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} Chudng I. Day sb

§1. Cac phuong phap tim gidi han day sb

» G- /(Vjag/&z J&t 77 éu



1) Xac dinh CTTQ

> Vidu 1

Cho day s6 (u,) dugc xac dinh bdi
up € (—1;1)
1+ u,

2
Dt v, = 4"(1 — u,,). Chitng minh réng day (b,) c¢6 giéi han hitu han va tim giéi han do6.

Vn € N.

Up+1 =

[ @z(/mm Do ug € (—1;1), nén ton tai ¢ € (0;7) sao cho ug = cos ¢. Bang quy nap ta chiing

minh dugce
)
Uy, =cos | — | .
2n
Suy ra
_AMn ¢ _ 2n : .2 ¢
v, =4 <1—cos(2—n =2-2"".¢in i1 |
: 2
St dung lim ST _ 1 ta c6 limv,, = ¢—
z—0 X 2

< Vidu 2

. 1
Cho day s6 (a,) xac dinh béi a; = 5 va

\/a2+i+a
n 4TL n

Chitng minh rang day (a,) hoi tu va tim giéi han lir+n .
n—-+0o0o

1

an+1:§ ,n:1,2,....

véi n > 1. Tu do, ta co

, N . 1
[ @1(71@1 Bang quy nap, ta chiing minh duge: a, = on cot s
2

lima, = —.
s
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§1. Cac phuong phap tim gidi han day so6

2) Si&t dung nguyén li Weierstrass

© Néu day (u,) ting va bi chin trén thi day (u,) c6 giéi han hitu han.

& Néu day (u,) gidm va bi chan duéi thi day (u,) c6 gidi han hitu han.

> Vi du 3
Cho day s6 (a,) xac dinh bdi :

a1:a2:1

an—1
Ap+1 = Ap + m
Chitng minh rang day (u,) hoi tu.
[} 4@%[(&. Ta c6
Qn—1
py1 = Qp + —n(n 1)

< ap, (1 + ;)

n(n+1)

1 1

- (1 "l = 1>) (1 T 1>n)

1 1 1
1+ — ) (1+—)--(1
aQ( +23)( +3.4> ( +n(n+1)>
7N G RN iy GRS RN § R ’
a R R
_ 2 2.3 3.4 n(n+1)
o n
/ + TN A
n _— — — —_— — — —_— —
_ 4 n—1 n
n
(143)
<|{1+-—
n
Lai ¢6
1—'_1 n:C2+l~n i'n(n—l) i n(n—l)(n—Z)...Ql
n n 11 n? 21 nn n!
5 1 1 1
< +i+§+ +—|
cir(1elelo g
2 22 27’L—1
1—1/2n
1
LY
1
3—2n_1<3
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Chuong 1. D3y sb

> Vi du 4

Cho day s6 (z,,) thoa :

ZZ():?)
xiH —3Tp1 = Vo, +2, VneN.

Chiing minh rang day so6 trén c6 gidi han hitu han, tinh giéi han do.

[ o{oz(/mm Ta ching minh day (x,) gidm nghiém ngat bing quy nap. Dé dang kiém tra dugc
To < I71.
Gia st 41 < Tp,Vn € N* ta c¢b :

\Tpt1 +2<Vr,+2= xi+2 — 3Tpgo < :L‘?H_l — 3Tpt1 = Tpao < Tyt
Chu ¥ tinh dong bién ctia ham f(z) = 23 — 3z. Theo nguyén li quy nap ta c6 (z,) gidm nghiéem
ngat.
Ta ciing sé chitng minh bing quy nap rang z, > 2,Vn € N, hién nhién zo = 3 > 2, ta gid st
T, > 2.
Khi do

xiﬂ —3Tpt1 22 T > 2,

nhu vay theo nguyén li quy nap ta c¢6 x,, > 2,Vn € N. Ta ¢6 day (z,) bi chin dudi va giam nghiém
ngit nén né cé giéi han hitu han I, chuyén qua giéi han :

B-3l=vVI+2

4 4
Phuong trinh nay cho nghiém [ € {2; 2 cos 77r; 2 cos %}

Ma [ > 2 ta dugc [ = 2. Nhu vay limz,, = 2.

$> Vidu b VMO 2011
Cho day (x,) xac dinh bdéi

n—1
2n
r=lLr,=——> Ti,n > 2.
(n—1) ;
Dat y, = Tpy1 — Ty,n = 1,2,3.... Chiitng minh ring day (z,) c6 giéi han hitu han khi
n — +00.
()} ‘@2('7[(2’[, Ta co
(n—1)°
T+ Lo+ -+ Ty = ———Ip
2n
n2
1+ Lo+ +x, = mxnﬂ
Suy ra
n? (n—1)2 (n*+1)(n+1)
n — n — Ty = Iy - n
v 2(n + 1):70 i om Tt n3 *
Do do
n?4+n+1
Yn = Tn41 — Tp = Txn
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§1. Cac phuong phap tim gidi han day so6

Ta ¢6 :
(n+1)2*+(n+1)+1 n?+n+1
Yn+1 — Yn = (n+1)3 Tntl = =5 Tn
([ +3n+3 (n+1)(n*+1) n’+n+1
‘( (17 n W )“
22,
B CES A

T d6 (y,) 1a day tang. Bai todn sé hoan tat néu ta chi ra dugce (y,) bi chan trén. That vay, ta c6 :
P+ @+1)

Tpt+1 = n3 n
1 1 1
“\Uta et

1

==

1- =
n

- 1

T n

1- =
n

n

n—1

T do :
<n—1 <n—1 n—2 - <n—1 n—2 2 4( 1)
xn xni .—xni “ .. ———— s =y = n — .
n— 2 TS -2 n—3 2 n—2 n—3 172
Kéo theo:
2 1 4(n—1) (n? 1 4(n3—1
yn=%~xn< (n )(n3+n+ ) _ (n3 ) 4
n n n

Nhu vay (y,) bi chin trén bdi 4 . Bai toan hoan toan duge gidi quyét.

> Vidu 6 VMO 2020

P 1
Cho day s6 thuc (z,,) c6 71 € (0, 5) VA Tpp = 372 — 2nad v6i moi n > 1.
@ Chtng minh limz,, = 0.

@ V6i mdi n > 1 dit y, = vy + 225 + - - - + nx,. Chiing minh ring day (y,) c¢6 giéi han
httu han.

[} Lot giad.

@ Ta sé ching minh
1

Ty Vn > 2. (1)

o<z, <
bang quy nap. That vay, ta co
Ty = 3x7 — 217,

. 1
Xét ham s6 f(x) = 322 — 223 trén {O, 5] , ta co
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Chuong 1. D3y sb

0= 10 < s <f(3) =3

1
hay0<x2<§.
GléSﬁ’O<$n<mV61n22

1 1
Xét g(af;) = 33;‘2 _2TL:C3 trén [O,m}, taco 0 <z < m < g

6x(1 —nx) >0, suy ra

0=g(0) <g(z) <yg (ﬁ)

1 1 1 2n — 3 (n—2)(2n* —4n +1)
(5 3) ="

m n—1) 2n 4n—1)3 dn(n — 1)3 =

1 1
v6i moi n > 2 nén ta suy ra 0 < g (z,,) < Dy hay 0 < z,41 < o
n n

Theo nguyén li quy nap, ta c6 0 < z,, < v6i moi n > 2. Tu d6, cho n — 400, ap

2(n—1)
dung nguyén li kep ta c¢6 ngay limx,, = 0.

(2) Tit cau trén, ta thay

2n

3— 2w, >3- — 00—
e 2(n — 1)

>0, Vn > 2,

nén theo bat dang thitc AM - GM, ta c6

véi moi n > 2. Vi (n — 1)* — 3(n + 1)3 1a mot da thiic bac 4 theo bién n nén ton tai s tu
nhién m > 2 da 16n dé (n — 1)* > 3(n + 1) v6i moi n > m. Lic nay, v6i méi n > m, ta cé
3 1

=17 "t 1)

nT, + nx, +3 — 2x, 3 1
n 2 n2

2 (3 —2nz,) = ni (na,)” (3 — 2nay,) < s (

Tt < 3:15,% <

Tu do ta co

y <;(xk)+(m+1)2+(m+2)2+ +—

v6i moi m > m. Tuy nhién

1 1 1 1 1 1
mr1E T mr2e TSR TRt T
<1+L+L+... 1
1-2 2.3 n-(n+1)
() ey
2 2 3 n n+1
- _n+1<2

neén ta c6 y, < > o (krg) + 2 véi moi n > m, tic la (y,) bi chin trén.
Mat khéc, dé thay (y,) la day tang ngat nén theo dinh ly Weierstrass, ta c6 (y,,) hoi tu.
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§1. Cac phuong phap tim gidi han day so6

> Vidu 7

Cho day (z,) dugc xac dinh béi
Ty = —2
1— T —4z, meN

2
Dat u, = (1+22) - (1 +22)--- (1 + 22). Chiing minh ring day (u,) c6 giéi han hitu han.

Tpy1 =

[ D@zcﬁzm Bing quy nap, ta chiing minh dugc

2
—— < x,<0Vn>2.
n

© V6in =2, taco

2
Zy=—1=—=.
n

2 -
& Gia st xy, € (_E;O> Vk=1,2,...,n, khi d6 dé thay x,,; <0 va

8
1— /14—
_ V. n

Tpy1 > 9

Ta chiing minh

8
1—4/14=
#n >—"en—Vn2+8n>—4e (n+4)?>n*+8n <16 >0,
n
diéu nay luon dang.

T do, suy ra

4

xi <= Vn > 2.

n

AP dung bat ding thrc

In(l+2z) <z Ve> -1,
ta co

Inw, = iln(l +27) < imf < x%i%
i=0 =0 i=1

> Vidu 8 [RUVIONILE;

) 1 o
Xét day so (a,) thdéa man a; = o1 Opy1 = 31 —a, va 0 <a, <1, véi moi n > 1.
(1) Ching minh ring day (a,) xdc dinh duy nhat va c6 giéi han hitu han.

(2) Cho day s6 (b,) xac dinh béi b, = (14 2a1) (14 2%as) -+ (1 +2"a,,) v6i moi n > 1.
Chitng minh rang day (b,) c6 gi6i han hitu han.

[ l@z(fﬂzf(ézf.
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Chuong 1. D3y sb

(1) Viét lai biéu thic api1 = ¥/3ani1 — a, dudi dang

Qp = 3Ap11 —ai+1, n=12 ...
Xét ham s6 f(x) = 3z — 3. Khi do, ta c6

fl(z)=3-32> >0V xe€l0;1].
Diéu nay suy ra ham f dong bién trén [0;1]. Vi vay, ti

w =5 € [F0): FO)] = [0:2

suy ra ay 1a nghiém duy nhat ctia phuong trinh a; = 3z — 2® tren [0, 1].
Tiép tuc qua trinh trén ta nhan duge day (a,), trong d6 a, 14 nghiem duy nhat ctia phuong
trinh a,_; = 3z — 23 trén [0;1] véin=1,2,....
Vay day (a,) x4c dinh duy nhat. Mt khéc, ta c6

Ay — py1 = 20511 — aiﬂ > Opt1 — aiﬂ = Qn+1 (1 - aiﬂ) >0
v6lmoin=1,2,....
Vi vay (a,) day gidm va bi chan duéi. Do do, (a,) la day hoi tu (c6 giéi han hitu han).

- . by o
(2) D@ thay bH =1+2""q,; > 1 v6i moi n nén (b,) 1a day tang.

R 9 n—1
Ta sé chimg minh bang quy nap a, < <5> voi moi n.

1 .
That vay, n =1 thi a; = 3 < 1. Gia thiet quy nap dung véi n = k, tic la

9\ k1
ap < (5>
Ta c6 a.,; 1a nghiém duy nhat ctia phuong trinh

ap = 3z — x* tréen [0; 1].

()= - () s

Tt f dong bién suy ra
o\ k
Q1 < (g) .

