©[t212. Ta co: f(—2)=—7,f(1)=§,f(2)=

1”26, - \f hoac x 1 \f :1+2\6,GTNN cua

Vay GTLN ciia M bing % dat dugc khi x =
M bing -7 dat duoc khi x=y=—1.

Bai tap 24: (Thi thir Chuyén Quédc Hoc Hué 2011) Cho a, b 14 cac s6 thuc thay doi (a>0). Tim
gia tri nho nhét cua biéu thac T =(a—b) +(Ina—-b)’

Bai gidi:
Xéthamsd f(b)=(b—a) +(b—Ina), beR.,

Taco: f/(b)=2(b—a)+2(h-Ina)=0<b= a+Ina

(a —In a)2
5 .

Lap BBT cua f(b) trén R taco: f(b)> f(aﬂnaJ:

Xét ham s6 g(a)=a-Ina, a>0:>g/(a)=1—l=0<:>a=1.
a

Tiép tuc 13p BBT cua g(a) trén (0;+w) tacé: g(a)=g(1)=1.

Tir dé suy ra: (b [g “] %.VéyGTNN cia T bing % dat duoc tai a=1,b=%.

Bai tap 25: Cho x, y Ia cac sb thuc duong thoa man diéu kién x*+y* <2. Tim gia tri Ién nhét cua
biéu thiac A = x* + y°.

Bai gidi:
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Taco: ¥ +y' <2<y <2-x < y<Y2-x". Vi x, y duong nén x3+y332:>xe(0;3/5).
Do do: A:f(x):x2+,3[(2—x3)2, xe(O;%/E).

2 2x(32—x3—x) =0
Taco: f/(x)=2x- 2 :0<:>{x <:>x:1€(0;3/§).

2 J2-x J2-xP=x

Lap BBT cia f(x) trén (0:32) taco: A< f(x)<2.Vay GTLN cua A bing 2 dat dugc khi x=y=1.

Bai tap 26: Cho x, y la c4c s6 thuc duong thoa man diéu kién x+y=1. Tim gia tri nho nhat cua biéu

1 1
4 2 2
thac A=x"+y +—+—.

Xy
Bai gidi: , ,
Cach 1: (Rat thé truc tiép)
Taco: x+y=1<y=1-x>0=xe(0;1). Do dé: A=f(x)=x2+i2+(1—x)2+(;)2, xe(0;1).

X I-x
S_(1-x) 2x—1)(x* —x+1
Tacé: f(x)=2x-2(1-x)- = +—2—=(2x-1) M:(Zx—l)+(x ) f+>=0
X (l—x)‘ x3(1—x)‘ x3(1—x)

2
@(2x—1){1+x—x+1}0<:>x%e(0;1).

x3(1—x)3
Lap BBT cua f(x) trén (0;1) taco: A=f(x)=

Vay GTLN cua A bang — dat dugc khi x=y=

L j 2)@{ L j 2xy+£.
y y Xy

bat r=xy>0, Val—x+y>2f©xy<i:te( }

Lap BBT cua f(z) trén (0 H ta co: A> f(r Gj %

Céch 2: (Poi bién va an dung dao ham)

Ta co: A:x2+y2+%+%:<x2+y2)(

NS

Xét f(t)=2t+%, te(o;ﬂ:f’(z)zz—%w, Vte(O;

Vay GTLN cua A bang — dat dugc khi x=y —5

Bai tap 27: (Dw bi B 2002) Cho x, y 1 cc sé thuc duong théa man diéu kién x+y :2. Tim gia tri

nho nhat cua biéu thic S = i+i.

x 4y

Bai gidi:
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Ta co: x+y:§<:>y:§—x>0:xe(0;§j. Do do: S:f(x):i+ 1 ,xe(O;%).

x 5-4x
4 4 r=1
Tacod: f/(x)=——+——= 2 _(5-4x) .
aco: f (x) X2+(5—4x)2 0= x (5 4x) & X=§¢(0§2j

Lap BBT cua f(x) trén [0;%) ta c6: S=f(x)>f(1)=5. Vay GTNN cia S bang 5 dat duoc khi

x=4,y=1.
Bai tap 28: Cho x, y la cac sb thuc khong am théa man diéu kién x+y=1. Tim gid tri 16n nhat va
gi tri nho nhat cua biéu thuc A=+ 2

y+1 x+1

Bai giai: ] ]
Cach 1: (Rat thé truc tiép)

2. .. X 1-x i
Ta co: x+y=1c>y:1—x20:>xe[0;l].Dodo. A=f(x)=2_x+m,xe[0,l].
. 2 2 2 2 1
Tacod: f/(x)= - =0 (x+1) =(2-x) @ x==¢e(0;1).

