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I Ldi néi dau

Trong chuong trinh Toian phd thong, hinh hoc khéng gian luén dude xem 1a mang kién thitc rén
luyén tu duy manh nhat. D& gidi mot bai toan khong gian, ngudi hoc phai dung duge hinh trong tri
tudng tuong, nhin ra cdc quan hé song song — vudng géc, xac dinh ding hinh chiéu, géc va khoing
cach — nhiing thao tdc ma khong mot cong thitc may méc nao lam thay dude. Cing chinh vi thé,
day thuong la phan gy e ngai nhat, dong thoi 1a noi phan héa ré nhat trong céc dé thi.

Tai liéu nay chon huéng di hinh hoc thuin tdy: moi bai toan déu duge giai bang chinh céng cu
ctia hinh hoc — quan hé song song va vuéng géc, dinh li ba dudng vudng géc, cac hé thitc ve goc,
khodng céch va thé tich — khong gan hé truc toa do. Loi ich ctia cach hoc nay khong chi nam & 15i
giai gon gang, ma quan trong hon 1a qud trinh di tim 16i gidi: mdi lan tu dung duge hinh, tu tim ra
chan duong vuong géc hay nhin thiy géc phang ctia nhi dién 14 mot 1an tri tudng tuong khong gian
dugce rén gita thém.

Nbi dung gom sau chuyén dé, di tit goc gitta hai dudng thing chéo nhau, cic cong thic géc — khodng
céch, ki nang dinh vi chan dudng cao, cic cong thitc thé tich nang cao, dén géc nhi dién va cac bai
toan cuc tri. Mdi chuyén dé theo mot mach théng nhat: trude hét hiéu ré ban chdt clia cong thitc (né
sinh ra tit dau, vi sao ding); sau d6 ndm chdc cdich lam qua cic 15i gidi mau trinh bay ting budc;
cudi cling méi bude sang nhing dang khé thuong gdp — chd ma chi thudc cong thitc 14 khong du.
Cudi méi chuong con ¢ hé théng bai tdp ndng cao (ddnh dau x), noi cdc bat dang thitc quen thuoc
nhu AM-GM, Bunhiacopxki, Minkowski dudc dua vao hinh hoc khong gian ding theo tinh than clia
nhitng cAu vin dung cao trong dé thi.

Mot diéu ddng luu y: rat nhiéu bai toian trong dé thi chinh thtc, du duge khodc 16p vé tinh hudng
thuc té hay phat biéu bang ngén ngit toa do, thyc chit déu xuit phat tir mot bai hinh thuin
tiy. Béc 16p vo ay di, phan 16i con lai van 1a nhitng moé hinh quen thudc xuét hién xuyén sudt cuén
tai liéu nay. Nam chic phan 161, dé thi sé khong con nhiéu bat ngd.

Ciing can néi 16 vé phuong phéap gin hé truc toa d6. D6 13 mot cong cu tdt, va khi huéng gidi
hinh hoc gip bé tic thi viéc chon hé truc 13 hoan toan chinh ddng — nhét 14 v6i cic bai c¢6 san ba
dudng doi mot vudng géc. Tuy vdy, toa dd nén dude xem 1a 167 thodt tuy bai, khong phai théi quen
mic dinh: lam dung toa do, khad nang nhin hinh s&é mai mot dan, va khong it bai todn von chi can
vai dong lap luan hinh hoc lai bi bién thanh may trang tinh toan.

Trong ting trang sach, cong thitc déu duge dung lai tit dau, hinh vé dude dung chinh xéc va can
than. Hy vong cudn tai liéu sé 1a ngudi ban dong hanh dang tin cdy trén con dudng tu hoc va chinh
phuc céc bai toan van dung cao.

Du da dude ra soat ki ludng, tai liéu chic chin khoé tranh khoi thiéu sét. Moi ¥ kién déng gép déu
rat dang quy dé tai liéu dude hoan thién hon trong nhitng lan chinh 1f sau.
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CHUONG
Sau canh, mot goc

Hai canh déi clia tr dién

| Kién thic trong tam

Trong t dién ABCD, hai canh khéng c¢6 dinh chung goi la
hai canh doi; ttt dién c6 ba ciap canh déi: AB va CD, AC
va BD, AD va BC. Goi M, N lan lugt 1 trung diém ctia
hai canh déi AB va CD. Poan M N goi 1a doan nbi trung
diém hai canh ddi (con goi 1a dudng trung binh ciia t
dién).

V&i mot cap canh dbi cé hai dai lugng can tinh: do dai doan
MN va gbc gitta hai dudng thing chita hai canh ddi. Néu
@, ¥ 1an luot 13 vecto chi phuong ciia hai dudng thing a, b
thi cos(a,b) = |cos(ﬂ,17)|; gbc gitta hai dudng thing thudc
[0°;90°], gbc gitta hai vecto thudc [0°; 180°].

Hai cong thirc chinh N

Véi M, N lan lugt 1a trung diém ctia AB, CD cia tit dién ABCD:
( ~\

AC? + BD? + AD? + BC? AB? D?
Mz = A+ s ¢ _ ZC . (1.1)

g J

Géc ¢ gitta hai dudng thang AB va CD tinh theo bén canh con lai:

4 \
s — | AC? + BD?* — AD*> — BC? | 1)
= 2AB-CD ' ‘
. J
Hé qua:
AB 1 CD <= AC? + BD? = AD? + BC?. (1.3)
\ J

I Ching minh hai cong thirc

Tich vé hudng cia hai canh doi. V&i bén diém A, B, C, D bat ki, ta cé CD = AD — AC nén
2AB-CD = 2AB - AD —2AB - AC. Binh phuong v6 huéng hai ding thic BD = AD — AB va
BC = AC — AB duoc

2AB-AD = AB®> + AD? — BD?,  2AB-AC = AB% + AC? — BC2.

Tr vé theo vé:
2AB-CD = AD? + BC? — AC? — BD?. ()
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|AB-CD|
L AB-CD ' .
AB, CD vuong goéc khi va chi khi AB - CD = 0, tlic vé phai ctia (%) bang 0; d6 la (1.3).

Boan néi trung diém. Ta c6 MN = MA+ AC +CN va MN = M B+ BD + DN. Cong vé theo vé,
v6i MA + MB =0 va CN + DN = 0, dugc

Géce gitta hai duong thing AB, CD c6 cosp = thay (*) vao duge (1.2). Hai dudng thing

—

MN = L(AC + BD) = L(AD + BO);
ding thitc thit hai chimg minh twong tu. Binh phuong vo huéng déng thitc thit nhét:
4 MN? = AC? + BD? + 2 AC - BD.
Déi vai B va C trong (*) dugc 2AC - BD = AD? + BC? — AB? — C'D?. Thay vao ding thiic trén
duge (1.1).

Chii y. Ba cong thitc (1.1), (1.2), (1.3) chi chita d§ dai céc canh. Véi ciip canh ddi khac thi déi tén
dinh tuong tmg: ching han géc giita AC va BD tinh theo bén canh AB, CD, AD, BC; v6i M, N 1a
trung diém ctia AD, BC thi

MN = Y(AC + DB) = L(AB + DC)
(cong hai déng thitc MN = MA + AC + CN va MN = MD + DB + BN, v6i MA + MD = 0,
CN + BN = 0; d&ng thitc con lai tuong tu).

I Vi du minh hoa

Cho tit dién ABCD c¢6 AB = 6, CD = 6, AC = 8, A
BD =38, AD = 10, BC = 6. Tinh goéc gitta hai duong
thang AB va CD (lam tron dén do).

Lai giai. Goi ¢ 1a géc gitta hai dudng thang AB va CD. Theo (1.2),

|AC? + BD? — AD> — BC?| _ |64+64—100—36] 8 1

2AB-CD 2.6-6 729

cosp =

1
nén ¢ = arccos 9 ~ 83,62°.

[ Dap s6: o ~ 84°. ]
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Cho tt dién ABCD ¢6 AC =6, BD =8, AD = 7. Dé
hai duong thing AB va C'D vudng géc v6i nhau thi do
dai canh BC bang bao nhiéu (lam tron dén hang phan
muoi)?

L&i giai. Theo (1.3),
AB 1 CD < AC?+ BD? = AD? + BC? < BC? = AC%+ BD?— AD? = 36 + 64 — 49 = 51,

nén BC = /51 ~ 7,14 (AB, CD khéng xuét hién trong (1.3)).
'a )

Dap s6: BC = /51 ~ 7,1.

- J

Cho t¢ dién ABCD ¢6 AB = BC = CD = 8, AC =
BD = AD = 6. Goi M, N lan lugt 1a trung diém ciia
AB va CD. Tinh do dai doan M N (lam tron dén hang
phan tram).

(. £

Lai gidi. Theo (1.1), cip AB, CD (nhan M, N lam trung diém) mang dau trit, bon canh con lai
mang dau cong:

_AC?+ BD*+ AD?> + BC®  AB*>+CD? _36+36+36+64 64464

2 = — =
MN I T I T = A3-32=11,
nén MN = /11 ~ 3,32.

[ Dap s6: MN = /11 ~ 3,32. ]
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Chuong 1. Sau canh, mot géc

Cho tit dién ABCD c6 AC L BD va AC? + BD? = 144. A
Goi M, N lan luot 1a trung diém ctia AB va CD. Tinh
do6 dai doan M N.

(.

Loi giai. Theo phan chiing minh cong thitc (1.1), MN = %(At’ + B_D) nén

4MN? = AC? + BD? + 2 AC - BD.

Vi AC' L BD nén AC- BD =0, do d6 4 MN? = AC? + BD? = 144, titc MN? = 36 vi MN = 6.

e

Dap s6: M N = 6.

Cho t& dién ABCD ¢6 AC = BD — 6. Goi M, N lan A
lugt 1a trung diém ctia AD va BC, biét MN = 4. Tinh
cos(AC, BD) (lam tron dén hang phan tram).

.

B

G W

L&i giai. Hai diém M, N 1a trung diém ctia ciip canh déi AD, BC nén MN = %<ch + DB) (xem
Chi y 6 muc Chitng minh hai céng thic). Binh phuong v6 huéng:

4MN? = AC? + BD? —2AC -BD <> 64=72—2AC-BD <= AC-BD = 4.

Vay cos(AC, BD) = M — 4

1
AC . BD 36 g Wl

~ 0,11. }

O =

{ Dap s6: cos(AC, BD) =
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Cho t& dién ABCD c¢6 AC =6, BD = 8 va gbc gitta hai A
duong thang AC, BD bang 60°. Goi M, N lan lugt 1a
trung diém ctia AD va BC, biét MN < 6. Tinh d6 dai
MN (lam tron dén hang phan tram).

B

(.

L&i giai. Nhu Vi du 1.5, MN = 1(AC + DB). Binh phuong v6 huéng:

4MN? = AC? + BD?> —2 AC - BD = 100 — 2 AC - BD.
Géc giita hai dudng thing AC, BD bing 60° nén géc giita hai vecto AAC, BD bang 60° hodc 120°,
titc AC- BD = 46-8- % = +24.

e AC-BD =24: 4 MN? =52, MN = /13 ~ 3,61.
e AC-BD = —24: 4 MN? = 148, MN = /37 ~ 6,08 > 6, loai.

Vay MN = /13 ~ 3,61.

[ Dap s6: MN = /13 ~ 3,61. ]
Cho tit dién ABCD c6 AB =6, CD =8, BC = 10, A

AC 1 CD va BCD = 60°. Tinh géc giita hai dudng
thing AB va C'D (lam tron dén hang phan musi ciia
do).

-1~ ’6,0"
C 8 D

.

Lai giai. Goi ¢ 1a gbc gitta hai dudng thing AB va C'D. Dinh If ¢6sin trong tam gidc BCD:
BD? = BC? + CD? —2BC - CDcos60° = 100 + 64 — 80 = 84.
Tam gidc AC'D vuong tai C nén AD? — AC? = CD? = 64. Theo (1.2),

s [(AD? = AC?) 4+ BC® — BD?| _ |64 +100 -84 _80 _ 5
v= 2AB-CD T 2.6-8 96 6

Gia thiét khong cho AC; tit s6 chi chita AD? — AC? = C'D? nén khéng can AC. Vay ¢ ~ 33,6°.
Cdch khdc. Vi AC L CDnén AB-CD = (CB—CA)-CD=CB-CD=10-8-cos60° = 40, suy ra

e A0 5
Y768 6
[ Dap sb6: ¢ ~ 33,6°. ]
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Cho tit dién ABCD c¢6 AC =8, CD =8, BC = 6 va
ACD = 60°. Dé hai duong thing AB va CD vuéng goc
v6i nhau thi cos BCD bang bao nhiéu (lam tron dén hang
phan tram)?

G v

Loi gidi. Tam gidc ACD c6 AC =CD =8 va ACD = 60° nén la tam gidc déu, AD = 8. Theo (1.3),

AB 1 CD <= AC? + BD? = AD? + BC? < 64+ BD? =64+ 36 < BD? = 36.
Dinh 1i ¢6sin trong tam gidc BCD:

BC? +CD? — BD? 36+ 64— 36
2BC-CD - 2:.6-8

S 2
cos BCD = =3 ~ 0,67.
Cdch khic. Vi AB = CB — C'A nén

AB 1 CD < CA-CD=CB-CD < 8-8-c0s60° =6-8-cos BCD <« cos@zg.

Dap sb: cos BCD =

W N

~ 0,67.

I Bai tap van dung cao

Cho t& dién ABCD ¢6 AB = 6, CD = 6, AC = 8§,
BC = 6. Hai canh AD, BD thay doi nhung luén thoa
méan AD?+ BD? = 116. Goi M, N lan lugt 1a trung diém
ctia AB, CD va ¢ 1 géc gitta hai duong thing AB, CD.
Xét tinh ding sai ciia cic ménh dé sau.

a) D6 dai M N khong doi va MN = 6.

b) Khi AD =9 thi ¢ = 60°.

c) C6 vitri cia D dé AB L CD, khi d6 AD = 6+/2.

d) Véi vi tri cia D ¢ ménh dé c¢), goi P, Q lan lugt 1a trung diém ciia AC, BD thi PQ = 6.
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L3i giai.
a) Bang. Theo (1.1),

,  AC?4 BC?+ (AD? + BD*) — AB®> — CD? 64+ 36+ 116 — 36 — 36 _

MN
4 4

36,

nén MN = 6 v6i moi vi tri cia D.

b) Sai. Khi AD =9 thi BD? = 116 — 81 = 35. Goi K, L lan lugt 1 hinh chiéu ctia C, D trén AB.
Theo dinh 1i c6sin,

_ AB>+ AC*-BC* 16 AL_AB2+AD2—BD2_41

B 2AB 37 N 2AB 6]

3 320 1235 - -
nén KL = 5, CK2 = AC2 —AK2 = T, DL2 = AD2 —AL2 = Y Hai vecto CK, LD Cl\lng

AK

vudng gbc véi KL nén
CD? = (CK + KL+ LD)’ = KL? + CK* + DL? + 2CK - LD,

Quay tam gidc ABD quanh AB thi CK-LD nhan moi gi4 tri ttt —~CK - DL dén CK - DL, nén C D?
nhan moi gid tri tit KL? + (CK — DL)? ~ 2,26 dén KL? + (CK + DL)? ~ 141,96. Gi4 tri 36 nim
trong doan nay nén c6 vi tri cia D ting v6i CD = 6. Theo (1.2),

|AC? + BD* — AD? — BC?| _ |64+35—81—36] 1

cosp = 2AB-CD 72 s

nén ¢ & 75,52° %+ 60°.

c) Ding. Theo (1.3), AB L CD < AD?—BD? = AC?—BC? = 28. Két hgp v6i AD?>+BD? = 116
duge AD? =72, BD? = 44, tic AD = 6v/2, BD = 2/11.
Vi trf d6 ton tai. Véi K 1a hinh chiéu ctia C trén AB nhu é ménh dé b), mét phing (o) qua C vudng
. 16 2 320
gbc v6i AB cat AB tai K; ta c6 AK = 3 BK = AB — AK = 3 CK? = -5 Vé6i D € («) thi
AB 1 CD, AD? = AK? + KD?, BD? = BK? + KD?; didu kién AD? = 72 (khi d6 BD? = 44) trd
256 392 14v/2

thanh KD? =72 — 5 =9 Trong («), dudng tron tdm K bén kinh —3 6,60 va duong tron

tam C béan kinh 6 ¢6 6,60 —6 < CK ~ 5,96 < 6,60+ 6 nén cit nhau tai hai diém khéng thuoc duong
thing CK; mdi giao diém 1a mot vi tri ctia D.

d) Sai. Hai diém P, Q 1a trung diém ctia cip canh déi AC, BD. Theo (1.1) véi cip nay,

_ AB? + AD? + BC?> 4 CD? — AC? — BD*> 36+ 72+36+36— 64 —44

PQ? 18

Q : J ,

nén PQ = 3v2 # 6.

