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Nhim gidp cac em hoc sinh trung hoc phd thong néi chung, cac ban hoc sinh
gidi Toan néi riéng c6 thém tai liéu dé hoc tap t6t mén Todn trong nha trudng, cing
nhu chuin bj ddy dd kién thic phuc vu cho cdc ki thi tuyén sinh vao Dai hoc, Cao
ding va cac ki thi Olympic vé Toan céc cap, nhém gido vién Todn truong PTTH
Chu Van An — Ha Noi ching téi bién soan hai b sach sau:

— B§ sach chung gom 6 cudn:

1. On luyén béi dudng hoc sinh giéi hinh hoc khéng gian.

2. On luyén béi duéng hoc sinh giéi ham so.

3. On luyén béi duéng hoc sinh gidi phuong trinh va bat phuong trinh.

4. On luyén béi duong hoc sinh gidi hinh hoc gidi tich.

5. On luyén boi duéng hoc sinh gidi tich phan, t6 hop va sé phtic.

6. On luyén béi dudng hoc sinh gidi lugng giac, bat ddng thuc, gia tri I6n nhat,
gié tri nhé nhat..

— B sach luyén thi vé mén Todn bao gdbm cudn:

1. Béi duéng hoc sinh gidi lugng giac.

2. Béi dudng hoc sinh gidi cac bai toin vé day s6.

3. Béi dudng hoc sinh giéi ham s6 va da thuc.

4. B6i dudng hoc sinh gidi s6 hoc.

5. Béi duéng hoc sinh gidi hinh hoc té hop.

_6. Béi dudng hoc sinh gidi bat ding thic va cdc bai todn cuyc tri.

Ching t6i cho ring hai bd sdch nay sé dap dng dugc mot so lugng 16n ban doc.
Cac ban hoc sinh phé théng trung hoc néi chung, céc ban hoc sinh gidi Todn néi
riéng, cing nhu céc thdy co gido day Todn déu c6 thé tim dugc cho minh nhing
diéu c6 ich trong cdc bd sach nay.

Mac du tap thé tac gid da rat nghiém tdc trong qua trinh bién soan, nhung do
dung lugng ctia bd sdch qua 16n nén chdc chdn trong lan dau ra mdt ban doc khong
thé tranh khdi nhiing khi€m khuyét.

Mong nhan dugc gép y cta ban doc xa gan dé b sach t6t hon trong céc lan tai
ban ti€p theo. Xin chan thanh cdm on!

Céc tac gid
Nha sich Khang Viét xin trin trong gidi thiéu téi Quy dic gid va xin ling nghe moi y
kigh dong gop, dé cudn sich ngay cang hay hon, bd'ich hon. Thu xin giri vé:
Cty TNHH Mgt Thanh Vién - Dich Vu Van Hoéa Khang Viét.
71, Binh Tién Hoang, P. Pakao. Quan 1, TP. HCM
Tel: (08) 39115694 — 39111969 — 24 | 1968 — 39105797 — Fax: (08) 39110880

Hodc Email: khangvietbookstore@yahoo.com.vn
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CHUONE 1.
DUGNG THANG VA MAT PHANG TRONG KHONG GIAN

QUAN HE SONG SONG

L TOM TAT Li THUYET

1. Céc tién dé cia hinh hoc khdng gian:

_ Qua hai di€ém phén biét trong khong gian ¢6 mdt va chi mot dudng thing
ma thoi.

— Quaba diém khong thing hang ¢6 mot va chi mot mit phing ma thoi.

_ Mot dudng thing c¢6 hai diém chung v4i mot mit phing thi niim tron trong
mit phing ay.

_ Hai mit phing phan biét c6 mot diém chung thi c6 mot dudng thing chung di
qua diém dy. Pudng thing nay goi Ia giao tuy&n ctia hai mit phing.

2. Cic cdch xdc dinh mat phang:
Mot mit phing dudge xdc dinh trong cdc trudng hdp sau:
1. Qua ba diém khong thing hang (hinh la)
2. Qua hai dudng thing cdt nhau (hinh 1b)
3. Qua mdt dudng thing va mot diém khong nim trén dudng thing 4y (hinh lc)
4. Qua hai dudng thing song song (hinh 1d)

ML

Hinh la Hinh Ib Hinh l¢ Hinh Id

3. Hai dudng théng song song:
Dinh nghia 1: Hai dudng thing song song 1a hai dudng thing cing ndm trén
mot mit phing va khong cé diém chung.
Pinh nghia 2: Hai dudng thing chéo nhau 12 hai dudng thing khong cling
ndm trén bi't ¢t mit phdng ndo. |
1. N&u dudng thing d khong c£t va khong song song vdi d’ thi d va d’ chéo
nhau.
2. N&u dudng thing d nim trén mat phing (P) va dudng thing d’ cdt mat
phing (P) tai mot diém khong thudc d thi d va d’ chéo nhau (hinh 2)
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3. Qua mot diém M ngodi dudng thing a di cho c6 mot va chi mot dudi
thing song song, vdi a ma thoi.

; )

\ dn@P)=Ag

a Hinh 2
Hinh 3

4. Pudng thing song song vdi mit phing:
Dinh nghia: Pudng thing a goi la song song véi mit phing (P) va ki hiéu
a// (P) n€u nhv a va (P) khong ¢6 diém chung.
Dinh Ii 1: (Tiéu chuin song song) a

Pudng thing a (khdng nim /
b

trong mit phing (P)) song
song vdi (P) khi a song
song vdi mot dudng thing
b bat ki ctia (P) (hinh 4)

P
Hinh 4
Pinh 1i 2: Gid st dudng
thﬁng a song song vdi mat

phﬁng (P). Khi d6 moi mit

/ a
phzzmg (Q) di qua a ma cit y P)YN(Q)=A/

(P), thi giao tuyén cia hai
mit phing (P) va (Q) sé&
song song vdi a (hinh 5)

4 ; Hinh 5
5. Hai mit phang song song

Dinh nghia: Hai mit phing (P) va (Q) goi 12 song vGi nhau, néu nhu (P) v:

(Q) khong ¢6 diém chung. 1
DPinh li 1: (Tiéu chuin song song) /P/><’/

Né&u a vad b 1a cip dudng thing
giao nhau ctia (P); cona’ va b’ 1a //></
cip dudng thing giao nhau ciia Q L

(Q), sao cho a // a’; b // b’; thi khi Hinh 6




g
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d6 (P) va (Q) s€ la hai mat phﬁng
song song (hinh 6)

Pinh li 2: N&u (P) va
(Q) la hai mat phing

song song, va (R) la
mdt mit phing sao
cho (R) cit (P). Khi
d6 (R) ciing cit (Q)
va giao tuyén A cia
(R) vGi (P) sé song

song v4i giao tuyén
A’ cuia (R) véi (Q)

(hinh 7) Hinh7
Dinh i 3: Cdc mit phing song song dinh ra trén hai cdt tuy&n nhitng doan

thing (i 1¢ (hinh 8)

AB A'B

-
/2( ,/B / T T
o

/h

Hinh 8
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II. CAC DANG TOAN

Loai 1. X s
CAC BAI TOAN DAl CUONG VE PUONG THANG VA MAT PHANG

Bai 1. Cho hai dudng thing song song a, b va dudng thing d cit b tai mot diém
M nhung d khong cit a.
1. Ching minh a va d la hai dudng thing chéo nhau
2. Ching minh ring moi dudng thing cit d va song song vdi a déu nim trén
-miit xdc dinh bdi d va b.

Giai

1. Do qua M chi ¢6 m{t dudng
thing song song véi ama b/
a, nén d khong song song vdi
a. Hon nita d khong cilt a,
vdy d chéo nhau vdi a.

2. Do d va b cit nhau tai M,
nén goi (P) 12 mit phing xdc
dinh bdi hai dudng d va b.

Liy diém N wrén d sao cho N Hinh 9
khic M.

Goi (Q) 12 mit phing xdc dinh bdi N va a. Khi d6 gid st (Q) N (P) =c, nhu
viy N € c¢. Gid sif trén mit phing (Q) hai dudng thing a va c cdt nhau tai
diém 1. Do a va d chéo nhau (ciu 1) néna ¢ (P) vd a n (P) = 1. Hon nita vi
b//anénl ¢ b. Tirdé a va b chéo nhau.

D6 1a diéu miu thuin véi gid thi€ta / b. Viy trén (Q) a va ¢ khdng cit nhau
ma song song vdi nhau. Vi dudng thing qua N va song song véi a 1a duy nhat
nén no tring vdi c. B6 1a dpem.

Bai 2. Cho hai duding thing chéo nhau a vi b. M va N 13 hai diém trén a, con P
va Q I hai diém trén b. Ching minh dudng thing qua M, P va dudng thing
qua N, Q 1a hai dudng thing chéo nhau.

Giai
Gid st trdi lai hai dudng thing wong tng qua M, P va N, P khong chéo nhau..
Khi d6 hai dudng thing ndy cling nim trong mdt mit phing (R).
Do M, N € (R), nén a € (R). Tuong
doP,Q € (R),nénb € (R). M
Viy a vd b déu thudc mit phing (R).

N

Di¢u ndy mau thuin vdi tinh chéo nhau
clia a vd b. Nhu th¢ gid thi€t phdn ching
1a sai, tir d6 suy ra dpem.
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Bai 3. Cho ba dudng thing a, b, c doi mdt ché¢o nhau vd mot diém M trén a.
Dung dudng thing d qua M va citb,c.
Giai
Goi (P) la mat phing xdc dinh b&i M va b. Khi d6 (P) ludn dyng dugc va la
mat phing duy nhdl. Do ¢ va b chéo nhau ma b & (P) nén ¢ & (P). C6 hai khi
ning xdy ra: a "

1. N&u c khong cdt (P):

Bai todn vd nghiém
M N
(hinh 11) //2 iy
P A

2. Neucn (P)=N. Hinh 10

Khi d6 lai xdy ra hai
trudng hgp sau: a
1. N&u nhu trong (P)

MNNb=Q.
iy Sl N
Khi d6 dudng thang / < /
ndi N, M chinh 1a \\
dudng thing d phii Hinh 11
dung. (hinh 10) a
2. Né&u nhu trong (P)

/c
NM // b. . MW
UL o YIS T2 gy SRR
. » . » ~ \ 2z

Khi d6 bai todn vO \ /
nghié¢m (hinh 12) Hinh 12

Bai 4. Cho (P) Ia mat phing xdc dinh bdi hai dudng thing cdt nhau a va b va gid
sttanb=0.Goid la dudng thing cdt (P) tai I va d chéo nhau vgia,b;MIa
mdt diém chay trén d. Chifng minh ring céc giao tuy&n A ciia hai mél phing
(M; a) vd (M; b) ludn nim trén mdt mit phing c& dinh (& day qua (M: a),
(M; b) twong tng ki hi¢u 12 mit phing xdc dinh bdi M va dudng thing a; boi
M va dudng thing b).
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Giai

Gid st (M;a)n(M;b)=A
Vianb=0, nén A chinh
1a dudng thing ndi O, M
Goi Q =(0O; d) 1a mat
phing xdc dinh bdi O
va dudng thing d.
Khi d6 (Q) Ia mat
phdng ¢& dinh. \
Tir d6 suy ra cdc giao tuyén A luén nim trén (Q) = Ppem.
Bai 5. Cho ba diém A, B, C ciing phia d&i v6i mit phing (P). Budng thing BC
cdt (P) tai mot di€m D. Chitng minh riing it nhdt mot trong hai dudng thing
AB, AC, cit (P).

A
Giai
Néu A, B, C thing hang va (%
do BC cit (P) tai D nén /
hién nhién ci AB va AC / A /

déu cdt (P) tai D (hinh 14).
Néu A, B, C khong thing Hinh 14
hang. Khi d6 goi (Q) I
mit phing xdc dinh bdi A,
B,C.DoA e (Q mi A ¢
(P) nén (Q) # (P). Mit
khdc (Q) va (P) ¢6 chung
nhau di€ém D, nén (Q) N
(P)=Ava D e A R0 rang
trong (Q) thi AC va AB
khong thé cing song song
véi A (do qua mot diém A
c6 duy nhdt mot dudng
thdng song song vdi A).
Viy mot trong hai dudng thing AB, AC phii cit A (e 1a cit (P)) = dpem.,

Bai 6. Cho hai dudng thing a, b cft nhau tai dim M. Hai dudng thing ¢, d
khong ¢6 diém chung va uong ng song song vdi a, b. Chitng minh ¢ va d
chéo nhau.




¢
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Giai
Goi P va Q Ia hai mit phdng tudng ng xdc /<

dinh bdi a, ¢ va bdi b, d.
Do ¢, d khong c6 diém chung (P) va (Q) la hai
mit phing phan biét. Mit khdc (P) va (Q) ¢6

P

/

diém chung 12 M, nén (P) N (Q) = A, & diy M
M € ATrong (P),tac6a//cmianA=M, /

nén c N A =1. Tudng tv trong (Q), tac6 d// b
mibAA=M,néndNA=]J. Vicvadkhong
¢6 diém chung nén hién nhién 1 # J.

Tacéce (P),dn(P)=JvalJ#c,néncvadIla hai dudng thing chéo nhau

i
R
[~
\

= dpcm.

Bai 7. Cho bon diém A, B, C, D khong dong phing. Goi I 1a diém trén nifa dudng

thing BD nhung khong thudc doan BD. Trong (ABD) v€ mot dudng thing qua

I va cdt hai doan AB, AD lan lugt tai K va L. Trong (BCD) dudng thing qua

I va cit hai doan CB, CD tuong tng tai M va N. Gid sit BN N DM = Oy;

BL N DK = 0,; LM N KN = J. Chitng minh ba diém A, J, O, thing hang.
Giai

I

Theo gid thi€t ta c6:
BNNDM=0, =0, € BN

= 0, € (ABN) @))]
LMNKN=J =JeKN

= J € (ABN) (2)

Di nhién A € (ABN) (3)
T (1), (2), (3) suyra O, J, A
ciing thudc (ABN) (4)

Tuong v, O, € DM = O, € (ADM)(5)
Je LM =] e (ADM) (6)

= 0y, J, A cung thu¢c (ADM) (7)

Hai mit phing (ABN) va (ADM) ¢6 chung

nhau diém A, nén chic chin (ABN) N (ADM) = A

Tir (4), (7) suy ra A, Oy, J thing hang.

Bai 8. Trong mit phing (P) cho hinh thang ABCD (BC // AD) va mot diém S ¢

(P). Mat phiing (Q) di dong chita dudng thing SB va gid sif ¢t SC, SD tuong
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tng tai M, N. Mit phing (R) di dong chita dudng thing CD va gid sif cdt SA,
SB tudng ng tai P va Q.

1. Chitng minh MN, PQ ludén di qua mot diém cd dinh khi (Q) va (R) di dong
nhu trén.

2. Goi 1 = AN N BM, ] = CQ n DP. Chitng minh dudng thing ndi I, J ludn di
qua mot diém c6 dinh.

3. Goi K = AM Nn BN, L = CP n DQ. Chitng minh riing cdc dudng thing ndi K,
L ciing ludn di qua mot diém c6 dinh.

Giai

1. Gid sit AB N CD =E, vay E ¢4 dinh.

Nhu viy M, N, E cling nim trén hai mit phing (ABMN) va (SDC), do d6 M,
N, E niim trén giao tuy&n clia hai mat phing ay, vi thé€ M, N, E thing hang.
Viy cdc dudng thing MN ludn di qua diém ¢d dinh E = dpem

Hoan todn twong tf ta ¢6 P, Q, E ciing niim trén hai mit phing (DCPQ) va
(SBA), do d6 P,Q, E niim trén giao tuy&n ctia hai mit phing ay, vi thé P, Q,
E thing hang.

Nhv viy cdc dudng thing PQ ciing ludn di qua diém ¢d dinh E = dpem.

2. Vi AN n BM =1, do d6 néi riéng
I € (SAD) (vil € AN, ma ANe
(SAD)), I € (SBC) (vil € BM).
Tir d6 1 thudc giao tuyén cla
(SBC) va (SAD).
ViICQADP=]=>JeCQ=>Je
(SBC), J € DP = ] € (SAD), vay
J thudc giao tuy&n ctia (SBC) va
(SAD) suy ra I, J, S thing hang.
Nhu th¢ dudng thing ndi I, J ludn
di qua diém ¢4 dinh S = dpcm.

3. Gié sit AC ~BD =0 = O ¢ dinh.

ViAMNBN=K=K e AM =K € (SAC)
K € BN = K € (SBD), viy K niim trén giao tuy&n clia hai mit phdng (SAC)
vd (SBD). Tudng t, do CP n DQ = L ciing niim trén giao tuyén cia (SAC)
va (SBD), con O ciing thudc giao tuyén clia (SAC) va (SBD) (do AC " BD =
0) = K, L, O thing hang. Néi cdch khic cic dudng thing ndi K, L luon di
qua di€m c8 dinh O = dpcm.
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Bai 9. Cho tf di¢n ABCD. Goi Aj, By, C,, D; tudng rng 1A trong (dm cha cdc
tam gidc BCD, ACD, ABD va ABC. Chitng minh riing AA,, BB,, CC,, DD,
déng qui tai diém G va ta c6:

AG _ BG-1'C&' '"DG* 3
AA, BB, CC, DD, 4
Giai
Goi A,, B, tdng tng la cdc trong tim cdc

tam gidc BCD, ACD va M la trung diém
ctia CD. Theo tinh chit trong tim tam gidc
MA, MB, 1
ta c6: -
MB T MA 3
Do d6 theo dinh li Talet ddo, ta ¢c6 A\B, / AB.
B MA, 1
Tw d6: ——= = (1)
AB MB 3

Trong (AMB) 10 rang BB, N AA, =G.
Vi A,B, // AB, nén lai theo dinh li Talet, ta ¢6 (dva vao 1)
AGITALB

GA AB 3 AA, 4

Tuong ty, ta ¢c6 CC, N AA, = G’ va == (3)
AA, 4
DD, N AA, =G"va éi:g‘ 4)
AA 4

I
Tir (2) (3) (4) suy ra G, G’, G’ trung nhau, téc 1AAA,, BB, CC,, DD, ddng
AG BG _CG _ DGy i3

=— = dpm.
AA, BBI CC DD 4

qui tai G va

Chii y:
1. Piém G nd6i trén goi 12 “trong tdm cia tf dién ABCD”. NG 1a su md rong
ctia khdi niém trong tdm ctia tam gidc.

2. Ta c6 céch khdc xdc dinh trong tim cta

i dién ABCD nhu sau:

Cho t dién ABCD. Goi I, J, E, F, K, H
lin lugt 1 trung diém cia AB, CD, AC,
BD, AD, BC.

Khi d6 1J, EF, KH ddng qui tai G va G
chinh 12 trong tim ctia uf di¢n ABCD.
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D& thdy IKJH 1a hinh binh hanh va
IEJF 1a hinh binh hanh.

Tir d6 1J va EF ciing nhu IJ va KH cit
nhau tai trung diém cia mbi dudng.
Nhu vdy 1J, HK, EF ddng quy tai mot
diém G = dpcm.

Biy gi0 ta chitng minh G 1A trong tim
clia & dién ABCD.

Trong (ABJ), gid st AGNBJ=A,.

Ap dung dinh li Menelauyt trong tam

AG
gidc ABA), ta c6: ﬂ b ——=1
IB JA, GA
A,G
= — il = (d iI—lj (1)
JA, GA IB
Lai dp dung dinh i Menelauyt trong A BIJ, ta ¢6:
BA E IA
AJ GI "AB
BA
Do£=lvﬁﬁ=l,nén———2 (2)
GI AB 2 Al
(1) chifng t6 A, 1a trong tim clia tam gidc BCD.
; A G
T (2) suy ra ﬂ=3, vithé tr (1) ¢6 —'—=l:>—A—G-=E.
JA GA 3 AA, 4

1
Viy theo bai 9, G 12 trong tim ciia tf dién ABCD = dpcm.
3. Nhic lai dinh i Menelauyt (xem hinh hoc 16p 10).
Cho tam gidc ABC. M, N, P lin - A
lugt 12 ba diém trén cdc dudng
thing AB, BC, CA sao cho M, N,

P thing hang. Khi d6 ta c6: M
AM BN CP

c
MB NC PA N B

Bai 10. Cho ut dién ABCD. Goi I va J lin lrgt 1a trung diém ctia AC va BC.
Trén BD 1dy di€m K sao cho BK = 2KD.

l. Xdc dinh giao diém E ctia dudng thing CD véi (1K) va chitng minh DE = DC.

2. Xdc dinh giao diém F cia dudng thing AD véi (IJK) va chitng minh FA = 2FD.

3. Chitng minh FK // 1J

|~
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4. Goi M, N la di€m bat ki tuong ¢ng trén AB, CD. Tim giao di€m ctia MN véi

(JK).

Giai

1. Trong (BCD) gid st CDNKJ=E

= CDNJJK)=E

Theo dinh 1i Menelauyt trong

tam gidc BCD, ta c6:

DKBICE,

KB "JC ED

PK = 17/ Bl
Do T(E_E J_C- 1(g/t) nén ur (1) suy ra

EF:—Z = CE =2ED
ED

= DE = DC = dpcm.

2. ViE € DC = E € (ADC).
Trong (ADC), gid st EEMAD=F=F € EI= F € (1K) > AD N (UK) =
Trong tam gidc ADC lai theo dinh li Menelauyt, ta c6:

CE DF AI_, @

ED FA IC
T ciu 1, ta c6 E=2 cc‘)nﬂ-l (g/t), nén tir (2) c6:
ED IC

E:l:FA=2FD:>dpcm.
FA

3. Theo cdu 2 thi 2 =l
FA 2
Theo gid thiét ta c6 %=l:> oy _ Rk
KBig 2 FA
ddo), ma 1J // AB = FK /1] = dpcm.
4. LiyM € AB,N € CD.
Trong (DAC) gid st ANNIF=A’.
Trong (DBC) gid st BN " KJ =B’.
Trong (NAB) gid sit A’'B' " NM =P,
DoP € A’B’ = P € (1K), ma P € MN, diéu d6 c6 nghia 1a MN N (IJK) =
Bai 11. Cho t dién A,A;A;A4. Goi Gy, Gy, Gs, Gg lan lugt 1a trong tim ctia cdc
mit AyAzAs, AlAAs, AjAA; AjArAs. M 1a mot diém bat ki trong khong

gian. Goi M, M, M3, M, tuong dng 1a céc diém d6i xitng ciia M qua Gy, Gz,

= FK // AB (theo dinh li Ta-lét

13
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Gs, G,. Chitng minh A,M;, A;M,, AsM;, AsM, 14 bon dudng thing ddng qui
tai mot diém.

Giai
Goi N Ia trung diém clia A;A,, the thi ta
¢6 (do Gy, G, wong dng 1a cdc trong
tim clia cdc tam gidc AL A3Ay, AlAsAY)

—NGI = NGZ =l = G|Gz // A|A2 5
NA, NA, 3

va theo dinh li Ta-1¢t cling c6:

GG, 1 0 A7
AR y3-

Mit khdc trong AMM,M,, ta ¢6 G,G;
12 dudng trung binh, nén:
M|M2=ZG|GZ . (2)

Tu (1), (2) suy ra: MM, = %A,AZ 3)

Viy A|A;M M, 1a hinh thang vdi hai ddy la A A;, MM, ¢6:

M|M2 = %AlAz .
Vi th€ hai dudng chéo A;M;, A,M, cidt nhau tai mot di€m S, trong d6:
SM, SM 2
Fiter 2ol Nl
SA; SA, 143

Tudng v cdc doan thing A\M,, AsM;; AM,, A;M, cit nhau tudng Ung tai S’,
SM, _S'M; S"M; S"M, 2 )
S, NS, U BTAL RL S g S
T (5) néi riéng suy ra: s Wy =8=8=8".
SA; S'A; S"A, 3
Ditu d6 ¢6 nghia 1a A;M,, A,M,, AsM;, A,M, ddng quy tai mot diém S, va
diém nay chia chiing theo (i s6: SM; BNV o 20 D6 1a dpem.
SA; 1 SA; (SAz11SA; 3
Bai 12. Cho hai doan thing chéo nhau AB, CD. Goi I va J lan lugt 1a cdc trung
diém ctia AB va CD.
Hay so sinh AC + BD va 2IJ.

S’’ trong d6:

14
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Giai A I
Trong (ACD) dung hinh binh hanh ACED.
viJIa trung diém CD nén A, J, E thing hang
va c6 Al =JE. D
Trong (ABE) dé thdy BE = 21J .
Do AB va CD chéo nhau, nén B, D, E khong
thing hing. Tir d6 ta c6: BE < BD + DE
= 21J < BD + AC. 4
Bai 13. Cho hai mat phing (P) va (Q) cit nhau theo giao tuy&n A. Liy M € (P),
N e (Q) sao cho M va N déu khong thudc A.
Tim trén A diém I sao cho MI + IN la bé nhat.
Giai
Trong (Q) ha NA L A (A € A).
Trén (P) dung trén nira mat phing
bd khong chia doan NA; L A va AN,
NG&i MN, cit A tai diém I can dung.
That vdy do hai tam gidc vuong
N,AI va NAI bing nhau, nén IN; =IN
Liy diém K thy ¥ trén A (K #1).
Trong tam gidc KMN,; ta c6:
MK + KN, > MN, =MI +IN, ,
hay MK + KN, >MI + IN. (1)
Do AN,AK = ANAK nén N;K = NK (2).
Tur (1), (2) suy ra: MK + KN >MI + IN = dpem.

= AN

Loai 2. CAC BAI TOAN VE THIET DIEN
A. Phuong phép xic dinh giao tuyén biing hai diém chung.
Nhu ta di bi€t d€ x4c dinh giao tuy&n ctia hai mit phing, ta chi cin xdc dinh
hai di€ém chung A, B clia ching. Dudng thing di qua A, B chinh Ia giao tuyén
cin tim. Xdc dinh thiét dién véi mot kh&i da dién thuc chat 1a viéc tim giao
tuy&n cia thi€t dién cAn tim véi cdc mit ciia khéi da cho.

Thi du 1. Cho hinh chép tam gidc S. ABC. Goi M, P lan lugt 1a céc trung diém

ciia SA, SB con N 1a diém trén AB sao cho: % =%

V& thi€t dién tao bdi (MNP).

15




Béi duong HSG Hinh hoc khéng gian — Phan IHuy Khdi

Giai
Trong (ABC): NP N AC =E.
Trong (SAC): EM N SC=Q
Khi d6 MQPN Ia thi€t dién phai dung.
Bdy gi0 ta xdc dinh vi tri ctia Q trén SC.
Trong tam gidc ABC, theo
dinh li Menelauyt, ta ¢6:  F=====z=-24

ANBPCE_ =
NB PC EA
0 ﬂ=—(v1 il lj = —— =1, nén thay vao (1), ta cé: E=3 (2)
NB 3 AB 4) PC EA
Trong tam gidc SAC, lai theo dinh li Menelauyt, thi:
CEAM SQ_, o
EA MS QC

SQ_1,. SQ I
QcL 3 SC 54

AM
T (2) va —— =1, nén thay vio (3) ¢6
(2) MS y (3)

Nhén xét:

I. Vigc dung thi€t di¢n v6i mot khéi da dién di cho dude ti&€n hanh theo 2 budc:

— Budc 1: V& thiét dién.

- Bu6c 2: Xdc dinh chinh xdc vi i cdc dinh clia thiét dién. P& 1am didu nay
ngudi ta thudng st dung hai dinh 1i cd ban Ia dinh 1i Ta-let va dinh li
Menelauyt.

2. Cinluu y cdc diéu sau dy khi gidi mot bai todn vé thiét dién:

— Phdi luén coi mit phing 1a v6 han, thi du (ABC) chit khong phdi 1 tam gidc
ABC.

— Trong khong gian d€ tim giao diém ciia hai dudng thing trudc hét phdi tim
xem chiing ¢6 cling § trong mot miit phing hay khong? Thi du trong bai todn
trén, ta phdi trinh bay:

Trong (ABC), tac6 NPNAC =E
D6 1a diéu cin thiét, néu khong ta rt d& bi ngd nhin.
3. Két qua A0 trong bai trén vin ding, né€u N 1a diém bit Ki trén AB
"o AB O SC
(mién 1a N khong phai Ia trung di€m ciia AB).
That vay theo dinh Ii Menelauyt, trong cdc tam gidc ABC va SAC, ta c¢6:
ANBP CE_,  CE AM SQ _
NB'PC'CA ' CA'MS 'QC
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AN BP CE _CE AM SQ
= NB PC'CA CA MS QC
AN Eg(doﬂ’_z_Alej

= NB_QClL PC MS
EIaN 7 5Q
AB. . SC

4. Thyc ra néu N Ia trung diém AB, thi ta vin thu lai k€t qud tr&n. Tuy nhién
cdch dung thiét dién 1a khdc vdi cdch tim giao di€m clia céc dudng nhtt trong
bai trén!

Thi du 2. Cho hinh chép uf gidc S.ABCD, S
ddy ABCD la hinh binh hanh. Goi M,
N, P wong tng 1a cdc trung di€m cla
AB, AD va SC.

Vé thi€t dién tao bdi (MNP).
Giai
Trong (ABCD): MN N CD =E
MNNBC=F F
Trong (SDC): EPNSD =Q
Trong (SBC): FP N SB =R
Viy MNQPR 12 thiét dién phéi dyng. A

Ta thi'y ba dinh M, N, P da hoan toan xédc dinh (vi ching la trung diém ctia cdc
canh AB, AD va SC wdng ttng). Con lai ta phdi xdc dinh vi tri cua Q va R.

Do ABCD I hinh binh hanh va tir gid thi€t suy ra ED = AM = A_213_ =CTD.
Ap dung dinh 1i Menelauyt trong tam gidc SDC, c6:

PDE CP SQ

———=1 (1)
EC PS QD
3
Vi%zlvﬁg:l,nénlfr(l)suyra —Sg=3hayg=—.
EEY '3 “NiPS SD SD 4
Lap ludn tudng tr c6 S—R=§-
SD 4

Vi tri cdc dinh clia ngii gidc thi€t di¢n phdi dung duge xdc dinh hoan toan.
Thi du 3. Cho hinh chép tif gidc S.ABCD ddy 1a hinh binh hanh. Goi M, N wong
tng 1a cdc trung diém clia AD va DC. Kéo dai SD vé phia D m6t doan DE =

SD. X4c dinh thiét dién tao b(’iFW{ - s ~ -
' /IEN TINH 8INH THUAR)
1 a = o~ ,.' 'i
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Trong (SCD): ENN SC =P.
Trong (SAB): EM N SA =R.
Trong (ABCD): MN N BC =F.
Trong (SBC): FP N SB =Q.
Khi d6 MNPQR la ngi
gidc thi€t dién phai dung.

