CHUONG 3: PHUONG PHAP TQA PO TRONG KHONG GIAN Oxyz
BAI 1: HE TQA PQ TRONG KHONG GIAN

A.Li THUYET TRONG TAM

1. Hé toa d¢ trong khong gian

Hé truc toa do Pé-cac vudng goc trong khong gian gdom ba truc ~ \ Z
x'0x, y'Oy, z'0z vudng goéc vdi nhau tirng d61 mot. ek

Goi ;,}',l; lan luot 1a cac vecto don vi trén cac truc Ox, Oy, Oz. | 7 Jiet0)
DPiém O duoc goi 1a gbc toads.  TT7O7T |é — g7

Cac mat phang (Oxy), (Oyz), (Ozx) 1a cic mat phang toa do. I
Khong gian gin véi hé toa dd Oxyz duoc goi 1a khong gian Oxyz.
2. Toa d§ cua vecto

Trong khong gian Oxyz, cho vecto u . Khi do

u=(xy;2) @ u=xi+yj+zk.

Chu y:
1) 0=(0;0;0).
a, =b,
2) a=b&qa,=b,
a,=b,
a, =kb,
3) a cung phuong B(Bi())@ a, =kb,
a, =kb,

Biéu thirc toa d ciia cac phép toan vecto
Cho hai vecto @ =(a,;a,;a,),b=(b;b,;b,) vak1a sb thuc tiy .
Khi do ta co:

. Et+l§=(al+bl;a2+b2;a3+b3).

o a-b=(a,—b;a,~b;a,-b,).

o ka=(ka;ka,;ka,)

o ab =(a,b, +a,b, +a,b,).

Ung dung ciia tich v huéng:

e alboab=0&a b +a,b,+ab,=0

-2 ==

2 2 2
e a =aa=a, +a;+aj.




- -2
. ‘a‘z\/a = Jal+al+al.

#‘Q_Q.B _ ab +a,b,+a.b
¢ cosfap)- [ o] ar+ e

Véi a # (3,13 £ 0.
3. Toa d clia mot diém
Trong khong gian Oxyz, cho diém M tuy y.
Khi do M(x;y;z) & OM =xi+ y}+ Zk.
Tinh chit

o Néu A(X,3y,:¥a)va B(Xg5y,5y,) thi

AB(XB —Xas¥Ys T YasZc _ZA)‘

Khi do6 ABz‘rB‘z\/(XB—XA)Z+(yB—yA)2+(zB—zA)2.

e Toa d6 trung diém I cta doan thé'ing AB la

I XA-{_XB.yA—}_yB.ZA—i_ZB .
2 7 2 72

e Toa dd trong tam G cua tam giac ABC la

G[XA+XB+XC‘yA+yB+yC _zA+zB+ij
3 ’ 3 ’ 3 '

e Toa d6 trong tam G cua tir dién ABCD la

Chii y: Trong hé toa dé Oxyz, cho diéem M

(x;y; 2) ta ¢é cdc khang dinh sau:

e M =0 M(0;0;0).

* Me(Oxy) < z=0, tic la M(x;y;0).

e Me(Oyz) < x =0, tic 1a M(0;y;2).
0;7)

e Me(Oxz) <= y=0,thcla M(x;

:Z).
eMeOx & y=2z=0, tircla M(x;0;0).
*MeOy < x=2z=0, tircla M(0;y;0).

*MeOze x=y=0,ticla M(0;0;z).

Xy X+ Xe+ Xy YA+ Yp+YetYp Zy+ zB+zC+zD)

G[ b b
4 4

4. Tich c6 huwdng cia hai vecto

Dinh nghia

Trong khong gian Oxyz, cho hai vecto b=(b,;b,;b,). Tich c6 hudng ciia hai vecto avab la mot

vecto vudng goc vai ca hai vecto avab, ki hiéu Ia [a ,b} va duoc xac dinh nhu sau:

a, 4,

b, b,

a; a,

b, b,

a, a,

bl b2

b

b

sl o i

=(a,b,—a,b,;a,b, —aby;ab, —a,b,).

Tinh chat
e a cung phuong véi be [5,17)] =0.

o [a , b] vudng goc voi ca hai vecto avab.




. [6.3]-—[3.6]
. ‘[Q,B]‘:‘QHB‘MH(Q,B)
5. Phwong trinh mit ciu
Trong khong gian Oxyz, mit cau tdm I(a;b;c)ban kinh R c¢6 phuong trinh 1a
(X —3)2 +(y—b)2 +(Z—c)2 =R’
Nguoc lai phuong trinh
x’+y’ +2° +2Ax +2By+2Cz+D =0 (1).

Véi A4°+ B> +C* -~ D >0 la phuong trinh mit cau tam 7 (-4;-B;—C)

c6 ban kinh R =/ 4>+ B> +C* - D.
Chit y: Piéu kién dé phirong trinh (1) la phirong trinh mdt cau la:
A*+B*+C*-D>0.




SO PO HE THONG HOA

H¢ toa do Dé-cac vudng goc Oxyz gom

ba truc x’0Ox, y’Oy, z’Oz.

° 5’5 cung phuong Diém O 1a géC toa do.

e o[4,5]=0

Céc vecto don vi trén cac truc Ox, Oy,

Ozla i,j,k

- - . Khong gian gin véi
’ [a,b]J_{a,b} hé toa do Oxyz

5.5l onf)

Cac mat phfmg toa do:

HE TOA PO (Oxy),(Oyz),(Ozx)
Tich ¢6 huéng |— .
KHONG GIAN
Tich c6 hudéng cua hai Toa do vecto Toa do diém
vecto la mot vecto | |
u=(x%y;z) M(x;y;2)
a=(a;a,;a,), b=(b;byb,). Su=xityj+zk < OM=xityj+zk
[5 B]_ a, asl(a; a|a, a, l v
P17 b, blfb, bbb, ‘a‘z\/;?: Kryi+z AB(xy =X, Y5~ YriZc —7,)

=(a,b;—ab,;a,b, —aby;ab, —a,b,).

Bicu thure toa dd cua cac phép toan vecto

a=(a;a,a,), b=(b;b,;b,).
a+b=(a,th;a, th;a,+h,).
ka=(ka;;ka,;ka,)voik 1 s thuc

ab= a,.b +a,.b, +a,.b,

B. CAC DANG BAI TAP

Dang 1: Tim toa d9 diém, vecto trong hé truc Oxyz

1. Phwong phap
St dung cac dinh nghia va khai niém co6 lién quan dén diém, vecto: Toa do cua diém, vecto; do

dai vecto, ...va cac phép toan vecto ... d€ tinh tong, hiéu cac vecto; tim toa do trong tm tam giac, ...




2. Bai tap
Bai tap 1. Trong khong gian Oxyz, cho 5(—2;2;0),[3(2; 2;0),2(2; 2;2). Gia tri cua ‘5+B +E‘ bing
B. 2./6. C.11. D. 2J11.

Huéng din gidi

A. 6.

Chon D.

Taco a+b+c¢=(2;6;2) nén ‘Zz+13+2\=\/22 +62+22 =44 = 2411,
Bai tip 2. Trong khong gian Oxyz cho hai diém A4(1;2;3), B(-1;0;1). Trong tim G clia tam gidc

OAB c6 toa d0 la:

A. (0;1;1). B. [0;%;%). C. (0;2;4). D. (-2;-2;-2).
Huéng dén gidi
1-1+0
XG = 3 :O
Toa d trong tdm tam giac la: Jy, = 24040 _2 = G(O;EQ—J.
3 3 33
3+1+0 4
Zg = =—
3 3
Chon B.

Bai tap 3. Trong khong gian Oxyz, cho vecto a = (1;-2;4), b=(x,;%,;2,) ) ciing phuong véi vecto
a . Biét vecto b tao véi tia Oy mot goc nhon va ‘B‘ =/21. Gi4 tri cia tong X, + Y, +2, bang

B. 6. C. —6. D. 3.
Huéng dén gidi

A. 3.

Chon A.
=1

- k=
Lai o ‘b‘:@. suy ra VK2 + 4k + 16Kk =\/Z@L |

Véi k=1 tacod ‘B‘ = (1;-2;4), suy ra goc giita b va Oy théa man
cos(B,Oy) = i, trong do B] =-2<0.
ol
Suy ra gdc tao bdi b va Oy la gbc tu. Suy ra k =1khong thoa man.
Véi k=-1taco ‘B‘ =(—1;2;-4), suy ra goc giira b va Oy thoa man
cos(B,Oy) = ‘;ﬁ, trong do 133 =2>0.

Suy ra gdc tao bdi b va Oy la géc nhon. Vay k =—1thda man.




Do d6 [b|=(~1;2;-4). Suy ra x, + y, + 2, =—1+2-4=-3.

Bai tap 4. Trong khong gian Oxyz, cho hinh ling try tam giac déu ABC.A'B'C’ c6 A’(\/g ;—1;1),
hai dinh B, C thudc truc Oz va AA’'=1 (C khong tring véi O). Biét vecto u= (a;b;2)
(v6ia,b € R) 1a mot vecto chi phwong cua duong thing 4'C. Tinh T = a® +b°.
A. T=5. B. T=16. C. T=4 D. T=0.
Huéng dén gidi
Chon B

Lay M 1a trung diém BC.

. AM 1 BC .
Khi dé6 ta co nén BC L A'M tai M;

AA' 1 BC
suy ra M 1a hinh chiéu caa A’ trén truc Oz

= M(0;0;1) va AM =2.
Mit khac AM =~+A'M> —AA"” =4/3.
NE)

Lai c6 AABC ddunén AM = 7Bc -3

= BC=2=MC=1.
Goi C(0;0;c),c#0 suyra MC:|C—1|.
c=0 )
MC=1<:>|c—l|=1<:>{ 5 (loai ¢=0) = C(0;0;2).
Cc=
A'C= (—\/g ;1;1) la mot vecto chi phuong ctia dudong théng A'C
Suy ra u= (—2\/5 ;2;2) cling la mot vecto chi phuong cua A'C.

Vay a=-23;b=2. Suyra T =d* +b* =16.

Dang 2. Tich ¢6 hwéng




1. Phwong phap gidi

Pé tinh tich c6 hudng cua hai vecto, ta ap
dung cong thuc:

vl o

=(a,b, —a,b,;a;b, —aby;ab, —ab).

a, a4,
b, b,

a g
by b,

a a4
bl bz

b

9

2. Bai tip miu

Bai tap: Tinh tich c6 hudng cua hai vecto

a=(L0;1),b=(21-1)

Huwong din gidi

~ o (jo 11 1o

e LB =3
[4:8] [1 1|1 22 1D (=1:3:1)

Bai tap 1. Trong khong gian voi hé toa do Oxyz, cho hai vecto a,b khac0. Két luan nao sau day

sai?

B.[2a,b|=2[a,b]

. (.5 =a| [§.sin(a.5).

Huéng din gidi

Chon C.
Ta co: [%,313] =3[Ez,313] =9[Zz,13]. (C sai)

Bai tap 2. Trong khong gian Oxyz, cho ba vecto a= (1; 2;1) ,l; = (0;2;—1),2 =(m,1;0).

Tim gi tri thyc cua tham s6 m dé ba vecto a; b; ¢ dong phang.

A. m=1. B. m=0.

C.m=—. D.m=—.
4 4

Huwéng din gidi

Chon D.
Taco [Zz,lﬂ =(-412).

Ba vecto a; b; ¢ ddng phéng @[5, B} c=0=-4m+1=0m=—.

1
4

Bai tap 3. Trong khong gian véi hé toa d6 Oxyz, cho nim diém A(0;0;3), B(2;-1;0), C(3;2;4),

D(1;3;5), E(4;2;1) tao thanh mdt hinh chop c6 ddy 1a tir gidc. Dinh cia hinh chop twong tng 1a

A. Diém C. B. Diém A.

C. biém B. D. Diém D.

Hwéng din giai

Chon A.

Xét dap an A, gia su C la dinh cua hinh chop, ta co:

AB=(2;-1;-3), AD=(1;3;2), AE =(4;2;-2), AC=(3;2;1)




[E,E].E:M—zj—zﬂ:o
- [A—B,E].sz—z.nm ~14.

Suy ra A, B, D, E dong phéng.

Viy diém C la dinh ctia hinh chop.
Bai tap 4. Trong khong gian Oxyz cho cac diém A(1,0;0), B(0;2;0), C(0;0;3), D(2;-2;0).
Co tat ca bao nhiéu mat phéng phan biét di qua 3 trong 5 diém O, A, B, C, D?

A. 10. B.7. C.5. D. 6.

Huéng din gidi

Chon C.

Tacd AB= (—1; 2;0), AD = (1;—2;0), suy ra3 diém A, B, D théng hang.

Tur d6 chung ta xac dinh duogc vi tri cac diém trong hé truc 46 Oxyz va dém tryuc tiép ta co 5 mat
phang di qua 3 trong 5 diém O, A, B, C, D la:

(OCB), (0C4), (OCD), (0A4B), (ABC)

Dang 3. Ung dung ciia tich ¢6 hwéng dé tinh dién tich va thé tich

1. Phwong phap giai

e Dién tich hinh binh hanh: S_, ., = ‘[KE,KJS]‘.

e Tinh dién tich tam gidc: S_,,. = ‘[A—B,A—c]‘.

e Tinh thé tich hinh hop: Vs vwer = ‘[Xﬁ, AC]| .X}S‘.
e Tinh thé tich t dién: V,,., = %‘[@,A—C]E‘

2. Bai tap
Bai tap 1. Trong khong gian voi hé toa do Oxyz, cho ba diém A(1;2;0), B(2:1;2), C(-1;3:1).

Bén kinh duong tron ngoai tiép tam giac ABC la

A. 30, p. 30 c 0 D. V0.
Huwéng dén gidi
Chon B.

Taco: AB=(1;-1;2),4C =(-211), BC =(-3;2;-1)
Suy ra AB:AC=\/E;BC=\/ﬁ.

V35

Suyra S,;. = %‘[?B,?C] =




Goi Ragc 12 ban kinh dudng tron ngoai tiép tam giac ABC, ta co

_ ABACBC 646414 3410

ABC 48,0 . \/g 5

2

Bai tip 2. Trong khong gian Oxyz, cho A(2; 1;-1), B(3;0;1), C(2;-1;3) va D nam trén truc Oy.
Thé tich tr dién ABCD béng 5.ToadocuaD la

A. D(0;-7;0). B. D(0;8;0).

C. D(0;-7;0) hodc D(0;8;0). D. D(0;7;0) hodc D(0;-8;0).
Huéng din gidi

Chon C.

Vi D €Oy nén D(O; y;O). Khi d6. Thé tich cta tir dién ABCD la
lf-—=-—=1-—= 1
v =g‘[AB,AC].AD‘ =—lay-2|

y=-

Theo dé ra, ta co l|4y—2| =5&
6 y=8.

