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LOI MG PAU

Cuén sich "PHUGNG PHAP TRAC NGHIEM HINH HQC GIAI TiCH' nay
dwge bién soan dua trén ndi dung sach gido khoa Hinh hoc 12 chinh ly va
hgp nhat nam 2000. Ching téi da sdp xép cdc ndi dung én tdp moén hoc nay
theo chuyén dé va mdi chuyén dé lai dugc chia ra cdc van dé chi tigt va cu
thé. Mdi chuyén dé dugc trinh bay theo trinh tu sau day :

A. Tém tét li thuyét.

B. Phuong phép gidi todn.

C. Céc bai todn on tap.

D. Cédc dé todn tu luyén.

Chiing toi1 c6 trich va lya chon dua thém mét s dé thi tuyén sinh vao
céc trudng Dai hoc va Cao ding trong toan quéc nhimg nim gin day, g’il’lp.
c4ac ban hoc sinh lam quen véi cdc loai dé todn dé.

Cuén sdch nay duge bién soan nhim gitip d& ngudi hoc cé diéu kién dé
tu hoc tst hon, ren luyén dugce é6c tu duy sdng tao trong hoc tip ciia hoc sinh
dé khong agimg nang cao chat lugng hoc tap.

Cuén sach gom c6 10 chuyén dé va dugc chia ra hai phan : phdn 1 1a
phan hinh hoc gidi tich trong mit phing do TS. Pau Thé Cap bién soan,
phan 2 la phan hinh hoc gidi tich trong khéng gian do PGS.TS Nguyén |
Méng Hy bién soan. Cudi cung c¢6 phan tric nghiém nhim gitip ngudi hoc
hoan thién thém kién thic cia minh. |

Ching téi mong réng s& nhan duge nhiéu y ki€n déng gép cia dong
ddo doc gia dé cac lan tdi ban sau nay, cudn sach dugc cai tién véi ndi dung
va chat lugng t6t hon.

Céc tac gia



Phin 1. HINH HOC GIAI TiCH TRONG MAT PHANG

Chuyén dé 1 : VECTO VA TOA DO TRONG MAT PHANG

A.TOM TAT Li THUYET

‘ : - -
1. TOA DO CUA PI:M M(X; Y) bOI VOI HE TQA b0 {O; e; ez}
—p - -
M(x¢; y) @ OM =xe,+ye,.
2. TOA b0 CUA VECTO
® a=(a;;a)<>a=2e+azey.
e Véi A(x,; ya) va B(xg; yi) thi : AB = (xg — Xa; Y — Ya)-
3. CAC PHEP TO.'N VE VECTO |
Cho a=(a;;a.); b =(b;;by), k e R, khidé:

s Ee b eyt B asah b aetie B

-

Néu a =k b : hai vecto a va b duge goi la cung phuong, ki hiéu a /b ..

Chu y : Vecto 0 dugce coi la cung phuong vdi moti vecto.
o a; =b
L4 a=h < . 1 -

4. TiCH VO HUGNG CUA HAI VECTO

s m.b=1tallbtieosla. b
Cho : a = (a;; ay); b =(b;; by)

a.b=ab, +asb,.
Ly bl
lal = \}alz + B

{Xﬁl = ‘/(XB —XA)2 +(yp _YA)2

- =
E a.b albl +El_2b2

®
i)
O
7

i
0

o

SN’
i
|

o 2 - 2 2 2
lallbl \/31 +ay ‘\/bl +b,

e alboa.b=0¢ ab;,+aby=0.




5. DPIEM M CHIA POAN THANG ABTHEOTIiSO k # 1

« AB=-kMB  v0, OM - 22-KOB

1-k
Xy = XA ’1:‘13
Toa dd cia M : 1- .
y =yA_k.VB
M™ 1ok

e M Ia trung diém cia doan AB ok =-1& M—K: —NTﬁ

) - XA +Xp YA tYB
(X-M:YM) ( L )

6. MOT SO HE THUC THUONG GAP

e Véiba di€m O, A, B bat ky, ta cé : AB = AO+ OB (hé thifc Chasles)
AB = OB-OA.
e AB=-BA.

, L —  OA+ OB
e M la trung diém cia doan AB, véi O bat ky ta c6 :,OM=9—£-+2———%.

e G la trong tam cua tam gidc ABC <« 6:&+éﬁ+G_6:-0.
& YO0, 66:%(&&5&55).

7. CAC BAT PANG THUC

Cho ; = (ay; 82); E-‘-’(b;; b,).
e la tblstal+lbl (bt ding thic tam gidc)

-

- Ddu "=" x4y ra khi a, b cung phuong.

Y -

e la.bl<lalibl (%

D&u "=" xay ra khi a, b cing phuong

() 2 2 2 2
L=’ |axb1+ az b2| $ Jal +a2.Jb1 +b2

' (ajby + azb)® < ((af +a2)b? +b3).




B. PHUONG PHAP GIAI TOAN

Van dé 1 : CHUNG MINH HE THUC VECTG. TiM TQA PQ VECTO CUA DIEM
A. PHUONG PHAP

Su dung cdc tinh chat cua phép todn vects va cong thuc tinh dé dai caa
vectd.

B. Vi DU
Vidul

Cho tam gidc ABC véi G la trong tdm cua tam gidac dg :

a) Vdi moi diém M, ching minh ring : MA + MB + I\—/I—é = 31\7(’}.

b) Chung minh ring : xg = R *XBB +X¢ Yo = Ya +Y33 gt L)
c) Tim toa d¢ cua G trong truong hop A(-1; 3), B(2; 1), C(1; -5).
Giai

a) Tacé: nﬂn@fﬁmfé=(ﬁ+ﬂ)+(1\?&+6§)+(lw_é+(_;6)

—_ — e ;

- 3MG+(GA + GB +GC) = 3MG.
Xp +Xp +Xc =3Xg

b) Theo a), chon M = O ta c6 : 6K+6'1§+o"0=366:>{ .
Ya +¥s +Y¥Yc =3Y¢

Véy c6 diéu cadn ching minh.

. -1+2+1 2
G T e— e —
5 3 2 1

G|l-; ~-=

c) Theo b) _3+1_5_—1:> (3 3}

R TR
Vide 2
Tim di€m M trén truc tung cdch déu hai diém A(-1; 3) va B(1; 4).

Giai

Gid st M(0; m). Khi dé6 :
MA=MB = \/(—1)21\(3—m)2 =\/F+(4—m)2 - m= %

7
v w{o.7).

Vin & 2 : CHUNG MINH BA BIEM THANG HANG
A. PHUONG PHAP

Badiém A, B, C thing hang < AB// AC < AB = k AC.




B. VIiDU

Vidu3d
Ching minh ba diém : A(m, 2m+1);B( 1 ;m+1J;C(2—m;5—2m)
m-1 m-1
thdng hang véi moi m = 1.
Giai
Ly Foam? 2 -
ABz( = +m+1;2(m +m+1)} AC=(2 -2m; 4 - 4m).
m -1 m-1
2 2 ]
— 1 - —_ —
vi Rl amy-@-om) 2R MY 6 en AB/AC.
m-1 ' m -1

Vay A, B; C thing hang v6i moi m = 1.

Vin dé 3 : TiM DIEM TREN DPOAN THANG CO TiNH CHAT CHO TRUGC
A. PHUONG PHAP

Xic dinh ty s6 chia doan thing, sau d6 sif dung cong thirc dé tinh.

B. Vi DU
Vidu 4

Cho tam giac ABC c¢6 cdac dinh A(2; 6), B(-3; -4), C(5; 0). Xdc dinh toa do
chian duosng phan giac AD.

Giai
AB = (-5) + (-10)? = 5J5; AC= 3% +(-6)> = 3J5
] — —> =4
Tudsé ; ~I-3-I—)-zé-§z—5—:>DB=*EDC,ta’chhiadoa’mBCtlleotS'sfik:—i.
DC AC 3 3 : 3
Vay 4p dung coéng thiic tinh toa do diém D, ta c6 :
3425 ~4+'—5—.0 3
X|)=————3—--—-2; Yp = 3 :——:>D2;-—.
5 5 2
1+— 1+§

Van dé 4 : CHUNG MINH HAI PUONG THANG VUONG GOC
A. PHUONG PHAP

AB L CD & AB.CD = 0.

B. Vi DU
Vidub

Cho hinh thang can ABCD ddy lén AB, géc nhon ¢ ddy 60’. Biét

AB=a, AD=b, lal>Ibl. Hay biéu dién BC theo a va b.




¥

v —3 -
Tim moéi lién hé gitia tal- a va Ibl=D>b d¢ ..C 1L BD.

(DI THI DI GIAO THONG VAN TAI - 1998)

wial

Ha CC, L AB, DD, L AB. Ta ¢4 .

‘Aii _Ziml L ,m’...lglelt-.-n-.b

— DC=2" ba_,ﬁc BA+ADbaDC =-a+bs22a
a a
. —_— b—) —» — b —
Viay: BC=-—a +b: AC AB BCLa——a+b;
a . a

—

BD BA+AD—V—a+b.
N . ——3  — — b » g — -
Tii d6 ACLBDQL&—*a-‘rb‘(_"aer):
a J
—’2 e e ”)2
& -a —Ea b= +b =0e -4~ E.lalb+ga2+b2=0
a a a 2 a
= 3a’=(a+bl b= (/3-1a.
Van dé 5 : TINH GOC
A. PHUGNG PHAP

[ DPua vé tim géc gitia vectd va ap dung cong thie dé tinh.

B. Vi DY
Vi du 6

Che tam gidac ABC c¢o A 3; 5), B(-5; 1), Ci5; -9). Tmh BAD véi AD la
trung tuyén cua tam gidc do.

Giai

Tacé: D(O;-4). Tudo: cosl SAD = cos(AB AB) = M
AB.AD

AB =(-8; -4) = AB= J64 +16 = 445

—

AD = (=3: -9)'= AD=+9+81 =3/10

Suy ra : cosB’XDzﬂz 1

4J5.3410 V2
Vay BAD = 45"



Van dé 6 : CHUNG MINH BAT PANG THUC
A. PHUONG PHAP

Dua vé dang vecto va sit dung cdc bat dédng thie :

labl<lallb| hotec |atb|<|al+|b]

B. Vi DU
Vidu 7

Cho ba s& duong a, b, ¢ (a > ¢, b > ¢). Ching minh ring :

Jela—-c) +Jeb-¢) < J;E.

Giai
Diat u = (Je; vb-¢), v =(Va-c; vc). D& thdy vé trai 1a u.v, v& phaila

|ul.l v |. Vay c6 didu phai ching minh.
Vidu 8

Cho x, y, z € R. Chuing minh ring :

r
\/::c2+xy+y2 +Vx2 + xz + 22 2‘/),'2+yz+z2 ;

Giai

(555 E0-0)

- J-‘-il-(y—z)z+:i£(y+z)2 = Jy? +yz+2® = VP,

C.CACBAI TOAN ON TAP
Bai 1

Trong mit phing toa dd cho bon diém A(-2; -6), B(4; 4), C(2; -2), D(-1, -3).
a) Chung minh tam gidc ABC vudng. ‘
b) Ching minh ti gidac ABCD la hinh thang.

10




Giai
a) Tacé: AC =(4:4); BC =(-2;2)
K(-.).E}C =4(-2)+4.2=0 = AC 1L BC = AABC vudng tai C.

b) Tacs: AB =(6;2): DC =(3: 1)

Dodé: AB=2DC = AB// DC. Vay ABCD la hinh thang.
Bai 2

Cho ba diém A(-3; 6), B(1; -2), C(6; 3).
a) Chung minh A, B, C la ba dinh cida m¢t tam gidc.
b) Tim toa dp chan dudng cao A’ xuat phdt tir A.

¢) Tinh toa d6 trong tdm G, truc tam H va tam I cta tam gidc ABC. Cé
nhéan xét gi vé cdc diém G, H, 1 ?

Giai
a) Tacs: AB =(4-8); AC =(%-3)
Vi %: E%— nén A, B, C khong thing hang, tir dé ching la ba dinh cda
ﬁlét tam gidc.
b) Ta c6 : BC = (5; 5), §K'=(x5- -1y, +2).

Vi BC/BA' nen XA 1. YA'; &

Nit khdc AA'.BC = 0 nén (x, +3)5+(ys -6)5=0.

(e —— 3 = 3
Tr d6 : {x‘“ Yar=9 {"A = A'(3; 0)
Xa +Y¥ar =3  (¥a =

¢) o AH 1BC= AH.BC =0 = (x; + 3)5 + (yy - 6)5 = 0
BH 1 AC= BH.AC =0 = (xy - 1)9 + (yy + 2)(=3) = 0.

Tir d6 J"“”’“ =9 :{"“ =2 = H(2; 1).

3%y ~yu =5 |yu =1
+Xp +
szxA x33 Xc KG’*%
° = = G (4/3; 7/3).
y _Jat+t¥msr¥c y _7
G 3 ¢ =3

¢ Goi I 1a tAm dudng trdn ngoai ti€p AABC = IA =IB = IC.
IA’=IB’ o (x +3)+ (-6 =(x -1+ y1+ 2P & x-2y1=-5
IA=ICC o (+3  + (-6’ =(x -6 + (1 -3 = 3x -y =0

11




Dy == =9
Y1 :{x‘ = I(1; 3)

{X.I
=
3x;-y; =0 yr =3

El’z(l;—Z); E:(—l—;—?—j 1(1 -2) = —1—
3 3 3 3

el

—~ IG//IH = G, H, I thang hang.
Bai 3

Trong mat phdng cho tam gidc ABC ¢ A(5; 4), B(-1; 1), C(3; -2), M la
modt diém di dong théa man hé thiic aMA + BMB = 0 (a, B khéng dong thoi

bing 0). Xdc dinh M dé [MA + MC| nhg nhat.

Giai

a+f — a+f 7

Néu g = O thi AB =- MA  néua # O thi AB = MB . Do dé A,

o

B, M thing hang hay M nim trén dua’ng thdng AB. Bai todn trd thanh :
Tim M trén AB dé [MA + MCl nh4 nhat.

— — —s B
Goi I 1a trung diém cia AC thi MA + MC = 2 MI /< |
e I _ " A s . ~ Y M, ,

IMA + MC| nhé nhat khi |[MI| nhé nhat. Vi I ¢ dinh

nén MI nhé nhat xhi M 1> hinh chiéu cia I trén AB

XM ~5 _ym —4

A_l\fl.//ﬁiz = Xp — 2ym = — 3 I C

— —_—

MLA-I_?: = IM.AB =0; vi I{4; 1) nén

IM LAB = Gty - 4).(6) + (yy - 1)(=3) = 0 > 2xyy + yy =

2y = -3 =8
{XM st @{XM > = M3; 3)

2Xy +¥yy =9 YM =

Bai 4

s 3 —

Cho tam gidc ABC. Trén canh BC ¢6 mét diém D sao cho BD = E BC va

mot diém E théa man hé thic: 4EA+2EB+3EC =0.

a) Tinh 173_15 theo ETI:’: va ETﬁ .
b) Ching minh ba diém E, A, D thing hang.

Giai
—

a) B

—

BC = 5BD = 3BC = 5BD = 3(BD + DC)

| w

12




» »

9DB+3DC=0 = 20DE : EJ

= 3+ 3DE+ EC) = 0
==h TR =R e Beos B
= 5ED=2EB+3EC = ED=2EB+2EC.
0D )
ABA+2EB+ 3EC - 0 e L5

T, S MEASSED -0 = EA=-ZED
SED =2EB +3EC

= A, E, D thang hang.

Bai 5

Cho tit gide ABCD ¢6 cdc ainh A(-2; 14), B(4: -2), C(6; -2), D(6; 10).
a) Tim toa do giao diém M cua hai dudng ehéo AC, BD.

b) Xdc dinh géc M va goc D cua tam gidc AMD. Cac géc nay nhon hay ti ?

Giai

. _, y
a) BM = (xy - 4: yy + 2), BD = (2; 12) 1

o P 14
Vi BM//BD nén 12(xy - 4) - 2(ym +2)=0

= 6XM -Vm = 26.
Tuong tu: CM = (xy - 6; ym + 2),

CA = (-8; 16)
= 16(xpy -6)+8(ym+2)=0 = 2Xy + ym = 10

9

OXm ~ Y =20 "1\1:3:,1\4(9'1]
2%y + yy = 10 1 2’ =2
Ym =

— — 3 ‘
b) MA:(—%?’—;IP:]; MD=(—-‘;;9J.
13 3
. -22.24139 _—
Suy ra : cosf\\/Izcos(MAi MD]:—:M — ¥

2 2 629
(_I—BJ +132 [gJ +9?
2 2
Vi cosM > 0 nén M nhon, M =~ 63°54".

’ 67\=(—-4; 4), ﬂz(wg; —9}.

(—4)(~—) +4(-9)
~ —k J666
Suy ra : cosD =cos(DA, DM) = 2 = 5 ‘

2 — T~ 999
\/(-4)2 +4° J(— g} + (=9)2

VicosD <Onén D tu, D ~ 124" 27"

13



Bai 6

Cho M(1; 1 - cosa), N(3; 4).
a) Tinh OM, MN.
b) Tim gid tri 16n nhat va nhoé nhat cua

y = w[c:os2 a—2cosa+2+s/cosga+6cosu+13.

Giai
a) Taco6: OM= \/12 +(1-cosa)? = \/cosza—Zcosa+2

MN = \/(3 -2 +(4-1+cosa)? = \/;)32 o+ 6cosa +13
ViO<1-cosa<2nén M di dong YA
trén doan M;M; véi M;(1; 0), My(1; 2)
b) Tacé: y=OM + MN >ON 4
Do dé: miny = ON = V3? +4% = 5 khi O,
M, N théng hang (M = M, giao diém ciia ON va M,
M;M,).

OM, + M\N =1+ J(3-12 +42% =1+ 20 o M 3

) |

OM; + MuN = 12 +22 +J3-12+(4-2)2 =5+ 8
Vi V5 + /8 <¥+20 nén y=OM+MNsOM1+VM1N=1+ J20
maxy=1+ ﬁakhiMle(l;O).

D.CAC PE TOAN DE LUYEN TAP
01. Cho ba diém A(2; 1), B(2; -1), C(-2; -3).
a) Tim toa do diém D dé ABCD la hinh binh hanh.
b) Tim toa do tdm cua hinh binh hanh.
DS : a) D(-2; -1); b) (0; -1).
02. Cho tam gidc ABC cé cdc dinh A(4; 6), B(-4; 0), C(-1; -4).
a) Xdc dinh hinh dang cda tam gidc.
b) Tim toa d¢ chan dudng cao BH.
S : a) Tam giac ABC vuéng tai B; b) H(0; -2).

03. Cho vecto a =(5;2); b =(7; -3). Tim vecto x théa man hé

PS: x =(64). |
04. Cho A', B', C' lan lugt la trung diém cia cdc canh BC, CA, AB ciia tam

—_— —3 e — — —

gidc ABC. Ching minh : BC.AA'+ CA.BB'+ AB.CC’ = 0
05. Cho hai diém A(-3; 2), B(4, 3). Tim diém M trén truc hoanh sao ctho tam

14




giidc MAB vudng tai M.
DS : M(-2; 0) hoac M(3; 0).

066. Cho tam giac ABC véi A(1; 5); B(—4; -5); C(4; -1).
a) Tim toa d¢ chan cdc dugng phan gidc trong va ngoai cua géc A
b) Tim toa d§ tdm dudng tron nodi tiép tam gidic ABC.

DS : a) (1; —g—) (16; 5), b) (1; 0).

07. Cho hai diém A(4; -3) va (3: 1). Tim diém M trén tryc Ox sao cho AMB =

11+J35_0J
2 )

w2

bS: M[

08. Cho ti gidc ABCD c6 cac dinh A(-5; -1), B(-2; 3), C(5, 4), D(1; -3). Ching
miinh t gidc ¢é hai dudng chéo vuong géc. Tim dién tich cia ti gidc.

bS: 1—5—

2

09. Cho ba diém A(-3; 6), B(1; -3), C(6; 3).

a) Ching minh A, B, C khong thiang hang.

b) Tim toa dd trong tdm G, truc tdm H va tAn dudng tron ngoai tiép I
ci:a tam gidc ABC. Chung minh H =3 1_6 -

c) Tim toa do hinh chiéu cua A trén BC.

- d) Tim toa dd H' dai xuing véi H qua BC. Ching minh H' nim trén dudng
tron ngoai ti€p cua tam gidc ABC.

PS: b) G(%;%), H2 1, 1;3);, o (30;  d)H (4 -1).
10. Chimg minh céc bat déng thic

a) J(a-b)2 +c? +ya+b)? +c? 22Va% +c? .

b) sz -2x+5 +w/x2 +2x +10 Z\@j

11. Tim gi4 tri nhé nhat cta : y = ng - 2px % 2p? + P - 2qx +2q° (p, qla
hing sd).

PS: miny = y(p-q)¥ +(Ipl+Iqi)?.
12. Cho a = (1; 2v2); b(vx; vZ-x), 0 sx < 2.
a) Tinh |;|; ﬁ;], g
b) Tim gid tri lén nhat va nhé nhat cia y = Vx + 4J1_;-%, 0<x<2. |
DS : b) maxy = 3\@; miny = V2.

15



Chuyén dé 2 : DUONG THANG TRONG MGT PHANG

A.TOM TA™ ".i THUYET

1. PHUONG TRINH CUA MOT DUGNG

Phuong trinh F(x; y) = 0 goi la phuong trinh cta dudng (L) néu M(x; y € ([L)
< Fix;y)=0
: x = f(t) s . & . . <
é : )’ t € R goi la phuong trinh tham s6 cua dudng (L) ntéu
y=8 »
x = f(t) ¢
y =gl(t)

2. PHUGNG TRINH CUA DUGNG THANG

M (x; y) el(L) oS { e R.

i) Phuong trinh tham sé va phuong trinh chinh tic cia 1wdmg
thing

Vectd a # O goila vecto chi phuong cia dudng thing d néu alld

Dudng thing d c6 vecto chi phuong a = (a;; a,) va di qua diém M(x»; yo)
. X =X, +ta
¢6 phuong trinh tham so 1a d : { ¢ l.te R.
y =y, +ta,
Duong thing d c6 phuong trinh chinh téc 1a :

X—Xo Y-—Yo
a, ay

(a; # 0,a, = 0).

ii) Phuong trinh tong quat ctia dudng thing

- —
Vectd n # 0 goi la vecto phdp tuyén ctia dud..g thing d ¢6 vecto chi

phuong a néu nlta hay n.a=0.

Dudng thing d c6 vecto phap tuyén n = (A; B) va di qua diem M(x; y,) 6
phuong trinh tong quat la :

Ax -xy)+Bly-y)) =0 < Ax + By - (Axy + Byy) = 0
Phuong trinh dang : Ax + By + C= 0 (A*>+ B® # 0) (*) goi la sohwiong
trinh tong quat cia duong thing.
DPuong thing cho béi phuong trinh (*) c6 mot vecto phap tuyén la E: (A; B)
vA mét vecto chi phuong 1a a = (-B; A).
iii) Phuong trinh dudng thing theo hé sé géc

Hé sé géc ciia duong thing d 1a s6 k = tga, trong d6 o la goc gitre tiruc Ox
va dudng thing d.

16




Busng thing d ¢6 hé s& goc k, di qua diém M(x, yo) ¢6 phuong trinh la
d:yw-yo=k(x-x).
e k=o (0= £90"
d:xX=X;=0

® Chod, c¢6 hé sd gic ky, d, ¢6 hé si géc k.,

di ity By = ke

dld < kk,=-1

tg(dy, dy) = 11{:‘—-1;1—1;{:— -
iv) Duong thing di qua hai diém cho trude
Cho duong thang d di qua Alxy; ), Bixy: vi)
Khi dé d ¢é phuong trinh la :

X-X - o
A - Y ymA__ @y_yA - y_B____y_‘éL(x_xA)
Xg —Xp YBYa Xp —Xp
¢ dcohéessgoclak= JBIB
X~ Xa

¢ Dudng thing d di qua hai di¢m A(»: 0), B(0; b) c6 phuong trinh (goi la

phuing trinh dudng thang theo doan chin) la : - +% =1;ab # 0.
! a

v) Phuong trinh phap dang cia dudng thing
Phuong trinh ctia duong thang d : Ag x + Byy + Cy = 0 véi A? + Be2 = 1
goi la phuong trinh phdp dang. . :
« Phuong trinh téng qudt Ax + By + C = 0 dugc dua vé phuong trinh
phép dang bang cach chia ca hai vé cho JKTIQE )
3. IHOANG CACH TU MOT DIEM DEN MOT DUGNG THANG
Cho diém I(xy; yo) va duong thiang A : Ax + By + C = 0. Ky hiéu d(I, A) la

khoing cdch tir I dén A. Tacé : d(, A) = —~ =Y

\[Xz + B2 /
al
4. THUONG TRNH DUONG PHAN GIAC | ‘ A

?huong trinh hai dudng phan gidc cua
haigéc tao béi hai dudng thiang

A Ax+Bix+C, =0
A At Ax+By+Cy=0
B dys2 A x+B,y+C, :iA2x+B2y+C2

= =y IN
Ja2 B2 JA,%+B,?

d; theo dau (+), d, theo dau (-)).
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Pé xiac dinh dudng phan gidc mudn tim la d, hay d, ta ti€én hanh theo
| mot trong hai cdch sau :

Khi dé, néu n,.n, < 0 thi d, la phan giéc géc nhon, d, la phan gidc
- -
géc tu. Néu n, .n, > O thi d, 1a phan gidc géc tu; d, 1a phan gidc géc nhon.

o N&u muén tim phan gide géc BAC nhu trong hinh vé thi phan gide
mudn tim 12 dudng d c6 B va C ndm vé hai phia cia né (thay toa d6 cua B
va C vao phuong trinh cia mot trong hai phuong trinh cia d; hodc d; la sé
xdc dinh dugce diéu nay).

e Phan gidc caa goc BAC cbn c6 thé tim bang hai cach khac sau day :

- ‘A—B’ —» A_(S - - -

- Pat e, =—; e, = —— thi a =e;+e, la vectog chi phuong «ci han
e =R % T 30 | 1€ p g Cua phar

gidc géc d, d 1a dudng thing di qua A cé vecto chi phuong a .-
- Goi D la chan caa phan gidc trong cua géc BAC. Vi gg = Aj(é suy ra

DB = ~22. D0 = D chia dosn BC theo t§ 88 k = —— . Tt @5 o fim ditoe
AC AC i
toa do ciia D va d 1a dutng thdng di qua hai diém A va D.
5. VI TRi TUONG DOI CUA HAI DPUGNG THANG
Cho hai dudng thang: A, : Aix+B;y+C; =0
va Ay Ayx + By + C,= 0.

A B
Khidé:Alf.:étAchAlBg-AzB;#0<:> ! ! # 0
A, B,
A B C
A 1Ay < =L =L 71 yvgi Ay B, Cy, 2 0.
117 Ay A, B, C, 2, Bz, Uy

- Piéu kién : A, // A, con duge viét la A, : B, : C, = A, : B, : C..
6. GOC GIUA HAI PUGNG THANG '
Cho hai dusng thdng : A, : Axx+By+C, =0,
Ayt Ayx + Byy + C, = 0.

Ky hiéu : (A}; A,) la géc gilta A, va A,. Tacé :
A,A; +BB,
JA2 + B% A% 1B,

e Al A cos(m):OoAlA2+B,Bg=0 _

cos(A}; Ay)= £

(xem thém 2.iii), phuong trinh dudng thing theo hé sd géc).

SR |
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7. CIHUM DUUNG THANG
Niéu chum dudng thdng xdc dinh bdi hai dudng th&ng c6 phuong trinh
Ax+ By + C;=0va Axx + By + C, =0 thi moi dudng thdng eGa chum c6é
“phuomg trinh : o(A;x + Biy + C)) + B(Agx + Boy + Cp) = 0, trong d6 o + p* # 0
(o var b khong déng thoi bing 0). Tuy theo diéu kién doi hdi cia dé bai, ta ¢6
thé tiim duge cdc hé so a, B thich hop. ;

B. PHUONG PHAP GIAI TOAN

Vin dé 1 : TiIM PHUONG TRINH-CUA MOT DUONG
A. PHUONG PHAP

Dé& lap phuong trinh cia mét dudng (L), ta tim diéu kién cdn ;a da dé
M(x; ¥) e (L).

Sawu d6 bign déi diéu kién nay thanh F(x; y) = 0 hoic {x = f(t) .
— y =g(t)
B. Vil Dy
Vi du_l_l
|__Viét phuong trinh duong trung tryc cia doan théng AB véi A(L; 3), B(-2;4)

Giai

M(x; y) thude dudng trung truc cia AB < MA = MB

= \/(x—1)2+(y—3)2 =\/(x+2)2+(y——4)2 <3x-y+5=0.
Vi du 2

Tim phuong trinh cia dudng (L) gém tap hgp cdc diém cdch déu truc
hoanh va diem A(0; 1).

Giai
Gia st M(x; y) € (L). 4
Ha MH L Ox,tac6: M e (L) & MH = MA & M
< lyl = \/x2+(y—1)2 | /q'

- 1 1 0 H x
'<:>x‘~2y+1=0<:>y=-2—x2+§

(L) 1a dudng parabol nhan A lam tiéu diém va truc hoanh lam dudng chuén.

Vin dé 2 : LAP PHUONG TRINH CUA DUONG THANG
A. PHE_QNG PHAP

Né&u bit mot diém thudc dudng thing thi cdn xdc dinh thém mot trong
cdc yéu to sau cua dudng théng dé.
- Vg:td chi phuong.
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- Vecto phap tuyén.
- Heé s6 géc.
—~ ‘Mét diém khéc thudc duong thing.
- e Viét phuong trinh dudng thiang cé dang x = x, hodc y = ax + b. Tilr cac
gia thiét ta sé tim dugc x, hoac a, b.
e Viét phuong trinh dudng thing cé dang ax + by + ¢ = 0. T cdec gia
thiét, ta can tim a, b, c.

B. Vi DU
Vidu 3

Cho hai diém A(1; -3), B(-5; 1). Hay viét phuong trinh dudne trung truc
cia doan AB dudi cdac dang khdc nhau. |

Giai
Pudng trung true d di qua trung diém I cia AB :
I(-2; -1). d L AB nén d c6 vc ‘o phédp tuyén AB = (-6; 4), hay vecto phéap

- -

tuyén n = EAB = (-3; 2). Tu d6 suy ra d c6 vecto chi phuong a = (2; 3). Vay

- dcé:
X=-2+2t
y=-1+3t

Phuong trinh tham so : {

Phuong trinh chinh téc : %E =X ; 1 .

Phuong trinh téng quat : -3(x + 2) + 2(y + 1) =0 <= 3x -2y + 4 = 0.

Phuong trinh theo hé sb goc : y = -g-x +2.

Vi du 4

Cho dudng thidng d : 2x + y — 3 = 0. Viét phuong trinh dudng thing d, va
d; di qua diém (-1; 2) lan lugt song song va vudng géc vdi d.

Giai
Tavietd:y =-2x + 3 =0, ¢c6 hé s6 géc k = -2
e Vid; /dnénd, cé hé sé géc k; = -2 va ¢é phuong trinh
y=-2x+1)+2 o y=-2x

o d; L dnénd;cé hé sd géck, = % (vi ky.k = ~1) va ¢6 phuong trinh la :

1 1 5
= = 1)+2 =—X+—.
y 2(x+ )+2 & y 5 2
O Phuong phap giai khéc :

Vid;/dnénd;:2x+y+c=0.
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Dod, diquadiém (-1;2)nén -2+2+c=0=c=0.
Vayd, :2x +y =0.

Vid; Ldnéndy:x-2y+c=0. ‘
Do d, di qua difm (-1;2)nén -1 -4+¢c=0=>¢ =5,
Vay:d, : x -2y -5=0.

Van dé 3 : DUONG THANG PI QUA MOT BIEM VA TAO VGI MOT BUGNG THANG
CHO TRUGC MQT GOC CHO TRUGC
A. PHUONG PHAP '

Dua vao cong thuc tinh géc giita hai dudng thing.

B. Vi Dy
Vidus5

Viét phuong trinh dudng thing di qua diém A(0; 1) va tao vdi dudng thing
'x + 2y + 3=0mé. g6c 45°. .
(DE THI DAI HOC KINH TE QUOC DAN HA NOI - 1999)

Giai
Dudng thing x + 2y + 3 = 0 ¢6 phuong trinh dang hé sé géc la
1 3
d:y=-—x-—.

Y=Y

Dugng thdng cin tim di qua A nén c6 dang A:y = kx + 1.
k + k k + : 1
Vi tg(d, A) = 12 va(d,A)=456nén-—f2—-=i1¢:>k=—3,k=-§.
1=k 1- "k
2 _ 2

Ta dugc hai dudng thdng théa man cédc gia thiét cla bai todn 1a :

y=-3x+1;, y= %xq-l.
O Phuong phap giai khdc :

Dudng thing qua A vuéng géc v6i dusng thing da cho c6 dang 2x -y + ¢ = 0.
Thay toa do ciia A vao,tadugcc=1. Vayd,; : 2x -y +1=0.

Buong thing qua A song seng véi duong thing da cho c6 dang x + 2y + ¢ = 0.
Thay toa dd cia A vaotadugcc=-2. Vayd, :x +2y-2=0.

Duong thdng muén tim 1a cdc dudng phan gidc cta cdc géc gita d, va dy :

X+2y-2 =_|_2x—y+1

V5 V5

o3x+y-1=0, x‘—3'y+3_=0.
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Van dé 4 : TIM DIEM D61 XUNG CUA MOT BIEM QUA MOT DUGNG THANG
A. PHUONG PHAP

Gia st cho diém M va Audong thing d. Goi M' la diém d6i xing cia M qua d
- Léap phuong trinh "uong thédng A qua M, vuéng géc véi d.
- Tim giao diém I cia d va A,

. -XM’ = 2xl - XM
- Vil la trung diém cua doan MM’ nén
Ym: =2Y1- Y™

B. Vi DU
Vi du 6

Chod:x -2y + 2 =0 va diém M(1; 4). Tim toa d0 diém M’ d6i xing véi
M qua d.

Giai
Aqua M, vudéng géc véi d ¢6 phuong trinh dang 2x + y + ¢ = 0, thay toa d¢
M vao ta dugec c = -6
Vay A :2x+y-6=0.
x-2y+2=0
2x+y-6=0

T dé6 : xM,=2xI—xM=2.2—1=3;

Giao diém I ciad va A : { = 1(2; -2)

Y = 2y:-ym=22-4=0. Vay M' (3;0).

O Chu y : Pbiém I cing chinh la hinh chiéu cia M trén d. Ta suy ra cdch
tim toa dé ciia hinh chiéu cia M : Lip phuong trinh duong thdng qua M,
~ vubng géc vdi d. Giao diém cia hai duong thing la hinh chiéu mudn tim.

Van dé 5 : KHOANG CACH GITA MOT PIEM VA MOT DUONG THANG
A. PHUONG PHAP

Dua bai todn vé viéc tim khodng cédch tir mot diém dén mot dudng thing.
Ap dung cng thic dé ¢6 k&t qua.

B. Vi DU
Vi dl_l 7 .

Cho tam gidc ABC cé A(2; 4); B(2; -1), C(~1; 3). Tinh dién tich cﬁg_t.an_) gidc.

Giai

bo dai BC = \/Zw.?.)2 ::5 = 5. Muén tinh Sapc ta cdn bi&t thém chiéu cao
AH, AH = d(A, BC).
x-2 y-1
_3

BC : < 4x+3y-5=0
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142+3.4-51

AH =

Vin dé 6 : VIET PHUONG TRINH DPUGNG PHAN GIAC CUA MOT GOC
A. PHUONG PHAP '

Phan giac cda géc giita hai vecto AB va AC 1a dudng thang di qua di¢im '

A, ¢ vec  °hi phuong i}f + }‘:i . Cédc phuong phdp khdc xem ¢ uiuc 4 |
| ABI 1ACI :

phén tém tit ly thuyét.

B. Vi DU

Vidu 8

Trong mit phdng toa do Oxy cho tam giac ABC vdi A(-6; -3), B(-4; 3),
C(9; 2). Viét phuong trinh dudng thing d chia phan gidc cia géc A
(DE THI DHSP HA NOI 2, KHOI A - 1999)

Giai
DCéchl:rB=(2; 6), chuﬁnhéataddqc: 2: iB [ L J
| AB | mm
E=(15;5),chu§nhéataduqc: ?= ff —[ 8 e ]
| AC | ﬁaJI—O
Tiu dé mét veco chi phuong cia phan gidc trong géc Ala:
S — 4
e+f = hay (1; 1).
[J— f)
Vayd:’hLe':y+3 Sy=Xx+3.
1 1 .
ClCéch2:AB:x;6=y;3<:>3x y+15=0, n; = (@3, -1);

x+6 y+3

esx-3y—8 =0 ny ={1,-3).
15 y 2

AC :

Vi AB.AB =60 > 0 nén géc A nhon.

Vi n, .r:z = 6 > 0 nén phan gidc trong cua A (tdc phan giac cha géc nhon)
la3x-y+156=-(x-3y-3)ox-y+3=0.

23



O Cach 3 : Hai dudng phén gidce trong va ngoai cua goc Ala:
3x-y+15= +(x-3v-3)
<d:x+y+9=0hoacd,:x-v+3=0.
Thay toa d¢ cua B va C vao phuong trinh cua d,, ta dugc :
4 +3+9=8>0;, 9+2+9=20>0.
Suy ra B va C ndm cung phia d6i vdi d..
Vay phan gidc cia BAC lad, :x -y + 3 =0.
0 Ciach 4 : Goi D la chan duong phan gidc trong cia géc A . Khi dé D chia
AB  2/10 2

doan ‘BC theo ty so k = - e e
AC 510 5

4+]8
xp — kx BT 2
ViytoadociaDla: xp= —2 E = =-=,
ay Loa do D 1k 5 7
‘ 1+-—
)
3+ - :
T 1k g7
1+-—
~ +6 3
Phin gidc trong cia géc A la: AD: x2 1y1+ o>x-y+3=0
~—+6 74—3

\Tviz dé 7 : VIET PHUONG TRINH CUA DUGNG THANG THUQC MOT CHUM BUONG
NG

Vidu 9

Trong mit phing Oxy cho tam gidc ABC biét phuong trinh ba canh la :

AB:2x-y+2=0; BC:2x-3vy-6=0; CA:10x+ 7y~ 70=0.

Viét phuong trinh dugng cao AH cia tam giic ABC ma'khong can tim toa
dd cia dinh A. Tuong tu, hay viét phuong trinh duong cao BH ma khéng can
tim toa dé diém B.

Giai
Pudng cao AH thujc chaum dudng thing xdc dinh bdi hai dudng thing AB
va CA ddng thdi vudbng goc vdi duomg thang BC. Do d6 duong thing AH c6
phuong trinh dang :
a@x~y+2)+p10x + 7v-T70)=0

& (2a+ 100)x - (o - TPy + 2 = T0p = 0 (1)
Vi AH 1 BC nén phuong trinh trén can théa man diéu kién :
220 + 10B) + 3 -7B) =0 (2)



Tu(2)ysuyra7a-pB=0.Chonu=1,taco p=7.

Vay duong cao AH c¢6 phuong trinh 9x + 6y - 61 = 0.

Tuong tu, duong cao BH c6 phuong trinh dang’
(20 + 2B'x — (o + 3P)y + 2a — 69 = 0 vdi diéu kién :
1020 + 2B) + (- 3p) =0 = 130 - B = 0.

Chon o =1, tacé p=13.

Vay duong cao BH ¢é phuong trinh la : 7x - 10y - 19 = 0.

C. CAC BAI TOAN ON TAP
Bai 1

Lap phuong trinh dudng thdng chitu cdc canh clia tam gidc ABC biét dinh
A(3; -4) va hai duongcaola : Tx -2y -1 =0va2x -7y -6 = 0.

G.ai
Thay toa dd cia A vao phudng trinh cia hai dugng cao, ta thay khéng
théa man. Vay 2 duong cao d6 thuoc dinh Bva C. Gia st Bl : Tx -2y -1 =0,
CK : 2x - 7y — 6 = 0. Canh AB nim trén dusng thing di qua A, vudéng géc
véi CK nén cé vecto chi phuong 1a (2; -7).

x-3_y+4
2 -7
Tuong tu canh AC ndm tréen dudng thing di qua A, vuong géc véi Bl nén
vecta chi phuong (7; -2).

Vay AB: < 7x+ 2y -13 = 0.

x-3 y+4

Vay AC:
vy - ~

< 2x+Ty+22=0

Tx -2y -1=0

B(1; 3
Tx+2y-13=0 ;

Toa d6 dinh B la nghiémn cua hé {

2x +7y+22=0

= C(-4; -2)
2x -7y -6=0

Toa d6 dinh C la nghiém cua hé {

x-1 _ y-3
-4-1 -2-3
Ta dugc phuong trinh dudng thang chira cdc canh cia tam gidc 1an lugt la

7x+2y-13=0; 2x+7y+22=0; x-y+2=0. '

Vay BC: ox-y+2=0

Bai 2

Cho tam giac ABC c6 ba dinh A(5; 6), B(-3; 2), C(2; -3).
a) Liap phuong trinh dudng cao AA' va BB'.

b) Tim toa do truc tam H cua tam gidc ABC.

¢) Tinh dién tich tam giac ABC.
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Giai
a) Vi AA' 1 BC nén dutmg thing AA' di qua A va cé vectd phap tuyén BC = (5; —5).
Tudé: AA :5(x-5)-5(y-6)=0=x-v+1=0.
Tuong tu, BB' cé vecto phadp tuyén Ké = (-3; -9)
BB :-3x+3)-9%v-2)=0&=x+3y-3=0.
b) Truc tdm H 1a giao diém cia AA va BB’
|x-y+1=0
"|x+3y-3=0
¢) Ta can tinh canh BC va dudng cao AA':
BC = (2 +3)% +(-3-2)% =52

= H{®:; 1)

Phuong trinh cua BC : A gl ox+y+1=0
2+3 -3-2

AA’ = d(A. BC) 'iﬂl—' - 642
1+1

B = —21-BC.AA’" = % 54J2.6v2 = 30.

Bai3

Cho diém A(4; 2). Tim diém B sao cho :
a) OAB la tam gidc déu, (67\, (:)g} = 60

b) OAB la tam gidc cén, (E)A, OB} = 45",
\‘
Giai
a) Ky hiéu nhu trong hinh vé, ta ¢ : vi
tg(0OX; OA) = tgla + 60")
7/ \
tgiﬂg.@\g— = -1: 2};3 Lvi tgcl = } J \
1- tgutg60®  2-43 2
2 .......................... [ SUORT 7YY PT PR PRT Y, A
Tird6 OB : y = E;*_?_i?
NE :
243 60° A
(?uasuB[xe,l+ ¥3 ) a L
\/; O 4 X

e
Khidé : OA = OB = x, + (1; 2‘/‘_; XJ =20 % =(2- V3 )
- /

Viyo > 0nén x> 0, titc la xp = 2 - J3 va toa do cda B(2-3 ;1+2\[§).
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b) Ky hiéu nhu trong hinh vé y*
tgdx, OB) = tg(a + 45°) = :—gj-%;é =3
Tudé OB :y = 3x )

AB di qua A va vudng géc vdi OA

b ot verkd phip tuyda OA —(4; 2)" | 7| R ISR A
Var AB : 4(x - 4) + 2(y -2) = 0 :

< 2x+y-10=0

B 11 giao diém OB va AB nén 0 T

Jy =3x

: = B(2; 6).
2x+y-10=0

Bai 4

L4y phuong trinh hai dudng thing d; va d, theo thu tu di qua A(0; 4) va
B(5; 0, biét ring phan gidc clia mdt trong cdc géc tao béi d;, va dy la d cé-
phuong trinh 2x - 2y + 1 = 0.

Giai
Dién A’ d6i xiing vdi A qua d thude ¢, Tir d6 ta suy ra cdch gidi : Tim toa
do cia A’; d; chinh 1a dudng thng qua B, A'. Tim giao diém M cia d va d;
~d, chirh 14 dudng thdng qua A, M.

Goil la giao diém cia AA'va d.
AA'di qua A(0; 4) va vudng géc véi d nén cé vecto chi phuong la (2; -2).

Tu dé AA' : X—0=y—4¢_>x+y—4=0. ,
2 -2 g d,
. |2x-2y+1=0 7 9\ /
i: =0 —;—. A
x+y-4=0 4 4J
. 7 7
Tu®d: x, =2X;-%, =2.—-0=—
ATTTTA T T g N 0 d
1 M
Yo =21-Yya=2.7-4=2

d=AB )7{-—0=)1,r— &x+3y-5=0
fs 24
2 2

N 2x -2y +1=10 QM(Z,E)
x+3y-5=0 8 8
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X = -
d, = MA: (—::y 4 & 3x-v+4=0.
7 11
— — -4
8 8

Tacokétquda: d):x+3y-5=0; dy:3x-y+4=0.
Bai 5

Cho dudng thdng d : x - 2y + 2 = 0 va hai diém A(0; 6), B(2; 5). Tim diém
M trén d sao cho:

a) MA + MB nhé nhat. L) IMA - MBI 1én nhat. ]

Giai
a) Goi A' la diém d61 xung véi A qua d.
Khi d6 : MA + MB = MA' + MB > A'B
Goi M, 1a giao diém cda AB va d thi :
min(MA + MB) = M A + M|B
Ta tim M,; AA": l; o = 3—-:26 & 2Xx+y~-6=0
Giao diém I ciia AA'va d :
[ x-2y+2=0
12x+y-6=0

XA/=2‘:;—X‘A=2.2-0=4

= 1(2;2)

Y =2yi-ya=22 -6=-2

= A'(4;-2) A
BA': 3i»——-%::—)i—:é» = Tx+ 2y -24 =0,

4-2 -2-5

(x =% =0 .
Ml:‘ X Ay+2 :I\Al (1_1,}91

Tx r2y—24 =0 8 )

b) Tacé |MA - MBI < AB, goi M, la giao diémn ca AB va d thi

max |MA - MB| = |M,A - M,BIl. Ta tim toa d¢ diém M,
AB: *=0 _¥-6 e x+2y-12=0.

2 -1

X-2y+2=0(
M, (X720 (5T,

X+2y-12=0 “A2)

Bai 6

Cho dudng théng d:(1+2mx-(2+3m)y + 7+ 12m = 0.
a) Chung té rang khim thay doi, d luén luén di qua mét diém c¢d dimh

b) Xdc dinh m dé d song song vdi dudng thang A : 3x — 4y - 12= 0. Tim
khoang cach gia d va A.
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Giai
a) Viét lai phuong trinh cia d duéi dang chum dudng thang :
2x -3y +12m+(x-2y -7)=0

Chum dudng thédng nay dugc xdc dinh boi dudng thing 2x - 3y + 12 = 0
va dugng thdng x - 2y + 7 = 0.

He {2x~3y+12:0

X-2y+7=0

th&ing d khi m thay déi.
1+2m _ —(2 +3m) . 7+12m.

¢6 nghiém {x 5 nén diém (-3; 2) luén thudc dudng

b) Dé A // d phai c6

-4 -12
1+42m —(2+3m)
5 :————C>1n="2.
3 -4
o V6im=-2:-1=-1=# E
12

Viy m = -2 thi A/ d.
Piém M(-3; 2) thudc d. |
13(-3)-42-121 29

[32 +(_4)2— 5

d(a, d) = dM, A) =

Bai 7

Cho tam gidc ABC can tai A (AB = AC). Biét canh BC cé phuong trinh
2x — 3y — 5 = 0; canh AB c6 phuong trinh : x + y + 1 = 0; canh AC di qua
diém M(1; 1). Viét phuong trinh canh AC.

Giai
Gia st dudng thing qua M song song vdi BC cit AB tai N. Goi I 1a trung
diém cia MN thi AI 1 BC. Tir day viét dugc phuong trinh cia Al; A 1a giao
diém cia Al va AB, AC chinh 1a dudng thing qua A va M.
Puong thing qua M song song vdi BC ¢6 phuong trinh : 2x - 3y + ¢ = 0.
Thay toa dp cia M vaotadugc 2 -3 +c=0=>c= 1.
Vay dugc phuong trinh 2x - 3y + 1 = 0. A

Giao diém N cia dudng nay va canh AB c6 toa dd :
1=0 \
Cx+y+ - N( 4 1J

’

" l2x-3y=1=0 5 5/ N : M(1;1)
Trung diém I cia MN c¢6 toa do :
4 1
IS B [1 ZJ -
X = ==Yy = === _— =
' 2 10 2 5 10 5 B C

Pudng théng Al qua I, vuéng géc véi BC nén c6 phuong trinh
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1 2

X-— y-=
Al : 10 2 < 30x + 20y ~ 11 =0
2 ~3
A 3~0x+‘20y-~11:0:} ’X(gl; _f_l)
X+y+1=0 MO 10
| x-1 v-1 -
AC=AM: e = < 17x+Ty-24=0
31 41
— -1 -—-1
10 10

Vay tacé : 17x + 7y — 24 = 0 la phuong trinh ciia dudng thng chua éanh AC.
0O Phuong phdp giai khac
Qua M ké dudng thang song song véi AB.
Khi d6 AC la mét trong hai dudng thiang di qua M tao véi BC géc béing
goéc B (duong théng con lai song song véi AB). T dé ta c6 phuong phdp gidi :
ﬁlégécgiﬁ’aAB:x-:-y+1=0véBC:2x—3y—5=Onén A
~ 11.2+1.(-3)1 1

cosB = = ,
Vi2e122F 137 V26
- 7 M(1;1)
Goi k 12 hé sé géc cia AC muédn tim, khi dé :
AC:y=k(x-1)+1<=kx-y+1-k=0
= 2+ (-1.(-3)1 12k +3I .
va COSC___|k2+( 1)(3)‘ _ 2 ‘+3
k2 e1V22 432 V130 4 1) B c
Vi B=C 1 12k+3] o ufsti=9@k+ 3P

nén = —
J26 . f13k? + 1)

2 17

o T2k + 17=00 k=1, k=-",

* Vi hé s géc cia AB la -1 nén k = -1 thi dudng thdng song song véi
AB, ta loai truong hgp nay

. Vdik:—},—}tacﬁz-\(‘:y::-_}?z(x ~-1)+1<=17x+ Ty - 24 =0.

Bai 8

Lap phuong trinh cdc canh cia tam giac ABC néu B(-4; -5) va hai duyng

cao c6 phuong trinh lan luot 1a : 5x + 3y -4 =0,3x + 8y + 13 = 0.
Giai '
Vib(-4) +3(-5)-1=-39#0; 3(-4)+8(-5)+13=-39=0
nén hai dudng cao méi trén khong qua dinh B.
Gidst:AH :5x+3y-4=0; CK:3x+8y+13=0
AB qua B va vudmg géc vdi CK nén cé phuané trinh
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AB - xg4zy+5

BC qua B vudng géc vdi AH nén c¢6 phuong trinh

BC - x45-4=y+5

A la giao diém cia AB va AH
8x-3y+17=0
A : { X y +

<> 8x-3y+17=0

<:>3x—5y—13=0.

A(-1; 3)
5x+3y-4=0
C la giao diém ctia BC va CK.
-5y -13=0 |
C: S%—2y = C(1; - 2)
3x+8y+13=0

Vay AC : xl 11 g+§<:>5x+2y—1:0.
-~ +

Bai 9

Lap phuong trinh cdc canh cia tam gidc ABC néu B(2; -1), dudng cao va
duong phan gidc trong qua hai dinh A, C lan lugt ¢6 phuong trinh la :

3x — 4y + 27 = 0; X+2y-5=0.

Giai
Ky hiéu nhu treng hinh vé. Pudng thdng BC di qua B, vuéng géc vdi
dudng cao AH nén ta cé :

BC - LAl I
3 -4

:
<> 4x + 3y -5=0. ' 2

Goi B' la diém déi xing vé6i
B qua CD, BB' L CD !
BB . X= 2 _y+1

&S2x-y-5=0
2 X y x
{x+2y 5=0 In

=% I(3: 1) ,
xy50(-)' B

= 9%, -Xp =23-2=4
{B LB — B'(4: 3)

Yg =2y1-yp =21+1=3

= C(-1; 3)

C- 4x+3y-5=0
Clx+2y-5=0

AC=BC, BC =(-5,0), BC:0(x—4)+5(y-3)=
Véy AC ; Yy - 3=0
Ala giao diém cia AH va AC
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3x-4y+27 =0
& { Y = Bl=8; 3)
y=3
Tu dé, ta . v ra phuong trinh cia AB la -
AB: 222 .Y % oax+ Ty= 1 =10,
2+6 -1-3
Vay ba canh cua tam gidc ! BC ¢6 phuong trinh la :
AB :4x + Tv - 1= v; BC:4x+3y-5=0; CA:y-3=0
Bai 10

Cho hai dudng thing d, : 3x + 4y-2=0vad, = ?x - 4y + 3 = 0. Tim tap
hgp (L) cac diém c6 khoing cach dén d, gap déi khoang céch dén ds.

Giai

3x+4y -2 - 4
Mx; y) € (L) < dM, dy) = 2dM, dy) x4y -2 _218x-4y 43|
V3? + 42 V3 + 42
(3X+-4y—2=2(3x—4y+3) 3x-12y+8 =0
=] =
3Xx+4y—-2=-2(3x -4y + 3) 9x -4y+4 =0
Vay (L) la tap hop cac diény cia hai duong thang c¢6 phuong trinh trén.
Bai 11 |

Viét phuong trinh dubtng thdng di qua diém A(4; 1) ~a tao véi hai nira
truc duong Ox, Oy mot tam gidc ¢ dién tich bang 9.

Giai

Gia st duyng thdng qua A cdt Ox tai M(a; 0) va Oy tai N(0; b). Khi dé

a>0,b >0 va phuong trinh dusag thang la X +% =1.

a
A 3 g ~ 4 1 a
Vi A(4; 1) thude dudng thang nén — + - 1 >b= " (a>4)
a a-—-
1 1 a®
Smon = = OM.ON =-ab=~--——-
2 2a-4
2 ) N=6
Smon = 9 & }_i-—ar—?:Q oa" -18a+72=0¢
2a-4 a=12

e a=6=b=3. Tadugc phuong trinh dudng thdng la :

Xedot oxs2y-6=0.
6 3 |

LS

e a=12=b= % Ta dugc phuong trinh duéng thing la :

~

s =1 ox+8y-12=0.
12 :

(CRRCIRS
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Bai 12

Troﬁg mat phéng toa do Oxy cho hai duong thing :
Ap:4x-3y-12=0; A,:4x+3y-12=0.
a) Tim toa do cdc dinh ciia tam gidc c6 cdc canh lan lugt ndm trén céc
dutng thdng A,, A, va truc tung. ’
b) Xac dinh tdm va ban kinh dugng tron noi ti€p tam gidac néi trén.
(DE THI BPA]I HOC HUE, KHOI D, 1997)

Giai

a) Cdc dinh ndm trén truc tung cé toa dé la nghiém cia hé :

=0 — A(0; - 4)
4x-3y-12=0 ‘
=0
va " — B(0; 4) : .
4x+3y-12=0

Dinh la giao diém cia A;, A, c6 toa dd la nghiém cia hé :
{4x—3y—12=0

= C(3; 0).
4x+3y-12=0

b) Tam gidc ABC can (vi CA = CB), do vidy tdm I ndm trén truc hoanh,

I(a;0),a>0.ViOl =d (I, Ay)nén a= I_45_;1_2_I_
a= 43;12 = a = -12 (loal).
—4a +12 4
® a=s-—--5>= B
b 3

Vay duding tron ndi ti€p c6 tAm I(-g-; O] , ban kinh r = %

Bai 13

Trong mit phing Oxy viét phuong trinh dudng thdng song song vdi
duéng thdng d : 3x - 4y + 1 = 0 va c6 khodng cdch dén d bing 1.
(DE THI PAI HOC HUE - KHOI D - 1998)

, Giai
Puong thing A song song vdi d nén cé dang : 3x — 4y + m = 0.
D& thay diém A(1, 1) thudc d nén ta cé :.
13-4+ml
V3% + 42
Vay ¢6 hai dudng thing can tim cia bai toan la :
3x—4y-—4=-0; 3x -4y +5=0.

d(A, A) = =leom=-4, m=5
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Bai 14

Trong m#t phing toa dé cho cdc diém P(2; 3), Q(4; -1) va R(-3; 5) 14n
lugt 12 trung diém cdc canh cia mét tam gidec. Hay lap phuong trinh céc
dung thidng chia cdc canh cua tam gidc dé.

(PI: THI DHQG HA NOI - KHOI A - 1995)

Giai

Gia st P, Q, R lan luot la trung diém cdac canh BC, CA, AB cha tam gi4c.
Vi BC // QR nén BC ¢6 vecto chi phuong QR = (-7; 6). BC di qua P nén c¢6
phuong trinh 14 :

BC: *22.Y-3 L 6x+7y-33=0
-7 6

Tuong tu,tacé: CA:2x+5y-3=0, AB:2x+y+1=0.

Bai 15

Cho tam gidc ABC c¢6 M(-2; 2) la trung diém canh BC. Canh AB c¢6
phuong trinh 1a x - 2y — 2 = 0, canh AC ¢6 phuong trinh 14 2x + 5y + 3 = 0.
Hay xdc dinh toa d§ cdc dinh cua tam gidc.

(DE THI DAI HOC TAI CHINH KE TOAN HA NOI - 1996)

Giai
Toa d¢ dinh A l1a nghiém cua hé phuong trinh :
_2y-2=0 /
X y 2 = A .‘.1_; _Z
2x+5y+3=0 9 9
Pudng théng qua M song song vdi AB ¢6 phuong trinh dang x - 2y + ¢ = 0.
Thay toa dé6 M vao ta dugc ¢ = 6. Vay phuong trinh dutng thdng qua M, song

song véi ABlax -2y +6=0. N
Tir d6, toa do trung diém N ctiia AC la nghiém cda hé :

-2y+6=0
K=Ly = N(-4; 1)
2x+5y+3=0
+ X 76
Vi xN=xA2——g~:3xC=2xN—g”A:;___
Ya tYc 25
- — A\ :2 - = —,
9 = ¥c YN - Ya 9
2
Véy:C[—Z-G-;——s-J.
9 9
76 40 : 25 11
Tu’dn tlr: =2 -—’~:—4 «——'.:———; :2 - ,=4“'_—="—
_ g w XB XM — X¢ + P 9 ¥ YmM—Yc 9 9
Véy:B[“—O;E—].
9 9
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Bai 16

Tro—ng mat phang toa dd Oxy cho cac diém A(2; 1), B(0; 1), C(3; 5), D(-3; -1).
a) Tinh dién tich tu gidc ABCD.

b) Viét phuong trinh cdc canh cta hinh vudng c¢6 hai canh song song di
qua A, C va hai canh song song con lai di qua B, D.
(DE THI PHSP HA NOI II - 1997)

e —

Giai
a) Vi A va B ¢6 cung tung dé nén AB // Ox. Tu dé :
d(C, AB) = lyc-yal =4 ‘
d(D, AB) = lyp - yal =2
AB = Ixp - xgl =2
C va D nam vé phia d6i véi AB, do dé :
Saecp = Sapc + Sasp = "4—; + 2—22— 6.

b) Céc dusng thing di qua A, C song song vdi truc tung c6 khodng cach 1a 1;
cdc.duong thang di qua B, D song song véi truc hoanh c¢é khodng cdch la 2
nén ching khéng tao thanh mot hinh vudng. Do vay ta c6 thé xét cdc dudng
thdng di qua A, C song song véi nhau dang :

D :y=k(x-2)+1; D,:y=k(x-3)+5

va cdc dudng thing di qua B, D vudng géc véi ciap duong thing néi trén dang
1 1
Ay:y=-—(x-0)+1; Ay iy=-—(x+3)-1.
1y K R K

DPé bon dudng thdng nay tao thanh mot hinh vuéng can phai c6 :
d(A, Dy) = d(B, Ay); D;:kx-y+5-3k=0
Ay x+ky+k+3=0
|-k +41 12k+3|
k?2+1 VkZ+1
Vay bai todn cé hai 1oi giai :
¢ D :y=-7x+15; Dy:y=-Tx+26

c:m~4ﬁ=mk+m%ak=_ﬁk=%

1 ' 1 4
Ay:y= —=x+1; Ag:y= =X-—.
Y3 A
e D,: =-}-x+}-; D2=1x+4
3 3 | 3
Ay:y=-3x+1; Ay :y=-3x-10.
Bai 17

Cho dudng thdng A: 4x + 2y - 13 = 0. Hay tim dudng thﬁng d, déi xing
vdi duong thdng d, : x + y - 3 = 0 qua A.
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Giai
Néu d, cat A tai A thi A thuoe d,
Néu d, chia B thi diém B’ dsi xing véi B qua A thude d..
Do d6, ta cé cach giai sau day : _
Giao diém A cda A va d, c6 toa do théa man hé phuong trinh :

{4x+_ﬁzy—13:0:A(z;_z) B_—
X+y-3=0 2’ 2 3 o
Trong phuong trinh cua d; chox=0=>y = 3. l
Vay B(0; 3) € d, A
Ta s& tim B' déi xitng B qua A A I
Pudng thing qua B vudng géc véi A: 3

x-0 y-3

ox-2+6=0.
s 2z 7T B

a -2 —
Giao diém I caa BB' véi A: {x y+6=0 :>I[7' 37}.