[ Dap s6: a) Dting; b) Sai; c¢) Ding; d) Sai. ]
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Cho tit dién ABCD ¢6 AB =4,CD =6, AC =T,
BD = 5; hai canh AD va BC chua biét. Goi M, N
lan lugt 1a trung diém ctia AB, CD, biét MN = 4;
goi P, @ lan luot 1a trung diém ctia AD, BC. Tinh
do dai PQ va sb do gbc gitta hai dudng thing AB,
CD (1am tron dén do).

Loi giai. Hai canh AD, BC chua biét; diit t = AD? + BC?2. Theo (1.1),
A4MN? =AC? + BD?> 4+t —AB?> —CD? <= 64=49+25+1t—16—36 < t =42.

Theo (1.2),
|(AC? + BD?) —t| |14—42| 2
cos(4B, CD) 2AB-CD 246 3
nén goc giita AB va C'D xap xi 48,19°. Poan PQ nbi trung diém ciia cip canh déi AD, BC; theo
(1.1) v6i cap nay,

4PQ?*=AB?>+ AC? + BD?> + CD? —t = 16 + 49 + 25 + 36 — 42 = 84,

nén PQ = v21 ~ 4,58.
s N

Dap s6: PQ = /21 ~ 4,58; gbc giita AB va C'D xap xi 48°.

. J

Cho tit diéen ABCD ¢6 AB = 4, CD = 6. Goi M, N A
lan luot 1a trung diém ctia AB, CD, biét MN = 6. Bén
canh AC, AD, BC, BD thay d6i. Tim gi4 tri 16n nhat
ctia tong T = AC + AD + BC + BD va cho biét khi T
16n nhét thi géc gitta hai dudng thing AB, C'D bang bao
nhiéu. B

N 75

Lai giai. Tim dai hiong khong doi. Theo (1.1),

AC? + AD? + BC? + BD? = 4 MN? + AB? + CD? = 144 + 16 + 36 = 196.
Ddnh gid. Theo bat dang thitc Bunhiacopxki, 7% < 4(AC? + AD? + BC? + BD?) = 784, nén T < 28;
déu bang khi AC = AD = BC = BD =1.

Kiém tra dau bang. Khi AC = AD = BC = BD = 7, CD = 6: cic tam gidc ACD, BCD can
c6 trung tuyén AN = BN = /49 -9 = 2y/10, AN L CD, BN 1L CD. Vi AN = BN va 0 <
AB =4 < AN + BN nén A khong thudc dudng thang BN; mit phang (ABN) vuéng goéc véi CD
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¢t (BCD) theo dudng thang BN, nén A ¢ (BCD) va ABCD la tit dién. Theo (1.1), 4 MN? =
4-49 — AB? —CD? =196 — 16 — 36 = 144, nén M N = 6, thod méan gia thiét.

Vi AC? 4+ BD? = 98 = AD? + BC? nén theo (1.3), AB L CD. Vay maxT = 28, khi d6 géc giita AB
va CD bang 90°.

'd A
Dap s6: maxT = 28, dat khi AC = AD = BC = BD = 7; khi d6 gbc giita AB va C'D bang
90°.

\ J

Cho t¢ dién ABCD c¢6 AC = 6, BD = 5, AD = 4, A
BC = 3. Hai canh AB va C'D thay d6i nhung luén thoa
man AB?+CD? = 72. Goi ¢ 1 gbc giita hai dudng thing
AB va OD. Tim gi4 tri 16n nhat ctia ¢ va cho biét khi
d6 AB, CD bang bao nhiéu.

Lai giai. Tim dai lhiong khong doi. Theo (1.2),

cos o — |AC? + BD* — AD*> — BC?| _ |36+25—16—9] 18
v 9AB-CD ~ 24B-CD  AB-CD’
e AB? + CD? 1
Ddnh gida. Theo bat dang thitc AM — GM, AB-CD < + = 36, nén cos ¢ > 3 va ¢ < 60°%;

dau bang khi AB = CD = 6.

, . s — 7 — 42
Kiém tra dau bang. V6i CD = 6: tam gidc ACD c¢b cos ACD = g’ sin ACD = T\/_; tam giac BC'D

2v/14

5§ _ —
c¢b cos BCD = 9’ sin BCD = —g Quay tam gidc BC'D quanh C'D thi gbc AC' B nhin moi gié tri
nam gita ‘A/é’b — B/C'7)| va ACD + BCD (hai gid tri tmg véi A, B, C, D dong phing). Diéu kién

— 36+9-36 1
AB = 6 tuong duong cos ACB = 5. 6.3 — 1 ma
— — 35 —16V7 1 35+ 16v7 — —
cos(ACD + BCD) = 8—1\/_ <7< +8—1\/_ = cos(ACD — BCD),

nén c6 tt dién ting v6i AB = C'D = 6. VAy gid tri 16n nhat ctia ¢ 1 60°, dat khi AB = CD = 6.

[ Dap s6: max p = 60°, dat khi AB = CD = 6. ]
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CHUONG
2 Gé6c qua khoang cach

Goc giita dudng the&mg va mat phgng, gitra hai mat phgng

| Kién thic trong tam

Tinh géc gitta dudng thing v mit phing theo dinh nghia cain dung hinh chiéu ctia dudng thing;
tinh géc gitta hai mit phang can dung géc phéng nhi dién, ttc 1a phai xdc dinh chan dudng vudng
gbc. Hai cong thiic (2.1), (2.2) clia chuong nay lién hé géc v6i khodng cach, nén chi can tinh khodng
cach thay cho phép dung do.

Céng thirc (2.1): goc giita hai mat phang

Cho hai mét phing («), (3) c&t nhau theo giao tuyén
A. Lay diém S tuy y thuoc (a), S ¢ A. Goi ¢ 1a géc
gitta (a) va (f). Khi dé

d(s, (8))

d(b:, A) (2.1)

sinp =

Cong thitc chi can khoang cich tit S dén mit phing
kia va dén giao tuyén, khéng can dung chan dudng
vuong géc H cua S trén (3).

Céng thirc (2.2): géc giita dudng thang va miat phang

Cho duong thang AB cit mit phang (P). Goi ¢
la géc gitta AB va (P). Khi d6

|d(4, (P)) £d(B, (P))]
AB ’

sinp = (2.2)

lay dau trit khi A, B cung phia d6i v6i (P), dau
cong khi A, B khdc phia ddi véi (P). Tt s6 1a
do dai hinh chiéu ctia doan AB trén mot dudng
thing vuéng géc véi (P).

. J

I Chirng minh hai cong thirc

Cong thie (2.1). Goi H, I 1an lugt 1a hinh chiéu vudng géc ctia S trén () va trén A. Néu H = T
thi ST L (B), do d6 () L (B) va hai vé ctia (2.1) cling bang 1. Néu H # I thi S, H, I khong thang
hang (duong thang SH L (B) chi cit (B) tai H); dudng thing A vuéng géc véi SH (vi SH L (B))
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vA vuong goéc véi ST, nén A L (SHI), suy ra HI L A. Hai duong thing IS C (a) va IH C (f) cing
vuong géc v6i A tai I, nén ¢ = STH (gbc nhon vi tam gidc SHI vuong tai H). Do d6

sinp = S—H = —d(S’ (/3))
SI d(s,A)

Cong thite (2.2). Goi I 1a giao diém ctia AB va (P), E 1a hinh chiéu ctia A trén (P). Néu A # [
va E # I thi IE 1a hinh chiéu ciia AB trén (P), nén ¢ = AIE; tam gidc AEI vuong tai E cho
d(A, (P)) = AE = I Asin . Dang thitc nay van ding khi F = I (khi d6 ¢ = 90°) hoiic A = I. Tuong
tw, d(B, (P)) = IBsin ¢. Hai diém A, B khéc phia d6i v6i (P) khi va chi khi I nam giita A va B; khi
d6 AB = IA + IB. Néu A, B cung phia thi I nam ngoai doan AB v AB = |IA — IB|. Cong hoic
trit hai dang thitc trén rdi chia cho AB, ta duge (2.2).

Chii y. Trong (2.1), diém S dugc chon tu do trén () (v6i S ¢ A): chon diém ma hai khodng céch
tinh dugc gon nhat.

| Vi du minh hoa

Dudng thang AB cit mit phang (P) tai diém I ndm
trong doan AB. Biét AB = 6, khoang céch tit A va
B dén (P) lan lugt bang 1 va 2. Tinh géc ¢ giita AB
va (P) (lam tron dén do).

Loi giai. Diém I nam trong doan AB nén A, B khic phia d6i v6i (P). Theo (2.2) véi dau cong,

. d(A,(P))+d(B,(P)) 142 1
e = AB ~ 6 2

Vay ¢ = 30°.

[ Dap s6: ¢ = 30°.

DPudng thang AB cit mit phang (P) tai diém I ndm
ngoai doan AB. Biét AB = 6, khoang céch tit A va
B dén (P) lan lugt bang 4 va 2. Goi ¢ 1a géc giita AB
va (P). Tinh sin ¢ (lam tron dén hang phan tram).

Loi giai. Piém I nam ngoai doan AB nén A, B cing phia dbi v6i (P). Theo (2.2) véi dau tri,

(A, (P))A—Bd(B7 (P)| _ |4 - 2l _ L 033,

~ 0,33. }
IC DESIGN| Trang 13/64
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Cho hinh chép S.ABCD c6 ddy la hinh cht nhat,
AB = 2a, AD = a, canh bén SA L (ABCD) va
SA = a\/3. Goi M la trung diém CD va N 1a diém
trén canh SB sao cho SN = 2N B. Goi ¢ la gbc gitta
MN va mit phang (SAD). Tinh sin ¢ (lam tron dén
hang phan tram).

A

Lai gidi. Tim duong thang vuong goc vdi (SAD). Ta cé AB 1 AD (déy chit nhat) va AB 1 SA (vi
SA L (ABCD)), nén AB L (SAD). Do CD || AB nén CD L (SAD) tai D.

Tinh ti s6. Piém M thudoc CD nén d(M,(SAD)) = MD = a. Do AB L (SAD) tai A nén
d(B,(SAD)) = AB = 2a. Ta ¢6 S € (SAD) va S, N, B thang hang; hai dusng vudng géc ha
tit N, B xudng (SAD) song song véi nhau, nén theo dinh 1i Thales,

SN

d(N,(SAD)) = T d(B.(SAD)) = § Lgq = ta

3
Hai diém M, N cung phia v6i B déi v6i (SAD): N thuoc doan SB, N # S; M thuoc doan DC,
M # D, ma C cung phia B vi BC || (SAD).
Tinh MN. Goi N, 1a hinh chiéu ctia N trén (ABCD) va M, la trung diém AB. Vi NN, || SA nén
N, € AB va

i 3

2 1 a

Ta co6 MM, L AB, MM, = a va NN; L MN;, nén

2 2 2
MN2=MM§+M1N%+NN%=GQ+%+% = 1?:; ., MN= “ﬁﬁ.
Két lugn. Theo (2.2), v6i M, N clng phia:
4a a
d(N,(SAD)) —d(M,(SAD = 1
sin p = (v, ( ) (M, ( ) =3 = ~ 0,28.
MN av13 V13
3
P V13
Pap so: sinp = EER ~ 0,28.
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Cho hinh chép ttt gidc déu S.ABCD cé tat ca cic canh
bing a. Goi M la trung diém SA va N la diém trén
canh BC' sao cho NB = 2NC. Goi ¢ la géc gita M N va
mit phang (SBD). Tinh sin (lam tron dén hang phan

tram).

Lai giai. Tim ducng thang vuong géc vdi (SBD). Goi O la tdm ddy. Ta ¢6 AC L BD va AC L
SO (vi SO L (ABCD)), nén AC 1 (SBD) tai O. Hai diém A, C khac phia déi v6i (SBD) va

d(A, (SBD)) = d(C, (SBD)) = OA = %ﬁ

, o . 1 2 c
Doi diém. Puong thang SA cat (SBD) tai S, SM = §SA; duong thang BC cat (SBD) tai B,
BN = gBC. Nhut Vi du 2.3,

_1 a\/i_a\/i
2 2 47 3’

v6i M cung phia A (M thudc doan SA, M # S), N cung phia C' (N thuoéc doan BC, N # B), tiic
M, N khéac phia dbi véi (SBD).

2
2 .
Tinh MN. Ta ¢6 SO = v/SA?— 0A2 = /a2 — % - % Hinh chibu M, ciia M trén dédy 1a

d(M, (SBD)) =

d(N, (SBD)) = % : “T‘/i a2

. SO 2 . 1
trung diem AO, MM, = - = %_; diem M, thuéc AC va AM, = ZAC, ma C cach AB va AD
cung mot doan a, nén M, cich AB va AD cung mot doan Z. Goi F 1a hinh chiéu ctia M; trén
BC; vi BC 1L AB nén M,F || AB, do d6 BF = d(M,,AB) = Z, M,F = a—d(M,,AD) = ??Ia’
2a¢ a ba
9a® = 25a®  53a? 53a*> a®  3la?
M,N? = — =— MN? = M{N?> + MM? = —— + — = ——
! 6 144 72 A CERA T
v31
nén MN =2 63 .
Két luan. Theo (2.2), v6i M, N khac phia:
a2 av2
, 4 T3 Tav2 6 7762
sing = = . = ~ 0,89.
av/31 12 /31 62
6
- 7V 62
[ Dap so: sinp = 6 ~ 0,89. }
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Cho hinh chép S.ABC cé khoang cach tit dinh S dén S

mit phing ddy (ABC) bang av/3 va khodng céch tir S

dén canh BC bing 2a. Tinh géc giita hai mit phing

(SBC) va (ABC) (lam tron dén do). C

B

. J

Lai gidi. Giao tuyén ctia (SBC) va (ABC) 1a BC. Ap dung (2.1) vé6i diém S € (SBC):

d(S,(ABC))  aV3 /3
d(S,BC) ~ 2a 2~

sinp =

Vay géc gitta (SBC) va (ABC) bang 60°.

Dap s6: p = 60°.
Cho hinh chép S.ABCD cé day la hinh vuéng canh a, canh S

bén SA L (ABCD) va SA = a+/3. Tinh gi4 tri chinh xdc
clia cosin goc gitta hai mit phang (SBC) va (SCD).

av3

A

Loi giai. Giao tuyén cia hai mit phing 1a SC. Ap dung (2.1) véi diém B € (SBC).

Ti s6. Do AB || (SCD) nén d(B,(SCD)) = d(A, (SCD)) = S
AE, v6i E 1a hinh chiéu cta A trén SD (CD L (SAD) nén
AE 1 (SCD)). Ta c6 SD = 2a va

_SA-AD a 3~a_a\/§

AF
SD 2a 2

Mau so. Tam gidc SBC vuong tai B (BC L (SAB)), SB =
2a, SC = av/5. Goi K 1a hinh chiéu cta B trén SC: BK =

SB-BC  2a
- SC 5 A
Két luan.
Sin(p:a_\/gﬁzﬁ COSSO: 1_E:1
2 2a 4 7’ 16 4
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Chuong 2. Goc qua khoang cach

Cdch khdc. Hai tam gidc SBC, SDC bang nhau (vudng tai B, D, chung canh huyén SC, SB = SD),
B? D? . 2 _—
nén SK = S— = S—, ttc hinh chieu cta D trén SC cung la K, va DK = BK = iy Goéc BKD
SC SC V5

14 géc phing clia nhi dién canh SC; v6i BD = av/2:

8a? 9
BK*+ DK2—BD? 5 20

BKD = —
o8 9BK - DK 8a2

5

|
NG

Géc nhi dién ti1, gbc gitta hai mit phang 14 géc bit clia né. VAy cos ¢ = 1

. 1
{ Pap so6: cosp = 1= 0,25.

Cho hinh lang tru ditng ABC.A’B’'C’ c6 day 1a tam gidc déu

canh a, canh bén biang av/3. Goi ¢ 13 géc gitta hai mit phang

(AB’C’) va (AB’C). Tinh siny (Iam tron dén hang phan A ;

muoi). !
/

B/

S~

II O,\/g

G

Loi giai. Giao tuyén clia hai mit phing 14 AB’. Ap dung (2.1) véi diém C” € (AB'C"):

_d(C',(AB'C))
YT a0, AB)

Tinh d(C", AB"). Ta ¢c6 AB’ = va? + 3a? = 2a, tuong tuw AC’ = B’C' = 2a. Tam gidc AB’C’ can
. / 2 aV15 2V/15
tai A, ddy B'C’ = a, duong cao ké tit A bang {/4a? — az = aT’ nén Syp o = a 1 va

, , 25 ol a\/1_5
d(C’,AB’) = XE,CZ T

Tinh d(C’, (AB'C)) bang thé tich. Do BB’ || (ACC’A’) va (ACC’A’) L (ABC') theo giao tuyén AC,
P s . 3
khoéng cach tit B” den (ACC’A”) bang khoang céch tit B den AC, tic %_. Tam gidc ACC’ vudng

2
¢ \/§ Do dé

tai C' c6 dién tich

1 a®V3 a\/g_ag’

VC’,AB’C = VB’.AC’C’ = 3 9 9 4
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a’v/15
4

Tam gidc AB’C' ¢6 ba canh 2a, 2a, a nhu tam gidc AB'C” nén S, g = , VA

, , . 3VC'.AB’C . 3&3 4 . a\/ﬁ

Két lugn. sinp = . =—-=0_38.