Bai tap 3. Trong khong gian voi h¢ toa d0 Oxyz, cho hinh lang tru ABC.A'B'C" c6 toa 0 cac dinh

A(O;O;O), B(O;a;O),C(az3 ;%;OjvdA'(O;Oﬂa). Goi D la trung diém canh BB' va M di dong

trén canh AA'. Dién tich nho nht cua tam giac MDC' la

2 2 2 2
AR B S c. a6 p, “N15
4 4 4 4
Huéng din gidi
Chon C.
A’ B’
CJ’
| - D
M




a\/g a J

Tacd CC' = AA' = C’ —:—:2a
2 2

CC' =BB = B’(O;a;Za).
Piém D 14 trung diém ciia BB' nén D(0;a;a).

M (0;0;¢) voi O <t<2a. Taco D—Cz[#;—%;a}DM=(0;—a;t—a).

Ta co:

2
- 2 _ 2 ay/(2t—3a) +6a’ 2
SMDC,zl‘[DC',DMJ‘za\/‘“ 12at+ 152 _ 2y ) 3 \/E.
2 4 4 4
2
Suy ra minS | . =¥ khi tzga.

Dang 4: Phuong trinh mit ciu

1. Phwong phap giai
Cich viét phwong trinh mit cau:
e Mit ciu tAm I(a;b;c), ban kinh R ¢6 phuong trinh
(x—a)2 +(y—b)2 +(Z—c)2 =R’
Bai tdp: Phuong trinh mt cdu tam 7(2;-1;1), ban kinh R =3 1a (x—2)" +(y+1)" +(z—1)" =9.
e Xét phuong trinh:
X’ +y’ +2° +2ax +2by+2cz+d =0. (*)
Taco (*)< (X2 + 2ax) +(y2 - 2by) +(z2 + 2cz) =—d
& (X+a)2 +(y+b)2 +(z+c)2 =a’+b>+c’ —d.
Diéu kién dé phuong trinh (*) 1a phuong trinh mat cau a’ +b? +¢* > d.
tﬁmI(—a; —b;—c)
Khi d6 (S) co
bankinhR =+a’ +b* + ¢* —d.
Dic biét mat cau (§): x>+ +z° =R thi (S) ¢6

témO(O;O;O)
bankinhR.

2. Bai tap




Bai tap 1. Trong khong gian v6i hé truc toa do Oxyz, cho mit cau (S) c6 phwong trinh
(S):x’+y’ +2> —=2x+6y—62—6=0. Tinh dién tich mat cau (S)
A. 1007. B. 1207. C. 9. D. 427.
Huwéng dén gidi
Chon A.
Mit cau (S) c6 tAim I(1;-3;3), ban kinh r=+1+9+9+6 =5.
Vay dién tich mit cau 1a 47r® =47.5* =1007.

Bai tap 2. Trong khong gian Oxyz, cho diém I(l;—2;3). Viét phuong trinh mat cau tam I, cat truc

Ox tai hai diém A va B sao cho AB = 243.

2

Ao (x=1) +(y+2) +(z=3) =16. B. (x—1) +(y+2)? +(z-3)" =20.

2 2

C. (x—=1) +(y+2)" +(z-3)’ =25. D. (x—1)" +(y+2)" +(z-3)" =9.
Chii y:

Tinh khoang cdch tir diém A dén dwong thang A:

- Xac dinh diém M € A.

[A%i1]

- Ap dung céng thirc: d(A, A) = ‘Q
u

Huéng din gidi
Chon A.

Goi H 13 trung diém AB=>ITH L AB tai H=IH=d =d

(1;0x)

(1;(AB))
, [

Lay M(2;0;0)e Ox = TH =d,,,, =¥ =+3.

Ban kinh mit cAu can tim 1a R = IA =V IH? + HA? = 4.

Vay phuong trinh mat cau can tim 1a (x —1)2 +(y+ 2)2 +(z—3)2 =16.




Bai tap 3. Trong khong gian v6i hé toa do Oxyz, cho mit ciu (S):(x —1)2 +(y—2)2 +(z+1)2 =9
va hai diém A(4;3;1), B(3;1;3); M la diém thay doi trén (S). Goi m, n lan luot la gia tri 16n nhat,
nho nhat cua biéu thirc P =2MA? —MB?. Gia tri (m—n) bang

A. 64. B. 60. C. 68. D. 48.

Huwéng dén gidi

Mit cau (S) ¢6 tm I(1;2;-1) va ban kinh R = 3.

Lay diém E sao cho 2AE -BE =0 < E(5;5;~1). Tacé IE =5.

D@ thay diém E 1a diém ndm ngoai mit cau (S).

. 2 2 = 5\ — 5=\ 2 2 2

Khi d6 P =2MA2 - MB? = 2(ME—AE) —(ME—BE) -~ ME? +2AE? - BEZ.

P 16n nhét va nho nhét khi va chi khi ME 16n nhit va nho nhat.

max ME=IE+R =8minME =1IE—-R =2.

Do @6 m=maxP =64+2AE* -BE*;n =minP =4+ 2AE* - BE’.

Suy ra m—n = 60.
Chon B.




BAI 2. PHUONG TRINH MAT PHANG
A.Li THUYET TRONG TAM
1. Phwong trinh mit phing
Vecto phap tuyén
Vecto n# 0 1a vecto phap tuyén ctia (o) néu gia cua n vudng goc véi (o).
Cip vecto chi phwong ciia mit phing
Hai vecto a,l; khong cung phuong la cdp vecto chi phuong cua (oc) néu cac gia cia ching song song
hodc nam trén (o).
Chui y:
e Néu n 1a mdt vecto phap tuyén cuia (o) thi kn (k#0) ciing la vecto phép tuyén ctia (o).
e Néu a,b la mdt cap vecto chi phuong cua (o) thi n= [5,13] 1a mot vecto phép tuyén cua (o).
Phwong trinh tong quat clia mit phing
Ax+By+Cz+D=0 v6i A +B*+C*>0.
e Néu (a) cb6 phuong trinh Ax+By+Cz+D =0 thi 7 =(4;B;C) 1a mot vecto phap tuyén ctia
(a).
e Phuong trinh mit phing di qua M, (x,;,;2,) va cé mdt vecto phép tuyén 7i = (4; B;C) la:
A(x—x0)+B(y—yo)+C(z—ZO)=O.

Cac trwong hop dic biét

Cic hé 50 Phuong trinh m3t phing (o) Tinh chét mit phing (o)

D=0. Ax+By+Cz=0 () di qua goc toa o O

A4=0 By+Cz+D=0 ()//0x hodc (o) > Ox

B=0 Ax+Cz+D=0 (a)/ /0y hodc (o) > Oy

C=0 Ax+By+D=0 (0t)//0z hodc (a) > Oz

A=B=0 | Cz+D=0 (a)//(Oxy) hodc
(a)=(0x)

A=C=0 | By+D=0 (ot)//(Oxz) hode
(a)=(0x)

B=C=0 Ax+D=0 (ct)//(Oyz) hodc




(a)=(0r2)

Néu («) cit cac tryc toa do tai cac diém (a;0;0),(0;5;0),(0;0;¢) v6i abe # 0 thi ta c6 phuong trinh mit

phang theo doan chin () : LR AL
a b ¢

Chii y: Néu trong phwong trinh () khong chira dn néo thi () song song hodc chira truc tirong iing.
2. Khoing cach tir mdt diém t6i mit phing

Trong khong gian Oxyz, cho diém A(x,;y,;z,) va mét phang

(@): Ax+By+Cz+ D =0.

Khi d6 khoang cach tir diém A dén mat phing (¢r) dugc tinh theo cong thuc:

|Ax,+ By, +Cz, +D|

NA* +B* +C?

d(4,(2)) =

3. Vi tri twong ddi
Vi tri twong ddi gitra hai mit phing

Trong khong gian Oxyz, cho hai mit phang

(a): Ax+By+Cz+D =0; (B):Ax+B,y+C,z+D,=0

4 _B _C _D

N @=(p ettt
) (a)//(ﬂ)c»%:%:%;t%

+) (05)(\(,3)<:>%7éﬁ hodc —l;ti.

2 2 B2 C2
+) (o) L(B) <= 44, +BB,+CC,=0. @
Vi tri twong doi gitra mit phiang va mit ciu v

Trong khong gian Oxyz, cho mit phing va mit cau /’rﬁ/ HH _.r-'/
(a): Ax+By+Cz+D=0;

(S):(x—a)’ +(y—b)Y +(z—c)’ =R’. A
Dé xét vi tri ctia (ar) va (S) ta lam nhu sau: a
+)Néu d (1,(a)) > R thi () khong cit (S). w

+) Néu d(7,(a))=R thi (o) tiép xtic () tai H. Khid6 H dugc goi la

tiép diém ddng thoi A 1a hinh chiéu vudng géc ciia 7 lén () va (o)

duoc goi la tiép dién.




+) Néu d (I,(a)) <R thi (a)cit (S) theo duong tron c6 phuong trinh

x—a) + —b2+z—czzR2
(©): | Gm D+ (=) vz =)
Ax+By+Cz+D=0.

Ban kinh cta (C) 1a r=+/R* —d’[1,(a)] .

Tam J ctia (C) 14 hinh chiéu vudng géc cia I trén (o).

4. Géc giira hai mit phang
Trong khong gian Oxyz, cho hai mit phang
(a): Ax+By+Cz+D =0 va (f): 4,x+B,y+C,z+D, =0.

Goc giita () va () bang hodc bu voi goc giira hai vecto phap tuyén n,,ng. Ticla

COSHa,Np

Ay |44,+BB,+CC)| |
fiﬁ| \/Af +Bl+C} \/Azz +B; +C;

cos((a),(ﬂ)) =

Chum mit phang

7|

e Tap hop tit ca cac mit phing qua giao tuyén cta hai mat phing (o)

va () duoc goi 1a mot chum mit phing. / \

e Goi (d) la giao tuyén cia hai mit phing d

():Ax+By+Cz+D =0

(B):Ax+B,y+C,z+D, =0 X~ ] B
Khi d6 néu (P) 1a mat phang chtra () thi mat phang (P) c6 dang

m-(Ax+By+Cz+D,)+n-(Ax+B,y+C,z+D,)=0 v6i m* +n’ 0
SO PO HE THONG HOA




n(a;b;c)la vecto phap tuyén:
Gia vudng géc véi mat phdng

l n
Phwong trinh ax+by+cz+d=0
1dng quat

veia®+b2+c? >0

|ax, + by, +cz, +d|

MAT
{L{LLL PH&NG >4

d(A,(P))=

va® + b* +¢?
¥

2223>>

Bi qua M, (X, ¥0:2,)
a(x—x,)+b(y-y,)+c(z-2)=0

‘ Khoang cach tur diém

Goc gilra hai mat Il
: i H P).(Q))=
A @én mat phang (P) ohéng (P) va (Q) [ ] 03((P)-(Q)) =[cos .7

v(— a b w. b6
/[a) khéng cét (S) =) (a)n(B) = 57 hode Fig\
df1, R Vi tri twong doi T

= é (a,))} giira méat phang V!gn t}_rUng (e }H(,{:’)Qil=£=£.¢i
(@) tiep xic (S) Bl d i gitra 2 a b ¢ d
<d(l(a))=R {S)témi,- mélﬂ‘héng (g);[ﬁ]@i=£=£=£ /
(@) cét (S) ban kinh R (@)va(F) a' b ¢ o
<d(l(a))<R ¥ (a)L(B)en, -n,=0

\_ < aa+bh'b+cc'=0

B. CAC DANG BAI TAP

Dang 1: Xac dinh vecto phap tuyén va viét phwong trinh mit phing

1. Phwong phap

1. Mit phang () di qua diém M (x,;y,;z,) c6 vecto phap tuyén ;z=(A;B;C) la
A(x—x,)+B(y—y,)+C(z—2z,)=0.

2. Mit phing (&) di qua diém M (xo; yO;ZO) cO cap vecto chi phuong 5,5. Khi

d6 mot vecto phap tuyén cia (o) 13 7 = [El,l;].

2. Bai tap
Bai tap 1: Cho mit phang (Q) :x—y+2z-2=0. Viét phuong trinh mat phang (P) song song v&i mat
phang (Q), dong thoi cit cac truc Ox, Oy lan luot tai cac diém M, N sao cho MN = 2.

A. (P):x—y+2z+2=0. B. (P):x—y+2z=0.

C.(P):ix—y+2z+2=0. D. (P):x—y+2z-2=0.
Huéng din gidi

Chon A.

(P)//(Q) nén phuong trinh mit phang (P) c6 dang x—y+2z+D =0 (D # -2).

Khi d6 mat phang (P) ct cac truc Ox,Oy lan luot tai cac diém M (-D;0;0), N(0;D;0).
Tur gia thiét: MN =2v2 < +2D> =242 < D=2 (do D #-2).

Vay phuong trinh mat phang (P):x—y+2z+2=0.




Chit y: Mdt phang (oc) di qua diem M (xo;yo;zo) va song song véi mdt phiang (f): Ax+By+Cz+D =0
thi (o) ¢6 phwong trinh la

A(x—xo)+B(y—yO)+C(z—zo)=O

Bai tap 2: Cho diém M (1;2;5). Mit phing (P) di qua diém M cit tryc toa dd Ox,0y,0z tai A,B,C
sao cho M 14 tryc tim tam gidc ABC. Phuong trinh mit phang (P) la

A x+y+z-8=0. B.x+2y+5z-30=0. C.>+24+Z=0. D. 2+ 24220,
5 201 5 21
Huwéng din gidi

Chon B.

04 1 BC

Tacod OA L (OBC)=
AM | BC

}: BC 1 (0OAM)= BC LOM (1)

Tuong ty AB L. OM (2).

Tu (1) va (2) suy ra OM L (ABC) hay OM L (P).

Suy ra OM = (1;2;5) 1a vecto phap tuyén cia (P).

Vay phuong trinh mit phing (P ) la

x—14+2(y-2)+5(z-5)=0< x+2y+5z-30=0.
Bai tip 3: Cho t dién ABCD c6 dinh A(8;—14;-10); AD, AB, AC lan lugt song song véi Ox,Oy,Oz.
Phuong trinh mgt phang (BCD) di qua H(7;-16;-15) la truc tim ABCD ¢6 phuong trinh la

A. x+2y+5z-100=0. B. x+2y+5z+100=0.
c. i+l v 2 o ) SR A S
7 -16 -15 7 -16 -15
Huéng dén gidi
Chon B.

Theo dé ra, ta c6 (BCD) di qua H(7;—16;—15), nhan HA= (1;2;5) 1a vecto phap tuyén. Phuong trinh
mit phang (BCD) la

(x=7)+2(y+16)+5(z+15)=0

& x+2y+5z+100=0.

Vay (BCD):x+2y+5z+100=0.
Bai tap 4: Trong khong gian vai hé toa do Oxyz, 1ap phuong trinh cia cac mit phang song song v&i mat
phiang (B):x+y—z+3=0 vacach (£) mot khoang bing V3.

A. x+y—Z+6=O;X+y_Z=O- B. x+y—Z+6=0.
C. x_y_z+6:();x—y—z=0_ D.x+y+z+6=0;x+y+z=0.




Huwong din gidi
Chon A.
Goi (&) 1a mit phing can tim. Ta c6 4(0;0;3) € (B).
Do (@)//(f) nén phuong trinh ciia mit phang (&) c6 dang:

x+y—z+m=0véi m#3.

