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' oCdrl not ctdu ' 
Nham giup c a c em hoc sinh trung hoc pho thong noi chung, c a c ban hoc sinh 

gidi Toan noi rieng c6 them tai lieu de hoc t^p tot mon Toan trong nha trUdng, cung 
nhi/chuan bj day du kien thufc phuc vu cho c a c ki thi tuyen sinh vao Dai hoc, Cao 

d^ng va c a c ki thi Olympic ve Toan c a c cap, nhom giao vien Toan trudng PTTH 
Chu Van An - Ha Noi chung toi bien soan hai bo sach sau: 

- Bo sach chung gom 6 cuon: 

/. O n \uyen boi dudng hoc sinh gidi hinh hoc khong gian. 

2. On luy$n boi difdng hoc sinh gidi hcim so. 

3. On luySn boi difdng hoc sinh gidi phuang trlnh bat phuang trlnh. 

4. On luySn boi dUdng hoc sinh gidi hinh hoc giai tich. 

5. On luyen boi difdng hoc sinh gidi tich phan, to hap va so phifc. 

6. On luy$n boi difdng hoc sinh gidi lucfng giac, bat ding thifc, gia tri Idn nhat, 
gia tri nhd nliat.. 

- Bo sach luyen thi ve mon Toan bao gom cuon: 

/. Bdi difdng hoc sinh gidi lifdng giac. 

2. Boi difdng hoc sinh gidi cac bai toan ve day so'. 

3. Boi dudng hoc sinh gidi ham so va da thifc. 

4. Boi difdng hoc sinh gidi so hoc. 

5. Boi dudng hoc sinh gidi hinh hoc to lidp. 

6. Boi dudng hoc sinh gidi bat ding thUc va cac bai toan cUc tri. 

Chung toi cho rang hai bo sach nay se dap ilng duoc mot so li/cfng I6n ban doc. 
C a c ban hoc sinh phd thong trung hoc noi chung, c i c ban hoc sinh gi6i Toan noi 
rieng, cung nhi/ c a c thay c6 giao day Toan deu c6 the tim dUdc cho minh nhufng 
dieu CO ich trong c a c bp sach nay. 

Mcic du tap the tac gi5 da ra't nghiem tuc trong qua trinh bien soan, nhiing do 
dung liiong cua bO s^ch qu^ I6n nen c h i c c h i n trong Ian dau ra m i t ban dpc khong 
the tranh kh6i nhQng khiem khuyet. 

Mong nhan duac gop y cua ban dgc xa gan de bp sach tot hon trong c a c Ian tai 
b3n tiep theo. Xin chan thanh c3m on! 

Cac tac gi5 

Nha sach Kliang Viet xin Iran trong gi&i thieu t&i Quy doc gia va xin lang nghe mgi y 

kick dong gop, decuon sack ngay cang hay hem, bo ich hoTi. Thu xin gi'd ve: 

Cty T N H H Mgt Thanh Vien - D j c h V u Van Hoa Khang Vi?t . 

71, D i n h Tien Hoang, P. Dakao. Quan 1, TP. H C M 
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D U 6 N G T H A N G V A W A T F H A N G T R O N G K H O N G G I A N 

Q U A N H E S O N G S O N G 

I . T O M T A T L i T H U Y E T 

1, C a c tien de ciia hinh hoc khong gian: 

_ Qua hai d i e m phan b ic t trong khong gian c6 mot va chi mot du'cfng thang 

ma t h o i . 
_ Qua ba diem khong thang hang c6 mot va chi mot mat phang ma thoi . 

_ M o t du'cfng thang co hai diem chung vdi mot mat phang thi nam tron trong 

mat phang ay.;,'., .•„;-<!:' 5v 

- Hai mat p h l n g phan biet c6 mot diem chung thi c6 mot difcfng th^ng chung di 

qua diem ay. Du'dng thang nay goi la giao tuyen ciia hai mat phang. 

2. C a c each xac dinh mat phang: 

M o t mat phang difdc xac djnh trong cac tru'cfng hcfp sau: " ' ' i i l ̂  • 

1. Qua ba d iem khong thang hang (hinh la ) ' ' 

2. Qua hai diTdng thang cat nhau (hinh l b ) '^'^'^ '^"'^''^'••f ' • 

3. Qua mot diTdng thang va mot diem khong nam tren duTcfng thang ay (hinh Ic) 

4. Qua hai dU'dng thang song song (hinh Id) v . u 

Hinh la Hinh lb H l n h k Hinh Id 

3. Hai dirtfng thang song song: i f t , fin, r. r i ; . d (' 
Dinh nghia 1: Ha i du^dng th^ng song song la hai diTOng thSng cftng n^m tren 

mot mat phang va khong c6 diem chung. 

Dinh nghia 2: Hai diTdng thang cheo nhau la hai du'dng thang khong cung 

n^m tren bat cuf mat phing nao. 

Chii v : 

1. Neu diTdng thang d khong c^t va khong song song v d i d ' thi d va d ' cheo 

nhau. „.. . . .u;/' ' • 

2. Neu difcJng t h k g d nhm tren mSt phang (P) va difdng thang d ' cat mat 

phang (P) tai mot d iem khong thuoc d thi d va d ' cheo nhau (hinh 2) 

• I -
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Bdi dUctttg IISG Hinh hoc khong glan - Plum Ilutj Khdi 

3. Q u a mot d i e m M ngoai dtfdng thang a da cho c6 mot va chi mot diTcfng 

t h i n g song song, vdi a ma Ihoi . 

Id' 

Hinh 3 

Hliili 2 
d ' n ii>)~ \

• ,-MA i f i O i b lid !M(,) 

4. Di]f(Vng thang song song V(?i mat phang: 

iif^hTa: Di/dng t h i n g a goi la song song vdi mat phang (P) va k i hieu 

a // (P) neu nhiT a va (P) khong c6 diem chung. 

! Dinh l i 1: (Tieu chuan song song) 11)̂ 4 

Difdng thang a (khong nam 

trong mat phang (P)) song 

, song v d i (P) khi a song 

song v d i mot diTdng thang 

b bat k i cua (P) (hinh 4) 
1 EUl^, > 

Hinh 4 

Dinh l i 2: Gia stir du-dng 

thang a song song v d i mat 

phang (P). K h i do m p i mat 

phang ( Q ) d i qua a ma cat 

(P), thi giao tuyen cua hai 

mat p h i n g (P) va (Q) se 

song song vdi a (hinh 5) 

(P) n (Q) = A // a 

•V inn H i n h 5 

5. Hai mat phang song song 

Dinh ni^lua: Hai mat phang (P) va (Q) goi la song vdi nhau, ne'u nhiT (P) va 

( Q ) khong C O d i e m chung. ^ 

Dinh li I: (Tieu chuan song song) ' ' '* " — •^^ '^ ' ' ^^^bT 

Ne'u a va b la c$p diTdng t h i n g 

giao nhau c u a (P); con a ' va b ' la 

cap dtfcfng thang giao nhau cua ^<.>\ 

( Q ) , sao cho a / / a ' ; b / / b ' ; thi khi Hinh 6 

4 
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do (P) va ( Q ) se la hai mat phang 

song song (hinh 6) 

Dfnh li 2: Neu (P) va DViduQ ^' ' 

( Q ) la hai mat phang 3 ^ , ! % , ^ 

song song, va (R) la 

mot mat phang sao 

cho (R) cat (P). K h i 

do (R) cung cat ( Q ) 

va giao tuyc'n A cua 

(R) v d i (P) se song 

song vdi giao tuyen 

A' cua (R) v d i (Q) 

(hinh 7) , 

B inh l i 3: Cac mat phang song song djnh ra tren hai cat tuyc'n nhffng doan 

thang ti le (hinh 8) 

<? fJn.'H 

.1 . u it I IJ 

Hinh 8 

i t:\- •''•^ 
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Boi ditOtig HSG lUnh hoc khong ginii - Phan Hug Khdi 

Hinh 9 

I I . C A C D A N G T O A N 
L o a i 1. 

C A C BAI T O A N DAI CUaNG V E DL/CfNG T H A N G VA M A T P H A N G 

Bai 1. Cho hai diTcing lhang song song a, b v;i di/dng lhang d cal b la i m p l diem 
M nhiTng d khong cat a. 

1. Chitng minh a va d la hai diTdng thang cheo nhau 
2. ChiJng minh rang m o i diTdng thang cat d va song song vdi a deu nam tren 

m5t xac dinh bdi d va b. 

G i a i 
1. Do qua M chi co mot difdng 

Ihiing song song vcHi a ma b // 
a, nen d khong song song vdi 
a. Hdn nffa d khong cat a, 
vay d cheo nhau v d i a. 

2. Do d va b di nhau la i M , 
nen goi (P) l i i mat phang xac 
dinh bdi hai dudng d va b. 
Lay diem N tren d sao cho N 
k h a c M . „ • • _ ' , : : ; " " • ' 
Goi (Q) la mat phang xac dinh bdi N vsi a. K h i do gia suf (Q) n (P) = c, nhu" 
vay N 6 c. Gia siir tren mat phang (Q) hai diTdng lhang a va c cat nhau tai 
d iem I . Do a vii d cheo nhau (cau 1) nen a g (P) va a n (P) = I . Hdn nffa vi 
b // a nen I g b. Tijf do a va b cheo nhau. 
Do la dieu mau thuan vdi gia thiel a // b. Vay tren (Q) a va c khong cat nhau 
ma song song v d i nhau. V i du'dng lhang qua N va song song vdi a la duy nha't 
nen no trung v d i c. Do la dpcm. \; v 

B a i 2. Cho hai dufdng lhang cheo nhau a va b. M va N la hai d iem tren a, con P 
vii Q lii hai d iem tren b. Chu^ng minh du'dng thang qua M . P va du'dng thang 
qua N , Q la hai du'dng thiing cheo nhau. 

G i a i ' • • 
Giii suf trai lai hai du'dng thang tiTdng i^ng qua M , P va N , P khong cheo nhau.. 
K h i do hai du'dng lhang nay cting nam trong mot mat phang (R). 
Do M ; N e (R), nen a e (R). Ti/dng lif 
do P, Q 6 (R), nen b 6 (R). 
Vay a va b deu ihuoc mat phang (R). 
Dieu niiy mau thuan vdi linh cheo nhau 
ciia a va b. N h i r i h e gia ih ie l phan chiJng 
lii sai, tCrdo suy ra dpcm. 

Ctg TNHH MTV D \ yjl Khang ViH 

B a i 3. Cho ba du'dng thang a, b, c doi mot cheo nhau va mot diem M tren a. 

Di/ng du'dng thang d qua M va cat b, c. 

G i a i 

Goi ( P ) la mat phang xac dinh bdi M va b. K h i do ( P ) luon UiTng diTdc va la 

mat ph^ng duy nhat. Do c va b chcSo nhau ma b G ( P ) nen c € ( P ) . C 6 hai kha 

nangxay ra: , 

Bai toan v6 nghiem 

(hinh 11) 

V. a c 

N 
Q 

2. N e u c n ( P ) = N . ' : „ Hinh 10 

K h i do la i xay ra hai ' :̂  ,̂  :uS\:}A:iki^. ^. <:. 

trtfdng hdp sau: i / 

1. Neu nhirtrong (P) '•'ini'f^N.ia.; ^ 

M N n b = Q. 

K h i do dirdng thang ^ h 

noi N , M chinh la 

Hinh 1 diTdng thang d phai 

dirng. (hinh 10) ' 

2. Neu nhir trong (P) ^ " ' \ 

N M // b. 

K h i do bai loan v6 

nghiem (hinh 12) 

B a i 4. Cho (P) la mat phang xac dinh bdi hai diTdng t h i n g ca't nhau a va b va gia 

siJ a n b = 0. Goi d la diTdng thang cat (P) tai I va d cheo nhau vdi a, b; M la 

mot diem chay tren d. ChiJng minh rang c^c giao tuyen A cua hai mSt phang 

( M ; a) va ( M ; b) luon n^m tren mot mat ph^ng co dinh (d day qua ( M ; a) 

( M ; b) tifdng iJng k i hieu la mat phang xiic djnh bdi M va dtfdng t h i n g a; bd 

M va difdng thang b). , j j i ; •• 
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2. Neu nhir trong (P) ^ " ' \ 

N M // b. 

K h i do bai loan v6 

nghiem (hinh 12) 

B a i 4. Cho (P) la mat phang xac dinh bdi hai diTdng t h i n g ca't nhau a va b va gia 

siJ a n b = 0. Goi d la diTdng thang cat (P) tai I va d cheo nhau vdi a, b; M la 

mot diem chay tren d. ChiJng minh rang c^c giao tuyen A cua hai mSt phang 

( M ; a) va ( M ; b) luon n^m tren mot mat ph^ng co dinh (d day qua ( M ; a) 

( M ; b) tifdng iJng k i hieu la mat phang xiic djnh bdi M va dtfdng t h i n g a; bd 

M va difdng thang b). , j j i ; •• 
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G i a i 
Gia sur ( M ; a) n ( M ; b) = A 

V i a n b = 0, nen A chinh 

la difdng thang no'i O, M 

Gpi Q = (O; d) la mat 

phang xac dinh bdi O 

va dirdng thang d. 

K h i do (Q) la mat 

phang CO dinh. - ' 
Hlnh 13 

H i n h 14 ,-( .(|...-:,.f,, \f 

Ttf do suy ra cac giao tuyen A luon nam trcn (Q) => Dpcm. 

B a i 5. Cho ba diem A , B, C cung phia doi v d i mat phang (P). DiTc^ng thang BC 

cii (?) tai mot diem D . ChiJng minh rang it nha't mot trong hai diTdng thang 

A B , A C , cat (P). ^ ; 

G i a i 

Neu A , B, C thang hang va 

do BC cat (P) tai D nen 

hien nhien ca A B va A C 

deu cat (P) ta i D (hinh 14). 

Neu A , B, C khong thang 

hang. K h i do goi (Q) la 

mat phang xac dinh bdi A , 

B, C. Do A e (Q) ma A € 

'= (P) nen (Q) ^ (P). M a t 

khac (Q) va (P) c6 chung 

nhau diem D , nen (Q) n 

(P) = A va D e A. R6 rang 

I, trong (Q) thi A C va A B 

khong the ciing song song 

v d i A (do qua mot d iem A 

CO duy nha't mot dufdng 

thang song song vdi A) . 

V a y mot trong hai du-cfng thang A B , A C phai cat A (tiJc la cat (P)) ==> dpcm. 

B a i 6. Cho hai du-dng thang a, b cat nhau tai d iem M . Hai du-dng thang c, d 

khong CO d iem chung va tu-cJng iJng song song \6i a, b. Chrfng minh c va d 
cheo nhau. . ; \i , -v H*II»UJ ^iuj' y i « 

. i ' ' I ' I , t i.rvi . ' i l l , . ' ! .' I , I, 

M l , 

von 

Cty TNIIII MTV DVVII Khang Viet 

G i a i 

Goi P va Q la hai mat phang tu-dng iJng xac 

djnh bdi a, c va b d i b, d. < m'hih tOni KIH» th 'v 

Do c, d khong c6 diem chung (P) va (Q) la hai 

mat phang phan biet. M a t khac (P) va (Q) c6 

diem chung la M , nen (P) n (Q) = A, d day 

M e A.Trong (P), ta co a // c ma a n A = M , 

nen c n A = I . TiTdng tif trong (Q), ta c6 d // b 

ma b n A = M , nen d n A = J. V i c va d khong 

CO d iem chung nen hien nhien >,V, q : 

Ta CO c e (P), d n (P) = J va J ?t c, nen c va d la hai d^dng thang cheo nhau 

=> dpcm. j/[ DfU r / . v i j Qn;:;fk-) isucj ujit uU:j.;<')ri • mhi:i r 

Ba i 7. Cho bon diem A, B, C, D khong dong phang. Goi I la diem tren nufa diTcJng 

thang B D nhu^ng khong thuoc doan BD. Trong ( A B D ) ve mot du-cJug thang qua 

I va cat hai doan A B , A D Ian lu-dt tai K va L . Trong (BCD) diTdng thang qua 

I va cat hai docin CB, CD tiTdng iJng tai M va N . Gia su" B N n D M = O,; 

B L n D K = 0 2 ; L M n K N = J. Chu-ng minh ba diem A , J, O, thang hang. 

G i a i ,iHi bb ah J = Ul\n i^lA [\'' 

'MA 9 1 -"'^ 

I, ivy(C 
(1) 

Theo gici thiet ta c6: —-^'•"•*r""/* 

B N n D M = 0| = > 0 | G B N ' 

- y i ' i / ; = ^ 0 | e ( A B N ) 

fLM n K N = J =^ J e K N 

n> J € ( A B N ) (2) I 

DTnhien A e ( A B N ) (3) 

T i r ( l ) , (2), (3) suy r a O , , J , A 

^ cung thuoc ( A B N ) (4) 

TiTdng tir, 0 | G D M O, e ( A D M ) ( 5 ) 

J G L M =^ J e ( A D M ) (6) 

O, , J, A c i : m g t h u o c ( A D M ) (7) 

Hai mat phang ( A B N ) va ( A D M ) c6 chung 

I nhau diem A , nen chac chan ( A B N ) n ( A D M ) = A fg ĵ n >f <- m 

Tir (4), (7) suy ra A, 0|, J thang hang. 

B a i 8. Trong msil phSng (P) cho hinh thang A B C D (BC // A D ) va mot diem S € 

(P). M a t phcing (Q) di dong chiifa diTcJng thang SB va gia su" cat SC, SD tifdng 
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G i a i 
Gia sur ( M ; a) n ( M ; b) = A 

V i a n b = 0, nen A chinh 

la difdng thang no'i O, M 

Gpi Q = (O; d) la mat 

phang xac dinh bdi O 

va dirdng thang d. 

K h i do (Q) la mat 

phang CO dinh. - ' 
Hlnh 13 

H i n h 14 ,-( .(|...-:,.f,, \f 

Ttf do suy ra cac giao tuyen A luon nam trcn (Q) => Dpcm. 

B a i 5. Cho ba diem A , B, C cung phia doi v d i mat phang (P). DiTc^ng thang BC 

cii (?) tai mot diem D . ChiJng minh rang it nha't mot trong hai diTdng thang 

A B , A C , cat (P). ^ ; 

G i a i 

Neu A , B, C thang hang va 

do BC cat (P) tai D nen 

hien nhien ca A B va A C 

deu cat (P) ta i D (hinh 14). 

Neu A , B, C khong thang 

hang. K h i do goi (Q) la 

mat phang xac dinh bdi A , 

B, C. Do A e (Q) ma A € 

'= (P) nen (Q) ^ (P). M a t 

khac (Q) va (P) c6 chung 

nhau diem D , nen (Q) n 

(P) = A va D e A. R6 rang 

I, trong (Q) thi A C va A B 

khong the ciing song song 

v d i A (do qua mot d iem A 

CO duy nha't mot dufdng 

thang song song vdi A) . 

V a y mot trong hai du-cfng thang A B , A C phai cat A (tiJc la cat (P)) ==> dpcm. 

B a i 6. Cho hai du-dng thang a, b cat nhau tai d iem M . Hai du-dng thang c, d 

khong CO d iem chung va tu-cJng iJng song song \6i a, b. Chrfng minh c va d 
cheo nhau. . ; \i , -v H*II»UJ ^iuj' y i « 

. i ' ' I ' I , t i.rvi . ' i l l , . ' ! .' I , I, 

M l , 

von 

Cty TNIIII MTV DVVII Khang Viet 

G i a i 

Goi P va Q la hai mat phang tu-dng iJng xac 

djnh bdi a, c va b d i b, d. < m'hih tOni KIH» th 'v 

Do c, d khong c6 diem chung (P) va (Q) la hai 

mat phang phan biet. M a t khac (P) va (Q) c6 

diem chung la M , nen (P) n (Q) = A, d day 

M e A.Trong (P), ta co a // c ma a n A = M , 

nen c n A = I . TiTdng tif trong (Q), ta c6 d // b 

ma b n A = M , nen d n A = J. V i c va d khong 

CO d iem chung nen hien nhien >,V, q : 

Ta CO c e (P), d n (P) = J va J ?t c, nen c va d la hai d^dng thang cheo nhau 

=> dpcm. j/[ DfU r / . v i j Qn;:;fk-) isucj ujit uU:j.;<')ri • mhi:i r 

Ba i 7. Cho bon diem A, B, C, D khong dong phang. Goi I la diem tren nufa diTcJng 

thang B D nhu^ng khong thuoc doan BD. Trong ( A B D ) ve mot du-cJug thang qua 

I va cat hai doan A B , A D Ian lu-dt tai K va L . Trong (BCD) diTdng thang qua 

I va cat hai docin CB, CD tiTdng iJng tai M va N . Gia su" B N n D M = O,; 

B L n D K = 0 2 ; L M n K N = J. Chu-ng minh ba diem A , J, O, thang hang. 

G i a i ,iHi bb ah J = Ul\n i^lA [\'' 

'MA 9 1 -"'^ 

I, ivy(C 
(1) 

Theo gici thiet ta c6: —-^'•"•*r""/* 

B N n D M = 0| = > 0 | G B N ' 

- y i ' i / ; = ^ 0 | e ( A B N ) 

fLM n K N = J =^ J e K N 

n> J € ( A B N ) (2) I 

DTnhien A e ( A B N ) (3) 

T i r ( l ) , (2), (3) suy r a O , , J , A 

^ cung thuoc ( A B N ) (4) 

TiTdng tir, 0 | G D M O, e ( A D M ) ( 5 ) 

J G L M =^ J e ( A D M ) (6) 

O, , J, A c i : m g t h u o c ( A D M ) (7) 

Hai mat phang ( A B N ) va ( A D M ) c6 chung 

I nhau diem A , nen chac chan ( A B N ) n ( A D M ) = A fg ĵ n >f <- m 

Tir (4), (7) suy ra A, 0|, J thang hang. 

B a i 8. Trong msil phSng (P) cho hinh thang A B C D (BC // A D ) va mot diem S € 

(P). M a t phcing (Q) di dong chiifa diTcJng thang SB va gia su" cat SC, SD tifdng 
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dng tai M , N. Mat phang (R) di dpng chita diTdng thang CD vii gia su" ciit SA, 
SB tiTdng iJng tai P vii Q. 

1. Chi?ng minh MN, PQ luon di qua mot dicm co' djnh khi (Q) vii (R) di dong 
nhu" tren. 

2. Goi I = AN n BM, J = CQ n DP. ChiJng minh duTdng thang noi I , J luon di 
qua mot diem CO djnh. ':].*••!> 

3. Goi K = A M n BN, L = CP n DQ. ChiVng minh r^ng cac diTcJng thang noi K, 
L cung luon di qua mot diem co dinh. • ivfi :;i,<(0;ii v.fc;,!ffeiU i,•.{.e, siiSui 

. • Giai ' ' n f.' - i -

1. Gi3 sur AB n CD = E, vay E co djnh. 
Nhu" vay M , N, E cung nam Iren hai m;ll phang (ABMN) vii (SDC), do do M, 
N, E nam tren giao tuye'n ciia hai mat phiing ii'y, vi the M , N, E thang hang. 
Vay ciic du'dng thiing MN luon di qua dicm co dinh E => dpcm 
Hoim toan tu'dng tu" ta co P, Q, E cung nam tren hai mat phang (DCPQ) va 
(SBA), do do P,Q, E nam tren giao tuye'n ci'ia hai miit phiing ify, vi the' P, Q, 
E thang h i i n g . ' ^ - ^ ' ' » ^ ^ * r=, , v r i 
Nhu" viiy cac du'dng thang PQ ciing luon di qua diem co' dinh E => dpcm. * 

2. Vi AN n BM = I , do do noi rieng 
I e (SAD) (vi I 6 AN, ma ANe 
(SAD)), I e (SBC) (vi I e BM). 
TiT do I thuoc giao tuye'n cua 
(SBC) va (SAD). 

V i CQ n DP = J => J e CQ =^ J e 
(SBC), J e DP ^ J e (SAD), vay 
J thuoc giao tuye'n ciia (SBC) vii 
(SAD) suy ra I , J, S thang hiing. 
NhU" the dirdng thang noi I , J luon 
di qua diem co' dinh S => dpcm. 

3. Giii su" AC n BD = O => O co dinh. 
Vi A M n BN = K ^ K e A M => K e (SAC) 
K e BN => K e (SBD), vay K nam tren giao tuye'n cija hai mat phang (SAC) 
va (SBD). Tu-dng tir, do CP n DQ = L cung nam tren giao tuye'n cua (SAC) 
vii (SBD), con O cung thuoc giao tuye'n cua (SAC) vii (SBD) (do AC n BD = 
O) => K, L, O thang hang. Noi each khac cac du^dng thang noi K, L luon di 
qua diem co dinh O ==> dpcm. ' ' • W''^^ • • - , 

CUj TNIin MTV nVVII Khancj Viet 

Bai 9. Cho tiJ dien ABCD. Goi A, , B,, C,, D, tu-dng tfug ha trong tiim cua cac 
tam giac BCD, ACD, ABD va ABC. ChiJng minh rang AA, , BB,, CC,, DD, 
dong qui tai diem G vii ta co: fb'ruA. > ; 

/ / , ^ AG BG CG DG 3 ' 
AA, BB, CC, DD, 4 

• • * v., Giai • ( 
Goi A| , B | IMng rfng lii cac trong lam cac 
tam giac BCD, ACD vii M la trung dicm 
cua CD. Thco tinh chii't trong tam tam giac 

MA, _ MB, _ 1 
ta co: 

MB MA 
Do do Iheo dinh l i Talet dao, ta co A.B, // AB. 

A,B, MA, 1 
Ti i fdo :—!-^ = (1) n\ 

AB MB 3 
Trong (AMB) ro rang BB, n AA, = G. 
Vi A ,B | // AB, nen lai iheo dinh l i Talet, la co (diTa viio 1) 

A ^ ^ A ^ ^ _ 1 ^ AG ^3 
GA AB 3 AA, 4 

AG' 3 
TiTtJng ur, la co CC, n AA, = G' va = -

AA, 4 
AG" 3 

(3) 
I 

AA, 
(4) DDi n AA, = G" vii 

Tif (2) (3) (4) suy ra G, G', G" trung nhau.luTc la AA, , BB,, CC,, DD, dong 

AG BG 
qui tai G va 

AA, BB, CC, DD 

CG DG 3 , 
= — => dpm. 

Chii y: 
1. Diim G noi tren goi lii "trong tam ciia Itf dien ABCD". No lii sir md rong 

cua khai niem trong lam ciia tam giac. 
2. Ta CO each khac xac dinh trong tiim ciia 

lufdien ABCD nhiTsau: 
Cho {({ dien ABCD. Goi I , J, E, F, K, H 
liin lircn lii trung diem ciia AB, CD, AC, 
BD, AD, BC. 
Khi do IJ, EF, KH dong qui lai G vii G 

' ' chinh lii trong tam cua liJdien ABCD. 
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dng tai M , N. Mat phang (R) di dpng chita diTdng thang CD vii gia su" ciit SA, 
SB tiTdng iJng tai P vii Q. 

1. Chi?ng minh MN, PQ luon di qua mot dicm co' djnh khi (Q) vii (R) di dong 
nhu" tren. 

2. Goi I = AN n BM, J = CQ n DP. ChiJng minh duTdng thang noi I , J luon di 
qua mot diem CO djnh. ':].*••!> 

3. Goi K = A M n BN, L = CP n DQ. ChiVng minh r^ng cac diTcJng thang noi K, 
L cung luon di qua mot diem co dinh. • ivfi :;i,<(0;ii v.fc;,!ffeiU i,•.{.e, siiSui 

. • Giai ' ' n f.' - i -

1. Gi3 sur AB n CD = E, vay E co djnh. 
Nhu" vay M , N, E cung nam Iren hai m;ll phang (ABMN) vii (SDC), do do M, 
N, E nam tren giao tuye'n ciia hai mat phiing ii'y, vi the M , N, E thang hang. 
Vay ciic du'dng thiing MN luon di qua dicm co dinh E => dpcm 
Hoim toan tu'dng tu" ta co P, Q, E cung nam tren hai mat phang (DCPQ) va 
(SBA), do do P,Q, E nam tren giao tuye'n ci'ia hai miit phiing ify, vi the' P, Q, 
E thang h i i n g . ' ^ - ^ ' ' » ^ ^ * r=, , v r i 
Nhu" viiy cac du'dng thang PQ ciing luon di qua diem co' dinh E => dpcm. * 

2. Vi AN n BM = I , do do noi rieng 
I e (SAD) (vi I 6 AN, ma ANe 
(SAD)), I e (SBC) (vi I e BM). 
TiT do I thuoc giao tuye'n cua 
(SBC) va (SAD). 

V i CQ n DP = J => J e CQ =^ J e 
(SBC), J e DP ^ J e (SAD), vay 
J thuoc giao tuye'n ciia (SBC) vii 
(SAD) suy ra I , J, S thang hiing. 
NhU" the dirdng thang noi I , J luon 
di qua diem co' dinh S => dpcm. 

3. Giii su" AC n BD = O => O co dinh. 
Vi A M n BN = K ^ K e A M => K e (SAC) 
K e BN => K e (SBD), vay K nam tren giao tuye'n cija hai mat phang (SAC) 
va (SBD). Tu-dng tir, do CP n DQ = L cung nam tren giao tuye'n cua (SAC) 
vii (SBD), con O cung thuoc giao tuye'n cua (SAC) vii (SBD) (do AC n BD = 
O) => K, L, O thang hang. Noi each khac cac du^dng thang noi K, L luon di 
qua diem co dinh O ==> dpcm. ' ' • W''^^ • • - , 

CUj TNIin MTV nVVII Khancj Viet 

Bai 9. Cho tiJ dien ABCD. Goi A, , B,, C,, D, tu-dng tfug ha trong tiim cua cac 
tam giac BCD, ACD, ABD va ABC. ChiJng minh rang AA, , BB,, CC,, DD, 
dong qui tai diem G vii ta co: fb'ruA. > ; 

/ / , ^ AG BG CG DG 3 ' 
AA, BB, CC, DD, 4 

• • * v., Giai • ( 
Goi A| , B | IMng rfng lii cac trong lam cac 
tam giac BCD, ACD vii M la trung dicm 
cua CD. Thco tinh chii't trong tam tam giac 

MA, _ MB, _ 1 
ta co: 

MB MA 
Do do Iheo dinh l i Talet dao, ta co A.B, // AB. 

A,B, MA, 1 
Ti i fdo :—!-^ = (1) n\ 

AB MB 3 
Trong (AMB) ro rang BB, n AA, = G. 
Vi A ,B | // AB, nen lai iheo dinh l i Talet, la co (diTa viio 1) 

A ^ ^ A ^ ^ _ 1 ^ AG ^3 
GA AB 3 AA, 4 

AG' 3 
TiTtJng ur, la co CC, n AA, = G' va = -

AA, 4 
AG" 3 

(3) 
I 

AA, 
(4) DDi n AA, = G" vii 

Tif (2) (3) (4) suy ra G, G', G " trung nhau.luTc la AA, , BB,, CC,, DD, dong 

AG BG 
qui tai G va 

AA, BB, CC, DD 

CG DG 3 , 
= — => dpm. 

Chii y: 
1. Diim G noi tren goi lii "trong tam ciia Itf dien ABCD". No lii sir md rong 

cua khai niem trong lam ciia tam giac. 
2. Ta CO each khac xac dinh trong tiim ciia 

lufdien ABCD nhiTsau: 
Cho {({ dien ABCD. Goi I , J, E, F, K, H 
liin lircn lii trung diem ciia AB, CD, AC, 
BD, AD, BC. 
Khi do IJ, EF, KH dong qui lai G vii G 

' ' chinh lii trong tam cua liJdien ABCD. 



Boi (hcdng IISG Hhih hoc khong gian - Phan Iluy Khdi 

ofc:De thiiy I K J H la hinh binh hanh va '{ 

lEJF la hinh binh hanh. .V 
Tir do IJ va EE cung nhiT IJ va K H a t t 

nhau tai trung d iem cua moi du"5ng. i 
NhU" vay IJ, H K , EE dong quy tai mot ,j 

d iem G => dpcm. 

Bay gicf ta chtfng minh G la trpng tarn , 

cua turdien A B C D . 
-"mXi in 

Trong (ABJ) , gia sur A G n BJ = A ) . 

A p dung djnh l i Menelauyt trong tarn 
g . a c A B A , . t a c 6 : ^ . - ? i . M . i ' ; 

. IB JA, GA ^-f^^^.^' 
f A M : ,BU 

BJ A , G 

JA, GA 
= 1 A AI , 

do — = 1 
IB 

(1) 

L a i ap dung dinh l i Menelauyt trong A BIJ, ta c6: 

B A , JG l A 
= 1 

A . J GI A B 

JG , . l A 1 . B A , ^ 
Do — = 1 va — = - , n e n ^- = 2 

£ 1 '^^^ 0 , A 

GI A B 2 A , J 
(2) 

(1) chu'ng to A | la trong tam cua tarn giac BCD. 

R I A G I 
Tir (2) suy ra — = 3, v i the iCf (1) c6 = - : 

JA, GA 3 

A G 

A A , 

V a y theo bai 9, G la trong tam cua tiJ dien A B C D => dpcm. 

3. Nhiic hi i dinh l i Menelauyt (xem hinh hoc Idp 10). , . :̂ 

Cho tam giac A B C . M , N , P Ian 

lifdt la ba diem tren cac du'dng 

thang A B , BC, C A sao cho M , N , 

P thang hang. K h i do ta c6: 

A M B N CP , " * 

a c i 

n 0 maiO .1 

M B NC PA 

Bai 10. Cho ttf d icn A B C D . Goi I va J Ian lu-dt la trung diem cua A C va BC. 

Tren B D lay diem K sao cho B K = 2KD. 

1. Xac dinh giao diem E ciia dUc^ng thang CD vcti (UK) va chu'ng minh DE = DC. 

2. Xac djnh giao diem F ciia du'dng thang A D vdi (UK) va chu'ng minh FA = 2FD. 

5. Chu -ngminhEK/ZU 

Cty TNHH MTV DWH Khang Viet 

4. Goi M , N la diem bat k i tiTcJng uTng tren A B , CD. T i m giao diem cua M N vdi 

( U K ) . . - . l ^ ; 

• . > i • G i a i 

1. Trong ( B C D ) gia s C r C D n K J = E , •r,^, ^^l^ „,^n, n, 

^ C D n ( U K ) = E , ^̂ ^̂  ^ lsmiLuui \ (> 
Theo dinh l i Menelauyt trong N , 

• = 1. (1) 

tam giac B C D , ta c6: 

D K BJ CE 

K B • JC • ED 
^ D K 1 , BJ , , , , . . 
Do = - v a — = I ( g / t ) nen t u ' ( I ) suy ra 

K B 2 JC ^ 
C F 
— = 2 CE = 2ED 
E D 

D E = DC 

V \ oho (• .V' ' : 

\
i D \

•dpcm. 

2. V i E e DC => E e ( A D C ) . C 

Trong ( A D C ) , gia s^ E I n A D = F F e EI => F e ( U K ) ^ A D n ( U K ) = F . 

Trong tam giac A D C la i theo dinh 11 Menelauyt, ta c6: * 

= 1 'hh ltd J 
CE D F A I 

E D F A I C 

T i r c a u l , t a c 6 • ^ = 2 , c 6 n ^ = l (g/t), nen tif (2) c6: ^ ^ ' ^ 7 "f''^ 

(2); 

AI 

• i i i rMiMrAiA'^i ; '^ 

E D IC 

— - i F A = 2FD => dpcm. 
F A 2 „. , 

„(in j ^ > < M s A , i M , A o5do.§fi«*Wt>:iaff'Bril 

l_ 

2 , 
D K 

' 1 

' f. 

3. T h e o c a u 2 t h i — = -
FA 2 

Theo gia thie't ta c6 - ^ 
^ K B 2 FA DB 

dao), ma IJ // A B => F K // IJ => dpcm. _ 

4. L a ' y M e A B , N e CD. ' ' '^ j 

Trong ( D A C ) gia suf A N n IF = A ' . 

Trong (DBC) gia suf B N n KJ = B ' . 

Trong ( N A B ) gia stir A ' B ' n N M = P. 

Do P G A ' B ' P e ( U K ) , ma P e M N , dieu do c6 nghla la M N n ( U K ) = P. 

B a i 11 . Cho ti? dien A1A2A3A4. Goi G,, G2, G3, G 4 Ian liTcft la trong tam cua cac 

mat A2A3A4, A1A3A4, A1A2A4, A1A2A3. M la mot d i em bat k i trong khong 

gian. Goi M | , M2, M 3 , M 4 liTdng i?ng la cac d iem doi xiifng ciia M qua G i , G2, 
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Boi (hcdng IISG Hhih hoc khong gian - Phan Iluy Khdi 
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-"mXi in 
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Cty TNHH MTV DWH Khang Viet 
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(litdhuj IISG llinh hoc khoiuj gian - Phan Buy Khdi 
Gj, G 4 . ChuTng minh A | M | , A2M2, A 3 M 3 , A4M4 la bo'n diTdng thang dong qui 
lai mot diem. y i l ! ; 

Giai 
Goi N la trung diem cua A3A4, the thi ta 
CO (do G|, G2 lU'dng iJng la cac trong 
lam ciia cac tam giac A2A3A4, A1A3A4) 

] ^ . ^ . i ^ G , G 2 / / A , A 2 , 
N A 2 N A , 3 

va theo dinh li Ta-lct cung c6: 
^ = 1 . (1) 
A , A 2 3 

Mat khac trong AMM2M1, ta c6 G1G2 

la diTcfng trung binh, nen: 
M,M2 = 2 G|G2. (2) 

Tur(l), ( 2 ) s u y r a : M |M2= j A , A 2 (3) 

Vay A1A2M1M2 la hinh thang vdti hai day la A1A2, M1M2 c6: L\, ,.:0 

M1M2 = - A j A j 
,3 . • 

!•)! AH. (B 

Vi the hai di/cJng cheo A,M|, A2M2 c^t nhau tai mot diem S, trong do: 
2 
3 

SM, _ S M 2 ^ ^ 2 ^ 
SA| S A 2 

TiTdng tir cac doan th^ng A , M , , A,M,; A | M , , A 4 M 4 c^t nhau tiTĉ ng tfng tai S', 

S " t r o n g d 6 : ^ . ^ . S ; : M , _ S ; ; M ^ _ 2 '̂ ^^ 
••• S ' A , S ' A , S " A , S " A , 

S M | S ' M , S " M | 2 TCr (5) noi rieng suy ra: 

Dicu do CO nghla la AiMi, A2M2, A3M3, A4M4 dong quy tai mot diem S, va 
t - ' ^ u- w .u SM, S M 2 SM^ SM4 2 ^ 
diem nay chia chung theo ti so: = = = = —. Do la dpcm. 

SA, S A 2 SA3 SA4 3 
Bai 12, Cho hai doan th^ng ch^o nhau AB, GD. Goi I va J Ian liTdt \h cic trung 

diem cua AB va CD. 
rt* Hay so sanh AC + BD va 2IJ. «» * a„.(i*. 

Ctfj TNim MTV DWH Khang Viet 
Giai 

Trong (ACD) di/ng hinh binh hanh ACED. 
Vi J la trung diem CD ncn A, J, E thang hang 
va CO AJ = JE. 
Trong (ABE) de thay BE = 2IJ . 
Do AB va CD cheo nhau, nen B, D, E khong 
thing hang. Tu" do ta co: BE < BD + DE 
=>2IJ< BD + AC. ; 

Bai 13. Cho hai mat phang (P) va (Q) cat nhau theo giao tuyen A. Lay M 
N 6 (Q) sao cho M va N deu khong thuoc A. 
Tim tren A diem I sao cho MI + IN la be nhat. 

Giai 
Trong (Q) ha NA 1 A (A e A). 
Tren (P) difng tren niJa mat phang 
bcf khong chiJa doan NA| 1 A vii AN| - AN 
Noi MN, cat A tai diem I can di/ng. ; > 
That vay do hai tam giac vuong 
NiAI va NAI b ing nhau, nen IN] = IN 
Lay diem K tuy y tren A (K ?t I). 
Trong tam giac KMN, ta co: d j j , .̂ j ; 
MK + KN| > M N , = M I + IN| , 
h ayMK + KN, > M I + I N . (1) 
DoAN,AK = A N A K n e n N | K = NK(2) . 
TCr (1), (2) suy ra: MK + KN > MI + IN dpcm. , i 

(P), 

• t i / A 

..Big . jKfud i gnfi'i Loai 2. CAC B A I T O A N V E THIET DIEN 

A, Phrfcfng phap xac djnh giao tuyen bSng hai diem chung, 
Nhu" ta da biet de xac dinh giao tuyen cua hai mat phang, ta chi can xac djnh 
hai diem chung A, B cua chiing. DU"dng thing di qua A, B chinh la giao tuyen 
can tim. Xac djnh thiet dien vdi mot khoi da dien thiTc chat la viec tim giao 
tuye'n cua thiet dien can tim vdi cac msit cua khoi da cho. 

Thi dy 1. Cho hinh ch6p tam giac S.ABC. Goi M, P Ian lifdt la cac trung diem 
AN 1 cua SA, SB con N la diem tren AB sao cho: = -AB 4 

Ve thiet dien tao bdi (MNP). : * : ^ 



(litdhuj IISG llinh hoc khoiuj gian - Phan Buy Khdi 
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Ctfj TNim MTV DWH Khang Viet 
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..Big . jKfud i gnfi'i Loai 2. CAC B A I T O A N V E THIET DIEN 
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AN 1 cua SA, SB con N la diem tren AB sao cho: = -AB 4 

Ve thiet dien tao bdi (MNP). : * : ^ 



Boi (hcclng IISG IRnh hoc khoiig gian - Pluin IIuij Khni 

Giai 
Trong (ABC): NP n AC = E. 
Trong (SAC): EM n SC = Q 
Khi do MQPN la thiet dien phai dyng. 
Bay gid ta xac djnh vi tri cua Q tren SC. 
Trong tam giac ABC, theo 
djnh l i Menelauyt, ta c6: 
AN BP CE _ j N 

_1_^ 

4 . 

NB ' PC • EA 
AN__1_ ' 

~3 
Do 

NB 
. AN 

V I 
AB 

BP CE 
= 1, nen thay vao (1), ta c6: = 3 (2) PC EA 

Trong tam giac SAC, lai theo dinh l i Menelauyt, thi: 

= 1 (3) 
CE A M SQ 
EA• MS •QC 

Tir (2) v h ^ = l nen thay vao (3) c6 = 1, hay ^ = -
MS , QC 3 ^ SC 4 

' U:^^> A)Mm «.rf ( Q ) 3no-!T 

'ilo ..^4 

1. Viec diTng thie't dicn vdi mot khoi da dien da cho di/cJc tie'n hanh theo 2 biTdc: 
- Birdc 1: Ve thie't dien. - - < i v ' - - ' ^"-^ 

- Birdc 2: Xac djnh chinh xdc vi tri c^c dinh ciia thiet dien. De lam dieu n^y 
ngirdi ta thirdng sijT dung hai dinh l i cd ban la djnh l i Ta-let va djnh l i 
Menelauyt. 

2. Cc1n lull y cac dieu sau day khi giai mot bai todn ve thie't dien: ^' ' 

- Phai luon coi mSt phang la v6 han, thi du (ABC) chiJ khong phai la tam giac 
ABC. 

- Trong khong gian de tim giao diem cua hai du'dng thang trufdc het phai lim 
xem chung c6 ciing d trong mot mat phang hay khong? Thi du trong bai loan 

, tren, ta phai trinh bay: 

.̂ Trong (ABC), ta c6 NP n AC = E ^. 

( Do Ih dieu can thie't, neu khong la rat de bj ngp nhan. 

3. Ketqua A N SQ 
trong bai tren van dung, neu N la diem bat ki tren A B 

A B S C 

(mien la N khong phai la trung diem cua A B ) . 
That vay theo dinh l i Menelauyt, trong cac tam giac A B C va S A C , ta c6: 
A N B P CE 
N B P C C A 

= 1; 
C E A M S Q 

C A ' M S Q C 
= 1 i 

Cty TNHH MTVDVVII Khang Viet 

A N B P C E ^ C E A M S Q 

N B P C C A C A M S Q C 

A N ^ SQ 
N B 

A N 

QC 
do 

B P _ A M 

P C " M S 
= 1 

AB SC . . I , . , , . , . , , . , , 

4. Thifc ra neu N la trung diem AB, thi ta van thu lai ke't qua tren. Tuy nhicn 

each di/ng thie't dicn la khac vdi each tim giao diem ciia cac di/dng nhu" trong 

bai tren! 
Thi du 2. Cho hinh chop ti? giac S.ABCD, 

day ABCD la hinh binh hanh. Gpi M, fi"'5^<i 
N, P tU'dng ufng la cac trung diem cua 
AB, ADvaSC. 
Ve thiet dien tao bdi (MNP), i 

Giai ^ 
Trong (ABCD): M N n CD = E 

M N n B C = F 
Trong (SDC): EP n SD = Q 
Trong (SBC): FP n SB = R 
Vay MNQPR la thie't dien phai diTng. A 

Ta thay ba dinh M , N, P da hoan loan xac dinh (vi chung la trung diem cua cac 
canh AB, AD va SC tufdng itng). Con lai ta phai xac dinh vi tri cua Q va R. 

Do ABCD la hinh binh hanh va tiTgia ihie'l suy ra ED = A M = ^ = ^ . 

Ap dung djnh l i Menelauyt trong lam giac SDC, c6: 

DE CP SQ 
- = I (1) 

E C P S Q D 
3 
4' 

Lap luan tuTdng tiT c6 
SR. 
SDi 

3 
4 ' 

V i tri cac dinh cua ngu giac thiet dien phai diTng diTdc xac djnh hoan loan. 
Thi du 3. Cho hinh chop tiJ gidc S.ABCD day la hinh binh hanh. Gpi M , N tiTdng 

iJng la cac trung diem cua AD va DC. Keo dai SD ve phia D mot doan DE = 

SD. Xac dinh thie't dien tao bd 

^ :—•—y-::^ 17 



Boi (hcclng IISG IRnh hoc khoiig gian - Pluin IIuij Khni 
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Cty TNHH MTVDVVII Khang Viet 
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^ :—•—y-::^ 17 



rioi (iKctmj HSG innh hoc khSng ginn - Phan Iluy Khdi 

Giai 

Trong (SCD) : E N n S C = P. 

Trong (SAB) : E M n SA = R. 

Trong ( A B C D ) : MN n B C = F. 

Trong ( S B C ) : FP n SB = Q. ' 

Khi do MNPQR la ngu 

giac thiet dien phai diTng. 

Ta chi con phai xac dinh vj 

tri cua cac dinh P; Q; R. » j f ^ ) < 

Trong tarn giac S D C , theo dinh li Mcnelauyt, ta c6: 

. 1 5 

.'3 

S E DN C P 

E D N C P S 
= 1. (1) 

S E D N , ^ C P 1 SP 2 
Vi -^77 = 2;—— = r, nentuf(l )co: — = - h a y — = -

E D N C , PS 2 ^ S C 3 

Ttfctng lif C O 
SR 2 

SA 3 ' 

De thay do A B C D la hinh binh hanh, nen lir giii Ihict suy ra: 

C F = D M = - A D = - B C 
2 2 • . 

Ap dung dinh li Mcnelauyt trong lam giac S B C la c6: ; 

SQ B F C P 

: Q B F C P S 
= 1. (2) 

n ii. ,/ iu,i>\ hhH M dnlh ac, > f.T 

. . . B F C P 1 SQ 2 , 
V i — = 3; = = _ (suy iir 2) 

F C PS 2 QB 3 

Vay 
SO 2 

SB 5 

Vi tri cac dinh cua ngii giac ihict dien hoan loan xac djnh. 

Chiiy: Co the thay M N , A B va RQ dong qui lai mot diem. 

(cac ban tuT gisii ihich vi sao?) 

T h i du 4. Cho lang tru tarn giac A B C . A ' B ' C day la lam giac deu. Goi O va O ' 

Ian hMl la cac lam cua day A B C . A ' B ' C ' . Gia su- M vii N Ian Imi la trung 

O ' P 1 

, 5 V .... r.- J V 

diem cua A ' B ' va B C , con P la diem nhm ircn O ' O sao cho 
O ' O 6 

Difng thiet dien tao bdi (MNP). 'f T^t^ityT 

Cty TNHH MTV DWH Khang Viet 

G i a i 

Goi M ' = C O n A B . 

Trong ( C ' M M ' C ) : MP n C ' C = Q. ^, 

Trong ( B B ' C ' C ) ; QN o B ' B = E . 

Trong ( A B B ' A ' ) : E M n A B = R. 

Trong ( B C C ' B ' ) : E Q n B ' C = F. 

Trong ( A ' B ' C ) : M F o A ' C = S . 

Khi do M S Q N R la ngu giac thiet 

dien phai diTng. 

Bay gicJ xac dinh vi tri cac dinh 

cua thiS'tdien. 

Do = - ma theo dinh li Ta-let , ta c6: 
O ' O 6 

O'P MO" 1 _ . .^ , 
= = - => Q la trung diem cua C C . 

C ' Q M C 3 . . ' t i . v ; 

De thay B E = Q C = - C C ' = - B B ' . ^ V H - M M 
, „ ,1, 2 2 

'If' i 
.i " 
\M r 

Hit 

1'] 

Theo dinh l iTalet , thi 
B R _ E B _ 1 B R _ 1 

1 I o p 
Do F C = N C = - B C = - B ' C =^ = 3. m ŝ ^̂  

Ap dung djnh li Menelauyt trong tam giac A ' B ' C , ta c6: ^ .^j., , . ,] |.{ g 

B F C S A ' M 

F C S A ' M B 
( 1 ) 

i.', >!lijfj"iy iy'Jp l-U 
B F ' A ' M , C S 1 C S 1 

F C M B S A ' 3 C A ' 4 

Vay vi tri cdc dinh cua ngu giac thiet dien hoan to^n xdc dinh. 

Nlian xet: 

1. Qua vi du nay, ta thay viec xac dinh giao diem "dau tien" la rat quan trong 

(d day do la giao diem Q). TiT giao diem Q nay, cac giao diem con lai di/dc 

xac dinh mot each khong lay gi lam kho khan. 

2. Nhtf da noi den 5 phan tren viec lim giao diem ciia hai diTcfng thc^ng trong 

khong gian triTdc het phai xem chiing c6 d trong ciing mot mat phing nao 

hay khong? Trong cac bai loan trifdtc dieu nay de nhan thay. d bai tap nay 

de tim giao diem cua MP va C C ta phai nhin ra chiing d trong cung mot mat 

phang (do la ( M C C M ' ) ) . Dieu nay khong phai de dang nhin thay ngay. 

1 Q 
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Giai 

Trong (SCD) : E N n S C = P. 

Trong (SAB) : E M n SA = R. 
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. 1 5 

.'3 

S E DN C P 

E D N C P S 
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SQ B F C P 

: Q B F C P S 
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Chiiy: Co the thay M N , A B va RQ dong qui lai mot diem. 

(cac ban tuT gisii ihich vi sao?) 

T h i du 4. Cho lang tru tarn giac A B C . A ' B ' C day la lam giac deu. Goi O va O ' 

Ian hMl la cac lam cua day A B C . A ' B ' C ' . Gia su- M vii N Ian Imi la trung 

O ' P 1 

, 5 V .... r.- J V 

diem cua A ' B ' va B C , con P la diem nhm ircn O ' O sao cho 
O ' O 6 

Difng thiet dien tao bdi (MNP). 'f T^t^ityT 

Cty TNHH MTV DWH Khang Viet 

G i a i 
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Trong ( C ' M M ' C ) : MP n C ' C = Q. ^, 

Trong ( B B ' C ' C ) ; QN o B ' B = E . 

Trong ( A B B ' A ' ) : E M n A B = R. 

Trong ( B C C ' B ' ) : E Q n B ' C = F. 

Trong ( A ' B ' C ) : M F o A ' C = S . 

Khi do M S Q N R la ngu giac thiet 

dien phai diTng. 

Bay gicJ xac dinh vi tri cac dinh 

cua thiS'tdien. 

Do = - ma theo dinh li Ta-let , ta c6: 
O ' O 6 

O'P MO" 1 _ . .^ , 
= = - => Q la trung diem cua C C . 

C ' Q M C 3 . . ' t i . v ; 

De thay B E = Q C = - C C ' = - B B ' . ^ V H - M M 
, „ ,1, 2 2 

'If' i 
.i " 
\M r 

Hit 

1'] 

Theo dinh l iTalet , thi 
B R _ E B _ 1 B R _ 1 

1 I o p 
Do F C = N C = - B C = - B ' C =^ = 3. m ŝ ^̂  

Ap dung djnh li Menelauyt trong tam giac A ' B ' C , ta c6: ^ .^j., , . ,] |.{ g 

B F C S A ' M 

F C S A ' M B 
( 1 ) 

i.', >!lijfj"iy iy'Jp l-U 
B F ' A ' M , C S 1 C S 1 

F C M B S A ' 3 C A ' 4 

Vay vi tri cdc dinh cua ngu giac thiet dien hoan to^n xdc dinh. 

Nlian xet: 

1. Qua vi du nay, ta thay viec xac dinh giao diem "dau tien" la rat quan trong 

(d day do la giao diem Q). TiT giao diem Q nay, cac giao diem con lai di/dc 

xac dinh mot each khong lay gi lam kho khan. 

2. Nhtf da noi den 5 phan tren viec lim giao diem ciia hai diTcfng thc^ng trong 

khong gian triTdc het phai xem chiing c6 d trong ciing mot mat phing nao 

hay khong? Trong cac bai loan trifdtc dieu nay de nhan thay. d bai tap nay 

de tim giao diem cua MP va C C ta phai nhin ra chiing d trong cung mot mat 

phang (do la ( M C C M ' ) ) . Dieu nay khong phai de dang nhin thay ngay. 

1 Q 



Boi du<yng IISO IIiiili h<>c khong gum - Phaii Iluy Khdi 

Thi du 5 . Cho hinh chop tu" giac S.ABCD, day la hinh binh hanh va O lii lam 

cua day. Goi M , N, P lUdng iJng la trung diem cua AB , A D va SO. 

Giai 
Ve thiet dien tao bcfi (MNP). 

\ - C . . ; 

Trong (ABCD) : M N n AC = E. ', 

Trong (SAC): EP n SC = Q. / 

Trong (ABCD: M N n CD = F, / 

M N n B C = H. 

Trong (SDC): FQ n SD = R. 

Trong (SBC): HQ n SB = K. 

Vay M N R Q K la thiet dien phai difng. ^ 

Ta c6: EO = - A 0 = - O C . 
2 2 

F " ' O r, 
^ oQ 

n Q'O OE CO SP 
Trong tam giac SOC theo dinh I i Menclauyt, thi : . — . = 1 (1) 

EC QS PO 

D « ? | = T ; = 1. ncn tir (1) suy ra ^ = 3 ^ = -i . H H ^MiMj 
EC 3 PO ^ QS SC 4 

iff 1 'Y 
De thay FD = A M = - AB = - D C . 

2 2 

CO SR DF 
Trong tam giac SDC, theo dinh l i Meneiauyt, thi . = 1 (2) 

QS RD FC 

Vay R la trung d iem cua SD. TiTdng tiT K la trung diem cua SB. 

Nhqnxet: ( I ) - . | . , . . 2 ™ 

1. Mot Ian nffa qua v i du tren, ta thay ro vai tro quan trpng cua viec xac dinh 

giao diem "dau t i e n " (c( day la giao diem Q). - - _ - i , ^ 
2. Vd i bai toan nay, ta c6 each khac de xac djnh thiet dien (xem phan sau). 

B. SiJ dung tinh song song de xac dinh giao tuyfin cua hai mat phang. 
PhiTcfng phap xac dinh giao tuyen giffa hai mat phang bang each suT dung tinh 

song song diCa tren menh de cd ban sau: 

Neu a // (P), thi moi mat phdn}^ 

(Q) chiia a ma cat (P) thi neu goi 

A la giao tuyen cua (P) va (Q), ta 

CO A //a. 

Cty TNHH MTV IJ\ KhntigVift 

Thi du 1. Cho tuT dien S.ABC, M la mot diem tren SB. 
1. Dyng thiet dien qua M , song song vdi SA va song song vd i BC 

2. Xac dinh vi tr i cua M de thiet dien la hinh thoi. '!•' 

3. Xac dinh v i tr i cua M de thiet dien co dien tich Idn nha't. 

.: l a W ' iVi .M V- YitA V Giai i v ,A oum •• 

1. V i thiet dien qua M v^ // SA, // BC nen 

trong (SAB) ke M N // SA (N G AB) , va 

trong (SBC) ke M Q // BC (Q e SC). 

Kh i ay (MNQ) qua M va song song vdi SA, 

song song vdi BC. 

Bay gid ta se md rong (MNQ) thanh thiet dien. 

V i MQ//BC ^ MQ//(ABC) ' 

=> (MNQ) n (ABC) = NP trong do NP // BC (P e AC) 

Vay MNPQ la thiet dien phai diTng. 

V i M N // SA => M N // (SAC) =^ (MNPQ) n (SAC) = M Q , trong do M Q // NP. 

V i the MNPQ la hinh binh hanh. 

2. Tir cau 1. suy ra thiet dien MNPQ la hinh thoi khi va chi kh i : M Q = M N (1) 

T h e o dinh l i Ta l e t , ta cd: 

M N B M 

M Q SM 
M Q = 

• M N = 

BC SB 
SA.BM S A ( S B - S M ) 

SM.BC 

SB 
( 2 ) , 

SA SB SB SB 

TiS (2) (3) suy ra (1) o SM.BC = SA(SB - SM) 
SA.SB 

o SM = . 
BC + SA 

Tir (4) suy ra M hoan loiin xac dinh. 

(3) 

3. T a c d : SMNPQ = MN.NP.s inMNP 

Do M N P = a, d d a y a la goc giffa S A va BC la hang so. 

Tir ( 5 ) suy ra : SMNpgniax <=> MN.NP m a x 
M N NP 

>ijfii i) lib iv iff'-

. (4) 

. , . 1 day . 

( 5 ) "AM; • 

•max r;,jit*; 

^ M N NP 
Do + 

SA BC 
M N NP 

SA BC 

^ + ^ = 1, nen tir (6) suy ra: 
SB SB 

(6) 

. max » — = — = - o M la trung diem cua SB. 
SA BC SA BC 2 u u . ' j fta-Hj rJUSi i i y i ! .('! '''.V 

ghbij - t r i - ' i f ' i ' i s ns>!^nBfi nsriq 6'> v • 
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Thi du 5 . Cho hinh chop tu" giac S.ABCD, day la hinh binh hanh va O lii lam 

cua day. Goi M , N, P lUdng iJng la trung diem cua AB , A D va SO. 

Giai 
Ve thiet dien tao bcfi (MNP). 

\ - C . . ; 

Trong (ABCD) : M N n AC = E. ', 

Trong (SAC): EP n SC = Q. / 

Trong (ABCD: M N n CD = F, / 

M N n B C = H. 

Trong (SDC): FQ n SD = R. 

Trong (SBC): HQ n SB = K. 

Vay M N R Q K la thiet dien phai difng. ^ 

Ta c6: EO = - A 0 = - O C . 
2 2 

F " ' O r, 
^ oQ 

n Q'O OE CO SP 
Trong tam giac SOC theo dinh I i Menclauyt, thi : . — . = 1 (1) 

EC QS PO 

D « ? | = T ; = 1. ncn tir (1) suy ra ^ = 3 ^ = -i . H H ^MiMj 
EC 3 PO ^ QS SC 4 

iff 1 'Y 
De thay FD = A M = - AB = - D C . 

2 2 

CO SR DF 
Trong tam giac SDC, theo dinh l i Meneiauyt, thi . = 1 (2) 

QS RD FC 

Vay R la trung d iem cua SD. TiTdng tiT K la trung diem cua SB. 

Nhqnxet: ( I ) - . | . , . . 2 ™ 

1. Mot Ian nffa qua v i du tren, ta thay ro vai tro quan trpng cua viec xac dinh 

giao diem "dau t i e n " (c( day la giao diem Q). - - _ - i , ^ 
2. Vd i bai toan nay, ta c6 each khac de xac djnh thiet dien (xem phan sau). 

B. SiJ dung tinh song song de xac dinh giao tuyfin cua hai mat phang. 
PhiTcfng phap xac dinh giao tuyen giffa hai mat phang bang each suT dung tinh 

song song diCa tren menh de cd ban sau: 

Neu a // (P), thi moi mat phdn}^ 

(Q) chiia a ma cat (P) thi neu goi 

A la giao tuyen cua (P) va (Q), ta 

CO A //a. 

Cty TNHH MTV IJ\ KhntigVift 

Thi du 1. Cho tuT dien S.ABC, M la mot diem tren SB. 
1. Dyng thiet dien qua M , song song vdi SA va song song vd i BC 

2. Xac dinh vi tr i cua M de thiet dien la hinh thoi. '!•' 

3. Xac dinh v i tr i cua M de thiet dien co dien tich Idn nha't. 

.: l a W ' iVi .M V- YitA V Giai i v ,A oum •• 

1. V i thiet dien qua M v^ // SA, // BC nen 

trong (SAB) ke M N // SA (N G AB) , va 

trong (SBC) ke M Q // BC (Q e SC). 

Kh i ay (MNQ) qua M va song song vdi SA, 

song song vdi BC. 

Bay gid ta se md rong (MNQ) thanh thiet dien. 

V i MQ//BC ^ MQ//(ABC) ' 

=> (MNQ) n (ABC) = NP trong do NP // BC (P e AC) 

Vay MNPQ la thiet dien phai diTng. 

V i M N // SA => M N // (SAC) =^ (MNPQ) n (SAC) = M Q , trong do M Q // NP. 

V i the MNPQ la hinh binh hanh. 

2. Tir cau 1. suy ra thiet dien MNPQ la hinh thoi khi va chi kh i : M Q = M N (1) 

T h e o dinh l i Ta l e t , ta cd: 

M N B M 

M Q SM 
M Q = 

• M N = 

BC SB 
SA.BM S A ( S B - S M ) 

SM.BC 

SB 
( 2 ) , 

SA SB SB SB 

TiS (2) (3) suy ra (1) o SM.BC = SA(SB - SM) 
SA.SB 

o SM = . 
BC + SA 

Tir (4) suy ra M hoan loiin xac dinh. 

(3) 

3. T a c d : SMNPQ = MN.NP.s inMNP 

Do M N P = a, d d a y a la goc giffa S A va BC la hang so. 

Tir ( 5 ) suy ra : SMNpgniax <=> MN.NP m a x 
M N NP 

>ijfii i) lib iv iff'-

. (4) 

. , . 1 day . 

( 5 ) "AM; • 

•max r;,jit*; 

^ M N NP 
Do + 

SA BC 
M N NP 

SA BC 

^ + ^ = 1, nen tir (6) suy ra: 
SB SB 

(6) 

. max » — = — = - o M la trung diem cua SB. 
SA BC SA BC 2 u u . ' j fta-Hj rJUSi i i y i ! .('! '''.V 

ghbij - t r i - ' i f ' i ' i s ns>!^nBfi nsriq 6'> v • 
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Nhdn xet: ' 

1. Khi M \h. trung diem cua A B , ta nhac lai Irong v i du cua muc A . Xet thiet dien 

tao bcfi (MNP) , khi M , N , P tiTdng uTng la trung diem cua SB, A B , AC. Luc nay 

ta khong the t im giao tuyen bang phu'dng phap xac dinh cac giao diem cua hai 

during th^ng nhu- trong muc A , v i ly do d day M N // SA, NP // BC. 

Ta phai suf dung phiTdng S f 
phap diing tinh song song £v ,'JIA M) A 3 'A ; / / \ 

nhu- da trinh bay nhiT tren. • I X <, 
^ Ke t hdp v d i v i du cl muc A , A I', i t v / y j i 

ta c6 ket qua sau: 

( N A ^ N B ) 

A) c~ 

• • / 

Cho hinh chop lam giac SABC. Khi 

do vd i mo i v i t r i cua N tren A B va 

gia suf SC n (MNP) = Q, thi ta iuon 
. . . . . A N SQ 

C O he thu^c: 

(NA = NB) mi 
2. V d i V I du 5, (5 muc A ta c6 the suT 

dung phU'cfng phap trong muc B nay 

dc giai la i no nhiT sau: - \

V i M N // B D => M N // (SBD) 

=^ (MNP) n (SBD) = A, 

trong do A qua P va A // BD. 

V i the trong SBD qua P ke X R // BD. 

Do P la trung d iem cua SO, nen 

X , R tUdng i^ng la trung d iem cua ^ 

SB,SD. 

Trong ( A B C D ) ta c6 M N n DC = E . -J -

Trong (SCD) ta c6 ER n SC = Q. 

. SQ 1 M N R Q X la ngu giac thiet dien phai difiiii de thay 

U SC 4 j 
Lcfi giai nay c6 phan nao ddn gian nhu" IcJi giai da diTng trong v i du 5 muc A. 

CUj TNIIIl MTVDVVII Klutng ViH 

3. Qua v i du nay ta thay trong mot bai toan xac dinh thiet dien, ngu'di ta thuTcJng 

ket hdp mot each nhuan nhuyen ca hai phU'cfng phap da neu. -/••. , 

T h i du 2. Cho hinh hop A B C D . A ' B ' C ' D ' . Goi O va O ' Ian liTOt la tam ciia hai 

day A B C D , A ' B ' C ' D ' . P la diem tren 0 0 ' sao cho — = i . 

Di/ng thiet dien qua P song song vdi AC va song song vd i B ' D . ' 

G ia i 

V I thiet diOn qua P va // A C 

nen trong ( A A ' C ' C ) qua P ve 

M N / / A C (M e A A ' , N e C C ) 

Ti/Ong tif V I thie't dien con i,, 

/ / B ' D , nen trong mat cheo 

B D D ' B ' q u a P k c E F / / B ' D 

(E e B ' D ' ; F e D D ' ) . 

Mat phang xac dinh bdi MN 

va EF la mat phang qua P va 

song song vdi A C vii B ' D . 

Bay gid ta md rong no lhanh thiet dien. 

V i M N / / A C = ^ M N / / A ' C = > M N / / ( A ' B ' C ' D ' ) Vv;.?*;),,- A ? , ; 

giao tuyen cua thiet dien vdi ( A ' B ' C ' D ' ) sc qua E va // MN (tiJc la // A ' C ) 

V i the trong ( A ' B ' C ' D ' ) qua E kc RQ // A ' C (R e A ' B ' ; Q e B ' C ) . , , , , ^ 

M R Q N F la thiet dien phai diTng. 1̂ ;̂ 

Bay gid la xac djnh vi tr i cac dinh cua ihie't dien. 

A ' M _ C N _ Q'P _ 1 

~ 4 ' • 

jCffilifl/ifl'?;'.1-' yi';* 

Ta c6: 
A ' A C C O 'O 

Gia O 'O n B ' D = I =:> O'P = PI . D F = Pl=ioO'=>-5ta 
, 1 4 D D ' 4 

Ro rang do E la trung d iem ciia B O ' R, Q Wdng u'ng la cac Irung diem ciia 

A ' B ' v a B ' C . " ^ 'iH':'-- • 

Cac dinh ciia ngu giac thiet dien M R Q N F hoan loan xac dinh. n ; ! 

' fh i du 3. Cho hinh hop A B C D . A ' B ' C ' D ' . Goi O la giao diem cua hai difdng 

cheo A ' C va B ' D con M , N Ian liTdt la trung diem ciia A D va B ' C . Difiig 

thiet dien tao bdi ( O M N ) . 

G i a i " 

Trong ( A ' B ' C ' D ' ) : M O n B ' C = P. 
K h i d 6 ( M O N ) n ( A ; B ' C ; p ' ) = NP. ^ ^ . u j T i i l - • 
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Nhdn xet: ' 

1. Khi M \h. trung diem cua A B , ta nhac lai Irong v i du cua muc A . Xet thiet dien 

tao bcfi (MNP) , khi M , N , P tiTdng uTng la trung diem cua SB, A B , AC. Luc nay 

ta khong the t im giao tuyen bang phu'dng phap xac dinh cac giao diem cua hai 

during th^ng nhu- trong muc A , v i ly do d day M N // SA, NP // BC. 

Ta phai suf dung phiTdng S f 
phap diing tinh song song £v ,'JIA M) A 3 'A ; / / \ 

nhu- da trinh bay nhiT tren. • I X <, 
^ Ke t hdp v d i v i du cl muc A , A I', i t v / y j i 

ta c6 ket qua sau: 

( N A ^ N B ) 

A) c~ 

• • / 

Cho hinh chop lam giac SABC. Khi 

do vd i mo i v i t r i cua N tren A B va 

gia suf SC n (MNP) = Q, thi ta iuon 
. . . . . A N SQ 

C O he thu^c: 

(NA = NB) mi 
2. V d i V I du 5, (5 muc A ta c6 the suT 

dung phU'cfng phap trong muc B nay 

dc giai la i no nhiT sau: - \

V i M N // B D => M N // (SBD) 

=^ (MNP) n (SBD) = A, 

trong do A qua P va A // BD. 

V i the trong SBD qua P ke X R // BD. 

Do P la trung d iem cua SO, nen 

X , R tUdng i^ng la trung d iem cua ^ 

SB,SD. 

Trong ( A B C D ) ta c6 M N n DC = E . -J -

Trong (SCD) ta c6 ER n SC = Q. 

. SQ 1 M N R Q X la ngu giac thiet dien phai difiiii de thay 

U SC 4 j 
Lcfi giai nay c6 phan nao ddn gian nhu" IcJi giai da diTng trong v i du 5 muc A. 

CUj TNIIIl MTVDVVII Klutng ViH 

3. Qua v i du nay ta thay trong mot bai toan xac dinh thiet dien, ngu'di ta thuTcJng 

ket hdp mot each nhuan nhuyen ca hai phU'cfng phap da neu. -/••. , 

T h i du 2. Cho hinh hop A B C D . A ' B ' C ' D ' . Goi O va O ' Ian liTOt la tam ciia hai 

day A B C D , A ' B ' C ' D ' . P la diem tren 0 0 ' sao cho — = i . 

Di/ng thiet dien qua P song song vdi AC va song song vd i B ' D . ' 

G ia i 

V I thiet diOn qua P va // A C 

nen trong ( A A ' C ' C ) qua P ve 

M N / / A C (M e A A ' , N e C C ) 

Ti/Ong tif V I thie't dien con i,, 

/ / B ' D , nen trong mat cheo 

B D D ' B ' q u a P k c E F / / B ' D 

(E e B ' D ' ; F e D D ' ) . 

Mat phang xac dinh bdi MN 

va EF la mat phang qua P va 

song song vdi A C vii B ' D . 

Bay gid ta md rong no lhanh thiet dien. 

V i M N / / A C = ^ M N / / A ' C = > M N / / ( A ' B ' C ' D ' ) Vv;.?*;),,- A ? , ; 

giao tuyen cua thiet dien vdi ( A ' B ' C ' D ' ) sc qua E va // MN (tiJc la // A ' C ) 

V i the trong ( A ' B ' C ' D ' ) qua E kc RQ // A ' C (R e A ' B ' ; Q e B ' C ) . , , , , ^ 

M R Q N F la thiet dien phai diTng. 1̂ ;̂ 

Bay gid la xac djnh vi tr i cac dinh cua ihie't dien. 

A ' M _ C N _ Q'P _ 1 

~ 4 ' • 

jCffilifl/ifl'?;'.1-' yi';* 

Ta c6: 
A ' A C C O 'O 

Gia O 'O n B ' D = I =:> O'P = PI . D F = Pl=ioO'=>-5ta 
, 1 4 D D ' 4 

Ro rang do E la trung d iem ciia B O ' R, Q Wdng u'ng la cac Irung diem ciia 

A ' B ' v a B ' C . " ^ 'iH':'-- • 

Cac dinh ciia ngu giac thiet dien M R Q N F hoan loan xac dinh. n ; ! 

' fh i du 3. Cho hinh hop A B C D . A ' B ' C ' D ' . Goi O la giao diem cua hai difdng 

cheo A ' C va B ' D con M , N Ian liTdt la trung diem ciia A D va B ' C . Difiig 

thiet dien tao bdi ( O M N ) . 

G i a i " 

Trong ( A ' B ' C ' D ' ) : M O n B ' C = P. 
K h i d 6 ( M O N ) n ( A ; B ' C ; p ' ) = NP. ^ ^ . u j T i i l - • 
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Vi (ABCD) // (A 'B 'C 'D ' ) .^.5-
Nen (MON) n (ABCD) = MQ, 
trong do MQ // NP. A' 
D6 tha'y P va Q tifdng iJng la trung 
diem cua B ' C va AB. 
Trong (ABCD): QM n CD = E. 
Trong (DCC'D'): NE n D'D = R. 
Trong (ABCD): QM n BC = F. 
Trong (BCC'B'): EP n B B ' = X. 
Khi do MRNPXQ la luc giac l l i ic i dien pfiiii dtJn^, 

De thay ED = AQ = 
AB CD 

= D 'N R la irung diem cua DD' . F 
;'>tKji(i.j . w i i n - a i u > i ; i i ' H u l l .U'fcl \

2 2 
Tu-clng tiT X la trung diem BB' . 

Nhqn xet: 
Ta Ihay Irong vi du nay da dong thdi stJ dung ca hai phu'cfng phap difng Ihici 
dien: phifdng phap tim giao diem chung cung nhif phU'dng phap suf dung tinh 
song song (trong bai nay sijf dung cac ke't qua ve hai mat phang song song). 

Thi du 4. Cho hinh chop S.ABCD day la hinh bmh hanh. M la diem tren AC 
(khac A va khac C). Difng thie't dien qua M song song vdi BD va song song 
vdi SA. 

Gia sur AC n BD = O. Xc l hai triTdng hdp sau: ( 'C!"^ 'a 'A) '^jvn\] iV 
1. Neu M e (OA) {}A^O\U^ k) i R l ; ! - ! 

Vi thiet dicn qua M vii // BD, nen ' 
trong (ABCD) qua M vc EF // BD 
(E e AD, F G AB). 
V i thie't dien qua M va // SA, nen 
trong (SAC) ke MQ // SA (Q e SC). 
Vay (QEF_ la mat phang qua M 
song song vc'Ji BD va SA. , ,̂  c w&h 
Md rong no thanh thiet dicn nhif sau: .jj 
V i MQ // SA => MQ // (SAD) ^ (QEF) n (SAD) = E¥,,,,^ anui ori'3 .€ nh id 
ddayEP/ /MQ( l i i r cEP/ /SA,Pe SA) /^-fi -y,^>j^^ 
Vi MQ // SA ^ MQ // (SAB) => (QEF) n (SAD) = F R „ , , j ^ , ^ , 
d day FR // MQ (Itfc FR // SA, R e SB) 

PQRFE la ngu giac thiet dien phai difng. , " '"^ H ' A ) anoiT 
SQ _ A M _ AE _ SP ^ AF _ SR , 

DiTa vao dinh l i Talet ta c6: 
SC AC AD SD AB SB 

Cti) TNHH MTV DWH KItang Viet 

Vay 5 dinh cua thiet dicn xac dinh theo vj tri cua M nhif sau: ^ 
A E SP S Q S R A F T A M ^ 

A C 

V! r-. 

AD SD SC SB AB 

2. Neu M e (OC) (M ^ O; M ;̂  C) 
Lap luan nhu" tren, ta difng thie't dien nhU' sau: 
Trong (ABCD) ke qua M : 
E F / / B D ( E G CD, F e BC). 
Trong (SAC) qua M ke MQ // SA (Q G SC) 
Khi do QEF la tarn giac thie't dien phai difng 

. u -r̂  , ' DE A M CF CM SQ 
Theo dinh l i Talet, ta co: = ; = ; = -

DC AC CB AC SC 
N e u M ^ O . - . . v .^ nc, J<y, 
Khi do gpi Q \l trung diem ciia SC thi ' ..^ ,̂  ̂  ,̂  
MQ // SA. 
Thie't dien trong trifdng hdp nay la tam iofU y 

giac QDB. 

AC 

3. 

D C 

Loai 3. C A C B A I T O A N VE T INH SONG SONG I m D l ^ 

CUA D iJdNG THANG VA MAT PHANG 

Thi du 1. Cho lu" dien S.ABCD va M la mot diem nam ben trong tam giac ABC. 
Qua M ke cac dudng lhang song song vdi SA, SB, SC; chung cat cac mat 
tifdng ijrng (SBC), (SAC), (SAB) Ian Iifdt tai A ' , B ' , C . 

1. Chtfng minh rang khi M thay doi thi gia tri cua dai lifdng: 

M A ' MB' M C 
+ + la hang so. ,, 

SA SB SC 
2. Xac djnh vj tri ciia M de dai lifdng 

' 1 ) 3 A ^ \ S I . 

M A ' MB' M C 
SA • SB 

Giai r 

nhan gia tri Idn nhat. 

1. Trong (ABC) gia siir 
A M n BC = N, 
B M n AC = P, 
C M n A B = Q. 
Trong (SAN): ke M A ' // SA (A' G SN), ' 

(SBP): ke M B ' //SB (B' G SP) 
(SCQ): ke M C // SC ( C G S Q ) . 
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Cti) TNHH MTV DWH KItang Viet 
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' 1 ) 3 A ^ \ S I . 
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Bdi cliitJng IISG IRnh hoc klioncj fjicm - Ptuin Hutj Khni 

Thco dinh l i Talet, ta c6: 

M A ' ^ N M M B ' _ PM M C _ Q M 

SA NA ' SB ~ P B ' " S ^ " QC", 

.j •am ft, 

N M PM Q M 
Trong tarn giac ABC, theo dinh l i Xe -va , ta c6 + + = 1, v i the 

N A PB QC 
,;, M A ' M B ' M C , 

+ + = 1 - const => dncm. 

SA SB SC 
2. Theo ba't dang thiJc Cosi va can I , ta c6: 

1 = : ^ + M^ + M ^>3 . JMA ' M B ' M C 

=o 1 > 2 7 

SA SB SC , 

M A ' M B ' M C 
SA SB • SC 

M A ' M B ' M C 
SA • SB • SC 

1 
SA SB ' SC 27 < 

. „ „ , M A ' M B ' M C 1 N M P M Q M 1 
Dau " = " trong ( 1 ) xay ra <=> = = = - » = = —Tr = r 

^ ^ SA SB SC 3 NA PB QC 3 

o M = G, vd i G la trong tarn cua lam giac ABC. 
M A ' M B ' M C ., , . V 1 , . • V u ' l u -

Vay dai liTdng . . nhan gia In Idn nhal bang — km va cm km 
• i, . SA SB SC ' 27 

M la trong tarn cua tarn gidc ABC. 

T h i du 2. Cho hinh hop A B C D . A ' B ' C D ' . Hai d i em M . N Ian liTcJt nam tren hai 

canh A D va C C sao cho ĵ M = .£!!L Chtfng minh r^ng diTdng th^ng M N 
M D N C 

song song vdi mat phang (ACB ' ) ^ 

, A . G i a i 

Ve MP // AC (P e CD) 

Thco dinh l i Talet, ta c6 

M D PD 

V I the tu" gia thie't suy ra: 

CP CN -^-.^ 
— = — : ^ P N / / D C (2) •««•> 
PD N C 

Theo tinh chat hinh hop, ta c6 D C // AB 

nen tir,(2) ta co PN // D C ^ PN // A B ' 

Tir (3) va M P // AC => (MNP) // (ACB' ) 

Do M N e (MNP), nen tiT (4) suy ra M N // (ACB' ) => dpcm. 

Ctij TNHH MTV DVVII Khang Viet 

A' 

f h i dy 3. TCf cac dinh ciia tarn giac ABC, ta ke cac doan thiing AA ' , BB ' , C C .song 

song C l ing chieu, bang nhau va khong nam U-ong mSt phang ciia tam giac ABC. 

Goi I , G, K Ian IiTdt ia trong tam cua cac tam giac ABC, A C C va A ' B ' C . 

1. Chu-ng minh ( IGK) // ( B B ' C C ) . 

2. Churngminh (A 'GK)// (A IB ' ) . 

Giai 

1. Goi M va M ' tifdng iJng la trung diem 

cua AB , A ' B ' . 

Theo t inh chat trong tam tam giac, ta c6: 

C 'K _ C I 2 

~ 3 C M C M 3 

V i (ABC) // ( A ' B ' C ) , nen ( C M M ' C ) 

c^t hai mat phang (ABC) va ( A ' B ' C ) 

theo hai giao tuyen song song 

= : > C M ' / / C M . ' 

T i r ( l ) s u y r a K I / / C C (2) 

Goi E va F ttfdng vlng la cac trung diem 

cua BC va C C . 

V i I , G tuTdng iJng la trong tam cua cac 

tam giac ABC va A C C , nen ta c6: *̂  

A I A G 2 . • 

(3) 

AE AF 3 

Vay theo dinh l i Talet dao, ta c6: IG // EF 

Tir (2), (3) suy ra ( IKG) // ( B C C B ' ) => dpcm. 

2. Do A I n BC = E, nen (A IB ' ) chinh la (AEB' ) . 

Goi N la trung d iem cua AC, thi trong 

hinh binh hanh A A ' C C de thay A ' , 

G, C thang hang. „j^../. . ,f; 
Do vay (A 'KG ) chinh la (A'CJ) (J la 

trung d iem ciia B ' C ) . j i ; 

Ro rang A ' J // AE; JC // B 'E , do do (A'JC) // (AB'E) , 

nen ta co (A 'KG ) // (A IB ' ) => dpcm. 

Th i du 4. Cho hai nû a dUcfng thang chco nhau Ax va By. M va N la hai diem di 

dong tren Ax va By sao cho A M = BN. DiTng mat phc^ng (P) qua By va song 

song vd i Ax. DiTcfng thang qua M va song song vdi AB cat (P) tai M ' . Goi I 

la trung d iem cua M ' N . Chiang minh rl ing I nam tren du^dng thang co djnh. 

27 
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Ctij TNHH MTV DVVII Khang Viet 
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A 

Gia i 

> K e B x ' // Ax. Kh i do Bx ' la dtfdng 

thang c6' djnh. Mat ph ing xac djnh 

bdi By, Bx ' chinh la mSt phang (P), 

vay (P) = (By, Bx ' ) , 

Ke M M ' / / A B ( M ' e Bx ' ) . ihu* B 

Ta CO A M = B M ' 

Tir A M = B N => B M ' = BN. 

Trong tam giac can M ' B N (xet trong (P), do I M ' = I N => I nam tren Bt, d 

day Bt la tia phan giac cua x 'By . R6 rang Bt co dinh => dpcm. 

T h i du 5. Cho ttf d icn ABCD. Goi G la trong tam tam giac BCD va M la diem 

nam ben trong tam giac BCD. Du'dng thang qua M vsi song song vd i GA Ian 

liTdt cat cac mat phang (ABC), (ACD), (ADB) tai P, Q, R. 

1. ChiJng minh rang khi M di dong trong tam giac BCD, dai liTc^ng: 

M P + M Q + M R 

GA 
la hang so'. "^n W FA ir. 

2. Xac djnh v i t r i cua M , de tich MP.MQ.MR dat gia trj Idn nha't va hay tinh gia 

trj ay. 

G ia i 

1. Lay M ben trong tam giac BCD. 

Gia .siĵ  M G n BC = I ; M G n CD = J; M G n DB = K. 

Qua M ke Mx // GA 

Trong (AIJ): M x n A I = P - ('.Q 

(do chinh la diem M x cat (ABCD). ,f;,yfi. 
Tifdng tir trong (AIJ): M x n A K = R, 

M x n AJ = Q. \ 

Tren mat phang (BCD), ta c6: 

- IM . ICs inJ IC e 

IG 1 - I G . I C s i n J I C ' 'Gic 

Ti/dng liT, ta c6 
I M S 

IG 
MIB 

'GIB 

Tir (1), (2) va theo tinh cha'l cua day t i so bang nhau, ta c6: 

Cty TNHII MTV DWH Khang V,v, 

I M 

IG ^ G B C 

Do G la trong tam tam giac BCD ncn ta co: 

3 G B C BCD 

Thay (4) vao (3), ta c6: :/'''A 
I M _ 3S[y|[jC 

IG 'BCD 

(4) 

(5) 

M ! r f n i t / - ' " n i . MP 
Do GA // Mx , nfen theo dinh l i Talet, ta co: 

T i r ( 5 ) v a ( 6 ) s u y r a : ^ ^ 3 - ^ ^ ' ^ c 
GA 'BCD 

. M Q ^ 
Hoan toan tiTdng liT, ta co: = 3 GA 

MR 

IG GA 

g ci:! 1 t .«Da A ) \i ̂  :>! 5 r V 

^BCD 

= 3 

\m-i i^v A mp aftvA ^'nob ib {''1; 

GA SBCD 

Cong tCfng ve (7), (8), (9) vd i Im y SMBC + SMCD + SMBD = SBCD, ta c6: 

M P + M Q + M R 

GA 
- = 3 = const => dpcm. i' •, 

2. Theo bat dang thiJc Co-s i , ta co: 

. . ' •c . ^ (10) 

MP + M Q + M R > 3. ^MP.MQ.MR , | v j 

Ap diing cau 1, ta co: ' ' 

GA > ^MP.MQ.MR MP.MQ.MR < G A ' 

Do dd tir (10) ta C O max (MP.MQ.MR) = G A I ' '̂̂ ^ ^ * "^'"^ 

Dieu nay xay ra kh i va chi kh i MP = M Q = M R o M la trong tam ABCD 

O M = u . 

Th i dy 6. Cho tiJ d icn S.ABC vdi cac diem M , N, P di dong tren SA, SB, SC 

tiTdng ufng sao cho 
SM 1 SN 1 SP 1 vdi k = 2, 3... 
SA k ' S B k + l ' S C k + 2 

ChiJng minh c i c giao tuyen cua (MNP) vd i (ABC) khi k thay doi luon luon 

song song vd i mot du'dng thang co dinh. 

G ia i 

Dirng hinh binh hanh SABI va SBCK. 

Gia sijf tren (SAB) thi SB n M I = N ' '^^.^ .^^^^ 5̂„,f̂  ,,,,.|, • . 
Theo dinh l i Talet, ta c6: 
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A 
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SN' SM 
N ' B B I 

TO do: 

^ 4 ( d o B I = SA) 
B I k 

SN ' I SN ' 1 

k +1 SB k +1 

'If/' 

N 'B + SN ' 

SN ' = SN. 

V i N ' nam giffa SB nen N ' s N. 

NhiTvay (MNP) luon di qua I co'dinh 

TOdng tir (MNP) luon di qua K co dinh. 

Vay (MNP) luon di qua diTdng thang co' dinh IK . 

Do SK // BC; SI // AB ^ (KSI) // (ABC). 

La i C O (MNP) n (SKI) = K I , 

(MNP) n (ABC) = A. 

V i (KSI)//(ABC) =^ A//KI => dpcm. 

T h i du 7. Cho hinh chop S.ABCD, day la hinh binh hanh tSm O. M o t mat phang 

(P) di dong luon qua A va song song vdi BD. (P) cat SB, SC, SD Ian liTcJt tai 

E, F, G. Ma t phang (Q) qua EG va song song vd i B D c^t SA tai H. 

1. Chtfng minh EG//BD. 

2. ChiJng minh HF luon song song vdi mot diTdng thang cdd jnh . 

- Giai fi.;;':.:,; . • 

1. Do B D // (P) nen (SBD) chiJa B D va c^t (P) theo giao tuyen EG, do d6: 
EG//BD. 

2. Ro rang E e (Q) n (SBD), va BD // (Q), nen giao tuyen cua (Q) v<3i (SBD) 

qua E va song song \di BD, hay do la dUcfng thang EG. 

Gia surl = E G n S O = > I e S G c ( S A C ) = > I e (SAC). 

Mat khac I e EG c (P) => I e (P). 

TO do suy ra I e A F = (SAC) n (P). 

TOdng tir cung co: I e C H = (SAC) n (Q). 

Vay I la giao d iem cua SO, AF, CH tren 

(SAC). 

A p dung dinh l i Xeva trong tarn giac 

SAC ta co: 

SF CO A N , . CO . 
= l ,ma -^—-\ FC OA HS 

SF SH 
OA 

FC HA ' 

TO do theo dinh l i Talet dao suy ra FH // CA, tiJc la H F luon song song vd i 

du'dng thang co djnh dpcm. 

Cty TNIIH MTV DVVII Khang VuH 

Xhi du 8. Cho hinh chop tiJ giac S.ABCD va diem M S nhm cung phia S doi 

vdi mat phang (ABCD) . Goi I , J, K, L Ian lUOt la trung d iem ci'ia AB , BC, 

CS, DA. Goi (P), (Q), (R), (1) Ian lUdt la cac mat phang qua SI va song song 

vdi M K , qua SI va song song vd i M L , qua SK va song song vcti M I , qua SL 

va song song vd i MJ . ChiJng minh rang cac mat phang (P),^(Q), (R), (T) cung 

di qua mot diTdng thang. . , 

Giai 
Do IJ la dU^ng trung binh trong tam giac ABC, 

AC 
nen IJ // AC va IJ = 

TOdng t i r L K / / A C va L K = 
AC 

ml J i s V i the I JKL la hinh binh hanh. 

Gia sur IK n JL = O, thi O la 

trung d iem cua IK vii JL. 

Trong ( M I K ) ve hinh binh hanh M I N K , , , i ! 

thi O cung la U-ung diem cua M N , do vay i i 
L J M N cung la hinh binh hanh nen 

IN // K M ; I M // K N ; JN // L M ; JM // L N . 
Mat khac M K // (P) va IN // M K , hdn the do I e (P) (do (P) qua SI) nen suy 

r a I N e ( P ) = > N e (P). • .^Miii"/ \f<3ikiis,m , 
Lap luan tifdng tuf co N e (Q); N e (R), N e (T) 

Do M N n (ABCD) = O => M va N nam khac phia doi vd i (ABCD) . 

Do S, M nam cung phia v6 i (ABCD) => N va S nam khac phia doi vdi 

(ABCD) , tir do suy ra N ; t S. 

Vay di/dng thang qua S, N chinh la diTcJng thang thuoc ca bon mat phang (P), 

(Q), (R), (T). Do la dpcm. ; , ; 

' ) \ t i l , I' ' ' 

[ 1 , 1 U f,' . . 1 I' 

I / ' I!' \\ f ' ^f' I 

31 
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C n i r c ? N € 2 . 
QUAN HE VUONG GOC 

-J J I. TOM T A T LY T H U Y E T 
1. Goc giS-d hai duTcfng thang trong khong gian 

Cho a va b la hai diTdng thang trong khong gian. 
Lay mot diem M trong khong gian. 
Qua M ve hai du'cfng thang a' // a va b ' // b 
Khi do neu gia tri a (a < 90") la goc tao bSi 
hai dUdng thang a', b ' thi ta cung noi a va b 
tao vdi nhau mot goc a. Khi a = 90", ta noi 
rkng a va b vuong goc vdi nhau. 

2. Dufcifng thang vuong goc vdi mat phang 
- Dudng thang a gpi la vuong goc vdi mat phfing (P), ne'u a vuong goc vdi mpi 

dirdng thang cua (P) (hinh 1). 

Hinh 1 Hinh 2 
- Neu dudng thang d vuong goc vdi hai dU'dng thang cat nhau a va b eijng nam 

trong mat phang (P), thi d vuong goc vdi (P) (hinh 2). > 
- Qua mot diem O cho trUdc c6 duy 

nha't mot mat phang (P) chu'a O 
vuong goc vdi mot dU'dng thang d 
cho trUdc. (hinh 3) d 

O 

•"J . 0 

Hinh 3 

Hinh 4 
- Dinh li ba dU'dng vuong goc: Cho dU'dng 

thang a c6 hinh chie'u a' tren mSt phang 
(P). Khi ay dU'dng th^ng b nkm trong (P) 
vuong goc vdi a khi va chi khi no vuong 
goc vdi a' (hinh 5). 

- Goc gii?a dU'dng thang va mat phang: 

- Qua mot diem O cho trUdc cd duy nhat 
mot dudng thang d di qua O vuong goc vdi 
mot mat phang (P) cho tru'dc (hinh 4). :> \j 

Hinh 5 

Cty TNHH MTV DWH Khnng ViH 

Hinh 6 

* Neu dU'dng thang a vuong goc vdi mat phang (P) thi la noi goc giffa a va 
(P) bang 90". 

* Neu dudng thang a khong vuong goc 
vdi mat phang (P) thi ta goi goc giiJa • ^ 
a va hinh chieu a' cua no tren (P) la 
goc giffa a va (P) (hinh 6). i;.*'--''' 

Ma t phang vu6ng goc vdi m a t phang 
Goc giiJa hai mat phing la goc giffa hai 
dirdng thang Ian lU'dt nam trong hai mat 
phang va vuong goc vdi giao tuye'n cua 
hai mat phang ay (hinh 7) 
Hai mat phang gpi la vuong goc neu goc 
giffa chung bang 90". mAA -jpil lab iuw, nc 
Hai mat phang vuong goc vdi nhau khi 
va chi khi mot trong chung chu'a du"dng 
thang vuong goc vdi mat phang con lai. 
Neu (P) 1 (Q), thi bat cur di/dng thang a 
nao thupc (P) ma vuong goc vdi giao 
tuyen cua (P) va (Q) se vuong goc vdi 
(Q) (hinh 8). .^'^'^ v i : , •.;:::v-.,:v Hinh 8 

4'' 

11 / ' 

Hinh 9 

Hai mat phang (P), (Q) c^t 
nhau C l i n g vuong goc vdi ji 
(R), thi giao tuyen cua (P) 
va (Q) se vuong goc vdi ^ 
(R) (hinh 9) 

. Khoang each 
Cho hai duTdng thang cheo nhau a va b. Khi do 
neu M e a, N G b va MN 1 a, MN 1 b, thi MN 
gpi la dU'dng vuong goc chung cua a va b. 
Luc do MN chinh la khoang each giffa a va b (hinh 10). ^ 
Neu b nam trong (P, ^ n X b va a // (P), thi d(a; b) = d(a; (P)). 
Neu a // (P) va M la diem luy y nam M 
tren a, thi d(a; (P)) = d(M; (P)). CJ 
day d(a; (P)), d(M; (P)), Ian liTdt 
la khoang each giffa a va (P), 
giffa M va (P) (hinh 11). 

Hinh 10 

Hinh 11 
:?3 
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Cty TNHH MTV DWH Khnng ViH 
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11. C A C B A I T O A N V E K H O A N G C A C H 

A . K h o a n g each tuf m y t d i e m t d i m o t dUofng thang , hoac tiif m y t d i e m t(Ji 

m a t phang. 

, Cho diem M va diTcfng lhang A ( M g A). Goi 

H la hinh chie'u ciia M tren A. K h i do M H 

chinh la khoang each i\i M td i diTdng thang A. 

M H = d ( M , ( A ) ) „,,„„̂ ,̂,.„̂ ,,̂ „_̂ „, , . , ;,.i...>.„^,;,.u.. 

ifti I 

Cho diem M va mat phang (P). Goi H la hinh 

chieu cua M tren (P). K h i do M H ehlnh la 

khoang each tiJf M tdi mat phang (P). 

„• M H = d ( M , ( P ) ) * • '•>6'9 uhn o?'.? 

T i l l d u 1 . (De thi tuycn sinh dai hoe khoi D - 2012) 

Cho hinh hop du'ng A B C D A ' B ' C ' D ' c6 day la hinh vuong, tam giac A ' A C 

vuong can, A ' C = a. T i m khoang each tiif A de'n (BCD' ) theo a. i . u / . i 

G i a i 

Tam giac A ' A C vuong can la i A 

va A ' C = a => A A ' = A C = 

A B = 
iV2 72 

01 

2 2 2 ^•••r.vrM?-, yvi 

Ke A H l A ' B ( H ' e A B ) >'-r.j4;':>i'L; 

V i A H 1 B C (do BC l ( A B B ' A ' ) 

=> A H 1 ( B C D ' A ' ) , tu-c la A H 1 (BCD' ) 

Trong tam giac vuong A B A ' , ta co: 

1 1 1 4 2 6 
T- + 

A H ^ A B ' A ' A ^ a ^ ^ ^ â  
A H = 

Vay d ( A , ( B C D ' ) ) = 
1^6 

Nhdn xet: Xe t each git i i khac sau day (bhng phu'dng phap the tich) 

(1) 
. w 1 r^ .^c 1 asjl 1 a a -d^^ 

T a c o : Vp,. . R C = - D ' D . S A O P = . = 
D . A B C 3 ^'^'^ 3 2 2 2 2 48 

I 

urn 

Ta c6: D ' B C h\m giac vuong tai B, nen 

V A . D ' B C = ^ h . S D . B c , ^ day h - d(A, (BCD' ) ) . 

Ta CO D ' B C la tam giac vuong lai C, n e n 

Cty TNHH MTV DWH Khang Vm 

SpBC = i B C . D ' C = - . - N / D ' D 2 + D C 2 = -
2 2 

Tir do suy ra h = d(A, (BCD' ) ) = 

a2 
— + — 
2 4 

' , 1 , 

a^73 

Cac ban hay so sanh tinh hieu qua cua hai phu'dng phap. !•< > 

Thi du 2 . (De thi tuyen sinh D a i hoc khoi B - 2011) >' • ' • 

Cho hinh lang tru A B C D A i B i C D , co day A B C D la hinh chff nhat vdi A B = a; 

A D = aVs. Hinh chieu vuong goc cua A| tren ( A B C D ) tri ing v d i giao diem 

O cija hai du'cJng cheo A C , B D cua day. Bie't rang hai mat phang (ADD|Ai) va 

(ABCD) tao vcti nhau goc 60". T i m khoang each tCf B, den mat phang ( A , B D ) . 

G i a i 

Do tinh chat cua hinh hop, nen ta co: ]J2 ^ ^ 

A i B i C D l a h l n h b i n h h a n h ^''^ Sik^ ^^^'M:.; i A, 
=> B , C / / A , D B ,C//(A,BD) . 

, V i t h e " w ) i . / f v * 

d ( B , , ( A , B D ) ) = d ( C , ( A , B D ) ) . (1) 

T a c o : A | 0 1 ( A B C D ) , ' W ^ u 

=> ( B A , D ) 1 ( A B C D ) . 
V i (BA|D) n ( A B C D ) = BD, cho nen neu ke C H 1 B D ( H e B D ) 

= > C H 1 ( A , B D ) . h 

Tir do d i den d(C, A , B D ) ) = C H (2) 

Trong tam giac vuong B C D , ta co: 

1 1 1 I 

CH^ BC^ CD^ 3a^ 

1 

3a^ 
• C H - ^ C H = 

aV3 

ill ^ 

T i r ( l ) ( 2 ) (3) suy ra d(B , , ( A , B D ) ) = 

2 
(3) 

^hqn xet: Trong viee tinh khoang each tif B, den (A|BD), ta khong can sit dung 

den gia thiet: ( ( A D D , ) , (ABCD)) = 60". (*) 

Gia thiet nay di ing de tinh the tich cua lang tru A B C D . A . B i C i D , . 

Viec tinh the tich nay la phan dau trong de thi noi tren. vil 

T h i d u 3. (De thi tuyen sinh D a i hoc khoi D - 2011) ' ^ 

Cho hinh chop tam gide S.ABC day la tam giac vuong A B C tai B va A B = 3a, 

BC = 4a. Bie't rhng m5t p h i n g (SBC) vuong g6e v d i (SAC). . , , 

Gia sur SB = 2aVs va SBC = 30". T i m khoang each tiir B den (SAC). 
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G i a i 
- V U . ' J H 

T a C O ( S B C ) _L ( A B C ) v i ( S B C ) n ( A B C ) = B C , 

do do n c i i k c S H 1 B C ( H e B C ) , t h i S H 1 ( A B C ) . 

K c H E 1 A C ( E e A C ) . . • ^: a - - . . A f 

T h e o d i n h l i ba diTdng v u o n g goc, la c6 : SE 1 A C . 

Tu" do suy ra A C 1 ( S H E ) ̂  ( S A C ) 1 ( S H E ) . B<x 

L a i C O ( S A C ) n ( S H E ) = SE, n e n n e u k c H P 1 S E 

H P 1 ( S A C ) => d ( H , ( S A C ) ) = H E . (1 ) 

T a C O S H = S B . s i n S B H = SB.s in30" = aVs , 

B H = SB.cosSO" = 2 a ^ / 3 . — = 3a 
2 

C H = a. 

K e B K 1 A C ^ B K / / H E . 

T h e o d i n h l i T a l c l , la c6 : 

1 1 
M a t k h a c - + -

H E _ C H 

B K ~ 

1 
B C 4a 

1 
4 

1 
B K ' A B ' B C ' 9 a ' 16a^ 2 5 

T i r d o HE^ = ^^ 
16 25 

T r o n g l a m g iac S H E , la c6 : 

9a^ V , yij .((a*ft0^ 3 i b '~'((da,A)' '^,€ilj 

1 
H P ^ SH^ H E ^ 3a^ 9 a ' 

H P = 
3a 

W7 

B 

» B T 

K e B B ' 1 ( S A C ) . D o — = — = 4 
H P H C 

I B 1 
lit ' 0 3 ^DS ^ H D 

' V gncn' ' 

= : > B B ' = 4 H P = 
6a_ 

V 7 -
( 3 ) 

T i r (1) , (3 ) suy ra d ( B ; ( S A C ) ) = B B ' = 
1 

T W d u 4. ( B a i l o a n e d b a n ) 

C h o li? d i c n O A B C , t r o n g do O A , O B , O C d o i m o t v u o n g goc v d i n h a u . K c 

O H 1 ( A B C ) . ' rf!Or :.h'»f|-

1. ChiJng m i n h H la triTc t a m t a m g iac A B C . rfi&t qMvn 

2. C h t f n g m i n h he thiJc: = —L. + _ i _ + _ L ^ 3^^'' i'^'^^^ = 3a 
O H ' O A ' O B ' O C ' • 

Ctij rmiH MTV DWII Khamj VH't-

G i a i 
J K e O H l ( A B C ) . 

A H n B C = M •j/ii>o<ii o'tf 
T a C O O H L ( A B C ) n e n O H 1 B C . 

V i O A 1 ( O B C ) (do O A 1 O B , O A 1 O C ) 
. O A 1 B C 

V a y B C ± ( O A H ) => B C 1 A M . 

T i / d n g t y B H 1 A C => H la tri fc t a m t a m g iac A B C 

2. X e t t r o n g l a m g iac v u o n g A O M , la co: B 

^ ^ ' (1) 
r2 • O H ' O A ' O M ' 

T r o n g t a m g iac v u o n g B O C , do O M 1 B C n e n c6 : i 6IJ ' 6^ : t 8 4 1 ': 

1 

O M ' 
1 1 

- + O B ' O C 
.2 • 

(2) 

1 T i r ( l ) ( 2 ) s u y r a ^ 
O H 

1 

Nhdn xet: 

1. H e IhiJc 1 1 - + • 

OA^ 

1 

- + -
1 . 

O B 

1 

- + • 

O H ' O A ' O B ' O C ' 
diTcfc sur d u n g n h i e u k h i g i a i cac b a i 

l o a n vc l i m k h o i i n g each. 

2. X e t t h i d u sau ( D c t h i D a i hoc k h o i D ) 

C h o ti? d i c n A B C D c6 c a n h A D v u o n g goc v d i m a t p h a n g ( A B C ) . 

G i a sur A C = A D = 4 c m , A B = 3 c m , B C = 5 c m . 

T i m k h o a n g each tCf A d e n ( B C D ) . u visig tf) qorirj rlnW o d D J »ih 

•sd l i e K i i J = u A ; « -

V i A B = 3 c m , A C = 4 c m , B C = 5 c m 

=> A B C la l a m g iac v u o n g l a i A . 

N h i r v a y do A D 1 ( A B C ) 

= > A D 1 A B ; A D I A C . 

T t r do ap d u n g k e l qua t r e n la c6 : 

1 1 

•,(a:>?i)»- .Ji'ignJsorl)! fnf"" 

A H ' 

= > A H = 

+ A B ' A C ' 

6x/34 

17 

A D ' " 9 ^ 1 6 16 
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G i a i 
- V U . ' J H 
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Bdi dUf'Jntj IISG IFmh hoc khong gian - Phan Ilutj Khdi 

Thi du 5. Cho hinh king tru diJng ABCA'B'C'day la tam giac ABC vuong taj 
B. Gia siir AB = a, AA' = 2a, A'C = 3a. Goi M la trung diem cua A ' C va I l;i 
giao diem cua A M va A'C. Tim khoang each tiT A den mat phang IBC. 

Giai I 
• • Trong tam vuong A 'AC, ta c6: ' ' f^"'^^'k-^-My 

AC = V A ' C ^ - A ' A ^ = V9a^-4a^ = aVs . 
W<:i--.\X:'-. 

Tii do irong lam giac vuong ABC, ta c6: ,j ^ 
B C = V A C ' - A B ^ = V - V - a ^ = 2a. it,i^:uOk 

Nhanlhay (IBC) = (A'BC) 
Theo dinh l i ba du'dng vuong goc, la c6 BC ± A 'B 
(do BC 1 AB). Tir do kel htJp vdi BC 1 AA' )Oi 
suyra B C 1 ( A ' A B ) ^ ( A ' B C ) 1 ( A ' A B ) . J ( B 
Vi ( A ' B C ) n (A'AB) = A 'B , nen neu ke AK 1 A 'B (K e A'B) 
=> A K l ( A ' B C ) j , , ^ , , ^ , I .g i . 

=>d(A;(A'BC) = AK. (1) .t » 
Trong tam giac vuong A 'AB, ta c6: 

1 1 1 1 

A K ' A ' A ' A B ' 4a' a-

2aV5 

1 5 

4a' 

AK = -
5 

Tir(l).suy rad(A, (ICB)) = 2a75 

1 • 1 • • •! 
'V - + ti; 
' H O A O 

111,1 I I I 

u 

5 

Thi du 6. Cho hinh chop It? giac S.ABCD c6 day ABCD la hinh thang vuong, 
trong do ABC = BAD = 90"; BA = BC = a; AD = 2a. Gia sijT SA = aV2 va 
vuong goc vdi day (ABCD). Goi H lii hinh chieu cua A trcn SB. ' ' * 
Tim khoang each tiT H den (SCD). s - • ;; *r 

Giai 
De tha'y trong hinh thang vuong ABCD, 
ta c6: AC = a>/2. Do AB = 2a 

• => ABC la tam giac vuong can tsii C 4 
= > B C 1 A C . 
Theo djnh l i ba du'cJng vuong goc ta c6: A I ^ V T V - " \ 

S C I CD. • , 1 / ! : , , ; ^ . ; ' ^ ^ ^ ^ i , , , 

Gia sijf DC n AB = E. . v^^'-' 
Ta CO B la trung diem cua AE. 

:) hit ti'Y 

Cty TNHII MTV DVVII Khnng Viet 

Vi BC 1 (SAC)=> (SDC) ± (SAC). - r . ; ; 
Do (SDC) n (SAC) = SC, nen neu ke P^! i a / , \ >;?/, ] / , , 

AK 1 SC => AK ± (SCD) •..'« H A 

=> d(A, (SCD)) = AK. j tm^m^'i 
Ta C O AB n (SCD) = E Q; 
=> d(A, (SCD)) = 2d(B, (SCD)) (2) 
(do AB = BE) 
Ke A H I S B . 
Ta C O trong lam giac vuong SAB: S A ' = SH.SB 

p. . I ^ V -• ...., 
VI SB = VsA^ + AB^ = ^(aV2) + â  = a73, j,.̂ „,, \^ 

^ SA^ 2â  2a 2V3a 
nen SH = — r = = ~ i = = 

SB aV3 ^/3 3 ^ 

Theo dmh li Talet, la co: 
d(B,(SCD)) _ BS _ a>/3 _ 3 
d(H, (SCD)) ~ HS ~ l^S " 2 

d(H, (SCD)) -|d(B, (SCD)) . (3) 

Tir ( l ) ( 2 ) (3) suy ra 
2 1 d (H, (SCD)) = (A. (SCD)) = ^ d (A, (SCD)) = - AK . . 

r- r ^ Do SA = AC = aV2 => AK = ' W 2 . — = a . '• • I 

(4) 

(5) 

Tir(4) (5)suyra d(H,(SCD)) = |. . 

Trong ihi dii n^y de tinh d(H,(SCD)) la da hai Ian thong qua tinh khoang 

each tCr diem khac den (SCD). ,̂  a„ , 

Trirdc het d (H, (SCD)) = | d (B, (SCD)) 

Sau do .siir dung d(B, (SCD)) = ^cl(A, (SCD)) 4- ' ' 

Thi du 7. Cho lang tru di^ng ABC.A 'B 'C c6 day la tam giac vuong lai B co 
AB = a; AC = nS. Mat phang A'BC tao vdi day ABC goc 60". Goi M , N 
tiTdng tfug la trung diem cua BB' vii BC. Tim khoang each tCf B' den mat 
phang AMN. ^ . N^, • , .^^ " S J ^ , O . - - " -

• 391 
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W<:i--.\X:'-. 
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1 1 1 1 

A K ' A ' A ' A B ' 4a' a-

2aV5 

1 5 

4a' 

AK = -
5 

Tir(l).suy rad(A, (ICB)) = 2a75 

1 • 1 • • •! 
'V - + ti; 
' H O A O 

111,1 I I I 

u 

5 
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S C I CD. • , 1 / ! : , , ; ^ . ; ' ^ ^ ^ ^ i , , , 
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:) hit ti'Y 

Cty TNHII MTV DVVII Khnng Viet 
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p. . I ^ V -• ...., 
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^ SA^ 2â  2a 2V3a 
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SB aV3 ^/3 3 ^ 
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Trong ihi dii n^y de tinh d(H,(SCD)) la da hai Ian thong qua tinh khoang 
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Sau do .siir dung d(B, (SCD)) = ^cl(A, (SCD)) 4- ' ' 

Thi du 7. Cho lang tru di^ng ABC.A 'B 'C c6 day la tam giac vuong lai B co 
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Giai 
Ta c6 A ' A ± (ABC), AB ± BC nen theo 
dinh li ba diTcJng vuong goc c6 A ' B 1 BC. 

Tijf do suy ra A ' B A chinh la goc tao bdi 
hai mat phang (A 'BC) va (ABC). 

Theo gia thiet ta co A^BA = 60" (-̂ > 
=> A A ' = AB.tan60" = aVs. 
Theo dinh li Pitago, ta c6: 

BC = V A C ^ - AB^ = V3a^ -a^ = aV2. ' ''•'4' 
Vi B 'B n ( A M N ) = M ma M B ' = MB, nen 
d(B ' , (AMN)) = d ( B , ( A M N ) ) . (1) 

Ta C O BA, B M , B N doi mot vuong 
goc vdi nhau, nen theo ket qua cua 
vi du 4 (vi du ccf ban), ta c6 ne'u goi 
h = d(B, (AMN)) thi:, j ; , - ' M .̂ 

1 1 
h^ BA^ 

1 
• + -

1 

3â  

B M " B N ' 

. MA ' 

aV39 

1 
a" 3aj 

13 

• + -

r 

2 

—7 boor t ! 

/ B 
H 

doBM = — ; B N = aV2 

3a 

-^h = 
13 , 13 

Tir(l)(2)suy ra d(B' , (AMN))-

.̂ , . ^ ^ ( a ^ ^ ) , A ) b - ^ . ^ = ((a:)^).H)b 

(2) ' X s l s «• >JA,<= SVJ! « 3 A = A2-OQ 

a N / 39 ,U4 ,032 ) .H i l l fn vii^ CcXi; . . i . . 
13 

Thi du 8. Cho hinh vuong ABCD va tam giac deu SAB canh a d trong hai mSt 
phang vuong goc vdi nhau. Goi I , J, K Ian lufdt la trung diem cua cac canh 
AB, CD, BC. Tim khoang each tiT I den mat phang (SDK). • •̂<' 

, i" ; v '\u> Giai ."• 
Do SI 1 AB => S I l (ABCD). 
Trong hinh vuong ABCD de thay KD 1IC 
vh gia stf KD n IC = H. 
Ta C O KD 1 SI (do SI 1 (ABCD), tiT do J 
suy ra KD 1 (SIC) (SKD) l(SIC). J -
Vi (SKD) n (SIC) = SH, nen neu ke 
IE 1 SH (E e SH) thi IE 1 (SDK) A 

Cty TNIIIJ MrVDVVH Khang Viet 

=> d(I, (SDK) = IE. (1) 
Trong tam giac vuong SIH, ta c6: 

1 1 1 
— T , T 2 • 

(2) 
lE^ SI 

DS thay SI = 

IH^ 
aV3 

: I' I. 

Trong hinh vuong ABCD, ta c6: IC = 

1 1 ^ 1 4 1 

a + - — = — — • , ,, ~ , v , s 

4 2 vijiot ii:<l i K i y 

Lai C O 

>CH = 

CH^ KC 
aV5 

CD^ â  ^ â  â ;̂  

IH = IC - CH = 

Ttr do thay vao (2) va c6 
1 

aVs a>/5 ^ 3aV5 nt^vK'o.;ij5 uifT -

2 5 ~ 10 • n g f r o f f • 

4 20 _ 3aV32 • ! w ^ i ! 
. = 1 ^=4>IE = 

lE^ 3â  9a' 32 • 

A)*,, 'in 3aV32 "'"^ '̂ '̂  ''̂  ^̂ ''̂ ^ yi)b,.rifiJi.•lyiv.uSidn.iL.. 

Vay d(l,(SDK)) = . " ^ > t •r^.ll.l/ub i ^ ' 

Thi du 9. Trong miit phang (P) cho du-cfng tron tam O, di/dng kinh AB = 2R. 
Tren diTdng thang d vuong goc vdi (P) Vdi A lay diem S va SA = R>/3. M la 
mot diem tren du-dng tam O, sao cho goc giffa SM va (P) bang 6O". Goi D, E 
Ian imi la hinh chieu vuong goc cua A tren SB, SM. 
Tim khoang each tu" S den (ADE) va tiT A den (SBM). 