Ta o6 f(O):f(l)zl,f(%j:%.

Vay GTLN cua A bang 1 dat dugc khi x=0, y=1 hoic x=1, y=0, GTNN cua A bing % dat duogc

. 1
khi x=y=—.
l x=y >

Céch 2: (Poi bién va vin dung dao ham)

Taco: A=——+—2 :x2+x+y2+y:(X+Y)2—2x)’+1:2—2xy
. y+1 x+1 x+y+xy+l 2+xy 2+xy

bat r=xy>0, va 1:x+y22\/5<:>xy£%:>te{0;%]

. 2-2t 1 6 1
et 1 (r) S te|: 4}:]‘ (1) (2+t)2< te( 4)

suy ra: malle(t):f(O):L mjlnf(t):f(l)zz

o3 03] 43

Vay GTLN cua A bang 1 dat dugc khi x=0, y=1 hoic x=1, y=0, GTNN cua A bang % dat duoc

. 1
khi x=y=—.
a
K¥ thut 3: Daoi bién dang cap
R N e e, z N ) z ) .2 , 2 + 2 L.
Bai tap 1: Tim gia tri I6n nhat va gia tri nho nhat caa biéu thuc A = 3 fyzxnyr . véi x*+y° #0.
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Béigidi:
+Néu y=0thi x=0va A=0.

+ Néu y =0, ta chia ca tir va mau cho yz.Déttzf.KhidézeR vaA:ZZt—Jrl.
y 3t°+2t+1
. 2t+1
Xéthamso f(f)=———— trén R.
f() 3 +2r+1

) —61(z+1 t=0 = :
Ta co: f’(t)—ﬁ—wz{t__lva }iﬂf@:}f_&f(t)zo'

Lap BBT ta dé dang suy ra: GTLN cua A bang 1, dat duoc khi x=0, ye R"; GTNN cua A bing —%,
dat khi x=—y #0.

Bai tap 2: Cho x, y la cc sé thuc thoa man diéu kién 4x* +2xy+y> =3. Tim gia tri Ion nhat va gia
tri nho nhat cua biéu thac P = x> +2xy — y°.

Bai giai:
2 2
Ta co: L x2+2xy yz_
3 4x"+2xy+y

+Néu y=0 thi x=0 va P:%

2
+ Néu y =0, ta chia ca tir va mau cho y*. Dat t=2 KhidoreR va £=t2+—2t1.
y 3 4rf+2r+1
. t*+2t-1
Xéthamso f(t)=———— trén R.
f() A7 +2t+1
2 t:2
Taco: f'(1)= L PN 1 VA 1imf(z):1imf(z):1.
(4t2+2t+1) f:_g e o 4

Lap BBT ta d& dang suy ra: GTLN cua P bang 1, dat dugc khi x =2y eR"; GTNN cua P bang -6,
dat khi 3x=—-y #0.

Bai tp 3: Cho x, y la c4c sb thuc thoa man diéu kién x> +xy+y* <3. Tim gia tri 16n nhat va gia tri
nhé nhét cua biéu thiac P = x> — xy —3y°.

Bai gidi: bat f(x,y)=x2 +xy+y°
+Néu y =0 thi tir gia thiét ta co: 0<x* <3.Suyra P=x" €[ 0;3].

