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MO DAU

Sur weu viét ciia phicong phép thi trdc nghiém da va dang dugc chimg minh
11 nhitng nude 6 nén gido duc tién tién trén thé giéi bdi nhimg wu diém nhu
tinh khach quan, tinh bao qudt va tinh kinh té’

Trong thoi gian khéng xa, theo chi trieong cua BGD&DT cdc truomg dai
hoc, cao dang va trung hoc chuyén nghiép sé chuyén sang hinh thitc tuyén
sinh bdng phiuong phdp trdc nghiém. Va dé ¢é6 dwoc thoi gian chudn bi 161
nhdt, cac bai kiém tra kién thitc trong chuwong trinh THCS va THPT ciing sé
6 phan trdc nghiém dé cdc em hoc sinh lam quen.

Tuy nhién, viéc bién soan cdc cau hdi trdc nghiém cdn tudn thi mét sé6
yéu cdau co ban vé mdt li ludn sw pham va y nghia dich thuc cua cdc s6 liéu
théng ké. Ngoai ra, mot dé thi mén todn dwoc cham hoan toan dua trén két
qud trac nghiém chdc chdn sé chua phu hop véi hién trang gido duc ciia
nicée ta boi nhiéu li do, tix dé dan téi viéc khong ddm hdo duwoc tinh khdch
quan trong viéc ddnh gid két qud hoc tdp cia hoc sinh. Dé khdc phuc nhioe
diém nay Nhém Cu Mon chiing 16i dé xudt huong thuc hién nhu sau:

|. Vi méi dé thi hodc dé kiém tra vdn tudn thu ding cdu triic chung va
diém trac nghiém khéng quad 3.5 diém.

2. Trong nhitg cdu hoi 6 phdn trdc nghiém sé duwoc hiéu la "trde
nghiém va tu ludgn”. O ddy cdc em hoc sinh sé phdi lwa chon mot
trong bon ddp sé6 va cdn biét rdng s6 diém a cua cdu hdi nay dwoc
chia lam déi:

»  Néu lua chon diing loi gidi trdc nghiém sé nhan dugc % diém.

»  Néu thuc hién diing 10 gidi twe ludn cho cdau hdi sé nhan dwoc -g-
diém con lai.

Day chinh la yéu t6'dé ddm bdo tinh khdch quan bdi:

1. Vdi nhimg hoc sinh chi mé mdm ddp dn hodc nhédn dugc né théng
qua nhitng yéu t6 xung quanh sé chi nhan dwgc 16i da % diém véi
xdc sudt 25%.

2. Véi nhitng hoc sinh hiéu dwoc noi dung cdu hoi tir dé dinh huong
dwge cdc phép thie bang tay hodc bdang mdy tinh fx - 570MS chdc
chdn sé nhan duge % diém.

3. Vi nhimg hoc sinh khd hon biéu hién bdng viéc hiéu dugc ndi dung
cdu hdi va cé thé thuc hién duge mét phdn cdu hoi nay duoi dang tu

ludn sé nhan diwgc khodng -;— + %: 2:— diém.

4. Cudi cang, véi nhitmg hoc sinh biét cdch thue hién cau hoi dwdi dang
ti ludn sé nhéan duwoe a diém.
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CHUONG I
HAM SO LUONG GIAC

CHU DE 1
GOC VA CUNG LUONG GIAC

I. TOM TAT LY THUYET

1. U DUNG DUSNG TRON LUONG GIAC

Duomg tron lwong gide 1a dudng tron dinh huéng cé ban kinh béang 1, trén
d6 c6 diém A goi 1a diém géc. |
- »  Truc hoanh tuong {tng v&i truc gia tri ctia cosin.
* Truc tung tuong tng v4i truc gia tri cla sin.
* Pudng thang di qua diém A(1, 0) va vuong géc vdi truc cos tuong \ng
vdi truc gia tri cla tang.
*  Puong thang di qua diém B(0, 1) va vudng géc véi truc sin tuong ing
vdi truc gia tri cla cotang. :

2. GIA TRI LUONG GIAC CUA CAC CUNG PAC BIET
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3. DAU cUA CAC GIA TRI LUONG GIAC

Ta cé cic két qua sau:

Do do : . :
Ham s6 lugng gidc 0<a<90" | 90"<a <180

il cosa + =
sina + +
R tgo + A
cotga + -




Lnuong 1 Ham SO luong giac

4. CAC HANG PANG THUC LUONG GIAC CO BAN

a. sin‘o+ cos’a =1 d. tga.cotga = 1
sina |
b. tga= €. =1 +tg’a
cosa cos? a
_ cos 1 !
c. cotga = o f. >— = 1 +cotg’a
" sin“ a

5. HAM 6 LUONG GIAC CUA CAC CUNG POI NHAU

a. sin(=x) = - sinx c. tg(-x)= —1gx

b. cos(— x) = cosx d. cotg(- x) = - cotgx
6. HAM SO LUONG GIAC CUA CAC'CUNG BU NHAU

a. sin(180" - ) = sina c. tg(180°-a)= —tga

b. cos(180° - a) = - cosa d. cotg(180° - a) = - cotga
7. HAM 56 LUONG GIAC CUA CAC CUNG PHU NHAU

a. sin(90"-a)=cosaa c. 1g(90" - a) = cotga

b. cos(90" - a) = sina d. cotg(90°-- a) = tga

I1. PHUONG PHAP GIAI CAC DANG TOAN LIEN QUAN VA BAI TAP

Bai toan 1: Tinh gi4 tri cha biéu thic Iugng gidc chira cdc cung dac biét.

PHUONG PHAP CHUNG
Ta sir dung:
1. Cic hé qua trong bang gi4 tri luong gidc clia cic cung dac biét.
2. Cictinhchatsauvéik € Z
(1). cosa. = cos(a + 2kn) va sina = sin(a + 2k7).
(ii).  tgo =tg(a + kn) va cotga = cotg(a + k).

BAI TAP TU LUAN VA TRAC NGHIEM
Bai tap 1: Tinh gié tri ciid cdc biéu thic:
a. A=8-cos?30" + 2sin’45" - /3 1g’60".

Q A=-§~. 0 A=-l-. e A-_g_‘_@_ O A=0,
4 4 -

b. B=(a’+ 1).sin0” + b.cos90" + c.cos180".
0O B=a’+1. 0 B=2a’+b. o B=-. 0O B=b+c
Bai tap 2: Tinh gia tri cha cic biéu thirc:
a. A =4sin'135" + V3 cos'150" - 3cotg?120".
B G g, 28

D A= —. O A=—. =22
2 > O A 2\/2.
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b. B=4cos'l135" - 8sin’150" — 3(1g’120" - tg*135").
o B=2V2. 0o B=4y3. o B=-6 0 B=0
Baitap 3: Tinh gid tri cha cac biéu thirc:
a2 sin 180" —b?y2.sin 135" —2ab? . cos 150"
a. c0lg150” ~b.cos0" + 231560“ -
Q A=a'+1. 0 A=a’+b. 0O A=H. O A=a+bh.
a?sin90" -b? cos0"

a cot g45" +b.cos 180" -2a.cot g90"
o B=a. 0 B=a'-b. 0 B=b-1. O B=a+b

a. A=

b. B=

Bai toarf 2: D4u cua biéu thic lugng giéc .

PHUONG PHAP CHUNG
l"a xdc dink diém ngon cua géc thudc cung phén tu nao trén dudng tron
don vi, tir d6 sir dung cdc hé qua trong bang ddu cia cic gia tri lugng giac.

BAI TAP TU LUAN VA TRAC NGHIEM
Baitap 4: Xac dinh ddu cha cic biéu thic:
a A= cosl95".tg269".cotg( - 98").

8 AL g A<O
b. B= sin( —~ 1441").cos1080". tg908".cotg( — 1972"). ;
a B>0. o B<O.

Baitap 5: Cho de(0, —2’3)\: 3 ). Xéc dinh ddu ciia céc biéu thiic:

a A=sin(a+ -;).cos(a - g).

- A>0. " 0 A<O.
b B= th-:JL.m:bs(B—:Z1r£ - ).
a B>0. o B<O.

Bai@p 6: Cho — -:- <a< % X4c dinh d4u ciia bidu thic:

cos 2a. sin(2a + 1t-)
A= 2

m
W e
tg(a 3)

o A>0. O A<DO.
Bai ép 7: Cho AABC, xdc dinh d4u cla cdc biéu thifc:
" a. §,=sinA + sinB + sinC.
o S,>0. o $<0



b. S,:cosé— +n::¢:nl;E +cos£.
2 2 2

o, BB a §<0.
Bai tap 8: Cho AABC, xdc dinh ddu cua ciac bi_éu thirc:

A B C
S=tg— +1g— +tg—.
g2 82 g2

a S>0. o S<0.
Baitap 9: Tim k € Z, sao cho:

a. sin(—z— +kn)>0.

0O kchén. ‘Q kle.
b cos(g - km) <0.
0O kchén. : o kle

Bai toan 3: Riit gon biéu thitc lugng giac.

PHUONG PHAP CHUNG
Ta sir dung céc hang dang thic lugng giéc.
Cén luu ¥ rdng viéc riit gon biéu thifc trong nhiéu trudng hop la cong viéc
cén thiét nhat trude khi thuc hién viéc tinh gi4 tri cla biéu thifc.

BAI TAP TU LUAN VA TRAC NGHIEM
Bai tap 10: Rt gon biéu thiic:

2 2

sin“ a +sin u.tgza

cos? a +cos? a.cot ga

0 A=sin‘a. O A=cos'a. 0 A=tg'a. 0O A=cog'a

sin o )
o B=1ga. Q B=2tga. 0Q B=cotga. Q B=2cotga.
Bai tap 11: Rit gon biéu thic:
1 -cosa [(1 +cosa)’ ~1]
sina | sin’a '

i A=

b. B=(l+ cotga + —.—l——)(l + cotga -
sin o

A &

Q B=tga. Q B=2ga. QO B=cotga. Q B=2cogo.
Bai tap 12: Rt gon biéu thiic:

a A= : ,voia € (m, 2n).

sin o — cotgza ~cos? a

O A=sino. O A=cos’a. O A=tga. 0 A=coga.

b B= J(l +1ga).cos> o + (1 + cot ga).sin’ a , véi a € (0, g ).

O B=cosa + sina. Q B=sina - cosa.
Q B=cosa - sino. ‘ Q B=-coso - sina.



Bai tap 13: Ruit gon biéu thic:
A = tga + tgP

a. cot got +cot gf
a A =tgo.tgp. -0 A-=tga.cotgp.
Q A =cotga.cotgf. 0 A =cotga.tgf.
, SR
B e cos“a-sin“ B cotg’cL.cotg?P.
sin? a.sin? B :
a B=-l. o B=0.: . o B=1l. g B-=cosa.

Bai toan 4: Chimg minh dang thitc luong gidc don gian.

PHUONG PHAP CHUNG
St dung hé thiic co ban va ciac hé qua dé thuc hién cic phép bién déi
tuong duong. Khi do ta lua chon theo cac hudng sau:
Hucémg 1:  Bién d6i VT thanh VP hoac nguoc lai, trong truong hop nay
thong thudng ta lya chon viéc bién ddi v& phiic tap vé vé don gian.
Hucémg 2:  Bi€n ddi dang thitc vé mot déing thic luon diing.
Huémg 3:  Xuat phét tir mét dang thic ding, bi€n ddi thanh dang thic
can chitng minh.
Hudémg4: Bién ddi déng thoi VT va VP t6i mot biéu thirc trung gian.

BAI TAP TU LUAN

Bai tap 14: Chimg minh rang:
~a. sin‘c+ cos'a = 1 — 2sin’acos’a.

b. sin‘a + cos’a = 1 - 3sin’acos’a.
Bai tap 15: Ching minh réing:

a. (1 +tga) 1+ cotga)sina.cosa = | + 2 sinct.cosc.

b. (1 +tga)(1 + cotga)sine.cose = (1 + tga)cos’a + (1 + cotga)sin’a.
Bai tap 16: Chimg minh rang: '

sina 1 -cosa
A = = - ¢
1+ cosa sin
b sina+cosa—l_ 2cosa
| - cosa sinot —coso + 1
1-cosa | (1+cosa)’
4 - T ) -1| = 2cotga.
sina sin“ o -
1 |
d. + =]

l+tga 1+cotga
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Bai tap 17: Chimg minh rang:

g —sina 1
sin” o cosa(l + cosa)
sin® o cos’ a ;
b. + = | - sina..cosa.

l+cotga 1+tga
Bai tap 18: Ching minh ring:

l-sina  [l+sina
- —4tga

l+sina  Vl-sina

o sina ? l+cotg o

' cosa+sina  cosa-sina 1-cotgla’

Bai tap 19: Chimg minh ring:

t t ey | SR 2 e
ga + tgP = teidah. p, Sin”a-sin |3 tg o-1g B ‘B

~ cotga + cotgp ' sin’ a.sin’ B glatg’p
Bai tap 20: Cho sin’a + sin’b + sin’c = 1. Chiing minh ring:

tg’a.tg’b + tg’b.tg’c + tg’c.tg’a = 1 — 2 tg’a.tg’b.1g’c.
Bai tap 21: Cho:

a=sina
b=cosa.sinf .
c=cosa.cosf

a. Chimg minh ring a’ + b’ +c*= 1.
b. Hay tdng quit hod chonsé a,, a,, ..., a,.

Bai toan 5: Biéu thitc lugng gidc doc lap ddi véi bién.

. PHUONG PHAP CHUNG
Ta thuc hi¢n viéc nit gon biéu thic luong gidc vé dang hang so.

'BAI TAP TU LUAN VA TRAC NGHIEM

Bai tap 22: Chimg minh biéu thitc sau khong phu thuéc a:

a, " A = sin*a + cos*a — 2(1 - sin’a.cos’a)’.

b. B=2(sin®a + cos®a) — 3(sin‘a + cos'a).
Bai tap 23: Ching minh biéu thic sau khong phu thuéc a:

a. A =sin'a + sin’a.cos’a + cos’a.

b. B= sin'a + cos*a — 2(sin‘a + sin’a.cos’a + cos‘a)’.
Bai tip 24: Chimg minh biéu thifc sau khong phu thuéc o

a. A =(sin'a + cos'a - 1)(tg’a + cotg’a + 2)

S e (l—tgzu)2 3 |

tgza _sinz a.cos? o

10



2 B 2 2
_tgfa-cos” a 4 Sotgra-—sin”a

¢ C

sin? o c052 o
I -sin® o 3tgza
¢. D= = - S,
cos o cos” o

Baitap 25: Cho biéu thifc:
A = a(cos*a - sin*a) + 4(sina + cos®a) + b.sin'a.
Xac dinh a, b dé A khong phu thudc vao o, khi dé hdy tinh gid tri cia A.
QO a=3vib=6. Q a=-3vab=6.
Q a=-3vab=-6. Q a=3vab=-6.

Ba: toan 6: Tinh gid tri cha biéu thitc luong gidc .

PHUONG PHAP CHUNG
Ta sir dung hé thirc co ban va cac hé qua (xét minh hoa véi 0° < a < 180°):
Pamg [:  Gia su biét cosa, ta dugc:

sin’aL + cos’o = | <> sina = V1 -cos? a ,

sin osa 1
1ga = ¥ cotga = c‘ hoac cotga. = —.
cosa sin o tga
Lamg 2:  Gia sir biét sina, ta xét hai trudng hop:

Truwomg hop 1: Néu 0"<a <9, thi cosa, tga, cotga > 0 do dé:

sin’o + cosla = | &> cosa, = V1-sin’ a .

cos
cotgo = —
sma
hoac = | + cotg’a = cotga = _|- s L
sin” a sin” o
sin
tga = hodc tga. = :
cosa cot gat

Truomg hop2:  Néu 90°< a < 1807, thi cosa, tga, cotga < 0 do dé:
sin’ + cos’a =1 <> cosa = — Yl-sina ,

sin osQa 1
tga = L) cotga = E_--— hoéc cotga. = —.
cosa sin a tga

Lamg 3:  Gia sir biét tga., ta xét hai trudng hop:
Truomg hop 1: Néu tga 2 0 < 0" < a < 90 thi cosa, sina,
cotga 2 0 do dé6:

| : 1
=1 +tg’a & cosal = ——,
cos® a j \f1+tgza
1

sin a : -
<> sina = tga.cosa, cotga = — .
cosa tgo

tga =

11



Truomg hop 2: Néu tga < 0 < 90° < a < 180°, thi cosa, tga,

cotga < 0 do dé: _
l -l+tg’ac>cosa-~—~——-—l————~
cos” o J1+tgia :
TRy 1
tiga = < sina = tga.cosa, cotga = — .
cosa : tga

Dang 4: Gia sit biét cotga, tuong tu dang 3.

" Dang5: Gié sir biét gi tri ciia mot biéu thic luong gidc, cdn tinh gié tri
cia cic ham s6 lugng gidc cuia mot géc «, ta lva chon mot
trong ciac hudng sau:

Hweéng 1:  Bién d8i biéu thitc lugng gidc vé dang chi chita mot
ham luong gidc rdi thuc hién phép dat 4n phu (néu
cén) dé giai mot phuong trinh dai sd. |

Huémg 2:  Bién déi biéu thic luong gidc vé dang tich A.B = 0.
Huomg 3:  Sit dung bat ding thitc dé phép dénh gia.

Dang 6: Gia sir biét gid tri cha mét biéu thiic luong gidc (ky hiéu (1)),
cdn tinh gid tri cia biéu thic luong gidc khac (ky hiéu (2)), ta
lua chon mot trong cac hudng sau:

Huomg 1: Bién déi (1) réi thay vao (2).
Huong 2: Bién déi (2) réi sir dung (1).

Huomg 3: Bién ddi dong thoi (1) va (2) dan t6i bi€u thic
trung gian (3).

Huong 4:  Sir dung phuong phap giai phuong trinh dé tinh céc
gia tri don.

BAI TAP TU LUAN VA TRAC NGHIEM
Bai tap 26: Biét cosa = ——l% vGi 90° < a < 180",

“a. Tinh sina, tga.

: 8 . 15 8
Q sina= —,tga=-1. Q sino= —, tgo = ~—,
17 17 15
: 17 17 il - 15
Q sma=—,ga=—-—,. Q sinot= —, tigo = ~—,
15 8 17 8
B Tiah il o la ik e & & D02 n 40
Scot ga — 4iga
Qg A=-5. O A=4. Q A——:-z-l. Q .‘\=~é-l-.

19 29

12



Bai tap 27: Biét sina = Vi 0° < o < 90°, tinh gid tri cua biéu thic:

sina
B = cotga + :
1 +cosa
o Be3(2 +D o B=+2 -1.
o B=2(J2 -1). 0 B=21-+2)

Bai tap 28: Biét cotga = 3.
a. Tinh cosa, sina.

a CCSO.:—-E._— Vﬂgm —-l—. Q m:-._s._ \rasmz—.l.__
«/1_0 Jio J10 10

d =-“-—--“ =——§—-. a m_.____.!_ vasinot = ——
o " J10 J10 1

b. Tinh gia tri cia biéu thitc C =

cos? o - Cos a. sin o +sin % o :
: 10 11 ' 12

9 C=—, 0 C=-—, Q C=—, o Cs=|

7 9 3
Bai tap 29: Biét tga + 2cotga = 3. Tinh tga, cotga.

O tga=cotga = -1 hoac tga = 4 va cotga = _11’_

Q tga =cotga = —| hoac tga = 2 va cotga = %

Q tga =cotga = | hodc tga = 4 va cotga = ~ —;— ;

O tga =cotga = | hoic tga = 2 va cotga = —;—

Bai tap 30: Biét sin’a.cos’a = -Z véil<a< 1;—
a. Tinh cosa, sina, tga, cotgo.
. 1 1 :
Q sino= 5 cosa = | vatga = 3 cotga = 2.

Q sina=1,cosa= —;— va tga = 2, cotga = —;—

. 2 2
Q sina= ———~,cosa=——2—— va tga = cotga = —1.

| m vy

: A2
sina = cosa = S va tga = cotga = 1.



b. Tinh gi tri clia biéu thitc G = sin‘a + cos’a.

o G=1. Q G=—l-. a G= 17. Q G=—:-5—.
4 16 4
Bai tap 31: Biét sina — cosa = V2, véi 325 <O<T.
a. Tinh cosa, sina, tga, cotga.
Q sina=ﬁ,cosa=0vétga=ﬁ.cotga=i.
V2
Q sina =0, cosa=-+2 vatga =0, cotga = .
. - 2 :
Q sma=7,cosa=—7 va tga = cotga = —1.
. 2
Q sina = cosa = 5 va tga = cotga = |.
b. Tinh gi4 tri cla biéu thic F = sin®a + cos’a.
] 1
o F=L a F=8 Q F=-. Q F=-—-
4 8
Bai tap 32: Biét sinot + coso. = m, tinh gid tri clia cc biéu thic:
a. A =coso.sina.
2 2 - 1
o Aw ol AR g AR A
2 2 2
b. B=cos'a + sin‘a.
o B=m' v @ B=m?~2.
: B=I+2m’—-m" a =m‘—-Zmz-—l
2 2
c. C=tg’a + cotg’a.
4__ 2 4__ - Sl
e sz. e o 2(m 12m2 1)‘
m i~ 1)
4-2m* &
T e P o ' Cse 2(1+2m’ m)
m (m* -1’
g .
2 P sin” a _smajcosa.
sina —cosa tg'a-1
Q D=m. Q@ D=2m. . g D=m-1. 0 D=m+ L

Bai tap 33: Tinh cosa, sina, tga, cotga, biét:
a. asina+ b.cosa=0, vdia’+b’20.

b. (1+ )cosa=2+«5.

)sina + (1 +
cosa sina

c. Ssina. — 20cosa = 4(tga. - 4).
® 4. 49 - S0sina.coso = 12(tga + cotgat), v6i 0 < a. < 90",

14



Bai tap 34: Biét 3sin‘a + 2cos’a = :—?— tinh:

A = 2sin‘a + 3cos’a.

Bai toan 7: Goc phu, bu nhau.

PHUONG PHAP CHUNG

Ta sir dung cic hé qua:
Ham sé lugng gidc Ham 56 luong gidc
ctia hai g6c¢ bt nhau cua hai géc phu nhau
a. sin(180” - a) = sina. a. sin(90" - a) = cosa.
b. cos(180" - a)= - cosa. b. cos(90" - a) = sina.
c. tg(180"-a)= —1ga. c. 1g(90" - a) = cotga.
d. cotg(180" - &) = - cotga. d. cotg(90’ - a) =tgo.

BAI TAP TU LUAN VA TRAC NGHIEM
Bai tap 35: Biét sina = g- vai 90" < a < 180°, tinh gia tri cic ham s6 lwong
© gidc cia goc 180" - a. ’
Bai tap 36: Biét cosa = -}1 , tinh gia tri cic ham s6 lugng gidc clia cac goc
90" - o va 180" - a.
5

‘Bai tap 37: Biét t1ga = 7 tinh gid tri cic ham s6 lugng gidc cua cdc goc

90" — o va 180" - a.
- Bai tap 38: Biét cotga = - —, tinh gia tri cdic ham s6 lugng gidc cua

3
180" - a. )
Bai tap 39: Riit gon biéu thic:
a. A =2[sin’a + sin®(90" - )] - 3[sin*(180° - a) + cos’a + 2}.

o A=-7. o A=l O A=cos’a. O A =sin‘a.
1 -sin’(180" -a)
b. B= ~ cotg(90" - a).cotg(180" — o).
o 1- sin’ (90" - a) & )-cotg( )
o B=-.—i-—. Q B=——l--—. o B= ‘lz B e T .lz )
sina cosa cos’ o sin’ o

_ [sin(~954") - cos 1296° .1g36"
sin 504" —cos(-234")
a C=0. Q C=1 o C

2 6

-1. Q C=-2
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Bai tap 40: Riit gon biéu thic:
a A=sin"(a+n)+ous°(a~1t)—kh‘(a+21t)-sm‘(a+%Hcm’(u—g),
o A=-2 Q A=-l o A=0. Q A=l
b. B=[l+tga- '—’21)][1 + cotg’(a - 5m)).

cos(a + 7?” ).sin(371 ~- at).cos(a — % ).sin(at - 7m).
o B=0. g B=1. o B=2. a B=6.

Bai tap 41: Chimg minh biéu thiic sau khong phu thudc a:

a. A =cos'(180" - a) + sin’(180° — a).sin’(90° - a) + cos?(90" - a).
(1-cotg®(180" —a))* 1

1g2(90" ~a) - sin? (180" ~a).sin? (90" - a)

Bai tap 42: Tinh cic tng:

a. S=cos20"+ cos40" + ... + cos160” + cos180".

b. B=

a S=-1. a S=0. a S=1. o S=4
b. S=1tgl0"+ tg30” + tg50° + 1g70° + 1g110° + tg130" + tg150" + tg1 710",
o S=0. QO S=35, g S=10. a S=20.

c. S=sin’1"+sin®2" + ... +sin’180".
g S=180. Q S=90. Qo S=45. Q: S=,

d. S=cos2"+ cos’d® + ... + cos’90".
Q S=90. 0 S=4S. o S=21. a S=1.

Bai tap 43: Tinh gid tri ciia cdc biéu thic:
a A =cus(% +kn), voik € Z.
b. B=c0tg(-’-;— - E;—t-), viik e Z..
n k=

TR A .
& C—.sm(3+3).tg(4+2),\rdlkez.

I1l. HUONG DAN - GIAI - PAP SO

Bai tap 1.

a A——%- b. B=—¢
Bai tap 2.

a A"%' b. B=-6
Bai tap 3

& A=l b. B=a+b



Bai tap 4.

a. A<O. b. B<O.
Bai tap S.

a. A>0. b. B<O.
Baitap6. A>0.

Bai tap 7.

i 530 b. §,>0.

Baitap8. S>0.

Bait:p9. Timk € Z, sao cho:
a. k=2nvéineZ.

b. k=2n+1vdineZ.

Bai tap 10.

a. Tabién déi:

i 9

. sin’ o.

sin” a(l +g’a) cos’ a
cos’ a(l +cotg’a) |

sin’ a

A=

=1g'a.
cos’ a.

b. T:bién déi:

B=(l +cotga)’ - —
sSin a

Bai tap 11. A = 2cotga
Bai tap 12.
a. Tabién déi: -

1 : |
A b— s —— I
: I 3 : cos' o
sinQ — N ——a——]lo08" 0 [ SHQ - fu
sin” o sin” o
W ad8) 1 sino :
= g -— = SinaL.
; cos"a  Sin"o+cos’ o
sinQ +———
sin o

b. Tabién déi:

B= J(cosa +sina).cosa + (sin o + cosa).sin o

us{lh%)

= J(coso +sina)(cosa +sina) = coso + sina.
Bai tap 13.
a. Tabi&n déi:

A tga + tgf3 = (tga +_th)Lga.t§p_
AE tger+tgf

.___.+__,___._

tga tgP

= tgo.tgB.

1
— = 1 + cotg’a + 2cotga — (1 + cotg’a) = 2cotga.
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b. Ta bién déi:

cotg’a 1 '
B= E; - ——— - cotg’a.cotg’p
sin” f3 sin® o

= (cotg’B + 1)cotg’a — (cotg’a + 1) — cotg’a.cotg’p = -1.
Bai tap 14.
a. Ta bién déi:
VT = (sin’a + cos’a)’ - 2sinacos’a = 1 — 2sin‘acos’a, dpem.
b. Ta bién déi:
VT = (sin’a + cos’o)’ - 3(sin’a + cos’a)sin’acos’a
= 1 - 3sin*acos’a, dpcm.
Bai tap 15.
a. Ta bién déi:
VT = (1 + tga)cosa(l + cotga)sina
= (cosa. + sina)(sina + cosa) = cos’a + sin’ct + 2sin0L.coso
=] + 2 sina.cosa, dpcm.
b. Ta bién déi:
VP = (1 + tga)cosa.cosa + (1 + cotga)sina.sinat
= (cosa + sina)cosa + (sina + cosou)sino
= (cosa + sina)(sina + cosa) = (1 + tga)cosa(1 + cotgar)sina
= (1 + tga)(1 + cotga)sina.cosa, dpcm.
Bai tap 16.
a. Ta bién ddi ding thiic cin chitng minh vé dang:
sin’a = (1 - cosa)(1 + cosa) <> sin‘a = 1 — cos’a
&> sin’a + cos’o = 1, ludn didng.
b. Ta bi€n ddi ding thitc cin chimg minh vé dang:
sin‘a — (cosat — 1)* = 2cosa.(l - cosa)
<> sin’a — cos’a + 2cosa — 1 = 2cosa — 2cos’a
& sin‘a + cos’a = 1 =0¢> 1 - 1 =0, ludn diing.
c. Ta bién déi:
1-cosa "l+2cosa+cns’a—sin’aJ

VT = — g
sina | sin”

W
1-cosa | 1+2cosa+cos’ a—(1-cos’ a)
sina. | sin’ a

l-cosa 2cosa+2cos’a 1-cosa 2(1+cosu)5)sou

sina sin’ o sin o sin’ o

_2qa ~cos’ a)cosa _ 2sin’ a.cosa

s s = 2cotga, dpcm.
sin” a sin” a

18



d. Tabién déi:
1 1 cos o sina

VT = - + = : + — =],
]+§£1£ l+§:_osc: cosa +sina sino + cosa
cosa sin o
Bai tap 17.
a. Tabién déi:
sino i
T (1 -cosa)sina 1
VT = Losa - ; 5

sin’ a.sina cosafl —cos’a)sinoe  cosa(l +cosa)
b. Ta bién déi:

s 2 2 s 3 3
sin” & cCoS” o sin” a cos o
VT = - - = — + -
1+COS(I 1+i‘¥‘°‘ sinad+cosa  cosa +sina
sino cosa

sin'a+cos' o _ (sina+cosa)(sin’ a +cos’ o - sina.cosa)

sina + cosa sina + cosa
= | - sina.cosa, dpcm.
Bai tap 18.
a. Ta bién doi:
l-sina 4 1 +sina 2‘]1 -sina | +sina
l+sina  |-sina

_(-sina)’ +(I +sif1c:)2 -2(1 *Sinza)_—_“i": £ = 4tg%a, dpem.
l-smn” o Cos

VT =

|l +sina 1-sina

b. Ta bién déi:
VT = (cosa —sina)sina —(coso + sina)cosa

cos’ a —sin’ o
_sino+cos’a _ l+cotgla
sina-cos’a 1-cotg’a

dpcm.

Baii tip 19.
a. Tabién déi: _
vi= 18xttep _ (tgo +1gPitga.tgp
AL e tgo + tgh
tga tgf
~b. Tabién déi:
sin’ a —sin’

= tga.tgP, dpcm.

il i P l 1g’p
cos’ a.cos’f _ cos’P cos’ a

sin’ o.sin’ B tg’atg’p

cos’ a.cos’ B
_ (L+1g’Big’a (1 +tg’og’P  tg’a—1g’p
4 1g°ctg’p - tglaug’p

VT =

, dpcm.
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SO luong glac

Bai tap 20. Ta co:

sin’ a
2 T s 2
$O0  cos'd sin” o > ol
— = > 2 = —— =sin’a
1+1g’a [, Sinfa  cos’adsin®a
cos’ a

Tir dé6 suy ra:

2 2 2
tga tg“b tg“c
g & 4 + g

l+tg2a l+ig2b l+tg2c

o tgla (1 + tg?b).(1 + tgc) + 1g’b.(i + tglc).(1 + tgla) +

+1gc.(1 +tg’a).(1 +1g’b) = (I +iga).(1 + tg’b).(1 + tg’c
& tgatg’d + tg’b.aglc + tg’c.tg’a = 1 - 2 tg’a.tg’b.tg’c, dpem.
Bai tap 21. '
a. Taco:

a’ + b? + ¢? = sin’a + cos’a.sin’B + cos’a.cos’P
= sin’a + cos’a(sin’P + cos’B) = sin’a + cos’a = 1, dpcm

b. - Téng quét hoa cho n s6 a,, a,, ..., a, nhu sau:
'ai =sina,

=1

sina + sin’b+sin‘c= 1 &

a, =cosq,.sina,

]2 = COS0L,.COoSQ,.Sina,

a,, =cosa,.cosa,...cosa, ,.sina

a, =cosa,.cosa,...cosa, ,.COSQL,

Bai tap 22.
a. Taco:

sin‘a + cos*a = (sin‘a + cos*a)? - 2sin‘a.cos’a

= [(sin’a + cos’a)’ - 2sin’a.cos’a)’ - %sin‘za
=(1-~ -;-sin’Zt:.:,)2 ~ -lg-sin‘Zcx = -;-sin‘Za ~ sin2a + 1
Tir dé6, suy ra:
A= é-sin?a- sin2a + 1 = 2(1 - :i-sin’Za)2 = - 1.

Vay, biéu thic A khong phu thuéc a.
b. Tacé: -

sin®a + cos®a = (sin’a + cos’a)’ — 3(sin*a+ cos’a)sin’a.cos’a

=]- Esin’Za,
4

: ] ; -
sin‘a + cos'a = (sin’a + cos’a)? - 2sin’a.cos’a = 1 — 3 sin’2a.



Tir dé, suy ra:
B3] - %si:ﬁza) 8 %sin’2a) =1

Vay, biéu thiic B khong phu thudc a.
Bai tap 23.
a. Taco:
A = (sina # cos’a)sin’a + cos’a = sin’a + cos’a = 1.
Vay, biéu thic A khong phu thudc a.
b. Tacé:
B = sin*a - (sin*a + sin’a.cos’a + cos'a)? +
+ cos*a — (sin‘a + sin’a.cos’a + cos'a)’
= (- sin"a.cos’a — cos'a)(2sin‘a + sin’a.cos’a + cos‘a) +
+ (- sin'a - sina.cos’a)(sin*a + sin’o.cos’a + 2cos‘a)
= - cos’ou(sin’a + cos’a)[2sin‘e + (sin’a + cos’a)cos’a] —
~ sin‘a(sin’a + cos’a)[(sina + cos’a)sin’a + 2cos‘a]
= — cos’a2sin‘a + cos’a) — sin’a(sin’a + 2cos’a)
= - cos’a - sin‘a - 2cos’a.sin‘a — 2sin’a.cos‘a
= - cos'a — sin‘a — 2cos’a.sin’a(sin’a + cos’a)
= - cos'a - sin'a - 2cos’a.sin’a = - (cos’a + sin*a)’ = - 1.
~ Vay, biéu thiic B khong phu thudc o
Bai tap 24. _
a. Ta lan luot cé:
sin‘a + cos*a — 1 = (sin’a + cos’a)’ — 2sin‘a.cos’a — 1 = — 2sin‘o.cos’a,
sinaa  cos’a
RN TR R
cos’a sin’a R
sin' o + cos’ & + 2sin” o.cos’ a -
sin’ a.cos’ a

1g’a + cotg’o + 2

_ (sin’ a+cos’ @)’ 1
sin’ o.cos’ o sin®a.cos’ o
Tir do, suy ra: ;
; s
= — 2sin‘a.cos’a. =-2.

sin’ a.cos’ a
Vay, biév thitc A khéng phu thudc a.

b. Tacé:
g Ay
sin” o
3.9 k=2 ? : 2
(1~1g )" cos o) (cos o - sin t:c)z
1gla sin’ o sin’ a.cos’ o
: cos’ a
2 s 2 .2 2
_(cos o +sin a)z-4sm o.Cos” o 1 4

| 2 . ?
sin’ a..cos’ & - sin? . cos” o
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Tir dé6, suy ra:
1 |

B= -4 - =4,
sin2 a.c052 a Siﬂz u.cos"’u
Vay, biéu thirc B khong phu thudc o.
¢c. Tacé:

sin’ o —cos* a +cos’ a -sin‘ a

sin’ a..cos’ a
o 2 2 £: 9 3 % | 2
sin’ a + cos’ a - (cos” a +sin’ @)’ + 2sin’ a.cos’ a

Ce

= vy - = 2,
sin’ a.cos’ a
Vay, biéu thirc C khong phu thudc a.
d. Tacé:
pe —sin’ a)(l+sin’ a+sin‘a)  3g’a
cos' a cos? a
3sin’ a
_l+sin"a+sin‘a  cos?q _ 1+sin’a+sin’a-3sin’a
cos' a cos’ a cos’' a
_1-2sin"a+sin‘a _ (-sino)® _
cos'a cos'a '

Vay, biéu thic D khong phu thudc a.
Baitap 25. a=3vab=6.
Bai tap 26. |
15 15 61
! a= —, tga=—-—, b. A=-—,
s i L ol 29

Cha y: D€ c6 1di giai khc-ng phu thutc vio két qua clia cau a) ta sir dung phép
bién déi nhu sau:
Scosa . 4sina
A= _SiNQ _ cosa _ Scos’ o +4sin’ o _ cos’ a+i_ =_§_l_
Scosa 4sina  Scos’a-4sin‘a  9cos’ -4 29
sino.  cosa -

Bai tap 27. Ta bién ddi: i
cosa sina _ (1+cosa)cosa +sin’ o

B= =
sino l +cosa (1+cosa)sina
1+cosa 1 2
= TR AR TR
(l1+cosa)sina  sina 2 -1 : ;
Bai tap 28.
3 ] 1
a. cosa= Va sinet = ——
J10 10
L
7
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Chii y: D€ 6 16i giai khéng phu thudc vao két qua cia cau a) ta sir dung phép
bi¢s ddi nhur sau:
|

C= oint it S cotgla+1 i 1_0-
 cotg’a—-cotga+1 cotgla-cotga+l 7
Bai tap 29. Tir gia thiét:

tga + 2cotga = 3 & tga + t—z-- =3otga-3tga+2=0
g e

tga=1=cotga =1
o
tga =2 = cotg *3

Bai tap 30.
a. Tirgia thiét:

. | ; : | . ; 1
sin‘a.cos’a = s sin‘o.(1 - sin’a) = = sin‘a — sin’a + s 0

» tkuc-;- : : —Jz
2 .

&~ sina

& tsin’a — l)2=0¢:::rsin’or.= 1
2 o

Thay gia tri sina = 3/-_-2- vao biéu thitc cla gia thiét, ta duoc:

2
Iku.;. JE

< cosa= ——,

2
2 il iy
— | COSO=— S Cos'O= —
_ 4 Tl 2

Tir d6, ta c6 ngay tga = cotga = 1.

b. Ta cé ngay:
4 2
ROEGE
2 2 4
Baitap 31.

a. Ta lua chon mot trong hai céch sau:
Cdch 1: Bién ddi sina - cosa. = 2 vé dang:
sinat = v/2 + cosa c:_sin’ér. = (ﬁ "+'cosa)’ , bai sina 20
& 1 - cos’e =2 + 2+/2 cosa + cos’a <> 2cos’a +‘2J§cosa +1=0
@(ﬁcosa-rl)zzo?:bcosa:—-gz—. . n
Thay (1) v&b gia thiét, ta dugc: -

! V2 '
sing = 5 = tga = cotga. = —1.
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Cdch 2: Ap dung bét ding thiic Bunhiacopxki, ta cé:
(sinat — cosa)? = (1.sina — 1.cosa)’< (1 + 1)(sin’a + cos’a) = 2
=3 lsinaﬂcosal <1,

Do d6, dé ¢6 duoc biéu thiic cia gia thiét thi ddu "=" phai xay ra trong bat
ding thic trén:
= _l AL otga=-1oa=135
sina  cosa

tir d6 sina = -Tz%,cosu=——2?'— va cotga = — 1.

b. Ta lua chon moét trong hai cach sau:
Cadch I: Tan dung két qua trong a), ta dugc:

F = sina + cos®a = [——Jz] + (-—[2—} = i—

2
Cdch 2: Thuc hién doc 1ap véi a), ta bién déi:
F = sin®a + cos®a = (sin’a + cos’a)’ - 3sin’a.cos’a.(sin’a + cos’a)
= | - 3sin’a.cos’a. (2)
Tir gia thiét:
sina — cosa = v2 =3 2 = (sinat — cosal)’ = sin’ct + cos’aL ~ 2sinaL.cos

. 1
<> SINOL.COSOL = —— (3)

Thay (3) vao (2), ta dugc:

2
F=l—3.(-—-!-] =—l-.
2 4

Bai tap 32.
a. Tirgia thiét:
sina + cosa = m => m’ = (sina + cosat)” = sin’a + cos’aL — 2sina.cosa
2
m -1

<> A = sina.cosa =

b. Tacé:
B = (cos’a + sin’a)’ - 2cos’a.sin’a
m? =1\ m:<n*  1+2m*-m’
=1-2. =1- = :
2 2 2

c. Ta lwa chon mot trong hai cich sau:
Cdch I: Tan dung két qua trong a) va b), ta dugc:

o sin’ o g cos’a _sin‘a+cos‘a _ 2(1+2m’ -m’)
cos’a sin‘a sin’ a.cos’ o (m? =1)?
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Cdchi 2: Tan dung két qua trong a), ta dugc:

- p ‘
sint  CcosQ |
C = (tga + cotgar)’ — 2 = + - -2= — e )
cosa sina sin’ a.cos’ a
4 2(1+2m’ —m*)
3 2 e 2= 2 2
(m”=1) (m” -1)
d. Taco:
E sin’ a sinac+cosa _ sin’a (sina + cosa)cos’ o
sino—cosa  sin‘a : sina — cos QL sin’ o —cos’ a
cos’ a
sin’ o cos’a _ sin’a—cos’a

3 = = sinx + COSOL = m.
SIN —COSOL  SINCL— CosQL

Bai tap 33.
a. T gia thiét:

sino — cos

(sina

b
=-— = ga
. : cos o a
a.sina + b.cosa = 0 & a.sina = -b.cosa = -
cosa a
- = —— =col ga
| sina

Nzoii ra, ta cling suy ra dugc:
a‘sin‘a = b’cos’a > a’sin’a = b’(1 — sin’a) < (a’ + b?)sin’a = b’

L ih iy b’

<> sin‘a =

+a
2 2

: Ibl
O SiN0L = ——=—— = COSO, = ———==,
a’ +b Ja® +b? va’ +b’

Sip0L = cosat = = va tga = cotga = 1.

‘T gia thiét:

Ssina — 20cosa = 4(tga - 4) <> X(sina — 4cosa) = e, (sina — 4cosa)
co
[5cosa-4=0
<5 (Scosa — 4)(sina — 4cosa) = 0 & -cosa g
sinat —4cosa=0
Vai Scosa — 4 =0, suy ra:

. 3 . 3 4
cosaL = E =D sma= 3- vatga = —, cotgo =—

Vai sina — 4cosa = 0, suy ra:

tga =4
sina = 4cosa = &
' cotga = —
4 »
sin’a = 16cos’a <> sin"a = 16(1 - sin’a) < 17sin‘a = 16
o 16 / 4 +1
o sin‘a = & SOsin= —— = CoSQL = ——

17 17
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sih fur

d. Tirgia thiét: ,
49 - 50sina.cosa = 12(tga + cotga)

< 49 - 50sina.cosa = —1—2——
_ sino.coso
_Datt=sina.cosa, taduge:
e
12 ' S
49 - 50t = i S 500 -4+ 12=0 i
ST
. Véit=—l-.suym:
2
(Sill‘ll-!-t:!.'!ﬁ(?l‘.)z =1+2sina.cosa sinoL+ cos L = ﬁ
A ey l
sina.cosa = — sino.coso = —
2 2

Tic sina, cosa la nghiém cua phuong trinh:
V2

x' - xv2 +—l—=0¢:>x=-—
2 2

sy 2
= sina = cosa =—2— va lga = cotga = 1.

s Végit= -;% ~ Ban doc ty gidi twomg .
Bai tap 34. Datt =sin’a, vi 0 <t < |.
Khi dé:

e A=2sin'a+3( -sinfa)=2+3(1 —t)*=5t" - 6t + 3.
*  Biéu thiic ciia gia thiét duoc bién d6i vé dang:

3sin‘u+2(l—sin’a)’=;2;<:>3t’+2(l—t)’=?§.
A e
S5 -4t+y — =0 9 81
| T3 16 . 607
tl=— =3 A=—o
L 45 405

Bai tap 35. Ta dugc:

sin(180" - at) = g—.cos(ISO"—a) = -\{?— -

tg(180" - a) = j—,cotg(lSO"-—a): -J-—é_}—

¢ Vi3
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Bai tap 36. Ta duoc:

Vs
5

sin(90" - a) = i— cos(90" - @) =

|
tg(90" - a) = ——, cotg(90" — a) = V15.
¢ Jis ¥
s I
sin(180" - o) = "—-4—.005(180"—(1):-.;,

(8(180" - ) = — 15, cotg(180° — o) = ——r .

J15
Bai tap 37. Ta dugc:
. 4 . 5
sin(90" - ) = ——, cos(90" - a) = —,
o vai
1g(90" - a) = i cotg(90’ - a) = é—
5 4
. 0 5 ) 4
sin(180" - a) = 7;_7.6(}‘;(!80' —U.]'—"”’J—;—“'l",
tg(180" - ) = —i—, cotg(180" - at) = —%.
Bai tap 38. Ta duoc:
> 3 2
sin(180" - a) = ——, cos(180" - a) = ,[—,
_ Ji1 1
tg(180° - ) = 735— ,cotg(180° - a) = _JS:_Z: R
Bai tap 39.
.a. Tabién déi:
A = 2(sina + cos®a) — 3[(sin‘a + cos'a) + 2].
Trong dé6:

sin‘a + cos®a = (sina + cos’a)’ - 3(sin’a + cos’a)sin’a.cos’a

X e
=] - =sin®2
 sin‘2a,

sin‘a + cos'a = (sin’a + cos’a)i — 2sinfa.cos’a = 1 — % sin’2a.
Tir dé, suy ra: |
A=2(1 - 2 sin'20) - 3((1 - > sin'2a) +2] = -1.
b. Ta bién déi:
g= 1-sin’a 1

o 2 "
TR + tgo.cotga = cotg’a + l= e iy
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c. Ta bién déi:
¢ [osin 954" —c0s1296").tg36" _ [-sin234" -cos216"].1g36"
sin 504" — cos234" sin 144" — cos234"
_ [-sin(180" + 90" -36") - cos(180" + 36")].tg36"
T sin(180" —36") - cos(180° + 90" - 36")

; L n sin 36”
_ [sin(90" -36") + cos 36" Jag36" _ (€0836 +cos36).  Th |
sin 36" + cos(90" - 36") sin36" +sin 36" ol

Bai tap 40.
a. Ta bién déi:
A = sin®a + cos’a - 2sin‘a - cos'a + sin‘a
= (sin‘a - 2sin’a + 1)sin’a + (cos’a — 1)cos'a
= (sin’a — 1)’sin’a - sin*a.cos’a = cos‘a.sin’a — sin’a.cos‘o = 0.
b. Ta bién déi:
B = (1 + cotg’a)(]1 + cotg’a).sina.sina.(— sina).(— sinc)
= (sin’o+ cos’a)(sin’a+ cos’a) = 1.
Bai tap 41.
a. Ta bién déi: _
A = cos’a + sin’a.cos’a + sin’a = (cos’a + sin’a)cos’a + sin’a
= cos’a + sina = 1.
Vay, biéu thic A khong phu thuéc a.
b. Ta bién ddi:

g (U-cotg’a)’ I
cotg’a sin’ a..cos’ ot -
Trong dé:
' [ _ cos’ a]z
(1-cotg’a)® sina ) (sin’ a - cos’ m)z
cotg’a  cos’a  sin‘a.cos’a
sin” a _
=nic«:-s’t:uL-Fsin’ﬂ::L)' ~4sin’ a.cos’ o _ Ry
sin’ o..cos’ o sinacosa
Tir d6, suy ra:
L SR Ry SRR
sin” a.cos” a sin’ a.cos’ a
Vay, biéu thic B khong phu thuéc a.
Bai tap 42. '

a. Viét lai S dudi dang: :
S =(cos20" + cos160”) + (cos40” + cos140) + .
+ (cos60" + cos120") + (cos80° + cos100") + co: 180"
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= (c0s20" - c0s20") + (cos40" — cos40") +
+ (cos60" — cos60”) + (cos80" — cos80") - 1
=1,
b. Viét lai S du6i dang:
S = (1g10" + tg170") + (tg30° + tg150") +
+ (1g50" + tg130") + (tg70" + tg110")
= (tg10" - tg10”) + (tg30" - tg30") +
+ (1g50" — tg50") + (1g70" - tg70")
=0.
c. Viét lai S dudi dang:
S = 2(sin’1" + sin’2" + ... + sin’89") + sin*90"
= 2[(sin’1" + sin’89") +... + (sin’44" + sin’46") + sin’45"] + sin’90"

=2(44 + %)+l=90.

d. Viétlai S dué6i dang: -
S = (cos’2" + cos’88") + ... + (cos’44" + cos’46") + cos’90" = 22.
Bai tap 43.
a. Ta xét hai trudng hop cho k chian va k Ié:
* Véaik=2l1¢€ Z,tadugc:
V3
5

A =cos(—“— +21n)=cos£ =
6 6

« Véik=2l+1,1€ Z, taduoc:

J3

A=<:t:-s(3 +n+2]n)=cos(£ +1t)=—¢:osl'£ = ——,
6 6 6 2

Vay, ta dugc:
—Ji néu k =21
Awd “Witel.

—3{2—_:1 néu k =21+

.

b. Ta xét ba trudong hop cho k:
* Véaik=3l1¢€ Z, taduoc:

“ % T 1
B=cotg(— +In)=cotg — = —.
8(3 )=¢ g3 ﬁ
* Vaik=31+1,1¢€ Z,ta dugc:

2n 1
B=cotg(—~ + — +Im) =cotg == = - —.
cog(3+3+1r) 0053

V3
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= Véik=31+2,1:1Z,taduoc:

A
]

- cotg(g- + ~2—$— + Im) = cotgn = o,

Viy, ta dugc:

[ 1 J
— néu k=31

3

00 nfuk=314+2,v4il € Z.

e W

V3

c. Ban doc tie lam — Bang viéc xét sdu trudng hop cho k, cu thé:

k=6Lk=6l+1,k=61+2,k=61+3,k=61+4,k=61+5,1=Z.
Thi du:

* V6ik=6l1¢ Z,ta dugc:

V3

. T
C = sin(— + 2In).tg(-- + 3In) = sin—.t :
sm(3 n) g(4 +3In) = sin—.1g >

w|A
&1 A

» Véik=6l+1,1€e Z,tadugc:

u]fm

C= sin(—1::—+1;—+21n).1g(-:—+§+31n) =—sin—2—E.cotg£ =

n



CHU DE 2
CAC HAM SO LUONG GIAC
I. TOM TAT LY THUYET
1. HAM TUAN HOAN

Ham s6 f(x) xdc dinh trén tap hop D goi la rudn hodn néu ton tai mot s6
duong T sao cho véi moi x € D ta ¢6: -
x-TeDvax+TeD (1)
f(x + T) = f(x) « (2)
S6 nho nhat (n€u ¢6) trong cic s6 T ¢6 cdc tinh chét trén goi la chu ky co
so cia ham tuan hoan f(x).
Chu y: Cic dau hiéu dé biét ham s6 f(x) khong phai 1a ham tuin hoan
Ham s6 t(x) khéng phai 1a ham tuidn hoan khi mot trong céc diéu kién sau
bi vi pham:
a. Tap xic dinh ctia ham s6 1 tap hitu han.
b. Tén tai so a sao cho ham s6 khong xac dinh véi x > a hoic x < a.
c. Phuong trinh f(x) = k ¢6 nghiém nhung s6 nghiém hitu han.
d. Phuong trinh f(x) = k ¢6 v6 s6 nghiém sap thif twr .. < x, < X,,, <.. ma

I x, = X, .1/ = O hay oo.
2. HAM sO LUONG GIAC BIN s6 THUC
2.1. Ham s8 y = sinx

Ta co:

* Ham so y = sinx la ham s6 ¢ trén R.

* Ham s6 y = sinx tudn hoan véi chu ky 2=.

Do d4, mudn khao st su bién thién va vé dé thi ham s6 y = sinx trén R ta chi
can khao sat va vé d6 thi ham s& trén doan [0, n], sau dé ldy d6i ximg do thi qua
goc O, ta duge do thi trén doan [ - m, ), cudi cing tinh tién do thi vira thu dugc
sang trdi va sang phai theo truc hoanh nhimg doan c6 do dai 2, 4, ...

Xét ham s6 y = sinx trén [0, ] '

Chiéu bién thién: Dva vao dudng tron lugng gidc ta dugc:

X 0 /2 T b
y lo — ™=
Péthi: y

Tir day, ta c6 nhan xét quan trong la 'sinxl <l
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2.2. Hims8 y = c08X

Ta cé:

* Ham s y = cosx la ham s6 chan trén R.

* Ham s6 y = cosx tudn hoan véi chu ky 2x.

Do d6. mudn khao sdt su bién thién va vé€ db thi ham s6 y = cosx trén R ta
chi can khao sit va vé do thi ham s6 trén doan [0, nt], sau d6 lay d6i ximg do thi
qua truc Oy, ta dugc dé thi trén doan [ — =, x], cudi cung tinh ti€én do thi vira
thu dugc sang trdi va sang phai theo truc hoanh nhiing doan cé6 d6 dai 2, 4x....

Xét ham s6 y = cosx trén [0, x]
Chiéu bién thién: Dya vao dudmg tron luong gidc ta dugc:

Tir day ta c6 nh4n xét quan trong la |cosx | <'1.

2.3. Hims6 y = tgx
Ta cé:

= Ham sdy=tgxlahims61étrenk\|§ +kn, k € Z).

* Ham s6 y = tgx tudn hoan véi chu ky n.
Do d6, mudn khéao sét su bi€n thién va vé d6 thi ham s6 y = tgx trén R ta

chi c4n khao sat va vé& dé thi ham s6 trén doan [0, 12‘-), sau d6 4y d6i ximg dé

thi qua géc O, ta dugc dé thi trén doan ( — -;—,325 ), cudi ciing tinh “i€n do thi vira
thu dugc sang trdi va sang phai theo truc hoanh nhimg doan cé6 do dai =, 2n,...
Xét ham 6 y = tgx trén [0, ;’
Chiéu bién thién: Dua vao dudmg tron luong giic ta duoc:
x |0 2 '
y | 0 __'______,.——-7+ L)
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Pé thi: :
YA

~3n2| /T I K
l‘ .l"
? ?

2.4. Ham s0 y = cotgx
Ta cé:
* Ham soé y = cotgx 1a ham s@ 1é trén R\(kn, k € Z}.
* Ham sé y = cotgx tudn hoan véi chu ky .
Do d6, muén khao sat su bién thién va vé do thi ham s6 y = cotgx trén R ta

=V

chi can khao sat va vé dé thi ham sé trén doan (0, %], sau d6 lay déi ximg dé

thi qua goc O, ta dugc do6 thi trén doan [ - 12‘-125 ], cudi cung tinh ti€n do thi vira

thu duoc sang trdi va sang phai theo truc hoanh nhimg doan c6 do dai =, 2x,...
Xét ham s6 y = cotgx trén (0, -122]

Chi€u bién thién: Dua vao dudng tron lugng gic ta duoc:

X |0 n/2
+
e oo Toreeiln
Do thi: YA
-3. - ‘\\:‘sz T “\

1:/2—"@' \ 0 \‘ i;ai X

\
\
i
i

I1. PHUONG PHAP GIAI CAC DANG TOAN LIEN QUAN VA BAI TAP

ﬁﬁi toan 1: Tap xdc dinh ctia ham s6 lugng gidc .

PHUONG PHAP CHUNG
Muén tim tap xéc dinh D ciia ham s6 y = f(x) ta lya chon mot trong hai
phuong phip sau:
Phitong phap 1. Tim tap D cta x dé f(x) c6 nghia, tirc 1a tim:
D= {x € R|f(x) c6 nghia).
Phitomg phdp 2. Tim tap E cta x dé f(x) khong cé nghia, khi d6 tap xdc dinh
ciahamsglaD=R\E
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Chuwmg |: Ham s& heong gidc

BAI TAP TU LUAN VA TRAC NGHIEM
Bai tap 1: Tim tap xic dinh cia cic ham s6 sau:
1

Zsinx—ﬁ.

0 D=|t\|1;- +2kn. k e Z).

a Y=

a D.-..R\|1;- +2%n ke Z).

a D=R\l% + 2k, ~56£ +2%nk e Z).

o D=R\|§+2kn. 33’-‘-.+2kn,kezl.

1
4-5cosx—2sin’x

o D=R\Ii§§+2ku,keZ}. o D=R\[i£—+2kn.keZl.

a D=R\|:t-;—t+2kn.ke2}. Q D=R\[i-§+2kn.keZ|.

1
cotgx -3
) D=R\|—E— +knkeZ).

o D=R\|% +kn kn ke Z ).
o) D=R\{~§ +kn.~g—+kn.kez ).

o D-_-n\{-z-;‘- +kn, -’25 +kn,keZ).
Bai tip 2: Tim tap xédc dinh cia cdc ham s6 sau:

a y= J—2cosx J2 .

Q D-[— + 2kn, T +2kn), k € Z.