' \, Giai ' •i-jin'iiib 

^ ' ((̂ 1} 
Theo gia thiet ta c6 SMA = 6 0 " . 
Ta C O AMB = 90", nen theo dinh li ba diTcJng vuong goc suy ra SM 1 MB. 
Tur do BM 1 (SAM) => (SBM) 1 (SAM). 
Vi (SBM) n (SAM) = SM, ma AE1 SM => AE1 (SMB) 
=> d(A, (SBM)) = AE. (1) 

Ta C O AM = SA.cot60" = R73 . — = R. 
• p i / , ' . . , ^ 

TCrdo , / 

AE = AM.sinAME = R.sin60" = 
RV3 

Tir (1) (2) suy ra d(A, (SMB)) = 

Ta C O AE ± (SMB) AE 1 SB. 

2 
RV3 



Boi dudiig HSG mtih hoc kh6ng gian - Phnn Iluy Khdi 

Giai 
Ta c6 A ' A ± (ABC), AB ± BC nen theo 
dinh li ba diTcJng vuong goc c6 A ' B 1 BC. 

Tijf do suy ra A ' B A chinh la goc tao bdi 
hai mat phang (A 'BC) va (ABC). 

Theo gia thiet ta co A^BA = 60" (-̂ > 
=> A A ' = AB.tan60" = aVs. 
Theo dinh li Pitago, ta c6: 

BC = V A C ^ - AB^ = V3a^ -a^ = aV2. ' ''•'4' 
Vi B 'B n ( A M N ) = M ma M B ' = MB, nen 
d(B ' , (AMN)) = d ( B , ( A M N ) ) . (1) 

Ta C O BA, B M , B N doi mot vuong 
goc vdi nhau, nen theo ket qua cua 
vi du 4 (vi du ccf ban), ta c6 ne'u goi 
h = d(B, (AMN)) thi:, j ; , - ' M .̂ 

1 1 
h^ BA^ 

1 
• + -

1 

3â  
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Do SI 1 AB => S I l (ABCD). 
Trong hinh vuong ABCD de thay KD 1IC 
vh gia stf KD n IC = H. 
Ta C O KD 1 SI (do SI 1 (ABCD), tiT do J 
suy ra KD 1 (SIC) (SKD) l(SIC). J -
Vi (SKD) n (SIC) = SH, nen neu ke 
IE 1 SH (E e SH) thi IE 1 (SDK) A 

Cty TNIIIJ MrVDVVH Khang Viet 

=> d(I, (SDK) = IE. (1) 
Trong tam giac vuong SIH, ta c6: 

1 1 1 
— T , T 2 • 

(2) 
lE^ SI 

DS thay SI = 
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: I' I. 

Trong hinh vuong ABCD, ta c6: IC = 

1 1 ^ 1 4 1 
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lE^ 3â  9a' 32 • 
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Vay d(l,(SDK)) = . " ^ > t •r^.ll.l/ub i ^ ' 

Thi du 9. Trong miit phang (P) cho du-cfng tron tam O, di/dng kinh AB = 2R. 
Tren diTdng thang d vuong goc vdi (P) Vdi A lay diem S va SA = R>/3. M la 
mot diem tren du-dng tam O, sao cho goc giffa SM va (P) bang 6O". Goi D, E 
Ian imi la hinh chieu vuong goc cua A tren SB, SM. 
Tim khoang each tu" S den (ADE) va tiT A den (SBM). 

' \, Giai ' •i-jin'iiib 

^ ' ((̂ 1} 
Theo gia thiet ta c6 SMA = 6 0 " . 
Ta C O AMB = 90", nen theo dinh li ba diTcJng vuong goc suy ra SM 1 MB. 
Tur do BM 1 (SAM) => (SBM) 1 (SAM). 
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AE = AM.sinAME = R.sin60" = 
RV3 

Tir (1) (2) suy ra d(A, (SMB)) = 

Ta C O AE ± (SMB) AE 1 SB. 
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RV3 
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Vi A D ± SB ^ SB ± (ADE) d(S, (ADE)) = SD. (3) 

Ta C O trong tarn giac viiong SAB 

1 1 1 1 

A D ^ S A ' A B " 3R' 
• + -

1 7 

T i r ( 3 ) (4) C O d ( S , ( A D E ) ) = -

4R' 
2RV2T 

12R' 
A D = 

RN /12^_ 2 R s ^ 

V7 -~r- (4) 

Qua cac t h i du t r e n ta n i t ra dû ofc ke't luan sau dSy: 

De giai bai toan t im khoang each tiir mot diem M den mot m i l l phc^ng (P) 

ta thirdng tien hanh theo cac biTdc sau: 

- T i m m o t m a t p h a n g ( Q ) c h u r a M s a o c h o ( Q ) l ( P ) 

- T i m giao tuyen A cua (P) va (Q) 

- Trong (Q), ke M H 1 A. Khi do: M H = d ( M ; (P)) 

C^n lull y them cac dicu sau day: 1 ; r —'>« 

- D o i khi viec tinh d ( M , (P)) thifcJng thay bang viec tinh d (N, (P)), trong do 

, d l nhien viec tinh d(N, (P)) l i i de hdn so v6i viec tinh d ( M , (P)), ngoai ra 

N H 
biet diTdc ti so: k = , d day M N n (P) = H . 

ki U K h i do 
d ( N , ( P ) ) 

M H 

= k . 
d ( M , ( P ) ) 

- N o i rieng ta suf dung ke't qua sau: 

Neu M N n (P) = I va I la trung 

diem cua M N , thi ^ ;*l 

:. d ( M , (P)) = d(N, (P)) 

- Viec dijng ket qua cua bai toan ccf 

ban (thi du 4) cung hay su" dung de 

tinh khoang each lit mot diem de'n 

mot mat phang. 

B . Khoang each giffa hai dufofng thang cheo nhau 

- Cho hai du'cfng thiing cheo nhau a, b. Doan 

" thang M N ( M G a, N G b) goi la diTdng vuong 

' ' goc Chung ciia a, b neu nhxi M N 1 a, M N 1 b. 

K h i do ta noi M N la khoang each giiJa hai 

* du'cfng thang cheo nhau a, b va ki hieu: 

!: d(a;b) = M N . ^ 

^ ' De giai bai toan tim khoang each giffa hai diTdng th^ng cheo nhau a, b ta cd 

cac each giai thong dung sau day: ' 

Cty rmiH MTV DVVII Khnng Viet 

C^ch 1: Tri/c t iep dung dinh nghTa. Cach nay suT dung khi ta c6 the xac dinh 

diTdc du-dng vuong goc chung M N ciia a va b. 

Khi do d(a ;b) = M N . > .<Ill, , /• 

r a c h 2 : 

Gia sijT xac dinh diTdc mat phang (P) chiJa a va b // (P). 

Khi do d(a; b) = d(b; (P)) „ 

Chu y rhng v i b // (P) nen d(b; (P)) = d ( M , (P)), 

a day M la diem tiiy y G b. ,„ 

Trong moi bai toan cu the ta se xdc dinh diem M sao cho viec tinh d ( M , (P)) 

la ddn gian nha't c6 the dffdc. 

each 3: '^^'^ •̂̂ ^̂ ^̂ •̂ •̂ -̂'̂ ^ -̂̂^̂^̂^̂^̂^̂^ 

Gia siJf xac dinh diTdc (P) chufa a; 

(Q) chu-a b sao cho (P) // (Q). 

K h i d 6 d ( a ; b ) = d((P) ; (Q)) 7^, 

V i (P) / / (Q) nen 

d((P); (Q)) = d ( M , (Q)) = d(N, (P)), 

d day M la diem tuy y cua (P), N la diem tuy y ciia (Q). 

Viec xac dinh M , N dffdc luTa chon thich hdp trong m6i bai toan cu the. 

Bai toan tim khoang each giffa hai diTdng thing cheo nhau thiTdng xuycn 

xua't hien trong cac de thi luycn sinh vao Da i hoc, Cao dang trong nhffng 

namgandiiy. . i l*Vi* - i rv^CV'. ..'^!>4{'Vi.'-

Thi du 1. (De thi tuyen sinh D a i hoc khoi A - 2012) , , 

Cho hinh chop S .ABCD c6 day la lam giac deu canh a. Hlnh chieu vuong 

goc cua S tren (ABC) la diem H thuoc canh A B sao cho H A = 2HB. Goc 

giffa dirdng lhang SC va (ABC) bang 60". Tinh khoang each giffa SA vii BC 

theo a. 

Gia i 

Ta c6: SCH la goc giffa dffcJng t h i n g SC va (ABC) , 

nen SCH = 6O" . 

Ke A x // BC. Ke H N 1 A x va H K 1 SN. r 

T a c o : B C / / ( S A N ) , nen 

d(BC, SA) = d(BC; (SAN)) 

= d(B; (SAN)) . (1) 

. 'tfni':, : .['.. • • ; • • f,i. 
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Vi A D ± SB ^ SB ± (ADE) d(S, (ADE)) = SD. (3) 

Ta C O trong tarn giac viiong SAB 

1 1 1 1 

A D ^ S A ' A B " 3R' 
• + -

1 7 

T i r ( 3 ) (4) C O d ( S , ( A D E ) ) = -
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V7 -~r- (4) 
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- Trong (Q), ke M H 1 A. Khi do: M H = d ( M ; (P)) 

C^n lull y them cac dicu sau day: 1 ; r —'>« 
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ki U K h i do 
d ( N , ( P ) ) 
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= k . 
d ( M , ( P ) ) 
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Neu M N n (P) = I va I la trung 

diem cua M N , thi ^ ;*l 

:. d ( M , (P)) = d(N, (P)) 
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ban (thi du 4) cung hay su" dung de 

tinh khoang each lit mot diem de'n 

mot mat phang. 
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Cty rmiH MTV DVVII Khnng Viet 
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Thi du 1. (De thi tuyen sinh D a i hoc khoi A - 2012) , , 

Cho hinh chop S .ABCD c6 day la lam giac deu canh a. Hlnh chieu vuong 

goc cua S tren (ABC) la diem H thuoc canh A B sao cho H A = 2HB. Goc 

giffa dirdng lhang SC va (ABC) bang 60". Tinh khoang each giffa SA vii BC 

theo a. 

Gia i 

Ta c6: SCH la goc giffa dffcJng t h i n g SC va (ABC) , 

nen SCH = 6O" . 

Ke A x // BC. Ke H N 1 A x va H K 1 SN. r 

T a c o : B C / / ( S A N ) , nen 

d(BC, SA) = d(BC; (SAN)) 

= d(B; (SAN)) . (1) 

. 'tfni':, : .['.. • • ; • • f,i. 
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Tu- HA = 2HB B A = - H A 2 
=> d(B, (SAN)) = - d ( H ; (SAN)). (2) 
Ta CO HN 1 Ax va Ax 1 SH (do SH 1 (ABC)) 
^ Ax 1 (SNH) ^ Ax 1 HK. 
Ket hdp vdi HK 1 SN suy ra HK 1 (SAN) 

d(H, (SAN)) = HK . - (3) ' 
Ta CO AH = - AB = — ; HN = AH..sin60" = — 

3 3 3 2 
Trong tarn giac vuong SNH, ta c6 HK.SN = SH.NH 

SH.NH SH.NH 
(4) 

HK = SN V S H ^ + H N ^ 
Ta CO SH = HC.tan60", ma HC = VcD^ + HD^, d day D la trung die 

AB ^ CH = + 
aV? 

Thay lai vao (4) CO HK = _ 3 V42 

;jnT)rif 

aV42 Tir (1) (2) (4) (5) di den d(BC, SA) = 

m cua 

!J fJfifrf t l iUX 
.̂ fjf'> n̂ ig rasfi •' 

Thi du 2. (De thi tuyen sinh Dai hoc khoi A - 2011) ; ^ , , i r . 

Cho hinh chop tam giac S.ABC, day la tarn giac vuong can tai B, trong d6 
- AB = BC = 2a. Gia suT hai mat phang (SAB) va (SAC) ciing vuong goc vdi 

day (ABC). Gpi M la trung diem cua AB. Mat phang qua SM va song song 
vdi BC cit AC tai N. Biet rang hai mat phang (SBC) va (ABC) tao vdi nhau" 
goc 60". Tim khoang each giffa hai du'dng thang AB va SN thco a. 

Giai 
Ta CO (SAB) n (SAC) = SA, nen tiT giii thiet 
suy ra SA 1 (ABC). 
Mat phang qua SM va song song vdi BC se 
c i t (ABC) theo giao tuyen MN // BC N la 
trung diem cQa AC. i ( 

Cty TNHH MTV DWII Khang Vm 
Qua A kc dirdng song song vdi BC, qua N ke "Vn , ^ 
du'dng song .song vdi AB, chung cat nhau d • 
H . v a c a t B C d E . . ; • ' ^ ' V E ^ „ , ,. , . „ , . , . , 

Ta CO AB // HE va do SN e (SHE), nen d(AB, SN) = d(AB, (SHE)) 
= d(A,(SHE)). (1) 

Ta CO SA 1 HE (do SA 1 (ABC) ma HE e (ABC)), 
Lai CO HE 1 AH (theo each difng), (1 G I K ' I : 
Tir do suy ra HE 1 (SAH) => (SAH) 1 (SHE). ' ' -
Vi (SAH) n (SHE) = SH, nen neu ke A K 1 SH (K e SH), thi A K 1 (SHE). 
Do do d(A, (SHE)) = AK . ,»r»J> v (2) 
Vi BC ± AB, nen theo dinh li ba du-dng vuong goc ta c6 SB 1 BC, tuf do 
SBA la goc giuTa hai mat phang (SBC) vii (ABC), nen theo gia thiet: 
SBA =60". • x X f f u u - ' ai:-tr.'cuii 

Ta CO SA = AB.tan SBA = 2a.tan60" = 2a 7 3 . 
Di thay AH = BE = BC 

= a. 
Trong tam giac vuong SAH, ta c6: 

1 1 1 1 
AK^ S A ^ ^ A H ^ 12a' 

2aV39 

13 
12a^ 13 AK = 

2aV39 
13 

Vay d(AB, SN) = 13 

Thi du 3. Cho lang tru diJng A B C . A ' B ' C day la tam giac vuong c6 BA = BC = 
a, ccinh ben AA' = aV2. Goi M la trung diem ciia BC. Tinh khoang each 
giffa hai difdng thang AM va B'C. ' ' 

A ,rHAy. Giai 

rii.nl '̂5l.̂ ^ 

Gpi E la trung diem cua BB' . Khi do ta co B'C // EM B'C // (AME) 
=>d(AM,B 'C) = d(B'C, (AEM)) (1) 
Do B'B n (AEM) = E ma E la trung diem cua B 'B, nen 
d(B' , (AEM)) = d(B, (AEM)) (2) A' 
TCr B'C // (AEM) va tir (1) (2) suy ra \
d(AM, B'C) = d(B, (AEM)) (3) ' j^ i^J^ 
Do BA, BE, BM doi mot vuong goc vdi nhau 
nen neu gpi h la khoang each tff B de'n (AEM), 
t h i t a cd : 

h^ BA^ BM^ BE^ a^ a^ a^ 
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!J fJfifrf t l iUX 
.̂ fjf'> n̂ ig rasfi •' 

Thi du 2. (De thi tuyen sinh Dai hoc khoi A - 2011) ; ^ , , i r . 

Cho hinh chop tam giac S.ABC, day la tarn giac vuong can tai B, trong d6 
- AB = BC = 2a. Gia suT hai mat phang (SAB) va (SAC) ciing vuong goc vdi 

day (ABC). Gpi M la trung diem cua AB. Mat phang qua SM va song song 
vdi BC cit AC tai N. Biet rang hai mat phang (SBC) va (ABC) tao vdi nhau" 
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12a^ 13 AK = 
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13 
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rii.nl '̂5l.̂ ^ 

Gpi E la trung diem cua BB' . Khi do ta co B'C // EM B'C // (AME) 
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h = 
»V7 (4) 

TCr (3) (4) d i den d (AM, B'C) = »V7 I 11 

hi 7 ' Id. ' 1 > i 

Thi du 4. (De ihi tuyen sinh Da i hoc khoi B) 

Cho hinh chop tuT giac deu S.ABCD canh day bang a. Goi E la diem doi 

xiJng cua D qua trung diem cua SA. Goi M , N tiTcfng iJng la trung d iem cua 

A E va BC. T i m khoang each theo a giffa hai du'dng thang M N , AC. 

G ia i ^1/ • M / I f ; bh'ia 

Goi P la trung d iem cua AB. Ta c 6 : ' » ' ' ' i i lmb r«-riJ ( I ' m si _ E 

MP//EB. (1) \K>sf-Jn S 

V i DASE la hinh binh hanh nen 

SE // D A va SE = DA => ^̂ ^̂ ^̂  

SE // BC va SE = BC ^ 

SEBC la hinh binh hanh 

=>EB//SC. (2) / , ' ^ . - A > 

T i i f ( l ) ( 2 ) s u y r a M N / / S C . (3) /^l^^^-'-'"^ <S 

La i C O NP // AC. (4) 

Tir (3) (4) ta C O (MNP) // (SAC). 

Tir do ta c6: d (MN , AC) = d( (MNP), (SAC)) (5) A)fe '^i_ 

Gia sur AC n DB = O, B D n NP = H. 

V i DB 1 AC; B D 1 SO :^ SB 1 (SAC). '^^^ « f ''̂ "̂  ^ ^ ' ' ^^• 

TCr do suy ra d( (MNP), (SAC)) = OH. •' ' ' '-(6f"' "5ff^rf|^!'J^,r,; 

2 4 4 
-, nen tif (5) (6) suy ra d (MN, AC) = 

Thi du 5. Cho hinh l ap phUdng A B C D A ' B ' C ' D ' c a n h bKng 1. Goi M va N Ian 

liTdt la t rung diem cua AB va CD. T im khoang each giffa hai dtf5ng t h i n g A T 

va M N . ' 
• . i . r'—-^;:^-'.!'''. 

Ta C O M N // BC => M N // (A 'BC) . 

T i r d o d ( A T , M N ) = d (MN, (A 'BC) ) 

= d ( M , ( A ' B C ) ) . (1) 

Gia sur A B ' n A ' B = I => A l l A ' B . 

M a t k h d c v i B C l ( B A A ' B ' ) 

=> BC 1 A I . 

4 6 

Ctg TNIIH MTVDVVn Kluuig Viet 

TCr do A l l (A 'BC) =>d(A; (A 'BC) ) = A I . (2) 

Xa CO A M n (A 'BC) = B va M la trung diem cua AB , nen ,-; s . 
j ( A , A 'BC) ) = 2d(M, (A 'BC) ) . (3) • :: , 

Tir (2) (3) suy ra d ( M , ( A ' B C ) ) = i d ( A , ( A ' B C ) ) = ^ A I . (4) :̂ 

1 I Fy 
yifi,l= -A'B = -A'Byl2=^, n e n t L r ( l ) ( 4 ) t a c 6 : 

d ( A ' C , M N ) = 

2 

4i 

Thi du 6. Cho hinh chop tu" giac S.ABCD day li i hinh thoi canh AB = Vs, diTdng 

chco AC = 4; SO = 2>y2 va vuong goc vdi day ABCD, d day O la giao diem 

cua AC va BD. Goi M la trung diem cua C c i n h SC. T im khoang each giCTa hai 

G ia i 
.d \\'d gar' 

(1) 

du'dng thang SA va B M . 

Ta CO M O // SA => SA // (MOB) 

^ d(SA, B M ) = d(SA, (MOB) ) 

= d (S, (MOB) ) . 

V i SC n (MOB) = M , 

ma M la trung d iem cua SC nen 

d (S, (MOB) ) = d(C, (MOB) ) . (2) A 

Ta CO BO 1 AC (do A B C D la hinh thoi, BO 1 SO (do SO 1 (ABCD) ) ' 

BO 1 (SOC) lu-c BO 1 (MOC) => (MOB) 1 (MOC). !̂ >' uyg J V 

V i (MBO) n (MOC) = O M , do do neu ke CH 1 O M (H e OM) thi 

CH 1 (BOM) => d(C, (MOB) ) = CH(3 ) „ v : i, acj 

Ta c6:0U=— = - & (2V2) +2^ ->/3 

M C = - S C = - S A = N/3 => OMC m tarn gi^c can OMC dinh M . 
2 2 

Ke M K 1 OC => K la trung diem cua OC nen M K = ^ S O = V2. 

Trong tam giac MOC, ta c6 MK.OC = MO.CH a. 

MK.OC V2.2 iS 

1 

CH = 
M O 

(4) 

Tir (1) (2) (3) (4) d i den d(SA, B M ) = 
2 ^ 6 

47 
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hi 7 ' Id. ' 1 > i 

Thi du 4. (De ihi tuyen sinh Da i hoc khoi B) 

Cho hinh chop tuT giac deu S.ABCD canh day bang a. Goi E la diem doi 

xiJng cua D qua trung diem cua SA. Goi M , N tiTcfng iJng la trung d iem cua 

A E va BC. T i m khoang each theo a giffa hai du'dng thang M N , AC. 

G ia i ^1/ • M / I f ; bh'ia 

Goi P la trung d iem cua AB. Ta c 6 : ' » ' ' ' i i lmb r«-riJ ( I ' m si _ E 

MP//EB. (1) \K>sf-Jn S 

V i DASE la hinh binh hanh nen 

SE // D A va SE = DA => ^̂ ^̂ ^̂  

SE // BC va SE = BC ^ 

SEBC la hinh binh hanh 

=>EB//SC. (2) / , ' ^ . - A > 

T i i f ( l ) ( 2 ) s u y r a M N / / S C . (3) /^l^^^-'-'"^ <S 

La i C O NP // AC. (4) 

Tir (3) (4) ta C O (MNP) // (SAC). 

Tir do ta c6: d (MN , AC) = d( (MNP), (SAC)) (5) A)fe '^i_ 

Gia sur AC n DB = O, B D n NP = H. 

V i DB 1 AC; B D 1 SO :^ SB 1 (SAC). '^^^ « f ''̂ "̂  ^ ^ ' ' ^^• 

TCr do suy ra d( (MNP), (SAC)) = OH. •' ' ' '-(6f"' "5ff^rf|^!'J^,r,; 
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Ctg TNIIH MTVDVVn Kluuig Viet 
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4i 
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Uidii xet: Trong cac thi du tren, de t im khoiing each giiTa hai duTcfng thang cheo 

nhau a, b, ta deu siSr dung each 2 hoac each 3. 

Durdi day se tr inh bay cac thi du ap dung cdch 1 de t im khoang each giffa hai 

dU'cfng thang eheo nhau. Caeh nay diTa vao viee xac dinh truTc tiep dU'dng 

vuong goc chung cua hai du'dng thang cheo nhau. 

Nguyen tac chung de giai bai toan xac djnh du'dng vuong goc chung cija hai 

du'dng ihing cheo nhau a, b nhU' sau: , _̂  

Xae dinh d iem M G a, N e b sao cho M N 1 a, M N 1 b. 

Kh i do M N la du'dng vuong goc chung eua a va b. Va'n de la d cho lam the 

nao de xac dinh du'dc hai diem M , N? 
, , ' ^ , . , . , A -̂ 0 t i l qM'i rfnirt « d O .h y b ($• . 

Phiicfng phap long quat ta giai nhiisau: „ , 

Difng mat phang (P) chtfa a va song song vdi b. ^̂ "̂  "' '̂ ''̂  '̂ '''' 

Lay mot diem B tren b ke B B ' 1 (P) (B ' e (P)). 

Trong (P) qua B ' diTng b ' // b. 

Gia siJa n b ' = M . 

T u r M k e M N / / B B ' ( N G b). 

b B 

b' 

Kh i do M N la du'dng vuong goc chung cija a va b. V 

Kh i a va b c6 ca'u true dac biet (thi du nh\i a 1 b,...) thi ta la i c6 cdch xuT ly 

rieng tiTdng iJng va ddn gian hdn phep giai tong quat neu tren. , 

rhi du 7. (Trirdng hdp dac biet kh i a l b ) ^' ((Bfy^) "m ^ f( iUM) ^Mr 

Tr inh bay each duTng difdng vuong goc chung vd i hai du'dng cheo nhau va 

vuong goc vd i nhau. >\f < - j JutA) -± On SUi v .^uc,. j . c^ti <^ 

• im uvlo ^ .11) UO±ru> -jiMh oh ,M5 ' ^ ^ (DOM) n 

Cho a va b ch6o nhau v^ vuong gdc vdi nhau. 

DiTng mat p h i n g (P) qua b va vuong goc vd i a. Gia suT a n (P) = M . 

Trong (P) dirng M N 1 b 

Kh i do M N la diTdng vuong gdc ^ 

chung cua a va b. 

r h i d u S . S ! 

Cho hinh chop S.ABCD day la hinh vuong ABCD canh a. Goi M va N Ian 

imt la trung d iem ciia c^c canh AB va A D . Gia sijT H la giao d iem cua CN 

va D M . Biet SH vuong gdc vd i mat phang (ABCD) va SH = aVJ. T i m 

khoang each giiJa hai du'dng th ing D M va SC theo a. . , j - , | , - ^ ' i 

Ctg TNHH MTVDVVn Khaufj ViH 

Gia i 
Trong hinh vuong ABCD, ta c6: 

^ A M D = DNC I : 

=> NCD = A D M => D M 1 CN ^ , > 

Mat khac D M X SH (do SH 1 (ABCD)) 

=^ D M 1 (SNC) D M 1 SC 

(nhiT vay D M va SC la hai difdng thang 

cheo nhau va vuong goc vdi nhau). 

D M n (SNC) = H, 

vay tCf H ke H K 1 SC (trong (SNC)) 

Theo thi du cd ban 7 thi H K chinh la . o i ! riui 

difdng vuong goc chung cua SM va SC. tfA '|i;iyuf!( 

Nhir vay d (DM, SC) = HK. i;iiK.;frti ni l t' XhA M') 

Ta cd 
1 

H K ' S H ' 

D 

H C ' 

S H = aV3(g/t); 

con HC = DC. cosDCN = D C — = 
D C ' a 

III'} 61 i l i . • 

' ^ " 2 a V ^ 

C N / D N ^ + D C ^ 

Thay vao ( 1 ) va cd: 
1 1 9 

H K ' 3a ' 4a ' 12a' 
H K = 

2aV57 

1 9 

d ( D M , SC) = 
2a^/57 

Nhqn xet: Th i du 8 la mot minh hoa sinh dong cho bai toan tdng quat nam trong 
thi du 7. ' ' - , / t t i o ! i j b i r i ! 

T h i dy 9. • • ^"'^ ' ' 

Cho hinh lap phu'dng A B C D A i B i C D , canh a. T im khoang each giffa hai 
dirdng thang A i B va B jD . 

G ia i 
T a c d A B , 1 A , B , 

A ,B 1 A D (do A D 1 (ABB,A, ) 

=> A ,B 1 (B|AD) => A ,B 1 B,D 

(nhu'the A|B va B i D la hai diTdng t h i n g 

cheo nhau va vuong gdc vdi nhau) 

Gia sijTBA, n AB , = H , ., , 

= > A , B n ( B | A D ) = H. 
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Uidii xet: Trong cac thi du tren, de t im khoiing each giiTa hai duTcfng thang cheo 

nhau a, b, ta deu siSr dung each 2 hoac each 3. 

Durdi day se tr inh bay cac thi du ap dung cdch 1 de t im khoang each giffa hai 

dU'cfng thang eheo nhau. Caeh nay diTa vao viee xac dinh truTc tiep dU'dng 

vuong goc chung cua hai du'dng thang cheo nhau. 

Nguyen tac chung de giai bai toan xac djnh du'dng vuong goc chung cija hai 

du'dng ihing cheo nhau a, b nhU' sau: , _̂  

Xae dinh d iem M G a, N e b sao cho M N 1 a, M N 1 b. 

Kh i do M N la du'dng vuong goc chung eua a va b. Va'n de la d cho lam the 

nao de xac dinh du'dc hai diem M , N? 
, , ' ^ , . , . , A -̂ 0 t i l qM'i rfnirt « d O .h y b ($• . 

Phiicfng phap long quat ta giai nhiisau: „ , 

Difng mat phang (P) chtfa a va song song vdi b. ^̂ "̂  "' '̂ ''̂  '̂ '''' 

Lay mot diem B tren b ke B B ' 1 (P) (B ' e (P)). 

Trong (P) qua B ' diTng b ' // b. 

Gia siJa n b ' = M . 

T u r M k e M N / / B B ' ( N G b). 

b B 

b' 

Kh i do M N la du'dng vuong goc chung cija a va b. V 

Kh i a va b c6 ca'u true dac biet (thi du nh\i a 1 b,...) thi ta la i c6 cdch xuT ly 

rieng tiTdng iJng va ddn gian hdn phep giai tong quat neu tren. , 

rhi du 7. (Trirdng hdp dac biet kh i a l b ) ^' ((Bfy^) "m ^ f( iUM) ^Mr 

Tr inh bay each duTng difdng vuong goc chung vd i hai du'dng cheo nhau va 

vuong goc vd i nhau. >\f < - j JutA) -± On SUi v .^uc,. j . c^ti <^ 

• im uvlo ^ .11) UO±ru> -jiMh oh ,M5 ' ^ ^ (DOM) n 

Cho a va b ch6o nhau v^ vuong gdc vdi nhau. 

DiTng mat p h i n g (P) qua b va vuong goc vd i a. Gia suT a n (P) = M . 

Trong (P) dirng M N 1 b 

Kh i do M N la diTdng vuong gdc ^ 

chung cua a va b. 

r h i d u S . S ! 

Cho hinh chop S.ABCD day la hinh vuong ABCD canh a. Goi M va N Ian 

imt la trung d iem ciia c^c canh AB va A D . Gia sijT H la giao d iem cua CN 

va D M . Biet SH vuong gdc vd i mat phang (ABCD) va SH = aVJ. T i m 

khoang each giiJa hai du'dng th ing D M va SC theo a. . , j - , | , - ^ ' i 

Ctg TNHH MTVDVVn Khaufj ViH 

Gia i 
Trong hinh vuong ABCD, ta c6: 

^ A M D = DNC I : 

=> NCD = A D M => D M 1 CN ^ , > 

Mat khac D M X SH (do SH 1 (ABCD)) 

=^ D M 1 (SNC) D M 1 SC 

(nhiT vay D M va SC la hai difdng thang 

cheo nhau va vuong goc vdi nhau). 

D M n (SNC) = H, 

vay tCf H ke H K 1 SC (trong (SNC)) 

Theo thi du cd ban 7 thi H K chinh la . o i ! riui 

difdng vuong goc chung cua SM va SC. tfA '|i;iyuf!( 

Nhir vay d (DM, SC) = HK. i;iiK.;frti ni l t' XhA M') 

Ta cd 
1 

H K ' S H ' 

D 

H C ' 

S H = aV3(g/t); 

con HC = DC. cosDCN = D C — = 
D C ' a 

III'} 61 i l i . • 

' ^ " 2 a V ^ 

C N / D N ^ + D C ^ 

Thay vao ( 1 ) va cd: 
1 1 9 

H K ' 3a ' 4a ' 12a' 
H K = 

2aV57 

1 9 

d ( D M , SC) = 
2a^/57 

Nhqn xet: Th i du 8 la mot minh hoa sinh dong cho bai toan tdng quat nam trong 
thi du 7. ' ' - , / t t i o ! i j b i r i ! 

T h i dy 9. • • ^"'^ ' ' 

Cho hinh lap phu'dng A B C D A i B i C D , canh a. T im khoang each giffa hai 
dirdng thang A i B va B jD . 

G ia i 
T a c d A B , 1 A , B , 

A ,B 1 A D (do A D 1 (ABB,A, ) 

=> A ,B 1 (B|AD) => A ,B 1 B,D 

(nhu'the A|B va B i D la hai diTdng t h i n g 

cheo nhau va vuong gdc vdi nhau) 

Gia sijTBA, n AB , = H , ., , 

= > A , B n ( B | A D ) = H. 



Boi diC(iiig IISG Hinh hoc khdng yinn - Pluin Iluy Khdi 

T h e o l h i d u 7 ,ke H K ± B , D , 
thi H K la di/dng vuong goc chung cua 
A , B va B , D => d ( A , B , B ,D) = H K . 

Ke A E 1 B , D ( E e B , D ) , t h i H K = - A E 

Trong tam giac vuong B j A D , ta co: 

1 1 1 

AE^ AB? ' A D ^ 

V a y d ( A | B , B|D) = 

2a^ 
. A E = ^ = . H K = i 

2a^ 

aV6 

Nhdn xet: Day cung la mot minh hoa sinh dong cho thi d u 7. ir?! (;:>ti T 

T h i du 10. Cho hinh lap phi/dng A B C D A , B | C , D , canh a. Goi M , N , P Ian liTcft la 

trung diem cua B B , , C D , A,D|. T i m khoang each giffa hai di/cJng thang M P 

va C , N . ^ 
Giai 

G o i E la trung d iem cua CC| 

= > M E / / B C ^ M E / / A | D , • 

Trong hinh vuong C D D i C , :̂  

ta thay D i E l C i N 

(xem chiJng minh tiTdng t if trong thi du 8). 

M a t khac C . N 1 M E (vi M E // (CDD|C,)). 

Ti f do la C O C|N 1 (MED.P) => C , N 1 MP. 

Vay M P va C|N la hai di/dng lhang cheo nhau va vuong goc v d i nhau. 

Gia s u - C N n E D , = H => C , N n (MED,P) = H . " ' ' 

K c H K J . M P . ; , . K , t . i • " - ••' " 

Theo thi du cd ban 7, ta c6 H K 

lii du'dng vuong goc chung cija 

M P v a C i N , nen 

d ( M P , C , N ) = H K (1) 

.a 
Ta C O E H = C,E. sin E C , H 

2 C , N 
a 

2 ' 

a 

2 : 'oti) C l ' ' . y 

. F H = E F - E H = 2 E D , - E H 

= a^/5-
a>/5 9 a V 5 

10 10 

Cty TNIIII MTV DVVII Khany Vici 

Theo dinh l i Talet, ta c6: 
H H ' FH 10 

V a y H H ' = — E M = 
10 

E M 

9a . 

10 • 

EF \S 10' 
' ' i^S Ai-1 : i t i x ! ( f i v i j j ,(f,;;., ., ;>s 

Ta C O H ' H K = HPQ (goc c6 canh tuTdng iJng vuong goc) 

Tu" do trong tam giac vuong H ' H K , thi : '•ium.t i}><>m*ipi' HSii l fl'iif If' 

a%/5 

H K = H H ' . cos H ' H K = H H ' . cos HPQ = 9a QP _ 9a 

l O M Q ~ 10' 

9a >/5 _3aV30 
10\/6~ 20 . 

5 ^ + ^ 

(2) 

T i r ( l ) ( 2 ) suy ra d(MP, C,N) = 3a>/30 
20 

T h i dy 11. Cho hinh lu: dien deu A B C D canh a. 

Hay xac dinh khoang each giiJa A B va C D . 

^ Giai 
, Go i M la trung d iem cua C D . 

1 Do A B C D la tuT d ien deu, nen trong cac 

tam giac deu A C D , B C D ta co: B< 

I A M I C D , B M I C D 1 

C D 1 ( A M B ) C D 1 A B . ' ' 

' V a y A B va C D la hai diTcfng t h i n g cheo nhau va vuong goc v d i nhau. 

^Ta C O C D n ( A M B ) = M , v i ihe ncu ke M K 1 A B ( K e A B ) , thi theo ih i du 

I; C d ban 7, M K la di/dng vuong goc chung ciia A B va C D , nen 

? d ( A B , C D ) = M K (1) 

â /3 
Ta cd A M = B M = 

Do do trong tam giac can M A B dinh M , ta cd: 

M K = V M A ^ - A K ^ 
3a^ a ' aV2 

4 4 

&y/2 

(2) 

T i l f ( I ) ( 2 ) suy ra d ( A B , CD) = 
z 

han xet: Trong cac Ihi du 8 - 11, ta da l inh khoang each giffa hai diTdng thang 

cheo nhau va vuong gdc vdi nhau a, b bilng each van dung thi du cd ban 7. 



Boi diC(iiig IISG Hinh hoc khdng yinn - Pluin Iluy Khdi 

T h e o l h i d u 7 ,ke H K ± B , D , 
thi H K la di/dng vuong goc chung cua 
A , B va B , D => d ( A , B , B ,D) = H K . 

Ke A E 1 B , D ( E e B , D ) , t h i H K = - A E 

Trong tam giac vuong B j A D , ta co: 

1 1 1 

AE^ AB? ' A D ^ 

V a y d ( A | B , B|D) = 

2a^ 
. A E = ^ = . H K = i 

2a^ 

aV6 

Nhdn xet: Day cung la mot minh hoa sinh dong cho thi d u 7. ir?! (;:>ti T 

T h i du 10. Cho hinh lap phi/dng A B C D A , B | C , D , canh a. Goi M , N , P Ian liTcft la 

trung diem cua B B , , C D , A,D|. T i m khoang each giffa hai di/cJng thang M P 

va C , N . ^ 
Giai 

G o i E la trung d iem cua CC| 

= > M E / / B C ^ M E / / A | D , • 

Trong hinh vuong C D D i C , :̂  

ta thay D i E l C i N 

(xem chiJng minh tiTdng t if trong thi du 8). 

M a t khac C . N 1 M E (vi M E // (CDD|C,)). 

Ti f do la C O C|N 1 (MED.P) => C , N 1 MP. 

V ay M P va C|N la hai di/dng lhang cheo nhau va vuong goc v d i nhau. 

Gia s u - C N n E D , = H => C , N n (MED,P) = H . " ' ' 

K c H K J . M P . ; , . K , t . i • " - ••' " 

Theo thi du cd ban 7, ta c6 H K 

lii du'dng vuong goc chung cija 

M P v a C i N , nen 

d ( M P , C , N ) = H K (1) 

.a 
Ta C O E H = C,E. sin E C , H 

2 C , N 
a 

2 ' 

a 

2 : 'oti) C l ' ' . y 

. F H = E F - E H = 2 E D , - E H 

= a^/5-
a>/5 9 a V 5 

10 10 

Cty TNIIII MTV DVVII Khany Vici 

Theo dinh l i Talet, ta c6: 
H H ' FH 10 

V a y H H ' = — E M = 
10 

E M 

9a . 

10 • 

EF \S 10' 
' ' i^S Ai-1 : i t i x ! ( f i v i j j ,(f,;;., ., ;>s 

Ta C O H ' H K = HPQ (goc c6 canh tuTdng iJng vuong goc) 

Tu" do trong tam giac vuong H ' H K , thi : '•ium.t i}><>m*ipi' HSii l fl'iif If' 

a%/5 

H K = H H ' . cos H ' H K = H H ' . cos HPQ = 9a QP _ 9a 

l O M Q ~ 10' 

9a >/5 _3aV30 
10\/6~ 20 . 

5 ^ + ^ 

(2) 

T i r ( l ) ( 2 ) suy ra d(MP, C,N) = 3a>/30 
20 

T h i dy 11. Cho hinh lu: dien deu A B C D canh a. 

Hay xac dinh khoang each giiJa A B va C D . 

^ Giai 
, Go i M la trung d iem cua C D . 

1 Do A B C D la tuT d ien deu, nen trong cac 

tam giac deu A C D , B C D ta co: B< 

I A M I C D , B M I C D 1 

C D 1 ( A M B ) C D 1 A B . ' ' 

' V a y A B va C D la hai diTcfng t h i n g cheo nhau va vuong goc v d i nhau. 

^Ta C O C D n ( A M B ) = M , v i ihe ncu ke M K 1 A B ( K e A B ) , thi theo ih i du 

I; C d ban 7, M K la di/dng vuong goc chung ciia A B va C D , nen 

? d ( A B , C D ) = M K (1) 

â /3 
Ta cd A M = B M = 

Do do trong tam giac can M A B dinh M , ta cd: 

M K = V M A ^ - A K ^ 
3a^ a ' aV2 

4 4 

&y/2 

(2) 

T i l f ( I ) ( 2 ) suy ra d ( A B , CD) = 
z 

han xet: Trong cac Ihi du 8 - 11, ta da l inh khoang each giffa hai diTdng thang 

cheo nhau va vuong gdc vdi nhau a, b bilng each van dung thi du cd ban 7. 



3di dudng HSG IRnh hoc khdng gian - Phan Iluy Khai 

Trong cac Ihi du dU'ofi day, ta xac dinh dUling vuong goc chung cua hai du-clng thang 

cheo nhau a, b U-ong cac tnfdng hdp Ichac (a va b khong vuong goc v6i nhau. 

rhi du 12. Cho hinh chop S . A B C D c6 day A B C la tam giac vuong can tai B 

(BA = B C = 2a), canh ben S A = 2a va vuong goc vdi day ( A B C ) . Tinh 

khoang each giiJa hai dtfdng thang A B va S C . wi 

,;.«.: G i a i 

Goi M, N Ian liTdt la trung diem cua S C , A B . ^ 

Ta C O A B 1 B C =^ SB 1 B C 

(dinh li ba dUdng vuong goc) 

TO do trong hai tam giac vuong S A C va 
S C 

S B C suy ra M A = M B (vi cung = — ) 

^ M N I A B (1) ^ - V , : ^ , i 

Ro rang fc^ S A N = ^ N B C 

(SA = B C = 2a; NA = NB = a) =^ NS = N C 

= > N M 1 S C (2) 

Tur (1) (2) suy ra M N la diTcfng vuong goc chung cua A B va S C , nen 

d ( A B , S C ) = M N (3) 

Trong tam giac vuong M A N ta c6 MN = ^ M A ^ - AN^ = 
SC^ A B ' 

(4) 

Do S C ' = S A ' + A C ' = 4a ' + (2a^/2) = 12a', ' ^'-'^^ ' ' ' 
CM J. K « , « ; > . ! . MA 

nen tii (3) (4) suy ra d(AB, SC) = a^. I ^C j , , j 
Whan xet: Trong thi du tren ro rang A B va S C ch^o nhau nhuftig khong vuong 

goc vdi nhau. Do bai toan c6 cau triic dac biet nen viec xac dinh trifc tiep 

dtfdng vuong goc chung cua A B va S C trong thi du nay la ddn gian! 

rhi du 13. Cho hinh chop S . A B C D co day A B C D la hinh vuong canh a, S A = h 

va SA vuong goc vcti day ( A B C D ) . DiTng duTcJng vuong goc chung cua S C va 

A B , tir do tinh d(SC, A B ) - • ^ ^ 

Trong (SAD) ke A K 1 S D (K € SD). 

Trong ( S C D ) kc K E // C D ( E e SC) . 

Khi do E K // A B 

Trong mat phang ( B A K E ) (do E K // AB) 

ke E F / / A K (K e A B ) . 

Do A B 1 (SAD) !::> A B 1 A K . B 

K 

Cty TNHH MTV DWII Khang ViH 

n e n A K / / E F => A B ± E F (1) 
Ta C O D C J . (SAD) (SDC) _L (SAD) ">"^'' 'AA.iuihh 

V i (SDC) n (SAD) = S D , nen A K 1 S D =^ A K ± (SCD) 

=> A K 1 S C ma A K // E F => E F 1 S C . (2) ^ m-'^^ " 

Tif (1) (2) suy ra E F la duTdng vuong goc chung cua S C , A B . ' • 

Cung tijf do ta c6: d(SC, A B ) = E F . (3) '. - • O^A ' nr 

De thay E K A F la hinh binh hanh nen E F = A K . (4) ^"'3 • 

Trong tam giac vuong (SAD) ta c6: 
1 1 

+ 
1 1 1 

A K = 
ah 

7^ a^+h^ 

Tir (3) (4) (5) suy ra d(SC, A B ) = 

A K ^ S A ' A D ' 

j i 3M -Ma ill =: Jii <= dvR ••' • 

ah 

V a ' + h^ 

Nhdn xet: Neu bai toan chi doi hoi tinh d(SC, A B ) ma khong yeu cau difng 

dtrdng vuong goc chung cua chiing, ta giai theo each 2 nhiT sau: 

V i A B / / C D ^ A B / / ( S C D ) £ 

ah 
=^ d(AB, SC) = d(AB, (SCD)) = d(A, (SCD)) = A K = 

I I I . C A C B A I T O A N V E G O C T R O N G K H O N G G I A N ,y = mo^^ M 

A. B a i toan ve goc giffa hai dif(/ng thang cheo nhau ,? < , |, 

De giai biii toan nay ta tien hanh theo hai bû dtc sau day: 

- Gia su" can xac djnh goc a (hoac ham so lu'dng giac cua goc a ) giffa hai 
dirdng thang cheo nhau d va d'. Chon mot diem A thich hdp tren d. Qua A 
ve du-dng thang di // d'. Khi do goc c6 dinh A tao bdi d va d, chinh la goc tao 
b d i d v a d ' . •r,.v%.y'jM'}-^^ 

- Trong mat phang xac djnh bdi d va d|, - - H S i / l . . ; 1 . , / d , 

bang each diTa vao cac kie'n thiJc cua 

hinh hoc phang de tinh do Idn cua goc 

a, hoac tinh ham so Itfdng giac cua 

goc a theo yeu cau de bai. ^ _ 

O day thu'dng la cac bai toan ddn gian ve he thiJc lifdng trong tam giac, hoac 

la cue bai toan litdng giac cd ban. 

Cho lang try diJng A B C . A ' B ' C c6 do dai canh ben b^ng 2a, day la tam giac 

vuong tai A c6 A B = a, A C = aV3. Hinh chieu vuong goc cua dinh A ' tren 

••' "joii i i i t l ilnb>, 'till /,„• 

A 



3di dudng HSG IRnh hoc khdng gian - Phan Iluy Khai 

Trong cac Ihi du dU'ofi day, ta xac dinh dUling vuong goc chung cua hai du-clng thang 

cheo nhau a, b U-ong cac tnfdng hdp Ichac (a va b khong vuong goc v6i nhau. 

rhi du 12. Cho hinh chop S . A B C D c6 day A B C la tam giac vuong can tai B 

(BA = B C = 2a), canh ben S A = 2a va vuong goc vdi day ( A B C ) . Tinh 

khoang each giiJa hai dtfdng thang A B va S C . wi 

,;.«.: G i a i 

Goi M, N Ian liTdt la trung diem cua S C , A B . ^ 

Ta C O A B 1 B C =^ SB 1 B C 

(dinh li ba dUdng vuong goc) 

TO do trong hai tam giac vuong S A C va 
S C 

S B C suy ra M A = M B (vi cung = — ) 

^ M N I A B (1) ^ - V , : ^ , i 

Ro rang fc^ S A N = ^ N B C 

(SA = B C = 2a; NA = NB = a) =^ NS = N C 

= > N M 1 S C (2) 

Tur (1) (2) suy ra M N la diTcfng vuong goc chung cua A B va S C , nen 

d ( A B , S C ) = M N (3) 

Trong tam giac vuong M A N ta c6 MN = ^ M A ^ - AN^ = 
SC^ A B ' 

(4) 

Do S C ' = S A ' + A C ' = 4a ' + (2a^/2) = 12a', ' ^'-'^^ ' ' ' 
CM J. K « , « ; > . ! . MA 

nen tii (3) (4) suy ra d(AB, SC) = a^. I ^C j , , j 
Whan xet: Trong thi du tren ro rang A B va S C ch^o nhau nhuftig khong vuong 

goc vdi nhau. Do bai toan c6 cau triic dac biet nen viec xac dinh trifc tiep 

dtfdng vuong goc chung cua A B va S C trong thi du nay la ddn gian! 

rhi du 13. Cho hinh chop S . A B C D co day A B C D la hinh vuong canh a, S A = h 

va SA vuong goc vcti day ( A B C D ) . DiTng duTcJng vuong goc chung cua S C va 

A B , tir do tinh d(SC, A B ) - • ^ ^ 

Trong (SAD) ke A K 1 S D (K € SD). 

Trong ( S C D ) kc K E // C D ( E e SC) . 

Khi do E K // A B 

Trong mat phang ( B A K E ) (do E K // AB) 

ke E F / / A K (K e A B ) . 

Do A B 1 (SAD) !::> A B 1 A K . B 

K 

Cty TNHH MTV DWII Khang ViH 

n e n A K / / E F => A B ± E F (1) 
Ta C O D C J . (SAD) (SDC) _L (SAD) ">"^'' 'AA.iuihh 

V i (SDC) n (SAD) = S D , nen A K 1 S D =^ A K ± (SCD) 

=> A K 1 S C ma A K // E F => E F 1 S C . (2) ^ m-'^^ " 

Tif (1) (2) suy ra E F la duTdng vuong goc chung cua S C , A B . ' • 

Cung tijf do ta c6: d(SC, A B ) = E F . (3) '. - • O^A ' nr 

De thay E K A F la hinh binh hanh nen E F = A K . (4) ^"'3 • 

Trong tam giac vuong (SAD) ta c6: 
1 1 

+ 
1 1 1 

A K = 
ah 

7^ a^+h^ 

Tir (3) (4) (5) suy ra d(SC, A B ) = 

A K ^ S A ' A D ' 

j i 3M -Ma ill =: Jii <= dvR ••' • 

ah 

V a ' + h^ 

Nhdn xet: Neu bai toan chi doi hoi tinh d(SC, A B ) ma khong yeu cau difng 

dtrdng vuong goc chung cua chiing, ta giai theo each 2 nhiT sau: 

V i A B / / C D ^ A B / / ( S C D ) £ 

ah 
=^ d(AB, SC) = d(AB, (SCD)) = d(A, (SCD)) = A K = 

I I I . C A C B A I T O A N V E G O C T R O N G K H O N G G I A N ,y = mo^^ M 

A. B a i toan ve goc giffa hai dif(/ng thang cheo nhau ,? < , |, 

De giai biii toan nay ta tien hanh theo hai bû dtc sau day: 

- Gia su" can xac djnh goc a (hoac ham so lu'dng giac cua goc a ) giffa hai 
dirdng thang cheo nhau d va d'. Chon mot diem A thich hdp tren d. Qua A 
ve du-dng thang di // d'. Khi do goc c6 dinh A tao bdi d va d, chinh la goc tao 
b d i d v a d ' . •r,.v%.y'jM'}-^^ 

- Trong mat phang xac djnh bdi d va d|, - - H S i / l . . ; 1 . , / d , 

bang each diTa vao cac kie'n thiJc cua 

hinh hoc phang de tinh do Idn cua goc 

a, hoac tinh ham so Itfdng giac cua 

goc a theo yeu cau de bai. ^ _ 

O day thu'dng la cac bai toan ddn gian ve he thiJc lifdng trong tam giac, hoac 

la cue bai toan litdng giac cd ban. 

Cho lang try diJng A B C . A ' B ' C c6 do dai canh ben b^ng 2a, day la tam giac 

vuong tai A c6 A B = a, A C = aV3. Hinh chieu vuong goc cua dinh A ' tren 

••' "joii i i i t l ilnb>, 'till /,„• 

A 



Boi dia'fng IISG Ilinh hoc khong gian - Phati Hiiy Khdi 

m a t p h a n g ( A B C ) la I r u n g d i e m cua c a n h B C . T i n h cos in cua goc giiTa h a i 

dirSng t h a n g A A ' va B ' C 

G o i M la t r u n g d i e m cua B C , k h i do theo g ia '^rv : — C 

I h i e t la C O A ' M 1 B C . - i d 

T r o n g ( A B C ) qua A k e d / / B C (tiJc d / / B ' C ) . , , , , , , « , 

G o i a la goc gi f fa h a i di/dng t h a n g A A ' va / f^i^ff 61 ffi\'iH yjirf? §1 

B ' C ' , t h i a = f A A \ d ) = : A ^ 

D o B A C la t a m g i a c v u o n g t a i A c6 A B = a, 

A C = aV3 B C = 2a ^ B M = M C = a. 

B C 
T a c o A M = — = a 5!r • 

2 B 

=> A B M la l a m g iac d e u c a n h a. 

G p i H la t r u n g d i e m cua B M , * ' - s ^ ' ^W'^A 

t h i A H L B M va H B = G M = - . 
2 

K e M K 1 d (turc M K / / H A ) . 

T h e o d j n h l i ba du'iJng v u o n g g6c ta c6 A ' K 1 d . 

A K D o d o c o s a = c o s A ' A K = -
A A " \.d:]%ii(Mi mi hi: 

V i A A ' = 2a ; A K = H M = - n e n thay v a o ( 1 ) , ta c6 c o s a = — = - . 
2 2a 4 

V a y c o s ( A A ' , B C ) = - . 
4 . ; ; , ^v;., .., 

rhi d u 2. ( D e t h i l u y e n s inh D a i hoc k h o i B ) 

C h o h i n h c h o p S . A B C D c6 d a y la h i n h v u o n g c a n h b a n g 2a , S A = a, SB = 

&S va m a t p h a n g ( S A B ) v u o n g goc v d i d a y ( A B C D ) . G p i M , N Ian liTpt l i i 

t r u n g d i e m cua A B , B C . T i m cos in cua goc tao bcli ha i du"cJng t h a n g S M , D N . 

G i a l 

T a C O S A = a, S B = aVJ, A B = 2a ^ . ^ '"^ ^ * 

=> SA^ + SB^ = A B ^ •'• 

=> A S B la t a m g iac v u o n g t a i S (tiJc S A 1 S B ) 

T ' cx/r A B 
T a C O S M = = a 

S A M la t a m g iac d e u c a n h a. 

Cty TNHH MTV DVVH Khnng ViH 

H , M 

K e S H ± A B S H ± ( A B C D ) (do ( S A B ) ± ( A B C D ) ) va H A = H M = - . 

2 

T r o n g ( A B C D ) t ir M k c M P / / D N (P e A D ) . K h i do S M P la gCc tao b d i ha i 

d i f d n g t h a n g S M va D N . D a t a = S M P . -

K e S K L M P , theo d j n h Ji ba difcJng v u o n g goc 
t a c o H K l M P . , , , , , . 

T r o n g t a m g i a c v u o n g S M K , ta c6 : 

S M 

1 a 
D e t h a y A P = - A D = - . 

• ^ 4 2 

T a c o M K = M H . c o s H M K = M H . — = - . 
: , : V. M P 2 

CI 

T h a y v^o ( 1 ) va c6 

c o s ( S M , D N ) = c o s a = 

T h i d u 3 . 

C h o h i n h c h o p S . A B C D d a y l i i h i n h t h o i c a n h b a n g Vs, A C = 4 va c h i c u cao 

cua h i n h c h o p la SO = l y / l , d d a y A C n B D = O. G p i M la t r u n g d i e m cua 

SC. T i m goc g i i f a h a i diTdng t h a n g S A va B M . 

R 6 r a n g ta c6 M O / / S A , v a y 0 M B = a 

la goc gi f fa S A va B M . " ^'"^ v - " , , ^ *i^A :t!")5i^ 

V i A B C D la h i n h t h o i , n e n D B 1 A C . 

M a t khac D B 1 SO (do SO 1 ( A B C D ) ) 

=> D B 1 ( S A C ) => D B 1 O M . 

j T r o n g t a m g iac v u o n g M O B t a i O, 

O B 
ta C O t a n a = 

O M 
( 1 ) 

\o O M = - S A = - V S O ^ + O A ^ = - J(2>/2 )^ + 2^ = Vs, , 
%.cV .4 - . 2 2 2 ^ . • 

c6nOB=7BC^-OC^~==M )^ -2^=l . ^^'^^-^^^r-'^'--^^^ 
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Bdi dicdiig IISG Hinh hoc khdng gian - Phan Iluy Khdi 

Tit do thay vao (1 ) , la c6 tana = 
1 

a = 30". 

n o f i 

'̂ V a y ^ S A ~ S M J = 30" '''' •'̂ ''̂  '^j^-' ''^^'•^ ' 0 ' ; J H A > »nr<-fT 

T h i du 4. Cho hinh chop tarn giac S.ABC day la tarn giac vuong can A B C tai B, 

irong do B A = BC = 2a va SA vuong goc vdi day ( A B C ) . B ic t rang SB lao 

vdi day A B C goc 60". T i m goc giifa hai diTdng thang A B va SC. 

. . • i • G i a i 

Ta CO SBA la goc giffa SB va (ABC) ncn 

S B A = 60" => SA = AB.tan60" = 2 c i ^ . 

Trong ( A B C ) difng hinh vuong A B C D 

V i DC // A B => SCD la goc giffa hai 

dffting thang A B va DC. 

Dat SCD = a , . / 

T a c 6 C D = 2a, 
, , , , ,„'_ii 

SD = VSA^ + A D ^ = y](2ayl3f +{2a)^ = 4a. 

Ta CO D C ± A D => S D 1 DC (djnh l i ba dffcJng vuong goc). '^^^ ,M2)?.{W 
SD 4a 

Trong tarn giac vuong SDC, ta c6 tana = 
DC 2a 

= 2 

Vay a = ( A B , A C ) = arctan2. 

B. Bai toi in ve g()c siuTa duf&ng thang va mat phang va goc giffa hai mat phang 

Si phu-ang phiip giai cac bai loan nay dffa IriTc tiep vao djnh nghla goc giffa 

dffdng thang va mat phang va goc giffa hai mat phang da dffcJc trinh bay k l 

IffOng trong sach giao khoa hinh hoc Idp 11. 

T h i d u 1. 

Cho hinh hop chff nhat A B C D A ' B ' C ' D ' day la hinh vuong canh a, canh ben 

A A ' = b. Goi M la trung diem cija C C . T i m ty so - de ( A ' B D ) va ( M B D ) la 
b 

hai mat phang vuong goc vdi nhau (tffc goc giffa hai miit phang tren bang 90"). 

Gia sijr A C n B D = O 

Ta CO ( M B D ) n ( A ' B D ) = B D 

Dc tha'y M D = M B , A ' D = A ' B , 

nen ta c6 M O 1 D B , A ' 0 1 DB 

G i a i 

• Vay A ' O M la goc giffa hai mat phang 

( A ' B D ) va ( M B D ) 

Cly TNHII MTV DVVH Khnncj Vic, 

Tit do ( A ' B D ) -L ( M B D ) <=> A ' O M = 90" 
o A ' M - = A 'O^ + O M ' (1) • . '^/n: - i C ) A r ! 

D6 thay Iheo dinh l i Pitago ta co: isWjj. yi^jj y&r/ hip r.! i •«:! 

\2 
OM^ = O C ' + M C ' = + 

l^ /^ A ' 0 ^ = A ' A ^ + OA^ = b^ + 

A ' M ^ = A ' C ' ^ + C ' M ^ = (d^/lf + 

2 4 

2 

(3) 

'.QZ :• (; 
= 2a + - ( 4 ) 3 2 3̂̂ ^ ^ ^ g ^ ^ , . 

Thay (2) (3) (4) v a o ( l ) v a c6 

2 4 2 
A ' O M = 9 0 " o — + — + b V — = 2aV-

. - OA?.) 1 :m 

I H A <:r:: iQD?,) 1 ( 1 / 

T h i d u 2 . l...>tif>Miv i,d/\<i> lUo UKJ ooji, i i i i4>!A ' 

Cho hinh lap phffdng A B C D . A ' B ' C ' D ' canh a. T i m so do cua goc tao bSi hai 

<^a^ = b ' c > - = 1 ( d o a > 0 ; b > 0 ) 
b 

i mat phang (B 'AC) va (D 'AC) . 

G i a i 

Ta CO (B 'AC) n (D'AC) = A C . 

Gia sff A C n B D = O. ' 3 A . 

Do D ' A = D'C = B 'A = B'C = aV2 . 
(ct day a la canh cua hinh lap phffUng), 

ta CO B'O 1 A C , D ' 0 1 A C . 

Tff do B ' O D ' la goc giffa hai mat phang. 

Dat B ^ ' = a . 

Goi O ' = A ' C n B ' D ' => B 0 0 ' = 0 ' 0 D ' = B ' O D ' = - . 
2 

Ta CO 0 0 ' = a; B'O' = 

=> tan — = 
2 0 0 ' 

• •'-

2 ^ 
a 2 

cv 

7 ~ 
arctan — 

2 

= a = 2arctan 
V2 

2 • 

) vt/ it')','' 

i.dq Hun ::>••; 
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) vt/ it')','' 

i.dq Hun ::>••; 



BSi dKCtiif] IISG Hinh hoc kh6ng girui - Phan Huy Khdi 

Nhdii xet: Bang each hoan loan ti/cJng tif, ta c6 k e l qua sau: 
( ( B A ' C ) ; ( D A ' C ) ) - 6 0 " ' 

v6i chu y ta qui xXdc goc giffa hai mtTit ph^ng la g6c < 90*'. 

'•O'A 

T h i d i j 3. Trong mat phang (P) cho tam giac A B C vuong tai C, A B = 2a, CAB = 
60". Doan SA = a va vuong goc v<3i (P). Goi a la goc tao bdi hai mat phang 
(SAB) va (SBC). T inh sina. 

' ifv • ; 'i :.\. G i a i 

Ke A H 1 SC, A K 1 SB. J \ 

( H G S C , K e S B ) 

Do BC 1 AC, BC ± SA (v i SA 1 (P)) 
=^ BC 1 (SAC) => (SBC) 1 (SAC). 
V i (SBC) n (SAC) = SC, nen A H 1 SC 
=> A H 1 (SCB) => A H 1 H K . 
Ta C O A K 1 SB H K 1 SB 
(dinh l i ba diTcfng vuong goc) , 0 < s o b ) 

A K H la goc tao bdi (SAB) va (SBC) 

A K H = a. -loi) O m f (1) 

Ta C O trong tam giac vuong A H K (vuong tai H) , thi s ina — 

Ta c6 AC = A B . cosCAB = 2a.cos60" = a => SC = a%/2. 
, Trong tam giac vuong SAC, thi SA.AC = A H . SC 

a.a aV2 

A H 'I 
(2) 

A H = (3) 
a V 2 ~ 2 • 

Trong tam giac vuong SAB, thi AK.SB = SA.AB 
a.2a 2a^f5 j ' M ' " 

A K = 

Thay (3) (4) vao (2) va c6 s ina = 

(4) 

aV2 
2 

2a^/5 

1 

N/IO 

rhf du 4. Trong mat phiing (P) cho hinh vuong A B C D canh a. Doan SA co djnh 
vuong goc vdi (P) tai A. M , N Ian iu-cn la hai diem di dong trcn canh BC v^ 
CD. Dat B M = u, D N = v. Chrfng minh rang a(u + v) + uv = â  la dieu k icn 
can va du dc hai mtlt phiing (SAM) , (SAN) tao vdi nhau mot goc 45". 

Cty TNHH MTV DWJI Khang Viet 

G i a i ;>rt"> 

Ta C O (SAM) r - i (SAN) = SA. 
Do SA ± (ABCD) => A M 1 SA, A N 1 SA 
=> M A N 1^ goc tao bdi hai mat p h l n g 
(SAM) va (SAN). , ,̂  . / i > \ 
Dat D A N = ft. M A B = 3 . ' ' / A;^ _ ̂  _X 
K h i do M A N = 45" <=> a + p = 45 

o t a n ( a + P ) = l D 

^ tana + tanP ^ ^ ^ ^ ^' -"'''^ 
I - t a n a tan (3 - uv tsd it rinilMrf-

) M l . 
... , 1-^ 2 

<t> a(u + v) + UV = a .̂ i 

Do la dpcm. 
T h i du 5. Cho hinh lap phiTdng A B C D A ' B ' C ' D ' canh a. Goi E, F va M Ian liTOt 

la trung d iem cua A D , A B , C C . Goi (p la goc giffa hai mat phang (ABCD) 
va (EFM) . T inh coscp. 

G i a i B' 

Ta c6 (EFM) n ( A B C D ) = EF. • 
Gia suT A C n FE = 1.1 ^>mui'i'i\' 

V i F E / / B D nen A C l B D r i 
= > F E 1 A C . 
Tff do theo djnh l i ba dffdng vuong goc 
suy ra M I 1 EF. 

' 0 3 

1 " J ( t 

-1 

C 

M 

D 

Trong tam giac vuong M I C , ta cd coscp = 

Vay M I C chinh la goc tao bdi hai mat phang (MEF) va ( A B C D ) , 

nen M I C = cp. 
I f ^ ' > ' . ' ' • W ^ 

^ 3 3 / - • " • • ' • p « ' t i i lOO 
D o I C ' = - A C = - a V 2 , con !:-J 

Ml=VMe + I C ^ = J ^ + ̂ = ^ ^ ' ' ' ' ' ' 

V$y tff ( I ) suy ra coscp 

4 8 2 ^ 2 ' 

â /̂ T 11 

2N/2 
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Nhdii xet: Bang each hoan loan ti/cJng tif, ta c6 k e l qua sau: 
( ( B A ' C ) ; ( D A ' C ) ) - 6 0 " ' 

v6i chu y ta qui xXdc goc giffa hai mtTit ph^ng la g6c < 90*'. 

'•O'A 

T h i d i j 3. Trong mat phang (P) cho tam giac A B C vuong tai C, A B = 2a, CAB = 
60". Doan SA = a va vuong goc v<3i (P). Goi a la goc tao bdi hai mat phang 
(SAB) va (SBC). T inh sina. 

' ifv • ; 'i :.\. G i a i 

Ke A H 1 SC, A K 1 SB. J \ 

( H G S C , K e S B ) 

Do BC 1 AC, BC ± SA (v i SA 1 (P)) 
=^ BC 1 (SAC) => (SBC) 1 (SAC). 
V i (SBC) n (SAC) = SC, nen A H 1 SC 
=> A H 1 (SCB) => A H 1 H K . 
Ta C O A K 1 SB H K 1 SB 
(dinh l i ba diTcfng vuong goc) , 0 < s o b ) 

A K H la goc tao bdi (SAB) va (SBC) 

A K H = a. -loi) O m f (1) 

Ta C O trong tam giac vuong A H K (vuong tai H) , thi s ina — 

Ta c6 AC = A B . cosCAB = 2a.cos60" = a => SC = a%/2. 
, Trong tam giac vuong SAC, thi SA.AC = A H . SC 

a.a aV2 

A H 'I 
(2) 

A H = (3) 
a V 2 ~ 2 • 

Trong tam giac vuong SAB, thi AK.SB = SA.AB 
a.2a 2a^f5 j ' M ' " 

A K = 

Thay (3) (4) vao (2) va c6 s ina = 

(4) 

aV2 
2 

2a^/5 

1 

N/IO 

rhf du 4. Trong mat phiing (P) cho hinh vuong A B C D canh a. Doan SA co djnh 
vuong goc vdi (P) tai A. M , N Ian iu-cn la hai diem di dong trcn canh BC v^ 
CD. Dat B M = u, D N = v. Chrfng minh rang a(u + v) + uv = â  la dieu k icn 
can va du dc hai mtlt phiing (SAM) , (SAN) tao vdi nhau mot goc 45". 

Cty TNHH MTV DWJI Khang Viet 

G i a i ;>rt"> 

Ta C O (SAM) r - i (SAN) = SA. 
Do SA ± (ABCD) => A M 1 SA, A N 1 SA 
=> M A N 1^ goc tao bdi hai mat p h l n g 
(SAM) va (SAN). , ,̂  . / i > \ 
Dat D A N = ft. M A B = 3 . ' ' / A;^ _ ̂  _X 
K h i do M A N = 45" <=> a + p = 45 

o t a n ( a + P ) = l D 

^ tana + tanP ^ ^ ^ ^ ^' -"'''^ 
I - t a n a tan (3 - uv tsd it rinilMrf-

) M l . 
... , 1-^ 2 

<t> a(u + v) + UV = a .̂ i 

Do la dpcm. 
T h i du 5. Cho hinh lap phiTdng A B C D A ' B ' C ' D ' canh a. Goi E, F va M Ian liTOt 

la trung d iem cua A D , A B , C C . Goi (p la goc giffa hai mat phang (ABCD) 
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G i a i B' 

Ta c6 (EFM) n ( A B C D ) = EF. • 
Gia suT A C n FE = 1.1 ^>mui'i'i\' 

V i F E / / B D nen A C l B D r i 
= > F E 1 A C . 
Tff do theo djnh l i ba dffdng vuong goc 
suy ra M I 1 EF. 

' 0 3 

1 " J ( t 

-1 

C 

M 

D 

Trong tam giac vuong M I C , ta cd coscp = 

Vay M I C chinh la goc tao bdi hai mat phang (MEF) va ( A B C D ) , 

nen M I C = cp. 
I f ^ ' > ' . ' ' • W ^ 

^ 3 3 / - • " • • ' • p « ' t i i lOO 
D o I C ' = - A C = - a V 2 , con !:-J 

Ml=VMe + I C ^ = J ^ + ̂ = ^ ^ ' ' ' ' ' ' 

V$y tff ( I ) suy ra coscp 

4 8 2 ^ 2 ' 

â /̂ T 11 

2N/2 



Doi diCchif) IISG Illnh hoc khong gian - Phan Huy Khdi 

Thi du 6. Cho lang tru du-ng A B C A ' B ' C day la tarn giac can BAC dinh A, c6 

goc BAC= 60". Goi M la trung diem ciia AA*. Gia sur ( M B C ) tao vdi day 

goc p. Bie't rang BMC la tarn giac vuong. Tinh goc p. 

' • • • GiM 

Trong ( A A ' C C ) gia suf C M n AC = E 

^ = > ( M B C ' ) n ( A B C ) = BE. 

Ta CO hai lam giac vuong A ' M C va MAE bang nhau => AE = A ' C . 

AE = AC - AB " ' ' 

=^ EBC la lam giac vuong lai B, ttfc la EB 1 B C . 

Thco dinh l i ba dtfdng vuong goc thi C B 1 BE. 

• ( w i S i . ¥\/'~i4 

A' 

Do do C B C la goc tao bdi (M'BC) vdi (ABC) 

=^ C B C = p ' • 

Theo tren la c6 ME = M C ,^^.,y^, 

^•''(vi AAME = A A ' M C ) ' ; , 

Dc Iha'y trong lam giac vuong thi 

. B ' M = — = M C "'̂ ^^ 

, Txi do B M C la lam giac can dinh M . Tuf gia thiet B M C la tarn giac vuong 

nen suy ra no phai vuong tai M BE = B C . ( 1 ) v. . j i i * 

C 

'V' Gia sur AB = AC = a. Do BAC = 60" =^ EEC = 30". 

Trong lam giac vuong EBC, ta c6 EB = EC. cosBEC = 2acos30' 
' 5I)1jT 

= 2 a ^ = aV3. (2) 

Ta CO BC = EC sin BEC = 2asin30" = a 

BC a 
U3 3i) , 3 I M U(^>'''y^ - ' i i ' 

= > B C = 
cos|3 cos3 

Tir (2) (3) suy ra aTs = ^ 

(3) 

cos 3 
<^cos(3 = - ^ o |3 = arccos 

;>C1 

Thi du 7. Cho hinh chop S.ABCD c6 day la hinh thang vuong vdi AB // CD, 

AB = 2a, CD = a va duTcfng cao AD = a. Gia suf SA vuong goc vdi (ABCD) va 

,. SA = aV2. Tinh goc giiTa hai mat phang (SBC) va (SCD). 

An 

Cty TNIIIIMTV DWH Khang Viet 

G i a i 

Ta CO (SBC) n (SCD) = SC. ""'^ ' 
Trong hinh thang vuong ABCD, aieoa fi; 
tCf gia thiet suy ra AC 1 CD, t'i^'^^.^ 

vay tiJC do theo djnh l i ba du'dng ^ p,̂  ^y;̂  
vuong goc taco: S C I CD. ••>.:-— 

V i AB 1 BC SB 1 BC 

(dinh l i ba du'dng vuong goc) 

Trong (SBC) ke B H 1 SC (H e SC). 

Trong (SCD) tir N ke HK // CD. Do CD 1 SC HK 1 SC, vay BHK la goc 

giffa hai mat phang (SBC) va (SCD) ( i - M r ' ^ : -

Ta CO SB = aV3, SC = (a72)V2 = 2a . 

Trong lam giac vuong SBC, ta c6 I S A ) i 
1 

B H ' SB' 

= > B H ^ = ^ 

BC^ 3a2 â  3eL^ 

( 1 ) 

'-h 

|Ta CO CD = aV2; SB^ = SH.SC => SH = 

|Ap dung dinh l i Talet ta CO: " " ' 

IK SH SH.CD y - ^ ^ ^ 

SB' 3a' 
SC 2a 

i A i !K :u r;' 
3a ' H I i^f 

2 < J 

HK = HK = 
372a 

(2) 
*CD SC SC 2a v,^ • • u i . . ..,.^,i4.Jurv~ott) I j l ^^aiA;!' 

)S thaj BD = V 4 a ^ + a 2 = asf5. .a5iAh3i^) 
Prong lam giac BSC, theo djnh l i ham so" cosin, ta c6: 

B D ' = SB' + SD' - 2SB.SD.C0SBSD " ' 

>5a' = 3a' + 9a' - 2.aV3.aN/6.cosBSD 

2 ^ 
6>y^cosBSD:=4 => cosBSD = 

3V^ 
(3) 

3a 

Pa CO 
SK SH 2 3 3 ^ _ 3 rr - -
— = — = — = - =^SK= - S D = - a V 6 ; ) ? r ].u] , • 
SD SC 2a 4 4 4 ^ ' 

Trong tam giac S B K , theo dinh l i ham so cosin la c6 , 1, « 

B K ' = S B ' + S K ' - 2 S B . S K . C O S B S K . { Al?iuilMl' i 
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Cty TNIIIIMTV DWH Khang Viet 
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Boi (Inong HSG Iluih hoc khoiuj (jinn - Phnn Iluij Khni 

TO (3) suy ra BK^ = 3a^ + ^ a ^ - 2 a V ^ . ^ a ^ ^ . ^ = 1 ^ _ 3a^ = ^ . 
16 4 3 8 o 

Bay g id ap dung dinh l i ham so cosin Irong tarn giac B H K ta c6: - i ' - ' )«: j ; : 

BK^ = BH^ + H K ' - 2 B H . H K c o s B H K " 
27a ,2 3a^ 9a^ ^ a V 3 3V2a 

. / J i l t 1 t,lrS, 

8 

3^6 

- 2 . -

c o s B H K = -
4 • 4 

cosBHK = 

- . cosBHK r 

V6 

I U I I I 

Vay (SBC),(SCD) = arccos 
V6 

Thi du 8. Cho hinh vuong A B C D va tarn giac deu SAB canh a d Irong hai mat 

phang vuong goc v d i nhau. Goi 1 la trung d icm canh A B . 

1. T i m goc giffa SA, SB, SC, SD vdi ( A B C D ) ' n ' . 

2. T i m goc giffa SI va (SCD) 

3. T i m goc giiJa SC, SD va (SAB) 

, ^ , G i a i 

1 . Ta C O S I l A B 3 ^ SI 1 ( A B C D ) 

I i 

I (' hJ " , f K t l i 

(do (SAB) 1 ( A B C D ) ) 

SA C O hinh chieu la A I tren ( A B C D ) , 

nen SAI la goc giffa SA va ( A B C D ) 

(SA^(ABCD)) = S A I = 6()". 

Tirdng lir (SB, (ABCD)) = SBI = 60" , 

( S Q ( A B C D ) ) = S C I . ( I ) 

Ta C O IC = 
T a ' a ' -75 

aVI 
_ s i _ _ 2 r _ V r 5 -̂ •aa: 

5 r . t f , = •'*JJ:?.<fe> 

tan SCI = — = — f = 
IC a>/5 

V a y t i r ( l ) c 6 (SC,(ABCD)) = arctan 
\/i5 

Ti/dng tif do SDI = SCI (SD, (ABCD)) = arctan 

2. Goi J la trung d i c m cua DC, thi IJ 1 DC => DC 1 (SIJ) (ket hdp v d i DC 1 SI) 

=> (SDC) ± (SIJ). Do (SDC) n (SIJ) = SJ, nen neu ke I H 1 S J => I H 1 (SDC) 

^ I S H - ( S U S D C ) ) 

A O 

CtijTNHlIMTV DVVH Khnng ViH 

Trong tarn giac SIJ, ta c6 tan ISH = tan ISJ = — = — ^ -
SI aV3 3 • 

(SI,(SDC)) = arctan 
2 ^ 

3. Ta C O D A 1 A B , D A 1 SI (do SI 1 (ABCD)) =i> D A 1 (SAB) 

SA la hinh chieu cua SD tren (SAB) => (DS,(SAB)) = D S A . ''̂  

Ta C O DSA la tam giac vuong can dinh A vdi canh SA = D A = a , 

=> DSA = 45". 

Vay (sb,(SAB)) = 45" 
VI I . ' . u j . n i i 'uu 111 1 

• 0 J 1 

Tifdng tir (SC,(SAB)) = 45^. ' " ^ 

I V . Sir D V N G PHl/CfNG P H A P T Q A D Q G I A I C A C B A I T O A N V E 
K H O A N G C A C H V A G O C T R O N G K H O N G G I A N >' a n 
Trong nhieu tru"dng hdp neu c6 the dura vao mot he true toa do Decac vuong 
goc Oxyz mot each thich hdp, thi nhieu bai loan ve t im khoang each va xac 
dinh goc trong khong gian se c6 mot Idi giai ddn gian. Trong muc nliy ta se 
xet nhi?ng bai toan nhu'vay. 

Tri/dc het nhac la i mot so k ien thtfc can diing den trong muc nay. i'• ' 

- Trong khong gian cho vectd M N vdi M = (x, ; y , ; z ,) , N - {xj, yi, Z 2 ) ih i 

M N = ( x 2 - X i ; y 2 - y i ; z 2 - Z | ) . • 

- D o d a i cua vectd u ( u i ; U 2 ; U 3 ) di/dc xac dinh nhu'sau: 

= y U | + U 2 + U 3 . 
I 'd H,32 

- Cho hai vectd i i = ( u i ; U 2 ; U j ) ; v = (vf, V 2 ; V 3 ) . 

Tich vo hu'dng cua u , v diTdc k i hieu u . v va dtfdc xac djnh nhu" sau: 

u . V = C 0 S ( U , V ) = U | V | + U2V2 + U 3 V 3 . 

- Goi a giCfa hai vectd u = ( u i ; U 2 ; U 3 ) va v - ( v i ; V 2 ; V 3 ) du'dc xac dinh: 
U i V , + U 2 V 2 + U 3 V 3 

cosa = • 
7 u f + u ^ + u 2 . ^ v f + v ^ + v ^ 

Tir do suy ra u ± v c > U | V | + U2V2 + U3V3 = 0. 

- Cho hai v6ctd u = ( u i ; U 2 ; U 3 ) va v = ( v i ; V j ; V 3 ) . K h i do tich c6 hiTdng cua hai 

vectd n , V la mot vectd (difdc k i hi$u la [ia.v], va ta c6 

u,v 
" 2 « 3 U 3 u, U , U 2 

V 2 V 3 V 3 V , 
9 

V l V 2 

63 



Boi (Inong HSG Iluih hoc khoiuj (jinn - Phnn Iluij Khni 

TO (3) suy ra BK^ = 3a^ + ^ a ^ - 2 a V ^ . ^ a ^ ^ . ^ = 1 ^ _ 3a^ = ^ . 
16 4 3 8 o 

Bay g id ap dung dinh l i ham so cosin Irong tarn giac B H K ta c6: - i ' - ' )«: j ; : 

BK^ = BH^ + H K ' - 2 B H . H K c o s B H K " 
27a ,2 3a^ 9a^ ^ a V 3 3V2a 

. / J i l t 1 t,lrS, 

8 

3^6 

- 2 . -

c o s B H K = -
4 • 4 

cosBHK = 

- . cosBHK r 

V6 

I U I I I 

Vay (SBC),(SCD) = arccos 
V6 

Thi du 8. Cho hinh vuong A B C D va tarn giac deu SAB canh a d Irong hai mat 

phang vuong goc v d i nhau. Goi 1 la trung d icm canh A B . 

1. T i m goc giffa SA, SB, SC, SD vdi ( A B C D ) ' n ' . 

2. T i m goc giffa SI va (SCD) 

3. T i m goc giiJa SC, SD va (SAB) 

, ^ , G i a i 

1 . Ta C O S I l A B 3 ^ SI 1 ( A B C D ) 

I i 

I (' hJ " , f K t l i 

(do (SAB) 1 ( A B C D ) ) 

SA C O hinh chieu la A I tren ( A B C D ) , 

nen SAI la goc giffa SA va ( A B C D ) 

(SA^(ABCD)) = S A I = 6()". 

Tirdng lir (SB, (ABCD)) = SBI = 60" , 

( S Q ( A B C D ) ) = S C I . ( I ) 

Ta C O IC = 
T a ' a ' -75 

aVI 
_ s i _ _ 2 r _ V r 5 -̂ •aa: 

5 r . t f , = •'*JJ:?.<fe> 

tan SCI = — = — f = 
IC a>/5 

V a y t i r ( l ) c 6 (SC,(ABCD)) = arctan 
\/i5 

Ti/dng tif do SDI = SCI (SD, (ABCD)) = arctan 

2. Goi J la trung d i c m cua DC, thi IJ 1 DC => DC 1 (SIJ) (ket hdp v d i DC 1 SI) 

=> (SDC) ± (SIJ). Do (SDC) n (SIJ) = SJ, nen neu ke I H 1 S J => I H 1 (SDC) 

^ I S H - ( S U S D C ) ) 

A O 

CtijTNHlIMTV DVVH Khnng ViH 

Trong tarn giac SIJ, ta c6 tan ISH = tan ISJ = — = — ^ -
SI aV3 3 • 

(SI,(SDC)) = arctan 
2 ^ 

3. Ta C O D A 1 A B , D A 1 SI (do SI 1 (ABCD)) =i> D A 1 (SAB) 

SA la hinh chieu cua SD tren (SAB) => (DS,(SAB)) = D S A . ''̂  

Ta C O DSA la tam giac vuong can dinh A vdi canh SA = D A = a , 

=> DSA = 45". 

Vay (sb,(SAB)) = 45" 
VI I . ' . u j . n i i 'uu 111 1 

• 0 J 1 
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9 

V l V 2 

63 



{/if iliiniif/ use, llhih hoc khoiuj ()i<in - Pluin IIiiij Khdi 

Cho hai vecW: u = ( u i ; U j ; U 3 ) ; v= (v,; Vj- V 3 ) 
Gia sur M ( x i ; y,; Z | ) e u ; N ( X 2 ; y 2 ; Z 2 ) € V 

Khi do khoang each d(u , v ) giffa hai vectd u , v xac dinh bang cong thtfc 

sau: d(u,v) = 
U , V . M , M 2 

i i , V 

• /\Q ,aA i . AO r,'j hi A 

rhi du 1. (De Ihi tiiycn sinh Dai hoc khoi A - 2012) 
Cho hinh chop S.ABC c6 day la tarn giac deu canh a. Hinh chieu vuong goc 
cua S tren (ABC) la diem H thuoc canh AB sao cho HA = 2HB. 
Goc giffa dirclng thang SC va (ABC) bang 6O". Tim khoang each giffa SA va 
BCtheoa. 

Giai' /p''-
Goi M la trung diem cua AB, thi 

MH = B M - B H = - - - = -J j ^ j ^r.,,ut 0^ 
2 3 6 

Tir C ke CE // AB 3 ^ CE = HE = A 
6 2 

Difng he true toa do H.xyz (Xem hinh vc) 

Ta c6: C H = V M C ^ + M H ^ = 
a 

firl "ftTfffo Six 

M H 

ha^ â  _ ay[2S ^ 2aV7 
4 36 ~ 6 ~ 6 

n a 2aV7 [T lasjli 
V i S C H = 60" ^SW = CH.tan60" = - ^ . V 3 = — ^ . 

6 6 
C E 

Trong he true toa do noi tren ta c6: 

H = (0;0;0); , • . - ,. " v -

2aN/21 
S = 0; 0; ; A = 0 ; - f ; 0 ;B = 0;^;0 

3 
;C = 

• - riorD 

a 

Way SA = ft--;- ; B C = 
2 2 

Ap dung cong thiJc tinh khoang each giiJa hai vectcJ SA, B C ta c6: 

d(SA,BC) = d(sA, BC 
SA, BC .AB 

SA, BC 
(1) 

j V , V l ! , V 

J -

54 

r Cty TNHH MTVDWIJ Khan,, y^.t 

Ta eo: SA.BC 

2a 
" 3 

a 
"2 

2aV2T 

0 

2aV2T 0 
6 aV3 

0 _ 2a 

a^763 a^V3 

A B = (0; a; O) 

Thay (2) (3) vao( ] ) vaoco: 

a-̂ 763 

2 - 2 

(3> 

d(SA;BC) = 
21 + 63 1 
36 36 3 

aV63 
_ 6 

496 

(£) (s; 

IN/42 

'a thu lai ket qua giai b&ng phiTdng phap hinh hoc khong gian thuan tiiy! 
(xem thi du 1, mue B, I I chiTdng 2). 

| T h i d u 2 . F„h-. 
wL Cho hinh chop tarn gidc S.ABC day \k tam giac vuong can tai B, trong do 

, f l t o L \  =  BC = 2a. Gia suT hai mat phang (SAB) va (SAC) ciing vuong goc vdi 
day (ABC). Goi M la trung diem cua AB. Mat phing qua SM va song song 
vdi BC cat AC tai N. Biet r^ng hai mat phang (SBC) va (ABC) tao vdi nhau 
g6c 60". Tim khoang each giCfa hai diTdng thang AB va SN theo a. 

m'}}'.) 

I':*' S 

~ A ;(0 ;0 ;0) -.̂  H 

Ta ed SA = (SAB) n (SAC) 
' S A l ( A B C ) . ' I , 
1 ((SBC), (ABC)) = 60" 

SBA = 60" 
rir B ke Bz // SA => Bz 1 (ABC). ^ 

DiTng he true toa do Bxyz .̂ p \ 

(xem hinh ve) 
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B = (0; 0; 0); A = (0; 2a; 0); S = (0; 2a; 2a73 ); N = (a; a; 0) 

(do SA = AB tan SBA = 2aV3; do MN // BC nen N la trung diem cua AC) 

Ta CO AB = (0; - 2a; 0); SN = (a; - a; - 2aV3) 
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{/if iliiniif/ use, llhih hoc khoiuj ()i<in - Pluin IIiiij Khdi 

Cho hai vecW: u = ( u i ; U j ; U 3 ) ; v= (v,; Vj- V 3 ) 
Gia sur M ( x i ; y,; Z | ) e u ; N ( X 2 ; y 2 ; Z 2 ) € V 

Khi do khoang each d(u , v ) giffa hai vectd u , v xac dinh bang cong thtfc 

sau: d(u,v) = 
U , V . M , M 2 

i i , V 

• /\Q ,aA i . AO r,'j hi A 
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6 2 
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firl "ftTfffo Six 
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4 36 ~ 6 ~ 6 

n a 2aV7 [T lasjli 
V i S C H = 60" ^SW = CH.tan60" = - ^ . V 3 = — ^ . 

6 6 
C E 
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a 
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SA, BC 
(1) 

j V , V l ! , V 

J -

54 

r Cty TNHH MTVDWIJ Khan,, y^.t 
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" 3 

a 
"2 

2aV2T 

0 
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6 aV3 
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2 - 2 

(3> 
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36 36 3 

aV63 
_ 6 

496 

(£) (s; 

IN/42 
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| T h i d u 2 . F„h-. 
wL Cho hinh chop tarn gidc S.ABC day \k tam giac vuong can tai B, trong do 
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m'}}'.) 

I':*' S 

~ A ;(0 ;0 ;0) -.̂  H 
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' S A l ( A B C ) . ' I , 
1 ((SBC), (ABC)) = 60" 
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lioi cUCftiuj IISG Ilinh hoc khong (jinn - Plum IIuij Khdi 

Ttfdotaco: d(AB, SN) = d^AB, SN 
AB.SN .AN 

AB, SN 
(1) 

-2a 0 0 0 0 -2a 
Ta lai c6 AB,SN — 

-a -l&S 
1 > a - a 

AN = ( a ; - a ;0 ) . , , , ; , } , : 

Thay (2) (3) vao (1) va c6 ; i j;;? .̂ 
4a^73 __2aV39 j 

13 
d(AB;SN) = 

a V 4 8 + 4 
" Ta Ihu lai kc't qua bang cdch suT dung phiTdng phap hinh hoc khong gian 

.'X thuan liiy dc giai thi du nay (xcm thi du 2, muc B, I I chiTdng 2) 

Thidu3. • i . j . ' i / . ' 
Cho lang tru diJng A B C . A ' B ' C day Ih tarn gidc vuong c6 BA = BC = a; canh 
ben A A ' = ayfz. Goi M la trung diem cua BC. Tinh khoang edch giiJa hai 

3' dircJng thang A M va B'C. 
Giai ^ ^ 

Di/ng he true toa do Bxyz 
(xem hinh ve). 
TCr gia thict suy ra trong he true 
tpa dp nay, ta eo: 
B = (0; 0; 0); A = (0; a; 0) 

M = - ; 0 ; 0 
2 

; C = (a; 0; 0) 

Tirdoco 

A M = J ; - a ; 0 
2 

Taco d (AM,B 'C) = d (AM,B ' c ) = 
A M , B'C .AC 

A M , B'C 
(1) 

66 

Ctij TNIIII MTV DWn Khang Viet 

R6 rang A M , B'C 
-a 0 fl 

0 -a>y2 

0 i a 
— —a 2 ; 2 

-aV2 'I a 0 

a ^ ^ ; i ^ ; a ^ 

AC = (a; -a; 0) 

Thay (2) (3) vao (1) va c6: d(AM,B'C) = -
............... 

(2) 

(3)"^ 

a_N/2 

_ ^ ^ l 2 _ ^ a V 7 
7 

Ta thu lai ket qua giai bang phep tinh suT dung hinh hoc khong gian thuan tuy 
(xcm thi du 3, muc B, I I chiWng 2). 

Cho hinh chop tiJ gidc deu S.ABCD ctinh day bling a. Goi E la diem ddi 
xu-ng cua D qua trung diem cua SA. Goi M, N tiTdng xSng la trung diem cua 
AE va BC. Tim khoang each theo a gii^a hai diTdng thang M N va AC. 

Giai • 
Goi O la tam cua day. 
Xet he true toa do Oxyz (xem hinh ve) ' ' 
Bat SO = h. Trong he true tpa do nay ta c6: 

O = (0; 0; 0);C = fa^/2 
;0;0 

B = 

D = 

A = 

; S = (0; 0; h) 

2 

;0;0 

Gpi I la trung diem cua SA, thi I = 
. ' 1 , 1 1 , ' 

• ^ ; 0 ; i l 
4 2 
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lioi cUCftiuj IISG Ilinh hoc khong (jinn - Plum IIuij Khdi 

Ttfdotaco: d(AB, SN) = d^AB, SN 
AB.SN .AN 

AB, SN 
(1) 

-2a 0 0 0 0 -2a 
Ta lai c6 AB,SN — 

-a -l&S 
1 > a - a 

AN = ( a ; - a ;0 ) . , , , ; , } , : 

Thay (2) (3) vao (1) va c6 ; i j;;? .̂ 
4a^73 __2aV39 j 

13 
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a V 4 8 + 4 
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ben A A ' = ayfz. Goi M la trung diem cua BC. Tinh khoang edch giiJa hai 

3' dircJng thang A M va B'C. 
Giai ^ ^ 

Di/ng he true toa do Bxyz 
(xem hinh ve). 
TCr gia thict suy ra trong he true 
tpa dp nay, ta eo: 
B = (0; 0; 0); A = (0; a; 0) 

M = - ; 0 ; 0 
2 

; C = (a; 0; 0) 

Tirdoco 

A M = J ; - a ; 0 
2 

Taco d (AM,B 'C) = d (AM,B ' c ) = 
A M , B'C .AC 

A M , B'C 
(1) 

66 

Ctij TNIIII MTV DWn Khang Viet 

R6 rang A M , B'C 
-a 0 fl 

0 -a>y2 

0 i a 
— —a 2 ; 2 

-aV2 'I a 0 

a ^ ^ ; i ^ ; a ^ 

AC = (a; -a; 0) 

Thay (2) (3) vao (1) va c6: d(AM,B'C) = -
............... 

(2) 

(3)"^ 

a_N/2 

_ ^ ^ l 2 _ ^ a V 7 
7 

Ta thu lai ket qua giai bang phep tinh suT dung hinh hoc khong gian thuan tuy 
(xcm thi du 3, muc B, I I chiWng 2). 

Cho hinh chop tiJ gidc deu S.ABCD ctinh day bling a. Goi E la diem ddi 
xu-ng cua D qua trung diem cua SA. Goi M, N tiTdng xSng la trung diem cua 
AE va BC. Tim khoang each theo a gii^a hai diTdng thang M N va AC. 

Giai • 
Goi O la tam cua day. 
Xet he true toa do Oxyz (xem hinh ve) ' ' 
Bat SO = h. Trong he true tpa do nay ta c6: 

O = (0; 0; 0);C = fa^/2 
;0;0 

B = 

D = 

A = 

; S = (0; 0; h) 

2 

;0;0 

Gpi I la trung diem cua SA, thi I = 
. ' 1 , 1 1 , ' 

• ^ ; 0 ; i l 
4 2 
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Bdi diedng HSG TRnh hoc khong gian - Phan IIiiij Khdi 

Do do E C O to a do la E = 
a^/2 aV2 ^ 

; ; h , lu- do M = 

Ta C O N = 
ax/2 HS/T. ^ ^ 

. Do do MN = 
4 ' ' 2 

aV2 aV2 
2 ' 4 '2 ' 

; AC = (a-Jl; 0; 

Taco: d (MN, AC) = d^MN, AC 
MN,AC .NC 

MN.AC 
(1) 

De thay 2 
3aV2 

2 4 
0 aV2 

3a72 0 
M N . A C 

0 0 

(3) 

4 
aV2 0 

0 ; - ^ ; 0 . (2) 

NC = 
aV2 aV2 

;0 
4 4 

a^h 
a^^ 

>i«ri or!3 

Thay (2 ) (3 )vao ( l )vacd : d(MN, AC) = ^ y - = ^ . 

' • • 2 
Ta thu lai ket qua khi giai bai tren bang phiTdng phap hinh hoc khong gian 
thuan tuy (xem thi du 4, muc B, I I chiMng 2). -^.^ j.fj., ^} Q J^^Q 

Nhdn xet: Dai liTdng d(MN, AC) khong phii thuoc vao h . y , , , , , t;^ 

ThiduS. • •" ' ' -r, , «•' ••)'-itn* 

Cho hinh chop S.ABCD day ABCD la hinh vuong canh a. Goi M va N Ian 

Itfdt la trung diem cua cac canh AB va AD. Gia suT H la giao diem cua CN 

va D M . Biet SH = aVs vti vuong goc vdi day (ABCD). 

Tim khoang each giifa hai dudng thang DM va SC theo a. 

' z Giai 

Cty TNIIIIMTVDVVH Khang ViH 

Trong hinh vuong ABCD, dc thay CN L SM. Do SH L (ABCD), ncn difng he 
true toa do Hxyz (xem hinh ve) 

^ Ta C O NC = b + = ^ =^ HC = DC. cosSCH = a". ̂  = -1-='^ 
V 4, 2 NC aVs 5 

r I 

H D = V D C ^ - H C ^ ^a^ - = , ^ ( .J ..^ .„ : , . 

a75 -dS 3a^/5 => HM = DM - DH = 
2 5 10 ,r ;;- 'V.. .] 

TiJf do suy ra trong he toa do noi tren, ta cck 
H = (0; 0; 0); 

2a VS 

0 i "jo \

C = -;0;0 ; M = 
10 

; S = (0;0;aNy3); D = 
5 

'Way DM = 
2 

DM.SC 

va SC = 

aVs 0 

'2aV5 
5 

;0;-a^/3 

0 -a>/3 

0 0 

2a 75 
-a 73 5 

V i r . I ( ? ; ( ) ; . 

0 a V 5 ' 

2asf5 
5 

0 

iTaco d(DM,SC) = d p M , S C = 
DM,SC .MC 

DM,SC 
. (2) 

|Do MC = 

rd(DM,SC) = 

2aV5. 3aV5.Q 
5 10 

a-''̂ /3 2aV57 
19 

, nen tCfCl) (2) suy ra 

. .fiu! ill (Xjli/-. : 

w pTa thu lai ket qua giai thi du tren bang phu'dng phap hinh hoc khong gian 
uan tuy (xem thi du 8, muc B, I I , chiTcJng 2). ^ ' 

idu 6. . •' :': • 
Cho hinh lap phiTdng ABCDA'B'C 'D ' cjinh bang 1. Goi M , N Ian liTcJt la 
trung diem cua AB va CD. Tim khoang each giiTa hai difdng A'C va MN. 
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Bdi diedng HSG TRnh hoc khong gian - Phan IIiiij Khdi 

Do do E C O to a do la E = 
a^/2 aV2 ^ 

; ; h , lu- do M = 

Ta C O N = 
ax/2 HS/T. ^ ^ 

. Do do MN = 
4 ' ' 2 

aV2 aV2 
2 ' 4 '2 ' 

; AC = (a-Jl; 0; 

Taco: d (MN, AC) = d^MN, AC 
MN,AC .NC 

MN.AC 
(1) 

De thay 2 
3aV2 

2 4 
0 aV2 

3a72 0 
M N . A C 

0 0 

(3) 

4 
aV2 0 

0 ; - ^ ; 0 . (2) 

NC = 
aV2 aV2 

;0 
4 4 

a^h 
a^^ 

>i«ri or!3 

Thay (2 ) (3 )vao ( l )vacd : d(MN, AC) = ^ y - = ^ . 

' • • 2 
Ta thu lai ket qua khi giai bai tren bang phiTdng phap hinh hoc khong gian 
thuan tuy (xem thi du 4, muc B, I I chiMng 2). -^.^ j.fj., ^} Q J^^Q 
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Itfdt la trung diem cua cac canh AB va AD. Gia suT H la giao diem cua CN 
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Tim khoang each giifa hai dudng thang DM va SC theo a. 

' z Giai 

Cty TNIIIIMTVDVVH Khang ViH 

Trong hinh vuong ABCD, dc thay CN L SM. Do SH L (ABCD), ncn difng he 
true toa do Hxyz (xem hinh ve) 

^ Ta C O NC = b + = ^ =^ HC = DC. cosSCH = a". ̂  = -1-='^ 
V 4, 2 NC aVs 5 

r I 

H D = V D C ^ - H C ^ ^a^ - = , ^ ( .J ..^ .„ : , . 

a75 -dS 3a^/5 => HM = DM - DH = 
2 5 10 ,r ;;- 'V.. .] 

TiJf do suy ra trong he toa do noi tren, ta cck 
H = (0; 0; 0); 

2a VS 

0 i "jo \

C = -;0;0 ; M = 
10 

; S = (0;0;aNy3); D = 
5 

'Way DM = 
2 

DM.SC 

va SC = 

aVs 0 

'2aV5 
5 

;0;-a^/3 

0 -a>/3 

0 0 

2a 75 
-a 73 5 

V i r . I ( ? ; ( ) ; . 

0 a V 5 ' 

2asf5 
5 

0 

iTaco d(DM,SC) = d p M , S C = 
DM,SC .MC 

DM,SC 
. (2) 

|Do MC = 

rd(DM,SC) = 

2aV5. 3aV5.Q 
5 10 

a-''̂ /3 2aV57 
19 

, nen tCfCl) (2) suy ra 

. .fiu! ill (Xjli/-. : 

w pTa thu lai ket qua giai thi du tren bang phu'dng phap hinh hoc khong gian 
uan tuy (xem thi du 8, muc B, I I , chiTcJng 2). ^ ' 

idu 6. . •' :': • 
Cho hinh lap phiTdng ABCDA'B'C 'D ' cjinh bang 1. Goi M , N Ian liTcJt la 
trung diem cua AB va CD. Tim khoang each giiTa hai difdng A'C va MN. 
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Hoi (lii<in(j IISG IRnh hoc khaiig ,'ji'ui - I'luin Ihiij Khdi 

G i a i 
DiTng he true toa do A x y z (xem hinh ve) 
Trong he true toa do nay, la c6: 
A = (0; 0; 0); A ' = (0; 0; 1); C = (1; 1; 0). 

z 

A' 

M = ; 0; 0 ; N = i ; l ; 0 
2 

B' 

Vay A ' C = (1; 1; - 1); M N = (0; 1; 0). 
Tir do: 

\ 
\ 

1 \ 

I \ 
N 

\ 

M>-^ 
\ 

\ N 
D y 

B 

1 - 1 - 1 1 1 r 
A ' C M N A ' C M N 

1 0 0 0 0 1 
= (1;0;1). ,of:;>;;;.o*-y -4u\ivi! m «(w 

L a i c o : d ( A ' C , M N ) = d ( A ' C , M N j = 
A ' C M N .CN 

A ' C M N 
( I ) • 

Do C N = 1 ; 0 ; 0 
2 

1 

n c n t i r ( l ) c 6 : d ( A ' C M N ) = ^ = — . ' 
' V 2 4 

Ta thu h i i kct qua g i c i i v i du Iron bang phiTdng phap hlnh hoc khong gian 

Ihuan tuy (xem thi du 5, muc B, I I , chUdng 2 ) :\

T h i d u V . , t. • ,i ^ J' V',::.' , 

Cho hinh chop ti? giac vS.ABCD day la hinh thoi canh A B = Ts, diTdng cheo 

A C = 4; SO = lyfl vii vuong goc vdi day, d day O la giao d iem cua A C va 

B D . Goi M lii Irung diem ciia SC. Tim khoang each giffa hai du^dng thang SA 

va B M . 

G i a i 

V i A B C D la hinh thoi ncn A C 1 BD, do vay difng he true toa do Oxyz (xem 

hinh ve). 

Trong he true toa do nay, ta co: 
O = ( 0 ; 0 ; 0 ) ; A = ( 0 ; - 2 ; C ) ) ; 

S = ( ( ) ; ( ) ; 2 N / 2 ] ; B = ( ! ; ( ) ; ( ) ) 

C = (0 ; 2; 0 ) ; M = ((); 1; N/2) 

' (do O B = V A B ^ - A O ^ = = \ ) / i^-^cf -1- - -\
T i r d o S A = ( ( ) ; - 2 ; - 2 V 2 ) ; 

B M = ( - 1 ; 1 ; V 2 ) 

70 r „ 

Ct;j TNHII MTV Dl^ll Khnng Viet 

S A , B M 
- 2 - 2 N / 2 -2%/2 0 0 - 2 

S A , B M 
1 4i 4i - 1 - 1 1 

( ( ) ; 2 V 2 ; - 2 ) ( i ) 

L a i c o : d(SA, B M ) = d(sA, B M ) = 

V i A B = (1;2;0), nen t i i r ( l ) suy ra d ( S A , B M ) = 

S A . B M . A B 

S A , B M 
(2) 

4V2 2V6 
# + 4 3 

Ta thu la i ke't qua gia i v i du tren bang phU'dng phap suf dung hinh hoc khong 

gian thuan tuy (xem thi di i 6, muc B, I I , ehu'dng 2) 

Thi du 8. Cho hinh lap phu-dng ABCDA,B|C|D| canh a. T i m khoang each giffa 

hai diTdng thang A|B va B|D. i { ' , , 

, „ • • • G i a i • \l ' • 
DiTng he true toa dp A x y z (xem hinh ve). 

K h i d o l a c o : 

A = (0; 0; 0), A , = (0; 0; a) 

B = (a;0;0), B, = ( a ; 0 ; a ) , 
D = (0; a; 0). 
Tii fdo: 

A , B = ( a ; ( ) ; - a ; 

B ,D = ( - a ; a ; - a ) 

'0 - a 
Vay A | B , B , D 

a - a 

- a a 

—a —a 

X 

a 0 

- a a 
= (a^ 2 a^a2) . ( 1 ) . . 

L a i c o : d ( A , B , B | D ) = d ( A , B , B , D = 
|[A,B ,B ,b .BD 

A , B , B , D 
(2) 

Do B D = (-a;a ;0), n6n tiT (1) (2) suy ra: 

â  aV6 

(0 I I I 

d ( A , B „ B , D | ) = ; ' -
a V l + 4 + 1 6 

Ta thu \&'\t qua giai thi du tren bang phifctng phap hinh hoc khong gian 

thuan tuy (xem thi du 9, muc B, I I , chtfdng 2) 

T h i du 9. Cho hinh lap phiTdng ABCDA|B,C|Di canh a. G o i M , N , P Ian WcJt 

la trung d i e m cua BBi ,CD,A|D|. T i m khoang each giffa hai diTcfng lhang 



Hoi (lii<in(j IISG IRnh hoc khaiig ,'ji'ui - I'luin Ihiij Khdi 

G i a i 
DiTng he true toa do A x y z (xem hinh ve) 
Trong he true toa do nay, la c6: 
A = (0; 0; 0); A ' = (0; 0; 1); C = (1; 1; 0). 

z 

A' 

M = ; 0; 0 ; N = i ; l ; 0 
2 

B' 

Vay A ' C = (1; 1; - 1); M N = (0; 1; 0). 
Tir do: 

\ 
\ 

1 \ 

I \ 
N 

\ 

M>-^ 
\ 

\ N 
D y 

B 

1 - 1 - 1 1 1 r 
A ' C M N A ' C M N 

1 0 0 0 0 1 
= (1;0;1). ,of:;>;;;.o*-y -4u\ivi! m «(w 

L a i c o : d ( A ' C , M N ) = d ( A ' C , M N j = 
A ' C M N .CN 

A ' C M N 
( I ) • 

Do C N = 1 ; 0 ; 0 
2 

1 

n c n t i r ( l ) c 6 : d ( A ' C M N ) = ^ = — . ' 
' V 2 4 

Ta thu h i i kct qua g i c i i v i du Iron bang phiTdng phap hlnh hoc khong gian 

Ihuan tuy (xem thi du 5, muc B, I I , chUdng 2 ) :\

T h i d u V . , t. • ,i ^ J' V',::.' , 

Cho hinh chop ti? giac vS.ABCD day la hinh thoi canh A B = Ts, diTdng cheo 

A C = 4; SO = lyfl vii vuong goc vdi day, d day O la giao d iem cua A C va 

B D . Goi M lii Irung diem ciia SC. Tim khoang each giffa hai du^dng thang SA 

va B M . 

G i a i 

V i A B C D la hinh thoi ncn A C 1 BD, do vay difng he true toa do Oxyz (xem 

hinh ve). 

Trong he true toa do nay, ta co: 
O = ( 0 ; 0 ; 0 ) ; A = ( 0 ; - 2 ; C ) ) ; 

S = ( ( ) ; ( ) ; 2 N / 2 ] ; B = ( ! ; ( ) ; ( ) ) 

C = (0 ; 2; 0 ) ; M = ((); 1; N/2) 

' (do O B = V A B ^ - A O ^ = = \ ) / i^-^cf -1- - -\
T i r d o S A = ( ( ) ; - 2 ; - 2 V 2 ) ; 

B M = ( - 1 ; 1 ; V 2 ) 

70 r „ 

Ct;j TNHII MTV Dl^ll Khnng Viet 

S A , B M 
- 2 - 2 N / 2 -2%/2 0 0 - 2 

S A , B M 
1 4i 4i - 1 - 1 1 

( ( ) ; 2 V 2 ; - 2 ) ( i ) 

L a i c o : d(SA, B M ) = d(sA, B M ) = 

V i A B = (1;2;0), nen t i i r ( l ) suy ra d ( S A , B M ) = 

S A . B M . A B 

S A , B M 
(2) 

4V2 2V6 
# + 4 3 

Ta thu la i ke't qua gia i v i du tren bang phU'dng phap suf dung hinh hoc khong 

gian thuan tuy (xem thi di i 6, muc B, I I , ehu'dng 2) 

Thi du 8. Cho hinh lap phu-dng ABCDA,B|C|D| canh a. T i m khoang each giffa 

hai diTdng thang A|B va B|D. i { ' , , 

, „ • • • G i a i • \l ' • 
DiTng he true toa dp A x y z (xem hinh ve). 

K h i d o l a c o : 

A = (0; 0; 0), A , = (0; 0; a) 

B = (a;0;0), B, = ( a ; 0 ; a ) , 
D = (0; a; 0). 
Tii fdo: 

A , B = ( a ; ( ) ; - a ; 

B ,D = ( - a ; a ; - a ) 

'0 - a 
Vay A | B , B , D 

a - a 

- a a 

—a —a 

X 

a 0 

- a a 
= (a^ 2 a^a2) . ( 1 ) . . 

L a i c o : d ( A , B , B | D ) = d ( A , B , B , D = 
|[A,B ,B ,b .BD 

A , B , B , D 
(2) 

Do B D = (-a;a ;0), n6n tiT (1) (2) suy ra: 

â  aV6 

(0 I I I 

d ( A , B „ B , D | ) = ; ' -
a V l + 4 + 1 6 

Ta thu \&'\t qua giai thi du tren bang phifctng phap hinh hoc khong gian 

thuan tuy (xem thi du 9, muc B, I I , chtfdng 2) 

T h i du 9. Cho hinh lap phiTdng ABCDA|B,C|Di canh a. G o i M , N , P Ian WcJt 

la trung d i e m cua BBi ,CD,A|D|. T i m khoang each giffa hai diTcfng lhang 



B()l diCcnig HSG mnh hoc khdng gian - Ph(ui liny Khdi 

Gia i 

Difng he true toa do Axyz (xem hinh ve) 

Khi do la c6: , ^ ,; 

A = (0; 0; 0); B = (a; 0; 0), Ĥ l̂ 
B , = ( a ; ( ) ; a ) ; C = ( a ;a ;0 ) , 

D = (0; a; 0); A, = (0; 0; a), * 

D| =(( ) ; a; a); C| = (a; a; a). 

TCr do ta c6: 

a a a 
a; 0; - ; N = - ; a; 0 ; P = 0 ; - ; a 

i 2, 2 ) 2 

T t rdo ta c6: MP = 
a a 

—a;—; — 
2 2 

va C,N = 

of; 17 8 ! ! ; i l u p I'XA i, i i l i iff) i-'l 

qfi ' fffiifi odD .8 t;b . 
- - ; 0 ; - a 

M P , C N 

a a a - a - a a 

2 2 2 a ; a 2 

0 —a —a ~2 " 2 0 

a^ 5a2 a^ 

La i CO d (MP ,CN ) = d ( M P , C N j = 
MP ,CN .MN 

MP ,CN 

V i M N = 
a a 

" 2 " ' ' " 2 
ncn t i r ( l ) , (2) c6: 

d (MP ,CN ) = -

3 5a^ a-̂  

8 
9a 3 

(1) 

,fO;0';0) = A 

•Mi iil 

3aV30 

V4 16 16 

^/30 20 

Ta thu la i kct quci giai thi du trcn bang phu'dng phap hinh hoc khong gian 

thuan tuy (xem thi du 10, muc B, I I , chufdng 2) 

T h i du 10, Cho lang tru diJug A B C . A ' B ' C c6 do dai canh la 2a, day la tarn giac 

vuong la i A c6 AB = a; AC = a%/3. Hinh chieu vuong goc cua dinh A ' tren 

mat phang (ABC) lii trung diem cua canh BC. T i m cosin cua goc giiJa hai 

dirdngthang A A ' v a B ' C . 

G i a i 

Ta CO AB = a, AC = i\yf3 => BC = 2a => A M = B M = AB = a. 

• Ke A H 1 BC => H M = HB = - . 
2 

Kc Mx 1 BC (tiJc M x // AH) 

; I liUili 

Cty TNHH MTV DWH Khnng Viet 

Difng he true toa do Mxyz (xem hinh ve). 

Kh i do ta c6 

ayj3 a 
M = (0; 0; 0), A = - ;0 

2 2 

A ' = (O; 0; 2 ^ 3 ) , B - (0; - a ; 0), C = (0; a: 0) 

( v i A ' M = V A ' A ^ - A M ^ = V 4 a ^ - a ^ = a^^) B ^ - ^ j - l — --^ 
Ta c6: ( A A ' , B ' C ) = ( A A ' , B C ) 

=> cos (AA ' , B ' C ) = cos (AA ' , B C ) 

= COS(AA^,BC 

AA' .BC 

A A ' BC 

V i A A ' = 
ayfi a 

2 2 
; - ; a V 3 ; BC = (0;2a;0) 

Thay la i vao (1) va c6 cos(AA', B'C') = • 
a' 1 ' ' ' I 

4 • 
^ 4 - + 3a^2a 

Ta thu la i ket qua l inh bang phUdng phap suf dung thuan luy hinh hoc khong 

gian (xem thi du 1, miic A, I I I , chu'cfng 2). . ,v- ' Jt i^v/ ^ o t . ,<,.• 

Thf du 11. Cho hinh chop S.ABCD c6 day ABCD la hinh vuong canh la 2a, SA = a, 

SB = aVs va (SAB) vuong goc vd i day (ABCD) . Goi M , N Ian lu-cft la trung 

diem cua AB , BC. T im co,sin cua goc giffa hai du'dng thang SM, DN . 

G ia i 

Ta CO (SAB) 1 (ABCD) ma (SAB) n (ABCD) = AB , nen neu ke SH 1 AB , 

thi SH vuong goc vd i (ABCD) . 

• Ta CO SA = a, SB = aVS; AB = 2a ' 

=> ASB = 90 " => SM = M A = M B = a 

(d day M la trung d iem cua AB ) 



B()l diCcnig HSG mnh hoc khdng gian - Ph(ui liny Khdi 
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i 2, 2 ) 2 

T t rdo ta c6: MP = 
a a 

—a;—; — 
2 2 

va C,N = 

of; 17 8 ! ! ; i l u p I'XA i, i i l i iff) i-'l 

qfi ' fffiifi odD .8 t;b . 
- - ; 0 ; - a 

M P , C N 

a a a - a - a a 

2 2 2 a ; a 2 

0 —a —a ~2 " 2 0 

a^ 5a2 a^ 

La i CO d (MP ,CN ) = d ( M P , C N j = 
MP ,CN .MN 

MP ,CN 

V i M N = 
a a 

" 2 " ' ' " 2 
ncn t i r ( l ) , (2) c6: 

d (MP ,CN ) = -

3 5a^ a-̂  

8 
9a 3 

(1) 

,fO;0';0) = A 

•Mi iil 

3aV30 

V4 16 16 

^/30 20 

Ta thu la i kct quci giai thi du trcn bang phu'dng phap hinh hoc khong gian 

thuan tuy (xem thi du 10, muc B, I I , chufdng 2) 

T h i du 10, Cho lang tru diJug A B C . A ' B ' C c6 do dai canh la 2a, day la tarn giac 

vuong la i A c6 AB = a; AC = a%/3. Hinh chieu vuong goc cua dinh A ' tren 

mat phang (ABC) lii trung diem cua canh BC. T i m cosin cua goc giiJa hai 

dirdngthang A A ' v a B ' C . 