2 2
4 , . _ _3
+Néu y#0,taco 0< f(x,y)=x"+xy+y* <3.Khi do: P=f(x,y).5—=>—=,
X" t+xy+y
2
. t"—1-3
bat x=ty,taco P=f(x,y).—5——
( )t2+t+1
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Xét ham s6 g(1)= Zzz_z_i trén R.
i+
2(t2+4t+l) t=-2+4+3
Tacod: g'(t)=——FL=0& va lim g(7)=lim g(¢)=1.
i (t2+r+1)2 1=-2-43 ng() H_wg()

Lap BBT ta dé dang suy ra:

IN

BB ) g
3 3

Vi 0< f(x,y)<3=-3-4Y3<P=f(xy).g(r)<-3+443
x:(—2+\/§)y

X +xy+y° =3

Suy ra: GTLN caa P bing —3+4+/3, dat duoc khi . GTNN cia P bing —3—4+/3,

x=(—2—\@)y.

X +xy+y° =3

dat khi

2

Xy

v+ ray)

Bai tap 4: Tim gia tri 16n nhit cua biéu thac P = <, V6i x>0, y>0.

Bai gidi:
. L x ) N t
Do y # 0, ta chia ca tir va mau cho y*. bt t=2 Khidor>0va P=

y (v

Xétham sé f(¢)= ! = trén (0;+).

(t+\/t2+4)
t*+4-3t

Jr +4(t+\/t2 +4)3

Lap BBT ta dé dang suy ra: GTLN cua P bang 3—12 dat dugc khi y = \/Ex >0.

Taco: f'(1)=

=0 t2+4:3t<:>t:—26(0;+00)
2

K¢ thuat 4] Dinh gia két hop déi bién

Trong nhiéu bai toan tim GTLN, GTNN cua biéu thizc F ma cac bién bi rang bugc nhau bgi
diéu kién du6i dang BPT, hodc bdn than biéu thitce F khéng cé tinh doi ximg, dang cap; hodc biéu
thire F va diéu kién cua bai toan chira nhiéu dai lrong phurc tap... thi ching ta can xi 10 biéu thirc F
théng qua mét sé danh gid.

Bai tap 1: Cho x, y la céc sé thuc duong thoa man diéu kién x+y=6xy Tim gia tri nho nhat cua

S+l Sy+l +(3x+y)(3y+x).

biéu thuc P = ——+—=
9y"+1 9x"+1

Bai gidi:
Ap dung BDT Cauchy, ta co:
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3x+1 +<3x+l)(9y2+1) 3y+1 +(3y+1)(9x2+1)

>3x+1 va >3y+1;
9y° +1 4 9x? +1 4
Cong hai BDT trén ta duoc:
3x+1 . 3y+1 (3x+1)(9y2+1)+(3y+l)(9x2+1)23(x+y)+2.
9y* +1 9x*+1 4 4
3 9y® 3 9x?
Suy ra: PZ( x+l)( d +1)—( y+1)( i +l)+3(x+y)+2+<3x+y)(3y+x)
4
27

=—Txy(x+y)+%(x+y)+10xy+%(x2+y2)+§
=—27f7xy 63@""2 6xy +10xy +— [(x+y) —2xy}+§:—2—27(xy)2+22xy+§.
batr=xy. Tu x+y= 6xy:6—1 =
X
3

Xét ham sb f(t)=—2—27t +22t+E t>% Taco: f'(t)=-27t+22>0, wz%.

: 1) 34 34 oz : 1
Suy ra Ifllnf(t):f(§]23 Suy ra: P>? dau xayrakhlx:yzg.

g

Vay GTNN cua P la % dau "="xay rakhi x =y =

OOIH

Bai tap 2: Cho x, y la cAc 6 thuc thoa man diéu kign xy2—y> + yy2—x* =2 Tim gid tri I6n nhét cua
biéu thic P =(x+y) —12(x—1)(y—1)++/xy

Bai gidi:

2 2 2 2 2 2
Ap dung BDT: abga ;b , Va, b, ta co: xJz_yZ g# Va y [o_2<? +§ X
Cong hai BDT trén ta suy ra: 2:x\/2—y2 +y\/2—x2 <2.

. =2y’ >0,y>0
Do do, dau ":"xéyra<:>{x Y :{x y

y=~2-x* x2+y2=2'

Pit r=x+y.Khido: 1< /2(x2+y2):2.