( N\

- 4
Dap so: sinp = E= 0,8.

Cho hinh chép S.ABCD c6 day 1a hinh cht nhat, AB = 3a, AD = a, canh bén SA 1 (ABCD)
va SA = 2a. Tinh sin clia gbc gitta hai mit phing (SBC) va (SCD) (lam tron dén hang phan
tram).

S _
Loi giai. Giao tuyén ctia hai mit phing 14 SC. Chon diém B € (SBC): khoang cach tit B dén SC
tinh trong tam gidc vuong SBC, con khoang cach tit B dén (SCD) doi dugc ve A.

Tinh d(B,SC). Tac6é BC = AD =a, BC 1L AB, BC 1. SA S
nén BC L (SAB), tam gidc SBC vuong tai B, v6i SB =
V4a? 4+ 942 = aV/13, SC = V/SB? + BC? = ay/14. Goi K 1

hinh chiéu cta B trén SC: 2

SB-BC  aV13
sC 14

Doi diém. Do AB || CD nén AB || (SCD) vad(B, (SCD)) =
d(A,(SCD)). Tac6CD L AD,CD L SAnén CD L (SAD).
Goi E 13 hinh chiéu ctia A trén SD; AE L SDva AE L CD
nén AE 1 (SCD,).

Trong tam gidc SAD vuéng tai A, SD = a/5:

d(B,SC) = BK =

_SA-AD_Qa-a 2a
= —<p -~ " —

d(A,(SCD)) = AE

)

Két luan. Theo (2.1):

ine — UB(SCD)) 20 V14 _2\/ﬂ_2\/910~093
PTTABS0) VB a3 Ve 6

2v/910

Dap s6: sinp =
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I Bai tap van dung cao

Pudng thiang AB cit mit phang (P) tai I. Biét AB = A

10 va d(A, (P)) = 6. Dat t = d(B, (P)) va goi ¢ 1a goc OB
gitta AB va (P). Xét tinh ding sai clia cdc ménh dé 0 a’
sau. "

a) Néu A, B khdc phia déi véi (P) va t = 2 thi p ~ 53°.

b) Néu A, B cung phia dbi v6i (P) va t = 2 thi siny = 0,8.

c) Néu A, B khac phia déi véi (P) thi ludn cé ¢ < 4.

d) Néu A, B ciing phia déi véi (P) thi gia tri 16n nhét ctia ¢t bang 4.

S

Lai giai. Theo (2.2):

6+t 6—t
khac phia: sinp = %; cling phia: sinp = %
6+ 2
a) Duang. sinp = % = 0,8, suy ra ¢ ~ 53,13°.
.o |6 — 2
b) Sai. =——=04.
) Sai. sin 10 ,

641
c) Bidng. Tusinp <1 ta c6 + <1, tic t < 4.

6—1t . .
d) Sai. Tu % <lvat>0tac60<t<16 (v6it # 6 vi duong thang AB cat (P)). Gia tri
t = 16 dat dugc khi AB L (P) vA A nam gitta I, B (IA = 6, IB = 16). Vay gia tri 16n nhat cta ¢

bang 16.

e N
Dap s6: a) Ding; b) Sai; c) Ding; d) Sai.

. J
Cho hinh chép S.ABC. Goi ¢4, ¢, 5 lan lugt 1a géc gitta S

cadc mit bén (SAB), (SBC), (SCA) véi mat day (ABC). C
Biét o, = 30°, d(S,BC) = 8, ¢, = 45° va d(S,CA) = 5. <

Tinh d(S, (ABC)), d(S, AB) va s6 do gbc ps. e i

Lai giai. Dit h = d(S, (ABC)). Ap dung (2.1) véi diém S cho ba mgt bén:

: h oo . __h 4,
s =g gy T MBI S A AB) = G = G =
h 4
3 - = - a1 1 0.
sin ¢4 a(S.CA) ~ 5 = 3~ 53,13

4
Vay d(S, (ABC)) = 4, d(S, AB) = 4v/2, ¢, = arcsin 5~ 53°.
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- 4
bap so: d(S, (ABC)) =4; d(S,AB) = 4v/2; 5 = arcsin R ~ 53°.

- J

Pudng thing AB cit mit phing (P) tai diém I nim
trong doan AB; biét AB = 10. Hai khoang céch
d(A, (P)) vad(B, (P)) thay déi nhung luén thod man
d(4,(P))-d(B,(P)) = 9. Tim gia tri nhé nhat cia
géc ¢ gitta AB va (P).

Lai giai. Piat = d(A, (P)), y = d(B, (P)), ta ¢6 zy = 9. Diém I nam trong doan AB nén A, B

khéc phia déi voi (P); theo (2.2), sinp = xl—jgy.
Ddnh gid. Theo bat ddng thitc AM — GM, x +y > 2,/Ty = 6, nén sin ¢ > o = % Ham sb sin dong

10 5
bién trén [0°;90°], do d6 ¢ > arcsing ~ 36,87°.
DAau bang xay ra khi ¢ = y = 3; khi d6 sinp = 0,6 < 1 nén cau hinh ton tai (I la trung diém AB).

. 3
Vay gia tri nho nhat ctia ¢ la arcsin R ~ 36,87°.

= 3
Dap so: ¢, = arcsin 5~ 36,87° (~ 37°), dat khi d(4, (P)) =d(B,(P)) = 3.

Cho hinh chép S.ABCD c6 ddy ABCD la hinh chit nhét,
SA 1 (ABCD) va SA = 2a. Hai canh ddy AB, AD thay
ddi nhung dudng chéo luén bang AC = 4a. Goi ¢, p, lan
lugt 1a géc gitta (SBC), (SCD) v6i mat ddy. Tim gia tri
16n nhét ciia tong d(S, BC) 4+ d(S,CD) va tinh sin ¢, khi
téng dé 16n nhat.

Loi giai. Dua vé hai canh bén. Dat AB = x, AD = vy, ta c¢6 22 + y?> = AC? = 16a%. Do BC 1 AB,
BC 1 SA nén BC 1 (SAB), suy ra BC L SB va d(S,BC) = SB = v4a? + 22. Tuong tu
CD 1 (SAD) va d(S,CD) = SD = /4a? + y2. Khi d6

SB? 4+ SD? = 8a® + 22 + y? = 24a®.

Ddnh gid. T4 (SB — SD)? > 0 ta ¢6 (SB + SD)? < 2(SB? + SD?) = 4842, nén SB + SD < 4a/3.
DAu bang khi SB = SD, titc = y = 2av/2 (ddy 14 hinh vuoéng); khi dé6 SB = V4a? + 8a2 = 2a+/3.

Tinh gée. Ap dung (2.1) véi diém S, giao tuyén BC:

) d(S, (ABCD)) 2a V3
Sy = = :?.

d(S, BC) 2a\/§

{ Dap s6: Gi4 tri 16n nhat bang 4av/3, dat khi ddy 13 hinh vuéng canh 2av/2; khi d6 sin Y = \/?ﬁ }
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CHUONG
3 Tim chan duong cao

Hinh chiéu cta dinh trong ba ciu hinh

| Kién thic trong tam

Trong chuong nay, H 13 hinh chiéu vuéng géc ciia dinh S trén mit phing ddy cta hinh chép va
h = SH. Khi xdc dinh duge H, géc gitta mit bén va ddy, khodng cich tit S dén canh ddy va do dai
SH déu tinh dugc trong cac tam gidc vudng c6 mot dinh 1a H. Cong cu chinh 1a dinh 1i ba dudng
vudng goc va hé thic lugng trong tam giac vuong.

\

Cho hinh chép S.ABC. Goi K, H lan lugt 13 hinh S
chiéu vuong géc ciia S trén duong thing AB va trén

mit phing (ABC), v6i H ¢ AB. Dit h = SH =

d(S,(ABC)) va x = HK = d(H, AB). Khi d¢:

e HK 1 AB (dinh li ba dudng vudng goc); b

« gbc B gitta hai mit phang (SAB) va (ABC) bang
SKH. B

Trong tam giac SHK vuong tai H: K

tanﬁ:g, SK = +vh?+ 22 =d(S, AB).
(3.1)

- J

I Ba mau thuong gap

Mau 1. Pinh cich déu. Néu SA = SB = SC thi H la tam dudng tron ngoai tiép tam gidc ABC.
Téng quét, néu S cach déu mot s6 diém ctia mat day thi H cich déu cac diém d6, vi SM? = h2+HM?
v6i moi diém M thudc mit ddy.

Mau 2. Biét hinh chiéu ctia dinh trén mét canh diy. Néu SM vudng géc véi mot canh day
tai M thi HM ciing vuéng géc v6i canh d6 (dinh If ba dudng vuéng géc); H nam trén duong thing
qua M, vudng géc véi canh dé, trong mit ddy. Hai diéu kién nhu vy cho hai duong thang chta H,
va H 13 giao diém ctia chiing.

MaAu 3. Biét gbc giita cdc miit bén véi diy. Néu mit bén chita canh ddy ndm trén dudng thing
¢; tao véi day gbc f; thi theo (3.1)

d(H, (;) =

= = hcot 3.
tan f3; Bi

Réang budc hinh hoc ctia ddy cho phuong trinh x4c dinh A hoiic géc con thiéu: khi H nam gitta hai
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canh song song thi téng khoang céch tit H dén hai canh d6 bang khodng cach gitta ching; khi H
nam trong day thi téng dién tich cdc tam gidc c6 dinh H bang dién tich ddy.

Chi y. Khi H nam trong da gidc ddy 13i, cic tam gidc c¢6 dinh H va canh déi dién 1 mot canh day
chia da gidc ddy thanh céc phan khong chong nhau, nén tong dién tich clia ching bang dién tich day.
Khi H nam ngoai da gidc ddy, s6 hang tmg v6i canh ma H va da gidc ddy nam khéc phia d6i véi
duong thing chtta canh d6 mang dau trir.

I Vi du minh hoa

Cho hinh chép S.ABC c6 day ABC 1a tam giac déu canh S
12, ¢6 SM L AB tai M v6i AM = 3MB, SN L AC
tai N v6i NA = 2NC. Goi H 13 hinh chiéu ctia S trén
(ABC). Xét tinh ding sai clia cic ménh dé sau.

a) HM L ABva HN 1 AC.

b) Tt gidc AMHN noi tiép dudng tron dudng kinh AH.
c) AH = 4/3. Q M
d) Néu SA = 14 thi SB = 14,8.

.

Loi giai. Xét M thudc canh AB, N thudc canh AC nhu hinh. Ta ¢c6 AM =9, MB =3, AN = 8§,
MAN = 60°.

a) bang. Tu SM L AB va SH L (ABC), dinh li ba dudng vudng géc cho HM 1 AB; tuong tu
HN 1 AC.

b) Ding. Ta ¢ AMH = ANH = 90° nén M, N thudc dudng tron dudng kinh AH, tic t& gidc
AMHN ndi tiép dudng tron do.

1 P
c) Sai. Tac6 MN? =81 +64—2-9-8- 3= 73. Tam gidc AM N néi tiep dudng tron dusng kinh
AH, nén theo dinh Ii sin

MN 273 2219

AH = =
sin 60° V3 3

~ 9,87 # 4V/3.

d) Sai. Céc tam gidac SM A, SM B vuong tai M nén SA? = SM?4+M A? va SB? = SM?+ M B?; trit vé
theo vé dugec SA2—SB? = MA2—MB?. Do dé SB? = 196—81+9 = 124, SB = 2v/31 ~ 11,14 + 14,8.

[ Dap s6: a) Ding; b) Ding; c¢) Sai; d) Sai. ]
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Cho hinh chép S.ABCD c6 ddy ABC'D la hinh chi nhét,
AB =6, BC =8, SA=SB =10, SN L BC tai N v6i
NB = 3NC. Goi H 1a hinh chiéu ctia S trén (ABCD).
Xét tinh ding sai ctia cdc ménh dé sau.

a) HN L BC.
b) BH = 35 va SH = /55.
c) SC = SD.

d) d(B, (SCD)) =

Loi giai.
a) Diing. Ta c6 BC L SH (vi SH L (ABCD)) va BC L SN, nén BC L (SHN), suy ra HN 1 BC.

b) Ding. Trong mit ddy, HN L BC va AB L BC nén HN | AB; do d6 H cich dudng thing
AB mbt khoang bang NB. Néu N nim ngoai doan BC thi NB — NC = 8, NB = 12, khi d6
10 =SB > BH > 12, v6 li. Vay N thudc doan BC;tt NB=3NC va NB+ NC =8 suy ra NB = 6,
NC = 2. Céc tam gidc vuong SHA, SHB cé chung canh SH va SA = SB, nén HA = HB: diém H
nim trén dudng trung truc cia AB, hinh chiéu ctia H trén AB cich B mot doan 3. Suy ra

BH?=324+62=45 BH =3V5, SH=+VSB2— BH?=+/100— 45 = v/55.

c) Ding. Dudng trung truc ciia AB ciing la dudng trung truc ciia CD, nén HC = HD (cu thé
HC? =3%+2%2=13). Dod6 SC =+SH? + HC? =+/SH? + HD? = SD.

d) Sai.

Pua vé khodng cich ti H. Goi P, @ 1an lugt 1 trung diém
AB, C'D. Dudng thang PQ 1a trung truc ciia AB nén di qua
H, vuong géc v6i CD; PQ =8, HQ =8—6=2.ViAB | CD
nén AB || (SCD) va d(B,(SCD)) = d(P,(SCD)). budng
thang PH cit (SCD) tai Q, nén hai dudng vudng géc ha tit

P, H xudng (SCD) cung v6i PQ cho hai tam gidc vuong

dong dang, suy ra d(P,(SCD)) = @P d(H,(SCD)) =

= On
4d(H,(SCD)).

Tinh khodang cach tw H. Ta c6 CD 1 HQ, CD 1L SH nén
CD 1 (SHQ); k¢ HK 1 SQ tai K thi HK 1 CD, suy ra
HK 1 (SCD). Tam gidc SHQ vuong tai H c¢6 dudng cao
HK:

A

1 1 1 1 1 59

HK? SH? +HQ

2 55 220"
220 /
Vay d(B, (SCD)) = 4HK =4 = =8 ~772 khéc 5,4.

[ Dap s6: a) Dting; b) Ding; c) Ping; d) Sai. ]
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Cho hinh chép S.ABCD c6 AB || CD va d(AB,CD) = 8.
Biét géc tao boi cic mit phing (SAB), (SCD) véi day
(ABCD) lan lugt bang 60°, 45° v& hinh chiéu vudéng goc H
ctia S trén (ABCD) nam trong tt gisgc ABCD. Xét tinh
ding sai clia cdc ménh dé sau.

a) d(H,AB) = SH cot 60°.

b) d(H,CD) = SH cot 30°.

c) SH = 3,46.

d) d(AB,SC) = 6,2.

Loi giadi. Goi P, Q lan lugt 1a hinh chiéu ctia H trén AB, CD, dit h = SH. Vi AB | CD nén P,
H, Q thing hang, PQ L AB; H nam trong tt gidc nén HP 1P + HQ = PQ = 8. Theo (3.1), gbc giita
(SAB) va déy 1a SPH = 60°, gbc giita (SCD) va ddy 1a SQH = 45°.

a) Ding. d(H, AB) = HP = hcot 60°. g
b) Sai. d(H,CD) = HQ = hcotd5* = h, trong khi J
hcot 30° = h\/3 # h.
60°
L 45°
P i Q

c) Sai. Tt HP+ HQ = 8:

h 8v/3
— +h=8 < h=
V3 V3+1

=12—4v3 ~5,07.

d) Sai. Vi AB || CD va CD C (SCD) nén AB || (SCD), do d6 d(AB,SC) = d(P,(SCD)). Ta ¢6
CD 1 PQ,CD 1 SH nén CD L (SPQ); ké PJ L SQ tai J thi PJ L (SCD) va

PJ = PQsin SQP = 8sin45° = 4v/2 ~ 5,66.