G i a i 

Ta CO AB = a, AC = i\yf3 => BC = 2a => A M = B M = AB = a. 

• Ke A H 1 BC => H M = HB = - . 
2 

Kc Mx 1 BC (tiJc M x // AH) 

; I liUili 

Cty TNHH MTV DWH Khnng Viet 

Difng he true toa do Mxyz (xem hinh ve). 

Kh i do ta c6 

ayj3 a 
M = (0; 0; 0), A = - ;0 

2 2 

A ' = (O; 0; 2 ^ 3 ) , B - (0; - a ; 0), C = (0; a: 0) 

( v i A ' M = V A ' A ^ - A M ^ = V 4 a ^ - a ^ = a^^) B ^ - ^ j - l — --^ 
Ta c6: ( A A ' , B ' C ) = ( A A ' , B C ) 

=> cos (AA ' , B ' C ) = cos (AA ' , B C ) 

= COS(AA^,BC 

AA' .BC 

A A ' BC 

V i A A ' = 
ayfi a 

2 2 
; - ; a V 3 ; BC = (0;2a;0) 

Thay la i vao (1) va c6 cos(AA', B'C') = • 
a' 1 ' ' ' I 

4 • 
^ 4 - + 3a^2a 

Ta thu la i ket qua l inh bang phUdng phap suf dung thuan luy hinh hoc khong 

gian (xem thi du 1, miic A, I I I , chu'cfng 2). . ,v- ' Jt i^v/ ^ o t . ,<,.• 

Thf du 11. Cho hinh chop S.ABCD c6 day ABCD la hinh vuong canh la 2a, SA = a, 

SB = aVs va (SAB) vuong goc vd i day (ABCD) . Goi M , N Ian lu-cft la trung 

diem cua AB , BC. T im co,sin cua goc giffa hai du'dng thang SM, DN . 

G ia i 

Ta CO (SAB) 1 (ABCD) ma (SAB) n (ABCD) = AB , nen neu ke SH 1 AB , 

thi SH vuong goc vd i (ABCD) . 

• Ta CO SA = a, SB = aVS; AB = 2a ' 

=> ASB = 90 " => SM = M A = M B = a 

(d day M la trung d iem cua AB ) 



BSi ditdng HSG innh hoc khoiuj (jian - Phnn IIuij Khdi 

Trong he true niiy ta c6: H = (0; 0; 0), M = 0 ; - ; 0 
2 

Do SAM la tarn giac deu canh a => SH = 

Ta CO B = 

aV3 
S = 0; 0; aVJ 

f 3a f 3a ^ 3a ^ 
2 a ; - - ; 0 0;—;0 ; c = 2a;—;0 =>N = a; ; 0 ; D = 2 a ; - - ; 0 

2 2 , 2 2 

V i the SM = 
fQ.a.aV^ 

2 2 
; DN = (-a;2a;0) 

Tifdo cos(SM,DN) = 

• i I = 

cos SM,DN 
SM.DN 

SM DN 

1 V5 

/a^ 3a^ ri , , 2 75 

Ta thu lai ke't qua giai thi du tren bang phu'dng phap hinh hoc khong gian 
thuan tuy (xem thi du 2, muc A, 111 chUOng 2). 

Thi du 12. Cho hinh chop S.ABCD day la hinh thoi canh bang , AC = 4 va 

chieu cao cua hinh chop la SO = 2N/2, d day AC n BD = O. Goi M la trung 

diem cua SC. Tim g6c giffa hai dUctng thang SA va BM. 
iM '* '>. . iA i iub^.; , ' , ! Giai : r u ^ M ' w j j p ; v ' . M i ; i , y d r i ; 1 ' ' . , 

V i AC 1 BD, SO 1 (ABCD), nen chon he true toa do Oxyz nhiThinh ve. 

Ta CO OC = 2, OB = ^(^yfsf - 2 ^ = 1, 

nen trong he true n^y ta c6: 

O = (0; 0; 0); S = (O; 0; 2V2) 

" A = ( 0 ; - 2 ; 0 ) ; B = (0;0; 0) 

C = (0;2;0), do d 6 M = (0;l;72 

Tiirdo S A = ( 0 ; - 2 ; - 2N / 2 ) ; 

, B M = ( - l ; l ; ^ ^ ) 

Vi the co.s(SA,BM) = cos 

V4 + 8 V 1 + I + 2 2V3.2 2 
^ = ^ => (SA, BM) = 30". 

HA 

Cty TNHII MTV DV\'II Khang Viet 

Ta thu lai ket qua bang each giai vi du tren bang phtfcfng phap hmh hoc 
khong gian thuan tiiy (xem thi du 3, muc A, III chiTdng 2) 

Xhi du 13. Cho hinh chop S.ABC day lii tam giac yuong tai B (BA = BC = 2a) 

va SA vuong goc vdi day (ABC). Biet rang SB tao \ d i day goc 6O". Tim goc 
gifra hai difc^ng thang AB va SC. , 

Giai 

Ta CO SBA = 6O" => SA = 2a.tan60" = 2aV3. ' ' i ' i ' " 

Difng hinh vuong ABCD va xet he true toa do Axyz (xem hinh ve) 
Trong he true niiy ta c6 

A = (0; 0; 0); S = (0;();2a73) 

B = (0; 2a; 0); C = (2a; 2a; 0) 

AB = (0; 2a; 0) ; 

SC = (2a; 2a; - 2a73) : 

Taco: 

cos(AB,SC) = cos AB, SC 

AB.SC 4a^ ^/5 

AB SC 2a.V4a^ +4a^ +12a^ 

Vay (AB, SC) = arccos S 

Ta thu lai ket qusi giai vi du tren bang phu'dng phap hinh hoc khong gian 
thuiin tuy (xem thi du 4, muc A, III chu'cfng 2). «(, 

Thi du 14. Cho hinh hop chi? nhat ABCDA'B 'C 'D ' day la hinh vuong canh a, 

canh ben AA' = b. Goi M la trung diem cua C C . Tim ty so - de (A'BD) va 

(MBD) lii hai mat phfing vuong goc vdi nhau. 
Giai 

Dyng he true toa do Dxyz nhi/hinh ve. Trong he true niiy ta c6: 
D = (0; 0; 0); A ' = (a; 0; b); B = (a; a; 0); C = (0; a; 0); C = (0; a; b) 

M = 
2 

Matphang(A'BD)c6 vcc-tdphapla: i i , DA', DB (1) 

75 



BSi ditdng HSG innh hoc khoiuj (jian - Phnn IIuij Khdi 
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1 V5 

/a^ 3a^ ri , , 2 75 
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Ta CO OC = 2, OB = ^(^yfsf - 2 ^ = 1, 

nen trong he true n^y ta c6: 

O = (0; 0; 0); S = (O; 0; 2V2) 

" A = ( 0 ; - 2 ; 0 ) ; B = (0;0; 0) 

C = (0;2;0), do d 6 M = (0;l;72 

Tiirdo S A = ( 0 ; - 2 ; - 2N / 2 ) ; 

, B M = ( - l ; l ; ^ ^ ) 

Vi the co.s(SA,BM) = cos 

V4 + 8 V 1 + I + 2 2V3.2 2 
^ = ^ => (SA, BM) = 30". 

HA 

Cty TNHII MTV DV\'II Khang Viet 

Ta thu lai ket qua bang each giai vi du tren bang phtfcfng phap hmh hoc 
khong gian thuan tiiy (xem thi du 3, muc A, III chiTdng 2) 

Xhi du 13. Cho hinh chop S.ABC day lii tam giac yuong tai B (BA = BC = 2a) 

va SA vuong goc vdi day (ABC). Biet rang SB tao \ d i day goc 6O". Tim goc 
gifra hai difc^ng thang AB va SC. , 

Giai 

Ta CO SBA = 6O" => SA = 2a.tan60" = 2aV3. ' ' i ' i ' " 

Difng hinh vuong ABCD va xet he true toa do Axyz (xem hinh ve) 
Trong he true niiy ta c6 

A = (0; 0; 0); S = (0;();2a73) 

B = (0; 2a; 0); C = (2a; 2a; 0) 

AB = (0; 2a; 0) ; 

SC = (2a; 2a; - 2a73) : 

Taco: 

cos(AB,SC) = cos AB, SC 

AB.SC 4a^ ^/5 

AB SC 2a.V4a^ +4a^ +12a^ 

Vay (AB, SC) = arccos S 

Ta thu lai ket qusi giai vi du tren bang phu'dng phap hinh hoc khong gian 
thuiin tuy (xem thi du 4, muc A, III chu'cfng 2). «(, 

Thi du 14. Cho hinh hop chi? nhat ABCDA'B 'C 'D ' day la hinh vuong canh a, 

canh ben AA' = b. Goi M la trung diem cua C C . Tim ty so - de (A'BD) va 

(MBD) lii hai mat phfing vuong goc vdi nhau. 
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Matphang(A'BD)c6 vcc-tdphapla: i i , DA', DB (1) 

75 



Bdi diCdiig IISG Ilinh hoc khong cjian - I'han Ihiij Khdi 

M a t phang ( M B D ) c6 vecld phap la: 

i f i i i v (TSiiS K I y i ' 

D M , D B 

y - T a c d : D A ' = (a ;0 ;b) ; a - - ' i i ! ' I T f;iifi A' 

2 
DB = (a; a; 0); D M = 

V i t h e t i J f ( l ) ( 2 ) c 6 : 

n, = 

n , = 

0 b 

a 0 

0 

b a 

0 a 

a 0 

a a 

0 
n n 

b - 0 0 i\ 
2 

= ( -ab ;ab;a^) , 

Ta c6: ( A ' B D ) 1 ( M D B ) n, i . n , -
Y 

<=> Hi.nj = 0 

o — 
a^b^ a^b^ 

2 2 

o - a V + a' = 0 

o a V - b ' ) = 0. ' (3) 

. t A ; = :>;(();j;£ ;0) = 0 

; (0 ;ij£ ;0,) = ffA 

: dD B'T 
I t n 1 f â  = 0 

Do a > 0, b > 0, ncn (3) o a = b <=> — = 1. 
b 

Vay - = 1 la dieu kien can va du dc hai mat phang ( A ' B D ) va ( M B D ) la 
b 

vuong goc vd i nhau. ¥*> «f «"H «« 
Thidu 15 * . ( i - snWod-i 111 ,A •juiti^i^ ut, iril-mox) vo l niiurii 

Cho hinh hip phiMng A B C D A ' B ' C ' D ' . T i m goc giiJa hai mat phang ( B A ' C ) 

va ( D A ' C ) . y i JTii ( i J i .uj i f r i , ! - " / l u i j ft M ;ut * .tj A A it j < l ' I . H D 

Giai 

J ;tu A' 

X c t he toa do Bxyz nhu'hinh vc. 

Gia suf canh ctia hinh lap phu'dng la a, 

khi do Irong he true niiy la c6: 

B = (0; 0; 0) ; A ' = (a; 0; a) 

C = (0; a; 0); D = (a; a; 0) t 

Mat phang ( B A ' C ) 

vec td chi phuTdng la: 

A ^ . B C I . (1) n, 

D;" > x -

a 

' C y 
!Vi, 

7fi 

Cin TNIiJI MTVDWIIKhang Viet 

M a t phang ( D A ' C ) c6 vec td chi phu-dng la: = A ' C , D C (2) 

Ta c6: A ' C = ( -a ; a; - a); DC = ( -a ; 0; 0) va BC = (0; a; 0 ) . " 

D o d 6 t i r ( l ) ( 2 ) c 6 : *S 

n, = 

n2 

a —a —a —a 
\ 

- a a 
a 0 0 0 

» 
0 a 

a —a —a —a —a a 

0 0 0 —a 1 - a 0 

= ( a ^ 0 ; - a 2 ) , 

= ( 0 ; a ^ a ^ ) . 

Theo qui U'dc neu goi a la goc giiJa hai mat phang ( B A ' C ) va ( D A ' C ) thi 

a < 9 0 " va tCfdo ta c6: 
< ii fin );•:»> H / _ _ •',>. imn 

cosa = c o s ( n | , n 2 ) 

a = 60". 

"2 

"1 "2 

-a a^ 1 

Vay ( B A ' C ) , ( D A ' C ) = 60 . 

Thi du 16. Cho hinh chop S.ABCD co day la hinh thang vuong vdi A B // CD, 

A B = 2a; C D = a va diTdng cao A D = a. Gia su' SA vuong goc vd i ( A B C D ) va 

SA = iisjl. T i m goc giiJa hai mat phang (SBC) va (SCD). 

Giai 

Du"ng he true Axyz nhu'hinh ve. 

Trong he true toa do nay ta cd: 

A = (0; 0; 0); S = fO;0;aV2' 

B = (0; 2a; 0); C = (a; a; 0) a72 
(va neu goi M la trung diem cua A B , 

t h i C M l A B ) , D = ( a ; 0 ; 0 ) . A 

Mat phang (SBC) cd vec td phap la: 

(1) 

„ , . J , a 
_ cr» cn /"T» ••- \--~\\' I .1 

SB, SC 

M a t phang (SDC) cd vec td phap la:* 

(2) — i - i r " n-, = SD.SC 

Ta cd: SB = (O; 2a; - aN / 2 ) ; SC = (a; a; - a V 2 ) ; SD = (a; 0; - a V 2 ' 

Vay tir (1) (2) cd: ,^. , ^ _ j i ^ _̂ _ , 

n, = 
2a -aV2 -aV2 0 0 2a 

a -aV2 -aV2 a a a 
= ( - a ^ ^ / 2 ; - a 2 ^ ^ ; - 2 a ^ ) 
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2 
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n , = 

0 b 

a 0 

0 

b a 

0 a 

a 0 

a a 

0 
n n 

b - 0 0 i\ 
2 

= ( -ab ;ab;a^) , 

Ta c6: ( A ' B D ) 1 ( M D B ) n, i . n , -
Y 

<=> Hi.nj = 0 

o — 
a^b^ a^b^ 

2 2 

o - a V + a' = 0 

o a V - b ' ) = 0. ' (3) 

. t A ; = :>;(();j;£ ;0) = 0 

; (0 ;ij£ ;0,) = ffA 

: dD B'T 
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b 
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b 
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A ^ . B C I . (1) n, 

D;" > x -

a 

' C y 
!Vi, 

7fi 

Cin TNIiJI MTVDWIIKhang Viet 
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" 2 = 
0 -ax/2 -aV2 a a 0 

a -a72 a a 
=-(a^V2;0;a2) 

Vay neu goi a la goc giffa hai mat phang (SBC) va (SCD), Ihi Iheo qui \S6c 

a < 9 0 " , n c n l a c o : 

4 S 
COS a = cos (H, , r i2 ) 

n, . -2a'*+()-2a' 
-* 
" 2 a y 2 + 2 + 4 .aV2 + 0 + l -d^ll.S 3 ' 

Ta thu h i i kct qua giai vi du trcn bang phu'dng phap hinh hoc khong gian 

{.,; Ihuan tiiy (xcm thi du 7, muc B, I I I , chu'dng 2) 

Ta nhan thay vt^i v i du ntiy phu'dng phap silrdung toa do la gon gang hcfn. 

T h i d u 17. Cho hinh vuong A B C D va tam giac dcu SAB canh a d trong hai mat 

phang vuong goc vdi nhau. Goi I la trung diem cua canh AB . T i m goc giu'a 

S i v a mat phang (SCD). • ;»V'''''' • I 
-Gia i r , . - - u c . 

Taco S I l ( A B C D ) . 

,C Goi J la trung diem CD, Ihi IJ 1 AB. S 

V i the diTng he true toa dp Ixyz nhif hinh ve. / i \ 

2 
Ta c6: SI = tijf do trong he true toa do / [ \

nay, thi I = (0; 0; 0); S = 0;0; 

C = a 4 ; 0 
2 

; D = 

' Ma t p h i n g (SCD) CO vec td phap la: n = SC,SD 

Ta c6: SC = 
a a\/3 

; SD = 
a ax/s 

n = 

a a\/3 

2 2~ 

-
2 2 

U i c6 SI = 0 ; 0 ; -

2 a 

2 

a 

a 2 
a a 

~2 

(1) 

, vay t i r ( I ) c 6 : 

; 0 ; - a ' 

Gpi a la gdc ^iiJa SI va mat ph^ng (SCD) thi 

Ctfj TNimMTVDVVIl Khnng Vw 

Sin a = cos^SI, ri (2) 

Ta CO cos S I ,n 
S l . i i 2x/7 

SI „2 /3 7^ 

2N/7 
Vay tu" (2) .suy ra a = arcsin . 

CAa j ' . " Theo each giai bang phiTcfng phap hinh hoc khong gian thuan t i iy , ta co: 

2V3 
a = arc tan-

De y rang tana = => cota = — sina = 
1 + cot a 

> sina = 
1 2V7 

I + -

Ta thu la i hai ke't qua nhiT nhau (xem thi du 8, miic B, I I I , chiTcJng 2) ' 

T h i du 18. ( D 6 thi tuyen sinh Da i hoc khoi D ) 

Trong khong gian vd i h0 toa do Oxyz cho hinh lang Iru durng A B C A i B i C i . 

Biet A(a; 0; 0), B ( -a ; 0; 0), C(0; 1; 0), B|(-a; 0; b) vcJi a > 0, b > 0. 

1. T i m khoang each giffa hai difcfng thang BiC va ACi theo a va b. 

2. Cho a, b thay ddi nhiTng luon thoa man a + b = 4. T i m a, b de khoang each 

giij-a B,C va AC, la Idn nhat. 

G ia i 

1. Ta c6: A, = (a; 0; b), C, = (0; l ; b ) . 

Theo cong thuTc t inh khoang each giCfa 

hai dirdng ih^ng ta c6: \ 

d (B ,C ,AC, ) = 
B,C, AC, .CC, 

B . C A C , 

Do B,C = (a; 1; - b); AC, = (-a; 1; b ) ; CCi = (O; 0; b) 

1 - b 

1 b 

- b a 

b - a 
=> B,C,AC 

T h a y v a o ( I ) v a c6: d(B|C,AC,) = 

a 1 

-a 1 
= (2b;0;2a). 

2b ab 

V4b^+4a^ 7a^+b^ 
(2) 
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Boi dialiif) nSCi U'lnh hoc klumg (/inn - Phaii Iluy Khdi 

2. TO (2) va ap dung bat dang thtfc Cosi, ta c6: 

d (B,C, A C , ) < - V S ^ <-^^y^ = ^^ (do a + b - 4). 
Vay max d(BiC, AC,) = V 2 o a = b = 2 . 

Nhqn xet: Trong cac thi du 1 - 17 bai toan ra diTdi dang hinh hoc khong gian, 
nhtfng khi giai ta dung phiMng phap toa do, con trong bai tren de bai ra du^di 
dang hinh hoc toa dp nen vice suT dung phiTdng ph^p tpa dp de giai bai toan 
nay la hdp li. ^ 

Binh luan: Qua cac thi du 1 - 18, ta rut ra phiTdng phap giai ckc hki toan ve khoang 
each va goc trong hinh hoc khong gian bang phUdng phap toa dp nhu" sau: , 

- Lap mot he true tpa dp thich hdp vdi dau bai. , , , , ^ , 
- Tim tpa dp cua cdc diem, cdc vec td can thiet. 
- Sur dung cac cong thiJc tUdng iJng da biet de tinh cac dai luTdng theo yeu cau 

dau bai. 
Can nhan manh rang, viec xay diTng he true tpa dp la quan trpng nhat vi no 
dam bao cho viec tinh toan d cac b^dc tiep theo la ddn gian hay phiJc tap 
phu thupc vao viec lifa chpn he true tpa dp ban dau. ;"j , j | 

V . T H E T I C H C U A K H 6 I D A D I E N ^y^^^ 5^ 5̂,̂  L t a aoditt anrnl' 
Bai toan tinh the tich cua khoi da dien la mot trong nhffng chu de thiet yg'u cua 
chiTdng trinh hinh hpc dtfdc giang day trong chiTdng Irinh d nha triTdng trung 

.̂̂  hpc pho thong. Npi dung nay luon luon du'dc de cap den trong de thi tuyen 
sinh mon toan vao cac triTdng Dai hpc va Cao dang 6 cac khoi A, B va D. 

T O M T A T L I T H U Y E T 
- The tich hinh chop: , 

8. 
V = ^ S h , fiSi«j if: 

(5 day V la the tich, S la dien tich day 
con h \k ehieu cao cua hinh chop. ^ 

- The tich hinh la ngtru: 

S day V la the tich, S la dien tich day i d 
con h la chieu cao cua lang try. i %--< 

:),H)I) 

80 

Cti/ TNIIII MTVDWII Khang Viet 

Ngu'cfi ta thUdng su* dung ke't qua sau day: 
Cho hinh c h o p tarn g iac S.ABC. Lily A', 
B' , C tuTdng li-ng tren SA, SB, SC. Khi do 

ta CO 
- Vs.A'B-c _ SA' SB' S C 

^S.ABC SA SB SC 

A. Tmh the tich bang each svl dun« trijfc tie'p cac cong thtfc ve the tich. 
Phu-dng phap giai bai toan thupc loai nay diTdc lien hanh nhu-sau: 

_ Xac djnh drfdng cao cua khoi da dien can tinh the tich. Trong nhieu truTing 
hdp chieu cao nay de dang xac dinh difdc ngay tif dau bai. Nhin chung viec 
xac dinh nay phai diTa vao cac djnh II ve quan he vuong goc da hpc trong 
chu-dng trinh hinh hpc Idp 11 (hay dung nhat la cac dinh \ ve dieu kien de 
mot dudng thiing vuong goc vdi mot nnit phang). 
Vice tinh chieu cao thong ihifdng nhd vao vice su" dung dinh li Pitago, hoac 
nhd den phep tiiih hrdng giac. 

- Tim dien tich day bhng cac cong thu-c qiien biet. ' ' ' ^ 
Cac bai toan thupc loai nay rat cd ban, chi doi hoi vice tinh toan can than va 
chinhxac. .H^,MHil.^^.^- • 

rhi du 1. (De thi tuyen sinh Dai hpc khoi A - 2 0 1 2 ) 
Cho hinh chop S.ABC c6 day la tam giiic deu canh a. Hinh chieu vuong goc 
cua S tren (ABC) la diem H thupc canh AB sao cho HA = 2 H B . Goc giifa 
di/dng thing SC va mat pining (ABC) bang 6 0 " . Tinh the tich hinh chop 
S.ABC. . , . 

Gia i i 
Ta CO SCH = 60" (g/t) • ^ 

|ri;;i D la trung diem cii:i AB, r. 

ikhi do do HD = HA - AD ^ 

ViCD.- : nen 

H C = V H D - + D C ' = 1-

V 36 4 
Prong tam giac vuong S H C , ta c6: S H = HC.tan60" = 
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Bdl ductng IISG ITinh hoc khrmfj tjian - Pluin Ihitj Khdi 

1 o „ _ l ^ l ' ^ / 3 aV2T_a^>/7 
Vay VS.ABC = 3 - S A B C - S H - - - ^ . — - — . . 

Nhqn xet: Bai thi tren qua la rat cct ban va ddn g i i i n . , ( „;;o yi • , a 

Thi dy 2. (De thi tuyen sinh Dai hoc khoi B - 2012) >. t ' 
Cho hinh chop tarn giac dcu S.ABC vdti S A = 2a, AB = a. Goi H la hinh 
chieu vuong goc cua A trcn canh SC. Tim the tich hinh chop S.ABH. 

i* . r ,v* c>ii:f'! uui'v* '.vt.' '' ' fn* Jjifefl H'">|'r'!idJ'iiinVl 
Ve chieu cao S O ciia hinh chop S.ABC, 
khi do O la tarn cua tarn giac dcu ABC. 
Gia suf CO n AB = M => CM 1 AB. 
Mat khac AB 1 SO (do SO 1 (ABC) 

iz:>ABl (SCM) => AB 1 SC. 
Lai CO AH 1 SC ^ SC 1 (ABH) A 
=> SH la chieu cao cua hinh chop S.ABH. 
Mat khac do AB 1 (SCM) => AB 1 H M 

- ^ S A B H = ^ A B . H M . 

Tird6 V S . A 3 „ = - S H A B . S H = - A B . H M . S H . 

TrongASMC, tac6:S0.MC = SC.HM (= 2SSMC) 
SO.MC 

, =^ HM = . 
* SC 

V i C M = ^ ; C O = = | c M = ^ , 

(1) 

(2) 

• so = N/SC' - C O ^ = 
2 â A3 • 

4 a ^ - ^ = 
3 3 

Thay (3) vao (2) va c6: H M = 

a733 aV3 

2a 4 

Ta c6: H C = V M C ^ - M H ^ = 
3a^ 1 la^ a 

16 

=:>SH = S C - H C = 2 a - - = 
4 4 

Thay (4) (5) vao (1) va c6: V^^^m ^^''-X'T'^^^ol^ 

(3) 

(4) 

(5) 

Ctfj mini MTV nVVII Khang X^iH 

I^h4n xet: 
1. Trong bai thi trcn, vice phat hien ra SH la chieu cao cua hinh chop S.AHB 

khong nhan ra ngay nhu-trong thi du 1. , ^ , , , ^ 

2. Ta CO each khac giai vi du nay trong muc B - , 

Xhi du 3. (De thi tuyen sinh Dai hoc khoi D - 2012) 

Cho hinh hop dtfug ABCDA'B'C 'D ' c6 day la hinh vuong, tarn giac A'AC 
vuong can, A'C = a. Tim the lich tii'dicn A B B ' C . 

Gia i 

Vi AA'C la tarn giac vuong can dinh A ma A'C = a 

=> A A - = AC = ^ => AB = - . ' " ' 
2 2 

V i C ' B ' l ( A B B ' A ' ) 

=> C'B' la chieu cao hinh chop C' .ABB' 

Tirdo: • , ..-(..jv^v 

V A B B C = Vc' .ABB- = — S A B B - C ' B ' , •« 

a . i A B . B B ' . C ' B ' . l . i ^ . i ^ . i i = i i ! : ^ . 
3 2 6 2 2 2 48 

Nhqn xet: Bai loan la ddn giiin sau khi nhan bict ti? dien A B B ' C chinh lii hinh 
chop dinh C day la lam giac ABB' va c6 chieu cao chinh la C B ' . 

Thi du 4, (De thi tuyen sinh Cao dang khoi A - 2012) ' 

Cho hinh chop S.ABC day ABC la tam giac vuong cfin tai A, AB = aV2, 

SA = SB = SC. Goc giffa SA va (ABC) bang 60". Tim the tich hinh chop S.ABC. 

Gia i 

Vi SA = SB = SC, nen hinh chieu H cua S 

trcMi (ABC) chinh lii tam dirdng tron ngoai 

tiep AABC. Vi ABC la tam giac vuong lai 

j A nen H la trung diem ciia BC. TiT giii 

I'lhiet suy ra SAH. = 6()" Y ' \h /v' B 

|Do AB = AC = aV2 BC = (a72)72 = 2a 

=> AH = = a. 

Trong tam giac vuong SAH, ta c6: SH = AH.lan60" = aV3 



Bdl ductng IISG ITinh hoc khrmfj tjian - Pluin Ihitj Khdi 
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Bdi diCdng IISO Hinh h{>c khdng gian - Phan liny Khdi 

Nhqn xet: Bai thi la raft ddn gian! ^ ' "̂ ^ Ĵ"*̂ " • " - ' 

T h i dy 5. Cho hinh chop S.ABCD c6 day ABC 1̂  tarn giac viiong can tai B, A B = 

BC = 2a, hai mat phang (SAB) va (SAC) cung vuong goc vdi (ABC) . Goi M 

la trung d iem cua AB. Mat phang qua SM va song song v('ti BC, cat AC tai 

N. Biet rang goc giffa hai mat phang (SBC) va (ABC) bang 60". T i m the tich 

hinh chop S . B C N M . 

G i a i ' " • * • •>••< l i D ' A A fV 

Do (SAB), (SAC) cung vuong goc vdi (ABC) => SA 1 ( A B C ) . '\^^^ _̂ 

De thay SBA = 60". Qua M kc MN // BC ( N e AC). 

Hinh chop S . M N B C nhan SA la dm Ĵng cao, ta c6: 

1 
' S . M N B C * M N B C .SA. 

Ta co: SA = AB.tan6()" = 2aVJ. 
(BC + M N ) . M B ••' 

' M N B C 

(2a + a).a 3a^ 

•2" 

is, ^ V E 

I -,2 
TCrdo theo (1) CO VS^NBC = 2 ' ^ ' ^ ^ ^ " 

g j'ih qoria 

Thi du 6. Cho hinh lang trii ABCDA|B,C|D| c6 d5y A B C D la Mnh chff nhat vdi 

A B = a, A D = aV3. Hinh chie'u vuong g6c cua A i tren mil t phang ( A B C D ) 

tr&ng vdi giao d iem O cua hai difcJng cheo A C , B D cua day. Biet rang hai 

mat phang ( A D D ] A|) va (ABCD) tiio vdi nhau goc 6O". T i m the tich cua lang 

tru da cho. 

Ta CO (ADDiA,) n (ABCD) = AD. 
Ke OE 1 AD (E la trung diem AD) 

=> A|E 1 AD (djnh l i ba diTdng 

vuong goc) '-̂ -S-l/ 

A , E O = 60" (theo g/t) 

Ta CO A|0 = OE.tan60" = 

84 

Cty TNHII MTV DVVII Khnng ViH 

Ta lai thay: V^m-uA|B|C|D| — ^ABCD ' l O i — S A n r n - A i O - i\.ayj3. ^ = — ntiJ -j: ,1; 

X h i d u 7. Cho hinh chop S.ABC day la tarn giac vuong A B C tai B, A B = 3a, BC 

= 4a. Biet rang mat phiing (SBC) vuong goc vdi (ABC) . Gia sijT SB = aVs 

va SBC = 30". T i m the tich hinh chop S . A B C . ' " : 

G i a i 

Do (SBC) 1 ( A B C ) , nen neu kc SH 1 BC ( H € BC), thi 

S H 1 (ABC) '̂̂ t̂' MlfinV mM QHr:} i-' • 

Ta CO SH = SB.sin30" = 2 a V 3 . - = a73. 

2 v::3e,;i6 
V - i s 9 H - ' ^ M £ c o 

S.ABC — 2 ^ A B C - ^ ^ — ~ 
2 

1 3a.4a 

3 2 

Thi du 8. Cho hinh chop S .ABCD co day A B C D la hinh vuong canh a. Goi M 

va N Ian lu-dl la trung diem ciia A B va A D . Giii su" H la giao diem cua C N va 

D M . Biet rang SH = aVs va vuong goc vdi ( A B C D ) . T i m the tich hinh chop 

S .SDMN. 
• • ^ •• >tOi|A.aq6r]'jdnWofJ3„OI yli 

Trong hinh vuong A B C D ta cd M D 1 C N va M D = C N = j a ^ + — = — 

:u, :---,v 4 2 
Do M N D C la ti? giac co hai diT^fng cheo vuong goc vdi nhau, nen , 

aV5 
S M N D C = ^ M D . N C = i 

Ta co: V S . C D N M 
_ K 1 Sâ  r- 5V3<: 
- - S c D N M - S H = - . — . a > y 3 = — 

3 
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T h i dy 5. Cho hinh chop S.ABCD c6 day ABC 1̂  tarn giac viiong can tai B, A B = 

BC = 2a, hai mat phang (SAB) va (SAC) cung vuong goc vdi (ABC) . Goi M 

la trung d iem cua AB. Mat phang qua SM va song song v('ti BC, cat AC tai 

N. Biet rang goc giffa hai mat phang (SBC) va (ABC) bang 60". T i m the tich 

hinh chop S . B C N M . 

G i a i ' " • * • •>••< l i D ' A A fV 

Do (SAB), (SAC) cung vuong goc vdi (ABC) => SA 1 ( A B C ) . '\^^^ _̂ 

De thay SBA = 60". Qua M kc MN // BC ( N e AC). 

Hinh chop S . M N B C nhan SA la dm Ĵng cao, ta c6: 
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2 
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3 



lk)i dUOng IISG irmh hoc khong gian - Phan liny Khdi 

Chu y: Can nhd la i cong ihvSc sau: Gia su: A B C D la id giac c6 

hai dirdng chco A C va B D vuong goc vdi nhau. K h i do: 

^ABCD — ^BAC + ^DAC 

B 

= i A C . B H + - A C . H D = - A C . B D 
2 2 2 

H 

D 
Thi du 9. Cho hinh li ing Iru tarn giac dcu A B C A ' B ' C c6 A B = a, goc giffa hai 

mat phang ( A ' B C ) va (ABC) bang 60". T i m the tich lang try ay. A * i . t 

• ;/- . V V;:.,: \, , i . - j , . A' 

Goi M la trung diem ciia BC £ 

=> A ' M 1 BC (dinh l i ba difcfng vuong goc) 

=> A ^ ^ =60"(g/t) , 4 : 

^ A A ' = A M . t a n 6 ( y ' = ^ . V 3 = - . 
, T 2 2 

T a c o : - • , 

V A U C . A ' B C - ^ A U C - A A -
4 2 8 

T h i du 10. Cho hinh chop S .ABCD c6 day la hinh thang vuong tcii A va D , A B = 

A D = 2a, C D = a, goc giOra hai mat phang (SBC) va ( A B C D ) bang 60". Goi I 

la trung d iem cua A D . Biet rang hai mat phang (SBI) va (SCI) cung vuong 

goc v d i day ( A B C D ) . T i m the tich khoi chop S.ABCD. ',; , 

Giai ' ' 

a 

M B 

Do (SIB) va (SIC) cung vuong goc vdi ( A B C D ) ^ S I l ( A B C D ) .V M «T 

(SBC) n ( A B C D ) = BC. 

Ke I H 1 BC SH 1 BC (dinh l i ba diTcJng vuong goc) SHI = 60" (g/t) 

CtgTNim MTVDWH Khang ViH 

SI = IH.tan60" = I H . V 3 . ( 1 ) 

Gpi M va N tiTdng itng la trung diem ci'ia A B , BC. V i I N la du'cfng trung binh 

•> I X L . 1 . A n / - ^ r N i K T DC + A B a + 2a 3a cua hinh thang A B C D => I N = = = — . 
2 2 2 

Ta CO I H = I N . c o s H I N = IN.cosMCB 

2a 

Thay (2) v S o d ) va co: SI = 

_3a75 
BC 2-7^777" 5 

3aV5 ^ ^ 3 a V l 5 
5 5 

L a i CO SABCD = ^ ^ 4 ^ . A D = I N . A D = ^ . 2 a = 3 a 2 . ' ' ^ 
2 2 

(2) 

(3) 

(4) 

T i r ( 3 ) ( 4 ) s u y r a : V , . ^ , e D = ^ S ^ , C D - S I = ^ . 3 a ^ ^ = ^ ^ . , 

Thi du 10. Cho hinh lang tru A B C A ' B ' B ' C c6 canh ben B B ' = a va B B ' tao 

vdi day (ABC) goc 6O". Gia .suT A B C la tam giac vuong tai C va B A C = 6O" 

Hinh chieu vuong goc ciia B ' len (ABC) trung vdti trong t i im tam giac A B C . 

Tinh the tich ti? dicMi A ' A B C . 

Goi G la trong tam tam giac A B C => B 'G 1 (ABC) . 

; T a c 6 B ' B G = 6 0 " o B G = BB' .cos60"= - ' 

= ^ B ' G = BB' .s in30"= 

f-. 

Dat A B = 2x. 

Trong lam giac vuong B A C ta c6: A C = x (do A B C 30"), BC = xV3 

'"̂ ^ Gia silf BG n A C = P =^ BP = - B G = — 
2 4 

87 



lk)i dUOng IISG irmh hoc khong gian - Phan liny Khdi 
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87 



Bdi ditdng JISG Hinh hoc khdng gian - Phan Ilutj Khdi 

Trong tam giac vuong BCP theo djnh l i Pilago, Ihi 

A C X BP= = BC^ + PC^C^ — = 3x2+ — 

x 2 = ^ 
52 

16 

(1) 

do PC = • 
2 2 , 

Ta c6: V A . A B C = - S A B C - B ' G (2) '''\m 

(do ( A ' B ' C ) // (ABC) => d ( A ' , (ABC)) = d (B ' , (ABC)) = B 'G) 

Ta CO S^BC = - C A . C B = Ix .x^ = ^x^ = 
2 2 , 2 104 

( c l o d ) ) . • 

Tuf 66 thay vao (2), ta c6: V A . A H C = - • j^^^^ = 

Thi du 11. Cho hinh lang try diJng A B C A ' B ' C co day la lam giac vuong ABC 
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BC = v 5 a ^ - a ^ = 2a (xe l trong lam giac vuong A B C ) . 

Do ( A A ' C ' C ) 1 ( A B C ) , nen trong ( A A ' C ' C ) 

ke I H 1 AC ^ I H l (ABC) 

Theo dinh l i Talct , la c6: 
I H CI 

A A ' C A ' 

Do M la Irung diem ciia A ' C nen: 
AC 

A ' M 

(1) 

= 2, nen 

C I A C 
— 0 

CI 

l A ' A ' M 

CI 2 

C A ' ~ 3 

Tuf (1) (2) CO: 

CI + I A ' 3 i^. :3 f ; A< 

I H 
— = l ^ I H = ^ A A ' = ^ . . j , V , . 1 

Ta CO V,ABc= T S A B c I H = r . 4 B A . B C . I H = i . a . 2 a . ^ = ^ ^ ^ : - HA i K I 
3 2 

88 

Cli/TXIin MTV DVVII Khang VUU 

-j'hi du 12. Cho hinh chop S.ABCD day la hinh vuong A B C D canh a, mat ben SAD 

la lam giac deu \ nam trong mat phiing vuong g()c vi'Ji day A B C D . Goi M , N , P 

Ian liTdl la trung diem cua SB, BC, CD. T i m the tich lu-diC-n CMNP. 

••b : G i a i ' I 

Do (SAB) 1 ( A B C D ) , nen ni^u kc SH 1 A B ^j-y^^^ ^.^^^ , , 

= > S H 1 ( A B C D ) . -• - : , : :S 

Ta CO H la Irung d i i ; m cua A B . 

Trong tam giac SHB kc M K // SH 

= > M K 1 ( A B C D ) . 

K h i do M K la chieu cao cua hinh chop 

tam giiic M . P C N , va c6: ^ . / I ' ^ X - ' A - V ^ - ^ B 

M K = i - S H = ^ . - ' ^ ( : ' i : ^ ' 

T a c o : ^ 

VcMNP = VM.NCP = ^ S c N p . M K = l . i - C P . C N . M K ' L A L i : . ,„^g 6 L « ! 
3 2 

1 a a a>/3 
i t ) ( i ) YiJri '^ 

df: : 6 2 2 4 96 

Thi du 13. Cho hinh chop S .ABCD c6 day A B C D la hinh chff nhat v d i A B = a, 

A D = a\f2, SA = a va vuong gc)c vdi ( A B C D ) . Goi M , N Ian M n la Irung 

diem cua A D va SC. Gia silr I la giao diem ciia B M va A C . T i m the tich 11? 

dien A N I B . 

G i a i 

Goi O la lam cua day A B C D => NO // SA =i> NO 1 ( A B C D ) , vay NO la 

chieu cao hinh chop tam giac dinh N , day la tam giac A l B . , , ^ 

89 



Bdi ditdng JISG Hinh hoc khdng gian - Phan Ilutj Khdi 

Trong tam giac vuong BCP theo djnh l i Pilago, Ihi 

A C X BP= = BC^ + PC^C^ — = 3x2+ — 

x 2 = ^ 
52 

16 
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B6i dicdng HSG Hinh hoc kh6ng ginn - Phan Iliiy Khdl 

Taco: VANIB = VN.AIU= ^ S A I B - N O . (1) 

Ta c6 NO = -AS=-/^ '"̂ (̂ ^ • ' m^^^i^ 

Xet hinh chCTnhat ABCD. Ta C O : M A = - A D =^ M A = ^BC, vaysuyra 

A I = i l C = > A I = - A C 
2 3 

•".'•ft 1 • u , f > 

. , 2 _ AC^ _ AD^ + AB^ 2a^ + â  

Lai CO BI = - M B =^ BI^ = - B M ^ = -
3 9 9 

2a^ 
3 

11/ 
1 

2 2 - i 2 

Tirdolaco: A I " H - B I ^ = — + — - = = A B ^ vayAIB la tarn giac vuong tai I . 
3 3 

Tfifdo SAIB = - I A . l B = : - . 
1 â /3 ax/2 a -N/2 

2' 3 • 73 
(3) 

Thay (2) (3) vao (1) va co: V^NIB = ^ . - ' ' " ^ ^ ' " ' " ^ 
3 6 2 36 

Thi du 14. Cho hinh chop tiJ giac S.ABCD c6 day ABCD la hinh thang, trong do 

ABC = BAD = 90", BA = BC = a, AD = 2a. Gia svS SA vuong goc vdi day 

ABCD va SA = ixyfl. Goi H la hinh chieu cua A trcn SB. Tim the tich tiJ 
diOn SHCD. 

S 

Trong hinh thang vuong ABCD do thay BCD = 135" va CD = ny/l . 

Ke HK va BE cung vuong goc (SCD) => HK // BE va S, K, E thang hang. 
HK SH Theo dinh liTalct, ta c6: 
BE SB (1) 

Cty TNHH MTV DWH Khang ViH 

Ta c6: S B = V S A ^ T A B ^ = Vsa^ +a^ = &S. 

Trong tam giac vuong S A B , ta co: 

SA^ = SH.SB SH = 
SA^ 2a^ 2V3a 
SB a>/3 3 

2V3a, 
SH — o — 2 

D o d 6 t i r ( l ) s u y r a : HK = — BE = — 2 - ^ — = - B E . 

; ' If 

SB a 

Tirdo VH.SCD=7VB.SCD- ' ^ v = (2) ' ' 

Laico: V^SCD = VJ.BCD = ^ V D - S A = ^.^BC.CD.sinl35".SA ' 
" fr, ''i'l 'i IfV/ I 

(chu y rkng SA 1 (ABCD), nen SA la chieu cao cua chop tam giac dinh S 
day la tam giac BCD) 

V a y V B . s c D = ^ . a . a V ^ . ^ . a V ^ = ^ . ( 3 ) 6 2 6 

Tur (2) (3) suy ra: VSHCD = VH.SCD = 

Nhdn xet: Qua thi du nay ta thay khi tinh the tich mot li? dien, can kheo leo 
chon mot dinh thich hdp de qui ve mot hinh chop tam giac. Trong thi du Iren 
ta coi tu- dien SHCD la hinh chop dinh H, day la tam giac SCD. ' 

Thi du 15. Cho hinh chop tu" giac deu SABCD day la hinh vuong canh a. Bicl 
rkng mat ben SAB tao vdti day ABCD goc 60". Goi (P) la mat phang qua CD 
va vuong goc vdi (SAB). Gia suf (P) ciit SA tsii M , cat SB tai N. Tim the tich 
hinh chop S.MNCD. 

Giai 
Goi E la trung diem ciia AB 

=> SEO la goc tao bdi (SAB) va day (ABCD) 

=^ SEO = 60". 

Gia sur EO n DC = F 

=> SEP la tam giac deu canh a. / 1 ^ ^ -

Goi I la trung diem cua SE thi F I 1 SE. ^ 

Do SE ± AB => SE 1 DC (vi AB // CD) 

=> SE 1 (DCI) => (SAB) 1 (DCI) => (P) = (DCI) 
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J3<5i dudng HSG truth hgc khdng gian - Phan Hiuj Khdi 

Do DC // A B => DC // (SAB) => (DCI) n (SAB) ihco giao luycn qua I va // DC. 
G p i M , N Ian iMl la giao diem cua SA, SB vdi (DCI) . Ta c6 M , N Ian lu-pt la 
trung d iem cua SA, SB. ''•* ' ' 
Hinh chop S . M N C D c6 diTdng cao la SI va day la hinh lhang M N D C . 

Ta c6: V^^f^cD ' J ^ M N C D 
3 j ^ l ( C D + M N ) J F ^ j 

3 2 (1) 

Ta CO C D = a, M N = ^ ; SI = i sE = | ; IF = v i the thay vao ( I ) , ta 

\S.MNCD — ^ 
a aV3 a 

~^'2 
a-̂ V3 

16 

T h i du 16. Cho lang Iru tam giac ABCA|B|C| c6 day A B C la tarn giac vuong 

can v(3i canh huycn A B = iXyfl. Mat phang (AA|B|B) vuong goc v(3i mi l l 

phang ( A B C ) . Gia svl A A , = aV3, goc A^AB nhon va mat phang A C C A , 

tao v d i day ( A B C ) goc 60". T i m the tich lang try. 

G i a l 

K e A , H 1 A B =^ A|H l ( A B C ) . 

K c H K J. A C ,=> H K // BC va A K H la tam giac vuong can di'nh K. (£) T/'i 

Ta CO A|K ± A C (dinh l i ba du'ttng vuong goc). 

D a l K A = K H = X =^ A H = . 

Do A J K H = 60" (VI A ^ la goc tsio bcfi 

J. hai mat phang ( A A i C C ) va (ABC)) 

Ci => A i K = 2x va A , H = xVJ ,:,,o,g Q-JQ/., 

r! Trong lam giac vuong A i A H , la co: :M) 'm , '' 

A,A^ = A H ^ + A , H ^ 

o 3a^ = 2x^ + 3x^ 

o 
2 3a 

X = — 
aVTs 

o X = 

T l r d 6 A , H = x ^ ^ = ^ . 

HiiO 

' A ) x'bh iiv n 

T a c o V ABC.AiB|C| = S A B C - A , H = - C A . C B . A , H 

t , 

l a . a . ^ (do C A = C B = 
2 5 

iV2.V2 
= a) 

3a•̂ /̂5 

10 

Cty TNHH MTV DWH Khang VUt 

P Tinh the tich bang each su" dung the tich cua cac khd'i da di§n khac 

Trong nhieu bai loan viec tinh trifc tie'p the tich khoi da dien nhuf trong phan 

A c6 the gilp kho khiln v i hai l i do: Hoilc la kho xac djnh vh. t inh dUdc chieu 

cao cua khoi da dien; hoac la vice tinh dien tich dsiy khong de dang. 

K h i do trong nhieu trUdng hdp ta c6 the lam nhu" sau: »<- - > ' , 

Phan chia kho'i da dien can tinh the tich thanh long hoac hieu cac khS'i cd 

ban (hinh chop hotlc hinh lang try) ma cac khoi nHy vi^c tinh the tich cua 

chUng la de diing hcfn. 

_ SO sanh the l ich kho'i da dien can tinh vdi mot kho'i da den khac da bic't 

tru'dc the tich. 

_ V d i loai loan nay ta thu'dng suT dung ket qua sau: ' • • ' " 

Cho hinh chop S.ABC. Lay A ' , B ' , C typng iJug tren SA, SB, SC. 

K h i do ta c6: "•••"'̂ ' >;,;;^;"""-'*' ' ^ ' : ) ? . • Qz 

^ S . A ' B C _ SB' S C ^ , , , l/Kr 

V s A B C S A S B S C ^ /I'i^^K^ 
Ke't qua nay dU'dc chu'ng minh ddn gian nhif sau: / ^ ^ ^ ^ ^ ^ \ 

K6 A ' H ' va A H cilng vuong goc (SBC) / " \ 

K h i do A ' H ' // A H va S, H ' , H t h i n g hang. A / = = - - / - — ^ C 

Ta c6: , ni ; ,^ , , . z.. ^^^^^^^y 

' ^ S . A ' B ' C ' ^ A ' .SB 'C _ 3 /ix <• - J , J -
- r ; = — — —j • (1) ij ; ; o.s.aM Hiijj n',)(i'.; , 

Vp A n r - VA c - D . ^ 1,-, .TT 
S . A B C V A . S B C - S c R C - A H ^ sj . . 

. - ^ S B ' . S C ' . s i n B ^ ' b t e A ^ ^ 
^ S B C ^ 2 ^ S B _ S C _ H . 

SsBC IsB .SC.s inBSC aoA.?."^ " 

— = — ( I h e o d i n h l i T a l e t ) ' 
A H S A 

Tir do thay vao (1) ta c6 dpcm. •- J M / H ;, 

Chuy: Ket qua tren van dung neu nhiT trong cac diem A ' , B ' , C c6 i h ^ c6 diem 

I A s A ' , B s B ' , C s C . QM/-:.<•:• ^ ' •.:.,.'(!.• 

Thi dy 1. Cho hinh chop S .ABCD c6 ddy A B C D m hmh Ihoi canh b^ng Sem, 

dirdng ch6o A C = 4cm. Doan t h i n g SO = 2%^cm va vuong g6c vdi day, d 
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— = — ( I h e o d i n h l i T a l e t ) ' 
A H S A 

Tir do thay vao (1) ta c6 dpcm. •- J M / H ;, 

Chuy: Ket qua tren van dung neu nhiT trong cac diem A ' , B ' , C c6 i h ^ c6 diem 

I A s A ' , B s B ' , C s C . QM/-:.<•:• ^ ' •.:.,.'(!.• 

Thi dy 1. Cho hinh chop S .ABCD c6 ddy A B C D m hmh Ihoi canh b^ng Sem, 

dirdng ch6o A C = 4cm. Doan t h i n g SO = 2%^cm va vuong g6c vdi day, d 



Bdi dicdng IISG Hhih hoc khontj /JKIH I'han Huy Khdi 
day O la giao diem cua AC va BD. Goi M la Irung diem cua canh SC. Gia suT 
(ABM) cat SD tai N. Tim the tich hinh chop S.ABMN. 

V i A B / / D C => AB//(SDC) . > 

=> (MAB) n (SDC) = MN, trong d6 MN // AB. 

V i M la irung diem SC => N la trung diem cua SD. 

Ta c6: Vs ^ B M N = "^S.ABN + '^S.MNB (1) 

CUj TNHH MTVDVVII Khung Vm 

T a c 6 : : ^ = = ^ = i 
VsABD S D 2 

1 
do," .'n 

Vs.NAB - ^ V v s . A B D " 4^S.ABCD 

V s . M N B _ S N S M _ ' r V S.BCD SD SC ^S.MNB = — D^,^ - - V, 4 S.BCD - g ^S.ABCD 

Thay (2) (3) vao ( l )vac6 : 

^S.ABMN = - V , S.ABCD • ( 4 ) 
•-ij \ 

Do Vs.^,eD - ! s A B C D S O = i . i A C . B D . S O = 1 .4 . 2 . 2 ^ = ^ V 2 (5) 
3 ^ " ° " " 3 2 

Thay (5) vac (4) va c6: VS.ABMN = ^Icn?. 

1. Xet each giai khac cua thi du tren nhiT sau: 

(6) 

(7) 

Ta c6: VJ^^BI^N — ^S.ABCD ~ ^ADNMBC 

Do V^^NMBC — ^N.ADB + ^B.DNMC • 

Dgthay: ^ ^ k A D B _ S N _ J ^ 
^'S.ADB 

1 
SD 

1 
'^N.ADN - 2^S.ADB - 4^S.ABCD W ^ 

^ 1 SDNMC — •^^SDC V B.DNMC 

Tir (7) (8) (9) VADNMBC = f '^s.ABCD 
5 
8 
3. 
8 

3 3 3 
= T^B..SCD = T^S.DBC = ^S.ABCD (9) 

4 4 8 

(10)-;.i•,;:}•, • :•;v'A / t s/i 

Tir ( l ) ( 1 0 ) suyra ABMN = ^ V S A ^ C D - V 2 c m l 

Ta thu lai kct qua tren! 

94 

jl J' 

2. Xet them each giai khac nila cua thi du tren nhU' .sau: 
Qua O kc EF // AD (E e AB, F G AC ^ 
=> E va F Ian lu'cJt la trung diem cua AB va DC. 
Ta c6: VADNMBC = ^M.EBCF + ^MFE.NDA • ( • 1) 

1 
Do SgBc — J ^ A B C D chieu cao MH 

cua hinh chop M.EBCF bang - S O 

I 
^M.EBCF — 7 ^S.ABCD • 4 

2 

(12) 

Vdi hinh lang tru MFE.NDF ta thay chieu cao h, cua no bang - chieu cao h 

cua hinh chop B . S A D va S^DA = -;^^SDK 

'MFE.NDA - S N A D - ^ I - - S s D A - '^h- Is 
^ ^SDA 

.h = - V , B.SDA 

= - V , .S.ADB = - V , S.ABCD 

Tvfdo theo(12) ta c6: 
5. 

'M.EBCF - - ' V s . A B C D = ^ ^S.ABMN - ^''^^S.ABCD - ^Cm^• 

Ta cung thu lai ket quii tren. 
3. Trong ba each giai tren ta deu sur dung phiTcJng phap linh the tich khoi can 

tinh bang phiTdng phap gian tiep (tuTc la thong qua the tich cua cac khoi 
ll khac). De so sanh hieu qua cua phu'dng phap nay \'6i phiTdng phap trifc tiep 
. da Irinh bay trong muc A , ta hay xem each giai sau day: 

S 

''Gia surh = d(S,(ADMN)), khi do ta co: 

ABMN .h (13) 

iTa CO SO = 2V2, OA = 2; OB = 1, 

| S A = S C = VSOHOA^ -=yfH^-4=2^j3 
I- , A ^ ^ r 1 

| S B = S D = V S O ' + O B ^ = V8+T = 3 . ^ ^ ^ 
Trong lam giac S A B , Iheo cong thiJc tinh diTdng trung luyen ta c6: 

95 
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Boi diCcUig IISG Ilinh hoc khoni) f/kiii - Phnn Ihiy Khdi 

, ^ , 2 2(SA- + A B ^ ) - S B ^ _ 2 (12+ 5 ) - 9 ^ 25 
~ 4 4 4 ' ^aA'̂ x^-:̂  

Tifdng tir trong tarn giac SDC, ta c6: '̂ ^̂  > ^fi'm mm; £ V^<A 

. 2(SD- + D C - ) - SC^ 2(9 + 5) - 12 . : .^^,,. . v 
D M = • = = 4 . 

4 4 , , ' V , ; , , 

Goi E la triing diem ciia A D => AE = ED = N M = ~ ; M E = N A = | . 

Goi a = M D E . •- - " , ., " ^ ' » ^ 

Trong tarn giac M E D thco dinh l i hhm so cosin, la c6: 

M E ^ = ED^ + M D - - 2 E D . M D . c o s « 

=^ ^ = A + 4 - 2 . — . 2 c o s t t = ^ 1 = -2V5cos(x 
4 4 2 

cosa = — ^ (vay a > 90") , . . A E D K 

Ke M K 1 A D M K = M D . sin M D K = 2.sin M D K 

Ta c6: M D K = 180" - a => sin" M D K = 1 - cos 'a = 1 - = ^ • 

sin M D K : 
x/[9 sfl9 

• ft K • • 

V ^ y M K = ^ . - ' » f .'̂ '̂ '̂  

T i r d o t a c o : S ^ D M N = 
( A D + M N ) . M K 

Qua O kc EF 1 A D (E e A D , F 6 BC) 

Trong tarn giac vuong A O D , ta c6: 

1 1 1 » . . 1 A 
4 

— = (14) 

- + — ^ = - + 1 = - 0 
OE^ O A ' O D ' 4 

= > O E = ^ = : > E F = ^ . . V ^ 

Ta CO A D 1 EF. A D 1 SO => A D 1 (SEF) => ( A D M N ) n (SEE) = EI 

TCr do neu ke SJ 1 E I , thi SJ 1 ( A D M N ) 

AS 

a2 

QA 

CtyrNTIH MTV DVVH Khang ViPt 

=> d { S ; ( A D M N ) ) = S J 

T a c o S s E , = ^ E I . S J .̂̂^ ,, ?;V̂ ,i ! ^ 

2 . S s E . _ S s E F ^ '^'^ ^ .SJ = 
E I 

= - E F . S O = - - ^ . 2 V 2 = 
4V2 

E I 

T a c o : S S E F - - ^ ^ • • ^ v ^ - - - 7 r - ^ v ^ - ... 

La i CO trong tarn giac S E F : -z.^^ — ':^^^. 

_ 2(SE^^ + E F ^ ) - S F ^ S E ^ + 2 E F •2 E 
(do S E = S F ) 

4 

S O ^ + E O ^ + S E O ^ ^ + ^-7 5 _ 19 
• E I = 

V5 

) uoirio /;I HA , 

T i r d o t a c o : SJ = 
4V2 V5 4V2 

75 '719 Vi9 

13V19 4V2 

yJii'l (fu;) «n(,. 

+ 
- V 2 c m - \ 

1 

Thay vao ( 1 3 ) , ta c6 V ^ A B M N = 

Ta thu lai ket qua tren. Cac ban da thay ro phiTOng phap nao co hieu qua hdn? 

Thidy 12. 

Cho hinh chop tarn giac S.ABC co d^y la tarn g i i c deu canh a, SA = 2a va 

vuong gdc vdi day (ABC) . Goi M , N tiTdng iJng la hinh chieu vuong goc cua 

A tren SB, SC. T i m the tich khoi chop A . B M N C . 

. G ia i 

Ta c6: VA.BMNC = VS.ABC - VS.AMN-

Ta la i co: 

\ ^ A M N _ S M SN ; 

^S .ABC 

S.AMN 
S M 

I SB J 
V S.ABC (2) 

(do SB = SC; SM = SN=> : ^ = . ^ ) . 
SB SC 

Theo he thiJc lu'dng trong tarn giac vuong SAB, thi 

S A ^ = S M . S B ^ ^ = ^ = > ^ = 4 . = 1 . 
SB^ SB SB 5 a 2 5 
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lidi dicdiig HSG Hinh hoc kMiuj f/uiii - Phan Hmj Khdi 

Tir (1) (2) (3) suy ra: V ^ B M N C = ^S.ABC 1 -
16 
25 

Lai CO Vŝ ABC = T S A B c S A = ^ ^ - ^ . 2 a = 

- 2 5 V . S . A B C 

a'73 
3 

Tir (4) (5)d idcn: V^UMNC = 

3 4 

3a - ' ^ , :i 

(4) 

(5) 

Nhqn xet: Ta giai lai thi dii trcMi bang phift^ng phap triTc tiep nhiT sau: 
Gpi E la irung diem ciia BC => AE 1 BC => SE 1 BC (dinh l i ba diTdng 
vuong goc) => BC 1 (SAE) => (SBC) 1 (SAE). 
Vi (SBC) n (SAE) = SE; ncMi neu ke AH 1 SE (H e SE), thi AH 1 (SBC) 

=> AH lii chicii cao cua hinh chop A.BCNM. 

Tirdo V ^ B C N M = ^ S B C N M - A H . (6) 

Trong tarn giac vuong SAE, ta c6: 

• • • ' : - • " - < : • ; " " • " i - ? ' " ! 

1 1 1 1 1 

19 

A H - I2a^ 

2 

s 

AH^ AS- AE^ 4a^ 4a^ 3â  

AH = 2a (7) ''•^fi^tli^aOuid* • ./,;/!'siill.sf 
' Vl9 

Ta c6 (do M N // BC): 
•I S<; 

SM' 2 , SM 
SB; SB, 

'BCNM 1 -
SM 
SB 

^SAB 

•SsAB — ~Ss,A^B 

- S 

(8) 

^ , S M 4 , 
(xem phan Iren, ta CO = — ) . 

S B 5 

Lai CO SCAB = - B C . S E = - a V s A ^ + A E ^ = - a , 
. '̂̂  2 2 2 } 

SAB 

Thay vao (8) va c6 SSAB = 
9aVr9 

100 
(9) 

4 a ^ + ^ = i a ^ 7 I ^ . 
4 4 

T.v m (Q^ i . v ^ 9a'719 >/5 3a-̂ V5 
Ttf(6) ,(7) ,(9)taco. VA.BCNM = - ^ ^ ^ - ^ ^ ^ = ^ -

Ta thu lai ket qua tren. Cac ban hay so sanh linh hieu qua cua hai phiTdng 
phap tren. 

a 6 1'.̂  

CUj TNIIII MTV DWH Khang Viet 

f i l l dii 3. Cho hinh chcip ti? giac dcu S.ABCD ccS canh day AB - a, canh ben 
SA = a>/2. Gpi M , N, P Ian lu^dt la trung diem SA, SB, CD. Tim the tich tiJ 
dicnA.MNP. ,j 

G i a i , 

Do SA n (MNP) = M MS = MA => d (A, (MNP)) = d (S,(MNP)) 

(1) ^ ^A.MNP — ^S.MNP 

Lai CO 
\S.ABP SA SB 2 2 4 

^S.MNP — ~^S.ABP • (2) 

ai hinh chop S.APB va S.ABCD co cung chieu cao SO (AC n BD = O) va 

ti'V 

2 r..2 _ 1..2 Li a' _ a^V6 ^ - . - a ^ V s A ^ - O A ^ = - a 
2 3 6 V 

2 a ^ - — = 
48 

(3) 

rir ( l ) (2)(3)suyra: V^.MNP = 
48 

-̂ Ta c6 the linh VS.MNP mot each triTc tiep nhiTsau: 
Gia surPOn AB = Q ; 

Q la trung diem cua AB. 
Ta CO AB 1QP, AB 1 SQ AB 1 (SPQ) 
Vi MN // AB :^ M N 1 (SPQ) 

| . => (MNP) 1 (SPQ) 

| | t a i CO (MNP) n (SPQ) = IP, 

; 6 day MN n SQ = I (khi d6 I la trung diem cua MN). 
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Bdi dit<in(i TISG Ilinit hoc khoncj gian - Ph<m Ilu;/ Khdl 

V i the ncu kc SH i . IP (H e IP) (H e IP) => SH ± (MNP) 

=> d(S, (MNP)) = SH 

Nhur vay V ^ . M N P = ^SMHV = ^ — Ys MNP — T^MNP -SH . (4) 

Ta CO SQ = SP = VSA^ -AQ^ = 2a^ 
' aVv / i " 

Trong tarn giac SPQ, thi 

, 2 ( S p 2 + Q P ' ) - S Q 2 SP2+20P2 ' 
ip2 = _ J 1 = (do SP = SQ) 

7 a ^ ^ - 2 ' 
_ 4 r ^ - 1 5 a ^ 

A 

16 
IP = 

Ta c6: S^QP = ^ Q P . S O = ^a .y2a^ " y = 2 a^ -A^S 

La i CO Sgip = —IP.SH = ——-—.SH => SH = 
8 2 4 V5 

Taco S M N P = - M N . I P = - -

22 4 16 
(6) 

T i r ( 4 ) ( 5 ) ( 6 ) suyra: VAMNP = 
_ 1 a^Vl5 aV2 ^ a-^V6 ; , V , - , ^ f ; ^ , } , V 

3 16 • 75 48 • ; 

Ta thu la i ket qua tren! (£) (S) { ( W 

2. Ta trinh bay them each tinh VAMNP bSng phifcfng phap toa do 

Li ip he true toa do Oxyz nhir hinh ve. Trong he true nay ta c6: 

O = (0; 0; 0) 

A = fo; ^ ^ ; o l ; D = ; c = 
a 72 

0; — ; 0 
2 2 2 

s = 

4 • 4 

a^f6 

; B = 
2 

0;0; 

Ctij TNIIIIMTVDVVH Khaiuj ViH 

0 ; - ; N = aV2 _ Q. ^^/^ 

Ap dung cong thiJc tinh the tich tiJ dicn AMNP, ta co: 

1 
'^AMNP A M , A N .AP (7) 

Ta c6: A M = 0; 
a\/2 aVfii 

4 
; A N = 

â /2 asl2 nsfe 

a ^ ^ 3a72 

0 0 

a>/2 • aV2 

4 4 

a 7 2 

4 

a 72 

AA' r,>i,;f!,i J ; : 

a^73 a2 73 a' 
8 

32 32 8 : ; i ; ; ( J :=.Mi.-^ 

Thay (8) vao (7) va eo: V ^ M N P = 
i V 6 

48 

a thu lai ket qua tren! , ,•' \

Cac ban hay so sanh tinh hieu quci ciia cae phu'dng phap! Q ' A 

Thi d u 4. Cho hinh hop ehu" nhat ABCDA 'B 'C 'D ' day la hinh vuong canh bang a, 

chieu eao A A ' = b. Goi M lil trung d iem eua canh C C . T i m the tieh tif 

d ien B D A ' M . , 

Giai 'uj /foil %tb Ami -jlidl iinm or?'̂  
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Bdi dit<in(i TISG Ilinit hoc khoncj gian - Ph<m Ilu;/ Khdl 

V i the ncu kc SH i . IP (H e IP) (H e IP) => SH ± (MNP) 

=> d(S, (MNP)) = SH 

Nhur vay V ^ . M N P = ^SMHV = ^ — Ys MNP — T^MNP -SH . (4) 

Ta CO SQ = SP = VSA^ -AQ^ = 2a^ 
' aVv / i " 

Trong tarn giac SPQ, thi 

, 2 ( S p 2 + Q P ' ) - S Q 2 SP2+20P2 ' 
ip2 = _ J 1 = (do SP = SQ) 

7 a ^ ^ - 2 ' 
_ 4 r ^ - 1 5 a ^ 

A 

16 
IP = 

Ta c6: S^QP = ^ Q P . S O = ^a .y2a^ " y = 2 a^ -A^S 

La i CO Sgip = —IP.SH = ——-—.SH => SH = 
8 2 4 V5 

Taco S M N P = - M N . I P = - -

22 4 16 
(6) 

T i r ( 4 ) ( 5 ) ( 6 ) suyra: VAMNP = 
_ 1 a^Vl5 aV2 ^ a-^V6 ; , V , - , ^ f ; ^ , } , V 

3 16 • 75 48 • ; 

Ta thu la i ket qua tren! (£) (S) { ( W 

2. Ta trinh bay them each tinh VAMNP bSng phifcfng phap toa do 

Li ip he true toa do Oxyz nhir hinh ve. Trong he true nay ta c6: 

O = (0; 0; 0) 

A = fo; ^ ^ ; o l ; D = ; c = 
a 72 

0; — ; 0 
2 2 2 

s = 

4 • 4 

a^f6 

; B = 
2 

0;0; 

Ctij TNIIIIMTVDVVH Khaiuj ViH 

0 ; - ; N = aV2 _ Q. ^^/^ 

Ap dung cong thiJc tinh the tich tiJ dicn AMNP, ta co: 

1 
'^AMNP A M , A N .AP (7) 

Ta c6: A M = 0; 
a\/2 aVfii 

4 
; A N = 

â /2 asl2 nsfe 

a ^ ^ 3a72 

0 0 

a>/2 • aV2 

4 4 

a 7 2 

4 

a 72 

AA' r,>i,;f!,i J ; : 

a^73 a2 73 a' 
8 

32 32 8 : ; i ; ; ( J :=.Mi.-^ 

Thay (8) vao (7) va eo: V ^ M N P = 
i V 6 

48 

a thu lai ket qua tren! , ,•' \

Cac ban hay so sanh tinh hieu quci ciia cae phu'dng phap! Q ' A 

Thi d u 4. Cho hinh hop ehu" nhat ABCDA 'B 'C 'D ' day la hinh vuong canh bang a, 

chieu eao A A ' = b. Goi M lil trung d iem eua canh C C . T i m the tieh tif 

d ien B D A ' M . , 

Giai 'uj /foil %tb Ami -jlidl iinm or?'̂  
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B6i ditdng HSG Hinh hoc khdng gian - Phnn Ihuj Khdi 

Trong A C C ' A ' ta c6 A ' M n A C = E . V i M C = M C =i> A C = C E 

Ta CO VBDA'M = V A . B M D = VA'.BDI- - VM.BDI; - — SBDIJ-AA' - — S B D I : - M E 

Ta la i c6: 

SBDP = - B D . C O = -.a72 

3a^ 

2 

' (2) 

Ma tkh t i c : A A ' - M C = b - - = - (3) 
2 2 

Thay (2) (3) vao (1) va c6: W^OXM = 

^ S B D L : ( A A ' - M C ) (1) 

Nhdnxet: ' ^ ' ' ' ' ^ 

1. Xet each giai khac bang phifdng phap loa do nhir sau: 

DiTng he true toa do Bxyz nhifhinh \c. Trong he true nay ta eo: 

B = (0; 0; 0); A ' = (a; 0; b); D = (a; a; 0); C = (0; a; 0); C = (0; a; b) 

= > M = 

TiVdo: 

2 

A ' B = ( - a ; 0 ; - b ) , 

A ' D = ( 0 ; a ; - b ) , 

A ' M = - a ; a; - -
2 

Thco eong thiire tinh the tieh li? dien, ta eo: 

6 
A ' B . A ' D 

Dc tha'y: A ' B . A ' D 

. A ' M 

0 - b 

a - b 

(1) 

- b -a 

- b 0 

- a 0 

0 a 
= (ab; -ab ; -a^) (2) 

Thay (2) v a o ( l ) v a e 6 V 
1 

A'BDM - — - a ^ b - a ^ b + i ^ 
a^b 

Ta thu hii ket qua tren! 

1 m 

cujrmniMTVDvxii Kiumn vu-i 

Xet each giai bang phu-dng phap trifc ticp sau day: 

T a c 6 M O i . B D ; A ' O I B D 

B D 1 ( A ' O M ) => ( M B D ) _L ( A ' O M ) . A 

La i CO ( M B D ) n ( A ' O M ) = M O . 

TiJ- do neu kc A ' H ± M O Ihi A ' H 1 ( B M D ) 

=> A ' H la chicu cao ci'ia hmh chop A ' . B M D 

Ta eo: V A . B M D = ^ S M B D . A ' H . (3) .. 

1 
Taeo: S^^^ =-BDMO =-

Xet hinh thang A A ' M C , ta c6: 

A A ' =b ; M C = - ; A C = aV2 . 

Ta eo: 

SA'OM - SAA'MC - SA'AO - SMOC 

b l 

4 4 
A' . 

(4) 

b + 
b.aV2 b.a /̂2 3abV2 

Mat khac: S A O M = - M O . A ' H 
2 

M O 

3abV2 3ab72 

b^ ix^ 2Vb^+2a^ 

4 '̂ "'2 

. (5) 

Thay (4) (5) vao (3) va eo: V A M B 
a^b 

3 4 • 2Vb^727 4 
; Ta thu la i ket qua tren! " ' " K 

Ban doc tuT binh luan ve hieu qua eua tij'ng phifdng phap. ^t'lfBH-: 

Thi du 5. Cho hinh chop ti? giac deu S.ABCD, eanh day bang a, mat ben tao vdi 

day goc 60". Ma t phitng qua C D va vuong goe vdi mat ben SAB c^l SA, SB 

Ian lu-dt l a i M va N . T i m the tich hinh chop S .CDMN 
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B6i ditdng HSG Hinh hoc khdng gian - Phnn Ihuj Khdi 

Trong A C C ' A ' ta c6 A ' M n A C = E . V i M C = M C =i> A C = C E 

Ta CO VBDA'M = V A . B M D = VA'.BDI- - VM.BDI; - — SBDIJ-AA' - — S B D I : - M E 

Ta la i c6: 

SBDP = - B D . C O = -.a72 

3a^ 

2 

' (2) 

Ma tkh t i c : A A ' - M C = b - - = - (3) 
2 2 

Thay (2) (3) vao (1) va c6: W^OXM = 

^ S B D L : ( A A ' - M C ) (1) 

Nhdnxet: ' ^ ' ' ' ' ^ 

1. Xet each giai khac bang phifdng phap loa do nhir sau: 

DiTng he true toa do Bxyz nhifhinh \c. Trong he true nay ta eo: 

B = (0; 0; 0); A ' = (a; 0; b); D = (a; a; 0); C = (0; a; 0); C = (0; a; b) 

= > M = 

TiVdo: 

2 

A ' B = ( - a ; 0 ; - b ) , 

A ' D = ( 0 ; a ; - b ) , 

A ' M = - a ; a; - -
2 

Thco eong thiire tinh the tieh li? dien, ta eo: 

6 
A ' B . A ' D 

Dc tha'y: A ' B . A ' D 

. A ' M 

0 - b 

a - b 

(1) 

- b -a 

- b 0 

- a 0 

0 a 
= (ab; -ab ; -a^) (2) 

Thay (2) v a o ( l ) v a e 6 V 
1 

A'BDM - — - a ^ b - a ^ b + i ^ 
a^b 

Ta thu hii ket qua tren! 

1 m 

cujrmniMTVDvxii Kiumn vu-i 

Xet each giai bang phu-dng phap trifc ticp sau day: 

T a c 6 M O i . B D ; A ' O I B D 

B D 1 ( A ' O M ) => ( M B D ) _L ( A ' O M ) . A 

La i CO ( M B D ) n ( A ' O M ) = M O . 

TiJ- do neu kc A ' H ± M O Ihi A ' H 1 ( B M D ) 

=> A ' H la chicu cao ci'ia hmh chop A ' . B M D 

Ta eo: V A . B M D = ^ S M B D . A ' H . (3) .. 

1 
Taeo: S^^^ =-BDMO =-

Xet hinh thang A A ' M C , ta c6: 

A A ' =b ; M C = - ; A C = aV2 . 

Ta eo: 

SA'OM - SAA'MC - SA'AO - SMOC 

b l 

4 4 
A' . 

(4) 

b + 
b.aV2 b.a /̂2 3abV2 

Mat khac: S A O M = - M O . A ' H 
2 

M O 

3abV2 3ab72 

b^ ix^ 2Vb^+2a^ 

4 '̂ "'2 

. (5) 

Thay (4) (5) vao (3) va eo: V A M B 
a^b 

3 4 • 2Vb^727 4 
; Ta thu la i ket qua tren! " ' " K 

Ban doc tuT binh luan ve hieu qua eua tij'ng phifdng phap. ^t'lfBH-: 

Thi du 5. Cho hinh chop ti? giac deu S.ABCD, eanh day bang a, mat ben tao vdi 

day goc 60". Ma t phitng qua C D va vuong goe vdi mat ben SAB c^l SA, SB 

Ian lu-dt l a i M va N . T i m the tich hinh chop S .CDMN 
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Ddi duCtiig IISG Ilinh hoc khong ginn - I'h<m lliiij Khdi 
Giai 

Gpi E, F Wdng iJng la trung diem ciia AB va CD. 
Ta CO AB 1 EF; SE ± AB AB 1 (SEF) 

!. =>(SAB)1(SEF) . 
Do (SAB) n (SEF) = DE, ; . , , , , , , ^ 
nen neu tir F ke F I l SE => F I l (SAB) 
=> (IDC) 1 (SAB) 
Ta CO DC // AB => DC // (SAB) 
=> (IDC) n (SAB) = MN, trong do MN qua I va MN // DC (tiJc MN // AB). 
Vay DCNM la mat phang qua DC va vuong goc v6i (SAB) 
Ta CO F I 1 (SAB) =^ F I 1 SI 
La i co SI l M N ( d o M N / / A B va S E l AB) ' ^ , 
=> SI 1 (DCNM) SI la chieu cao ciia hinh chop S.CDMN. 
Vay Vs . ,x'NM= T S D C N M - S I . d ) £ 

3 
Do mat ben tao vdi day goc 60" =5- SEO = 6()", O la tarn cua day ABCD. 

Ta CO SEF la tam giac deu canh a => 1 la trung diem cua SE v;i c6 IF = 

Ta CO MN = - A B - - ; SI = - S E = -2 . 2 2 2 

(DC + MN)IF 
'DCNM -

a V3 3a^73 
8 

- V . ,̂ 13a^V3a a-'x/s Thay vao (1) va co: Vg ^ C N M = r -
3 8 2 16 

Nhdn xet: Cach giai Iren la suT dung phufdng phap triTc tiep. Xct each giai khac 
sau day: h f 
Ta CO Vs^pcNM = Vs.MDN + Vs.NDC (2) 

I p„ VS.MDN SM SN I _ \  _  

:w_sN_2^ _ i _ i 
n V ~ QR ~ O ^S.NQC - T \ s .BDC " T \S.ABCD • ^! *S.BDC Z Z 4 

(3) 

(4) 

Tir (2) (3) (4) suy ra: 
104 

Cty TNHH MTVDWH Khmig Viol 

Vs.DCNM = - V , 8 
S.ABCD • (5) 

Do V s A B C D — '^'^^'^ 3 ' " 2 " " " " 6 

16 

do SO = 
j2 • /,^, 

Tir do thay vao (5) v a c o : V ^ . ^ C N M ^ - ^ - •„ .,ex • • 

T a t h u l a i k e t q u a tren! , dnii-j n\y>i -
Bai toan so sanh the tich ^::ih/^..:. : o a i;j o ' j iri>{ c i r . : 

Cac bai toan thuoc the loai nay cd dang nhU" sau: 
Cho mot khoi da dien va mot mat phang (P). Mat phang nay se citt kho'i da 
dien theo mot thie't dien nao do. Thiet dien nay chia kho'i da dien thanh hai 
phan CO the tich Ian Itfcft la V,, Vj. Bai toan doi hoi tim ti so (ttfc la so 

sdnh the tich hai phan cua khoi da dien bi chia bclfi thie't dien noi tren). Khi 
'I _ = 1, ta se noi rang thiet dien chia kho'i da dien thanh hai phan lufcfng 

du'dng (tuTc la hai phan c6 the tich bang nhau Vi = V 2 = — ) . i^' i i ' . ; 
\ »• I 2 

Can lu\ y rang mac dii cac bai todn trong cac ki thi tuyen sinh vao Dai hoc, 
Cao dang khong c6 dang truTc tiep nhif the', nhiTng thi/c chat nhieu bai toan 
lai deu sur dung den viec so .sanh the tich ntiy (cac ban co the xem cac thi du 
1, thi du 2, thi du 3, thi du 5 cua muc B, phan V) 
Thi/c vay trong cac thi du noi tren de tinh the tich kho'i da dien theo yeu 
cau, ta khong tinh trifc tiep no ma thong qua the tich mot kho'i trung gian, sau 

6 tim ti so the tich kho'i da dien can tinh vc'Ji the tich cua khoi trung gian 
y. Tim the tich cua khoi trung gian (mii viec tinh no de dang hdn, ddn gian 

cJn so v('̂ i v iec triTc tiep tinh the tich kho'i da dien theo yeu cau) ta suy ra ke't 
ufi can tinh. 
iTcJc do chung cua cac bai toan ve so sanh the tich nhU" sau: 
ac dinh thie't dien. Khi do thiet dien chia khoi da dien thanh hai khoi 
hpn mot trong hai phan noi tren de tim the tich 
ia sijT ta tinh du-dc V, = kV (0 < k < 1), (':( diiyV, la the tich phan ta tinh, V la 

the tich cua khoi da dien can tinh, khi do V 2 = (1 - k)V, va ta co: 



Ddi duCtiig IISG Ilinh hoc khong ginn - I'h<m lliiij Khdi 
Giai 

Gpi E, F Wdng iJng la trung diem ciia AB va CD. 
Ta CO AB 1 EF; SE ± AB AB 1 (SEF) 

!. =>(SAB)1(SEF) . 
Do (SAB) n (SEF) = DE, ; . , , , , , , ^ 
nen neu tir F ke F I l SE => F I l (SAB) 
=> (IDC) 1 (SAB) 
Ta CO DC // AB => DC // (SAB) 
=> (IDC) n (SAB) = MN, trong do MN qua I va MN // DC (tiJc MN // AB). 
Vay DCNM la mat phang qua DC va vuong goc v6i (SAB) 
Ta CO F I 1 (SAB) =^ F I 1 SI 
La i co SI l M N ( d o M N / / A B va S E l AB) ' ^ , 
=> SI 1 (DCNM) SI la chieu cao ciia hinh chop S.CDMN. 
Vay Vs . ,x'NM= T S D C N M - S I . d ) £ 

3 
Do mat ben tao vdi day goc 60" =5- SEO = 6()", O la tarn cua day ABCD. 

Ta CO SEF la tam giac deu canh a => 1 la trung diem cua SE v;i c6 IF = 

Ta CO MN = - A B - - ; SI = - S E = -2 . 2 2 2 

(DC + MN)IF 
'DCNM -

a V3 3a^73 
8 

- V . ,̂ 13a^V3a a-'x/s Thay vao (1) va co: Vg ^ C N M = r -
3 8 2 16 

Nhdn xet: Cach giai Iren la suT dung phufdng phap triTc tiep. Xct each giai khac 
sau day: h f 
Ta CO Vs^pcNM = Vs.MDN + Vs.NDC (2) 

I p„ VS.MDN SM SN I _ \  _  

:w_sN_2^ _ i _ i 
n V ~ QR ~ O ^S.NQC - T \ s .BDC " T \S.ABCD • ^! *S.BDC Z Z 4 

(3) 

(4) 

Tir (2) (3) (4) suy ra: 
104 

Cty TNHH MTVDWH Khmig Viol 

Vs.DCNM = - V , 8 
S.ABCD • (5) 

Do V s A B C D — '^'^^'^ 3 ' " 2 " " " " 6 

16 

do SO = 
j2 • /,^, 

Tir do thay vao (5) v a c o : V ^ . ^ C N M ^ - ^ - •„ .,ex • • 

T a t h u l a i k e t q u a tren! , dnii-j n\y>i -
Bai toan so sanh the tich ^::ih/^..:. : o a i;j o ' j iri>{ c i r . : 

Cac bai toan thuoc the loai nay cd dang nhU" sau: 
Cho mot khoi da dien va mot mat phang (P). Mat phang nay se citt kho'i da 
dien theo mot thie't dien nao do. Thiet dien nay chia kho'i da dien thanh hai 
phan CO the tich Ian Itfcft la V,, Vj. Bai toan doi hoi tim ti so (ttfc la so 

sdnh the tich hai phan cua khoi da dien bi chia bclfi thie't dien noi tren). Khi 
'I _ = 1, ta se noi rang thiet dien chia kho'i da dien thanh hai phan lufcfng 

du'dng (tuTc la hai phan c6 the tich bang nhau Vi = V 2 = — ) . i^' i i ' . ; 
\ »• I 2 

Can lu\ y rang mac dii cac bai todn trong cac ki thi tuyen sinh vao Dai hoc, 
Cao dang khong c6 dang truTc tiep nhif the', nhiTng thi/c chat nhieu bai toan 
lai deu sur dung den viec so .sanh the tich ntiy (cac ban co the xem cac thi du 
1, thi du 2, thi du 3, thi du 5 cua muc B, phan V) 
Thi/c vay trong cac thi du noi tren de tinh the tich kho'i da dien theo yeu 
cau, ta khong tinh trifc tiep no ma thong qua the tich mot kho'i trung gian, sau 

6 tim ti so the tich kho'i da dien can tinh vc'Ji the tich cua khoi trung gian 
y. Tim the tich cua khoi trung gian (mii viec tinh no de dang hdn, ddn gian 

cJn so v('̂ i v iec triTc tiep tinh the tich kho'i da dien theo yeu cau) ta suy ra ke't 
ufi can tinh. 
iTcJc do chung cua cac bai toan ve so sanh the tich nhU" sau: 
ac dinh thie't dien. Khi do thiet dien chia khoi da dien thanh hai khoi 
hpn mot trong hai phan noi tren de tim the tich 
ia sijT ta tinh du-dc V, = kV (0 < k < 1), (':( diiyV, la the tich phan ta tinh, V la 

the tich cua khoi da dien can tinh, khi do V 2 = (1 - k)V, va ta co: 



Boi ditdiig ITSG Hiiih hoc kh6ng gian - Phan Iluy Khni Cly TNITII MTV DVVII Khang ViH 

Hai kc't qua luon dU'cJc su" dung khi tinh loan la: 

1. Cho hinh chop tam giac S.ABC. Gia su' A ' , 

B ' , C Ian M n thuoc SA, SB, SC. Khi do ta 

co: 
V s . A B C _ SA ' SB' S C 

. V , S . A B C SA SB SC 

2. Cho tam giac A B C . B ' va C Ian Mil la cac 

diem tren cac canh A B va AC (hoac phan keo 

. . . , s T ^ i • , S A H T ' A B ' A C dai cua no). K h i do ta co: 

•J f JSU i;' 

•••'as;'" 

T h i du 1. Cho hinh chop S . A B C . Goi M , P Ian lu-dt la trung d iem cua SA, BC; N 

la d i cm tren A B sao cho ^ ^ ^ ' ^ ^ ChiJng minh rang thiet dien tao bdi 

(MNP) chia hinh chop thanh hai phan tu-cfng diTdng. 

Giai 
Trong ( A B C ) : NP n A C = E 

Trong (SAC): E M n SC = Q 

K h i do M N P Q la thiet dien tao 

bdi (MNP) vdi hinh chop S . A B C 

, Nhirda biet ^ = - ; A F = A C 
SC 3 

' (xem la i each giai trong chu'cing 1 bang each sir dung dinh l i Menelauyt) 

Goi V | la the tich phan cua hinh ch6p nam phia du'di thiet dien. 

' T a c o : V , = V Q . K C P - V M . E A B . ( D 

Goi V , S , h Ian liTcJt la the tich VS.ABC , dien tich day SABC va chieu cao ke tif S 

cua hinh chop SABC- * 

1 
V i EC = 2AC, PC = - BC =^ SENG = SABC = S . 

CO 2 2 2 
Do - ^ = - =>d(Q; ( A B C ) ) = - d ( S ; ( A B C ) ) = - h . 

Vay V y . E C P - ^ S E N c . d ( Q , ( A B C ) ) = ^ S . | h = | Ish 
3 3 

-1! • ; : : 'Vr 

(2) 

Tifdng lir do A E = AC; A N = A B => S,.:AN = ^ S ^ B C = ^ S . , 

V i MS - M A =^ d ( M , (ABC)) = - d ( S , ( A B C ) ) = - h . 

1 „ 1 
T i r d o VM.EAN = 3 S E A N ' 1 ( M . ( A B C ) ) = - - S . - h = - - S h 

3 
= 7 V . (3) 

6 

T h a y ( 2 ) ( 3 ) v a o ( l ) v a c 6 V, = - V V = — . ; ^ ' i^Uir-
3 6 2 

T i r (5 ) , s i iy ra V : = V - V | = -

(4) 

V | = V : (dpcm) 

Nhdn xet: 

1. Bai t()an CO dang long quiit sau day: ' -V. 

Cho hinh chop S.ABC. Goi M , P Ian l i M la trung diem ciia SA, BC. N la 

diem t i iy y tren A B (vdi N S, N ;̂  A va N khong phai la trung diem ciia 

(• SA). Chitng minh rang thiet dien tao Wli (MNP) chia hinh chop thanh hai 

phan tiWug diTdng. 

'f hill giai b i i i loan nay tuUng tir bling each dat: 

1 A N 

A B 
= k ( ( ) < k < 1) 
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2. Chii y rang neu N = A hoiic N B tlii ke l 

qua vfin dung (Thi du khi N = A ihl thiet 

dien la SAP ^ V, = VS.ABD; V , = WS.AK 

V 
va d l nhien V i = V2 = — ) . 

hi du 2. Cho hinh chop S.ABC. Goi M , N , P hin liTdt la trung d iem cua S A , BC, 

A B . Chi'rng minh rang thiet dien tao bdi (MNP) chia hinh chop thiinh hai 

phan urdng du'cJng. 

Gisii 

Do NP // AC => NP // (SAC) => (MNP) n (SAC) = M Q ; 

trong do M Q // NP (ti?c M Q // AC) . 

De thay Q la trung d iem cua SC. 

Goi V i la the tich phan hinh chop nam 

phia tru'i^c thiet dien. '^ ' ' ^ 

Goi V , S, h lu'cJng li^ng la the tich, dien tich day 

A B C va chieu cao ke tif S cua hinh chop S.ABC. 



Boi ditdiig ITSG Hiiih hoc kh6ng gian - Phan Iluy Khni Cly TNITII MTV DVVII Khang ViH 
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•J f JSU i;' 

•••'as;'" 
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, Nhirda biet ^ = - ; A F = A C 
SC 3 

' (xem la i each giai trong chu'cing 1 bang each sir dung dinh l i Menelauyt) 
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-1! • ; : : 'Vr 
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Boi diCdiig IISG Ilinh h^c khong giaiv - Plum flity Khdi 
Goi R la trung diem cua S B => MR // A B , RQ // B C ==> (MRQ) // ( N B P ) 
=> M R Q . NBP la hinh lang trii tam giac. 

De thay neu goi hi la chieu cao cua lang Iru thi hi = • ; 

Ta cung co S^BH = ^S^BC = ^ S . ^̂ ' ' ^ H) b , . ^ ^ ^ ^ - " 'vi. 

Ta c6: V, = V^MRQ +^MRQ.mp = -^SMRQ.- j + SMRQ.h, ,y < f , ' ( D v r . f ! ; 

3 

2 

1 i + 3 

8 4 2 8 8 2 

Tuf do v . = - =^ V, = V2 dpcm. ' _ y ' "^" 

MiaH jce^- Kel hdp v6i ihi du 1, la c6 ket qua sau: , ')iiA2 qM'jtli^hiini^-
( Cho hinh chop S.ABC. Giti suT M, P Ian km la Irung diem cua SA, BC con N 
i la diem tuy y trC-n Ccinh AB. Khi do thiet dien tao bdi (MNP) chia hinh chop 

thanh hai phan tU'dng du'dng. 
Thi du 3. Cho hinh chop li? giiic deu S.ABCD. Goi M, N, P Ian Mil la trung 

diem ciia AB, AD va SC. Chifng minh thiet dien tao bc'Ji (MNP) chia hinh 
chop thiinh hai phan tU'dng du'Ong. 

Giai H u&od 
Trong (ABCD): MN n DC = E, 1 iiiJ A r . X i r 

J^^'^t:: M N n B C = F. it-m-
Trong (SDC): EP n SD = Q. 
Trong (SBC): FP n SB = R. F< 

. Khi do MNQPR la thiet diC-n phiii difng. 
' Ap dung djnh li Menelauyt ta c6: SQ SR 3 , , . ^ — = — = — (xem lai chu'dng 1) SD SB 4 

Goi V| la the tich phan hinh chop nam difdi thiet dien. 
Ta c6: V| = Vp.pcE - VR.,.MI ) - VQ.NF.D- (1) 

Goi V, S, h Ian Mn la the tich, dien tich day ABCD vii chieu cao cua hinh 
' chop S.ABCD. Ta co: Vp = ^SpcE-hi, c( day h, lii chieu cao ke lii P cua 

hinh chop P.FCE. vm fh'li ti'mb jbh-"tnh i . i H ; V Jof> ' 

108 I 

Cty TNIIH MTV DVVII Khang Viet 
h 3 3 

T a c o : = - ; SRCE = 2 " 2 - • ' - s - ^ S = ^ S . 8 
1 9 „ h 9 

3 
9V 
16 

Ta co: FMB = ^Q.NED = " ^ ^ £ 0 ^ 2 ' <J'"'y 2̂ la chieu cao ke tiJf Q ciia hinh 
chop Q.NED 
De thay h, = - h 4 do DQ _ 1 

DS ~ 4 8 
i J ) Ui ;V ([ , ; ! ( £ ; ! ((fV 

9V V V V 
Thay ( 2 ) ( 3 ) vao (1) va co V, = = — ^ - — V, = V 2 . 

16 16 2 2 
Do III dpcm. 

Thi du 4. Cho hinh chop li? giac deu S.ABCD. Goi M, N, P Ian liTdt la trung 
diem cua AB, AD, SO, d day O la tarn cua day ABCD. Thiet dien tao bdi 
(MNP) chia hinh chop thanh hai phan co the lich tu'dng iJng la Vi, V 2 . 
Tim ly so —L. 

••••••V Giai 
Vi MN // BD => MN // (SBD) 
=> (MNP) n (SBD) = QR, cl day 

I PQ // MN (lijrc PQ // BD) va QR qua P. 
Ta CO R, Q liTdng iJng la trung 
diem cua SB, SD. 

I Trong (ABCD) gia sijf: p 
MN n CD = E. 
MN n BC = F. 
Trong (SDC): E Q n S C = H 

I De thay H, R, F thang hang. 
Do ED = - D C , nen trong tam giac SDC, thco djnh li Menelauyt ta c6: 

^ SQ^ DE CH _ j 

, ^ SQ , DE 1 CH _ CH 3 ' '^"^'^ 
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Bdi dicdiuj HSG mnh hoc khong (jUin - Phnn IIiuj Khni 

Goi V| la the tich phan nam diTdi thiet di^n MNQHR, ta cd: 

V i = V H . I ' C I ; ~ N[.;i3 — V R (.-Mij ' ''('1) ' * '" 

TiTdng tir nhir Ihi du 3, de tha'y: FCE = ^ S p c E - h i , cf day h, la chieu cao k c 

3 8 
tir H cua hinh chop H.FEC. De thay h, = —h, con Sp^^ = —S, do do: , 8 

V H ; c B = - ^ ^ s . i h = ^ v . 
"••^^^ 3 8 4 32 

(2) 

TiTdng liT: V Q . N B D = V R . F M B = ^ - - l -T r7 • 
3 8 2 16 

Thay(2) (3 )vao( l ) vaco: V , = 
27V V 23V 
32 32 

Tir(4) c6: V2 = V - V | = 
9V 
32 

(4) 

(5) 

V ''3 
Kel hdp (4) (5) ta di den: —!- = — . 

Thi du 5. Cho hinh chop tuT giac deu S.ABCD. Goi M va N Ian lirdt la trung diem 
cua AD va CD. Keo dai SD mot doan DP = SD. Thiet dien tao bdi (MNP) chia 

hinh chop thanh hai khoi Ian lirdt co the tich la V,, Vj . Tim ty so . V, 

Trong (SDC): PN n SC = Q. 
Trong (SAD): P M n SA = R. 
Trong (ABCD): M N n BC = E, 

V / ' M N n A B = F. 
Trong (SBC): HQ n SB = X. 
D S tha'y trong (SAB): 
F, R, X thang hang. p 
B^ng ciich iip dung dinh l i Menelauyt 

SP D N CO trong tam giac SDC, ta c6: — . — . — = 1 

P D 

TiTdng tir CO: 

N C 

SR 

PD NC QS 
CQ_J_ SQ _ 2 CQ _ 1 
Q S ~ 2 " * SC 3 CS 3 

2 AR _ 1 
S A ~ 3 ' SA ~ 3 

Ap dung dinh l i Manelauyt trong tam giac SBC se c6: 

110 

Ctij TNHII MTV DVVH Khaiig ViH 

S^l = - (chu y la CE = MD = - B C ) 
SB 5 ' ' 2 

Thiet dien MNQXR chia hinh chop thanh hai khoi. Goi V | la the tich phan 
hinh chop nam du'di thif't dien. Ta c6: 

Vl = Vx.lJFE - V Q . C N E - V R . P A M • (1) 
goi V , S, h Ian liTdt la the tich, dien tich day ABCD va chieu cao ke tir S 

cua hinh chop S.ABCD. Khi do la c6: 

= ^SpB^.h,, h| la chieu cao ke tir X ciia hinh chop X.BFE. Ta c6: 

^FBE = ^ S : ^ : 
8 h 

BX 
BS 

= - ^ h , = : - h . 

1 9 3 27 
Tir do V x B F E = — S - h = — V . 

^•^^^ 3 8 5 40 
(2) 

TlTdng tir CO VQ CNE = FAM = J 

Thay (2) (3) vao ( l ) va c6: 

1 Sh V 
24 

(3) 

V, = 
27V 
40 12 120 

49V 
120 

21 
49 

Thi du 6. Cho hinh chop S.ABCD. Lay M tren SA va N tren SB sao cho 

= — va = 2. Thiet dien qua M N va song song vdi SC chia hinh 
MA NB 

chop thanh hai kho'i c6 the tich Ian lu'dt la V i , V 2 . Tim ly so 

Giai 
Ihxei dien qua M N va song song vdi SC nen 

kno song song vdi (SAC), tir do no phai cat SAC 
pheo giao tuye'n qua M va song song vdi SC. 
TCr do qua M ve MQ // SC (Q e SC). 
Vl MQ // SC => MQ // (SBC) ^ 

^ (MNQ) n (SBC) = NP, (P e BC) 
trong do NP//SC (tu-c NP/ /MO) , 
=> MNPQ la thiet dien can tim. 
Gia sur M N n AB = E =^ E, P, Q lhang hang. 

SM CQ 1 

V, 

Theo dinh l i Talet, ta c6: 
SN _ C P _ 2 

MA QA 2 N B ~ P B ~ 

Trong tam giac ABC theo dinh l i Manelauyt, ta c6: 

111 
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Bdi ditdng IISG Hinh hoc khSng gian - Phan Huij Khdi Ctij TNHII MTV DWH Khnng Viet 

C Q AE BP 
= 1 . 

QA EB PC 
CQ _ 1. BP _ 1 
QA ~ 2 ' PC ~ 2 

Do 

(1) 

— = 4 ^ A E = - A B . 
AB 3 

Goi Vi la the tich phan hinh chop nam difdi thie't dien, ta c6: 

V , = V M . A o n - V N . B B F . (1) , 

Goi V, S, h Ian liTdt la the tich, dien tich tarn gidc ABC va chieu cao ke ttr S 

cua hinh chop S.ABC. 

Vl th6' Vp ^ J ^ M B N - h l 
1 S h 
3 4, 2, 

(2) 

Tacd: S B P Q C = ; ^ S S B C ; con d ( N , ( B P Q C ) ) = i d ( D , ( S B C ) ) 

l ^ ly VN.BPQC = J S B P Q C - ' 1 ( N . ( B P Q C ) ) = J ^Is 'SBC 

Taco: SAOE = - - S = - S 
3 3 9 i AC 3 

tuT M cua hinh chop M.AQE, do do: 

' M . A Q E - S 
19 

2h 
3 

16V 
27 

(2) 

; h| = —h, d day hi la chieu cao kc 

i s 
8(3 'SBC 

.id(D.(SBC)) 

.d(D,(SBC)) = i v D . sBc 

- f V s . B D C - ^ V 

|Tiay(2)(3)vao(l)va c6: V, ^ X + I X ^ ^ ^ V 2 = ^^^ V, 
8 16 16 16 

(3) 

L = l 
. 11 

Laico: SgEF =^ -^5 = ^ 5 ; hj = | h , 5 day h2 la chieu cao ke tiT N cua hinh 

chop N.BEF, V I the': VN.BEF = ^ i s 
9 

ih 
3 

1 
= 7 r V (3) 

27 

Nh4n xet: Ta c6 each giai khac nhif sau: >^S.':*' "'^•'^ 
Goi K la trung diem cua BC. >. • ' •^^OM = j C I M r m :6':> nJ 

Khi do ta c6 MBP.OKQ la hinh lang tru. / / , \r 
Ta cd: 

(4) 

Thay(2)(3) vao ( l ) vac6 : V, = ^ = 4 ^ Vj = ^ = | J o i D J 

Thi du 7. Cho hinh chop tiJ giac deu S.ABC. Goi M, N, P Ian li/dt la trung diem 
cua AB, CD va SB. Thiet dien tao bdi (MNP) chia hinh chop thanh hai phan 

m 1^1 — ^Q.OKCN + ^MBP.OKQ • 

CO the tich la V , , V 2 . T im ty so 

\l. Giai 

Do MN // BC => MN // (SBC) 

=^ (MNP) n (SBC) = PQ, 

trong do Q e SC va PQ // MN (tiJc PQ // BC) 

De thay Q la trung diem cua SC. 

Goi V| la the tich phan hinh chop 

nam dU"di thie't dien. Ta c6: A 

^1 = ^ P . M B N + V N . B P Q C - ( ^ ) 

Goi V, S, h Ian liTdt la the tich, dien tich day ABCD va chieu cao ke tir S cua 

hinh chop S.ABCD. Ta c6: 

S M B N = - ; h, = - , d day h, la chieu cao ke tuf P cua hinh chop P.BMN. 

™ , 1 S h V 
Ta co: V Q QKCN = = — • 

Q.OKCN 3 4 2 8 

(5) 

V M B P . O K Q = S M B P -d (0 , (MBP ) ) . (6) / 

a c6: S^^Bp — —S^^g 
A 

d(0;(MBP)) = id(D, (SAB)) . 

Tir(6)suyra: VMBP.OKQ = 7SsAB-^d (D,(SAB))= qissAB-d (D, (SAB) ) 
' v 4 2 o\j ^ 

Thay (5) (7) vao (4) va cd: ^ = IX =̂  = =̂  ^ = A. ^^J^^;^;, 
16 16 V 2 11 

^ , ^ ihhr 4s.i>i,f>J6ittj 
la thu lai ket qua tren. 
du 8. Cho hinh lap phiTdng ABCDA|B,C|D,. Goi M, N tiTdng iJng la tarn cua 

cac mat ABCD, DCCiDj. Thiet dien tao bdi (AiMN) chia hinh lap phu-dng 

Jhanh hai phan cd the tich tiTdng tfng la V,, Vj. Tim ty so — . ' J 
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C Q AE BP 
= 1 . 
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AB 3 
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Vl th6' Vp ^ J ^ M B N - h l 
1 S h 
3 4, 2, 
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3 3 9 i AC 3 
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19 

2h 
3 

16V 
27 
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Goi V| la the tich phan hinh chop 
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Goi V, S, h Ian liTdt la the tich, dien tich day ABCD va chieu cao ke tir S cua 

hinh chop S.ABCD. Ta c6: 

S M B N = - ; h, = - , d day h, la chieu cao ke tuf P cua hinh chop P.BMN. 

™ , 1 S h V 
Ta co: V Q QKCN = = — • 

Q.OKCN 3 4 2 8 

(5) 

V M B P . O K Q = S M B P -d (0 , (MBP ) ) . (6) / 

a c6: S^^Bp — —S^^g 
A 

d(0;(MBP)) = id(D, (SAB)) . 

Tir(6)suyra: VMBP.OKQ = 7SsAB-^d (D,(SAB))= qissAB-d (D, (SAB) ) 
' v 4 2 o\j ^ 

Thay (5) (7) vao (4) va cd: ^ = IX =̂  = =̂  ^ = A. ^^J^^;^;, 
16 16 V 2 11 

^ , ^ ihhr 4s.i>i,f>J6ittj 
la thu lai ket qua tren. 
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Jhanh hai phan cd the tich tiTdng tfng la V,, Vj. Tim ty so — . ' J 
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Gia i 

Trong (BA,D,C, ) : A , M n BC = E, 

Trong (ABCD) : E M n CD = Q, 

'/•̂ '̂  - E M n A B = P. 

Trong (DD,C|C): QN n C D , = R. 

^ - ^ - - - M - - . i ^ p - ^ 
. M A D '1 • '^i' 

. Kh i do PQRA, la Ihiet dien tao bcti (MNP). 

Ta c6: EC = BC (do M D , = MC) . 
' 1 CO 

Ttt do c6: CQ = - B P ma CQ = AP =o ^ 

l i t i s j fc i ja B T •A'd 

1 BP 2 , , 

3 BA 3 

Goi V, la the tich phan hinh lap phiTdng nam Ir iTdc thiet dien. ^ / . 

DC 
K e R F l D C = > D , R = D F = — . 

3 t> 

Ta co: V , = V A , D , R . A D F + ' V A I A P . D | F Q • ( 1 ) 

Goi V, S, h Ian liTdt la the tich, dien tich ^ 
day va chieu cao ciia hinh lap phifdng da cho. 

Taco : V ^ D . R . A D F = S A , D , R - A A , = f h - ^ ( 2 ) 

V 
Lap luan tiTtfng tU" c6: V A , A D . D | F Q T " 

(3) 

V 2 V 
,: Thay ( 2 ) (3) vao ( 1 ) va co: V, = - V2 = — 2 ' 

T h i du 9. Cho hinh lap phiTdng A B C D . A ' B ' C ' D ' . Goi O la tam cua hinh l:'f 

phifdng. Difng thiet dien qua O v{i vuong goc vdi 6\idng cheo. Chifng m' 

thid't d i^n chia hinh lap phifdng lhanh hai phan tifdng dufdng. 

Gisii 

Goi M la trung di(?m cua C D ' . Ta c6 M A ' = M D 3^ M O 1 A 'C . 

Goi N la trung diem cua AD. Ta c6 NA ' = NC => NO 1 A 'C . 

Nhi fvay A ' C l ( M O N ) . :im' • > h-ffe*: 

Trong ( A B ' C D ) : NO n B ' C = P 

Cty TNHII MTV DWH Khwig Vict 

Theo t inh chat cua hai mat phang song song, ta c6: 

(MON) n ( A ' B ' C ' D ' ) = MP, 

(MON) n (ABCD) = NQ, 

trong do M P // NQ. 

Trong (ABCD) : NQ n DC = E, 

N Q n B C = F. 

Trong (DCC 'D ' ) : E M n D D ' =. R 

Trong ( B C C B ' ) : P n B B ' = S. 

De thay MP, S, Q, N, R tu-dng iJng 

la trung d iem cija C D ' , B ' C , B B ' , F 

I AB , A D , D D ' (CO the xem la i chifdng 1 ) 

I Trong (DCC 'D ' ) : R M n C C = H 

=> H, P, S t h i n g hang. 

. i v,M mil (\ 

" ' V ' '•''ts''^ •••In OSH-r;,., : 

Goi V, la the tich phan hinh lap phifdng nam difdi thiet dien. •! fJ , V iv 

I Goi V, S, h Ian lifdt la the tich, dien tich day va chieu cao cua lap phifdng. 

Ta c6: V, = VH.FCE - (VH.PMC + VR.NED + VS.FQB). ( D 

Cung CO the thay ngay H C = - C C . ' 
2 

1 9 3 9V l T a c a : V „ , , „ . 5 - S . | h = fX 

La i CO: VH.PMC = VR.NED = V , S.FQB 
j _ S h _ 

3 8 2 ~ 

V ^ 

48 

( 2 ) 

( 3 ) 

Thay ( 2 ) ( 3 ) v a o ( l ) v a c6: V , = — - 3 — = - V2 = - = ^ V , = V , 

=> dpcm. 

Thi du 10. Cho hinh hop chu" nhat A B C D A ' B ' C ' D ' day la hinh vuong. Goi O, 

O' Ian lifdt la tam cua day A B C D va A ' B ' C ' D ' . P la diem iren 0 0 ' sao cho 

O'P 1 
Thiet dien qua P song song vdi A C va song song vd i B ' D chia 

hinh hop thanh hai phan tifdng iJng c6 the tich la V , , V2. T i m ty so 

G i a i 

Qua P ke Q R / / A ' C (Q e A ' A va R e C C ) . 

Cung qua P ke ES//B'D (E G B ' D ' v a SE e DD ' ) • > 

Do Q R / / A ' C => QR// (A 'B 'C 'D ' ) 

=> thiet dien ciCt ( A ' B ' C ' D ' ) theo giao tuyen HK, d day H K qua E, H K // QR 

(tlfc H K / / A ' C ) . H e A ' B ' va K e B ' C . O N 1 f > - ' 

115 
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Gia i 
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Trong (ABCD) : E M n CD = Q, 

'/•̂ '̂  - E M n A B = P. 

Trong (DD,C|C): QN n C D , = R. 

^ - ^ - - - M - - . i ^ p - ^ 
. M A D '1 • '^i' 

. Kh i do PQRA, la Ihiet dien tao bcti (MNP). 

Ta c6: EC = BC (do M D , = MC) . 
' 1 CO 

Ttt do c6: CQ = - B P ma CQ = AP =o ^ 

l i t i s j fc i ja B T •A'd 

1 BP 2 , , 

3 BA 3 

Goi V, la the tich phan hinh lap phiTdng nam Ir iTdc thiet dien. ^ / . 

DC 
K e R F l D C = > D , R = D F = — . 

3 t> 

Ta co: V , = V A , D , R . A D F + ' V A I A P . D | F Q • ( 1 ) 

Goi V, S, h Ian liTdt la the tich, dien tich ^ 
day va chieu cao ciia hinh lap phifdng da cho. 

Taco : V ^ D . R . A D F = S A , D , R - A A , = f h - ^ ( 2 ) 

V 
Lap luan tiTtfng tU" c6: V A , A D . D | F Q T " 

(3) 

V 2 V 
,: Thay ( 2 ) (3) vao ( 1 ) va co: V, = - V2 = — 2 ' 

T h i du 9. Cho hinh lap phiTdng A B C D . A ' B ' C ' D ' . Goi O la tam cua hinh l:'f 

phifdng. Difng thiet dien qua O v{i vuong goc vdi 6\idng cheo. Chifng m' 

thid't d i^n chia hinh lap phifdng lhanh hai phan tifdng dufdng. 

Gisii 

Goi M la trung di(?m cua C D ' . Ta c6 M A ' = M D 3^ M O 1 A 'C . 

Goi N la trung diem cua AD. Ta c6 NA ' = NC => NO 1 A 'C . 

Nhi fvay A ' C l ( M O N ) . :im' • > h-ffe*: 

Trong ( A B ' C D ) : NO n B ' C = P 

Cty TNHII MTV DWH Khwig Vict 

Theo t inh chat cua hai mat phang song song, ta c6: 

(MON) n ( A ' B ' C ' D ' ) = MP, 

(MON) n (ABCD) = NQ, 

trong do M P // NQ. 

Trong (ABCD) : NQ n DC = E, 

N Q n B C = F. 

Trong (DCC 'D ' ) : E M n D D ' =. R 

Trong ( B C C B ' ) : P n B B ' = S. 

De thay MP, S, Q, N, R tu-dng iJng 

la trung d iem cija C D ' , B ' C , B B ' , F 

I AB , A D , D D ' (CO the xem la i chifdng 1 ) 

I Trong (DCC 'D ' ) : R M n C C = H 

=> H, P, S t h i n g hang. 

. i v,M mil (\ 

" ' V ' '•''ts''^ •••In OSH-r;,., : 

Goi V, la the tich phan hinh lap phifdng nam difdi thiet dien. •! fJ , V iv 

I Goi V, S, h Ian lifdt la the tich, dien tich day va chieu cao cua lap phifdng. 

Ta c6: V, = VH.FCE - (VH.PMC + VR.NED + VS.FQB). ( D 

Cung CO the thay ngay H C = - C C . ' 
2 

1 9 3 9V l T a c a : V „ , , „ . 5 - S . | h = fX 

La i CO: VH.PMC = VR.NED = V , S.FQB 
j _ S h _ 

3 8 2 ~ 

V ^ 

48 

( 2 ) 

( 3 ) 

Thay ( 2 ) ( 3 ) v a o ( l ) v a c6: V , = — - 3 — = - V2 = - = ^ V , = V , 

=> dpcm. 

Thi du 10. Cho hinh hop chu" nhat A B C D A ' B ' C ' D ' day la hinh vuong. Goi O, 

O' Ian lifdt la tam cua day A B C D va A ' B ' C ' D ' . P la diem iren 0 0 ' sao cho 

O'P 1 
Thiet dien qua P song song vdi A C va song song vd i B ' D chia 

hinh hop thanh hai phan tifdng iJng c6 the tich la V , , V2. T i m ty so 

G i a i 

Qua P ke Q R / / A ' C (Q e A ' A va R e C C ) . 

Cung qua P ke ES//B'D (E G B ' D ' v a SE e DD ' ) • > 

Do Q R / / A ' C => QR// (A 'B 'C 'D ' ) 

=> thiet dien ciCt ( A ' B ' C ' D ' ) theo giao tuyen HK, d day H K qua E, H K // QR 

(tlfc H K / / A ' C ) . H e A ' B ' va K e B ' C . O N 1 f > - ' 

115 
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Do 
O'P 

4 
A ' Q C'R 

O'O 4 A ' A 

=> E, H , K Ian lu-dl la 

trung diem cua O ' B ' , ^' 

A ' B ' , B ' C ' . 

T r o n g ( D C C ' D ' ) : 

S R n D ' C = E 

T r o n g ( A D D ' A ' ) : ' vr 
i Q S n D ' D = F. 

De lhay F, H , K, E ih^ng 

hang va ta c6: 

FE = H F = - A ' B ' . ;> " " ' " 
2 

Goi V, S, h Ian liTdt la the tich, dien tich day ,,, 

va chieu cao cua hinh hop. ^ 

Goi V| la the tich phan hinh hop n^m triTdc 

thiet di$n. uKi Ofsp uoHtj £;;/ "ijit ikjii f j ; ; M > . . . 

Vi = V s . F D ' E - ( V R . K C - E + V Q . F A ' H ) - ' ^ ' ^ 

X ' V U Q H ' 1 9 3h 9V 
T a c o : V S . P D ' E = 3 S U F E - S D = 3 g ^ - - ^ ^ ^ 

M a t k h a c : V R . K C E = V Q . F A H = T ' ^ 

^ _ ' ^ V-— — "* * ^̂ ^̂  

Thay (2) (3) v a o ( l ) v a c6: V , = 

3 8 4 96 
9V V 

(3) 

32 48 96 

25V 71V 
:o V2 = 96 

25 

7 1 ' 

Thi du 11. Cho hinh lang tru tarn giac deu A B C . A ' B ' C . Goi O va O ' Ian liTcJt la 
O'P 1 

tarn cua day A B C va A ' B ' C . P la diem tren O ' O sao cho ——• = - • Goi M , 
0 0 6 

N liTdng u-ng la trung diem ciia A ' B ' va BC. Thiet dien tao bdi ( M N P ) chia 

lang tru thanh hai phan c6 the tich Ian liTcJt la V , , V j . T i m ty so 
V 

Giai 

•3 :\Goi M ' la hlnh chieu cua M Iron A B . 

