BAI 5. TIEP TUYEN

A. KIEN THUC CO BAN CAN NAM

Cho hai ham s6 f(x) va g(x) co dao ham tai diém x,. Ta néi rang y=1()
hai duong cong (C) :yzf(x) va (C’):yzg(x) tiép xtic v6i nhau tai
M (%05 )
diém M (xo;yo) néu M 1a mot tiép diém chung cua ching. 5 -
/ y=g(x)

(C) va (C") ¢o tiép tuyén chung tai M.
Piéu kién tiép xuc:

Hai dudng cong (C): y=f(x) va (C'):y=g(x) tiép xtGc v6i nhau < hé¢ phuong trinh

f(x)=2(x)
f'(x)=¢'(x)
Nghiém ctia hé phuong trinh 13 hoanh d6 tiép diém cua hai duong cong do.

B. PHAN DANG VA PHUONG PHAP GIAI BAI TAP

c6 nghiém.

Dang 1: S tiép xiic ciia hai dwong cong

1. Phuwong phap giai
Cho hai dudng cong (C): y = f(x)vé (C') y= g(x). Diéu kién dé hai duong cong tiép xtic véi

- o Jfx)=e()
nhau la h¢ phuong trinh < , c6 nghiém.
t'(x)=¢'(x)
- Nghiém x =x,, cua hé trén l1a hoanh d¢ cua tiép diém cua hai dudong cong da cho.
- H¢ trén c6 bao nhiéu nghiém thi hai duong cong (C) va (C’) tiép xtc voi nhau tai bay nhiéu diém.
2. Bai tap

Bai tap 1: D6 thi ham s6 y = x* +x +1 tiép xuc voi dudng thang nao dudi day?

A.y=x+1. B. y=-2x+1.
C.y=—=x+1. D. y=2x+1.
Huéng dén gidi:
Chon A.

Ap dung diéu kién tiép xuc cua hai dudong cong (C):yzf(x) va (C'):yzg(x) la hé phuong trinh
{f (x)=g(x)
f'(x)=¢'(x)

Tacd y' =3x"+1>0, Vx € R nén cac phuong 4n B, C bi loai.

c6 nghiém.




] , X x+l=x+1
Xét phuong an A. y=x+1. Ta co hé & x=0.
3x*+1=1
Vay duong thang y = x +1 tiép xtic voi d6 thi ham sé di cho.

Bai tip 2. Tap hop tit ca cac gi trj thuc cua tham sé m dé duong thing y=—-2X+m tiép xuc véi dd thi

ham sb y =X—+1 la
X —
A. {7:-1}. B. {-1}. C. {6}. D. {6;-1}.
Huéng dén gidi:
Chon A.
Puong thing y =-2x+m tiép xtic véi d6 thi ham sb y = x+l khi va chi khi hé phuong trinh sau co
X —
nghiém
x—+1——2x+m x+1 x=0
x—1 ——=-2x+m x+1=—2x+m m=-1
D) ox-1 a1 =
7 =2 (x-1)" =1 X =2x=0 x=2
(x—l) m=17

Vay me{-1;7} thi dudng thing d tiép xtc véi (C).
Bai tip 3: Goi S 1a tip hop tit ca cic gia tri thyc cia tham s6 m dé do thi (C,) ctia ham sb
y=x"—4mx* +Tmx —3m tiép xtic véi parabol (P) :y=x"—x+1.Tong gié tri cac phan tir cia S bang

Al . 31 c.2 D. 4.
4 4 4

Huéng dén gidi:
Chon A.
bé (C,) tiép xtc v6i (P) thi hé phuong trinh sau c6 nghiém:

X —dmx* +Tmx=3m=x*—x+1
3x% —8mx+Tm=2x—-1

x3—(4m+1)x2+(7m+1)x—3m—1:0 (1)
3x2—2(4m+1)x+7m+l=0 (2)

Giai (1), ta c6 (1) < (x—1)(x* —4mx+3m+1)=0
x=1
A 2
x"=4mx+3m+1=0
+ V61 x =1 thay vao (2) dugc m =2
X2 —4mx+3m+1=0 (3)

:>(2m—l)x=m+l(4).
3x2—2(4m+1)x+7m+1:0

+ Xét hé {




« Néu m =% thi (4) vo nghiém.

*« Néu m;r&l thi(4) ©x= mtl .
2 2m—1

2
Thay x = m+l vao (3) ta dugc m+1 —4m mtl +3m+1=0
2m—1 2m—1 2m—1
m=2

SAm’ -11m* +5m+2=0=|m= —% (thda man diéu kién).

m=1
A 1 A LA . AL s 11
Vay S = 2;—1;1 nén tong cac phan tir trong S bang e

Bai tip 4: Goi S la tap hop tit ca cac gia tri thuc cua tham s6 m dé dd thi ham s
3
y =%—E(m+2)x2 +2mx +1 tiép xtic véi duong thang y=1. Tong gia tri cic phan tur ciia S bang

A. 10. B. 2—30 C.

D. 2.
3

W | 0o

Huéng dén gidi
Chon B.

3
X

1
Xét hé phu’(mg trinh ?_5(m+2)_x2 +2mx+1= 1(1)

x? —(m+2)x+2m=0(2)

X=m

Giai phuong trinh (2) ta dugc [

3 -0
+Véi x =m, thay vao (1) ta dugc —%+m2 =Oc>[m .
m=

+ Véi x =2, thay vao (1), ta dugc m :% .

Vay tap hop cac gia tri cua tham sd thuc dé d6 thi ham sb da cho tiép xtc voi duong thang y=1 la
2 , A s 20

S = 0;6;5 nén tong cac phan tu trong S bang 3

Bai tap 5. Biét d6 thi ciia ham s (C) (y=x"+ax’ +bx+ c(a,b,c € R) , tiép xtc v6i truc hoanh tai gdc
toa do va cét duong thfmg x =1 tai diém co tung do b'fmg 3. Téng a+2b+3c bfmg
A. 4. B. 2. C.o. D. 3.
Huéng dén gidi:
Chon B.

Vi (C) tiép xuc véi Ox tai gbe toa dd nén x =0 13 nghiém ctia hé phuong trinh




X +ax’* +bx+c=0 {sz
—
3x* +2ax+b=0 c=0
Mat khéc (C) di qua diém A(1;3) nén a+b+c+1=3=a=2.
Viy a+2b+3c=2.
Bai tap 6. Ho parabol (Pm) ty=mx’ —2(m —3)x+ m—2(m # 0) luén tiép xuc véi dudng thing d ¢ dinh
khi m thay d6i. Puong thang d di qua diém nao dudi day?
A. A(1;-8). B. B(0;-2). C. C(0;2). D. D(1;8).
Huéng dén gidi
Chon B.
Ta co: y=mx’ —2(m—3)x+m—-2 =m(x2 —2x+1)+6x—2
c>y=m(x—l)2+6x—2.
Xét dudng thing d : y = 6x—2 thi hé phuong trinh
m(x-1) +6x-2=6x-2 o
luon c6 nghiém x =1 véi moi m=0.
2m(x—l)+6=6
Vay (Pm) ludn tiép xtc véi duong thing d:y=6x-2.

DPuong thing d di qua diém B (0; —2) .

Nhdn xét: Néu co thé viét lai ham s6 (P,) theo dang y= m(ax+b)2 +cx+d thi (P,) luén tiép xiic voi

duong y=cx+d.

Dang 2. Lap phuong trinh tiép tuyén ciia d thi ham s y = f(x) tai diém M (x,;y,)

1. Phwong phap giai

Thuc hién theo cac budc sau

Buwdéc 1: Tinh y'=f'(x) va f’(xo).

Buwéc 2: Suy ra phuong trinh tiép tuyén can tim 1a y = f (xo ) (x - xo) + Y,

Buwéc 3: Thuc hién cac yéu cau con lai cta bai toan. Két ludn.

Chui y:

- Néu bai toan chi cho x, thi ta can tim y, = f(x,) va f'(x,).

- Néu bai toan chi cho y, thi ta can tim x, bang cach giai phuong trinh f(x)=y,.

- Gid tri f'(xo) 1a hé s6 goc clia tiép tuyén ciia do thi ham sb y = f(x) tai diém M(xo;yo) .