5] D=[—::1 +2k1t.-4— + 2kn), k € Z.

a D=('-:°’:- +%kn, %E sl ke

o D= [—£—+2kn §f+zkn]kez



COs X | —cosx

b. y:J - :
l1+2cosx 1-2cosx
g D=R.

+kn,%+kn).kel.

Rad

3

= +kn.£+k1t),kez.

4 4

g Dafet wdkn S ilioit stk Dok el
3 3 4 3

Bai tap 3: Tim tap xédc dinh cha ciac ham s6 sau:
|

a. y= ;
\/—cotgx—-\ﬁ

o D=R\{knl, ke Z. o D=R\|(2kr}),. ke Z.
Q D=(kn,%ﬂ+kn).kez. Q D=(%+kn,n+kn}.kez.

1
1 _wx-2
2 tg’x-1

Q D=R\|12‘- +kn), k € Z.

b. y=

Q D=R'\l-1r2E +kn.i§ +kn), ke Z.

o D=(Z +kn, = +kn), ke Z. r
4 3 . .
Q D=(—E +k7t,—-£-+k1t)u(£ + km, 2 +kn), ke Z.
3 4 4 %73

S—
Bai toan 2: Tinh tudn hoan cia cdc ham s6 lugng gidc .

PHUONG PHAP CHUNG
1. Dé chimg minh ham s6 y = f(x) tudn hoan, ta thuc hién theo cic budc:
Buéc 1:  Xét ham s6 y = f(x); tap xéc dinh la D, ta cdn dy doén s6 thuc
duong T, sao cho:
Vi moi x € D, ta ¢é:
x-T,eDvax+T,eD (1)
f(x + Ty) = f(x) (2)
Buwoc 2: Vay ham s6 y = f(x) 1a tudn hoan.
2. Chimg minh ring T, 12 chu k¥ clia him s6, tifc 12 chimg minh T, 12 s6 nho
nhat (1), (2), ta thuc hién phép chimg minh bdng phan chimg theo céc budc:
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s ridg

Buwoe 1: Giasitcésod T sao cho0< T < T, thoa man tinh chat (2):
vxeD, f(x+T)=f(x) & ...
=> mau thuln vdi gia thiét 0< T < T,
Bitoe 2:  Mau thudn nay chimg to T, 1a s6 duong nho nhat thoa man (2).
Buoe 3:  Vay ham s6 y = f(x) 12 tudn hoan véi chu ky co 5o T,

3. Xét tinh tudn hoan ctia cdc ham s6 lugng gidc, chiing ta sir dung céc két qua:

a. Ham s6 y = sinx va y = cosx, tudn hoan véi chu ky 2n.
Mo réng: Ham s6 y = sin(ax + b) va y = cos(ax + b) vdi a # 0 tudn

Hodis vt chwly 2=
a

b. Ham sd y = tgx va y = cotgx, tuin hoan véi chu ky .
Mo réng: Ham s6 y = tg(ax + b) va y = cotg(ax + b) véi a # O tudn

hoan véi chu ky B
a
cung vai két qua cua dinh ly:

Pinh 1y 1: Cho cap ham s6 f(x), g(x) tudn hoan trén tdp M c6 cic chu ky lan
luot 12 a va b véi % € Q. Khi d6, cic ham s6:

F(x) = f(x) + g(x), G(x) = f(x).g(x),
ciing tudn hoan trén M.

Mé rong: Ham s6 F(x) = mf(x) + ng(x) tudn hoan véi chu ky T la bdi s6
chung nho nhat cta a, b.

BAI TAP TU LUAN VA TRAC NGHIEM

Bai tap 4: Hay xem nhitng ham s6 nao trong cidc ham s6 cho dudi day la
ham tudn hoan va xdc dinh chu ky nho nhat (néu cd) cua chiing:

a. f(x)=2cos2x.

T
Q T=4n o T=2x o0 T=n Q T=5.
b. f(x) = cot .'1-4{ i
(x) ogz 34
T T
= - Q T=—. Q T=——.
o T=4x. Q T==x 5 2
c. f(x)=sin2x + 2cos3x.
2n 14
Q T=2=x a T=n Q T=—§—- Q T=-3—.
d. f(x)=2cos’x + 4cos’x + 16cos’x.
' n n
= = Q' T=—. O T= <
0 T=2x Q T=mnm 2 2
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Bai tap 5: Hay xem nhitng ham s6 no trong cic ham s6 cho dudi day la
ham tudn hoan va xac dinh chu ky nho nhét (néu cd) cia chiing:

a. f(x) =2cos’x — 3sinx + 2. b. f(x)=2cosx + sin(x+/3).

Bai tap 6: Hay xem nhitng ham s6 nao trong cic ham s6 cho dudi day la
ham tudn hoan va xac dinh chu ky nho nhét (néu c6) clia chiing:

a. f(x)=+1+sinx.

n

- Q T=nﬁ. Q T=2x 0 T=x Q T=-i"-
b. f(x)=‘1fl+cotgx.

. n n

= = a T=—. Q T='—-.

T=2rx. QO T=mn 5 4

Bai tap 7: Hay xem nhitng ham s6 nao trong cidc ham s6 cho duéi day la
ham tudn hoan va xac dinh chu k¥ nho nhat (néu c6) cta chiing:
a. f(x)=cotg Jx. b. f(x) = cos(x?).
Bai tap 8: Dung dinh nghia tim chu ky cua ham s6:
f(x) = AcosAx + BsinAx.

2n n
Q T=T° Q T=—?:' o T=An o T=2An

Bai tap 9: Ton tai hay khong ton tai mot ham s6 f(x) khong phai 1a hing s6,
tudn hoan trén R nhung khong c6 chu ky co sd.

Bai todn 3: Tinh chén, 1é cha ham s6 lugng gidc.

PHUONG PHAP CHUNG
Ta thuc hién theo cic budc sau:
Buwée 1:  Tim tap xédc dinh D cta ham s6, khi dé:
* Néu L latap déi ximg (tic 1a Vx € D = - x € D), ta thuc
hién ti€p budc 2.
* Néu D khong phai la tap d6i ximg (tic Ja 3x € Dma -x ¢
D), ta két luan ham s6 khong chin ciing khong lé.
Buwge 2:  Xac dinh f( - x) , khi dé:
= . Néu f( — x) = f(x) két luan ham s6 1a ham chén.
= Néuf( - x)= - f(x) két luan ham so6 la ham lé.
= Ngoai ra két ludn him s6 khong chédn ciing khong lé.
Chu y: Vi cdc ham s6 lugng gidc co ban, ta cé:
1. Ham s6 y = sinx la ham sé lé.
2. Ham s6 y = cosx la ham sé chin
3. Ham s6 y = tgx 1a ham sé 1é.
4. Ham s6 y = cotgx 1a ham sé lé.
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uong 1 SO lug plde

BAI TAP TU LUAN VA TRAC NGHIEM
Bai tap 10: Xét tinh chdn, 1é cia cdc ham s6 sau:
a. f(x)= x.sinx.

@ Hiamchin. O Hamle. @ Khong chin khong lé.
b. f(x) = cos’x + 4sinx.
@ Hamchin. O Hamlé. @ Khoéng chin khong 1é.

Bai tap 11: Xét tinh chin, 1€ cia ham s6:
f(x) = |x | COSX.

O Hamchin. 0o Hamlé. @ Khong chin khong lé.
Bai tap 12: Xét tinh chén, 1€ cta cdc ham s6 sau:

cos 240 o L2004

a. f(x)= -
sin x
0 Hamchin. 0 Hamlé @ Khoéng chin khong lé.
b fx) = —kRoud
sin x + tgx
0 Hamchin. o Hamlé. @ Khong chin khong lé.
Bai tap 13: Xét tinh chén, 1é cia cdc ham s6 sau:
a. f(x)= ook b
6x® +4x* +2x2 +1 _
O Hamchin. 0O Hamlé. @ Khoéng chdn khong lé.

in X + cot gx
b. f(x)= 1""# o .
' xz +1-cosx

O Hamchin. o Hamlé. @ Khong chén khorg 1¢é.

Bai toan 4: Khao sat su bién thién va vé dé thi ciia ham s6 lugng gidc.

PHUONG PHAP CHUNG
1. Véicac ham s6 lugng gidc co ban, ta c6:
a. Ham s6 y = sinx

* Déng bién trén khodng ( - -'é‘- + 2k, g +2kn) véi k € Z.

= Nghich bién trén khoing (7. + 2k, -312’1 + 2kn) véi k € Z.

b. Ham s6 y = cosx :
* Pdng bién trén khoang ( — n + 2k=, 2kn) véi k € Z.
* Nghich bi€n trén khoang (2kn, nt + 2kn) véi k € Z.
c. Ham s6 y = tgx déng bién.
d. Ham sd y = cotgx nghich bién.




2. V@i cac ham s6 luong gidc phirc hop, dé xét sy bién thién cia né ta sir
durig dinh nghia.

3. Dé vé dé thi ham s6, thi du y = |cosx |, thi ta sir dung ngay d6 thi cua
ham so cosx réi thuc hién cac phép doi ximng.

BAI TAP TU LUAN
Bai tap 14: Xét su bién thién cla cic ham s6 sau trén mét chu ky ctia n6:
a. Y= Cos2x. c. y=cotg3x.
b. y=1-cosx. d. y=1-cos4x.
Bai tap 15: Vé do6 thi cua cdc ham sé sau:
a. y=|sinxi. c. y=cos(-x).
b. y=cotg|x|. d. y=tg(-x).

Bai tap 16: Vé dé thi cla cdc ham sé sau:

. sl
a. y=cos(x- —). c. y=sin(— —x).
y ( 2 ) y ( 3 )
b. y=cotg(x + -g— ) & d y=tg(2x- %).
Bai tap 17: Vé do6 thi cia cdc ham s6 sau:
a. y=1-sinx. c. y=2+1gx.
b. y=cos2x. : d. y=2cotg2x.

Bai tflp 18: Khao sat su bién thién va vé do thi cdc ham s6:

a. y=(l - sinx).cosx. c. y=sinx+ .
2

| -cosx

sinx 4 ya ’:+smx
—sinx

b. y=

Bai todiin 5: So sdnh gid tri ciia cdc ham s6 lugng gidc.

PHUONG PHAP CHUNG
Ta sir dung:
1. Ddu ciia cdc gia tri lugng gidc
2. Su bién thién cta cidc ham s6 lugng gidc.
3. Phin tir trung gian.

" G
BAI TAP TU LUAN
Bai tap 19: So sianh cdc cap s0 sau:
a. sin56"vasin71°13". b. sin132°21° va sin144°11°.
Bai tap 20: So sdnh cédc cap s6 sau:
a. sin31°18’ va sin132°1°, b. cosl13” va cos39".



Bai tap 21: So sdnh cic cap so sau:

a. cosl02°vasinlll®. b. cos47" va sind6".
Bai tap 22: So sdnh cic cap s0 sau:
a. tgl33” vaglas’. c. g6’ vacotgd?7".

b. cotg41’ va cotg3323’.

ILHUGNG DAN - GIAI - PAP SO

Bai tap 1.
a. Ham s6 xédc dinh khi:

: o n
sin X # sin— X # —+ 2kn

sinx # — & 3 o 3 kel
: i 2n
s:nx#smT x¢T+2kn

Vay.tapx:icdinhcﬁah&msﬁléD=R\(—;- + 2km, —z-f- +2kn k € Z).

b. Ham s6 xéc dinh khi:
4 — Scosx — 2sin’x # 0 © 4 — Scosx — 2(1 — cos’x) # 0
<> 2cos’x — Scosx +2 20 .

n
cosx #2° COSX # COS—
T
=Xt 1 & Sxz+t— +2kn ke Z
COSX # — n
2 COSX # cos(—g)

Vay, tp xic dinh ciia ham s6 1a D = R\{i-;i +2kn, k € Z).
c. Ham s6 x4c dinh khi:
{sinx#O x # kn

o kel
cotgx;t\ﬁ xab-g--l-kn

Vay, tap xac dinh cia ham sﬁlhlj=R\{16'— +kn,kn, ke Z ).

Bai tap 2.
a. Ham s6 xac dinh khi:

-
w
A

e

— 2cosx — \E 20¢> cosx £ - — =cos—

c:%:—[ +2knsx5§f+2kn,kez.

Vay, tap xéc dinh cia him s6 A D = [37"- + 2K, 5’3’5 #%n).k e Z.



b. Viét lai ham s6 dudi dang:
- J(l—2cosx)cosx—(l+2cosx)(l—cosx) 5 1

(1+2cosx)(1 —2cosx) R roime ponri

Ham s6 xac dinh khi:

4cos’x - 1>0¢& |cosx| >l <:>—E +ku<x<—§- +kn. ke Z.

Vay, 1ap xac dinh ctia ham s6 1a D = (-g— +kn, -’j‘- +kn). k € Z.

Baii tap 3.
a. Ham s0 xdc dinh khi:
sinx =0 X #kn
= 5
—-cotgx—ﬁ>0 cotgx<—~/§=cotg—6£

<::;»—6E +kn<x<n+kn ke lZ.

Vay, tap xéac dinh cia ham s6 1a D = ( %t + kn, © + kn).
b. Truée hét ta can cac diéa kién:

cosx;t()cax;c—;—-kkn,kez. *)

tgzx.;elc:»tgx;eilc:»x#:t—:—+k1t,kez, (**)

Him s6 xéac dinh khi:
2 2
U 2 >0 o B X :

2 g’x-1 tg’x -1
l<tgx<\f§
—J§<tgx<-!

<0

o l<igx<3 &

-

T n
—+kn<x<—+kn

3 ;5 kel
——g-+kn<x<—£+k1t

Viy, tap xac dinh cia ham s6 la:

D=t— +kn,-% +km) U (S +kn, = +kn), k e Z.

3
Bai tip 4. _
X

a. 'f(s) 1a ham tuin hoan véichuky T = -

.



I T AT SAF Uy Blac

b. Tacé:
* Ham cotg%— tudn hoan véi chu ky 2r.

* Ham tgi— tudn hoan véi chu ky 4x.

Do dé6 f(x) 1a ham tudn hoan véi chu ky T = 4n.
c. Tacé:

* Ham sin2x tudn hoan véi chu ky =.
e - Ham cos3x tudn hoan véi chu ky 2—3“- .

Do dé6 f(x) 1a hAm tudn hoan véi chu ky T = 2n.
d. Tacé:
2cos’x = 1 + cos2x, 4cos'x = cos3x + 3cosx,
16cos’x = 4(1 + cos2x)’ = 4 + 8cos2x + 4cos’2x
=4 + 8cos2x + 2(1 + cosdx) = 6 + 8cos2x + 2coséx.

Tir d6, ham s6 dugc viét lai dudi dang:

f(x) = 1 + cos2x + cos3x + 3cosx + 6 + 8cos2x + 2cosdx

= 7 + 3cosx + 9cos2x + cos3x + 2cosdx.

Ta cé:

* Ham cosx tuidn hoan véi chu ky 2m.
*  Ham cos2x tuin hoan véi chu ky Ei’i =

«  Ham cos3x tuin hoan véi chu ky 2—3'1

. Hirncosdmtudnht::d'm\r('lfichuchf%4E = —;—

Do dé6 f(x) 1a ham tuén hoan véi chu ky T = 2n.
Bai tap 5.
a. Viét lai ham s6 dudi dang:
f(x) = 1 + cos2x — 3sinx + 2 = 3 — 3sinx + cos2x.
Ta cé: '
* Ham sinx tudn hoan véi chu ky 2r.

* Ham cos2x tudn hoan vdi chu ky EZE FX.

- Do d6 f(x) 12 ham tudn hoan véi chu ky T = 2.
b. Tacé:’
* Ham cosx tuidn hoan véi chu ky 2=.

*  Ham sin(x+/3 ) tudn hoan véi chu ky o

'3—; %
Nhung vi 1 va 3 khong kha uéc, nghia 1a khong tén tai boi s6 ching bé
bk 445 v6i ché chwky 2% Vi

N

,nén ham s6 f(x) khong tudn hoan.
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Bai tap 6.
a. Ham s6 xac dinh trén R.
Ta c¢6 ham sinx tuian hoan do dé ham f(x) la ham tuin hoan véi chu ky la
s0 T nho nhat thoa man:
f(x+T)= f+sm(x +T) = Jl+sinx = f(x)

& sin(x +T) =siny > T=2n.
Do d6 f(x) 12 him tuén hoan véi chu ky T = 2n.

b. Ham s6 xac dinh vdi kr < x < 3%‘ +kn, k e Z.

Ta ¢6 ham cotgx tudn hoan do d6 ham f(x) 1a ham tuin hoan véi chu ky 1
sO T nho nhat thoa man:

fix+T)= Jl+cotg(x+T) = 1}l+cotgx = f(x)

< cotg(x+T)=cotgx > T=m.
Do dé f(x) 1a ham tudn hoan véi chuky T ==
Bai tap 7.
a. Tacé:
* Ham cotgx tudn hoan véi chu ky .
* Ham cotg Jx tudn hoan véi chu ky %,
Nhung vi 1 va n khong kha udc, nghia 1a khong tén tai boi s6 chung bé

nhét d6i vai cac chu ky = va %, ‘nén ham s6 f(x) khong tudn hoan.

Chu y: Cdc em hoc sinh ¢6é thé chimg minh ham s6 khéng tudn hoan hdng

phuomg phap chitmg minh phan chimg. '

b. Ham s6 f(x) khong tudn hoan vi khoang cédch giita cic nghiém (khong
diém) lién ti€p clia n6 dén téi 0, that vay:

—> 0 khi k — o (dau hiéu d).

1/(lﬂ; + D - JE
Jik + Dr +Jkn

Bal tap 8. Gia sir ham s6 tudn hoan véi chu ky T, ta cé:
fix+T) =f(x)
<> AcosAMx + T) + BsinA(x + T) = AcosAx + BsinAx
<> AlcosAx. cosAT — sinAx.sinAT] +
+ B[sinAx. cosAT — cosAx.sinAT] = AcosAx + BsinAx

ScosAT=10AT=2krneT= %kl,k e Z.

vayT=3£‘-1achuk9bénh££.

Bai tap 9. Xét ham Dirichle:
M)l ot
1 khixgQ

Khi d6 f(x) 1a ham tuén hoan trén R chu ky a € Q* tuy y.
Vi trong Q" khong ¢6 s6 nho nhdt nén ham f(x) khong c6 chu k¥ co so.
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Bai tap 10.

a.

Ham s@ xac dinh trén D = R la tap d6i ximg.
Ta c6: -
f(—x) = —x.sin(—x) = x.sinx = f(x).
Vay f(x) 1a ham chén.
Ham s6 xdc dinh trén D = R la tap d6i ximg.
Ta cé:
f(-x) = cos’(~x) + 4sin(-x) = cos’x — 4sinx # * f(x).
Vay, ham s6 f(x) khong chén ciing khong lé.

Bai tap 11. Him s6 xdc dinh trén D = R Ia t4p d6i xing.

Ta cé:
f(-x) = | -X | .cos(—x) = | X | .cosx = f(x).
Vay, f(x) 1a ham s6 chén.
Bai tap 12.
a. Ham s6 xdc dinh trén D = R\[kn, k € Z} la tap d6i1 ximg.

Ta cé:

cos™™"(-x)+2004 _  cos™™" x +2004

f(-x) = : - = —f(x).
sin(—x) sin X
Vay f(x) 1a ham s6 lé.
Ham sé xéc dinh khi:
cosx#0 cosx#0 cosx #0
& &>
sinx +tgx#0 (cosx +1)sinx#0 sinx # 0

oOsin2x 200 2x2kno x # %,ke Z.

Vay ham s6 xdc dinh trén D = R\{ 52’-'-. k € Z{ la tap d6i ximg.

Ta cé:

—X xz

sin(—x) + tg(-x) g sin x-+ tgx
Vay f(x) 1a ham s6 chan.

f(-x) =

= f(x).

Bai tap 13.

a.

b.
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Ham s6 xdc dinh trén D = R 1a tap d6i xing.
Ta cé:

flox) = cos(—x) S cosX

6(-x)* +4(=x)* +2(-x)* +1  6x" +4x* +2x* +1
Vay f(x) 1 ham s6 chdn.
Ham s& xdc dinh trén D = R 1a tap d6i ximg.

= f(x).



Ta c6:

e o sin(—x) + cot g(—x) _ Md— sin X — cot gx i)
| (-=x)? +1 - cos(-x) x> +1-cosx '

Vay f(x) 1a ham so lé.

Bai tap 14.

a.

Ham s6 tudn hoan véi chu ky =n, do vay ta xét su bién thién cia ham s6
trén doan [0, n].
Ta c6 ngay, ham s6 y = cos2x = | — 2sin’x nén:

* Nghich bién tren khoing (0, 7).

*  Déng bién trén khoang (-’21, ).

Ham s6 tudn hoan véi chu ky 2m, do vay ta xét su bién thién cia ham s6
trén doan [0, 2x].

Ta c6, ham s6 y = cosx

* Nghich bién trén khoang (0, ).

*  DPéng bién trén khoang (=, 27).

Do d6, ham'séy = | - cosx

* Dong bién trén khoang (0, n).

* Nghich bién trén khoang (=, 2m).

Ham s tudn hoan véi chu ky %,.do vay ta xét su bi€n thién cia ham s&
trén khoang (0, % ) va trén khoang nay ham sé luén nghich bién.
Ham s6 tudn hoan véi chu ky -g- ,do vay ta xét su bién thién ciia ham s&

trén doan [0, 125].
Ta c6, ham s6 y = cosdx

*  Nghich bién trén khoang (0, E),

*  Ddng bién trén khoang (g- g lzt—).

Do d6, ham s6é y = | — cos4x
* Pébng bie'n trén khoang (0, E-).

« Nghich bién trén khoang (:"5 : -2’5 ).
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Chuong |: Ham s0 luong gidc

Bai tap 15. Ban doc r:¢ gidi.
Bai tap 16. Ban doc i gidi.
Bai tap 17. Bau doc tw giai.
Bai tap 18. Ban doc e gidi.
Bai tap 19.

a. sin56" <sin71°13’.

Bai tap 20.

a. sin31°18’ <sinl132"1".

Bai tap 21. So sdnh cic cap s0 sau:

a. cosl02' <sinll1".

Bai tap 22. So sdnh céc cap s6 sau:

a. tgl33'<tgl4s’
b. cotg4l’ < cotg33"23’.

sin132"21’ > sinl44"11".
cos113” < cos39".
cos47’ < sin46",

tgd6" > cotgd7".



CHU DL 3

CONG THUC LUONG GIAC
. TOM TAT LY THUYET
. CONG THUC CONG
a. cos(X + y) = cosx.cosy — smx.any o AR y) tgx +1gy
b. cos(x — y) = cosx.cosy + sinx.siny | - tgx.tgy
c. Sin(X + y) = sinx.cosy + cosx.siny tex —t
| P : f tgx-y)= B
d. sin(X —y) = sInx.cosy — cosx.siny | + tgx.tgy
. CONG THUC NHAN POI
a. Sin2x = 2sinX.cosx e 21gx
b. cos2x = cos’x — sin’x = 2cos’x — 1 Sy tg’x
= | - 2sin’x
. CONG THUC NHAN BA
- Iy _ —to?
a. c?53x = 4c.os X 3.cc:sx v (3-1g xztgx
b. sin3x = 3sinx — 4sin’x ; 1-3tg"x

. CONG TH('C BIEN pOI TICH THANH TONG

a. COsX.Cosy = % [cos(x + y) + cos(x — y)].
b. §inx.siny = -;— [cos(x — y) - cos(x +y)].
C. Sinx.cosy = —;— [sin(x + y) + sin(x - y)].
d. cosx.siny = —;— [sin(x + y) - sin(x - y)].

 CONG THUC BIEN A1 TONG THANH TicCH

a. cosx+cosy=2cosx+ycosx_y.
: 2 :

b. cosx —cosy = —Zsinx;ysinx;y.

. sinx+siny=2sinx;ycosx;y.

d. sinx - siny = 2cos x;—y sinx;y.




s0 | ‘

sin(x +y) sin(x +y)

€. Igx+1igy= . . colgx + colgy = ’
3 o COSX.COS Y . . l sin X.siny

f. tgx-tgy= A Lo R h. cotgx - cotgy = M
N e SO sin X.Sin y

6. CONG THUC HA BAC

in’ 1 - cos2x . 3. 3sinx-sin3x
a. sin’x = ————. c. sin'x= :
2 4
b, copx s LiLos2x d. cos'x = JCOsX+cos3x
: - 4
‘7. CONG THUC RUT GON
Ta cé:

E : i b

a. asinx + bcosx = va’ +b? sin(x + @) Vi cotga = — .
a
= ya’ +b? cos(x - a) Vi tgd= %
: ; b

b. asinx — bcosx = va’ +b? sin(x — &) véi cotgo = — .
: a

= — yJa’ +b? cos(x + @) véi tga =

hos
. .
Hé qud:

a. sinx + cosx = ﬁsin(x+ 3—): ﬁcos(x—- ;).

h. sinx — cosx = \Esin(x - ;—)= - ﬁcos(x+ -:::-).
c. Morong:

cotgx + 1gx = — :
sin 2x

cotgx — tgx = 2cotg2x.
8. CONG THUC TINH sina, cosa, tgo THEO tg -

Néu datt=tg—g-.taduqc:

. 2t
*  sina = =,
1+t
}=¢?
"  cosa= .
1+t
2t
* gt = ——
. -t



I1. PHUONG PHAP GIAI CAC DANG TOAN LIEN QUAN VA'BAI TAP

Bai toan 1: Bién ddi biéu thiic lwong gidc thanh tong.
PHUONG PHAP CHUNG
Sir dung céc cong thiic luong gidc.

BAI TAP TU LUAN
Baitap 1: Bién ddi céc biéu thic sau thanh téng:

a. A = cosa.cos2a.cos3a. b. B= 25ina.sin2a.cos§-?—.
Baitap 2: Bién déi biéu thiic sau thanh téng:

P = 4cos(a — -g ).sin2a.cos(a + —T3£ )-

Bai toan 2: Bién déi biéu thitc luong gidc thanh tich.

PHUONG PHAP CHUNG
Vigc bi€n ddi biéu thic luong gidc vé dang tich phu thudc vao cic phép
bién doi dang:
Dang I: Bién déi tdng, hiéu thanh tich.
Dang 2:  Bién déi tich thanh téng.
Dang 3: Lua chon phép bi€n déi cho cos2x.
Dang 4: Phuong phap luan hé s6.
Dang 5: Phuong phdp hang s6 bién thién.”
Dang 6: Phuong phdp nhan.
Dang 7: St dung cic phép bién ddi hén hop.

« BAI TAP TU LUAN
Bai tap 3: Bién déi cdc bifu thiic sau thanh tich: .
a, A=2cos2a- 3. e, lew ] - ga.
r _ d. D=1+ 2sina - cos2a.
b. B=sin3a - cosa. e. E=1+cosa+ cos2a.

Bai tap 4: Bién déi cdc biéu,thifc sau thanh tich:
a. A =2sin'a - cos2a + cosa.
*b. B = 3(cotga - cosa) - 5(tga — sina) — 2.
*c. C=09sina + 6cosa - 3sin2a + cos2a — 8.
Bai tap 5: Bién ddi cc biéu thifc sau thanh tich:
* a. A =2sin2a - cos2a - 7sina — 2cosa + 4.
b. B=1 - cosax — cos2bx + cos{a + 2b):€,
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uuong i. hatil'L)

Bai tap 6:. Bién déi cac biéu thitc sau thanh tich:
a. A =cos'a—cos2a+ 2sin‘a.
+ b. B=cos’a+ cos’a+ 2sina - 2.
c. C=sin’2a - 12(cos*a + tg’a) + 36.
Bai tap 7: Bién ddi cdc biéu thitc sau thanh tich:
a. A =sin‘a + cos'a — 2(sin'"a + cos'"’
\/'*' b. B=cos’3a + cos’2a — sin’a.
c. C=sin’3a - cos’4a - sin’5a + cos’6a.
Bai tap 8: Bién déi cdc biéu thitc sau thanh tich:

a).

i c1a
a. A= (cosa+ l).sin‘= —cosasin’= - 1.
2 2
X 1 ; . ;
b. B=cos’a+sin’a+ % (cos'a + sin’g)sin2a — (cosa + sina).
'J

61‘. C=2(1 —4sin’a)sin3a— 1, véia = 12E +kn ke Z.

Bai todn 3: Riit gon biéu thic luong gidc.

PHUONG PHAP CHUNG |
Sir dung cdc cong thic lugng gidc cling cdc phép bién déi lugng gidc.

o BAI TAP TU LUAN VA TRAC NGHIEM
Bai tap 9: Ruit gon céc biéu thic:

a. A=( 1 +l).tgx.
cos 2x

O A=sin2x. O A=.osx. O A=tg2x. 0Q A =cotg2x.
b. B=cos8x.cotgdx — — 2x-l :
2co g2x
 B=cosx. O B=sin2x. O B=cos®x. @ B=-sin8x.
Bai tap 10: Rit gon céc biéu thic: _
+ a. A=sina+sin2a+ ...+ sinna. ¢ C=cos’a+cos’2a+ ...+ cosna.
b. B=cosa+cos2a +... +cosna. td D=sin% +sin?2a + ... + sin’na.

Bai tap 11: Rt gon biéu thiic:
* A= -% Jz-Jz-...-Jz-zcosx ,v6i0 < x < 2.

l'ld‘; cin

POk X P T
O A=cosnx. O Azsm-i-. Q A=cos-£;. o A:sm-:-z;'.
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tAp 12: Riit gon biéu thic:

.- 4n nmn
a. A=co——— +cos — 4+ ... + COS
./ 2n+1 2n+1 n+l
T b. B=(2cosa - 1)(2cos2a ~ 1)... (2c0s2" 'a - 1).
4 *ec. _ : + : PR !
4cos’ -~ 4’cos’ -aT 4" cos? >
2 2 5
1 1 1
d D=(1+ 1+ okl %
( cos2a 5 cosda e cosZ"a) /
Bai tap 13: Véi a # kn, 'k € Z hdy riit gon céc biéu thic: ,
a. A= ) + L + ..+ : ;
cosa.cos2a cos2a.cos3a cosna.cos(n + 1)a
R 2smr'1a : i I ZCosna' .
cosna.sin2a cos(n + l)a.sin 2a
G A ZSinna. : e 2 cos na .
cos(n + l)a.sin2a sin(n + 1)a.sin 2a
b. B=— l' + — : _ - _1 :
sina.sin2a  sin2a.sin3a sinna.sin(n + l)a
G Baoco 0 B At
sin” a sin” a.sin(n + 1)a
1
o B QP s i
sin"(n + l)a : sin® a.sin(n + 1)a
Bai tap 14: Riit gon cac biéu thic:
PO | | a
. =igad —1ig= + ...+ g,
ta A=tga 232 3 tgzn
| a | a
Q A= —1tg— -2tg2a. Q A= —1tg—
(- o o,
1 a 1 a
O A= o cotg 2_:. —2cotg2a. O A -;n— cotg-i—n—
b. B=tga+ 2tg2a + ... + 2"tg2"a.
O B=tga-2"tg2"a. 0O B=tga-2"""1g2"""a
Q B=cotga - 2".cotg2"a. @ B=cotga-2"*"cotg2"""a.
c. C=tga.tg2a +tg2a.tg3a +... + tg(n — l)a.tgna.
tga cotga
o ColPER 0. (Cw B8 .y
cotga tga
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cos2a cos3a cos na
+..+

d D=2+ .
@ cos’a cos'a cos" a
i sin(n+1)a T sin(n + 1)a
cos" a.sina ; sin" a.sina
h A Beatle. B Aw il
- sin" a.cosa cos" a.cosa

Bai toan 4: Chiing minh ding thic luong gidc doc 1ap Véi bién s6.

PHUONG PHAP CHUNG
Sir dung céc phép bién ddi lugng gidc d€ thuc hién phép rit gon biéu thic
luong gidc.

BAI TAP TU LUAN VA TRAC NGHIEM
Bai tap 15: Ching minh biéu thirc sau khong phu thuédc vao x:

A = cos’(x ~ —:—:-)+cos’x + cos’(x + %).

Bai tap *1_6: Xéc dinh a € (0, -;-) dé biéu thitc sau khong phu thudc vao x:
A = cosx + cos(x + 2a) + cos(x + 4a) + cos(x + 6a).
8 a=~— Q a== 0 a=— Q Vo6 nghiém
6 4 3 s

~ Bai tap 17: Tim a, b sao cho cic biéu thifc sau khong phu thuoc x:
a. A =a.cosdx +4a.cos2x + b - cos’x.

1 1
Q atuy ab= —. Q a=b=—.
atuyy vi 3 a 2
1 : 1 1
e a=§vibtuyy. Q a=~§ v&b=-—8-
O b. B=2asinx - a.5i83x+ beinsx - sia’x.
1 15 15 1
Q0 a=—vab= —. Q a=—vab= —
16 16 g 16
Q a=b=0. Q Vo nghiém.
Bai tap 18: Tim a, b sao cho cdc biéu thic sau khong phu thudc x:
a. A=a.cos’x+b{cos’(x+§)+ cosz(x--g)]—-:-. ’
1 gy 1
QO a=b=—, 0O as=-—vab=—.
2 2 2
Q a=b. Q Vo nghiém.
b. B=a(cosx - 1) - cos(ax + b?) + b + 1.
Q a=0vabtuyy. Q awyyvab=0.
QO a=1vabuyy. Q atuyyvab=1.
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Bai toan 5: Tinh gi4 tri cha biéu thitc lugng gidc.

PHUONG PHAP CHUNG

Thuc hién phép bién déi luong gidc dé don gian biéu thitc cin tinh gi4 tri.

BAI TAP TU LUAN VA TRAC NGHIEM
Bai tap 19: Tinh gi4 tri cta biéu thitc A = sin’a + cos®a biét:

L4
a o= —,
2
o Kwn ok _33
2 8 16
b a_-,:é_‘r.l:_
]
13 1 3
2w QO A= —, = —
16 3 LB oA 2

Bai tap 20: Tinh gi tri clia cdc biéu thirc:

Gl T n T 14
a. A =SIn— .COS—.COS— . COS—. COS—.

48 48 24 12 6

ke Lt e el
16 32 3
b. B= sin—n- .sinif- .sinlt:- .sin& :
8 24 24 24 24
Q Bz—l-. Q B=_l__ Q B=Z
32 16 : 8
R P e G e g
c. C=sin— .sin— .sin— .sin .sin .
a3 30 30 30 30 30
g C=]. 1 i

C=—. Q C=
2

Bai tap 21: Tinh gi4 tri cia c4c biéu thic:

2n 4n 6n 8n
a. A=cos— +cos— +COsS— +cCos—.

Q A=—l. Q A=

1
2 2"
b. B=sinl0" sin30". sin50°. sin70°.

Q B=-l—., 0 B=l_.
16 8
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Bai tap 22: Tinh gid tri ctia cdc biéu thic:

b4 n
a. A=tg’— +cotg’—.
Sk T R

o A=14, a A=11. a A=8. a A=2V3.

b B w2 s cote’
_ ' g 24 g

24
V3 ' 1 1 12 +24/3
TR Q A=—. 0 A= < ..
Q A 25. F3 5_ f’3 o A

TSy,
Bai tap 23: Tinh gi4 tri clia cdc biéu thic:

T 3n Sn*
a. A=cos’— +cos’— +c0527.

i
Blw

N,\'—-

COS—

7

o C=1 a C=2 « B,
Bai tap 24: Tinh gi4 tri cha cac biéu thic:

n in 5t
COS— COSs—

]
b
O

C=4.
a. A=cos‘—1+cos‘2£+ ‘sn.
14 14

g Asa,

4

4

b. B=cos® +cos“‘§£ +cos® 2=,
14 14

el 24
64

Bai tap 25: Tinh gi4 tri clia biéu thic:

J 2n {'4« J 4n
A= }/lcos— + }/cos— + }lcos—.
7 7 7

a 'A=-3-. ‘o A:f‘i—g. o A=€. & neift=NT




Bai tap 26: Biét:

l+l-|-l+1:6.

sin?x  cos’x  1g’x  cotg’x -

Tinh gi4 tri cia cos2x.

O cos2x=-1. G© cos2x=0. Q 0052x=-:;-. Q cos2x= —.

Bai tap 27: Biét:

cosa+cosb=m g
. . ,voim,n=0.
sina+sinb=n
Tinh gid tri cia sin(a + b).
‘ mn 2mn m? +n’ m+n
Q ——. 0 —/——. @ o - .
m +n m +n mn mn

Bai toan 6: Chimg minh déng thic lugng giac.

PHUONG PHAP CHUNG
Ta luva chon mot trong céc hudng bi€n déi sau:

Hiwéng 1:  Dung cong thic lugng gidc bién di mot v€ thanh vé con lai
(VT = VP hoac VP = VT). Khi dé:
= Né&u xudt phat tir vé€ phirc tap ta cén thuc hién viéc don
gian biéu thic.
* Ne&u xudt phit tir v€ don gian ta cdn thuc hién viéc phan

tich.
Huong 2:  Bién déi déng thic cdn chimg minh vé mot ding thirc da biét
1a luén ding. -

Huéng 3:  Bién déi mot ding thitc da biét 12 luon ding thanh ding thic
cén ching minh.

Dé ¥ ring mot biéu thic luong gide c6 thé duoc bién ddi thanh nhiéu dang
khic nhau. Ching han ta cé:

sin’2x = 1 - cos’2x = (1 — cos2x)(1 + cos2x).
Sin?2x = %(1 _ condi),

sin’2x = 4sin’x.cos’x.
Tuy theo méi bai todn, ta lua chon cong thic thich hop dé bién déi.

BAI TAP TU LUAN
Bai tap 28: Chimg minh cédc déng thirc sau:

a. cos(x*nm)=(-1)"cosx véin € N.
b. sin(xt nn)=(-1)"sinx vdin € N.
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Bai tip 29: Chimg minh céc ding thic sau:
a. cos’(x —y) - cos’(x +y) = sin2x.sin2y.
b. cos’(x —y) - sin’(x + y) = cos2x.cos2y.
@}c. 2c0sX.cosy.cos(X + y) = cos’x + cos’y — sin’(x + y).
Bai tap 30: Ching minh céc ding thic sau:
a. sin’x.(1 + cotgx) + cos’x.(1 + tgx) = sinx + cosx.
b. sin3x — 2sin’3x + cos2x.sinx = cos5x.sindx.

c. sin'x + cos'(x + -:—)= -} - —52- sin(2x + %).

Bai tap 31: Chimg minh céc ding thic sau:
a tg(x- 1;—)-0- tgx + tg(x + %) = 3tg3x.

Ap dung tinh gié tri ctia biéu thiic:
O A=tgl"+1g5" +1g9" + ... +1g177".
b. ®1gi(x - 1;-') +tg’x + 1gi(x + 1::') =9tg?3x + 6.

Ap dung tinh gi4 tri clia biéu thic:
A =1g’5" +1g’10" + 1g’15" + ... +1g785".

sin(x +y +z)

C. 1gx +1tgy +tgz = tgx.igy.1gz + ‘
b | gy+le gx.tgy-tgz COS X.COSY.COS Z

d }_g"‘x 8 1 _l_cotg’x
j Sil'lz X sin X.Cos X cogzx

Bai tap 32: Cho sinx + siny = 2sin(x + y), véi x +y = kn, k € Z.

1 5.. lg-l.
Guingmmhr&ngtgz.tg2 -

Bai tap 33: Chimg minh céc ding thiic sau:

a. | +cosa+cos2a+..+cosna=

= 1g’x + cotg’x.

S
sin —
. 2
b. sinx + sin(x + a) + sin(x + 2a) + ... + sin(x + na) =
(n+1ha
T R

e e i
N 2
sin —
2

C. cosx + cos(x + a) + cos(x + 2a) + ... + cos(x + na) =
cos(x+%§-)sin (n;lh :
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Bai toan 7: Ching minh bat dang thiic lugng giic.

; PHUONG PHAP CHUNG
Muén chilng minh mot bat ding thic luong gidc, ta sir dung cdc cong cu:
. Céc cong thitc luong gi4c dé bién dbi bat ding thic lwong giac.
2. Tinh chat cla cic ham s6 lugng gidc.
—-1<sinx<lva -1<cosx<1

sinx +'cosx = v2 sin(x * %) — | sinx + cosx| < V2

Md rong

Ia.sinx + b.cosx| < vaZ+b?.
3. Cac bat dang thitc dai s& va tinh ch4t tam thic bac hai.
BAI TAP TU LUAN
Baitap 34: ChoO<x<y< 7 vax +y= . Chimg minh ring:

. . n . .
X.SINX + y.siny 2 Z(smx + siny).
Bai tap 35: Chimg minh ring:

a. cos(sinx) > sin(cosx), vOl X € [O, -;—]

b. cos(sinx) > sin(cosx), véi moi X.
Bai tap 36: Chiing minh ring véi 0 < x < -;5 thi:

3x
; —+1
2!smu > 21;1. > 2 2 -
Bai tap 37: Cho 0 < x, y, z < =, ching minh réng:

X+y+2z

sinx + siny + sinz < 3sin

Bai tip 38: Chox,y,z>0va thodAminx + y+2z< g—,chﬁng minh rdng:
tgx.1gy + 1gy.1gz + tgz.tgx < 1.
Bai tap 39: Chox,y,z>0vathoiménx+y+z= -;i.chﬁng minh ring:

. » - - . ' - 9
sin’x + sin’y + sin’z + 3sinx.siny.sinz < z

Bai tap 40: Cho 2cos’x — 3cosx — 3 > 0, chitng minh ring s'm[mls l] <0.

Bai tap 41: Chimg minh ring véi 0 < x < -;l luén c6:

tg'x + cotg'x 2 tgx + cotgx.
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uimg 1. SO 1ugng glac

Bai todn 8: Tim gi4 tri 16n nhat va nho nhét clia biéu thirc (ham s6) luong gidc

PHUONG PHAP CHUNG
Sir dung:
1. Tinh bi chan ctia cdc ham sé luong gidc co ban:
| sinx | <1 va0 <sin®™x < 1, véi n nguyén duong.
|cosx | <1 va 0 <cos™ < 1, véi n nguyén duong.
2. Tinh chat cla tam thitc bac hai: '

: A ot
ax’+bx+c<- E—-,vfha(ﬂ.
S

ax’+bx+cz-f-,vﬂia>0.
a

3. Bt ding thirc dai s6.

BAI TAP TU LUAN VA TRAC NGHIEM
Bai tap 42: Tim gia tri 16n nhét va nho nhat clia cdc ham s6:
a. y=sinx - L.

O Yux=1vayy,=-1. O Yyu=1vayy,=-2.
O Ymu=0vayy,=-2. 2 O Yua= 0 va yyin ]
b. y=3cos2x + 2.
| yM“ = 5 Vﬁ YMin = -l.. a YMI: = 2 Vh }‘Min = 0.
QO Yuu = 3va YMin=—1' - yMu=2 va YMin=_3-
Bai tap 43: Tim gid tri I6n nhat va nho nhét cia céc ham s6:
a. y= —2sinx + 4, v6i T<xs _7_1:
6 6
Q }’Mu=5\'ﬁym"=2. Q YM“=6V5}'M-“,=1.
S| Yrax = 4 Va YMin = -2, -l YMax = 2va Ynmin = ~2.

b. y=4cost—-l,v6i ke E.
12 8

] yM“=3VﬁyMin=—-|. : Q yM“=2VﬁyM-m=—3.
O Ymax =3 V2 Yyin = 5. O Yua=1Vvadyy,=-5.
Bai tap 44: Tim gi4 tri 16n nhat va nho nhét ctia cdc him s6 sau: -

a. y=3\/l+sinx—l.
9 Y =2V2 s = 0. 0 Yua=2 - 1Wyy,=0
- )’m=3\5"1"53’m="- Q ym=3\/':’+lvhyum=—l.
b. y =2+ 2sinx + cos’x. '
Q YMu =5va yMin = -], Q yMu = 3 Vé YMin= l
O Yua=4Vvayu.=0. O Yua=2Vayu.=1l.

58



c

y = sin’x + 2sinx + 5.

Q YMu =' 5 Va YMln = 1
Q yMlx=7VéyMin=5'

el tE 1
d y=sinx - cos’x + ok

d YMax = va YMin = 0.

: 1
V& Yntie = =77

- yMu = 2

Q

Q

yM,,'z 8 va Yy = 3.

Ymux = 8 V2 Yy = 4.

y - ..:.3.. Vay g —_._3.-
Max 2 Min 4
YMax =2 VA Ypin = =

Bai tap 45: Tim gia tri I6n nhat va nho nhat ctia cac ham s6:

a. y=2sin’x + 4sinx.cosx + 5 .

Q )’\Mu=2’\f§ — 1l vayy,=

a )’M.,=2'J§+1V51)'M,-n=|.
b. y=acos'x +b.sin'’xvdi0<ac<h.

Q Yua=bvayy,=0.

a YMa: T b Va YMm = a_b"

a+b

Q

Q

Yrax =245 — 1 vayy, = Js.
YMu=2‘[§ + l vaYMin= Jg

YMu.:av‘aYMin:O'
a-b
a+b

Ymax = b VA Ypyin =

Bai tap 46: Tim gid tri I6n nhat va nho nhat cia ham sé:
y = a.sin’X + b.sinx.cosx + c.cos’x.
Bai ‘tap 47: Tim gia tri I6n nhét va nho nhét cia cac ham s6:

a.

b.

3sinx

2 +COsX

Q yMu::lvay'Mirl:_Ji'

Q Yma = J3_ va Ymin = 'JE
y= —Eﬂf—— vdi x € [0, x].
2 +cosx

l
- Yva = T Vé yMul=

i)

Q yMu=7§va}’Min=0'

¥ cos'x wixeqeX _15_]
2+sinx o 2

T .

}’Mn= JE Vh yMiﬂ= -_l"

YMax = Ji Va Yyin = "JE .

Yru & \G VA Yyin = "—l—" .

i

Yrmax = \(3- VA Yygin =

7

YMu Ji V& YMm W

P
fm!'-

ﬁ vh Y™min = —=

%

YMn
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3sinx

d y=1+ :
2 +cosXx
El_)’m;==~/§\'iyu-.,=—ﬁ. Q yM..=1+J5vAyMi,=l—J§.
a YMu=‘J§V5YMin=‘l- B )’u.a:ﬁ‘;'i)’mn:l- -
-3
cosx+2sinx+3 . .
e = - VOl - T<X<T.
2cosx—-sinx +4 :
- YMI!=3VAYMin=O' Q Ymuzl"&)'mnz"l-
- YMu=2V3YMin=‘2—- Q vy =-5—v&yM-=l.
ll Max 2 in 2
Bai tap 48: Tim gid tri nho nhét va gia tri‘lén nhét cha ham s6:
] 4x
= sin + cos + 1.
’ 'l+x2 1+x2

O Yuax=3vayu.=L
O Yva =2 Va2 Yya<= -l
O i % VA Yyia = —2sin’l - sinl + 2.
Q y.‘“=4vay“i“=25inzl +Sil'll ""2.
Bai tap 49: Tim gi4 tri 1én nh4t vA nho nhét clia ham s6:
y= Jeosx + Ysinx .
o Ymax = 2 VA Yy = 0. O Yuma=1 V2 Yy =0.
o )’Muz’\[s-"h)'m:l- = )’Mu=2\5"5)’nﬁn=1-
Bai tdp 50: Tim gi4 tri 16n nhdt cha ham s6:
y= +1+2cosx + 1+2sinx.

O Yue=1++3. 0 Yuu=23.

a ym=24-l+ﬁ. w] ym,=\/l+~/§.
Bai tap 51: Tim gi4 tri 16n nh4t va nho nhat cha cdc ham s6:
a. y=sin""x + cos'’x.

O Yua=1vayu.=0. - a yM._,=2v§yMi,,=0.
¥l ; ; 1

Q = 1lvayy,= —. Q =2 VA Yo = —.
Yvax = Ym 16 Ym Y 6

b. y=2(1 + sin2x.cos4x) — %(cos‘lx - cos8x).

Q YM=5VﬁY‘ﬁn=1. Q yM“=4V5yMin=0.

1 5
- )’Mn=2"5YMi-=E- Q Ym='£"3)’mau=-l-



Bai tap 52: Tim gid tri nho nhat cia ham sé:
y= _I + : vi0<x< .
sinx  cosX 2

D YMil\=0' D YMi"'_-l- D }'Hl1= Ji a YMHI=2J5
Bai tap §3: Cho ham sé :
_ 2kcosx+k+1

CosX +sinX+2
a. Tim gid tri I6n nhat va nho nhat cia ham s6 yéi k = 1.

O Yy =2 Va Yy =0. O Yuax=4Vayy,=l.
QO Ymu =3 VA ymin=-—1. Q Yux=1vayya=0.
b. Xéc dinh k sao cho gid tri l6n nhét ciia ham s6 dat gia tri nho nhat.
1 1
0 k=2 o k=l‘. Q k=—2—. Q k=-3-.
Bai tap 54: Tim k dé gi4 tri nho nhat cia ham s6 sau nho hon -1:

_ ksinx +1
" cosx+2

Bai tap §5: Cho ham s¢:
acos3x —sin3x +1

cos3x+2

a. Tim gid tri 16n nhat va nho nhat cha ham s6.

b. Xé4c dinh a dé gid tri 16n nhait ctia ham s6 nho hon hodc bing 1.
Bai tap 56: Vi a > 1, tim gid tri nho nhat ctia ham s6

y = vJa+cosx + Ja+sinx.

I1I. HUGNG DAN - GIAI - PAP SO

Bai tap 1.
a. Bién déi biéu thic vé dang:

A= —;— (cos3a + cosa).cos3a = -;—(005233 + cos3a.cosa)

= -‘2-[-;—(1 +cos6a) + %(oos4a+co52a)]= i»u + cos6a + cosda + c0s2a).
b. Bién ddi biéu thic vé dang:

B=(ccﬁsa-c:crsBa).cos-:;—Il =cos%.cosa-cos3a.cos—?—
1 7a . 3a 1 lla a
= —(cos — +cos—)— —(cos — + cos—
2 0= 3 R rems)
= —%(r:mrs—-;il +cos% —oos-!-%a-—cos-;-).
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Bai tap 2. Bié&n d3i biéu thitc vé dang:
P =4cos(a + % ).cos(a — ; ).sin2a = 2(cos2a + -cos—z?} ).sin2a

= sinda — sin2a.
Bai tap 3. ;
a. Bién déi biéu thiic vé dang:

A = 2(cos2a - —~2§- ) = 2(cos2a — cosg )= —4sin(a + % ).sin(a - lltz_ ) 8
b. Bién ddi biéu thirc vé dang:
B = sin3a - sin(g —a)=2cos(a + -3— ).sin(2a - 3—).
c. Bién déi biéu thifc vé dang;
n T
in(— - 2sin(——a
51(4 a) ='\[_1(4 ).

T
C=tg— ~tga=

4 T cosa
COs—.cosa

d. Bién déi biéu thirc vé dang:
D=1 + 2sina - (1 - 2sin’a) = 2sin’a + 2sina = 2(sina + 1)sina.
e. Bién ddi biéu thic vé dang:
E =1 + cosa + 2cos’a — 1 = (2cosa + 1)cosa.
Bai tap 4.
a. Bién déi biéu thirc vé dang:
A = 2sin’a - 1 + 2sin’a + cosa = 2(sina + 1)sin’a + cosa— 1 = (
= 2(sina + 1)(1 — cos’a) + cosa — |
= (1 - cosa)[2(sina + 1)(]1 + cosa) — 1]
= (1 - cosa)[l + 2sina.cosa + 2(sina + cosa)]
= (1 - cosa)[(sina + cosa)’ + 2(sina + cosa)]
= (1 - cosa)(sina + cosa)(sina + cosa + 2).
'b. Bién déi biéu thic vé dang:
B = 3(cotga — cosa + 1) — 5(tga — sina + 1)

cosa sina /
=3(— —cosa+ 1) - 5( —sina+ 1)
sina cosa
_ 3(cosa-—sina.cosa+sina) 5(sina-sina.cosa+ cosa)
sina : cosa
: : 3 5
= (sina + cosa — sina.cosa)( — - ).

. sina  cosa
c. Bién déi biéu thirc vé dang:
C = 9sina —~ 9 + 6¢cosa — 6sina.cosa + cos2a + |
= O(sina — 1) — 6cosa(sina — 1) + 2cos’a
= 9(sina - 1) — 6cosa(sina - 1) - 2(sin’a — 1)
= (sina — 1)(9 — 6cosa — 2sina — 2) = (sina — 1 )(7 — 6cosa — ina).
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Bai tap 5.
a. Bién déi biéu thic vé dang:
A = 2sin2a - cos2a — 7sina + 2cosa + 4.
A = 4sina.cosa — 2cosa — | + 2sin’a — 7sina + 4
= 4sina.cosa — 2cosa + 2sin’a — 7sina + 3
= 2cosa(2sina — 1) + (2sina — 1)(sina — 3)
= (2sina — 1)(2cosa + sina — 3).
b. « Bién déi biéu thitc vé dang:
B =(1 — cosax) + [cos(a + 2b)x — cos2bx]

= 2sin? "“25 & 2sin(:‘2£ + zb)x.siniz’i =2[s'm-“21 —sin(% +2b)x].sin%

=4cc:s(g— +b)x.sin( - bx).sm%i = —4cos( % + b)x.sinbx.sin % )

Bai tap 6. Bién déi cac biéu thiic sau tharh tich:
a. Bi€n déi biéu thic vé dang:
A =cos*a - cos’a + sin’a + 2sin®a = (cos’a - 1)cos’a + sin’a + 2sin‘a
= —sin’a.cos’a + sin’a + 2sina = (1 — cos’a)sin’a + 2sin®a
=sin*a + 2sin®a = (2sin’a + 1).sin‘a.
b. Bién ddi biéu thitc vé dang:
B = (1 + cosa)cos’a — 2(1 — sina) = (1 + cosa)(l - sin’a) — 2(1 — sina)
= [(1 + cosa)(1l + sina) — 2](1 — sina)
= (cosa + sina + sina.cosa — 1)(1 — sina).
c. Bién déi biéu thirc vé dang:
C =sin’2a — 12(cos'a + tg’a) + 36.
Baii tap 7.
a. Bién ddi biéu thic vé dang: ;
A = (sin"a - 2sin"a) + (cos"a — 2c0s"'a) = (1 - 2sin’a)sin*a + (1 — 2cos’a)cos*a
= cos2a.sin"a — cos2a.cos*a = (sin"a — cos"a)cos2a
= (sin‘a — cos*a)(sin‘a + cos‘a)cos2a
= (sin’a — cos’a)(sin’a + cos’a)(sin'a + cos‘a)cos2a

i = — (sin‘a + cos*'a)cos*2a.
b. Bién déi biéu thic vé dang:

B= —;-(1 + cosba) + cos’2a — -%(1—00523)= —;-(cosﬁa+oos2a)+cm22a

= cosda.cos2a + cos’2a = (cosda + cos2a)cos2a = 2cos3a.cosa.cos2a.
c. Bén déi biéu thic vé dang:

- %(1 ~ cos6a) - %(l+c058a)~— -;—(l-coleaH %(1 + cos12a)

. % (cos12a — coaba)+ —;- (c0810a — 00s88) = ~sin9a.sin3a — $ina sina

=—(sin3a + sina)sin9a = —-2sin2a.cosa.sin9a.
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Bai tap 8.
a. Datt = sin’ % , khi 6 biéu thiic duoc viét lai dudi dang:

A =(cosa+1).t’ —tcosa—1.

dedé A

Phuong trinh A = 0 c6 nghiém theotlat=1vat= -
duoc phan tich thanh:

cosa+1

A=(t-Dl(cosa+ 1)t+1]= (sin’—;— - l)(ZCOSI%.sinzg- +1)

= (sin’% - l)(%sinza +1).

b. Bién déi biéu thic vé dang:

B = cos*a + sin’a + (cos’a + sin’a)sina.cosa — (cosa + sina)
= cos*a + sin’a + cos‘a.sina + sin®a.cosa — (cosa + sina)
= cos‘a(cos_a + sina) + sin®a(cosa + sina) — (cosa + sina)
= (cosa + sina)(sin‘a + cos‘a - 1)
= (cosa + sina)[sin®a + (cos’a — 1)(cos’a + 1)]
= (cosa + sina)[sina — sin’a(cos’a + 1)] _
= sin’a(cosa + sina)(sin‘a - cos’a — 1) = sin’a(cosa + sina)(sin‘a + sin'a — 2).

c. Véia= -;—t- 4+ kn, k € Z thi cosa # 0. Ta nhan ca hai v€ cia biéu thic véi

cosa # 0 duoc:
C.cosa = 2(1 - 4sin’a)sin3a.cosa — cosa
= 2sin3a.(4cos’a - 3).cosa — cosa = 2sin3a.(4cos’a — 3cosa) - ciosa

= 2sin3a.cos3a - cosa = sinba - sin(% - a)

=2c:t;>s‘.(--5§i + E).sin(-?-il— i ).