Ta chi cdn phdi xdc dinh vi
tri ctia c¢dc dinh P; Q; R.
Trong tam gidc SDC, theo dinh li Menclauyt, ta cé:

E
B« BN CE. 59 i)
ED NC PS
iS—E=2;Q=I,néntir(l)c6: Q=ihay£=g.
ED G PS: 2 SCiid

Tudng tu cé $=E

SAL3 )
D@ thi'y do ABCD la hinh binh hanh, nén tir gid thiét suy ra:
CF=DM = —l-AD=-l—BC
2 2

Ap dung dinh Ii Menelauyt trong tam gidc SBC ta c6:

5Q BE.CP 1y
QB FC PS

FE PS 2 QB 3
Vg 58 2

SBI 5

Vi tri cdc dinh ciia ng@i gidc thi€t dién hoan todn xdc dinh.
Chii y: C6 thé thd'y MN, AB va RQ ddng qui tai mot diém.
(cdc ban ty gidi thich vi sao?)
Thi du 4. Cho ling tru tam gidc ABC.A’B’C’ ddy la tam gidc déu. Goi O va O
lan lugt 1a cdc tdm cla diy ABC, A’B’C’. Gid sit M va N 1in ludt Ia trung
P §

00 6

diém ctia A’B’ va BC, ¢don P 1a diém niim trén O’O sao cho

Duyng thi¢t dién tao bdi (MNP).
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Gidi
Goi M’ =CO n AB.
Trong (C’'MM’C): MP N @c =0, A
Trong (BB’C’C); QN N B’B =E.
Trong (ABB’A’): EM n AB =R.
Trong (BCC'B’): EQNB’C’ =F.
Trong (A’B’C’): MFN A’C’ =S.
Khi d6 MSQNR la ngii gidc thiét
dién phai dung.
Biy gid xdc dinh vi tri cdc dinh
cia thi€t dién.

Do -O—' = l ma theo dinh li Ta-1ét, ta cé:
'O 6
' E
L MOt L Q 1a trung diém ciia CC’.
C Q MC' 3

Dé thiy BE=QC = -;—CC’: %BB’.

Theo dinh 1i Talet, thi ER—-£-£:>££=1.
BM EB' 3 BA 6

ke ines dped tpo o PR <
2 2 R
Ap dung dinh li Menelauyt trong tam gidc A’B’C’, ta c6:
QRcs xv o
FC' SA' MB
i BF L, AM 1 C8L1 O8 1
FC' MB SA' 3. CA 4

Vay vi tri cdc dinh clia ngii gidc thi€t dién hoan toan xdc dinh.

Nhén xét:

1. Qua vi du ndy, ta thdy viéc xdc dinh giao diém “’ddu tién” 1a rit quan trong
(& diy d6 1a giao di€m Q). Tit giao diém Q ndy, cdc giao di€m con lai dude
xdc dinh mot cich khong 18y gi lam khé khin.

2. Nhv di néi dén & phin trén viéc tim giao diém cla hai dudng thing trong
khong gian trudc hét phai xem chiing ¢6 & trong cling mot mat phing nao
hay khong? Trong céc bai todn trudc diéu nay d& nhin thiy. & bai tap ndy
dé tim giao diém ctta MP va C’C ta phdi nhin ra chiing & trong cing mot mat
phing (d6 1a (MC’CM")). Diéu nay khong phdi d& dang nhin thi'y ngay.
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Thi du 5. Cho hinh chép tf gidc S.ABCD, ddy 1a hinh binh hanh va O la (dm
ctia ddy. Goi M, N, P tuong tng 1a trung diém ctia AB, AD va SO.
V& thi€t dién tao bdi (MNP).
Giai
Trong (ABCD): MN N AC =E.
Trong (SAC): EPN SC =Q.
Trong (ABCD: MN N CD =F,
MN n BC = H.
Trong (SDC): FQ N SD =R. H~7; 29
Trong (SBC): HQ n SB =K.
Viay MNRQXK Ila thi€t dién phdi dung. A

Taco: EO= lAO= lOC.
2 2

Trong tam gidc SOC theo dinh 1i Menelauyt, thi: o Egg =1~ = (])
EC QStPO
OE l SP =1, nén tir (1) suy ra Eg=3 = g=l
EC “3’PO QS SC 4
Dé thiy FD = AM = %AB = %DC.
Trong tam gidc SDC, theo dinh Ii Menclauyt, thi &0 EPE =1 2)
QS RD FC

Vay R 1A trung diém ctia SD. Twong ty K 13 trung diém ctia SB.

Nhédn xét:

1. Mot lin nita qua vi du trén, ta thiy rd vai trd quan trong clia viéc xdc dinh
giao diém “ddu tién” (§ diy 12 giao diém Q).

2. V@i bii todn ndy, ta ¢6 cdch khdc d€ xdc dinh thi€t dién (xem phin sau).

B. St dung tinh song song d€ x:ic dinh giao tuy&n clia hai mit phing.
Phuong phédp xdc dinh giao tuy€n giita hai mit phing biing cdch sit dung tinh
song song dua trén ménh dé cd bin sau:
Néu a // (P), thi moi mdt phdng

(Q) chita a ma cdt (P) thi néu goi

Ala giao tuyén ciia (P) va (Q), ta / A /
P

co A/la.
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Thi du 1. Cho & di¢n S.ABC, M 1a mdt diém trén SB.
1. Dung thiét dién qua M, song song véi SA va song song véi BC
2. Xdc dinh vi tri cia M dé thi€t dién 12 hinh thoi.
3. Xdc dinh vi tri cia M d€ thi€t dién c6 dién tich 16n nhat. ¢
Giai
1. Vi thi€t dién qua M va // SA, // BC nén Q
trong (SAB) ké MN // SA (N € AB), va
trong (SBC) ké MQ // BC (Q € SC).
Khi 4y (MNQ) qua M va song song v6i SA, A &
song song vdi BC. N
Biy gid ta s& md rong (MNQ) thanh thiét dién.
Vi MQ // BC = MQ // (ABC)
— (MNQ) N (ABC) = NP trong d6 NP / BC (P € AC)
Vay MNPQ 1a thiét di¢n phdi dung.
Vi MN // SA = MN // (SAC) = (MNPQ) N (SAC) = MQ, trong d6 MQ / NP.
Vi th€ MNPQ 1a hinh binh hanh.
2. Tir ciu 1. suy ra thi€t dién MNPQ 12 hinh thoi khi va chi khi: MQ=MN (1)
Theo dinh 1i Talet, ta c6: CiL = M =>MQ= awallS, )
BC . SB SB
MN L BM — MN = SA.BM o] SA(SB-SM) .
SA ' SB SB SB
Tir (2) (3) suy ra (1) < SM.BC = SA(SB —~ SM)
o SM= UBAAE,) , (4)
BC +SA
Tir (4) suy ra M hoan toan xdc dinh.

3. Ta c6: Synpq = MN.NP.sin MNP (5)

B

3)

Do MNP =a, & diy a la géc giita SA va BC 12 hiing s0.
Tir (5) suy ra: Synpgmax < MN.NP max
MN NP

& ——.—— max 6)
SA BC

Do M—E+§£=—M+—S—M=l, nén tir (6) suy ra:
SA BC, SB 5B

_Wﬁli max @—hﬁ:ﬁﬁ:l <> M la trung diém ctia SB.

SA BC SA” BG /2

21




Béi duong HSG Hinh hoc khoéng gian — Phan Huy Khdi

Nhédn xét:

L.

~~N

Khi M 12 trung diém ciia AB, ta nhic lai trong vi du ctia muc A. Xét thi€t dién
tao b&i (MNP), khi M, N, P twong ing I3 trung diém clia SB, AB, AC. Liic ndy
ta khong thé tim giao tuy&n biing phuong phip xdc dinh cdc giao diém ctia hai
dudng thing nhu trong muc A, vi ly do § diy MN // SA, NP // BC.

Ta phdi st dung phuong
phdp dung tinh song song
nhu da trinh bay nhu trén.
K&t hdp véi vi du & muc A,
ta c6 két qua sau:

(NA # NB)

Cho hinh chép tam gidc SABC. Khi
d6 véi moi vi tri cia N trén AB va
gid sir SC N (MNP) = Q, thi ta ludn

¢6 hé thic: ﬂ =g.
AB

(NA = NB)
V@i vi du 5,  muc A ta c6 thé st S

dung phuong phdp trong muc B nay

dé gidi lai né nhu sau:

Vi MN // BD = MN // (SBD)

= (MNP) N (SBD) = A,

trong d6 A qua P va A // BD.

Vi th€ trong SBD qua P ké XR // BD.
Do P Ia trung di€m ciia SO, nén

X, R tuong ng 1a trung diém cia
SB, SD.

Trong (ABCD)tac6 MN N"DC =E .
Trong (SCD) ta ¢c6 ER N SC = Q.

MNRQX la ngii gidc thi€t dién phdi dung (dé thiy % = %J

Ldi gidi nay c6 phin ndo don gidn nhy 10i gidi da dung trong vidu 5 muc A.
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3, Qua vidu ndy ta thi'y trong mot bai todn xdc dinh thi€t dién, ngudi ta thuding
k&t hgp mot cich nhudn nhuyén cd hai phudng phdp da ncu.
Thi du 2. Cho hinh hop ABCD.A’B’C’D’. Goi O va O’ lan ludt 1a tAm clia hai

déy ABCD, A’B’ C’'D’. P 1a diém trén OO’ sao cho O; 411
Dung thi€t di¢n qua P song song véi AC va song song v6i B’D.
Giai

Vi thi€t dién qua P va // AC
nén trong (AA’C’C) qua P vé
MN // AC(M € AA’,N € CC’)
Tuong tv vi thiét dién con

/| B'D, nén trong mit chéo
BDD’B’ qua P ké EF / B'D
(Ee B'D’; F € DD’).

Mit phing xdc dinh bdi MN
va EF 1a mit phing qua P va

song song véi AC va B’D.
Biy gid¥ ta md rong né thanh thiét dién.
ViMN // AC=MN// A’C’ =>MN// (A’B’C’'D’)
= giao tuy&n clia thi€t dién véi (A’B’C’'D’) s€ qua E va // MN (uic 1a // A’C")
Vi thé trong (A’B’C’D’) qua EKE RQ// A’C’ (R € A’B’; Q € B'CY)
MRQNF Ia thi¢t dién phéi dung.
Bay gid ta xdc dinh vi tri cdc dinh cla thiét dign.
AM OGN ROP, 1

Ta c6: i
AR COTEG

Gid st O'ONB’'D=1=>0'P=PI=>DF=PI= lOO’ => —E:—l-
4 DD' 4
R0 rang do E 1a trung diém ciia BO” = R, Q twdng ng la cdc trung di¢m ctia
A’B’ va B’C’.
Céc dinh ctia ngii gidc thi€t dién MRQNF hoin toan xdc dinh.

Thi du 3. Cho hinh hop ABCD.A’B'C’'D’. Goi O la giao diém cha hai dudng
chéo A’C va B'D con M, N lin lugt 1a trung di€ém ctia AD va B’C’. Dung
thi€t dién tao bdi (OMN).

Giai
Trong (A’B’C’'D’): MONB’C’ =P
Khi d6 (MON) N (A’B’C’D’) = NP.
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Vi (ABCD) // (A’B’C’D’)

Nén (MON) N (ABCD) = MQ,

trong d6 MQ // NP.

DE thi’y P va Q tudng tng 13 trung

diém cia B’C’ va AB.

Trong (ABCD): QM N CD =E.

Trong (DCC’D’): NEND’D =R.

Trong (ABCD): QM N BC =F.

E;nfé(aiisx)(ﬁ; EcBg}iaéc_ui(i& dipn phaidihg, oL
. . ng. i

D& thiy ED = AQ = ATB = CTD =D'N = R 12 trung diém ciia DD’.

Tuong t¢ X 12 trung diém BB’.

Nhédn xét:

Ta thdy trong vi du niy da ddng thdi sit dung cd hai phudng phap dung thuct
di¢n: phuong phédp tim giao diém chung ciing nhy phuong phdp st dung tinh
song song (trong bai niy sif dung cic k€l qui vé& hai mit phdng song song).

Thi du 4. Cho hinh chép S.ABCD d4y 1 hinh binh hinh. M 1a diém trén AC

8

~ A

(khdc A va khic C). Dyng thiét dién qua M song song véi BD va song song
v@i SA.

Giai
Gid sit AC n BD = O. Xét hai trudng hdp sau: S
NEuM e (OA)(M#0O; M= A)
Vi thi€t dién qua M va // BD, nén
trong (ABCD) qua M vé EF // BD
(E € AD, F € AB).
Vi thiét dién qua M va // SA, nén
trong (SAC) ké MQ / SA (Q € SC). ‘
Viy (QEF_1a mit phingquaM /-7 __--~

song song vdi BD va SA. D
MG rong n6 thanh thi€t dién nhy sau:

ViMQ // SA = MQ // (SAD) = (QEF) n (SAD) = EF,

¢ day EP // MQ (tic EP // SA, P € SA)

ViMQ // SA = MQ // (SAB) = (QEF) N (SAD) = FR,

¢ diy FR // MQ (uic FR // SA, R € SB)

PQRFE Ia ngii gidc thi€t dién phdi dung.
SQ_AM _AE _SP _AF _SR

Duva vao dinh Ii Talet ta ¢cé: =E—=—= = =
SC" "AC ' ADV'SD" AB"T SB
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Viy 5 dinh clia thiét di¢n xdc dinh theo vi tri ctia M nhu sau:

AE SPfSQ. 1SR ‘AF AM

AD SD SC SB AB ( AC )

2. NéuM € (00) M#0:M=C)

Lap ludn nhu trén, ta dung thi€t dién nhu sau:

Trong (ABCD) ké qua M:

EF // BD (E € CD, F € BC).

Trong (SAC) qua M ké MQ//SA(Q € SEY

Khi d6 QEF la tam gidc thi€t dién phdi dung
DE AM CF _CM SQ AM
DO AT ACBMAC SsSB4 'Ar’

Theo dinh li Talet, ta c6:

3. NSuM=0.
Khi d6 goi Q 1a trung diém ciia SC thi
MQ // SA.
Thiét dién trong trudng hgp nay 1a tam
gifc QDB.

Loai 3. CAC BAI TOAN VE TINH SONG SONG
CUA PUONG THANG VA MAT PHANG
Thi du 1. Cho 1 di¢n S.ABCD va M 1a mot di€m nim bén trong tam gidc ABC.
Qua M k¢ cdc dudng thing song song véi SA, SB, SC; ching cit cdc mat
twong tng (SBC), (SAC), (SAB) lan lugt tai A’, B’, C'.
1. Ching minh riing khi M thay ddi thi gid tri ca dai lugng:
MA' MB' MC'
+ +
SC

Ia hiing s0.
SA SB

2. Xdc dinh vi tri ctia M d€ dai lugng 2 i ’ Ll : i nhin gid tri 16n nhat.
SA SB SC
Gidi p
1. Trong (ABC) gid sl
AM NBC=N,
BMNAC=P,
CM N AB=Q.

Trong (SAN): k& MA’ // SA (A’ € SN),
(SBP): ké MB’ // SB (B’ € SP)
(SCQ): k& MC’ // SC (C’ € SQ).
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2.

Theo dinh Ii Talet, ta cé:
MA' NM MB' PM MC' QM
SA° NASB. PB’SC QC°'

Trong tam gidc ABC, theo dinh li Xé-va, ta ¢6 NM il + QM =1, vi th&
NA PB . QC
MA' MB' MC'
+ + =1 = const = dpcm.
SA ' SB.SC
Theo bt ding thitc Cosi va cdu 1, ta ¢6:
MA' MB' MC' \/MA' MB' MC'
1= + + >33 3 /
SA SB..SC SA SB SC
MA' MB MC' MA' MB' MC" 1
=1227 = ; : < —
SA " SB ' SC SA 8B SC 27
-l iom g MA' MB' MC' 1 NM PM QM |
Déau “="trong (1) xdy ra < = = == & = = ==
58 . 8C 3 NA - PB2 QG 3
< M =G, v6i G la trong tim cilia tam gidc ABC.
Viy dai lugng MA .MB .MC nhin gid tri 16n nhi't biing ot khi va chi khi
SA SB SC 27

M 1a trong tdm ciia tam gidc ABC.

Thi dy 2. Cho hinh hp ABCD.A’B’C’D’. Hai diém M, N Iin lugt nim trén hai

2

canh AD va CC’ sao cho %=C—N Chitng minh riing dudng thing MN

NC'
song song véi mit phing (ACB’)

Giai
VEé MP // AC (P € CD)
Theo dinh li Talet, ta c6:
i s M)
MD PD
Vi thé ur gid thi€t suy ra:
CP _CN
PD NC'
Theo tinh chdt hinh hop, ta ¢c6 DC’ // AB’, g (o4
nén tr (2) ta ¢ PN // DC’ = PN // AB’ 3)
Tir (3) va MP // AC = (MNP) // (ACB’)  (4)
Do MN e (MNP), nén tir (4) suy ra MN // (ACB’) = dpem.

B'

=PNHIDCE" (2)
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Thi du 3. Tir cic dinh clia tam gidc ABC, ta k& cdc doan thing AA’, BB’, CC’ song
song ciing chiéu, bing nhau va khong niim trong mit phiing clia tam gidc ABC.
GoiL,G, K lin lugt la trong tAm clia cdc tam gidc ABC, ACC’ va A’B’C".

1. Ching minh (IGK) // (BB'C’C).

2. Ching minh (A’GK) // (AIB").

Giai
1. Goi M va M’ tuong \ng 1a trung diém
ciia AB, A’B’.
Theo tinh chit trong tim tam gidc, ta co6:
E}— = 2 = E. 3 (l)
CM CM 3
Vi (ABC) // (A’B’C’), nén (CMM’C’)
cdt hai mat phing (ABC) va (A'B’C’)
theo hai giao tuy&n song song
=>CM’ //ICM.
Tir (1) suy ra KI // CC’ 2)
Goi E va F tudng ing 12 cdc trung diém
cia BC va CC’.
Vi, G tuong ¢ng 12 trong tdm ciia cic
tam gidc ABC va ACC’, nén ta c6:
Al AG 2
AE AF 3’
Viy theo dinh li Talet ddo, ta ¢6: 1G // EF 3)
Tir (2), (3) suy ra (IKG) // (BCC’B’) = dpem.
2. Do Al nBC =E, nén (AIB’) chinh la (AEB’).

* Goi N Ia trung diém cla AC, thi trong A "
hinh binh hinh AA’C’C dé thiy A’,
G, C thing hang. ' /v
Bo viy (A’KG) chinhla A'CH 0 & N, 05 o€

trung diém ctia B'C").
- Ro rang A’J // AE; JC // B’E, do d6 (A’JC) /l (AB’E),
nén ta ¢6 (A’KG) // (AIB’) = dpcm.

Thi du 4. Cho hai nita dudng thing chéo nhau Ax va By. M va N 12 hai diém di
dong trén Ax va By sao cho AM = BN. Dung mil phing (P) qua By va song
song v6i Ax. Pudng thing qua M va song song véi AB cit (P) tai M". Goi I
I3 trung diém ctia M’N. Ching minh riing I niim trén duding thing c6 dinh.
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Giai
Ké Bx’ // Ax. Khi d6 Bx’ la dudng
thing c& dinh. Mit phing xdc dinh 4
bdi By, Bx’ chinh 12 mit phing (P),
vay (P) = (By, Bx’)
Ké MM’ // AB (M’ € Bx’). B
Ta c6 AM =BM’
Tor AM = BN = BM’ = BN.
Trong tam gidc cin M’BN (xét trong (P), do IM” = IN = I nim trén Bt, &

day Bt Ia tia phin gidc cia x'll?y . R& rang Bt ¢6 dinh = dpcm.

Thi du 5. Cho tf dién ABCD. Goi G la trong tim tam gidc BCD va M la diém
nim bén trong tam gidc BCD. Pudng thing qua M va song song vdi GA lan
Iuwgt cdt cdc mit phing (ABC), (ACD), (ADB) tai P, Q, R.

1. Chitng minh riing khi M di ddng trong tam gidic BCD, dai lugng:

MP + MQ + MR
GA
2. Xdc dinh vi trf cda M, dé tich MP.MQ.MR dat gid tri I6n nhat va hay tinh gi4

tri dy.

1a hiing s0.

Giai

1. LAy M bén trong tam gidc BCD.

Gid st MGNBC=1;MGNCD=J; MGN DB =K.

Qua M ké Mx // GA

Trong (All): Mx N Al =P

(d6 chinh 1a diém Mx cit (ABCD).

Tuong e trong (AlJ): Mx N AK =R,

Mxn AJ=Q.

Trén mit phing (BCD), ta c6:

1 —
—IM.ICsin JIC
IM_2 gl _Swmic 1

IG —;IG.lein jc  Saic

Tuong (v, ta c6 LLL BT T (2)
SGIB

T (1), (2) va theo tinh chit clia day (i s6 bing nhau, ta c6:

1
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e

IM _ Smic +Smis _ Smis_ (3
IG Sgic+Sacis  Scsc

Do G 1a trong tim tam gidc BCD nén ta cé:

B

1
SeeC = 3 Sgep - 4)

Thay (4) vao (3), ta c6:

I)’i:ﬁﬂ; (5) J C i
IG  Sgcp

Do GA // Mx, nén theo dinh li Talet, ta ¢6: y\i = ME (6)
IG GA

MP, _S
Tir (5) va (6) suy ra: ——= g MOC (7)

MQ _ 3__SMCD (8)

Hoan todn twong t, ta cé:
GA Ssep

MR _ 3%& 9)
GA Sgep
Cong ting v€& (7), (8), (9) v6i luu § Susc + Smep + Smsp = Speps ta c6:
MP + MQ + MR
GA
2. Theo bit ding thitc Co-si, ta c6:

MP + MQ + MR > 3. /MP.MQMR

Ap dung ciu 1, ta c6:
GA > IMPMQMR = MP.MQ.MR < GA’ (10)

Do d6 tir (10) ta c6 max (MP.MQ.MR) = GA.
Diéu nay x4y ra khi va chi khi MP = MQ = MR & M la trong tim ABCD
S M=G.
Thi du 6. Cho 1 dién S.ABC véi cic diém M, N, P di dong trén SA, SB, SC
twong @ng sao cho §I\—A—=—1—; il =—l—; EE: i
SA k SB k+1 SC k+2
Chitng minh cdc giao tuy&n ciia (MNP) véi (ABC) khi k thay d8i ludn ludn
song song véi mot dudng thdng cd dinh.
Giai
Duyng hinh binh hanh SABI va SBCK.
Gid sif trén (SAB) thiSBNMI =N’
Theo dinh li Talet, ta c6:

=3 =const = dpcm.

v6ik =2, 3.
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SN' SM _SM
N'B_ BI BI
Tir dé: SO :>SN'= :
N'B+SN' k+1 SB k+l1

= SN’ = SN.
Vi N’ niim giita SB nén N’ = N. A
Nhu viy (MNP) ludn di qua I ¢6 dinh
Tuong ty (MNP) ludn di qua K ¢ dinh.
Viy (MNP) luén di qua dudng thing ¢ dinh IK.
Do SK // BC; SI1// AB = (KSI) // (ABC).
Lai c6 (MNP) N (SKI) =KI,
(MNP) N (ABC) = A.
Vi (KSI) // (ABC) = A // KI = dpcm.

Thi du 7. Cho hinh ch6p S.ABCD, d4y 1 hinh binh hanh tim O. M6t miit phing
(P) di dong ludn qua A va song song véi BD. (P) cit SB, SC, SD lan ludt tai
E, F, G. Miit phing (Q) qua EG va song song v4i BD cit SA tai H.

1. Chitng minh EG // BD.

2. Ching minh HF lu6n song song véi mt dudng thing c6 dinh.

Giai :

1. Do BD // (P) nén (SBD) chita BD va cit (P) theo giao tuyén EG, do d6:
EG // BD.

2. Ro rang E € (Q) n (SBD), va BD // (Q), nén giao tuyén cia (Q) vdi (SBD)
qua E va song song véi BD, hay d6 1a dudng thing EG.
Gid st I=EGNSO=1€ SO (SAC) =1 € (SAC).
Mitkhicl € EGc (P) =1 € (P).
Tirdé suyral € AF = (SAC) N (P).
Tuong ty cling ¢6: 1 € CH = (SAC) N (Q).
Viy 11a giao diém ciia SO, AF, CH trén
(SAC). ‘ E
Ap dung dinh li Xeva trong tam gidc
SAC ta cé:
SF CO AN I 50 NNy ) e

1
=— (do BI =SA
k( )

AR

— T, mi—=1

FC OA HS OA B »

SF _SH

FC HA’
Tir d6 theo dinh 1i Falet ddo suy ra FH // CA, tic 13 HF lu6n song song vdi
dudng thing cd dinh = dpem.

N
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Thi du 8. Cho hinh chép i gidc S.ABCD va diém M # S niim cling phia S d&i
véi mit phing (ABCD). Goi I, J, K, L ldn lugt 1a trung di€m cla AB, BC,
CS. DA. Goi (P), (Q), (R), (I) lin lugt I cdc midt phdng qua SI va song song
v6i MK, qua SI va song song véi ML, qua SK va song song véi MI, qua SL
va song song v6i MJ. Chitng minh riing cdc mat phing (P), (Q), (R), (T) cing
di qua mot dudng thing. :

Giai
Do 1J 12 dudng trung binh trong tam gidc ABC,
nén 11 // AC va 1J = ATC. g
Tuong tv LK // AC v LK = %9. 4
Vi thé IJKL 1a hinh binh hanh. N

Gid st IKNJL=0,thiOla

trung diém cda IK va JL.

Trong (MIK) v& hinh binh hanh MINK,

thi O ciing 12 trung diém ctia MN, do vay

LJMN ciing 1a hinh binh hanh nén

IN // KM; IM // KN; JN // LM; JM // LN.

Miit khdc MK // (P) va IN // MK, hon th& do I € (P) (do (P) gua SI) nén suy
raIN € (P)=> N e (P).

Lap luidn twong tw c6 N € (Q); N € (R),N € (T)

Do MN N (ABCD) = O = M va N nlim khédc phia d3i vdi (ABCD).

Do S, M nim ciing phia vdi (ABCD) = N va S niim khic phia ddi véi
(ABCD), tir d6 suy ra N # S.

Viy dudng thing qua S, N chinh 12 dung thing thudc cd bon mat phing (P),
(Q), (R), (T). B6 1a dpem.
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CHUONE 2.

I
1.

QUAN HE VUONG GOC
TOM TAT LY THUYET
Géc gitta hai dudng thiing trong khong gian
Cho a va b 12 hai dudng thing trong khong gian.
Lay mot diém M trong khong gian.
Qua M V& hai dudng thinga’ //ava b’ //b a a’

Khi d6 néu gid tri o (o0 <90") 1a géc tao bdi
hai dudng thing a’, b’ thi ta cling néi a va b 1 o

tao véi nhau mot géc o Khi o = 90°, ta néi

ring a v b vudng géc véi nhau. b

Pudng thing vubng géc véi mit phing

Pudng thing a goi 1a vudng géc vdi mit phing (P), néu a vudng goc v4éi moi
dudng thing ctia (P) (hinh 1).

" d

AT ol

Hinh | Hinh 2
N&u dudng thing d vudng géc vdi hai dudng thing cit nhau a va b cling nim
trong mit phing (P), thi d vudng géc vdi (P) (hinh 2).
Qua mot diém O cho trude ¢6 duy
nhat mot mit phing (P) chita O

vudng géc véi mot dudng thing d / | ; (/
cho trudce. (hinh 3) P

‘d Hinh 3

d

- Qua mdt di€ém O cho trudc c6 duy nhit

A‘/ | / mdt dudng thing d di qua O vudng géc vdi

T mdt mit phdng (P) cho true (hinh 4).
Dinh li ba dudng vudng géc: Cho duding A
thing a c6 hinh chi€u a’ trén mit phing

(P). Khi 4y dudng thing b nim trong (P a'
- B Eyifuting thang Bindm Sng (F) . S
vudng goéc véi a khi va chi khi né vudng

géc vdi a’ (hinh 5). Hinh 5

- Goéc giita dudng thing va mit phing:

o 1o }
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* N&u dudng thing a vudng géc vi mit phing (P) thi ta néi géc giita a va
(P) bing 90".

# N&u dudng thing a khong vudng géc /?/
v6i mit phdng (P) thi ta goi géc giira --
a va hinh chi€u a’ ctia n6 trén (P) la A( L‘:/
g6c gitta a va (P) (hinh 6). Hinh 6

Miit phiing vudng géc véi mit phiing

Géc giita hai mit phing 1a géc giita hai

dudng thing lan lugt ndm trong hai mit

phﬁng va vudng géc vdi giao tuyén clia

hai mit phdng &y (hinh 7) /
Hai mit phing goi 12 vudng géc néu géc
giifa chiing biing 90",

Hai mit phing vudng géc v6i nhau khi
va chi khi mot trong ching chita dudng
thing vudng géc vdi mit phing con lai.
Né&u (P) L (Q), thi bt cif dudng thing a
nao thudoc (P) ma vudng goéc vdi giao

tuyén ctia (P) va (Q) s& vudng géc vdi )9/
(Q) (hinh 8). Hinh 8

Hai mit phing (P), (Q) cidt
nhau cung vudng goéc vdi
(R), thi giao tuy&n cla (P)
va (Q) s€ vudng gbéc véi
(R) (hinh 9)

Khoang cdch

Cho hai dudng thing chéo nhau a va b. Khi d6
nfuMea, NebviMNLlLa, MN Lb,thiMN “a
goi 12 dudng vudng géc chungcliaavab.

Lic d6 MN chinh 1a khodng cdch giita a va b (hinh 10). e

N&u b nim trong (P, > 2 K b va a// (P), thi d(a; b) = d(a; (P)).

[

Hinh 7

Hinh 9

M Hinh 10

Néu a // (P) va M 1a diém wy y nim M a
trén a, thi d(a; (P)) = d(M; (P)). O h

day d(a; (P)), d(M; (P)), lin lugt / /
12 khodng cdch giita a va (P), P v

gitta M va (P) (hinh 11). Hinh 11
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II.

CAC BAI TOAN Vii KHOANG CACH

A. Khodng cdch tit mgt diém tdi mét dudng thang, hodc tif mot di€m tdi

mat phfmg.

Cho diém M va dudng thing A (M ¢ A). Goi
H 1A hinh chi€u cia M trén A. Khi d6 MH
chinh 12 khodng cdch tir M (6i dudng thing A.
MH = d(M, (A))

Cho diém M va mit phing (P). Goi H 1a hinh
chiéu cia M trén (P). Khi d6 MH chinh la
khodng cdch tir M (di mit phing (P).