[ Dap s6: a) Diing; b) Sai; c¢) Sai; d) Sai. ]
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Cho hinh chép S.ABC' c¢6 day la tam gidc vudng can tai 9
A va AB = AC = 2. Biét gbc tao bdi cac mat (SAB),
(SBC), (SCA) vé6i day lan lugt bang 60°, 45°, 30°; hinh
chiéu H ctia S nam trong tam gidc ABC. Xét tinh ding
sai clia cdc ménh dé sau.

a) Khoang cach tit H dén AB, BC, C A lan lugt bang
S H cot 60°, SH cot 45°, SH cot 30°.

b) Sapc = Syap+ Supc + Suca-
C) SHBC == %BC . SHCOt 450.
d) d(S, (ABC)) = 1,41.

G A

Loi giai. bat h = SH; goi P, @, R lan luct 13 hinh chiéu ctia H trén AB, BC, CA.

S

B
a) Ding. Theo dinh li ba dudng vuong géc, SP L AB, nén goc gitta (SAB) va day 1a SPH = 60°
va HP = hcot 60° theo (3.1); tuong tu véi @, R.

b) Ding. H nim trong tam gidc ABC nén ba tam gidc HAB, HBC, HCA chia tam gidc ABC
thanh ba phan khong chong nhau.

1 1
c) bang. Sype = QBC' -HQ = QBC - hcot 45°.

d) Sai. Ta c6 BC = 2v/2, S, po = 2. Thay céc khoang cich ¢ ¥ a) vao dang thiic dién tich & ¥ b):

4v/3-3v2
7+_ 22 h+— 2. h\/__2<:>h(%+\/_>—2 = h= T R 0504 1AL

Ml*—'

[ Dap so: a) Dung; b) Dung; c¢) bPang; d) Sai. ]
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Cho hinh chép S.ABC c6 ddy ABC la tam gidc déu canh
2, SA = SB = 4, hinh chiéu vuéng géc ctia S trén canh
AC 1a diém M v6i MA = 2MC. Tinh chiéu cao ciia hinh
chép (lam tron dén hang phan mudi).

Lai giai. Goi H 1a hinh chiéu ctia S trén (ABC) va I 1a trung diém ctia AB.

Xdc dinh chan duong cao. Vi SA =SB nén HA = HB (Mau 1), tttc H thudc dudng trung truc cia
AB, 1a dudng thang qua I vuong goéc véi AB. Vi SM L AC nén HM 1 AC (dinh li ba dudng vuéng
goc). Vay H la giao diém clia dudng thing qua I vudng géc voi AB va dudng thing qua M vudng
gbe véi AC.

Tinh AH. Hai gbc ATH , AMH vuong nén I, M thudc duong tron duong kinh AH. Tam gidc AIM
¢6 TAM = BAC = 60° va noi tiép dudng tron dé, nén theo dinh li sin AH = Voi AT = 1,

4

AM = —:
3

sin 60°°

4
IM?=1+"—"-2-1--".
4 3

DN | =
Ne)
wn
“.
]
(@)
(e
o
o

Tinh chiéu cao. Ta cb

52 380  2v/285
SH =vSA? — AH 16 % o7 9 3,752

Vay chiéu cao ctia hinh chép xap xi 3,8.

e 2

Dap sb: 3.,8.

. J

Cho hinh chép S.ABC c¢6 day la tam gidc vuong tai A, S
AB = 3v/3, AC = 3; hinh chiéu vuéng géc clia S trén

canh AC' 1a trung diém M cta AC; SA = 3v/2, SB =

3v/3. Tinh chiéu cao ctia hinh chép (Iam tron dén hang

phan mudgi). B

.
Loi giai. Goi H 1a hinh chiéu ctia S trén (ABC). Vi SM 1 AC nén HM 1 AC (dinh li ba dudng
vudng géc); do AB L AC nén HM || AB. Goi K 1a hinh chiéu ctia H trén AB thi AM HK 13 hinh
chit nhat; dit m — AK = MH.

Xdc dinh chan duong cao. Ta c6 SA? = SH? + HA%, SB? = SH? + HB? va HA? = HK? + KA?,
HB? = HK? + KB? nén KB?> - KA? = HB? - HA? = SB? — SA? = 27 — 18 = 9. Néu K thudc
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tia dbi ciia tia AB thi KB? — KA? = (3v/3 +m)? —m? > 27, v6 li. Vay K thudc tia AB va
KB? —KA? = (3V3—m)>—m?=27T—6V3m =9, suyram=+/3.

. 21
Tinh chiéu cao. AH?> = AM? + MH? = Z +3 = R nén

SH =+/SA2 — AH? = 18—24—1:gz3,57.

Vay chiéu cao ctia hinh chép xap xi 3,6.

Dap s6: 3,6.
Cho hinh chép S.ABC c6 ddy ABC 1a tam gidc déu canh S

2. Biét SBA = SCA = 90°, SA = 4. Tinh d(S, (ABC))
(lam tron dén hang phan tram).

A

v

Loi giai. Xdc dinh chan duong cao. Goi H 1a hinh chiéu ctia S trén (ABC). Tu SB 1 AB suy ra
HB 1 AB, tit SC L AC suy ra HC 1 AC (dinh li ba dudng vuéng géc). Hai diém B, C nhin AH
duéi géc vuong nén A, B, C, H cling thuoc dudng tron dusng kinh AH; d6 14 dudng tron ngoai tiép

tam gidc déu ABC, ban kinh R = % Suy ra AH = 2R = % va H nidm ngoai tam gidc ABC.
Tinh khodng cdach. Ta co
d(S,(ABC)) = SH = VSA? — AH? = /16 — %6 = 43ﬁ ~ 3,27.
Vay d(S, (ABC)) ~ 3,27.
[ Dap sob: 3,27. ]
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Cho hinh chép S.ABC ¢6 SBA = SCA = 90°, ddy ABC S
la tam gidc déu canh 3. Biét goc gitta (SAB) va (ABC)
bang 60°. Tinh d(S, (ABC)).

Loi giai. Goi H 1a hinh chiéu ctia S trén (ABC). Nhu Vi
du 3.7, HB 1 AB, HC 1 AC va AH la duong kinh cua
duong tron ngoai tiép tam gidc ABC. Tam gidc déu canh 3
6 R=+/3,nén AH =2R =2V3va HB = VAH? — AB? =
VIZ— 9= V3.

Tac6 AB L HB, AB | SB, nén gbc gitta (SAB) va (ABC)
bing SBH = 60°. Tam gidc SHB vuéng tai H, do d6

d(S,(ABC)) = SH = HBtan60° = V3 - V3 = 3.

[ Dap sb6: (S, (ABC)) = 3.

Cho hinh chép S.ABCD c6 day la t gidc véi AB ||
CD, d(AB,CD) = 6, gbc gita (SAB), (SCD) véi
day lan lugt bang 60°, 30°. Biét hinh chiéu cua
S nam trong tt gidc ABCD. Tinh d(S, (ABCD))
(lam tron dén hang phan mudgi).

G _
Loi giai. Goi H 14 hinh chiéu ctia S trén (ABCD), h = SH. Pudng thing qua H vuéng gbc véi AB
cit AB, CD lan lugt tai P, Q; vi AB || CD nén PQ L CD, va vi H nam trong tit gidc nén H thuoc
doan PQ, PQ = 6.

Déi goc thanh khoing cich. Theo (3.1), géc gitta (SAB) va déy 1a SPH = 60°, géc giita (SCD) va

— h
day 1a SQH = 30°, nén HP = hcot60° = ﬁ’ HQ = hcot 30° = hy/3.
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Lap phuong trinh theo h. Vi H thudc doan P(@) nén

1 4
HP+HQ =6 < h(%+\/§):6 = 7}%:6 = h:%§~2,6.
Vay d(S, (ABCD)) ~ 2,6.
Dap so6: 2,6.
. J

Vi du 3.10

Cho hinh chép S.ABCD c¢6 ddy ABCD 1 hinh vudng. Biét cic mit (SAB), (SBC), (SCD),
(SDA) tao véi ddy cac géc lan lugt bang 60°, 45°, 30°, 6 va hinh chiéu ctia S trén mit diy nim
trong hinh vuéng. Tinh 6 (IAm tron dén hang phan mudi).

Loi giai. Goi a 1a canh hinh vudéng, H 1a hinh chiéu ctia S trén ddy, h = SH.

Khodng cdach ti H dén bon canh. Goi P, @, R, T 1 hinh
chiéu ctia H trén AB, BC, CD, DA. Theo (3.1):

HP = hcot60°, HQ = hcot45°,
HR = hcot30°, HT = hcot#.

Lip hé thiic. Vi H nam trong hinh vuéng, AB || CD
va BC || DA nén H thudc doan PR va doan QT, véi
PR=QT =a: HP+ HR=ava HQ + HT = a.

Gidi. Tu h(cot 60° + cot 30°) = a:

h<%+\/§>—a = j—%:a = h:aT\/g.
T h(cot45° + cot 0) = a:
cotez%—lz%—1:4*/i_3~1,3094.
Vay 6 ~ 37,4°.
[ Dap sb: 6 ~ 37,4°. ]
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Vi du 3.11

Cho hinh chép S.ABC ¢6 ASB = 70°, BSC = 50°,
CSA = 60°. X4c dinh sb do géc nhi dién [A,SB,C] (lam “
tron dén do).

B

v

Loi giai. Ap dung cong thic (5.1) ctia Chuong 5 cho canh SB: géc & dinh dbi canh SB (khong chira
SB) la ASC = 60°, hai géc ké canh SB 1a ASB = 70° va BSC = 50°. Ta ¢6
cos 60° — cos 70° cos 50° 0,5 — 00,2198

A,SB,C] = ~ ~ 0,3892.
cos|4, SB, C] sin 707 sin 50° 0,7198 ’

Suy ra [A, SB,C] ~ 67,1°. Viy s6 do géc nhi dién [A, SB, C] xap xi 67°.
'd N\

Dap s6: [A,SB,C] ~ 67°.

. J

Vi du 3.12

Cho hinh chép S.ABC c¢6 ASB = 60°, BSC = 135°,
CSA = 120°. X4c dinh s6 do géc nhi dién [A4, SB, C]
(lam tron dén do).

G v

Loi giai. Ap dung cong thitc (5.1) cho canh SB: géc dbi canh SB 1a ASC = 120°, hai géc ké canh
SBla ASB = 60° va BSC = 135°:
c0s 120° — cos 60° cos 135° —0,5 + 0,3536

A, SB = ~ ~ —0,2391.
cos|4, 5B, C] sin 60° sin 135° 0,6124 0,239

Cosin A&m nén goéc nhi dién ti, [A, SB, C] ~ 103,8°. Vay s6 do géc nhi dién [4, SB,C] xap xi 104°.

[ Dap s6: [A, SB, O] ~ 104°. ]
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I Bai tap van dung cao

Cho hinh chép S.ABCD cé ddy ABC D la hinh vuéng canh
6, hinh chiéu vuéng géc H clia S trén mit ddy nim trong
hinh vuéng va SH = 3. Goi o, 3, 7, 6 lan lugt 1a géc giita
cic mat (SAB), (SBC), (SCD), (SDA) v6i mat ddy. Xét
tinh ding sai clia cdc ménh dé sau.

a) Ludn c6 cot a + coty = 2.

b) Néu a = 30° thi v = 60°.

c) C6 thé xdy ra a = 20°.

d) Gi4 tri nhé nhét ciia tan a + tan~y bang 2.

v

Lai giai. Goi P, R 1a hinh chiéu ctia H trén AB, CD; dit w = HP, v= HR. Do H nam trong hinh
v

vuong, u > 0, v > 0, u + v = 6. Theo (3.1): cota = g, coty = 3

; u-+v for s
a) Duang. cota+cot’y=T=2vcn moi vi tri cua H.

b) Sai. coty =2 —cot 30° = 2 — /3, nén tany = =24 /3, titc v = 75° (cAu hinh c6 that vi

1
2—V3
u = 3cot 30° = 3v/3 < 6).

c) Sai. Ta c6 u < 6 nén cot o < 2, trong khi cot 20° ~ 2,75 > 2.

1 < a2 2
d) Bdng. tan a+tany = §—|—§ = M = —8 Theo bat dang thitc AM — GM, uv < (u i v) =9,
T T w0 o 2
nén tan o + tany > 2; dau bang khi v = v = 3, tltc H nam trén dudng thang noi trung diem AD va
BC.
[ Dap sb: a) Ding; b) Sai; c¢) Sai; d) Dung. ]
Cho hinh chép S.ABC c6 day 1 tam gidc déu canh 6v/3 S

vda SA = SB = SC = 10. Tinh d(S, (ABC)), tang cta
gbc gitta mot mat bén véi mit ddy va sd do géc gitta canh
bén SA v6i mat day.

B

Lai giai. Goi H 1a hinh chiéu ctia S trén (ABC) va M 1a trung diém ctia AB. Vi SA = SB = SC
6vV3- V3
5 =

nén H 1a tdm clia tam gidc déu ABC. Pudng cao clia tam gidc ABC 1a CM = 9, nén
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2 1
HA:§CM:6V$LHM:§CM:3. Suy ra

d(S,(ABC)) = SH = VSA? — HA? = /100 — 36 = 8.

N — — H
Vi HM 1 AB nén theo (3.1), goc gitta (SAB) va (ABC) bang SMH, v6i tan SMH = fI_M = 2
Dbiém H céch déu ba canh ddy nén ba mit bén tao véi ddy cling mot goc.
S — — HA —
Géc gitta SA va (ABC) bang SAH, v6i cos SAH = A= g, nén SAH ~ 53,13°.

r

Dap s6: d(S, (ABC)) = 8; tan SMH = g; SAH ~ 53,13°.

-

Cho hinh chép S.ABCD c6 ddy ABCD la hinh chtt nhat,
AB = 6, BC = 8, hinh chiéu vuéng géc H ctia S trén mit
ddy nam trong ddy va SH = 6. Goi 31, 35 lan lugt 1 géc
gitta (SAB), (SCD) v6i mit day. Tim gi4 tri nho nhat cia
tan 3, + tan B3 va cho biét khi d6 4, bang bao nhiéu.

.

Lai giai. Goi P, R 1a hinh chiéu ctia H trén AB, CD; dat u = HP, v = HR. Do H nam trong day,
u+v = BC = 8. Theo (3.1):

6(ut+wv) 48

uw uv’

gl

6
tan 3, + tan 85 = —
v

_l’_

U+ v

2
Theo bat ddng thitc AM — GM, uv < ( ) = 16, nén tan B; +tan 35 > 3; dau biang khi u = v = 4,

ttic H cach deu AB va C'D. Khi d6 tan 8, = g = g, suy ra 3 ~ 56,31°.

r

Dap s6: Gia tri nhé nhat bang 3; khi dé 3, ~ 56,31°.

"

Cho hinh chép S.ABC c¢6 ddy la tam gidc déu canh 6, hinh
chiéu vuong géc H ciia S trén mit ddy nam trong tam gidc
ABC va SH = 3. Goi 31, 35, B3 lan lugt 1a géc gitta ba
mat bén (SAB), (SBC), (SCA) v6i mat day. Tim gia tri
nhoé nhét ctia tich tan g, - tan 3, - tan f;.

o

N . 3
Lai giai. Pat z, y, z lan lugt 1a khoang cach tut H den AB, BC, CA. Theo (3.1), tanf3; = —,
x
3 3
tan By = —, tan 83 = —, nén
Y z

27
tan 3, tan 3, tan B3 = —.
xyz

IC DESIGN | Trang 32/64



Chuong 3. Tim chan dudng cao Mai Thanh Luan | 0854070701

363

N 6
Lap rang bugc. Vi H nam trong tam gidc nén Sy sp+Sypc+Suca = Sape, tic §($+y+2) =~
suy ra  +y + 2z = 3v/3.
P £, 20 . £ T+y+2)\3 3
Ddnh gid. Theo bat dang thitc AM — GM cho ba s6 duong, zyz < (—) = (v3)" =3v3. Do

, 3
doé o7
tan g, tan B, tan 5, > —— = 3\/§ =~ 5,20.
ﬁl 132 53 3\/§
Dau bang khi z = y = z = /3, tttic H 14 tdm tam gidc déu; khi dé ba miit bén cing tao véi day goc
60°.
[ Dap s6: Gia tri nhé nhat bang 3v/3 ~ 5,20. ]
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Chuong 4. Ba con dudng t&i thé tich

CHUONG

4 Ba con dudng tdi thé tich

Thé tich ti dién khéng can dudng cao

| Kién thic trong tam

Ngoai cong thic V = %S’déy - h, thé tich tt dién con tinh dugc theo mot cip canh ddi, theo ti 1é cac
doan lay trén mot ciap canh ddi, hoiic theo ba canh va ba géc & mot dinh.