Ta 6 d((@).(B) =3 < d(A.(@)) =3 < ’"f‘; _.

m=6
= m—3|=3©{ (thoa man).
m=0

Vay phuong trinh ciia cac mat phang can tim 1a
x+y—-z+6=0vax+y—z=0.
Bai tap 5: Trong khong gian Oxyz, cho hai mit phang
(P):x+3z+2=0,(Q):x+3z—-4=0.
Mit phang song song va cach déu (P) va (Q) c6 phuong trinh l:
A. x+3z-1=0. B. x+3z-2=0. C.x+3z-6=0. D. x+3z+6=0.
Huéng dén gidi
Chon A.
Diém M (x;y;z) batky cach déu (P) va (Q) < d(M;(P))=d(M:(Q))

|x+3z+2| |x+3z-4| [x+3z+2=x+3z—4

\N1+9 V149 X+3z4+2=—x-3z+4

2=—4
= < x+3z-1=0.
x+3z-1=0

Vay M thudc (a):x+3z—1=0. Nhan thiy («) song song véi (P) va (Q).
Bai tip 6: Trong khong gian voi hé toa d0 Oxyz, cho hai diém A(1;2;1), B(3;4;0) va mit phing
(P):ax+by+cz+46 =0. Biét rang khoang cach tir 4, B dén mit phang (P) lan lugt bang 6 va 3. Gia tri
ctia biéu thirc 7 = a+b+c bang

A. -3. B. —6. C.3. D. 6.

Huéng dén gidi

Goi H,K lan luot 1a hinh chiéu ciia 4, B trén mit phiang (P).

Theo gia thiét, ta c6: AB=3,AH =6,BK =3.

Do d6 4, B & cung phia véi mat phang (P).

Laico: AB+BK > AK > AH. Ma AB+BK = AH nén H=K .

Suy ra 4,B,H laba diém thing hang va B 1a trung diém ctia AH nén toa dd H(5;6;—1).

Vay mit phang (P) di qua H(5;6;—1) va nhan AB = (2;2;-1) 1a vecto phap tuyén nén c6 phuong
trinh 1a 2(x-5)+2(y-6)-1(z+1)=0<=2x+2y—-2z-23=0

Theo baira, tacod (P):—4x—4y+2z+46=0 nén a=—-4,b=-4,c=2.




Vay T=a+b+c=-6.

Dang 2. Viét phwong trinh mit phing lién quan dén mit ciu

1. Phwong phap
Viét phuong trinh mit phing (o) tiép xtic voi mit cau (S) tai diém H.
Gid st mit cau (S) c6 tam / va ban kinh R, khi d6 ta viét duoc phuong trinh mit phang () di qua H
va cd mot vecto phap tuyén 1a 7 = IH .
2. Bai tap
Bai tap 1: Trong khong gian véi hé toa dd Oxyz, cho mit cau (S) c6 phuong trinh
(x=1)?+(y+2)* +(z-3)* =12 va mit phang (P):2x+2y—z—3=0. Viét phuong trinh mit phang song
song v6i (P) va cat (S) theo thiét dién 1a duong tron (C) sao cho khdi nén co dinh 14 tAm mat cau va
day 1a hinh tron (C) c6 thé tich 16n nhat.

A. 2x+2y—-z+2=0 hodc 2x+2y—-z+8=0.

B. 2x+2y—z—-1=0 hodac 2x+2y—-z+11=0.

C.2x+2y—-z—-6=0 hodc 2x+2y—-z+3=0.

D. 2x+2y—-z+2=0 hodc 2x+2y—-z+2=0.

Huéng dén gidi
Chon B
Taco (@)//(P) nén (a):2x+2y—z+d =0 (d #-3).

Mat chu () ¢6 tam 1(1;-2;3), ban kinh R=2+/3 .

Goi (H) 1a khdi non thoa man dé bai véi dudng sinh IM = R = 24/3.

S
DPit x=h=d(I,(a)). Khi d6 ban kinh dudng tron day hinh nén 1a r =~/12—x> .
2 Lo o1 1 2 .
Thé tich khoinon la ¥V, =§7Z'(12—x )x V6 0<x<24/3.
Xét ham s6: f(x)z%ﬂ'(lZ—xz)x voi 0<x<24/3.

Khido f(x) dat gia tri 16n nhit tai x =2 hay d(1,(a))=2.




(=2)— d-5=6 [d=11
Taco d(I.(a)) =2« 21422 3*‘”:2@{ [ .

=
22 4+27 4+ (-1)° d=5=-6

Chii y: Cong thire tinh thé tich hinh non.:

V= th = l.27rR.h
3 3

Trong d6 R la ban kinh déy, h la chiéu cao.

Bai tip 2: Trong khong gian Oxyz, cho mit cau (S): x>+ v’ +(z—1)> =4 va diém A4(2;2;2). Tt 4 ké

ba tiép tuyén AB, AC,AD véimit cau (B,C, D 1a cée tiép diém). Phuong trinh mit phang (BCD) la

A. 2x+2y+z-1=0. B. 2x+2y+z-3=0.

C.2x+2y+z+1=0. D. 2x+2y+z-5=0.
Huwong din gidi

Chon D.

Ta c6 mit cau (S) c6 tam 7 (0;0;1) va bankinh R=2.
Do 4B, AC, AD 14 ba tiép tuyén ctia mit cau (S) v6i B,C,D la céc tiép diém nén

AB=AC=4D . . . Yy
= IA41a tryc cia duong tron ngoai tiép ABCD.
IB=IC=ID=R

=14 1 (BCD).

Khi d6 mat phang (BCD) c6 mdt vecto phap tuyén 7i = IA=(2;2;1).
Goi J 1a tim ctia dudng tron ngoai tiép ABCD = J € IA va IJ L BJ.
Ta c6 AIBA vuodng tai B va BJ L I4 nén

2
By -y=8_*_G-%0.
A 3 9

Dt J(x;y;2). Tacd IJ =(x;y;z—1); 14 = (2;2;1).

Tur ﬁ:iﬁ suy ra J(§,§,Ej
9 9°9° 9

Mit phang (BCD) di qua J (g,%,gj va nhan vecto phap tuyén 7 = (2;2;1) ¢6 phwong trinh:

2(x—§j+2[y—§j+[z—2j=0:>2x+2y+z—5=0.
9 9 9

Bai tdp 3: Trong khong gian Oxyz, cho mit ciu (S):(x—l)2 +(y—1)?+(z—1)> =12 va mat phing
(P):x—2y+2z+11=0. Xétdiém M di dong trén (P) va cac diém A4, B,C phan biét di dong trén (S)
sao cho AM,BM,CM la céc tiép tuyén ctia (S). Mat phang (4BC) ludn di qua diém c6 dinh ndo dudi
day?




A. (l;—l;—lj. B. (0;-1;3). C. (2;0;2}. D. (0;3;-1).
4 2 2 2

Huéng dén gidi
Chon D.
Mit cau (S) c6 tam 7 (1;1;1) va ban kinh R =2+/3.
Xét diém M (a;b;c) € (P); A(x; v;z) € (S) nén ta co hé diéu kién:
x=-1D)*+(-1)’+(z-1)*=12
Al* + AM? = IM”?
a-2b+2c+11=0
(x=1+(y-D>+(z=1)>=12 (1)
{12+ (x—a)’ +(y=b) +(z—c)* =(a=1) +(b-1)* +(c—1)* (2)
a-2b+2c+11=0 (3)

Lay (1) — (2) ta co:
(=D’ + (=1 +( -1 =[12+(x—a) +(y=b) +(z-¢)" ]
=12 (@=1) +(b=1)" +(c-1)’ ]
S@a@-Dx+b-DYy+(c—-Dz—a-b-c-9=0
Vay mit phing di qua ba tiép diém la:
O :(a-Dx+b-1)y+(c—-1)z—a—-b—c-9=0
Két hop voi (3) suy ra mit phang nay ludn di qua diém c6 dinh (0;3;-1).

Dang 3. Phwong trinh méit phing doan chin

1. Phwong phap
Phuong trinh mat phang () di qua ba diém A(a;0;0), B(0;5;0) va C(0;0;c¢) voi abe =0 la:

EIR AN

a b ¢
2. Bai tap
Bai tap 1: Trong khong gian v6i hé truc toa dd Oxyz, cho hai diém M (3;0;0), N(2;2;2). Mit phang (P)
thay d6i qua M, N cit cac truc Oy,Oz lan lugt tai B(0;b;0),C(0;0;¢) v6i b,c # 0. Hé thirc nao dudi day
la dung?

A.b+c=6. B. bce=3(b+c). C. bc=b+c. D.l+l=l.
b ¢ 6
Huéng dén gidi

Chon D.
Mit phiang (P) di qua M (3;0;0), B(0;b;0),C(0;0;c) véi b,c#0 nén phuong trinh mit phiang (P)

theo doan chén la: AL
c




2 1 1 1
—=le—t+—=—.
c b ¢

Mit phang (P) di qua N(2;2;2) suy ra §+%+

Bai tap 2: Trong khong gian Oxyz, cho diém G(l; 4;3). Phuong trinh mit phing cit cac truc toa do
Ox,0y,0z lan luot tai 4, B,C sao cho G 1a trong tam ti dién OABC la

I A B. X+ 22,
312 9 416 12
C.3x+12y+92-78=0. D. 4x+16y+122-104=0.

Huéng dén gidi
Chon B.
Gia st A(a,0,0);B8(0,b,0);C(0;0;c).

X, +xp+x+X,
X6 =
4
G(1;4;3) 13 trong tam t& dién OABC < yG:yAJ’yBZyC”D
XGZZA+ZB+ZC+ZD
4
0+a+0+0=4.1 a=4
&10+0+b+0=44<=1b=16.
0+0+0+c=43 c=12
. . < 2 X Yy z
Ta c6 phuong trinh mat phang (ABC) la: Z+E+E=l.

Bai tp 3: Trong khong gian véi hé toa do Oxyz. Viét phuong trinh mit phang (P) di qua diém
M (1;2;3) va cét cac truc Ox,Oy,Oz lan luot tai ba diém A4, B,C khac v6i gdc toa dd O sao cho biéu

thirc 12 + 12 +——— €0 gia tri nho nhat.
04~ OB OC
A. (P):x+2y+z-14=0. B. (P):x+2y+3z-14=0.
C.(P):x+2y+3z-11=0. D. (P):x+y+3z-14=0.
Huwong din gidi

Chon B.
Goi H latryc tam AABC.

. |BH L AC
Ta co = AC L(OBH)= AC L OH (1)

OB 1 AC

Chimg minh tuong tw, ta ¢6: BC L OH (2).
Tur (1), (2) ta c6 OH L (ABC).
1 1 1

Suy ra + + = )
Y oL o8 T oc T o




1
+ +
04> OB*> 0cC’
nén OH dat gia 16n nhat bang OM hay H = M.

Vay dé biéu thuc dat gia tri nho nhat thi OH dat gia tri 16n nhat. Ma OH < OM

Khi d6 OM L (ABC) nén (P) co6 mdt vecto phéap tuyén la OM = (1;2;3).
Phuong trinh mat phang (P) 1a
I(x-1D)+2(y-2)+3(z-3)=0<=x+2y+3z-14=0.

Bai tap 4: Trong khong gian Oxyz, c6 bao nhiéu mat phang qua diém M (4; —4;1) va chan trén ba truc
toa d0 Ox, 0y, Oz theo ba doan théng c6 d6 dai theo tha tu 1ap thanh cép s6 nhan co cong boi béng %‘?

A. 1. B. 2. C.3. D. 4.
Huéng dén gidi
Chon C.
Goi A(a;0;0), B(0;5;0),C(0;0;¢) voi abe # 0 1a giao diém ciia mit phang (P) va cac truc toa do. Khi

d6 (P) c6 phuong trinh 1a Z+2+Z=1.

a b ¢
Theo gia thiét ta co:
M e(P) i_iJrl:l a=-8b=—4,c=2
oc=Los=1o4®) b1 o e|a=db=—de=n2
T2 4 el lbi=lal [a=16b=-8,c=4

Viy c¢6 ba mit phang thoa man.
Bai tip 5: Trong khong gian v6i hé toa dd6 Oxyz, cho cac diém A(1;0,0),B(0;1;0). Mat phing
x+ay+bz+c=0 di qua cic diém A, B dong thoi cit tia Oz tai C sao cho tir dién OABC c6 thé tich
bang % Giatri cia a+3b—2c 1a

A. 16. B. 1. C. 10. D. 6.

Huéng dén gidi
Chon D.
Mat phéng di qua cac diém 4,B déng thoi cit tia Oz tai C(O; O;t) voi ¢t >0 c6 phuong trinh 1a

RRAREEY
1 1 ¢
< L1z 1 1 1
Mat khac: V5 =g<:>g OA.OB.OC =g<:>l=1.

Vay phuong trinh mit phang can tim c6 dang %+%+%=1©x+y+z—l=0.

Vay a=b=1c=-1.
Suyra a+3b—-2c=1+3.1+2=6.

Dang 4. Vi tri twong doi giira hai mit phing




1. Phwong phap
Cho hai mit phang:
(P):Ax+By+Cz+D=0;
(P'):Ax+B'y+Cz+D'=0.
Khi do:
e (P)cit(P)=A4:B:C#A":B:C.
e PPyt B_C D
A B C D
A B C D
[ ] P = P’ o—=—="—=—),
( ) ( ) AI BV CI DI
o (P)L(P') = dipy L i py < Tipyii ) = 0.
< AA'+BB'+CC'=0.
Chii y:
e Néu A=0 thitwong tng 4'=0.
e Néu B=0 thituong tmg B'=0.
e Néu C =0 thitrong img C'=0.
Vi du: Trong khong gian v6i hé truc toa d6 Oxyz, cho hai mit phiang (a):x+2y—z—1=0 va
(B):2x+4y—-mz—-2=0.

Tim m dé (a) va (B) song song véi nhau.

Huwong din gidi

1 2 -1 -1

Taco (@) () —=—=—#—

@B &5 =5=—2=
2 4 2
volyvi —=—=—).
(VolyviT=2=—)

Vay khong ton tai m d¢ hai mét phang (o), (B) song song v6i nhau.
2. Bai tap
Bai tap 1: Trong khong gian véi hé toa do Oxyz, cho mit phiang (P) c6 phuong trinh
mx+(m—1)y+z-10=0 va mit phing (Q):2x+y—2z+3=0.
Vi gia tri nao cua m thi (P) va (Q) vudng goc voi nhau?
A.m=-2. B.m=2. C. m=1. D. m=-1.
Huéng dén gidi
Chon C.
(P):mx+(m—1)y+z-10=0 co vecto phap tuyén n,=(mm-1L1).
(Q):2x+y—2z+3=0 c6 vecto phap tuyén nj =(2;1;,-2).
P)LO)en n=02m+m-1-2=0=m=1.