2. Bai tap




. 2 X s . 2x+1 . = . C
Bai tap 1. Goi M 1a diém thudc do thi ham so (C ) 1y= al +1 c6 tung do bang 5. Tiép tuyeén cua do thi
x —_—

O)taiM cit cac truc Ox, Oy lan luot tai A, B. Dién tich tam giac OAB béng

A2 (qvar). B. 17 (avar) c. 2L (avar) . 12 (dvar)
6 6 6 6
Huwéng din gidi
Chon C.
Ta ¢6 M(Z;S)G(C);y’z_—32; y'(2)=-3.
(x=1)
Phuong trinh tiép tuyén tai M(2;5) lad:y=-3x+11.
s o4 % (11 . 11
Khi d6 d cat Ox, Oy tai A ?;0 va B(O;ll):> OA =?; OB =11.
1 111 121
Vay S, =—0AOB=—.—.11=—dvdt
W Baom =5 2°3 6 (dvdt)
Bai tip 2. Cho ham s6 y = il b2 (ab #z-2,a+# 0). Biét rang a va b 1a cac gia tri thoa man tiép tuyén cua
ax —

dd thi ham sé tai diém A(l;—Z) song song v6i dudng thang d :3x+y—4=0. Khi d6 gia tri ciia a—3b

bang
A.S. B. 4. C.-1. D. 2.
Huéng din gidi
Chon D.
Taco: y =_2;ab2:> y’(l) = —2—alz
(ax —2) (a—2)

Do tiép tuyén song song v6i duong thing d:3x+y-4=0<y=-3x+4 nén

y(1)=3e 279%_ 5,
(a-2)
< , ~ A N L A 1+b
Mat khac A(l;—2) thudc do6 thi ham s6 nén -2 = 5 < b=-2a+3.
a_
—2—ab 5
Khi d6 ta c6 h¢ { (a-2)’ 25a2—15a+10=0<:>[a_
a=
b=-2a+3

+Véi a=2=b=-1=ab=-2 (loai)
+Véi a=1= b=1 (thoéa min diéu kién).
x+1

Khi d6 ta co ham sb y = .
x—2




y'=(_—)2:> y’(1)=—3 nén phuong trinh tiép tuyén 1a y=-3x+1 song song véi duong thang
x=2

y=-3x+4.
Viy a-3b=-2.
Bai tap 3. Trong tit ca cac duong thing tiép xuc v6i do thi ham sé y =—x* —3x? +3x+1 thi dudng thing
d ¢6 hé s6 goc 16n nhat. Phuong trinh duong thang d 1a

A. y=6x+2. B. y=2x+2. C.y=1. D. y=3x+1.

Huéng din gidi

Chon A.
Tacod y' =-3x"—6x+3
Goi M (xo; yo) thuoc dd thi ham sb. Khi doé hé sb gbc cua tiép tuyén tai M (xo; yo) la
k=-3x2 —6x, +3=-3(x, +1) +6<6
= Ky =6 < x, =—1 hay M(-1;-4).

Phuong trinh duong thang d 1a y=6(x+1)-4 < y=6x+2.

Nhén xét: Déi voi ham s6 bic ba y=ax® +bx* +cx+d thi tiép tuyén cé hé sé goc 1om nhdt (nhé nhat) la
tiép tuyén tai diém uon cia do thi U(xo;f(xo)), VOi x,, la nghiém cua phuong trinh y"=0.
la nhé nhat.

+ Néu a>0 thi hé sé géc k=f’(x0

+ Néu a <0 thi hé s6 géc k= f'(x,) la lon nhat.

Bai tap 4. Cho ham s0 y =x"—2x” +(m—1)x+2m c6 d6 thi (C, ). Gia tri thyc ciia tham s6 m d¢ tiép
tuyén ctia do thi (Cm) tai diém c6 hoanh d9 x =1 song song v&i duong thang y =3x+10 1a
A. m=2. B. m=4. C. m=0. D. khong ton tai m.
Huwéng dén gidgi
Chon D.
co y =3x"-dx+m—-1= y'(l) =m-2.
Tiép tuyén ctia (Cm) tai diém c6 hoanh do x =1 c6 phuong trinh la
y=(m—2)(x—1)+3m—2 = y=(m—2)x+2m
m—2=3

oli
o Vo

Do tiép tuyén song song véi dudng thang y =3x+10 nén {2 |
m#

Vay khong t6n tai m thoa man yéu ciu bai toan.




Bai tip 5. Cho ham s6 f(x)=x"+mx’ +x+1. Goi k 14 hé s6 goc tiép tuyén ctia d thi ham sb tai M c6
hoanh do x =1. TAt ca céc gid tri thuc clia tham sé m dé thoa mén &.f(~1)<0 la

A.m<-2. B. 2<m«<1. C.m=1. D. m>2
Huéng din gidi
Chon B.
Ta co f'(x)=3x2+2mx+1:>k=f'(l):4+2m.

Do d6 k.f(~1)=(4+2m)(m-1)
Dé k.f(-1)<0 thi (4+2m)(m-1)<0= 2<m<1.
Bai tdp 6. Cho ham s6 y =’ +3mx” +(m+1)x+1, v6i m la tham s6 thuc, c6 d6 thi (C). Biét ring khi

m=m, thi tiép tuyén voi dd thi (C) tai diém c6 hoanh d6 x, =—1 di qua A(1;3). Ménh dé nao sau day

diung?
A, 2<my<-1. B. -1<m, <0 C.0<m,<1 D.1<m,<2
Huwéng dén gidgi
Chon C.

Goi B 1a tiép diém cua tiép tuyén di qua A(1;3) khi m=m,
Tacod y =3x> +6mx+m+1.
Véi x, =-1 thi y, =2m—l:>B(—l;2m—l) va y'(—1)=—5m+4.

Tiép tuyén tai B ctia (C) c6 phuong trinh 13 y = (—Sm + 4)(x + 1) +2m-1.
Do tiép tuyén di qua A(l;3) nén 2(—5m+4)+2m—1 =3 m :%.

Vay m, =%e(0;1).

2
X

¢ do thi (C). Goi M 1a mét diém thudc (C) cé khoang cach tir M dén

Bai tip 7. Cho ham s y= 5

truc hoanh bé‘mg hai lan khoang céach tr M dén truc tung, M khong trung véi géc toa do O va co6 toa do
nguyén. Phuong trinh tiép tuyén cia (C) tai M 1a
A. y=-8. B. y=-64. C. y=-12. D. y=-9.
Huwong din gidi:
Chon A.

2

e a
Gia sur M(a;

2—a

] 1a mot diém thudc (C).




a2 a=0

) =2a 4

Do d(M:0x)=2d(M;0y) nén || =2Ja] e o a=3
“ a =-2a .

2—a a=4

Theo gia thiét thi M khong tring voi goc toa do O va c6 toa dd nguyén nén a =4 = M (4;-8).

4x—x*

()

Khi d6 y' = = '(4)=0

Phuong trinh tiép tuyén can tim 1a y =-8.

x+1

Bai tip 8. Cho ham sb y = > ¢6 @6 thi (C) va duong thing d:y=-2x+m—1 ( m la tham s thuc).
X+

Goi k,, k, 1ahé s6 goc tiép tuyén cia (C) tai giao diém cia d va (C). Tich k, .k, bang

A. 4. B C.2. D. 3.

1
4
Huwong din gidi
Chon A.
Tap xac dinh D =R\ {—2} .
1
(x + 2)2

Tacod y' =

Xét phuong trinh hoanh d6 giao diém cta (C) va (d)

x+1
xX+2

=2x+m—1(voi x#-2)

= 2x’ +(6—m)x+3—2m 20(1)
Dé duong thang (d) cit do thi ham s (C) tai hai diém thi phuong trinh (1) phai ¢ hai nghiém phan biét
khac 2.

=VmeR

A=(6-m) —8(3—2m)>0®{m2+4m+12>0
8-2(6-m)+3-2m#0 ~1#0

Vay (C) ludn cit (d) tai hai diém phan biét A(xl; Y1) va B (xz; v, ) , Vo1 x,,x, 1a nghiém cta phuong trinh

(1).

m—6
X1+X2=T
Theo dinh 1y Vi-ét ta co
‘o _3-2m
1°772 2

1 1 1

Taco k .k, = > > = >
(x1 +2) (x2 +2) [xlx2 +2()c1 +x2)+4]




2
3—2m+2.m—6+4
2 2

Bai tap 9. Cho ham s6 y = x* —2mx® +m ¢6 d6 thi (C) v6i m 1a tham s thuc. Goi A 1a diém thudc dd thi
(C) c6 hoanh d6 bang 1. Gia tri cta tham s thyc m dé tiép tuyén A ciia d6 thi (C) tai A cit dudng tron
(7/) (x4 ( y— 1)2 =4 tao thanh mot diy cung c6 d¢ dai nho nhat 1a

.mz—E. B.ng. C.m:—E. D. 16.
16 16 13 13
Huéng dén gidi
Puong tron (7):x* +(y—1)" =4 cotam 1(0;1), R=2.
Ta co A(l;l—m);y':4x3—4mx:>y'(l):4—4m.

Suy ra phuong trinh tiép tuyén A:y = (4 —4m)(x — 1) +1-m.
~ .z . 2 Lo 3 2 S
Dé¢ thay A ludn di qua diém c6 dinh F (Z;Oj va diém F nam trong dudng tron ( 7/).

Gia st A cit (y) tai M, N, Khi d6 ,

MN =2\[R* ~d&*(I;:A) =2,/4~d*(L:A).

