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Céu 1. (5,0 di€m) Xét da thirc hé s6 thyc P(x) théa man P(1)=2,P(-1)=-V2 va
(P(x))' s¥°+1, VxeR.
a) Chimng minh ring da thirc P(x) c6 nghiém thyre va c6 bac nho hon 4.
b) Tim tat c cdc da thirc P(x) théa man dé bai.
Ciiu 2. (4,0 diém) Cho day s6 nguyén (u,) duge xdc djnh béi v, =3,u, =7 va

(o =3, —~ U YHZ]:
Cho N 1a hop 56 1é khong chia hét cho 3 va u, =3 (modN). P#t M = UTN

a) Chimng minh ring u x chia hét cho 3 nhung khong chia hét cho 9.

b) Chimg minh ring M =1 (mod 4N) va M lamdt hgp s6.
Céu 3. (6,0 diém) Cho tam gidc ABC ndi tiép (0) Lay diém X cé dinh ndm trén cung BC khéng
chira 4 ctia (0). Mét dudng thing d chuyén déng qua X. Céic dudmg thing d,,d,,d,. 1in luot
dbi ximg v6i d qua BC, CA, AB. Goi A' i giao diém cia d,, v d,., B' & giao diém cia d, va
d., C' la gino diém cta d, va d,,.

a) Chimg minh riing 44', BB',CC’ déng quy tai mot diém nim trén (O).

b) Chimg minh riing dudng tron ngoai tiép ctia tam gisc A'B'C’ ludn di qua mot diém cb

dinh.

Ciu 4. (2,0 diém) Cho s6 nguyén duong 7 >3 va mjt sb nguyén 16 1€ p. Vi mbi S 1a tap hgp
gbm n sd nguyén duong phan biét, ta ky hiéu /,(S) 12 s6 cdc |y thira co sb p c6 thé bidu dién
du6i dang téng ciia ba phén tir d6i mét khdc nhau thuge S. Hay xéc dinh gi4 trj 16n nhét c6 thé
c6 cia [ (S) theo n, p.
Céu 5. (3,0 diém) Cho s6 nguyén duong n. Hai ban A va B cliing tham gia mét trd choi gom n
lugl. M&i hrot, ho doc lap gidi cang mét chu db va két qua 12 mdi ngudi choi hodic gidi duge
hofic khéng giai duge. Dat ¢, ([), cy (l) [4n ot & tbng sb cdu dd ma 4, B gidi durgc trong i lugt
dfu tién. H6i ¢ bao nhidu kioh ban c6 thé xay dé A dat gidi dic biét, nghia 13 sau khi két thiio
toén bd n luat choi, 4 khéng chl gitl duge nhidu cAu dé hon B (a ((n)> ¢, (n)), ma con chura

bao git dé B bo xa qua mot cfiu lrong subL quit trinh (\'/l =1,2,u 0105 (n) =0, (n)<1)?

(Thi sinh kiséng duge sir dung 1 lI¢y; Gldam th| khdng glai thich gl thém)
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Bai toan 0.1. ] (Lim Olympic - Hung Yén TST - P1)

Xét da thitc he s6 thue P(z) théa man P(1) = V2, P(~1) = —vV2 va
(P(z))? <2®+1,Vz €R.
@ Chiing minh rang da thitc P(z) ¢6 nghiém thuc va ¢6 bac nhé hon 4.
@ Tim tat ca cic da thic P(z) théa man dé bai.

@ L& giai.

(1) Déy P(1)P(~1) < 0 nén P(z) ¢6 nghiem thyc thuoe (—1, 1).
Xét Q(z) = (2® 4+ 1) — P(z)? v6iz € R.
Gia sit deg P > 4 thi deg Q > 8, hé s6 bac cao nhat ctia Q 14 am nén zll)I& Q(z) = —oco nén ton tai
M sao cho Q(M) < 0, khi d6 (P(M))? > (M® +1), vo ly.
Vay deg P < 4, diéu phai chiing minh.