Taco: P=(x+y) +12(x+y)-12xy-12+Jxy
(x+y)2 —(x2 +y2)
2

Xéthamsé f(t)=r —6r" +12t+1, €[ 0;2]. Taco: f/(r) =3 -12t+12>0, Vi &(0;2).

<(x+y) +12(x+y)-12 —12+% <P 121 -6 +1=F — 62 +12 +1
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Suy rahamsé f(¢) ddng bién trén [ 0;2]. Do do: r[régj(f(t) =f(2)=9.

Vay GTLN cua P bang 9, dau "="xay rakhi x=y=1.
Nhan xét: Vi cach gidi trén, ching ta khéng tim dwgc GTNN cua biéu thie P. Dé tim ca GTLN va
GTNN cua P, ta tien hanh nhw sau:

. o |x=20,y>0 . >
Tuong ty nhu tréntacé: § , .Datt:x+y.Kh1d0:t£,/2(x +y ):2.
X +y =2

Mat khéc: tzz(x+y)22x2+y2:Z:IZ\/E:ME[\/E;Z]

2
Taco: xy= (x+y) —2<x2+y2) zg—l.

Suyra: P= (x+y)3 +12(x +y)—12xy -12+ \/E

~ 3 £2 12 . , 12 .

=(x+y) +12(x+y) 12(2 1} 12J”/2 1=1—6¢ +12t+1/2 1,te[x/§,2}.
2

Xét ham sb f(t)=t3—6t2+12t+1/%—1, te[\/E;ZJ.

>0, Vte(\/E;Z). Suy raham sé f () dong bién trén [ﬁz}

Taco: f/(1)=3"-12r+12+ :
L
2

Do dé: r[régj(f(t)zf(Z)=9 va r[%iztjlf(t)=f(\/§)=14\/5—12.

Bai tap 3: Cho x, y la cac sb thuc duong thoéa man diéu kién 3xy+3=x* +y4+£. Tim gia trj 16n
xy

16

nhét caa biéu thac P = x*y* + ————.
2 2
X +y +2

Bai gidi:

bit 1= xy > 0. Tur gia thiét ta co: 3xy+3=x4+y4+£22x2y2+£
Ay Ay

hay 3t+322t2+g<:>2t3—3t2—3t+2£0<:>teB;2]do t>0.
t

Ta lai co: P < x’y* + 16 =t2+i,te 1;2 . (1)
2xy+2 t+1 2
Xét ham sé: f(t)=t2+i, teF;Z}.Tac(): f’(t)=2t— 8 2=O<:>t=le(£;2}.
(1) 67 20 .\
Ta c6: f(gjzﬁ,f(z):?,f(l)_a (2)

Lép Toan thiay LE BA BAO-S6 4 Kiét 116 Nguyén L Trach (TP Hué)_Trung thm BDKT Km10 Huwong Tra 0935.785.115_19




Chuyén dé BAT PANG THUC va MAX MIN Luyén thi THPT Quéc gia 2016

: =2
T (1) va (2) suy ra: P<22 phyr=r xay racs 4 = x=y=+2.
3 x=y>0

Vay GTLN cua P bing 2—;, dat dugc khi x =y =+/2.

Bai tap 4: Cho x, y la c4c s6 thuc duong thoa man diéu kién x* +y* +L = xy+2. Tim gi4 tri Ién nhat
Ay
2 2 3
+

cua biéu thic P = - - .
I+x° 1+y" 1+4+2xy

Bai gidi:

Pit + = xy > 0. Tur gia thiét ta co: )cy+2:x4+y4+i22xzyz+L
Ay Ay

hay t+222t2+}<:>2t3—t2—2t+130<:>teB;1}, do ¢>0.
t

Voi x>0,y>0 va xy <1, ta co: ! + ! < 2 (1)
I+x> 14y 1+xy
(x=) (w-1)
Thatvay: (1) < —— 2/ 12 <0, ding do x>0,y >0 va xy<L1.
(1+x )(1+y )(1+xy)
Khi do6: P < 4 3 = 43 ,te E;1. (2)
l1+xy 1+2xy 1+r 1+2¢ 2
Xét ham sé: f(t):li—l 32 ,teE;l}.
+r 1+2¢
2 —
Taco: f'(1)=- 4 —+ 0 —=-2. >t :ZI 12<O, Vxe(i;lj.
(1+1)  (1+21) (1+1) (1+21) 2
Suy rahamsé f(¢) nghich bién trén E;l} . Do d¢: rnlaxf<t) - f(%j :%, 3)
2t
1
fo(l)va(Z)suyra:Ps%.Déu":"xéyra@ s :xzy:%.