M

M

' /

MH = d(M, (P))

Thi du 1. (B¢ thi tuyén sinh dai hoc khdi D - 2012)
Cho hinh hop ditng ABCDA’B’C’D’ ¢6 ddy l1a hinh vudng, tam gidc A’AC
vudng cin, A’C = a. Tim khoang cdch tir A dén (BCD’) theo a.

Giai 5
Tam gidc A’AC vudng cin tai A T~ £
N ny.
W AC=a=AA S A= 2T T T B'
2 \\:\\ \\ \\\
= AB = a2 V2 _a B PRl L
2 2 2 \ \ \\\\\\
Ké AH LA'B (H’ € AB) g e odsogal iy
Vi AH L BC (do BC L (ABB’A’) L2y ____\-—‘*{:\:\
= AH L (BCD’A’), uic la AH L (BCD’) A B
Trong tam gidc vudng ABA’, ta c6:
1 é
T l2+ 1z=iz+22:62 AHz_a_zq\/g'
AH?> AB* A'A? a® 2% a J6'" 16

Viy d(A,(BCD")) =a—66-.

Nhdn xét: Xét cich gidi khdc sau diy (bing phuong phdp thé tich)

~ A

Ta ¢6: Vi ac =§D'D'SABC =
Ta c6: D’BC 1a tam gidc vudng tai B, nén
Vap'Be =%h-SD'BC, d diy h=d(A, (BCD")).

Ta ¢6 D’BC la tam gidc vudng tai C, ncn

48

la\/i laa 213\/5

(1)
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w2 2
lscpc=L.2JpD?+DC? = _a’\3

1 oL
SpCc =5 > P 3
\/__

Nl:a

Tir 6 suy ra h = d(A, (BCD")) = ——

Céc ban hiy so sdnh tinh hi¢u qud ctia hai phuong phdp.

Thi du 2. (D€ thi tuyé&n sinh Pai hoc khdi B — 2011)
Cho hinh ling tru ABCDA,B|C,D, c6 ddy ABCD la hinh chif nhat véi AB = a;
AD = a+/3. Hinh chi€u vudng géc clia A, rén (ABCD) triing v6i giao diém
O ciia hai dudng chéo AC, BD cla ddy. Biét riing hai mit phing (ADD,A,) va
(ABCD) tao véi nhau géc 60°. Tim khodng cdch tir B, d&n mit phing (A,BD).
Giai
Do tinh chi't ctia hinh hdp, nén ta ¢6:
A,B,CD I hinh binh hanh
= B,C// A\D = B,C//(ABD).
Vi th€
d(B, (A,BD)) = d(C, (A;BD)). (I)
Ta c6: A;O L (ABCD)
= (BA,D) L (ABCD).
Vi (BA,D) N (ABCD) = BD, cho nén néu ké CH L BD (H € BD)
= CH L (A;BD).
Tir d6 di d&én d(C, A|BD)) =CH 2)
Trong tam gidc vuong BCD, ta c6:

G

1 | 1 1 1 <4 2
B BC: cD' 3 a® % 4 2

Tir (1) (2) (3) suy ra d(By, (A;BD)) =

Nhgn xét: Trong viéc tinh khodng cdch tir B. dé&n (A,BD), ta khong cin sit dung
dén giz thiét: (ADD,), (ABCD)) =60".  (¥)
Gid thi&t nay ding d€ tinh thé tich ciia ling try ABCD.A,B,C,D;.
Viéc tinh thé tich nay 12 phin ddu trong dé thi néi trén.

Thi dy 3. (B2 thi tuyén sinh Pai hoc khdi D - 2011)
Cho hinh chép tam gidc S.ABC ddy Ia tam gidc vudng ABC tai B va AB = 3a,
BC = 4a. Biét rling mit phing (SBC) vudng géc vdi (SAC).
Gid sit SB = 2a+/3 vd SBC = 30". Tim khoéng c4ch tir B d&€n (SAC).
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Giai
Ta c6 (SBC) L (ABC) vi (SBC) N (ABC) =
do d6 néu ké SH L BC (H € BC), thi SH L (ABC).
Ké HE L AC (E € AC).
Theo dinh li ba dudng vudng géc, ta c¢6: SE L AC.
Tir d6 suy ra AC L (SHE) = (SAC) L (SHE).
Lai ¢6 (SAC) N (SHE) = SE, nén néu ké HF L SE
= HF L (SAC) = d(H, (SAC)) = HF. (1)
Ta ¢6 SH = SB.sinSBH = SB.sin30° = a+/3 ,

BH = SB.cos30" = 2a\/§.§ =32 =>CH=a.

Ké BK 1 AC = BK // HE.

Theo dinh li Talet, ta cé: _liE_ngi 4 l
BK'\. BC.f 4ay 14

o2
Mit khdc 12: 12+ 12= 12+ 12=>BK2=ﬂ
BK® AB® BC” 9a° 16a 25
2 2
T d6 HE? = S g
16 25
Trong tam gidc SHE, ta c6: B

1 1 118 11 H?) 25
HF? SH? "HE? 3a® 03°

=>HF=;/R__/ ) / LJ———J/

Ké BBY L{SA@bo 8 - B8& _
HF HC

L BB’ = 4HE= 22 3)

N

Tur (1), (3) suy ra d (B; (SAC)) =BB’ =

6a\ﬁ
o

Thi du 4. (Bai todn cd bin)
Cho ut dién OABC, trong d6 OA, OB, OC d6i mdt vudng géc véi nhau. K¢
OH L (ABC).
1. Chitng minh H 1a tryc tdm tam gidc ABC.
1 1 1
- ; F :
OHS, . 083 @B*;: Oc?

2. Ching minh h¢ thic:

NL
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Gidi X
|, K& OH L (ABO)
AHNBC=M
Ta ¢6 OH L (ABC) nén OH 1. BC.
Vi OA L (OBC) (do OA 1 OB, OA 1 OC)
— 0A L BC
viy BC L (OAH) = BC L AM. 0
Tuong tv BH L AC = H Ia tryc tam tam giic ABC

2. Xét trong tam gidc vudng AOM, ta c6: B
1 1
OH° OA° OM
Trong tam gidc vudong BOC, do OM L BC nén c¢6:
1 1 1

= + : 2)
oMm> OB®> 0OC’
| |
Tur (1) (2) suy ra = + = dpem.
OH*> 0A? OB’ oC?
Nhén xét:
1. Hé¢ thic 1 l : duge st dung nhiéu khi gidi cdc bai

OHE  OA? OB’ ' OC?
todn vé& im khodng cdch.

2. Xét thi du sau (B¢ thi Pai hoc khdi D)
Cho ¢ dién ABCD ¢6 canh AD vudng géc¢ vdi mit phing (ABC).
Gia sit AC = AD = 4cm, AB = 3cm, BC = 5em.

- Tim khodng cdch tir A dén (BCD).
Giai
Vi AB = 3cm, AC = 4cm, BC = 5¢cm
= ABC Ia tam gidc vudng tai A.
Nhu vay do AD L (ABC)
= AD | AB; AD L AC.
Tir d6 4p dung k&t qua trén ta co:

. e BV B o
A2 AB2  AC2 AD? 9 16 16
:AH:#.
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Thi du 5. Cho hinh ling tru ding ABCA’B’C’ddy la tam gidic ABC vudng taj
B. Gi4 sit AB = a, AA’ = 2a, A’C = 3a. Goi M 1a trung di€m clia A’C’ va 1 I
giao di€m ctia AM va A’C. Tim khodng cdch tir A d&€n mit phing IBC.

Giai

Trong tam vudng A’AC, ta c6: A . M
AC=vA'C?— A'A? = /922 — 42 = a5 . e
Tl d6 trong tam gidc vudng ABC, ta c6: 1%

Y
BC = VAC? — AB? =+/5a% —a? = 2a.
Nhén thdy (IBC) = (A’BC) 4
Theo dinh 1i ba dudng vudng goéc, ta c6 BC L A’B A&HO-= C
(do BC L AB). Tir d6 két hgp véi BC L AA’
suy ra BC L (A’AB) = (A’BC) L (A’AB). B
Vi(A’BC) N (A’AB) = A’B,nénnéuké AK L A’B (K € A’B)
= AK 1 (A’BC)
= d(A; (A’BC) = AK. (1)
Trong tam gidc vudng A’AB, ta c6:

1 1 1 1 1 5

= + >—— — T e—
AK* "A'A? GAB® Tda® A W
-2
:>AK2=4L=>AK=2“*/5.
5 5
2a\/5

Tu (1) suy ra d(A, (ICB)) = a7

Thi du 6. Cho hinh chép tf gidc S.ABCD ¢6 ddy ABCD la hinh thang vudng,
trong d6 ABC = BAD =90"; BA = BC = a; AD = 2a. Gii sif SA = a2 va
vudng géc v@i ddy (ABCD). Goi H 1a hinh chi€u ciia A trén SB.

Tim khodng cdch tir H dén (SCD). s
Giai
D¢ thdy trong hinh thang vudéng ABCD,
ta ¢6: AC = a+/2. Do AB =2a
= ABC la tam gidc vuOng cin tai C
='BCLAC.
Theo dinh 1i ba dudng vudng gécta cé: 4
SC.LCH.
Gida st DC N AB =E.
Ta ¢6 B 1a trung diém cilia AE.
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Vi BC L (SAC)= (SDC) L (SAC).
Do (SDC) N (SAC) = SC, nén néu ké
AK | SC = AK 1 (SCD)

A D
— d(A, (SCD)) = AK. (1) !
Ta c6 AB N (SCD) =
— d(A, (SCD)) = 2d(B, (SCD))  (2) B—3 o
(do AB = BE)
Ké AH L SB. :
Ta ¢6 trong tam gidc vudng SAB: SA” = SH.SB =

f 2
ViSB = \/SA2 +AB? = (21\/5 +112 =a\/§, H

o SAZ 222 22 23a
né !

(l\/_ \/— / w/
Theo dinh 1i Talet, ta c6:

d(B,(SCD)) _ BS _ a3 3
d(H,(SCD)) HS a\/—

d(H,(SCD))= 5 (B (SCD)).

T (1) (2) (3) suy ra
d(H, (SCD)):3 %d(A (SCD))= %d(A,(SCD)):%AK. (4)
Do SA = AC = av2 :>AK=a\/§.%=a. (5)

Tir (4) (5) suy ra d(H, (SCD))—%
Nhén xét:
Trong thi du nay dé tinh d(H (SCD)) ta da hai 1in thdong qua tinh khodng

cdch tir diém khic dén (SCD).
Trudce hét d(H (SCD)):Ed(B (SCD))

Sau d6 sir dung d(B, (SCD))= —d(A (SCD))

Thi du 7. Cho ling tru ding ABC.A’B’C’ ¢6 ddy la tam gidc vuong tai B co
AB = a: AC = a\/3. Mit phing A’BC tao vdi ddy ABC goc 60°. Goi M, N
twong @ng 12 trung diém cia BB’ va BC. Tim khodng cdch tr B’ d&n mat
phing AMN.




Béi duong HSG Hinh hoc khoéng gian — Phan Huy Khdi

Giai
Ta c6 A’A L (ABC), AB L BC nén theo
dinh li ba duding vudng géc c6 A’B L BC.
Tir d6 suy ra A'BA chinh Ia gbc tao bdi
hai mit phﬁng (A’BC) va (ABQC).
Theo gi4 thiét ta c6 A'BA = 60"
= AA’ = AB.tan60" = a+/3.
Theo dinh Ii Pitago, ta c6:
BC=vAC? —AB? =32 _a? =a\3,
ViB’B N (AMN) =M ma MB’ = MB, nén
d(B, (AMN))=d(B, (AMN)). (1)
Ta c6 BA, BM, BN d6i mot vuong
goc v4i nhau, nén theo két qui ciia

Al

vi du 4 (vi du cd ban), ta ¢6 néu goi
h =d(B, (AMN)) thi:

I Tipard 1 T A a3 aV2
—_= 3 A =—+4+—+-— [doBM yBN=
h* BA? BM? BN’ a’ 3a%  a? 2 2J
gl
3a®
2 /
:>h7ﬂ=3i =ﬂ' (2)
13 13

Tir (1) (2) suy ra d(B',(AMN)) = 3‘1[33_9.

Thi dy 8. Cho hinh vuéng ABCD vi tam gidc déu SAB canh a & trong hai mit

phing vudng géc vé6i nhau. Goi I, J, K lin lugt 13 trung di€m cla cdc canh
AB, CD, BC. Tim khodng cdch tir I d&€n mit phing (SDK).

Giai

Do SI L AB = SI 1 (ABCD).
Trong hinh vudng ABCD dé thdy KD L IC
va gid st KD N IC = H.

Ta ¢6 KD L SI (do SI L (ABCD), tir d6
suy ra KD 1 (SIC) = (SKD) L (SIC).
Vi (SKD) N (SIC) = SH, nén néu ké
IE 1L SH (E € SH) thi IE L (SDK)

A
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L e
— d(I, (SDK) = IE. (1) B K c
Trong tam gidc vudng SIH, ta c6:

1 1 1 H
T ) I ]
i SI° IH

2 a\3
Dé lhay SI= T / . 4
2
Trong hinh vuéng ABCD, ta c¢6: IC= gt %- = #
A 1 1 " 1 4 + 1 5

al = I i T,y 4 i

BRUCH?  KC® (‘CD?atis a? /8
= CH= 3£ =IH=IC-CH= a\/g_a\/§=3a\/§-

2 5 10
Tir d6 thay vao (2) va c6 %:%4. 20 =]JE= 3ay/32 ]
IE 3a 9a? 32
2
Vay d(1, (SDK))= 3“;/23_.

Thi du 9. Trong mit phing (P) cho dudng tron tdim O, dudng kinh AB = 2R.
Trén dudng thing d vudng géc vdi (P) tai A 1y diém S va SA = R\/3. M Ia
mot di€m rén dudng tim O, sao cho géc gitta SM va (P) biing 60”. Goi D, E
lan lugt 13 hinh chi€u vudng géc clia A trén SB, SM.
Tim khodng cdch tir S d€n (ADE) va tir A d&n (SBM).

Giai
Theo gi4 thiét ta c6 SMA =60".
Ta ¢6 AMB = 90", nén theo dinh li ba dudng vudng géc suy ra SM L MB.
Tir 46 BM L (SAM) = (SBM) L (SAM).
Vi (SBM) N (SAM) =SM, ma AE L SM => AE L (SMB)
= d(A, (SBM)) = (1)
Ta c6 AM = SA.cot60’ = Ry/3.°- ‘/—
Tir d6

R\/§

AE = AM. sin AME = R.sin60" = ——. (2)

R\/—

Tir (1) (2) suy ra d(A, (SMB)) =

Ta c6 AE L (SMB) = AE L SB.
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2/~

Vi AD L SB = SB L (ADE) = d(S, (ADE)) = SD. (3)
Ta c¢6 trong tam gidc vudng SAB

1 1 | 1 1 7 RVI2 2RV21
R P T Ty DA ;7= AD= =
AD? ¥ SAF “AB® "3R “4RY 12R J7 7
2RV/21

Tir (3) (4) ¢6 d(S,(ADE))= -

(4

Qua céc thi du trén ta rit ra dugc k&t luin sau diy:

D¢ gidi bai todn tim khodng cdch tif mot didm M d&n mot mit phing (P

ta thudng ti€n hanh theo cdc budc sau:

— Tim mdt mit phing (Q) chita M sao cho (Q) L (P)

— Tim giao tuy&n A ctia (P) va (Q)

— Trong (Q), ké MH L A. Khi d6: MH = d(M; (P))

Can lvu y thém cdc diéu sau diy:

— Doi khi viéce tinh d(M, (P)) thudng thay bﬁng vi¢e tinh d(N, (P)), trong d6
di nhién vi¢c tinh d(N, (P)) 12 d& hon so véi viéc tinh d(M, (P)), ngoai ra

N

bi€l dugc (i s6: k = ili G diy MN N (P) = H.
MH : M

Khi dé d(—N'(L))::k

d(M,(P))
AL e . g
— NGoi riéng ta sir dung két qud sau: P
N

N&u MN N (P) =1 va I 1A trung
diém clia MN, thi
d(M, (P)) = d(N, (P)) A
— Viéc diung két qud cla bai todn cd
bdn (thi du 4) ciing hay sit dung dé /D(|//‘P’ /

tinh khodng cdch tr mot diém dén

mdt mit phing.

. Khodng cich giita hai dudng thing chéo nhau i
Cho hai dudng thing chéo nhau a, b. Poan a
thing MN (M € a, N € b) goi 1a dudng vudng M
géc chung ctia a, b n€u nhu MN L a, MN L b.
Khi d6 ta n6i MN la khodng cdch giita hai b

dudng thing chéo nhau a, b va ki hi¢u: M

d(a; b) = MN.
D€ gidi bai todn tim khodng cdch giita hai dudng thing chéo nhau a, b ta 6
cdc cdch gidi thong dung sau diy:
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Céch 1: Truc tiép ding dinh nghia. Cich nay sit dung khi ta ¢6 thé xdc dinh
duge dudng vudng géc chung MN cliia a vab.

Khi d6 d(a; b) = MN.

Cach 2:

Gia st xdc dinh dugc mat phz"ing (P) chita a va b // (P). /_/b/’-

Khi d6 d(a; b) = d(b; (P)) "
Chi ¥ riing vi b // (P) nén d(b; (P)) = d(M, (p»,/ /
& day M la diém iy ¥ € b. P et

Trong mdi bai todn cu thé ta s& xdc dinh di€ém M sao cho viéc tinh d(M, (P))
1a don gidn nhit c6 thé dugc.

Cidch 3:

Gia st xdc dinh dudge (P) chira a; //////
(Q) chita b sao cho (P) 7/ (Q). P

Khi d6 d(a; b) = d((P); (Q))

Vi (P) // (Q) nén
d(P); (Q) = d(M, (Q)) = d(N, (P), /)/\ /

¢ day M 1a diém wy y cia (P), N 1a diém ty y cta (Q).

Viéc xdc dinh M, N dugc lva chon thich hgp trong mdi bai todn cu thé,

Bai todn tim khodng cdch giita hai dudng thing chéo nhau thudng xuycn
xudt hién trong cdc dé thi tuyén sinh vao Pai hoc, Cao ding trong nhifng

nim gin day.

Thi du 1. (B¢ thi tuyén sinh Pai hoc khdi A - 2012)
Cho hinh chép S.ABCD c¢6 ddy la tam gidc déu canh a. Hinh chi€u vudng
gée ciia S trén (ABC) 12 di€ém H thudc canh AB sao cho HA = 2HB. Goc
gitta duGng thing SC va (ABC) bing 60°. Tinh khodng cdch giita SA va BC
theo a.

Giai S
Ta c6: SCH 1a géc giita dudng thing SC va (ABC),
nén SCH = 60",
Ké& Ax // BC. K& HN L Ax va HK L SN.
Ta c6: BC // (SAN), nén
d(BC, SA) = d(BC; (SAN)) 4
= d(B; (SAN)). (1)
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T HA =2HB = BA = %HA

= d(B, (SAN)) = %d(H; (SAN)). (2)

Ta c6 HN L Ax va Ax L SH (do SH L (ABQC)) i H
= Ax L (SNH) = Ax 1 HK.
K&t hgp véi HK L SN suy ra HK L (SAN)

= d(H, (SAN)) = HK . : 3)
] C
Ta c6 AH = %AB » % : HN = AH.sin60" = 2—;? = ?

Trong tam gidc vudng SNH, ta ¢c6 HK.SN = SH.NH
SHNH  SHNH @)

SN JsH? + HN?
Ta ¢6 SH = HC.tan60’, ma HC = y/CD? + HD?, & day D la trung diém ciia

B s L

= HEK.=

AB:.>CH=\/

2 2.3 3
a1 g a3 s
Thay lai vao (4) ¢6 HK = 3a2 7a23 =a1:2. )
\/?+"3‘
Tir (1) (2) (4) (5) di d&n d(BC, SA) = a\{;ﬁ :

Thi du 2. (B¢ thi tuyén sinh Pai hoc khdi A - 2011)
Cho hinh chép tam gidc S.ABC, ddy la tam gidc vudng cin tai B, trong d6
AB = BC = 2a. Gid s hai mit phing (SAB) va (SAC) ciing vudng goc vdi
ddy (ABC). Goi M 1a trung diém ctia AB. Mit phing qua SM va song song
v6i BC cit AC tai N. Bi€t ring hai mit phing (SBC) va (ABC) tao véi nhau"
géc 60”. Tim khodng cdch giita hai dudng thing AB va SN theo a.

Gidi 3
Ta c6 (SAB) N (SAC) = SA, nén tr gid thiét
suy ra SA L (ABC).
Miit phdng qua SM va song song véi BC s&
cit (ABC) theo giao tuyén MN // BC = N Ia
trung di€m ctia AC.
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S
Qua A ké dudng song song v6i BC, qua N ké
dudng song song véi AB, ching cit nhau &
H, va cit BC 3 E.
Ta c¢6 AB // HE va do SN € (SHE), nén d(AB, SN) = d(AB, (SHE))
=d(A, (SHE)). (1)
Ta c6 SA L HE (do SA L (ABC) ma HE € (ABC)),
Lai ¢6 HE L AH (theo céch dung),
Tir d6 suy ra HE L (SAH) = (SAH) L (SHE).
Vi (SAH) N (SHE) = SH, nén néu ké AK L SH (K € SH), thi AK L (SHE).
Do d6 d(A, (SHE)) = AK . (2)
Vi BC L AB, nén theo dinh li ba dudng vudng géc ta c6 SB L BC, wr dé
SBA 1a géc giira hai mit phing (SBC) va (ABC), nén theo gia thiét:
SBA = 60".
Ta c6 SA = AB.tan SBA = 2a.tan60’ = 2a+/3.
Dé thiy AH =BE = §2£ =3,

Trong tam gidc vudng SAH, ta c6:

2
12= 12 12= 12+L2= 132___>AK2=12a =>AK=2a\[?5.
B SA?  AH® 122 A 12a 13 13
Viy d(AB, SN) = 2*‘1‘{?.

Thi du 3. Cho ling tru ditng ABC.A’B’C’ ddy la tam gidc vuong c6 BA=BC=
a, canh bén AA’ = aV2. Goi M 1a trung diém cta BC. Tinh khodng cdch
giita hai dudng thing AM va B’C.

Giai

- Goi E 1a trung diém ctia BB’. Khi d6 ta ¢6 B’C // EM = B’C // (AME)

- = d(AM, B’C) =d(B’C, (AEM)) (1)
Do B’B N (AEM) = E ma E 12 trung di¢m ctia B’B, nén
d(B’, (AEM)) = d(B, (AEM)) (2) A’ C
T B’C // (AEM) va tir (1) (2) suy ra
d(AM, B’C) = d(B, (AEM)) 3)
Do BA, BE, BM db6i mdt vudng géc vdi nhau
nén n€u goi h 12 khodng cdch tr B dén (AEM),
thi ta c6: A .
R 1
W BA? BMZ BEL 2 o a° a B

45
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a7

7

)
a7

Tir (3) (4) di dén d(AM, B'C) = T

==

Thi du 4. (D& thi tuyénsinh Pai hoc khdi B)

Cho hinh chép t gidc déu S.ABCD canh ddy bing a. Goi E l1a di€ém dai
xitng ctia D qua trung diém ctia SA. Goi M, N twong ng 12 trung diém clia
AE va BC. Tim khodng cdch theo a giita hai dudng thing MN, AC.

Giai
Goi P 1a trung diém ctia AB. Ta c6:
MP // EB. (1)
Vi DASE la hinh binh hanh nén
SE// DA va SE=DA =
SE//BC va SE=BC =
SEBC la hinh binh hanh
= EB // SC. (2)
T (1) (2) suy ra MN // SC. (3)
Laic6 NP// AC. (4)
T (3) (4) ta c6 (MNP) // (SAC).

Tir d6 ta ¢6: d(MN, AC) = d((MNP), (SAC)) 5)
Gia st ACNDB =0,BDNNP=H.

ViDB L AC; BD L SO = SB L (SAC).

Tir d6 suy ra d((MNP), (SAC)) = OH. (6)

a2

s iy nén tr (5) (6) suy ra d(MN, AC) = 372.,

Do OH = %OB——BD=

Thi du 5. Cho hinh lip phudng ABCDA’B’C”D’ canh biing 1. Goi M va N lan

46

Iuwgt 12 trung diém ctia AB va CD. Tim khodng céch giifa hai dudng thing A*C
va MN.
Gigi

Ta c6 MN // BC = MN // (A’BC).
Tir d6°d(A’C, MN) = d(MN, (A’BC))

=d(M, (A’BQC)). (@))
Gid st AB’nA’B=1= Al L A’B.
Mit khdc vi BC L (BAA’B’)
= BC L AL

DI

C'
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Tir d6 Al L (A’BC) = d(A; (A’BC)) = AL (2)
Ta ¢c6 AM N (A’BC) =B va M la trung diém ctia AB, nén
d(A, A’BC)) = 2d(M, (A’BC)). (3)

1
Tir (2) (3) suy ra d(M, (A'BO)) = Ed(A. (A'BC))= %AI )
felaB=LlaBz=Y2, nenuwr(1)@)tace: 1
e 2 2. ’ //l
J2
'C,MN)="—=.
d(A'C, ) 4 /{BW
A'B

Thi du 6. Cho hinh chép uf gidc S.ABCD ddy la hinh thoi canh AB = 35, dudng
chéo AC =4, S0 = 24/2 va vudng goc véi diy ABCD, & diy O la giao diém
ctia AC va BD. Goi M Ia trung diém clia canh SC. Tim khodng cdch giita hai
dudng thing SA va BM.

Giai

Ta ¢c6 MO // SA = SA // (MOB)
= d(SA, BM) = d(SA, (MOB))

= d(S, (MOB)). (D
ViSC n (MOB) =M,
ma M Ia trung diém cla SC nén
d(S, (MOB)) = d(C, (MOB)). (2)
Ta ¢6 BO L AC (do ABCD la hinh thoi, BO L SO (do SO L (ABCD))
= BO 1 (SOC) tirc BO L (MOC) = (MOB) L (MOC).
Vi (MBO) N (MOC) = OM, do d6 néu ké CH L OM (H € OM) thi
CH 1 (BOM) = d(C, (MOB)) = CH(3)

2
Ta c6: OM = &=%\/SOZ+OA2 =% (242) +2° =3

2

MC = %sc = %SA —J/3 = OMC Ia tam gidc cin OMC dinh M.

K& MK | OC = K Ia trung diém ciia OC nén MK = %so =2.

Trong tam gidc MOC, ta ¢c6 MK.OC = MO.CH
MK.OC 22 _2V6
MO 3 3

=CH= 4)

276

T (1) (2) (3) (4) di d&n d(SA, BM) = s

47
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hdn xét: Trong céc thi du trén, d€ tim khodng cdch gilta hai dudng thing chéo
nhau a, b, ta déu sif dung cdch 2 hodc cich 3.
Dudi diy sé trinh bay cdc thi du 4p dung cdch | dé tim khodng cdch giira hai
dudng thing chéo nhau. Cdch ndy dya vao vigéc xdc dinh tryc ti€p dudng
vudng géc chung ciia hai dudng thing chéo nhau.
Nguyén tfc chung dé gidi bai todn xdc dinh dudng vudng goéc chung ctia hai
dudng thing chéo nhau a, b nhu sau:
Xéc dinh difm M € a, N € b saocho MN L a, MN L b.
Khi d6 MN 1a dudng vudng géc chung ctia a va b. VAn dé 1a & chd lam thé
nio d€ xdc dinh dudc hai diém M, N?
Phuong phdp tong qudt ta giai nhu sau:
Dung mit phing (P) chita a va song song v6i b.
Liy mot diém B trén b ké BB’ L (P) (B’ € (P)).
Trong (P) qua B’ dung b’ // b. ¥
Gid stanb’ =M. / /

2 Pl b M2 B

T M ké MN // BB’ (N € b).
Khi d6 MN 13 dudng vudng géc chung clia a va b.
Khi a vi b ¢6 ciu tric dic biét (thi du nhwra L b,..) thi ta lai ¢6 cdch Xt ly
riéng tuong @ng va don gidn hdn phép gidi tdng quét néu trén.

'hi du 7. (Trudng hgp dic bi¢t khia L b)
Trinh bay cdch dyng dudng vudng géc chung véi hai dudng chéo nhau va t

e T =

g

vudng géc v4i nhau.

Giai
Cho a va b chéo nhau va vudng géc v6i nhau.
Dung mit phing (P) qua b va vudng géc vdi a. Gia sttan(P)=M.
Trong (P) dung MN L b a
Khi d6 MN la dung vudng goc

2 ~ b
chung cliaa va b. P M N/

['hi du 8.
Cho hinh ¢hép S.ABCD ddy la hinh vudng ABCD canh a. Goi M va N lin
lugt 12 trung diém ciia cdc canh AB va AD. Gid sit H 12 giao diém ciia CN
vd DM. Bi&t SH vudng géc vdi mit phing (ABCD) va SH = ay3. Tim
khodng cdch giita hai dudng thing DM va SC theo a.
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Giai

Trong hinh vuéng ABCD, ta c6:

N AMD = I\ DNC
— NCD=ADM = DM L CN
Mit khiac DM L SH (do SH L (ABCD))
= DM L (SNC) =DM 1 SC
(nhu viy DM va SC la hai dudng thing
chéo nhau va vudng géc vdi nhau).
DM N (SNC) =H,
vay tir H ké HK L SC (trong (SNC))
Theo thi du cd ban 7 thi HK chinh la NL H
dudng vudng géc chung cia SM va SC.
Nhu vay d(DM, SC) = HK. C

1 1 1
HK? SH? HC? {3
SH = a+/3 (g/);

Ta c6

g 2 2
. onHC=DC.cosDON=DCo=——DC & _ 2aV5
CN  /DN? +DC? \/az )
- =Sead
{ 4

Lt 3BaE )89 2a+/57

y Thay vao (1) va cé: == =HK = .

’ HK? 3a%? 4a% 12a? 19

2a/57

19

'}: Nhdn xét: Thi du 8 14 mot minh hoa sinh dong cho bai todn tdng quat nim trong

thi du 7.

~ Thidy9.

~ Cho hinh 14p phudng ABCDA,B,C,D, canh a. Tim khodng cdch giita hai
dudng thing AB va B,D.

i = d(DM, SC) =

Giai A D,
Ta c6 AB, L A|B, i
A;B L AD (do AD L (ABB,A,) Bifo, K7
= A,B L (B,AD) = A;B LB,D
(nhu th€ A,B va B,D la hai dudng thing 'j, /
chéo nhau va vudng géc véi nhau) / %/ 22N
Gid sit BA, » AB, =H D28 s
= AB N (B,AD) = H. A

49
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Theo thi du 7, ké HK L B\D, B,
thi HK 13 dudng vudng géc chung cla
AB va B,D = d(A,B, B,D) =HK

Ké AE L B,D (E € B\D), thi HK = %AE E

Trong tam gidc vudng B,AD, ta c6: D
A
1 I 1 T T a6 a\/6
T e el R
AE2 . AB: .AD® 2a°] a”, 28 3 6

a\/6

Viy d(AB,B/D) = Te o

Nhdn xét: Py ciing 12 mot minh hoa sinh dong cho thi du 7.