9 n—1
Ta nhan dudc a,, < (5) y6imoin =1,2,.... Taco

Ta thay rang

Inb, =In(1+2a;) (1 +2%s) - (1 +2"a,)
:ln(1+2a1)+ln(1+22a2) 4o+ 1In (1 + 2%ay)
§2a1+22a2—|—---+2”an

1+-(§).+...+»(§)”1

v6i moi n. Suy ra b, < e véi moi n.
Vay day (b,) bi chan trén nén né hoi tu (cé giéi han hitu han).

<2 < 10.

Cach 2:

1 .
@ Dat p = 3arcsin T Bang quy nap, ta sé chiing minh a,, = 2sin 3% véi moi n nguyén duong.

Hién nhién khéng dinh dang v6i n = 1. Gia st khéng dinh dang dén n = k, tit cong thic xéc
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§1. Cac phuong phap tim gidi han day so6

dinh day s6, ta c6 axry = V/3agy1 — ag, hay

3
a1 — Apyq = ay.

N .z ™ . N . ~
Do agy1 € [0,1] nén ton tai s thuc a € [O, 5} sao cho ap1 = 2sin . Tt dang thic trén, ta

cO
sin 3a = sin 3%
Suy ra 3a = %, hay o = kT Nhu vay, ta c6 a1 = sin Erong ttic khing dinh cting ding

v6i n = k + 1. Theo nguyén 1y quy nap, ta cé khang dinh ding v6i moi n nguyén duong. Tit
két qua tren, ta suy ra day (a,) dugc xac dinh duy nhat. Ngoai ra lim a,, = lim 2 sin = 0.

(2) Theo cau 1), ta c6

b, — <1+22s1n§) (1+238m3_902> <1+2”+lsin3£n>.

Dé thay (b,) 1a day tang. Ngoai sit, dung cac bat dang thitc quen thudc 14+2 < e vasinr <

ta co
b, < 822sin§+23sm§%+-..+2n+1sin§‘%
va
2 n
22sin = +2%sin = 4+ -+ 2" sin = <20 | S+ () +-- 4 2 < 4.
3 32 3 S 1373 3 7

Suy ra b, < €' v6i moi n nguyén duong. Day (b,) tang va bi chan trén nén c6 giéi han hitu
han.

3) Day 56 dang Tpt+1 = f(xn)

Cho day s6 xac dinh theo cong thitc 1 = f (z,),n=1,2,3...
& Néu ,, € [a;b],Vn va f 1a ham tang trén [a;b] thi day (z,) don di¢u ( ting hay
gidm tuy vao x; < xy hay 1 > z3)
© Néu z,, € [a;b],Vn va f 1a ham gidm tren [a;b] thi cac day con (z2,), (Tans1) 12
cac day don dieu ( Ngugce chiéu nhau).
& Néu z,, € [a;b],Vn va f ¢6 dao ham trén (a;b), khi d6 day (u,) 6 giéi han hiu
han ¢ v6i £ 1a nghiém trén [a; b] ctia phuong trinh f(¢) = ¢.

& Vidu9 [RGVONIIE;

Cho day (a,) dugc xac dinh béi a; = 1 va
an + 2

2an

Vn > 1.

An4+1 = 3 —

Chitng minh rang day (a,) c¢6 giéi han hitu han va tim gidi han do.

T+ 2

N Joi gidi. Xét ham so f () =3 —

vl x € (1;2), ta co

2&:

7 (@) = (:1:+2)in2—1

Suy ra f 1a ham dong bién trén (1;2) va

>0, Vo e (1;2).

1<g:f(1)<f(x)<f(2):2Vx€(1;2).
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Chuong 1. D3y sb

3
Ta ¢6 ay = 5 € (1;2) va ag > aq, suy ra day (a,) la day tang va a, € (1;2) Vn > 2. Nén day (a,)

hoi tu. Dat lima,, = z, = € [1;2] thi x la nghiém ctia phuong trinh

2 2
r=3- e T2 5
2% 2%
) 2
Xéthémség(z):qugc; -3, x €[1;2] ta co
22 +1-— 2)In2
g @)= TIIZEEDNT g

2z
Ham s6 h(z) =2 -z —1, z € [1;2] c6

W(z) =22 -1>0 €[1;2]

h(z)>h(1)=0=2"+1>2+2Vre[l;2].
MaIn2 < 1 nén
24+ 1>2+2> (x+2)In2 Vo € [1;2]
hay ¢’ (z) > 0 Vo € [1;2].
Suy ra phuong trinh A (z) = 0 ¢6 duy nhat nghiém = = 2 trén [1;2].
Vay lima,, = 2.

10

$> Vi du 10

Cho (z,) xéc dinh béi

2 + 4w, + 1
2 +x,+1
Chtng minh (x,,) ¢6 gdi han hitu han va tinh giéi han d6.

I = 1,In+1 =

[ @I(/CIM Dé thay z,, > 0,Vn, va

P (o= D" e 1,2, v
xn - - - = - 5 . - xn ; Y n.
A 22 +x, +1 22 +x, +1
244 1
Xét f(x) = %;x € [1;2], ta co
3(1—2?%
F@) = a0V 12 (@) =0 =1

nén ham s6 nghich bién trén [1;2].
Ta thay x; < x3 nén (r2,41) tdng va bi chan trén bdéi 2, con (za,) gidm va bi

chan dudi béi 1. Do

do6 ching c6 giéi han hitu han. Gia sit lim xo, = a,limzo,.1 = b;a,b € [1;2] ; ta c6 hé

{a_f(b)é(a_b) {1_( 3(ab — 1) 4

b= f(a) a>+a+1)0?+b+1)
a=1>b

Do

a, be[l; 2] =3(ab—1) <9< (a®>+a+1) (B> +b+1)
nen (2) & a = b= 1( loai).
Do (xg9,41) tang nghiém ngat va x; =1 =5 > 1)

(®+a+1)(BP+b+1)=3(a—1) (2)
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§1. Cac phuong phap tim gidi han day so6

Vay
P2+4at+1
P R e i e SN S VR
2 4+t+1

Tu day tim duge lim x,, = 2 cos g

¢ Vi du 11
2 V3

Cho day s6 (uy) xdc dinh b6i uy = 15 tp 41 = — + —, n > 1. Chiing minh rang day s6 ()
u

n n

khong ¢6 gidi han hitu han.

, , 2
[} z@z(fﬂzf(z’,é. Xét ham 8o f(x) = — + Lg

- xQ,x>0.Tac()un+1:f(un)Véiulzlcé

2 2V3

Miit khéc us = 2+ /3, uz = —8 4+ 5v/3 nén

ug = f(uz) > f(ur) = up

us = f(ug) < f(u2) = us

Béing quy nap ta ching minh duge day {us,} ting va {us,.1} 1a day gidm véi n > 1.

Dodél=uy >us>us> - va2+vV3=uy <ty <ug<--.
Gia stt day (u,) 6 giéi han hitu han va lim u,, = z. Suy ra lim us, = lim ug,,; = z. Theo danh gia

U3<U1<U2${

trén ta co
limug, =2 <1 (vo 1)
vo 1i).
limug,1 =2 > 2+ V3

Vay day (u,) khong c6 giéi han hitu han.

$> Vi du 12

Cho day s6 (z,,) thoa man
r1=0, 29=1
3Tp_1+2
10z, + 22, 1 +2 "
Chitng minh rang day (z,) c6 giéi han hitu han va tim giéi han do6.

Tnt1 = > 2

[ @1(}1(21 Ta ¢6 x,, > 0 Vn va

210w, + 22,1 +2) — (Bzp—1 +2)  20@y, + 25 g + 2 -
102, + 22,1 + 2 10w, 427, 4 +2 7

2— Tpy1 =
Suy ra

0<x, <2Vn.
Ta xét ham hai bién sau trén tap s6 khong am :

3r + 2
M@y =5, Tor 1o
Cé dinh z, lic nay f 1a ham mot bién theo y c¢6 dao ham :
—10(3 2
fr= D
(10y + 2x + 2)?
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Chuong 1. D3y sb

Vay f la ham nghich bién theo y.
C6 dinh y, lac nay f 1a ham mot bién theo x c6 dao ham :
, 30y + 2

= > 0.
fy (10y + 2z + 2)?

Vay f la ham dong bién theo x.

15 co o %
Ta tinh ducc x3:6>x1 va x4:1—7<a:2. T do ta gia su rang :

Topt1 > Top—1 V& Top < Top_o.
Cht ¥ vi f(z,y) thi nghich bién theo y va dong bién theo z nén :
Tonts = [ (Tont1, Tont2) > [ (Ton—1, Tons2) > f (Ton—1, Ton) = Tont1
Tont2 = f (Ton, Tons1) < f (Ton, Ton—1) < f (Ton—2, Ton—1) = Ton
Quy nap xong, ta dugc (xg,.1) ting va (z3,) gidm. C& hai day nay déu bi chin do (*) nén ching
déu hoi ty, gid st ching hoi tu lan lugt vé X,Y . Ta dugc he :

X 3X +4
- 4=10XY +2X%2-Y 1+ +v193
10Y +2X 42 @X:Y:+—(X,Y>0)
_ 3y +4 (X -Y)2(X+Y)—-1)=0 24
10X 4+2Y 42
Vay:
. 1+ v193
lim z,= ———
n—+00 24

&> Vi du 13

Cho (z,) dugc xac dinh béi z; = 1 va

cos2x, cos3x,
2 3

T
Tpy1 = g (COS T, +

Ching minh day (z,) ¢6 gi6i han hitu han.

cos2x  cos3zx

2+3

(e} {gz(/mm Xét ham s6 f (z) = g (cosx + ) ,x€Rco

f(x) = g (sinx + sin 2z 4 sin 3x) .

Ta co
(sin z + sin 2z + sin 3x)* = (2sin 2z cos x + sin 2x)
= 4 (sin 2x cos x + cos x sin x)2 <4 (sin2 27 + cos’ x)
= <§ — (COS2I’— l)2> < %
16 4 !
Suy ra
lf (z)] = U |sin z + sin 22 + sin 3z| < EE _om <1, Vz
8 82 16

Xét ham s6 g (z) = f (z) —x co
/ / . ~ rw ™ w7 V3 o1
g@)=f(r)—1<0VzeR vag(0)=— >0, g<—>——6+§<7+1><0

nén phuong trinh g (x) = 0 ¢6 nghiém duy nhat a € (O; g) Theo dinh 1i Lagarange, ton tai 3 soa

12 > Qi Nauyen Tat Tl



cho

§1. Cac phuong phap tim gidi han day so6

fan) = fla) = f1(B) (zn — )

5
= |J7n+1 _al = |f/(6)| |xn_a| < E|xn_o‘

Ap dung qui nap suy ra

Do lim (57T

» G- /C\/ﬁadz/é}z J&t 77 4u
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0<|zp —al < (1_6> lug — .

n
> =0 suy ra limzx, = a.
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Chuong 1. D3y sb

4) Day sb dang u,.1 = f(n, u,)

Xét ham s6 f(z,y) véiz € Z, y € K. Néu
& f(z,y) nghich bién trén Z theo bién z,

& f(z,y) dong bién trén K theo bién v,

& Ton tai ny € N* dé Uny > Ungt1-
Khi dé, day (u,) la diy gidm ké tit s6 hang ng trd di. Do d6, néu day (u,) bi chin dudi
thi day (u,) c¢6 gi6i han httu han.

> Vidu 14 [RGVORIIE

Cho day s6 thuc (z,,) xac dinh béi :
T = 3
n—+2

3n
Chitng minh rang day s6 c¢6 gidi han hitu han khi n — +oo va tinh giéi han do.

(Tp_1+2) Vn> 2’

Ty —

[ ,@1(71(21 Cach 1: Ta thay x, > 0 Vn € N*.