V2

Vay GTLN cua P bang g dat duoc khi x =y = -

Bai tap 5: Cho a, b 1a cac s6 thyc thude (0;1), thod man diéu kién:
(a3+b3)(a+b)—ab(a—1)(b—l)=O.

1 N 1
Ji+d® N1+b

Tim gi4 tri 16n nhat caa biéu thic P = +5ab—(a+ b)2 :

Bai gidi:
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<a3 + bs)(a -+ b)

ab

v (a3 +b3)(a+b) :(a_2+%2j(a+b)2 2Jab.2\ab = 4ab

ab b
Va 0<(1-a)(1-b)=1~(a+b)+ab<1-2ab+ab nén tir (1) suy ra: 4ab <1-2vab +ab (2)

Taco: (a*+b°)(a+b)-ab(a-1)(b-1)=0< =(1-a)(1-0) @

bat ¢ = ab, khi do6 (2) tré thanh: 4t£1—2\ﬁ+t<:>3t+2\/;—1£0@te[o;ﬂ.

Lo, (a-b) (ab-1)
l+a* 1+b° 1+ab (1+a2)(1+b2)(1+ab)

Ta ¢6 v6i a>0,b>0, ta co: <0, dang do

a, be (0;1) .

A . 1 1 1 1 2 2
Ap dung BDT Cauchy, ta co: + < \/2( + j <./2. =
Ji+a® N1+b 1

v Sab—(a+b) =ab—(a—b) <ab nénsuy ra: P <

Xét ham sb f(t):\/li_[ﬂ, ze(o;ﬂ. Ta co: f’(t) (1+t)\/1T
1

Suy rahamsb f(r) ddng bién trén (Oﬂ Do do: male(t) - f(gj -2
0;=

1
Suyra:P<—+— Dau "=" xdy ra< ab_§ :a:bzé.

\/_ a=b>0

Vay GTLN cua P bang i+é, dat duoc khi a=b =%.

J10

Bai tap 6: Cho a, b 14 cc so thuc duong phan biét, thoa man diéu kién: ab < 4.

Tim gia tri nho nhat cua bieu thuc P —£+ 24 +%.
at b (a—b)
Bai gidi:
242 2 2

Ttrgiéthiét0<abs4:>P2allé (%+%j+a7f. 3 Zzé[a—z+b—2]+% 2 .

b (a—b) b* a a,b_,

a
Dtt——+ =r>2Vva P>1(t —2)+§.i:1t2+§.i—1 te(2;+oo)
a 8 4 t-2 8 4 t-2
Xét ham sb f(t)zlt2+§.i—1, te(2+0).
8 4 1-2 4
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Ta co: f’(t)zit—%.( ! )2 =0<:>Z<t—2)2=3<:>t=3€(2;+00).
t—2
Vi lim () = lim 7 (¢) =+ nén min 7 (1) = £ (3) =

Suy ra: P> % , dau "=" xdy ra<>

ab =4 @{ab=4 :[a—\/gl,b—\/ngl
%+§ 3 la+b=2y5 |a=B+1 b=+5-1
Vay GTNN cua P bang %.

BAI TAP TU LUYEN
Bai tap 1: Cho g, b khong &m thoa man diéu kién: a+b=1. Chitng minh ab® Szif

Bai tap 2: Cho x, y thoa man diéu kién: x?+y? =11. Tim GTLN, GTNN cua biéu thac P = x + xy°.
Bai tdp 3: Cho x, y thoa min diéu kién: x*+y*=x+y. Tim GTLN, GTNN cua biéu thuc
M =x*+y +x°y+ xy°.