; 4 2 4
Bai tap 9. '
a. Ta bién déi:
2 . - . .
%5 l+ws?x £ 2cos” x .smx ¥ 2cosX.sin X £ smzi —px
; cos2x cos2X COsX cos2x cos2x
b. Ta bién déi:
1 R .
B = cos8x.cotgdx - - B sTn = = cos8x. c?s4x i
2cos2x.sin2Xx sin4x sin €x
: =(cos8x - 1) i = -2sin’4x. goEIA = -2 sindx.cos4x = — anBx.

sin4x : - sindx



Bai tap 10.
a. Xét hai truong hop:
Tricemg hop 1: Néu a = 2kn, k € Z thi:
sina=sin2a=..=sinna=0=S=0.
Triong hop 2: Néu a # 2kn, k € Z thi nhan ca hai v€ cha biéu thic véi

25in-g, ta duoc:

.8 . . a . o . . a
2Asm5 = 2sina.sin— + 25m2a.sm§- L TN 251nna.sm-2—

=008~ —008§— +008— —008— +..+008 po

2 2 2 2 5575 >
= cos— — COSM o Sl s ain (n+1a

2 2 ) :

i B
sSin —

b. Xét hai truong hop:

Truwong hop 1: Néu a = 2kn, k € Z thi:
cosa=cos2a=..=cosna=1=S=n.

Triwong hop 2: Néu a # 2km, k € Z thi nhan ca hai v€ cia biéu thic vdi

W e
25:!15, ta duoc:

B e | o
2Bsin— = ZCosa'sm-z— 4+ 2c052a.sm-5 +..+ 2(:0811&51115

38 LR i e . 2n+l)a . 2n-Da
= §in— —Sin— +SN— —SiNn— +...+8in —sin
2 2 2 2 2 2
= sin(—z—n—+—l)£ - sin:l- = 25‘.inE .COS Lkl
2 2 2
sin furs cos Lkl
&B= —2 2
e
sin—
Y

c. Ta bi€n déi biéu thirc vé dang:

= %(l + cosZaﬁ + -;-(l +cos4a) + ... + -li-(l + cos2na)

B % + %(cos2a+cos4a+ ...+ cosZna).

Xét hai truong hop: :
Traomg hop I: Néu a=kn, k € Z thi:
cos2a=cosda=..=cos2na=1=>C=n.
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Truomg hop 2: Néu a # kn, k € Z thi ta di tinh t3ng T = cos2a + cos4a + ... 4cos2na
béng cich nhan ca hai v€ ciia biéu thic vdi 2sina, ta dugc:

2T.sina = 2cos2a.sina + 2cos4a.sina + ... + 2cos2na.sina
= sin3a — sina + sinS5a —sin3a + ... + sin(2n + 1)a — sin(2 - 1)a
= sin(2n + 1)a — sina = 2cos(n + 1)a.sinna
cos(n + l)a.sinna

— 3 B -
: sina
Tir dé, suy ra:
C= n 5 cos(n + 1)a.sinna :
2 2sina

d. Talua chon mét trong hai cich sau:
Cadch 1: Ta bién déi biéu thirc vé dang:

- El!—(l - cos2a) + —21-(1 -cosd4a) + ... + é—(l —cos2na)

= —;? - -é—(cosZa + cosda + ... + cos2na).
. Xét hai truong hop:
Truong hop 1: Néu a=kn, k € Z thi:
' cos2a=cosda=..=cos2na=]1=>D=0.

denghq:Z Néu a# kn, k € Z thi ta tinh dugc tdng:

cos(n + ])a.sin na
T = cos2a + cos4a + ... ¥ cos2na = )

sina
nhu trong cdu c). Tir d6, suy ra:

DR cos(n + 1)a.sin na
2 2sina
Cdch 2: Sit dung két qué trong clu c) ta nhan xét rang
C + D = (cos’a + sin’a) + (cos’2a + sin’2a) + ... + (cos’na + sinla) =n

0 néu a # kn
=D=n-C= i kel :
n cos(n + l')a.sm na iy ik
2 2sina
Bai tap 11. Ta c6 2 — 2cosx = 2(1 - cosx) = 4sin’—:—
suy ra:
x fig—<n
J2-2cosx = 4sin’ - = 2sin;—

JZ—JZ 2cosx = 25m———

e Zdi'm in

JZ J2-...~—42 2cosx —281!1-—

nda’utnn




Vay, ta duoc:

| . X .
= —.2s8In— =Ssin—.

2" ¢
Bai tap 12. '
a. Data= thi biéu thirc dugc viét lai dudi dang:
2n +1
n néu a = 2kn
. ha (n+Da 1
sin — cos

A = cosa + cos2a + ... + cosna = =——
. RS2 Wy de2kn | 2

2. A
sin—

b. Nhan xét ring:
(2cosx + 1)(2cosx — 1) =4cos’x — 1 = 2(1 + cos2x) — 1 = 2cos2x + 1.
Tir do, ta di xét hai trudng hop:

Tricong hop 1: Néu a = i—s-é—l-'- +2kn, ke Z ll'ﬁ B=0.

Truomg hop 2: Néu a # iéé[- + 2km, k € Z thi bing cich nhén ca hai v€ cia

biéu thifc véi 2cosa + 1, ta dugc: i
B(2cosa + 1) = (2cosa + 1)(2cosa — 1)(2cos2a — 1)... (2cos2" 'a - 1)
= (2cos2a + 1)(2cos2a - 1)... (2cos2" 'a- 1)
=(2cosd4a + 1)... (2cos2" 'a-1)=2cos2"a + |

B 2cos2"a+1 :
2cosa+1
c. Nhin xét rang:
e R 1 - cos’ x 1 1

4cos® x 4 cos’ x.sin’ x 4cos’ x.sinx  sin’2x  4sin’x
Tir d6, suy ra: :

Loy !

= o — P
doos’ = B8 o Qi 2

2
A 1 o 1 Y |
4? cos? —?2—- 4sin> 2 47%sin? —
2
Yo e T iy
4°cos’ —  4"'cos’—— = 4"sin’ —E.—
2 2
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pide

Cong theo V& cic ding thic trén, ta duoc:

N e
sin- a

4" sin® >
2l‘l
d. Bién ddi biéu thirc vé dang:
l+cos2a l+cosd4a 1+cos2"a

D= : —_—
cos2a cos4a cos2"a

_ 2cos’a 2cos’2a 2cos’2"'a _ 2" cosa.cos2a..cos2''a

cos2a cosd4a  cos2"a cos2"a
Bai tap 13.
a. Nhan ca hai v€ cha biéu thiic véi sina, ta duoc:
! sina sina sina
Asina = + + ...+ —
cosa.cos2a cos2a.cos3a cosna.cos(n+ 1)

_ sin(2a —a) % sin(3a - 2a) gk sin[(n + ])a — na]

cosa.cos2a cos2a.cos3a  cosna.cos(n+ 1)
=1g2a —tga+tg3a—tg2a+ ... +tg(n+ 1)a—tgna

sin na

= tg(n + l)a—tga=
cos(n+ l)a.cosa

sin na 2sinna

—
—

A= . - ;
cos(n +1)a.cosa.sina  cos(n+ l)a.sin2a

b. Nhan ca hai v€ clia biéu thic véi sina, ta duoc:
sina sina sina
+ +..+

Bsina = ——— _ . o ik : o
sina.sin2a  sin2a.sin3a sinna.sin(n+1)a

sin(2a —a) 3 sin(3a - 2a) e sin[(n + 1)a — na]
sina.sin2a  sin2a.sin3a  sinna.sin(n+1)a

= cotga — cotg2a + cotg2a ~ cotg3a + ... + cotgna — cotg(n+ l)a

sinna

= cotga —cotg(n + 1)a= ———
‘ sina.sin(n + 1)a

sin na

&9 e sreiniaeny »
sin® a.sin(n + l)a

Bai tap 14.
a. Nhan xét ring:

cos’ x —sin’ x _ 2cos2x
$in X.Cos X sin2x

cotgx — tgx = = 2cotg2x

&> tgx = cotgx — 2cotg2x.
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Tir do, ta c6 cac két qua:
tga = cotga — 2cotg2a,

l[ E""'E'Cﬂt E“'CO[H
3 03 g oty e

a | a 1 a
COlg F 5

—g— = —¢

2 Bgn T g VB T e
Cong theo vé cac dang thic trén, ta duoc:

A= —1“— cotg—%‘— - 2cotg?2a.
2 2

. Nhin xét rang:
cos’ X —sin’ x _ 2cos2x

cotgx - tgx = = 2cotg2x

Sin X.cos X sin 2x
<> tgx = cotgx — 2cotg2x.
Tir d6, ta c6 cac két qua:
tga = cotga — 2cotg2a,
2tg2a = 2cotg2a - 2’cotg2’a,

2"tg2"a = 2"cotg2"a — 2" * 'cotg2" " 'a.
Cong theo vé céc ding thifc trén, ta duoc:

B = cotga — 2"*'.cotg2" "' 'a.
. Ta co:
tg(k + 1)a — tgka
1+ tg(k + 1)a.tgka
tg(k + )a — tgka

tga

tga=tg[(k+1)-kla=

<> tgka.tg(k + l)a= -1

Do d6::

tg2a-tga

Igia.1g2a = |

tga
tg3a - tg2a
tga

tg2a.tg’a = -1

tgna —-tg(n-1)a
tga

-1

ig(n — l)a.tgna =

Suy ra::
tgna —tga P tgna
tga tga

m
L ==



d. Tacé:

TR
Gky . ooakudln . 7 TR %D -salx - D)

]

—_—

C9sk a  cos® asina cos® a.sina
_ 1 [sin(k+la sin(k-l)a]
52 | cos*a.sina  cos*asina
2 _l_ § sin(k +1)a i sin ka.cosa - cos ka.sina}
2 | cos¥ a.sina cos® a.sina
_ 1 [sin(k+l)a  sinka }+l cos ka
2 _cos" a.sina cos*! a.sina 2 coska
2 cos:ca__l cos ka =l[sin(k+l)a ___ sinka ]
cos*a 2 cos*a 2 [cos*asina cos*!asina
L coska= sin(k+1)a sin ka = # _sin(k+l)a ¥ sin ka ]
cos*a cos¥asina ‘cos*'asina sina g cos® a cos¥ ! a
Tir d6, suy ra:

sina | cos2a  cosa

: .
sina | ¢9,"a cos™

A=24+ I [sin3a sin2a]+ % 1 Psin{n+l)a__ sinna]
a

. [sin(n+1)a sin 2a sin(n+1)a 2sina.cosa
n .
sina | cos a cosa cos a.sina cosa.sina
_ sin(n+1)a
cos” a.sina

Bai tap 15. Ta c6 thé lva chon mot trong hai céch bién ddi sau:
Cdch I: Ta bién d6i:

n ; B n : -
A = (cosx.cos — + sinx.sin— )? + cos’x + (cosx.cos — — sinX.sin — )’
3 3 3 3
1 r, 4 1 3 .
= (—cosX + — sinx)? + cos’x + ( —cosx - — sinx)?
2 b o 2 2
by ‘s g L Wt ; 3
= —2-cos X+ —2-3111 X+ cos'x= -z—(smx+cos X)= —.

Vay, biéu thiic A khong phu thudc vao x.
Cdch 2: Ta bién déi:

A= -é—[l + cos(2x — 2—3’t-)]+§oszx+ %[l +cos(2x + *2'35)]
= | + cos’x + -;—[cos(2x+ -2513) + cos(2x - zTn)]

=1+ cos’x + c<::s2x.c01v.—23E = 1 + cos’x - -1—(2cos’x -1)=

N W
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Bii tap 16. Ta bién déi:
'A = CosX + cos(x + 6a) + cos(x + 2a) + cos(x + 4a)
= 2cos(x + 3a).cos3a + 2cos(x + 3a).cosa
= 2(cos3a + cosa)cos(x + 3a).
-)é biéu tht"rc khong phu thudc vao x diéu kién la:

cos3a+cosa=0cosda=cos(m—a)=0

e EpkE iy
3a=mn—a+2kn P G oo n
") S a=—,
3a=-n+a+2kn T +
a=-—+kn
£ 2
Vay, veia=g biéu thic khong phu thudc vio x.
Bi tap 17.
] 15 1
a. a=—vabuyy. b a=— vab=—.
8 24 BT T
Bi tap 18.
a, a=b. b. a=0vabtuyy.

Bi tap 19. Ta bién déi:
- A = (sina + cos’a) - 3(sin’a + cos’a)sin’at.cos’a

=1]- 1sin22¢m= 1 - -:-i-(l — cosda) = 2 + —:icos4a
4 : 8 8 8

a.Véia=—-u—tadu(xA=£+icosE=§+'3J§=10+3J§.
24 8§ 8 6. 8 16 16
b.Véia=—£tadu<:xA=§+iws§£=2+i=-§.
8 8 3 8 46 16
Bi t:ap 20
a. Tacd
A= —sin— cosi- oos-—’s- cos-E--l—sm—E cos — <:os—’E
e QS Y WYL T sy 8% 4350 5 6
=—-l-sin£. lt»=—--asm£=ﬁ.
Y 6 -} 3 2
e, P T L
16 2 32
Bi tap 21
9 e b B
16
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Bai tap 22. Ta xét biéu thic: ‘
sin‘a+cos‘a  (sin’a+cos’a)’ —2sin’a.cos’ a

S=tg’a+cotg’a=

sin’ a.cos’ a sin” a.cos’ a
1-Lsin?2
_T2%™ % 4-2sin’2a _ 4-(1-cos4a) _ 6+2cosda
= A T TR - + 2 e ! ¢t —-— =4 |
Lo, S ga l(l—c:c:us4a) B
4 -
a. Suy ra:
T
6+2cos—

3 6+1

i
]
—
- o

n n
A=tg’— +cotg’— =
15 12 1—cos§ gl

b. Suy ra:

; p
6+2cos— _
Bl i« 6 _6+V3 _12+23

24 24 J3 - g

n
1 -cos— ot
6

2
Bai tap 23. Nhan xét rang -,1;- ’ -:}72 . %’-‘— la nghiém cta phuong trinh:

Tx=n+2kn ke Z. (1)

Tasédixaydt_rngphmgtﬁnhdajsdnhana=cos$,b:cosgﬁ_.::ccs_si

7 7
1am nghiém béng cich:
(1) @ 4x=n-3x + 2kn < cos4x = cos(n — 3x + 2kn)
&> 2c0872x — 1 = —cos3x <> 2(2cos’x — 1)* - 1 = 3cosx — 4cos'x
&> 8cos’x + 4¢cos’x — 8cos’x — 3cosx + 1 =0
&> (cosx + 1)(8cos’x — 4cos’x — 4cosx + 1) =0
=> 8cos’'x — 4cos’x — 4cosx + 1 = 0.

Tir d6, theo dinh i Viét ta duoc:
' n 3n 5t 1
a+b+c=cos—+cOs—+COs— = —
7 7 7
n 3n 3n 5n 5n n 1
<ab + bc + ca = cos—.coS— + COS— .COS— + COS — . CO§ — = —— ,
7 7 7 7 7 7 2
abc=cos£.cos§£.cos—5£= —l
] 7 8
a. Tasuyra:
3 X s IR , 3
A=cos"— +cos"— +cos"—
7 g 7
=a’+b +c’=(a+b+c)’-2(ab+bc +ca)= % +1= %
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b. Tasuy ra:
B=cos' s +cos42 +cc:s"E =a'+b'+c!
7 7 7

= (a’ + b? + ¢?) - 2(a’’ + b’c? + ¢%a?)

13

=(a’+b*+c’)* - 2[(ab+ bc +ca)’ —2abc(a+ b +c¢) = ="

c. Tasuy ra:

1 | 1 1 1 1 ab+bc+ca
C= + + =—4—4—-=—=4,
n 3n 35t a b c abc
COS— = COS— COS—
7 7 v
Bai tap 24. Nhan xét rang —F— %} 5—“ la nghiém cta phuong trinh:

7x=—g+kn,kez.
-

Ta sé di xay dung phuong trinh dai s6 nhana= om’— b cus’ - ,C=Co8

14
lam nghiém bang cach:

(1)

.5
14

(1) < cos7x = 0 < cos(6x + x) = 0 <> cosbx.cosx — sinbx.sinx = 0

<> (4c0s'2x — 3cos2x)cosx — 2sin3x.cos3x.sinx = 0

& [4(2cos?x — 1) - 3(2cos’x — 1)}cosx —

— 2(3sinx — 4sin’x).(4cos’x — 3cosx)si'nx =0

&> (64c0s®x — 112c0s*x + 56cos’x — T)cosx =0
=> 64cos’x — 112cos'x + 56cos’x — 7=0.

Pat t = cos’x v6i 0 <t < 1 ta duoc:
64t' — 1120 + 56t -

Tir d6, theo dinh If Viét ta duoc:

a+b+c=Z
4
7
{ab+bc+ca=—.
8
abc=——-7—
64
n 2 3m 1% 7
cos’ — + cos +cos’ —=—
14 14 14 4
P - , 3m , 3n , M 2 M i |
¢»4{cos” —.cos" — +cos" —.cos" — +cos” —.cos” — = —,
14 14 14 Y R T
2 n 231‘ 25!' 7 :
COs" —.CO0§" —.CO0§ — =—
14 14 14 64
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a. Tasuy ra:

Axcot®l 4ot +c:s;)s‘£'£=az+b’+c2
14 14 14
=(a+b+c)’—2(ab+bc+ca)=i?——l=£!—.
16 4 16
b. Tasuyra: :
B = cos® — +cus"£‘- +cos"§£ =a’+b'+¢’
14 14 14
=(a+b+c)(az+b2+c2—ab-bc—ca)+3abc=%.
s . A% 4n 8% ) . ¢
Bai tap 25. Nhan xét rang m el la nghiém cua phuong trinh:
Tx=2kn, ke Z. (1)
2n 4z 8n

TasEdixéydmgplnnlgniﬂuhiso'nhana=cosT,b=cos—7—.c=c)s7

lam nghiém bang cach:
(1) 4x =-3x + 2kt < cosdx = cos(—3x + 2kn)
&> 2c0s?2x — 1 = cos3x ¢ 2(2cos’x — 1)? = | = 4cos’x — 3cosx
&> 8cos*x — 4cos’x — 8cos’™ + 3cosx + 1 =0
¢ (cosx — 1)(8cos’x + 4cos’x — 4cosx — 1) =0
=> 8cos’x + 4cos’x — 4cosx — 1 =0,

Tir dé, theo dinh li Viét ta duoc:
i 4n 8n 1

2x
a+b+c=cos—+cos— +cos—
7 7 7 2

e -

2n 4n 4 8n 8n o T TN |
{ab+bc +ca = cos—.COS— + COS—.COS — + CO§— . CO§ — = ——,
Y ; iy O 7 7 7 2

Ta suy ra:

e o e

Chi y: Dé tinh dugc gia tri clia A ban doc hdy sir dung hé 4n phu:

{A:V;+“Jl;+%/c_:

B =Vab +Vbc + Veca

va hing ding thic:
a'+b’+c’=(a+b+c)a’+b*+c’ - ab - be — ca) + 3abc.
a'+b'+c'=(@+b+c) -3@+b)b+c)c +a).
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Bai tap 26. Tir gia thiét suy ra:
6 = 1 k, I +coszx +sinz:lt _coszx+sin2x+cos4x+sin4x
i Hg & _

sinx cos?x sin®x  cos’x sin” x.cos® x

-

_ 1+(sin” x +cos” x)" —2sin” x.cos’ x _ 8—2sin’ 2x

lsin’h: sin’ 2x
4
<> 6sin"2x = 8 - 2sin’2x < 1 —sin’2x = 0 < cos2x = 0 & cos2x = 0.
Bai tap 27. Tur gia thiét suy ra:
m.n = (cosa + cosb)(sina + sinb)
= (sina.cosb + sinb.cosa) + (sina.cosa + sinb. cosh)

=sin(a+ b) + -f (sin2a + sin2b) = sin(a + b) + sin(a + b).cos(a — b)
= [1 + cos(a — b)]sin(a + b). (1)
Mt khac, ta c6 thé bién déi gia thiét nhu sau:

{(cosa +cosb)’ =m*

(sina +sinb)? =n’

—=> m’ + n’ = (cos’a + sin’a) + 2(cosa.cosb + sina.sinb) + (cos’b + sin’b)
= 2+ 2cos(a-b)

= cos(a—b) = %(m2 +n’ - 2). (2)
Thay (2) vao (1), ta duoc:
m.n=[l+ i(m2 +n’ - 2)]sin(a + b) <> sin(a + b) = Emn =
2 m°+n

Bai tap 28. Xét hai trudng hop n chdn va n 1é.
Bai tap 29.
a. Tacé:

VT= %[l + cos2(x - y)] - %[l +cos2(x + y)]

= —% [cos2(x + y) — cos2(x - y)] = sin2x.sin2y, dpcm.
b. Tacé:

VT = _;_[1 +cos2(x —-y)] - — [l ~cos2(x +y)]

%[cos2(x +y) + cos2(x - y)] = cos2x.cos2y, dpcm.
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c. Tacé:
VP = %(l + cos2x) + —;—(l + cos2y) — sin’(Xx + y)

= %(mszx+oos2y)+ 1 —sh’(x+y)=oos(x+y).ms(x—y)+cosz(x+y.‘l

= [cos(x + y) + cos(x — y)Jcos(x + y) = 2cosx.cosy.cos(x +y), dpcm.
Bai tap 30. :
a. Tach:
VT = sin’x.(sinx + cosx) + cos’x.(cosx + sinx)
= (sin’x + cos’x)(cosx + sinx) = sinx + cosx, dpem.
b. Tacé:

VT = sin3x - 2sin*3x + -ll;(sin?:x ~ sinx)

= %sinSx - 2sin’3x - -l-sinx = -;—(35in3x - 4sin’3x) - é—sinx

lsm&)x - %smx = -2-(51n9x sinx) = cos5x.sin4x, dpcm.

2
c. Tacé:

1 1 n | | .
VT= Z“ -mszx)’_+ Z[1+m2x+ 7 )= 2(1 — 00s2x) + Z“ ~sin2x)

= %(l — 2c082x + cos’2x + 1 — 2sin2x + sin’2x)
= % %(sm2x+cos2x)— % - Tzsm(Zx - z) dpcm.
Bai tap 31.
a. . Faoh: " :
1gx -3 \6 , 18X+ 3 _ 9tgx-31g'x _ 3(3-1g x)tgx
VT by N - 2
1+\/_tgx 1 J_tgx 1-3tg°x I -31g°x
= 3tg3x, dpcm.

b. Sirdung két qua trong cau a), ta cé:
VT = [1g(x - %) +1gx +1g(x + -E-)]’ =

- 2[tg(x - -g-)-tgx + tgx. tg(x + %) +g(x + —}).tg(x L %)]

= Otg?3x - 2[tg(x - -’-t-) + tg(x +.£ )tgx — 2tg(x + g—).tg(x & -;5 )

o2 tgx-—_\/_ tgx+~f_ tgx_ztgm:—\fg _tgx+ﬁ
‘ 1+J§tgx I—J-lgx l+ﬁtgx l-—ﬁtgx

16tg’x 2(1g’x - 3) ‘
- =Otg®3x + 6, dpcm.
1-3tg’°x  1-3g’x . a

= Otg’3x —

76



c. Taco:
sin(X + y + z) = sin(X + ¥).cosz + cos(X + y).sinz
= SINX.COSY.COSZ + SINY.COSX.COSZ + COSX.COSY.SINz — sini.siny.sinz :
sin(x +y + z)

= 1gX + gy + gz — tgx.1gy.1gz
COSX.COSY.COSZ

sin(x +y + z)

&> Igx + 1gy + gz = tgx.1gy.tgz + , dpcm.

COS X.COS Y.COS Z

d. Taco:
ig'x  cotg'x
2 3 2 3
Al = (1 + cotgx)tg'x + (1 + tg'x)cotg x
sin- x cos X
= tg'x + cotg'x + tgx + cotgx
=tg'x + cotg'x + —
sin X.cos X
tglx 1 cot gax 3 2
—= - - + 5— =1g'x + cotg'x, dpcm.
sin?x  SINX.COSX  cos” x
Baii tap 32. Tir gia thiét:
; : : LX X~ L, X +
sinX + siny = 2sin(X + y) <> 2sin Y cos 2= =4sin2tY cos 222
2 2 2 2
|~"¥|ﬂl,kt? x b x +
&. cosi—Y =2cos 21

&> cosf- .c:::ts~Ji +sin§- .sin—)i = 2(cos—’5- .cos-}i - sini.sinl)
2 2 2 2 3 2 2 2
B e X y X iy A
<> 3sin— sin>- =cos— .cos = <> tg— .tg= = — , dpcm.
202 Yuind Yokt tos Rl e

Baii tap 33. Tham khao bai tap 10 cau a) va cau b).

Baii tip 34. Vi0<x <y < -:- suy ra sinx < siny.

Thay x +y = 12‘- vio bat ding thitc, ta duoc:

X.sinx + y.siny 2

~ ; y .(sinx + siny)

<> 2(x.sinx + y.siny) 2 (X + y).(sinx + siny)
<> (X = y)(sinx - siny) 2 0, ludén diing.

Baii tip 35.
a. Tacé:

SinX + COSX = ﬁsin(x -+ %)Sﬁ < g &> sinx < g -cosx. (1)
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Chuimg 1: H lue

Trong doan [0, —:E ], ' 1m s6 cosx nghich bién, do dé tir (1) ta duoc:

£ n : %
cos(sinx) > cos(—z— - cOsX) <> cos(sinx) > sin(cosx), dpcm.

*b. Tuong tu — Dé nghi ban doc ti lam.
Bai tap 36. Theo bat ding thiic Cosi ta c6:

22!:“1 + zlglz 2 !22!“!!:'2!‘; = 2 zll.ilnul.gl : (l)

Ham s6 f(x) = 2sinx + tgx — 3 trén khoang (0, —;5 ) 12 ham déng bi€n (dé
nghi ban doc chimg minh nhan dinh nay). Suy ra:

f(x)>f(0)v6‘i0<x<—§ <> 2sinx + tgx — 3x > 0 < 2sinx + tgx > 3x

fi Ix
m—;—(zsinxﬂgxb%—a 2?(2 T
Ix Ix
o 22m\1*lg1 > 2 2 =3 2 ’22unn+lg3 S 2 b * (2)

Te(l)va(2)suyravdiO<x< % ta cé:

22sinx.+ zln > 2;{” ‘ dpcm
Bai tap 37. Trudc tién ta di chimg minh:

a+b,v6i05a.b$n.

sina + sina < 2sin

That vay, bat dang thitc tuong duong vdi:
a+b a-b a+b a-b a+b

2sin > .COS 2 < 2sin &> (cos - 1)sin <0.
Bit dang thic trén diing boi:
05a+b5n:>sina+b20
»
cosa“ -1<0
D4u ding thic xdy ra khi:
'Osa,bISn
[ . a+b a=b=0
™ 2 =O¢:> a=b=noa=bh.
a-b a=h
cos =]

78



X+y+z

Khido,viO<x,y,z, < n sir dung két qua trén ta c6:

X+y+z x+y

< 2sin w

+ 2sin

SinX + siny + sinz + sin

x+y+x+y+4;:_
2 6

X+y+2z

< 4sin = 4sin

X+y+z

<> sinx + siny + sinz < sin , dpcm.

D4u dang thitc xay ra khi:
g Xty+z

3
Ix=y dXx=y=2z
X+y x+y+4z
P
Bai tap 38. Tir gia thiét ta nhan duoc:

n T T
0<x+y< — —-2< — =>tg(x+y)<tg(— -z
y 5 > g(x+y) gtz )

Dex,y, 2. ke ya—
y y 2

= a: Lo, ) 8 < o & (tgx + t1gy)gz < 1 — tgx.tgy
l_tgx_tgy L A

<> tgx.1gy + tgy.1gz + tgz.tgx < 1, dpem.
Bai tap 39. Bun doc tw gidi.
Bai tap 40. Ban doc tie giai.
Bai tap 41. Ban doc tw gidi.
Bai tap 42.
a. Tacé két luan:

*  yua =0datdugc khisinx=1x= % +2kn. ke Z.

. yM-,,,=—2datdut_jcki1isinx=—lc::»x:——g +2kn, k € Z.

b. Tacé két ludn:
*  yue=Sdatdugckhicos2x =1 > 2x=2kne> x=kn, k € Z.

" e =-l dgtdmxkhicoshz—lak=x+2kx@x=g +kmke L

Bai tap 43.
a. Tacé két luan:

®  Yua =3 dat dugce khi x = %.

*  Yue=2dat duoc khi x = %
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I: Hit )l

b. Ta c6 két luan:
5 YMI:l:lda[d“mkhix:

oA

. th:—Sdg_ldtl;cklﬁx:-;—.

Bai tap 44. Tim gid tny I6n nhét va nho nhét cha cic ham s6 sau:
a. TacélIsinxl <1, do dé:

y=3/1+sinx —1<3/1+1 -1=32 -1

= Yo = 342 = 1, dat dugc khi sinx = | & x = g +2%kn. ke Z

y23Ji+sinx 12311 ~ 1 =-1
aymﬁ-—l,dgduqckmsmp-l@x:iz‘- +2%kn ke Z.

b. Viét lai ham s6 dudi dang:
y =2 + 2sinx + 1 — sin’x & y = 3 + 2sinx - sin’x.
Pit t = sinx, diéu kién |t| < 1, 1a duoc:
y=3+2t-t.
Hoanh d¢ dinh cia Parabol t, = 1 € [, I].
Ta cé6 két luan:

e Yy = Y(t,) = y(1) = 4 dat duoc khi sinx = | < x = ?2’5 +2%kn ke

*  Yui= y(~1) =0 dat duoc khi sinx = -1 <:>x=—§ +2kn ke Z.

c. Viét lai ham s6 duéi dang:
y=(sinx + 1) + 4.
Vi lsinx| < 1 nén:
y<(l+1)’+4=8=y,,, =8, dat duoc khi:

sinx=l¢:>x=-;—+2kn,kez.
y24:>yM'.=4,datdlmthj:
sinx=—l¢:>x=m-;-+2kn.kez.
d. Viét lai ham s6 dudi dang:
. : "1 . R 1
=sinx — (1-sin’X) + — © y=sin’x +sinx - — = (sinx + — )’ - —
y ( ) 5 y 5 ( 2) 2
Vi |sinx| < | nén:
1 3.3 3 .
S(l+ —P-—=== = =, dat duoc khi:
y(2)42yu..2.1.=

sinx = 1 c:x:% +2kn, ke Z.
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y2- —3— ::»yM“,:—i-.dalduqckhi:

sinx=—~l— Sx=-s + 2kn hoac x = ’% +2kn, k € Z.

Bai tap 45.
a. Bién déi ham s6 vé dang:
y = 2sin2X — cos2X + 1445 . (1)

Nhan xét rang | 2sin2x — cos2x | < V27 +1 = 45, tirdé suy ra:
~ 5+ 1445 <2sin2x - cos2x + 1+V5 < 5+ 1445

Slsy<l+ 245.
Ta c6 két luan:
*  ¥...= 1 dat duoc khi:

2sin2x —cos2X = — V5 ‘>X=0— -E— +kn.keZ.wiistu=§_5—.

* Yo =1+ 245 - Ban doc tu lam tiép.
b. Bién déi ham s6 vé dang:
y = acos’x + b(l — cos’x)* = (a + b)cos’x — 2bcos’x + b
Dait t = cos’x, diéu kién 0 < t < |, ta duoc:
y=(a+b)t’? - 2bt+b.

Hoanh do dinh ctia Parabol t, = 8 e [0, 1].
a+b

Ta cé két luan:

b b :
* Yu =Y =Y(—) = aib dat duoc khi

2 b_a
COS'X = - & cos2x = A
a+b a+b

*  Yua = max{y(0), y(1)} = b dat dugc khi

cos’x =0 cosx=0x= -g- +kn, k e Z.
- Bai tap 46. Bién déi ham s6 vé dang:
y = —g-(l — cos2x) + ;-sian + %(1 + c0s2Xx)

a+b

= P—sin2x+ -c:—gcoszx-r
2 - {

Ta biét ring IA.sina + B.cosal < YA? +B? , do d6:

NN O
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Ta c6 két luan:
a+b (bY r'c~—a)z
2 Vo™ + =] + :
2 € B AT S -
a+b (bY "'::——aj2
. Yoin = 3 ey + .
2 2 L 3
Bai tap 47.

a. Ham s xac dinh v6i moi x.
Ta di tim diéu kién cta y dé phuong trinh
3sin x
2+ cosX
Phuong trinh dugc chuyén vé dang:

= y ¢6 nghiém d6i véi 4n x.

3sinx — ycosx = 2y (D)
Phuong trinh (1) c6 nghiém khi va chi khi
32+(—y)22(2y)2<:>y253¢¢—5 <y< V3.
Ta c6 két luan:
* Yo = V3 dat dugc khi
' 3sinx — v/3 cosx = 2Y3 < Y3 sinx - cosx = 2
V3

: 1 % . .
&> —SInX — — cosX = | ¢ cos —sinx - sin— .tosx = |
2 2 6 6 .

<> sin(x — -’-t—)=l ox-2 =§+2|mc:~x= :—231 +2kn k=7.

]

*  y..=-43 dat duoc khi _
3sinx — /3 cosx = --25 & 3 sinx - cosx = -2

V3

: | % o 1
&> —8inX — —¢r X = ~ | & cos—sinx — sin— .cosx = ~ |
2 6 6
<:>sin(x—-’£)= “lex-f=-I T +2kns>x=~ +2kn, ke'Z.
6 6 2 3
b. Taditim y dé phuong tris h:
y= L e nghicm d&i v6i 4n <.

2 +cosx
Phuong trinh dugc chuyén vé dang:

-

sinx — ycosx = 2y. (1)
Phuong trinh (1) c6 nghiém khi:

12+y=>4y1¢3y=sl<:>-—j—_- <ys T
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Mt khac vi x € [0, 7] nén y > 0, do d6 diéu kién thu dugc a0 <y < :-15- :

Ta c6 két luan:

1 .
- Ymu R da'.t dl.l'(l.‘IC khl.
J3
sinx — —l—cosx = —2—- &> V3 sinx —cosx =2
V3 NE)

Y xellhn
sin(x - —E)ﬁl -:::-] X = 3—13
6 3
®  Yuin = 0 dat duoc khi:
sinx =0 < x = 0 hodc x = .
¢ Ta ditim y dé phuong trinh:
y= cos.x = ¢4 nghiém d6i véi 4n x.
2 +sinx
Phuong trinh duge chuyén vé dang:
ysinx — cosx = —2y. (1)
Phuong trinh (1) c6 nghiém khi:

1 1
Y+ 124y oy <l o-—=<y<s—.
VE) V3

Mat khéc Vi x € [-g,g]nenyzo,dodédiéumnmudm a0<y< _Jl?

Ta ¢6 két luan:

| s
®* Yo = —= dat duogc khi:
A
L SinX — COSX = -—-2- &> sinx — /3 cosx = =2
V3 V3

. T - n
sin(x - = )=-1 & x=--—.
3 6

e e 0 dat dugce khi:
cosx=0c>‘x=i_72.t..

d. Ham s6 xdc dinh v&i moi x.
Ta di tim y dé phuong trinh:

ya 1§ 220R o adiiem a0 vai da'k
2+cosx
Phuong trinh duge chuyén vé dang:
3sinx + (1 — y)cosx = 2(y - 1). (1)
Phuong trinh (1) ¢6 nghiém khi:

3’+(l—y)’24(y-—1)2<:>3y’—6y—650c:>1—v’5 <y<l+ V3.
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Ta ¢6 két luan:
* y..=14+ 43 dat duoc khi

3sinx — V3 cosx =243 @x:%’i +2kn, k € Z.
*  Yun=1- /3 datdugc khi
3sinx + V3 cosx = —_2J§ SHXx= —3375- +2kn, k € Z.

n e
e Datt=tg%.v1 -T<X<N & ——;.(i.cz — do do t nhén gia trj trén

4 2
toan R, thi:

1—-1’+ 4t 4
o Laide Tad P 42t+2
21-t) & th-t+3

1+¢  1+¢? g4
Pé tim mién gid tri cia ham s6 ta di tim diéu kién cla y dé phuong trinh
t +2t+2
t?-t+3 - _
& (y - 1D = (y + 2)t + 3y — 2 = 0 ¢6 nghiém déi véi 4n t. (1)
Truomg hop 1: y =1
Khi dé:

= y c6 nghiém déi véi dn t.

e -3+1=01= %
Truomg hop 2: y # 1.

Phuong trinh (1) ¢6 nghiém khi:
*1 y#0
{y#la g " <42 ¢:>3~Sy$2.
A20 |(y+2)*-4y-D@By-2)20 il Ards 1 :
Ta c6 két Juan: '
®  Ymax = 2 dat dugc khi:
t= Lie =4¢tg§-=4=tga@x=2a+2krc.kez
2y-1) 2

* You= ﬁ- dat duoc khi:

y+2 8 X 8 -
= = —-—— Ol —=—— = =2 2k1t Z
i e e F o, e deeat
BAitdp48. Datt= sin—— tacé 15— sl1al-1,1]c-=, X1,
I+x 1+x X2

Do dé:

sin(—1) < sin

o <sinl © -sinl <t <sinl.
X



Khi dé
' 17

1
=-20+t+2=-2(t- =)+ —.
y ( 4) 3

Ta c6 két luan:
1. Miny = min{f(-sinl), f(sinl)} = -2sin’l - sinl + 2, dat duogc khi:
= —-sinl 2x
‘ &
t=sinl 1+ x

xiledx=%],

2. Maxy =f(i)= %.dgtduqcklﬂ

1 ! 1
t= — <> sin = —,
4 1+x2 4
Bai tap 49. Diéu kién:
{C_Osxao o2%kn<xs< ~ +2kn kel
sinx 20 2
Nhan xét ring:

2
Jeosx >cos® x ; :
; =y = +ycosx + vsinx 2 sin’x + cos’x = |
sinx >sin’ x

suy ra Miny = 1, dat dugc khi:

[Jcosx = cos? x

n
3 S x=2knhoicx=— +2kn ke Z.
\Jsinx =sin’ x v : 2 -

Mat khéc theo bat ding thitc Bunhiacoxki ta cé:
(Jeosx + sinx ) < (1 + 1)(sinx + COsX) = iﬁsin(x + 3 )< 22
=y=Jeosx + Vsinx <242 =48

suy ra Maxy = 8, dat duoc khi:
Jeosx = +/sinx

n
sin(x+§)=l Sx= y +2%n . kel
Bai tap 50. Diéu kién:

1+2cosx 20

{l+2$inx20
Theo bit ding thitc Bunhiacoxki ta cé:
Y =(J1+2cosx + J1+2sinx )* < (1 + 1)[2 + 2(sinx + cosx)]

=4+ 4_~Esin(x+-:—)s4+ 42
= y= Jl1+2cosx + Jl-f-lsinx <2 l+ﬁ

c:b—-z— +2k1th-s—2-3£+2k1t.ke'Z.
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suy ra Maxy =2 1+42 , dat duogc khi:
V1+2cosx =+/1+2sinx

- <:>x=—’-‘-+2kn,kez.
sin(x+z).—.1 4

Bai tap 51.
a. Tadua ham s6 vé dang:

1-cos2x)’ . (1+cos2x) .1
y=( - _x) +( c; x] =1—6(l+_10cos’2x+5cos‘2x)

= 31-16- [5(cos?2x + 1) - 4].
Tir trén, ta cé:

e« y<lisa+1y-41=1,
16
SUY 1a Yy = | dgtduqckhicos‘Zx# |l osin2x=0x= %—t-s e L.

. _l.._ 2
y2 [5(0+1) ~4)= !6

suyray,.,,,,= = datdu‘qcklucosh Deox= -:i —kzl,_k el
"'b. Bién d6i ham s& vé dang:
y = 2(1 + sin2x.cosdx) — — (2cos’2x -1 -2cos’x + 1)

= cos’4x + 2sin2x. cos4x + sin®2x + 1 = (cos4x + sin2x)* + 1
= (2sin’2x - sin2x — 1)? + 1.
Ta c6 két luan:
. y,;“,= 1, dat duge khi:
2sin’2x —sin2x -1 =0

-
2x=—;£+2k1t x=-2—+kn '
sin2x =1 P e
e 1 & |2x=-=42kn & |x=——+kn k € Z.
sin2x = —— g - | 12
2x£3-¥-+2kx x=1’-t-+kn
6 12

% Yy =4 + 1 =5, dat dugc khi:

sin2x = -1 <:>2x=——-2’~t~ +_2k1t.<:>x'=-~2— +kn ke Z,



Baitap §2. Vai0<x < ~12—t~ thi sinx, cosx > 0 do d¢6:

| 1 1 1 4

g 22—, = — >4,
sin®x  cos? x- sinX CcosX sin 2x
Tir d6, suy ra: :
1
1 1 l
( it ) ks el g T >4+22=8
sinX cosX sin®x  cos® x sinX CcosX

Dy= _l + : 2242,
sinx  cosx .

Ta c6 két luan:

. yMi“:ZJf dat dugc khi sinx = cosx <> x = —:—
Bai tap 5§3. Ham s6 xac dinh véi moi x. .
Ta di tim y dé€ phuong trinh gheos o 3.4 S y ¢6 nghiém d6i v6i 4n x.
: CoOsX +sin X +2
<> ysinx + (y - 2k)cosx =k + 1 - 2y. | (1)

Phuong trinh (1) cé nghiém
Oy +(y-2kP2(k+1-2y) o2y -4y-3k*+2k+1<0

&1 - —;— V6k? -ak+2 <y<1+ %J6k2—4k+2.
Ta c6 két luan: %
)’m.,=l+% U6k2“‘4k+2 vhy..,u.=l~

a. Vaik=1,thi
=y =2datduoc khi: .

2sinx= —2&sinx= -l & x= --;-+2k1|:,kez.

J6k2 -ak +2 .

.
2

* Yo = 0 dat duoc khi :
'—2¢osx=2<:>cosx=—lax=3+2k1c,kez;
b. Gi4 tri 16n nh4t cia ham s6 dat gid tri nho nhat
' |

P T T B A R
& 12 3

Viy, voi k = % thi gid tri I6n nhét cha ham s6 dat gid tri nho nhat.

Bai tap 54. Ham s6 xdc dinh véi moi x.
ksinx +1
cosXx +2

-~

" <> ksinx — ycosx = 2y - 1. (1

Ta di tim y dé phuong trinh =y ¢6 nghiém ¥6i vdi 4n x.
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Phwong trinh (1) ¢6 nghiém
Sk+y2Q2y-1V o3y -4y-K+1<0

2-4/3k* -1 2443k~
= : <y< :

1.

il

l\.'(3i|k|z

2-4/3k" -1

T désuyray,, = :

Pé gié tri nhod nho clia ham s6 nhd hon -1 diéu kién la:
2 ‘k;k : <—l¢:af3k’-l>Sak’>3§qalk|é1’%§.

Vay, véi |k|2 3:-?- thoa man diéu kién ddu bai.

Bai tap 55. Tham khao bai tap 52.
Bai tap 56. Danh gid thong qua y’.



CHU DPE 4
HE THUC LUONG TRONG TAM GIAC

1. TOM TAT LY THUYET
Cho AABC, véi cic goc A, B, C, tuong imng:
* C(Ciccanhlaa,b,c.
* Céc dudng trung tuyén m,, m,, m..
* Céc dudng cao h,, h, h,.
®  Céc duong phan giic 1, I, L.
Ta c6 cac hé thic sau:
1. PINH LY HAM s& COSIN
* a’=b’+c’-2bccosA.
* b’=a’+c’ - 2accosB.
s c?=2a’+b’ - 2abcosC.
2. DINH LY HAM 8O SIN

.a 3 'b i .c =9R.

sinA sinB sinC
trong d6 R la bdn kinh dudng trom ngoai ti€p AABC
3. DINH LY DPUONG TRUNG TUYEN

32
® b2+cz=2m3+-2—,

2 ek
. C+az=2mb+T,

2 2 8"
* a+b'=2ml +

4. DINH LY DUONG PHAN GIAC

. Phdn gidc trong * Phdn gidc ngodi

Zbc.cos-g- 2bc.cos-2—

sl i, gty e

2ac.cos—g— ; Zaq.nos-B—

. ln:T' : Bl |a—c!C
C _

a+b la-bl
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5. PINH LY HINH cHIfU

* a=b.cosC + c.cosB.
* b=c.cosA + a.cosC.
®* ¢ =a.cosB+ b.cosA.

6. CONG THUC VE DIEN TiCH

- S=—ah = —bh, = — 4
= an, = l‘l{,.-- Ch,.

= ul besinA = 2 acsinB = 3 absinC
2 2 2
i ‘
| ] S = f_._..
4R

B et s a)tg% -y b)ts% P - c)lg%
véi p 1a nira chu vi, r 12 ban kinh dudng tron ndi ti€p.
* S=/p(p-a)(p-b)(p-c).
7. CONG THUC BAN KINH PUONG TRON NGOAI TIEP

R= -~ = b = %
2sinA  2sinB  2sinC’
- abc |
48 ;
8. CONG THUC BAN KINH BUONG TRON NOI TIEP
' S
r=—,
p

r::(p—a)tgi;— =(p—-b)tg§ =(p-—c)lg—§—.

I1. PHUONG PHAP GIAI CAC DANG TOAN LIEN QUAN VA BAITAP

Bai toan 1: Chimg minh ding thic lugng gidc trong tam giic.

PHUONG PHAP CHUNG
‘Muén chimg minh mot ding thitc lugng gidc trong tam gidc ngoi viéc
van dung thanh thao cic phép bién déi lugng gidc chiing ta con cdn phii nhé
céc he thiic co ban cho AABC bao gém:
1. Dinh ly ham s6 cosin
- a’ = b? + ¢ — 2bccosA.
b? = a’ + ¢? - 2accosB.
¢ = a’ + b? - 2abcosC.
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2. Dinh ly ham s6 sin
la - .b S I 2R

sinA  sinB  sinC
trorg dé R la ban kinh duong tron ngoai ti€p AABC
3. Dinh ly hinh chiéu

a = b.cosC + c.cosB.

b = c.cosA + a.cosC.

¢ = a.cosB + b.cosA.
Troag bai todn nay ta thudng chia thanh ba dang nho, bac gém:
Dang 1: Chitng minh hé thic lugng giac lién hé giita cac goc.

Véi dang todn nay chiing ta can dic biét luu y téi:

A-"B--g—-—dcn:lczo .

* A+B+C=n=>A+B=n-Cva

sin(A + B) = sin(n — C) = sinC,

. A+B
sin

-sin(E - E)—cosg
;LK - S

*  Véi cic ding thitc luong gidc chita mot ham s6 luong gidc
cia ba géc (sin hoac cos) ta thudng chi bién déi hai nhan tir
con nhan tir thir ba sé dugc xdc dinh qua mot vai phép bién
d6i sau d6, va thudng khong sir dung phép bi€n ddi tich thanh
tong hoéc téng thanh tich khi c6 mat ca ba géc A, B, C.

* Vi cic ding thitc luong gidc chita mot ham’s8 luong gidc cla
ba géc (tg hodc cotg) ta thudng sir dung phép bién déi tuong
duong dé dua ding thiic cdn chimg minh vé mot ding thic luon’
diing hodc nguoc lai (xudt phat tir mot dang thitc luon ding).

Danz 2: Chimg minh heé thitc lugng gidc lién hé gilta géc va canh.

V6i dang todn nay ching ta thuong sir dung dinh 1y ham s6 sin

va dinh 1y ham s6 cos.

Dang 3: Chimg minh hé thic lugng gidc lién hé tdi nhiéu yéu t6 trong
" tam gidc. '
Véi dang toén nay chiing ta cdn nhd lai cic két qua cua:

* Dinh 1y dudng trung tuyén, vi du:
o2
b’+c’=2m] + T
* Dinh ly dudng phan gidc, vi du:

2bc,.cos§—
WAERAL

l,=
b+c¢

* Dinh Iy vé dién tich tam gidc, vi dy:

S= -—ah = —bcs nA = % =pr=p(p- a)tg—-—

= Jplp-a)(p-b)(p-c)
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* Cic cong thic tinh bin kinh dudng tron ngoai ti€pva ndi
ti€p cua tam gidc:

2sinA  4S

Chi y: C6 mot phuong phdp dé chimg minh cdc ding thic lugng gic ma
trong nhi€u trudng hop to ra rat hiéu qua 1a phuwong phdp hinh hoc .

No 2. . 35 vér:-s- =(p——a)tg§—.
p 2

CAC PANG THUC CO BAN TRONG TAM GIAC
Trong AABC ta ludn cé:

Ddng thic 1. sinA+sinB+sinC=4cos§—.cosE.cosg.
e Dogon S
Ddng thic 2. cosA+cosB+cosC=4sin%. sin -2— sin —g— + 1.

Ddng thicc 3. 1gA +1gB + 1gC = tgA.tgB.tgC véi AABC khong vong.

Ddng thicc 4.  cotgA.cotgB + cotgB.cotgC + cotgC.cotgA = 1.
A B B C C A
tg—tg—+ tg—.tg— +tg—.t1g— = 1.
Ddng thic 5. g8 185 18718 +18 187

. ‘ (
Ddng thicc 6. cotg -'% + cotg-g + cotg-(z-:- = cotg > .cotg —g .cotg-.

2
1. CHONG mblmc;mﬂm

Ta cé:
V'l'=sinA+sinB+sinC=ZsinA2+B.i:osA;B ¥ KiaC
Cii Kl C. 0 A-B A+B' ©
Wl b MW Ul LB Ll AR L AR
2 M s i e A n s
=4cos£.c_os-8—.cos£
el Tt
2. CHUNG MINH PANG THUC 2
Ta c6:

VT=cosA+cosB+cosC=(cmA+cosB)+cosC

=2cosA;B .cosA;B +cnsC=2ms(§ & -g—).cos—%i +0sC

=2sin£.msA'B
2 2

B AN A
+(1 231:1’2)—1 23m2(sm2 oos—-i-—)

A-!-B)__omﬂ]

2 2

FORERIOOGE L RN e s R
=1 Zsmz(cos 3 c:os-—-——«—2 ) l+4sm2.sm2m2.

e ~2sin-§-[sin(12t- %




3. CHUNG MINH PANG THUC 3

Ta c6 thé lua chon mét trong hai cach sau:

Cdch |: Ta co:
A+B+C=ncA+B=n-C=1tg(A+B)=1tg(n-C)
— BALIER tgC < tgA +tgB = (1 — tgA.tgB)tgC
1 -tgA.igB

<> tgA +tgB + 1gC = 1gA.tgB.tgC.
Cdch 2: Sir dung dang thifc 4:
cotgA.cotgB + cotgB.cotgC + cotgC.cotgA = |
1 1 I
+ + =1
tigA.tgB  1gB.igC  1gCgA
<> tgA + tgB + tgC = tgA.tgB.tgC.

4. CHUNG MINH PANG THUC 4
Sir dung dang thiic 3, ta c6:
tgA +tgB + tgC = tgA.tgB.igC
| 1 1 1
+ + -
cotgA cotgB cotgC cotgA.cotgB.cotgC
<> cotgA.cotgB + cotgB.cotgC + cotgC.cotgA = |.

5. CHUNG MINH PANG THUC 5
Ta cd thé lya chon mot trong hai cach sau:
Cach 1: Ta cé:
£+E-E‘E¢>t(ﬁ+§)—tg(£_£)
3. il g g e om0 2 2

L=

w iyt

23093 i
3t e

2

& —E&——=£- =colg

1-tg é.th g
- iR
wtgﬁ.tgﬁ + th.lgE +tg£.tg-é- = 1.
TR e | 2 2
Cich 2: St dung ddng thitc 6 — Ban doc te lam.

6. CHUNG MINH DANG THUC 6
Ta cé:
A B T C - Spdi
tg—tg— + tg—.tg— +tg—.tg— =1
B8 + B8t igT

< l + : + : =1
A

cotgn- rt:f:}lgE CO!g-B—' Cii)tgE COlg—C- l:(}lgé
2 2 - 2 2 2

<> cot —é-+cot E+c0t E-cot i'\--c:ac)t Ecclt 9—
82 .82 82 82- 82- 82-
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Chuong I: Ham sd lugny gide

BAI TAP TU LUAN
Bai tap 1: Cho AABC, chitng minh rang:
a. sin2A + sin2B + sin2C = 4sinA.sinB.sinC.
b. cos’A + cos’B + cos’C = | - 2cosA.cosB.cosC.
Bai tap 2: Cho AABC véi n nguyén duong, chimg minh ring:
a. sin(2nA) + sin(2nB) + sin(2nC) = 4( = 1)"* 'sin(nA).sin(nB).sin(nC).
b. cos(2nA) + cos(2nB) + cos(2nC) = 4(-1)""cos(nA).cos(nB).cos(nC) - 1.
c. cos’nA + cos’nB + cos’nC = 2( - 1)"cos(nA).cos(nB).cos(nC) + 1.
d. tg(nA) + tg(nB) + tg(nC) = tg(nA).tg(nB).tg(nC).
e. cotg(nA).cotg(nB) + cotg(nB).cotg(nC) + cotg(nC).cotg(nA) = 1.
Bai tap 3: Cho AABC, chimg minh réng:

R A sinﬁ-covB =
. ——sing AV
T & —2(—bic—}.smz-'i = cosB + cosC.

a
c. (a’- bY)sinA.sinB = ab.sin(A - B).sinC.

A g a.sinA+b.sinB+c.sinC
" a.cosA+b.cosB+c.cosC

"Bai tap 4: Cho AABC, chimg minh ring;
a. plp-a)= 4bc.cos’i;— ; b. (p-b)p-¢)= bc.sinz-g.

Bai tap 5: Cho AABC, chimg minh rang:

a. asin(B-C)+ bsin(C—-A) +csin(A-B)=0.

b. (b - c?)cotgA + (c? - a’)cotgB + (a’ — b?)cotgC = 0.
Bai tap 6: Cho AABC, chimg minh rang:

a. = %(a cosA + b.cosB + c.cosC).

= c'otgA + cotgB + cotgC.

b. S= ::-(a’.colgA + b’.cotgB + c’.cotgC).
& a2 +b% +c?
4(cot gA +cot gB + cot gC)

d S=(p-a)p- b).cotg-(é:—.
Bai tap 7: Cho AABC, chitng minh rang:
. Jbe(a+b+c)(b+c-a)

; b+c
b. (b+ ¢)’.12 =be[(b + ¢)’ - a%).

g (l ]L-&-[— -l—]l-l-[l l).l,.=2[n:t:>s—g‘-4-(:05-‘-23—+c:o.-s§).

a C c a

a. L=



Baitap 8: Cho AABC. Chitng minh cac hé thirc sau:
a. acosA + bcosB + ccosC = 4RsinAsinBsinC.
b. b’sin2C + c¢’sin2B = 2bcsin(B + C).
Baitap 9: Cho AABC. Chitng minh céic hé thic sau:
(a2 +b? +c?)R
abc :
b. (a- b)colg% + (b —c)cotg —g— +(a-— c)cotg*g = 0.

a. cotgA + cotgB + cotgC =

Bai tap 10: Cho AABC. Chimg minh cac hé thic sau:

a p~4Rcos-§cos~B—cos-€ ¢, Liwig iR g
; G e > - g 5 82 82-
b. r=4Rsin*’;sin%sin%. asin— . sin—

d r= 2

Bai tap 11: Cho AABC. Chirng minh cac hé thifc sau:

T
a. |1+ E -_-=cosA+cosB+cosC

b. c’:(a——b)2+48.l--iq-s-E
sinC
Bai tap 12: Cho AABC. Chitng minh céac hé thirc sau:
a. S=2R%inAsinBsinC. b. S=Rr(sinA + sinB + sinC).

Bai tap 13: Cho AABC c6 trung tuyén AM = % Chimg minh rang:

a. a’-c?=2b
b. sin’A = 2sin’B + sin’C
Bai tap 14: Cho AABC, chitng minh réng:
Ayl €

a. Néua+c=2bthi tg—é—tg—z-tg; = .:];’.

b. Néua+c=2bthi 2(c-a)=3f(tg% - tg-g—)

c. Néua’+ ¢’ = 2b’ thi 2cotgB = cotgC + cotgA
Bai tap 15: Cho AABC, c¢6 cic canh thod mén a* = b* + ¢*. Chimg minh ring
AABC nhon va céc géc thoa man 2sin’A = 1gB.tgC.
Bai tap 16: Dudng tron noéi ti€p AABC, tiép xiic vdi edc canh BC, CA, AB
theo thi tu tai cdc diém A,, B,, C,. Ching minh ring:
L2
SMMC s %E .

-

Bai tap 17: Cho AABC nhon c6 cdc dudng cao AA', BB, CC va 3 canh
BC=2a, CA=b,AB=c.
a. Chimg minh ring chu vi AA'B'C' bing acosA + bcosB + ccosC.
1 ;

b. Ching minh ring R, g = 3 R
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Bai todn 2: Ching minh bat déng thiic luong giac trong tam gidc.