Ba cong thirc thé tich N

1. Thé tich theo cip canh dbi. Véi tit dien ABCD, goi ¢ la géc giita hai dudng thing AB,
CD vad=d(AB,CD):

1

2. Ti sb thé tich khi 1Ay doan trén cip canh dbi. Néu M, N thudc dudng thing AB va
P, Q thudc duong thang CD (M # N, P #+ Q) thi

Vinpg _ MN - PQ (42)
VABCD AB * CD ’ ’

3. Thé tich chép theo ba canh chung dinh va ba goc & dinh. Véi hinh chép S.ABC cé
SA=a, SB=b,SC =cvaa=DBSC, 8=CSA, v = ASB:

b
V= a6c V/1— cos? o — cos2 § — cos2 v + 2 cos a cos 3 cos . (4.3)

(.

Chirng minh. Cong thic (4.1). Qua moi canh clia tit dién
ABCD dung mit phéng song song v6i canh déi dién. Mt
phing qua AB song song véi C'D va mit phing qua C'D a ,
song song vdi AB song song v4i nhau; hai cip canh déi I
con lai cing vAy. Ba cip mit phing song song dé tao |
thanh hinh hop AEBF.GCKD (hinh bén), mdi canh ;
clia t1 dién la duong chéo clia mdt mat hop; AB, CD la /i, e
duong chéo ciia hai mat day AEBF, GCKD. !

/7 -

Hinh hop gom tt dién ABCD va bon tit dién goc C.EAB, A o
D.FAB, AGCD, B.KCD. Mbi ttt dién gbéc c6 ddy 1a
mot nita mit ddy ctia hop va cé chiéu cao bang chiéu
cao cua hop, nén c6 thé tich 1 1Vh©p = %Vhép. Do do

VABCD = Vh(}p ‘/hop Vhop
Hinh binh hanh AEBF ¢6 hai dudng chéo AB, EF’; tt gidc EC DF 1a hinh binh hanh nén EF || CD,
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EF = CD, suy ra géc gitta AB, EF bang ¢ viA Sy ppp = %AB-EF sin p = %AB -C'Dsin . Hai mat
day song song lan lugt chita AB, C'D nén chiéu cao ctia hop bang d(AB, CD) = d. Vay

1

1 1
Vagep = gSAEBF'dZ -éAB-CDsintp-dz EAB-C’D-d-Singo,

W =

dé la (4.1).

Cong thite (4.2). Hai tt dién M NPQ va ABCD c6 cung khoéng cach d va cung goc ¢ gitta cap canh
dbi (duong thing MN tring AB, dudng thang PQ tring CD). Ap dung (4.1) cho hai tit dién rdi
chia vé theo vé dugc (4.2); thé tich Virnpg chi phu thuge d6 dai M N, PQ, khong phu thudc vi tri
clia hai doan dé trén hai duong thing.

Cong thic (4.3). Goi €], €,, €5 1a cdc vecto don vi cing hudng véi SA, SB, SC; khi d6 €5 €3 = COS Q,
€y - €] = cos 3, €] - €5 = cosy. Ly A’ trén tia SA véi SA” = 1 va goi H 1a hinh chiéu ctia A’ trén
(SBC). Vi H € (SBC) nén SH = zé, +yeéy, do d6 HA' = ¢ — xé, —yéy. Hai diéu kien HA’ - é, = 0,
HA’" - é;3 =0 cho

)

T+ ycosa = cosy €OS Y — cos a.cos 3 cos 3 — cos . cos 7y

xr = y: .

= ) 2
rcosa +y = cospf sm” « sin” o

Vi HA’ vuong goc véi e; va €; nén
AH?=HA -é =1—zcosy—ycos 3

a — cos? B — cos® v + 2 cos acos B cosy W

N =

1 — cos

2 2 s
sin” o sin” o
v6i W 1a bidu thiic dudi cin ctia (4.3). Ba diém S, A’, A thang hang nén
A V V b
d(A,(5BOY) = 24 g YWy W _ abe .

1
kel - 2 Zhesina -
S A’ sina’ 3 S e 6

N

I Vi du minh hoa

Cho tt& dién ABCD ¢6 AB-CD = 6, d(AB,CD) = 2, D
gée gilta AB va C'D bang 60°. Tinh thé tich tit dién (lam
tron dén hang phan mudi).

A P

v

Lai giai. Trén hinh, PQ 1a doan vuong gbéc chung cia AB, CD va PQ = d(AB,CD) = 2. Theo (4.1),

1 1
V:EAB-CD-d(AB,C’D)-sinGO":6-6-2-?:@%1,7.

[ Dap s6: V =3~ 1,7. ]
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Trén hai dudng thing A,, A, vuéng géc véi nhau va chéo N
nhau, liy doan AB trén A; va doan MN trén A, sao cho
AB = 2MN = 4. Biét thé tich t& dién ABMN bang 6. Tinh
khoang cach gitta A; va A,.

!

A
G V.
Loi giai. Ta c6 AB = 4, MN = 2 vi gbc gitta hai dudng thing AB, MN bang 90°. Goi d =
d(A,,A,) = d(AB,MN). Ap dung (4.1) cho tit dien ABMN v6i cip canh d6i AB, MN:

1 4d 18
:—42 . qi °C = — :—:4 .
6 5 d - sin 90 3 = d 1 D

( N\

(& J

N g A
Cho tt dién deu ABC'D c6 thé tich bang T\/— Trén canh

AB lay hai diém M, N; trén canh CD lay hai diém P, Q
sao cho MN - PQ = 2. Tinh thé tich ti dien M NPQ (lam
tron dén hang phan musi).

G v

Lai giai. Tt dién déu canh a c6 thé tich “31‘2@ Tu “31‘2@ = %5 suy ra a® =8, a =2, nén AB-CD = 4.

Céc diém ton tai vi M N, PQ chi can khéng vugt qua 2 (ching han MN = PQ = v/2). Theo (4.2):

MN-PQ 2v2 2 V2
VMNPQ:VABCD'AB'CDZ 3 -L—lz?wo,a
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Cho ttt dién ABCD c6 thé tich bang 18, trong d6 CD <
2AB va AB < 3CD. Trén canh AB lay hai diém M, N;
trén canh CD lay hai diém P, Q sao cho CD = 2MN,
AB = 3PQ. Tinh thé tich tit diéen M N PQ.

S

Lai giai. Ta c6 MN = €2 < AB va PQ = 48 < CD, nén cdc diém M, N, P, Q ton tai. Theo (4.2):

VMNPQ_MN’PQ_CTD'A?)_B 1

Visen AB-CD  AB-CD 6

Vay Vinpg = § = 3-

'd N\
Dép 56: VMNPQ = 3-

. J

Cho t&t ditn ABCD c¢6 AB = CD va thé tich bang 36. Trén
canh AB lay hai diém M, N; trén canh CD lay hai diém

MN PQ R £
P, @ sao cho 2 - C—D+3-E = 1. Tim gia tri 16n nhat

ctia thé tich tit dien M NPQ.

Loi giai. Dat o = N o = £Q (4 4 > 0, 20 4+ 3y = 1). Theo (4.2) va bat déng thitc AM — GM,

cpr Y= 4B
MN - PQ MN PQ 2x+3y)2 3
= [ —_— = = . 2 < = —
Viunre =36 Zp—mp =36 &p  qp = 30w =0 (””><3y>—6( 2 2

Déu bang khi 2z =3y = %, ticz =1, y = 2, khi d6 MN = <2 = 48 < ABva PQ = 48 = 22 <
CD (vi AB = CD) nén lay dugc M, N trén canh AB va P, Q trén canh C'D. Viy gi4 tri 16n nhat
ctia thé tich bang 1,5.

[ Dap s6: 1,5. ]
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Cho hinh chép S.ABC ¢6 BC = 6, dién tich cac tam
gidc ABC va SBC lan lugt 1a 6 va 8, sd do géc nhi dién
[S, BC, A] bang 50°. Tinh thé tich khéi chép (lam tron
dén hang phan mudi).

Loi giai. Goi K 1a chan dudng vudng géc ha tit S xudng BC va H 14 hinh chiéu ctia S trén (ABC).
9Sepe 28 8
Taco SK = 22586 _ 22 _°
aeos BC ~ 6 3
Tinh chicu cao. Tt BC L SK, BC 1 SH suy ra BC 1 (SHK), nén HK 1 BC. Géc nhi dién
[S, BC, A] = 50° 1a géc nhon nén H thudc nita mit phang bd BC chiia A va SKH = 50°. Tam gidc
SHK vudng tai H cho

d(S,(ABC)) = SH = SK sin50° = gsin 50°.

Tinh thé tich.

1 8 16
V:§SABC'SH: -6-§Sin50°:§sin50°%4,1.

W=

Dap s6: V = ?sin50° ~4.1.

. J

Cho hinh chép S.ABC c6 day 1a tam gidc deu. Biét Sgup =
1,2 Sgpe va géc nhi dién [S, AB, C] bang 50°. Tinh cosin ctia
goc gitta (SBC) va day (ABC) (lam tron dén hang phan
tram).

. V.
Lai giai. Goi a 1a canh ddy, h = d(S, (ABQC)); ¢y, ¢, lan lugt 1a géc gitta (SAB), (SBC) véi déy.
Géc nhi dién [S, AB, C] = 50° 1a géc nhon nén goc giita (SAB) va (ABC) bang s6 do nhi dién dé:
()01 == 500.

. . h h
Ap dung cong thite (2.1). V6i diem S: d(S, AB) = — ,d(S,BC) = — .Do AB=BC=a:
sin ¢, sin ¢,
Ssap _ 30-d(S,AB)  sing,

1
2
SSBC %a d(S, BC) Sincpl'

Két ludn. T gid thiét, sin g, = 1,2sin50° ~ 0,9193. Vi 0° < ¢, < 90° nén

COS Py = \/ 1 —1,44sin? 50° ~ 0,3937.

Vay cosin ctia goc gitta (SBC) va ddy xap xi 0,39.

[ Dap s6: 0,39. ]
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Vidu 4.8

Cho hinh chép S.ABC ¢6 ASB = BSC = CSA = 60° S
v SA-SB-SC = 36. Tinh thé tich khdi chép (1am tron A"
dén hang phan mudi).

C
B
A
G .
P 1 . s
Lai giai. Ap dung (4.3) v6i a = = = 60°, cos 60° = 3 Biéu thitc dudi can bang
3 1 1
— 3082 60° B60° =124 - — 2
1 —3cos”60° + 2 cos” 60 1 4+4 3’
nén
SA-SB-SC [1 36 1
V=—-——-o=— - —==3V2~x4.2
6 2°6 2 V2,

Dap s6: V =3vV2~ 42
- J

Cho hinh chép S.ABC cé6 ASB = 90°, BSC' = CSA =

60° va SA - SB-SC = 12. Tinh thé tich khéi chép (lam

tron dén hang phan trim).

A
B

G V.

Lai giai. Ap dung (4.3) v6i a = BSC = 60°, 3 = CSA = 60°, v = ASB = 90°. Vi cos90° = 0 nén
biéu thic dudi cin bang

e 2a0e 2 a0 . . R S N |
1 — cos” 60 cos” 60 cos” 90° 4+ 2 cos 60° cos 60° cos 90° = 1 = —.

4 4 2
12 /1
V=—\/-=v2~x141.
6\/; V2x 1,

[ Dap s6: V =2 ~ 1,41. ]

Do do
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Vi du 4.10

Cho tit dien ABCD c¢6 AB = BC = AC =6, AD = CD = DB = 8. Tinh thé tich khéi tit dién
(lam tron dén hang phan mudgi).

Lai gidi. Goi O 1a hinh chiéu ctia D trén (ABC).

Xdac dinh chan duong cao. Vi DA = DB = DC nén theo
Mau 1 ctia Chuong 3, O 14 tAm dudng tron ngoai tiép tam
gidc déu ABC, ban kinh R = OA = 6 _ 2v/3. Suy ra

V3
DO = VDA? — R? = V64 — 12 = 2V/13.
Tinh thé tich. Ta c6 S po = ? .62 = 9v/3, nén
V:%-9\/§-2\/1_=6\/@:w37,5.
: Dap sb6: V = 639 ~ 37.5. :

Vi du 4.11

Cho hinh chép S.ABC ¢6 SA =5, SB =6, SC =6
vd ASB = BSC = 60°, CSA = 45°. Tinh d(A, (SBC))
(lam tron dén hang phan trim).

C

&

Lai giai. Tinh thé tich. Ap dung (4.3) vé6ia=SA=5b=SB=6,c=SC =6, a = BSC = 60",
f=CSA=45" v = ASB = 60°. Biéu thitc duéi cin bang

I R R A

nén
-6 - 2 V2 "
y=? 2 6\/%=30-\é—:15\/§.

o e 1 — 1
Dot the tich thanh khodng cdch. Ta c6 Sgpc = §SB -SCsin BSC = 3 6 - 6sin 60° = 9v/3, nén

3V 45V2  5V2
Sspe 9Vv3 V3

d(4, (SBC)) ~ 3,43,

[ Dap s6: d(A4, (SBC)) ~ 3,43. ]
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Chuong 4. Ba con dudng t&i thé tich

Vi du 4.12

Cho hinh chép S.ABC c¢6 ASB = CSA = 90°, BSC' =
60° va d(C, (SAB)) = 2. Tinh d6 dai canh SC (lam tron
dén hang phan tram).

N
Loi giai. Tac6 SA L SB, SA L SC nén SA L (SBC), suy
ra (SAB) L (SBC) theo giao tuyén SB. Ké CF 1 SB tai
F; duong thing C'F nim trong (SBC) va vudng gbc véi giao
tuyén nén CF L (SAB), do d6 CF =d(C,(SAB)) = 2.

Vi BSC = 60° 1 géc nhon nén F thudc tia SB va CSE = 60°.
Tam giac SFC vuong tai F nén C'F = SC'sin60°, suy ra

2 43

C= = — ~2,31.
sin 60° 3 ’

Pap so: SC = — ~ 2,31.

Vi du 4.13

Cho hinh chép S.ABC c¢6 ASB = 90°, BSC = 60",
CSA = 70°. Tinh s6 do géc nhi dién [A,SC,B] (lam
tron dén do).

. 43
3

A

.

Loi giai. Ap dung cong thiic (5.1) ciia Chuong 5 cho canh SC: géc déi canh SC 1a ASB = 90°, hai
gbc ké canh SC 1a BSC = 60°, CSA = 70"

€08 90° — cos 60° cos 70°  —0,1710

~ ~ —0,2101.
sin 60° sin 70° 0,8138 0:210

cos[A, SC, B] =

Cosin A&m nén géc nhi dién ti, [A, SC, B] ~ 102,1°. Vay s6 do géc nhi dién [4, SC, B] xap xi 102°.

[ Dap s6: [A, SC, B] ~ 102°. ]
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Vi du 4.14

Cho hinh chép S.ABC cé6 ASB = 130°, BSC = 70", A
CSA = 140°. Tinh s6 do géc nhi dién [B, SA,C] (Iam
tron dén do).

B

v

L&i giai. Ap dung cong thitc (5.1) cho canh SA: géc déi canh SA 1a BSC = 70°, hai géc ké canh SA
1A ASB = 130°, CSA = 140°:
cos 70° — cos 130° cos 140°

sin 130° sin 140°

cos|B,SA,C] =

Ta c6 cos 130° ~ —0,6428, cos 140° ~ —0,7660, nén

0,3420 — 0,4924  —0,1504
0,7660 - 0,6428  0,4924
Suy ra [B,SA,C| ~ 107,8°. Vay s6 do géc nhi dién [B, SA, C| xap xi 108°.

~ —0,3054.

cos[B, SA,C] ~

[ Dap s6: [B,SA,C] ~ 108°. ]

I Bai tap van dung cao

Cho tit dién ABCD c6 thé tich bang 60, AB = 10, CD = 6.
Goi d 14 khoang céch va ¢ 13 géc giita hai dudng thang AB,
CD. Trén canh AB lay hai diém M, N v6i MN = 4; trén
canh CD lay hai diém P, Q v6i PQ = 3. Xét tinh ding sai
clia cac ménh dé sau.

a) dsingp = 6.

b) Virnpg = 12, khong phu thude vi tri cia M, N, P, Q.
c) C6 thé xay ra d = 5.

d) Néu ¢ = 30° thi d = 3.

S

Loi giai.

a) Dang. Theo (4.1): 60 = % -10-6 - dsiny = 10d sin ¢, nén dsin ¢ = 6.

b) Ding. Theo (4.2): Vi npo = 60 - 755 = 12. Cong thitc chi chita do dai M N, PQ, nén thé tich

khong ddi khi cac diém thay d6i trén hai canh ma van gitt MN = 4, PQ = 3.

6_ > 6; gid tri d = 5 khong xay ra.

singp —

c) Sai. Vi0 <sinp < 1nénd=

d) Sai. V6i o =30° d = 05 =12 # 3.