Bai tap 4: Cho x, y thoa man diéu kién: x>1, y>1 x+y+xy=8. Tim GTLN, GTNN cua biéu

Bai tap 5: Cho x, y thod man diéu kién: x>1, y>1 3(x+y)=4xy. Tim GTLN, GTNN cia biéu
thac P:x3+y3—3(é+yi2j.

Bai tap 6: Cho x, y thoa man diéu kién: x+y—1=+/2x—4+./y+1. Tim GTLN, GTNN cua biéu

thac P=(x+y)2—\/9—x—y+ 1 :
Jx+y

Bai tap 7: Cho a, b 13 cc sb thuc duong thoa man diéu kién: es(a2 +b? ) +20ab="5(a+b)(ab+3).

4 4 3 3 2 2
Tim GTNN caa bidu thic P =9 “—4+b—4 ~16 “—3+b—3 +25 “—2+b_2 ,
b” a b a b° a

Bai__tip 8 Cho a4, b 1a cac so6 thuc duong thoa man diéu  kién:
(o +2192)2 +3ab* =2(a® + b )(a? + 2°).
Feb 8 +[(a+b)2+2a2+5b2}[(a—b)2+2a2+5b2}

b3 3

a ab(oz2 +2b2>

Tim GTNN cua biéu thac P =

Bai tip 9: Cho x, y thoa man diéu kién: x?—xy+y?<3. Tim GTLN, GTNN cua biéu thic
P=x"+xy—2y°.
Bai tap 10: Cho x, y thoa man diéu kién: xy >0, x+y>0. Tim GTLN, GTNN cua biéu thic
P _ ny_4y3

3 37

x° +8y
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Bai tap 11: Cho x, y la c4c s thuc 16n hon 1. Tim GTNN cua biéu thic
By x?—y?
(x-1)(»-1)
Bai tap 12: Cho a, b la c4c sé duong thoa man diéu kién: a®+2b=12. Tim GTNN cua biéu thuc

4 4 5

P=

+2(x2 +y2)—16 Xy .

P=

GOl Y:
Bai tap 1: Cho @, b khong am thoa mén diéu kién: a+ b =1. Chang minh ab’ 321'7.
Goi y:
Rit @ =1-b= b e[ 0;1]. Khi @6 BDT tror thanh: (1-b)b £%©b3—b2+2i720.

Khao st ham f(b)=5°—b" + ;7 ,b e[ 0:1], d& thay duoc két qua can ching minh.

Bai tap 2: Cho x, y thoa man diéu kién: x?+y? =11. Tim GTLN, GTNN cua biéu thac P = x + xy°.
Goi y:

Tacé: x? er2 :11<:>y2 =11-x’=xe [—\/1_1,\/1?] )

Luac do: P=x+x(11—x2)=—x3+12x, xe[—\/ﬁ;\/ﬁ]
Khao sat ham f(t):—x3+12x, xe[—\/ﬁ;\/ﬁ]

Ta c6 yéu cau bai toan: min P =16 khi x=—2;y:i\ﬁ va max P =16 khi x:2;y:i\/7 :

Bai tdp 3: Cho x, y thoa man didu kién: x*+y>=x+y. Tim GTLN, GTNN cua biéu thuc
M=x*+y +x°y+ x)°

Goi y:

Dafltt:x+y:>t2:(x+y)2S2(x2+y2):2t:>t2—2t£0<:>te[0;2}

2 —t

2
Ta co: (x+y) _2xy=x+y=>xy=

Luc do: M:(x+y)(x2+y2—xy)+xy(x+y)=t[t—tz_tj+t2_t.t=t2.

