TRUONG THPT CHUYEN KHTN PE THI CHON HSG TOAN 10
BO MON CHUYEN TOAN NAM HQC 2026 -2027

Pé gom cé 01 trang Ngay thi: 13/08/2026

Thoi gian lam bai: 180 phut

Bai 1. Cho cac sb thuc duong x,y,z thoamin x* —2y—z=y* —2z—x=z>—-2x—y.
Chung minh ring x=y =z,

Bai 2. Cho n 1a mét s6 nguyén duong. Tim udc chung 16n nhat ciia hai s6 5" +7" va
5"+ 7",

Bai 3. C6 4 ban nam va 4 ban nit tham gia cac dy an ngoai khoa. Biét réng:

+ Mbi nguoi tham gia t6i da 2 dy an.

+ Bat ky cap 1 nam va 1 ni nao ciing lam chung v6i nhau it nhat 1 dy an.

Chimg minh rang c6 it nhat 1 du an c6 tir 2 ban nam va 2 ban nit trd 1én ciing tham gia.

Bai 4. Cho tir giac ABCD ndi tiép dudng tron (0) . Goi P 1a giao diém cua hai duong chéo
AC va BD, Q la giao diém cua hai duong thing 4D va BC. Tiép tuyén tai 4 va C cia
duong tron ngoai tiép tam giac QAC giao nhau tai K , tiép tuyén tai B va D cua duong tron
ngoai tiép tam gisc OBD giao nhau tai L . Ching minh ring duong thang KL vudng goc voi
duong thang OP .

Bai 5. Cho p,q la cac sb nguyén duong nguyén té ciing nhau théa mén p < ¢ . Xét thuat toan

han tich phan s6 £ thanh téng céc phan sb ¢6 tir s6 bang 1 nhu sau: Khéi tao p, = p,q, =g.
p p g p | 1

Tai mdi budc i >1, ta xac dinh s6 nguyén d, = [&

i

} (trong d6 [x] ky hiéu s6 nguyén nhé

nhét khong nhé hon x), dong thai dat 2L 1a dang ti gian ciia hiéu:

qi+l
P _p 1
9 4 4

Thuét toan dimg lai tai budc & néu p, =1.Khi d6, diy (d,) sinh ra duoc goi 1a ddy mau sd

tuong Ung cua 2



Hay tim tit ca cac phan sd 2 520 cho thuat toan dimg lai sau ding 4 budc, dong thoi diy

q
mau s6 thu dugc thoa man: d, =d,d,d, +1.
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[ Baitoan 0.1. ] (Lim Olympic - HSG 10 KHIN - P1)

Cho cac s6 thuc duong z,y, z théa man
w2—2y—z=y2—22—x=z2—2w—y.
Chitng minh réng z = y = z.

@ L&i giai.

22 —2y—2z—1y 4+ 224z2=0nen0=22— 9’ +z—-W+2=(—y)z+y)+@@—-y) —y+2
Suyray—z=(z—y)(z+y+1),tuongtuz—z=(y—2)(y+z+)vaz—y=(z—2z)(z+z+1).
Nhéan vao c6 duge (z —y)(y—2)(z—2)=(z—y)([y—2)z—z)(z+y+ Dy+2z+1)(z+x+1).
Déy(x+y+1)(y+z+1)(z2+z+1)>1nén (z—y)(y—2)(z—z)=0.

Khong mat tinh tong quat, gia st z = y, suy ra (z —z)(2 + * + 1) = 0 nén z = 2.

Tw do6 suy ra dugec x =y = 2.

{

( Baitodn 0.2. ) (Lim Olympic - HSG 10 KHTN - P2)

Cho n 1a mot sé nguyen duong. Tim ude chung 16n nhit ctia hai s6 572 + 7% va 5" + 772,