. 2
Xét ham so f(x,y) = w;ﬂ; (y +2) v6i z, y > 0, khi d6 x,41 = f(n,x,).
Ta co
6 T+ 2
/ = — 2 < 0 ! = > 0
f:r (31’)2(y+ ) ) fy 3

Mat khac

2 10 5 80

I2:§<l’1+2):§, $3:§(l’2+2>:§<$2

Do do6, v6in > 2 va x, > x, thi ta co

Lpt2 = f(n + 17xn+1) < f(nvrn—&—l) < f(?’L, xn) = Tp+1-
Suy ra, day (z,) la day giam va bi chan duéi, nén day (z,) c6 giéi han hitu han. Dat lim z,, = z,
ta c6 z la nghiém cua phuong trinh

1
ng(:c+2):>a::1.

Cach 2: Ro rang ta ¢6 x,, > 0 v6i moi n nguyén duong. (1)
Ta sé chiing minh ké tit s6 hang tht hai, day s6 da cho la giam.
That vay, xét hieu

n+2 2[(n+2) = (n— Dy
n — dn—-1 — n— 2) — n—1 — .
Ty — Tp_1 i (Tp—1+2) — 2y ™
Dé ching minh z,, giam bt dau tit s6 hang thi hai, ta chi can ching minh:
n+2)—(n—1)z,-1 <0 Vn>3. (2)

Ta chiing minh diéu nay bang quy nap toan hoc.
Véin =3, do xo = ) nén bat dang thic

10 )

n+2)—(n—1z,—1=5-— 2.§ =-3< 0 (dang).
2

Gidsttadaco (n+2) — (n—1)z,—1 <0 thi z,_; > n T

n —_
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Khi do :
_n+2
 3n

LT (xnfl +
Suy ra (n + 3) — nx, <O0.

Vay (2) dang dén n + 1.

§1. Cac phuong phap tim gidi han day so6

_n+2>
T n-—1

n+3
—

+2)

Theo nguyén 1y quy nap toan hoc, ta c6 (2) ding v6i moi n > 3.
Nhu vay, (z,,) 1a day s6 gidm ké tit s6 hang thit hai.
Ngoai ra, theo (1), né bi chan dudi bdi 0. Suy ra, ton tai gié han hitu han lim z,, = a.

n+2

Chuyén dang thic z,,

1
(xn—1 + 2) sang gi6i han, ta duge a = g(a +2). T dé suy ra a = 1.
n

Vay day s6 da cho c6 gigi han khi n dan t6i vo ciing va lim z,, = 1.

> Vidu 15 Truong Dong - Vinh 2023

Cho day s6 (uy),cy xac dinh béi

up =up = 1, Upq1 = §U

n n+1
S YA

Vi, +2,n=1,23,...

Chtng minh rang (Un),en €O gi6i han hitu han va tim lim w,,.

, . 1
(2 @z(jzaz Ta ¢6 ham 6 f(z) = ;;—:_ 3
Gid st ugy1 > up véimoi k=1,2,...,n. Khi do
Upt1 = §U/n71 + f(n)

2
= Up,.

T do, suy ra (u,) la day tang.

Hon nita ug, w1, ug <2 vanéuco u, <2Vk=1,2,..

Vi, +2 <1+

1
Up4+1 = FU

2
Suy ra day (u,) la day bi chan.

n n+1
nl 2n+ 3

> lun_g + f(n—1)

N . 1 2
dong bién trén (0;4+00) va ug = 5 + g\/g > .

Up + 2

v\ Up—1 +2

.,n thi
2n + 2

<2
2n + 3

Vi vay, day (u,,) ¢6 gi6i han hitu han. Dat limu,, = x > 1, ta ¢6 = 1a nghiém ctia phuong trinh

1'251’—1-5

$> Vidu 16 VMO 2015

rT+2=x=2.

Cho a 1a s6 thyc khong am va (u,,) 1a day s6 xac dinh boi

Uy =3, Upg1 = §Un +

n
4n?

2

Vuz +3Vn > 1.
P us + n =

(1) V6i a = 0, chitng minh ring diy s6 c6 gi6i han hitu han va tim gisi han do.

(2) V6i moi a € [0;1], chiing minh ring day s6 c6 giéi han hitu han.

[} D@zﬁdoééz. Ta thay u, > 0 Vn € N*.
Ta ching minh u,, < 3 Vn € N*.
Ta thay (1) dang véi n = 1.

» G- /(‘/7%/&1 J&t 77 4u
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Chuong 1. D3y sb

Gia sit (1) dang v6i moi k = 1,2,...,n, khi dé

cop g
Up, — < 3.
- 4n? + a
Do d6 (1) dang.
2
Dit f(n) = e véi a € [0;1], ta cd
(n+1)° n?

f(n+1)_f<n):4(n+1)2+a_4n2+a

__a [(n+1)? — n?]
[(n+1)2+a](4n?+a) —
= f(n+1) > f(n) Vn € N*.

& Néu ton tai ng, sao cho Up,11 > Up,. Khi d6, bang quy nap ta ching minh duge u,q >
u, Yn > ng, hay day (u,) tang tir s6 hang ng tré di. Két hop véi day (u,) bi chin tren ta c6
day (u,) 6 gi6i han hitu han.

& Ngugc lai, khong ton tai ng dé upgq1 > Uy,. Khi d6, day (u,) 1a day gidm va bi chan dudi,
nén day (u,) c6 giéi han hitu han.

5) S& dung bd dé giGi han
B6 dé. Cho k la mot s6 nguyén duong va oy, s, ..., a la cdic s6 thiuc duong cé tong bing 1.
Xét day s6 (uy,) bi chan dudi théa man tinh chat:

Untk < Q1 Uy + QoUpp1 + - + Qplpik—1
vdi moin € N*. Khi dé, day (u,) hoi tu.
Ching minh: Dit A, = max {u,, Upy1, - .., Unsr_1}. Khi d6, dé thay (A,) ciing bi chan duéi va:

Ap > iy + Qolpy1 + - A Qplngk—1 > Ungk (*)
v6i moin =1,2,.... Do vay, ta co
Ap = max {Un, Uni1, .oy Unik—1, Untk )
> max {Un+1, Un42, -+« oy Untk—1, Un+k;}
= An—l—l'

Két qua nay cho thay (A,) la day gidm va bi chin dudi. Va nhu thé, né hoi tu vé mot hiang s6 A
nao do. Theo tinh chét giéi han ctia day s6, v6i mdi € > 0, ton tai mot sé tu nhien ny di 16n dé:

A—e< A, <A+e, VYn2>n, (1)
Ta sé& chitng minh day (u,,) cting hoi tu vé A. T (1), ta suy ra
up, < A, < A+¢e,Vn > nyg.

bat K:max{z_al,...,Q_ak}. Ta chiing minh
a1 ag
U, >A—Ke, Yn>ng+k—1. (2)
Néu u,, > A — e thi bat dang thic (2) hién nhién ding do K > 1. Gid stt ¢c6 s6 n > ng +k — 1 ma
u, < A —e. Khi do, trong cac $6 Upi1, - -, Upik—1 Phai c6 it nhat mot s6 16n hon A — e (do (1)).

Goi $6 d6 1& Upqp,. Khi d6, v6i chi ¥ rang n +m — k > ng, ta ¢

Un4+m—ks - - - Unem—1 < A +e.
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§1. Cac phuong phap tim gidi han day so6

Stt dung cac danh gia nay, ta thu duge
k
Un+m S Z A Un+m—k4i—1 + Apt1—-mUn
i=1,i£k+1—m
< (1 = apy1-m) (A +€) + Qpy1-mln.
T do suy ra
Unt+m — (1 - ak‘+1—m) (A + 5)

Up, >

Ok+1-m
- A—e—(1—agr1-m) (A+e)
Qkt1-m
2 — —-m
=A- ¢5 > A - Ke.
Ok+1-m

Nhu vay, bat dang thic (2) luon duge thda man véi moi n > ny = ng + k — 1. Tt day, ta suy ra
A—Ke<u,<A+4+e<A+Ke, Yn>n
Dit ¢/ = Ke. Khi d6, bat dang thiic trén c6 thé duge viét lai thanh A — ¢’ < u,, < A + €/, hay
lu, — Al < &', Vn >ny.
T day, stt dung dinh nghia gidi han, ta suy ra day (u,) ciing hoi tu vé A.
B6 dé dugc ching minh.

N NHAN XET. Mot trong nhitng mau chét ciia bai toan 1a danh gid (x). C6 thé thay ring
néu day (u,) bi chan dudi béi 0 thi ta c6 the thay ddi gia thiét thanh a; +as+---+ap < 1.
Lic nay, bat dang thiic (x) van ding. Do d6, cac 1y luan van duge dam bao. Két qua bai

toan va 10i gidi trén van gitt dugc tinh ding dan. Ngoai ra, dé thay rang lac nay limu, = 0.
Day 1a mot chii ¥ quan trong dé ta cé thé ing dung két qua bai toan téng quat cho cac
bai toan phia sau.

Ngoai ra, cling can chi ¥ rang két qua bai toan sé khong con ding néu ta thay gia thiét
«; duong thanh khong am. That vay, chdng han ta c6 thé xét truong hop k = 2 va
a; = 1,as = 0. Khi d6, (u,) théa méan

Upio < Up, Vn € N*.

Lic nay, néu ta chon g, = 1 va us,_1 = 2,Vn € N* thi diy nay phan ky.

B& dé. Cho hai day sé thue khong am (ay), (b,) va s6 thue q € (0;1) théa man
An41 S qan + bn
Néu limb,, = 0 thi lima,, = 0.
Chitng minh: Lay € > 0 bat ki.
Do lim b, = 0 nén
n—oo

aNleN:vnle;»bn<g(1—q).

Do lim ¢" =0 nén
n—oo

€

ANy eN:Vn > No=qg" < ———M—.
T My D)
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Chuong 1. D3y sb

Khi d6 v6i moi n € Nyn > N = Ny + N», ta co
an+1 S qan + bn
S q2an—1 + qbn—l + bn

<
< ¢ "M an, + by + by + .+ ¢ by,

& g
P “(1-q) (1 2L 40
T 7T avi+ 51 =) (L+g+¢ +.. 44 )
£ € 1 — gt
< 4-(1-
5 t51-4d) -
<fif_o¢
2 2

Vay Ve > 0,3N = N; + Ny : ¥n > N = |a,| < € hay 1i_>m a, = 0.

¢ Vi du 17

Cho day s6 (u,) théa man uy, uy € (0,1) va:

1 4
guiﬂ + 5\3/un, Vn=12,...
Chitng minh rang day s6 (u,) ¢6 giéi han hitu han va tim giéi han do6.

Un42 =

[ ((g"z(ffz'a’zl Tu cong thitc truy hoi ctia day (u,), ta dé dang suy ra 0 < u,, < 1,Vn € N*. Diéu
nay cho phép ta c6 thé sit dung bat dang thitc AM-GM nhu sau:

1 4 3 4
5 Upy1 + 5 Vitn 2 \5/ Ung1 * (V )" = Uy 1 Un” -

3 4
Upyo > Us qUn”, VN € NY.

T do suy ra

Lay logarith nepe hai vé va dit v, = — Inu,, ta c6
3 4 .
Un+-2 S gvn—i-l + Evm Vn € N*.
Do 0 < u, < 1 nén v, > 0,Vn € N*. Tit day, stt dung két qua bai toan téng quat 2 trong trudng
3 4
hop: day bi chan dudi béi 0,k =2, a7 = 5 gy = 5 va
+ay = 13 <1
(651 Qg = 15 )

ta c6 limwv, = 0. T day, ta dé thay limu,, = 1.

$> Vi du 18

Cho day (x,) xac dinh béi
Ty =29 =1, Tpio =logs (3,1 + 75) —logy (x, +2),n=1,2,3,....

Chitng minh rang day (z,) ¢6 giéi han hitu han va tim lim z,,.

[ o@z(jzm Ta ching minh 1 <=z, <4,Vn=1,2,3,....