Do d6 MN nhd nhit < d(;A) 16n  nhét
< d(LA)=IF=ALIF.
Khi d6 dudong thing A c¢6 1 vecto chi phuong ulIF = (%;—lj; U= (1;4 - 4m) nén

Zt.ﬁ=0@1.3—(4—4m)=0@m=£.
4 16

Dang 3: Viét phwong trinh tiép tuyén ciia dd thi ham s6 khi biét hé sé géc dwa vao cic quan hé song
song, vuéng goc,...

1. Phuwong phap giai

Thyc hi¢n theo mot trong hai cach sau:

Cach 1:

Buéc 1. Xac dinh hé s6 goc k cua tiép tuyén dua vao gia thiét bai toan.

Buwoc 2. Giai phuong trinh f '(x) =k détim x = X, la hoanh d¢ cua tiép diém.
Tinh y, =f(x0) = M (x,:y,)-

Khi d6 phuong trinh tiép tuyén can tim 1a y =k (x - X, ) + ¥,

Diém M (x,;y,) 1a tiép diém cta tiép tuyén véi do thi ham sé da cho.




Cach 2:

Buiéc 1. Xac dinh hé sb goc k cua tiép tuyén dua vao gia thiét bai toan.

Buéc 2. Vi tiép tuyén c6 hé sd goc 1a k nén phuong trinh tiép tuyén c6 dang y=kx+b. Dya vao
diéu kién tiép xtic cua tiép tuyén voi (C) ta tim gia tri cua b.

Luu y:

- Phuong trinh f '(x) =k c6 bao nhi€u nghiém thi co béy nhiéu tiép diém.

- Mot s6 truong hop xéac dinh hé s6 goc cta duong thang thudng gap.

Cho hai duong thang

d:y=kx+b;d,:y=k,x+b,.

+ Truong hop I: d, 1. d, < k..k, =—1.

k
+ Truong hop 2: d | ]d, << " 2
gHOP < G114, {bl;tbz

k —k,
1+k.k,

+ Truong hop 3: Goc (d;;d,)=a = tana =

Pac biét:
1. Néu goc giita d : y = kx + b véi Ox bang a(O° <a< 90°) thi |k| =tanc .
2. Néu duong thang d cit Ox, Oy tai hai diém A, B ma OB = m.OA thi

|k|=tana=%=m
OA

+ Trueong hop 4- Néu dudng thing d di qua hai diém A(x;3y,) va B(x,;y,) thi k=222
X=X

2. Bai tap

Bai tip 1: Phuong trinh tiép tuyén ctia @6 thi ham s6 y = x* —3x +1 song song vdi truc Ox la

A.y=3y=-1. B. y=3,y=-2.
C.x=3,x=-1. D. y=2y=-1.
Huwéng dén gidi
Chon A.

Do ti€ép tuyén song song vai truc Ox nén tiép tuyén co ti€p diem la cac diém cuc tri va c6 phuong trinh

Y=y, VOi y, la gia tri cyc tri cia ham s6 da cho.




Taco y=3x"-3;y =0 x =+1.

Do ham s6 d3 cho 1a ham bac ba nén céac diém cuc trj 1a A(l;—l), B(—1;3).

Vay phuong trinh cac duong tiép tuyén can tim 1a y=—1; y =3.

Bai tap 2: Cho ham sé y = =~ 1
x_

tuyén nay cat cac truc Ox, Oy lan lugt tai cic diém A, B thoia man OA = 40B 1a

AL 4 4 4 4
_ 1B _ 1B
YT YT
__ L2 __ 1.3
c YTy YTy
y=do 3 LB
RS YT
Huwéng dén gidi
Chon C.
Do tiép tuyén cat Ox, Oy tai hai diém A, B ma OA =40B.
Khi d6 AOAB vuong tai O va ta cé |k| — tan OAB = Oi %@ k= il.

Taco: y'=— ! 5
(x=1)
. ) 1 A

Xét phuong trinh — > =— (v0 nghi¢m).

(x-1) 4

=3

Xét phuong trinh — ! 5 =—lc{x

(x—l) 4 x=-1

+Voéi x=3thi y= % . Phurong trinh tiép tuyén la

+Voéi x=—1thi y =% . Phuong trinh tiép tuyén la

Bai tap 3: Duong théng nao dudi day la tiép tuyén ctia do thi ham s y= 2x +23
X+

tam giac vudng can?

_ ¢6 do thi 1a (C). Phuong trinh tiép tuyén cua dd thi (C) sao cho tiép

chin hai truc toa d6 mot




A.y=x+2. B. y=x-2. C.y=—x+2 D.y=Zx+—
Huéng din gidi
Chon A.
Goi A, B la giao diém cua tiép tuyén lan luot v6i Ox, Oy.
Vi AOAB vubng can tai O nén OA =0B.

— OB
Do d6 [k = tan 0AB =25 —1 & k=41,
OA
Tacod y' = ! >
(x+2)
. . 1 . A
Xét phuong trinh > =—1 (v0 nghi¢m).
(x+2)
. . x=-1
Xét phuong trinh s=1< { .
(x+2) x=-3

+V6i x=—1 thi y=1.Phuong trinh tiép tuyén la y=(x+1)+1=x+2.

+V6i x=-3 thi y=3. Phuong trinh tip tuyén1a y=(x+3)+3=x+6.

Bai tip 4: Cho ham s6 y = %mx3 +(m—1)x* +(4=3m)x+1 c6 dd thi 1a (C,, ). Tat ca cac gia tri thyc cia

tham s6 m dé trén do thi (Cm) ton tai mot diém duy nhat c6 hoanh do 4m ma tiép tuyén tai d6 vudng goc

v6i dudng thang d:x+2y-3=0 la

A.m< 12 hoac m>§. B. m <0 hodcm>1.
g 1 . 2
C. m <0 hoac m>§. D. m <0 hoac m>§.
Huwéng din gidi
Chon D.

1 . 1
Ta co: d:x+2y—3=0<:>y=—5x+% nén hé so goc cuad la 5

Do tiép tuyén vuong goc véi d nén hé sb goc cua tiép tuyén 1a k thi

k.(—lj =1 k=2.
2

Goi M (xo; yo) la tiép diém cua tiép tuyén voi (Cm) thi x, 1a nghiém cua phuong trinh
y'=k<:>mx2+2(m—1)x+4—3m=2.
<:>mx2+2(m—1)x+2—3m=0(*)

Theo bai toan thi ta phai tim m dé (*) c6 duy nhat mot nghiém am.




+ Trudng hop 1: Néu m =0 thi (*) < —2x=-2< x=1 (loai).

+ Truong hop 2: Néu m #0 . Ta thiy phwong trinh (*) c6 hai nghiém 13 x=1 va x = ﬂ
m

7 . 2-3
Do d6 dé (*) c6 mot nghiém am thi =2

<0< m<0 hoac m>2.
m 3

Bai tap 5: Biét tiép tuyén cua d6 thi ham s y=ax* +bx” +2 tai diém A(—l;l) vuong goc voi duong

thing d:x—2y+3=0 . Gia tri a* —b* bang

A. 13. B. 2. C.-5. D. 10.
Huéng din gidi
Chon C.
. 1 3 . 1
Taco: d:x-2y+3=0<y=—x+—=nén k, =—
2 2 2

Vi tiép tuyén vudng goc véi d nén phai co hé s6 goc bang —2.

Tacod y' =4ax’ +2bx = 2)((2ax2 + b)

Vi diém A (—1;1) 1a tiép diém cua tiép tuyén v6i d0 thi nén x=-1 1a nghiém cua phwong trinh
2x(2ax* +b)=—2=>-2(2a+b)=-2<2a+b=1.

Mit khac diém A thudc d6 thi ham s nén a+b+2=1<a+b=-1.

2a+b=1 a=2 s
= =a —b" =-5.

a+b=-1

Vay ta c6 hé {

Bai tip 6: Cho ham s6 y=x’ —3x> —9x+1 c6 do thi la (C). S6 tiép tuyén cia (C) tao v6i duong thang

. 5 .
d:y=—x+1 mot gbc o thoa man cosa =—— la

Ja1
A. 1. B. 2. C.3. D. 4.
Huwéng dén gidgi
Chon D.

Goi k 1a hé s0 goc cua tiép tuyén can tim.

Tac()cosazi(00<a<90°):>tana= 12 —lzi.
Va1 cos” a 5
. CTA A g1k N k+1] 4 g ?
Vid c6 hé s0 goc bang —1 nén tana =|——|=— < 1
1-k| 5 k=——
9
Tacd y' =3x>—6x-9.
\ ) x=0
+ Truonghop 1: k=9 < x" -2x=0< )
X =




Tir d6 ta tim dugc hai tiép tuyén y=-9x+1 va y=-9x-3 .

9++321
9

+ Truong hop 2: k=—é<:>27x2—54x—80=0<:>x=

9++/321

Tir d6 ta tim duogc hai tiép tuyén 1a y = —é(x R ]+ y(xo)

Vay c6 bon tiép tuyén can tim.
. 1 7 A . 2 A >
Bai tap 7: Cho ham s0 y= §x4 —sz c6 d6 thi (C). C6 bao nhiéu diem A thudc d6 thi (C) sao cho ti€p

tuyén cua (C) tai A cat (C) tai hai diém phéan biét M (x1;)’1)§ N (xz;yz) ( M, N khac A ) théa man

Y=Y, =3(xl —xz)
A. 0. B. 2. C.3. D. 1.
Huwéng din gidi
Chon B.

