SO GIAO DUC VA PAO TAO KY THI CHQN HQC SINH GIOI CAP TiNH LGP 12
TINH GIA LAI NAM HOQC 2026-2027

PE THI CHINH THUC Mbn thi: TOAN
Thoi gian: 180 phit (khong ké thoi gian giao d2)
Ngay thi thir nhét: 06/10/2026
Dé thi gom 01 trang, 03 chu

Cau 1 (7,0 diém)
Cho day s6 thuc (4,) thoa mén:

u =2, (4,,+1)u, =u, (\/Z+1)1+1,Vn eN'.
a) Chimg minh ting 3n-1<u, <(n+1)’,vneN'.

B il g oo sl R e
u U, , 2

Cau 2 (6,0 diém)
Cho tam gidc ABC khong cén c6 D, E tuong \mg la chin dudéng phan gidc trong va phén gidc
ngoai cua géc BAC. Pudng tron ngoai tiép tam gidc ADE cét AC tai F khéc A. Gia st 4B vi DF
cit nhau tai I. Goi J 14 giao diém cia AE va DF; S la giao diém ciia 4D va EF; Q li tAm
dudng tron ngoai ti€p tam gidc ABF.
a) Chimg minh ring céc diém 4, B, D, J ciing thudc mdt dudng trdn va CI vudng gdc véi SO.
b) Gia sir AE va BF cét nhau tai X, Chimg minh ring ba diém C, I, X thing hang,
Cau 3 (7,0 diém)
Chimg minh ring, c6 thé sép tat ca céc tip con cia tip S ={1;2;3;---;2027} thanh mdt ddy sao cho
mdi ciip gbm hai tap con k& nhau bét ky chi sai khéc ding mot phﬁn tir (hire 1a mét tip thu duge tix
tap kia béing c4ch thém ho#c bt mot phan tir ndo do).
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* Thi sinh KHONG dwoc str dung tai liéu va mdy tinh cdm tay;
* Gidm thi KHONG gidi thich gi thém.




SO GIAO DYC VA PAO TAO KY THI CHQN HQC SINH G101 CAP TiNH LGP 12

TINH GIA LAI NAM HQC 2026-2027
PE THI CHINH THU'C Mbn thi: TOAN

Thoi gian: 180 phit (khéng ké thoi gian giao de)
Negy thi thir hai: 07/10/2026
Dé thi gbm 01 trang, 03 cdu

C#hu 4 (7,0 diém)
Xét da thitc P(x) hé s6 thyc thoa mén
P(x)[P(xz)—x]=P(x3),VxeIR. (1)
a) Gia sit P(x) c6 degP 21 théa man (1). Tinh P(0).
b) Tim tét ca céc da thirc P(x) thoa man (1).

Chu 5 (6,0 diém)
Cho tam gidc ABC nhon va khéng cén. Pudng tron nji tiép (I ) cia tam gidc ABC theo thir tyr

tiép xtic véi BC,CA,AB tai D,E,F. Duing thing IE cit dudmg tron (I) tai diém G khéc E.
BG cét AC tai K.Goi N latrung diém cua AC.

a) Chimg minh ring NE = NK .
b) Pudmg tron (O) ngoai tiép tam gide ABC theo thir tir cét céc dudmg thing BE, BN, BG

tai S,P,T khic B. Goi M la trung diém ST. Chimg minh ring céc diém M,N,O,P cing thudc

mot dudng tron.

Ciu 6 (7,0 diém)
Ky hiéu (a,b) 1a uéc chung 16n nhét cia hai s6 nguyén duong a va b; &(n) la téng cdc udc

nguyén duong cua sé nguyén duong n.
a) Chimg minh ring () 14 s6 1é khi va chi khi tdn tai s6 tw nhién ¢ sao cho % 1a s6 chinh
phuong.
b) Cho sé nguyén duong k>6. Tén tai hay khéng sb nguyén duong n théoa man

(n+i,6(n+i))=1, Vie{l,2,...k}, hdy giai thich?

* Thi sinh KHONG dwoc sir dung tai liéu va mdy tinh cém tay;
* Gidm thi KHONG gidi thich gi thém.



Lai gidi
Thuc hien bdi: THLM Team

Cho day sb thuc (u,) thoa man:
U1l :2, (un+1+1)un:un (\/un+1)2+1,Vn€N*

a) Chung minh rang 3n — 1 < u, < (n+ 1)?,Vn € N*,

. 1 2 2
b) Chiing minh rang —+——|—---—|—£ >lnn+ —1,Vn € N*.
U1 (75 Un
Loi gidi:
a) Vi u; =2 > 0, dé dang quy nap duge u, > 0
Ta co:

1
Upy1 = Uy + 2\/un + U_

n

Ta thay rang (u,) 1a day tang.