@ Viét P(x) = az® + bx? + cx + d v6i a, b, ¢, d thye.
Tt PQ)=v2vwwP(-1)=—V2nena+b+c+d=v2vd —a+b—c+d=—V2.
Suy rab+d=0vda+c=+v2neén P(z) = az®+ b2 + (V2 — a)x — b.
Ta ¢6 Q(z) > 0 v6i moi z € R va Q(1) = Q(=1) = 0.
Viét Q(x) = (z — 1)'R(x), R(1) # 0, t nguyén duong. Gia sit ¢ 1a s6 18.
Vi R(1) # 0 nén ton tai & sao cho R(x) cung dau véi R(1) v6i moi z € (1 — 4,1 +9).
Liy 0 < h < & thi Q(1+h) = h'R(1+h), va Q(1 —h) = —h*'R(1 — h), do d6 Q(1 + h) va Q(1 — h)
tra dau v6i nhau, nén c6 1 s6 la am, vo 1y do Q(z) > 0 v6i moi = € R.
Vi vay t chin, suy ra Q(1) = Q'(1) = 0, tuong tw Q(—1) = Q'(-1) = 0.
Ta c6 Q'(z) = 6z° — 2P(x)P'(z) néen 0 = Q'(1) = 6 — 2P(1)P'(1) = 6 — 2V2P'(1).

Vi thé P'(1) = %, tuong tu P'(—1) = ¥

Tt P(z) = az® + bz + (V2 — a)x — b suy ra P'(x) = 3az? + 2bz + (V2 — a).

2 2 2
Khidé3a+2b+\/_—a=%_va3a—2b+\/§—a=¥nénb=0,a=%.

V2.5 3V2

Vi vay P(z) = 7 +Txv6imoia:€R.

5 1
Thit lai dé ¢6 duge 2® +1 — P(z)? = g(ac2 —1)%(72% +8) > 0 v6i moi = € R nén day la da thitc duy

nhat thod man yéu cau dé bai.
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~"Nhan xét.

Ngoai ra c¢6 thé sit dung bd dé sau dé giai quyét bai toan:
B6 dé Fermat: Néu ham s6 f c6 dao ham tai ¢ va dat cyc tri tai 2o thi f'(2) = 0.

[

=)

Bai todn 0.2. ) (Lim Olympic - Hung Yén TST - P2)

Cho day s6 nguyén (u,) dugc xac dinh bdi up = 3,up = 7 va
Upt2 = Upt1 — Up, VN > 1.
Cho N 1a hop 6 16 khong chia hét cho 3 va uy = 3 (mod N). Dit M = “?N
@ Chiing minh rang uy chia hét cho 3 nhung khong chia hét cho 9.
@ Chitng minh ring M =1 (mod 4N) va M 14 mot hgp so.

(£ Lai giai.
@ Dé ¥ Vi upio = —u, (mod 3) va 3 | uy nén 3 | u, véi moi n 18.

i 53 u P 5, 8 o
Xét day (vy) xac dinh béi v, = 2§+1 v6i moi so tu nhién n.

Khi d6 upt+4 = 3un+s — Unt2 = 3(3uns2 — Un+1) — Unt2 = 8Upt2 — (Unt2 + Up) = TUpta — Up.
Suy ra vg = 1, v1 = 6 VA Vp49 = TUpy1 — Vp, V6i moi s6 tut nhién n.
Dé § v, chia hét cho 3 khi va chi khi n = 1,4 (mod 6), hay n =1 (mod 3).
Viét N = 2k + 1 v6i k nguyén duong thi 2k + 1 # 0 (mod 3) nén k # 1 (mod 3) nén 3 { vy.
T d6 uy = ugpy1 = 3vg khong chia hét cho 9, diéu phéi ching minh.
@ Ta can chiing minh v = 1 (mod 4N) va vy 1a hgp sb.
Viuy =3 (mod N) nén 3v;, =3 (mod N) nén v =1 (mod N) do ged(N,3) = 1.
Ta c6 v, =1 (mod 4) < n=0,2 (mod 3).
Vik#1 (mod 3) nén vy =1 (mod 4), két hop ged(N,4) =1 dé ¢6 v, = 1 (mod 4N).
3+V5 3-v5

Dit a = 5 5véa,,f3’= 5

Ta c6 N = ab v6i a,b > 1 1a cac s6 1é thi dé dang thay dugc uy chia hét cho wug,.

V‘1théM=TN=—N~?b 1a hgp so do ?bk\a,s()nguyénlénhcm 1 va uy > up.
up

Tit d6 ta c6 dieu phai chitng minh.

thi u, = o™ + " v6i moi n nguyén duong.