Trong ( M C ' C M ' ) : M P n C C = Q. 

Trong ( B C C ' B ' ) : Q N n B B ' = E; Q N n B ' C = F. 

Trong ( A B B ' A ' ) : E M n A B = R. 

Trong ( A ' B ' C ) : F M n A ' C = S . 'A p ' H ' A -3 H . ( - " : 

116 

Cli, TNHH MTV DWII Khang Viet 

K h i do MSQNR li i ngii giac thiet dien. 
^ O'P M O ' 1 . O ' P 1 
Do = = — ma = — 

C'Q M C 3 O ' O 6 
==> Q la trung d iem ciia C C 

= > B E - - B B ' ; C ' F = - B 'C. \ 
2 2 

Theo dinh l i Talet, ta co: 
BR EB 1 BR _ 1 

A B ~ 6 B ' M EB ' 3 A B 6 :fl 

Trong tam giac A ' B ' C theo dinh l i 

Menelauyt, ta c6: 

A ' M C S _ J ~ 

M B ' F C S A ' " ' 

D O A : M . , ; ^ = 3 
C S 1 C S 1 

M B ' F C SA' 3 C A ' 4 

Goi V , S, h Ian liTdl la the tich, dien tich diiy va chieu cao cua lang tru. 

It Goi V | la phan the tich cua lang tru nam tri/ck thie't dien. Ta c6: 

= V , , M 1 3 - . . - ( V E . R B N + V Q . S C P ) . . (J) 

1 
, V ('ri:( , B r i ' , ' ' 

Ta co: V F . M I S - F = - S M B - F - h , , d day h, - EB ' . ! dnivt s\im riyj] 'Ml 61 iV__ 

1 3 3h 
D O S M B F = - . - S = - S ; h, = — , nen V F . M B F = - S h = - V . 

2 2 

I Tu-dng l i r c o : V E . R B N = 

8 
(2) 

1 

3 

1 1 

'O.sci- -

6 2 

l i s 
4 2 

h V 
2""" 72 ' • it»v yoj j anofj'/ fty ')/• 

h ^ V _ V ,|V/ilJ tpUfnllr iai Jy; 
2 ~ 

Thay (3) (4) vao (2) va co: 
3V V V 49V 

V, = = =^ V , = 

48 

95V 

(4) 

V , 49 ^sn^rtJi 5-1.1.-: 
=> —!- = • 

_ 72 48 144 ' 144 ' V j 9 5 ' ' 

Thi du 12. Cho hinh lap phiTdng A B C D A ' B ' C ' D ' canh a. Keo dai c a c canh BA, 

BC, B B ' c a c doan tuTdng i?ng A M = C N = B'P = - a . Thiet dien tao bdi 
2 

I (MNP) chia hlnh lap phUcfng thanh hai phan Ian liTdt co the lich lii V , , V . . 

T i m ty so ^ 
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Do 
O'P 

4 
A ' Q C'R 

O'O 4 A ' A 

=> E, H , K Ian lu-dl la 

trung diem cua O ' B ' , ^' 

A ' B ' , B ' C ' . 

T r o n g ( D C C ' D ' ) : 

S R n D ' C = E 

T r o n g ( A D D ' A ' ) : ' vr 
i Q S n D ' D = F. 

De lhay F, H , K, E ih^ng 

hang va ta c6: 

FE = H F = - A ' B ' . ;> " " ' " 
2 

Goi V, S, h Ian liTdt la the tich, dien tich day ,,, 

va chieu cao cua hinh hop. ^ 

Goi V| la the tich phan hinh hop n^m triTdc 

thiet di$n. uKi Ofsp uoHtj £;;/ "ijit ikjii f j ; ; M > . . . 

Vi = V s . F D ' E - ( V R . K C - E + V Q . F A ' H ) - ' ^ ' ^ 

X ' V U Q H ' 1 9 3h 9V 
T a c o : V S . P D ' E = 3 S U F E - S D = 3 g ^ - - ^ ^ ^ 

M a t k h a c : V R . K C E = V Q . F A H = T ' ^ 

^ _ ' ^ V-— — "* * ^̂ ^̂  

Thay (2) (3) v a o ( l ) v a c6: V , = 

3 8 4 96 
9V V 

(3) 

32 48 96 

25V 71V 
:o V2 = 96 

25 

7 1 ' 

Thi du 11. Cho hinh lang tru tarn giac deu A B C . A ' B ' C . Goi O va O ' Ian liTcJt la 
O'P 1 

tarn cua day A B C va A ' B ' C . P la diem tren O ' O sao cho ——• = - • Goi M , 
0 0 6 

N liTdng u-ng la trung diem ciia A ' B ' va BC. Thiet dien tao bdi ( M N P ) chia 

lang tru thanh hai phan c6 the tich Ian liTcJt la V , , V j . T i m ty so 
V 

Giai 

•3 :\Goi M ' la hlnh chieu cua M Iron A B . 

Trong ( M C ' C M ' ) : M P n C C = Q. 

Trong ( B C C ' B ' ) : Q N n B B ' = E; Q N n B ' C = F. 

Trong ( A B B ' A ' ) : E M n A B = R. 

Trong ( A ' B ' C ) : F M n A ' C = S . 'A p ' H ' A -3 H . ( - " : 

116 
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K h i do MSQNR li i ngii giac thiet dien. 
^ O'P M O ' 1 . O ' P 1 
Do = = — ma = — 

C'Q M C 3 O ' O 6 
==> Q la trung d iem ciia C C 

= > B E - - B B ' ; C ' F = - B 'C. \ 
2 2 

Theo dinh l i Talet, ta co: 
BR EB 1 BR _ 1 

A B ~ 6 B ' M EB ' 3 A B 6 :fl 

Trong tam giac A ' B ' C theo dinh l i 

Menelauyt, ta c6: 

A ' M C S _ J ~ 

M B ' F C S A ' " ' 

D O A : M . , ; ^ = 3 
C S 1 C S 1 

M B ' F C SA' 3 C A ' 4 

Goi V , S, h Ian liTdl la the tich, dien tich diiy va chieu cao cua lang tru. 

It Goi V | la phan the tich cua lang tru nam tri/ck thie't dien. Ta c6: 

= V , , M 1 3 - . . - ( V E . R B N + V Q . S C P ) . . (J) 

1 
, V ('ri:( , B r i ' , ' ' 

Ta co: V F . M I S - F = - S M B - F - h , , d day h, - EB ' . ! dnivt s\im riyj] 'Ml 61 iV__ 

1 3 3h 
D O S M B F = - . - S = - S ; h, = — , nen V F . M B F = - S h = - V . 

2 2 

I Tu-dng l i r c o : V E . R B N = 

8 
(2) 

1 

3 

1 1 

'O.sci- -

6 2 

l i s 
4 2 

h V 
2""" 72 ' • it»v yoj j anofj'/ fty ')/• 

h ^ V _ V ,|V/ilJ tpUfnllr iai Jy; 
2 ~ 

Thay (3) (4) vao (2) va co: 
3V V V 49V 

V, = = =^ V , = 

48 

95V 

(4) 

V , 49 ^sn^rtJi 5-1.1.-: 
=> —!- = • 

_ 72 48 144 ' 144 ' V j 9 5 ' ' 

Thi du 12. Cho hinh lap phiTdng A B C D A ' B ' C ' D ' canh a. Keo dai c a c canh BA, 

BC, B B ' c a c doan tuTdng i?ng A M = C N = B'P = - a . Thiet dien tao bdi 
2 

I (MNP) chia hlnh lap phUcfng thanh hai phan Ian liTdt co the lich lii V , , V . . 

T i m ty so ^ 
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G i a i 

Trong (MBP) : A ' B ' n P M = E. 

Trong (PEN): B ' C n PN = F. 

Trong ( B M N ) : B D n M N = H , 

=> PH n D D ' = R. 

Do P B M la lam giac vuong can 

dinh B. 

PB 'E cung la tam giac 

vuong can dinh B ' . 

B'P = B ' E = 
3a 

TirOng tir c6: 

B ' F = B 'P = 
3a 

= > P va Q Ian lifdt la trung diem cua A ' D ' va D ' C , d day EF n A ' D ' = P va 

E F n D ' C = Q. 

TiTdng hi R la trung diem cua D D ' . 

Gpi a la canh cua hinh lap phifPng, khi do neu gpi V la the tich cua hinh lap 

phU'Png, thi V = a .̂ ' ' ' • - ' / . - • ' ' ' - ; • - . - ' . ^ i . . - -

Gpi V | la the tich phan hinh lap phu^Png nam phia truTdc thiet d i e n . : o ' J t ; ; 
3 

Ta c6: V , = V R . D ' P Q = 1 
1 a a 

2 2 2 

a _ a 2 _ _ V _ _ ^ y _ 4 7 V 

2 ~ 48 ~ 48 ^ 48 

1 

V2 47 

fhi du 13. Cho hinh chop ti? giac deu, c6 cac mat ben tao vdti day goc (p. Thiet 

dien qua A C va vuong goc vdi mSt phang (SAD) chia hinh chop thftnh hai 

. V, 
phan CO the tich Ian liTpt la V , , V 2 . T i m ty so — 1 

G l a i 

Gpi M , N tUPng ilng la trung d iem cua A D , BC. 

K h i do ta c6: S M N = S N M = 9 

Ta c6: O M 1 A D , 

A D 1 (SOM). 

Do (SOM) n (SAD) = S M , B N 

nen neu ke O I 1 SM => 0 1 1 (SAD). 

Trong (SAC): 0 1 n SD = E 

=> (EAC) la thiet dien qua A C va vuong goc vdi (SAD). 

C 

Cty TNIIII MTV DWH Khang ViH 

Qo'\, S, h Ian lu'pt la the tich, dien lich dsiy va chicu cao cua hinh chop 

§ A B C D . Gpi V i l i i the tich phan hinh chop nam dufdi thiet dien, ta c6: 

Vi = Vi;.ACi> (1) 4 t i M A , ^'ri 

Ta c6: V R . A C D = Vo.i-Ac. " ' J - " - I M ' H J <« 

R o r a n g - - — . (2) 

V i VasAc = Vs.ACD = IV, nen tir (2) c6: ^ = . 

Theo he thuTc lu'png trong lam giac vuong OSM, ta co: 

SO' = SI .SM 

OM^ = M I . S M 

(3) / 

\

I M O M 

OS 

2 •( ''"'••v 

= c o t ^ i p . (4) 

^ , D E ^ E F ^ I M ^ 2 2cos2^ 
Taco: - ^ = 2 — = 2 — = 2col (p = - ^ in* 

ES ES IS sin^ 

D E 2co.s tp 

ES + D E 2 cos^ + sin^ I f 

DE 2 co.s^ ip 

DS 1 + c o s - ^ ' 
(5) 

Thay (5) vao (3) va c6: ^ = , V.„^ • ^"'^ ^ 
V 2 ( l + cos^^ ) 1+cos 43 

V 2 = V - V , = 
V , I 2 

- = COS 

v 
111(1 \

V  ,  .  '  
J  M ( 1 

^Hn xet: N o i rieng neu cho (p = 6O" — ^1 - ' 
V2 4 

^'Cac ba i t o a n l i e n quan den the t ich n j j ( , [ 

Trong muc nay ta se xet mot so biii loan l ien quan den the tich nhiT: 

Sur dung the tich de linh khoang each 

Sfi" dung the tich de chifng minh cac dctng thiJc hoilc bii't dang ihtfc 

j P i i loan the tich c6 lham gia yen to ciia gia Irj Idn nha'l, nho nha't... 

H 9 i 
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Loai 1. Svl dung the tich dfi' chuTng minh cac dang thtfc ho§c bfi't dang thijj. 

trong hinh hoc khong gian. 'T flVMS:j d i i f f i a i j ; . : ; fi;>5^-td! U .V* 'r>n ' : V / 

Thi du 1. Cho hinh chop tu' d ien A B C D . M la mot d i e m trong ti? dien . A M , Blv] 

C M , D M tiTcfng u'ng cat cac mat doi ciia tu" dien tai A|, B i , C i , D i . ChiJng 

minh 
A , M B , M C M D , M 
A , A - + • B|B C,C D , D 

= 1. a) 

Giai 

Ta c6: V A H C O = M.ACn + V M.ABC 

J _ ^ M . B C D ' M . A B D ^ M . A B D _|_ ^ M . A B C 

' A B C D ^ A B C D ^ A B C D ^ A B C D 

1; Kc M H , va A H Ian li/at vuong goc (BCD). 

: De thay A | , H I , H thang hang. 

Theo dinh 11 Talet ta c6: 
A H 

A | M 

A | A 
(2) 

Hai hinh chop M . B C D va A . B C D c6 chiing day BCD, nen 
V , M . B C D 

•^ABCD 

M H ) 

A H 
(3) 

Tu" (2) (3) suy ra ' M . B C D A | M 

A , A 
(4) 

' A B C D 

Lap luan ti/dng tiT c6: 

V M . A B D ^ B | M _ V M . A B D ^ C | M V M . A B C ^ D | M 

^ A B C D B , B V ^ B C D C | C 

' * Thay (3) (4) (5) vao (1) c6 dpcm. 

.i 2 0 

V A B C D 
(5) 

1. He thiJc tren la tu'dng tif vd i djnh l i Xcva trong hinh hoc phang. 

Gia siuf A A | , BB , , CC, dong qui tai M 

(xet trong tarn giac A B C ) . 
id •• 

K h i do ta c6: 
A , M B , M C M 

A|A 
- + • 

B|B 
• + -

C,C 
= 1 

2. Sur dung ba't dang thiJc Cosi, ta c6: 

A , M B , M C M 

A|A 

A|A 

A , M + 

B,B 

B|B 

+ C|C • + 
D|M 

D , D 

A|A B,B C C 

A | M B|M C , M 

D|D 

D , M 

B|M 

U S ( . ' . J f hlii . . i i J i l l J U . J il.M.i J U . ( (\hlti i: 

C , M D , M 
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A | M + M A | B|M + M B i , C i M + M C , , D | M + M D | 
. _ M n ^ ^ ^ r ^ v ^ ^ 1 . . . , ^ ^ , 1 ^ . '-^i > , 6 

M A , M B , M C , M D , 

^ + M L + £ ^ + ^ > 12 ' 
^ M A , M B , M C , M D , 

Dau bang trong (6) xay ra o 

( 6 ) , , , 

A , M _ B , M _ C j M _ D , M _ 1 

A , A ~ B,B ~ C,C ~ D , D ~ 4 

» M = G, 

d day G la trong tclm cua tu" dien A B C D (xem dinh nghla trong tam ci'ia tu" 

dien trong chU'dng 1). 

(6) lii bat dang thufc quen biet trong ttf dien. '̂ ^ ' ^^ " 

T h i du 2. Cho tif dien A B C D . Gpi h , , h2, h , , h4 Ian liTdt la bon chieu cao cua tu" 

dien ke tiT A , B, C, D va r la ban kinh hinh cau noi t iep cua tuf dien. Chiang 

. ^ 1 1 1 1 1 
minh - = 1 1 1 

r h| h j h j h4 ,= 8oi 

G i a i 

Goi O la tam hinh cau npi t iep. , , i , u l , 

Khi do bo'n hinh chop: 

O.BCD, O . A C D , O . A B D , O.ABC 

deu CO chieu cao ke tiir O bang r. 

T a c o : V A U C D = V O B C D + 

^ 1 ^ V Q B C D I V Q A C D I V Q A B D , V Q A B C '^'^'^•^'^ ^ 

^ A B C D ^ A B C D ^ A B C D ^ A B C D 

r r r r 
=> 1 = — + — + — + — 

1 1 1 1 1 
- = - — \ - - 1-: h — dpcm. 

h3 

1. He thtfc tren la melt rpng he thtfc quen biet sau trong hinh hoc phang. Trong 

moi tam giac A B C , ta c6: - = — + — + — , 5 day ha, hh, h , tu'dng iJng la 
r h , \. 

cac chieu cao ke lir A , B, C; con r la ban kinh diTdng tron npi tiep tam giac. 

2. TiT thi du tren la suy ra ba't dang Ihu'c sau: Trong m p i tu" dien ta c6: 

h| + h2 + h j + h4 > 16r 

D i c u nay suy ra lit bat dang thtfc Cosi sau: p^idq wnoL 1" 1 .J 

(h| + h2 + hs + h4) 
1 1 1 1 

— + — + — + — h, h , ' 4 ; 
> 16 

121 
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U S ( . ' . J f hlii . . i i J i l l J U . J il.M.i J U . ( (\hlti i: 

C , M D , M 

120 

A | M + M A | B|M + M B i , C i M + M C , , D | M + M D | 
. _ M n ^ ^ ^ r ^ v ^ ^ 1 . . . , ^ ^ , 1 ^ . '-^i > , 6 

M A , M B , M C , M D , 

^ + M L + £ ^ + ^ > 12 ' 
^ M A , M B , M C , M D , 

Dau bang trong (6) xay ra o 

( 6 ) , , , 

A , M _ B , M _ C j M _ D , M _ 1 

A , A ~ B,B ~ C,C ~ D , D ~ 4 

» M = G, 

d day G la trong tclm cua tu" dien A B C D (xem dinh nghla trong tam ci'ia tu" 

dien trong chU'dng 1). 

(6) lii bat dang thufc quen biet trong ttf dien. '̂ ^ ' ^^ " 

T h i du 2. Cho tif dien A B C D . Gpi h , , h2, h , , h4 Ian liTdt la bon chieu cao cua tu" 

dien ke tiT A , B, C, D va r la ban kinh hinh cau noi t iep cua tuf dien. Chiang 

. ^ 1 1 1 1 1 
minh - = 1 1 1 

r h| h j h j h4 ,= 8oi 

G i a i 

Goi O la tam hinh cau npi t iep. , , i , u l , 

Khi do bo'n hinh chop: 

O.BCD, O . A C D , O . A B D , O.ABC 

deu CO chieu cao ke tiir O bang r. 

T a c o : V A U C D = V O B C D + 

^ 1 ^ V Q B C D I V Q A C D I V Q A B D , V Q A B C '^'^'^•^'^ ^ 

^ A B C D ^ A B C D ^ A B C D ^ A B C D 

r r r r 
=> 1 = — + — + — + — 

1 1 1 1 1 
- = - — \ - - 1-: h — dpcm. 

h3 

1. He thtfc tren la melt rpng he thtfc quen biet sau trong hinh hoc phang. Trong 

moi tam giac A B C , ta c6: - = — + — + — , 5 day ha, hh, h , tu'dng iJng la 
r h , \. 

cac chieu cao ke lir A , B, C; con r la ban kinh diTdng tron npi tiep tam giac. 

2. TiT thi du tren la suy ra ba't dang Ihu'c sau: Trong m p i tu" dien ta c6: 

h| + h2 + h j + h4 > 16r 

D i c u nay suy ra lit bat dang thtfc Cosi sau: p^idq wnoL 1" 1 .J 

(h| + h2 + hs + h4) 
1 1 1 1 
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T h i dy 3. Cho hinh chop tarn giac SABC, co: 

V a b c 

sincY sin [3 sin-^ 

d day BC = a; AC = b; A B = c; a, p, y hin liTdt la goc tao hdi cac mat SBC, 

SAC va SAB vdi day ABC. Chitng minh rang tong cac khoiing each tif mot 

d iem O bi l l k i tren mat day den cac mat xung quanh SBC, SAC, SAB cua 

hinh chop la khong doi . 

G i a i 

Ke SH 1 (ABC) va S M , SN, SP Ian liTdt 

vuong goc BC, A C , A B . 

K h i do H M 1 BC, H N 1 AC, HP 1 AB 

^ (dinh l i ba du"dng vuong goc). I :, 

TO do ta c6: S M H = a; SNH = p; SPH = 7 

rr. ^ • SH . „ SH . SH 
T a c o : sina = — - ; .smp = 81117= ( 1) 

SM SN SP 

V i •to is.; - = , nen ttf (1) c6: a.SM = b.SN = c.SP 
sincv sini:i sin'^ 

=> S A B C = SsAC = SsAB (2) ' , 

" Gpi S la dien tich chung (xem (2)). Goi O lii diem tiiy y trong day ABC. j . ^ , 

Goi h „ hh, h, Ian lum la khoang each lif O tdi mat SBC, SAC, SAB. .5.., .̂T 

Ta c6: V S A H C = V O . S B C + V Q . S A C + V O S A D ^ 

= - S ( h , + h b + h , ) ( d i r a v a o ( 2 ) ) 

=:> h;, + hh + he = 

Do la dpcm. 

- :^^^^^= const 4 

T h i du 4. Cho hinh chop tiJ giac S.ABCD, day lii tiJ giac lo i A B C D . M o t mat 

phang citt cac canh SA, SB, SC, SD Ian hMl tai K, L, P, N. ChiJng minh nlng: 

' B C D 
SA 

SK 
+ S ABD 

SC 

SP 
= s ABC 

S D ^ _ SB 
+ ^ A C D " 

SN SL 

G i a i ' 

Do K, L, P, N dong phang nen ta c6: 

Vs .KLP + Vji.KNP = Vs.NPl. + V s . N K L ( 1 ) ( V l CUng bang Vs.KNl'L) 

SK SL S P . . . frf ^jfl --.tiJ^^J'-
Ta c6: V S . K I . P = 

SA SB SC 
-V, S.ABC 
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''S.KNP 

'S.NPL 

''S.NKL 

S P S N S K 

S C S D " S A 

S L S P S N 

S B S C " S D 

S N S L S K 

^'S.ADC • 

"S.BCD' 

V, S.ABD • 
S D S B S A 

Thay vao ( I ) , r o i nhan ca hai ve vOi di i i luTdng 

S A S B S C S D 

S K ' S L ' S P ' S N ' >,?b , >. ill:'] 

Ta c6: 
S D 

=> - h 
3 

S N 

SB 
V s A B C - ^ ^ ^ S A D C 5 ^ = V, S.ABD 

S C ^, S A 
^ + "SBCD 

' A B C + s 
SB 

ADC 
S L 3 

' A B D 
SD 

d day h la chieu cao ke tir S cua hinh chop S.ABCD. 

TCf (2) suy ra dpcm. j 

Thi du 5. Cho ttf dien A B C D , trong do A B = a, BC = b, CD = c, D A = d, AC = e, 

BD = f. Goi a la goc tao bdi hai mat phang SAB va C A B (khi do ta noi ti it a 

la goc nhj dien canh A B ) . V d i k i hieu tren goi 7, p, 6, 9, co tiTdng ifng la cac 

goc nhi dien canh BC, CD, D A , AC va BD. ChiJng minh rang: 

ac bd ef 

,' '8 A s inasinP sin'^sin8 sinGsinu 

TrUdc he't ta chiJng minh ke't qua .sau: 

Goi S|, S2 Ian liTdt la dien tich hai mat CAB va D A B . 

Goi V la the tich ti? dien A B C D . 

vu- , ' ^/ 2S ,S2sina 

K m do ta co: V = — — . (1) 

3a 

C H 1 ( A B C D ) , ke CE 1 A B 

=> HE 1 A B (djnh l i ba dtfdng vuong goc) 

Ta CO S| = S A B C ; S2 = S A B D - 7 

Lsi ico ; V = is2 .CH. (2) 
T , ^ , . 2 S A B C • 2 S | S i n a 
Ta thay C H = CEsina = — ^ s i n a = —^ 

^ A B a 
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T h i dy 3. Cho hinh chop tarn giac SABC, co: 

V a b c 

sincY sin [3 sin-^ 

d day BC = a; AC = b; A B = c; a, p, y hin liTdt la goc tao hdi cac mat SBC, 
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G i a i 
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^ (dinh l i ba du"dng vuong goc). I :, 

TO do ta c6: S M H = a; SNH = p; SPH = 7 

rr. ^ • SH . „ SH . SH 
T a c o : sina = — - ; .smp = 81117= ( 1) 

SM SN SP 

V i •to is.; - = , nen ttf (1) c6: a.SM = b.SN = c.SP 
sincv sini:i sin'^ 

=> S A B C = SsAC = SsAB (2) ' , 

" Gpi S la dien tich chung (xem (2)). Goi O lii diem tiiy y trong day ABC. j . ^ , 

Goi h „ hh, h, Ian lum la khoang each lif O tdi mat SBC, SAC, SAB. .5.., .̂T 

Ta c6: V S A H C = V O . S B C + V Q . S A C + V O S A D ^ 
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=:> h;, + hh + he = 
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- :^^^^^= const 4 

T h i du 4. Cho hinh chop tiJ giac S.ABCD, day lii tiJ giac lo i A B C D . M o t mat 
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' B C D 
SA 

SK 
+ S ABD 

SC 

SP 
= s ABC 

S D ^ _ SB 
+ ^ A C D " 

SN SL 

G i a i ' 

Do K, L, P, N dong phang nen ta c6: 

Vs .KLP + Vji.KNP = Vs.NPl. + V s . N K L ( 1 ) ( V l CUng bang Vs.KNl'L) 

SK SL S P . . . frf ^jfl --.tiJ^^J'-
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-V, S.ABC 
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''S.KNP 

'S.NPL 

''S.NKL 

S P S N S K 

S C S D " S A 

S L S P S N 

S B S C " S D 

S N S L S K 

^'S.ADC • 

"S.BCD' 

V, S.ABD • 
S D S B S A 

Thay vao ( I ) , r o i nhan ca hai ve vOi di i i luTdng 

S A S B S C S D 

S K ' S L ' S P ' S N ' >,?b , >. ill:'] 
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S D 

=> - h 
3 

S N 

SB 
V s A B C - ^ ^ ^ S A D C 5 ^ = V, S.ABD 

S C ^, S A 
^ + "SBCD 

' A B C + s 
SB 
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S L 3 

' A B D 
SD 
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goc nhi dien canh BC, CD, D A , AC va BD. ChiJng minh rang: 

ac bd ef 

,' '8 A s inasinP sin'^sin8 sinGsinu 

TrUdc he't ta chiJng minh ke't qua .sau: 

Goi S|, S2 Ian liTdt la dien tich hai mat CAB va D A B . 
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3a 

C H 1 ( A B C D ) , ke CE 1 A B 
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T - u f i s - ^->N - ' II 2SiS2sino; Thay (3) vao (2) va co V = —^—^ . , ..̂  
3a \a 

V a y ( l ) d u n g . . -V.?: 'T?. [V 
Bay gicJ dat S., = SBCD; S4 = SACD- Ap dung ( I ) ta c6: f ' t 

^ ^ 2S3S4 sin (3 
3c 

T i r ( l ) , (4) suyra 
-.2 4S1S2S3S4 . . a c 48,828384 
V = — ' ^ sina.sinp => = — ' ^ ^ 

9ac sin a sin p 

Hoan loan Wdng tu" ta co: — 
bd cf 48,828384 ' 5̂ 

(5) 

(6) sin-^sinfe sinOsincv 9V 

Tir (5) (6) suy ra dpcm. P -^h ,, v . 

T h i d u 6. Cho tur d icn A B C D va mot diem M trong tiJ dien. A M , B M , C M , D M 

Ian lirm cat cac milt doi dien tai A ' , B ' , C , D ' . 

Chu-ng minh M A ' + M B ' + M C + M D ' < max{ AB , AC, A D , BC, BD , CD} 

G i a i 

Goi V, V, , V 2 , V 3 , V 4 Ian liWt la the tich cua - i f ^ ^'^ 

cac ti? dien ABCD, M B C D , M A C D , M A B D , M A B C . 

. . . . V, M A ' 
De thay: — = 

V A A ' 

M A ' = A A 

= > M B ' = B B ' ^ (2) 
V 

= > M C ' = C C ' ^ (3) 

Y / v v i lis? a/i'.) if im ij... 
M D ' = D D ' - ^ . (4) 

V ' ' 
Dat a = max {AB , AC, A D , BC, BD , CD} C 

Kh i do a chinh la khoang each Idn nha't trong cac khoang each giffa hai diem 

ba't k i cua ti? dien. No i rieng ta cd: 

A A ' < a; B B ' < a; C C < a; D D ' < a. 

T f f ( l ) ( 2 ) (3) (4) suy ra: 
(5) 

M A ' + M B ' + M C + M D ' < a ^' ^ ^ ^ (6) - ^ 2 - V M is 

Tff V ^ V, + V2 + V3 + V 4 va tff (6) suy ra dpcm. ' 1 3 = H : ) thflii 

.>t. 

Cty TNHH MTV DWH Khang Viet 

j^o^J 2- C a c bai toan ve th^' tich ket hofp vdi gia tri \6n nha't, nho nha't, ho§c 

chtfng minh cac bS't dang thtfc lifin quan de'n th6' ti'ch. 1' 

•1,.-. . . . : .,.-...,,„..,:,....../ 
du 1. Cho ttf d ien OABC, trong d6 OA, OB, OC d6i mot vuong gdc vdi 

nhau, OA = a, OB = b, OC = c. M la mot d iem nam trong day ABC. Qua M 

ve cac dffcfng tffdng ffng song song vdi OA, OB, OC. Chung Ian lu'dt cat mat 

d6'i dien ta i A ' , B ' , C . Xdc dinh diem M de ttf d i0n M A ' B ' C cd the tich Idn 

nhat va tinh gia trj Idn nha't a'y..̂  ^ , . ̂ .̂  ^ l ^ ^ 
G i a i 

Trong (ABC) gia suT: A M n BC = P, 

B M n A C = Q, M ,v 

C M n A B = R. ^^y^-,^ 
Ke M A ' //OA (A ' e OP) ' 

M B ' / / O B ( B ' e OQ) 

M C / / O C ( C 6 O R ) '»*^'^ ' R 

Dem tur dien M A ' B ' C " long vao " tlJ dien OABC. 

Do M A ' // O A , M B ' // OB, M C // OC, nen ta cd (xcm hinh ve ben) A 

V M . A ' B ' C ^ V Q A ' B ' C ^ M A ' M B ' M C ' ' 

V0.ABC VoABc OA • OB • OC • 'li' = f| V , { , c . MAW fV 

Dg tha7 OA 1 (OBC), nen A2.v, ,/J^c ^̂̂^ .--.A \ 
I 1 I ahc 

VoABC = VA.OBC = 3 SoBC-AO = - - O B . O C . O A = — . (2) 

^riyn^ro^ A ^r abc M A ' M B ' M C 
Tilf (1) (2) cd: V M A B C = • • (3) 

6 OA OB OC 

Ti, f m - T 1 , tK^ M A ' PM M B ' Q M M C R M r ' 
Theo dmh h Talet, thi = ; = = . 

OA PA OB QB OC RC 
T x T . ^ - . PM Q M R M , , 
Irong tam giac ABC, ro rang 1 1 = 1, dodo : 

PA QB RC 
M A ' ^ M B ' ^ M C , 

Theo baft d^ng thtfc Cosi, thi ' ' ' ' " = 

^ii = z ^ + M ^ + M c : ^ 3 J M A ' M B ' M C , . . , 1^^ : , . , 

1 OA OB OC V OA ' OB ' OC " 

I _ M A ' M B ' M C ' ^ 1 

• OA OB OC 27 

i Tir (3) (5) cd: .^.un h :> o :i( J. = v 
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-.2 4S1S2S3S4 . . a c 48,828384 
V = — ' ^ sina.sinp => = — ' ^ ^ 

9ac sin a sin p 

Hoan loan Wdng tu" ta co: — 
bd cf 48,828384 ' 5̂ 

(5) 
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T h i d u 6. Cho tur d icn A B C D va mot diem M trong tiJ dien. A M , B M , C M , D M 

Ian lirm cat cac milt doi dien tai A ' , B ' , C , D ' . 

Chu-ng minh M A ' + M B ' + M C + M D ' < max{ AB , AC, A D , BC, BD , CD} 

G i a i 

Goi V, V, , V 2 , V 3 , V 4 Ian liWt la the tich cua - i f ^ ^'^ 

cac ti? dien ABCD, M B C D , M A C D , M A B D , M A B C . 

. . . . V, M A ' 
De thay: — = 

V A A ' 

M A ' = A A 

= > M B ' = B B ' ^ (2) 
V 

= > M C ' = C C ' ^ (3) 
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M D ' = D D ' - ^ . (4) 

V ' ' 
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Kh i do a chinh la khoang each Idn nha't trong cac khoang each giffa hai diem 

ba't k i cua ti? dien. No i rieng ta cd: 

A A ' < a; B B ' < a; C C < a; D D ' < a. 

T f f ( l ) ( 2 ) (3) (4) suy ra: 
(5) 

M A ' + M B ' + M C + M D ' < a ^' ^ ^ ^ (6) - ^ 2 - V M is 

Tff V ^ V, + V2 + V3 + V 4 va tff (6) suy ra dpcm. ' 1 3 = H : ) thflii 

.>t. 

Cty TNHH MTV DWH Khang Viet 

j^o^J 2- C a c bai toan ve th^' tich ket hofp vdi gia tri \6n nha't, nho nha't, ho§c 

chtfng minh cac bS't dang thtfc lifin quan de'n th6' ti'ch. 1' 

•1,.-. . . . : .,.-...,,„..,:,....../ 
du 1. Cho ttf d ien OABC, trong d6 OA, OB, OC d6i mot vuong gdc vdi 

nhau, OA = a, OB = b, OC = c. M la mot d iem nam trong day ABC. Qua M 

ve cac dffcfng tffdng ffng song song vdi OA, OB, OC. Chung Ian lu'dt cat mat 

d6'i dien ta i A ' , B ' , C . Xdc dinh diem M de ttf d i0n M A ' B ' C cd the tich Idn 

nhat va tinh gia trj Idn nha't a'y..̂  ^ , . ̂ .̂  ^ l ^ ^ 
G i a i 

Trong (ABC) gia suT: A M n BC = P, 

B M n A C = Q, M ,v 

C M n A B = R. ^^y^-,^ 
Ke M A ' //OA (A ' e OP) ' 

M B ' / / O B ( B ' e OQ) 

M C / / O C ( C 6 O R ) '»*^'^ ' R 

Dem tur dien M A ' B ' C " long vao " tlJ dien OABC. 

Do M A ' // O A , M B ' // OB, M C // OC, nen ta cd (xcm hinh ve ben) A 

V M . A ' B ' C ^ V Q A ' B ' C ^ M A ' M B ' M C ' ' 

V0.ABC VoABc OA • OB • OC • 'li' = f| V , { , c . MAW fV 

Dg tha7 OA 1 (OBC), nen A2.v, ,/J^c ^̂̂^ .--.A \ 
I 1 I ahc 

VoABC = VA.OBC = 3 SoBC-AO = - - O B . O C . O A = — . (2) 

^riyn^ro^ A ^r abc M A ' M B ' M C 
Tilf (1) (2) cd: V M A B C = • • (3) 

6 OA OB OC 

Ti, f m - T 1 , tK^ M A ' PM M B ' Q M M C R M r ' 
Theo dmh h Talet, thi = ; = = . 

OA PA OB QB OC RC 
T x T . ^ - . PM Q M R M , , 
Irong tam giac ABC, ro rang 1 1 = 1, dodo : 

PA QB RC 
M A ' ^ M B ' ^ M C , 

Theo baft d^ng thtfc Cosi, thi ' ' ' ' " = 

^ii = z ^ + M ^ + M c : ^ 3 J M A ' M B ' M C , . . , 1^^ : , . , 

1 OA OB OC V OA ' OB ' OC " 

I _ M A ' M B ' M C ' ^ 1 

• OA OB OC 27 

i Tir (3) (5) cd: .^.un h :> o :i( J. = v 
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^MABX" ^ 
abc 
162 

(6) 

Da'u bang trong (6) xay ra <=> 

Vay max V M A B C = 

M A ' _ M B ' _ M C ' _ 1 
OA ~ OB ~ OC ~ 3 ! I . : J 

PM ^ QM _ RM _ J_ ( , ,; . A : 

PA ~ QB ~ RC ~ 3 ; 
" <=> M la trong tarn tarn gidc ABC. 

o M la trong lam tam gi^c ABC. " '̂' ' 
162 

Thi du 2. Cho hinh chop S.ABCD c6 day ABCD la hinh vuong canh a, con SA = 
aVz vuong goc vdi day. M va N la cac diem di dong tren BC, CD tiTcfng û ng 
sao cho N A M = 45". Xac dinh vi tri cua M , N de hinh chop S.AMN c6 the' 
tich dat gia tri Idn nhaft, dat gia trj nho nha't. Tim cac gii tri ay. j , 

' -^t-^--. ' Giai • - . ' 
S Tadat MAB = a; NAD = p 

^ A M = — ^ ; A N = 
cos a cos|3 

V i N A M = 45" 3> a + p = 45" 

Taco:Vs .AMN=-SAMNSA 

a V2 1 
3 2 

aV2 yfl 

. - A M . A N s i n 4 5 " D 

6 2 cosacosP 6cosacos3 3[cos(a + (3) + cos(cn-(^) 
. ":rA 

+ cos(a-3) 

Do 0 < a < 45"; 0 < p < 45" => -45" < a - p < 45" 
=> max[cos(a - P)] = 1 o a - p = 0 

mm cos(a - 3) 72 a = 45";P = 0 

a = 0";P = 45° 

TO(l)suyra: 
Vs.AMN dat gia l,ri max o cos(a - p) dat gid tri min 
Vs.AMN dat gia trj min o cos(a - P) dat gia tri max. 
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Vi the' max VS.AMN = 

2 2 

a-̂ V2 
6 ' , 

2 a 3 " ^{2-^) 

+ 1 
3(2 + 72) 

Gia tri Kin nhat dat difctc o a = P = 22"30'. 
o M , N Ian li/dt la chan duTdng phan giac cac g()c CAB, CAD ve trong cac 

tam giac CAB, CAD. 

Gia tri be nhat dat difdc o 
(v = 45";l5 = () M = C;N = D ' •"'m'l-' 

M = B ;N = C i a = 0 ; 13 = 45" 

Thi dv 3. Cho goc tam di?n vuong Oxyz dinh O. Lay A, B, C Ian lifdt tren Ox, 
Oy, Oz sao cho OA + OB + OC + AB + AC + BC = 1, d day / la so diTcJng cho 
trirdc. Xac dinh vi tri cac diem A, B, C .sao cho the tich tu" dicn OABC dat gia 
tri Idn nha't va hay tinh gia trj Kin nha't ay. 

Giai 
Dat OA = a, OB = b, OC = c 
Theo baft dang thi'fc Bunhiacopski, ta co: 

a + b < J2 a" + 

a + c < J 2 a^+c^^ 

b + c < j 2 ( b 2 + c 2 ) . • -

Tird6 suyra: >y2(a + b + c)< Va^ +\/a^ +^/b^c^ 

=:>V2(a + b + c) + a + b + c < V a ^ + b ^ + V a ^ + c ^ + V b ^ + c - + a + b + c (1) 

Tir gia thie'l suy ra VP (1) = OA + OB + OC + AB + AC + BC = /. , 

V a y t i r ( l ) t a c 6 : ( a + b+c)(V2-t-l) </. (2) 

Dau bang trong (2) xay ra o a = b = c. (3) 

Theo bat dilng thi'rc Cosi, la c6: a + b + c > 3 Tabc . (3) 

Mat khac V = VO.AHC = 7 abc. V i the luf (3) suy ra: 
6 

a + b + c > 3 V 6 V . (4) 
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^MABX" ^ 
abc 
162 

(6) 

Da'u bang trong (6) xay ra <=> 
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" <=> M la trong tarn tarn gidc ABC. 
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. - A M . A N s i n 4 5 " D 

6 2 cosacosP 6cosacos3 3[cos(a + (3) + cos(cn-(^) 
. ":rA 

+ cos(a-3) 

Do 0 < a < 45"; 0 < p < 45" => -45" < a - p < 45" 
=> max[cos(a - P)] = 1 o a - p = 0 

mm cos(a - 3) 72 a = 45";P = 0 

a = 0";P = 45° 

TO(l)suyra: 
Vs.AMN dat gia l,ri max o cos(a - p) dat gid tri min 
Vs.AMN dat gia trj min o cos(a - P) dat gia tri max. 
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tam giac CAB, CAD. 

Gia tri be nhat dat difdc o 
(v = 45";l5 = () M = C;N = D ' •"'m'l-' 

M = B ;N = C i a = 0 ; 13 = 45" 

Thi dv 3. Cho goc tam di?n vuong Oxyz dinh O. Lay A, B, C Ian lifdt tren Ox, 
Oy, Oz sao cho OA + OB + OC + AB + AC + BC = 1, d day / la so diTcJng cho 
trirdc. Xac dinh vi tri cac diem A, B, C .sao cho the tich tu" dicn OABC dat gia 
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a + b < J2 a" + 
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=:>V2(a + b + c) + a + b + c < V a ^ + b ^ + V a ^ + c ^ + V b ^ + c - + a + b + c (1) 

Tir gia thie'l suy ra VP (1) = OA + OB + OC + AB + AC + BC = /. , 

V a y t i r ( l ) t a c 6 : ( a + b+c)(V2-t-l) </. (2) 
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Ket hdp (2) (4) c6: /> 3 ( V 2+l)V6V 

V < > (5) 
162(72 

Da'u bang trong (5) xay ra <=> a = b = c. Ket hdp vdi dieu k ien: 

a + b + c + 7a^ + b ^ + Vb^ + + 

o a = b = c = (suy tit phiTdng trinh 3a + 3aV2 = /)• 

Vay max VQABC = • ) ^ 

/ ( V 2 - I 
Gia tr i Idn nha't dat di/dc 0 a = b = c = 

.I'll lli r.ll '• 

• • • 3 • ,5 .,>f!':>X yblr 

Mm/i xet: Trong cac thi du 1, 2, 3 ta da suT dung phiTdng phap ba't d^ng thtfc de 

t im gia tr i Idfn nhat, nho nha't. 

T h i du 4. Cho hinh chop tu' giac deu S.ABCD ma khoang each tif A l6'i mat 

phang (SBC) bang 2a. Vd i gia Irj nao cua a, d day a la goc giffa mat ben va 

day cua hinh chop, thi the tich cua khol chop la nhd nhat. T im gia tr i do. 

G ia i 

Goi M , N Ian Imt la trung d iem cua AD , BC. 

T a c d SNM = a. ' ' ' '"" ' 

Do D A // BC => D A // (SBC) 

=> d(A, (SBC)) = d (M , (SBC)). (1) 

Ta CO BC 1 (SMN) => (SBC) 1 (SMN). 

Do do neu ke M H 1 SN (H G SN) 

= > M H J . ( S B C ) A 

=^ d (M, (SBC)) = H. 

Tir (1) (2) va gia thiet ta cd M H = 2a. 

M H 2a Do do M N = SO = ON.tana = a sin a a 
s ina s ina 

Vay Vs.ABCD = ^ S A B C D - S O = ^ 
2a 

s ina 

s ina cos a cos a 

4a' 
cosa 3sin^acosa 

(3) 

Tiif (3) suy ra VSABCD be nhaft <=> sin^acosa nhan gia t r i Idn nha't. 

Xet bieu thiJc P = sin^acosa = cosa( l - cos^a) = cosa - cos^a (4) 

Clij TNIIII MTV DVVII Khanfj Vm 

p o 0 < a < 90" 0 < cosa < 1. 

XCr (4) xet ham so sau: y = x - x"̂  vdi 0 < x < 1. r " [ ; • ' ' 

Ta cd: y ' = 1 - 3x", tif do cd bang bien ihien sau: 

X /̂3 " 7 3 ' 

3 0 3 1 

y' i + 0 - 1 
y i 1 

Vay ymax = y 
273 _ 73 

O x = — . 

0 < H 

-1} 

Do do min VS.ABCD = 
4a-' 

.u.^273 
9 

= 273a<^ cos(v = 
73 

- o a = arc cos-
73 

T h i d u 5. Hinh chop S.ABCD cd dtiy la tam giac vudng can dinh C va SA vuong 

goc vdi day (ABC). GiJi su" SC = a. Hay t im gdc giffa hai mat phang (SBC) 

va (ABC) sao cho the tich kho'i chop la Idn nhat. 

"-̂  " G i a i 

(SBC) n (ABC) = BC.: ' . . . , ^ 

Do AC 1 BC => SC 1 BC (dinh l i ba difdng vudng gdc) 

=> SCA la gdc giffa (SBC) va (ABC). v ^ ^ ^ j , . . , . 

Dat S C A = a ( 0 < a < 9 0 " ) . '• 

Ta cd: SA = asina, AC = acosa 

1 11 3 B 
= * V s . A B c = ~ S A B C - ^ ' ^ ~ — ( a c o s a ) ^ as ina = — c o s ^ a s i n a . (1) 

3 32 6 
Tir (1) suy ra VS.ABC nhan gia trj Idn nha't o P = cos^asina nhSn gia tr i Idn 
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du'iini) IIS(! II'lnh Ituc khthii/ (jiiiii - Phan Iliiy Khdi 

Ket hdp (2) (4) c6: /> 3 ( V 2+l)V6V 

V < > (5) 
162(72 
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/ ( V 2 - I 
Gia tr i Idn nha't dat di/dc 0 a = b = c = 

.I'll lli r.ll '• 

• • • 3 • ,5 .,>f!':>X yblr 
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129 



Bot diCcfiig IISG Iliuh hoc klu'mg (jinn - Phaii Iliiy Khdi Cty TNini MTV DWH Khcuu, Viet 

Vay yn,„x = y O X = — 
Vs.^«c SB SC 2 

Vay Vs.ABc nhan gia trj Idtn nhat = ^ <^ x = ^ 
27 

sin — 
. 73'' 

o sina = — <=> a =arc 
3 

Chii y: Ta c6 the l im gia Iri \(1n nhat cua P bang phu'cJng phap bat dang thiJc nhuf sau: 

Do P > 0 ncn P,„,, <=> P-max 

„ ' n2 . 1 • 2 ,2 • 2 (1 - sin^ (v)(l - sin^ a)(2sin^ a ) , ,„v 
Ta co: P = ( I - sin a) sin a = ^ . 

Theo bat dang thu 'cC6si , tac6: ' s i 

3 / - -5—— . 2 • 2 , ^ ( l - s i n ^ v ) + ( l - s i n ^ Y ) + 2s in^a 2 
:;; 1; ^(1 - sin a ) ( l - sin a)(2sin a ) < ^—^ = -

=> (1 - sin^a)(l - sin^a)(2sin^a) < — ' 

2V3 

V=> V.s.AMK= - Vs.AUC= - V . (2) ' • 
2 4 

' day V = Vs.Aiici:) isK r.in muib 'mixii 

27 

riMng tirta c6: VS.ANK= — . (3) i ' " ' f 
4 

fT ir ( l ) , (2), (3)suyra -j. 

V ' • 
S.AMNK- — ( X + y ) . ( 4 ) J,: 

4 

-ai CO VS.AMNK = Vs.AMW + V,MNK = ^ ^ = ^ . (5) 
2 4 4 

'T i r (4) (5) ta CO x+y = 3xy => y = (6) 
3 x - l 

X , I I 
< 1 =>x> - Vay - < x < 1. 

3 x - l 2 2~ ~ 

fir (6) va do 0 < y < 1 

P < 

2\/3 1 
Vay Pmax = <=> 1 - sin^a = 2 sin^a o sin^a = -

>-L """ ' 73 
*• o sina = — (do sina > 0) 

/. 3 

3 •J 
[(if (5) ( 6 ) c 6 : P = ^^MMKN ^ 4 = l x y = - x ^ ^ = -̂ ^ 

V 4 4 3 x - l 4 ( 3 x - l ) 'S.ABCD 

l e t ham s o y = 
3x^ 

Tuf do thu la i ket qua trcn! • ^ 

D I nhien ta cung c6 the giai thi du 4 bang phifdng phap ba't dang thtfc. 

Thi du 6. Cho hinh chop S.ABCD day la hinh binh hanh. Goi K la trung diem 

cua SC. M a t phang qua A K cat cac canh SB, SD cua hinh chop tai M , N 

Xac dinh vj t r i cua M , N de dai lifdng: , 

... p = ^S.AMNK y,^,.^ , ^ , , 

dat gia tri Idn nhaft, gid t r i be nha't. 

' ' • i l f e f v . tV • G i a i 

Gia sur A K n SO = E, d day O la giao diem cua A C , B D ; khi do M , E, N 

t h i n g h^ng. 

, ^ S M SN 'i' 

^ SB SD 

Ta c6: y^.KUHK = VS.AMK+ VS.ANK • ( 0 

I a CO y = 

4 ( 3 x - l ) 2 

3x (3x -2 ) . . , , 

vt1fi 1 < X < 1 

4(3x - 1 ) " 
' - va c(5 bang bicn thicn: 

^TCr do y,„i„ = l o x = | ; y = j 



Bot diCcfiig IISG Iliuh hoc klu'mg (jinn - Phaii Iliiy Khdi Cty TNini MTV DWH Khcuu, Viet 

Vay yn,„x = y O X = — 
Vs.^«c SB SC 2 
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27 

sin — 
. 73'' 
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3 
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=> (1 - sin^a)(l - sin^a)(2sin^a) < — ' 

2V3 
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2 4 

' day V = Vs.Aiici:) isK r.in muib 'mixii 

27 

riMng tirta c6: VS.ANK= — . (3) i ' " ' f 
4 

fT ir ( l ) , (2), (3)suyra -j. 

V ' • 
S.AMNK- — ( X + y ) . ( 4 ) J,: 

4 

-ai CO VS.AMNK = Vs.AMW + V,MNK = ^ ^ = ^ . (5) 
2 4 4 

'T i r (4) (5) ta CO x+y = 3xy => y = (6) 
3 x - l 

X , I I 
< 1 =>x> - Vay - < x < 1. 

3 x - l 2 2~ ~ 

fir (6) va do 0 < y < 1 

P < 

2\/3 1 
Vay Pmax = <=> 1 - sin^a = 2 sin^a o sin^a = -

>-L """ ' 73 
*• o sina = — (do sina > 0) 

/. 3 

3 •J 
[(if (5) ( 6 ) c 6 : P = ^^MMKN ^ 4 = l x y = - x ^ ^ = -̂ ^ 

V 4 4 3 x - l 4 ( 3 x - l ) 'S.ABCD 

l e t ham s o y = 
3x^ 

Tuf do thu la i ket qua trcn! • ^ 

D I nhien ta cung c6 the giai thi du 4 bang phifdng phap ba't dang thtfc. 

Thi du 6. Cho hinh chop S.ABCD day la hinh binh hanh. Goi K la trung diem 

cua SC. M a t phang qua A K cat cac canh SB, SD cua hinh chop tai M , N 

Xac dinh vj t r i cua M , N de dai lifdng: , 

... p = ^S.AMNK y,^,.^ , ^ , , 

dat gia tri Idn nhaft, gid t r i be nha't. 

' ' • i l f e f v . tV • G i a i 

Gia sur A K n SO = E, d day O la giao diem cua A C , B D ; khi do M , E, N 

t h i n g h^ng. 

, ^ S M SN 'i' 

^ SB SD 

Ta c6: y^.KUHK = VS.AMK+ VS.ANK • ( 0 

I a CO y = 

4 ( 3 x - l ) 2 

3x (3x -2 ) . . , , 

vt1fi 1 < X < 1 

4(3x - 1 ) " 
' - va c(5 bang bicn thicn: 

^TCr do y,„i„ = l o x = | ; y = j 



Bat ditdiuj HSG Illnh hoc khoiuj ginn - Plum Ilni/ Khdi 

y , m , x = 
o 

x = - ; y = l 

x = l ; y = ^ 

<=> 
M la irung diem ci'ia SB, N = D 

IVl = B; N la trimg diem ei'ia SD 

Vay max P = - o 
8 

M la irung diem cua SB, N = D 

N la Irung diem ciia SD, M = B 

. „ 1 SM SN 2 
m m ? = - < = > = — = -

3 SB SD 3 

Vvsf . • 
: yj: --: = ' M = B; SN = N D •) V-

- » oi ! nifiri Jo'-

N = D ; S M = M B 

Thi du 7. Cho tuT dien SABC va G la trong tam cua li? d ien . M a t phang qua) 

quanh A G vil cat cac canh SB, SC tiTdng iJng tai M , N . Xet b i c u thiJc: 

P = _ ''•SAMN 
V, SABC 

T i m gia tr i Idn nha't va gia tri nho nha't cua P. 

• --'̂  '-••"-••̂  G i a i " 

Goi A ' la trong tam cua tam giac SBC. K h i do, do G la trong tam cua tu" diC'̂  

S A B C nen A , G, A ' thtmg hang (Xem lai chtfdng 1). 

Goi O la trung d iem ciia BC, tuTc la SA n B C = O. 

Cty TNHII MTVDVVn Kh^iuj ViH 

S M S N 
Dat — = x; — y 

• SB SC 

Ta c6: P = Y S A M N _ Ta c6: P = 
X s A B C 

(1) 

Ta c6: 

S.SMN 

S M S A ' 

= s .+ s . 
.SMA A NS 

SB SO 
+ 

S N SA 

SC so ^soc 

2 1 c 2 1 x + y ^ 
= x . - . - S s B c + y- ^ " 2 ^ = - J ^ ' W . ( 2 ) 

(do S . s B o - Ssoc - — S<5[j(-) f: :r.''l ixln 

M a i khac ta lai c6: P = . ^ ^ M N ^ ^^^su^ ^ ^ x + y ^̂ ^̂ ^̂ ^̂  

Y s A B C ^ A S B C ^ S B C 

T i r ( l ) (3) suyra xy = ^ y = ^ 
3 , i,,, 3 x - l 

1 1 x^ 
Lap luan nhu^ thi du 6, la c6 - < x < 1; - < y < 1. Tu" do ta c6 P = 

2 2 3 x - l 

Xet ham ,so r(x) = vdi - < x < 1 
3 x - l 2 " " 

, ,• , x ( 3 x - 2 ) . , ^.^ , 
l a C O 1 (x) = - v a co bang bien thien sau 

( 3 x - l ) 2 

X 
1 ^ 2 J . 
2 3 

r(x) - 0 + 

l (x) 

mmm. 

2 \ / 2 
\  4  /  i 

i j 'u\. cti l*>;« l i b >fi 

n7\V 

Ifaiy max P = - o 
x = - ; y = l 

x = l ; y = | 

M la irung d iem ci ia SB, N = C 

M = B; N la Iruns^ d iem cu a SC 



Bat ditdiuj HSG Illnh hoc khoiuj ginn - Plum Ilni/ Khdi 

y , m , x = 
o 

x = - ; y = l 
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8 
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- » oi ! nifiri Jo'-
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Cty TNHII MTVDVVn Kh^iuj ViH 

S M S N 
Dat — = x; — y 

• SB SC 

Ta c6: P = Y S A M N _ Ta c6: P = 
X s A B C 

(1) 

Ta c6: 

S.SMN 

S M S A ' 

= s .+ s . 
.SMA A NS 

SB SO 
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S N SA 

SC so ^soc 

2 1 c 2 1 x + y ^ 
= x . - . - S s B c + y- ^ " 2 ^ = - J ^ ' W . ( 2 ) 

(do S . s B o - Ssoc - — S<5[j(-) f: :r.''l ixln 

M a i khac ta lai c6: P = . ^ ^ M N ^ ^^^su^ ^ ^ x + y ^̂ ^̂ ^̂ ^̂  

Y s A B C ^ A S B C ^ S B C 

T i r ( l ) (3) suyra xy = ^ y = ^ 
3 , i,,, 3 x - l 

1 1 x^ 
Lap luan nhu^ thi du 6, la c6 - < x < 1; - < y < 1. Tu" do ta c6 P = 

2 2 3 x - l 

Xet ham ,so r(x) = vdi - < x < 1 
3 x - l 2 " " 

, ,• , x ( 3 x - 2 ) . , ^.^ , 
l a C O 1 (x) = - v a co bang bien thien sau 

( 3 x - l ) 2 

X 
1 ^ 2 J . 
2 3 

r(x) - 0 + 

l (x) 

mmm. 

2 \ / 2 
\  4  /  i 

i j 'u\. cti l*>;« l i b >fi 

n7\V 

Ifaiy max P = - o 
x = - ; y = l 

x = l ; y = | 

M la irung d iem ci ia SB, N = C 

M = B; N la Iruns^ d iem cu a SC 



Bdl ditcm</ nSG Hinh hoc khdng <jinn - Plum Huij Khcii 

til , 

min P = - o x = - ; y = — o = — = - , * r,,.t^'''%.^imKC 
^ 3 SB SC 3 •. • :Jm"'-

S M S N 2 

SB SC 3 

T h i du 8: Cho tu" dicn A B C D c6 AB > 1, con ta't cii cac canh con lai dcu nho 

hcfn hoac bilng 1. Chifng minh rang VAIJCD< - • *i' 
8 

• >• G i a l • i / 

' ' Vc A F 1 CD va B K 1 CD. Dat CD = x, khi do 0 < x < 1 

CD X 
Ta CO max {CF, FD} > 

2 2 

Gia siir max {CF, FD} = CF => CF > 

Taco A F = V A C ^ - C F ' < j l - — ( d o A C < 1 , C F > - ) 
V 4 2 

Ti fdni i t ir , la CO BK < , 1 - -

Cly TNIIII MTV DVVII Khansj VUH 

fVe chicu cao A H cua hinh chop. Ta c6 A H < A F < ^ | 1 - — < 1 

• do suy ra VA„CD = - SBCD • A H = - . - C D . B K . A H < - x 
3 3 2 6 

1 - . ( 1 ) 

V A B C D < x(4 - X ' ) . (2), vm 0 < X < 1 
24 

Xet ham so y = x (4 -x ' ) = 4x - x'' y = 4 - 3x^, va c6 biing bicn thicn sau: 

X 0 1 2N/3 

y' + 0 

y mmmmMM 

•Tiy do suy ra ymax= y C ) = 3. Thay vao (2) va c6 VAI )CD< -7 dpcm. 

Thi du 9. Cho tu" d icn A B C D c6 cac csinh doi doi mot vuong g()C vdi nhau. 

Chi?ng minh rang vdi moi diem M nam ben trong li? d icn. ta c6 baft dang 

thiJc sau: M A . SncD+ M B . SACD + M C . SAUIJ + M D . SAUC ^ 9V, day V la 

the tich ti? d icn ABCD. 

G i a i 

Ke AA|, M H | Ian liTtn vuong goc (BCD). Ta co: 

A M + M H , > A H , > A A i 

= > A M > A A , - M H | . ( I ) 

Dau bang trong (1) xi iy ra <=> M 6 AA|. 

T u ' ( l ) t a c 6 : v';;v:. 

I A M . SBCD > AA , . SRCD - M H , . S„f,i 

' = > A M . S „ C D > 3 V - 3 V M . B C D . ( 2 ) 

Dau bang trong (2) xay ra o M e AA|. 

Ti/dng tur ta c6: B M . SACD > 3 V - 3VM . ACD • (3) 

C M . S A B D ^ 3 V - 3 V M . A B D . ( 4 ) 

y, D M . S A B C > 3 V - 3 V M . A B C . ( 5 ) '̂ * ''i - ' -̂ ^̂ ^ , ,̂  ... 

' Dau bang trong (3), (4), (5) tuVJng i^ng xiiy ra ; 

o M G BB, , M e CC,, M e DD , ; • -''^J it W^'Ml^/^h 
§ : d day BB|, CC,, DD, Ian liTOt la cac chicu cao cua tiir d icn ke tiT B , C, D. 

De y r^ng V M . BCD + V M . ACD + V M . ABD + V M . ABC = V . (6) 

j Cong iCrng vc (2), (3), (4), (5) va suT dung (6), ta co: y ^ 

M A . SBCD + M B . SACD + MC . SABD + M D . SABC > 9V . (7) 

Dau bhng trong (7) xi iy ra <=> dong thdi co dau bang trong (2), (3), (4), (5). 
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3 3 2 6 

1 - . ( 1 ) 
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24 
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X 0 1 2N/3 

y' + 0 

y mmmmMM 

•Tiy do suy ra ymax= y C ) = 3. Thay vao (2) va c6 VAI )CD< -7 dpcm. 
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G i a i 
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A M + M H , > A H , > A A i 
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T u ' ( l ) t a c 6 : v';;v:. 

I A M . SBCD > AA , . SRCD - M H , . S„f,i 
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Boi <h(('mg IISG Ilinh hoc khdng ijian - I'han Hui/ Khdi 

Ta bic't rang ncu A B C D la tuT dicn c6 cac cap canh do'i d icn doi mot viioni. 

goc vt'iti nhau Ihi bo'n duTiJng cao ciia lu" dicn dong qui Uii mot d iem H . 

V i thc'da'u bang irong (7) xay ra c> M = H do la dpcm. 

Nhqn xet: Ti? dicn A B C D c6 ciic cap canh do'i dicn doi mot vuong goc v(3i nhau 

goi la " t i Jd icn trirc t a m " . 

Vc "tu" dicn IriTc t a m " xin xcm trong phan " M o t so chuycn dc dac bict ci'm 

hinh hoc khong gian trong chu'dng 4 ci'ia cuo'n sach nay. ,̂  ^ _ 

E . Siir dun}^ phil'c/nj^ phap the tich de tim khoan^ each 

Cac bai loan t im khoang each tiV mot diem den mot mat phang, khoang each 

giffa hai diftlng thang eheo nhau trong nhieu trifdng hdp eo the qui ve bai loan 

tim the tich khoi da dicn. Vice tinh cac khoang each nay difa trcn cong thufc: 

h = 
3V 

d day V, S, h Ian liTin la the tich, dicn tich day va chieu cao ciia mot hinh 

chop nao do; hoac la cong thifc: 
s 

d day V, S, h tu'dng u'ng la the tich, dien tich day va chieu cao ciia mot hinh 

liing tru nao do. •\
" ,,,AA 

Phu'dng phap nay ihiffing du'tJc ap dung trong cac lru'(tng http sau: ^ ^ ^ , 

Gii i siV ta eo the qui bai toan t im khoang each vc bai loan thn chieu cao ciia 

mot hinh chop hoac nipt lang tru nao do. DT nhicn, cac chieu cao nay thUcfng 

khong tinh tri/c t icp diMc (hoac tinh loan qua phitc tap) bang each siif dung 

cac phifdng phap ihong thu'thig. Tuy nhien, cac khoi da dien nay lai de dang 

biel du'de the tich va dien tich day cua no. Nhu" the', chieu cao ciia cac khoi 

da dien nay de dang tinh du'dc bhng cac cong thu'c trcn. 

Thi du 1. (De ihi luyen sinh Dai hoc khoi D - 2012) 

Cho hinh hop dt^ng A B C D A B C D c6 day lii hinh vuong, tam giac A A C 

vuong ciin, A C = a. T i m khoang each tCr A den mat phclng ( B C D ). M I 

Gpi h = d (A, (BCD')) . Ta c6: 

V = ^ 5 . .h 
A.BCD 3 BCD 

3V 
h = A.BCD 

BCD 

. (1) 

» ,1 

Do A A C l i i tam giac vuong can c6 A C = a 

Ciij rNIUI MTV DVVII Khatu) ViH 

^ AA =AC = 
â /2 

1 

A B = BC = 

T i f d o V • = - S A H C 
A.BCD 3 

DD- i . ' 
3 

2 • 2 ~ 2 • 

]_ a a ^ ax/2 _ a V I 
2 ' 2 ' 2 J 2 ~ 48 

. (2 ) 

Ta CO BC 1 (DCC D ' ) B C l CD 

=> S .= i B C . D ' C = i ^ 
BCD 2 2'2'\ 

Thay (2), (3) vao (1) va c6: h = 

+ v2y 

a-̂ V3 

8 2 

6 ,j 0-,.,, 

. ( 3 ) 

Shan xet: Hay so sanh vdi each linh triTe l iep h (xem thi du 1, mue A, §2, 

chuUng nay) |j,|>;5 

Thi du 2: Cho hinh chop tam giac S.ABC, day la tam giac vuong can A B C tai B, 

trong do A B = BC = 2a. Gia suf hai mat phang (SAB) va (SAC) cung vuong 

goc vdi ( A B C ) . Gpi M la trung diem ciia A B . M i l l phang qua SM va song 

song v d i BC, eat A C la i N . B ie l rang hai m i l l phang (SBC) va (ABC) tao vdi 

nhau goc 60". T i m khoiing each giifa hai dydng lhang A B va SN thco a. 

G i a i r . 

D6 thay SA 1 (ABC) va S B A = 60" f^H'-*— - V 

Qua M ke M N // BC, khi do N la trung diem ciia A C . 

Ke N K // A B , thi K la trung diem ciia BC. ua,A'- , 

Ta CO A B // N K ^ A B // (SNK) 

=> d ( A B , SN) = d ( A B , (SNK)) - d ( M , (SNK)) = h . (1) 

( d a t h = d ( M , (SNK)) 

1 

V - ' I r i A [̂ ^ 

nil 

Ta ed: VM.SNK = - • SSNK • h I'^.i^^ 

=>h= . ( 2 ) 
^SNK 

Ta CO V M . S N K = VS.MNK = — ^.s. ARC • 0) 

4 

Do SA - A B tan 60" = 2a V3 ..„!:X... 

=>Vs .MK- = ^ . ( ^ . 2 a . 2 a ) . 2 a V 3 = 
Tir A ke AH// BC ( H nam Iron H K keo dai) ^ SH 1 H K (thco djnh l i ba 

du-dng vuong goc). Do A H = B K = a =i> SH = yj-A^ +{2i\Sf =3^/13 
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Bdi dudiig IISG H ! n / i hoc khong ginn - Phan Iliig Khcii 

Vay SsNK = ^ N K . SH = i a . a VI3 = ^ ^ ^ ^ ^ ' ' ' 

T h a y ( 3 ) , ( 4 ) , ( 5 ) v a o ( l ) , t a c 6 h = = -

Nhan xet: Hay so sanh vdi phUOng phap Irifc tiep tinh h cua thi du nay trong thi 

du 2, phan B chUOng nay. 

Thi du 3: Cho hinh hmg try ABCDA|B,CiD| c6 day A B C D la hinh chiJ nhat vt^i 

A B = a, A D = a V 3 . Hinh chieu vuong goc cua A| tren ( A B C D ) triing v6i 

giao diem O ciia A C , BD. Gia siir hai mat phang ( A D D , A , ) va ( A B C D ) tao 

v d i nhau goc 60". T i m khoang each liT B, den mat phang ( A i B D ) 

Goi M la trung diem cua A D " ' <l ' ' 

goc A , M O = 60" 

T a c 6 0 M = - ; A , 0 = - t a n 6 0 " = ^ 
2 2 2 

^ V A B C D . A | B , C , D | = A B . A D . A | 0 

= a . ( a V 3 ) . ( ^ ) = ^ . ( l ) 
2 2 

. ( 2 ) 

T a l a i t h a y ^ I B D - ^ D . A I B I B - - ^ D . A | B | A B - - ^ 3 ^ A B C D . A | B I C I D | ) 

= ^ . ( 3 ) ( l h e o ( l ) ) 
6 2 4 

L a i tha'y S^,,^ = I B D . A . O = i V a ^ + 3 a ^ ^ = ^ • (4) 

Thay (3), (4) vac (2) va c6 h = 
3a-̂  iV3 

4.-
= V3 

Nhdn xet: Hay so sanh vdi phiTcfng phap tryc tiep giai thi du nay trong thi du 2, 

muc A , §2, chu"dng nay. 

1 1 « 

Ctg TNIIJI MTV DVVll Khang Virl 

Thi du 4: Cho hinh chop tarn giac S.ABC day la tarn giac vuong A B C tai B va 

A B = 3a, B C = 4a. B i c l rang mat phang (SBC) vuong goc v6\. Cho 

SB = 2a 73 ; SBC = 30". T i m khoang each liT B den (SAC). 

rl^yjU. ' ; G i a i \yii,ji,:' - ' 

, Ke A H 1 BC = 0 SH 1 (ABC) , , 

i Ta CO A C = 5a; SH = a 73 ; B H = 3a =^ HC = a 

1 
Dat h = d (B, ( S A C ) ) , thi VB.SAC = - S.SAC • h ^3(y 

^ h ^ ^ ^ ^ . d ) 
' S A C 

Ta CO V„. SAC = Vs. „ A c = ^ ( ^ .3a.4a).a ^3 = 2a-' N/3 . (2) | 
3 2 

Ke H E 1 A C => SE 1 A C (dinh ly ba dircfng vuong goc) v"^ 

Ta CO H E = HC sin HCE = a. 
A C 5a 

= > S E = V S H ^ + H E ^ = ^3a^ + ^ = ^ V 2 l 

V a y S s A c = - A C . S E = - .5a. —^\ ix^^l0) ^] 
2 2 5 ' 

T h a y ( 2 ) , ( 3 ) v a o ( l ) v a c 6 : h = ^ ^ ' ^ ' ' " ^ a^V21 7 v.;.... 

Nhdn xet: Hay so sanh vdi Uii giai sir dung phU'dng phap giai tryc tiep thi du 

nay (xem thi du 3, muc A, §2, chifdng nay) 

Thi du 5: Cho hinh lang try di^ng A B C A B C ' day hinh tarn giac A B C vuong tai 

B. Gia sir A B = a, A A ' = 2a, A C = 3a. Goi M la trung d i e m cua A C ' va I la 

giao diem cua A M va A C.Tim khoang each tiT A den mat phang ( IBC) . 

G i i i i 

Ta CO = d ( I , (ABC)) = - d ( A ' , (ABC)) 
C A 3 3 

3 3 • • • • ''..^-fi; 

_ 1 
Dii t h = d ( A , ( IBC)) , la c6 V,,. ,„c = - S|„c • h 3 

' I B C 
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2 2 

. ( 2 ) 
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= ^ . ( 3 ) ( l h e o ( l ) ) 
6 2 4 
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4.-
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Nhdn xet: Hay so sanh vdi phiTcfng phap tryc tiep giai thi du nay trong thi du 2, 

muc A , §2, chu"dng nay. 

1 1 « 

Ctg TNIIJI MTV DVVll Khang Virl 

Thi du 4: Cho hinh chop tarn giac S.ABC day la tarn giac vuong A B C tai B va 

A B = 3a, B C = 4a. B i c l rang mat phang (SBC) vuong goc v6\. Cho 

SB = 2a 73 ; SBC = 30". T i m khoang each liT B den (SAC). 

rl^yjU. ' ; G i a i \yii,ji,:' - ' 

, Ke A H 1 BC = 0 SH 1 (ABC) , , 

i Ta CO A C = 5a; SH = a 73 ; B H = 3a =^ HC = a 

1 
Dat h = d (B, ( S A C ) ) , thi VB.SAC = - S.SAC • h ^3(y 

^ h ^ ^ ^ ^ . d ) 
' S A C 

Ta CO V„. SAC = Vs. „ A c = ^ ( ^ .3a.4a).a ^3 = 2a-' N/3 . (2) | 
3 2 

Ke H E 1 A C => SE 1 A C (dinh ly ba dircfng vuong goc) v"^ 

Ta CO H E = HC sin HCE = a. 
A C 5a 

= > S E = V S H ^ + H E ^ = ^3a^ + ^ = ^ V 2 l 

V a y S s A c = - A C . S E = - .5a. —^\ ix^^l0) ^] 
2 2 5 ' 

T h a y ( 2 ) , ( 3 ) v a o ( l ) v a c 6 : h = ^ ^ ' ^ ' ' " ^ a^V21 7 v.;.... 

Nhdn xet: Hay so sanh vdi Uii giai sir dung phU'dng phap giai tryc tiep thi du 

nay (xem thi du 3, muc A, §2, chifdng nay) 

Thi du 5: Cho hinh lang try di^ng A B C A B C ' day hinh tarn giac A B C vuong tai 

B. Gia sir A B = a, A A ' = 2a, A C = 3a. Goi M la trung d i e m cua A C ' va I la 

giao diem cua A M va A C.Tim khoang each tiT A den mat phang ( IBC) . 

G i i i i 

Ta CO = d ( I , (ABC)) = - d ( A ' , (ABC)) 
C A 3 3 

3 3 • • • • ''..^-fi; 

_ 1 
Dii t h = d ( A , ( IBC)) , la c6 V,,. ,„c = - S|„c • h 3 

' I B C 
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Ta CO A C = X / A ' C - - A A ^ = V9a^ - 4 a ^ =:\S 

B C ' 1 : = V A C ' - A B ^ = V^a^ - a ^ = 2 a 
>1! 

V 1 . 1 4a 4a ' 
•. (2) ay V,.MBc = V , , „ K - = - SABC.CICA, ( I B C ) ) = - . ( - a . 2 a ) . -

Kc I K 1 A C =:> I K 1 ( A B C ) . Kc K H 1 B C = > I H 1 B C (dhih li ba diriJng 
vuong goc) 

Ta CO : 
A B C A 3 3 

IH = V l K ^ + K H ' = 
|l6a^ 4 i r _ 2iiS 
' 9 ^ 9 " 3 

. S „ c = i B C . I H a . 2 a . ^ . ^ . ( 3 ) 
/ - «V 

Thay (2 ) , ( 3 ) v a o ( l ) v a c 6 h = 
4a-' 2aV5 

2a-V5 
3. 

3 

Nlidn xet: So sanh \(U phirifng phap triTc l icp g i i i i thi dii niiy (xcni thi du 5, niuc 
A, §2, chu'dng nay) 

T h i du 6 : Cho hinh chop tu" giac S.ABCD c6 day A B C D la hinh lhang vuong, 

trong do A B C = B A D = 90"; B A = BC = a; A D = 2a. Gia .siV SA = a V2 \

vuong goc vc'jti day (ABCD) . Goi H la hinh chicu ciia A IrCn SB. T i m khoiing 

each ttr H den (SCD). , 

" r -dJ n i a x ) t & 
Trong hinh lhang vuong A B C D , ta c6 AC = a V2 , CD = a ^/2 , , yĵ , 
=> A C D la lam giac vuong can la i C j . 
=:> S C I CD (djnh l i ba dUcIng vuong gc)c). 
Ke A H 1 SB. Ta c6: 

yt!> O B I ! 

SA =SH.SB 

2a' = SH . a N /3=>SH = 

^ , d(H;(SCD)) SH 
Ta CO 

V 

3 

2N/3a 
3 

d(B;(SCD)) SB 3 

^ V H . S C D = ^ V „ . s c i j . ( l ) 

M A 

Goi h = d (H, ( S C O ) ) , ta c6 h = 

Ta CO ViKscD = Vs.„cD= 7 SBCD . S A = ^ ( i .a.a V2 sin 135"). a V2 = . (3) 
3 3 2 6 

3V H SCD •(2) 

I , 1 a•̂ /̂2 

- . S C . C D = - . . , . S s c D = - .SC.CD = - . a V2 .2a - a' V2 . (4) 
>!(rii 

2 a ^ V 2 

T h a y ( l ) , (3), (4) vao (2) va c6 h = 3 6 a 
a^V2 3 ^ ' 

l^lhgn xet: Hay so sanh v6\g phap liirc l icp giai thi du nay (xcm thi du 6, 

muc A . loai 2, chuTdng nay). • K̂ m uft-i nt i i f* JoiH? df i ib - I I J X -J-J. 

Thi du 7: Cho hinh vuong A B C D va lam giac dcu SAB canh a (1 trong hai mat 
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,(1 >f > 0 ) Z = , 
r~ ..)c 

Ta CO V,sDK = Vs ,KD = l . S , K D . S I = ^ ( ^ . K D . I H ) . ^ . (2 ) _ 

T a c o K D = . a + — = — r - ; C H = — - — - - ^ ^ = 
V 4 2 K D aV5 5 

2 5 10 
,x,\ 

Thay (3) vac (2) va co: V,,SOK . ^ . ^ . ^ = ^ . (4) 
12 2 10 16 
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Lai c6 SsDK= ^ -KD.SH = 1. ̂ . ^ 

Thay (4), (5) vao (1) ta c6: h = 
4 V 4 

y A ^ S 3a V2 
20 

4 
8 

Nhdn xet: Hay so sanii vc'iti phiftJiig phap Iri/c licp giiii thi du nay trong thi du 8, 
muc A , §2, chu'dng niiy. f 

Loai 4. Mot so bai toan khac ve the tich 
Trong muc nay. la sc xet mot so bai loan ve ihc lich lien quan nhieu den 
viec xac djnh thiet dien cua mot Ichoi da dien. j f i V i v i , f ^ / ' 

5 Thi du 1: Cho hinh chop tu" giac deu S.ABCD. Difng Ihiet dien qua A va 
vuong goc \6i (SAC) sao cho no citl SB, SC, SD lUdng tfug tai A ' , B ' , C ' va 
thoa man he ihifc: Vs AB 'CD' =^ys .ABCD 

Giai 
Gia sijf da difng du'dc thic't dien 
A B ' C ' D ' Iheo yeu cau de bai. Ta c6: 
AC 1 D B , DB 1 SO (O la lam ciia day) 
= > D B 1 ( S A C ) 
Vi (AB'C 'D ' ) 1 (SAC) 
= > D B / / ( A B ' C ' D ' ) 
ma ( S D B ) n (AB'C 'D ' ) = D ' B ' n e n D ' B ' / / B D . , , 
Gia su" D ' B ' n SO = E => A, E, C thang hang. 
Dat — = x ( 0 < x < 1). 

• s c 
S C CA ()E 

Ap dung djnh li Menelauyt trong tam giac SOC, ta c6 ——. — . — = I (1) 
^ S C Do = X => S C S C 

SC 
CA 

S C - S C I - x C C 1-x 
OE 1 

C C AO SE 
. 1 , ~ UAJ/j S(t 

Ta C O : =2, nen lH (1) suy ra: l - x 
AO 

SE 2x SE 

SE 2 2x 
l - x 

2x SE 2x 
OE l - x O E + S E 

Tuf do theo dinh li Talet, ta co: 
1+x SO 1+x 
SB' SD' SE 2x 
SB SD SO i + x (2) 

Cltj TNIIU MTV DVVIi Khang Viet 

Ta C O V s . A B C D ' = ^ S . A B D ' + V S . C B D ' 

SB' SD' ^, S C SB' SD' 
' • V s . A B o + Tr::r • • "rr̂ T" • s .cBD SB SD 

2x 
1 + x j 
2x 

U + x 

SC 
Vs.ABCD 2 ^ 

SB SD 
f 2x ' Vs./ AliCD 

.(1+X). V,s.ABCD = 
2x^ 
1 + ; Vs.ABCD .(3) (difa vao 2) 

1 2x^ 
TCf (3) suy ra VS.AB'CD' = - V S . A B C D 

3 1 + x 

= -ci- 6x'- X-1 = 0 
3 . . .... .... 

^ = 2 1 <:> o x = — <=>Cla trung diem cua AC. 
X = ;v;r,j'::!( 

Tuf do suy ra each diTng thiet dien nhuT sau: 
Lay C la trung diem SC. Trong (SAC) gia siif A C n SO = E. Trong (SBD) qua E 
ke D'B' / / DB (D' e SD, B' e SB). Khi do AB'C'D' la thiet dien phiii difng. 

fifhan xet: Trong thi du tren, viec diTng thiet dien lien quan triTc tiep den cac bai 
loan quen ihuoc ve the tich. 

Thi du 2: Cho hinh chop ti? giac deu S.ABCD. Goi M, N tu-dng u-ng la trung 
I diem cua AD v;i DC. Hay xac dinh vi Iri cua diem P nam tren phan keo dai 
^ cua SD ve phia D sao cho thic't dien tao bdi (MNP) chia hinh chop da cho 

lhanh hai phan tifdng difdng. 
y Giai 

Trong (SDC) : FN n SC = Q. 
Trong (SAD): PM n SA = T. 

;Trong (ABCD): MN n BC = E, 
MN n AB = F. 

Trong (SBC) : EQ n SB = R 
Khi do de thay R, F, T thing hang. 
Vi the MNQRT la thiet dien phai dufng. /^^x 
Gia suT P thoa man yeu cau de ra. / 
Dat — = x ( x > 0 ) 

PD .'li.. Ap dung djnh li Menelauyt trong tam giac SDC, ta c6: 
SP DN CQ 
PD NC QS = 1: QS x 
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AT 1 
TiTdng tir 

Lai ap dung dinh ly Menelauyt trong tam giac (SBC) va c6: 
CQ SR. BE 
QS • RB • EC 

CQ 

= 1 

Do 
QS 

1 BE , SR X 

X EC RB 3 
BR 
SR 

BR 
BS x + 3 

, CQ AT 1 
Tiif tren la co 

CS AS x + 1 
Goi V| la the lich phan hinh chop nam du'titi thiel dien. Ta c6: 
V | = V R j.-iiH - ( V Q . N C E + V J . F A M ) - i i i , : . 

Goi V, S, h Ian lu-dt la the lich, dien lich d^y ABCD va chieu cao ke tuT S cua 
hinh chop S.ABCD. Ta co: 

2s 
18 , 3 + x 

1 

-h 2X1-1-,-
3 8 X + 1 8(x + 3) 8(x + l ) 

A . I 
J 

J 

Tiif (1) va do V, = ^ V; nen ta co phiWng trinh: 

— T T - ^ = ^ « 27.(x+l) - 2.(x+3) = 4.(x+l).(x+3) Aip^jjo.. 
8(x + 3) 8(x + l ) 2 ; 

r 

.(1) 
HJ'i! id J 

4x - 9x - 9 = 0 o 

SP 

x = - - ( l o a i d o x > 0 ) 
.^nb'ub <j«»rtiJ ncdfi icH iin£fi 

c ^ x - S o — = 3 o D P = - S D . 
^ om;Oa2)snof l 

Vay diem P diTdc xac dinh bdi he thiJc DP = ^ SD. : (CIAE) anoi 'r 

Mia / i jc^^. Thiel dien Ccin diTng diTdc xac dinh bdi diem P,va diem P di/dc xac 

dinh nhicu viio bai loan quen thupc ve the lich. •'H'.<-I2)'onoiT 

VI. C A C B A I TOAN V E QUAN H E VUONG G 6 C , jMmu Mi N 
A. Cac bai toan chon loc ve quan he vuong goc 

Trong phan niiy, chiing toi gidi thieu vdi cac ban cac bai loan long hcfp vc 

quan he vuong goc thong qua cac thi dii difdc lifa chon mot each chon loc. 

Thi du 1: Trong mat phang (P) cho tam giac vuong ABC lai C. Difng nuTa du'dng 
thang Ax vuong goc vcti (P). Tren Ax lay diem S. Goi D va E Ian liTdl la hinh 

chieu cua A len SC, SB. : V Q<1 

: > B 

1) ChiJng minh SB J. (ADE) 
2) Chu-ng minh SE.SB = SD.SC < u , .; 
3) Cho S chay tren Ax, hay chifng minh 

a) Ton lai diem co djnh each deu 5 diem A, B, C, D, E. 
b) Du'dng lhang no'i D, E hoi qui mot diem cis dinh. 

Giai 
1) Do SA 1 (P) ^ SA 1 BC. w i r f b K S 

Vi BC 1 AC (g/t) =^ B C l (SAC) q'ijl i . 
=> (SBC) 1 (SAC) 1 Jl^iiiUi^ 

Do (SBC) n (SAC) = SC, ma AD 1 SC 
z=> A D l ( S B C ) =^ A D I S B . ^ 
Lai CO SB 1 A E (g/t) , «,> a 

=> SB 1 (ADE) dpcm. 
2) Trong cac tam giac vuong SAC, SAB lai A 

va do AD 1 SC, SB 1 AE nen ta co: C! .' 

SA^ = SD.SC = SE.SB dpcm. 
3) a) Ta co AE 1 EB, AD 1 DB (do AD ± (SBC)) A(J u:i tu u . 

AC 1 BC (g/t). Vay ncu goi M la Irung diem ciia AB thi M co'dinh va ta co: 
A U 

MA = MB = MC = MD =ME (vi ciing = ̂  ) Do !a dpcm. • * • 

h) Giii su- ED n BC = H, la co SB 1 (ADE) SB 1 AH (vi AH e (ADE)) 
Lai CO AH 1 SA (do SA 1 (P)) nen AH e (P)) => AH 1 (SAB) =^ AH 1 AB. 
Trong (ABC), kc Ay 1 AB, khi do khi S chay tren Ax ihi Ay la nuTa dtfdng 
thang CO dinh. Tif do: H = BC n Ay, nC-n H co dinh A ) 5 !A " 
Vay dirdng thang noi D, E la di qua diem H co djnh dpcm. 'iinhh v 

I'hi du 2: Cho trong mill phang (P) tam giac ABC khong phai la tam giac can. 
Difng niJa du'dng thang Ax vuong goc vdi (P). Goi D vii E tu'cfng iJng la hinh 
chieu ciia A tren SB, SC, d day S nam tren Ax. 

1) ChuTng minh DE khong .song song vdi BC 
2) Goi O la tam dirdng Iron ngoai tie'p tam giac ABC. ChiJng minh O each 

" deu nam diem A, B, C, D, E. 
3) ChiJ-ng minh rang khi S chay tren Ax thi diTdng thang D, E luon di qua 
mot diem co'djnh. 

GiSi ' A n ! 
P Vi ABC khong phai la lam giac can nen AB AC. O'^i 1 W 

Giii sii- AB < AC (1). Ta co trong cac tam giac SAB, SAC: 
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AT 1 
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1 BE , SR X 
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SA^ = SD.SB = SE.SC . (2) 
T i r ( I ) s u y r a S B < S C . ( 3 ) 
Tif (2), (3) ta CO SD > SE . (4) , 4 ; ^ -

T i r ( 3 ) , ( 4 ) c l i c l e n | ^ > | | . ( 5 ) 

Tur (5) va Iheo dinh l i Talc l dao siiy ra: 

DE khong song song vdi BC. Do la dpcm. 

2) Goi O \h tam du'cing tron ngoai t icp tam 

giac A B C . A O kco dai cat discing tron 

tai A ' . Ta c6 A ' C 1 CA, A ' C 1 SA 

, => A ' C 1 (SAC) =>A'C 1 AE 

Do A E 1 SC (g/t) => A E 1 (SCA') 

=:> A E I E A ' . 

Lap l i ian tiWng tir CO A D 1 D A ' 

R6 rang A B 1 B A ' . Vay tif E, D , C, B 

dcu nhni A A ' diA'li mot goc \, 

nC-n ta c6 OA OB = OC = OD = OE 

, . . A A \ 
( v i C l i n g (p - ) 

Do O la diem co'dinh => dpcm. 

3) Gia siir DE n BC = I . Do A l e (P) => A I 1 SA (v i SA 1 (P)). ' , ' , „ t 

Thco can 2 ta CO A E l ( S C A ' ) ^ A E 1 SA'. 

i ; , ; Lap luan tiTdng liT ta c6 A D 1 SA'. Ti f do SA' 1 (ADE) => SA' 1 A I 

' ( d o A I e ( A D E ) ) r, -^ ' ' ' in M ' - - f v t i T : f < : v ' ^ V̂ '-; . - l ^ ^ ^ 

Tiir do siiy ra A I 1 ( S A A ' ) ir> A I 1 A A ' => A l lii l iep luye'n vdi vong Iron 

; ! i ngoai t icp lam giac A B C tai A. iLUim^ w-

Goi A y li i tic'p tuycn niiy, thi Ay co dinh. Ta c6 1 = BC n A y I co dinh 

Vay difdng thang noi D, E luon di qua diem I co'dinh noi trcn ==> dpcm. 

Thi du 3. Cho hinh chop S.ABC, trong do SA, SB, SC doi mot vuong goc vdi 

nhau. Trcn SA, SB, SC lay A ' , B ' , C sao cho: SA' .SA = SB'.SB = SC'.SC 

Kc SH 1 ( A ' B ' C ) va gia siif SH n (ABC) = G. Chu-ng minh G la trong tan' 

M tam giac A B C . 

^ Giai 
^ , Ta CO H la triTc tam tam giac A ' B ' C . 

' G i a s u f A ' H n B ' C ' = E ; C H n A ' B ' - F 

V i H la iri/c tam tam giac A ' B ' C ncn A ' E J_ B ' C va C P 1 A ' B ' 

Gia sur A G n BC = M ; CG A B = N 

D S tha'y S, E, M t h a n g h i i n g 

( V i S, E, M C l i n g nam trcn giao tuycn 

cua hai mat p h a n g (SBC) va (SAG)). 

TuTdng tif S, F, N cung thang hang. 

V i A ' E I B ' C = ^ S E 1 B ' C ' , 

(djnh l i ba du'cing vuong goc) ft 

Ta CO SB'E = E S C (goc co canh 

tuMng i^ng vuong goc) ^ 

V i S B ' . S B = SC'.SC = > B B ' C C la ti? giac noi t icp \

^ SB'E = SCM (vi cung bu vdi B B ' C ) 

Nhtf the ta cd ESC = SCM => MSG la tam gi^c can dinh M => M S = MC. 

V i BSC la tam giac vuong tai S ncn ESC = SCM => B S M = M B S 

M B = M S . Vay M B = M C 

Tifdng M ta cd NB = N A => G la trong lam tam giac A B C => d p c m . ' 

Nhaii xet: Ta cd bi i i toan tiTdng tu" sau: Goi G la Irong tam lam giac A ' B ' C . 

Gia su- SH n (ABC) = H . K h i do H la trirc tam lam giac A B C . 

Thi dy 4. Cho hinh chdp S.ABCD, trong do A B C D la hinh chi? nhal , SA vuong 

gdc v d i day ( A B C D ) . K c cac diTdng cao A E , A F . BG, B H cua cac lam giac 

tiTdng tfng ASB, ASD, BSC, A B C . ChuTng minh rhng cac mat phang (AEF) va 

(BGH) song song vdi nhau, ' ^ ̂ ' 

^ Giai 
Ta cd SA 1 ( A B C D ) ncn A B 1 BC 

=> SB 1 BC (djnh l i ba diTdng vuong gdc) 

=> B C l (SAB) ^ (SBC) 1 (SAB). 

V i (SBC) n (SAB) = SB mii A E 1 SB 

= > A E 1 ( S B C ) = > A E 1 S C . 

TiTdng tir ta cd A F 1 SC, 

t t rdd suy ra S C l ( A E F ) (1) 0 

Lai cd SA 1 B H (do SA 1 (ABCD)) . .* , 

V i B H 1 A C =^ B H 1 (SAC) B H 1 SC 

Lai cd BG 1 SC (g/l) (BGH) 1 SC . (2) 

Tir (1), (2) suy ra (AEF) // (BGH) dpcm. 
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Th i du 5. Trong mat phiing (P) cho hinh vuong ABCD canh bang a. Hai nû a 

du'(:(ng lhang Bx, By vuong goc vdi (P) va d vc cung mol phia cua (P). M v;i I\

la hai diem tU"dng tfng di dong Ircn Bx, By. Dat B M = u, DN = v. 

1) Tim moi l ien he giffa u, v de (MAC) 1 (NAC). 

2) Gia suf u, v thoa man dicu kien d cau 1 a""-' "' V-
a) T i m gia tr i nho nhat cua u + V ''TH'l •?{?, " I ' J f ' ' i A 

b) Goi H K la diTdng vuong goc chung cua AC va M N (H e AC, K e 

MN ) . ChuTng minh rang H co dinh, con do dai H K khong doi 

c) Chu-ng minh (AMN ) 1 (CMN). 

G i a i 

1) Do BA = BC =i> M A = MC , 

DA = DC ^ NA = NC 

Gia sijf AC n BD = O M O 1 AC, NO 1 AC 

=> M O N la goc lao bc'Ji hai mat phang 

(MAC) va (NAC) 

Ta CO (MAN ) 1 (NAC) o M O N = 90" 

o M N - = M O - + NO ' ' ' 

\
D 

S^' '<:>(as/2)%(v-u)^ = u ^ + ^ + v ^ + -
2 C 

( d o O B ' = O D ' = - ) -^ '̂̂  
2 2 J ; , S(, .J ; - ' ' ^ 2 

, ; o 2uv = . (1) :m yrm") . 08 A D?H (1?,A . HZA s.rtt» gntyi 

Vay (1) la dicu kien can vadudt? (MAC) 1 (NAC). ,HOĴ i 

2) Trong ,suot cau 2 nay ta luon gia siif u, v thoa man he thtfc (1). 

a) Thco baft dang thiJc C6-s i , ta c6 u+v > 2NAJV , vay gia tri nho nhat cua dai 

r- aV2 
liTcfng u + v la av2 . Gia tri nay dat diTdc khi u = v = - y - . 

g . b) TCr Bx va Dy 1 ( ? ) i=> (DBMN) 1 (ABCD). ' ' ' ' v 

Do (DBMN) n (ABCD) = DB, ma AC 1 DB (do ABCD la hinh vuong) 

=> AC 1 (DBMN) . 

Trong (DBMN) ke OK 1 M N . Do AC 1 (DBMN) => A C l OK. u 

Vay OK chinh la du^dng vuong goc chung cua AC va M N , tiJc la H = O, vay H 

la diem CO dinh => dpcm. • -j/v j_ tV 

Trong tam giac vuong O M N , theo he thiJc lifdng, ta c6 j i -?3 1 OQ h'j luJ 

1 1 1 OM^ + ON^ • • . ... ^ V ) , S I '{^j^ (,;:).(I} « T 

OK^ OM^ ON^ O M ^ O N ^ 
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0 M " . 0 N ' 

OM' +ON' 
Thay (1) VcU) (2) la c6: 

- =>OK ' = 

Thay (1)\ 

0 K ^ = ^ 

r ^ \ ( 2\ 
2 •> a V + - u + -

2 , 2 
v y V / 2 4 

2 2 2 2 •> 2 
V + u + a ' JA^, i-(;o)j; V + u ' + a ^ 

(2) 

^ ( v ^ + u " + a ' ) 
= — = > 0 K - = const dpcm. ^ , j^ . 

v ' + u ' + a ' 2 2 

c) Ta CO CO 1 (DBMN) , ma OK 1 M N => CK 1 M N (theo djnh l i ba difcing 

vuong goc). Lap luan hoan toiin tifctng tir, c6 AK 1 M N => A K C la goc lao b('<i 

hai mat phang (CMN) va (AMN) . \^ }JK mx.m J . Ai • 

Ta CO tCr b) OK = OA = OC = , ncn AKC la lam giac vuong tai K 

A K C = 90" ^ (CMN) 1 ( A M N ) =^ dpcm. ^ ^ .j^ 

Thi du 6: Cho du'c^ng iron duTJng kinh AB co dinh bang 2R va C la moi diem chay 

trcn du'tJng Iron. TrC-n niVa dU'ctng lhang di qua A va vuong g()c v6i mat phang 

cua du'ctng Iron, lay diem S sao cho SA = a < 2R. 

1) Tir A ke A I 1 SB, A K e S C ( leSB, K G S C ) . Chi?ng minh A K 1 ( S B C ) 

2) Gia su- p la goc giffa hai mat phang (SBA) va (SBC). Dat a = B A C . 

Chu'ng mmh rang 

r . x ? ' c i n p - c o s a V a ^ + 4 R ^ , , ^ . . y , 

V i r +4R^ cos^a 

3) Goi E, F Ian lu'c.n la trung diem ciia AC, SB. Xac dinh vi tri ciia C IrC-n 

du'dng iron sao cho EF la du'cJng vuong goc chung ciia AC vti SB. 

'̂ i M oAO 

' G i a i 

Ta CO BC 1 AC, BC 1 SA => BC 1 (SAC) 

= > B C 1 A K , ma A K I S C 

=> A K 1 (SBC) => dpcm. 

2- Ta thay ( S B A ) n (SBC) = SB f 

Do A l l SB, ma A K 1 (SBC) (Cau 1) 

=i> K I l SB (dinh l i ba du'dng vuong goc) 

Vay AIK la goc giCfa hai mat phang (SAB) va (SBC) => A I K = p. 'J 

AK 
Trong tam giac vuong AIK, la co sin p = 

AI 
(1) 
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0 M " . 0 N ' 

OM' +ON' 
Thay (1) VcU) (2) la c6: 

- =>OK ' = 

Thay (1)\ 

0 K ^ = ^ 

r ^ \ ( 2\ 
2 •> a V + - u + -

2 , 2 
v y V / 2 4 

2 2 2 2 •> 2 
V + u + a ' JA^, i-(;o)j; V + u ' + a ^ 

(2) 

^ ( v ^ + u " + a ' ) 
= — = > 0 K - = const dpcm. ^ , j^ . 

v ' + u ' + a ' 2 2 

c) Ta CO CO 1 (DBMN) , ma OK 1 M N => CK 1 M N (theo djnh l i ba difcing 

vuong goc). Lap luan hoan toiin tifctng tir, c6 AK 1 M N => A K C la goc lao b('<i 

hai mat phang (CMN) va (AMN) . \^ }JK mx.m J . Ai • 

Ta CO tCr b) OK = OA = OC = , ncn AKC la lam giac vuong tai K 

A K C = 90" ^ (CMN) 1 ( A M N ) =^ dpcm. ^ ^ .j^ 

Thi du 6: Cho du'c^ng iron duTJng kinh AB co dinh bang 2R va C la moi diem chay 

trcn du'tJng Iron. TrC-n niVa dU'ctng lhang di qua A va vuong g()c v6i mat phang 

cua du'ctng Iron, lay diem S sao cho SA = a < 2R. 

1) Tir A ke A I 1 SB, A K e S C ( leSB, K G S C ) . Chi?ng minh A K 1 ( S B C ) 

2) Gia su- p la goc giffa hai mat phang (SBA) va (SBC). Dat a = B A C . 

Chu'ng mmh rang 

r . x ? ' c i n p - c o s a V a ^ + 4 R ^ , , ^ . . y , 

V i r +4R^ cos^a 

3) Goi E, F Ian lu'c.n la trung diem ciia AC, SB. Xac dinh vi tri ciia C IrC-n 

du'dng iron sao cho EF la du'cJng vuong goc chung ciia AC vti SB. 

'̂ i M oAO 

' G i a i 

Ta CO BC 1 AC, BC 1 SA => BC 1 (SAC) 

= > B C 1 A K , ma A K I S C 

=> A K 1 (SBC) => dpcm. 

2- Ta thay ( S B A ) n (SBC) = SB f 

Do A l l SB, ma A K 1 (SBC) (Cau 1) 

=i> K I l SB (dinh l i ba du'dng vuong goc) 

Vay AIK la goc giCfa hai mat phang (SAB) va (SBC) => A I K = p. 'J 
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Boi dudng HSG Hlnh hoc klumg </inn - Phan Huy Khdi 

Trong tarn giac vuong SAB, thi AS.AB = SB.AI => A I = 
a.2R 

(2) 

TiTdng tir tCf tarn giac vuong SAC, ta c6: 

AS.AC = A K . S C = . A K = 
Va^ +4R^ cos" a 

(3) 

(do A C = 2R.C0S a ) . Thay (2), (3) vao (1) va c6: 

SinP = cos isa Va^+4R^ 

Va^ +4R^cos^a 
> d p c m . 

1 H » i 
"/.- " • • • • ' • 

3. Do S A 1 (P), ma A C l BC => SC 1 BC 

(dinh l i ba diTdng vuong goc). 

V i F la trung diem cua SB nen c6 : 
SB 

FA = FC (VI C l i n g bang — ) . 

Tiif do suy ra FE = A C (do EA = EC) 

Da thay E F 1 SB <=> ES = EB 

o A SAE = A ECB o BC = SA = a - v A frv 

Do a < 2R (g/t), ncn diem C phai t im chinh la giao ciia diTcJng Iron da cho vdi 

6vS3ng tron lam B ban kinh a. Bai loan luon c6 hai vj tri cua C (do a < 2R). 

Thi du 7: Trong mat phang (P) cho lam giac dcu A B C canh a. TiT B va C vc 

cung mot phia cua (P) diTng hai nufa diTcJng lhang Bx, Cy cimg vuong goc vi'fi 

(P). Lay diem M Iren Bx va N tren Cy. Dat B M = u, C N = v. 

I 1. Chiyng minh rang v6i mpi u, v thi lam giac A M N khong the vuong tai A. 

2. T i m moi l ien he giCTa u, v de A M N la lam giac vuong tai M . • ^ 

3. Cho M , N di dong nhiTng v = 2u. Chiang minh rting cac mat phang A M ^ 

.;(>,, luon quay quanh mot diTdng lhang co djnh. 

4. Gia sijf M , J V di dong nhiTng v= 2u va tam giac A M N vuong tai M . 0\M 

minh rang goc tao bdi hai mat phang ( A M N ) va ( B C M N ) la 45". 

Giai 

1. Ta CO M A N = 90" o M N ^ = A M ' + AN^ 

o (u-v)^ + â  = u" + â  + v^ + â  

o - 2 u v = â  (1) 
Ve' trai cua (1) < 0, con ve phai > 0, 

do do (1) khong dung => M A N ^ 90" => dpcm. 

2. A M N = 90" <=> A N ' = AM^ + M N ' 

o a H v^ = + u^ + (u-v)^ + â  

Clfi TNIIII MTV DVVn Khatuj Viet 

<r> 2uv = a' + 2u'". (2) 
Vay (2) lii dicu kien de tam giac A M N vuong tai M . 

: V i v = 2u => BE = BC = a 

E co ' d j n h => ( A M N ) l u o n q u a y 

b u a n h difclng l h a n g c o d j n h . Do l a 

iTdng t h a n g no'i A v a E. 

X Ta c o : ( B C N M ) n ( A M N ) = M N 

TiT giii thie'l ta c o A M _L M N g _ 

Goi H l a t r u n g d i e m ci'ia BC. 

Ta CO A H 1 BC. Do (ABCD) 1 ( B C M N ) m a A H 1 BC A 

=> A H 1 ( B C M N ) => H M 1 M N ( d i n h l i ba diTclng v u o n g g o c ) . , ' 

Nhir v a y A H M la goc t a o bdi h a i m a t p h a n g ( A M N ) v a ( B C M N ) . 

Theo c a u 2 ta c o : 2uv = a ' + 2u ' ryi;BM. sTiiAi; u i i K fa<Jt, lao 

Lai CO v = 2u ncn s u y r a 4 u ' = a^ + 2u ' =>a^ = 2u ' ?.fiM .,'5 'AZiH <::.-

Ta CO A M - = u H a ' = — • A M = 

La i CO A H = ^—^, v i the trong lam giac vuong A H M tai H , ta co: 
2 • • t ' ' ' , . 1 I f i ' 

sin A H M = — = ^ = . — z i ^ A H M = 4 5 " = > d p c m ! ' ' ' ' ' 
A M aV3 2 
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Thi du 8: Trong mat phang (P) cho diTdng Iron tam O, ban kinh R va mot diem A co 

dinh each G mot khoang d > R. SO la doan lhang vuong goc vdti (P) va SO = a; 

B la mot diem di dong tren diTdng Iron noi Iren. ' "' 

1. T i m v i tr i cua B sao cho (SAB) 1 (SBO). ' ' A / U 3 f«nJ f J ; ; ir.. 

2. Xac djnh B sao cho tam giac SAB co dien lich Idn nha'l. 

G i i i i 

Gia siir B nam tren diTctng iron (O, R) ma (SAB) 1 (SBO). < 

Do (SAB) n (SBO) = SB 

I Nen neu ke A K 1 SB => A K 1 (SBO) 

= ^ A K 1 S 0 . 

V i A e (P) ma SO 1 (P). nen A K e (P) i t 

=> K e (P) 

M i l l khac K e SB ma SB n (P) = B 

= ^ K = B. 



Boi dudng HSG Hlnh hoc klumg </inn - Phan Huy Khdi 
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(2) 

TiTdng tir tCf tarn giac vuong SAC, ta c6: 
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> d p c m . 

1 H » i 
"/.- " • • • • ' • 
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SB 
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Clfi TNIIII MTV DVVn Khatuj Viet 
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Bdi dudtifj IISG ITmh hoc kh6ng gian - Phan IIiuj Khni 

Nhu" vay A B _L SB, ncn thco djnh l i ba difclng 

vuong goc la c6 O B X A B . NhiT vay, diem B can t lm ' .<̂ |V 

I*', chinh lii cAc tiep diem ciia l icp tuyen vc'ii diTdng y o n (O, R) vc lii A . v 

•^f' Do A nam ngoai drfcJng Iron nen CO hai v j tri cua B. \'\

2. Ta CO SsAB = -SA.SB .s inBSA = - . V a ^ + d ^ V a ^ s inBSA 

\o a, d, R khong doi nen SSAB max o s inBSA max ' ! A i r . (MVr.>t!) :6v •: 

, Co hai khii nang sau xay ra: '••>[ 

a. Neu B ^ = 90" (B, la giao diem ciia AO keo dai vdi duftng trbn (O, R)). 

K h i do la c6 SO' > OA.OB, , tiJc la B,SA < 90" => â  > dR. , , , , 

Ta nhan thay vdti moi vj Iri cua B Ircn 6\ii1ng Iron ihi BAS < B,SA 

( V i hai lam giac SAB vji SAB| c6 hai canh ben biing nhau, nhUng do A B , > 

A B => BJSA > B A S ) . 'a t - » ! + " j i = y:«qt j « J 

Do B , S A < 9 0 =>sin BSA < sin B,SA max(sin BSA ) = sin B,SA . .̂̂  ĵ -j 

Nhu" V c l y trong Iru'cJng h(1p nay, la c6 maxSsAij= S^ABI - (d+R). 

b. Ncu B ^ >90" ( o < dR). Khi do max (sin BSA )= 1 o BSA = 90". 

Luc nay ta c6 maxSsAB = - Va^ +d^.Va^ +R^ \]/\--j 
. 2 MHk ••' 

D i e m B can t im la diem tren (O, R) sao cho BSA = 90". D i e m B c6 the lini 

nhU'sau: 

Do AB^ = SA^ + SB^ = d^ + R- + 2a', vay B chinh la giao diem cua difdng iron 

(O, R) vc'li duTJng Iron lam A, ban kinh V d " + R^ +2a^ (cac dirc:(ng Iron nay 

dcu x e l trong (P). T o m lai ta c6: j , ^ , , ^̂^̂  ^ ^ 

1 

maxSsAii = 

- a ( d + R), neunhU'a^>dR 
2 

-\/a^Td^.>/a^TR^, neu n h i f a ' < dR. 

T h i du 9: Trong mat phang (?) cho dirCtng Iron diTcing kinh bang 2R. A la mol 

diem chuyen dong Iren duTJng Iron. BC la duTdng kinh quay quanh O. Dal 

A B C = a. Difng doan SA = 2a va vuong gck vcri day. A ' , B' , C l a n lifdl la cac 

diem Iron SA, SB, SC sao cho: SA'.SA = SB'.SB = SC.SC = 3 R ' ,, 

Chi'rng minh rang khi a lhay ddi : .tit, iii 

1. Ton tai diem c6'djnh each deu S, A ' , B ' , C' . ;| - . i : 

Clij TNIIII MTVDVVII Kluimj ViC-t 

2. ( A ' B ' C ) la mat phang co djnh. 

3. Du'dng Iron ngoai tiep lam giac S B ' C luon di qua hai d i e m c6' djnh. 

Giai S 

I . Ta CO SA.SA' = SB.SB' = 3R^ '5aA nu;l ^nx>r 

SA' = 
3R^ 3R ' 3R . l ^ n « 3 : ^ ^ ; ^ 5 / , / l A ^ C ' 

SA 2R 

=> A ' co'dinh. : ; 

Do SA.SA'= SB.SB' nen A B B ' A ' la llJf giac 

noi Uep, ma A ' ^ B = 9()" (do SA 1 AB) 

=:> A ^ B l i = 9 ( ) " = ^ A ' B ' l S B . 

Hoan loan lU'ctng tif ta c6 A ' C ' l SC. Vay ncu goi I la trung diem cua SA' thi 

ta CO IS = l A ' = I B ' - I C 

Do I CO djnh =^ dpcm. 
.(s) .1. ij {firCb ,!; - (K? J 

A O keo dai citl diffJng Iron tai E => E co dinh => SE co djnh 

EC 1 (SAC) Ta CO ECA = 90" => EC 1 C A . La i co SA 1 EC (do SA 1 (P)) 

= ^ E C 1 A ' C 

Lai CO A ' C 1 SC (thco ciiu 1) =:> A ' C 1 (SEC) ^ A ' C ' l SE . ( 1 ) 

Lap luan liTcJng luf, co A ' B ' 1 SE . (2) 

T i r ( l ) , (2) .suyraSE l ( A ' B ' C ) . 

Mat phang ( A ' B ' C ) di qua A ' co dinh va vuong goc vdi SE co dinh, nen la 

mat phang CO djnh => dpcm! ' • ' f « ; , , r N r s- fy-^ij, 

3. Giii sif du'i'Jng Iron ngoai l icp lam giac S B ' C cat SO lai K. 

V i SB'.SB = SC.SC => B B ' C C lii tu-giac noi tiep il W ffefl iUs 

=:> B^ = C, (cung bu B B X : ' ) . '̂-̂  '''^''^ 

Ta lai CO B ,̂ = K, (eiing chiin SC' ) S 

=e> K| = q ti? giiic O K C C lii ti? 

giac noi tiep ^ SK.SO = SC.SC = 3R= g 

3R" 
=^ SK = - — = const 

SO 

=> K CO dinh (tren SO co djnh) 

Vay difcJng Iron ngoai tiep lam giac S B ' C luon di qua hai d i e m co djnh la S 

va K =:> dpcm. 

' * ;;:J i )• i <',//t i ; • y's 

153 



Bdi dudtifj IISG ITmh hoc kh6ng gian - Phan IIiuj Khni 

Nhu" vay A B _L SB, ncn thco djnh l i ba difclng 

vuong goc la c6 O B X A B . NhiT vay, diem B can t lm ' .<̂ |V 

I*', chinh lii cAc tiep diem ciia l icp tuyen vc'ii diTdng y o n (O, R) vc lii A . v 

•^f' Do A nam ngoai drfcJng Iron nen CO hai v j tri cua B. \'\

2. Ta CO SsAB = -SA.SB .s inBSA = - . V a ^ + d ^ V a ^ s inBSA 

\o a, d, R khong doi nen SSAB max o s inBSA max ' ! A i r . (MVr.>t!) :6v •: 

, Co hai khii nang sau xay ra: '••>[ 

a. Neu B ^ = 90" (B, la giao diem ciia AO keo dai vdi duftng trbn (O, R)). 

K h i do la c6 SO' > OA.OB, , tiJc la B,SA < 90" => â  > dR. , , , , 
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' * ;;:J i )• i <',//t i ; • y's 
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BSi dudiig IISG Uttih hoc khdng gian - Phan IIiuj Khni 

Thi du 10: Cho hai difcfng lhang chco nhau d, d' va vuong goc vdi nhau. Giii siV A 

la diem co dinh Ucn d. V d i moi diem B thay ddi tren d ' , chpn C tren d ' sao 

cho hai mat phang (d; B) va (d; C) vuong goc vcti nhau. Goi A ' , B ' , C Ian luot 

HI, la chan cac dudng cao irong lam guic ABC. 

1. C h i J n g m i n h A ' B . A ' C = consl. 

2. Chiang minh triTc lam tam gitic A B C lii co dinh. 

Gia i 

1. Goi I K la du'iJng vuong goc chung cua d 

va d ' ( I 6 d; K G d ') 

Do I K 1 d'=> A K 1 d ' (dinh l i ba dufdng 

vuong g()c) A ' = K. 

Goi (TI) la mal phang xac dinh bdi I va 

d ' , lufc: (71) = ( I , d ') Ihi d 1 {it). ^« 

Do B l C l a goc giiJa hai mat phang 

( A I B ) va ( A l C ) (ttJ-c (B; d) va (C; d)). 

; V i (B; d) 1 (C; d) => B T C = 9()" 

Trong lam giac vuong BIC, Iheo he thdrc liWng ta co 

A ' B . A ' C = K B . K C = IK^ = const (do I va K co djnh). Do la dpcm! 

2. X e l hai triTctng hc^p: 

a. Neu A = I , khi do trong tam giac vuong A B C (tufc BIC) , triTc lam H cua no 

trung v&\ va v i the' H co dinh 

b. Neu A ?t I . Goi R la mat phang xac dinh bdi A va d ' , ta co 

(R) = ( A ; d ' ) = > ( R ) c o d i n h 

De thay neu H la trifc tam tam giac ABC, thi I H 1 (R) 

V I I va (R) C O dinh => H C O dinh => dpcm. jljiifiwt -H «" 

Thi du 11: Trong khong gian cho hai niVa difcJng ihilng Ax va By vuong goc vc'̂ i 

nhau, chco nhau nhan A B = a la difdng vuong goc chung. M , N Ian lu'cn la hai 

diem di dong tren Ax vl\y sao cho ta luon luon co: M N = A M + B N 

Dat A M = u; B N = V. , 

1. ChiJng minh khi M , N di dong ihi u.v = const. 

2. Goi O la irung diem cua A B va H la hinh chieu cija O tren M N . Chi'mg 

minh M H = u, N H = v. s 

3. Chiang minh r3ng H luon nam tren mot milt phang co djnh. 

Gia i 

I . Gia ŝ f (P) vh. (Q) lUttng liTng la cac mat phang xac djnh bdi (AB, By) vh (AB, Ax)-

Tijr gia Ihiet la co: A M 1 (P) => M B 1 B N (theo dinh Ii ba diftlng vuong goc). 

Cty TNHIl MTV DWIT Khang Vict 

Theo dinh If Py- la -go , ta co: 

M N ^ = M B ^ + BN^ 

=> (u+v)^ = u^ + v^ + = 

uv = •= const: 

Ke O H ± M N . Ta c6 

OM^ = OH^ + M H ^ 

ON^ = OH^ + N t f ; ; 

O M ' - O N ' = M H ' - N H ' ; 

f f . .2^ 
U ^ 4 - ^ _ = M r f - NH^ I 4 ^ 

Turdo la co: 

^u^-v^ = ( M H - N H ) ( M H +) NH) . 

Do M H + N H = u + V M H - N H = u - V . 

' M H + N H = u + v 

M H - N H = u - v 

Ke HE // A x (E e A N ) . 

Khi do HE 1 (P) va HE = d(H, (P)) 

Theo dinh I i T a - I e l , ta co 

HE V uv 

o M H = u; N H = V => dpcm! M J / 

HE = ( 1 ) 
u U + V u + v 

TiTdng lir, ke H F // By (F e B M ) . 

Khi do HF 1 (Q) va HF = d(H, (Q)). 