PHUONG PHAP CHUNG
Dé chimg minh mot bat dang thitc lugng gidc trong tam gidc, ta 6 thé lua

chon theo thir tu cic phuong phéap sau:

Phuwong phdp 1: Dung phép bién déi twong duong.
Phitong phdap 2: Ding cic bat dang thitc co ban di c6 sén, nhu:
1. Bit dang thic Cosi:

—Zai > ﬂai vdiaiéo.\?'i:m
n ey uinl

Dau dang thic xdy rakhia, =a,=... = a,.
2. Bat dang thirc Bunhiacopski:

(Be) )2

D4u dang thirc xay ra khi 2L =22 - =2
by by ba

Phiecong phap 3: Dung tam thic bac hai.

Chi y: Khi chilmg minh mét bat ding thic luong gidc trong tam giac cin chi
y tdi cic tinh chat dic trung ctia cac ham lugng gidc, nhu:

1.

;
&
4

Tinh bi chan ctia ham sinx, cosx.

D4u cdc ham lugng gidc trong cdc cung phén tu.

Tinh chat ciia cdc cung lién két: cung d6i, cung bil, cung phu, cung sai kkdc .
Tinh chat: |b-c]| <a<b+ctrong AABC.

CAC BAT PANG THUC CO BAN TRONG TAM GIAC
Trong AABC ta luén cé:
. 33

Bdt dang thic 1 smA+smB+smCS—-———.-

Bdt ddng thicc 2. l<cnsA+cosB+cosCs%.
B dingthie 3. '1<sin® +sin 2+ sinS <2,
2 2 2

2
Bt thiec 4. 2<cos'—\—+cos—§+cos—c—s’--3i—3i.
2 2 2 2
Bdt ddng thicc 5. sinA.sinB.sinC < —3-'8/—5 :
Bdt ddng thirc 6. s s g S gl
. 2 2 2 8
Bdt ddng thic 7. cosA.cosB.cosC < %
ng thirc 8. cc)s—}}nconsE ESS—Ji
2 2 2 8
Bdt ddng thic 9.  sin*A + sin’B + sin’C < %




Bl ddng thirc 10. 1gA + tgB + tgC 2 343 , v6i AABC nhon.

Bt ddng thicc 11. tg% + lg% +tgE > 43.

, A B C
Bdt dang thicc 12. t—l—-t-—S——-—
Bat dang thuc 12. g g 4 3\/—

Bt ddng thirc 13. colgA + coth + cotgC :? \F v AABC nhon.
Bdt dﬁng thitc 14. cotg-g— + cotg—iB— - cotg — 23 J—

1. CHUNG MINH BAT DPANG THUC 1
Ta c6 thé lwa chon mot trong céc cach sau:
Cdch I: Sir dung phép bién déi:

sinA + sinB + sinC+sin§ =25inA;B .ousA;B +2.sin(% +-2—).cos(—(2£ ——E)
aliB Clx
2 6 A+B SR . A+B G
< 2si + 2sin( — + — ) =2[sin +sin(— + —
in mt(2 6) [ m(2 6)]
. A+B+C n A+B-C T
= 4sin( ————— + — ).cos(—m— - —)
4 12 4
=4sin£.cos(A+B-C & -1)54sin—1-t-
; 3 4 12 3
& sinA + sinB + sirC < 3sin-§* = 3‘5/_3’-
Dau "=" xay ra khi va chi khi:
By
cos =}
2
g |
4(:05(—2—»-5): < A =B=C e AABC déu.
S(A+B"C.._n..)=
4 12

Cdch 2: Sit dung bét déng thic ab < (a2 + b?) ciing phép bién déi:

smA+smB+smC=smA+smB+sin{1c—(A+B)]=sinA+sinB+sin(A+B)
= sinA + sinB + sinA .cosB + sinB.cosA

(—{z—ismA + —-‘?—smB] + \f_ [SI\‘;—A +-s—£3—§§.cosA)

T[(3+51n A) (i+sin’13)]+
*f [[S'"’;A s’ B]+[S‘"; B el A}]

3«/_

(sin’A + cos’A) + —‘[2-_3- (sin’B + cos’B) = ——

" &l

V3 43

A T &
2 2
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womg |: Ham s&

Déu "=" xiy ra khi va chi khi:
3

sinA =sinB =—

4smA=COSB &A:B:ECDA::B=CC:>AABC(§U,
B . 3

sinB
= COS A
: V3
2. CHUNG MINH BAT DPANG THUC 2

Ta l4n luot thuc hién:
a. Chimg minh v& trii, ta ¢6:

cosA + cosB + cosC = 2cos A;B .COS A-B + cosC
- : : - B
=25in—§-.cosA B +1--:zzr.m’525=1+2(<m”i B —cosA; ).smg—

i
= ! +4sin— .sin—.sin— > |.
sin 3 sm2 1
Nhdn xét: Néu cho A — 0, thi:
cosA +cosB+cosC=1 + 4sinf—‘- .'.~‘.in-ﬁl.sin-(23 -1

. do vay khong thé thay s& 1 bdi s6 16n hon trong bat ding thiic trén.
b. Ching minh v€ phai, ta c6 thé lya chon mot trong céac cach sau:

Cdch 1: Sit dung két qua xy < 2!— (x’ + y*), ta nhan dugc:
VT = cosA + cosB - cos(A + B) = (cosA + cosB).1 — cosA.cosB + suA._sinB
< —% [(cosA + cosB)’ + 1] - cosA.cosB + %(sin’!& + sin’}) = 3 ;

D4u "=" xay ra khi va chi khi:
{cosA-l-cosB =1

' : ©A=B=2 o A=B=C=2 < AABCdiéu,
sinA =sinB 3 3

Cdch 2: Sir dung a.sinx + b.cosx < va? +b? , ta cé:
VT = cosA + cosB — cos(A + E) = cosA + cosB - cosA.cosB + snA..sinB
= [(]1 = cosB)cosA + sinB.sinA] + cosB

< y/(l—-caasB)2 +sinzB + cosB = 42-2(:03[; + cos}

zZsinE + 1 -25in‘-§— . —-2(l —sinE)sz_ ~3~
2 2 2 2
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Dau "=" xay ra khi va chi khi:

. . . B i
(l—cosB)cosA+smB.smA=251n—2- B'—‘;

=
sm-li:l —l-cosA+ 3'2'.11.1’\:2.l
2k 2 2 2
gl
! 3 eoA=B=C=I < AABCdéu.
A=% ?

Cdch 3: Sir dung phép bi€n déi bang danh gid khong mat tinh tdng quat, ta gia
sir C 1a g6¢ nho nhat trong AABC, suy ra 0 < C < 1;- , khi dé:

coaA+cosB+omC+cosg- =2005A;B .cosA;B '+2cos(—§+1;—).ons(£2:-——g)

< 2cos ArD + 2(:05(E + —T-[—_)
2 6
=4C05(it§.t£ + l)_cos(é—:.B._;g = -E..)
4 12 4 12
=4cos-r-[—.éos(«£—!3—:£ - L) <d4cos=
3 4 12 3
<> cosA + cosB + cosC < 3cos% = %
Dau "=" xay ra khi va chi khi
[ A-B
cos =} -
2 ‘
) et X g o
‘005(3—3)21 @A—B-—C":?AABC(!&“
Cos(A-t-Bu-C ___1_t_)=
| 4 12
Cdch 4: Sit dung phép vecto bang viéc lay ba vecto don vi el , Ez ' e trén ba
canh AB, BC, CA cua AABC, ta cé: Y
(e1 + ¢2 + €3)’20 ' €l
q::-1+1+l+2(::;.;z+;z.;3+::3.;|)20 -
; e3
<> 3+ 2(-cosB-cosC-cosA)=20
~<:>cosA+cosB+‘cosCs§. _ B ‘g, C

Dau "=" xay ra khi va chi khi AABC déng dang véi tam gidc cé cdc canh
1a cdc vecto don vi & AABC déu.



Lnu 1. Haimn S0 1Wnmg yidac

3. CHUNG MINH BAT PANG THUC 3

Ta l4n luot thuc hién:
a. Ching minh vé€ trdi, ta cé:

A B
()-ccm—z—_cm~—<l

. A e | ; . B B A e o
Sin— +sSin— + sin— > SIN— .COS — + SIN— .COS — + sin—
2 2 2 2 :
: . L .
= sin +SIn— =COos— 4+ sSIn—
2 2 2
x C n 3n
—C— -
R

3 s, n 4 oy
= J2sin{— + — v2sin— = 1.
& Y S 4

b. Chimg minh v€ phai, bang viéc sir dung két qua xys—;—(x2 +y?), ta nhan juoc:
A+B

Vi= siné + sinE + cos
2 2

= (sin-& + si'n-li).l + cosﬁ.cosg - siné—.sing—
2 : 2 2 2

SRR DRe et 5K M AR R Seath.
< = — 4sin—Y+1]1+ - - —)=sin— sin- = ~
2[(51112 sm:!)2 ] 2{9052 cos2 smzsz -

Dau "=" xay ra khi va chi khi

e Sl

sin—+sin—= 1 b "
! ©A=B=T &A=B=C= 7 < AABCu.

COS — = CO§ — J .

2

4. CHUNG MINH BAT PANG THUC 4
Ta lan luot thuc hién:

a. Chimg minh v€ trdi, ta c60<cos-g-—,cos§,cos—§— < | nén:

cos% +cos—g— +cos% >cosz-:— -'f.c‘os’-‘3 +cos? S

=~; (1 +cosA+1+cosB+1+cosC)= %(3+msA+cnsB+005C)>g— =2
Nhdn xét. Néu cho A— 0 va B 0 thi C—> =, thi:

cosb——b l,cos?'-—> 1 va cos(—:-—po
2 2 2

= cosf— +cos—!-; +cos£—+ 2
2 2 2

do vy khong thé thay s6 2 béi s6 16n hon trong bét ding thic trén.
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b. Chitng minh v€ phai, bang viéc sir dung két qua XYS% (x* +y%), ta nhan duoc:

A+B

VT= cos% +cossﬂ12i + sin

2
R R R SR

= (= .C0S— + — . COS—) +
\E( > 0 > 5 cosz)
Hoh | B .. B | A
+ 3 [sin= .(—=cos—) + sin— .(—=cos =
[ 5 (ﬁ 2) 5 (ﬁ 2)]
* G g 2 A 1.3 » B
S—|=(—+cO8"—)+ —(— +CcO8"— )] +
AR Sl >l
¥ ﬁ[l(sinzﬁ + 1c052§_)+ «l»(sinzg + -l-cosz-é)}
2 4 3 2 2 2 3 2
_ 33
T
Dau "=" xay ra khi va chi khi
r A '\E
COS— = ——
2 2
B 3
cos — = — 5 t |
< 2 & A=B=- & A=B=C= = ¢ AABC déu.
S 8 cosE | ’ 3
e R
\lng""‘_l"CDS"—
2 3

5. CHUNG MINH BAT DANG THUC 5 _
Vi sinA, sinB, sinC > 0, nén sir dung bat ddng thic Cosi ta duoc:

3
sinA+sinB+sinCJ3<(ﬁJ " 315

3 ¥ 8

sinA.sinB.sinC < (

Dgu "=" xay ra khi va chi khi A = B = C < AABC déu.
6. CHUNG MINH BAT DANG THUC 6

Vi sin%,sing. sin% > 0, nén sir dung bat dang thitc Cosi ta duoc:

sini+sin§-+sin£ : 3
sin-&.sin 2 sin Es _ 2 B 2| < L%
2 2 2 3

Ddu "=" xay ra khi v chi khi A = B=C <> AABC déu.
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7. CHUNG MINH BAT B}LNG THUC 7
Nhan xét ring:
* Né&u AABC til, thi cosA.cosB.cosC < 0, do d6 bat dang thifc luon diing.

* Néu AABC vuong hoac nhon, thi cosA, cosB, cosC 2 0, nén sv dung
bat ding thic Cosi ta dugc:

3 3
‘oA codiadel & (cosA+cosB+cosC) < [_l_) |

3 &3 AT}
D4u "=" xay ra khi va chi khi A = B = C & AABC déu.
8. CHUNG MINH BAT ANG THUC 8

Vi cos-gi, cosg—, cos-cz—: >0, nén sir dung bat ding thirc Cosi ta duce:

3

cosﬁ+cos§-+ sE 3
Dl k. ik 2 S[ﬁ}=1~f§

A ‘B
COS —.COS —.COS — <
2 2 2 3 8

D4u " =" xay ra khi va chi khi A = B=C < AABC déu.
9. CHONG MINH BAT PANG THUC 9
Thuse hién phép bién déi tuong duong:
4(sin’A + sin’B + sin’C) <9 <> 4sin’A + 2(1 - cos2B) + 2(1 —cos2(, _
¢ 4sin’A - 4cos(B + C).cos(B-C) < 5 -
&>4(1 - cos’A) + 4cosA.cos(B-C)< 5
&> 4c0s’A - 4cosA.cos(B-C)+ 120

. & [2cosA - cos(B - O)F + 1 — cos’(B — C) 2 0, luon diing
Dau " = " xay ra khi va chi khi

2cos A = cos(B~-C) i {ZcosA-—-cos(B—C) e {2cosA=l
cos?(B-C)=1 si(B-C)=0 {B=C |

& A=B=C= %“mAABCdeu.

10. CHUNG MINH BAT PANG THUC 10
Trudc hét ta c6:
tgA + tgB + tgC = tgA.1gB.tgC.
Vi AABC nhon nén tgA, tgB, tgC > 0, do d6 ap dung bét dang thiic Cosi a co:
tigA+tgB+1gC23 ?{ftga.th.th = 31gA +1gB +1gC
<> (1gA + tgB +1gC)' 2 27(1gA + 1gB + 1gC)
2 ¢:(tgA+th+_th)2227<:>tgA+th+th23J37.
: Dau "=" xay ra khi va chi khi AABC déu.
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11. CHUNG MINH BAT PANG THUC 11
Trude hét ta cé:

tﬁt—B—+tEt£+t9—tf\--1
.82-82 82-82 82-32 ,
(x +y+2) 2 3(xy + yz + zx), v6i moi Xx. y, Z.

Dé nghi ban doc te chimg minh.

Nhan xét rang:
TS TN R e o
tig— +tg— +tg—)23(tg—tg— +tg— .tg— - tg—.tg—)=3
(g7 +1g5 *V2de 8 +ws 85 1 185 85)

A B C
tg— — +tg— > 3,
Qg g Fig NEY
Dau "=" xay ra khi va chi khi AABC déu.

12. CHOUNG MINH BAT bANG THUC 12
Ta c6:

A g O AR L
l=tg—.tg~ +tg—.tg— +tg—.t1g— .231\/t —tg—.tg—
gz F2 Bzg 82 82 82 82 82
t}gﬁtggtgg“i
: SR

0k

D4u " = " xay ra khi va chi khi A = B = C ¢ AABC déu.
15. CHUNG MINH BAT PANG THUC 13

Trude hét ta cé:
cotgA.cotgB + cotgB.cotgC + coth cotgA = 1,
(x +y+2)*2 3(xy + yz + zx), v6i moi x, y, Z.
Dé nghi ban doc tw chimg minh.
Nhén xét ring:

(cotgA + cotgB + cotgCy? = 3(cotgA.cotgB + cotgB.coi2C + cotgC.cotgA) = 3
<> coigA + cotgB + cotgC 2 V3.
Dau "=" xay ra khi va chi khi AABC déu.

14. CHUNG MINH BAT PANG n—n’fc 14
Trude hét ta cé:
B C A B

A C
cotg — + cotg — + cotg — = colg — .cotg — .cotg —.
ol 32 g3 g5 colg3 g5

V’lcotg—g-. cctg-g'-. cotg% > 0, do d6 4p dung b4t ding thiic Cosi ta c6:

A B C v ook B C
ek~ i Ay e 1 i ol o
cotg 7 +§otgz cgtgz Z3Jcc-tgz c:t:ntg2 <:c>tg2

= 34cotg-‘;£+ cotg-g+cotfg£2:—
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A B C A B C

<> (cotg — + cotg — + cotg—) = 27(cotg — + cotg — + cotg -
(c032 cog2 c 52) (mg2 cog2 cogz)
¢>(00tg~';'— +cotg—$-+cag-§-)’22’7¢>a:¢g—% +cotg—§- +ootg—f—?,3~.5.
D4u "=" xay ra khi va chi khi AABC déu.

BAI TAP TU LUAN
Bai tap 18: Cho AABC, c6
COtgA + coth + cotgC = sin’A + sin’B + sin’C

Ching minh rang tgA 2 —1-5—

Bai tap 19: Cho AABC, chiing minh ring:
" 2(ab+bc+ga)2(a+b)‘+(b~¢)’+(c~a)’+83~[3-.
oo by Lo S L
a b ¢ 2rR
Bai tap 20: Cho AABC, chimg minh rang:

R e ki L

(-3 (p-b) W= ¢

t:o.l+l-c-lsl

aZ+be b +ca c2+ab 4R’
Bai tap 21: Cho AABC, ching mm.hn'mg
a. hzh,+h209r

b. h,+h,+h2 —z-(a%(i.ﬁ - 3R).

.¢c. h+h,+h <3(r+R).
2 2 2
d. h+h+hs (a-b)" +(b-¢c)" +(c—a) +i88'

a+b+c

Bai tap 22: Cho AABC, chimg minh rang:

ha hb 3
. 5P 2 S ERR R
hl hb C A B C.
COs—  COS—  COs—
2 2 2

Bai tap 23: Cho AABC, chimg minh ring:
a. m,.m,m_2pS.
g RS Sl St |
m, my M, _
aV3-a v myv3-b 4 e 3-c st[l+l l)'

cot gA cot gB cot gC
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Bai tap 24: Cho AABC, chimg minh rang:

AT + : + : e

(m, +my —m._.):z (m, —my +m..-)2 (m, —my, *mc)z 3R?
b. m,+m,+m<r+4R.

aZ +b2 +c?

c. m,+m,+m.2
2R

A B ¢ 3
d. m,.cos— +m,.cos— +m.cos— 2 —(a+b+c).
Bai tap 25: Cho AABC, chimg minh réng:

V3

a. L+L+1L< -2-(a+b+c).

b. 3‘3-+# 228
b e e

Bai tap 26: Cho AABC va M la diém bat ky trong tam gidc. Chimg minh ring:

a. MA.cosi;— + MB.cos-g + MC.cos—g— > a+;+c.

b. MA*+ MB’+MC‘24'-'E
vy

¢. (Erdoss): Goi P, Q, R theo thif tu la hinh chiéu vuéng géc cua M len
AB, BC, CA. Chimg minh rang:

MA + MB + MC 2 2(MP + MQ + M")
Bai tap 27: Cho AABC, céc phan gidc AA,, BB, va CC, theo thit tu cét dudng
tron ngoai ti€p tam gidc tai A,, B,, C,. Cht'mg minh rﬁng:

AA, BB, CC, _9

AA, 1&332 (:C2 4
Bai tap 28: Cho AABC, goi I l1a tam dudng tron ndi tiép tam gidc. Kéo dai Al,
BI, CI theo thit ti cét dudng tron ngoai ti€p tam gidc tai A,, B,, C,. Chimg
minh ring:

a. IA,+IB,+IC,>2IA+1B+IC.
8abcy/3
&
Bai tap 29: Cho AABC, véi n € N, chimg minh rang:

33

a. sinnA + sinnB + sinnC < T

b. AA,BB,CC, >

b. cos2nA + cos2nB + cos2nC > ——;— :

LS ]

c. cos(Zn+ 1)A +cos(Zn+ 1)B+cos(2n+ 1)C < 5
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Bai tap 30: Cho AABC, chitng minh réng:

A-B B-C C-A 5 2 (sinA + sinB + sinC).

a. Ccos- + coSs + COSs 2 ﬁ
b. tg’% + tg’l;- + tg"-g- - 85in%—.sin—§-.sin% 22.

Bai tap 31: Cho AABC, chiing minh ring:

a. sin—‘Ii +sin—B- +sin£ > i(l +sin-ﬁ.sin§-.sin2), AABC nhon.
2 2 . 2 2 iy

b. cosi +cos?'- +cos-(-:— > —i'-(l +siné—.sin2.sin£), AABC nhon.
2 2 2 2 2 2

V3

Bai todn 3: Nhan dang tam gidc:

PHUONG PHAP CHUNG

Bai todn vé nhan dang tam gidc rat hay gap trong cic dé thi mon todn. Bai
todn ndy dé cap dén mot s6 huéng bién ddi d€ nhan dang tam gidc trorg céc
bai todn nhur thé.

Dang I: Sir dung céc phép bién ddi luong gidg dé tinh géc hoac carh.
Dang 2: Xéc dinh quan hé giita cdc canh hodc cdc géc clia tam gidc.

Dang 3: Sir dung bat dang thitc co bin trong tam gidc va cdc bit ding
. thirc dai s6.

Dang 4: Sir dung phuong phap ddnh gid dua trén cédc tinh chat tan giac
va ham s8.

Dang 5: Dung hinh dé tinh todn cdc nhan tir trong bi€u thic.

BAI TAP TU LUAN VA TRAC NGHIEM

Bai tap 32: Xdc dinh dang ca AABC, biét:
a. sindA + sindB +sin4dC = 0.

Q@ Vuodng. o Can. o Déu. Q@ Vuomgcan.
b. sin2A + sin2B = 4sinA sinB.

Q Vuong. o Can. o Déu. 0O Vuomgcan.
c. 3(cosB + 25inC) + 4(sinB + 2cosC) = 15. -

0 Vuéng. o Can. o Déu. 0 Vuoémgcan.
d. cos: i +c°522 » AL (cotg’A + cotg’B).

sin“ A+sin“ B 2

0 Vuobng. o Can. o béu. Q Vuémngcan.

e. 2cosA.sinBsinC+ 3 (sinA + cosB + cosC) = 142- .

0 Vuong, g -Chn.- o Déu Q Vudngcan.
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Bai tap 33: Xac dinh dang ctia AABC, biét:

a. +vsinA + +sin =21’c0~3§.

Q Vuéng. o Can o bDéu. Q Vuong can.
Mé rong v6i YsinA + YsinB =2qcos§.
1 1 2
b. — + — =
sinA  sinB it C
2 :
Q Vuong. Q Can. Q Béu. O Vuéng can.

Mo rong vii —m—=
& Wsm A R‘Jsm f

Bai tap 34: Xéc dinh dang cua AABC biét:

e , VOi caic gbéc A, B nhon.

Q Vuoéng. o Can. o Déu Q Vuéng can.
, V6i cc géc A, B nhon.

a. tg’A+1g’B= 2tg

M rong véi tg"A + tg"B = 2tg" A+B

R JigB = cotg; vGi cac goc A, B nhon.
Q Vuéng. a Can o bDéu. Q Vuong can.
Md rong voi YigA + YgB = Zm , Véi céc géc A, B nhon.
Bai tép' 35: Xac dinh dang cia AABC, biét:

a. sin-l-;-= -
2 2a

Q Vuong. @ Can. .- o Déu @ Vuong can,
: AP AR
b. cosA+25:n—2~— = | .

Q Vuoéng. a Can. o bDéu. @ Vuong can.
c. a=2b.cosC.

Q Vuéng. Q Can. 0 béu. Q Vuong can.

Bai tap 36: Xéc dinh dang cia AABC, biét:

= Jp(p—a)-

Q Vudng. 0O Can o Déu. Q Vuodng can.
b. b= Jh:.cosl;—.

0 Vuéng. o Can. o bDéu. Q@ Vudng can.
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Bai tap 37: Xdc dinh dang ctia AABC, biét:
& S= -:—(az +b)

Q Vuong. u Can. o Déu. 0O Vuéngcan.
b. p=(1+ v2)R. _ .
0 Vuéng. Q@ Can. o Péu - O Vuéngcan.

Bai tap 38: Xéc dinh dang cia AABC biét: :
a. sinA + sinB + sinC - (sin2A + sin2B + sm2C) 0.

O Vuong. Q Can. a béu. Q Vuodngcan.
b. cosA + cosB + cosC + cos2A + cos2B + cos2C = 0.

g Veong. -0 Can o Péu O Vuéngcan.
c. tgA +1tgB+1gC+tg2A +1g2B+1g2C=0.

a Vudng. Q Can. a béu. a Vuéngcan.
d. cotgA + cotgB + cotgC + cotg2A + cotg2B + cotg2C = 0.

Q Vubng. a Can. a béu. Q@ Vuéngcan.

Bai tap 39: Xdc dinh dang cia AABC biét:
|sinB+sinC =2sin A '

BN S
S Ty DN
Q Vuéng. a Can o bDéu. o Vuéngcan.

4sin AsinBsinC _ a+b+c
ab + bc + ca 18R"

O Vuong. 0O Can o béu. o  Vuongcan.
c. - b & , Nei - (cotgA - coth +cotgC) = 43
sinA sinB  sin C
0 Vuéng. o Can a béu. a Vuéng can.

d. sin’i;l + sin’% + sin’-g- = 6¢cosAcosBcosC.

III. HUONG DAN - GIAI - PAP SO
Bai tap 1.
a. Tacé:
VT = sin2A + sin2B + sin2C = 2sin(A + B).cos(A - B) + sin2C
= 2sinC.cos(A — B) + 2sinC.cosC = 2[cos(A — B) — cos(A + B)}snC
= 4sinA.sinB.sinC.
b. Taco:

VT = cos’A + cos’B 4 cos’C =

l+cos2-§_ % | +cos2B
2 2

=1+ %(cosZA+coszB)+oos’C= 1 + cos(A + B).cos(A ~ B) 4 cos’C

+ cos’C

= | — [cos(A — B) + cos(A + B)lcosC = 1 — 2cosA.cosB.cosC.
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Bai tap 2.
a. Ta xét hai truong hop:
Triong hop 1: Néu n = 2k véi k nguyén duong, khi dé:
VT = sin(4kA) + sin(4kB) + sin(4kC)
= 2sin[2k(A + B)].cos[2k(A - B)] + sin(4kC)
= 2sin[2k(m — C)].cos[2k(A — B)] + sin(4kC)
= -2sin(2kC).cos[2k(A - B)] + 2sin(2kC).cos(2kC)
= ~2sin(2kC).{cos[2k(A - B)] - cos(2kC)}
= 2s5in(2kC). | cos[2k(A + B)] — cos[2k(A — B)]}
= —4sin(2kC).sin(2kA).sin(2kB)
= 4(-1)""sin(nA).sin(nB).sin(nC), dpcm.
Triomg hop 2: Néu n = 2k + 1 véi k nguyén duong — Ban doc thuee hién neomg .
b. Lam tuong tu cau a) - Ban doc e gidi.
c. Ta xét hai trudmg hop:
Trwemg hop 1: Néu n = 2k véi k nguyén duong, khi dé6:
VT = cos’(2kA) + cos’(2kB) + cos*(2kC)
4 1 + cos(4kA) . 1 + cos(4kB) 5

s°(2kC
5 cos( )

=]+ %[cos(4kA) + cos(4kB)] + cos*(2kC)

= 1 + cos[2k(A + B)].cos[2k(A - B)] + cos*(2kC)
= 1 + cos(2kC).cos[2k(A - B)] + cosz(ZlgC)
= | + {cos[2k(A - B)] + cos[2k(A + B)]}cos(2kC)
= | + 2co0s(2kA).cos(2kB).cos(2kC)
= 2(-1)"cos(nA).cos(nB).cos(nC) + 1, dpcm.
Trwomg hop 2: Néu n = 2k + 1 véi k nguyén duong — Ban doc thiee hién neong n.
d. Tacé;
A+B+C=nonA+B+C)=nneonA+nB=nn - vC
tg(nA) +tg(nB) _ tg(nC)
I -tg(nA).tg(nB)
< 1g(nA) + tg(nB) = [1 - tg(nA).tg(nB)Jtg(nC)
<> tg(nA) + tg(nB) + tg(nC) = tg(nA). tg(nB) tg(nC), dpem.
e. Sirdung két qua cia cdu d), ta cé:
tg(nA) + tg(nB) + tg(nC) = tg(nA).tg(nB).tg(nC)
- 1 & 1 L 1 . 1
cotg(nA) cotg(nB) cotg(nC) cotg(nA).cotg(nB).cotg(nC)
<> cotg(nA).cotg(nB) + cotg(nB).cotg(nC) + cotg(nC).cotg(nA) = 1, dpcm.

= tg(nA + nB) = tg(nn - nC) <
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Bai tap 3.
a. Sirdung dinh 1y ham s6 sin, ta cé; - :
B+C B-C

JR.sinB+2R.sinC . A~ 25D S Ty
Vis - Sin— = sin —
2R.sin A 2 s A 2
| sin —.COs —
- 2 2
m(n, A) B-C
—~~— 1 cos
- YR 2 B -
= = cos ,d
cos —
b. Sirdung dinh Iy ham s& sin, ta cé:
4sin i cosg—*—g
B L s ag
A 2sin —.cos —
2 2
=2cosB—C.sin% =2cosB;C.cosB;C = cosB + cosC, dpcm.

c. Sirdung dinh ly ham sé sin, ta c6:
VT = 4R%(sin’A - sin’B)sinA.sinB

= 2R sinA.2R sinB. -21— [(1 = cos2A) - (1 - cos2B)]

= *-;-ab(cosZA - c0s2B) = ab.sin(A + B).sin(A - B)

= ab.sin(A — B).sinC, dpcm.
d. Tacé: :
a.sinA + p.sinB + c.sinC = 2R(sinA sinA + sinB.sinB + sinC.sinC)
= 2R[sinA.sin(B + C) + sinB.sin(C + A) + sinC.sin(A + B)]
= 4R(sinA.sinB.cosC + sinB.sinC.cosA + sinC.sinA.cosB). (1)
a.cosA + b.cosB + c.cosC= 2R(Si_nA.cosA + sinB.cosB + sinC.cosC)
= R(sin2A + sin2B + sin2C)
= R[2sin(A + B).cos(A - B) + sin2(]
= R[2sinC.cos(A - B) + 2¢inC.cosC]
= 2R.sinC.[cos(A - B) - cos(A + B)]
-~ =4R.sinC.sinA.sinB. . (2)
- Chia theo vé& (i) va (2), ta duoc:
a.sinA + b.sinB +c.sinC
a.cosA +b.cosB+c.cosC

= cotgA + cotgB + cotgC, dpcm.
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Bai tap 4.
a. Sirdung dinh ly ham s6 sin, ta co:
VT= i(a+ b+ cXb+c —a)=RsinA + sinB + sinC)( sinB + sinC — sinA)
Trong dé:

sinA + sinB + sinC = 4cos% .cosE .COS E :

sinB + sinC - sinA = 2sin b .COS B ; ¢ — sinA

2
B-C

= 2cos -A— .COS — 2sin— .cos é-
2 2

B-C - cos;E )<:v::.sé = -‘-k:a::rsf’i .sin~]Ei .sin—C-.
2 2 2 2 2

= 2(cos

Tir do, suy ra:

VT = 4Rz.cosz-g- sinB.sinC = 4bc.cos’—-g- , dpcm. '

b. Lam tuong tu cau a) — Ban doc i gidi.
Bai tap 5.
a. Taco:

a.sin(B — C) = 2R.sinA sin(B — C) = 2Rsin(B + C).sin(B - C)

= R(cos2C - cos2B)

tuomg tr:

b.sin(C - A) = R(cos2A ~ cos2C)

c.sin(A - B) = R(cos2B i cos2A)

Cong theo vé ta nhan dugc dang thic cin chiing minh.

b. Tacé: '

(b* — AcotgA = 4R(sin’B - sin’C)cotgA = 2R*(cos2C — cos2B)cotgA

= 4RO Bein(C = ) S22
_ sin A
‘= 4R%in(C - B).cos(B + C) = 2R*(5in2C - sin2B).

tuomg tw:
(¢ - a*)cotgB = 2R*(sin2A - sin2C).
(a’ — b’)cotgC = 2R*(sin2B — sin2A). ‘
Cong theo vé ta nhan dugc déang thic cin chimg minh.
Baui tap 6.

a. Taco:
a.cosA + b.cosB + c.cosC = 2R(sinA.cosA + sinB.cosB + sinC.cosC)

= R(sin2A + sin2B + sin2C) = R[2sin(A + B).cos(A — B) + sin2C]
= R[2sinC.cos(A — B) + 25inC.cosC]
= 2R sinC.[cos(A — B) - cos(A + B)] = 4R sinC.sinA sinB.
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s0 | » pidc

Suy ra:
8R'.sin A.sin B.sinC _ abc

VP = 2R sinC.sinA.sinB = = =S, dpcm,
4R 4R
b. Tacé:
VP = +(a2RsinA. 54 4p 2RsinB. < P wcomame 2T,
4 sip A sinB ; sinC
= —l;— (a.cosA + b.cosB + c.cosC) = S theo két qua cau a).
c. Sirdung két qua cau b) — Ban doc tw gidi.

d. Sitdung két qui bai tap S cAu b) ta c6:
(p—-a)lp—-b)= ab.sin*%

tir do suy ra:

- C
' - cos —
VP = ab.sin’E.coth = ab.sin’g. 2 - ab.sin— .cos=
2 2 &
sin —
2
-;-ab smC S — Céng thi tinh dién tich tam gidc theo dinh li ham s6 sin.
Bai tap 7.
a. Tacé:
2bc.cos;‘%
l.=-———~—-b+c e (1)
Nhan xét ring:
b8 ey
coa’i\— =—-l—(l+cosA)=-l—(l+ b® +c” -a Vo (b+c) -a”
-2 2 2bc 4bc
_(b+c+a)b+c-a) p(p-a)
4bc be
p(p-a)
c:»cos-—- = 2
> s (2)
Thay (2) vao (1) ta duoc:
L 2bc ‘ p(p—a) " ch(a+b+c)(b+c-—a) ; dpcmn
b+c bc b+c
b. Suy ra tir két qua cau a).
c. Ta l4n luot c6:
i
l a+b 2ab.cos§ C
J. = < =2co0s—,
a ab a+b 2



[l— +—1~] 1= 2(:09—}‘—‘.
b ¢ 2

(l + -!-].l.,z QCOSE.
c a 2
Cong theo vé ta nhan duge dang thirc cin ching minh.
Bai tap 8.
a. Tham khao bai tap 3 cau d).
b. Sirdung dinh Iy ham s6 sin, ta c6:
VT = b.b.sin2C + c.c.sin2B

= b. E‘—%—@—E 2sinC.cosC + ¢, I—)—?m
sinC sinB
= 2ab(sinB.cosC + sinC.cos¥) = 2bcsin(B + C), dpcm.

Bai tap 9.

.2sinB.cosB

A T s
a. cotgA + cotgB + cotgC = .t hb: o ;
Ta lan luot co: :
b’ +c’ -a’ a’ +c¢’ -b’ a’+b’ -’
cotgA = —————, cotgB = —————— , cotgC =
8 48 8 4s . 48

Tir do, suy ra:

a’+b’+c’ _ (a’+b’+c’)R
i she
4R
b. Ta c6 thé lua chon mot trong hai cich sau:

Cdch I: Skt dung cdc phép bién ddi luong gidc, ta c6:

cotgA + cotgB + cotgC = dpcm.

(b - c).cotg-'g— = 2R(sinB - sinC).cotg%

B+C B-C A

=4R.cos Sin cotg EY
cos 2
CaaRsind snBoC 2 upain 2ok sinB2E
2 2 o A 2 2
Slﬂ;

= 2R(cosC - cosB).
Tuong ty:

A a).colg-g = 2R(cosA ~ cosC) va (a - b].cmg% = 2R(cosB - cosA).

Cong theo vé ta nhan dugc ding thirc cin chimg minh.
Cdch 2: Sit dung cidc phuong phdp hinh hoc, ta cé:

a=BC=BM +MC= r.cotgg + r.ce»tg;i = r'(cc:tg«lzi -Fcotg%). (1)
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tuong tu:

b= r(cotg% + cotg -2— ) (2)

c= r(cotg% + cotg -121 ). (3)

Thay (1), (2), (3) vao VT ciia ding thitc, ta dugc diéu cén chimg minh.
Bai tap 10.
a. Taco:

Ate cm'%—]g' +sinC]

p= -12-(a+b+c)=R(sim\+smB+ sinC) = R[2sin

A-B +26inE cos )
2 2 2

A-B A+B
+ Cos

- thcos% P

= 2R(cos

c A B G
— = 4Rcos — cos — cOos — .
7. ™3 > g9

b. - Sir dung két qua cdu a) va tir danh gid:

S=pr= —
MR

abc 8R'.sin A.sinB.sinC e Tl W0y
&= = C =4R.sm————.sm~i—.sm—2-.

4Rp 4R.4R cosé.cosﬁ.cosﬂ
2 2 2

c. Talva chon mét trong hai cich trinh bay sau:

Cdch I: Chia theo v€ cic ding thitc & cAu b) va cdu a) ta dugc dang thic cd.
chimg minh.

Cach 2: Ta cé:

A B C
S=pr= p(p—a)tSE =plp - b)tgg =p(p- C)ISE

suy ra:
' A B C . e A
S=p(p-atg— plp-blg— . pp-cig— =S pltg — tg— .1g —
p(p a)32 p(p )gzr(p c)g2 Pig— 185 18
AR r AR C
opitg—tg—.tg— =S=pre> — =g~ .tg— .tg—, dpcm.
P828282 pr 5 828282P°
d. Goil la tam dudng tron ndi «i€p AABC.
Ta c6 thé thuc hién theo hai cich sau:
Cdch 1: Xét AIBC, ta cé:
asilr(E
IBc - - e ek ey o
s_in— sinBIC sin COS — COS —
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Mat khéc:

r B
IB = ; (2)
B AN\
mlnz ﬂh
Tir (1) va (2) suy ra: / \
- Y ey A C
a.sin— o a.sm;.sm;
P R
COS — sin — cos 5

Cdch 2: Gia sir duong tron ndi tiép AABC tiép xiic vai BC tai M, ta cé:

g A
I.sin r.cos—z—

B
a—BC-BM+MC—r.00tg—2— +r.cutg5- : s B B
s —.sin— sin—.sin —

Vs 2 2

. e &
a.sin —.sin —
2 2

<>r=
cos —
: 2
Bai tap 11.
a. Sirdung két qua cua bai tap 10 cau d), ta c6:
Y T : ;
a.sin -i-.sm 3 sm*i—.sm >
re = = = - =
e -
cos — cOs —
2

25inA.sinE.sinE 4cos—A~.siné.sin——.sin—
2 2 2 2 2 2

r

oy —

R A

COS — cos —
2

= 4sin & .:;inE .s.inE : £*)
2 2 2 _
Sir dung ding thitc co ban 2, ta cé:
coole R
cosA + cosB + cosC = | + 4sin E sin E .sin E
do dé (*) duoc chuyén thanh: -
1+ -I:T = cosA + cosB + cosC, dpcm.
b. Sirdung két qua clia bai tap 6 cau d), ta cé:

S=(p-a)p- b).cotg% o -i—(b +c-a)a+c—-b)= S.tg-g-
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sin — sin® — Yool
oci-(a-b)’=48S. =48, £ 4S. —
C Wi . sinC
cosE sin —.COS —
oci=(a-b)Y+4S. ! —_COCSC , dpcm.
sin
Bai tap 12.
a. Tacé:
g3 . .
S= abc _ 8R".sin A.sm B.sinC = S AiaANBsinC. dpcrn.
4R 4R
b. Tacé:

S=pr= —;-r(a + b + ¢) = Rr(sinA + sinB + sinC), dpcm.

Bai tap 13.
a. Theo dinh li duong trung tuyén, ta cé:
2

a ¢ A

b +c?=2AM*+ T ob+ct= %= + & < a’ - ¢ =2b’, dpcm.
b. Theo a), ta c6:
a’ - ¢ = 2b’ & 4R%sin’A - 4R5in’C = 8R’sin’B
&> sin’A = 2sin’B + sin’C, dpcm.
Bai tap 14. Bun doc nir gidi.
Bai tap 15. Ban doc tu khing dinh AABC nhon.
Sir dung céc cong thiic:

| a’+c’-b? al+b?-¢’
= —bcsinA, cotgB = i DR . bty
2 ; 8 4S '8 48
Ta co:

a‘=b'+c' o a' - (b - ¢}’ =2b%c?
8s* S 48 (23)
<2

1 1
~ cotgB cotgC

&2 = & :
b¢’ a*+c’-b* a’+b’-¢’ be
&> 2sin’A = tgB.tgC, dpcm.
Bai tap 16. Bun doc i gidi..
Bai tap 17. Ban doc tie gidi.
Bai tap 18. Huéng ddn: Sk dung céc cong thic:
_ - . | Y T
cotgA + cotgB + cotgC = i—t—:—s—tc— ;

2 2 2
sin’A = (-E%] , sin’B = [2—5-] ,sin’C = [%%J
ac
ta chuyén gia thiét vé dang:
e R L)
4S5 be ac ab
& (a? + b2 + cH)a’b’c? = 168'(a’ + b? + ¢?) & a’b’c? = 168",
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Bai tap 19.
a. Bién déi tuong duong bat ding thic cdn chimg minh vé dang:

(ab + bec + ca) — (a + b? + ¢?) > 4S43 &
< 2 _23 + ,25 + _2S ) — 4S(cotgA + cotgB + cotgC) > 4543
sin C sin A sin B
& (=~ cotgA) + (—— = cotgB) + (—— — cotg0) 2. 3
sin A sin B sin C
- l-cosA ’ l-.cosB - l-cosC Zﬁ
sin A sin B sin C
2sin? 2 2emd s 2sin2 &
= 2 + 2 + 2 c > J‘_’T

fd\!sin—A—.cos—-ﬂi lsin—E.cos?— 25&11%-.1:03;
c::»tg-g— +tg% +tg£2:- > 43, ludn diing.

Dau ding thic xay ra khi AABC déu.
b. Sir dung céc cong thirc:

S=1b£=pr=>R=vaér=-$—
4R 4S P
tir d6, suy ra:
N Rt T R e
2R ,S abc abc  abc
p 4S

Vay, bat ding thitc cdn chitng minh twong duong véi:

2
) +_l_ +l i ’3(a+b+c) a(ab+bc+ca) _Xa+b-c)
A Bhote abc abc abc

&> (ab + be + ca)? > 3abc(a + b + ©)

&> (ab — be)’ + (be — ca)® + (ca — ab)® 2 0, ludn diing.
Bai tap 20. g
a. Sirdung bat dang thic Cosi, ta coé:

VT=-1-[ lz+ 11]+-!-[ 1,2+ l:]+
2{(p-a) (p-b) 2{(p-b) (p-c)

1[ 1 1 }
+ — = g
2l(p-¢c) (p-a)

1 ] 1
z + +
(p—a)p-b) (p-b)p-c) (p-c)p-a)
_(p-a)+(p-b)+(p-c) _ P
(p—a)p-b}p-c) (p-a)}p-b)p-c)
P =B =—l—.dpcm.

~ p(p-aXp=b)p-¢) S r
Dau déng thic xay ra khi AABC déu.
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b.” Sir dung cdc cong thirc:

S=E-b£ =pr= -R=2X fil‘=-s—
4R 4S p
tir d6, suy ra:
kol 1 N _a:rb+c
4R~ ,S abc  abc  2abc
p 4S
Vay, bét ding thitc cdn chimg minh tuong duong véi:
1 1 1 a+b+c
+ + <

a’+bc b’+ca c’+ab 2abc
- Sir dung b4t ding thic Cosi, ta c6 nhan xét:

1
! ! JE S S e
a’ +bc 5T N 2aJ_ 2abc 4abc '
| c+a
2 s 2
b® +ca 4abc
: 1 i a+b.
c’+ab 4abc
Cong theo v€ cic bat dang thic trén, ta dugc:
2l 3 2l & 2l S2(a+b+c) =a+b+c’dmm.
a+bc b +ca c’+ab 4abc 2abc
Dau ding thic xay ra khi AABC déu.

Bai tap 21.
a. Sir dung cic cong thirc:

1 1
S=pr= —ah,= -bh,=—c
pr 2mh. > hy, 5 h,
tir do, suy ra:
S 28
yh,= — h.,-— I\.-——-.
Vay, bat ding thﬁc cin chli‘ng minh tuong duong véi:
oS e +b+c)[ ) 1)29—lu0ndﬁng;ieoC0si.
a LR a b ¢
D4u déng thiic xay ra khi AABC déu.
b. Sirdung cic cong thirc:
abc 1 1
S= — = ~-a h-——b = —c.h,
S et e
tir d6, suy ra:
R L e s _—-.
2S h, = h« h:
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Vay, bat ding thifc cdn chiing minh tuong duong véi:

BB, 5, Leyss -2

a

525,25 25 dabe oo "
a b c

Sir dung bét déng thitc Cosi, ta cé
25 25 28  3abc , [2S5 25 25 3abc IO o

el g2 2 2 DG L,
T H v TR v 4e

Dau ding thitc xay ra khi AABC déu.
¢), d) Ban doc te gidi.
Bai tap 22. Ban doc i gidi.
Bai tap 23.
a. Taco: ;
pS=p./p(p—a)p-b)p-c) = Yp(p-a) {p(p-b) {p(p-c)
Trong do bang viéc sir dung bat dang thirc Bunhiacoxki ta cé:

R e =J(b+c) Ly 5J(Hl)(l:. +c’)-a

4

J2b2+2c —J—-m

vp(p-b) <m,,
Jp{p—c) <m,.

Nhan theo v€ cdc bét dang thic trén ta dugc:
pS € m,.m,.m_, dpcm.
Dau ding thiic xay ra khi AABC déu.
b. Sirdung bét dang thic Cosi ta c6 nhan xét ring:

am, = -%—a\hb’ +2c?-a’ = 54 8 J(3a’)(2b’ +2¢ %%

243

|
—=3a2+ 26+ 27 -al)= —= (@ + b+ D)

4~/' Rl

2
< l 2 2 2‘{5 2 - : = ZzazJE I
a.m, a“+b" +c m, a“+b°+c¢
2 2 2
Tuong tu ta ciing cé 2 2 26’3 - 5 23

my, a+bec’ m et epbeet
Cong theo v& céc bét ding thic trén, ta dugc:

2
a+b+c 2f(a+b+c)

m, mp m, a’+b> +c¢’
Dau déng thic xay ra khi AABC déu.
c. Hudmg ddn: Sit dung dinh 1i ham s6 cotg.

-2J§,dpcm.
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Bai tap 24.
a. Hudmg ddn: Sit dung cac két qua:

* (m, +m,-mJ)(m, - m,+ mJ)(~m, + m,+ m)<m,m,.m.
* Bat ding thirc Cosi.
*  sin’A + sin’B + sin’C < % j

Cha y: Ban doc hdy chimg minu a&t qua tdng quat:

1 i | 2 )
+ + -23 —|.
(m,+m,-m.))" (m,-m,+m/)" (m,-m,-m)" 3R

b. Hudng ddn: Sit dung cic két qua:

* cosA+cosB+cosC=1+ 4sin~g— .sin-lz-a— .sin—g— »

. = 4R.sin~2— .sin?— .sing— :

= Tinh chét canh ciia tam giic 1a "Téng hai canh Ién hon cank cn lai"..

Dé thuc hién ban doc cdn xét ha. irudng hop 12 AABC nhon va AABC t,
c. Tadi chilng minh: -

2 2
e < 2m,2b. —b- +C. b de b.sinB + c.sinC
4R 2R 2R

< 4m? 2 (b.sinB + c.sinC) & 2b% + 2¢” - 2’ 2 (b.sinB + ¢.snC)?
& b? + ¢ + 2bc.cosA 2 blsin’B + ¢’.sin’C + 2bc.sinB.sinC
> b.cos’B + ¢?.cos’C — 2bc.cos(B + C) - 2bc.sinB.sinC > 0
< b’.cos’B + ¢’.cos’C — 2bc.cosB.cosC 2 0

&> (b.cosB + c.cosC)’ > 0, luén diing.
Vay, ta c6 céc bat ding thic:

b’ +c? a’ +¢’ a’+b?
L] mh ’ mc
4R 4R 4R
Cong theo v€ cic bét ding thiic trén, ta dugc:
2(a’ +b* +c’)  a?+b?+c?
4R 2R
Dau déing thitc xay ra khi AABC déu.
Bai tap 25.
a. Sir dung két qua trong bai 7 cau a), ta cé:

|, =2 ’p(p a) zJ— v

b+c be

Ls {p(P-b),
l.< 1/p(p-c).

- e— *

m, 2

m, >

m,+m,+m.2 , dpcm.

Cﬁslbc

= Yp(p-a)= WPp-2),
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Cong theo vé€ cic bat dang thic trén, ta dugc:

L+L+1< p(p-a) + Jp(p-b) + yp(p-c)
= J];(,}p—a + J;—b + Jp—c) 3

Bunhiacoxpki

< Jp(JU+1+Di(p-a)+(p-b)+(p-c))=p+3.

L+ +1< ;—(a+b+c),dpcm.

D4u déng thic xay ra khi AABC déu.

b. Ta c¢é:
ab _ ab _ a+b _ 2R(sinA +sinB)
I 2ab.cosE 2(:05E 2cos —
SR 4 2 2
a+b
2RsinA+B.cosA_B A
= 2 = 2R.cos 5 < 2R.
cos —
2

Tuong tu ta ciing c6:
P <2Rva <R
Ia Ib
Cong theo v€ cac bat dang thiic trén, ta dugc:

32-1- i Pisd < 6R, dpcm.

lc '] b
Dau ding thuc xay ra khi AABC déu.
Bai tap 26. Ban doc tu vé hinh.

a. Sidung cong thirc hinh chi€u va tinh chét cosa<l.
b. Goi G la trong tam AABC, khi dé:
GA + GB + GC =0,
MA? = (MA )? = (MG + GA )*= MG’ + GA’ + 2MG .GA
MB? = (MB )* = (MG + GB)’ = MG® + GB? + 2 MG . GB
MC? = (MC )* = (MG + GC )* = MG® + GC? + 2MG .GC
—MA+ MB+MC=3MG + (GA2+GB'+GC)+2MG (GA +GB +GC )

3 ey g
>GA’+GB* +GC = -g-(mf +m+m’)= a +b +c

3
2 2
2[a+§)+c) . . zﬁ,dpcm,

Diu ding thirc xay ra khi AABC déu.
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vong 1: Ham sO luong pidc

~ ¢. Dichimg minh

MA = TR opp 08 o g sinC
sin A sin A sin A
Tuong tu cho MB va MC.

. Bai tap 27. Ban doc tu vé hinh.
Béng viéc xét hai tam gidc déng dang ta nhan duuc

Cosi
AA, = 2bc)2(l+cosA) < -2-(1+cnsA)

AA, (b+c

~ suy ra:

AA, & i + 3 < o + —l—(cosA+cosB+cosC).
ARy B A Rl .

Sir dung bat ddng thiic cosA + cosB + cosC < % suy ra:

AR, BB O0 X 18
+ + S —+—.— = dpcm.
Ak BR e, T3 e
D4u déing thitc xay ra khi AABC déu.
Bai tap 28. Ban doc tu vé hinh va sir dung hudng din sau:
a. Sirdung cic két qua:

* r= 4Rsinﬁ .sin—]?'- Sin—.
2 2 2

" (x+Yy+2)<3(xy + yz + zx).
SN e P 1o |

" sin— +sIn— +sI1— S —,
AR S P 1

b. Béing viéc chimg minh AA, = 2R.cos /e

> , tir d6 thiét 1ap biév thic

33

AA,.BB,.CC,, réi sir dung két qua cos—g- + Cos -iB- + cos; < e
Bai tap 29. Huong din:

33

a. Tham khao cdch ching minh sinA + sinB + sinC < T

b), ¢) Tham khao cdch ching minh bat ding thic:

cos2A+cosZB+cos2C2—g~. : (*)
Cu thé, bién ddi twong duong bat ding thitc (*) nhu sau:
cos2A + 2cos(B + C).cos(B-C) > _%

& 2cos’A - | — 2cosA.cos(B - C) = —%

& 4cos’A - 4cosA.cos(B-C) + 120,
& [2cosA - cos(B - C))* + 1 — cos’(B - C) > 0, ludn diing.
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Bai tap 30. Ban doc tu gidi.
Bai tap 31. Ban doc tu giai.
Bai tap 32.
a. Nhan xét rang:
VT = 2sin2(A + B).cos2(A - B) + sind4C
= —-2s51n2C.cos2(A - B) + 2sin2C.cos2C
= —2[cos2(A — B) — c0s2C}5in2C = ~2[cos(A — B) - cos2(A + B)}sin2C

= —4c0s2A.cos2B.sin2C
Do dé, ta duoc:
~4cos2A.cos2B.sin2C =0
(g
sin2A =0 2
e |sin2B=0 = [B=Z & <> AABC vuong.
sin2C=0 i
2

B e
I

b. Bién ddi gia thiét vé dang:
2sin(A + B).cos(A — B) = 2[cos(A - B) — cos(A + B)]
<> sinC.cos(A - B) = cos(A - B) + cosC
<> (1 - sinC)cos(A - B) + cosC=0

< (cos B smE )*cos(A — B) + cos? Loo sin® — b 0
2 2 2 2

< (cos (2—: - sin-—z‘;z )[(cosg - sin—g— )cos(A — B) + cos—g- + sin—g— ]1=0

C B
— =
2

G A
©ocos— -sin— =0 g—=1=
% 2 2

<> AABC vuéng tai C.
c. Sitdung bét ding thic Bunhiacopxki, ta c6:
VT = (3cosA + 4sinA) + (6sinB + 8cosB)

S
2

|3

=
2

S \ﬁz +42 )(ccm2 A +sin? A) + J((F +82 )(siﬂ2 B + cos? B)
=5+10=15.
Do dé (1) xay ra khi va chi khi :
cos A o 3
:::g_; —f—:—-—cotgA-th colg(— -B)=>A+B gc:C=§
cosB 8
<> AABC vuong tai C.
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d. Bién ddi gia thiét vé dang:
cos’ A +cos’ B cos’ A +cos’ B
sinA+sin’B b A = cOoIpe: sin’ A +sin’ B

= cos’A+cos’ B cos’ A & cos’B  cos’ A +cos’ B
sinA+sin’B  sin’A sin?B  sin’ A+sin’ B
sin’ Acos’ B -sin’ Becos’ A _ sin’ Acos’ B—sin’ Beos® A
sin’ A . sin° B
&> (sin’A - sin’B)sin(A + B).sin(A - B)=0
3 [sin A =sinB
o

= A =B < AABC can tai C.

sin(A-B)=0
e. Tacé:
cosA < D te -2’ _ (RsinB)’ + 2R.sinC)” - (2R-sin A)*
2bc 2.2R.sinB.2R.sinC

_ sin’ B+sin’ C-sin’ A '
' 2sinB.sinC

& 2cosA.sinB.sinC = sin’B + sin’C - sin’A.

Khi d6 ta duogc:

sin’B + sin’C — sin?A + /3 (sinA + cosB + cosC) = %‘1

V3 V3 V3

& (sinA - —2—)’+(cosB— -—2-—-)2+(cosC— —5—)2=0

sim\=-—\,—zi Im &
< < a2 < A=—vaB=C= —.
NE) .3 6
cosB=cosC=-—é——
Bai tap 33. ;
a. Sirdung bat dang thitc Bunhiacoxki ta cé:
(AsinA + VsinB ) < (174 12)(sinA+sinB)=4sinA;B.cosA;B
C A-B C
= 4cos—. < 4cos—
3 Ccos > 08
| = Jsinfﬁ + «/sinB 521}“)8% %
Viay, giﬁ thiét tuong duong véi:
JsinA = VsinB
A-B = A=B< AABC cén tai C.
cos 5 =]

Ban doc tu chitng minh cho phidn mé& rong.
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b. Sirdung bat déng thic Cosi la co:
l 1 ; 2

sin A smB 1fqu sin B

2 2 2 2

J [cos(A — B) - cos(A + B)]

Jl [costA - B) + cosC] Jl~ (1+cosC) {f:os2 (—: cos ‘C
2 2 S 2
Vay, gia thiét twong dirong vai:
sinA =sinB
{cos(A -B)=1

Ban doc tu chimg minh cho phidn mé rong.
Bai tap 34.
a. Trudc hét chiing ta di chimg minh bé dé:

B6 dé: Vi AABC c6 céc géc A, B nhon thi tgA + tgB > 2tg 8
That vay:

= A=Be AABC céan tai C.

+B

sin(A +B) _ siﬁ(A +B) 5 2sin(A + B)

tgA +tgB=
. 5 cosA.cos B cos(A+B)+1

%[cos(A + B) + cos(A - B)]

2 2lg—!§~—2-—-l—3— dpcm.

Dau ding thic xay ra khi A = B.
Khi dé. sir dung bat dang thitc Bunhiacoxki ta c6:

tg’A +tg’B= %(l2 + 1))(1g’A +tg’B) > -21-(13.4\ + tgB)?