[
( Baitodn 0.3. J (Lim Olympic - Hung Yén TST - P3)
Cho tam gidgc ABC nai tiép (O). Lay diém X c6 dinh nim trén cung BC khong chita A ctia (O).
Mot dudng thing d chuyén dong qua X. Cac dudng thing da,dp, dc lan lugt déi xing véi d qua
BC,CA, AB. Goi A’ 1a giao diém ciia dp va do, B 1a giao diém ctia dy va de, €' 1a giao diém clia

da va dpg.
@ Chiing minh ring AA’, BB',CC’ dong quy tai mot diém nim trén (O).
@ Chitng minh rang dudng tron ngoai tiép ciia tam giac A’B’C’ luon di qua mot diém cd dinh.
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Goi B'C’ cit BC tai U. Ta c6: B'C' 1a d, do d6: d di qua U.

Tuong tu thi: C'A’, AB, d dong quy. Va: AC, A'B’, d dong quy.

Do d6 ap dung dinh 1i Desargues ta c6: AA’, BB', CC’ dong quy tai Y. Goi Y, Y3, Y, déi xiing YV
qua BC, CA, AB lan lugt. Theo tinh chat déi xiing ta c6: Y,Y,. song song d. Tuong tiu thi ta thu
dugc: Y,, Y}, Y thing hang (ciing nim trén dudng thang song song d) dan dén theo tinh chat dutng
thang Steiner dao thi: Y € (O).

Goi H la tryc tam tam giac ABC.

Goi dy, dy, ds 1an lugt 1a cac dudng thing déi xing véi X H qua BC,CA, AB.

Goi H, la diém dbi xing ctia H qua BC. Ta ¢6 H, € (O). Goi Q la giao diém thit hai ctia d; v6i
(0). Goi Qq, Qp, Q. 1an lugt 1a cac diém doi xiing ctia Q qua BC,CA,AB. ViQ € dy nén Q, € XH.

Theo tinh chat diém Anti-Steiner ta co: dy,ds, d3 dong quy tai diém c6 dinh Q € (O).

Goi X, Xp, X, lan lugt la cac diém déi xing ciia X qua BC,CA, AB.

Vi X € (O) nén theo tinh chat Steiner: X,, Xy, X., H thing hang.

Ta ¢6: dy = QX,, dy = QXp, ds = QX.,.

Do (da, dp) va (ds3,d.) 1an lugt 14 anh cta (X H, d) qua cac phép déi xiing nén: Z(da, dp) = £(d3, d.).
Ma A’ =dyNd,, suy ra: ZQX,A' = ZQX A

Do dé: Q, X, A, X, dong vien. Tuong tu: Q, X,., B', X, dong vien, Q, X,, C’, X}, dong vien.
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Vay ta thu duge: Q la diém Miquel ctia tit gidc toan phan: (A’B’,B'C’,C'A’, X,X.) dan dén:
Q € (A'B'C’"). Vay dusng tron ngoai tiép tam gidc A’B'C’ luon di qua diém cb dinh Q.

L
[ Bai todn 0.4. ] (Lim Olympic - Hung Yén TST - P4)

Cho s6 nguyén duong n > 3 va mot sd nguyen t6 1& p. V6i moi S 1a tap hgp gom n s6 nguyén duong
phan biét, ta ky higu ,(S) 1a s6 cac lity thita cd s6 p ¢6 thé biéu dién dudi dang tong ctia ba phan
tt doi mot khac nhau thuoc S. Hay xdc dinh gid tri 16n nhat c6 thé cia l,(S) theo n, p.

@ L&i giai.
Gia stt cac luy thita co s6 p biéu dién duge la p™ < p™ < --- < p™, ta can tim gia tri 16n nhét cia .
Goi A; 1a tap gdm 3 phan tit sao cho tdong cac phan tit trong A; bing p%, v6ii = 1,2,...t.
Taco |AiUAU---UA < n.
Nhan xét. Vi mdi i > 2,tacoé A; \ (A UAU---UA;_q) #0.
Gia st phan ching, tic (A; U Ay U---UA;—1) C A;.
Khi d6 ¢t v6i = € A; thi ton tai j < i sao cho z € 4; thi z < Z a=p <pl
a€A;

Tit d6 téng cic phan tit ciia A; bé hon 3p'~! < p’, vo 1y. Nhan xét duge ching minh.
T nhan xét trén ta c6 [A1| =3, |42\ 41| > 1, |43\ (A1 U Az)| > 1,...
Dodén>|AjUAU---UA>3+1+1+---+1=3+(t—-1)=t+2.
Vi vay t < n — 2. Dau bang x4y ra chéng han véi tap

S={1,2,p-3,p°-3,.p" 2 -3}
Vay gia tri 16n nhat cta [,(S) bing n — 2.