4r+2y-13=0 5’ 10
‘ 7 14
Tudé: x. =2x;-%xp =2.—-0=—
B I-78 =%y 5
37 22
, =2y -yg =20 -3=22
yB yI ¥B 10 5
7 1
ERRAY
/
= " = 7 - = 0.
d, = AB 14_1 59 l@ X+y-24=0
5 2 5 2

Bai 18

Lap phuong trinh cdc canh cia tam gidc ABC néu A(1; 3) va hai dudng
trung tuyén c6 phuong trinh lax -2y +1=0vay-1=0.

Giai
Dé& dang thd thay A khong thugc hai trung tuyén da cho. Ta c6 thé coi
trung tuyén CP : x — 2y + 1 = 0 va trung tuyén BN : y - 1. Ky hiéu G la
trong tAm cda tam giac ABC.
{x -2y+1=0

y-1=0 = G(1; 1).

Néi AG, kéo dai cdt BC tai M va dat trén dudng thdng nay MG' = MG.
Khi dé6 BGCG' 1a hinh binh hanh va GA = GG'.

X +Xp
Ta c6 : xG=-———§——:>xG,.=2xG—xA=2—1=1
y/+yA
yo = —G—z-‘*—-"yc; =2c-ya=2-3=-1
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Vay G'(1; -1).
G'B // CP nén phuong trinh GBcédang : x -2y +C =0
PuwngnaydiquaGnén:1-2(-1)+C=0=>C=3
Vay GB:x-2y-3=0 A
B la giao diém caa BN va G'B nén :

B - {x -2y-3=0

V=g

G'C // BN nén phuong trinh G'C cédang :y +c=0
Pusng naydiquaG' nén:-1+c=1.
Vay GC:y+1=0

= B(5; 1)

C 14 giao diém cta G'C va CP nén : B M C
=8 ‘
c. ¥ = C(- 3; -1)
x-2y+1=0 g
G
Tids; AB: X-1-¥Y=3 _ AB:x-2y-7=o0.
5-1 1-3
AC : x~1=y—3 =>AC:x-y+2=0.
-3-1 -1-3 ‘
BC : -0 ¥ =>BC:x-4y-1=0.
=B=8  ei=]

Bai 19

. Cho tam gidc ABC cé dinh B(1; 2). Pudng phan gidc trong AD cua géc A
c6 phuong trinh la : x - y - 3 = 0. Pudng trung tuyén CM qua dinh C cé

phuong trinh la x + 4y +9 = 0. Lap phuong trinh cdc canh cua tamn gidc ABC.
‘ Giai )

Qua B dung dudng thdng vudéng géc véi dudng phan gidc AD, cdt AD tai I,
cidt BC tai K. Goi N la trung diém ctia BI. Vi MN // AD nén néu biét toa do
diém N sé tim dugc phuong trinh cia MN. Tu dé ta sé tim dugc toa d§ diém
M (la giao diém cia MN va CM).

Do d6 ta lap dugc phuong trinh canh AB, tir d6 tim dugc toa d§ diém A.
Biét A va K ta sé c6 phuong trinh canh AC.

T dé tim dugc C va phuong trinhk canh BC. a

BK: x;1=y_12<:>x+y*3=0

I {x+y-—3=0

=1(3;0)
X-y-3=0

K:{xK:QKI_xB:5 = K (5; -2) :
Yk =2y1 -y =2 B . D C
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Xg +X

N: = N(2; 1)

_YBtY¥I
2

MN:1(x-2)-1(y-1)=0<x-y-1=0 ‘

YN =1

Mg Tt =l MR =35
Xx+4y+9=0

x-1 y-
-1-1 -2-2

: 2x-y=0
A: A(-3; -6).
{x—y-3=0:> ( )

e AB=AM: < 2x-y=0

x+3 . y+6
5+3 -2+6
_|x-2y-9=0
’ {x+4y+9=0.

e AC=AK: ox-2y-9=0

= C(3; -3).

x-1_ y-2

BC : =
3-1 -3-2

<> b5x+2y-9=0.

- Bai 20

Cho tam gidc ABC c6 A(% ; %) , hai duong phéan gidc trong vé tr B va C

l&n lugt l1a d, : x -2y - 1 =0 vad,:x + 3y - 1= 0. Viét phuong trinh cdc
canh cia tam gidc da cho.

Giai
Goi A;, A; 1an lugt 12 cdc diém doi xing cia A qua d,, d,. Khi d6 Aj, A,
thudc dudng thidng BC.

% A
Tu d6, ta c6 cach giai :
x-—i y—z d; d
AA, 15_ _25 ©2+y-3=20
I x-2y~-1=0 (7 1)
2x+y-3=0 5’5
B -A2 At C
Xa _2XI_XA "—‘2.%—&:2
. A > SA@-D
Ya =2y -Y :21_1=_1
Al I A '5 5
4 7
X-— y--—
AA,; 15= 5~¢:>3x—y—-1=0




K - 3x_y—1:0:>K(_2_;l),
x+3y-1=0 5 5
'2XK

o A,:
2y -y

|
»
>
i
N
Il
L=

= Ay(0; -1)

>

[

N !
U= O DO

]
|
—

|

o |

ViA Aydéucétungdpla-1nén BC=AA;:y+1=0.

~2y-1=0 ~1=
N TT SBCL-1);, C XTI TIE0 oy
y+1=0 y+1=0
4 7
X-— y--
Tiadé AB: 5 __ 5 4x-3y+1=0
4 7
ool pare el
5
4 7
X-— y--—
AC : D o & 3x+4y-8=0.
4 7
-2 g5t
5 5

Tém lai, phuong trinh cia cdc canh la :
AB:4:-3y+1=0; AC:3x+4y-8=0; BC:y+1=0.
Bai 21

Hay lap phuong trinh tdng quat ciia duong thing di qua diém I(-2; 3) va
cach déu hai diém A(5; -1) va B(3; 4).
| (PE THI PAI HOC TAY NGUYEN -KHOI D - 2000)
Giai
Pudng thing di qua I ¢6 phuong trinh la : .
Ay:x=-2hodicA):y=k(x+2)+3@kx-y+2k+3=0
D& thdy d(A, A;) = 7, d(B, A,) = 5 nén A, khong théa man bai toan.
Az thoa min bai todn < d[A, A;] = d[B; A;]
- bk +1+2k +3 |3k -7 +2k + 3
vkZ +1 vk?+1 ° .
k=0
k=-4
Vay ¢6 hai dudng thdng qual cdch déu AvaBlay=3,y=-4x - 5.
O Phuong phap giai khac (khdng dung hé sd géc)
Gia st duong thing cin tim ¢6 phuong trinh 1a : Ax + By+C=0 ‘
Vi I(- 2; 3) thudc dudng thdng nén : -2A +3B +C =0 (1)
Vi dudng thing cach déu A(5; -1) va B(3; 4) nén :

c:»7y+4=i(5k—4)c:{
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|5A - B + C| _ I3A + 4B + C|
vAZ + B? vAZ + B?
Tiu (1) va (2), ta ¢6 hai truong hop :
5 -2A+3B+C=0 - -2A+3B+C=0
5A-B+C=3A+4B+C A-4B=0
Chon B = 1, ta dugec A = 4, C = -5. Vay c¢6 dudng thing théa man bai
todnla:4x+y-5=0. |
¥ -2A+3B+C=0 2k —-2A+3B+C=Oc> A=0
5A-B+C=-3A-4B-C 4A-3B-C=0 3B+C =0
Chon B = 1, ta duge C = -3. |
Vay c6 dudng thing théa man bai todn la :y - 3 = 0.
Bai 22

<5A-B+C=2(3A+4B+C) (2)-

Cho hai dudng thing ¢6 phuong trinh : 2x + 3y + 1=0vax -y + 3 = 0.
Tim phuong trinh dudng thing d di qua giao diém cta hai dudng thing néi
trén va song song véi dudng thdng : 3x - 5y = 0.

Giai
Phuong trinh dudng thdng d c6 dang : a(2x + 3y + 1) + Blx-y+3)=0
' | & (20 + P)x + (30 — By + (o + 3B) = O
Vi d song song véi dudng thing : 3x - 5y = 0, nén :

2atp  Sa—p {19(1=—2B {azQz
Lemn ]

3 -5 =5
o TS0 a+3p#%0 B=-19

Vayd:2(2x +3y+1)-19(x -y +3)=0 < 3x -5y + 11 = 0.
Bai 23 ' o

Tim m dé ba dugng thing sau day dong quy :
(d)) mx+y-4=0; (dp):5x-2y+320; (dy):mx+3y-2=0.

Giai

Phuong trinh (d;) c6 dang : olmx +y —4) +p(5x -2y +3)=0

< (mo+5B)x +(a-2B)y + (-4a +3B) =0

ma + 53 =m
So sdanh hai phuong trinh ctia (d3), ta cdn tim o, B dé : {a -2 =3
' -4a+3p=-2
Tit hai phuong trinh sau ta ¢6 a = -1, p = -2. Thay vao phuong trinh dau
tadusc:-m-10=m<e<m=-5 '

Vay m = -5 thi ba dudng thing da cho ddng quy.
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Bail 24

Trong mat phing cho tam gide ABC vdi A(1; 1), dudng cao ha tit B va C
lan lugt ndm trén dudng thang(d,): -2 +y-8=0va(dy) :2x+3y -6 =0.
FHay viét phuong trinh dudng thing chia dudng cao ha tir A va xdc dinh
toa do cdc dinh B, C cua tam gidc ABC.
(DE THI DAI HOC SU PHAM HA NOI 2 - 2000) |

Giai
e (Goi (dy) 1a dudng cao ha tir dinh A thi (d,) ¢é phuong trinh :
(dy) :AM(-2x+y-8)+u2x+3y-6)=0
& (dy) 1 (2A + 2 + (A + 3y - BAL+ 6 =0
Vi(dy)qua A(l; 1)nén : -2A + 2+ A +3p-8r-6u=0< -9A-pn=0
ChonA=-1=>p=9tacéd:
(ds) : 20x + 26y - 46 =0 < 10x + 13y - 23 =0
e AB 1 (dy) >AB:3x-2y+¢c=0.ViAec(AB)nén3-2+c=0=c=-1.
Suyra AB:3x-2y-1=0 ;
B la giao cua AB va (d,) :
B:{3x+2y—1:0
-2x+y-8=0
e ACL(d))vadiquaAnén AC:x+2y-3=0
'C:{x+2y—3=0
2x+3y-6=0

= B(-17; - 26)

= C(3; 0).

Chu y : Ta cé thé viét phuong trinh (dy) theo cdch : (dy) qua A va vubng
goc vai BC.
D. CAC DE TOAN PE LUYEN TAP

01. Cho tam gidc ABC ¢6 cdc-dinh A(1; 1), B(4; 5), C(13; -4). Goi M, N, P
theo thu tu la trung diém cia cdc canh BC, CA, AB.

a) Viét phuong trinh cdc canh clia tam giéc.

b) Viét phuong trinh dudng thing PN va dudng trung tuyén AM. Goi I 1a
giao diém cia PN va AM. Kiém tra lai ring I la trung diém cia PN va

Al =IM .
DS: a) AB:4x-3y-1=0;BC:x+y-9=0;CA:5x+ 12y - 17 = 0.
o 1(12:).
4 4

02. Cho ba diém A(3; 5), B(~1; 3), C(4; 1). Viét phuong trinh dudng thing di
qua A va tao véi BC mot géc 45°.

DS:3x-Ty+26=0; 7Tx+3y-36=0.
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03. Lap phuong trinh dudng thing qua diém M(2; 7) va cdch diém N(1; 2)
mét khoang bing 1.

DS:12x-5y+11=0;, x-2=0.
04. Cho hai diém A(1: 1), B(7; 4) va duong thing d : 2x -y - 4 = 0. Ching
minh ring d cit doan AB tai mét diém M. Tinh ty sé —%%

ps:-L.
2

05. Cho hai diém A(0; 5), B(4; 1) va dudng thing d : x - 4y + 7 = 0. Tim
di€m C trén d sao cho tam gidc ABC la tam gidc can ddy AB.

DS : C(1; 2).
06. Cho hai dudng thing d., d, theo thit ty ¢cé6 phuong trinh 1a :

3x +4y-1=9; 4x+3y+5=0. |

a) Viét phuong trinh cdc dudng phén gidc ciac géc hgp béi dudng thing d,
va d,.

b) Viét dudng phan gidc cia géc nhon hap bdi d, va d,.

DPS: a)x-y+6=0;, Tx+Ty+4=0. b)7x + Ty +4 = 0.
07. Trong mit phdng Oxy cho dudng thing d ¢6 phuong trinh 2x -y -1 =0
va diém I(1; 2).

a) Tinh khodng cdch tir [ dén d.

b) Tim toa do diém I' d&i xung vdi I qua d.

V5 (6.19)

PS:a) =5 bl (E’EJ'
08. Viét phuong trinh cdc dubng trung truc cia tam gidc ABC biét trung
diém cla cdc canh la M(-1; -1), N(1; 9), P(9; 1).

PS:x-y=0; 5x+y-14=0;, x+5y-14=0.
09. Trong mat phing cho hai dutng thing d,, d, c6 phuong trinh :

dy:kx-y+k=0  dyl-Kkx+2ky-(1+k%=0.

a) Ching minh rdng khi k thay déi, d, ludn di qua mét di€m c§ dinh.

b) Véi mdi gid tri k, hay xdc dinh giao diém cua d, va d,.

¢) Tim quy tich giao diém cia d;, d. khi k thay déi.

1-k? 2k

DS : a) Diém ¢d dinh A(-1; 0). b)x= - ; =
> Lk T 1K

*

o) x*+y?=1.
10. Cho dign tich tam gisc ABC 1a S = .gi . hai dinh A2; -3); B(3; ~2) va treng
tdm G cta tam gidc thudc dutng thing 3x - y - 8 = 0. Tim toa d9 dinh C.
DS : C(-2; -10) hoac C(1; 1).
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11. Trong mat phing toa do Oxy cho 5 diém A(0; -1); B(2; 3), C(%; 0],
E(1; 6), F(-3; -4).
a) Kiém nghiém ring A, B, C thudc duong thdng A : 2x -y -1=0.
Tim trén A diém D sao cho 4 diém A, B, C, D lap thanh mdt hang
diém diéu hoa.

b) Tim M trén A sao cho IEIVI + Fﬁ c6 do dai nho nhat.

DPS:a)D(-1;-3). b) M(:i : l]
5’5 |
12. Trong mit phdng toa do cho 4 diém A(a; 0), B(0; 6), M(m; 0), N(0; n)
trong d6 a, b khong ddi con m, n thay déi sao cho luén c6 : Q_I—VI- + 9;.1\1 = 2.
OA OB
Tim tap hgp giao diém cha cdc duong thdng AN va BM.
DS : i -z = 2.
a " b

13. Trong mat phéng Oxy cho dudng thing d : xcosa + ysina + 2cosa + 1 = 0.

a) Ching minh ring khi o thay déi, duong thing d luén ti€p xiic v6i mot
dudng tron cé dinh.

b) Cho diem I(-2; 1). Dung IH L d (H € d) va kéo dai IH mot doan HN = 2IH.
Tinh toa d cia N theo «.

PS: a) Dudng tron c§ dinh : (x + 2)° + y* = 1.
' b) N(-2 — 3cosa(sina + 1); 1 — 3sina (sin a + 1)).

14. Cho P(3; 0) va hai dudng thdngd, : 2x -y -2=0vad;:x+y +3=0.
Goi d 1a dudng thing di qua P cit d,, d; 14n lugt & A va B. Viét phuong trinh
cua d biét réing PA = PB.

PS:8x-y-24=0. |
15. Cho A(1; 2). B(2; 5). Piém M di dong trén dudng thdngd : x -2y -2 = 0.

a) Tim gid tri nhd nhét cia MA + MB va clia | MA + MB .

b) Tim gid tri nhé nhat va 16n nhat cia |MA - MB/.

DS: a) 5v2;3V6;  b) 0; V10. |

16. Cho tam gisc ABC biét A(2; -1) va hai dudng phan gidc ctia géc B va C
ldnlugtla dg : x -2y + 1 =0; dc : x + y + 3 = 0. Tim phuong trinh canh BC.
(PE THI PH LUAT VA PH XAY DUNG HA NOI - 2000)
DS : 4x -y + 3 = 0 (xem bai 20 phén c).
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Chuyén dé 3 : DPUONG TRON

A.TOM TAT Li THUYET

1. PHUONG TRINH DUGNG TRON
i) Phuong trinh téng quat
x> +y*+2ax+2by+c=0, a’+b>-c>0,
la dutng tron ¢6 tam I(-a; -b), ban kinh R = va? +b? -—c
e Phuong trinh bac Lai ax® + bxy + cy* + 2dx + 2cy + f= 0

a=c#0
la phuong trinh dudng tron < <b=0

d2+e2—£>0
- a

ii) Phuong trinh chinh tic
(x - a)* + (y - b’ = R?

la phuong trinh dudng tron tam I(a; b), ban kinh R > 0.
2. PHUONG TRINH TIEP TUYEN V31 DUGNG TRON

Cho dudng tron (C) : (x — a)* + (y - b)* = R%.

Tié&p tuyén vdi (C) tai M(xo; yo) € (C) la :

(%o - a)(x — a) + (yo — b)(y - b) = R%

Piéu kién dé duong thdng A : Ax + By + C = 0 tiép xic véi (C) la :

laA +bB+CIl _
VA2 + B2

e Néu dudng tron cho bdi phuong trinh téng quit :

d(I, A)=R & R.

(C):x*+y*+2ax+2by +¢c=0
thi ti€p tuyén vdi (C') tai M(xy; yo) € (C) la :
XXo + YYo + a(x + xp) + b(y + yp) + ¢ = 0.
3. Phuong tich. Truc ddng phuong
Cho dudng tron (C) : fix; y) = x>+ y* + 2ax + 2by + ¢ = 0
Phuong tich diém M(xo; yo) d6i véi (C) 12 Puic) = f(x0; ¥o)-
Cho hai dudng tron :
C):fx,y)=x*+y*+2ax +2by +c =0
(C):gx,y)=x>+y*+2ax+2by+c =0

Tap cac diém c6 cung phuong tich cia (C) va (C'), con goi la truc déng
phuong cua (C) va (C') 1a dudng thing :

fix;y)=gx;y) > 2(a-a)x+2(b-b)y+c-c' =0.
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B. PHUONG PHAP GIAI TOAN

Vam dé 1 : TIM PHUONG TRINH CUA MOT PUGNG TRON
A. ;PIIUJNG PHAP

JNeu su dung dang téng quat thi can tim a, b, c. Néu st dung dang chinh
tdc thican tim a, b, R.

B. Vi DU
Vi edl.l 1

'Trorg mat phing vdi hé truc toa do Oxy cho hai diém A(-2; 0); B(0; 4).
Vié't phiong trinh dudng tron (C) di qua 3 diém O, A, B.

Giai
e Sk ding dang tdng qudt cha phuong trinh dudng tron, ta cé :
" x*+y*+2ax+ 2by + ¢ = 0.
Vi dudng tron di qua O(0; 0), A(-2; 0), B(0; 4) nén
c=0 a=1
4-4a+c=0 o<b=-2.
16+8b+c=0 c=0
Vay (C): x* +y* + 2x -4y = 0.
e Sir ding dang chinh tdc ciia phuong trinh dudng tron, ta cé :
(x —a)’ + (y - b= R%

Vi tzam gidec OAB vudng tai O nén tam [ cua (C) la trung diém ctia doan
AB : I(-1; 2).
R=0I = \112+22 =\/§
Vay C):(x + 1)%+ (y - 2)* = 5.

Vande 2: KHAO SAT TiNH CHAT CUA MOT HO DUONG TRON
A. PHUCNG PHAP

 Cén chu y diéu kién cta tham s6 dé phuong trinh xdc dinh mgt dudng
tron. Pra phuong trinh vé dang tdng qudt hodc dang chinh tic dé si dung
coéng thic tim tam va tim bdn kinh cia dutdng tron da cho.

B. vi by
Vi du £

Trong mat phing toa do Oxy cho ho dudng tron :
(Cm) :Xx*+y* ~-(m-2)x+2my -1=0.
a) Tm tap hop tam cdc duong tron (C,,).

b) Cuing té ring khi m thay déi, cdc du&mg tron (C,) déu di qua mét
diém cé dinh.
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Giai
a) (Cp) i x* +y* —(m - 2)x + 2my - 1=0c6 dang x* + y¥* + 2ax + 2by + ¢ = 0

vdla____r_n_z__Z_ b=m,¢c=-1

2
-2° . o : . o .
Via®+b*-c= [——Zu- -~ m® +1 > 0 véi moi m nén véi moi m, (C,,) la
/

2
dudng tron cé tam I(E%—g - m) va ban kinh R = \/(—nlé_——z—] + m?+1.
Goi (L) la tap hop cac tdm ciaa dudng tron (C,,)
o= m-2
(x;y) e (L) > T2 o©2x+y+2=0.
y=-m
Vay (L) 1a duong thdng: 2x + y + 2 = 0.
b) (Cr): X2+ ¥ -(m-2)x+2my-1=0
&2y -x)m+ (x2 +y° +2x-1) =

Toa dd diém (C,,) ludn di qua la nghiém cua hé :

2
2y -x=0 o X =2y 5
x2+y2+2x-1=0 5y’ +4y-1=0 _1
5
2 1
Vay ho (C,,) luén di qua hai diém ¢6 dinh la (-2; -1) va (5 5

N

Vindé 3: V| TRi TUONG D01 GIUA DUGNG THANG VA DUONG TRON

V| TRi TUONG BOI GIDA HAI BUGNG TRON
A. PHUONG PHAP

Cho dudng théng A va dudng tron (C) tdm I, bdn kinh R. Khi dé néu
d(I; A) < R thi A cdt (C) tai hai diém phan biét, d(I; A) = R thi A tiép xic véi
1 (©), dI; A) > R thi A khéng cit (C).

Cho dudng tron (C) tdm I, ban kinh R va dudng tron (C') tdm I', bdn kinh
R'. Khi dé6 :

Néu II' >R + R hodc II' < IR - R'Ithi hai dudng tron khong cdt nhau.
Néu II' =R + R’ thi hai dudng tron tiép xuc ngoai vdi nhau,
II'= IR - R'| thi hai dudng tron tiép xuc trong véi nhau.

Néu IR - R'l <II' <R + R’ thi hai dudng tron cit nhau tai hai diém phan
biét.
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B. VI DU
Vidu 3

Cho duong tron (C) cé6 phuong trinh : 5x* + 5y° - 10x + 4 = 0 va dudng
thdng A c6 phuong trinh : mx -y - 2m + 3 = 0.

Hay bién luan theo m sé giao diém cta (C) va A.

Giai

Tacé(C):(x—1)3+y2=%

Vi vay (C) c6 tam (1; 0) va ban kinh R = — .
: J5
, KhoangcdchtuIdén A la: d(, A)= Im—2m+3I: 13—m!
m? +1 m? +1
_ 2 m=2
dl, ;) =Re 2™ 1 com? 1sm+22=0e| 11
m°+1 9 m=—
2
— 2 P
d(I,A)<R<:>9——"1——31—«1 @2m‘-15m+22<0®2<m<1—1—.
m? +1 2

Viy 2<mc< 1—21 : (C) cdt A tai hai diém phan biét.

ms=2m-= 12}- : (C) vd A tiép xic v6i nhau.
11 R .
m<2 m> > : (C) va A khéng cdt nhau.

Van dé 4 : TIM TIEP TUYEN VO1 DUONG TRON
A. PHUONG PHAP

Sit dung cong thic tim ti€p tuyén. Trong trudng hop st dung phuong phép
chung dé tim tiép tuyén can chi y dudng tron cé thé cé tiép tuyén dang x = c.

B. Vi DU

Vi du 4
| Cho dudng tron (C) ¢6 phuong trinh x® + y* + 2x — 4y = 0.
a) Tim tam va bdn kinh cua dudng tron. ‘
b) Viét phuong trinh tiép tuyén véi dudng tron tai diém c6 hoanh dd xo = 1.
¢) Viét phuong trinh ti€p tuyén v6i dudng tron va di qua diém P(4; 7).

Giai
a) X’ +y+2x-4y=0ox+1°%+(y-2°¢=5
Vay dudng tron cé tam I(-1; 2), bén kinh R = J5 .
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b) Thay x, = 1 vao phuong trinh dudng tron, ta duge :
yl~4y +3=02y=1y=8
Vay dudng ron cé hai diém ¢6 hoanh do x = 11a M; (1; 1) va Mu(1; 3).
Theo cong thire tim tiép tuyén, ta ¢ : l
eTiéptuyéntai M, : (1 + Dix+ 1)+ (1-2)y-2)=5<2x-y-1=0.
eTiép tuyéntai M, : (1 + x+ 1D +(3-2\y-2)=5<2x+y-5=0.

¢) PI = yd4+12+(7-2)?2 =50 =52 > V5= R, do d6 P ndm ngoai dutng
tron. T P c6 thé vé duge hai tiép tuyén vdi dudng tron.

Pudng thing qua P c6 hé so géck
y=kix-4)+7okx-y+7-4k=0
DPuting thing nay ti€p xic véi duong tron <

k=2
¢::>l_k—2+7*4k|=\/gc::>2k2—5k+2=0c> 1.
k2 +1 h=o
Vay c6 hai tiép tuyén vgi dudng tron qua P 1A :
o y=2x-4)+7 oy=2x-1
y = %(x—4)+7 Y= %x+5.
C.CAC BAI TOAN ONTAP
Bail
Viét phuong trinh duong tron di qua ba diém A(2; 0), B(0; 1), C(-1; 2).
Giai
e Cach 1 : Phuong trinh tong quét cua dudng tron la ;
x* + y* + 2ax + 2by + ¢ = 0.
Puting trdon di qua A (2,0): 4 +4a+c=0.
Pudng tron diqua B (0; 1): 1 + 2b + ¢ = 0. '
Pudng tron di qua C(-1,2):1+4-2a+4b+c=0. .
( 7
. a=-=
4a+c+4=0 2
11
= <{2b+c+1=0 — ﬁb:——z—.
-2a+4b+c+5=0 e =10

Vay dudng tron can tim cé phuong trinh tong quat la :
x*+y -Tx-1ly + 10 = 0.
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e Cach 2 : Ta tim tam I va bdn kinh R cia dudng tron.
Trung truc cia doan AB c6 phuong trinh la 4x - 2y - 3 = 0.
Trung truc cua doan AC ¢6 phuong trinh lax -y + 2 = 0.

I la giao diém cua hai dudng trung truc nén
4x-2y-3=0 7 11
I: =% —s )
x-y+2=0 2 2
R 1a khoang cach tir I dén moét trong cac diém A, B, C.

R=1IA= \/(;-2)2{1_1]2 _ Y130

2 2

7\ 11\* 65
Vay dutng tron c¢é phuong trinh chinh tic la (x - E] - (y - —E] =
e Cach 3 : Goi (x, y) la toa do cua tam I.
JA? = (x - 2% +y%, IB®=x+(y-17° ICP=(x+1)*+(y-2)7°
B S, _12
ViIA=IB=ICnén | & 2 *¥ =x"+0-1)
x2+(y-DF =(x+1)? +(y-2)°?
T
4x-2y+3=0 |*7 35 7 11
= =% =1 =;—|.
X-y+2=0 y-u 2
2
Cong viéc tiép theo tién hanh nhu cich 2.
Bai 2 |
Viét phuong trinh dudng tron tiép xic vdi hai dugdng thing
" d,:4x+3y-8=0, d,:3x+4y-1=0
va ¢6 tam nam trén dudng thing d;:2x +y-1=0.
Giai
Goi I(xgy; yo) 1a tam cua duong tron. Khi 46 :
| - | -
dd1. dy) = d(, dy) = 4x, + 3y, 8.| _ 3xg +4y, - 11
V4? + 3% V3?2 4+ 42
< l4xy+ 3y -8 1 =1 3xy +4y,-11
\ Xg~Yo =7
4%+ 3y -8== 3Bxy+4yp—-1) & :
. 7x0 + 7y0 =9

Vil(xp;y)eds =2x+y,-1=0
8

w|

¥p =¥o =1 T (8 13J
. = :;.Il -
2Xg +yg =1 13 3 3

¥g & “5

49




’4__8_ 528 _3|
31

R, =dd, dy= >3 1 31

V4t +§§— 15

Ta duge phuang trinh dudng tron thoa man bai todn la :

8’ 13}2 [31]3
X—— | + y+—| =|-=
3 15
o 2
Txog +7y =9 8~ \
o Xo * 1Yo . / :Iztwg;ﬂj
2%y + ¥ =1 11 7'
yO:,.__.
7
IA4%+3'171_ t 31
Rzzd(lz,dl): : =
725 37 35

Ta duge dudng tron thy hai thoa man bai todn la :

| 2\2 7/ mJ2 (31)2
X+=-| + y-—| =|—| .
7) 10T 35
Bai 3

Cho tam gidc ABC biét ba canh lan lugt ndzm trén ba dudng théng
AB:x-4=0 BC:3x-4y+36=0; CA:dx+3y+23=0.

a) Tim toa do cdc dinh.

b) Cé nhén xét gi vé hinh dang tam giac ABC.

¢) Viét phuong trinh dutng tron néi ti€p va ngoai tiép tam gidc ABC.

Giai
) . . , _|x-4=0
a) Toa d¢ dinh A la nghiém cua hé Ax+3y +23=0 = A4; -13)
o . ) A[x—4:0
Toa do dinh B la nghiém cuia hé 13 v £ Gl B(4; 12).
x B— y + e
3x -4 36 =0
Toa do dinh C la nghidém cia hé {4" By ¥ ba o = CC8i .
x+3y+23=
b)Tacé: CA =(12:-16): CB =(12:9)

= CA.CB =(12)* - 16.9=0 = CA L CB = tam gidc ABC vuong tai C.

oo AB_(©29 . AC_ (1% 16) :( g_g]

AB 25 AC Jig2.1¢2 \ 55
= Vecto chi phuong phan gidc BAC la:
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5 5
x-4 y+13

(0; 1) + (“ g;iJ = [— §;gj// {~1; 8).

Vay phéan giac BAC la :

<>3x+y+1=0

B D0y, e

)

BC (-12 -9) _[_3_ 3)
5' 5

= Vecto chi phuong phan gidc BAC la :

4 3 4 8
0; -1 ———=|=|-=—-= |/ (1; 2
-1+ (-3 ] ( 5] 1;2)

5 5
Véy phén gide HAC Ia: 2-% - y-212© o9x -y + 4 =0,
Tam I caa dudng tron ndi tiép cé toa do la nghiém ciaa hé :
{Z:i::’) = 1(-1; 2)

|I-1-41 _
\/12+02

= Phuong trinh dudng tron noi tiép la (x + 1)* + (y - 2)* = 25

Ban kinh dudng tron ndi tiépla : r =d (I, AB) = 5

Vi tam gidc ABC vudng tai C nén tdm K cia dudng tron ngoai tiép la

trung diém cia AB = K[4;*—;~].

Ban kinh dudng tron ngoai tiép la : R = —;LAB = -2?5

2
= Phuong trinh dudng tron ngoai tiép la : (x — 4)* + (y + %J = 625 .

Bai 4

Cho hai dudng thing A; :2x+y+2=0; Ay:2x+y - 18 = 0.
a) Tim quy tich tam cda dudng tron ti€p xic vdi cd hai dudng thing.

b) Viét phuong trinh dudng tron tiép xic véi hai duong théng va di qua
diém A(1; 0).

Giai

a) Goi I(x; y) 1a tdm cda dudng tron tiép xic véi hai dudng thdng A, As.

5 e 12x +y + 21
Khidé: R=dI, A)) = ———
: J5
| 2x +y -18/|
R=dd, Ay) =
2 V5
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ox+yedl |12+ y 18] o owey-—B=0.

V5 V5
Viy quy tich tAm I cua duong tron la duong thing 2x + y - 8 = 0.
1

2 :
b) Vi —=—¢—2— nén A,/ A, diém(0;-2) € A; nén
2 1 -18

( I
Tk, ty)wiwi=2=18!_ 20 &
' VO \/g
445

Dudng tron ti€p xuc véi A, vaA,cé ban kinh 1a R = o e 25 .

Goi I(xo; yo) 1a tdm cta dudng tron qua A, tiép xic véi A, A, Kki dé :
I thugc dudng thidng quy tich = 2xy + yo -8 =0
IA=R = (x0 - 1)* + y,* = 20.
2X0+y0—8=0 y0:8—2x0
Vay I : 5 . e &
Xo  -2xp +1+yy”" =20 oXo" —34x, +45=0
_9
X0 = E . {XO =5
22’ |y, =-2°
Yo = '5'" 0

Tu d6, c6 hai dudng tron di qua A, tiép xic véi A, Az la

2 2
x~—9—] +(y-—2—g) =204 (x—5)2+(y+2)2=20.
5/ L o

Bai 5

Trong mat phidng tea dd cho ho dudng tron cé phuong trinh :
' (C,T.):x2+y2—4mx~2y+4m=0,meR,
a) Xdc dinh toa do tam I va ban kinh R cla dudng tron theo m.
b) Tim quy tich cia diém I khi i thay déi.
c¢) Tim quy tich diém ¢6 dinh ma ho dudng trdn nay luén di qua.

d) Ching minh ri3ng ho duong tron nay ti€p xdc véi nhau tai mit di€m co
| dinh khi m thay déi. Viét phuong trinh dudng ti€p tuyén chung taidiém do.

Giai
a) x4y’ -4mx -2y +4m=0 o (x-2m)*+ (y-17%=(2m - )%
Vay (Cp) ¢6 tam 1(2m; 1), ban kinh 12m -11.
X = 2m
y=1
¢) Ta viét (C,) : 4m(1l - x) + x* +y° - 2y = 0.

b) Toadd cual: { = y = 1. Vay quy tich ctia I 1a dudng thing y = 1.
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il 5 5 , . ) 1-x=0 x=1
Piém cd dinh chta ho (C,,) 1a nghiém cia hé 5 " o )
X +y - 2y =0 y= 1
Vay (C,,) luén di qua diém cd dinh A(1; 1).

d) Céac dugng tron (C,,) ¢6 tam ndm trén dudng thdug y = 1, luén di qua
diém A(1; 1) thudc dusng thdng y = 1 nén ching ti€p xidc vdi nhau tai A c6
dinh. Tiép tuyén chung tai A 1a dudng thang di qua A, vuéng géc véi dudng
thdng y = 1. Vay tié€p tuyén chungla x = 1.

Bai 6

Cho cac dudng tron :  (C):x* +y*-1=0.
(Co) : X* + ¥ - 2(m + 1)x + 4my - 5 = 0,
a) Tim quy tich tAm cia dudng tron (C,,) khi m thay dai.

b) Ching minh ring cé hai dugng tron (C,,) tiép xic vdi dudng tron (C)
ing véi hai gid tri cia m. Viét phuong trinh cdc uép tuyén chung cua hai
dudng tron (C,,) d6.

(PE THI PH Y DUGC TP - HCM - 1999)

Giai
a) (C,):[x—(m+ 1+ (y + 2m)’ = (m + 1)> + 4m® + 5.

Vi (m + 1)* + 4m® + 5 > 0 nén véi moi m, (C,,) déu xdc dinh mot dudng
e s 1
tron. Toa do tam cia (C,) la {x m; Sy=-2x-1)o2x+y-2=0.
y =-2m

Vay quy tich cia tdm clia (C,,) 1a dudng thdng 2x +y - 2 = 0.
b) Theo a) (C,,) ¢6 tam I(m + 1; -2m),

ban kinh R = \/(m +1)2 +4m? +5 = \/Sm?' +2m+6
Khodng cédch giira tam cta (C) va (Cp) 1a :

Ol = \,/(m+1)2 +4m? =\/5m2+2m+1.
» (Cp) tiép xic ngoai vdi (C) © R, + R = OI

& \/51112 +2m+6+1=\/5m2 +2m +1

= khong c¢6 m nao théa méan (vi vé trdi > y€ phai).

s I
» (Cw) ti€p xic trong véi (C) < 1J5m2 +2m +6 -1| - J5m? + 2m + 1

>5m?+2m+6-2 V5m2+2m+6+ 1 =>5m%+2m + 1

m=-1

o V5m?+2m+6 =3 < 5m?+2m-3=0 3 .
m=2>
5

Véy c6 hai dudng tron cia ho (C,,) tiép xic véi (C) 1a -
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m=-1= (@) x*+y”-4y--5=0 tam[.(0; 2), ban kinh R, = 3.

. \ : 8 6 X
. = () : x* + y” - 10 s -}%)'—5:(), tam Iz{—;-‘—),bén kinh R, = 3.
5 5 5 5 9,
8\ 6 ¢ 8.5
Vi 1112‘: [—) +(-—.—2§ = _.\‘_.. <R] + R2:6
5) 5 ° 5

va I, > 0 = R, = R, nén () va (€’) cat nhau = (%)), (€,) c6 hai tiép
tuyén chung.

Vi (6,) va (€,) c6 cung ban kinzh nén cdc tiép tuyén chung song song 1,1,
va cdch I;I, mot khoang cdch bang ban kinh.

LI, = (g;__lqu// (1; -2) la vecta chi phuong cda tiép tuyén, do d6 phuong

trinh tiép tuyén cé dang (A ): 2x +y + ¢ = 0.

d{I,A)=3< G2+C—'=3¢:>c:~2 +3V5.

Ja+1
Vay c6 hai ti&p tuyén chung cua (€) va (€,)1a 2x +y - 2 + 3J5 = 0.
Bai 7

Trong mat phing toa dé6 Oxy cho ho dudng cong phu thudc tham sg m cé
phuong trinh F(x, y) = x* + y° — 2m (x - a) = 0, trong d6 a la mot s§ duong
cho trude, c6 dinh.

a) V4i gid tri ndo cda m, phuong trinh trén la phuong trinh cia dudng
tron ? Ky hiéu (C,) 1a dutng tron dng vdi gia tri cia m.

b) Chitng t6 riing doan thing nsi diém O (gdc toa do) véi diém A(2a; 0)
luén cit dudng tron (C,,).

¢) Ching té ring ton tai mot duyng thdng 1a truc déng phuong cho tat ca
cac duong tron (C,).

Giai
a) X>+y*-2m(x-a)=0< (x-m)+y° =m? - 2ma.
m xdc dinh mét dudng tron khac dusng tron diém

m«<oQ0

<::>m2—2ma>0c:~{ )
m > 2a

0O _ . = ; A - ; = 2 _ :
b) P/Cm) =F0;0)=2ma; P ,/<Cm)“ F(2a; 0) = 4a% - 2ma
= Pc%Cm) P %Cm)z Zm:‘a(«ia'2 ~ 9ma) = -4a%(m® - 2ma) < 0

(do diéu kién & a)).
= Trong hai diém O, A, mét diém nim trong, mdt diém nim ngoai (C,,)
= doan thdng OA cit (C,,).

54



¢) ‘Goi m;, my (m; # my) la hai gia tr1 cda m dng véi hai dudng tron (le )
(C,n,) ¢6 pbuong trinh :F,, (x;y) = x* +y* - 2m(x -a) =0,
Fo, (x; ¥) = x* +y? - 2m,(x —a) = 0.
= Truc dang phuong cia (B, %46, ) 1At
R4 Y = 2mi(x—a)=x2+y2— 2m2(x-a):0
< 2m-my)(x-a)=0o=x-a=0x=a.

Vay dusng thdng x = a khéng phu thudc m 14 .ruc ddng phuong cia mo!
du’@'n;g trbl] :,“). ’

Bai 8

Trorg mat phang véi hé toa do Oxy xét ho dudng tron cé phuong trinh :
X +y -2m+1)x-2(m+2)y +6m+7=0.
a) Tim quy tich tam cua ho dudng tron.

b) Xdc dinh toa dé tdm cia dudng tron thudc ho da cho ma né ti€p xic
véi true Oy.

(PE THI PHQG HA NOI - KHOI A - 1999)

Giai
a) Ta viét phuong trinh dudng tron dudi dang
[x-(m+ P+ [y - (m+2)* =2(m® - 1).
D& 14c dinh mot dudng tron, didu kién la 2(m? - 1) 20 Z i ;1

x=m+1

Toadd caatam I; 1I: { m<-1,m21

y=m+2’
=>Il:y=x+1x<0hoicx2>2.

Viy quy tich cta I la du‘fing thing y = x + 1 bd di khoang tir diém (0; 1)
dén (2;3).
b) Trruc tung c6 phuong trinh x = 0. Vay ta cdn tim m dé phuong trinh sau
day c6 nghiém kép : y* - 2(m + 2)y + 6m + 7 = 0,

: I
TuiclAA =(m+2°-6m+7) =0 ©om’°-2m-3=0c {m 4
m-=

Klhim = -1 thi dudng tron tréd thanh mot diém nén bi loai.
Viaychi c6 m = 3 théa méan bai todn.

Bai 9

Clhe ba diém A(3; 1), B(0; 7), C(5; 2) trong mit phdng toa dj.
a)) Ching minh tam gidc ABC vudng. Tinh dién tich tam gidc ABC.
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b) Gid st M chay trén dutng ‘ron ngoai tiép tam gidc ABC, chimg minh
ring khi dé trong tam G cua tam gisc MBC chay trén mét dudng tron. Viét
phuong trinh chinh tdc cia dusng tron do.

(DE THI PH NONG NGHIEP 1 HA NOT - 1998)

Giai
a) AB=(-3;6); AC= (2 1). Vi AB.AC = -6 +6 =0
Nén AB 1 AC. Vay tam gidc ABC vuong tai A. Tu dé6 :

Sapc = %IABIIE1:%J§+36J4+1=-12§.

b) Pudng tron ngoai ti€p tam giic ABC c¢6 tdm I la trung diém cua BC

5V2
=

= I §,g VébénkinhR:lBC:>R:1 52+52=
2 2 ] 2 2

Goi G la trong tam cua tam gidac MBC, ta cé :

G -li sorolol-lr-52
3 37" 6

i

Vay G chay trén dudng tron tim I, ban kinh _5? , ¢6 phuong trinh chinh

2 2
5\ L[, 9) .2
tdc 1a (x-—z—) +(y—§) =a"

Bai 10

Cho ho duong thdng phu thuéc tham sé «
(x-1)cosa+(y-1)sina -4 =0.
a) Tim tap hgp cdc diém cia mit phiang khong thudc bat cit dudng thing
nao cuaa ho.
b) Chdng minh ring moi dudng thng cia ho déu tiép xdc véi mét duing
tron ¢é dinh. ;

Giai
a) Diém (x; y) khong thudc bat cit dudng thang nao cia ho.
< (x - 1) cosa + (y — 1) sina - 4 = 0 vo nghiém véi Va
o x- 12+ (y-1)% < 4%
Vay tap hop cdc diém khong thudc bat ci duodng thdng nao cia hy 1a cac
diém phia trong dudng tron tam (1; 1), ban kinh 4.
b) Khoang cach tir mgt diém I(x; y;) dén duong thdng cla ho 1a :

4 = I (x; —1)cos o+ (y; —1)sina - 4|

i
\,COS2 o + 51112 a

I

|(x; — Dcosa +(y; - Dsina - 4|
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Xlzl

Y1 =

4 =
Khoang cdach nay khéng phu thujc o < { =>d=4

Vay véi moi o, duong thing luén ti€p xic vdi duong tron cd dinh :
(x - 1+ (y - 1) = 4%
Bai 11

Viét phuong trinh tiép tuyén chung ngoai caa hai dudng tron
C):x*+y*-6x+5=0
(Co): x* +y* - 12x - 6y + 44 = 0.

Giai

T,
T,

(C1): (x - 3% +y® =4 = c6 tam I,(3; 0), ban kinh R, = 2.
(Cy): (x - 6)° + (y - 3)2 = 1 = ¢6 tam I.(6; 3), ban kinh R, = 1.

LI, = J(6-3)% +3% = 3J2 > R; + Ry nén (C,) va (Cy) khéng cit nhau

= (Cy), (Cy) ¢6 hai tiép tuyén chung ngoai.

Gia st tiep tuyén chung ngoai cé tiép diém véi (C)) tai Ty, vdi (Cy) tai Ty
va I,I, cat T, T, tai K.

Vi [T, // I,T, va I,T, = 21,T, nén I, 12 trung diém cia [,K.
Tudo xx=2x;, -x; =9 ;yg =2y, ~y;, =6
Vay K(9; 6). Pudng thdng qua K c6 hé sé géc k cé phuong trinh dang :
y=kix-9)+6<kx-y+6-9=0.
Pudng thang nay tiép xdc véi (Cy) (va do dé ciing tiép xic véi (C;))
6k -3+6-9k |
o>
= 41

—1o3lk-11=VkZ+1

9+.J17

8

©9k?-2k+1)=k*+1 <8k*’-18k+8=0ck=

Vay c6 hai tiép tuyén chung ngoai la :

9+\/ﬁ

8

9-.17
8

(x-9)+6<(9+ V17)x - 8y - 33 -9V17 = 0.

y = (x-9)+6<(9- V17 )x - 8y - 33 + 917 = 0.
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‘Bai 12

2
Cho ho dudng tron (C,) : x° + v° - 4mx - 2my +

—m—% = 0. Ching

té rang khi m thay déi, (C,,) luon tiép xic véi hai dudng thang cd dinh. |

. Giai
Ta tim ti€p tuyén chung dangA:y=kx+b <o kx -y +b = 0.

Vi (C,) : (x - 2m)® + (y -m)y? = %(m + 1)* nén (C,,) c6 tam 1(2m; m), ban

kinh R = iz—2—|m+ll.

e 2km -m+bl 2 ‘
A tiép xic vé1 (7)) & ————— = lm+ 11 (*)

\"Jkg +1

Tiép tuyén ¢ dinh la tiép tuyén A sao cho (*) dung véi Vm. Ta c6 :
(*) < (2km - m + by = ~21~(k'“' + 1)(m + 1)*

&> (7k*- 8k + 1)m? +(8kb - 4b -2k*- 2)m + 2b% -k*-1=0
7k? -8k +1=0 (1)
Péng thdc nay xay ra véi moi m < {8kb -4b-2k?-2=0 (2)
2b%-k?*-1=0 (3)

(1)c>k=1,k=-;—.

e k =1, thay vao (3) ta dugc b = +1, t‘hfr vao (2) ta thdy chicé6 b= 1
nghiém ding. Vay ta dudc tiép tuyén c6 dinh la 1y = x + 1.

2 , thir vao (2) ta thdy chi c6

e k = %, thay vao (3) ta duge b = i;_i

b g nghiém diing. Vay ta dude tiép tuyén c& dinh thi haila : y = %x "2’ .

Bai 13

‘Trong mit phing Oxy cho Quing tron (C) : x> + y* - 6x + 2y + 6 = 0 va
diém A(1; 3).

a) Xdc dinh tam I va ban kinh R cia dudng tron (C), ching té A n3im
ngoai dudng tron.
b) Lap phuong trinh tiép tuyén cia (C) xuat phat tir diém A.
(PE THI PAI HQC HANG HAI - 2000)

Giai
a) Tacé (C): (x-3)2 +(y + 1) =2°

'y
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Do d¢ (C)cé tam I(3; -1), ban kinh R = 2.
1A = J2% 4 4% = 2W5 > 2 = R, nén A nam ngoai dudng tron.
b) Ho duong thang di qua A ¢6 phuong trinh dang :

A

Al x=1ox-1=0hoacA::y=kix-1)+3 =okx-y-k+3=0

d(l; A)) = —=-=— =2 =R, nén x = 1 la mjt tiép tuyén cia (C) di qua A,
V1% + 02
3k+1-k+3 ——
dil;A) s === =2 o k+2 =vk”+1
\/k2 +1
—k®+4k +4=k*+1ok=- %
Ay tiep xic véi (C) & k = - Z Viy ta c¢ ti€p tuyén thi hai caa (C) di qua

Alé:y=—§x+—1§.
4 4

Bai 14

Trong mit phing cho hai dutng trdn (C,) va (C,) ¢é phuong trinh 1a :
(C:x*+y*-2x-2y-2=0; (Cp:x*+y*-8x-2y+16=0.
a) Ching minh ring (C,) va (C,) tiép xic vdi nhau.
b) Viét phuong trinh céc tiép tuyé&n cia (C,) va (Cy).
(DE THI DAI HOC TAY NGUYEN - KHOI A - 2000)

Giai

a) (C)): (x-1?%+(y-1?%=4 = Tam [,(1; 1), ban kinh R, = 2.

(C2): (x -4 + (y -1 =1 = Tam I(4; 1), ban kinh Ry = 1.

Ta thay R, + Ry = 3 = 1,15, do dd (C,) va (C,) ti€p xiic ngoai véi nhau.
b) D& thdy 1,1, 1a dudng thdng y = 1 song song véi truc Ox. Tiép diém cia
(C,) va (Cg) ndm trén I;I, c6 hoanh dé 1a : x = 1 + 2 = 3. Tiép tuyén chung
tai di€m nay vuéng géc vdi I;I> nén c6 phuong trinh l1a x = 3.

Gid s A l1a mot ti€p tuyén chung ngoai cia (C,) va (Cy). Goi A 1a giao
diém chGa A va I,I,. Khi dé dé thay :

AL, _ R,

_— =2 Al, = 2Al Al, =211, =6 A7;1
AL, R, = Al 2 = al 112 = A( )

Vi ti€p tuyén qua A khéng song song vé@i truc tung nén c6é phuong trinh
dang:A:y=k(x-7T+1eokx-y-7k+1=0
Dudng thing nay la tiép tuy&n chung : d(I;; A) = R,

. k-1-7k +1 '
<:>| +I=2~:::»|3k]=\sz+1~::>k='i—-«}--

vk? +1 2.2
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Tur d6 (C;) va (Cy) ¢6 ba tiép tuyén chung ngoaila :y = + w—l\/?_z (x-7)+1
2

Vay (C,) va (C,) c6 ba tiép tuyén chung.
Bai 15

x+ay-a=0

2

Cho hé phuong trinh : { 5
X“+y°“-x=0

a) Tim t4t cd cdc gia tri cia a dé hé phuong trinh c¢6 hai nghidm phan
biét.
b) Goi (x;; y1); (Xo; ¥y2) 1a cdc nghiém cia hé da cho, chimg minh ring
(xo — X1)2 + (y2 - y1)2 =

(DE THI DAI HOC THUONG NAI - 2000)

Giai
~a) A:x +ay - a =0 la phuong trinh cda dudng thing;
1)’ 1 1
X+yl-x=0o (x —-—2~) +y2 = Z la duyng tron tam I(E; 0), ban kinh
R=—-.
2
Pudng théng cdt duong tron tai hai diémn phan bigt < d(I; 4) <R

‘%_a 1 S 4
~<:>————<—c>(——a <—(1+a2)c¢3&2—4a<0<:>0<a<--
1/1+a2 2 2 4 3

b) Gia st A(x;; y;), B(xg; y2) thi AB la it day cung cua dudng tron ban kinh

-;—,do d6 : AB = J(x, - %) +(y, -y)? <1

hay (x2-x)* + (y2 -y1)* <1

~ woon > . - ey « - . 1
Dau "=" xay ra < AB di qua tdm cua dudng tron < g a=0ca=

[Se NN

D.CAcC DE TOAN DE LUYEN TAP
01. Viét phuong trinh dudng tron di qua diém A(1; 2) va tié’p‘x(uc 'di dudng
thdng A : 3x — 4y + 2 = 0 tai diém B(-2; -1).

DPS: (x + 11)* + (y - 11)* = 225.
02. Tim d¢ dai day cung x4c dinh béi dudng thdng A : 4x + 3y -8 = 0 va
dudng tron tam I(2; 1), c6 mot ti€p tuyén A' c6 phuong trinh 5x - 12:y - 15 = 0.

DbS: §

5
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03. Viét phuong trinh dudng tron di qua goc toa dd va tiép xidc véi hai dudng
thingd, :4x +y-4=0; dy:4x -y + 12 =0.

g JE ) ) =
DS: x*+y* +2:s(+——2 al y =0; x”+y“+2x+2+‘/gl

y=0.

04. Cho ho duong cong (C,,) c¢é6 phuong trinh :
mx*+y)-22m + 1)x +2y +2m + 1 = 0, m € R.
a) Ching minh ring ho (C,,) ¢6 mot duosng thang duy nhat va véi moi m
khic déu la duo: 7 tron.
b) Trudng hgp (C,,) 1a duong tron, tim tap hgp tam cua né.
2m+1 1 ]

PS: a) Cyla duong thing véim = 0, C,, ¢6 tam (
' m m

\/21n2 +3m+ 2
| m| '

b) x + y - 2 = 0 (tru diém (2; 0)).
05. Cho ho dudng tron x* + y* - 2mx - 2(m + 1)y + 2m - 1 = 0.

ban kinh

a) Chung minh réng khi m thay déi, ho dusng tron luén di qua hai diém
c6 dinh.

b) Ching minh ring véi moi m, ho dudng tron ludn cdt truc tung tai hai
diém phan biét.
(DE THI DH NGOAI THUONG - 1999)
DS: a)(1; Ol), (-1; 2); b) (0:m+1 + Vm? +2).
06. Cho hai dusng tron (Cy) : x>+ y* —4x + 2y - 4 = 0;
(Cy) : x* +y*-10x — 6y +30 = 0
c6é tam lan luot 1a I va J.
a) Ching minh ring (C;), (C;) tiép xiic ngoai véi nhau. Tim toa do tiép
diém H.
b) Goi d la tiép tuyén chung khéng di qua H caa (C,) va (C,). Tim toa dd

giao diém K cta d va IJ. Viét phuong trinh dugng tron qua K, tiép xic véi
hai duong tron (C,), (C,) tai H.

DE THI PHQG - TPHCM - KHOI A, 1999
2 2 .
DS:H Ly : K(11;11) ; x-y— + y—ﬂ = 36.
5’5 _ 5 5

07. Cho dudng tron : x> + y* - 2x — 6y + 6 = 0 va diém M (2; 4).

a) Viét phuong trinh dudng thang di qua M, c4t dudng tron tai hai diém
A, B sao cho M la trung diém cta doan AB.
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b) Viét phuong trinh tiép uvén véi duong tron c¢é hé sé géc k = ~1.
(b THI DH TAI CHINH KE TOAN HA NOI - 1997)
DS:a)x+y-6=0;, Dby=-x+4% 2,2 .

08. Lap phuong trinh duong tron noi tiép trong tam gidc cé cac canh lan
lugt ndm trén ba dudng thang 3x - 4y -35=0,x-1 =0, 3x + 4y - 35 = 0.

PS:(x-5)2%+y*=16.
09. Cho hai dudng tron (C, ' : x” + y* - 2x - 2y +1 = 0;
(Cyrix + v* - 12x -12y +36 = 0.

a) Chung minh rang (C ) va (C,) nam ngoai nhau. Tim khodng cdch ngin
nhat va dai nhat ndi mot diém cia (C,)) véi mot diém caa (Cs).

b) Cho 4 s6 thuc a, b, ¢, d théaman a*+b*+1=2a+b)
va c¢“+d*+36=12(c +d).

Ching minh b&t dang thic sau : 5J2 -7 < \/(a ~e)? +(b-d)? <5/2+7.
PS:a) 5/2-7 : 52 +7.
10..Cho hai dudng thdng d:2mx -m+ 1)y+ 1 -3m =0
| d:@Bm+ 1)x+(m-1)y+2-6m=0.
a) Ching minh d va d' ludon cit nhau.

b) Chitng minh ring giao diém d va d' ¢ trén mdt duong tron cd dinh.
Tim phuong trinh duong tron dé.

DPS:b)x*+y*-x-3y=0
11. Cho ho dudng tron (C,) : x° + y* - 2mx + 2my + 2m? - 1 = 0.

Chfrng td ring (C,) lubn tiép xic véi hai dutng thdng co dinh. Viét
phuong trinh hai duong thing do. '

PS:x+y +t2=0.
12. Trong mat phéng Oxy cho dutmg tron (C) : (x* + y*)cosa - 3x — 4cosat = 0
va dudng thing (d) : 3xsinu - bvcosa + 8sinacosa = 0, a € (0; 2n).
a) Tim toa dé giao diéim M,, M, cua (C) va (d).
b) Tim quy tich cia M, va M..

¢) Ching té phuagng tich ,‘7’(%0) khong phu thude vao a.
DS : a) Mj(-cosq; sina), M,(4cosa; 4sina).

2 2_ '()O/ e
b)x*+y“=1. C'/n/'(C_ 4.

)
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Chuyén dé 4 : ELIP

A.TOMTAT Li THUYET

1. CAC DANC PHUONG TRINH CHINH TAC

2 2 2 2
> 3 N y = Sy L X_ - .
PhUOng‘trmh ;§+b2 =1,a>b 82+ 5 =l,a<b
chinh tac . v'(a—f——l—); .o f‘—bz —a—2
va yA
b
M FZC
P thi é% X
Nk o
F,
Truc lén Ox; 2a Oy; 2b
Truc nho Oy; 2b Ox: 2a
Tieu dim F,(=c; 0); Fu(c; 0) F(0; — ¢); F.(0; ¢)
Tiéu Cu F| F2 = Zo Fng = 28
: ¢ ¢
Tam sa e= — e= —
a b
. a a b b
Dudn.g huan Aprx=—-—; Ay 1 Xx=— Ayiy=-—5A2:y=—
e e _ e e

Tinh clat diém
thudc eip (E)

Me (E) & MF, + MF,; = 2a

Me(E)e= MFl»+ MF; = 2b

Ban kizh
qua tié: diém
(M(x;. y € (E)

F/M = a + ex;

F:M=a-ex

FIM =b + ex;
F;M =b - ex

2. TIEP CUYEN CUA ELIP

Ti€'p uyén vdi elip (E) tai (xq; yo) € (E) 1a

XOX+YOY=1_

b2

e Pitu kién dé dusng thdng Ax + By + C = 0 tiép xic véi (E) 1a :

3. DIENTICH ELIP

A%a® + B%? = C2

S = n ab.
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B. PHUONG PHAP GIAI TOAN

Van dé 1 : XAC JINH CAC YEU YO CUA ELIP
A. PHUONG PHAP

Néu elip cho dudi dana chinh tic thi ap dung cac cong thic dinh nghia.
Néu elip chua cho dusi dang chinh tdc thi trude hét dua vé dang chinh téc
va sau dé tiép tuc xac dinh cdc yéu té.

B. Vi DU
Vidul

Cho elip : 5x* + y* = 5. Hay tinh d6 dai truc 16n, truc nhé, toa dd tiéu
diém, tam sai va viét phuong trinh cdc dugng chuin cda elip.

Giai
5x° +y* =5 3(—2 + }—’—— =,
1 5

a®=1=>a=1=2a=2
b’=5= \@ = 2b = 2\5
Vi a < b nén elip ¢6 truc 16n nam trén Oy, hai tiéu diem F,F; nam trén Oy.

b2-a2=y5-1=2
Toa do céc tiéu diém la F(0; -2), Fy(0; 2).

~ . > - c 2 QJB—
TAm sai ciaelip:e= — = —=—.
b 5 5
Phuong trinh dm‘mé chuan ciaelip: A,:y=-=-=-=: Ay ==,
c

Vin dé 2 : LAP PHUONG TRINH CUA ELIP
A. PHUONG PHAP

Dé lap phuong trinh chiuh tac cua elip ta cdn tim cdc hé s6 a va b: Trong
mét s6 truong hop can thyc hign cdc phép tinh tién, quay mdi dua duge
phuong trinh elip vé dang chinh t ac.

B. Vi DU
Vi du 2
Lap phuong trinh chinh tdc cua elip di qua diém M(1; 1) va c¢é tadnm sai
3
e —
5’
Giai
) x2 2
Né&u truc elip ndm trén Ox thi phuong trinh elip ¢6 dang : 5+ ") =1,
a
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1 ") 2
¢ =a -b°

Theo gia thiét tacé : e = 3:>—C—=-:3- :-»c=§9-
5 a b 5
. : . . 1 1
Elip di qua diem M(1; D) nén : — +— =1
a b
Vay ta ¢ :
2
2 ,2 [3a 95 2 _ 41
ik “(“5"] 16a® -25b® =0 a? = = b? 2 16
1, " gy T 16 o "y
Sy 8%+ b =a"b 41a? = 25a2%p? b? = ==
a’ b? 25
K y? :
Vay phuceng trinh cla elip la it e 16x* + 25y° = 41.
16 25

Néu truc 16n ctia elip ndm trén Oy thi ta ¢6 mét elip khdc thoa man bai
todn 1a 25x* + 16y* = 41,

Van dé 3 : TiM DIEM TREN ELIP
A. PHUONG PHAP

St dung céng thic tinh ban kinh qua tiéu diém, cdc hé thic lugng trong
tam gidc. Cé trudng hop diém cdn tim 13 giao diém cta elip véi mét dudng
khéc. '

B. Vi Dy
Vidu 3

x2

Tim nhitmg diém trén elip (E) : =k y2=1.
a) Co6 ban kinh qua tiéu diém nay bing ba lan ban kinh qua tiéu didm kia.
b) Whin hai tiéu diém dudi mot géc vudng.

s s

Giai
Elip (E)c6a=3,b=1,c= Jy9-1= 2/2.