Do tiép tuyén di qua hai diém M (x,;y,); N (x;y,) nén hé s goc cita tiép tuyén 1a k =122 -3,
X=X,

Taco y' :le —Zx .
2 2

1
Xét phuong trinh EX3 —%x =3 x=3x=-1x=-2.

Mit khéac dé tiép tuyén ctia ham sd tring phuong cit duogc do thi tai hai diém phan biét thi tiép diém A chi
c6 thé chay trong phan d6 thi tir diém cuc tiéu thir nhat sang diém cuc tiéu thir hai (trir hai diém udn).
x=0

x=i\/7

Do d6 hai diém cuc tiéu la x =—7 va x= J7 nén hoanh do caa tiép diém X, € (—xﬁ ;\/7 )

Khi d6 phuong trinh y'=0 < x* -7x=0 <

Vay chi c6 x, =—1; x, =2 thoa man.

ax+b

Dang 4: Viét phwong trinh tiép tuyén cia do thi ham sé y = khi biét moi quan hé caa tiép

cx+d
tuyén v6i cac dudng tiém cin cia do thi ham so

1. Phuwong phap giai

g s it ax+b L v 42 .o O RN . \

Voi ham so y= ( véi c#0;ad—bc+#0) thi do thi ham s6 co hai tiem cdn la
cx+d

d a

c

. d a . L2 ’ . \ A o v~ \ A Lo, ’ P
Goi I| ——;— | la giao diém cua hai duong tiém can ( va ciing la tam doi xung cua do thi).

cc




Khi do tié}? tuyén tai diém M(xo;yo) bat ki cia do thi car tiém can dung tai diém

d 2bc—ad+ . ; d
A(——'M] va cat tiém can ngang tai diém B(2x0 +—;£j.

¢’ c(cx0+d) c c
Ta c6 IA = (ad—bc) B = 2(ch +d)
c(exy+d) c
4|ad_bc| Vg S L17a 2.

= IAIB=————=K la hang s6 khong doi.

c

2|ad - b
Suyra Sy, =———5—.

c

Khi dé cac bai toan sau la twong dwong:

Tim diém M e (C ) hodc viét phuong trinh tiép tuyén cua (C) biét tiép tuyén tao voi hai tiém can mot
tam giac vudng co

a) Canh huyén nhé nhit

AB =NIA® +IB* > \2IAIB =\2K

Dau bang xay ra khi JA=1IB.

b) Chu vi nhé nhit

Ta co IA+IB+ AB > 2\JIA.IB +\2IA.IB = 2\JK +2K
Dau bang xay ra khi JA=1IB.

¢) Bdn kinh dwong tron ngogi tiép nhé nhit

Ta co RzlABZ\/K.
2 2

Dau bang xay ra khi JA=1IB.

d) Bin kinh dwong tron ngi tiép I6n nhit

i S K
Tacor=—=——+—
p IA+IB+AB

Vay r 16n nhat khi A+ IB+ AB nhé nhét va bing 2K +~/2K .
Dau bang xay ra khi JA=1IB.

e) Khodng cdch ti I dén tiép tuyén Ion nhit

Goi H 1 hinh chiéu cua I 1én d, ta c6 12=L2+L22L:£:>IHS\/K
IH* IA~ IB~ IAIB K 2

Déu bang xay ra khi IA=1IB.
Nhin xét: Cac cau hoi trén thi dang thie déu xay ra khi JA = IB nén AIAB vudng can tai 1.




Goi a la goc giita tiép tuyén d va tiém cén ngang A, thi o= (d;Az) = (d;Ox) =45° nén hé sb goc cua
tiép tuyén 1a k =+tan45°=+1.
2. Bai tap

x+1

Bai tip 1: Cho ham sé y = 1 c6 dd thi (C). C6 bao nhiéu cip diém A, B thudc (C) ma tiép tuyén tai

d6 song song v6i nhau?

A. Khong ton tai cap diém do. B. V6 s6 sb cap diém.
C.2. D. 1.
Huwéng dén gidgi
Chon B.
Giasir Al 22| B[ 5,24 vsi an b ab=l.
a—-1 b-1
- X £ . ‘e ~ ' , -2 -2 a=b
Do tiép tuyén tai A, B song song v&i nhau nén y (a) =y (b) & > = - &
(a-1) (b-1) a+b=2

Do a#b nénchicd a+b=2.Vay co vo sO cap diem A, B thoa man.

ax+b

Nhén xét: Hai diém A, B phén biét thuéc do thi ham sé y = ma tiép tuyén tai dé song song voi

cx+d

nhau thi A, B d6i xitng véi nhau qua tam doi xirmg I.

Bai tap 2: Tiép tuyén cua dd thi ham s§ y = cung va&i hai ti€m can tao thanh mot tam gidc c6 dién

2x+1
tich bang
A. 6. B.7. C.5. D. 4.
Huwéng dén gidgi
Chon C.

Goi M(x,;y,) 1a tiép diém cua tiép tuyén v6i do thi. Khi d6 tiép tuyén tai M cét hai tiém can tai A, B va
la giao diém cua hai tiém can.

_2H+q

AIAB

Theo ly thuyét da néu thi S =5..

Bai tap 3: Cho ham s6 y= 21 oo db thi (C). Tiép tuyén tai diém M (a;b)e(C), a>0 tao véi hai

tiém can cua (C) mot tam giac co ban kinh dudng tron ngoai tiép bang V2. Gia tri ciia a+2b bang
A. 2. B. 4. C.8. D.5.
Huwéng dén gidgi
Chon C.




Goi A, B la giao diém cua tiép tuyén voi hai duong tiém can va I 1a giao diém cua hai duong tiém can. Do
A A 1s 1 \ . X . 1

AIAB vuong tai I nén ban kinh duong tron ngoai tiep AIAB 1a R= EAB =2 < AB=22.

Theo 1y thuyét, ta c6 JA.IB =4, AB=~/IA* +IB> >\2IAIB =242 .

Déu " =" xay ra khi JA = IB . Khi d6 hé s6 goc cua tiép tuyén k =+1.

Mt khac k= y'(a)=— <0=>k=-1.

(a=1)

=0
Tacc’)—( ! 2:—1@{6‘ ,-Doa>0=a=2=b=3. Viy a+2b=8.

2x+m

Bai tap 4: Goi (C) 1a d6 thi ctia ham s y = , m 1a tham s6 khac —4 va d 1a mot tiép tuyén cua (C).

X—
Goi S la tap cac gia tri thuc cia tham s6 m dé d tao voi hai duong ti€m céan cua (C) mot tam giac céd dién
tich bang 2, tong gia tri cac phan tu cta S bang

A.—11. B. 8. C.3. D.-8.

Huwéng dén gidgi

Chon D.
Goi A, B lan luot 1a cac giao diém cua tiép tuyén voi hai duong tiém can va I 1a giao diém cia hai tiém
can.
Theo Iy thuyét, ta c6 IA.IB=4|m+4|=S,,,, =2|m+4|
m=-3

Vay ta co 2|m+4|:2<:>{
m=-5

= S ={-5,-3} nén tong cac phan tir ciia S bing -8.

sao cho

. . LA Z . 1.2 A X ., . z +2
Bai tap 5: Goi A la tiép tuyen tai diem M(xo;yo),xo <0 thudc @6 thi cua ham s6 y= al N
X+

khoang cach tir 7(~1;1) dén A dat gid tri 16n nhat. Gié tri x,.y, bing
A.-1. B. 0. C.-2. D. 2.
Huwéng din gidi
Chon B.
Goi A, B la giao diém cta A v6i hai duong tiém can.

Theo ly thuyét d(7;A) 16n nhat khi JA=IB = k =+1.

Mt khic &= y'(x,) = ~——— <0= k=—1.




Do x,<0=x,=-2=y,=0=x,.y,=0.

. 2x+2 x . X ‘ S e e
Bai tap 6: Cho ham s0 y = s c6 do thi la (C). Phuong trinh tiép tuyen cua (C) tao voi hai tiém can

b

mot tam giac ¢6 chu vi nho nhat 1a
A.Aty=—x-1vaA:y=—x+17
B.A:y=—x-1vaA:y=—x+7
C.Aty=—x-21vaA:y=—x+7
D.A:y=—x-3vaA:y=—x+2
Huéng din gidi
Chon B.
Goi A, B 1a giao diém cua tiép tuyén tai diém M (xo; yo)e(C ) voi hai tiém can va I 1a giao diém cua hai

duong tiém can. Khi d6 AIAB vudng tai I.