La i Iheo dinh l i T a - l e t ihi 

HF u „ „ uv 
HF = (2) 

v u + v u + v 

Tir (1), (2) suy ra HE = HF ^ d(H, (P)) = d(H, (Q)). 

Vay H luon nam tren mat phang phan giac (n) cua goc lao bcfi (P) va (Q). 

Do (P), (Q) C O dinh, nen (7t) la mat phang co dinh => dpcm! n 

I du 12: Trong mat phang (P) cho hinh chu" nhat ABCD. Qua A diTng nijfa du-dng 

lhang A x 1(P). Lay S la diem luy y Ircn A x va S ;t A. Qua A diTng mat phang 

(Q) vuong goc SC. Mat phang nay cat SB, SC, SD Ian lU'dt tai B ' , C , D ' . 

I . Chufng minh rang A B ' 1 SB, A D ' 1 SD va ta co he thufc 

S B . S B ' = S C . S C ' = S D . S D ' 

Goi I la trung diem cua SA, (R) la mat phSng qua B ' va vuong goc v d i l 

I B ' . Chi?ng minh rang khi S chay tren A x thi (R) luon quay quanh m6tj 

du-dng thilng C O djnh. 

2. 
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2. X e l hai triTctng hc^p: 

a. Neu A = I , khi do trong tam giac vuong A B C (tufc BIC) , triTc lam H cua no 

trung v&\ va v i the' H co dinh 

b. Neu A ?t I . Goi R la mat phang xac dinh bdi A va d ' , ta co 

(R) = ( A ; d ' ) = > ( R ) c o d i n h 

De thay neu H la trifc tam tam giac ABC, thi I H 1 (R) 

V I I va (R) C O dinh => H C O dinh => dpcm. jljiifiwt -H «" 

Thi du 11: Trong khong gian cho hai niVa difcJng ihilng Ax va By vuong goc vc'̂ i 

nhau, chco nhau nhan A B = a la difdng vuong goc chung. M , N Ian lu'cn la hai 

diem di dong tren Ax vl\y sao cho ta luon luon co: M N = A M + B N 

Dat A M = u; B N = V. , 

1. ChiJng minh khi M , N di dong ihi u.v = const. 

2. Goi O la irung diem cua A B va H la hinh chieu cija O tren M N . Chi'mg 

minh M H = u, N H = v. s 

3. Chiang minh r3ng H luon nam tren mot milt phang co djnh. 

Gia i 

I . Gia ŝ f (P) vh. (Q) lUttng liTng la cac mat phang xac djnh bdi (AB, By) vh (AB, Ax)-

Tijr gia Ihiet la co: A M 1 (P) => M B 1 B N (theo dinh Ii ba diftlng vuong goc). 

Cty TNHIl MTV DWIT Khang Vict 

Theo dinh If Py- la -go , ta co: 

M N ^ = M B ^ + BN^ 

=> (u+v)^ = u^ + v^ + = 

uv = •= const: 

Ke O H ± M N . Ta c6 

OM^ = OH^ + M H ^ 

ON^ = OH^ + N t f ; ; 

O M ' - O N ' = M H ' - N H ' ; 

f f . .2^ 
U ^ 4 - ^ _ = M r f - NH^ I 4 ^ 

Turdo la co: 

^u^-v^ = ( M H - N H ) ( M H +) N H ) . 

Do M H + N H = u + V M H - N H = u - V . 

' M H + N H = u + v 

M H - N H = u - v 

Ke HE // A x (E e A N ) . 

Khi do HE 1 (P) va HE = d(H, (P)) 

Theo dinh I i T a - I e l , ta co 

HE V uv 

o M H = u; N H = V => dpcm! M J / 

HE = ( 1 ) 
u U + V u + v 

TiTdng lir, ke H F // By (F e B M ) . 

Khi do HF 1 (Q) va HF = d(H, (Q)). 

La i Iheo dinh l i T a - l e t ihi 

HF u „ „ uv 
HF = (2) 

v u + v u + v 

Tir (1), (2) suy ra HE = HF ^ d(H, (P)) = d(H, (Q)). 

Vay H luon nam tren mat phang phan giac (n) cua goc lao bcfi (P) va (Q). 

Do (P), (Q) C O dinh, nen (7t) la mat phang co dinh => dpcm! n 

I du 12: Trong mat phang (P) cho hinh chu" nhat A BCD . Qua A diTng nijfa du-dng 

lhang A x 1(P). Lay S la diem luy y Ircn A x va S ;t A. Qua A diTng mat phang 

(Q) vuong goc SC. Mat phang nay cat SB, SC, SD Ian lU'dt tai B ' , C , D ' . 

I . Chufng minh rang A B ' 1 SB, A D ' 1 SD va ta co he thufc 

S B . S B ' = S C . S C ' = S D . S D ' 

Goi I la trung diem cua SA, (R) la mat phSng qua B ' va vuong goc v d i l 

I B ' . Chi?ng minh rang khi S chay tren A x thi (R) luon quay quanh m6tj 

du-dng thilng C O djnh. 

2. 



Bdi dicdiig IISG Ilinh hoc khong (jian - Plum Ifitij Khni 

G i a i 

1. Gia sur (SC) n (Q) = C ' t 

( S B ) n ( Q ) = B ' • 

( S D ) n ( Q ) = D ' 

D o S C - L ( Q ) = : > S C l A D ' . (1) 

V i S A l (P) ̂  (SAD) 1 ( P ) , 

ma (SAD) n (P) = A D • ; 

Tir do do DC 1 A D DC ^ (SAD) 

D C l A D ' . (2) 

TO (1), (2) ta CO A D ' l (SCD) ^ A D ' 1 SD. 4 

. Lap luan tirdng tif ta c6 A B ' 1 SB dpcin. 

Do A B ' 1 SB ncn Irong tarn giac viiong SAB, la co SB'.SB = SA' 

TOdng lir trong lam giac vuong SAD, vi A D ' 1 SD ^ SD'.SD = SA^ 

V I Ic do cimg CO SA ' = SC.SC'=> SB'.SB = SC'.SC = SD'.SD ^ dpcm! -

2. Goi M , N tifctng iJng la cac trung diem ci'ia A B , CD. 

T a c 6 M N / / A D = : > M N l ( S A B ) ^ M N l I B ' . (3) 

Thco can 1 ta co A B ' 1 SB. f " ' ' 

Trong cac lam giiic vuong A B ' B , SB'A 

do M , I Ian lu'dt la Irung diem ci'ia A B , SA, .-if* 
V 

nC-ntaco A B ' M = B ' A M ; I B ' A = l A B ' 

=^ AB'M + I B ' A = B ' A M + l A B ' 

Do B^MVt + TAB' = 90" 

=> AFM + IFA = 90" =^ IFM = 90" 

^ I B ' I B ' M . (4) 

' TO (3), (4) suy ra I B ' 1 ( B ' M N ) . Vay ( B ' M N ) chinh la mat phang (R) qua BB ' 

va vuong goc vi'iti I B ' => (R) luon quay quanh du'cJng lhang co dinh, do la 

di/tfng lhang noi M , N . '"̂ ^ 5̂ f ' i " ' ' 

Thi du 13: Cho hinh chop S.ABC, trong do A B C D la hinh binh hanh nhm trong 

(P) vdi I la giao diem ciia hai du'dng chco. S la diem d ngoai (P) sao cho 

ASB = C S D ; B S C = D S A . 

ChiJng minh rang SI 1 (P). . : , , ; 

Gia i 
Giii suf SC > SA . (1) 
Khi do lay C, tren SC sao cho SC, = SA 
Gia sir A C , n SI = 1, '>» 
Tren mat phang (SDB) qua I | ke B|D| 
vuong gc)C vdi lia phan giac ci'ia goc 
BSD (D, e SD, B, e SB) 

I Til ' do suy ra SDiB| la lam giac can dinh 
S =>SB| =SD| 
Xet hai lam giac ASB, va C S D , co SB, = SD,; 
SC, = SA (theo each dat), ASB, = C ^ , (do ASB = C S D ) 
=^ AASB, = AC,SD, ( c . g . c ) r ^ A B , = C , D , . (3) , 
TiTdng tV ta co AB,SC, = AASD, (c.g.c) => B|C, = D , A . (4) 
V i A D , C , B , la tiJ giac phang nen lai co (3), (4) nen no la hinh binh hanh. 
T i r d o c o : I ,A==IiC| 

Lai CO : l A = IC nen I I , la du"dng trung binh cua lam giac ACC, 
=> I I ,//CC, . (5) 
Tir (5) suy ra dicu vo li v i I I , n CC, = S 
Vay gia thiet SC > SA la sai SC < SA. 
Do vai tro binh dang giffa SA vii SC nen lap luan tu-rtng l y co SC > SA. Nh\i 
the ta co: SC = SA. Ket hdp vc'Ji l A = IC, suy ra SI 1 A C , SI 1 B D 
=> SI 1 (ABCD) => dpcm! = H d o iti jfH . = Hii 

- - M A 

''ni<^'••ihM i i i ts '-'-^ '•'̂ '̂ '̂  '̂ '̂̂  

B. Cac bai toan chufng minh tinh vuong goc trong cac de thi tuyen sinh mon toan 
Trong miic nay chung la diem lai cac bai loan ve chufng minh tinh vuong goc 
CO mat Irong cac de thi mon loan d k i thi tuyen sinh vao D a i hoc va Cao dang 
trong nhiyng nam gan diiy. > V'-^' :? 

Thidu 1: (De thi tuyen sinh Dai hoc khoi B - 2012) 
Cho hinh chop lam giac dcu S.ABC vdi SA = 2a, A B = a. Gpi H la hinh chicu 

•

vuong goc cua A tren SC. Chiang minh SC vuong goc vdi mat phang ( A B H ) . 
Gia i 

Goi O la lam cua lam giac deu ABC, Ihi 
SO 1 (ABC) 
Goi D la irung diem cua A B => CD 1 AB 
Ta cung co A B 1 SO (do SO 1 (ABC)) 
=> A B 1 (SCD) A B 1 SC . ( I ) 
L a i CO A H 1 SC (g/t). (2) 
Tir ( I ) , (2) suy ra SC 1 ( A B H ) => dpcm! 
hi xet: B^i loan qua ccf ban va dcfn gian. 

1 



Bdi dicdiig IISG Ilinh hoc khong (jian - Plum Ifitij Khni 

G i a i 

1. Gia sur (SC) n (Q) = C ' t 

( S B ) n ( Q ) = B ' • 

( S D ) n ( Q ) = D ' 

D o S C - L ( Q ) = : > S C l A D ' . (1) 

V i S A l (P) ̂  (SAD) 1 ( P ) , 

ma (SAD) n (P) = A D • ; 

Tir do do DC 1 A D DC ^ (SAD) 

D C l A D ' . (2) 

TO (1), (2) ta CO A D ' l (SCD) ^ A D ' 1 SD. 4 

. Lap luan tirdng tif ta c6 A B ' 1 SB dpcin. 

Do A B ' 1 SB ncn Irong tarn giac viiong SAB, la co SB'.SB = SA' 

TOdng lir trong lam giac vuong SAD, vi A D ' 1 SD ^ SD'.SD = SA^ 

V I Ic do cimg CO SA ' = SC.SC'=> SB'.SB = SC'.SC = SD'.SD ^ dpcm! -

2. Goi M , N tifctng iJng la cac trung diem ci'ia A B , CD. 

T a c 6 M N / / A D = : > M N l ( S A B ) ^ M N l I B ' . (3) 

Thco can 1 ta co A B ' 1 SB. f " ' ' 

Trong cac lam giiic vuong A B ' B , SB'A 

do M , I Ian lu'dt la Irung diem ci'ia A B , SA, .-if* 
V 

nC-ntaco A B ' M = B ' A M ; I B ' A = l A B ' 

=^ AB'M + I B ' A = B ' A M + l A B ' 

Do B^MVt + TAB' = 90" 

=> AFM + IFA = 90" =^ IFM = 90" 

^ I B ' I B ' M . (4) 

' TO (3), (4) suy ra I B ' 1 ( B ' M N ) . Vay ( B ' M N ) chinh la mat phang (R) qua BB ' 

va vuong goc vi'iti I B ' => (R) luon quay quanh du'cJng lhang co dinh, do la 

di/tfng lhang noi M , N . '"̂ ^ 5̂ f ' i " ' ' 

Thi du 13: Cho hinh chop S.ABC, trong do A B C D la hinh binh hanh nhm trong 

(P) vdi I la giao diem ciia hai du'dng chco. S la diem d ngoai (P) sao cho 

ASB = C S D ; B S C = D S A . 

ChiJng minh rang SI 1 (P). . : , , ; 

Gia i 
Giii suf SC > SA . (1) 
Khi do lay C, tren SC sao cho SC, = SA 
Gia sir A C , n SI = 1, '>» 
Tren mat phang (SDB) qua I | ke B|D| 
vuong gc)C vdi lia phan giac ci'ia goc 
BSD (D, e SD, B, e SB) 

I Til ' do suy ra SDiB| la lam giac can dinh 
S =>SB| =SD| 
Xet hai lam giac ASB, va C S D , co SB, = SD,; 
SC, = SA (theo each dat), ASB, = C ^ , (do ASB = C S D ) 
=^ AASB, = AC,SD, ( c . g . c ) r ^ A B , = C , D , . (3) , 
TiTdng tV ta co AB,SC, = AASD, (c.g.c) => B|C, = D , A . (4) 
V i A D , C , B , la tiJ giac phang nen lai co (3), (4) nen no la hinh binh hanh. 
T i r d o c o : I ,A==IiC| 

Lai CO : l A = IC nen I I , la du"dng trung binh cua lam giac ACC, 
=> I I ,//CC, . (5) 
Tir (5) suy ra dicu vo li v i I I , n CC, = S 
Vay gia thiet SC > SA la sai SC < SA. 
Do vai tro binh dang giffa SA vii SC nen lap luan tu-rtng l y co SC > SA. Nh\i 
the ta co: SC = SA. Ket hdp vc'Ji l A = IC, suy ra SI 1 A C , SI 1 B D 
=> SI 1 (ABCD) => dpcm! = H d o iti jfH . = Hii 

- - M A 

''ni<^'••ihM i i i ts '-'-^ '•'̂ '̂ '̂  '̂ '̂̂  

B. Cac bai toan chufng minh tinh vuong goc trong cac de thi tuyen sinh mon toan 
Trong miic nay chung la diem lai cac bai loan ve chufng minh tinh vuong goc 
CO mat Irong cac de thi mon loan d k i thi tuyen sinh vao D a i hoc va Cao dang 
trong nhiyng nam gan diiy. > V'-^' :? 

Thidu 1: (De thi tuyen sinh Dai hoc khoi B - 2012) 
Cho hinh chop lam giac dcu S.ABC vdi SA = 2a, A B = a. Gpi H la hinh chicu 

•

vuong goc cua A tren SC. Chiang minh SC vuong goc vdi mat phang ( A B H ) . 
Gia i 

Goi O la lam cua lam giac deu ABC, Ihi 
SO 1 (ABC) 
Goi D la irung diem cua A B => CD 1 AB 
Ta cung co A B 1 SO (do SO 1 (ABC)) 
=> A B 1 (SCD) A B 1 SC . ( I ) 
L a i CO A H 1 SC (g/t). (2) 
Tir ( I ) , (2) suy ra SC 1 ( A B H ) => dpcm! 
hi xet: B^i loan qua ccf ban va dcfn gian. 

1 



Thi du 2: (De thi tuyen sinh khoi A - 2007) 
Cho hinh chop 111" giac S.ABCD c6 day hinh vuong canh bang a. Mat ben 
(SAD) la tarn giac dcu va d trong mat phang vuong goc \di day. Goi M , N, p 
Ian liTdt la trung diem cua SB, BC, CD. Chi?ng minh A M 1 BP. 

•. \, Giai 
Goi H la trung diem cua AD => S H 1 AD. 
D 
ma (SAD) n (ABCD) = AD, 
Nen lii SH 1 AD =^ S H 1 (ABCD) 
=^ S H I BP. (1) f i , ? . . - , ) ! . ^ 

Trong hinh vuong ABCD, do HA = HD; 
PC = PD BP 1 HC . (2) 
T i r ( l ) , (2 ) . suyraBPl (SHC) . (3) 
Da thay M N // SC, AN // HC 
=> (AMN)//(SHC) . (4) ' 
Tir (3), (4) suy ra BP 1 (AMN) => BP 1 
A M => dpcm! 

Nhgn xet: Xet each giai khac bang phu-dng 
phap toa do nhU' sau: 
Xet he true toa do Hxyz nhiT hinh ve. 

' Ta c6: 

SH = — , nen ta c6 H = (0; 0; 0); S = 

( 6 ; 0 ; ^ ) 

A = ( - - ; 0 ; 0 ) ; B = ( - ^ ; a ; 0 ) 

^ M = ( - i ; . 4 ; ^ ) ; D = ( ^ ; 0 ; 0 ) ; 
4 2 4 2 

C = (| ;a ; ( ) )=>P = ( | ; | ; 0 ) . 

Tirdo A M = ( i ; i ; ^ ) ; B P = ( a ; - J ; 0 ) 
4 2 4 2 

Vay A M . B P = a a = 0 => A M 1 BP dpcm! 

Thi dii 3: (Dc thi tuyen sinh Dai hoc khoi D - 2007) 

Cho hinh chop tiJ giac S.ABCD c6 day ABCD la hinh thang vuong trong 

do ABC = B A D = 90". Gia sit BA = BC = a; AD = 2a; SA = a x ^ va SA 
vuong goc vdi day ABCD. ChiJng minh SC 1 CD. 

158 

Lit/ iiviTti mi V ijv vjri ivimng visr-

Giai 
Goi M la trung diem cua AD ,, ,,,1^ , j 
=> AMCB la hinh vuong canh a. 
TiT MC = MA = MD = a 
=> ACD la tam giac vuong can dinh C, 
tlJcla A C ± C D . o , , < 
V l S A l ( A B C D ) 
=> SC i - CD (djnh l i ba du'dng vuong gck) 
=> dpcm! 

f^hd'^xet: f oV'. \ . / ^ ' ' ^ ' : -
1. Xet each giiii khac bang phu'dng 

phap toa do nhu" sau: 
Xet he true toa do Axyz nhU hinh vc, 
tacd: A = (0;0;()) ;C = (a;a;0); 
S = ( 0 ; 0 ; a N / 2 ) ; D = (0;2a;0) • • 
Taco SC = ( a ; a ; - a N / 5 ) 

CD = (-a; a; 0) 
SC . CD = - a ' + â  = 0 
S C I CD dpcm! 

2. Qua ca hai each giiii trcn ta thay, giii 
thiet SA = a N/2 la khong can thiet.(Gia ^ 
ihie't nay chi dung den khi tinh the tich 
cua khoi S.ABCD) i 

Thi du 4: (De thi tuyen sinh Dili hoc khoi D - 2007) 
Cho hinh chop luf giac deu S.ABCD canh a. Goi E la diem doi xi^ng cua D 
qua trung diem cua SA. Goi M , N Ian lifdt la trung diem cua AE, BC. Chi'rng 
m i n h M N l B D . ; ' " ' -K 

Giai 
Ta C O S.EAD la hinh binh hanh 
=^ SE // DA va SE = DA MAi: ^^'1'-
=>SE//BCva SE = BC ^ 
=> SEBC la hinh binh hanh => EB // SC 
Goi P la trung diem ciia AB. 
Ta C O MP // BE =:> MP // SC, NC //AC 
Tir d() (MNP)//(SAC). (1) 
Do DB 1 AC; DB 1 SO (d day O la tarn 
cua day ABCD) =i> DB 1 (SAC) (2) , y 

Tir (1). (2) suy ra DB 1 (MNP) => DB 1 MN=> dpcm! 
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Thi du 2: (De thi tuyen sinh khoi A - 2007) 
Cho hinh chop 111" giac S.ABCD c6 day hinh vuong canh bang a. Mat ben 
(SAD) la tarn giac dcu va d trong mat phang vuong goc \di day. Goi M , N, p 
Ian liTdt la trung diem cua SB, BC, CD. Chi?ng minh A M 1 BP. 

•. \, Giai 
Goi H la trung diem cua AD => S H 1 AD. 
D 
ma (SAD) n (ABCD) = AD, 
Nen lii SH 1 AD =^ S H 1 (ABCD) 
=^ S H I BP. (1) f i , ? . . - , ) ! . ^ 

Trong hinh vuong ABCD, do HA = HD; 
PC = PD BP 1 HC . (2) 
T i r ( l ) , (2 ) . suyraBPl (SHC) . (3) 
Da thay M N // SC, AN // HC 
=> (AMN)//(SHC) . (4) ' 
Tir (3), (4) suy ra BP 1 (AMN) => BP 1 
A M => dpcm! 

Nhgn xet: Xet each giai khac bang phu-dng 
phap toa do nhU' sau: 
Xet he true toa do Hxyz nhiT hinh ve. 

' Ta c6: 

SH = — , nen ta c6 H = (0; 0; 0); S = 

( 6 ; 0 ; ^ ) 

A = ( - - ; 0 ; 0 ) ; B = ( - ^ ; a ; 0 ) 

^ M = ( - i ; . 4 ; ^ ) ; D = ( ^ ; 0 ; 0 ) ; 
4 2 4 2 

C = (| ;a ; ( ) )=>P = ( | ; | ; 0 ) . 

Tirdo A M = ( i ; i ; ^ ) ; B P = ( a ; - J ; 0 ) 
4 2 4 2 

Vay A M . B P = a a = 0 => A M 1 BP dpcm! 

Thi dii 3: (Dc thi tuyen sinh Dai hoc khoi D - 2007) 

Cho hinh chop tiJ giac S.ABCD c6 day ABCD la hinh thang vuong trong 

do ABC = B A D = 90". Gia sit BA = BC = a; AD = 2a; SA = a x ^ va SA 
vuong goc vdi day ABCD. ChiJng minh SC 1 CD. 

158 

Lit/ iiviTti mi V ijv vjri ivimng visr-

Giai 
Goi M la trung diem cua AD ,, ,,,1^ , j 
=> AMCB la hinh vuong canh a. 
TiT MC = MA = MD = a 
=> ACD la tam giac vuong can dinh C, 
tlJcla A C ± C D . o , , < 
V l S A l ( A B C D ) 
=> SC i - CD (djnh l i ba du'dng vuong gck) 
=> dpcm! 

f^hd'^xet: f oV'. \ . / ^ ' ' ^ ' : -
1. Xet each giiii khac bang phu'dng 

phap toa do nhu" sau: 
Xet he true toa do Axyz nhU hinh vc, 
tacd: A = (0;0;()) ;C = (a;a;0); 
S = ( 0 ; 0 ; a N / 2 ) ; D = (0;2a;0) • • 
Taco SC = ( a ; a ; - a N / 5 ) 

CD = (-a; a; 0) 
SC . CD = - a ' + â  = 0 
S C I CD dpcm! 

2. Qua ca hai each giiii trcn ta thay, giii 
thiet SA = a N/2 la khong can thiet.(Gia ^ 
ihie't nay chi dung den khi tinh the tich 
cua khoi S.ABCD) i 

Thi du 4: (De thi tuyen sinh Dili hoc khoi D - 2007) 
Cho hinh chop luf giac deu S.ABCD canh a. Goi E la diem doi xi^ng cua D 
qua trung diem cua SA. Goi M , N Ian lifdt la trung diem cua AE, BC. Chi'rng 
m i n h M N l B D . ; ' " ' -K 

Giai 
Ta C O S.EAD la hinh binh hanh 
=^ SE // DA va SE = DA MAi: ^^'1'-
=>SE//BCva SE = BC ^ 
=> SEBC la hinh binh hanh => EB // SC 
Goi P la trung diem ciia AB. 
Ta C O MP // BE =:> MP // SC, NC //AC 
Tir d() (MNP)//(SAC). (1) 
Do DB 1 AC; DB 1 SO (d day O la tarn 
cua day ABCD) =i> DB 1 (SAC) (2) , y 

Tir (1). (2) suy ra DB 1 (MNP) => DB 1 MN=> dpcm! 
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USli Ilinn nor Knony ffinn - man iiuy muu 

Nhdn xet: X c t each gi i i i khac bang phifc-fng phap toa do nhu" sau: 
Dufng he true toa di) A x y / nhiT hlnh vc. 
Dait SO = h. Ta C O 
O = (0; 0; 0) ; S = (0; 0; h) ' 

A . ( - i ^ ; ( ) ; ( ) ) ; B = ( 0 ; ^ ; 0 ) 

' " D = , ( ) ; - ^ ; 0 , ; C = < i ^ ; 0 ; 0 ) 

Goi I la trung d iem cua SA ih i 

Ta C O I la trung diem cua DE nen 

\E - 2xi - xo = - - = -

yu = 2 y , - y n = 0 - ( — ~ ) = — 

Z E = 2Z| - Z D = h - 0 = h A. ;,;;-> t .'Ain 

^ , aV2 a72 :iV2 aV2 h ^ . ,3aV2 h 
Vay E = (- ^ ; h) M = (- — ; — ; - ) va M N = ( ^ — ;();- - ). 

B D = (0; - a72 ; 0) => M N . B D = 0 => M N 1 B D => dpcm! 

Thi du 5: (De thi luyen sinh khoi B - 2006) ' 

Cho hlnh chop S.ABCD c6 day A B C D la hinh chiT nhal vt^i A B = a; A D = â /2 ; 

, SA = a va vuong goc vdi day (ABCD). Goi M , N la trung diem cua A D va SC 

ChuTng minh mat phang (SAC) vuong goc vOi mat phang (SMB). 

G i a i 

Gia sur A C n M B = I , ta c6 BC = 2 A M 

=> CI = 2 A I ; B I = 2 M I 

V 1 A C = a V 3 r ^ A I = 
a73 

3 . 

I ' i V i M B = j a ^ + — = 
a^ a>/3 a.y/6 

4i 
= > M I = 

.,2 ,j2 .̂ 2 
Ta C O A I ' + M l ' := — + — =: — 

3 6 2 

M a t khsic A M ^ = 
f aV2 

• A I ^ + M I ' = AM= 

D 

2 M 

=> A I M =90"=i> A C I M B . (1) 
M i l t khac M B 1 SA (do SA i . (ABCD)) => M B 1 (SAC) 
=^ (SMB) 1 (SAC) : ^ dpcm! 

Xhidu 6: (De thi tuyen sinh D a i hoc khoi A - 2002) ' , , . 
Cho hlnh chop lam giitc deu S .ABCD dinh S, co do di i i canh day bang a. 
Goi M , N Ian \m\a cac t rung d i e m ciia SB, SC. Bie't rang mat phang 
( A M N ) vuong goc vc'iti mat phang (SBC). T i n h d i e n t ich tarn giac A M N theo a. 

G i a i 
V I SABC la chop deu. nen A SAB = A •J'^^f^ 

SAC, do do hai duTifng trung tuye'n 
tu-dng iJng bang nhau, tiJc la A M = A N . 
Goi H la U-ung diem cua M N thi A H 1 M N . 
Ta C O ( A M N ) 1 (SBC); 
( A M N ) n (SBC) = M N , ma A H 1 M N 
= > A H 1 ( S B C ) ^ A H I S H . A 
Gia su- SH n BC = K. De thay H la 
trung d iem cua SK. 
Do A H 1 SH, la c6 A H 1 SK A S K li i tam giac can di'nh A ' 

SA = A K = 
2 k f i : ' ' \ \ . " 0 

Trong tam giac vuong SBK, la c6 SK = VsB^ - B K ^ 

•>0", 

i 
a> a a 72 

= > S H = i s K = ^ 
2 4 

Ta C O AH = VSA^ - S H ^ = 
2 / 

a 72 aVlO 

^ Vl theSAMN= - M N . A H 

i 
16 ' 'intiji Ji'ih-^. 
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Nhdn xet: X c t each gi i i i khac bang phifc-fng phap toa do nhu" sau: 
Dufng he true toa di) A x y / nhiT hlnh vc. 
Dait SO = h. Ta C O 
O = (0; 0; 0) ; S = (0; 0; h) ' 

A . ( - i ^ ; ( ) ; ( ) ) ; B = ( 0 ; ^ ; 0 ) 

' " D = , ( ) ; - ^ ; 0 , ; C = < i ^ ; 0 ; 0 ) 

Goi I la trung d iem cua SA ih i 

Ta C O I la trung diem cua DE nen 

\E - 2xi - xo = - - = -

yu = 2 y , - y n = 0 - ( — ~ ) = — 

Z E = 2Z| - Z D = h - 0 = h A. ;,;;-> t .'Ain 

^ , aV2 a72 :iV2 aV2 h ^ . ,3aV2 h 
Vay E = (- ^ ; h) M = (- — ; — ; - ) va M N = ( ^ — ;();- - ). 

B D = (0; - a72 ; 0) => M N . B D = 0 => M N 1 B D => dpcm! 

Thi du 5: (De thi luyen sinh khoi B - 2006) ' 

Cho hlnh chop S.ABCD c6 day A B C D la hinh chiT nhal vt^i A B = a; A D = â /2 ; 

, SA = a va vuong goc vdi day (ABCD). Goi M , N la trung diem cua A D va SC 

ChuTng minh mat phang (SAC) vuong goc vOi mat phang (SMB). 

G i a i 

Gia sur A C n M B = I , ta c6 BC = 2 A M 

=> CI = 2 A I ; B I = 2 M I 

V 1 A C = a V 3 r ^ A I = 
a73 

3 . 

I ' i V i M B = j a ^ + — = 
a^ a>/3 a.y/6 

4i 
= > M I = 

.,2 ,j2 .̂ 2 
Ta C O A I ' + M l ' := — + — =: — 

3 6 2 

M a t khsic A M ^ = 
f aV2 

• A I ^ + M I ' = AM= 

D 

2 M 

=> A I M =90"=i> A C I M B . (1) 
M i l t khac M B 1 SA (do SA i . (ABCD)) => M B 1 (SAC) 
=^ (SMB) 1 (SAC) : ^ dpcm! 

Xhidu 6: (De thi tuyen sinh D a i hoc khoi A - 2002) ' , , . 
Cho hlnh chop lam giitc deu S .ABCD dinh S, co do di i i canh day bang a. 
Goi M , N Ian \m\a cac t rung d i e m ciia SB, SC. Bie't rang mat phang 
( A M N ) vuong goc vc'iti mat phang (SBC). T i n h d i e n t ich tarn giac A M N theo a. 

G i a i 
V I SABC la chop deu. nen A SAB = A •J'^^f^ 

SAC, do do hai duTifng trung tuye'n 
tu-dng iJng bang nhau, tiJc la A M = A N . 
Goi H la U-ung diem cua M N thi A H 1 M N . 
Ta C O ( A M N ) 1 (SBC); 
( A M N ) n (SBC) = M N , ma A H 1 M N 
= > A H 1 ( S B C ) ^ A H I S H . A 
Gia su- SH n BC = K. De thay H la 
trung d iem cua SK. 
Do A H 1 SH, la c6 A H 1 SK A S K li i tam giac can di'nh A ' 

SA = A K = 
2 k f i : ' ' \ \ . " 0 

Trong tam giac vuong SBK, la c6 SK = VsB^ - B K ^ 

•>0", 

i 
a> a a 72 

= > S H = i s K = ^ 
2 4 

Ta C O AH = VSA^ - S H ^ = 
2 / 

a 72 aVlO 

^ Vl theSAMN= - M N . A H 

i 
16 ' 'intiji Ji'ih-^. 
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C . C a c bai toan thie't di§n lien quan d6n ti'nh vuony goc 
NhiTda biC't trong Chu^dng I , de du"ng thie't dien vdi mot kho'i da dien ngirCtj 
la thirdng su" dung hai phu'dng phap: 

- T i m giao tuyen cua hai mat phang bang each xac dinh hai d iem chung 

- T i m giao tuyen cua hai mat phang diTa vac tinh song song (diTdng thang song 
song mat phang hoac la hai mat phang song song v d i nhau) 

, Trong cac bai tap de cap de'n d ChUdng 1, hau nhu" khong di jng gi den tinh 

vuong goc trong khong gian. 

Cac bai ti lp thuoc muc nay c6 dang sau: D o i hoi duTng thiet dien vuong goc 

vdi mot 6\ii1ng thang cho trU'cfc hoac vuong goc vcti mat phang cho \r\idc nao do. 

V a n dung cac dinh l i ve tinh vuong goc va ke't hdp v d i cac phu'dng phap 

truyen thong cua viec xac dinh thie't dien, ta se giai du"dc bai toan dat ra. 

Th i du 1 : Cho hinh lap phiTdng A B C D A ' B ' C ' D ' . Goi 01^ tam cua hinh lap phu'dng. 

1. Di/ng thie't dien vdi hinh lap phu'dng biet rang thie't d ien qua O va vuong 

goc vdi du'dng chdo A ' C . 

2. T i m dien tich thie't dien ne'u canh cua hinh lap phu'dng bang a. 

Giai 
1. G o i M . N l a n l i T d t l a t r u n g d i e m c u a A D v a D ' C . 

Ta CO M A ' = M C , N A ' = NC 

= > M 0 1 A ' C va NO 1 A ' C 

=> A ' C l ( M O N ) . 

V a y ( M O N ) la mat phang qua O 

va vuong goc vdi du'dng cheo A ' C . 

Con lai ta se m d rong ( M O N ) 

de no trd thanh thiet dien. 

Trong ( A D C ' B ' ) : M O n B ' C = Q 

^ ( M O N ) n ( A ' B ' C ' D ' ) = N Q 

De thay Q la trung d iem cua B ' C . 

Ta CO ( A B C D ) //(A'B'C'D') nen ( M O N ) n ( A B C D ) = M R (R e A B ) , trong 

do M R // Q N . De thay R cung la trung diem cua A B . 

Trong ( A B C D ) : R M n DC = E; R M n BC = F. 

Trong ( D C C ' D ' ) : E N n D D ' = H . 

Trong ( B C C ' B ' ) : FQ n B B ' = K. 

De thay H , K Ian lifdt la trung diem cua D D ' va B B ' . 

Vay M H N Q K R la luc giac thiet dien phai dirng. 

2 D S thay day la luc giac deu c6 canh bang R M = — BD = 

§ I ' D O do Sihic'ldicn = 6. 
373a^ 

4 4 r'^r^ 

fslh^n xet: Qua thi du tren ta thay de diTng thie't dien ta da siV dung: 
1. Tinh vuong goc cua difdng thang vdi mat phang (bang each chon cac 

diem M , N roi chiJng minh A ' C 1 ( O M N ) ) . " ' ' 
2. Svt dung tinh song song cung nhu' t im hai diem chung de xac dinh giao 

tuyen cua hai mat phang (cac phu'dng phap quen bie't da trinh bay ky 
trong Chu'dng 1). 

Thi du 2: Cho hinh chop tt? giac deu S.ABCD canh day bang a. Goc giiJa mat 
ben (SAB) va (SCD) bang 60". 

1. DiTng thie't dien qua DC vii vuong goc vdi (SAB). ' 
2. T i m dien tich thie't dien theo a. ' ' • 

Giai 
1. V i DC // (SAB) =^ (SDC) n (SAB) = Ml DC, d day A qua S. 

Goi M , N Ian lu'dt la cac trung diem ciia 
DC, A B . Ta cd S M 1 DC, S N 1 A B 
=> S M 1 A, SN 1 A vj iy M S N la goc 
tao bdi hai mat phang (SAB) va (SCD) 
^ M S N = 60". 
Ta CO NS 1 A B , M N 1 A B 
=^ A B 1 ( M N S ) (SAB) 1 (MNS) . 
La i cd (SAB) n (SMN) = SN 
Tiif do ne'u ke M K 1 SN (K e SN) 
=> M K ± (SAB) ( K D C ) 1 (SAB). 
Vay K D C la mat phang qua DC va vuong goc vdi (SAB). 
Do D C // A B ^ DC // (SAB) =i> (KDC) n (SAB) = EF // D C (tiJc // A B ) 
V i E F q u a K . 

Do N S M = 60" ^ S N M la tam giac deu canh bang a vi M K 1 SN KS = K N 

=> E, F Ian lu'dt la trung diem cija SA, SB. CDEF la thie't dien phai diTng. Do 
la hinh thang can. 

'̂ T a c 6 E F = i A B = a ; K M = ' ' 

^ay S 
. (DC + E F ) K M 

CUl-F 

f a, aVB 

2 8 
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C . C a c bai toan thie't di§n lien quan d6n ti'nh vuony goc 
NhiTda biC't trong Chu^dng I , de du"ng thie't dien vdi mot kho'i da dien ngirCtj 
la thirdng su" dung hai phu'dng phap: 

- T i m giao tuyen cua hai mat phang bang each xac dinh hai d iem chung 

- T i m giao tuyen cua hai mat phang diTa vac tinh song song (diTdng thang song 
song mat phang hoac la hai mat phang song song v d i nhau) 

, Trong cac bai tap de cap de'n d ChUdng 1, hau nhu" khong di jng gi den tinh 

vuong goc trong khong gian. 

Cac bai ti lp thuoc muc nay c6 dang sau: D o i hoi duTng thiet dien vuong goc 

vdi mot 6\ii1ng thang cho trU'cfc hoac vuong goc vcti mat phang cho \r\idc nao do. 

V a n dung cac dinh l i ve tinh vuong goc va ke't hdp v d i cac phu'dng phap 

truyen thong cua viec xac dinh thie't dien, ta se giai du"dc bai toan dat ra. 

Th i du 1 : Cho hinh lap phiTdng A B C D A ' B ' C ' D ' . Goi 01^ tam cua hinh lap phu'dng. 

1. Di/ng thie't dien vdi hinh lap phu'dng biet rang thie't d ien qua O va vuong 

goc vdi du'dng chdo A ' C . 

2. T i m dien tich thie't dien ne'u canh cua hinh lap phu'dng bang a. 

Giai 
1. G o i M . N l a n l i T d t l a t r u n g d i e m c u a A D v a D ' C . 

Ta CO M A ' = M C , N A ' = NC 

= > M 0 1 A ' C va NO 1 A ' C 

=> A ' C l ( M O N ) . 

V a y ( M O N ) la mat phang qua O 

va vuong goc vdi du'dng cheo A ' C . 

Con lai ta se m d rong ( M O N ) 

de no trd thanh thiet dien. 

Trong ( A D C ' B ' ) : M O n B ' C = Q 

^ ( M O N ) n ( A ' B ' C ' D ' ) = N Q 

De thay Q la trung d iem cua B ' C . 

Ta CO ( A B C D ) //(A'B'C'D') nen ( M O N ) n ( A B C D ) = M R (R e A B ) , trong 

do M R // Q N . De thay R cung la trung diem cua A B . 

Trong ( A B C D ) : R M n DC = E; R M n BC = F. 

Trong ( D C C ' D ' ) : E N n D D ' = H . 

Trong ( B C C ' B ' ) : FQ n B B ' = K. 

De thay H , K Ian lifdt la trung diem cua D D ' va B B ' . 

Vay M H N Q K R la luc giac thiet dien phai dirng. 

2 D S thay day la luc giac deu c6 canh bang R M = — BD = 

§ I ' D O do Sihic'ldicn = 6. 
373a^ 

4 4 r'^r^ 

fslh^n xet: Qua thi du tren ta thay de diTng thie't dien ta da siV dung: 
1. Tinh vuong goc cua difdng thang vdi mat phang (bang each chon cac 

diem M , N roi chiJng minh A ' C 1 ( O M N ) ) . " ' ' 
2. Svt dung tinh song song cung nhu' t im hai diem chung de xac dinh giao 

tuyen cua hai mat phang (cac phu'dng phap quen bie't da trinh bay ky 
trong Chu'dng 1). 

Thi du 2: Cho hinh chop tt? giac deu S.ABCD canh day bang a. Goc giiJa mat 
ben (SAB) va (SCD) bang 60". 

1. DiTng thie't dien qua DC vii vuong goc vdi (SAB). ' 
2. T i m dien tich thie't dien theo a. ' ' • 

Giai 
1. V i DC // (SAB) =^ (SDC) n (SAB) = Ml DC, d day A qua S. 

Goi M , N Ian lu'dt la cac trung diem ciia 
DC, A B . Ta cd S M 1 DC, S N 1 A B 
=> S M 1 A, SN 1 A vj iy M S N la goc 
tao bdi hai mat phang (SAB) va (SCD) 
^ M S N = 60". 
Ta CO NS 1 A B , M N 1 A B 
=^ A B 1 ( M N S ) (SAB) 1 (MNS) . 
La i cd (SAB) n (SMN) = SN 
Tiif do ne'u ke M K 1 SN (K e SN) 
=> M K ± (SAB) ( K D C ) 1 (SAB). 
Vay K D C la mat phang qua DC va vuong goc vdi (SAB). 
Do D C // A B ^ DC // (SAB) =i> (KDC) n (SAB) = EF // D C (tiJc // A B ) 
V i E F q u a K . 

Do N S M = 60" ^ S N M la tam giac deu canh bang a vi M K 1 SN KS = K N 

=> E, F Ian lu'dt la trung diem cija SA, SB. CDEF la thie't dien phai diTng. Do 
la hinh thang can. 

'̂ T a c 6 E F = i A B = a ; K M = ' ' 

^ay S 
. (DC + E F ) K M 

CUl-F 

f a, aVB 

2 8 
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Thi du 3: Trong mat phang (P) cho diem O va mot diTdng thang (d) each O mo| 
khoang OH = h. T ien (d) lay hai diem B, C sao cho: B ' O H = C O H = a. Tir o 
diTng difcJng lhang vuong goc vdi (P) va tren do lay diem A sao cho OA = O H 

Xct tii' dicn O A B C . Lay K trcn OH va dat O K = x. 
1. DiTng thiet dicn vuong goc vdfi OH tai K. Thiet dien la h i n h gi? 
2. Tim chu vi ciia thiol dicn. Xac dinh goc a dc chu vi dafy khong phy 

t h u O C X. / i fn 

3. Gia sir a c6 gi;t tri tim du'dc d cau 2 
a. ChiTng minh rang dU Ĵng thflng vuong g(')c vdi ( A B C ) tai I (d day I |;, 
triTc lam cua tam giac A B C ) di qua lam du^dng Iron ngoai liep lam giac 

' O B C . ' 
..; ,, b. Gia sur diTfJng lhang noi trcn cftl OA tai D. Tinh C D . j , ^ 

1. Q u a K d i m g M N 1 0 H ( M e O B , N G O C ) 
Trong (AOH) dirng K L 1 OH (L e AH), 
Itfcla K L / / O A . • 
V i M N / / B C = > M N / / ( A B C ) 
=> (MLN) n (ABC) = E F , v(1i E F // MN 

(E e A B ; F e A C ) M E F N la thiol 
dicn phai di/ng. 
V i L K // OA => L K // (OAB) 
=> ( E F N M ) n (AOB) = E M // L K , tiJc la 
E M / / O A 

Ti/cJng tir F N //OA, ma OA 1 (P) 
=> thiol dicn E F N M la hinh chiJ nhCit. 

2. Ta C O OA = O B M E = MB = OB - OM = 
h - x 

C O S a 
Mat khac do tha'y MN = E F = 2MK = 2xlana 

G o i * ^ la chu vi cua thiol dipn, thi '^ = 2(EM + MN) = 2( 

2 

h - x 

cos a 
+ 2xtana) 

C O S a 
•[h + x (2s ina - l ) ] . (1) 

TiT (1) suy ra do khong phu ihuoc x, ta can c6 2sina -1 = 0 <=> sina = ~ 

« a = 3«" 

3. Xot khi a = 30" . Luc do O B C la lam giac dou. Goi O, la lam diTtJng tn'" 
ngoai tiop tam giac O B C . Ta so chii"ng minh Oi l 1 ( A B C ) . 
Do B C 1 (AOH) =:> B C 1 0 | L 
Xot dirdng cao C C ciia lam giac O B C , ihi C C ' l OB va vi (AOB) 1 (OBC) 
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=:> C C ± ( A O B ) . 
^ Giii sij" C I n A B = J, thi CJ -L A B (do I 

IruTc tam A A B C ) , ,+.,,,.;•,:(, 
> C J -L AB (dinh li ba dufcJng vuong goc) 

F = > A B l ( J C C ) r ^ A B 1 0 | I . 
i Kot hdp vdi B C _L Oil da noi Iron, suy ra 

| O i I l ( A B C ) . Do la dpcm. 
iGiii su" 0|I n OA = D. Do thay: 

^OOiD ^ A O A H , tu-c la 

V.yOD=52L5ti 
OA 

to"' / . r 

Thi du 4: Cho hinh chop S . A B C D c6 day la hinh vuong canh bang a, SA = a va 
vuong goc vc'Ji day. M la diom lion A C vii dat A M = x (0 < x <a V2 ) 
1. DiTng thiol dicn qua M, song song vc'Ji B D va vuong goc vdi ( A B C D ) 
2. Tinh dion tich thiol dipn , ! 
3. Vd do thi biou dicn sir bion thion ciia dipn tich thiol dipn.'Xac dinh vi tri 

ciia M do thiol dipn c6 dipn tich IcJu nhat. 
4. Khi ihoa man diou kipn cau 3, thiol dipn chia hinh chop thanh hai phan 

C O the tich Ian lu'itt la V , , V . . Tim ti so 

1. Vi thiol dipn qua M va song song vdi 
BD non no phai chiJa du'dng lhang qua 
M vii song song vdi B D . 
Mat khac, no vuong goc vdi ( A B C D ) , 

Hj lii'c lii song song vdi SA non no phiii chi'ra 
B du'dng lhang qua M va song song vdi SA. 

Xot hai kha nang sau: 
aV2 

. V, 

a. N o u O < x < , khi do qua M ko NP // B D (N £ A D ; P e A B ) 

Kd MR // S A (K e SC) . V i MR // SA MR // (SAD) va MR // (SAB) 
=> (NPR) n (SAD) = NU // R M (tiJc // SA) , vdi U e SD. 

(NPR) n (SAB) = PQ // SA, vdi Q e SB. \r 
Nhu^ tho Irong Irirdng hdp nay thiol dipn la ngu giiic U R Q P N . 
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Thi du 3: Trong mat phang (P) cho diem O va mot diTdng thang (d) each O mo| 
khoang OH = h. T ien (d) lay hai diem B, C sao cho: B ' O H = C O H = a. Tir o 
diTng difcJng lhang vuong goc vdi (P) va tren do lay diem A sao cho OA = O H 

Xct tii' dicn O A B C . Lay K trcn OH va dat O K = x. 
1. DiTng thiet dicn vuong goc vdfi OH tai K. Thiet dien la h i n h gi? 
2. Tim chu vi ciia thiol dicn. Xac dinh goc a dc chu vi dafy khong phy 

t h u O C X. / i fn 

3. Gia sir a c6 gi;t tri tim du'dc d cau 2 
a. ChiTng minh rang dU Ĵng thflng vuong g(')c vdi ( A B C ) tai I (d day I |;, 
triTc lam cua tam giac A B C ) di qua lam du^dng Iron ngoai liep lam giac 

' O B C . ' 
..; ,, b. Gia sur diTfJng lhang noi trcn cftl OA tai D. Tinh C D . j , ^ 

1. Q u a K d i m g M N 1 0 H ( M e O B , N G O C ) 
Trong (AOH) dirng K L 1 OH (L e AH), 
Itfcla K L / / O A . • 
V i M N / / B C = > M N / / ( A B C ) 
=> (MLN) n (ABC) = E F , v(1i E F // MN 

(E e A B ; F e A C ) M E F N la thiol 
dicn phai di/ng. 
V i L K // OA => L K // (OAB) 
=> ( E F N M ) n (AOB) = E M // L K , tiJc la 
E M / / O A 

Ti/cJng tir F N //OA, ma OA 1 (P) 
=> thiol dicn E F N M la hinh chiJ nhCit. 

2. Ta C O OA = OB M E = MB = OB - OM = 
h - x 

C O S a 
Mat khac do tha'y MN = E F = 2MK = 2xlana 

G o i * ^ la chu vi cua thiol dipn, thi '^ = 2(EM + MN) = 2( 

2 

h - x 

cos a 
+ 2xtana) 

C O S a 
•[h + x (2s ina - l ) ] . (1) 

TiT (1) suy ra do khong phu ihuoc x, ta can c6 2sina -1 = 0 <=> sina = ~ 

« a = 3«" 

3. Xot khi a = 30" . Luc do O B C la lam giac dou. Goi O, la lam diTtJng tn'" 
ngoai tiop tam giac O B C . Ta so chii"ng minh Oi l 1 ( A B C ) . 
Do B C 1 (AOH) =:> B C 1 0 | L 
Xot dirdng cao C C ciia lam giac O B C , ihi C C ' l OB va vi (AOB) 1 (OBC) 
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=:> C C ± ( A O B ) . 
^ Giii sij" C I n A B = J, thi CJ -L A B (do I 

IruTc tam A A B C ) , ,+.,,,.;•,:(, 
> C J -L AB (dinh li ba dufcJng vuong goc) 

F = > A B l ( J C C ) r ^ A B 1 0 | I . 
i Kot hdp vdi B C _L Oil da noi Iron, suy ra 

| O i I l ( A B C ) . Do la dpcm. 
iGiii su" 0|I n OA = D. Do thay: 

^OOiD ^ A O A H , tu-c la 

V.yOD=52L5ti 
OA 

to"' / . r 

Thi du 4: Cho hinh chop S . A B C D c6 day la hinh vuong canh bang a, SA = a va 
vuong goc vc'Ji day. M la diom lion A C vii dat A M = x (0 < x <a V2 ) 
1. DiTng thiol dicn qua M, song song vc'Ji B D va vuong goc vdi ( A B C D ) 
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aV2 

. V, 

a. N o u O < x < , khi do qua M ko NP // B D (N £ A D ; P e A B ) 
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b. Neu < X < a ŷ2 . Khi do qua M ' ( A M ' = x), kc ET // DB (E e D( 

T 6 BC). Kc M'F // SA (F e SC). Liic nay thict dien phai dirng \h lam giac ETF, 
2. Tinh S,j. Xct hai kha nang sau: 

aV2 
a. Neu 0 < X < •, theo cau 1, thie't dien la ngu giac URQPN. 

(RM + OP)MP 
Ta CO S , j = 2SMRQP = 2. ^ = (RM+QP)MP. (1) 

De tha'y MP = x. Theo dinh l i Ta-let, ta c6 

RM CM RM a>/2-x 2A-\42 
RM = (2) 

(3) 

SA CA a aV2 T 2 

Mat khac QP = PB = a - AP = a - x >/2 . 

Thay (2), (3) vao (1) roi riit gon, ta c6 S,,: = + 2ax 

aV2 
b. Neu -^^y- < X < a %/2 , theo cau 1, thict dien la tarn giac EFT. 

Ta CO S,d = - E T . F M ' = EM'.FM' . 
i:;) 2 

(4) 

Do EM' = M'C = a V2 - X va tu'dng tu" nhiT trcn ta c6 

FM' = , thay vao (4) la co S,j = — x^ - 2ax + â  V2 
2 2 

Tom lai ta di dc'n cong thiJc sau de tinh dien lich thie't dicn 
3V2 . aV2 

Si l l — 

-x^ +2ax Neu 0 < X < 

^ x 2 - 2 a x + a 2 V 2 N c ' u ^ < x < a 7 2 . 
2 • 2 

3. De thay do thi ci'ia S,d c6 dang sau : 

Tifdo thi suy ra: S,,,,,., = 
a^72 a 

X = — o A M = - AC. 
3 3 3 

Clii TNHII MTV DWII Khnntj Viel 

4. Khi M Ihoa man dieu kien 6 Cau 3, ta c6 A M = - AC. 

Trong (ABCD): NP n BC = J; NP n DC = I 

A B 

Goi V | la the tich phan hinh chop nam tru'dc thie't dien. Ta c6: 

Ta CO A M = - AC - =i. AP = 
3 3 

RM CM 2 QP BP 1 

- V|.;,1DN 

= ^ a = . B P = i i 
3 3 3 

BP 1 
AB 3 

EM 1 

1̂  I 

TCr do la CO 

Tu-dng tir 

SA 3 . r I ' , 1 ' 

Goi V, S, h ian liMt la the tich, dicn tich day ABCD va chicu cao cua hinh 
chop S.ABCD. Ta co: , >!" • . A v i b . J i t . H ' i 

>icj-

'PBJ — ^\UN 

4 
d.—a 

_ 8a^ _ 8 
S, '̂̂ ^ 

3 9 9 
S, '̂̂ ^ 

1 f l ^ f l ^ s 
= — - a - a = — 2 U J u j 18 

1 1 rh^ 
- S -h - 2 . -

~ 3 [9 ) u . 3 J 8 , 

16. . V _ 15V 5V 
= -— V -

27 27 ' 27 9 

• r 

4V 

V2 4 

iTii du 5: Cho hinh chop S.ABCD, trong do ABC la tarn giac vuong Uii A, AB = a, «: ABC =60". Canh SC = a va vuong goc vdi (ABC) 
s 1. DiTng thict dien qua M e SA vii vuong goc vdi SA • * f ' f ' l i - t ^ ' i ^ ^ -

2. Dat A M = X. Tinh dien tich thie't dicn. 

1 A T 
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( l i a i 
1. Kc CD ± SA, la c6 A C ' = AD.AS 

^ (a73)^ = AD .2a ^ A D = y )Ci r *VA ;1 

X c l hai kha nang sau: 

a. Nc i i 0 < X < — . li'rc M I e A D ( A M , = x) 
2 

Trong(SAC) , k cM ,N|//CD=> M , N | 1 S A . C 
Trong (SAB), kc M,P| // AB MiP, 1 SA 
(do AB 1 SA Ihco djnh l i ba difcing vuong 
g()c). Nh inhc (M|N,P|)1SA. A 
V i M|P| // AB ^ M|P, // (ABC) ^ (M|N|P|) n (ABC) - N|Q,, 
thi N iQ i // M|P, (la CO N|Q, // AB vdi Q, e BC). Mat khiic, do AB _L (SAC) 
=> AB 1 M , N , =^ M,N| 1 M , P , . , ,,,(5,/w^v4-.. Hnnt'nf:.!.^/!".?! (-} .V I 
Vay M|P|Q|N| la hlnh thang vuong tai M, , Ni va la ihict d icn phi i i difng. 

b. Ncu — < X <2a, la c6 M . e SD ( A M , = x). 
2 

(MjN.Pj ) 1 SA =^ Tarn giac M.N.P. la 
Trong (SAC), kc M2N2 // CD 
Trong (SAB), kc M . N . // AB 
thict d icn phii i difng. , 
Tom la i : 

' - Ncu M e (SD): Thict d icn la lam giac. 
rirn'.i gi; - Ncu M e (DA) : Thict dicn la huih thang vuong. . / io : 
2. Dc l inh diC-n tich thict diC-n, xc l hai kha nang sau: :<).» .QDHA.i'. qbr 

a. Ncu 0 < X < , thco cau 1 thict dicn la hinh thang vuong va ta c6 

S , u = ^ (M|P, +N|Q; ) .M,N, . (1) 

Thco dinh l i Ta - l c t , la c6 

M,P, = 

Ta CO CD = 

2 a - X 

2 

cij3 

M|P| _ SM| M|P| _ 2 a - x 

SA a 2a ito^i-bhW: 

(2) 

N ,M , _ 
N,M, = ^ ^ . ( 3 T 

3 

La i thco dinh l i Ta - l c t , thi 
' . N,Q, _ C Q , _EP , _ D M , _ 2 

3a 

AB CB EB D A 3a 
2 

Cty TNIin MTV DVVIT Khaiuj VuH 

Do (CDE) // (N|M|P,Qi) => hai giao luycn ciia hai mat phang nily vd i (SBC) 
phai song song vdi nhau, tiJc CE // Q|P| 

=^N,Q, = ^ ^ . (4) 

Thay (2), (3), (4) vao (1) ro i rut gon, la c6 S,j = —^(12a - 7 x ) . ' 

h. Nc'u ^<x<2a, thco cau 1 Ihict dicn li i lam giac vuong, ta c6 

^tf* ' lt ' : j S,j = ^ N j M : .M2P2 . • ' ^ q ' i ! ' (5) 

• . N , M , S M 2 N 2 M 2 2 a - x _ r - ' 

^ ^ " i ^ = 1 ^ = - 1 ^ ^ ^̂^̂^ = ^ • 
'Y 2 

Li ip luan tu-dng liT c6 = => M,P2 = ^ " " ^ 
a 2a " 2 

Thay (6), (7) vao (5), ta c6 S,u = " ^ ^ ^ ' ^ " ^ ^ ^ 

(7) 

Tom lai di den cong ihiJc sau dc tinh dicn tich thict d icn ' "'''^ ' ' ' ' 

; 0 )2 iikx dnW »•>. Si,i — 

• N/3 3-
^ ^ ( 1 2 a - 7 x ) n c u O < x < — 
36 2 

V3 _ . 3a 
- ( 2a -x ) ^ ncu — < x < 2 a 

\ 

• i i i j nuvwro/;i: ' ; i^nj 

; Jiifn ill? M -'. h 

lit H Urg U-'M : -1:1 

i r i l >! > 
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C H l / t ^ N e J . K H O I T R O N X O A Y 

§ 1 . i r i l W I C A U 
Cac bai loan vc hinh cau trong hinli hoc Ichong gian ihutin tuy thien vc c;ic 

tinh chat dinh tinh. De giai du'dc cac bai toan trong phan nay doi hoi hoc sinh 

phai nam vi^ng va su" dung thanh thao cac kie'n thiirc cua hinh hoc khong gjan 

(dac biet la ciic kie'n thiJc ve quan he song song va quan he vuc)ng goc). 

A . T o m t a t ly thuyet . 

- Hinh cau la tap hdp nhffng diem M trong khong gian ma khoang each ttr M 

de'n mot d iem co dinh O luon luon nho hcfn hay bang mot do dai R cho 

tru-dfc, ti?c la O M < R 

M a t cau la tap hdp nhiyng diem M each deu mot diem c6 dinh O mot doan 

khong doi bang R, tifc la O M = R. 

V i t r i tUcJng doi gifra mat phring va mat c;1u • ,:, 

Xet hinh cau S(0; R) tarn O, ban kinh R va mSt phang (P). Gia su" d la 

khoang each tif tam O de'n mat phang (P). 

a. Neu d > R: Mt i t phang (P) va mat ciiu S(0; R) khong cat nhau 

d > R d = R 

b. Neu d = R, ihi mat phang (P) va mat cau S(0 ; R) chi c6 mot diem chung 

duy nhal. Neu goi H la diem chung ay thi H goi la l iep d iem cua mslt can 

vdi mil t phiing. Luc do (P) se goi la l iep d icn vd i mat cau. 

c. Neu d < R thi mat phang (P) vii mat cau S(0; R) cat nhau theo mot giao 

luye'n la dirdng Iron. Hinh chie'u H ciia O I ren (P) chinh la lam cua difdng 

tron giao luye'n. Neu goi r la ban kinh cua dif5ng Iron giao luye'n Ihi: 

Clij TNini MTV DVVII Khnng Viet 

, i i . 0 - 1 
Vj tr i tU"dng doi giffa hai mat cau 

Cho hai hinh cau S|(Oi; R|) va S:(02; R2). 
Da l d = 0 | 0 : la khoang each giffa hai lam cua hai hinh cau. " 
a. Neu d > R| + R: ih i hai hinh cau khong cat nhau vii (If ngoai nhau. 

d > R| + R2 

b. Ne'u d = R| + R: thi hai hinh cau liep xiic ngoai v6i nhau. 

d = R| + R 2 

c. Neu |R| - R2I < d < R i + R 2 thi hai hinh cau cat nhau. : 

• viU 

| R , - R 2 i < d < R , + R2 

d. Neu d = |Ri - R2I > 0, khi do hai hinh cau tiep xiic trong vd i nhau. 
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c. Ne'u 0 < d < |R| - R2I , hai hinh csui dyng nhau. 

f. Ncu d = 0, hai hinh cau ddng lam (khi do O i = O 2 ) 

lift) <..;-i + ,51 <bi!m 

1$. Ciic l)5ii loan chon loc ve hinh cau 
Trong phan nay chiing ta sc difa ra mol so' bai loan chon loc vc hinh can. 
Chung bao gom cac biii tap dinh linh cung nhU'dinh lu'c^ng vc hinh cau, cac 
bai lotin ve hinh Cciu noi va ngoai l icp khoi da dicn, cac ba't dang ihiJc lien 
quan den hinh can.... ' ' x - / \

Thi du 1: Cho hinh chop S.ABCD day la hinh vuong, con SB vuong goc 
(ABCD). Lay tren SA mot diem M (M 7^ S, M 9^ A). Giii siî  SD n (BCM) = N. 
Chtfng minh rhng 6 d iem A, B, C, D, M, N khong the nam IrcMi mot mat ciiu. 

Do BC// AD =^ BC // (SAD) 
=> ( B C M ) n ( S A D ) = M N , t rong do 
N e SD va MN // BC (tufc MN // AD) 
Vi BA 1 A D =^ SA 1 AD (djnh li ba 
du'dng vuong goc) . \
Vi the M A D N la hinh thang vuong 
thirc sir (do MN < AD). Do do MADN 
khong phiii la tu" giac noi l iep. 
Gia thiet phiin chiTng 6 d iem A, B, C, 
D, M, N cung nam tren mot mat cau 
(-rf )nao do . Khi do mat phang (SAD) 
phai cat (if ) theo mot giao tuyen la 
mot du'dng Iron. 

Giai 

R 6 rang M, N, A, D thuoc dU'cJng Iron giao luye'n nay. Nhif the MADN noi 
r ieng la mot lu" giac noi t icp. Dicu nay mau Ihuan vCfi kcl luan Ircn. 
Vay giii thicl phiin chiJug la sai. Do la dpcm. 

'I'hi du 2: Cho hnih chop dinh S va day la mol da giac idi A^Aj...A„ ( n - g i a c loi). 
Tim dicu kien can vii du de ton tai hinh ciiu ngoai t icp hinh chop, ti'rc l;i dinh 
S ciia hinh chop va cac dinh A| , A 2 , A „ ciia day dcu nam licn mol mat cau. 

Giai 
1. DiOu k i en c a n : Giii su" ton tai hinh cau 

Ulm O ngoai liO'p hinh chop S.A1A2 . . .A , , 
tiJc la la CO 
OS = OA, = O A 2 = ... = 0A„. (1) 
K c O H l ( A ,A2 . . . A „ ) 
=> HA, = H A 2 = H A n . (2) 
Dang thu-c (2) chlTng to day A,A2...A„ 
la mot da giac noi l iep. 

'2. D i e u k i e n dii: Giii siif A ,A2. . .An 

lii mot da g iac noi l iep. Goi H la tiim 
dU'cJng Iron ngoai l iep day. Qua H di/ng du'Cing thang A vuong goc vdi mat 
phang A1A2 . . . A , , . Ve m;lt phang trung Irifc (71) ciia mot canh bat ky ciia hinh 
chop (chang han SA,) . Do A khong song song vdi (n) nen giii suf A n (n) = 0. 

Khi do la thay 

u Si! 0'()i) III 

OA, = 0 A 2 = ... = 0A„ 
OA, = O H 

Tijf do suy ra O lii lam hinh cau ngoai l iep hinh chop S. A,A2...A„. NhiT vay, 
la CO ke l luan sau: 
Dieu k i?n can va du de hinh chop S. A,A2...A„noi l iep trong mot hinh cilu lii: 
Da giac day A, A2...A„ la mot da giac noi l iep. 

Nhan xet: TiT thi du tren, ta n i l ra cac kel luan sau: , , , , „, 
1. Moi hinh chop lam giac (tiJc la moi lii" d ien) , moi hinh chop deu lii hinh 
chop noi l iep trong mot hinh cau. 
2. Khi hinh chop da thoa miin dieu kien tren thi lam liinh c;tu ngoai ticp 
ciia no Xcic dinh iheo cac bu'dc sau: 

- Xac dinh tiim H Axil^ng Iron ngoai liep day A,A2...A„ 
- Qua H difng difcing thang A vuong goc vdi mat phang (AiA2 . . .A„) 

Ve mat phiing irung inic (n) ciia mot canh ba't ky ciia hinh chop 
Giii siir A n (71) = 0. Khi do , O la lam hinh cau ngoai l iep cua hinh chop 
S.A,A2...A„candu'ng 
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Boi (liCQiuf IISG Hinh hoc khon;/ (ji(in - J'haii IIiiij Khdi 
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lift) <..;-i + ,51 <bi!m 
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Vi the M A D N la hinh thang vuong 
thirc sir (do MN < AD). Do do MADN 
khong phiii la tu" giac noi l iep. 
Gia thiet phiin chiTng 6 d iem A, B, C, 
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Dang thu-c (2) chlTng to day A,A2...A„ 
la mot da giac noi l iep. 

'2. D i e u k i e n dii: Giii siif A ,A2. . .An 

lii mot da g iac noi l iep. Goi H la tiim 
dU'cJng Iron ngoai l iep day. Qua H di/ng du'Cing thang A vuong goc vdi mat 
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u Si! 0'()i) III 
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la CO ke l luan sau: 
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T3di duTliui TTSG TTinlt hgcl^cHonij ainu I'lmn Iliiii A / u u 

3. Trong cac irifc^ng hdp sau day mat phang trung tri/c (TT) C 6 the thay bang 

di/dng trung trifc. 

a. K h i hinh chop la chop deu (vi khi do A qua dinh S cua hinh chop) 

s ,̂  i.'ij ' , , ! . . . ; , , 

,f, .. 
;:;•:;);/( 

i o 

^ A„ 

f ' ' i t ; ; r v ' : M ;vr,:(! ii 

b. K h i hinh chop c6 mot canh vuong goc 
v d i day (A|A2...A„) (giii su'do la SA|). 
Luc do goi {%) la mat phdng xac dinh bdi A 
va SA, (A//SA,) . ' " • 
Trong ( 7 1 ) ve du'(:fng thang trung trufc d cua SAi 
Trong (71) : d n A = O. 
K h i do O la tarn hinh cau ngoai tiep can t ini . A , 
c. K h i hinh chop c6 diTdng thang A qua S. Luc nay ve trung triTc cua mot 
canh baft ky (giong nhu" tru'cfng hdp a) 
4. Xe t cac thi du minh hoa sau day: 

M i n h hoa 1 : Cho hinh chop n giac deu S.A1A2...A,, canh day bang a, goc cua 
mat ben va day bang cp. Hay xac dinh tarn va tinh ban k inh hinh cau ngoai 
tiep hinh chop. S 

K e SH 1 (A|A2...A„) khi do ta c6 

A ; H A 2 = — 

K e H M 1 A , A2 => M A , = MA2 = -
2 

^ H A , = - M ^ = ^ 
s i n A , H M 2sin-

Trung irifc cua SA, c^t SH tai O 

=> O 1^ tam hinh cau ngoai tiep cua hinh chop da cho. 

Ta CO S M H g6c tao bdi mat ben va day nen S M H = 9. Tir d6 suy ra 

a 7t SH = M H tan(p = M A j c o t A , H M tan(p = —cot— tancp 
• 2 n 
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Ta C O SA, = yfsH^+A^H^ = 

i 
a 2 7̂  2 ' I " — col —tan 9 + 

n 

2 sin ^ 

cos — tan"cp + l 
n 

Hai tam giac SKO va SHA, dong dang nen 
SK SO „ SK.SA, 

SH SA 
R = SO = 

SA, 

SH 
(6 day R la ban kinh hinh cau can t im) 

^ . S A , 4sin^' ' 
NhiTvay R = 

(1 + cos^ " tan^ cp) , ,t:vv| 
. 2 7t n ; 

SH 2 . - c o t - t a n cp 
2 n ^ 

liljiv:"'''' 

a(l + cos^~tan^(p) a( l + cos^ ~ tan^ cp) 
R = n n 

71 7C ^ . 271 
4 s i n - c o s - t a n (p 2sin — tancp 

n n . , n 
^ a d + cos^^an^-^-) 5^^^ 

n = 4 , c p = - , t a c 6 : R = ^ ' = — • Chiiy: N o i r ieng neu 
^ . 71 71 
2s in~ t a n -

2 3 
M i n h hoa 2: Cho tiJ dien deu A B C D canh bang 1. T i m ban kinh hinh cau ngoai 

tie'p tiJ dien. 
G i a i 

I G p i H la tam cua day BCD. Trung triTc cua A B (ve trong tam giac A B H ) cat 

A H tai O. K h i do O la tam hinh cau ngoai tiep ti? dien A B C D va ban kinh R 

cua hinh cau nay xac dinh nh\i sau: 

R = A 0 = 
A K A B A B A B 

c o s K A O 2 c o s B A H 2 . — "^^^ 
A B 

Ta CO A B = 1 ; B H = | B M = | ^ = ^ 

T 
o A H = V A B 2 - B H ^ - ^ 1 - | = ^ 

• 1 V6 B 
Thay who (*) va co R = j-j^ = — 
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;:;•:;);/( 

i o 

^ A„ 

f ' ' i t ; ; r v ' : M ;vr,:(! ii 
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=> O 1^ tam hinh cau ngoai tiep cua hinh chop da cho. 
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Ta C O SA, = yfsH^+A^H^ = 
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a 2 7̂  2 ' I " — col —tan 9 + 
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2 sin ^ 

cos — tan"cp + l 
n 

Hai tam giac SKO va SHA, dong dang nen 
SK SO „ SK.SA, 

SH SA 
R = SO = 

SA, 

SH 
(6 day R la ban kinh hinh cau can t im) 
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M i n h hoa 2: Cho tiJ dien deu A B C D canh bang 1. T i m ban kinh hinh cau ngoai 

tie'p tiJ dien. 
G i a i 

I G p i H la tam cua day BCD. Trung triTc cua A B (ve trong tam giac A B H ) cat 

A H tai O. K h i do O la tam hinh cau ngoai tiep ti? dien A B C D va ban kinh R 

cua hinh cau nay xac dinh nh\i sau: 

R = A 0 = 
A K A B A B A B 
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A B 
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o A H = V A B 2 - B H ^ - ^ 1 - | = ^ 

• 1 V6 B 
Thay who (*) va co R = j-j^ = — 



(hcQnfj IISG Jlinh hoc khoncj gian - Phan Iluij Khdi 
Minh hoa 3: Cho li? dicn ABCD \(M AB = AC = a, BC = b. Hai mat phang 

(BCD) va (ABC) viiong goc vc'li nhau va mSc = 90". Xac dinh tarn va tinh 
ban kinh mat can ngoai lic'p li? dicn ABCD Ihco a, b. 

Giiii 
Kc AH 1 B C => AH 1 (BCD) 
( d o ( A B C ) l ( B C D ) ) . n 
Do BISC ^ 90" ncn H la tam du'cJng Iron 
ngoai licp tam giac BCD. Ve trung trifc 
cua AB cat AH tai O, thi O la tam hinh 
cau ngoai tiep tiTdicMi ABCD va ban 
kinh R ciia hinh cau nay tinh nhii" sau: 

AB.AC.BC , 
— (ap dung cong R = AO = 4S ABC 

thiJc lu'cing giac quen bie't S = 

AB' .BC AB' 

abc 
4R ) 

4^ BC.AH 2 2AH 

Thi du 3. Cho hinh chop S . A 1 A 2 . . . A , , . Giii si? ton tai hinh cau noi tiep trong hinh 
chop, lu'c la hinh cau tiep xuc vdi ta't cii cac mat ben va day. Goi r la ban 

3V kinh hinh cau nay. Chu"ng minh: r = ^— d day V, Spp Ian lu'c;! la the tich vii 
dien tich toan phan cua hinh chop. 

Giiii 
Goi I la tam hinh cau npi tiep. Khi do cac hinh chop I S A 1 A 2 , ISA2A3, 

ISAn _ | A n , ISA„Ai va hinh chop IA|A2...A„ c6 chieu cao dcu bang r. s ^ ' ' 
Goi S|, S2, . . . , S„ va S tU P̂ng iJug la dicn tich cac tam giac SA|A:, 
SA2A3,...SA„A| va dien tich lam gidc day AiA2....A„. ^ 
Ta CO 
^ - 'V1.SA1A2 + ^ I . S A 2 A 3 + ' ^ I , S A n A i + "^ [ .SA]A2. . .An 

= > V = i r ( S | + S 2 + . . . + S„+S) = ir.S-rp 

=> r = 3V 

Nhdn xet: .i 
1. Nhd cong thtfc noi tren cho phep ta xac djnh ban kinh r cua hinh cau np' 
tiep hinh chop ma khong can xac dinh tam hinh cau npi tiep. 
2. Xet minh hpa sau day: 

Cty TNIITI MTVDWHKhnng Viet 
Cho ti? dien OABC, trong do OA = a, OB = b, OC = c va OA 1 OB, 
OA 1 OC; BOC = 120" . Tim ban kinh hinh cau npi tiep tu" dien. f 

Ta CO OA 1 (OBC), de thay ^ 
AB = BC = a >/2 ; con BC = a 73 
Ta CO V = VoABc=^SoBc-OA 

1 1 2 • ,onO ^ " ^ ^ = - . - a s inl20 .a = 
3 2 12 

Gpi M la trung diem cua BC thi: 
A M = V A B ^ - M B ^ = . 

ABC 15 2 2 4 
V I the STP = SoAB + SoAc + SQBC + SABC 

a^ a^ a^VTs a^ 
• + -

Do vay r = 3V 
4 

a 73 

4 4 

4 + 7 3 + 7 1 5 
Nhcic lai mot ky niem: Day la bai toan tuyen sinh vao Dai hoc Tong hpp Ha 
Npi nam 1964. Tac gia cuon sach nay lam bai thi tren trong lijc thi vao khoa 
Toan cua trU'dng tai tru sd 19 Le Thanh Ton - Ha Npi. Tac gia la cifu sinh 
vien cua tru'5ng. 

Thi du 4: Cho hinh chop n giac deu S A 1 A 2 . . . A , , , canh day bang a, goc cua mat 
ben va day la 9 . Xac djnh tam va tinh ban kinh hinh cau npi tiep hinh chop. 

Giai 
Ke SH vuong goc day A | A 2 . . .An. 

t Do hinh chop la deu nen mpi diem tren 
SH deu each deu tat ca cac mat ben. 
Do do, tam I hinh can npi tiep hinh chop 
la diem nam tren SH sao cho I each deu 
mot mat ben nao do (chang han ( S A 1 A 2 ) 

\a day A | A 2 . . .An). 

Gpi M la trung diem cua A 1 A 2 , khi do 
HM 1 A , A 2 =^ SM 1 A , A 2 (djnh li ba 
du'dng vuong goc). 
Ta CO SlvlH = (p vi no la goc cua ( S A 1 A 2 ) tao vdti day A , A 2 . . .A„ . Trong tam 
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giiic SMH, ve phan giac cua SMH, no cii SH tai I. 



(hcQnfj IISG Jlinh hoc khoncj gian - Phan Iluij Khdi 
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4R ) 
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ISAn _ | A n , ISA„Ai va hinh chop IA|A2...A„ c6 chieu cao dcu bang r. s ^ ' ' 
Goi S|, S2, . . . , S„ va S tU P̂ng iJug la dicn tich cac tam giac SA|A:, 
SA2A3,...SA„A| va dien tich lam gidc day AiA2....A„. ^ 
Ta CO 
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=> r = 3V 

Nhdn xet: .i 
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• + -
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4 4 

4 + 7 3 + 7 1 5 
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giiic SMH, ve phan giac cua SMH, no cii SH tai I. 



BSi dudng MSG Hinh hgc khdng gtan - Phnn Huy Khdi 

K e I K i . S M . D o ( S M H ) ± (SA .Az ) I K 1 ( S A j A j ) . 

T a C O I K = I H , v a y I la t a m h i n h cau n o i t i ep h i n h chop . 

G o i r la ban k i n h h i n h cau nay , t h i r = I H = H M tan —. (1) 

. - r r r r - n 
T a c o A , H A 2 = — ' => M H A j H M = M A 2 C 0 t M H A 2 = - c o t - . 

n n 2 n 
(2) 

T i r (1 ) , (2) suy ra : r = - c o t - t a n -
2 n 2 

Nhdn xet: 

1. T r o n g t h i d i i t r e n da t r i n h bay each xac d i n h t a m h i n h cau n o i t i ep vdi 

m o t h i n h c h o p d e u . Qua d 6 , ta c u n g thay v d i m o i h i n h c h o p d e u , d e u t on tai 

^ h i n h cau n o i t i e p . -y- .4,' : •== - i S i • U 
2. V i e c t i m t a m h i n h cau n o i t i e p ci ja m o t M n h c h o p ( d l n h i d n k h i no ton 

ta i ) n o i c h u n g la r a t k h o k h a n . 

T h i du 5: C h o h i n h h o p d i fng day la h i n h v u o n g b a n g 6r, c h i e u cao la 3,5r. H o i 

C O the x e p vao h o p 13 qua b o n g ban k i n h r k h o n g ? ( G i a suT cac qua bong 

k h o n g b i e n d a n g k h i x e p chdng l en nhau) . 

G i a l 

X e t 4 qua c a u da t k e nhau d ve goc 

• ' b e n t r a i cua h i n h hop . G o i O i , O2, O j , 

O 4 la t a m cua 4 qua cau nay . K h i do 

m a t p h a n g (O1O2O3O4) song song v d i 

d a y ( A B C D ) va each no m o t k h o a n g 

b ^ n g r. 

G o i O 5 la t i i m ciaa qua cau thu" 5 dat 

t r e n 4 qua c a u nay . K h i do cac qua cau 

n a y d o i m o t t i e p x u c ngoa i v d i nhau , 

n e n O5.O1O2O3O4 la h i n h c h o p ti? g iac 

d e u m a c a n h d a y va c a n h b e n deu 

b a n g 2r. 

G o i O 5 H la d i rdng cao cOa h i n h chop 

O5.O1O2O3O4, k h i do O5H c h i n h la 

k h o a n g each t i f t a m qua cau thi? n a m 

d e n m a t p h ^ n g (O1O2O3O4). R 6 rang : 

0 5 H = - O j H ^ =yj(2rf +{Tyf2f = r72 

V i the", k h o a n g each liT d i n h S cua qua cau 

thi? 5 d e n d a y ( A B C D ) cua h i n h h o p l a : Q 

r + r % ^ + r = r(2+V2 ) < 3 , 5 r 

D' D' 

B 

^ ^ 

A---, ' - - - 7 ' - - -

Ctij TNHH MTV DVVH Khnng ViH 

B a t d a n g thiJc t r e n chiJng to qua cau thu ' n a m da t t r e n 4 qua cau t a m O i , O2, 

O 3 , O 4 l o t v ao h a n b e n t rong h i n h hop . 

V i t r e n day A B C D x e p diTdc 9 qua cau , ngi/cti ta c6 4 k h a n a n g de x e p t h e m 

1 qua c a u da t t r e n 4 qua cau di?di ( theo l ap l u a n t r en ) . a " • 

NhiT v a y , c6 the x e p d i fdc 13 qua b o n g b a n k i n h r v ao h i n h h o p t r e n . 

f i l l dy 6: T r o n g m a t p h d n g (P) cho diTdng t r o n t a m O, b a n k i n h r va A la m o t 

d i e m C O d j n h t r e n d i f dng t r o n . G o i A la d i f dng thang v u o n g goc vcfi ( P i t a i O 

va B la m o t d i e m k h o n g n S m t rong (P) .sao cho O B ' = a > r. d day B ' la h i n h 

c h i e u cUa B t r e n (P). G i a su" k h o a n g each tiT B x u o n g (P) la b. 

1. B i e t N la m o t d i e m d i dpng tren diTdng t ron . ChiiTng m i n h rang cac dirdng 

i ron ngoa i t i ep cac l a m giac A B N la n a m tren m o t ma t cau co d jnh (S). 

2. T i m ban k i n h cua mSt c^u (S) theo a, b , r. 

G i a i 

1. G o i (71) la m a t p h a n g t rung tr i fc ciJa 

A B . D o O B ' > a n c n A ;̂  B ' =^ A B 

k h o n g song song v d i A, n c n (TT) p h a i 

c;tt A va g i i i siY: A n (n ) = O i 

=> 0 | co' d i n h . Ro r a n g m o i d i e m t r e n 

di/tfng t r o n (O , r ) d e u each d e u O i . L a y 

N la d i e m l i i y y t r e n d i f dng t r o n . T a co 

theo n h i i n x e t t r e n : i 

0 , N = 0 , A = 0 , B 

V a y N , A , B la ba d i e m k h o n g thSng h i i n g cung n a m t r en m a t c a u 0| , ban 

k i n h 0 | B . V i m o i m a t p h ^ n g c i t t h i n h cau theo g iao t u y e n la du'dng I r o n n c n 

d i rdng i r o n ngoa i t i ep l a m g iac A N B c u n g n a m t r e n m ;lt c au t r e n . 

V i h i n h cau t a m 0| , b a n k i n h 0 | B la h i n h cau co djnh => d p c m . 

2. G ia sur B ' O cat di/dng t r o n (O , r ) t a i A ' , A ( x e m h i n h v e ) . 

A ' A " B la m a t p h a n g qua t a m O i c i ia h i n h cau (S) n o i d cau 1, nen dirt tng 

t r o n n g o a i tiO'p l a m g iac B A ' A " c h i n h la dif iJng t r o n I d n cua m a t c a u (S). 

V a y b a n k i n h R cua h i n h cau (S) c h i n h la ban k i n h d i f dng t r on ngo j i i t i ep 

t am giac B A ' A " . A p d u n g c o n g ih i t c : 5 ; , , . 

A ' B . B A " . A " A ' ,^/b^ + ( r + a)^ .yjh^ + (a - r ) ^ .2r 
R = 

4S 
4 . - A • A " . B B • 

2 

7 b ^ + ( r + a ) ^ V b ' + ( a - r )^ 

2 b 
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Ctij TNHH MTV DVVH Khnng ViH 
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Doi fludng IISG Ilitih hoc kh6ng gian - Phan Iliiy Khdi 

T h i du 7: Trong mat phctng (P) ve nuTa diTdng tron dUdng k inhAB = 2R. Tren AB 

lay d iem H. Tij^ H kc duTcJng vuong goc vc^i A B cat mJa difcfng tron trcn la, 

M . Goi I la trung d iem cua H M . Nu"a difdng thang vuong goc vd i (P) tai I cfii 

mat cau diTtJng kinh A B tai K. 

1. ChuTng minh dai liTcJng KA^ + KB^ khong phu thuoc vao v i I r i cua H. 

I^?,f:2. Chtfng minh rang khi H di dong thi mat phang ( K A B ) luon tao vc'iti (P) 

(•! mot goc khong doi . 

3. Chu-ng minh rhng khi H di dong thi tam S cua mat cau ngoai tiep tuT dicn 

A B K I nam tren mot du'ctng thang co dinh. 

Gia i 

1. Do K nam tren mat cau du'ctng kinh A B 

ncn A K B = 90". Trong tam giac vuong 

A K B theo dinh h Pitago, ta co 

KA^ + KB^ = AB^ = 4R^ = const. 

Do ladpcm. 

2. Do I H 1 A B => K H 1 AB (dinh l i ba 

dir5ng vuong goc) => K H I = a chinh la 

Q goc tao bcfi hai mat phang (KAB) va (P). 

Trong cac tam giac vuong K A B va M A B , 

ta CO K r f = H A . H B ; M t f = H A . H B 

T t r d o s u y r a K H = M H . 

^ i777. H I H M 1 
Do do cos K H I = cos a = — = — 

K H 2 K H 2 

a = 60" = const => dpcm. 

3. X e l t u ' d i e n A B K I . Tam 0 | cua 

hinh cau ngoai tie'p ti? dien nay thoa man 

d i e u k i c n O , A = 0 | B = 0 , K = 0 , l / ^ - * ' 

N 6 i r i e n g t a c 6 0 | A = 0 | B = 0 , K ''̂  

(/ V a y tam Oi nSm tren di/c(ng vuong goc vd i ( A K B ) tai tam di/dng tron ngoai 

. '•' tiep tam giac A K B . Do A K B = 90" nen tam dtf^ng tron ngoai tiep tam gia*-" 

A K B chinh la trung diem O cua A B . Chii y r i n g O la diem co dinh. 

M a t ph^ng ( K A B ) cat (?) theo giao tuyen A B co dinh v i tao vdi (P) mot goc 

khong doi = 60" (theo cau 2) 

=> ( K A B ) la mat phang co dinh 

Du'dng thang Ox vuong goc vdfi ( K A B ) co dinh tai d iem O co dinh, nen Ox 

CO dinh. T a m O, hinh cau ngoai tiep tu" dien A B K I nam tren Ox.Do la dpcm 

Cty TNIIII MTV DVVH Khnng ViH 

B 

54B i n 

D 

'\U du 8: Cho A B C D la ti? dicn co cac cap canh doi doi mot bang nhau (tiJc 
A B C D la ti? dien gan deu). ChiJng minh tang lam hinh cau noi va ngoai tiep 
cua no trung nhau. ' 

' • Giiii <'.^' 

X e l 11? dien gan dcu A B C D vdi AB = CD, A C = B D ; A D = BC. 

Ro rang tu" dien nay ton tai hlnh cau ngoiii tiep (ihco th i du 2). 

Goi O la tam hlnh cau ngoai tiep ciia tu'dien nay. Khi do la co: *̂  

OA = OB = OC = OD A 

Ke O H 1 ( A O B ) va O K 1 (BCD) 

Do OA = OB = OC HA = HB = HC 

Do OB = OC = OD => KB = KC = K D ' >' 

Vay H, K tu^dng xing la tam cac du'dng Iron 

ngoai tiep cac tam giac A B C , BCD. fito AmA u 

TCr gia thict suy ra A A B C = A BCD (c.c.c) 

ncn cac ban kinh du'dng Iron ngoai tiep 

cua hai tam giac nay bang nhau => H A = B K 

M a t khiic, OA = OB ncn hai tam giac 

* O A H va O B K bang nhau => O H = OK 

Vay O each deu mat ben (ABC) va day (BCD). 

Tu-dng tir, O cung each deu bon mat cua tu" dicn A B C D , tiJc l i i O la tam hlnh 

cau noi tiep A B C D . V i the hinh ti? dien gan deu A B C D co cac lam hlnh cau 

noi va ngoai tiep trilng nhau => dpcm. ss iJKn '• V 

Thi du 9: Cho bon hinh cau ban kinh r lifng doi mot tie'p xiic vdi nhau. Hlnh cau 

i thi? nam tie'p xuc vdi ca bon hlnh cau tren. T i m ban kinh hlnh cau nay. 

Giai 

Goi 0 | , O2, O,, O4 la tam ciia 4 hlnh cau ban kinh r. Khi do 0 , 0 . 0 3 0 4 ia lu' 

d icn deu Ccinh bang 2r. Goi O la lam ciia hlnh cau thu" nam tie'p xiic vdi ca 4 

hlnh cau tren va gia stir x la ban kinh cija no. Q, 

X e l hai tru'dng hdp sau: f v i . .r( fp^tnn., .jnY);) 

Hlnh cau thu' nam tie'p xuc ngoiii 

vd i 4 hlnh cau tren. Khi do la co: 

i 0 0 , = 0 0 2 = 0 0 3 = 0 0 4 = r + x (1) 

Dang thiJc (1) chiJug id O cung la tam 

hlnh cau ngoai tie'p ti? dien 0,020,304. ^ 

i Ke O H 1 (O2O3O4). Theo thi du 2, 

< O lii giao diem ciia trung triTc 0 ,02 vdi 0 , H . 

^ ' t i l ' • ; 

X) linif-

/ ^ I 

0 \

0 4 

H 
M 
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cau noi tiep A B C D . V i the hinh ti? dien gan deu A B C D co cac lam hlnh cau 

noi va ngoai tiep trilng nhau => dpcm. ss iJKn '• V 

Thi du 9: Cho bon hinh cau ban kinh r lifng doi mot tie'p xiic vdi nhau. Hlnh cau 

i thi? nam tie'p xuc vdi ca bon hlnh cau tren. T i m ban kinh hlnh cau nay. 

Giai 

Goi 0 | , O2, O,, O4 la tam ciia 4 hlnh cau ban kinh r. Khi do 0 , 0 . 0 3 0 4 ia lu' 

d icn deu Ccinh bang 2r. Goi O la lam ciia hlnh cau thu" nam tie'p xiic vdi ca 4 

hlnh cau tren va gia stir x la ban kinh cija no. Q, 

X e l hai tru'dng hdp sau: f v i . .r( fp^tnn., .jnY);) 

Hlnh cau thu' nam tie'p xuc ngoiii 

vd i 4 hlnh cau tren. Khi do la co: 

i 0 0 , = 0 0 2 = 0 0 3 = 0 0 4 = r + x (1) 

Dang thiJc (1) chiJug id O cung la tam 

hlnh cau ngoai tie'p ti? dien 0,020,304. ^ 

i Ke O H 1 (O2O3O4). Theo thi du 2, 

< O lii giao diem ciia trung triTc 0 ,02 vdi 0 , H . 

^ ' t i l ' • ; 

X) linif-

/ ^ I 

0 \

0 4 

H 
M 



BSi dudng HSG Hinh hoc kh6ng gian - Phan Iluy Khni 

Ta c6: R = 0 , 0 = 
O . K 0 , 0 0 , 0 

cosKOjO 2cos020 ,H 2 — ^ -
0 , 0 2 

. O A _ 4r^ 

2 0 , H 2 ^ 0 , 0 2 ^ - 0 2 H ^ 
(2) 

Do O2H = - O 2 M (d day M \k trung diem cua O3O4) = - • 
3 3 2 

2 2r^y3 2rV3 

nen tijf (2) suy ra R = 
r̂ /6 

L a i t h e o ( l ) t a c 6 R = r + x 
'dC 11 . / ' I ' ' , , 

rV6 
• X = r 

2 
Trong triTcfng hdp nay, ban kinh cua hinh cau thoa man la: r , = r.( — - 1 ) . 

2. Hinh cau thu* nam tiep xuc va chiJa 4 hinh cau bang nhau d trong. 

K h i do, theo quan he ve s\i t iep xiic trong giffa hai hinh cau, ta c6: 

OO, =002 = 00.1 = 0 0 4 = x - r (3) 

Dang thiJc (3) chiJng to rang O cung la tam hinh cau ngoai tiep tuT dien 

O1O2O3O4 va ta c6: f . . i . x - r = R 
rV6 

> d day theo phan 1 thi R = - • X = + r 

Vay trong triTcfng hdp nay, bin k inh hinh cau thi? nam la: r j = r 
76 

+ 1 

T h i du 10: Cho ti? dien A B C D c6 BC = a, A B = A C = b, B D = DC = c. Goi a la 

goc phang cua nhi dien canh BC cua tuT dien (tiJc la goc giffa hai mat phang 

i A B C va DBC) . 

! 1 . V d i dieu kien nao cua b, c thi diTdng thang noi I , J la diTdng vuong goc 

Chung cua BC va A D (d day I va J tu-dng ufng l i i cac trung d iem cua B C 

A D ) . ChiJng minh rang khi ay hinh cau diTcfng k inh CD qua I va J. 

â /3 
2. Giasufb = c = •. Xac dinh a de hinh cau di/dng kinh IJ tiep xuc vcli CD. 

G i a i 

1. Goi I va J tu'dng iJng cdc trung diem cua BC, A D . 

Ta CO A B = A C => A I 1 BC, DB = DC => D I l BC. 

TCr do BC l ( A I D ) => BC I I J (1) 

Tir (1) suy ra de IJ la du'cJng vuong goc 

chung cua BC va A D , ta can c6 IJ 1 A B . 

Do J la trang diem cua A D nen IJ 1 AB , 

o l A = I D A A B C = A D B C o b = c. ' 

Vay b = c la dieu kien can t im. 

Do b = c nen trong tam giac can C A D 

(dinh C), ta C O CJ 1 A D . 

Ket hdp vdi D I 1 BC suy ra I va J nhin 

C D du'di mot goc vuong 

=> hinh cau dU"cVng kinh CD qua I va J. 

aV3 
Gia sur b = c = •. De thay 

A I D c h i n h la goc phang nhi dien canh 

BC, tir do A l b = a. 

Goi O la trung d iem cua IJ. Hinh ctlu 

dirdng kinh IJ tiep xuc C D khi va chi 

khi khoang each tuT trung diem O cua IJ 

xuongDCbang ^ I J . ' > 

K h i b = c = ^ : o A I 
= : D i = V A B ^ - B I ^ = j b ^ - i ^ = . 3a^ a" 

4 

aV2 

Gia suT hinh cau 6\ibng kinh IJ tiep xuc voti CD tai F (chu y theo cau 1, thi 

IJ 1 BC =^ C I = CF = I (do CI va CF la hai tiep tuyen cung xuat phat liT C doi 

vdi hinh cau dutfng kinh IJ). , 

Tir do DF = C D - CF = i ^ DJ = DF = -(73 - 1 ) . '•-̂  

. . a . JD 2 
Taco sin — = s i n J I D = — = 

2 2 

~ J D ^ ( ^ - 1 ) 7 3 - 1 ^ / 6 ^ 

I D a72 72 

=> cos a = I-2sin^ Y 273 - 3 =:i. a = arcos( 273 - 3 ). 

d u 11: Cho ti? dien A1A2A3A4. Goi h i , h j , h j , h4 Ian liTdt la bon chieu cao ciia 

ttf d iOn ke tfif A , , A2, A3, A4. Goi r la ban kinh hinh cau noi tiep tu" d iOn. 
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BSi ductng HSG mnh hoc kh6ng gian-Phanlhiy Khni 

1. ChuTng minh - = — + — + — + — 
r h| hj 

2. ChuTng minh h i + h2 + h , + h4 > 16r. nun 

Giai 

1. Ta biet rang vdti mo i lu" dien deu ton 

tai hinh cau npi l icp (ban doc lif 

nghiem lai dieu nay). / A2 

Goi r la ban kinh hinh cau nay. Theo 

ih i du 3 ta co: 

r = 
3V 3V 

(1) 
Syp S| "f" S2 "f" S-̂  "4" 

d d a y 8 1 , 8 2 , S3, S4 liTdng iJng la d i e n l i c h cac m a t A2A3A4, A1A3A4, A1A2A4 

1 S 
T i r ( l ) s u y r a -

^ r 3V 

O i 0-) S-i St 

-—^+ — + — + — 3V 3V 3V 
(2) 

Mat khac ta C O V = i S | h | = ^ S 2 h 2 ^ ^ S ^ h , = ^ S 4 h 4 

- ^ - - ( i - 1.4) 
3V hi 

(3) ,11 • 

Thay (3) vao (2) suy ra — + — + — + — d p c m . 
r h, h-, h , h^ 

Q to 

2. Ap dung ba't dang ihiJc Co-s i , ta c6 

iijl (h|+h2 + h3 + h4) 
1 1 1 1 

— + — + — + — >16 (4) 
I " 2 h3 114 

Tir cau 1 va (4) suy ra h|+ h j + h3 + h4 > 16 r 

Dau b a n g x a y ra <=> h| = 112 = h3 = h4 <=> A 1 A 2 A 3 A 4 la l iJ d i e n d e u . 

Th i du 12: Cho luT d i c n A , A 2 A 3 A 4 . V c h i n h c a u n o i l ic 'p tu" d i e n . Sau d o v c 4 licp 

d i e n v d i h i n h c a u n o i l i c p n a y , sao c h o moi l i e p d i e n l i f d n g ifng song song 

v(3i cac m a t A 2 A 3 A 4 , A 1 A 3 A 4 , A 1 A 2 A 4 va A 1 A 2 A 3 . Goi cac l i e p d i e n n a y l a " 

lurot la B2B3B4, B 1 B 3 B 4 . B 1 B 2 B 4 , B1B2B3. Xet 4 liir d i e n n h o A 1 B 2 B 3 B 1 

A 2 B 1 B 3 B 4 . A 3 B 1 B 2 B 4 . A 4 B , B 2 B 3 . Goi r,, r j , r3, r4 la b a n k i n h cua 4 h i n h cai ' 

tiTOng u^ng n o i l i e p bo'n ti? d i e n noi I r e n . 

1. ChiJng m i n h rang ri + r2 + r3 + r4 = 2r. ' ' 

2. ChiJug minh r a n g — + — + — + — 

Cty TNHH MTV D\nm Khnng ViH 

Giai 
J Goi h | la c h i c u cao c i ia ti? d i e n A 1 A 2 A 3 A 4 , c o n h ' l la c h i c u cao cua luT d i e n 

A i B 2 B 3 B 4 . , :(a:A;x<;^i. i ,a-f^^A' ' 4r '^,f<••^ • 

V i (B2B3B4) // (A2A3A4) va B2B3B4 la l i c p d i e n v d i h i n h c a u n o i t i d p c u a lur 

d i e n A1A2A3A4 n e n la co : h ' l = h | - 2r. 

De thay, ha i tuTdien A1B2B3B4 va A1A2A3A4 la hai t i i rd ien d o n g d a n g n e n la co: 
• - A , 

h, 

Lap luan tu'dng t i f , la co 1 - 2 -

r 

r 
(2) 

(I) 
1-2^='-^ (3) 

r , h3 

1-2-

Cong tirng ve (1), (2), (3), (4) va co 
/- . . . . \ 

4 - 2 r 
1 1 1 1 

— + — + — + — ' 4 ; 

(4) 

_ r, + r; + r̂  + r4 
(5) 

?ii n'hl , 

Theo thi du 11, la co - = 7 ^ + 7 ^ + 7 ^ + - r - lhay vao (5) ta co: 
h, h3 h , 

ri + r2 + r 3 + r4 = 2r => dpcm. 

2. Ap dung ba't dang thtfc Co-s i , la co: 

(ri+ r2 + r3 + 
1 1 1 1 

— + — + — + — r, r2 r3 ' 4 ; 
> 16 (6) '/ 

Tirphan 1 va (6) suy ra — + — + — + — > - => dpcm. j ,,tirii ankh ihi (y^ 

'Da'u bang xay ra <=> r, = r2 = r 3 = r4 <=> A,A2A3A4 la itf dien deu. 

Thi du 13: Cho tiir dien vuong OABC dinh O, life OA, OB, OC doi mot vuong goc 

v6i nhau. Giii sijf OA = a, OB = b, OC = c. Dal S , = S O A B , S2 = S Q B C , S3 = SOAC, 

S = S A B C - Goi r la ban kinh hinh cau noi l iep li? dien OABC. ChiJug minh 

rhng: r = 
S, + S2 + S3 - S 

a + b + c 

G ia i 
V i OA 1 OB, OA 1 OC => OA 1 (OBC) nen 

1 
V = V 0 . A B C = V A . O B C = -SoBC-OA = - i b c 

2 

abc 
(1) 
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Cty TNHH MTV D\nm Khnng ViH 
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lidi diC&iic) IISCz ITinh hoc khcmg (jian -Plum Hull Khdil 

A p dung cong thiJc trong thi du 3 , ta c 6 

3 V _ 3 V , . . . A : A a b c 
r = 

Syp S, + S2 + S3 + S 2(S, + S2 + S3 + S) 

A p dung dinh l i P i - l a - g o met rong trong khong gian, ta c6: 

(2) 

S,' + S2' + S3' = S2 

abc(S| + S2 + S3 - S) ' Tilf (2), ( 3 ) ta CO r = — 
2(S, + S2 + S3 + S)(S, + S2 + S3 - S) 

- abc(S| +S2 + S 3 - S ) _ abc(S| + Sj + S3 - S) 

( 3 ) 

(4) 

(5) 

(S, +S2 + S 3 ) ' - S M 2(2S,S2 +2S,S3 +2S2S3) : i 

Ta CO 4S,S2 + 4 S , S 3 +4S2S3= (ab.bc) + (ab.ca) + (bc.ca) 

J . = abc (a + b + c) 

Thay (5) vao (4) va c6 r = ^^+^2+S^-S ^ ^^^^ 
a + b + c 

Thi dy 14: Cho tu" dien A B C D , P la diem tuy y ben trong tiJ dien. Goi A , , B,, C,, 

D, Ian liTdt la hinh chieu cua P tren ciic mslt BCD, A C D , A B D , ABC. Goi S 

va r tifdng iJug la dien tich loan phan vii ban kinh hinh cau n o i lie'p ti? dien. 

Chii-ng minh rang: T = + + ^ ^ B D 
PA, PB, PC,, 

I ^ABC > S 
PD, ~ r 

G i a i 

D 4 t a , = ^ ; a 2 = 'ACD 'ABD 
; 'd4 — 

PA, - \l PB, • V PC, • V 

b, = V ^ B C D - P A , ; b2 = V S A C D - P B , ; b3 = .Js^^^Jc^; h, = JSJU^JDI 

Theo bat d i n g thiJc Bunhiacopski, ta CO 

iBCD_ ^ ^ACD ^ fABD ^ ^^BC 
P A , P B , PC, P D , 

( S B C D - P A , + S A C D - P B , + ' ' 'ABD P C ] + S A B C - P D I ) 

^ (SBCD + S A C D + SABD + SABC)^ (l>s 
D C y rkng S B C D - P A , + S^CD-PB, + S A B D - P C , + S A B C - P D , = 3 V 

d day V = VABCD, ngoai ra ve phai cua (1) chinh la S\ ' 
„ 7 

Til do thay vao (1) c6 3TY $: S' =^ T > 
3 V ; 

A p dung c6nglhi?cr = 
3 V 3 V 

'TP 
nen liT (2) suy ra 

I863 

T > — => do la dpcm. 
r 

Cty rmiH MTV DVVH Khang Viet 

d, a, 33 
DSu bang xay ra <=> - — - — 

b , b , b . 

a4_ 

b . : "2 "7, "4 • j ; , ' 

<:> PA, = PA2 = PA3 = PA4 O P = I . I 

d day I la l a m hinh cau noi t iep liJ dien A B C D . 

Xhi du 15: Cho O A B C \k tuf dien vuong dinh O (life la OA, OB, OC doi mot ' 

vuong goc v d i nhau). Gia suf O A = a, OB = b, OC = c. G o i r la ban k inh hinh 

1 1 1 1 B̂ x/s 
cau n o i t iep tu" d ien. Chtfng minh - > — + — + - + 

- " " a + b + c , , , r a b 

G i a i 

Ke O H i . ( A B C ) va dat O H = h. 

Theo ke't qua cd ban (xem ChiTdng 2) la c6 

1 1 1 1 
h^ â  b^ ĉ  

TiJ dien O A B C co 4 chieu cao ke Ian 

lu-dt tijf O. A . B, C la h , a, b, c. Theo thi ^ 

d u l l , t a c 6 - + - + - + - ! ; 
r h a b c 

Tif do s u y ra' 
1 1 1 1 3 V 3 

- > - + - + - + 
r a b c a + b + c 

1 ^ 3V3 
h a + b + c 

(2) 

TiJT (1) va theo bat dang thiJc Co-s i , ta c6 

1 
- > 3 3 1 ( 3 ) 

(4) 

Va^b^c^ 

V a n ihco bat dang thiJc Co-s i , ta c6: (a + b + c)^ > QA/JIVC^ 

B | Tilf (3), (4) suy ra (2) dung => dpcm. 

H | Da'u bang xay ra o a = b = c <=> O A B C la ti? dien vuong can dinh O (tiJc la 

W O A = OB = OC va OA, OB, OC doi mot vuong goc v d i nhau). 

Thi du 16: Cho tiJ dien vuong O A B C dinh O (tdrc la OA, OB, OC doi mot vuong 

l l goc v d i nhau). Goi R, r, h , V W d n g uTng la ban kinh hinh cau ngoai tiep \\i 

B d ien, ban kinh hinh cau noi tiep luT dien, chieu cao cua ti? dien ke tiJf O va 

P, the tich cua tu" dien. ChiJng minh rang: 
h 

1 

R^rh " 3 

3 R ^ 3 + 3 > ^ 

2. i ^ > l + 73 
r 



lidi diC&iic) IISCz ITinh hoc khcmg (jian -Plum Hull Khdil 
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( 3 ) 

(4) 

(5) 
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Ta CO 4S,S2 + 4 S , S 3 +4S2S3= (ab.bc) + (ab.ca) + (bc.ca) 

J . = abc (a + b + c) 
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; 'd4 — 
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I863 
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r 

Cty rmiH MTV DVVH Khang Viet 
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Bdi dudtig HSG ITinh hoc kh6ng ijian - Phan Ihiy Khdi 

Gia i 
1. D a t O A = a, OB = b, OC = c 

Ke OH 1 (ABC) , ihi OH = h « - ' ^ 

3V 3V 
Theo T h i du 3, ta c6 r = ; h = ^ — 

' T P ' A B C 
d day STP va SABC Ian liTcft la dien tich 

loan phan cua tu" dien va dien tich tam 

giac ABC. . . 

Ta CO iUS^ ^ 

/ 

\ ' H ^^^-^^^^ 

V ( h - r ) 

R^rh 

3V 3V 

. S T P - S A B C SXQ 
3R^ 3R^ 

••:> - ' i . 
R^9V2 

(1) 

d day SXQ - SQAB + SQBC + SOCA -
ab + be + ca 

V a y l t r ( l ) c 6 X i ^ < l o ^'^^^^/^^ < ^ o ab + be + ca <4R^ (2) 
R-rh 3 6R- 3 

Theo t h i du 2 tam I hinh cau ngoai tiep id' dien OABC la giao diem cua 

dUdng thang Mx vii di/tlng trung triTc cua OA (ve trong (AOM) ) , d day M la 

trung d iem cua BC vii Mx vuong goc vc'Ji (OBC) tai M . Kh i do de tha'y: 

A R = 01 = VOM^ + I M ^ = 
BC^ OA^ 

= IVb^+c^+a^ 

Tur do (2) o ab + be + ca < â  + b^ + c' 

o (a-b)^ + (b-c)^ + (c-a)^ > 0 (3) 

Vi (3) di ing suy ra dpcm. u m i i i 

Dau bang xay ra o a =b = c 

<=> OABC la tt? dien vuong can dinh O. 

2. T h e o t h i d u 15, taco : - = - + - + - + -
r h a b c 

•;, 1/ r i • 

Ap dung bat d^ng thiJc Bunhia copski, thi: 
1 1 1 

- + —+ -
Va b c 

N2 
<3 

Mat khac van theo t h i du 15, ta c6: + + = I 

b^ ^ 

(4) 

(3) 

(6) 

1X8 

CU) TNHIl MTV nVVII Khang ViH 

T i r (5 ) , (6) suy ra: 
1 1 1 

— + —+ -
a b e 

2̂ 1 1 1 V3 
• - + - + - < 

a b c h 

h 

(V) 

T{f(4), (7)ta lai eo - - - < — => -<-(^J3 + l) hay - < 1 + V3 dpcm. 
r h h r h ^ ' r 

Dau bang xay ra <=> a = b = c <=> OABC la tu" dien vuong can di'nh O. 

Theo phan 1, ta eo' R = ^Vb^ +c^ +a^ 

Theo thi du 3 la i c6 

3 
abc 

r = 
3V 

STP ^ + ^ + ^ + S 
(8) 

ABC 2 2 2 

Ke OH 1 BC => A H 1 BC (dinh l i ba 

du'dng vuong goc). Ta c6 

BC = V b ^ T ? , A r f = OA^ + O r f 
2.2 

Va la i 1 1 , _ L ^ o r f = 

=> A r f = â  + 
_ b ^ 

b^+e^ 

a ^ b ^ + a V + b V 

= > SABC = - BC.AH = - V b + c , 
2 2 + ĉ  

=:lVaV+aV+bV. 

Thay (9) vao (8) va c6 r = 

A , 

abc 

ab + be + ca + \/â b̂  + â ĉ  + b^c^ 

.•Of! M (9) 

, ^, R 4& + b^ + c^(ab + be + ca + Va^b^ + â ĉ  + b^c^) ,,„, 
tu'do suy ra: — = . ( lU) 

r 2abc 
A p dung l ien tiep bat dang thi^c Co-s i , ta c6 

V a ^ + b 2 + c ^ > M V c 2 = V 3 ^ , 

ab + be + ca > 3\/a^b^c^ , 

+ a^c^ + b^c^ > V 3 ^ ' » e ^ = ̂ / 3 ^ £ W . 

. R = - ^ ^ ( ^ / ^ ( 3 ^ ^ / ^ ) ) _ 3^-373 
Tird6theo(10) .suyra: 

r 
Da'u bang xay ra o a = b = c 

2abc 2 
do la dpcm. 

189 



Bdi dudtig HSG ITinh hoc kh6ng ijian - Phan Ihiy Khdi 
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CU) TNHIl MTV nVVII Khang ViH 
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189 



Jidi dialng IISG ITinh hoc khdng gian - Phan Huy Khdi 

Thi du 17: Cho ti? dien ABCD dinh A (ttfc la AB, AC, AD doi mot vuong goe 
vdi nhau). Goi a la canh Idn nhat cua tu" dien xuat phat tijf A va r la ban kinh 
hinh cau noi tiep. Chu'ng minh: a > (3 + \/3) r 

Giai '̂^ • / 
Gia sur AB = max( AB, AC, A D } . 
DatAB = a, AC = b, AD = c. 
Nhur vay a > b; a > c. Theo thi du 3, ta c6 

3V abc 
r = 

3 j p ab ac be _ 
— + — + — + S 
2 2 2 

abc 

6 dSy S = SBCD . 

Ta CO : 

a > (3 + V 3 ) r o a > (3 + 7 3 ) -
ab + ac + bc + 2S 

o ab + ac + bc + 2S > (3 + V3)hc<:> ab + ac + 2S> 2bc + N/3bc (1) 

V i a = max{a; b; c} ta CO 

ab + ac>2bc (2) 
Da'u bang trong (2) xay ra o a =b = c 

Theo djnh l i Pitago, thi BC = V a V b ^ ; CD = Vb^+c^ ; BD = Va^ + ĉ  

Tir d6 suy ra cAc g6c cua tam giic BCD deu nhon vi binh phufdng moi canh 

deu be hdn tdng binh phifdng hai canh con lai. Co the cho BC 1̂  canh idn 

nhat cua tam giac BCD =:> BDC la goc Idn nhat => 60" < BDC < 90" (3) 

Taco 2S = BD.CD sin BDC D 

= Va^+c^ . V b V ? , sin BDC 

' > V2^.72b^ sin 60" = ^f3 be. (4) 
(do ba't dang thuTc Cosi va (3)) „ 

Dau bang trong (4) xay ra o a = b = c 
Tur (2), (4) suy ra (1) dung => dpcm. 
Da'u bang xay ra o a = b = c <=> ABCD 1̂  tu" dien vuong can dinh A. 

Thi diJ 18: Trong mat phang (P) cho goc vuong xOy. B v^ C Ian lu-dt di dong 
tren Ox, Oy sao cho OB + OC = a, d day a la so difdng cho trifdc. Dat OB = 
OC = y. Doan OA = a vuong goc vdi (P). 

Cty TNini MTV DWII Khaiig ViH 

1. Xac dinh tam I hinh cau ngoai tiep tiJ dien OABC va tinh ban kinh R 
cua hinh cau nay theo a, X, y. 

2. Goi G la trong tam tam giac ABC. Chtfng minh O, G, I thang hang. 
3. Chii"ng minh VQABC Idn nha't <» ban kinh R ciia hinh cau noi tren nho nha't. 
4. Chiang minh rang khi B, C chay Ian lU'dt tren Ox, Oy sao cho OB + OC = a 

thi tam I chay tren mot doan thang. Tim do dai doan thang nay. 
Giai 

Goi M la trung diem cua BC => M la 
tam vong tron ngotii tiep tam giac 
OBC. Qua M ve A 1 (P). Du-dng trung 
triTc cua 
OA (xct trong (AOM) c^t A tai I . Khi 
do I chinh la tam hinh cau ngoai tiep tiJ 
dien OABC. 

Ta CO R = OI = V l M ^ + O M - =. 
/OA' ^ BC 

4 4 
Gia su" OI n A M = G. Theo each diTng tam I d phan 1 va theo dinh l i Talet, 

ta c6: 
MG M I 

2 (1) 
GA OA 

Mat khac G nam tren trung tuyen A M cua tam giac ABC nen ke't hdp vdi 
(1) suy ra G la trong tam lam giac ABC. Noi each khac O, G, I thang hang. 

Ta CO VoABc = — ax.y . Tiir do VoABc max <=> xy max 
6 

V i R = i^a^ + x2+y2 =i7a^+(x + y)^-2xy =^V2a^-2xy 

TiJf do suy ra R min <=> xy max. 

Vay VoADc max R min => dpcm. ' 

Ta CO the tha'y tam I cua hinh cau ngoai tiep tu' dien OABC c6 the diTng nhiC sau: 
- Ve hinh chff nhat BOCD 
- Goi I la trung diem cua AD thi 
I la tam hinh cau ngoai tiep ti? dien OABC. 

Xet phep vi tif tam A, ti so k = ^ 

pTrong phep vi tuf nay D -> I . 
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Boi iiuong IISG Ilinh hoc khonij fjiaii - Plum lluy Khdi Cty TNHH MTV DWII Khang ViH 

Xet bai loan hinh hoc phang sau: 
Cho goc vuong xOy. Trcn Ox lay B, 
Oy lay C sao cho O B + OC = a. i .I'wll/v siu 

Goi D la dinh thu" W ciia hinh chu" nhal 
BOCD. 
Dat tren Ox diem B* sao cho OB* - a 
Neu B*D cat Oy d C => OC* = a 
Vay D nam tren doan thang cd djnh 
B*C*. • • i :^'^'/ T • n- 'M. 
Tie do suy ra I nam tren doan thang 
B|C| la anh cua B*C* qua phep vi tiT 

t i i / i J I hi 

C* 

a 

C 

y 

D -•̂•••̂''̂^ 

a B B * 

tam A, ti so — 

V i B * C * = a ^ n e n B | C , = 
a V 2 

Thi du 19: Cho hinh chop S.ABCD trong do day ABC la tam giac vuong tai A, 
SA vuong goc vcti day ABC. Goi O la tam hinh cau ngoai tiep hinh chop 
S.ABC. 
1. Ke A H 1 (SBC). Keo dai AH gap mat cau ngoai tiep noi tren tai K, 

. C h u - n g minh HK = 2AH. 
2. Goi Oi la tam du'cJng tron ngoai tiep tam giac SBC va r la ban kinh 
dirdng tron nay. Chiang minh: r ' = HO,^ + 2 A r f 

Giai 
1. Goi M la irung diem cua BC. 