Khi n = 1,n = 2 thi ménh dé ding.
Gia st menh deé dung khi n = k,n = k + 1, ta chiing minh ménh dé dang khi n = &k + 2.
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§1. Cac phuong phap tim gidi han day so6

Ta c6

T2 > logs 78 —logy 6 > 1 va 2540 < logs 87 — log, 3 < 4.
Vay ménh dé dang khi n = k + 2 hay ménh dé ding v6i moi n nguyén duong.
Theo dinh 1f Lagrange, ton tai ¢, d > 1 sao cho

3
| 3 ) -4l =—|x -2 Ve > 1
[logs(3z +75) — 4] (3c+75)1n3’x T e
va
1
1 2) = 2| = ———|2x — 2 Yo > 1.

Do do, ta c6

1
llogs(3z + 75) — 4| < 6\:6 -2, Vzx>1

[logy(x +2) — 2] < %|x -2, Vx>1
Doz, >1,Vn=1,2,3,... nén
|Tpi2 — 2| = |logs (3zp41 + 75) — 4 — logy (2, + 2) + 2
< [logs (341 + 75) — 4] + [log, (z, +2) — 2]
T do suy ra

1 1
Tpao — 2| §6|xn+1—2|+§|mn—2|,Vn:1,2,3,...

Ta dat
1 1
N =Y = 1ayn+2 = éyn+l + Eyn7vn = 15 2737 s
va tlt quy nap, ta co
|z, — 2] < yn,¥n=1,2,3,... (1)
1 2
Mit khac, day (y,) c6 phuong trinh dic trung z? — 6:{: -5 = 0 nén c6 cong thic nghiém tong

quéat la

Yo =a- -ty +b-1ty
v6i t1, 1o 14 nghiem phuong trinh 22 — %ZB — % = 0 nén ty,t € (—1;1) va limy, = 0. Tw (1), ap
dung dinh 1y kep ta c6

lim |z, — 2| =0 hay limz, = 2.

¢ Vi du 19

Cho s6 thuc a va xét day s6 {z,} thod man
;T

Vn >1
1 +a,Vn >

Ir = 1, LUQIO, Tny2 =

Tim s6 thuyc a 16n nhat sao cho day {z,} hoi tu.

[ @1(/51((1 Gia st day {z,} hoi tu. Goi L la giéi han ctia ddy s6 thi L 1a nghiém clia phuong

trinh
22
x:7+a<:>x2—2:c+2a:().
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Chuong 1. D3y sb

Phuong trinh trén ¢6 nghiém khi va chi khi A" =1 —2a > 0, tic la a < 1/2. Khi a = 1/2, ta ¢6
w2 4a2, 1
"= 4+ —Vn > 1.
;. e
Béang quy nap, ta chitng minh duge réang z,, € [0,1],Vn > 1. Suy ra

Tp+ Tprr 1
—_ 1+ - ¥Yn2>1
1 e

Ir1 = 1,1’2 = O,.len+2 =

Tn42 =

hay
1 1
|l'n+2 — 1| S Z|l’n+1 — 1| + £_1|$n — 1|, \V/TL 2 ]_

Ap dung bé dé ta 6 limz, = 1.

$> Vi du 20

. 2
Cho day s6 (z,) xac dinh b6i 1 = 1, 2,41 = nt + Inz,. Tinh lim z,,.
V. n

(e} o@“zfdmﬁ(ézf. Lay logarit nepe hai vé va dung BDT In(x + 1) < z, ta ¢6

1

1 2 1/2 1
nz,;==-In{l+—+hz, | <-|(—+Inz, )| ==Inz, +—.
2 n 2\ n 2 n

" N 1 1
Ap dung bo de véi ¢ = 2 a, =1Inz, va b, = —, ta ¢6 lim (Inz,) = 0 nén limzx,, = 1.
n

¢ Vi du 21

. 1/2 22 2"
Cho day s6 (y,) xac dinh béi y,41 = T;”% (I + 5 + -+ E) Tinh lim y,,.

[ ‘@’éym}l So sanh vy, 41 VGi

n 2+ +2"‘1
Yn = on \ 1 n—1)’

ta co
n+2)(yn+1) n+2 n+2
Yn+1 = = Yn + .
2n + 2 2n + 2 2n + 2
n+2 2 . .
Suy ra |y,41 — 1] = 2n—|—2(yn_1)+n+1 Sg]yn—lH—n_i_l v6i moi n > 2.

Ap dung bd dé véi ¢ = 37 On = |y, — 1| va b, = 1 ta co

lim (Jy, —1]) =0

nén limy, = 1.

<O Vi du 22

Cho day s6 (z,,) dugc xac dinh bdi

$1:2
2 2 1 :
$n+1+&: nt 4+ x,,Vn > 1
2 2n

Chitng minh rang day (z,) ¢6 giéi han hitu han va tim giéi han do6.
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§1. Cac phuong phap tim gidi han day so6

[ l@‘z(fﬂzfa’zl Ta chiing minh bang quy nap:
1<z, <2Vn. (1)
©® V6i n = 1, khing dinh ding.

& Gia st khéng dinh dang v6in =k > 1.
Ta co
1 T (2—l’k)
— 14— 4R
Th+1 + % + 5
do xp (2 — k) > 0vil <z, < 2. Mat khac

oL 1 1 m(2-m) 2-2% (1—xz)°
Tkl T 2T 5p T T ) 2 9.9k 2%

> 1

< 0.

Do do Tri1 S 2.
Vay khéng dinh ciing ding khi n = k + 1.

Ta co
n 2 1
%H_\@:(%_\/@) Tt V2 b=
2 2n
suy ra
n 2 1
$n+l_\/§‘§xn_\/§’.1_ﬂ+__
2 2n
Ma ta chting minh duge véi 1 < z, < 2 thi
_@Sl_acwr\/igl—x/ﬁ;5 1_xn+\/§ <4
2 2 2 2 5
Do do
4 1
anrl_\/é‘S_xn_\/é""_
5 2n

Ap dung bd dé trén ta duge lim z,, = V2.

¢ Vi du 23

Cho day s6 (u,) thoa man

15
Uy = -, U2:2,

8

T 2i1 U+ " Vn € N
Up, — =+{/u; Up + ————,Vn .
2T = 4n? — 1

Chitng minh rang day (u,) hoi tu va tim gi6éi han ctia day.

[} l@‘z(fﬂzfa’zl T cong thitc truy hoi, ta c6

1 1 1
_ 2
un+2+§—\/un+1+un+z+—4(4n2_1),VnEN

. 15
Bang quy nap, ta chiing minh dugc u,, > g,Vn € N. Khi doé ta co

,Vn € N.

2 2
Upio T Unyo = Uy g + Uy +

1
1(4n? — 1)
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22

Chuong 1. D3y sb

Cong thiic trén c6 thé bién doi thanh

Wl 4 Upao +u —l—;—if +u +u —i-;VnEN
T do ta suy ra
1
2 2
n nt———= - =8,VneN
Upq + Unp1 U +8(2n—1) u2+u2+u1+8 n
Ta viét lai thanh
it —2) (tpay +3 =24+ ——  =0,YneN.
Suy ra
Pt = 20 < [ (s = 2) (s +3) ] < Ju — 2/ +
— |Un - >~ Unp, - Unp, >~ |Up — S/a AV
g ! i i 8(2n — 1)
hay
8 1
w1 — 2| < —lu,, — 2| + ———.
ftni1 = 2] < g5lun =2+ 55573

Ap dung bé dé ta 6 limu, = 2.
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§1. Cac phuong phap tim gidi han day so6

6) Si dung day phu

$> Vi du 24

Cho a, b e (0,1) va day s6 (u,) xac dinh bdi :
uy=a, ug =b

1 2
Unta = guiﬂ + g(‘/u_n

Chitng minh rang day (u,) ¢6 giéi han hitu han va tinh giéi han do.

N Joi gidi. Xét day s6 (v,) nhu sau :

vo = min{a, b}
1, 2
Uptl = §vn + g{‘/vn, n=0,1,2,...
N x 12 P 1 2 N )
Bang quy nap dé thay duge 0 < v, < 1 v6i moi n. Ham s6 f(x) = §x4 + g% dong bién trén
(0, +00). Theo AM-GM, ta lai c6 :
1
v =505+ \4/17 > ok (Wg)? = 0% S 0y (v € (0,1))

Tu d6 quy nap lén ta dugc day (v,) tang. Két hop véi viee (v,) bi chan trén bdi 1 ta suy ra (v,)
c6 giéi han hitu han L*, chuyén qua gi6i han :

LY 2L
L4:T+<:>L(L—1) (L*+L¥+.. . +L[*—2L*-2L-2) =0« L=1
Tw do
lim v, =1
n—-+oo
Ta chting minh bang quy nap v, < min {ug,, Us,;1}. (*)

Gia st dieu nay ding, xét véi n + 1.
1 2
Ugnyo = §U§n+1 + 5\4/ U Z a+ = \/ = Upy1-
Tuong tu thi ug,i3 > vyay.
Suy ra :

Vg1 < min {uon o, Uznis}
Theo nguyén li quy nap ta duge (x).
Hon nita cling dé dang chitng minh duge bang quy nap 0 < u,, < 1. Vay ta dudgc :

Up < min {ugp, Uspy1 b < max {ugy, Ugpy1} < 1

Lai ¢6 lim v, =1 nén theo nguyén li kep ta dugc :
n——+o0o

lim wus, = lim w9,y = 1.
n—-+oo n—-+oo

Do d6 ma :

lim wu, = 1.
n—+oo

» G- /(Vjag/&z J&t 77 éu
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Chuong 1. D3y sb

> Vi du 25

Cho day 6 (z,) dugc xac dinh béi :
xg, 1, T € (0,1)
3Tpy3 = xi—l—xZH,Vn =0,1,2,...

Chitng minh rang day (z,) ¢6 giéi han hitu han va tinh giéi han do.

(2} ((g"z(f/mfaizf. Xét day sb (a,) nhu sau :

ap = max {xg, 1, T2}

92 :
aml:gaQ Vn=0,1,2,...

n’

Dé thay a; < ag. Quy nap ta duge day (a,) gidm ma (a,) bi chan duéi bdi 0 nén c6 giéi han hitu

han L. Chuyén qua gi6i han :
2
L= gL2 = L €{0,3/2}
3

§>1:a0>a1>...>an>...

Nén phai ¢6 L = 0 hay a, — 0.
Bay gio ta sé ching minh :
max {35, T3n11, Tant2} < Gn

V6i n = 0 thi hién nhién () ding. Gia stt ¢6 (). Xét (*) v6in + 1 :
1 2

Ton+s = 3 (23, + 23040) < gai = dn+1
_ 1y 2 < Loy < 25
Tan+a = 3 (2341 + T3nys) < 3 (ap +apy1) < 300 = Gnt1
1 1 2
Tants = 3 ($§n+2 + $§n+4) < 3 (ai + afm) < gai = Ont1
Nhu vay (x) cing ding véi n + 1. Theo nguyén li quy nap ta c6 (). T do :

0< T3n S a'nao < T3n+1 S anao < T3n+2 S Qp

Hon nita do a,, — 0 nén theo nguyén 1i kep ta dugc :

lim 3,
n—-+00

lim T3n+1 = lim T3n+2 = 0
n—+0o0o n——+00

Ta két luan duge :

lim z, =0
n—-+o0o

&> Vi du 26

Cho s6 thuc a va xét day s6 {z,} thod man
i ot

Vn > 1
1 +a,Vn >

I = 1, .%'2:0, Tny2 =

Tim s6 thuyc a 16n nhat sao cho day {z,} hoi tu.

24
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§1. Cac phuong phap tim gidi han day so6

[ @1(71((1 Gia st day {z,} hoi tu. Goi L la giéi han ctia ddy s6 thi L 1a nghi¢m clia phuong
trinh
22

x:7+a<:>x2—2:c+2a:().

1
Phuong trinh trén c6 nghiém khi va chi khi A’ =1 —2a > 0, tiic 1a a < 1/2. Khi a = 2 ta co

x? + a2 1
T = 1,1‘2 = O,anrQ = TLTW + i,Vn > 1.
Béng quy nap, ta chitng minh duge réng z,, € [0,1],Vn > 1. Xét day s6 {u,} xac dinh béi
2
1
Uy = 0,Upy = Un T ,Vn > 1.