Khao sat ham f(¢)=1*, re[ 0;2].
x+y=0

X +y =x+y

Ta c6 yéu cau bai todn: minM =0 khi { < x=y=0 vd maxM =4 khi

x+y=2
, Sx=y=1.
X +y =x+y
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Bai tap 4: Cho x, y thoa mén diéu kién: x>1, y>1 x+y+xy =8. Tim GTLN, GTNN cua biéu thuc
M = x*+y° + x°y*.
Goi y:

+y 2

2
Dejtt=x+y:>8:x+y+xy£x+y+(x7j :>tz+t—820<:>t24 dot>0.

Mat khac vi x >1, y21:>(x—1)(y—1)20<:>xy—(x+y)+120<:>x+y£%. Suy ra te{4;%}
Lac dé: M=(x+y)2—2xy+x2y2 =t2—2(8—t)+(8—t)2 = 21> — 14t + 48.
Khao sat ham f (¢)=2:" —14r+48, 1 {4;%} .

x+y=4

Ta c6 yéu cau bai toan: minM =24 khi
xy=4

Sx=y=2 va maxM:% khi

2<:> 2
x—Z x—z' =1
y 5 2,)’

Bai tap 5: Cho x, y thod man diéu kién: x>1, y>1 3(x+y)=4xy. Tim GTLN, GTNN cia biéu
thac P:x3+y3—3(i2+i2j.

Xty
Goi y:

- 3t o ., e , 2
Datt:x+y:>xyzz,t>0 va tur gia thiét ta co: 3(x+y)z4xy£<x+y) =t>3
Mat khdc vi x>1 y21:>(x—1)(y—1)20<:>xy—(x+y)+120<:>%—t+120<:>t£4.8uy ra

te[3:4]. Mat khac tir gia thiét: 3+1:g
Xy
6 9.8 16

2
Luc do: P:(x+y)3—3xy(x+y)—3[£+1j +—=t3—z ———, 1€ [3 4}
Xy Xy

Khao sat ham f(t)zts—%tz ?—% re|34].

=1 :3
Ta c6 yéu cau bai toan: mmM—§ khi x = y—§ va maxM—E khi | Ly :
12 2 3 x=3y=1

Bai tap 6: Cho x, y thoa man diéu kién: x+y—l:\/2x—4+\/y +1. Tim GTLN, GTNN cua biéu

thirc P=(x+y)2—\/9—x—y+

]_“

X+
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G_o:i)'/:
bieukién x>2, y>-1 O0<x+y<9.

Ta co: (x+y—1)2:(\/2x—4+\/y+1) (\/_\/_2+\/)T) <3 <x+y l)

Suyra: 0<x+y-1<3<>1<x+y<4.Ditr=x+ye|[L4]

Luc do: P=t2—\/9—t+%, ze[J,-4].
t

Khao sét ham f(r) =" -9t +%, reL4].
t

33-25

Ta c6 yéu cau bai toan: min M =222 khi x=2,y=-1va maxMzT khi x=4; y=0.

Bai tap 7: Cho a, b 1a céc s6 thuc duong thoa man diéu kién:
e(a2 +b2)+ 20ab=5(a+b)(ab+3).

4 4 3 3 2 2
Tim GTNN cua biéu thic P=9| & +2 | -16| 2 + 2 | o5/ © 12|

b* a' b> a b® a
Goi y:

Ta co: 6(a +b2)+2oab 5(a+b)( b+3)<:>6( hyo0= 5(a+b)+15. atb
b

a+b
Ap dung BDT Cauchy, ta co: 5(a+b +15 a+b \/ =10 /3 —+ +2

suyra: 6| 4+ 2|1 20>10 3 44242 .Datt:3+9,tacé: 6t +20>10 3(r+2)<:nzE
b a b a b a 3
Lic do: P:9(t2—2)2—16t(t2—3)+25<t2—2), >0
3
2 10
Xét ham sb: 2 —2) —16¢(> -3)+25(2-2), t>—.
f(1)=9(¢ ~2) ~161(r* ~3)+25(s*~2), 1>
Ta c6 yéu cau bai toan: minM—% a=1 b=3hoic a=3; b=1.