Tém sai e = 2—3@
Via > b nén hai tiéu diém cia elip 1a F, = (-242; 0), F; = (2v2; 0).
a) Goi M la difm cdn tim thi F;M = 3F,M hoac F,M = 3F.M
< (FiM - 3F;M) (F:M - 3F,M) =0
< 10.F;M. F.M - 3(F,M? + F;M?) = 0
= 16F,M. F;M - 3[(F,M + F;M)* - 2F,M. F;M| = 0
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< 16F;M. FuoM - 3(F,M + FM)2 = 0
< 16F,M: FuM - 3.(2a)* = 0 @ 4F,M.F,M = 3a*
< 4(a + exy)a —exy) = 3a%

. | -
¢‘>4d~4eXM -3a CDXM =”§"‘_—C>XM2=8—1C>XM=1-QL/§—,
4e? 2 8
2 '
9 23 J46
Me (E)= o Mg P AR s B Y22
- g " : 3z gg o 8

VAiy c¢6 bén diém thda man bai todn 1a : (

V2 | JIE) 92 46
§ = 8 ] 3 8 y - 8 ] L}
b) Nhing diém nhin hai tiéu diém F,, F, dusi mot géc vuébng nim trén
dudng tron tam O, ban kinh ¢ = 2V2, ¢6 phuong trinh 1a x* + y* = 8.
Do d6 nhitng diém c4n tim c6 toa d¢ 12 nghiém cia hé :

x2 2 X2=§:-3— X"—":’:S =

?;“+y ==1¢$ 8 =5 4
1

x2+y? =8 Yzzg ' y=:tl/§-

Vay c6 bén diém thoa man bai todn 12

4 ' 4 4 ' 4

Vin 36 4 : VIET PHUONG TRINK TIEP TUYEN CUA I-:I.Il'
A. PHUONG PHAP

S& dung céng thic viét phuong trinh ti€p tuyén véi elip tai mdt diém
nim trén elip; sit dung didu kién dé mt dudng thing tiép xic v6i mdt elip;
st dung diéu kién téng quat dé hai dudng cong tiép xic véi nhau.

B. Vi DY

" Vidy 4 _
Lap phuong trinn ti€p tuyén chung cia hai elip :
2 2 2 2
LIS SN R T W
26 16 16 25
Giai

Tatimtiéptuyén dang :y=kx+c o kx-y+¢=0.
Vi dudng thdng nay ti€p xic véi hai elip néi trén, nén theo diéu kién dé
mdt du¥ng thdng ti€p xic vdi mot elip, ta cé :

25k2+1.6'=c2c> k2 =1 - k=411
16k? + 25 = ¢? 2_.41 le=2V41'
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Viy c6 bon tiép tuyén chung la :y = +x +V/41; y= +x —41.

Vi hai elip chi c¢6 toi da bén ti€p tuyén chung, do vay khéng c6 cac ti€p
tuy@n song song vdi truc tung, tic la tat ca chi cé bon tiép tuyén chung da

chi ra.

C. CACBAI TOAN ONTAP

Bai 1
Trong mat phing toa do cho hai elip cé6 phuong trinh :

2 2 2

i(‘—+yz =1, LIPS

16 9 4

a) Viét phuong trinh dudng tron di qua cédc giao diém cha hai elip.

b) Viét phuong trinh cdc ti€p tuyén chung cda hai -elip.

Giai
a) Toa dd cta giao diém cia hai elip 14 nghiém cta hé :
.2
X 5 . 432
T hy?=1 [x%2=222
167 55 2 2 _ 460
< =2X +y = —.
' x2 2 g 28 55
‘-x—- + -y—- = y =—
L9 4 95
Vay dudng tron di qua cdc giao diém cia hai elip ¢6 phuong trinh :
2 g 92
X +y‘= —.
4 11

) 2
b) Pudng thing Ax + By +C = 0 tiép xiic véi elip % +yi=1

2 .2
= 16A? + B? = C?; ti€p xuc véi elip % + ZZ- =1 = 9A% + 4B* = C?

2 2 2 A? = —?E-C2
: 16A2% + B2 = =
Suy ra A, B, C la nghiém ciia hé : * R 5
: 9A2% + 4B2 = C?2 BZ = L 2
55

ChonCs V65> A%=3,B*=7=>A=+J3 , B=%J7 .
VAy c6 4 ti€p tuyén chung cda hai elip 1a :
V3x+ 7y + 65 =0; —ﬁxiﬁ)w\/ﬁ:o.
Bai 2

2 2 ’
"Cho elip (E) : -‘—9-+y—=1.

4
Ky hiéu A(-3; 0), B(3; 0), M(-3; a), N (3; b), trong dé a, b 12 hai s& thay déi.
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a) X4c dinh toa do giao diém I cia cdc dudng thing AN va BM.

b) Chimg té ring dé dudng thing MN tiép xic vdi elip (E) cdn va dii la
ab = 4. .

c) Véi a, b thay ddi sao“cho MN ludn ti€p xuc véi (E), hdy tim quy ttich
cia diém I.

Giai
x+3 y-0

a) AN : =
3+3 b-0

obx-6y+3b=0

BM Xx-3 =y-0'
" -3-3 a-0

<ax+6y-3a=0

bx - 6y = -3b

Giao diém AN va BM cé6 toa d§ 1a nghiém cia hé
W axw6y = 3a

D=6(a+b), D,=18@a-b), D,=6ab.

e a+b = O:giaodiémlcﬁaANvéBNlaI(3(a—b)' &b ]

a+b 'a+b
e a+b=0,ab # 0: AN khéng cit BM.
e a+b=0,ab=0<a=b=0:AN=BM = AB.

b) MN : }3{:2=i—a <((b-a)x-6y+3a+b)=0
-a

Diéu kién can va di dé MN tiép xic vdi elip 1a :
9(b - a)® + 4(-6)* = 3% (a + b)?
< 9(a® - 2ab + b®) + 144 = 9(a® + 2ab + b%) < ab = 4.
c) MN tiép xic véi elipthiab=4 =>a+b # Ovaab = 0
Thay ab = 4 vao toa do cia I, ta dugc :
x=3(a—-b) x2=9(a:’,—2a\b+b2)

I- a+b _ (a+b)?
y=—2 2
a+b y=a+b

=X

2_ 9(a® +2ab+b®)-36ab _, 144 9_9{ 4 )2
(a +b)? (a +b)?

2 y2

2 2 X
=>Xx=9-9y o —+=—=1.
Y= 9"
2

# 0 nén quy tich cta I 1a elip %— +y%=1tru

Vitungddchal:y=
- a+b

hai giao diém cla elip nay véi truc hoanh (tic la trir hai diém (3; 0) va
(-3; 0)).
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Ba:i 3
T x2 y?°
Cho elip ¢6 phuong trinh =7 i 1. Viét phuong trinh cdc canh cia
himh vudng ngoai ti€p elip (tiic cac canh cGa hinh vuéng déu tiép xic véi
elip).

Giai
Gia st Ax + By + C = 0 va Ax + By + C' = 0 1a hai canh song song cda
hinth vudng. Do cdc canh nay tiép xic véi elip nén :
6A% +3B% = 2

6AZ 4 352 - O = C?=C%nhungvi C # C' nén C' = -C.
+ =

V&y mét cap canh song cia hinh vudng ¢6 dang : |
d;,d;: Ax+By +C=0, 6A*+ 3B%*=C? (1)
Tuong w, cap canh song song thya hai cia hinh vuéng vudng géc véi cip
néi trén nén cé dang
Ay, A;:Bx-Ay + D=0; 6B?+3A%=D? : (2)
Vi goc toa do O 1a tAm cha hinh vudng nén khodng cdch tif cdc canh dén
O bing nhau = ICl = IDI.

T (1) va (2) : {6A2+3B2=CZ:>A2=B2=—(X:>iCI-3IA!
3A% +6B% = C? 9
Vay cdc cap canh song song cua hinh vudng la :
Ax + Ay + 31Al =0; Ax- Ay * 31Al = 0.
Chon A = 1, ta dugc c4c canh cia hinh vuéng la :
X+y +t3=0; x-y 3 =0.
Bai 4

x:Z

2
Cho elip (E) ¢6 phuong trinh 5 + ZZ =1 va dudng thing A ¢6 phuong

trinh 3x + 4y + 24 = 0.

a) Tim diém M trén elip c6 khoang cdch nhd nhat va 16n nhat dén dudng
thing A.

b) Ching minh ring tai nhitng M tim dudc ¢ a) déu cé ti€p tuyén song
song vdi A,

‘Giai
2 2

a) Goi M(xy; yo) 12 mot diém thudc (E). Ta c6 : ES—C;-— + Zﬁ— =1,

13xg +4yq + 241

Khiodng cichtt M dén A la:d = 3

"o



Theo bat ddng thiic Bu11hiac6psky

<92 + 82, ‘-xo = Ji45

__+_.—_

|3X()+4y()! = ‘9 3

145 < 3x) + 4y, < V145 = 24 — J145 < 3xg + 4y, + 24 < 24 + /145

Vi 24 - V145 > 0 nén mind = 24 - "14 , dat 8uoc khi

Xo _Yo i = - 274145
{27 " 16 =M, = 145
3x, +4y, = V145 Pt £ )
: L 145
o . - 27145
5 3 ! E ST el Sl . 0~
maxd = ?4_+5_,, V145 4at duge khi {17 " 16 =M, 1>
’ 3xy +4yy = V145 Yo = vi45
: 145
b) Tiép tuyén véi (E) tai M(xy; yo) c6 phuong trinh
2 2 2
n—:+—¥_¥-§w:1¢$y=—b—2ﬂ.x+2— néncéhésé’géclé—k—z—.ﬁ.
a b a“ Yo Yo a” Yo
3 vA A s 1s O
A:3x+4y+24=0¢:>y=~zx—6,cohesogoclamz
. . - £ "o 5 e - 4 27 3
Tai M,; va My, ta déu cé hé s6 géc cua tiép tuyén la —9—i~é=—4

Vi c6 hé s6 géc bing nhau nén cdc ti€p tuyén tai M; va M, song son.g véi A.
Bai §

h 2 2

Cho elip x—2+%2—=1,a>b>0.

a
a) Goi E 1a diém tuy y cta elip. Chitng minh b < OE < a.

b) Goi A, B 14 hai diém thuéc elip sao cho OA 1 OB. Xic dinh vi tri A B
trén elip dé tam gidc OAB c6 dién tich 16n nhat, nhé nhat. Tim gia ti 16n
nhat, nhé nhat dé. :

(DE THI BH XAY DUNG - 1996)

Giai
a) Xét diém E(x; y) tuy y thudc elip, ta c6 :
2 2 2.2 L 2 [z 2
b:in+L=Jb X +y2<x®+y?=0E < sz sy :aJi‘—+-’ = a

aZ »?

o




b) Nau OA nam trén moét truc thi OB nam trén truc kia. Trudng hop nay
a Py 1 A~ . % .7 - - s
Somp = ~—2§ Trusng hgp OA khong nam trén truc nao, gia su OA cé phuong

trinh y = kx, k # 0. Thi OB ¢6 phuong trinh y = —%x :

Gia st A(xy; kxp). Khi dé : OA® = x* + y,® = x,%(1 + k)

2 2 2 212
= : R
a b b° + k“a

2b2(1+k?)

Tiudé6 OAZ=2

Tuong tu, gia su B[x1 ;- %le, ta co

2,2 1
a‘b“{1+
OB2= [ sz _ 82b2(1+k2)

b2 . 1 "~ a? 4 k?b?
k2
. 1 ab4(1 22
Vay (Sanc)® = = 2 (2 £ )
4 (b% +k2%a%)a? + k?b?)
1 a’b?(1+k)? 1 a*b*
T 42271+ k2) +(aZ —b2)2 4 2
a‘b*(1+k*)* +(a® -b*)k 22b? + (a - b%) k22
(1+k*)
2 41.4
Vi 0< h—k-_--slvk>0 nén za b2 - < (Sppc)? < = a’b®
1+k=)y 4 (a® + b*)
a’b? 1
<Sipe < —ab
aZ + b? ABC
TUu dé max Sapc = 32& khi OA, OB nim trén hai truc toa dd.
a’b?
min Sage = — 3 khi k = +1, tic khi OA, OB nim trén hai dudng
a” +
phéan gidc cta cdc géc toa do.
Bai 6

%2 2
Biét rang elip (E) : =+ Z—— = 1nhén cdc dudng théng 3x -2y -20=0 vé
a?

X + 6y — 20 = 0 lam tié€p tuyén. Hay viét phuong trinh cia elip.

‘Giai -
Dutng thang 3x - 2y - 20 0 t1ep xic véi ehp = 9a? + 4b? = 400
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Dudng thing x + 6y — 20 = 0 tiép xic vdi elip = a* + 36b® = 400
{95\2 +4b? = 400 {a” = 40

a® +36b% =400  |b? = 10
Vay phﬂd;lg trinh élip la : ﬁ + E’_i =1
40 10
Bai 7 !
a) M)t dudng kinh bat ky cua elip (E) %:—;— Ei = 1lcét elip tai M va N.

Ching minh cdc ti€p tuydn vdi elip tai M va N song song véi nhau.
'b) Tim mdi quan hé gia a, b, k, m dé (E) tiép xic vdi dudng thing :
y = kx + m.

Giai
a) Pudng kinh bat ky cda elip cit elip tai hai diém ddi xing M(x,; yo) va
N(-xo; —¥o), Phuong trinh tiép tuyén tai M va N lan lugt 14 :

XoX YoY Xo Yo

——t =1 —X+—=y=

32 b2 82 b2

XoX YoY .Yo
———-————-1<:> y--—l.

a? b? 32 b

V4y hai tiép tuyén song song véi nhau.
b) A:y:kx+m<:3kx—y+m-0

A ti€p xic véi ehp Y tXF =1 < a’k*+b’=m?
Bai 8
x? y?
Cho elip (E) : mé- + »b—~ =1,a>b > 0. A la mdt ti€p tuyen vdi elip cdt cdc
a

dutng thdng x = a va x = --a l4n lugt tai M va N. Xdc dinh A sao cho tam gi4c
FMN c6 dién tich nhd nhat, trong d6 F 1a mjt trong hai tiéu diém cha elip.

Giai
Gia s A tiép xuc vdi (E) tai (xg; yp). Khi d6;
 XoX ¥o¥ _. . Xo©  ¥o© _
Ar—gtir =l Sy Tl
a b a b
3 ; X028 Y ¥uM b* a - x,
Dudng thing x = acdt A tai M = —= S =] Sy =—
a b Yo 4
o e TonB Yo¥N b? a+x,
PDuong thdrry = —a et 4 t:iN » -+ 7N =1 D yy = —
- i b" yo a
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Giid sif o = tc. Khi d6 mot trong hai tiéu diém cha (E) 1a F(a, 0). Ta cé :
_— 2 — 2
FM=(a-a; b—-( --)-‘Q-D, FNz{—a—a; b—[1+x—°)
Yo\ a Yo a

—_— p— 4 2
— FM.FN = —(a%? -a®) + b2(1-"° Jz—(az—cg)tb2=0

Yo z

a
=> tam gidc FMN vudng tai F
= SFMN = —;—FMFN

1 b? X : b2 | X ’
= = (a—a)2+(—( ——OD (a+a)*+ —-[1+—-9-D
2 Yo a Yo a
Theo bat ddng thic Bunhiacopski

o 2 2 ‘
SrmMN 2 -1—(a+a)(a—a)+E°—--(l-ﬂ-J.&—[1+x—° =
2 Yo a) Yo

4 2 BT
az-c2+P—9——[1—53—} = b?

1
2 y02 82

a-a _a-X
a+a a+Xxg

D&u déng thic xdy ra <

& Xp = Q@ *e.

2
Vay minSpyn < Xo = 3¢, Yo = i-‘i— . Trudng hgp nay A c6 phuong trinh la :

cX . y

«—2—-_1:—~=1 c>cxiay—-a2=0né'uF(c;0)
a a .

—%i-x:lc:cx tay + a® = 0 néu F(-c; 0). N
a a

Bai 9

v

b2
Cho elip % +y2= 1, diém A(-2; 0) va diém M chay trén elip. Goi H la

hinh chi€u cia M lén truc Oy. Gid s AH cit OM tai P. Ching minh ring
khi M chay trén elip thi P chay trén mot dudng cong (C) ¢d dinh. Tim dudng
cong (C).

(PE THI HV QUAN HE QUOC TE - 1997)

Giai
Gia sit CM c¢6 phuong trinh x = ky. Tung 46 cia M 12 nghiém cia phuong
2.2
trinh _,_Z__J,y? =leoy?= -—25— Sy=t——.
4 k“+4 kz +4
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Vay : H{O; t 2 J

k% +4
Phuong trinh cia AH 1a : 32 - y2—0 o>x+2=ty Jk? +4
0+2 + -0
k* 4@

Tir d6 toa do cua P :

x =ky 2 2 2
P: — — =X +4y° =t (x+2)>y =x+ 1.
x+2=iy\/k2+4

Trydng hop M nam trén truc Oy thi M = H, do d6 AH c4t OM tai M. Suy
ra P = M (0; +1), cung thugc parabol y* = x + 1.

Vay khi M chay trén (E) thi P chay trén dudng cong (C) : y* = x + 1.
Bai 10

2 2
Cho elip (E) : % + %2— =1, a>b > 0. Hinh chir nhat (Q) goi la hinh cht
a

nhéat ngoai tiép (E) néu mdi canh cia (Q) déu ti€p xic véi (E). Hay xdc dinh
hinh chir nhat ngoai tiép (E).
_a) Cé6 dién tich nhé nhat. b) Cé dién tich 1én nhat.

—

. Giai
Vi hai canh lién tiép cta hinh chit thit vuéng géc véi nhau nén chidng cé
phuong trinh Ax + By + C = 0; Bx - Ay + C' = 0, ta ¢4 thé chon dé :
A’+B?=1,C>0,C >0.
Vi cdc canh nay ti€p xidc vdi elip nén a®A? + b?B? = C%  a’B’® + b°A? = 2
Khodng cdch tir O dén hai canh néi trén la :
|Gl ° " IC'I
OH = e =C, 0K = s
" Vi O ciing la tdm chGa hinh chir nhat ngoai ti€p nén dién tich S cia hinh
chir nhat la : S = 4.0H.OK = 4CC".
Pat T=S%Tacé: T =16C*C"” = 16(a*A? + b°B?) (a®B* + b*A?)
16[(a* + b') A’B* + (A* + B)a’b?
16[(a* + b*")A’B? + ((A? + B%)? - 2A”B%)a’b?]
- =16[(a* + b")A’B® + (1 - 2A°BYa’h?]
T =16[(a® - b%)?A’B? + a®b’].
A?+B2Y
o

&

c

"

Suy ra 16a’®” < T < 16[(a’- b2).{ + a’b?)

= 16a’b% < T < 4[(a®- b*)?® + 4a’h?]
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= 16a’b? < T < 4(a® + b%)? = 4ab < S < 2(a® + b?).

Viy min S = 4ab khi A = 0 hoac B = 0, tic la hinh chit nhat ¢6 cdc canh
song song vdl cdc truc : x = ta; y= tb.

2
. 2 2
max S = 2(a® + b%) khi A*B? = (é—-;—%vJ
T N : o a’+b?
= A*=B’= s = C*=C"?= , phuong trinh cédc canh cia hinh chix
nhat la :
1 1 la® L_l;E _ o g
‘_[‘;.)_—X'F—/,_'r,)_‘yi\f“*_‘zV—U.\Tyi\/agsz :O,
A N~
1 1 la? + b g
—ij‘v--rr?_yi\] 3 ':Ou-x—yiva2+bz=0
vZa - o y2

Chu y : max S < hinh chit nhdt ngoai tiép la hinh vuéng.
Bai 11

2 2

e 1.2 : X° .y
Trong mat phang choelip(E); — +=—=1.
g mat p g p (E) o5 T 16

a) Tim méi quan hé gida k va m dé duong thdng d : y = kx + m, tiép xic
véi elip (E). ‘ o

b) Khi d la tiép tuyén cta elip (E), goi giao diém cta d véi duong thing
x =5 vax =-51a M va N. Tinh dién tich tam gidc FMN theo k, trong d6 F
la tiéu diém cta (E) véi hoanh dé duong.

¢) Xiac dinh K dé tam gidc FMN c6 dién tich nho nhat.
(PE THI PAI HOC THAI NGUYEN - 2000)

» ‘ ‘ Giai
a)d: kx—-y+m=0; _

d tiép xic vdi elip < k.25 + (-1)*.16 =m* < m? - 25k* = 16.
b) Goi M la giao diém cia d va x = 5 thi M(5; ‘Slk + m), N la giao diém cta d
va x = -5 thi N(-5; -5k + m) Tiéu diém c6 hoanh d¢ duong cia elip la
F(3;0). Ta cé6 :

FM = (2; 5k + m), KN = (-8: m — 5k)

Vi FM.KN = -16 + m* - 25k® = 0 (do a)), nén tam giac FMN vuéng tai
F. Tu d6 :

Seu = ‘F__I\)/IHF_I:T. o -;- [4 + (5k + m)? /64 + (m — 5k)? .
| n ‘

oq N =

¢) Ap dung bat ding thic Bunhiacopski, ta c6 :
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1

Sen > 5 (2.8 + (m + 5k)m - 5k)) = %(16 + m? - 25k?)
= —%(16 +16) = 16
DPéng thic xdy ra khi : m + 5K o T =Bk < 25k = - 3m

2
K&t hop v6i m? - 25k? = 16, ta duge k = + —g

Vayk =+ —g— thi Spmny nhé nhat, (Xem va so sanh véi Bai 8)

Bai 12

2 y2

a) Cho elip % +—Z— =1. Ching minh ring tich cdc khoang cdch tir cac
tidu diém cida elip t6i mot ti€p tuyén bat ky ciia né 1a mt hiing sé.

'b) Viét phuong trinh dudng tron di qua cdc giao diém cia elip da cho véi
2

s X 2 :
elip — +y“=1.

p 16 ¥

(PE THI PAI HOC NONG NGHIEP I, KHOI B, 2000)

Giai
a) Hai tiéu diém cia elip 1a F,(- J5 ; 0) va Fy J5 . 0).
Tiép tuyén véi elip tai diém (xy; yo) bat ky thudc elip c6 phuong trinh la :

R A £ R RSN —x—Q—.x"+y—°y—1=0
9 4 9 4
J5 V5
-xo?wl xo—é—+1
Titds: d(Fy;A)= e = e
-)5.0_4.1(2. _X_(_)_+_JI_‘0'_
92 4% 92 42
9
d(Fz;A)=—-’;—-—'—
Xo yg
e
Suy ra : d(F;; A).d(Fq; A) = 5 5
: -
20,70
92 42
x2 y? y2 o2 |
Vi§%+;—g—=1<:>—f:l-?o,thayvéobiéuthfrctimduqcvérdtg;onta

c6 : d(F;; A).d(F3; A) = 4 khong déi.
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b) Toa dd cdc giao di€ém cia hai elip 14 nghiém cia hé :
2 2

y _
_§+T_1:, 4x* +9y* =36 _ |5x* +26y" =52 _ (5%% +25y2 = 52
x? . x? +16y? =16 3x2 -7y% =20 t6x2 ~14y2? = 40
16
:>11x2+11y2=92:>x2+y2=%2]:,

Vay 4 giao diém cia hai elip nim trén dudng tron x% + y°* = ?—f-, néi cach

‘khéc trén duyng tron di qua cde giao diém cia hai elip ¢c6 phuong trinh la :
92

2 2
X + = %
¥ 11

D.CAc PE TOAN PE LUYEN TAP
01. Lap phuong trinh chinh téc cia elip trong cac trudng hop sau :
a) C6 bdn dinh A,(-6; 0), Ax(6; 0), B,(0; -3), By(0; 3).

b) G6 tdm sai e = —‘?— va d¢ dai nua truc lén 1a 3.

c) Cé tiéu cu 2¢c = &, tam sai e = %

2 2 2 2 2 2

PS: a) X+ 1. )X +Y -1 hoac T +¥ -1
36 9 6 9
2 2 2 2
c) LI S, | hoic LS |
64 48 64

02. Trong raat phdng Oxy cho elip (E) : x* + 4y® = 4 va hai diém M(-2; m),
N(Z; n).

a) Goi A, A, 12 cdc dinh cla elip trén truc 16n. Hay viét phuong trinh céc
dudng thdng AN va A;M. Tim giao diém cia chiing.

b) Cho MN thay déi sao cho né luén ti€p xic véi (E). Tim quy tich trung
diém I cia doan MN.

2(m-n) mn
m+n m+n

. 2
DS:a)I( ) b)~1—+4y2=1.

03. Cho elip (E) : %2_+X; =1va hai dutmg thdngd : ax -by = 0, d' : ax + by = 0,
a’+b%> 0.

a) Xdc dinh giao diém M, N cta d vdi (E), giao diém P, Q cla d' vdi (E).

b) Tinh theo a, b dién tich t& gidc MPNQ. |

¢ Tim diéu kién a, b 4€ dién tich dy lén nhat.

'd) Tim diéu kién a, b dé dién tich &y nho nhAt.
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+6b t6a ) +t6b ~  F6a
DS d) ’ y =
Joa? + 4b? Jga +4b? ) \V9a2 +4b? J9al? +4b2
2 .
b)S = — 7%a” +b) ¢) ab = 0; d) lal = Ibl.
\/Qa2 +4b? \/44512 +9b?

2 y2

04. Cho elip (E) ¢6 phuong trinh -’5‘6 #5=1. Mot dudng thing tiép xtc véi
(E) tai M cdt hai truc toa do tai A va B. Xdc dinh cdc vi tri cia M dé dién
tich tam gidc OAB nho nhat ‘

DS : (-5; -2), (-5; 2), (5; -2), (5; 2).
05. Cho elip (E) : 4x® + 9y® = 36 va diém M(1, 1). Pudng thing d qua M cit
(E) tai P, Q. |

a) X4c dinh d dé MP = MQ.

b) Goi N 1a trung diém cta PQ. Chung mmh khi d quay quanh M dxem N

chay trén mat elip c& dinh.
: 1)2 ' 1 2
16(x——) 36()&——)
2 R 2

DPS:a)dx+9y-13 =0, b)
‘ 13 13

=1.

2 2
08. Cho elip (E) : ll‘E + y? = 1. Mjt diém P di dong & bén ngoai elip. Tir P ké

hai tiép tuyén PM, PN dén (E), tiép xdc véi (E) tai M, N.

a) Tim quy tich diém P sao cho PM 1 PN.

b) Khi P chay trén dudng thAng d : 4x + 3y -24 = 0. Ching minh du’b’ng
thdng MN luén di qua mét diém c6 dinh. :

8 9
DS : a) x? + y* = 25; b( )
a)x“ +y ) 33

07. Qua tdm O cuaa elip (E) : — %5 =1 dung hai nita dudng théng vuéng
a?

g6c v6i nhau cit elip tai M, M. Ching minh ring :

o L.t 1,1
OM? OM?% a? b?
b) Day MM tiép xic véi dudng tron tam O, ban kinh -—-——j’—-—-——
\/a +b?
xz 2

08 Cho elip (E) : —

2 =1 (@ > b > 0). Goi Fl, F, la tiéu diém, A1A2 la

=;,r<

truc 1én cia ehp (0] la tam cia elip va M 12 mot dxém tuy y trén elip.
a) Ching minh F\M. F,M + OM? = a* + b%. -
b) Ching minh (F;M - F;M)? = 4(OM" b?).
¢) Goi P 1a hinh chiéu cia M trén A;Az Chung minh : MPZ b2
A P.A, AP 32
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Chwuyén dé 5 : HYPEBOL

A. TOM TAT Li THUYET

1. CAC DANG CHINH TAC CUA HYPEBOL

2 2 2 2
X ¥ o y X"
P}l.h’uctzl fétrinh b 1 WE AT 1
chin c
. c=+va’ +b? -
YA YA
Fy
b ; b
M
Do thi o 4
( : : Fi 1 O\ T{ O |2 %
/\ I*N
Truc thuc Ox, 2a Oy, 2b
Truc ao Oy, 2b | Ox, 2a
-Tiéu di€m Fi(-c; 0), Fy(c; 0) F; (0; —c), F4(0; ¢)
Tiéu cu F,F, = 2¢ F,F; = 2¢
. C c
Tam sai e= — e= —
a _ .
5 . : = b
-Pudng chuan A12X=—:;AZIX=E A11Y=-B;L\25Y=—
e e e e
Tinh chdt diém M e (H) ‘ Me (H)
thugc hypebol (H) | & IMF, - MF,| = 2a o IMF, - MF, | =2b
Bén kinh qua tiéu | F{M = lex + al ' F{M = lex + bl
diém (M(x; y) € (H)| F;M = lex - al F;M = lex - bl

2. TIEP TUYEN CUA HYPEBOL
Phuong trinh ti&€p tuyé&n véi (H) tai (xq; yo) € (H)
XoX _Yo¥ _; [M_M :1)
b2 8.'2
Diéu kién d& dudng théng Ax + By +'C = 0 tiép xic véi (H) la .
' A2a2 _ BZbZ - C.‘Z (BZbZ _ AZ 2 - CZ)
3. HiINH CHU NHAT CO S§. TIEM CAN
Hinh chit nhét co sé cta (H) c6 cdc canh x = +a, y = b

Hypebol (H) c6 hai dudng tiém cdn la y = i—lz X.
a

Pung tiém can la dudng chéo cia hinh chir nhat co sé.
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B. PHUONG PHAP GIAI TOAN

Vin @é 1 : XAC DINH CAC YEU TG CUA HYPEBOL
A. PHUONG PHAP

Pua phuong trinh vé dang chinh téc, xdc dinh cdc yéu td theo cong thite.

B. Vi DU
Vidul

Xdc dinh dd dai hai truc, tiéu cu, tAm sai, tiéu diém, hinh ch& nhat cor s4,

dudng chudn cia hypebol (H) : 9x* - 16y2 — 144 = 0.

Giai
2 2
(H):9x%-16y° - 144 =0 > _Y_ -1
" T 16 9

(H) ¢6 truc thue Ox,a=4,b=3,c= V42 +3%2 =5
Tir d6 : Truc thyc 2a = 8; truc 40 2b = 6

Tiéu cy 2¢ = 10; tdm sai e = L
a
Hinh chit nh3. co0sd:x= +4;y= 3.
+

: o 3
Phuong trinh hai tiém can y = Zx.

Phuong trinh hai duémg chudn : x = +

Vin dé 2 : LAP PHUONG TRINH HYPEBOL
A. PHUONG PHAP

Can tim cdc hé sd a, b trong phuong trinh chinh tdc cia hypebol. Cé
trudng hgp phai dung phép tinh tién hoac phép quay.

B. VI DU
Vidu 2

Lap phuong trinh chinh tdc cda hypecbol (H) di qua diém (-3; 2) va c6é
phuong trinh hai duong chudn 1a y = i—;—. |

Giai
Vi dudng chudn song song véi truc Ox nén phuong trinh chinh tic cda
2 2
: X
hypebol cé dang : z—z - a—2 =1
2 |
s E=—1—:>P—»=l:2b2=cn4b4;c2:>4b4=a2+b2
e 2 c 2

< a’=b?(4b%>-1) (*).
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. (-3;2) e (H) = _‘3____9_= 1 = 4a® — 9b% = a% b®
bZ a2

~ Thay biéu thitc (*) vao, ta c6 :
4 (4b? - 1) - 9b% = b*(4b%® - 1) & 4(4b* - 1) - 9 = b%4b®* - 1)

b2=1 —a?=3
o4 -17* +13=0 L2 13

; _
Vay ¢6 hai hypebol théa man bai todn y* - XT =1 ; AN

Van dé 3: TiM BIEM G TREN HYPEBOL
A. PHUCGNG PHAP

Sit dung cong thic tinh bdn kinh qua tiéu diém; dua vé giao diém cua
hypebol véi mot dudng khac.

B. Vi Dy
Vidu 3

Cho hypebol (H) : 9x* - y* - 9 = 0.

Tim diém trén hypebol nhin hai tiéu diém dudi mot géc g ;

Giai
Gei N(x; y) 1a tidu diém thuge (H) nhin F,F, dui mot goc i‘é
Theodinh ly cosin trong tam giac, ta c6 :
F\Fy? = FM2 + F,M? - 2F,M.F2Mcos-;—

> F\7? = (F,M - F,M)? + F,MF,M

2
‘ C B
=>4c' =4a’ + lex +al lex —al= 4¢®> = 4a° + —»-é-x)‘—az

»a
> 40=4 + 10x* - 1 = x* = f’l:xmzi*i’gq
) . 9.27 930

¥m i 10 M 10

Viy 6 4 di€ém théa min bai todn 1a :

[J370 . 9J'35J {_ V370 ., 9430

)
10 "~ 10 10 7 10 )




Van dé 4 : VIET PHUONG TRINH TIEP TUYEN CUA HYPEBOL
A. PHUONG PHAP

St dung céng thuc tim tiép tuyén tai in(f)t diém nadm trén hypebol; siu
dung diéu kign d8 mot dudng thing tiép xic vdi hypebol; sit dung phuong
phdp chung dé tim ti&p tuyén véi mot dudng cong.

B. Vi DU
Vi du 4

" Cho hypebol (H) : 4x* - y* = 4
a) Viét phuong trinh tiép tuyén véi (H) tai diém M(1; 0).
b) Viét phuong trinh tié€p tuyén véi (H) di qua diém N(1; 4).

Giai
2

a) (H):4x* -y’ =4 o x* - yT =1. Vi M e (H) nén phuong trinh ti&p tuyén

qua M(1;0)0la: x.1- yTD=1¢:M;:=1.

b) Ta tim ti€p tuyén dang: Ax + By + C=0
Tiép tuyén di qua N(1;4) > A+4B+C=0
Ti€p tuyén tiép xuc véi (H) = A*- 4B* = C?

[A = "'(48 + C) 92 l-) 2 )
=5 5 ) , = @B+C)-4B"=C" < 12B°+8BC =0
A2 -4B% -C |
B=0
Lol =__%9'
3 _
¢ B=0=A=-C.ChonC =1, ta dugc tiép tuyén x - 1 = 0.
2C 5C

B = 5 = A= o Chon C = 3, ta dugc tiép tuyén 5x -2y + 3 = 0.

Vay ¢6 hai tiép tuyéndiquaNlax-1=0va 5x -2y +3 = 0.

C. CAC BAl TOAN ON TAP
Bai 1

[ Cho hypebol 64x* - 169y* = -10816. Xdc dinh tiéu diém va céc duong -iém
can.

Giai
.‘ 2 2 2 2 '
64x® - 169y = - 10816 = - X - 1oL X _1 p=8a=13
., 64 169 b? a%

Hypebol c6 truc thuc nim trén Oy, ¢ = Va? +b? =233
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Vay hypecbol c6 ticu diém la F, (0;-1233) , F,(0;/233)

b e md ke 8
co haitiémcanlay = * Ex.

Bai 2 ;
Viét phuong trinh hypebol di qua diém M (24; 5) va ¢6 hai dudng tiém
pan ia 5x + 12y = 0 va 5x - 12y = 0.

Giai
Vi hai dutng tiém can ddi xing véi nhau qua céc truc toa dé6 nén phuong
2 2
trinh hypebol ¢ dang : % - % =% 1.
a b
" . b e 5 5
Cac duong tiémcan lay=+ —x = — = —
12 a 12
Piém M(24; 5) thudc hypebol = NP +1
a? b?
b_5 p=22
a 12 . 12
"1576 25 . T | _ 2sa? 2532
St e 576. -25a% =a?. =~
a b L - 144 144
22 (a? = 432
=5 12 =3, :
]a2 a1 (bP=T6
2 2
Ta dugc hypebol : — - ¥ -1
: 432 75
b .22 5a
- 12 = v0 nghiém
576 25 _ lz 5113 5 e
———-—==-1. |a* =3,
a? b’ :
x2  y?
Vay chi ¢6 hypebol —— - =— =1 théa méan bai toan.
432 75
Bai 3 _ |
\ Lap phuong trinh chinh tdc ctia hypebol véi Ox la trut thuc, téng hai bdn

é‘truc a+ b =7, phuong trinh hai tiém cdn la y = ig X
a) Tinh d9 dai cdc truc.
 b) Lap phuwng trinh ti€p tuyén ciia hypebol song song véi dudng thang
i5x -4y + 10 =0.
| (DE THI BH DA NANG - KHOI D - 1997)
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Giai

Phuong trinh cua hypebol c6 dang 3{_2— —3E =
a

Vi hai dudng tiém cAnla y = + 2

o

a+b="7
A 5 a=4
X néntacé {p ::»{b )
a

2 2

Véay phuong trinh ca hypecbol 1a )1{_6 - Xg— =31

a) D§ dai truc thuc 2a = 8; do dai truc do 2b = 6.
b) Ti€p tuyén song song véi 5x — 4y + 10 = 0 nén c6 dang 5x - 4y + m = 0.
Tir didu kién dé€ mot dudng thang tiép xiic vdi hypebol, ta c6 :
5216 - 4.9 =m?* © m* =256 & m = + 16,
VAy c6 hai tiép tuyén théa man bai todn la :
5x — 4y + 16 = 0; bx -4y -16=0.

Bai 4
Ching minh ring tich cdc khodng cdch tit mét diém bat ky cha hypebol
2 2
52— - %"2" =1 dén cdc tiém can cta né la mot s6 khong déi.
a

Giai

Hypebol ¢6 hai tiém can la d1:y=—P-x<:>bx+ay=0
_ a
_b

do:y= —x<bx-ay=0.
a

Gia st M(xg; yo) 1a di€m bat ky thudc hypebol. Khi d6 :

' : | bx, - ayg |
dM, dy) = Xt a¥ol.  gap g ) - [P —a¥%
va® +b? va? + b?
2, 2 2. 2
- - I
a + b a“ + b
Xo B Yo aZb2
a b a’b "
v : = khong doi.
: a2 + b2_ a2 +b2 g

Bai 5

2

2
Cho hypebol (H): -i—z = 1. Ky hiéu A,(-a; 0), Ax(a; 0) 12 hai dinh cia
a ' i

hypebol.
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| Tit mot diém M trén hypebol dung ti€p tuyén MT véi dudng tron dudng

H
i

Finh AA, va mot dudng thdng song song vdi tiém cdn y = L x, dutng thing
; a

ady cit tryc thuc tai P. Ching minh ring MP = MT.

Giai
Gia st M(x; yo) € H. Vi tam gidac OMT vuéng tai T nén :
MT? = OM? - OT? = xo% + yo’ — a® (%)

Ky hiéu P(x,, 0). Vi MP song song vdiy = L x nén hé sé géc :
a

=——<:>'x1 -X

Yo _b __ayo
X,—-Xy a 0 b

2 2
Tu d6 : MP? = (x;, — %0)® + yo° = 3—¥°—+y02

So s4nh véi (*) ta c6 MT? = MP? = MT = MP.
Bai 6

_Hai dudng cong goi la truc giao v6i nhau tai A néu ching cdt nhau tai A
ya tai d6 hai ti€p tuy€n cia hai dudng cong la vudng géc véi nhau.
 Tim didu kién cda a, b, ¢, d dé tai moi giao diém cta chiing,

x: y? %2 2

plip (E) : — + ok =1 va hypebol (H) — - -3—— =1 1la tryc giao véi nhau.
a” |

L

Giai
Gid st M(x¢; yo) 12 mot giao diém cha (E) va (H). Hai tiép tuyén tai M cia

E) va (H) la "0" 1"%: i f%’f-—!’.%lﬂ
a’ b c d

Hai ti&€p tuyén nay vudng géc < x_g ) ig— - i—g . 3—0 =0
a® c

2 2 .2 2 2
Xo _ Yo € A Xg yoa

a?  b2d? ¢ bZd?
2
Yoe? Yo' _y a Yo#2 _ ¥l _
2d2 b2 b2d2 d2 -
2 2 2 2 2
@yoc Yo© Yo 8" Yo c 1 _a 1

— [

= + —_—
b%d? b%? b23d® 4? b%d?2 b? b2d? 42

ool +dP=a-b
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Bai 7

2 2 ]
. Cho hypecbol (H) : 5———%2— =1 va mét tiép tuyén bat ky cia (H) L
a ’ |
d: Ax + By + C = 0 (A% + B? > 0) tiép xiic véi (H) tai T. Goi M, N 1a gia
diém cda ti&p tuyén d véi cdc tiém can cta (H).
a) Ching minh T la trung diém ciia MN.

b) Ching minh tam gidc OMN cé dién tich khéng phu thugc vao tig

tuyén d (O la géc toa do).
: Giai
a) d 1a ti€p tuyén = a’A%2 - b’B? =C%> 0 = aA +bB = 0.
Phuong trinh tiép tuyén tai T(xr, yr) la

XX Y1y
— -2 _1=0=Ax+By+C=0
a’ b2
X7 Yt 1 32A b2
=5 =- == =—— Y = ——
A28 b9 @ ¢ g YTTg
d cdt hai dudng tiém cdn y = ..+.Ex tai cdc diém c6 hoanh d¢ 1a nghién
a
! b
ciaAx + B. —x+C=0.
a
:>M[ -aC : -bC ];N( -aC , bC )
\aA+bB 'aA+bB/ (aA-bB aA-bB
Xy + Xy -aC , -ac _ -a%AC +abBC-a%AC-abBC
2 2aA+bB) 2aA -bB) ~ 2(a’A?-1b®B?)
_ -a’AC  -a’AC_-a’A
" 22AZ_pg? cz  C T
ym+yn _ __ -bC  bC _ b2BC =b28=y
2  2@A+bB) 2aA-bB) a2Ap2_p2BZ C

Vay T la trung diém cia MN,
4a’b%(A?% + B?)
02
Tam gidc OMB c6 chiéu cao OH la khodng cdch tir O dén d (vi MN nén

trén d). Vay : OH = — O

A? +B?

b) Tacs MN? = (xy - xn)? + (ym - yn)* =

a2 2
Tifdé SOMN =%OH,MN=}_ lCI Zab\A +B

_\2 /A'2+B2. | ClI

= Somn = ab khéng phu thudc vao tiép tuyén d.
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Bai 8

a) Viét phuong trinh hypebol (H) c6 cac truc trung véi cde truc toa do va |
ti&p xdc véi hai dudng thdngd, : 5x -6y + 8=0vad, : 5x+8y+6=0.
b) Chitng minh rdng qua diém A (1, ﬁ)cé thé ké dugc hai ti€p tuyén véi

(H) vudéng géc véi nhau. Tinh khodng cdch tir A dén dudng théng ;16’i-ha_i ,ltﬁié'p
diém. ‘

e

Giai
a) Vi cdc truc cia hypebol trang vdéi cdc truc toa d¢ nén. phuong trinh cé
2 o2 y?  x?
dang g B = hodc ——2——-—2—=1.
a b b a
2 2
° (H) : ..x_. - % = 1 i

]
o

, 252-361)2':64 2 =4
Do tiép xiic véi d, va dy = = ey a
25a2 - 64b?% =36 b2 =1.

2
X 2
H): — -~ =1.
(H) i y
2 2 36b? - 25a% = 64 :
. (H):y—z—x—z——-l:» g = 28b”* = -28 v6 nghiém
b? a 64b% - 25a% = 36

x2

Vay chi c6 mot hypebol théa man bai todn la (H) : e y:=1.

b) Dudng thing qua A(1; v2) c6 hé s6 géc k :
d:y=k(x-1)+ J2 S kx -y + J2-k=0
d tiép xic v6i (H) @ 4k®* -1 = (V2 - kP = 3k*-2J2k -3 = 0.

Phuong trinh bac hai nay ¢6 hai nghiém phan biét k;, ko, k;.k; = =1 nén
qua A ké dugc hai tiép tuyén vdi (H) va hai tiép tuyén dé vudéng géc.
Goi (Xo; yo) la ti€p diém cta (H) vdi tiép tuyén d ké qua A.

Kh1 dé d: %{l—yoy;_ 1.
X0 _ 3y, =1(vi d di qua A) = (Xy; o) thudc dutmg thing A: X - Y2y - 1=0
e Yo =1(¥ i qua )=>(xp,yg)t udc dudrng gA,Z_ y - 1=

Vay A 12 dudng thdng ndi hai tiép diém.

N P | "
—-v242-1
14 2.2 | 11 33
Tacé:d(AA)= = o = "
Z +2
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Bai 9

Viét phuong trinh hypebol c6 tdm sai e = 2, hai tidu diém F(-5; 2) va
[ F2(3; 2) trong mit phédng toa do Oxy.

Giai
Goi O' ia trung diém caa F,F,, O'(-1; 2). Doi hé truc Oxy dén hé truc mdi

—3 = — { E—
O'XY theo vecto OO0’ ta c6 : X ek 45 o X=x+1
y=2+Y Y=y-2

::»'FIFZ n3m trén O'X, O'Y1a trung truc cia F,F,.
Hypebol c¢é titucy F1F; =2c = V64+0=8 = c¢c =4

=2-::a=£=2
2

—~b=+vet-a%2=16-4 =12.
2 2

Vay trong hé truc OXY, phu’dng trinh hypebol 1a ?—Z-— - %— =1, trong hé

" . (o
Tanirsaie = —
a

(x +1)2 _y -2)2
12

= L

truc Oxy phuong trinh cua hypebol 14 :

Bai 10

2 2
Cho hypecbol (1) : xz_ - 12— =
a) Tim tap tdt ca cdc diém trong mat phdng toa 49 sao cho tif mdi diém
dé c6 thé vé dugc hai tiép tuyén vdx (H) va hai tiép tuyén dé vuéng géc véi

nhau.

b) M la mét diém bat ky trén (H), A;, A, 12 hai dudng thdng di qua M
tuong Ung song song véi hai duong tiém can cia (H). Chimg minh riing dién
| tich S cua hinh binh hanh gi¢i han bdi A, A; va hai dudng tiém cdn 1a mét
86 khong ddi. ' | | ‘

‘ (DE THI PH DUGC HA NOI - 1997)

Giai

a) Gia s& tai A(x; yo) ké dugc hai ti€p tuyén vé6i (H) va hai tiép tuyén d6

. vudng géc v6i nhau. Khi d6 hai tiép tuyén nay cé hé sﬁ géc la k va —-11(-.

Phuong trinh céc tiép tuyé'n la: y=kix-x)+y o kx-y=kx . Yo

, Y=—‘l-t-(x—xo)+yoc>x+ky=kyo+xo.

Tu didu kién 48 dudng thing tiép xic véi (H), ta c6 :
kzﬂz - b2 = (kXQ - y(,)z
a® + k*?® = (ky, + xo)°
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Khai trién, cong vé véi vé, ta cé :

(k? + 1)a® - b = (k? + 1)(x0” + yo2) © X% + yo© = a% = b4

e a>b, quy tich la dudng tron tam O. ban kinh Va? - b?

e a < b, khong c¢6 diém nao thudc quy tich (khi a = b) thi c¢6 duy nhat
diém O(0; 0) théa man 0% + 0% = a® - b%, nhung tai diém nay khong ké dugc
tié)p tuyén nao vdi (H).

b) Xét diém M(x; yo) € (H). Dudng thdng qua M song song vdi tiém cén
bx - ay = 0 ¢é phuong trinh la bx - ay - (bx, -~ ay,) = 0.
Duong thdng nay cit dudng tiém can bx + ay = 0 tai diém N c6 toa do la

_ bxy —ayy _ayp —bxg
NE T YN T T g
bx, - a > (ayg-bxy )
SOVINIE LT £ N I L .0 N
2b ) 2a
_[bxq +ay, T +(»bxu +ay, }2_ (bx, +ayy)%(a® + b?)
U2 \ .2a ) 4a%b?
2 1.2
— MN = lbx0+ay0|\/; +b .

2ab
I bxy —ay, !

va? +b?

Khoang céch tir diém M dén tiém can bx —~ay =01ia d =

T dé:S=MN.d = Ibxy +ayy ! 1 bxy ~ay, !

2ab
_ I b2x,2 -aZy,” | - ab b%x,> —azyozl _ab _)Eg_z__y_oz_
2ab 2 a’b?> | 2{a’* b
= 2 1hong déi.
2 i
Bai 11
x? y? . =
Cho hypebol (H) : = - 1T 1. Pudng thing d c6 phuong khong déi cit

a ,

(H) tai M, N. Ching minh rdng trung diém I cda MN chay trén mét dudng
thdng c6 dinh &' di qua tAm hypebol nén d c¢6 hé s géc k # 0 thi d' ¢6 hé sb
2

gock' = —bz——
a‘k

Giai
Né&u d song song véi truc Ox thi d3 dang thay ring d' la truc Oy, la mot
dudng théng c6 dinh, di qua tam cha (H).
Tuong tu, néu d song song vdi truc Oy thi d' 12 truc Ox.

—
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Trudng hop con lai, d cé hé s& géc k # 0 khong doéi,
d:y=kx+m

Hoanh d6 giao diém cta d va (H) la nghiém cada :

2 2
X__(ex+m)” o b2® - al(k®x® + 2kmx + m?) = ab?

a’ b?

< (b% - a’k*)x* - 2a’kmx - a®(b* + m?) = 0
Né&u phuong trinh nay cé hai nghiém thi x; 12 trung binh ¢dng cia hai
nghiém, do d6 theo dinh ly Viet :

_ a’km _b?-a’k?
TR e T ek
b? - ak? b2
Vil €ednén:y = kx; + m = kx; + X1y = —X
yi I I a’k I I a2k !
' 2 2

Vay I ndm trén dudng thing c6 dinh d' : y = —b—xcé hé sé géc la Lyl
: - a’k a’k

va di qua tam O cia hypebol.
Bai 12 >

2 2
Trong mat phdng cho hypebol (H) : XT - % =1.

Goi d la dudng thdng qua goc toa dd O, c6 hé sé géc k, d’' 1a dudng thing
di qua O vudng géc véi d. ,
a) Tim diéu kién déi véi k dé d va d' déu cit (H). .

b) Tinh theo k dién tich hinh thoi c4 bén dinh 12 giao diém cta d va d'
véi (H).

¢) X4c dinh k d€ hinh thoi d6 ¢6 dién tich nhé nhat.

Giai
a) d : y = kx. Néu k = 0 thi d' 1a truc tung, khéng cit (H), do dé k = 0. Tu dé
1 .
d:y=-—x.
y K X

Phuong trinh hoanh d¢ giao diém d va (H) :

2 2,2
-’-‘;_'-k X 2109 -4k =36 (%)
Phuong trinh hoanh do giao diém cia d' va (H)
X2 x2 2 o2 2 rwx
——-—5=1 < (9k" - 4)x = 36k* (**)
4 9Kk? 1
g ! - l9-4k%? >0 N
d va d' déucit (H) ” <:>i<k2<—9—<:>3<‘l'1::<§.
9k?-450 9 473 2
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b Goi M, N la giao diém cua d véi {H), theo (*) ta ¢6 :

XMN = WEY1 ___*6k
- 4k Jo - 4k?
Goi P, Q la giao diém cua d' vdi (H), theo (**) ta cé :
XpQ= _*6k i yf;'Q ___* 6
Jok? — 4 Jok? _
TUdo: OM?= syt + yyt = 811K
9 - 4k?
OP?* = xp® + yp® = M
ok2 - 4 |
72(.1 +k?)

S = Supng= 20M. OP =

J(9 - 4k2)(9k? - 4)
Theo bat ding thic Cési :

v’(g -4k?)9k?% - 4) < %[(9 —4k?) + (9k? - 4)] = g(k2 +1)

Dau ding thic © 9 -4k’ =9k’ -4 o k’=1o k=121

720 + k%) 144

5 2
1+k*)
2(

Do dé: minS = khi k = +1 hay d, d' 12 hai dugng phan

gidc cua cdc truc toa do.
Bai 13

Trong mat phéng véi hé toa do Oxy cho hybebol (H) : 4x” - 9y* = 36.
a) Xdc dinh toa dé cdc dinh, toa d6 c4dc tiéu diém va tam sai-cia hybebol.

b) Viét phuong trinh chinh tdc cla ehp (E) di qua dxem M[ 7~/— J va c6

chung tiéu diém vdi hybebol da cho.

(PE THI TOT NGHIEP PTTH - 2000

2
Hy: XY g
a) (H): 5

Ta cé : a_3b 2c--\/a +b2 J_Tu’dé
Tiéu diém : F,(- V13 ; 0); Fo(v13 ; 0)
Pinh : A|(- 3; 0), Ax(3; 0)

c_ V13

Tamsai:e= — = —— .,
a 3
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b) Vi hai tiéu diém F,, F. nim trén truc Ox va déi xing qua géc toa dd nén

elip ¢6 truc 1dn ndm trén Ox va c6 tdm la géc toa d¢. Vay elip c6 phuong
' 2 2

trinh : x—2+~3i2—=1,a$b
a b
a’-b’=c?=a’-b’=13=a b2+13;
elip di qua 1\[—E_}—;B , nén 493 + 221 :>147b2+36a 4a’b? = 0
2 4a% b? -
Thay a® = b® + 13 vao ta dugc : 4b* - 131b%* - 468 =0 = b? = 36 = a® = 49
Vay elip ¢6 ph hia: 2. Y
iy elip ¢ uong trinh la : —+=—-=1
s S5 ERE 49 " 36

Bai 14

Tim tap hop cdac diém M(x; y) trong hé toa do Pécac truc chuidn Oxy sao
cho khodng ~4ch tir M dén diém F(0; 4) bing hai lan khoang cach tir M dén
dudng thing y = 1.

(PE THI PAI HOC LUAT VA XAY DUNG HA NOI - 2000)

Giai

Ta c¢6 : MF = \/).:2 +(y - 4)% ; khoang cdch tit M dén dudng thdng y = 1 1a
ly - 11. T d6 ta cé :

\/xz-t—(y—t&)2 =y-lox’+y-4'=4y-1V’ox’ -3y’ =-12

y2 X2

_ 4 12
Vay tap hop diém cdm tim la mot hybebal.

D.CAC PE TOAN PE LUYEN TAP

@1. Vi€t phueng trinh hypebol biét géc gm’a hai dudng tiém cin béng 60° va
di qua diém M(6; 3).

5 * 2 2 2
ps: X Y _, XY
9 3 33 99
02. Viét phuong trinh hypebol biét mot dinh trén truc thuc 1a (-3; 0) va
phucmg trinh dugng tron ngoai ti€p hinh chit nhat co sé la x* + y* - 16 = 0.
% 2
ps: X Y _q.
9 -7
03. Cho hypebol (H) : 8x* - y* - 8 = 0 va dudng thdng d : 2x - y+ m = 0.

a) Ching minh d luén cdt (H) tai hai diém M, N thudc hai nhdnh cia
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hypebol (xm < xn).
b) Goi F;, F, 1a hai tiéu diém ctda (H) (Xp, <Xp,) xdc dinh m sao cho
F,N = 2F,M. ‘

= /2
DS:b)m = Gi—lﬁ\%
21
x2 y?
04. Cho hypebol (H) : ———;2— =1,
a

a) Tinh dj dai cGa phdn dudng tiém can chédn bdi hai dudng chuén.

b) Tinh tich céc khoang cach tir mét tiéu diém dén hai dudng tiém can.

¢) Ching minh rdng chan duong vuéng géc ha tir mot tiéu diém dén hai
tiém c4n nam trén dudng chuin tuong ung véi tiéu diém dé.

DS : a) 2a; b) b2,

05. Ching minh ring khi d : xcost — ysint + v4cos®t-1= 0 la dudng thing
thi né tiép xidc véi mot hypebol ¢ dinh. Viét phuong trinh cua hypebol dé.

X2

bS: = -y?=1.
3 y
2 4% .
b2
a) Mot duong thing qua tam (H) cidt (H) tai M, N. Ching minh céc tiép
tuyén cua (H) tai M, N song song vdi nhau.

06. Cho hypebol (H) :

SDm]N

b) Ching minh ring néu hai tiép tuyén cta (H) song song véi nhau thi
céc tiép diém déi xing qua tam cda (H).

07. Cho ho dudng cong : (Cy) : (m? - 4)x* — 4y* - 4(m® - 4) = 0. |
Tuy theo gia tri cua tham sé m, hay xdc dinh dang dudng cong (C,,).
DS: m = 0 la dudng tron;

0 < Iml <21]a elip;
Iml| = 2 la dudng thing y = 0;
Im! > 2 1a hypebol.
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Chuyén de 6 : PARABOL

A.TOM TATLi THUYET

1. CAC DANG CHINH TAC Cl:lA PARABOL =
Phuong trinh
chinh tdc y* = 2px y* = -2px x° = 2py x* = -2py
1(p > 0) ‘ 2
Ny R, YA YA
M M A
N :
Do thi F F O X
chas P Tx “PJol% qd 'x )
) / /BiNM
A 2
A A '
i p p P p)
au dié Fi=;0 Fl-=;0 Fig= Flo,-=
Tiéu diém (2 ) [ 5 ] ( 2} ( ZJ
Puéng chuan A:x=—~}22 A:x:g \ x:—llz3 A:y:—g—
Ban kinh :
qua tiéu diém MF=x+2 |MF=x4+2 MF.—_-y+—E MF = -y + =
2 2 2
(M(x;y) € (P))
Tinh ch#t
diém thuéc x € (P) = d(M, A) = MF
parabol (P)

2. TIEP TUYEN CUA PARABOL

Phuong trinh tiép tuyén vdéi (P) tai M(x,; y,) € (P)

Yoy =
(Yyoy = —-p(X + Xg); XoX = p(y + yu); XoX = —p(y + yi))
Diéu kién dé duong thing Ax + By + C = 0 tiép xic véi (P)

p{x + Xy)

B*p = 2AC
(B%p = -2AC; A’p = 2BC; A%p = -2BC).

B. PHUONG PHAP GIAI TOAN

Véan dé 1 : XAC PINH CAC YEU TO CUA PARABOL
A. PHUONG PHAP

Dua phuong trinh vé dang chinh tdc, tir dé xdc dinh cdc yéu té.
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B. ViU
Vidul

Xdc dinh tham sé p, toa do dinh, tiéu diém va phuong trinh dudng chuan
parabol : x* - 2x + 8y + 17 = 0. |

Giai
x* - 2x+8y +17=0o (x - 1) = -8(y + 2). Pat 0'(1; -2).
Thuc hién phép tinh ti€n theo 00’ dua hé truc Oxy thanh hé truc O'XY.

Xx=X+1

Cong thuce doi truc
y=Y-2

. Trong hé truc OXY, phuong trinh cua

parabol 1a : X* = -8Y.
Vay dinh cua parabol la O, toa d trong Oxy la O' (1, -2).
X=0

Tiéu diém F = F(1; -4)

-_P
2

Puwong chuan A : Y = % =y =2 =0,

Trong hé toa do Oxy; A:y =0.

Vin dé 2 : LAP PHUONG TRINH PARABOL
A. PHUONG PHAP

Dé lap phuong trinh chinh tdc ta can tim tham sé p. Néu truc déi xung
cua parabol song song véi mot truc toa do thi dung phép tinh tién dua né vé
dang chinh tdc. Cing c6 thé st dung dinh nghia parabol dé lap phuong trinh
cua né.

B. Vi DU
Vi du 2

Ldp phuong trinh parabol ¢é truc déi xing la Ox, dinh la géc O va di qua
diém M(-2; 4).

Giai
Phuong trinh parabol c¢6 dang y* = -2px. Vi parabol di qua diém (-2; 4)
nén 4* = (-2pX-2) = p = 4.
Vay phuong trinh parabol la : y* = -8x

Vin d& 3 : TiM DIEM TREN PARABOL
A. PHUJONG PHAP

Ap dung céng thuc tinh ban kinh qua tiéu diém; dua bai todn vé viéc tim
giao diiémm cua parabol véi mot duong khdc.
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B. Vi DY
Vidu 3

Tim trén parabol y? = 8x diém M biét bdan kinh qua tiéu diém caa né la
bing 8.

Giai
*=8x >y =2px véip = 4.
MF=x+g—:>8=xM+2:>iM=6.

Tu dé yu* = 48 > ym = + 43 . Vay c6 hai diém théa man bai todn la
M,(6; 43 ), M. (6; -443).

Vin dé 4 : VIET PHUONG TRINH TIEP TUYEN CUA PARABOL .
A. PHUONG PHAY

St dung cong thie tim tiép tuyén tai mot diém n&m trén parabol; sit dung
diéu kién dé mo- dudng thing tiép xuc véi parabol.

