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LOI CAM ON

Pau tién, chiing em xin dugc giri 101 cam on chan thanh dén Thay Lé Qubc Trung —
Hiéu Truéng Truong THCS&THPT Mong Tho vi thdy di nhiét tinh huéng dan, chi day
cho ching em nhirng kinh nghiém, bai hoc quy gia tir chuyén mén dén gia trj cudc sdng.
Ddng thoi Thay ciing gop phan dé ching em c6 thé thuc hién va hoan thanh dy 4n nay tir
nhirng hanh trang quy bau ma thiy da truyén dat.

Chung em xin bay to 1ong biét on dén quy thdy c6 Ban giam hiéu, cac thiy co gido,
cung toan thé cac ban hoc sinh cua truong THCS&THPT Mong Tho da tao diéu kién thuan
loi cho chiing em trong sudt thoi gian thyc tip tai trudng. Chung em rét vinh dy khi dugc
tham gia va hoan thanh du 4n bai toan thuc té 16p 11 trong khuén kho chuwong trinh thie
tap su pham.

Cam on quy thay c6 dd hudng dan, chia sé kién thirc va kinh nghiém quy bau, gitp
chting em hoan thién cac k¥ ning giang day ciing nhu ap dung 1y thuyét vao thuc tién. Su
nhiét tinh va tinh than hiéu hoc cua cac ban hoc sinh cuia truong THCS&THPT Mong Tho,
su ¢ géng cua céc ban chinh 1a dong luc 16n nhét dé ching em co thé hoan thanh nhiém
vu cuia minh.

Chung em hy vong rang du an bai toan thuc té nay s& gitip cac ban hoc sinh 16p 11 ¢6
thém co hoi ap dung kién thirc vao thuc tién, déng thoi tao dong luc dé cac ban yéu thich
va tim hiéu sau hon vé méon toan hoc.

Mot 1an nita, chiing em xin chan thanh cam on va chuc trudong THCS&THPT Mong
Tho ngdy cang phat trién, dat duoc nhiéu thanh tyu hon nita trong cong tac giang day va
giao duc.

Mong Tho, ngay 16 thang 02 nam 2025
Nhom tac gia

Lé Qudc Khai
Nguyén Thi Diém Kiéu
Phan Minh Thi
Phan Thi Thay Tién



LOI NOI PAU
Trudc tién, chiing em Xin bay to 10ng biét on sau sic téi Ban Giam Hiéu nha Truong
THCS&THPT Mong Tho vi da tao diéu kién va hd trg ching em trong sudt qué trinh thyuc
tap va thuc hién Dy &n vé cac chuyén dé Toan thyuc té I6p 11. Chinh sy quan tdm, dong
vién va huéng dan caa quy thay co d giup chling em c6 thém dong lyc va ty tin trong viéc
thuc hién du an nay.

Dy 4n khong chi don thuan 12 mot bai tip hoc thuat ma con 1 co hoi dé két ndi ly
thuyét toan hoc vai nhitng van dé thuc té trong cudc song. Qua do, chling em nhan ra rang
mon Toan khong chi tn tai trong c4c bai giang ma con & cac van dé trong thuc té. Tir do,
cd thé giai quyét dugc nhitng tinh hudng thuc té hang ngay théng qua Toan hoc. Biéu nay
khong chi gitp chiing em ma rong kién thirc ma con cang ¢6 niém dam mé vi mon hoc.

Chaing em hy vong rang nhitng nghién ciru va két qua thu duogc tir du &n nay sé gop
phan nho vao viéc 1am phong phti thém phuong phap giang day mén Toan tai truong. Pong
thoi truyén cam hang cho cac ban hoc sinh trong viéc kham pha, ang dung Toan hoc vao
cudc sdng. Mot lan nita, ching em xin gui 10i cam on chan thanh t6i Ban Giam Hiéu, quy
thay cd va cac ban hoc sinh vi nhitng sy gitp d& quy bau trong sudt qua trinh thyuc hién du
an.

Dy &n Toan thuc té 11 gdm c6 13 chuyén dé:

e Chuyén dé 1: Day s

e Chuyén dé 2: Cap sb cong

e Chuyén dé 3: Cap sb nhan

e Chuyén dé 4: Gigi han dy s6

e Chuyén dé 5: Kién thirc can nam

e Chuyén dé 6: Ham sé lién tuc

e Chuyén dé 7: Goc luong gi4c va gia tri luong giac
e Chuyén dé 8: Cong thuc luong giac

e Chuyén dé 9: Ham sb luong giac

e Chuyén dé 10: Phuong trinh lugng giac co ban
e Chuyén dé 11: Quan hé song song

e Chuyén dé 12: Théng ké

e Chuyén dé mé rong: Day fibonacci va ti 18 vang

O mdi chuyén dé, sau phan ly thuyét da dugc tong hop day du, phan bai toan thuc té
va 1oi giai duoc trinh bay chi tiét gidp cho hoc sinh c6 thé theo ddi va rén luyén ky ning
giai toan.

DU rat ¢6 gang nhung trong qué trinh bién soan ching em khong tranh dwoc nhitng
sai sot. Rat mong nhan dwoc su gop Y cua quy thay cd, clng véi cac ban gido sinh dang
cong tac tai truong dé c6 co hoi hoc hoi va hoan thién du an lan nay.
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CHUYEN DE 1: DAY SO
1.1. KIEN THUC CAN NAM

- Mbi ham s U xac dinh trén tip cac sd nguyén duong N”dugc goi 1a mot diy s vo
han (goi tat 1a ddy s0), ki hiéu 1a u=u(n).

Ta thuong viét U, thay cho u(n)va ki hiéu ddy sé u=u(n) boi u,, do d6 day sb
(u,) dugc viét dudi dang trién khai U, U,,...,U,,...S6 U, goi 1a s6 hang dau, U, 1a s6 hang
thi N va goi 1a sé hang tong quat cua diy so.

- M&i ham s6 u xéc dinh trén tap M ={1; 2;3;...;m} v6i me N’ duoc goi la mot day
s6 hitu han. Dang khai trién cua day s6 hiru han la u,,U,,...,U,,.... S6 U, goi 1a s hang dau,
u, la s6 hang cudi.

- Mot day sb c6 thé cho bang:

e Ligt ké céac s6 hang (chi diing cho céc day hiru han va c6 it s6 hang);

e Cong thuc cua sé hang tong quat;

e Phuong phép mo ta;
e Phuong phap truy hoi;

4. Day s6 (u,) duoc goi la day so ting néu tacé u,,, >u, véi neN".

n+1

<u, v6i neN".

n+1

Day s6 (u,) duoc goi la day sb giam néu ta co u
- Day s6 (u, ) duoc goi la bi chan trén néu ton tai mot s6 M sao cho u, <M vneN".

Day s6 (u,) duoc goi la bi chin dudi néu tdn tai mot s6 msao cho u, >M vneN".
Day so (u,) duoc goi 1a bi chan néu nd vira bi chan trén vira bi chin dusi, tic 13 ton
tai cac s6 m,M sao cho m<u <M VvneN",
1.2. BAI TOAN THUC TE:

Bai toan 1 (Bai 2, trang 47 SGK Toan 11, tap 1-Canh diéu):



a) Goi U_ la s6 chdm & hang thir n trong Hinh 1. Du doan cong thirc caa s6 hang tong
quat cho day s6 (u,).
b) Goi v, la tong dién tich cua cac hinh t& mau & hang thi n trong hinh 2 (mdi 6 nhé

la mét don vi dién tich) . Dy doén cong thirc cua s6 hang tong quat cho day so (v, ).

Hane thie | (D Hange thie 1
Hang hit2 @ @ Hang thit 2
Hangthit3 @ @ @ Hang it 3 [0 B EIEE

...........

Hange thie 4 O C) Q @, Hane thie 4 EnlEEEE]En I |

Hinh 1

Loi giai

a) S6 cham & hang tha nhat la: u, =1;

Sé cham & hang tht nhat 1a: u, = 2;

Sé cham & hang tht nhat 1a: u, =3;

S6 cham & hang thtr nhat 1a: u, = 4;

Vay s6 cham & hang tha tw 1a: u, =4;

Vay s6 cham & hang tha n 1a u, =n.

b) Dién tich cac 6 mau & hang thir nhat la: v, =1°;
Dién tich cac 6 mau & hang tha hai la: v, =8 =2°;
Dién tich cac 6 mau ¢ hang tha ba la: v, =27 =3%;
Dign tich cac 6 mau & hang thir tu 1a: v, = 64 = 4°;
Vay dién tich cac 6 mau & hang thtr n la: v =n’;
Bai toan 2 (Bai 6, trang 48 SGK Toan 11, tap 1 - Canh diéu): Chi Mai guri tién tiét

kiém vao ngan hang theo thé thirc 13i kép nhu sau: Lan dau chi giri 100 triéu dong. Sau do,

2



ctr hét 1 thang chi lai gari thém vao ngan hang 6 triéu dong. Biét 14i suat cua ngan hang la
0,5% mot thang. Goi P, (tridu dong) 1a sb tién chi c6 trong ngan hang sau n thang.

a) Tinh sé tién chi co trong ngan hang sau 1 thang, 3 thang.

b) Du doan cong thuc P, tinh theo n.

a) S6 tién ca gbc va lai chi Mai c¢6 trong ngan hang sau 1 thang (khi chua gt thém 6
triéu dong) 1a:

100+100.0,5% =100.1,005 =100,5 (triéu déng)

S6 tién chi 6 trong ngan hang sau 1 thang la: 100,5+ 6 =1006,5 (triéu dong).

S6 tién chi Mai c6 trong ngan hang sau 2 thang la:

100,5.1,005+ 6 =113,0325 (tri¢u dong)
S6 tién chi cé trong ngan hang sau 3 thang la:
113,0325.1,005+6 =119,5976625 (tridu ddng).

b) Ta cd: K, =100.1,005+6;

P,=PF.1,005+6= (100.1, 005+ 6).1, 005+ 6 =100.1,005° +6.1,005 + 6 ;

P, = P,.1,005+6 = (100.1,005” +6.1,005+ 6).1,005 +6.

=100.1,005% +6.1,005* + 6.1,005 +6:...;

- Ctr nhu thé ta du doén cong thic cua P, :

P, =100.1,005" + 6.1, 005" +6.1,005" +...4+6

=100.1,005" +6.(1,005™ " +1,005"* +...+1).

Bai toan 3 (Bai 14, trang 46 SGK Toan 11, tap 1 - Canh diéu): Véi mdi sé nguyén
duong N, lay n+6 diém cach déu nhau trén duong tron. N6i mdi diém véi diém cach né
hai diém trén duong tron d6 tao thanh cic ngdi sao nhur hinh 2. Goi U, 12 s6 do goc & dinh
tinh theo don vi d§ cua mdi ngdi sao thi ta dugc ddy so (u, ). Tim cong thic cua sé hang

tong quat u, .
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Giai

Ta thay dudng tron duoc chia thanh n+6 cung bang nhau va mdi cung c6 s6 do bang

360 ) X. 12 P e a2 N
(—6 . Do moi diém duoc noi vai diém cach no hai diém trén duong tron nén goc ¢ dinh
n+

cuia mdi ngdi sao & géc noi tiép chin n+6—2.3=n cung bang nhau d6. Suy ra sé do goc

& dinh tinh theo don vi d6 cia mdi ngdi sao 1a u, = 1. 360 n= 180”.
2 n+6 n+6

Bai toan 4 (Bai 2.6, trang 34, SGK Toan 11, tap 1-Két ndi tri thirc véi cudc séng):
Gia ciia mot chiéc may photocopy Ilic mai mua 14 50 triéu dong,. Biét rang gia ciia n6 sau
mdi nam st dung chi con 75% gia tri trong nam lién trude d6. Tinh gia tri con lai cua chiéc

may photocopy d6 sau mdi nim, trong khoang thoi gian 5 nam ké tir khi mua.
Giai
Gia tri ciia may photocopy sau 1 nam st dung la:
T, =50.75% =37,5 (tri¢u dong)
Gia tri ciia may photocopy sau 2 nam st dung la:
T, =T,.75% = 28,125 (tri¢u dong)

Gia tri ciia may photocopy sau 3 nam st dung la:



T, =T,.75% = 21,0938 (triéu dong)

Gia tri ciia may photocopy sau 4 nam st dung la:

T, =T,.75% =15,8203 (triéu déng)

Gia tri ciia may photocopy sau 5 nam st dung la:

T, =T,.75% =11,8652 (tri¢u dong)

Chuay. Téng quat, gia tri cia may photocopy sau N nam sir dung 1a:

T, =T,(0,75)"" (tri¢u dong).

Bai toan 5 (Bai 2.9, trang 35, SGK Toan 11, tap 1, Két ndi tri thirc véi cudc song):
Vi khuan E. Coli sinh san théng qua mét qua trinh duoc goi 13 qua trinh phan déi. Vi khuan
E. Coli phan chia 1am d6i ctr sau 20 phut. Gia sir tbc do phan chia nay duoc duy tri trong
12 gio ké tir khi vi khuan ban dau xdm nhap vao co thé. Hoi sau 12 gid s& c6 bao nhiéu vi
khuan E. Coli trong co thé? Gia st c6 mot ngudn dinh dudng vo han dé vi khuan E.Coli

duy tri téc d6 phan chia nhu cii trong 48 gid ké tir khi vi khuan ban dau xam nhap vao co

thé. Hoi sau 48 gio s& c6 bao nhiéu vi khuan E. Coli trong co thé?
Gia sir ban dau ¢6 1 vi khuan E. Coli.
Sau 20 phat 1an maot, sé vi khuan 13 1.2 = 2.
Sau 20 phut lan hai, sé vi khuan 1a 2.2 = 22,
Sau 20 phdt lan ba, sé vi khuan 1a 222 =8.
Sau 20 phdt 1an bén, sé vi khuan 1a 2°.2 = 2*.

Tuong tu nhu vay sau 12 gio (bang 3.12 lan 20 phat) thi sé vi khuan la
2312 = 2% % 6,87.10" (con)

Sau 48 gio (bang 3.48 =144 lan 20 phat) thi s6 vi khuan 1a:

2" =~ 2,23.10% (con).



Bai toan 6 (Bai 2.10, trang 35, SGK Toan 11, tap 1, Két ndi tri thirc véi cudc séng)
: Mot cong ty dugc phém dang thir nghi€ém mat loai thubc méi. Mot thi nghi¢m bat dau véi
1,0.10° vi khuén. Mot liéu thube duge sir dung sau moi bdn gio ¢cb thé tiéu diét 4,0.10° vi
khuén. Giita cac liéu thudc, s6 luong vi khuan ting 1én 25% .

a) Viét hé thirc truy hoi cho sé lwong vi khuan séng trudc mdi lan str dung thude.

b) Tim s vi khuan con sdng trude 1an sir dung thude thir nim.

Giai

Goi U, =1,0.10° 1a s0 vi khuan tai thoi diém ban dau va u, 1a sé vi khuan truéc 1an
ding thudc thir n.

Do mdi liéu thude dugce str dung sau bon gidr co thé tiéu diét 4,0.10° vi khuan va gitra
c4c lidu thudc, sé lwong vi khuan ting 1én 25% nén ta co:

Uy, = (u, —4,0.10°) + 25%., =1,25u, - 4,0.10°.

u, =1,0.10°

Do do, ta c6 h¢ thtc truy hoi:
u., =125u —4,0.10°

b) Ta tinh u; nhu sau:

u, =1,0.10°%;

u, =1,25u, —4,0.10°%;
u, =1,25u, —4,0.10°%;
u, =1,25u, —4,0.10%
u, =1,25u, —4,0.10%

Vay s6 vi khuan con séng trude lan st dung thude thir nam 1a 135156250 con.

Bai toan 7 (Pé cwong 6n tap cudi ki | mdn Toan, 2024-2025, trwong THPT Hoang

Vin Thuy, Ha N§i): Mot nguoi 1am viéc cho mét cong ty. Theo hop dong trong nim dau



tién, thang luong thir nhat 12 6 triéu dong va luong thang sau cao hon thang truéc 1a 200

ngan ddng. Hoi theo hop dong, thang thir 7 nguoi d6 nhan dugc lwong 14 bao nhiéu?
Loi gii
Theo hop dong trong nim dau tién, thang lrong dau tién 12 6 triéu déng, va mdi thang
lwong tang thém 200 ngan dong so véi thang trudc.
Thang thi hai, ngudi d¢6 nhan dugc: 6000000 + 200000 = 6200000 dong
Thang thi ba, nguoi d6 nhan duoc: 6000000+ 200000.2 = 6400000 dong
Tiép tuc nhu vay, thang thir n, ngudi d6 s& nhan duoc s6 tién Ia:

Luong thang thir n = 6000000+ (n—1).200000 ddng

Ap dung cong thtc trén cho thang thi 7:

Luong thang thir 76000000 + 6.200000 = 7200000 dong

Bai toan 8 (Trwomg THPT Nguyén Thai Binh, Kiém tra cudi ky I moén To4n-
Khéi 11, niim 2024-2025): Nam 2022, mot hang xe 6 t6 niém yét gia ban loai xe X 1a
750.000.000 ddng va du dinh trong 10 nim tiép theo, mdi ndm giam 2% gia ban so véi
gia ban nam trudc. Theo dy dinh d6, ndam 2027 hing xe 6 t niém yét gia ban loai xe X 13
bao nhiéu?

Loi giai
Pit A=750.000.000d0ng 12 gia niém yét loai xe X nam 2020.

Nim 2021, hang xe 6 t6 niém yét gia ban loai xe X 1a A = A— A.ﬁ = A(1-0,02)

Niam 2022, hang xe 6 t6 niém yét gia ban loai xe X 1a

A, = A(1-0,02) = A(1-0,02)*

Vay dén nam 2025, hang xe 6 to niém yét gia ban loai xe X 1a:

A, = A(1-0,02)° ~ 677.941.000 dong



CHUYEN DPE 2: CAP SO CONG
2.1. KIEN THUC CAN NAM:

- Cap s cong 1a mot day sb (hiru han hay vo han), trong d6 ké tir s6 hang thtr hai, mdi
s6 hang déu bang sé hang dung ngay trudc nd cong véi mot sé khong ddi d . S6 d goi la

cdng sai cua cap sb cong.

- Cap s6 cong (u,) véi cong sai d duoc cho boi hé thuc truy hoi:
u,=u,,+d,(n>2).

- Néu cap s6 cong (u,) €6 s6 hang dau 1a u, va cong sai d thi sé hang tong quat u,

cua n6 dugc xac dinh theo cong thic: u, =u, +(n—-1)d.
- Cho cap sb cong (u, ) véicongsai d . Bat S, =u, +U, +...+U,. Khi d6

n(u,+u,)

n
Sn:5[2u1+(n—1)d]: >
2.2. BAl TOAN THUC TE:

Bai toan 9: Khi ki két hop dong lao dong véi nguoi lao dong, mot doanh nghiép dé

Xuat hai phwong an tra lwvong nhu sau:

Phuong an 1: Nam thtr nhat, tién lwong 13 120 triéu ddng. Ké tir nam tht hai tro di,

mdi nam tién lwong duoc ting 18 triéu.

Phuong an : Quy tht nhat, tién luong 1a 24 triéu. Ké tir quy tha hai tré di, mdi quy

tién lwong duoc tang 1,8 triéu.
Néu 1a ngudi tuyén dung vao doanh nghiép trén, em s& chon phuong an nao khi:
a) Ki hop dong lao dong 3 nim?
b) Ki hop ddng lao dong 10 nam?
Giai
+ Theo phuong 4n 1: Goi (u,) 1a ddy s6 tién lvong cta ngudi lao dong theo phuong

an 1 qua moi nam.



Day s6 U, 1ap thanh mot cap s6 cong c6 s6 hang dau u, =120 va cong sai d =18.
Khi d6 s6 hang tong quat cta cap s6 nhan la: u, =120+(n-1).18.

a) Khi ki hop ddng 3 nim twong dwong vai 12 quy ta c6:
+ Theo phuong 4n 1: U, =120+(3-1).18 =156 (tri¢u dong)

Téng sb tién luong nhan dugc sau 3 nam la:

3.(120+156 .
S, = u =414 (triéu dong)
2

+ Theo phuong 4n 2: u, = 24+(12-1).1,8=438.
Tong so tién luong nhan duge sau 3 nam twong ng vai 12 quy 1a:

12.(24+43,8 s
S, = ( 5 ):406,8 (trigu dong).

Vay néu duoc tuyén vao doang nghiép va ki hop dong lao dong 3 nam thi nén theo
phuong an 1.
b) Khi ki hop dong 10 nim twong dwong vai 40 quy ta co:

+ Theo phuong 4n 1: U,y =120+ (10—1).8 = 282 (triéu dong)

Tong so tién luong nhan duge sau 10 nam la:

10.(120 + 282 ;
S = ( 5 ) = 2010 (tri¢u dong)

+ Theo phuong 4n 2: U,, =24 +(40-1).1,8=94,2 (triéu dong).
Téng s6 tién lwong nhan duoc sau 10 ndm twong wng véi 40 quy 1a:

40.(24 +94,2 L
S, = ( > ) = 2364 (triéu dong).

Bai toan 10 (Bai 6, trang 56, SGK Toan 11 tap 1, Chéan troi sang tao): Mot nguoi
mubn mua mot thanh gé du dé cat ra 1am céc thanh ngang cua mot cai thang. Biét rang

chiéu dai cac thanh ngang d6 (tir bac dudi cung) lan luot 14 45cm, 43cm, 41cm,...,31cm.



Hinh 3
a) Cai thang d6 co6 bao nhiéu bac?
b) Tinh chiéu dai thanh gb ma ngudi d6 can mua, gia sir chiéu dai cac mdi ndi (phan gd bi
cat thanh mun cua) 1a khong déng ké.
Giai
a) Chiéu dai cac thanh ngang 1a diy cip s6 cong c6 s6 hang dau 1 45, cong sai d 1a:
u,=45-2(n-1)=47-2n.
Khido u,=31<n=38
Vay cai thang co6 8 béc.

8.(45+31)

b) S, = =304,

Vay chiéu dai thanh g 12 304 cm.

Bai toan 11 (Bai 2.13, trang 51, SGK Toan 11, tip 1, Két nbi tri thirc véi cude
song): Mot kién trac su thiét ké mot hoi trudng v6i 15 ghé ngdi & hang thir nhat, 18 ghé
ngdi ¢ hang tha hai, 21 ghé ngdi & hang tht ba, va ctr nhu vay (s ghé ¢ hang sau nhiéu
hon 3 ghé so v&i s6 ghé & hang lién trudc n6). Néu mudn hoi trudng dé co strc chira it nhat
870 ghé ngdi thi kién truc su d6 phai thiét ké tbi thiéu bao nhiéu hang ghé?

Giai
S6 ghé & mdi hang lap thanh mot cip sd cong véi s6 hang dau U, =15 va cong sai

d =3 . Goi n 1a sb cac s6 hang dau cua cap sO cdng can lay tong, ta co:

10



870=S§, = 2[2.15+(n ~1).3]= 2(27+3n)

Do d6 27n+3n*—-1740=0, suy ra n =20 (nhan) , n=—-29 (loai).

Vay can phai thiét ké 20 hang ghé.

Bai toan 12 (Dé thi danh gia ning lwc-PHQG Ha Noi, nim 2014): Mot rudng bac
thang c6 thura thép nhét (bac thu nhét) nam & do cao 950 m so v6éi muc nude bién, do chénh
léch gitra thura trén va thira dudi trung binh 1a 1,5 m. Hoi thira rudng & bac thur 12 ¢6 do cao

la bao nhiéu mét so vé1 muc nudc bién?

- Ki hiéu U_ 1a chiéu cao so v&i muc nuréc bién ctia thira rugng & bac thir n.
- Khi d6, day s6 (u,) 1a mot cap sb cong véi U, =950 va d =1,5.

- Taco: U, =U, +11d =950+11.1,5=966,5

Vay thaa ruong ¢ bac thir 12 ¢6 d6 cao 966,5m so véi mue nudc bién.

Bai toan 13: Bac Hung dé 10 triéu dong trong tai khoan ngan hang. Vao cudi mdi
nim, ngan hang tra 13i 3% vao tai khoan cua bac ay, nhung sau d6 s& tinh phi duy tri tai

khoan hang niam 1a 120 nghin dong.

a) Goi A, 1a s6 tién bac Hung di gui. Viét cong thic tinh 1an luot A A, A . Tudo
dur doan hé thuee truy hoi cho sé du A, (tinh theo don vi ddng) trong tai khoan cua bac Hung
vao cudi ndm tha n .

b) Tim sb du trong tai khoan cta bac Hung sau 4 nim.

11



a) Vao cudi nam thir nhat, s tién trong tai khoan cta bac Hung 1a:
A=A (l+ 3%) —120000 =1,03A, —120000 A (dong)

Vao cudi ndm thir hai, s tién trong tai khoan cua bac Hung la:
A=A (1+ 3%) —120000 =1,03A —120000 (d6ng)

Vao cudi ndm thir nhit, sb tién trong tai khoan ctia bac Hung la:
A=A (1+ 3%) —120000 =1,03A, —120000 (ddng)

Tuong tu, vao cudi nam thi, s tién trong tai khoan cta bac Hung 1a:
A=A, (1+ 3%) —120000=1,03A , —120000 (ddng)

b) Ta tinh lan lugt A, A,, A, A,:

A =10180000; A, =10365400;
A, =10556362; A, =10753053.