4|ad - be|
———1=16

c

Theo 1y thuyét, chu vi AIAB 1 IA+IB+ AB > 2\JIA.IB +~2IA.IB =8+4~/2 vi IA.IB =

Do d6 chu vi nhé nhét bing 8 +4+/2 khi JA=IB = k =1

Miit khic k= y'(x,) =~ <0= k=—1.
xo—l)
Viytaco ——=—1e| 0"
(Xo—l) X0=—1

Véi x, =3 thi y, =4. Do d6 phuong trinh tiép tuyén la y=—(x—-3)+4=—x+7

Véi x, =—1 thi y, =0. Do d6 phuong trinh tiép tuyén 1a y = —(x +1) =—x—1

c6 dd thi (C). Mot tiép tuyén bat ky véi (C) cat duong tiém can ding

Bai tap 7: Cho ham s6 y = 2x+2

va duong tiém can ngang cua (C) lan luot tai A va B, biét [ (1;2) . Gia trj 16n nhét cua ban kinh duong
tron ndi tiép tam giac IAB bing
A T-32. B. 8-4\2. C.4-22 D. 8-3\2
Huéng din gidi
Chon C.
Goi A, B 1a giao diém cua tiép tuyén tai diém M (xo; yo) € (C ) v6i hai tiém can va I 1a giao diém cua hai

duong tiém can va AIAB vudng tai I.

4lad - b|
C—2= 163 SAIAB =

Theo 1y thuyét, ta co IA.IB = 8.

Khi d6 ban kinh duong tron ndi tiép AIAB 16n nhét xay ra khi




¢ @6 thi (C). Phuong trinh tiép tuyén cua (C) tao v6i hai truc toa do

Bai tap 8: Cho ham s y=—=
xX+2

O S
mot tam giac c6 dién tich bang T la

5
31 2
B. y=—x+—; y=—x+—.
Y 2’ 9
4 4
C.y=—x+—5y=—x+—.
9
D y=—x+l,y=—x+l.
9
Huwéng dén gidgi
Chon A.
Goi M (a; 2a2J(a;t—2) 1 tiép diém cua tiép tuyén. Khi d6 phuong trinh tiép tuyén d cia (C) tai M 1a
a+

, 3 2a _ 4 3 2a
y—y(a)(x a)+a+2®y (a+2)2(x a)+a+2.

Goi A, B 1an luot 1a cac giao diém cua d vdéi hai truc Ox, Oy.

2 2
Toa dd cac diém A, Bla A[—%;OJ, B[O; 2a } .

(a+2)2
4 2 a=1
R 1 a 1 3a°=a+2
Vay S,,, =—OAOB=—22 _—— & o )
2 2(a+2) 18 3a* =—a-2 a:—g

Bai tip 9: Cho ham s6 y = 2x > ¢6 do thi (C). Goi M (x,;Y,), X, >0 1a diém thudc (C), biét tiép tuyen

cua (C)taiM cit tiém cén ding va tiém cén ngang lan luot tai A va B sao cho S o =880 (112 giao hai

duong tiém can). Gid tri biéu thic S = x, —4y, bang




A. E B.-2 C.2 D 7
4 4
Ya
4
A
M
2
1 !
-1 0O 1 2 3 o
A\
Huwéng din gidi
Chon B.
Do goc OIA = OIB nén Mzﬂzl.
AOIB I 8
Ma [k = tan BA =2 nén i =2 & k=%
IB 8 8
< L1s , -2 1
Mat khéc k=y(x0)=—2<0:>k:__
4(x0 1 8
_1 1 x0:3
= =——

Do x, >0 nén x0=3:y0=%:>S:x0—4y0:—2

Bai tap 10: Cho ham sd y= 2x-3 c¢6 d0 thi 1a (C). Phuong trinh tiép tuyén tai diém M thudc (C) cat

X —

tiém can dung va tiém can ngang lan luot tai A, B sao cho cosin g6c ABI béng 4 voi [ (2;2) la

J17
1 3 1 7
A y=—x——; y=——x——
Y 4 2 Y 4 2
1 3 1
B.y=—x-——;y=——x+—
YT T T
1 7
C =—X+—;y=—">"X——
y y 3
D y:—lx+—;y:—lx+Z
2
Huwong din gidi:
Chon D.
Ta co |k|=tanZEI= —/\—1=—:>k=il
cos” ABI 4 4
o, . , -1 1
Gia su M(x(,;yo)e(C) th1k=y(x0)=—)2<0:>k=—z.
X, =2




— 0
Xét phuong trinh —12 =——
('XO — 2) 4 X, = 4

. iy ; 1
+ V61 x, =0 thi y, = % Phuong trinh tiép tuyén la y = —Zx +§.

2
+V6i x,=4 thi y, =>. Phuong trinh tiép tuyén 14 y = —l(x—4)+§———x+z
0 Yo 5 g p tuy y 1 > 1 >
Dang 5. Lap phuong trinh tiép tuyén ciia d6 thi ham s6 y = f(x) di qua diém M (x,;y,) cho truérc.

1. Phwong phap giai
Thuc hién mot trong hai cach sau

Cach 1:
Buiéc 1. Gia st tiép tuyén c6 hé sb goc k, khi d6 phwong trinh tiép tuyén c6 dang y =k (x - X, ) + Y-

Buworc 2. Tim k 1a nghiém cia h¢ phuong trinh
{f(x) = k(x—xo)+y0
f(x)=k
Tir d6 suy ra phuong trinh cua tiép tuyén.
Cach 2:
Buoc 1. Gia st A(a; f (a)) 1a tiép diém cua tiép tuyén v6i d6 thi ham s6 da cho nén phuong trinh
tiép tuyén tai diém A 1a y = f’(a)(x - a) + f(a) )
Buwée 2. Do tiép tuyén d&i qua M (xo; yo) nén a la nghiém cua phuong trinh
f'(a)(x,—a)+f(a)=y,.
Tim a va suy ra phuong trinh tiép tuyén.

2. Bai tap

Bai tap 1: Cho do thi ham so (C ) y= Al . C6 bao nhiéu ti€p tuyén ctia d6 thi ham s6 di qua diém
x —
A(2:-1)?
A. 2. B. 0. C.1. D. 3.
Huéng din gidi
Chon B.
Taco y'= Vx#2.

(x-2)"




Goi toa do tiép diém 1a M(xo;_xo +21] v6i x, #2. Khi 6 phuong trinh tiép tuyén cua dd thi (C) tai
XO —
3 X, +1
diem M la y=%(x—x0)+ LHF
(_xo — 2) Xy — 2

Do tiép tuyén di qua diém A (2; —1) nén ta c6 phuong trinh

X, — 0o o

Vay khong cé tiép tuyén thoa man yéu cau dé bai.

thi khéng cé tiép tuyén nao ciia do thi ham sé di qua diém

A ’ Ao s o322 J £ ax+b
Nhdn xét: Doi voi do thi ham so y =
cx+d

d a v 2 , . \ ‘A A
1 (——;—j la giao diém cua hai dwong tiém cdn.
c c

Bai tip 2: Cho ham sé y =%x4 —3y7 —% ¢6 do thi (C). C6 bao nhiéu tiép tuyén cia dd thi (C) di qua
diém A(O;éj?
2

A. 1. B. 2. C.3. D. 4.
Huwéng din gidi
Chon C.

. : 2 3 . 3
Phuong trinh duong thang A di qua di€ém A(O;Ej va co hé so goc k ¢o dang y = kx +5 .

| , 3 3
L _ —xt =3+ =k = (1 '
beé A tiep xuc véi (C) thi hé phuong trinh § 2 2 2 c6 nghiém x.
2x°—6x=k (2)

. 1 3 3
Thé (2) vao (1), tacd —x* =3x* +==(2x" —6x)x +=

(2) vao (1) > = Jx+
<:>x2(x2—2)=0<:>{

. 3
+V01x=0:>k=0:>A1:y=5.
+V(’yix=\/§:>k=—2\/§:A2:y:—2\/§x+%.

+ Vi x=—x/§:>k=2x/§:>A3:y:2x/§x+%.

Vay c6 ba tiép tuyén thoa man.




Dang 6: Xdc dinh céc diém M dé c6 k tiép tuyén ciia dd thi ham sé (C): y= f(x) di qua diém M

1. Phwong phap giai

Thuc hién theo cac budc sau:

Buéc 1. Xay dyng toa do diem M (a;b).

Buwéc 2. Gia st d 1a duong thiang di qua M va c6 hé sd goc k. Khi d6 phuwong trinh dudng thing
d:yzk(x—a)+b.

f(x)zk(x—a)+b
f’(x):k

Duya vao s6 nghiém ctia hé trén suy ra sé tiép tuyén tuwong ng bai toan yéu cau.

Buwéc 3. Bé d 1a tiép tuyén cta (C) thi hé phuong trinh (*){ c6 nghiém.