Bai tap 8: Cho a, b 1a cé4c s6 thuc duong thoa man diéu kién:
(a2 +2b* )2 +3ad°b* = 2(a2 + b2)<a2 +2b? ) .

b 8 [(a+b)2+2a2+5b2}[(a—b)2+2a2+5b2}
b3 + a3 + 5 5 .
ab(a +2b )

Tim GTNN cua biéu thic P =

Goi y:
Taco: (a® + 2192)2 +3°b* =2(a® + b )(a” + 26 > dab(a* + 2b*)
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2
Suy ra: (%+%J +324(%+&j®%+%23

a a a
3

Luc do: P = ﬁ+% -6 2+& +9 ﬁ+@_ 4 +1

b a b a b a g+@

b a
3
_(a,2b) 4a 20 4 +1:t3+3t—ﬁ+1,t23.
b a b a g+@ t
b a

Xét ham sé: f(t):t3+3t—£+l, t>3.
t

Ta c6 yéu cau bai todn: min M = % Khi a=b=1.

Bai tap 9: Cho x, y thoa man diéu kién: x?—xy+y?*<3. Tim GTLN, GTNN cua biéu thuc
P=x*+xy—2y°.

Goi y:

bat f(x,y)zxz—xy+y2.

+Néu y =0 thi tir gia thiét ta co: 0<x* <3, suy ra: P=x" €[ 0;3].

2 2
Z . . +xy—2
+ Néu y =0, taco: 0<f(x,y)=x2—xy+y2S3.Khld('): P:f(x,y).%.
X —xy+y
1" +1—2
Pgt x=1y,taco: P=f(x,y).5——. teR.
" —t+1
: P +1-2 .
Xétham sé g(t)=————, reR. Khao st g(r) trén R, ta co két qua sau:
" —t+1

—_1_ 2\/? < g(t

3
Vi O<f(x,y)

#, Vvt e R.

~—
IA

IA

3= -1-247<P=f(xy) (1)<
x 3+

1+ 247,
7

&,

Suyra, GTNN cia P 1a —1-2y/7 , datkhi {y 2
X —xy+y° =3
Bai tap 10: Cho x, y thoa man diéu kién: xy >0, x+y>0. Tim GTLN, GTNN cua biéu thic

ny_4y3

x%+8y° '

Goi y: Tur gia thiét cua bai toan ta co: y >0, x> 0.
+Voi y=0,tac6 P=0.

P=
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2
<) _, 2
o . y . X o -4
+V6i y>0,tacé: P=-—— Patr==>0,xétham f(1)=——, 120
X y t"+8

. , 1 1
Két qua bai toan: minP = f(0)=—= va maxP = f(4)==.
q £ ) > F(4)=5 |
Bai tap 11: Cho x, y la cé&c so thuc Ion hon 1. Tim GTNN cua biéu thac

Byt ox?oy?

P= (x—l)(y—l) +2(x +y) 164/ x
Goi y:
Détt:x+y>2:>xyS§, 2(x2+y2)2t2.
2
3_42_ _ Forr-l (3-2
Khi do: P= o (3 2)+2(x2+y2)—16 Xy > . 4( )+t2—8t
xy+1—t t
—+1-1¢
4
2
+12-8,1>2.
-2

2

! S+1° 8, 1>2,1a¢0 kit qua: GTNN cua P bing -8 dat duoc khi x=y =2,

Khao sat f(¢)=

Bai tdp 12: Cho a, b 14 c4c sb duong thoa man diéu kién: a® +2b=12. Tim GTNN cua biéu thuc

pdid, 5
a b 8(a-b)
Goi y:
Tir gia thiét va ap dung BDT Cauchy, ta c6: 16 = (a2 + 4) +2b>4a+2b>2\4a.2b = ab (08 ]
D, 4 4 5 a’b* 4 4 ab 5 1(a® b 5 1
LUCdO: P:—4+—4+ 2 7 —4+—.—2:— —2+—2 +—
a 8(a—b) 64 «° b° 8 8(a—b) 16\ b° a 64 g+é_2
b a
De_itt:ﬁ+é>2 vz‘:lei(t2—2)+i intz ii—l r>2.
b a 16 64 r—2 16 64 r—2 8’
.z 1 2 5 1 1 27
Khao sat f(t)=—r"+—.——-=,1>2, ta c6 két qua: GTNN cia P bang — dat duoc khi
16 64 r—2 8’ 64

a=2; b=4.
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