[ Dap s6: a) Ding; b) Ding; c¢) Sai; d) Sai. ]
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Chuong 4. Ba con dudng t&i thé tich

Cho tit dién ABCD c¢6 AB =8, CD = 6, gbc gitta hai
duong thing AB va CD bing 30° va thé tich bang 36.
Goi M, N la hai diém chia canh AB thanh ba phan bing
nhau v P, @ 1a hai diém chia canh C'D thanh ba phan
bing nhau. Tinh khoang céch gitta hai dudng thing AB,
CD va thé tich khéi ti dien MN PQ.

S

Lai giai. Tinh khodng cdich. Ap dung (4.1) cho cip canh d6i AB, CD vé6i d = d(AB,CD):

362%-8-6-d-sin30°:4d = d=09.

Tinh thé tich. Ta c6 MN = 4B = 8 PQ = €2 = 2. Theo (4.2):

MN - PQ 8.2 1
Vanrg =Vapen g ep =30 g5 =30 g =14

'd L Y
_ J

Cho ttt dién ABC'D c6 hai duong thing AB, C'D vuong goéc B

v6i nhau, khoang cach giita ching bang 6 va& AB+CD = 12. A .

Tim gi4 tri 16n nhat cia thé tich khéi tt dien ABCD.

c D
. .
Loi giai. Theo (4.1) v6i sin90° = 1 va bat déng thitc AM — GM:
1 AB+ CD\?

Dau bang khi AB = C'D = 6; tit dién nhu vy ton tai: liy hai doan AB, CD dai 6 trén hai duong
thang vudng géc, doan vudng géc chung dai 6 ndi hai trung diém. VAy gid tri 16n nhat ctia thé tich
bing 36.

[ Dap sb: 36. ]
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Cho ttt dién déu ABCD canh 6. Diém P thay doi bén trong D
ttt dién; goi hy, hy, hg, hy 1an lugt 14 khodng cach tit P t6i
bén mit clia tit dién. Tim gia tri nhé nhat cla

B

(. £

Loi giai. Tong khodng ccich khéng doi. Bén mit c6 cung dién tich S = i 36 = 9v/3; thé tich tt
dién déu canh 6 1a V = = 18y/2. Chia tt dién thanh bdn khéi chép dlnh P c6 ddy 1a bén mit:
V = gS(hl + h/2 + h3 + h/4), nen

3V 542
hy+hy+hs+h = = 26.
1 2 3 4= S 9\/5
Bdnh gid. Ap dung bat ddng thitc AM — GM cho bén s6 dwong: hy + hy + hy + hy > 4/h hohsh,
4 ) )
va T > ———————, nhén ve theo ve dugc (hy + hy + hg +hy)T > 16, nén T' > 2:&6[ = —? ~ 3,27.

= Y/hihyhshy,’
Diém roi. Dau bang khi hy = hy = hy = hy = 3@ tttc P 1a tAm ctia tit dién déu (cdch déu bén mat,

nam bén trong tit dién). VAy gid tri nho nhat ctia T bang 2 f

. 4
Dap s6: g ~ 3,27.
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CHUONG
5 M@ géc nhi dién

Ba géc 6 dinh va lang tru hoa

| Kién thic trong tam

Chuong nay gom coéng thiic (5.1) tinh géc nhi dién (cé thé tlt) theo ba géc & dinh hinh chép, phuong
phép ling tru hoa (5.2) va cach quy nhi dién vé mot goc phing nhd ciip dudng cling vudng géc véi
canh nhi dién (Vi du 5.2, Vi du 5.5).

Nhi dién theo ba goc & dinh N

Cho hinh chép S.ABC v6i BSC = a, CSA = 8, ASB =
v. Khi dé

€osy — cos a.cos 3

cos[A, SC, B] = (5.1)

sin arsin 3

Goéc v = ASB 4t s 1a v goc doi dién canh nhi dién SC;
hai gbc a = BSC’ 8= CSA 1a hai géc ké canh SC.

Chlrng minh. Goi a, b, @ 1a céc vecto don vi cung huéng vai SA SB, SC;tacod-b= cos 7,
b-¢= cosa, C-d = cosﬂ bat 4 = d —cosfBc va v = = b — cosaé. Lay céc diém I, M véi
ST = cos (3¢, SM = d; khi d6 I thudc duong thing SC, M thudc tia SA va IM = 4. Vi
%-¢=cosf—cosf =0 nén tia IM vudng goc v6i SC vi ndm trong nita mat phing (SC, A).
Tuong tu, ldy N v6i IN = ; ta c6 5-¢=0va SN = b+ (cos B — cos ) ¢, nén tia IN vudng
géc voi SC va ndm trong nita mit phing (SC, B). Do d6 [4, SC, B] = MIN, bing goc giita
hai vecto 4, v. Ta cé

- =

i-T=ad-b—cosa(d-c) —cosB(¢-b)+ cosacos 3 |i]2 =1 —2cos? B + cos? 8 = sin’ 6,

= COS7y — CoS & cos 3, |52 = sin? a.

Chia @ - ¥ cho |u] - |9| = sinasin 8 ta duge (5.1).
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Lang tru hoa nhi dién

Cho ttt dien ABCD; P, @Q lan ludt 1a hinh chiéu ctia
A, B lén dudng thing CD. Dit p = AP = d(A,CD),
g =BQ =d(B,CD), t = AB va ¢ la gbc gita hai
duong thang AB, C'D. Khi d6

_p2+q2—fzsin2cp

cos[A,CD, B] Ty

(5.2)

Chitng minh. Dt 6 = [A, CD, B]. Dung diém A’ sao cho AA’ = PQ (A’ = Akhi P = Q). Tt
gidc APQA’ 1a hinh cht nhat nén QA’ || PA, QA’ = pva QA" L CD; AA” || CD nén A’ thudc
nita mit phang (CD, A). Hai tia QA’, QB cling vudng géc véi CD tai Q, do d6 f@ =0 va
theo dinh Ii cosin trong tam gidac A’'QB,

A'B? = p? + ¢® — 2pq cosb.

Mat khac CD 1L QA’, CD 1L @B nén CD 1 (A’QB); vi AA" || CD nén AA” 1 A’B. Tam giac
AA’'B vudng tai A" ¢6 AA" = PQ va BAA’ = ¢ (do AA" || CD), nén

A’B = Isin g, AB? = PQ? + 2sin® o.

Thay A’ B? = ¢2sin® o vio déng thitc trude ta duge (5.2). Khi P = Q thi AB = A'B, AB 1 CD,
© = 90° va cong thitc van ding.
Tam gidc A’QDB 1A thiét dién vudéng géc v6i canh bén ciia ling tru c¢é ba canh bén nam trén
ba dudng thang: C'D va hai dudng thang qua A, B song song v6i C'D; vi vy cach lam dugc
goi 1a lang tru hod.
Hé qud. Ta c6 AB? = PQ? + (? sin? p, titc PQ = {cos p.

x Y,

I ki nang quy udc chiéu vecto phap tuyén

Khi tinh nhi dién 8 = [A, SC, B] bing vecto phap tuyén 7 cia mit phing (SCA) va ), clia mit
phéng (SCB), gbc giita hai vectd nay bang @ hodc 180° — @ tuy theo chi¢u da chon. Quy udc: chon
7, huéng vao nita khong gian bd (SCA) chita B (tic iy - SB > 0) va chon 7, hudng ra khéi nita
khong gian bd (SCB) chita A (tiic 17, - SA < 0). Khi d6

cosf = ifl ﬁz ,

7] - [

gitt nguyén dau nén phan biét dugc nhi dién nhon hay tit (trong méit phing vudng géc véi SC, hai
vectd nay nhan duge tit hai tia clia géc phang nhi dién bing cich quay ciing mot géc 90° theo cling
mot chiéu). Néu chon 77, huéng vao nita khong gian bd (SCB) chita A (hoic ca hai vectd cing huéng
ra) thi géc gitta hai vects bang 180° — #, dé bi nham sang géc bu.
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I Vi du minh hoa

Cho hinh chép S.ABC c¢6 ASB = 80°, BSC = 45°,
CSA = 60°. X4c dinh s6 do géc nhi dién [A, SC, B].

B

v

L&i giai. Canh nhi dién 14 SC: géc dbi dién 1a v = ASB = 80°, hai géc ké 1a a = BSC = 45°,
f=CSA =60 Theo (5.1),

cos 80 — cos45° cos 60°  0,1736 — 0,3536

cos[d, 8C, B] = = e i 60° N 061z 0
Vay [A, SC, B] ~ 107,1°, nhi dién ti.
( ™
Dap sé: [A,SC, B] ~ 107,1°.

Cho hinh chép S.ABCD cé day la hinh vuéng, canh bén
SA 1 (ABCD) va SA = AB. X4c dinh s6 do géc nhi
dién [B, SC, D].

Loi giai. bat SA = AB = a.

Dung géc phang nhi dién. Ta ¢c6 BC L AB, BC L SA
nén BC | (SAB), tam gidc SBC vubng tai B. Ké BH L
SC tai H. Vi BD L AC, BD L SA nén BD L (SAC),
suy ra BD 1 SC. Do d6 SC 1 (BDH), DH 1 SC va
[B,SC, D] = BHD.

Tinh toin. Ta ¢6 SB = av2, SC = aV3, BH =

5B - BC = a\/g; tuong tu, CD L (SAD) nén tam

SC
gidac SDC vuong tai D ¢6 SD = SB, DC = BC nén

DHz%zBH; BD = a\/2.
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Theo dinh 1i cbsin trong tam gidc BHD,

cos BHD = BH* + DH? — BD* - %—F%_ZGQ __1
2BH -DH 2.% 2’

Vay [B, SC, D] = 120°.

Dap sé: [B, SC, D] = 120°.

- J

Cho ttt dién ABCD biét d(A,CD) =6, d(B,CD) =
8, AB = 10 va gbc giita hai duong thing AB, CD
bang 60°. Xac dinh s6 do géc nhi dién [A4,CD, B].

Lai gidi. Ta c6 p =6, ¢ = 8, 2sin® ¢ = 100 - Z = 75. Theo (5.2),

pP+q®—Psin®p  36+64—75 25

A,CD,B| = _ _ 2

cos| ] 2q 2.6-8 96

Vay [A,CD, B] ~ 74,9°.

[ Dap s6: [A,CD, B] ~ 74,9°. ]
Cho tit dien ABCD biét d(A, CD) = 8, d(B, CD) = 10, A

AB = 12 va gbc gitta AB, C'D bang 60°. Xé4c dinh s do
gée nhi dién [A,CD, B] va tinh d(AB,CD) (lam tron
dén hang phan muoi). 12

@'

B P
Q

C

Lai giai. Lang tru hod. Goi (R) 1a mit phang vuéng géc véi CD tai mot diém O ctia CD. Céc dudng
thang qua A, B song song véi C'D cit (R) tai Ay, B,. Ba duong thang AA,, BB,, CD la ba canh
bén ciia mot ling try, c6 thiét dién vudng géc v6i canh bén 1a tam gide OA,B,.
e ViAA, || CDnénd(A,CD)=d(4,,CD); OA, C (R)nén OA, L CD,dod6 OA, =d(A,CD) =
8. Tuong tu OB, = 10.
e Doan AyB, 1a hinh chiéu vuéng géc ciia AB trén (R). Vi CD L (R) nén géc gitta AB va (R)
bang 90° — 60° = 30°, suy ra AyB, = ABcos30° = 6+/3.
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o Vi AA, || CD nén A, thudc nita mit phang bd CD chita A; tuong tu u B thude nita mit phing
bs C'D chita B. Hai tia OA, OB, cung vudng goéc véi CD, do d6 A,OL 0OB, 1a géc phing ciia nhi

dién [A,CD, BJ.
Tinh goc nhi dién. Theo dinh Ii cdsin trong tam gidc OA,B, (day O
chinh la cong thic (5.2)),
—— OA2+O0BZ—AyB} 64+100—108 7 8 N
cos 4,08, 204, - OB, 160 20°
Ay By
nén [A,CD, B] ~ 69,5°. T 6v3

Tinh khodng cdch. Mgt phang (ABByA,) chita AB va AA, || CD nén (ABB,A,) | CD, suy ra
d(AB,CD) = d(0, (ABBOAO)). Lai ¢c6 AA; L (R) nén (ABByA,) L (R) theo giao tuyén A,B;
20,SOAO =1.8.10- 3% = /39, nén

2oaosy 12V _ o 57y
AyBy 6v/3

Cdch khic. Dat 6 = [A,CD, B]. Ha AP 1 CD tai P va goi A; 1a hinh chiéu ctia A trén (BCD); tam
gidc APA, vuong tai A, va CD L (APA, ) nén ATDZ bang 6 hosic 180° — 0, suy ra d(A, (BCD)) =
APsind = d(A,CD)sin6. Do d6 Vapep = 5 - 5 CD - 10 - 8sinf. Theo cong thiic thé tich theo cip
canh dbi (4.1), Vygep = § AB-CD - hsin 60° Vcn h = d(AB,CD). So sanh hai biéu thic:

oT =

_ 80§1n9 _ 12@:2\/ﬁ
12 sin 60° 6v/3

[ Dap s6: [A,CD, B] ~ 69,5°; d(AB,CD) =213~ 7,2.

Cho hinh chép S.ABCD c6 ddy ABCD véi ABC =
ADC = 90°, canh bén SA L (ABCD) va SA > 14. Ha
AH | SBtai H, AK | SDtai K; biét AH = 6, AK = 8,
HK = 12. X4c dinh s6 do géc nhi dién [B, SC, D] (lam
tron dén hang phan mudi).

-
Loi gidi. Hai duong vuong goc vdi hai mat. Vi BC L AB, BC L SA nén BC 1 (SAB), suy ra
BC L AH; két hop AH L SB duge AH L (SBC). Tuong tu, AK L (SCD).
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Dung gdc phang nhi dién. Khi d6 SC L AH, SC 1 AK
nén SC 1 (AHK); goi I 1A giao diém ctia SC véi (AHK).
Hai tia ITH, IK cung vuong goc v6i SC; H thudc doan
SB, K thudc doan SD nén IH nim trong nita mét phéng
(SC,B), IK nim trong nita mit phang (SC, D). Do d6
[B,SC,D] = HIK.

Lién he vdi goc HAK. Vi AH 1 (SBC) nén AHIT = 90°;
tuong tu AKI = 90°. Vi ABC = ADC = 90° nén B, D
thudéc duong tron duong kinh AC; vi ABCD la ti giac
nén B, D khéc phia déi véi AC, suy ra ABCD 16i va khoi
chép S.ABCD 16i. Khéi chép 16i nam trong nhi dién tao
bdi hai mit (SBC), (SCD) ké canh SC, nén A nim trong
nhi dién [B, SC, D]. Do d6 trong mit phing (AHK), tia
T A nam giita hai tia TH, IK, ttc H, K khéc phia déi v6i
Al.

Hai diém H, K thuoc duong tron duong kinh AT va khéc phia d6i véi AI, nén AHIK 13 ti gidc noi
tiép, suy ra

[B,SC,D] = HIK = 180° — HAK.
Ding thic nay khép véi mue Ki ning quy ude chiéu vecto phap tuyén: A?{ AK 1A vecto phép tuyén
ctia (SBC), (SCD); vi A cung phia véi D déi v6i (SBC) va cuing phia véi B déi véi (SCD) nén ca
hai vecto ciing huéng ra, goc giita ching bang 180° — [B, SC, D]. Tinh todn. Trong tam gidc AHK,

AH? + AK* — HK* 36+64—144 11

HAK = — _
o8 2AH - AK 2.6-8 24

nén HAK ~ 117,3°. Vay [B, SC, D] ~ 180° — 117,3° = 62,7°.

[ Dap s6: [B, SC, D] ~ 62,7°. ]

Chia y. Tt gidc AHIK noi tiép dudng tron dudng kinh AI nén Al = ﬁ = jﬁ 13,5; Al 1a
dudng cao clia tam gidc SAC vudng tai A nén can SA > AI. Ngudc lai, véi SA > AI, dit B, D

. A . . N ; e 11 1 1 1 LI 1 1
khéc phia trén dudng tron dudng kinh AC véi 45z =

36 __SAZ» ADZ —64_ S AC? T AP T 547
(khi d6 AB < AC, AD < AC) thi AH =6, AK =38, cos HAT = 2, cos TAK Ai v
—_— Al? — AI? — 64 -2 - 232
HK:AISin(HAI—l—IAK):g\/ 36+ 6V 0 =8 P8 +6-23 =12.

Al 288
Vay diéu kién SA > 14 bao ddm hinh chép ton tai; dap s6 khong phu thuoc SA.