Thi du 10. Cho hinh lap phudng ABCDA,B, C,D, canh a. Goi M, N, P 1an lugt 1a
trung diém ctia BB, CD, A/D;. Tim khodng cdch giita hai duong thing MP
va C|N.

Giai
AI P

Goi E 12 trung diém ciia CC,

= ME // BC = ME // A|D, _ B, -
Trong hinh vudng CDD,C, //////// W
ta thiy D,E L C\N / N
(xem chitng minh tuong ty trong thi du 8). s
Mit khdc C,N L ME (vi ME // (CDD,C))).

Tir dé ta ¢6 C,N L (MED,P) = C,N L MP.

Viy MP va C,N 1a hai dudng thing chéo nhau va vudng gée véi nhau.
Gia st C,N N ED, =H=C NN (MEDP) =

K& HK L MP. "
Theo thi du ¢d bin 7, ta 6 HK \H' .
1a dudng vudng géc chung cla
MP va C,N, nén QP P
d(MP, C,N) = HK ()
Ta ¢6 EH = C,E.sinEC,H 5 = D, F
a
aCN _a s i a5
2 CNL @ ’2 b, upQ (o D,
AT
— FH = EF - EH = 2ED, - EH EF H
il _aJ— 9a\/_

10 10 é - D
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9a\/§
: HH' - FH../7 g0 .11 9
Thed ainh It Taidl il es! 2 L L 9g! 010
o Attt EM EF ay5 10

Vay HH’ = iEM =%.

10 10
Tacé6 H'HK = I-Tl% (g6¢ c6 canh twong ¥ng vudng géc)
Tir d6 trong tam gidc vudng H’HK, thi:

a5

92 QP 9a 5

HK =HH'.cosH'HK =HH'.cos HPQ= — %= 28 __ 2
10°MQ 10 {5a2 L2

_+_

41, 4

_%£_3a\/3_0 @
10 6 20

3a\/ﬁ

Tir (1) (2) suy ra d(MP, C,N) = S

Thi du 11. Cho hinh uf di¢n déu ABCD canh a.
Héy xdc dinh khodng cdch giita AB va CD.
Giai
Goi M Ia trung diém ciia CD.
Do ABCD Ia it di¢n déu, nén trong cic
tam gidc déu ACD, BCD ta c6:
AM 1 CD,BM L CD
= CD L (AMB) = CD L AB.
~ Viy AB vi CD 1A hai dudng thing chéo nhau va vudng géc véi nhau.
: Ta ¢6 CD N (AMB) = M, vi th& n€u ké MK L AB (K e AB), thi theo thi du
cdbin 7, MK la dudng vudng géc chung clia AB va CD, nén
d(AB, CD) = MK (1)

TacéAM:BM:iz—?’.

Do d6 trong tam gidc c¢in MAB dinh M, ta ¢6:

2 2
MK =+VMA2 — AK? = 13_-"74'2—‘5. )
a2

Tir (1) (2) suy ra d(AB, CD) = Wik

' Nhdn xét: Trong céc thi du 8 — 11, ta di tinh khoang cdch giita hai dudng thing

chéo nhau va vudng géc vdi nhau a, b biing céch van dung thi du cd bin 7.
S1
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Trong céc thi du dudi day, ta xdc dinh duding vudng géc chung clia hai duding thing
chéo nhau a, b trong cdc trudng hgp khic (a va b khong vudng géc vdi nhau.

"hi du 12. Cho hinh chép S.ABCD c¢6 diy ABC la tam gidc vudng cin tai B
(BA = BC = 2a), canh bén SA = 2a va vuong géc vdi diy (ABC). Tinh
khodng cdch giita hai dudng thing AB va SC.

Giai
Goi M, N Iin lugt 12 trung di€m cta SC, AB. $
Tac6 AB LBC =SB LBC
(dinh li ba dudng vudng goc)
Tt d6 trong hai tam gidc vudng SAC va  ,_

SBC suy ra MA = MB (vi cling = %)

A
= MN L AB (1)

R6 rang B\ SAN= AN NBC
(SA=BC=2a;NA=NB=a)=>NS=NC
= NM L SC 2)

Tir (1) (2) suy ra MN la dudng vudng géc chung ciia AB va SC, nén
d(AB,SC)=MN (3)

2 2
Trong tam gidc vudng MAN ta ¢6 MN = YMA? — AN? = “—‘SS —_Af )

2
Do SC?= SA? + AC2 =4a® + (2aﬁ ) = 12a2,

nén tr (3) (4) suy ra d(AB, SC) = ay/2.

Vhédn xét: Trong thi du trén 16 rang AB va SC chéo nhau nhung khong vudng
géc v43i nhau. Do bai todn c6 ciu tric dic biét nén viéc xdc dinh tryc tiép
dudng vudng géc chung clia AB va SC trong thi du nay 1a don gidn!

I'hi du 13. Cho hinh chép S.ABCD ¢6 diy ABCD la hinh vudng canh a, SA =h
va SA vudng goc véi ddy (ABCD). Dung dudng vu6ng g6c chung cia SC va
AB, tir d6 tinh d(SC, AB)

Giai
Trong (SAD) ké AK L SD (K € SD).
Trong (SCD) ké KE // CD (E € SC).
Khi d6 EK // AB
Trong mit phing (BAKE) (do EK // AB)
ké EF // AK (K € AB).
Do AB 1 (SAD) = AB L AK.

~



Cty TNHH MTV DVVH Khang Viét

nén AK // EF = AB L EF (1)

Ta c¢6 DC L (SAD) = (SDC) L (SAD)

Vi (SDC) N (SAD) = SD, nén AK L SD = AK L (SCD)

— AK 1 SC ma AK // EF = EF L SC. 2)

Tir (1) (2) suy ra EF la dudng vudng géc chung ciia SC, AB.

Ciing tir d6 ta ¢6: d(SC, AB) = EF. 3)
Dé thi'y EKAF 12 hinh binh hinh nén EF = AK. 4)
1 | 1 1 1
Trong tam gidc vuéng (SAD) ta c6: = + =t —
o) e AK? SA? AD? a? n?

ah

\/a2 o h? :
ah

Tir (3) (4) (5) suy ra d(SC, AB) = T
S

= AK = (5)

Nhé@n xét: N&u bai todn chi ddi héi tinh d(SC, AB) ma khong yéu cdu dung
dudng vudng gbc chung ctia chiing, ta gidi theo cdch 2 nhu sau:
Vi AB //CD = AB // (SCD)

ah

= d(AB, SC) =d(AB, (SCD)) =d(A, (SCD)) = AK = ——
’az +h2

L. CAC BAI TOAN VEE GOC TRONG KHONG GIAN

A. Bai todn vé géc giita hai dudng thiing chéo nhau

Dé€ gidi bai todn ndy ta ti€n hanh theo hai budc sau day:

Gid sl cin xdc dinh géc o (hoic ham s6 lugng gidc cla géc ) giita hai
dudng thing chéo nhau d va d’. Chon mot diém A thich hdp trén d. Qua A
v& dudng thing d, // d’. Khi d6 g6c ¢6 dinh A tao bdi d va d, chinh 1a géc tao
bdidva d’.

~ Trong mit phing xdc dinh bdi d va d,, d

biing cdch dua vao cic kién thic clia

hinh hoc phing d€ tinh 9 16n ctia géc s
a, hodc tinh haim s6 lugng gidc cla A d
goc o theo yéu ciu dé bai.

0] day thudng 1 cdc bai todn don gidn vé hé thifc lugng trong tam gidc, hodc
1a cac bai todn lugng gidc cd ban.
Thi du 1.

- Cho ling tru diing ABC.A’B’C’ ¢6 do dii canh bén biing 2a, ddy 1a tam gidc
vudng tai A ¢c6 AB = a, AC = a+/3. Hinh chi€u vudng géc ciia dinh A’ trén

dy

5
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mit phing (ABC) 1a trung diém ciia canh BC. Tinh cosin ciia goc gitra hai
dudng thing AA’ va B’'C’.

Giai
Goi M la trung di€m cta BC, khi d6 theo gid
thi€t ta c6 A’M L BC.
Trong (ABC) qua Aké d // BC (tdcd / B’C’).
Goi a 1a géc giita hai dudng thing AA’ va
B'C’, thi o = (AA",d) = A"Ad

Do BAC Ia tam gidc vudng tai A ¢c6 AB = a,
AC=aV3=BC=2a=>BM=MC=a.

Ta cé6 AM = BZC a

= ABM Ila tam gidc déu canh a.
Goi H 1 trung diém cta BM,

thi AH 1 BM va HB:GM:-;-.

K¢é MK L d (titc MK // HA).
Theo dinh 1i ba dudng vudng gécta cé A’K L d.

Do d6 cosa—cosA A= AK (l)
AA'
2,
Vi AA’ =2a; AK=HM = g— én thay vao (1), ta ¢é cosa=zl=:l{.

Vay cos(AA’, BC) = i—

I'hi du 2. (D€ thi tuyén sinh Pai hoc khdi B)
Cho hinh chép S.ABCD c¢6 ddy 1a hinh vudng canh biing 2a, SA = a, SB =
av/3 va mit phﬁng (SAB) vudng géc vdi diy (ABCD). Goi M, N lan lugt la
trung diém clia AB, BC. Tim cosin ctia géc tao bdi hai dudng thing SM, DN.

Giai
Tac6 SA=a,SB = a\/3, AB=2a
= SA’ + SB” = AB?
= ASB 1a tam gidc vudng tai S (tic SA L SB)

Ta c6 SM = %:a

= SAM la tam gidc déu canh a.
4
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Ké SH L AB => SH 1 (ABCD) (do (SAB) L (ABCD)) va HA = HM = 5‘

Trong (ABCD) tit M k& MP / DN (P & AD). Khi d6 SMP 1A géc tao béi hai

dudng thing SM va DN. Pita = SMP.
Ké SK 1 MP, theo dinh li ba dudng vudng géc Kl o M

ta c6 HK L MP. ‘ ;{ B
Trong tam gidc vudng SMK, ta co:

M " N

OsSQL = ——.
i SM
D& thiy AP= ~AD= 2 C
| 4 3 R
B c6 M= MH. cos AIME =M, 2M o2y ol a2 . a:
MP 2 \/ s %3 i A8
-

Thay vao (1) va c6

- l&"nﬁ
u-l&

cos(SM, DN) = cosa =

~ Thidu 3.
~ Cho hinh chép S.ABCD ddy la hinh thoi canh bing V5, AC =4 va chiéu cao
~ ciia hinh ch6p 12 SO = 242, § diy AC N BD = 0. Goi M la trung diém ciia
~ SC. Tim g6c giita hai dudng thing SA va BM.
| Gidi
R& rang ta ¢6 MO // SA, viy OMB = o
la gbc gilra SA va BM.
- Vi ABCD la hinh thoi, nén DB L AC.
Mit khdac DB L SO (do SO L (ABCD))
¢ — DB | (SAC) = DB 1 OM.
. Trong tam gidc vuong MOB ai0, /-7 __.C X

ta c6 tana:gg. @) A
OM

. DoOM= %SA=-;-\/§)2 +0A? =%\/(2\/§)2+22 3,

| con 0B = VBC?—0C? = J(\5)? =22 =1,
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Tir d6 thay vao (1), ta ¢6 tana = % = o= 30",

Viy (§KST4) =307,

Thi du 4. Cho hinh chép tam gidc S.ABC ddy la tam gidc vudng cin ABC tai B,

trong d6 BA = BC = 2a va SA vudng géc v6i diy (ABC). Biét ring SB tao
véi ddy ABC géc 60". Tim géc gilta hai duding thing AB va SC.

Giai :
Ta ¢6 SBA la géc giita SB v (ABC) nén
SBA = 60" = SA = AB.tan60" = 2a+/3.
Trong (ABC) dung hinh vuéng ABCD
Vi DC // AB = SCD Ia géc giifa hai
dudng thing AB va DC.
Pit SCD = o D c
Ta ¢6 CD = 2a,

SD = SA? + AD? = /(2a43) +(2a)? = 4a.

Ta c6 DC L AD = SD L DC (dinh li ba dudng vudng goc).

Trong tam gidc vudng SDC, ta ¢6 tana = s = . =2
DC 2a

S
:
I

I

|

|
i
A<

Viy a = (AB, AC) = arctan2.

. Bii todn vé& goc giita duding thing va miit phiing va goc gilta hai mat phing

Phuong phip gidi cic bai todn ndy dua tryc G€p vao dinh nghiz zdc gilta
dudng thing va mit phing va goc gitta hai mit phing di dugc trinh bay ki
Iudng trong sdch gido khoa hinh hoc 16p 11.

Thi du 1.

gA

Cho hinh hdp chit nhit ABCDA'B’C’D’ ddy 1a hinh vudng canh a, canh bén
AA’ =b. Goi M 1a trung diém clia CC’. Tim ty s8 % dé (A’BD) va (MBD) 1a

hai mat phing vudng géc véi nhau (ufc gée gilta hai mit phing wén bing 90").

Gidi &
Gia st ACNBD =0 , <
Ta ¢6 (MBD) N (A'BD) = BD AN B
D& thiy MD = MB, A'D=A’B, A N b
nén ta c6 MO 1L DB, A’O 1 DB \.‘;;:C—;" =1
Viy A'OM la géc giita hai mit phing ,,’)1.)\_::::\..:-3{:—:' 7 e
(A’BD) va (MBD) e e
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Tit 46 (A’BD) L (MBD) <> A'OM = 90"
o A'M? = A0 + OM? (1)
D& thdy theo dinh li Pitago ta c6:
0 B rads i
a2 b a* b
i +[—] ==+ ~()

2-0C*+MC*=
(i 2 2 2 )

.2
=b2+5‘2—, A3)

2
aV2

A0’ =A’A’+O0A’=b" + [—2

p 2 (b) b2
A'M’=AC?+C'M’= (aﬁ) +[5] =222 to @
Thay (2) (3) (4) vao (1) va ¢6
. a’ b’ a’ b?
A'OM =90 —+—+b%> +—=2a% +—

o/ '\ 4 2 4

<:>az=b2<:>%=l (doa>0;b>0)

Thi du 2.
Cho hinh 1ip phuong ABCD.A’B’C’D’ canh a. Tim s8 do ciia géc tao bdi hai
mat phfmg (B'AC) va (D'AC). B' c
Gidi s
Ta ¢6 (B'AC) N (D'AC) = AC. O Do HA= A
Gid sit ACABD = 0. b i, E R )
DoD'A=DC=BA=BC=avy3. ! Broo-Xbso--1-Jc
(& ddy a 12 canh cia hinh 1ap phuong), T QgL
ta c6 B'O L AC,D'O L AC. A s
Tird6 B'OD' 1a géc giita hai mat phing.
bit B'OD' =a.
Goi0’=A'C’ \B'D’ = 1’363':(”)"07)':1’3@3’:%.
Ta c6 O0'=a; B'O' = a—\z/z
aV2
= lle'lg:Eg: 2 =£ p = (—‘=arctan——2—
200 graa 2

= (BA'C);(D'AC)=a= Zarclang.
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Nhén xét: Bing cdch hoan toan tudng v, ta c¢6 két qua sau:
((BA'C);(DA'C))=60"

vdi chi ¥ ta qui vdc géc giita hai mit phing la géc < 90"

Thi du 3. Trong mit phing (P) cho tam giic ABC vuong tai C, AB = 2a, CAB =
60". Poan SA = a va vudng géc vdi (P). Goi o 12 géc tao bdi hai mit phing
(SAB) va (SBC). Tinh sina.

Giai
Ké AH L SC, AK L SB.
(H e SC,K € SB)
Do BC L AC, BC L SA (viSA 1 (P))
= BC L (SAC) = (SBC) L (SAC).
Vi (SBC) N (SAC) =SC, nén AH L SC
= AH 1 (SCB) = AH L HK.
Ta c6 AK L SB = HK L SB
(dinh 1i ba dudng vudng géc)
= AKH Ia géc tao bdi (SAB) va (SBC)
= AKH = 0. (1)

Ta ¢6 trong tam gidc vuong AHK (vudng tai H), thi sina = Q—E ot W2)

Ta ¢6 AC = AB.cosCAB = 2a.cos60" = a = SC = a/2.
Trong tam gidc vudng SAC, thi SA.AC = AH. SC

S AL L Y ﬂ 3)
a2 2
Trong tam gidc vudng SAB, thi AK.SB = SA.AB
s AR = a.2a " 2a\/5 ; @)
\/a2 +4a® 5
a2
Aan_oNID

Thay (3) (4) vao (2) va ¢6 sina = =
i 2ay/5 4

5
‘hi du 4. Trong mit phﬁng (P) cho hinh vuéng ABCD canh a. Poan SA ¢d dinh
vudng géc vdi (P) tai A. M, N lan lugt 1a hai diém di dong trén canh BC va
CD. bit BM = u, DN = v. Chitng minh riing a(u + v) + uv = a’ 1a diéu kién
cin va di d€ hai mit phing (SAM), (SAN) tao véi nhau mot géc 45",



Th
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Gigi
Ta c6 (SAM) N (SAN) = SA.
Do SA L (ABCD) = AM L SA, AN L SA
— MAN Ia géc tao bdi hai mit phing
(SAM) va (SAN).
bit DAN =q, MAB = B.
Khi d6 MAN =45° & o + B = 45

< tan(a + ) = 1

tana 4+ tanf3

—_— =]l o L =
I —tanactan3

<:>a(u+v)+uv=a2.
bé la dpcm.
i du 5. Cho hinh ldp phudng ABCDA’B’C’D’ canh a. Goi E, F va M lan lugt
la trung diém ctia AD, AB, CC’. Goi ¢ l1a géc giita hai mit phing (ABCD)
va (EFM). Tinh cos.

Gidi B .
Ta c6 (EFM) N (ABCD) = EF. :
Gi4 sit AC NFE =1. iy o/ |
Vi FE // BD nén AC L BD ! e i
B FE L AC. L SR e ot
- Tir d6 theo dinh li ba dudng vudng géc eiy - [
suy ra MI L EF. e e

Viy MIC chinh 1d géc tao bdi hai mit phing (MEF) va (ABCD),

nén MIC = Q.

Trong tam gidc vudng MIC, ta ¢6 cosq = % (1)

Bboic- 3ac-2a 2, con

K
i
N

I 4 4
MI:JMC2+ICZ=,/£+£=ﬂ.
: 4 BEE o

vc"!u
3

3
Viy tr (1) suy ra cosq)—zaﬁzﬂ
ketd T
242

59
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Thi du 6. Cho ling tru ditng ABCA’B’C’ ddy la tam gidc cin BAC dinh A, ¢6
géc BAC= 60°. Goi M 1a trung diém ciia AA’. Gid sit (MBC’) tao vdi ddy
géc B. Bi€t riing BMC 1a tam gidc vudng. Tinh géc B.

Giai
Trong (AA’C’C) gid st CM N AC=E
= (MBC’) n (ABC) = BE.
Ta ¢6 hai tam gidc vuong A’'MC’ vi MAE bing nhau = AE = A’C’.
= AE=AC=AB
= EBC la tam gidc vudng tai B, ufc 1a EB L BC.
Theo dinh li ba dudng vudng géc thi C’'B L BE. A’ i
Do dé éfB?Z 1a géc tao bdi (M’BC) véi (ABC) i r="
= C'BC =B M
Theo trén ta c6 ME = MC’ oI
MAAME=AA'MC’). .. . . eleud il o= 3 NP W AT
D¢ thdy trong tam gidc vudng thi

' B
BM=Z==MC

Tir d6 BMC’ la tam gidc cin dinh M. Tir gid thi€t BMC’ 1a tam gidc vudng
nén suy ra n6 phdi vudng tai M = BE = BC’. (1)

Gid sit AB = AC = a. Do BAC = 60’ = BEC =30".

Trong tam gidc vuong EBC, ta ¢6 EB = EC. cosBEC = 2acos30’

" 2a§=a\/§. (2)

Ta c¢6 BC = EC sin BEC = 2asin30° = a

SR =t L&
cos cosP
Tir (2) (3) suy ra a\/§= 3 @cosﬁzﬁ e B:arccos[ﬁ].
cosf3 3 3

Thi du 7. Cho hinh ch6p S.ABCD c¢6 ddy la hinh thang vudng véi AB // CD,
AB =2a, CD = a va dudng cao AD = a. Gid sit SA vudng géc v6i (ABCD) va
SA = a\/2. Tinh géc giita hai mit phing (SBC) va (SCD).

~N
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Giai

Ta ¢6 (SBC) N (SCD) = SC.
Trong hinh thang vuéng ABCD,
tir gia thi€t suy ra AC L CD,
vdy tir d6 theo dinh li ba dudng
vudng goc ta c6: SC L CD.
Vi AB L BC = SB 1L BC
(dinh li ba dudng vudng géc)
Trong (SBC) ké BH L SC (H € SC).
Trong (SCD) tir N ké HK // CD. Do CD L SC = HK L SC, vay BHK Ia g6c
giifa hai mit phing (SBC) va (SCD) :
Ta ¢6 SB = a3, SC= (aV2)W2 =2a Bt
Trong tam gidc vuéng SBC, ta ¢6

1 1 1 AL GG CROES

— -+ = _—
0L sB2  'BC? 32 a? 3a° B a e
2
B py2 =32 (1)
4
2 2
W8c6 CD = a4/2;-SB? = SH.SC = SH = S5 - 38 ([ 3a]
§C )i 2al/ (D
Ap dung dinh 1i Talet ta c6:
32 1
D a2
R DL e SECD L 2 LoHK= V2 @)
@b sC SC 2a 4

D& thd'y BD = y4a® +a® =aV/5.
Trong tam gidc BSC, theo dinh Ii him s& cosin, ta c6:
BD? = SB? + SD? - 2SB.SD. cos BSD

-"? < 5a=3a+ 92 — 2.ay/3.a/6.cos BSD

]

F < 632 cosBSD=4 = cosBSD=—2-=£2—. (3)
i 32 3

-'**; 3a

‘ SD .. SC 22 4
" Trong tam gidc SBK, theo dinh Ii ham s& cosin ta c6

" BK? = SB2 + SK? — 2SB.SK. cos BSK .

B SK SH_ 21k 8 gek= %SDz %a\/g.

61
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54a% d a2
Twr (3) suy ra BK’?=3a’ + 12 a’ —Zaﬁ.%a\/(:.?= %_3;12 = 278;

Bay gid 4p dung dinh 1i ham s& cosin trong tam gidc BHK ta c6:
BK’ = BH’ + HK® - 2BH.HK cos BHK
276% . 3% /9a° L7 aV3 32a T
e

.cosBHK

8 4 8

3.J6 J6

=5 ———cosBHK=—6— = cosﬁ(:—.
4 4 3

Vay W(SCD) = arccos—\g—g—.

Thi du 8. Cho hinh vudng ABCD vi tam gidc déu SAB canh a § trong hai mat

1.
2,
3.

$

&~

phing vudng géc véi nhau. Goil 1a trung di€ém canh AB.
Tim géc gitta SA, SB, SC, SD vdi (ABCD)
Tim géc gitra SI va (SCD)
Tim géc gitta SC, SD va (SAB)

Giai
Ta c¢6 SI L AB = SI L (ABCD)
(do (SAB) L (ABCD))
SA ¢6 hinh chi€u 1a Al trén (ABCD),
nén SAI 1a géc giita SA va (ABCD)
=5 (—STATBCD)) = SAI=60".

Tuong v (SB,(ABCD))=SBI=60",

(SC,(ABCD))=SCI. (1)

i a3
Ta'c6IC = az—*--a—z—a—S:}[anS/\(:I:ﬂ: 2 _—_ﬁ
4 2 IC a5 5
2
5
Vay tir (1) ¢6 (SC,(ABCD)) =arctan i;_—-
NI

Tuong v do SDI =SCI'= (SD,(ABCD)) = arclan—s—.

Goi J 1a trung diém ctia DC, thi IJ L DC = DC L (SIJ) (k&t hgp véi DC L SI)
= (SDC) L (S1J). Do (SDC) n (SIJ) = SJ, nén n€u ké TH L SJ = IH L (SDC)

= ISH = (SL,(SDC))



T U R T R S I
] Cty TNHHI MTV DVVH Khang Viét

s e

e e ) |
Trong tam gidc S1J, ta ¢6 tanISH =tanlISJ=—= ) ol

(SL,(SDC)) = arctan %

. Tac6 DA 1L AB, DA 1 SI(do SI L (ABCD)) = DA 1 (SAB)

= SA 12 hinh chiéu ciia SD trén (SAB) = (DS, (SAB)) = DSA .
Ta c6 DSA la tam gidc vudng cin dinh A v8i canh SA=DA=a
= DSA = 45".

Viy (SD.(SAB))=45"

Tuong w (SC,(SAB)) = 45",

IV. SU DUNG PHUONG PHAP TOA PO GIAI CAC BAI TOAN Vi

KHOANG CACH VA GOC TRONG KHONG GIAN

Trong nhiéu trudng hgp néu c¢6 thé dwa vao mot hé truc toa dd Pecac vuong
g6c Oxyz mot cdch thich hgp, thi nhiéu bai todn v& tim khodng cdch va xdc
dinh géc trong khong gian sé c¢6 mot 10 gidi don gidn. Trong muc nay ta sé
Xx€t nhitng bai todn nhu vay.

Trudc hét nhic lai mot s6 ki€n thic cin dung dén trong muc nay.

Trong khong gian cho vectd MN véi M = (X153 Y15 21), N = (X2; Y25 22) thi

m = (X2 = X153 ¥2 - Y15 22— 2y).

Do dai Iul clia véctd U (uy; uy; uz) duge xdc dinh nhu sau:

i = yuf +ul +u3 .
Cho hai véctd 1 = (u;; uy; w); V= (vy; va; v3).
Tich v6 hudng cau, v dugc ki hiéu u.V va duge x4dc dinh nhu sau:
h.v = |ﬁ|.|V|cos(ii,V) =WV + UaV; + U3Vs.
Goi o gilfa hai véctd U= (u; up; u3) va V= (vy; va; v3) dude xdc dinh:
Upvy +uyv; +u3v;
\/u,2 +u§ +u§ \/v,z +v§ +v§
Trdésuyra i LV < v, + upvy + uzvs = 0.
Cho hai vécto = (uj; uy; u3) va V= (v, v; va). Khi d6 tich ¢6 hudng ctia hai
vectd i, V 1a mot véctd (dugce ki hi¢u la [4,V], va ta c6

[ﬁ,v]=[ ]

Cosa =

Up Usf Juz Uy Uy Uy

E}

Va V3| V3 V)] [VI V2
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. Cho hai véctd: U = (uy; uz; uz); V=(Vy; Vi V3)

Gid st M(X,; y1521) € U; N(Xp; y2:22) € V
Khi d6 khodng cdch d(ii, V) gilta hai véctd 1, V xdc dinh bing cong thic
4. V] MM,

| u, v]|

sau: d(U,V) = —F————

'hi du 1. (D& thi tuyén sinh Pai hoc khdi A — 2012)
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Cho hinh chép S.ABC c6 ddy 1a tam gidc déu canh a. Hinh chi€u vudng géc
ciia S trén (ABC) la diém H thudc canh AB sao cho HA = 2HB.
Géc gitta dudng thing SC va (ABC) bing 60". Tim khodng cédch giita SA va
BC theo a. Az

Giai

Goi M 1 trung diém clia AB, thi

MH=BM-BH=2-2=2
2 B

Tir C k& CE // AB = CE = %;HE:“‘Z/_.

Dung hé truc toa do H.xyz (Xem hinh v&)

Ta ¢6: CH = yMC2 + MH? =
3a2 | - 4 a\/ﬁ » 2a\/:/_

N BYPT NG
Za\ﬁﬁ_Za\/Z_l C E
6 . 6

Vi SCH =60" = SH = CH.tan60" =

Trong hé truc toa d6 ndi trén ta co:
H = (0; 0; 0);

s = |osopBies: Za‘/— [0—2 -0 ;B=[O;3;0];C= 3‘/—3—;—3;0 ;
3 3 by
Viy SA= 0;—23a 2a‘/_ . BCs i‘zi —% o]

Ap dung cdng thic tinh khodng cdch giita hai véctd SA, BC ta c6:

d(SA,BC)=d(SA, BC)= “SA i ‘ (1)

"SA BC“



Y ang Viet

o —% _2aJ§T‘ _2a\21 O 0 —%
Ta c6: [SA,BC]= ¥ I 6 a\/§; a\/§ X
o i 0 0 bl ire
2 2712 =5
i _azx/ﬁ._az 63.a2\/§ )
AU TRk ol
=(0;2;0) 3)
Thay (2) (3) vao (1) vao ¢6:
_a*\J63 63
6 6 aJa2
d(SA; BC)= = ~ ;
\/21+63+1 J9% 8
fii 36361013 6

Ta thu lai k&t qud gidi bing phudng phdp hinh hoc khéng gian thuin tiy!

- (xem thi dy 1, myc B, II chuong 2).

Thi du 2.

 Cho hinh chép tam gidc S.ABC ddy l1a tam gidc vudng cin tai B, trong d6

- AB = BC = 2a. Gid sif hai mit phing (SAB) va (SAC) cung vudng géc vdi
ddy (ABC). Goi M 1a trung diém ciia AB. Mit phing qua SM va song song
v6i BC cit AC tai N. Bi&t riing hai mit phing (SBC) va (ABC) tao vdi nhau
g6c 60”. Tim khodng céch giita hai dudng thing AB va SN theo a.

. Giai 42
- Tacd SA = (SAB) N (SAC) S
= SA | (ABC).

Vi ((SBC), (ABC)) = 60"

= SBA =60"

T B ké Bz// SA = Bz 1 (ABO). ,
Dung hé truc toa do Bxyz A
(xem hinh v&)

) Trong hé truc nay ta c6:

B = (0; 0; 0); A = (0; 2a; 0); S = (0; 2a; 2a/3); N = (a a; 0)

(do SA = ABtanSBA = 2a+/3; do MN // BC nén N Ia trung dlbm clia AC)

Tac6 AB = (0; — 2a; 0); SN = (a; — a; — 2a/3)
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Tirdé ta c6: d(AB,SN)= d(AB SN = |[AB SN| AN‘ s
HAB, SN“
Ta lai c6 [AB SN] 0 0 g 0 —Za]
—a —23\/— —2a3 a| |a —a
= (4a2\/§; 0; 2a2), 2)
AN = (a;—2;0). ' 3)

Thay (2) (3) vao (1) va ¢6
42°\3 5 2a/39
a2 J48+4 B 130
Ta thu lai k&t qui biing cich st dung phuong phdp hinh hoc khong gian
thudn tdy dé gidi thi du ndy (xem thi du 2, muc B, II chudng 2)

d(AB; SN)=

Thi du 3.
Cho ling tru ditng ABC.A’B’C’ ddy 12 tam gidc vudng c6 BA = BC = a; canh
bén AA’ = a2. Goi M Ia trung diém ciia BC. Tinh khoédng cdch giita hai
dudng thing AM va B'C.