Ke Mx // SA. Trong mat phing 
xac dinh bdi (SA, Mx), ve trung 
trirc cua SA cat Mx tai O. Khi 
do, O la tam hinh cau ngoai 
tiep hinh chop S.ABC. 

"Ndi OA va gia siSr OA n SM = S 

TiTctng tir nhu- thi du 18, de 
thay S la trong tam tam giac 

• SBC va cd AG = 2G0. 
Ke A H 1 (SBC), theo bai toan cd ban 6 ChiTdng 2, thi H la truTc tam tam giii^ 
ABC. AO keo dai c^t mat cau tai A' , con AH c^t m$t cau tai K. Ta c6 

AHG = 90" (do A H 1 (SBC)). 
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Lai C O A K A ' = 90" vi K n i m tren mat cau, con A A ' la du"dng kinh. Tir do c6 
HG//A'K. ' , , . , _ ... 

Theo dinh liTalet C O : ^ ^ = - ^ ^ (1) , M. ^ 

»ii x » ' >S} 
HK GA' 

Vi AG = 2GO nen AO = OA' => GA' = 2GA 
Vi the tir (1) C O HK = 2AH dpcm " 

2. Goi H la triTc tam tam giac SBC va H, la diem ddi xiJng ciia H qua BC. 
Gia su" SH n BC = H ' 
Ta cd HH| = 2HH'. Theo hinh hoc Idp 10 thi 
g^(0 , ) = H O , ' - r ' ^ ^ _ 
Matkhac: 9^H(0|) = -HS.HH, =-2HS.HH' 
TCf dd suy ra: HO,^ - r̂  = -2HS.HH' 

=>r^-H0|^ = 2HS.HH' (*) 
Trong tam giac vuong SAH tai A, ta cd 

HS.HH' = AH'- (**) 
* Tir (*) va (**) suy ra r ' = HO, ' + 2 A r f => dpcm. 

Thi du 20: Cho tijr dien ABCD vdi AB = a, AC = b, AD = c, BC = x, BD = y, CD = z, 
I n6i tiep trong hinh cau ban kinh R. Goi G la trong tam tiJ dien. Chtyng minh: 

, 2 , u2 , „2 , „ 2 , .,2 , 1 
GA H-GB + Gc + GD > ^-J:^J:£-l^L±y_t£ 

4R 
i , i Giai 

Do G la trong tam tiJ dien n6n ta cd 

GA + GB + GC + GD = 6 (1) 

Theo tinh cha't cua trong tam ttf dien, ta cd 4 (GA^ + G B ' + GC' + GD^) 

= â  +b^ +c^ +x^ +y^ 

Goi O la tam hinh cau ngoai tiep tiJ dien ABCD 

Khi dd ta cd OA = OB = OC = OD = R. 

GA OA Ta cd G A . O A < 
I , 
i=> G A ( O G + G A ) < G A . R 

Lap luan tiTdng tu" cd 

G B ( O G + G B ) < G B . R 

G C ( 0 G + G C ) < G C . R 

G D ( O G + G D ) < G D . R 

= GA.R 
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ndi diconfi IISO Iliiih hoc khong gian - Plum IJitij Kluii 

Cong tCrng ve (3), (4), (5), (6) ta c6 

O G ( G A + G B + G C + G D ) + G A ^ + G B ^ + G C ^ + G D ^ 

< R ( G A + G B + G C + G D ) (7) 

T i r ( l ) , ( 2 ) , ( 7 ) s u y r a 

G A + G B + G C + G D > 

7 . 7 9 7 7 7 

a + b + c + x + y - + z 

4R 

dpcm. 

Dau dang IhuTc xay ra <=> ddng thdi c6 dau bang trong (3), (4), (5), (6) 

. o O dong thdi nSm trcn c t i c diTdng lhang GA, GB, GC, GD ^ ,̂ , 

<:> O s H o A B C D l a ti? d icn deu! 

T h i d u 21 : Cho ti? d icn A B C D c6 R l a ban kinh hinh c a n ngoai tiep ti? dien. Goi 

Ga, Gb, G,, G j Ian liTdt l a trong tam ciia cac mat BCD, ACD, A B D ABC. 

D|t ma = AGa , mb = BGb, me = CG,, mj = DGj. ChiJng minh rang: 

3 
• \ ' R > — ( m , + mb + m , + m j ) ' s 

' "•• . • l o 

Goi O l a tam hinh cau ngoai tiep tuT dien. Ta c6 4R^ ^ OA^ + OB ' + OC^ + O D ' 

= (OG + G A ) % ( O G + G B ) ^ + (OG + GC)^ + (OG + G D ) ^ 

vd i G l a trong tam ti? dien 

Taco GA + GB + GC + G D = : O n e n t i r t r e n s u y r a 

4R^ = 40G^ + GA^ + GB^ + GC^ + G D ' (1) 

Theo tihh chaft cua trong tam ti? dien, ta c6 

G A = - m - 0 8 = - m b ; G C = - m , ; G D = ^ m j 
4 4 4 4 

Thay la i vao (1) va di de'n B 

4R^ = 40G^ + 
16 

(ma 2 + m b ^ + m , ^ + m / ) 

9 / =:> 4R ' > — m / + mu^ + m / + m 
2\ (2) 

Dau " = " trong (2) xay ra o OG = 0 o O s G. 

Theo baft dang thiJc Bunhiacopski, ta c6 

m / + mb^ + mj- + > -^ (m, + mj, + m,. + m^f 

Dau b^ng trong (3) xay ra <=> m^ = = m ,̂ = m^ 

Ttr (2), (3) suy ra R > ^{m.,+m^, + m^ + mj) 
l o 

(3) 

(4) 
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156 la dpcm. 

Dau bang trong (4) xay ra CJ> dong thdi c6 da'u bang trong (2) (3) 

fO = G 

m^ = m b = m , = m j 
<=> A B C D la tiJ d icn deu. 

l - l j f d y 22: Cho ti? dien A B C D co AB = a,, AC = aj, A D = aj, CD = b,, DB = bz, 

I BC = b j . Goi I la tam hinh cau noi tiep tiJ didn. Gia suf c^c khoSng each ttr 

tam I den cac canh c6 do dai a,, bi la hi va di tu-dng iJng ( i = 1; 2; 3). ChuTng 

minh rang: aib, (h, + d,) + ajbsChi + d.) + ajbjC hj + dj) > 18V d day V la the 

tich tiJ d icn. 

G ia i 

Gia sur A I n (BCD) = I ' ; BC n (A I 'D ) = M 

Ha BB, 1 ( A M D ) ; CC| 1 (BMD) 

V i M G ( A M D ) nen hien nhien ta c6 B M > BB, ; C M > CC, 

= > B M + C M > B B , + C C , 

= > b 3 > B B , + C C , (1) 

Dau bang trong (1) xay ra <=> B| = M = C, 

o B C l A D va du'cfng vuong goc chung 

cua BC va A D qua I . 

T t r ( l ) s u y r a b 3 . SA , D > ( B B , + C O . S A I D 

= > b3 .SAlD>3(VB .A lD + Vc.AlD) (2) I \ 

I' 

Vi V B . A I D - V[ A B D = - T - S A B D 

, V c . A I D = V i A C D = — T . S A C D 

lay l a i v a o (2) t a C O : b j . S A i o ^ K S A B D + S A C D ) . (3) 

Tit g i a t h i e t t a l a i c6: S A I D = - AD.d( I , AD) = - . a j . h j 
2 2 

Thay l a i v ^ o (3) t a c6: i .a3.h3.b3 > r ( S A B c + S A C O ) (4) 

Lap l u a n h o a n t o a n tiTcfng t i T c o : ^ . a , . h , . b i > r ( S A B c + S A B D ) (5) 

- . a 2 . h 2 . b 2 > r ( S A B C + SACD) 

1 
.a,.bi.d, > r (ScDA + S C D B ) 

(6) 

(7) 
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Bdi dudng HSG IRnh hoc khdng gian - Pluin Hug Khdi 

^ .a2.b2.d2 > KSBDA + SBDC) (8) 

^ .a3.b3.d3 > r(S,jcA + SBCD) (9) 
. ijii •••• j r r r ; 

Cong tiTng ve (4)-(9), di den 
a|b| ( h | + di) + a2b2(h2 + dz) + â biC h3 + d,) > 6r(SABc + SBCD + SCDA + SDAB)- (10) 
De y r^ng V = V,.ABC + V,.„CD + V,.CDA + V.DAB 

V, .,•„, ,,: ^ =—r(SABC + SBCD + SCDA + SDAB)-

nil C,i- V 'f^iliX l> '/C, J. 3 

(11) 
Tir(lO), (11) di den a.b, (h, + d,) + a2b2(h2 + d2) + a 3 b 3 ( h3 + d,) > 18V. (12) 
Do ladpcm! 
Dau bang trong (12) xay ra (bang li luan tifdng tiT nhuf da'u bang trong (i) 
xay ra) o ABCD la luf dien deu. 

Thi du 23. Cho ABCD la li? dien gan deu (tiJc la c6 cac canh doi dien bang 
nhau) va M la mot diem tuy y trong tu" dien. Ha MM| , MM2, MM3, MM4 lun 
lu-cft vuong goc vdi cac mat BCD, CDA, DAB, ABC. Goi r p ttfcJng lifng la 
bin kinh mat cau noi tiep va ban kinh diTcJng tron ngoai tiep mot mat cua u? 
dien nay. Goi A, B, C la goc cua tam giac ABC. Chiirng minh : 
1. M M r + MM2^ + MM3^ + MM4^>4p^cosAcosBcosC rOQ 

r 7^ A 
2. - < • P 4 

Giai 
1 . Do ABCD la tiif dien gan deu nen ta c6 

BC = DA= a; CA = DB = b; AB = CD = c 
De thay du'cJng cao ha tiif cac dinh cua tiJ dien B 
gan deu la bSng nhau va gia suT = h. 
That vay do SBCD = SCDA = SDAB = SABC = S , 

3V 
nen ha = hb = h,. = hj = — d day ha, hh, h^, h j 

S 
tiTcfng ling la cac chieu cao cua tuT dien ke tiif 
A, B, C, D. Ta c6 V = VABCD = V 

1 
'M.BCD + V M.CDA + V M.DAB + V M.ABC 

= - S (MM, + MM2 + MM3 + MM4), B 

/ 1 
1 1 

" ' 7 1 y v< ^ - ' / / - ' ' / / 
V 

Matkhac V = - S h MM, + MM2 + MM3 + MM4 = h 3 
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Dyng hinh hop chu" nhiit ngoai tiep hinh hop nay, ta c6 
V = 12 2{h^7J^^JJ^^ - ) ( a ^ + b^ - ) (1) 
Ap dung dinh li ham so'Cosin trong tam giac ABC ta c6 ' ' 

I 'b^ + c^ - a^ = 2bccosA; a^ + c^ - b^ = 2accosB; a^ + b^ - c^ = 2abcosC 
, Tur do thco (1) ta CO V = jabcVcos AcosBcosC (2) 

'Taco ' . . . j f ' S = - b c s i n A = ^S^^^'^^ 
\ / t \  ,  \ i t \  .  u  abcVcos A COS B cos C MM] + MM2 + MM3 + MM4 = h = — = ^Ta CO abc 

= 4p Vcos A cos B COSC (3) 
[^Theo baft dang thiJc Bunhiacopski thi 
[(MM, + MM2 + MM3 + MM4)^< 4(MM|^ + MM2^ + MM,^ + MM4^) (4) 
jTtir (3) (4) suy ra MM,^ + MM2^ + MM3^ + MM4^ > 4p^cosAcosBcosC 
[Do la dpcm. Dau bang xay ra o MM, = MM2 = MM3 = MM4 

<=> M la tilm hinh cau noi tiep tu" dien ABCD 
'Lay M = I, cf day I lii tam hinh cau noi tiep ti? dien ABCD. Khi do ta c6: 
h = 4r = 4p Vcos A cos B cosC => r = PN/COS AcosBcosC 
Ta bict rang trong moi tam giac ABC thi: cosAcosBcosC < -
(dau bang xay ra <=> ABC la tam giac deu). 

Til do ta co: r < 
P r ^ V2 

2yf2 p 4 
Do la dpcm. Dau bang xay ra <=> ABC la tam giac deu <=> ABCD la tu" dien deu 

Thi du 24: Cho tiJ dien ABCD. Goi S,, R,, h (i = 1,2,3,4) Ian liTdt la dien tich ciia 
mat thi? i, ban kinh cua du"dng tron ngoai tiep mat nay va khoang each tCf 
tam dudng Iron nay den dinh doi dien cua tu" dien. Goi V lii the tich cua tiJ 

D 
dien. Chu-ng minh: V= ^^t,Si^[l;^-R-^) 

^ Giai 
Coi ABC la mat Ida nhat cua tu" dien. 

I Goi 0 | la tam duTtng tron ngoai tiep 
tam giac ABC, O la tam hinh cau ngoai A^'^'r: 
tiep tu" dien, thi ro rang OO, 1 (ABC) H, 10, 
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Thi du 23. Cho ABCD la li? dien gan deu (tiJc la c6 cac canh doi dien bang 
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r 7^ A 
2. - < • P 4 

Giai 
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De thay du'cJng cao ha tiif cac dinh cua tiJ dien B 
gan deu la bSng nhau va gia suT = h. 
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3V 
nen ha = hb = h,. = hj = — d day ha, hh, h^, h j 

S 
tiTcfng ling la cac chieu cao cua tuT dien ke tiif 
A, B, C, D. Ta c6 V = VABCD = V 

1 
'M.BCD + V M.CDA + V M.DAB + V M.ABC 

= - S (MM, + MM2 + MM3 + MM4), B 

/ 1 
1 1 

" ' 7 1 y v< ^ - ' / / - ' ' / / 
V 

Matkhac V = - S h MM, + MM2 + MM3 + MM4 = h 3 
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Dyng hinh hop chu" nhiit ngoai tiep hinh hop nay, ta c6 
V = 12 2{h^7J^^JJ^^ - ) ( a ^ + b^ - ) (1) 
Ap dung dinh li ham so'Cosin trong tam giac ABC ta c6 ' ' 

I 'b^ + c^ - a^ = 2bccosA; a^ + c^ - b^ = 2accosB; a^ + b^ - c^ = 2abcosC 
, Tur do thco (1) ta CO V = jabcVcos AcosBcosC (2) 

'Taco ' . . . j f ' S = - b c s i n A = ^S^^^'^^ 
\ / t \  ,  \ i t \  .  u  abcVcos A COS B cos C MM] + MM2 + MM3 + MM4 = h = — = ^Ta CO abc 

= 4p Vcos A cos B COSC (3) 
[^Theo baft dang thiJc Bunhiacopski thi 
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(dau bang xay ra <=> ABC la tam giac deu). 

Til do ta co: r < 
P r ^ V2 

2yf2 p 4 
Do la dpcm. Dau bang xay ra <=> ABC la tam giac deu <=> ABCD la tu" dien deu 

Thi du 24: Cho tiJ dien ABCD. Goi S,, R,, h (i = 1,2,3,4) Ian liTdt la dien tich ciia 
mat thi? i, ban kinh cua du"dng tron ngoai tiep mat nay va khoang each tCf 
tam dudng Iron nay den dinh doi dien cua tu" dien. Goi V lii the tich cua tiJ 

D 
dien. Chu-ng minh: V= ^^t,Si^[l;^-R-^) 

^ Giai 
Coi ABC la mat Ida nhat cua tu" dien. 

I Goi 0 | la tam duTtng tron ngoai tiep 
tam giac ABC, O la tam hinh cau ngoai A^'^'r: 
tiep tu" dien, thi ro rang OO, 1 (ABC) H, 10, 



Bdi ditdng HSG Hinh hoc khdng girui - Phan Iluy Khdi 

Khi do ta c6 D O , = 1,; A O , = R,; OA = R (d day R la^ban k inh hinh cau ngo;( 

tiep tur dien A B C D ) . 

Dat 0 0 | = d|, goi h| la chieu cao ke tiif D 

cua tv( dien (tiJc la neu ke D H , 1 (ABC) , H , e (ABC) D H , = h,) 

d2, d , , 64, ho, h i , h4 dUdc k i hicu Wcfng tif. . ^ 

R o r a n g t a c o S i h , =S2h2 = S3h3=S4h4 = 3V. (1) 

Ta CO 

1 2 ^ i ' - R i ' 

. Thay ( l ) v a o ( 2 ) va c6 

1 1 4 f . 2 _ j ^ . 2 

(2) 

(3) 

R6 rang trong tam giac vuong O A O , ta c6 

OA^ = OO,^ + 0 , A ^ ^R^ = R , ' + d,^ =^ R , ^ = R ' - d,^ 

=>l,' - R , ' = - ( R ' - d , ' ) = (/,' - h , ' ) - ( R ' - d , ' ) + h , ' (4) 

R 6 rang ta c6 - h , ' = D O , ' - D H , ' = H , ' 0 , ' = O K ' (ke O K 1 D H , 

v.i.:>,ii,fi ' = _ D K ' = R ' - (h, - d , ) ' (5) 

Thay (5) vao (4) va C O - R , ' = R ' - ( h , - d , ) ' - ( R ' - d , ' ) + h , ' 

= R ' - h , ' - d , ' + 2h,d, - R ' + h , ' + d , ' = 2 h . d , . 

f.,^ - R i _ _ 2h|d, ^ ^ d . 
( 6 ) 

Lap luan tiTdng t\i nhU (6) ta c6 ^ 

• i Thay (7) vi io (3) ta d i den 

= 2 ^ V i = l , 2 . 3 , 4 . (7) 
hi M 

1 i y s ^ ( i . ^ - R . M - v i 2 y ^ - v ( 8 ) 

Goi Vi la the tich tu" dien dinh O va day la cac mat c6 dien tich S, ( i = 1,4) 

Ta CO 
V hi 

^ d j _ V , + V , + V 3 + V , _ ^ 

0 6'hi - V 
(9) 

CtyTNIIH MTV DVVH Khang ViV-i 

Thay (9) vao (8) va CO V = i ^ ^ ^ S ^ ^ ( l ; ' - R^̂  ) D6 la dpcm! 

Xhi du 25: Cho tu" dien A,A2A3A4 va G la trong tam cua no. Cac diTdng t h i n g 

G A i , G A 2 , G A 3 , G A 4 Ian lu'dt cat mat cau ngoai tie'p tu" dien tai A , . A 2 , A 3 , 

A 4 . ChiJng minh 

1. G A , . G A 2 . GA3 . GA4 < G A , ' . G A 2 ' . GA3' . GA4' 

2. 
1 1 1 

-H - + -
1 1 1 1 1 

-< + + + GA| G A 2 G A 3 G A 4 GA, G A 2 G A 3 G A 4 

G i a i 

Dat d = OG, d day O la tam hinh cau 

ngoai tiep tu" dien. Thco phu'cJng tich 

cua mot diem vdi mat cau, ta c6 

GAi. GAi ' = R ' - d ' ( i = 1,4), 

d day R la ban kinh mat cau ngoai 

tie'p liJ dien. TiT do ta c6 

(GA, . G A 2 . GA3 . GA4 ).( G A , ' . GA2' 

. GA3 . GA4 ) = (R ' - d ' ) ^ (1) 
Do O A , = O A 2 = OA3 = OA4 = R =:> O A , ' + O A 2 ' + OA3' + OA4' = 4 R ' (2) 
L a i CO 

O A , ' + O A 2 ' + OA3' + OA4' = ( 0 G + ( S ^ ) % ( C G + ( S 2 ] % ( O T + G ^ ) % ( 0 G 

= 4 0 G ^ + G A , ^ + G A 2 ' + G A 3 ' + G A 4 ' (3) 

(v i GA, + G A 2 + G A 3 + GA4 = 0 do G la trong tam tur dien) . 

Tir (2), (3) suy ra GA, ' + G A 2 ' + G A 3 ' + G A 4 ' = 4 ( R ' + d') ' (4) 
Theo bat dang thiJc Co si, ta co 

GA,' + G A 2 ' + G A 3 ' + G A 4 ' > 4^/GVGA7GA7GA7" 

Hay G A , . G A 2 . G A 3 . GA4 
G A , + G A 2 ^ + GA3^+ G A 4 ^ 

4 7~~~ 
' Ttr (4), (5) ta CO G A | . G A 2 . G A 3 . G A 4 < ( R ' - d ' ) ' ' 

T i r ( I ) , (6) suy ra G A , . G A 2 . G A 3 . G A 4 < G A , " . G A . ' . G A j ' . G A 4 

Do la dpcm. Da'u bang xay ra < » GA, = G A 2 = G A 3 = G A 4 

<=>H = 0<=> A,A2A3A4la tu-diendcu. 

2- Theo trcn ta c6 v* i ' i ' r» h . 

G A ^ V i = M = > i - i - = ^ ' 

(5) 

(6) 

1 

GA: ' R ^ - d ^ t T G A i R ^ - d ^ ' ^ ° ^ ' 
(7) 
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CtyTNIIH MTV DVVH Khang ViV-i 

Thay (9) vao (8) va CO V = i ^ ^ ^ S ^ ^ ( l ; ' - R^̂  ) D6 la dpcm! 

Xhi du 25: Cho tu" dien A,A2A3A4 va G la trong tam cua no. Cac diTdng t h i n g 

G A i , G A 2 , G A 3 , G A 4 Ian lu'dt cat mat cau ngoai tie'p tu" dien tai A , . A 2 , A 3 , 

A 4 . ChiJng minh 

1. G A , . G A 2 . GA3 . GA4 < G A , ' . G A 2 ' . GA3' . GA4' 

2. 
1 1 1 

-H - + -
1 1 1 1 1 

-< + + + GA| G A 2 G A 3 G A 4 GA, G A 2 G A 3 G A 4 
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TO (4), (7) la CO ^ — 
i=i GAj 

r = 4 i=l _ (8) 

' ' • • • i = l ') „Ar. , ' , 
Ap dung bat dang thtfc Bunhiacopski ta CO , , rirsiia . f 1" 

. , r^A , r . A A2 - '-" ' "^ ^ A D . , A O -A ' ) 

< G A r + G A.^ + G A,^ + G A4^ (9) 
G A | + G A 2 + G A 3 + G A 4 ^ 

Thay (9) vao (8) va CO ^ — ^ < ' (10) 

'=' f;yiiT jioib t i l qoiJ ico 

'̂ Lai theo baft dang thtfc Cosi, thi 

(GA, + GA, + G A 3 + G A 4 )(—!— + —!— + + — ! — ) > ! 6 
, ' ^ • ^ GA, GA2 GA3 GA4 «;f V 

I ; 
1 

> 
16 

i=i 

'..O'i.c'r,' (11) 

. . ' - - T -

TO (10), (11) di dc'n < ZT:^ => <lpcm. . 
i=i GAj i=| (jAj 

1 0 3 ! U, 

, Daubangxayra o GA, = GA2 = GA, = G A 4 c ^ H ^ O 

o A1A2A3A4 la tiJdicn deu. 1 

Nhan xet: Ta co ke't qua tiTdng tif sau trong hinh hoc phang 

Cho tam giac ABC noi tiep trong du'dng tron. 

Goi G la trong tarn tam giac. Gia siir AG, BG, CG 

Ian liTdt cat du-dng tron tai A ' , B ' , C . Khi do ta c6 

1. GA.GB.GC<GA'.GB'.GC' 

2. 
1 1 1 1 1 1 

- + + > 7 + T + -

GA GB GC GA GB GC 

Da'u bang xay ra trong hai ba't ding thtfc tren <=> ABC la tam giac deu. 

Thi dM 26: Cho tijr dien ABCD bat ki. Goi R va r tû cfng tfug la ban kinh hinh cili' 

ngoai tiep va noi tiep tiJ dien. ChiJng minh r^ng: R > 3r. 

Cty TNHH MTV DWH Khnng Viet 

Giai 
Goi G|, G2, G 3 , G 4 Ian liTcJt la trong tam 
cac mat BCD, ACD, ABD va ABC. 
De thay rang G,G2 // AB, G1G4 // A D , : ' 
G , G 3 / / A C . • , • • 

Vay hai tu" dien ABCD va G1G2G3G4 la 

hai tiJ dien do'ng dang theo ty so' ^ . 

Goi R va R' tU'dng iJng la cac ban kinh hinh cau'^ngoai tiep cac tur dien 
R 

ABCD va G ,G2G3G4 . Ta c6 R' = .ofcri1flifMlri;i;j< n? 

Vi G|, G2, G 3 , G 4 la 4 diem Ian lifcft nam tren 4 mat cua ttf dien ABCD, do 

do, hien nhien ta co: R' > r — = R'> r hay R > 3r => dpcm. 

Thi du 27: Cho hinh chop tiir giac deu S.ABCD canh ben vfl canh day deu bang a. 
Co mot hinh cau di qua A va tiep xuc vdi SB, SD tai trung diem ciaa moi 
du'dng . Xac dinh tam O va tinh ban kinh hinh cau ay. s 

Giai 
Vi hinh cau tiep xuc vdi SB tai trung 
diem M cua no, nen tam O cua hinh 
cau phai nam tren mat phang trung 
trifc cua SB. Do gia thiet suy ra: MA ± 
SB, CM 1 SB nen SB 1 (MAC). 
Vay (MAC) chinh la mat phang trung 
triTccua SB. 

Tu-cfng tir neu goi N la trung diem ciJa SD thi O e (NAC), d day de thay 
I (NAC) la mat phang trung triTc ctia SD => O e AC = (MAC) n (NAC). 
I Trong (MAC) ve trung triTc cua MA va gia sijT du-cfng nay cat AC tai O. 

OM = OA. Do thay AMAO = ANAO => OM = ON — s 

Vay O chinh la tam hinh cau qua A va tiep xuc vdi SB, SD tai trung diem 
cua moi du'dng. Goi R la ban kinh cua hinh cau nay. . 

AK AK Doiv^iV . 
Ta co: R = OA = (1) 

cosKAO cos M AH 
0 day K la trung diem cua MN, con H la tam cua day ABCD. 

AH 
Do MA = MC => MH 1 AC => cosMAH = A M 

(2) 
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Cty TNHH MTV DWH Khnng Viet 
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901 
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T i r ( l ) , (2 )suy ra: 

L a i CO": 

R = 
A K . A M 

A H 

AT^ 1 . . . â /3 aVI 
A K = - A M = ; A H = 

2 4 2 

(3) 

(4) 

Thay (4) vao (3) di den: R = 

••'1'*"'''!q:"'^*''t; t 

dL-Ji aVs 
•~2 _ 3 a V 2 _ 4 

8 

T h i du 28: Cho hinh chop tam giac deu SABC, canh day bang a, canh ben bang 

b (b > a). Hinh cau tiep xiic vdti (ABC) tai A va tiep xuc v d i canh SB. Tim 

ban kinh hinh cau. ' '•^•'•'-ly''''' 

V I Mnh cau tiep xuc v d i (ABC) tai A 

n6n li\m O cua no nam tren du^dng 

th^ng A z l ( A B C ) t a i A . 

;5 Gia sur D la tiep diem cua mat cau vdi SB O 

=> B A = B D = a (hai tiep tuye'n cija 

mat cau ciing xua't phat tai B) 

Do b > a nen D nam trong canh SB. 

Gpi ban kinh cua hmh cau nay la r, thi 

O A = O D = r 

Ke O K / / A H => OK 1 S H , 6 day H la tam 

cua day A B C . Tir canh huyen chung SO cua hai tam giac vuong SOK va 

SOD suy ra: SK^ + OK^ = SD^ + OD^ 

=> (SH - r)^ + A H ^ = (b - a)^ + 

S r f + - 2 S H . r + A r f = b^ - 2ab + â  + 

a ( 2 b - a ) 

IttSi'Cf • t'.i) 

• b ' - 2SH.r = b^ - 2ab + â  (do S r f + A H ^ = SA^ = b^) r = 
2.SH 

Do SH = V S A ^ - A H ^ = 

Thay (2) v a o ( l ) v a cd 

i I 3 J 

h u 2 2 
3b - a 

(1) 

(2) 

r = 
a ( 2 b - a ) 7 3 

7 3 b ^ • 

Thi du 29: Cho hinh chop tam giac S.ABC. Biet r^ng ton tai hinh cau tam O ban kinh 

R (O nam tren chieu cao hinh chop) tiep xuc vdi ca sau canh cua hinh chop. 

Cty TNHHMTVDVVTIKhang Viet 

1. ChiJng minh S.ABC la hinh chop deu. 

2. Cho SC = R \/3 . T i m chieu cao hinh chop. 

; G i i i i 

Goi M , N Ian lifdt la cac tiep diem cua 

hinh cau v d i cac canh A B , BC, CA. 

Goi SH la chieu cao cua hmh chop va O 

la tam cua hinh cau da cho, thi O e SH. 

Theo dinh l i ba dirdng vuong goc, ta c6 

H M 1 A B ( V I O M 1 A B , do hinh cau 

tiep xuc A B tai M ) . 

TiTdng tir H N 1 BC, HP 1 A C . 

Do O M = O M = OP = R nen H M = H N = HP, vay H li i tam diTdng tron noi 

tiep tam giac A B C . 

Goi K, E thi? tiT la cac tiep diem cua hinh cau vdi cac canh SA, SC. Ta c6 

SK = SE (hai tiep tuyen cting xua't phat tif mot diem). 

=^ AKSO = AESO =^ K S b - O S E v ( i 

=> ASAH = ASCH =^ SA = SC. 

L i luan ttfdng tiT SA = SB, vay SA = SB = SC va do do H la tam du^dng tron 

ngoai tiep tam giac A B C . NhU" vay, A B C phai la tam giac deu (do tam hai 

dirdng tron noi va ngoai tiep trijng nhau) => S.ABC la hinh chop deu 

dpcm. , ,, 

OK R V 3 A H 
Ta diit A S H = a, nhiT vay sina = ^ -

OS R V 3 3 
Dat SH = h, H N = X (nhiT vay A H = 2x). 

Trong tam giac vuong S A H , theo dinh l i Pitago, ta cd 

AS 
vay AS = V 3 A H . 

SA^ = S r f + A H ^ S H ' = 2 A H ' o h = 8x' 

Trong lam giac vuong O H N , theo djnh l i Pitago, cd 

O N ' = O H ' + H N ' R ' = ( h - V 3 R ) ' + x ' 

= > R ' = h ' - 2 h R V 3 + 3R' + x ' . 

Thay h ' = 8x ' vao ( 1 ) , ro i rut gpn ta cd 9h ' - 16 7 3 hR + 1 6 R ' = 0. 

T t r ( 2 ) c d h = ± ^ R h o a c h = l ^ i . D A ] . 

Nghiem h = bi loai v i ta cd h = SH > SO = R%/3 > . 

4N/3R 

( 1 ) 

(2) 

V a y chieu cao cua hinh chop SH = 

I Q 3 



Boi dicdng HSG Hinh hgc khdng gian - Phnn Huy Khdi 

T i r ( l ) , (2 )suy ra: 

L a i CO": 

R = 
A K . A M 

A H 

AT^ 1 . . . â /3 aVI 
A K = - A M = ; A H = 

2 4 2 

(3) 

(4) 

Thay (4) vao (3) di den: R = 

••'1'*"'''!q:"'^*''t; t 

dL-Ji aVs 
•~2 _ 3 a V 2 _ 4 

8 

T h i du 28: Cho hinh chop tam giac deu SABC, canh day bang a, canh ben bang 

b (b > a). Hinh cau tiep xiic vdti (ABC) tai A va tiep xuc v d i canh SB. Tim 

ban kinh hinh cau. ' '•^•'•'-ly''''' 

V I Mnh cau tiep xuc v d i (ABC) tai A 

n6n li\m O cua no nam tren du^dng 

th^ng A z l ( A B C ) t a i A . 

;5 Gia sur D la tiep diem cua mat cau vdi SB O 

=> B A = B D = a (hai tiep tuye'n cija 

mat cau ciing xua't phat tai B) 

Do b > a nen D nam trong canh SB. 

Gpi ban kinh cua hmh cau nay la r, thi 

O A = O D = r 

Ke O K / / A H => OK 1 S H , 6 day H la tam 

cua day A B C . Tir canh huyen chung SO cua hai tam giac vuong SOK va 

SOD suy ra: SK^ + OK^ = SD^ + OD^ 

=> (SH - r)^ + A H ^ = (b - a)^ + 

S r f + - 2 S H . r + A r f = b^ - 2ab + â  + 

a ( 2 b - a ) 

IttSi'Cf • t'.i) 

• b ' - 2SH.r = b^ - 2ab + â  (do S r f + A H ^ = SA^ = b^) r = 
2.SH 

Do SH = V S A ^ - A H ^ = 

Thay (2) v a o ( l ) v a cd 

i I 3 J 

h u 2 2 
3b - a 

(1) 

(2) 

r = 
a ( 2 b - a ) 7 3 

7 3 b ^ • 

Thi du 29: Cho hinh chop tam giac S.ABC. Biet r^ng ton tai hinh cau tam O ban kinh 

R (O nam tren chieu cao hinh chop) tiep xuc vdi ca sau canh cua hinh chop. 

Cty TNHHMTVDVVTIKhang Viet 

1. ChiJng minh S.ABC la hinh chop deu. 

2. Cho SC = R \/3 . T i m chieu cao hinh chop. 

; G i i i i 

Goi M , N Ian lifdt la cac tiep diem cua 

hinh cau v d i cac canh A B , BC, CA. 

Goi SH la chieu cao cua hmh chop va O 

la tam cua hinh cau da cho, thi O e SH. 

Theo dinh l i ba dirdng vuong goc, ta c6 

H M 1 A B ( V I O M 1 A B , do hinh cau 

tiep xuc A B tai M ) . 

TiTdng tir H N 1 BC, HP 1 A C . 

Do O M = O M = OP = R nen H M = H N = HP, vay H li i tam diTdng tron noi 

tiep tam giac A B C . 

Goi K, E thi? tiT la cac tiep diem cua hinh cau vdi cac canh SA, SC. Ta c6 

SK = SE (hai tiep tuyen cting xua't phat tif mot diem). 

=^ AKSO = AESO =^ K S b - O S E v ( i 

=> ASAH = ASCH =^ SA = SC. 

L i luan ttfdng tiT SA = SB, vay SA = SB = SC va do do H la tam du^dng tron 

ngoai tiep tam giac A B C . NhU" vay, A B C phai la tam giac deu (do tam hai 

dirdng tron noi va ngoai tiep trijng nhau) => S.ABC la hinh chop deu 

dpcm. , ,, 

OK R V 3 A H 
Ta diit A S H = a, nhiT vay sina = ^ -

OS R V 3 3 
Dat SH = h, H N = X (nhiT vay A H = 2x). 

Trong tam giac vuong S A H , theo dinh l i Pitago, ta cd 

AS 
vay AS = V 3 A H . 

SA^ = S r f + A H ^ S H ' = 2 A H ' o h = 8x' 

Trong lam giac vuong O H N , theo djnh l i Pitago, cd 

O N ' = O H ' + H N ' R ' = ( h - V 3 R ) ' + x ' 

= > R ' = h ' - 2 h R V 3 + 3R' + x ' . 

Thay h ' = 8x ' vao ( 1 ) , ro i rut gpn ta cd 9h ' - 16 7 3 hR + 1 6 R ' = 0. 

T t r ( 2 ) c d h = ± ^ R h o a c h = l ^ i . D A ] . 

Nghiem h = bi loai v i ta cd h = SH > SO = R%/3 > . 

4N/3R 

( 1 ) 

(2) 

V a y chieu cao cua hinh chop SH = 

I Q 3 



Boi diidng HSG IRnh hoc khOng gian - Phnn Iluy Khdi 

Thi du 30. Trong mat phang (P) cho tarn giac ABC c6 ba canh AB = c, AC = b, 
BC - a. Co ba hinh cau tarn d , O2, O 3 liTng doi tiep xiic vdi nhau va Ian iu-^i 
tiep xiic vdi (P) tai A, B, C. Goi R,, R2, R3 liTdng ifng la ban kinh cac hinh 
cau tarn O,, O2, O 3 . Tinh R i , R2, R3 theo a, b, c. 

• / • o r ! \ , Giai 
Do vai tro do'i xiJng c6 the gia suT 

R | > R 2 > R 3 K 

Tacd 0 , 0 2 = R| + R 2 " 
0 2 0 3 = R2 + R3 

030i = R3 + R|. 

Ke O 3 H // BC va theo djnh l i Pitago 
trong tam giac O2HO3, ta c6 
H O 3 ' = O2O3' - O 2 H ' : ^ a^ = (R2 + R3) ' - (R2 - R 3 ) 

=>a^ = 4R2R3 ( 1 ) 

Lap luan tifdng i\X c6 b^ = 4R3R, (2) 

c ' = 4 R , R 2 (3) 

Nhan tiTng ve ( 1 ) , (2), (3) va c6 a=b\ -  64R,'R2'R3^ 

=> abc = 8R|R2R3 

Tuf ( l ) , (2), (3), (4) d6 dang suy ra 

(4) 

R, = ^ ; R 2 = ^ ; R 3 = ^ 
2a 2b " 2c 

Thi du 31: ChuTng minh rkng dieu kien can va du de ton tai hinh cau tiep xuc 
vdi tat ca cac canh cua lu- dien ABCD la: AB + CD = AC + BD = AD + BC 

Giai 
1 . Dieu kien can: Gia siir c6 hinh cau tiep xiic vdi ca sau canh cua ttf dien. 

Goi P, Q, R, T, U , S la cac tiep diem vdi AB, AC, AD, CD, BD, BC 
hinh cau se cat cac mat cua tuT dien theo cac giao luye'n la cac du'dng tron 

noi tiep cua cac mat cua tu' dien 
' Theo tinh cha't cua tiep tuyen ta c6: 

AP = AQ = AR = 1, r A o . ^ T . , , . v / \  T  A B + CD = I| + I 2 + I 3 + I 4 

AC + BD = 1| + I 2 + I 3 + I 4 

A D + BC = 1| + I 2 + I 3 + I 4 

2. 

BP = BS = BU = l2 

CQ = CS = CT = l 3 ' 

DR = DT = DU = I 4 

TiJf do suy ra dpcm. 
Dieu kien dii : 
Gia siif CO AB + CD = AC + BD = AD + BC. 

Q ,1 

Vty TNlill MTV IJVVll KHang Viet 

Goi P, Q, S la cac tiep diem cua du'dng tron noi tiep AABC vdi cac canh cua 
tam giac. Dat x = AP; y = BP; z = CQ 

x = - ( A B + A C - B C ) 
2 • ... . ... 

y = ^ ( A B + B C - A C ) 
t o J: iC: 

''i.D'i j ' l . 

Xet cac tiep diem P', R, U ciia du'dng tron noi tiep AABD 
1 

z = ^ ( A C + B C - A B ) 

Khido ta c6 AP'= - ( A B + A D - B D ) 
. . 2 , 

1 

.^i = if... 

= - ( A B + AD + BC - BD - BC) (do AD+BC = AC + BD) 
2 

= - ( A B + AC 
2 

BC) = x = > A P ' = x vay P' = P 

=> AR = x; BU = y 
Dat DR = DU = u va xet dufdng tron noi tiep AACD. 

Ly l u a n tiTdng tuT nhiT tren ta sc tha'y chung tiep xuc vdi cac c a n h tai Q, R,T. 
S l U . t J Jli 

> d| n d2 = I Goi d| la dirdng 1 (ABC) va qua tam ABC 
D2 la dirdng ± (ABD) va qua tam ABD 

IP = IQ = IS IP IQ = IS = l U 
IP = IR = l U 

Lai CO IP 1 AB; IQ 1 AC; IS 1 BC; IR 1 AD; l U 1 BD 
Goi J la hinh chieu cua I len (BCD). V i IS 1 BC, l U 1 BD nen theo dinh ly 
ba dirdng vuong gdc suy ra IS 1 BC; JU 1 BD. Vti lai, IS = lU =^ JS = JU 
J la tam dtfdng tron noi tiep ABCD => JT = JS =^ IT = IS va IT 1 CD. 
NhU'the hinh cau tam I tiep xuc vdi 6 canh cua tu" dien. Do la dpcm. 

Thi dy 32: Cho tu" dien ABCD c6 AC = AD = BC = BD; AB = a; CD = b. Goi I 
va J tiTdng tfng la trung diem cua AB va CD. Dat IJ = k. ChiJng minh rang 
dieu kien can va du de ton tai hinh cau tiep xiic vdi ca 6 canh cua tuT dien la 
ab = 2R^ 

Giai 
1. Gia suT ton tai hinh cau tam O tiep xuc 

vdi 6 canh cua tuT dien, khi do O each 
deu AB va BC => O nlm tren (CIJ) 
TiTdng tir O each deu CB va CD nen O 
n^m tren giao tuyen cua (CIJ) va (BIJ), 
tu-cla O G IJ. 



Boi diidng HSG IRnh hoc khOng gian - Phnn Iluy Khdi 

Thi du 30. Trong mat phang (P) cho tarn giac ABC c6 ba canh AB = c, AC = b, 
BC - a. Co ba hinh cau tarn d , O2, O 3 liTng doi tiep xiic vdi nhau va Ian iu-^i 
tiep xiic vdi (P) tai A, B, C. Goi R,, R2, R3 liTdng ifng la ban kinh cac hinh 
cau tarn O,, O2, O 3 . Tinh R i , R2, R3 theo a, b, c. 

• / • o r ! \ , Giai 
Do vai tro do'i xiJng c6 the gia suT 

R | > R 2 > R 3 K 

Tacd 0 , 0 2 = R| + R 2 " 
0 2 0 3 = R2 + R3 

030i = R3 + R|. 

Ke O 3 H // BC va theo djnh l i Pitago 
trong tam giac O2HO3, ta c6 
H O 3 ' = O2O3' - O 2 H ' : ^ a^ = (R2 + R3) ' - (R2 - R 3 ) 

=>a^ = 4R2R3 ( 1 ) 

Lap luan tifdng i\X c6 b^ = 4R3R, (2) 

c ' = 4 R , R 2 (3) 

Nhan tiTng ve ( 1 ) , (2), (3) va c6 a=b\ -  64R,'R2'R3^ 

=> abc = 8R|R2R3 

Tuf ( l ) , (2), (3), (4) d6 dang suy ra 

(4) 

R, = ^ ; R 2 = ^ ; R 3 = ^ 
2a 2b " 2c 

Thi du 31: ChuTng minh rkng dieu kien can va du de ton tai hinh cau tiep xuc 
vdi tat ca cac canh cua lu- dien ABCD la: AB + CD = AC + BD = AD + BC 

Giai 
1 . Dieu kien can: Gia siir c6 hinh cau tiep xiic vdi ca sau canh cua ttf dien. 

Goi P, Q, R, T, U , S la cac tiep diem vdi AB, AC, AD, CD, BD, BC 
hinh cau se cat cac mat cua tuT dien theo cac giao luye'n la cac du'dng tron 

noi tiep cua cac mat cua tu' dien 
' Theo tinh cha't cua tiep tuyen ta c6: 

AP = AQ = AR = 1, r A o . ^ T . , , . v / \  T  A B + CD = I| + I 2 + I 3 + I 4 

AC + BD = 1| + I 2 + I 3 + I 4 

A D + BC = 1| + I 2 + I 3 + I 4 

2. 

BP = BS = BU = l2 

CQ = CS = CT = l 3 ' 

DR = DT = DU = I 4 

TiJf do suy ra dpcm. 
Dieu kien dii : 
Gia siif CO AB + CD = AC + BD = AD + BC. 

Q ,1 

Vty TNlill MTV IJVVll KHang Viet 

Goi P, Q, S la cac tiep diem cua du'dng tron noi tiep AABC vdi cac canh cua 
tam giac. Dat x = AP; y = BP; z = CQ 

x = - ( A B + A C - B C ) 
2 • ... . ... 

y = ^ ( A B + B C - A C ) 
t o J: iC: 

''i.D'i j ' l . 

Xet cac tiep diem P', R, U ciia du'dng tron noi tiep AABD 
1 

z = ^ ( A C + B C - A B ) 

Khido ta c6 AP'= - ( A B + A D - B D ) 
. . 2 , 

1 

.^i = if... 

= - ( A B + AD + BC - BD - BC) (do AD+BC = AC + BD) 
2 

= - ( A B + AC 
2 

BC) = x = > A P ' = x vay P' = P 

=> AR = x; BU = y 
Dat DR = DU = u va xet dufdng tron noi tiep AACD. 

Ly l u a n tiTdng tuT nhiT tren ta sc tha'y chung tiep xuc vdi cac c a n h tai Q, R,T. 
S l U . t J Jli 

> d| n d2 = I Goi d| la dirdng 1 (ABC) va qua tam ABC 
D2 la dirdng ± (ABD) va qua tam ABD 

IP = IQ = IS IP IQ = IS = l U 
IP = IR = l U 

Lai CO IP 1 AB; IQ 1 AC; IS 1 BC; IR 1 AD; l U 1 BD 
Goi J la hinh chieu cua I len (BCD). V i IS 1 BC, l U 1 BD nen theo dinh ly 
ba dirdng vuong gdc suy ra IS 1 BC; JU 1 BD. Vti lai, IS = lU =^ JS = JU 
J la tam dtfdng tron noi tiep ABCD => JT = JS =^ IT = IS va IT 1 CD. 
NhU'the hinh cau tam I tiep xuc vdi 6 canh cua tu" dien. Do la dpcm. 

Thi dy 32: Cho tu" dien ABCD c6 AC = AD = BC = BD; AB = a; CD = b. Goi I 
va J tiTdng tfng la trung diem cua AB va CD. Dat IJ = k. ChiJng minh rang 
dieu kien can va du de ton tai hinh cau tiep xiic vdi ca 6 canh cua tuT dien la 
ab = 2R^ 

Giai 
1. Gia suT ton tai hinh cau tam O tiep xuc 

vdi 6 canh cua tuT dien, khi do O each 
deu AB va BC => O nlm tren (CIJ) 
TiTdng tir O each deu CB va CD nen O 
n^m tren giao tuyen cua (CIJ) va (BIJ), 
tu-cla O G IJ. 



Bdi diC(iu(j IlSa IVmh hoc klumg <juin - Phan IIiiij Klifii 

Tii gia Ihiet AC = AD = BC = BD 
=> IJ la diTtJng vuong goc chung cua AB va CD => O la trung diem cua IJ (vi 
O cung each deu AB va CD). , ^ : 

DoU^k OI = OJ - -
2 

Goi K la tiep diem cua mat cau vdfi AD. Khi do theo tinh chat cua cac tiep 
tuye'n phat xuat tif mot diem, ta co: 

AK = A I = - ; D K = DJ= - . Vithe A D = '^-^ 
2 2 2 ,„H;, I' 

Trong tam giac vuong AIJ c6 AJ^ = Al^ + IĴ  = — + k'̂  

Trong tam giac vuong AJD lai c6: AJ ' = AD^ - ID^ = ^^^^^ 

T i r ( l ) , ( 2 ) suyra — + k^ = 
_ ( a ^ 

4 
hay ab = 2k^ 

4 4 4 
2. Dao lai gia suf ihoa man dieu kien (3), ttfc la c6 ab = 2k^ 

2 2 
Goi O la trung diem IJ. Ke OK 1 AD, ta c6 AJ^ = — + k^ = — + -

4 4 2 

=>AD^ = AJ^ + J D ^ = ^ + ^ + - ^ = l ( a + b ) ' = > A D = i ( a + b) 

(1) 

(2) 

( 3 ) 

mi.. 

V i the K D = ^(a + b) - A K 

Xet hai tam giac vuong O K A va O K D , c6 

O K ' = O A ' - A K ' = l A ' + 10' - A K ' = — + — 
4 4 

Lai CO O K ' = O D ' - K O ' = O J ' + J D ' - K D ' 

•AK^ 

^(a + b ) - A K ( a + b) 
-\2 

+ 
4 4 

] ^ + . ^ _ i ( a + b ) ' + ( a + b ) . A K - A K 2 

( 4 ) 

(5) 

Tir (4), (5) suy ra (a+b ) .AK = - ( a + b) o A K = -
2^ ' 2 

0 K = -
2 

Cty TNIIII MTV DWII Khcing ViH 

Ly luan tiTdng tu" suy ra khoang each tiT O tofi cac canh cua tiJ dien deu bang — . 

Nhur vay, O la tam hinh cau tiep xuc vdi ca 6 canh cua tur dien ABCD. Vay 
I he thtfc ab = 2k' la dieu kien can va dii thoa man yeu cau de ra dpcm. 

fhi du 3 3 : Ba canh cua tam giac ABC dcu tiep xuc vdti mat cau tam O, ban kinh 
R = 5cm. Biet AB = 13cm, BC = 14cm, AC = 15cm. Tim khoang each tiT O 
denmatphang (ABC). 

Giai 
Gia suf BC, CA, AB Ian lu'dt tiep xuc 
vdi mat cau tai M , N, P. Khi do ta c6 
OM 1 BC, ON 1 CA, OP 1 AB. 
Ke OH 1 (ABC). Theo dinh li ba di/dng 
vuong goc ta CO HM ± BC, HN 1 AC, 
HP 1 AB. 
Do OM = ON = OP = 5cm => HM = HN = HP. Vay H chinh la tam diTdng 
tron npi tiep tam giac ABC. Khi do ta c6 H M = HN = HP = r, d day r la ban 

kinh du^dng tron noi tiep tam giac ABC. Ta c6: r = - d day S, p tu'dng iJng 
P 

la dien tich va nijTa chu vi cua tam giac ABC. ' 
13 + 14 + 15 

P= ^ De tha'y = 21 

Do do theo cong thiJc Herong thi: 

Tir do 

S = V p ( p - a ) ( p - b ) ( p - c ) = V21.8.7.6 = 84 cm' 

r = — = 4 cm 
21 

Lai theo dinh l i Pitago thi d(0; (ABC)) = OH = V R ^ - r ^ - V25-16 = 3 cm. 

Thi du 3 4 : Cho tu' di6n ABCD, trpng tam G, tren mat cau ngoai tiep O. Goi I la 

diem doi xuTng cua O qua G. Gia suT O n^m trong tu' dien ABCD. Chufng 

minh rang I cung n^m trong ti? dien ABCD. 

Giai 
Goi M , N , P, Q, R , S tiTdng u-ng la trung 
diem cua 6 canh AB, CD, AC, DB, AD, 
BC. Khi d6 ro rang M N , PQ, R S dong 
qui tai G va G la trung diem cua moi 
doan ay. Ta cung tha'y G chinh la trpng 
tam cua tu" dien (xem chiTdng 1) 



Bdi diC(iu(j IlSa IVmh hoc klumg <juin - Phan IIiiij Klifii 

Tii gia Ihiet AC = AD = BC = BD 
=> IJ la diTtJng vuong goc chung cua AB va CD => O la trung diem cua IJ (vi 
O cung each deu AB va CD). , ^ : 

DoU^k OI = OJ - -
2 

Goi K la tiep diem cua mat cau vdfi AD. Khi do theo tinh chat cua cac tiep 
tuye'n phat xuat tif mot diem, ta co: 

AK = A I = - ; D K = DJ= - . Vithe A D = '^-^ 
2 2 2 ,„H;, I' 

Trong tam giac vuong AIJ c6 AJ^ = Al^ + IĴ  = — + k'̂  

Trong tam giac vuong AJD lai c6: AJ ' = AD^ - ID^ = ^^^^^ 

T i r ( l ) , ( 2 ) suyra — + k^ = 
_ ( a ^ 

4 
hay ab = 2k^ 

4 4 4 
2. Dao lai gia suf ihoa man dieu kien (3), ttfc la c6 ab = 2k^ 

2 2 
Goi O la trung diem IJ. Ke OK 1 AD, ta c6 AJ^ = — + k^ = — + -

4 4 2 

=>AD^ = AJ^ + J D ^ = ^ + ^ + - ^ = l ( a + b ) ' = > A D = i ( a + b) 

(1) 

(2) 

( 3 ) 

mi.. 

V i the K D = ^(a + b) - A K 

Xet hai tam giac vuong O K A va O K D , c6 

O K ' = O A ' - A K ' = l A ' + 10' - A K ' = — + — 
4 4 

Lai CO O K ' = O D ' - K O ' = O J ' + J D ' - K D ' 

•AK^ 

^(a + b ) - A K ( a + b) 
-\2 

+ 
4 4 

] ^ + . ^ _ i ( a + b ) ' + ( a + b ) . A K - A K 2 

( 4 ) 

(5) 

Tir (4), (5) suy ra (a+b ) .AK = - ( a + b) o A K = -
2^ ' 2 

0 K = -
2 

Cty TNIIII MTV DWII Khcing ViH 

Ly luan tiTdng tu" suy ra khoang each tiT O tofi cac canh cua tiJ dien deu bang — . 
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P 
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21 
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Giai 
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Boi diCSiif} IISG Ilinli hoc khong gian - Phan Huy Khdi 

Ro rang hinh bat dien (tam mat) MPRNQS 
nhan G lam tarn do'i xuTng. 

Y; Gpi O la tam hinh cau ngoai tiep tu" dien fyj us: 

A B C D OA = OB = OC = OD .. uMf 

j l = : ^ O M l A B ; O P l A C ; O R l A D . ^OQA 

0 => O M A = OPA = ORA = 90" 3Lt < 

; => Cac d iem M , P, R nen tren mat cau 

dirdng kinh OA. Tii do suy ra O khong nam ben trong tif dien AMPR. 

Ly luan tu'cJng tu" O cung khong nam ben trong cac tu" dien BSQM, CNSP va 

DQNR.Mat khac, O nam ben trong ti? dien ABCD. M- im u i r i ikni 

V i the O thuoc kho i bat dien MPRNQS. Do kho i bat dien nay nhan G lam 

tam doi xiJng , ma I la diem do'i xtfng cua O qua G => I nam ben trong khoi 

bat dien nay. No i rieng I cung n^m trong tuT dien ABCD. Do la dpcm! 

T h i du 35: Ti? d ien A B C D c6 cac du'dng thang n6i d inh cua ti? d ien vd i tam 

dtfcfng tron no i tie'p cua mat do i d ien dong qui . Chtfng minh r^ng neu c6 

i| mot mat-cau di qua ba dinh cua tiJ dien 

\k cit cac canh ke vdi dinh thiJ tiT tai 

* ba d iem thi ba d iem nay la dinh cua 

mot tam giac deu. j 

Glai 

Gia suf A ' , B ' tiTdng iJng la tam diTcfng 

tron noi tiep cac mat doi dien dinh A, 

d i n h B . G i a s i J f A B ' n C D = I 

=> ( ABB ' ) n (BCD) = B I 

Theo gia thiet thi A A ' va B B ' cat nhau 

nen A* phai nam tren giao tuyen cua (ABB ' ) va (BCD), tuTc la A ' e B I . 

Theo gia thiet A I , B I tifdng ij-ng la diTcJng 

' p h a n giac trong ctja tam giac ACD, BCD nen ta c6: 

AC _ C I 
BC A D 

BC 
CD 
C I 

tuf do suy ra 
AC 

A D BD 
AC.BD = AD.BC (1) 

BD CD 

M o t each tifdng tiT (1) ta c6: AB.CD = AC.BD = AD.BC (2) 

Ma t cau qua B, C, D ch ing han cat AB , AC, A D tiTdng uTng tai B, , C,, Di-

Kh i do B, C, C,, B, nkm tren giao tuyen cua mat cau n^y vd i (ABC) 

^ BCC iB i la tiJ giac noi tiep => AAB,C, ^ AACB 
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B,C, AB, 

BC AC 

Tu-dng tu" ta c6 

AB,.BC 

B,D, = ^ M ^ 
A D 

(3) 

(4) 

Ket hdp (2), (3), (4) .suy ra B|Ci = B|D| 

Tifdng tiT di den B i d = B,D, = C D , 

=> BiC|Di la tam giac deu => dpcm. 

f^han xet: Tu" dien thoa man dieu kien dau 

bai la ton tai , ddn gian ta chi viec lay 

A B C D la tiJ dien deu. . i r A YfcrtJ i i n ^ r f ^ i 

Khi do hinh cau qua B, C, D so co tam 

nam tren du'tlng cao A H . 

Hinh cau nay cat A B , AC, A D tai A,, B,, C, 

trong do de dang thay AB|CiA, ^ ABCD B,C,A, la tam giac deu. 

Thi d i i 36: Tren mat phang (P), cho du^cfng thang A va diem O n i m ngoai A. Mot 

i goc vuong xOy quay quanh O, cac canh Ox, Oy Ian liTdt cat A tai B, C. Tren 

l|P dirdng thang (d) vuong goc vd i (P) tai O lay diem S co dinh (S ^ O). ChiJng 

minh rang khi goc vuong xOy quay quanh O thi mat cau ngoai tiep tiJ dien 

SOBC luon di qua mot du'dng tron CO dinh. i 
„• .„ .. ...... \ G ia i 

Goi M , E tifdng tfng la trung diem cua 

BC, SO. Qua M ke Mz // (d). 

Goi E la trung d iem cua SO. DiJdng 

trung triTc cua OS (trong mat phiing 

xac dinh bdi (d) va Mz) cat Mz tai I . / O 

Nhu'da biet I la tam hinh cau ngoai tiep 

td" dien SOBC. Goi O' la d iem doi xi lng 

cua O qua A. Kh i do O'co djnh. 

Gpi H la giao diem cua OO' vd i A va K la trung d iem cua SO'. Kh i do ro 

rang H va K cung la hai d iem co dinh. 

OS 
Ta CO H K = — = > M I = H K va M I // H K =^ K I M H la hinh chi? nhat nen 

2 
I K 1 K H . Mat khac, hien nhien do H M 1 (SOO') 

=> I K 1 (SOO') (VI I K // H M ) => K la hinh chieu cua I tren (SOO'). 

B 

(d) 
z 

1 ^ 
r 

1 ^ 

-^C y 

HTM < 

'O' 

209 
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Boi diti'lnt) nSG Ilinh hoc khdng ginn - Phnn Hiuj Khdi ^ 

Trong tam giac vuong SOO' do K la trung diem ciia canh huyen SO' ncn ta 

c6 O K = KS = K O ' => l O ' = IS. Mat khac IS = l O = IB = IC. Vay O ' cung 

nam tren hinh cau ngoai tie'p tur dien SOBC. 

Nhtf the hinh cau nay luon di qua ba diem co djnh khong thang hang S, Q, 

O'tiJc la luon di qua mot diTcIng Iron co djnh, do la 6\i(1ng tron ngoai ticp 

tam giac co djnh SOO' => dpcm. 

Thi du 37: Cho hinh cau lam O, ban kinh R va A la mot diem co djnh ct ben 

trong hinh cau ( OA = d). Ba mat phang bien thien qua A va doi mot vuong 

goc vcti nhau, cKl bdi mat cau thco ba difcJng tron. ChiJng minh rang tdng 

dien tich cua ba diTdng tron nay khong thay d d i . 

G i a i 

Goi X, y, z Ian lu-dt la khoang each iit O 

den ba mat phang. Do ba mslt phang g 

a'y qua A va doi mot vuong goc vdi 

nhau, ncn de thay 

x ' + y ' + z ' = O A ' = d ' (1) 

(xcm hinh ben) v̂-v'fv v;',d-, ; 

X c t dirdng tron giao tuyen co tam A| 

thi ban kinh R, cua no la 

R, = V R ^ - X ^ 

Tii do suy ra dien tich Si cua diTdng tron nay la 

y 0 / < ^ 

A 
A 

• X 

A , 

S, = 7 i R , ' = n ( R ^ - x ^ ) . 

Lap luan tu'cfng tif, ne'u gpi S2, S3 Ian liTdt la 

dien tich cua hai diTdng tron giao tuyen con 

l a i , ta CO 

S2 = 7 i ( R ^ - y ^ ) ; S 3 = 7 i ( R ^ - z ^ ) . 

TCr do suy ra S, + S2 + S3 = %\{ R^ - )+(R^ - y ^ ) + ( R ^ - z^)] 

= 7 t [ 3 R ' - ( x ' + y ' + z ')] 

T h a y ( l ) v a o ( 2 ) v a c 6 : 

S| + S2 + S3 = 7t(3R^ - d^) = const => dpcm. 

T h i du 38: Cho hinh cau ban kinh R. (L) la giao tuyen ciia mat cau vdi mot mat 

phang (P) each deu mat cau mot khoang h ( 0 < h <R). A la mot d iem c d djnh 

tren ( L ) . M o t goc vuong x A y trong (P) quay quanh A. Cac canh A x , A y ciii 

(L) cf C, D . Dir5ng thang qua A vuong g6c v d i (P) va citt mat cau d B. 

(2) 

CUj TNHII n'\' D\-\'n Khang VU^t 

1. ChiJng minh cac tdng BC^ + A D ' va BD^ + AC^ luon luon co gii i tr i 

khong d d i . 'ip-riA;-!} i Ha • > 

2. V d i v i t r i nao cua C D thi dien tich tam giac B C D co gia tr i Idn nhat. 

G i a i 

Goi O la tam hinh cau, O ' la trung diem CD. 

Do C A D = 9 0 " r ^ O O ' ± ( P ) 

Theo gia thict thi O O ' = h ' 

Ta CO A O ' = V A O ^ - O O ' ^ = VR^ - h ^ 

I ' Trong tam g iac v u o n g C A D thi 

C D = 2 A O ' = 2 V R ^ - h 2 . 

V i B A 1 (P) =:> B A 1 A C , B A 1 A D . 

Tiif do ta CO BC^ = AB^ + AC^ 

BC^ + AD^ = A B - + AC^ + AD^ = AB^ + CD^ 

= 4 h ' + 4 (R ' - h') = 4R ' = const 

(chu y A B = 2 0 0 ' = 2h) 

| T i / r t n g t i r , t a c 6 BD^ + AC^ = 4R^ => dpcm. 

2. Ke B H 1 C D . Ta co SBCD = - D C . B H = N/R^ - . B H (1) 

2 

Do R , h khong d d i nen tCf (1) suy ra SBCD m a x <=> B H max (2) ' ' 

T a c 6 B H < B O ' . V i t h c B H m a x o B H = B 0 ' 

o H = O ' o B C D la tam gidc can dinh B i: 1 

c > B D = BC c : > A D = A C < : : i > C D l A 0 ' 

Nhir vay trong (P), diTdng thang qua O ' va vuong goc v d i A O ' ck A x , A y tai 

C va D. Li ic do A D C la tam giac vuong can dinh A . 

Thi du 39: Cho hinh chop tam giac deu SABC vciti canh day = a va canh ben = b. 

M n h cau thuf nhat tam O,, tiep xiic vdi (SAB) va (SAC) ti/dng tfng tai B va C. 

Hinh cau thu" hai tam O2 tiep xiic (SAC) va (SBC) tiTctng iJng tai A va B. T i m 

the tich hinh chop SBO1O2. 

G i a i • 

Goi M va N tiTctng iJng la trung diem cua A B va A C => (SMC) 1 (SAB) 

= > n e u t C f C k e CF 1 S M =J> CF 1 (SAB). ŝ Ĵ- f > 

Tircfng tir ke B K 1 SN thi B K 1 (SAC) (do (SBC) 1 (SAC)) . 

I De thay B K , CF, SH ddng q u y tai G. V i hinh cau tam O, tiep xuc (SAB) tai 

} B nen O, n^m tren diT&ng 1 (SAB) t a i B, tti-c la nkm tren dirtifng Bx // CF. 

1, 
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Dot dUi'/ng IISO Ilhih hoc khong gian - Phnn liny Khdi 

2. 

V i hinh cau tarn O, tiep xuc (SAC) tai 
C ma B K -L (SAC) nen O, nam tren 
dutfng Cy // B K . v f , , . . i . , . , . . . >. 

Do B K n CF => Bx 1 Cy = O, va 
BGCOi la hinh binh hanh. M a t khac 
BG = CG => 0 , C = 0|B vay O, chinh 
la tam hinh cau thiJ nha't phai t im. 
Ly luan tU'dng lu" O2 nSm tren giao diem 
cua 2 dirt^ng //: Az // B K va Bt // AJ (chu 
y AJ 1 SP =^ AJ 1 (SBC)). 
Bay gicf ta tinh the tich hinh chop SBO1O2 

T a c 6 0 , B 1 0 2 B ; 0 2 B l S B 

Vay SB la chieu cao cua hinh chop. 
M a t khac de thay ABO2O1 = AGAC 
( 0 2 B / / G A ; 0 , B / / G C ) 

^SB0|02 - ' ^ ^ • ^ A G C 

Xet ASAP ta c6 SA = b, AP = 
a73 

H 

c6n SP = V 4 2 

Ta CO trong tarn giac vuong G A H thi 

A H aV3 aVs.SP a V s V i b ^ ^ V " 
A G = 

cosa 3cosHSP 2SH 
3.2, 

Do tarn giac G A C nen GN^ = AG^ - AN^ 

nil; 
a^(4h^-a^) 

4 (3b ^ - a 2 ) 

â b̂  
4 ( 3 b 2 - a 2 ) 

Vay VsB0|02 = 
ab 

•GN = 

â b̂  

a V 4 b ^ - a ^ 

2 V 3 b ^ 

ab 

> V 3 b ^ 

3 '2 2 7 3 b ^ 1 2 V 3 b ^ ' 

T h i d u 40: Cho hinh chop ttf giac S .ABCD, ddy A B C D la hinh vuong, canh ben 

SA vuong goc vdi day. M a t p h i n g (P) qua A va vuong goc v d i SC c^t SB, 

SC, SD l a n l i r d t t a i B ' , C ' , D ' . 

1. ChiJng minh nam diem S, A, B ' , C , D ' nam tren mot mat cau (rV,) 

2. ChiJng minh bay diem A , B, C, D , B ' , C , D ' nkm tren mat cau ( rV^ ) 

3. T i m giao tuye'n cua hai mat cslu {^V,) va ( ry ," ) noi tren. 
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Cty TNHH MTV DWII Khimg VuH 

1. 

2. 

V i SC 1 ( A B C D ) => SC 1 A B ' . V i BC 1 (SAB) nen A B ' 1 BC , , , 

=> A B ' 1 (SBC) ^ A B ' l B'S. 

TiTdng tir ta c6 A D ' l D'S. Ngoai ra A C ' l C'S v i A C ' e ( A B C D ) va 

C'S l ( A B C D ) . ' g 
Tif do suy ra B ' , C , D ' nam tren m|it 

cau du'dng kinh AS => dpcm. 

Do A B ' 1 (SBC) =^ A B ' l B 'C. 

Lap luan liTdng tiT co A D ' l D ' C . 

Ngoai ra A C ' I C ' C , A D C = A B C = 9 0 " 

=> A, B, C, D , B ' , C , D ' cung nam tren 

mat cau du'dng kinh A C . 

3. Do A B ' l (SBC) A B ^ ' = 90" 

TU'dng tir A D " C = 90" do do tren (ABCD) 

bon d i e m A , B ' , C , D ' nam tren du'dng tron diTdng kinh A ' C . Do la 

dufdng tron giao tuye'n can t im. 

Thi du 41: Hinh cau (S) tiep xuc vdi mat phang (P) lai I , M la mot diem di dong 

tren (S). Hai trong cac tiep tuye'n cua (S) kc tit M cat (P) tai A va B. 

1. ChiJng minh A M B = A I B . 

2. Gpi r la diem doi xiirng cua I qua A B . Chiang minh I , I ' , M va tam O cua (S) 

nhm tren mot mat phang. Chufng minh M ' qua mot diem co djnh J d tren (S). 

3. Gia thiet M di dong tren (S) nhu'ng A M B = 90". Cho A bien thien U-en A, con 

B bien thien tren A' ; A va A' cat nhau tiii K U ông (P) va vuong goc vdi nhau. 

a. Chiyng minh mSt cau du'dng kinh A B chtfa mot du'dng tron cd'dinh. 

b. T i m hai phan giac cua goc I K I ' . 

" G i a i 

1. Do hinh cau (S) tiep xuc v d i (P) t i i i 

I nen A I , B I chinh la cac tiep tuyen 

I 

vdi mat cau (S). Mat khac, A M va 

B M ci ing la cac tiep tuyen v d i mat 

cau (S) till M. V i the theo tinh chat cua 

tiep tuyen ta co: A M = AI; B M = BI. 

=> AAMB = AAIB (c.c.c) 

=:.AMB = A I B => dpcm. 
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1. 
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Boi (iKdng IISG Illnh hoc khong gian - Phan IIuij Khdi 

2. T a c 6 0 I - L ( P ) = > 0 I ± A B n e n A B l i r : ^ A B ± ( O i r ) 

V i M A , M B la hai tiep tuycn cua (S) => M A 1 M O , M B J. M O 

=> M O 1 ( M A B ) => M O 1 A B . 

Vay lir M O 1 ( O I F ) va M O 1 A B , hdn nifa A B c6 it nhal mot diem chung E 

vdi ( O i r ) (do A B n 11' = E) => M O G ( I O F ) . 

N o i each khac 4 d iem I , I ' , M , O dong phang => dpcm. 

Goi (7t) la mat phang chiJa I , I ' , M , O (tu-c (n) la ( l O O ' ) ) . X e t diTdng kinh I J 

cua (S) thi ro rang IJ e (n). Trong {it) va xet AI ' I J thi OE la difcJng trung binh 

ncnOE//IJ . 

Theo tren ta c6 M O 1 ( A M B ) => M O ± M E , vay M E cung la tiep tuyen vdi 

mat cau (S), ma EI cQng la tiep tuyen vdi (S) tai I => E M = EI 

Dat M O J = a M O E = 
1 8 0 " - a 

Mat khiic trong tam giac can MOJ di'nh O, 

CO OMJ = 
1 8 0 * ' - a 

OMJ = M O E 

Vay suy ra MJ//OE. 

Ta'l ca cac lap luan trcMi deu xet trong 

(7i) => r , M , J thang hang. NhU^ vay 

M I ' luon di qua mot diem co djnh J 

tren mat cau (S) => dpcm. 

a. Do A M B = 90", vay theo cau 1 suy ra A I B = 90" => A K B I la ti? giac noi 

tiep va A B chinh la diTCJng kinh cua dufcJng tron ngoai tiep tiif giac nay. Goi F 

la trung diem cua A B , thi F l i l lam cua dtfctng Iron niiy. Goi D la trung diem 

K I thi FD 1 K I . Mat khac, FD 1 01 (do 0 1 l ( P ) v a FD 1 ( K O I ) . Vay hinh 

cau du-iing kinh A B luon di qua mot dm Ĵng Iron co dinh: do la du-dng iron 

6\ibng kinh K I co'dinh ve trong (KOI) co dinh. 

Cly TNIin MTV DWH Khang Vii-L 

b. Do r la doi xij-ng cua I qua A B nen A I ' B = A I B = 90" va co BJ = B^ . 

Trong ti? giac noi tiep A I ' K B (do tif V vii K nhin A B dudi goc 90"), ta co 

K , = 8 2 ( v i C l i n g chan A I ' ) . Mat khac, trong ti? giac noi tiep A K B I lai co 

K 2 = B| (v i cdng chitn A I ) => K, = K j => A la phan giac trong ciia I ^ I . 

Do A ± A' A ' l i i phan giac ngoai ci'ia I ' K I . , •, ; ., 

Vay A va A ' chinh la hai Axilmg phan giac trong va ngoai cua goc I ' K I . 

T h i du 42: Cho mat cau lam O, ban kinh R va mot mat phang (71) qua O. A la 

diem tren giao tuyen ciia (n) \6\t cau da cho. Goi (C) la dirdng iron 

du-cing kinh O A trong mat phang (n) va P la diem tiiy y tren (C). M la mot 

Irong 2 giao d iem cua mat cau da cho vdi diTtVng thang 1 m(7t) tai P. 

1. Chiyng minh rang du'ctng M A tao v6\ mot goc khong ddi khi P di 
dong tren (C). 

2. Go i P' la d iem tren (C). (P ?t P') vti M ' la giao d iem mat cau da cho vdi 

du'cJng 1 (71) l a i P' ( M ' va M n^^m cung phia v6i {n)). DUcJng M M ' n (71) tai 

N . Chilng minh rang A N lii phiin giac ngoai ciia goc P A P ' . 

3. Bay gid co djnh P va cho P' chay trcMi (C) l ien dan den P. Hay xac Jinh 

vi i r i g id i han I ciia N . 

4 . Chvyng minh rang trung diem IP nam tren tic'p dien ciia mat cau da cho 

la i A va do dai P M la trung binh nhan ciia R va khoang each d tijf PM den 

l i cp dien. 

• C.f G i a i 

I . T a c 6 M 0 = 0 A = R i -

M P MO^ - OP' OP-

A P = V A O ' - O P - = V R ^ - O P ^ 

( A P O = 90" VI la goc noi tiep ch^n 

di/cJng kinh A O ) 

= > M P = A P = > M A P = 4 5 " 

NhU'ng M A P chinh la goc tao hd\A va mat phang (71). V i the' M A luon tao 

y&i (71) I goc khong doi = 4 5 " . Do la dpcm. 

Theo tren la CO M P = A P ; M ' P ' = A P ' ' ; ' ' 

V i M P // M ' P ' (do chung ciing 1 (7:), nen theo dinh l i Talet co 

N P ' M ' P ' N P ' A P ' J I, 

N P " M P N P A P 
f t t (1) 

He Ihtfc ( I ) chrfng to rang A N la phan giac ngoai cua goc P A P ' = : > dpcm. 
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3. Khi P'-^ P Ihi PN tic'n den trung vdi liep tuyen tai P cua (C) va phan giac 

trong cua PAP' tie'n de'n trilng vdi AP. Theo cau 2 do AN ĥ  phan giac ngoai 

cua PAP', ncn khi P'->- P thi AN lien den vi tri vuong gc)c vdi AP, iiJc N 

tic'n den diem I do la giao diem liep tuyen tai P ciia (C) va dudng vuong g6c 

vdi APlai A. ' " ' ' s:" 

4. Ta C O A I 1 AP. Goi J la Irung diem cua IP thi la c6: JI = JP = JA 

Do JI la liep tuyen vdi di/dng Iron (C) 

=> J A cung la liep tuyen vdi (C) => JA 1 AO 

=> JA thuoc mat phang tic'p xuc vdi mat cau tai A ^ dpcm. 

Ke PH 1 AJ P H = d. Ve PL 1 AO. Theo he thiJc liTdng ta c6 

AP' = AL.AO = PH.AO. Theo tren la cd M P = AP 

P M ' = PA' = PH.AO = d.R. Do chinh la dpcm. 

Thi du 43: Cho hinh cau lam O du'dng kinh AB. Hai liep tuyen A, A' cua hinh 
cau lai A va B vuong goc vdi nhau. CD la tiep tuyen thi? ba thay doi ciia 

hinh cau li/a Iren A, A' (CeA\. 

1. Chiang minh the lich hinh chop ABCD khong phu Ihuoc vao vi tri cua CD. 

2. Goi H la tiep diem cua CD vdi hinh cau. ChiJng minh ning H thupc mal 

phang co'dinh va CD lao vdi mat phang do mot goc khong ddi. , 

Giai 
1. Gia sOr H la tiep diem ciia CD vdi mat 

cau. Goi D' la hinh chieu vuong goc 
cua D ircn mat phang chii'a A'va vuong 
goc vdi AB. Ta cd CB 1 AB; CB 1 AD 

D 

CB l ( A B D ) V . , B a 3 = -.BCS 
3 

= i B C . ^ = i A B B C . A D 
3 2 6 

Ta lai cd CB = CH, AD = HD 

' A B D 

(1) 

— 1 — 
l\\ 

11 \ 
1 1 \ 

A 

H 

1 / /I 
D' D' 

K 

VIA 

Ctij rmiH MTV DWII Khang ViH 

=> CD- = (CH + HD)^ =(BC + AD) ' = B C ' + AD^ + 2BC.AD 

Mat khac, CD' = D D ' ' + CD'^ 
= D D ' ' + BC' + BD-

= A B ' + BC^ + AD^ 

Ttf do suy ra 2BC.AD = AB 

Tilf (1) va (2) suy ra: 

AB^ 

(2) 

I ' A U C D -
12 

• = const dpcm. 

2. Ke HK ± CD' (K e CD'). Do HK // DD' nen 
CK CH CB CB 
KD' HD AD BD' 

suy ra BK la phan giac gdc CBD', vay H ihuoc mat phang (Q) difdc xac 

dinh bdi AB va phan giac BK cua gdc CBD'. Do A'co dinh, D 'B ' 1 D ' (va 

AB C O dinh) nen Q co djnh. Ke CI 1 BK C I l HK ^ C I l (BHK), do do 

CI CI 
CHI la gdc giffa CD vaQ. Ta cd: sin CHI = 

CH BC 
— = sin45" (liru y 

rang CBK = 45"). 

Vay CD tiio vdi Q khong doi mot gdc bang 45" => dpcm. •r:~-

C. Nhin lai cac bai toan ve hinh cau trong cac de thi tuyen sinh vao dai hoc 

cao dang • ' / /1 

Trong muc nay ta se diem lai cac bai loan ve hinh cau cd mat Irong cac dc 

thi luyen sinh mdn Toan vao cac Irifdng Dai hoc , Cao dang trong nhffng 

namgi^nday. > O ob i,r> 

fhi du 1: (De thi tuyen sinh Cao dang khoi A nam 2012) 

Cho hinh chdp S.ABCD, day la tam giac vuong can Ijii A cd AB = a yjl . Gia 

sif SA = SB = SC va SA tao vdi mat phang (ABC) gdc 60". Tim ban kinh 

hinh cau ngoai liep hinh chdp S.ABC 

Giai 

Goi M la Irung diem ciia BC thi M la tam 

du'dng Iron ngoai liep lam giac ABC. 

Do SA = SB = SC SM ± (ABC). 

yMMl..,./' 

01} ••Jflhliy.i 

a ittvj rinfrf 

Vay SAM la gdc lao bdi SA va day 

(ABC) => SAM = 60". 

Trong (SBC) ve Irung triTc ciia SC, cat 

SM tai O, khi do O la Uim hinh cau 
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3. Khi P'-^ P Ihi PN tic'n den trung vdi liep tuyen tai P cua (C) va phan giac 
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D 

CB l ( A B D ) V . , B a 3 = -.BCS 
3 

= i B C . ^ = i A B B C . A D 
3 2 6 

Ta lai cd CB = CH, AD = HD 

' A B D 

(1) 

— 1 — 
l\\ 

11 \ 
1 1 \ 

A 

H 

1 / /I 
D' D' 

K 

VIA 

Ctij rmiH MTV DWII Khang ViH 

=> CD- = (CH + HD)^ =(BC + AD) ' = B C ' + AD^ + 2BC.AD 

Mat khac, CD' = D D ' ' + CD'^ 
= D D ' ' + BC' + BD-
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Tilf (1) va (2) suy ra: 

AB^ 

(2) 

I ' A U C D -
12 

• = const dpcm. 

2. Ke HK ± CD' (K e CD'). Do HK // DD' nen 
CK CH CB CB 
KD' HD AD BD' 
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CI CI 
CHI la gdc giffa CD vaQ. Ta cd: sin CHI = 

CH BC 
— = sin45" (liru y 

rang CBK = 45"). 
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C. Nhin lai cac bai toan ve hinh cau trong cac de thi tuyen sinh vao dai hoc 

cao dang • ' / /1 

Trong muc nay ta se diem lai cac bai loan ve hinh cau cd mat Irong cac dc 

thi luyen sinh mdn Toan vao cac Irifdng Dai hoc , Cao dang trong nhffng 

namgi^nday. > O ob i,r> 
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01} ••Jflhliy.i 

a ittvj rinfrf 

Vay SAM la gdc lao bdi SA va day 
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Trong (SBC) ve Irung triTc ciia SC, cat 

SM tai O, khi do O la Uim hinh cau 
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ngoai tiep hinh chop S.ABC va ban kinh R cua hinh cau nay chinh la SO. 

Tacc)BC = ABV2 = 2 a = ^ A M = — = a , , 

=> SM = A M tan60" = a Vs =^ SC = VsM^ + MC^ = Vsâ  +a^ = 2a 

SK 

Trong tarn giac vuong SDK, ta c6 SO -

SK SK SC 
TifdoSO = 

cos OS K 

4a^ 2a 2-dsl3 

Mil Vt:W f ' l . ) ! • 

cosMSC SM 2SM 2a73 S 3 ' 
SC •: i .• ''f 'CI'": 

Thi du 2: (Dc thi tuyen sinh Dai hoc khoi B niim 2010) 
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phang (A'BC) va (ABC) bang 60". Goi G lii trong tam tam giac A'BC. Tini 
ban kinh mat cau ngoai tiep tit dien GABC iheo a. 

Giai: 
Goi M lii trung diem cua BC. Ta co A M 1 BC A ' M 1 BC (dinh l i ba 
difiJug vuong goc). 

=> A ' M A la g(k giu-a hai mat phang (A'BC) va (ABC) =:> A ' M A = 60". 

(1) 

" Goi G la trong tam tam giac A'BC 
„ . . MG 1 

' = > G e A M v a t a c 6 = -
M A ' 3 

Goi O la tam cua day ABC, 

khi do O 6 A M va ta cung c6 

MO 1 
= - (2) 

• MA 3 

' TO (1), (2) suy ra GO // A 'A => GO 1 (ABC) 

Xet hinh chop deu GABC (do OA = OB = OC 

GA = GB = GC). Dirdng tron ciia GA cat GO 

tai I , khi do I la tam hinh cau ngoai tiep tiJ dien 

GABC va GI chinh la ban kinh hinh cau nay. 
(ki hieu la R). 

GK GK GK 
Ta CO R = GI = 

cosKGI cos AGO GO 
GA 

GK.GA GA^ GA^ 
— . ( 3 ) ( d o G K = — ) 

Ctg TNHII MTV DVVJI Khang ViC-t 

Trong tam giac vuong A ' A M , ta co AA' = AM.tan60" = 
â y3 

2 2 

I D o G O = i A A ' = > G O = | . 

Lai CO GA' = GO' + OA = — + 
7a^ 
12 

(5) 

Thay (4), (5) vao (3) va c6 R = 
7a' 7a 

24^ 12 

Thi dy 3: (De thi tuyen sinh Dai hoc khoi D - 2003) 
Cho hai mat phang (P) va (Q) vuong goc vdi nhau c6 giao tuyen la A. Tir A 
lay hai diem A, B sao cho AB = a. Trong mat phang (P) lay diem C, trong 
(Q) lay diem D sao cho AC, BD cung vuong goc vdi A. Gia sit AC = BD = AB. 
Chtfng minh rang bo'n diem A, B, C, D nam tren mot mat ci1u va tim ban 
kinh cda hinh cau ay. 

Giai 

Do (P) 1 (Q), (P) n (Q) = A ma A C l A ^ AC 1 (Q) ^ A C l AD. 

Tifdng tu" ta co DB ± BC. Nhu" vay ncu goi 1 la trung diem ciia CD thi c6 

CD 
l A = IB = IC = ID = (1) 

(1) chiJng to rang A, B, C, D nam tren 

mat cau tam I ban kinh R = - C D 

Taco CD^ =CA^ +AD^ 

= CA' + AB^ + BD^ 

= + â  + â  = 3 â  

A \ \

=>CD = aA/3 =>R = 
aV3 

1/ H I M ' l' '. 

lets J 
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SK 

Trong tarn giac vuong SDK, ta c6 SO -

SK SK SC 
TifdoSO = 

cos OS K 

4a^ 2a 2-dsl3 

Mil Vt:W f ' l . ) ! • 

cosMSC SM 2SM 2a73 S 3 ' 
SC •: i .• ''f 'CI'": 

Thi du 2: (Dc thi tuyen sinh Dai hoc khoi B niim 2010) 

Cho hinh lang tru tarn giac deu ABC.A 'B 'C cd AB = a, goc giiTa hai mat 
phang (A'BC) va (ABC) bang 60". Goi G lii trong tam tam giac A'BC. Tini 
ban kinh mat cau ngoai tiep tit dien GABC iheo a. 

Giai: 
Goi M lii trung diem cua BC. Ta co A M 1 BC A ' M 1 BC (dinh l i ba 
difiJug vuong goc). 

=> A ' M A la g(k giu-a hai mat phang (A'BC) va (ABC) =:> A ' M A = 60". 

(1) 

" Goi G la trong tam tam giac A'BC 
„ . . MG 1 

' = > G e A M v a t a c 6 = -
M A ' 3 

Goi O la tam cua day ABC, 

khi do O 6 A M va ta cung c6 

MO 1 
= - (2) 

• MA 3 

' TO (1), (2) suy ra GO // A 'A => GO 1 (ABC) 

Xet hinh chop deu GABC (do OA = OB = OC 

GA = GB = GC). Dirdng tron ciia GA cat GO 

tai I , khi do I la tam hinh cau ngoai tiep tiJ dien 

GABC va GI chinh la ban kinh hinh cau nay. 
(ki hieu la R). 

GK GK GK 
Ta CO R = GI = 

cosKGI cos AGO GO 
GA 

GK.GA GA^ GA^ 
— . ( 3 ) ( d o G K = — ) 

Ctg TNHII MTV DVVJI Khang ViC-t 

Trong tam giac vuong A ' A M , ta co AA' = AM.tan60" = 
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R 

§ 2 . Hum TRLT, m i V H IVOIV 
A. T o m tat ly thuyet 

1. Hinh tru: 

- Tap hdp cac d iem M trong khong gian 

each dudng thang A co' djnh mot khoang 

each khong ddi R > O gpi la mot mat tru 

tron xoay hoae ddn gian la mat tru. 

- Du'dng thang A goi la true ciia mat tru, 

R goi la ban kinh cua mat tru. 

- Neu du'dng thang d // A va each A mot 

khoang R thi du'dng thang d nam trcn 

mat tru (ma ta sc k i h icu la T (A, R)). 

Cac du'dng thang d nhir vay goi la 

du'dng sinh cua mat tru. 

- M a t tru la hinh tao bdi cac du'dng thang .song song va each du'dng thang A 

mot khoang R. 

- Phan mat tru nhm giffa hai mat phang (P) va (P') ciing vd i hai hinh tron (C) 

va ( C ) goi la hinh tru. 

• Hai hinh tron (C) vi i ( C ) goi la hai 

mat day cija hinh tru, ban kinh R ciia 

ehung goi la ban kinh cua hinh tru. 

Khoang each giffa hai mat day goi la 

chieu cao cua hinh tru. 

• Goi O va O'tffdng ffng la cac tarn 

cua cac dffdng tron (C) va ( C ) . OO' 

goi la true cua hinh tru. 

• Phan mat tru nam giffa hai day goi 

la mat xung quanh cua hinh tru. 

• V d i md i M 6 (C), ton tai M ' e ( C ) sao cho M M ' // OO ' . M M ' goi la 

du'dng sinh cua hinh tru. ' X 

• M o i hinh tru chia khong gian thanh hai phan, phan ben trong 

va ben ngoai hinh tru. y 

Hinh trii cung vdi phsin ben trong cua no dffdc goi la kho'i tru xae djnh bdi 

hinh tru do. 

- D ien tich xung quanh va the tich khdi tru. ; 

CU, TNIIH MTV DVVH Khang VUH 

Goi R va h tffdng ffng la ban kinh va chieu cao cua kho'i try; S;,̂ , Sip, V tffdng 

ffng la dien tich xung quanh, dicn tich toiin phan va the tich eiia kho'i tru. 

K h i d o t a e d : .,.>•• 

= 27irh, S,p = 27tr + 27ir^ = 27tr (r+h), V = nr^ - l l " ' - ^ '^''^<'' -

Hinh non 

Cho dffdng thang A va mot diem O cd' djnh tren A. Tap hdp gdm diem O va 

cac d iem M khong triJng vd i O sao cho dffdng thang O M tao vdi A mot goc 

khong dd'i a (O" < a < 90") dffde gpi la mot mat non tron xoay, hay ddn gian 

la mat non. 

• D i e m O la dinh cua mSt non. 

• Dffdng thang A goi la true cua mat non. 

• Goc 2a goi la goc d dinh cua mat non. 

• Neu M la mot d iem nam tren mat non ma 

M ;̂  O thi dffdng thang O M cung nam tren 

mat non. 

Cac dffdng thang n^y goi la dffdng sinh cua > 

mat non. 

Cho mat non vdi true A, dinh O va goc d dinh 

la 2a. Goi (P) la mat phang vuong goc vdi A 

tai d iem I ;̂  O. (P) cilt milt non theo dffdng 

tron (C) cd tam I . Goi (P') la mat phang 

vuong goc v d i A tai O. ^ m'-

Phan cua mat ndn gidi han bdi hai mat phiing 

(P) va (P') cung vd i (C) goi la hinh ndn. Hinh 

ndn cung vd i phan ben trong cua no goi h\ 

kho'i ndn xae djnh bdi hinh ndn do. 

Dien tich hinh ndn va the tich kho'i ndn. Cho 

hinh ndn dd ban kinh dffdng Iron day la R, 

chieu cao h, dffdng sinh la /. Goi Ŝ q, S,p, V 

tffdng ffng la dien tich xung quanh, dien tich 

loan phan cua hinh ndn va the tich cua kho'i 

ndn. Ta cd / 

5,̂  = nRl, S,p = nRl + nR^ = nR(l + R), V = - jiR^h. 

221 
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B. Cac dang toan cd ban 
Thi du 1: Cho hinh non c6 diTcfng sinh va difdng cao tao vdi nhau goc a. Khai 

trien hinh non theo mot difdng sinh ta du'dc mot hinh quat tron c6 goc d ttiin 
lii p. ChiJng minh rang: P = 360" sina. 

Giai 
Gia su" SO la chieu cao hinh non va SA la 

mot du-dng sinh. Khi do ta c6 OS A = a. 

Cat doc hinh non theo du'dng sinh SA, 

roi trai ra trcn mat phang ta difdc mot 

hinh quat tron, c6 tclm la S, ban kinh 

hinh quat bang /, d day / IJI chieu dai 

du'dng sinh. Cung AB cua hinh quat c6 

do dai chinh bang chu vi day cua hinh 

non, ttfc la AB = 2nr, d day r la ban 

kinh day cua hinh non. 

27il.a 
Mat khac, ta c6 AB = 

Tijf do suy ra = 2nr 
360" 

360" 

• a = 360"sinp. Do la dpcm. 

Thi du 2: Cho hinh non tron xoay nam giffa hai mat phang song song (P) va (Q), 
trong do (Q) chiJa day hinh non, con (?) qua dinh S hinh non. Ke difcfng cao 
SO cua hinh non va goi I la trung diem cua SO. Mot doan thing M N c6 do 

\i 1 nam gii?a hai mSt phang (?) va (Q) va qua I Ct^t mSt non tai E va F va 

tao vdi dufdng cao SO cua hinh non mot goc bang p. Bie't rang goc giu''' 
difdng cao va dtfdng sinh cua hinh non la a. Tim do dai doan EF (tiJc la phan 
doan thang nam trong hinh non). 

Giai 
A , S M 

N 

Hhih a 

o 

Hinh b 
222 

CUj TNIHI MTV DVVII Khancj ViOt 

1 Cat hinh non bang thiet dien qua true la diiWc hinh cat nhu" Iren (xem hinh b). 

Theo gia thiet ta co MN = /; SI = lO; SIF = p; ISF = a 

Ai // A2 . Ta CO 

VI A, // A2 va IS = 1 0 

EF = EI + IF (1) 

M I - NI = 

Trong tam giac vu6ng SIM thi SI = MIcosP = 
Icosp 

Theo djnh l i ham so sin trong tam giac SIF, ta co 
IF SI SI 

I I I t t H I 

IF = 

sin a sin 

SIsina 

180"-(a + p) sin(a + p) 

/'sin a cosP 
sin(a + P) 2sin(a + P) 

(2) 

Ta CO SEI = p - a VI the' theo dinh l i ham so sin trong tam giac SEI ta co 

EI SI SIsina f sin a cos p 
sina s in(p-a) s in(p-a) 2 sin ( a - p ) 

Thay (2)(3) v a o ( l ) t a c 6 

(3) 
Its 

tEF = 
^sinacosp I 

- + -
1 

sin(P + a) sin(P-a)_ 

f sinacosP[sin(p-a) + sin(p+a) 

sin(P + a)sin(P-a) 

i: 2/'sinacosPsinPcosa _ /'sin2asin2p 
sin(P + a ) s i n ( p - a ) 2sin(a + P ) s i n ( a - P ) ' 

Thi du 3: Cho hinh try ban kinh day bang R, chieu cao 0 0 ' = h. Hai diem A, B thay 

|doi tren hai du'dng Iron day sao cho do dai AB = a = const (h < a < Vh^ + 4 R ^ ). 

PChiyng minh rang goc giffa hai dtfdng thang AB va 0 0 ' khong doi. 

* ChiJng minh rang khoiing each giiJa hai difdng thing AB va 0 0 ' khong doi. 

Giii i 

IGpi BB' la dutfng sinh cua hinh tru Khi 

* do BB' // O'O. Khi do B ^ = a chinh 
la goc gii?a hai du'dng thing AB va 
0 0 ' . Trong tam giac vuong BB'A tai 

BB' h 
B', ta co: cos a = = -=CDnst. 

AB a 

=> a = const => dpcm. 
• Goi 1 la trung diem ciia AB' => O i l AB' . Ket hdp vdi BB' 1 0 1 => O i l (ABB'). 

O' 
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B. Cac dang toan cd ban 
Thi du 1: Cho hinh non c6 diTcfng sinh va difdng cao tao vdi nhau goc a. Khai 

trien hinh non theo mot difdng sinh ta du'dc mot hinh quat tron c6 goc d ttiin 
lii p. ChiJng minh rang: P = 360" sina. 

Giai 
Gia su" SO la chieu cao hinh non va SA la 

mot du-dng sinh. Khi do ta c6 OS A = a. 

Cat doc hinh non theo du'dng sinh SA, 

roi trai ra trcn mat phang ta difdc mot 

hinh quat tron, c6 tclm la S, ban kinh 

hinh quat bang /, d day / IJI chieu dai 

du'dng sinh. Cung AB cua hinh quat c6 

do dai chinh bang chu vi day cua hinh 

non, ttfc la AB = 2nr, d day r la ban 

kinh day cua hinh non. 

27il.a 
Mat khac, ta c6 AB = 

Tijf do suy ra = 2nr 
360" 

360" 

• a = 360"sinp. Do la dpcm. 

Thi du 2: Cho hinh non tron xoay nam giffa hai mat phang song song (P) va (Q), 
trong do (Q) chiJa day hinh non, con (?) qua dinh S hinh non. Ke difcfng cao 
SO cua hinh non va goi I la trung diem cua SO. Mot doan thing M N c6 do 

\i 1 nam gii?a hai mSt phang (?) va (Q) va qua I Ct^t mSt non tai E va F va 

tao vdi dufdng cao SO cua hinh non mot goc bang p. Bie't rang goc giu''' 
difdng cao va dtfdng sinh cua hinh non la a. Tim do dai doan EF (tiJc la phan 
doan thang nam trong hinh non). 

Giai 
A , S M 

N 

Hhih a 

o 

Hinh b 
222 

CUj TNIHI MTV DVVII Khancj ViOt 

1 Cat hinh non bang thiet dien qua true la diiWc hinh cat nhu" Iren (xem hinh b). 

Theo gia thiet ta co MN = /; SI = lO; SIF = p; ISF = a 

Ai // A2 . Ta CO 

VI A, // A2 va IS = 1 0 

EF = EI + IF (1) 

M I - NI = 

Trong tam giac vu6ng SIM thi SI = MIcosP = 
Icosp 

Theo djnh l i ham so sin trong tam giac SIF, ta co 
IF SI SI 

I I I t t H I 

IF = 

sin a sin 

SIsina 

180"-(a + p) sin(a + p) 

/'sin a cosP 
sin(a + P) 2sin(a + P) 

(2) 

Ta CO SEI = p - a VI the' theo dinh l i ham so sin trong tam giac SEI ta co 

EI SI SIsina f sin a cos p 
sina s in(p-a) s in(p-a) 2 sin ( a - p ) 

Thay (2)(3) v a o ( l ) t a c 6 

(3) 
Its 

tEF = 
^sinacosp I 

- + -
1 

sin(P + a) sin(P-a)_ 

f sinacosP[sin(p-a) + sin(p+a) 

sin(P + a)sin(P-a) 

i: 2/'sinacosPsinPcosa _ /'sin2asin2p 
sin(P + a ) s i n ( p - a ) 2sin(a + P ) s i n ( a - P ) ' 

Thi du 3: Cho hinh try ban kinh day bang R, chieu cao 0 0 ' = h. Hai diem A, B thay 

|doi tren hai du'dng Iron day sao cho do dai AB = a = const (h < a < Vh^ + 4 R ^ ). 

PChiyng minh rang goc giffa hai dtfdng thang AB va 0 0 ' khong doi. 

* ChiJng minh rang khoiing each giiJa hai difdng thing AB va 0 0 ' khong doi. 

Giii i 

IGpi BB' la dutfng sinh cua hinh tru Khi 

* do BB' // O'O. Khi do B ^ = a chinh 
la goc gii?a hai du'dng thing AB va 
0 0 ' . Trong tam giac vuong BB'A tai 

BB' h 
B', ta co: cos a = = -=CDnst. 

AB a 

=> a = const => dpcm. 
• Goi 1 la trung diem ciia AB' => O i l AB' . Ket hdp vdi BB' 1 0 1 => O i l (ABB'). 

O' 
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BSi ditdng HSG innh hoc khCmcj cjian - Phan Huij Khdi 

Do O O ' / / ( A B B ' ) => O I = d ( A B , OO' ) 

T a c o A B ' = V A B ^ - B B ' ^ = V a ^ - h ^ 

A I = - A B ' 
2 2 
' - = ^^a^^Ol= V O A ^ - A I ^ 

Vay d (AB, OO' ) = J R ^ — = const => dpcm. - i ' ' - ^ " ' ^ 

T h i du 4: Cho tarn giac vuong ABC tai A . Goi V„, Vb, V , Ian lifcn la the tich cii 
cac hinh non tron xoay tao hdi tarn giac A B C khi cho no quay quanh c;' 

c a n h B C , CA, A B . Churngminhrang: - ^ = ^ + * 

Ke A H 1 BC. 

1.1 ' ' 

V 2 Vu^ V ^ ' a *b *c 

G i a i , (i j .-^g 

1 I'mh <)-:MI 
Dat A B = c, A C = b, BC = a, A H = h 

Ta CO 

V , = ^ T i b ^ c , 

V , = - T i h ^ ( B H + HC) = - n h ^ a . ^ 

TCr do suy ra + ^ 
1 ^ 

c b b e 

9 c^+b^ 9 a^ 
j,4^4 „2^,4^4 

1 9 

.^h^a^ 

Theo he thuTc lUdng trong tam giac vuong A B C thi: 

_ ^ _ D + C a 
h^ b^ • C^ b^c^ b^c^ 

Thay (3) v^o (2) ta c6: 
1 9a^ 

T i i r ( l ) ( 4 ) suyra : 1 1 

V a ' \  V / 
dpcm. 

(4) 

( 1 ) 

( 2 ) 

(3) 

CUj TNHH MTV DWH Khfuig Viet 

^Thi du 5: Gi i i su" V , S tUOng ijTng l a t h e t i c h v a d i c n t i c h x u n g q u a n h c u a h i n h 

non. ChiJng minh rang: 
^ 6 V f 2S V 

G i a i 
Goi /, h, r Ian lu'cft la du'dng sinh, chieu cao va ban kinh 

' cua hinh non, con a la goc giffa du'dng sinh va day. 

\a CO V = ^ ' ^ r ' h I'̂ n^c (do h =rtana) 

, . s = Tirh = (do 1 - — ! — ) 
M " ' - cos a cos a 

' d6 ta CO 

< 
2S 

71 Vs 
2 r t a n a j 

2r' 
\2 

^\/3cosa^ 

2 
<=> tanV < 3^/3cos^a 

2 
o sin^a.cosa < —— ( I ) , 

371 

t Do 0 < r < — sina > 0, cos a > 0 nen v . , , ' ,)< , . 
„ u . . 11'. 

(1) o s i n ^ a V l - s i n ^ a 
373 

/sin^ a sin^ ct ,̂ . 7 x 1 
^ V " l 2 ~ ^ ' ' " 3 7 3 ' '^' ' '^ 

I Theo ba't d i n g thtfc Cosi, ta c6 

sin^ a sin^ a 
( l - s i n ^ a ) < 

sin^a sin^a ,̂ . 2 \ 
+ + (1 - sin a ) 

(2) diing . Dau bhng trong (2) xay ra o ^'"^ °̂  = 1 - sin^ a 

\
hifys CD , i i'O 

^ ' 0 1 0 
27 

f . i ' j , 

C'/iM j : Ta CO the chtJng minh (1) nhiT sau: 

<=> a = ars in , — 
V 3 



BSi ditdng HSG innh hoc khCmcj cjian - Phan Huij Khdi 

Do O O ' / / ( A B B ' ) => O I = d ( A B , OO' ) 

T a c o A B ' = V A B ^ - B B ' ^ = V a ^ - h ^ 

A I = - A B ' 
2 2 
' - = ^^a^^Ol= V O A ^ - A I ^ 

Vay d (AB, OO' ) = J R ^ — = const => dpcm. - i ' ' - ^ " ' ^ 

T h i du 4: Cho tarn giac vuong ABC tai A . Goi V„, Vb, V , Ian lifcn la the tich cii 
cac hinh non tron xoay tao hdi tarn giac A B C khi cho no quay quanh c;' 

c a n h B C , CA, A B . Churngminhrang: - ^ = ^ + * 

Ke A H 1 BC. 

1.1 ' ' 

V 2 Vu^ V ^ ' a *b *c 

G i a i , (i j .-^g 

1 I'mh <)-:MI 
Dat A B = c, A C = b, BC = a, A H = h 

Ta CO 

V , = ^ T i b ^ c , 

V , = - T i h ^ ( B H + HC) = - n h ^ a . ^ 

TCr do suy ra + ^ 
1 ^ 

c b b e 

9 c^+b^ 9 a^ 
j,4^4 „2^,4^4 

1 9 

.^h^a^ 

Theo he thuTc lUdng trong tam giac vuong A B C thi: 

_ ^ _ D + C a 
h^ b^ • C^ b^c^ b^c^ 

Thay (3) v^o (2) ta c6: 
1 9a^ 

T i i r ( l ) ( 4 ) suyra : 1 1 

V a ' \  V / 
dpcm. 

(4) 

( 1 ) 

( 2 ) 

(3) 

CUj TNHH MTV DWH Khfuig Viet 

^Thi du 5: Gi i i su" V , S tUOng ijTng l a t h e t i c h v a d i c n t i c h x u n g q u a n h c u a h i n h 

non. ChiJng minh rang: 
^ 6 V f 2S V 

G i a i 
Goi /, h, r Ian lu'cft la du'dng sinh, chieu cao va ban kinh 

' cua hinh non, con a la goc giffa du'dng sinh va day. 

\a CO V = ^ ' ^ r ' h I'̂ n^c (do h =rtana) 

, . s = Tirh = (do 1 - — ! — ) 
M " ' - cos a cos a 

' d6 ta CO 

< 
2S 

71 Vs 
2 r t a n a j 

2r' 
\2 

^\/3cosa^ 

2 
<=> tanV < 3^/3cos^a 

2 
o sin^a.cosa < —— ( I ) , 

371 

t Do 0 < r < — sina > 0, cos a > 0 nen v . , , ' ,)< , . 
„ u . . 11'. 

(1) o s i n ^ a V l - s i n ^ a 
373 

/sin^ a sin^ ct ,̂ . 7 x 1 
^ V " l 2 ~ ^ ' ' " 3 7 3 ' '^' ' '^ 

I Theo ba't d i n g thtfc Cosi, ta c6 

sin^ a sin^ a 
( l - s i n ^ a ) < 

sin^a sin^a ,̂ . 2 \ 
+ + (1 - sin a ) 

(2) diing . Dau bhng trong (2) xay ra o ^'"^ °̂  = 1 - sin^ a 

\
hifys CD , i i'O 

^ ' 0 1 0 
27 

f . i ' j , 

C'/iM j : Ta CO the chtJng minh (1) nhiT sau: 

<=> a = ars in , — 
V 3 



Boi dU(7ng IISG Hinh hoc khoiig f/iaii - I'luin llity Khdi 

Dat X = cosa (0 < x < 1), khi do sin^a cosa = x (1-x ), 

X e l ham so f(x) = X (1-x^) = X - x 'v(3i 0 < X < 1 

Ta CO r (x ) = 1 - 3x^ nen c6 bang bien thien sau 

X 0' • 
3 

1 

f ( x ) + 0 -

f(x) i 
Tir do max f(x) = f 73 

0<x< 1 

TCr do suy ra (1) dung . Ta thu la i ket qua nhuTtren. 

T h i du 6: Cho hinh try c6 ban kinh day R, true 0 0 ' = h. M a t phang (P) thay doi 

di qua O tao v d i day hinh tru goc a cho triTdc va cat hai day cua hinh tru da 

cho theo cac day A B , C D (AB qua O). , j 

1. Tinh dien ti'ch tuT giac A B C D . 

2. Chtfng minh rang hinh chieu vuong goc H cua O' tren (P) nam tren mot 

dU'dng tron CO dinh. . ^ 

G i a i B ' 

1. V i hai day cua hinh tru nhm tren hai mat 

phang song song nen ta c6 A B // CD A v 

=> A B C D la hinh thang. 

Gpi I la trung d iem cua CD O ' l 1 DC 

=i> 0 1 1 C D (dinh l i ba diTcfng vuong goc) 

^ 6 l O ' = a 

( A B + C D ) O I 
Ta CO S A B C D = -̂^ — 

2 
(1) 

I » 

D 

Ta CO O I = 
0 0 " 

Sin a sin a 

O ' l = h.cota => D I = Vo'D^-O'I^ = ^ R ^ - h ^ co t^a 

C D = 2 D I = 2^Yi} - h ^ c o t ^ a 

Thay la i vao (1) va c6 

Ctij TNIIH MTV DVVII Khang Viet 

f2R + 2VR^ - h ^ c o t ^ a ) h 
: D = :r-. ^ = R + V R 2 _ S A B C I ^ _ . 

2 s m a \ 

2. Trong (OO' I ) ke O ' H 1 O I . V i DC 1 ( O ' l H ) 

=5. ( A B C D ) J_ ( O ' l H ) =i. O ' H ' l (ABCD) 

Vay H chinh la hinh chieu cua O' tren (P). 

f a CO O ' H = O ' l sina = hcotasina = hcosa 

Trong tam giac vuong O 'HO ke H J 1 OO' 

= i > 0 ' J . O O ' = 0 ' r f 

• h^ cot^ a 

. 0 ' J = 
O 'H^ h^ cos'̂  a 

= hcos^a=const 
OO' h 

=> J co' djnh " ' ' " ' ' • 1 I 

Lai CO HJ^ = O t f - 0 ' j ' = h W a - h'cosV 

" = h cos asin a 

=> HJ = const => H nam tren dU'dng tron tam J ban kinh bang 

hcosasina = const. Di/tfng trdn nay nam trong mat ph^ng {%) vuong goc vdi 

0 0 ' tai J do do (TI) CO" djnh => dpcm. 

Thi du 7: Cho hinh chi? nhat A B C D vdi A B = a, BC = 2a va diTdng th^ng A nam 

trong mat phang ( A B C D ) , A // A D va A each A D mot khoang x (A khong c6 

diem chung vd i A B C D ) . ' n ' - ^ ^ 

Tim the tich cua hinh tron xoay tao nen khi quay hinh chu" nhat A B C D quanh A. 

2' Tim X de the tich noi Utn gap ba Ian the tich hinh cau c6 ban kinh bang canh A B . 

G i a i 

' Xet hai trifdng hdp sau: 

a. Neu OB > O A thi de thay hinh tao 

thanh la hai khoi tru long nhau c6 chieu ^ 

cao b^ng 2a va ban kinh day Ian liTdt 1^ 

Goi V la the tich cua hinh tron xoay, thi 

^ 1^ hieu cua hai the tich hinh tru nen 

^ = 7i2a[(x+a)^-x^] = 7t2a(a^ + 2ax) = 27ta\a+2x) 

I ) C 

2a 2a 

A* a B 



Boi dU(7ng IISG Hinh hoc khoiig f/iaii - I'luin llity Khdi 

Dat X = cosa (0 < x < 1), khi do sin^a cosa = x (1-x ), 

X e l ham so f(x) = X (1-x^) = X - x 'v(3i 0 < X < 1 

Ta CO r (x ) = 1 - 3x^ nen c6 bang bien thien sau 

X 0' • 
3 

1 

f ( x ) + 0 -

f(x) i 
Tir do max f(x) = f 73 

0<x< 1 

TCr do suy ra (1) dung . Ta thu la i ket qua nhuTtren. 

T h i du 6: Cho hinh try c6 ban kinh day R, true 0 0 ' = h. M a t phang (P) thay doi 

di qua O tao v d i day hinh tru goc a cho triTdc va cat hai day cua hinh tru da 

cho theo cac day A B , C D (AB qua O). , j 

1. Tinh dien ti'ch tuT giac A B C D . 

2. Chtfng minh rang hinh chieu vuong goc H cua O' tren (P) nam tren mot 

dU'dng tron CO dinh. . ^ 

G i a i B ' 

1. V i hai day cua hinh tru nhm tren hai mat 

phang song song nen ta c6 A B // CD A v 

=> A B C D la hinh thang. 

Gpi I la trung d iem cua CD O ' l 1 DC 

=i> 0 1 1 C D (dinh l i ba diTcfng vuong goc) 

^ 6 l O ' = a 

( A B + C D ) O I 
Ta CO S A B C D = -̂^ — 

2 
(1) 

I » 

D 

Ta CO O I = 
0 0 " 

Sin a sin a 

O ' l = h.cota => D I = Vo'D^-O'I^ = ^ R ^ - h ^ co t^a 

C D = 2 D I = 2^Yi} - h ^ c o t ^ a 

Thay la i vao (1) va c6 

Ctij TNIIH MTV DVVII Khang Viet 

f2R + 2VR^ - h ^ c o t ^ a ) h 
: D = :r-. ^ = R + V R 2 _ S A B C I ^ _ . 

2 s m a \ 

2. Trong (OO' I ) ke O ' H 1 O I . V i DC 1 ( O ' l H ) 

=5. ( A B C D ) J_ ( O ' l H ) =i. O ' H ' l (ABCD) 

Vay H chinh la hinh chieu cua O' tren (P). 

f a CO O ' H = O ' l sina = hcotasina = hcosa 

Trong tam giac vuong O 'HO ke H J 1 OO' 

= i > 0 ' J . O O ' = 0 ' r f 

• h^ cot^ a 

. 0 ' J = 
O 'H^ h^ cos'̂  a 

= hcos^a=const 
OO' h 

=> J co' djnh " ' ' " ' ' • 1 I 

Lai CO HJ^ = O t f - 0 ' j ' = h W a - h'cosV 

" = h cos asin a 

=> HJ = const => H nam tren dU'dng tron tam J ban kinh bang 

hcosasina = const. Di/tfng trdn nay nam trong mat ph^ng {%) vuong goc vdi 

0 0 ' tai J do do (TI) CO" djnh => dpcm. 

Thi du 7: Cho hinh chi? nhat A B C D vdi A B = a, BC = 2a va diTdng th^ng A nam 

trong mat phang ( A B C D ) , A // A D va A each A D mot khoang x (A khong c6 

diem chung vd i A B C D ) . ' n ' - ^ ^ 

Tim the tich cua hinh tron xoay tao nen khi quay hinh chu" nhat A B C D quanh A. 

2' Tim X de the tich noi Utn gap ba Ian the tich hinh cau c6 ban kinh bang canh A B . 

G i a i 

' Xet hai trifdng hdp sau: 

a. Neu OB > O A thi de thay hinh tao 

thanh la hai khoi tru long nhau c6 chieu ^ 

cao b^ng 2a va ban kinh day Ian liTdt 1^ 

Goi V la the tich cua hinh tron xoay, thi 

^ 1^ hieu cua hai the tich hinh tru nen 

^ = 7i2a[(x+a)^-x^] = 7t2a(a^ + 2ax) = 27ta\a+2x) 

I ) C 

2a 2a 

A* a B 



Boi ditdng IISG Hinh hoc khong gian - Phan ITuy Khdi 
h. Ncu OA > OB thi lap luan IvMng lif 
nhiTtrenlaco V = 7t2alx^ - (x-a)^] -A 

) = 27ia(2ax-a^) = 2jia^(2x-a) 
2ra^(2x + a) n e u O A < O B 
2 r a ^ ( 2 x - a ) ncu OA > OB 

• I'i /••- • - ' i • \

2. The tich khoi cau ban kinh AB = a la V, = - r a ^ 

Cty TNIIH MTVDVVn Khang Vict 

Tom lai V = 

Theo bai ra la c6 
3 

Neu OA < OB : 27ia'(2x + a) = 47:a' => x = - . 

h Neu OA > OB : 27ia^(2x - a) = 47ia' => x = y . 

C.Cac bai toan pho'i hrfp giffa hinh tru, hinh non y&i hmh cdu va cac 
kho'i da di^n ,% r , , ™ 

Thi du 1: Mot hinh non c6 ban kinh day bang r, chieu cao bang 3a. Tim hinh liu 
noi tic'p hinh non va thoa man mot trong cac dieu kien sau: 

1. The tich hinh tru dat gia tri Idn nhat ^ j .^^ .^ , f,,., .̂ ĝ ĵ̂  
2. Dicn tich xung quanh hmh tru dat gia tri Idn nhat 

Giai 
1. Xct thic't dien qua true cua hinh non. 