Bai toan 14 ( Bai 2.16, trang 37, SGK Toan 11, Két ndi tri thirc): Mot buc tuong
trang tri c6 dang hinh thang, rong 2,4 m & day va rong 1,2 m ¢ dinh (hinh 5). Cé&c vién
gach hinh vuéng c6 kich thuéc 10cmx=10cm phai duoc dit sao cho mdi hang & phia trén
chtra it hon mot vién so voi hang ¢ ngay phia dudi nd. Hoi s& can bao nhiéu vién gach hinh

vudng nhu vay dé op hét birc tuong d6?

ERwEn
LI LITTITITT
. NN
WA LLLTTITTITI
A EEEESE
i LITTITITIY
A ENEE N
A L LTI
&8RN ‘BN

Bl
AL LI TIY I I
A ENEEEEEE .

Hinh 5

Giai
P6i 2,4m = 240cm; 1,2m =120cm.

S6 vién gach ¢ hang dau tién (img véi day 16n) 1a u, =240:10 =24
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S vién gach ¢ hang trén cling (ing v6i ddy nho) 1a U, =120:10=12

Vi mdi hang & phia trén chtra it hon mét vién so véi hang ¢ ngay phia dudi né nén ta
thu dugc cap s6 cong c6 cong sai d = —1.

Nhu véy u, =12=u, +(n-1)(-1)=n=13

Viy sb vién gach hinh vuéng can thiét dé 6p hét birc tuong do6 1a

~ (u, +uy,)13

S, = =234 (vién gach).

Bai toan 15 (Bai 12, trang 58, SGK Toan 11, Canh diéu): Nguoi ta trong cdy theo
cac hang ngang vai quy luat: & hang thir nhat c6 1 ciy, & hang thi hai ¢ 2 cdy, & hang thir
ba c6 3 cdy, 0 hang thr N ¢6 n cdy. Biét rang nguoi ta trong hét 4950 cay. Hoi s6 hang cay

duogc trong theo cach trén 13 bao nhiéu?

Gia st nguoi ta di trong dugc n hang.
S6 cay & mdi hang 1ap thanh mot cap s6 cong véi U, =1, cong sai d =1
Tong s6 cay ¢ n hang cay la:

5, - n(12+n) _ n(n2+1) _ 4950

<:>n2+n—9900=0c{ oo (loai n=-100)

n=-1

Vay c6 99 hang cay duoc trong theo cach trén.

Bai toan 16 (Bai 2.46, trang 42, SGK Toan 11, tip 1, Két nbi tri thirc véi cude
song): Bac Hung quyét dinh tham gia mot chwong trinh boi 16i dé duy tri st khoé. Bac bat
dau bang cach boi 10 phut vao ngay dau tién, sau d6 thém 2 phiit mdi ngay sau do.

a) Tim cong thirc truy hdi cho s6 phut T, ma bac Ay boi vao ngay thir N cua chuong

trinh.

13



b) Tim sau s6 hang dau ctia diy s6 T .

¢) Tim cong thirc tong quat cia diy sb (T.)

d) Bac Hung dat dugc muc tiéu boi it nhit 60 phat mdi ngay vao ngay thi bao nhiéu
cua chuong trinh?

e) Tinh téng thoi gian bac Hung boi sau 30 ngay dau cua chuong trinh.

Giai

a)Goi T, la s6 phit ma bac Hung boi vao ngdy thir N cua chuong trinh,

- Do béc bat dau bang cach boi 10 phut vao ngay dau tién, sau d6 thém 2 phit mdi
ngdy sau d6 nén ta c6 hé thirc truy hoi sau T, =10, T, =T +2, vn>1.

b) Sau sé hang dau cua diy sb 1a

T, =10;T, =12;T, =14;T, =16;T, =18;T, = 20.

- Theo dinh nghia day s6 T, 14 cap s6 cong c6 T, =10 va c6 cong sai d =2.

¢) Suy ra cong thiic tong quat ciia diy so 1a

T,=T,+(n-1).d =8+2n, ¥n=x1.

d)Tac6 T.>60<=8+2n>60<=n>26.

Viy bac Hung dat dugc muc tiéu boi it nhat 60 phut mdi ngay vao ngay thir 26 cua
chuong trinh.

e) Tong thoi gian bac Hung boi trong 30 ngay dau ctia chuong trinh 1a

[ 2T, +(30-1)d |30
30 T 2
Bai toan 17 (Pé cwong 6n tip cudi ki I moén Toan, 2024-2025, trwong THPT

=1170 (phdt).

Hoang Vin Thu, Ha Ngi): Chiéu cao (don vi: centimet) ctia mot dtra tré n tudi phat trién

binh thudng duoc cho boi cong thire X, =75+ 5(n —l) :

14



1. Chiéu cao ctia mot dura tré phat trién binh thudng khi 9 tudi 1a bao nhiéu centimet.
2. Day sb (Xn ) co la mot cép $b cong khong? Trung binh mot ndm, chiéu cao cua moi
dura tré phat trién binh thudng cao bao nhiéu centimet?
Giai
a) Chiéu cao 9 nim tudi ciia mot dira bé phat trién binh thuong la:
Xg = 75+5(9—1) =115 (cm)
b) Taco: x,,, =75+5(n+1-1)=75+5n.

Xéthigu: x,,, —x, =75+5n—[ 75+5(n—-1)|=5.
Do d6: (x,) 1a cép s6 cong c6 sb hang dau 1a x, =75 vacong sai d =5.

Bai to4n 18 (Pé cwong on thi HKI mén Toén, 2024 — 2025, trweong THPT Hoang
Vin Thu, Ha Noi ): Khi ky két hop dong lao dong v6i ngudi lao dong, mot doanh nghiép
dé xuat hai phuong an tra luong nhu sau:

Phwong an 1: Nam tht nhét, tién luong 13 120 triéu dong. K& tir nam thir hai tro di,
mdi ndm tién luong dugc ting thém 18 tridu dong.

Phwong an 2: Quy thi nhat, tién lwong 13 24 triéu dong. K& tir quy thu hai tro di, mdi
quy tién lwong duoc ting thém 1,8 triéu dong. Xét tinh dung sai cta cac khang dinh sau:

a) Trong phuong an 1: Diy sé tién luong 1a cip sd cong c6 sé hang dau tién va cong
sai .

b) Trong phuong an 1: tién luong ngudi lao dong nhan duoc trong nam thu ba 1a bao
nhiéu?

¢) Trong phuong 4n 1: tong tién luong ngudi lao dong nhan dugc trong ba nam 1a bao
nhiéu?

d) Néu ky hop dong lao dong trong ba nim, véi mong mudn nhan duoc tong sé tién
lwong cao nhat thi ngudi lao dong nén chon phuong an nao?

Loi gidi

a) Phuong 4n 1 1a mot cAp sb cong vai s6 hang dau U, =120 (tridu dong) va cong sai

d, =18 (triéu dong).

b) Tién lwong nam tht ba la: U, = U, +2d, =120+ 2.18 =156 (triéu dong).
15



¢) Tong tién lwong trong ba nim la: S, =g-(2u1 +2d,)==-(2.120+2.18) =414

N | W

(triéu dong).

d) Xeét phuong an 2:

« Tién lvong quy thir nhit: 24 triéu dong..

« Tién lwong quy thir hai: 24 +1,8 = 25,8 triéu dong.

« Tién lwong quy thir ba: 25,8+1,8 = 27,6 triéu dong.

« Tién lwong quy thi tu: 27,6+1,8 =29, 4 triéu dong.

Viy tién lwong nam thir nhat 13: 24+ 25,8+ 27,6+ 29,4 =106,8 triéu dong.

Phuong an 2 cling 1a mot cap sé cong véi sd hang dau U, =24 (triéu dong) va cong
sai d, =1,8(triéu dong).

Téng tién lwong trong ba nim ciia phuong an 2 1a:

S, = g -(2 106,8+2.4.1,8) = 338,4 (triéu dong).

Bai toan 19 (Truwong THPT Nguyén Thai Binh, Kiém tra cudi ky I mén Tosn-
Khéi 11, niim 2024-2025): Trong mot hoi cho don xuan, mot gian hang sira mudn xép
900 hop sita theo quy luat 13 hang trén cung c6 1 hop sita, mdi hang ngay phia dudi lan
luot duoc xép nhiéu hon 2 hdp so v6i hang trén nd. Hoi hang dudi ciing c6 bao nhiéu hop
stra?

Loi giai
Ta c6 mot gian hang c6 900 hop sira mubn xép: S, =900

Hang trén cung c6 1 hop sira: U, =1.

MGdi hang ngay phia duéi lan luot duge xép nhiéu hon 2 hp so voi hang trén no:
d=2

Ap dung cong thirc tinh tong n s6 hang dau cta cap sb cong ta co:

16



S, =nu, + y.d

n(n-1) B

<900=n.1+ <=n=30

Vay thap sita ¢6 30 hang: Uy, =U, +(n—1).d =1+(30-1).2=59

Vay hang dudi cung c6 59 hdp sira.

Bai to4n 20 (Trwong THPT Nguyén Thai Binh, Kiém tra cudi ky I mén Toan-
Khoi 11, niim 2024-2025): Mot rudng bac thang c6 thira thap nhat (bac thip nhat) nam &
d6 cao 950m so v&i mue nude bién, d6 chénh 1éch gitra thira trén va thtra dudi trung binh
1a 1,5m. Hoi thtra ruong ¢ bac thtr 12 c6 do cao bao nhi€u mét so véi myc nudce bién (két
qua lam dén hang don vi)?

Loi giai

Bac thang c6 thira thip nhat nam & d6 cao 950m so v&i muc nude bién: u, =950.

Do chénh léch gitra thira trén va thira dudi trung binh 1a 1,5m: d =1,5.

Ap dung cong thirc tinh s6 hang tong quat ctia cap s6 cong: U, =U, +(n—1).d.

Ta c6: U, =950+ (12—1).1,5=966,5.

Vay d6 cao cta bac thang thtr 12 so vi muc nude bién 1a: 966,5m.
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CHUYEN DE 3: CAP SO NHAN
3.1. KIEN THU'C CAN NAM
Cép s6 nhan 1a mot day sé (hitu han hay vé han), trong d6 ké tir s6 hang tht hai, mdi
s6 hang déu 1a tich cua sé hang ding ngay trudc nd véi mot sé khong doi q. S6 q dwec

goi la cong bi cia cap sé6 nhan.

Cap sb nhan (u,) véi cong boi g duoc cho bai hé thuc truy hdi: u, =u, ,q,(n>2).
Cho cap s6 nhan (u,) véi cong boi q=1. Dt S, =u,+U,+..+U,. Khi dé:

5, - ul-d)
1-¢

n

3.2. BAl TOAN THUC TE

Bai toan 21 (Bai 7, trang 56, SGK Toan 11, tap 1, Canh diéu): Mot nguoi nhay
bungee (mdt tro choi mao hiém ma ngudi choi nhay tir mot noi c¢6 dia thé cao xudng véi
day dai an toan budc xung quanh nguoi) tir mot cdy cau va cing mot soi day dai 100 m .
Sau mdi 1an roi xudng, nhd sy dan hoi cua day, ngudi nhay dugce kéo 1én mot quing dudng
c6 do dai bang 75% so voi 1an roi trude d6 va lai bi roi xudng dung bang quing dudng vira
duoc kéo 1én (Hinh 6). Tinh tong quing dudng nguoi dé di duge sau 10 1an kéo 1én va lai

rol1 xuong.

Hinh 6
Giai
Goi U, 1a d¢ dai day kéo sau n 1an roi xuéng (ne N)
Tacé u, =100(m).

18



Sau lan roi dau tién do dai day kéo con lai 1a: U, =100.75%(m)

Sau ct nhay tiép theo do dai day kéo con lai la: u, =100.75%.75% = 100.(75%)2 (m)

Diy s6 nay lap thanh mot cap s nhan c6 s6 hang dau 1a 100 va cong boi q =0,75%,

c6 cong thire tong quat u, =100.(0, 75%)n_l(m).
Tong quing duong ngudi d6 di dugc sau 10 1an kéo Ién va lai roi xudng Ia:

100.(1-(75%)"
S = =gy = 377.5(m).

Bai toan 22 (Pé cwong on tap cudi ki) : Ban dau, mot qua lic déng hd dao dong theo
mot cung tron dai 46 cm (Hinh 7). Sau mdi l1an du lién tiép, do dai ciia cung tron bang 0,98

d6 dai cung tron & ngay lan trudce do.
a) Do dai ctia cung tron ¢ lan thtr 10 14 bao nhiéu?
b) Sau 15 1an dao dong, qua lic sé di duoc quing dudng tong cong 13 bao nhiéu?

(Két qua tinh theo centimét va 1am tron dén chir sé thap phan thir hai).

Hinh 7
Giai
Goi U_ 1a d6 dai cung tron & lan thir 0 khi con lac dao dong. Do 1an mot, qua lac dong

ho dao dong theo mot cung tron dai 46 ¢Cm , sau mdi 1an dao dong lién tiép, do dai cua cung
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tron bang 0,98 d6 dai cung tron & ngay lan trude d6 nén diy sd (u,) lap thanh cap s6 nhan

cO U, =46 va cong boi q=0,98.

a) Do dai clia cung tron ¢ 1an thir 10 1a: u,, =u,.q° = 46.0,98° ~ 38,35(cm).
b) Sau 15 1an dao d6ng, qua lic s& di dugc quing dudng tong cong 1a
1-g° 1-0,98"

S, =u = 46.
vt 1 1-0,98

~601,29(cm).

Bai toan 23 (Bai 2.27 trang 40, SGK Toan 11, Két ndi tri thirc véi cude sdng): Néu
mot ki su duge mot cong ty thué véi mire lwong hang ndm 1a 180 triéu dong va nhan duoc
murc tang lwong hang nam 14 5%, thi mirc luong ctia ngudi ki su d6 1a bao nhiéu khi bat dau

nam thtr sdu lam viéc cho cong ty?
Giai
Goi U, 1a s6 tri¢u dong ma nguoi ki sw d6 nhan duge & nam th n . Vi ngudi ki su
dugc cong
ty thué v6i murc lvong hang nam 1a 180 tridéu dong va nhan duoc muc ting luong hiang
nam la:
5% nén day s6 (u,) la mot cap s6 nhan c6 U, =180 va cong bdi q=1+5%=1,05.

Khi bat ddu nam thur sau lam vi¢c cho cong ty thi murc lvong ndm cia nguoi ki su do

Uy =U,.q° = 229,73 (triéu dong).

Bai toan 24 (Bai 2.28 trang 40, SGK Toan 11, Két néi tri thirc véi cude sdng): Dé
tich liiy tién cho viéc hoc dai hoc cuia con gai, cd Hoa quyét dinh hing thang bo ra 500
nghin déng vao tai khoan tiét kiém, duogc tra 13i 0,5% cong don hﬁng thang. Co bat dau
chuong trinh tich luy nay khi con gai ¢o tron 3 tudi. Co 4y s& tich luy duoc bao nhiéu tién

vao thoi diém giri khoan tién thir 180? Luc nay con gai ¢6 Hoa bao nhiéu tudi?

Giai
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-Goi U, la s6 triéu ddng ma c6 Hoa c6 trong chuwong trinh tich luy ¢ 1an gui tha n
(vao dau thang thir n ).
- Kihiéu a=0,5 triéu dong, r =0,5%.
- S6 tién cua co Hoa trong chuong trinh ¢ dau thang 1 13 u=a
- S6 tién ctia c6 Hoa trong chuong trinh & dau thang 2 1a u, =u, (1+r)+a
- S6 tién cua co Hoa trong chuong trinh ¢ dau thang 3 1a:
u,=u,(1+r)+a=a(l+r) +a(l+r)+a

- Tuong ty cho cac thang tiép theo, suy ra s tién cua c¢6 Hoa trong chuwong trinh &
dau thang n Ia:
(1+r)"  _(1+r)' -1

=a(l+r) +a(l+r)  +..+a(l+r)ra= a(1+ -1 at—

u

- Vao thoi diém giri khoan tién thar 180, ¢6 Ay sé tich luy duoc:
=145,41 (triéu dong).

) i A . 180 2.

- Khi d6, tuoi cua con gai c6 Hoa la 3+ oo 18 (tuoi).

Bai toan 25 (Bai 2.29 trang 40, SGK Toan 11, Két ndi tri thirc v6i cudce song): Cac
canh cua hinh vuéng ban dau co chiéu dai 16 cm . Mot hinh vuonng mo dugc hinh thanh
bang cach ndi cac diém giira ciia cac canh cua hinh vuong ban dau va hai trong sé cac hinh
tam giac két qua duoc té mau (hinh 8). Néu qua trinh nay dwogc lip lai nim 1an nira, hiy xac

dinh tong dién tich cua vung dugc t6 mau.
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Got U 1a dién tich hai tam gidc duoc t6 mau & lan thye hién thee n . Goi a 1a d6 dai
canh cua hinh vudéng ban dau.

2
a \ ~ N
— va do dai
22

N |-
N |
N |

SN v 4A gr- ., N A gy A4
O lan 1 thi d6 dai canh tam gidc vudng can la 2 nén u, =2.

a2
>

canh hinh vudng sau do6 la
% 1A NP s A aqy @

O lan 2 thi d¢ dai canh tam giac vudng cén la >
1A NP iy A A1y @

O lan 3 thi d¢ dai canh tam giac vuong cén la >

, . . _ Y 1
Nhu vay, day so (u, ) 1a cap s6 nhan véi u, = " va cong bdi g = >

1-9°
1_

Vay tong dién tich sau nim 1an thuc hién 1a S, =u,. = 124(cm2 )

o]

Ch0 y. Dién tich can tinh bang dién tich hinh vudng ngoai cung trir di dién tich hinh
vudng trong cung roi chia 2.

Bai toan 26: Cho hinh vudng C, c6 canh bang 4. Nguoi ta chia mdi canh hinh vudéng
thanh bon phan bang nhau va ni cac diém chia mot cach thich hop dé c6 hinh vuéng C2

(Hinh 4). Tt hinh vuong C, lai lam tiép tuc nhu trén dé c6 hinh vudng C,.Cu tiép tuc qua
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trinh nhu trén, ta nhan dugc day cac hinh vuong C,,C,,C,,...,C ,... Goi a, 1a d¢ dai canh

hinh vuéng C,. Chung minh rang diy sb (a,) la cap sb nhan.

D6 dai canh cua hinh vudng dau tién 1a: a, =4.

Do dai canh cta hinh vuéng ther n la a, .

DJ dai canh cua hinh vuéng thet n+1la a ., = [

@).a .

Jio

a
Suy ra; L =
y a 4

n

o
1

Viy (a,)la mot cap s6 nhan véi s6 hang dau a =4 va cong bdi g =

Bai 27: Ong An vay ngan hang 1 ti dong véi 13i suat 12% trén nam. Ong di tra no
theo cach: Bat dau tir thang thir nhat sau khi vay, cudi mdi thang 6ng tra ngan hang cung
sd tién 1a a (ddng) va da tra hét no sau dung 2 nam ké tir ngay vay. Hoi s6 tién mdi thang

ma ong An phai tra 12 bao nhiéu dong (1am tron két qua dén hang nghin)?
Giai
-Go1 U, 1a s tién sau mdi thang ong An con no ngan hang.
- Lai suat mdi thang 1a 1%.
- Ta co:
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u, =1000000000ddng
U, =U, +U,.1%—-a=u,(1+1%)—a (dong)

U, =u, (1+1%)—a+[u, (1+1%)-a].1%—a =y, (1+1%)-a(1+1%)-a

u, =u, (1+1%)" —a(1+1%)" " -a(1+1%)" -a(1+1%)" " —..-a.

Ta thdy day a(1+1%)" ";a(1+1%)" ;a(1+1%)" ;..;a lap thanh mot cAp s6 nhan
v6i s6 hang dau a, =a vacong boi q=1+1%=99% co tong n—2 s hang dau la:

a(1-(%)"")

Sn—z =
1-99%

~100a| 1-(99%)"" |

Suy ra u, =, (1+1%)"" ~100a| 1-(99%)"" |
Vi sau 2 nam = 24 thang thi ong An tra xong s tién nén n =24 va u,, =0. Do d6 ta
co:

Uyy =y (1+1%)” ~100a] 1-(99%)” | =0

>1000000000.(99%)” ~100a 1-(99%)”* | =0

<> a =40006888,25.

Bai 28 (Bai 2.31, trang 57, SGK Toan 11, tap 1, Két ndi tri thic véi cudc song):
Mat san tﬁng mot (témg trét) ctia mot ngo1 nha cao hon mét san 0,5 m . Cau thang di tu tﬁng

mot Ién tang hai gdm 25 bac, moi bac cao 16 cm .
a) Viét cong thirc d€ tim dJ cao cua bac cau thang thlr n so vo1 mat san.
b) Tinh d6 cao cua san tang hai so véi mat san.

Giai
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a) Moi bac thang cao 16cm = 0,16m
=n béc thang cao 0,16n (m)
Vi mat béng san cao hon mat sdn 0,5 M nén cong thirc tinh d6 cao cua bac n so voi
mit sén s& la: h, =(0,5+0,16n)(m)
b) D6 cao ciia san tang hai so voi mit san ing voi n =25 Ia;
h,, =0,5+0,16.25=4,5(m).

Bai toan 29 (Pé cwong on tap cudi ki I mén Toan, 2024-2025, trwong THPT
Hoang Viin Thu, Ha Noi): Dan s6 trung binh ctia Viét Nam nam 2022 13 97,6 triéu nguoi.
Ti 18 tang dan s6 hang nam 1a 1,14% trén nim. Gia sir ti 1é ting dan s6 hang nim khong
thay d6i qua cac nam.

1. Dan s6 Viét Nam sau 1 nam 1a bao nhiéu? (két qua lam tron dén hang phan chuyc).

2. Tim cong thirc tinh s6 dan Viét Nam sau N nam ké tir nim 2022

3. Tinh s6 dan Viét Nam nam 2030.

Giai

Dan s6 Viét Nam tir nam 2022 tao thanh mét cap s6 nhan c¢6 U, = 97,6 va cong boi
a g=1+114%.

Dan s Viét Nam sau 1 nam la:

U, =U,.0°" =97,6.(1+1,14%) = 98,7126 ( tri¢u nguoi).

Cong thirc tinh sb dan Viét Nam sau " nam ké tr nam 2022 la:

u, =u.q"" =97,6.(1+1,14%)" "
Tir ndm 2022 dén nam 2030 c6 8 nam nghia 13 dan sé Viét Nam nam 2030 la:

Uy =97,6.(1+1,14%)’ =106,864 (tri¢u nguoi).
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Bai toan 30 (Trwong THPT Nguyén Thai Binh, kiém tra cudi ky I, mén
Toan_Khéi 11, niim 2024-2025): Chu ki ban ra ctia nguyén t6 phong xa polonium 210 1a
138 ngay (nghia 12 sau 138 ngay khéi lugng ctia nguyén td d6 chi con mét nira). Khéi luong
con lai ctia 20 gam polonium 210 sau 7314 ngay (khoang 20 nim) c6 dang ~ a.22-10™" véi

a,b 1a céc sb ty nhién. Tinh S =b-2a.
Loi gisi

Goi (uU,) 1a khoi lugng con lai ctia 20 gam poloni sau n chu ki ban ra.
Ta c6 7314 ngay gdm 7133—184 =53 chu Ki béan ra.

Do d6 ta can tinh U,
Theo gia thiét ciia bai toan thi (U ) 1a mot cap s6 nhan véi s6 hang dau
20 1

1 52
Do d6 Ug, =10(Ej ~2,22.107%

DPong nhat 2 vé ta co: 2,22.10™ =a.22-10°* = a=2,b=-15

Vay S=-b-2a=15-2.2=11.

Bai toan 31: (trwong THPT Hoang Vin Thu, Pé cwrong 6n tip hoc ki I mon Tosn-
Khoi 11, Niim hoc 2024-2024): Mot cai thap c6 11 tang. Dién tich ciia mat san ting 2 bang
ntra dién tich cia mat day thap va dién tich cua mit san mdi ting bang nira dién tich cua
mit san mdi ting ngay bén dudi. Biét mat dy thap cé dién tich 1a 12288m? . Tinh dién tich
clia mit san tAng trén cung cua thap theo don vi m?.

Loi giai

Dién tich mit ddy thap 1a u, =12288(m?).

Dién tich mat san ting 2 1a: u, = 12288.% = 6144(m?).
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Goi dién tich mt san ting 2 1a U_, véi ne N,

Day (u,)l1ap thanh mot cip s nhan 1a u, =12288va cong boi q = % , 6 s6 hang

n-1
tong quat la:u_ :12288.(%j :

Dién tich mat thap trén cung chinh 1a mat thap thir 11 nén ta co:

1 111
U, :12288(§j =12(m?).
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CHUYEN DPE 4: GIOI HAN DAY SO
4.1. KIEN THUC CAN NAM
4.1.1. Cac dinh nghia.
a) Giéi han hiru han caa day sb
- Day s6 (u.) c6 gigi han 0 khi n dan téi duong vo cuc néu |U,_ | c6 thé nho hon mot

s6 duong bé tuy ¥, ké tir mot s6 hang nao d6 tré di, ki hidu limu_ =0.

nN—+o0

- limu,=anéu lim(u,—a)=0.
N—>+o0

Chay
- Mot day s6 cd giGi han thi gii han d6 13 duy nhat.
- Khong phai ddy s6 nao ciing c6 gisi han, chang han nhu day s6 (U,) véi u, = (-1)"

- Tacd the viét tat limu, 1a limu, .