Ta cé: 2 <up =2 < 22

Ta chitng minh quy nap rang 3n — 1 < w, < (n+ 1)?,Vn € N* (%).
Gi sit () dang véi n =k > 1, tite 3k — 1 < uy, < (k+1)°.

1
Up 1 = Up + 24/ ug + -

n

1
>3k—1+ (\/uk—i-\/uk—l—u—)
k

AM—GM
> 3k—-143=3(k+1)-1 (xx)

Mat khac,
1
Uk+1 = Ug + 23/uy, + u— <up+2y/up+1= (\/uk -+ 1)2
k

= Uy < (B +1+1)? (5 * %)

Vay tir (#x) va (x* %) ta c6 (x) ding v6i n = k + 1 nén theo nguyén Iy quy nap ta cb
3n—1<wu, <(n+1)?2VneN*

b) Tt két qua cau a), ta c6 ux < (k + 1) Vk € N*. Suy ra:

k__k _(k+H-1_ 1 1
u, ~ (k+1)2 (k+12  k+1  (k+1)?
:i—>ii—n ! (1)
oy =kl (k1)

Ta c6 bat dang thic sau
1
—>In(z+1) —In(z), Vx>0 (2)
T
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That vay, dat f(z) =z —In(1+2),Vz >0
1

Taco fllz)=1— — > >

aco f'(x) 1+I_O,V:U_O

Vay f tang trén [0; +00).

Dodéz—In(l+z)= f(x) > f(0)=0

1 1

Vay — > In <1 + —) =In(z+1) —In(z),Vz >0
x x

Tro lai bai toan, tir (2) ta c6

n

1 - n-+ 2
> — — —_ et
= 1_Z[ln(k+2) m(k+1)] =m(n+2) -2 =In— (3)
k=1 k=1
Ta co:
! LN S
(k+1)2 " k(k+1) k k+1
:>” 1<"(1_1>1_1<
— (k+1)2 —~\k k+1 n+1
— Y Lo (4)
i (k1)
T (1), (2), (3) va (4), ta duge
12 n n+ 2
—+—+-+—>In —1
UL U Up, 2

Vay ta c6 diéu phai chiing minh.

Cho tam gidc ABC khong can c6 D, E tuong tng la chan dudng phan giac trong va phan
gidc ngoai cua goc BAC. Duong tron ngoai tiép tam giac ADE cat AC tai F khac A.
Gia stt AB va DF cat nhau tai I. Goi J la giao diém ctia AE va DF'; S 1a giao diém ctia
AD va EF; Q 1a tam duong tron ngoai tiép tam giac ABF.

a) Ching minh riang cic diém A, B, D, J ciing thudc mot dudng tron va C1 vuong goc

SQ.
b) Gia st AE va BF cit nhau tai X. Chting minh ring ba diém C, I, X thang hang.

Loi gida:
a) Vi AD, AE la cap phan giac trong, ngoai AABC nén AD 1 AE
AEDF noi tiép néen LZEFD = ZEAD = 90° hay EF 1. DJ
Do d6 S 1a truc tam AJED, nén JB la duong cao AJED
= ABDJ noi tiép.
Goi O la tam JED, dé y @, S 1a tam Euler va truc tam AJED nén O, Q, S thing hang.
Ta c6:
Pcjoy=CD-CE =CF-CA=Pgyq) (AFDE noi tiép)

tuong tu:
Pijoy=1D-1J=1B-1A="Pr o (ABDJ ndi tiép)
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Tit do, C, I thudc truc dang phuong ciia hai duong tron (0), (Q) nén CI 1 OQ
hay CT L SQ (vi O,Q, S thing hang)
b) Tuong tu cau a), ta co:

Pxjo)=XE-XJ=XB-XF="Px/q (EBFJnoi tiép)

nén X thuoc truc dang phuong ctia hai duong tron (0O), (Q)
Suy ra C, I, X thang hang.

Binh luan:

Bai toan trén that ra la mé hinh tryc tam két hop kién thiic vé phuong tich, truc ding
phuong.

Chiing minh ring, c6 thé sip tat ca cac tap con ctia tap S = {1;2;3;...;2027} thanh
mot day sao cho mdi cip gom hai tap con ké nhau bat ky chi sai khac ding mot phan ti
(titc 1a mot tap thu duge tir tap kia bang cach them hodc bt mot phan ti ndo do).