Ta CO mat c^t nhiT sau: 
Goi X la ban kinh day cua hinh tru noi tiep 
h la chieu cao cua hinh tru a'y. Theo dinh li 
Talet, ta c6: - = ^^—^ => 3ax = 3ar - rh 

h = 
r 3a 

3 a r - 3 a x 3 a ( r - x ) ^ Wi >'^Bor 5K r i, r , : un A M H Q B 
V = x^ Mil i^ ^ 3 a . , 2, 3) 

r X ^ 

' Xct ham so' f(x) = x^r - x^ vdi 0 < x < r. 
r(x) = 2xr - 3x^ Jw!"?' Rtj'ion-j.v'jirir) i.i , 

Ta CO bang bic'n thien sau: 
X 0 3 

... 4 ? \ . \

X 

f (x) + 0 

l"(x) • 1 iil V i 

Nhu" the max r(x) = f ^2r^ vdi 0 < x < r 
Vay hinh tru noi tiep hinh non c6 the tich Idn nhat « ban kinh day cua no = 
2r 

3 a ( r _ x ) 3a7t , n^Wi ndtd gnSd ?o 6b >n' 
I. ^ X Q = ^ > X Q l r u = TtX = x ( r - X J | 

Vay SxQ dat gia tri Idn nhat « X = - . - • 
2 + I K5^1 

Thi du 2: Cho hinh non c6 ban kinh day bang r, chieu cao bang h. Tim hinh hop 
chu- nhat co day la hinh vuong noi tiep hinh non sao cho the tich cua lu) la 

Mdnnha't. 
1 Giai 
Gia s£f ABCD.A'B'C'D' la hinh hop chCT nhat c6 day la hinh vuong noi tiep trong 
hinh non da cho. Cat hinh non bang thiet dien qua true ta c6 mat cat nhiT sau: 

S 

229 



Boi ditdng IISG Hinh hoc khong gian - Phan ITuy Khdi 
h. Ncu OA > OB thi lap luan IvMng lif 
nhiTtrenlaco V = 7t2alx^ - (x-a)^] -A 

) = 27ia(2ax-a^) = 2jia^(2x-a) 
2ra^(2x + a) n e u O A < O B 
2 r a ^ ( 2 x - a ) ncu OA > OB 

• I'i /••- • - ' i • \

2. The tich khoi cau ban kinh AB = a la V, = - r a ^ 

Cty TNIIH MTVDVVn Khang Vict 

Tom lai V = 

Theo bai ra la c6 
3 

Neu OA < OB : 27ia'(2x + a) = 47:a' => x = - . 

h Neu OA > OB : 27ia^(2x - a) = 47ia' => x = y . 

C.Cac bai toan pho'i hrfp giffa hinh tru, hinh non y&i hmh cdu va cac 
kho'i da di^n ,% r , , ™ 

Thi du 1: Mot hinh non c6 ban kinh day bang r, chieu cao bang 3a. Tim hinh liu 
noi tic'p hinh non va thoa man mot trong cac dieu kien sau: 

1. The tich hinh tru dat gia tri Idn nhat ^ j .^^ .^ , f,,., .̂ ĝ ĵ̂  
2. Dicn tich xung quanh hmh tru dat gia tri Idn nhat 

Giai 
1. Xct thic't dien qua true cua hinh non. 

Ta CO mat c^t nhiT sau: 
Goi X la ban kinh day cua hinh tru noi tiep 
h la chieu cao cua hinh tru a'y. Theo dinh li 
Talet, ta c6: - = ^^—^ => 3ax = 3ar - rh 

h = 
r 3a 

3 a r - 3 a x 3 a ( r - x ) ^ Wi >'^Bor 5K r i, r , : un A M H Q B 
V = x^ Mil i^ ^ 3 a . , 2, 3) 

r X ^ 

' Xct ham so' f(x) = x^r - x^ vdi 0 < x < r. 
r(x) = 2xr - 3x^ Jw!"?' Rtj'ion-j.v'jirir) i.i , 

Ta CO bang bic'n thien sau: 
X 0 3 

... 4 ? \ . \

X 

f (x) + 0 

l"(x) • 1 iil V i 

Nhu" the max r(x) = f ^2r^ vdi 0 < x < r 
Vay hinh tru noi tiep hinh non c6 the tich Idn nhat « ban kinh day cua no = 
2r 

3 a ( r _ x ) 3a7t , n^Wi ndtd gnSd ?o 6b >n' 
I. ^ X Q = ^ > X Q l r u = TtX = x ( r - X J | 

Vay SxQ dat gia tri Idn nhat « X = - . - • 
2 + I K5^1 

Thi du 2: Cho hinh non c6 ban kinh day bang r, chieu cao bang h. Tim hinh hop 
chu- nhat co day la hinh vuong noi tiep hinh non sao cho the tich cua lu) la 

Mdnnha't. 
1 Giai 
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hinh non da cho. Cat hinh non bang thiet dien qua true ta c6 mat cat nhiT sau: 

S 
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Goi X la canh day cua iiinli liop, khi do do day la liinh vuong n e n A C = A 'r 
= X \/2 . Goi y chicu cao cua iiinh hop. Khi do theo dinh li Talet , ta c6: 

xV2 

=>y = 

• ^ 3 : ^ ^ = ^ x ^ / ^ h - 2 r h - 2 r y ^ 2 r y = h f 2 r - x V 2 ) r h ^ ' 
h ( 2 r - X A / 2 ) ' 0 ' + 

2r 
Goi V la the tich hinh hop, la c6: 

V = x 'y 
x^h 2 r - X N / 2 h / 2 r ^\= ^ = — 2rx^ - V2x^) ' '̂"̂ ^ 2r 2rV ) 

Xe t h a m so f(x) = 2rx^ - v6i 0 < x < rjl 
r ( x ) = 4 r x - 3^2x2 

Tif do CO b a n g bicn thicn sau: 
272 

Vay f(x) dat gia trj k'Jn nhal o x = 

Tuf do suy ra hinh hop ciln tim c6 day la hinh vuong vOi canh x = 
2V2 

- r . 

Thi du 3: Cho hinh cau ban kinh r. Tim hinh non ngocii lie'p hinh cau sao cho ih^' 
tich cua hinh non lii be nhat. S 

Giai 
Xet thiet d ien qua true hinh non, ta c6 1 / ] 
hinh ben . ' '"v ">''••:•'••• 

Goi X la ban kinh day cua hinh non (tuTc 
A H = x), con h la chieu cao cua hinh non / 
( t i?cSH = h). v \ / 
T h e o dinh li difdng phan giac trong ta c6: 
OH AH r _ X A , 
O S - S A " " h - r~v;^T7^ 
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c ; t i / uMiiTMi I ijv V11 n.iuiny vim 
(h - r f _ x^ + - 2 r h + r^ _ x^ + h ^ 

. h 2 h 
Do h > 0 nen la co —r = — , 

r x^ 
1 1 

Vr^ x^ = - =>h x ^ - V 2 h = 2 r x ' 

Goi V la the tich hinh non. Khi do la co 
4 

(1) • 

i. 

V = Ttx^h = 2m ^ 

[ Xe t h a m so" f(t) = vdi c> i t>r '-ibh'- . 
t - r 

f'(t) = r - 2 t r , V 

Tif do CO bang bie'n thien sau: \, 
r 2r 

I 

f'(t) 

l"(t) 

V a y f(t) dat gia trj Ictn nha't khi t = 2r 
Tir do V dat gia trj be nhat khi = 2r <=> x = u i l b 1 isi; n'in h 
Nhif the , hinh non ngoai t iep hinh cau c6 the tich be nha't khi ban kinh day 

I cua no la r^y2 ( luc nay hinh non hoan loan xac dinh). jjii ft j K)« ; 

|Thi dy 4: Goi r va h tiTclng iJng la ban kinh day va chieu cao cua hinh non. Ki hieu 
V| , V2 tirdng iJng la the tich hinh non va the tich hinh cau noi tiep hinh non. 

I . Tim — theo r va h. -

| 2 . Khi r, h thay doi , tim gia trj b e nha't cua 

Gia I , d r ( ! « ; • ' ) 

1. Goi SAB la thiet d ien qua true cua hinh non. 
Di/5ng phan gidc cua goc A c^t SH tai I. 
Khi do R = IH la ban kinh hinh cau noi t iep. 

IJT; 
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nj ijuui - I nun iiui) i\.nni 

Thco linh chift cua dircJng phan giac, ta c6: 
R _ AH _ r 

R hr 

R + SI r + V ; ^ r + 

Ta CO V, = - T i r ^ h ; - 7 r R - ^ = - 7 r 
3„3 hV 

Tirdosuyra -J-= ' 
4rh' 

2. Bicn doi ti so — nhiT sau: 

V r 

•J 

V, _ 1 

V2 4 

'1 + >/iTx h :2 
, X = _ > 1 . 

Xct hiim so 1 (x) = =^ r ( x ) = •'̂  L 
..^ ^ ^ •mm,, 4.2x^7177 

Chi can xet dau cua g(x) = x- 2 - 2 Vl + x ^ g'(x) = 1 - ^ > 0 J ti"\ 
. . . , Vl + x 

:=> g(x) la hiim tang tren mien x > 1 vii g(8) = 0 _ '̂̂ ^^ < 0 ncu 1 < x < 8 

i / i .1 

X 1 8 + C 0 

g(x) - 0 + 

f. 

(x) 
- 0 + 

l"(x) 

•3 l O i J y i i ! 

f i i f f 

Vay min i(x) = 2 => Gia tri be nhat ciia ^ la 2. 

u.) li.i ,' 

232 / 1 \ 
s X 

hi 5: Cho hinh non c6 tinh cha't sau: Co 4 qua cau ban kinh r, Irong do ba 
qua tie'p xuc vdi day, ticp xiic Ian nhau vii lic'p xuc vc'Ji mat xung quanh hinh 
non. Tim chieu cao hinh non. 

Giai 
Goi O:, O 2 , O3 la tarn cua ba qua Cciu ; jji ( i n , ) -

tie'p xuc v(?i day hinh non, tie'p xuc Ian \] i 
nhau va tie'p xuc vdi mat phang xung 
quanh hinh non. Khi do (O1O2O3) la miit ,, 
phang song song vdi day hinh non va 
each no mot khoang bang r. Xet hinh 
cau thu" tiT tam O 4 . Do hinh cau niiy tie'p 
xuc vdi ba qua cau kia, tie'p xuc vdi mat 

xung quanh hinh non ncn O 4 nam tren du'dng cao cua hinh non. Cat hinh non 
bang mot thie't dien qua true va qua Oi, ta cd hinh cat nhU'd du'di (d diiy H la 
tam tam giac deu O1O2O3). r 

Ta CO O1O4 = 2r; C H = = tiif do theo dinh l i Py-ta-go, ta co: 
3 2 

04H= J 0 , 0 4 2 - 0 , H ^ = , 4 r ^ - i ^ 
8r^ 

04H = 2vS .i : 4 

Dat K S O 4 = a=> O1O4H = a. 

Ta CO trong tam giac vuong SKO4, thi 
r 

S04= — 
sin a 

Con trong tam giac O4O1H, thi: ' i f5f'?'1 vAf; 

Sina -
_ 0 , H _ 3 _ 73 

0,04 2r 3 

Thay (2) vac (1) va c6 SO4 = r r/s ^ 

Vay goi h la chieu cao cija hinh non thi h = SO4 + O4H + r ; 
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T h i du 6 : Cho hinh lang tru diJng A B C D . A ' B ' C ' D ' c6 day A B C D la hinh than,, 

can day nho A B = a, day Idn C D = 4a, canh bang — ; chieu cao lang trij 

bang h. 

1. ChiJng minh CO hinh tru noi tiep lang tru ni i ^ 

2. T inh dien tich toan phan va the tich hinh tru do. 

G i a i 

1. V i A B C D A ' B ' C ' D ' la lang tru diJng ncn ta 

chi can chiJng minh day A B C D la tiJ giac 

ngoai tic'p mot du'tfng tron. 

D 

Ta CO A B + C D = a + 4a = 5a 

A D + B C - ^ + - = 5 a 

'i\'a. 
2 2 

=^ A B + C D = A D + BC 

=> A B C D la tur giac ngoai tic'p mot difclng tron =::> dpcm. 

VO 

B 

2. Hinh tru phai t im c6 true 0 0 ' = h va 

day la hinh tru noi tiep hinh thang can, 

6 day O va O' la tam hai duTdng tron noi 

tiep hai day cua lang tru) Goi I , J Ian 

lu-cJt la trung d iem cua A B , C D . Ta c6: 

io = o j = H 

D 
• I t ; , r(. , . i 

H 
J / 

0 

A I B 

Ke B H ± C D = > I J = B H = V B C ^ - H C ^ = 
25a^ 

2 a - ^ 
2 

\
= 2a. 

Vay 0 1 = OJ = a => ban kinh day hinh try bang a.» . ; .;><< 

Tur do ncu gpi V , STP ti/dng iJng la the tich va dien tich to^n phan cija hinh 

t r u , thi : V = na h; STP = 27iah + 27ia = 2na. (a + h). 
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Ctil/C5Ne 4 - MOT S O C H U Y E N D E D A C B I E T 

Chuyendll. HINH TLf DIEN 
Trong chuycn de nay ta se de cap den cac bai toan ve hinh tiir dien. Vai tro 

cua hinh ti? dien trong hinh hoc khong gian c6 the xem nhu" hinh tam giac 

trong hinh hoc phang. CJ day ta se xet cac tu* dien dac biet: tdr dien vuong, tu" 

dien trifc tam, tijf dien gan dcu. ^ 

§ 1 . TTJ"DifiN VUONS -;;:/:5>a)oi;viS)vi 

Difdi day ta se xet mot Idp tuT dien dilc biet - tiJ dien vuong. Co the xem vai 

tro cua tiJ dien vuong trong hinh tiJ dien nhu" vai tro ciia tam giac vuong khi 

nghien ciVu ve tam giac. ^ ^ ,̂ ^ 

Tir dien SABC goi la tiir dien vuong dinh S, neu nhiT SA, SB, SC doi mot 

vuong goc v d i nhau. 

Thi du 1. (Bai tap cd ban ve tur dien vuong) < V " . ^ J v " • . 
Cho tiJ dien vuong SABC dinh S. 

1. Ke difdng cao SH. ChiJng minh H la tri/c tam tam giac A B C . 
1 1 1 1 g n t i l .ijiiO' 

• + -2. ChiJng minh rang: 
S H ' S A ' SB' 

3. Chtfng minh dinh ly Pitago trong khong gian: S^BC = ^SAB + ^SBC + ^SCA 

4. Gia siir cac mat ben SAB, SBC, SCA Ian liTdl tao v d i ddy A B C cdc goc a, p, 
y. ChiJng minh co.s^a + cos^p + cos^y = 1 

5. Gia sU SA = a, SB = b, SC = c. Goi A , B, C tifdng iJng la cac goc cua tam giac 

A B C . ChiJng minh: a^tanA = b^tanB = c^anC , ,,, ,, 

6. Gia sur St la mot tia nSm trong goc tam dien dinh S va St hdp v d i SA, SB, SC 

cac goc Ian Itfdt la a , . Pi, yi. ChiJng minh: cos^aj + cos^Pi + cos^yi = 1 

7. ChiJng minh A B C l i i tam giac nhon. 5" 

8. Gpi a, p, y la 3 gdc xac dinh d cau 4. ChiJng minh: 

cos^a ^ cos^p ^ cos 'y ^ 2 

sin^p + sin^y sin"P + sin^y sin^P + sin^y 4 

, , , G i a i 

1) A H n BC = M . Ta CO SA 1 (SBC) 

^ S A I B C . L a i r d B C I S H 

=> BC 1 (SAH) => BC 1 A M 

TiTdng t i J B H l A C 

H la trong tam tam giac A B C . 
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Tioi diCa'ng IISG lUnh hoc khong guin — Phan Iliiy Khdi 

2 ) V i A M _L BC 

=> SM i . BC (djnh ly ba difdng vuong goc) 

Trong tarn giac vuong SAM, ta c6 
1 1 1 

+ • SH^ SA^ SM^ 

-f, Trong tarn giac vuong SBC c6: = — - + 
SM^ SB- ' SC^ 

(1) 

(2) 

Thay (2) v a o ( l ) c 6 : 
I 1 1 1 

- + — ^ + -
SH^ SA^ SB^ SC^ 

dpcm 

3) Ta c6: S ĝ̂ - = 

ta CO SM^ = M H . M A ) 

BC^ X SM^ BC^ X M H X M A ' ' ' ' ' ' ' 

4 4 

BC.MA BC.MH 

(do trong tarn giac vuong SAM 

Lap luan tiTdng t i/ la c6: S^AB = SABC-^HAB 

^SAC - ^ABC-^HAC 

(3) 

(4) 

(5) 

Cong lij-ng ve (3), (4), (5) ta c6: 

S SBC + SsAB + SsAc - SABC (^HBC + S^AB + ^HAC 1 - S 
2 
ABC 

4) Ta CO kc't qua qucn bict sau: 

G i a siif AABC tao vdi day (P) goc (p. -'^ 

Gpi A ' la hinh chicu cfia A Ircn (P). ' * 1̂ + 

• • K h i do ta c6: SA-BC = SABC • coscp (6) ^ ~ ' 

(cong ihuTc tinh dicn tich hinh chicu) 

T rd vc bai toan cu la du-dc 

Gia stjf A H n BC = M ; B H n AC = N ; Z l 

C H n A B = P . '-rr ; . «V 'y 

Ta c6: SPC = a; slvIA = (3; S 'NB = y 

V i SC 1 (SAB), ncn SAB la hinh chieu > T 

•dpcm 

: A., 

cua lam giac A B C tren ( S A B ) 

Theo (6) la c6: SSAD = SABC • cosa 
mi) 

=> cos a = 2 „ _ '^SAB (7) / 
*ABC 

Lap lutin tuTdng tiT, cos p = 2o _ -^SBC (8) 
*ABC : I <:r 
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cos y = - T 
•^SAC (9) 
' ABC 

Cong tijrng vc (7), (8), (9) va theo phan 2) suy ra cos^a + cos^p + cos^y = 1 

iV/ifl/i Ta CO the giai each khac nhu" sau: 

. Trong tarn giac vuong SPC ta c6 SPC = HSC => HSC = cosa 
,2 • . • 

i - it',''-':.; 6 
2 S H ' 

• cos a = — -

2 „ S H ' 2 SH 
Tu'dnglu'co: cos p = :r; '̂os y = 

SB^ SC^ 

• I'i, •, ' . J 

1 1 1 

VsA" SB^ ' sc^; 
Do do cos^a + cos'P + cos^y = S H 

dtfcJc kc'l qua tren) 

5) Theo he thiJc lu-dng trong AABC ta c6: cot A = 

4SABC 

= 1 (theo phan 2 la thi 

A C ^ + A B ^ - B C ^ 

Turdo: tanA = 
A C ^ + A B ^ - B C ^ 

4SABC 

- I ' 

4 S '̂ 2 IS 
Ap dung dinh ly Pitago la c6: tan A = — r-^^^^ r - — j = — ^ 

a' '+ c"̂  + a'̂  + b - b^ - c'' a 
a^tanA = 2SABC • 

Lap luan tiTdng tif c6: b^anB = 2SABC; c^tanC = 2SABC dpcm 

') Goi Sx, Sy, Sz la cac tia chifa SA, SB, ^ , 

SC tiWng u-ng. , , ,̂ ,, 

Gia sur H ' la diem tuy y tren St. Gia su" 

(7t) Ian l i rm cat Sx, Sy, Sz tai A ' , B ' , C . 

Xet tu" dien vuong S A ' B ' C dinh S. 

Theo cau 1) thi H ' la trifc lam tarn giac ^ ^ / - ' I / / ' 

A ' B ' C v a theo cau 2) c6: 

1 1 1 1 u 
T = T + 7" + 7 hay 

SH'^ SA'^ SB'^ SC'^ 

1 = 
/ ' O T T I N 2 ' ' S H ' ^ ^ / ' c I J l ^ 2 SH' 

S A ' j v S B ' y + 
SH' 

• cos^ai + cos^Pi + cos^yi = 1 (dpcm) 

) That vay trong lam giac ABC, ta c6 theo dinh l i ham so cosin 

AB^ + AC^ - BC^ _ (a^ + b^) - f (a^ - f c^) - (b^ + c^) _ ,2 
cosA = • 

2AB.AC 2AB.AC AB.AC 
> 0 
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2 ) V i A M _L BC 

=> SM i . BC (djnh ly ba difdng vuong goc) 

Trong tarn giac vuong SAM, ta c6 
1 1 1 

+ • SH^ SA^ SM^ 

-f, Trong tarn giac vuong SBC c6: = — - + 
SM^ SB- ' SC^ 

(1) 

(2) 

Thay (2) v a o ( l ) c 6 : 
I 1 1 1 

- + — ^ + -
SH^ SA^ SB^ SC^ 

dpcm 

3) Ta c6: S ĝ̂ - = 

ta CO SM^ = M H . M A ) 

BC^ X SM^ BC^ X M H X M A ' ' ' ' ' ' ' 

4 4 

BC.MA BC.MH 

(do trong tarn giac vuong SAM 

Lap luan tiTdng t i/ la c6: S^AB = SABC-^HAB 

^SAC - ^ABC-^HAC 

(3) 

(4) 

(5) 

Cong lij-ng ve (3), (4), (5) ta c6: 

S SBC + SsAB + SsAc - SABC (^HBC + S^AB + ^HAC 1 - S 
2 
ABC 

4) Ta CO kc't qua qucn bict sau: 

G i a siif AABC tao vdi day (P) goc (p. -'^ 

Gpi A ' la hinh chicu cfia A Ircn (P). ' * 1̂ + 

• • K h i do ta c6: SA-BC = SABC • coscp (6) ^ ~ ' 

(cong ihuTc tinh dicn tich hinh chicu) 

T rd vc bai toan cu la du-dc 

Gia stjf A H n BC = M ; B H n AC = N ; Z l 

C H n A B = P . '-rr ; . «V 'y 

Ta c6: SPC = a; slvIA = (3; S 'NB = y 

V i SC 1 (SAB), ncn SAB la hinh chieu > T 

•dpcm 

: A., 

cua lam giac A B C tren ( S A B ) 

Theo (6) la c6: SSAD = SABC • cosa 
mi) 

=> cos a = 2 „ _ '^SAB (7) / 
*ABC 

Lap lutin tuTdng tiT, cos p = 2o _ -^SBC (8) 
*ABC : I <:r 
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cos y = - T 
•^SAC (9) 
' ABC 

Cong tijrng vc (7), (8), (9) va theo phan 2) suy ra cos^a + cos^p + cos^y = 1 

iV/ifl/i Ta CO the giai each khac nhu" sau: 

. Trong tarn giac vuong SPC ta c6 SPC = HSC => HSC = cosa 
,2 • . • 

i - it',''-':.; 6 
2 S H ' 

• cos a = — -

2 „ S H ' 2 SH 
Tu'dnglu'co: cos p = :r; '̂os y = 

SB^ SC^ 

• I'i, •, ' . J 

1 1 1 

VsA" SB^ ' sc^; 
Do do cos^a + cos'P + cos^y = S H 

dtfcJc kc'l qua tren) 

5) Theo he thiJc lu-dng trong AABC ta c6: cot A = 

4SABC 

= 1 (theo phan 2 la thi 

A C ^ + A B ^ - B C ^ 

Turdo: tanA = 
A C ^ + A B ^ - B C ^ 

4SABC 

- I ' 

4 S '̂ 2 IS 
Ap dung dinh ly Pitago la c6: tan A = — r-^^^^ r - — j = — ^ 

a' '+ c"̂  + a'̂  + b - b^ - c'' a 
a^tanA = 2SABC • 

Lap luan tiTdng tif c6: b^anB = 2SABC; c^tanC = 2SABC dpcm 

') Goi Sx, Sy, Sz la cac tia chifa SA, SB, ^ , 

SC tiWng u-ng. , , ,̂ ,, 

Gia sur H ' la diem tuy y tren St. Gia su" 

(7t) Ian l i rm cat Sx, Sy, Sz tai A ' , B ' , C . 

Xet tu" dien vuong S A ' B ' C dinh S. 

Theo cau 1) thi H ' la trifc lam tarn giac ^ ^ / - ' I / / ' 

A ' B ' C v a theo cau 2) c6: 

1 1 1 1 u 
T = T + 7" + 7 hay 

SH'^ SA'^ SB'^ SC'^ 

1 = 
/ ' O T T I N 2 ' ' S H ' ^ ^ / ' c I J l ^ 2 SH' 

S A ' j v S B ' y + 
SH' 

• cos^ai + cos^Pi + cos^yi = 1 (dpcm) 

) That vay trong lam giac ABC, ta c6 theo dinh l i ham so cosin 

AB^ + AC^ - BC^ _ (a^ + b^) - f (a^ - f c^) - (b^ + c^) _ ,2 
cosA = • 

2AB.AC 2AB.AC AB.AC 
> 0 
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=> A nhon. L y lutin liTdng tiT thi B, C ciing nhon => A B C la tam giac nhon 

=> dpcm. 

8) Theo cau 4) ta c6 cos^a + cos^P + cos'y = 1 => sin^a + sin^p + sin^y = 2 (10) 

Dat X = s i n \ sin^P; y = sin^a + sin^y; z = sin^a + sin^P 

T i r ( 1 0 ) c 6 : x + y + z = 4 (11) 

L a i C O cos^a = 1 - sin^a = 1 - (2 - sin^P - sin^y) = X - 1 1 ^ -

TiTdng tiT c6: cos^P = y - 2; cos^y = z - 1 

Vay bat dang thu"c can chtfng minh C O dang: - - -^^ ^ . ^ ^ 

1 1 1 9 
o —+ — + - > — 

X y z 4 
(12) 

• + - + -
X y z 

•"'! t?, ^•i.- V''?,'!',} I ' j ' i ; 

<1 
4 

Theo bat dang thiJc Cosi, ta c6: (x + y + z) ^1 1 P 
—+ —+ — 

vx y zy 
> 9 (13) 

Tir (11), (13) suy ra (1^) dung '̂ - ' 

Da'u bang xay ra o x = y = z o a = P = y o SA = SB = SC 

T h i du 2: Trong mat phang (P) cho goc vuong x'Sy = 90" dinh S co djnh. Dat AC = 

a vuong goc vdi (P). Tren Sx, Sy Ian lifcn lay B, C sao cho SB + SC = a. Xe t tu" 

d i e n v u o n g S A B C din h S. S ' A I B = a; B ' A C = P; SAC = y . C h i t n g m i n h rang 

a + p + y = const khi B, C di dong theo quy luat tren. 

, . ,„ . - .H^v: : ' G i a i ' ' 

Theo dinh ly ham so" cosin trong tam giac A B C ta co: 

cosP=: A B ^ + A C ^ - B C ^ 

2 A B . A C 

(a^ + AB^J + f a ^ + A C ^ j - B C ^ 

2AB.AC 

a(SB + SC) 

:vt,;> Win 

A B . A C A B . A C 

_ S A S B S A S C 

" A C ' A B A B A C 
V 

= cosy . sina + cosa . siny 

Tuf do ta co: cosp = sin ( a + y) (1) 

Do a, p, y 6 (0; 90") nen tCr (1) suy ra a + p + y = 90" = const dpcm 
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j-jii du 3: Cho tu" dicn vuong D A B C tai D, goi H lii tri/c tam tam giac A B C . Dat 
HB. , 

va cos(p = - t a n a t a n p . 

a = D A H ; p = D B H ; y = D C H ; cp = A H B . 

siny 
ChiJng minh rang sincp = 

cos a. cosP 

Gia i 
Do H la trifc tam tam giac A B C => DH 1 ^ 
(ABC) . Keo dai A H cat BC tai H , . Ti f do 
D H X AA|. Trong tam giac vuong ADH|, ta 
CO D H - = A H . H l l , . > ' 

Do H H i = B H c o s B H H , = BHcos(180" - cp) 

= > D t f = - AH.BH.coscp t „,a { 
D H D H 

coscp = — • =:> cos (p - tan a tan p 
A H B H 

Gia suf C H keo dai cat A B tai K. V i CD 1 ( A D B ) 

ma C K 1 A B => D K 1 A B (dinh ly ba dufdng vuong goc) => D K C la goc tao 

bdi hai mat p h i n g A D B va A B C . De thay H A B la hinh chicu cua D A B trong 

phep chieu vuong goc D A B xuong A B C => S H A B = S D A B • cos D K C (1) 

De thay trong tam giac vuog K D C dinh D , thi cos D K C = siny 

|V$y t i r ( l ) c 6 : ^ H A . H B sin cp = ^ D A . D B siny 

D A D B . 
i m 9 = 7;-7-.7;—.smcp hay sm(p = - smy • dpcm 

H A HB ' " ' cosacosP """" ) n ' »i 

I I du 4: Cho tt? dien vu6ng O A B C dinh O. Ve chieu cao O H cua tu" dien. DSt 

A = C A B , B = A B C , C = B C A , a = AOB, p = B O H , y = : C O H . Chu-ng minh 

V sin^ a 
rang -

sin^ P _ sin^ y 

s in2A sin2B sin2C 

G i a i 

De thay H la tri/c tam cua A A B C va A B C la tam giac nhon. A H keo dai c^t 

BC tai A , A A i 1 BC. V i O A 1 (OBC), nen theo dinh ly ba diTdng vuong 

g6c C O O A , 1 BC. 

Ta co: sin^ a = 
A H ^ 

OA^ 
(1) 

I 
Xet A vuong O A A | dinh O. Theo he thtfc liTdng trong tam giac vuong ta co 

OA^ = A H . A A i , vay tCf (1) c6 sin^ a = 
A H 

A A , 
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=> A nhon. Ly lutin liTdng tiT thi B, C ciing nhon => A B C la tam giac nhon 

=> dpcm. 

8) Theo cau 4) ta c6 cos^a + cos^P + cos'y = 1 => sin^a + sin^p + sin^y = 2 (10) 

Dat X = s i n \ sin^P; y = sin^a + sin^y; z = sin^a + sin^P 

T i r ( 1 0 ) c 6 : x + y + z = 4 (11) 

L a i C O cos^a = 1 - sin^a = 1 - (2 - sin^P - sin^y) = X - 1 1 ^ -

TiTdng tiT c6: cos^P = y - 2; cos^y = z - 1 

Vay bat dang thu"c can chtfng minh C O dang: - - -^^ ^ . ^ ^ 

1 1 1 9 
o —+ — + - > — 

X y z 4 
(12) 

• + - + -
X y z 

•"'! t?, ^•i.- V''?,'!',} I ' j ' i ; 

<1 
4 

Theo bat dang thiJc Cosi, ta c6: (x + y + z) ^1 1 P 
—+ —+ — 

vx y zy 
> 9 (13) 

Tir (11), (13) suy ra (1^) dung '̂ - ' 

Da'u bang xay ra o x = y = z o a = P = y o SA = SB = SC 

T h i du 2: Trong mat phang (P) cho goc vuong x'Sy = 90" dinh S co djnh. Dat AC = 

a vuong goc vdi (P). Tren Sx, Sy Ian lifcn lay B, C sao cho SB + SC = a. Xe t tu" 

d i e n v u o n g S A B C din h S. S ' A I B = a; B ' A C = P; SAC = y . C h i t n g m i n h rang 

a + p + y = const khi B, C di dong theo quy luat tren. 

, . ,„ . - .H^v: : ' G i a i ' ' 

Theo dinh ly ham so" cosin trong tam giac A B C ta co: 

cosP=: A B ^ + A C ^ - B C ^ 

2 A B . A C 

(a^ + AB^J + f a ^ + A C ^ j - B C ^ 

2AB.AC 

a(SB + SC) 

:vt,;> Win 

A B . A C A B . A C 

_ S A S B S A S C 

" A C ' A B A B A C 
V 

= cosy . sina + cosa . siny 

Tuf do ta co: cosp = sin ( a + y) (1) 

Do a, p, y 6 (0; 90") nen tCr (1) suy ra a + p + y = 90" = const dpcm 
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j-jii du 3: Cho tu" dicn vuong D A B C tai D, goi H lii tri/c tam tam giac A B C . Dat 
HB. , 

va cos(p = - t a n a t a n p . 

a = D A H ; p = D B H ; y = D C H ; cp = A H B . 

siny 
ChiJng minh rang sincp = 

cos a. cosP 

Gia i 
Do H la trifc tam tam giac A B C => DH 1 ^ 
(ABC) . Keo dai A H cat BC tai H , . Ti f do 
D H X AA|. Trong tam giac vuong ADH|, ta 
CO D H - = A H . H l l , . > ' 

Do H H i = B H c o s B H H , = BHcos(180" - cp) 

= > D t f = - AH.BH.coscp t „,a { 
D H D H 

coscp = — • =:> cos (p - tan a tan p 
A H B H 

Gia suf C H keo dai cat A B tai K. V i CD 1 ( A D B ) 

ma C K 1 A B => D K 1 A B (dinh ly ba dufdng vuong goc) => D K C la goc tao 

bdi hai mat p h i n g A D B va A B C . De thay H A B la hinh chicu cua D A B trong 

phep chieu vuong goc D A B xuong A B C => S H A B = S D A B • cos D K C (1) 

De thay trong tam giac vuog K D C dinh D , thi cos D K C = siny 

|V$y t i r ( l ) c 6 : ^ H A . H B sin cp = ^ D A . D B siny 

D A D B . 
i m 9 = 7;-7-.7;—.smcp hay sm(p = - smy • dpcm 

H A HB ' " ' cosacosP """" ) n ' »i 

I I du 4: Cho tt? dien vu6ng O A B C dinh O. Ve chieu cao O H cua tu" dien. DSt 

A = C A B , B = A B C , C = B C A , a = AOB, p = B O H , y = : C O H . Chu-ng minh 

V sin^ a 
rang -

sin^ P _ sin^ y 

s in2A sin2B sin2C 

G i a i 

De thay H la tri/c tam cua A A B C va A B C la tam giac nhon. A H keo dai c^t 

BC tai A , A A i 1 BC. V i O A 1 (OBC), nen theo dinh ly ba diTdng vuong 

g6c C O O A , 1 BC. 

Ta co: sin^ a = 
A H ^ 

OA^ 
(1) 

I 
Xet A vuong O A A | dinh O. Theo he thtfc liTdng trong tam giac vuong ta co 

OA^ = A H . A A i , vay tCf (1) c6 sin^ a = 
A H 

A A , 
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Vc diTcfng Iron ngoai tiep AABC, va goi I la tarn diTcJng Iron ngoai tiep. G la 

trong l a m AABC. T h e o difdng thang Euther thi H. G, I t h i n g hang va HG = 

2GI ^ AH = 2IM va A = CAB = BIM ' ' ' ' 

. . . . . • . A ^ B M IM ^ BC AH BC.AH 
Ta co: .sm2A = 2.smAcosA = 2 . = 2.-IB IB 2.IB 2IB 

' vdi R ban kinh difclng Iron ngoai tiep AABC 

2R' 
(2) 

' ' T i r ( l ) va (2) suy ra 
2R' sin^a 

sin2A BC.AA, 
= , d day S la d ien tich AABC 

Do sir binh dang ciia cac cap (P, B), (y, C), la cung c6 j 

sin^P sin^y R^ 
=>dpcm acj AG 

sin2B sin2C S " "' " : ^"" " O H AH 

Thi du 5: Cho H? dicn vuong D.ABC dinh D. Gia sijT DA = a, DB = b, DC = c 

(a < b < c). M la mot diem tuy y trong day ABC. Goi / la long cac khoang 

each lir A, B, C xuong DM. Chiang minh / < a + b. D 

Giai 

Dat A D M = a, BDM = p,CDM = y . 

Ta C O ngay / = asina + bsinP + csiny 

V i goc tarn dien dinh D vuong nen la 
difng diTdc mpl hinh hop chiJ nhat c6 
DM la diTctng cheo, con DA, DB, DC la 
cac canh ben. 

Vay la c6 sin^a + sin^p + sin^y = 3 - (co.s^a + cos^p + cos^y) = 2. 

Do 0 < sina < 1; 0 < sinp < 1, 0 < siny < 1 AJIA •̂ 

=> sina + sinp + siny > sin^a + sin^P + sin^y 

=> sina + sinP + siny > 2 => sinP + siny - 1 > 1 - sina (1) 
Ta C O b > a, n c n t i r ( l ) c6: b(sinP + siny-1) > a(l - sina) ., 
=> asina + bsinP + csiny > a + b (2) 
Lai do c > b => csiny > bsiny (3) 
TH (2) va (3) ta c6: / = asina + bsinP + csiny > a + b => dpcm 
Dau bang xay ra o sina = sin^a; sinp = sin^P; siny = s in \
va dong thdi c6 dau bang trong (2) va (3) o a = p = 9()";y = 0 o M = C 

Xhi du 6: Cho tiJ dien vuong OABC dinh O. Goi R, r, V, h Wdng iJng la ban kinh 
hinh cau ngoai tiep, hinh cau noi tiep, the lich, diTdng cao ke tuT O cua ti? 
dien. Chu'ng minh: 

V R ^ + h " 3 

')'.<')p,fi> ^fUi/fq s$m h « aknu niiob t\i:iV: iinUj-iq -yjH ' 

2 ) - < l + V3 
r •'MB a'iifilr 

M':... hL 

3^3 

1 

' a . ;'ci 

4) - > - + - + - + 
r a b c a + b + c 

(OA = a; OB = b; OC = c) 

Giai 

,i5V it] 

Xem Idi giai trong cac thi du 15, 16 phan B, §1, chu'dng 3 cuon sach nay 

Thi du 7: Cho ti? dien vuong OABC dinh O. P la diem n^m trong day ABC. Dat 
I AP BP CP 

u = — , c = — , w = — . Goi a la goc tao bdi du^dng thang OP v6i (ABC). 

I Chifng minh rang u ' + v^ + = 2 + cot^a 

. ^ ry., .1 Giai 
Xel he true toa do De Cac vuong 

goc nhan O lam goc toa dp, cac true toa 
do chtfa OA, OB, OC. Gia suT trong he 
toa do ay, loa do cac dinh A, B, C 
tuTdng lirng la A (a, 0, 0); B (0, b, 0); C(0, 

|0 ,c) . 

Gia suT toa do cua diem P la P (xo, yo, Zo) 

^ . 2 2 2 AP ' BP^ 
Ta c6: û  + v^ + = - + : 

CP' 
A O ' BO' CO^ 

Ta C O AP^ = (x„ - + yf, + zf,; 
2 . BP '= x,',+(yo-b)^+z,'5; 
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Vc diTcfng Iron ngoai tiep AABC, va goi I la tarn diTcJng Iron ngoai tiep. G la 

trong l a m AABC. T h e o difdng thang Euther thi H. G, I t h i n g hang va HG = 

2GI ^ AH = 2IM va A = CAB = BIM ' ' ' ' 

. . . . . • . A ^ B M IM ^ BC AH BC.AH 
Ta co: .sm2A = 2.smAcosA = 2 . = 2.-IB IB 2.IB 2IB 

' vdi R ban kinh difclng Iron ngoai tiep AABC 

2R' 
(2) 

' ' T i r ( l ) va (2) suy ra 
2R' sin^a 

sin2A BC.AA, 
= , d day S la d ien tich AABC 

Do sir binh dang ciia cac cap (P, B), (y, C), la cung c6 j 

sin^P sin^y R^ 
=>dpcm acj AG 

sin2B sin2C S " "' " : ^"" " O H AH 

Thi du 5: Cho H? dicn vuong D.ABC dinh D. Gia sijT DA = a, DB = b, DC = c 

(a < b < c). M la mot diem tuy y trong day ABC. Goi / la long cac khoang 

each lir A, B, C xuong DM. Chiang minh / < a + b. D 

Giai 

Dat A D M = a, BDM = p,CDM = y . 

Ta C O ngay / = asina + bsinP + csiny 

V i goc tarn dien dinh D vuong nen la 
difng diTdc mpl hinh hop chiJ nhat c6 
DM la diTctng cheo, con DA, DB, DC la 
cac canh ben. 

Vay la c6 sin^a + sin^p + sin^y = 3 - (co.s^a + cos^p + cos^y) = 2. 

Do 0 < sina < 1; 0 < sinp < 1, 0 < siny < 1 AJIA •̂ 

=> sina + sinp + siny > sin^a + sin^P + sin^y 

=> sina + sinP + siny > 2 => sinP + siny - 1 > 1 - sina (1) 
Ta C O b > a, n c n t i r ( l ) c6: b(sinP + siny-1) > a(l - sina) ., 
=> asina + bsinP + csiny > a + b (2) 
Lai do c > b => csiny > bsiny (3) 
TH (2) va (3) ta c6: / = asina + bsinP + csiny > a + b => dpcm 
Dau bang xay ra o sina = sin^a; sinp = sin^P; siny = s in \
va dong thdi c6 dau bang trong (2) va (3) o a = p = 9()";y = 0 o M = C 

Xhi du 6: Cho tiJ dien vuong OABC dinh O. Goi R, r, V, h Wdng iJng la ban kinh 
hinh cau ngoai tiep, hinh cau noi tiep, the lich, diTdng cao ke tuT O cua ti? 
dien. Chu'ng minh: 

V R ^ + h " 3 

')'.<')p,fi> ^fUi/fq s$m h « aknu niiob t\i:iV: iinUj-iq -yjH ' 

2 ) - < l + V3 
r •'MB a'iifilr 

M':... hL 

3^3 

1 

' a . ;'ci 

4) - > - + - + - + 
r a b c a + b + c 

(OA = a; OB = b; OC = c) 

Giai 

,i5V it] 

Xem Idi giai trong cac thi du 15, 16 phan B, §1, chu'dng 3 cuon sach nay 

Thi du 7: Cho ti? dien vuong OABC dinh O. P la diem n^m trong day ABC. Dat 
I AP BP CP 

u = — , c = — , w = — . Goi a la goc tao bdi du^dng thang OP v6i (ABC). 

I Chifng minh rang u ' + v^ + = 2 + cot^a 

. ^ ry., .1 Giai 
Xel he true toa do De Cac vuong 

goc nhan O lam goc toa dp, cac true toa 
do chtfa OA, OB, OC. Gia suT trong he 
toa do ay, loa do cac dinh A, B, C 
tuTdng lirng la A (a, 0, 0); B (0, b, 0); C(0, 

|0 ,c) . 

Gia suT toa do cua diem P la P (xo, yo, Zo) 

^ . 2 2 2 AP ' BP^ 
Ta c6: û  + v^ + = - + : 

CP' 
A O ' BO' CO^ 

Ta C O AP^ = (x„ - + yf, + zf,; 
2 . BP '= x,',+(yo-b)^+z,'5; 

241 



Boi dudng IISG Ilinh hoc khong gum - I'him lliiij Khdi 

C P ' = x ,^+y? ,+ (z„-c )2 ; 

Ne'u dat = xf, + yf, + Z Q thi ta c6 the viet 

A P ' = xf) + yo + zf, + a^ - 2x„a - p^ + a' 
2x 
a ; 

Ttfcfng tir c6: BP^ = + b ' f 1 - ^ 
I b 

; CP^ = p^ + ĉ  1- 2/„ 

Thay vao (1), c6: u'̂  + + = p^ 
1 1 

Va^ b^ 
+ 3 - 2 - + 

Theo phiTcJng trinh doan ch^n thi mat phang A B C c6 phi/dng trinh: ' 

^ + Z + ^ = l m a P (xo, yn, z„) e ( A B C ) = : > ^ + ^ + ^ = l 
a b c a b c 

Ke O H 1 (ABC) , t a c6 h i e n n h i c n c o n g thuTc s a u : 

_ 1 _ J _ 1 ^ 1 

Thay (3) va (4) vao (2) c6: u^ + v^ + = + 1 
O H 

Chu y la p ^ = xf, + yl + zf, = OP^ 

2 2 2 OP^ , 1 , , 2 , => u + V + w = + 1 ^ — - — + 1 = 1 + cot a + 1 

( 2 ) 

(3) 

(4) 

(5) 

O H " 
Vay u^ + v^ + = 2 + cot^a 

sm^a 

CM y: 1 ) Xet triTdng hdp dac biet khi P = H, H la tri/c tarn AABC 
^ O H 1 (ABC) 
K h i do tijf cong thiJc da chtfng minh, ta c6 

r A H ^ 2 r B H ^ 2 r c H ^ 
+ + I A O ; 

I B O ; I C O J 
= 2 

o cos^ O A H + cos^ O B H + cos' OCH = 2 (6) 
Chii ^ neu goi M = A H n BC 
=> A M O l a goc tao bdi (OBC) vdi day 
(ABC) va ta CO cos^ ( 3 A H = sin^ A M O 
V i vay neu goi a, (3, y la ba goc tao bdi ba mat O B q , O A C , O A B vdi day 
A B C thi til ' (6) ta c6: sin^a + sin^P + s i n \ 2 
o cos^a + cos^p + cos^y = 1 (7) 

Vay cong thufc u ' + v^ + = 2 + cot^a la md rong cfla c6ng thufc quen biet (7) 

7.49 

CtyTNHliMTV DVVH Khang Viet 

§ 2 . TTJ-DifiN T R I J C T A M 

Tur dien A B C D goi l a tiJ dien triTc tam, neu c^c canh doi doi mpt vuong 
' gdc v d i nhau, ttfc l a A B 1 CD, A C 1 B D , A D 1 BC. - • - • 
Thi du 1: (Bai toan cd ban) Cho tiJ dien A B C D . ChuTng minh r^ng dieu k ien c l n 

\h. du de A B C D la tuT dien triTc tam la mot trong cdc dieu k ien sau day thoa 
man: 

' a) C^c dufdng cao cua ti? dien dong qui. 
b) M o t durdng cao cija tiJ dien di q u a triTc tam cua mat ddy tiTcfng i?ng. 
c) Tong binh phU'cfng cac canh doi bang nhau, tUiC la : 

AB^ + CD^ = AC^ + BD^ = AC^ + BC^ 
d) Cac doan thang noi trung diem cua cac canh do'i nhau thi b i n g nhau. 

5 ^ G i a i 
a) Gia suf A B C D l a ti? dien triTc tam, tUc 
la A B 1 CD, A C 1 B D , A D 1 BC. 

i Qua D A diTng mat p h ^ n g vuong goc vd i 
I BC nhuTsau: 

Trong (ABC) ka A K 1 BC. 
Do BC 1 A D (gt) => BC 1 ( A K D ) 

=> ( A K D ) la mat p h i n g can duTng ,, , . , 
Du'dng cao D D i cua tam g i i c A K D se vuong gdc v d i A K va BC 
=> DD| 1 (ABC) . TiTdng tiT ke A A , 1 K D , thi A A , G (BCD) *̂ 
Do A A , va D D i cung n\m trong ( A K D ) => A A , va D D , c^t nhau. 
Vay hai du'dng cao ba't k i cua t i J dien deu cat nhau va khong c6 ba duTdng cao 
nao dong phc^ng => bon dirdng cao cua ti? dien dong quy tai mot diem. 

Dao la i gia suT bon dtfdng cao A A , , B B , , CC,, D D , dong quy tai H 
K h i dd ta CO A H 1 (BCD) => A H 1 BC. L a i c6 D H 1 (ABC) 
D H 1 BC =^ BC 1 ( A D H ) => BC 1 A D . L y luan tiTdng tiT c6: 
A B 1 CD va A C 1 B D => A B C D cd cac canh doi vuong goc vd i nhau nen 

no la tu" dien trifc tam. 

T d m lai A B C D la tuT dien trifc tam <=> Cdc diTdng cao cua tuT dien dong quy. 
b) Gia sur A B C D la t t f dien trifc tam. Ke A A , 1 (BCD) A A , 1 BC. 
L a i cd BC 1 A D (gt) BC 1 ( A A , D ) BC 1 A , D => D A , nam tren diTdng 
cao ke tiJf D. Ti/dng tif B A , n^m tren durdng cao ke tif B A , la trtfc tam cua 
tam giac BCD. 
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C P ' = x ,^+y? ,+ (z„-c )2 ; 

Ne'u dat = xf, + yf, + Z Q thi ta c6 the viet 

A P ' = xf) + yo + zf, + a^ - 2x„a - p^ + a' 
2x 
a ; 

Ttfcfng tir c6: BP^ = + b ' f 1 - ^ 
I b 

; CP^ = p^ + ĉ  1- 2/„ 

Thay vao (1), c6: u'̂  + + = p^ 
1 1 

Va^ b^ 
+ 3 - 2 - + 

Theo phiTcJng trinh doan ch^n thi mat phang A B C c6 phi/dng trinh: ' 

^ + Z + ^ = l m a P (xo, yn, z„) e ( A B C ) = : > ^ + ^ + ^ = l 
a b c a b c 

Ke O H 1 (ABC) , t a c6 h i e n n h i c n c o n g thuTc s a u : 

_ 1 _ J _ 1 ^ 1 

Thay (3) va (4) vao (2) c6: u^ + v^ + = + 1 
O H 

Chu y la p ^ = xf, + yl + zf, = OP^ 

2 2 2 OP^ , 1 , , 2 , => u + V + w = + 1 ^ — - — + 1 = 1 + cot a + 1 

( 2 ) 

(3) 

(4) 

(5) 

O H " 
Vay u^ + v^ + = 2 + cot^a 

sm^a 

CM y: 1 ) Xet triTdng hdp dac biet khi P = H, H la tri/c tarn AABC 
^ O H 1 (ABC) 
K h i do tijf cong thiJc da chtfng minh, ta c6 

r A H ^ 2 r B H ^ 2 r c H ^ 
+ + I A O ; 

I B O ; I C O J 
= 2 

o cos^ O A H + cos^ O B H + cos' OCH = 2 (6) 
Chii ^ neu goi M = A H n BC 
=> A M O l a goc tao bdi (OBC) vdi day 
(ABC) va ta CO cos^ ( 3 A H = sin^ A M O 
V i vay neu goi a, (3, y la ba goc tao bdi ba mat O B q , O A C , O A B vdi day 
A B C thi til ' (6) ta c6: sin^a + sin^P + s i n \ 2 
o cos^a + cos^p + cos^y = 1 (7) 

Vay cong thufc u ' + v^ + = 2 + cot^a la md rong cfla c6ng thufc quen biet (7) 

7.49 

CtyTNHliMTV DVVH Khang Viet 

§ 2 . TTJ-DifiN T R I J C T A M 

Tur dien A B C D goi l a tiJ dien triTc tam, neu c^c canh doi doi mpt vuong 
' gdc v d i nhau, ttfc l a A B 1 CD, A C 1 B D , A D 1 BC. - • - • 
Thi du 1: (Bai toan cd ban) Cho tiJ dien A B C D . ChuTng minh r^ng dieu k ien c l n 

\h. du de A B C D la tuT dien triTc tam la mot trong cdc dieu k ien sau day thoa 
man: 

' a) C^c dufdng cao cua ti? dien dong qui. 
b) M o t durdng cao cija tiJ dien di q u a triTc tam cua mat ddy tiTcfng i?ng. 
c) Tong binh phU'cfng cac canh doi bang nhau, tUiC la : 

AB^ + CD^ = AC^ + BD^ = AC^ + BC^ 
d) Cac doan thang noi trung diem cua cac canh do'i nhau thi b i n g nhau. 

5 ^ G i a i 
a) Gia suf A B C D l a ti? dien triTc tam, tUc 
la A B 1 CD, A C 1 B D , A D 1 BC. 

i Qua D A diTng mat p h ^ n g vuong goc vd i 
I BC nhuTsau: 

Trong (ABC) ka A K 1 BC. 
Do BC 1 A D (gt) => BC 1 ( A K D ) 

=> ( A K D ) la mat p h i n g can duTng ,, , . , 
Du'dng cao D D i cua tam g i i c A K D se vuong gdc v d i A K va BC 
=> DD| 1 (ABC) . TiTdng tiT ke A A , 1 K D , thi A A , G (BCD) *̂ 
Do A A , va D D i cung n\m trong ( A K D ) => A A , va D D , c^t nhau. 
Vay hai du'dng cao ba't k i cua t i J dien deu cat nhau va khong c6 ba duTdng cao 
nao dong phc^ng => bon dirdng cao cua ti? dien dong quy tai mot diem. 

Dao la i gia suT bon dtfdng cao A A , , B B , , CC,, D D , dong quy tai H 
K h i dd ta CO A H 1 (BCD) => A H 1 BC. L a i c6 D H 1 (ABC) 
D H 1 BC =^ BC 1 ( A D H ) => BC 1 A D . L y luan tiTdng tiT c6: 
A B 1 CD va A C 1 B D => A B C D cd cac canh doi vuong goc vd i nhau nen 

no la tu" dien trifc tam. 

T d m lai A B C D la tuT dien trifc tam <=> Cdc diTdng cao cua tuT dien dong quy. 
b) Gia sur A B C D la t t f dien trifc tam. Ke A A , 1 (BCD) A A , 1 BC. 
L a i cd BC 1 A D (gt) BC 1 ( A A , D ) BC 1 A , D => D A , nam tren diTdng 
cao ke tiJf D. Ti/dng tif B A , n^m tren durdng cao ke tif B A , la trtfc tam cua 
tam giac BCD. 
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Ui.. 

Dao lai gia suf ton tai chicu cao A A i , ma A| la trUc tam tam giac B C D 

=> C D ± BA|. K e t hdp \d\D 1 A A , => C D J. ( A A , B ) => C D J_ A B 

Ho^n loan tiTdng liT co A C 1 B D , A D 1 BC => A B C D la t\ dien truTc tam. 

, T o m l a i , A B C D la tiJ dien IriTc tam o ton tai mot chicu cao ciia tur dien di 

' qua trifc tam cua mat day ti/dng ufng. i J U T J . i v } n , 

c) Goi I , J, E , F , K, H tifdng ti-ng la cac 

trung d iem cua cac cap canh do'i A B , iolJ ootb t i : 

C D , A C , B D , A D va BC. 

De thay IKJH, KEHF, lEJF la cac hinh 

binh hanh. Ta thay A B C D la tu' dicn triTc 

tam o A B 1 CD, A C 1 BD, A D 1 BC. 

o IKJH, KEHF, lEJF la cac hinh chiir nhat 

oU = K H ; K H = EF; E E = IJ 

o IJ = E E = K H =^ dpcm 

T o m la i A B C D la tu" dien triTc tam o cac doan thang noi trung d iem cua cac 

canh do'i nhau thi bang nhau. . urfn 

4) Gia su' A B C D la tu" dien tru-c tam. Theo cau tren suy ra IJ = EF = K H = / 

Ta CO AB^ + CD^ = 4EK^ + 4KF^ = 4(EK^ + KF^) ^ ^̂ ^̂  '" '̂̂  " 

Do K E H F la hinh chif nhat 

Lap luan tiTdng tiT c6 AC^ + CD^ = 4/^ AD^ + BC^ = 4/̂  

V ay AB^ + CD^ = AC^ + BD^ = AD^ + BC^ , , 

Dao la i gia suf: AB^ + CD^ = AC^ + B D ' = AD^ + BC^ va gia suT = 4k^ 

=> IK^ + KJ^ = EK^ + EH^ = lE^ + IF^ = v , 

Theo he thuTc liTdng, trong cac hinh binh hanh K I H J , K E H F va lEJF c6: 

2(IK^ + KJ^) = IJ^ + KH^ 

2 ( E K ' + E H ' ) = K H ' + E E ' ' f ! ^ : : f ' m ; 
. A , . 2 ( I E ' + IF ' ) = E F ' + I J ' / I f f ; 

y&y suy ra I j ' + K H ' = K H ' + E F ' = E F ' + I J ' => IJ = E F = K H 

V $ y theo cau c) suy ra A B C D la ti? dien triTc tam 

T o m la i A B C D la tu" dien triTc tam o A B ' + C D ' = A C ' + B D ' = A C ' + B C ' 

Do chinh la dpcm. 

Thi du 2 : Cho A B C D la ttf di$n triTc tam. ChiJng minh rkng c6 i t nhat mot mat 

cija tur dien 1 ^ tam giac nhon. 

• A B ' + C D ' = 4 E F ' = 4/' ' ' 

Cly TNIIHMTVDVVH Khnng Viet 

G i a i 

V i A B C D la tiJ dien triTc tam, nen theo 

thi du 1 ta co: 

A B ' + C D ' = A C ' + B D ' = A C ' + B C ' 

Theo dinh ly ham so cosin trong tam 

|. giac A B C , ta co: 

2 A B . A C C O S A B C = A B ' + A C ' - B C ' B 

Tvl gia thict suy ra: A B ' + A C ' - B C ' = A B ' + A D ' - B D ' 

L a i theo dinh ly ham so cosin trong lam giac A B D co: 

A B ' + A D ' - B D ' = 2 A B . A D C O S B A D 
< f l j S A . ! 

_ . . . . . . . .,13), 

T i r ( l ) , (2), (3) suy ra A B . A C c o s A B C = A B . A D c o s B A D (4) 

I 

Tiif (4) CO ngay BAC, B A D hoac ciing nhon, hoac cung tu, hoac cung vuong. 

Bang chiJug minh tu'cJng ty ta suy ra kct luan trcn dung vdi cac goc phang ba'l 

k i CO chung dinh ciia tu'dien. l U w j v ' * >• 
v' nil... 

Tir do suy ra chi co hai kha nang sau xay ra: 

1 ) N c u la'l ca cac goc phang cua ti? dien A B C D deu nhpn, thi mot mat bat k i ciia 

tu" dien la tam giac nhon. • ' 

2) N c u CO mot Irong cac goc phang (gia siV tai dinh A ) khong nhon, thi theo 

nhan xet trcn se co 3 goc phang tai dinh A la goc khong nhon, tiJc la: 

D A C > 90"; D A B > 90"; B A C > 90" 

V i D A C > 90" => D C A < 90" 

Theo nhan xet tren la co DCB < 90" 

V I D A B > 90" D B A < 90" va A D B < 90" 

^ T h e o n h a n x c t t r c n t a c o D B C < 9 0 " va B D C < 9 0 " 

" Vay B D C la mat ciia tu" dien nen co 3 goc deu nhpn. Do la dpcm. 

Thi du 3: ChiJiig minh riing trong mot li? dicn Irifc lam, Ihi cac diTc^ng vuong goc 

chung ciia cac cap canh doi dong quy. 

Dao la i mot tu" d icn co cac du"dng vuong goc chung ciia cac cap canh doi 

dong quy, Ihi co phii i la tiir dien triTc tam hay khong? 
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Ui.. 

Dao lai gia suf ton tai chicu cao A A i , ma A| la trUc tam tam giac B C D 

=> C D ± BA|. K e t hdp \d\D 1 A A , => C D J. ( A A , B ) => C D J_ A B 

Ho^n loan tiTdng liT co A C 1 B D , A D 1 BC => A B C D la t\ dien truTc tam. 

, T o m l a i , A B C D la tiJ dien IriTc tam o ton tai mot chicu cao ciia tur dien di 

' qua trifc tam cua mat day ti/dng ufng. i J U T J . i v } n , 

c) Goi I , J, E , F , K, H tifdng ti-ng la cac 

trung d iem cua cac cap canh do'i A B , iolJ ootb t i : 

C D , A C , B D , A D va BC. 

De thay IKJH, KEHF, lEJF la cac hinh 

binh hanh. Ta thay A B C D la tu' dicn triTc 

tam o A B 1 CD, A C 1 BD, A D 1 BC. 

o IKJH, KEHF, lEJF la cac hinh chiir nhat 

oU = K H ; K H = EF; E E = IJ 

o IJ = E E = K H =^ dpcm 

T o m la i A B C D la tu" dien triTc tam o cac doan thang noi trung d iem cua cac 

canh do'i nhau thi bang nhau. . urfn 

4) Gia su' A B C D la tu" dien tru-c tam. Theo cau tren suy ra IJ = EF = K H = / 

Ta CO AB^ + CD^ = 4EK^ + 4KF^ = 4(EK^ + KF^) ^ ^̂ ^̂  '" '̂̂  " 

Do K E H F la hinh chif nhat 

Lap luan tiTdng tiT c6 AC^ + CD^ = 4/^ AD^ + BC^ = 4/̂  

Vay AB^ + CD^ = AC^ + BD^ = AD^ + BC^ , , 

Dao la i gia suf: AB^ + CD^ = AC^ + B D ' = AD^ + BC^ va gia suT = 4k^ 

=> IK^ + KJ^ = EK^ + EH^ = lE^ + IF^ = v , 

Theo he thuTc liTdng, trong cac hinh binh hanh K I H J , K E H F va lEJF c6: 

2(IK^ + KJ^) = IJ^ + KH^ 

2 ( E K ' + E H ' ) = K H ' + E E ' ' f ! ^ : : f ' m ; 
. A , . 2 ( I E ' + IF ' ) = E F ' + I J ' / I f f ; 

y&y suy ra I j ' + K H ' = K H ' + E F ' = E F ' + I J ' => IJ = E F = K H 

V $ y theo cau c) suy ra A B C D la ti? dien triTc tam 

T o m la i A B C D la tu" dien triTc tam o A B ' + C D ' = A C ' + B D ' = A C ' + B C ' 

Do chinh la dpcm. 

Thi du 2 : Cho A B C D la ttf di$n triTc tam. ChiJng minh rkng c6 i t nhat mot mat 

cija tur dien 1 ^ tam giac nhon. 

• A B ' + C D ' = 4 E F ' = 4/' ' ' 

Cly TNIIHMTVDVVH Khnng Viet 

G i a i 

V i A B C D la tiJ dien triTc tam, nen theo 

thi du 1 ta co: 

A B ' + C D ' = A C ' + B D ' = A C ' + B C ' 

Theo dinh ly ham so cosin trong tam 

|. giac A B C , ta co: 

2 A B . A C C O S A B C = A B ' + A C ' - B C ' B 

Tvl gia thict suy ra: A B ' + A C ' - B C ' = A B ' + A D ' - B D ' 

L a i theo dinh ly ham so cosin trong lam giac A B D co: 

A B ' + A D ' - B D ' = 2 A B . A D C O S B A D 
< f l j S A . ! 

_ . . . . . . . .,13), 

T i r ( l ) , (2), (3) suy ra A B . A C c o s A B C = A B . A D c o s B A D (4) 

I 

Tiif (4) CO ngay BAC, B A D hoac ciing nhon, hoac cung tu, hoac cung vuong. 

Bang chiJug minh tu'cJng ty ta suy ra kct luan trcn dung vdi cac goc phang ba'l 

k i CO chung dinh ciia tu'dien. l U w j v ' * >• 
v' nil... 

Tir do suy ra chi co hai kha nang sau xay ra: 

1 ) N c u la'l ca cac goc phang cua ti? dien A B C D deu nhpn, thi mot mat bat k i ciia 

tu" dien la tam giac nhon. • ' 

2) N c u CO mot Irong cac goc phang (gia siV tai dinh A ) khong nhon, thi theo 

nhan xet trcn se co 3 goc phang tai dinh A la goc khong nhon, tiJc la: 

D A C > 90"; D A B > 90"; B A C > 90" 

V i D A C > 90" => D C A < 90" 

Theo nhan xet tren la co DCB < 90" 

V I D A B > 90" D B A < 90" va A D B < 90" 

^ T h e o n h a n x c t t r c n t a c o D B C < 9 0 " va B D C < 9 0 " 

" V a y B D C la mat ciia tu" dien nen co 3 goc deu nhpn. Do la dpcm. 

Thi du 3: ChiJiig minh riing trong mot li? dicn Irifc lam, Ihi cac diTc^ng vuong goc 

chung ciia cac cap canh doi dong quy. 

Dao la i mot tu" d icn co cac du"dng vuong goc chung ciia cac cap canh doi 

dong quy, Ihi co phii i la tiir dien triTc tam hay khong? 
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1) Gia sur ABCD la tu" dien tri/c 
tam.Ve chieu cao AA|. Theo cac ket 
qua tren thi A| 1̂  trufc tarn cua ABCD. 
Gia sur BA, n CD = M; DA, n BC = P. 

Theo dinh ly ba di/cJng vuong goc 
suy ra AM 1 CD va AP ± BC. 

T a c o B C n ( A P D ) M " 
=> (ABC) 1 (APD) 
ma (ABC) n (APD) = AP, vi the neu ke 
DDi 1 AP thi DD, 1 (ABC) 

Ggi H = AA, n DD,. Do ABCD la tuT dien triTc lam nen H la \x\ic tam cua UJ 
dien (do la diem dong quy cua 4 chieu cao AA,, BB,, CC,, DD| cua tuTdien) 

Chu y rang H cung la triTc tam cua AAPD =^ PH n AD = R, thi PR 1 AD. 
Nhirthe PR la diTdng vuong goc chung cua cap canh BC, AD, va du-cfng PR di 
qua tri/c tam H ciia tu" dien. 
, Lap luan tiTdng tuT, cac difcfng vuong goc chung ciia cac cap canh den AB, CD 

AC, BD cung qua H ba du'cfng vuong goc chung ay dong quy => dpcm. 
2) Menh de dao noi chung khong dung. That vay xet ti? dien ABCD c6 AB = 
CD = a; AC = BD = b, AD = BC = c; AD = BC = c vdi a > b > c. Goi I la 

trung diem ciia AB. 
Qua I ke difdng song song vdi CD va ve hai phia lay I C = ID' = — 
Qua J la trung diem cua CD, ve dudng song song vdi AB va ve hai phia 

iayJA' = JD' = — 2 
Do gia thiet suy ra ABCD, 

A ' B ' C ' D ' la hinh hop chif nhat. 
R6 rang 10 la di/5ng vuong goc 

chung cila cSp canh AB, CD va di qua 
tam cua hinh hop. -

Ti^dng tuf hai du'cfng vuong goc 
chung con lai cung qua tam cua hinh 
hOp nay. 

NhU" vay vdi hinh hop ABCD thoa man tinh chat: Cac drfcfng vuong g6c 
chung cua cac cap canh doi dong quy tai mot diem. 

Ctfj rmiH MT\- l)V\ Khang ViSt 
NhiTng ABCD khong phai la tiJ dien trifc tam. That vay do a > b > c, nen 

cac mat cua hinh hop chu" nhat ABCD A ' B ' C ' D ' la cac hinh chif nhat that sir 
(ttfc la khong phai hinh vuong) => AB khong vuong gdc C D ' , va C D ' / / CD 
=> AB khong vuong goc vdi CD. => ABCD khong phai la ttf dien trifc tam. 
Phan vi du tren chiJng to rang menh de dao noi chung khong diing. 
1 du 4: Cho ttf dien A1A2A3A4. Goi G,, G2, G3, G4 tiTdng vtng la trong tam cua 
cac mat A2A3A4, A1A3A4, A,A2A4, A1A2A3. ChiJng minh rang neu cac diTdng 
thang qua G| va vuong gdc vdi mat chiJa Gi, cua tuf di$n A1A2A3A4 (i = 1,2, 
3, 4) dong quy, thi A, A2A3A4 la tiJ dien trifc tam. 

3 Do gia thiet va tinh chat cua trong tam tam giac suy ra = 
M A , MA, 

G1G2 // A1A2. Tifdng tif cd G1G4 // 
1 A,A4 (G ,G2G4 ) / / (A ,A2A4) 

Ki hieu d, la duTdng thang qua G, va 
vuong gdc vdi mat tu" dien chuTa G; (i = 
1 ,2 ,3 ,4 ) . 
Theo gia thie't ta cd ds 1 (A1A2A4) 

Vi the suy ra d 3 1 (G,G2G4) 
Tifdng tif ta cd d 2 1 (G1G3G4); 

d 4 1 (G,G2G3) va d, 1 (G2G3G4) 

Xdt m di^n G1G2G3G4, thi tif ket qua tren suy ra d,, d2, 63, ^4 la cac 
difdng cao cua tuT dien tifdng ifng kc tif cac diem G|, G2, G3, G 4 . Theo gia 
thiet 4 difdng cao nay dong quy nen G1G2G3G4 la tu" dien trifc tam. VI 
G1G2G3G4 Ai A2A3A4 => A, A2A3A4 cung la tu" dien trifc tam => dpcm. 

hi du 5: Cho ABCD la tif dien trifc tam. ChuTng minh r^ng trung diem cac canh 
va cac chan ciia cac du'cfng vuong gdc chung cua cac cap canh doi dipn nam 
tren mot mat cau. .. ntT t ; n 
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Bdi diCchifj llSCi IFinh hoc khung fjian - Plum Iluy Khdi 

Gia i A 

Gpi I , J, E, F, K, H liTdng ufng la cac j t h f i ; Oo j n 

trung diem cija A B , CD, AC, BD, BC, A D . ^,,5^,, 

„, Do A B C D la lur dicn triTc tarn ncn ) j ^ y , 

cac hinh IHJK, EIFJ, KEHF dcu la cac „ „ j . ; , 

hinh chCr nha l ncMi IJ = K H = EF va I J, 

K H , EF dong quy Uii H va H la trung 

diem cua moi doan, ttfc la: 

G I = GJ = GE = GF = GK = G H 
2 

Goi M N la duTJng vuong goc chung cua A B va C D ( M e A B , N e CD). 

Ta c6: A B 1 (BCD) => A B 1 MJ . X c t tam giac vuong I M J tai M , ta c6: 

^ G M = - I J . Tu'dng tif cac chan 
I- 2 

diftJng vuong g()c chung khac cung each 

H mo i doan bang ^ IJ => Trung diem 

cac canh va chan cac during vuong goc 

chung ciia cac cap canh doi dicn ciJa 

moi lu" dicn tri/c tam nam Ircn mot mat 

cau => dpcm. 

M a t cau nay goi la mat cau 12 diem. , ' : J ' 

Thi du 6: Cac cap canh cheo nhau cua t i f dien A B C D la a, d; b, e; c, f. Goi S, la 

dien l ich Idn n h a t ciia ih ie l dien song song vcJi cap Ccinh a, d. Tu'dng tfng S:, 

S3 la dien l ich Idn nha't ci'ia cac thie ' l dien Ian liTdl song song vdi cap canh b, 

e;c,f. 

-T' 
1) ChiJng minh S, + S . + S , < - (ad + be + cQ 

4 
2) Chu-ng minh dau bang xay ra Irong ba't dang thu'c Iren 0 A B C D la ti? dicn 

trifc lam. 

1) Giii silr A B = a ; C D = d; BC = b; A D = e; B D = c ; A C = f 

Dc thay moi thie'l d icn ciia li? dien song song vd i cap canh a, d la hinh binh 

hanhMNPQ. ,4 

CUj TNIin MTV DVVn Khang ViH 

Dat — = x ( 0 < x < l ) A 

• A C • . . . V : i : < dM. /I 

m<-iS^^ /ML 
A M C M • / 

A C A C . . . , , . / 

. , M N C M , . . . . , 
L a i c o = = 1 - X => M N = ( 1 - x ) a yv X L - - - - -

A B CA 

f D a l a = ( A B , C D ) = i > M N P = a =^ S|^NI'O = X ( 1 - x ) a d s i n a 
i 

V a y S , =maxSMNPQ= max |x( l-x)adsina] 

. ^, ^ ad sir 
= a d s i n a . m a x x ( l - x ) = 

()<x<i 4 

Gia trj Idn nhal dat difdc o x = l - x < = > x = i < : > M l a trung d iem cua A C 

Ti/dng lir neu goi p = (BC, A D ) va y = (AC, BD) , thi = 

Vay S i + 8 2 + 8 3 = - ( a d s i n a + bcsinP + c l s iny ) ' 

^ S, + S 2 + S 3 < | ( a d + bc + c f )=^dpcm ^'l'^''^'''^ 

2) Dau bang xay ra o sina = sinp = siny = 1 o A B 1 CD; BC 1 A D ; B D 1 AC 

I o A B C D la ti? dien IriTc tam. Do la dpcm 

Thi du 7: Cho liJ dien trifc tam A B C D . ChuTng minh rang vdi moi diem M nam 

Irong ti? dien la co ba't dang thu'c sau: 

MA .S3CD + M B - S A C D + M C . S A B D + M D . S ^ B c ^ 9V 

d day V la the lich cua ti? d icn. 

G i a i 

Ke A A | , M A 2 vuong goc mp(BCD). Rd rang ta e o A M + M A 2 > A A 2 > A A , 

= > A M > A A | - M A 2 (1) 

Dau bang Irong (1) xay ra o M e difdng cao A A , cua ti? dien. T i f (1) suy ra: 

AM.S^cD ^ AApS^CD - M A ^ . S B C D 

hay AM.SucD ^ 3 V - 3 V ^ , B c u (2) J 
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' 249 



Boi dicdiig HSG Ilinh hoc kh6ng yitm - Phan Huy Khdi 

g cao AA| Da'u bang trong (2) xay ra <=> co dau bang trong (1) o M e di/dng cao A A 
Ly luan tiTOng tuT, c6: BM.SACD > 3 V - 3VM.ACD (3) 

MC.SA„C>3V-3VM,ADB (4) 
MD.SABC>3V-3VM.ABC (5) 

Da'u bang trong (3), (4), (5) xay ra tU'dng tfng o M e duTdng cao BBi, M e 
diTcJngcaoCCM e dirdngcaoDD, - / 
Tii (2), (3), (4), (5) vdi chu y: V = VM „ci) + VM.ACD + VM.AHD + VM.ABC 
Ta CO MA.SBCD + MB.S^CD + MC.SABD + MD.S^BC ^ (6) 
Do la dpcm. Da'u bang trong (6) xay ra <=> dong thdi c6 da'u bang trong (2) 
(3), (4), (5) , ' 
<=> M dong thtJi thuoc 4 chieu cao cua ti? di0n ABCD i . 

o M la trifc tarn H ciia tiJ dien ABCD. 4 
(Chii y do ABCD la tvt di^n true tdm, tin 4 chieu cao ciia tti di$n don}^ quy tai 
mot diem, do clit'nh Id true tdm H ciia tii dien). 

4. 

.̂.'U I.' 

250 

Cty TNHH MTV DWH Khang Viet 
§3 . •nJ'DI$N S A N P ^ U 

Tu" dien ABCD goi la tiJ dien gan deu, ne'u nhtf cac cap canh doi dien 

[b^ng nhau, tu-c la AB = CD, AC = BD, AD = BC. 
Nhif vay tur dien deu ABCD (c6 tat ca cac canh bang nhau) Yk tru"cJng 

hdp dac biet cua ttf dien gan deu. 
1 du 1: (Bai todn c6 ban) Chtfug minh rang de mot hinh ti? dien la gan deu thi 
dieu kien can va du la mot trong nhffng menh de sau day d^dc Ihoa man. 
1) Tong cdc mat tai mot dinh bat ky trong bon dinh cua tiJ dien bang 180". 
2) Tong cac mat tai mot dinh nao do cua tiJ dien bang 180", ngoai ra con c6 
hai cap canh doi dien bkng nhau. O ' ) j l | A .; , 
3) Ta't ca cac mat ciia ttf dien tiTdng du'dng. O A 
4) Tarn hinh cau noi va ngoai tiep triing nhau. 
5) Cac doan thing noi trung diem cua cac canh doi dien vuong goc vdi nhau. 
6) Trong tam cua ti? dien trung vdi tam hinh cau ngoai tiep. , - y j fj;, 
7) Trong tam cua ti? dien trung vdi tam hinh cau noi tiep. 

Ta't ca cac dieu kien can la hien nhien (nghla la neu ABCD la ti? dien 
deu thi de dang suy ra no thoa man moi tinh chat neu tren). 

Bay gi6 ta se Ian liTdt chiJng minh cac dieu kien du. 
) Gia suf ABCD la ttf dien ma tong cac mat tai moi dinh ba't ky trong bon dinh 

cua tur dien deu bang 180". Khai trien ivt dien ABCD (bang each trai cac tam 
giac ABC, ACD, ABD len mat phang chiJa tam giac BCD). Do gia thiet ta 

' suy ra c6 hinh khai trien sau day. i ' 
TCf do de dang suy ra (theo dinh ly 

du'dng trung binh trong tam giac) «<i 
- AC = BD; AB = CD; AD = BC. v ( j A • 

Vay ABCD la tur dien deu ,.,; j 
I Gia suf AB = CD, AC = DB va tong cac mSt tai dinh D b^ng 180", ttfc la: 
I ADB = ADC = BDC = 180",. 
p a CO AACD = A ABD (c.c.c) 
l o A D B = DAC .,.:.^,-,.r 
|yi the tCr gia thi^t 

ADB bang DAC, ta c6: > --H 
thay 

DAC + ADC + BDC-180" (1) 
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Ta't ca cac dieu kien can la hien nhien (nghla la neu ABCD la ti? dien 
deu thi de dang suy ra no thoa man moi tinh chat neu tren). 

Bay gi6 ta se Ian liTdt chiJng minh cac dieu kien du. 
) Gia suf ABCD la ttf dien ma tong cac mat tai moi dinh ba't ky trong bon dinh 

cua tur dien deu bang 180". Khai trien ivt dien ABCD (bang each trai cac tam 
giac ABC, ACD, ABD len mat phang chiJa tam giac BCD). Do gia thiet ta 

' suy ra c6 hinh khai trien sau day. i ' 
TCf do de dang suy ra (theo dinh ly 

du'dng trung binh trong tam giac) «<i 
- AC = BD; AB = CD; AD = BC. v ( j A • 

Vay ABCD la tur dien deu ,.,; j 
I Gia suf AB = CD, AC = DB va tong cac mSt tai dinh D b^ng 180", ttfc la: 
I ADB = ADC = BDC = 180",. 
p a CO AACD = A ABD (c.c.c) 
l o A D B = DAC .,.:.^,-,.r 
|yi the tCr gia thi^t 

ADB bang DAC, ta c6: > --H 
thay 

DAC + ADC + BDC-180" (1) 
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Mat khac trong A DAC, thi DAC + ADC + ACD = 180" (2) 

Vay ttf (1) va (2) suy ra BDC = ACD => AACD = ACDB (c.c.c) => AB = CD 

Do vay ket hop vcJi gia thiet AB = CD, AC = DB suy ra ABCD la tiir dien deu. 

3) Gia sijT A B C D la tiJ dien sao cho cac mat deu la tiTdng diTdng. Chieu tiJ diCn 

A B C D Icn trcn mat song song vd i hai canh A B , CD. The' thi c6 the churng 

minh diTdc rang cac hinh chieu ctia hai tarn giac ABC va A B D la ttfong 

diTdng. Van bang each ay, ta c6 hinh chic'u cua hai lam giac A C D va BCD 

r cung se tifdng du'dng. Dieu nay c6 nghTa la hmh binh hanh vd i hai dadng 

cheo A B , CD se la hinh chieu ciia ABCD. Do do, suy ra cac dang iMc AC = 

BD , A D = BC. Dang thu-c AB = CD du-rtc chiJng minh hoan loan li/cJng tir 

Vay A B C D la li? dien gan deu. 

4) Cho A B C D la tuTdien trong do lam hinh cau noi va ngoai tiep tricing nhau va 

gia suf do la O. Goi O i , O2 tiTdng vtng la tiep diem cua hinh cau noi l iep cac 

mat (ABC) , (BCD) 

Nhir vay OO, = OO2 = r va 0 0 , 1 (ABC), 

' O O 2 1 (BCD) d day r la ban kinh hinh Cclu 

noi tiep ttf dien. 

Do O cung la tam hinh cau ngoai tiep 

=> 0| va O2 trfdng tfng la cac lam du'dng 

iron ngoai tiep cac AABC, ABCD. Ngoai 

ra OA = OB = R, vd i R la ban kinh hinh 

cau ngoai tiep ti? dien. 

Ta CO O iB = 0|C = R j ( R i la ban kinh du'dng Iron ngoai tiep lam giac 

ABC) va R, = V R ^ - r^ => ABCO, = ABCOj => BOJC = B O ^ 

=>BAC = - B a C = - B O X - B D C •., . - ; 
2 * 2 ^ 

Lap luan tiTcfng tiT, ta se c6 di/dc tat ca cac mat ke dinh D bang cac go*-

ti/dng (Jng cua tam giac ABC, nghla la long cua chung = 1 8 0 " . B^ng each na) 

ta CO the khang djnh ket luan tifdng liT vdi cac dinh con la i ciaa tiJ dien. Nhii^ 

vay A B C D la luT dien c6 long cac mat lai mot dinh bat k i cua tiJ dien dCu 

bkng 1 8 0 " . T ir cau 1 ) suy ra A B C D la t iJdien gan deu. 

Cty TNHH MTV DWII Khang Viet 

Gia suf A B C D la tu" dien c6 cac doan th ing noi trung d iem cac canh doi dien 

vuong goc \6i nhau. (j. 

Goi I , J, E, F liTdng i^ng la trung diem 

cua cac canh AB, CD, BC, A D => EIFJ la 

hinh binh hknh: ma EF 1 JF =^ EIFJ Ik 

hinh Ihoi => IE = IF => AC = BD. 

Ly luan tiTcfng lU" c6 AB = C D r 

A D = BC 

Vay A B C D la tuf dien gan deu. 

6) Gia suf A B C D la lu" dien ma trong lam G va lam hinh cau ngoai tiep O cua 

no ir i lng nhau. , ;, „ , . . 1 , . , 

Theo ket qua quen biet thi trung diem G cua IJ chinh la trong tam cua ti? dien. 

Do G = O =^ GA = GB = GC = GD = R , vdi R la ban kinh hinh cau ngoai tiep 

=> A GAB = AGCD (la hai tam giac can co canh ben bang nhau) AB = CD. 

Lap luan tiTdng liT c6 AC = BD, A D = BC. Do vay ABCD la tuf dien gan deu. , 

7) Gia suf A B C D la tiJ dien ma Irong tam G va tam hinh cau ngoai tiep O cua 

no trung nhau. ,̂  , 

Theo ket qua quen bie't thi trung diem G cua IJ, va I , J tUWng iJng la trung 

diem cua A B va CD. « , ^ 

=> ha = 4r, day ha la di/cfng cao ciia luf 

dien ke tir A, c6n r la ban kinh hinh cau 

noi tiep. TuTdng tuT c6 hb = h^ = hj = 4r => 

ha = hb = he = hd , 

3V 3V 3V 3V 

S B C D = S A C D = S A B D = S A B C 

,V (3iV = VABCD 

. . . . . . . ' ., 'fi. 1:1 

Nhir thd A B C D la ttf di$n c6 cic mSt tu'Ong diTcfng. Theo cSu 3) suy ra 

A B C D m ti? dien gan deu (dpcm). 

^ 1 du 2 : Cho A B C D 1^ tu" dien Ihoa man dieu kien: SDAB = S D B C = S D C A . va 

tdng cdc goc p h i n g (mSt) d dinh D cua tuT di^r i bling 1 8 0 " . Chtfng minh 

ABCD la l i i ' d i$n g i n deu. 1 f = J 
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ABC) va R, = V R ^ - r^ => ABCO, = ABCOj => BOJC = B O ^ 

=>BAC = - B a C = - B O X - B D C •., . - ; 
2 * 2 ^ 

Lap luan tiTcfng tiT, ta se c6 di/dc tat ca cac mat ke dinh D bang cac go*-
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bkng 1 8 0 " . T ir cau 1 ) suy ra A B C D la t iJdien gan deu. 

Cty TNHH MTV DWII Khang Viet 
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cua cac canh AB, CD, BC, A D => EIFJ la 

hinh binh hknh: ma EF 1 JF =^ EIFJ Ik 

hinh Ihoi => IE = IF => AC = BD. 

Ly luan tiTcfng lU" c6 AB = C D r 

A D = BC 

Vay A B C D la tuf dien gan deu. 

6) Gia suf A B C D la lu" dien ma trong lam G va lam hinh cau ngoai tiep O cua 
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Do G = O =^ GA = GB = GC = GD = R , vdi R la ban kinh hinh cau ngoai tiep 

=> A GAB = AGCD (la hai tam giac can co canh ben bang nhau) AB = CD. 

Lap luan tiTdng liT c6 AC = BD, A D = BC. Do vay ABCD la tuf dien gan deu. , 

7) Gia suf A B C D la tiJ dien ma Irong tam G va tam hinh cau ngoai tiep O cua 

no trung nhau. ,̂  , 
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dien ke tir A, c6n r la ban kinh hinh cau 

noi tiep. TuTdng tuT c6 hb = h^ = hj = 4r => 
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3V 3V 3V 3V 

S B C D = S A C D = S A B D = S A B C 

,V (3iV = VABCD 

. . . . . . . ' ., 'fi. 1:1 

Nhir thd A B C D la ttf di$n c6 cic mSt tu'Ong diTcfng. Theo cSu 3) suy ra 

A B C D m ti? dien gan deu (dpcm). 
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Bdi ducnig HSG innh hoc khong gian - Phan Huy Khcli 

G i a i 

Dat D A = a, D B = b , DC = c; 

A D B = a; B D C = P; C D A = y ' ' 

Theo gia thiet ta c6 a + p + 7 = 180" 

Tijrgia thiet ta c6: ' 

r -ab.s ina —bc.smp = —ca.smy 
2 2 ^ 2 

sin a s inp siny 
(1) 

c a b 

X e t tam giac D ' A ' B ' c6 A ' B ' = c ; D ' = a; A ' = p; B ' = y 

A p dung dinh ly ham s6' sin trong tam giac D ' A ' B ' c6 

since _ sinP _ siny \

 ̂ ~ C ~ ~ D ' B ' " D ' A ' 

Tif (1), (2) suy ra D ' B ' = a; D ' A ' = b 

Tir do d i den A D ' A ' B ' = A D A B zz> A ' B ' = A B => A B = c A B = D C (3) 

L a p l u a n t i f d n g t i r c o A C = D B ; A B = DC (4) 

Tijf (3), (4) suy ra A B C D la ttf dien gan deu => dpcm 

T h i du 3: Cho A B C D la ti? dien gan deu v d i A B = C D = a; A D = BC = b; AC = 

B D = c. Go i S \h dien tich toan phan cua ttf dien. ChuTng minh: 

H i e n nhien ta co:*^ 

/ ' ^ A B C ~ S ACD - ^ A B D - ^BCD 

Va cung hien nhien ta c6: 

A A B C = A A C D = A A B D = ABCD (c.c.c) 

G o i R la ban k inh diTdng tron ngoai tiep tam giac A B C . 

Theo dinh ly ham so sin, ta c6: a = 2RsinC; b = 2RsinA; c = 2RsinB; d day 

A = B A C , B = A B C , C = A C B 

Ta c6 SABC = 2R^sinAsinBsinC 

Baft dang thtfc da cho c6 dang tiTcJng diTdng sau: 
1 1 1 , 9 

16R^sinAsinB 16R^sinBsinC 16R^sinCsinA 64R^ sin^ A s i n ^ Bsin^ C 

Ctij TNHII MTV DWH Khang Viet 

<=> sin^A + sin^B + sin^C < - ( I ) 

4 • • f;.i:A 

V i (1) luon luon dung => dpcm ' 1 ' , , , 

DSu bang xay ra <=> A B C la tam giac deu o a = b = c o A C B D la tijr dien deu 
'hu y: Nhif da bie't trong m o i tam giac A B C ta c6 sin^A + sin^B + sin^C < — (2) 

, ^ 4 
^ u - ^ ' / - I N 1-C0S2A 1-C0S2B . 2 ^ 9 
That vay (2) o + + s m ^ C < -

2 2 4 
o 1 - cos(A + B).cos(A - B) + 1 - cos^C < -

« 2 + cosC.cos(A - B) - c o s X < - 4cos^C - 4cosC.cos(A - B) + 1 > 0 
4 

<=> [2cosC - cos(A - B)]^ + s i n ^ A - B) > 0 

V i (3) dung nen (2) dung 

Da'u bang trong (2) xay ra o da'u bkng trong (3) xay ra 

s i n ( A - B ) = 0 f A = B 

(3) 

2 COS C = cos( A - B) C = 60" 
<=> A B C la tam giac deu. 

Thi du 4: 1) Cho tuf dien A B C D . canh A B = a. Go i S,, S2 la dien tich hai mat 

C A B va D A B tiTdng tfng. Goi a la goc nhi d i ^ n ciia hai mat nay, va V la the 

tich ttf dien A B C D . Chtfng minh rkng: V = ^^'^^ 
3a 

2) Cho ti? dien A B C D c6 A B = a, BC = b , C D = c, D A = d, A C = e, B D = p. 

Goi a, y, p, 5, 0, co tU'dng tfng la cac goc nhi d i ^ n , cic nhi dien canh a, b, c, d, 

b d e f . Chu'ng minh r&ng e, f. Gia thiet rkng = — ; = ; = 

sin a sinp siny sin 8 sin 6 sinco 

A B C D la ti? dien gdn deu. ; , j 

« y: Gia siJf (P) n (Q) = A. K h i do goc 
tao b d i he mat p h l n g (P), (Q) con goi 
la goc nh} di$n canh A. 

G i a i 

Kh C H 1 ( A B D ) , ke C K 1 A B thi H K 1 A B (dinh 1^ ba di/6ng vuong goc)/ 

K h i ay C K H chinh la goc nhi dien cua hai mSt C A B va D A B nen C K H = a 

Theo giS thiS't Si = SABC 

S2 = S A B D = > V = icH.Sz (1) ^ > ^ 

255 
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G i a i 

Dat D A = a, D B = b , DC = c; 
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sin a s inp siny 
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A p dung dinh ly ham s6' sin trong tam giac D ' A ' B ' c6 
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 ̂ ~ C ~ ~ D ' B ' " D ' A ' 
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Tijf (3), (4) suy ra A B C D la ttf dien gan deu => dpcm 
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B D = c. Go i S \h dien tich toan phan cua ttf dien. ChuTng minh: 

H i e n nhien ta co:*^ 

/ ' ^ A B C ~ S ACD - ^ A B D - ^BCD 

Va cung hien nhien ta c6: 

A A B C = A A C D = A A B D = ABCD (c.c.c) 
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Baft dang thtfc da cho c6 dang tiTcJng diTdng sau: 
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16R^sinAsinB 16R^sinBsinC 16R^sinCsinA 64R^ sin^ A s i n ^ Bsin^ C 

Ctij TNHII MTV DWH Khang Viet 

<=> sin^A + sin^B + sin^C < - ( I ) 

4 • • f;.i:A 

V i (1) luon luon dung => dpcm ' 1 ' , , , 
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« 2 + cosC.cos(A - B) - c o s X < - 4cos^C - 4cosC.cos(A - B) + 1 > 0 
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Da'u bang trong (2) xay ra o da'u bkng trong (3) xay ra 

s i n ( A - B ) = 0 f A = B 

(3) 

2 COS C = cos( A - B) C = 60" 
<=> A B C la tam giac deu. 

Thi du 4: 1) Cho tuf dien A B C D . canh A B = a. Go i S,, S2 la dien tich hai mat 

C A B va D A B tiTdng tfng. Goi a la goc nhi d i ^ n ciia hai mat nay, va V la the 

tich ttf dien A B C D . Chtfng minh rkng: V = ^^'^^ 
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2) Cho ti? dien A B C D c6 A B = a, BC = b , C D = c, D A = d, A C = e, B D = p. 
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2S 2S 
Ta CO CH = CKsina = — ^ ^ s i n a = —!-sina ( 2 ) 

AB a 

Thay ( 2 ) vao (1) c6 V = => dpcm 

2 ) Ki hieu S | = SCAB! S I - SACD; S3 = SACDI S 4 = S n c D 

2S2S |S ina _ a _ _ 2 S j S ^ 

3a sin a 3V 
Theo cau 1), la to V = 

3 « o i f . la id i.fi 

Tifcfng tir CO 
sinp 3V 

. Vay -^^ 
sin a sinP 

<=> S1S2 = S3S4 

TiTdng tir - o S1S3 = S2S4 
siny siny 

<=> 5,84 = S2S3 . Vay tijf gia thiet suy ra 

(3) 

sinG sin CO 

S1S2 = S3S4 

• S1S3 = S2S4 o S | = S2 = S3 = S4 

S 1 S 4 - S 2 S 3 a - i ^ i A - > 

TiJf (3) va thco thi du (1) suy ra ABCD la tu" dien gan deu => dpcm. 

Thi du 5: Cho ABCD la tu* dien gan deu. Chtfug minh rhng binh phu'dng khoang 

each tif M den mot trong cac dinh khong Idn hdn tdng binh phu'dng ciia 

khoang each tu" M den ba dinh con lai. 

Giai 

V i ABCD la tu" dien gan deu, nen theo 

thi du 1 ta c6: O = G, d day O, G tiTdng 

iJng la tam hinh cau ngoai tiep va trong 

tarn cua tiJ dien. 

Do vi tri binh dang, nen ta chi can 

chiyng minh bat dang thiJc: 

M D ' < M A ' + MB^ + MC^ ( l ) I ada id i en 

That vay ta c6: (1) M A ' + M B ' + MC' - M D ' > 0 
\ / • -^2 

in O f f 1 

O A - O M ) + ( O B - O M ) + ( O C - O M ) - ( O D - O M ) > O 

o 2 R 2 + 2 O M 2 - 2 ( O A + O B + O C - O D ) ^ O M > 0 (2) 

(do O A = O B = O C = O D = R, d day R la ban kinh hinh cau ngoai tiep tu' 
dien A B C D ) 

2 5 6 

CUj TNIIH MTV DWH Khanfj Vm 

Vi O = H, nen O A + O B + O C + O D = 0 hay O A + O B + O C = - O D (3) 

Tir ( 2 ) , (3) suy ra 

(1) O 2 R ^ + 2 0 M 2 + 4 0 D . 0 M > 0 < I > 2 ( 0 D ^ + 0 M 2 + 2 . 0 I 5 . 0 M ) > 0 

,2 
< : : > 2 . ( 0 D + 0 M ) > 0 ( 4 ) S 

Vi ( 4 ) dung nen (1) dung => dpcm. 

Dau bkng xay ra o OD + OM = 0 o OM = - OD 

o M la doi xiJng cua D qua O. 

Thi du 6: Cho ABCD la tur dien va DA = BC = a; DB = AC = b; DC = AC = c 

1) Tim the tich tu" dien ABCD. ' ' 

2 ) Xac dinh tarn va linh ban kinh hinh cau ngoai tiep cua tur dien tren. 

3) Gia suf DA va BC tao vdi nhau goc a, tufdng tif P va y tiTdng iJng la goc cua 

DB vdi CA va DC vdi AB. ChiJng minh: (a'cosa + b'cos'p - c'cos'y) + 

; (a'cosa + c'cosy - b'cos'P) + (b'cos'p + c'cos'y - a'cos'a) = 0 

Giai 

) Noi tiep tiJ dien trong hinh hop chi? nhat 
nhi/ sau: Qua trung diem Oi cua AC ve 
durdng // vdi BD, va ve hai phia lay 

BD 
0 ,E = 0,F = Do BD = AC rien 

AECF la hinh chi? nhat. 

, Tur A, E, C ke diTdng // vdi FD va la n 

lurdt lay tren do cac diem G, B, H sao ma AG = EB = CH = FD. NhiT vay 

GB // EC, DH // FC va DG // AF, tiJc la GBHD la hinh chi? nhat. Theo gia 
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Goi V la the tich cua ttf di$n, thi: V = - VAECF.GBHD = - xyz , <5 day x = AF, 
3 3 

y = FC, z = HC la ba kich thiTdc cija hinh hop. 

Theo djnh ly Pitago, ta c6 h? phiTdng trinh sau de xac djnh x. y, z. 

x2+y2=b2 •1 V 

x^+z^^^c^ (2) 

x ^ + z ^ . a ^ • \) 



Boi ditCmy llSCi Ilhih hoc khang gian - Fhnn IIuij Khni 

2S 2S 
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AB a 
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2S2S |S ina _ a _ _ 2 S j S ^ 
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3 « o i f . la id i.fi 
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2 5 6 

CUj TNIIH MTV DWH Khanfj Vm 
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lidi diCOng IJSG Hinh hoc khony (jinn - Phan ITiiy Khdi 

Cong tCrng ve (1), (2), (3) co: + y^ + = ^ ^ ' l - vay suy ra 

2 b ^ + a ^ - c ^ 2 b ^ + a ^ - c ^ 2 b ^ + c ^ - b ^ 

2 ^ 2 2 

M w w 1 |(b' + a^ - )(b^ 4- - a ' )(a^ + - b^) U K C ^ ; : , , 
N h i r v a y V = - J 

hay V = 42{h^ + a^ - )(b2 + - a^ )(a2 + - b^) in (a x . ' i 

2) Ta biet rang trong mot ti? dien bat k i . 3 doan thang noi cac trung d iem cua 

cac cap canh doi dien dong quy tai mot diem, va diem do la trung diem ciia 

moi doan thang. TiT do suy ra tam hinh cau ngoai tie'p tu" dien chinh la tam 1 

cua hinh hop chi? nhat AECF.GBHD noi tren. Goi R la ban kinh hinh cau ay, 

/b^ 1 , — ; — ; — - ..'i i ' ' . ' , ' ' f ^ wi­
th ! : R = IC = =.-V2(a2+b^+c^) ,u^h,/-, ' . ? , v V 

3) Ta CO I 0 | = ̂ . A p dung djnh ly ham so cosin trong tam giac KHO| ( d day K 

VI; a H Ian lifdt la trung diem cua DB va AB) ta c6 

I l l 7 a^ a^ a^ 
J 0 , K = H K ' + HO, - 2HK.HOiCosa hay = — + — - y c o s a 

Ti f do CO a^cosa = b^ - c l Ly luan tiTcJng tir, c6 b^cosp = â  - c^cosa = â  - b^ 

Cong tijfng ve ta c6 a^cosa + b^cosp - c^cosy = 0 ^ ^ 

Ly luan tUdng tuT suy ra dpcm. 

T h i du 7: Cho M la mot d iem bat ky nam trong mot tiJ dien gan deu ABCD. 

M M , , M M 2 , MM3, MM4 Ian liTcft vuong goc vdi cac mat BCD, CDA, DAB va 

ABC. Goi r va p Ian li/dt \h ban kinh cija mat cau noi tiep va ban kinh diTdng 

tron ngoai tiep moi mat cua tiirdien n^y. Goi A, B, C la ba goc cua tam giac ABC. 

1) ChuTng minh: M M ^ + MM2 + M M ^ + MM4 > 4p^ cos AcosBcosC 
..1,;, ,. •( i i 

2) Chufng minh: - < — , h i • V 
p 4 • 

I ) V i ABCD la tiirdien gan deu, ta c6: BC = DA = a; CA = DB = b; AB = DC = c 

De thay r^ng cac duTdng cao ha tCf cac dinh cua tuT dien gan deu la bang nhar 

va gia sur = h 

3V 
Ta CO the thay ngay: M M , + M M j + MM3 + MM4 = h = — (1) 

Cty TNIIH MTV DWH Khang Viet 

d day V va S tU'cJng iJng la the tich va dien tich loan phan cua tu" dien. 

DiTng hinh hop ngoai tiep tu" dien nay => day la hinh hop chi? nhat 

=> V = — V2(b^ + c^ - a^ )(a2 + ĉ  - b^ )(a^ + b^ - c^) 

V = -abcVcosA.cosB.cosC (2) , . h i 

(ip dung dinh ly ham so cosin trong tam giac ABC, d day A, B, C la cac goc 

:0a tam giac ABC) 

Ta CO S = - b c . s i n A = (3) ?\
2 4p 

Thay (2 ) , ( 3 ) v a o ( l ) c 6 Y M M J = h = 4pVcosA.cosB.cosC (4) 

ip dung bat dang thtfc Bunhiacopxki, ta c6 

1̂  = ( M M , + M M 2 + MM3 + MM4)^ < 4 ( M M f + M M ^ + M M ^ + M M 4 ) (5) 

p (4), (5) suy ra: J^MM? >4p^ cosA.cosB.cosC dpcm u i>uft , ; : 
. . , • . i ., ;l!T! i i f > V \IQ 

>au bang xay ra: o M M , = M M 2 = MM3 = MM4 
\> M la tam hinh cau noi tiep tu" dien ABCD. , „ , ^ , 

2fAp dung lap luan trong phan 1, ta thay khi lay M = I ( I l a tam mat cau noi 

tidp), ta CO 4r^ = 4p^cosA.cosB.cosC 

hay r = pVcosA .cosB.cosC = VcosA.cosB.cosC (*) 

P 

Theo ket qua trong lifdng giac, ta c6 trong moi tam giac (khong c6 g6c tii) 

^l 1 5 ;::r^cosA + cosB + cosC 1 . „ ^ 1 
</cos A. cos B. cos C < < - cos A. cos B. cos C < -

3 2 8 
Con neu A B C la tam giac c6 goc t i l , thi hien nhien cos A. cos B. cos C < 0 < -

8 

V i the'tijf (*) suy ra — < — , n r i i , ' . 1 

D6 la dpcm. Dau bling xay ra cosA = cosB = cosC <=> A B C D la tuf dien deu. 

dy 8: Qua difcfng cao cua mot tiJ dien deu, ta diTng mot mat ph^ng c^t cdc 

mat ben theo diTcfng th^ng tao vd i mat day cua tu" dien cac goc a, P, y. Chtfng 

minh tan^a + tan^P + tan^y = 12 
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Boi diCdng HSG IRnh hoc khdng gian - Phan Iliiy Khdi 

G i a i 

K e D H -L ( A B C ) => H la tarn cua tarn giac deu A B C . Goi M, N, P la gia^ 
diem cua mSt phang qua D H vdi cac dufdng thang B C , C A , A B . 

Khi do tit gia thiet, ta c6: D M H = a ; D N H = P; DPH - y 

^ , H D „ H D HP 
l a c o : t a n a = ; tanp = ; t a n a = (1) 

M H N H PH 
Goi a 1̂  canh cua tiJ dien deu: 

P? 

, De thay khi do HD = a ^ . 

TO (1) ta CO tanV + tan^p + tan'y = 12 
o HD^ 

<=> 

1 1 1 
• + + -V M H ' N H ' P H ' 

1 1 1! 

PH^ a^ 

= 12 

(2) 
M H ' N H ' 

• De thay M, N, P thang hang (vi no ciing 

n^m tren giao tuyen cija mat phang qua 

D H vdi mat phang (ABC)) 

Gia suf A,, (i, (p la cac gdc lap bdi 

H M , HN, HP hip vdi cac dufdng vuong 

' g d c ke tur H xuong B C , A C , A B . Cac 

dtfdng vuong goc nay deu cd do dai 

.7^ 
H M ' = H N ' = HP' = ,ngoai 

ra H M ' , H N ' , HP' doi mot lap vdi nhau 

a73 
gdc 120". Tir do ta cd H M = 

H N = - ^ ; HP = - ^ ^ 

6cosA 
MM 

6cos|a 6cos(p 

De thay ^ + cp = 120"; H + X = 60" =^ |a = 60" - ?i; (p = 60" + X''*^ 

1 r Vay: 1 1 1 
• + ^ + -HM^ HN^ HP^ 

cos^ -k + cos' (60" - A) + cos' (60" + ?.) (3) 

De dang tinh diTdc cos^ X + cos' (60" - ?̂ ) + cos^(60" + = | (4) 

Tir (3), (4) suy ra (2) dung => dpcm , 

Ctij TNIIH MTV DWH Khang VUH 

fhi du 9: A B C D la tiJ dien deu canh b^ng 1. M va N la cac diem di dong tren 

A B , A C , sao cho (DMN) luon vuong gdc vdi ( A B C ) . Dat A M = x, A N = y 

1) Chu-ng minh x + y = 3xy ^ ' ^ ' 

2) Tinh the tich va dien tich loan phan ciia tu" dien D A M N . 

3) Xac dinh gia tri cua M va N de cac dai lufdng trong cau 2 dat gia tri Idn 

nhat va be nha't. Tinh cac gia trj ay. ' . ' " s'̂  ' ,> 'I ' • -

V i ( A B C ) 1 (DMN) va ( A B C ) n (DMN) = M N , 

nen ncu ke D H 1 M N thi D H 1 ( A B C ) . 

Do D A B C la tu" dien deu, nen H lii tam ''" ' 

cua tam giac deu A B C , vi the' 

M A H = N A H - 3 0 " 
• • • c •} • • • c, 

T a c d S AMN = - ^ x y s i n M A N - ^ x y (1) 
2 4 

Matkhac S A M N = ^ x A H s i n 3 0 " + ^ y A H s i n 3 0 " = ^ . ^ ( x + y) (2) 

i 
T u r ( l ) v a ( 2 ) s u y r a x + y = 3xy i • ^ 

|) Ta CO ngay: V D A M N = 3 D H . S A M N = 3 • ̂ • - x y — = — xy 

Goi S la dien tich loan phan cua tu" dien D A M N , ta cd: 

S = ̂ + y 2 / l + ̂  + :/^7(x + y ) 2 - 3 x y n/iii] }^JA O : . J;) oli 

Theo cau 1) suy ra S = VSxy + — 7 3 x y ( 3 x y - l ) 
6 

3) TCr cau 2) suy ra Vmax va S^ax <=> xy max 

Vmin va S„,i„ o xy min 

^ Ro riing 0 < x < l ; 0 < y < l ^n'ri Jojn.euj rrtfll 6 ioO m vi. 

'Dat xy = t. Theo cau 1) ta cd x + y = 3t »^ - ^ ' ^ ^' ' ' 

V a y X va y la nghiem cua phu^dng trinh: f(z) = z ' - 3tz + t = 0 (3) ' 

NhiJug gia trj cd the cua t la nhffng gia tri lam cho (3) cd nghicm Z i , zj 

thoa man 0 < Z i < Z2 ^ 1 • Dieu nay xay ra khi va chi khi: 

261 
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Goi S la dien tich loan phan cua tu" dien D A M N , ta cd: 

S = ̂ + y 2 / l + ̂  + :/^7(x + y ) 2 - 3 x y n/iii] }^JA O : . J;) oli 

Theo cau 1) suy ra S = VSxy + — 7 3 x y ( 3 x y - l ) 
6 

3) TCr cau 2) suy ra Vmax va S^ax <=> xy max 

Vmin va S„,i„ o xy min 

^ Ro riing 0 < x < l ; 0 < y < l ^n'ri Jojn.euj rrtfll 6 ioO m vi. 

'Dat xy = t. Theo cau 1) ta cd x + y = 3t »^ - ^ ' ^ ^' ' ' 

V a y X va y la nghiem cua phu^dng trinh: f(z) = z ' - 3tz + t = 0 (3) ' 

NhiJug gia trj cd the cua t la nhffng gia tri lam cho (3) cd nghicm Z i , zj 

thoa man 0 < Z i < Z2 ^ 1 • Dieu nay xay ra khi va chi khi: 
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Boi dudiig TISG Hhih line khonij (jUiii - I'lian Ihty Khdi 

<=> 

A > 0 

Z , / 2 - ( Z j + Z 2 ) + 1>0 ,,r. 

Taco A = 9 t ^ - 4 t ; Z | + Z 2 = 3 t ;z iZ2 = l " , , \ \ [ \ 

A > 0 
( z , - 1 ) ( Z 2 - 1 ) > 0 

Z, + Z 2 < 2 

Z | + Z 2 > 0 

Z | 4 - Z 2 < 2 

Z | Z 2 >0 

Z | + Z 2 > 0 

Tir do he (*) tiTdng diTcfng vdi he 

9 t ^ - 4 l > 0 , . 
t - 3 l + l > 0 '\ . -

4 1 
3 l < 2 c > _ < t < - (4) 

9 2 
t > 0 

3 t > 0 
4 4 1 1 

Vay tir (4) suy ra: min (xy) = - o t = - ; max (xy) = - o I = - -
9 9 2 2 

4 2 2 
Khi I = - thi (3) co nghiem k e p z = - = > x = y = -

Khi t = - thi (3) CO nghiem • 

TCr do ta CO ket liian sau: 

1 
2 <=> 

Z 2 = l 

x = l 

''2 

-4 ' r -
y = 1 i l i j f i : . . I 

V„,in - y - va S,„i„ = ^ ( 4 + V 2 ) « AM = AN = | 

V 
' max vaS,,,, =l(2>/3 + V2)<:> 

M ^ B , N = A 

M s A , N s C 24 4 
" '•' '• turn "»' 

Thi du 10: Gpi O la tam cua mot hinh tiJ dicn dcu. TiT mot diem M bat ki ticn 

mot mat ciia tu" dien, ha cac du'cJng vuong goc tdi ba mat phang con lai, vil' 

K, L va N la chan cua ba dû dng vuong goc nay. Chifng minh rang difcfn^ 

thing OM qua trong tam cua tam giac K L N . 

:",ij,fi if' 
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Ctij TNIIHMTV DVVIl Kluuuj ViH 

A < 

Giai 
Goi R \k giao diem cua OM vdi mat 

phing KLN. Vice khang dinh R la trong 
tam cua tam giac KLN tifdng difdng vdi 
khing dinh rang ba ti? dien MKLO, 
MLNO, MNKO co cung the tich. Gpi x, 
y, z la khoang each tilf M tdi cac canh 
tifdng iJng cua tam giac ABC. V i miU 
phang K L M vuong goc vdi canh AD nen khocing each tuf O tdi mat phang 
K L M bang hinh chie'u cua OM len AD, cung bang hinh chie'u cua doan MP 
len DA, vdi P la chan diTdng vuong goc ha tiJf M len BC. De thay rang hinh 
chie'u lijf M tdi BC. Neu a la goc nhi dien giiJa cac mat ciaa tiJ dien ABCD thi 

xyzV2 ' • i 
VKLMO = ^ K M . M L s i n a - ^ 

27 

Cac tiJ dien MLNO va MNKO cung cd the tich nhiT the. TCf do suy ra dpcm. 

' K i t ) ) 



Boi dudiig TISG Hhih line khonij (jUiii - I'lian Ihty Khdi 

<=> 

A > 0 

Z , / 2 - ( Z j + Z 2 ) + 1>0 ,,r. 

Taco A = 9 t ^ - 4 t ; Z | + Z 2 = 3 t ;z iZ2 = l " , , \ \ [ \ 

A > 0 
( z , - 1 ) ( Z 2 - 1 ) > 0 

Z, + Z 2 < 2 

Z | + Z 2 > 0 

Z | 4 - Z 2 < 2 

Z | Z 2 >0 

Z | + Z 2 > 0 

Tir do he (*) tiTdng diTcfng vdi he 

9 t ^ - 4 l > 0 , . 
t - 3 l + l > 0 '\ . -

4 1 
3 l < 2 c > _ < t < - (4) 

9 2 
t > 0 

3 t > 0 
4 4 1 1 

Vay tir (4) suy ra: min (xy) = - o t = - ; max (xy) = - o I = - -
9 9 2 2 

4 2 2 
Khi I = - thi (3) co nghiem k e p z = - = > x = y = -

Khi t = - thi (3) CO nghiem • 

TCr do ta CO ket liian sau: 

1 
2 <=> 

Z 2 = l 

x = l 

''2 

-4 ' r -
y = 1 i l i j f i : . . I 

V„,in - y - va S,„i„ = ^ ( 4 + V 2 ) « AM = AN = | 

V 
' max vaS,,,, =l(2>/3 + V2)<:> 

M ^ B , N = A 

M s A , N s C 24 4 
" '•' '• turn "»' 

Thi du 10: Gpi O la tam cua mot hinh tiJ dicn dcu. TiT mot diem M bat ki ticn 

mot mat ciia tu" dien, ha cac du'cJng vuong goc tdi ba mat phang con lai, vil' 

K, L va N la chan cua ba dû dng vuong goc nay. Chifng minh rang difcfn^ 

thing OM qua trong tam cua tam giac K L N . 

:",ij,fi if' 

262 

Ctij TNIIHMTV DVVIl Kluuuj ViH 

A < 

Giai 
Goi R \k giao diem cua OM vdi mat 

phing KLN. Vice khang dinh R la trong 
tam cua tam giac KLN tifdng difdng vdi 
khing dinh rang ba ti? dien MKLO, 
MLNO, MNKO co cung the tich. Gpi x, 
y, z la khoang each tilf M tdi cac canh 
tifdng iJng cua tam giac ABC. V i miU 
phang K L M vuong goc vdi canh AD nen khocing each tuf O tdi mat phang 
K L M bang hinh chie'u cua OM len AD, cung bang hinh chie'u cua doan MP 
len DA, vdi P la chan diTdng vuong goc ha tiJf M len BC. De thay rang hinh 
chie'u lijf M tdi BC. Neu a la goc nhi dien giiJa cac mat ciaa tiJ dien ABCD thi 

xyzV2 ' • i 
VKLMO = ^ K M . M L s i n a - ^ 

27 

Cac tiJ dien MLNO va MNKO cung cd the tich nhiT the. TCf do suy ra dpcm. 
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Boi (ha'liuj nSCi Hinh hoc khong gian - Phnn IIiuj Khni 

Chuyen de 2. C A C B A I T O A N Q U I T I C H 

T R O N G H I N H H O C K H O N G G I A N 

C u n g nhiT cac b a i l o a n t i m quy t i ch (hay t i m tap h d p d e m ) t r ong h i n h hoc 

p h i n g , b a i t o an t i m quy t i ch t r ong h inh hoc k h o n g g ian thuoc Idp cac b a i toan 

k h o . D c g i a i b a i t o an n a y c h u n g ta p h i i i t i c n h a n h qua ba bu'dc: p h a n thuan , 

g i d i han q u y t i ch va p h a n d i i o . 

T r t fdc he't c h u n g ta hay dc cap dc'n n g u y e n l y c h u n g c i i a v i c e t i m phan 

t h u a n , g i d i h a n va p h a n dao cua quy t i ch . • i> • r v 

1) Phan t h u a n c i i a q u y t i ch la p h a n t rong t a m c i ia ba i l o a n q u y t i c h . T r o n g phan 

f{. n a y c h u n g ta p h a i c h i ra m i e n D ma d i e m can t i m quy t i ch n a m t r en do. 

; M i e n D nay p h a i g a n sat \6i quy t i ch c a n t i m ( I h i d i i n e u nh i f q u y t i ch la 

d o a n t h a n g A B , t h i m i e n D chang han la di/dng thang chiJa AB...). D e t im 

diTdc m i e n D nay ngu'cfi ta thu"iJng silr d u n g c i ic bu'dc .sau day : 

- T i e n d o a n q u y t i ch , tu'c la p h a i h inh dung du'dc D c6 kha n a n g la m i e n 

g i? M u o n the' ta hay ve thu" v a i d i e m can t i m quy t i c h , r d i p h o n g d o a n ra 

m i e n D . C a n l u l l y v d i cac ban rang d i e u nay do'i v6i q u y t i ch k h o n g g ian 

thu'dng la k h o h d n v d i quy t i ch phang . L y do v l v i c e ve h i n h v d i h i n h hoc 

p h a n g la c h i n h xac , c o n nhu" cac b c i n da b i e t ve h i n h t r ong h i n h hoc k h o n g 

g i a n CO t i n h cha't tU"cfng d o i cua no . 