Khi d6, {u,} la day tang va u, < 1,Vn > 1 nén hoi tu. Giéi han cia day {u,} la L = 1.
Ta chitng minh rang
U, S min {5(72”, x2n—1} 7vn Z 1.
That vay, véi n = 1 thi (2) ding. Gia st bat dang thic ding v6i n = k. Khi do,
x4y, 1 w4ud 1
$2k+1:%+—2 %"‘5:7%-&—1,

2 2
Loy T Ty

up, 1
kaH—QZT_’_ +—>—+—:Uk+1,

4 27 2 2
do d6 ug+1 < min{wog11, Toki2}, nghia la (2) ding véi n = k+1. Vay ta c6 (2) dung véi moi n > 1.
Diéu nay cho ta

2
l>ui+1+ui 1 2
52— 1

Un, S Ton, Lan—1 S 1av/n/ Z 1.
Véi chti ¥ rang lim u,, = 1 nén theo dinh 1y kep, ta c6 lim x5, = 1 va lim z9,_; = 1, suy ralimz,, = 1.

la gia tri 16n nhat dé day s6 hai tu.

$> Vi du 27

Cho cac s6 thuc duong a,b. Xét day s6 (uy,) :

Uy =a,us =b
Upio = 3/ Uni1 + 135/uy, Vn € N*

Chitng minh rang day (u,) ¢6 giéi han hitu han va tinh giéi han do.

o )Q)‘z(/am Ta xét hai day s6 phu (a,), (b,) nhu sau :

a; = max{a,b,32}
(o) {an+1 — 16 /ay, ¥n € N
(b,) {bl = min{a, b, 32}
) bpsr = 16/by, V0 € N*.
Ta thay :
a; > 32 va as = 16/a; > 32.
Quy nap ta dugc a, > 32,Vn € N*. Lai ¢6 :

pi1 — an = 16¥/a,, — a, = Ja, (16 — Waﬁ) <0.

Nhu vay day (a,) vita bi chan duéi, vita gidm nén né c6 giéi han hitu han. giai phuong trinh giéi
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Chuong 1. D3y sb

han ta dugc lim a, = 2.
n—-+o0o

Hoan toan tuong tu, ta ching minh duge day (b,) bi chén trén béi 32 va tang. Tim duge lim b, =

n—+400
2.

Ta sé chiing minh rang :
a, < max{ug, 1, ug,} Vn=1,2,.... (%)
V6i n = 1 thi hién nhien. Gia st c6 (%), xét véi n + 1 :
Ugn4+1 = 16\5/ Ugp < 16\5/ Ap = Qp41

Ugn42 = 16\5/ Ugn41 < 16\5/ An+1 < 16\5/ Ap = Api1

Thc la :
Apt1 > Max {Ugp 41, Uznto )
Theo nguyén li quy nap, ta duge (x). Hoan toan tuong tu, ta ching minh duge :
by, < min {ug,—1,Uszp } -

Tt d6 dan dén :

bn S min {u2n—17 U2n} S max {u2n—17 U2n} S An

Ma ta da tim dugc lim a, = lim b, =2 Nén theo nguyén li kep ta dugc :

n—-+o00 n—-+o0o
lim ug,—1 = lim ug, = 2
n—-+o0o n—-+o0o

Ta két luan rang :

lim w, =2
n—-+o0o

&> Vi du 28

Bai toan: Cho cac s6 thuc a, b thuge khoang (0,4). Xét day s6 (x,) nhu sau :
ro=a,r1=>0
2 (xn-‘,-l + xn)

vV Tn+1 + vV In ’

Tinh gi6i han hitu han néu c6 cta (x,).

VneN

Tn42 =

[ ,@1(7101 Xét day s6 phu () nhu sau :

zo = min{a, b}

Tpy1 = 2\/ Tn
Bang quy nap ta dudgc :

0<x,<4,VneN
T d6 21 — = /Ty, (2 — ,/a;n) > (0 nén day (z,) tang. Két hgp véi viec (z,,) bi chin trén ta
suy ra ton tai gidi han hitu han L ctia n6. Giai phuong trinh gidi han ta duge L € {0, 4}.
Nhung dé ¥ thi thay :
O<zp<ai1 <...<2,, < ...

Nén phai c6 lim =z, = 4.
n—-+00
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§1. Cac phuong phap tim gidi han day so6

Ta ¢6 ag,a; € (0,4), gid st rang a,, a1 € (0,4). Ta c6 :

2 (an-i—l + an) 2 (2\/ (p41 + 2\/ an)

Apt2 = =

VAL RN + \V On V An41 + v/ On

Theo nguyén li quy nap ta dugc a, bi chan trén béi 4 . Do day phu x,, — 4 nén y tudng cua ta &

day la st dung nguyén 1i kep véi :

Ta sé chiing minh :

T, <a, <4

x, < min{ag,, aoni1},Vn € N(x)

Véi n = 0 thi hién nhién (*) ding. Gia sit ¢6 (x). Xét v6i n + 1: Sit dung BDT quen thuoc

ta dugc :

2 (a®+ %) > (a+b)?

2 (agn41 + agn)

Qa =
2nr2 vV A2n+1 + v A2n
> agn i1+ /Ao > 24/Ty = T
_ 2(agny2 + azng1)
A2n+3 =

V02n+2 T /Q2n+41
> /Gany2 + \/G2n 11

2 \/m+\/xn22\/xn:$n+l

Vay nén (x) cing ding véi n+ 1. Theo nguyén li quy nap thi (x) ding v6i moi n ty nhién. Ta duge

T, < min{ag,, aomi1} < max{ag,, azni1} < 4

Theo nguyeén i kep ta duge hai day (ag,) , (agn41) hoi tu vé 4. Suy ra lim a, =4

> Vi du 29

n—-+oo

Cho day s6 (u,) thoa man ug =1, uy =3 va :

u727,+1 + 4un+l = Un + Up—1 + 2\/(un + 2) (unfl + 2)

Chitng minh rang day (u,) c6 giéi han hitu han va tinh giéi han nay.

N o/ gige. Bién doi cong thitc xac dinh day :

2
(1 +2)* = (\/un 24 Uy + 2) = Unp1 +2 = Vi + 2+ /tup o +2

bat z,, = u,, + 2 ta dugc zo = 3,21 =5

Tp+l = VTn + /Tn-1
Xét day (ay), (by) nhu sau :

@0 a7
ay) va (b,) : .
ap = 2\/ Apn—1 bn =2 bn—l

Bang quy nap ta duge a, < 4,Vn € N.
T do :

Uy — U1 = /1 (2 — /A1) >0

Tic day (a,) ting, két hgp véi viec (a,,) bi chan trén béi 4 suy ra (a,) hoi tuy, gid st L 1a gi6i han
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hitu han ctia né. Giai phuong trinh giéi han ta duge L € {0,4}. Do :
O<gp<ar <...<a,<...
nén ta co6 a, — 4.
Hoan toan tuong tu, ta chiing minh duge b, > 4,Vn € N, (b,) giam va b, — 4.
Tiép theo ta dé& dang chitng minh :
a, < min{xy,, oni1},Vn € N
b, > max {xo,, Toni1},Vn € N
St dung nguyeén li kep ta duge

lm z,=4= lim u, =2.
n—+oo n——4oo

$> Vi du 30

Cho truéc bon so6 thye duong a, b, A, B. Xét day so (x,,) :
Ty = a,Ty = bvxn—i-? =AY Jf2+1 + B\3/ x%,‘v’n € N*

n

Chitng minh rang day trén c6 giéi han hitu han va tinh gi6i han do.

(e} ,@1(71(21 Xét hai day (uy,) (v,) nhu sau :

uy =min {a,b, (A + B)*}
{un+1 = (A+B){/u2
v] = max {a, b, (A+ B)3}
{Un-i-l:(A_"B)m ‘
Trude hét ta sé ching minh (u,), (v,) hoi tu vé cing mot gii han.
Ta c6 uy > (A + B)? nén gia st u,, > (A + B)3, ta c6 :
Uns1 = (A+ B)/u2 > (A+ B)Y/(A+ B)S = (A+ B)>.
Quy nap thanh cong, tém lai ta c6 (u,) bi chin dudi béi (A + B)3.

Ta xét :
2

2 1
Ups1 — Uy = (A+ B)y/u2 — u, = us [(A—l— B) — uﬁf} <0= Uy < Up.

Nhu vay day (u,) gidm, lai bi chan du6i nén hoi tu.
Giai phuong trinh giéi han ta duge liT u, = (A+ B)3.

n—-+0oo
Hoan toan tuong ty ta chiing minh duge (v,) tang va bi chan trén béi (A + B)3 va tinh duge

lim v, = (A+ B)3.
n—-4o0o
Tiép theo ta chiing minh bang quy nap :
Uy < Min{Zo,_1, Top} -

V6i n = 1 thi hién nhién. Gia sit nhu vay, xét véin + 1 :

Up+1 = (A+B) 3\/ U% S A \ x%n +B \ w%n—l = T2n41

Upt1 = (A+ B)vu2 < A{ful  + By/u2 < A{/x3,  + By/ 23, = Topto.

Vay theo nguyeén i quy nap ta duge u,, < min {x9, 1, T, }.
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§1. Cac phuong phap tim gidi han day so6

Twong tu duge :
Uy, > max {Top_1, Ton} -
Ap dung nguyen i kep, ta dugc ngay:
lim =, = (A+ B)*.

n—-+00

$> Vi du 31

Cho day s6 (z,,) dugc xac dinh nhu sau :
X, %1, T2 € R
{3“ + 42 = 5Tni3 Yy e N
Chitng minh rang day s6 da cho c6 gi6i han hitu han va tinh giéi han nay.

[ (@‘z(f/fzf(ézf, Ta c6 thé viét cong thiic xac dinh day dudi dang :

Ty = logg (3™ 4 47+2) .
Ta di xét hai day phu sau :

() a; = min {zg, r1, 2,2}
a) :
any1 = logs (3" +4%")

by by = max {zg, 1, 22,2}
(bu) { b1 = logs (30 +4%)
Ta thay a; < 2 nén
az = log; (3% +4™) < log; (3° + 4%) = 2.
Quy nap lén duge a, < 2,Vn € N*.
Tiép theo ta chiing minh day (a,) ting. Thyc vay, ta thay :

3 al 4 ai 3 2 4 2
592 — 391 1 4% — 502701 _ (g) + (g) > (g) —+ <g> =1=as > a.

Quy nap léen ta dugc day (a,) tdng, ban than (a,) con bi chin trén nén né sé hoi tu. Gia si giéi
han ctia n6 la a. Chuyén qua gidi han :

3\ 4\
a 4a:a — —_— :1 :2.
3% 4+ 5@(4)+<5> S a

Nhu vay lim, o a, = 2.
Hoan toan tuong tu, day (b,) bi chan duéi va la day gidm, ta cing tim duge lim,, o b, = 2.
Tiép theo ta sé chiing minh :
a, < min {3, 3, 3,2, T3n-1} -
V6i n = 1 thi hién nhién. Gia sit ¢6 didu nay. Ta xét véi n + 1 :
T3, = logy (37373 + 4731) > log, (3™ + 4™) = apy1

Tan+1 = logg (3772 + 470) > logg (3% +4%*1) > logs (3" +4°") = ap41

T3nto = logg (3731 4 4%n+1) > log, (3% + 49+1) > logs (3" +4"") = apiq
Ta quy nap hoan tat, titc (x) la ding.
Cung hoan toan tuong tu, ta dugce :

bn 2 max {x3n737 T3n—2, x3n71}
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Tit d6 bang nguyeén 1i kep, ta dugce :

lim T3n+1 = lim T3n4+2 = lim $3n+3:2.
n—-+oo n—-+oo n—-+4oo

K&t luan bai toan :

lim z, = 2.
n—-4o00

$> Vi du 32

Xét day s6 (u,) nhu sau :
u < 2, Uy < 2

1 .
Up42 = g (un+1 + 2“”) ,Vn=1,2,...