21[23

A+B] _2t8,A+B_
2 2

Vay, gia thiét tuong duong vai:

r

{AzB = A=B e AABC can tai C,
tgA =1gB

Ban doc ty chimg minh cho phin md rong.
b. Ban doc tir gidi.
Bai tap 35.
a. Bién ddi gia thiét vé dang'
: - 1 ¢ c
sin° — = —— —l—-cosB-——-—-—@cosB
5 2 2a 2 { : y S | a

<> cosB = M < 2sinA.cosB = 2sinC

2R.sin A
<> sin(A + B) + sin(A — B) = 2sinC < sinC + sin(A — B) = 25inC
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s& luong gide

. L P i
< sin(A - B) =sinC & St L= Arhd .
A-B=n-C A-B+C=nloai

S A= 125 <> AABC vuong tai’A.
b. Sirdung két qua da duoc chirng minh ¢ bai tap 10 cau b) la:
r=ARsiB sin 2 sin <.
2 2 2
Ta bién ddi gia thiét vé dang:

prongadd Lage® D L o
2 TR

2

&> 2sin '—A— —Zsin-{\— +4sin—é—sin-§sin9~ =0
2 2 2 2

l\
sin— =i}

&> sin—'ﬂl +25inEsin—(-:——l='0
2 - Sl

B-C B+C 3,

- COS

cbsin% + COS 1=0

@COSB;C =] = B=C+ AABC cantai A.

c. Bién déi gia thiét vé dang:
2R .sinA = 4R sinB.cosC <> sinA = sin(B + C) + sin(B - C)

& sin(B - C) = 0 = B= C <> AABC cén tai A.

Bai tap 36.
a. Bién déi gia thiét vé dang:

a.h.=a\fp(p——a) <> 2S=a,p(p-a)
& 2,/p(p-a)p-b)p-c) =a/plp-2a) < 2/(p-b)p-c)=a

S@a-b+c)a+b-c)=a’ea’-b-c)il=a’e=b=c
‘ <> AABC cén tai A.
b. Bién ddi gia thiét vé dang:

av/bc .cos% = ah, = 2S = bc.sinA = 2bc.sin-g— .cos-g—
oa=2+/bc .sin% oa= 4bc.sin=-‘;— < Rsin’A =4R’.sinB.sinCsim’-f‘;-

c:cos’% = %[cos(B—C)—cos(B+C}]c:>l+cosA=cos(A—B)+czosA

< cos(A-B)=1 B=C& AABCcantai A.
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Bai tap 37.
a. Bién ddi gia thiét vé dang:

%ab.sinC= %(a2+b2)c:>az+bz—Zab_';inC=O<:>(a—b)+Zab(l —sinC)=0

a=bh

a=b _

=% 4 & n <> AABC vubng cén tai C.
sinC =1 C=5

b. Bién doi gia thiét vé dang:
a+b+c=2(1+ ﬁ)Rc:»sinA+sinB+sinC= I + \/5
Téi day ban doc lam tiép véi két luan AABC vudng can.
Bai tap 38. AABC déu.
Bai tap 39. Xac dinh dang cia AABC biét:

sinB+sinC =2sin A

TR
2 22" 3
V4i gia thiét thir nhat, ta duogc:
. B+C B-C A A
2sin ——— .COS = 4sin — .cos —
2 2
B-C A B+C
&5 oS

= 2sin— = 2cos
;.

C oo S B C e L AP @
&> COS -—5 .COS -2- + sin— .sin— = 2(cos — .cos — — sin— .sm; )

2 2 2 2 2
e T
gty
Véi gia thiét thit hai sir dung bét ding thic Cosi, ta duge:
2 B C B C 2

—= =lg— +ig— 22 JIg—Ag— = —.
B o5 o 2 S0
Vay, hé cua gia thiét tuong duong véi: |

lg~g=tg— B=C B=C
loge e gt th___lq@ B =2
tg-——+tg—1-'-=-—-— 2 ﬁ o N
| 3
n n
< B= =§-¢:>A=B=C=§<:>AABCdéu
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Sir dung dinh li hAm s6 sin bién déi gia thiét vé dang:
abc _at+h+c

ab+bc+ca 9 < (a+b+c)ab+bc+ca)=9abc. (*)

Mat khic, sir dung bat dang thic Cosi, ta duoc:

(a+ b+ c)ab + be + ca) 2 3Wabe . 3Va’b’c? = 9abc.
Do dé (*) tuong duong vai:

ab = bc=ca
Nhan xét rang:

et s
{“ °ambsc > AADC dby.

is ¥
1 1 - cosx 2sin 9 X
—— — COtgX = —— = o =t85-
e s 2sin—~ .cos~
2 2
Tir d6 ta chuyén duoc gia thiét vé dang:
A B C
g= +tg— +1g— = V3. *)
BT T3 +igs : (

Sir dung bat dang thitc co ban 11 ta ¢6:
A B C
W= kg +ig= 243,
83 *87*18 28

Do dé (*) tuong dwong véi ddu "=" xay ra <> AABC déu.
AABC déu.



CHUONG I
PHUONG TRINH VA HE PHUONG TRINH
LUONG GIAC

CHU PE1
PHUONG TRINH LUONG GIAC CO BAN

I. TOM TAT LY THUYET

Pinh nghia: Phiuong trinh lwong gidc la phicong trinh chita mér hay nhiéu
ham s6 leong gide ciia mot an.

I1. BON DANG PHUONG TRINH LUONG GIAC CO BAN VA BAI TAP

Bai toan 1: Giai va bién luan phuong trinh:
sinX = m

PHUONG PHAP CHUNG
Ta bién ludr theo cdc budc sau:
Buoe 1. Néu |rn| > | phuong trinh v6 nghiém.
Bigc 2. Néu |m| < 1, xét hai kha nang:

Khd nang 1 Néu m dugc biéu dién qua sin clia goc dac biét, gia
sir o, khi d6 phuong trinh c6 dang :

; ; X = o+ 2Kkn
SINX = SINQ <> e L.
X=n—-a+2kn

Khd nang 2: Néu m khong biéu dién duge qua sin cta géc dac
biét, khi d6 dat m = sina, ta duoc:

; ; X =o+2kn
sinx = sina. <> keZ
X=n-oa+2kn

Trong cé hai trudng hop ta déu két luan phuong trinh c6 hai ho nghiém.
Ddc biét
* sinx=0&ox=krkel.

. m
’ 51nxr-_1c:>x=—2~+2k1t.kez.

* sinx=-lox= —§+2kn.kez. _
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Bai todn 2: Gidi va bién luan phuong trinh:
208X = m.

PHUONG PHAP CHUNG
. Ta bién luan theo cic budc sau:
Buée 1. Néu |m| > I phuong trinh vé nghiém.
Biée 2. Néu |m| < 1, xét hai trudng hop:
Khd nang 1: Néu m dugc biéu dién qua cos cua géc dc biét,
gla sir a, khi d6 phuong trinh c6 dang :
X =o+2kn

COSX = COSU <= ke Z
X = —ot +2kn

Khd nang 2: Néu m khong biéu dién dugce qua cos cua;éc dic
biét, khi dé dat m = cosa, ta duoc
= 2k
COSX = COSQL &> [x sl WEL
X =-a + 2kn

Trong ca hai truong hop ta déu két luan phuong trinh c6 hai ho ngiém.
Padc biét

= cosx=0x= g— +krn, ke Z.

o cosx=lox=2kn kel
* cosx=-1ox=n+2kn ke lZ

Bai toan 3: Giai va bién luan phuong trinh:
tgx = m.

PHUONG PHAP CHUNG

‘1a bién ludn theo cic budc sau:
Dat diéu kién:

cosx:0<:>x¢-3~+kn.kez.

Xét hai kha nang:
Khd ning 1: Néu m duogce biéu dién qua tg cua goéc dac biét, gia & o, khi
dé phuong trinh ¢6 dang:
igx=tgae=>x=a+kn ke Z.
Khd nang 2: Néu m khong biéu didn duogc qua tg clia géc dac big, khi d6
dat m = tga, ta duge
tigx=tgac>x=a+knk € Z.
Trong ca hai trudng hop ta déu két ludn phucag trinh ¢c6 mét ho ghiém.

-

Nhdn xét: Nhu vay véi moi gid tri cia tham s6 m phuong trinh tgx :m lubn
c6 nghiém.
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Bai toan 4: Giai va bién luan phuong trinh:

’

cotgx = m.

PHUONG PHAP CHUNG
Ta bién luan theo cic budc sau:
bat diéu kién:
sinx #0<=> x#kn, k € Z.
Xét hai kha nang:
Khd nang 1: Néu m duge biéu dién qua cotg cla géc dac biét, gia sir a, khi
d6 phuong trinh c6 dang : : ;
cotgx =cotga <> x=a+ kn, k € Z.
Khd ning 2: Néu m khong biéu dién duge qua cotg clia géc dac biét, khi
dé dat m = cotga, ta duoc
cotgx =cotga <> x=a +kn, k € Z.
Trong ca hai trudng hop ta déu két luan phuong trinh ¢6 mot ho nghiém.
Nhdn xét. Nhu vy véi moi gia tri cia tham sé phuong trinh luon ¢6 nghiém.

Bai toan 5: Bién luan theo m s6 nghiém thuoc (a, B) cia phuong trinh
luong gidc co ban. ;

PHUONG PHAP CHUNG
Gia s voi phuong trinh:
sinx = m.
Ta lva chon mot trong hai cédch sau:
Cdch 1: Thuc hién theo cac bude sau:

] s
a. Biéudién (o, B) trén dudmg tron don vi thanh cung AB
b. Tinh ti€n dudng thaing m song song vdi truc cosin, khi dé

A
s6 giao diém cia né vdi cung AB bang s6 nghiém thudc
(ct, ) cia phuong trinh.
A sin YA
S/

R . l ”’ ¥
i
2n |l COS‘!} ; \ X, xz_

Cdch 2: Thuc hi¢n theo cac budc sau:
Bugc 1. VE d6 thi ham s6 y = sinx, 1dy trén (o, B).
Biwéc 2. Tinh ti€én dudng thang y = m song song vdi truc Ox, khi
d6 s6 giao diém clia né v6i phdn dé thi ham s6 y = sinx
bang s& nghiém thudc (o, ) cha phuong trinh.

131




Chu y: Phuong phép trén dugec ma rong tu nhién cho:

1. Phuong trinh cosx = m, v&i luu ¥ khi sir dung cdch 1 ta tinh ti€én dudng
thang m song song vdi truc sin.

2. Véi cac phuong trinh tgx = m va cotgx = m ta chi c6 thé sir dung cich 2.

‘BAI TAP TU LUAN VA TRAC NGHIEM

Bai tap 1: Giai cac phuong trinh sau:
a. sin(ncos2x) = 1. '
0 x=Inlel

T
a x=~i-+lrt,leZ.

b. cos(ncos3x) = 1.

x=£+l—n',lez.
8 4

0 x=£+L,leZ‘
6 3

c. cos(nsinx) = 1.
@ x=In,leZ.

a x=— +In, 1€ Z.
2
Bai tap 2: Giai cac phuong trinh sau:

B
a. sin— = cos(mx).
X

|
b. cos It~-c:s:)1v.1c---1-'— = -
[2 ( 4)] 5

Bai tap 3: Giai cdc phuong trinh sau;

a. lg[%(cosx - sinx)] = .

a x=2lnvix=§2£+2]1t.lez.

n
Q x=—
2

n
#] x=:|:-z +in,le Z. -

3n

D i
e .8
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+Ilnvax=n+2n1eZ.

x=n+2In1eZ.

x=i£ +InleZ.
6

In

+ —,leZ.
2

>
]

x=—+In,leZ.

NlAa a0

x=n+2n1¢e Z.

x=> +ilnlel
4

+2]nvix=—2+2!n,-lez.



b. colg[%(cosx + sinx)] = 1.
Q x=2!nw‘1x=127—[+21n,lez.
T
Q x=2lrvax=— +2rlelZ.

Q x==§+l1t,leZ.

Q x= 3’-235 +21nvéx=~:—:-+21mlez.

Baitap 4: Tim cic nghiém nguyén cia phuong trinh:

Cos[g(Sx - J‘sz +160x +800 )] = 1.

Q x=-9va..=0.
0 x=-7Tvax=-3l
Bai tap 5: Giai phuong trinh:

Q x=-7Tvax=-9

O x=0vax=~=31.

J=x* +3x% _2 sin[n(16x? +2x)] = 0.
Bai tap 6: Giai va bién luan phuong trinh:

a2 sin2x+a2 -2

—_

| - [gzx cos 2x
Bai tap 7: Giai va bién luan cdc phuong trinh sau:

a. cos(X+a)+cos(x—a)=2cosa. c. (m+ 1)sin2x+1 - m’=0.

b. sin(x+a)+cos(x-a)=1+sin. d. (m+2)tg2x - ym = 0.
Bai tap 8: Bién luan theo m s6 nghiém ctia phuong trinh

a. sinx:m,vdixe(—-f.%].
: n g 7 19
b. sin(2x—- —)=m, Vdixé[~ —, —1.
Do L= %
C. cos(x~—§)-—-m,v6ixe[-5-£.l—36-’—!-].

d. cog(x— Z)=m,véixe (- -5;’5,1:).

I1I. HUONG DAN - GIAI - PAP SO

Bai tap 1.
a. Ta bi¢n doi:

sin(mcos2x) = | < ncos2x = -215 +2|m:<::>c(m.2x=l +2k. ke Z.

(1)
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- Phuong trinh (1) c6 nghiém khi va chi khi:
: keZ
Lo lsieo-dsksd e ko,
2 4 4
Khi dé (1) c6 dang:
cost:—;-c::»Zx=i§+2]nc:>x=i-z—+l1t,lez.

Vay, phuong trinh c6 hai ho nghiém.
b. Ta bién déi:

cos(ncos3x) =1 < ncos3x =2kn < cos3x =2k, k € Z.

Phuong trinh (2) ¢6 nghiém khi va chi khi:

keZ :
| 2k Islc::»---;— sks—;— o k=0.

Khi dé (2) c6 dang:
E,l e Z.
3

cos3x=0<:>3x=§+ln¢:»x= +

b
6
Vay, phuong trinh ¢ mét ho nghiém.
c. Tabién déi:
~ cos(msinx) = 1 <> wsinx = 2kn <> sinx = 2k, k € Z.
Phuong trinh (1) c6 nghiém khi va chi khi:

1 1 kel
|2k |<le>-—<k<s - & k=0.
. 2 2
Khi d6 (1) cé dang:

sinx=0=x=InleZ.
Vay, phuong trinh c6 mot ho nghiém.

Bai tap 2.
a. Diéukiénx#0.
Ta cé:
sin > = cos(mx) & sinX = s.in(—"E - X)
X x 2
T =
i TR P k42 =0 (1)
1=_;_+m+2k,, 2x? +(4k+1)x-2=0 (2)
X

Gidi (1): D€ c6 nghiém diéu kién la:
An20¢>(4k+ 1) -1620¢> 16k’ +8k - 1520
[kz3/4 keZ [kal
Lo} <> .
k<-5/4 k<-2

4k +14V16k? +8k - 15
; :

Khi dé6 (1) c6é nghiém x,, =
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Gidi(2): D€ c6 nghiém diéu kién 1a:
A2 0 (4k+ 1) + 1620, Vk.

AR FANI6E? + 8K+ ]S

Do d6 (2) ¢6 nghiém x,, = -
b. Phuong trinh tvong duong véi:
Itr:os{x-—It—)-:—“—+2k1t cos(x~—’—t-)=l+4k 1)
2 . = 2 keZ.

) n n n 1
—cos(Xx = —) = —— +2kn cos(x ——)=-—+4k (2
5 os(x 2 p s(X 4) > (2)

*  Phuong trinh (1) ¢6 nghiém khi va chi khi:

keZ
|-;—+4k|<_:1¢:-§sks% & k=0.

Khi d6 (1) c¢ dang:
I x—£=-?-t-+211t x:-?-{t~+2hr
co.--;(x-E J=— <> .. &> | ' 5 | A (3)
R n n n
X-—=~-—+2In X =-—4+2ln
4 3 12
*  Phuong trinh (2) c6 nghiém khi va chi khi:
1 l 3 keZ
|-= +4k| sl -- <k<> o k=0.
2 8 8
Khi dé6 (2) c6 dang: ]
h ) x—1=2—ﬂ+21ﬂ x=£’£+2lx
cos(x -~ 2)=-— ¢ ¢ o] 12 1€Z.(4)
4 2 n 2n n
X——z==—4+2n X=-—+2In
4 3 12
K&t hop (3) va (4), ta duoc:
X = 1—l—]:‘—‘+ In
e,
n
=—+In
Jk 12
Viy, phuong trinh c¢é hai ho nghiém.
Bai tap 3. Giai cdc phuong trinh sau:
a. Piéu kién:
cos[-}:—(cosx - sinx)] ¢_0. (*)
Phuong trinh twong duong véi:
E-(cosx—sinx):i‘—+ku¢::ncosi—sini:=!+4k,keZ. (1)
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Phuong trinh (1) c6 nghiém khi va chi khi:

keZ
|l+4k|s\/ﬂ:::p-‘/i"l sks-"[a L & k=0
Khi d6 (1) c6 dang:
cosX — sinx = | <> /2 sin(x - gjw--—lczbsm(x~ E)—wﬁ
x-2=-Z401k  [x=2m
= . It , 1 € Z thoa man (*).
! n . 5n X=—+2In
Lo X=-—=—4+2In
! 4
Vay, phuong trinh ¢6 hai ho nghiém.
b. BDiéu kién:
sin| —E—(cosx + sinx)] # 0. (**)
Phuong trinh tuong duong voi:
—E—(cosx+ sinx) = E +kn <> cosx+sinx=1+4k, k ¢ Z. (2)
Phuong trinh (1) c6 nghiém khi va chi khi:
i keZ
||l+4k|sf2‘<::--—‘/—+ls 5‘54' & k=0
Khi dé (2) ¢6 dang:
cesx + sinx = | & ﬁsin(x-% g-)= 1 < sin(x + E): —"—?-
K nl e x =2l
o sh & 1 , | € Z thoa man (**).
A X=—+2In '
X+—=—+2In 2
e -Gt o

Vay, phuong trinh c6 hai ho nghiém.
Bai tap 4. Bi¢n ddi tueng duong phuong trinh vé dang:

2 3x - Vox2 +160x + 800 ) = 2kn < Jox2 +160x +800 = 3x - 16k

8
Ix - 16k >0 S R
9x? + 160x + 800 = (3 —l6k)’c> =
X X =% Gk + S)x = 8k* - 25
4 2-.-
BRIk ey ety 1)
o | W5 S 3 .
.t Ox = 24k - 40 - 2)
e 3K+ 5
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Mud6n x nguyén thi trude hét tir (2) ta phai c6:

¢ » {3k-+-5:—l ik
» o
——21—~ ceZo3k+S5hAuikccia2 © [3k+5=-5 o .
3k +5 k=-10
L3k+5:-25

* Vaik=-2,taduoc x =-7.

* Vaik=-10, ta dugc x = -31.

Vay, phuong trinh ¢6 hai nghiém nguyén x = -7 va x = -31.
Bai tap 5. Bién déi twong duong phuong trinh vé dang:

-x"+3x*-2=0 1)
BN L s (i S {2) :
sin[r(16x* +2x)]=0 (3)

*  Giai (1) bang cich dat t = x*, diéu kién 1 2 0, ta duoc:
t=1 x* =1 x =+l
(Heot-3t+2=0 & o
t=2 x =0 x =42
*  Giai (2), dua vao 1di giai cia (1) ta duoc: '

-32 -1
(2)<:>l<t<2<:>l<x‘<2<:>l<lx|<‘\5<:> fﬂ(f :
.l<x<V‘2
= Giai (3), ta co:
) o n(léx’+2x)=kne< 16x°+2xr k=0 (4)
Phuong trinh (4) ¢6 nghiém khi

1 keZ
A‘20<:>l+16k20¢>k2-—£ = k20

-1++1+16k

16

~14+41+16

¥ k ( = 0) thoa min (2) diéu kién la
i ~ 1441416k
6

Khi dé (4) c6 nghém x, , =

* P& nghiém x, =

<ﬂ§ & 17< Jﬁm<l+16ﬁ

keZ
< 18<k<16v2 +242 & k=(19,20,21,22,23,24.25).
~1-v1+16

-~ K (< 0) thoa man (2) diéu kién Ia

- ‘3/5 < i llﬁﬂﬁk < -1l 15< J1+16k < 1615 -1

* P& nghiém x, =

: keZ
o 1a<k<1642 -242 o k=115, 16,17, 18, 19, 20}.

137



Vay phuong trinh c6 cdc nghiém:

x= (1,42 Juix= 22 ‘1:5”6" k= 1925 Julx= = ”l:; 19K |k = 1520
Bai tap 6. Diéu kién:
cosx #0 . n
cosX #0 : X #—+Kkn
1—1321#04:::){ 3 c::»{co“#?c: 2 kel
it I-tg°x#0 tgx # % Jta*i-g--i'k‘n
Bién déi phuong trinh vé dang:
a’ w” sin” x +a% -2 a’ 2 tg’x +(a” - 2)(1+ tgzx)
l—-tgzx cos” x —sin” x l—tgzx 'l—lgzx
& (al - Ig’x=2. (1)
* Véia’-1=0<>a==1,khidé(l)vonghiém
* Véia’-1#20<>a#=1,khidé(1)cé dang:
tg’x = s (2)
a’ -1
Dé (2) c6 nghiém va thoa man diéu kién ta cin cé:
: 20
Ly lal> 1
: = ;
£ | az+3
a? -1
Khi dé: <
(i)c::tgx=ilgac>x=ta+kn.ke ’
Két luan:

Véi lal < 1 hodc a = + /3, phuong trinh vo nghiém.

Véi ae(-o, —Iu(l, + o)\ [iﬁl. phuong trinh c6 hai ho
nghiém.

Baitap 7. Ban doc i gidi.

Bai tap 8. Bun doc tir gidi.
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CHU Bt 2
MOT SO PHUONG TRINH LUONG GIAC THUONG GAP

I. PHUONG PHAP GIAI MOT SO PHUONG TRINH LUQNG GIAC
THUONG GAP VA BAI TAP

Bai todn 1: Phuong trinh bac hai d6i v6i mot ham s6 luong gidc.

PHUONG PHAP CHUNG
Dat ham s6 luong gidc lam 4n phu va dat diéu ki2n cho dn phu néu c6 (thi du
vdi t = sinx hoac t = cosx, diéu kién |t| < ]), réi gidi phuong trinh theo dn phu
nady va i do suy nguoc lai nghiém x.

BAI TAP TU LUAN VA TRAC NGHIEM
Bai tap 1: Cho phuong trinh:
cos’x — (2m + l)cosx + m+ 1 =0.

a.  Giai phuong trinh véi m = —;—

a x=i%+2kn.kez. aQ x=i-§+2kn,kez.

+2kn, k € Z. Q@ Vo nghiém.

b. Tim m dé phuong trinh c6 nghiém thudc [g, %E].

a m>0. o |mlsk r@r0smsl. @ -1 <SmsO:
Bai tap 2: Cho phuong trinh: ' '

5——4sin’x—8cosz-;~ = 3m.
a. Giai phuong trinh v6i m = *% :
o x=¢33’1 N kT a x=i-g-+2k1:,kez.

Q x=i%+2kn.kez. o x=i~-34£+k1t.kez.

b. Tim m nguyén duong dé phuong trinh c6 nghiém.
o0 m=-1,0,l. 8 m=0L2 0 m=123 0 m=234
Bai tap 3: Cho phuong trinh cos2x + 5sinx + m = 0.
a. Giai phuong trinh vé6i m = 2.

o x=——13t-+2k1t.keZ. o x=—§+2k#.kez.
2% .
Q- x= T +2kn, ke Z. Q Vo6 nghiém.
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Chuong 1I: Phuong trinh v hé phuang trinh luong gidc

b. Tim m dé phuong trinh ¢6 nghiém.
'@ 4<m<6. 0 -1<m<2 0 |m|<2 o0 m<t(
Bai tap 4: Cho phuong trinh:
4cos’x = 2(m - 1)cosx - m = 0.
«. Giai phuong trinh vgi m = XN

3 x=t:E +?"_k1t,x=iE +2kn. k € Z.
6 3

Q x=i:—;-+2kn,x=:t%{t- +2kn, k € Z.

.CI x=:t—2+2kn.x=i§f+kmkez.

Q x=:|:i4]E +lt:1t.x=j:2Tﬂ +2kn, k € Z.

b. Tim m dé phuong trinh ¢6 nghiém.
g ms2 O I<sm<4 g m>43. O Mein.
Bai tap 5: Xac dinh m dé phuong trinh:
mcos2x — 4(m — 2)cosx + 3(m -2)=0
¢6 ding 2 nghiém thuoc (- % .g).
0 3<m<4. 0O l<m<2. 9 m=0. 0 VO nhiém.
~ Bai tap 6: Giai va bién luan theo m phuong trinh:
(m - 1)sin’x - 2(m + 1)cosx +2m - 1 = 0.
Bai tap 7: Giai va bién luan theo a, b phuong trinh:
cosax + cos2bx — cos[(a + 2b)x] = I.
Bai tap 8:  Bién luin s6 nghiém ciia phuong trinh:
cos’x+(l -m)cosx +m—-1=0vai0<x<m
tuy theo cac gia tri cha m.

Bai todn 2: Phuong trinh bic nhat déi véi sinx va cosx

PHUONG PHAP CHUNG
Phuong trinh bac nhat déi véi sinx va cosx c6 dang:
asinx + bcosx = c. (1)
Dé giai phuong trinh (1) ta c6 thé lua chon mot trong céc cich sau
Cdch 1: Thuc hién theo cac budc:

Buwoc I.. Kiém tra:

I. Néu a’+ b’ < ¢? phuong trinh vé nghiém.

2. Néua’ + b*>¢?, khi dé dé tim nghiém cha phuong tnh (1)

ta thuc hién ti€p budc 2.

Buwoc 2. Chia hai v€ phuong trinh (1) cho J;? +b? , ta duoc:

a C

: b
sinx + COsSX = s
\Ja2+b2 35\2+b2 al +b?
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a b

V1 (oo ¥+ {—m )’ = | nén t6n tai géc P sao cho
a? +b? Va? +b?
a b
—=———— = COSP, === =ssinf .
u? 4. h% va? +b?
Khi dé, phuong trinh (1) ¢6 dang:
sinx.cosP + sinf.cosx = --~—:-C~ = & sin(x + ) = -

3 5 -
va~- +b° va“ +b°

Pay la phuong trinh co ban cta ham so sin.
Cach 2: Thuc hién theo cac budc:

Buoe 1. Véi cos—xz- =0 x =7+ 2km, k € Z, kiém tra vao phuong trinh

; s X 3 X
Buoc 2. Vaéi c05~2~ # 0 & x #n+ 2kn, dalt:tgi—, suy ra

¥ .

. gt iy |-t
SINX = —— VA COSX = ——,
1+1° 1+1
Khi do, phuong trinh (1) cé dang:
2 ,
2 bl —co e+ b -2it+c-b=0.2)
1+ I+t

Birge 3. Giai phuong trinh (?) theo t.

Cdch 3: Véi nhimg yéu cau bién ludn tinh chat nghiém ciha phuong trinh
trong (ct, B), ta c6 thé lva chon phuong phdp diéu kién cén va du.
Nhdn xét quan trong:

I. Céich 1 thuong duge sir dung véi cdc bai todn yéu cdu giai phuong
trinh va tim diéu kién cia tham s6 dé phuong trinh c6 nghiém, vo
nghiém hodc giai va bién ludn phuong trinh theo tham sé.

. 2. Cich 2 thuong dugc sir dung vGi cdc bai todn yéu cau giai phuong
trinh va tim diéu kién cla tham s6 dé phuong trinh ¢6 nghiém thudc -
tap D véi D c [0, 2r].

3. Cich 3 thuong duge sir dung vai cic bai todn yéu cdu bién luin theo
tham s6 dé phuong trinh k ¢é nghiém thuéc tap D véi DN[0, 2n] # @.

4. Tiurcach giai 1 ta cé dugc két qua sau:

- va? +b? <asinx + beosx < Ya® +b’
két qua d6 goi y cho bai todn vé gid tri 16n'nhat va nho nhdt cla céc

ham s6 dang y = a.sinx + b.cosx, y = 250X D COSX

: va prvong phdp
c.sinx+d.cosx

dénh gia cho mét s6 phuong trinh lugng gidc.
Dang ddc biét:

A n
= smx+cosx=0¢ox=—z +kn, ke Z.

= sinx—cosx=0<:>x=§—+ku.keZ.
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: Phuong t Vil t

BAI TAP TU LUAN VA TRAC NGHIEM
Bai tap 9: Giai céc phuong trinh sau:
a. 3sinx — +/3 cos3x = 4sin’x - 1.
S Ny SRy - )

t:f X=— ¢+ — X= = + — ke Z.
9 3 9 3
Q x=£+—2—E.x=l£+-2—kE-.keZ.
6 3 18 3 :
N B DR . LA R
4 4
n

Q x=-3— +2kn.x=—23£+2kn.kez.

b. /3 sindx — cos4x = sinx — J?: COSX.

x:£+£’—:,x=1+ﬂ,ksz
9 3 10
D x=_.1_t. .?..E’x:éz ..2..!.-1}_ k z
18 3 10 5
x_—_._f_ _2._5.1.‘_' __,..t. E,kez
18 3
Q x=—’£+£——.x=-’£+kn.kez
9 3 3
c. 2sinx(cosx — 1) = J3 cos2x.
=] x=lt-+-|E—11"'-,}~f.=§~—,E E,kez
6 2 6
0 x=£+2—k£,x=5_ 3.51‘.']( y A
6 3 6 3
N 4n  2kn=
Q =— +2knt, x= — + — kel
gt < T
Q x=%+kn x=—+kn kel
d. 2sin3x - sin2x +v3. cos2x = 0.
Q Vo6 nghiém,
Q x=:t§+2ku,kez.
n] x=—£+2kn, =i’E+ 'ﬁ’i,kez.
PS5 3

4 2k=

Q x=— +2kn x=— +—_,kelZ.
5 5

WA
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Bai tap 10: Giai cac phuong trinh sau:
a. \Gsin(x - —'35) + sin(x + 3‘—) ~ 2sin1972x = 0.

g neRie o) _‘51 ‘kiZ
986 987 987’
I AP RO e
1971 1973 1973
O el il g kR S
987 088 988"
2kn T 2k1t

X=s —, =

1973 1975 1975 °
b. sinx = -5 (3 - ﬁcosx).

Q x=a—£+2kn.x=-§—£~a+2knI\r’Zvdnsma-—-——.
6 6 23

Q x-"--a—E+2k1't.x=~3_nf—a+2kn.kEvacusu- l{_..
6 6 : :\3

Q x=a~£+2kn,x=-S—E—a+2kn.k€Zv6itga=————.
6 6 J’
n Sn ol

Q x=c:--—+2k1t.x=-——-a+2kn,kevacotga-———-

; 6 6 30

Bai tap 11: Giai cdc phuong trinh sau:
a. (1+ Ji)sinx+(l - Ji)cosx=2.

Q x-:%+2kn,x=g-§—+2kn,kez.
D'x:—g-+2kn,x=5—;t—+2kn.kez.
Q x=£+2kn x-§-+2kn kel
6 6
n 2n
Q x=6+2kn x-—}—+2k1t kel
b. sin2x + (v3 - 2)cos2x = 1.
Q x=i£ +kn, ke Z.
4
nt
- Q x=t§ +kn, ke Z.
Q x:-—-ﬁE +k1t,x==—--’-t- +kn, ke Z.
3 4.
Q x=—--’-‘- +kn.x=3+k1t.kez.
3 4
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Bai tap 12: Giai cdc phuong trinh sau:

a. 3cosx — sin2x = V3 (cos2x + sinx).

Q x-—'-g+kn.x=%£+kn,x=n+2krc,kez.
a x=:tg+2k1'c x= L +knkeZ
0. X= ;21£+2k1‘t x———+2k1t x=n+2kn kel
B assslkxal 2%k xel +2%nkel
3 6 2
b. ﬁcos(%—%)—JEsin(%—%)=2sin(%+2—“)~2ms(%+g).
=] x=-§+2kn,kez. Q x=g+2knkez
0 x= -—-l—gf--kSknkeZ Q x=—l-g—+5k1t.kez
Bai tap 13: Cho phuong trinh:
(m - I)sinx — cosx = L.
a. Giai phuong trinh véim = 1.
Q x=~g-+2k1t.keZ. Q x=§—+2kn.kez.
Q x=n+2knkelZ. Q x=2%knkel.
b. Tim m dé phuong trinh ¢6 nghiém thudc [ - g'g]
Q (-, 0] (2, +x). a [L3]
a [0,2]. Q (-oo, 1]U[3, +20).

Bai tap 14: Cho phuong trinh:

J3 sinx + cosx = m.
a. Giai phuong trinh véi m = -1.

Q x=—-g— +kn,x=‘—?_+kn.kez.

A

g x= —2-+2k1r x=n+2kn kel

0 x=——3’E +kn,x=n+2kn ke Z.

0 xm= E+2|s:1tx 4—;+kn..kez.

2.
b. Bién luan theo m s6 nghiém thudc (—g, 27) ciia phuong trinh.
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Bai tap 15: Tim m dé phuong trinh:
msinXx+(m+ l)cosx+1=0

cé 2 nghiém x,, x, € [0, 2x] va 2 nghiém nay cich nhau g

1 J3 11\5.

Q m=0. Q m=i5. O Mt - s

Bai tap 16: Giai va bién luan theo m phuong trinh:

a-bcosx _ 2va’-b’tgy

sin x 1+1g’y
Bai tap 17: Giai va bién luan theo m phuong trinh:

msinX + (2m - 1)cosx=3m- 1 vdi 0< x < 125

Bai toan 3: Phuong trinh thuan nhat bac hai d6i véi sinx va cosx.

PHUONG PHAP CHUNG
Phuong trinh thudn nhat bac hai déi véi sinx va cosx cé dang:
asin’x + bsinx.cosx + ccos’x = d. (1)
bé giai phuong trinh (1) ta ¢6 thé lua chon mot trong cic cdch sau:
Cdch I: Thuc hién theo cac budc:

Bioe 1. Véicosx =0 x = % +km k € Z.
Khi dé phuong trinh (1) cé dang a = d.
- Néua=d,thi(l)nhanx = -’25 + kn 1am nghiém.

- Néua=# d; thi (1) khong nhin x = -’;— + kn lam nghiém.

Bige 2. Vdicosx #0¢> X # % +kn. ke Z.

Chia hai vé ctia phuong trinh (1) cho cos’x # 0, ta dugc
atg’x + btgx + ¢ = d(1 + tg’x)
Dat t = tgx, phuong trinh c6 dang:
(a=d)+bt+c-d=0 (2)
Biwoe 3. Giai phuong trinh (2) theo t

Cdch 2: Sir dung cic cong thirc:

i 5 | - cos2x 2 1 +cos2x g }o
SiN°X = ————— , COS"X = ———— Va SIinX.cosX = — sin2x
2 2 2
ta duge : _
b.sin2x + (c — a)cos2x =d —c - a. J3)

Day la phuong trinh bac nhat cia sin va cos.
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Nhdn xét quan trong:

1. Céch 1 thudng dugc sit dung véi cic bai todn yéu cdu giai phuong trinh va
tim diéu kién ctia tham s6 dé phuong trinh c6 nghiém thudc tap D.

2. Cich 2 thudng dugc sir dung véi cdc bai todn yéu cdu giai phuong trinh va
tim diéu kién ctia tham s6 dé phuong trinh ¢6 nghiém, vé nghiém hodc giai va
bién luan phuong trinh theo tham s6.

BAI TAP TU LUAN VA TRAC NGHIEM
Bai tap 18: Giai cac phuong trinh:
a. 4sin’x + 3/3 sin2x - 2cos’x = 4.

‘KR x=E +-2kn,x=g-+2kn,kez.

6

Q x=%+kx,x=n+kn.kez.

Q x=£+kn,x=£+ku.kez.
4 2

0 'x=-1—t-+kn.x=£+kn.kez.
6 2

b. 2sin’x + 3cos’x = 5sinx.cosx.

Q x= % +knvéx=a+kn,keZ,véitga*-%.

=
(SRR

O x=—+knvax=a+kn ke Z, viicotga =

&

=
Wit

O x=—+knvax=a+kn keZ, viitga=

w

Q x=—+knvax=u+kn keZ,vicotga=

WA
w il

Bai tap 19: Giai cic phuong tri h:
a. sin’x — 3sinx.cosx = 1

Q x=—+knvax=a+kn,keZ, voitga=

w | -

—tg xe= +knvax=a+kn.keZ,véicotga= —;:

|2 |3 &3

a x= +kxvix=a+kn.keZ,véitga=-—%.

Q X

X

+knvax=a+kn ke Z, viitga=-3.
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b. 4sinx + 6¢cosx = .
cos X

O x=n+2knvax=a+2knkelZ,vditga=-5.

Q x=-§ +knvax=a+kn k € Z, véi cotga = 5.
a x=£+knw‘1x=a+kn.keZ.vﬁitga=5.

Q x=~£~ +knvax=a+knkeZ,viitga=35.

Bai tap 20: Cho phuong trinh:
3sin’x + m.sin2x - 4cos’x = 0.
a. Giai phuong trinh khim = 4.

n) x=l;—n,kez. Q x=i%+kn,kez.

a x=:t§+kmkez. o x=i§+kx.kez.

b. Xac dinh m dé phuong trinh c6 nghiém.
0O m=4. 0 m24. 0D m<4. Q Moim.
Bai tap 21: Cho phuong trinh:
(m + 1)sin’x — 2sinx.cosx + cos2x = 0.
a. Giai phuong trinh khi m = 0,

o x=§+kn.kez. :

Q x=-;f+knvhx=a+kn.keZ.vdricotgu=2.
Q x=—12-t-+knvax=a+kn.keZ.vdicotga=—21—.
Q x=§+knvﬁx=a+kn,keZ,véi_tga=—l—.

b. Xac dinh m dé phuong trinh c6 diing hai nghiém thuéc (0, g).

@ m>2. 0 0<m<l. O Moim Q Vo nghiém.
Bai tap 22: Cho phuong trinh:
m.sin’x — 3sinx.cosx —m - 1 =0,
a. Giai phuong trinh véim = 1.

Q x== +kmx=-— +kn, ke Z.
2 4
Q xz—g +knvax=a+kn k e Z, véi cotga = 2.

Q x=-§ +knvax=o+kmk € Z, véi tgo = 2.
@ Vo nghiém.
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/ d

3
b. Tim m d€ phuong trinh c6 diing 3 nghiém thudc (0, -—25 )
Q m>2 Q m<-l. o <jem<2 O Vbnghiém.
Bai tap 23: Cho phuong trinh:

m.sinX + Cosx = ,vim =0.

COosX
a. Giai phuong trinh khi m = /3.

Q x=2k1t,x=—-7:‘E +knkeZ. Q x=k1:.x=-—§~ +kn ke Z

Q x=2kn,x=it-+ku.kez. Q x=kn.x=%+kn,kez.

b. Xaic dinh m dé phuong trinh c6 nghiém.
@ m<v3. o m243. 0O m>L o Moim.
c. Gia sir m 1a gid tri lam cho phuong trinh c6 nghiém x,, X, thoa mén

X+ X # 1;— + k=n. Tinh cos2(x, + x,) theo m.

l-m
Q RSN R e I T - A

Bai tap 24: Giai va bién luan phuong trinh:
cos’x + 8sinx.cosx + 7sin’x = m
Bai tap 25: Giai va bién luan phuong trinh:

(m? + 2)cos?x -~ 2m.sin2x + 1 = 0.

Bai todn 4: Phuong trinh d6i ximg déi vdi sinx va cosx.

PHUONG PHAP CHUNG
Phuong trinh d6i ximg ddi véi sinx va cosx c6 dang:
a(sinx + cosx) + bsinx.cosx +c =0 (1)
hoéc a(sinx — cosx) + bsinx.cosx + ¢ =0. (2)

Dé giai phuong trinh ( l) ta thuc hién theo cdc budc sau:

2
-1
Buoc 1. Dat sinx + cosx = t, diéu kién |t| < J2 = sinx.cosx = l?—-

Khi 46, phuong trinh c6 dang:
2
at+bt2——l +c=0ob’+2at+2c-b=0. (2)

Budc 2. Gidi (2) theo t va chon nghiém t, thok mén diéu kién |t| < v2
Véit =t ta dugc:

" ; : n : to

SInX + COsSX =, & ﬁsm(x+ I):t“c::-sm(x-&- —4-)- _

Pay la phuong trinh co ban clia ham s6 sin.
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Chu y:
1. Tacé thé giai (1) bang cach dat 4n phu z = E ~ x, khi d6 ta c6:

SinX + cosx = V2 cos(% -X)= JE COSZ
: 3 s § n R
SiNX.cosX = — sin2x = —sin2(— — z) = —sin( — - 2z)
2 2 4 2 2

= —21— cos2z = % (2cos’z - 1)

Khi dé, phuong trinh ban ddu dugc dua vé dang phuong trinh bac 2 'd6i
vl CosZ.
2. Phuong trinh (2) dugc giai twong tu nhy (1) véi 4n phu:

O

t = sinx — cosx, diéu kién [t] < v2 = sinx.cosx =

BAI TAP TU LUAN VA TRAC NGHIEM
Bai tap 26: Giai cic phuong trinh sau:

a. 12(sinx — cosx) — 2sinxcosx — 12 = 0.

Q x=§+kn,k_ez. Q x=£—+k1t,kez
Q x=§+k1t,kez. (8] x=-g-+]m.kez.
b. (1 +cosx)(l+ sinx)=:?.
Q x=2k1:.x=—£-+lm,kez. u x=§-+nmlzmkez-

: b4
Q x=kn,x=-;£+2kn,kez. i x=kﬁ,x=—i-+2br,kez.

Bai tap 27: Giai cdc phuong trinh sau:
a. |sinx - cosx| +4sin2x = 1.

Q x=—-21£+2kn,kez. Q .x=4’52’-‘—,kez.
b4 T
Q x=—2-+k1|:.kez. Q x==z+lm.kez.

b. |sinx + cosx| —sin2x = 1.
Q x=§+2kn,x=k1t,kez. Q 'xz-l-‘--bkn,x:'%,kez.
kn

Q x=£—+lm,x=2k7:,kez. Q x=-—§+ku.x=-é—,kez.
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Bai tap 28: Tim m dé phuong trinh:
3(sinx + cosx) = 4msinx.cosx

c6 nghiém thudc (0.% ).

Q me (—oo, 0] U [l, + o). Q me (-o0,0]u(l, + x)
Q0 me (—w.O)u[gﬁm). O me (—-m,O)U(%J—E—.+Oﬂ).
Bai tap 29: Cho phuong trinh

(1 —cosx)(1 —sinx)=m
a. Giai phuong trinh véi m = 2.

Q x=f-+2kmx=£+2kﬂ.kez.
6 4

Q -x=--E +2lt:r:,x=——-jE +2kn k€ Z.
6 4

Q x=g+2kmx=2kn,kez.

] :«:=——21E +2kn, x=n+2kn ke lZ.

b. Tim m dé phuong trinh ¢6 ddng 1 nghiém thudc [0, g].

g 0<m<1. a 1sms<2.
a 05m53-§ﬁ. Q 15ms3+§‘6.
Bai tap 30: Cho phuong trinh

m(sinx + cosx) + sinxcosx + 1 = 0.
a. Giai phuong trinh v6i m = 0.

a x=%+2lm.kez. Q x=-E-+k1t.keZ.
a x=knkelZ - @ Vonghiém.
b. Tim m dé phuong trinh c6 diing 1 nghiém thudc [—12‘-,01.

!

a Iml21. o Iml<2. o 1sm<2 o -2<ns-1L
Bai tap 31: Cho phuong trinh '

' m(sinx + cosx) + sin2x = 0.
a. " Giai phuong trinh véi m = 0.

Q x=-;-+2bt.kez Q x
o x=2%knkelZ a x

kn
2'
kn, ke Z.

kelZ.
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b. Tim m dé phuong trinh c6 diing 2 nghiém thuéc [0, x).

o0 0<m<l. @ -1<m<0. o 0<m<v2. O -—ﬁ_SmSO.
Bai tap 32: Giai va bién luan theo k phuong trinh
| . |
- — =k
cosX  sinx
Bai tap 33: Cho phuong trinh
m(sinx — cosx) + 2sinXcosx = m.

a. Giai phuong trinh vGim =1 + 2.

T n e
O x=— +2knx=— +2kn,x=— +2kn, ke Z.
3 4 6

O x=— +2knmx= -~ +2knx= = +2%knkeZ
2 3 6

Q x=n+2k1r.x=% + 2km, x = —E +2kn, k e Z.

0 Xx= %ﬂ +2kn,x=n+2lm,x=-g- +2kn ke Z.

b. Tim m dé phuong trinh cé diing 2 nghiém thuéc [0, =].
Q me (-o,-v2)U (V2 ,+0) U (1).
O me (-, -1)u(l,+x0)u {0].
O meé (-0, -3)U@G,+0)U (11 2).

0 me (o 1-v2)u(l+2,40)U (2).
Bai tap 34: Tim m dé phuong trinh sau c6 nghiém:
»in2X + 4(cosx — sinx) = m.
0 1-4/2<ms1+4J2. 0 -4/2 sms 42,
O 42 -1sm<dd2 +1. @ ~1-4J2 sms1-42.

Bai toan 5: Loai nghiém khong thich hop cua phuong trinh luong gidc.

PHUONG PHAP CHUNG

Ta thudng gap 2 dang todn sau:
Dang I: Tim nghiém thudc (a, b) clia phuong trinh.

Ta thyc hién theo cdc budc: :

Budc 1: Dat diéu kién c6 nghia cho phuong trinh.

Buéc 2: Gidi phuong trinh dé tim nghiém x = & + =% k. n € Z.

. n
Buéc 3: Tim nghiém thuog (a, b):
2kn k.neZ 2k“1l

a<a+ — <b & (k,Lh=2x=a+ i
n ng
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Dang 2: Phuong trinh chita 4n & miu.
Ta thuc hién theo cic budc:

Buoc 1: Dat diéu kién c6 nghia cho phuong trinh x = B + A J,nelZ
n

Buoc 2: Giai phuong trinh dé tim nghiém x, = a + - kel

n
Buwéc 3:  Kiém tra diéu kién ta lya chon mét trong hai phuong phép sau:
: Phuwtong phdp dai s6:
*  Nghiém x, bi loai khi va chi khi:
2k1t 2ht
e 2 ) 4
* Nghiém xﬂchﬁp nhan duuc khi va chi khi:
2kn 211r.
a+— 2f+
n n
Phuong phdp hinh hoc:
« ' Biéu dién cic diém x =P + 2%, 1, n € Z trén duing tron
n

don vi, khi d6 ta duoc tap céc diém C = {C,,..., C,}.
*» Bifudiéncicdiémx=a + —Z—E. k, n € Z trén dudng trdn
n

don vi, khi d6 ta duoc tap cic di€ém D = {D,,..., D,}.

» Lay tap E = D\C = {E,,....E,], tir 46 két luan nghiém clia
phuong trinh la:

x=E, +2kn,.x=E +2knkeZ

BAI TAP TU LUAN VA TRAC NGHIEM
Bai tap 35: Giai céc phuong trinh sau:
1 - cos4x _ sinédx
2sin2x  1+cosdx

ot x=l;-+k1t.kez. 1 % 1 x=-;5+|m.kez.
O x=n+knkelZ Vo6 nghiém.
2 2
b. i B tsx=16(1+t:os4x).
cos2x
T . n
a x=z+lm,kez. Q x=§+k1_t,kez.

-Q x=-i-+2bl:,kez.

rad

n kn
=—+—,keZ
16 8
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Bai tap 36: Giai cic phuong trinh sau:
5sin4Xx.cos x

a. 6sinx — 2cos’x =

2cos2x
0 x=£+kn.kez. Q x=£+g.kez.
2 4 2
o x=kmkelZ Q Vo nghiém.
- x.+cos - l(tg;!(-ir-cmtg:’c)
sin2x 2
P e RN PR
4 2 2
Q x=n+kmkelZ ' Q Vénghiém.
Bai tap 37: Giai cac phuong trinh sau:
" sinX +sin2Xx + sin 3x =J§.
COSX + COs2X + cos3x
Q x=£+2k1t.x=——£+k:t,kez.
6 3
8 Ko +2k1t,x=—£+k1t.kez.
6 3
Q E+Im,x--—E +2kn keZ.
6 3
Q x=-%+kn,x=§+2ku,ke-z.
b l+23ir12x—?’\/i.simwsinbc__.l
i 2sinx.cosx — | 4
O x== +%rkeZ Q x=-= +%nkeZ
4 4
Q x:-g:-‘-:E +2%kn ke Z. W x-gf-+2kmkez
Bai tap 38: Giai cic phuong trinh sau:
a. 2(sin3x - cos3x) = 'l + : !
- sinX  CcOSX
Q x=i£+E.x=E.keZ.
4 2 2
Tn n
Q x=— +kn,x=kn,x=-— +2kn, ke Z.
12 4
Q x———+kmx=£+kn.x-£+2kx,kéz
12 S 4 i
Q x--—-1+k1t,x-?—-+k1|:, =£+k—- keZ.
13 ‘12 & iR
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sin’ x + cos ' x

b. - = CcOs2x.
COS X —sin x
Q =-—-+2k1t.x kn,keZ q x=£+kn,x=£?—:.
3 4 2
k

Q@ x==skmx=AnkeZ o x=iZ pn e &8,
6 4 2

Bai tap 39: Giai cic phuong trinh sau:

a. 2J2—sin(x+-£)= _l + : .
4 SInX  cosx
Q x=—?—.kez. Q =—§+kmkez.
| n nt kn
Q x=— +knkeZ Q x=—+ — keZ
j I - pEriie
«X X
Slll — 4+ C0s — | .
b. - - lgzx.sinx = = (1 +sinx) + tg’x.
I-sinx 2
Cl_x=—g+kmkez. Q =£ kn kel
n = kx
Q x=-—+knkelZ QO x=—+—keZ
g TN TS
Bai tap 40: Giai cic phuong trinh sau:
a. cotg2x+cos2x) 2sin2x = 2.
cotg2x — cos2x
(u] x=-’£+2kn,x=-s—’i+k1t.kez.
6 6
Q xz—-—-—-l-k‘ll:.,x---——+lm,kez.
m] —x—+lm,x ——+lm.keZ
12 12
Q x= -’E-l-kn,x —§—+ku,kez.
8 8
b 1 _Jf(cosx-—sinx)
" tgx + cot g2x cotgx -1
Q x=i‘-+kn,kez. Q x=—f+2kn,kez.
Q =£+kftkez g xa'k 2kn, ke Z.
2 3
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Bai tap 41: Giai cac phuong trinh sau:

a. sin'x + cos’x = % cotg(x + -}).cotg(% - X).

Q x=i—§+kn,kez. Q x=i-§+kn.kez.

Q x=i£+E.keZ. Q x=11+ﬁ,kez.
4 y) 12 2

b. : + _l = .2 .

Cos X sin2x sin4x

Q x=51—t-.kez.
4
T

3

Q x== +2kn,x=§£+2kn,kez.
6 6

Q x=—+2%nx= 2—;+2kn.kez.

Q 1{:--—12E +2kn.x:£-+2kx.x=-561+2kn.kez.

Bai ttap 42: Giai cidc phuong trinh sau:

a. 3tg3x + cotg2x = 2tgx + — .
sin 4x

Q x=trta+kn k eZvdicos2a =

1
.
Q x=:ta+kn,keZvéicosZa=——%.

Q x=a+kn,x=n-a+kn ke Zvdisin2a = i—

Q x=a+kn,x=u—a+kx,keZvéisin2u.=—%.

th. sin’x —sinx + ,12 - _1 =0.
sSin X sinx
Q x=kn,kelZ. 0O x=n+2knkelZ
Q x=g+2kn.kez. : Q x=i£+2kn.kez.

Bai itap 43: Tim céc nghigm cta phuong trinh
2 X !
sin— —cos— =] - sinx
2 2

X x 3%
——— £ =,
o

thoa: min diéu kién
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Bai tap 44: Tim cic nghiém cua phuong trinh:
—;—(cosSx + cos7x) — cos’2x + sin®3x =0

thoa man diéu kién |xl o &
Bai tap 45: Tim cic nghiém cla phuong trinh

-?Esin(Zx + E.’—ﬂ—) - 3cos(x — 7—“): 1 + 2sinx
g 2 2
thoa.mén diéu kién x € (-;5 , 3m).

Bai tap 46: Tim tdng cdc nghiém thoa min 1 < x <70 cha phudng trich:
cos’x-cos’x -1

cos2x — tg’x = .
cos’ x

Q 70n. o 363rn. Q 423xn. o 800
I1. HUONG DAN - GIAI - PAP SO

Bai tap 1. Dat t = cosx, diéu kién Itl < 1. Khi d6, phuong trinh c6 darg:
-Q2m+ Dt+m+1=0

t=-l— c:osmt=-l x=i£+2ku
o 2 < 2 & 3 kel
1t=m cosX =m cosx =m (%)

‘a. Véims= % thi phuong trinh (*) vo nghiém.
Vay, véim = -Z— phuong trinh c6 hai ho nghiém x = i-;i +2kn, k= Z.
b. Dé phuong trinh c6 nghiém thudc [-325-. 125 ] diéu kién la:

(*) c6 nghiém thuéc [1;-. 35’3 Jo-1<msg0.

Vay, v6i -1 < m <0 thoa mén diéu kién ddu bai.
Bai tap 2. Bién ddi phuong trinh vé dang:

5 - 4(1 - cos’x) — 4(1 + cosx) = 3m < 4cos’x — 4cosx - 3m - 3= 0.

bat t = cosx, diéu kien [t] < 1.
Khi dé, phuong trinh c6 dang:
f(t)y =4 -4t -3m-3=0. (1)

a. Véim= -%, phong trinh c6 dang:
4t’—4t+l=0c>t= % <:>‘cosx=-§— ©x=i-§-+2kn,kez.

Vay, véim= --g-, phuong trinh c6 hai ho nghiém.

156



b. Phuong trinh cé nghiém:

<> (1) c6 nghiém thuéc [-1, 1] & [

(1)c6 1 nghiém thudc[-1,1]
(1)c6 2 nghiém thudc[-1,1]

[f(-1).f()<0  [(5-3m)(-3-3m)<0

(A'>0 (16 +12m =0

af(-1)=>0 5-3m=>0 meZ* m = -1
= af(-1)2 e < Im=0

1af(1) =0 1-3-3m=20 i

~ls§51 —15151

L p 4 [ =m0

Vay, v6i m = £1 hoac m = 0 phuong trinh c6 nghiém.
Bai tap 3. Bién d6i phuong trinh vé dang:
1 — 2sin’x + Ssinx + m = 0 ¢> 2sin’x - 5sinx - m - 1 = 0.

Dit t = sinx, diéu kién [t| < 1.
Khi d6, phuong trinh cé dang:
f(t)=2*-5t-m-1=0.
a. Vi m = 2, phuong trinh c6 dang:
t=-1

26—5[_—3=O¢:} 3 :
t:a—logl

(1)

<=>sinx=—i<=>x=—g- +2%kr.keZ

Vay, véi m = 2, phuong trinh cé mot ho nghiém.
b. Phuong trinh ¢6 nghiém khi va chi khi (1) c6 nghiém thudc [-1, 1]

(1)cé 1 nghiém thudc[-1,1]

(1)c62 nghiém thudc[-1,1] (loai vig - %)

SN0 6-m)(4-m) <0 -4<m<6.
Vay, véi —4 < m < 6 phuong trinh c6 nghiém.
Bai tap 4. Dat t = cosx, diéu kién |t| <1

Khi d6, phuong trinh c6 dang:

f(t)y=4-2(m - Dt -m=0.

a. Véi m = 43, phuong trinh c6 dang:

423 - In-3 =0

—
| r—

COSX = —

“I&lm

COsX =

-

-

x=:|:-2—£+2bt
5. kelZ

x=i£+2k1:
6

Vay. v6i m = +/3, phuong trinh ¢6 bon ho nghiém.

(1)
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b. Phuong trinh c¢6 nghiém khi va chi khi (1) c6 nghiém thuoc [-1, 1}

(1)c6 I nghiém thudc[-1,1]
(1)c6 2 nghiém thudc[-1,1]

(f(-Df1)<0 [(m+2)6-3m)<0
(A'20 (m2+2m+120
o | [af=D20 [ |m+220 ot e
1af(1)=0 16-3m 2V
“tedgt Lrel o
L 2 L 4

Vay, véi moi m phuong trinh luén c¢6 nghiém.
Bai tap 5. Bién déi phuong trinh vé dang:
m(2cos’x - 1) — 4(m ~ 2)cosx + 3(m - 2) = 0
< mcos’x - 2(m - 2)cosx + m - 2 = 0.
Pat t = cosx, diéu kién |t| < 1.
Khi d6, phuong trinh c6 dang:
f)=mt’ -2(m-2)t+m-2=0.