@ L gidi.
Dat A =5""2 4+ 7" va B = 5"+ 72, Khi d6 d& § gcd(4,5) = 1 nén ta c6 dugc
ged(A, B) = ged(494 — B, A) = ged(1224.5™, A) = ged (1224, A) = ged(23.32.17, A)
@ Xét s6 dut cia A khi chia cho 8: Ta c6 5™2 + 7" = 25.5" 4 (=1)" = 5" 4 (=1)" (mod 8).
& Xét n chin thi 5”72 4+ 7% = 2 (mod 8) nén A chia hét cho 2 khong chia hét cho 4.
& Xét n 1é thi 572 4+ 7" =4 (mod 8) nén A chia hét cho 4 nhung khong chia hét cho 8.
Vay v2(A) = 1 néu n chén va vy(A) = 2 néu n 1é.
@ Xét s6 du ctia A khi chia cho 9: Ta ¢6 5"2 4+ 7" = 25.5" + 7" (mod 9).
@ Néun=0 (mod 6) thi A= —1 (mod 9).
© Néun=1 (mod 6) thi A=6 (mod 9).
& Néun=2 (mod 6) thi A= —1 (mod 9).
& Néun =3 (mod 6) thi A=3 (mod 9).
& Néun=4 (mod 6) thi A= —1 (mod 9).
@ Néun=5 (mod 6) thi A=0 (mod 9).
Vay v3(A) = 0 néu n chén, v3(A) =1néunlé van #5 (mod 6) va v3(A) = 2 néu n 1é.
@ Tim diéu kién ctia n dé A chia hét cho 17.
Ta c6 5™72 4+ 7" chia hét cho 17 tuong duong 7"2.5"2 4 72"+2 chia hét cho 17 hay 72”2 4 1 chia
hét cho 17, tuong duong 49™.49 + 1 chia hét cho 17 hay (—2)".(—2) + 1 chia hét cho 17.
Diéu nay tuong duong véi (—2)" =9 (mod 17).
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Dé § ord7(—2) =8 va (—=2)> =1 (mod 17) nén n = 3 (mod 8).

Vay 17| A < n =3 (mod 8).
Do dé ta suy ra dugc:
@ n=0 (mod 2) thi ged(A, B) = 2.
& n=1,7,9,13,15,21 (mod 24) thi ged(A, B) = 12.
& n=3,19 (mod 24) thi ged(A, B) = 204.
& n=5,17,23 (mod 24) thi ged(A, B) = 36.
& n =11 (mod 24) thi gcd(A, B) = 612.

[
( Baitoan 0.3. ] (Lim Olympic - HSG 10 KHTN - P3)

C6 4 ban nam va 4 ban nit tham gia cac dy an ngoai khoa. Biét rang:
& Mbi nguoi tham gia t6i da 2 dy an.
© Bat ky cap 1 nam va 1 nit ndo ciing lam chung véi nhau it nhat 1 dy an.
Chitng minh rang c6 it nhat 1 dy an c6 tit 2 ban nam va 2 ban nit tré lén cling tham gia.

(&' L&i giai.

Goi bén ban nam 1a By, Bs, B3, By va bon ban nit 1a G, G, G3, G4.
V6i méi cip (Gy, Bj), do G; va B; cling tham gia it nhat mot du 4n, ta chon mot du 4n ma ca hai cling
tham gia va ghi tén dy an d6 vao 6 (7, ) cliia mot bang 4 x 4.

Vi méi ngusi tham gia t6i da 2 dir &n nén trong mdi hang v mdi cot ciia bang ¢6 khong qua 2 tén dy an
khac nhau. Gia st nguge lai rang khong c¢6 du an ndo c¢6 dong thai it nhat 2 ban nam va it nhat 2 ban
nit. Khi d6, véi méi du 4n D, ta td6 mau cho D theo quy téc:

& To6 xanh néu D c¢6 nhiéu nhat 1 ban nam.

& Néu D khong duge t6 xanh, thi D ¢6 it nhat 2 ban nam, nén theo gia sit phan chitng, D c¢6 nhiéu
nhéat 1 ban nit; khi d6 t6 D mau hong.
Nhu vay moi dy an duge gan ding mot mau, vad modi 6 clia bang mang mau cia dy an duge ghi trong 6
d6. Bang c6 16 6, nén theo nguyén 1y Dirichlet, mot trong hai mau xuat hién it nhat 8 lan.

/\/D Trudng hop 1: C6 it nhat 8 6 mau xanh.