Giai
Dung hé truc toa d Bxyz 2
(xem hinh v&).
Tir gid thi€t suy ra trong hé truc

A' c

toa dj nay, ta c6:
B =(0; 0; 0); A=(0;a;0)

M=[§;o;o];c=(a;0;0) Fe
Py
B’ = (O;O;aﬁ) ~~~~~~ )

Tir d6 c6 -+

AM [E —a,OJ;_B'_C.=(a;0;-—a\/5).

Ta c6 d(AM,B'C)=d(AM,B'C =M %)

i
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st i e Y10 e B S
RO rang [AM,B'CJ: 0 2; 25; |12
Ui —a2 al |a 0
I,
= 32\/5;“2‘5;32], (2)
AC = (a; -a; 0) A3)
' Ll
3 e >
Thay (2) (3) vao (1) va ¢6: d(AM,B'C) = —= 27 =¥.
az\/(\/i) +o] \/-

Ta thu lai k&t qua gidi bing phép tinh sit dung hinh hoc khong gian thuin tdy
(xem thi du 3, muc B, II chudng 2).

Thi du 4.
Cho hinh chép wt gidic déu S.ABCD canh ddy bing a. Goi E 1a diém d6i
Xing clia D qua trung diém ctia SA. Goi M, N twdng ng 12 trung diém ciia
AE va BC. Tim khodng cdch theo a giita hai dudng thing MN va AC.

Gigi
Goi O 12 tAm ctia ddy.
Xét hé truc toa do Oxyz (xem hinh v&)
Dit SO = h. Trong hé truc toa dj nay ta cé:

:
0:(0;0;0);C=(¥;0;0]
a

2 B=[O;TZ;OJ;S=(0;O;h)

—

D= [0,—a——2,0J, ______
2 S

A:[—H;O;OJ.
2

av2 h
51

?"G()i I'1a trung di€ém cila SA, th‘l I= [—T; 0, —
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| B2, ‘—2‘/: h] ur dé M=[—a‘/5;“‘/5- h],

Do d6 E ¢6 toa dd 1a E =

2 377 4102

5 =

Ta c6 N:[“‘/:,“‘[ ] Do d6 MN =3 2;0;—E;AC=(a\/§;O;()).
e
Ta c6: d(MN, AC)=d(MN, AC)= (1)
lMN AC]'
h

Ll o gl B e e AR ahy2
DE thy [MN,AC: 2|; 4 ;| 4 0———2—0 @)

0 0 |o av2| |av2 O

NC = 51[3;_&;0] (3)
4 4
i iy
3 Sl 4 av2
Thay (2) (3) vao (1) va ¢6: d(MN, AC)= =—
Y1) ( ) ah\/i 4
2

Ta thu lai k& qua khi gidi bai trén biing phwong phdp hinh hoc khong gian
thudn tiy (xem thi du 4, muc B, II chudng 2).

Nhén xét: Pai lugng d(MN, AC) khong phu thude vao h.

Thi du 5.
Cho hinh chép S.ABCD ddy ABCD la hinh vudng canh a. Goi M va N lan
Itgt 12 trung diém clia cdc canh AB va AD. Gid st H 1a giao diém ctia CN
va DM. Bi€t SH = a+/3 va vudng goc vdi diy (ABCD).
Tim khodng cdch giita hai dudng thing DM va SC theo a.




Cty TNIIT MTV DVVH Khang Viét

Trong hinh vudng ABCD, d& thd'y CN L SM. Do SH L (ABCD), nén dung hé
truc toa do Hxyz (xem hinh v¢)

: '2 '2 '
T306NC=\,32+%=% HC = DCwsDCH-a%: 2 =2‘l‘/g

as s
| Z 2
] ';2 P /E
HD = VDC? — HC? =\/uz—ﬂ—= B
5 5
R avs  3ays
 HM=DM_DH= &3 a5 _3uVs
( Ikl 10
- Tir d6 suy ra trong hé¢ toa do néi trén, ta co:
[ = (0; 0; 0);
. C=[235‘/§;0;0 ‘M= [ 32:;)/— o] (o 0; af) 0—% 0]

"VQ)' DM = O;#;O] va §6=[¥;O;—a\/§]

(2)

R ot Nl odofic oo i Qoif o S 185
= [DM, 5¢|=|[ 2af :
i 0 _a\/g —d\/— 23\/—
2
I \/E;O;—az]. (1)
2
“DM sc] MC‘
Ta c6 d(DM,SC)=d(DM, SC)=

Do MC = 2a\/_ 3aJ— , nén tr (1) (2) suy ra
) 5 10
3
d(DM,SC)= V3 1 2357
Ry
4

thudn tiy (xem thi du 8, mye B, II, chuong 2).
i du 6.
Cho hinh 1ip phudng ABCDA’B’C’D’ canh biing 1. Goi M, N lan lugt 12

firung diém ctia AB va CD. Tim khodng cdch giita hai dudng A’C va MN.
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, Giai ¢
Dung h¢ truc toa dd Axyz (xem hinh v&) I 7
Trong h¢ truc toa do nay, ta co: Al D
A=(0;0;0): A’ =(0;0; 1);C=(1; 1 0). s
1 1 B ; N &
M=[—;();()];N= —;1;0]. : Ry
2 2 . 5
—_ ——y | e
Viy A'C=(LL~1); MN=(0:10). S Reathto—
Marah — v i -k D b
Tir d6: § N
B (@
sl [ 1 1 X
{A C, MN] =(1;0:1).
0o (o1
“A ol MN] CN|
Lai ¢6: d(A'C,MN)=d(AC,MN)="re0—r (1
“A C,MN“
2

1

pcc 1 . f 2
DoCN = |[——;0: 0, néntr (1) ¢c6: d(A'C,MN )= == —.
[ - ] ¢ (1) ¢6: d( ) 5 .

Ta thu lai k&t qué gidi vi dy trén bing phuong phdp hinh hoc khong gian
thuin tdy (xem thi du 5, muc B, 11, chuong 2)

Thi du 7.

70

Cho hinh chép ut gidc S.ABCD ddy la hinh thoi canh AB = 35, dutng chéo
AC = 4; SO = 22 vi vudng géc vdi ddy, & diy O la giao diém cla AC va
BD. Goi M 1a trung di€m ctia SC. Tim khodng cdch giita hai dudng thing SA
va BM.

Giai
Vi ABCD la hinh thoi nén AC L BD, do vy du’ng h¢ truc toa do Oxyz (xem
hinh v¢).
Trong h¢ truc toa dd ndy, ta c6:
O =(0;0;0); A=(0;-2; 0);

§= (0;0;2\/5); B =(1:0; 0)
C=(0:2,0); M= (0:1;42)
(do OB = VAB> —A0* =J/5-4=1)

T d6 SA =(0;-2;-242);

=(—l;l;\/5) A




TR R A R R o e e MR R
ki Cty TNHII MTV DVVH Khang Viét

SIGUE = i T I
”SA BM|. AB'

Lai c6: d(SA,BM)=d(SA, BM) = 2)
o

Th

il

Vi AB = (1;2;0), nén tir (1) suy ra d(SA, BM)=

42
J8+4

26
e

Ta thu lai k&t qua gidi vi du trén biing phudng phdp sit dung hinh hoc khéong
gian thudn tiy (xem thi du 6, muc B, II, chuong 2)

i du 8. Cho hinh 1ip phudng ABCDA,B,C,D; canh a. Tim khodng cich giita
hai dudng thing A,B va B,D.

Giai
Dung h¢ truc toa dd Axyz (xem hinh v¢). T"
Khi d6 ta c6: A D,
A=(0;0;0),A =(0;0;a) /':
B = (a; 0; 0), B, = (a; 0; a), o R AR €
D'=((0; a; 0). e S
Tir d6: I R T, e
ST ’/ e D y
AB=(a;0;—a) ‘
i B K
B,D =(—a;a;—a) X
— 0O —al [-a a ao
Viy [A,B,BID]_[ : : ]=(a2;2a2;uz). 1)
aii=alal=a —al Jl—a &
“A,B B,D ﬁ‘
Laic6: d(AB,B,D)=d(AB,B/D)= )
}A B, B DH

-
WDO BD = (—a;a;0), nén tir (1) (2) suy ra:

--:ui“”'d (A;B,,B,D,)=

3
a

_al
a’J1+4+1 '

6

~ Ta thu lai k&t qud gidi thi du trén biing phuong phdp hinh hoc khong gian

J thudn tdy (xem thi du 9, myc B, II, chudng 2)
‘ f_ fdu 9. Cho hmh ldp phlrdng ABCDAB,C D, canh a. Goi M, N P lan llfdl

71




Boi duong HSG Hinh hoc khéng gian — Phan Huy Khdi

Giai z

Dung h¢ truc toa d§ Axyz (xem hinh v&) A, P D,
Khi d6 ta c6: ! L7
A = (0; 0; 0); B = (a; 0; 0), B, T (c,
Bn = (a; 0;2); C = (a; a; 0), i \

MY | \

= (0; a; 0); A, = (0; 0; a), Ao i e e R

D. = (0; a; a)yC, = (a; 4; a). 7 N
Tir d6 ta c6: 2 .

o 12 a2 | [ (o s g2
= |[MP.CN|=|[2 2| |2 af| a2 =[—92—.—5%;‘7] (1)
0 —al |-a 2] 20
“MP CN| MN
Lai ¢6 d(MP,CN)=d(MP,CN)= : )
‘[MP,CN“

a a
WMN a;——|[ nén tir (1), (2) co:
[2 > nén tir (1), (2) ¢6

Ta thu lai k&t qua gidi thi du trén biing phudng phédp hinh hoc khong gian
thuin tiy (xem thi du 10, muc B, II, chudng 2)

Thi du 10. Cho ling tru ditng ABC.A’B’C’ ¢6 d6 dai canh la 2a, ddy 1a tam gidc

~,N

vudng tai A ¢6 AB =a; AC = a+/3. Hinh chi€u vudng goc cla dinh A’ trén
mit phing (ABC) 1a trung di¢m cta canh BC. Tim cosin clia géc giifa hai
dudng thing AA’ va B’C’.

Giai
Tac6 AB=a,AC= a3 =BC=2a=>AM=BM=AB=a,
K& AH L BC = HM = HB = %

Ké Mx L BC (utc Mx // AH)



B Ta c6 SA=a,SB= av3; AB =2a

Cty TNHH MTV DVVH Khang Viét

Dung hé truc toa 3 Mxyz (xem hinh ve).

Khi d6 ta c6
M = (0; 0; 0), A = [3-[— -% 0]

=(0; 0;2\/5) B =i(0:%a; 0), € =(0;a;0)

M A'M= VA'AZ —AM? =4a® —a2 =a\3) B
Ta c6: (AA’, B’C’) = (AA’, BC)

= cos(AA’, B’C’) = cos(AA’, BC)

= cos(m“, B_C.)‘

AT\'.EI
= . (1)
AA'|.|BC
B V1 AA'= —T\/_ %'a\/g ;B_C‘=(O;2u;0)
a’ |
~ Thay lai vdo (1) va ¢6 cos(AA',B'C')= . =
\/3%+ 4 +3a%.2a

Ta thu lai k&t qua tinh bing phuong phdp sit dung thuin tdy hinh hoc khong
gian (xem thi du 1, muc A, III, chudng 2).

SB = a+/3 va (SAB) vudng géc véi ddy (ABCD). Goi M, N lan lugt 1a trung
diém clia AB, BC. Tim cosin clia géc gilta hai dudng thing SM, DN.
Giai

g Ta ¢c6 (SAB) L (ABCD) ma (SAB) N (ABCD) = AB, nén néu ké& SH L AB,

thi SH vuong géc vdi (ABCD).

= ASB=90" = SM=MA=MB =a
(6 ddy M 1 trung diém ctia AB)
= HA= 2,

2 e A MAAC g -
T H k& Hx / BC va ding hé /-
truc toa do Hxyz (xem hinh vé) D“/

X
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Trong h¢ truc nay ta ¢6: H=(0;0; 0), M = |0; %; 0].
Do SAM la tam gidc déu canha = SH = 3\2/5 =5.Si= [O; 0, il—?’J
Tac6B= [0;3—“;0]; C= 211;3i;0 =SN'= [1 3_21;0]: D=[2a;—3;0
2 2 2 2
wme’s’ﬁ:[ ; a3 ; DN = (—a; 2a;0)
_ . [w.oN
Tir d6 cos(SM.DN)=|cos(SM,DN)|=
SM|.|DN
d a’ oLl ofS
- ; _\/g_ o
\/il- + %}—. a’ +4a’
4 4

Ta thu lai k&€t qud gidi thi du trén biing phudng phdp hinh hoc khong gian
thudn tdy (xem thi du 2, muc A, I1I chuong 2).

Thi dy 12. Cho hinh chép S.ABCD ddy 1 hinh thoi canh bing /5, AC = 4 va
chiu cao ctia hinh chép 1a SO = 2\2, & diy AC N BD = 0. Goi M 1a trung
diém ctia SC. Tim géc giita hai dudng thing SA va BM.

Giai
Vi AC L BD, SO 1 (ABCD), nén chon h¢ truc toa d Oxyz nhu hinh vé.

Ta c6 OC =2, OB = (J§)2—22 =3

nén trong hé truc nay ta cé:
0=(0;0;0):S = (0;0;2\/5)
A =(0;-2;0); B=(0;0;0)

C = (0; 2; 0), do déM:(o;l;ﬁ)
T d6 s?(:(o;-z;-zﬁ);

I—B—M:(—l;l;ﬁ)

Vi thé cos(SA, BM)=

cos(SA BM)’

NS G e, SWRMML. . £:>(SA BM) = 30",
JEre i1+ 232

~MA



| ' Cty TNHII MTV DVVH Khang Viét

\
4l
\

Ta thu lai k&t qui bing cdch gidi vi du trén bing phuong phdp hinh hoc
khong gian thudn tiy (xem thi du 3, muc A, III chudng 2)

Thi du 13. Cho hinh chép S.ABC ddy la tam gidc vudng tai B (BA = BC = 2a)
v SA vudng géc véi ddy (ABC). Bi€t riing SB tao vdi ddy géc 60°. Tim géc
giifa hai dudng thiing AB va SC.

Giai
Ta c6 SBA =60" = SA = 2a.tan60" = 2a+/3.
Dung hinh vuéng ABCD va x¢t hé truce toa do Axyz (xem hinh vE)
Trong h¢ truc nay ta ¢6
N=1(0;0;0); S = (O;(); 211\/5)
Bi=(0; 2a; 0); C =(2a; 2a;0)
AB = (0;22;0);
SC = (2:1; 2a; — 211\/5) _____

aco;

cos(AB, SC)=

cos (ﬁ, E)‘ ‘x/]; L

A8 £ ;5
AB IS_CQI 211.\/4112 ida? + 1222 5

Viy (AB, SC) = arccosé.

Ta thu lai k&t qud gidi vi du trén bing phudng phdp hinh hoc khong gian
thuin iy (xem thi du 4, muc A, 111 chuong 2).
th du 14. Cho hinh hdp chir nhit ABCDA’B’C”D’ ddy 1a hinh vudng canh a,

canh bén AA’ = b. Goi M 12 trung diém ciia CC’. Tim 1y s6 % dé (A’BD) va

(MBD) 12 hai mit phiing vudng géc véi nhau.
Giai -
Dung hé truc toa d Dxyz nhu hinh vé. Trong hé truc nay ta c6:
D = (0; 0; 0); A’ = (a; 0; b); B = (a; a; 0); C = (0; a; 0); C’ = (0; a; b)

=S M = [O; a;E]
2

Mt phing (A’BD) c6 vée—td phip 1a: ﬁ,:[ﬁ,D_ﬁ] ()
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Mt phing (MBD) ¢6 véctd phdp la: Iz
i, =[DM.DB|  (2) D &
i |
Ta c: DA'=(a;0; b); Al : .
| B M

DB—(u' a;0); DM [ s g]

Ne)
A
—
=
==
|
!
(@)
‘<1

Vi th& tir (1) (2) ¢6: 2
3. 0O bl |balla0 2 A B
i a ();0 21; a a]:(—uh;ab;a ) Fx
5 a Oh? al [a a ab
2 = aE E() 0a -—(_ 2 Lt
2] (2

Ta c6: (A’BD) L (MDB) < i) L
S 1), —()

2’k ;1 ath

o +a*=0
2 2
—a’b*+at=0
o ala’*-bd)=0. 3)

Doa>0,b>0,nén(3)<:>a=b<:>%:l.

a

Viy —=11a didu kién cin va di d& hai mjt phing (A’BD) va (MBD) I

vudng gbe vai nhau.

Thi du 15.

716

Cho hinh 1ip phuong ABCDA’B’C’D’. Tim géc gilfa hai mit phing (BA’C)
va (DA’C).

Giai
X6t hé toa dd Bxyz nhut hinh vé. .
Gia st canh ctia hinh 1dp phuong 1a a, D! c
khi d6 trong hé truc nay ta c6: :
=(0;0;0); A’ = (a; 0; a) g B’
c (0; 23 0); D = (a; a; 0) O R
Mit phing (BA'C) c6 BN ]
véc tJd chi phudng la: nel Cipna”
i, =[AC, BC|. (1) A B
X



Cty TNHII MTV DVVH Khang Viét

Mt phing (DA’C) ¢6 véc t6 chi phuong 1a: fi, = [ﬁ, D_c']. )
B Ta cé: R=(—a;a;—a);f)_C‘=(—a;O;())v:‘n B—C°=(O;a:0).
Do do6 tir (1) (2) c6:

B i = : ; =(a%0;—a"),
e [a o] o o Oa] LR
= a —a| |—a —a| |—a a 2 2
= ; ; =(0;a%;2a%).
i [00 0 —a —ao](aa)

Theo qui udc néu goi o 1a gbc gilta hai mit phﬁng (BA’C) va (DA’C) thi
a <90" va tir d6 ta c6:

[, iy el l_a4| . a
|31|-|ﬁz| \/a“+a4 .\/a4 +a* V22’ 22

i;scosa=lcos(ﬁ',,ﬁz)l= =%
= o= 60",

" Viy (BA'C),(DA'C) =60".

fa du 16. Cho hinh chép S.ABCD c¢6 ddy 1a hinh thang vudng véi AB // CD,
- AB =2a; CD = a va dudng cao AD = a. Gid st SA vudng géc véi (ABCD) va

BSA = a\2. Tim gbc gilta hai mit phing (SBC) va (SCD).

A Gidi
Dutng hé truc Axyz nhu hinh vé. Az
Trong hé truc toa do nay ta cé:
i S
 A=(0;0;0;5 = (0;0;av2)
3= (0;2a; 0); C=(a; a;0) a2 /
~ (va néu £0i M la trung diém cla AB, // .
~ thi CM L AB), D = (a; 0; 0). AK-- ,/////?
_. Miit phing (SBC) ¢6 véc td phip la: a ///////////,
- = _ QR < D a C
i, _[ss, Sl E
* Mt phing (SDC) ¢6 vée (6 phip Ia: :
B i =[§6,§Z:' REE?:
B Ta co: §§=(0;2a;—a\/2_);S_C.=(a;a;—a\5); ﬁ:(a;o;—aﬁ)
é Viy tir (1) (2) c6:
: .Y —av2 0 |0
e 2a a\/_Z_; av2 ; 2a =(—a2\/§;—a2\/§;—2a2)
a _a2| |[-av2 2] |2 ‘a
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a0

0 —av2| 2 a ]r(azﬁ;();az)
a

2 = [3 —av2| —a\/i A

Viy néu goi o 12 géc giita hai mit phing (SBC) va (SCD), thi theo qui udc
a < 90", nén ta cé:

R e .1 T S Y
[i]-[i]  a2V2+2+422J2+0+1 al243 3
Ta thu lai k&t qud gidi vi du wén biing phuong phdp hinh hoc khong gian
thuin tiy (xem thi du 7, muc B, III, chuong 2)

Ta nhén thi'y vdi vi du ndy phudng phdp st dung toa do 1a gon gang hon.

cosuzlcos(ﬁp H2)|

Thi du 17. Cho hinh vudng ABCD va tam gidc déu SAB canh a § trong hai mit
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phiing vudng géc vdi nhau. Goi I 1a trung diém ctia canh AB. Tim géc giita
SI va mit phing (SCD).

-Giai
Ta c¢6 SI L (ABCD).
Goi J 1a trung diém CD, thi 1J L AB.
Vi th€ dung hé truc toa do Ixyz nhu hinh vé.

a3

Ta c6: SI = 7! tir do trong h¢ truc toa do

nay, thi I=(0;0;0); S = [o 0; 3\2/—]

C= [a;E;O];D= [a;—i;O].
2 2

Mt phing (SCD) c6 véc td phép 1a: ii = [§6 s—ﬁ] (1)
Ta c6: SC = [a,i —% ,—3;—2 , vay ur (1) c6:
a a\/g av3 a
-~ P R [ e T 2
x| BoRER 2a,a2=_a~/§;0; 2
_a af3| | a3 3 Ja_a 2
2 a2y 2

Lai c6 SI—[O O——

Goi a 1a géc giira SI va mit phing (SCD) thi /A/ A———l /

af] 1
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sino = cos(ﬁ,ﬁ) ! (2)
o 33
<y SR 32_ 2ﬁ
T SI,
a cé cos( n) ISI‘ ln| ¢ Z+ \/_

Viy tr (2) suy ra o = arcsin 2

Chii y: Theo cdch gidi bing phuong phdp hinh hoc khong gian thudn iy, ta ¢6:
243

o = arctan——.
3

1

Dé y rﬁng tana = & = coto, = -\/—§:> SINOL S et e il
3 E J1+cot? o
ls sii2d

L 7
1+ 2
Ta thu lai hai két qud nhu nhau (xem thi du 8, muc B, III, chuong 2)
Thi du 18. (D¢ thi tuyén sinh Pai hoc khdi D)
Trong khong gian vdi hé toa do Oxyz cho hinh ling tru dirng ABCAB,C,.
Biét A(a; 0; 0), B(-a; 0; 0), C(0; 1; 0), By(-a; 0; b) vdia >0, b > 0.
L. Tim khodng cdch giita hai dudng thing B,C va AC, theo a va b.
2. Cho a, b thay ddi nhung lu6n thda min a + b = 4. Tim a, b d& khodng cich
gitta B,C va AC, 12 16n nhit.

= sina =

B,

Giai
I, Ta c6: A, =(a; 0; b), C, = (0; 1; b).
Theo cong thitc tinh khodng cdch giita

hai dudng thing ta c6:
I[B C.AC/|cc|

d(B,C,AC,)= )

I[B,c, AC,]’

X

Do B\C = (a; ;- b); AC; =(—a; I;b) ; CC| =(0;0;b)

1 —b| [-b 1

[B z, AC,] ” l l A ]:(2b;0;2a).
-a| |[-a 1
b

Thay vao (1) va c6: d(B,C, AC,)= e = e (2)

Jab? +4a2 o 4b?
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2. Tir(2) va dp dung bat dﬁng thire Cosi, ta c6:
' 1 b
d(B,C, AC,) < T=ab =222 = 2 doa+b=14).

\/—— J— =z
Viy max d(B,C, AC)) = 2 <>a=b=2.

Nhén xét: Trong cdc thi du 1 — 17 bai todn ra dudi dang hinh hoc khdng gian,
nhung khi gidi ta dung phuong phdp toa do, con trong bai trén dé bai ra dudi
dang hinh hoc toa dd nén vi¢c sit dung phudng phép toa do dé gidi bai todn
nay la hop Ii.

Binh ludn: Qua cic thi du 1 — 18, ta rit ra phuong phép gidi cdc bai todn vé khodng
cdch va géc trong hinh hoc khong gian biing phuong phép toa do nhu sau:

— Léap mot hé truc toa dd thich hgp vdi ddu bai.

— Tim toa dd cla cdc diém, cic véc td cin thiét.

— St dung cdc cong thifc tuong ing da biét d& tinh cdc dai lugng theo yéu cau
diu bai.

Can nhian manh ring, viéc xﬁy dung hé truc toa do 1a quan trong nhdt vi n6
dim bio cho viéc tinh todn & cdc budce ti€p theo 1a ddn gidn hay phic tap
phu thudc vao viéc lya chon hé tryc toa dd ban dau.

V. THE TiCH CUA KHOI DA DIEN
BAi todn tinh thé tich ctia khdi da dién 12 mot trong nhitng chd dé thiét y&u clia
chuong trinh hinh hoc dudc gidng day trong chudng trinh § nha trudng trung
hoc ph8 thong. Noi dung ndy ludn ludn duge dé cip dén trong dé thi tuyén
sinh mon todn vao cc trudng Pai hoc va Cao ding & cdc khdi A, B va D.

TOM TAT Li THUYET :

— Thé tich hinh chép:

V= -l—Sh,
3
& day V 1a thé tich, S 1a dién tich ddy
con h 14 chiéu cao ciia hinh chép.

— Thé tich hinh ling try:
V = Sh,
& diy V 1 thé tich, S 12 dién tich ddy
con h 13 chiéu cao clia ling try.
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_  Ngudi ta thudng sit dung k&t qud sau diy:
Cho hinh chép tam gidc S.ABC. Liy A’,
B’, C’ tuong wng trén SA, SB, SC. Khi d6

Viabed ~ SA" SHt BE

Vsapc  SA SB'SC

ta cO

A. Tinh th€ tich biing cdch sit dung tryc tiép cdc cong thie vé thé tich.
Phuong phdp gidi bai todn thudce loai ndy dudc ti€n hanh nhu sau:
— Xdc dinh dudng cao cta khoi da dicn can tinh thé tich. Trong nhiéu trudng
hgp chi€u cao nay d& dang xdc dinh dude ngay tir diu bai. Nhin chung viéce
- xdc dinh nay phdi dya vao cic dinh li vé quan h¢ vudng gée da hoc trong
~ chudng trinh hinh hoc 16p 11 (hay ding nha' Ia cdc dinh Ii vé diéu kicn d¢
 mot dudng thing vubng goc vdi mot mat phing).
- ViCc tinh chi¢u cao thong thuting nhd vao viée sit dung dinh 1i Pitago, hoic
nhd dén phép tinh lugng gidc.
— Tim di¢n tich ddy biing cdc cong thic quen biét.
! V}Céc bai todn thudc loai ndy rit ¢d bin, chi ddi héi viée tinh todn cin thin va

l[chinh X4c.

Giai

,‘Ta ¢6 SCH = 60" (g/v)

- Gui D 1a trung diém cua AB,

khi d6 do HD = HA — AD = %a—%:

MICD = 3—;'\/2, nén

-~

o K

a? a7

| I S
BC = \LD2+DC? = (5. 2 _
- Vi Vag T

V21

Trong tam gidc vuong SHC, ta ¢6: SH = HC.tan60" = 8—3—

R1
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laz 3 aV2l 43 a7

308 3 12

Nhdn xét: Bai thi trén qué 12 rit co ban va don gidn.

Thi du 2. (P& thi tuyén sinh Pai hoc khoi B — 2012)
Cho hinh chép tam gidc déu S.ABC vdi SA = 2a, AB = a. Goi H Ia hinh
chi€u vudng géc ctia A trén canh SC. Tim thé tich hinh chép S.ABH.

Giai

Vé chiéu cao SO ctia hinh chop S.ABC,
khi d6 O 1a tAm ciia tam gidc déu ABC.
Gid st CONnAB=M =CM L AB.
Mit khdc AB L SO (do SO L (ABC)
= AB L (SCM) = AB 1 SC.
Lai c6 AH L SC = SC L (ABH) A
= SH la chiéu cao cta hinh chép S.ABH.
Mit khdc do AB L (SCM) = AB 1 HM

- 1
Vay Vsasc = ;-SABCSH =

~

,.% 3

Trong ASMC, ta ¢6: SO.MC = SC.HM (Lakiiy
= HM = SOS;EAC ¥ (2)
Vi CM=£;CO=—2-CM=3—\/§,
2 3 3
) 2
= S0 =SC2LCO% = \[4112 " ‘3 = “/f ; (3)
a33 a3
Thay (3) vao (2) va c6: HM=—3—2 =2 il @)
24 4
T
Ta A HESAMCT DR o o 1a 2
S T
:sn:sc-chzzl-%z?. (5)

. 1 m/ﬁ Ta 7x/lla3
Thay (4) (5) vao (1) va ¢6: V. = — = )
y @) (5) (1 L G ol %

o
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Nhén xét: :

1. Trong bai thi trén, vi¢c phdt hi¢n ra SH 1a chiéu cao ctia hinh chép S.AHB
khong nhidn ra ngay nhu trong thi du I.

2. Ta c¢6 cdch khdc gidi vi du ndy trong myc B

Thi du 3. (B¢ thi tuy€n sinh Pai hoc khdi D - 2012)
Cho hinh hop ditng ABCDA’B’C’D’ ¢6 ddy la hinh vudng, tam giac A’AC
yudng cin, A’C = a. Tim thé tich uf di¢n ABB’C’.

Giai

Vi AA’C la tam gidc vudng cin dinh Ama A’C=a

D
A ’ _C
=>AA'=AC=“J5:>AB_=1, : (858577~
2 2 A ! o
ViC'B’ L (ABB’A’) ‘\\4:\ /,’
= C’B’ la chiéu cao hinh chép C’.ABB’ y/ ‘~\\\
T do: ,,fJ'_ _____ | afiepd .
l ,’/ il Dt LSS =2
Vassc = Vease == Saps.C'B’ A e vls]
3 A B

L1 ppbjep=Lrof e o7

5 317 82 M7 13 Titas

Nhdn xét: Bai todn 1a don gidn sau khi nhiin biét t¢ di¢n ABB’C’ chinh 12 hinh

chép dinh C’ ddy la tam gidc ABB’ va ¢6 chiéu cao chinh 1A C'B’.

* Thi dy 4. (D& thi tuyén sinh Cao ding khdi A - 2012)
~ Cho hinh chép S.ABC ddy ABC IA tam gidc vudng cin i A, AB = ay/2,
. SA=SB=S5C. Géc giita SA va (ABC) biing 60". Tim thé tich hinh chép S.ABC.
“;j}.;x,“ Gidi S

l A nén H 1a trung diém cta BC. Tir gid

";' * thi¢t suy ra SAH. = 60"
Do AB = AC = a2 = BC = (21\5)\/5= 2a

B C

i >
R >
| i :AH:%gzu.