Dang 5. Vi tri twong doi giira mit cAu va mit phang

1. Phwong phap
Cho mit phang («): Ax+ By +Cz+D =0 va mit cau tim /; ban kinh R.
e () va (S) khong co diém chung < d(I,(a)) > R.
e (o) tiép xuc véi (S) = d(I,(a)) = R. Khi d6 (o) 1 tiép dién.
e () va (S) catnhau < d(I;(a))<R.
Khi d6 (0) c6 tam 1a hinh chiéu cta 7 trén (o) va ban kinh r=\[R* —d*(I;(a)) .
2. Baitap
Bai tap 1: Trong khong gian Oxyz, cho mit cau (S): x>+ y* +z> —6x+4y—12=0.

Mit phing nao cét (S ) theo mdt duong tron c6 ban kinh » =37

A. 4x=3y—z-426 =0. B. 2x+2y-z+12=0.

C.3x—4y+5z-17+2032 =0. D. x+y+z++3=0.
Huéng dén gidi

Chon C.

Phuong trinh mit cdu () 1a x*+y° +2° —6x+4y—-12=0.

Suy ra tam /(3;-2;0) va ban kinh R=5.

Ta goi khoang cach tir tim / ctia mit cau téi cac mit phang & cac dap an 1a 4, khi d6 ¢é mat phang cat
mit cau (S) theo mot dudng tron c6 ban kinh r =3 thi h= JR =7 =J25-9 =4,

|18—4\/%|¢4'

V26

bap an B loai vi h=%¢4.

Pap an A loai vi h =

Chondépan Cvi h=4.

1+\/§
NG}

Bai tap 2: Trong khong gian vé6i hé toa do Oxyz, cho diém 7(1;2;-2) va mit phing

Dap an D loai vi h = 4.

(P):2x+2y+z+5=0. Phuong trinh mat cau tim / cat mat phang (P) theo giao tuyén 1a mot dudng
tron ¢ dién tich bang 16w 1a

A (x=2) +(y—2)" +(z—1)> =36.

B. (x—1)+(y-2)"+(z+2)* =9.

C. x-1)’+(y—-2)" +(z+2)* =25.

D. (x—1)" +(y—2)" +(z+2)’ =16.

Huéng dén gidi




Chon C.

12.142.2-245]

Ta co a=d(I;(P)) = N
+27 4

3.

Bén kinh cta duong tron giao tuyén la: » = \/E =16 =4.
T

Mt cau tim / cédt mit phang (P) theo giao tuyén la mot dudng tron nén ta co
RP=a>+r'=9+16=25=R=5.
Vay phuong trinh mit ciu tim 7, ban kinh R =35 la:
(x=17+(y=2)* +(z+2)* = 25.
Bai tip 3: Trong khong gian Oxyz, cho mit cau (S) c6 phuong trinh x* +y* +2° —2x—4y—62z-2=0
va mit phing (a):4x+3y—12z+10=0. Tim phuong trinh mit phing (B) thoa min dong thoi cac diéu

kién: tiép xtic vdi (S ); song song voi (a) va cat truc Oz ¢ diém co6 cao do duong.

A. 4x+3y-12z-78=0. B. 4x+3y—122-26=0.

C. 4x+3y—12z+78=0. D. 4x+3y-12z+26=0.
Huéng dén gidi

Chon C.

Mit cau (S) co tam 7(1;2;3), ban kinh R =+/1* +2% +3*+2 =4,
Vi («)//(f) nén phuong trinh («) c¢6 dang: 4x+3y—12z+d =0,d #10.
Vi () tiép xtic mit cau (S) nén

d=-26
d=78 °

14.1432-123+d| _
42 +3° +(-12)

d R&

Ly = 4<:>|d—26|:52<:{

Do (B) cit truc Oz & diém c6 cao do duong nén chon d =78.

Vay phuong trinh mit phing (8):4x+3y—12z+78=0.

Dang 6. Khoéng cach tir mt diém dén mit phing

1. Phwong phap
Khoang céch tir di€m M, (x,;,;z,) dén mit phing (o): Ax+By+Cz+D=0 la

_|4x,+ By, +Cz,+D|
JA&+B+C*

d(M,.(a))
2. Baitap

Bai tip 1: Trong khong gian Oxyz, khodng cach giita hai mit phang (P):x+2y+2z-10=0 va

(Q):x+2y+2z-3=0 bing

A. i B. 3. C. § D.
3 3

Huwong din gidgi

w2




Chon D.

Vi (P)//(Q) nén d((P).(Q))=d(4,(Q)) véi A€(P).
_[0+2.0+25-3 7
N EETENP O

Chon A4(0;0;5) € (P) thi d(4(Q))

Chii y: Khodng cdch gitta hai mat phdng song song bang khoang cach tiv mot diém bat ki trén mdt phang
nay dén mdt phang kia.
Néu hai mdt phdng khéng song song thi khodng cdch giita chiing bang 0.

Bai tap 2: Trong khong gian v6i hé truc toa d6 Oxyz, cho A(1;2;3),B(3;4;4). Tim tat ca cac gia tri ciia

tham s6 m sao cho khoang céch tir diém A dén mit phing (P):2x+y+mz—1=0 bang d¢ dai doan

thang AB.
A.m=2. B. m=-2. C. m=-3. D. m=22.
Huéng dén gidi
Chon A.

Taco AB=(2;2;1)= AB=~2"+2"+1 =3 (1).
Khoang céch tir 4 dén mit phang (P) la

[2.1+2+m-3-1| |3m+3]
V22412 m? 5+ m?

d(4,(P))= 2).

_|3m+3|
N5+m?

Bai tap 3: Trong khong gian Oxyz, cho tir dién ABCD vé6i A=(1;2;1), B=(2;1;3),

Vi AB=d(4,(P)) <3

& 9(5+m*)=9m+1 o m=2.

C=(3;2;2),D =(1;1;1). Do dai chiéu cao DH cua tir dién bang

NEES B Y4 c. N4 p. W4,
14 14 7 7
Huwong din gidi
Chon A.

Ta c6 AB= (1;-1;2), AC = (2;0;1) > [E; R’] =(-1;3;2) 1a mdt vecto phap tuyén cua mit phing
(ABC).
Vay phuong trinh miat phang (4BC) 1a
“1(x-D+3(y-2)+2(z-1)=0<= —x+3y+2z-7=0.
Do dai chiéu cao DH cia tir dién ABCD 1a khoang cach tir D dén (ABC).
|-1.1+3.1+2.1-7| 314
Jer ezt 14

Suy ra DH =d(D,(ABC)) =




Bai tip 4: Trong khong gian toa d6 Oxyz, cho diém A(a;b;c) v6i a,b,c#0. Xét (P) 1a mat phing thay
d6i di qua diém A . Khoang cach 16n nhat tir diém O dén mit phiang (P) bang
A.Na*+b*+ct . B. 2\Va® +b* + ¢’ C.3Ja*+b* +c*. D. 4\Ja* +b* +c* .
Huwéng dén gidi

Chon A. o]

Goi H 1a hinh chiéu vudng géc cia O 1én mit phang (P).
d(0.(P)) = OH <OA =& +h +¢ |

Dang 7. Géc giira hai mit phing

1. Phwong phap
Cho hai mit phang (a),(B) c6 phuong trinh:
(a): Ax+By+Cz+D =0
(B): 4x+B,y+C,z+D, =0.

Goc gitra (a),(B) bang hodc bu vdi goc gitta hai vecto phap tuyén n,,n,.

ol )-

|4,4, + BB, +C,C,|
\/Af + B} +C} \/Aj +B;+C; '

2
|n,

Chit j: 0" < (o), (B) ) <90
2. Baitap

Bo0 sung sau

Dang 8. Mét s bai toan curec tri

Bai tap 1: Trong khong gian Oxyz, cho ba diém A(L1;1),B(-1;2;0),C(3;-1;2) va M la diém thuoc
mit phang (a):2x—y+2z+7=0.
Tinh gia tri nh6 nhét ctia P = 3MA+5MB - TMC ‘
A. P =20. B. P =5. C. P =25 D. P
Huwong din gidgi
Chon D.
Goi diém I(x;y;z) sao cho 3I4+5IB—-7IC =0.
3(1—x)+5(—1—x)—7(3—x)=0 x=-23
Khi dé {3(1-3)+5(2—3)=7(-1-y) =0 {y=20 = I(-23;20;-11).
3(1-2)+5(0-2)-7(2-2)=0 z=-11




Xét P:‘3W+5M§—7M—C‘=‘3(W+TA’)+5(}W+E)—7(W+E)‘.
:‘M+(3ﬂ+5ﬁ—7ﬁ)‘:‘ﬁ‘:m.

P

min

khi MI ngan nhat hay M la hinh chiéu vudng géc ciia / 1én mit phing (o).
2.(-23)-20+2.(-11)+7
-]

Khi do: P, =d(I,(a)
() 224 (1) 422

min

Bai tip 2: Trong khong gian voi hé truc toa dd Oxyz, cho hai diém A(-3;5;-5),B(5-3;7) va mat
phang (P):x+ y+z=0. Tim toa d6 diém M trén mit phang (P) sao cho MA* —2MB* 16n nhit.

A. M(=2;1:1). B. M(2;—1;1). C. M(6;-18;12). D. M(=6;18;12).

Huéng dén gidi

Chon C.

Goi I théa min 14 —21B =0.

Khi d6 10+04—-2(I0+0B) =0 <> OI =20B - 04 < 1(13;-11;19).

Ta c6 MA® —2MB* = (mf —2(%)2 = (M1 +f4)2 ~2(Mi +E)2 =-MI" + (14> - 21B*).

MA?> —2MB* 16n nhat khi MI nho nhat. Khi 6 7 14 hinh chiéu vudéng goc cia M 1én (P).

Ta tim dugc M (6;-18;12).
Bai tip 3: Trong khong gian Oxyz, cho cac diém M (m;0;0), N(0;n;0), P(0;0; p) khong tring véi gbc
toa do va théa man m” +n” + p* =3. Gia tri 16n nhat ctia khoang cach tir O dén mit phang (MNP) bing

1 1 1
A S B. 3. C.E. D. .
Huéng dén gidi
Chon C.
Do M, N, P khong trung voi géc topadonén m=0,n=0,p+#0.
Phuong trinh mat phang (MNP) la: i+l+£=1<:>ix+ly+lz—1=0.
n o p m n° p

Suy ra d(O,(MNP)) = ;

+
RN
+
=
3

2

|
N|
|

Ap dung bét dang thirc Co-si cho ba sé duong m?*,n*, p* va ba sé duong

1 1 1 1
m*+n’ + p*> 233m’n’p* va — t st 52335
m \}m n'p

np

2

3
S]
aS

1 1 1
Suyra (m*+n° + p*)| —+—+—[>9
y ( p )(mz n? pz]




1 1 1
&3 | —=+—=+— |29 (dom’ +n* +p* =3
(mz n? pz] ( p )
<:>L2+LZ+L223<:> LZ+L2+L2\/§<:> ! SL
m- n p m- n° p 1 \/g
ot ot s

Vay d(O,(MNP)) < L Dy xay ra khi va chi khi m* =n® = p* =1.

NG
Vay gié tri 16n nhat ciia khoang cach tir O dén mt phang (MNP) 1a % :

Bai tip 4: Trong khong gian v6i hé toa d0 Oxyz, cho mit phang (P):x—2y+2z—-3=0 va mit cau
(S): x>+ +22+2x—4y—-2z+5=0. Gia st M e(P) va N e(S) sao cho MN cung phuong véi vecto
i =(1;0;1) va khoang cach giira M va N 16n nhat. Tinh MN.

A. MN =3. B. MN =1+242. C. MN=32. D. MN =14.

Huéng dén gidi

Chon C.

(S) cotam I(-1;2;1) vabankinh R=1.
|-1-2.2+2.1-3]

Ny

Goi H 1a hinh chiéu vudng géc cia N trén mit phing (P) va « la géc gita MN va NH.

Taco: d(I,(P))= =2>R.

Vi MN cung phuong véi 4 nén goc a c6 s6 do khong doi.
1
cosa

HN

AMNH vuong tai H ¢6 oo = HNM nén HN = MN.cosa = MN =
Do d6 MN 16n nhit < HN 16n nhit < HN =d(I,(P))+R =3.

=L nén MN = !

2 cosa

Bai tap 5: Trong khong gian v6i hé toa d0 Oxyz, goi (P):ax+by+cz—3=0 (véi a,b,c 1a cic sb

HN =32

Co cosa = |cos(ﬁ,;z;)

nguyén khong dong thoi bang 0) la mét phang di qua hai diém M (0;-1;2),N(-11;3) va khong di qua
diém H(0;0;2). Biét rang khoang cach tir H dén mit phang (P) dat gia tri 16n nhét. Gia tri ciia tong
T=a-2b+3c+12 bing

A. -16. B. 8. C. 12. D. 16.

Huéng dén gidi

Chon D.

Goi K 1a hinh chiéu cia H 1én (P), E 1a hinh chiéu ciia H 1én MN.

Taco d(H;(P))=HK va d(H;MN)=HE, HK < HE (khong doi).

Vay d(H;(P)) 1énnhitkhi K = E, v6i E 13 hinh chiéu cia H 1én MN .




Suyra £ _—1;_—1;1 .
3 3°3

Vay mit phiang (P) can tim la mit phing nhén HE = {—%;—%;%) lam vecto phép tuyén va di qua M

c6 phuong trinh 1a —x—y+z—-3=0.

a=-1
Suyra<sb=-1.
c=1

Vay T =16.




BAI 3. PHUONG TRINH DPUONG THANG

A.Li THUYET TRONG TAM

1. Phwong trinh dwong thing

Vecto chi phwong ciia dwong thing
Cho dudng thiang A. Vecto u#0 goi la vecto chi phuong cua
duong thing A néu gia ciia né song song hodc tring véi A.

Cho dudng thang A di qua M (x,;),;z,) va c6 vecto chi

phuong 1a u =(a;b;c).

Phwong trinh tham s ciia dwong thang

Phuong trinh tham s6 cta duong thing A c6 dang

X=Xx,+at

y=y,+bt,teR (1)

z=1z,+ct

Phwong trinh chinh tic

Néu a,b,c#0 thi phuong trinh chinh tic cua dudng thing A co

dang

2. Khodng cach

Chii y:

+ Néu u 1a vecto chi phuong cua A
thi ku(k#0) cling la vecto chi
phuong cua A.

+ Néu dwong thang A di qua hai diém
A, Bthi AB la mét vecto chi phuong.
Cho dwong thang A c6 phirong trinh
(1) thi

+ ou= (a;b;c) la mot vecto chi
phwong cua A.

+ Vi diem  MeA  thi
M (x, +at; y, +bt;zy +ct) trong do t
la mét gid tri cu thé twong img véi

tirng diém M.

Khoang cach tir diém dén dwong thiang

Cho dudng thing A di qua M, , ¢6 vecto chi phwong u va diém M ¢ A . Khi do dé tinh khodng

cach tir M dén A ta c6 cac céch sau:
Cich 1: St dung cong thirc: d[M,d]|=

Cach 2:

+ Lap phuong trinh mit phang (P) diqua M vudng goc véi A.

+ Tim giao diém H cta (P) véiA.

[Ft,.4]

g

+ Khi d6 d6 dai MH 1a khoang cach can tim.




Cdch 3:
+Goi Ned,suyratoadd N theo tham s6 7.