N—+c0
b) Giéi han v cuc
- Day s6 (u,) ¢ gisi han +oo khi n dan t6i duong vo cuc néu U, c6 thé 16n hon mot

s6 duong bét Ki, ké tir mot s6 hang nao d6 trér di, ki hidu lim u_ =+oo.

N—+o0

- limu, =—0 néu lim (-u,) = +o.

Nn—+o0 N—+oo
¢) Téng cap sb6 nhan Ui vo han

- Cap s6 nhan vo han u,,ug,...,u,q"",... ¢6 cdng boi g thoa man |ql<1 dugc goi la

z z A N A A 5 A A A 71X - u
cap s6 nhan IUi vo han. Tong cia cap s6 nhan d6 1a: S =u, +u,q+...+u,q"" +...= I L,
—q

4.1.2. Pinh ly vé giéi han hiru han.

-Néu limu, =a,limv_ =b thi:
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o lim(u,+v,)=a+b;

e lim(u,-v,)=a-b;

e lim(u,-v,)=a-b;

e limY=2w 20b=0).
v. Db

n
- Néu u, >0 véi moi n va limu, =a thi a>0 va lim\/u, =+/a.

4.1.3. Mgt so giéi han co ban

.1 .1 i L 1A A . .
- lim==0;lim— =0 vai K la so nguyén duong cho trudc;
n n
. C . C - YLy £ s A ~ ‘
- lim==0;lim— =0 vo¢i ¢ lahang so, k 1a s6 nguyén dwong cho trudc;
n n

-Néu | q|<1 thi limg" =0;

- Iim(l+ 1} =€~ 2.718281828459045
n

- limn* = +o0 v&i k 14 s6 nguyén dwong cho trugc;
- limg" = 400 néu q>1 la sb thuc cho trudc;

-Néu limu, =a va limv, =40 (hodc limv, =—0) thi lim—=0;
v

n

JORRT T , . . .- U
-Néu limu, =a,a>0 va limv, =0,v, >0 véi moi n thi lim— =+o;
v

-Néu limu, =a,a>0 va limv, =oo thi lim(u,v,) =oo.
4.2. BAl TOAN THUC TE:

Bai 32 (Bai 4, trang 65, Toan 11, Tap 1, Canh Diéu): Tur hinh vudng c6 d6 dai canh
bang 1, nguoi ta ndi cac trung diém cua canh hinh vudng dé tao ra hinh vudng méi nhu
hinh dudi.
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Hinh 10

Tiép tuc qua trinh nay dén vo han.
a) Tinh dién tich S cua hinh vudng dugc tao thanh ¢ budc thu n;
b) Tinh tong dién tich cua tat ca cac hinh vudng dugc tao thanh.
Loi giai
a) Goi S, ladién tich cua hinh vuéng thu n.
1 1Y

Taco: S, =1S,==;S,=| = | ;...

s bs ]
Day (S,) lap thanh cap s nhan c6 s6 hang dau S, =1 va cong boi q =% c6 cong

n-1
thirc tong quat la: S, = (%j .

b) Tacé: |q= ‘5 <1 nénday (S,) trén lap thanh mét cap s6 nhén Iui han nén ta co:

2 3 n-1
S:1+1+(1) +(1j ++(1j +...:i:2.
2 \2 2 2 1—

Bai toan 33 (Bai 11, trang 69, SBT Toan 11, tap 1, Canh Diéu): Mot qua bong cao

su duoc tha tir 6 cao 100m. Gia sir sau mdi lan cham dét, qua bong nay 1én do cao bang
1/4 &6 cao ma qua bong dat dugc trude d6. Goi h. 1a do cao qua bong dat duoc & 1an nay

th n.
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Hinh 11

a) Tim s6 hang tong quét cua day s (h.).

b) Tinh giéi han ciia ddy s6 (h,) va néu y nghia gi¢i han cua day sé (h, ).

c) Goi S, la tong do dai quing duong di dwoc cia qua bong tir Ihc bat dau tha qua
bong dén khi qua bong cham dét lan tha n. Tinh S_, néu qua trinh nay cir tiép tuc dién ra
mai thi tong quang duong qua bong di chuyén duoc 1a bao nhiéu

Loi gidi
a) Theo dé bai ta co, h = %hn_l nén (h) la mot cp sb nhan véi hy :%-100 =25 va
A . 1
cong boi q==.
g bol ¢ 4

1

n-1
Suy ra sb hang tong quat cua dy s6 (h)): h, =u,g"" = 25-(—) _ 100

4" -

4

b) Ta cd: limh, :Iimlf—nozlim(loo-%j:Iim100-|imGj =100-0=0.

Tir gii han @6, ta rut ra duoc ¥ nghia: khi n cang dan téi vo cuc thi do cao cua qua

bong dat dugc sau khi nay ngay cang nhé va do cao dé dan téi 0.

100 100 100 100)
VN 4" )

c) Taco: Sn=100+2( 1 +—t—+...F
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Néu qué trinh bong nay cu tiép tuc dién ra méi, tong quang dudng qua bong di chuyén

duoc la:

limS, =100+ 2(100 + 1020 + 1030 +j
4 4 4

Vi 120,1220,1230,...,130,... lap thanh mat cAp s& nhan 10i vo han véi u1=¥ va

100
cong boi q=1<1 néntaco limS :100+2-i:@.
4 " -1 3
4

Vay tong quing dudng qua bong di chuyén dugc 1a % m.

Bai toan 34 (Bai 7, trang 94, SBT Toan 11, tap 1, Chan troi sang tao): Biét rang,
tir vi tri A, mot mili tén bay voi tbe do 10m/ s hudng thang téi bia muc tiéu dat & vi tri B
cach vi tri A mot khoang bang 10m truéc hét miii tén phai dén trung diém A cua AB. Tiép
theo, nd phai dén trung diém A, caa AB. Tiép nita, n6 phai dén trung diém A, cia AB.
Ctr tiép tuc nhu vay, vi khong bao gio hét cac trung diém nén mili tén khong thé bay dén

duoc biamuctiéu o B.

» = ‘. - a
A A, A, A, B
Hinh 12
Loi giai:
. A 5 1 . A 25 1 1
Thot gian dé mii tén bay tr A dén A la — == giay, tu A dén la —=—"==
g y Ala =2 gy tr Adén A la—=="=2
A . £ .11
gidy, twong tu tu A, dén A, la g @
2 e , ... 11 1 1
Tong thoi gian bay cia mili tén la E+?+§+...+§+... *)
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N S S SEPUIN L A T S oy 1
Dbay la tong cua cap so nhan lui vo han véi so6 hang dau la > va cong boi bang >

‘ -

1
Do d6, tong nay bang > =1 (giay).

1-

I\J\l—\

Nhu vay, mili tén dén bia muyc tiéu sau 1 giay.

Lap luan cta nha thong thai khong dung, sai 1am & chd cho rang tong & (*) khong phai
la mot s hixu han.

Bai toan 35 (Bai 7, trang 86, SGK Toan 11, tap 1, Chéan troi sdng tao): Cho tam
giac déu co canh bang a, goi la tam giac H,. N&i cac trung diém cta H, dé tao thanh tam
giac H,. Tiép theo, ndi cac trung diém ciia H, dé tao thanh tam giac H,. Cir tiép tuc nhu
vay, nhan dugc ddy tam giac H,,H,, H,,.... Tinh tong chu vi va tong dién tich cac tam giac

cua day.

Hinh 13
Loi gii

- Canh cua céc tam giac H,,H,, H,,... lan luot la: &; %a; a;...

22
- Tong chu vi cta cac tam giéc 1a:

C= 3a+31a+3ia+ .=3a. 1+£+i2+... (*)
2 2° 2 2

Ap dung cbng thiic tong cap s nhan 10i vo han, ta co:
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1 1
I+ 4=+ |=—
2 2° 1
1-=
2

L:6a.

Khi do: (*)=3a—

V3,

- Di¢n tich tam giac H, la Ta :

Dién tich tam giac H, bang 1 dién tich tam giac H,; Di¢n tich tam giac H, bang

1 dién tich tam giac H,;...

Téng dién tich cac tam giéc Ia:

S:\/_ (1+4+4—+ j (*)

Ap dung cdng thic tong cap sé nhan [i vo han, ta co

1 1 1
I+—+—=+.. |=—
4 4 1
1-=
kniao: (9= Lar LB
4 4.1 3
4

Vay tong chu vi va dién tich cua tam giac trong dy lan luot la: 6a va —a

Bai toan 36 (Trang 70, tap 1, SGK 11, Chan troi sang tao): Xet qué trinh tao ra

hinh ¢6 chu vi vo cuc va dién tich bang 0 nhu sau
Bat dau bang mot hinh vudng H,, canh bang 1 don vi d¢ dai (xem Hinh 14a). Chia

hinh vuéng H, thanh chin hinh vuéng bang nhau, bo di bon hinh vuéng, nhan dwoc hinh
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H, bon hinh vuéng, nhan dugc hinh H, (xem Hinh 14c ). Tiép tuc qué trinh nay, ta nhan

duoc mot day hinh H, (n=1,2,3,...).

H, H, H, H,
a) b) ¢) d)

Hinh 14

a) Tinh dién tich S, cua H, vatinh limS, .
b) Tinh chuvi p, cia H, vatinh limp, .

(Qua trinh trén tao nén mot hinh, goi la mét fractal, dugc coi la c6 dién tich limS, va

chuvi limp,).
Loi giai
Ta co: H,; ¢6 5 hinh vuéng, mai hinh vudng ¢6 canh béng %;

1.
3—2,...

H, c6 5-5=5° hinh vuéng, mdi hinh vudng cé canh bang %

Wl

Tir d6, nhan dugc H_ ¢6 5" hinh vudng, mdi hinh vudng c6 canh bang 3%

2 n n
a) Taco diéntichcua H, la: S, =5" (ij _> =(§) :
3 9" \9

Khi d6 gidi han cua dién tich [a: limS, = Iim[gj =0

b) Chu vi cua hinh H, 1a: pn=5”.4.i:4.5_:4.(§j
7 3 3
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Khi dé gidi han cua chuvi p, la: limp, = Iim4-(gj = +00

Bai toan 37 (Bai 5.5 trang 109, SGK Toan 11, tap 1, Két néi tri thirc): Mot bénh
nhan hang ngay phai udng mot vién thude 150 mg. Sau ngay dau, trudc mdi lan udng, ham
luong thude cii trong co thé van con 5%. Tinh lwong thude c6 trong co thé néu bénh nhan
sau khi ung vién thubc caa ngay thi 5. Udc tinh thude trong co thé néu bénh nhan sir dung

thudc trong mot thoi gian dai.
Loi gidi:
Luong thude trong co thé bénh nhan sau khi uéng vién thudc cua ngay dau tién 1a
150 mg.

Sau ngay dau, tredc mdi 1an udng, ham lwong thude cii trong co thé van con 5%.

Do d6, luong thudc trong co thé bénh nhan sau khi ung vién thudc cia ngay thir hai

150 +150.5% = 150(L+ 0, 05).

Luong thude trong co thé bénh nhan sau khi udng vién thudc caa ngay thir ba la:
150 +150(1+ 0,05).5% =150 +150(0, 05 + 0,05%) =150(L+ 0,05 + 0,05%)

Luong thude trong co thé bénh nhan sau khi udng vién thudc caa ngay thir tu 1a:
150 +150(1+ 0,05+ 0,05).5% =150(1+ 0,05 + 0,05* + 0,05%)

Luong thude trong co thé bénh nhan sau khi uéng vién thudc caa ngay thir nam 1a:

150 +150(1+0,05 +0,05? + 0,05%).5% = 150(1+0, 05 + 0,05 +0,05° +-0,05*)
=157,8946875(mg)

Ctr tiép tuc nhu vay, ta udc tinh lwong thude trong co thé bénh nhan néu bénh nhan

sir dung thudc trong mot thoi gian dai la

S =150(1+0,05+0,05% +0,05° +0,05" +...)

36



Lai ¢6 1+0,05+0,05% +0,05° +0,05* +... 1a tong cua cap s nhan 10i vd han vai sb

hang dau u, =1 va cong béi g=0,05.

Do do, 1+0,05+0,05% +0,05? +0,05° 4. =% -t _20
1-q 1-0,05 19

Suyra S =150.@ = 400 :
19 361
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CHUYEN PE 5: GIOI HAN HAM SO

5.1. KIEN THU'C CAN NAM:

5.1.1. Cac dinh nghia.

a. Gi¢i han hitu han cia ham sé tai mét diém:

Cho khoang K chira diém x, vaham sé f(x) xac dinh trén K hoic trén K\{x}.

Ham s6 f(x) c6 gisi han 1a s L khi x dan téi x, néu véi day sb (x,) bét ki,
X, € K\{x,} va x, > x, thi f(x,)— L, ki hiéu lLrQ, f(x)=L.

b. Giéi han mét phia:

- Cho ham s6 y = f (x) x4c dinh trén khoang (a;x,).

Ham s f(x) c6 gigi han bén tréi 1a sé L khi x dan t6i X, néu voi diy sé (x ) bat

ki, a<X, <X va X, > X, thi f(x,)—L,kihiéu lim f(x)=L.

- Cho ham s6 y = f (x) x4c dinh trén khoang (x,;b).
Ham s6 f(x) c6 gioi han bén phai lasb L khi x dan téi X, néu véi day sé (x,) bat
Ki, X, <X, <b va x, =X, thi f(x)—L,kihigu lim f(x)=L.
Chuy: lim f(x) =L khivachi khi lim f(x)=Iim f(x)=L.
X—¥%g X=X X—>Xg
c. Giéi han hiru han ciia ham so tai vo cuc:
- Cho ham s6 y = f(x) xdc dinh trén khoang (&;+0).

Ham sé f(x) c6 gisi han lasé L khi x dan téi duong vo cuc néu véi day sé ()

batki, x, >a va x, —+oo thi f(x )—L,kihiéu lim f(x)=L.

- Cho ham s6 y = f (x) xdc dinh trén khoang (—o;a).
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Ham s6 f(x) c6 gidi han la sb L khi x dan téi am v cuc néu véi ddy so (x) bat

ki, x, <a va X, >—oo thi f(x,)—L,kihiéu lim f(x)=L.

d. Gigi han vo cuc (mét phia) ciia ham soé tai mot diém:

- Cho ham sé y = f(x) xac dinh trén khoang (a&;+).

Ham s6 f(x) c6 gioi han la +oo khi X —a" néu vai day sd (x,) bat ki, x >a va
X, —>a thi f(x)—+oo,kihiéu XILT f(X) =+0.
- Cac truong hop XII_g] f(X) =—0; )!LT f(X) =+o; )!LT f (X) = —o0o dugc dinh nghia
tuong tu.
e. Giéi han vo cuc ciia ham sé tai vo cuc:
- Cho ham s y = f(X) xac dinh trén khoang (a;+).
Ham s6 f(x) c6 gi6i han la +oo khi X dan téi duong vo cuc néu véi ddy s6 (X, ) bat
ki, X, >a va X, —+oo thi f(x)— +oo, ki hiéu lim £ (X) =+oo.
- Céc truong hop XILTO f(X) =—o0; xli)r+noo f (X) =+o0; XILrDo f (X) = —o0 dugc dinh nghia
tuong tu.
5.1.2. Mot so két qua giéi han co ban:

- limx=X,;

X—>Xg

- limc=c, véi ¢ lahing sé;

X=X

-Giast limf(x)=L va limg(x)=M (L,M eR). Khi dé:
X=X

X=X
. anQO[f(X)+9(X)]= L+M;
. jL@O[f(X)—g(X)]= L-M;
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o Im[f(x)-g(x)]=L-M;

“Néu f(x)>0va limf(x)=L thi L=0 va limJf(x) =L
X—Xg X—>Xo

- Véi ¢, k 1a cac hang s6 va k nguyén duong, ta ludn co:

: : . C . C
limc=c; limc=c; lim—=0; lim—=0;

X—>*o0 X—>*o0 X—>to0 X X—>to0 X

- C4c phép toan trén gigi han hitu han caa ham sé khi X — X, van con dung khi

X — 400 hoac X — —o;

. 1 . 1
- lim——=+400; lim——— =—w;
x—>a* X —a x—>a~ X —a

- Vi k 12 s6 nguyén duong, ta co:

lim x* = +o0; lim x* =+o0 (k chan); lim x* =—wo (k 1@)
X—>—0

X—>+0 X—>—0

5.2. BAl TOAN THUC TE:

Bai toan 38: Mot cong vién ¢ mot hoé nudc hinh tron véi ban kinh 1km. Trén hé co
mét chiéc thuyén nho dang di chuyén doc theo mat hd. Vao mot thoi diém nao do, thuyén
& Vi tri M(t,1-t?), 0<t<1. Mot chiéc cau g néi hai bd cua ho cat mat nudce tai hai
diém, trong d6 c6 mot diem A(L;0) 1a mot giao diém cua (C) véi truc hoanh. Mot nguoi
quan sat dang trén bo tai diém K, noi tiép tuyén cua vong tron tai M giao véi bo hd. Bong
thoi, vi tri phan chiéu cua thuyén trén mat nude theo phuong thang ding 1a H.

Khi thuyén di chuyén vé diém A, ti s khoang cach giita diém quan sat K va diém

phan chiéu H so véi khoang cach tir H dén diém A tién dén gié tri nao?

40



Hinh 15
Lo giai:

Ta c6 chiéc thuyén ¢ vi tri M dan dén diém A khi t - 1. Do d6, ta can tim gigi han

Taco H(t,0):
Phuong trinh tiép tuyén cia (C) tai diém M nhan OM = (t,«/1—t?) lam vector phap

tuyén nén c6 phuong trinh 1a d :t(x—t) ++1—t?(y —+v1—-t?)=0.
Thay y =0 vao phuong trinh cia d ta nhan dugc x = % .Suyra K (E;OJ.

1-t?

Taco: HA=1-t;HK =%—t =

HK  1-t*  (1-t)(1+t) 1+t
HA td-t)  td-t)  t

Vay khi chiéc thuyan tir didm M dan dén diém A thi gid tri coa ti sé H—'Z din dén

41



Bai to4dn 39 (Bai 12, trang 95, SBT Toan 11, tap 1, Chéan troi sdng tao): Tai mot
bé boi c6 dang hinh tron c6 duong kinh AB =10m, mot ngudi Xuat phét tir A boi thang

theo day cung AC tao va6i duong kinh AB mét géc a (0 <a< %) , 16 chay bo theo cung

nhé CB dén diém B. Goi S(a) 1a quing dudng ngudi d6 da di chuyén.

a) Viét cong thuc tinh S(a) theo (o <a< %j .

b) Xét tinh lién tuc caa ham sé y = S(«) trén khoang (0;%) :

c) Tinh céc gidi han Iin01+ S(a) va lim S(a).

a—>—
2

Hinh 16
Loi giai:
Ki hiéu O latam hinh tron.
a) Do tam giac ABC vudng tai C nén AC = ABcosa =10cosa (m).
Tacod BOC =2BAC =2¢ . Suy ra d¢ dai cung CB la | =0B.BOC =5.2a =10« (m).

Quing dudng di chuyén (tinh theo m) cia ngudi do 1a:

S(a) = AC +1 =10cosa +10a =10(a + cos @) (0< a< %)
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b) Do cac ham sé Y =« va y =cosa lién tuc trén R nén ham s y = S(a) lién tuc

trén (O;ZJ )
2

) Taco: lim S(a) = lim 10(a +c0s2) =1o( lim o+ lim COSa) ~10(0+1) =10.

a—0"

lim S(e) = lim 10(a +cos ) =1o{ lim &+ lim COSanlo(%+Oj:5ﬂ.

a—— a—>—
2 2 27 .

2

Bai toan 40 (Bai 46, trang 84, SBT Toan 11, tap 1, Canh Diéu): Mot bé chira 50001
nudc tinh khiét. Nugc mudi ¢é chira 30 gam mudi trén méi lit nude duge bom vao bé voi
téc do 251/ phut.

a) Chizng minh rang nong d6 mudi ciia nudc trong bé sau t phut (tinh bang khoi lwong

30t

mudi chia thé tich nudc trong bé, don vi: g/l) 1a C(t) = :
200+t

b) Tinh lim C(t) va cho biét y nghia ctia két qua do.

t—+o0
Lo giai
a) Sau t phut thi lwong mudi trong bé 1a 30-25-t =750t (g) va thé tich nudc trong
bé 1a 5000+ 25t (1).

Viy ndng 6 mudi cia nudc trong bé sau t phat 1a:

750t 30t
C(t) = _ m
®) 5000+ 25t 200+t (g/1)
b) Ta cé:
lim C(t) = lim —2 _ jim =0 30 4
t—>+o to>+0 20041  to+o 200 +1 1

Theo két qua do, ta thiy khi lvgng nuéc trong bé ting theo thdi gian dén vo han thi
nong d6 mudi cua nudce s& ting dan dén gia tri 30 g/l, tic 1a xap xi ndng d6 mudi cua loai

nudc mudi cho thém vao bé.
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Bai toan 41 (Bai 25, trang 76, SBT Toan 11 - Canh Diéu): Sau khi phat hién mot
bénh dich, cac chuyén gia y té wdc tinh sé ngudi nhidm bénh ké tir ngay xuit hién bénh
nhan dau tién bién doi theo mot ham sé thai gian (tinh theo ngay) 1a g(t) = 45t —t° (ngudi).

Tdc do trung binh gia ting nguoi bénh giira hai thoi diém t,t, 1V, = M Tinh

2_t1

va cho biét y nghia cua két qua tim duoc.
t—10 t-10
Loi giai
Tac6: g(10)=45.102 —10°. Khi do:

0 g(t)-g(10) 45t2 — 3 — 45.10° +10°

=1lim
t—>10 t-10 t—>10 t-10
45t% —45.10% ) —(t* —10° 45(t-10)(t +10)—(t —10)(t* +10t +100
t—10 t-10 t—10 t-10
t—10)| 45(t +10)—(t* +10t +100
:Iim( )[ ( ) ( )Llim(—t2+35t+35o):6oo
t—10 t_lo t—10
Vay lim 30 -9@0) _ o
t—10 t_lo

Tir két qua trén, ta thay toc do ting nguoi bénh ngay tai thoi diém t =10 ngay 1a 600
nguoi/ngay.

Bai toan 42: Mot duong ng dan dau bi vé trén bién tao ra mot 16p dau loang. Cach

x (Mét) tir vi tri v, d6 day cua lop dau ude tinh bai cong thic:

(%) 0,5(x +3x)
X)=———~.
X2+ X* +4x
Tinh d6 day wéc tinh cua 16p dau tai vi tri duong dng bi va.
Loi giai:
Véi x (mét) 1 vi tri cach vi tri duong dng dan bi v trén bién nén tai vi tri 6ng bi va,
X=0 (mét).
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_ 0,5(0+3.0) ¢
Tal x=0 , fa co: h(O) = m = 6 (V6 nghia)
+U +4.

Vi thé ta can phai tinh:

0,5(x+3) 0,5(0+3) 0,5.3
+X+4 0°+0+4 4

= 0,375 (mét).

Vay 16p dau tai vi tri dng v& co do day uée tinh 13 0,375 mét.

Bai toan 43. Tai mot cong ty san xuat d6 choi A, cdng ty phai chi 50 000 USD dé
thiét 1ap day chuyén san xuat ban dau. Sau do, cir san xuat dugc mot san pham dd choi A,
cong ty phai chi tra 5 USD cho nguyén liéu tho va nhan cong. Goi x (x>1) la sé dé choi
A ma cong ty da san xuat va T (x) (don vi USD) la tong s0 tién bao gom ca chi phi ban dau
ma cong ty phai chi tra khi san xuét x do choi A. Ngudi ta xac dinh chi phi trung binh cho
mdi san pham do choi A 13 M (X) =@. Khi x du I6n (x — o0) thi chi phi trung binh
(USD) cho mdi san pham d6 choi A gan nhat véi két qua sau day?

Loi gidi:

Ta co:

- Chi phi ban dau: 50,000 USD

- Chi phi nguyén liéu va nhan céng cho mdi san pham: 5 USD.

- S6 luong san pham da san Xuat: X

- Ham tong chi phi:

T (x) =50000+5x

Chi phi trung binh mdi san pham:
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T(x) 50000+5x 50000
M (x)= E(): . =5+ .

Xeét gidi han khi X — o0

lim M (x)=lim (5+50000j: lim 5+ lim 50000 =5+0=5

X—>+00 X—>+0 X X—>+00 X—>+00 X
Vay chi phi trung binh cho mdi san pham 1a 5 USD.
Bai toan 44: Anh An la mot nha quy hoach do thi, mo hinh hoa dan s6 P(t) (nghin

40t 50
t>+10 t+1

. Dan s6 ma anh An du kién trong dai han 1a bao nhiéu nghin ngudi (khi t — +o0).

ngudi) cua ving anh dy song sau t ndm ke tir thoi diém hign tai la P(t) = +70

Léi giai:

Ta c6 md hinh dan sé:

(): 40t a)+
t?+10 t+1

Dé tinh dugc dan s6 ma Anh An duy kién trong dai han, ta can tim gigi han: lim P(t)

Ta co:

lim P(t)zlim( o S0 +7oj:|im WO im 22 tim 70

t—>+o0 t—>+o0 t2+lo_m t—>+oot2+10 totot 4] towe
0 50
T t i t
=im—5 - lim—7+70
t+— 1+-
t
=0-0+70=70.

Vay dan sé trong dai han 1a 70 nghin nguoi.