Lai gidi:
V6i S, = {1;2;...;n}, c6 thé sap xép tat ca 2" tap con ctia S, thanh mot day Ay, Ay, ..., Agn
sao cho hai tap ké nhau bat ky chi khac nhau diing mot phan ti.
V6in = 1: cac tap con ctia {1} 1a @ va {1}. Day &, {1} thda man vi hai tap ké nhau khac nhau
ding phan tit 1. Vay P(1) ding.
Gid st P(k) dung, tic la co day

Ai, Ao, Aok
gom tat ca tap con clia S, hai tap ké nhau khac nhau ding mot phan tit. Xét Sy = SpU{k+1}.
MGoi tap con ctia Siy1 thude ding mot trong hai loai:
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e loai 1: khong chita k + 1, ttic la cac tap A;;
e loai 2: chita k + 1, tic la cac tap A; U {k + 1}.
Ta lap day gom 2F! tap nhu sau:
Ay, Aoy Agky, A Uk 41}, AgeU{k+ 1}, ..., Ay U{k+ 1}

Nita dau liet ke moi tap loai 1, nita sau liet ké moi tap loai 2 (theo thit tu nguge), mdi tap mot
lan.

o Trong nita dau: A; va A;,; khac nhau ding mot phan tt theo gid thiét quy nap.

e O ché néi giita hai nita: hai tap ké nhau 1a Ay va Age U {k + 1}. Chiing khac nhau ding
phan tit k + 1.

e Trong nita sau: hai tap ké nhau 1a A; 1 U{k+1} va A;U{k+1}. C4 hai déu chia k+1,
nén st khac nhau gita ching chinh la sy khac nhau gitta A;,; va A;, tic 1la dang mot
phan t1.

Vay P(k+ 1) dang.
Theo nguyén 1y quy nap, P(n) ding v6i moi s6 nguyén duong n.
V6i n = 2027, ta c6 the sip xép tat ci cac tap con ciia S = {1;2;...;2027} thanh mot day sao
cho hai tap ké nhau bat ky chi khac nhau ding mot phan ti.

Xét da thic P(x) he s6 thyc thod man

P(z) [P (2*) —z] = P (2°) ,Vz e R (1)
a) Gia st P(z) ¢6 deg P > 1 thoa méan (1). Tinh P(0).

b) Tim tat cd cac da thiic P(z) thod man (1).

Loi gidi:
a) Xét da thitc P(z) he s6 thic thod man

P(z) [P(2?) — 2] = P(2”), Vz €R. (1)
Thay x = 0 vao (1):
nén P(0) = 0 hodc P(0) = 1.
Gia sit P(0) = 0. Viét P(x) = 2*Q(z) véi k > 1, Q(0) # 0. Khi d6
P(2?) —z = 2”Q(2*) — x = z [+*"'Q(2?) — 1]

Vé trai ciia (1) bang
Q) [2%71Q(a?) — 1]
Vi 2k — 1 > 1 nén s6 hang bac thap nhat ctia n6 la —Q(0) 2**! # 0

THLM Team 6



Vé phai bang z3*Q(23), c6 s6 hang bac thap nhat 1a Q(0) 3

S kt1l=3kek=1 (vl
Vay P(0) # 0, do d6 P(0) = 1.

b) Trudng hgp 1: degP < 0 (P = ¢): (1) tré thanh ¢(c — z) = ¢ v6i moi z, nén ¢ = 0. Vay
P(x) =0 la mot nghiém.

Truong hgp 2: degP =n > 1.
Goi a 1a he s6 cao nhat. Vé trai c¢6 bac 3n véi hé 6 a-a (vi 2n > 1), vé phai c¢6 hé s6 a. Do do6
a*=a,suyraa=1 (via#0).
Gid st n > 2.
Theo cau a), P(0) =1 # 0 nén P khong phai don thic 2". Goi ca™ (¢ # 0, m < n) la sd hang
c6 bac cao nhat ngay sau a™:

P(z)=2"+ca™ + K(x)

Xét vé trai P(x) [P(2?) — z]. Ngoai ", cac tich c6 bac 16n nhat la:
o 2" - cx®™ c6 bac n + 2m,
e cx™ - 2% ¢6 bac 2n + m,
o 1" (—x) co bacn+ 1.

Vim<nnén2n+m >n+2m. Vin > 2nén 2n+m > n + 1. Do d6 hé s6 cta 22"t & vé
trai la ¢ # 0.

Vé phai P(x3) = 23" + c2®™ + -+ ¢6 s6 hang bac ké tiép 1a 3m < 2n + m, nén he s6 cla
x? ™ & vé phai bang 0. Mau thuan. Vay n=1. = P(z) = z + 1.
Vay céac da thic théa man 1a P(z) =0, P(z) =z + 1

Cho tam gidc ABC nhon va khong can. Dudng tron noi tiép (I) clia tam giac ABC' theo
thtt tu tiép xtc v6i BC,CA, AB tai D, E, F. Duong thang IE cit duong tron (I) tai
diém G khac E. BG cat AC tai K. Goi N la trung diém cta AC.

a) Ching minh ring NE = NK.

b) Duong tron (O) ngoai tiép tam gidc ABC theo thit tuy cit cac dudng thing
BE,BN, BG tai S, P,T khac B. Goi M la trung diém ST. Chting minh ring céc
diém M, N, O, P cing thuoc mot dudng tron.