B. Vi DY
Vidu 4 _
Tim ti€p tuy&n chung cia parabol (P) : y* = 12x va elip (E) : 6x° + 8y® = 48.

Giai :
Ta tim phuong trinh tiép tuyén chung dang d : Ax + By + C= 0
Vi d ti€p xic véi (P) = B%6 = 2AC.
Vi d tiép xuc véi (E) = 8A? + 6B% = C2
ViC#0nénchonC=1,tacé:

A=-1

(A = 3B? A =3B% 4
= ) =S .
|sa2+6B2 =1 |sA%+2a-1=0 B=+/I
V12

Vay cé hai tiép tuyén chung la :

1 1 pos
“xt—y+1=0 o 3xt+ 2J3y+12=0.
4 v12

C. CAC BAI TOAN ON TAP
Bai 1

Cho parabol y* = 4x. Mot dudng thdng bat ky di qua tiéu diém (cua
parabol), cdt parabol tai hai diém phan biét A va B. Ching miuh ring tich
cdc khoang cdch tir A va B dén truc parabol la mét sé khéng doi. ‘
(DE THI PH KINH TE QUOC DAN HA NOI -1999)

i
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Giai

Tiéu diém cda parabo} (P) la F(1,; 0), truc cua parabol la Ox. Khodng cdch
tir mét diém dén truc eua (P) chinh 1a gid tri tuyédt déi cua tung do.

Duong thing x = 1 qua F, cdt (P) tai A(1; 2), B(1; -2)

Do d6 tinh khodng cdch tit A va B dén trucla :121 + 1-21 = 4.

Puong thing d khdc x -~ 1 = 0 qua E cdt (P) tai hai diém phan biét phdi
c6 hé sd gock # 0. Dodé;d 1y = kix - 1), k #0.
. n i . . y=kix-1)
Toa d¢ giao diém A va B 1a nghiém cua hé : y2' o
Do d6 tung dd A va B la nghiém ciua phuong trinh ky® - 4y — 4k = 0; k # 0.
Theo dinh ly Viét : yo.yp = -4 = lyal.lyyl = 4.

Vay trong moi trusng hap, ta déu cé tich cdc khodng cdch tir A va B dén
truc cia parabol bang 4 khéng déi.

Bai 2

Trong mit phing cho parabol (P): y* = x.
Goi (C) l1a dudng tron tdm C(2; 0), bdn kinh R.

a) Xdc dinh R dé duﬁhg tron (C) ti€p xic vdi parabol (P). Xdc dinh toa do
tiep diém T va T'.
b) Viét phuong trinh cdc tiép tuyédn chung tai T va T'.

Giai .
N en (x-2)% +y% = R?
a) Toa d§ giao diém cua (C) va (P) 1a nghiém cia hé {_xz vy
y =X

Vi viy hoanh do giao diém cua chiing la nghiém ciia phuang trinh :
x-2f+x=R°ox*-3x+4-R*=0
(C) va (P) ti€p xic véi nhau khi phuong trinh nay ¢6 nghiém kép tic la :

A=9-44-RH)=0R= %:i;—.

Khi dé6 hoanh do tiép diém 1a x = —:2§ = -g ;

J/6

= h——,
2

N

tung do tidp difmla y = +/x = +

w8

2 2 2" 2

b) Tham sé cGa parabol la p = % , do dé :
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( e a =
o Tiép tuysn tai T(g 3'56—} : lffvy = ;—(x + g) <3 Zx ~ 2\/6y +3 =0.
, /e ‘
e Tiép tuyén tai T'(g;— ‘—2@) ‘/é Lx + 3) < 2x+2Y6y +3 = 0.

Bal 3

Cho parabol P) : y? = 2px va dudng thing d : 2mx - 2y - mp = 0. Goi M/,
i M" l1a céc giao diém cua (P) va d.

Ching t0 rédng dudng tron dudng kinh M'M" tiép xiic véi dudng chuin clia
parabol (P). Viét phuong trinh dudng tron dé.

Giai
Gia st M'(x'; y'), M"(x"; y"). Khi dé (x"; y"), (x y)langhlemcuahe

. 4
x=1— _________2mx mp -2px=0.
[ 2 _o9nx = 0° 2
ly px-0 < < 2p Lo R
2mx -2y -mp =0 2 - =
, Sl y= —m— o 2m.¥~—e ~2y-mp=0
2 i 2p :
‘ 2.2
Im2x? -m? + 2px+ 2P (1)
& 5 -4
y?-ZLy-p?=0 (2)
| m

Chu ¢ :Khim=0=d:y=0 tiép xiic voi (P) tai dinh > M’ =M",
2

Vi(2)co A" = 2—2-+p2 >0 nén luén c6 hai nghiém, d cit (P) tai hai
m i

diém Goi I la trung diém cia M'M", tit (1), (2) va dinh ly Viét :
_x'+x" (m? + 2)p

2 om? o (m? + 2)p P

; 2m? m

Ciang theo dinh ly Viét :
MM =(x=x) +(y -y)P=x+x")-4xx" +(y +y")? - 4yy"

‘- - ) n- 2
peim- +2)° Hp2+(_2ll_J + 4p?

m? m

i

2 2
= é-E—- (m* +2m? + 1)z ﬂl— (m°* +1)°
m? m

Suyra MM" =,2p[1 + —%}.
m
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Dutng chuanla A : x = —% . Do dé :

(m?+2)p p| ( 1] |
d(I,A):'———-———+~=p 14— |=2MM"
| 2m? 2! m?) 2

“‘Vay dutng tron dudong kinh M'M” tiép xic véi dudng chuan.
Phuong trinh duong tron nay la :

2 A 2 2 2
[ pm?®+2) o(v-2) :pz[“i_]_
t 2m m m?2

Chu y : C6 thé ching minh duong tron duong kinh M'M" tiép xic vdi
duong chudn theo cach khdc nhu sau :

’ 3 "
Ky hiéu A :x= - g la ducng chudn, F(—g- g OJ la tiéu diéem vi

2m.§—2.0 -mp=0=Fed.

T dé6 theo diéu kién diém thuéc parabol, ta co :
MF=dM,8), M'F=dM,5).

Goi I la trung diém cia M'M" thi :
d(M',A)+dM",4) MF+MF MM"

dil,A) = d =
2 2 2

’ H

tiép xiic voi A néi cdch khdc,

Véy duong tron tam I, bdn kinh
dudong tron duong kinh M'M"' tiép xic vdi A,
Bai 4 ) | |

Trong mat phing cho parabol (P) : y = }Z—xz
va dudng thdng d : 2mx - 2y + 1 = 0. /

a) Ching minh ring véi moi m, d luén di qua tiéu diém F cta parabol (P)
va c#t (P) tai hai diém phan biét M, N. Tim quy tich trung diém I cua MN
khi m thay déi.

b) Tinh géc tao béi ‘cdc tié’p"tuyén cua (P) tai M va N.
- Giai
a) Vi tiéu diém F[O,—;—) co 2ni:'0 - 2.% + 1 =0nén d luén di qua F.

| : i 1
Vid:y=mx+ % nén hoanh dj giao diém la nghi¢m cla %xz =mx+=

o x*-2mx - 1=0.



Vi A' = m’ + 1 > 0 nén phuong trinh nay luén cé hai nghiém phan biét

= d cit (P) tai hai diém phan biét. Theo dinh ly Viét : x; = L‘i—;:ﬂ =m.

Vil e dnény = mx; + —;—:byl=x12+%.

Vay quy tich cta I la parabol : y = x* + %

b) Theo cong thifc, tiép tuyén véi (P) tai M, N la :
XMX=YM+ Y Y=XMX—-IMm.
XNX = YN+ Y & Y = XNX - YN

~Theo dinh ly Viét xy.xy = -1, do dé6 tiép tuyén t.al M va N vudng goc vai
nhau, néi cich khac géc giita chiing béng 90°.

Bai 5

M la mét diém thudc parabol (P) : y® = 64x, N la mot di€m thugc dudng
tbéng A:4x + 3y + 46 = 0. ‘ :

a) Xdc dinh M, N dé doan MN ng#n nhat. -
b) Véi két qua tim dugc & a) chimg to ring khi dé6 duong thing MN vuéng

goéc v6i tiép tuyén tai M ciia parabol.
' Giai

. ) ' 2
a) Gid str M(x; yo) € (P). Ta c6 : M(%U"o]

.3 80 5

1 2 1 2 ‘
YN 48y, + 736) = —[(y, +24)° +160] = 2.
goYo* - 8o Yo ]

g

}mind(M, A):—_-‘2¢:~y0+24'=0‘<::>y0=-24,x0= %’9_:9.
Vay M(9; -24). |
P& tim N € A, ta lap phuong trinh dudng théng qua M vudng géc vdi
A: X9 Y+ gy 4y -123=0
% 3 A
= 2L
- 3x—4y—123=0® 5 Va.N[EZ;_}?E).
4x+3y+46=0 =_}-_2_6- 5 5
- ' 5

100




b) Ti€p tuyén vdi (P) tai M(9; —24) la : -24y = 32(x + 9) < 4x + 3y - 12 =0.
BPuong thang MN : 3x - 4y - 123 = 0.
Vi 4.3 + 3(-4) = 0 nén MN vudng géc vdi tiép tuyén vdi parabol tai M.
Bai 6

Trong mat phang toa do Oxy cho parabol (P) : y* = 4x va hai dudng thing
d:m’x +my+1=0, A:x-my+m?=0, mlatham sé khéc 0.

a) Chirng minh ring d L A va giao diém M cta d va A di dong trén mét
dudng thing cé dinh khi m thay déi.

b) Ching minh d va A luén tiép xic véi (P). Goi A va B lan lugt la tiép
diém cda d va A véi (P). Ching minh ring dudng thing AB luén di qua mdt
diém c6 dinh khi m thay déi.

Giai
a) Vim>1+m(-m)=0nénd L A.
Toa dp giao diém d va A 1 nghiém cta hé :

{m2x+my+1=0 X =-1

x-my+m?=0 y=m--—
m

Vay M[— 1;m- i—) va M luén thudc dudng thing cé dinh x = -1 v4i moi
m

m = 0.

' 2
b)Tavié’t(P):x:L; d:xzmmY+1; A:X=my-m
4 m?

Khi d6 tung d¢ giao diém (P) va d la nghiém cta phuong trinh :

y? _ my+1

—

4 m?

o my’+4my +4 =0 < (my + 2)°=0.

Vi phuong trinh nay cé nghiém kép y = «,-_2— nén (P) tiép xic véi d va
, | . o

tiép diém la A[——?; - —2-) :
m

Tung do giao diém (P) va A 12 nghiém cta phuong fﬁnh 3

2 _
Z;:my -m? oy’ - 4my + 4m* = 0 < (y - 2m)? = 0.
Vi phuong trinh nay cé nghlem képy = Zm nén (P) tiép xte véi A va tiép

diem la B(m? 2m).

2 1. L :
I‘acé AB (m —iz- 2m+£}=m +1(m2~-1;2m)

m m m2

= AB c6 vetd chi phuong la (m® - 1; 2m) hay vectd phap tuyén la (2m; 1 - m?).
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Vivay AB:2m(x - m?) + (1 - mg)(y -2m)=0
< 2mx + (1 - m2)y -2m=0

- Ta viét phuong trinh AB dang : -m’y + 2x - 1)m +y =0

=0 =1
Déng thic nay ding vdi moi m < 4 =¥ n B
2Ax-1)=0"ly=0
Vay dudng thidng AB luén di qua diém cé dinh I(1; 0).

Bai 7

Trong mit phing Oxy cho parabol y = x* — 2x va elip 59— +y?=1.

a) Ching minh réing parabol cdt elip tai bon diém phan biét.

b) Ching minh bén giao diém néi trén nim trén mét dudng tron. Xdc
dinh tdm va bdn kinh ctia dudng tron dé. _
(PE THI PH NGOAI THUONG CG SG TP HCM - 1999)

Giai
.
a) DPinh clGa parabol 1a (1; 1) nim ngoai elip (do 19—+12 > 1), parabol cit

truc hoanh tai cdc diém (0; 0) va (1; 0) nadm trong elip, do vay parabol cit
elip tai bdn diém phan biét. Cé thé giai theo phuong phap giai tich nhu sau :

‘ 2
. y=x"-2x
Toa d¢ giao diém la nghiém cha hé : { 2
2 _
—+y“ =1
9
_ Do d6 hoanh d¢ cia giao diém la nghiém cia phuong trinh :

. 2 . . - -
) 59_+(x‘-2x)2=1 o f(x) = 9x' - 36x° + 37x% - 9 = 0.

Ta s& chi ra phuong trinh nay c¢6 bén nghiém phéan biét vA nhu vay
parabol cdt elip tai bdn diém phan biét.

That vay vi fix) lién tuc trén R va f(-1) = 73; f(0) = -9; (1) = 1; f(2) = -5:
f(3) = 81 nén phuong trinh f(x) = 0 ¢6 bén nghiém ndm trong cdc khodng

(-3 0), (0, 1),(1;2),(2;3). -
b) Trd lai xét hé phuong trinh xdc dinh toa d§ cda cac giao diém, ta c6 :
y=x2—2x §x2~—1—6—x—§y=0
) o9 9o
oayt=1 1 2 o
9 —éx +y° =1
sy - 9, 8,015 x——8-2+ x—ii—2=—lﬂ
Ty Tyt o) "\*79) T8
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L3

; ol T ; . b il 4
Vay cdc giao diém cua parabol va elip ndm trén dudng tron tam [—2—,5)

/161

Bai 8

Trong mat phing toa do cho diém A(3; 0) va parabol : y = x°
a) M la mot diém thudc Parabol c6 hoanh do xu = a. Tmh do dai AM theo a.
Xic dinh a dé AM ngdn nhat
b) Ching minh rdng AM ngin nhat thi AM vuéng géc véi tiép tuyén tai
M cua parabol.

Giai
a) Ta c6 : M(a; a%), do d6 AM = \(a-3)2 +a* =Ja® +a -6a+9.
Tacé: AM?*=a'-2a°+1+3a°-6a+3+5=(a®>-1*+3a-17+5
min AM’=5 o a=1.
Vay AM ng#n nhat khi a = 1, M(1; 1).
Chu y : Co thé gidi bang phuong phdp tim cuc tri ciéa ham sé.
b) Tiép tuyén vdi (P) tai M(1; 1) c6 phuong trinh la

d:lxs= %(yn)ozx—y:o,'

¢6 veto chi phuong a(l; 2), AM = (-2; 1).

e d —_

Vi a.AM = 0 nén a_i_AM
Vay d L AM.
Bai 9

Trong mét phing toa d¢ cho diém A(0; 1) va du'tmg thﬁng Acys=-l
a) Tim quy tich nhitng diém cdach déu Ava A.

b) Viét phuong trinh dudng tron di qua A tiép xiic véi dudng théng A va
dudng thing x = 9.

" |

(PE THI PH KHOI A - 1982)

Giai
a) Goi M(x; y) 1a mét diém cach déu A va A.
Vi MA = Jx% +(y-D1? ;dM, &) = Iy + 11.

Vay M céch déuAva Ao szak(y—,l)'2 =ly+ 11l

oxl+(y-1D=(y+ 1) ox*=4y.
Vay quy tich la parabol : x* = 4y.
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b) Tam cia duong tron phai cach déu A, A va dudng thing x = 9, do d6 tam
dudng tron phai nim trén parabol x® = 4y va ciach déu hai dufmg thdng A va
x-9=0.

Gia su toa 46 cta tam I 1a I(x; yo).

x2
Khi dé6 tacél(xo, }(vx X3 -4y0)

e
Khodng céch tir I dén A : —54-+1.

Khodang céachtt 1 dén x-9=0: Ixy - 91I.
2
Tir dé ’;—0+1 = £(x - 9).

+1=% -9 ¢ x2 - 4% + 40 = 0 v6 nghiém.

XO-T-'

[ |2

+l==x+9c x§+4x0—32=0<:${

Xox4=1(4,4), R=d, A) =5, ta duge dd&ng tron théa man bai todn
la:(x-4)7+(y-4)°=25 .

Xo = 8=1I(-8;16), R = d(l A) = 17, ta duge dugng trdn thy hai thoa
man bai todn 12 (x + 8)% + (y - 16)* = 289. \

Bai 10

Che parabol y* = 4x.

a) Ching minh réng tir di€fm N tiuy ¥y thudc duimg chuén cha parabol c6
thé ké dugc hai ti€p tuyén dén parabol ma hai ti€p tuyén dé vuong goc véi
nhau.

by Goi T, va T; la hai ti€p diém cia hai tzép tuyén néi ¢ a), chimg (mnh
ring dudng thdng T,T, luén di qua m@t di€m c6 dinh khi N chay trén dudng
chudn céa parabol.

o) Cho M la mét diém thudc parabol (khae dinh parabol) Tiép tuyén tai
M ciia parabol ciét cdc truc Ox, Oy lan lugt A va B. Tim quy tidxtnmgdxé’ml

caa AN khi M chay trén paraboel.
. (PE THI PH NGOAI NGU HA NOI - 1998)

Giai
a) Phuong trinh dubmg chudn cia patabol A: x = -1.
D¥m N tuy ¥ trén A c6 dang N(-1; a). Phuong trinh ti€p tuyén vdi
parabal qua N c6 dang hé sé.gécklad:y=kix+ 1) + a. P
) ., ’ : " y=kx+k+a
Toa d¢ giao diém cha d va parabol [a nghiém cta hé {yz iy 2. °
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Hoanh dé giao diém la nghiém cia phuong trinh
(kx + k +a)? = dx <= k% x* + 2(k” + ka - 2)x + k* + a* + 2ka = 0.

d ti€p xic vdi parabol khi va chi khi phuong trinh nay cé6 nghiém kép, tie
[k 20

) C o o s s ki+ak+1=0.
A= (k2 + ka - 22 - k*(k? + a + 2ka) = 0

la

V6i moi a phuong trinh cudi cung c6 hai nghiém k,, k, thoa man k;.k,= -1.

Vay qua diém N bat ky trén A luén ké duge hai tié€p tuyén véi parabol va
hai tiép tuyén dé vudng géc véi nhau. _ .

b) Gia su T (xy; y1), Ta(xy; y2). Khi d6 céc ti€p tuyén
NT, :yy; = 2(x + x1);  NT;: yy, = 2(x + x)
Ca hai dudng nay déu qua N(-1; a) nén
ay; = 2(-1 + x;); ay, = 2(-1 + x,).
Suy ra phuong trinh dudng thdng T\T; 1a ay = 2(-1 + x) & 2x —ay - 2 = 0.
V6i moi a, dé dang thay ring dudng thdng nay luén di qua diém cé dinh
(1; 0). '

c) Gid st M(xg; yo) 12 mot diém bat ky thude parabol, y, # 0. Phuong trinh
tiép tuyén véi parabol tai M 1a yy; = 2(x + x,).

. . 2
Dusng thang nay cdt truc Ox tai A (-x,; 0), cit truc Oy tai B[O; __x_q_} Do
Yo

dé trung diém I cia AB c6 toa @3 la :

xz—%o- x=--)-;9- ) xz_.f_o_ :
g X
I = 2 9 (vi yi =4x) 2 >yl=-=,
X 2 _Xo _ Xg 2 _ Xp 2
y=— y =~—2—=——-—- y' =—
Yo y Xg 4

Vay qu§ tich cta I la parabol y* = ‘% tir di€m dinh.

Bai 11

Trong méat phéng toa 46 cho parabol (P) : y* = 2px. Hai diém M, N thay
ddi trén (P) sao cho tam gidc OMN vuéng tai Q. Ching minh MN di qua mét
diém cd dinh.

3

Giai

Do Ox 12 tryc ddi xing cGa (P) nén di¢m cb dinh (néu co) phai nhm trén Ox.
Xét timg truong hop tam gréc OMN vuéng can, khidd OM :y=x, ON : y = —x.

) 2
Ta cé : M:{y —sz‘:x=y=2p
y =X
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2 _
N : (y = 2px = X
y =-x

= -y = 2p = MN di qua diém A(2p; 0).

Béy git gid sit M, N & vi tri tuy y. Gia sit OM : y = kx thi ON : y = *;’1;"‘
(viM = Onén k = 0).

<= 2P |
=kx __-2_ .
M: y2 , X220 k :M(gg,z—p]
y* = 2px 2p 1k? k -y
¥ '
: k
y=-—x = 2pk?
N : k ,x¢0<:>{x_ }2)1; = N(2pk?; -2pk)
yz___"sz Y =-4p
~ _(2p 2p) 2p 2
AM=|—=-2p; —|=—(1-k%k)
(k2 " %)

AN = (2pk? - 2p; - 2pk) = -2p(1 - k2; k)
= AM/ AN = A, M, N thing hang. Vay MN luén di qua diém ¢ dinh
A(2p; 0).
Bai 12

Cho ho dudng thdng d_ : xcosa - y + sin’a = 0.
a) Ching td ring véi moi o, d, ludn ti€p xic véi mdt parabol c6 dinh.

b) Tim quy tich cia ti&p diém.

Giai
a) Thay sin’a = 1 - cos’q, ta c6 : d,:xcosa -y +1- cos’o = 0
X 2 x?
da:y=—(——cosa) +—+1.
\2 4

X2

Xét parabol (P) : y = Y +1

, _' _ o 5
' Phuong trinh hoanh d6 giao di€m cia d, va (P) la —-(—g— - €08 a) = 0 luén

c6 nghiém kép x = 2cosa nén d_ludn tiép xdc véi (P) 12 mot parabol c§ dinh.

X =2cosa
b) Toa do tiép diém la : wE .
y= —4—+1

x2

Do d6 quy tich cia tiép diém la y = - 1, 2<x52
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Bai 13

Cho parabol y* = 8x va diém I(2; 4) nadm trén paxl‘abol. Xét goc vuong thay
déi auay quanh diém I va hai canh cltia géc vudng cdt parabol tai hai diém M
va N (khdc diém I). Chimg minh ring duong MN luén di qua mot diém c6 dinh.

(DE THI PAI HOC NGOAI THUONG - 2000)

Giai

2 2
Gia su M[Els—;m}, N(%—;n}, m, n = 4. Khi dé :

it 2 e g s
IM = E—ﬂ--—-l-fa—;m—4 : TN s *G;n—4
8§ 8

Do “I—ﬁ_l.—I_I—\“I) va(m—4)(n—~4)¢0nén‘:

i B e - B
IM.IN = 2 81".“ 816 +(m-4)n-4)=0

m+4 n+4

+1=0eomn+4m+n)+80=0

8 i
Phuong trinh dudng thang di qua hai diém M, N la :
y-n m-n y-n S |
= ;= = <> 8x-(m+n)y +mn =0
_n2 ‘m? n? §x-n?2 m+n ¥
8 8 8
‘Gia sl (Xo; yo) 12 diém ¢6 dinh thudc MN, khi d6 v6i moi m, n ta c6 :
mn+4(m+n)+80=0 m=—(80—4~—!ﬂ
n+4
8xy -(m+mn)y, +mn=0 '

8x, ¥(m+n)y0 +mn =0

80 +4n (80 + 4n)n

=0 Vn
n+4 n+4

= 8Xp + (

= 8(n + 4)xy + (80 — n?)y, - (80n + 4n*) = 0 ¥n
= (=¥ - 4)n® + 8(xo - 10)n + (32x, + 80y,) = 0 Vn
~Yo-4=0
= x:O-w:o @{x":m
32, + 80y, =0 Yo~
Vay MN ludn di qua mot di€m c6 dinh la (10; —4).
Bai 14

Cho prabol y = x* va dudng thing y = mx + 1. Ching minh ring khi m
they d6i dudng théng ludn ludn cit parabol tai hai diém phéan biét A va B.
Tim quy tich tdm dudng tron ngoai tiép tam gidc OAB khi m thay déi (O la
goc¢ toa do).

- (PE THI DAI HOC NGOAI THUONG CO S 2 - 2000)
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-Giai

Hoanh dd giao diém cia parabol va dudng thdng la nghiém cia phu’ong

trinh X! =mx+1ox*-mx-1=0.

ViA=m?+15>0; Vm nén dusng thing luén cidt Parabol tai hai diém
phan biét A va B, cé tich cdc hoanh do bing -1.

Goi A(a; a?), B(b; b?). Do A va B thudc duding thdng nén :

al=ma+1 a-b%?=m(a-b) a+b=m
b2=mb+1 = {a?+b%®=ma+b)+2 = {a?+b2=m? +2

_abzul ‘ ab=_'1 ab:-

Phuong trinh OA : y = ax = phuong trinh trung truc cia OA 1a :

_ 1 a?+1
St
Phuong trinh OB : y = bx = phu‘cmg trinh trung truc cia OB 14 :
o= 1 2 b? + 1
| b 2
Toa d¢ tAm dudng tron ngoai tiép tam giac OAB la nghiém cua hé :
1 al +1 - ab(a + b) m
y=-=X+-——0" X= =—
a 2 o .2 = =>y=2x'+1
B b2 +1 _a’+b%+ab+1 ~m?+2
S S L YT

‘ A
Véy tép hgp tam dudng trdn ngoai tiép AOAB la parabol : y = 2x* + 1

D.CAcC BE TOAN DE LUYEN TAP
01. Lap phuong trinh cua parabol cé dinh la goc O va chén trén dudng thdng
y = x mét doan dai 4v2.

DS : y° = +4x, x? = +4y.

02. Viét phuon trinh parabel biét tiéu diém F(3; -1) va dudng caudn .
A:x-2y+1=0.

DS: 4x® + y® + 4xy - 32x + 14y + 49 = 0.

2
03. Cho parabel (P) : y = % va dié nA[—IE—?-' %z)

a) Viét phuemg trinh duong thing di qua diém M;(-—l; %] va vudong géc

v6i hai ti€p tuyé&n cia (P) tai M,.

b) Tim tat ca cdc diém M trén (P) 830 cho AM vudng goc vdi tiep tiyén
cua (P) tai M.
(PE THI DPHQG TP. HCM - KHOI A - 1997)
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PS: a)x + §; b) (-1; lJ, (-5-,?—?), ( 3' 9) '
2 2 2 8 2’8

04. Cho parabol y* = 2px. Goi FK la khodng cach tir tiéu diém F dén tiep
tuyén Mt cia parabol tai M. Chimg minh rdng FK? = % FM. |

05. Cho parabol (P) : y* = 2px. Goi M,, M, 1a hai diém cila (P) c¢6 hoanh dp x,, x,.
a) Lap phuong trinh dudng thdng M;M,. Ching minh ring diéu kién can
va di dé MM, di qua tiéu diém F cia parabol 1a y,y, = -p~.

b) Trong trudng hop M;M. di qua F, chung minh tiép tuyén tai MI va M,
vudéng goc véi nhau.

DS:a) Qp(x-%] (Yo + Y1 Xy -y)=0

86. Cho parabol (P) : y° = 4x. Puong thing d di qua tiéu dxém F cia (P) cit
(P) tai M, N. Tim tap hdp trung diém I ctia doan MN.

DS : y*=2(x - 1).
07. Trong mat phing cho parabol (P) : y* = 2px, p > 0, ¢6 tiéu diém F va
duong chuan A. Tiép tuyén d cua (P) tai M cdt Oy, Ox lan lugt tai I, N; d edt
A tai K.

a) Ching minh I 1a trung diém cia MN, FI 1 d va diém d3i xing cia F
qua I nAm trén A

b) Pudng thing qua F vudng goc véi Ox cat D tai L. Chimg minh FK = FL.
08. Trong mat phing Oxy cho diém F(1; 0) va mot diém thay déi M(-1; m), m € R.

a) Vi moi gia tri cua m hay viét phuong trinh dudng trung truc A cua MF.

b) Tim nhing diém trén mat phang khong thudéc dudng thing A nao.

¢) Chimg minh dudng A luén tiép xic véi mot parabol ¢é dinh.

PS:a)dx-2my+m’=0; b) i(x;y) | y* < 4x); c) y° = 4x.
99. Trong mat phang cho parabol (P) : y° = 2px, p > 0.

Piém M chay trén (P) (khdc dinh-cua parabol). Goi N, K lan luot 1a hinh
thxeu vudng géc cua M lén Ox, Oy. Chung minh ridng :

a) Puong thing qua K, vuéng géc véi OM di qua mot diém cd dinh.

b) Pueng thing qua K vuéng géc véi NK di qua mét diém ¢d dinh.

¢) Duong thdng NK luén tié€p xic véi mét parabol cé dinh.
- DPS: a)(2p;0); b)(2p; 0); o)y = -8x.
10. Trong mit phéng cho parabol (P) : y* = 2px, p > 0. Mot duong thing di
dong d cidt (P) tai M va N, cdt Ox tai I. Ching minh rang :

a) X;° = Xy.Xn |

b) N&u AOMN vupng tai O thi xuyxy = 4p° va d di qua mot diém co dmh

bS: b)(2p; 0).
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Phan 2. HINH HOC GIAI TICH TRONG KHONG GIAN

Chuyén dé 7 : VECTO TQA PO TRONG KHONG GIAN

A.TOM TAT Li THUYET

1. TQA b0 CUA DIEM /

—»-»—)1

M(x; y; z) déi véi hé toa do {O;el;ez;eaj
M(x; y; z) < OM = xe,+ ye, + ze, .
2. TOA DO CUA VECTO

- - -3 - -
® a=(aj;a%a ) a=a;e;+ase,+a,e;y.
* V0i A (xa; ya; za) va B(xg; yp; zp) thi :

—

AB = (Xg - Xa; YB — ¥a; ZB — Za).
3. CAC PHEP TOAN VE VECTO

Cho a = (a; ay; ay), b = (by; by; by), k € R, khi dé :

—
a + b =(a; +b;ay, tby; a3 + ba).

- - al=kb1 5 a
e a=kbeo az=kb2<:%l=;)ibb—3
a3==kb3 1 2 3

Néu ; = k.g : hai vecta ; va b dugc goi 1A cung phuong, ky hiéu a// b.

O Chi y : Vecto 0 duoc coi la ciing phuong véi moi vecto.

g s a, =b,
® a=b¢> a2=b2-
ag = by

4. TICH VO HUGNG CUA HAI VECTG

-

e a.b=tlal Iblcos(a.b)

Cho ; = (a,; ay; ag), B = (by; by; by)

a.b =ab, + ab, + azba.

.—’
. |a!=\/af+a§+a§

| A—é | =J(x3 —x, P +(yp -ya)? +(zp —2,)° .
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o A a b a;b, +a,b, +a.b.
e cos(a,b)= —2- . L Wil o Wik e

- - 2 2 2 [2 2 2
lal.lbl J;1+az+a3Jb1+bz+b3
- 5> -

® a_.LbCDa b—0©81b1+azb;+a;b;—0
5. DIEM M CHIA DOAN THANG AB THEO TY SO k # 1

. A.B kAB < VO, (—)F/I—Qé—kko—g
( X, - kx
=

TgadécﬁaMny.M:Z%—»}g—B&.
z, —kz

.
L o

e M IA trung diém cladoan AB o k= -1 o l\ﬁ - _MB

xA+xB.yA+yB.ZA+ZB \
2 7 2 72

(xm; YMm; Zw) = (

6. TiCH CO HUGNG CUA HAI VECTO
,_.’

a = (a;; ay; az), b= (by; by; by)

Tich ¢6 huéng cia hai vects a va. b 1a vecto ¢ cé tinh chat :

{

ap a3l |ag a;| |a; a iR
e c=(cycyCy)= : : ,kihiéu c=a A b.
noes [bz bg|'bg by’ [b, bz] N
, - - =25 5 -5 Ebr-;/\g
e Néu a,b cung phuongthi c=aAb=0
e ¢ la,clb .
" b
¢ theo hudng tao nén tam dién thudn
(a,b,c)(xem hinh vé). \
- - - - =
slel=lanbl=laliblsin(a,b) a
= dién tich hinh binh hanh ¢c6 canhla la | va | b |.

e Cho tam gidc ABC : S upc=

l(X_\‘B /\;6)‘
2

: B, b, m d(‘Sugphéngc&(ZAb). m = 0.

e Cho hinh hop ABCD ABCD' : Vapepancn = (ABA AD),AA’.
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MOT SO HE THUC THUGNG GAP

o Véi ba.diém O, A, B bat ky, ta cé :

AB = AO+ OB (hé thuc Chasles)

—_r — —

AB =0B-0A.
AB = -BA.

M la trung diém ciia doan AB, véi O bat ky, ta c6 :

5584:26_39_*?_

Cho hai vecto a = (a;; az; a3) = (by; by; b3) khong cing phan

- = = - — —

a,b,c déng phdng < Im,ne R: c=ma +nb

¢; =ma, +nb,

- -

—
c=ma inb < {c, =ma, +nb,.
03=ma3+nb3

G la trong tam cua tam gidc ABC < (—I:&+5§+—G—()3 0

o VO, O—G’ ;((_)K+6§+OC)

—_— —

G la trong tam Cua tir diégn ABCD < GA+GB GC+G—B:8

—_— 1--—--) —— —_—

© VO, oc=§<0A+OB+OC+5ﬁ).

CAC BAT PANG THUC

Cho ;=‘ (ay; az; ag), b= (by; by; by).

la+bl<lal+lbl

D4u "=" xay ra khi a va b cung phuong

& J(a; +b;) +(a, + by)? +(ay +by)? < Ja? +a% +a3 + Jb? + b? + b
(bat ddng thuc tam gidc)

la.bl <lal.lbl

Dau "=" xay ra khi a, b eung phuong.

< la; by + agby + agbs ! ,[1a1+a2«1-a|3 -;»‘I—2+b2+b3

& (aby + asb, + aghy)® < (8% + a2 +a3).(b? + b +b3)
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B. PHUONG PHAP GIAI TOAN

Van dé 1 : CHUNG MINH CAC HE THUC VE VECTO
A. PHUONG PHAP

o Ding quy tdc ba diém d€ bien déi : AB = AO+ OB, AB = OB~ OA.
« AB=-BA.

e a,b,c dingphdng< Im,ne R: a=mb+nc

—

o a//b <:>3keR.:2=kb.

M la trung diém ciia doan AB : véi O bat ky ta c6 : @—OA+OB.
B.VIiDU
Vidul
Trong khéng gian cho tir diéen ABCD. Chimg minh rang :
AC+BD =AD+EC.
Giai
Ta c6 : Ezﬁ\]?é
BD = BC + CD
E+§I§ E+§é+ﬁ?ﬁ+(ﬁoAC+§6 AD+§C+8
;W'_J
0
Vay Ké+§f)=ﬁ+§6.

Vi dy 2

Cho tam gide ABC véi G 1a trong tAm va mot diém M trong khéng gian.
Ching minh : MA? + MB? + MC” = 3MG* + GA? + GB? + GC*.

Giéi
.2
MA®?= MA = ) + GA + 2MG GA

e

+ MB*= MB = MG+GB) _ & + GB +2MG.OB

, 2 ( 52

MC? = MC = ME+GC] MG +GC +2MG.GC

__,2 _._,2 ___.,2 __—+2 —_ —_— _— ey
MAZ + MB? + MC® = 3MG +GA +GB +GC + 2MG.(§A+ GB + GQ)
| 0
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2 2 32 52

MA? + MB? + MC? = 3MG +GA + GB +GC +0
Vay : MA% + MB? + MC? = 3MG? + GA? + GB? + GC2
Vidu 3

Goi A, B, C' l4n lugt la trung diém cia cdc canh BC, CA, AB cua tam|
gidac ABC. Hay tinh gi4 tri cta biéu thuc :

——  —— — —) —— )

BC.AA’+ CA.BB'+ AB.CC'.

Giai
— A

Ta c6 : g(_’ZA—A? EGM

| N
By _-2 Ry
CA.BB' = CA. M
P T T CA + CB B A C
Do d6 : I—B_C’,KA?W (_ZK.IE’E% K_’B(I_Ez
_ l[ﬁa.ﬁ+-§a._za+az.ﬁ+ag.ga+rg.az+gﬁ.ag]=

—

vi: BC=-CB, AC=-CA , BA=-AB.
Viduy 4

Cho tif diéen ABCD. Goi E, F, I 14n luot la trung diém cia AB, CD va EF.
a) Chimg minh ring IA+IB+IC+1ID =0.
b) Véi diém M bat ky trong khéng gian, chimg minh rang :

—_— e ——3 -  —

4MI =MA+MB + MC+MD.

Giai
a) Tacé: Elatrungdi€mcia AB< IA+ IB=2IE.
F la trung di€m cta CD < IC+1ID =21F .

—_ — — —— —»—

Dedé IA+IB+IC+ID =2(IE+ IF)=20=0
b) V6i Mrla mét didm bat ky, ta c6 :
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A = MA- MI
(B = MB- MI
+ — — —
IC = MC- MI
D = MD- MI

O MA + MB+ MC + MD - 4MI (vi : IA+IB+IC+ID—0)

_—  — —— —

' Vay 4 MI = MA +MB +MC +MD.

Vin dé 2 : TiM TOA b CUA VECTG VA CUA BIEM
A. PHUONG PHAP

-, e
e Mudn tim toa do cla mdt vectd x trong hé toa d¢ {O;el,ez,ea} , ta tim
| - —

- -
cdch bié€n doi dua vé dang x = x,e, + X,e, + Xge; . Bd ba sd thuc (x;; xg; x3) 12
—

toa d§ cia vecto x .
o Toa dj cia mét di€ém M la toa d¢ cia vects OM ddi vdi hé toa dp la

- 5 - —
{O;el,eQ,ea} nghia 1a tim cdch biéu thi vecto OM dudi dang :

— - - s

OM = xe;+ ye,+ze3 © M = (x;y; z)
(x; y; z) goi 1a toa dd cia diém M d4i vdi hé truc toa do da cho.

e Trong qud trinh bién ddi ta can chu y st dung cac tinh chit cda czic
phép todn vecto di néu trong phén tém tdt ly thuyét.

B. Vi DU
Vidul

Trong khéong gian Oxyz cho ba diém :A(1; 0; }2), B(2; 1; -1), C(1; -2; -2).

a) Tim toa do clia vectd BC va tinh d¢ dai doan BC.
b) Tim toa d¢ trong tdm G cua tam gidac ABC.

 Gia
a) BE=(1-2-2-1;-2+ 1) = (-1; -3; -1)
|BC | = ﬁ—l)2 +(-3% + (-1)? = J11.

b) G la trong tam ciia tam gidc ABC « (EZ& + (_}_ﬁ +GC = 0
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Xp+Xg+Xe 1+2+1 4
xG= = = —
3 2 3
_YatystYc _O+1-2___l
Y6 3 3 3
ZA+ZB +ZC -2-1-2 5
ZG= = = -,
3 3 3
VéyG(i;-l;—g]-
3 3 3

Vi du 2

Cho ba vecto ;: (2; -5; 3), g: (0; 2; -1), g = {1;7; 2).

a) Tim toa dd cua vecty d=4a-—%b+3c‘

b) Tim toa do ciia vectd e = a-4b-2c .
Giai
a)  da=(8 -20; 12) b r aeg-5E
L% -[o; - J _4b = (0; -8; 4)
3¢ = (\3 21; 6). “2_?:(—2;#4; <.
d=(11 3 182) 5 e
Vidu 3
Tim toa do cia vecto ; , biét réag :
a);+;=6 v6i ;=(1;—2;1).
b) b+x=4b véi b =(0;-2; 1).
) m+2x=n v6i m=(54;-1), n=(2;-5; 3).
Giai
a) x=—a, dodé x=(-1;2-1).
b) x =3b, dodé x =(0; -6; 3).
¢) §=E‘2—m. Tacé n-m = (-3; -9; 4)
> 12> (3 9
Vay x =§(n—m)=[—-2-, s 2)



Vin dé 3 : CHUNG MINH BA VECTO DONG PHANG HOAC KHONG DONG PHANG
A. PHUONG PHAP

e

. Mué’n chl’mg minh ba vecto a,b,c¢ dong phdng ta ching minh c6 hé

thue : a =m b +n c trong dé b va c khéng cung phuong.

1)
i)

¢ Muén ching minh ba vecto a,b,c khéng dong phing ta dung phuong

-

phdp phan ching, gia s ching déng phang nghia 1a ¢6 hé thic a=mb+nc

trong d6 b va c¢ khéng cung phuong.
Sau d6 chirng té6 radng khong tén tai ddng thic trén (tén tai la vé ly).

R. Vi DU
Vidul

Trong khong gian Oxyz cho ba vecto : a = (2; 3; 15, b=(5;7;0), ¢ =(3;-2;4).
a) Hay chung t3 riing ba vects a, b, ¢ nay khong déng phing.

b) Cho vecto d = (4; 12; -3). Hay phan tich vectd d theo ba vecto khéng i,_

déng phédng a, b, ¢ da cho.

Giai

a) Ta dung phuong phdp phédn ching. Theo gia thiét b va ¢ khéang cung
huong vi é:t ! & 0
F 37 271

) =P - had = . o i ‘ - - = d
Gia st a, b, ¢ dong phang, nghiala a =mb +nc.
- - =

Thay toa do cha cdc vecto a,b,c vao ta duge h¢ 3 phuong trinh véi 2 an
lamvan:

2=5m + 3n (1)

13 =Tm—2n (2)}

9) vi
1= 4dn (3) (2) va 3) > ;

lm=.__

\

Thay c4c gid tri cia m va n vao (1) ta cé :

(1= 2 = % + g Vay hé phuong trinh vo nghiém, nghia la khéng ton tai

-

hé thic a =mb+nc.Dodé, bavecto: a,b, khf)ng déng phéng.

-
b) Ta tim cédc s6 p, q, r sao cho d pa+q b+ r c Ta 6 :

117



4=2p+5q+3r [p=1 o i e e
12=3p+7q=2r<:q=1 =>d=a+b-c.
-3=p+0+4r r=-1

Vi du 2

Trong khong gian Oxyz cho ba vectd : a = (1; 2 3), b= (4 5: 6), ¢ = (2: 1; 0).

- = -

Chimng té rling ba vecto a,b, ¢ dong phéng.

Giai

Ta nhén thay hai vecto a va b khéng cung phuong vi % R

onin
(o) B RVY)

- 5 -
Muén ching minh a,b,c déng phing ta cdn tim hai s§ m va n sao cho
- -

a’
c=ma+nb.

2 = m +4n o
Theo gia thiét ta c6 : ]1 =2m+5n < {m —1 o
0=3m+6n -

5 ~
] .

Do dé ¢ =2a+b, nghiala ba vecto a,b,c ddng phdng.
Vidu 4

Trong khéong gian Oxyz cho bén diém A(1; 1; -2), B(4; 0; - 1) C(-1: 7; 0),
D(0; -2; - 4). .

Ching t6 ring bén difm A, B, C, D cung nim trén mot mit phing.

Giai

—_

Tacs: AB=(3 -11), AC=(-2 6, 2)

AR O ; ., @ 1 1
=  AB va AC khoéng cung phuong vi ot 2 e Es

AD = (-1; -3; -2).
Muén ching minh bon diém A, B, C, D cing nim trén mét mit phéng, ta

ching minh ba vecto AB, AC, AD déng phdng nghia la tén tai hai s6 m, n

~

e

sao cho :AD =mAB +nAC.

(~1=3m-2n
Tac6 ¢-3=-m+6n] [|“" g
‘ -2=m+2n }:' 6
m=-——
{ 8
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Do d6 AD = -g AB- g AC = 3 vects AD, AB, AC déng phéng. Ta suy ra

bon di€m A, B, C, D cing ndm trén mdt mat phéng.

Van dé 4 : CHUNG MINH CAC TINH CHAT HINH HOC
e Chung minh ba diém A, B, C thing hang.
e Ching minh hai dudng thdng song song.

e Chung minh hai duéng thdng vuong géc.
A. PHUONG PHAP

¢ Muén chitng minh ba diém A, B, C thing hang, ta ching minh :
AB =k AC.
e Muon ching minh hai dudng thdng a // b, trén a ta ldy vecto AB va
trén b ta lay vecto (?5 réi chimg minh ﬁ =k 66 .

e Muén ching minh hai dudng thdng a L b, trén a ldy vects AB va trén
b ta 14y vecto CD réi chimg minh AB.CD = 0.

B. Vi DU
Vidul

Cho hai ¢iém A(- 1; 6; 6) va B(3; -6; -2). Tim diéra M thujc mat phing
Oxy cua hé toz 4 Oxyz sao cho AM + MB ngién nhat.

Giai
- Hai diém A, I ndm vé hai phia khdc nhau cia mit phdng Oxy vi z, = 6
va zg = —-2. Do d4, khi ba diém A, M, B thdng hang ta ¢6 AM + MB ngén
nhat,

A, M, B thing hang < E{ =k ;ﬁ wf_.gA(—l; 6; 6)

Tacé : M(x; y; 0) vi M € mp Oxy

AM =(x+1;y-6,0-6)

AB = (4: -12; -8)

e M e Xx+1 y -6 —.6' 3
AM =k AB
=TT -1 -84

x=2 B(3,—6 -2)

Vay : M(2; -3; 0).
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Vidu 2

Cho hinh hop xién ABCDA'B'C'D'. Hay tim diém M trén dudng chéo AC
cia mat ddy ABCD va diém N trén dudng chéo C'D clia mit bén CDD'C' sac

cho MN // BD'. Khi d6 tinh %_

Giai
bat : 1_3:&:;; gl—}”zg; B_(Ezg
Ta cé : ﬁ=:+z+?
Vi MN /BD' néntacé: 1N =KkBD’
hay MN=k(a+b+c) = ka+kb«lc Y
Mat khac ta c6 : ﬁ&=ﬁé+6€'+(§7§1

Gid su : I\E=nK€) =n(—c’~v;) , C?I—)\szaf)=m(;~g)

—_— —_—

— ——

Do d6 : MN=HAU+C_6’TIR(5—’—]3 vdi CC' = BE’ :B

- - -» —

MN=n(ec-a)+b+m(a-Db).

-

Vay  MN =(m- n)g+ 1-m)b+nc (2).
So sdanh (1) va (2), ta ¢4 hé 3 phuong trinh 3 4n.

=
il

T
8
|

-
{
=]
il

Wit Wl |

=
li

\

Vay : rR=nE=%ZE:

C—'_I\)Izm(—l_'B=-§-C_’15.

Nhu vay cdc diém M va N di dugce xdc dinh trén AC va C'D.

—_

Do I\T&zké—ﬁ'=%é—ﬁ' nén ta cé g:l hay}\ﬂiz—l-.

BD'
Vidy 3

Cho hinh lap phuong ABCDA'B'C'D' canh a. Goi M, N lin lug: la trung
diém cua AD va AB'. Chung minh MN 1 AC.
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Giai

- 3 -
Chon A lam goc toa do va véi hé toa do {A;el,ez,e3}

4\
trong do e: AD ez = AB e; = AA'. D A
Ta c6: A(0; 0; 05, D(a;0;0), i
\ "0 O- !
B(O’ a) 0)! A (07 0: a), C' | B5
Cla; a; 0), B'(C; a; a). :
: \NI
M 1a trung diém cta AD nén M(E; 0;01, : { o
2 I N r'D .............. _ ................. ) A
X /! M T "
N la trung diém cia AB' nén N( g gw . ,/ 7
= a a a . ‘ 3
Do dé MN=(“—;—j—J aAC-(aaO) y
2 2 2
2 2

Ta c6 - MN.AC = —%- + %— +0=0. VayMN LAC,

Vin dé 5 : CHUNG MINH CAC BAT DANG THIC
A. PHUONG PHAY

Sur dung cdc tinh chat :

- - — b e d - .
. ;ul+-lvlz|u+v!. s uv <|uliy

B. Vi DU
Vidul

S LU ——

Chung minh bat ddng thic:a +b + ¢ < \[S(a + b"' +c¢” viia, b, claba
s6 thuc cho trude.

Giai

Dat u =(a; b;c), v=(1;1; 1) trong hé truc toa dy Oxyz.

- —
Taco:uv <lul.lvl

Haya+b+cx< \/a2+b2+c2.\/12+12+12.

Vaya+b+c< \/3(a2+b2+c2).
Vidu 2

Vi x 1a mot sd thue. Ching minh ring :

sin X + \/2—sin2 X +sinxv2-sin® x

<3.
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Giai |
Trong khong gian véi hé toa d¢ vudng géc Oxyi, cho cdc vecto :
a (sinx;'l; v2-sin®x), b(1l; v2-sin?x: sinx).
Tacé a.b =sinx + v2-sin? x + sinx V2 -sin? x

valallbl= Jsm Xx+1+2-sin x.\/]:+2—sin2x+sin2x

= lal.lbl =3.

Vila.bl<lal.lbl néntacé:

|sinx + V2 -sin?x + sinx Y2-sin®x | < 8.

Vidu 3

Véi a, b, ¢ la cdc s6 thue, ching minh ring :
a) ‘Jéz +b2+c2 +V3> \/(l—a)2 {1 =b)% 4 (1 =€)? .

b) (a + b + ¢)* < 3(a® + b? + ¢?).

Giai
a) Trohg khéng gian véi hé truc t@a dd Pécdc vudong géc Oxyz, cho cdc vecto

l

v=0ON=(1;1;1)

2|ﬁ§1

Do d6 : Va2 +b? +c? +\f§ > \/(l-aex)2 +1-b)2+(1-0¢)?.

- -

b) Véi u-(a,b c), v_.(1 1 1), ta cé (u v)2<u v2

Ta c6

hay (a +b + ¢)? < 3(a® + b? + ¢?).

C.CACBAI TOAN ONTAP
Bail

Cho tif dién ABCD. Trén cdc canh AB, BC, CD, DA ngudi ta lan lugt 1ay
cdc di€m A', B', C', D' sao cho v6i mét diém O trong khéng gian, ta luén luén

—_ - = — @ — @ — — —

c6 ddng thitc : OA’'+OB'+ OC'+0OD'=0A+0B+0C+0D.
AA' _BB'_CC' DD

AB BC CD DA

Ching minh ring khi dé ta c6 :
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, Giai
Theo gia thiét ta c6 dang thic :

OA +OB'+0C'+OD 5K+6—I§+66+OD

¢ (OA' - OA)+ (OB’ - OB)+(OC' - OC) + (OD'- OD) = 0
@E+é§'+€6’+ﬁﬁ’—0 ‘ (1)

Gié sit AA’ = kAB, BB’ = [BC, CC' = mCD, DD’ = nDA.
Tu (1) = krB +l§6+m6f)+n5?&=6
@kﬁ+l(ﬁ—ﬁ)+m(ﬁ—za) -nE=6’
< (k —-l)rB+(l—m)Xé+(n1—n)?D=6.

Vi ba vects AB, AC, AD khong déng phéng va khdc 0 nén tacé :

k-l=l-m=m-n=0.
Dodé: k=l=m=n

AA'_BB'_CC' DD

——

AB BC OD DA
Bai 2

Cho tit dién ABCD. Goi A, B, C', D' 1a cdc diém l4n luot 14y trén céc
doan AB, BC, CD, DA sao cho:
AA=kAB, BB=kBC, CC=kCD, DD =kDD.
a) Ching minh véi diém O bat ky trong khéng gian, ta iudn cé :

OA + OB + OC + OD = OA’ +OB' +OC' +OD’
b) Véi k = -1 ta duge A'B'C'D' 1a hinh gi ?

Giai

a) Tit hé thic AA = kAB ta ¢6 didm A
chia doan AB theo ti s6 k nén :

OA - OA’ = k(OB - OA")

Dodé: OA'l-k)=OA-kOB

67\=M vér k = 1.
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Tuong tu ta cé :

on _ OB- kOC’ oG . 9C-k0D . m OD-kOA
C1-k ~ 1-k 1-k

Do d6 :

—> — —_— —

6K'+(—)§'+6—6’+(ﬁ' OA+OB+OC+OD1 k:{OA+OB+OC+OD)

—_ - — —

_ (DA+0OB+0C+0D)1-k)
B 1-k '

Viy : (I&' +O-P:’ +O-C" +(—)B'=OA+OB+OC+(“)T).
b) V6i k = -1, tacé A, B', C', D' lan luot 14 trung diém cda cdc canh AB, BC,
CD, DA. ¥hi dé6 AB'CD' 1a mét hinh binh hanh vi ¢6 AB / D'C' // AC va
A'D //BC // By
Bai 3.

Cho hinh lap phuong ABCDA'B'C'D' ¢6 canh bang a. Goi M, N lan lugt 1a
trung diém ctia cdc canh AD va BB’ Ching minh ring : MN L AC.

Giai

Chon hé truc toa do 6 géec la A va chc vectd : % B.
! » —pp 4 —— — —
e, = AD ,e, = AB, = AA’ j :
1 € €3 D o
Tacé: A0;0;0), D(1;0;0), N
B(0; 1; 0), C(1;1,0) S
\ P L TR ol T —
A'(0; 0: 1), M(} ;030 !, B
. 27 M.
N(o 1 _]_)
LV S BN 2 . D | C

A 1\ — ——
MN:(“ L5 MNAC=-141+1=20
= 2 2

/

Bai 4

Cho hinh hop ABCDA'B'CD'. Goi P, R lan lugt 1a trung diém cia cdc
canh AB va A'D. Goi P, Q, Q, R' ian lugt la tdm cha cdc hinh binh hanh
ABCD, CDD'C', AB'C'D’, ADD'A.. :

a) Ching minh riing F—’F + 66’ +RR'=0.

b) Ching minh ring hai tam gidac PQR va P'QR' ¢6 cung trong tam.
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Giai

a) Ta c6 : 55':%33
Q@ - LoA
2
== L
RR' = —=A'A
2

iy

ﬁ'+®’+ﬁ'=%(§ﬁ+ﬂ"+ﬂ)= 0

b) Gia sir G la trong tam cua tam gidc PQR,

— —_

ta ¢6 : C‘TP;+GQ+GR:8

Mit khéc - 65':@+1TF’"
GQ' =GQ+QQ’
GR' = GR + RR’

E§'+5§'+cﬁ'zﬁ5+cﬁ+(ﬁ+§§'+§§’+ﬁ'
-0 -0

Do dé : GP'+ GQ'+GR' =0 va ta suy ra; G ciing la trong tam cia tam
gidc PQR.
Bai 5

Cho C la mot diém thudc doan thdng AB sao cho L g Chitng minh
n

ring v6i O 1a mot diém bat ky trong khong gian, ta luén c6 :

—

0C--"_0A+—"™_0B.
m+i1l m+n
Giai |
Theo gia thiét : A\ C B
on . m. 40 O
CB n AC+CB m+n
Do dé6 : AC: i :E_é: = :‘X—é
Kﬁ m+n m+n 0]
— OC-0A - —™ (OB -0A) véi O la mot diém bat ky.
, m+n "
- 0C=0A-—2 0A+—2 0B = 0OC=—"_0aA+—2_0B.
m+n m+n i m+n m+n
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Bai 6

Cho ABCD va A'B'C'D' 1a hai hinh binh hanh trong khéng gian ¢6 chung

mot diém A. Ching minh ring cdc vectd DD’, BB’, CC' déng phéng.

Giai

Ta c6 : Iﬁ'=g_A)+A_B"

_  —  —

DD’ = DA + AD’

BB'+ DD’ = (BA + DA) + (AB' + AD")
ABCD 1la hinh binh hanh nén
E.K:Eﬁ va AB'C'D' cing la hinh
binh hanh nén AB' = D'C’. Thay cdc
két qua nay vao (1) ta c6 :
ﬁ—-}?:'+56'='k65+6§ - ﬁ%%ﬁg = 56‘
AC’

=
07:

Vay : I3_13"+5B' = 6—6' (2)
Hé thue (2) bidu thi ba vecta DD, BB', CC' déng phéng.
Bai 7

Trong khéng gian v6i hé toa dp Oxyz cho ba diém : A(1; 2; -1), B(-4; 7; 5),
C(2; -1; 3). _
a) Chung td ring ba diém A, B, C khong thing hang.

b) Pudng phéan gidc trong tai dinh C cia tam gidc ABC cdt canh AB tai
M. Tinh d6 dai doan CM.

Giai
P = C(; -1; 3)
a) Tacé: AB=(-5;5;6), AC =(1;,-3;4) |
va nhén thdy - g # 2 # N nén
: 1 -3 4

E va —A—é khong cfnig phuons :
nghia 1a ba diém A, B, C ki . ag A1;2;-1) M B(-4; 7;5)
‘thing hang. | |
'b) Ta bi€t réing dudng phén gi:c crong cia mot tam gidc chia canh déi d:én
ra hai doan ti 1& véi d§ dai hai cana bén tuong ing nghia la : -g:——% = %% :
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,[Taco: CA= ICAl=v1-22 +(@2+1) +(-1-3) =26

CB=!E§|=J(-4-2)2+(7+1)2+(5-3)2 - J104

. 26 J’ 1 MA
Vay : ,/ ==
104 2 MB

Ta c6 hé thuc MA kMB véik = -= (v1 1\rIA va MB ngugce hu‘o‘ng)
’ 1
T s s 2 [l
2oy = TA - kxp ( 2]( ) 1-2 2
Yotek (1) 33
L 2 2
1 7
" 2-{-=1.7 D+ -
. : Ya —kyg (2) 2 _11
T : M4 = = - 2T
a c6 A¥M T - B 3 7
2 2
1 3
_1_[__)5 3
Z _ZA—k'ZB 2 __2__1
M = =2 -
1-k ; _1 3
. 2 2
Toa do diém M(-Z-l-l 1]
3 3

— 2 \ (11 ¥ , 1 2
CM=|CM]| = -5-2 +5 o+l +(1-3) =§Js4+196+36=§J7_4.
2J_

T3

Do dai doan CM la : CM =

Bai 8

-

Trong khong gian vdi hé tea dd Oxyz cho ba di€m A(1; 2; 4), B(2; -1; 0),

C(-2; 3; -1).
‘a) Chung t¢ ba diém A, B, C tao thanh mét tam gide. Goi M la diém c6

toa do (x; y; z). Tim diéu kién d€ bon diém A, B, C, M déng phing.
b) Tim toa do diém D biét ring ABCD la mjt hinh binh hanh.
¢) Tim dién tich hinh binh hanh ABCD d6.

Giai
AB=(1; -3 -4 s e
a) ( / ﬂi—:ﬁtijB vi AC khéng cing phuong.
AC ='(-3 1, -5) h
Vay ba diém A, B, C tao thanh mdt tam gidc.
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Ta cé : A, B, C, M dong phdng < A_ﬂ/[. = m AB +nXé

X-1=m-3n (1)
< y-2=-3m+n (2)
z-4=-4m - 5n (3)
Tu (1) va(2) tasuyra:m = _’E:%Z n= 3"‘;"5_

Thay cac gid tri tim dugc cia m va n vao (3), ta cé :

x+3y -7 2 53x-y-5)
2

Vay diéu kién dé bén diém A, B, C, M dong phéng la c6 hé thic
19x + 17v - 8x - 21 =0.

z-4= < 19x + 17y -8x -21=0.

b) ABCD la hinh binh hanh < AB =DC. Gia sit D(xp: Yo: Zp)
1=-2-xp Xp = -3
& $-3=3-yp ©<yp =6
-4=-1-zp. |2p=3

c) ;= AB A AC . Ta bist ring |§| = dién tich hinh binh hanh ABCD :
PO | i 173 a0 17 8)
i -5/ |-6 -3 |-3 1

Dodé: |s| =192 +17% +82 = J361+ 289+ 64 = V714 dvdt.

Vay dién tich hinh binh hanh ABCD la |s| = V714 (dvdt).
Bai 9 |

Cho bén diém A, B, C, D tuy y. Hay ching minh :

AB.CD + AC.DB + AD.BC =0. _
Hé thuc trén 12 ddng thiac Euler, hay dung hé thic Euler dé chirmmg minh :
e Ba dudng cao cla mot tam gidc déng quy.
e Né&u mdt hinh t& dién c¢6 hai cap canh déi vudng géc thi ciap canh doi
cdn lai ciing vudng géc.

Giai

—_— > — —

ABCD AB(AD AC)—ABAD AB.AC

—_ — mdfy wuell gl g b _ —

AC.DB = AC.(AB - AD) = AC.AB - AC.AD

_— — —_— —  — —_

AD.BC = AD.(AC- AB) = AD.AC - ADAB

—_— —_ — —_— =

Cong tu’ng vé ba ding thic trén, ta ¢c6 AB.CD = AC.DB + ADBC =0 la
dpcm.
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C
.. Trong tam gidc ABC goi D la giao diém cia hai dudng cao xudt phét tir C

vaBtacs: AB.CB=0viAB lCD.

AC.DB=0vi AC L DB.

Dua vao dédng thirc Euler ta suy ra AB.BC=0 = AD 1 BC.
Véy AD la dudng cao vé tir A va nhu vay D 14 truc tdm cia tam gidc ABC.
Dc‘ii véi tif dién ABCD ta c¢6 :

—_— —

'NéuAB 1 CD thi AB.CD =0
N&u AC L DB thi ACDB=0+ 4

Theo ddng thic Euler ta suy ra ngé =0 = AD 1 BC.
Chu ¥ : Ta c6 thé phan tich cdch khdc nhu sau :

—_— — —_ — —_— —_— — — ——

AB.CD = AB.(CA+ AD)=AB.CA+ AB.AD

AC.DB = AC.(DA+ AB) = AC.DA+ AC.AB.

AD.BC = AD.(BA+ AC) =AD.BA+ AD.AC

Cén+ ting vé ba ddng thic trén ta dé dang ching minh dugc ddng thic
Euler. ’

Bai 10

Cho hinh lap phuong ABCDA'B'C'D' canh a. Goi P, Q la cdc diém 14n lugt
xéc dinh bgi AP’ = -AD’, C'Q = -CD.

a) Chifng m/nh ring dudng thing PQ di qua trung diém M cia canh BB".

b) Tinh d6 dii doan thing PQ.