Bai toan 45: Mot cong ty xay dung dang 1én ké hoach dung mot cot co tai mot quang
treong hinh chit nhat. Cot co s& duge dit tai mot diém B trén mat dat, trong khi mot day
cap duoc kéo tir dinh cot xubng mot vi tri A trén mat dat dé giir viing cot co.
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Gia su:
« Biém O 14 gdc toa d6 cua quang truong.
« Diém A c6 toa do (a,0) tuc 1a cach diém O mét khoang a theo tryc ngang.

« Cot co dyng thang dung tai diém B véi d6 cao bang 1.

« Mot day cap dugc kéo tir dinh cot xudng tiép xdc voi mat dat tai diém A, tao thanh
tam giac OAB.

Pé dam bao day cap dugc cing ding k¥ thuat, can tinh toan vi tri diém H - 1 vi tri

day cap vudng goc véi mat dat.
a) Tinh chiéu cao h caa diém H theo khoang cach a.

b) Khi thay d6i vi tri diém A dich dan vé goc O (tic 1a thu hep khoang cach day cap),
diém H thay doi thé nao?

¢) Khi diém A dich ra xa vo cuc theo chiéu duong cua truc Ox (tuc la kéo dai day céap

ra rat xa), diém H thay doi thé nao?
Loi giai
a) Taco: A=(a;0)=0A=a; B=(0;1)=0B=1
Tam giac OAB vuéng tai O c6 duong cao OH nén ta co:

1 1 1

= +
OH? OA* OB’

1
DOdé, Fzg-l-

1 a
= -
b) Khi diém A dich chuyén vé O, tacé OA=a=0, suy ra h=0, do d6 diém H

dich chuyén vé diém O.

¢) Khi A dich chuyén ra vd cuc theo chiéu duong cua truc Ox, ta cd6 OA=a — +0.
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2

Taco: limh=lim,/[—— = lim

a—>+o0 a>+o \ 9° +1 a—>+w

Do d6, diém H dich chuyén vé diém B.
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CHUYEN PE 6: HAM SO LIEN TUC
6.1. KIEN THUC CAN NAM:
6.1.1. Pinh nghia:
a) Ham sé lién tuc tai mot diém
Cho ham s y = f(X) xac dinh trén khoang (a;b) va x, € (a;b). Ham s6 y = f(x)

duoc goi la lién tuc tai X, néu lim f(x) = f(x,).
X—>Xo

b) Ham s lién tuc trén mot khoang hoac mot doan.

-Ham s6 y = f(x) duoc goi la lién tuc trén khoang (a;b) néu ham sé lién tuc tai moi

diém thuoc khoang do.

- Ham sé y = f(x) duogc goi l1a lién tuc trén doan [a; b] néu ham s @6 lién tuc trén
khoang (a;b) va XILT f(x)=f(a); XILT f(x)=f(b).

6.1.2. Cac dinh ly:

a) Tinh lién tuc ciia mdt s6 ham so6 so' cap co ban.

- Cac ham da thirc va luong giac y =sinx va y=cosXx lién tuc trén R.

- Céc ham phan thie hitu ti va hai ham s luong giac y =tanx,y =cot x lién tuc trén
tung khoang xac dinh caa chdng.

b) Tinh lién tuc caa téng, hiéu, tich, thwong ciia hai ham lién tuc.

Giasa y=f(x) va y=g(x) 1a hai ham sé lién tuc tai diém X,. Khi do:

-Cachamsd y=f(X)+g(x),y=f(x)—g(x) va y = f(x)-g(x) lién tuc tai X,;

N f(X) .. . X
-Ham s6 y =——= lién tuc tai X, néu g(X,) #0.
0(x) o M9

6.2. BAl TOAN THUC TE:
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Bai toan 46: Mot bii dau xe 6 to dua ra gia C(X) (d6ng) khi thoi gian dau xe 13 X
(gio) nhu sau:

60000 Kkhi 0<x<2
C(x)=1{100000 khi 2<x<4
200000 khi 4 < x <24

Xét tinh lién tuc caa ham sé C(X).

Loi gidi
C(x) =60000 khi x € (0;2) nén ham sé C(x) lién tuc trén (0;2).
C(x) =100000 khi X € (2;4) nén ham sé C(X) lién tuc trén (2;4).
C(x) = 200000 khi X € (4;24) nén ham s6 C(x) lién tuc trén (4;24).
Ta co:

Vay khong ton tai limC(x) hay ham s6 C(x) khdng lién tuc tai 2.

lim C(x) =100000

X—4~

lim C(x) = 200000

x—4"

Vay khong ton tai limC(x) hay ham s6 C(x) khong lién tuc tai 4.

Bai toan 47: Tai mot nha gui xe, phi gui xe 6 t6 con dugc tinh 20 nghin dong cho 1
gio dau va 10 nghin déng cho mdi gio tiép theo. Goi P(t) (tinh theo chuc nghin dong) la
s tién phi gui xe 6 td con tai nha gui xe nay trong t gio (véi 0 <t <4). Viét cong thuc xac
dinh ham s y = P(t)va xét tinh lién tuc caa no trén ntra khoang (0;4]. Hay néu y nghia
cua Vviéc xét tinh lién tuc.

Loi giai

Ham sé P(t) trén (0;4] c6 cong thic:
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khi0<t<1
khil<t<?2
khi 2<t<3
khi3<t<4

P(t) =

o ~A WD

(P tinh theo chuc nghin ddng, t tinh theo gi®). D6 thi cia ham sé P(t) nhu hinh.

A £%

1 2 3 4

Hinh 17
Trén mdi nira khoang (0:1], (1:2], (2;3]$ va (3;4], ham sb déu c6 dang P(t) =c (c la

hang s6) nén ham sé lién tyc trén mdi khoang nay.
Tacd: limP(t)=1im2=2; limP(t) =lim3=3
t—1" t—1" t—>1* t—1*
Do limP(t) = lim P(t) nén ham sé khdng lién tuc tai diém t =1.
t—1" t>1"
Tuong tu, chi ra duoc ham sé khdng lién tuc tai cac diém t=2 va t =3.

Vay ham sé lién tuc trén cac naa khoang (0;1], (1;2],(2;3] va (3;4]; gian doan tai cac
diém t=1t=2vat=3.

Y nghia: Tién guri xe ting mot cach hop Iy, khong bi ting dot ngot khi chuyén tir gio
dau tién sang gio tiép theo. Piéu nay gilp khach hang dé hiéu va tranh bi "s¢" véi gia ca.

Bai toan 48: Mot hing taxi dwa ra gia cudc cho loai xe 4 ¢chd nhu sau:

Gia cudce cho 1km Gia cude cho km Gia cude cho km
Loai xe . .
dau tién thr 2 dén km thur 25 thir 26 trd lén.
VF 5 plus 20 000 dong/ km 15 000 dong/ km 15 000 dong/ km
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Gié cuée duoc biéu dién boi ham sd

20000 khi 0<x<1
T(x) =120000+ (x—1).15000  khil<x<25
380000 + (x — 25).14000 khi x > 25.

Trong thuc té, hanh khach cd thé thiy gia cude nay thay ddi mot cach lién tuc hay co
su nhay bac bat thudng khi di tir mic km nay sang mic km khac? Hay 1am sang to van dé
nay.

Loi giai

Ham s6 T(x) mo ta tong s tién phai tra khi di x km, véi timg giai doan cuéc khac

nhau.

+ Tai X, =1 ta co:

T(1)=20000; limT (x) = lim 20000 = 20000

x—1"

x—1t

limT (x) = im[20000 + (x ~1)15000] = 20000
Vi limT(x) = limT(x) =T (1) nén ham s6 T(x) lién tuc tai x, =1.
x—1" x—1"

Do d6 gia cudc s& khdng cd sy thay doi bat thuong tai 1km dau.
+ Tai X, =25 taco: T(25)=20000 + (25—-1)15000 = 380000

lim T (x) = lim [20000-+ (x ~1)15000] = 380000

x—25~

lim T(x)= lim [380000+ (x — 25)14000] = 330000

x—25%

Vi lim T(x) = lim T(x) =T(25) nén ham s6 T(x) lién tuc tai X, = 25.
X—25~ X—25"

Do d6 hanh khach s& khong thay su thay d6i bat thuong tai 25km
Vay ham s6 T(X) lién tuc trén toan bo mién xac dinh, c6 nghia 1a gia cude thay doi

mot cach mugt ma, khong cé sy "tang s6¢™ khi chuyén tir mot mac km nay sang mac km

52



khéc. Piéu nay gitp hanh khach yén tim hon vi ho khdng bi bat ngo véi sy thay doi gia
cude khi di duong dai!

Bai toan 49: Mot bai dd xe tinh phi 60000 dong cho gid dau tién (hoic mot phan cua
gio dau tién) va thém 40000 dong cho mdi gio (hoac mot phan caa mdi gio) tiép theo, tdi
da 1a 200000 dong.

a) Ham s d6 co lién tuc trén [0;+00) khdng?

b) Gia tri limC(t) co ton tai khéng? Khi mot nguoi co thoi gian dd xe ting dan dén

t—3
3 gio va mot ngudi o thoi gian dd xe giam dan dén 3 gio thi chénh léch chi phi gitra hai

nguoi ¢O giam di khong?

C (dbng) A
200 000 —
180 000 o
140000  —
100000 § ~— !
oo o |
_ ] L] 1 ]
o123 t (gid)
Hinh 18
Loi giai

a) Tir do thi ta thdy ham sé bi gian doan tai t =1 (gio); t=2 (gid); t=3 (gid); t=4

(gio) nén ham sé khdng lién tuc trén [0;+00).

b) Dya vao dd thi ta c6: lim C(t) =180000, limC (t) =140000,
t—3* t—3"
Vi limC(t) # imC(t) nén khong tn tai imC(t).
t—>3* t—3~ —

Nhan thay khi mot nguoi ¢6 thoi gian d6 xe ting dan dén 3 gid va mot ngudi 6 thoi

gian d6 xe giam dan dén 3 gio thi chénh léch chi phi gitta hai nguoi lubn Ia
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180000 —140000 = 40000 (dong), nhu vay chénh léch chi phi giira hai nguoi khéng giam
di.

Bai toan 50: Biét rang khi nung ndng mét vat véi nhiét d6 tang tir 20°C, mdi phat
ting 4 C trong 70 phat, sau d6 giam mdi phat 2°C trong 50 phit. Ham sb biéu thi nhiét
d6 ('C) trong tu theo thoi gian t (phat) cé dang:

o= 20+4t khi0<t<70
“la-2t khi70<t<120

Néu nhiét do khong bi thay doi dot ngot khi chuyén tir giai doan nung ndng sang giai
doan 1am nguéi, gié tri a can thoa man diéu kién gi?
Loi giai
Gia st nhiét @6 khong bi thay doi dot ngot, tic 1a ham s T (t) lién tuc trén toan bo
khoang thoi gian cuaa n6. Ta c6:
Tai t, =70 ta co: T(70) =300

lim T(x) = Iir7rgf(20+4t)=300; Iir7rg+T(x)= Iir7r(')|+(a—2t)=a—140

X—70"
Ham sé lién tuc trén tap xac dinh khi:

lim T(x) = lim T(x) = T(70) < a—140 = 300 < a = 440
Xx—70" x—>70*

Vay gia tri cia a=440°C.
Bai toan 51: Hinh biéu thi d6 cao h(m) ciia mot qua bong dugc da 1én theo thoi gian
t(s), trong d6 h(t) = at® +bt .
a) Quan sat d6 thi quy dao bong, xac dinh cac hé sé a va b. Xét tinh lién tuc cia ham
so h(t) trén khoang (0,3).
c) Chon mot thoi diém bat ky m trong khoang (0,3), tinh lim h(t). Y nghia thyc té

cua két qua nay d6i voi quy dao cia qua bong 1a gi?
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h(f) 4

i J

Hinh 19

Loi gidi

a) Dwa vao Hinh ta thiy quy dao qua bong di qua diém c6 toa do (3;0) va (1;2) . Suy
raa=-1b=3.

Khi d6: h(t)=-t>+3t. Vi h(t) 1a ham da thitc nén h(t) lién tuc trén R, ma
(0;3) c R nén h(t) lién tuc trén (0;3).

b) Véi me (0;3), ta co: limh(t) = !im(—t2 +3t) =—m? +3m =h(m) . Khi dan téi thoi
diém m bat ki thuoc (0;3) thi qua bong dan dat ¢6 cao h(m).

Y nghia thyc té:

« Kt qua nay cho thay rang tai bat ky thoi diém nao trong khoang (0,3) gisi han cua
do cao qua boéng ding bang gia tri cua h(m).

« Biéu nay c6 nghia 1a quy dao cua qua bong khong bi gian doan, khong c6 budc nhay
hay thay d6i dot ngot vé do cao.

Bai toan 52: Luc hip dan do Trai Dét tac dung 1én mot don vi khéi lwong & khoang

cach r tinh tir tdm cua noé la;

OM hio<r <R
F(n)= é&
khi r >R
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Trong d6 M 12 khéi lwong, R 1a ban kinh cua Trai Pat, G 12 hang s hap dan. Luc hap

dan F (r) c6 lién tyc trén (0;+o0) khong?

Loi giai:
Ta co:
. . GMr GMR GM . . GM GM
lim F(r) = lim ER Y ’,ILrQF(r)_rIergr—Z_ RZ

Suy ra: limF(r) = F(R) . Hay ham s6 F(r) lién tuc tai r,=R.

F(r)= Gé\/slr khi O<r <R nénham F(r) lién tuc trén (O;R).
GM . A s LA R )
F(r)= khi r >R nénham F(r) lién tyc trén (R;+o0).

r2

Vay ham s6 F(r) lién tuc trén (0;+0).

Luc hap dan cua Trai Dat thay d6i mot cach lién tuc khi mot vat di chuyén tir bén
trong Trai D4t ra ngoai khong gian. Piéu nay c6 nghia 1a khong co su thay dbi dot ngot vé
luc hap dan tai bé mat Trai Dat, gilp giai thich tai sao vé tinh va tau vii tru ¢ thé duy tri
quy dao muot ma ma khong gap su gian doan bat thuong.

Bai toan 53 (Trwong THPT Nguyén Thai Binh, kiém tra cudi ky I, mén
Toan_Khoi 11, nim 2024-2025): Hang taxi Xanh SM dua ra gia cuéc dua trén sé quang
duong di chuyén cho bai ham T(X) (ddng) khi di quing duong X (km) cho loai xe 4 chd
nhu sau:

15000 khi0<x<1

T(X)=9a+(x-1)-14000 khil<x<20
b+ (x—20)-12000 khix>20

Biét rang tién cude duoc cho bai ham lién tuc khi do b bang bao nhiéu? (lay két qua
a
chinh x4c dén hang phan chuc)

Léi giai
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- Giai thich cac budc giai:
Do ham lién tuc:

15000 = Iin’11a+ (x—1)-14000
— X—>!
lima+(x—1)-14000 = Iiryob+ (x—20)-12000

x—20

15000 = &+ (1—1) -14000
a+(20—1)-14000 = b+ (20 — 20) -12000

a=15000
b =281000

a 15000

vay D _ 281000 .
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CHUYEN DPE 7: GOC LUQNG GIAC VA GIA TRI LUQONG GIAC
7.1. KIEN THU'C CAN NAM.
7.1.1. Géc hrgng giac va sé do ciia gée lwong giac
+ Trong mit phing, cho hai tia Ou,Ov. Xét tia Om cung ndm trong mat phang nay.
Néu tia Om quay quanh diém O, theo mét chiéu nhat dinh tir Ou dén Ov, thi ta n6i n6
quét mot goc luong giac véi tia dau Ou , tia cudi Ov va ki hiéu 1a (Ou,Ov). Quy uéce chiéu

quay nguoc Véi chiéu quay cua kim dong hd 1a chiéu duong, chidu quay cung chiéu kim

ddng hd 1a chiéu am.
+ S do cuia goc luong giac c6 tia dau Ou, tia cudi Ov dugc ki higu 1a sd (Ou,Ov)
7.1.2. Pon vi do goc va do dai cung tron

+ Pé do goc, ta dung don vi do va radian.

+ Quan hé giira do va radian: 1" = ”_rad valrad = 180 .
180 T

M6t cung cua duong tron ban kinh R va ¢ s6 do o rad thi do dai | =Ra. Trén
duong tron lugng giac, ta biéu dién mot goc lugng gidc c6 s6 do bang o (46 hoic radian)
bang cach chon tia dau la tia OA va tia cudi latia OM , véi diém M trén duong tron lugng
giac sao cho (OA,OM) =« . Piém M duoc goi la diém biéu dién goc luong giac c6 sb do

a.

Céac gia tri cose,sina,tana,cota duoc goi la cac gia tri luong giac cua «.
sina,cosa xac dinh vai moi gia tri cua «; tana xac dinh khi o ¢%+k7r(k €Z); cota
xac dinh khi a #kz(k € Z).

7.2. BAl TOAN THUC TE:

Bai toan 54 (Van dung 1, trang 10 SGK Toan 11-Két ndi tri thirc): Mot may kéo

ndng nghiép véi banh xe sau ¢6 duong kinh 1a 184 cm, banh xe trudc c6 duong kinh la 92
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cm, xe chuyén dong véi van téc khong doi trén doan duong thang. Biét rang van toc caa

banh xe sau trong chuyén dong nay la 80 vong/phdt.
a) Tinh quang duong di dugc cua may kéo trong 10 phut.
b) Tinh vén téc cua may kéo (theo don vi km/gio).
¢) Tinh van téc cua banh xe trudce (theo don vi vong/phut).
Loi gidi
a) Chu vi cua banh xe sau la: C, = 7.184 (cm).
Khi d6, banh xe sau di modi vong duoc quing duong cé do dai la 184z (cm).
Trong 10 phut, banh xe sau chuyén dong duoc 80.10 =800 (vong).

Quang duong di dugc cua may kéo trong 10 phut hay chinh 1a quang duong di dugc
khi banh xe sau 1an 800 vong la 800.184x =1472007z (cm) = 1,472x (km).

b) Ta cé: 10 phat = % gio.

1,472

Van téc cua may kéo 1a v = ~ 27,75 (km/gio).

ol

¢) Chu vi cua banh xe trudc la: C, =7.92 (cm).

Khi banh xe sau lin duoc 800 vong trong 10 phut thi banh xe trude lin duoc s6 vong

3 147200
927

I =1600 (vong).

Van téc cua banh xe trude trong chuyén dong nay la: % =160 (phut)

Bai toan 55 (Bai 6, trang 15 SGK Toan 11, tap 1- Canh diéu): Mot vé tinh duoc
dinh vi tai vi tri A trong khong gian. Tur vi tri A, vé tinh bat dau chuyén doéng quanh trai
dat theo quy dao duong tron cé tam la tam O cua Trai Pat, ban kinh 9000km . Biét rang

vé tinh chuyén dong hét mot vong caa quy dao trong 2h.
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a) Hay tinh quing duong vé tinh chuyén dong duoc sau: 1h; 3h; 5h.

b) Vé tinh chuyén dong dugc quing dudng 200000km sau bao nhiéu gid (1am tron két

quéa dén hang don vi)?

(gi0).

Léi giai
a) Chidu dai mot vong quy dao 1a: C =22R = 27.9000 =180007z (km).

Van téc cia vé tinh 1a: v = % - 2”92000 = 90007z (km/h).

Quing dudng vé tinh da chuyén dong duoc sau mot gio 1a:

S =v.t =90007.1=90007(km)

Quing dudng vé tinh chuyén dong dugc sau 3 gid 1a: 9000z.3 = 270007 (km) .
Quing dudng vé tinh chuyén dong dugc sau 5 gid 1a: 9000z.5 = 450007 (km).

200000

T

b) V& tinh chuyén dong duoc quang duong 200000kmsau sb gio la:

~ 7,07

Bai toan 56 (Bai 1.6, trang 16 SGK Toan 11 tap 1-Két ndi tri thirc véi cudc song):

Banh xe cta nguoi di xe dap quay dugc 11 vong trong 5 gidy.

a) Tinh goc (theo do va radian) ma banh xe quay dugc trong 1 gidy.

b) Tinh d6 dai quing duong ma ngudi di xe di di duoc tromg 1 phut, biét ring duong

kinh cua banh xe dap 1a 680 mm.

11

Léi gidi

a) Trong 1 gidy, banh xe dap quay dugc 15—1 vong.

Vi mét vong tng véi goc bang 360" nén goc ma banh xe quay duoc trong 1 gidy la

—=.360=792".
)
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11

==.2

5

Vi mét vong tng véi goc bang 27 nén goc ma banh xe quay duoc trong 1 gidy la

227
=—"— (rad).
== (rad)

b) Ta cé: 1 phut = 60 giay.
1 11 .
Trong 1 phut banh xe quay dugc 60- a3 =132 vong.

Chu vi cua banh xe dap la: C =680z (mm).
Quang duong ma nguoi di xe dap da di duoc trong mot phat 1a 1326807 .

Bai toan 57 (Bai 1.9, trang 8 SBT Toan 11- Két néi tri thirc véi cudc séng): Kim

gio dai 6cm va kim phat dai 11 cm caa dong ho chi 4 gio. Hoi thoi gian it nhat dé 2 kim

vudng goc véi nhau 1a bao nhiéu? Lic d6 tong quang dudng hai dau mat Kim gio va kim

phut di dugc bao nhiéu?

(cm).

Loi giai
Mot gio, kim phut quét dugc mot goc lugng gidc 27 ; Kim gio quét dugc mot goc %

Hiéu van toc gitra kim phat va kim gio 1a 27:—% = %

Vao luc 4 gio hai kim tao véi nhau mét goc la: %ﬁ

Khoang thoi gian it nhat dé hai kim vudng goc véi nhau la: (2?7[ —%) . % :111 (9io)

Vay sau % (9io) hai kim sé vuéng goc véi nhau.

Tong quing duong hai ddu mat kim di duoc 13 | =R = G.i.z +11.i.27r _ 2
11 6 11 11
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Bai toan 58 (Bai 12, trang 10 SBT Toan 11-Chan troi sang tao): Mot chiéc quat
tran ndm canh quay véi tbe do 175 vong trong mét phit. Chon chiéu quay cua quat 1a chiéu
duong.

a) Sau 5 gidy, canh quat quay duoc mot gc c6 sé do bao nhiéu radian?

b) Sau thoi gian bao 1au canh quat quay dugc mot goc c6 sé do 4272

Léi gidi

a) Sau 1 gidy, canh quat quay duoc 175 _ 35 (vong) theo chiéu duong.

60 12

Suy ra sau 1 gidy, canh quat quay dugc mot goc co sb do 1a: % 2 = 35% :

Vay sau 5 gidy, canh quat quay duoc mot goc o s do la: 3‘27[ 5= 17:” :

b) Thoi gian dé canh quat quay duoc mét goc c6 sé do 427 1a: 427 : 35?7[ =7,2 giay.

Bai toan 59 (Bai 7, trang 20 SGK Toén 11- Chén troi sang tao): Thanh OM quay
nguoc chiéu kim dong ho quanh truc O ciia n6 trén mot mat phang thang ding va in bong

vudng goc xudng mat dat nhu Hinh 20. Vi tri ban dau caa thanh 1a OA. Hoi do dai bong
O'M cia OM khi thanh quay dugc 3% vong 1a bao nhiéu, biét do dai thanh OM 14 15

cm? Két qua l1am tron dén hang phan muoi.

l l l.'mh sdng
/ N
| \

bong

Hinh 20
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Loi giai
bat hé truc toa do nhu hinh vé:
Ké MH wvudng géc vai Ox.

Piém M 1a diém biéu dién goc luong giac o .
. 1 o o
Taco: ¢ =3—.360 =1116 .
10

Khi d6 M (cos1116°.15;sin1116".15)

Suy ra OH =|cos1116 |.15~12,1.
Viy d6 dai bong O'M" cira OM khi thanh quay duoc 3% vong 13 12,1 em.

Bai toan 60 (Van dung 2, trang 16 SGK Toan 11, tap 1-Két ndi tri thirc véi cudce
song): Huyét 4p caa mdi ngudi thay doi trong ngay. Gia sir huyét ap tam truong (tic 1 &p
luwc mau 1én thanh dong mach khi tim gidn ra) cia mot ngudi nao do ¢ trang thai nghi ngoi

tai thoi diém t duoc cho bai cong thic:
B(t)=80+ 7sinf—2t

trong d6 t 1a s6 gio tinh tir 14c nira dém va B(t) tinh bang mmHg (milimét thiy ngan).
Tim huyét ap tdm truong ctia ngudi ndy vao cac thoi diém sau:

a) 6 gio sang;

b) 10 gio 30 phut sang;

c) 12 gio trua;

d) 8 gio téi.

Loi giai

a) Thoi diém 6 gio sang, tic t =6, khi d6 B(6) :80+7sin615—72[ =87.
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Vay huyét ap tim truong ctia ngudi d6 vao lac 6 gio sang 1a 87 mmHg.
b) Thoi diém 10 gio 30 phat séng, tic t =10,5, khi do:

10,57

B(10,5) =80+ 7sin ~82,68.

Vay huyét 4p tam truong cua ngudi dé vao lic 10 gid 30 phit sang xap xi 82,68
mmHg.

c) Thoi diém 12 gio trua, tac t =12, khi d6 B(12) :80+7Sin112—27[ =80.

Vay huyét ap tam truong ciia ngudi d6 vao luc 12 gid trua 1a 80 mmHg.
d Thoi diém 8 gid ti hay 20 gio, tac t=20, khi d6

B(20) =80+ 7sin 2102” _ 160 _27‘5 |

160—7+/3

Vay huyét ap tAm truong ciia ngudi d6 vao luc 8 gio téi la — mmHg.