Trong tam gidc vuong SAH, ta ¢6: SH = AH.tan60" = a3
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\/_‘1

Vay quBC=SSABC SH=5 EABACSH——A\/—a\/_a\/_

Nh@n xét: Bai thi 1 rit don gidn!
Thi du 5. Cho hinh chép S.ABCD ¢6 ddy ABC la tam gidc vudng céin tai B, AB =

BC = 2a, hai mit phing (SAB) va (SAC) cing vudng géc vdi (ABC). Goi M
1a trung diém cta AB. Mit phing qua SM va song song vdi BC, cit AC tai
N. Biét riing géc gitta hai mat phing (SBC) va (ABC) biing 60". Tim thé tich
hinh chép S.BCNM.

Giai
Do (SAB), (SAC) cung vudng géc vdi (ABC) = SA L (ABC).
D& thd'y SBA = 60", Qua M k& MN // BC (N e AC).
Hinh ch6p S.MNBC nhin SA la dudng cao, ta c6:

1 S
Vs mne = ESMNBC'SA : (1)
Ta c6: SA = AB.tan60" = 2a+/3.
(BC + MN).MB
Smnee = 2
o (23+a).a_3_ai ARZ C
2 2 M N\
B

T d6 theo (1) ¢6 VgMNBC—% lZa\/——a NEX

Thi du 6. Cho hinh ling tru ABCDA,B,C D, ¢6 diy ABCD Ia hinh chif nhit vdi

84

AB =a, AD = a+/3. Hinh chi&u vudng géc clia A, trén mit phing (ABCD)
trang vdi giao diém O cla hai dudng chéo AC, BD ciia ddy. Biét riing hai
mit phing (ADD,A ) vid (ABCD) tao véi nhau géc 60°. Tim thé tich clia ling
tru da cho.

Giai
Ta ¢6 (ADD,A,) N (ABCD) = AD.
Ké OE L AD (E la trung diém AD)
= AE L AD (dinh li ba dudng
vuong goc)
= AEO =60"(theo g/t)  LeZ---

Ta ¢6 A,O = OE.tan60" = %J’i
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' : e av3  3a°

Ta lai thily: Vapcpas,c,p, = Sascp-A 0= a.aﬁ,—2_= oy
1 hi du 7. Cho hinh chép S.ABC ddy la tam gidc vudng ABC tai B, AB = 3a, BC
= 4a. Bift ring mat phing (SBC) vudng géc véi (ABC). Gid sit SB = a3
~ va SBC =30". Tim thé tich hinh chép S.ABC.
" Gidi S

; I lABBC
= Vsac =3 S SH=3 SH - C
=§3aé4aa\/§'=2ﬂ3\/§. A

du 8. Cho hinh chép S.ABCD c¢6 diy ABCD Ila hinh vudng canh a. Goi M
va N lan Iugt 12 trung diém clia AB va AD. Gid sit H Ia giao diém ciia CN va
DM. Biét riing SH = a+/3 v vudng géc vdi (ABCD). Tim thé tich hinh chép

Gigi

A M B

N

H
B g
L2 _ads
4 2

8

5\/—a

3_

Qs
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Chii $: Cin nhd lai cong thdc sau: Gid st ABCD la i gide ¢6 B
hai dudng chéo AC va BD vudng géc vdi nhau. Khi d6:
Sascp = Sac +Spac A - C

= lAC.BH-+—1AC.HD = lAC.BD
2 2 2

D
Thi du 9. Cho hinh ling tru tam gidc déu ABCA’B’C’ ¢6 AB = a, géc gilra hai
mit phing (A’BC) va (ABC) biing 60". Tim thé tich ling tru dy.

Giai A "
Goi M Ia trung diém ciia BC W\
VNN
= A’M L BC (dinh li ba dudng vudng géc) VN

= A'MA =60"(g/t)

= AA’ = AM.tan60° = -“—‘2/—3\/5 L 37‘

Ta cé:

) azﬁ 3a 3a3\/§
Vascasce = Sapc.AA’= —4———2‘ = T

Thi du 10. Cho hinh chép S.ABCD c6 ddy la hinh thang vuong tai AvaD, AB =
AD = 2a, CD = a, géc giifa hai mit phing (SBC) v (ABCD) biing 60". Goi I
1a trung diém ctia AD. Biét riing hai mit phing (SBI) va (SCI) ciing vudng
gbéc véi diy (ABCD). Tim thé tich khoi chép S.ABCD.

Giai

Do (SIB) va (SIC) ciing vudng géc vdi (ABCD) = SI L (ABCD)
(SBC) N (ABCD) = BC.
K& IH L BC = SH L BC (dinh li ba dudng vudng géc) = SHI =60’ (g/t)
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" = SI=IH.tan60" = IH. 3. (1)
Goi M va N tuong tng 12 trung diém clia AB, BC. Vi IN la dudng trung binh
DC+AB a+2a1/3a

- cita hinh thang ABCD = IN= —— "= =220 2,
" Ta c6 IH = IN. cos HIN = IN.cos MCB
4 o .
i = IN. m= -3—‘- 24 = 3aV/5 3 (2)

v:‘.:.‘v' BC 2 \/4a2+a2 5

] j.“
4 i |
* i‘ Thay (2) vao (1) va ¢6: SI = 3“;/—.\5:3‘12/—13. 5

i\ I\ , - &
~ LaicS Sapep =&;C2-AD=IN.AD=3—;.2a=3a2. @)
o

“, l : ) fie

l Tir (3) (4) suy ra: VSABCD=—SABCD wr il oca a\/— 3a \/—.

@ 3 5 5
T ,\\: dl,l 10. Cho hinh ling tru ABCA’B’B’C’ ¢6 canh bén BB’ = a vi BB’ tao
A | véi ddy (ABC) géc 60°. Gid sit ABC la tam gidc vudng tai C vi BAC = 60"
~ Hinh chi€u vudng goc clia B’ 1&n (ABC) triing vdi trong tdm tam gidc ABC.
* Tinh thé tich uf di¢n A’ABC.
i Gidi
! o

Goi G 1a trong tim tam gidc ABC = B'G L (ABC).
"Ta c6 B'BG=60"= BG = BB’.cos60" =

i = B’G = BB"sin30" = ‘T‘E
'Dit AB = 2x.
- Trong tam gidc vudng BAC ta ¢6: AC = x (do ABC 30"), BC = x3

Gid 5if BG  AC=P =>BP = %BG=_341_l
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Trong tam gidc vuong BCP theo dinh li Pitago, thi

2 2
BP’=BC’ + PC’ & 9}%:3x"-+54— do PC—AC_i

2 2
2 9a®
= x“= . (1
52 )
|
Ta cé: VA'.ABC ="§ SAB(_*.B’G (2)

(do (A’B’C’) // (ABC) = d(A’, (ABC)) =d(B’, (ABC)) =B’G)
\ﬁ P 9\/5212
2 104
1 943a% a3 B 9a?
Tied .2 1 abs
Thi du 11. Cho hinh ling tru diing ABCA’B’C’ ¢6 ddy la tam gidc vudng ABC
tai B. Gi4 stt AB =a, AA’ = 2a, AC’ = 3a. Goi M 1a trung di¢m clia A’C’ va
I1a giao diém cia AM va A’C. Tim thé tich t& di¢n IABC.
Giai

Ta coSABC—ZCACB—Ex x\3 = (do (1)).

Tir d6 thay vao (2), ta ¢6: V- apc =

Trong tam gidc vudng A’AC ta ¢6 AC = 9a% —4a® =a\5

= BC = V5a2 —a® =2a (xét trong tam gidc vudng ABC).
Do (AA’C’C) L (ABC), nén trong (AA’C'C)
k¢ IH L AC = IH 1L (ABC)

M
A '
Theo dinh 1i Talcet, ta c6: ﬂz —C—l— (1) N 1 ¢
AA' CA' ~Lp
X 1A |B'
Do M I trung diém ciia A’C’ nén: ——=2,nén R A3
_ i) 1§ \\
Cl  AC a2 ;o £
—_— :2:} = — r 1\ N
IA' A'M CI+IA'" 3 AR—'}TE7C
€I 2
= —== 2
CALY3 2 B
Tir (1) (2) ¢6: —E:z — 5 4= 3AA'=-4—a.
AA' 3 3 3
” 1 1.1 4a _ 4’
Ta co Vl.ABC= SSABC'IHzg ‘EBA BC]H—E a2a. 9 g

QQ
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du 12. Cho hinh ch6p S.ABCD diy Ia hinh vudng ABCD canh a, midt bén SAD
Ja tam gidic déu va niim trong mit phiing vudng goc véi diy ABCD. Goi M, N, P
lin Iugt a trung diém ctia SB, BC, CD. Tim (h¢ tich t¥ di¢n CMNP.
: Giai
..- Do (SAB) L (ABCD), nén néu ké SH L AB
- = SH L (ABCD).
* Tacé HIa trung diém clia AB.

= MK L (ABCD).
" Khi d6 MK 1a chiéu cao clia hinh chép
tam gidc M.PCN, va c6:
a3
4

o 1
MK =—-SH=
: 2

CP.CN.MK

laaay3 _a'\3
| 5622 @7 9%
hi du 13. Cho hinh chép S.ABCD ¢6 ddy ABCD Ia hinh chit nhat vi AB = a,
AD = a2, SA = a va vudng géc vdi (ABCD). Goi M, N lin lugt Ia trung

‘diém cia AD va SC. Gia sit I 1a giao diém ciia BM va AC. Tim thé tich &

Giai

'Goi O 1a tAm clia diy ABCD = NO // SA = NO 1 (ABCD), viy NO la
chiéu cao hinh ch6p tam gidc dinh N, ddy 1a tam gidc AIB.
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1
Ta c6: VANIB = VN.AIB = ESAIB'NO . (])
| a
Tac6 NO= —AS=—. 2)
2 2

Xét hinh chit nhat ABCD. Ta c6: MA = %AD = MA = %BC, vay suy ra

AT SyeaArat we
2 3
AC> AD?+AB? 22’ +a’ a?
9 9 9
dpm2=2
9

= A’ =

Lai ¢6 BI = %MB = BI’=

-2
Tirdo ta c6: A1 + BI® = ‘1—+2i_ Tl — AB?, vay AIB la tam gidc vudng tai L.
3 3 4

laﬁd\/— a\/’2—.

Tirdé S ——IAIB—
T A R 6

§ w23l @2
Thay (2) (3) vao (1) va ¢6: VN =§ 6 —2-= R

Thi du 14. Cho hinh chép tf gidc S.ABCD ¢6 ddy ABCD la hinh thang, trong dé
ABC =BAD = 90", BA = BC = a, AD = 2a. Gi4 sif SA vudng géc vdi ddy
ABCD va SA = a\/f. Goi H 1a hinh chiu ctia A trén SB. Tim thé tich ur
dién SPSICD.

(3)

Giai

>

&
=l

=

Trong hinh thang vuong ABCD d& thi'y BCD = 135" va CD = a+/2 .
Ké HK va BE ciing vudng géc (SCD) = HK // BE va S, K, E thing hing.
SH

Theo dinh li Talet, ta ¢6: A =— (1)
BE SB
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1, c6: SB = /SAZ + AB? = 2a? +a% =a./3.
4 Trong tam gidc vudng SAB, ta c6:
SAZ o 22 . 9u/3g
T
SH 3{%35 2
- Do d6 tir (1) suy ra: HK = S—BBE= — = EBE'

a3
2

T d6 Vyscp = 5 Visco- (2)

SA2=SHSB=SH=

i 1
. Laico: Vgsep = Vspep = E'SBCD SA =

1 N
B (chyi ¥ ring SA L (ABCD), nén SA 13 chiCu cao ctia chép tam gidc dinh S

" ddy 1a tam gidc BCD)

BC.CD.sin135".SA

0 | =
N | o—

it 3
‘Tj‘." Vf_iy VB SCD = l.a.aﬁ.ﬁ.aﬁ = i'\/—i . (3)
k| ' 6 2 6
b 3
B " a’vV2
i 1 ”‘ Tﬁ’ (2) (3) suy ra: VSHCD = VHSCD = ;[_ .

ta coi t& dién SHCD Ia hinh chép dinh H, ddy la tam gidc SCD.
[ Thi du 15. Cho hinh chép tf gisc déu SABCD ddy 13 hinh vudng canh a. Bi€t
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Do DC // AB = DC // (SAB) = (DCI) n (SAB) theo giao tuy&n qua I va // DC,
Goi M, N ldn lugt 1a giao diém ciia SA, SB véi (DCI). Ta ¢6 M, N lin lugt 13
trung diém ctia SA, SB.
Hinh chép S.MNCD c¢6 dudng cao 1a SI va ddy 1a hinh thang MNDC.

1 1 (CD + MN).IF

Ta ¢6: V, SEEE RPN 1
S.MNCD = 3 Smnep 3 > (1)
Ta ¢6 CD = a, MN—% sr:%sxz:‘z—‘; IF = “‘f ay vao (1), ta

a3 a_a'\3

€6: V. —l+a] 3
SMED8l 2 2.7 | 46

Thi duy 16. Cho ling try tam gidc ABCA;B,C, ¢6 diy ABC la tam gidc vudng
cin vdi canh huyén AB = av2. Mit phing (AA,B,B) vuong goc vdai mit
phing (ABC). Gia sit AA, = ay/3, géc A,AB nhon vi mat phing ACC,A,
tao vdi diy (ABC) géc 60". Tim thé tich ling try.

Giai

Ké A\H L AB = A/H 1 (ABC).
K¢ HK L AC = HK // BC va AKH la tam gidc vudng cin dinh K.
Ta c6 AK L AC (dinh Ii ba dudng vudng géc).
PitKA=KH=x = AH= x+2.
Do A,KH=60" (vi A,KH I géc tao bdi
hai mit phing (AA,C,C) va (ABC))
= AK=2xvd AH= x\3
Trong tam gidc vudng A,AH, ta c6:

AA’= AH’ + A H?
& 3a7=2x2+3x2

2
o P/ B ais .
£ 5
Tir d6 AH = x+/3 = 3“5‘/5.
Ta Cé VABC.A]B|C| = SABC'A|H = %CA.CBAIH
SIS Jizﬁ:a)
gy 3a*\/5

10
(0]
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Tinh thé tich biing cdch sit dung thé tich cia cdc khdi da dién khic

Trong nhiéu bai todn viéce tinh trye ti€p thé tich khdi da dién nhu trong phin

A c6 thé gip khé khiin vi hai li do: Hoic 1a kho xdc dinh va tinh dudgce chiéu

cao ctia khdi da di¢n; hodc la viéc tinh di¢n tich ddy khong dé dang.

Khi d6 trong nhiéu trudng hgp ta ¢6 thé lam nhu sau:

Phén chia khdi da dién cin tinh thé tich thanh t8ng hoic hi¢u cdc khdi ¢
ban (hinh chép hoidc hinh ling try) ma cdc khdi ndy viée tinh thé tich cia’
4chﬁng 1a d& dang hon.

_ So sdnh thé tich khdi da dién cdn tinh v6i mot khoi da d¢n khic da biét

. trude thé tich.

— Vi loai todn ndy ta thudng sir dung k&t qud sau:

- Cho hinh chép S.ABC. Lay A’, B’, C’ wong ttng trén SA, SB, SC.

-

~ Khi d6 ta c6:
~ Vsapc _SA' SB' SC’

.

Vs.aBC S EA SB “8SC

- Két qud nay dudgc ching minh don gidn nhu sau:
- Ké A’H’ va AH cling vudng géc (SBC)

" Khid6 A'H' // AH va S, H', H thing hang.

" Ta c6:

1

. —SepiaA'H'
A sc _ Vosec _ 375BC )
~ Vsasc Vasse 1
y " ) _SSBC‘AH
3
l 1 ' -3 ' ]
SB SC

Ssac %ss.sc.sinisfz

.. ‘:g —_-§si (theo dinh Ii Talet)

“Tir d6 thay vao (1) ta c6 dpem.

J: K&t qué trén vin ding n&u nhyt trong cdc diém A’, B’, C’ ¢6 thé c6 diém
= A, B=B",C=C".

Il dy 1. Cho hinh chép S.ABCD c¢6 ddy ABCD Ia hinh thoi canh bing J5 cm,
ﬂlrdng chéo AC = 4cm. Poan thing SO = 242 cm va vudng géc vdi ddy, g

93



Béi duong HSG Hinh hoc khéng gian — Phan Huy Khdi

diy O la giao diém ctia AC va BD. Goi M 1 trung diém cla canh SC. Gid sif
(ABM) ¢4t SD tai N. Tim thé tich hinh chép S.ABMN.
Giai

Vi AB // DC = AB // (SDC)
= (MAB) N (SDC) = MN, trong d6 MN // AB.
ViM la trung di€ém SC = N I trung di€m ctia SD.
Ta c6: Vs apmn = Vs.aBn t Vsmng (1
Vsnap _ SN _ 1
Vsasp sD 2

| 1

Ta,co:

= Vsnas =EVV5.ABD =ZVS.ABCD 2) A B
Vomns TSN (SN© 0 I |
Vsgep  SD SE g S.MNB — 4 S.BCD ~ g S.ABCD 3)

Thay (2) (3) vao (1) va cé:

3
Vs ABMN = EVS.ABCD~ 4)

1

Do Vs ascp = Saeco SO = AC.BD.SO:—é—A.Z.Z\/_ = -’;-Ji (5)

11
3°2
Thay (5) vao (4) vi ¢6: Vg apun = v2em”.

" Nhdn xét:
1. Xétcdch gidi khdc cta thi du trén nhu sau:

Ta ¢6: Vs apmn = Vs.ABCD — YADNMBC

Do Vapnmee = Vn.aps + Ve.onme:

D& thiy: Nnaps, SN _ 2 C
Vsaps SD 2
1 1 ==

= VNADN =’2‘VS.ADB =ZVS.ABCD 8 A

4 3 3 3 3
V1 Spnme = Zssoc = Vapnme = ZVB.SCD = 'ZVS.DBC = 'gvs.ABCD 9
3 5
Tir (7) (8) (9) = Vapnmee = §VS.ABCD (10)
3

Tir (1) (10) suy ra Vg apmn = §VS.ABCD =2em’.
Ta thu lai k&t qua trén!
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5. Xét thém cich gidi khic nifa cla thi dy trén nh sau:
Qua O k& EF// AD (E € AB, F € AC
— E va F1an lugt 1a trung diém ctia AB va DC.

S

Ta ¢6: Vapnmse = Ym.esck + Ymrenpa - (11)

DO SEBC —— %SABCD va Chiéu cao MH

il
ctia hinh ch6p M.EBCF biing %SO

-—
>

| ! - -
=\ Vv EBCF =ZVS.ABCD' (12) A

f','}f ciia hinh chop B.SAD va Syp, = %SSDA

A 1 1 3(1 3
=V =Snap-h ==Sspa.-=h= —=[=Sgpa-h|==V
0l MFE.NDA NAD-**1 2 SDA 2 4[3 SbA ] 4 B.SDA
3 3
= -V ==V, 3
4 S.ADB 8 S.ABCD

‘ t!'Ta ciing thu lai k&t qué trén.
3. Trong ba cdch gidi trén ta déu sit dung phudng phdp tinh thé tich khdi cin
i)'

tinh bliing phuong phdp gidn ti€p (i 13 thong qua thé tich cla cdc khdi

e 1

B c6 SO =22, OA=2:0B=1,

BB - sD- sO?+0B* =8F1=3. A

Trong tam gidc SAB, (heo cong thite tinh duting trung tuy&n ta c6:
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b 2SA? + AB*)—SB* _ 2(12+5-9 25
Kt 4 4 4"

Tudng ty trong tam gidc SDC, ta ¢6:

_ 2(SD? +DC?)-SC* _209+5)—12 _

54 : = : -

DM? 4.

V2

3 D
Goi E 1a trung di¢m cia AD = AE=ED =NM = z : ME=NA= o

N

Goi o = MDE.
Trong tam gidc MED theo dinh 1i ham s8 cosin, ta ¢6:
ME? = ED? + MD’ —2ED.MD.cosc

S a3 5
= 27=2+4—2.——\/2———.2cosu:> Ji= —2\/5(:05(\

= cosa = —= (vAy o> 90") E

2\/-5 y A D K
Ké MK L AD = MK = MD. sin MDK = 2.sin MDK
Ta ¢6: MDK = 180" — o = sin? MDK = | — cos’a. =1 — _L=1_9_

201220
= sinMDK '-:£=—\/l—i.
J20 245
Viy MK = 9.
Js
[\/§+-‘/§- 19

| gy ghimap _ (AD+MN)MK 2 319 a5

* SADMN > 205 i

B

Qua O ké EF L AD (E € AD, F € BC) F
Trong tam gidc vudng AOD, ta c6: /
1 1 1 1 5 A c
2 4 E

= O0E= —==EF=

il D
Ta c6 AD L EF, AD 1L SO = AD 1 (SEF) = (ADMN) N (SEF) = EI
Tir d6 néu ké SJ L EI, thi SJ 1L (ADMN) '

0A/
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= d(S; (ADMN)) =SJ R
B Ta c6 S =%EI.SJ N M
el
gy = 2Ssar _ Sser B = c
EI EI S
b 1 1 4 42
- 5 Seer = =FFSO0 =~ 22 = —%
e <0 Ssee =5 205 5 :
. 1
- Lai c6 trong tam gidc SEF:
; 2(SE? + EF?) — SF? 2 2 E I
DB = = EFY) BB H2BE dosE s8R 0
= 4 4
2 2 2 849 ﬁ
g -S0°+EO? +8B0" T 75019 a8
4 4 5 5
i d6 1a c: s1= D2 N5 _ 42
p J5: 19+ #/19
b 13J19 42 -
Thay vao (13), ta c6 V. =L 2 = em?,
, y S.ABMN 3 4 \/E

“Ta thu lai két qua trén. Cdc ban di thdy ro phuong phdp nao ¢6 hiéu qui hon?
i dy 12.

Cho hinh chép tam gidc S.ABC c6 ddy Ia tam gidc déu canh a, SA = 2a va
'VUéng géc vai ddy (ABC). Goi M, N twong ng 1a hinh chi€u vudng géc ciia
A trén SB, SC. Tim thé tich khGi chép A.BMNC.

Giai
iTa c6: Vapune = Vs.ase = Vsamn. (1)
a lai c6: S
Vsamn _ SM SN
V. 25c SB SC
[ 2
SM N
= V. =[—]| V 2. ¢
SAMN =| g ] S.ABC 2)
B
doSB=sC; SM=SN=sM_SN, A c
sSBe ~SC o
Theo hé thifc lvgng trong tam gidc vudng SAB, thi 2
. SA? 'SMUTLITEERY AT g
R’ — SMSB=>—"—=— =550 "0 _ = 3)
it SRB? SB SB 5,2 5
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16 9
Tir (1) (2) (3) suy ra: Vg gune = Vs.ase 25]— 25 Vs aBc - 4)
2 2
3
Laicé Vsagpc =—SABC L \/— =2 \/— &)
3 3 6
” 33
Tir (4) (5) di dén: V\ gune = “5(‘)/_.

Nhdn xét: Ta gidi lai thi du trén biing phudng phép truc ti€p nhu sau:

Goi E Ia trung diém cia BC = AE L BC = SE L BC (dinh li ba dudng

vudng géc) = BC L (SAE) = (SBC) L (SAE).
Vi (SBC) N (SAE) = SE; nén néu ké AH L SE (H € SE), thi AH L (SBC)
=> AH Ia chiéu cao cia hinh ch6p A.BCNM.

oy 1

Trong tam gidc vuong SAE, ta ¢6:
flom Jd . Far, .1 s | +
AH? AS?  AE? 4a? [a \/5]2 4a® 3’

Lsig o9, NE)

= — =>AH =2a~—~—=" (7)
AHZ 1227 N

2
Ta ¢6 (do MN // BC): M:[m] = Sgun =

SAB SB
SI 1 2
SB

smY
SB. —SgaB

9
SsaB =5-Ssa (8)

= Sgenm = 25

(xem phin trén, ta ¢6 . ).
SB 5

. 3a’
Lai c6 Sgap = %BC.SE = %a\/SAZ + AE? =%a,/4a2 3 —;‘-1— = %aZ\/E
9a2\/ﬁ

Thay vi0 (8) v ¢6 Sgup = ———. ©)

100
1'9a2J19 . 5 3a°5
- .23 = )
3 100 a8 ... 50

Tix (6), (7), (9) ta c6: Vp genm =

Ta thu lai k&t qud trén. Cdc ban hiy so sinh tinh hiu qua cla hai phudng

phdp trén.
)R
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£ du 3. Cho hinh chép ¥ gidc déu S.ABCD ¢6 canh ddy AB = a, canh bén

~ GA = av/2. Goi M, N, P Idn lugt 12 trung diém SA, SB, CD. Tim thé tich

- dién A.MNP.
Giai

Vamne = Vsmne - ()
Laic6 Ysmne _ SM SN

8 . i (1
- Laico —_— ==
: Vsagp SA S 2 2

1
Vsmnp = ZVS.ABP : (2)

1
4

l hinh chép S.APB va S.ABCD ¢6 cung chiéu cao SO (AC N BD = 0) va
“‘ _is
LFABP ) ABCD

. 1 115 =3 A \/7 26
>V, =-V. =—.—a"VSA"—-0A" = — % gy ’
> Vs aop =3 Vsasco =53 ‘/— 63 a ) 48 3)
! w3

Tt (1) (2) (3) suy ra: Vyyp = df'

xét:
Ta c6 thé tinh Vg une mOt cich tryc ti€p nhu sau:
Gid st PO N AB =Q

Vi MN // AB = MN L (SPQ)

[ = (MNP) L (SPQ)
Lai c6 (MNP) N (SPQ) = IP, A
8 diy MN  SQ = (khi d6 I 1a trung diém ciia MN).
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Vi thé néu k& SH LIP (H € IP) (H € IP) = SH L (MNP)
= d(S,(MNP))=SH

i l
Nhu vdy Vamne = Vsmne =2 Sune-SH. (4)

Ta ¢6 SQ =SP =/SAZ — AQ? = ,[2a* _[%J =a27 /
Trong tam gidc SPQ, thi

2 2 2
2 2(s" +QP )=SQ _sp? 4 20P?

pPT = doSP=$§
4 4 (do Q)
S
7:£'+2'12 2
H
1 1 f g &°  8*/6 I
Ta ¢6: Sggp = —QP.SO=—a,[22a" ——=——
€O’ Sgqp 2Q 5 i I
1 az\/—ﬁ_
= Sgip =7 Ssqp =5 — Q O P
2 8
2
Lai c6 st:lIP-SH:?'d \/g=la\/g.SH: SH = __a\/i. (5)
2 8 2 4 \/g
1 laaJ15 a*J15
Tacé S =—MN.IP =—— = 6
MNP = 7 % Y v (6)

£ 3
Tit (4) (5) (6) suy ra: Vaunp %a 1615 .ag = a4\f.

Ta thu lai k&t qud trén!

2. Ta trinh bay thém cdch tinh Vynp biing phuong phép toa do
Lip hé truc toa d0 Oxyz nhu hinh vé. Trong h¢ truc ndy ta ¢6:
0=(0;0;0)

A= O.'_a‘/i.o S p e a 2. :
, 2 ’ ’ 2
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;N=[_a\/_ a6

a 2.a\/g
o

2'.0;
4 4 4

- M =[0; -

l;gp dung cong thic tinh thé tich & dién AMNP, ta c6:

b e
"VAMNP _EI[AM' AN].API, )
Ta c6: A—M=[0:34—2;—“f AN= _"‘42;3\2/5;1146]
AP |aV2 32, 0].
4 4
; 2, o |l 0 0 a2
v‘v-' LSRN 4 4 4 4
AM, AN = : ; T
| ] 2 —af _a42 ay2
2 4 4 | —2
£ _azﬁ__az\/i.-_?i
8 i 8 ! 8
-0 3 u
> [AM.AN].AP=—a V6 _3a \/g=_<1 J6 @
. 32 32 8
)
Hay (8) vao (7) va c6: Vayne = 3416'

a thu lai k&t qué wén!

ban hay so sdnh tinh hi¢u qua cia cic phudng phdp!

du 4. Cho hinh hdp chit nhait ABCDA’B’C’D’ ddy la hinh vudng canh biing a,
cao AA’ = b. Goi M la trung diém ctia canh CC’. Tim thé tich uf
ién BDA'M.

o
-
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Trong ACC’A’ tac6 AAMNAC=E. ViMC=MC’ = AC=CE

| 1
Ta ¢6 Vepam = Vasmp = Va ot — VMo = 3 Sppe-AA’ — 3 Supe-ME
1
= ;SBDL’(AA, - MC) ()
Ta lai c6:
E
SBDE = —;‘BD.CO = (l\/_- d\/_ + a\/‘_]
3a’ B
=2 (2) C
2
). . b b
Mitkhdc: AA’-MC=b- —=— (3)
P4 2
a’b A D
Thay (2) (3) vao (1) va c6: Vgpam = -—4—-
Nhédn xét:
1. Xét cdch gidi khdc bing phudng phédp toa do nhu sau:
Dung hé truc toa dd Bxyz nhu hinh v&. Trong h¢ truc nay ta ¢6:
B =(0;0;0); A’ =(a; 0; b); D=(a; a; 0); C = (0; a; 0); C’ = (0; a; b)
h Z
=>M= [O;a;—J. TB.
2 | c
I
Tir dé: Kt gl D
ﬁz(—a;();—b), o ST e u
256} |
A'D=(0;a;—b), iy {aadain,
b ’,/’ B C ¥
A’ =[-—a;a;—5]. . N D
Theo cong thite tinh thé tich uf dién, ta ¢6:
l |
Vo= ?"A'B,A'D].A'M|. (1)
)
x o [ —— 0 —b| [-b —a| [-a O
D¢ thdy: [A'B,A'D]= : d; ¢ = (ab; —ab; -a%) (2)
a—-bl |-b 0] | O0a
22 2
bt i
Thay (2) vao (1) va ¢6 Vagpm = —l— —a’b—y 2b+ =l—b
6 2 4

Ta thu lai k&t qui trén!
1N\
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_ Xét cdch gidi bing phuong phdp tryc ti€p sau dy:
Ta ¢6 MO L BD; A’O L BD
— BD L (A’'OM) = (MBD) L (A’'OM). A
" Lai c6 (MBD) 1 (A’OM) = MO.

 Titdonéuké A’H L MO thi A'H L (BMD)
— A’H I chidu cao ctia hinh chép A’ BMD

b Ta c6: Va smp = %SMBD.A'H. (3)

! :
i 1 4 - (CET S
,.':.” Ta C(S: SMBD = —2‘BDMO =% [a—\z/—i—] +%“ﬂ\/§ = :lg b2 +2a2 (4)
A

<

~ Saom = Saamc — Saao — Smoc
e
.