Dé phuong trinh c6 diing 2 nghiém thudc (- g i %) diéu kién la:

(1) c6 ding mot nghiém thudc (0, 1)
<> Ban doc tie lam tiép <> 3 <m < 4.
Vay, v6i 3 < m < 4 thoa mén diéu kién ddu bai.
Bai tap 6. Bién ddi phuong trinh vé dang:
(m - 1)1 - cos’x) — 2(m+1)cosx+2m -1 =0
¢> (m - 1)cos’x + 2(m + 1)cosx — 3m + 2 =0.
Dit t = cosx, diéu kién lt] <1.
Khi dé, phuong trinh c6 dang:
(m-1)+2(m+ 1)t-3m+2=0.
Ta di x4c dinh céc gi4 tri:
A'=(rn+ D+ (Gm-2)m-1)=4m?-3m+3,.
af(-1)=(m-1)(-4m- 1), af(1)=3(m - 1),

_S__l__m+l P 2m
2 m-1 m~1
§+l____m+l g 2
2 m-1 m-1
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Ta c6 bang téng két sau:

m [ & Taf-D[aft) [ S TS, [Sosénhcéc nghiem véi £1
- 2 2
‘5 t<-l<l<t,
+ - . =
-1/4 Sg t=-1
+ + - -
0 -l<t <1<,
+ + - + -
6 8 p — t=1/4
- - + - + t<-l<t<l
+20 :
Viy:-

Véim< - i— , phuong trinh v6 nghiém.
Véim= ——i—. phuong trinh ¢6 nghiém t,= -1 & x=n+ 2kn, k € Z.

Véi —-% <m < 1, phuong trinh c6 nghiém:

~m-1-v4m? -3m+3 : ‘
L= & CosX = t, = cosa
m-1
oS x=ta+2kn ke Z.
Véi m = |, phuong trinh c6 nghiém

o c::»cosx=-i-zcos[.’-c::-x=il3+2k1t.kez.

Véi m > |, phuong trinh cé nghiém

~m-1++v4m? =3m +3
L, = | & cos X =, = cosy
m.—

o x=1y+2kn ke Z.

Baitap 7. Ban doc tie lam.
Baitap 8. Ta c6 két luan:

Véim< -‘_la— phuong trinh ¢6 mét nghiém thudc khoén'g (0, m).
Véi -;— <m < | phuong trinh c6 hai nghiém thudc khoang (0, x).

Vi m = | phuong trinh ¢6 mot nghiém x = -g- A

* V&i m > | phuong trinh v6 nghiém.
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Bai tap 9.
a. Bién déi phuong trinh vé dang:
3sinx — 4sin’x — +/3 cos3x = |

¢:>sin3x—w/§cos3x=l<:>-;-sin3x——?msBx:—-
&> sin3x.cos & — cos3x.sin 1‘- L) <> sin(3x — 3t—)=sin—r-t—
3 5 SR 6
3x— = = —+2kn AL
= 38 = 3 ;k kel
-Zex-Zi2kn [x=—m+ZZ
& 3 6 . 18 3

Vay, phuong trinh ¢é hai ho nghiém.
- b. Bién déi phuong trinh vé dang:

V3 . 1 b irsals

b4 T
mln4 - —cosdx = — __"_OOSX.C:)S. 4x_.._ =sin(x - —
sin4x 5 X 2Slnx ) m( ) ln{ )

3
ax-Z=x-Z42kn SRR T
& 0 ,3 2= 318 2k3 kel
4x-Z=m-x+=42kn PR 3
6 3 Al

Vay, phuong trinh c6 hai ho nghiém.
c. Bién déi phuong trinh vé dang:
2sinx.cosx — 2sinx = ﬁ cos2x <> sin2x — /3 cos2x = 2sinx

3 3 : & n T :
—sin2x - ——i—-cost = sinx & sm2x.cos§ - cos2x.sm-3— = shx

2
: 2x.——=x +2kn X == +2Kkn
<> sin(2x — X )=sinx <> 3 & 3 keZ
3 n 4n 2kn
2x -—=n~-X+2kn X = ~— 4 ——
_ L ¥ L, 3
Vay, phuong trinh c6 hai ho nghiém.
d. Bién d6i phuong trinh vé dang:
| V3

2sin3x = sin2x — \E cos2x <> sin3x = %sin2x - —2—c052x

& sin3x = s'!an.cosg- - cos2x.sin13t- = sinx <> sin3x = sin(2: — -g-)

3x = 2X - = + 2kx X & e 2k
< 3 =4 43 2k kel
|3k =n-2xtma2kr | x=m
/ 3 E 15 5

- Vay, phuong trinh c6 hai ho nghiém.
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Bai tap 10.
a. Bién ddi phuong trinh vé dang:

ﬁsin(x - §)+cos(x+ % - g-)—ZSinl972x=0 '

3 sin(x — —T-:-) + cos(x - —g-) = 2sin1972x

3

: n 1 n . . T
c:.—z—sm(x—-g)+—2-oos(x—-i)—smlg72xc>su(x—E+?)-—sml972x

R 2kn
PR r I (LD S S RO, B keZ
1972x =n—-x +2kn S +21{11:
SRR . o L g
Vay, phuong trinh ¢6 hai ho nghiém.
b. Bién déi phuong trinh vé dang:
3 1
3sinx + chosx =1l —sinx + —cosx
2 2J—
& sinx t:osE +cosxsin—,-‘-— = -—-l--— & sin(x + ——) ik.e2 = sinat
el e e B 0 243
x+-2—=a+2ku x=a——+2kn
P o s 6 kel
x+£=-u—a+2kn =——T—[——a+2kx
6 6

Viy, ph;ro‘ng trinh c6 hai ho nghi¢m.
Bai tap 11.

a. Ta co thé lva chon mot trong hai cich sau:
Cdch 1: Bién ddi phuong trinh vé dang:

l+J—smx+ —JiCOSX:"-l—
2V2 22 V2
1+43 -3

|
= cosa thi = sina, khi dé6 ta duoc:
22 242

: i 1 : e
SINX.COSQL + COSX.SINAL = —= &> sin(X + a) = sm-;

V2

Pat

x+a=£+2kn ; x=-‘-t-—u+2kn
= " 3 ; kel
x+a=u-—’£+2kz x=—E—a+2k1t

4 4

Vay phuong trinh ¢6 hai ho nghiém.
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Chuong 11: Phuung trinh vi hé phuung trinh lvong gidc

Cdch 2: Bién d6i phuong trinh vé dang:
(sinx + cosx) + ﬁ(smx—cosx)=2@ ﬁsin(x+ E)— Jg oos(x+£)=2
V3

1
= —sm(x+ —)— ——cos(x+— = —=
2 4 2

,/‘

i¢::>sm(1vrh+-~)cc:usE —cos(x+—)s 2 S —l—c:«sin(x—f—):sin—’-t-
4 3 3 2 12 4
x-—~1-t—=£+2k1r x=£+2kn
o 12 4 : < 3 kel
x—it-=7l:——£+2k1t x=§£+2k1t
12 4 2 6

Vay, ph;rdng trinh c6 hai ho nghiém.
b. Tacé thé lua chon mét trong hai cich sau:
Cdch 1: Sit dung phuong phép giai cho phuong trinh dang a.sin2x + bcos2x = ¢
~ Dé nghi ban doc tir lam.
Cdch 2: Bién ddi phuong trinh vé dang:
(V3 —2)cos2x = 1 - sin2x <> (V3 - 2)(cos’x — sin’x) = (cosx — snx)’
< ( 43 2)(cosx + sinx) — (cosx - sinx)](cosx — sinx) = 0

T
£ b x=—-—+kn
~:::'|i(\[§---3)(:0»3;1 =(1—J§)smx¢> 1gx = —ﬁ 3

&> kel

= §i 2 n
COsX = sinX tgx =1 x=z+kn

Vay, phuong trinh cé hai ho nghiém.
Rai tap 12.
a. Bién ddi phuong trinh vé dang:

3cosx - J3 sinx = Jg cos2x + sin2x

& ﬁ(-?cosx— %sin{)z —J—:;-cost+ -1—sin2x

2
n T
3cos(x+ —) = 2X + --
( 6) sin( 3)
T . . T 1.
3cos(x + —)=2sin(x + — ).cos(x + —
( 5 ( 6) ( 6)
- 2 Fx-+§:-’—t-+kn x=1[—+k1t
COS(K*‘E):O 2 3
& <& x+£=£+2ku o X=£+2kt.kEZ.
. n ﬁ 03 6
sin(x + —) = — o n
- 6 2 X+—=—+2kn X ==—+2ke
6 3 3 2

Vay, phuong trinh c6 ba ho néhu';:m.
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b. Sir dung phép bién déi timg phan:

X n : X n
cos(-g - -I-E)- wﬁsm(g— - E—)—

ok d % 2R A
= 2[2cos(g - E) Tsm(g - E)]

AP X n s - X ] X 2n
=2 SOy b —_—)=2 —_—-=)=2 s S
sm(6 : + 12) sin( : 5) sin[n (S 3 )]

=25in(-§ - %"—)=25in(§ + -;—t + 12[-)=2cos(-’£ “+ I‘—).
Tir d6, phuong trinh dugc bién d6i vé dang:

2stin(-§-+%§r—)=0¢:>—;—+g;=knc>x=~l-0—§ + 5kn, ke Z.

Vay, phuong trinh c6 mét ho nghiém.
Bai tap 13. Xét hai truong hop:
X L

. Véficosg— =0<:>5 =5+krt¢:>x=1t+2k1t,kez.thayvéo

phuong trinh ta dugc:

(m - Dsin(n + 2kn) — cos(n + 2kn) = 1 ludn diing
Vay x = n + 2kn, k € Z 1a mot ho nghiém ctia phuong trinh.

Vdicos% 20 -;— ¢%+kn¢$x¢u+2ka,ke Z.
2t 2

VA COSX = ——— .
l+t2 l+t2

' Khi d6, phuong trinh c6 dang:
e - L
Hmot 1o ol e2m- - 1+8=14P e m- =1 (2)
I+t 1+1 |

a. Vdim:1tadla‘yngayphwngtrhhciﬁcémothgnghigmx=n+2kn,ke Z.
b. vaixe[-g.gume[-l.u.

X -
Datt= tg—z-— , Suy ra sinx =

Do vay, d€ phuong trinh c6 nghiém thudc [ - l;-,;] diéu kién 12 phuong
trinh (2) ¢6 nghiém thudc [-1, 1]
m | | sER
& 1 b= :
-l1s——x<1 m<0
m f—

Vay, v6i m € (o, 0] U [2, +) thoa mén diéu kién ddu bai.
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Bai tap 14.

a. Va&im = -1, phuong trinh c6 dang:

J?_:sim-l-cosx:-l & —?shx-t- %cosxz-é <> sin(x + —E):si:(—%)

R
x+g_—-—-+2kx oL T

= & 3 kel
x+£=n+£+2kn x=n+2kn ’
6 6

Vay, v6i m = -1 phuong trinh ¢6 hai ho nghiém.
b. S6 nghiém cha phuong trinh bing s§ giao diém cia dudng thingy = m

véi phdn dé thi ham s6 y = sin(x + —E-)trenD=(—%.2n].
Tir d6, ta c6 két luan:
s Véi | m | > 2, phuong trinh v6 nghiém.
* Véi m = 12, phuong trinh c6 1 nghiém thudc D.
* Véi —I2 < m < 0 hodc | < m < 2, phuong trinh c6 2 nghi¢ém thuoc D.
®* V6i0<m < 1, phuong trinh ¢6 3 nghiém thudc D.
Bai tap 15. Sir dung phuong phép diéu kién cin va du nhu sau:

Diéu kién cdn: Gia it phuong trinh ¢6 nghiém x = o € [0, l;l.mdéxzw z

ciing 12 nghiém, nhu vay:
{m.sina+(m+l).cosa+l=0 v

m. sin(a +-;f)+(m+l).cos[a+%)+l =0

m.sina+(m+1).cosa+1=0
m.cosa—(m+1).sina+1=0

[m.(sina +cosa) = -1 -cosa @ sina+cosa _ |+cosa
m{cosa -sina) =sina -1 cosa —-sinQ | -sina

& (sina + cosa)(] - sil_mt) = (cosa % sina)((1 + cosat)
5n

1 n
&osina= — oa=— hoica= —.
2 A (gt

. vaia=%,mayvaophmngmnhudms

m.éih-g- +(m+l).cbs% +1=0om= -

1+43
i
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* Véia= —5—3— thay vao phuong trinh ta dugc:

_J
it vl Do s telbme L 2293
6 6 2
Vay v6im = - . J_ la diéu kién cén.
Diéu kién du — Dé ngh; ban doc tu lam.
Bai tap 16. Ban doc tu lam.
Bai tap 17. Ban doc i lam.
Bai tap 18.
a. Bién déi phuong trinh vé dang:
2(1 - cos2x) + 33 sin2x — (1 + cos2x) = 4
3sin2x —cos2x =1 & —J—Esi:ﬂx - —l—cos2x' = z
3 2 2
& % 2x-£:£+2kx x=£+kn
c::rsin[2x—g) =sin-€—S o 9.9 =3 6 kel
2X-—=n-—+2kn X == 4+kn
L 6 6 e 2

b. x= % +knvax=a+kn,ke‘z,véitga=_-;—.
Bhit@pm

a X=

-2- +knvax=a+kn kelZ, vdntgu-—%

b. x=-: +knvax=a+kn keZ,viitga=>5.
Bai tap 20. Nhan xét ring cosx = 0 khong phai 1a nghiém clia phuong trinh.
Chia hai v€ clia phuong trinh cho cos’x # 0, ta duge:
3tg’x + 2mgx - 1 = 0.
Dat t = tgx, phuong trinh c6 dang:
3+ 2mt-1=0. ; (2)
a. Véim =0, ta duoc:
i 3t’-—1=0ﬁt=:!:71_;¢:tgx=itg-z-©x=:t-:-+k1t,kez.
Vay, véi m = 0 phuong trinh c6 hai ho nghiém.
b. Dé€ phuong trinh c6 nghiém
& (2) 6 nghietl <> A’ 20 & m? + 320, luon ding.
Vay, vdi moi m phuong trinh luén cé nghiém.

-
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Bai tap 21. Bién ddi phuong trinh vé dang:
(m + 1)sin’x — 2sinx.cosx + 1 - 2sin’x =0

& (m - 1)sin’x — 2sinx.cosx + 1 = 0.
Xét hai truomg hop:

* VéGicosx=0x= % +kn, ke Z.

Khi dé, phuong trinh cé dang:
m-1+1=0&m=0.

s Véicosx:Oc:x:-;— +k1:,iceZ.

Chia hai v€& clia phuong trinh cho cos’x # 0, ta dugc:
(m = Ing’x - 2tgx + 1 +tg’x =0 © mtg’x - 2tgx + 1 = 0.
Pit t = tgx, phuong trinh c6 dang:
ft)=mt’-2t+1=0 | (1)
a. Va&im =0, phuong trinh (1) c6 dang:

2t+1=0t= % o= % =tgae>x=a+kn, ke Z
Vay, véi m = 0 phuong trinh c6 hai ho nghiém.
b. Dé phuong trinh c6 diing hai nghiém thudc (0, —;)

<> (1) c6 2 nghiém phan biét thoa mdan 0 <t, < t,

A'>0 l-m>0

& Laf(0)>0 & {1>0 o> 0<mcel.
§::-0 -l-—>0
(2 - Ilm

Vay, v6i 0 < m < | thod mén diéu kién ddu bai.
Bai tap 22. Nhan xét ring phuong trinh khong nhan x = g + kn lam rghiém.

Chia hai v&€ cia phuong trinh cho cos’x # 0, ta dugc:
mtg’x - 3tgx—(m+ (1 +1g?x) =0 = 1g’x + 3tigx + m + 1 =0,
Dat t = tgx, phuong trinh cé dang

f)=+3t+m+1=0 (1)
a. V&im = |, phuong trinh ¢6 dang:
_ : : s
R - tgx =~ = ——
t’+3t+2=0¢[ la[g" acsasitm T Y KT oo
RS M =-2 igx=-2=1ga } x=o+kn

T Vg'y‘,-\rﬁim-_-l phwng trinh cé hai ho nghiém.
166



b. é phuong trinh cé ding 3 nghiém thudc (0, 1213-)

<> (1) ¢6 2 nghiém phan biét thoamant,<0<t,
< af(0)<c0eom+1<0eome-1.
Viay, véi m < —1 thoa méan diéu kién ddu bai.

Bai tap 23. Diéukiéncosx 20 & x # g +km ke Z.

Cdch 1: Bién ddi phuong trinh vé dang:
msinx.cosx + cos’x = 1 <> msinx.cosx = sin’x

sinx =0 cosx#0 |ginx =0
= : = : (I
m.Ccos X = Sin X |tgx =m
a. Véim= JBT, ta duoc:
x=kn

sinx =0
(U@{ = keZ

tgx =3 X=%+k1t'

Viy, véim = 3 phuong trinh c6 hai ho nghiém.
b. Tir(I) ta c6 ngay nhan xét phuong trinh (1) c6 nghiém vé&i moi m.

c. Vix+ x,# .’zi + kn, do d6 cé thé coi:

* X, la nghiém ctia phuong trinh sinx = 0 = tgx, =0.
=  x.la nghiém clia phuong trinh tgx = m = tgx, = m.
suy ra:
cos2(X, + X,) = COs2X,.C082X; — sin2x,.sin2x,

4 l-tgle l—tgzxz o 2x agx, i—mZ,

l+tgzx, 'l+tgzx2 l+tg2:x, .l+lgzxz l+m?
Cach 2: Chia hai v€&€ clia phuong trinh (1) cho cosx#0, ta dugc
tigx =0

. (ID)
tgx =m

nigx+l=1+igxotg’x-mgx=0< {

a. Véim= 43 tadugc:

tgx =0 X =kn

= keZ
lgx=J§ x=§+lfm

ﬂ)@{

Vay,véi m = 43 phuong trinh c6 hai ho nghiém.
b. Tir (D ta c6 ngay nhan xét phuong trinh (1) c6 nghiém véi meim
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c. Vix,+ x,# -g— + k=, do d6 c6 thé coi:

® x, la nghiém ciia phuong trinh tgx = 0 = tgx, =0
* X, la nghiém cua phuong trinh tgx = m = tgx, = m

1-m?

suy ra cos2(x, + X;) = —.
l1+m

Bai tap 24. Ban doc tw lam.
Bai tap 25. Ban doc tu lam.
Bai tap 26.

X tkn kel

4
b x= % +2kn, x=2kn, ke Z.
Bai tap 27.

a. X=

a. Dat |sinx—cosx| =t, diéu kien(}étsﬁ,-suymsinx.cosx= -—2—-

Khi dé6, phuong trinh cé dang:
t=1

t+4(l-H=124-1-3=0& 3 .
t = —— (loai)

& lsinx-eosx| =]l osin2x=002x= kneox= 1gl,.ke Z.

Vay, phuong trinh c6 mét ho nghi¢m.

t -1

b. D;t|sinx+cosx|=t.di6uki¢n0$ts«5,suymsinx.cosxs T
Khi d6, phuong trinh c6 dang:

t-P-D=lod-t=0 I sTn2x=0

t=0 sin2x = ~1

-

2x = k=n x=—kE
2

kel

n =
2Xx = ——+2kn n
2 x=——£+kn

Vay, phuong trinh ¢6 hai ho nghiém.

f =l

Bai tap 28. Ditt=sinx + cosx diéu kién |t| < V2 , suy rasinx.cosx = —— .

2
Khi d6, phuong trinh c6 dang:
t=2m@P-1)=0f(t)=2mt* - 3t-2m =0.
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Véix € (0, -341 ) thi diéu kién 0 <t < v/2 bdi phép bién déi:

0<x<§IE ¢::>E <x+E <m<e>0<sin(x + E)51
4 4 4 4

> 0< \Esin(x+-:-)sﬁ Sl<t<2.

Pé phuong trinh ¢6 nghiém thuéc (0, 2’41‘_ ) diéu kién la

(1)c6 1 nghiém thudc (0,+/2]

(1) ¢6 nghiém thudc (0, V1o
(1)c62 nghiém thuoc (0,21

[ £(0).f(+/2) < 0 thirlai
Af(zﬂ?z 0 bl
a

= = 32 -
1af(v/2) 20 m2 =

0 s-g— <2

. 32 L .

Vay, véi me (-0, 0) U[T , + ) thod mén diéu kién d4u bai.

Bai tap 29. Viét lai phuong trinh dudi dang:
sinX + cosx — sinx.cosx +m ~ 1 =0.

2-...
Dait sinx + cosx = t, diéu kién ltl <2, Suy ra sinx.cosx = t—-—l
Khi d6, phuong trinh c6 dang:
2—.
t- L im-1=0cf®)=r-2-2m+1=0.

a. Vd&i m =2 phuong trinh c¢6 dang:

. il ; ‘
t’—2t-3=0c:>[l=3mc::vsinx+cosx=-—l¢:sm(x+-§-)=_
x+£=-—£+2k1t x=—i+2k1t
= _4 54 = 2 kel
- x+£=—£+2k1c x=n+2kn
4 4 :

Vay, v6i m = 2 phuong trinh c6 hai ho nghiém.
b. Véixe [0, —glth‘ldiéukign 1 <t< J2 boi phép bién dbi:

Ostiaf-Sx+£$3—“@£$sin(x+3)sl
2 4 G 2 4

(1)

V2

2
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mlsﬁsin(x-ﬁ;)sﬁQIStsﬁ.

Pé phuong trinh c6 ding mot nghiém thudc [0, % ] diéu kién la:

(1) c6 diing mot nghiém thuoc [1, V2 ]
[ £(1)£7/2) < Othir lai :
()£(2) < Othirlai A

o &S0<ms<
{15-5‘3—5\5
a

322
2

thoa man diéu kién ddu bai.

Vay,vgi0<sm<

Bai tap 30. Dat sinx + cosx =t, diéukién | t| < V2 , suy ra sinx.cosx =

Khi d6, phuong trinh c6 dang:

2
bozd +1=0=f)=t+2mt+1=0.

mt +

a. Véi m = 0 phuong trinh c6 dang:
t + 1 = 0 vO nghiém.
Vay, véi m = 0 phuong trinh v6 nghiém.

b. Véixe [_--’25 , 0] thi diéu kién —1 <t < 1 bdi phép bién déi:

3

t

T T T 2] n
——}sstc:—— CxHS g e < sin(x + Z)S

g

<:>~lsﬁsin(x+-2)sl<:>—15tsl.

S

J2

(1)

—

2

Dé phuong trinh c6 diing mét nghiém thudc [-—g— , 0] diéu kién la:

(1) c6 diing mot nghiém thudc [-1, 1]
f(~1).f(1) < Othir lai
L= = i
Fiddbar ~ A
2a

Vay, véi | m|2 I thoa man diéu kién ddu bai.

Khi dé, phuong trinh c6 dang:
m+t-l=0f)=+mt-1=0.
a. Véi m = 2 phuong trinh cé dang:

P-1=0csin2x=0&2x=kn <> x= %,k e
Vay, v6i m = 0 phuong trinh c6 mot ho nghiém.
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Bai tap 31. Dat sinx + cosx =1, diéu kién [t] < ﬁ.suymsinx.cosx= ' 55

2

1

(1)



b. Véi x e [0, n] thi diéu kién —1 <t < +/2 bdi phép bién déi:

Osx51tc>§ Sx+£s5—:—c:a——3- Ssin(x-bg)sl

o - lsﬁsin(x+§)sﬁ<:>—15ts ﬁ

Pé phuong trinh c¢6 ding hai nghiém thudc [0, n] diéu kién la:

(1) ¢6 hai nghiém phan biét thudc [—.l, J2 ]
(A>0

af(-1)20

af(ﬁ)zﬂ & -2 <m<0.

0s2<p
L -2
Vay, véi — V2 <m <0 thoa min diéu kién ddu bai.

Bai tap 32. Diéu kién:

sinx #0
c:-x;t-lﬁi.kez. '
cosx#0 2

0

Bién ddi phuong trinh vé dang:

sin X —COs X : :
——————— — k =0 < sinx - cosx - ksinx.cosx = 0.
sin X.cos X

2

Dat sinx — cosx =, diéu kién It € V2, suy ra sinx.cosx =
Khi d6 phuong trinh c6 dang:

: |
t-k.-!-:z—t—-=0c:>f(t)=kt’+2t—k=0. )

1. Va&ik =0, taduoc:
t=0sinkx+cosx=0x=- % +kn, kel

Vay V6i k = 0 phuong trinh c6 mét ho nghiém.
2. VéGik#0,tacé:
A =1 + k* > 0 Vk, suy ra phuong trinh (2) c6 hai nghiém la:

~1-v1+k? o ~1441+k?
k e SRR "
Phuong trinh (1) c6 nghiém = (2) cé nghiém thod mdn -2 <t<+2.
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Xét hai truong hop:
Trudmg hop 1: Phuong trinh (2) c6 1 nghiém thudc [- v2 ,¥2 ]
SH-V2I(V2)<0e k-2V2 Xk+2V2)<0e -242 <k<2V2

ST
Khi d6, nghiém thuoc [-v2 ,¥2 1 lat, = “k“" |
1+ k2 J
c:sinx—cosx=_“ Bt <> sin (x—i)——l—t—i-*'—k-—-sma
k 4 kv2
x—£=a+2k1t x=a+-§+2kn -
! 4 wi * keZ
x—ﬁ-x—a+2kx x=—£—a+2kn
4 4
Vay pliuung trinh c6 hai ho nghn‘,m
Trudng hop 2: Phuong trinh (2) ¢6 2 nghiém thudc [~ J2 .42
(A20 1+k* 20
af(+/2)20 k(k+242)20 [, .,73
&4 " PP = ;
af(—v2)20 k(k-242)20 <, _ . o
-J_s <2 -st-ésﬁ
Khi dé6, talﬂnlu\;nxét
N 2
. Véit, = 1-v1+k
2 S Ry
c::rsinx—oosx=:-l——-—ltk—-ﬁsm(x*lt-):——l———-l-ti—=sina
4 kv2
X -~ =a+2kn Xx=0+Z+2kn
o . ‘ o s 4 kel
x—£=x—a+2k’t x=—£—a+2kﬂ
Lo 8 |
{ 2
. Véit, —l+kl+k
3 ,[ 2 s } 2
& sinx — cosx = ot ash(x—£)=~LLJ~tL=sinB
k 4 kv2
X-—=B+2kn x=B+£'+2lm
=3 o 5 4 kel
X -B+2kn x—%—ﬁ+2ht
Vay phtm; trinh c6 bén ho nghiém.
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Bai tap 33. Dat t = sinx — cosx, diéu kién [e] < Jf,suymsinx.cosx: 5

Khi &6, phuong trinh c6 dang:

1 =l
mt+l-Cf=mef)=f-mt+m-1=0& [t
t=m-1

[x = 1+ 2kn

sinx —cosx = | sin(x_ﬁ)z_@ T

= &5 4 2 & |x=—+2kn , ke Z.
el t=m-1 ;

[t=m- 1 (%
a. Véim=1+ V2 tadi gidi them phuong trinh:

t = \5 <& SINX — COSX = 1.5 <::nvc=37‘TE + 2kn, k € Z.

Vay, vdim =1 + N phuong trinh cé ba ho nghiém.
b. Dé phuong trinh c6 ding hai nghiém thudc [0, nt] diéu kién la:
(*) v6 nghiém hoac cé nghiém bang 1

Fm>l+ﬁ

o Im-—ll>~5c> m<1-—~5.
m-1=1
m=2

Vay, véim € (-, | - ¥2)U (1 + 42, +0) U {2} thoa min diéu kién
ddu bai. ;

Baitap 34. -1 - 442 <m<1- 42,

Bai tap 35.

a. bDiéu kién;
in2x #0
,szx*g P sl c:sin4x¢0c>x¢££,kel
1 +cosd4x =20 2cos’2x 20 4

Bién déi phuong trinh vé dang:
1 — cos’4x = 2sindx.sin2x <> sin’4x = 2sin4x.sin2x

siip 4w =0 sin 2x=0

&> sindx = 2sin2x <> 2sin2x.cos2x = 2sin2x <> cos2x = | loai.
Vay, phuong trinh v4 nghiém.
b. Diéu kién:
' ‘sinx #0
cosx 20 & {

|

cos2x 20

sin2x 20

Ssindx 20 x 2 —kf-.ke Z.
cos2x #0 4
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Ta cé:
cos*x-sin‘x _ cos’x-sin’x _ 4cos2x
sin’ 2x

cotg’x — tg’x = —— . y
sin® x.cos’ x Esin’ %
Do d6, phuong trinh duoc bién ddi vé dang:

4

sin’ 2x

= 32c0s?2x <> | = 2sin’*4x <> cos8x =0

&> Ex = -f +kn<:>x*—l%+£81£ } € Z thoa man diéu kién

Vay, phuong trinh ¢c6 mét ho nghiém.

Bai tap 36.
a. Diéu kién:
% knr
c052x¢0c>2x¢~5+kn¢:~x¢-z+—2- kelZ. (*)

Bién déi phuong trinh vé dang:
6sinx — 2cos’x = 55m2x cosx <> 6sinx — 2cos x = 10sinx.cos’x (1)

“ V(.’ncosx=0¢_:>x= —5 +kn ke Z.
) o 6sin(32i + km) = 0 mau thudn.
Vay phuong trinh khong nhan x = g + kn lam nghiém.

“ Véicosxato_@x#g-+kn.k€z.

Chia hai v€ ciia phuong trinh (1) cho cos'x#0, ta duge
6(1 + tg’x)tgx — 2 = 10tgx <> 3tg'x ~ 2tgx - 1 =0
< (tgx ~ 1)(3tg’x + 3tgx + 1) =0

otgx=lox= % + kn vi pham diéu kién (*).
Viy, ph'tm‘ng trinh v6 nghiém.

b. Diéu kién:
: sin2x # 0 :
cosx 20 ©sin2x#z0&2xzkne x# E,kez. (*
sinx 20 'y
Bién déi phuong trinh vé dang:
(sin” x + cos’ x)* —2sin’ x.cos’x _ 1 sin® x +cos® x
sin2x T2 cosx.sinx
1- Lgin? 2x '
= 3 = — <> sin2x = 0 loai.
sin2x sin2x

Vay, phuong trinh v nghiém.
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Bai tap 37.
a. Bién déi tuong duong phuong trinh vé dang:

2sin2x.cos X +sin2x B3 (2cosx + 1)sin2x

2C0s2X.COSX + COS2X (2cosx + 1)cos2x &
{2cosx+l¢0 cosx:t—E

& T &5 o
it 2x=13t-+k11:

\

—

x¢¢—2—7-r-+2k1t x=£+kn
& 5 6 kel
SR
X=—4—
6 .2

Vay, phuong trinh c6 hai ho nghiém.
b. Diéu kién:

X = ~— +2knm
3

2sinx.cosx — |l #20 < sin2x 21 & x# -} +kn, k e Z. (*)
Bién ddi phuong trinh vé dang:
I + 2sin® — 3v/2 sinx + sin2x = sin2x — 1

Winxls| ™)
&> 2sin’ — 3v/2 sinx +2=0 sinx=-\—g-2— = x=§f+2k1t,kez.

Vay, phuong trinh c6 mét ho nghiém.

Bai tap 38.
a. Diéu kién:
sinx 20 ; kn
{ osin2x#20o2xz2kneox2 —, ke Z. (")
cosx #0 2 _
Ta ¢é:

sin3x — cos3x = 3sinx — 4sin’x — 4cos'x + Icosx
= 3(sinx + cosx) — 4(sin'x + cos'x)
= (sinx + cosx)[3 - 4(.;in’x + cos’x — sinx.cosx)]
= (sinx + cosx)(2sin2x - 1).

1 - 1 _ sinx+cosx _ 2(sinX +cosX)
sinx  cosXx  sinx.cosx sin 2X
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Do dé, phuong trinh duge bién déi vé dang:
2(sin X + cos x)

sin2x
&> (sinx + cosx)(2sin2x — 1)sin2x = sinx + cosx
&> (sinx + cosx)(2sin’2x — sin2x - 1) =0

2(sinx + cosx)(2sin2x - 1) =

tgx = -1
[sinx +cosx =0 , 1
< & |sin2x = ——
| 2sin’ 2x —sin2x-1=0 2
bsin2x=l
x=~£+k1t x=—£+ku - "
4 4 ”%J’—i’g
2x=—£+2ku x=——x—+kn =
= 6 = 12 S |x=-——+kn. ke Z.
Tn n 12
2x =—+2kn X=—+knx o
6 12 X="1'-2-+k1'!
2x=£+2kn x=£+kn * :
RET e
Vay, phuong trinh c6 ba ho nghiém.
b. Diéu kién:
cosx—-sinxatOc::-tgx#l@x;t—}+kn,kez. ™)
_Bie'n déi phuong trinh vé dang:

sin'x + cos'x = cos2x.cosx — cos2x.sinx
: 1 B z
& sin’x + cos'x = & (cos3x + cosx) - = (sin3x — sinx)
¢ 2(sin’x + cos’x) = 4cos'x — 3cosx + cosx — 3sinx + 4sin’x + sinx

<> sin'x + cos’x — sinx - cosx = 0 < (sinx + cosx)(1 - sinx.cosx — 1) =0

< %(sinx+cosx)sin2x=0¢: [mx+cosx=0 o [tgx: .

sin2x =0 sin2x =0
i 7
. X=-—+kn
L e B k“ kel
2x =kn x=—£-
A 2
- Vay, phuong trinh c6 hai ho nghiém.
Bai tap 39.
a. Diéu kién:
i 0
{m”“t c:sian#Oc:»Zx#knc:x:aE.keZ. (*)
cosx #0 ; 2
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Bién déi phuong trinh vé dang:
2(sinx + CcOSX)sSInNX.cOsX = sinX + COSX

: ) sinx +cosx =0 tgx = ~1
<> (sinx + cosx)(sin2x - 1) =0 | - § By
sin2x =1 sin2x =1

T T
x=—z+kn x=—-—+kn
< o oOX=

kn

—.keZ
2

Ix=ridkn  Fx=Zekn
2 4

e

Vay, phuong trinh ¢c6 mét ho nghiém.

b. Diéukién:
=il = ok Scosx 0o x# X +knkeZ. (¥
cosx#0 cosx #0 2
Bién d6i phuong trinh vé dang:
Gin® > +cos 2yt —2sin? X cos? 2 !
2 2 . 2 = —(1+smx)+(l+ sinx)tg"'x
1 -sinx 2
l—lsinz X l '
e -—ll;;—x— = (1 +sinx)(—- +1g7x) & 2 — sin’x = (1 — sin’x X1 + 2tg)
& 1 +cos’x = cos’x + 2sin’x <> cos2x =0 <> x = .1:- + %E,ke Z.
Viy, phuong trinh ¢6 mét ho nghiém.
Bai tap 40.
a. Diéukién:
‘ sin2x # 0 A2 99 R
{‘ & {cos2x &> <scos2x#0
cotg2x —cos2x #0 : -cos2x #0 :
sin 2x sin2x # |
¢5sin4x¢0a4x¢kz@x#%,kez. (*)
Bién déi phuong trinh vé dang:
cos 2x '
3(;? Lt 2x) 3(1 4+ sin2x)
il = 2(1 + sin2x) & > = 2(1 + sin2x)
cos 2X it l-sin2x
sin2x ;
& 3(1 + sin2x) = 2(1 - sin?2x) < 2sin’2x + 3sin2x + 1 =0
sin2x = -1 loai . 2% = —= 4+ 2kn X = —— 4+ kn
& i i 1 = . = 71 kel
oY 2% = = 4 2kn L P g
§ 8. PO
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b. Diéu kién:
( #0
C?S; 0 sin2x # 0
sin2x #
) & dgx+cotg2x 20, ")
tgx +cotg2x =0 :
cotgx # 1
(cotgx # |
Bién déi phuong trinh vé dang: ;
' 1 a ﬁ(cosx——sm X) - sin2X.cos X = J—Z_ v
sinx _cos 2K cosx _, cos(2x - x)
COSX ' SIN2R - .. sin x

sin x=0)

& 2sinx = V2 @cosx=%5- ﬁxr-:t% +2kn ke Z.

Kiém tra diéu kién (*) ta chi nhan duoc nghiém x = —E +2kn. ke Z.

Vay, phuong trinh c6 moét ho nghiém.
Bai tap 41.
a. Nhan xét rang:

cotg(x + % ).cc-tg(--:,)E -X)= cotg(x + g-).tg(g - % +X)

T T
=cotg(x + —).tg(x+ =)= L.
cotg(x 3)g(:'t 3)

Tir d6, ta 14n luot c6:
* Diéu kién c6 nghia cua phuong trinh la:

1 T
sin(x+—=) =0 ; 4
<:>sin(2x+-7;£)¢0¢:ax¢_ % + —-2—,kez,_ (*)

cos(Xx + 1;) #0
*  Phuong trinh duoc biér. ddi vé dang:
(sin’x + cos’x)? — 2sin’x ~os’x = -E & 1- 1 sin"2x = :;- & 4si’2x = |

&> 2(1 — cosdx) = 1 <> cosdx = % <:>x=:r-;‘2— + l—gi.ke Z.

' Vay, phuong trinh ¢6 mat ho nghiém.
b. Diukiénsindx 20 4x#2kn ©x» -l-(f.k e Z.

Bién ddi phuong trinh vé dang:
B 2 1 &5 b oo 0082

cos X 2sin2x.cos2x  sin2x cosX  sin2x.cos2x
b 2sin’ x
cosx 2sinX.cosx.cos2x

o &5 cos2x = sinx <> 2sin’x + six — 1 =0
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sinx = -1 (loai)  |x =-76£+2kn:

& 1 [~ kel
sinx = —» Sn
2 X= —'6'* +2kn
Vay, phuong trinh c6 hai ho nghiém.
Bai tap 42.
a. Diéukién:
(cos3x # 0 ¢E+k“
<Si"2x¢0¢> c'os3x¢0 : 6 ?.kez. *)
cosx #0 sin4x 20 . kn
sindx #0

Bién déi phuong trinh vé dang:

2(tg3x — tgx) + (tg3x + cotg2x) =

sin 4x
2sin 2x cos X 2
£ + — = —
cos 3X.cos X cos 3x.sin 2x sin 4x
&> 4sindx.sinx + 2cos2x.cosx = 2cos3x

&5 4sindx.sinxX + cos3x + cosx = 2cos3x < 4sindx.sinx = cos3x-cosx

, . : ; * |
&5 8sin2x.cos2x.sinX = —28In2X.SInX < Ccos2Xx = g, = cos2a

_ > 2x=12a+2kne x=+a+kn keZ.
Vay, phuong trinh c6 hai ho nghiém
b. Diéukiénsinx#0 <= x#kn k e Z. (*)
Bién déi phuong trinh vé dang:
sin*x — sin’x + 1 — sinx = 0 & (sinx —.L)sin"x —(sinx-1)=0

o (snx - Dsin'x - 1) =0sinx=1ox= 125 +2kn ke Z.

Vay, phuong trinh ¢6 mot ho nghiém.
Bai tap 43. Bién ddi phuong trinh vé dang:

X X R, X e X - B X
sin— —cos— =(sin— —cos— )’ <> (sin— —cos— — I)sin— —cos— )=0
2 (sm2 2)2 ( 2 2 X 2 2)
ﬁsin(i-—i‘-hl sin(i_ﬁ)z_‘/_i Xx=n+4kn
o W & 2 4 2 o x=2n+4kn keZ
MSEY Tl 1 A i—
_Sm2_-C052 Ltgz—l x=£+2kn

4

Lén luot ki€m tra cdc nghiém cho diéu kién % —%| < _EE chiing ta nhin

duc_icnghiemcﬁaphuangtrlnhlhx=-;—.x=1t.x=2nvix= EZ-E.
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Bai tap 44. Bién déi phuong trinh vé dang:
cos6X.cosx — —;—(cosﬁx + cosd4x) =0

<> cosbX.cosx — cos5x.cosx =0 & (cos6x — cos5x)cosx =0

_2kn
6x = +5x + 2kn 11
cos6x = cos 5x
o &> T < |x=2kx  ,kel.
cosx=0 X=—+kn
2 =—+kn
¥

Lén luot kiém tra cic nghiém cho diéu kién | x| < 2 chiing ta nhén dugc
nghiém ctia phuong trinh la x-= :t-g— 5 & 2—::-1-’-5 voik=0, +1, +2, +3.
Bai tap 45. Bién ddi phuong trinh vé dang:
sin(2x + -’25) - 3cos(x + -g-)= 1 + 2sinx ¢ cos2x + 3sinx = 1 + 2sinx

& 1 - 2sin’x = | - sinx < 2sin’x — sinx = 0

.
x =kn x X=7 X=2"%
sinx=0 ne(-i.h) 13
=2 | & x=r4dkn o [x=—
smx=i—‘ S85 6
x=2§.+2ku ;=§£.x.—__l_z.’.'_
3 6 k 6 6

Viy, phuong trinh cé 5 nghiém.
Bai tap 46. Tim téng cdc nghiém thod mdn | < x < 70 clia phuong trih:

cos’x —cos' x—1

cos2x - tg’x = .
cos’ x _
Diéukianosx#O«bx#-g—+kn.keZ. (*)
Bién d6i phuong trinh vé dang:

2ccs’x — 1 —tg’x = 1 — cosx — (1 + tg’x)
<> 2cos’x +cosx - 1 =0

{cosx = -1 X =mn+2kn
n 2kn
& =3 - oox=—+—— keZ
COSX = — x=:|:-3—+2kﬂ 3 3
Véi cdc nghiém thoa mén 1 < x < 70, ta dugc:
i 3 ke” —
e ;88 g0 3-8 20-% O, L.
- 5 S 2% 2n
Tir 46, ta nhan dugc:

S= %(n+ I+ Sn+ ... + 650 I3
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.~ CHUDE3
NHUNG PHUONG TRINH LUONG GIAC KHAC

I. TOMTATLY THUYET |

Céc phuong trinh luong gidc rat da dang khong thé c6 mot cong thic
chung ndo dé giai moi phuong trinh lugng giac, bdi vay cén thiét sir dung cic
phép bién déi lugng gidc thong thudng dé dua phuong trinh ban ddu vé céc
dang co ban. Chiing ta duva ra mot nguyén tic chung thudng ding khi giai
phuomg trinh lugng gidc.

Thiong thudng phai thuc hién cdc viéc sau:

e Niéu phuong trinh chifa nhiéu him lugng gidc khdc nhau thi bién déi
twong duong vé phuong trinh chi chita mot ham.

e N«&u phuong trinh chita cdc ham lugng gidc ctia nhiéu cung khic nhau thi
bién ddi twong duvong vé phuong trinh chi chita cdc ham lugng gidc cla
midt cung.

Saw khi bién d6i nhu trén néu phuong trinh nhan dugc khong cé dang quen
thuoc thi ¢6 thé di theo hai huéng:

Hudng thic nhdt:

Bi€n d8i phuong trinh da cho dé dwa vé viéc giai cdc phuong trinh don
gian quen thudc. Cc phuong phép bién déi theo huéng nay gém cé:

Phuomg phép ddt dn phu

P& dva phuong trinh vé viéc gidi mot phuong trinh dai s6.

Thi du: Giai phu'o‘ng trinh
2cos’x = sinx + 1.
Loi gidi
Bi&n ddi phuong trinh vé dang:
2sin’x + sinx — 1 = 0.
Pan t= sinx diéu kién | t|<1, ta duoc

2t’+t--1=(Zl~:'.::»[t=_l

t=~1/2
Phuomg phdp ha hdc
Né€iu phuong trinh cdn gidi c6 bac cao thl ding cong thic ha bac dé bién
ddi vé bic thap hon.

 Thf dw: Giai phuong trinh
sin’3x — sin?2x - sin*x = 0.
Loi giaii
Bi€in 46i phuong trinh vé dang:
l—c;sz - gin2x - l-c;s?.x 20@(@5&__ 2x) + 2sin?2x =0

& - 2sindx.sin2x + 2sin’2x =0 & - 2sm2x(sin4x —-sin2x) =0
& - 4sin2x.cos3x.sinx = 0.
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Phuwong phdp bién déi thanh phuong trinh tich
Thi du: Giai phuong trinh
sin2x + sindx = 2cosx
Loi giai
Bién déi phuong trinh vé dang

cosx =0
2sin3x.cosx = 2cosx <> 2cosx(sin3x - 1) =0 & 0 :
sin3x =1

Phuang phdp téng cdc s6 hang khong am
Thi du: Giai phuong trinh
2sin’x — 22 sinx + 31g2x - 23 1g2x +2=0

Loi giai
Bién ddi phuong trinh vé dang:
r V2
sin x = —
(¥2sinx - 1)+ (V3 tg2x - 1= 0 & | 2
tgzx = T

Phuong phap ddnh gid dilng dé gidi cdc phuong trinh khong mau muc.
Thi du: Giai phuong trinh
cosx.cos2005x = 1.
Loi gidi
Ta cé |cosx | <1 va | cos2005x | <I.
Suy ra phuong trinh da cho tuvong duong véi hé:
{cosx =~ & cos 2005x = -1

x =kmn.
cosx =1&cos2005x =1

Phicong phdp ham s6': sit dung céc tinh chat clia ham s6 dé giai phuorg trinh.
Thi du: Giai phuong trinh: ‘
- 2°%% — 24" = sinx — COsX.
Loi giai
Bién ddi phuong trinh vé dang:
2°™* 4+ cosx = 2"™ + sinx.
Xét ham s6 f(t) = 2' + t déng bién trén R.
Vay, phuong trinh duoc viét dudi dang:

f(cosx) = f(sinx) <> cosx =sinx & x = % + kn, keZ.

Huonmg thit hai:
Diing 1ap luan khing dmh phuong trinh cén giai la vo nghlem
Thi du: Giai phuong trinh

sin2x — cos2x = tgx + cotgx (1)
Loi gidi
- Vétrdicha(l)tacé | sin2x - cos2x | $+2.
- Vé&vphaicha(l)tacé | tgx + cotgx |2 2.
Vay, phlro‘ug trinh (1) 1a v6 nghiém.
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II. CAC PHUONG PHAP GIAI PHUONG TRINH LUONG GIAC VA BAI TAP

Bai toan 1: Giai phuong trinh lugng gidc bang phuong phép dat 4n phu.

PHUONG PHAP CHUNG
Ching ta thuc chat da lam quen véi phuong phép dat dn phu dé giai
phuong trinh luong gidc trong cic chi dé
* Phuong trinh bac 2 va bac cao d6i vGi mot ham s6 luong giac.
*  Phuong trinh ding cdp bac 2 va bac cao d6i vdi sin va cos.
* Phuong trinh d6i xitng.
Trong bai todn nay chiing ta xét thém nhimg truong hop khéc, bao gém:
1. Moi phuong trinh luong gidc déu c6 thé thuc hién viéc dai s6 hod
thong qua ham tg, cu thé néu dat t = tgx thi:

|
cotgx = —,
t

sin2x =
1+12 I+t

2. Ditt= —— hodct= ——, diéukien |t]21.

sinx Cos X

3. Patt=asinx + b.cosx, diéu kién |t]|<va® +b? .

BAI TAP TU LUAN VA TRAC NGHIEM
Bai tap 1: Giai cic phuong trinh:
a. 1+ 3tgx = 28in2x.

a x=g+k1t,kez. Q x=—;£+k1c.kez.
n n
Q x=z+kn.kez. Q =—:+kx,kez.
b. sin2x + 2tgx = 3. |
Q x=-'—g-+k1t,kez. a x=-——z—+k1c,kez.
T ! mn
a xz-—z+k1:.kez. 0 x=z+lm,kez.

Bai tap 2: Gidi cdc phuong trinh: 3
a. |+ 3sin2x = 2tgx. b. 6tgx = tg2x.
Bai tap 3: Giai cdc phuong trinh:

X
a. cosx+tg§ = 1.

Q x=k1tv&x=%:-+k1t.kez. Q xakm%xz—g-ﬂm:.kez

Q x=btvix=——}+lqn.kez. Q x=-—4’£,-|-bnhx=—-;t—+bt.kel
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b. 2+:cosx=2tg%.

+2kn keZ.

u] x=-—'—§+2ku,kez. =)

+2%kn ke Z.

&I.-.t (SRR

0 x=——745+2krt,-ksz. Q

Bai tap 4: Giai cdc phuong trinh:
a. (1-1tgx)(1+sin2x)=1+1gx.

Q x=knvﬁ-x=—-§-+kn,kez.
n 3
() x=knvhx=z+kn,kez.
a x= -+kuvﬁx——§+knkez

Q x=—-z+lmvix=—§+kmkez.
b. 4sin’x —tg’x=1.
o x=knkelZ. s x=:t1;—+k1t,kez.
u .
Q x=tc +knkeZ a x=+% +knkeZ
¢. (cosx — sinx)cosx.sinX = COSX.COS2X. |

O x=2s+knvax=-2s+kn kel
2 4
b ;

0O x=t— +kn, kel
4

o x_=—%+kzvhx=-—;£+kn.kez.

u] x=_£'+k1t_vﬁx=£+kn.kez.
| 2 4
Bai tap §: (]mphucmgtﬂnh*

cotg’x-!- - +2m-1=0.

sin x

a. Giai phuong trinh véi m = 1.
kel

o xa—g +2%knkeZ. Q

kelZ.

¥ E

+2%kn kel Q

-hla wl:vl'

Q

er-t
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b. Tim m dé phuong trinh c6 nghiém thudc ( - 365 —2—).
Q (—oo,—%]u[4,+co). Q (-oo,4- 2ﬁ]u[—;—,+w).'

Q (-oo,—-4]U[-;—,+da). Q (—-—oo,—-—;-]u[4+ 2ﬁ,+oo).

Bai tap 6: Cho phuong trinh:

4tg’x - 2m(1 + tg’x)tgx + —— =0.
cos” X
a. Giai phuong trinh véi m = -5.
Q x=—§+2kn,kez. Q =% 2k1t.keZ
T
Q x=-§+2krc,kez‘ a x=c +AnkeZ

b. Tim m dé phuong trinh c¢6 nghiém.
Q -5<m<0. 0 0O<m<3 Q 3<ms<S. 0O |m]z<s.
Bai tap 7: Cho phuong trinh:

(1 - m)tg’x — +1+3m=0
oS X
a. Giai phuong trinh véim=—
Q x=kmkelZ 0 x=i-§-+2kn,kez.

n
Q x=¢3-+2kft.kez. 0 x-:t +2%kn ke Z.

b. ﬂmmdéphmngtruﬁcdn}uéuhonlngln{:mtrongkhmng(o -—)

a me(-::-,3)\|l]. a me(O.Z')\[EI.

Y, St 1
Q me(;,l)\{-i-l Q mE(2.3)\l 2]

~ Baitap 8: Cho phuong trinh:

+ cos’x + m(
cos” X - COSX

a. Giai phuong trinh v6i m =

+cosx)-3=0. -

Q x=-125+k1t,kez. o x=—2—+'2kn,ke'z.
o x=kmkelZ . @ Vo nghiém.
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b. Tim m dé phuong trinh ¢6 nghiém thuoc (0, -g-).

Q ms-—?-. Q ms-—s-. Q OSmgl. Q Egmsé
: 4 2 2 4 2
Bai tap 9: Cho phuong trinh:
3cosx + 4sinx + — : - =m
3cosx +4sinx + 1
a. Giai phuong trinh véi m = 6.
.o x=k1tv&x=-;£+k1:.kez.
Q x=£+knvhx=£+kmkez.
2 4
Q x=-—a+knvéx=§—-a+2k1t,keZv6itgu=—43—.
a x=—a+knvhx=§—a+2kn,,keZv6itgu=:;—.

b. Tim m dé phuong trinh c6 nghiém thudc (0, x).
Q (~oo,-6]U[-5, 1]U [24, +»).

Q (-, =5] UL, V24 ) U5, +o).
Q (-oo,l—\(2—4]u[l+m.+oo).
a (-m,-é]u[—s.l-J2—4]u[1+J2_4,+oo).

Bai todn 2: Giai phuong trinh lugng gisc bing phuong phép déi bién

PHUONG PHAP CHUNG

Ta sit dung bién t dé chuyén phuong trinh ban dduv’vé phuong trith chia
céc cung t, 2t, 3t, ..., kt, réi sir dung cédc cong thirc géc nhan doi, nhan ba ...

BAI TAP TU LUAN VA TRAC NGHIEM
Bai tap 10: Giai cdc phuong trinh sau:

a. sin3x + 2cos(—g~ -x)=0.

Q :r;=—-;E —-kn,x=—% —-kﬂ:vix=E +kn, k € Z.

=] x=—;£—kn.x=——4}—k1tvax=n+kn,kez.
n T

O x=—-kn,x=—-kntvax=—-—— +kn, ke Z
4 3

0 x=L - kt,x= > -k x=~-knkeZ
6 3
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b. cos3x = 2sin(x + S?n

B X= = —k:w:,x=—-‘-lIFE mknvi£=—n+kn,kez.

3
Q x= = --lc1t,J|c=—2—"It+k1w'ax=—E +kn, ke Z.
4 3 2

Q x=—E +km, x= E—k:t,x= L -kn, ke Z.
6 3 4

Q ;c:—ﬁ'—1t +ku.x=——2§-:. +knvax=-n+kn ke Z.
Bai tap 11: Giai céc phuo‘ng trinh sau:

3x T
a. Sl — + — ) = _— - ),
[.1( ) o 10 2 )

2 10

Q x=12[-+k1t,kez. o x=3?n-2kn,kez.
Q x=km kel Q Vo6 nghiém.
N e L e

b. s:n(—2—+z)=35m(z-5).
Q =-i-—2k1t.kez Q x=-}—2k1t,kez
Q x=2kmkelZ Q Vénghiém.

Bai tap 12: Giai cdc phuong trinh sau: e

a. cos9x + 2cos(6x + %E )+ 2=0.

0 x=-£+ kn,x—-—%— +knvax= -—12t-+kn.keZ.

© W
Q x-—§£+kn x-£+kn,x-—-—-kz kel
9 3.
Q x=——%—+%, -—-2——+kuvix-—1t+k1t.kez
Q x=£+E.x=E+Evhx=——ﬂ—+E.keZ
18 3 9 3 18

b. caans-ﬁi +2= 2coas—x +cos-g£.
5 5 5
Q x=krvaxs= ta + k=, keZvatgor. 2.

Q x=2knvhx=ia+kx.keZvélsmc:r.:-;—.

Q x=-sﬂvﬁx i%{i‘— + S5kn, k € Z véi cosa =

Q x= %Tx vax= :t—s—+5k1tkevacotga—

L]
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Bai todn 3: Giai phuong trinh lugng gidc sir dung cong thic ha bac.

PHUONG PHAP CHUNG
Ta thuc hién theo cdc budc sau: .
Buwéc 1 Dat diéu kién dé phuong trinh c6 nghia.
Buéc 2:  Thuc hién viéc ha bac cia phuong trinh béang cdc cong thic:

Ha bac dom:
1. sin’x = %(1 — €0s2X) 5. sin’x = —}I(BSinx - sin3x)
2. cos'x= %(l +cos2x) - 6. cos'x = %(3(:03:{ +c0s3x)
in2 i oo
3 =X Soc0u tg'n w302 " 8in 3
coszx l+cos2x 3cosx +cos 3t
4. o:xgzx cos X l+coszx ‘ cotg’x: 3cosx +cos 3x

sm I i cos 2x 3sin x - sin3x

Ngoai ra con c6 sinx.cosx = -;— sin2x.
Ha bdc todan cuc: Chiing ta da duogc biét trong dang phuong trinh
hén hgp chifa sin"x va cos"x.
Ha bdc déi ximg: Gia sit cdn bién déi biéu thic dang:
A =sin’x.cos3x + cos’x.sin3x
ta c6 thé lya chon mét trong hai céch sau:
Cach 1: Ta cé:
A = sin’x.sinx.cos3x + cos’x.cosx.sin3x
= (1 % cos’x).sinx.cos3x + (1 — sin’x).cosx.sin3x
= sinX.cos3x + cosx.sin3x — (cosx.cos3x + sinx.sin3x)sirx.cosx

= sindx — -%cost.sian = sindx - i—s'in4x = -Esimx,

"~ Cdch 2: Tacé:
A o (3'sinx'— sin3x)cos3x + (3cosx + cos3x)sin3z
3

(sinx. cos3x + COSX. sm3x) = sin4x.— :

PN

BAI TAP TULUAN VA TRAC NGH!EM
Bai tap 13: Giai cic phuong trlnh sau:

a. sin’4x - cos’?x = sin(10x + 31!_)

b. sin’x + sin?3x = cos’2x + cos’4x.
¢. sin’3x - cos’4x = sin’5x — cos’6x.
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Bai tap 14: Giai cac phuong trinh sau:

e 5 : 3
a. sin’3x + sin’2x + sin’x = T

Q x=1t—+5£vax=_t—1£+kn.kez.
8 4 3

Q x=-§-+knvéx=i-}+kn,kez.