. Giai
a) Ta cian ching minh ba di;e"m : P, M, Q thdng hang.
Dit BA=a ,BB'-b,BC=c.
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wndp
e _

Tacé:l\’/ﬁzﬁﬁ+§4&+;\—§= _%+§-<E+'§)vi AP =C'B

—_

e

MQ:I‘?I%#%#E’EQ: -+ :_(;_E) vi C_'Q=

ool

—

Do d6 MP =§-?-gb

- — =

va MQ:-—a+c+§b.

Dua vao két qua trén ta c6 :

P --MQ.

Nhu vay M la trung diém cua
doan PQ (tat nbién la ba diém P,
M, Q thing hang).

- -

b) Tacé: PQ =2MP ma M"-—a—éb—c

: Q
- -2 52 2
MPp? MPz(a——E‘-b—-cJ =a+%b+c + 0.

Chil ¢ rdng vi cdc vecto ;, b, : ddi mét vubng géc véi nhau nén ta ¢6
i = -2 -2 2
a.b =0, b ¢ =0, c a~0 Mat khdctacé a =b =c¢ =a’

Codé: MP?=a’4+ ga2+a2 =Ea = MP = —1— 17 .

4 4 2

Vay PQ=2MP = aJ17.
D.CAC DE TOAN DE LUYEN TAP
01. Cho hinh hop ABCDABCD c6: BA'=a, BB=b, B'C'=c. Goi M 1a

ot o s B ko . MA
diém chia doan thi:g AC theo ti s¢ m nghiala —=mva N la diém chia
MC’

—_

doan thdng CD' theo ti s6 n nghia la -i—c = n.
ND'

-2 -

a) Hay biéu thi cdc vecto B 'M, B‘N theo a, b, ¢
b) Xdc dinh m, n dé dudng thdng MN song song véi dudng thang B'D.

1a0



bS: a) BM=- - =1
m-1 m-1 m-1
BN=-—2 4 - b#e
n-1 n-1

b) Huéng dén : MN // BD < MN = kB'D, trong dé :

IQFNz( a_ . L \g+(— : + - ]g+(1——-—n~l—)_c).
n-1 m—_lJ n-1 m-1, m-1

+b+ec

ol

Sl

, | -3
Muén MN // BD ta phai c6 : {m g
ne-—

02. Cho khéi ti dién ABCD. Goi M, N theo thi ty la trung diém cta DA va
. BC. Goi I 1a trung diém ctia MN. Ching minh ring :

—_ - —  —

a)MN:%FB+%EE. b) JA+IB+1C+1ID =0.

03. Trong khéng gian cho mét diém O va bén diém A, B, C, D phan biét,
khéng thing hang. Ching minh didu kién cdn va di dé ABCD la mdt hinh

—_ s —  —

binh hanhla : OA+OC = OB + OC.

04. Trong khong gian cho tam gidc ABC c¢é A(1; -1; -3), B(2; 1; -2) C(-5; 2; 6).
DPudng phan gidc trong cia géc A cit canh BC tai D. Hay tinh toa d§ diém D
va chiéu dai doan AD.

3J10

DS : D( LN 3),AD=——.
4’4’ 4

05. Trong khong gian cho céc vecto :

Y

a =(-1;3;2), b=(2;-3; -4), ¢ =(-3; 12; 6).

- = - — -
Chiing minh ba vects a, b, c déng phing va tinh ¢ theo a va b.

-5

DPS: c=5a+b.

06. Cho vecto e, = (1;0; 0), e, = (0; 1; 0), e, = (0; 0; 1).

- - > - = - - - - -

Biét:a =e;+e, , b=e; +e5 v c = e, + mey + ey
- -
a) Tinh g6c cua hai vectd a va b.
b) Pinh m va n dé vecto c vu%ng géc véi hai vectd a va b.
Tinh d6 dai cla vecto c .
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- - | 1 = - B
S: a) cos(a;b) = 5 = (a;b) =60".

b) ee(hma) wime-1,n=1vk e ] =8,

—

07. Cho cdc vecto ; = (4; =2; —4) va b = (6; -3; 2). Hay tinh tich v6 hudng
(2a-3b)(a+2b).

DS : Tich vé hudng la —200.
08. Trong khéng gian cho hai hé vecto sau day, hé nao déng phéng ?

—p

a)a =(1;23), b =456, ¢=(21;0).

b) m=(-1; 2; 8), n'=11; -2; 0),.p = (0; 1; 1).

DS He {-+ b } déng phéng, hé {m n; p} khéng déng phdng.

'09. Tinh dién tich tam gide ABC cho bigt A(7; 3; 4), B(L; 0; 6) va C(4; 5; ~2).
49

DS : Sypc = El AB A AC = -\/142 T 422 L 212 -

10. Trong khéng gian cho bén diém A, B, C, D tuy y. Goi M, N, P, Q theo
thit tu 12 trung di€m cda cédc doan thdng AC, BD, AD, BC. Chirng minh rang

— — s sy

a) AB+CD=AD+CB = 2MN

b) AB-CD = AC BD 2PQ

11. Cho t di¢gn ABCD. Tim diém O sao cho OA + OB+ OC +OD = 0 .

Ching minh diém O la duy nhat.
Hudng dén : Liy E, F lan lugt 1a trung diém cia . AB va CD. Lay O la

-

trurig diém cua EF, ta c6 OE + OF = 0.

~12. Trong khong gian Oxyz cho tam gidc ABC biét : A(2; 1; -3), B(3; -2; 2) va
C(4; 0; 1).

a)TacéAH_LBCtalH TimtoadocuaHvatinh IAH l.
b) Tim dién tich tam gléc ABC

Hudng dén :
a)XI_:IJ_Eé voi H(x; y;2)tac6 :x+2y -z =0 o (1)
'vdiﬁllgétacéz x-3=y;—2=z—12, (2)
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Tu (1) va (2) ta tinh duge H (%’%’%) va AH = f5_35 :

b) Snanc =—;~BC.AH=—;—J§.J%5=%J110(vi BC=6).’

Chu y : C6 thé tinh bdng cdch dap dung céng thuc :

13. Cho cédc sd thuc a, b, ¢, d, e, f. Ching minh ring :
(ab +cd + eN? < (a% + ¢ + e2)b% + d? + £?)
Hudng dén : Dat :u = (a; c; e); v =(b; d; f) réi dung tinh chat

- -

=9 -
(u.v)®s<u ooy dé chiing minh,
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Chuyén dé 8 : MAT PHANG

A.TOM TAT Li THUYET

1. CAP VECTO CHi PHUONG CUA MAT PHANG
Giad si mat phdng (a) xdc dinh bdi ba P
diém A, B, C khéong thdng hang, khi d6 hai >

vectd CA = Z va EB’ :g dugc goi l1a cdp %{

vectd chi phuong ciia mit phing (a), (a /a

—_
va b khong cung phuong).

Nhu vay mét phdng (a) hoan toan duge xdc dinh khi biét mét diém thusc
né va mdt cip vecto chi phuon'g ctia né.
2. VECTO PHAP TUYEN CUA MAT PHANG

=X}

Vecto n khdc vectd 0 dugce goi la vectd *
phap tuyén cia mit phdng (a) néu nd '

nim trén dudng thing vuéng géc véi mit
phing Ay va duogc ky hiéu n 1 ().
- Mit phing (a) hoan toan duge xdc dinh ;a\'

khi biét mot diém thudc né va mét vectd r
phédp tuyén cda né.

Chu y : Trong khéng gian Oxyz néu a = (a;; ay; ag), b= (b;; by; by) la cdp

vecto chi phuong cia mdt phdng (e thi khi dé vecto phdp tuyén ncia (@) cé
toadéla: '
'|a1 ag )

"|b, by |

Qg ag
b, by

4z 4,
by b,

H

- = -
n=aaAb=

- - -

Hién nhién la _r;l avanlb.

3. PHUONG TRINH TONG QUAT CUA MAT PHANG

Trong khéng gian v6i hé toa dp Oxyz cho trude, mdi mat phing la tap
hop tat cd cdc diém c6 toa do (x; y; z) théa man mot phuong trinh c6 dang :

Ax +By+Cz+D=0 vdiA’+B%*+C? % 0 (1)

Nguoc lai tap hop tdt ca cdc diém c6 toa do théa man phuong trinh (1) 1a
| mot mat phdng. Phuong trinh (1) duge gei 1a phuong ‘rinh téng quat cia
mit phéng (a).

e Né&u mit phdng (o) di qua diém Mo(xq; yo; zo) v@ nhan n = (A; B: C)
lam mét vecto phédp tuyén thi né cé6 phuong trinh tng quat la :

Alx - xp) + Bly - y ) + C(z - z).
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4

. Néu (a) 1a mat phang cé phuong trinh la : Ax + By + Cz + D = O th‘x'l
x; = (A; B; C) l1a mot vects phap tuyén cia né. ' |
4. VITRI TUONG POi CUA HAI VECTO MAT PHANG !
Trong khéng gian Oxyz cho hai mat phidng (a) va («') lan lugt ¢6 phu‘o’ng:
trinh téng quat la :
(o) : Ax+By+Cz+D-()
() :Ax+By+Cz+D =0

Khi dé vectu ;: (A; B; C) va ; = (A" B; C') lan luogt 1a vecto phap tuyén
cua («) va (a)
a) Hai mat phdng (a) va (o') edt nhau theo giao ‘tuyén la mét dudng
thdng khi va chi khi hai vecto phdp tuyén khéng ciing phuong, nghia la :
(W cat () =>A:B:C2A :B:C |
b) Hai méat phing (@) va («') trung nhau khi va chi khi hai vecto phap

¥

tuyén n va n cung phuong va hai miat phang dé cé chung nhau mét diém.
A B C D
() trung véi (o) < —F‘?z e -Ez Th
¢) Hai mit phing (a) va ‘') song song véi nhau khi va chi khi chung
khong cit nhau va khéng trung nhau.
(o) // (o) <= -é-z-?—-—-'*g—iv?-,
A" B C D
5. CHUM MAT PHANG
Cho hai mat phang (a) va (a') cit nhau. Tap hop cac mat phing qua giao
tuyén cua (a) va (a') goi 1a mot chum mét phing.
Gia st (o), («') cdt nhau, lan lugt ¢6 phuong trinh :
(a):Ax+Byl+ Cz+D=0;
(@):Ax+By+Cz+D' =0
Khi d6 mdi mat phdng qua giao tﬁyén cia (o) va (') déu c6 phuong trinh
dang : .
mAx+ By +Cz+ D)+ n(Ax+By+Cz+D)=0 (2)
véim? + n? # 0. : S ‘
Nguoc lai mdéi phuong trinh dang (2) déu la phuong trmh cua mot mét
phing qua giao tuyén cta (a) va (a').
6. GOC GIUA HAI MAT PHANG
Trong khdng gian véi hé toa do-Oxyz, cho hai mat phing (o) va (o) 1an
luct c6 phuong trinh :
() :Ax + By +Cz+ D=0

()V:Ax+By+Cz+D=0
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Goi ¢ la géc giira hai mat phdng (o) va (a).
Khi d6 ¢ bing géc giita hai dudng thing
lan lugt vuéng géc vdi (a) va (a'). Vay ¢ blng
ho#c ba vci géc tao béi hai vecta phdp tuyén
n=(A; B; C)va n'= (A} B}; C) cia (o) va (a')
De dé :

n-x;i _ IAA'+BB’+CC1
q"{;i a JA2 + B2 + CZ_JA’Z._}. B’2 3 012

cosg =

Do dé : () L (o) & AA' + BB' + CC' = 0.
1. KHOANG CACH TU MOT DIEM DEN MOT MAT PHANG
Trong khong gian v6i hé toa d¢ Oxyz, khoang Mo(Xo; ¥o; 2o)
céch t¥f diém My(xo; Yo; zo) dén mat phéng (o) c6
phuong trinh Ax + By + Cz + D = 0 dugc tinh
theo cong thiic : t
A, (@) = | Axo + By, +Czo +D | H
JA? + B2 +C? L
8. CAC TRUUNG HQP RIENG CUA PHUONG TRINH
TONG QUAT CUA MAT PHANG |
Trudng hop téng qudt : Ax + By + Cz + D=0 vé6i A+ B*+ C* = 0,
e D=0>= Ax + By + Cz = 0 : mat phéng di qua goc toa d4.
e C=0> Ax + By+ D = 0 : mat phidng song song véi truc Oz.
e B=0= Ax + Cz + D = 0 : mét phéng song song véi truc Oy.
¢ A=0=By+Cz+D=0:mat phing song song v6i truc Ox.
o C=D=0::>Ax+By=O:métph&ngcht'mtmc03.
¢ B=C=D =0 = x=0:mat phing (Oyz).
Tuong ty : y = 0 : mat phing (Ozx) -
z = 0 : mat phang (Oxy)

B. PRUGNG PHAP GIAI TOAN

Viin of 1 : LAP PUUGNG TR CUA MAT PHANG
A. PHUONG PHAP

Muén lap phuong trinh cia mat phing («) ta cidn tim didu kién cédn va du
tap hop cic-di€ém M(x; y; z) thugc (a). Ta cé cac truong hop :

e Mat phing (o) di qua diém Myx.; yo; o) nhan n = (A; B; C) lam vecto
phap tuyén.
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M(x; y; 2) € () & ;.MOM:O (;J.MOMJ.

n=(A;B;C)
c:aA(x—xo)+B(y—Yo)¥C(z—zo)~’=0 (1) t
' Phuong trinh (1) dugc goi la phuong trinh \:L/’M
tdng quat cia mat phing (). M,
L g Mét ph'ing.((l) dl qua dlém M()(X{), Y!h ZO) a

nhén a = (aj; ao; 83) va b= (bl) bg, b3) lam cap

vectd chi phuong (t4t nhién a, b phai khéng cung phuong)

—_— 9 o

M(x; y; z) € (a) < 3 vecta {MOM a, b} déng phing.

—_

& MgM=ma+nb (m,nla cdc tham s6)

Viét hé thic trén dudi dang toa dg, ta cé :

X - Xo = ma; +nb,; X = Xy + ma,; +nb,
y-Yo =ma; +nby, & {y =y, + ma, +nb, (2)
z2-2, = mag + nby Z =2y + may + nby

) Phuong trinh (2) duge goi 12 phuong trinh tham sd cia mat phing (o). Ti
phuong trinh (2) néu khir cdc tham s6 m, o nay ta dugc phuong trinh tong

-
quét cua (a). Mit kbae, ta c6 phé" tim duge vectag phdp tuyén n cia («a) khi

biét cap vecto chi phuong a = (a;; ag; ag), b = (by; by; bg) cua (o). Ta cé :

- - - al a2
n=aAbs= .
( ool

Do d6, ta duge phuong trinh tdng quat caa (a) la :

ap 83]
b, ba

ag a)|
by by’

(x - x0)+ (z z2y) =0

I(y Yo) +

by by b3 b, b bg

B. CAcC Vi DY
Vidul

Trong khong gan voi hé toa dé Oxyz, hay viét phu‘dng trmh tdng quat
cia mat phing (o) di qua diém A(0; -1; 4) va nhin céac vecto u = (3; 2; 1),
: = (=3; 0; 1) lam cap vecto chi phuong.

Giai

—_ 2

M(x; y; z) € () & {AM, u, v} ddng phgng
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e s x-0=3m-3n (x=3m-3a (1)
< AM=mu +nv < {y+1=2m & {y=-14+2m  (2)
' z-4=m+n z=4+m+n (3)

0O Cach 1: Khi tham sé
T (2) = m= Y1
y+1 2z-y-9
2 2
Thay gi4 tri ctia m va n vao (1) ta c6 :
= 3(y +1) _3(2z-y-9)
2 2
Rit gon ta duge phuong trinh tdng quat cia mat phing () 1a :
x-3y-3z-15=0.
0O Cach 2 : Dung vecto phédp tuyén

Ty3)>n=z-4-m=gz-4 -

<> 2x - 6y+ 6z - 30 = 0.

Mat phdng (a) c6 hai vecto chi phuongla: u=@3; 2 1), v=(-3,0: 1)

Do dé () c6 vecto phdp tuyén n = u A v la:

=¥ 2 1 1 2
n:( ;I 3‘;l3 OU=(2;—6;6)

0 1 11 -3 |-3
Ta chon vecto n’ = (1; -3; 3) cung phuong v6i n lam vecto phap tuyén cia (o).

Tacé : M(x; y; z) € (a) <> r_;'m =0 1(x-0)-3(y+1)+3(z-4)=0
&ox-2y+32-15=0
Vay phuong trinh téng qudt cia mat phing (o) 1a : x - 3y + 3z — 15 = 0.
Vi du 2 '

Trong khéng gian vdi hé toa do6 Oxyz, viét phuong trinh tham sé va
phudng trinh tdng quat clia mat phing (a) di qua ba diém A(1; 1; 1) B(2; 4; 5), I
Ci4; 1; 2).

Giai
Ta c6 : ;\T'S =(1; 3; 4); XE =(3;0; 1)

Tacé AB va AC Ia cap vectd chi phuong cla mét phdng (a)

[—5 ‘e —

Mx; y;2) € () & {AM, AB, AC} déng phing

\

. x-1=m+3n
< AM =mAB +nAC © {y-1=3m
Zz-1=4m+n
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x=1+m+3n (1)
Ta c6 phuong trinh tham sé ctia mit phdng (o) 1a : {y =1+ 3m (2)
z=1+4m-n (3)

; y~1
Ty (2)tacd:m = 5 -

1

4y-1) _3z- 4y+1
3 3

Thay cac gia tri cia m va n vao (1) ta ¢6 :

Tu(3)tactb:n=z-1-4dm=2z-1 - —~—

x=1+ y_1+32—4y+1<:>3x+11y—9z—5:0.

Ta dugc phuong trinh téng quat cua mét‘ phdng («) la :
3x+1ly-9z2-5=0
Nhan xét : Ta c6 thé 1ap phuong trinh tdng quat cia («) bing cdch tim
vecto phdp tuyén ; = —A—é A Xé clia mat phéng (o)

Vay phuong trinh t(‘)ng qudt c6 dang :
B3x-1D+11(y-1)-9z-1)=0=3x+11ly-9z2-5=0.
Vi du 3

s
Tacé: n=

=(3; 11; -9).
0 1I J ( )

Trong khong gian vdi hé toa do Oxyz, cho ba diém lan lugt ndm trén ba
truc toa dd 1a : A(a; 0; 0), B(0; b; 0), C(0; 0; ¢), véi a, b, ¢ # 0. Hay lap phuong
trinh téng qudt‘ctia mat phing di qua ba diém A, B, C dé.

Giai ‘ 7%

Mt phadng (ABC) ¢6 hai vectd chi phuong 1a : C

Kﬁ = (-a; b; 0) »

_A—é = {(-a; O'; c) \

. & = & O B
Goi n la vecto phdp tuyén cia mat phang Y

(ABC) tac6 :
> (|b 0| |0 -a| |-a b| A
n = ; . 3 a = (bc; ca; ab). #
O c/ |c -a] {-a O X

Vay phuong trinh mat phang (ABC) di qua diém A(a; 0; 0) c6 dang :
be(x — a) + ca(y - 0) + ab (z — 0) = 0 < bex + cay + abz = abe.

o X.Y.2
a b c¢
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o~

Mit phdng (ABb?ién lugt cdt cdc truc Ox, Oy, Oz lan lugt tai : A(a; 0; 0)
B(0; b; 0), C(0; 0; ) nén phuong trinh trén dugc goi 1a phuong trinh cia mit
phing theo doan chin (12 mot dang cia phuong trinh téng quat).

Vidy 4

Trong khéng gian véi hé toa do Oxyz, viét phuong trinh tdng quat cia
mit phdng di qua hai diém M(4; -1; 1), N(3; 1; 2) va song song véi truc Ox.

. Giai _ .
Mat phﬁng (a) di qua M, N va song song vdi truc Ox cé hai vectd chi .
phuong la MN— (-1; 2; 1) va el = (1; 0; O) Goi n la vecto phédp tuyen cla

(o) tacé : - : .
4 1 -1 |-1 2
= ; ; =(0;1; -
‘.’.( Io ! IOU R
Phuong trinh téng quét cla (a) di qua diém M(4; -1; 1) c6 dang :

O(x—-4)+1(y+1)-2(z—1)—0c:>y 2x +3 =0,

Nhén xét : Phuong trinh téng qudt cia (o) khéong chua x ngiua la mat
phdng dé song song véi truc Ox (vi phuong trinh cua (a) khéng lé thujc vao x).

"Vidus

2 1
0 0

Lip phuong trinh tdng qudt cia cdc mat phﬁng toa da va cdac mit phing
di qua diém 1(2; 6; -3) l4n lugt song song vdi cdc mit phang toa do. Goi (P)

la mat phing di qua I va chita truc Oz. Lap phuong trinh téng quét cda (P).

| ~ Giai |
 Mat phdng (xOy) nhan e;= (0; 0; 1) lam

vecte phdp tuyén va di qua goc t;,)-a do O(0; 0; 0)
nén c6 phuong trinh téng quat la-: z = 0.

Ljp luin tuong ty, cdc mat phing (yOz) va
(zOx) cé phuong trinh tdng quat theo thi tu la
x=0vay=0. g

e Goi (o) 12 mat phing di qua diém I va song song véi mét phang (xOy)
‘nén cé phucng trinh téng quat dang:(a):2+D=0

:1(2;6;-3) e (w)nén-3+ 0D =0=>D=3. /
| Vay phuong trinh tdng quét cia (a)la z + 3 = 0.

e Goi (B) 1a mat phéng di qua diém I va song song véi méfit phéng (yOz)

nén cé phueng trinh tdng quat dang : (B) : x + D =0
Vil(2;6,-3) e B)nén2+D=0=>D =2
Viy phuadng trinh tdng quét cia (B)la : x -2 = 0.

¢ Goi (y) 12 mat phdng di qua diém I va song song vdi mat phﬁng (zOx)
nén cé phuong trinh tdng quat dang:(y):y+D =0
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Vil(2;6;-3) e ()nén6+D=0=D=-6.
Vay phuong trinh téng qudt cda (y)la y — 6 = 0.

- Mat phéng (P) c6 hai vecto chi phu'o‘ng la ea =(0;0; 1) va OI =(2; 6; -3)

nén c6 vectd phdp tuyén n cé toa do la -

BT

Ta thay ; bing vectd cung phu’o’ng la n’ =13; ‘1; 0).

Phuong trinh téng quit cia mat phﬁng (P) c6 dang -
3x+y+D=0,vil(2;6;-3) e (P)nén3.2+6+D=0=D=-12.
Vay phuong trinh tong qudt cia mat phﬁn‘gr('P) la: 3x+y— 12 =0.

SR g)-ceno

va‘n d& 2 : CHUM MAT PHANG
. PHUONG PHAP

Cho hai mat phing (o) va (B) cdt nhau theo giao tuyén la mét dudng
thdng d. Tap hop cac mit phing (y) chita d goi la chum mit phdng xdc dinh
béi (a) va (B). Muén viét phuong trmh cia mdt mat phdng nao dé thuqc
chum ta can : :

e Lap phuong trinh cta chum (a, B) c6 dang :

m(A;x + Byy + C1z +D)) + n(Axx + Boy + Coz+Dy) = 0
trong dé : Ajx+ Byy + Cyjz + D; = 0 va Ayx + Boy + Coz +P,°= 0 theo
thu ty [a phuong trinh téng qudt cia (a) va (B).

e Dua vao diéu kién cu thé cua bai todn ta tim ra cdc hé s6 m, n déi vdi
mdt mat phing (y) nao d6 cia chum. Chi y ring cdc hé s6 m, n nay xdc dinh
sai khac nhau mot hé sé ti 1é khdc 0. (m? + n® > 0)

. 'fhay cdc gid tri cua m, n vua tim dugc vao phuong trinh ciia chim mat
phing, ta sé lap dugc phuong trinh mat phing théa man cdc diéu kién cho
trudc.

B. vi DU
Vidul

Trong khéng gian cho hai mat phdng cé phUorng trinh :
(a):2x +y - 3z+1-0; p): x—3y+2z—1—0

Lap phuong trinh mat phang (y) di qua giao tuyén {a) A (B) va chia diém
M{d; -1; 1)

Giai
Hm mit phéng (o) va (B) xdc dinh chim mat phang cé phUO‘ng trmh

m(2x +y - 32+1)+n(x——3y+2z-1) 0 | (1)
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oS> 2m+n)x+(m-3n)y-Bm-2n)z+m-n=0 (1"
Mat phéng (7) thujc chum va chita diém M(1; -1; 1) nén ta cé tir (1) :
"-m + 5n = 0.
Chonn=1=m=5thay vao (1) tacdé: 1lx + 2y - 132 +4=0

Vay mait phing (y) thudc chum (a, B) va di qua M(1; -1; 1) c6 phuong
trinh téng quat la : 11x + 2y — 13z + 4 = 0.

Vi du 2

Viét phuong trinh mat phing di qua giao tuyén cia hai mat phing :
(o) : 2x — x =0, ({3):x+y-z+5=0.'
va vudng géc véi mat phing (P): Tx —y +42 -3 = 0.

Giai
Mait phéng (Q) di qua giao tuyén cia hai mat phdng (a) va () thude chim
m2x-z)+nx+y-z+5)=0 ‘ (1)
SCm+n)x+ny-(m+n)z+5n=0 (2)

Mat phéng P cho trude ¢é vecto phdp tuyén np = (7; -1; 4).
 Mat phing (Q) cdn tim c6 vecto phap tuyén la nq = (2m + n; n; -(m + n)).

Diéukién dé P L Q12 np 1 ng hay np.ng=0

- =

np.ng=0=14m+7m-n-4m+n)=0 < 10m + 2n = 0.

Chon m = -1, ta tinh dugc n = 5. Thay cdc gi4 tri cda m va n vao (2) ta
dugc phuong trinh mat phidng (Q) cAn tim la : 3x + 5y — 4z + 25 = 0.
Vidu 3

Xdc dinh cdc tham s6 k va m dé.cho mat phdng 5x + ky + 4z + m = 0
thudc chum mat phdng c6 phuong trinh :

aBx-Ty+z-3)+pPx-9y -2z +5)=0.

Giai
Chum mat phéng da cho ¢6 phuong trinh : -
(Ba+P)x—-(Taa+9P)y+(a -2 P)z—-3a + 5B =0. _
Diéu kién dé mit phdng 5x + ky + 4z + m = 0 124 mit phing cGa chum:

-

5 k 4 m
_ 3a+pf -Ta-93 a-2B -3a+58°
5 4

T e ol (o - 28) = 4(30t + B) < 5a —10p = 12a + 4P

~Ta =14 .
Chon a = 2, ta tinh dugc B = -1. Thay cdc gid-tri nay cta a va B vaobiéu
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5 k ~ m__
3a+f3 -Ta-9p -3a-5B
=>k=-Ta-9p va m=-3a-58 = k=-5m=-1
Vi du 4

thiifc sau :

Lap phuong trinh miat phéng chia giao tuyén cia hai mit phang
3x-y+22+9=0, x+z-3=0.

a) Chya diém M(4; -2; -3).

b) Lan lugt song song vdi truc Ox; Oy; Oz.

Giai
Phuong trinh ctia chiim mat phdng xdc dinh béi hai mit phing da cho c6
“damng :
PBx-y+22+9) +qx+z-3)=0 (1)
S @Bp+qx-py+@p+qz+9p-3q=0 (2)
a) Vi mat phdng cia chum chda M(4; -2; -3) nén tir (1) ta c6 : 17p — 2q = 0.
Chon p = 2, ta tinh duge q‘ = 17. Thay cdc gid tri nay vao (2) ta dudc
phuong trinh mat phdng c4n tim 1a : 23x - 2y + 21z - 33 = 0.
b) ¢ Mait phdng song song vdi truc Ox c6 phuong trinh téng quat dang
By + Cz + D = 0 (vdng mat sé hang chia x)
Tu (2) ta suy ra 3p + q = 0. Chon p = -1, ta tinh duge q = 3.
Thay cdc gid tri nay cia p va q vao (2) ta dugec phuong trinh cia maét
phdng cta chumr va song song véi truc Ox 1a : y + z - 18 = 0.
e Mat phdng song song véi truc Oy ¢6 phuong trinh téng quét dang :
Ax + Cz + D = 0 (vdng mit sé hang chia y)
Tu (2) ta suy ra p = 0, q tuy y. Thay cdc gid tri nay vao (2) va rit gon
ta dugc phuong trinh téng quét cia mat phéng can timla:x +z -3 =0.
e Mit phing song song vdi truc Oz c¢é6 phuong trinh tdng quit dang :
Ax + By + D = 0 (vdng miit s6 hang chua z).
Tur (2) ta suy ra 2p + q = 0. Chon p = 1, ta tinh dugc q = 2. Thay cdc giad
tri nay vao (2) ta dugc phudng trinh tdng quat cia mit phing cdn tim la :
' x—-y+15=0.

Van dé 3 : KHOANG CACH TU MOT BIEM DEN MOT MAT PHANG
A. PHUONG PHAP

¢ Khoang cdch tir diém My(xo; yo; zo) 4én mit phing (a) ¢6 phuong trinh.
Ax + By + Cz + D = 0 dugc tinh theo cong thiic :
l AXO +By0 +CZO +D|

d(MQ, (1) - —
\/K2 +B? 42
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-« Muédn tim khodng cdch giita hai m#t phdng song song (o) va (o), ta 14y
| mét diém M, thudc mat phéng nay (cé6 toa do théa man phuong trinh mit
phéng) va tinh khodng cdch tit M, téi mat phang kia.

Néu (o) c6 phuong trinh Ax + By + Cz + D = 0 thi (o) c¢6 phuong trir;fh la
Ax +By +Cz+ D' =0v6i D' # D. Khi dé ta tinh dugc -

' , d(c, o) = .‘VI_D+D' 2

& , | VA2 +B? + C?
B.viny
Vidul

Trong khong gian hay tinh khoang céch :
1. Tu diém A(7; 3; 4) dé€n mat phdng 6x — 3y + 22 - 13 = 0.
2. Tir diém M(-1; 1; -2) dén mit phing xdc dinh ‘béi ba di€ém k}nbng
thing hang : P(1; -1; 1), Q(-2; 1; 3), R(4; -5; -2).
Giai

X
1. Ap dung coéng thic tinh khoang cdch tif mot diém dén mét mit phﬁng ta
6 - dA, ) = 16.7-3.3+2.4- 13I_2_8=4.

V36 +9+4 - T

2. Truéc hét ta cdn lap phuong trinh téng quéat cia mit phidng (PQR).

Tacs: PQ=(-3;2;2); PR= (3; 4; -3).

Goi n la vecto phédp tuyé"n cGia mat phing (PQR), ta c6 :
=¥ -3 |-3 2
n-=[2 212 AL U-(2;-3;6).

4 -3['|-3 3|'|3 -4
Ta c6 phuong trinh téng quét ctia mit phdng (PQR) 1a :
2x-1)-3(y+1)+6(z-1)=0<=2x-3y+6z-11=0.
2.(-1)-3+6.(-2)-11] 28

V4 +9+36 2-;7—

Do d6 : d(M, (PQR)) =

=4,

Vi du 2

Trén truc Oy cua hé toa dd Oxyz, hdy tim diém cdch déu hai mit phdng
c6 phuong trinh : x +y+z+1=0vax—-y+z-5=0.

Giai
Mdi di€m M thudc Oy cé toa do dang M(0; yo. 0). Khi d6 khodng cach tu

. | 11 |-y, -5I
M dén hai mit phdng da chola: 22> - Yo =9
Vi+1+41 J1+41+1

Phuong trinh trén tuong duong véi hai phuong trinh sau :

Yo+ 1 = yo + 5 (vb nghiém)
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Yo+ l=-ys- 5=y, =-3
Way diém M c6 tga do 1a M(0; -3; 0).
Vi ¢iu 3

- e S S — [ S ——— S

lr I” tim k'lo ing céch gilla hai mai phdng S0ng sung ¢é phuong trich .
| (P):4x+3y- 5z~ 8 =0, (Q;;txx+3,'—az+12.—,0 L

Gigdi

€Chon M(2: G; 0) thude (P). Khodug cdchk giita har mat phiug song song (P)
va ( Q) bing khoang cdch tir M t&i (Q).

142+3.0-50+121 20

d(M, (Q) = = e
J42 +32 +(=F)*® v50

= 2\,"5 p

|-D"+ D

Chii y : Co thé dp dung cong thic - d((P), (Q)) = —
\,-/:4—2 LR

Trong dé P va Q lin luot c6 phuung trinh :
Ax +By+Cz+D=0 wva Ax+By+C+D'=0.
| ~12- ( .
Tachy 4P, @) e —antS . 2 5/
. J42 +3%4)-(5)2 V50

Vi du 4

Cho i dien ABCD v6i A(2; 3; 4), Bid; 1: -2), C(6; 8; 73, D (-3, - &; 8). Tinh |
do dai dudng cao DH cla tit dién. . E

——

: Giai | &
Chidu cao DH cia td dién bing
khodng cdch tir dinh D téi mat phing

(ABC) cia tif dign. Ta c6 AB va AC la

cap wvectd chi phuong cia mat phéng
(ABC).
AB=(2i-2:-3)| T _AB A A0

AC =(4;0;6)

Goii n la vecto phdp tuyén cia mat phang (ABC). Ta ¢6 :

o e 3k

Chon 0’ cung phuong véi n 1 lam vecto phdp tuvén cia mat ohing (ABC)

-

tacéd: n' =(3;6;-2).

]-(12 -24; 8).

‘ —
Phuwoag trinh téng quat cia mat phang (ABC) di qua diém A nhadn n' lam
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vectd phdp tuyén :
3x-2)+6(y-3)-2z-1)=0< 3x+6y—-2z-22=
13.(=5) + 6(—4) - 2(8) - 22|

V32 4 62 + (=22

~1
i 2

11.

1

~1i

Khoang cach DH = d(D, (ABC)) =

Vin dé 4 : GOC GIUA HAI MAT PHANG
A. PHUONG PHAP

G6c ¢ gita hai mit phing (a) va (o) biang hodc bu véi géc tao bdi hai

vectd phap tuyén n va n’ cia (o) va (o) (p < 90°).

Gia su : (a) ¢6 phuong trinh Ax + By + Cz + D = 0 va ¢6 ; = (A; B; Ch.

() ¢6 phuong trinh Ax + By + Cz+ D' = 0 va cé n' = (A'; B C').

- —>
n.n

____ 1AA'+BB'+CC'|
I;;I.ll_l"l JAz +B? +C2.JA’2+B’2 + (2
(@) L (o) = AA + BB' + CC' =0,

Tacé cosp =

B. Vi Dy
Vidul

Trong khong gian véi hé truc toca dj Oxyz, hay tinh géc giita mit phing di
qua cédc diém O, M, N véi M(1; 1; 1), N(3; 2; 1) va mat phéng di qua cédc diém
O, M, D vé6i D(3; 1; 2). L |

Giai

OM=1:11| - — — (1 1@ 11 1
Taedy = i ).—->n1=0MA0N=[|2 1Hl 3H3 2”
ON=(3; 2 1)

Vectg phdp tuyén cia mit phdng (OMN) 1a ﬁl =(-1; 2; -1)

L.ap luan tuong tu, ta cé vecto phap tuyé'n cia m#t phing (OMD) la n,:
- (o1 o111
- Iy = i
L 1 2'j12 3'(3 1
Goi ¢ 1a géc gitra hai mat phiing (OMN) va (OMD) ta ¢6 :

.

o Mt |-1+2+2 3 1
lcosp| = — — = ==
{110y Vi+4+141+1+4
Vay ¢ = 60°.
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Vi du 2

- Cho hiah td dién OABC c6 cac canh OA, OB, OC vuéng géc véi nhau tiung
doi mét va c6 OA = a, OB = 2a, OC = 2a. Trén canh OA, OB, OC ta lan lugt

lay c4dc diém P, Q, R sao cho OP »—--—OA OQ——OB OszOC

Tinh géc giita hai mat phdng (ABC) va (PQR).

Giai
Chon hé truc toa do Oxyz, sao cho Ox, Oy, Oz lan lugt chida cdc dinh caa
ta dién la A, B, C. Ta c6 toa dd cdc dinh cia tua dién la : O(0; 0; 0), A(a; 0; 0),
B(0; 2a; 0), C(0; 0; 2a). ’
Theo gia thiét, ta tinh dugc toa~@d cdc diém P, Q, R1a : *

P(?ﬁ-o oJ Q[o,-‘i‘-;o) R(O 0; ZaJ 0
3 2 5
Mat phdng (ABC) c6 phuong trinh la :
s SR B < 2x+y+z-2a=0
a 2a 2a
Mat phing (PQR) ¢6 phuong trinh la :
L L 1< 3x+4y +56z-2a=0.
23 a 2a
3 2 5

Mit phdng (ABC) cé vecto phédp tuyén la i e (2; 1; 1), mat phang (PQR)

c6 vecta phdp tuyén n'= (3; 4; 5). Goi ¢ la géc giira hai mit phéng (ABC) va
(PQR). Ta c6 : B

3 123+1.4+1.51 15 3
cosg = |cos(n,n’)| = . = B,

Ja+1+14/9+16+25 103 2

= ¢ = 30°.
Vidu 3

“ Lap phuong trinh mat phing di qua hai diém A(0; 0; 1), B(3; 0; 0) va tao
véi mat phing (xQy) géc 60°.

Gxal
Mat ;phéng can tim 66 dang : Ax + By +Cz+D=0
Vi mait phdng qua A(0; 0; 1) va B(3; 0; 0) nén :
{C +D=0

D=-3AC-= :
3A+D=0 Sk Rl

Mat phing can tim c6 vectd phdp tuyén n = (A; B; 3A).

Mat lkkhdc, vectd phdp tuyén cia mit phdng (xOy) 1a : e; = (0; 0; 1).
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54 = cos 60° = -1—
J10AZ + B2 V1 2
Vay : 36A% = 10A% + B? & 26A%=B? = B = +/26 A.

Do dé, phuong trinh mét phdng cdn tim la : x + \/—2_6y +3z-3=0.

Theo gia thiét

- -
cos(n, eg) =

Nhu vay ta c6 hai mat phdng théa méan diéu kién cia bai toan.
Vidu 4

Léap phuong trinh mat phdng phan gidc ciia cdc goc nhi dién tao b@i hai
mit phing c¢6 phuong trinh sau day :
() :7x+y-6=0; B):3x+5y—-4z+1=0.

Giai
Goi My(xo; Yo; 2z9) 12 mdt diém thudc mat phdng phan gidc va nhu vay M,
phai c4ach déu (a) va (B), nghia la :
[ Txg +yo -6 w_l3x0 + 5y, -4z +11
7% a1 \/32+52+42
Né&u My(x; y; z) la mdt diém thay déi, ta ciing cé diéu kién sau day :
|7x+y-61 13x+5y—-4z+1I|

V50 V50

Phuong trinh trén tuong duong vdi hai phuong trinh sau day 14 phuong
trinh hai mat phing phan gidc can tim :

TX+y-6=3x+5y-42+1 ©4x -4y +4z2-T=0.
TX+y~6=-3x-5y+4z-1< 10x+ 6y -4z -5 =0.

C.CAC BA; TOAN ON TAP
Bail

Lap phuong trinh téng qudt cia mit phing (a) di qua diém M(3; -1; -5)
»va vudng géc vdi hai mit phdng (P) va (Q) sau day : :

(P):3x-2y+22+7=0;, (Q:5x-4y+3z+1=0,

_ Giai :
Mit phdng () cdn tim c6 hai vecto chi { \Q
phuong 1 hai vecto phdp tuyén cia hai mat
phing (P) va (Q) :
n: = (3’ __2:; 2), 'nQ = (5, -4: 3) T o

Mat phdng (o) c6 vecto phdp tuyén la : { >\
- (|—2 2| |12 :1,3 "2 wﬂp ‘ H M

o= 3 Pl =(2; 1; -2
Bl P & 5—4”( )

148




Vay phuong trinh téng quat cua mit phing (a) la :
2x-3N+(y+1)-2z+5=0=2x+y-22-15=0.
Bai 2
Trong khong gian cho mat phéng (a) ¢6 phuong trinh x + y - 2z - 6 = 0.
17 Hay tim diém A’ doi xing véi A(1; 1; 1) qua méit phéng ().

Giai A(1; 1; 1)
Gia su A' can tim cé toa do (x; y; z). Ta cé :

—

AA'=(x-1;y~-1;2z - 1), vecto AA’ cung

phuong vdi vecto phdp tuyén n, cua mit ‘ b
phéng (a). o o

Tacé: n, =(1;1;,-2). Vi AA"// n néntacé:

-1 y 1 Z 1 (1) A.(X; y; Z)
1 1 -2

Mit khdc trung diém I cta doan K}: thudc o nén :
x+1 +1 2(z+1
e
Tu (1) ta suy ra x = y va z = -2x + 3. Thay cdc gia tri nay vao (2) ta tinh
dugcx=3,y=3,z=-3.
Vay diém A’ ¢ toa dq la (3; 3; -3).

Bai 3

-6=0 (2

Cho hinh t dién ABCD, biét toa do cac dinh A(2; 3; 1), B(4; 1; -2) C(6; 3; 7),
D(-5; --4; 8). Tinh dd dai dudng cao ctia hinh tir dién xudt phat tir A.
(PE THI VAO DAI HOC DUQC HA NOI - 1999)

Giai
Mat phéng (BCD) qua B(4; 1; 2) va c6 cap vectd chi phuong la :
BC =(2;2:9), BD =(-9; -5; 10)

Goi ;; 1a vecto phap tuyén clia mit phidng (BCD), ta c6 :
{5 dhe L5 s
-5 10, {10 -9 |[-9 -5
Mat phéng (BCD) ¢6 phuong trinh téng quédt 1a :
65(x -4)-101(y - 1)+ 8z +2)=0 = 65x - 101y -8z - 143 =0
Pudng cao cta tif dién xudt phat tir A c6 do dai bing khodng cdch h tur
diém A dén mat phidng (BCD) :
|65.2 -101.3+8.1- 143[ 308

J65% +1012 + 82  3V1610

} = (65; -101; 8).

h = d(A, (BCD)) =
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Bai 4

Trong khong gian véi hé toa dé Décdc Oxyz, cho diém A(-1; 2; 3). cdc mat
phing (P):x-2=0va(Q :y-z-1=0.

Viét phuong trinh mat phing (R) di qua A va vudng géc véi hai mat
phéng (P); (Q).
(DPE THI VAO DAI HOC LUAT HA NOI - 1999)

. Giai
Céc mit phing (P) va (Q) c6-cdc vecto phap tuyén :
Ilp—(]. 0 0) nQ (0 1 1)
Mat phang (R) muén vuong goc véi (P) va (Q) th1 phai nhan cip vecto chi
phuong la np va nQ ..Goi nR ta vectd phap tuyén cia mat phing (R), ta c6 :

> > o> (lo o] o 11 0
TR = fip A flg = "1 070 1

-
Mit phdng (R) di qua A(-1; 2; 3) nhan ng = (0; 1; 1) lam vectd phap
tuyé’h, nén cé6 phuong trinh téng qu4t la :
Mx+D+Uy-2)+1(z-3)=0y+2-5=0.

]= 0;1; 1)

Bai b

Trong khéng gian cho hai diém phan biét A, B. Hay tim tap bdp nhitng
diém M sao cho MA?® - MB2 k? véi k 1a mot s6 thuc.

Giai ,
Chon hé truc toa do Oxyz sao cho O A
trung v6i A, diém B thudc truc Oy. Gia si /M(X' 5
AB = a va M(x; y; z). C4c diém A, B ¢6 toa \ $ll
do 1a : A(0; 0; 0), B(0; a; 0). k |
MA?=x*+y* +2° . 5 o B(B—‘T:'O)
MB? = x* % (y - a)® + z* | X V ,

Theo gia thiét : MA? — MB? = k? ta c6 :
X*+y:+22-[x*+ (y-a)l+2 ) =k®* = 2ay = k* + a*
k% +a? |

y= (a-,tO)-t

| Vay tap hop cde didm M la mit phing song song véi mit phing(xOz),
vudng géc véi truc Oy (12 dudng thing chda doan AB) tai di€m I sao cho :
R? +a? |
2a

Al =
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Bai 6

Trong khong gian vdi hé truc toa dg Oxyz, cho hai mat phang lan lugt cé 11
phuong trinh : 2x -2y +z -3 =0, x + 2y — 2z +12 = 0. \
&

Hay tim trén truc Oz diém each déu hai méat phéng dé.
| Giai
Méi diém M thudc Oz c6 toa do6 dang (0; 0; z,). Khi dé khoang céch tu M
dén hai mat phang la : :
12.0-2.0+25-31 _ |29 -3

d1=

J22 4 (-2)% + 12 3
fi; = 11.0-2.0+2.z, +121 _ -2z, +121
\/12 & 2F 3 {-2)" 3
lzg -31 1-2 |
dy=dy & 7‘03 31 203”2 o 29— 3 = +(-2%, + 12)

e 7zo—3=-22p+ 12 = 2z,=5.

o 720—3=220-12>2,=9."

Vay hai diém cin tim la M,(0; 0; 5) va My(0; 0; 9).
Bai 7 '

Hay tim trong chum mit phing xdc dinh bdi mit phing :
(0):2x+y-32+2=0; (B):5x-5y-4z+3=0.
Hai mat phdng P, Q vuéng géc véi nhau trong dé c6 mdt mat phing di

qua diem A(4; - 3; 1).
o Giai
Chim mat phing xdc dinh béi hai mat phing (o) va (B) ¢6 phudng trinh :
m2x +y-3z+2)+nbx-5y-4z2+3)=0 |
S @2m+5n)x+(m+5ny-Bm+4n)z+2m+3n=0
Goi (P) 1a mat phdng cia chum di qua diém A (4; -3; 1). Khi d6 ta c6 :
(24-3-31+2m+54+5(-3)-41+3n=0
< 4m + 4n = 0.

Chon m = 1, ta tinh duge n = ~1. Thay cdc gid tri nay vao phuong trinh
cia chum, ta duge phuong trinh cia mat phadng P di qua di€m A 1A :

-3x—-4y+2z-1=0 hay 3x+4y-z+1=0(P).
Goi (Q) 12 m#t phéng ciia chim va (Q) vuéng géc'véi (P). Muén (P) vuéng
goéc véi (Q) thi cdc vecto phép tuyén clia ching phdi vuéng géc véi nhau.
Tacé:n_;.nqzo;trongdé: |

-

np =(3;4; -1), ng =(2m + 5n; m + 5n; - (3m + 4n)).
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- -

Dp . NG = Cm+5m3+(m+50)4-3m+4n)(-1)=0

= 13m + 3% = 0.
Chon m = 2, ia tinh dugc n = --1. Thay ~dc gid tri nay vao phuong trinh
cia chim. v dugc phuong trinh téng quat ciia mat phing (Q) 1a :
' x—2y-5-z+3:0.
1ai 8 |

— p— —

{
i

Lap phuong trinh téng qudt cia :
1. Mat phing (a) di qua ba diém A(-¢; 0; 0), B(0; 3; 0), C(0; 0; 5).

2. Mzt phing (8) di qua diém M(2; 3; 1) va song song v6i méit phing (a)
néi trén. Tim giao diém cGa mit phlng (B) nay v cac truc toa db.

|

3. Goi1gla géc gilta mat phdng (o) v mat phéng (Oxy). Hay tinh cosg.

Giai
1. Mat phing («) cdt truc toa do Ox, Oy, Oz lan lugt tai A, B, C. Theo cong
thuc lap phuung trinh cla (a) theo doan chin, ta c6 phuong trinh cia (o) la

ix‘j*%*E:l hay 15x - 10y - 6z + 30 = 0.

Z Mat pndng (f) song song vdi (a) nén phuong trinh tdug quét cda (B) c6
dang : 15x - 10y - 6z + D = 0.

Vi M(2; 3; 1) thudc (B) nén ta c6 :
152-103-6.1+D=030-30-6+D=0<D=6.

Vay (B) c6 phuong trinh téng quat 1a : 15x — 10y -6z + 6 = 0

e Giao diém M cha mat phang (B) véi truc Ox c6 toa dd la nghiém cta hé

phdcmg trinh : »
f15x.\ 10y 6z+6=0
y=0 ; :M(—-E;O;O).
17, =0, ’ .

¢ Giao diém N cia mit phdng (B) vdi truc Oy c6 toa do la nghiém cua hé
phuong trinh :

(15% ~10y - 67+ 6 =0 5

x=0:- = N0, =, 0).
D
hco
e ‘Gian 1 F ctu mit phang ([) véi rruc Oz ¢6 tca dj 1a ughxem cua hé
phlxr'ng trinh : "

(i5% -10y -6z +6 =0
{x=0 za P (0; 0 1)

v =2
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3. ‘Mait phang (Oxy) c¢6 phuong trinh téng qudt 1a : z = 0. Goi ¢ la géc nhon
gilt:a mat phing («) va mat phang (Oxy), ta ¢é vectd phdp tuyea caa (Oxy) 1A

—y -

n = (0; 0; 1) va vecto phdp tuyén cua (o) la : n, = (15; -10; -6)

{v]
[cose] =

- - 10+0+(-6)1 6
cos{n';n, | = —=—== s e
v 4102 4621 19

Ban 9

,' I'rong khong gian vdi hé toa do Oxyz, chio hal mnat ')nangf 9 phirgng trinh
E (w):2x—my +3z-6+m =0, ‘
B m+3)x-2y+5m+ 1)z-10=0
W61 gid tri nao cia m thi hai mit phang do :

!

1. Song song véi nhau. 2. Trong nhau. 3 Cﬂig nhau, |
Giai
1. Hai mat phdng («) va (B) song song vdi nhau khi va chi khi :
2 _m 3 $—6+m (1)

m+3 5m+1 10

2
Xét . ——2—~=Ln—:::»m2+3m—4=0
m+3 2

- = ~4
s (e

2 m2=1
Xét 2. :.*>‘.'5m2+m—6=0=::-m=‘lil1
2 5Bm+1 | 10
.12
={%" 10.
’ m4 21
LAy gid tri m = 1 thay vao ty sé cubi cing, ta c6 : R 20l 1.

- 10 i0
Nhu vay khdng cé gid tri ndo cia m théa man diéu kién (1) néu trén. Vay
hai mat phing (a), (B) khong thé song song véi nhau.

2. Véim=1,tacé: = oL 3 -6+m=l.
m+2 2 bm+1 -10 2
Vay aéu m = 1 thi hai mat phdng (), () trung nhau.
3. Tu cac tinh todn trén, ta suy ra khi m # 1 thi hai mat phdng 46 cit nhau.
Bai lﬁ{)

% Trong khong gian Oxyz, hdy tim tap Lop cdc diém cach déu hai 3iém phan
j bidt A(sy; ag ay), B(b;; by; by) sho truge. Ching w6 rdng tip 20p niy ia mat |
i
|
§

——
phang nidn AB lam vecto phip tuvién va & qua trung diin cua doan A1

Ap dng h.n lap hdp (ru diém cac deu ha « m»m A( 2: 0). 35 6 -2) !




Giai

Goi M(x; y; z) la diém cach déu hai diém A, B ta c6 : | KK/I | = | ﬁi\& | =

\ﬁx ~a)? +(y-a,)% +(z-2a,)? = \/(x -by)? +(y -by)? + (z- 133)2
Binh phuong hai vé va rit gon ta'cé :

2(b; — a)x + 2(by — ax)y + 2(bz — a3)z + ai? +a§ +a§ - bf - bg - bg =0

< (by — a)x + (by— ag)y + (by— a3)z + ay - by + a; = b + aj - b;
2 2 2

Ta nhédn thay phuong trinh (1) biéu thi cho mot mat phing vi dé 12 mot

phuong trinh bac nhat déi véi x, y, z trong d6 cic hé s6 b; — a;, b, — ay, by — a3

khong déng thoi bing 0 vi hai diém A, B phan biét. Mat khdc, mét phing

=0 (1)

nay cé vecto phdp tuyén : n = (b, - a,; b, —a,; by —a,;) = AB.

Thay x = E‘——;ﬂ,y e 28 ;bz ,z'= 28 ;b3 vao phuong trinh (1), ta thdy
phuong trinh d6 théa man. Vay mat phdng nay di qua trung diém ctGa doan
AB va vudng géc véi AB nén dugc goi 1a mat phéng trung truc cia doa. AB.

Ap dung : Goi M 1a diém cdch déu A va B va I 1a trung diém cia doan AB.

Gia su M(x; y; z), tacé IM.AB =0.
' 1+5 2+6 0-2

2 7 2

Tacé: AB = (4; 4; -2) va toa do diém I la ( )= (3; 4; -1).

I—I\?I’ =(x-3;y-4;z+1)

IMAB=0 > 4(x —3) + 4(y — 4)— 2z + 1) = 0
4x+4y-22-30=0=2x+2y-2-15=0
12 mat phdng trung truc cia doan AB. ‘
Mat phdng nay la tap hgp céc diém cdch déu hai diém A, B cho trude.

- -“

D.CAC PE TOAN DE LUYEN TAP
01. Trong khéng gian cho ba diém : A(3; 4; 0), B(1; 5; 3), C(2; -3; 1).

a) Ching t3 ba diém A, B, C khéong thing hang va lap phuong trinh téng
quat cia mit phing xdc dinh bdi ba diém A, B,.C dé.

b) Lap phuong trinh tdng quédt cia mat phing di qua diém A va vudng géc
véi BC. _ _
DS: a) AB=(-2; 1;3) va AC= (-1; -7; 1) khong cing phuong nén A, B,
C khong thdng hang. Phuong trinh téng quat cia mit phidng (ABC) 14 :
22x -y +15z2-62 = 0.
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b) Phuong trinh téng quat cia m#t phing di qua A va vudéng géc vdi
BCla:x—-8y+2z+29=0.

02. Trong khong gian cho hai diém : A(-3; 2; 5) va B(1; -2; 3).
a, Viét phuong trinh téng quat cia mat phang trung truc cia doan AB.

b Tink cosin cua cédc géc hgp bdi mat phéng trung truc da néu ¢ trén va
cdc mit phdng toa do.

DS : a) Mat phdng trung truc cia doan AB c6 phuong trinh téng quéat la :
, 2x-2y -z+6=0.
b) Goi «, B, y 1a cdc géc nhon hdp bdi mit phing trung truc lan lugt

v@i cdc mat phédng Oxy, Oyz, Ozx. Ta c6 : cosa = %; cosp = %; cosy = -2—

08. Cho chum mét phing c6 phuong trinh :
m(2x—3y+z—5)+n(x~2y~z—7)

a) Mit phédng 5x - 9y — 2z + 12 = 0 ¢6 phai la mot mat phéng thudc
cham hay khéng ?

b) Lap phuong trinh mit phéng cta chum di qua goc toa do.
S : a) Mit phdng da cho khAng phai 12 myt mat phéng ctia chum.
b) Phuong trinh mat ph&ng can tim la : 9x - 11y + 12x = 0.
04. Lap phuong trinh mat phéng :
a) Chua giao tuyén ctia hai mat phing :
2x - Ty + 42 -3 =0, 3x — 5y + 4z + 11 = 0 va di qua diém M(-2; 1; 3).

b) Chia giao tuyén hai m#t phdng 2x -y +3z2-5=0,x+2y -z +2=0
va vudng goéc véi mat phdng x -2y —z + 3 = 0.

S: a)l5x-47y + 28z -7 =0. b)3x+y+2z-3=0.

05. Lap phuong trinh mat phdng (a) di qua diém M(5; 2; -3) va song song
v6i mat phing 2x — y + 4z — 1 = 0. Hay xét xem cac diém P(1; 2; -1), Q(4; 5; 1)
va R(-6; 2; -3) c6 thujc méat phdng (a) hay khong ? "

DPS: 2x-y+4z+4=0: (a).
Pe(a) Qe ()R e ()
06. Tim g6c nhon giita hai cap mat phing sau day
a) 2x-v-2z2-9=0 va x-y-6=0(PvaqQ).
b) 8x—4y—8x+1='"0’vﬁ ﬁx—ﬁy+7=0(RvéS).

DS : a) (F”T@)=§. b) (R,S)=3

07. Cho hai diém A(1; 3; -4), B(-1; 2; 2). Lap phuong trinh mat phz’mg trung
truc ciia doan AB.

DS:4x+2y-12x-17=0.

: 1565



08. Lap phuong trinh téng qua* cia cic mat phlng :
a) Chua truc Ox va diém Mi4: - 2)
b) Chua truc Oy va dién Ni1: 4; -3).
c) Chira true Oz va diem P(3; 4: 7).
PS:a)2y +2z=0. bidx+z =0 c)4x.+3y=0.
09. Tim tap hop cdc diém cach déu cd~ cap mat phdng song song sau day :
a) 4x-y-2z-3=0 va dx-y-2z-5=0.
b) 3x +2y-z+3=0 va 3x+2v-2z-1=0.
bS:a)dx-y-22-4=0 b)3x+2y~-2z+1=0.
10. Tim tap hop cdce diém cdch déu hai mat phlng cit nhau ¢6 phuong trinh
ldn hugt 12 - (o) : 2x+y -22-1=0. () :6x-3y—-2z-2=0.,
DS : La hai mit phang sau day :
14x + Ty - 14z - 7= +(18x — 9y + 6z — 6)
Hai mat phéng can tim la . 7
—4x + 16y - 202 -1=0; 32x-2y-8z2-13=0.
11. Tim khoang céch tu :
a) Diém A(-2; -4; 3) dén mat phang (¢) : 2x -y + 22 -3 = 0.
b) Piém B(2; -1; -1) dén mat phdng (B) :16x —12y -15z — 4 = 0.
¢) Diém C(4; 2; -2) dén mat phang (y) : 12y + 5z +5 = 0.

DPS: a) dA (@) =1 by dB, )= 151; ) d(C, (1) = 3.

£

12. Tim tap hop cdc diém 6 khodng cdch bing 4 dén mat phéng :
2Xx+3y-62-7=0
DS : La hai mat phéng c6 phuong (rinh: e 2x+3y—-6z-35=0
o 2x+3y-6z2+21=0
13. Lap phuong trinh wat phéng cia chim mat phdng ¢6 phuong trinh :
| m3x~4y +z+61+n(2x-3y+2+2)=0

cdch déu hai diém A(3; -4; -6), B(1; 2; 2).

PS: x-2y+2z-2=0,
14. Lap phuong trinh mat phéng chua giao tuyén cia hai m#t phdng (a;) va
(ag) '

() :3x -y +22+9=0C; ():x+y-3=0

a) Song song vdi truc Ox.

b) Song song vdi truc Ov.

c) Scng song vdi truc Oz.

DS: a)y+z-18=0; bl x+2-3=0: o) x—-v+156=0.
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Chuyén dé 9 : DUONG THANG TRONG KHONG GIGN

A.TOM TAT Li THUYET

1. PHUONG TRINH THAM SO CUA PUGNG THANG 4

Dudng thing (d) di qua diém My(x,; y,; z,) nhan a = (a,; a,; ay) lam vecto

chi phuong (a = 0) -
SN R a_-w
Mx;y;2)ed o MM=ta ==
X"XO =ta1 |rx=x0 'f'tal d M(XQY;Z)
= y - yo = laz < )’ = yo + tag (1) /tN'I()(XU; y(), Z(})
z2-2, =tag z2=2y + ta,

Phuong trinh (1) goi 1a phuong trinh tham sé cia dudng thang d.
2. PHUGNG TRINH CHINH TAC CUA DUGNG THANG
X—Xg Y—Yo _2Z-2
a,  a, aj

Tu (1) khir t ta ¢é : (2)

Phuong trinh (2) goi 1a phuong trinh chinh tic cua duong théng véi quy uéc
néu mau s6 bing 0 (vidua; = 0thix-x,=0,néuay;=0thiz-z,=0..).
O Chi y: Do cdch chon diém di qua va vecto chi phuong ma mot duong thdng
¢6 thé co nhiéu phuong trinh thamsé va phuong trinh chinh tde khdc nhau.
3. PHUONG TRINH TONG QUAT CUA PUGNG THANG
Trong khéng gian ta c6 thé xem dudng thang d 1a giao cia hai mat phing
(o) va (o) nao d6. Gia sl (o) va (o') 1an lugt c6 phuong trinh 1a :
Ax+By+Cz+D=0 va Ax+By+Cz+D =0
thi d = (1) » (') ¢6 phuong trinh téng quat 1a :
{AX+BY+CZ+D,=O viiA:B:C = A :B . C.
Ax+By+Cz+D =0
4. - V] TRi TUGNG DOI CUA HAI DUONG THANG
Gia sit dudng thing d di qua diém Mu(x,; yo; zo) va cé vectd chi phuong

a = (a; az ay), dudng thdng d' di qua di€m M'y(x'y; ¥'o; z'y) va ¢6 vectd chi
phuong b = (by; by; by). Ta c6 cdc trudng hop :

a) d va d' ndm trong mot mit phidng o (2—1./\ b) MyM;=0.

b) d va d' cdt nhau < (a A g).MOME,:Ové a;:az:az # by :by: b,
c)d//d e a;:a;:az=b;:by iby# (X —Xy) 1 (¥ — yo): (20— 2o).
d)d=d o a;:a;:a3=b;:by:bg=(x"o—x0) : (y0o—¥0): (2'g = 2p).

e

e) dchéod < (an b). MM, # 0.
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5. GOC GIUA HAI DUGNG THANG TRONG KHONG GIAN
-
Cho dudng thing d cé vecto chi phuang a = (a;; ay; as) va dudng thing d'
c6 vecto chi phuong b = (b;; by; by). Goi ¢la géc gidta d va d', ta cé :

s
ia.bl la;b; + asby, +azby |
=

lcospl = = ==
lal.lbl af+a2+a3‘[b2+b2+b‘z
d L d' p=— a1b1 + azbg + a3b3 = (),
6. VI TRi TUGNG PO1 GIJA PUONG THANG VA MAT PHANG
Cho dudng ihéng d di qua diém M(xo; yo; zo) c6 vects chi phuong

-

e d
a = (ay; a3 a,) va mat phing (o) c6 vecto phap tuyén n = (A; B; C).

a) Putng thing d cdt mat phing (¢) © n.a # 0 hay a va n khong
vudng géc hay : gRit (a) < Aa; + Bay + Cag # 0.