Bai toan 61 (Pé cwong 6n tap cudi ki | moén Toan, 2024-2025, trwong THPT
Hoang Vin Thy, Ha Ngi): Banh xe dap c6 ban kinh 50cm. M6t nguoi quay banh xe 5

vong quanh truc thi quang duong di duogc 1a?

Loi giai
Taco: R=50cm

Chu vi cua banh xe dap la: 27.R = 27.50 =1007z(0m)

Mot nguoi quay banh xe 5 vong quanh truc thi quang duong di dugc la:

1007z.5 = 50072'(Cm) .
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CHUYEN PE 8: CONG THU'C LUQNG GIAC
8.1. KIEN THUC CAN NAM:
8.1.1. Cong thwrc cong:

e cos(a—b)=cosacosb+sinasinb

cos(a-+b) =cosacosb—sinasinb

sin(a—b) =sinacosb—cosasinb

sin(a+b) =sinacosb +cosasinb

tana—tanb
l+tanatanb

tan(a—Db) =

tana+tanb
l1-tanatanb

tan(a+b) =

8.1.2. Cong thirc nhan doi:

e sSin2a=2sinacosa
e co0s2a=cos’a-sin‘a=2cos’a-1=1-2sin’a

2tana

e tanZ2a= >
1-tan“a

8.1.3. Cong thirc bién @i tich thanh tong:
1
e cosacosh= E[cos(a —b)+cos(a+b)]
. . 1
e sinasinb= E[cos(a —b)—cos(a+b)]
. 1 . .
e sinacosb= E[sm(a—b) +sin(a+Db)]
8.1.3. Cong thirc bién @6i tong thanh tich:
+V__u-v

) ] . u
e Sinu+sinv=2sin CoS >
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. . u+v . u-v
L] smu—smv:ZCOSTsmT

u+v u-v
e COSU+COSV=2C0S > CcoS >

. U+Vv . u—-v
° cosu—cosv=—2sstmT

8.2. BAl TOAN THUC TE:

Bai toan 62 (Bai 9, trang 21 SGK Toan 11-Két ndi tri thirc véi cudc séng): Mot
soi cap R dugc gan vao mot cot thang ding & vi tri cach mat dat 14 m. Mot soi cap S khac
cling dugc gan vao cot o & vi tri cach mat dat 12 m. Biét rang hai soi cap trén cing duoc

gan véi mat dat tai mot vi tri cach chan cot 15 m.
a) Tinh tana, & d6 a la goc gitra hai soi cap trén

b) Tim gdc o (1am tron két qua dén hang don vi theo don vi d).

1
< |

Hinh 21
Loi giai
a) Xét ADAOH vuong tai H , taco: tan g = o0 14
HO 15
Dit BOH =y
Xét ADBOH vuéng tai H , ta co: tany:ﬁzgzﬂ.
HO 15 5
tana =tan(f —BOH) =tan(f —y) :w
1+tan ftany
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14 4 14 12 2 2

_ 15 5 _15 15_ 15 _15 _2 75 _10
1

(44 9,96 75,56 131 15 131 131
15 5 /5 75 75 75

Vay tana = E .
131

b) Tu tan« :2,
131

Lam tron két qua dén hang don vi theo don vi do 1a: a ~ 4.

Bai toan 63 (Bai 10, trang 21 SGK Toan 11- Céanh diéu): C6 hai chung cu cao tang
xay canh nhau véi khoang céch giita ching 1a HK =20 m. Bé dam bao an ninh, trén ndc
chung cu thir hai nguoi ta lap camera o vi tri C. Goi A,B lan luot la vi tri thap nhat, cao
nhét trén chung cu thtr nhat ma camera cé thé quan sat dugc (Hinh 22). Hay tinh sb do
ABC (pham vi camera c6 thé quan sat duoc ¢ chung cu thir nhat). Biét rang chiéu cao caa
chung cu thir hai 1a CK =32m, AH =6 m, BH = 24 m(lam tron két qua dén hang phan muoi

theo don vi d9).

B

A

H K
Hinh 22
Lai giai
AM 1 CK,BN L CK (hinh 22) ta c6:
BN = AM =HK =20 (m) ;
CN=CK-NK=CK-BH =32-24=8 (m);

MN =AB=BH - AH =24-6=18 (m);
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CM =CN +MN =8+18=26 (m).

Pit BCN =, ACM = 3.

Xét ABCN vuong tai N c6: tana = oy =29 _ 3.
CN 8 2
Xét AACM vudng tai M co: tanﬂ:—ANI =§=E;
CM 26 13

Ta co: tan ACB =tan(BCN — ACM) = tan(a — f3)

5 10
tana—-tanf 2 13 45

l+tangtang 510 76’
2 13

— tan ACB =

Bai toan 64 (Bai 9, trang 24 SGK Toan 11-Chan troi sang tao): Ba diem M, N, P

nam & dau cac canh quat caa tua-bin gio. Biét cac canh quat dai 31 m, do cao cia M so
] o T , .o , , N 272' N N
véi mat dat 1a 30 m, goc gitra cac canh quat la Y va so goc (OA,OM) la «.
a) Tinh sine va cosa .

b) Tinh sin cta cac goc luong giac (OA,ON) va (OA,OP), tir d6 tinh chiéu cao cua

cac diém N va P so véi mat dat (theo don vi mét). Lam tron két qua dén hang phan tram.

Hinh 23

Loi gidi
a) T diém M ké MH vudng goc voi Ox, MK vudng goc véi Oy .

68



Tacd: MH =60-30=30 m.
Khi d6 hoanh d6 diém M la 30.

Mt khac hoanh d¢ diém M la: x,, =31cosa

30

= 0SS = —

31
=sinag=—,/1- ( _——“61
31

b) Vi céc canh quat tao thanh 3 gc bang nhau nén MOP = NOP = MON =120’
= AOP = MOP — MOA

= sin AOP =sin(MOP — MOA) = sin MOP - cos MOA — cos MOP - sin MOA

V3 30 J61

—3|n2—ﬂ coSa — c052—7Z Ssina =— ——(——) (——) 0,96
3 3 2 31 31

Vi vay chiéu cao cua diém P so voi mit dat khoang: 31-sina +60=89,76 m.
Ta cd: cos AOP ~+/1-0,96° =0, 28.
Tacé: AON = AOP + PON

= sin AON =sin(AOP + PON) =sin AOP - cos PON + cos AOP -sin PON
= 0,96-cos%”+o,28-sin%”

NE

—0,96-(—)+0,28-Y3 ~ 0,23,
2 2

= sin(OA,ON) =sin AON ~ -0, 23.
Vi vay chiéu cao cia diém N so vgi mat dat khoang: 31-sina +60=289,76 m.

Bai toan 65 (Bai 1.13, trang 21 SGK Toan 11-Két ndi tri thirc véi cudc song):
Trong Vat li, phuong trinh tong quat cua mot vat dao dong diéu hoa cho bai cong thirc
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X(t) = Acos(wt + @), trong d6 t 1a thoi diém (tinh bang gidy), x(t) 1a 1i d6 cua vat tai thoi
diém t, A 1a bién do dao dong (A>0) va ¢ e[—r; 7] 1a pha ban dau cua dao dong.

Xét hai dao dong diéu hoa c6 phuong trinh:
T, T
t)=2cos| —t+— | (cm),
(0 =2005( 2147 e

T T
X,(t) = Zcos(gt _E) (cm).

Tim dao dong tong hop X(t) = X (t) + X, (t) va sir dung cong thic bién doi tong thanh

tich dé tim bién d6 va pha ban dau cua dao dong tong hop nay.
Loi giai

Dao dong tong hop X(t) = X (t) + X, (t)

T T T T
Suy ra x(t)=2cos| —t+— [+2cos| —t—— | (cm).
g1 00 -2 S o 2o 217 | om

Taco: 2cos| Zt+ 2 |+2c0s| Zt-Z
3 6 3 3

= 2| cos Et+Z +CO0S Zt—Z
3 6 3 3
(85, (5
3 6 3 3 3 6 3 3
=2-2C0S

cos
2 2
—4cos| Zt—Z |cosZ = acos| Zt—-Z £=2\/§cos T
3 12 4 3 12) 2 3 12

Vay dao dong téng hop cé phuong trinh 1a Xx(t) = 24/2 cos(%t—%} V6i bien do

A= 2/2 va pha ban dau Ia gz):—%.
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Bai toan 66: Hiéu dién thé va cuong do dong dién trong mét dién lan luot dugc cho
bai cac biéu thire sau:

u =40sin(1207t) +10sin(3607t)(V);i = 4sin(120xt) +sin(3607zt) (A)

Biét rang cong suat tiéu thu tac thoi cua thiét bi d6 duoc tinh theo cong thuc:
P = u.i(W). Hay viét biéu thirc biéu thi cong suit tiéu thu & dang khong c6 luy thira va tich

cua céc biéu thuc luong giéc.
Loi giai
Tacé P=u-i=[40sin(120xt) +10sin(3607xt)][4sin(120xt) +sin(3607xt)]
=160sin?(120t) +80sin(1207t) sin(3607t) +10sin?(3607t)
=80(1- cos(2407t)) + 40(cos(2407t) — cos(4807t)) + 5(1— cos(7207t))
=80-80c0s(2407t) + 40cos(240xt) —40cos(480xt) +5—5c0s(7207t)
=85-40c0s(2407t) —40cos(4807t) —5cos(720xt) .

Vay cong thac biéu thi cong suat tiéu thu & dang khdng c6 luy thira va tich cua céac
biéu thuc lwong gi4c 1a: P = 85—40c0s(2407t) —40c0s(4807t) —5c0s(720t)

Bai toan 67 (Bai mé dau, trang 17 SGK Toan 11-Két néi tri thirc va cudc song):
Mot thiét bi tré ki thuat s 1ap lai tinh hiéu dau vao bang céach 1ap lai tin hiéu d6 trong mét
khoang thoi gian ¢é dinh sau khi nhan tin hiéu. Néu mot thiét bi nhu vay nhan duoc ndt
thuan f,(t)=5sint va phéat lai dwoc nét thuan f,(t)=5cost thi &m két hop la
f(t) = f,(t)+ f,(t), trong d6 t1a bién thoi gian. Chung to rang am két hop viét duge dudi
dang f(t) =ksin(t+¢), tic 12 am két hop 1a mot song &m hinh sin . Hay xac dinh bién d6
am k va pha ban dau ¢(—7z < @ < ) cta séng am.

Lot giai
Taco: f(t)=f(t)+ f,(t) =5sint+5cost =5(sint +cost)

Theo Vi du 2 trang 18 SGK Toéan 11, ta chirng minh duoc
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sint +cost = /2 sin(t +%) .

Do d6, f(t) =5+2sin(t +%).

Vay am két hop viét duoc dudi dang f (t) = ksin(t + @), trong d6 bién do am k =5+/2
va pha ban dau ciia song am la ¢ = %
Bai toan 68 (Bai 30, trang 16 SBT Toan 11- Canh diéu) : Trén mot manh dat hinh

vubng ABCD, bac An dit mot chiéc deén pin tai vi tri A chiéu chim sang phan ki sang

phia goc C . Bac An nhan thiy goc chiéu sang cia dén pin gidi han bai hai tia AM va AN

, & d6 cac diém M, N lan luot thudc cac canh sao cho BM = % BC,DN = % DC.

M

Hinh 24

a) Tinh tan(BAM + DAN).

b) Géc chiéu sang cua dén pin bang bao nhiéu d6?
Loi giai

a) Trong tam giac vubng ABM , tan BAM = % =

N~

Trong tam giac vuéng ADN, tan DAN = % =

Wl

Do d6, tan(BAM + DAN) = =1.

1-tanBAM tanDAN ;11

11
tanBAM +tanDAN 5" 3
11
2 3
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b) Do tan(BAM + DAN) =1 nén BAM + DAN =45,
Suy ra MAN =90 — (BAM + DAN) =45,

Viy goc chiéu sang cua dén pin bang 45 .

Bai toan 69 (Bai 1.57, trang 29 SBT Toan 11-Két ndi tri thirc véi cudc sdéng): Hai

song am c6 phuong trinh lan luot 12 f,(t) =Csinet va f,(t) = Csin(at +a).

Hai song nay giao thoa véi nhau tao nén mot am két hop co6 phuong trinh
ft)=f,{t)+ f,(t)=Csinat+Csin(at + ).

a) St dung cong thic cong chi ra rang ham f(t) co thé viét duoc dudi dang
f (t) = Asinwt + Bcosat , trong d6 A, B la hai hang s6 phu thudc vao o .

b) Khi C =10, = % hiy tim bién d6 va pha ban dau ciia song am két hop, tac la tim
hai hang s6 k va ¢ sao cho f(t) =ksin(at +¢).

Loi giai

a) Ta co:

f(t)=f,(t)+ f,(t) =Csinat +Csin(at + ) = Csin at + C(sin ot cos a + cos wtsin )

Vay f(t)=C(@+cosa)sinwt +Csinacoswmt = Asinwt + Bcoswt

v6i A=C(l+cosa),B=Csina.

b) Khi C =10, =%, ta co:
f (t) =10sin wt +10sin(a>t +%) =10.2$in(a)t +%)cos% =10\/§sin(a)t +%j

Vay bién do va pha ban du cua séng am két hop lan luot 13 k =10+/3,¢ = %

Bai toan 70 (bai 8, trang 71, SGK Toan 10, tap 1, Canh diéu): Ban A dung ¢ dinh

cua tda nha va quan sat chiéc diéu, nhan thay goc nang (goc nghiéng giira phuong tir mat
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cua ban A t6i chiéc diéu va phuong ndm ngang) 1 a =35°; khoang céch tir dinh tda nha
t6i mat ban A 1a 1,5 m. Cung luc d6 ¢ duéi chan tda nha, ban B ciing quan sét chiéc diéu
va thiy goc nang 1a B =75°; khoang céach tir mat dat ¢én mit ban B ciing 14 1,5 m. Biét
chiéu cao cua toa nha 1a h = 20m (Hinh 25). Chiéc diéu bay cao bao nhiéu mét so mat dat

(1am tron két qua dén hang don vi)?

Hinh 25
Léi gidi

Phwong phap giai

h=20

Hinh 26
Budc 1: V& hinh, goi cac diém O, C, D,H nhu hinh v&

Budc 2: bat x=0C. Tinh AC, BD theo X, a, S
Budc 3. Lap luan tim x. Tir d6 suy ra khoang cach OH .
Lai giai chi tiét:

Goi cac diém:
74



O la vj tri cua chiéc diéu.

H 1a hinh chiéu vudng goc cua chiéc diéu trén mit dat.

C, D lan luot 13 hinh chiéu vudng goc cua A, B trén OH.

bat OC =x, suyra OH =x+20+15=x+21,5.

Xeét tam giac OAC, tacod : tana = % = AC

oD

Xét tam giac OBD, tacé : tan f=——= BD

BD

Ma: AC=BD =~ - **+20
tan35" tan75

< x.tan75° =(x+20).tan 35°

20.tan 35°

= ~ 4,6
tan 75° — tan 35°

Suy ra OH =26,1.

oC X

T tana  tan3s’

oD X+ 20

“tang  tan7s

Vay chiéc diéu bay cao khoang 26,1 m so véi mat dat.
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CHUYEN PE 9: HAM SO LUQNG GIAC

9.1. KIEN THU'C CAN NAM

9.1.1. Ham sé chan, ham sé lé

+ Cho ham sé y = f(X) c6 tap xac dinh D.

+Ham sé y = f(X) 1aham sé chan néu véimoi xe D tacd —x e D va f (—x) = f (X).

+ Hams6 y = f(x) 1aham s6 1é néu véi moi xe D tacd —x e D va f(=x) =—f(X).

+ P56 thi ciia ham s6 chin nhan truc Oy 1am truc ddi xtng, con d6 thi cia ham sé 1¢
nhan géc toa d6 Ox 1am tam di xang.

+Pé vé db thi ciia ham sé chan (twong (ng, ham sé 1¢), ta can vé phan d6 thi caa né
& bén phai truc Oy sau do6 lay doi xung phan do thi nay qua truc Oy (tuong Gng, qua goc
toa do O).

9.1.2. Ham sé tuan hoan

Ham s6 y = f (x) c6 tap xac dinh D duoc goi 1a ham sé tuan hoan néu ton tai mot
s6 T khéc 0 sao cho vai moi x e D ta cé:

e X+TeDvax-TeD;
o f(x+T)=1(x).
S6 T dwong nho nhat thoa man cac diéu kién trén (néu ton tai) duoc goi la chu ki cua
ham sd tuan hoan do.
- Dé vé& db thi cia mot ham sé tuan hoan véi chu ki T, ta chi can v& d6 thi caa ham
s6 nay trén doan [a;a+T], sau d6 dich chuyén doc theo truc hoanh phan db thi di vé sang
phéi va sang trai cac doan c6 d6 dai lan luot 1a T,2T,3T,... ta duoc toan bo do thi cua ham

SO.
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-Véi a>0, cacham s y = Asin(wx + @) va y = Acos(wX + ¢) tuan hoan véi chu ki
T= 2—”, cac ham sb y = Atan(wx + @) va y = Acot(wX + @) tuan hoan véi chuki T = z
w (4]
9.1.3. Ham sé y =sin x
+ Ham s6 sin 12 ham s6 cho bai cong thizc y =sinx.
+ Tap xac dinh cia ham sin la R. Tap gia tri cua ham sin la [-1,1].

+ Ham s6 y =sinx 1a ham sé 1¢, tuan hoan véi chu ki 2.

+ Ham sb y =sinx nhan céc gia tri dac biét:
. T
+sinx=-1< x:—5+k27r(keZ).

+ P4 thi ham sb y =sinx.

.-“ - £ -
-3n - T 5] 2 2]
2 ' l X
— —— e — — — — — — — — — — —

Hinh 27

9.1.4. Ham s6 y =cos X

+ Ham s6 cosin 12 ham sb cho bai cong thirc Y = COSX.

+ Tap xéac dinh ciia ham sé cosin 1a R . Tap gié tri caa ham cosin la [-1;1].
+Ham sé y =cosx 1a ham s chén, tuan hoan véi chu ki 2.

+ Ham s6 Y =cosx nhan cac gié tri dac biét:

. cosx=-1lox=r+k2z (keZ).
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. Cosx:0<:>x=%+k7r (keZ).

. cosx=1<x=k2r (keZ).

+ Do thi ham y = cos x

Hinh 28

9.1.5. Him s y =tanx

+ Ham s6 tan 1a ham sé cho boi cong thac y =tan x.
+ Tap xac dinh cia ham tan la R\ {g +krzl k e Z} .

+ Tapgiatricuahamtanla R.
+ Ham sé y =tanx la ham sé I¢, tuan hoan véi chu ki 7.

+ Ham s6 y = tan x nhan cac gia tri dic biét:
T
o tanX:—l<:>X:—Z+k7z (keZ).
. tanx=0=x=kz (keZ).
T
o tanX:1<:>X:Z+k7z (keZ).

Db thi ham sé y =tanx:
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b — —————-

0

ol — —

Y
e e e = o e o o

-._____.....Qp__._____
L

Y
]

—

Hinh 29

9.1.6. Ham sé y =cot x.

+ Ham s6 cotang 1a ham s6 cho boi cong thac y =cot X .

+Tap xac dinh cua ham cotang la R\ {kz| k € Z}. Tap gia tri cia ham cotang la R.
+Ham s y =cotx 1a ham sé I¢, tuan hoan véi chu ki 7 .

+ Ham s6 y = cotx nhan cac gia tri dic biét:

OCOtX:—1<:>X:—%+k7z (keZ).
VA
ocotx=0<:>x=E+k7z (keZ).

ocotx=1<:>x:%+k7z (keZ).

Do thi ham sé y =cotx

| 4

=

i
L)

(=]

et ————

| I
| I
| I
| I
I I
| [
|-2n |
| I O 2
| |
| I
| I
| I

Hinh 30
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9.2. BAl TOAN THUC TE:

Bai toan 71: Mot dao dong didu hoa c6 phuong trinh li d6 dao dong Ia:

X = Acos(awt + @), trong d6 t 1 thoi gian tinh bang gidy, A 1a bién d6 dao dong va X la li

d6 dao dong déu duoc tinh bang centimét. Khi do, chuki T cta dao dongla T = 2—7T Xac
1)

Ty

dinh gia tri cia li do khi t =0,t = 2 I, ST

t= T,t =T vavé dd thi biéu dién 1i d6 cua dao
dong diéu hoa trén doan [0;2T ] trong trwong hop:
a) A=3cm,p=0;

b) A=30m,(p:—%;

C) A:3cm,(p=%;

Léi gidi

TuT=2% taco w=22.
@ T

Khi d6 ta c6 phuong trinh i do 14 X = ACOS(ZT—”-'[ + (pj :

: N : 2 .
a) V6i A=3cm va ¢ =0 thay vao phuong trinh li d§ X = ACOS(?”-'[ + goj ta co:

x:3cos(2—”-tj
T

t=0 thi x=3cos0=3;

t:I thi x =3cos 2—”-IJ:3COS£=O;
4 4 2

t:TE thi x =3cos 2—”%):3&3”:—3;
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t=3—T thi x =3cos 2—”3—T :30053—7[=0;
4 T 4 2
. 27
t=T thi x=3005(?-Tj=3c0327z=3
V& d6 thi biéu dién 1i do clia dao dong diéu hoa X = 3003(2T—” -tj trén doan[0; 2T |
, N X 272' , < s
Xét ham so X =3005(?-tj cochukilaT.

N . 2
Ta vé do thi ham so x = 3cos(?ﬂ-tj trén doan [O; 2T] theo bang sau:

N

3 0 -3 0 3
X = 3sin (Z_I_—”t)

Bang cach dich chuyén do thi ham so x = BCOS(Tﬂ-tj trén doan [0; T ]song song véi
truc hoanh sang phai theo doan c6 do dai T, ta s& nhan duoc do thi ham sé x = 3008(?7[ -tj
trén doan [0;T ].

Tir d6 ta vé& dugc do thi biéu dién li do cia dao dong dicu hoa X = 3cos(2T—” -tj trén

doan [0;T |nhu sau:
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N

Hinh 31

S

b) Vi A=3cm va ¢ = —% thay vao phuong trinh 1i @6 x = ACOS(ZT—E-t+¢j ta co:
X = 3C€0S 2—”-t—z =3c0S z—2—7z-t =3sin 2—”-t
T 2 2 T T
. . (27 )
t=0 thi x:3sm[T-O):3smO:O

t:I thi x=3sin(2—7r-
4 T

~| -

=3$in£=3;
2

t:I thi x=33in(2—ﬂ- =3sinz=0;
2 T

N | —

tzithi X =3sin 2—”-£ :Ssing—”:—s;
4 T 4 2
s . (27 )

t=T thi x:BSln(?-Tj:%anz:O.
V& d6 thi bieu dién 1i do cta dao dong diéu hoa x = 3sin(2T—”-tj trén doan [0;2T]

, N e . 272' , .
Xét ham so X :3SIH(?-tJ cochukilaT.
Ta vé dd thi ham sé x :35in(2_l_—ﬂ-t) trén doan [0;T] theo bang sau:
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0 3 0 -3 0
X =3sin (ZT—”t)

Bang cach dich chuyén db thi ham sb x = 33in(2T—ﬁ-tj trén doan $[0;T]$ song song

véi truc hoanh sang phai doan c6 @6 dai T, ta s€ nhan dugc do thi ham so x = BSln(—ﬂ-tj

trén doan [T 2T ] .

TR SR s (2 .
Tur d6 ta vé duogc do thi biéu dién 1i d¢ cua dao dong dicu hoa X = SSln(—ﬁ-tj trén

doan [0; 2T] nhu sau:

=)

AVARV,

Hinh 32

: . : 2 .
c) Voi A=3cmva ¢ = % thay vao phuong trinh 1i ¢ X = Acos(%-t + (pj ta co:

x=3cos(2—”-t+zj=—3cos n—(z—”-uzj
T 2 T 2
=—3cos(£—2—”-tj:—3sin(2—”-tj
2 T T
. . (27 .
t=0 thi x=—35m(T-OJ:—33m0=O
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t:Ithi X =-3sin 2—”1 =—33in£=—3;
4 T 4 2

t:Ithi X =—-3sin 2—”1 =-3sinz=0;
2 T 2

tzithi X =-3sin 2_;;{ :—3sin3—ﬁ:3;
4 T 4 2

t=T thi x:—33in(2_l_—”-Tj=—33in27z=0.

V& do thi biéu dién li do cua dao dong diéu hoa x = —3sin (ZT—”tJ trén doan [0; 2T |

D6 thi ham sb x =—3sin (zT—ﬂ -t) 13 hinh d6i xtng véi d6 thi ham sé x = 33in(2T—”-t)

Hinh 33

qua truc hoanh:

Bai toan 72 (Bai 8, trang 27 SBT Toéan 11-Chan troi sang tao): Mot chat diém dao
dong diéu hoa theo phuong trinh s = 35in(%tj VGi s tinh bang cm va t tinh bang giay.
Duya vao d6 thi ciia ham s6 sin, hay xac dinh & cac thoi diém t nao trong 4 gidy dau thi
s<-2.