Loi giai:
a) Qua G duong thang song song véi AC cat BA, BC tai X,Y
Dé dang chiing minh AIXG ~ AAIE va AIYG ~ ACIE

= GX -EA=GY  -EC=1IF?

:>EA_GY_KC
EC GX KA
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nén AE = KC, ma N la trung diém AC nén NE = NK.

b) Ta ¢6 BN la trung tuyén cia AABC va BN N (0) = P.
_PA_BC
PC ~ BA

Ta lai co:
AE  CK
EC KA
Ap dung bd dé cat tuyén, ta co:
AE AB-AS _ CK CB-CT
EC _CB-CS * KA AB-AT

T do suy ra:
AB-AS CB-CT
CB-CS AB-AT
N AB? _ CcT-CS
CB? AT -AS
AT -AS CB?* PA?

T CT-CS _ AB® _ PC2
Mat khac, goi H = AC' N ST, ta dugc:
HC TC-SC
HA TA-SA
. HA AT-AS PA?
HC CT-CS PC?

Tt cac hé thitc trén, ta suy ra:

= HP la tiép tuyén cia (O)
= (HPMNO) duong kinh OH (dpcm).
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Ky hiéu (a,b) 1a udc chung 16n nhét ctia hai s6 nguyén duong a va b; §(n) 1a tong cac
u6c nguyén duong ciia s6 nguyén duong n.

a) Chiing minh rang d(n) 1a s6 1é khi va chi khi ton tai sd ty nhién ¢ sao cho % 1a s6

chinh phuong.
b) Cho s6 nguyén duong k > 6. Ton tai hay khong s6 nguyen duong n thod man
(n+i,6(n+1d)) =1,Vie{1,2,...,k},

hay giai thich?

Loi gidi:
a) Ta chiing minh véi p 1a s6 nguyen t6 18 thi §(p*) chén khi va chi khi k& chin. Ta c6:

S =p"+p" P+ +1=k+1 (mod?2) (docék+ 1 hang tit 1)

Nén 6(p*) 16 khi va chi khi k chén (dpcm).

Chidu thuan: Gia st §(n) la s6 1&. Dat n = 2% - pit . pkm (p; 1a cdc s6 nguyen t6 18).
Khi do:
o(n) = 8(2") - 3(pt") ... o(piy)

Vi §(n) 18 nén 6(pl") 1& v6i moi i. Suy ra k; chin véi moi i, do dé % 14 s6 chinh phuong.

Chiéu dao: Gia st ton tai s6 tu nhién ¢ dé % 14 s6 chinh phuong.

Khi d6 v6i moi s6 nguyén t6 1é p;, s6 mi vy, (%) 14 86 chdn = v,,(n) chdn = k; chn.
= §(pf) 1é v6i moi 1.

Ma 6(2) =1+2+ -+ 2" luon 1é.

= 0(n) = 6(2%) - 6(pt) ... 5(pFm) 1a s6 1& (dpem).

b) Gi& st ton tai s6 nguyén n théa man tinh chat da cho.
Vi k > 6 nén c6 3 sd chin lien tiép m, m + 2, m + 4 thuodc tap hgp sao cho:

(m,0(m)) =1, (Mm+2,0m+2)=1, (m+4,0m+4)) =1

Do m,m + 2,m + 4 ch&n nen 6(m), 5(m + 2), 6(m + 4) phai 16. Ap dung cau a, ta co:

m=2"-2% m+2=2"-9% m+44=2° 2> (V61 z,y, z 16)

Trudng hgp 1: a = 1.
Khi d6 m =2 (mod 4) = m+4 =2 (mod 4) = ¢ = 1. Ta cé:

m m
5:x2 va — 4+2=22

5 = (z—z)(z+2)=2 (volydo VT :4)
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Truong hop 2:a>1=b=1vam:4.
Dob:1:>m—|—2:2y2:>%—i—l:yQ.\ﬁ(m+2,5(m+2)):1nénm+2 3.

Mé%cbénéyl‘ééyQ—lfSi%38:>a24.

Dom:16=m+4=4 (mod16):>c:2:>%+1222.

Xét modulo 3, trong 3 s6 chén trén phai c6 1 s6 chia hét cho 3. Vim +2 / 3, ta xét cac kha
nang:
o mi3=d(m) /3= 08(2%) /3= 2 —1 /3= q chin.
Vi a ch&n nén % 12 s6 chinh phuong.
Mé%+1:zzz>%20:>m:0(v61y).
em+4:3=m+2=(m+4)—2=1 (mod 3).
Mam+2=2y*=2 (mod 3) (voly do y* =1 (mod 3)).

Vay khong ton tai s6 nguyén n théa man bai toan.
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