+ Tinh MN” theo ¢.
+ Tim gi4 tri nho nhét cta tam thirc bac hai.
Khoang cach giira hai dwong thing chéo nhau

Cho hai duong thang chéo nhau A di qua M » €0 vecto chi phuong u va A di qua M| cé vecto

chi phuong i’ . Khi do khoang céch giita hai duong thang A va A" dugc tinh theo céc cach sau:

‘[&,J].MOM(;
B

Cich 2: Tim doan vuong goc chung MN . Khi 6 d6 dai MN 1a khoang cach can tim.

Cich 1: Su dung cong thirc: d (A,A") =

Cich 3: Lap phuong trinh mat phang (P) chtra qua A va song song v4i A’. Khi d6 khoang cach
can tim 1 khoang cach tir mot diém bat ki trén A’ dén (P) .
3. Vi tri twong ddi
Vi tri twong dbi giira hai dwong thing
Trong khong gian Oxyz, hai duong thing

d, :x—xo — YN _ZT
a b c

% 4 qua M, (xy:¥452,) €O

vecto chi phuwong u, = (a;b;c), va

! ’ ’
X—=x, y-y. z—z, .. .
. 0 __ 0 _ 0 . .
d,: T di qua Mz(xo,yo,zo) co

vecto chi phuong u, = (a"b%5¢").
Pé xét vi tri tuong ddi cua d, va d,, ta st dung

phuong phéap sau:
Phwong phap hinh hoc

- a _a, a Ta ¢6 thé ding phwong phdp dai s6 dé xét vi
+d trine d ! u, b b b , 1. \ p . , .
; trung d, < =10 b 3 tri twong doi: Dwa vao so nghiém cua hé
€
T M, ed, phicong trinh cac dwong thang.
[Jl “‘2} -0 Chui y truong hop vé nghiém
+d/ld, <. _ hoac £ = = .
[ul,Mle] %0 + Neu u;u, cung phwong thi d,lld, .
+ Néu LTI,Z khong cung phwong thi d,;d,
i 4 _4 _ 4
u, || u, <ib b, b chéo nhau.
Ml 2 d2




ol

(i, =0

+d citd, &{-
[ ty.0; | MM =0

+d, chéo d, < |up,u, | MM, #0

Vi tri twong doi giira dwong thing va mit phing
Trong khong gian Oxyz, cho mit phéng Phwong phdp dai sé
(a): Ax+By+Cz+D=0 ¢6 vecto phép tuyén  Xéthé phuong trinh

xX=x,+at X=X, tat (1)
n, =(A4;B;C) va duong thing d:{y=y,+bt di qua Y=y, +bt (2)
z=z,+ct z=2z,+ct 3

M (%5732, ) €6 vecto chi phuong u, =(a;b;c) . Ax+By+Cz+D=0 (4)

Dé xét vi tri tuong dbi cua d va (a) ta sir dung phuong Thay (1), (2), (3) vao (4), ta dugc
A(x,+at)+B(y, +bt)+C(z,+ct)+D=0(*)

phap sau:
Phwong phap hinh hoc
i Z J_E ‘ +) Néu phuong trinh (*) v6 nghiém ¢ thi
e Néu thi dc(a).
M (x45¥032,) €(@) dll (e).
ol +) Néu phuong trinh (*) ¢6 nghiém ¢ duy
A d a \
e Néu thi d// (). Lo,
M (x45¥032,) 2 (@) nhat thi d cét («).

+) Néu phuong trinh (*) ¢6 vo s6 nghiém ¢

thi d < (a).

e Néu LTd va a cung phuong @Ezk.@ Vo1 k#0
thi d L (a).

e — — Chii y: Dé tim diém chung ciia duong thing
eNéu u,n, #0; u, va n, khong cung phuong thi d

cat (a).

d va mit phing (a) ta gidi phuong trinh (*),
sau d6 thay gia tri ¢ vao phuong trinh tham s
cua d détim (x;y;z)
Vi tri twong doi gitra dwong thing va mit ciu
Trong khong gian Oxyz, cho duong thing va mit cau
X=Xx,+at

¢6 phuong trinh lan lugt 1a: d:{y=y,+bt, teR va

z=1z,+ct
(S):(x—a)2+(y—b)2+(z—c)2=R2.
Dé xét vi tri tuong dbi cia d va (@) ta sit dung

phuong phép sau:




Phwong phap hinh hoc Phwong phap dai s6

Bude 1: Tim khoang céch tir tim / cia (S) dén d . thay x, y, z tir phwong trinh tham s6 cia d vao
Buée 2: phuong trinh (S), khi do ta dwoc phuwong trinh
+ Néu d(l,d) > R thi d khéng cit (S). bdc hai theo t. Bién luan s giao diém cua
+ Néu d(],d) _ R thi d tiép xtic (S) (d) va (S) theo s6 nghiém cia phwong trinh

. , bdc hai theo t.

+Néu d(1,d)<R thi d cit (S). aenarineot- ,

Chu y: Dé tim diem chung cua dwong thang va

mdt cau ta gidi phwong trinh bdc hai theo t,

sau do thay gia tri ciua t vao phuwong trinh

tham s6 ciia d dé tim (x; Vs z).

4. Goc Chit y: Géc gitra hai dwong thang la géc nhon.
Géc giira hai dwong thang

Trong khong gian Oxyz, cho hai duong thing d,d,

1an luot co cac vecto phap tuyén la LTI,LZ .

Goc gilra d, va d, bang hodc bu voi goc gilta v, va

u,.
SR TN
Ta co: cos(dl,d2):‘cos(ul,u2) = Ll L
e
Géc giira duwong thing va mit phing Chii y: Goc giita duwong thdang va mdt phang la

Trong khong gian Oxyz, cho duong thiang d c6 vecto géc nhon.

chi phuong u, va mit phing (@) c6 vecto phap tuyén

n,.
Géc gilta dudng thang d va mit phang () bing
goc gitta duong thang d véi hinh chiéu d’ cua né trén

().

Ta co: sin(d,(a)) = ‘cos(ud,na)




SO PO HE THONG

T — A
2
Tham sb: Chinh tic:
Phuwong x=x,+at Néu a,b,c#0 thi
> >
trinh duwong y=y,+bt, teR X=X% _ V=Y _27%
z=z,+ct a b ¢
PUONG THANG
Khoang c4ch tir diém Hai duong thang d,,d,
M dén duong thang - — -
/1 /1

A dlzdzc{ul " ;dl//dzc{u‘ "

(] M <d, M,ed,
d [M, A] =—7=  |Khodng > )

‘” cach d, cat d,

Khoang cach 2 duong - [“T,LTJ #0; [”ZJE]W =0
thang chéo nhau A, A’ o

‘[&,J]M—M Vi tri d, chéo d, & [ul,uz].Mle #0
d(A- A’) == =i ] ) tll,(),n

. g dbi | Puong thang d va mit phang (a)
Giita hai duong thin — —
Jva d’g g dc(a)eu, LnM(x;y2)€(a)
cos(d,,d,)= ‘COS(IZ,ZTZ dil (a) & u, LnM(x,;002) ()
d cit (a) <uyn, #0, u,,n,
Goc

Goc gitta duong thang
d va mit phang (@)

—_— —

sin(d,(a))= ‘cos(ud, n|

bi qua M, (x,;¥,:2,) va ¢

vecto chi phwong 13 u(a;b;c)

khong cung phuong

Dudng thing d va mit cau S(7,R)
d khong cit (S) < d(1,d)>R

[\

1T A LR S A n




B. CAC DANG BAI TAP

Dang 1: Viét phwong trinh dwong thiang

1. Phwong phap
e Duong thang d di qua diém M, (x,;¥,;2,)va ¢ vecto chi phuong a=(a;a,;a,) c6 phuong
X=Xx,+at
trinh tham s 1a { y =y, +a,t (teR).
z=1z,+tast
e Duong thang d di qua hai diém 4, B: Mot vecto chi phuwong ciia d 1a AB.
e Puong thang d di qua diém M, (X3 ¥932,) Vva song song v6i duong thang A cho trudc: Vi d//A
nén vecto chi phuong cua A cling la vecto chi phuong cua d .
e Duong théng d di qua diém M, (xo;yo;zo) va vudng goc voi mat phéng (P) cho trudc: Vi
d L (P) nén vecto phap tuyén cua (P) ciing 1a vecto chi phuong cia d .
Dudng thing d 1a giao tuyén clia hai mat phang (P), (Q).
Cich 1: Tim mot diém va mot vecto chi phuong
— Tim toa d6 mdt diém 4 e d bang cach giai hé phuong trinh mat phang cua (P), (Q) véi viée
chon gia tri cho mét an.
— Tim mdt vecto chi phuong cta d : a= [Z,@] .
Cdch 2: Tim hai diém 4, B thudc d r6i viét phuong trinh dudng thing di qua hai diém do.
¢ Duong théng d di qua diém M 0 (xo; yO;zo) va vudng goc voi hai duong théng d,,d,: Vi
d 1d,,d 1d, nén mot vecto chi phuong cua d la: u= [JQ,Z] .
2. Baitap
Bai tap 1. Trong khong gian Oxyz, cho tam giac 4BC co A(2;1;-1), B(-2;3;1) va C(0;-1;3).
Goi d 1a duong thing di qua tdm duodng tron ngoai tiép tam gidc ABC va vudng goc voi mit

phang (ABC). Phuong trinh dudng thang d la

A.x+1:y—l:Z—2. B.x+1:Z:£‘
1 1 1 11 1
c.X_y-2_z p*-l_»y_z
2 1 1 11 1
Huéng dén gidi
Chon B.

Taco AB=(-4;2;2)= AB=+16+4+4=26.




AC=(-2-24)= AC=/4+4+16 =26
BC=(2;-4;2)= BC=+/4+16+4 =26
Véy tam gidc ABC déu nén tm dudng tron ngoai tiép 1a trong tim G (0;1;1).
Tacd [ 4B, 4C |=(12312;12) =12(1;1;1).
Puong thing d di qua G(O;l;l) va c6 vecto chi phuong cung phuong véi [ZE,ZE’] , do do
chon u= (1;1;1) .

x=t
Phuong trinh duong thang d 1a { y =1+¢.
z=1+t¢

Véi t=—1, tacéd diém A(-1;0,0)ed.

Vay duong thang d di qua A(—1;0;0) va c6 vecto chi phuong u= (L1L1).
Bai tdp 2. Trong khong gian Oxyz, cho hai M(1;2;3), N(3;4;5) va mit phing
(P):x+2y+3z-14=0. Goi A la dudng thang thay d6i nam trong mit phang (P), cac diém H,K
1an Iuot 1a hinh chiéu vudng goéc ctia M, N trén A. Biét rang khi MH = NK thi trung diém cia HK

luén thudc mot duong thang d cb dinh, phuong trinh cia duong thing d 1a

x=t x=t x=t x=1
A.<y=13-2¢. B. s y=13+2¢. C.iy=13-2¢. D. {y=13-2¢.
z=—4+t¢ z=—4+t¢ z=—4-t z=—4+t
Huwéng din gidi
Chon A.

Goi I 1a trung diém cia HK .

Do MH = NK nén AHMI = AKNI = IM =IN . Khi d6 I thudc mit phing (Q) 12 mit phing
trung truc cuia doan MN .

Ta ¢6 (Q) di qua trung diém ciia MN 1a diém J(2;3;4) vanhén n :%ATN =(L1;1) lam vecto
phap tuyén nén c6 phuong trinh 1a (Q):x+y+z-9=0.

‘ x+y+z-9=0
Mi e Ac(P).Suyra IEdZ(P)m(Q):{x+2y+3z—l4=O

Tim duoc (0;13;-4) e d va vecto chi phuong cua d 1a (1;-2;1).
x=t

Vay d:qy=13-2¢.
z=—4+t




Bai tap 3. Trong khong gian Oxyz. Cho diém E(1;1;1), mit cdu (S):x” +y* +z° =4 va mit phang
(P):x=3y+5z-3=0. Goi A la duong thing di qua E, ndm trong (P) va cét (S) tai hai diém

A, B sao cho AOAB 1a tam giac déu. Phuong trinh tham sé ciia A 1a

x=1+2t x=1+4t x=1+2¢ x=1+t
A.qy=1+t . B.{y=1+3¢. C.iy=1-t . D.<y=1+¢ .
z=1+t¢ z=1+t¢ z=1-t¢ z=1-2¢
Huwéng din gidi
Chon C.

Goi ﬁz(a;b;c) 12 mot vecto chi phuong ctia A v6i a* +b” +¢*> > 0.

Taco n, =(1;-3;5).
ViAc(P)nénuln,=un,=0a-3b+5c=0<a=3b-5c. (1)
Mt ciu (S) cotam O(0;0;0) va bankinh R=2.

Goi H 1a hinh chiéu vudng goc cta O trén AB

Ta c6 AOAB 1a tam giac déu canh R nén OH = RT\/E =+/3.

Suy ra khoang cach tir O dén dudng thing A bang OH = V3.

o],

Khi d6 =
“

<::>(a—b)2+(b—c)2+(c—a)2 =3(a2+b2+cz)
<:>(a+b+c)2=0<:>a+b+c=0 2)
Thay (1) vao (2) ta duogc:

3b—5¢c+b+c=0=b=c=>a=—-2c.
Thay c=-1thi b=-1vaa=2.

Ta duoc mot vecto chi phuong cia Ala u = (2;-1;-1)

x=1+2¢
Vay phuong trinh cua duong thing Ala { y=1-¢ .
z=1-t




Dang 2: Viét phuong trinh dwong thang bang phwong phap tham s6 hoa

1. Phwong phap

e Viét phuong trinh dudng thing d di qua diém M 0 (xo;yo;zO ) , vudng goc va cat duong thing A.

Céch 1: Goi H 1a hinh chiéu vudng goc cia M , trén duong thang A. Khi d6 H € A, W 1 u_; .
Khi d6 duong thang d 13 duong thiang di qua M, 0o H .

Cach 2: Goi (P) 1a mét phang di qua M, va vudng goc v6i d . (Q) la mat phang di qua M, va
chira d . Khi d6 d =(P)n(Q)
e Viét phuong trinh dudng thang d di qua diém M (x,;y,:z,) va ct hai duong thing d,.d, .

Cach 1: Goi M, ed,nd, M, ed,~d .Suyra M,,M,,M, thang hang. Tir d6 tim dugc M, M,
va suy ra phuong trinh duong thang d .