: . . - - =
b) Puong thing d song song vdi méit phing (a) © n.a= 0 va diém
Aa, +Ba, +Cay =0

M e (a) hay: d // | .
sy (Q)Q{Ax0+ByO+CZO+D¢O

c) Pudng thing d nim trén mat phing (o) < n. a =0va M e (a) hay :
AaI +B32 +Caa = 0

dc(a)cb :
: AX()+ByO+CZO+D-~0

d) Dédc biét, dudng thang d vuéng géc véi (o) < n va a cung phu‘a‘ng
hay : dl(a)ea :a:a;=A:B: C.

e) Goc giita dusng thdng va mat phing z
Gia s dudng thing d c¢é vecto chi phuong : % =

R

a = (al, ay; a3) va mat phing (a) cé vectd phdp

tuyén n = (A; B; C). | | v
Goi vy la géc gm‘a d va (a), con ¢ la géc FL

gitta d va duang thdng chuia vectd phdp tuyén /a

n
(ABC)cua(a)thlw-!-(P—é‘- : d/

Da ds : siny = cosg véi 0’< ¢ < 90°.
- 1 Aa, i-Baz +Casi |
\/ +Bz+(‘2 \/;, +as+a;

. Vay : siny =

Tir cong thic trén ta suy ra ¢ // («) hoic d © (a) <> Aa, + Bag + Caz = 0.
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7. KHOANG (,A\ HTU MOT DIEM DEN MOT DPUGNG THANG

Cho duong théng A di qua diém \MU c6é vectd chi phuong 2 vis mot diém
M, trong khong gian. Goi H la hinh chiéu vuéng géc cua diém M, trén dudng
thdng A (mit phang di qua M, va vuéng géce vdi A, cit A tai H).

Tacé: MH =d(M,, A) ; M,

S R M,

Gia su M, khong thude A va MyM; = a.
Khi dé hinh binh hanh M()MMEM} vdl

ey ————h

M,M; = M, 1 M, = a séco dién tich

ey M,
) = MoMl/\a ‘
A H
M,
" © IMM.~al |
Dod6é: MH = RNk = d(M,, A).
MM -3,

Cong thuc trén van ding cho trudng hop M, € A.

O Chu y: Tua c¢6 thé lip phuong trinh mdt phdng (e) di qua M, nhén a
lam vecto phdp tuyén va tim duoc giao diém H = (@) N A.

Tacé: dM, 4)=1|MH]|,
8. KHOANG CACH GIUA HAI PUONG THANG CHEO NHAU
Cho hai dugng thaug A va A' chéo nhau. Du’dng thdng A di qua diém M,

¢6 vecto chi phuong M oM; = a

Duong thdng A’ di qua diém My ¢6 vecto chi phuong MyM;j = ;’.

Ta hay tim khoang cédch gitra A va A"

Ta dung hinh hép : MoM,M_M;M'(M' 1 M',M'4
(c6 cac canh MM’y // MM, // MaM'y).

Khi d6 khoang céch gia A va A’
bing khodng cach giita hai ddy cta
hinh hdp néi trén, tire 12 chidu cao LA

A' .

cua hinh hép.
Goi V la thé tich hinh hép,
, SN0M1M2M3 l1a dién tich ddy cua hinh hdp,

d(s, A") 1a khodng cdch giita hai dudng thdng A va A’ thi :

e T T

i, Wps S £ s L
Snomimzmy lana'l
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O Chu thich : Muénu tinh khodng cdch giita hai dudng thdng chéo nhau ta
con c6 theé :

e Lap phuong trinh m#t phdng (o) chia dudng nay va song song vdi
dudng kia.

e Tinh khoang cédch giita dudng kia t6i mat phang (o).

B. PHUONG PHAP GIAI TOAN

Van dé 1 : LAP PHUONG TRINH CUA DUUNG THANG TRONG KHONG GIAN
A. PHUONG PHAP

 Dudng thdng A di qua diém Mo(xo; yo; 2o) va nhan a = (a;; ag; a&3) l1Am
vecto chi phuong : M(x; y; z) € A.

X —-Xo =ta; x-x0+tal

—_—

<:>M0M-ta<::> Y-yo =ta, &4y =y, =ta, (1)

Z_ZO“tas Z—Zo+t33

M(x; y; z)

M(xo; ¥n; Zo)

Phuong trinh (1) 12 hé 3 phuong trinh va duge goi 13 phuong trinh tham
s6 cia dudng thidng A. Néu cho biét phuong trinh tham s& (1) ctia mdt dudng
thdng nao dé, ta dé dang thay ring duong thing dé di qua diém My(xo; yo; 2o)

-
va nhan a = (a;; as; a3) lam vecto chi phuong.

Ti phuong trinh (1) néu khi t bing cdch viét : ~ " =

ta dugc phuong trinh chinh tdc cia duong théng. _ 4
¢ Dudng thidng Ala giao tuyén cha hai mit phdng (o) va (a') 1dn lugt c6
phuong trinh : (a) : Ax+ By + Cz+ D =0
(') :Ax+By+Cz+D' =0
M(x; y; z) € A < (x;y; z) la nghiém hé phuong trinh :
Ax+By+Cz+D =0 :
; vdgiA:B:C = A':B :C,
{A'x+B’y+C'z+D=O I | .

O Nhan xét : Ta thdy rang phuong trinh chinh tdc la 1Vm§t dang dac biét
cia phuong trinh téng quat cia dudng thing. Mat khac ti phuong trinh
tham sd cia dudng thdng néu ta khir tham sé t thi duge phuong trinh téng
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quét cia dudng thdng. Ngugc lai, ta ciing c6 thé bién déi dua dang tong qudt
cia dudng thing vé dang tham s§. Cdc bai todn nay sé dugc xét thong qua
mot s6 vi du néu sau day.

B. ViDUy
Vi du 1

Lap phuong trinh tham s6, phuong trinh chinh tdc va phuong trinhTt(“ing

quéat cia dudng thing d di qua diém M,(2; '0; -3) va nhan a = (2; -3; 1) lam
vecto chi phuong.

Giai
Phuong trinh tham s§ cia dudng théng d 1a :
, “ . X-2=2t x=2+2t
M(x;y;z) ed e MfM=ta o {y-0=-3t @<y =-3t
y+3=t z=-3+t

x-2 'y z+3
-3 1

Phuong trinh chinh t4c cda dudng thdng d Ia :

Phuong trinh téng qudt cia dudng thdng d 1a :

D N

2 9 - 3x—I2y—6=0.
x-2 z+3 Xx-22-8=0
2 1

Chu y : Do cdch khi t khde nhau, ta dugc cde cdch biéu thi khde nhau
cta phuong trinh téng qudt la cdc hé hai phuong trinh bdc nhdt khac nhau.

Vi du 2

LaYp phuong trinh chinh tdc va téng qudt cia dudng thdng A di qua hai
diém A(-3; 4; 1) va B(2; 0; 5).

Giai

E'wyng thdng A di qua diém A(-3; 4; 1) nhan AB = (5; —4; 4) 1am vect~ chi
x+3 y-4 z-1

phuorg nén ¢6 phuong trinh chinh tdc la :

-4 4
Phuong trinh tédng qudt cia dudng thing A 1a :
' | x'+3__y—-4
5 -4 4x—5y—8=0-
x+3 z-1 4x -52-7=0
i) 4

Viduy 3

Lap phuong trinh tham s& va phuong trinh téng quét cia dudng thﬁ_ng d
di qua diém A(2; 0; -3) va vudéng géc vdi mit phéng (a) c6 phuer 7 trinh :

2Xx+y+5z2-4=0.
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Giai
Pudng ‘hdng & di qua di€m A(2; C; -3) vA nhan vecto phdp tuyén

n = (2; 1; 5) cia mat phdng (o) lam vecto chi phuong (vi d L («)) ném cé
x=2+2t (1)

phuong trinh tham sé 1a : {y =t - (2)
lz=-3+5t  (3)

Liy t = v, tir (2) thay vao (1) va (3) ta ¢ phuong trinh tdng qudt ctia d :

Xx=2+2y - X-2y-2=0
=-3+5y  |by-z-3=0"

Vidu 4

Lip _phuong trinh than; 6 va tﬁng quét caa dub’ng ih&ng A di qua diém
| M(3; 2; -1) cat truc Ox, déng thoi vudng gée vdi truc Ox.

Giai
Dudng thing A di qua diém M(3; 2; -1) vudéng géc va cdt truc Ox tai H
nén ta cé H(3; 0; 0). Do dé A c6 vecto chi phuongla: a, = MH = (0; -2, 1).
Vay A ¢6 phuong trinh tham sé6 la :
[x =3 (1)
y=2-2t (2).
z=-1+t 3)
Tt (2)tacét =z + 1. Thay gia tri nay
caa t vao (1) va (2) ta dugc phuong trinh
tdng ¢4t cia A la

x=3 Xx-3=0
A Lo
{y=2-2(z+1) y+2z=0

Vidu 3 |
Lap phuong trinh tham s6 cia dudng thing d di qua diém M(-2;8; -3) va
x=14+5t
a) Song song v&i dudng thidng A cé phuong trinh : {y = -2+ 2t.
| z=-3-1
b) Lén lugt song song v6i céc truc Ox, Oy, Oz.
Giai
a) Muén d / A phai c6 vecto chi.phuong a—; = (5; 2; ~1), do d6 d c6 phuong
Xx=-2+5t |
trinh tham s6 la : Jy =6+2t .
(z2=-3-t
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b) Dudng théng d di qua diém M(-2; 6; —3) va song song véi truc Ox nén

nhdn vectg e1 (1; 0; 0) lam vecto chi phuong. Ta suy ra phuong trinh tham

[x =-2+t
sdchadla  {y=6
z=-3

* Dudng thing d song song véi truc Oy nén nhan vecto e, = (0; 1; 0) lam
vecto chi phuong.

X=-2
Khi d6 d ¢6 phuong trinh tham s§ la : {y =6+t
z=-3

e Mudn d song song vdi truc Oz thi d phai nhan vecto e; = (0; 0; 1) 1am

W, X = -2
vectd chi phuong, khi dé d c6 phuang trinh tham sg 1a :{y = 6
z=-3+t

Vi du 6

Lap phuong trinh tham sé va phuong trinh téng qudt cia duﬂrng thing d :
1. Pi qua hai diém A(1; 0; -3), B(3; -1; 0).
2. Di qua diém M(2, 3, -5) va song song véi dudng thing A c6 phuong
. 3x-y+2z2-7=0
trinh :
x+3y-2z2+3=0

| Giai
1. Pudng thing AB cé vectd chi phuong la ﬁ = (2; -1; 3) nén c6 phuong
x+1+ 2t (1) - |
trinh tham s§ 1a : {y = -t (2)
z=-3+3t = (3)
Tu (2) ta ¢6 t = —y. Thay gid tri nay cua t vao (1) va (3) ta dugc phuong
trinh téng quét cia dudng thﬁng AB :
X _~1—2y i 3+2y—1=0_
z=-3-3y 3y+2+3=0
2. Trudc hét ta cdn tim phuong trinh tham s§ cla duirng thﬁng A cho ti16c :
3x-y+22-7=0 (4) |
X+3y-22+8=0 (5) |
L o 8t - y+22-7=0 (6) | _4t+2y—-4=0
t:x=t, ti(4) va (5), tacé : ; o
Dé ) = (IR on ke +3y 2z+3=0 ’(7)}: y=-2t+2
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Thay gid tri cia y vao (6), ta co : _
5, 9

3t+2t—-2+22-T=02z= —"t+=.
2 2 4 -

Vay phuong trinh tham sé cia dudng thdng A cho truéc la

x=t .
<y=—2t,+2
z=—2t+9—

2 2

Do d6 duong thdng d // A c6 vecto chi phﬁohg 5;; = [1; -2; —g) Ta c6 thé

ldy a' lam vectd chi phuong cia d nén a’' = (2; —4; -5).

Vay phuong trinh tham sé cia dudng thing d 1a :

x=2=2t g g 5
dy = 3-4t’ c>x2 y4 Z+5
z=-5-5t - B

Do d6 dudng thdng d c6 phuong trinh téng quét 12 :
'—4(xf2):‘2(y—3)<::> 2x+y-7=0
-5(x-2)=2(z+5) 5x+2z=0

PR

Chii thich : Ngui ta c6 thé tim vecto chi phuong a, ciia duong thdng A cho
trudc bdng cach khde. Ta xem A la giao tuyén cia hai mdt phing (@) va (p) .

- .
(@:3x-y+22-7=0=>n,=(3,-1;2) .
n .

() :x+3y-22+3=0=>n5=(1;3; -2).

— - -
Khi dé vecto a, =n, nny la vecto chi

phuong cia duong thdng A = (a) ~ (B).

Do dé : ,
- -1 2|| 2 3{|3 -1
= - . =(-4; 8; 10).

Ta cé thé ldy a), =(2; —4; -5) lam vecto chi phuong cia A.

“Vidu 7 ,
Lap phuong trinh téng quadt cia dudng thdng A di qua diém A(3; -1 -4),

cét truc Oy va song song véi mat phlng : 2x + y=0.°
Giai '

Goi (o) 1a mat phdng qua A(3 -1; -4) va song song v6i miat phiing 2x + y = 0

1
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Do d6 (o) ¢6 phuong trinh 1a : 2x + v + D = 0

Aec(0) 26-1+D=0=>D= 5

Vay (a) ¢6 phuong trinh téng quat 13 2x + v - 5 = (0

Goi (B8) 1a mat phdng qua A va chia Ov. Do d9 (4) ¢6 hai vectd chi phuong
OA = (3; ~1; ~4); e; =(0; 1; 0)

. ’ “_’ N . & -
Ta suy ra vecto phdp tuyén n, cia () c6 toa do la :

"
n, =

A(3; -1; -4) € (B) nén phuong trinh tong quat cia (p) la :

4(x-3)+0y+1)—-3(z-4)=0hay 4x -3z =0.

Hai mat phing (a) va (B) c6 chung diém A nén c6 giao tuyén A di qua A,
mit khdc A < (a) / mit phdng 2x + y = 0 nén Asong song vdi mit phing
2x + y = 0. Hon nita A c (B) ma (B) chia Oy nén trong mit phéng (B) hai
dudng thdng A va Oy cdt nhau vi ching khong cing phuong.
2x+y-5=0
4x-3z=0

-1 -4
1 of

-4 3
0 o

|3 -1

0 1” = (4; 0: 3).

Viy ta c6 phuong trinh tdng quat cia A = () N(B) la: {

Vin dé 2 : V| TRi TUONG POI CUA DUGNG THANG VA MAT PHANG
A. PHUONG PHAP '

1. Gia si dudng thing d dugc cho bdi phuong trinh tham sé
X =X, +ta, '
(d) : {y =y, +ta, va mit phdng () dugc cho bdi phuong trinh téng qudt
(z2=12( +ta, ‘
(¢) : Ax + By + Cz+ D = 0. '
Sé giao diém cta d va (a) chinh 12 s§ nghiém t cia phuong trinh .
A(x, + ta;) » B(yo —tay) + Clzp +tag) + D=0 (1)
e Néu phuong trinh (1) vo nghiém < d// (). _
e Néu phuong trinh (1) c6 1 nghiém ty < d cdt (a) tai diém M c6 toa do
Xy & X +Epy8q
d N (o) = M(xm; ym; z2m) = ¥ M = Yo +tyag.
Zm =Zg ttyag
e Néu phuong trinh (1) ¢6 vd s8 nghiém < d < («a).
2. Géc gilta du’fmg thdng d va mat phang (o) duge suy ra tu géc glu’a vectd

chi phucmg ad cia d va vectd phdp tuyén n, cua(o):
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| > - |Aa; + Ba, + Cagl
sin(d, o) = |cos(a,,n )l J = ; - =
A +B°+C Jalaz +taz . L,
d L (a) < Aa, + Bay + Cag = 0. Ha /3
Chui thich : Néu duong thdng d duogc | z—’
cho béi phuong trinh tong qudt :
d- {A1x+Bly+C;z+D1 =0
Ayx+Boy+Cyz+D, =0 a ;
va (a) duge cho bdi phuong trinh téng qudt : | / . A
(&) :Ax+By +Cz+ D=0 A

| thi mudn tim giao diém d N (o) ta gidi h¢ phuong trink gom 3 phuong trinh
va 4 dn A, B, C; D (vi 4 dn nay xdc dinh sai khdc mét he s6 ti [ nén 4 dn
i : B CD A
nay tuong duong vé 3d’ Gid ZA =0, ta cdn tim —,—,—, cdn — =1
y 8 g vi 3 an. Gid s a mA.AA, nA ).
Mgt khdc c6 thé chuyén phuong trinh duong thdng d vé dang tham 86 va
sau do thu’c hién cdc biyéc lam nhu trén.

&vinu
Vidul

Xét vi tri tu‘dng déi cha mit phﬁng d va mat phﬁng (a) trong obi truong
hop sau :

1. d: im0 £ RBL va(a):3x+2y+z-1=0.

1. -2 4
x=1+t¢t
2.d:{y=2-t va(a): x+3y+z+1 0.
-2~1+2t
Xx=1+v ;
3.d:y=d+2vvamﬁx+y+zf4=0,‘
- |lz=2-3v o :
Giai .
; . | x=1+t'
1. Ta chuyén phuong trinh cia d v& dang tham s& : {y =-1-2t'.
i : z =4t

- Thay gia tri,cﬁ@.x, ¥y, z vao phuong j:rinh mit phing (), ta cb :
| 31+t)+2-1~2t)+4t'-1=0 o 3t =0t =0,
| u xy=1 | |
Vay d cht (o) tai diém M : {yy = 2l = M(l -1; 0).
lzu =0
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2. Xét phuong trinh : (1 +t) +3(2-t) + (1 +2t) + 1 =0 (1)
0t+9=0:(1) vd nghiém.
Vay d // (o).

3. Xét phuong trinh : (1 +v) + (1 +2v) +(2-3v) -4 =0 (2)
0.v=0:(2)c6é vd sdé nghiém ' '
Vv € R déu la nghiém ciia (2).

-Vay d < (a).
~Viduy 2

Cho mat phéng (P) ¢6 phuong trinh : 2x + y +z-1=0
x-1 y z+2

2 1 -8

va dudng thing d c6 phuong trinh :

a) Tim giao diém M ctia d va (P).
b) Viét phuong trinh dudng thdng A qua M vudng géc véi d va niim trong

(P).
Giai
. x=1+2t
a) Ta c6 phuong trinh tham s& cia duong thdngd : {y = t
z=-2-3t

Thay c4c gia tri cGa x, y, z vao phuong trinh ctia mét phing (P) ta c6 :
21 +2t) +t+(-2-3t)-1=0 |

2t-—-1=0:>t=~]~'-.
2

. XM = ,
Vay d cét mat phng () tai M {yy = = M(z;_;.g_%)
N
M2

b) Goi (o) la mé&t phdng qua M va vudng géc véi dudng thidng d. Dua vao
phrong trinh tham s cia d, ta biét d ¢6 vecto chi phuong v = (2; 1; - 3).

M.' phing (o) nhén v 1am vectd phdp tuyén va (o) qua M(%% ;- —;*) nén cé

ph mg trinh : 2(x - 2) + l(y—%)— 3(21-%): 0
<> 4x+2y-62-26=0.
Vay mat phdng (o) ¢6 phuong trinh : 2x'-|f y-32-13=0
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Dudng thing A 1a giao tuyén cia mat phing (o) va mat phing (P) nén c6é
2x+y-32-13=0 (a)
2x+y+z-1=0 B
Pudng thing A ndm trong (a) ma (o) L d nén A 1 d.
Mat khéc vi A = (o) » (P) nén A c (P).
Vi du 3

Pphuong trinh : A : {

X-2 y+2
3

Cho dudng thing d c6 phuong trinh : =z -1 va mat phing (a)

¢6 phuong trinh : x + 2y + 3z - 15 = 0.
a) Tim giao diém cda d cdt (o). ‘
b) Viét phuong trinh hinh chiéu vuéng géc d' cia d trén mit phdng (a).

Giai - _
s o 1x=2+3t
a) Puong thing d c6 phuong trinh tham s§1a :Jy = -2 + 4t.
| z=1+t

Thay cdc gi4 tri cia x, y, z vao phuong trinh mat phing (o) ta c6 :
(2+3t)+2(-2+4t)+3(1 +t)-156=10
14t-14 =0t =1

XM =9

| ’ d
GoiM=d n (). Taco M : {yy =2 = M(5; 2; 2).
ZM = 2 N ‘n';
b) Mat phédng (d, d') nhan vecto phdp tuyén -
n, = (1; 2; 3) cia mat phdng (a) va vecto chi / d’
, i .

phuong a, = (3; 4; 1) cia dudng thdng d lam
\cap vecto chi phuong. '

o

Goi n lam vecto phdp tuyén cua mat phdng (d, d').

2 333 1n
4 1’ g

3
- -
Chgn n = (5; —4; 1) cung phuong v6i n lam vecto phdp tuy@n cia mat
phing (d, d'). Ta c6 phuong trinh cia mat phidng (d; d') 1a :
B(x-5)-4y-2)+1(z-2)=0=5x-4y+2z-19=0.
v Ta suy ra hinh chiu d' cGa d trén (o) c6 phuong trinh 1a :
5x -4y -z 10 =0
; {x+2y‘-'~3z»~15==0 |

Ta c6 : ;z(

2‘) = (-10; 8; -2)
4 . _
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Chi thich : C6 thé chuyén phuong trinh cia d thanh phuong trinh tong
qudt nhu sau :

4x-2)=3(y+2) _ 4x -3y -14=0
(x-2)=3(z-1) x-32+1=0

_ Phuong trinh mdgt phdng (d, d') la mot phuong trinh mdt phdng thuéc
chum mdt phdng c6 dang : m(4x -3y — 14) + n(x - 32+ 1) = 0

Ta can xdc dinh m va n sao cho vecto phdp tuyén cia mdt phdng (d, d’)
vuéng goc vdi n, . Sau dé ta ldp duge phuong trinh duong thang d’ cdn tim.
Vi du 4

Cho dudng thing d va mit phing (o) 1an lugt cé phuong trinh :
(d) : —)E+.———y“1 = z--1;
2 1 3
Lap_phuong trinh dudng théng d' 1a hinh chiéu cia dudng théng d trén
mit phéng (o).

() :x+y-22+7=0.

Giai ;
Goi (B) 1a mat phing chia d va d'. Mat phéng nAy vudng géc vdi mat
phéng (a). Mét ph&ng (B) c6 cip vecto chi phuong gom vects chi phuong zald

cia dudng thing d va vecto phdp tuyén nnl cGa mit phing (o).

Tacé: ayg=(2;1;3)

I, = (13 15 <2). , ‘
Tir d6 ta tim duge vecto phdp tuyén cia ay
mat phing (p) 1a : , d

- 1 33 2112 1 %
= : : =(-5,7,1 '
weh CgP IR sy A

Phuong trinh cta (B) c6 dang : -5x + Ty +z + D = 0.
. Tu phuong trinh chinh tdc caa d, ta tim duge diém M(0;1;1) € d
Do d6 M € (B). Thay toa d9 cua M vao (1) ta cé :
50+71+1+D=0=>D=-8 |
Vay phuong‘tr‘mh cua (B) la : -5x % 7y +2-8=0hay 5x -7y -z + 8 = 0.
Tacé:d = (a) n(B)
Vay phuong trinh clia dudng thing d', hinh chiéu vudng géc cia dudng
thdng d trén mat phing (o) la :
d - {5x—7y—z+8= O.
X+y-22+7=0
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Chau thich : Cé thé lgp phuong trinh tong qud:‘ cua mat phdng () nhu
sau : :
Mat phing (B) c6 vecto phdp tuyén nﬁ (-5; 7; 1) va di qua diém M(O 1; 1;
nén c¢6 phuong trinh la :
| -—5(x-—'0)+7(y-1)+I(z—-1)=0¢:>—5x+7y+z—8=0.
Vidu b

Cho dudng thdng d va mat phang (P) lan lugt c6 phuong trinh 12 :
x=2-t :
d:<y=5 P):y-z+2=0.
z=1+t
a) Qua giao diém M cha d va (P), hay lap phuong trinh tham sp va téng
quédt cia dudng thdng A vudng géc véi (P).

b) Tinh géc giita dudng thing d va (P). Viét phuong trmh téng quét clia
dudng thing m di qua M vudng géc vdi d va ndm trong (P).

_Glal
a) GoiM=d n (P).
Tacé6: 5-(1+t)+2=0
6-t=0=>t=6
Toa dd giao diém M'la :
Xy =—4
Miyy =5 = M(-4;5;7
Xpy=7

Dutng thdng A nh4n vecto phdp tuyén np= (0; 1; -1) lam vecto chi

o x=-4
phuong nén c6 phuong trinh tham s§1a : A: {y=6+t.
i | o lz=T-1
X =—4 X+4=0
i 4 =+
Phu'dng trinh téng quét cia Al {y el 2 {y +z12 =0

b) Ta c6 : e;; = (-1;0; 1) la vecto chi'phuang cﬁa}du’?mg thﬁng d

np =(0; 1;-1) lé vetto phdp tuyén ciia mat phéng P)

: = =] 10+ 01+1-D1 1
sm(ﬁ) =lcos(ag,n )X = : e —=—,

;o ‘ 4 J1+0+140+1+1 2
sin(d,P) = =. Vay(d,P) = %:30“. | ;
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Goi (B) 1a mat phdng qua M nhdn a, = (-1; 0; 1) lam vectu phdp tuyén.

Ta ¢6 phuong trinh téng quét cia (B) la :

-1(x+4)+0y-5)+183-7=0&-x+z-11=0.
x-z+11=0
y-z+2=0

Vay m = (B) ~ (P) ¢6 phuong trinh tong quat la : {

Van dé 3 : V] TRi TUONG DOI CUA HAI DUONG THANG
A. PHUONG PHAP

: -
1. Cho dp.rbng thdng a di qua diém M, c6 vecto chi phuong a = (a;; as; ag) va

dudng thang b di qua diém N cé vecto chi phudng g = (b;; bg; by).

e albeab; +asby +azb;=0.

) - - - .
e acung phuongvéibo a=kb véike R

allb o Ja=kb
anb=09

P

o achéobe a ;E , MN khéng dong phing.
, a; b; MN déng pha

* acitb« i & DfN ngrp ang

az#kb véik eR

. aEMB = izkb_‘*

‘2. Xét mit phing (a) chg’ra ava (a) cung phuong véi b :
‘s avab déng phdng < diém N € (a).
o avabchéonhau = diém N ¢ ().

3. Géc giita hai dutng thdngavab:

5 -

cos(a, b

(-9 —*i _=.. ' |a1.b1 +82b2 +a3bjl :

cos(a, b) =

4. Céch tim giao diém cla hai-dutng thingavab:
e Néua va'b dé.u c6 dang tham 88. Gid sif :

X =X, +7\‘,'a“1 C o [x=xg + t'by
a:{y=y,+tay biy=yj+th,.
z =z, + tag z=2g9+tby

,lalz +;3‘22 +ay° .-‘/bl2 +b,? +by?
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X, +ta; = x5 +t'b,

Tim t vd t' bdng cach gidi hé phuong trinh : {y, + ta, = y5 + t'b, .

zy +tag = zy + t'by

Gia su ty va t'y 1a nghiém duy nhit (néu c6), ta thay ty ho#c t'y vao
phuong trinh tham sé cua a ho#c b ta tim duge glao diém M cha hai dudng
thing a, b.

e Né&u phuong trinh cia a ¢é dang tha.m sd phuong trmh cia b ¢6 dang
tédng qu4t, ta thue hién :

Thay céc gid trl X, ¥y, z tit phuongj trinh tham sé vao phuong trinh téng
quét ta dugc hé hai phuong trinh chua t. Neu hai gié tri cia t bﬁng nhau thi
hai dudng thing a, b cdt nhau.

Thay gi4 tri d6 cda t vao phuong trinh tham sé ta sé tim du’dc toa do
giao diém. -

o Néu ca hai phuong trinh déu cé dang téng quat thi ta giai hé 4 phuong
trinh 3 &n x; y, z hodc tham sé hod céc phuong trinh dé va gidi nhu ¢ phin
trén.

B. Vi DU
Vidul
Xét vi tri tuong doi cha cdc cap dudng thing sau day :
(x = -3+ 2t x=5+t'
l. a:{y=-2+3t b:<y=-1-4t".
z = 6+4t 2=20+t
(x =-1+t x=1+2t
2. a:y=2t b:ly=7+t
z2=2-t z=3+4t’
(x =1+t Xx.=14+2t'
3. a:Jy=2+t : b:{y=-1+2t".
z=3-t z=2-2t
Giai
1. Gid s My(xo; yo; zo) la gxao diém cGa a va b, nghiala My =a n b do d6 :
-3+2t = 5+t" [2t=t'-8=0
243t =-1-4t' & {3t+4t'-1=0
6+4t = 20+t |4t-t'Z14=0"
- Xo =3
Q{t'=—2:> Yo =17 :>M0(3718)
2 =18

Vay a cdt b.tai diém. M(3; 7; 18).
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2. Gia st My(xo; ¥o; Zo) 12 giao diém ciia a va b, ta c6 :
-1+t=1+2t t-2t'-2=0
=T+t  o{2t-t'-7=0
2-t=8+4t" |-t-4t'-1=0
Hé phuong trinh trén vé nghiém, nghia 12 a va b khéng c6 diém chung.
DPudng thing a c6 vecto chi phuong v, = (1; 2; -1) va dudng thidng b c6 vecto

chi phuong v, =(2;1;4). Tacé: (1 :2:-1)#(2:1:4)
-

- -
Nhu vay v, va v, khong ciing phuong nén a va b chéo nhau.

3. Ta nhan thay hai dutng thédng a va b c6 cac vects chi phuong v, = (1; 1; -1)

va \;; = (2; 2; —-2) cung phuong. Xét diém M(1; 2; 3) € dudng thing a,""ta thay

1=2+2t 2t'=-1
M khéng thude b vi {2=-1+2t < <2t'=3 1la vd ly.
3=2-2t 2t' = -1
Vay a // b. ,
Vi du 2

Tim toa do giao diém cia hai dudng thdng d; va d, :
q .{2x+y+1=0 (1) {3x+y—z+3=0(3)
l .

: dy s <
x-y+z-1=0 (2) 2 l2x-y+1=0 (4)

Giai
Ta giai hé bon phuong trinh (1), (2), (3) va (4).

Tis X-y+z-1=0 (2)
Ix+y-2z+3=0 (3)

tacéodx =-2=>x= -

B |

Thay x = . vao(l)tacodz = §-
Z 2

Nhu vay la tir 3 phuong trinh (1), (2), (3) cia hé, gidi ra ta ¢6 nghiém la
- —;—, y=0,z= g Thay céac gid tri nay vao (4) ta thay phuong trinh (4)

nghiém véi cédc gid tri d6. Thue vay :

X

i

2x—-y+1=2(-——é—}—0+1=0_

Nhu vay 2 dudng théng d, va d;, cdt nhau tai diém M c6 toa dp la :

M(—-l—;O;E).
2 2
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Vidu 3

Xét vi tri tuong d6i cda hai dudng thdng a, b sau day :

X1 = 3x+2y-10=0
X — ol
a:{y=2-2t; b: s
z-4=0
z=-1

Giai

Thay céc gid tri cha x, y, z tir phuong trinh cta a vao phu’o‘ng trinh cia b
ta cé :

vo ly.

3(1+2t)+2(2—2t)—10=0: 2 -3=0
X5 P ~5=0

Vay hé phuong trinh trén vé nghiém, nghia 12 a va b khong c6 diém
chung.

Pudng thdng a c¢6 vecto chi phuong a’ = (2; -2; 0).

DPudng thing b c¢6 vecto chi phuong b’, dua vao cac vecto phédp tuyén cia
hai mat phing cit nhau cé giao tuyén b, ta c6 :
320 > (2 0 .o 3|13 2
=% B'= :
0 01 0 ’l0 0|
- - :
Ta nhan thdy a’' va b’ khéng cing phuong vi (2:-2:0)=(2:-3:0).
Vay hai dudng thidng a va b chéo nhau vi ching khéng ¢6 diém chung va
khéng cung phuong.
Vi du 4

L

J = (2; -3; 0).

Lap phuong trinh tdng quat cia dudng thing A di qua diém M(; 1; 1)

vudng géc v6i dudng thdng d, : | X ; X =d 7 a = z va cit dudng théng
d - X+y-z+2=0" 3
2 lx+1=0 '
Giai
Truéc hét ta lap phuong trinh méit phdng id'2 »
(o) di qua di€m M(0; 1; 1) va vudng géc véi d, o
Bu’b‘ng thng d, ¢6 vecto chi phuong : -

v =(3; 1; 1)
Tu’ dé suy ra mat phéng (o) ¢6 *phu‘crng trmh
3x=0)+1(y-D+1lz-1)=
@3x+y+z—2=0.
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Goi H la giao diém cia mat phing (a) va dudng thing d; c6 toa do thoéa -

3x+y+z-2=0 (1)
man hé phuong trinh : {x+y-2+2=0 (2)
x+1=0 (3)

T (3) ta ¢6 x = —1. Thay gia tri nay cda x vao (1) va (2) ta c6 :
-3 -2=0
e =2y=4=y=2.
-1+y-z+2=0
Thay gid tri x = -1 va y = 2 vao (2) ta tinh dugc z = 3.

Vay diém H = d; N (o) c6 toa dd 1a (-1; 2; 3).
Ta suy ra vecto ﬁl =(=1: 1::2)

Dudng th&ng A chinh 12 dudng thing di qua di€m M(0; 1; 1) nhan l;/I_I-)I
lam vecto chi phuong, do dé6 A c6 phuong trinh chinh t#c 14 :

x-0 y-1 z-1
-1 1 2
Ta suy ra Ac6 phuong trinh téng quét 1a :

=-y+1 +y=1=0
{x y + O{x y

2x = -z +1 2x +z-1=0"

Vidub

Tim géc nhon hop bdi hai dudng thdng a va b trong cdc trudng hop sau :
X=2+t .
1. (a): {y=1-42t t): x-5=¥-8_2-T

2 -1

z=-1+1

2.('8')2)(*-12

)

y_2=z"'3 (b), x—y:l:o.
-1 J2 CVex-z+2=0

Giai
1. Goi v, va \;:, 14n luot 1a c4c vecto chi phuong cia a va b.

Ta ¢6 : ;;: (1; -2 ;1) ; w;:,-: L, V2 :-1).

o] 21
ar’h Vi+2+1.J1+2+1 2

Ta suy ra : cos (a,b) =

Vay (a,b) = — = 60°.

o
3

. g ; , B
2. Goi v, va v, lan lugt 1a céc vecta chi phuong ciéia a va b.
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Tacé v, =(1; -1; ¥2).

Vectg v, dugc tinh nhu sau :

1-10 =* -1 0 :
= =1;1; 2
‘Tasuyra: cos(a,b) = cos[\;;, \—r;] - 11-1+21 _1
| V141+241+1+42 2

Véy (a‘,T)) = g-: 600.

Vidu6

Lap phuong trinh cia dudng thing di qua diém M(-4; 5; 3) va cit dudng
théng d; va d; lan lugt c6 phuong trinh 1a :
12x+3y+11=0 x-2 y-1 z-1
d,: : d,: = = :
x+3z2-5=0 2 3 -5

Giai
Goi (a) la :n#t phing xdc dinh béi d; va M. Mat phéng (a) thujc chim
mit phdng cé phuong trinh : m(2x + 3y + 11) +n(x + 3z - 5) = 0
M(-4;5;3)e(@)néntacé: m-8+15+11)+n(-4+9-5)=0
< 18m = 0¢:>m O0,tachonn=1
Vay mit phéng (a) c6 phuong trinh 12 : x + 3z - 5 = 0.
Bay gi¥ ta cdn tim giao diém N cia (a) véi d,.

" Ta c6 phuong trinh tham s8 cia dudng 7 /
Xx=2+2t
thdng d,la: {y =-1+3t
z=1-5t

Thay cdc gid tri cua x, y, z vao phucong trinh (a) ta c6 :
2+2t)+3(1-56t)-656=0 -13t=0t=0
Piém N = (a) A dj c6 toa do 1a : N(2; -1; 1)

Ta c6 MN = (6; -6; 2). Pudng th&ng MN c6 phuong trinh chmh tédc 1a :

(MN)X+4 y-5 z2
—3'1

4 ) 2
Putng t.hﬁng d1 ¢6 vectd chi phuong v = [l I lo 2,‘1 3’] (9; -6; -3).

Hai duodng thing MN va d, déng_phéng va khdéng cung phiong nén cit
nhau. Nhu vay dutng thdng MN di qua M cit d, va d,.
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Chu thich : Ta ¢6 theé ldp p/uwng trinh mdt phdng () xdc dinh béi d, va
M Mat phang () di qua diém A(2 -1; 1) va M nén nhan AM = (-6, 6, 2) va
v =1(2;3;,-5) lam cgp vecto chl phuong.

= J== == N3 2 -3|-3 3|
Ter tim vecto n; = —AM AV :( . : 1: (-9, -11; -15).
2 -5 -5 2 3)

\3
Ta ldp phuong trinh mgt phang () . -9(x - 2) - 11(y + 1) - 15(2-1) = 0
< 9x + 11y + 152 -22=0
Ta ¢6 MN = () n (p). Do dé dudng thdng cdan tim cé phuong trinh la :
x+32-5=0
{Qx +11y+15z--22=0

Vin 86 4: KHOANG CACH TU MOT DIEM DEN MOT DUONG PHANG
KHOANG CACH GIUA HAI PUGNG THANG CHEO NHAU
A. PHUONG PHAP '

o Khoang cach tir diém M dén dudng thing A.
- Vié&: phuong trinh téng quét cua mat phing (a) di qua M va vudi. goc véi A,
- Tim toa do giao diém H = (u) N A.

~ d(M,A)= | MH I,
Cdch khdc : Gia sit dudng thdng A di qua diém

M.
M, va cé a la vectd chi phuong.
- Timdién tichS=IMM ra I. 3 /t,.-’/’/ i
o - 1
=t I va |
~ &(M, a)= MH = f = MOI\E L LI M., |
lal lal

o Rhodng cdch gitta hai dudng thing chéo nhau a va b.

- Lap phuong trinh mat phing (o) chia a va song scng * b,
- Lay mot diém M nao dé6 trén b (M ¢6 toa do thoa man phuong trinh caa b)
-~ Tinh d(a, b) = d(M, (a)).

B. ViDU
Cho ‘hii dudng thadng d, va d; lan lugt ¢é phuang trinh ]i
x=1+2t | ! |
d,: {y=T7+t d, x+1_-)i—.;%»»zwf-)t !
z=3+4t . -

Chung to dy va d. chéo nhau. Tinh khoang cach gita cx.ung




Giai
" Pudng thang d, di qua diém A(1; 7; 3) va ¢6 vecto chi phuong :\/; =1(2:1; 4)
Duong thang d, di qua diém B(-1; 2; 2) va ¢6 vectd chi phuong \—7; = {1; 2; ~1)
Muén chung minh d,, d; chéo nhau wa chl.ifng minh ba vecta {—\?;, i’;’ ;_B)}

khong déng phing. Ta ¢6 AB = (-2; -5; -1)

-  — (|1 4] |4 2
va V, AV, = '2 -1!’|—11

2 1 =
; l =(-9;6,3)=n,
1 2 |

—_— ——

(V, AV,).AB =18-30-3=-15#0.

Vay d, va d; chéo nhau.
Goi (o) 1a mat phing di qua diém B chia d, va song song vdi d;. Ta lay
nz = (3; -2; -1) cung phuong véi n—; lamn vecto phap tuyén cua (a). Ta ¢6
phuong trinh cua (a) la :
T 3(x+1)-2Ay-2)-1z-2)=03x-2y-z+9=0.
13.1-27-3+91 5 _ 5/14

Khoang cdch d(a, b) = d(A, (o)) = — —_
) vi+4+1 \/ﬁ 14

Vi du &

Tinr khoang cdch tu diém M(1; -1; 1) dén dudng thdng A ¢ phuong
ity s 208 B Bl
1 3 1

Giai

Duong thing A di qua diém A(2; 0; 1) va nhan vecto a= (1; 3; 1) lam

vecto chi phuong. A2 0: 1)
Ta tinh tich cé hudng : -
iy i - - M(1; ~1; 1)
AM Ara véi AM=(-1;-1;0) a
KM A;l * .....
dM, A) = ——--——-'; trong doé : e
_, A .
lal
pece ML -1 0f [0 -1 |-1 -1
A = ; ; = (-1; 1; -2).
[ e

Dodo dM, A) = —————— =
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Cach khac : Goi («) 1a mat phang di qua M(1; -1; 1) va vudng géc vdi A
nén (¢) nhan a lam vecto phdp tuyén. Do dé mat phing («) ¢6 phuong trinh
1/x-1)+3y+10+1(z-1)=0=x+3y+z+1=0 (o)

Ta chuyén phuong trinh dudng thdng A sang dang tham sé :

‘{x:2+t ' A
yy =3t A
(z=1+t o
a
G()i H = Af‘\(Ot).

Tacé: (2+t)+38t)+(1+t)+1=0 Tj/M
4

11t=—4©t=—ﬁ*. H
" _ 418 )
i 11 11
2 e 7
H: {yy =3(-é—}=~l— = MHz(——;——l—;—iJ
11 11 11 11 11
z 4 7
H 11 11

., : o
Vay : [MH] = ’M - ’i = dM, A) = \/_6_ _
121 11 11

Vin dé 5 : PUONG VUONG GOC CHUNG CUA HAI PUONG THi\NG CHEO NHAU
A. PHUONG PHAP

e Muén ching minh hai dudng thing a, b chéo nhau ta cin thuc hién cédc
budc :

- Chung minh a nb # &.

- Tim céc vecto chi phuong ciia méi dudng va ching minh hai vecto dé
khong cung phuong.

e Gia si dudng thing a di qua diém A va cé vecto chi phuong a, dudng

thdng b di qua diém B va c6 vecto chi phuong b. Muén ching minh a, b
chéo nhau ta can chimg minh :

- Bavecto a , b , AB khong déng phéng :
(anb). AB 2 0 nghia la ching minh vecto a A b khdéng vuéng g¢ - véi

vecto AB.

‘ — — -
~ Hoac khéng ton tai hé thic AB =ma+nb
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e DE lap phuong trinh dudng vuéng géc chung A cia hai dudng thing chéo
nhau a va b, ta can thuc hién cdc budc :
— Tim vecto chi phuong a cia dudng thdng a va vecto chi phuong b «ta

- -

- > - =¥ oy
dudng thdng b, réi tim vectd n= a A b cétinhchat n L a van L b.
- Lap phuong trinh clia hai mat phing (o) va (B) :

a_»
(a) chia a va cung phuong véi n —
- ' 1
(nhan a, n lam cép vectag chi phuong). VA

—

(B) chuia b va cung phuong véi n

(nhan b, n lam cap vectd chi phuong). b

n
o |8
- Léap phuong trinh cta A = (o) ~ (B). B\

Chui thich : Muén lép phuong trinh duong
vudng goc chung A cia hai duong thdng chéo nhau a va b ta con c6 thé thu-
hién theo cdc buoc sau déy :

e Cach l:

s 4
- Tim vectg chi phuong n cua dudng vuong géc chung théa man dieu

kién n 1L a vanl b

- Lap phuong trmh mat phing (B) chia b va cung phuong vdi n (nihan

b va n lam cap vecto chi phuong).

- Timgiaodiém A=a n (B). !

-~ Lap phuong trinh dudng thing di qua diém A nhan ; lam vecto chi
phuong : D6 l1a dudng vudng géc chung cua a va b.
e Cach 2:

- Chuyén phuong trinh cia a va b vé dang tham s5. Gid sif ava b ¢6
phuong trinh :

Jx=xo+’ca1 X =x, +th;
(a) 1 {y =y, +tay (b): {y =y, +th,
z=2z, +tag |z =2, +tb;

Nhu vay cé nghia 1a dudng thdng a di qua diém My(xo; yo; zo) c6 vecto chi
phuong a = (a;; ay; a;) va dudng thing b di qua diém M,(x;; y); z1) cé Vecto
chi phuong b = (b;. by; bj).

Bay gid trén dugng thidng a ta ldy mot diém A bat ky cé tea do la
(xp + taj; yo + tag; zg + tas) va trén dudng théng b ta l1dy moét diém B hat ky
c6 toa do l1a (x; + t'by; yy + t'by; z; + t'by). KHf 46 ta c6 :
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AB =(x; +tb; - xo—ta;;y + th, -~ y, ~ta,; z, + t' by — zg — tag).
Muén duong thdng AB la dutng thing vusng goc chung cia a va b ta can
, {AEQ:O

c6: 4 .
IABb:O

Ta dugec mot hé hai phuong trinh chda cdc 4n 1a £ va t'. Giai hé phuong
trinh nay ta tinh dugc gid trit =, wa t' =t

Thay gid tri t = to vao phuong trinh tham s6 cua dudéng théng a, ta tinh
dugc toa do giao diém A = a n A\ va thay toa do t' = t'; vao phuong trinh
tham sé cia dudng thang b ta tinh duoc toa do giao difm B = b N A.

— Viét phuong trinh dudng théng qua hai diém A, B ta dugc phuong
trinh cia dugng vuong géc chung A Ta c6 thé chi cin tim mdt trong hai

b d
diém A, B réi viét phuong trinh tham sé cia A qua diém d6 va nhan n lam
vecto chi phuoug. Lap phuosg trinh bang cach nay ta tinh luén duge khoang

cdch cta hai dugng thang a, b chéo nhau. Ta ¢6 d(a, b) = | AB |

B. VI DU

Vidul
Cho hai dudng thing (a) va (b) lan lugt c6 phuong trinh :
x=-1+3t
(a) : X—2=Y+1:§; (b): {y=2+2t
3 -2 2
z=1

a) Chimng té rdng a va b chéo nhau.
b) Tinh khoang cédch gitaavab
¢) Lap phuong trinh dudng vudng géc chung cua a va b.

Giai

-

a) Dudng théng a di qua diém A(2; - 1; 0) va ¢ vectd chi phuong a = (3; -2; 2).
Pudng thing b di qua diém B(-1; 2; 1) va ¢6 vects chi phuong b = (3; 2; 0).
Ta nhan thadyavab khong cung phusng vi3d:-2:223:2:0.

Mat khactacé AB =(-3; 3; 1).

-

Ta hiy x6t : (aab). AB

;/\B.: [I*z 2";2 j

(Zé A b).KB =12 + 18 + 12 = 42 # 0. Vay ba vecto a, b, AB khéng dong
phdn.g va ta suy ra hai dugng thing a, b chéo nhau.
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b) Ta lap phuong trinh mat phéng (o) chita a va song song vdi b.

-

Mat phing nay di qua diém A(2; -1; 0) va nhan a = (3; -2; 2), b= (3; 2; 0)

lam cap vecto chi phuong, nén nhan ;/\ E = (-4; 6; 12) lam vecto phdp tuyén
; Ta chon vectd ; (2; -3; -6) cung phuong véi n lam vectd phap tuyén
clia mat phing (o) va c¢é phuong trinh cla («) la :
2x-2)-3(y+1)-6(z-0)=0=2x-3y-62-7=0.
Tacé dla, b) = d(B, ().
Khoang cach tir diém B(-1; 2; 1) trén B t6i mat phang (a) néi trén la :
12.(-1)-32-6.1-71 21

d(B; (o)) = e = = 3.
JZ+9+36 \/4_9
¢) Vecto n'= (2; -3; -6) la vecto ch1 phuong cua dudng thing vudng géc

chungvin'la van Lb
Goi (P) 12 mat phing di qua diém A(2; -1; 0) va hai vectd a = (3; -2; 2) va

-

n' = (2; -3; -6) lam cap vecto chi phuong. Do dé ta c6 phuong trinh téng quat

|-2 2
(x -2)+
Goi (Q) 1a mat phang di qua diém B(-1; 2; 1) vA nhan hai vectd b = (3; 2; 0),

3
y+1)+
3 -6 23|‘y "o

< 18x + 22y -52-14=0

n' = (2; 3; -6) lam cap vectd chi phuong. Do dé ta c6 phuong trinh téng quat
cua (Q) la :

(x+1)+

0 3 Z
: -2 (z-1) =
l‘3 6 6 j(y ) + (z-1)=0

2 -3
<> -12x + 18y + 132 + 35 =0
Vay dudng vudng géc chung A cua hai dudng thdng chéo nhaua va b la:
(18x +22y -52-14 =0
{12x—,18y—132—35 =0

Vi du 2 .

Lép phuong trinh dudng vudng géc chung ca hai dudng thing :

x+3y-5=0 ‘ x-2y-3=0
(a) : ; 3
{Zx—z—-l:’()’ (®) {2x+z=0

Giai
Goi a la veltg chi phuong ciia dudng thing a, ta c6 :
4
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= 3 0 1] J1 3|
oo ; y l ~(-3:1: -6)
o —a|-1 2" j2 o,

b la vecto chi phuong ctia dudng théang b, ta c6 :
- (l-2 o] |0 1] |1 -2
b = : : } ={=2; =13 4)
1o 1

1 2|2 0]
Ta lay diém A(2;1;3) eavaB (3;0;-6) e b

—
Goi n la vectg chi phuong cia dudng vudong géc chung cuiaava b, ta cé :

ﬁi a,nlb.
- 1 -6 -3l -3 1|
Dodé: n= ( ‘ ‘ ; 1” = =2; 247 B).

- —
e Goi (o) la mat phing chita a va cung phueng véi n. Goi n, la vectd phap

tuyén cua (a) ta cé :

-3
n, =

Phuong trinh cla mat phing («) ¢6 dang :
149(x - 2) + 27(y — 1) - 70(z - 3) =
<> 149x + 27y - 70z - 115=0 ()

6 -3 |-3 1|\
; |- = (149: 27: —70).
24 5 |

5 -2 |-2 24

1 *6‘_

e Goi (p) la mat phing chira b va cung phuong véi n . Goi 1;“ la vecto phédp

tuyén cuaa (j3), ta cé :

- ~921l-2 -
ng = : = (-101; 2; -50).
24 5 -211-2 24

Phuong trinh cia mat phing (B) c6 dang :
-101(x-3)+2(y-0)-50(z + 6) =
< -101x+2y-50z+3=0 (B
Ta c6 A = (0) ~ (B) nén phuong trinh cia dudng thing vudng géc chung

la :
 (149x + 27y - 702 -115 = 0
' {101x—2y+50z—3 =0
Vidu3
Cho hai dudng théng m, n chéo nhau cé phuong trinh :
x=1 X =-3m
(m): {y=-4+2t; (n): {y =3+2m.
z=3+t z=-2
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a) Tim cdc giao diém M, N cia dudng thing vuéng z6c chung A vdi cac
dudng thidng n, m.
b) Tinh khodng c4ch giita hai dudng thdng chéo nhau m va n.
¢) Viét phuong trinh tham sé va phuung trinh tdng quat cia dudng thing
| vuong géc chung A cia hai dudng thdng m va n.

Giai
a) Puong thang m ¢6 vectg chi phuong m = (0; 2; 1). M
m r—/""’
2 - -]
Pudng thang n cé vecto chi phuong n = (-3; 2; 1).
I'rén dudng thing m, ta 14y diéru M ¢6 toa d)
(1; =4 + 2t; 3 + t) vA trén duong thang n, ta lay

diém N c6 toa do : (-3u; 3 + 2u; —2). . n\w\
Taco: 1\_/I_I<T=(—3u- 1; 2u-2t + 7; -t - 5).

Muon cho MN la dudng vuéng géc chung thi ta cAn c6 :

((—s
MN.szQ{Z(Qu-2t+7)—t—5=0

MN .1 —3(-3u - —2t+7) =
(MN.n =90 3(-3u-1)+2(2u-2t+7) =0
[4u+5t+9=0 o =
NM3u-4t=17=0"" Jt=1 °

\

=

Thay t = 1 vao phuong trinh cua dudng thdng i, 1 tinh dugs toa dé giao
diém M la (1; -2. 4) va thay u = -1 vao phuong trinh cia dung thing n ta
tinh dugc toa dd cua giao diém N 1a (3; 1; -2)

b) Ta ¢6 : dan, n) = 'ﬁ:ri /61 MN = (2. 3; 6)

Nén

Mltl* =Ja+0+36= 7.

¢) Puong thiang vudug goc chung MN di qua diém M(1; -2; 4) va nhan
MN = (2; 3; -6) lam vecrg chi phuvng nen ¢é phuong trinh tham 30 1a :

Ex:1+2v (1)
y=-2-3v 2)
z=4-6v (3)

Tu(l)tacéov = x—é . Thay gia tri nay cia v vao (2) va (3) réi nit gon ta
dugc phuong trinh tdng quat cia dusng vidng gse chung la :
(3x -2y -7=0

AU
i\;:ix +2-=T7:=20
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C.CAC BAI TOAN ON TAP
Bail

Trong hé toa dd truc chuan cho ho mat phang (P,, ¢o phuong trinh :

m
2Xx +y+z—-1l+mix+y+z+1)=0,rmlatham so.
a) Ching minh rdng vdi moi m, mat phang (P,) luén luén di qua mot
duong thing (d) cé dinh.
b) Tim m dé mit phang (P,) vuong goc vai mat phang (Py) cé phuong
trinh : 2x +y + 2 = 0.
Tinh khoang cach tir goc toa d6 dén duong thang (d).
_(DE THI bl HOC BACH KHOA HA NOI NAM 1995)

, Giai
a) Cdc mit phang (P,) thudc chum mit phiang xdc dinh bdi hai miat phéng
2x+y+2z-1=0

¢6 phuung trinh :
X+y+z+1=0

Pay chinh 12 phuong trinh duong thing (d) ¢ dinh can tim vi hai mit
phéng nay luén luén cdt nhau (vi2:1:1=21:1: 1)

— - : '
b) Goi n, va ng, lan lugt la cac vecto phdp tuyén cua (P,,) va (Py). Ta cé :

-3

. -3 =
{(Pp) L{Py) > n,, Loy <= n, ng=0

o

Phuong trini cta (P,) e6 dang - (2 + mix +(1+mly + (L + iz — 1+ 1 = 0.

—p ad

Dodé: n, =(2+m;1+m l+mi u, =(2.1: 1)
nnv‘;o =22+m)+(l+m+1+m=dm+6=0c>m= - 3

o a a
Mudn (Pm) ok (Pﬂ) can Chi)n o 2 .

Vectd chi phuong cia duong thing dla 4. Ta 26 :

- 11 2 l2 1 ‘
d= ‘ : =(0; -1; 1),
1" 4l 1|

Goi () 12 mat phéng di qua goc toa 46 va viong goéc véi duang thing d.

Mat phang (o) nhan d lam vecto phap tuyén nén cé phuong trinh la -y +z = 0.
Goi H = (a) n d. Toa d¢ cia H la nghiém hé phuong trinh

22+y+z-1=0 X = 3

X=y=z=0 .

U
i-‘
ro
‘r
> )W
| &S
i P

-y+z=0
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Do d6, khoang cach tir gbc toa do dén dudng thang (d) 1a :

— / fag
|OH | = 4+g+9 = v34'
V 4 4 2
Bai 2
Trong khong gian vdi hé toa dé Dé-cdac vudng géc Oxyz, cho hai duong
Xx=2t+1 =s+2
thang vdi phuong trinh tham s6:(d):{y=t+2; (dy):<{y=2s-3.
z=3t-3 z=3s+1

a) Chung to rang (d,) va (d.) 1a hai dudng thdng chéo nhau.
b) Tinh khoang cdch gita (d,) va (dy).
(DE THI DAI HOC QUOC GIA HA NOI NAM 1994)

Giai
a) Ta cé vecto chi phuong cia dudng thing (d;) 1a a; = (2; 1; 3) va vecto chi

phuong ctia duong thing (dy) 1a a, = (2; 1; 3).

Ta nhan thay z;; va e:_; khong cung phuong. Toa do giao diém (néu cd)
cua (di), va (d,) sé thoa man hé phuong trinh :
| 2t+1=s+2 (1)
t+2=2s5--3 (2)
3t-3=38s+1 (3)=>3t=3s+4

=3t =3s-4
} hé v6 nghiém.

7ay (d;) va (dy) khong c¢é diém chung va khac phuong nén ching chéo
nhau. _

b) Goi (a) 1a mit phéng chua (d;) va song song vdi (dy) nén cé vectd phdp

tuyén la : |
N, =a;Ady = Oé gl; lg %‘; l? 2"” = (-3; -3; 3).

Chon vects n'= (1; 1; -1) cung phuong n, lam vecto phdp tuyén cia (a).

Mat phing (a) di qua diém M(1; 2; 3) va nhan r_;' =(1; 1; -1) lam vecto phdp
tuyén nén c6 phuong trinh la : 1.(x - 1)+ 1(y-2)-1(z+3)=0
' <Sx+y-2-6=0.
Lay diém N(2; -3; 1) thudc (dy). Khoang cach t* N dén mit phdng (o)
chinh 14 khoang cédch giita hai dudng thidng chéo nhau (d;) va (d2) dugc ky
hiéu 1a d(d,, dy). ' '

4N, (o = 1 2=8-1-61 =—8—=§\3@-=d(d,,dﬂ‘._

JiZ+12 4 (-2 V3
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O Chu thich:

o (Aaua : C6 thé ching minh bt octo 13, L4, MN | « hong déng phéng.

| = P
‘a; A a2).MN1
e Caub : C¢ thé tinh dua vao "oag thuce @ did,, d. =" s .

la, Aayl

Bai 3

Trong khéng gian véi hé toa 16 Dé cdc vudng géc Oxyz, cho hai dudng
thang (d,), (dy) lan lugt c6 phuong trinh :
= o —9 _ ,
dy: 2ot ¥=8 29 (dy: 2287
1 2 -1 =7

1. Chung toé rang dé la hai dudng thang chéo nhau.

{_z—l

3

B

2. Lap phuong trinh dudng vuéng goc chung cua hai duong théng dé.
(DE THI DAI HOC ¥ DUGJC TP.HCM NAM 1998) |

Giai
1. Duong thang (d,) di qua diém A(7; 3; 9) ¢6 vectd chi phuong a= {1y 22 ~1).

Buong thang (d,) di qua diém B:3; 1; 1) ¢ vecto chi phuong E: (-7; 2; 3).
Ta nhan thay hai dudng thang (d)) va (d.) khoug cung phuong. Toa dd
giao diem cuda (dy) va (dy) néu cé sé thoa man hé phuong trinh ;
x=7+t=3-"Tu (1)
y=3+2t=1+2u (2).
z=9-t=1+3u (3)

Tur (1) va (3), ta tim dugec u = -3 va t = 17. Thay cdc gid tri nay vao (2) ta
¢6:3 + 34 #1 - 6. Vay hé phuong trinh trén vé nghiém, nghia la (d,) va (dy)
khong cé diém chung. Hai duong thang (d,) va (d,) khoug c¢6 diém chung va
khéng cung phuong. Vay ching chéo nhau.

2. Goi (o) 12 mat phing chia (dy) va vuong goc véi (d)). Nhu vay méat phdng
(o) nhan vecto chi phuong cua (d,) lam vecto phap tuyén va di qua diém
B(3; 1; 1) nén ¢6 phuong trinh la : 1(x-3)+2(y-1)-1(z-1)=0

X+ 2y-2—-4=0 ()

Goi (B) 1a mat phing chia (d,) va vudng géc voi (d,) Nhu vy mat phing
(B) nhan vecto chi phuong cia (d,) lam vecto phip tuyén va di qua diém
A(7; 3;9) nén c6 phuong trinh la : -7(x - 7) + 2(y - 3)+ 3(z-9) =0

o =Tx + 2y — 3z + 16 = 0 (B). ‘
Ta suy ra dudng vudng géc chung A cua (d,) va (d,) ¢6 phuong trinh la :
: (A):{f+2y—z—4r0 |
Ix-2y+3z2-16=0
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Bai 4

Trong khong gian Oxyz cho hai dudng thdng (D;); (D) ¢6 phuong trinh :
x+1  y= 4 z-4

’ Xx-2 y-3 z+4
(Dy): === = (Dy) : .
L S “t 8 T -3 . -1
Tim phuong trinh chinh tdc cua dugng vudng géc chung (d) caa (D,), (D).
Tinh toa do c4c giao diém H, K caa d véi (D), (D,).