- DiTa vao d i e u k i e n d a u b a i , chiJng m i n h r a n g D cd k h a n a n g la m i e n 

chiJa q u y t i ch c a n l i m . D a y la p h a n cot l o i c i ia p h a n t h u a n (va c u n g la c i ia 

b a i l o a n t i m q u y t i ch ) . 

2) Phan g i d i han cua q u y t i ch c h i n h la phan c h i c h i n h xac q u y t i c h , tu'c la t i m ra 

tap con D| c i ia D m a D| c h i n h la l o an ho quy t i ch b i e n t h i e n d d i i u ba i 

c h u y e n d o n g t r e n do , va dac b i e l l i i cac d i e m b i e n t h i e n d d a u b a i c h u y e n 

d o n g t r e n d o , va dac b i e t la cac d i e m cifc b i e n (nhuT d a u m i i t cua doan 

thfing... t r e n do diem b i e n t h i e n d i dong ) . ' ' ' 

3) Phan dao cua quy t i ch cd the x e m nhu" la p h a n k h d nha't t r ong qua t r l n h t l n i 

quy t i ch . C d the h i n h dung du'dc phan d i i o c i ia quy t i ch t i e n h a n h theo cac 

bu^c sau day : r.,-, = v ; r - , , ^ • 5 

a. Phat b i c u b a i t oan dao can l a m . Bu"dc nay quan t r o n g d cho c h i ro 

phu-dng hu-dng can g i a i quye t . N h i n chung lu-dc do c i i a no nhU" sau: G ia suT M 

e D| la d i e m n a m t r e n quy t i ch , ta p h a i chu'ng m i n h r a n g t o n t a i d i e m N b i e n 

t h i e n thoa m a n m o i y e u cau c i ia de b a i , m i l tiT d i e m N do xac d i n h cho ta 

d u n g d i e m M e D2. 

Ctg TNIIII MTV 

b. G i a i m o t b a i t o an diTng h i n h , thiTc cha't la diTng d i e m N . T 

c. Chu'ng m i n h d i e m N diTng diTdc thoa m a n m o i y e u c a u de ra. 

Sau k h i h o a n t h i i n h ba p h a n : thuan , g i d i h a n va dao , ta ke't l u a n ve quy 

t i c h c a n t i m . u iim\r, u y f U ? g n c a . . '^sitjuri i-.n 0 1 ^ 

X h i d u 1: C h o diTdng Iron du'dng k i n h A co' d i n h = 2R va C la d i e m chay t r en 

d t fdng t r o n . T r e n du'dng thang A x d i qua A va v u o n g gdc v d i m a t p h a n g c i ia 

dirdng t ron lay d i e m S co djnh. Tit A ke A I 1 SB, A K 1 SC ( I e SB, K G S C ) . 

Gia su" M la g iao d i e m cua B C va I K . T i m quy t i ch d i e m M k h i C chay t r en 

dufdng i r o n . " f s v VtYA .(d ?• *' ̂ '••} 

. " "^"T: : , G i i i i 

]. Phan thuan: , ; l u j o ' A i i f Stranl 

T a cd B C 1 A C (gdc n o i t i ep chan 

nufa du'dng t r on ) m a S A 1 ( S A C ) 

=> S A 1 B C => B C 1 ( S A C ) 

( S B C ) 1 ( S A C ) . 

D o (SBC) n (SAC) = SC ma A K 1 SC, 

v ay A K l ( S B C ) : ^ A K I S B 

L a i thay A I 1 SB (gt ) => SB 1 ( A I K ) 

V I S A 1 ( A B C ) ma A M 1 ( A B C ) =^ SA 1 A M 

M a t khac A M e ( A I K ) , nC-n tir (1) cd SB 1 A M 

tu'c la M n a m t r en Ucp tuye'n A x cua du'dng Iron du'dng k i n h A B ve t r ong (P). 

7. Gi(?i hgnti ~ JH. C : : umhi ;p.tm ' s / K i t;^ •tJi-A'^im^ '.UA^ nu,.. 

D e tha'y k h i C chay t r en d i f dng t r o n , t h i M chay t r e n l o a n t i e p tuye'n n d i t r en . 

3. Phan dao 

D a o lai lay m o t d i e m M ' tuy y t r en tic 'p t u y e n Ciy. T a p h i i i chu'ng m i n h t on 

t a i C t r e n du'dng Hon sao cho n e u go i 1', K', la cac h i n h chie 'u c i i a A len SB, 

S C t h l M ' = r K ' n B C . 

T r o n g (P), t h i M ' B cat du'dng Iron 

d i rdng k i n h A B t a i C . K e A I ' 1 SB. 

T r o n g ( M I ' B ) , t h i M T n SC = K ' 

T a se chu'ng m i n h r ang A K ' 1 S C 

V l A y 1 A B , A x 1 S A => A y 1 ( S A B ) 

^ A y l S B . L a i c d S B l A F 

: = > S B l ( A r M ' ) = > S B l A K ' (*) 

=> B C 1 ( S A C ) => B C l A K ' (**) 

(1 ) 
• li \\'f,vJi-(Wir' 

A M 1 ( S A B ) => A M 1 A B , 
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Boi (ha'liuj nSCi Hinh hoc khong gian - Phnn IIiuj Khni 

Chuyen de 2. C A C B A I T O A N Q U I T I C H 

T R O N G H I N H H O C K H O N G G I A N 

C u n g nhiT cac b a i l o a n t i m quy t i ch (hay t i m tap h d p d e m ) t r ong h i n h hoc 

p h i n g , b a i t o an t i m quy t i ch t r ong h inh hoc k h o n g g ian thuoc Idp cac b a i toan 

k h o . D c g i a i b a i t o an n a y c h u n g ta p h i i i t i c n h a n h qua ba bu'dc: p h a n thuan , 

g i d i han q u y t i ch va p h a n d i i o . 

T r t fdc he't c h u n g ta hay dc cap dc'n n g u y e n l y c h u n g c i i a v i c e t i m phan 

t h u a n , g i d i h a n va p h a n dao cua quy t i ch . • i> • r v 

1) Phan t h u a n c i i a q u y t i ch la p h a n t rong t a m c i ia ba i l o a n q u y t i c h . T r o n g phan 

f{. n a y c h u n g ta p h a i c h i ra m i e n D ma d i e m can t i m quy t i ch n a m t r en do. 

; M i e n D nay p h a i g a n sat \6i quy t i ch c a n t i m ( I h i d i i n e u nh i f q u y t i ch la 

d o a n t h a n g A B , t h i m i e n D chang han la di/dng thang chiJa AB...). D e t im 

diTdc m i e n D nay ngu'cfi ta thu"iJng silr d u n g c i ic bu'dc .sau day : 

- T i e n d o a n q u y t i ch , tu'c la p h a i h inh dung du'dc D c6 kha n a n g la m i e n 

g i? M u o n the' ta hay ve thu" v a i d i e m can t i m quy t i c h , r d i p h o n g d o a n ra 

m i e n D . C a n l u l l y v d i cac ban rang d i e u nay do'i v6i q u y t i ch k h o n g g ian 

thu'dng la k h o h d n v d i quy t i ch phang . L y do v l v i c e ve h i n h v d i h i n h hoc 

p h a n g la c h i n h xac , c o n nhu" cac b c i n da b i e t ve h i n h t r ong h i n h hoc k h o n g 

g i a n CO t i n h cha't tU"cfng d o i cua no . 

- DiTa vao d i e u k i e n d a u b a i , chiJng m i n h r a n g D cd k h a n a n g la m i e n 

chiJa q u y t i ch c a n l i m . D a y la p h a n cot l o i c i ia p h a n t h u a n (va c u n g la c i ia 

b a i l o a n t i m q u y t i ch ) . 

2) Phan g i d i han cua q u y t i ch c h i n h la phan c h i c h i n h xac q u y t i c h , tu'c la t i m ra 

tap con D| c i ia D m a D| c h i n h la l o an ho quy t i ch b i e n t h i e n d d i i u ba i 

c h u y e n d o n g t r e n do , va dac b i e l l i i cac d i e m b i e n t h i e n d d a u b a i c h u y e n 

d o n g t r e n d o , va dac b i e t la cac d i e m cifc b i e n (nhuT d a u m i i t cua doan 

thfing... t r e n do diem b i e n t h i e n d i dong ) . ' ' ' 

3) Phan dao cua quy t i ch cd the x e m nhu" la p h a n k h d nha't t r ong qua t r l n h t l n i 

quy t i ch . C d the h i n h dung du'dc phan d i i o c i ia quy t i ch t i e n h a n h theo cac 

bu^c sau day : r.,-, = v ; r - , , ^ • 5 

a. Phat b i c u b a i t oan dao can l a m . Bu"dc nay quan t r o n g d cho c h i ro 

phu-dng hu-dng can g i a i quye t . N h i n chung lu-dc do c i i a no nhU" sau: G ia suT M 

e D| la d i e m n a m t r e n quy t i ch , ta p h a i chu'ng m i n h r a n g t o n t a i d i e m N b i e n 

t h i e n thoa m a n m o i y e u cau c i ia de b a i , m i l tiT d i e m N do xac d i n h cho ta 

d u n g d i e m M e D2. 

Ctg TNIIII MTV 

b. G i a i m o t b a i t o an diTng h i n h , thiTc cha't la diTng d i e m N . T 

c. Chu'ng m i n h d i e m N diTng diTdc thoa m a n m o i y e u c a u de ra. 

Sau k h i h o a n t h i i n h ba p h a n : thuan , g i d i h a n va dao , ta ke't l u a n ve quy 

t i c h c a n t i m . u iim\r, u y f U ? g n c a . . '^sitjuri i-.n 0 1 ^ 

X h i d u 1: C h o diTdng Iron du'dng k i n h A co' d i n h = 2R va C la d i e m chay t r en 

d t fdng t r o n . T r e n du'dng thang A x d i qua A va v u o n g gdc v d i m a t p h a n g c i ia 

dirdng t ron lay d i e m S co djnh. Tit A ke A I 1 SB, A K 1 SC ( I e SB, K G S C ) . 

Gia su" M la g iao d i e m cua B C va I K . T i m quy t i ch d i e m M k h i C chay t r en 

dufdng i r o n . " f s v VtYA .(d ?• *' ̂ '••} 

. " "^"T: : , G i i i i 

]. Phan thuan: , ; l u j o ' A i i f Stranl 

T a cd B C 1 A C (gdc n o i t i ep chan 

nufa du'dng t r on ) m a S A 1 ( S A C ) 

=> S A 1 B C => B C 1 ( S A C ) 

( S B C ) 1 ( S A C ) . 

D o (SBC) n (SAC) = SC ma A K 1 SC, 

v ay A K l ( S B C ) : ^ A K I S B 

L a i thay A I 1 SB (gt ) => SB 1 ( A I K ) 

V I S A 1 ( A B C ) ma A M 1 ( A B C ) =^ SA 1 A M 

M a t khac A M e ( A I K ) , nC-n tir (1) cd SB 1 A M 

tu'c la M n a m t r en Ucp tuye'n A x cua du'dng Iron du'dng k i n h A B ve t r ong (P). 

7. Gi(?i hgnti ~ JH. C : : umhi ;p.tm ' s / K i t;^ •tJi-A'^im^ '.UA^ nu,.. 

D e tha'y k h i C chay t r en d i f dng t r o n , t h i M chay t r e n l o a n t i e p tuye'n n d i t r en . 

3. Phan dao 

D a o lai lay m o t d i e m M ' tuy y t r en tic 'p t u y e n Ciy. T a p h i i i chu'ng m i n h t on 

t a i C t r e n du'dng Hon sao cho n e u go i 1', K', la cac h i n h chie 'u c i i a A len SB, 

S C t h l M ' = r K ' n B C . 

T r o n g (P), t h i M ' B cat du'dng Iron 

d i rdng k i n h A B t a i C . K e A I ' 1 SB. 

T r o n g ( M I ' B ) , t h i M T n SC = K ' 

T a se chu'ng m i n h r ang A K ' 1 S C 

V l A y 1 A B , A x 1 S A => A y 1 ( S A B ) 

^ A y l S B . L a i c d S B l A F 

: = > S B l ( A r M ' ) = > S B l A K ' (*) 

=> B C 1 ( S A C ) => B C l A K ' (**) 

(1 ) 
• li \\'f,vJi-(Wir' 

A M 1 ( S A B ) => A M 1 A B , 
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Boi dUoiifj IISCi Ilinh hoc khong gian - I'han liny Khdi 

TO (*), (**) suy ra A K ' 1 ( S B C ) A K ' _L S C => dpcm 

V a y quy l ich ciia M (hay tap hdp cac diem M ) la tie'p tuyen v d i diTctng ki'nh 

A B tai A ve trong mat phang (P). :Vi,\':, x-i\J 

Thi du 2: Trong khong gian cho hai diTcJng thang cheo nhau a va b. M va N I>, 

hai d iem chuyen dong tUdng iJng tren a, b sao cho du-dng thang M N hOp V('(i 

a, b nhffng goc bang nhau. T i m quy tich trung d iem P cua M N . 

G i a i 

f ' Goi A B la di/dng vuong goc chung 
cua a, b (A e a, B e b). NhiT vay A B 1 
a, A B ± b . i : ; . / : , , V w . i y : r . : y . r : . : , , ^ J t , :, , 

^ - ' Goi ( T I ) la mat phang trung triTc cua 

A B (tiJc la (7i) qua trung diem O cua A B 
va A B 1(71)). 

Nhir the a // TI . b // TI va 
A B 1 

d(a, (n)) = d(b. (Ti)) = ^ 

Goi a' va b ' Ian lu^dt la hinh chieu cua a, 
. b tren (;t). - •• 

Nhi/ vay a'// a v i b ' // b. Ta c6 a', b ' ciing di qua O. 

Dc tha'y trung d iem P cua M N nhm tren ( T I ) . I ,t < , i 

I f K e PC 1 a, PD 1 b ( C e a, D 6 b). Theo gia thiet ta c6 A M N = B N M . T L T 

do suy ra hai tam giac vuong M C P ca DNP bang nhau PC = PD 

Goi C va D ' lifting iJng la hinh chieu cua C va D tren ( T I ) . R O rang C ' G a', 
D ' e b ' . 

Ta C O a 1 (PCC) (do a 1 C C ) => a 1 P C =^ a' 1 P C . TiTdng tiT ta c6 PD' 1 b'. 
V i the tijf PC = PD =:> P C = PD' 

B a i loan quy tich trong khong 

gian qui ve b a i toan quy tich phang 

cd ban sau day : Trong (n) hay t i m 

quy tich nhi?ng d i e m P each deu 

hai during thang a', b ' . Theo quy 

tich cd ban trong hinh hoc phang ta 

c6: Quy tich trung d i e m P cua M N 

la du"t(ng phan giac Ox va Oy cua 

goc tao b d i hai diTcIng thang c^t 

nhau a', b ' trong ( T I ) . 

Ctij TNIIII MTV UVVII Khatuj Viet 

M R 1 ( M B C ) , d day R nam tren 

1(11 

T h i du 3: Trong (P) cho hinh vuong A B C D . Qua A vc A x _L (P). Lay M thuoc 
A x . Dirdng thang qua M vuong goc vdi (MBC) c;tt (P) tai R, diTcing thting qua 
M vuong goc v d i ( M C D ) ciit (P) tai S. Goi I la trung d iem cua RS. T i m quy 
tich I khi M chay tren Ax . 

G i a i 

/) Phan thuqn: , . 

Ta C O C D ± A D (gt), CD 1 SA 

( V I SA 1 (P)) => C D 1 ( M A D ) 

( M C D ) 1 ( M A D ) . 

Lai C O (MCD) n ( M A D ) = M D , nen 

neu trong ( M A D ) ke MS 1 M D , thi 

MS 1 M D , thi MS 1 ( M C D ) , c! day S 

d6 tha'y nam tren A D keo dai ve 

phia A . - '^x; ' • • "•• 

Tifdng tiT trong ( M A B ) ke M R 1 M B 

A B keo dai ve phia A. 

Trong tam giac vuong S M D , ih i MA^ = A S . A D 

Trong tam giac vuong R M B , thi MA^ = A R . A B 

V i A D = A B => AS = AR. Do I la trung diem cua SR, nen I nam tren n f e 

dirdng thang A x ' la phan giac cua goc doi dinh vdi goc B A D (goc A ciia 

hinh vuong A B C D ) 

2) Phan duo 

Dao la i gia suf I ' la d iem tuy y nam 

tren nufa difcJng thang A x ' . Ta phai 

chifng minh ton tai M ' e A x sao cho 

neu goi R' la giao cua du"cfng thang qua 

M ' va vuong goc v d i ( M ' B C ) vdi (P), 

con S' la giao cua dtfdng th^ng qua M ' 

vuong goc v d i ( M ' C D ) v d i (P); thi I ' la 

trung d iem ciia R'S' . 

Qua r diTng du'dng v u o n g goc v d i 

i A x ' , cat A D va A B keo dai tUdng ufng tai S' va R'. K h i do de dang thay rSng 

r la trung diem cua S'R' (do A x ' la phan giac cija goc doi dinh vdi goc B A D ) 

Trong mat phang A x , diTng diTdng tron diTcfng kinh S'D cat Ax (chang han 
cat ni^a dirdng thang A x phia tren) tai M ' = > S ' M ' I M ' D ' ' 
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Boi dUoiifj IISCi Ilinh hoc khong gian - I'han liny Khdi 

TO (*), (**) suy ra A K ' 1 ( S B C ) A K ' _L S C => dpcm 

V a y quy l ich ciia M (hay tap hdp cac diem M ) la tie'p tuyen v d i diTctng ki'nh 

A B tai A ve trong mat phang (P). :Vi,\':, x-i\J 

Thi du 2: Trong khong gian cho hai diTcJng thang cheo nhau a va b. M va N I>, 

hai d iem chuyen dong tUdng iJng tren a, b sao cho du-dng thang M N hOp V('(i 

a, b nhffng goc bang nhau. T i m quy tich trung d iem P cua M N . 

G i a i 

f ' Goi A B la di/dng vuong goc chung 
cua a, b (A e a, B e b). NhiT vay A B 1 
a, A B ± b . i : ; . / : , , V w . i y : r . : y . r : . : , , ^ J t , :, , 

^ - ' Goi ( T I ) la mat phang trung triTc cua 

A B (tiJc la (7i) qua trung diem O cua A B 
va A B 1(71)). 

Nhir the a // TI . b // TI va 
A B 1 

d(a, (n)) = d(b. (Ti)) = ^ 

Goi a' va b ' Ian lu^dt la hinh chieu cua a, 
. b tren (;t). - •• 

Nhi/ vay a'// a v i b ' // b. Ta c6 a', b ' ciing di qua O. 

Dc tha'y trung d iem P cua M N nhm tren ( T I ) . I ,t < , i 

I f K e PC 1 a, PD 1 b ( C e a, D 6 b). Theo gia thiet ta c6 A M N = B N M . T L T 

do suy ra hai tam giac vuong M C P ca DNP bang nhau PC = PD 

Goi C va D ' lifting iJng la hinh chieu cua C va D tren ( T I ) . R O rang C ' G a', 
D ' e b ' . 

Ta C O a 1 (PCC) (do a 1 C C ) => a 1 P C =^ a' 1 P C . TiTdng tiT ta c6 PD' 1 b'. 
V i the tijf PC = PD =:> P C = PD' 

B a i loan quy tich trong khong 

gian qui ve b a i toan quy tich phang 

cd ban sau day : Trong (n) hay t i m 

quy tich nhi?ng d i e m P each deu 

hai during thang a', b ' . Theo quy 

tich cd ban trong hinh hoc phang ta 

c6: Quy tich trung d i e m P cua M N 

la du"t(ng phan giac Ox va Oy cua 

goc tao b d i hai diTcIng thang c^t 

nhau a', b ' trong ( T I ) . 

Ctij TNIIII MTV UVVII Khatuj Viet 

M R 1 ( M B C ) , d day R nam tren 

1(11 

T h i du 3: Trong (P) cho hinh vuong A B C D . Qua A vc A x _L (P). Lay M thuoc 
A x . Dirdng thang qua M vuong goc vdi (MBC) c;tt (P) tai R, diTcing thting qua 
M vuong goc v d i ( M C D ) ciit (P) tai S. Goi I la trung d iem cua RS. T i m quy 
tich I khi M chay tren Ax . 

G i a i 

/) Phan thuqn: , . 

Ta C O C D ± A D (gt), CD 1 SA 

( V I SA 1 (P)) => C D 1 ( M A D ) 

( M C D ) 1 ( M A D ) . 

Lai C O (MCD) n ( M A D ) = M D , nen 

neu trong ( M A D ) ke MS 1 M D , thi 

MS 1 M D , thi MS 1 ( M C D ) , c! day S 

d6 tha'y nam tren A D keo dai ve 

phia A . - '^x; ' • • "•• 

Tifdng tiT trong ( M A B ) ke M R 1 M B 

A B keo dai ve phia A. 

Trong tam giac vuong S M D , ih i MA^ = A S . A D 

Trong tam giac vuong R M B , thi MA^ = A R . A B 

V i A D = A B => AS = AR. Do I la trung diem cua SR, nen I nam tren n f e 

dirdng thang A x ' la phan giac cua goc doi dinh vdi goc B A D (goc A ciia 

hinh vuong A B C D ) 

2) Phan duo 

Dao la i gia suf I ' la d iem tuy y nam 

tren nufa difcJng thang A x ' . Ta phai 

chifng minh ton tai M ' e A x sao cho 

neu goi R' la giao cua du"cfng thang qua 

M ' va vuong goc v d i ( M ' B C ) vdi (P), 

con S' la giao cua dtfdng th^ng qua M ' 

vuong goc v d i ( M ' C D ) v d i (P); thi I ' la 

trung d iem ciia R'S' . 

Qua r diTng du'dng v u o n g goc v d i 

i A x ' , cat A D va A B keo dai tUdng ufng tai S' va R'. K h i do de dang thay rSng 

r la trung diem cua S'R' (do A x ' la phan giac cija goc doi dinh vdi goc B A D ) 

Trong mat phang A x , diTng diTdng tron diTcfng kinh S'D cat Ax (chang han 
cat ni^a dirdng thang A x phia tren) tai M ' = > S ' M ' I M ' D ' ' 
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Boi diCCincj MSG IRnh hoc khdng gian - Phan Huy Khni 

Do A B J_ (Ax) r:i> D C _L (Ax) (vi D C // A B ) D C i . S ' M ' 

= > M ' S ' ± ( M ' D C ) va M ' S ' n ( P ) = S' •••"̂  ' 

Theo he thiJc liTctng Irong tarn giac vuong M ' S ' D ta c6: M'A^ = A S ' . A D 

V i A R ' = A S ' . A B = A D =:> A S ' . A D = A R ' . A B a ,H ;f;Viv(W!;.' ' c . i . 
(1) 

Theo(l )=i>M'A^ = A R ' . A B => R ' M ' B = 90" = > M ' Q ' 1 M ' B 

Lap luan nhuTtren suy ra M ' R ' 1 ( M ' B C ) va M ' R ' n (?) = R' 

1 <J''i% C !A 

Vay quy tich I la nu'a dU'cfng thang Ax' la phan giac cua goc doi d i n h vdi B A D 

Thi du 4: Trong mat phang (P) cho diem O co djnh va d la dU'dng thang quay 

quanh O. Lay S co dinh ngoai (P) co hinh chic'u tren (P) la H, vdi H^Q. Qua 

S di/ng du'dng vuong goc vdi mat phang xac dinh bdi S va d. Du'dng thang 

nay ca't (P) tai N. Tim quy tich cua N. 

Giai 

Ke S M 1 d => HM 1 d (dinh ly ba 

du'dng vuong goc) 

' T r o n g (SMH) ke dUcJng thang vuong 

goc vdi S M . Drfdng thang nay cat M H 

keo dai cf N. Ta co SN 1 d (do d 1 

(SMH)), V I SN 1 S M =^ SN 1 (S; d) 

Trong tam giac vuong SMN, ta co; HN.HM = SH^ = h^ = const 

fc''^ Bai toan trd thanh bai toan hinh hoc phang sau: 

Xet dufdng tron du'dng kinh O H co dinh trong (P). M la diem chuyen dong 

tren du^dng tron nay, N la diem nSm tren M H keo dai sao cho: 

HN.HM = h^ = const. 

Tim quy tich cua N. '̂ 

Goi N * la diem tren O H keo dai sao cho 

H N * . H O = ĥ  =^ N * la diem co dinh 

Goi A la dirdng thang qua N * va A 1 O H 

V i HN.HM = h^ => HN.HM = HN*.HO 

N N * M O la tiJ giac noi tiep ;"• 

=i> Do N M O = N N * b ma NMO = 90" 

=> N N * O = 9 0 " ^ N e A 

Da l a i lay N ' tuy ^ tren A. Gia su* N ' H giao diTcIng tren tai M ' 

Do N I V T O = I S T N ^ = 90" tiJ giac N ' N * M ' 0 la tiJ g iac noi tiep 

=> H N ' . H M ' = H N * . H O = h' , , „ i f j 

Cty TNIin MTV D\ Kluing Viet 

Vay quy tich cua N la dU'dng Ih^ng A (trong (P). DUclng thang niiy vuong goc 

vdi HO tai diem N * noi tren. 

Thi du 5: Trong mSt phing (P) cho gdc vuong xSy = 90" dinh S co djnh. Doan 

A S = a vuong vdi (P). Tren Sx, Sy Ian liTdt lay B, C sao cho S B + S C = a. Goi 

I la tam hinh cau ngoai tiep td" dien S A B C . Tim quy lich I khi B, C di dong 

theo quy luat tren. gnoir^/ "iX^ih mi.i & = B .sin , 

' B . h' G i a i 

Trong (P) difng hmh chff nhat S B C D . , , 

Goi I la trung diem cua A D . 

De thay B D 1 A B , D C 1 A C (dinh ly 

ba du"dng vuong goc). 

TM do l A = IB = I C = ID = IS (VI cung 

->I blng ^ AD). Vay I ^ tam hinh cau ngoai tiep tiirdien S A B C . Ta co D — ^ 

B 

B 

2) 
quy ve bai toan 

X 

Vay bai toan tim quy tich I, difa vao phep vi tif V 

quy tich phang (tim quy tich D) nhxi sau: 

Cho goc vuong xSy = 90" dinh S co djnh. 

Tren hai canh Sx, Sy Ian luTdt lay B, C di 

dong sao cho SB + S C = a. DiTng hinh chuT 

nhat S B D C . Tim quy tich cua dinh D. Lay 

Bi tren Sx sao cho SB) = a => Bi co dinh. 

N o i B , D v a g i a s u r B , D n S y = C , ^ ' ^ ^» 

Do SB + S C = a, nen SB = B B , = SB, = a => B B , = S C B . B D la tam giac 

vuong can => B i S C , cung la tam giac vuong can => SCj = a => C i co dinh. 

Do do D G doan B i C i 

Dao lai lay D ' tuy y tren doan B i C i , ta phai chuTng minh ton tai B ' e Sx, C e 

Sy sao cho S B ' + S C = a va S B ' D ' C la hinh chff nhat. ^ 

That vay co the thay ngay B ' , C'tiTdng 

ufng la hinh chieu cua D ' tren Sx, Sy. 

Vay quy tich cua doan B i C ] . 

Do I la anh cua D trong ph6p vi tif tam 

A ti so - , nen tiJf tren suy ra: 
2 

X/ ( K ) C 

B. 
A ;1 
. 2j ->B2. C , 

A ; i l 
->c. 
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Boi diCCincj MSG IRnh hoc khdng gian - Phan Huy Khni 

Do A B J_ (Ax) r:i> D C _L (Ax) (vi D C // A B ) D C i . S ' M ' 

= > M ' S ' ± ( M ' D C ) va M ' S ' n ( P ) = S' •••"̂  ' 

Theo he thiJc liTctng Irong tarn giac vuong M ' S ' D ta c6: M'A^ = A S ' . A D 

V i A R ' = A S ' . A B = A D =:> A S ' . A D = A R ' . A B a ,H ;f;Viv(W!;.' ' c . i . 
(1) 

Theo(l )=i>M'A^ = A R ' . A B => R ' M ' B = 90" = > M ' Q ' 1 M ' B 

Lap luan nhuTtren suy ra M ' R ' 1 ( M ' B C ) va M ' R ' n (?) = R' 

1 <J''i% C !A 

Vay quy tich I la nu'a dU'cfng thang Ax' la phan giac cua goc doi d i n h vdi B A D 

Thi du 4: Trong mat phang (P) cho diem O co djnh va d la dU'dng thang quay 

quanh O. Lay S co dinh ngoai (P) co hinh chic'u tren (P) la H, vdi H^Q. Qua 

S di/ng du'dng vuong goc vdi mat phang xac dinh bdi S va d. Du'dng thang 

nay ca't (P) tai N. Tim quy tich cua N. 

Giai 

Ke S M 1 d => HM 1 d (dinh ly ba 

du'dng vuong goc) 

' T r o n g (SMH) ke dUcJng thang vuong 

goc vdi S M . Drfdng thang nay cat M H 

keo dai cf N. Ta co SN 1 d (do d 1 

(SMH)), V I SN 1 S M =^ SN 1 (S; d) 

Trong tam giac vuong SMN, ta co; HN.HM = SH^ = h^ = const 

fc''^ Bai toan trd thanh bai toan hinh hoc phang sau: 

Xet dufdng tron du'dng kinh O H co dinh trong (P). M la diem chuyen dong 

tren du^dng tron nay, N la diem nSm tren M H keo dai sao cho: 

HN.HM = h^ = const. 

Tim quy tich cua N. '̂ 

Goi N * la diem tren O H keo dai sao cho 

H N * . H O = ĥ  =^ N * la diem co dinh 

Goi A la dirdng thang qua N * va A 1 O H 

V i HN.HM = h^ => HN.HM = HN*.HO 

N N * M O la tiJ giac noi tiep ;"• 

=i> Do N M O = N N * b ma NMO = 90" 

=> N N * O = 9 0 " ^ N e A 

Da l a i lay N ' tuy ^ tren A. Gia su* N ' H giao diTcIng tren tai M ' 

Do N I V T O = I S T N ^ = 90" tiJ giac N ' N * M ' 0 la tiJ g iac noi tiep 

=> H N ' . H M ' = H N * . H O = h' , , „ i f j 

Cty TNIin MTV D\ Kluing Viet 

Vay quy tich cua N la dU'dng Ih^ng A (trong (P). DUclng thang niiy vuong goc 

vdi HO tai diem N * noi tren. 

Thi du 5: Trong mSt phing (P) cho gdc vuong xSy = 90" dinh S co djnh. Doan 

A S = a vuong vdi (P). Tren Sx, Sy Ian liTdt lay B, C sao cho S B + S C = a. Goi 

I la tam hinh cau ngoai tiep td" dien S A B C . Tim quy lich I khi B, C di dong 

theo quy luat tren. gnoir^/ "iX^ih mi.i & = B .sin , 

' B . h' G i a i 

Trong (P) difng hmh chff nhat S B C D . , , 

Goi I la trung diem cua A D . 

De thay B D 1 A B , D C 1 A C (dinh ly 

ba du"dng vuong goc). 

TM do l A = IB = I C = ID = IS (VI cung 

->I blng ^ AD). Vay I ^ tam hinh cau ngoai tiep tiirdien S A B C . Ta co D — ^ 

B 

B 

2) 
quy ve bai toan 

X 

Vay bai toan tim quy tich I, difa vao phep vi tif V 

quy tich phang (tim quy tich D) nhxi sau: 

Cho goc vuong xSy = 90" dinh S co djnh. 

Tren hai canh Sx, Sy Ian luTdt lay B, C di 

dong sao cho SB + S C = a. DiTng hinh chuT 

nhat S B D C . Tim quy tich cua dinh D. Lay 

Bi tren Sx sao cho SB) = a => Bi co dinh. 

N o i B , D v a g i a s u r B , D n S y = C , ^ ' ^ ^» 

Do SB + S C = a, nen SB = B B , = SB, = a => B B , = S C B . B D la tam giac 

vuong can => B i S C , cung la tam giac vuong can => SCj = a => C i co dinh. 

Do do D G doan B i C i 

Dao lai lay D ' tuy y tren doan B i C i , ta phai chuTng minh ton tai B ' e Sx, C e 

Sy sao cho S B ' + S C = a va S B ' D ' C la hinh chff nhat. ^ 

That vay co the thay ngay B ' , C'tiTdng 

ufng la hinh chieu cua D ' tren Sx, Sy. 

Vay quy tich cua doan B i C ] . 

Do I la anh cua D trong ph6p vi tif tam 

A ti so - , nen tiJf tren suy ra: 
2 

X/ ( K ) C 

B. 
A ;1 
. 2j ->B2. C , 

A ; i l 
->c. 
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Boi ditfing HSG ITinh hoc khong gian - Phnn Iluy Khdi 
il day B2, C2 Ian lifdt la trung diem cua A B i ; AC|. 
Do vay quy tich I la doan B2C2, tuTc la du'dng trung binh cua tam giac A B i C i 

(B2C2 // B|C|) , d day B,, Ci xac dinh nhiTtren tiJc la: 
B, e Sx, C, G Sy va SB, = SC| = a 

Thi du 6: Trong khong gian cho hai nufa du'dng lhang Ax va By vuong goc vdi 
nhau va chco nhail nhan AB = a lam duTcIng vuong goc chung. M, N tu"dng 
ifng chay Iron Ax, By sao cho ta luon CO MN = AM + BN. 
1) Gpi O la trung diem ciia AB va H la hinh chieu cua I len MN. ChiJng minh 
MH = u ; N H = v. , ,;,f_ ,̂, ' : -

2) Tim quy tich cua H khi M, N di dong theo quy luat tren. 
Giai , 

:>';• f M ' '"v! - *t ' i ,v-' ' i j i \ o f ) 

1) Ke OH 1 MN. Ta co OM^ - MH^ = ON^ - NH^ (vi cdng = O t f ) 
2 2 u^ + ̂ — MH^ = + — - NH^ 4 4 hay M H ^ - N H ^ = u ^ - v ^ (1) 

Ta CO theo gia thiet MH + NH = u + v (2) 
T i r ( l ) v a ( 2 ) s u y r a M H - N H = u - V (3) 
Bay gicJ tH he (2), (3) co ngay: 

MH = u, NH = V => dpcm 
I) Phdn thuqn 

Ke HE ± AN (E e AN) => HE // Ax vay HE 1 (P) 
Theo dinh ly Talet, co: HE NH .HE = uv (4) AM NM u + V 

Trong tam giac MBN, ke HF // NB, ma NB 1 (Q) =^ H F 1 (Q) 
Lai theo dinh ly Talet, co 

HF MH •HF = 
UV 

(5) BN MN u + v 
Tir (4), (5) suy ra HE = HF => H each deu hai mat ph ing (P) va (Q). 
=> H n^m tren mat ph ing (n) la mat phang phan giac ciia goc nhi di^n tao 
b5i (P) va (Q) co dinh (do do (n) co dinh). 
Ta CO hai tam giac vuong MAO va MHO b^ng nhau nen OH = —. 
=^ H 'E ' = H ' F ' . Ap dung dinh ly Talet nhi/tren ta co the tinh diTcJc: 

H ' E ' = - ^ ^ va H ' F ' = -4^=^xy ' = x 'y (*) 
X + y X + y 

Ctij TNHHMTVDV\ Kluuig Vi(?t 
Ap dung dinh ly ham so cosin trong cac AM'H'O va N ' H ' O , co 

^ ^ X . . u ' ^ + ^ - M O ^ ^ , 2 _ ^ 2 

c o s M ' H ' 0 = - ^ u a 
TiTdngtir, CO cosOH'N ' 

u a { 
i n lii'Ut 

V a 
Do M ' H ' O + O H ' N ' = 180"=> u ' 

Tit (*) suy ra u' = — , roi thay vao ("=*) co 

( * * ) : 

\ 

-v = -
f 

uv 
^ + 1 

» V 

( v ' + v ) ( v ' - v ) = 0 = > v ' = v = > u ' = u = > M ' N ' = A M ' + B N ' 

C u n g t i r d o c o AM'AO = A M ' H ' 0 ( c . c . c ) : ^ M ' H ' O - M 'AO - 90". , , 

=> OH' 1 MN' . Tom l a i quy tich c u a H la nvta diTcJng tron tam O b a n kinh -

ve trong (n). 
Thi du 7: Trong mat p h i n g (P) cho hinh vuong ABCD canh a. Tren canh AD lay 

d i lm M va dat AM = X (0 < X < a). TuT A difng diTdng thang Ax vuong goc vdi 
4 (P) va tren Ax l a y diem S. Goi I la trung diem c u a SC va H la hinh chieu c u a 

I l e n CM. Tim quy tich H khi M chay tren AD va chay tren Ax. 
Giai s 

Goi O la t a m hinh vuong ABCD 
=> 10 // SA 10 1 (P). 
Do IH 1 CM => OH 1 CM (dinh ly ba 
duTcfng vuong goc) . Vay H n^m tren 
dirSng tr6n diTdng kinh OC ve trong (P). 
Bay gid ta t\ gidi h a n c u a quy tich. 
Khi M = A => H H O 
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Boi ditfing HSG ITinh hoc khong gian - Phnn Iluy Khdi 
il day B2, C2 Ian lifdt la trung diem cua A B i ; AC|. 
Do vay quy tich I la doan B2C2, tuTc la du'dng trung binh cua tam giac A B i C i 

(B2C2 // B|C|) , d day B,, Ci xac dinh nhiTtren tiJc la: 
B, e Sx, C, G Sy va SB, = SC| = a 

Thi du 6: Trong khong gian cho hai nufa du'dng lhang Ax va By vuong goc vdi 
nhau va chco nhail nhan AB = a lam duTcIng vuong goc chung. M, N tu"dng 
ifng chay Iron Ax, By sao cho ta luon CO MN = AM + BN. 
1) Gpi O la trung diem ciia AB va H la hinh chieu cua I len MN. ChiJng minh 
MH = u ; N H = v. , ,;,f_ ,̂, ' : -

2) Tim quy tich cua H khi M, N di dong theo quy luat tren. 
Giai , 

:>';• f M ' '"v! - *t ' i ,v-' ' i j i \ o f ) 

1) Ke OH 1 MN. Ta co OM^ - MH^ = ON^ - NH^ (vi cdng = O t f ) 
2 2 u^ + ̂ — MH^ = + — - NH^ 4 4 hay M H ^ - N H ^ = u ^ - v ^ (1) 

Ta CO theo gia thiet MH + NH = u + v (2) 
T i r ( l ) v a ( 2 ) s u y r a M H - N H = u - V (3) 
Bay gicJ tH he (2), (3) co ngay: 

MH = u, NH = V => dpcm 
I) Phdn thuqn 

Ke HE ± AN (E e AN) => HE // Ax vay HE 1 (P) 
Theo dinh ly Talet, co: HE NH .HE = uv (4) AM NM u + V 

Trong tam giac MBN, ke HF // NB, ma NB 1 (Q) =^ H F 1 (Q) 
Lai theo dinh ly Talet, co 

HF MH •HF = 
UV 

(5) BN MN u + v 
Tir (4), (5) suy ra HE = HF => H each deu hai mat ph ing (P) va (Q). 
=> H n^m tren mat ph ing (n) la mat phang phan giac ciia goc nhi di^n tao 
b5i (P) va (Q) co dinh (do do (n) co dinh). 
Ta CO hai tam giac vuong MAO va MHO b^ng nhau nen OH = —. 
=^ H 'E ' = H ' F ' . Ap dung dinh ly Talet nhi/tren ta co the tinh diTcJc: 

H ' E ' = - ^ ^ va H ' F ' = -4^=^xy ' = x 'y (*) 
X + y X + y 

Ctij TNHHMTVDV\ Kluuig Vi(?t 
Ap dung dinh ly ham so cosin trong cac AM'H'O va N ' H ' O , co 

^ ^ X . . u ' ^ + ^ - M O ^ ^ , 2 _ ^ 2 

c o s M ' H ' 0 = - ^ u a 
TiTdngtir, CO cosOH'N ' 

u a { 
i n lii'Ut 

V a 
Do M ' H ' O + O H ' N ' = 180"=> u ' 

Tit (*) suy ra u' = — , roi thay vao ("=*) co 

( * * ) : 

\ 

-v = -
f 

uv 
^ + 1 

» V 

( v ' + v ) ( v ' - v ) = 0 = > v ' = v = > u ' = u = > M ' N ' = A M ' + B N ' 

C u n g t i r d o c o AM'AO = A M ' H ' 0 ( c . c . c ) : ^ M ' H ' O - M 'AO - 90". , , 

=> OH' 1 MN' . Tom l a i quy tich c u a H la nvta diTcJng tron tam O b a n kinh -

ve trong (n). 
Thi du 7: Trong mat p h i n g (P) cho hinh vuong ABCD canh a. Tren canh AD lay 

d i lm M va dat AM = X (0 < X < a). TuT A difng diTdng thang Ax vuong goc vdi 
4 (P) va tren Ax l a y diem S. Goi I la trung diem c u a SC va H la hinh chieu c u a 

I l e n CM. Tim quy tich H khi M chay tren AD va chay tren Ax. 
Giai s 

Goi O la t a m hinh vuong ABCD 
=> 10 // SA 10 1 (P). 
Do IH 1 CM => OH 1 CM (dinh ly ba 
duTcfng vuong goc) . Vay H n^m tren 
dirSng tr6n diTdng kinh OC ve trong (P). 
Bay gid ta t\ gidi h a n c u a quy tich. 
Khi M = A => H H O 
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Bdi dudiig HSG ITinh hoc khdng gian - Phan Iluij Khni 

Khi M = D, goi E la trung d i e m cua DC. A 

Do IE // SD ma SD 1 DC (dinh ly ba 
difdng vuong goc) => IE 1 DC tiJfC H H E ' t 
Vay gidi han cua quy lich chi la cung 
tron OE (tiJc la mol phan tif di/dng Iron .,:5'-? 
dirdng kinh OC). . 

Dao lai lay diem H ' tiTdng ij-ng Iren OE ^' , „.... *• 

ta phai chu-ng minh ton tai M ' e AD, S' e Ax sao cho I ' H ' 1 M'C (d day V la 
trung diem cua S'C) 

That vay do H ' e OE , nen CH' cttt canh AD va gia su" C H ' n AD = M ' 

Lay S' la diem luy y tren Ax (mien la S' ^ A). Ta c6 OH' 1 H'C. Do I'O // 
S'A => r O 1 (ABCD) C M ' (djnh ly ba diTdng vuong goc) 
Vay quy tich cua H la mot phan tu" dirdng tron du'dng kinh OC, tiJc la cung 
OE, vdi E la trung diem cua CD. 

Thi du 8: Cho hai diTdng thing d, d'cheo nhau va vuong goc vdi nhau. Gia suf A 
la diem co dinh tren d. Vdi moi diem B thay ddi tren d' , chon C tren d' sao 
cho hai mSt phang (d, B) va (d, C) vuong goc vdi nhau. Goi B', C la chan 
Ccic dUdng cao trong AABC ke tiif B v^ C. Tim quy tich B' va C khi B va C di 
dong theo quy luat tren. 

Giai 
Goi IK la dudng vuong goc chung cua d va d' (vdi I G d,K e d'). Xel hai 

tri/dng hdp sau: 
TrUdnn hap 1: A.f\ 

Goi R la mat phang xac dinh bdi A va d ' , ttfc la R = (A, d') => (R) la mat 
phing CO dinh. Goi H la triTc tam AABC, khi do thco bai loan cd ban ta c6 IH 
1 (R), nhU" vay triTc tam H ciia A ABC la hlnh chieu cua diem I co djnh len 
(R) CO djnh H la diem CO djnh khi B, C di dong. 

1} Phan thuan: 
Khi do irong (R) co djnh, B' va C 

luon luon nhin A H co djnh difdi goc 
vuong nen B', C nam tren diTdng tron 
dirdng kinh A H (truf A va H). DiTdng 
tron nay ve trong (R). 

2} Phan duo: 

Dao l a i , gia sur B', la diem bat ky tren 
dirdng tron nay (B'l ^ A ; B ' ^ H ) 

Cty TNHHMTVDVVH Khan 

Ta phai chiJng minh ton tai B|, Ci tren d' sao cho (B|, d) i . (C,; d) v^ g, \

A I 

hinh chieu cua B, tren AC, ; ( g 'j:>a 
That vay trong (R), gia suT: s ;«rii!:j) '•Ah 

B'H n d' = B i ^ f , j V 4 ,̂ „f,.i i., i / ' f . 
Trong (A, d') gia suf AB' , n d' = C, 
Taco H l a triTc tam AAB,Ci (do BjB', 1 
AC], goc noi tie'p chSn nufa di/dng tron 
va A K l d ' ) . 
C5n lai ta phai ch^ng minh (B,, d) 1 (C,, d). 
That vay ta co IB, 1 A I (do A I 1 {%)) m^ IB, e (TI) \ 
Ta c6 AC, I I H ( v H H 1 (A, d'), AC, 1 B,B'I => AC, K I H B , ) - 1/ifW 

AC, I I B , =>IB| l ( I A C | ) = > ( I B , A ) l ( I A C , ) t i i ' a l a (B,, d ) l (C,, d) 
Vay quy tich B' la diTdng tron diTdng kinh AH (truT A, H) ve trong (R) (vdi C 
hoan loan tufdng tif) 
Tmyng hap 2.- A s I 

V i (B, d) 1 (C. d) va do BIC (= BAC) 
chinh la goc phang cua nhi dien tao bdi 
hai mat phang noi tren nen 

BIC (= BAC) = 90". 

Liic nay triTc tam H cua AABC chinh la A 
H s A s I = > B ' = C ' ^ I 

Vay trong triTdng hdp nay quy tich thu ve mpt diem I (s A). Tom lai quy tich 
cuaB'(C') la : > 
1) Durdng tron duTdng kinh A H (trir A, H) ve trong (R) = (A, d') neu A ^ I , 

2) Diem duy nhaft A, neu A H I . v ' 'V > • 
11 dy 9: Cho hinh lap phiTdng ABCD.A'B'C'D' canh b^ng a, M l£k d i l m di 
dpng tren canh AB. Gia suT C D ' c^t mat phing A 'MC tai N. Goi H la hinh 
chieu cua C xuong M N . Tim quy tich cua H. 

Giai 
Ta co (ABCD) // (A'B 'C'D' ) , 
ma (A'MC) n (ABCD) = M C 

(A'MC) n (A'B 'C 'D' ) = A ' N 

trong d6 A ' N // MC (N e D ' C ) 

D l t h a y B M = D ' N 
Goi I m trung diem ciia E C (tiJc I la 
tamciiamatbenB'BCC') c 

B M 
I \ 
, \ 
' \ 
I \ 
1 \ 

/ ^ \ 
\\ 
. \ 
1 \ 
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Khi M = D, goi E la trung d i e m cua DC. A 

Do IE // SD ma SD 1 DC (dinh ly ba 
difdng vuong goc) => IE 1 DC tiJfC H H E ' t 
Vay gidi han cua quy lich chi la cung 
tron OE (tiJc la mol phan tif di/dng Iron .,:5'-? 
dirdng kinh OC). . 

Dao lai lay diem H ' tiTdng ij-ng Iren OE ^' , „.... *• 

ta phai chu-ng minh ton tai M ' e AD, S' e Ax sao cho I ' H ' 1 M'C (d day V la 
trung diem cua S'C) 

That vay do H ' e OE , nen CH' cttt canh AD va gia su" C H ' n AD = M ' 

Lay S' la diem luy y tren Ax (mien la S' ^ A). Ta c6 OH' 1 H'C. Do I'O // 
S'A => r O 1 (ABCD) C M ' (djnh ly ba diTdng vuong goc) 
Vay quy tich cua H la mot phan tu" dirdng tron du'dng kinh OC, tiJc la cung 
OE, vdi E la trung diem cua CD. 

Thi du 8: Cho hai diTdng thing d, d'cheo nhau va vuong goc vdi nhau. Gia suf A 
la diem co dinh tren d. Vdi moi diem B thay ddi tren d' , chon C tren d' sao 
cho hai mSt phang (d, B) va (d, C) vuong goc vdi nhau. Goi B', C la chan 
Ccic dUdng cao trong AABC ke tiif B v^ C. Tim quy tich B' va C khi B va C di 
dong theo quy luat tren. 

Giai 
Goi IK la dudng vuong goc chung cua d va d' (vdi I G d,K e d'). Xel hai 

tri/dng hdp sau: 
TrUdnn hap 1: A.f\ 

Goi R la mat phang xac dinh bdi A va d ' , ttfc la R = (A, d') => (R) la mat 
phing CO dinh. Goi H la triTc tam AABC, khi do thco bai loan cd ban ta c6 IH 
1 (R), nhU" vay triTc tam H ciia A ABC la hlnh chieu cua diem I co djnh len 
(R) CO djnh H la diem CO djnh khi B, C di dong. 

1} Phan thuan: 
Khi do irong (R) co djnh, B' va C 

luon luon nhin A H co djnh difdi goc 
vuong nen B', C nam tren diTdng tron 
dirdng kinh A H (truf A va H). DiTdng 
tron nay ve trong (R). 

2} Phan duo: 

Dao l a i , gia sur B', la diem bat ky tren 
dirdng tron nay (B'l ^ A ; B ' ^ H ) 

Cty TNHHMTVDVVH Khan 

Ta phai chiJng minh ton tai B|, Ci tren d' sao cho (B|, d) i . (C,; d) v^ g, \

A I 

hinh chieu cua B, tren AC, ; ( g 'j:>a 
That vay trong (R), gia suT: s ;«rii!:j) '•Ah 

B'H n d' = B i ^ f , j V 4 ,̂ „f,.i i., i / ' f . 
Trong (A, d') gia suf AB' , n d' = C, 
Taco H l a triTc tam AAB,Ci (do BjB', 1 
AC], goc noi tie'p chSn nufa di/dng tron 
va A K l d ' ) . 
C5n lai ta phai ch^ng minh (B,, d) 1 (C,, d). 
That vay ta co IB, 1 A I (do A I 1 {%)) m^ IB, e (TI) \ 
Ta c6 AC, I I H ( v H H 1 (A, d'), AC, 1 B,B'I => AC, K I H B , ) - 1/ifW 

AC, I I B , =>IB| l ( I A C | ) = > ( I B , A ) l ( I A C , ) t i i ' a l a (B,, d ) l (C,, d) 
Vay quy tich B' la diTdng tron diTdng kinh AH (truT A, H) ve trong (R) (vdi C 
hoan loan tufdng tif) 
Tmyng hap 2.- A s I 

V i (B, d) 1 (C. d) va do BIC (= BAC) 
chinh la goc phang cua nhi dien tao bdi 
hai mat phang noi tren nen 

BIC (= BAC) = 90". 

Liic nay triTc tam H cua AABC chinh la A 
H s A s I = > B ' = C ' ^ I 

Vay trong triTdng hdp nay quy tich thu ve mpt diem I (s A). Tom lai quy tich 
cuaB'(C') la : > 
1) Durdng tron duTdng kinh A H (trir A, H) ve trong (R) = (A, d') neu A ^ I , 

2) Diem duy nhaft A, neu A H I . v ' 'V > • 
11 dy 9: Cho hinh lap phiTdng ABCD.A'B'C'D' canh b^ng a, M l£k d i l m di 
dpng tren canh AB. Gia suT C D ' c^t mat phing A 'MC tai N. Goi H la hinh 
chieu cua C xuong M N . Tim quy tich cua H. 

Giai 
Ta co (ABCD) // (A'B 'C'D' ) , 
ma (A'MC) n (ABCD) = M C 

(A'MC) n (A'B 'C 'D' ) = A ' N 

trong d6 A ' N // MC (N e D ' C ) 

D l t h a y B M = D ' N 
Goi I m trung diem ciia E C (tiJc I la 
tamciiamatbenB'BCC') c 

B M 
I \ 
, \ 
' \ 
I \ 
1 \ 

/ ^ \ 
\\ 
. \ 
1 \ 
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Boi ditdiig IISG Ilhih hoc kh6ng gian - Phan Hug Khdi 

T a c o C I J - B C 

Mat khac C I 1 A B (do AB 1 BCC 'B ' ) => CI 1 ( ABC 'D ' ) . Do M N ^ 

(ABC 'D ' ) ma C H 1 M N => I H 1 M N (dinh ly ba diTdng vuong goc) 

Ta CO B M // D ' N va B M = D ' N B M D ' N Ih hinh bmh hanh =^ M N n B D ' = o, 

d day O la trung d iem ciaa B D ' , tiJc la O la tSm cua hinh lap phu'dng. 

Nhxi the' trong ( ABC 'D ' ) H luon nhin 01 co dinh mot goc vuong, nen H nam 

tren diTdng tron dtfdng kinh 01 ve trong (ABC 'D ' ) . i 

Gidi han quy tich: , , , y / ' : ^ . \ ; i ; { ; ; y [ ^ ,^ 

1) K h i M = A = > N = C ' = > M N = A C = > H = H| 

2) Kh i M = B => N = D ' =^ M N = B D ' H s H2 

Vay gidi han quy tich la diTdng tron H1H2 

Dao lai lay H bat k i G H , 0 H 2 , ta phai chiJ-ng minh ton tai M e AB sao 

cho neu goi N = (A 'MC ) n ( D ' C ) thi H la hinh chieu cua C la M N . , 

That vi iy, goi M = OH n AB . Ta c6 I H 1 M N (goc noi tiep ch^n nia 

difdng tron) => CH ± M N (dinh ly ba du^dng vuong goc). ••ijfy. 

Vay quy tich cua H la nufa du'dng Iron difdng kinh H,H2 ve trong 

( ABC 'D ' ) 

T h i dy 1 0 : Trong (P) cho hinh vuong A B C D canh a. Hai nuTa dufdng t h i n g Bx, 

Dy vuong goc vdi (P) va d ciing mot phia doi vdi (P). M , N la hai diem tli 

dong tren Bx, Dy. Dat B M = u, DN = v. 

1) T in i l ien he giufa x, y de (MAC) 1 (NAC). 

2) Gia su- dieu k icn trong (1) dUdc Ihoa man. Goi H K 1^ dvfdng vuong go '̂ 

C h u n g cua AC va M N (H e AC, K e MN) . r im quy tich cua K khi M , N cb:?:-

t h e o quy luat tren. .;; : ij 

Cty TNHH MTV DWH Khang ViH 

Giai 

I ) Go i O la trung d iem cua AC thi do 

M A = M C => M O 1 AC 

Tirdng tir CO NO ± AC 

Vay N O M la goc gii?a hai mat phang 

(MAC) va (NAC) 

(MAC) J . (NAC) o M O N = 90" '; 

o N O ^ + MO^ = MN^ 
2 2 

o u ^ + ^ + v ^ + ^ - ( v - u ) ^ + 2 a ^ <=>2uv = a^ 

) Do Bx va Dy 1 (P) => (DBMN) 1 (ABCD) 

V i (ABCD) n ( D B M N ) = DB, ma AC 1 D B A C l ( D B M N ) 

Trong (DBMN) , ke OK 1 M N (tiJc la OK la chieu cao cua tam giac vuong 

N O M ) = > A C I O K . 

Nhi/vay OK la dudng vuong goc chung cua AC va M N , dieu do c6 nghTa la: 

H s O = > H c o d i n h 

L a i CO trong tam giac vuong N O M , thi — ^ = — + — i - = O ^ ^ + O M ^ 
OK^ ON^ OM^ O M ^ O M ^ 

/ 2^ 2 
2 a 2 a V + — u + — 2 2 J V V J 

O M ^ + O M ^ v^ + + a^ 

v V + ^ ( v 2 + u2) + ^ 

(2) 

Theo (1) thi u^v^ = — thay vao (2) c6: OK^ - - 2 -
4 v^ + u^+a^ 

07/1 

=> OK = = const => H K = const 
2 

Phdn thuan: 
Tiir chiJng minh tren suy ra trong mat ph<^ng co dinh xac dinh bdi hai 

dirdng thang song song co dinh Bx, Dy (va ta se goi la mat p h i n g n), K lu6n 

each O CO dinh I khoang OK = vay K nam tren nuTa dtfcJng troft tam O, 

bdn kinh R = DiTdng tron nay ve trong {%), (chi la nufa diTdng trdn v i M , 



Boi ditdiig IISG Ilhih hoc kh6ng gian - Phan Hug Khdi 

T a c o C I J - B C 

Mat khac C I 1 A B (do AB 1 BCC 'B ' ) => CI 1 ( ABC 'D ' ) . Do M N ^ 

(ABC 'D ' ) ma C H 1 M N => I H 1 M N (dinh ly ba diTdng vuong goc) 

Ta CO B M // D ' N va B M = D ' N B M D ' N Ih hinh bmh hanh =^ M N n B D ' = o, 

d day O la trung d iem ciaa B D ' , tiJc la O la tSm cua hinh lap phu'dng. 

Nhxi the' trong ( ABC 'D ' ) H luon nhin 01 co dinh mot goc vuong, nen H nam 

tren diTdng tron dtfdng kinh 01 ve trong (ABC 'D ' ) . i 

Gidi han quy tich: , , , y / ' : ^ . \ ; i ; { ; ; y [ ^ ,^ 

1) K h i M = A = > N = C ' = > M N = A C = > H = H| 

2) Kh i M = B => N = D ' =^ M N = B D ' H s H2 

Vay gidi han quy tich la diTdng tron H1H2 

Dao lai lay H bat k i G H , 0 H 2 , ta phai chiJ-ng minh ton tai M e AB sao 

cho neu goi N = (A 'MC ) n ( D ' C ) thi H la hinh chieu cua C la M N . , 

That vi iy, goi M = OH n AB . Ta c6 I H 1 M N (goc noi tiep ch^n nia 

difdng tron) => CH ± M N (dinh ly ba du^dng vuong goc). ••ijfy. 

Vay quy tich cua H la nufa du'dng Iron difdng kinh H,H2 ve trong 

( ABC 'D ' ) 

T h i dy 1 0 : Trong (P) cho hinh vuong A B C D canh a. Hai nuTa dufdng t h i n g Bx, 

Dy vuong goc vdi (P) va d ciing mot phia doi vdi (P). M , N la hai diem tli 

dong tren Bx, Dy. Dat B M = u, DN = v. 

1) T in i l ien he giufa x, y de (MAC) 1 (NAC). 

2) Gia su- dieu k icn trong (1) dUdc Ihoa man. Goi H K 1^ dvfdng vuong go '̂ 

C h u n g cua AC va M N (H e AC, K e MN) . r im quy tich cua K khi M , N cb:?:-

t h e o quy luat tren. .;; : ij 

Cty TNHH MTV DWH Khang ViH 

Giai 

I ) Go i O la trung d iem cua AC thi do 

M A = M C => M O 1 AC 

Tirdng tir CO NO ± AC 

Vay N O M la goc gii?a hai mat phang 

(MAC) va (NAC) 

(MAC) J . (NAC) o M O N = 90" '; 

o N O ^ + MO^ = MN^ 
2 2 

o u ^ + ^ + v ^ + ^ - ( v - u ) ^ + 2 a ^ <=>2uv = a^ 

) Do Bx va Dy 1 (P) => (DBMN) 1 (ABCD) 

V i (ABCD) n ( D B M N ) = DB, ma AC 1 D B A C l ( D B M N ) 

Trong (DBMN) , ke OK 1 M N (tiJc la OK la chieu cao cua tam giac vuong 

N O M ) = > A C I O K . 

Nhi/vay OK la dudng vuong goc chung cua AC va M N , dieu do c6 nghTa la: 

H s O = > H c o d i n h 

L a i CO trong tam giac vuong N O M , thi — ^ = — + — i - = O ^ ^ + O M ^ 
OK^ ON^ OM^ O M ^ O M ^ 

/ 2^ 2 
2 a 2 a V + — u + — 2 2 J V V J 

O M ^ + O M ^ v^ + + a^ 

v V + ^ ( v 2 + u2) + ^ 

(2) 

Theo (1) thi u^v^ = — thay vao (2) c6: OK^ - - 2 -
4 v^ + u^+a^ 

07/1 

=> OK = = const => H K = const 
2 

Phdn thuan: 
Tiir chiJng minh tren suy ra trong mat ph<^ng co dinh xac dinh bdi hai 

dirdng thang song song co dinh Bx, Dy (va ta se goi la mat p h i n g n), K lu6n 

each O CO dinh I khoang OK = vay K nam tren nuTa dtfcJng troft tam O, 

bdn kinh R = DiTdng tron nay ve trong {%), (chi la nufa diTdng trdn v i M , 



Boi (hcdiuj llSa llinh hoc khong gian - Phan Hiiy Khdi 

N chi tiTcJng rfng chay tren nuTa dufdng thang Bx, Dy d ve cung mot phia ciia 

(P) va vuong goc vdi (P). 

Phdn duo: 

Dao lai gia suT K' la diS'm tuy y nam tren cung moi dU'dng tron nay. Ta 

phai chtfng minh rang ton tai M ' e Bx, N ' 6 Dy sac cho dong thcJi thoa man 

dieukiensau: '\ ' • ' ' ' ' - OAH),,^,/.;0 •. 

1) (M'AC) 1 (N'AC) • ' ' ' ' '^nVA /•"^AH^ ^ / ' I • 

2) OK' la dirdng vuong g6c chung cua AC va M ' N ' (O e AC, K' e M ' N ' ) 

Trong mat phang (n) = (Bx, Dy) ve 

tiep tuye'n vdti nufa dU'dng tron dU'dng 

kinh BD tai K'. Tiep tuyen nay c^t Bx, 

Dy liTdng iJng tai M ' , N ' . 

Do (71) 1 (P) nen ( T I ) n (P) = DB ma AC 

1 D B => A C l (Ji) AC 1 OK' 

Hicn nhien Iheo each duTng thi: 

OK' 1 M ' N ' , vay OK' chinh la diTdng 

vuong gdc chung cua AC va M ' N ' 

(O e AC, K' G M ' N ' ) 

De thayN'O G AC; M'O G AC hTOM la goc ph^ng tao bcli hai mat 

phing (M'AC) va (N'AC). Trong mat phang (n), theo tinh chat cua hai tiep 

tuyen xuatphattir mot diem M'B va M ' K t a CO K m i ' = N r O B 

Lap luan lifdng ty c6: N ' O K ' = N'OD 

Tur do theo tinh chat cac diTcfng phan giac cua hai goc ke bu suy ra: 

N ' O M ' = 90" =^ ( M ' AC) G (N • AC) 

Tom lai quy tich chan diTdng vuong goc chung K la nfe diTcIng trbn tarn O ban 

kInh R - — (iijrc la niira di/dng tron di/cJng kinh DB) diftig trong (n) = (Bx, By). 
"iifiH fi\j • J * ' ' l i j ; < ( U ,,J<t;i U n i 

Thi dy 11: Cho lang tru dtfng ABC.A'B 'C d i y la tarn gidc can (AB = AC). P I'l 

diem chay tren A A ' . Goi E la hinh chieu cua C 1̂  BP. Tim quy tich cua t 

khiPchay tren A A ' . 

CU) TNIIII MTV DVVH Khnng ViH 

G i a i 

Ke C 'H ' i . A ' B ' . 
Do ( A ' B ' C ) 1 (ABB'A') nen tiT do suy 
ra C H 1 (ABB'A' ) => C H ± BP '' ' «•*' '' 
Lai C O BP 1 C'E BP J . (C'H'E) 
= > B P 1 H ' E . > 

Trong (ABB'A' ) , ta c6 E nhin BH' 
co' djnh du'di mot goc vuong, nen E nam 
tren diTdng tron difdng kinh BH' ve 
trong mat phang ay. 
Bay gid ta tim gidi hiin ciia quy tich 

Khi P = A, thi E = H , ; con khi P = A' , thi E = H , (H, la hinh chieu ciia H ' 
tren AB, con H2 la hinh chic'u ciia H'tren A'B) 

Vi the E chi chay tren cung tron H j H j . 

Ta phai chii'ng minh ton tai P' G AA' sao 

cho E' la hinh chieu ciia C la BP'. 

That vay trong (BAA'B') gia sij-BE' n 

AA' = P'. Do H ^ E ^ = 90" (goc npi Uep 

chan nu'a diTdng tron), nen H'E' 1 E'B tai 

la H'E' 1 BP'. Vi C 'H' 1 BP' nen suy ra B F 1 (C'H'E') => BP' 1 C E ' n 

Vay quy tich cua E la cung tron H ,H2 cua dU'dng tron dU'dng kinh BH' vc 

trong mat phing (BAA'B' ) . * •' ' 

Thi du 12: Cho hai nuTa dU'dng thang chco nhau Ax va By. M va N la hai diem 
thay dd'i tren Ax va By. ' ' ' ' ' ^ < ' ^ 

1) DiTng mat phang (P) qua By va song song vdi Ax. DU'dng thang qua M va 
song song v d i A B cat (P') tai M ' . , „ , 

2) Goi I la trung diem ciia M N , J la trung diem cija M ' N , tim quy tich J va I 
trong hai tru'dng hdp .sau day: 

a) A M = BN ' ^ ^ R & . • ^ • 

b) A M + BN = 21 vdi / la so diTdng cho trirdc. ' 

G i a i 

) Vdi hai diTdng thang A|, A2 song song hoac cat nhau, ta se diing ky hieu (A,, 
A2) do chi mat phang xac djnh bdi A; va A2. 

Qua B ke Bx' // Ax ^ Bx' co dinh va khi do (P) = (By, Bx') . ' ' 



Boi (hcdiuj llSa llinh hoc khong gian - Phan Hiiy Khdi 

N chi tiTcJng rfng chay tren nuTa dufdng thang Bx, Dy d ve cung mot phia ciia 

(P) va vuong goc vdi (P). 

Phdn duo: 

Dao lai gia suT K' la diS'm tuy y nam tren cung moi dU'dng tron nay. Ta 

phai chtfng minh rang ton tai M ' e Bx, N ' 6 Dy sac cho dong thcJi thoa man 

dieukiensau: '\ ' • ' ' ' ' - OAH),,^,/.;0 •. 

1) (M'AC) 1 (N'AC) • ' ' ' ' '^nVA /•"^AH^ ^ / ' I • 

2) OK' la dirdng vuong g6c chung cua AC va M ' N ' (O e AC, K' e M ' N ' ) 

Trong mat phang (n) = (Bx, Dy) ve 

tiep tuye'n vdti nufa dU'dng tron dU'dng 

kinh BD tai K'. Tiep tuyen nay c^t Bx, 

Dy liTdng iJng tai M ' , N ' . 

Do (71) 1 (P) nen ( T I ) n (P) = DB ma AC 

1 D B => A C l (Ji) AC 1 OK' 

Hicn nhien Iheo each duTng thi: 

OK' 1 M ' N ' , vay OK' chinh la diTdng 

vuong gdc chung cua AC va M ' N ' 

(O e AC, K' G M ' N ' ) 

De thayN'O G AC; M'O G AC hTOM la goc ph^ng tao bcli hai mat 

phing (M'AC) va (N'AC). Trong mat phang (n), theo tinh chat cua hai tiep 

tuyen xuatphattir mot diem M'B va M ' K t a CO K m i ' = N r O B 

Lap luan lifdng ty c6: N ' O K ' = N'OD 

Tur do theo tinh chat cac diTcfng phan giac cua hai goc ke bu suy ra: 

N ' O M ' = 90" =^ ( M ' AC) G (N • AC) 

Tom lai quy tich chan diTdng vuong goc chung K la nfe diTcIng trbn tarn O ban 

kInh R - — (iijrc la niira di/dng tron di/cJng kinh DB) diftig trong (n) = (Bx, By). 
"iifiH fi\j • J * ' ' l i j ; < ( U ,,J<t;i U n i 

Thi dy 11: Cho lang tru dtfng ABC.A'B 'C d i y la tarn gidc can (AB = AC). P I'l 

diem chay tren A A ' . Goi E la hinh chieu cua C 1̂  BP. Tim quy tich cua t 

khiPchay tren A A ' . 

CU) TNIIII MTV DVVH Khnng ViH 

G i a i 

Ke C 'H ' i . A ' B ' . 
Do ( A ' B ' C ) 1 (ABB'A') nen tiT do suy 
ra C H 1 (ABB'A' ) => C H ± BP '' ' «•*' '' 
Lai C O BP 1 C'E BP J . (C'H'E) 
= > B P 1 H ' E . > 

Trong (ABB'A' ) , ta c6 E nhin BH' 
co' djnh du'di mot goc vuong, nen E nam 
tren diTdng tron difdng kinh BH' ve 
trong mat phang ay. 
Bay gid ta tim gidi hiin ciia quy tich 

Khi P = A, thi E = H , ; con khi P = A' , thi E = H , (H, la hinh chieu ciia H ' 
tren AB, con H2 la hinh chic'u ciia H'tren A'B) 

Vi the E chi chay tren cung tron H j H j . 

Ta phai chii'ng minh ton tai P' G AA' sao 

cho E' la hinh chieu ciia C la BP'. 

That vay trong (BAA'B') gia sij-BE' n 

AA' = P'. Do H ^ E ^ = 90" (goc npi Uep 

chan nu'a diTdng tron), nen H'E' 1 E'B tai 

la H'E' 1 BP'. Vi C 'H' 1 BP' nen suy ra B F 1 (C'H'E') => BP' 1 C E ' n 

Vay quy tich cua E la cung tron H ,H2 cua dU'dng tron dU'dng kinh BH' vc 

trong mat phing (BAA'B' ) . * •' ' 

Thi du 12: Cho hai nuTa dU'dng thang chco nhau Ax va By. M va N la hai diem 
thay dd'i tren Ax va By. ' ' ' ' ' ^ < ' ^ 

1) DiTng mat phang (P) qua By va song song vdi Ax. DU'dng thang qua M va 
song song v d i A B cat (P') tai M ' . , „ , 

2) Goi I la trung diem ciia M N , J la trung diem cija M ' N , tim quy tich J va I 
trong hai tru'dng hdp .sau day: 

a) A M = BN ' ^ ^ R & . • ^ • 

b) A M + BN = 21 vdi / la so diTdng cho trirdc. ' 

G i a i 

) Vdi hai diTdng thang A|, A2 song song hoac cat nhau, ta se diing ky hieu (A,, 
A2) do chi mat phang xac djnh bdi A; va A2. 

Qua B ke Bx' // Ax ^ Bx' co dinh va khi do (P) = (By, Bx') . ' ' 



Boi dKcJiig IISG Hhili hoc khong <ji(in - Plum Ilitij Khdi 

TCf M kc difcJng song song v d i A B . V I Ax // Bx ' nen diTdng song song do 

phtii cat Bx ' tai M ' va do cung chinh la diem cat (P) => M ' e Bx 

Dao la i lay M " Iren Bx ' . T i f M ' trong mat phang (Ax, B x ' ) ke diTcJng // 

A B , thi nhat dinh difdng do phai cat Ax tai M i nao do. 

Nhir vay quy tich cua M ' la di/tfng thang Bx' // Ax 

2) X e t trtfoTng hgtp A M = B N 

• Tim quy tich J . ' H g '^gfyx 

Ta CO B M ' = A M B M ' = B N 

Goi J la trung diem cua M ' N , thi J 

nhm tren du"(1ng phan giac Bd cua goc 

M" 

B 

^ X 

M' X' 

J<M' 
d 

y 

N'\

x ' B y CO dinh. 

Dao lai lay J ' luy y e Bd. Qua J' kc 

dU'cJng vuong goc v d i B d cat Bx ' tai M ' l 

va cat By tai N'l , - « ; > 

' K h i do ta c6 B N , = B M ' , . Trong (Ax, B x ' ) tii" M ' , kc // A B cat Ax tai 

=> A M , = B M ' , =:> A M , = B N , 3 

=> Quy tich cua J la phan giac Bd ciia x ' B y co dinh. •' 

Tim quy tich 1 * 

• Goi I la trung diem M N . Trong A M M ' N thi I J la di/dng trung binh => J I // 

A B (VI I J // M M ' ma M M ' // A B ) => 1 G ( A B , Bd) « 

A B 
M a t k h a c t a c o I J = . V i vay neu lay O A = OB 

2 , tV<^: 
0 1 // Bd. Vay I nam 

tren diTcJng Ot // Bd. 

Dao la i lay I " tuy y tren Ot. Trong (Ot, Bd) ke tif I " diTdng song song vdi 

A B . No c^t Bd tai J " . Qua J " ke du-dng vuong goc vdi Bd. No cat Bx ' va By 

la M " , trong ( B x ' , A x ) ke M " , M " / / A B A M " - B N " , 

X c l A M " M " , N " , ta c6 iheo dinh ly Talet dao => M " , I " , N " , lhang hang. 

Vay quy tich I la niJa difdng thang Ot // Bd ( O A = OB) 

X e t t r i r t fng hdp A M = B N = 21 ^ 

• 77m quy tich J : Ro rang J e ( x ' B y ) . ^ 

Vay de t im quy l ich J ta xet bai loan 

quy tich hinh phang sau day: 

Cho x^By, M ' va N di dong tren Bx ' va By sao cho B M ' + B N = 2/ = const. 

T i m quy tich J Irung d i e m cua M ' N . i <fl 

CtyTNHII M i V DVVil hhang Vm 

I If I 

T r e n B x ' lay M , , By lay N , sao cho B M , = B N , = /. => M , , N i co dinh 

Ta CO M , B N i la lam giac can 

Chu S neu M ' = M , N = N , thi ro rang J e M . N , . 

Bay g id gia Ih ie l B M ' < B M , => B N > B N , 

M ' L // By =:> By M ' L M , cung la A can nen M ' L = M ' M , 

=> M ' L = N N , . Vay M ' L N N , la hinh binh hanh =^ J e L N liTc J e M , N , 

Dao lai lay J ' l a d iem luy y Ihuoc M | N | 

Neu J ' M , = J ' N , hoac neu J ' = N , thi lam thiTdng. 

Bay gid gia su" J ' ^ M , N , va ^ trung diem M , N i ) . D a l tren J ' M , mot doan 

J ' L ' = J ' N , . T i r L ' k e L ' M ' 2 / / B y , M ' z J ' n N ' . • •..../lAt/i 

Ro rang N , N ' = M ' . L ' = M ' 2 M | 

=> B M ' 2 + B N = 21, vay quy tich cua J 

la doan t h i n g M , N | e ( x ' B y ) trong do 

M , 6 B x ' , N , e By va B . M , = B , N = / 

• Tim quy tich I ,, 

Goi I la trung d iem M N ih i ta luon co IJ 

B A 
// B A va va chii y la B A co dinh, 

do do khi J chay tren doan M J ' N J tifdng 

u'ng // M , N | trong do MJ e Ot co dinh 

(Ot // O x ' ) va O M * = O M , = 1 va N , e 

Oz co djnh (Oz // By) va ONJ' = B N , = /. 

Dao la i lay I ' luy y e M J N J ' . Ke trong 

( M | M * N J ' N | ) , I J ' / / A B r 

TuTdng lir nhu-tren dat J ' L = J ' M , 

Qua L ke M ' M // A B (trong Ax // By) ,,, 

Trong A M M ' N , iheo dinh ly Talet dao 

suy ra M I ' N thang hang va I ' M = I ' N 

Vay quy tich I la doan M]N*^ xac djnh 

nhiTlren. 

n o 



Boi dKcJiig IISG Hhili hoc khong <ji(in - Plum Ilitij Khdi 

TCf M kc difcJng song song v d i A B . V I Ax // Bx ' nen diTdng song song do 

phtii cat Bx ' tai M ' va do cung chinh la diem cat (P) => M ' e Bx 

Dao la i lay M " Iren Bx ' . T i f M ' trong mat phang (Ax, B x ' ) ke diTcJng // 

A B , thi nhat dinh difdng do phai cat Ax tai M i nao do. 

Nhir vay quy tich cua M ' la di/tfng thang Bx' // Ax 

2) X e t trtfoTng hgtp A M = B N 

• Tim quy tich J . ' H g '^gfyx 

Ta CO B M ' = A M B M ' = B N 

Goi J la trung diem cua M ' N , thi J 

nhm tren du"(1ng phan giac Bd cua goc 

M" 

B 

^ X 

M' X' 

J<M' 
d 

y 

N'\

x ' B y CO dinh. 

Dao lai lay J ' luy y e Bd. Qua J' kc 

dU'cJng vuong goc v d i B d cat Bx ' tai M ' l 

va cat By tai N'l , - « ; > 

' K h i do ta c6 B N , = B M ' , . Trong (Ax, B x ' ) tii" M ' , kc // A B cat Ax tai 

=> A M , = B M ' , =:> A M , = B N , 3 

=> Quy tich cua J la phan giac Bd ciia x ' B y co dinh. •' 

Tim quy tich 1 * 

• Goi I la trung diem M N . Trong A M M ' N thi I J la di/dng trung binh => J I // 

A B (VI I J // M M ' ma M M ' // A B ) => 1 G ( A B , Bd) « 

A B 
M a t k h a c t a c o I J = . V i vay neu lay O A = OB 

2 , tV<^: 
0 1 // Bd. Vay I nam 

tren diTcJng Ot // Bd. 

Dao la i lay I " tuy y tren Ot. Trong (Ot, Bd) ke tif I " diTdng song song vdi 

A B . No c^t Bd tai J " . Qua J " ke du-dng vuong goc vdi Bd. No cat Bx ' va By 

la M " , trong ( B x ' , A x ) ke M " , M " / / A B A M " - B N " , 

X c l A M " M " , N " , ta c6 iheo dinh ly Talet dao => M " , I " , N " , lhang hang. 

Vay quy tich I la niJa difdng thang Ot // Bd ( O A = OB) 

X e t t r i r t fng hdp A M = B N = 21 ^ 

• 77m quy tich J : Ro rang J e ( x ' B y ) . ^ 

Vay de t im quy l ich J ta xet bai loan 

quy tich hinh phang sau day: 

Cho x^By, M ' va N di dong tren Bx ' va By sao cho B M ' + B N = 2/ = const. 

T i m quy tich J Irung d i e m cua M ' N . i <fl 

CtyTNHII M i V DVVil hhang Vm 

I If I 

T r e n B x ' lay M , , By lay N , sao cho B M , = B N , = /. => M , , N i co dinh 

Ta CO M , B N i la lam giac can 

Chu S neu M ' = M , N = N , thi ro rang J e M . N , . 

Bay g id gia Ih ie l B M ' < B M , => B N > B N , 

M ' L // By =:> By M ' L M , cung la A can nen M ' L = M ' M , 

=> M ' L = N N , . Vay M ' L N N , la hinh binh hanh =^ J e L N liTc J e M , N , 

Dao lai lay J ' l a d iem luy y Ihuoc M | N | 

Neu J ' M , = J ' N , hoac neu J ' = N , thi lam thiTdng. 

Bay gid gia su" J ' ^ M , N , va ^ trung diem M , N i ) . D a l tren J ' M , mot doan 

J ' L ' = J ' N , . T i r L ' k e L ' M ' 2 / / B y , M ' z J ' n N ' . • •..../lAt/i 

Ro rang N , N ' = M ' . L ' = M ' 2 M | 

=> B M ' 2 + B N = 21, vay quy tich cua J 

la doan t h i n g M , N | e ( x ' B y ) trong do 

M , 6 B x ' , N , e By va B . M , = B , N = / 

• Tim quy tich I ,, 

Goi I la trung d iem M N ih i ta luon co IJ 

B A 
// B A va va chii y la B A co dinh, 

do do khi J chay tren doan M J ' N J tifdng 

u'ng // M , N | trong do MJ e Ot co dinh 

(Ot // O x ' ) va O M * = O M , = 1 va N , e 

Oz co djnh (Oz // By) va ONJ' = B N , = /. 

Dao la i lay I ' luy y e M J N J ' . Ke trong 

( M | M * N J ' N | ) , I J ' / / A B r 

TuTdng lir nhu-tren dat J ' L = J ' M , 

Qua L ke M ' M // A B (trong Ax // By) ,,, 

Trong A M M ' N , iheo dinh ly Talet dao 

suy ra M I ' N thang hang va I ' M = I ' N 

Vay quy tich I la doan M]N*^ xac djnh 

nhiTlren. 

n o 



Bdi dUdng HSG IRnh hoc khdng gian - Phm Huy Khdi 

T h i du 13: C h o A va A ' la hai d\i(3ng lhang cheo nhau va vuong goc vdi nhau 

nhan A B = a l a m du'dng vuong goc chung (A € A, B e A ' ) . M va N tiTOng iJng 

la hai d i e m di dong tren A, A' nhu'ng M N c6 ch ieu dai khong ddi (k > a) . Goj 

I la tam hinh c a u ngoai tie'p tiJ d ien A B M N . T i m quy tich d i e m I . 

G i a i 

Ta C O M A 1 ( A B N ) ma A B 1 B N 

M B I B N 

T u ' d n g t y M A l A N 

Tijf do suy ra ne'u goi I la trung d i e m 

ciia M N , thi I A = IB = I M = I N (cung 

. ^ M N ^ 
bang - y - ) 

Vay I chinh la tarn hinh c a u ngoai tiep 

tu" dien A B M N . >v 6b ^ 

Ttr cho I A = IB suy ra I n a m tren mjlt 

phang trung trifc (n) c u a A B 

Goi O la trung d i e m cua A B , khi do O 

c o d j n h v a : 01 = V l A ' - O A ' 

2 4^ - a = const 

Trong (n) co dinh, d iem I each O co" 

dinh mot khoang R 4^- a , nen I 

nhm tren diTdng tron CO tam O ban k inh 

R =^Vk^ - a ^ (chil y d day k > a) 

Dao lai lay I ' hi mot d i e m nlm tren CO 

Ta p h a i chiJng m i n h ton tai M ' e A, 

N ' G A' sao cho M ' N ' = k va I ' la tam 

hinh c a u ngoai tiep ti? dien A B M ' N ' . ' 

Goi d|, dz Ian IiTdt la hai dtfcfng thSng qua O va song song vdi A, A ' . Dirng 

dirdng t h i n g M " N " sao cho M " e d, , N " e ds vii M " N " nhan I ' l i i m trung 

d i e m (phep dufng hinh hoc phang nay d6 dang - x e m hinh v e ) . 

Tuf M " , N " ke c a c diTdng tuTdng ufng song song vdi A B . Chung cat A, A ' tiTdng 

u-ng tai M ' , N ' . DC dang chiJng minh F la trung d i e m ciia M ' N ' va M ' N ' = k 

I 
Cty TNIIII MTV DVVII Khang VkH 

V a y quy tich cua I la drfc^g tron tam O ban kinh R = ^Vk^ - a ^ . Du'dng tron 

nay ve trong (n) la mat phang trung triTc cua A B . . ! 

T h i d u 14: Cho hinh lap phtfdng A B C D A ' B ' C ' D ' . Hai d iem M , N ttfOng iJng di 

dong tren cac doan A ' C va B D . Goi I la trung diem cua M N . T i m quy tich 

cua I . ^ . 

G i a i 

Gia suf M = A ' , con N chay tren BD. K h i do de thay trung d iem I cua M N luc 

nay chay tren diTdng trung binh EF cua tam giac A ' B D (chii y la EF each day 

A B C D mot doan = — v d i a la canh cua hinh lap phi/dng) Tia m {« . >, 

Tircfng tir v d i mot v i t r i co djnh cua M ' tren A ' C , con N chay tren B D , thi 1 

chay tren du'dng trung binh cua E'F' cua tam gi;ic M ' B D va E'F ' cung each 

day A B C D mot doan = - ) . 

Nhu" vay khi M , N tu'dng iJng chay tren cac doan A ' C va B D , thi I nam tren 

loan hinh vuong FEGH vdi E, H , G, F Ian lu-dt la trung diem cua A ' B , C 'B , 

C D v a A ' D . 

Dao la i lay mot diem I ' baft ky thuoc hinh vuong EHGF. Ta phai chifng minh 

ton tai M ' e A ' C va N ' e B D sao cho I ' la trung diem ciia M ' N ' . That vay qua 

r trong (EHGF) la di/dng song song vdi EF cat EH va FG tiTdng tog tai E' va F'. 

Trong mii t phang ( B A ' C ) , thi BE n A ' C = M ' 

Do E ' F ' / / E F E'F ' / / B D v a E ' F = - B D 
2 

M a t khac do 
B E ' 

B M ' 2 
M ' , F ' , D thang hang 

Trong mat phang ( M ' B D ) , thi M ' l ' n B D = N ' 

I 
2 

Do E T / / B W v,̂  M Z : = i = , - E L 
M ' B 2 M ' N ' 

tiJc la r la trung d iem cua M ' N ' . 

T o m la i quy tich cua trung d i c m I cua M N la toiin bo hinh vuong EFGH (bao 

gom 4 canh va phan trong cua no). 

Nhan xet: Trong cac v i du tren quy tich thiTdng la cac diTdng: Dufdng thang, 

dirdng tron, cung tron... tiJc la cac mien khong co "be d a y " (dien tich bang 0), 

con trong v i du nay quy tich la mot mien co dien tich ^ 0 (cu the quy tich la 

toan bo hinh vuong - chiJ khong phai g idi han chi gom 4 canh cua hinh 

vuong). Mong cac ban lu\ y dicu nay. 
281 
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T h i du 13: C h o A va A ' la hai d\i(3ng lhang cheo nhau va vuong goc vdi nhau 

nhan A B = a l a m du'dng vuong goc chung (A € A, B e A ' ) . M va N tiTOng iJng 

la hai d i e m di dong tren A, A' nhu'ng M N c6 ch ieu dai khong ddi (k > a) . Goj 

I la tam hinh c a u ngoai tie'p tiJ d ien A B M N . T i m quy tich d i e m I . 

G i a i 

Ta C O M A 1 ( A B N ) ma A B 1 B N 

M B I B N 

T u ' d n g t y M A l A N 

Tijf do suy ra ne'u goi I la trung d i e m 

ciia M N , thi I A = IB = I M = I N (cung 

. ^ M N ^ 
bang - y - ) 

Vay I chinh la tarn hinh c a u ngoai tiep 

tu" dien A B M N . >v 6b ^ 

Ttr cho I A = IB suy ra I n a m tren mjlt 

phang trung trifc (n) cua A B 

Goi O la trung d i e m cua A B , khi do O 

c o d j n h v a : 01 = V l A ' - O A ' 

2 4^ - a = const 

Trong (n) co dinh, d iem I each O co" 

dinh mot khoang R 4^- a , nen I 

nhm tren diTdng tron CO tam O ban k inh 

R =^Vk^ - a ^ (chil y d day k > a) 

Dao lai lay I ' hi mot d i e m nlm tren CO 

Ta p h a i chiJng m i n h ton tai M ' e A, 

N ' G A' sao cho M ' N ' = k va I ' la tam 

hinh c a u ngoai tiep ti? dien A B M ' N ' . ' 

Goi d|, dz Ian IiTdt la hai dtfcfng thSng qua O va song song vdi A, A ' . Dirng 

dirdng t h i n g M " N " sao cho M " e d, , N " e ds vii M " N " nhan I ' l i i m trung 

d i e m (phep dufng hinh hoc phang nay d6 dang - x e m hinh v e ) . 

Tuf M " , N " ke c a c diTdng tuTdng ufng song song vdi A B . Chung cat A, A ' tiTdng 

u-ng tai M ' , N ' . DC dang chiJng minh F la trung d i e m ciia M ' N ' va M ' N ' = k 

I 
Cty TNIIII MTV DVVII Khang VkH 

V a y quy tich cua I la drfc^g tron tam O ban kinh R = ^Vk^ - a ^ . Du'dng tron 

nay ve trong (n) la mat phang trung triTc cua A B . . ! 

T h i d u 14: Cho hinh lap phtfdng A B C D A ' B ' C ' D ' . Hai d iem M , N ttfOng iJng di 

dong tren cac doan A ' C va B D . Goi I la trung diem cua M N . T i m quy tich 

cua I . ^ . 

G i a i 

Gia suf M = A ' , con N chay tren BD. K h i do de thay trung d iem I cua M N luc 

nay chay tren diTdng trung binh EF cua tam giac A ' B D (chii y la EF each day 

A B C D mot doan = — v d i a la canh cua hinh lap phi/dng) Tia m {« . >, 

Tircfng tir v d i mot v i t r i co djnh cua M ' tren A ' C , con N chay tren B D , thi 1 

chay tren du'dng trung binh cua E'F' cua tam gi;ic M ' B D va E'F ' cung each 

day A B C D mot doan = - ) . 

Nhu" vay khi M , N tu'dng iJng chay tren cac doan A ' C va B D , thi I nam tren 

loan hinh vuong FEGH vdi E, H , G, F Ian lu-dt la trung diem cua A ' B , C 'B , 

C D v a A ' D . 

Dao la i lay mot diem I ' baft ky thuoc hinh vuong EHGF. Ta phai chifng minh 

ton tai M ' e A ' C va N ' e B D sao cho I ' la trung diem ciia M ' N ' . That vay qua 

r trong (EHGF) la di/dng song song vdi EF cat EH va FG tiTdng tog tai E' va F'. 

Trong mii t phang ( B A ' C ) , thi BE n A ' C = M ' 

Do E ' F ' / / E F E'F ' / / B D v a E ' F = - B D 
2 

M a t khac do 
B E ' 

B M ' 2 
M ' , F ' , D thang hang 

Trong mat phang ( M ' B D ) , thi M ' l ' n B D = N ' 

I 
2 

Do E T / / B W v,̂  M Z : = i = , - E L 
M ' B 2 M ' N ' 

tiJc la r la trung d iem cua M ' N ' . 

T o m la i quy tich cua trung d i c m I cua M N la toiin bo hinh vuong EFGH (bao 

gom 4 canh va phan trong cua no). 

Nhan xet: Trong cac v i du tren quy tich thiTdng la cac diTdng: Dufdng thang, 

dirdng tron, cung tron... tiJc la cac mien khong co "be d a y " (dien tich bang 0), 

con trong v i du nay quy tich la mot mien co dien tich ^ 0 (cu the quy tich la 

toan bo hinh vuong - chiJ khong phai g idi han chi gom 4 canh cua hinh 

vuong). Mong cac ban lu\ y dicu nay. 
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Bdi dudng HSG IRnh hoc kh6ng ginn - Phan Tluy Khni 

T h i du 16: Cho hinh non dinh S va A B la mot difdng kinh c6' dinh cua day. EF la 
day cung chuyen dong cua dirdng Iron day, nhu'ng EF luon vuong goc vdi 
A B . Gpi I la tarn difdng iron ngoai t icp A SEF. T i m quy tich I . 

^ i ' ! ' t G la i s 

1} Phdnthuun " ' ^' » ' 

Goi O' la tam difdng trdn ngoai t icp 
ASAB (O' C O dinh) =i> O'S = OA ' = O B ' 
va d l nhien O' e du'dng cao SO ciia 

" hinh non. 

DT nhien ta cung c6 O 'A = O 'B = O'E = O'F. 

Ke O ' l ± SJ (d day J = EF n AB) 

Do (SOJ) l ( S E F ) ma (SOJ) n (SEF) = SJ 

= > 0 ' I 1 ( S E F ) ( 1 ) ' 

Ti f ( 1 ) va do O'S = OE = OF => IS = IE = IF => I la tarn du'dng tron ngoai 
J t icp A SEF. Trong (SAB) co dinh , I luon nhin SO co' dinh dU'di mot goc 

vuong.Vay I nam Ircn du'dng trdn du'dng kinh SO'. Du'dng trdn nay ve trong 
(SAB). -̂^ ^ • ry^ 

2) Gun ban quy tich i r t j j ; ; ^ ^ , , : , j < ) f ( r S s I ' m / : : : 

t Do J e A B => nam trong goc SAB => I nam trcn cung trdn I j l j (do la 

phan cua dUUng trdn difdng kinh SO' bi g idi han bdi hai canh SA, SB cua goc 

ASB, do la goc cua ihiet dien qua true ciia hinh non). ^ 

3) Phan ddo 

Lay r luy y trcn cung trdn 1,12 ciia 
difdng iron dufdng kinh SO (vc trong 
(SAB)) xac dinh nhif tri^n. Ta phai 
chtfug minh ton tai day cung E 'F ' cua 
difdng trdn day sao cho E 'F ' 1 A B va I ' 
la tam difdng trdn ngoai liep cua ASE'F'. 
Trong (SAB) gia sijf S r n A B = J' 

Qua J ' ke day cung E 'F ' 1 A B => J ' la trung diem cua E 'F ' . 
Ta C O SJ' 1 E 'F ' (v i J 'E ' = J 'F ' ) ma OJ' 1 E 'F ' E 'F ' 1 (SIO' ) 

(SE'F ' ) n (SO') •r^{m'^'-^',%p>Hlr: ;' - > ' - • 
L a i t h a y ( S E ' F ' ) n ( S O J ' ) = SJ' 

V i r nam tren I j l j • S r O ' = 9 0 " : • O'lisr or 1 (SE'F ' ) 
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=> r S = J 'E ' = I ' F ' (do O'S = O 'E ' = O 'F ' ) I la tam difdng tron ngoai tic'p 
ASE'F ' . 

Vay quy tich I chinh la cung trdn I , l 2 cua difdng tron difdng k inh SO' vc 

trong (SAB) xac dinh nhif tren. ' t - ' ' f sv «,i/V^. 

T h i du 17: Cho dufdng thang A, mot diem O khong thuoc A va mot du'dng thang 

d di qua O. Goi M N lii du'dng vuong goc chung cua d va A ( M e d, N G A). 

1) T i m quy tich cua M (goi quy tich do la S). '•' " • 

2) Goi A la diem nam ngoai (S). Tif A ke csit tuyen A B C vd i (S). Goi I la 

trung d iem ciia BC. T i m quy tich cua I khi cat tuyen A B C quay quanh A. 

Qua O difng mat phang (P) vuong goc vdi ' ' ''-̂  * ' ' " A 

A, nhu-vay (?) co djnh va gia suf A n (?) " " 
= E, nhU' the E co djnh. Ncu d e (?), thi 

trong trU'dng h d p nay E = N vay quy 
tich M l i i difdng trdn difdng kinh OE. 
Xet trifdng h d p d la du'dng thc^ng tuy y iVr; 
qua O g (P). Goi M N la difdng vuong 
gdc chung cua A va d ( M e d). T i f M ke 
M M ' 1 (?) = > E M O = 90" => M nkm 

tren du'dng sinh M M ' cua mat tru trdn xoay nhan difdng trdn difdng kinh AB 
trong (?) lam du'dng trdn chuan. 

Dao la i lay M i tuy y thuoc mSt tru trdn xoay 66. Ta phai chifng minh ton 
tai mot du'dng thdng di qua O va M | sao cho M | la chan difdng vuong goc 
chung tren di ciia A va d|. 

That vay do M . M ' , J . (?) => M ' , thuoc difdng trdn chuan. N o i E M ' , . 
Trong mat ph^ng xac djnh bdi A va M . M ' , tif M . N i / / E M ' , => M i N , 1 A. V i 
M , N | // E M ' , ma E M ' , 1 ( M , M ' , 0 ) E M ' , 1 M , 0 => N , M , 1 d, =^ M , N , 
la du'dng vuong gdc chung cua A va d,. Vay quy tich M la mSt tru trdn xoay 
nhan difdng trdn du'dng kinh OE ve trong ? lam du'dng trdn chuan. ; 

;) Qua A difng mat phang Q vuong gdc vdi A, nhU' vay Q cat mat tru theo difdng 
trdn ( T t ) . T i f B va C ke B B ' , C C cung vuong gdc Q. Ke 11' 1 Q nhif vay cd 
I C = I ' B ' => 0 , r 1 A C (d day O, l a c t a m ciia du'dng trdn n). Vay I ' nam 
tren phan du'dng trdn du'dng kinh 0 , A nam trong du'dng trdn n (ma ta se goi 
no m '(0 

1X/ ill 
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Bdi dudng HSG IRnh hoc kh6ng ginn - Phan Tluy Khni 

T h i du 16: Cho hinh non dinh S va A B la mot difdng kinh c6' dinh cua day. EF la 
day cung chuyen dong cua dirdng Iron day, nhu'ng EF luon vuong goc vdi 
A B . Gpi I la tarn difdng iron ngoai t icp A SEF. T i m quy tich I . 

^ i ' ! ' t G la i s 

1} Phdnthuun " ' ^' » ' 

Goi O' la tam difdng trdn ngoai t icp 
ASAB (O' C O dinh) =i> O'S = OA ' = O B ' 
va d l nhien O' e du'dng cao SO ciia 

" hinh non. 

DT nhien ta cung c6 O 'A = O 'B = O'E = O'F. 

Ke O ' l ± SJ (d day J = EF n AB) 

Do (SOJ) l ( S E F ) ma (SOJ) n (SEF) = SJ 

= > 0 ' I 1 ( S E F ) ( 1 ) ' 

Ti f ( 1 ) va do O'S = OE = OF => IS = IE = IF => I la tarn du'dng tron ngoai 
J t icp A SEF. Trong (SAB) co dinh , I luon nhin SO co' dinh dU'di mot goc 

vuong.Vay I nam Ircn du'dng trdn du'dng kinh SO'. Du'dng trdn nay ve trong 
(SAB). -̂^ ^ • ry^ 

2) Gun ban quy tich i r t j j ; ; ^ ^ , , : , j < ) f ( r S s I ' m / : : : 

t Do J e A B => nam trong goc SAB => I nam trcn cung trdn I j l j (do la 

phan cua dUUng trdn difdng kinh SO' bi g idi han bdi hai canh SA, SB cua goc 

ASB, do la goc cua ihiet dien qua true ciia hinh non). ^ 

3) Phan ddo 

Lay r luy y trcn cung trdn 1,12 ciia 
difdng iron dufdng kinh SO (vc trong 
(SAB)) xac dinh nhif tri^n. Ta phai 
chtfug minh ton tai day cung E 'F ' cua 
difdng trdn day sao cho E 'F ' 1 A B va I ' 
la tam difdng trdn ngoai liep cua ASE'F'. 
Trong (SAB) gia sijf S r n A B = J' 

Qua J ' ke day cung E 'F ' 1 A B => J ' la trung diem cua E 'F ' . 
Ta C O SJ' 1 E 'F ' (v i J 'E ' = J 'F ' ) ma OJ' 1 E 'F ' E 'F ' 1 (SIO' ) 

(SE'F ' ) n (SO') •r^{m'^'-^',%p>Hlr: ;' - > ' - • 
L a i t h a y ( S E ' F ' ) n ( S O J ' ) = SJ' 

V i r nam tren I j l j • S r O ' = 9 0 " : • O'lisr or 1 (SE'F ' ) 
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=> r S = J 'E ' = I ' F ' (do O'S = O 'E ' = O 'F ' ) I la tam difdng tron ngoai tic'p 
ASE'F ' . 

Vay quy tich I chinh la cung trdn I , l 2 cua difdng tron difdng k inh SO' vc 

trong (SAB) xac dinh nhif tren. ' t - ' ' f sv «,i/V^. 

T h i du 17: Cho dufdng thang A, mot diem O khong thuoc A va mot du'dng thang 

d di qua O. Goi M N lii du'dng vuong goc chung cua d va A ( M e d, N G A). 

1) T i m quy tich cua M (goi quy tich do la S). '•' " • 

2) Goi A la diem nam ngoai (S). Tif A ke csit tuyen A B C vd i (S). Goi I la 

trung d iem ciia BC. T i m quy tich cua I khi cat tuyen A B C quay quanh A. 

Qua O difng mat phang (P) vuong goc vdi ' ' ''-̂  * ' ' " A 

A, nhu-vay (?) co djnh va gia suf A n (?) " " 
= E, nhU' the E co djnh. Ncu d e (?), thi 

trong trU'dng h d p nay E = N vay quy 
tich M l i i difdng trdn difdng kinh OE. 
Xet trifdng h d p d la du'dng thc^ng tuy y iVr; 
qua O g (P). Goi M N la difdng vuong 
gdc chung cua A va d ( M e d). T i f M ke 
M M ' 1 (?) = > E M O = 90" => M nkm 

tren du'dng sinh M M ' cua mat tru trdn xoay nhan difdng trdn difdng kinh AB 
trong (?) lam du'dng trdn chuan. 

Dao la i lay M i tuy y thuoc mSt tru trdn xoay 66. Ta phai chifng minh ton 
tai mot du'dng thdng di qua O va M | sao cho M | la chan difdng vuong goc 
chung tren di ciia A va d|. 

That vay do M . M ' , J . (?) => M ' , thuoc difdng trdn chuan. N o i E M ' , . 
Trong mat ph^ng xac djnh bdi A va M . M ' , tif M . N i / / E M ' , => M i N , 1 A. V i 
M , N | // E M ' , ma E M ' , 1 ( M , M ' , 0 ) E M ' , 1 M , 0 => N , M , 1 d, =^ M , N , 
la du'dng vuong gdc chung cua A va d,. Vay quy tich M la mSt tru trdn xoay 
nhan difdng trdn du'dng kinh OE ve trong ? lam du'dng trdn chuan. ; 

;) Qua A difng mat phang Q vuong gdc vdi A, nhU' vay Q cat mat tru theo difdng 
trdn ( T t ) . T i f B va C ke B B ' , C C cung vuong gdc Q. Ke 11' 1 Q nhif vay cd 
I C = I ' B ' => 0 , r 1 A C (d day O, l a c t a m ciia du'dng trdn n). Vay I ' nam 
tren phan du'dng trdn du'dng kinh 0 , A nam trong du'dng trdn n (ma ta se goi 
no m '(0 

1X/ ill 
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Boi duaHuj llSd IIiiili hoc khong gian - Phnn IIiu/ Khni 

=> I nam Ircn phan mat try tron xoay 

nhan difdng 'f lam chuan. 

Dao la i lay Ii bat ky nam tren philn mat 

tru ay. Ke I i l ' i vuong goc ( Q ) . Gia su" 

A l l cat (n) tai B ' , va C ' , . TuT B, va C, 

difng hai du'dng vuong goc vdi ( Q ) cat 

A l l ta i B ' l va C ' l . R6 rang B|C| nhan Ii 

lam trung d iem va B|, C| G (S ) . V ; ) y 

quy tich I la phan mat tru tron xoay 

nhan '(^ lam difdng chuan. 

T h i d u 18: Tren ciic canh Oz, Ox, Oy cua tam dien vuong Oxyz, Ian lu'dt lay ba 

diem A , B, C. Goi G va H tu'dng tfug la trong tam va triTc tam cua tam giac 

A B C . T i m qy tich G va H ne'u A co dinh tren Oz, va B, C chay tren Ox, Oy. 

i ; G i a i 

1) T i m quy tich G ' . ^ . B ^ : y^ny 

" Goi G la trong lam lam giac A B C 

thi G nam tren trung tuyen A M cua lam 

giac A B C v i A G = 2 G M . Kc GE 1 

(Oxy) => GE // Oz va theo dinh ly 

Ta le l , la c6 GE = ^ O A 

Nhir vay G each (xOy) co dinh mot 

khoang = ^ O A = const, vay G nam 

tren mat phang (TI) // (xOy) va di qua 

diem I tren O A (trong do 01 = ^ O A ) 

Gu'/i hqn quy tich: M 5 l khac do G ben 

trong goc tam dien vuong Oxyz vay G 

phai nam tren phan m i l l phang g idi han 

bSi he mat Oxy, Oyz ciJa goc tam dien 

vuong. Ta co the hinh dung do la "mot 

phan tu" ' mat phang (n) I x ' y ' ( l y ' // Oy; 

Ix '//Ox) . ... ' 

Dao lai gia suT G ' la d iem tuy y trong 

"phan tufmatphc4ng"7tlx 'y ' . 

O 

•A) A R: 

y' 

B, 

M' C 

B 

Ciy rmni MTV DVVIl Khan,) Vict 

Ta phai chtfng minh ton tai B ' G Ox, C e Oy sac cho G ' la trong lam da 

giac A B ' C . Trong ( I x ' y ' ) ihiTc hien phep diTng cd ban: Dyng doan thang B|C| 

(Bi e Ox ' ,C| G O y ' ) s a o c h o G ' la trung diem cua B|Ci. ; 

Trong (Oxy) gia sur AB| n Ox = B ' 

Trong (Oyz) gia suT A C , n Oy = C 

V i ( I x ' y ' ) // (xOy) => B|C, // B ' C . 

Gia si^ A G ' n B ' C = M => M ' B ' = M ' C (do G ' B , = G 'C , ) 

A G ' 
=> M ' la trung d iem cua B ' C . Da thay 

.^^..„„„•,,,„,,• ' ' i ; 

A M ' 

A I 2 
= - => G ' 1^ trong tam 

A O 3 
tam giac A B ' C 

Nhif the quy tich trong tam G cua A A B C la "mot phan tir mat p h a n g " I x ' y ' 

xac dinh nhi/ tren. 

») Goi H la trufc tam tam giac A B C . Do 

Oxyz la goc tam dien vuong dinh O nen 

ta C O O H 1 ( A B C ) ^ O H J . H A . Vay H 

nkm tren mSt cau du'dng kinh OA. 

G'u'n han quy tich: V i H n^m trong goc 

tam dien vuong Oxyz, nen H nam tren 

phan mat cau difdng kinh O A gidi han 

bc(i hai mat Oxz va Oyz, ttfc la H n^m 

tren mot phan l i / mat cau ay. 

Dao, la i lay H ' tuy y Ihuoc mot phan W 

mat cau ay. Ta phai chti^ng minh ton ttii 

B e Ox, C e Oy sao cho H ' la trifc tam 

A A B C ^ - ' ' 

Gia sijf A H ' n (Oxy) = E. Trong (xOy) 

qua E ke diTdng thang vuong goc OE. 

Dufdng nay c^t Ox tai B ' va Oy tai C . 

Theo dinh l i ba diTdng vuong goc ta co 

A E 1 B ' C B ' C 1 (OAE) => ( A B ' C ) 1 (OAE) . 

Do H ' n^m Ircn mat cau difdng kinh O A => O H ' 1 A H ' => O H ' 1 A E 

=:> O H ' 1 ( A B ' C ) (VI ( A B ' C ) n (OAE) = AE) => H ' la triTc tam A A B ' C 

V a y quy t ich tri/c tam H la mot phan l\i mat c^u diTdng k i n h O A xdc dinh 

n h i r t r e n ! 
•7 linis i i i t i JiBi)*: 
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=> I nam Ircn phan mat try tron xoay 

nhan difdng 'f lam chuan. 

Dao la i lay Ii bat ky nam tren philn mat 

tru ay. Ke I i l ' i vuong goc ( Q ) . Gia su" 

A l l cat (n) tai B ' , va C ' , . TuT B, va C, 

difng hai du'dng vuong goc vdi ( Q ) cat 

A l l ta i B ' l va C ' l . R6 rang B|C| nhan Ii 

lam trung d iem va B|, C| G (S ) . V ; ) y 

quy tich I la phan mat tru tron xoay 

nhan '(^ lam difdng chuan. 

T h i d u 18: Tren ciic canh Oz, Ox, Oy cua tam dien vuong Oxyz, Ian lu'dt lay ba 

diem A , B, C. Goi G va H tu'dng tfug la trong tam va triTc tam cua tam giac 

A B C . T i m qy tich G va H ne'u A co dinh tren Oz, va B, C chay tren Ox, Oy. 

i ; G i a i 

1) T i m quy tich G ' . ^ . B ^ : y^ny 

" Goi G la trong lam lam giac A B C 

thi G nam tren trung tuyen A M cua lam 

giac A B C v i A G = 2 G M . Kc GE 1 

(Oxy) => GE // Oz va theo dinh ly 

Ta le l , la c6 GE = ^ O A 

Nhir vay G each (xOy) co dinh mot 

khoang = ^ O A = const, vay G nam 

tren mat phang (TI) // (xOy) va di qua 

diem I tren O A (trong do 01 = ^ O A ) 

Gu'/i hqn quy tich: M 5 l khac do G ben 

trong goc tam dien vuong Oxyz vay G 

phai nam tren phan m i l l phang g idi han 

bSi he mat Oxy, Oyz ciJa goc tam dien 

vuong. Ta co the hinh dung do la "mot 

phan tu" ' mat phang (n) I x ' y ' ( l y ' // Oy; 

Ix '//Ox) . ... ' 

Dao lai gia suT G ' la d iem tuy y trong 

"phan tufmatphc4ng"7tlx 'y ' . 

O 

•A) A R: 

y' 

B, 

M' C 

B 

Ciy rmni MTV DVVIl Khan,) Vict 

Ta phai chtfng minh ton tai B ' G Ox, C e Oy sac cho G ' la trong lam da 

giac A B ' C . Trong ( I x ' y ' ) ihiTc hien phep diTng cd ban: Dyng doan thang B|C| 

(Bi e Ox ' ,C| G O y ' ) s a o c h o G ' la trung diem cua B|Ci. ; 

Trong (Oxy) gia sur AB| n Ox = B ' 

Trong (Oyz) gia suT A C , n Oy = C 

V i ( I x ' y ' ) // (xOy) => B|C, // B ' C . 

Gia si^ A G ' n B ' C = M => M ' B ' = M ' C (do G ' B , = G 'C , ) 

A G ' 
=> M ' la trung d iem cua B ' C . Da thay 

.^^..„„„•,,,„,,• ' ' i ; 

A M ' 

A I 2 
= - => G ' 1^ trong tam 

A O 3 
tam giac A B ' C 

Nhif the quy tich trong tam G cua A A B C la "mot phan tir mat p h a n g " I x ' y ' 

xac dinh nhi/ tren. 

») Goi H la trufc tam tam giac A B C . Do 

Oxyz la goc tam dien vuong dinh O nen 

ta C O O H 1 ( A B C ) ^ O H J . H A . Vay H 

nkm tren mSt cau du'dng kinh OA. 

G'u'n han quy tich: V i H n^m trong goc 

tam dien vuong Oxyz, nen H nam tren 

phan mat cau difdng kinh O A gidi han 

bc(i hai mat Oxz va Oyz, ttfc la H n^m 

tren mot phan l i / mat cau ay. 

Dao, la i lay H ' tuy y Ihuoc mot phan W 

mat cau ay. Ta phai chti^ng minh ton ttii 

B e Ox, C e Oy sao cho H ' la trifc tam 

A A B C ^ - ' ' 

Gia sijf A H ' n (Oxy) = E. Trong (xOy) 

qua E ke diTdng thang vuong goc OE. 

Dufdng nay c^t Ox tai B ' va Oy tai C . 

Theo dinh l i ba diTdng vuong goc ta co 

A E 1 B ' C B ' C 1 (OAE) => ( A B ' C ) 1 (OAE) . 

Do H ' n^m Ircn mat cau difdng kinh O A => O H ' 1 A H ' => O H ' 1 A E 

=:> O H ' 1 ( A B ' C ) (VI ( A B ' C ) n (OAE) = AE) => H ' la triTc tam A A B ' C 

V a y quy t ich tri/c tam H la mot phan l\i mat c^u diTdng k i n h O A xdc dinh 

n h i r t r e n ! 
•7 linis i i i t i JiBi)*: 
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Chrfrfng 1. DifcTng thang va mat phang trong khfing gian quan h§ song song 
I. Tom tat li Ihuyg't 3 
II. Cac dang toan 6 

Loai 1. Cac bai toan dai ciTdng ve diTcfng thang va mat phang 6 
Loai 2. Ciic bai toan ve thiet dien 15 
Loai 3. Cdc bai todn ve tinh song song cua difclng thang va mat ph^ng.. 25 

ChrfdngZ. Quan hv'vuong goc ' 
I. Tom t^t ly thuyet 32 

' II. C^c bai toan ve khoang each 34 
A. Khoang each tif mot diem tdi mot di/dng thang, hoac tiif mot diem tcfi 
matph^ng : 34 
B. Khoang each giffa hai diTitng thang cheo nhau 42 

III. Cac bai toan ve goc trong khong gian 53 
A. Bai todn ve goc giffa hai di/dng thang cheo nhau 53 
B. Bki toan ve goc giffa difdng thang va mat ph^ng va goc giffa hai mat 
phing 56 

IV. Suf dung phifdng phap tpa do giai cac bai loin ve khoang each \;i goc 
trong khong gian 63 
V. The tich cua khoi da dien 80 

A. Tinh the tich blng each sff dung trffc tiep cac cong thffc ve the tich.. 81 
B. Tinh the tich bang each sffdung the tich ciia cac khoi da dien khdc . 93 
C. Bai toan so sanh the tich 105 
D. Cac bai toan lien quan den the tich 119 
E. Sur dung phffdng phap the tich de tim khoang each 136 

VI. Cac bai toan ve quan he vuong goc 144 
A. Cac b^i toan ehon loc ve quan he vuong g6e 144 
B. Cac bai toan chu'ng minh tinh vuong goc trong cae de thi tuyen sinh mon 
toan 157 
C. Ciic bai toAn ve thiet dien lien quan den tinh vuong goc 162 

Chrfcfng 3. KhO'i i ron xoay 
§1. Hlnh cau 

A. Tom tftt ly thuyet 
B. cac bai loan chpn loc ve hinh cau 
C. Nhin lai cac bai toan \6 hmh cau trong cac de thi tuyen sinh vao dai 
hoc cao ding 

§ 2. Hinh tru.hmh n6n 220 
A. T6m t^t ly thuyet 
B. Cdc dang toan ccf ban 
C. Cde bai toan phoi hcfp giffa hinh tru, hinh non vdi hinh cau va cac 
khoi da dien 

Chtfofng 4. MOt s6' chuyfin de dac biC't . g j. 
Chuyen de 1. Hinh tff dien 

§1. Tffdi^n vuong -^jfr--
§2. Tff dien trffe tam 
§3. Tff dien gandcu 

Chuyen de 2. Cac bai toan qui tich trong hinh hoc khong gian 

170 
170 
172 

220 
222 

228 

235 
235 
243 
251 
264 
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