I Bai tap van dung cao

Cho hinh chép S.ABC ¢6 BSC = CSA = 60°. Dit v = ASB va 0 = [A, SC, B]. Xét tinh diing,
sai clia cdc ménh dé sau.
4cosy—1
2z 3 .
b) Néu v = 60° thi 6 = 60°.
c) Néu v = 90° thi § ~ 109,5°.

a) cosf =
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L d) 7 c6 thé nhan gia tri 130°. J
Loi giai.
a) Didng. Véi canh nhi dién SC, géc ddi dién 1a v, hai goc S
k& bing 60°. Theo (5.1), A
]
o 1 <
cosd — cos7—2c0s2 60° _ cos'é— i _ Acosy— 1‘
sin” 60° 1 3 M
A C

B

b) Sai. V6i v = 60°: cosf =
60°.

, 0 ~ 70,5°. Ba géc & dinh déu bang 60° nhung nhi dién khoéng bang

W =

1
c) Bdng. V6i v =90°: cosf = —3 0 ~ 109,5°.

1
d) Sai. Vi 0° < 6 < 180° nén cosf > —1, ttc 4cosy —1 > —3, cosy > —5 hay v < 120°. Vay ~
khong thé bang 130°.

( N

Dap sb: a) Ding; b) Sai; c) Ding; d) Sai.

- J

Cho hinh chép S.ABC ¢6 BSC = CSA = 45° va gbc nhi
dién [A,SC,B] = 90°. Biét théem SA = SB = SC = 4.
Tinh ASB, d6 dai AB va thé tich khéi chép S.ABC.

C

Lai giai. Tinh goc ¢ dinh. Ap dung (5.1) cho canh nhi dién SC: géc dbi dién 1a v = ASB, hai géc ke
la BSC = CSA = 45°. Ta ¢6

— 45° 45° 1
cos y — cos 45° cos — 0= cosy— L

cos 90" = sin 45° sin 45° 2

1 —
nén cosy = 5 ASB = 60°.

Tinh canh. Tam gidc SAB can tai S co ASB = 60° nén la tam gidc déu, AB = SA = 4.

Tinh thé tich. Theo cong thic (4.3) v6i ba canh SA = SB = SC = 4 va ba géc & dinh 45°, 45°, 60°,
biéu thitc duéi dau cin bang
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4-4-4 1 16

nén V =

6 2 3
Cdch khdc. Goi H 1a hinh chiéu ctia A trén SC. Hai mit phing (SAC), (SBC) vudng géc véi nhau
theo giao tuyén SC, va AH C (SAC), AH 1 SC, nén AH 1 (SBC).

Vi ASC nhon nén H thudc tia SC. Tam gidc SHA vudng
tai H, ASH = 45°, nén SH = SAcos45° = 2v/2 va AH =
SAsind5® = 2v/2.

Hinh chiéu ctia B trén dudng thing SC nim trén tia SC (vi
BSC nhon) va cach S mot doan SBcos45° = 2v/2 = SH, nén
tring H. Suy ra BH | SC, BH = 2V/2.

T AH | (SBC) ¢6 AH | BH, nén AB? = AH? + BH? = 16, AB = 4, cung két qui. Ta c6
Sepe =13 -4-4-sin45° =4v2, nén V = $Sgpe - AH = £ -4v2-2y2 = 18,

4 )

L —— 1
Dap so: ASB=60°; AB=4; V= 36

- J

Cho t& dién ABCD c6 gbc nhi dién [A,CD, B] =
120° va géc gitta hai dudng thing AB, C'D bang 30°.
Hai khodng cich p = d(A,CD), ¢ = d(B,CD) thay
d6i nhung luén thod man pg = 36. Tim gid tri nho
nhat ctia do dai AB.

Lai giai. Ap dung cong thie (5.2). Viét (5.2) duéi dang

AB?sin® 30° = p? + ¢ — 2pqcos 120° = p? + ¢% + pq.

. e AB?
Ddnh gid. Ap dung bat dang thitc AM — GM, p? + ¢®> > 2pq = 72, nén ' > 724 36 = 108,

AB > 12v/3. Du bing x4y ra khi p = ¢ = 6.

Véi p = ¢ = 6, tit dién ton tai: dung tam gidc A’QB trong mit phing vuong géc véi CD tai Q
c6 QA = QB = 6, A’QB = 120° (khi d6 A’B = 6v/3), 10i lay A v6i A’A song song v6i CD va
AA" = A’Bcot 30° = 18; ta duge AB = 121/3 va géc gitta AB, C'D bang 30°.

Vay gia tri nho nhat ctia AB bang 12v/3.

'd N\
Dap s6: AB,,;, = 121/3 ~ 20,78, dat dugc khi d(A,CD) = d(B,CD) = 6.
Cho ti dién ABCD c¢6 AB = 10 va gbc gitta hai A 0
duong théng AB, CD bing 30°. Hai khoang céch B

p = d(A,CD), ¢ = d(B,CD) thay déi nhung luén

thod man p? + ¢ = 50. Tim gi4 tri 16n nhat cia

tong p + ¢ va tinh géc nhi dién [A, CD, B] khi tong P
dé 16n nhat.
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Loi giai. Ddnh gid. Ta c6 (p + q)? < 2(p? + ¢?) = 100 (tuong duong (p — ¢)2 > 0), nén p + q < 10,
dau bang khi p = ¢ = 5.
p? +q% —25

Ap dung cong thite (5.2). Ta c6 AB%sin® 30° = 25, nén cos[4, CD, B] = o
q

50 — 25
50
Véi p = ¢ = 5, ttt dién tdn tai: dung nhu Cau 5.3 véi QA’ = QB =5, A’QB = 60° (khi d6 A’B = 5)
va AA” = A’Bcot 30° = 5v/3; ta dudec AB = /75 + 25 = 10 va gbc gitta AB, C'D bang 30°.

Viy gi4 tri 16n nhéat ctia p + ¢ bang 10 va khi d6 [A, CD, B] = 60°.

.V6ip=q=2>5:

cos|A,CD, B] = _ % [4,CD, B] = 60°.

[ Dap s6: (p + q)uax = 10, dat khi p = ¢ = 5; khi d6 [A,CD, B] = 60°.

Cho tit dién ABCD. Goi P, Q 1dn lugt 1a chan dudng
vudng goc ha tir A, B xubng dudng thing C'D. Biét
AP=3 BQ =5 PQ—6vi AB—=1.

a) Tinh césin ctia géc nhi dién [A, CD, B].

b) Piém M chay trén dusng thing C'D. Tim gi4 tri
nhé nhat ciia AM + M B.

S

Lo giai.

a) Goi ¢ la géc gitta AB vd CD. Theo hé qué clia cong thiic (5.2), AB? = PQ? 4+ AB?sin® ¢, nén
AB?sin” ¢ = 49 — 36 = 13. Theo (5.2),

AP? + BQ® — AB*sin’p  9+4+25-13 21
2 AP - BQ 0 2-3-5 30

cos[A,CD, B] = =0,7.

b) Dua vé hai can bic hai. V&i M thudc dudng thing CD, dit © = PM, y = QM. Tam gidc APM
vudng tai P, tam gidc BQM vudng tai Q (hoic suy bién khi M = P, M = Q), nén

AM = /32 + 22, MB = /5% + 2, z+y>PQ=6.

Dinh gid. Ap dung bat dang thitc Minkowski v/a? + b2 + /a2 + b3 > \/(a; + ay)? + (by + by)? (ddy
1a bat déng thitc |i| + |0 > |4 + 9| v6i @ = (ay;by), U = (as;by)) cho hai cip (3;2), (5;9):

AM + MB > +/(3+5)2 + (z +y)2 > V64 + 36 = 10.

Dau bang. Pat khi 2 +y = 6 (M thudc doan PQ) va hai vectd (3;2), (5;y) cliing hudng, tic g = %;
9 15
suyrar=—,y=—.

4 4
Vay gid tri nhé nhat cia AM + M B bang 10.

[ Dap s6: a) cos[4,CD, B] = 0,7 (tic [A,CD, B] ~ 45,6°); b) min(AM + M B) = 10. ]
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CHUONG
6 Day thé tich tdi gisi han

Hai nguyén Ii cuc tri

| Kién thic trong tam

Bai todn cuc tri thé tich thuong quy vé hai y: biéu dién thé tich qua mot bién (géc, d6 dai) roi danh
gid; hoac nhan ra vi tri dac biét cho cuc tri, thudng la khi mot mat bén vudng gdc véi day.

Nguyén li 1. Chiéu cao I6n nhat khi mat bén vuéng géc véi day

Cho tam gidc SAB va mit phing (P) chita AB, S ¢ (P). Goi K 1a chan dudng vuéng géc ha
tit S xuéng AB, H 1a hinh chiéu ctia S trén (P). Khi d6

(S, (P)) = SH < SK = d(S, AB),

diu bang xay ra khi va chi khi (SAB) L (P).

Do d6, néu ddy ABC c6 dinh va mat bén SAB c6 hinh dang c6 dinh, chi dudc gdp quanh ban
3 AB, thi Vg 450 = S ap0 - SH < 18,450 - SK; thé tich 16n nhat khi (SAB) L (ABC), itng
v6i vi tri S trén hinh.

Chirng minh. Néu H +# K:tac6 SH | AB, SK | AB
nén AB 1 (SHK), suy ra HK | AB va SKH 1a goc
phang ctia nhi dién canh AB (hodc géc bl cia né). Tam
gidc SHK vuong tai H nén SH = SK sin SKH < SK.
Néu H = K thi SH = SK. Vay SH < SK, dau bing
khi va chi khi H = K, tic SK L (P). Mit phéng
(SAB) chtta SK nén SK L (P) kéo theo (SAB) L (P);
ngugc lai, néu (SAB) L (P) thi SK nam trong (SAB)
va vudng goc véi giao tuyén AB nén SK L (P).

Nguyén li 2. Dua vé mét bién rai danh gia

Véi céc bai cé diém chay trén canh, dat bién 1a géc hodc do dai, viét thé tich thanh ham sb
mot bién rdi ding dao ham hodc bat déng thiic AM — GM. Mét dang thuong gip: véi k > 0,
0° < ¢y < 90° va a chay trén doan [aq; ay] C [0%5¢], xét

k
S(a) = cosacos(py — )’ a € [ag; ay). (6.1)

o Néu 2 € [o; @, thi S(«) nho nhét tai o = £2.

o Néu £0 ¢ [ay; a] thl S(«) nho nhat tai dau mit clia doan gan £2 hon.
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e S(a) 16n nhat tai dau mit ctia doan xa £2 hon.

Chirng minh. Theo cong thiic bién ddi tich thanh tdong,
cos a cos(py — ) [cos o + cos(2a — ¢y)].

Vi cos(2a—p,) = cos |2a—¢,| v ham s cosin nghich bién trén [0°; 180°] nén tich cos a cos(py—
@) (duong trén doan dang xét) 16n nhéat khi [2a — ¢| nhé nhét, tic tai o = 22 néu gid tri nay
thudc doan, tai dau mit gan £2 hon néu khéng thude; tich nhé nhat khi |2« — ¢,| 16n nhat,
tttc tai dau mit xa 20 hon. Tt s6 k khong doi nén S(a) bién thién ngudce lai.
Chi y. Mién [a; a) suy tit diéu kién céc diém thudc canh (Vi du 6.1, 6.3, 6.4).

\ J

I Vi du minh hoa

Cho hinh chép S.ABCD c6 ddy ABCD la hinh vuéng
canh 6 va SA L (ABCD), SA = 8. Trén doan BC lay
M, trén doan C'D lay N (M, N c6 thé trung dau miit)
sao cho MAN = 30°. it BAM = o. Xét tinh ding, sai
clia cac ménh dé sau.

a) NAD = 60° — a.
36

b) S = .

) Samn 1+ 2cos(2a — 60°)
c) Gi4 tri nhé nhit ciia Vg 45,y bang 12.
96

143

d) Gi4 tri 16n nhat ciia Vg 45,5 bang

Loi giai.
a) Bang. Vi M thudc doan BC, N thudc doan C'D nén BAM < 45° < Eﬁv, suy ra NAD =
90° — a — 30° = 60° — «.

6 6

b) Ding. Ta ¢6 AM = ——, AN = ———— vi theo cong thitc bién d6i tich thanh tong
cos « cos(60° — )
1+2 20 — 60°
cos acos(60° — o) = i 008(4 a ), nén

36
cosacos(60° —a) 1+ 2cos(2a — 60°)°

1
SAMN — §AM AN‘Sjn?)OO -

c) Sai. Diéu kien BM = 6tana < 6, DN = 6tan(60° — a) < 6 cho a € [15°;45°]. Ta ¢6 Ssyn >
36 £ 1o ) > )
— = 12, dau bang tai o = 30°, nén gia tri nhé nhat cta Vg 4n = gSAMN bang 32. So 12 la gia

tri nhé nhét ctia dién tich Sy, -
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|

36
va SAMN <

T 143
~ 35,14, dau bang tai o = 15° (N = C) hoic a = 45°

d) Dang. Véi a € [15%45°] thi 2o — 60° € [—30°;30°], nén cos(2ac — 60°) >
8 36 96

Suy ra V. < - =
y S.AMN = 3 1+\/§ 1+\/§
(M = C), hai vi tri nay dugc phép.

[ Dap s6: a) Ding; b) Ping; c¢) Sai; d) Dung.

Cho hinh chép S.ABC'D c¢é6 day hinh vuéng canh 6, SA L
(ABCD), SA = 4. Trén BC lay M, trén CD lay N sao
cho MAN = 60°. Tinh gi4 tri nhé nhat ctia thé tich khoi
chép S.AMN (1am tron dén hang phan mudi).

v

Loi glal Chon dn va mien gid tm bat a = BAM. Vi M thuoc doan BC, N thudéc doan C'D nén
BAM < 45° < BAN tia AM nam giita hai tia AB, AN va NAD = 90° — 60° — o = 30° — o, vOi
a € [0°;30°]. Vi BM = 6tana < 6tan30° < 6 va DN = 6tan(30° — «) < 6 nén moi a € [0°; 30°] déu
cho M, N thuéc hai doan.

6 6

Biéu dién dién tich. Ta c6 AM = ,AN = ——————— nén
’ cos & cos(30° — «)

93

cos acos(30° — o)

1
SAMN — §AMANSiIl60° —

Dinh gid. Theo cong thitc bién doi tich thanh tong, cos avcos(30° — o) = £ [cos 30° + cos(2a — 30°)] <
243 diu bing khi o = 15° € [0°;30°] (diing nhu (6.1)). Suy ra

36v/3 4
Saun > % =36V3(2—V3)=72V3-108, Vg aun= 3Sann = 96v/3 — 144 ~ 22,28.

Dau bang khi BM = DN = 6tan 15° = 6(2 — +/3). Vay gi4 tri nhd nhit ciia thé tich xap xi 22,3.

[ Dap s6: V. = 961/3 — 144 ~ 22,3. ]
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Cho hinh chép S.ABCD c¢é day hinh vuéng canh 6, SA |
(ABCD), SA = 6. Trén BC lay M, trén CD lay N sao
cho MAN = 30°. Tinh gi4 tri nhé nhat clia thé tich khoéi
chép S.AMN.

G
Loi giai. Chon dn va mién gid tri. Pit o = BAM. Diém M thudéc doan BC nén BAM < 45° <
BAN, do d6 BAN = «+ 30° va NAD = 60° — «. Ta ¢6 BM = 6tana < 6 < o < 45° va
DN = 6tan(60° —a) <6 < «a > 15°. Vay a € [15%;45°].

. . 6 6
Bieu dién the tich. Cac tam gidc ABM, ADN vudng tai B, D nén AM = JAN = ———————.
cos « cos(60° — «)

Suy ra

18
cos acos(60° — o)

1
SAMN:§AMANSIHSOOZ VS.AMN:§SA'SAMN:

cos a cos(60° — )’
Ddnh gid. Theo cong thitc bién déi tich thanh tong, cos acos(60° — o) = £ [cos 60° + cos(2a — 60°)] <
2(3+1) =3 nén Vg 4y >18: 3 =24,

Diém roi. Dau bang x&y ra khi cos(2a — 60°) = 1 <= «a = 30° € [15°;45°]. Khi d6 BM = DN =
6 tan 30° = 2+/3, hai diém M, N d6i xting qua AC. VAy gia tri nhé nhét ciia thé tich bang 24.

Dap s6: V,;, = 24.

. J

Cho hinh chép S.ABCD c6 ddy la hinh chit nhat
v6i AB = 2AD = 12 va SA L (ABCD), SA = 3.
Trén canh AB lay M, trén canh BC lay N sao cho
MDN = 60°. Tinh gi4 tri nhd nhat ctia thé tich khéi
chép S.DMN (lam tron dén hang phan mudi).

Loi glal Chon dn va mién gid tri. Dit o = ADM. Vi M thudc canh AB, N thudc canh BC nén
ADM < ADB < ADN tia DM nam gitta hai tia DA, DN; do d6 NDC =90° — 60° — o = 30° — cv.
Ta ¢6 AM = 6tana va CN = DCtan(30° — ) = 12tan(30° — «). Diéu kién N thudc canh BC:
12tan(30° —a) < 6 < tan(30° — @) < %, nén a € [30° — ay; 30°] véi tanay = 5 (ay ~ 26,577,
30° — ay &~ 3,43°). Khi d6 AM < 6tan30° < 12 nén M ludn thudc canh AB.