Cach 2: Goi (P) 1a mat phang di qua M, vachta d; (Q) 12 miat phang di qua M, vachtra d,.
Khi d6 d =(P)n(Q). Do d6 mét vecto chi phuong cua d co thé chon 14 u = [Z,@} )
e Puong thang d nam trong mit phing (P) va cit ca hai dudng thing d,,d,: Tim céac giao diém
A=d, m(P), B=d, m(P) .Khi d6 d chinh la duong thing 4B .
e Duong thiang d song song vdi A va cét ca hai duong thang d,.d,: Viét phuong trinh mit phang
(P) song song véi A va chita d,, mit phang (Q) song song véi A va chia d,. Khi d6
d=(P)n(0).
e Puong thang d 1a duong vudng goc chung cua hai duong thang d,,d, chéo nhau:

\ MN 1d .
Cach lam: Goi M €d,, N €d,. Tu diéu kién {MN 1 dl , ta tim dugc M, N . Viét phuong trinh

2
duong thing MN chinh la dudng vudng goc chung cua d,,d,.
2. Bai tap
Bai tap 1. Trong khong gian véi h¢ truc toa o Oxyz, cho mit phing (P):x+y—z—1=0 va dudng

x—4 y+2 z+1

thang d :
g -2 2

. Phuong trinh dudng thang d’ 1a hinh chiéu vudng goc cia d trén

mit phang (P) 1a

A Xoyr2_ztl B _r=2_

2 =5 7 2

507
C iszy—”J“. D.

X
- 7 2 5 7 2




Huéng dén gidii
Chon B.
x=4-2¢
Duong thing d c6 phuong trinh tham s6 14 { y =-2+2¢ (1 eR).
z=-1+¢

Liy diém M =d N(P)= M (4-2t;—2+2t;—1+¢)ed . Thay doi toa do diém M vao phuong
trinh mit phing (P) taduge: 4—2¢-2+2t+1-t=0c¢=2.

Suy ra M (0;2;1).

Do d6 d n(P)=M(0;2;1).

Léy A(4;-2;-1)ed.Goi H 1a hinh chiéu vudng géc ctia 4 1én mit phing (P).

Duodng thang AH di qua A4(4;-2;-1) va nhan % =(1;1;—1) lam vecto chi phuong nén AH co6

x=4+t
phuong trinh 1 < y=—2+1¢, (¢, €R).
z=-1-¢

Suy ra H(4+1;-2+1t;-1-1,).
Thay toa dd H vao phuong trinh mét phang (P) dugc
4+tl—2+tl+l+t1—1=0<:>tl=—E:H(&;—§;—1J.
3 33 3
MH 1a hinh chiéu cia 4 1én mat ph'fmg (P), MH & qua M (0;2;1) va nhan

— (1 14 4 2
MH=(—0;——;——j=—§(—5;7;2) la vecto chi phuong nén co6 phuong trinh Ia

37 3 3
x y=2 z-1
So07 0 2
Bai tip 2. Cho cac duong thing dl:xT_lzyTﬂzil va duong thing d21x12:§=2+3.

Phuong trinh duong thang A di qua 4(1;0;2), cat d, va vudng goc véi d, 1a

Ay 22 L
2 2 1 4 -1 -1
C.x—lzzzz—2. D.x—l:Z:z—2-
2 3 4 2 2 1
Huéng dén gidi
Chon C.

Goi I =d, NA, I(1+t,-1+2t,—1)= Al = (#;2¢—1;—t —2) 1a mét vecto chi phuong cuia A.

Do u, =(1;2;2) la mdt vecto chi phuong ciia dudng thing d, va A L d, .




Suyra Alus, =0 t+2(2t-1)+2(~1-2)=03t-6=0c1=2.

Vay Al =(2;3;—4). Phuong trinh dudng thing A can tim 1a XT_I = % == _42 .
Bai tip 3. Trong khong gian v6i hé toa do Oxyz, cho mit phang (P):3x+y—2z =0 va hai duong
thang d, :x—+1=y;=£ va d, : x—1_y-2_:z+4 Pudng thing vudng goc voi (P) cat ca hai

-1 2 1 -3 -1

duong thing d, va d, c6 phuong trinh la

A X2 _y-l_z g Xtd_y_z-4
3 1 =2 31 2
C. x+2=y—8:z—1. D. x—lzy—2:z—2.
3 1 -2 3 1 -2
Huéng dén gidi
Chon A.
. 6 x=—-1-t¢
d =Y Z 2642t 1R
-1 21 t
Z =

Med < M(-1-1,6+211).
x=1-3¢
Sey=2-t ,teR
z=—4+4¢

x-1_y-2 z+4
3 -1

d,:

Ned < N(1-3t;2-1;-4+41).

MN =(2+1=31;~4 -2 ~t;~4 1 +4¢').

(P):3x+y—2z=0 co vecto phap tuyén n(3;1;-2).

Dudng thing (d) vudng goc véi (P) cit ca hai dudng thing d, tai M vacit d, tai N suyra
2+1t-3t'=3k t=-2

MN=kneod-4-2t—t'=k <=1
—A4—t+4t'=-2k k=-1

t=-2=M(1;2;-2)
Do (d) L(P) nén u, =n, .
x=1+3s
Phuong trinh duong thing d 1a {y=2+s ;seR.
z=-2-12s
x+2 y-1 =z

Chon s:—1:>A(—2;1;0)ed:>d: = =—
3 1 -2




Bai tip 4. Viét phuong trinh duong thang d qua A(1;2;3) cét dudng thing d, :%z%z 212 va

song song v6i mit phing (P):x+y—z—2 =0.

x=1+t¢ x=1+¢ x=1+t¢ x=1+t¢
A.qy=2-t. B. {y=2+¢. C.<y=2-t. D.<y=2+t¢.
z=3+¢ z=3 z=3 z=3+¢
Huéng dén gidi
Chon C.

Do d Nd, =B = B(2m;m;m+2)=> AB=(2m~1;m—2;m~1).
d song song véi mit phing (P) nén
ABn, =0 1(2m-1)+1.(m-2)-(m-1)=0< m=1= 4B =(L;-1,0).
x=1+¢
Vay phuong trinh duong thang { y=2—¢.
z=3
Bai tip 5. Trong khong gian v6i hé toa do Oxyz, cho mit phang (P):2x—y+z-10=0, diém

x+2 y-1 z-
1 -1

A(1;3;2) va duong thang d : ! . Tim phuong trinh dudng thing A cat (P) va d

lan luot tai M va N saocho 4 la trung diém cia MN .

AL x+6:y+lzz—3. B. x—6:y—1:z+3'
7 4 -1 7 4 -1
C. x—6:y—1:z+3. D. x—6:y+1:z—3‘
7 —4 -1 7 —4 -1
Huéng dén gidi

Chon A.
Taco N=And = N(2+2t;1+51-1).

A 14 trung diém cua MN = M (4-26;5-1;3+1).
Ma M e(P) néntoadd M thoa phuong trinh (P), ta dwoc:
2(4-2t)-(5-1)+(3+1)-10=0=t=-2= N(-6;-1;,3),M (8;7;1).

Suy ra MN = (14;8;-2).

Puong thing A di qua hai didm M va N nén c6 mot vecto chi phuong u =%N—M =(7;4;,-1)

x+6 y+1_ z-3
4 -1

nén c6 phuong trinh 1a




Bai tdp 6. Trong khong gian toa d0 Oxyz, cho diém A(-3;3;-3) thugc mit phing
(a):2x—2y+z+15=0 vamat cau (§):(x-2)"+(y—3)" +(z-5)" =100. Dudng thing A qua 4,

ndm trén mit phing («) cat (S) tai M, N.DéEdo dai MN 16n nhét thi phuong trinh dudng thing

Ala

A x+3:y—3:z+3' B. x+3:y—3:z+3'
1 4 6 16 11 -10
x=-3+5¢ 3 3 3

C.<y=3 . D. Xy _yoo_zt .

1 1 3
z=-3+8¢
Huéng dén gidi
Chon A.

Mit cau (S) ¢6 tam 1(2;3;5) va bankinh R=10.
Mit phing (@) ¢6 vecto phap tuyén 7 =(2;-2;1).
Goi H,K lan lugt 1a hinh chiéu vudng géc cta I 1én A va mit phang (a).

= IK | (a) nén phuong trinh dudng thang K di qua / va vudng géc voi mit phang (a) la

x=2+2t
y=3-2t.
z=5+t¢
x=2+2t
s . y=3-2t
Toa d6 diém K 1a nghi€ém hé phuong trinh S5t :K(—2;7;3).

2x-2y+z+15=0
Vi Ac (@) nén IH 2 IK . Do @6 IH nhé nhatkhi H tring véi K .
Dé MN 16n nhét thi [H phai nho nhat.
Khi d6 dudng thing A cin tim di qua 4 va K. Tacé AK = (1;4;6).

x+3 y-3 z+3
4 6

Puong thang A ¢6 phuong trinh 1a:

Bai tip 7. Trong khong gian Oxyz, cho AABC c¢6 A(2;3;3), phuong trinh duong trung tuyén ké tir

x=3 y-3 z-2

B la d . 5 T phuong trinh duong phan giac trong cia goc C la
x—=2 y-4 z- . 2 A . .

A 5 = " = " . Puong thang AB ¢6 mot vecto chi phuong la
Ao u(2;1-1). B. u(1;-1;0). C. u(0;1;-1). D. u(1;21).

Huwong din gidgi




Chon C.

x=2+2t
Ta c6 phuong trinh tham sd cia A la: { y=4-¢ = C(2+24-£2-1).
z=2—t

Goi M la trung diém cua AC nén M =(2 ,77,57}.

(7 tj (5 j
24+1)-3 P
Vi Med nen B3 _\ 2 _ 21 I-r_1-¢

Suy ra C(4;3;1).

Phuong trinh mgt phang (P) di qua A4 va vudng géc véi A la: 2x—y—z+2=0.

Goi H la giao diém cta (P) va A = H(2;4;2).

Goi A4' la diém d6i ximg véi A4 qua duong phan gidc A, suy ra H 1a trung diém

A4 = A'(2;51).

Do A' e BC nén dudng thang BC c6 vecto chi phuong la CA = (-2;2;0)=2(~1;1;0).
x=4-t

Suy ra phuong trinh ciia duong thing BC 13 { y=3+¢.
z=1

Vi B=BM NnBC = B(2;5;1)=4".

Puong thing AB c6 mdt vecto chi phuong 1a 4B = (0;2;-2)=2(0;1;-1).

Bai tap 8. Trong khong gian hé toa do Oxyz, cho duong thing A: Tl :y_—12 :§ va hai diém

A(4;-2;4), B(0;0;,-2). Goi d la duong thng song song va cach A mot khoang bing /5, gin

dudng thing AB nhét. Duong thang d cit mit phang (Oxy) tai diém nao dudi day?

A. (2;1,0). B. (—%'—% Oj C. (3;2;0). D. (0;0;0).
Huéng dén gidi
Chon D.
x=4t

Phuong trinh tham s6 ctia duong thang 4B ¢ dang: { y =2t
z=-2+06t

Pé duong thing d théa min bai toan thi ta co hinh v& tuong tmg




D
AR

Doan vudng goc chung ciia hai duong thing 4B va Ala MN véi M (0;-51),N(3;L1).
Dé d gan duong thing AB nhit thi 4 phai di qua diém D nam trén doan MN ma

DN =d(d,A)=~/5,MN =35 . Do d6 MN =3DN = D =(2;-11).
Vecto chi phuong ciia duong thang d 1a % =(2;-11).

x=2+2¢
Suy ra phuong trinh tham sé cia d 1a { y=—1—¢
z=1+t

, , . =0
Pudng thang d cat (Oxy) tai diém co z :1+t:0:z:—1:>{x o
y =
Vay giao diém ctia d va (Oxy) 1a (0;0;0).
Bai tap 9. Trong khong gian voi hé toa do Oxyz, cho bon dudng thang

x=2 y+2 z-1
! -1 -1’

A :x—lzy—lzi

A
1 20 -1

A.x_y+2_z+1. xX=5 y-a z-b

S 10T 3 1

Biét khong ton tai duong thang nao trong khong gian ma cit duge dong thoi ca bon duong thang

trén. Gia tri cia biéu thie T = a—2b bang

A. 2. B.-3. C.2.
Huéng dén gidi

pill iy
=/

Goi (P) la mit phang chira A, va A, = (P):x+2y—z+3=0.

Chon A.

Taco: A//IA,.

Goi I =A, " (P)=1(0;-11).

Goi J:A4m(P):J(—2a+b+22.3b—24.—2a+7b—8j_

6 6 6




2

6 6

— (—2a+b+22 3b-18 -2a+7h-14
=>1l= ; ; 5 .

Dé thoa min yéu ciu bai toan thi IJ phai cung phuong véi u—Al =(L-1-1).

 “2a+b+22 3b-18 _ —2a+7b-14
-6 -6

Sa-2b=2.

Suy r

Dang 3. Géc giira dwong thing va mit phing

1. Phwong phap

Cho duong thing Vidu: Trong khong gian véi h¢ truc toa d§ Oxyz cho
(A): TN VTN _ET5 mit phang duong thing A:x—_3=y—_2:E va mit phing
a b c 2 1 1
(a): Ax+By+Cz+D=0. (a):3x+4y+5z+8=0.

Goi ¢ 1a goc giita hai mat phang (A) Tinh goc tao boi Ava (a).

va (a) ta co cong thuc: Huong din gidi
| da+Bb+Cc| A c6 vecto chi phuong u =(2;1;1).
sing =

VA + B +C* o +b” +¢ (er) c6 vecto phap tuyén n =(3;4;5).

Chit y: A,B,C va a,b,c khong dong thoi - o
. Ta co: sin(A,(a)) = ‘cos(n,u)‘

bang 0.

3.2+4.1+5.]] V3

V3421522242 20

Suy ra (A,(a)) = 60°.
2. Bai tap
x+3 y-1 z+2
1

Bai tip 1: Trong khong gian Oxyz, cho hai duong thing A: va mit phang

(P):x+y-2z+6=0. Biét A cat mit phang (P) tai A, M thugc A sao cho AM =2/3. Tinh
khoang cach tir M t6i mét phang (P).

A N2, B.2. C. 3. D.3.
Huwong din gidi
Chon B.

x+3 y-1 z+2

0 c6 vecto chi phuong U= (1;1;4).

Puong thang A:

Mit phing (P):x+y—2z+6=0 c6 vecto chi phuong 7 =(1;1;-2).




sin (A, (P)) = ‘cos(ﬁ, ;1)‘ =

Suyra d(M,A)=MH = MA.sing = 2\/5.\E =2.

Dang 4: Géc giira hai dwong thing

1. Phwong phap

Cho hai dudng thang: Vi du: Trong khong gian Oxyz, cho hai duong
(Al):x—xO:y—yO:z—z0 thing
a b ¢ A'x—l_y+2_z—3.
1 - - )
- - - -2 1 2
(A2):x 'xo:y ,yOZZ ,Zo
a b ¢ A XT3yl _z+2
Goi ¢ 1a goc gitra hai dudng thing (A) va T 1 -4

Tinh goc giita hai duong thang trén.

(4,).

Huwéng dén gidi
. B |aa’+bb'+cc'| i i -
Taco: cosp = NN Vecto chi phuong cua A, 18 u, =(-2;1;2).
Vecto chi phuong ciia A, 1a u, =(1;1;-4).
oy |m,
cos(Al,Az)z‘cos(ul,uz) = ‘_,l i‘
i
o |2) a2 (-4
J2) +12 422+ 12+ (—4)’
_ 9 V2
3372 2
Viy goc gitra hai dudng thiang di cho 1a 45°.
2. Baitap

Bai tip 1. Trong khong gian Oxyz, cho dudng thing (d ) la giao tuyén ctia hai mit phing
(P):x—zsina+cosa=0; (Q):y—z.cosa—sina=0; ae (O;%} . Goc gira (d) va truc Oz la:

A. 30°. B. 45°. C. 60°. D. 90°.
Huéng dén gidi

Chon B.