Trong mot hang cb dinh, khong thé c6 3 6 mau xanh. That vay, ba 6 Ay nam & ba cot khac nhau,
titc 1 lién quan dén ba ban nam khac nhau. Vi mot dy an mau xanh ¢6 nhiéu nhat 1 ban nam, nén
ba 6 xanh d6 phai mang ba tén dit 4n khac nhau. Khi 4y ban nit tuong ting v6i hang d6 tham gia
it nhat 3 dy 4n, trai véi gia thiét.

Vay mdi hang c6 nhiéu nhit 2 6 xanh. Nhung téng s6 6 xanh it nhat 1a 8, nén ca bén hang déu cé
ding 2 6 xanh.

Xét mot hang bat ky. Hai 6 xanh trong hang iy phai mang hai tén dit 4n khac nhau. Hai 6 con lai
12 mau hong; lay mot trong hai 6 hong dé. Dy an ghi trong 6 hong khac vé6i ca hai dy 4n & hai 6
xanh, vi mdi du an da duge gan mot mau duy nhat. Do d6 ban nit cia hang nay tham gia it nhat
3 du an, lai mau thuan.

@ Trudng hop 2: C6 it nhat 8 6 mau hong.
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Lap luan hoan toan tuong tu theo cac cot. Trong mot cot ¢d dinh, khong thé c¢6 3 6 mau hong, vi
mot dy 4n mau hong ¢6 nhiéu nhat 1 ban nit; do d6 ba 6 hong 6 ba hang khac nhau phai tuong ting
v6i ba dy an khac nhau, khién ban nam ctia cot ay tham gia it nhat 3 dy an.

Vi thé mdi cot ¢6 nhiéu nhit 2 6 hong. Téng s6 6 hong it nhat 1a 8, nén mdi c¢ot c6 ding 2 6 hong.
Trong mot cot, hai 6 hong tuong tng v6i hai du an khac nhau, con mot 6 xanh bat ky trong cot
tuong ting v6i mot dy an khac hai du 4n ay. Suy ra ban nam ciia ¢ot dé tham gia it nhat 3 dy an,
mau thuan.

C4 hai truong hgp déu dan dén mau thuan. Vay gia sit phan chiing la sai.

Do dé ton tai it nhat mot dy 4n c6 tit 2 ban nam va 2 ban nit trd lén cling tham gia.

— Nhan xét.
Bing lap luan tuong tu, ta c6 thé téng quat bai toan nhu sau: Véi cac sd nguyén a,b > 1, gia sit
¢6 2(a—1)(b—1)+ 2 ban nam va 2(a — 1)(b— 1) + 2 ban nit tham gia, moi ngusi tham gia khong
qua a du an. Khi dé, ton tai it nhat mot dy an c6 tit b ban nam va b ban nit trd 1én ciing tham gia.
Truong hgp a = 6, b = 3 ta duge P3 IMO 2001.

Py

{
Bai todn 0.4. ] (Lim Olympic - HSG 10 KHTN - P4)

Cho tit giac ABC'D nai tiép duong tron (O). Goi P la giao diém ciia hai duong chéo AC va BD,
Q la giao diém ctia hai dudng thang AD va BC. Tiép tuyén tai A va C clia dudng tron ngoai tiép
tam gidc QAC giao nhau tai K, tiép tuyén tai B va D clia dudng tron ngoai tiép tam gidc QBD
giao nhau tai L. Chitng minh ring dudng thing KL vuong goc véi duong thang OP.
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Lt i,

Cach 1. Goi AD ciat BC tai R, theo dinh 1i Brocard ta ¢c6 OP 1. QR nén ta di ching minh QR//KL.
Goi (@BD) cit (QAC) tai T, do PB-PD = PA-PC = Q, P,T thang hang do cing nim trén truc ding
phuong ctua (QBD) va (QAC).

Goi TL cit (QBD) tai X = BTDX Ia ti gidc didu hoa = Q(BDTX) = —1 = Q(CDPX) = —1

= Q, X, R thing hang vi Q(CDPR) = —1 (hang diém tit gidc toan phan).

Ta ¢6 T la tam vi tu quay bién (QBD) thanh (QAC) nén ciing bién L thanh K ma phép vi ty quay
nay bién BD thanh AC nén ciing ton tai phép tu quay khac c6 tam 7 bién AD thanh KL hay ta c6
ATLK ~ ATDA = /TLK = /TDA = /QXT = LK//QX hay LK //QR (didu phai chimg minh).