Chitng minh rang diy (u,) c6 gi6i han hitu han va tinh giéi han nay.
[ @z(jm,z Xét hai day phu :

(@) {a1 = max {uy, ug, 1}

ns1 = 3 (an +2)

(b)) by = min {uq, ug, 1}
v bn+1 = % (bn + 2bn)

Ta dé thay 1 < a, < 2,Vn € N*. Ta sé ching minh day (a,) la diy gidm. Ta xét ham s6 f(x) =
2% — 2z, dé dang thay duge f(z) <0< x € [1,2]. Nhu vay viay € [1,2] nén f (a1) = 2% —2a; <0
hay 2% < 2a,. T do :

1 1

Ao = g (a1 _'_2a1> S g (a1 + 2@1) = ay
Tit d6 quy nap lén duge day (a,) gidm. Ma day (a,) bi chin nén n6 hoi tu vé A. Chuyén qua gisi
han
24 =24

R6 rang nghiém 6 day la A = 1 hodac A = 2. Nhung do

anggnfl S"'Sal <27
nén A = 1. Tic la lim,, o a, = 1.
Hoan toan tuong tuw day (b,) tang va bi chdn trén nén hoi tu va giéi han hiu han la 1.
Ta sé ching minh :

bn S min {u2n—17 u2n}

Véi n = 1 thi dieu ndy ding. Gia st nhu vay, ta xét véin + 1 :

1 1
Uznt1 = 3 (ugn +2"071) > 3 (bn + Qb") = bpy1

Usnto = %(uml + 21 > % (bnsr +2°7) > % (bn +2") = buya
Nhu vay (%) ding. Tuong tu :
a, > max {ug, 1, U, } -
T d6 theo nguyén 1y kep, ta dugce :
nEIJPoo Ugp—1 = ngrfoo Ugy, = 1 = nginoo Uy, = 1
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§1. Cac phuong phap tim gidi han day so6

7) Bai toan véi téng

> Vi du 33 RGO

Cho day

(\/xfl_l + 4z, + xn_l) , Vn > 2

Chting minh rang day (y,) xac dinh béi y,, = >~ — c6 giéi han va tim giéi han do.
x

=1 4y

N ot gici. Ta ¢6 z, > 0 Vn nén

1 1 2 |+ 3T,
Tp — Tp—1 = 3 \/m_xnil —— n—1 1 < 0.
’ 2 i, + A + T

Nén day (z,) 1a day tang. Gia st day (x,) bi chin trén, suy ra ton tai limz, = x > 0.
1
Ta c¢6 phuong trinh z = B (Va? +4z +2) & 2 =0 (vo li).

Do vay, ta ¢6 duge lim x,, = +o00.
Tt cong thitc truy hoi, ta c6 duge

(22, —xp1)? =22 |+ 4,1 < 22 = (2, + 1)Tpy.

Dan t6i
1 nt1 1 1 1 1 1
Tp_1 x? x2 oz, x2 xp m,
Suy ra
1 1 1 1 1 1 1 1
Yyn=—>S+\—"—|+|——— )+ -+ —— | =6-—.
€Ty T i) i) T3 Tp—1 Tp Tn
Ma
1
limz, = +o00 = lim — = 0.
Tn
Vay limy,, = 6.

< Vidu 34

Cho day sb (z,,) xac dinh boi

ZL‘1:4

a+9
Ching minh rang lim,, , o @, = 400 V6i méi s6 nguyén duong n, ta dat y, = >, _, ﬁ

Tinh lim, 1 y»-

& Joi gidi. Dé dang chiing minh duge (x,,) 1a day duong bang quy nap toan hoc.

2

Ta ching minh day (z,) la day tang. That vay, gia s :
Y

—>:1:n<:>:ci+9>xn(a:i—xn+6)<:>wi—|-9>6xn
xd —x, +6

Tnt1 =

Hién nhién dang theo AM — GM.

» G- /C\/ﬁadz/é}z, Jat 77 4u 31
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Nhu vay day (x,) la day tang.

Gia stt day trén c6 giéi han hitu han 13 [, chuyén qua giéi han ta dugce :
= U9 e gio—0ei-3
CB—14+6 B B
Diéu nay 14 mau thuan vi do day téng nén xz,, > z; = 4, tiic 14 [ > 4. Do d6 ta phai c6
lim z, = 4o

n—-4o00

Ta thém vao mot s a :

zp+9 ) +axd — ax, +6a+ 9
S g te= 5
Ty — Ty +06 xy — 2, +06
1 3 — 2,46

Tpy1 +a 23+ axd —ax, +6a+9

Tp+1 +a=

Ta sé chon a sao cho :
Ty + ax) — ax, +6a+9 = (2 +3) (x, +a) = a= -3
Nhu vay ta dugc :

1z -z,+6 1 1

Tpi1—3 (3 +3)(x,—3) 2,—-3 a3+3

1 1

B3 4+3 1,—3 Ty —3

Do vay :

1 1 1

Yo = - —1-——
Ty — 3 Tpt1 — 3 Tpt+1 — 3

Nhu vay thi lim, , oy, =1

¢ Vi du 35

Cho day s6 (z,) xac dinh bdi :

1'1:1
Tpy1 = Tp + 22, Vn e N*

T T T,
Tinh lim, (—1+—2+-~+ )
o) I3 Tn+1

() o@‘zfdmf@?zl Dé dang chiing minh duge lim,,_, o ,, = +00.

Tt cong thitc xac dinh diy sb, ta suy ra :

Tpal — X T T 1 1
xn+1—a:n:x721:> Uax L L LA .
TnTn+1 Tn41 Tn+1 T, Tn+1
Suy ra
Ty Ta Ty 1 1 1 1 1 1
— 4+ — 4+ + ={—-—- ]+ ———]+ + | — -
T2 T3 Tni1 T T2 Ty T3 Tp  Tp4l
1
=1- .
Tn+41
Do vay ma :

. 1
lim (ﬂ+ﬁ+...+ v ): lim (1_ ):1,
n—+o00 \ Lo T3 Tpt1 n—>+00 Tni1
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$> Vi du 36

§1. Cac phuong phap tim gidi han day so6

Cho day s6 (z,,) théa man :

Tim :

[} ,@1(71@1 Ta ¢ :

Tu d6 ma :

r1=a>1
20142, 41 = 22 + 2013z, Yn > 1

. T T2 Ty
lim -+ +. ...
n—-4o00 <SL’2 — 1 ,T3 — 1 xn+1 — 1>

2014 (41 — xp) = (T, — 1)
= 2014 (xpy1 — 2p) (T — 1) =z, (2, —
2014 (Tpy1 — Tn)  Tp

1) (#ns — 1)

(Tny1 — 1) (2 — 1)

— L =2014 ! — ! .
Ty — 1 Tn—1 wpy—1

Tpt1 — 1

n

. 1 1
Z — =9014 —
— w1 — 1 r1—1 xp—1

X

Hon nita ta chitng minh duge bang quy nap x, > 1. Do d6 ma :

Tl = 01

z, + 2013z,

z2 + 2013z,
2014 "

Tiic day (z,) tang. Néu né c6 gisi han hitu han 14 [ thi chuyén qua gii han :

20141 = > + 20131 & [ € {0,1}

Vo 1i. Do dé6 ta dugc lim,_, o ,, = +00. Ta két luan dugc :

¢ Vi du 37

Ty n To N i T ~ 2014
.T2—1 333—1 .’17n+1—1 _a—l

Cho day (z,) xac dinh bdi ag = —1, a1 =1, ay =4 va

[ D@zcﬁzm Ta co

Ta ching minh

» G- /C\éxaaz/é}z, J&t 77 4u

Chtng minh lim Gok1 F ok

k=1

Ap+1Q0p+2 — 15
Apy3 = T;—,n > 0.
n

= 0.

ai — bay,

Apr1 = 3Ap — Qp_1,Vn >1
ai —5=ap_1aps1,Vn > 1.

agn—1 + aon = ay (@py1 — ap_1), Yn > 1. (%)
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. That vay, xét phuong trinh dic trung 22 — 3z +1 = 0 ¢6 hai nghiem

_3£V6 <\/3:|:1>2

2 2

- \/5+1 2n—1 \/3_1 2n—1
M=\ 2

nén ta tim duge

V5 +1 V5 —1

bat 5 = q, 5 =f=af=1, a—pF=1 Taco
gy = o't — pinTl
=" (o= §) = 5" (a— )
— ot 4 gt (a4n—2 4 6471—2)
- T2 [ 43
= [0 (@=B) + " (@ =p))" = (o™ = 5") -
_ [(a2n+1 _52n+1) _ ( -1 _ gon— 1)} '
= (Gng1 — an)* — a2 —4
= aiﬂ — 2apap41 — 4.
Tuong tu
Aon—1 = =a™ 54n °
=" (a—B) - "7 (e~ B)
= (@ =) [0 (0= B) + 57 (0= B))
—an_l + 2ana,_1 + 4.
Suy ra

A2p—1 + Qop = ( 1) + 2an (an 1 an+1>
= (ant1 = an-1) (@ny1 + an1 — 2a,)
= an

(an+1 Qp— 1)

Dé thay lim a, = +o00 nén

n n
) Qok—1 + Gk . ap (g1 — ag—1)
lim g — = = lim E

— day, g 10k Ak 41
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§1. Cac phuong phap tim gidi han day so6
8) Day sb sinh béi phuong trinh

> Vi du 38 IRV

Cho s6 thuc a > 2. Dat

fol@)=aC2" ™ 12" b+l (n=1,2,..0).
Chitng minh rang v6i mdi n phucong trinh f,(z) = a ¢6 ding mot nghiém z,, € (0; +00) va
day s6 (x,) ¢6 gi6i han hitu han khi n — +o0.

N Jod gice. V6i mdi n, dat g,(z) = fu(x) — a; khi d6 g, () 12 ham lién tuc, tang trén [0; +00).
Ta co
gn(0)=1—-a<0; go,(1)=a"+n+1—-a>0,

nén g,(r) = 0 c6 nghiem duy nhat z,, trén (0;+00).

Dé chitng minh ton tai giéi han lir+n Ty, ta ching minh day (x,) ting va bi chin.
n—-+0oo

Ta cb

1 n+1
e (1)
10 a
gn(l——>:a (1——) + —a

1
a

1
Suy raz, <1— -, Vn € N*.
a
Mat khac
a0 4+ 4+ 1—a=0

10 n+11 n+1 _
a x, " +x 4+ +x, —ar, =0

dn (xn)
= Tnln ('Tn)
= Gnt1 (Tn) = Tpgn () + 1 +ax, —a=az, +1—a <0,

1
doz, <1—-).
(doz, < a>

Vi gn11 1a ham tang va 0 = gny1 (Tng1) > Gnaa (T,) néN 2, < Tpyg.
Vay day (z,) tang va bi chan, nén ton tai lim x,.

n—+0o0o
4> Vi du 39

Vé6i méi s6 nguyén duong n 16n hon 1; xét phuong trinh e — nx = n
(1) Chiing minh ring phuong trinh luon c6 nghiém duong duy nhat, ki hieu la z,,, ching

3

minh lim — = 3.
Inn

@ Tim lim n? (& — 3).
Inn

[ ,@z(ﬁyzfdzi. Xét ham so6

fo(@)=€"—nz—n*= f (v) =" —n.
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Chuong 1. D3y sb

T do
fl(z)=0=2z=Inn
Lap bang bién thien, cha y
fn(0)=—-n*+1<0,Vn>1va wl_lgloofn(a:) = 400
nén dan dén phuong trinh f, () = 0 chi c6 ding mot nghiém duong.
Lai nhan xét:
fn(B3lnn) = —n.3Inn < 0,
fBmn+1)=3nn—-In(n+1))+3n+1>0.
Dong thoi f,, () = 0 chi ¢6 nghiem duong duy nhat 1a z,, nén z,, € (3Inn;31In(n + 1)).
Do doé:

n | 1
3o In _gn(ntl)
Inn Inn
va

In(n+1)

I
1m Inn

:17
oz
nén lim — =3 .
nn

Tt dang thec:

e“":n(:vn+n2) :>xn:1nn+ln(xn—|—n2) :>xn—3lnn:1n<x—;+1>.
n

Mat khac: lim x_g = 0 nén
n

hay suy ra

Theo cau a, ta co

2,
1:limn<x" 31nn)

T, Inn. -
lnn
. {7
nén lim n? (— — 3) =3.
Inn
< Vi du 40
Ky hiéu z,, la nghiém ctia phuong trinh:
1 1 1
r x-—1 r—n

thuoc khoang (0,1).
@ Chiing minh day z,, hoi tu

(2) Hay tim gi6i han d6.