Mit phang (P) c6 vecto phap tuyén 1a %; =(1,0;—sine).

Mit phing (Q) c6 vecto phap tuyén 1a @ =(0;1;—cos).




(d) 1a giao tuyén ctia (P) va (Q) nén vecto chi phuong cta (d) 1a:
% = [%,@J =(sina;cosa;l).

Vecto chi phuong cua (Oz) 1a % =(0;0;1).

|O.sina+0.cosa+1.1| 1

Suy ra cos(d,0z)= =—=(d,0z)=45°.
( ) Jsin? @ +cos? a +1> NO+0+12 2 ( )

Vay goc giita (d) va truc (Oz) la 45°.
Bai tap 2. Trong khong gian Oxyz, d 1a dudng thing di qua diém A(l;—l;2), song song voi mat

phang (P):2x—y—z+3=0, dong thoi tao véi duong thang A :XTH = y_—21 =§ mot goc 1on nhat.

Phuong trinh duong thang d 1a

N x—1:y+1:z—2. B. x—1=y+1:z—2.
—4 5 3 4 -5 3
C. x+1=y+1:z—2. D. x—1:y+1:z—2‘
4 5 -3 4 5 3
Huéng dén gidi
Chon D.

Mit phing (P):2x-y—z+3=0 c6 mdt vecto phap tuyén la ’;w) =(2;-1;-1).

Puong thang A: XTH = y_—21 zg c6 mot vecto chi phuong 1a u, =(1;-2;2).

Gia str duong thing d co vecto chi phuong 1a 1;,, .

Do 0°<(d,A)<90° ma theo gia thiét d tao A gbc 16n nhat nén (d,A)=90°=>us Lua.

Laico d//(P) nén uq L ;;(p) . Do d6 chon Ug = |:l;A,;l(P):| = (4;5;3).

Vay phuong trinh duong thing d 1 x; - y5+1 - 2;2.

x+2 y-1 z+2
4
(P):2x—y+2z+1=0. Duong thing A di qua E(-2;1;-2), song song véi (P) c6 mot vecto chi

va mit phang

Bai tip 3. Trong khong gian Oxyz, cho duong thing d:

phuong u = (m;n;1), ddng thdi tao voi d goc bé nhat. Tinh T=m” —n’.
A.T=-5. B.T=4. C.T=3. D. T=-4.
Huwong din gidi
Chon D.
Mit phing (P) c6 vecto phap tuyén 1a n=(2;-1;2); dudng thing d c6 vecto chi phuong la
v=(4-4;3).

AM(P)=ulne2m-n+2=0cn=2m+2.




\ \ |4m — 4n+3|
\ I \ i+ + 14 +(—4) +3°

|4m +5| 1| (4m+5) 1\/16m2+40m+25
\/41 5m> +8m+5) \/_ 5m* +8m+5 \/ﬂ Sm*+8m+5

Mat khac ta co: cos(A d)

Vi 0°< (A,d) <90° nén (A,d) bé nhét khi va chi khi cos(A/;l) 16n nhét.

2
Xét ham sb f() wjfr(t)zﬂ

5t° +81+5 (5t2+8t+5)2'

Béng bién thién:




5
X | —oo _Z 0 +00
/! —~ 0 + 0 —~
16 5
5

A

16
0 5

Dua vao bang bién thién ta cé: max f'(¢) = f(0)=S5.
Suy ra (Z;l) bé nhatkhi m=0=>n=2.

Dodd T=m*—n*=—4.

Dang 5: Khoang cach tir mét diém dén dwong thing

1. Phwong phap

Vi du: Trong khoéng gian vdi hé toa d§ Oxyz, cho

x-1_ y-2 z+2

duodng thing d : .
g thang 5 )

Tinh khoang cach tir M (-2;1;—1) t6i d .
Cho duong thing (A) di qua diém Hudng dén gidi
T .
M, (xy;9:2,) va c6 vecto chi phuong a ©°

~ 7 A(2;-2)ed = AM (=3;-1;1), u(1;2;-2).
u =(a;b;c). Khi d6 khoang cach tir diém M,

Khoang cach tir diém M dén duong thang d la:

[:4] sz

[¥:4] W) =Em =

g

dén (A) dugc tinh bi cong thire:

d(Ml’A):

2. Bai tap
Bai tap 1. Viét phuong trinh duong thing d di qua diém A(1;1;-1) cho truée, ndm trong mit
phang (P):2x—y—z—-2=0 va cdch diém M (0;2;1) mot khodng 16n nhat.

AL x—lzy—1:Z+l‘ B. x—lzy—1:Z+1.
1 -3 -1 1 3 1

x—1 y-1 z+1

C.

. D. x—l:y—1:z+1.
1 3 -1 -1 3 -1




Huéng dén gidi
Chon C.

M

)

Ta goi B 1a hinh chiéu ctia M 1én duong thang d khi d6 MB < MA .

Suy ra MB_, = MA nén duong thang d di qua diém A va vudng goc voi MA .
Dong thoi dudng thang d nam trong mit phing (P) nén ta c6
u, =| Ma,n, | =(1:3-1).
Bai tap 2. Trong khong gian véi hé truc toa do Oxyz, cho hai diém A4(2;1;-2), B(5;1;1) va mt cau
(S):x*+y*+2° +6y+122+9=0. Xét duong thang d di qua 4 va tiép xtc véi (S) sao cho

khoang cach tir B dén d nho nhat. Phuong trinh ctia dudng thing d 1a

x=2 x=2 x=2+2t x=2+t
A.qy=1+1 . B.sy=1-4¢. C.iy=1-2¢. D.{y=1+4t.
z=-2+2t z=-2+t z==-2+t z=-2—t
Huwéng din gidi
Chon C.

Mit cau (S):x* + ) +2° +6y+122+9=0 ¢ tam 7(0;-3;—6) ban kinh R=6.

IA=6=R= Ae(S), IB=310 >R nén B nim ngoai (S).

Duodng thing d di qua 4 va tiép xtc véi (S) nén d nim trong mét phing (P) tiép xtc véi mat
cau (S) tai 4.

Mit phing (P) di qua 4 vanhan I4 1am vecto phap tuyén c6 phuong trinh 1a x+2y+2z=0.

Goi H 14 hinh chiéu cia B 1én (P) thi toa d¢ cua H (4;-1;-1).

Taco: d(B;d)> d(B;(P)) =BH .

Vay khoang céch tir B dén d nho nhatkhi d diqua H.Taco u, = AH =(2;-2;1).




x=2+2t
Suy ra phuong trinh dudng thang d 1a: {y=1-2¢ .
z=-2+t

Dang 6: Khoang cach giita hai dwdng thing chéo nhau

1. Phwong phap
Trong khong gian Oxyz, cho hai duong Vi du: Trong khong gian Oxyz, tinh khoang cach

thing chéo nhau: A, c6 vecto chi phuong giita hai duong thang

o b S & e s ) . =1+4¢
u=(a;b;c) va di qua M (x);9552,); A, €O ol ye2 oz x

B 4 =222 vid, oy =-1-21, 1R
vecto chi phuong u’'=(a’;b';c’) va di qua - 2 =240t
M (xy; 302 Huwéng dén gidgi

Duong thang d, di qua diém M (1;-2;0) va cd

mot vecto chi phwong u, = (2;-11).

A, Duong thing d, di qua diém N(L,-1;2) va c6

Khi d6 khoang céch giita A, va A, dugc tinh MOt vecto chi phuong u, = (4-2:2).

‘|:1;,1/7:|.M0M(; Do LT, cung phuong véi uj va M ed, nén
[wr]

Néu A//A, (LT1 va 1,72 cung phuong va Suy ra d(dl;d2)=d(N;dl)=‘

boi cong thitc d(A,,A, ) = dlld
1 2"

M, eA,)thi d(A,A)=d(My,A,)
Ta co M—N=(0;1;2), [;,M—N] =(-3;-4;2).

[0V [y w(ay+2 i

Suy ra =

u J2 +(-1) 1 6
J174
Vay d(dl;dz)z%‘
2. Baitap
e on . < o2 . 2 x=1 y oz
Bai tap 1. Cho phuong trinh mit phang (P):2x+y+z—-3=0, duong thang d = m=g =T v

diém A4(0;2;1). Viét phuong trinh duong thing d di qua 4, ndm trong (P) sao cho khodng cach

d va d' dat gia tri 16n nhat.

x_y-2 z-1 x_y+2 z-1
1 ' 1 9




c.r-X -2 p.>-Y"=_Z°
1 1

Huwong din gidi

Goi d, 1a duong thang di qua 4 va song song véi d' .

x=t
Phuong trinh cua d, 1a: { y=2+2¢.
z=1+t¢

Trén dudng thing d, lay diém B(1;0;0).

Goi (Q) 1a mit phang chira d va d, .

Taco d(d,d")=d(d',(Q))=d(B,(Q)).

Do d, ¢b dinh chonén d(d,d')=d(B,(Q))<d(B.d,).

Diing thirc xdy ra khi va chi khi 7, = BH trong d6 H 1a hinh chiéu cia B 1én d, .

Ta tim duoc H —221 nén BH = —521 :n( =(-5;2;1).
3’3’3 373’3

Taco u, =[%,%J =(1,7;-9).

Vay phuong trinh ciia dudng thang d 1a % ===

Lueu ¥ : Vi dwong thang d di qua A nén ta cé thé logi dap an bang cach thay toa dé diém A vao cac
dap an trong bai

Dang 7: Vi tri twong ddi gitra dwong thing va mit phing

1. Phwong phap

Trong khong gian Oxyz, xét dudng thing (A) c6 vecto chi phuong 1a a =(a;;a,5a,) va di qua
M, (x,3¥0:2,) va mit phing (): Ax+By+Cz+D =0 cb vecto phap tuyén n=(4;B;C).

(A) cat (o) < an#0< Aa, +Ba, +Ca, #0.




an=0 {Aal +Ba, +Ca, =0
=
M, & (P)

(A)c(a) o an=0 - Aa, +Ba, +Ca, =0
c(a
M,e(P) |Ax,+By,+Cz,+D=0

(A) /1 () @{

Ax,+ By, +Cz,+D#0

(A)L(a)< a va n cangphuong <> a,:a,:a,=A4:B:C.
Ta cé thé bién ludn vi tri twong doi dwa vao sé nghiém ciia phirong trinh dwong thing (A) va
mit phang ().
2. Baitap

x+1 y z-=5

I
I
<
o~
=
¢
—

Bai tap 1. Trong khong gian vdi hé toa d6 Oxyz, cho dudng thing d :

phang (P):3x-3y+2z-6=0.

Ménh dé nao dudi day dung?

A. d cit va khong vudng goc véi (P). B. d song song v6i (P).

C. d vudng goc vai (P). D. d nim trong (P).
Huéng dén gidi

Chon A.

Puong thing d nhan u = (1;-3;~1) lam mét vecto chi phuong.

Mit phang (P) nhan n= (3;-3;2) 1am mot vecto phap tuyén.

Do u.n#0 va hai vecto nay khong cung phuong nén duodng thiang d cit va khong vudng goc
voi (P).
Bai tip 2. Trong khong gian v&i hé truc toa do Oxyz, cho dudng thang c6 phuong trinh

d:x—2:y—l:z—
1 1 -1

va mit phing (P):x+my+(m2 —1)2—7 =0 v6i m 1a tham sb thyc. Tim

m sao cho duong thing d song song véi mit phang (P).

m=-1
A.m=1. B. m=—1. C.[ . D.m=2.
m=2
Huéng dén gidi
Chon B.

Puong thang d c6 vecto chi phuong la U= (1;1;—1) va mat phang (P) c¢6 vecto phap tuyén 1a
n =(1;m;m2 —1).
m=-1

d//(P)@ZtJ.ﬁ@Z{.ﬁzO@ler—mz+1=0<:>m2—m—2=0<:>[ )
m=




Thir lai ta thiy véi m=—-2 thi d ¢ (P) (loai). Vay m=-1.

Bai tip 3. Trong khong gian Oxyz, cho duong thing d: x2—1 =2 ;2 = ZI3 va mit phing

(a):x—y+2z-5=0, ménh d& nao dudi day 1a dung?

A.dll(a). B. dc(a).
C. d cit (o) vakhong vudng goc véi (a). D.d 1(a).
Huéng dén gidi
Chon B.
x=1+2¢
Taco d:qy=2+4¢,teR.
z=3+t¢
x=1+2t (1)
=244t 2
Xét hé phuong trinh: 4 ( )
z=3+t (3)
x—y+2z-5=0 (*)

NN

Thay (1), (2), (3) vao (*) ta dugce 1+2¢—(2+4t)+2(3+1)-5=0.
Phuong trinh nay c6 v sb nghiém.
Do d6, duong thdng ¢ nam trong mit phing («).
Bai tip 4. Trong khong gian Oxyz, cho hai mat phang
(P):x+2y—z—1=0, (Q):2x+y—z+2=0
-2

y-1_ z+1 z—1

va hai duong thing A, : % ==

X
,A2:T

2 -1 2
Dudng thing A song song véi hai mit phang (P),(Q) va cat A, A, twong tng tai H,K . Do dai

doan HK bang

A.@. B. 5. C.6. D.ﬁ.
7 7
Huwong din gidi
Chon A.

Ta cod ﬁz[i,@]z(—l;—l;—i&).
Goi H(2t;1+t;—1+2t); K(m;2—m;1+2m)
= HK =(m—2t;1-m—t;2+2m-2t).

Vi A song song v6i 2 mat phang (P),(Q) nén HK = ku nén




2. 3 811

; t=—_.Suyra HK =——.
7 7 7

Bai tip 5. Trong khong gian v&i hé truc toa do Oxyz, cho mét phiang

Tinh ra dugc m =

(P):2(m2 +m+2)x+(m2 —1)y+(m+2)z+m2 +m+1=0 ludn chira duong thiang A cb dinh khi
m thay d6i. Khoang cach tir gbc toa d6 dén A 132

A=

2 2
N B.f. C. -

W | N

Huéng dén gidi
Chon C.

Ta co: 2(m2+m+2)x+(m2—l)y+(m+2)z+m2+m+l=0, VmeR
<:>m2(2x+y+1)+m(2x+z+1)+4x—y+2z+1=O, VmeR

2x+y+1=0

2x+y+1=0 y=z
& <2x+z+1=0 = =
2x+z+1=0 2x+y+1=0
4x—y+2z+1=0
t 1
X=————
2 2

Vay (P) luén chira duong thang (A) cé dinh: {y =1

z=t

Puong thang A di qua A(—%;O; Oj va co vecto chi phuong Z = (—%;I;IJ .

‘ OA,u,
Vay khoang cach tir gbc toa do dén A la: d (0;A) = g = g

Uy

Dang 8: Vi tri twong ddi giira hai dwong thing ‘

1. Phwong phap

Trong khong gian Oxyz, cho hai dudng thang d, : Y% y_byo “ET5 g qua M, (x,;,:2,)
a c

’ ! ’
. ; - \ X=X - Z—Z . . s
¢6 vecto chi phuong u, =(a;b;¢) va d,: —L = 4 b,yo ==—"0 diqua M, (x};y,;z,) co vecto chi
a c

phuong u, = (a'b%5c').