2
Léi gidi
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Trong 4 gidy dau, taco 0<t<4, suyra OS%tSZﬂ'.

bat x= %t, khi d6 x e[0;27]. D6 thi ciia ham s6 y =sinx trén doan [0;27] nhu
Sau:

1 J

___________________

Hinh 34

Duya vao d6 thi trén doan [0;27], ta co:

ss-§ Kkhi 35inx£—§ hay sinxS—l,suyra ESXS%.
2 2 2 6 6

Do d6 %Stsl—l.

Bai toan 73 (Bai 1.23, trang 18 SBT Toan 11-Két néi tri thirc véi cudc song): Mot
con lic 16 xo dao dong diéu hoa quanh vi tri can bang theo phuong trinh y = 25sin4xzt &
d6 y dugc tinh bang centimét con thai gian t duoc tinh bang gidy.

a) Tim chu ki dao dong cua con lic 10 xo.

b) Tim tan sé dao dong caa con lac, tic 1a s6 1an dao dong trong mot giay.

¢) Tim khoang céch gitra diém cao nhat va thap nhat caa con l4c.
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T 11
. 4 <o g
= 2 §
z 2
£ 2 7
I >
r z ®,
_-_?1_:.(.)_ 2,
Vi tri y
can béng B
Hinh 35
Loi giai
a) Ham s6 y = 25sin4xt tuan hoan véi chu ki T = i—” = % Suy ra chu ki dao dong
Vs

cua con lic 10 xo (tic 1a khoang thoi gian dé con lac thuc hién dugc mot dao dong toan

phan) 1a T =% giay.
b) Vi chu ki dao dong cua con lac 1a T =% gidy nén trong 1 gidy con lac thuc hién

duge 2 dao dong, tic 12 tan sé dao dong cua con lac 1a f = Tl =2 Hz

¢) Vi phuong trinh dao dong caa con lac 1a y = 25sin 4zt , nén bién d6 dao dong cua
néla A=25 cm.

Tir d6, khoang cach giita diém cao nhat va diém thap nhat cua con lic 1a 2A=50
cm.

Bai todn 74 (Van dung 2, trang 32 SGK Toan 11-Chéan chai sdng tao): Trong dia
Ii, phép chiéu hinh tru duoc sir dung dé v& mot ban do phang nhu trong hinh. Trén ban do

phang lay duong xich dao 1am truc hoanh va kinh tuyén 0" lam tryc tung. Khi d6 tung d6
ctia mot didm 6 vi do ¢’ (~90 < ¢ < 90) duoc cho boi ham sé y = 20tan (ﬁ qo) (cm). Sir

dung d thi ham s tan, hdy cho biét nhirng diém & vi d6 ndo nam cach xich dao 20cm trén
ban do.
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Hinh 36
Léi gidi

VA

-y

|

L EL T
i
L}

Hinh 37

Vi diém nam cach xich dao khéng qua 20cm trén ban d6 nén ta c6: —20<y <20,

. V4 V4
Khi d6 —20 < 20tan(—— @) <20 hay —-1<tan(—o¢p) <1
1do (180 ®) y (180 ®)

Ta c6: —90 < ¢ <90 khi va chi khi -~ < g <2

2 180 2
r X ST A A , T T
Xét do thi ham so y =tan X trén khoang (_E;E):

Tathdy —1<tan(-2— ) <1 khivachikhi - Z <" »<Z hay —-45< p< 45.
e ST 218077 ™ 14

Vay trén ban dd, cac diém cach xich dao khong qua 20cm nam & vi do —45° dén 45°
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Bai toan 75 (Bai 1.24, trang 19 SBT Toan 11-Két néi tri thic véi cudc séng): Hang

ngay, Mit Troi chiéu sang, bong cua mot toa chung cu cao 40 m in trén mit dat, do dai

bong cua toa nha nay duoc tinh bang cong thac S(t) = 40 ,0d6 S duoc tinh bang

cot =t
12

mét, con t 1a s6 gio tinh tir 6 gid sang.

a) Tim do dai bong cua toa nha tai cac thoi diém 8 gid sang, 12 gio trua, 2 gio chiéu
va 5 gio 45 phat chiéu.

b) Tai thoi diém nao thi d6 dai bong cua toa nha bang chiéu cao toa nha?

¢) Bong toa nha s& nhu thé nao khi thoi gian tién dan dén 6 gio toi?

Loi gidi
a) Tai thoi diém 8 gid sang ta cot =8—-6=2.
Vay d6 dai bong cua tod nha tai thoi diém 8 gio sang la:

T
cot(ﬁ . 2)‘ =403 (m).

S(2) =40

Tai thoi diém 12 gid truata co t=12—-6=6.
Vay d6 dai bong coa tod nha tai thoi diém 12 gio  trua la:

S(6) = 40

cot(ﬁ-Gj‘ =0(m).

Tai thoi diém 12 gio trua, Mt Troi chiéu thang dang tir trén dau xudng nén toan bo
toa nha duoc chiéu xuéng mong cua toa nha.

Tai thoi diém 2 gio chiéu taco t =14—6=8.

Vay d6 dai bong cua tod nha tai thoi diém 2 gio chiéu 1a

S(8) = 40‘cot(ﬁ-8j‘ =3 (m).

Tai thoi diém 5 gio 45 chiéu ti, ta co t :(17+%j—6 =3749 .
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Vay do dai bong cua toa nha tai thoi diém 5 gio 45 chiéu téi la:

S (ﬁj — 40 cot(ﬂ : ﬁj
4 12 4

b) Do dai bong cua tod nha bang chiéu cao toa nha khi

~59.86 (M)

S(t) = 40 < 40

cot-t| =40 < cot -t = +1
12 12
o Zt=22 tkr o t=23+12k (k € Z)
12 4
Vi 0<t<12 nén t=3 hoic t =9, tc |4 tai thoi diém 9 gid sang hoic 3 gio chiéu thi
bong cua toa nha dai bang chiéu cao cua toa nha.
c¢) Khi thoi gian tién dan dén 6 gio t6i thi t—>12, vi vay %t—wz, do @6

cot%t — —oo . Nhur vay, bong cua toa nha sé tién ra vo cung.

Bai toan 76 (Bai 47, trang 23 SBT Toan 11-Canh diéu): Mot vong quay trd choi co
ban kinh 57 m, truc quay cach mat dat 57,5 m, quay déu mdi vong hét 15 phut. Khi vong
quay quay déu, khoang cach h (m) tir mot cabin gan tai diém A cia vong quay dén mit

% e , (2, 7 ,
dat duoc tinh boi céng thuc: h(t) :575|n(Et—§j+57,5, véi t la thoi gian quay cua
vong quay tinh bang phut (t >0).

a) Tinh chu ki caa ham sé h(t) ?

b) Khi t =0 (phut) thi khoang céch tir cabin dén mit dat bang bao nhiéu?

¢) Khi quay mot vong lan tha nhat tinh tir thoi diém t =0 (phat), tai thoi diém nao

cua t thi cabin & vi tri cao nhat? O vi tri dat duoc chiéu cao 12 86 m?
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Hinh 38
Loi giai
a) Vi vong quay trd choi quay mdi vong hét 15 phat nén chu ki caa ham sé h(t) bang
15 phut.

b) Khi t=0 thi h =57sin(—%)+57,5 =0,5(m). Vay khi d6 khoang cach tir cabin

dén mat dat bang 0,5 m.

¢) Khi quay mét vong, cabin ¢ vi tri cao nhat khi sin(i—gt—%)zl hay t=7,5

(phut); cabin dat duoc chiéu cao 1a 86 m lan dau tién khi t =5 (phut).

Bai toan 77 (Bai 13, trang 43 SGK Toan 11-Chan troi sang tao): Cho van téc v

(cm/s) caa mot con lic don theo thoi gian t (gidy) duoc cho bai cong thirc
v =-3sin (1, 5t + %)

Xéc dinh cac thoi diém t ma tai do:
a) Van téc con lic dat gia trj 16n nhat;
b) Van téc con lic bang 1,5cm/s.

Léi gidi

a) —1$sin(1,5t+%j <1nén -3< —35in(1,5t+%)£3
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Van téc con lac dat gié tri 16n nhat khi sin (1, 5t + %) =-1

15+ 5= FikonkeZot=—T k™ ke
3 2 9 3

Vi vday van téc con lic dat gid tri 16n nhat tai céc thoi diém

Tr, 197 3l
9 9 "% 9"

b) Bé van téc con lic bang 1,5 cm / s thi
<:>sin(1,5t+zj:—1
3 2

Dua véo dd thi ham s sin ta cé:

i
15t+ %= Zik2rkeZ |t=-Z+kZ kez te{ﬂ;?;..}
15t+ 5= 22 ikonker |t=-FikZkez |telZ LT
3 6 9 3 9
Vay sau céc thoi diém t, =%[,t2 = 7.t :NT”,Q =%T thi van toc caa con lac dat

1,5cm/s.

Bai toan 78 (Truwong THPT Nguyén Thai Binh, Kiém tra cudi ky I mon Toan-
Khoi 11, nim 2024-2025): Nhiét d6 ngoai troi & mot thanh phd vao cac thoi diém khéc

nhau trong ngay c6 thé duoc mé phong bai cong thie: h(t) = 29+ 3sin % (t—9) vai h tinh

bang d6 C va t 1a thoi gian trong ngdy tinh bang gio. Nhiét do cao nhat trong ngay vao luc
mAy gid?
Loi gidi

Nhiét d6 ngoai trdi & mot thanh phd la:

. T
f(t)= 29+35m[ﬁ(t —9)}
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Tacé: 29-3< 29+35in[%(t—9)}§29+3

<:>26§29+3$in[%(t—9)}£32

Vay h(t) dat gia tri 16n nhat 32°C khi:

sin zt—3—ﬁ =1
12 4

c>£t—3—ﬂ=z+k27r
12 4 2

<:>£t=5—”+ k27
12 4

&t =154+ 24k
Vi t >0 taco:
15+ 24k >0

15

Sk>——
24

VikeZ nén k={0;12;..}.
Vay thoi gian dé nhiét d6 trong ngay dat mirc cao nhat vao luc k =15.

Bai toan 79 (Bai 14, trang 43 SGK Toan 11-Chan troi sang tao): Trong Hinh 39,
cay xanh AB nam trén dudng xich dao dugc trong vudéng goc vi mat dat va co chiéu cao
5m. Béng ctia cdy 1a BE . Vao ngdy xuan phan va ha phan, diém E di chuyén trén duong
thang BX. Goc thién dinh 6, = (AB, AE) phu thudc vao vi tri cia Mét Troi va thay d6i theo

thoi gian trong ngay theo cong thure
T
0.(t) =—(t-12)rad .
()= 2(t-12)

voi t 1a thoi gian trong ngay (theo don vi gio, 6 <t <18).

a) Viét ham s6 biéu dién toa d6 cta diém E trén truc Bx theo t .
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b) Dua vao dd thi ham sd tan , hay xac dinh céc thoi diém ma tai d6 bong cay phu
qua vi tri trong rao N biét N nam trén truc BX véi toa d6 1a x, = 4(m). Lam tron két
qua dén hang phan mudi.

Loi giai

a) Xét tam giac ABE vuong tai B, ta co:

tand, (t) = BE < BE =5tan ﬁ(t -12)
AB 12

b) D4 thi ctia him sé 6, =5tan {% (t —12)}

Hinh 39

Dua vao db thi ham s, ta co:
6, =5tan [ﬁ (t —12)} <-4
12

< tan l(t -12) |< _4
12 5

o Z(t-12) <-0,67
12

=t<9/4
Két hop diéu kién 6 <t <18 =6 <t <9,4

Viy thoi diém bong ciy phi qua hang rao 1a 6 <t <9,4.
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CHUYEN PE 10. PHUONG TRINH LUQNG GIAC CO BAN

10.1. KIEN THU'C CO BAN CAN NAM
10.1.1. Phuwong trinh twong duwong
- Hai phuong trinh dugc goi 13 twong duong néu ching ¢ cung tap nghiém.
- Pé chi sy twong duong cua cac phuong trinh, ngudi ta dung ki hiéu “< .
10.1.2. Phwong trinh Sinx=m
a) Néu |m| >1 thi phuong trinh v6 nghiém.

b) Néu |m| <1 thi phuong trinh ¢6 nghiém: x=a+k27z, k € Z va

X=nm—a+k2rx, keZ,voi a la goc thude [—%; %} sao cho Sina =m.

Chu y:

a) Mot s6 truong hop dic biét:

sinx=1<:>x:%+k27z,keZ;

sinx=-1< x=—2+k2rz, keZ

sinx=0= x=kz,keZ

10.1.3. Phuwong trinh COSX=m

a) Néu |m| >1 thi phuong trinh v6 nghi¢m.

b) Néu |m| <1 thi phuong trinh v6 nghiém: x=a+k27, ke Z va
X=—a+k2r, keZ, véi a la goc thudc [O, 7[] sao cho COSax=m

Chu y:

Mot sb truong hop dac biét:

cosx=1<x=k2r, keZ;
cosx=-1loox=x+k2r,keZ;

cosx=0<:>x=%+k7z,keZ

b) cosu=cosv<>u=v+k2r,keZ hoic u=-—v+k2r,keZ.
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c) cosx=cosa’ < x=a’+k360°,k € Z hoic x=-a’+k360°,k € Z.
10.1.4. Phuwong trinh tanXx=m

V&i moi sb thuc m, phuong trinh tan X =m c¢6 nghiém x=a+kr,keZ véi

l1a gbc thudce (—%,%) sao cho tan o =m.

Chuy: tanx=tana’ < x=a’+k180° k e Z.

10.1.5. Phwong trinh cotx=m

V&i moi sb thue m, phuong trinh cotX=m c¢6 nghi¢ém x=a+kz,keZ véi o la
goc thude (0;7) sao cho cotar=m.

Chu y: cotx=cota’ < x=a’+k180°, k e Z.
10.2. BAI TOAN THUC TE:

Bai toan 80: Hoi Lim (tinh Bac Ninh) duoc to chirc vao mua xuan, thudng co trd choi
danh du. Khi nguoi choi du nhiin déu, ciy du sé dua ngudi choi! dao dong quanh vi tri can
bang (Hinh 40). Nghién ctru trd choi ndy, ngudi ta thiy khoang cach h (m) tir vi tri ngudi

choi du dén vi trf can bang dugc bicu dién qua thoi gian t (s) (véi t>0) boi hé thie h=|d|
v6i d = 3cos {%(Zt —1)}, trong d6 ta quy udc d >0 khi vi tri can bang & phia sau lung

ngudi choi du va d <0 trong trudng hop nguoc lai (Nguon: Pai sé va Gidi tich 11 Ning
cao, NXBGD Viét Nam, 2020). Vao thoi gian t nao thi khoang cach h 13 3 m; 0 m?

Vi tri can bang

Hinh 40

Loi giai
Dé khoang cach h (m) tir vi trf nguoi choi du dén vi tri cAn bang 14 3 m thi:
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Scos{ 2 (2t— 1)}‘ 3

3cos[3(2t 1)} 3 _cos[%(Zt—l)}:l

=

3005[%(& —1)} =-3 cos[%(Zt —1)} =-1
_72'
E(Zt—l):kZﬂ' |:2t—1:6k
o o
2t—1=3+6Kk

%(Zt—l):ﬁ+k27z
[2t =6k +1 t—3k+2(keZ)
_2t:6k+4

t=3k+2

Do t>0,k €Z nén k €{0;1,2;...}

te{l'z'g'} 1.7 _13

Khi d6 2’2277 :te{E;Z;E;S;E;S,...}.
te{2;58;..}

Vay te {% ; 2;%;5; %;8, } (gidy) thi khoang cach la 3m.

Dé khoang cach h (m) tir vi tri ngudi choi du dén vi tri can bang 1a 0 m thi:

3cos{3(2t 1)}‘ O<:>3cos{3(2t 1)} 0

T
2t-1 0 2t-1)=—+Kk
@COS[B( )} = (1)L oke

o l(2-1)=" ke -1=2 13
3 2 2
<:>2t—§+3k<:>t—§+3k
2 42

Do t>0,k € Z nén ke{O;l;Z;.} khido te { 1741,%,}

.|>|u-|
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511 17 .
Vay teq—;—;—;...; (gidy) thi khoang cach h la Om
4 4 4
Bai toan 81 (bai 7, trang 41, SGK Toan 11, tap 1, Chan troi sang tao): Trong Hinh
41, ngon dén trén hai dang H cach bd bién yy' mot khoang HO =1 km. Pén xoay ngugc
chiéu kim dong hd véi toc do % rad / s va chiéu hai ludng 4nh sang vé hai phia d6i dién

nhau. Khi dén xoay, diém M ma ludng anh sang ctia hai dang roi vao bo bién chuyén dong
doc theo bo.

v' | b bién

Hinh 41

Ngudn: https://www.mnhs.org/splitrock/learn/technology

a) Ban dau luong sang tring v&i duong thang HO. Viét ham s6 biéu thi toa do Yu
ctia diém M trén truc Oy theo thoi gian t .

b) Ngdinha N ndm trén bo bién véi toa dd y,=—1 (km). Xac dinh cac thoi diém t
ma dén hai dang chiéu vao ngoi nha.
Loi giai
a) Sau t gidy diém M quét dugc mot goc luong giac c6 sb do 1a: a = %t rad .

Xét tam giac HOM vuong tai O ¢o:

MO =tan a.lztanﬁltj
10
Vay toa d6 cua Yy,, =tan (ltj
dy LC C M 10
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b) Xét tan (ﬁtJ -1
10

otan| Zt |=tan| -Z
10 4

<:>£t:—£+kﬂ,keZ
10 4
<t=-2,5+10k,keZ
Vi t >0 nén tai cac thoi diém t =—-2,5+10k,k € Z, k >1 thi dén hai dang chiéu vao

ngoi nha. Vay phuong trinh da cho c6 cac nghiém la x = —% +kZ keZ va

x=—2i1kZ kez
10 5

Bai toan 82 (bai 1.21, trang 39, SGK toan 11, tap 1, Két nbi tri thirc): Mot qua dan
phao dugc ban khoi nong phao véi van toc ban dau Vv, =500 m/s hop voi phuong ngang
mot géc « . Trong Vat li, ta biét ring, néu bd qua strc can cua khong khi va coi qua dan
phao dwoc ban ra tr mit dat thi quy dao cua qua dan tudn theo phuong trinh

y = zziz X*+xtana, & d6 g =9.8 m/s? 1a gia tdc trong trudng.
v c0s” &

a) Tinh theo goc ban o tim xa ma qua dan dat t6i (tirc 1 khoang cach tir vi tri bin
dén diém qua dan cham dat).

b) Tim goc ban o dé qua dan tring muc tiéu cach vi tri dat khau phao 22000 m.
¢) Tim goéc ban o dé qua dan dat 46 cao 16n nhat.
Loi giai

Vi v, =500 m/s, g =9.8 m/s? nén ta c6 phuong trinh quy dao cua qua dan 1a

y = 938 X2 +xtana hay y = 49 X2+ Xtan o
25002 -cos’ ¥ ¥ = 2500000c0s? '
\ S e —49 ) NPV
a) Qua dan cham dat khi y =0, khi do6 >— X" +Xtana =0 1a mot ham
2500000co0s” o

bac hai c6 db thi 1a mot parabol c6 toa d6 dinh | (Xl; yl)
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b tan o _1250000cosasina

X =——=
22, —49 49

' 250000¢0s°
—49 (1250000c03asinaj2 N 1250000c0s & Sin
250000c0s? & 49 49

y|=f(X|)= fana

« - 1250000cos asin o
! 49
_ 625000sin’ o
Yi = 49

Hay

HY
Do d6, o cao 16n nhit cia qua dan 13 y,, = %

Bai toan 83 (bai 1.29, trang 24, SBT toan 11, tap 1, Két néi tri thirc): Mot guong
nude ¢d dang hinh tron vai ban kinh 2,5 m; truc ctia nd dit cach mat nwée 2 m (nhu

hinh bén). Khi gudng quay déu, khoang cach h (mét) tir mot chiée gau gan tai diém A
trén guong dén mat nudc 1a: = |y| trong do:
i 1y . \ A . 3 ,
y=2+2,5sIn27| X— 7 voi x 1a thoi gian quay cua gudng (X > 0) , tinh bang phut;
ta quy udc rang y >0 khi giu & trén mat nudc va y < 0 khi gau & dudi mat nude.
a) Khi nao chiéc gau ¢ vi tri cao nhat? Thap nhét?

b) Chiéc gau cach mit nudc 2 mét 1an dau tién khi nao?

M6 phéng guéng nuée

Hinh 42

99



Loi giai
. . 1 N . 1 . , .
a) Vi —=1<sin Zﬂ(x—zjﬁl nén —2,5<2,5sin ZE(X—Z)S 2,5 vado dotacod
—0,5:2—2,5§2+2,53in2z(x—%)£2+2,5:4,SVXeR.

Suy ra, gau ¢ vi tri cao nhat khi

sinzﬂ(x—l)ﬂ@ 27{x—1j=5+k2n@x=1+k(keZ).
4 1) 2 2

N |-
N W
N | ol

Vay gau 0 vi tri cao nhat tai cac thoi diém ( ,) phut

Tuong tw, gau & vi tri thap nhét khi:
. 1 1 b
sin2x X_Z =-1lo27 X—Z =—E+k27r<:>x:k(keZ).

Viy giu & vi tri thdp nhét tai cac thoi diém 0,1, 2,3,... phit

b) Gau cach mat nudc 2 m khi

2+2,5sin2x x—1 =2 & sin2x x—l =027 x—1 =k7r<:>X=1+E(keZ)
4 4 4 4 2

A - A A ’ - ’ A A [N . \ e < R 1 ’
Vay chiéc gau cach mat nudc 2 m lan dau tién tai thoi diem x = 2 phut.

Bai toan 84 (Pé cwong 6n tip cudi ki I mén Toan, 2024-2025, trwong THPT
Hoang Vin Thu, Ha Néi): SO gid ¢6 anh sang mit troi ciia mot thanh phd A ¢ vi ¢ 40°
Bic trong ngidy thd t cua mot nim khong nhudn duge cho béi ham sb

d(t)=3$in[%l(t—80)}+12, voi teZ va 0<t<365.

1. Thanh phé cé diing 12 gid 4nh sang mit trdi vao ngay nao trong nam.

2. Vao ngay ndo trong ndm thi thanh phd Aco dang 9 gid anh sdng mit troi?

3. Vao ngiy nio trong nam thi thanh phdé A c6 ding 15 gid anh sang mit troi?
Loi giai

1. Thanh phé c6 dung 12 gi¢ 4nh séng mét troi thi d (t) =12.
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Khi do

12=3ﬁn[lz{t—8dq+12
182

& sin| = (t-80) |=0
182 |
< sin l(t —80) [=sin0
182 |
& 2 (t-80)=kx
182

<1=80+182k, ke Z

MateZ va 0<t <365 nén

0<80+182k <365

=0<k<156

Suy ra k € {0;1}

Khi do t e {80;262} .

Viy thanh phé c6 dung 12 gio anh sang mit troi vao ngay tht 80 va ngdy thir 262.
2. Thanh ph6 Acé dung 9 gio 4nh sang mit troi thi d (t)=9

Khi do

9:3§n{iz{t—80ﬂ+12
182

& sin

< sin

V4
& —
182

T
182

T
182

(t—80)

(t—80)

u—aoy:-§+k2n

ot=-11+364k, keZ

Ma teZ va 0<t <365 nén



0<-11+364k <365

= 0<k<103

Suyra k=1

Khi d6 t=-11+364.1=353

Vay thanh phd A c¢6 diing 9 gid anh sang mit troi vao ngay thir 353 trong nim.
1. Thanh phd A c6 dung 15 gi¢ 4nh sang mét troi khi d (t) =15

Khi do

15= 3sin[i(t —80)}12
182

& sin| ——(t-80) [=1
182 |

& sin i(t —80) = sin(z)
182 | 2

o2 (t-80)=Z+k2rx
182 2

< t=171+364k, keZ

MateZ vy 0<t <365 pep

0<-11+364k <365

=0<k<0,53

Suyra k=0

Khido t=171+364.0=171

Viy thanh phd A c¢6 diing 15 gid c¢6 4nh sang mit trdi vao ngay thir 171 trong nim.

Bai toan 85 (Pé cwong 6n thi HKI mén Toan, 2024 — 2025, trwong THPT Hoang
Vin Thu, Ha Néi): Mot vat dao dong diéu hoa va chuyén dong theo phuong trinh 1i do

X = 2003(% - %t) (cm) trong do t 1a thoi gian tinh theo don vi gidy, X goi Ia li do tai thoi
diém t(s). Tim li d0 cta vat tai thoi diém t =3s,
Loi gidi
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Pé tim li d6 cua vat tai thoi diém t = 3s, ta thay t =3 vao phuong trinh li d6:

x=2cos| Z-Z.3|=2c0s| Z-Z |=2¢c0s| -~
4 6 4 2 4

SO ¥ , T
Vi ham cosin 1a ham chan, ta c6: X = ZCOS(ZJ

L s 2
Ta bict rang COS(%) = % , Vay:

x:z-%:ﬁ(cm).

Bai toan 86. Mot cai ce hinh non duoc 1am tir mot manh giéy hinh quat tron c6 ban

’ N I3 9 A 57[ N Y ” A
kinh R=6Cm cm va goc ¢ tim 6 = ES Tim chiéu cao h cua coc.