[b+b]'1 2
i R py b.a\/E o b.aﬁ ly 3ab\/5

b 5 4 8 8

3ab\/§ L 3ab\/§
MO 3 2 2 Y
4\F +g_ 2\/b +2a

2
1aV2 [ o 3aby2 ___3_43

4 2
- lhay vao (3) va ¢6: Vams = ———
| o 2b? +2a%

(5)

' ‘ Ban doc t binh ludn v& hi¢u qud cta tirng phudng phép.

Thi dy 5. Cho hinh ch6p f gidc déu S.ABCD, canh ddy bing a, mdt bén tao vdi
~ ddy g6c 60°. Mit phiing qua CD va vudng géc vdi mit ben SAB cit SA, SB
~ lin lugt tai M va N. Tim th€ tich hinh chép S.CDMN
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Giai

Goi E, F tuong @ng la &llng diém cta AB va CD.
Ta c6 AB L EF; SE L AB = AB L (SEF)

= (SAB) L (SEF).
Do (SAB) n (SEF) = DE,
nén néu tr Fké FI L SE = FI L (SAB)
= (IDC) L (SAB) =
Ta c6 DC // AB = DC // (SAB)
= (IDC) N (SAB) = MN, trong d6 MN qua [ vaA MN // DC (titc MN // AB).
Viy DCNM la mit phing qua DC va vudng goc vdi (SAB)
Ta c6 FI L (SAB) = FI L SI
Laicé SI L MN (do MN // AB va SE L AB)
= SI L (DCNM) = SI 14 chiéu cao ctia hinh chép S.CDMN.

————

-
g

X 1
Vay Vspenm = ESDCNM S . (1)
Do miit bén tao véi ddy gée 60 = SEO = 60", O la tim clia ddy ABCD.
Ta c¢6 SEF la tam gidc déu canh a = I 1a trung di€m ctia SE va ¢6 IF = _a\2/§_
Tac6MN= ~AB=2; sI= Yep-2
2 2 2 2

a
—lav3
(DC + MN)IF _ [a i 2]"J— 323
2 4 8%,

13a%3a a3
Thay vao (1) va ¢6: V. == —= !
y vao (1) SDONM =32 5= ¢
Nh@n xét: C4ch gidi rén 12 st dung phudng phép truc tip. Xét cdch gidi khdc

sau diy:

= Spenm =

Ta ¢6 Vg penm = Vsmon + Vsoce @)

v SMSN 1 1 1
Do —SMDN c@WE 98 v i V7 by e .
Vsagp SA SB 4 S.MDN =7 ¥S.ABD — ¢ VS.ABCD (3)

Venoe | 1SNs $H 1 1
—SNDC _ 28 2 S Ve nne == Venpe ==V, j 4
VS,BDC SB 2 S.NQC o) S.BDC 4 S.ABCD (4)

Tir (2) (3) (4) suy ra:
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3
Vspcnm = 5 VS.ABCD - ()

8

1 2 a\/_ 3\/5 a\/_

Do Vs.aBcp =§SABCD So—g - do SO = o
2’3

d6 thay vao (5) va ¢6: Vgponm = Tﬁ—

duong (tic 13 hai phin c6 thé tich bing nhau V, =V, = —).

4

Can luu ¥ riing mic di cdc bai todn trong cdc ki thi tuyén sinh vao Pai hoc,

Cao ding khong c6 dang truc ti€p nhu th€, nhung thie chit nhidu bai todn

ai déu sit dung dé&n viéc so sdnh thé tich ndy (cdc ban c6 thé xem cdc thi du
thi du 2, thi dy 3, thi du 5 ctia muc B, phin V)

Thitc vay trong cdc thi du n6i trén d€ tinh thé tich khéi da dién theo yéu
4u, ta khong tinh tryc ti€p né ma thong qua thé tich mot khoi trung gian, sau

16 tim (i s6 thé tich khdi da dién cin tinh v6i thé tich ctia khdi trung gian
y. Tim thé tich cla khdi trung gian (ma viéc tinh né d& dang hon, don gidn
10n so vdi viéc trye tiép tinh thé tich khdi da dién theo yéu cdu) ta suy ra két
ui can tinh.
_Ugc dd chung ciia cic bai todn vé so sinh thé tich nhy sau:
Kdc dinh thi¢t di¢n. Khi d6 thi€t dién chia khoi da dién thanh hai khoi
“hon mdt trong hai phin néi trén d& tim thé tich
Gid st ta tinh duge V, =kV (O<k < 1),  diyV, 1 thé tich phin ta tinh, V 1a
hé tich ctia khdi da dién cdn tinh, khi d6 V, = (1 - k)V, va ta ¢6:

k
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Hai k&t qua luon dugce st dung khi tinh todn 1a:
1. Cho hinh chép tam gidc S.ABC. Gid sir A,
B’, C’ 1an lugt thuoe SA, SB, SC. Khi d6 ta
c6: Ysapc _ SA' SB' SC'
' Valias v S8y SBSC -
2. Cho tam gidc ABC. B’ va C’ lan lugt 1a cdc
diém trén cdc canh AB va AC (hoic phin kéo
Supie: _ AB! AC
W

S
G 5 B’
A A
/B% B
B (& B c B C

Thi du 1. Cho hinh ch6p S.ABC. Goi M, P lin ludt 1a trung diém ctia SA, BC; N

dai ctia n6). Khi do ta ¢6:

1a diém trén AB sao cho Q—I;:% Chitng minh ring thi€t dién tao bdi

(MNP) chia hinh chép thanh hai phin twong dudng. S
Giai

Trong (ABC): NP AC=E
Trong (SAC): EM nSC=Q
Khi d6 MNPQ 1a thi¢t dién tao
bdi (MNP) véi hinh chép S.ABC

Nhu da biét e = l; AF = AC
oC X3

(xem lai cdch gidi trong chudng 1 biing cdch sir dung dinh li Menelauyt)

Goi V 1a thé tich phin cla hinh chép niim phia dudi thict dién.

Ta c6: V) = Vq.ecr — VMmEns- (D

Goi V, S, h 14n Iugt 1a thé tich Vs agc, dién tich ddy Sape vA chidu cao ké tir S
ciia hinh chép Sape.

ViEC= ZAC, PC= %BC = SENC o SABC =8

CO W2 2 2
Do —=— d(Q; (ABC)) = —d(S; (ABC)) = —h.
0 =5 T i (Qs ( ) 3d( ( ) >
1 1.2 2(1 2
Vay V, , =—3S d(Q,(ABC))= =S.—h=—|=Sh|==V. 2
1y Vo.Ecr 3 DENC (Q.( ) i3 3[3 ] 3 (2)
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1 1 !
Tuong W do AE = AC; AN = ZAB = Sian = ZSapc =35

Vi MS = MA = d(M, (ABQC)) = %d(S,(ABC)) 5 %h.

1
Thay (2) 3) vao(l) vacé V==V —

T (5)suyraV,=V-V, = % =V, =V, (dpcm)

Cho hinh chép S.ABC Goi M, P lin lIugt 1 trung diém cia SA, BC. N Ia

 diém iy ¥ rén AB (v6i N # S, N # A vd N khong phdi 1a trung diém ciia

L gidi bi todn ndy wdng v bling cdch dat:

- AN

B —k (O<k<l1
P 5 ( )

2. Chii § riing n€u N = A hoiic N = B thi k&t
- qud vin ding (Thi du khi N = A thi thi¢t
- di¢n la SAP = V) =Vsasp; V2= Vsarc

" i dinhién V, =V, = %).

I'hi dy 2. Cho hinh ch6p S.ABC. Goi M, N, P lin lugt 1a trung diém cia SA, BC,
AB. Chitng minh riing thi€t di¢n tao bdi (MNP) chia hinh chép thanh hai
~ phdn wong duong.

Giai

. Do NP // AC = NP // (SAC) => (MNP) N (SAC) = MQ;

" trong d6 MQ // NP (tite MQ // AC).
- D@ thiy Q 1a trung di¢m cda SC.
- Goi V, 1a thé tich phdn hinh ch6p niim

 phia trwde thit dién.

' Goi V, S, h wong tng 1A thé tich, di¢n tich ddy
~ ABC va chidu cao ké tif S ciia hinh chép S.ABC.




Béi duong HHSG Hinh hoc khéng gican — Phan Huy Khdi

Goi R 1a trung di€ém clia SB = MR // AB, RQ // BC = (MRQ) // (NBP)
= MRQ.NBP la hinh ling try tam gidc.

A‘ A . 5 AN o " %, h
D¢ thdy n¢u goi h 1a chiéu cao ctia ling tru thi h, = 4

| h
Tacé6: V| = VsmrQ + Vmro.nep = ;SMRQ-E i SMRQ'hI

[—I—Sll]l+3[-l-
3 )8 3

T do V, = % =V, =V, = dpcm.

3
B L B T
42 8 8 2

Nhén xét: KEhgp vdi thidy 1, ta ¢6 k€t qua sau:
Cho hinh chép S.ABC_Gia st M, P lan lugt la trung diém ctia SA, BC con N
1a diém ty ¥ wén canh AB. Khi d6 thi¢t dién tao bdi (MNP) chia hinh chép
thanh hai phin twong duong.

Thi du 3. Cho hinh chép wt gidge déu S.ABCD. Goi M, N, P lin lugt I trung
diém ctia AB, AD va SC. Chitng minh thi€t dién tao bdi (MNP) chia hinh
chép thanh hai phin twong dudng.

Giai
Trong (ABCD): MN N DC =E,
MNNBC=F.
Trong (SDC):. EPNSD =Q.
Trong (SBC): FP N SB=R. F

Khi d6 MNQPR 12 thi¢t di¢n phdi dung.
Ap dung dinh Ii Menelauyt ta ¢6:

SR... 3 ;
o =—=— (xem lai chuong 1)
SD SB
Goi V; 12 thé tich phin hinh chép nim dudi thiét dién.
Ta c6: Vi = Vpgreg — Vepms — Vonep. (1)

Goi V, S, h 1dn lugt 1a (hé tich, dién tich ddy ABCD va chiéu cao clia hinh
chép S.ABCD. Ta ¢6: Vp pcg = ?;'SFCE'hI’ ¢ ddy hy 1a chiéu cao ké ur P clia

hinh chép P.FCE.
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i3 9 9
* Ta c6: hy =—; Sgcg —E-ESCBD ='§SABCD —gs
| I'9 . J4h "9 1d 9V
C Tixdé Vv =—-28—=—|-Sh|=—" g
P do Verce 382 l6t ] 16 %)

: l o bak o R 2 N 9
Ta c6: Vi pms = VQ‘NED = ;SNED.hz, ¢ day h; la chicu cao ké tir Q cia hinh

 ch6p Q.NED

! | DO 1 Stiah

'DE& thiy h, =—h |do—=—|; =—, nén
D ay h, 4 [ D 4] NED 3 €
]
3 1:Sh. L.V
V, == sk VT Y 3

R.FMB QNED = 3T T35 (3)
i 9%V V V V
‘Thay (2) 3)vaio(l)vic6 Vi=———=— =3V, =— =V, =V,.
Th y (2) (3) (1) =16 16~ 2 235 1 2

NP) chia hinh ch6p thanh hai phin ¢6 thé tich wong ng 1a V,, V,.
Tim ty s A
4 v,

Giai

MN // BD = MN // (SBD)
= (MNP) N (SBD) = QR, & ddy
PQ // MN (titc PQ / BD) va QR qua P.

$Q DE CH

QD EC HS

\ &_I;DE_l:CH_g, CH 3
Vh "BC 3 HS ER Ty
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Goi V, 1a thé tich phan niim dudi thi€t dién MNQHR, ta ¢é:
Vl = VH.I"(‘I:. ik VQ‘NH[) i VVR.I:MB (l)

.1 A l 2 A ~ s A P
Tuong t nhu thi du 3, d€ thdy: Vi rcg =§SFCE.h,, G diy h, la chicu cao k¢

. X 1t 3 3 .
tr H cta hinh chép H.FEC. D¢ thdy h, = Zh’ cOn Spep = SS, do do:

19_3 27
V, =——S.—h=—V. 2
HFCE T 3874 "~ 33 @)
LSl gV
Twong tu: Vonep = Veemg = ——.—=—. (3
ong L Q.NED R.FMB 3’82 16 3)
21V V. -23V
Thay 2) 3) vio(l)vac6: Vi =———=——. (4
y (2) (3) (1) Do larir ) 4)
Tir(4)cé:V3=V—V|=£. (5)
32
4 AN 23
K&t hop (4) (5) ta di dén: —L- ===,
ip (4) (5) v, 9

Thi du 5. Cho hinh chép (& gide déu S.ABCD. Goi M va N lan lugt 1a trung di¢m
ctia AD va CD. K¢éo dai SD mot doan DP = SD. Thiét dién tao bdi (MNP) chia

. A ” , N DY, V
hinh chép thanh hai khoi lan lugt ¢6 thé tich 1 V,, V. Tim Ly sO V—'
2

Giai

Trong (SDC): PN n SC =Q.
Trong (SAD): PM n SA =R.
Trong (ABCD): MN N BC =E,
MN N AB =F.
Trong (SBC): EQ N SB =X
D& thdy trong (SAB):
F, R, X thing hing.

P
trong tam gidc SDC, ta c6: S—P%C—Q=
PD NC QS
PD NC O% 2« 8C . 3 €S .3
SR.2 AR "1

Tuong ty c6: —=—; —=—.
Sk 3 SA. 3

Ap dung dinh li Manelauyt trong tam gidc SBC s€ c6:
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=% (chii ¥ 1a CE =MD = %BC)

Thi€t dién MNQXR chia hinh ch6p thanh hai khoi. Goi V, 1a (hé tich phin
s nh chép nim dudi thi¢t dién. Ta c6:

Vxsre — VQ.ONE = VREAM - (1)

Ta goi V. S. h lin vt 12 thé tich, di¢n tich ddy ABCD v chidu cao ké 1 §
stia hinh chép S.ABCD. Khi d6 ta c6:

/ %SFBE.hl , hy 1a chiéu cao ké tir X ctia hinh chép X.BFE. Ta c6:

Vx.sre =
oo h_BX 3 3,
- g8r'h. BS 'S )
. 1:9%.3 27
it dé V. =—=S=h=—V 2
| X.BFE = 3¢°% 40 (2)
I8h V
fudng tw cé 'V, =V, =———=— 3
V’ g Q.CNE RFAM =303 = 50 3)
Thay (2) (3) vao (1) va cé:
27V v 71 49V 'V, 171
- — =— V> V,=—— =l
i 80 12 ¥ 120 1200 'V, 49 ‘
6. Cho hinh chép S.ABCD. Liy M trén SA vd N trén SB sao cho
=% va Ii—§=2. Thiét dién qua MN va song song vdi SC chia hinh

hop thanh hai khdi ¢6 thé tich lan It 1a Vi, Vo. Tim 1§ s
i

‘4 Gidi

it dién qua MN va song song vdi SC nén

: .§ong song v6i (SAC), tir d6 né phéi cit SAC
Q giao tuy€n qua M va song song vdi SC.

I d6 qua M vé MQ // SC (Q € SO).

1 MQ // SC = MQ // (SBC) #
i = (MNQ) N (SBC) = NP, (P € BC
ong 6 NP // SC (ttre NP // MO),
> MNPQ 13 thiét dién cin tim. E
id sit MN N AB = E = E, P, Q thing hang.

N SM_CQ 1 SN _CP_
heo dinh Ii Talet, ta c6: T e 2.

‘rong tam gidc ABC theo dinh li Manelauyt, ta ¢6:

O
% e
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CQ AE BP _ i
QA'EB PC
Do CQ_1BF 1 _ AE_, 4

0 =— = —=4 = AE = —AB.
QA 2 PC 2 AB 3
Goi V, Ia thé tich phin hinh chép nim dudi thi€t dién, ta c6:
Vi =Vmage = VNBEF- (1)
Goi V, S, h 1an lugt 1a thé tich, dién tich tam gidc ABC va chiéu cao ké tir §
ctia hinh chép S.ABC.

42 8 AQ 2 T, - onmida A ,
Ta c6: Spqe =§§S=§S [ O-E=§]; h, =—3—h, & ddy h, 1a chiéu cao k¢
tr M ciia hinh chép M.AQE, do dé:
L{8:l2 16V
A =—|=S|[=h|=—. 2

SRR 3[9 ][3 ] 27 “

- | K| 1 1 " i gt %o 13
Lai c6: Sggr =§.§S=-§-S; h, =§h, ¢ day h; 1a chi¢u cao ke tir N cua hinh
chép N.BEF, vi thé: V. —1[15][lh]—-l—v (3)

p N ’ © YN.BEF = 319713 27

5V 4y 5 Yy 5
Thay (2) 3) vao (1) va¢cé: Vi =—= V, = —=—L ==
y (2) (3) vao (1) L5y AT Tk A

Thi du 7. Cho hinh chép tif gidc déu S.ABC. Goi M, N, P lan lugt 1a trung dié¢m
clia AB, CD va SB. Thi&t dién tao bdi (MNP) chia hinh ch6p thanh hai phéan

¢6 thé tich 1a V|, V,. Tim ty s6 %
2

Do MN // BC = MN // (SBC)
= (MNP) N (SBC) = PQ,

trong d6 Q e SC va PQ // MN (tic PQ // BC)
DéE thiy Q 1 trung di€m ctia SC.
Goi V, 1a thé tich phan hinh chép

-

nim dudi thi€t dién. Ta cé: A D
V) = Vp men + VNsroc - ()

Goi V, S, h 1an lugt 1a thé tich, dién tich ddy ABCD va chiéu cao ké tir S clia
hinh chép S.ABCD. Ta cé6:

S

SmeN =—

4; h = -;— & day h; 1a chiéu cao ké t¥ P clia hinh ch6p P.BMN.
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1 1(S|fh VvV
& —_ — 0 =—|—l|l—=|=—. 2
thé Vp gmn 3SMBN h, 3[4][2J 3 (2)
: 1
Va ch: SBPQC =%SSBC; cOn d(N,(BPQC))=Zd(D, (SBC))
1 1(3 1 {
v ay VN.BPQC T ESBPQC d (N’(BPQC)) = E[ZSSBC ]Ed (D,(SBC))
3(1 3
= g{‘jssac]d(Df(SBC)) S EVD.SBC
3 3
==V, =—V 3
g 'SBDC =g (3)
V 3V NISY 11V V, 5
2)(3)vao(l)vaco: Vi=—+—="— =gl o
e 0 g BT e may RET!

hi d6 ta c6 MBP.OKQ 14 hinh ling tru.
co:

= Vo.oken + VMmBr.okQ - 4)
q I1Sh V
6: V, L 5o ok R
160" Yooken =375 =3 ) \ C
mBp.okQ = Smpp-d(0,(MBP)).  (6) /."~-===

—

3 1
4 ¢0: Syypp = 7 55n8

d(O;(MBP)):%d(D,(SAB)).

‘ 1 1 3(1
I (6) suy ra: Vygp okq ZZSSAB"Z'd(D'(SAB))= ry -3—SSAB.d(D,(SAB))
3 3V
==V, =—.("
g 'DSAB = ¢ (7)
5V 11V \Y 5
5) @ 4)va c6: Vy=— N ey ol
y (5) (7) vao (4) | v aadolely

A thu lai két qué trén.
lu 8. Cho hinh 1ap phudng ABCDA,B,C,D,. Goi M, N tuong tng la tim cia
c mit ABCD, DCC,D,. Thiét dién tao bgi (AjMN) chia hinh 1ap phuong

Anh hai phn c6 thé tich twng ing 12 V,, V. Tim 1§ 56 %
% 2

| [ fe §
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_ Giai
Trong (BA,D,C)): AM N BC=E,
Trong (ABCD): EM N CD = Q,
EM N AB=P.
Trong (DD,C,C): QNN C,D; =R.

Khi d6 PQRA, la thi&t dién tao bdi (MNP).
Ta ¢6: EC = BC (do MD, = MC).

Tir d6 ¢6: CQ = l—BP mi CQ = AP'=S —Cg=-l—; —El-)-=%
2 CD ;.3 BA 3
Goi V, 1a thé tich phan hinh ldp phuong nim trude thiét dién.

Ké RF L DC = D,R =DF = 2C

3 B "/r
Ta ¢6: Vi = Vapr.apr + Vajarorg: (1 5
D

Goi V, S, hlan lugt Ia thé tich, dién tich " M
ddy va chiéu cao ctia hinh 1p phudng da cho.

S \Y% A
Ta Cé: vAD]R.ADF = SA|D|R'AA| = gh =z' (2)
i A%
Lap ludn tudng ty €6: V5 ap.pjFQ o (3)
v 2V \% 1
Thay (2) 3) vao (1) vi c6: V;=— =V, =—— = —L=—,
y (2) (3) (D iy ¢ 3 v, 2

Thi du 9. Cho hinh 1ap phudng ABCD.A’B’C'D’. Goi O la tim ciia hinh 1/
phuong. Dyng thi€t dién qua O va vubng gbc véi duding chéo. Ching min'}
thiét dién chia hinh 1dp phuong thanh hai phin tong duong.

Giai
Goi M I trung diém ctia C'D’. Ta ¢6 MA’ = MD = MO L A'C.
Goi N 1 trung diém ctia AD. Ta ¢6 NA’=NC = NO L A’C.
Nhv viy A’C L (MON).
Trong (AB’C’'D): NONB’C’ =P

e A
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—

Theo tinh chi't ctia hai mit phing song song, ta c6: H
(MON) N (A’B’C’D’) = MP,
(MON) N (ABCD) = NQ, o A
trong d6 MP // NQ. Firkd >% (64
Trong (ABCD): NQ N DC =E, al N pgM
NQNBC=F. \‘,*'é'z"\ /I

Trong (DCC’D’): EM A DD’ =, R Y

. Trong (BCC'B’): P NBB’ =S8. fnid ! R ~JR

" D& thdly MP, S, Q, N, R tuong dng <- AV 07 WAl

j 1a trung diém cta C’'D’, B'C’, BB’, F 7~/J\': A : : €

~ AB, AD, DD’ (¢6 thé xem lai chuong 1) 2=
. Trong (DCC’D’): RM N CC’ =H E
- = H, P, S thing hang.

" Ciing c6 thé thi'y ngay HC’ = %cc*.

" Goi V, 1 thé tich phin hinh 1p phudng nlim du6i thiét dién.

“‘ Goi V, S, h1an Iugt 1a thé tich, di¢n tich ddy va chiéu cao clia 1ap phuong.
~ Tac6: Vi =Vurce - (Virme + Veneo + Vsros). (1)

) 19, .3 9V

BT c6: Vipce = —=S.~h=2—, 2
~1a H.FCE 3872 16 (2)

‘ 1Sh V
i Laico: vV =V =¥ = ——— =, 3
i H.PMC RNED = Vsrgp = 32== 70 3)
| ! g'h il
- Thay (2) (3) vao (1) va ¢6: V, =——3R=E =>V;=—>V,=V,,

Gidi
' QuaPkdQR/A'C’(Qe A’AVAR e CC)).
" Ciing qua Pké ES//B’D (E € B'D’ va SE € DD")
" DoQR//A'C’ = QR // (A'B'C’D")
 ‘ = thi€t dién cit (A’B’C’D’) theo giao tuyén HK, § diy HK qua E, HK // QR
. (WicHK // A’C’).He A’B’vaK € B'C’.
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OP _I_ A'Q R 5 DS,

00 4 A'A "C'C DD' 4 B'

= E, H, K lan lugt 1a

trung diém cta O’B’,

A'B’,B'C’.

Trong (DCC’D’):
SRNDC’'=E

Trong (ADD’A’):
QSND'D=F.

D& thdy F, H, K, E thing

hang va ta cé:

Do

F

e

FE = HF = %A’B'.

Goi V. S, h 1dn lugt 12 thé tich, dién tich ddy
va chiéu cao ctia hinh hop.

Goi V, 1a thé tich phin hinh hop ndm trudc
thi€t dién.

Vi =VsrE _(VR.KC'E +VQ.FA'H)'

| 19 _3h 9V
Ta c6: Vepng =—Sppe.SD’ = =——S.—=—. 2
b LN i 38.4 32 o
1-8-h—~ 7V
Mitkhdc: Vrkce = VorAH= ———=—. 3
¢ RKCE= VorAH = 727 =00 (3)
Thay(2)(3)vﬁo(l)véc6:V|=-9l—l=35—\i:> 2=M:> i=2
32 48 96 96 ¥a. .71
Thi du 11. Cho hinh ling tru tam gidc déu ABC.A’B’C’. Goi O va O’ lin lugt la

tAm ctia ddy ABC va A’B’C’. P 1a diém trén 0’0 sao cho __(O)(l; — —é— Goi M,

N tuong @ng la trung di€m clia A’B’ va BC. Thi€t dién tao bdi (MNP) chia

ling tru thanh hai phin ¢6 thé tich lin lugt 12 V,, V. Tim ty s6 —:;—'
. 2

Giai

Goi M’ 1 hinh chiu ctia M trén AB.

Trong (MC’CM’): MP N CC’ =Q.

Trong (BCC'B’): QNN BB’ =E; QNN B’C’ =F.

Trong (ABB’A’): EM n AB =R.

Trong (A’B’C’): FM N A’C’ =S.
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~ Khi d6 MSQNR la ngii gidc thiét dién. 4.
 ELLASE . (e B T ) 5

0 NMC 3 0'0 6
" = Qla trung diém ciia CC’

: 1 1
= BE= —BB'; C’F= - B’C.
. 2 2

- Theo dinh li Talet, ta c6: .
BBR EB 1 BR 1 AN
f— = D ——=—, M'
BB'M EB' 3 AB 6

‘Trong tam gidc A'B’C’ theo dinh Ii
‘Menelauyt, ta c6:

AM BF C'S_|
- MB' FC''SA'

B, AM_,BF_, CS 1 _CS_1
B MB'  'FC' TR Sk oL e T

i

‘Goi V, S, h ldn Iugt 1a thé tich, dién tich ddy va chiéu cao ciia ling tru.
'Goi V, 1a phin thé tich ciia ling tru nim trudc thiét dién. Ta c6:
1= Vemsr — (Versn + Vaoscr)- (1)

Ia c6: Vempr = -—I;SMB‘F-hh ¢ diy h; = EB’.

13.7°% 3h 3 3
—.=S==8; hj= —, nén Vgygr= =Sh==V. .
22 4 1 5 €n Vempr 3 3 (2)
4 I(11)h V
Tuong v co: Vegpn = —|—=S|—=—, 3
p.f g W E.RBN 3[62 ]2 7 3)
1(11.)h V
V ':=——-—S—=—. 4
a4 3[42 ]2 48 @
Thay (3) (4) vao (2) va ¢6:
.3V V N\ aev 95V V, 49
o ) I i

B 3 72 48 144 " 144 7Y, 798’

du 12. Cho hinh lap phudng ABCDA’B’C’D’ canh a. Kéo dii cdc canh BA,
BC, BB’ cic doan twong tng AM = CN = B’P = %a. Thi€t dién tao bdi
(MNP) chia hinh 1ap phudng thanh hai phin lin lugt ¢6 thé tich 1a Vi, Va.

Tim ty 55 l/'—
| v,




Béi duang HSG Hinh hoc khong gian — Phan Huy Khdi

Giai
Trong (MBP): A’B’ " PM =E. p
Trong (PBN): B'C’ " PN =F. I
Trong (BMN): BD A MN = H, i
= PHN DD’ =R. !
Do PBM la tam gidc vudng cin B': c F
inh B.
dinh B ) ; i o : Q
= PB’E ciing la tam gidc E P ]
vudng cin dinh B’. / B B
o ===-F--> N
- d 3a P I &
=>B'P=B’E= —. s S
2 A D3+

Tudng tu c6:

3a
B'F=B'P= —

2 i

= P va Q lan lugt 1a trung diém ctia A’D’ va D’C, § ddy EF " A’D’ =P vi
EENnD'C=Q.
Tuong t R 1a trung diém ciia DD’.
Goi a 1a canh ctia hinh 1ap phuong, khi d6 néu goi V 1a thé tich ctia hinh lap
phuong, thi V =a’.
Goi V, 1a thé tich phin hinh 1dp phudng niim phia trudc thiét di¢n.

\ A7V Vi 1

3
Tacé:V.:VR.D’pQ=llii].a_:a_=_:>v2=_:>_=__
3(222)2 7 48 48 RS AT

{hi du 13. Cho hinh chép ti gidc déu, ¢6 cdc mit bén tao vdi ddy géc ¢. Thiét
dién qua AC va vudng géc vdi mit phiing (SAD) chia hinh chép thanh hai
phin ¢6 thé tich 1dn lugt 13 Vy, V,. Tim ty s %

2
Giai

Goi M, N tuong itng 1a trung diém ctia AD, BC.
Khi d6 ta ¢6: SMN=SNM = ¢
Ta c6: OM L AD,

SM L AD,
= AD 1 (SOM).
Do (SOM) N (SAD) = SM, 3 N
nén néu ké OI L SM = OI L (SAD).
Trong (SAC): OInNSD =E
= (EAC) 1a thi€t dién qua AC va vudng gic vdi (SAD).

14 1 0O
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':l": V, S, h lin lugt 1a thé tich, di¢n tich ddy va chiéu cao ciia hinh chép
BCD. Goi V, 1a thé tich phdn hinh ch6p nim dudi thi€t dién, ta c6:

: = Veaco- (H

: Veaep = Vpeac

V, DE
fang —2EAC -  (2)

i Vbsac DS
i V, 1DE S
i Vpsac = Visiach = Ev nén tir (2) c6: —- T 3)
hé thiic lugng trong tam gidc vuong OSM, ta c6 |
SI.SM ®
M—.
=MILSM N o)
A, 2 :
M [ OM] 2
p——=|——| =col"yp. (4
iis  (os LS S
! :
i Lia0 [
:E:zg—zy_:Zco[zg‘):chb 44 E
ES ES IS sinz @ F
i\ DE 2 e he ] !
cos’ ¢ T sl
*ES +DE  2cos’ @+sin’yp
bE 2cos’ ¢
i 1A, e oy (5)
T l4costy

S

ay (5) vao (3) va ¢6: ﬁ = ﬂ—w———: V= _LOL@_V
v 2(1 + cos? &p) i 14cos®
V,=V-V,= Lzé N cod? P

ill,‘

1 xét: N6i riéng néu cho ¢ = 60" = Ky

A > 4

gbz.i todn lién quan dén th tich

ong muc ndy (a s& xét mot s& bai todn lién quan dén thé tich nhu:
f dung thé tich d& tinh khodng cich

t dung (hé tich d€ ching minh cdc ding thite hodc bt ding thitc

;‘i todn thé tich c6 tham gia y&u (§ cia gid tri 16n nhil, nhé nhat..
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Loai 1. Si dung thé tich d€ ching minh cdc diing thife hoiic bt diing thy,

trong hinh hoc khéong gian.