(&)} @zcﬁzaz R6 rang x, duge xac dinh mot cach duy nhat, 0 < z,, < 1. Ta ¢6
1 1

T, —nm—1 z,—n—1

frv1 (Tn) = fu (z0) +

<0,
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§1. Cac phuong phap tim gidi han day so6

trong khi d6 f,41(07) > 0. Theo tinh chat ctia ham lién tuc, trén khoang (0,x,) c6 it nhat 1
nghiém ciia f,,41(x). Nghiém d6 chinh 1a z,,,;. Nhu thé ta da ching minh dugc z,,1 < x,. Tic la
day sb z, gidm. Do ddy nay bi chan dudi bdi 0 nén day s6 c6 gidi han.
Ta sé chiing minh gi6i han néi trén biang 0. Dé ching minh diéu nay, ta can dén két qui quen
thudc sau:
1 1 1 1 |
+§+§+“.+E> n(n) 1

. . . 1
(C6 theé chiing minh dé dang biang cach sit dung danh gid In (1 + —) < —).
n n
That vay, gid st limz,, = a > 0. Khi d6, do day s6 gidm nén ta c6 x, > a v6i moi n.

Do
. 1 1
llm(1+——|—-~~+—>:+oo
2 n

nén ton tai N sao cho v6i moi n > N ta c6

Khi d6 v6in > N ta co :

1 1 1 1 1 1 1 1 1
0=—+ ot <—F—+—+t—<==->==0
Tn Ty — 1 Tn,—m T, —1 =2 -n a a
Mau thuan. Vay ta phéai c¢6 limx,, = 0.
<> Vi du 41 Bén Tre 2013
Cho phuong trinh:
" = +1 (1)

(v6i n € N*¥).
(1) Ching minh rang v6i mdi gié tri nguyén duong n, phuong trinh (1) c6 ding mot nghiem
duong.
(2) Xét day s (x,) dudge xac dinh nhu sau z, la nghiem duong ctia z>"*! = z + 1. Tinh
lim z,,.

[} @i/a@iz: Phuong trinh tuong duong véi z(z?" — 1) = 1. T day suy ra x < 1 khong phai 1a
nghiém cta phuong trinh.

Dat f(z) =2 —x —1. Taco f'(x) = (2n + 1)z** — 1 > 0 v6i moi = > 1.

Lai ¢6 f(1) = —1 < 0 nén phuong trinh ¢6 nghiém duy nhét 16n hon 1.

Ap dung bat déng thie Cosi ta ¢6

2 n+1 2 1 1 1
xn:2n+1rxn+1§m@xn§ n+ :1+—:>1§55n§1+_-
2n+1 2n 2n 2n

Theo nguyén i kep ta cé lim, .z, = 1.
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< Vi du 42 Ninh Binh 2013

Cho phuong trinh (an z, tham sé n nguyén duong)

3
x+2x2+3x3+---+m”—120.

(1) Chitng minh ring v6i mdi sé nguyén duong n phuong trinh ¢6 1 nghiem duong duy
nhat, ki hiéu nghiem d6 1a xz,,.

N 1
@ Ching minh réang lim z, = —.

n—00 3

[ o@z(jzm
(1) Dat

3

fn(a;):x+291;2+3:c3+~~+n:c”—Z—l

lien tuc trén toan truc sé. Ta ¢
fl(x) =1+4z+ 92> + -+ n’2" " > OVz € (0; +00).
Ta suy ra f(z) dong bién trén (0; +00). Mat khac f(z) lien tuc trén (0; +o00) va

-3 1
f0) =4 <0, f(1) = 7 +2+3+---+n>0.

T day ta suy ra f(0).f(1) < 0 Tu cac diéu kién trén ta suy ra ton tai duy nhat x, € (0; +00)
sao cho f,(z) = 0 hay néi cach khéc 1a f,(x) c6 nghiem duong duy nhét z,, véi mdi n.

- . 3
@ Ta dé thay x, 1a day giam va bi chan duéi béi 0. That vay x,, + 2:1:,% +oo 4 nal = T Do z,,

3
nguyén duong va 1 < 1 nén khi n — +o0 thi z,, giam.

Vay z,, ton tai giéi han hitu han.
bat limz, =L (0< L <1) = limz} =0.
Tt cong thitc truy hoi ta co:

2 n 3
a:n+2xn+--~—l—nxn:1
3
:>xi+2xi+~--+nxz+121xn (xn, > 0)
3 3
2 n __ n+l _ % Y
= Ty +x, + +x, —nx, 1 4xn
zp(l — ) n 3 3 ni1 1
I, i gt er b =)
Vi v6i moi a > 1,n € N thi lim — = 0 nén ta c6
an
L 3 1
—— —_(1-LY=L== (0<L<1).
AR A 3 0= )

1
Vay limz,, = —.
ay limzx 5

> Vi du 43

Cho n > 1 1a mot s6 nguyén duong. Chitng minh réng phuong trinh 2" = z + 1 ¢6 mot
nghiém duong duy nhat, ky hieu 1 z,,. Chiing minh rang limz,, = 1 va tim limn(z, — 1).
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§1. Cac phuong phap tim gidi han day so6

o l@éﬂzf{éd, R6 rang x, > 1 Vn. Dat f, (r) =2" —x — 1, khi d6 fh41 (1) = -1 <0 va

foii(@p) =2t —z, —1>a" — 2, — 1= f,(x,) =0.
Tu do tasuyral < z,41 < xp.
Suy ra day ton tai lim x, = a. Ta chitng minh a = 1.
That vay, gia sit a > 1.
Khi d6 z, > a Vn va ta tim dugc n du 16n sao cho: 2! > a™ > 3 va x, + 1 < 3, mau thuan vi
fn?(xn) = 0.
Dé gidi phan cubi ctia bai toan, ta dat x, = 1 + y, v6i limy, = 0 . Thay vao phuong trinh
fn (x,) =0, ta duge
(14 yn)" =2+ yn.
Lay logarith hai vé, ta dudc
nln(1+y,) =In2+y,).
T do suy ra
limnin(l+y,) =In2
Nhung
In(1+ y,)

Yn
nén tit day ta suy ra lim (ny,) = In2, tic la limn(z, — 1) = In 2.

> Vidu 44 [RUVORIIE

Cho n 1a mot s6 nguyén duong. Chiing minh rang phuong trinh

RS SR S
z—1 4dx—1 n2xr—1 2

c6 mot nghiem duy nhat z,, > 1. Chiing minh réng lim z,, = 4.

lim =1

)

[} o@chm( bat

£o(x) 1 n 1 P 1 1
naj — - —
r—1 dz—-1 nr—1 2
va goi z,, > 1 1a nghiém duy nhéat ctia phuong trinh f,(z) = 0. Ta ¢6
1 1 1 1
4) = _
fa4) 4—1+16—1jL +4n2—1 2
1 N 1 P 1 1
1.3 35 (2n—1)(2n+1) 2
1 /1 1+1 1+ n 1 1 1
S 2\1 3 3 5 2n—1 2n/) 2 4n’
Ap dung dinh 1y Lagrange, ta c6
1
1 = falan) = f(@)] = [ (e)l[en — 4]
véi ¢ € (z,,4) . Nhung do
1 4 1
/!
frnd ...>—'
’fn(c)| (0_1)2+(4C_1>2+ 9

9
Neén tit day |z, — 4| < 5, Swra limz, = 4.
n
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Chuong 1. D3y sb

& Bai 1. Cho day s6 (u,) duge xac dinh béi ug > 0 va

1
Up+1 = \/u_n+

n+2

,n=20,1,2,...
Tim lim w,,.

& Bai 2. Cho day (x,) xac dinh bdi 1 = 2, x9 = 3 va v6i moi n > 2,
n+1 n—2 1
Tn41 = Tn + Tp-1+ =

2n 3n 6
Chitng minh rang day (z,) c¢6 giéi han hitu han va tim giéi han do6.

& Bai 3. Cho day (u,) théa man
2 1 3
Uy = l,us = =, Upio < —uflﬂ + Zun,n =1,2,..

3
Chitng minh day (u,) c¢6 giéi han va tim gi6i han do.
& Bai 4. Cho day (z,) xac dinh béi
-z, +1

TN =2, Tpi1 = .
’ -z, +1

no1
Chitng minh day y, = > — 6 gi6i han va tinh giéi han doé.
k=1 T
& Bai 5. Cho (z,,) xac dinh bdi
1 =2, Tp1=14+x129---2,,Vn > 1.
no1
Tinh lim ) —.
k=1 Lk

& Bai 6. Cho (z,,) xac dinh béi
1 =1, Tpi1 =V, (2, + 1) (2p +2) (2, +3) + 1,Vn > 1.

n 1
Tinh lim :
=1 Tk + 2

& Bai 7. Cho (z,,) xéc dinh béi

T1 =90, Tpt1 zxi—Q,Vn > 1.

. 1 1 1
Tinhnm&vahm<—+ +---+—).
T1T9 Ty T 12 T1T9 Ty

) n !
& Bai 8. Cho day s6 (a,)> xac dinh bdi cong thic: a, =

—,Vn =1,2,... Tinh gi6i han
=0 Ak

ctia day s6 da cho.
& Bai 9.
(1) Tim s6 hang tong quat ctia day sb (u,,) biét réng
Uy = 25Us = 8 Upy1 = 4y — Up_1,Yn > 1;n € N.

@ Tit két qua trén ching minh rang phuong trinh sau day c6 vo s6 nghiém nguyén duong

2, .2
' +y 4
zy +1
& Bai 10. Day (a,) dugc dinh nghia nhu sau: Néu py, pa, . . ., pr 14 cac udc nguyen t6 khac nhau
) 1 1 N ) .
cua so nguyén duong n thi a, = — + — + ... + —. Chiing té rang vdéi bat ki s0 nguyén duong
p1 P2 Pk

N
N >2tacé: > asaz...a, <1.

n=2
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§1. Cac phuong phap tim gidi han day so6

u
—  VYneN*.
2u, +5’ "

& Bai 11. Cho day s6 (u,) duge xac dinh béi: u; = 2, upyq =
(1) Ching minh (u,) la day s6 gidm.
@ Tim cong thitc tong quat clia u,.

& Bai 12. Cho n 1a s6 nguyén duong va goi x,, 13 nghiém duong duy nhét ctia da thiic

1
__ 43 2
fult) =t + 3t -

Chitng minh rang day (y,) duge xac dinh béi y, = n (nz,, — 2) 6 gidi han, tim gidi han do.

& Bai 13. Cho s6 thuc a va day s6 (x,) xac dinh bdi:

2017
T1=Q; Tpyy = mln (Qxi + 15) — 9 v6imoin > 1.
Chiing minh rang day s6 (z,,) ¢6 gidi han hitu han khi n — +o0.

139
& Bai 14. Cho day 56 (u,) duge xac dinh: { * 2017
u? (2 — upy1) = Uiy (2= 5u,),Vn > 1.