Nhin xét:

- Néu f (x) 1a ham sd bac 2, bac 3, bac nhét trén bac nhat thi hé (*) c6 bao nhiéu nghiém thi
tuong tng véi bay nhiéu tiép tuyén.
-Néu f (x) 12 ham sd trung phuong c6 3 diém cuc tri thi néu hé (*) c6 nghiém khong phai 14 hoanh do
ctia 2 diém cuc tiéu (cuc dai) thi mdi nghiém tng véi mot tiép tuyén cua do thi (C).
2. Bai tap
Bai t4p 1: Cho ham s0 y=—x’+6x”+2 c6 do thi (C) va diém M (m;2). Goi S 1a tdp hop céc gié trj

thuc ciia m dé qua M c6 hai tiép tuyén véi do thi (C).

Téng cac phan tir cua S bang

Az B. 2. c.4. p. 1
3 2 3
Huwéng din gidi
Chon A.

Goi d 1a duong thang di qua M(m;2) va co hé s6 goc k.
Khi d6 phuong trinh ciadla y= k(x—m)+2.
Dé c6 dung hai tiép tuyén cta (C) di qua M thi hé phuong trinh

k=-3x>+12x ) ) ] )
phai c6 hai nghiém phan biét.

X +6x° +2=k(x—m)+2
Tur hé trén, ta 6 —x°+6x° +2 = (=3x" +12x)(x —m)+2

x=0

2 ~3(m+2)x +12m] =
&2 3 2)x12m|=0 22 =3(m+2)x+12m =0 (¥)

Dé hé c6 dung hai nghiém, ta xét cac trudng hop sau

+ Truong hop 1: Phuong trinh (*) ¢6 nghiém kép khac 0




m=6
2.

A=9(m+2) ~96m=0
<~ <~
12m#0 m=

3

+ Truong hop 2: Phwong trinh (*) c6 hai nghiém phan biét trong d6 c6 mot nghiém bang 0
A= 2) -
@{ 9(m+2) ~96m>0 _

12m=0
A 2 ao i ooa s 20
Vay S = 6;5;0 nén tong cac phan tir bang 3

Bai tap 2: Cho ham s6 Vx> —2x+3 ¢6 d6 thi (C) va diém A(l;a) . C6 bao nhiéu gia tri nguyén ctia a dé
c¢6 dung hai tiép tuyén cta (C) di qua A ?
A. 3. B.2. C. 1 D. 4.
Huwéng dén gidi
Chon C.

Tacohamsd y=+/x*—2x+3 xacdinhtrén R, y' =X—_1.
Nx?=2x+3
Goi k 1a hé s6 goc cua dudng thang A di qua A(l;a) .

Phuong trinh duong thang A:y=k(x—1)+a.

Puong thang A tiép xuc vai do thi (C) khi hé phuong trinh sau c6 nghiém

Vxt—2x+3 =k(x—l)+a(l)
x—1

VXt =2x+3

Thay (2) vao (1) ta dugc vx* —2x+3 =%(x—l)+a
X —=2x+3

c>x2—2x+3=(x—1)2+a\/x2—2x+3 <:>a\/x2—2x+3 =2

- k(2

2
NxP=2x+3 (3)

Qua A c6 diing hai tiép tuyén ctia (C) khi va chi khi phurong trinh (3) c6 hai nghiém phan biét.

<>a=

Xét ham Sé f(X)Z%
X" —42x+
Taco f(x)= “2(x-) f(x)=0e x=1.

(x2—2x—3)\/x2—2x+3’

Béng bién thién




X —o00 1 + oo
F'(x) + 0 -
V2
f(x) \‘
U/ : 0

Tir bang bién thién ta c6 (3) c6 hai nghiém phén biét thi a € (0;\/5 ] Ma anguyénnén a=1.

Dang 7: Lap phwong trinh tiép tuyén ciia d6 thi ham s 4n tai diém c6 hoanh d¢ x = x, cho trudce

1. Phuwong phap giai

Tir biéu thirc ciia ham an, tim cach tinh céc gia tri Yo=r (xo) va f' (xo ) .

Ap dung cong thirc viét phuong trinh tiép tuyén ciia d6 thi ham sd y=f (x) tai diém c6 hoanh
dox=x,.

Chii y cong thirc dgo ham ciia ham sé hgp: Cho ham s f(x) c6 dao ham trén khodng K, u=u(x) la

ham sé x4c dinh va c6 dao ham trén K va c6 gia tri trén khoang K. Khi d6 (f(u))’ = u’.f’(u).
2. Bai tap
Bai tap 1: Cho ham sb6 y=f (x) c6 dao ham lién tuc trén R théa man
2f(2x)+f(1—2x)=12x2,‘v’x €R. Phuong trinh tiép tuyén cua d6 thi ham sé y =f(x) tai diém co
hoanh d6 bang 1 1a
A. y=2x+2. B. y=4x-6.
C. y=2x-6. D. y=4x-2.
Huéng din gidi
Chon D.
Ta can tinh £(1),f'(1).
Tur gid thiét 2f (2x)+ f(1-2x)=12x",VxeR. (¥)
2f(0)+f(1)=0©{f(0)=—1
2£(1)+£(0)=3 " |£(1)=2
Léy dao ham hai vé (*) ta duge 4.f'(2x)—2.f'(1-2x)=24x,VxeR
f(1 0)=2
©-2110-0 { (0)=2
F)-27(0)=12 [ f(1)=4

Vay f(1)=2;f'(1)=4 nén phuong trinh tiép tuyén1a y =4(x—1)+2=4x-2.

Chon x=0 va x:%,taduqc {

Chon x=0 va x:%,taduqc {




Bai tap 2: Cho cac ham sb y = f(x),y = g(x) = f(f(x)),y = h(x) = f(x3 +2) c6 dao ham trén R va co
do thi 1an luot 1a (C,).(C,).(C,). Puong thang x=2 cat (C,).(C,).(C,) lan luot tai A, B, C. Biét
phuong trinh tiép tuyén ciia (C1) tai A va cua (Cz) tai B lan lugt 1a y=3x+4 va y=6x+13. Phuong

trinh tiép tuyén cia (C3) tai C la

A. y=24x-23. B. y=10x-21.
C. y=—12x+49. D. y=2x-5.
Huéng din gidi
Chon A.

Dé giai bai toan, ta can tinh 4'(2) va h(2).
Phuong trinh tiép tuyén cia (C , ) tai A la

. _ f(2)=3 f(2)=3
y=f (2)(x—2)+f(2)—3x+4:>{_2f’(2)+f(2):4<:>{
Phuong trinh tiép tuyén cua (C,) tai B la

y=r2)£(F(2))(x=2)+f(£(2))=F"(2)-f'(10)(x=2)+ f (10) = 6x +13.

1'(2)-£'(10)=6 7(10)=2
- —2f’(2).f’(10)+f(10)=13<:> f(10)=25

Ta co h'(x)z(f(x3+2))' =3x.f'(x*+2) nén 1'(2)=12/'(10) =24 va h(2)=f(10)=25.
Phuong trinh tiép tuyén cua (C,) tai C la
y=h(2)(x-2)+h(2)=24(x~2)+25=24x-23.

Bai tap 3: Cho hamsd y=f (x) xac dinh c6 dao ham va nhan gia tri duong trén R . Biét tiép tuyén cia

hai d thj ham s6 y = f(x) va y=g(x)= ; ((xz)) cung tai diém c6 hoanh dd x, =1 c6 hé s6 goc lan lugt
X
1a 12 va-3. Gia trj ciia f(1) bing
A. 3. B. 4. C.6. D. 2.
Huwéng din gidi
Chon B.
! 2 . ' _ 2 . ' 2
raso ()| L0 | _SELI0)-r)2er ()
f(x) ()
Tir gid thiét ta co f'(1)=12 va g'(1)=-3, f(x)>0,VxeR




LIWSO27WSO o POy

(1) £(1)

Bai tap 4: Cho ham s y = f (x) c6 dao ham lién tuc trén R . Goi A, A, lan luot 1a tiép tuyén ctia do thi

ham s6 y =f(x) va 'y =g(x) =x2.f(4x—3) tai diém c6 hoanh d6 x =1. Biét hai duong thing AL A,

vudng goc nhau va A, khong song song voi Ox, Oy . Ménh dé nao sau day dung?

A3 <|f(1)<2. B. |f(1)|<2.
C.|r(1)=2. D. 2<|£(1)]<2+3.
Huwéng dén gidi
Chon C.

Taco g'(x)=(f (4 -3)) =20 f (4x—3)+ 427 f"(4x-3).

Ta c6 hé s goc clia céc tiép tuyén A, A, lanluotla f'(1) va g'(1)=27f(1)+4£'(1).
Theo gia thiét thi f'(1).¢'(1)=-1 va f'(1)=0.

< f1(1)(2F(1)+4f'(1)=-1

L
(1)

_4f'(1)32\f(1)\=m+4\f'(1)\24@\f(1)\22.

Bai tdp 5: Cho ham s6 y=f(x) c6 dao ham f'(x) trén R théa man f(x’+3x+1)=2x—1 véi moi

e2f(1)=-

x € R . Phuong trinh tiép tuyén ciia d6 thi ham s tai diém c6 hoanh do x=-3 la
1 1 1 1
A.y=—x. B.y=—x-2. C.y=—x-3. D.y=—x+2.
Y 3 Y 3 Y 3 Y 3
Huéng din gidi
Chon B.
Dé viét phuong trinh tiép tuyén tai diém x = -3, ta can tinh f (—3) va f' (—3) .
Véi x=-1 suyra f(—3) =-3.
Do f(x’+3x+1)=2x—1=(3x" +3) f'(x’ +3x+1)=2.