G fmE B il ik e d
4 2 6

Q x=n+2k1w:‘1x=i~l£ +kn, ke Z.

b. sin?3x - sin’2x — sin’x = 0.
R e

Q x=—+—vax=knkeZ.
8 4

Q x=£+£§vax=5~’£,kez
6 3 2

Q x=£+Evax=E,keZ
4 2 3

Q x=£+%‘£véxzﬂ,k Z

Bai tap 15: Giai cdc phuong trinh sau:

V2

a. sin’x.sin3x + cos’x.cos3x = T

Q x=i%+kn,kez. a’x:i%-l-kn,kez.
n n
Q x=ig +kn, ke Z. o xzi-é- +kn ke Z.
b. sin'x.sin3x + cos'x.cos3x = cos'4x.
Q x=£+££,kez o x=£+H,keZ
3 4 2
Q x=§+ku.kez Q x=—l;—n.kez

L3 - l
c. cos’x.cos3x — sin3x.sin’x = cos™4x + -

n krn t k=xn
TR e
") x=—’£—+-l§£.kez. Q x=§-+k1t.kez
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d. sin'2x.cos6x + sin6x.cos'2x =

m] x=—¥—+gvax=—5—£+ﬁ,k Z
48 4 48 4
Q x=—n—,+ﬂvhx=—§£+ﬁ,k Z
36 3 36 3
0 x=-1+EEv‘ax=5—n+E.k Z
24 2 24 p
Q x=—’r--+—2-k'—”vém=5—’t —z—kl.kez
18 3 18 3
Bai tap 16: Giai cic phuong trinh sau:
a. sin’x +cos’x = ¥4 COS’2X.
16
a x=£+E.keZ. Q x=£+—k—,kez.
8 4 £
Q x=£+E,keZ. 0 x=£+EE.keZ.
6 3 3 3
b. cos’x — cos2x + 2sin’x = 0.
0 x=kn,kelZ. QO x=n+2kn kel

Q- x=§ +km ke Z.

Bai tap 17: Giai cac phuong trinh sau:
: 1

T
a. cos*x +cos'(x+ —)=—.
4 4

n

Q =%+kn.keZ.

O x=knvax=— + kn, ke Z.

4

- x='knvix=—g-+ krn, k € Z.

n
Q Xx

wia A

3
QO 'Xs=

10 10 6

LB 5 LB sin” X+cos X

+knvix=— + kn, ke Z.

+k1rvhx=-g-"+ kn, k € Z.

6

4 4sin? 2:(-“‘.'{:!5’2 2x ;

=] x=:t% +kn, ke Z.

k

O x=—,kelZ.
2
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Bai tap 18: Giai cac phuong trinh sau:
a. 2cos’x + 2cos?2x + 2cos*3x — 3 = (2sin2x + 1)cosdx.

x=E+H.keZ. Q x=E+E,keZ.
8 4 2
x:%«uﬂ,ke_z. o] x=2—+2—k—73,kez

b. cos3x + sin7x = 2sin’( i;— + It—) - 2(:0&"’9—x ,

2

Q x=£+L,x=E+knvax=£+l,keZ
12 6 4 8 2

Q x.=—u—+5-1—t.x=£+k—nvﬁx=£+—lﬂ,kez
12 6 4 2 6 3

Q x=£+ﬂ,x=£+lvax=3+—%—l§i,kez
4 2 8 2 3 3

Q x=£+2—k3.x=£+ﬂvax=kn.kez
3 3 8 2

Bai tap 19: Giai phuong trinh:
32cos’x = 1 + cosbx.
Bai tap 20: Giai phuong trinh: ;

sin’2x — cos’8x = sin(-l-;!’—,t + 10x).

Bai tap 21: Cho phuong trinh:
sin’[(x + 1)y] = sin’(xy) + sin’[(x — 1)y].
Tim nghiém x, y clia phuong trinh dé (x + 1)y, xy, (x - 1)y 1a s6 do cic
goc clia tam gidc. _
Bai tap 22: Xac dinh m dé phuong trinh :

sin‘x + cos'x + -}m.simx — (2m + 1)sin’x.cos’x = 0
: , G g g
c6 2 nghiém phan biét thudc khoang (:, > )

Q '2\/_--4<m<-é-. Q 4—2J§<m<%.

O 2<m<2J5 +4 a -2J5 <m<6.
Bai tap 23: X4c dinh m dé phuong trinh sau c¢6 nghiém:
sin®x + cos®x = m(sin’x + cos’x)

1 1
Q H‘IZ‘E. g 0<£sm<l. O m=<0. Q —Z'SITISI.
Bai tap 24: Cho phuong trinh:
sin® x + cos® x

cos® x —sin? x

= 2m.tg2x.
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a. Giai phuong trinh khi m = % :

o x=~g—+2k1r.kez. a x=§+2kmkez.

Q x=kmkel Q Vo nghiém.
b. Xic dinh m dé phuong trinh ¢6 nghiém.

| 1 1
i mSs O 0smE-: SRE Ul T e
m 2 m g QO m<2 m )8

Bai tap 25: Tim m dé phuong trinh sau c¢6 nghiém:

sin®x + cos®x = m| sin2x |
=] mal. Q Osmsl. Q m<1 Q |m|>l-
- 4 4 _ 2
Bai tap 26: Tim téng cdc nghiém cia phu'ong trinh:

sm x+1

. Slll2 X

2cos’x + cotg’x =

‘thoa médn 2 < x < 40.

Bai toan 4: Giai phuong trinh lui_mg gidc bdng viéc bién déi n6 vé dang tich.

PHUONG PHAP CHUNG

Viéc bién déi phuong trinh lugng gidc vé phuong trinh tich phu thudc vao
cdc phép bién ddi dang:

Dang 1: Bién déi téng, hiéu thanh tich.

Dang 2: Bién déi tich thanh téng.

Dang 3: Lua chon phép bién ddi cho cos2x.

Dang 4: Phuong phédp luan hé s6.

Dang 5: Phuong phap hing s bién thién.

Dang 6: Phuong phdp nhan.

Dang 7: Sk dung céc phép bién déi hén hop.

Ta dua phuong trinh cdn giai vé dang tich:

AB=0& [A Pk
B=0

trong dé céc phuong trinh A = 0, B =0 la cidc phuong trinh c6 dang chdm.

Vdi cdc bai todn cé tham s6, dé xdc d;nh diéu kién sao cho phuong trinh

c6 ding k nghiém trén mién D, cén chi ¥ t6i s6 nghiém cia méi phuong trinh
thanh phan.

BAI TAP TU LUAN VA TRAC NGHIEM
Bai tap 27:
a. sin’x + cos’x +sinx = 0. :

b. (2sinx + 1)(3cos4x + 2sinx — 4) + 4cos’x = 3.
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Bai tap 28: Giai cac phuong trinh sau:
a. 2sin’X + cos2x - sinx = 0.

O x=knvixs —+-l-§-t- keZ

0 x=-1£+ Ev&x=£+k1’c,kez.
4 2 6

g x=~;5+2kmax=3;;+kx,kez.

0 x=£+2knvﬁx=-’£+ E.keZ
2 4 2

b. sin3x - sinx + sin2x = 0.

Q x=£+knvéx=3+ﬂ.kez
4 8 2

Q x=£+ﬁvax=£+ﬁ.kez.
4 2 3

Q x=%+2§£véx=kn,kez.

Q x=——E +&vﬁx=kx,kez.
3 3

JBai tap 29: Giai cdc phuong trinh sau:
3 '+ cosx

Q x=n+2knvax=—-:- +kn. ke Z.

o x=-§+knv&x=2kn.kez.

O x=2 +knvax=— +2%kn ke Z
4 6 ?
T It

0 x=§++knvhx=-6—+2kn,kez.
|l +sinx

b. cotg’x= —

T A 1+ cosx
n T

0 x=—+knvix=-— +2kn kelZ.
4 2

0 x=—~+knvix= = +2kn ke Z.
4 2

Q x=3—+knvix=—’-t- +2kn, ke Z.
3 6

0 x=—§—++kxvhx=-—+2kn,kez
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* Chuong 11: Pl inh vi hé pt trinh | 22

Bai tap 30: Giai cic phuong trinh sau:

3 3
a. tg’x= l"°°s1x. b. tg’x= -llf—?f;-i.
l-sin” x I+sin” x
Bai tap 31: Giai cdc phuong trinh sau:
a. cos’x +cos’x + 2sinx -2 =0.
. )
b. sin3x = —= sin’x = 2cos2x.sinx.
NE)
Bai tap 32: Giai cdc phuong trinh sau:
a. 3ig3x +cotg2x = 2tgx + — 2 d
: sin 4x
b. cotgx - tgx = sinX + COsX.
Bai tap 33: Giai cic phuong trinh sau:
3(cos2x +cotg2x) 2sin2x = 2.
cotg2x - cos2x
0 x=2 +knvix=— +knkeZ. .
6 A
Q x=2 tknvix== +kn, ke Z.
4 ! 6
o x=-§- +knvax= E— +kn, ke Z.

Q x=—--1 +lc1wh:n:=—7-"’—t +kn k € Z.
12 12

COsS X cosSx

b. - = 8sinx.sin3x.
cos 3x cos X
Q x=Hv5x=E+kn.keZ.
. 4 2
kn n knrn
QO x=—vax=—+—,kelZ
X 5 va x z 3 .

Q x=k1t1.rhx----E +E.kez.
8 4

O x=2knvaxs= s +Et—,k € Z.
- . S

Bai tap 34: Giai cic phuong trinh sau:

a. 3sin3x - V3 cos9x = 1+ 4sin'3x.

b. 4cosx - 2cos2x - cosdx = 1.
Bai tap 35: Giai cic phuong trinh sau:

a. sinx + sin2x + sin3x + sindx + sin5x + sin6x = 0.

3z 1

X 3x . ik
b. cosx.cos —.cos— — sinXx.sin— .sin— = —,
2 2 2 2 2
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Bai tap 36: Giai cic phuong trinh sau:
a. sin3x.sinb6x = sin9x.
b 1§kl NRRN

cos” 2x

Bai tap 37: Giai céc phuong trinh sau:
a. sin’x — cos’x = sinx + COsX.
b. 2cos2x — sin2x = 2(sinx + cosx).

Bai tap 38: Giai cic phuong trinh sau:
a. sin'x + cos'x = sinx — cosx.

Q x=%+kmkez. a —% +kn kel
Q x=knkelZ. 0 Vo nghiém.

b. sin’x.cosx - cos2x + sinx — cos’x.sinx — cosx = 0.

Q x=n+2kn,x=—g +2k1|:_vﬁx=% +kn, ke Z.
Q :n:=1rr+2h:1t,x=—%1r£ +2kxvax=§+kn,kez.

Q x= E— +kn, x= % +2knvax=kn ke Z.

Q Vo6 nghiém.
Bai tap 39: Giai cic phuong trinh sau:
a. sinx(l + cosx) = 1 + cosx + cos’x.

Q x=§+kn,kez. 0 x=~g-+2kn.keZ.
Q x=2%nkelZ Q Vo nghiém.

; Ly RSN L
b. sin’x + 2sin’ 5 2sinx. sin® 5 + cotgx = 0.

Q x=—£—+kn,kez. Q x=-}+kn,kez.
Q x=kmkelZ Q Vo nghiém.
Bai tap 40: Tim x thu6c doan [0, 14] nghiém diing phuong trinh:
sin3x + sin2x = Ssinx.
Bai tap 41: Cho phuong trinh:

(2sinx - l)(2c052x + 2sinx + m) = 3 — 4cos’x.
a. Giai phuong trinh khi m = 1.

0 x=£+2ku,x-33-+2knvhx-£+-]-‘£k Z.
3 $. 4 2
Q E+2kxx-5—"+2kuvhx—£+£t-kez
- 6 6 4 2
T

0 x= E +2kx,x=.-2— +2knvax=kn ke Z.
QO V6 nghiém.

195



b. Xéc dinh m dé phuong trinh c6 ding 2 nghiém thudc [0,x].
0 me(-0,-NuU@G+0)U{0). O me (-0 0)U@E +0)u|(l].
; O me(-wo-1)u@+0)u(3). O Voénghiém.
Bai tap 42: Cho phuong trinh:
sin2(x — ©) — sin(3x — 1) = m.sinx.
a. Giai phuong trinh véi m = 1.

Q x=i-2-31:—+2knvix=-§+ku.kez.
0 x=i—-3’£+2knvéx=—-;—+kn,kez.
Q x='i§- +2knvax=n+2kn, k e Z.

=] x=:l:% +2knvax=2kmn ke Z.

b. Tim m d€ phuong trinh cé it nhat mot nghiém x # kn, k € Z.

5 5 5
QO m2—, o 0<m<=—. O -—<m<S.
i a a msl. 2

Bai tap 43: Xac dinh m dé phuong trinh:
cos3x — cos2x + mcosx — 1 =0

c6 ding 7 nghiém thudc khoéng (——;— , 21).

0 m2l o O<mc<l. 0. i<Mes . o -;—Sm<2.
Bai tap 44: Xac dinh m dé phuong trinh:
mcos3x + 4(1 - 2m)sin’x + (7m — 4)cosx + 8m - 4 =0

6 ding 3 nghiém thudc khoang (0, 2r).

O m>0. Q l<m<2 g 0<mxZ. 0O m<%.

Bai todn 5: Giai phuong trinh lugng gidc bing viéc bién ddi phueng trinh
thanh t6ng céc dai lvong khong am.

PHUONG PHAP CHUNG
Ta cdn nhé céc dai lugng khong Am trong lugng gidc, bao gém:
“A?, |BJ, 1 £ cosx, | # sinx,
do dé dé sir dung phuong phdp nay gidi phwong trlnh lugng gidc ta tuwee hién
theo cic budc sau: '
Bude 1: Bién déi puwong trinh ban ddu vé dgng: .

A,+A,-_|-...+A,=0. (1)

—_—

Budc 2:  Ding 1ap luan khing dinh A,> 0, Vi= Ln.
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_ Buoe 3:  Khi do:

(1) ¢

()

{r’\n =O
Buoe 4:  Giai hé (I).

BAI TAP TU LUAN VA TRAC NGHIEM
Bai tap 45: Giai phuong trinh:
a. vos'x + sin®x = cos2x.

Q x=§+kn,kez. Q x=§+kn,kez.
Q x=kmkelZ. Q Vo nghiém.

2 3 ;
b. sin’x + Z sin’3x = sinx.sin’3x.

Q x=-—1:— + 2kn, x = 235 +2knv&x'=12t-+kn,kez.

n r

Q x= 3- +2k1't.x=—2—332 +2knvax=kn ke Z.

“

QO x=— +2k=n . x= %’E+2knvéx=g+kn.kez.

A &

Q x= —g +2km, x = % +2knvax=kn ke Z.
Bai tap 46: Giai phuong trinh:
sin’x + sin’y + sin’(x + y) = %

Bai tap 47: Giai phuong trinh: ‘
tg’x + tg’y + cotg’(x +y) = 1.
Bai tap 48: Giai phuong trinh:
x> - 2x.sinxy + 1 =0,

Bai todn 6: Giai phuwong trinh lugng gidc bang phuong phédp dénh gia.

PHUONG PHAP CHUNG
Ta danh gia phuong trinh dua trén cdc dang:
Dang | : Tinh chat cua cac ham s6 lugng gidc va biéu thifc lugng gidc.
Dang 2: Phuong trinh lugng gidc dang Pitago. '
Dang 3: Sit dung bat dang thic Cosi.
Dang 4: Sir dung bat dang thiic Bunhiacopski
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BAI TAP 1'U LUAN VA TRAC NGHIEM

Bii tap 49: Giai cidc phuong trinh:
" a. sin2x.cos8x = 1.

o x--’—t—+-l-‘-£kez I:J.x-—TE-'+Et-keZ.
e < SR 10 4
0 x=knkelZ Q Vo nghiém.
b. sin’x + cos’x = (2 - sin‘x).
Q x=;+kn,kez. Q x=-§+ku.kez.
o x=knkeZ O 'Vénghiém.
c. (cosdx —cos2x)’ =S + sin3x.
Q _x=g+2kn:,kez. w] x=g+2kn.kez
Q0 x=2%knkelZ '@ Vo nghiém.
d. 4cosx - 2cos2x — cosdx = 1.
0 x_---k—?—vix=£+2kn,kez.
2 4
Q x=‘5—~vh_ & +2%kn, ke Z.
2 - 4
Q =§+lmvix -2k, k € Z.
Q x--;—+2knvhx—kx.kez
Bai tap 50: %
¥ sin’2x-'-_'lgl.x= -g-cosk. :
b, _sinSx_,+cos3x -'.'2 ;
cos2x sin2x - sin3x
B Zsm3x—-——l——=2cos3x+
sinhA . COSX
Bai I:QpSI Gzilcicphmmgtﬂnhz
' cotg2x+eotg3'x+ : = 0,
& ~. . sinx.sin2x.sin3x
i sm4x+sm21-4sm3x+2c032x -4 9
' Giii _sinx -1 . :
wupsz' dcphm,ﬁ,? P
a. 7cos’x+199.’zsm x-l995 |
e 'x=_-5+k_1t.k_ez. : 'u x=-;-+k1t,keZ..

o x=knkeZ . Q Vo nghiem.
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b. cos'x +sin"x=1.

o x=——-—véx=%+2kn,kez.

Q
-
n
=~ =
ln“:n

ix= ~ +%n ke
14

+2knvax=kn ke Z.

C
Il

+knvax=2kn ke Z.

CN[A NA

g

c. cos''x + sin'x =1.

l:l'x=-15—1-t—\'rax=-1+2kn.kez.
2 13
o x=£’£v&x=£-+2k1r.kez.
2 14
0O x= -’2£+2knvhx kn, ke Z.
& —;—+kn\mx 2kn. ke Z.
d. sin®™x + cos™x = 1.
kn
o x=-i--.k€Z- Q x=2%knkelZ.
0 x=kmkelZ - @ Vonghiém.
Bai tap 53: Gidi phuong trinh:
(sin’> + )’-+(¢os’-’-.(— + : )-—-cos’4x-
2 4 AT 2 a X 4
sin” — Cos —
% OO : 2
o x’=‘%§,ke‘z.-_ A a xz-?—.kez.
0 x=kmkeZ ;@ Vonghiém.

Bil tip 54: Giai phuong trinh:
(tgx + -};c'otgx] = cos"X + sin"X, véin € N, n 2 2.

Bai tap 55: Giai cdc phuong trinh:
2

a. cosx=1 :
* E 2!

o x=0. a x=[. 0 x=n Q x=2n

b. cosx=1 + x.

0 x=0. o IR R FEGSRR ¢ L O x=2=n
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Bai tap 56: Giai cic phuong trinh:

a. sinx +tgx — 2x = 0, vai Os;u:-;-.

a x=0. D x=1. a x=m 0 x=2«
b. x—sm§(x+1)sin”('3"‘) = 0 véi xe [0,1].
Q K=%—. 0. x=0, a x=7 Q x‘=2!t.
Bai tap 57: Giai cac phuong trinh:
a. 12sinx + Scosx = 2y’ - 8x +2l.
X
2tg—
b —2 =y odyes
1+tg’ =
'8 2

| } A iy !
c. (cos’:w : ) + (Sil‘lz X+ ) = 12 + —siny.
: cos” X sin” x 2
Bai tap 58: Gidi phuong trinh: |
2m’-2m(oosx+sinx)-+-§- = CcOSX — sinx, tuy theo tham s6 m.
Bai tap 59: Tim m dé uhuong trinh c6 nghiém:

' (2m + 1)(sinx — cosx) - (sinx + cosx) + 2m’ + 2m + 2= 0.

Bai tap 60: Tim m dé phuong trinh sau c6 nghiém:

_ (cosdx — cos2x)’ = (m*+ 4m + 3)(m’ +#4m + 6) + 7 + 5in3x.
III. HUONG DAN - GIAI - PAPSO
Bai tap 1. | .
a. Diéukiéncosx #0e>x= —;—t- +knkeZ.

2t
L
Khi dé, phuong trinh c6 dang:

: 4

!2

Dat t = tgx, suy ra sin2x =

S+ +PH) =o'+ -t+1=0

| +3t=
1

S+ DEC-2t+ D)=01=-1 c:::rtgxz-lc::»x:——-} +kn k¢ Z.
Viy, phuong trinh ¢6 mét ho nghiém.
b. Diéu kiencosxatOQx:-;— +knkeZ.

2t
1+t

Dit t = tgx, suy ra sin2x = 3
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Khi d6, phuong trinh cé dang:
2t
1+t

—— +2A=3oA+2(1+)=3(1+)S 2" -3 +4-3=0

S-NR2E-t+3)=0t=1oEgx=1ox= f-:— +kn, k € Z.

Vay, phuong trinh c6 mét ho nghiém.
Bai tap 2.

o Pl fabi s w0 &5 & g sk kel

-2t
1+

Khi d6, phuong trinh ¢é dang:

‘Datt = 1gx, suy rasin2x =

1+16t[2 =2 l+C+60=2(1 + ) 2t -t -4t-1=0
+
& (t+ 1)Q2F - 3t 1)40@ el
: 2t -3t-1=0

o tgx = -1 X=-—4+Kkn
< 3+417 © tgx=3+4'”==tga¢: x=at+kn ,kelZ.

t = .

Xx=pB+kn
? AT P
1gx = p =1gp

Vay, phuong trinh c6 ba h& nghié¢m.
b. Diéukiéncosx 20> x = —;- +kn. ke Z.

2t
1-1*
Khi d6, phuong trinh c6 dang:

6t = —1-—2—23— Sl -H=tot(3’-2)=0

Dat t = 1gx, suy ra tg2x =

x=kn

t=0 igx=0
[xzia+kn'

<> 2 & 2 )
l=i§ gx =+ -é-:i:tga

Vay, phuong trinh ¢6 hai ho nghiém.
Baii tap 3. _ ' '

a Diéukiencos%\to,& % # —;— +knoxzn+2kn ke Z.

11}
j£t5

Datt-:tg%,suy ra cosx =

kel

201



Khi dé, phu'ang trinh c6 dang:
l 2

g t-l<::-i-—t‘+(t-l)(l+t’) 0t =20 +t=0
+1t

ke Z.

t=0 tgx-O xzk’_t
<
t=1.

oit-1)Y=0 -
_ | tgx—l x=z+krt

Vay, phuong trinh c6 hai ho nghiém. o
b. Diéuki{:ncos;- ¢0¢:>_—;- # -2’5 +knox#zn+2kn ke Z.

2
2 ; .

-t

1+t

Khi d6, phuong trinh c6 dang: B %
e R - . el
2+ : ‘_2 =202 -C+2-3=001-1)2¢0 +t+3)=0
: +t : ; h - :

Ditt= tg%, Suy ra cosx =

bt"=l<:>.tgf-=l<:$—;-=£—+lmax=-§#2ku,’- € Z.

Vay, phuong trinh c6 mét ho nghll,'m
Bai tap 4.

. .a. Dléuknencosi vt"(}a —2-'#—2—+kxa;t¢u+2kn keZ.

Pat t = tgx, suy ra sm21_ = -

. Khi dé, phmm; trinh ¢6 dang:
Cp¥t?

1+t

s o [x=kn i I
8 e VG L B R SIS
Ct==1 1gx = -1 x=-;—+ku

vgy--phmg trinh c6 hai ho nghiem
b. Djéuhencosz 20 E # —2— +kn¢:=~xaen+2k1:.ke Z.

Vit lai phuong trinh dudi dang: .
201 -—cos2x)-tg x-1 —0c32cost+tg x-1=0,
t

Dit t = tg’x, suy ra cos2x = L__
1+t

Khi d6, phuong trinh c6 dang:
2(1-1)

1+t

(l’“‘fl)(l-i- 2tz.) =l+l<i‘;2tz(l*:"i).=0

+tt-1=00t-2+1=0t=1c1g'x=1

o tgx = 1 <::>x=i§ +km k € Z.
Véy, phuong trinh cé hai ho nghiém.
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c. Bién déi phuong trinh vé dang:
(cosx — sinx)cosx.sinx = cosx.(cos’x — sin’x)

&> cosx.(cosx — sinx)(sinx — cosx — sinx) = 0 <> cos’x.(cosx — sinx) =0

[e =)
b & kel

x = —+Kkn
4

Vay, phuong trinh ¢6 hai ho nghiém.
Baitap 5. Diéukiénsinx#0 o x#kn, k e Z.
Viét lai phuong trinh dudi dang:

m 1 m '
et} g ' P ] MO W el g T 0,
sin” X sin X sin“x  sinx

x=£+kx
| &

CosX =SinXx

1
Datt= ——, diéu kién || > 1. Khi d6, phuong trinh c6 dang:

sin x
f(t)=tz+rnt+2m—2=0. (1)
a. Véim = 1, ta dugc:
t=0(loal) 1 : T
C+t=0& & —— =1six=1ox=— +2%kn ke Z
t=-1 sin X - 2

Vay, vi m = 1 phuong trinh c6 mét ho nghiém.
b. Phuong trinh c6 nghiém thuoc (—E . 3)

<> Phuong trinh (2) ¢6 nghiém |t| 22.
Ta di xét bai todn nguoc "Tim diéu kién ciia m dé phuang trinh (1) vé. .
nghiém hodc cd hai nghiém déu thuoc khodng (-—2 2)" - s

(A <0 m’-8m+8<0
(A20 . (m? —8m+820, _
o | {AED>0 11250 a'-—-l-<rn<4+_ 2V2.
1af(2) >0 14m+2>0. 2 :
g e :
~-2<—=<2 -2<-—
| 5 1 2< 2«:2

 Vay, véim s-—-;- hodc m> 4 + 247 thod mén diéu kién ddu bai.

Baitap6. Diéukiéncosx 20 x 2 §+ kn, k € %

Viét lai phuong trinh du6i dang:

41g’x — 2m(1 + 1g’x)tgx + 4(1 + tg’x)*=0
. - B
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Chia ca hai v€ clia phuong trinh cho (1 + tg’x)’# 0, ta dugc:

2
4 -—ng-z-* —Zm.——E‘—"—z— +4=0,
I+1tg°x 1+1g°x

Pare= 85 . diéukien |t] < 2 boi:
1+1g°x 2
Civsk tgx l
l+tx22|tx|¢» < —.
’ . 1+tg’x| 2

Khi d6, phuong trinh c6 dang: g
f(t)=2t2-—mt+2=0._ - (D
a. Véim = -5, ta duoc:

1
BT LA R S YRR .

2
{22 loai I+tg°x 2

c::»tgx=-l¢:>x=§+kx.kez.

- Viy, véim = - Sphmngtﬂnhcommhonghlem
b. Phuong trinh c6 nghiém

& Phuong trinh (1) c6 nghiém { € (-~ , =)

£(~1/2).f(1/2) < 0 (cdrthir lai)
(l)Cél M thude (- 1 l) (A20
n m -
(l)cézngmmmuoc( o 2y |811/2)>0
22 o e
: —— =< =
B v g
e |m| <5.

Vay, v6i |m| <5 thoa mén didu kién ddu bai.
Baitap 7. Diéukién cosx 20 <> x # —275 +kn. k e Z.

Bién d6i phuong trinh vé dang:
(1-m)l(— I RN
cos“ x COosSX ;
< (1 —-m). 12 Ll +4m=0

cos” x cosXx:

L L
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Patt= ——, diéukien [t| > 1, khi d6 phuong trinh c6 dang:
COS X

fy=(1 —m)t* =2+ 4m =0. (1)

a. x:ig— +2kn, ke Z.
b. Vax e (0, §)=>0<cosx<1:>t>l.

D¢ phuong trinh ¢6 nhiéu hon mét nghiém thudc (0, -g-)

<> phuong trinh (1) cé nghiém thoa man 1 <t, <t,

A'>0 4m? -4m+1>0 [lcm.:]
& {af(1)>0 < {(l-m3m-1)>0& l
S/2>1 1 ot mi*'z—
1I-m

Vay, véi me( % 1\ -21— } thoa min diéu kién diu bai.

Bai tap 8. Diéu kién cosx 20 x# % +kn, ke Z.

buatt = + cosx diéu kién |t] >4, suy ra +cos’x =t* - 4.
COsS X cos X
K'hi dé, phuong trinh (1) c6 dang: _
-4+mt-3=0f)=+mt-T7=0. (1)

a. Vdm=~%,;ad'.rqc:

=3
-2t-21=0& 7 loai.

3
Viay, véim = —~§- phuong trinh v6 nghiém.

b. Phrong trinh c¢6 nghiém thuéc (0, —;—I—)

<> (1) g6 nghiém thoa mant > 4
(1)c6 1 nghiémt > 4

: o af(4)<0=9+4m=<C ms—g.
(1)c62 nghiémt 2 4 (loai) 4
V’ay, v6i m < ——3: thod mén diéu ki¢n ddu bai.

Bai ttap9. Diéu kién 3cosx + 4sinx + 1 20, £

Diitt = 3cosx + 4sinx + 1, didu kién 45t <6, ke'thupvél(*) taduch:éu
kién it € [ - 4, 6]\ {0}.
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Khi d6, phuong trinh c6 dang:

: It—l+%=mc::~f(l)=t2-(rn+l)t+6=0. (1)
a. Vaéim =6, ta duoc:
t2—7t+6=0¢:~[t=1
t=6
* Véit= |, ta dugc:
3cosx +4sinx + |1 =1 &< 3cosx + 4sinx =0

¢:>tgx=—%=tgu¢:~x=a+k1t.kez.

* Véit=6, lam tuong tu.
3cosx + 4sinx+ 1 =6 3cosx +4sinx =5

C:»%(IEJH- %s’m=l<:>sir(x+a)=l¢>x=5 -a+2%knkeZ.

Viy, véi m = 6 phuong trinh c6 hai ho nghiém.
b. Phuong trinh cé nghiém thuéc (0, n)
<> (1) c6 nghiém thod mant € D=[-2, 6]\ {0}
[1(~2).f(6)< 0 .
(A>0 m < -6
cé ié o%
b [(l) 1 nghiém thuéc D “ af(-2)2 0

j & |-5fsmsl- JEZ
(1)c62 nghiém thudéc D 1af(6) 20

m21+\52

—25§$6
2

Y

Vay, véim € (~0,-6] U [-5, 1 = v24 1 U [1 + v24 , +)
Ch y: Trong 16i gidi trén ching ta khong cdn kiém tra diéu kién t # 0 béi f(t)
cbac=6>0.
Bai tap 10
a. Part= _E -Xx=3x= —2- -3
Khi dé, phuong trinh c6 dang:

' sin(-g— - 3t) + 2cost = 0 <> cos3t + 2cost = 0 < 4cos't — cost =0

i n
- - x=-—§-kn
cost=0 t=2+kn
o 1 © 2 @"x=-£—kn.kez.
cost =+— T 6
2 t=i§+k; &
i =——Kkn
LY ag

Vay, phuong trinh c6 ba ho nghiém.
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b. Patt=x+ 565 ::3x=3£—§£.

Khi dé, phuong trinh duge bién déi vé dang:

Sn : < ; : ;
cos(3t — ? ) = 2sint <> sin3t = 2sint <> 4sin't — sint=0

5
.x=——?ﬂ+kn
sint =0 t=kx
SN L |
A= 1< b S| x=-——+kn. ke Z.
sint = +— t=+—+kn 3
X=-n+kn

Vay, phuong trinh c6 ba ho nghiém.
Bai tap 11.

3n

a. bitt= — - =2 L ax-3
10

X
2 2 10
Khi d6, phuong trinh duge bién déi vé dang:
sin(mt — 3t) = 3sint < sin3t = 3sint <> 4sin't=0 <> sint =0
ot=kne X - X -k:tc::»ngf- - 2kn, k € Z.
11 5
Vay, phuong trinh c6 mét ho nghiém.
X 3x

b. Ditt== -2 o X 3 L ugoit
N ki VAL

Khi 46, phuong trinh dugc bién déi vé dang:
sin(rt — 3t) = 3sint < sin3t = 3sint <> 4sin't =0 <> sint =0
¢:>t=k1t<:>—} - -;— =k1t<:>x=§ -2kn. k € Z.
Vay, phuong trinh c6 moét ho nghiém.
Bai tap 12.

a. Datt-—3x+§=>6x+-§- =2tva9x=3t—n

Khi d6, phuong trinh duoc bién déi vé dang:
cos(3t— )+ 2cos2t +2=0<¢>—-cos3t + 2cos2t + 2 =0
<> 3cost — 4cos't + 4cos’t — 2 + 2 = 0 > 4cos’t — 4cos’t — 3cost =0
> (4cost - 4cosl-3)cost==0¢:r(2003t+l)(2cost—3)cmt 0

n kn
; T
cost=0 t=-1-t-+k1t

leos thsl T 2k1’t

= 1 e 5 = x=-9—+—3—-— kel
ICOSI—-E l'=i—1-t-+2k1t
4] 3 =—£+.2——kx_
i 3 3

Vay, phuong trinh c6 ba ho nghiém.
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inh vil r trinh |

b Dl B o oKL
5 5 5
Khi dé, phuong trinh dugc bién déi vé dang: °
cos3t + 2 = 2cos4t + cost < 2(1 - cos4t) + (cos3t - cost) =0
&> 4sin’2t — 2sin2t.sint =0 :

s~ 0 : [sin2t=0 2l =0

: . -~ ¢ = 1
| 2sin2t -sint =0 (4cost—1)sint =0 cosl=z=cosc:

- ' [2x  kn < Skn
sty e 25 2 P ‘; ke Z.
|t =ta+2kn —1=ta+2kn x=i-—é—1~—+5kn

Vay, phuong trinh cé ba ho nghiém.
Ba tap 13.
a. Bién déi phuong trinh vé dang:
l-cos8x 1+cosl2x

- = sin(10x + —E)
p 2 2

<> 2cos10x + cosl2x + cos8x =0

&> 2c0s10x + 2cos10x.cos2x = 0 < (cos2x + 1)cosl0x =0

-

2x =+ 2kn x=£+kn
cos2x = -1 2
< I & ke Z.
coslOx =0 10x=—2-+k1t I _lgt_
Loy - )
Vay, phuong trinh c6 2 ho nghiém.
b. Bién ddi phuong trinh vé dang:
3
1 -cos2x 5 1-cos6x _ 1+cosdx - I+ cos8x
2 2 2 2
<> cos8x + cos2x + cosbx + cosdx =0
&> 2co0s5x.cos3x + 2cosSx.cosx =0
&> (cos3x + cosx)cosSx = 0 & 2cos2x.cosx.cos5x =0
s = 0 2x = = +kn x=—’-t—+£’£
T 2 o 4 2 keZ
cosS5x =0 n % ke’
Sx=—+kn X=—t—
; AR R L 99

Vay, phuong trinh cé hai ho nghiém.
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c. Bién déi phuong trinh vé dang:

J—ccrsﬁx

2 2 2 2

< cos12x + cos10x — cos8x — cosbx =0 | -

l+cos8x _ 1-codlOx 1+cosl2x

&> 2cosl 1x.cosx — 2cos7x.cosx = 0 <> (cos11x — cos7x)cosx = 0

| : ke
[cosx=0 Xx=—+kn 3
=

7 o k9 kel
cosllix =cos 7x 11x = +7x + 2k= x=7“

Vay, phuong trinh c6 hai ho nghiém.
Bai tap 14.
a. Bién déi phuong trinh vé dang:
l-cos6x 1-cosd4x 1-cos2x
- + : + :
2 2 2
&> cosbx + cosdx + cos2x = 0 < 2cos4x.cos2x + cosdx =0
& (2cos2x + 1)cosdx =0 |

—
=

3
2

—

cosdx =0 4x=£+k_n _ =-’-‘-+E
& 1 & 2 &S i, kel

cos2x:—5 2x=i%ﬂ—+-2kn x=i-§+k1t

Vay, phuong trinh ¢6 ba ho nghiém.
b. Bién déi phuong trinh vé dang:

ATo080x _ cinax - LTOW2X o e (cosbk —coilx) + 260y &0

&> - 2sindx.sin2x + 2sin’2x =0 < — 2sin2x({sindx — sin2x) =0
&> —4sin2x.cos3x.sinx =0 ; :

sin2x =0 - x,__l?f_
& |cos3x=0e | . kel
gy cos3x=0 o, S
3 il ke,

Vay, phuong trinh ¢6 hai ho nghiém.
Bai tap 15.

a. x=j:§ +kn, k € Z.

kn

b. X
3

ke Z.-



i Ao B
d. Ta c6 thé lya chon mot trong has cach bién d61 sau cho vé trai:
Cach I1: Ta c6:

VT = sin’2x.sin2x.cos6x + sin6X.cos2x.cos’2x
= (1 — cos’2x).sin2x.cosbx + sin6x.cos2x.(1 - sin’2x)
= sin2x.cos6x + sin6x.cos2x —
— c0s*2x.5in2X.cos6X ~ sin6x.cos2X.1in*2x
= sin8x — cos2x.sin2x.(cos2x.cos6x + sin6x.sin2x)

= sin8x - %sin4x.cos4x = sin8x - —i—sinSx = %sinSx.
. €Cach 2: Tacé:
VT = —i—(Ssian — sin6x)cosbx + -41-630052); + cos6x)sin6x

= -3—(sin2x.cosﬁx + c0s2x.sin6x) = %sinSx.

Phuong trinh duoc bién déi vé dang:

S

ESe N .
zsin&l&:l‘«3 ¢:>sin8x=—l—c:> 48 4,keZ
4 8 2 §_1_t_+k1r
L 48 4
Vay, phuong trinh cé han ho nghiém.
Bai tap 16.
n kn
a. x=—+—,kelZ.
8 4
b. x=k1t,l;_ez.
Bai tap 17.
a. x=knvixi=’-:-+k1t,kf-"L._
kn
b. x=—,keZ.
2
Bai tap 18.

a. Bién déi phuong trinh vé dang:
cos2x + | + 2c0s™2x + cos6x.+ 1 — 3 = (2sin2x + 1)cosdx
<> 2¢084x.c082X + c0s 1x = (2sin2x + 1)cosdx
& (2c082x + 1)cosdx = (2sin2x + 1)cosdx
<> (cos2x — sin2x)cosdx = 0 <> cosdx = 0
&> 4x = —+ku¢x-f—+ﬂ keZ
Gk 8. 4

Viy, phuong trinh c6 mét ho nghiém.
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b." Bién déi phuong trinh vé dang:
cos3x + sin7x = | — cos(5x + —;— )— T — cos9x

<> cos9x + cos3x + sin7x — sinS5x =0
<> 2¢086Xx.cos3x + 2cos6x.5inx = 0 < (cos3x + sinx)cosbx =0

Tt kn
: Ser i
cos6x =0 6x:£+kn x
3 | - c:;.x:z+k1[ keZ
cos 3x =cos(x +’2‘) 3x = +(x + -E)+ 2kn
4 2 n kn
R L e e
g2

Vay, phuong trinh ¢6 ba ho nghiém.
Bai tap 19. Bién d6i phuong trinh vé dang:

1 +cos 2t

3
32cos’x = | + cosbx < 32{ ) - cosbt = |

&> 4(1 + 3cos2t + 3cos’2t + cos'2t) — (4cos'2t — 3cos2t) = |

cos2t = ~1 A

<> 4c0s2t + 5cos2t+ 1 =0 & I =
cos2t = _Z = cos 2t 2t = 2 + 2kn

T = n
n X+—=—+kn X=—+kn
—“5*"'“! - 4 2 4

n n
o l=a+kn o x+~;=a+kn < x=a~——4—+kn L keZ.
t=-a+kn

n , n
X+—=—-a+kn XxX=—0o-—+kn
4 4

Vay, phuong trinh cé ba ho nghiém.
Bai tap 20. -—+——-— X _z__+__ kel
S ot Wit S

Bai tap 21. Ban doc tw gidi.

Bai tap 22. 25 -4<."1'i<';3;?.

Bai tap 23, -;- <m sxm

Bai tap 24.
a. Phudngtrmhvbngli}m
-
- ml> 2 ;'

Baitap 25. m 2 -i-
Bai tap 26. Ban doc tw gs‘&i.
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Bai tap 27.
a. Bién ddi phuong trinh vé dang:

sin’x + sinx + cos*x.cosx = 0 < (sinx + 1)sinx + (1 - sin’x)cosx =0
sinx = -1 (1)
sin X +cos X —sinx.cosx = 0 (2)

a(sinx+l)[sinx+(l—sinx)oosx]=0¢[

-’ w

Gidi (1): Taduge x = ~ 7 + 2kn,k € Z

” y . . > ¥l
Gidi (2): Dat sinx + cosx = t, diéu kién It < V2 , SUY ra Sinx.cosx = _?_

Khi dé phuong trinh c6 dang:
t=1-+2

c:sinx+oosx=l-\5
t=l+wﬁ loai

&> V2 sin(x + {-):l-:ﬁ &> sin(x + %)= 1—3?2-@ = sinot

|
t- L1 =0 f-2-1=0e

X +— =0 +2kn X =0 -~ +2kn :
& 4 <> 3 4 kel
x+£=n-a+2lm x=—£—a+2kn
4 4

Vay, phuong trinh cé ba ho nghiém.
b.: Bn'!n d8i phuong trinh vé dang:
(2sinx + 1)(3cos4x + 2sinx — 4) = 3 - 4(1 - sin’x)
& (2sinx + 1)(3cosdx + 2sinx — 4) = 4sin’x ~ |
<> (2sinx + 1)(3cos4x + 2sinx - 4 — 2sinx + 1) =0
&> (2sinx + 1)(3cosdx - 3) =0 |*"* 772

cosédx =1

x=-—-’-‘-+2kx x=-£+2kn
6 3 6

= x=2—6£+2k1t o x=-?£~+2ku kel

x=2x | _kn
: A o
Vay phuong trinh c6 ba ho nghiém.

Baithp28.

a. Ta cé thé lya chon mdt trong hai cich bién ddi sau: ¢
Cdch I: Bién déi phuong trinh vé dang:

2sin’x + 1 - 2sin’x — sinx = 0 ¢ 2sin'x - 2sin’x — sinx + 1 =0
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<> (sinx = 1)(2sin’*x - 1)_= 0 (Isinx - 1)cos2x =0

sl et x=£+2krc x=£+2kn
& 2 &5 2 kel
cos2x =0 T n kn
2x =—+kn X=—+4—
s &g

Vay, phuong trinh c6 hai ho nghiém.
Cdch 2: Bién déi phuong trinh vé dang:
(2sin’x — 1)sinx + cos2x = 0 <> —cos2x.sinx + cos2x =0
< (sinx — 1)cos2x =0

R x=—12-t—+?.k1t Jx=-12-t-+2kft
& . JkeZ.
cos2x=0 n n kn
2x =—+kn X=—+—
¢ 2 R s

Vay, phuong trinh cé hai ho nghiém.
b. Bién déi phuong trinh vé dang:
2cos2x.sinx + 2sinx.cosx =0 & (cos2x + cosx)sinx = 0
[sinx =0 x=kn
o &
| cos2x = cos(x + ) 2x =H(x + n)+ 2kn
[x = kn

<=:»x=—-1£ 2"El: Z.
z N

_x=n+2kn

Vay, phuong trinh c6 ba ho nghiém.
Bai tap 29.
a. Diéu kién:

{cosx#ﬂ
sinx # 1
Bién ddi phucmg trinh vé dang:
I-cos®x _ 1+cosx o 1#c0sx (I—cosx'_l]
l-sin’x  1-sinx 1-sinx \\1+sinx

c&cosx:ﬂﬂc::x:t-z—a-kx kez

=0

& (1 + cosx)(cosx + sinx) =0

[cosx+l=0 [cosx=-—l X =% +2kx
o o

; il T
SIN X = —COS X 1gx = -1 _-Z“m

Vay, phuong trinh cé hal ho nghiém.
b. Diéu kién:

{smx;to

- osinxz0o9x2kn ke Z.
cosX # -1 ;

_—

kel

213



Bién ddi phuong trinh vé dang:

2 1 +sinx
cotg’x =
1 +cosx
l1-sin’x 1+sinx l+sinx[l—sinx ]
— = o -1]1=0
l-cos"x l+cosx l+cosx \\l-cosx
< (1 + sinx)(cosx — sinx) =0
sinx = -1 sinx = -1 """:"*2‘“‘
@[_ [ kel
SIn X = COS X tgx =1 T
: x=—£+kn
Viy, phuong trinh c6 hai ho nghiém.
Bai tap 30. -
a. Diéu kién: _
C§X#O@cmi¢0@x¢3—+kn.kez.
sinx # 1 2
Bién ddi phuong trinh vé dang:

l1-cos’x _ 1-cos'x
1-sinx 1-sin'x
1-cosx [1+cosx l+cosx+cos’x]
1 -sinx [l+sinx ~ l+sinx+sin’ X
& (1 - cosx)[(1 + cosx)(1 + sinx + sin) + (1 + sinx)(1 + cosx + cos’x)} =0
&> (1 - cosx)(cosx — sinx)(sinx + cosx + sinx.cosx) =0
l-cosx=0 ‘ )
< |cosx-sinx=0 @) :
sinx+cosx+sinx.cosx =0 (3)

_ Gidi (1) va (2): Ta duoc:
cosx =1 X = 2kn
s 9 g, .keZ
igx =1 x=—+kn
4
: t? =1
Gidi (3): Dat sinx + cosx = t, diéu kién |t| < v2 , suy ra sinx.cosx = —— .

2
Khi d6, phuong trinh c6 dang:
t* -1

=0

i

t=—l+~/§

t+
t=-1-42 loai

=0¢:>t2+2t-1=0¢:»|:

e sinx+cosx=42 -1 ﬁsin(x+-2-)= 42 1

.’.t.)z ﬁ-l
4 42

&> sin(x + = sinQ
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x+-1£:(1+2k1t x:a—-’z+2kn
4 4

&y e kel
3n

x+£=1t——a+2k1t X=— -+ 2kn
4 4

Viy, phuong trinh c6 bon ho nghiém.
b. Ban doc tu lam tuwong tir cdu a).

Bai tap 31.
a. Bién d6i phuong trinh vé dang:
; (1 + cosx)cos’x — 2(1 - sinx) = 0 < (1 + cosx)(1 - sin’x) — 2(1 —sinx) =0
<> [(1 + cosx)(1 + sinx) — 2](1,- sinx) = 0 :
< (cosx + sinx + sinx.cosx — 1)(1 - sinx) =0
sinx =1 (D

sinx +cosx+sinx.cosx—-1=0 (2)

-~

Giai (1): Ta duge x = g +2kn, k € Z.

2 -1

Gidi (2): Dat sinx + cosx = t, diéu kién li<v2 , SUY ra sinx.cosx = -
Khi dé, phuong trinh c6 dang:

- T 9
o ~1=0f2+2-3=0 | . <> sinx + cosx = |
' t=-3 loai
= Zsin(x+%);_-l<‘::.sin(.x+.:5)=l2
X+ === +2kn [x =2kn
< sefies < n kel
n n x=—+2kn
X+—=%n—-—+2kn 2
4 4 :

Vay, phuong trinh c6 hai ho nghiém.
b. Bién ddi phuong trinh vé dang:

: - AT . g - JRCY p
sin3x — — sin’x = sin3x - sinx < —sin’x - sinx =0

V3 V3
siﬁx=0 R
n
o o |x=—+2kn ke Z.
sinx=—J2i 6 :
Sn
=—+2kn
e s
Vay, phuong trinh c6 ba ho nghiém.
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Shuong 11 Fhuong trinh va he phuong righ IVong gldc

Bai tap 32.

a. x=i:% -i::kn.k < Zv&i_cosa:—-!—

n pi! 5n ‘ l—Jg
X k'n'..x o X a Zb't, el SINQL = ‘J._

Biitﬁp33
.
a. x-—-— +knvax=s — +kn,ke Z.
12 12

b. a—krv&x=1+—k—E kel
8 4

Bai tap 34.
a. Bién d6i phuong trinh vé dang:

3sin3x — 4sin*3x — V3 cos9x = 1

<> sin9x — \E cosIx =1 -;ésin9x - -—30059:; = —

6

c:>sin9x.cos£ —c:m»:sm.s-.in-’-t = 4 <> sin(9x - £)=sin3
3 3. 2 3
9x = =2 4 2kn xs—l%+g-g—1£
o : o S gl kel
9X — = = — = 4 2kn PR P
L 3 6 b+ 98 .. 9

Vay, phuong trinh c6 hai ho nghiém.
b. x=2kn, k € Z.
Bai tap 35.
a. Bién ddi phuong trinh vé dang:
(sinx + sin6x) + (sin2x + sin5x) + (sm3x +'sm4x) =

<:>23m-?-;- c,:ml%’i -1-2sm-.%zJL cos—— +25m-b— oS~ =0
5x 3x x
COS — + COS — + COS — )sin— -0
iy 2 2 ) 2
¢:>(2cos-i—. —-)sm—— =0 (2cosx + 1). mes‘.%’i sm;—
cm:m:—l x=:|:3-—+2k1t' x=i£—+2kn
2 3 3
p 3x 3x = X 2kx
o | —=00 S |—==+kt S|x=—+— _kelZ.
o el 2 2 B o e
b Tx 7x 2kn
Jsin—= —=kn i o

Véy phm-mg trinh ¢é bdn ho nghiém.
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b. Bién ddi phuong trinh vé dang:
—é(cdszx + COSX)COSX + %(cosh — COSX)SinX = %

&> c082X.COSX + COS’X + C0s2X.sinX — cosx.sinx = |

&> cos2x.cosx + | — sin’x + cos2x.sinx — cosx.sinx =1
<> (cosx + sinx)cos2x — (sinx + cosx)sinx = 0

<> (cosx + sinx)(cos2x — sinx) =0

- : : ' tgx = -1
cosx+sinx =0 sinXx =—cosX
= ; ool i A n
| cos2x —sinx =0 [cos 2x = sin X cos2x = cos(E -x)
[ n [ n
x=—-;+kn x=-—+kn
o lx=2_x+2kn & x=£+& kel
2 63
n n
2x = ~—+x+2kn X =—-—+2kn
- i 2

Vay phuong trinh c6 ba ho nghiém.

Bai tap 36.

a. K='IE-TE,X=—R—+HV5K=Q+E.kEZV(ﬁt33(l=—3. - %
3 12 3 3

b. x=E—E.keZ.
2

Bai tap 37.

a. x=-f2~t-+k‘n.kez.

b. x=1r+2k1t,x=—-;— +'2lmviur.---q-‘;‘1'E +ku.'ke ’
Bai tap 38.

a. =—;-+kn,kez.

b. x=-_2’.‘.+2ku.x=2kmn=2a+2kn.kez.
‘Baitap 39. |
a. x=-;-+2k1t.kez. b. x=-%+kn.kez.

Bai tap 40. Ban doc tu lam.
Bai tap 41. '
3 kn

n 5n T
; =—~ +2kn,x=— +2knvax=— + — ke Z.
a x. 6 T, X g nv x. 1 ) €

b. m € (-, -1) U (3, +0) u {0].
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Bai tap 42. Bién déi phuong trinh vé dang:
sin2x + sin3x = m.sinx < 2sinx.cosx + 3sinx — 4sin’x = m.sinx
&> (2cosx + 3 — 4sin’x — m).sinx = 0-<> (4cos’x + 2cosx —m — 1).sinx =0
sinx=0 t=cosx | X = kn
=
4cos*x+2cosx-m-1=0 w22 +2t-m-1=0 (1)

a. Véim= -1, taduoc:

Q)4 +2t=0
t=0 cosx=0 = ek
o 1 © | & 2 kel
t=—— COSX = —— 2n
2 x=i?+2kn

Vay, véi m = -1, phuong trinh ¢6 ba ho nghiém.
b. - Dé phuong trinh ¢6 nghiém x zkn, k € Z < (2) cé nghiém t € (-1, 1.
[£(—1).f(1) < O (cdn thir lai)
(A>0
[mcélnghigm thudc(-1,1) o | [af-D>0
(1)c62 nghiém thudc(-1,1)  |{af(1)>0

—l<§21
2

c:b--g- <m<S.
4

Vay, véi -% < m < 5 thoa min diéu kién ddu bai.

Baitap43. |l <m<3.
Bai tap 44. m < %
Bai tap 45. Giai phuong trinh:
a. Bi€n ddi phuong trinh vé dang:
cos’x + sin’x = cos’x - sin’x & sin’x = (1 - cos’x)cos’x — sinX
<> sin®x = sin’x.cos’x - sin’x < sin®x = (cos’x - 1)sin’x
; ' sinx=0
< sin’x + sin'x=0& osinx=0 x=kn ke Z.
sin‘x=0 :

Vay phuong trinh c6 mot ho nghiém. ‘
b. Ta co thé lya chon mot trong hai cich trinh bay sau:
Cadch 1: Viét lai phuong trinh dudi dang: '

sin’x — sinx.sin’3x +% sin’3x = 0. )

Coi (1) la phuong trinh bac 2 theo sinx, ta cé:
A = sin*3x - sin?3x = (sin’3x - 1)sin3x <0, Vx .
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do dé, dugc chuyén thanh hé:

A=0
1 = S

sinXx = -:.;:iin2 3x

o 7 sin? 3x = 1
{sm" Ix=1

: 1
sin 3x=0 s [P 3

sinx=lsin23x sin?3x=0
| 2 |_

sinx =0
(3sinx —4sin’ x)? =1 X =—+2kn
1 b 6
sinx =— Inx =—
&> 2 P by 5 &5 x=5—:—+2kn.kez.
Isinx —4sin’ x =0 Ao S
| (sinx =0 |

Vay phuong trinh c6 ba ho nghiém.
Cdch 2: Bién déi phuong trinh vé dang:
4sin’x -- 4sinx.sin’3x + sin*3x — sin*3x +sin’3x=0

<> (2sinx - sin?3x)? + (1 — sin’3x)sin’3x =0

o 'sinz 3Ix=1
sin x = —sin” 3x 4 1
2sinx —sin? 3x =0 2 sinx =—
i | P E VT e $ T TEE
(1-sin? 3x)sin? 3x =0 sin” X = B gt
{sin23x‘=0 1 i
i sinx=0
(3sinx-4sin’ x)? =1 L LT
Siﬂx='!' si x-l :
= 2 P g P x=—é£+2kn.kez.
3sinx —4sin’ x =0 alatat SR (st
 [sinx=0 :

Vay phuong trinh c¢6 ba ho nghiém.
Bai tap 46.(% + (k + D, g +1m) va (-% +1n, ,—% ~(k-Dm),k1eZ.

Bai tap 47. (& +kr, ~ +I0) Vi (- = +kx, -~ +In). k.1 € Z.
ap (6 nﬁ n)(6 rc6 ). k,

Bai tap 48. (1, -’25 +2kn) va ( ~1, -; +2%n). ke Z.

Bai tap 49 :
a =1+E,kez
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b. Ta cé nhan xét:
sinx <1 =>VP=2-sin'x > 1
{cps’ x < cos’ x
sin’ x <sin’ x
do dé, phuong trinh twong duwong v hé:
sin‘x =1

= VT = cos’x + sin'x<cos’x + sin’x = |

. < {cos'x=cos’xsinx=1x= £, +kn. ke Z
VT =1 2

j sin® x = sin? x
Vay phuong trinh c6 mot ho nghiém. -
c. =-’25+2kn.kez.

d. Bién ddi phuong trinh vé dang:
4cosx — 2cos2x — (2cos’2x = 1) = | & 2cosx — (1 + cos2x)cosix =0
&> 2cosx — 2cos’x.cos2x = 0 & (1 — cosx.cos2x)cosx = 0

cosx=0 ¢))
< (2 - cos3x - x=0& .
i W Eb e [cos3x+cosx=2 (2)

Gidi (1): Ta duge x = g— +kn.keZ.
Gidi (2): Ta c6 nhan xét:
cos3x <1
{cosx <1
do dé, phuong trinh (2) tvong duong véi hé:
{cos3x =1 & {4cos’ X -3cosx =1

= VT =cos3x + cosx £ 2

ocosx=1<ox=2kn, ke Z.
cosx =1 cosx =]

Vay, phuong trinh c6 hai ho nghiém.
Bai tap 50. Ban doc tw gidi.

Bai tap 51.
a. Diéu kién:
M 4 kﬂ
sin3x #0 : X o
sin2x 20 & sfn'ax‘*oﬂ ooty 3 kel (D
: sin2x #0 2x #kn kn
sinx#0 X # -i_.
Bién d6i phuong trinh vé dang:
e 1 _0ecsinSxsix+1=0. (2
sin 3x. sin 2x sin 3x.sin 2x.sinx :
Ta cé:
Isfn e = IsinSx.sinxl < 1 = sinSx.sinx 2 - |
IsinxI<1

&> sinSx.sinx + 1 2 0.
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Vay, phuong trinh cé nghiém khi va chi khi:

[ (sin 5x =1
{sinx =-] -
sin 5x = -1

_{sinx=l

sindx.sinx= - | & = cosx = 0 vi pham (I).