. u U Uy,
Xét day so v, = Ly 2 4.4
1—u; 1—uy 1—u,

. Tim lim v,

& Bai 15. a) Cho q la s6 thuce thude khoang (0; 1) va day {uy, },,-, thoa man dicu kien [, 1o — tn 1| <
q|tuns1 — uy|, ¥Yn > 1. Ching minh ring day {u,} c6 giéi han hitu han.

b) Cho day {vn}n21 xac dinh b6i 0 < v1 £ 1 va v,41 = 5

,Vn > 1. Chitng minh réng day {v,}

Un
c6 gidi han hitu han va tinh limv,.
& Bai 16. Xét day sb (z,) xac dinh béi
) n+a x?
T1=— VA Tpyp = + +x,— = v6imoin=1,2,3, -
4 n 2

Chitng minh day s6 (z,) c6 gidi han hitu han khi n — +o0o va tim gidi han d6 trong cac truong
hop

2017 n=l

& Bai 17. Cho day s6 (x,,) dugc xac dinh béi zg = 2017; 2, = ——— >_ 2 (n > 1). Tim gi6i han
n k=0
2017
L = lim h=0
—2018n2 +4n — 3
& Bai 18. Tim s6 hang tong quat ctia day s6 (u,) biét
1
Uy = 5
Uy = 673
2 (3 2
Uy — 2(n + 2)% 1 — (n° +4n* + 5n—|—2)un’n EN.n>1.

n+3

& Bai 19. Cho s6 thuc ¢ € (0;1). Xét hai day s6 (a,), (b,) xac dinh béi a1 = 1, a1 = V2 + an
va b, = apnq" + apy1q" 4 - -+ + a9, v6i moi n nguyén duong. Chitng minh ring
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Chuong 1. D3y sb

@ a, < apyq vOi MOl n nguyén duong.
. 2
(2) Day (b,) c6 gi6i han hitu han va giéi han d6 bang T
—dq

ry=a>0
& Bai 20. Cho day s6 (z,) xac dinh bdi

n
Tpi1 =Tp+—,n=12,3, ...
n

1) Ching minh rang z,, > n véi moi n > 2.

2) Chimg minh ring day ($—”) ¢6 gi6i han hitu han va tim gi6i han do.
n

) 4u, + 3
& Bai 21. Cho day s6 (u,),, xac dinh nhu sau u; = 1; u,qq = Y j__2 ,Vn>1
un
Chiing minh rang day (u,) -, hoi tu va tinh giéi han cia day.
up >0
& Bai 22. Cho day s6 (u,) dudc xac dinh béi: 2+ /U2 + 2u, + 4
Upi1 = L ,Vn=1,2,3, ..
Unp,

Chitng minh rang day (u,) ¢6 giéi han hitu han va tim giéi han do6.

& Bai 23. Cho day s6 thuc (z,) xac dinh bdi cong thiic:

ro=1,21=5
Tpi1 = 62, —x,_1(n > 1;n €N) .
Tim lim z, {V2z,}v6i {a} = a — [a] 1a phan 18 clia a.
n—oo

I0:1,$1:5

& Bai 24. Cho day s6 (z,,) xac dinh nhu sau: /2
Tpy1 + : xy, +6,VTL > 0.

Tnt2 =

Chitng minh rang day s6 (z,,) ¢6 giéi han hitu han va tim gi6i han do6.

u; = 3
& Bai 25. Cho day (u,) duge xac dinh bdi: { )
Uy — 3Ung1(Uny1 — 1) = u, + 1, Vn € N¥,

Chitng minh rang day (u,) ¢6 giéi han hitu han.

& Bai 26. Cho day s6 (x,,) v6i 1 = 2017, 2,41 = V3 + %; (n € N*). Ching minh (z,) c6

Vi —1

449

x} —x, +6

gidi han va tim gidi han do.

& Bai 27. Cho day s6 (z,,) duge xac dinh bdi 21 = 4; 2,41 = , Vn € N*.
@ Chitng minh rang lim x,, = +oo.

V6i moi s6 nguyen duong n, dat y, =
2) guy g n, dat y ];$2+3

& Bai 28. Cho day s6 (z,) (n=1,2,3,...) dugc xac dinh bdi:

. Tim lim y,,.

JI% - 2{xn}2 )
[2n]? ,

Trong d6 [z] 1a phan nguyén ciia z, {z} 1a phan thap phan cta z.

n € N*

r1=a>1,r,1 =

@ V6i a = 2017, chiing minh day s6 (z,,) trén c6 giéi han hitu han va tim giéi han do.

(2) Chitng minh day s6 (z,,) c6 gi6i han hitu han v6i a > 1 va tim gi6i han do.
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§1. Cac phuong phap tim gidi han day so6

& Bai 29. Cho cac day s6 (), (y,) xac dinh béi z; = 2017, y,, 1a chit s6 tan cung cia z,, va
Tpi1 = Ty + 2y, Vn > 1.

(1) Ching minh ring day (y,) la day tuan hoan.

@ Chitng minh rang day (z,,) chita vo s6 s6 hang 1a liy thita ctia 17.

\e ~ 4 2 . 2,0 (21’71 - 1)10
& Bai 30. Cho day s6 (z,,) dugce xac dinh béi: 1 = 1; 2,41 = —

221 — 1)° 219 — 1)? 2x5 — 1)° 2z, — 1)°
Cn-1°  @un-1 Q-1 (-1
209 — 1 203 — 1 204 — 1 22,11 — 1
& Bai 31. Xét day sb (z,) xac dinh béi

+x,,. V6i n 12 s6 nguyeén

duong. Dat u,, =

. Tim lim u,,.

.T1:O
.172:2
n 2n
T, = Tp_1 + Tpoo+2n, Vn=3,4,5...
n—1 n—2

(1) Tim cong thic téng quét ctia x,,. Chitng minh @s0;7 chia hét cho 20172,

@ Tim tat ci cac s6 nguyen t6 p sao cho , la liy thita k& clia mot s6 nguyen duong nao dé (k
14 s6 tu nhién 16n hon 1).
, r1 =3, 19=17
& Bai 32. Cho day s6 (z,) thdéa man: ' ’
Tpio=a2,  — a2+, Vn € N
LU
Dat y, = >, —. Chitng minh day (y,) c¢6 giéi han va tim giéi han dé6.
k=1Tk

& Bai 33. Cho day s6 duong (a,,),>1 v6i tinh chat sau: véi moi s6 nguyen duong N, ton tai chi s6

a0 do ho2 - —<a, <2+ —.
n nao do sao cho N a +N

@ Chitng minh ring v6i moi s6 nguyén duong k, ton tai vo han chi s6 n dé 37Vk < g, < 3VE,

@ Chitng minh ring c6 thé sap xép lai thit tu cdc s6 hang clia day s6 (a,),>1 dé duge day s6
(by)n>1 sao cho /b, c6 giéi han hitu han khi n tién ra +oo.

& Bai 34. Cho day sb (u,) xac dinh béi

u; = 2016

2

U
1= —" Yn>1.
Un+1 1+ u, n =

(1) Chiing minh day s6 (u,) la diy gidm.
(2) Tim phan nguyén ctia uop-
& Bai 35. Cho day s6 (a,) xac dinh bdi a; = 34, a,,, = 4a3 —104a? — 107a,, v6i moi s6 n nguyeén

duong. Tim tat ca céc sd nguyen t6 p théa man hai dicu kien p = 3 (mod 4) va agg7 + 1 chia hét
cho p.

& Bai 36. Cho day s6 Fibonaci xac dinh nhu sau: u; = us = 1, Uy, = Up—1 + Up_2, n = 3,4...
Chiing minh rang véi moi s6 nguyén t6 p > 7 thi ¢6 ding mot trong hai s6 w,_1, u,.; chia hét cho
P.

& Bai 37. Cho s6 thuc a > 2 va day s6 (u,,) xac dinh bdi
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Chuong 1. D3y sb

Chitng minh rang day (u,) c6 giéi han hitu han. Tim gi6i han cta (u,).
& Bai 38. Cho day s6 thuc (z,,) xac dinh béi

1 =3Va Tpy = \/21+\/2xn+6v(5in: 1,2,...
Chiing minh rang day sb (z,,) ¢6 gidi han hitu han. Tinh giéi han do6.

., 6u2_ Up_3 — SUp_1u?
& Bai 39. Cho diy 6 uj = 1, up = 2,uy = 24, u, = —2—L"3 1"n=2 Yp > 4. Chitng minh
Up—2Up—3

rang u, luon chia hét cho n véi moi n nguyén duong.
& Bai 40. V6i moi s6 nguyen duong n xét ham s6 f, tréen R duge xac dinh béi:
fol@) =2+ 2 2P b+ 1
@ Ching minh ham s f, dat gia tri nhé nhat tai mot diém duy nhat.
(2) Goi gia tri nhé nhat ctia ham sb f,, 1a s,,. Chitng minh day s6 (s,) 6 giéi han hitu han.
& Bai 41. Cho day (z,) duge xéc dinh nhu sau:

Tn
o> 0241 = H—I2,V'I7/ eN

n

Tim lim +/2nz,,.

T—+00

& Bai 42. Cho day s6 (z,) xac dinh béi he thic:

r = 1
Tni1 = /T (20 + 1) (20 4 2)(2n + 3) + 1,Vn € N*

1 , P
baty => ", ——,Vn € N*. X4c dinh gi6i han cta day s6 (y,).

=+ 2
& Bai 43. Tim a dé day sb (u,) hoi tu biét u; = a va
2u, — 1 khi u,, > 0
Upi1 =1 — 1 khi —1#u, <0 VneN
u? 4 4u, + 2 khi u, < -1

& Bai 44. Cho s6 thuyc a théa man 0 < a < 2. Xét day s6 (ay,)n>0 xac dinh bdi ap = a va

1+ /2a2+1
Qn

Chiing minh rang day (a,),>0 ¢6 giéi han hitu han va tim gi6i han do.

Qpi1 = v6i moi n € N.

& Bai 45. Cho day s6 (2,)n>1 VOl 1 = 1,09 = 2 VA Ty 9 = 511 — T, Vi moi n nguyén duong.
a) Chitng minh ring ton tai vo s6 s6 nguyen duong n dé cac s6 du clia cac 6 hang ,,, Tpy1, Tnio
khi dem chia 20162°'7 1a mot hoan vi ctia ba s6 nguyén lién tiép
b) Chiing minh rang 2122 — 20 14 s6 chinh phuong v6i moi n nguyén duong.
& Bai 46. Cho a 1a mot s6 thyce va day s6 (z,) duge xac dinh béi x,, = 2016n + av/n® + 1,Vn =
1,2, ..
(1) Tim a sao cho day so (z,,) c6 gidi han hitu han.
(2) Tim a sao cho day sb (z,,) la day sb tang (ké tit s hang nao do).

& Bai 47. Cho a,b 1a cac s6 nguyén duong. Xét day s6 (u,) xac dinh béi u, = a?n® + bn, véi
n=1;2;...Tinh lim {\/un}, trong d6 ki hieu {z} 14 phan 1& ctia s6 thyc x.

n—oo
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§1. Cac phuong phap tim gidi han day so6

& Bai 48.

u =1
Cho day 6 (u,) xac dinh bdi ¢ uy = 3
Uptro = (N + 3)Uupy1 — (N + 2)u, Vn € N*
1) Xéc dinh cong thtc tinh w,, theo n.

2) Trong cac s6 hang ctia day s6 (u,), tim cic s6 hang 1a s6 chinh phuong.

3
up = 1,up = 3
& Bai 49. Xét day sb (u,) xac dinh béi cong thiie: P
Unyo = L, n>1
Uy, + 2

Chiing minh rang day s6 (u,) c¢6 gidi han hitu han va tim giéi han do6.
& Bai 50. Cho day s6 (a,) ¢6 a; € R va apyq = |a, — 287" Vn € N*. Tim lim u,,
& Bai 51. (2,0 diém).
Cho A, (n € N*) la tap hop chita cac s6 c¢6 bieu dién thap phan dang 0, ajas...a,, trong d6 a, = 1
va a; bang 0 hodc 1 v6i moi i = 1,2...,n — 1. Goi z,, 14 s6 phan tit ctia A, va y, 1a tong cac phan
tu cua A,.

a) Tim cong thic ctia z,, theo n.

b) Tinh giéi han lim In.
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