6 cm

6 cm

Hinh 43
Loi giai
Chu vi ctia hinh tron day du 13 22R =27.6 =127 cm
D¢ dai cung cta hinh quat tron tao ra day hinh noén ti 1€ véi goc ¢ tam:

Do dai cung = 57;—/3 127 =107z cm
T

D¢ dai cung nay chinh 1a chu vi day cta hinh nén. Goi r 1a ban kinh day hinh nén:
2nr =10r =r=5cm
Puong sinh cua hinh nén bing ban kinh cta hinh quat tron ban dau, tic 1a R =6 cm.
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Ta c6 mot tam giac vudng duoc tao boi ban kinh day hinh nén r, chidu cao hinh nén
h va duong sinh 6 cm:

r2h? =12
&5 +h? =67
< 25+h* =36
s h?=11

= h=411

Bai toan 87 (bai 9, trang 24, SGK toan 11, tap 1, Chan troi sang tao): Trong Hinh
44, ba diém M, N, P nim & du cac canh quat cia tua-bin gio. Biét cac canh quat dai 31 m

A 5 - A e - A \ r o~ Je e \ 2 \ A ’
, d0 cao cuia diem M so vai mat dat 1a 30m, goc gitta cac canh quat la ?ﬂ- va so do gbc
(OA,OM) la .

Tinh sin cua céc goc luong giac (OA,ON) va (OA,OP), tir d6 tinh hiéu chiéu cao

ctia cac diém N va P so v&i mit dat (theo don vi mét). Lam tron két qua dén hang phan
tram.

----- 60m

Hinh 44

Loi giai
Vi cac canh quat tao thanh 3 géc bang nhau nén MOP = NOP = MON =120°

— AOP = MOP — MOA
& sin AOP = sin(MOP - MOA) — sin MOP.cos MOA — cos MOP .sin MOA

. 2 27 .
=Sln?-COSa—COS?-SInazO,7

Vi vay chi€u cao cua diém P so v&i mat dat la:
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31.sin AOP+60=31.0,7+60~81,76 m.

Ta co:

cos AOP ~+/1-0.7? =0.71

AON = AOP + PON
< sin AON = sin(AOP + PON)

< sin AON =sin AOP - cos PON + cos AOP -sin PON
< sin AON = O,7-cos(%j+ O,71-sin(2§j ~0,26
= sin(OA,ON) =sin AON ~ 0.26

Vi vay chiéu cao ctia diém N so véi miat dat 1a:

31.sin AON +60 =31.0,26 +60 ~ 68,2m

105



CHUYEN PE 11 : QUAN HE SONG SONG
11.1. KIEN THUC CO BAN CAN NAM
11.1.1. Xac dinh mot mit phing hay sir dung:

Qua ba diém phan biét khong thing hang xac dinh duy nhat mot mit phéng.

o

11.1.2. Dinh nghia hinh choép :

Hinh chop 1a mdt hinh da dién c6 day 1a mdt da giac, cdc mat con lai 1a nhiing tam
giac c6 chung mot dinh. Hinh chop c6 day 1a tam giac goi 1a hinh tir dién.

11.1.3. Vi tri twong d6i ciia hai dwong thing trong khong gian :
a) Truong hop 1 : c6 mot mit phang chira ava b

+ Hai dudng thang cat nhau.

+ Hai duong thang song song v&i nhau.

+ Hai duong thang trung nhau.

+ Hai duong thang trung nhau.
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a=bh a va b chéo nhau

b) Trwong hop 2: khong c6 mit phang nao chira a va b. Ta ndi a va b chéo nhau hay
a chéo voi b.

11.1.4. Giao tuyén hai mit phing:
a) Pinh nghia:
Giao tuyén cua hai mit phang 13 duong thang chung cua hai mit phang.

b) Cach tim giao tuyén ciia hai mit phing:

Mubn tim giao tuyén ctia hai mat phang ta tim hai diém chung phan biét ctia hai mat
phang roi ni lai. Puong thang di qua

hai diém chung d6 goi 13 giao tuyén cta hai mat phang.
{A e(a)n(p)
Be(a)n(B)

11.1.5. Cac dinh 1y lién quan dén hai dwong thang song song

= AB =(a)n(f)

a) Dinh ly 1:

+ Trong khong gian, qua mot diém khong nam trén dudng thang cho trude, cd6 mot
va chi mot duong thang song song véi dudong thang da cho.

M d'
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b) Pinh 1y 2: (V& giao tuyén cta ba mit phing)

/l{ b

+ Néu ba mit phang phan biét doi mot cat nhau theo ba giao tuyén phan biét thi ba
giao tuyén 4y hoic dong quy hodc d6i mot song song.

¢) H¢ qua:
+ Néu hai mat phang phan biét an luot chtra hai dudng thang song song thi giao tuyén
ctia chung (néu c6) ciing song song véi hai duong thang d6 hoic tring véi mot trong hai
duong thang do.

allb
ac(a)

= x//a//b hoic X=a hoac x=b
bc(ﬂ)
(@)n(B)=x

\C< \
a
X
[

d) Dinh ly 3:

+ Hai duong thang phan biét ciing song song véi duong thang thir ba thi song song
v&i nhau.

11.1.6. Vi tri twong d6i ciia dwong thang va mit phang:
+ Puong thang song song véi mp.

+ Pudng thang nam trong mp.

+ Pudng thang cat mp.
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11.1.7. Céch chirng minh dwong thing song song véi méit phing:

Néu duong thang a khong ndm trong mit phang (&) va @ song song vi duong

thing b nim trong () thi @ song song véi ().

a

S 7

11.1.8. Hai mit phang song song

a) Pinh nghia hai mit phing song song:

Hai mit phang (@) va () dugc goi 1a song song v6i nhau néu chung khong c6

diém chung.

A
A

b) Pinh ly 1:
Néu mit phang (@) chita hai duong thing cat nhau a, b va a, b cing song song véi

mit phing (/) thi («)song song véi ().
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¢) Dinh ly 2:

Qua mdt diém nam ngoai mdt mat phang cho trudc cdé mot va chi mot mat phang
song song vo1 mat phang da cho.

d) Hé qua 1:

Hai miat phang phéan biét ciing song song v6i mit phiang tht ba thi song song véi
nhau.

e) Dinh ly 3:

Cho hai mit phang song song v&i nhau. Néu mot mat phang cat mat phang nay thi
cling cat mat phang kia va hai giao tuyén song song vdi nhau.

f) H¢ qua 2:

Cho 2 mit phang song song. Néu 1 dudng thing bat ky ndm trong mit phing nay thi
cling song song v6i mit phing kia.

{(a)/ 1(B)

ac(a)

=all(p)

11.1.9. Pinh Iy THALES trong khong gian:

110



Ba mit phing song song chin trén hai cat tuyén bét ky nhitng doan thang twong tng
ti 1€.
« Minh hoa: néu d, d' 13 hai cat tuyén bat ky cét ba mit phang song song
(P), (Q), (R) lanluottai A B, C va A', B, C' thi:
AB AB' AB AB' BC B'C’,
BC B'C'"AC AC'' AC AC'

11.1.10. Hinh lang tru va hinh hp:
* Dinh nghia hinh lang tru:

Hinh lang tru 1a mot hinh da dién c6 hai day 14 hai da gidc nam trong hai mit phang
song song, tat ca cac canh bén thi song song véi nhau.

* Pinh nghia hinh hop:
Hinh hop 1a hinh ldng try c6 day 1a hinh binh hanh.
* Cach v¢ hinh lang tru - hinh hdp:

16 10 6

g A C'
70 b
4 C
§
306
R
Hinh lang tru ABC.A'B'C' Hinh hgp ABCD.A'B'C'D'
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11.1.11. Phép chiéu song song

a) Dinh nghia.

+ Cho mit phang () va duong thing A cdt (). Vi mdi diém M trong khong
gian v& dudng thing qua M va song song (hodc tring) véi A, cit () tai M ' x4c dinh.

+ Phép dit twong tng mdi diém M trong khong gian véi diém M ' nhu vy goi 13
phép chiéu song song 1én mit phing (c) theo phuong A .

» (a): Mit phang chiéu

« A : phuong chiéu

«M': Hinh chiéu song song ctia diém M qua phép chiéu trén.

b) Céc tinh chat ciia phép chiéu song song.

+ Phép chiéu song song bién ba diém thang hang thanh ba diém thang hang va
khong 1am thay d6i thtr ty ba diém do.

+ Phép chiéu song song bién duong thang thanh dudng thang, tia thanh tia, doan
thang thanh doan thang.

+ Phép chiéu song song bién hai duong thing song song thanh hai dudng thing song
song hodc trung nhau.

+ Phép chiéu song song khong lam thay d6i ti sé do dai ctia hai doan thang ndm trén
hai duong thang song song hodc cung nam trén mdt duong thang.
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¢) Hinh biéu dién ctia mot hinh khong gian trén mit phing
+ Hinh biéu dién cia hinh binh hanh néi chung 14 hinh binh hanh (trudng hop dic
biét thi 1a mot doan thang)

+ Hinh biéu dién cta hinh thang 13 mot hinh thang (trudng hop dic biét thi 1a mot
doan thang)

+ Hinh biéu dién cua hinh thoi, hinh chit nhat, hinh vuéng déu 14 hinh binh hanh
(dac biét 1a mot doan thang)

+ Mot tam giac bat ki déu co6 thé xem 13 hinh biéu dién ctia tam giac cin, tam giac
vudng, tam giac déu

+ Hinh biéu dién cua mot duong tron 1a mot dudng elip hodc mdt duong tron, hoac
dic biét c6 thé 1a mot doan thang
11.2. BAI TOAN THUC TE:

Bai toan 88 (bai 1, trang 94, SGK Toan 11, tip 1, Canh diéu): Khi trat tuong,

dung cu khong thé thiéu cta nguoi tho 13 thude det dai (Hinh 45). Cong dung cua thude
det nay la gi? Giai thich.

Hinh 45

Loi gii

Thuée det 1am cho mit 16p vira phing va dai dc cing nim trén mit phang.
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Bai toan 89 (bai 4.8, trang 77, SGK Toan 11, tap 1, Két ndi tri thirc): Ban cat glay
1a mét dung cu dugc st dung thuong xuyén & cac ctra hang photocopy Ban cit gidy gom
hai phan chinh: phan ban hinh chit nhat c6 chia kich thudc gidy va phan dao cit c6 mot dau
duge ¢b dinh véao ban. Hay giai thich tai sao khi st dung ban cit giéy thi cac duong cat ludn
1a duong thang.

Hinh 46
Loi giai:
Ta c6: mat phang chira phan ban va mit phang chira dao cit, dudng cét chinh 1 giao
tuyén cua hai mat phang do.

Bai toan 90 (bai 6, trang 106, SGK Toan 11, tip 1, Chan troi sang tao): Chi ra cac
duong thing song song trong mdi hinh sau. Tim thém mot s6 vi du khéac vé cac duong thang
song song trong thuc té.

Hinh 47
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Loi giai
Hinh a: Céac day di¢n song song véi nhau.
Hinh b: Cac mép cua vién gach 14t song song v4i nhau.
Hinh c: Cac mép cua bac thang song song vi nhau.
Hinh d: Cac mép cuia phim dan song song v&i nhau.
Hinh e: Cac mép cua tirng ngan ké song song véi nhau.
Hinh g: Cac mép cua vién gach song song véi nhau.

Mot s6 vi du khac vé duong thang song song: cic gay cua quyén sach trong chong
sach, cdc mép cua chan ban thang ding.

Bai toan 91 (bai 4.12, trang 56, SBT Toan 11, tip 1, Két ndi tri thirc): Mot sb
chiéc ban c6 thiét ké khung st 13 hai hinh chit nhat co thé xoay quanh mdt truc, mat ban 1a
mot tam gd phing duoc dat 1én phan khung nhu trong Hinh 48. Tinh chit hinh hoc nao giai
thich viéc mat ban co thé dugc giit ¢d dinh bai khung sit? (Gia st khung sit chic chin va
duoc dat can déi).

Hinh 48

Loi giai
Mit ban c6 thé dugc d& cb dinh bang khung sat dua theo tinh chat: mot mit phing

duoc hoan toan xac dinh khi biét n6 chtra hai duong thang cit nhau. !

Bai toan 92 (bai 4.15, trang 83, SGK Toan 11, tip 1, Két ndi tri thirc): Khi hai
canh cira s6 hinh chir nhat duoc ma, du & vi tri ndo, thi hai mép ngoai cua ching ludn song
song voi nhau (Hinh 4.29). Hay giai thich tai sao.

Néu hai canh cira s6 c6 dang hinh thang nhur Hinh 49 thi ¢6 vi tri ndo cua hai canh ctra
de hai mép ngoai cua ching song song véi nhau hay khong?
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Hinh 49

Loi giai
a) Khi m¢ ctra BC, GH 14 hai dudng thang phén biét
A E

I
>

C ‘

Vi ABCD 14 hinh chir nhat = BC //AD

Vi AEFD 1a hinh chir nhat = EF //AD

Suy ra BC//EF (1)

Vi HEFG 1a hinh chir nhat = HG//EF (2)

Vi BC, GH 14 hai duong thang phan biét nén tir (1) va (2) ta c6 BC//HG .
Vay khi mé cura thi hai mép ngoai ctia hai 14 ctra song song v6i nhau.

b) Hinh thang ABCD c¢6 AB=a, DC=b(a=b) thi hinh thang EFGH c6
EH =b, FG=a.
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Gia st 14 cira ABCD, EFGH dugc mé ra va goc tao boi hai mit phang
(ABCD), (EFGH) la «; géc tao boi hai mit phang (ABEF), (EFGH) la g
Khi d6 EAB = FDC = <90°; AEH =DFG = <90°

Goi B', C’, G', H' 1an luot 14 hinh chiéu vuéng goc cia B, C, G, H 1én (AEFD)
thi B, H' thuoc AE; C', G’ thudc DF

Ta ¢c6 BC =HG do @6 néu BC//HG thi BH'// C'G’

— AB'+HE =DC'+G'F < acosa +bcos f=bcosa +acos g
< (a-b)cosa—(a—b)cos f =0« (a—b)(cosa—cos5)=0
S a=b=cosa=cosfa=p4

Khi a = 8 thi AABB'=AFGG' = BB'=GG' do d6 BB'G'G la hinh chit nhat
— BG// B'G'= BG//(AEFD)

Do a b= BB'=CC' dodé (CBG)(AEFD)=d,, d,//BG (1)

Ta cling c6 AHEH'=ADCC' = HH' =CC' nén HH'C'C 1a hinh chit nhat

= HC//H'C' = HC / /( AEFD)

Ma BB'#CC’ nén (BCH)(AEFD)=d,, d,//HC(2)

T (1) va (2)tacd B, C, G, H khong ddng phang = BC khong song song GH .
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Vay BC//GH ki a:b:%AE.

Bai toan 93 (bai 5, trang 120, SGK Toan 11, tap 1, Chan troi sang tao): DPé lam
mot khung 16ng dén kéo quan hinh ling tru luc gidc ABCDEF A'B'C'D'E'F’, Binh gin hai
thanh tre AD,, F,C, song song véi mit phang d4y va cit nhau tai O, (Hinh 50).

a) Xac dinh giao tuyén ctia mp AD,, FC,v6i1 cac mdt bén cua lang tru.

b) Cho biét A'A =6AA va AA'=70cm. Tinh CC, va CC'.

&
\ L A - ; : ‘D

- — -

¥ — B §
Hinh 50

Loi giai

a) Do mt phang (AC,D,F,) chira hai duong thang cdt nhau AD, va C,F, va cing
song song v&i mit phiang ( ABCDEF).

Nén (AC,D/F,)//( ABCDEF).

Goi B, E, lan luot la giao ciia mt phang (AC,D,F,) véi BB' va EE'.
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Ta c6 giao tuyén clia (AC,D,F,) v6i cac mat bén cua lang try 1a
AB, BC,, GO, DE, ER, RA
b) Tacé: A'A =6AA; AA'=70 nén AA =10.

Do (ACC'A’) cit hai mit phang (AC,D,F,)//( ABCDEF) lan luot tai AC, va AC
nén AC, //AC.

Ma AA //CC, nén tir gisc AAC,C Ia hinh binh hanh.
Suy ra CC, = AA =10

Ma C'=AA'= 70

Nén CC'=70-10=60

Bai toan 94 (bai 4.27, trang 63, SBT Toan 11, tap 1, Két ndi tri thirc): Mot tim
bang hinh chir nhat duogc dat dua vao tuong nhu trong Hinh 51. Hay giai thich vi sao mép
trén cua tam bang song song voi mat dat, mép dudi cua tam bang song song voi mat tuong.

Hinh 51

Loi giai

Goi (P) la mat twong va (Q)la mat bang. Goi a 1a mép dudi cua bang va b 1a mép
trén thi b ndm trong (P). Vi bang c6 dang hinh chit nhatnén a//b, do d6 a//(P), tic la
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mép dudi cua bang song song voi mat tuong. Giai thich tuong tu suy ra mép trén cua bang
song song vo1 mat dat.
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CHUYEN PE 12. THONG Kk
12.1. KIEN THU'C CO BAN CAN NAM
12.1.1. MAu s6 liéu ghép nhém
a) Bang tan sé ghép nhém

Mau s6 liéu ghép nhom 1a mau so liéu dugce trinh bay dudi dang bang tan so cua cac
nhom so li¢u.

MJdi nhém sb liéu 1a mot tap hop céac gia tri cia s6 liéu dugc gom nhém lai theo mot
tiéu chi xac dinh, thuong dugc biéu dién duéi dang nira khoang [a; b) , trong d6 ala dau
mut trai va b 1a diu mut phai.

Hi¢u s6 b—a duoc goi la do dai ciia nhom [a; b).

Tan so ciia mot nhom 1 s6 lugng s6 liéu trong mau so liéu thudc vao nhom dé. Tan
sO cua nhom 1, nhom 2, nhém 3, ..., nhém k dugc ky hiéu 1an Iwot 12 n;,n,,n,,...,n, .

Bang tan s6 ghép nhom duoc trinh bay dudi dang bang thong ké nhu bang 1, trong
d6 mau sd liéu gom n s6 lidu duoc chia thanh k nhom tuwong Gng véi k nira khoang

[aa,). [a,:8).[a58,) o [ays @ ). VOI & <@, <...<a <3, Vi

n=n+n,+nN,+..+n,.

Bang 1. Bang tin s6 ghép nhém

Nhém [a;a,) [a,; &) [a;;a,) [a;a:)
Tan so n n, n, n,

b) Ghép nhém miu sb liéu, tin so tich liy

Dé chuyén tir mau sb liéu khong ghép nhom sang mau s liéu ghép nhom, ta thuc hién
nhu sau:

e Chia mién gia tri cia mau sd liéu thanh mot sé nhom theo tiéu chi cho trude.

eDém s6 gia tri ciia mau s6 liéu thudc mdi nhom (tan sd) va lap bang tan sé ghép
nhom.

Luu y: Khi ghép nhém s liéu, ta nén chia cac nhom c6 do dai nhu nhau. Pau mut
ctia nhém c6 thé khong phai 1a gia tri ciia mau s6 liéu. Nhom cudi cing c6 thé 1a [ak ; am].

Tan s6 tich lily ctia moi nhom bang tan s6 cua nhoém doé cong véi tan s6 cia nhdm phia
trude. Bang tan so tich Iy dugc trinh bay nhu Bang 2.
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Nhém Tan s6 Tén so tich lily
[a;a,) n n

[az; ag) n, n +n,
[aS;a4) n3 n1+n2+n3
[a;a.:) n, n +n, +n, +..+n,

12.1.2. Ciéc s6 dic trung do xu thé trung tim cho miu s6 li¢u ghép nhém

a) S6 trung binh ciia miu so liéu ghép nhom

Cho mau s6 liéu ghép nhom nhu bang 3, trong d6 gi tri trung diém X; cua nua khoang
(tinh bang trung binh cong cta hai ddu mat) Gtng voi nhom .

So trung binh cOng cua mau sb liéu ghép nhom, ki hi¢u Q, duoc tinh nhu sau:

o XN, N DX

X
n
Trong do n=n +n,+n, +...+n,

Nh6ém Tin sd Tén s6 tich liy

[ a) X n

[ ag) X, n,

) % k

[ak;ak+1) X, My
n+n,+n,+..4+n

Y nghia ciia s6 trung binh ciia miu s6 liéu ghép nhom: 1a gia tri trung binh xap xi
cua céc so liéu trong mau.

N6 c6 thé duoc xem nhu gid tri trung tAm cua mau va do6i khi duge dung 1am mot dai
dién cho mau.

b) Trung vi ciia miu s6 li¢u ghép nhém

Nhom chtra trung vi cia mau so liéu ghép nhém l1a nhom dau tién co tan soé tich liy

. 13 n , X
16n hon hodc bang > trong d6 N 1a c& mau.
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Cong thirc xac dinh trung vi cia mAiu s6 liéu ghép nhém:
Goi n 1a ¢& mau.

Gia s nhom [u,; u,,,) chira trung vi;

n, la tan s ctia nhém chta trung vi;

C=n+n,+..+n

N ¢
Khidé M, =u_ + 2n (Upys = Uy ) -

m

Y nghia caa trung vi cua miu s6 liéu ghép nhom: la gia tri xap xi cho trung vi ctia
mau s6 lidu va c6 thé sir dung 1am gia trj dai dién cho mau sb liéu

¢) Tw phan vi ciia mau so liéu ghép nhém
Cong thirc xac dinh tir phan vi ctia mau so liéu ghép nhém

Tw phéan vi thir hai cua mau s6 liéu ghép nhom, ki hiéu Q,, cling chinh 1a trung vi cua
mau so liéu ghép nhom.

DPé tim tu phan vi thi nhat ciia mau sb liéu ghép nhém, ki hiéu Q1, ta thyc hién nhu
Sau:

Gia st nhém [uy; u,,,,) chira t&r phan vi thir nhat;
n, la tan s6 cua nhom chira ti phan vi thir nhat;

C=n+n,+..4+n

N ¢
Khi d6 Ql:um+4—-(um+l—um).

Tuong tu, dé tim tu phan vi thir ba cua mau sd liéu ghép nhom, ki hiéu Q,, ta thuc
hién nhu sau:

« Gid st nhom | u;;u;,, ) chira tir phan vi thi ba;
o N; 14 tAn s ctia nhém chura tir phéan vi thir ba;
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e C=n+n,+..+n;,

n
Khido: Q,=u; + n -(um—uj).

Y nghia cia cac tir phan vi ciia mau so liéu ghép nhém
Tt phén vi ciia mau s6 liéu ghép nhom 1a gia tri xap xi cua tir phan vi ciia mau so ligu.

Cac ta phan vi Q, Q,, Q; chia mau sb liéu ghép nhom thanh bon phéan c6 s sb licu
béng nhau. C4c tr phan vi cho ta mgt hinh anh vé su phan b6 cua mau s6 lidu. Dua vao cac
tr phan vi, ta c6 thé biét s6 li¢u tap trung it hay nhiéu quanh trung vi.

d) Mot cia mau so0 liéu ghép nhom
Nhom chira mot cia mau so liéu ghép nhom 1a nhém c¢6 tan s6 16n nhat.

Gia st nhém chira mét 1a [u,;u,; ), khi d6 mét ciia mAu s6 li¢u ghép nhém, ki hidu
la Mo, dugc xac dinh bdi cong thirc:
n —n

M. = m m-1 . _ .
° um+(nm——n )+ (N, +n,0,) (ts =)

m-1

Cha y: Néu khong c6 nhom ké truée ciia nhom chira mot thi n_, =0. Néu khong c6
nhém ké sau ctia nhém chiramét thi n_ =0.
Y nghia cua mét clia méu so liéu ghép nhéom

Mot ctia mot mau so liéu ghép nhom cho biét rang nhing gia tri xap xi v6i mét xuat
hién nhiéu nhat trong mau. N6 ciing thé hién xu thé tap trung ciia mau s liéu.

12.2. BAI TOAN THUC TE:
Bai toan 95 (bai 3.2, trang 61, SGK 11, tap 1 Két ndi tri thirc): SO san pham mot

cong nhan lam duogc trong mdt ngay dugc cho nhu sau:

18 26 39 12 54 27 46 25 19 8 36 22
20 19 17 44 5 18 23 28 26 34 46 27 16.

Hay chuyén mau so li¢u sang dang ghép nhom véi sdu nhom céd dd dai bang nhau.
Loi giai
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Gi4 tri nho nhét 1a: 5
Gi4 tri 16n nhét 1a 54
Do d6 khoang bién thién 1a 54 - 5 =49

D¢ chia thanh 6 nhom véi d§ dai bang nhau ta lay di€ém dau mut trai cia nhém dau
tién la 3 va dau mut phai ctia nhém cuoi cung 1a 57 voi do dai moi nhom 1a 9.

Ta duoc mau s6 liéu ghép nhom nhu sau:

S6 san pham | [3;12) | [12;21) | [21;30) | [30;39) | [39;48) | [48;57)
S6 cong nhan | 2 8 8 2 4 1

Bai toan 96 (bai 3.4, trang 67, SGK 11, tap 1, Két ndi tri thirc): Quing dudng
(km) tir nha dén noi 1am viéc ctia 40 cong nhan mot nha may duock ghi lai nhu sau:
53 10 20 25 11 13 7 12 31 19 10 12 17 18 11 32 17 16 2
7978351215 18 3 12 14 2 96 15 157 6 12

a) Ghép nhom day sd liéu trén thanh cac khoang c6 do rong bang nhau, khoang dau
tién la [0; 5). Tim gia tri dai di¢n cho modi nhom.

b) Tinh sb trung binh ctia mau sb liéu khong ghép nhom va mau sé liéu ghép nhom.