Cach 2. Goi tiép tuyén tai B, D ctia (O) cat nhau tai T va tiép tuyén tai A, C ctia (O) cit nhau tai S.
Ta c6: ST 1a déi cyc ctia P ting v6i (O) do d6: OP L ST. Ta can chitng minh: ST // K L.

Goi M, N lan lugt 1a trung diém ctia BD va AC.

Ta ¢6: 0A? = OM.OT = ON.OS suy ra: T, M, N, S ciing thugc mot dudng tron.

Ta c6: AQAC v» AQBD (g.g) suy ra: AQMD »» AQNC (c.g.c) suy ra: QM, QN dang gidc ting véi goc
DQC. Ta c6: QK la dbi trung ctia tam giac QAC suy ra: Q, M, K thing hang.

Tuong tu: Q, N, L thang hang.

Ta ¢6: ZLDQ = 180° — ZQBD = /BDC = /DAC = /QCK.

Vay ta c6: AQDL v» AQCK (g.g) suy ra:

@b = QL = QM suy ra: QL.QN = QK.QM dan dén: M, N, K, L cung thuoc mot dudng tron.

QC ~ QK QN -~ o
Vay ta c6: ZMNK = Z/LTS = ZNKL suy ra: ST//KL suy ra: OP | KL.
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Chuong 1. HSG Toan 10 Chuyén KHTN 2026
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( Baitoan 0.5. ) (Lim Olympic - HSG 10 KHTN - P5)

pEesd LIM EDU

Cho p, q 1a cac s6 nguyén duong nguyén t6 cing nhau théa man p < ¢. Xét thuat todn phan tich
phan sb § thanh téng céc phan s6 6 tit s6 bing 1 nhu sau: Khdi tao p; = p,q1 = ¢. Tai mdi buée

i > 1, ta x4c dinh s6 nguyén d; = [&1 (v6i [x] ky hiéu s6 nguyén nhé nhat khong nhé hon z),
p~

(3

dong thoi dat Petl 4 dang toi gidn ctia higu:
qi+1
Piv1 _pi 1
gGi+1 ¢ d;

Thuat toan ding lai tai bude k néu pp = 1. Khi d6, day (d;) sinh ra duge goi 1a diy méau s tuong
ing clia g Hay tim tat ca cac phan s6 g sao cho thuat toan ding lai sau ding 4 budc, dong thoi

day mau s6 thu dugce théa man: dy = dydads + 1.

@ L¥i gidi.
Véi i = 172’3, do pi > 1va ng(pz, ql) = ]., ta co ;171 ¢ Z.
i

i i 1 i 1
vadz:P—]nénd,-—1<%<d,-hay—<’i< ditih

; ;1 1 1 if
0 < pl+1 = & sl . W S
gGi+v1 @& di di—1 d; di(di—1)
; 1 1 1 s
Mat khac, theo dinh nghia cia d;y1, ta cé el 2 nén < , va vi the

git1  dit1 diy1 ~ di(di — 1)
diy1 > di(di — 1)
Dt a=dy, b=dy, ¢c=ds, d=dy Khid6 a,b,c,d>2vad=abc+1va
b>a(a—1), c>bb-1), d>c(c—1).
Tt d =abc+1vad> c(c— 1), ta dugc abc+ 1 > ¢(c — 1), do d6 ab+% >c—1,ttdéc<ab+ 1.
Két hop véic > b(b—1),tacob(b—1)+1<c<ab+1mnénb(b—-1) <abhayb—1<ahayb<a+1.
Mit khac, b > a(a — 1) nén a(a — 1) < a + 1 hay a® —2a — 1 < 0 hay a = 2.
Két hop cac diéu kién con lai gidi ra b= 3, ¢ = 7, tit d6 d = 43. Khi d6
p_1,1,1 1 1805
qg 2 3 7 43 1806
Dé dang kiém tra day 1a phan sé duy nhéat thod man yéu cau dé bai.
P

Vay tat cd phan sb can tim 1a = = ——.
qay tat Ca phian so can tim aq 1806
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