Vi x=—1:>6f’(—3)=2:>f’(—3)=%.

Do d6 phuong trinh tiép tuyén can tim la
y=f'(—3)(x+3)+f(—3)c>y=%(x+3)—3<:>y=%x—2.
Bai tip 6: Cho ham s6 y = f(x) c6 dao ham trén R. Goi (C,),(C,) va (C,) lan luot 1a d6 thi cia cac

ham s6 f(x),g(x) = f(xz) va h(x) = f(x3). Biét f(l) =1 va tong hé s6 goc cua hai tiép tuyén tai diém




c6 hoanh d6 x =1 cua (C1 ),(Cz) bang —3. Phuong trinh tiép tuyén cua (Cz) tai diém c6 hoanh d6 x =1
la
A, y=—x+2. B. y=-3x-2. C.y=—x-1. D. y=-3x+4.
Huwéng dén gidgi
Chon D.
Ta cAn tinh h(l), h'(l) .

Ta co g'(x) = 2xf’(x2), h'(x) = 3)(2]"(x3

).
Theo gia thiét, taco f'(1)+¢'(1)=-3< f'(1)+2f'(1)=-3< f'(1)=-1.

Dodo h'(1)=3f"(1)=-3 va h(1)=f(1)=1.

Vay phuong trinh tiép tuyén can tim 1 y = —3(x - 1) +1=-3x+4.

Bai tdp 7: Cho hai ham sé f(x), g(x) déu c6 dao ham tréen R va thoa man
f(2-x)-2f*(2+3x)+x°g(x)+36x =0, v6i moi x eR. Phuong trinh tiép tuyén ctia dd thi ham so
y=f(x) tai diém c6 hoanh d6 x=2 la
A. y=—x. B. y=2x-3. C. y=-2x+3. D. y=x.
Huwéng din gidi
Chon D.
Taco f3(2—x)—2f2(2+3x)+x2g(x)+36x=O,‘v’xe]R(1)

~

—~
)

SN—"
I

0
Thay x=0 vao (1)taco f(2)-2f*(2)=0< X
Lay dao ham hai vé cua (1) ta duoc
-3f* (2—x).f’(2—x)—12f(2+3x).f’(2+3x)+2x.g(x)+x2.g’(x)+36=0. (2)
Thay x =0 vao (2) tacod =3/ (2).f'(2)-12f(2).f'(2)+36=0. (3)
+ Véi f(2) =0 thay vao (3) thi 36 =0 (v 1y).

+Véi f(2)=2 thay vao (3) thi f'(2)=1 nén phuong trinh tiép tuyén 1a y=1x.

Bai tap 8: Cho ham s6 y = f(x) c6 dao ham lién tyc trén R théa man Ef(x)]S +6f(x)=-3x+10 véi
moi x € R . Phuong trinh tiép tuyén cua d6 thi ham sé y = f (x) tai diém c6 hoanh d6 x =1 1a

1 2 1 4
A, y=—x+2. B. y=x. C.y=—x+—. D.y=—x+—.
y y y 3773 y '3
Huwéng din gidi
Chon D.

Ta can tinh f(1), f'(1).




Thay x =1 vao ding thie [ £(x)] +6/(x)=-3x+10, taco

[F()] +6£(1)=-3+10[F(1)] +6£(1)-7=0 f(1)=1.

Theo bai ra ta co [f(x)] +6f(x)=-3x+10 ding véi moi x nén dao ham hai vé ta dugc
3.LF ()] f(x)+6f(x)=-3,VxeR.

Thay x =1 vaotac 3[ f(1)] .f"(1)+6£(1)=-3.

Vi £(1)=1 nén f’(l):—%.

iy L s 1 4
Vay phuong trinh ti€p tuyén can timla y = —gx +§.

V2 <|f(1)<2.

Dang 8. Tim céic diém trén do thi ham s6 y=f (x) ma tiép tuyén tai cac diém d6 song song véi
nhau hodc c¢6 cung hé s6 goc k.

1. Phwong phap giai

Gia str hai diém A(x,:f(x,)).B(x5:f (x5))(x, #x,) thudc dd thi ham sé y=f(x) ma tiép
tuyén tai hai diém d6 song song véi nhau hodc cé ciing hé sé goc k thi x ,»X, la hai nghiém cua
phuong trinh f'(x)=k.

Khi d6 ta c6 biéu thic lién hé giita x,,x, . Tr d6 giai quyét yéu cau bai toan dua ra.

PO ax+b
boi véi hamso y =

(¢ #0;ad —be #0) c6 tam ddi xtmg la 1[1;3). Néu A, B 14 hai diém thudc
Cc C

cx+
d6 thi co tiép tuyén tai A, B song song v4i nhau thi I 1a trung diém cta AB.
2. Bai tip miu

Bai tap 1: Cho ham s6 y = 2x+ I c6 do thi (H). Goi A(xl;yl),B(xz;yz) la hai diém phan biét thudc (H)

sao cho tiép tuyén ciia (H) tai A, B song song v6i nhau. D6 dai nho nhat cia doan thang AB bang

A. W2, B. \/3. C. 6. D. 24/6.

Huéng din gidi
Chon C.
Ta c6 Y =ﬁ. Do tiép tuyén cua (H) tai A, B song song v&i nhau nén
2x-1
' ' -3 -3 X=X
y(xl):)’(xz)c> 2 2C>|:l 2_
(2)C1 —1) (2x2 —1) X, +x,=1




Vi x, #x, nén x, +x, =1.

C e, . ., R , 2 .., 1 1 .
Khi d6 do vai tr0 cua A, B nhu nhau nén ta c6 thé gid su xl:—a+5,a>0 thi

A la+l;a+3 , B —la+l;a_3 .
2 2 2a 2 2 2a

Goi [ (%,%j la giao diém cua hai duong tiém can.

X, +x,=1=2x,

yty, :1=2y1

2 2
Taco TA=| L3 |=raz |y ) 2\/27 M:\E
2 2a 4  4a 4 4a 2

Villa trung diém ctia AB nén AB =2IA> 2\E =6 .

Ta thay { nén I 14 trung diém cia AB.

2
Vay ABminz\/g khi %=%3a2=3:>a=\/§
a

Al 11 c6 do thi (H). Goi A(x;;y,),B(x,:y,) 1a hai diém phén biét thudc (H)

Bai tap 2: Cho ham sé y=
x J—

sao cho tiep tuyen cua (H) tai A , B c6 cung hé so goc k . Biét dién tich tam giac OAB bang 5 M¢énh de

nao dudi day dang?

A. k<-9. B. -9<k<-6. C. 6<k<-3. D. -3<k<0.
Huwéng din gidi
Chon D.
Taco: y' = —%
(2x —1)

Tiép tuyén tai A, B cta (H) c6 cing hé sd goc k nén X,,X, la hai nghiém phan biét cua phuong trinh

—%=k3k<0.
(2x—1)
X +x,=1
Suy ra 4kx® —4kx+k+3=0(*) nén k+3
XI.X2:4—k

. . L . , 2 ., 1 1 \
Khi d6 do vai tro cua A, B nhu nhau nén ta c6 the gia su x,=—a+5,a>0 thi

A la+l;a+3 ,B —la+l;a_3 .
2 2 2a 2 2 2a




Ap dung cong thirc tinh dién tich tam gidc ABC néu co AB = (a;b), AC = (c;d) thi S,z = %|ad —bc| .

Tacd OA = la+l;a+3 ,@: —lat+l;a_3
2 2 2 2

2a 2a
s _l£a+lja—3 [—a+1j a+3| 1|a*-3] 1
a2 ) 2a 2a| 4| a | 2
a -3 a-2a-3=0 [a=3 |
=2 = (via>0).
a a*+2a-3=0 |a=1

: 1
+Voia=3=x=2x,=-1=>k=—=

+Véia=1=x =Lx,=0=k=-3.
Vay giatricnakla k=-3; k= —l.
Bai tip 3: Cho ham s6 y=x"—3x+1 ¢6 d6 thi (C). Goi A(x,;y,).B(x,:y,) v6i x, >x, 1a cic diém
thudc (C) sao cho tiép tuyén tai A, B song song v6i nhau va AB = 6/37 . Gia tri 2x, —3x, bang

A. 15. B. 90. C.-15. D.-90.

Huwéng dén gidi

Chon A.
Tacod y =3x>-3.
Do tiép tuyén cua (C) tai A, B song song v6i nhau nén y'(x A) = y'(xB)

& 3x-3=3x; -3 x,+x,=0 (do x, >x,).