(PE THI DAI HOC QUOC GIA TP.HCM NAM 1597)

Giai
DPudng thing (D,) di qua diém A(2; 3; 4) va cé vecto chi phuong u, = (2; 3; -5).

Pudng thing (D,) ¢6 vecto chi phuong I.Iz = (3; -2; -1).

b 4

Goi v 1a vecto chi phuong cia dudng vuong géc chung (d) thi: v L u, va

_\;L u, .
T = 3 _5_'5 2(12 3]
Tacé: v= u; A u2 = \_2 -—l,I“- 1 313 _2i

= v=(-13; -13; -13).

C6 thé 1ay v’'= (1; 1; 1) lam vectd
‘chi phuong cua d. "
Goi (P) 1a mat phang chua (D)) va (d).

‘ > e e \ u,
Do dé (P) cé vecta phap tuyén n, =u; AV'. \;(%
/
_—’ 3 = _—5 22 ez . .
I, :Ll .f” i ,“1 fU_ (8; -7; -1).

Mt phang (P) di qua diém A(2; 3; —4) nhan n, lam vectd phdp tuyén nén

¢6 phuong trinh 1a :
Sx-—-2)-Ny-3)=(z+4)=0=8x-Ty-2+1=0,

Goi K la giao diém cia mit phdng (P) va dudng thang (D,). Viét phuong
trinh cua (D,) dudi dang tham sd va thay cdc gid tri cda x, y, z vao phuong
trinh cua (P), ta cé :

B-1+3t)-74-2)-(4-t)+1=0 & -39+39t=0=>t=1

Thay t ='1 vao phuong trinh tham sé cia (D), ta tim dugce toa dd giao
diem K(2; 2; 3).

Do d6 ta ¢6 phuong trinh chinh tdc cia d di qua K va nhan v’ lam vecto

cii phuong la : EIZ = y;-zmzzis.
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Gei H = (D)) mn (d). Ta ¢6 phuong trinh tham 26 caa (D)) va (d) nhu sau :

X =2+ 2u [x = 2+v

|
(D) Jy=3+3u idi:f]')r:Zv-v
Z=—4—5U ?Zt‘-’l)\:\"

Tca do cua giao diém H théa man hé phuong trinh = *
X=2+2u=2+v
y=3+3u=2+v r:-«;u ‘,
z- 4-5u=3+v =

Thay u = -1 vao phuong trinh cua (D)) hedc v = -2 vao phuong trinh cua

(d) ta tim duge toa do giao diém H la (0; 0; 1)
Bai 5

Trong khong gian véi hé toa dd Dé-cac vuong géc Oxyz, cho duéng thing
(d) va mat phing (P) c6 phuong trinh :

x=1+2t
(d):y=2-t ; (P):2x-y—-2z+1=0.
z =3t

a) Tim toa do cdc diém thudc duong thang (d) sao cho khodng cdch tu
mbi diém dé dén mat phang (P) bang 1.

b) Goi K la diém dai xung cua diém I1(2; -1; 3) qua dudng thing (d). Hay
xédc dinh toa do diém K.

(DE THI DAI HOC BACH KHCA HA NOI NAM 1998)

Giai
a) Gia su diém M(1 + 2t: 2 — t; 3t) thuoc d. Khi d6 khoang cdch tr M dén
mat phang (P) 1a :

dM, P) = o — — = ]
J22 417+ 2
_E_L—_tl__l t=4
3 Tt = =2

Véi: t =4 tacéd diem M(9; -2; 12).
t = 2 ta cé6 diem M'(-3; 4; -6).
Hai diém M va M’ néi trén thuoc (d) va ¢6 khoang cdch téi mat phang (P)
bing 1. ,
b) Goi (Q) la mat phdng qua diém 1(2; -1; 3) va vudng géc vdi (d) nén cé
vecto phép tuyén n—; =(2; -1; 3). Do dé (Q) ¢:6 phuong trinh
Q:2x-2)-ly+1)+3(z-3)=0=>2x-y+32z-14=0
Mait phang (Q) cit duong thing (d) tai diém H.
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Toa do cua H dugce xdc dinh bgi phuong trinh :
210+ 2t)-(2-t)+33t) - 14 =0=2>14t-14=0=t=1

Thay gid tri t = 1 vao phuong trinh cua

(d), ta tim dugc toa dé cua H la : H(3; 1; 3). d

Ta cé EI) = (1; 2; 0)

ma H(’=2FI =(2; 4; 0). _ I\\_
xg =2+2=4 H\K
Dodé: {yx =-1+4=3 = Vay K4; 3; 3). [Q ‘
Zy =3+0=3 ]

Bai 6

. Trong khong gian cho hé toa do DPé-cdc vudng géc Oxyz va cho cdc diém
A(a; 0; 0), B(0; b; 0); C(0; 0; c); (a, b, ¢ duong).

Dung hinh hop chir nhat nhan O, A, B, C lam bén dinh va goi D la dinh
déi dién vdi dinh O cda hinh hop dé.

1. Tinh khoang céch tir diém C dén mat phéng (ABD).

2. Tinh toa do hinh chiéu vuéng géc cia C xuéng mit phing (ABD). Tim
diéu kién doi vdi a, b, ¢ dé hinh chiéu dé ndm trong mat phang (xOy).

(DPE THI DAI HOC QUOC GIA HA NOI NAM 1998)

Giai ,

1. Binh D cda hinh hop c6 toa dé la (a; b; ¢). CT

Do d6 : A—Is.-:(O;b;c) 5

Xﬁ:(—a; b; 0) O~ “'B_"h'y

Goi ; la vecto phép tuyén cia mat Pl
phing (ABD), ta cé: /A

> _ o i _ b X 0 -a |—a X

-3 3-p 4 4

= (bc; ca; - ab).

Mat phing (ABD) di qua diém A(a; 0; 0) va nhan H = (be; ca; —ab) lam
vecto phdp tuyén nén c6é phuong trinh 1a :
be(x — a) + ca(y - 0) — ab(z -~ 0) = 0 < bex + cay — abz — abc = 0
Khoang cach tir C(0; 0; ¢) dén mit phdng (ABD) 1a :
| be0+ca0-abc-abel _ 2abc "
Jbo? +(ca)? +(ab)?  YaZb? +b2c? +cZa’

2. Goi H 1a hinh chi&u vuéng goéc eia C xuéng mit phing (ABD). Pusng

- d(C, (ABD)) =

o~
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; ) 2 X
tlnang CH ¢6 phutong ti:uh chinh tac: — = —=——=1.
bc ca -ab

Ta c6 H la giao diem cua duong thang CH vdéi mat phing (ABD). Chuyén
p'huong trinh chinh tdac cua CH thanh phuong trinh tham sé ta ¢é : x = bet,
y =cat, z = ¢ — abt.

Thay cdc gia tri nay vao phuong trinh cua mat phang (ABD), ta tim duge
tooa do diem H ung v6i gia tri cua tham so6 t tim duge trong phuong trinh sau :

be(bet) + calcat) — ablc — abt) — abe = 0
2abce

t(b%? + c’a® + a’b”) - 2abc = 0 = t = TR ==
b“c” +c“a“ +a“b

Ta c6 toa do giao diém H :

« Qab2 - y 2a%be?
H : ; H= 5 § ;

b c? + cza“ +azb2 b2c‘2 +czal‘2 +a‘2b‘2
clc?a? +c’b? -a%b?)

9 2
bZ%c? +c%a® + a’b?

Zy =

Diim H € mp (xOy) < c’a’ + ¢b? - a’h* =0 = —15 = }5 + —1)
¢ a b~
Bai 7

Trong khong gian Oxyz. cho duong thang (d) va (A) biét phuong trinh cua
clhing nhu sau :

2x-y-11=0 - - -
(d):{ y x-0 y-2 z-0

(A) = =
X-y-2+5=0 2 1 3

1. Xdc dinh vecto chi phuong cia duong thing (d).
2. Chung minh riang hai’ dudng thang (d) va (A) cung thudc mot mat
phAng, viét phuong trinh mat phang dé.
3. Viét phuong trinh chinh tdc cua hinh chiéu song song cua (d) theo
phuong A len méat phdng 3x - 2y - 2z -1=0.
(PE THI PAI HOC XAY DUNG NAM 1997)

Giai
1. Gei a la vecto chi phuong cia duting thang (d), ta cé :

;":(—-1 ol_;o 2 |2 —1}2(1;2;41).

-1 -1-1 1|1 -1
2. Cluyén phuong trinh dudng thdng A sang dang tong quit, ta c6 :

~ |x-5=2y-4 <;—_> Xx-2y-1=0
3x-15=2z-12  [3x-2z2-3=0

Hai duong thadng (d) va (A) khong cung phuong vi1:2:-1%2:1:3 nén
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muon ching minh ching thuge mot mat phing, ta chung minh (d) va (A) cit
nhau. Toa dé giao diém théa man hé phuong trinh sau day :

x-2y-1=0 (1)
3x-2z2-3=0 (2)
9 -y-11= 0 (3)
X-y-z+5=0 (4)

Tu (1) va (3) ta tinh duge x = 7; y = 3. Thay cdc gia tri nay vao (4) ta tinh
duge z = 9. Ta nhan thay gia tri nay cing nghiém phuong trinh (2). Vay (d)
va (A) cit nhau tai di€m M(7; 3; 9) va cung mdt mat phdng (B). Mat phdng -

(B) di qua diém M(7; 3; 9) va c6 cdp vecto chi phuong la a = (1; 2; -1) va

=(2; 1, 3) nén c6 vecto phdptuyén n = a A b.

— (l2 -1|-1 1jj1 2
= 3 : = (7; --5; -3).
n (l - |3 2’ 2 1“ (_ )

\\1

Do dé miit ; hdng (B) c6 phuong trinh 1a :
Tx- T)-56(y-3)-3z-9)=0Tx-5y-32-7=0.
3. Giao diém cua A va mat phang 3x - 2y — 1 = 0 ¢6 toa do théa man hé
phuong trinh : .
x-2y-1-0 x=3
3x-2z2-3=0 e {y =1 la diém thudc d = (B) N (y).
3x-2y-22-1=0 z=3
Dudng théng d', hinh chiéu song song cua d chinh la giao tuy&n clia mat
phéng (B) v6i mat phing (y) cé phuang trinh 3x — 2y -2z - 1 = 0. Ta suy ra

= - 313
d’' cé vecto chi phuong v = {l l } l] (16; 23; -1).
X - 3 -1 _ 2z-3
Vay d' ¢6 phuong trinh chinh tdc la : = .
16 23 -1
Bai 8
| .
; Cho dudng théng (dy) : x=d_¥il _esl vdi k la tham so.

k+1 2k+31k

!
: 1. Ching minh ring (dy) luén luén nim trong mdt mat phang cd dinh.
Viét phuong trinh mat phéng dé

2. Xac dinh k dé duong thing (d,) song song véi hai mat phing :
6x-y-32-13=C va x-y+22-3=0.
(PE THI DAI HOC THUY LOI NAM 1999)

Giai
1. Dudng théng (d,) c6 vecto chi phuong v= (k +1; 2k + 3; 1 - k). Néu (dy)
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luén ludn n3m trong mit phing (P) & dinh thi vecto: v cia (dy) phai ludn

luén vudéng géc vdi vecto phédp tuyén n cua (P). nghiala n.v =0.
Gia st n =(x;y;z), khidétacé:

;.;=x(k+1)+y(2k+3)+-z(1—k)=0vdin
S (x+2y-z)k+ (x+3y+2)=0vd1 vk

{x+2y—z=0 {y=—2z
= =

=(5 ;—-2;
x+3y+z=0 X =5z = n= (52 z; 2)

Vay mit phéng (P) cdn tim cé vecto phdp tuyén I_l.' = (5; -2; 1). Mat khéc
vi diém A (3; -1; -1) luén ludén thudc (dy) nén mat phing (P) cing chua
A(3; -1; -1). Do d6 mat phidng (P) ¢é phuong trinh la :
5(x-3)-2y+1+1z+1)=05x-2y+z - 16 = 0.
2. Goi A la giao tuyén cia hai mit phdng da cho. Ta c6 phuong trinh cua (A):
6x-y-32-13=0
{x -y+2z-3=0

Goi u la vecto chi phuong cua A. Ta ¢6 :
;I_ -1 -3 |-3 6(|6 -1
-1 o2()1 -1 -1
Ta c6 thé lay vects u' = (1; 3; 1) cing phuong véi u lam vecto chi
phuong cia A. Can va dd dé (d,) / A la hai vecto chi phuong clia chung cung

phuong va ching khéng ¢6 diém chung.

= k+1 2k+3 1-k k+1+1-k
viiu & = = = =1
3 1 1+1

’

} = (-5; -15; -5).

3 _y+ 1 _ z-1 va
3 1
(dy) khong c6 diém chung v6i A vi véi x =3 +t;y=-1+3t:z=1 + t thay
vao phuong trinh ciia hai mat phéng ta c6 két qua 1a cdc phiuong trinh déu
vd nghiém. That vay :
6(3+t)-(-1+3t)-3(1+t)-13=0=0t+3=0
B+)-(-1+3t)+2(1+t)-3=0 0t+3=0

Vik=0tacé v/ u',khidé (d) c6 phuong trinh "'1'

[

}:)Vélj!

Vay cdc phuong trinh v nghiém va ta c6 (dy) // A.
Bai 9

Trong khéng gian vdéi hé toa dé Pécdc vuing géc Oxyz, cho mst hinh tu
dién véi bén dinh O(0; 0; 0); A(6; 3; 0); B(-2; 9; 1); S(0; 5° &).
1. Chuing minh SB vudng géc vdi OA.
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2. Ching minh hinh chiéu cia canh SB lén mat phdng OAB vudng goéc
vdi canh OA. Goi K la giao diém clia hinh chiéu dé v6i OA. Hay tim toa dd
diém K. :

3. Goi P, Q lan lugt 1a trung diém cda cdc canh SO va AB. Tim toa d¢
diém M trén SB sao cho PQ va KM cit nhau.

(DE THI DAI HOC KIEN TRUC HA NOI NAM 1999)

Giai B(-2; 9; 1)

1. OA = (6; 3: 0), SB = (-2; 4; -7). z)

Ta c6 : ) S E

S(0; 5; 8)

OA.SB =-12-12+0=0= SB 1 OA.
Ké SH | mp (OAB), ta cé :

SH10A
SB_LOA} = OA 1 (SKB) = OA 1 (BK).

to

Miit phiang (SBK) nhéan OA = (6; 3; 0)
lam vecto phdp tuyén va di qua diém
S {0; 5; 8) nén cu phuong trinh :

6(x~0)+3(y-5)+0(z-8)=0
o2x+y~-5=0.

Phuaag trinh cia dudng thdng OA : -’6‘- = -?é =5

Chuyén sang phuong trinh tham s8 : x = 6t; y = 3t; z = 0. Thay cdc gia tri
nay vao phuong trinh mit phing (SBK) ta c6 :

2(6t) + (3t)-5=0

15t-5=0=t= % = K(2; 1; 0).
3. P la trung diém cia SO nén c6 toa do la P(O; -Z—; 4).

/
Q 1a trung diém ctia AB nén c6 toado la Q = LZ; 6; -;—)

~ Ta can tim giao diém M ciia mat phidng (PQK) véi dudng thing SB. Hai
vectd chi phuong cua mét phdng (PQK) l1a

13—;{ = (2; -§-; ——4) va af)( = (O; -5 —}-]
2 2

Goi m= (4; -3; -8) /. PK v n = (0; 10; 1) / QK . Mat phing (PQK) c6
phuong trinh la :
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(x-2)+

IES ~& 1—8 41(y—1)+4 (z-0)=0.

-3
10 1 |1 o0 0 10
&S TTM(x~2)-4(y-1)+40z2=0 < 77x — 4y + 40z — 150 = 0.
x =2t
Dung thdng SB c6 phuong trinh tham s6 {y = 5 -4t
|z=8+Tt

Thay cédc gia tri nay vao phuong trinh cia mat phdng (PQK) ta c6 :
77(2t) — 4(5 — 4t) + 408 + 7t) — 160 =0

450t - 150=0=>t = %

Do dé-diém M c¢6 toa do [E,H,ﬁl)
33 3
Bai 10
Trong khong gian Oxyz cho cdc dudng thing (A;) va (A;)
: =2 +at
X+2y-3z2+1=0 * +a
(Ay) : (Ag) : {y =-1+2t
2x -3y+2z+1=0
_z=3—&

véi a 1a mot sé thuc cho trude va t 1a tham sé.
1. Lap phuong trinh mit phéng (P) chia (A;) va song song vdi (Ay).
2. X4c dinh a dé tén tai mat phing (Q) chua (A,) va vudng géc véi (Ay).
(PE THI CAO PANG HAI QUAN NAM 1999)

: Giai
1. Ta 1dy mét diém A thudc (A,) bing cdch cho z = 0 dua vao phuong trinh
cua (A;) ta tinh dugc y = —-,1;; X = ——?—.

Nhu vay diém A e (A;) ¢ toa dd 1a (-g; - -}7-; 0]

Ta can tim vecto chi phuong cia dudng thdng (A ).

=~ (|2 -9[-3 3 2
= : =(-7,-7, -7
530 4R e

-1
Ta c6 thé 1dy vecto v’ = (1; 1; 1) lam vectd chi phuong cia (A;)

DPudng théng (A;) cé vectd chi phuong u = (a, 2, -3).

Mat phédng song song (P) muén chua (A,) va song song vdi (A;) phdi di qua

diém A(—u?-;—;l;; O] va nhan cip vecto chi phuong 1a v', u néi trén. Goi n
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la vecto phdp tuyén cua (P) ta c6 :
- (1 1|1 1)1 1
7= : ]

2 - 3|’ -3 afla 2
Mt phéng (P) di qua diém A va nhan n lam vecto phdp tuyén c6 phuong
trinh la :

n: (-5;a+ 3;2 - a).

—5(x+§)+(a+3)(y+%J+(2—a)(z.—0)=0

a-22

< -bx+(a+3)y+(2-a)z+ =0.

Chi y ring dudng thing (A;) phai khéng ndm trong (P) nén (P) khong
chita diém B(2; -1; 3) thudc A;, nghia 1a toa dd clia B khong théa man phuong
trinh caa (P)

-52+(@+3)(-1)+(2-a)3 + 5%—2—2:&0 haya;t-—%%.

Vay : néu a = -2—17- thi khong tén tai mat phing (P) chda (A,) va song

song vdi (Ag).
Néu a # - —Z—; thi mit phing (P) chia (A;) song song véi (A;) ¢6 phuong

trinhla: -35x+T7(a%3)y+7(2-a)z+a-22=0.

2. P& tén tai mat phing (Q) chita (A;) va vudng géc v6i (A) cdn va da 14 hai
vecto chi phuong ciia hai dudng thdng nay phai vudng géc véi nhau nghia la :
(1 1; 1)(a;2;-3)=0«=a+2-3=0a=1

D.cAc PE TOAN BE LUYEN TAP

01. Trong khéng gian Oxyz, lap phuong trinh tham s& cia dugng thidng (d) di
qua diém M(3; 2; -1) vudng géc Oy va cit truc Oy.

DS : Pudng thing (d) cit truc Oy tai diém N cé toa do 12 (0; 2; 0) nén cé
vecto chi phuong la h-/I—IG =(-3;0; 1)
[x =3-3t
Phuong trinh tham sé cGa (d) la : {y =2
1z =-1+t
02. Cho dudng thing (A) di qua diém A(1; 3; -2) va vudng géc véi mit phing
(P) ¢6 phuong trinh 2x —y - 5z + 1 = 0.
a) Lap phuong trinh tham sé caa (A).
b) Tim giao diém cia (A) va mit phéng (a) ¢6 phuong trinh :
4x+y+22-6=‘0.
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x=1=2t
ES : a) Phuong trinh tham s6 cta (A) :{y =3-t
z=-2-5t
" b) Goi M = (8) ~ (a). Ta ¢6 M(-1; 4; 3).
03. "rong khong gian Oxyz cho dudng th&ng (m) ¢6 phuong trinh :

X-2y+z+3=0
2x=y-32+4=0

a Tim vecto chi phuong v clia dudng thdng (m).

b Lap phuong trinh dudng théng d di qua diém A(2; 1; 1) va cit dudng
thdmg (m) cho trudc theo mot géc vudbng.

BS: a) Tacé: v=(1;1; 1)

b) Mat phing (a) di qua A(2; 1; 1) va vudéng géc vdi (m) cé6 phuong
trinl: x+y+2z-4=0.
Mit phang (B) di qua A va chita (m) c¢6 phudng trinh : x + 8y — 9z - 1 = 0.
( -4=0
T c6 d = (@) (B) c6 phuong trinh : BT
Xx+8y-92-1=0

04. "rong khéng gian cho hai dudng théng (A;) va (Az) c6 phuong trinh tham

(x =1-t¢ Jx=2t'
s6: ) {y=t (Az):1y=1—t'.
z=-¢t lz=t’

a Chung to ring (A;) va (Az) 12 hai dudng thing chéo nhau.

b Lap phuong trinh miat phéng (P) chia (Ap) va song sontg vdi (A)).

¢, Tinh khodng cdch gilra (A;) va (Ay).

P35 : a) Hai dudng thdng (A)) va (A) 14n lugt c6 hai vecto chi phuong 1

vi=(-1;1; 1), vo =(2; ~1; 1).

Viy \;; va \72 khong cung phuong, do d6 (A;) va (A;) khong song song Vi
nhat Giao diém cuia (A;) va (Ay) théa man hé phuong trinh :
1-t=2t
t=1-1t'
-t =t
H phuong trinh nay v6 nghiém nén (A;) va (A;) khéng cdt nhau.
T. suy ra (A;) va (A;) chéo nhau.



b) Mat phéng (P) chua (Ap) va song song véi (A,\ di qua diém (0; 1; 0) va
nhén v1 : v2 lam cép vecto chi phuong nén cé phu‘o‘ng trinhla:y+z-1=0.

c) Lay diém M(1; 0; 0) thudc (A,;) ta c6 :
10+0-11 2

Ji+1+0 2

05. Cho hai duéng thdng chéo nhau (m), (n) ¢6 phuong trinh :

d(M, (P)) = = d(A, Ag).

x=1 X =-3u
(m): {y=-4+2t (n):{y=3+2u.
z=3+t z2=-2
a) Tinh khodng céch giita hai dudng thdng (m) va (n).

b) Viét phuong trinh dudng vudng géc chung MN (M € m, N € n) cia hai
dudng thing da cho va tinh toa d§ cdc diém M, N,

DS : a) M(1; -2; 4), N(3; 1; -2)

d(m), m)) = | MN | = 7.

x-1 y+2 z+4

b) Pudng vuéng géc chung MN c6 phuong trinh e

08. Trong khéong gian véi hé toa d) Décdc vudng géc Oxyz, cho hai dudng
thing (d;) va (dy) ldn lugt c6 phuong trinh :

dy) : {x+y—-z+2=0.

-1 y+2
d): X
(dy) x+1=0

3 1

X
1

a) La_p phuong trinh mat phdng (a) di qua diém A(0; 1; 1) va vuéng géc
v6i dudng thing (d,).

b) Tim giao diém cia (a) véi dudng thing (d2).

c) Viét phuong trinh du’dng thdng (A) di qua diém A vudng goc véi (d;) va
ciit (dg)

DS : a) Phuong trinh téng quét cia mat phing (a).: 3x+y+2-2=0.
b) Goi B = (a) n (d¢). Ta c6 B =(-1; 2; 3).

¢) (A) 1a dung thing AB véi E = (-1; 1; 2) lam vecto chi phusng

nén ¢6 phuong trinh chinh tdc 1a : = ads 1

y-1_2-1
=] 1 2

07. Tim tdp hgp cdc difém M trong khong gian cdch déu ba diém A(1; 1; 1),
B(-1; 2; 0), C(2; -3; 2).
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DS : Tap hop cdc diém M trong khéng gian cach déu ba diém A, B, C la
dirong thing (A) c6 phuong trinh :

(A) : 2x-y+z+1=0 (MA = MB)
" lx-4y+2-7=0 (MA =MC)
08. Hay xét vi tri tuong déi cia hai dudng thdng sau day :
(d]);§=3’__1=3‘_ (dy) - 3x=y—5z+1=0_
1 -2 3 2x+3y-82+3=0
DS : (d;) ¢6 vecie chi phuong v, = (1; -2; 3)
(d;) c6 vecto chi phu’o‘ng vy, =1(1;2;1) |

vi.v2=1—4+3=0.Vayd1_Ld2
Phuong trinh tham s8 cia dudng thidng d, : {y =1-2t

Giao diém (néu cé) caa (dy) va (dy) théa man hé phuong trinh :
3t+(1-2t)-53t+1=0 - -14t+2=0
2t+3(1-2t)-83t+3=0  [-24t+6 =0

Hé phuong trinh trén vd nghi¢m nén (d,) va (dz) khong cit nhau. Vay (d,)

va (dz) chéo nhau va (d;) L (dg).
09. Trong khéng gian cho dutng thdng (dy) ¢6 phuong trinh :
{x +kz-k=0

. v6i k 1a mét & ty y khde 0,
(1-k)x—ky =’ ‘oL K12 motsotuyy

Ching minh r¥ng khi k thay ddi :
a) Pudng thing (dy) ludén ludn di qua mot di€m cd dinh.
b) Pudng thing (dy) luén Iudn thuje mét mit phdng.

x+k(z-1)=0 (1)

HD : Ta viét lai hé phuong trinh cia (dy) : {x -k(x+y)=0 (2

o Khi k thay d6i, diém ¢& dinh c6 toa dd nghiém hé phuong trinh

x=0
z-1=0 = diém cé dinh A(0; 0, 1).
x+y=0 | -

e Lay (1) - (2)tacbé k(x + y 4z — 1) = 0. Vay (dy) luén luén thudc mét
phdng cd dinh c6 phuong trinh: x +y +z-1=0.
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10. Trong khong gian v6i hé toa do DPécdc vudng géc Oxyz, cho ho dubng

th&ng (d.) 6 phuong trinh : | X ™ *2-m=0
ng (dp) c6 phuong g = il

a) Tinh toa dé giao diém A cta (d,,) v6i mat phing (xOy).

b) Viét phuong trinh hinh chiéu (d',,) cia (d,) 1én mit phing (xOy).

¢) Chiing minh riing trong mat phing (xOy), dudng thing (d',) luén luén
tiép xdc vdi mot dudng trdn c6 dinh.

HD : ‘

a; Mat phing (xOy) c6 phuong trich z = 0. Vay didm A c6 toa d 13 nghigm
cia hé phuong trinh :

2m
[« =

1+ m?

X-my-2-m=4J 2 9
{ 1-m 2m  1-m”
mx-y-mz-1=0 & y= 2':>A = 2;0
1+m 1+m® 1+m
z=0 ‘
' kz=0

b) Goi («) 12 mit phidng chia (dm) va vudng gée véi (xOy), (a) cé hai vecta
chi phuong la :

;_ -m 1}
1 -ml|’

es = (0; 03 1),

1 Y |1 -m|
m 1’ m

" I] = (m°® - 1; 2m; m’+ 1)

Goi ; 12 vecto phép tuyén cia mit phing (o) ta cé :

- e 4 -

n=an e =(2m; 1 - m? 0).

J2mx +(1- m)y m? +1 0

Do dé (4'y,) ¢5 shuong trinh : l 0
z —

¢) Khi m thay déi, (d;m) luén luén tiép xuc véi duong tron tam O, bda kinh
m +1

R= =1
J4m +(1-m?)?
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Chuyén dé 10 : MAT CAU

A.TOM TAT Li THUYET ,

1. PHUONG TRINH MAT CAU TAM Ka; b; ¢) BAN KINH R
(x — a)2+(y--b)2+(z~c)2=R2
2. PHUONG TRINH MAT CAU CON CO DANG :
xX>+y2+22+2Ax +2By+2Cz+ D=0 v6i A*’+B*+C*-D> 0.

| Mit cau nay c6 tam I(-A; ;B; -C), bdn kinh R = \/A2 +B2+C?-D.

3. MAT CAU DUOGNG KiNH AB LA TAP HGP NHUNG DIEM M SAO CHO AM.BM =0
4. GIAO TUYEN CUA MAT CAU VA MAT PHANG

Chomat cdu(S): (x-a)) + (y-b)! +(z-¢)’ = R?

va mit phdng (a) : Ax + By + Cz + D = 0.

Khoang cach tif tam I(a; b; ¢) cia mat cau dén méit phing («) 1a :

d= |aA+bB+cC+D|.
\/Xz +B2 +C?

a) d < R = (a) cat (S) thee. mot dudng tron tdm H, 12 hinh chiéu cta I
xudng (), c¢é bdn kinh r = \/d_E— R?.

b) d = R = () tiép xic véi (S).

c) d > R = (u) khong cit (8S).
5. MAT PHANG TIEP XUC MAT CAU TAI M(X; Ys; Zo) THUQC MAT CAU

e Mat cdu (S) c6 phuong trinh : (x - a)* + (y -b)* + (z - ¢)* = R?
va M(xy; yo; za) € (S). ‘

e Phuong trinh m#t phing tiép xic véi mit cdu tai diém (x,; yq, 2¢) thude
| mat cdu : (x ~ a)x, — a) + (y = b)(yo - b) + (z - e)(zo - ¢) = R”.

B. PHUONG PHAP GIAI TOAN

Van dé 1 : LAP PHUONG TRINK MAT CAV
A. PHUONG PHAP

e Si& dung phuong trinh (x - a)* + (y - b)? + (z - c)"' R? sau khi biét tam
I(a; b; ¢) va baa kinh R cia mit cau. » '

e Siu dung phuong trinh dang : x*> + y* + ¢ + 2Ax + 2By + 2Cz + D = 0,
dua vao diéu kién cia bai toan dé tim cdc hé sé A, B, C, D.

B. CAC VI DY
Vidul

Lap phuong trinh mit cau (S) trong cdc trudng hgp sau :
a) (S) c6 tam I(-1; 2; 3) va di qua diém M(1; 0; 1).
. b) (S) ¢6 duong kinh 1a AB véi A(4; -3; 7), B(2; 1; 3).
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Giai
a) Tac6Me (S)vaR*=IM*=(1+ 1>+ (0-2)*+(1-3)* =12
Phuong trinh mit cdula : (x + 1)% + (y - 2)%+ (z - 3)% = 12.
b) Tam I cha (S) 1a trung di€m I cGia doan AB. Ta cé I(3; -1; 5).
BankinhR=1B = (2-3?+(1+D)?+(3-5%=3
Vay phuong trinh ctia mat cdula : (x - 3% + (y + 1) +(zZ-5PF=09
Chu ¥ : C6 thé gidi cGu b nhu sau :

M(x;y;2) €(S) < A_I?I.B—)\}=0 o
o (x-dx-2)+y+3)y-10)+(z-7)(z~3) =0
o Ly +22+6x-2y-10z+26=0.

Vi du 2

Lap phuong trinh mit cdu (S) di qua bén diém : A(0; 0; 0), B(0; 0; 4),
C(0; 4; 0), D(4; 0; 0). o

EE—

Giai
Phuong trinh mit cdu ¢6 dang : (x - a)? + (y - b)® + (z - ¢)* = R%.

Vi mit cdu di qua bén diém A, B, C nén a, b, ¢, R 1a nghiém ctia hé phuong
trinh :

a2 + b2 +c2 =R2. ~ (1)
a?+b2+(4-c? =R? (2
a?+@-b?+c2=R% (3)
(4 -a)2 +b? +c?2 =R?® (4)

T (2)tacé: (4-c¥-c*>=0=>c=2.

Tuong ty ta tinh dugc:a=b=2.

Bén kinh R = va2 +b% +c? = V22 +22 +2% =12

Vay mit cdu (S) c6 phuong trinh 18 : (x - 2 + (y - 20 + (z - 2)* = 12.
Vidu3 '

2x+4y-2-7=0

A ti€
4x+5y+z-14=0 = P

Mat cdu c6. tdm niam trén dudng thing (d) : {

xtic vdi hai mét phldng song song 1a () va () :
(0):x+2y-2z2-2=0; B):x+2y-2z2+4=0.

| __Hay lap phuong trinh mit ciu dé.
Giai
Goi A, B lan lugt 12 giao di€m cia (d) véi (o) va (B).
Toa d) cliia giao diém A la nghiém cta hé phuong trinh :
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2x+4y-z-T7=0 (1) '
4x +5y+z-14=0 (2) = A2;1;1)
X+2y-22-2=0 (3)

Toa do giac diém B 1a nghiém ciia h¢ phuong trinh :
2x +4y-2z-7=0
4x+by+z-14=0 = B(-4; 5;5).
X+2y-2z2+4=0
Vi c4c mat phing da cho song song v6i nhau nén tdm I cia mat cdu la
trung di€ém cta doan AB. Ta ¢6 : 1(-1; 3; 3)
B4n kinh R cda mit ciu béing khodng cédch tir I tdi (a) hodc (B) :
R = d(, (o) = I-1+6-6-21 -1
J12 + 22 +(-2)2
Phuong trinh mat cdu cdn tim1a : (x + 1) + (y -3 4+ (z - 3)* = 1.
Vi du 4 '

Lap phuong trinh mit cdu c6 tam la I(1; 4; -7) va ti€p xic véi mit phdng
(o) :6x +6y~Tz+42=0.

Giai
Ban kinh R ciia mat cdu bing khodng c4ch tir tdm I dén mat phing :
6.1+64-7-T)+42 121
V6 + 62 +7? 1
Véay mit cdu c6 phuong trinh 1a : (x - 1)2+ (y - 4) 2 + (z - 7) = 121.
Vidu b '

dd, (a)) = R ~ =11

Goi G 12 dudng tron giao tuyén cia mit cdu (S) c6 phuong trinh :
(x -3+ (y+27°%+(z-1)7%=100 va mit phing2x -2y -z + 9 =0.
Hay xdc dinh toa d§ tdm va ban kinh cia dudng tron G.

Giai
Mat cAu (S) ¢6 tam la I(3; -2; 1) va c6 ban kinh R = 10.

Goi r 12 bdn kinh dudng tron G va h la khodng céch tir I dén mat phdng
da cho.

Tacé: h = I2'3—2(_2)_1+91=6.
: \/?+22+12
Mat khdc ta cé :
r= VR®-h? =/100-36= 8.

Phuong trinh dudng théng qua tam I ciia mat
cAu va vuong géc v6i mat phdng da cho la :
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Xx=3+2t
hay {y=-2-2t.
z=1-t

x-3 _y+2 _z-1
2 -2 -1

Thay céc gid tri cia X, y, z vao phuong trinh méit phing, ta c6 :
23 +2t)-2(-2-2t)-(1-t)+9=0=>t = -2
Vay toa d¢ tdm K cta dudng tron G 1a K(-1; 2; 3).
Vidu 6

Cho mat cdu (S) c6 phuong trinh : .
x2 + y?+ 2% - 10x + 2y + 26z - 113 = 0.
a) Xdc dinh tam va ban kinh cia mit cau (8S).

b) Lap phuong trinh mat phéng (P) tiép xic véi mit ciu (S) va song song
vdi hai duong thing (d,), (dy) 1an lugt cé phuong trinh :

5 y-1 z+13 =TTt

x+5 y-1 z+

= = s (dy) . =-1-2t.
2 3 2 n *

z=8

(dy) :

Giai
a) Ta co thé viét phuong trinh mat cdu (S) duéi dang sau day :
Xx-5F+(y+12+(z+13°-5°-1"-13"-118=0
& (x-57%+(y+ 1%+ (z+13)% = 308. |

Mt cdu (S) 26 tam 1a I(5; -1; 13) va c6 bén kinh R = v308.
b) Mat phing tiép xdc vdi mat cdu va song song véi hai dudng thdng da cho
nén c6 hai vecta chi phuong 1a : v, = (2; -3; 2); v, = (2; -2; 0).

Do d6 mat phdng (P) can tim cé vecto phdp tuyén la :
;z(—fj 2‘_2 2.|2 -3 | |

"o 3|3 -2
Ta c6 phuong trinh téng quit cia méit phdng (P)la : 4x + 6y + 5z + D = 0.

] = (4, 6; 5).

Diéu kién cAn va di dé mat phdng (P) tiép xic véi mit cau (S) la khogng
cdch tir tam I(5; -1; -13) 4é€n mat phéng bang bdn kinh R cta mat cu.

. 14.5+6(-1)+5(-13)+ D/
Do dé : = {308
V16 + 36 + 25

ID - 511 =154:>[

D, =-103
D2 = 205

Vay hai miit phdng ti€p xdc véi mat cdu (S) ¢6 phuong trinh :
4x + 6y + 5z - 103 = 0 va 4x + 6y + 5z + 205 = 0.
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Vi du 7

Lap phuong trinh mat ciu (S) c6 tam la 1(2; 3; -1) cit dudng thing
) - 5x-4y+3z+20=0
" |8x-4y+z-8=0

Tai hai diém A, B sao cho AB = 16.

Giai

Budng thing (d) cé vecta chi phuong
-4 3 |3 5 |5 -4
. = (8; 4, -8).
-4 111 3 |3 4

Ta lay v = (2; 1; -2) cung phuong véi v

.

-
v

Mat phang (P) di qua tam I va vuéng géc véi d c6 phuong trinh :
22-2)+(y-3)-2(z+1)=0=2x+y-22-9=0.
Goi H = (d) n (P). Toa dé cua H nghiém hé phuong trinh :

5x -4y +32+20=0
3x-4y+z-8=0 => H(-3; -7, -11)

2x+y-22-9=0 = IH =(-5; -10; 10) = IH? = 225

2
Vay: R*=1IH®+ AB

= 225 + 64 = 289

Phuong trinh mat cau (S) 1a : (x - 2)° + (y - 83)* + (z + 1)* = 289.
Vi du 8

Trong khéng gian véi hé toa do Oxyz, cho mit phidng (P) va mit cau (S)
¢6 cac phuong trinh tuongung: (P):2x -3y +4z-5=0
‘ S):x*+y?+2°+3x+4y-5z2+6=0.
1. Xdc dinh toa do tam I va ban kinh R cia mat cau (S).
2. Tinh khoang céch tir tam I dén mat phdng (P). Tir dé suy ra réng mat

phdng (P) cdt mat cau (S) theo mdt dudng tron ma ta ki hiéu la (C). Xdc
dinh bdn kinh r va toa dé tam H cia dudng tron (C).

(PE THI TOT NGHIEP THPT NAM 2000)

Giai
1. Ta c6 thé viét phuong trinh mit cu (S) dudi dang :

[x+~gj?+(y+2)+(3——g—]2 &8

4

Miit cau (S) c6 tea d9 tdm I(— -g;— 2;%) va ¢6 ban kinh R =

/%
)
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2. Khoang cdch d tir tam I dén mat phdng (P) 1a :
‘2.(—§] _3(-2)+4.2 -5
2 2

8
d = -
J4+9+16 V29
8 . 2 _ 64 B _ 26
6: d=1H= — IH va R
Tac \/ﬁ nén 59 4

vi IH? > R* ta suy ra khoang cdch IH tir I téi mat phﬁng (P) bé hon bédn
kinh R cua méat cdu. Do d6 mit phéng (P) cAt mat cau (S) theo dudng tron
(C) tam H, bdn kinh r.

Lay mot diém M bat ky trén dudng tron (C), tacé6 IM =R va HM =r.
IM? = IH? + HM?

R* = IH® + r* (S)
2 2 2 26 64
=R*-IH’= = - —
- 4 29 / )'
== 24_9. /
58

Goi 11 l1a dudng thdng di qua tdm I clia mat cdu vudng géc v6i mat phing
(P) tai H. Giao diém H cta m véi (P) la tam cGa dudng tron (C). Pudng

thdng m nhén vecto phdp tuyén n cta (P) lam vectg chi phuong. Ta c6 :
n =(2;-3; 4) |

X=-—+2t
Do d6 dudng thdng m c6 phuong trinh tham s§'1a : {y = -2 -3t
z= E + 4t
2

Muédn tim toa do giao di€m H, ta gidi phuong trinh sau :

2 —§—+2t —3(-—2—3t)+.4 -§+4t)-—5=0 <:>23t+8=0c:>t=——8——
2 2 29

Ta tinh du’dc toa do tam H cia dudng tron (C) la :

____:'3___3_6_5___87
2 29 58
Hy=- %=—3—4
29 29
5 32 81
2 29 58
Vav: H —-8—7 —éi -58-}-
58° 29’ 58



Vidu 9

Lap phuong trinh mit cidu di qua diém M(0; 0; 3) va di qua dudng tron
sz +y2 +2% +2x-4v-42-40=0

trong khong gian ¢é phuong trinh :
8 HE P 8 2x +2y-z2+4=0

Giai
Dudng tron da cho 1a giao tuyén cia mat cdu véi mat phing. Do dé mit
ciau di qua dudng tron trén cé phuong trinh dang :
X +y?+2°+2x -4y -4z-40+ A2x +2y -z +4)=0 (1)
Vi mit cdu di qua diém M(0; 0; 3) nén toa do cia M phai nghiém ding
phuong trinh mit ciu, nghia la :
9-12-40+A(-3+4)=0= A =143
Thay gid tri cia A vao phuong trinh (1), ta ¢6 phueng trinh mat c4u la :
x* +y*+2z° + 88x + 82y - 47z + 132 = 0.
Vi du 10

Lip phuong trinh méit cdu cé ban kinh R = 3 va ti€p xic véi mit phéng
(a) : 2x + 2y -z — 5 = 0 tai diém H(1; 1; -1) thudc (o).

Giai
Dudng thdng (d) di qua H va vuéng géc véi mat phing (o) nhan vectd
phédp tuyén cud (a) lam vecto chi phuong, c¢6 phuong trinh tham sé 1a :

x=1+2t
y=1+2t.
z=-1-t

Tam I cda mit cAu cdn cim nidm trén dudng thidng (d) va cach H mot
doan HI = 3. Goi (x;; yi; z) 1a toa do ctia diém I dng v6i cdc gid tri t;. Ta cé :

X1 =1+2t1
yI =1+2t1.
Zl =“1—t1

Tacé: | HI| =l+2t 12 +(Q+2t ~1% +(-1-t; + 12 =3

=yt f=3=t=¢1

x=1+2=3 .
Véit=1,tac6taml, : {y=1+2=3 = 1,(3; 3; -2)

z=-1-1=-2

x=1-2=-1
Véit=-1,taco6tdm I, : {y=1-2=-1 = I\«(-1;-1;0)

z=-1+1=0
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Vay hai mit cau can tim c6 phuong trinh la :
(x-3P+(y-3)%+z+27%=09.
(x+1)2+(y+ 12 +3%2=9.
Vidu 11 -~
'l : TP

"Lép‘ phUdng trinh mit ciu di qua hai dudng tron (€)) va (€.) 1an ludt c6é
phuong trinh sau day :
2 2 2, .2
: -0 =
(0]):{:: +y : (%2):{x_+y 25

Z=

- Giai

Dudng tron (%)) la giao tuyén clia mit
cdu x? + y® = 9 va mat phdng z = 0. Pudng
tron nay c6 tam la diém goc toa do O(0; 0; 0)
c6 ban kinh R; = 3. Pudng tron (%,) 1a giao
tuy&n cha mi¢ cdu : x° + y® = 25 va mat
phdng z = 2. Pudng tron nay cé tam la
diém 0.,(0; 0; 2) ¢6 ban kinh R, = 5.

Vay tam I cia mat cau can tim phai nim
trén dudng thdng OO, nghia la nim trén
truc Oz va c6 toa do 1(0; 0; z). Ta can tinh
gid tri cha z. !

'Goi R 1a bdn kinh cia mét c4u can tim, ta 14y cdc diém M;; M, lan luot
thuje (6)) va (6,).

Tacé: IM} =R*=0I’+ Ri=z*+9 (1)
IM2 = R? = O,1% + R2=(z - 2)* + 25 2)

Tit (1) va(2)tacé: z22+9=(z-2)"+25

ozl +9=(2-2°+25=2"-42+4+25

= 4z=20z=5vaR*= 34
Vay mat ciu cin tim ¢é tam 1(0; 0; 5) va ¢6 ban kinh R = /34 .
Do d6, mit cdu di qua (6,) va (%,) c6 phuong trinh 14 :

x> +y® +(z - 5)° = 34.

Vin dé 2 : MAT PHANG TIEP XUC V01 MAT cAu
A. PHUONG PHAP

Muén lap phuong trinh mit phéng (a) ti€p xuc véi mat cdu tam I(a; b; ¢)
b4dn kinh R tai diém My(xo; yo; zo) thuéc mit cau ta thuc hién.
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e Cachl:
~ - Tim vecto phdp tuyén Iﬁ; cia mit phing.

- Dung diéu kién M, € (o) dé tim hé sd D trong phuong trinh mat phing.
e Cach2: -

Dung cong thic phan doéi toa d9, ta viét duge phuong trinh mit phing
tiép xdc '

— Néu mat cdu c6 phuong trinh (x - a)* + (y -b)* + (z - ¢)* = R? ta diing
cong thuye : | | :

(X - a)(xy - &) + (y - b)yo - b) + (z - czy - ¢) = R

-~ Néu mat cdu c6 phuong trinh x* + y* + z° + 2Ax + 2By + 2Cz + D = 0

ta dung cong thic : '
XoX + yo¥ + 202 + A(Xp + x) + Byo + y) + C(zp + 2) + D = 0.

B. Vi by
Vidu 1

Lap phuong trinh cia mat phéng tiép xic vdi mat cdu (S) ¢6 phuong trinh
(x = 1%+ (y + 3)* + (z - 2)* = 49 tai diém M,(7; -1; 5).

Giai
Mat ciu (S) c6 tdm 12 I(1; -3; 2a). Goi (a) 12 mat phdng tiép xic véi mat
cau (S) tai M, ta c6 : I“I\E; = (6; 2; 3) 1a vecto phdp tuyén cia mat phang (a)
can tim. '
Vay (c¢) ¢6 phuong trinh dang : 6x + 2y + 3z + D = 0.
Vi M,(7; ~1; 5) thudc mat phing (a) nén ta cé :
42-2+15+D=0=D = -55.
Vay ruiit phing (o) ti€p xic véi mat cau (S) tai diém M, la :
6x + 2y + 3z - 65 = 0.
e Cichkhdc : Ap dung cong thic phan déi toa d9, ta c6 phuong trinh mat
phdng (o 1a :
X+1N7T-1D+(y+3)-1+3)+(z-2X5-2)=49
S 6x + 2y + 3z -55=0.
O Chw y : Cong thic phan doi toa do chi duge ap dung khi diém M (x,; yo, 2o
thuéc mat cdu tico xic.

Vidu 2

Lap phuong trinh m#t phing ti€p xic véi mat cau (S) ¢6 phuong trinh :
X + y2 +22 - 6x - 2y + 4z + 5 = 0 tai diém M,(4; 3; 0) thudc (S).

Giai

Mit ciu(S) ¢6 phuong trinh dang :




(x-3P+(y-1F+@z+2°-9-1-4+5=0
(x=-3Y+(y-1D*+(z+2)=9.
Vay (S) cé tam la diém 1(3; 1; -2) va ¢6 bdn kinh AR = 3.
Goi (o) 1a mar, phéng ti€p xde voi mat cdu (S) tai My(4; 3; 0).

Ta c6 vecto phdp tuyén cua (o) la I-I\?IA = (1; 2; 2). Do d6 phuong trinh cua
mat phing (o) cé dang : x+ 2y + 2z + D = 0.

Vi My(4; 3, 0) thuoc(e) nén : 4 +6 + D=2 5D =-10

Vay mat ph&ng (a) ¢6 phuong trinh : x + 2y + 22 - 10 =0

s Cach khac Ap dung céng thitc phan doi toa do, ta c6 phuong trmh cua
()la: 4x+3y+0z2-3x+4)-(y+2)+2z+0)+5=0

o> x+2y+22-10=0.
Vidu 3

Lap phuong trinh mat phang tiép xic véi mit cau (S) ¢6 phuong trmh
x> +y*+2°+2x -6y +4z-15=0
8x-11y+82-30=0

va chua duong thang (d) : {
Xx-y-2z=0

, Giai
Mat phdng chua dudng thing (d) thude chum mat phéng :
m(8x - 11y+8z - 30) + n(x -y - 2z) = 0.
Chonm=1tacé : (8+n)x-(11+n)y+2(4-n)z-30=0
Viét lai phuong trinh mat cdu (S) ta c6 : '
(x+ 1)+ (y -3)°+(z + 2)* = 29.

Mat cau nay cé tAm I(-1; 3; -2) va ¢6 bdan kinh R = V29 . Muén cho mit
cAu kép ti€p xic vdi miat phdng thi khodng cdch tir tdm I(-1; 3; -2) dén mat
phing phai bAng ban kinh R = V29 , nghia la :

I ~(8 +mn) - 3(11+n)-4(4 -n)-30| - J29 .

\/{(8 +1n) (11 +n)%+ 4(4 n)

2
< 87% = 29(6n° + 6n + 249) < 6n° + 6n + 249 = —8+2?9— = 201
onf+n-2-0=sn,=1,n,=2
Viy hai mat phidng tiép xtc véi mit cdula : 3x -4y +22 -10=0 (o)
2x - 3y+4z2-10=0 (ay)
Vidu 4

Lap phuong trinh mit ciu di qua diém A(1; -1; 4) va ti€p xidc vdi cac mat
phing toa dé. '
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Giai
Cac mat phing toa do chia khong gian ra lam 8 phan. Vi mat cu can tim
tié€p xuc véi cdc mat phéng toa do va di qua diém A(1; -1; 4) nén phai c6
tAm nim trong phan khéng gian ¢é chia diém A.

Vay tam I cia mat cau cé toa do la I(R; -R; R). Do dé phuong trlnh mat
cau c6 dang : (x - R)* + (y + R)* + (z - R)* = R~

Vi diém A(1; -1; 4) ndm trén mat cau nén cé toa déo nghiém ding phuong
trinh mét cau, nghia la : '

(1-R*+(-1+R)*+(4-RF*=R*
2R*-12R+18=0=R*-6R+9=0
< (R-3°=0oR=3.
Vay phuong trinh mat caula : (x - 3)* + (y + 3)* = 9.
Vidu 5

Trong khong gian véi hé truc toa do Oxyz cho cdc diém A(1; 0; 0), B(0; 1; 0),
C(0; 0; 1). Lap phuong trinh m#t ciu noi tiép trong ti dién OABC.

Giai
Cédc mat cua ti dién cé6 phuong trinh lan luot la : %
x=0;y=0;z=0vax+y+z=1 C

Tam I cia mét cau ndi tiép trong tir dién nén cb
toaddo la:Il(a,b,c)véia>0,b>0,c>0

vaia+b+c-1.<0.

Khodng cdch tir tAim I dén cdc mit cau cia tu dién ORX ™

. . ll1-(a+b+c¢)l
la:a, b,cva g N
J§ v

Trong dé mat phdng (ABC) c6 phuong trinh la :

l1-(x+y+12z)=0.

) l1-(a+b+c) 1-3a 3—\[5
Tacé: a=b=c= I .

V3 V3 6

3-43 3-43 3-43
6 6 ' 6

Vay tam I ¢6 toa d¢ la I(

3—+/3
=

J va ban kinh cia mat

céu laR=

Do dé mat ciu ndi tiép tir dien OABC c6é phuong trinh 1a :

(58] -8 (8 (55
6 | 6 6 6
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Van dé 3 : GIAO TUYEN CUA HAI MAT CAU
A. PHUONG PHAP

Cho hai mét cau (S)), (S,) lan lugt ¢é tam I;, I,, ¢6 ban kinh R,, RTV%\ c6
phuong trinh :

Sy :x*+y?+2°+2Ax + 2By +2Ciz+D; =0 (1)
(Sy): x> +y? + 2% + 2A,x + 2Byy + 2Coz + Dy = 0 (2)
Giao tuyén cda (S;) va (Sy) néu c6 1a nghiém cia hé hai phuong trinh (1)
va (2). Hé d6 tuong duong véi hé hai phuong trinh sau day :
{xz +y2 +22 +2A,x+ 2By +2C;z+D, =0 (S))
2A; -A)x+ 2B, -Byy+2(C, -Cy)z+(D; -Dy)=0 (@) . = = (3
Viy giao tuyén cia (S;) va (S,) ciing 1a giao tuyén cia (S;) va mat phing
(). .
Mit phéng (a) vuéng géc véi dudng néi tam 1,1, cua (S)) va (Sy).
Do dé giao tuyén cia (S;) va (S,) 1a dudng tron tAm H hinh chiéu cia tAm
I, (hoac I,) xudng mat phing (a) va c6 ban kinh r = yRZ -1,H? .

Neu I,I; < R; + Ry : (S)) va (S,) cdt nhau.

Néu I,I, = R, + Ry : (S)) va (S;) ti€p xic ngoai.
Néu I,I, > R, + R, : (S)) va (S,) khong cdt nhau.
Néu I,I, =IR, - R, 1: (S;) va (S,) tiép xic trong.

B. Vi DU
Vidul

Xdc dinh giao tuyén cua hai mat cau (S,) va (S;) lan lugt c6 phuong trinh
sauday: (S):x*+y*+22-2x-2y-22-6=0
(Sy) :x*+y*+2°—6x -6y -6z +23=0.

Giai
Phuong trinh cdc mat cau (S;) va (S;) ¢6 thé dugce viét dudi dang sau day :
S):(x-1 + (-1 +(@z-17%=9
(S) 1 (x =3P +(y-32+(z-3\=4.
Nhu vay mat cdu (S;) c6 tdm I,(1; 1; 1) va ¢6 bdn kinh R, = 3, cdon mit
cau (Sy) c¢6 tam I1,(3; 3; 3) va ¢6 ban kinh R, = 2.
Dodé LI, =(22;2) = LI, = V22 +22+2? =2/3 <R, +R,.
Vay hai mat cdu (S;) va (S,) cdt nhau theo dudng tron giao tuyén (€) cé
phuong trinh 14 hé phuong trinh gom hai mat cau da cho
{x2 +y2+22-2x-2y-22-6=0

x2+y2+z2—6x—6y-62+23=0'
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Giao tuyén cta (S;) va (Sy) ciing la giao tuyén cia (S;) vd mat phdng (a)
(hoc cua (S2) véi mat phdng (a)) :
x> +y* +24 -2x-2y-22-6=0
4x +4y +4z-29=0 '

Mat phing («) c6 vecto phdp tuyén la :n=(4;4;4) hay n'=(1; 1; 1).

XxX=1+t
Do d6 dudng thdng 1,1, L (o) c6 phuong trinh tham sdla : {y =1+t¢.
z=1+t
Giao diém H = [;I; n (a) c6 toa dd 1a :
41 +t)+41+t)+4(1+1)-29=0
12t - 17=0=t = —1:-7—
12
XH = 1+ —=—
12 12
y 1+ L R
1THE T 9 T 1 ¢ 1\

29 29 29) '
=>H|—; —; —|. o
12 12° 12
Dodé: LH - (ﬂﬂﬂj
(12712712
|ﬁ”_J172+172+172 V172 17
' 122 443 4['

Pudng glao tuy&n () c6 ban kinh r = R,® -1 H2

Do d6 ( 17 J 145
4J_ 48

Vi du 2

X4c dinh giao tuyén cua hai mat cau sau day :
S x*+y*+2°-64=0
(S2) :x*+y*+2z2—6x— 12y + 122 + 72 = 0.

Giai
e Mat ciu (S,) c6 tam I,(0; 0; 0) ban kinh R, = 8.
e Phuong trinh mat cau (S,) c6 thé viét nhu sau :
(x-3°+(y-6)Y+(z+86)=3%

213




Mat cdu (S,) ¢6 tam I.(3; 6; -6) va c6 ban kinh R, = 3.
Ta c6 : ITI:, = (3; 6; —6). Pudng théang I:f; ¢6 vecto chi phuong el (1; 2; -2).
Hai mat cdu (S;) va (S,) cdt nhau theo dydng trdon giao tuyén (€) (néu c6)
cé phuong trinh 13 :
x2+y2+22-64=0 (S,)
{32 +y? 42zt -Bx-l2y+122+72 =0 (Sy)
Hé phuong trinh trén tuong duong véi véi hé phuong trinh sau day :

x?+y2+2*-64=0 - x?+y?+z2-64=0 (8,)
6x + 12y -122-136=0 3x+6y-62-68=0 (a)

Ta co 1112=J9+36+36 =9<R;+R;=8+3

Vay hai mit cau cdt nhau theo giao tuyén dugc biéu thi bing hé phuong
trinh néi trén, gom phuong trinh bidu thi méit cau (S,) va phuong trinh biéu
thi mat phang (o).

Mit phang (a) c6 vecto phap tuyén la n= a =(1; 2; -2).

x=1t
DPudng thdng 1,1, L (a) ¢6 phuong trinh tham so'la: {y =2t .
z=-2t
Goi H =1,1; n (a), ta c6 toa dd caa H la ;
3t +6.2t -6(-2t)-68=0 = 27t-68=0=>t= —g—g-
—_——
H = 5o
_ 136 - H = [?_813_6_ 1_36_] la tdAm dudng tron giao
YH = "o 27° 27" 27 ) tuyén (©)
7., = 136
M 27
— (68 136 136 — 41616 _ V4624
1 = —y—y— | = | IIH I= = .
27 27 27 272 9

Pudng tron giao tuyén (6) c6 ban kinh

_ _
S W

Pudng tron (¢) nim trong mat phlng (o) ¢6 phuong trinh
3% + 6y —6z — 68 = 0.
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C. CACBAI TOAN ON TAP

Bai 1

r Ch;-m{_it cau (S) ¢6 phuong trinh déi \Tn hé truc Oxyz la :
X +y° +2°-2x-6z-35=0,

a) Xdc dinh tam va ban kinh mat cau (S).

b) Xdc dinh toa do giao diém ciia mat cau (S) vdi duong thing (d) di qua
hai diém A(2; -4; 8); B(0; -2; 10).

¢) Xac dinh phuong trinh giao tuyén cia mat phing (OAB) véi mat cau
(S). .

i

Giai
a) Cé thé viét phuong trinh mat cau (S) duéi dang :
(x - 1)+ (y - 0 + (z - 3)* = 45.
Mit cdu S ¢6 toa do tam I(1; 0; 3) va ¢6 ban kinh R = \/4_5 .

b) Putmg thing d di qua diém A(2; —4; 8) va c6 vecto chi phuong AB = (-2; 2; 2).

Chon a= (1; 1; 1) lam vecte chi phuong cho d ta ¢6 phuong trinh tham sé

x=2-1
cia dudng thang ABla: {y=-4+t.
z=8+t

Giao diém cua dudng thdng d va mat cau xdc dinh bdi :
1-tF+(-4+t)+(B+t)°-45=0
1-2t+t°+16-8t+t*+25+10t+1°-45=0
t’-3=0t’=1lot=+1

Vdi: t =1 ta cé giao diém M(1; -3; 9).

t = - 1 ta c6 giao diém N(3; -5; 7).

c) Mat phidng (OAB) nhén (TP: =(2; -4; 8) va 6§ = (0; -2; 10) lam cap vectg
chi phuong nén cé phuong trinh tham s6 1a :

x = 2t (1)

y = -4t, - 2t, (2)

z =8t +10t, (3)

Tu(l)tacot, = -;— va tur (2) ta'cod t, = —x - % Thay cédc gid tri cua t; va

vzo (3) ta ¢6 phuong trinh tdng quét cia mat phing (OAB)la : 6x + 5y + 3 = 0.
Do d6 giao tuyén cha mat‘p}iﬁn\g (OAB) va mat ®adu (S) 1a duyng tron cé
x?+y2+22-2x-62-35=0

ptuong trinh 1a :
6x+5y+2z=0
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Bai 2

I
i

bk~ 2 ciu (S) c6 phuong trink : x® + y2 +22 - 2x - 22 =0
va mat phdng («) c6 phuong trinh : 4x + 3y + m = 0.
Bién luan theo m vi tri tuong déi cta (a) va (S).

Giai
Phuong trinh cia (S) cé thé viét dudi dang :
' (x-1P+(y-07%+(z-1°%=2
Vay (S) c6 tam la diém I(1; 0; 1) va bdn kinh R = V2.