Gia tri nao chinh xac hon?

¢) Xac dinh nhom chira mét ctia mau sd liéu ghép nhom thu duoc.

Loi giai

a)
Quang [0;5) | [5;10) | [10;15) | [15;20) | [20;25) | [25;30) | [30;35)
duong (km)
SO0 cong 6 10 11 9 1 1 2
nhan

Gia tri dai 2.5 7.5 12.5 17.5 22.5 27.5 32.5
dién

b)

V6i méu sb liéu khong ghép nhom:
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X=(05+3+10+20+25+11+13+7+12+31+19
+10+12+17+18+11+32+17+16+2+7+9+7
+8+3+5+12+15+18+3+12+14+2+9+6+15

+15+7+6+12):40=11.9

V61 mau s6 liéu ghép nhom:

25x6+4+7.5x10+12.5x11+17.5x9+22.54+27.5+32.5x2

X =

40

=125

S6 trung binh ctia mau so liéu khong ghép nhom chinh xac hon

¢) 11 1a tan s6 16n nhat nén nhoém chira mot 1a [10;15)

~ Bai toan 97 (bai 3.2, trang 46, SBT toan 11, tip 1, Két ndi tri thirc): Thong ké chi
s0 chat luong khong khi (AQI) tai mdt dia diém vao cac ngay trong thang 6/2022 dugc cho

trong bang sau:

Chi s6 [0:50) [50:100) [100:150) [150:200) Trén 200
AQI
S6 ngay 5 11 7 4 3

a) Poc va giai thich mau s liéu ghép nhom.

b) ’Chét lwong khong khi duoc xem 1a t6t néu AQI nho hon 50, la trung binh I}éu AQI
tor 50 dén dudi 100. Trong thang 6/2022 tai dia diém nay c6 bao nhiéu ngay chat lugng

khong khi dudi mure trung binh?

Loi giai

a) Trong thang 6/2022 ¢6 5 ngay chi 6 AQI dudi 50; 11 ngdy chi s6 AQI tir 50 dén
100; 7 ngy chi s0 AQI tir 100 dén dudi 150; 4 ngay chi s6 AQI tir 150 dén dudi 200; 3
ngay chi s6 AQI trén 200.

b) S6 ngay chét lugng khong khi dudi mirc trung binh 1a: 7+4+3=14

Bai toan 98: Can nang cua 28 hoc sinh nam 16p 11 dugc cho nhu sau:

55,4 62,6 54,2 56,8 58,8 59,4 60,7 58 59,5 63,6 61,8 52,3 63,4 57,9

49,7 45,1 56,2 63,2 46,1 49,6 59,1 55,3 55,8 45,5 46,8 54,0 49,2 52,6
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a) Hiy chia mau dir liéu trén thanh 5 nhom, lap bang tan s6 ghép nhom va xéac dinh
gia tri dai dién cho moi1 nhom.

b) Hay udc luong can nang trung binh ctua hoc sinh 16p 11.
Loi giai
a) Khoang bién thién ctia mau sb liéu trén 12 R =63,6—45,1=18,5.

Do dai mdi nhom L>%:18—'5:3,7

Ta chon L =4 va chia dir liéu thanh cac nhém
[45; 49),[49;53) : [53; 57),[57; 61),[61; 65).

Khi d6 ta c6 bang tan sd ghép nhom sau:

Can ning [45;49) [49;53) [53;57) [57;61) [61,65)
Gia trj dai dién 47 51 55 59 63
S6 hoc sinh 4 5 7 7 5

b) Can nang trung binh ciia hoc sinh trong 16p 11 xép xi la:

(47.4+51.5+55.7+59.7 +63.5)
28

= 55.6(kg)

Bai toin 99 (bai 3.7, trang 67, SGK Toan 11, tap 1, KNTT): Phong van mét s0 hoc
sinh khoi 11 vé thoi gian (gi0) ngt cua mot budi toi, thu duge bang so li€u ¢ bén.

a) So sanh thoi gian ngu trung binh ctia cac ban hoc sinh nam va ni.

b) Hay cho biét 75% hoc sinh khéi 11 ngu it nhét bao nhiéu gid?

Thoi gian | Sé hoc sinh | S6 hoc sinh
nam nw
[4; 5) 6 4
[5; 6) 10 8
[6;7) 13 10
[7. 8) 11
[8:9) 8
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Loi giai

a)
Thoi gian Gia tri dai dién S6 hoc sinh nam S6 hoc sinh nit
[4;5) 4.5 6 4
[5:6) 5.5 10 8
[6:7) 6.5 13 10
[7;8) 7.5 9 11
[8;9) 8.5 7 8

Thot gian ngu trung binh cua cac ban nam:

- _45x6+55x10+65x13+7.5x9+85x7 .,
6+10+13+9+7 '

Thot gian ngu trung binh cua céac ban nir:

~ _45x4+55x8+65x10+7.5x11485x8 _
" 4+8+10+11+8 '

6.77 > 6.52. Nhu vay thoi gian ngii trung binh ctia cac ban nit nhiéu hon cac ban nam

b) C& mau n =86

Tt phan vi thir nhét Q, 1a 22 D
U phéan vi thir nhat Q, 1a 5 0 Xy,

X,, déu thuoc nhom [5;6) nén nhom

nay chtra Q, .

Do ddé p=2,a,=5 m,=18 m =10,a,—a, =1 va ta co:

Vay 75% hoc sinh khéi 11 ngt it nhat 5.64 gio.

Bai toan 100 (bai 3.6, trang 67, SGK Toan 11, tap 1, KNTT): Piém thi mén Toan
(thang diém 100, diém dugc lam tron dén 1) cta 60 thi sinh dugc cho trong bang sau:
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Biém 0-9 10-19 20-23 30-38 40-49

56 thi sinh 1 2 4 6 15
Piém 50-59 60 - 69 70-79 80 - 89 90 - 99
S0 thi sinh 12 10 6 3 1

a) Hiéu chinh dé thu duoc mau s liéu ghép nhoém dang Bang 3.2.

b) Tim céc tr phan vi va giai thich y nghia cua ching.

Loi giai
a)

Piém S6 thi sinh
[0;10) 1
[10;20) 2
[20;30) 4
[30;40) 6
[40;50) 15
[50;60) 12
[60;70) 10
[70;80) 6
[80;90) 3
[90;100) 1

b) C& mau n =60

, + \
T phan vi thir nhit Q, 1a % .Do X, X déu thudc nhém [40;50) nén nhom

nay chira Q,
Do d6: p=5a, =40,m, =15,m +m,+m,+m, =1+2+4+6=13,4 , 4a,—a, =10
va ta co:

@—13

Q =40+ 415 x10 = 41.33

Y nghia: C6 25% s6 gi tri nho hon 41.3
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Xy + X \
T phan vi tht hai tic M, 1a % . DO Xy, X, déu thudc nhom [50;60) nén nhom
nay chua M, .
Do d6, p=6;a5=50,m, =12

m+m,+m,+m,+m,=1+2+4+6+15=28

a,—a,=10 vata co:

x10 =51.67

Y nghia: C6 50% s gia tri nhé hon 51.67

5 +X46

X \
TG phan vi tha ba Q,1a 4T Do X5, X, déu thudc nhém [60;70) nén nhém

nay chura Q,
Do d6, p=7;a, =60, m, =10
m +m,+m,+m,+m,+m; =1+2+4+6+15+12=40
a;—a, =10 va ta co:

6O4><3_40
—60+—4 — x10=65
R 0

Y nghia: Co 75% sb gia tri nho hon 65

X30 + X31

Tu phén vi thr hai tec M, 1a R Do X, X,; déu thudc nhom [50;60) nén

nhom nay chira M, .

Do d6, p=6; a;, =50, m; =12 m +m,+m,+m, +m, =1+2+4+6+15=28

60x3

—40
a,—a, =10 vataco: Q, :60+4Tx10=65
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Y nghia: C6 75% s gi tri nho hon 65

Bai toan 101 : Do bdo hoa oxy trong mau (hay chi sd Sp0, ) thé hién ti 16 hemoglobin

c6 oxygen trén tong luo’ng hemoglobin trong mau. Chi s6 SpO, (donvidola %) tir 97 —99

1a oxygen trong mau t6t, 94— 96 1a oxygen trong mau trung binh, 90 —93 la oxygen trong
mau thap, duéi 90 la truong hop céap ctru trén 1am sang (Theo: Vinmec.com). Do chi so
SpO, cua mot sd bénh nhan Covid-19 nguoi ta thu dugc két qua sau:

X =

SpO, (%) 90-93 94-96 97-99

So bénh nhin 12 31 7

a) Cho biét cac nhom s lidu va tan sb tuong tng.
b) Tinh sd trung binh, trung vi va giai thich ¥ nghia cua cac gia tri thu duoc.
Loi giai
a) C6 3 nhom s6 liéu gdbm 90-93, 94 -96, 97 —99 véi tan sb twong tng 1a 12,31,7

b) Trudc hét, ta hiéu chinh cac nhom s6 liéu va thu dugc bang thong ké sau:

SpO, (%) [89.5:93.5) [93,5:96.5) [96.5:99.5)

So bénh nhin 12 31 7

Céc gia tri dai dién cho cac nhom so li€u twong tng la

89.5+93.5 915 93.5-;96.5 _95: 96.542-99.5 93

Co mau N=12+31+7=50. Do do s6 trung binh la:

5—10(12.91,5+31.95+7.98) =94,58.

n
Do do E =25 gia tri nho hon trung vi nén trung vi thuéc nhom [93,5;96,5)-

Taco a, =935 a,,=96,5 m +..+ m _, =12, m =31.

25-12
Do d6 trung vila M, =93,5+ T?) ~ 94,76
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Nhu vy, chi s6 SpO, trung binh ctia 50 bénh nhan 1a 95,58; c6 25 bénh nhan c6 chi
s6 SpO, nhé hon 94,76 va 25 bénh nhan c6 chi s6 SpO, 16n hon 94,76.

Bai toan 102 (Pé cwong 6n tip cudi ki I moén Toan, 2024-2025, truong THPT
Hoang Vian Thy, Ha N¢i). Khao sat tong thoi gian truy cap Internet moi toi (don vi: phit)
cua mdt s6 hoc sinh thu dugc mau s6 liéu ghép nhém sau:

Thoi gian [0;30) | [30;60) [60;90) [90;120) | [120;150) | [150;180)
S6 hoc sinh 11 25 36 15 8 5

1) Tim mau trung binh ctia mau s6 liéu trén
2) Tim mbt cia mau sb liéu trén

3) Tim s trung vi cia mau s liéu trén

4) Tim céc tir phan vi cia mau s liéu trén.

Loi giai
Thoi gian | [0;30) | [30;60) [60;90) [90;120) | [120;150) | [150;180)
S6 hoc sinh 11 25 36 15 8 5

1. Mau trung binh ctia miu s6 liéu trén:
Co mau: n=100

vl 15.11+45.25+75.36 +105.15+135.8+165.5 207

12

2. Nhém [60;90) ¢ s0 hoc sinh 16n nhat (tan s6 1a 36).

Taco: j=3, a,=60, m, =36, m, =25, m, =15, h=230.

Do do: M, =60+ 36-25 .30=70,3125
(36 —25)+(36-15)

S6 hoc sinh s dung 70,3125 thoi gian Internet 1a nhiéu nhét.
3. Tim s trung vi:

Goi1 X,,..., X 1a thot gian vao internet cua 100 hoc sinh va gia st day nay duoc sap

XSO + X51

2

xép tang dan. Khi do, trung vi 1a . Do 2 gid tri Xg,, X5, thudc nhoém [60;90) nén
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nhom nay chua trung vi. Do dé P=3; a,=60; m,=36; m +m, =36; a, —a, =30 nénta
co:

100 g0

M, =60+—2— .30~ 71,67
36

4. Tim cac ti phan vi:

X5 + X
%.DO Xos
chita Q. Dodd pP=2; a,=30; m, =25, m =11, a,—a, =30.

T phan vi tha nhat Q, 1a X, thudc nhom [30;60) nén nhém nay

100_,

Q =30+—2—30-768

X75+X76
2
chira Q,. Do dé p=4; a,90; m, =15, m +m,+m, =72; a, —a, =30:

Vo1t phan vi thorba Q, 1a .Do X, X, déu thudc [90;120) nén nhom nay

00_,,

—90+—2 _30=146
R 15

Bai toan 103 (Pé cwong on tap cudi ki I mén Toan, 2024-2025, truong THPT
Hoang Van Thy, Ha N¢i): Khao sat thoi gian tap thé dyc trong ngay cua mot s hoc sinh
khoi 11 thu duge mau so li¢u ghép nhom sau:

Thoi gian [0;20) [20;40) [40;60) [60;80) [80;100)
(phiit)
S6 hoc sinh 5 9 12 10 6

Mau s6 liéu ghép nhom nay c6 s6 mét la
Loi giai

Vi d9 dai ctia cac nhom 1a bang nhau va tan s6 16n nhat ctia mau s6 lidu 1a 12 nén
nhom chira mot la nhom [40;60) . Do do, mau s6 li€u ghép nhom nay c6 1 mot.

Bai toan 104 (Pé cwong 6n thi HKI mon Toan, 2024 — 2025, trweong THPT
Hoang Van Thu, Ha N¢i) Tu6i tho (nam) cua 50 binh ac quy 6 t6 dugc cho nhu sau:
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Tudi tho (ndm) | [2:2.5) [2.5:3) [3:3.5) [3.5:4) [4:4.5) | [4.5:5)
Tan sb 4 9 14 11 7 5

Tinh tudi tho trung binh ctia 50 binh ic quy 6 t6 nay:
- % =2,25, %, =2,75, x, =3,25, X, =3,75, X; =4,25, X, =4,75
- n=>50.

4.2,25+9.2,75+14.3,25+11.3,75+7.4,25+5.4,75
50

X =

=348

Vay, tuoi tho trung binh ciia 50 binh ic quy 6 to nay 1a 3,48 nim.

Bai toan 105 (Pé cwong 6n thi HKI mén Todn, 2024 - 2025, truong THPT Hoang
Van Thy, Ha N@i): Khao sat thoi gian tap thé duc trong ngay cua mdt s6 hoc sinh khoi 11
thu dugc mau s6 liéu ghép nhém nhu sau:

Thoi gian [0;20) | [20; 40) | [40; 60) [60; 80) [80; 100)
(phut)
S6 hoc sinh 5 9 12 10 6

Nhom chira mot ciia mau so liéu nay la:
Loi giai
Mot cua mau s6 1iéu ghép nhom 1a gia tri ¢6 tan s 16n nhat. Trong trudong hop nay,
ta can tim nhom c6 s6 hoc sinh nhiéu nhat.

« Nhdm [0;20) c6 5 hoc sinh.

« Nhom [20;40) ¢6 9 hoc sinh.
« Nhom [40;60) c6 12 hoc sinh.
« Nhdm [60;80) c6 10 hoc sinh.
« Nhdm [80;100) c6 6 hoc sinh.

Nh6m [40;60) c6 s hoc sinh nhiéu nhét (12 hoc sinh). Vay, nhém chira mét cia

mau s liéu nay 1a [40;60)
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CHUYEN PE MO RONG: VE PEP CUA DAY FIBONACCI
I. DAY FIBONACCI
1. So lwrge vé nha toan hoc Leonard de Pise.
Leonard de Pise (1180-1250), thuong dugc biét dén dudi cai tén Fibonacci la con
mot nha budn ¢ Pise. Do Ong tiép xuc voi tinh toan roi dan dan ong say meé toan hoc. Ong

hoc toan v&1 mét thay giao ngudi A Rap va di chu du qua Ai Céap, Syrie, Hy Lap, Sicile.
Cang di, 6ng cang nhan thic dugc tinh uwu viét ctia cach tinh toan cua ngudi A Rép.

Hinh 52. Nha toan hoc Fibonacci

Niam 1202, sau khi vé qué 6ng viét cudn “Liber abaci” (Sach day sir dung ban tinh).
Mé dau cudn sach, ong cho rang s6 hoc va hinh hoc lién quan chit ché véi nhau va hd tro
nhau, nhung trong Liber abaci chu yéu la 6ng dé cap to1 s6 hoc.

Liber abaci chia lam 15 chuong, nhung ngay tir nhitng trang dau ctia cudn sach, ong
noi nhiéu vé 9 ky hiéu An Do dung trong phép dém va c6 néi dén ky hiéu so khong xuat

phat tir chir Zephirum dang La Tinh ctia chir A Rap Sift.

Fibonacci nghién ciru vé phan s6 nhung khong hé da dong gi dén phan sé thap phan.
Ong néu nhiéu tmg dung sé hoc trong budn ban.
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Hinh 53

Trong cac chuong 8, 9, 10, 11 dng c6 dé cap dén giai tich bat dinh bac nhat. Trong
nhirng chuong cudi 6ng noi1 dén phuong trinh bac hai va cach giai theo Al Khwarizmi.

Nhung trong Liber abaci, bai todn gay nhi€u cha y cho céc thé hé toan hoc 1a bai toan
sau: “Héi ta s€ c6 bao nhi€u cap tho cudi nam néu ta bat dau bang mot cdp va moi cap moi
thang cho mdgt cdp mdi, va cdp mdi nay sau 2 thang lai bat dau sinh san?”.

Cau d6 méi ddu xem ra don gian, nhung cang di sdu vao bai toan cac nha Toan hoc
cua thoi éy va ctia nhiéu thé hé sau phat hién ra rat nhiéu tinh chat tha vi cua day s6 duoc
suy ra tir bai toan ay — ddy sb Fibonacci. Tham chi nguoi ta con thay ddy s nay xuat hién
trong thé giGi tu nhién va c6 lién hé dén con sé vang ma chiing ta d3 xem xét & cac phan
trén.

2. Day Fibonacci:

Bai toan gia st véi nhitng diéu kién sau:

1. Bat dau v6i mot tho duc va tho cai vira chao doi.

2. Tho dat t6i tudi thuan thuc sinh san sau mét thang.

3. Thoi gian mang thai tho 1a mot thang.

4. Sau khi thuan thyc sinh san, tho cai dé déu mdi thang.
5. Mot tho cai sinh ra mot tho duc va mot tho cai.

6. Khong c6 tho chét.
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T gia thiét suy ra rang, tir cap tho so sinh sau hai thang s& c6 hai cip tho. Sau ba thang,
cap tha nhat sinh ra mot cap nixa, va ta c6 ba cip. Thang tiép theo, cap tha hai ciing sinh
ra cap mai, va ta ¢ 5 cap tho.

| 7\ £ N | 2\
o W% v WY WY © RY
Hinh 54

Goi F,1a s6 cip tho & cudi clia thang thir n. S6 cip thd & cudi thang thir (n + 2) tirc
la u_,phai thoa phuong trinh sau:

U,., = U+ socip thé con méi dé ra trong thang thir (n + 2).

n+2
MG&i cdp tho c6 it nhét hai thang tudi médi c6 thé sinh dé trong thang th (n + 2). Nhu
vay trong thang nay c6 Fn cdp tho con méi dé. Do do ta ¢ h¢ thirc qui nap sau day:

u=u=3u,=u,+u,n==123..(3)

n+1 n >’

Bai to4n ndi tiéng nay dan dén mot day goi 1a day Fibonacci 1, 1, 2, 3, 5, 8, 13,...v6i

U, =U,; +U,> D3y ndy c6 nhiéu tinh chat, vi du:

a. u va u,_,languyén té cling nhau;

b, Iim{ Uy J:‘/g—_l

n—o un—l 2

C. U, U =u’+(-D" vsin=>2.

n+1"~n-1
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1. VE PEP CUA DAY FIBONACCI

1. Day Fibonacci trong tw nhién:

Day Fibonacci lién quan mat thiét voi nhi€u van dé cua Toan hoc, vat i, hoi hoa, Am
nhac, tham chi ching con xuat hién trong ca tu nhién.

Ban da bao gio thuc sy danh thoi gian ngdi dém so canh cua cac loai hoa? C¢ 1€ 1a

chua. Nhung néu c6 thoi gian, ban s& nhan thdy mot diéu kha tha vi rang: “ sd luong canh
hoa trén mot bong hoa luén 1a mét trong cac so6 thudc day so6 Fibonacci”.

+ Hoa mot canh:

+ Hoa hai canh:

+ Hoa ba canh:

+ Hoa 5 canh:
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Tam canh: Hoa phi yén.

13 canh hoa: Hoa cuc vang, Cuc van tho.

Mot s loai hoa c6 sd lugng canh hoa ludén 1a mat s6 cb dinh, chéng han Hoa mao
Luong. Tuy nhién, ciing c6 nhitng loai hoa c6 s6 lwong canh hoa thay d6i. Tuy nhién, theo
nhitng nha khoa hoc, nhitng con sé nay luén giao dong quanh mot mde trung binh 1a mot
s6 thubc day Fibonacci.

Day la s6 Fibonacci cua nhiing dudng xoan dc. Duong nhu su sap xép nay giup cho
ciu tric dugc thdng nhat voi nhau, khong anh huong dén vi tri cua phan trung tam. Chang
han nhu trong anh theo thur ty hat bd coéng anh, méng vubt cia mot con meo; song bién;
mong vudt chd, s6i va méo, su ti; hoa huong duong; thién ha xodan dc; cAu tric DNA:. ..

2. Fibonacci va ty 1€ vang:
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Hinh 55. Day Fibonacci va #ng dung

Ti 1& vang, con sb vang hay ti 18 than thanh 1a mot phat minh rat quan trong va da co
tur lau doi. Hai dai luong duoc goi la co ty 1¢ vang néu ty s giita tong cta cac dai luong d6
v6i dai lugng 16n hon bang ty so gitta dai luong 16n hon véi dai lwong nhé hon. Ti 16 vang
duoge ky hiéu bang ky tu (doc 1a phi) va bang 1,618033... (chinh x4c 13 cin bac hai cta 5
cong 1 roi chia d6i), hodc nghich dao ciia n6 (1 chia cho 1,618033), d6 1a mot sd vo ty, tirc
1a phan sau du phay kéo dai mai khong dut.

Ti 1¢ vang dugc phat minh ra tir khi nao thi khong ai biét chinh xéc, chi biét rang né
d3 ton tai cach ddy hang ngan nim va tng dung clia né vo cung rong 1on. Cac kién trac
kinh dién nhu dén tho Parthenon; kim thw thap Cheops hay khudén mit nang Mona Lisa
cling dugc ve€ theo ti I¢ vang...

Ti 1 vang dugc dién ta theo mot hinh chir nhat vang.

Mot diéu 1y tha va bat ngd 1a ty sb giita hai so lién tiép nhau ciia day Fibonacci ngay
cang tién dén s ty 16 vang 13 va s nghich dao cta nd 13 0.618 (1 chia cho 1.618). Cac ty
s6 do 1a: 1/1, 1/2, 2/3, 3/5, 5/8, 8/13, 13/21, 21/34, 34/55, 55/89, 89/144, cang ngay cang
tién vé ti 18 vang.

Nguoi ta cho rang mot ngudi phy nit ¢6 dang dep 1y tuong 1a ngudi co ty 18 s6 do cac
vong (vong 1, 2, 3) la ty I¢ vang.

* Fibonacci trong hoi hoa:

Birc tranh nang Mona Lisa 1a birc tranh bi an nhat, gay tranh cai nhiéu nhét ciia danh
hoa Leonardo da Vinci. Tir b tranh, ta c¢6 thé thay khudn mat nang Mona Lisa nam gon
trong mot hinh chit nhat vang va cau triic phan con lai ctia bire tranh ciing c4u tric theo mot
vong xoan dc vang.
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Hinh 56
* Fibonacci trong xay dung:
Nhin vao hinh ta d& dang nhén ra cac ti 1é vang xoay xung quanh mét hinh xoan ¢

vang tudng tugng. Co 1€, chinh nho su thiét ké nay, dién Parthénon moi dat dugc sy hai hoa
can doi, va trd thanh cong trinh kién trac c6 mot khong hai ctia Hy Lap.

Hinh 57

Tinh can d6i ciia thap riia co duoc mot phan do thiét ké theo ti 1¢ vang. Nho d6, thap
rua tr¢ thanh mdt trong nhirng bi€u tugng noi tiéng cia HO Guom, cua Ha N§i, cia Viét
Nam.

Hinh 58
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* Day Fibonacci trong thién nhién:

Trong vil try,co rat nhiéu thién ha hay co bao xoan 6c theo dung “xoan 6c Fibonacci”.

Hinh 59 Hinh 60
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KET LUAN

Qua qua trinh nghién ctru va thyce hién cac chuyén dé toan thyc té, chung ta da thay
dugc tAm quan trong cua toan hoc trong viéc giai quyét cac van de cu thé ciia cudc sbng.
Cac bai toan thuc té khong chi gitp hoc sinh ¢6 cai nhin ré hon vé ung dung cua mon hoc
ma con phat trién cac k¥ ning can thiét nhu tu duy logic, kha nang giai quyét van dé, va
kha nang phén tich dir liéu. Dy an nay da gop phan lam r0 moéi lién h¢ gitra 1y thuyet va
thuc tién, tir d6 gitip hoc sinh cam nhan dugc sy can thiét cua toan hoc trong doi song hang
ngay. Viéc két hop giita kién thirc 1y thuyét va thyc hanh trong cac chuyén dé Toan thuc té
s& tiép tuc 1a mot hudng di quan trong trong gido duc toan hoc, mang lai loi ich 1au dai cho
hoc sinh trong viéc phat trién tu duy va kha ning tng dung kién thic vao thyc tién.
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