Biéu dién thé tich. Ta ¢c6 DM = 6 , DN = 1—2, nén
cos o cos(30° — )
1 . 18v/3 1
SDMNZQDMDNSIHGO :Cosacos(30°—a), VSDMN:§3SDMN:SDMN
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Didnh gid. Theo cong thitc bién doi tich thanh tong, cosacos(30° — o) < £ (cos30° + 1) = 2+4‘/§, nén

723
1% > Y5 = 79v/3(2 — V/3) = 144V/3 — 216 ~ 33,42.
S.DMN 2 + \/g ( )

Diém roi. Dau bang khi o = 15°, thude mién [30° — ay;30°]; khi d6 AM = 6tan15° ~ 1,61, CN =
12tan 15° &~ 3,22 < 6. VAy gi4 tri nho nhat ctia thé tich xap xi 33.4.

4 N\

Dap s6: V. = 1441/3 — 216 ~ 33,4.

. J

Cho hinh chép S.ABC cé ddy ABC déu canh 10 va SB = 8, S

SC = 6. Ha SH L (ABC) tai H, SK L BC tai K. Xét

tinh ding, sai clia cdc ménh dé sau. 8 A
24

5 24 B*” [3

b) Chiéu cao SH ciia khéi chép luén bang 5

25v/3
€) Vsapc = 3 SH.

d) Vg apc = 40V/3 khi (SBC) L (ABC).

a) SK = —

Lo giai.

a) Ding. Ta c6 SB? + SC? = 64 + 36 = 100 = BC? nén tam giac SBC vudng tai S, dudng cao
SK — SB - SC 48 24
BC 10 5°

24,
b) Sai. Theo Nguyén li 1, SH < SK = 5 dau bang chi khi (SBC) L (ABC). Git nguyén tam gidc

SBC va quay quanh BC dén vi tri géc nhi dién canh BC bang 30° thi cic gid thiét vAn thod man
nhung SH = SKsin30° =

1 25/3

c) Ding. Ta cé Sypo = —— - 100 = 25v/3, nén Vg 4pc = - - 25v3 - SH = —— SH.

%I& m|5
w

d) Piang. Khi (SBC) L (ABC), SK nam trong (SBC) va vuong goéc véi giao tuyén BC nén

24 25 24
SK 1 (ABC), tic H = K va SH = 5 Khi d6 Vg gpc = ?:/_ 5 = = 40v/3; day ciing la gid tri
16n nhét ctia thé tich.
[ Dap s6: a) Dting; b) Sai; c¢) Ping; d) Ding. ]

IC DESIGN | Trang 58/64



Chuong 6. Day thé tich téi gigi han Mai Thanh Luéan | 0854070701

Cho hinh chép S.ABC c¢6 ddy ABC va mat bén SAB la S
hai tam gidc déu canh 4. Tinh gid tri 16n nhat ctia thé tich
khéi chép S.ABC.

o

o
Ldi giai. Goi K 1a trung diém ctia AB va H 13 hinh chiéu ctia S trén (ABC). Tam gidc SAB déu
canh 4 nén SK | AB vi SK = %3 = 2/3. Theo Nguyén Ii 1, SH < SK = 2v/3. Dién tich ddy
Sape = Y2 4> =4v/3, do d6

1 1
Vs apc = gSABC -SH < 3 -4V/3-2V3 =38.

DAu bing xay ra khi (SAB) L (ABC): lay S trén dudng thing qua K vudng goc véi (ABC),
SK =23, thi SA =SB =+SK2?2+ KA? = /12 + 4 = 4, tam gidc SAB déu canh 4. Vay gia tri
16n nhat cta thé tich bang 8.

Dap s6: V. = 8.
Cho hinh chép S.ABC c6 déy ABC déu canh 5 va tam S

gidc SAB c6 SA =5, SB = 6. Tinh gi4 tri 16n nhat cia
thé tich khéi chép S.ABC (1am tron dén hang phan musi).

C

Loi giai. Goi K 1a chan dudng vudng géc ha tit S xudng AB. Tam gidc SAB c6 nita chu vi p =
# = 8, theo cong thtc Heron Sgyp=+v8-3-3-2 =12, nén SK = % = %. Theo Nguyén 1i 1,
chiéu cao ctia khéi chép khong vudt qué 2—;, do dé

1 25vV3 24
VSABCg—-—\/_-—=10\/§~17,32.
: 3 4 5
Déu bang xay ra khi (SAB) L (ABC), titc tam gidc SAB nam trong mit phing qua AB vudng géc
v6i ddy. VAy gid tri 16n nhat ctia thé tich bang 10v/3 ~ 17,3.

[ Dap s6: V. = 10v/3 ~ 17,3. ]
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Vi du 6.8

Cho hinh chép tit gidc S.ABCD c6 ddy ABC D la hinh thoi ]
canh 6. Biét SA = SB = SC = 8. Tinh gi4 tri 16n nhat

ctia thé tich khéi chép S.ABCD (lam tron dén hang phan

muosi).

Lai giai. Goi H 1a hinh chiéu ctia S trén (ABCD).

Xdac dinh chan duong cao. Vi SA = SB = SC nén HA =
HB = HC, tttc H 1a tAm dudng tron ngoai tiép tam gidc
ABC. Tam gidc ABC can tai B nén H nam trén trung truc
ctia AC, chinh 13 dudng thing BD. Goi O la tAm hinh thoi
BD =d (0 <d < 12);khid6 BO = vaAC—Z\/36—

V144 — d2.

Tinh chiéu cao. Bén kinh dudng tron ngoai tiép tam gidc ABC: R = ABBC-AC _ 3640 _ 36 gy
1S 4pc aTace — d
ra SH? = SB? — R? = 64 — 1236; diéu kién SH > 0 cho d > §. Vay d € (3;12).

Bicu dién the tich. Ta ¢6 Sygop = $AC - BD = 3dv/144 — d?, nén

12
d\/144 2o 120 _ \/ 144 — d2)(64d2 — 1296).

bit t =d* € (8;144): V2 = 8 (144 — ) (¢t — 81).
Ddnh gid. Hai thita s6 144 —t va t — % duong, ¢6 téng khong ddi. Ap dung bat ding thitc AM — GM,

(144—t)<t— %) < (ﬁ)z = (%)2,

A 8 495 __ 495 __
HGHVSET—T—82,5

Diém roi. Dau bang khi 144 —t = ¢ — 8L ttc t = %7 BD = /%57 ~ 9,06 € (2;12). Vay gid tri l6n
nhat ctia thé tich bang 82,5.

[ Dap s6: V. = 82.,5. ]
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Cho hinh hép ABCD.A'B'C'D’ ¢6 AC = AD = CA’ = B c
3va AA’ = DA’ = 3v/2. Tinh thé tich 16n nhit ctia khéi m o

hop (1am tron dén hang phan mudi).

A D

Lai giai. Quy vé tir dién. Khéi chép A’.ACD c6 dién tich ddy ACD bang mot nita dién tich day
ABCD va cing chiéu cao véi hinh hop, nén Vy qop =% 3Supep-h=%.
Cac goc ¢ dinh A. Theo dinh 1i cosin trong cac tam giac ACA’, ADA’:

9+18—9 V2 9+18—18 2

cosCAA/ == "2~ Y2 cosDAA == 22 Y2
2:-3-3v2 2 2-3-3v2 4
Géc CAD thay déi; dit u = cos CAD.
Biéu dien thé tich. Theo cong thiic (4.3) tai dinh A:
3v2-3-3 1 1 2 2 9v2 3
VA/.ACD:\/_T\/l ————— u2+2-§ %uzT\/_ g(u), g(u)z—u2+g+§.

Pdnh gid. Tam thitc g ¢6 hé s6 ctia u? A&m nén 1én nhat tai dinh:

(u) = 7 _<u_1>2< 7

I =16 1) =16

dau bang khi u = 1. Gi4 tri nay dung duge vi g(3) > 0, tiic ba tia AA’, AC, AD khong dong phing;
khi d6 CD?* = AC? + AD* =2 AC - AD -u =18 —§ = 2L.

Do d6 Vs acp < 02 YT — WU 3y 1V = 6V, 4op < 2V~ 2526, Vay thé tich 16n nhét ciia khéi
hop xap xi 25,3.

; 2714
Dapso: V.. = T 25,3.
Cho lang tru tam gidc ABC.A'B'C" ¢6 AB" = AA" = 4, c’
AC" =6, A’B’ = A’C’ = 2v/2. Tinh gi4 tri 16n nhit cta / i
thé tich khéi lang tru (IAm tron dén hang phan mudi). i il : B
|
i
/ [}
/ [}
/ |
ll
e
1 [}
e
II //’ \\
1/ - S
A B
£
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Loi gidi. Quy vé ti dién. Khéi chép A.A’B’C’ cb ciing day va chiéu cao véi lang tru, nén V;, =
3VA_A/B/C/.
Cac goc ¢ dinh A”. Theo dinh 1i cdsin trong cac tam gidc AA’B’, AA'C”:

16+8—16 /2 —  16+8—136 3v2
_— cos AA'C = =— .
2.4-2V2 4 2.4-2V2 8
Géc B'A’C’ thay déi; dit u = cos BPA'C’.

Biéu dien thé tich. Theo cong thitc (4.3) tai dinh A’:

cos AA'B =

VA.A’B’C' =

4-2\/5-2\/5\/1
6

1 1
= 36\/9(10, g(u) = —u® — gu + 3—2-

2

Ddnh gid. Tam thitc g c6 hé s6 ctia u? A&m nén 16n nhat tai dinh:

161 ( 3 )2 < 161

9w) =555 = (" T 1) = 26

dau bang khi v = —2. Gi4 tri nay dung dudc vi g(—+5) > 0, tiic ba tia A’A, A’B’, A’C’ khong
dong phing; khi d6 B'C"? = A’/B? + A'C"? —2A’'B' - A'C' -u=8+8+3=19.

Do d6 Vy yrprer < 18 V181 — VISL 3 ' < /161 ~ 12,69. Véy gid tri 16n nhét cia thé tich xAp xi
12,7.

[ Dap s6: V. = V161 ~ 12,7. ]

I Bai tap van dung cao

Cho tam gidc déu ABC canh 6 c¢6 dinh va tam gidac SAB S
c6 SA =SB =5, gdp quanh canh AB. Xét tinh ding, sai
clia cac ménh dé sau.

1
ot

a) Chiéu cao 16n nhat ctia khéi chép S.ABC bang 5.

b) Thé tich 16n nhat ctia khéi chép S.ABC biang 12/3.

c) Khi thé tich 16n nhat thi SC = 7. A B
d) SC L AB v&i moi vi tri gap.

c

S

Loi giai. Goi K la trung diém ctia AB. Tam gidc SAB can tai S nén SK | AB, SK =
VSA? —KA? =25 -9 =4.

a) Sai. Theo Nguyén 1f 1, chiéu cao khong vugt qui SK = 4 nén khong thé bang 5; chiéu cao bang
4 khi (SAB) L (ABC).

V3

5 36= 9v3, nén Vg apc < = - 9v3 -4 = 121/3, diu bang khi (SAB) L

b) Dl’lng. Ta co SABC =
(ABC).

LW —
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c) Sai. Khi d6 SK L (ABC) nén SK 1 KC, véi KC = %ﬁ = 3V/3. Suy ra SC = /16 + 27 =

VA3 #T.

d) Ding. Véi moi vi trf gip, AB L SK va AB | CK (CK la trung tuyén clia tam gidc déu), nén
AB 1 (SKC), do d6 AB L SC.
s N\

Dap s6: a) Sai; b) Dtng; c¢) Sai; d) Ding.

(& J

Cho hinh chit nhat ABCD c¢6 AB = 8, AD = 6 va tam
gidgc déu SAB canh 8, gap quanh canh AB. Tinh thé tich
16n nhat ctia khéi chép S.ABCD va do dai SC khi doé.

S

Lai giai. Goi K 13 trung diém ciia AB. Tam gidc SAB déu canh 8 nén SK 1 AB, SK = 41/3. Theo
Nguyén i 1, chiéu cao h < SK = 4/3, nén

1 1
Vs apep = gSABCD ~h < 3 48 - 41/3 = 64+/3.

DAau bang x&y ra khi (SAB) L (ABCD); khi @6 SK L (ABCD), nén SK 1 KC. Ta ¢6 KC? =
KB? 4+ BC? =16+ 36 = 52 va SC? = SK? 4+ KC? = 48 + 52 = 100. Vay thé tich 16n nhat bang
64v/3 ~ 110,85, khi d6 SC = 10.

r 2

Dap s6: V. = 64v/3; SC = 10.

(& J

Cho hinh chép S.ABCD cé ddy ABC D la hinh vuéng canh
6, SA L (ABCD) va SA = 9. Lay M trén doan BC, N
trén doan CD sao cho BM + DN = 6. Tim gid tri nhd
nhét ctia thé tich khéi chép S.AMN va tinh M N khi doé.

-
Lai giai. bat BM =z, DN =y véiz,y € [0;6], x+y=6. Khid6 CM =6—z =y, CN =6—y =z,
nén

1

Samn =Sapep —Sapym — Sapy — Scun =36 — 3 — 3y — 5Ty = 18 — 5 TY-

Theo bat ding thitc AM - GM, zy < (%)2 =9, nén S,y > 18— 3 = Zva Vg aun =
39Sy > 3. Dau bang khi = y = 3, thudc [0;6]: M, N 1 trung diém cia BC, CD, va
MN = /CM?+ CN? = 3/2. Vay gi4 tri nho nhit ciia thé tich bang &, khi d6 MN = 3v/2.

. 1 .
Dap s6: V. = % dat khi M, N 1a trung diém BC, C'D; khi d6 M N = 3/2. J
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Cho khéi hop chit nhat ABCD.A’B'C’D’ ¢6 do dai dusng D’ C’
chéo AC’" = 9. Tim gi4 tri 16n nhat ctia dién tich toan phan /)
khéi hop va tinh thé tich khéi hop khi d6. A — : B
/// :
/ l
(& // :
/ !
N i
A @ B

Loi giai. Pat AB =a, AD =b, AA’ = ¢, khi @6 a® +b%> +¢?> = AC’?> =81. Ta ¢6

a?+b*+c2—(ab+be+ca)==[(a=b)?+ (b—c)*+ (c—a)?] >0,

N

nén dién tich toan phan S;, = 2(ab + bc + ca) < 2-81 = 162. Dau bang khi a = b = ¢, 3a® = 81,
a = 3+/3: khéi hop 1a khéi 1ap phuong canh 3v/3, thé tich (3\/3)3 = 811/3 ~ 140,30. Vay dién tich
toan phan 16n nhat bang 162, khi dé thé tich bang 81v/3.

Dap s6: (S,,) = 162, dat khi khoi hop la khoi 1ap phuong canh 3v/3; khi d6 V = 81+/3.

- J

Cho khdi chép S.ABC' cé thé tich bang 32, dién tich ddy ABC bang 24 v AB = 6. Tim gié
tri nhé nhét clia tong SA 4+ SB.

Loi giai. Goi H 1a hinh chiéu ctia S trén (ABC).

Chiéu cao khong doi. Ta c6 SH = 22— = 332 — 4 nén
SaBc 24 ’

SA=+16+ HA2 SB =16 + HB?.

BPdnh gid. Ap dung bat ddng thitc Minkowski a? +b? +
Va2 + b3 > \/(a; +ay)? + (by + by)? (ddy 1 bit dang thitc
|| + |5 > |d + 3| v6i 4 = (ay;b,), U = (ag;by), dau bang khi
hai vecto cung huéng) cho hai vecto (4; HA) va (4; HB):

SA+SB>+/(4+4)2+ (HA+ HB)2.

B

Trong mit phing (ABC) ¢6 HA+ HB > AB = 6, nén SA + SB > /64 + 36 = 10.

Piém roi. Dau bing cia bat ding thiic Minkowski khi 4 - HB = 4 - HA, ttic HA = HB; diu bang
ctia bat ding thitc tam gidc khi H thudc doan AB. Hai diéu kién ciing x4y ra khi H 1a trung diém
ctia AB; khi d6 SA = SB = /16 +9 = 5. Vi trf nay dung dugc: 14y H 1a trung diém AB, S trén
duong thang vuéng géc véi (ABC) tai H, SH = 4, thi V = % - 24 -4 = 32. VAy gid tri nhé nhit cia
SA + SB bang 10.

[ Dap sb: (SA + SB)min = 10, dat khi hinh chiéu ctia S 1a trung diém AB. ]
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