Dé xét vi tri twong ddi cua d, va d,, ta st dung phuong phap sau:




+) d, tring d2<:>{u‘/ fu, b, b, b
e M, ed,
[t | =0 wih ==
) dfld, <" ﬁh“c{‘ : b b, b
ul,Mle #0 M1¢d2

2. Baitap
Bai tap 1. Trong khong gian toa d6 Oxyz, cho hai duong thing

-1 1 z-2 2
dlzx _y+l_z Véd22x+3=y+9=z+2 (m;tO)
1 2 1 4 8 m
Tép hop cac gia tri m thoa man d,//d, co s6 phan tir 1a:
A. 1. B. 0. C.3. D. 2.

Huwong din gidi
Chon B.
Puong thing d, di qua 4(1;-1;2) va ¢6 vecto chi phuong la u, = (1;2;1).

Duong thing d, di qua B(~3;-9;-2) va co vecto chi phuong 13 u, = (4;8;m2 )

Puong thing d,/ld, khi va chi khi uT cung phuong véi LTz va hai duong thang d, va d, khong

trung nhau.

: —3-1_-9+1_-2-2
1 2

Do d6 hai dudng thang nay ludn c6 diém chung 13 B nén hai dudng thang khong thé song song.

A% nén B nam trén dudng thang d, .

Bai tap 2. Trong khong gian toa do Oxyz, xét vi tri trong ddi cua hai dudng thing

AI:x—1:y+l:£’ AZ:x—3 :y—3:z+2

2 2 3 -1 -2 1
A. A, song song voi A, . B. A, chéo véi A,.
C. A, cit A,. D. A, tring véi A, .

Huwong din gidi
Chon C.

2 2 — . :
Vi — #— nén vecto chi phuong u, = (2; 2;3) cua duong thang A, khong cung phuong voi

vecto chi phuong u, = (-1;=2;1) cua A,.




Suy ra A, chéo véi A, hodc A, cit A,.

Lay M (L,-10)eA,, N(3;3;-2)eA,. Taco MN =(2;4;-2).

Khi d6 [ ,,u, | MN =0.
Suy ra ui,z,m ddng phéng.
Vay A, cit A,.

Dang 9: Vi tri twong ddi giira dwong thing va mit cau

1. Phwong phap
x=x,+at

1)

(
Cho duong thing d:4y=y,+a¢t (2) va
(3)

mat cau (S):(x—a)2+(y—bz)+(z—c)2 =R’

z=z,+a,t

c6 tim I (a;b;c), ban kinh R.

Buwodc 1: Tinh khoang cach tr tdim / cua
mit cau (S) dén dudng thang d 1a

[

g

h=d(I,d)=

Buwéc 2: So sanh d(1,d) v6i ban kinh R
clia mit cau:
e Néu d(1,d)>R thi d khong cit (S).
e Néu d(1,d)=R thi d tiép xtic (5).
e Néu d(I,d)<R thi d cit (S) tai hai
diém phan biét M, N va MN vudng goc
voi duong kinh (ban kinh) mét cau (S).

Phwong phap dai s6

Vi du 1: Trong khong gian véi hé toa dd Oxyz,

cho mit cau (S):x”+)° +(z+2)2 =25 va duong

x=-2+2t
thing d c6 phuong trinh { y =2+3¢
z=-3+2¢

Chimg minh d luén cét (S) tai hai diém phén
biét.

Huwéng din gidi

Mit cau (S) c6 tim 7(0;0;—2) va ban kinh
R=5.

Puong thing d di qua M (—2;2; —3) va co vecto
chi phuong 13 u =(2;3;2).

Ta co hzd([,d)zm

‘;l =3.

Vi h<R nén d cit mit clu (S) tai hai diém

phan biét.

Vi du 2: Trong khoéng gian Oxyz, mit cau




Thé (1), (2), (3) vao phuong trinh (S) va (S):x*+y? +(z+2)2 =17 cit truc Oz tai hai

rat gon dua vé phuong trinh bac hai theo diém 4, B. Tim do dai doan AB.
t(*). Huwéng din giii

o Néu phuong trinh (*) v6 nghiém thi d Goi M la giao diém cua (S) véi truc Oz.

khong cat (S). Tacé M €Oz nén M (0;0;¢).

A \ % ’ A ‘A
e Néu phuong trinh (*) c6 mot nghiém Ma M e(S) nén 02 +02+(t+2)2 17
thi d tiép xuc (S).
t=—2-17

t=-2+17 ‘

Suy ra toa dd cac giao diém la A(o; 0;-2-17 )

B(o;o;—2+\/ﬁ):>AB:2\/ﬁ.

2
e Néu phuong trinh (*) ¢6 hai nghiém thi < (t +2) =17 |t+ 2| =17 =

d cat () tai hai diém phan biét M, N .
Chu y: Dé tim toa d0 M, N ta thay gia tri ¢
vao phuong trinh duong thing d .
2. Baitap
Bai tap 1. Trong khong gian toa do Oxyz, cho diém A(0;0;—2) va dudng thang A c6 phuong trinh

x+2 y-2 z+43
2 3 2

Phuong trinh mat cAu tdm A, cit A tai hai diém B va C sao cho BC =8 1a

la

A. (x+2) +(y-3) +(z+1)" =16. B. x>+  +(z+2) =25.
C. (x+2)2+y2+22=25. D. x2+y2+(z+2)2:16.
Huéng dén gidi
Chon B.
Goi (§) 1a mat cAu tim A4 (0;0;-2) va c6 ban kinh R.
Duong thiang A di qua M (=2;2;-3) c6 vecto chi phuong u =(2;3;2). .
Goi H la trung diém BC nén AH 1 BC. H
[
Tacd AH =d(A,A)="——. c
2 A
MA=(2;-2;1) . _ ~7Y +(=2) +10?
Vi |- ( ):[MA.u]:(—7;—2;10):>AH:\/( J+(2) 107,
u=(232) V224342

Ban kinh mit cdu (S) 1a: R= AB =< AH® + HB* =3* +4* =5.

Vay phuong trinh mt cau () 1a: x* +)° +(z + 2)2 =25.




Bai tip 2. Trong khong gian véi hé toa dd Oxyz, cho mit cau (S): (x—l)2 +(y+1)2 +(z—2)2 =9
va diem M (1;3;-1). Biét rang céc tiép diém cua cdc tiép tuyén ké tr M t6i mit cau da cho ludn
thudc mot dudng tron (C) c6 tam J (a;b;c).

Gié tri 2a+b+c bang

A B2 B. 10 c. ¥ p. 2.
25 25 25 25
Huéng dén gidi
Chon C.

Ta c6 mat cau (S) cotam I(1;—1;2) va bankinh R=3.
Khi d6 IM =5> R = M nam ngoai mit cau.
x=1
Phuong trinh dudng thang MI 1a {x=—1+4¢.
z=2-3t
Tam J (a;b;c) nam trén MI nén J(L;-1+482-31).
Xét AMHI vuong tai H c6
MI=5; IH=3= MH=~MI*-HI* =4.

M(1;3;-1
Mat khac ( ) :>MJ=\/(—4+4t)2 +(3-31) .
J(L;-1+4£2-31)
) 16
MJ.MI = MH® = MJ ===
256
—4+4t) +(3-2t) ===
o (v 4 (3-21) =2
=2
< 25¢° —ﬂh+§é2:0¢> 25.
25 _41
25
Suy ra J(l H éj hoic J(l g 2]
25725 25 25

+) Véi J( 11 23) thi IJ—2<IM (nhan).
25725 5

Hvei J[ 12228 wi =2 s i (loai),
257 25 5

Vay J 122 nén2a+b+c:ﬁ
25°25 25




Bai tap 3. Trong khong gian véi hé toa do Oxyz, cho mit ciu (S) c6 phuong trinh la

x-4 y-4 z-4
2 2

(x—l)2 +(y—2)2+(z—3)2 =% va duong thing d c6 phuong trinh . Goi

A(X3¥032,) s X, >0 1a diém nam trén duong thang d sao cho tir 4 ké dugc ba tiép tuyén dén mat
cau () c6 céc tiép diem B,C,D sao cho ABCD la ti dién déu.
Gia tri ctia biéu thirc P=x, +y, +z, 1a

A. 6. B. 16. C. 12. D. 8.
Huéng dén gidi

Chon C.

I 1a tam mit cau thi 7(1;2;3).

Goi O 1a giao diém cua mit phing (BCD) va doan AT .

1(123)

Vi theo gia thiét AB=AC=AD va IB=IC=ID= /% nén Al

vudng goc véi mit phang (BCD) tai O.Khi d6 O 1a tim dudng tron
ngoai tiép ABCD .

bat AI=x(x>\/§].

Tacd AB=~AI* —IB* = xz—%

2

IB* = 10.14 = 01_5:>OB IB* - 10* = 14 (14J
3x 3 | 3x
= BD? = OB* + OD* —20B.0OD.cos120° = 30B>
= BD =30B= BD =+/30B = 3.[5—$j
3 9x

Do ABCD 1a tir dién déu nén
AB=BD = | x* —ﬂ 196 @ 2——_14—;9—6

X

3t —56x2 419620 | 3 :xzﬂ.
x’=14

Aed nén A(4+364+264+1).

Suy ra Al =14 < \(4+3t—1) +(4+2t—2) +(4+1-3) =14




=0 A(4;4:4)
oli+l=1< = .
t=-2 A(—2,0,2)

Do x, >0 nén diém 4 co toa do A(44;4).

Suyra P=12.
Bai tap 4. Trong khong gian voi hé toa d§ Oxyz, cho ba diém P, O,R 1an luot di dong trén ba truc

! ! = l Biét mit phang

toa d0 Ox,Oy,0z (khong trung véi gbe toa do O) sao cho + +
0a d0 Ox,0y,0z (khéng trung voi g ) or "o0" Tor "8

(POR) luén tiép xtc véi mit cau (§) cb dinh. Dudng thang (d) thay doi nhung luén di qua

MG;?;O] va cit (S) tai hai diém 4, B phan biét. Dién tich 16n nhat cia A40B la

A 15, B. /5. C.17. D. 7.

Huéng dén gidi

Chon D.

Goi H 14 hinh chiéu vudng géc cia diém O trén mit phing (POR).

1 1 1 1

D& tha = + + =
Y OoH? 0P 00" OR’ _ OH’

=é:>OH=2\/§.

Khi d6 (POR) luén tiép xtc v6i mat cau (S) tim O, ban kinh R=2+/2.

Tacd OM = %+%+O=1<R nén diém M nim trong mit cau (S).

Goi I la trung diém ctia 4B, do AOAB cantai O nén S,,,, :%OI.AB .

Dit Ol =x.Vi Ol <OM nén 0<x<1va AB=2/8-x".

Taco S, =%x.2\/8—x2 = xV8—x” =+/8x —x* .
Xéthamsé f(x)=8x"—x*, 0<x<1.
Vi f'(x)=4x(4-x")>0 véimoi x(0;1] nén f(x)< f(1)=7.

Suy ra dién tich cia AO4B 16n nhét bang J7 dat dugc khi M 14 trung diém ctia 4B .




Dang 10: Mot s6 bai toan cwe tri ‘

Bai tap 1: Trong khong gian véi hé truc toa do Oxyz, cho hai diém M (-2;-2;1),4(1;2;-3) va

. 1 -5 - . .
duong thang d :% :yT :il. Tim mot vecto chi phuong u cia duong thing A di qua M ,

vudng goc v6i dudng thiang d dong thoi cach diém 4 mot khoang bé nhét.
A u=(2;2;-1). B. u=(1;7;-1). C. u=(1;0;2). D. u=(3;4;-4).

Huéng dén gidi

Chon C. ‘

Xét (P) 1a mit phang qua M va (P)L(d). :

Mit phang (P) qua M(-2;-2;1) va c6 vecto phap tuyeén

n, =u, =(2;2;-1) nén c6 phuong trinh: 2x+2y—-z+9=0.

Goi H,K lan lugt 12 hinh chiéu cua 4 1én (P) va A.

Khi 46 AK > AH = const nén AK dat gia tri nho nhét khi va chikhi K = H .
Puong thing AH di qua A(1;2;-3) va ¢6 vecto chi phuong u, =(2;2;~1) nén AH c6 phuong

x=1+2¢
trinh tham s6 1 { y =2+2¢.
z=-3—¢

Vi H € AH nén H (1+26;2+26;-3—1).

Lai H e€(P) nén 2(1+2¢)+2(2+2t)—(-3-1)+9=0=1=-2= H(-3;-2;-1).

Vay u, = HM =(1,0;2).
Bai tdp 2: Trong khong gian Oxyz, cho mit cau (S) c6 phuong trinh
X4y 427 —4x+2y-2z-3=0 vadiém A(5;3;-2). Mot dudng thang d thay doi ludn di qua 4
va ludn cit mit cau tai hai diém phan biét M, N .

Tinh gié tri nho nhit cua biéu thitc S = AM +4AN .

A. S =30. B.S_. =20. C.S. . =5/34-9. D. S =34-3.
Huéng dén gidi
Chon C.
N A




Mt cdu (S) 6 thm 7(2;=1:1), bén kinh R =[2” +(=1)’ +1° =(~3) =3.

Taco: Al =y(2-5) +(-1-3)’ +(1+2)" =34 > R nén 4 nim ngoai mat ciu (S).
Talaicod: S=A4AM +4AN .
Pit AM = x, xe[@—s;@+3].

Ma AM.AN = AI* - R? =34—9=25:>AN=£.
AM

Do dé: S = f(x)=x+12 vsi xe[34-334+3].
X

2
Taco: f/(x)=1-2 0 X 7100 4 5 xe[34-334+3].
X X

Do d6: [Mrg%+3]f(x)=f(\/3_4+3)=5\/3_4—9.

Déu “=" xdyra <> A,M,N,I théng hang va AM :\/374+3; AN =+/34-3.
Bai tip 3: Trong khong gian Oxyz, cho hai diem A4(9;6;11),B(5;7;2) va diém M di dong trén
mat cau (8):(x—1)"+(y-2)" +(z-3) =36.

Gié tri nho nhit cia AM +2MB bing

A. 105 B. 24/26. C. 24/29. D. \/102.
Huéng dén gidi
Chon C.
M
| = FE 4
B

Mit cau (8):(x—1)" +(y-2)" +(z-3)" =36 c6 tam 7(1;2;3) vi bankinh R=6.
Taco IA=12=2R.
Goi E la giao diém cua /4 va mit clu (S) suy ra E 1a trung diém clia 14 nén E(5;4;7).

Goi F la trung diém cua IE suy ra F(3;3;5).

Xét AMIF v AIM 6 ATM chung va - _1
IM 14 2
Suy ra AMIF# M]M(c.g.c):ﬁzﬂz 2= MA=2MF.
MF ~ MI

Do d6 AM +2MB =2(MF + MB) 2 2BF =229 (theo bét ding thirc tam gi4c).

Déu “="xay ra khi M la giao diém FB va mit ciu (S).