Vay, phuong trinh v6 nghiém.

b. Ban doc tu gidi.
Bai tap 52.

a. x=—§-+kn,kez.

b. Ta c6 nhan xét:

.
{cos“ X 'Sccts2 X

" g VT = cos''x + sin"*x < cos’x + sin’x = |
sin’” x<sin® x

do d6, phuong trinh tuong dtrang véi hé:

[cosx =0
' n ; :
cos x =cos’x [|lcosx=1 cosx=0 |x=—+kn
¥ , ©4c 3 & l4¢::’ : kel
i = ) i = COsSX =
sin X =sn°x sin x o
smx +1

Vay, phuong trinh cé hai ho nghiém.
c. x=2knvax= —g— +kn. ke Z

d. Ta c6 nhan xét:

Mun I

coS X < COS X :

o , =VT= sin M0y + cos™™x < cos’x + sin’x = |
sin X <sin” X

do d6, phuong trinh tuong du‘o‘ng vai hé:

[cosx =0
cos®™ x = cos’ x | cos’ x =1 cosx=0
! 4 & 4§ < sin2x =0
sin® x =sin? x sinx=0 sinx=0
4 Ay
[ Sin ) &3 |

o2x=knex= %.k e Z.
Vay. phuong trinh c6 mét ho nghiém.
Bai tap 53. x = %,k eZ.
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Bai tap 54. Diéu kién:
{cos x#0

c>sin2x¢0c:>2x;eknc::.x¢k2—ﬂ.kez. (*)

sinx #0
Ta c6 nhan xét:

Cosi

VT = Kigx + -i—orxgx)“l=(ltgxl+.%b0tgxl)" > (2J—‘liltgxl.icotgil)"=l

n 2
i Bttt VT = sin"x + cos"x € cos’x + sin’x = |
sin" x < sin® x
do d6, phuong trinh tuong duong vai hé:
|:VT=VP:1 (h {V’I‘zl tgx=—l-cotgx tgzx:!-
o 4 o

o B
VT =VP=-1 n=2

n=2 nx2

JkelZ.

tgx=;tl=:ttga {x=ta+kn
2 < 5
n=

n=2

Vay, phuong trinh c6 hai ho nghiém va véin = 2.
Bai tap SS. N
.a x=0.
b. x=0.
Bai tap 56.
a. x=0,

bh. x= l
2

Bai tap 57.
a. Bandoc ny gidi.
b. Ban doc ty gidi.

X . kn 5
c. (—+—,—=+2In),klelZ
( . S ;
Bai tap 58. Ta co két qua:
* Véim= —% , phuong trinh ¢6 nghiém x = 2kn, k € Z.

VAR il g b 65 nahigin x w3 + 2kn, k e 2.
2 2

* Véim=# :t—; , phuong trinh v6 nghiém.

Bai tap 59. m = —1 vam =0,
Bai tap 60. m=-2.
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CHUDPE4
HE PHUONG TRINH LUONG GIAC

I. HE PHUONG TRINH LUONG GIAC CO BAN

Bai toan 1: Giai hé phuong trinh:
‘ f(x)f(y)=m
xty=a S

vai f(x) la mé6t ham s6 lugng gidc cha x.

PHUONG PHAP CHUNG
Ta xé€t cac hé phuong trinh:
sinxtsiny=m cosxtcosy=m -
Xty=a ) xty=a y
igx gy =m cotgx tcotgy =m
xty=a : Xty=a Y

Ta chuyén t6ng f(x) + f(y) vé dang tich bang viéc sir dung cac cong thic
bién doi téng thanh tich.

Chi y: Phuong phap chung 1a néu biét téng x + y thi cin tim hiéu x — y hay
nguoc lai, tirc la:

* Ta di bién d6i phuong trinh:
f(x) £ f(y)=m <> gy(x +y).g(x - y) =m,. (*)
* Tird6 thay phuong trinh xt+y = o vao (*) dé tim bifu thiic con lai.
BAI TAP TU LUAN VA TRAC NGHIEM
Bai tap 1. Giai cic hé phuong trinh sau:
= ‘ 3

SinX +siny = —
si siny 5

X+ “2n
. y 3

Q (2km, %—;E —2k1t)va(—-— + 2kn, - 2kn). k € Z.

o (X +2%nr & -2n).keZ
3 3
Q (1:+2k1t,~—-§- = 2%n) va (--;5 +2kn. 7 - 2km). k € Z.

o (& +2kx ZL%kmva(r +2kn X S 2%kn) ke Z
2 6 6 2
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n b n n
g (— +kn,—— -kn)va(-— +kn, — -kn), ke Z.
S o AR ~E ooy

e
Q (-"4£ + k=, - kn) va (kn, —E— -kn), k € Z.

a (Z+kn, L -kn)keZ
8 8

Q (1t+iu!.r.'—--?:;—7t ~k1t)wa(—§4E +kn,t-kn),keZ.

Bai tap 2. Cho hé phuong trinh:
COSX + Cosy =2m

2n
X-y=—

3

a. Giéih¢v6im=%.

a (%+2kn,—-’-;-+2kn).kez. Q (—2—3§+2kn,2kﬂ),kez.

Q (1F+2k1t.—§+2kn).kez. a (§+2kn.—-g—+2kn).kez.
b. Tim m dé hé c6 nghiém.

o |m|s-;—. g iml2l, o m20 ° DI. 0<m<1.

Bai tap 3. Cho hé phuong trinh:
X+y=—
1%

2sin’ x + 2cos’y = 2m +1
o Giai he vl w0
n n
O (— +kn, — -kn),keZ
5 s el

Q (-?11i +kx,-£ -—lm)va(ku.f— - kn), k € Z.
. 4 2 4

n n
) (Z + km, ~'k1t) va (km, 37 kn), k € Z.

a (u+ku,—%’-t- —Im)vﬁ(--%‘E +kn,t-kn).k € Z.
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b. Tim m dé hé c6 nghiém.
Q 0<mc<l. Q 1lxmsd
Qa

1-v2 1+42
=

Q —sms
2

Bai tap 4. Cho hé phuong trinh:
X+y=a
tgx +tgy =b

s Gidibékhiss %‘- vib=2.

5n 5n '

G (— +kn, — -kn). ke Z.
T Wl e

1 (213 + kn, — kn) va (kn % ~-kn)pkeZ
12 : d s - ‘

a (E + km, e —kn)vﬁ(—’-t— +kn,£ -kn), ke Z.
3 12 12 3

14 T n n
Q (— +kn,-—— ~kn)va(-— +kn, — —kn), ke Z.
(2 12 Rk 12 2 )

b. Tim diéu kién giita a va b dé hé c6 nghiém.
Bai tap 5. Cho he¢ phuong trinh:
2cos6X —cos2y = m

31——2y=§

a. Giai hé khim = -3.
n 2kn e I 2kn =R

O (—+—.,kn)keZ — i ——— ~—+ kn) k € Z.
R b R U e
iy e b G (R R R R T
4 2 3 ;R
b. Xéc dinh m dé hé ¢ nghiém.
O -3<m<0. 0 |m|s3. o m=20. (] —3Sm$—?~§.

Bai tép 6. Giai va bién luan céc hé phuong trinh sau:

& coszx-t-coszy:m * sin2x+sin2y=l—cosu
X+y=2n X+y=a
Huomg dan:

a. Sirdung cong thitc ha bac cho cos’a = —2!—(1 + cos2a).
b. Sirdung cong thirc ha bac cho sin’a = -;—(l - cos2a).
Sau dé sir dung cdc cong thirc bién ddi tdng thanh tich.
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Bai toan 2: Giai hé phuong trinh:

f(x).g(y)=m
{tiy a :
vGi f(x) 1a mot ham s6 lugng gidc cua x.
PHUONG PHAP CHUNG
Ta xét cac hé phuong winh:
sinX.siny=m [COSX.COSy =m
{xty=a {xiy=a

sinXx.cosy=m |tgX.tgy =m
xty=a "xt y=a
Ta chuyén tich f(x). g(y) vé dang tdng bing viéc sir dung cic cdng thic
bién déi tich thanh tdng.

BAI TAP TY LUAN VA TRAC NGHIEM
Bai tap 7. Giéi cic he phuong trinh sau:
f 2
COSX.COSYy = —

X4 e

b2t

Q (ZE km, :’—E—kn)kez
24 24

Tr n

Q (— +kn, —-kn)va(kn, — - kn), k € Z.
(s E R T W0 T )

a (%‘-uu,%-k:_:)vug+kn,g-—kn).kez.

b4 b1 n ﬂ:‘
Q (— +krx, — -kn)va(— +kn, — -kn), ke Z
e ATt T E o & bt ok

tgx.tgy =3
Xy
Q (%fkﬂ.%.—kﬁ)vh(ég—+kn.§-—kn).keZ.
QO (= +km = -kn) keZ
3 v
' n . n
Q (-—3 +kn,n—kn)vh(n+ku,—-§ -kn). ke Z.
s 2n
Q (—3— +k1t.—~lm)vé_{kn,—;-kn),keZ.v
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Bai tap 8. Cho hé phuong trinh:
sinx.siny = 2m
X by
2 3
a. Guaihévéim=1.
8 (= +kn S ~knkeZ
3 3
Q Vo nghiém.

Q (-% +kn,n—kn)v&(n+kn,——:~ -kn), k € Z.

o (E + km, s -lur)vé(E + km, * - kn), k € Z.
2 6 6 2
b. Tim m dé hé c6 nghiém.

| 3
0 ~lsm<sd 8 |m|sl. O m21. u -ESNSZ
Bai tap 9. Xac dinh m dé hé c6 nghiém:
X+y=—
> 3
COSX.COSY =m
| 3
O l<smsld 0 |m|52. O mz2-l. Q “zﬁmﬁz
Bai tap 10. Cho h¢ phuong trinh:
tgx.tgy =m
X-y=
T
a, Giéihévéim=x/§.
‘ n n g kmx nt kn
Q (— +kn, — +kn), ke Z. O (=—+—,—+—),keZ
2 3 ) (3 26 2)

Q (~E +kn,—£+kn).keZ. Q (—TE— +k1'l.'.——n-— +kn). ke Z.
3 2 12 12

b. Tim m dé hé c6 nghiém.
Bai tap 11, Tim diéu kién giira a va b dé hé c6 nghiém.

X+y=a
sin’ x-sin’y=b’
a |blssina o |blscosa. o |bl2sina o |b|=2cosa
Bai tap 12, Cho hé phuong trinh:

X+y=a
sinx.siny=b’

Tim b dé h¢ ¢6 nghiém véi moi a. Tim nghiém d6.
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—=m (1)
f(y) ’

xty=a (2)
véi f(x) 1a mot ham s6 lugng gidc cua x.

PHUONG PHAP CHUNG
Ta thuc hién theo cic budc:

Buée 1:  Pat diéu kién cho f(y) # 0.

Buoe 2:  Bién déi (1) dua vao phuong phdp luan hé s6 dé lam xuat hién
(2) va biéu thic con lai.

Birge 3: Tim nghiém cua hé.

. BAI TAP TU LUAN VA TRAC NGHIEM
Bai tap 13. Giai cac hé phuong trinh:
sin X
=+/2
a. {siny V2
12(x +y)=5n
Q (3- +kx..£—k1t),keZ. Q (—5-E +kn.£’¥t—~—kn1kez.
6 4 24 24

o (TasiE kbbkeZ 0 (- SamikeR
4 6 3 4
COS X
b. <cosy
Ax+y)=5n

Q (%E+kn,§é~r——kn).kez. =) (%’-t— +kn, n-kn), ke Z.

=2

Q (m+kn, %E -kn). k € Z. 0 (an,—g ~2kn), k€’Z.
Bai tap 14. Giai cic hé phuong trinh:

tex _ 53
a. 8y

PURIAY..

[ e

Q (—}-;—+kn.kn).kez. | Q (-§+kn,§—kn).kez.
T n n n

0O (— +kn, — -kn), ke Z Q (—+ — —kn), ke Z.
(2 ) ). ke (4 lm.3 n), ke
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cotgx _ 1-+2

. cotgy_ I+J§‘
o
e

o i- 4kn-w <k EeZ. 0 WP TR
2 4 8 8

g (ke E i te R oA ikt Cen ke T
8 8 8 8

I1. CAC HE PHUONG TRINH LUQONG GIAC KHAC

Bai tap 15. Giai cac hé phuong trinh sau:

SIN X.COs y =

Cos X.Siny =

N = N

Q (g+(k+l)1t,l;-+(k—-l)1:).k,lez.
0 (1;-+(k+l)ﬂ.(k-l)n),k.lez.

a ((k+l)n,-g+(k—l)n),k,lez.

o '(if +(k+%)n,§+(k——2'—)n).k,lez.

sin x.siny = ——

'h'“"'.h-

COS X.COSy =

o (-;5 +(k+l)11.(k—l)1£)vh((k+l}n,-—g— +(k-Dn)kleZ

n b b4 |4
0 (3 +(k+1)1:.--Z +(k—l}rt)vh(--: +(k+l)ur,z +k-Dn)kleZ '

n

a (¢ +(k+1m—;5 +(k—1)n)va(§ +(k+nar.§ +&-Dr)kleZ

0 (-z— +(k+1)m—~g +(k—1)u)va(-—§ +(k+mg +k-Dn)kleZ
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v trinh Juc

Bai tap 16. Giai cic hé phuong trinh sau:
A : |
+ =—
sinx +siny iz

_\E‘
2

COSX +COSy =

Q (ln,% + 2(k = )r ) va (Ir, %’E +2(k-In) k!leZ

o (—:-+2|m(k—|)n)va(§6’-‘+2ln,(k—1)n),k,1ez.

n T Sn 14

L fon 2 4 k=-Dr)va (= +2ln, — +(k-Dr). k1< Z.
D(6+11t,2+(k )m) (6+n2+(k ), k,

0 (g +21u,-§ +2(k-—l)1r)\&(--g- +21n,-’% +2(k-Dn)kleZ.

iy sinx = 7cosy
"~ |cosx-Ssiny+6=0

o (—g—+2ln.n+2kn),k.lez. o (ln,lz‘-+kn),k,|ez.

Q (g +1m, kn), k, 1 € Z. a (n+2in, -’é‘- +2kn).k, | € Z.
Bai tap 17. Giai cic hé phuong trinh: '
sinx +siny = V2 +a
a. -
COSX +COS)’ = ‘\[5—3

0. '(%’i + 2km, -3-45 +2n),k,1eZvaa=0.

a (--} +2kn,—-} +2m). k. 1eZvaa=0.

o (-E + 2k, % +2In).k, 1€ Zvaatuy y.

a (-E- + 2kn, ; +2In).k, 1€ Zvaa=0.

+y+c:4t)sx-_y+2

: " X
sin’ x — 2sinx.cos2y = cos

cos22y+-;-(cosx+cosy)—l=0
0 In 3n T

a (— +krt, — +2In),kleZ., O (—+ — +2ln)k,le Z.
(4 2 n). k.1e Z (4 kx.4 1k, le

Q (--;5 +k:t,—§f—+2ht).k,|62. w} (—Ef-+bt,--2-— +2n), kleZ
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Bai tap 18. Cho hé phuong trinh:
{cosx.cosy =m+1

sinx.siny = 4m’ + 2m

a. Giai hé trén khim = - i—

Q (12‘- +(k+ D, (k = D) va ((k + D, 3;- +(k-Dn)kleZ

Q (E +(k+l)1:,+—§ +(k~—l)1r)vé(-—§ +(k+Dm, -;5 +&-Dn)rkleZ
F| 8 n n T

Q (2 +0ctDm = +K-DOW(C +ht D = +G-Dm)kle Z

Q t-’ﬁi +(k+1)m—g +(k*l}rr)v§(--g +ac+m-’6i +k-Dn)kleZ
b. Xaic dinh m dé hé c6 nghiém.

Q —ESmSOhoacm=l. Q —I—Smséhoécm=0.
4 4 4
1 3 1
Q —ESmS{]hoécm=—l. w] —-£m<—zhoacm=0..
~ Bai tap 19. Cho hé phuong trinh:
tgx +1gy = a
tg(x+y)=b

a. Gidih¢khia= 3 +1,b=-(2+3).
Q (kn,§+.lnm(§-+kn,ln),k,lez.

s T bL : n

Q (—4+kn, — +Imva(— + kn, — +In) k1 Z.
p: 2 ) (4 !Lﬁ ). k,
n n n T

Q (— +kn,— +In)va(— + kn, — +In), k, 1 e Z.
(3 p ) (6 m3 ). k,

Q (-’35 +lm,ir- +l1r)va(-}:- + lm% +imkleZ

b. Tim diéu kién giita a va b d€ hé c6 nghiém.
Q a’b+4a-4b20. : O a’b’*+ab>0.
Q a’b*+a-b20. Q a-b20.
Bai tap 20. Cho hé phuong trinh:

sinx+siny =a
cosx.cosy =b

a. Giadihekhia=1,b= %.

b. Tim diéu kién giita a va b d€ hé c6 nghiém

231



Bai tap 21. Cho hé phuong trinh:
{sin2x +sin2y =1

sin’x +sin’y =m
a. Giai hé trén khi m = g-

b. Xaic dinh m dé hé c6 nghiém. _
Bai tap 22. Xac dinh m dé cic hé phuong trinh sau c6 nghiém:
\ {cos X = m_cos’ y
sinx =msin'y
9 0sms2 QO 2<ms-1. 0 lsm<2 o 15|mls<2
(sin® x + migy =m '

b {7, :
g’y +msinx =m
o m=20. O m<O0. Q l<sm<2 O 0<smsl.
Bai tap 23. Xic dinh m dé cic hé phuong trinh sau c6 nghiém:
. cosx+mcosy =1 2 tgx +tgy =m
"~ |sinx+msiny=1 " " leos2x +cos2y =1
b sinx +sin2y =1 H sin2X +sin2y = |
~ |cosx =m(siny +cosy) " lcos’x+cos’y=m’
-

Bai tap 24. Xéc dinh m dé hé sau o6 nghiém (x, y) thod mén x € (0, g)v'ay e (0, )

cosx+cosy=m-1
cos2X +cos2y =2m’ -2
| 5 1 3 5 1

Q —<m<—. O —<m<]l. O —<m<—. 0O -—<m<-§-.
2 2 2 2 2 2

Bai tap 25. Tim a dé hé c6 nghiém duy nhat:

\{a(lxl+l)=y+cosx

Usinx|+y? =1 \

a a=0. Q a=l_. Q a=2. g a=3.

. {axz+a=y+lcosxl

sin x+y? =1 :

Q a=0. 0 a=l - Q a=2. 0 sl
Bai tap 26. Giai cdc hé phuong trinh:

. 1 . : 3
7 smnx.cosny—z’o<x+y<2. b smm;.smny—-;

3tgnx = tgmy tgnx.tgny = 3
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Bai tap 27. Giai va bién luan cic hé phuong trinh:

\ {cosx =cos’y x {sinx+siny =2sina
 |sinx = asiny ' . cos’ x + cos’ y = 2sin’a
Bai tap 28. Giai va bién luan cic hé phuong trinh:
N {cosx = mcos2y i {sin2 X +sin‘y =a .
COSy = mcos2x tg(x + y)g(x-y)=a-1

III. HUONG DAN - GIAI - PAP SO
Bai tap 1:

a. (% +2kn T 2kn)va (= +2kx, = —2kn). k € Z.
2 6 6 25

b. (:1’5 + kr, —kx) va (kx. 2 ~2kn). k €Z.

Bai tap 2: Ki hiéu cdc phuong trinh cia hé theo thi tu 1a (1) va (2).
Bién déi (1) vé dang:

Zu:sx;ymsx;y =2mg>] P Rt Xy

cus% =m <> Cos =2m (3)

a. Vdim= —%.taduqc:

(3)c:>cos£¥ = | «:::»’r‘—z—+y =2kne>x+y=4kn k € Z.

Do dé6, hé tuong duong vai:

X+y =4kn x=—1£+2k1r

It & 3 kel
xwsz y:-«§+2kn

Vay, véim = -21— hé cé mot cap ho nghiém.
b. Hé c¢6 nghiém

<> (3) c6 nghiém < I2m| <1 Iml < %

Vay, v6i |m| < % he c6 nghiém.
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Bai tap 3: Ki hiéu cac phuong trinh cta hé theo thi tu la (1) va (2).
Bién d6i (2) vé dang: :

|l ~cos2x+ 1 +cos2y =2m + | < cos2x —cos2y =1 - 2m
<> = 2sin(x - y)sin(x +y)=1 - 2m

M 1 2m-1|

o ~-25in(x - y)sin—=1-2m & sin(x - y) = 3
X-Yy 2 Y) 5 )

a. Véim=0, hé c6 dang:

[ m .

5 : x+y=:—

K+y=7 x=kn & y=—-kn
Ll x—y=—§+2kﬂ¢-‘} 4

sin(x—y)=—'— x=—£+k1t & RS 8 kr
2 3 nTh

x-y=-5—7[-+2kx
4

L
Vay, véi m = 0 hé c6 hai cap ho nghiém.
b. Hé c6 nghiém khi:

. 2m-1 Inn2 Y £42
3) ¢6 nghiém < <le <m< ;
(3) ghié IT{ 5 5

1-v2 1++42
=

Vay, hé c6 nghiém khi 3 <m<

Bai tap 4: Ki hiéu cic phuong trinh clia hé theo thit tu la (1) va (2).
Diéu kién:

cosx #0 x# 4k :
{ <> kleZ

cosy#0 n

y¢5+h
Bién ddi (1) vé dang:
b att 18 =bosin(x+y)= » [cos(x + y) + cos(x — y)]
COS X.COS Y 2
() ;
<> beos(x — y) = 2sina — bcosa.
Sn

a. Véia= 7] va b= 2, ta duoc:

(3j<:>cos(x~y)=sin—5—1—[ —-cos-s—“- = ﬁsin(—?—n— - —E)= 1’2—

12 . 12

c::x-y=i-:— + 2kn, k € Z.
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Do d6, hé tvong duong véi:

- —

F

%= § = o 2R X =24 kn
* 4 : 3
Sn
x}y:—l—i szz—rkn
: — 9 kelZ
x—y:—-’-r-+2kn x—1+kn
4 12
< <
x+y—£11 y—E—kn
s 12 g 3

Viy, véi a = % va b = 2 hé c6 hai cap ho nghiém.

b. Xét hai truong hop:
Trudmg hop 1: Néu b = 0 thi:

(3)¢>sina=0«>a=kn, ke Z.
Vay, trong trudng hop nay ta cé két luan:

. Vdn’a=k7t.keZvéb=0h¢c6nghi¢m(x(,.a-x.,)vfrix.,:tg--trln,fez.

* Végia#kn k € Z vab=0hé vo nghiém.
Truomg hop 2: Néu b # 0 thi:

(3) &> cos(x —y) = —i— sina — cosa. _ 4)
Khi dé, h¢ ¢6 nghiém khi va chi khi:

(4) co nglﬁém vasinaz0<¢-1< %sina - cosa< l.
- Bai tap 5: Ki hiéu cic phuong trinh ctia h¢ theo thi tu 1a (1) va (2).
Thay (2) vao (1) ta duoc: :

2cos(m + 4y) — cos2y = nr <> ~2(2cos’2y — 1) — cos2y = m

¢ 4cos’2y + cos2y +m -2 =0.

Dat t = cos2y, diéu kién lt] <1 ta duoc:

42+t+m-2=0. (3)

a. Vdim=-3tadugc: :
<)
B)=4’+1-5=0 t=1cos2y=12y=2kn,k € Z.
Sy=kt=x= -g-+2—?—.kez.

Vay, véi m = -3 hé cé mét cap ho nghiém.
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b. Huwdng ddin: Hé c6 nghiém:

& (3)cé nghiem [t| s 1o -3<sm< El%

Bai tap 6: Ban doc te lam.

Bai tap 7:
Tt T bi T
. (= +kn, — ~kn)va(— +kx, — - kn). ke Z.
**13 S ki 3 o
b. (= +kn, = —kn),k e Z.
3 3

Bai tap 8: Ki hiéu cic phuong trinh cia hé theo thir tr 1a (1) va (2).
Bién déi (1) vé dang:
1 @) 2n
> [cos(x —y) —cos(x +y)] =2m < cos(x —y) - cos—s— =4m

4m-1
v

& cos(x—y)= (3)
a. Véim= 1, tadugc:
(3)=cos(x - y)= —;— v6 nghiém.

Vay, v6i m = 1 hé vo nghiém.
b. Heé c6 nghiém khi:

(3)cénghi¢m@lm—2—.l’ <l —i Sms—z—.

Vay, véi - i- <m< -ii hé c6 nghiém.

Baitap 9: - -i- <m< -}
Bai tap 10: Ki hiéu ciac phuong trinh ciia hé theo thir tr 1a (1) va (2).
Diéu kién:

n
X#—+kn
{cosxatoa 2 ke *)

cosy#0 y#-;+k1r
Bién déi (1) vé dang:
sinx siny £
COSX cOSy

m

<> -é— [cos(x - y) — cos(x +y)] = -gl— [cos(x +y) + coS(x -yl

(2) n b4
& cosg- - cos(x + y) = m[cos(x + y) + cosg ]

V3-m
) .

< (m+ cos(x +y) = (3)
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a. Véim= 3, khidé (3) c6 dang:
(3 + Deos(x +y)=0cos(x+y)=0x+y= % +km k € Z.

Do d6, hé twong duong véi:

T n k=
X+y=—+kn X =

‘ = 2 Z,kEZ.
. Tl

6 Ly i

Viy, véi m = +/3 hé cé mot cap ho nghiém.
b. Ta xét hai truong hop:
* Vdim+1=0< m=-|,khidé:

.(3) 0= ﬁ; : , vO i = hé vo nghiém.
* Voim+120om=#=-1
Khi do:
J3-m
3)¢e>cos(x+y) = . 4
(3) (x+y) 2mal) (4)

Hé c6 nghiém trudc hét can:

ﬁ;ﬂ‘gl_
2(m+1)

Ban doc lam tiép vai hwu y diéu kién (*).
Bai tap 11: |b| < sina.
Bai tap 12: Hé c6 nghiém véi moi a khi b = 0 va khi d6 nghiém ctia hé 1a:
(km,a—kn) va(a-kn, kn) k € Z. :

(4) c6 nghiém <

Bai tap 13:
a. (= +kn = —kn).keZ
4 6
b. Ki hiéu cdc phuong trinh ciia hé theo thir tir la (1) va (2).

Piéu kitn cosy 20 <> y # g- +kmkeZ

Bi€n ddi (1) vé dang:
cosx = 2cosy <> 2cosx = 4cosy <> 3(cosx —- cosy) = cosX + cosy
& —6sin 22y sin XY = 2cos 2EY cos XY |
2 2 2

B - g oy St =
o 3sm—-—.sm—x———- -l-ccns---—.co.v;]—"——-!’i ()
6 2 6 2

et S PO e

R 2

&g =-E+k‘u¢:>x—y=-;—+2kn.kez.
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Do dé, hé twong duong vai:

x—y=—§-+2kx Xx=n+kn
o In kel
5 y=—-=Kkn
TR 3
3
Bai tap 14:

a. [—13 +kn,—1-t— -kn), k € Z.
3 4

b. Ki hiéu cdc phuong trinh clia hé theo thir tu 1a (1) va (2).
Diéu kién:

smx%0. oo x # kn

. sinx 20 ,

siny#20 & 4 | = Ir .k.1€ Z.
sin2y #0 y#— ;

cotgy #0 2

Bién déi (1) vé dang:

cosX.siny _ 1-42
cosy.sinX 1++2

<= SINX.COSY — SIMY.COSX = V2 (Sinx.cosy + Siy.cOSX)

)
< sin(x ~y) = JE sin(x +y) & sin(x ~y) = stin-g

c:.ssin(x—y)=lc:x—y:-’%-u»an.keZ.

Do dé, hé twong duong véi:

x-y=-’£+2kn x=§5+kx
3 2 o 4 8 kel

x+.y---TE y—-—E—kn
4 Y

Bai tap 15: -

a. Bién déi tuong duong hé béng cich cong va trir vé vdi vé hai phung trinh
da cho, ta duoc:

{sin X.COSy + cosX.siny = 1 e {sin(x +y)=1

sin X.cosy —cos x.siny =0 sin(x-y)=0

n x—n+(k+l)1t
=—+2k g ! 2
=1 i 2+ na 4 Jk.le Z.

. i
x-y=In y 4+(k 2)1:
b. (365+(k+1)1:.—% +(k-l)n)va\--g-+(k+|)1t,g+(k¥l)1r').k.eZ.
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Bai tap 16:
a. Bién ddi hé vé dang:

. X+Yy x-y 1 ‘
2sin 2 N 2 23 X+ | X+ n
J_::»tg 2Y=J_<:> Zy =E+k1t.keZ.
2cosx+y.cosx“y= . 3
2 2 2
<=-x+y=§+2kn.kez c:y:f;——-x+2k1t,kez. (1)
Vay hé tuong duong vai: :
y=%—x+2kn y=¥—x+2kn
Py " )
sinx+sin(£—x+2kn)=—l- sinx+:;in(—1'£~x)=l
3 2 3 2
)’=E-K+2k1t y=£—x+2kn
el 3 : &> 3 ;
g n n
2sin—.cos(Xx ——) = — CoS(X —--) =—
2 -( 5 2
=,£—X+2k1t y=—£+2(k—-l)1:
‘ 3 ; 6
x——2=—§+2lx x=§+2h‘:
- & - k. l1e Z.
[oita n
y=—-Xx+2kn y=—+2(k-Dn
g 3 2
x—ﬁ=—1t-+2ht x=—£+2h:
CE 3 6

b. Bién d6i hé vé dang:
{sinx =Tcosy e {sin2 x =49cos’ y

cosx = Ssiny -6 cos’ x = (5siny - 6)’

25 1 = 49cos?y + 25sin’y — 60siny + 36 < 24sin’y + 60siny — 84 = 0
siny =1 % ' :
ol P 7  oy=—+2%knkel. (3)
siny = -E (loai) 2
Thay (3) vao he, ta dugc:

k T ;
e b 7‘:03(42_ *2kx) {sin x=0 {sin x20
L <

cosx =~1 cosx =1

COs X =Ssin(-;—+2kn)—6
o x=n+2nleZ.
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Vay nghiém cta hé la:
Xx=7n+2ln

n Jk,l1e Z.
y=5+2kn

Bai tap 17:
a. Bang cich cong theo v€ hai phuong trinh ctia hé, ta duoc:

(sinx + cosx) + (siny + cosy) = 242 o sin(x + E ) +sin(y + E )=2

sina<l sin(x +1[‘) =] X +-T-[- - £+2k7t' X = E +2kn
. : s -4 ; = : kle Z
n o n
sinfy+—) =1 4+—=—42In = — 4 2n

Thir 1ai nghiém trén vao hé ta thay né chi diing khi a = 0.
Vay, v6i a =0 hé c6 moét cap ho nghiém.

b. (ug +1m,-37:5 +2Am.kleZ
Bai tap 18:

a. (-;5 +(k+1)n.——’6‘- +(k-l)1t)v5(—-§-_+(k+l)n,% +k-Dr)kle Z.

b. 2 Sms—-l hodc m = 0.
4 4
Bai tap 19:

a. (-’-;— 4 kn,—:— +ln)vé(£— + km, -g +lu),k..l c Z

b. a’b+4a-4b2>0.
Bai tap 20:

a. Vdia=1,b= % hé phuong trinh cé bon cap ho nghiém sau:
n n
— + 2k +Dx, — + 2(k - D),
(6 ( m 6 +2( )m)
32 22k + i 3F 42k - Do
6 6
'(zg- +(2k+21+l)1t.%+(2k—2l—l)1t);

(——36'— +(2k+2l+l)1t,—% +(k-2- DR)\kleZ
b. He phuong trinh c6 nghiém khi a? < 4(1 — |b]).

V3 V3

Bai tap 21: Hé phuong trinh c6 nghiém khi B X" <m<1+ &
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Bai tap 22:
a. Tathuc hién phép bién doi:
2 e 2 : 6
{C.Qsz = mz C.osﬁ ¥ = sin + cos’ = m*(sin"y + cos’y)
sin’x =m”.sin" y
&> | = m*[(sin’y + cos’y)’ — 3(sin’y + cos’y)sin’y.cos’y] :
&> 1l =mi(l - %sin@y) <> 3m’sin’2y = 4(m’ - 1). (1)

Pé hé ¢6 nghiém trude hét (1) c6 nghiém
m=#0

2
dm’ -] _ 1< Im| <2.
3m’ .

Vé6il < |ml <2, gia sir (1) c6 nghiém y,, tifc la:
3m’ sin’2y, = 4(m’ - 1) <> m’(sin"y, + cos’y,) =1 °
&> (m.sin'y,)’ + (m.ct:)s-"y“)2 = ]
tic.1a hé (I) ludén c6 nghiém x,,.
Viay, véi 1 < Im| <2 he da cho cé nghiém.

b. m=z0.

Bai tap 23:

% |m152-\/§va‘1m¢0.
b. |m|$\/§—l.

c. |m|5*—g’“l-

NE)
4 | 5
Baitip24: — <m< —.
| 3oy
Bai tap 25:
{a(l x| +1) =y + cosx
% ety =t :
Diéu kién cdn: Nhan xét ring néu hé cé nghiém (x,, y,) thi h¢ cung cé
nghiém (-X,, ¥o). Khi d6 dé hé c6 nghiém duy nhat 1a

- X=Xy Xy = =0. (*)
Véi x, = 0, thay vao hé phuo‘ng trinh ta dugc:

a=vy+1 a=v+1l a=0
! sl LN %
y =1 y =l a=2
Diéu kién dii: Ta 1an luot xét véi hai gia tri tim duge cia a.
a. Véia=0heé cé dang:
{0 =y +COSX

Isinx | +y® =1
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hé ¢c6 vo s6 nghiém dang:
{cosx g Y {x=n+2kn'k «d
Vay a = 0 khong thoa min.
b. Véia=2 hé cé dang:
12(0x1+1) =y +cosx (1)
Isinx | +y’ =1 2)
Khi dé ta 1an luot cé cic danh gia sau:
* Tie(l)suyra VT > 2 va két hop vdi -1 < cosx < 1 taduge y > 1.
* Tu(2)suyray<]I.
Vay, hé tuong duong véi:

iy g =t x =0
20x1+1)=1+cosx < 12(Ix1+1)=1+cosx @1 A
Isinx|+1=1 sinx =0 Lk
la nghiém duy nhét clia hé.
Vdy, v6i a = 2 hé c6 nghiém duy nhat.

b. a=2,
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PHU LUC
PHUONG PHAP LUQNG GIAC lmA

1. TOM TAT LY THUYET
Cic bai todn:
1. Daisé socidp nhu:
a. Chitng minh ding thic
b. Chimg minh bat déng thic
c. Giai phuong trinh
d. Giai bat phuong trinh
e. Giai hé phuong trinh va hé bat phuong trinh
2. Ham s6, nhu tim gia tri 16n nhat va nho nhat |
Tinh nguyén ham va tich phan

4. Hinh.hoc, nhu tim diém thuoc dudng tron, Elip, Hypebol thoa mén
diéu kién cho trudc, tam gidc noi ti€p va cic bai todn ti€p tuyén

trong mOt 56 trudng hop ta cé thé chuyén chiing thanh céc bai todn luong gidc
dé thuc hi¢n, cdng viéc nay duoc goi la phuong phip luong gidc hod.

Viéc lva chon phuong phép lugng gidc hod cho bai todn dugc xac dinh
thong qua cac ddu hiéu déac biét chia cdc bi€n c6 mat trong bai todn va cac dau
hiéu dé lai duge xdc dinh thong qua mién gid tri ctia chiing cling véi cdc cong
thirc lugng gidc thong thudng.

Ta c6 cic dau hiéu:
1. Néu cé diéu kién cta bién x 12 Ixl < a (a > 0), ta c6 thé dat:

X = asint, vdit € [—-g—, 3;—] hoac x = a.cost, vai t € [0, n].

Trong trudmg hop riéng:
* Néu0<x<a,tacé thé dat

x = a.sint, véi t € [0, %]ho{icx:a.cast, véit e [0, 12'-].
* Néu -asx<0,tacéthé dat
X = a.sint, v&:te[—-—z- , 0} hoéc x = a.cost, vénte[— n).
2. Néu c6 diéu kién cha bién x 1a Ixl = a (a = 0), ta c6 thé dat:
x=—;——-—,v&ite[—-——,——]\|0]'

sint

hoacx-—-—— vélte[O n]\{-—l
cost

243



3. Néu bién-x € R, ta cé thé dat:

cx=tgt, vaite (- -:—. —E)hoacx=cotgt, vgit € (0, ).

Trong truong hop riéng:
* Néu x>0, ta c6 thé dat

=1gt, véit € [0, g) hodc x = cotgt, véi t € (0, %1.
= Néux <0, ta cé thé dat
X=1tgt, viite (- —125,0] hodc x = cotgt, véi t € [-g—.rt)
4. Néu hai bién x, y thoa man diéu kién a’.x* + by’ =c? véi a, b, ¢ > (, ta duoc:

Ml

Do dé, chon phép dat:
) B c.sint
— =sint =
” & 2 véite [0, 2n)].
y c.cost
— =cost y=
c ' b

Trong trudng hop ndy néu cin sir dung tdi ddu ctia x va y ta c6 thé han
ch€géct,vidunéucéx,y>0thi0<t< %

5. Cac biéu thitc thudng dugc lugng gic hod:
Biéu thic Cich lugng giac hod biéu thitc

: n 4
x={la|sintvdi -—<t<—
] 2 -al 2 2

a-x [x dajcostvdiOst<n
ML véi te -2 2\ (0]
sint
x2 - a2 x =12 vaitefo,n\ (%)
cost 2

L

n n
X tvli —— <t < —
s pitos il S

[ x da|cotgt vdiO<t<n

’“’" X = acos2t
a-x a+x
J(x-—a}(b—x) - x=a+(b-a)sin’t
a+b a=tga ; "
1-ab _{br_tsﬂ,vd_lu.ﬂe( 2'2)
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u lug: dp luong pide he

II. PHUONG PHAP THUC HIEN VA BAI TAP

Ta thuc hién theo cdc budc sau:
Buwoe | Luogng gidc hod bai toan.
Buwoc 2:  Thuc hién bai todn trong moi truong luang giac.

BAI TAP TU LUAN VA TRAC NGHIEM
Baitapl. Choa’+b>+c’+2abc=1va0<a,b,c<l.
a. Lua chon viéc luong gidc hod cho biéu thifc la: .
O a=sina, b=sinP, c = siny. Q a=tga, b=1gP,c=1gy.
O a=cosa, b= cosP, ¢ = cosy. Q Lua chon khéc.
b. Chimg minh ring:

: abc + 1 = cy(1-a2)(1-b?) +ay(1-b>)1-c?) +hy(l- )1 - a)
Baitap2. Choa+ b+ c = abc.
a. Lua chon viéc lugng gidc hod cho biéu thifc 1a:
O a=sina, b=sin, ¢ =siny. O a=tga, b=1tgp,c=tgy.
O a=cosa,b=cosp,c=cosy. [ Lua chon khéc.
b. Chimg minh ring: . '
3a-a’ 4 3b-b" = - E 3a-a’ 3b-b’ 3c-c’
1-3a?  1-M -8t iRt - T iRt
Baitaip3. Choab+bc+ca=1. ‘
a. Lua chon viéc lugng gidc hod cho biéu thic 1a:
C a=sinA, b=sinB, ¢ = sinC. O a=1tgA, b=1gB, c =1gC.
O a=cosA,b=cosB,c=cosC. [ Luachon khéc.
b. Chimng minh ring:
a+b+c—3abc=ab®+c?)+ blc?+ad)+ c(@ +bd).
Bai tap 4. Néu x,, x,, X, 1a nghiém cta phuong trinh:
xX*+ax’+x+b=0(b=0).

Chitng minh ring . .
1 1 1 1 1 o

X = = XX - =)+ (X - — X3 — — )+ (X3 - — XX, — —)=4.
X X2 X3 X3 X3 X

Bai tap5. Cho |al|<1.
a. Luwa chon viéc lugng gidc hod cho a la:
O a=sina. Q a=cos2a O a=tga. Q Khic.
b. Chiing minh ring:
(1-a)"+(l+a)"<2".VneNvan22.
Bai tap6. Cho'lal 1.
a. Lua chon viéc lugng gidc hod cho a la:

-0 a=sine. O a=tga Qa=——. ; ol
: sma cosa -
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b. Ching minh ring:

5- 12\1

~4<

Bai tap 7. Oncécsﬁa,b.c,dtlnémﬁna’-&-b’:lvéc’-l-dz:l:Ch&ngnﬁmﬂng:
' la('c—d)+b(c+d)|sf
Bai tap 8. Cho 4a” + 9b = 25. Chitng minh ring:

|6a + 12b] <25.
Bai tap 9. Cho b4t ddng thic:

lavi-b2 —by1-a2 | <1.
a. Lua chon viéc luong gidc hod cho bat dang thifc la:
Q a=sina, b = sinf. O a=1ga, b=1gp.
Q a=cosa,b=cosp. - O Lua chon khic.
b. Chitng minh bét dang thic.
‘Bai tap 10. Cho bat ding thic:

lavi-b2 +byl-a% + V3 [ab- J(1-a®)1-b})] <2.
a. Lua chon viéc lugng gidc hod cho bat ding thic 1a:
Q a=sina, b =sinp. . Q a=1ga, b=1gp.
0 a=cosa, b =cosp. QO Lua chon khiéc.
b. Chimg minh b4t ding thiic.
Bai tap 11. Cho x, y thoa mén 3x + 4y = 7. Chimg minh réng:
xt+y> 2
25
Bai tap 12. Cho cédc s6 a, b,cthoi min 0 < ¢ € a, ¢ < b. Chitmg minb ring:

J(av»c)c + J(b-—c)c < JE.
Bai tap 13. Cho phuong trinh:

4x’ - 3x = V1-x2

a. Lua chon viéc lugng gidc hod cho phuong trinh la:
O x=sint. Q x=cost. O x=tgt Q Kaic.
b. Phuong trinh cé bao nhiéu nghiém. Tim céc nglm%m dé
Bai tap 14. Cho phuong trinh:

l+-1h.-x

a. Lua chon \nec lugng gidc hod cho phuong trinh a:

W ox=sine L x=cott [ x=egh Q Khéc.
b. Giai phuong trinh. -
j Bil tap 15. Cho phuong trinh:

X+ J(l x2) -—x\b(l ~x%).

a. Lua chon viéc lugng gidc hod cho phuong trinh la:
~ QO x=STint. Q x=cost. QO x=tgt Q Khic.
b."- Giai phuong trinh. - : :
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u luc: ¢ phip luong gidc he

Bai tap 16. Cho bat phuong trinh:
1 | 3x
1-x? vi-x2
a. Lwa chon viéc lugng gidc hod cho bét phuong trinh la:
Q x =sint. (3 x=cost. Q x=tgt. QO Khic.
b. Giai bat phuong trinh.
Bai tap 17. Véi a > 0, giai bt phuong trinh:

X+ \Jaz—xz <a.

Bai tap 18. Tim a dé bat phuong trinh sau c6 nghiém:
Ja-x + Jx+a >a.
Bai tap 19. Cho hé phuong trinh:

x+\Jl-~3|f2 =1
y+vl-x2 =1

a. Lua chon viéc lugng gidc hod cho hé phuong trinh la:
Q x=sina,y=sinp. Q x=tga,y=1tgp.
O x =cosa, y = cosp. Q Lua chon khéc.
b. Giai hé phuong trinh.
Bai tap 20. Cho hé phuong trinh:

- 1.

[ %
1-);2 e
« S
1 -x*
a. Lua chon viéc lugng gidc hod cho phuong trinh 1a:
Q x =sina, y = sinp. Q x=tga,y=1tgp.
B x =cosa, y = cosp. O Lua chon khiéc.

b. Giai hé phuong trinh:
III. HUONG DAN - GIAI - PAP SO
Bai tap 1. V‘lO<mb,¢<l,d@la:mb=cmﬂ,c=oosr.v6i0<a,ﬂ..y<;.

Khi d6, v6i diéu kién:
a’ + b’ + ¢* + 2abc = 1 ¢ cos’a + cos’P + cos’y + 2cosa.cosP.cosy = |

= %(l +c052u.)+—;-(l + cosf) + cos’y + [cos(a + B) + cos(a. + B)].cosy = |

&> cos(a + B).cos(a — B) + cos’y + cos(ax + B).cosy + cos(a + B).cosy =0

<> [cos(a + B) + cosy).[cos(ax — B) + cosy] =0

&cos(a+P)+cosy=0cos(a+B)=cos(n-y)S>a+pf+y=mn.
. Khi d6, ding thitc dugc bién ddi vé dang:

cosa.cosf.cosy + 1 = cosy J(l - cos® a)(1 -cos® B) +
+ cdsay(1=B2)1~y2) + cosy(1-y2)1-a?)
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< cosa.cosf.cosy + | = cosy.sino.sinP + cosc.sinf.siny + cosp.sino.siny
<> cos(o + [3).cosy — sin(o + B).siny + 1 =0 <> cos(a+  +7v) + 1 = 0.dting.

Baitap 2. Data=tga,b=tgB,c=tgy, véia, B,y € (-1;—-. -;5).

Tir gia thiét ta cé:
a+b+c=abc o tga+ tgh + tgy = tga.tgP.tgy
< tga+tgh = — (1 - tgatgPigy < -t-gg——-tf% - gy

otgla+B): g(-y)eoa+Pf=~-y+knoa+f+y=kt (2)
Khi do, ding thitc cdn chimg minh dugc bién déi vé dang:
tga - 1g’a 3th tg‘ﬂ gy - tg° : 3tga 1g°a Stgﬂ g B 3y -tg'y
1-3tg%a 1-3tg?p  1-3g%y  1-3g2a 1-3g?p  1-%gly
< tg3a+tg3p +tg3y = tg3a tg3p.tg3y

tha + lg3B

= — g0y

2)
< tg(3a + 3p) = —1g3y < tg(3kn - 3y) = - tg3y luon ding.

Viy, ding thitc duge chitng minh.
Bai tap 3. Data=1gA,b=1gB, c =1gC, véi A, B, Ce(- g -2’5).
Tir gia thiét ta cé: '
tgA.tgB + tgB.tgC+ tgCtigA=1 < A+B+C= ; + kn

&2A+2B+2C=n+2kn < sin(2A+2B+2C) =0
< sin(2A + 2B).cos2C + cos(2A + 2B).sin2C =0
<> sin2A.cos2B.cos2C + cos2A.sin2B.cos2C +
+ c0s2A.cos2B.sin2C - sin2A.sin2B.sin2C =0

&> sin2A.cos2B.cos2C + cos2A.sin2B.cos2C +
+ c0s2A.cos2B.sin2C = sin2A. sm'B sm2C

& tgA. cosgB.cost + tgB. cos2C. cosz
: cos“ Becos“ C cos> Ccos> A
' cos2A.cos2B
+ tgC. = = 4igA.gBigC(1)
. cos? Acos’ B e
Nhén xét ring:
2
coszzx t 2cos ;-—l & 751 +tg’x)— § L

cCos X Cos X
Khi dé, ding thitc cdn chimg minh dugc bién ddi vé dang

tgA.(1 —tg’B)(1 - 1g’C) + tgB.(1 —tg*C)(x 1g’A) +

_ +tgC.(1 - tg’A)(1 - 1g’B) = 4tgArgB. th
&> a(l = b1 =)+ b(l - c?)(1 -a?) +c(l —a*)(1 - b?) =dbc
<> a+b+c+abe(be + ca + ab) - 4abc = a(b? + ¢?) + b(c? + a) + (@’ + bY)
«£ly a+b+c-3abc=a(b’+c?)+ blc?+a®) + c(a’+b).
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Bai tap 4. Tir gia thiét ta cé:
XX, + XX+ XX, =1 vavib#0dodé x,, x,, x,#0.
PDat x =tgA,y=1tgB,z=1tgC,v6i A,B,C € (—-g. %)_
Ta cé:
tgA.1gB + tgB.tgC + tgCtgA = 1 <> A+ B+ C= g +kn
«::32A+2B+2C=1t+2k1t. (1)
Khi d6, dang thirc cin chimg minh dugc bién ddi vé dang:
(tgA — cotgA)( tgB - cotgB) + ( tgB - cotgB)( tgC - cotgC) +
+ (tgC - cotgC)( tgA — cotgA)=4
> (=2 cotg2A)( - 2 cotg2B) + ( - 2cotg2B)( - 2cotg2C) + |
| + (= 2cotg2C)( - 2 cotg2A) =4
< cotg2A cotg2B + cotg2Bcotg2C + cotg2Ccotg2A) = 1
< 2A + 2B + 2C = nt 4+ 2km, ludn diing do (1).

Bai tap 5. Tirgia thiét |a| < 1, dat a = cos2a, a € [0, g].

Khi dé:
VT =(1 - cos2a)"+ (1 + cos2a)" =2"sin"a + 2".cos"o = 2°.(sin"a + cos"c)
< 2".(sin’a 4 cos’a) =2"= VP.

véiae [o,-z’E)..

Baitap 6. Vi gia thiét |a| > 1, data=

cosQt

Khi dé, bét ding thitc duge bién ddi vé dang:

4 1 9

—4a <5124 <1 €Hlep s €5~ 12 ——1 £ —
Cos cos cCos

o 4(tga.+I)<5—-1213as9(tgu+l)
s 4tg a-12t1ga+920 {(2tga g Ll 2, B

(3tga + 2)’ 20

. , luén ding.
otg“a+12tga+420

Baitap 7. Tir gia thiét:
a’+b’= 1, dat a = sina va b = cosa, a € [0, 27).
c’+d*=1,datc =sinp vad = cosp, p € [0, 2n).
Khi dé: _
| a(c —d) + b(c +d) | = | (sinf + cosP).sina + (sinf} — cosp).cosa l

= ﬁ lsina.cos(ﬂ - -’1) + cosa.sin(p - —:—)l

--J_lsm(a+[3———)lsfdpcm
Baitap 8. Bién déi gia thlétvédang )

GRCR

Dat 3—;— = sinaL va %t-’— = cosa, & € [0, 2x).
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. Khi dé6, bat dang thitc duge bién déi vé dang:
| 15sina + 20cosa.| €25 < | 3sino + 4cosu.| <5

o | %sina+ %cosa| <. ™)

; 2 2 ;
W_[—) + (—) = 1 nén ton tai géc Be[0, 2n) sao cho cosP = %,sinﬁ = —'51
khi dé:
(") ¢ |cosB.sina + sinB.cosa| <1 & |sin(a + B)| < 1, ludn ding.
Baitap 9. Huwong ddn: Dat a = sina, b = sin ta bién déi dugc bat déng thirc

vé dang |sin(a - B)| <1, 1uon diing.
Bai tap 10. Diéu kién :

1-a% 20 lak 1
== :
1-b?20  Ublsl
Dat a = sina, b = sinf}, véi a, B € [0, =]
Khi d6, bat dang thitc dugc bién déi vé dang:

| sina.. Jl ~sin’p + sinB.\h-sin2 a +

+ /3 [ sina.sinp - Ju-sin2 a)l-sin’p) | <2

== |sina.cos[3 + sinP.cosa + +/3 (sinasinp — coso..cosp) | <2

& |sh|(a+[3)—J5ms(a+|3)i <2& | %sin(a.+|3)— i.zioos(a-tBﬂ <l

&> Isin(a + B - -;‘-)15 1, luon diing.
Bai tap 11. Tir gia thiét:
7'=3x+4y=5~J12+y2 Ii%-—-’-‘——-— +%. i § (1)

x2+y2 x2+y2

Nhan xét ring : _
R e 4 :
. V'i(-g)+(—5—)=l.dat—5—=snnavi-§=cosa,vélue[0,2t).
L_y=1,dat:

3 ""‘mrf—z’*‘“*“(r—:
a B L A
J:—y- Sln V. J___

Khi d6 (1) dugc chuyén vé dang:
7=5x2 +y? (sincoosP +cosousinB)=5yx2 +y? sin(+B)<5y:? +y2

& Yx2ay? 2 % <:>x2+y’z% dpcm.

—cosﬁ v6i B € (0, -]
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Bai tap 12, Tir gia thiét ta bi€n doi bat dang thic vé dang:

a-c ¢ bcc
Lo iR ,___+J1___<1
a b b a ( ) ( b)

Nhan xét rang :

(1-S)+ S =1,datl - £ =sinfava < =cos’a, véi a € [0, =],

a a N a 2
1“5 +_c,_= d" __c_= in2 \£= _2 %) E
( b) - 1, dat | = smﬁvab cos'B.vane[O,Z]

Khi d6 bat dang thitc duoc chuyén vé dang :

\Jsin2 a.co_sz B + Jcosz a.sin?p < 1 < sina.cosP + cosa.sinf < 1

< sin(a + B) < 1 ludn diing.
Bai tap 13. Diéu kién:
| -x’20Ixl< 1. . (*)
Vi diéu kién (*), dat x = cost, t € [0, x]. ) (**)
Khi d6 phuong trinh dugc chuyén vé dang:
4cos't — 3cost = V1-cos?t ¢ cos3t = Isintl
(*%)

< cos3t = sint & cos3t = cos( — ~1)

R | ¢
K l=—8- X=COS§
B=Z-tedhp =24t el o z
o : o : & t,=--8—¢::> X = cos—g- kelZ
3!=-—£+I+2kﬂ l=-—-’£+ku
2 4 3n In
t=— |x=cos—
- 4 - :
~ Vay, phuong trinh c6 ba nghiém phan biét.
Bai tap 14. Diéu kién
x-x220
x20 ©0<x<I. "
l-x20
Véi diéu kién (*), dat x = cos’t, t € [0, g]. ' (**)

Khi dé, phuong trinh duge bién déi vé dang:

l+—\{cos t - cos l—\(cos t+1ll —cos? t

c::»1+2lsmt.oost| = lcostl + |smt|c:3+25mtcost“3(cost+smt)
-l

Dit sint + cost = u, diéu kién 1 <u < 2
Khi d6, phuong trinh c6 dang:
fTu=1

3'+u‘—l=3h.¢:>u’—3u+2=0@[ &> sint + cost = 1

u=2(1)
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2 sin(t + %): 1 & sin(t + ;) =

5,
J3
; t=2kﬂ (**) x=c0520=l
o = = '
t=§+2kn t 5

A 2

O

I

3 x=cos" —=0
Vay, phuong trinh c¢6 nghiém 1a x = 0 hodc x = 1.
Bai tap 15. Diéu kién
j-x*20& ~-15x<l. . ¢ _ (1)
Dﬁtx-smtvéltel—-— —] .

7}
Khi dé, phuong trinh cé dang:

sin’t + J(l sin®t)’ = sint. JZ(l—sm t) <> sin’t + cos’t = V2 sint.cost

& (sint + cost)’ — 3(sint + cost).sint.cost = J2 sint.cost

Dat y = sint + cost, diéu kién It| < 2. suy ra sint.cost = ——:-l .

Khi d6, phuong trinh dugc bién déi-vé dang:
2 —

2.._
y—3.—T—.y=ﬁ.1~2—l—my’+yzﬁ—3y—ﬁ=0
S@y-2)Y+2y2 + D=0 y=2

, y=l-—J-2_

* Véiy= 2 ,taduoc:
sint + cost = \E c>sin(t+-2)=]¢;>r+'£= 12{
c:>t=£<:>x=sin£=£.

4 i g

Véiy=1- V2, ta dugc:

sint+cost=l—f & x+ yVl-x2

=l—-ﬁ
=5 2 21-42 ~x
]2 =% 30 2

@‘ X2 i x<l JE .
1-x2=0-v2-0  [x?-(-V2x+1-V2=0"
(x <1-42 |

& xS1448 L 1By 2342 1
i B3yaE -1 RS Toin

: L o] 2

Vay, phuong trinh c6 hai nghiém.

- Bai tap 16. Huong dan: Pat x = cost, t € [0, n]
Bai tap 17. Diéu kién

a?-x>0& Ixl<a.
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Pat x = a.cost, vai t € [0, n].
Khi d6, bat phirong trinh c6 dang:

. : m 1
acost+asint<a<s>cost+sint<l & cos(t—- —) <

72

<t<nm ~1<cost<0 ~a<acost<0 -a<x<0
Loum <> =

cost =1 a.cost=a X=a

Vay, nghiém cua bdt phuong tnnh la-a<x<0hoidc x =a.
Bai tap 18. Diéu kién:

az0 s
arx20¢¢{a" ' (*)
-as<x<a
x+a20
Vi diéu kién (*), dat x = acost, t € [0, 7] ()
Khi dé, bat phuong trinh dugc chuyén vé dang :

it t
Ja-a.cost + ya+a.cost >a<> 2a (smi +cos-2—)>a

t n S Ja
¢:>2cos(5 -~ Z)> J.Ic:rcos(é- - -Z):- 3
Tir (**), ta duoc:

t

--ES———ES—E::»JESCOS(I'*E)SI-
&k s

=3 3 5y
Vay, dé bat phuong trinh ¢6 nghiém diéu kién la —-J;_- <loa<4.
Bai tap 19. Huong ddin: Diéu kien: | x|, |yl < 1.

Dat x = sina, y = sinf} ta tim duoc hai cap nghiém (0, 0), (1, 1).
Bai tap 20. Diéu kién x, y # 1.

Datx=tga,y=tgB, véia,p € ( - —2—- —2—)\l:t—].
Khi d6, hé duge chuyén vé dang:
i 2[
llng“gOl tg2f =1t 2p=a+kn
~1g"p o |B2P=1ga  J2p=
2tga B tg2a =tgp 20=p+in
Ll-lgzu
kn+2In kn.+2ln =y=0
A "='8—‘3 TR |
. &> & =3 x=ﬁ&y=-ﬁ.
2kn + Int 2kn +In
e el e x w3 &yad3
Vay hé ¢6 3 cap nghiém.
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