Gia st A(a,a’=3a+1), B(-a,—a’ +3a+1) véia> 0 thube (C).
Khi d6 AB® =4a’ +(24* ~6a) = 4a° ~24a* +40a> =63/37

& 4a° —24a* +40a> -1332=0a’* =9=a=3 (via>0)

= x,=3;x, =-3 nén 2x, —3x, =15.

Bai tip 4: Cho ham s y = s

N c6 do thi (C). Goi A, B 1a hai diem phan biét thugc (C) va tiep tuyén

cta (C) tai A, B song song v6i nhau. Pudng thing AB cit cac truc Ox, Oy lan luot tai M, N dién tich tam

gidc OMN bang % . Do dai doan MN bang

A V10 B Y c. 3 p. M0,
2 2 2
Huéng din gidi
Chon B.




Tacod y' = 7 .Goi A(x;3,),B(x,,)-
o

Khido y'(x,)=y'(x,) < (x, —1)2 =(x, —1)2 S x +x, =2,

Do d6 tam ddi xtimg 7 (l; 1) ctia (C) 1a trung diém ciia doan thiang AB.

Goi hé s6 goc cua dudng thang AB 1a k.

Phuong trinh duong thang AB 1a y=k(x—1)+1.

Diu kién d¢ duong thing d:y=4k(x—1)+1 cét (C) tai hai diém phan biét A, B 1a phuong trinh

xX+2

N :k(x—1)+1(*) c6 hai nghiém phan bi¢t x #1.
X—

Ta co (*) & kx® —2kx +k—3=0 c6 hai nghiém phan biét x # 1 khi va chi khi

k#0
kK —k(k=3)>0< k>0
k—2k+k-3%#0
ViM, N 1a giao diém cia AB vé6i Ox, Oy nén M %;Oj, N(O;l—k).
k=2
k-1 1
Suy ra SAOMN=%=Z®2(/<—1)Z=|/€|© k=%

racs v = (-1 + Ly (14 L)

k2

+ V61 k=2= MN =

sl by

+ Vi kzéjMNz

|

Viy trong ca hai truong hop thi MN = % .

Dang 9: Mt sé dang toan khac

Bai tap 1: Goi A 1a diém thudc d6 thi (C) ctia ham sé y = x* —3x* +2 va c6 hoanh d6 a. C6 bao nhiéu s6
nguyén a sao cho tiép tuyén ctia (C) tai A cat (C) tai hai diém phan biét B, C khac A?
A. 1. B. 3. C.2. D. s.
Huwéng dén gidgi
Chon B.




=aec {—1;0;1} .

a;ti—z;an
2

Vay c6 ba gia tri nguyén cta a théa man.

Nhén xét: Poi véi do thi ham so y =ax* +bx* +c ma do thi c6 ba diém cwc tri ( khi ab < 0) thi tiép
tuyén cua do thi tai cac diém co hoanh do nam giita hai diém cuc tiéu (cuc dai), triv diém uon sé luon cat

doé thi tai hai diém khdc nira.

Bai tap 2: Goi A 1a diém thudc d6 thi (C) ctia ham s6 y = x* —3x% +2 va ¢6 hoanh do a . C6 bao nhiéu s6
nguyén a sao cho tiép tuyén cua (C) tai A cat (C) tai hai diém phan biét B, C khac A va dién tich tam giac
OBC bing 2+/3?

A. 1. B. 3. C.2. D. 5.
Huéng din gidi
Chon A.
x=0
Tacod y =4x’ —6x;y' =0 5 -
x=iT

o

y”:12x2—6;y":0<:>x:i7.

Toa d6 cac diém co hoanh do a nguyén dé tiép tuyén tai diém d6 cit truc hoanh tai hai diém nita thi
=ac {—1;0; 1}

+V6i a=-1= A(-1;0). Khi d6 phuong trinh tiép tuyén 1a y =2(x+1).

x=0
Xét phuong trinh xt=3x*+2= 2(x+1) < | x=-1 nén B(O;Z),C(2;6):> Siosc =2 (loai).
x=2




+Véi a=0=> A(0;2). Khi d6 phuong trinh tiép tuyén 1a y=2 nén B(—\/§;2),C(\/§;2) =S5 =233
(thoa man).

+ V6 a=1=A(L0). Khi d6 phuong trinh tiép tuyén la y=-2(x-1) nén
B(0;2),C(-2:6) = S, 5 =2 (loai).

Vay a=0.

Bai tap 3: Cho ham s6 y = x-l
x+2

¢6 d6 thi (C). Goi S 1a tap hop tat ca cc gia tri thuc ctia m sao cho tiép

tuyén cua (C) tai diém c6 hoanh d0 x=m—2 cét tiém can dang tai A(xl;yl), cit tiém can ngang tai
B(xz; yz) théa man x, +y, =-5. Tong gié tri cac phan tir cia S bang
A. 4. B.-2. C.—-4. D. 2.
Huwéng dén gidi
Chon B.

D6 thi (C) co tiém can dimg va tiém can ngang lan lugt1d x=-2 va y=1.

Taco y' =

, 3
y (m—2)=ﬁ.

3
(x+2)2 ’

m-—3

Goi M (m—Z; Je(C),miO, tiép tuyén cua (C) tai M c6 phuwong trinh 1a

m

3 m-3
=2 (x—m+2 .
y=—5(x-m+ )+

Giao diém cuia tiép tuyén véi tiém can dimg 1a A(—2; m- 6] va tiém can ngang la B (2m -2; 1) .
m

., e , m—
Theo gia thiét ta co
m

+2m—2=—5<:>2m2+4m—6©{m_

m=-3

Vay m, +m, =-2.

Bai tip 4: Cho ham sd y = x—*i c6 @6 thi (C). Goi A, B 13 hai diém nam trén hai nhanh cua (C) va cac
x —

tiép tuyén cua (C) tai A, B cit cac duong tiém can ngang va tiém cén

¥
dang lan luot tai cac cap M, N va P, Q. Di¢n tich to giac MNPQ nhé )
nhit bang .
P ! M
A. 16. B. 32. C.8. —= I .
. 2 .. B\L\/
Huong dan gidi Q
Chon A.

Goi I 1a giao diém cua hai duong ti€ém can. Theo tinh chét cua tiép tuyén dd thi ham sd bac nhét trén bac

nhat thi IM.IN =IP.IQ =8.




Ta co Sypp = %MP.NQ = %(IM +1IP)(IN +1Q) = %(IMJN +IP.IQ+IM.IQ +IN.IP)

:l(8+8+1M.1Q+1N.1P)=8+l O L INIP |38+t 26 =16,
2 2\ IN.IP 2

Vay 5. =16 khi —2
IN.IP

=IN.IP= IN.IP =8 hay IN =10 =IM =IP 22 tuc la MNPQ la hinh
vuong.

Bai tip 5: Cho ham s6 y = %x“ —x*—6x> +7 c6 dd thi (C). C6 bao nhiéu gia tri nguyén cta tham sé m
dé co it nhat hai tiép tuyén cta (C) song song hoic tring v6i dudng thang d: y = mx ?

A. 27. B. 28. C. 26. D. 25.

Huwéng dén gidgi

Chon B.
Gia stt M (a;b) la tiép diém. Ta cé y'=2x" —3x" —12x.
Tiép tuyén cua (C) tai M song song hodc trung voi dudng thang d: y =mx nén a 1a nghiém cua phuong
trinh 2x° —=3x* —12x =m(*).
Pé co it nhét hai tiép tuyén ciia (C) song song hodc tring véi duong thang d thi phwong trinh (*) c6 it
nhat hai nghiém.

x=-1

Xét f(x):2x3—3x2—12x co Yy =6x"—6x—12; y'=0<:>LC:2 .

Bang bién thién

Tir bang bién thién, dé phuong trinh (*) ¢6 it nhét hai nghiém thi 20<m<7.
Ma meZ nén me {—20,—19,...,6,7} .
Viay c6 28 gia tri m thda man.

Bai tip 6: Cho duomg cong (C):y =11
x_

va diém 1 (1;1). Hai diém A va B thudc cung mot nhanh cua

d6 thi sao cho 1A =IB. Goi k, va k, lan luot 1a hé s6 goc cua tiép tuyén tai A va B. Khi tiép tuyén tai A

va B cua (C) tao voi nhau mot goc 15°, gia tri biéu thire |kI + k2| bﬁng

A. 24/6 -242. B. 4(2—\/5). C. 246 +242. D. 4(2+ﬁ).




Chon A.
Do IA=1IB nén k.k,=1.

kl _kz
1+k .k,

&k —k|=2(2-+3)

& (k—k) =28-1643

Ta co tan15° =

Huwéng din gidi

& (k+k) =32-1633 = [k +k,| = 432-3 =246 -22.

~ ’ SRR £ ax+b
Nhdn xét: Doi voi do thi ham so y =
cx+d

nhénh cia do thi ham sé théa man IA=IB.

c6 tam doi ximg la I. Cho A, B la hai diém thudc ciing mot

Goi k,,k, la hé $O goc cua tié}) tuyén ctia dé thi ham sé da cho tai A, B.

Ta co kk, =l.
c