, l14+0+ml! |4+ml
rfacé:h=dd, (a) = : =
V16 +9 | 5
(m+4)®

Xét : fim) = h? - R? = 9 = —213(1132 +8m — 34)

25
A=16+34=50 ,
flm) cé hai nghiém 1a : m; =4 -5V2; my=-4+5/2.
Ta hay xét cdc trudng hgp s;f:\u day : |
a) Truong hgpm < -4-5v2 haym > -4 + 52 > h > R.
Kh) 46 mit phéng (o) khong cit mét cdu la (a) N (S) = @.
b) Trudng hdp m = -4 52 haym=-4+5/2=>h =R. .
Khi d6 mat phing (a) tiép xic véi mat cau tai xﬁét diém.
¢) Truéng hop -4 - 5J2 <m<-4+5vV2 >h <R

Khi d6 mat phéng (a) cdt (S) theo mét dudng trom (%) cé phuong trinh
1a : -
x2+yr+z2-2x-22=0
4x+3y+m=0 '

Bai 3

Trong khong gian v6i hé toa djp Dé-cac vuéng géc Oxyz, cho tit dién ABCD
biét A(1; 1; 1), Be1; 2; 1), C(1; 1; 2), D(2; 2; 1).

a) Hay lap phueng trinh mat cau ngoai tiép ti dién ABCD.
b) Tim tdm va ban kinh ciia mat cau dy.

Giai
a) Phuong trinh ciia mat ciu c¢6 dang téng quét Ia :
| Sy:x*+y* +2°+2Ax + 2By + 2Cz + D = 0.
Vi bon diém A, B, C, D nam trén méat cau uén toa d¢ cia chiing théa man
phuong trinh mat cau, nghia la :
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1+1+1+2A+2B+2C+D =0
1+4+1+2A+4B+2C+D =0
1+1+4+2A+2B+4C+D =0
4+4+1+4A +4B+2C+D=0

r

B

2A+2B+2C+D=-3 2

2A +4B+2C+D=-6 B=_3

= & 9

2A+2B+4C+D =-6 -

4A+4B+ZC+D=—-9 (_)';_-—E
LD=6

Vay phuong trinh mat cdu ngoai tiép tit dién ABCD 1a :
x* +y*+2°-3x -3y -3z + 6 = 0.
b) Phuong trinh mat cau ngoai tiép tir dién ABCD con c6 dang :

ey

=
Ta suy ra (S) cé tdm la diem I(%%%J va ¢6 ban kinh R = e

“‘é“*.
Bai 4

Trong khéng gian cho mat cau (S) c6 phuong trinh :
' x*+y* +2z°-6x+4y 22 -11=0.
a) Xdc dinh tam va ban kinh cta mat cau (S).

b) Lap phuong trinh cdc mat phang tiép xic véi mat cau (S) va song song
| véi mat phdng (a) c6 phuong trinh : 4x +3z - 17 = 0.

Giai
a) Phuong trinh mat cau (S) c6 thé viét dudi dang
(x -3 +(y-27°+(z-1)?%=25
Ta suy ra mat cau (S) ¢6 tam I(3; -2; 1) va bdn kinh R = 5.
b) Dudng thang (d) di qua tam I(3; —-2; 1) cua mit cau va vudng géc véi mat

phéng (a) c¢é vecto chi phueng ; = (4; 0; 3). Do d% duong thing (d) ¢6 phudng
X =3+4t
trinh tham sé la : {y =-2

z=1+3t

Giao diém A, B cia duong thang (d) véi mat cau la cdc tiép diém can tim.
Tacé: (3+4t-3)%+(-2+ 2%+ (1 +3t-1) =25

o 25t =25 > t = +1.
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Xp =3+4=7

Véit=1,tacétoaddtiepdiém Ala: {y, =-2 = A(7; -2; 4).
zp, =1+3=4
xgp=3-4=-1

Vé6it = -1, ta c6 toa d¢ tiep diém B la : {yp = -2 = B(-1; -2; -2).
zg =1-3=-2

Mit phdng tiép xic vdi mat cidu tai A(7; -2; 4) va song song vdi mat
phdng (o) c6 phuong trinh dang : 4x + 3z + D = 0.

ViAe(x)nén:28+ 12+ D =0= D = -40.

Vay mat phéng ti€p xic v6i mét ciu tai diém A cé phuong trinh

4x + 3z - 40 =0.

Tuong tu, ta c6 phuong trinh véi mat phing ti€p xic véi mat cau tai diém
Bla:4x +3z+ 10 =0. '
Bai 5

Cho mat cdu (S) c¢6 phuong trinh : 4x* + 4y” + 42° - 4x -4y -4z - 1 =0
va mit phéng () ¢6 phuong trinh : 4x + 4y + 922 -1=0

a) Chung té ring mat phang («) cdt mat cau (S).

b) Xdc dinh tam va bdn kinh ctia dudng tron giao tuyén (6).

Giai
a) Phuong trinh mat ciu (S) c6 thé viét dudi dang :
. 2 2 2
: , . 1 1 1 1
2 2 2
X-y-2-—=0o|x-=| +|ly-=| +|lz-=| =1
Kayex-y-z- 3 ( QJ[yz)(z)
e A ; 111 i g .
Ta suy ra mit cau (S) c6 tam I 5;5;5 va bdan kinh R = 1. Khoang céch

12+2+1-11

; : ‘ 4 " 2
tu tam I dén mat phang (a) la : d(, (o)) = - = =—=—.
Va2 +42% +2° 6 3

|

Vi d(I, () = % < R = 1 nén mat phing () cit mat cdu (S).

b) Miat phing («) ¢6 vectd phdp tuyén 1a n = (4; 4; 2) hay n'=(2; 2; 1).
Puong théng (d) di qua tam I cia mat cau va vudng géc v6i mat phing (o) c6

"
H
+
o]
o

phuong trinh tham sé la : <

+
ot

N ‘<
il i
N = D=
+
)
-t
<

—
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Goi H = (d) » (o) ta ¢6 :

4(}-+2t +4[-1-+2t)+2(1+2t -1=0 <::>4+18t=0:>t=—g.
2 2 2 9

Tim toa do giao diém H :

v, o1 _4_1
H79 97 18
1
H <yH:'*"i:i‘-_—>H(i‘;'1—;é‘).
2 9 18 18 18 18
ot 2.5
72 9 18
A 2 2
Goia= [f] - (31T (1 1) 4 (1) [T 2
2 18 2 18 2 18 324 3
Dugng tron (%) c6 tam H(L,i,é—] va ban kinh r = —‘—6— )
18 18 18 3 v

Bai 6

Cho hai mat ciu (S) va (S') l1an lugt c6 phuong trinh :
(S):2x2+2y2+222+3x—2y+z—5=0
‘(S'):x2+y2+z"—x+3y—22+1=0.

a) Xdc dinh tam va bdn kinh cuaa (S) va (S').

b) Lap phuong trinh duong néi tam cia hai mat cau do.

¢) Xac dinh giao tuyén cua hai mit cdu (S) va (S') va mit phing chira
giao tuyén do. Chung té ring mit phing nay vuéng géc vdi dudng néi tdm

cia hai méat cau da cho.

Giai
a) Ta c6 thé viét phuong trinh mit cau (S) dudi dang sau day :
2
5 1) .

2 2
x2+y2+z2+§x—y+i——=0c:> x+g) +(y—— (z+~1—] =gz.
2 T4 2 ) 4 8

2 2
3J6
2

;5 _l] va ban kinh R =
2’ 1

]

Vay mit cau (S) c6 tdm (+

thé vieét dugi dang :

=)

Phuong trinh mit cau (S') ¢

[x—%)2+[y¥g)2+(z~l)2:—g—.

Vay mat cau (S') ¢6 tam I'[—-;—; - —Z—; 1) va ¢6 ban kinh R' =

1

vl1

ol
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b) Ta cé _I_F = (2-, -2 g], do d5 dudng noi tam cé vectd chi phuong v =4

x=-—+5t
4
I—I"z (5; -8; 5) va c6 phuong trinh tham s6 1a : ly = % - 8t
z= .| + 5t
| 4

c¢) Giao tuyén ctia hai mat cau (8), (S') duge xdc dinh bgi phuong trinh sau :
2x2 +2y% +222 +3x -2y +2-5=0 (1)
{2)(2 +2y2 +222 ~2x+6y-4z+2=0 (2)
Hé& nay tuong duong vdéi hé phuang trinh sau day :
(Lay (1) - (2) ta dugc (4)) '
!23(2 +2y2 +222 +3x-2y+2-5=0 (3)
lox -8y +52-7=0 (4)

Hé phuong trinh gém (3) va (4) biéu thi giao tuyén clia mét mat ciau vdi
mdt mat phang Giao tuy¢n dé la dudng trdn ni&m trong mat phing

(a 5x—8y+5z—7 0.

G e
Taco: &I, (a)) = = 19:0 < L = R nén mit

V52 + 82 + 52 v1l4 2

phing cdt mit cau. Mat phéng nay c6 vectd phdp tuyén n = (5; -8; 5) nén

vudng goc véi dudng noéi tam II' vi n cung perOng vAi Ii'
Bai 7

Cho mat cdu (S) ¢6 phuong trinh : x? + y* + z% -~ 10x + 2y + 26z + 62 = 0.

a) Xac dinh tafa va ban kinh cia mat cau (S).

b) Tim giao diém cta dudng thing d di qua tam mat cau va nhan
;= (4; 6; 9) lam vecto chi phuong.

¢) Lap phuong trinh cdic mat phing tidp xic véi mat cdu tai cdc giao
diém néi trén.

Giai
a) Ta c6 thé viét phuong trinh mat cau (S) dudi dang sau :
(x =50+ (y + 1)* + (z + 13)* = 133.
Do d6 ta suy ra toa 49 tam I(5; -1; -13) cua (S) vA bdn kinh R = V133.
b) Ta c6 phuong trinh tham sé cua dirfmg thang d 1a :
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X =5+4t
y=-1+6t
z=-13+9t
Thay céc gid tri nay vao phuong trinh mit cau ta ¢6 :
(5 + 4t —=5)* + (=1 + 6t + 1)* + (-13+ Ot + 13)° = 133
= 133t° =133 = t = ¢ 1.
V6i: t =1 tacé toa do giao diém A (9; 5; —-4).
t = -1 ta c6 toa do giao diém B(1; -7; -22).
¢) Cac mat phing tiép xic mat cau S tai A va B déu nhan vects chi phirong
a= (4; 6; 9) 1am vecto phdp tuyén. Do dé phuong trinh cdc mat phdng tiép
xic véi mit cau tai cac giao diém A va B c6 dang 4x + 6y + 9z + D = 0.
A(9; 5; —4) thuoc mat phdng nén 4.9 + 6.5+ 9(-4)+ D=0 = D = - 30.
B(1; -7; -22) thudc mat phing nén 4.1 + 6(-7) + 9(-22) + D = 0 = D = 236.
Vay cac mat phing tiép xic véi mit cau tai A va B ¢6 phuong trinh 12 :
Tai A:4x + 6y + 9z - 30 =0.
Tai B:4x + 6y + 9z + 236 = 0.
Bai 8

Trong khdong gian vdi hé truc Oxyz cho diém A(1; 4; -1).
a) Viét phuong trinh mit cau (S) tam O, ban kinh OA.

b) Goi B la diém c6 toa d§ (1;y; 1). Timy dé OA L AB.

c) Viét phuong trinh mat cau (T) tam B, ban kinh BA.
d) Viét phuong trinh mat phang tiép xic vdi méit cau (T) va chia true Ox.

Giai

a) Tacé | OA| = {12+ (@) +(-1? = I8.
Vay mat cdu (S) c¢6 phuong trinh 1a : x* + y* + z? = 18.

b) Ta c6 OA = (1; 4; 1), AB=(0; y - 4; -2)

. OA.OB=4(y-4)—2=0:>y=%thi OA 1 OB.

c) Ta c6 toa dp diém B 1a (1; 2; 1). Mait cau (T) ¢6 ban kinh

2 Y
BRE 2
R = |BA| = (l] +922 ;._@
2 2
9)? 17
Mait cdu (T) c6 phuong trinh la : (x - 1)* + [y —-2~) +(z-1)% = T \
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d) Do phuong trinh mat phang chua truc Ox co dang py + qz = 0

*

Mat phang tiép xudc clia mat cau (T) cdch tam B mét khoang bing -

Ip.9+q.1I 1
Ta ¢6 : ___I_Z____:- S dd
vpi+q® 2

< |19p + 2ql = \[ﬁ(,p2 ~q?%)=>64p” - 13q° + 36 pq = 0.

Vi p va q khong dong thoi bang 0 va cé thé xdc dinh sai khde mot thia
s6 khdc 0 nén ta c6 thé chon p = 1 va dua dén phuong trinh bac hai déi vai
q: 13q° - 36q - 64 = 0.

5 - : 16 .
Phuong trinh nay cé nghiémq, = 4 va q, = =
Vay phuong trinh hai mat phang tiép xuc v6i mét cau (T) 13 :

Véi q=4 tacé:y+4z=0

va q——%g— ta cé : 13y - 16z = 0.

D.CAC DE TOAN DE LUYEN TAP
01. Trong khéng gian vdi hé toa do Décdc vuong géc, hay lap phuong trinh

mit cau (S) : .
a) C6 tam I(3; -5; -2) va tiép xdc véi mat phéng («) c6 phuong trinh

2x-y-3z+11=0.
b) Cé AB la dudng kinh A(6; 2; -5), B(-4; 0; 7).
PS: a) (x -3+ (y+5°+(z+2)° =56
b)(x -1+ (y- U+ (z- 1) =62
02. Lap phuong trinh mat cau trong cac truong hgp sau :
a) Co tam la I(1; 4; -7) va tiﬁ"p xic vdi mat phdng 6x + 6y - 7z + 31 = 0,
b) C6 tdm la I(-1; 2; 3) va di qua diém A(-2; 1; 1).
c) C6 dubng kinh AB vé4i A(9; 1; 3) va B(1; 5; 5).
DPS: a)(x-1%+(y -4+ (z +7) = 100.
b)(x + 1) +(y-2*+(z-3°=6.
Ox*+y +22 - 10x-6y-82+29=0.
03. Lap phuong trinh mit cau ngoai tiép ti dién ABCD véi A(l; 1; 1),
B(-1; 0; 2), C(0; 4; 0), D(-3; i: 0).
DS : 15x° + 15y° + 1622 + 33z - 63y - 27z + 12 = 0.
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04. Lap phuong trinh inat cau di qua diem M(3; -2; 2) va di qua dudng tron :
x2+y2+22-9=0
2x+y-z+2=0
HD : Phuong trinh mat cau c¢é thé viét dudi dang :
x2+y2+zz—9+p(2x+y'—z+2)=0vétimp.
DS : Phuong trinh mat cau : x> + y* + z° - 4x - 2y + 22 - 13 = 0.
05. Cho mat cau (S) ¢6 phuong trinh : x* + y* + 2° — 12x + 4y - 6z + 24 = 0
va mat phidng (o) c6 phuong trinh : 2x + 2y + z + 1 = 0.
a) Chung minh ring mat phing («) cZt mat cau (S).
b) Tim tam va bdn kinh cia dudng tron giao tuyén () = (S) n (a).

HD:

e Tim tam I cia mat cau S. Ta ¢6 1(6; -2; 3), R = 5.

e Tim khoang cach d(I, (o)) = IH véi H lam tam dudng tron giao tuyén.
Tac6 IH =4 <R = 5 nén (a) cAt mat cau.’ '

e Lap phuong trinh dudng thidng d di qua tam I cia mit cidu va vudng

goéc véi mat phang (o) tai H[%Q;_H. 5

s ’.73-) Tam dudng tron 1a diém H.

Ta cé r = \/ﬁz—IH2=\/52—42=3.
08. Thiét lap phuong trinh tiép dién ciia mit cau tai diém M,(4; 3; 0) va viét
phuong trinh dudng kinh cia mit ciu qua diém M, dé, cho biét mat cau cé
phuong trinh 12 : x* + y* + 2 - 6x - 2y + 4z + 5 = 0.
HD :
e Tim tdm I chia mat cau da cho. Ta c6 1(3; 1; - 2).
e Dung céng thic phan déi toa d ta c6 phuong trinh cda ti€p dién la :
x-3)4-3)+y-1)3-1)+(z+2)(0+2)=9
<X+ 2y +22-10=0.
Cach khic :
M(x; y; z) € tiép dién tai M; & hm.l—l\;l; =0
<> x-4)4-3)+ty-3).3-1)+2(0+2)=0
<:>x+2y+~22-— 10 = 0.
07. Lip phuong trinh mat phing (P) di qua dudng thing (d) ¢6 phuong trinh
x-3 y+1 1z
11 4
v ti€p xic vdi mit ciu (S) cé phuong trinh :
xX*+y*+2°-2x -4y - 62 - 67 = 0.

d):
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HD :
¢ Chuyén phu’o‘ng trinh cGia dudng thing (d) thanh phuong trinh t6ng

quat (d) : {

4x+z-52=0

4y -z+4=0

Mat phdng cdn tim thu@é chum mat phéng cé phuong trinh sau day :
ad4x+2z2-52)+pP4y-2z+4)=0.

Chona=1tacé:4x+ 4Py +(1 -p)z-52+4p=0 "

M3t cdu (8) c6 tam I(1; 2; 3) va ¢6 ban kinh R= V1% +2% +3% +67= 9.

Mait phdng (P) ti€p xic véi (S) | ' |

|4.1+4B.2+(1-P).3-52+4p]

V42 + 1662 + (1 - B2

B, =-1
& 28%4+p-1=0e 1
2='2‘,

<odI,(P)=R=9o

Viay ta c6 2 mat phing chua d va tiép xic vdi S ¢é phuong trinh 14 :

224

2x -2y +2-28=0 va 8x+4y+z-100=0.



Phin 3. CAU HOI T2AC NGHIEM

CAU HOI TRAC NGHIEM CHUYEN DE 1
01. Céc cap vecto c6 toa do sau day, cap nao cung phuong ?
b (0; 0) va (0; 1;

ay (1;0) va (0; 1);
d)i-1; 0) va (1; Oy,

¢) (~1; 1) va 2; -1);
e (1; -1)va (-1; 1).

DA : bj, d), e).
02. Czgc ddng thuc sau day, ddng thitc ndo ludn ludn dung véi moi diém A, B,

b) AE+E§—(—3X=6,

C?
—— — —

a) AB - AC+BC = 0:

¢) CB-BC-CA = 0; d) AB+CA+BC=0:
e) A§+E§E+]§X = 6
DA : a), d).

Y
03. Cdc dang thite sau day, dang thic nao lucn diug véi cdae vecl i a, b va sd

thuc A tuy y ?
- —> -+2 !—)’2 -3 - & ,a"": »—;2
a) |al=|-a|; b) a =}a i ct(a.h)*=: b,
R T R BN | o]l
d) A al=Ala|; e) A al= L4

iJA :a), b), e).

- -

04. "4c gilta vectd a va b goéc nao tis ?
o a=(1,-3) ,b=(2,1); b) a=(-2,1) .b=il.4)
¢)a=(1;1) ,b=(0;0); doa=3,-1) -1,
e)a=(0;1), b =(1;-D.

DA :2a) c), e)
05. Cho hai aiém phan biét A va B. Trudug hop nao LI phn vy ai AR ady

e A

a) AM=2MB: b) AM = 2A3 : e
d)ﬁi&m;-TB; e) AB = 2BM.
DA : b), e).



06. Cho A(-2; 1), B(4; 1). Trudng hop nao tam gidc ABC vuéng néu :
a) C(-2; 3); b) C(4; 4); ¢) C(0; 1) d) C(0; 7); c) C(2; 0).
DA :a); b).
07. Cho hai diém A(1; 2), B(-1; 0). Lap cdc diém M(x; y) théa man
MA® = MB* la mét trong cédc tap sau day, hoi doé la tap nao ?

a)x -y=~0; b)y =3x-2; e 2% = ¥
dx+y-1=0; e)2x -y = 1.
DA : d).

-

08. Cho hai vectc a va b . Cdc ménh dé sau, ménh dé nao ding ?

a) b= 0 thi a cung phuong véi b .
b a va b cung phuong véi vecto 0.
¢)a.b=0thaz=0; d)a+b=0th a.b<O0;
e)(a + b)b =0thi b =0.
DA : a); b).
09. Cac ding thie sau day, didng thic nao c¢é nghia ?
a)Az‘a-,r»b:Ov; b) a.b =0; c)(a +O)bz;§.b;
d);—r()b:a.b; e)a.in:O.b.
PA : b).

10. Cho hai vecto a = (2;6); b ={-12; 4).

Cdc géce sau goc ndo la géc gitra hai vectd a va b ?
a)0 b) n c) 5 d) 5 e)

R

DA : ¢).

CAU HOI TRAC NGHIEM CHUYEN DE 2

0i. Puong thing 4 di qua diém A khéng ?
a)d:x -2y +3=0;A(1; 2) b)yd:x-3y+5=0; A(0; 1)

c)d: x—lzl_—_ﬁ; A(L; -1).
. 2

x=2—3t'

y 1& 2, i), () d . .

d)d:{
y=1-t
v DS a), d).
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02. Vecto a c¢6 la vectd chi phuong cua d khong ?

aed:3x—2y+1:0;;3 = (2; 30 b)d:2x+y—1:0;;:(1;2).
crd k. -—Xi——g—, = {3z 1)
§) 2
x = -bt ¥ o x=-2-2t -
d;d: - ; a =(5; -7). e)d: ca =(-2; -1).
ly=2+7t y=2+t
DS :a) c), d).

03. Vecto n c6 la vecto phdp tuyén cua d khong ?

a)d : 3x - by + 2 = 0; £1=(3;5). b)d:2x\-—¢'}y+1=0; n =(-1; 2).
C)d:.)f:jzyﬁLl;n:(B;Z).
2 -3
(x=1-2t = = 4t -5
d)d:JX s n o= (2; -3). e)d: X i B =0l 2)
ly =-1+3t y=1-2t
DS : b), ¢}, e).

04. Céc cap duong thang sau, cip nao cit nhau ?
a)d; :x-2y+2=0; dy:x-y-1=0.
b)d :y=x+1; dy:y=2x+ 2.

c) dl:?f;%-_—éf_:_l_; d23x—1 x+g.

X =gt

d d, :2x-3 1=0;d~,:{ )
ity - o=yt 1y =1+2t

1S

(
e) d :6x-3y+5=0; dZ:JL

DS :a), b), c).
05. Cac cap duong thang sau, cap nao song song ?
add; i 2x-y+1=0; dy:-2x+y+2=0.

= =1+t
l))dl:-x—-———l~9=x+5; dzz{;zzz ;

-1 2

L
ood:y=x+1; d;:y=x-10.

x=1=t - \

d)dlzl d;: x-y=85.

.Ly:_1+t’
=-2+t
e)d; :2x-5y-7=0; dy: X * )
y=3-4t
DS : a), o).
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06. Cdc ciap dudng thing sau, cip nao vuéng géc ?
a)d :2x-y+3=0; dy:x+2y-1=0.

b) dy:y=2x + 3; d2:2y#—x+1.
_ _ =10-2
¢) dlzx 1=y 2; g X 0 t.
-1 -2 =-5-t¢
=0
dd :x~2=0; dz:{x t.
y=t
=2t
e)dlr{x ; dy:2x+y-1=0.
y=-1+t¢t
DS :a), b), c).

07. Cédc phuong trinh sau day, phuong trinh nao la phuong trinh cia dudng
thang ? ‘

[x=m |
a)i m Vvéim e R. ‘ b) xy = 1.
y=1-—
2
1 1 2
c) —+—=4. d)x“+y+1=0. e) 10x + 3y = 0.
Xy |
DS :a) e %

x =-3+2k

08. Cho phuong trinh tham s6 dugng thdng d 14 : { Il
y = s

Cdc phuong trinh sau, phuong trinh nao la phuong trinh téng quét caa d ?

a)x +2y-5=0; b)x+2y+1=0; c)x-2y-1=0
d)x-2y+5=0; e)x+y+2=0.
DA : b).

09. Dudng thing nao di qua A(1; 0) va vudng géc véi n = (4: - 6) ?
a)3x -2y -1=0; b) 4x - 5y + 1 = 0;
¢)2x-3y-2=0 d) 3x - 2y - 3 = 0; e)2x + 3y — 2 = 0.
DA : ¢).

10. Puding thing nao di qua A(2; 1) va song song vdi dudng thing
‘ 2x +3y -2=07

ax-y+3=0; b)2x +3y -7 =0; c)3x -2y -4=0
d) 4x + 6y - 11 = 0; e)3x + 2y - 8 = 0.
DA : b). . |
- 11. Cho A(5; 3); B(-2; 1). Pudng thidng nao di qua AB ?
a)2x - Ty +11 =0; b) 7x+ 2y-41=0 c)2x +7y-5=0;
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d)7Tx -2y +3=0 - e) Mot dutng thang khac.
DA : a).

12. Cho tam gidc ABC véi A(7; 9), B(=5; ~7) va C(12; -3).
Dudng thing nao la dudng cao ha tir dinh B ?

a) bx - 12y + 59.=0 b)5x + 12y + 59 =0 c)bx + 12y -59=0
d) 5x - 12y - 59 =0 e) Mot duong thdng khac.
DA : d). '

13. Cho A(2; 1), B(4; -3). Dudng thdng nao la trung truc ctia AB ?
a)3x+2y-7=0 b)2x -3y-9=0 - b)2x+3y-5=0
d)3x-2y+1=0 e) Mét duong thang khéc.

DA : b).

14. Cho cdc duing thdng: d,:x+3y-7=0; dy:6x+8y-35=0
dy:4x+y-2=0.

S6 nao sau day 1a khodang cdch tir giao diém clia d, va d, dén d; ?
a)l b) «g : c) % d) 2 e) Mot sé khdc.
DA :e).

CAU HOI TRAC NGHIEM CHUYEN PE 3
01. Phuong trinh nao sau day la ghuong trinh duong tron ?

a)x* + y® - 2x - 4y = 0; b)x*-y*-1=0
-1 +(y+17+4=0 d) x* + xy + y?=1;
e) 4(x? + yH) - x = 0.
DA : a); e).

02. Pudng tron (C) tiép xic véi dusng thdng d khong ?
a)(C): x* +y? =1 (d) : x = --1.
b) (C): x* + (y - 1)* = 1; d):y=2
) x-1F+(y-1%=1 (:y=x
d)(C):(x-1P+(y-1¥=1;, (d:y=0.
e)(C): x*+y* -6x-4y +8=0;{d):x = 0.

DA :a) b) c).
03. S5 a c¢6 phai la phuong tich cia dudng tron (C) tai diém O(0; 0) khéng ?
a)(C):x2+y2—-3x—2y+1=0; a=1.
b){C):x*+y*=4; a=4.
() 4x2+y)-1=0; a=1.
dEC):x-1 +(y+1F-1=0; a=-1.



e)(C):x*+y'—dx +6y-12=0; a=-12
DA :a) e).
04. Cho dudng tron () c6 phuong trinh x* + y* = :11: Cdc ménh dé sau day, -

ménh dé nao 12 ding ?
a) Puong tron (€) di qua géc toa 4o.
b) Pupng tron () c¢é tam la goc toa do.
¢) Puoing tron (€) cat duong thiang x = 1 tai hai diém.
d) Pudng tron (6) tiep xuc véi dudng tron cé phuong trinh
2
[x——g—] +y°-1=0.

/

1

e) Dudng tron () tiép xuic véi dudng thang cé phuong trinh @y = -5

DA : b), d), e).
05. Cho A(1; 1) va B(7; 5). Phuong trinh nao la phuong trinh cua duongz tron
dudng kinh AB ?

a) X+ y° +8x+6y+12=0 b) x* + y° - 8x — 6y + 12 = 0;

c) xX*+y*-8x+6y-12=0 d) x*+y* +6x+8y-12=0

e) Mot phuong trinh khac.

DA : b).
06. Phuong trinh nao la phirong trinh cua dudng tron tdm n&m trén duong
thing : y = x, ban kinh R = 4. '

a) (x - 4) + (y - 4)* = 16; b) (x + 4)? + (y + 4)* = 16

o) (x +4)° + (y - 47 = 186; d) (x-4) +(y+4) =16

l

e) Mot dudng thang khiéc.
DA : a), b).
07. Puong thang nao la tiép tuyén cua dudng tron :
(C): x*+y*-4x + 6y - 21 = 0 tai diém M(5; 2) ?

a)dx+y+25=0 b)dx +y-15=0 b)2x + 3y + 16=0
d)2x+3y-5=0 e) Mot dudng thing khac. ‘
‘DA :e) )

08. Vi gid tri nao cua m thi
X*+y° -2m+Dx+2m+ Dy +(m+ 1)m+ 2) =0

1a phuong trinh ciia mét dudng tron di qua géc toa do ?
a)m=-1; b) m = 0; ¢c)m = -2; d)m-=1; e)m= 2.

DA : ¢).
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09. Cap duong thang nao la tiép tuyén cua dudmg tron (C) 1 x° +y° - 4x = 0
ve tir diem A(l; 2) ?
a) x -2 - 4x = 0 vé tiu diem A(1; 2).

b x -2=0vadx -3y+2=0 ¢l y-2=0vadx +3y-2=0
d)y-2=0vadx +3y-2=0 e) Mt cap duong thang khac.
DA : c)

10. Trong mat phang Oxy cho A(4; 0), B(0; 3). Duong thang nao di quﬁf A va
ti€p xuc véi dugng tron ngoai tiép tam giac AOB ?

a)dx +3y + 16 =0 b)4x +3y -16 =0
c)-4x +3y -16 =0 d)-dx + 3y + 16 = 0
e) Mot dudng thang khac.

DA : d).

CAU HO!I TRAC NGHIEM CHUYEN DE 4

01. Phuong trinh nao la phueng trinh cua elip ?

a) 4x” + 5v° = 1. b) 4(x - 1)° + B(y + 2)* = 3.
c) x* + 2y = 1. d)(x-1°+y"=0. e) 4x” + 9y” = 36.
DA :a), b) e)
. : x® y°
02. Cac s0 sau ddy, s6 nao la tam sai cia elip ~—+ ~— =17
8
1 1
a) 3, b) =; c)- —,; d) 1; e) -1.
3 3 : )

DA : b).
03. Cac ménh de sau, ménh dé nao ding ?
a) Hinh elip chi ¢6 2 truc déi xung.
b) Hinh elip chi ¢6 mét tam doi xing.
¢) Hinh elip ¢6 vé s6 hinh binh hanh néi tiép.
d) Hinh elip chi ¢6 mdt hinh thoi néi tiép.
e) Hinh elip chi ¢c6 mét hinh ch@ nhat ngoai tiép.
DA :a), b), c). '
04. Cho hinh elip ¢6 phuong trinh : x* + 4y®* - 4 = 0. Cdc ménh dé sau day,
ménh dé nao ding ?
a) Elip nhén Ox, Oy la cdc truc ddi xing.
b) Elip ¢6 hai tiéu diém nim trén Ox. !
¢) Elip c6 truc dai 2a = 4 va truc ngén 2h,= 2.
d) Elip cé6 goc toa do la tAm dai xing.
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e) Elip c¢6 tdm sai e = l/; :

PA:a b, ¢ d
05. Phuong trinh nao la phuong trinh chirh tdc cua elip ¢é céc tiéu diém
F.70; —4), F-(0; 4) va tdm sai e = % ?

2 2 2 % 2 2
a) 3‘--+X--=1; b)§—+-¥—~:1; c) e e 2]
25 9 9 25 , 25 9
Cox?y?
d) ~=—=~-=-=1: : e’} Mgt phuong trinh khaéc.
9 25
DA : b).

06. Pudng thang nao la tiép tuyén cia elip (E) : x* + 4y* — 40 = 0 song song
v6i dudng thdng 3x + 2y + 1 =0 ?

a)3x+2y-20=0 b)x+y-10=0 )x-y+10=0
d)3x+2yv+20=0 e) 2x - 3y + 20 = 0. |
PA :a), b

2 2 2
07. Trong mat phing cho hai eiip : }1(% +y?=1va _xb_ + V—{ =1,

Chiing co bao nhidu tiép tuvén chung ?
a) Khéng ¢6: k)1 ¢) 2 d) 3 erd.
DA :e).
08. Biét rang qua diém M(8; 6) vé dugce hai ti€p tuydn véi elip
(E) : 9x* + 16y° - 144 = 0.
Pudng thing nao la dudng thing di qua hai fxé'p diém ?

AX+v+41=0 D)X +4y+6 =0 c)3x +4y -6 =0
d) Ox - 4y + 144 = ( e) MAt duéng thang khac.
DA : o).
<2 y?
09. Cho elip TR —4- = i. Duong thdng nao sau day cat elip ?
a)x =3 ‘3)!:.-3 - c)y:_x-q-4.
d)x-y=4 ey ~y=06 =10,

DA : a), c), d).

10. Cho elip : 9x* + 16y” ~ 144 = 0. 56 220 sau ddy la dién tich cia elip ?
a) 12 b) 5n ) 12z 3542 x ¢) 43 m.
DA : o)
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CAU HOI TRAC NGHIEM CHUYEN DE 5
01. Phuong trinh nao la phuong trinh cia hypebol ?

a) x* - y? = -2. b) x* - (1 - y)¥* = 1.
e)x - y'=1. d) y* - 2x* = 2y.
DA : a), b), d).
x? y? . o,
02. Choe hypebol (H) : . “{E = -1. Diém nao la tiéu diém caa (H) ?
a) (-3; 0); b) (5; 0); c) (0; 4); d) (0; 5); e) (G; -5).

DA :4d) e)

g+ 3
03. Cho hypebol (H) : %— - y? =1. S6 nao la tam sai cua (H) ?
3 \E 4 4
a) 1. b) —. c) —. d) —. e) .
4 3 3 7
DA : d).
o2 2
04. Cho hypechol (H) : 5 5%_ =1. Putng thing nao ti&p xuc voi (H) ?
A% -y=0 b) x = 3. X -y-3=0
d)x+y+3=0. e)x = -3,
DA : b} e
4 y?

05. Cho hypebol ¢é6 phuong trinh xg = 1. Cdc mérh dé sau dav, ménh

d¢ nao la ding ?
a) Hypebo! nhan Ox lam truc thuc.
b) Hypebol nhan Oy lam truc thuc.

¢) Tiéu diém cha hypebol nim trén Ox.

d) Hypebol ¢6 hai duong tiémcanlay = 1 —x.

oW
b3 I

s

e) Hybebol ¢6 hai dudng tiém can la @y = + = X.

-~

DA :a),c), e)
06. Hybebol (H) ¢6 cédc tiéu diém F,(0; ~3); F,(0; 3) va mét dinh & A(0: 2).
Phuong trinh nao la phuong trinh caa (H) ?

2 2 2 i 2 2
a)m_y—_=1; b) et =1; e I
4 5 3 2 o 4

2 2
y X 2 .
d) [ AR M . ¢ 1’ E)X - = 1.
i 5 Y

I)/\ 2 d).



2
07. Cho hybebol (H) : 3(-4—— ~y? =1. Cé bao nhidu diém thuoe (H) nhin hai
tiéu diem dusi mot géc vadng ? .
a)0 b) 1 c) 2 d) 3 e) 4.

DA :e).

2 2

08. Cho hybebol (H) : 3‘26 - Xg = 1. Cap duong théng nao la cac tiép tuyén

cua (H) song song véi dudnug thing A:3x -4y -7=07?

o 3x-4y-10=0 b) Xx+y+20=0 {4x—3y+10:0
c
" 18x -4y +16=0 Xx+y-20=0 l4x -3y -10 =0
4x+3y+10=0 .
d) I g e) Mot cap duong thang khac.
4x+3y-10=0
DA : a).

CAU HOI TRAC NGHIEM CHUYEN PE 6

01. Phuong trinh nao sau day la phuong trinh cua parabol ?
a)y = 2x + x* - b)y*=x-2y. ¢) x* = 2x - y*
d) 2x = (y - 1)* e)x*=y° - 1.

DA : a); b); d).

02. Cho parabol : y* = 4x. Pudng th&ng nao sau day tiép xuc véi parabol ?
a)x =0, b)y=2. ¢)x-y+2=0,. d)x+y=0, e)y = X,
DA : a)

03. Ménh dé nao ding ?

a) Parabol chi c6 mot truc déi xuing.

b) Moi dudng thahg song seng véi truc cia sparabol cit parabol tai mot
diém duy nhat. .

¢) Moi duomg thang khéng song song vdi truc cua parabol déu cit parabol
tai hai diém.
d) Ti mat didim n&m ngoai parabol déu vé duge hai tiép tuyén vdi parabol.
e) Parabol khong c6 mgt tam doi xung.
DA : a); b); d).
04. Cho parabol (P) : y? = 8x. Ménh dé nao sau day 12 ménh dé ding ?
a) Parabol (P) ¢6 truc ddi xdng la Oy.
~ b) Tiéu diém ciia parabol (P) ndm trén truc Ox.
¢) Goc toa dd 1a dinh paraboi (P).
d) Pudng thing x = 1 cit parabol tai hai diém.
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e) Diem (0; 1) nam trong parabol.

DA :b)c) d).
05. Cho parabol x* = 4y. Diém nao sau day la tiéu diém F parabol ?

a)(2;0) b) (0; 2) c(4; 0) d) (0; 4) e (0; -2).

DA :D)
06. Clio x = 3 la dudng chuan cia parabol. Phuong trinh nao sau day la
phuong trinh chinh tdc cua parabol ?

a) x° = ~-12y b) y* = 12x c) x* = 12y

d)y’ = -12x e) Mdt phuong trinh khac.

DA : d).
07. Cho parabol (P) : y = 2x°. Dudng thang nao ti€p xic véi (P) tai diém
M(} ;-1)7?

2

a)lx+y+1=0 b)x-y-1=0 c)2x+2y+1=0

d)2x-7+1=0 e)x-2y+1=0.

DA : c).

08. Cho parabol (P} : v = 2x*. Dudng nao 1a tiép tuyén cia (P) song song véi
dutng phan gidc géc phan tu tha nhat ?

a)x-1= b)y-1=0 c)x+y+1=0
d)x-y+1=0 e) Mot dusng thang khac.
DA : d).

CAU HOI TRAC NGHIEM CHUYEN DPE 7

01. Trong khéng gian Oxyz cho diem M(1; 2; 3). Trong cac ménh dé sau
ménh dé uao dung ?

a) Toa do hinh chi&u cua M 1én truc Ox la M,(1; 0; 0).

b) Toa do hinh chi€u cia M lén truc Oz la M3(0; 0; 3).

¢) Toa do hinh chiéu cia M lén mp (Oxy) la M'(1; 2; 0).

d) Cac ménh dé A, B, C déu sai.

PA : Chon a), b), ¢). |
02. Trong khong gian Oxyz cho diém (4; -3; 2). Trong bén ménh dé sau,
ménh dé duing la :

a) Diém doi xiing cta I qua goc toa d§ O la I,(-4; 3; -2).

b) Diém doi xing cia I qua mp (Oxyz) 12 I,(-4; -3; 2).

¢) Diém doi xung cda I qua truc Oz la 13(—4; 3; -2).

d) Piém d6i xung cta I qua diém M(1; 1; 1) 1a diém I,(-2; 5; 0)

DA :a), b).
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03. Cho la!=2 ;lbl=1,(a;b) =60°. Trong cic ménh dé& sau, ménh dé
nao ding ?
a)a.b=1 b) la-bl=+3 ¢ (a-b)Lb da.b <2,
DA : Chon a), c).

-—»
04. Tinh toa dbé cua vecto don vi e biét rang né vudng goéc v4Gi vectg
-

a =(1;1; 0) va vecto b =(0; 1; 1). Trong cdc két qua sau day, két qua nao la
sal ?

~ , - (1 1 1)
a) e=(-1;1; 1) b) e = ===} g
. (J% J§J§J
- 11 1) o -
) e :(——-;—;-——l. d) e=1:0:1)
L V343 VB
DA : Chon a, d.

05. Cho tam gidc ABC. Goi G la trong tam cda tam gidc, I 14 trung diém caa
canh AB, O 1a m6t diém tuy y. Trong cdc ménh deé sau, tim ménh dé ding :

A

——3

a) OI = -(OA+OB)

b) OG = OA + OB + OC

—

c) OA + OB + OC 0

1 — —

d) 0G = ~(0A + OB + 0c).

DA : a), d).
06. Cho hinh hép ABCDA;B,C,D,.
Trong cdz ménh dé sau, ménh dé nao sai ?

a) Kﬁ+ I%E +B“C?1 =1§(—3’1

—_—

b) CB+B.,A, + AD, = CD,

—_—

¢) AC, +D,A+BD, = AD,

&) D.C+ AA, + CB+C,C=D.B.
DA : T4t ca cdc ménh 4é a), b), ¢), d) déu ding.

_‘.Cl

- —F

07. Trong khéng gian Oxyz cho ba vecto a, b, ¢ 4&u khdc vectad 0. Tim
ménh dé duvg trong cdc ménh dé sau :

-

a) Néu a -2b +3¢ =0 thi a b, ¢ doéng phing
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b) Néua -2b +3c = 0 thi a, b, c khdng déng phing.
¢) Néuma +nb + pc = 0 va cé it nhat mét trong cac s6 m, n, p khdc

—> -3

0 thi a . b, ¢ déng phéng.

d) Néuma +nb +pc = 0 khivachikhim=n=p=0thi: a, u, c
déng phang.
DA : Chen g, c.

08. Trong khaong gian Oxyz cho tam gidc A, B, C véi A(1; 0; -2) B(2; 1; -1),
C(1; -2; 2). Trong cac ménh dé sau ménh dé nao dung ?

a) Do dai canh AB la V3.

3\
b) Trung GiSm. I efia snk BET [ = 2ea,
4 4 2
e i (4.1 1

c) Trong tam G caa tam giac ABC la g;—g;—g .
d) cosA = 23—?—5—

5
DA : Chon a, c.

09. Trong khéng gian Oxyz cho bon vectos a= (2; 3; 1), b= (5; 7‘; 0),

¢ =(3;-2;4)va d = (4; 12; -3). Ddng thirc nao sau day dung ?

a)d =a+b+ec b)d =a+b-c.
c) d :—;+b+c d) d =u;a+2i)’—c.

DA : Chon b.
10. Cho tam gidc ABC véi A(1; 2; -1), B(2; -1; 3), C(-4; 7; 5). Tinh d¢ dai
duong phan gidc trong ciia géc B. Trong cdc két qua sau day, két qud nao la

dung ?
¥ -
= f [7
a) V27 . by 2. o 127, dy £312.
3 2 3
DA : Chon d.

11. Cho tu dién ABCD véi A(1; 0; 0), B(0; 1; 0), C(0; 0; 1) va D (1; 1; 1). Goi
M, N lan lugt 14 trung diém cia AB va CD hiy tinh d6 dai ciia doan MN.
Trong cdc két qua sau két qua nao ding ?

a) L. b) % c) g | d) 1%. e) Mot két qua khdc.

DA : Chon a.
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12. Cho a, b, c la ba vecta tuy ¥ va X, y, z la cdc s8 thuc. Trong bon ménh
dé sau, ménh dé nao la ding ? '

—

a) Né’ux:y:z:Othix;—yb, zb —-xc, yc-za dong phang
b) Néu x, y, z khéong dong thoi bang 0 thi ba vecto : xa — yb zb - x c,

yc- za déng phéng.

c) Néu a=(x+y)b +zc véix,y, zdéu khdac khéong thi ba vects a, b,
c déng phang.

&) Neuxa =yb+ze vblx, v, 248 Khic khidng thi ba vecty a, b, ©
déng phéng.

DA : Chon a, b, ¢, d.
13. Trong khong gian cho hai tam gidc ABC va A\B,C, ¢6 chung trcng tadm |
G. Xét cac ménh dé sau day, ménh dé nao ding ?

a) AA,, BB,, CC, la ba vects déng phing.

b) AA,, BB,, CC, la ba vectd khong dong phéng.
¢) AA,, BB, , CC, = 0.

DA :Chonavac.

CAU HOI TRAC NGHIEM CHUYEN DE 8

01. Trong khong gian Oxyz cho diém A(2; 6; -3). Xét cdc ménh dé sau day
xem ménh dé nao ding ?

a) Mat phang qua A va song song.véi mit phidng (xOy)laz + 3 = 0.

b) Mat phing qua A va song song véi méit phang (yOz) la x - 2 = 0.

¢) Mat phéng qua A va song song véi mat phéng (zOx)lay - 6 = 0.

d) Mit phéng qua A va chua truc Ox 1a : y + 2z = 0.
DA : Chon a, b, ¢, d.
02. Trong khong gian cdc phuong trinh da cho sau day la phuong trinh cia
m.at phing. Hay xét xem két qua nao la dung :

a) 2x = 0; b) 5% + 2y — z = 0; )3x* +y+z°+5=0

d)2x —y +2° -7 =0; e)6x + 5y +1=0.

DA : Chon a, b, e. |
03. Xét xem cdc ménh dé sau déy, ménh dé nao la ding ?

a) Mit phdng cé phuong trinh x + 2y — 5 = 0 song song véi truc Oz.

b) Mat phing c¢6 phuong trinh y = 2z + 3 = 0 song song vdi truc Ox.
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¢ Mat phang ¢6 phuong trinh x + y + z +1 = 0 song song vdi truc Oz. _

d) Hai mat phangx +y -z +1 =0 va 2x + 2y — 2z - 5 = 0 song song vdi
nh au.

DA : Chon a, b, d.
04. Cdc inat phang co phuong trinh sau day di qua géc toa do : xét xem
ménh dé nao dung ?

a)dv=10; b)bx+2y~-2z=0

c)x+4y-3z+7=0; d) 3x — 7z = 0.

DA : Chon a, b, d.

05. Chon cdc mat phang ¢6 phuong trinh sau day nhan n = (0; 1; -3) lam
vecto phédp tuyén.

a)x+y-95z—-1=0; b)y-3z2+15=0
c)2v—-6z+7=0; d)x+y-10=0.
DA : Chon b, c.

06. Hav xét xem cdc'ménh dé sau day, ménh dé nao ding ?
a) Fai mat phidng x = 0 va y = 0 xdc dinh mét chum mat phing.
L) Piém goe toa do thudc chum mét phéng c6 phuong trinh :
o2x +3y—-2)+ By +2z) = 0.
¢) Ba mat phangx =0,y =0, z = 0 thuéc mdt chum méit phang.

d) Hai mat phang % + % +z=1 va x = 0 x4c dinh m6t chum mat phang.

DA : Chon a, b, d.
07. Hay chon cac ménh dé ding trong cdc ménh dé sau day :

a) Khoadng cach tir goc toa do dén mat phang x + y + 2z — 4 = 0 bing 1.

b) Khoang cdch giita hai mat phéng song song x - 1 =0vax + 2 =0
bang 3. ‘

¢) Gc nhon tao nén bdi hai mat phing cdt nhau bing géc giith hai vecto
phdp tuyén cua ching.

d) G5c nhon gita mat phiang x + y + z = 1 va mit phdng x = 6 bang 45,

PA : Chon b. '

08. Trong cdc ménh dé sau day, ménh dé nao la ding ?
a) Mat phéng 2x - 3y + z + 7 = 0 ¢ vecto phdp tuyén n = (4: -6; 2).
b) Gjc gitta mat phang z = 0 va mat phdng y — z = 0 bang E

¢) Kroang cdch tir géc toa do dén miat phang x + 2y — 5z -~ 7 = 0 bang 7.
d) Hai mat phdng x = 0 va y = 0 vudng géc véi nhau.
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e) Hai miit phdng z=2va y + z = 0 song song véi nhau.
PA : Chon a, b, d. -

09. Hay chon céc ménh dé ding trong cdc ménh dé sau day :
a) Hai mat phdng x + 2y = 0 va x — y = 0 cét nhau.
b) Hai mit phdng y - 6 =0vay+z =0 song song véi nhau.
¢) Mat phdng 2x -- 3y + 4z + 4 = 0 chia diém M(-2; 0;0).
d) Mat phang xy + yz = 0 di qua gdc toa dd.
DA : Chon a, c.

10. Cho vecto a = (1; 0; 1), b= (0; 1; 0). Hay chon cdc ménh d¢ ding trong
cdc ménh dé sau day : :

-3

-3
a) Mat phang (P) c¢6 phuong trinh : x -z + 1 = 0 nhan a, b lam cap vecta
chi phuong.

b) Mat phéng (Q) cé phuong trinh 2x + 2z - 1 = 0 nhan a lam vectd
phdp tuyén.

¢) Mat phing (R) ¢6 phuong trinh : 2y - 3 = 0 nhan b lam veetd phap
‘tuyén.

d) Hai mat phing (Q) va (R) vuéng géc vdi nhau.

DA : Chon a, b, ¢, d. ‘
11. Cho hé truc t'ga do Oxyz va ba diém A(1;0; 0), B(0; 2; 0), C(0; 0; 3). Hay
chon cdc ménk dé ding trong cdc ménh dé sau day :

a) Mat phdng qua A song song véi mat phang (yOz) ¢cé phuong trinh :

x-1=0.
b) Mit phing chita A va B va song song véi Oz c¢é phuong trinh :
x+ L -1=0.

c) Mat phdng (ABC) ¢6 phuong trinh : x + % +—;— -1=0.

d) Mat phéng 2x + 3y + 2z + 1 song song vdi mat phédng (ABC).
DA : Chon a, &, c.

CAU HOI TRAC NGHIEM CHUYEN DE 9
01. Trong khéng gian Oxyz, cho dutmg thing (1) di qua diem A(2; 0; -3) va

—2 : 4 3 u
nhédn a = (2; -3; 5) lam vecto chi phuong. Hay fam coc ménh: dé sal :

X=w 82t
a) Phuong trinh tham sé cia dudng thang (d) 1a : -; y =t
! = -

lz = -0 - 5t
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x+2.- y z-3

-3 5
33x-2)+2y =0
-5(x-2)=2(z-3)=0

b) Phuong trinh chinh tdc cta dudng thing (d) la :

c¢) Phuong trinh téng quat cua dudng thing (d) 1a :{

DA : Chon b).

02. Phuong trinh chinh tdc cia dudng thang (d) di qua diém A(1; 4; -7) va
vudng géc véi mat phang x + 2y — 2z = 0 trong khong gian Oxyz la :

y-4 z+7
ajx-1==—= ) b)x-1=y-4=2z+17.
2 2 ) y +
o X-1_y-4 _z+7
4 1 2

Hay tim cdc ménh dé sai.
DA : Chon b, c.
03. Trong khéng gian Oxyz cho dudng thang (d) cé6 phuong trinh :

X+y+2=0
3x-4z=0
X
. . = 0 11 1
a) Pudng thang (d) c6 vecto chi phuong v = ’ l }4 3 J— (4; -4, -3).

b) Pudng thidng (d) cdt mat phidngx +y +z + 1 =
¢) Pudng thing (d) vudng géc véi mat phing 4x + 4y + 5 = 0.
Hay tim cdc ménh dé ding.
DA : Chon a), b), ¢).
04. Trong khéng gian cho hai dudng thing (d,) va (d») :

'x = -1 x=1+t'
(dy): sy =2t (dy) : sy =t’
z=2-t z=3+4t’
Hai dudng thang (d), (dy) :
a) Cung phuong. b) Vuéng géce vér nhau.
c¢) Chéo nhau. d) C4t nhau.

- Truong hgp nao ding ?
DA : Chon ¢).
05. Trong khong gian Oxyz cho dudng thing (A) ¢6 phuong trinh

2x+y =0
(A) - y
y+2z=0

Hay xét xem ménh dé nao sau day la ménh dé ding :
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a) Pudng thing (A) song song véi truc Oz.

b) Mit phing (o) c6 phuong trinh 2x — 2z = 0 ehwia (A).

¢) Dudng thing (A) di qua goc toa do.

DA : Chon b, c. | .

08. Trong khéong gian Oxyz cho hai dudng théng (d)) va (d2) chéo nhau c6
phuong trinh :

x:l—u x=2V
(d)): ¢y=u (dy) : <y=1-v.
Z=-u Z= ¥

a) Pudng vuéng géc chung cia (d,) va (d;) c6 vecto chi phu’o’ng 1a

eoflt -1} -4} 1) _ . 1.
‘-(_1 ]?‘p 1 zﬂ’z _ﬁ} ‘—(0,"11 "'1)

J
'b) Mat phéng (P) chia (d,) va song song véi (d;) c6 phuong trinh 1a :
y+z=0. i
¢) Khodng c4ch giita (d,) va (dy) bing khodng cdch giita diém M(0; 1; 0)
thudc d; dén mat phdng (P) duge tinh theo cong thic :

1 1 J2
d(d,, d;) = dM, P) = =— = —,
b JI+1 J2 2

PA : Chon a, b, c.

07. Hay ghi ro dic diém va tinh chat cia dudng thidng cho bing cdc phuong
trinh sau : ' '

_ Clx=y z-y=0
x=y=12 2){210 3){x 0
Hay chon cdc ménh dé ding sau day :
a) Phuong trinh dutng thing trong ca trudng hgp 1, 2, 3 déu di qua géc

toa d§ O(0; 0; 0) va di qua diém E(1;1; 1).

b) Phubng trinh trong trudng hop 2, 1a phuong trinh dudng phan gidc cia
¢) Phuong trinh trong truong hop 3, 14 phuong trinh dudng_phﬁn gidc cua

x0z . :

DA : Chon a, b.
: x=3+4t
08. Cho dudng thidng (d) : {y =-1-t.
z=4+2t

Chon ménh dé sai trong cdc ménh dé sav :

a) Puong thing (d) di qua diém M(3; -1, 4) va nh&n a = (4; -1; 2) lam
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vectg chi phuang.
b) Pudng thing (d) vudng géc véi mit phing 6x — 2y + 8z — 1= 0.
¢) Dudng thing (d) song song vdi mit phing 2y +z — 2 = 0.
d) Pugng thang (d) vudng géc véi dudng thing (d') c6 phuong trinh :
x-3 y+1 z-4
4 -1 2

DA : Chon b, ¢, d.
09. Cho dudng thing (d) c6 phuong trinh x = y = z déi véi hé toa do Oxyz.
Hay chon ménh dé sai trong cdc ménh dé sau :

a) Pudng thgilg (d) cit ma‘t' phéng x + % + g =1.

b) Pudng thing (d) cdt cdc mat phdng toadd: x=0,y=0,z=0.

¢) Pudng thdng (d) ndm trong mat phing x — y = 0.
—y=0

d) Hinh chi€u vuéng géc cia (d) trén mat phdng (xOy) la {x
L

DA : Chon d.
10. Hay chon cdc ménh dé dung trong cdc ménh sau day :
Céc phuong trinh sau day la phuong trinh dudng thdng trong khong gian

2
_ x‘=yz
b) {2" Y

a) x=y=1 c)

1 d) 2x -3y +5z+6 =0.
Z=1 ~—=y
X

DA : Chon a, b.
11. Hay chon cdc ménh ding sau day :
Trong khéng gian véi hé toa do Oxyz cho diém M(1; 2; 3).

_ e
a) Duong thing OM cé phuong trinh : {3)‘ y
X=1z
, =]
b) Dudng thang di qua M va song song véi truc Oz ¢6 phuong trinh :{x 9
y =
¢) Duyng thing di qua M va vuéng géc v6i mat phéng (yOz) cé phuong
x=1+t
trinh: {y =2
z=3

d) Khoéng cach giita dutng thdng di qua M va vudng géc v6i mét phing
(yOz) v6i duong thang Ox béing 2.

DA : Chon a, b, c.
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12. Trong khéng gian véi hé truc Oxyz cho dudng thing (d) ¢6 phuong trinh :
x-1_y-2_1z-3
2 3 4

Hady chon cdc ménh ding sau day :

a) Pudng thing (d) di qua géc toa dd.

b) Pudng thing (d) thudc mat phdng 3x -2y + 1 = 0.
c) Diém M(3; 5; 7) thudc dudng thang (d).

d) Dudng thdng (d) song song véi mit phing (xOy).
DA : Chon b, c.

CAU HOI TRAC NGHIEM CHUYEN DE 10

01. Mit cdu tam I(1; 2; -3), bdn kinh R = 2 ¢é phuong trinh 12 :

a)(x+ 1%+ (y+27°+(z-3°=4.

b)(x— 12 +(y-2)+(z+3)?*=2%

o)x’+y*+ 2+ 2x -4y -62+5=0.

d) x> +y" +2°-2x -4y + 62 + 10 = 0.

Trong cdc ménh dé trén, niénh dé nao la ding ?

DA : Chon b, d.
02. Trong khong gian cho inaflt cau (S) c6 phuong trinh :

xX*+y?*+2°-2x +4y -6z -11=0.

Trong cdc ménh dé sau day, ménh dé nao la ding ?

a) (S) 1a mat cau tam I(1; -2; 3) va ¢6 ban kinh bing 5.

b) (S) la mit ciu tdm H (-1; 2; -3) va ¢6 ban kinh bing 7.

c) (S) la mat cAu tam M(1; 2; 3) va ¢6 ban kinh bing 6.

d) (S) 1a mit cau di qua géc toa do O(0; 0; 0).

DA : Chon a.

03. Trong cdc phuong trinh sau, phuong trinh nao 1a mat cau (S) di qua diém
M(1; -1; 4) va ti€p xic vdi tat ca cdc mat phdng toa do ?

a)(x-37%+(y+37%+(z-3°=09.
b)(x +3°+(y+83)%+(z-3°*=27.
x> +y +2°-3x-3y +3z -9 =0.
d)x*+y*+2°-6x+6y -9z + 18 = 0.
e) Khéng phai cdc phuong trinh trén.

HD : Tam I cia mit cau phai thudc phan khong gian chia M(x > 0, y < 0,
z>0). VayIR:-R; R)vatac6: (1 -R)+(-1+R*+@4-R’*=R*>R=3.

Do dé ta chon a.
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04. Trong khong gian Oxyz cho mit cau (S) ¢é phuong trinh 1a :
x+y'+28-2x-4y-62=0.

Xét cac ménh dé sau day xem ménh dé nao la diing :

a) Mit cau (S) di qua géc toa do.

b) TaAm cua mat cau la I(1; 2; 3).

¢) Mat cau (S) cit mat phing x = 0.

d) Mat cau (S) ¢6 ban kinh R = 1.

DA : Chon a, b, c.
05. Trong khéng gian Oxyz cho diém 1(-3; 1; 2) va mat phéng

() :2x +3y +z-13=0.

a) Mat ciu tam I, ban kinh R = 4 cidt mat phing (a).

b) Mat cdu tam I, ban kinh R = 4 tiép xdic mat phéng ().

c) Mit cau tdm 1, bdan kinh R = 4 cit mat phdng («) theo giao tuyén la
mét dudng tron €6 ban kinh r = 2. |

d) Mit cau tdm I, ban kinh R = 1 ct mit phéng ().

Trong cic ménh dé néu trén, ménh dé nao la ding ?

DA : Chon a, c.
06. Cho mat cau (S) ¢6 phuong trinh : (x - 1)* + (y + 3)* + (z - 2)* = 49,

Chon cdac ménh dé ding sau day :

a) Piém M (7; -1; 5) thudc mat cdu (S).

b) Mat phdng 2x + 3y + 6z - 5 = 0 ti&p xiic vdi mit cau.

c) Mat phdng 6x + 2y + 3z — 55 = 0 tiép xtic v6i mat cau.

d) Mit phdng x + 2y + 2z — 7 = 0 ti€p xiic vdi mat cau.

DA : Chon a, c. ‘%3
07. Cho mit cau (S) cé6 phuong trinh : (x ~ 3)* + (v + 2)° + (z - 1)* = 100 va
m:+ phing (o) c6 phuong trinh : 2x -2y —2+9=0.

Hay chon cdc ménh dé ding sau day :

a) Mat cdu (S) khong cidt mit phing («).

b} Mat c4u (S) cit mat phing («) theo mot dudng tron (€).

¢) Mat cau (S) cit mit phing («) theo dudng tron (€) ¢6 ban kinh r = 8.

d) Mat -au (S) cidt mat phing (a) theo dudng tron (¥) c¢6 tam la diém
H(-1; ?; 3).
DA : Chon b, ¢, d.
08. Hay chon cdc ménh dé ding sau day :

Trong khéong gian, cdc phuong trinh sau day la phuong trinh mat cau :
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a) xX>+y’-x-y-1=0 b) x*+y-10=0
2 2 2

c) 2x*+ 2y + 222 -2=0 d)—%—+¥3—+%-—3=0.

DA: Chon ¢, d.

09. Cho mat cdu (S) ¢6 phuong trinh : (x - 1)* + (y - 1)’ + (z - 1)* = 1.
Hay chon cdc ménh dé ding sau day :
a) Mat cdu (S) tiép xic v6i cdc mit phidng toa dé.

, X=t
b) Tam mat cau (S) 1a diém I, thude dudng thing c6 phuong trinh : {y =t
zZ=t

c) Mait cau (S) di qua géc toa do. _
d) Mit cau (S') ti€p xic v6i mat cau (S) cho trude va c6 phuong trinh la :
X +y+z8=1.
DA : Chon a, b.
10. Chon c4dc ménh dé ding sau day :
a) Phuong trinh x* + y* = 1 1a phuong trinh mot mat cdu.
b) Phuong trinh ax® + by” + z” = abc véi a # b # ¢ # a 1a phuong trinh mt
mit cau. |
x+y2+22-9=0
x2+y? 422 -2x-2y-2-6=0
dutng tron trong khong gian. ,
d) Phuong trinh x* + y? + z> — 2x + 4y - 6z + 15 = 0 la phuong trinh cia
mot mét cau.
DA : Chon c.

c¢) Phuong trinh : { la phuong trinh ciia mot
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