[
( Baitoén 0.5. J (Lim Olympic - Hung Yén TST - P5)

Cho s6 nguyén duong n. Hai ban A va B ciing tham gia mot tro choi gom n lugt. Méi lugt, ho doc
lap giai cing mot cau dé va két qua 1a mdi ngudi choi hoac giai duge hoac khong giai duge. Dit
ca(i),cp(i) 1an lugt 1a tong s6 cau d6 ma A, B giai duge trong i lugt dau tien. Héi ¢6 bao nhiéu
kich ban c6 thé xay dé A dat giai dac biet, nghia la sau khi két thic toan bo n lugt chai, A khong
chi gidi duge nhiéu cau dé hon B (ca(n) > cp(n)), ma con chua bao gis dé B bd xa qua mot cau
trong sudt qué trinh (Vi =1,2,...,n:cp(i) —ca(i) < 1)?

@ Lai giai.
V6i mdii =0,1,...,n, dat d; = ca(i) — ep(i). Ta xem (d;)i—, nhu mot quy dao xuat phat ti dy = 0.

O méi lugt, quy dao ¢6 mot trong bén loai budc:

Két qua cua lugt choi |d; — d;—1

Chi A giai duge 1
Chi B giai dugc -1
Ca hai cung giai dugc 0

Ca hai cung khong giai duge 0
Diéu kién dé A dat giai dac biét tuong duong véi
di>-1 (1<i<n), dn>0.

Goi Uy (r) 1a sb6 quy dao khong bi rang budc, c6 do dai n, xuat phat tit 0 va két thic tai r.

Trang 4 £l LIM Olympic - CLB 6én chuyén, HSG
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Ta bién mdi bude ctia quy dao thanh hai buée lén hoic xuéng nhu sau:

Budc ban dau Hai budc tuong tng
il lén, lén
-1 xudng, xudng
0 tng v6i ca hai cung giai duge lén, xudng
0 ting véi ca hai cing khong giai duge xuong, len

Day la mot song anh gitta cdc quy dao do dai n két thic tai r va cdc quy dao gom 2n bude lén, xudng,
két thiic tai do cao 2r. Néu quy dao mdi c6 a budc lén va 2n — a budc xudng thi
a— (2n —a) = 2r,
suy raa=mn+r, do dé Uy(r) = C3t".
Bay gio ¢6 dinh r > 1. Xét mot quy dao két thic tai » nhung vi pham diéu kién d; > —1.
Goi t 1a thoi diém dau tien quy dao dat t6i —2.
Ta xét phan quy dao tit thoi diém 0 dén thoi diém ¢: d6i mdi bude 1 thanh —1, mdi buée —1 thanh 1,
con hai loai bude 0 duge giit nguyén. Khi d6, phan quy dao nay két thic tai 2 thay vi —2.
Phan quy dao sau thdi diém t c6 tong do thay doi bang r — (—2) = r + 2.
Vi thé quy dao méi két thic tai 2+ (r +2) =7 + 4.
Ngugc lai, moi quy dao két thic tai r + 4 déu phai di qua 2. Phan quy dao méi tit dau dén lan dau tién
dat 2, ta thu duge mot quy dao két thic tai r va vi pham diéu kien d; > —1.
Do d6, s6 quy dao vi pham két thic tai r bang U, (r + 4).
Béi vay, sb6 qui dao hgp 16 két thic tai r 1a Uy (r) — Un(r + 4) = O™ — Cptrta,
Cong theo r = 1,2,...,n, ta dugc

n min{4,n}
+ +r+4) _ +
> o5 —agr= 3, g
r=1 r=1
min{4,n}
Vay s6 kich ban can tinh bang Z cEr.
r=]

— Nhan xét.
Bai toan trén lién quan tdi bai toan quy dao ndi tiéng sau:
Bai toan bé phiéu bau cii: Cho hai tng cit vien A va B, biét ring A nhan a phiéu bau cit, B
nhan b phiéu bau cit va @ > b. Héi ¢6 bao nhiéu cach kiém phiéu sao cho trong sudt qua trinh thi

a—2>b

s6 phiéu ctia A Iudén 16n hon s6 phiéu B? Dap s6: i 8 i
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