Thi du 1. Cho hinh chép tif dién ABCD. M 1a mot diém trong uf di¢n. AM, Bl

CM, DM tong ng cit cdc mit doi cla uf dién tai A,, B,, C,, D,. Chung

AM BM CM DM
BB  CC DD

Giai

Ta ¢6: Vagep = Vmsen + Vmasp + Vmacop + Vmase

I8

minh

A

-
-

=1= VM.BCD + vM‘ABD Y- vM.ABD s VM.ABC i (l)

sy _———-
/
L~

<\
-

Vaseo  Vaseo Vaseo  Vasep
Ké MH; va AH lan Iugt vudng géc (BCD).

~

“q--

D& thdy A, Hy, Hthinghang.  \ [/ .Lo="H =" .
Theo dinh li Talet ta ¢6: i T ﬂ. (2)
AH AA

Hai hinh chép M.BCD va A.BCD c¢6 chung diy BCD, nén

VM.BCD i MHI . (3)
VABCD AH

Tir (2) (3) suy ra Vm.acp — i . 4)
ABCD AA

Lap ludn twong wr co:

Vm.ABD 3 BIM; Vm.ABD — CM a Vm.aBC X DM -
Vaep BB Vpygep CC Vager DD

Thay (3) (4) (5) vao (1) c6 dpcm.

(5)

Nhén xét:

L.

H¢ thifc trén 12 twong e vdi dinh 1i Xeva trong hinh hoc phing.
Gia sit AA,, BB,, CC, dong qui tai M
(xét trong tam gidc ABC).
AM BM CM
+ + =1
A/A BB CC
St dung bat ding thitc Cosi, ta ¢6:
AM BM CM DM|AA BB CC DD].
+ =y + + >
AAA BB CC DDJ|IAM BM CM DM
A/A BB i C,C DD Y
AM BM CM DM

Khi d6 ta c6:

B A,

16
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 AM+MA,  BM+MB,  CM+MC,  DM+MD, o
YTy MB, MC, MD,
_AM_BM CM DM

>12 (6)

AM BM CM_ DM 1|
AATOBBIL CEEIDD 4
: < M=G,

y 6 diy G la trong tim cda uf dién ABCD (xcm dinh nghia trong tim cia (!
'~ dién trong chuong 1).

'~ (6) 1a bat ding thic quen bi€t trong 1 dién.
hi du 2. Cho tf di¢n ABCD. Goi hy, h,, hs, hy 14n lugt 1a bon chiéu cao ciia ti
,gién ké tr A, B, C, D va r la bén kinh hinh ciu noi ti€p cla tf dién. Chiing
1 £, g\ A A

-,:'bﬁ'u bling trong (6) x4y ra <

Giai
- Goi O 1a tim hinh ciu ndi ti€p.
Khi d6 bon hinh chép:

Ta ¢6: Vagep = Vosep + Voacp + Voasc + Voasp

. Vosep " Voacp n Voasp ' Voasc C
Vaseo  Vasep  Vasep  Vasep

N = O b N e o S D g S P dpoin,

¢ thife trén 12 md rong h¢ thirc quen bi€§l sau trong hinh hoc phing. Trong

'moi tam gidc ABC, ta ¢6: -=—l—+ - + h ,§ diy h,, hy, h, twong ing 12

4 r ha b ¢

" cic chidu cao ké tir A, B, C; conr 1a bin kinh dudng trdn ndi ti€p tam gidc.
. Tir thi du trén ta suy ra bit dﬁng thitc sau: Trong moi tf di¢n ta c6:

“hy +hy+hy + hy > 16r

.~ Diu nay suy ra tf bit ddng thitc Cosi sau:

1 1 |

Sl PR, o L >0

: h;+h,+h;+h
(l 3 4) h| h2 h-; h4

12
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Thi du 3. Cho hinh chép tam gidc SABC, ¢6:

b =
sin sin3 ), sin~y y

3 ddy BC = a; AC =b; AB =¢; a, B, v ldn lugt 1a géc tao bdi cdc mit SBC,

SAC va SAB vdi diy ABC. Chitng minh riing t6ng cdc khodng cdch tr mot

di€m O bat ki trén mit ddy dén cdc mit xung quanh SBC, SAC, SAB ciia

a C

hinh chép 1a khong ddi.

Giai
Ké SH L (ABC) va SM, SN, SP lan lugt
vudng géc BC, AC, AB.
Khi d6 HM L BC, HN L AC, HP L AB
(dinh li ba dung vudng goc).
Tir d6 ta ¢6: SMH = a; S/NTI=B; SPH =Y

R AR S ASE
Ta ¢6: sino =—; sinf3 = —; siny = —
SM SN Sp
Vi S8 L7 DL NG an e (1) ¢6: a.SMESbEN eiciSR
sina sin3  sin~y ;

= Sasc = Ssac = Ssas (2)
Goi S 1a dién tich chung (xem (2)). Goi O 1a di¢m thy y trong ddy ABC.

Goi hy, hy, he 1an lugt 1a khodng cdch tir O 1di mat SBC, SAC, SAB.
S

Ta ¢6: Vsase = Vossc + Vosac + Vosas

= L5(h, +h, +h,)

(dva vao (2))

3VSABC

=h,+hy+h.= = const.

b6 la dpem.

Thi du 4. Cho hinh chép uf gidc S.ABCD, ddy la wf gidc 16i ABCD. Mot mit
phing cit cdc canh SA, SB, SC, SD lan lugt tai K, L, P, N. Chitng minh riing:

Soco S 1 S 100 S =100 S8 1 510y
BCD SK ABD Sp T RABC SN ACD SL
Giai

Do K, L, P, N dong phing nén ta
Vsxip + Vskne = Vsner + Vsnke
SK SL SP

Ta cé: Vsxip= —.—.—
o AR S e RC

19D

cé:
(1) (vi ciing biing Vs xnpw)

S.ABC
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v SP SN SK
SKNP = 5o 5D SA ' SAPC*
SL SP SN
V, o ¥, ,
SNPL = Gp"SC gD | SBCP
SN SL SK

Vs.NkL = SD'SBSA <+ Vs.ABD -

vao (1), rdi nhian cd hai v&€ vdi dai lugng
SB SC SD

"SL 'SP SN’ - Gttt o

SD SB SC SA

e V — =YV —_— i\ —_— B
BC 5N + Vsapc SL_ 'SABD gp + Vsgep SK
, SN SB 1 SC SA
> —h|S —+4+S —h|S —+S — 2
asc gy +3anc SL] 3 [ aBD <5+ SBep T (2)
y h 12 chiu cao ké tir S clia hinh chép S.ABCD.
suy ra dpcm.

ju 5. Cho tf dién ABCD, trong d6 AB = a, BC=b,CD=c,DA=d,AC=c¢,
D = f. Goi a 1 g6c tao bdi hai mit phing SAB va CAB (khi d6 ta néi it o
6¢ nhi dién canh AB). V@i ki hiéu trén goi y, B, 8, 0, ® tudng ng la cdc
5¢ nhi dién canh BC, CD, DA, AC va BD. Ching minh riing:

R - R
, sinasin3 iy sin~ysind  sinBsinw
w Gidi
Udc hét ta chitng minh k&t qué sau C

0i Sy, S, 1an lugt 12 dién tich hai mit CAB va DAB.

j1 V 1a thé tich 1t di¢n ABCD.

2S,S, sma
3a

¢ CH L (ABCD), ké CE 1 AB

4 HE L AB (dinh li ba dudng vudng géc)

,=C6 Si = Sasc; S2 = Sasp.

46 ta c6: V = (1)

ai c6; V = %SZ.CH. @) A

R 25 i

Bthdy CH = CEsing = 2248C ging = 2215102 (5
AB a
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Thay (3) vao (2) va ¢6 V = ﬁ;l"_“
a
Viy (1) ding.
Bay gid diit S3 = Sgep; Ss = Saco. Ap dung (1) ta ¢6:
V= 25;S,sinf3 @
3c
1L ; 4S,S,S,S

T (1), @ysuyra V2= 35155880 g gy 8¢ _ 455,45,

9ac sinasin3 -+ 9V

; 4S5,S,5;S

Hoan toan tuong ty ta c6: — bd' =— Ct. e AN 23 4 ()

sinysind  sinOsina 9V

Tir (5) (6) suy ra dpcm.
Thi du 6. Cho t di¢n ABCD va mot diém M trong tf dién. AM , BM, CM, DM
1an lugt cit cic mit ddi diéntai A, B, C’, D’.
Chitng minh MA’ + MB’ + MC’ + MD’ < max{AB, AC, AD, BC, BD, CD}
Giadi
Goi V, V|, Vs, V3, V4 lan lugt 1a thé tich ctia
cdc ur dién ABCD, MBCD, MACD, MABD, MABC.
V, MA' A
i ‘

= MA’ =AA’%— (1)

Dé thay:

= MB’ =BB’ % (2)

SMC =CC'3  (3)
Vi B

=MD’ =DD’&. 4) w
A%

bita =max {AB, AC, AD, BC, BD, CD} &3

Khi d6 a chinh 12 khodng cdch 16n nhil trong cdc khodng cich giita hai diém

bat ki cla uf dién. N6i riéng ta c6:

AA’<a;BB’<a;CC’<a;DD’ <a. (5)

Tir (1) (2) (3) (4) suy ra:

Vi+V,+V;+V,
3 p

T V=V, +Vy+ V34V, va tir (6) suy ra dpcm.

MA’+MB’+MC’+MD’ < a

(6)
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1i 2. Céic bai todn vé thé tich k&t hgp vai gid tri I6n nhat, nhé nhat, hoiic
chifng minh céc bit ding thitc lién quan dén thé tich.

{ du 1. Cho ¥ di¢n OABC, trong d6 OA, OB, OC d6i mdt vudng goc vdi
jau, OA =a, OB =b, OC = ¢. M 12 mjt di€ém niim trong diy ABC. Qua M
cédc dudng tuong dng song song vdi OA, OB, OC. Chiing lan lugt cit mit
46i dién tai A’, B’, C’. Xdc dinh diém M dé€ ut dién MA’B’C’ ¢6 thé tich 16n
phdt va tinh gid tri 16n nhat dy.
', Giai
[rong (ABC) gid st AMNBC =P,
BMNAC=Q,
CM N AB=R.
(& MA’ // OA (A’ € OP)
- MB’// OB (B’ € 0Q)
- MC’ //0OC (C’ € OR)
i‘m tf dién MA’B’C’ “Iong vao” tir dién OABC.
Do MA’ // OA, MB’ // OB, MC’ // OC, nén ta c6 (xem hlnh vé bén)
¥uasc _ Voasc _ MA' MB' MC' )
' Voasc OA OB OC
% thay OA L (OBC) nén

! abc
ABC—VAOBC =§SOBC AO—E_OBOCOA— 6 .

1 abc MA' MB' MC'

y (1) (2) ¢6: Vmape = —6_ OA OB OC ' (3)

MA' PM _MB' QM MC' RM

OA , PA’OB QB OC RC’
PM QM  RM

rong tam gidc ABC, rd rang PA + QB + REo 1, do dé6:

heo dinh 1i Talet, thi

L MB' MC' [MA"MB" MC
, OB ' OC OA "OB  OC
L MA' MB' MC'_ L

® A 0B OC ~27

i (3) (5) ¢6:
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b
Vmasc < % (6)

MA' MB'_ MC' |

QA b OBy OC: ) 3

PM QM _RM 1
PA 1/GB..» BC ued

< M 12 trong tdim tam gidc ABC.

D4du biing trong (6) xdy ra <

Vay max Vyapce = % <> M la trong tdm tam gidc ABC.

Thi du 2. Cho hinh chép S.ABCD ¢6 ddy ABCD 1a hinh vudéng canh a, cdn SA -
av2 vudng géc véi ddy. M va N 1a cdc diém di dong trén BC, CD tuong ng
sao cho NAM = 45", X4c dinh vi tri cia M, N d€ hinh ch6p S.AMN c6 thé
tich dat gid tri 16n nhat, dat gid tri nhd nhat. Tim cdc gid tri Ay.

Giai
Ta dit MAB = o; NAD =f
a a

=AM = ;AN = ‘
cosa cosf3

Vi NAM =45" = o + B =45°

Ta Cé: VS.AMN = %SAMN'SA

>
= “—‘3/—5.%AM.AN sind5" D N C
_ a2 _\/z af i HO  AG° i a’
6 2 cosacosP 6cosacosp 3[cos(a+B)+cos(a—ﬁ)]
3

a

= . (1)
3 g ~+ cos(ax — B)]

Do0<a<45%50<B<45" = -45"<a- B<45°
= max[cos(a-PB)]=1=a-B=0
2 |a=45%p=0

min[cos(cx—ﬁ)]:Tﬁ e i

T (1) suy ra:
Vs.amn dat gid tri max <> cos(a — B) dat gid tri min
Vs.amn dat gid tri min < cos(a — ) dat gid tri max.
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- 3 3
; " a 2’2
Vi thé max Vg amn = = ,
fe . 6
i 2 2
iV a’ 2a° a’ (2 = \/E)
min Vs AMN = o & .
3
3[[2—2~ % 1] 3(2+12)

" Gié tri 16n nhi't dat dudgc <> o = B =22°30".

< M, N lin lugt 1a chan dudng phan gidc cic goc CAB,CAD V& trong cic

B o gisc CAB, CAD.

B 5 a=45";p=0 [M=C,N=D
Gid tri bé nhat dat duge < &

a=0;3=45" M=B;N=C

hi du 3. Cho géc tam dién vudng Oxyz dinh O. Liy A, B, C lan lugt trén Ox,

. Oy, Oz sao cho OA + OB + OC + AB + AC+BC =1, 8 diy /la s0 duong cho

~ trude. Xdc dinh vi tri cdc di€ém A, B, C sao cho thé tich tr dién OABC dat gid

yi

|
b

I
I

A

i
|

_tri 16n nhdt va hay tinh gid tri 16n nhdl Y.

A

Z

Gidi
PitOA=a,0OB=b,0C=c C
Theo bat ding thitc Bunhiacopski, ta ¢6:

a+b-5,/2(a2+h2), y

b+c< 2(b2+c2 .

; Tir d6 suy ra: ﬁ(a+b+c)§\/a2+b2+\/a72+cz+ b? +¢? X

o 2@+b+c)+a+brc<yal +b2 +ya® +c* +4b +¢2 +a+b+c (D)
Tit gid thi&t suy ra VP (1) = OA + OB + OC + AB + AC + BC = .
Viy tir (1) ta ¢6: (a + b+ c)(ﬁ+1) 21 (2

D4u biing trong (2) xdyra<>a=b=c. (3)
Theo bt ding thifc Cosi, ta c6: a + b + ¢ 2 3Yabe . (3)

| .
Mit khdc V = Voasc = Fabc. Vi thé tir (3) suy ra:
D

a+b+c>36V. (4)

12
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KEthgp (2) (4) 6: 1= 3(vV2 +1)V6V

3
P P (\/5—1)
=>V< 3= ’
162(v2 +1) A
Dau biing trong (5) xdy ra <> a = b = ¢. K&t hgp vdi diéu kién:

a+b+ctyal+b2 +yb?+c? +cE tal=1

)

i(V2 -1)
Sa=b=gc= A 0 (suy tlr phudng trinh 3a + 3a2 =1).
3
P2 -1)

Vay max V =
1y OABC 162

i : I(V2-1)

Gid tri In nhitdatdwgc > a=b=c= ——*~.

Nhdn xét: Trong cdc thi du 1, 2, 3 ta di sit dung phudng phdp ba't ding thic dé
tim gid tri 16n nhit, nhé nhat.

Thi du 4. Cho hinh chép wf gidc déu S.ABCD ma khodng cdch tir A t3i mit
phing (SBC) bing 2a. Vi gid tri ndo cia a, & diy o la géc gilta mdt bén va
ddy ctia hinh chép, thi thé tich cla khdi chép 1a nhd nhat. Tim gid tri d6.

Giai
Goi M, N lan lugt 1a trung diém ciia AD, BC.
Ta c6 SNM = o.
Do DA // BC = DA // (SBC)
= d(A, (SBC)) =d(M, (SBC)). (D)
Ta c6 BC L (SMN) = (SBC) L (SMN).
Do d6 néu ké MH L SN (H € SN)

-
- -

—

= MH L (SBC) A
= d(M, (SBC)) = H. 2
Tir (1) (2) va gia thi€t ta c6 MH = 2a.
L MH 2a a sina a
Do d6 MN = —— =—— = SO = ON.tana. = — = :
sina  sina sin COSQr COSQx
2 3
. | 1 2a a 4a
Vay Vs agcp = 7SaBcp-SO= —[ : ] i : 3)
3 3lsina) cosa  3sin“cccoso
Tir (3) suy ra Vs apcp bé nht <> sin“ocoso nhin gid tri 16n nhat.
Xét biéu thic P = sin“acosa = cosa(l — cos’a) = coso. — cos’ o “4)
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Do 0<a<90"=0<cosa<l. :
Tir (4) xétham s6 saw:y=x - x* vdi 0 < x < 1.
Ta c6: y’ = 1 — 3x7, tir d6 ¢6 bang bién thién sau:

Wl .20 J3
max A= X =]
ayy y[ 5 5 3
A 433 3
0 d6 min Vg apcp = = 2\/5:1 & Cosau=—<> o= arc|cos—|.
i 32J-

vdi ddy (ABC). Gid sir SC = a. Hiy tim géc giita hai mit phing (SBC)
/2 (ABC) sao cho thé tich khdi chép 1a 16n nhat.

Gidi S

5 SCA 1a géc giifa (SBC) vi (ABC).

4t SCA = a (0 < o < 90"). A L>c
:", ¢6: SA = asina, AC = acosa

BWs anc = lSABC.SA = ﬂ(acosm)2 asino= ﬁcosz asino B (1)
e 2 6

(l) suy ra Vs ape nhin gid tri 16n nhit < P = cos’asino. nhin gid tri 16n
hdt. X6t bidu thire: P = cos’asino = (1 — sin’a)sinat vdi0< <90

€t ham s4: y=(1-x)x=x-x vdi0<x<l.

a cé: y’ =1 - 3x%, va ¢6 bing bicn thién sau:

—
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3 3 R
Vi.iy)'nmx:y I— :zi SO X= _\/i
9 3
3
2 i s a’3 3
Viy Vsapc nhdn gid tri 16n nhat = d2\’{_ & x= .‘é__

| 3 . V3
&> sino = — ¢ o =arc|sin—|.
3 3

Chii : Ta c6 thé im gid i 16n nhdt clia P biing phuong phap bét ding thitc nhu sau:
Do P> 0 nén Py, <> P’max
(1- sin’ o)(l— sin’ o)(2 sin® )
5 g

, 2 v QoD s D
Ta c6: P° = (1 — sin“a)’sin“a =

Theo bit ding thic Cosi, ta c6:

1 O sin® a)(1 — sin’ (x)(25in2 a) < 5 =

(1- sin? o) +(1— sin’ o)+ 2sina 2
3

= (1 — sin®a)(1 - sin’a)(2sin’at) < %

23

P<__

2f

VAy Ppux = & 1 - sinfa = 2sma<:>sm(x—%

& sino = i;— (do sina > 0)

Tir d6 thu lai k&t qué wén!
Di nhién ta ciing c6 thé gidi thi du 4 bing phudng phdp bat ding thic.

Thi du 6. Cho hinh chép S.ABCD ddy la hinh binh hanh. Goi K 1a trung diém
ctia SC. Mit phing qua AK cdt cdc canh SB, SD cia hinh chép tai M, N.
Xdc dinh vi tri cia M, N @€ dai lugng:

p= Vs.AMNK
Vs.aBcD
dat gid tri 16n nhat, gid tri bé nhat.
Giai
Gia sit AK N SO = E, & diy O 1a giao diém ctia AC, BD; khi d6 M, E, N
thing hang.

= so N en
Ta ¢6: Vg amnk = Vs.amk + Vsank - (1)
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":"-
& thiy:

X

AT T U Y
Vs e SBUIBG %

]
i

L, Vs.AMK = Y ()
2 4

=
s

3 diy V= Vsascp

‘i‘l’dng W ta ¢6: Vs ank = %\i .(3)

(1), (2), (3) suy ra

i A\
Vs.amnk = —4—(x +y) - 4)

e, \% Vo3
Lal co Vsamnk = Vsamn+ Vsunk = X}; i+ xi i xZ'V .
il

"".'/
it (4) (5) ta ¢6 x+y =3xy =y = ——. (6)
B 3x -1
it (6) Vi do0<y< 1= —>—<I=x>+ Viy L <x<|
b 3x-1 2 2
i 3
-xyV % 3x2

W (5) (6) c: P= ~samen _ 4 _3,
i Vs aBcp V-4

il 3 2

;, him sO y= - vdi 1<XS 1

g 4(3x —1)

’4 ; 3 3 - |

ac6y = X2 3 ¢6 biing bich thicn:

43x - 1)°

(SSH IS
—

4
2

1 AN
%%?/// 3

Wi
1

.‘ dé ymin - 5 EOX =

i

(PSR S)

.y_z
' 3
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: X ='£§y =] [M 1a trung di€m clia SB,N=D
Ymax = g < =

o1 M =B: N 1a trung di¢m ctia SD
x=ly=—
2
R 3 M la trung diém cla SB,N=D
Vay maxP=—- & o A
8 N Ia trung di¢m ctia SD, M =B

1 SM SN 2
_<:>—__—____.=__
3 $B. SD 3

%
4

/) : //\ ____________

/

N =D; SM = MB
Thi du 7. Cho tf dién SABC va G la trong tdm cia uf di¢n. Mét phﬁng quiry
quanh AG va cft cdc canh SB, SC tuong tng tai M, N. Xét biéu thic:

s Vsamn
Vsasc
Tim gid tri 16n nhd't va gid tri nhd nhét cia P.
: Giai

Goi A" 1A trong tdm clia tam gidc SBC. Khi d6, do G 1A trong tim clia 1 dic”
SABC nén A, G, A thing hing (Xem lai chudng 1).
Goi O 1a trung diém ctia BC, titc A SANBC=0.
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) SM SN
—_—=Xu—=y,thh0<x=<1;0sy =1
R 55~ Xsc ¢
V. SM SN
aco: P = VSAMN 5 .—éE:xy.(l)
SABC
l‘a cO:
Ssmn 7 SSMA'+ SA'NS
_SM SA' , SN SA' A
.- $B "50 UsBo F g5 g Psoc
B2 1 2401 X+
_’x-'{fz‘ssac*' y. ;-ESSBC = Tyssnc- (2

; I
do Sspo= Ssoc = ESSBC)

Vit khic ta lai ¢6: P = Vsamn = Vasmn = Vmn sl . (3) (do(2))
Vsasc  Vassc  Vssc 3

(1) (3) suy ra xy = Ky =Sy= i
' 3 3x —

2
Sxsils

,_
B[ — —

ap ludn nhu thi du 6, ta ¢6 <y<L.TirdétacéP=—

1
2 3x -1
2

vii — <x <1

3x -1 2

x(3x-2)
2

ét ham so f(x) =

a c6 f(x)= va ¢6 bing bi¢n thién sau:

3x-1)

C| &

A M la trung di€m clia SB,N=C
M =B; N Ia trung di¢m ctia SC
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S S

1
|
1
]
'
i
'
'
'
|
]
I
'
'
'
i
|

N

; C=N

Thi du 8: Cho it dicn ABCD ¢6 AB > 1, c¢on (it ¢ cic canh con lai déu nho
s : 2 |
hon hodc bang 1. Chitng minh rang Vapep< § :
Giai

Vé AF LCD va BK LCD. bitCD=x,khid6 0<x <1

Ta ¢6 max {CF, FD} > 929= %

Gi4 sit max {CF, FD} = CF = CF > %

2
Ta ¢6 AF = YAC? —~CF? < 1—"7«10 AC<1,CF3> %)

-
P X
Tuong w, ta ¢6 BK < ,’l g
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!

y 2
' V& chidu cao AH ctia hinh chép. Tac6 AH<A F < ,/1 -XT <1

i

i 1 \ 1 x?
1 a Vasen= —Spep. AH= —.—CD.BK.AH< —x|1-— . (I
',;‘1‘1’(16 suy ra Vaseo= = Speo 3 5 ( 4J (n

| —

i
R

" b on< i x(4 - x3). (2), v6i 0<x <1

P, ét haimsdy = x(d-x)=4x-x*=>y =4- 3x%, va ¢6 hang bi¢n thién sau:

%//-///%
y Ll —1 /

do suyra ynx=y(l) = 3 Thay vao (2) va ¢6 Vapep< § = dpcem.

u 9. Cho 1t dién ABCD c¢6 cdc canh ddi doi mdt vudng géc véi nhau.
hli’ng minh riing v6i moi di€ém M niim bén trong f di¢n, ta ¢6 bat ding
AIIC sau: MA . Sgep+ MB . Sacp + MC . Sagp + MD . Sy 29V, dday V Ia

| e tich ur di¢n ABCD.

i Gidi
'Ké AA,, MH, ldn Iugt vudng géc (BCD). Ta c6:
AM + MH, > AH, 2 AA,

= AM > AA, - MH,. (1)

Diu biing trong (1) xdy ra &M € AA,.
(1) ta cé:

AM . Sgcp = AA, . Sgep — MH; . Sgen

= AM. Spcp 23V - 3Vpen - (2)
Diu biing trong (2) xdy ra & M € AA,.
Tuong v ta ¢6: BM . Spcp 23V = 3V acn - (3)

'CM . Sxsp=3V = 3V asp. (4)

:' . Sapc= 3V — 3V anc- (3)

‘D biing trong (3), (4), (5) wong tng xdy ra
<MeBB,MeCC,MeDDy;

‘¢ diy BB,, CC,, DD, lan lwgt 1a cdc chiéu cao ctia ¢ dién ké tir B, C, D.
{Dé y ring Vym pep + Ym.aco + V. asp + Vv, asc =V . (6)

' Cong timg v& (2), (3), (4), (5) va sif dung (6), ta c6:

'MA . Sycp + MB . Sacp + MC . Sypp + MD . Sapc 29V . (7)

‘DA biing trong (7) xdy ra <> ddng thdi c¢6 diu bling trong (2), (3), (4), (5)-
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Ta bit riing n€u ABCD Ia t&f di¢n ¢6 cdc cip canh ddi di¢n d6i mot vudng
gée vai nhau thi bon dudng cao ctia 1t dién ddng qui tai mot diém H.
Vi th¢ didu biing trong (7) xdy ra <> M = H d6 1a dpem.

Nhé@n xét: T di¢n ABCD ¢6 cic ciip canh dbi dién doi mot vudng gée v6i nhyy,

goi la “uf dicn trye tim™.
V& “1 di¢n trye tim” xin xem trong phin “Mot s6 chuyén dé dic biét iy

hinh hoc khong gian trong chuong 4 clia cudn sdch nay.

E. Stt dung phudng phip thé tich dé€ tim khodng cdch

Cic bai todn tim khodng cdch tir mot diém d€n mot mit phiang, khodng cich
gitta hai duding thiing ch¢o nhau trong nhiéu truting hgp ¢6 thé qui vé bai todn
tim thé tich khai da di¢n. Vi¢e tinh cic khodng cdch ndy dya trén cong thic:

3V
h=—
S
d diy V, S, h 1an lugt [a thé tich, di¢n tich ddy va chifu cao ctia mot hinh
o Ca g s . i
chop nido do; hodce L cong thie: h= S

¢ day V, S, h wong (ng 1a the tich, dién tich ddy va chi¢u cao ctia mot hinh
ling tru nio do.

Phuong phdp ndy thudng duge dp dung trong cdc trudng hgp sau:

Gid stf ta ¢6 thé qui bai todn tim khodng cdch vé bai todn tim chi¢u cao ciia
mot hinh chép hodc mot ling tru nao do. Di nhién, cdc chi¢u cao nay thudng
khong tinh truc ticp duge (hodc tinh todn qud phic tap) bing cich sit dung
cdc phudng phip thong thudng. Tuy nhién, cdc khdi da dién nay lai d& dang
bi€t dugc thé tich va di¢n tich ddy cta né. Nhu the, chidu cao clia edc khoi

da di¢n ndy d¢ dang tinh duge bing cdc cong thire trén.

Thi du 1. (B¢ thi tuyén sinh Pai hoc khdi D - 2012)

Cho hinh hop ditng ABCDAB CD ¢6 ddy la hinh vudng, tam gidic AAC
vudng cin, A'C = a. Tim khodng cdch tir A d&€n mit phing (BCD).

Gidi: D C
Goih=4d (A, (BCD)). Ta c6: A %
. :ls .'h \\I,Y‘\E\\
ABCD 3 BCD s
3V : gl e
— h= —ABCD (1) il i SN
BCD e e

Do AAC I tam gidc vudng cinc6 AC =a
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1 v B a a). a2
3[ ltJnf— 1\/_‘(2)

G T SN T e
B 0 Vaseo' T 37A8G 222) 2 4

l Ta c6 BC L (DCCD’) = BC LCD

1 . |l a a\/_ 213\/5
= ABCDC= 22 = a3
2 Spen T 3 22\/[ ] (2] @)

2

" Thay (2), (3) vao (1) va c6: h = 5‘6—6

hdn xét: Hay so sinh vdi cdch tinh truc ti€p h (xem thi du 1, muc A, §2,

- chuong nay)

' du 2: Cho hinh chép tam gidc S.ABC, diy la tam gidc vudng cin ABC 1ai B,

" trong d6 AB = BC = 2a. Gid sif hai mat phiing (SAB) va (SAC) ciing vudng

‘ géc vdi (ABC). Goi M la trung diém ctia AB. Mit phing qua SM va song

~ song vdi BC, cit AC tai N. Bi¢t riing hai mit phing (SBC) va (ABC) to vdi

- nhau géc 60". Tim khodng céch giifa hai duing thing AB va SN theo a.

f Gidi

" D& thily SA L (ABC) va SBA= 60"

~ Qua M ké MN // BC, khi d6 N Ia trung diém ctia AC.

- K& NK // AB, thi K la trung diém cta BC.

‘Ta c6 AB // NK => AB // (SNK)

= d(AB, SN) = d(AB, (SNK)) =d(M, (SNK)) =h. (1)
(diat h = d(M, (SNK))

" iTa c6: VM_ SNK = ';— SSNK .h

e h= 3Vmsnk )
Ssnk

3 1
‘ Ta ¢6 V. snk = Vs Mnk = Z Vs. asc - (3)

" Do SA = AB tan 60" =223

4a? \ﬁ
. .

. 3\/5,\“(:—3-(-5 d2d)2d\/—

" Tir A k& AH/ BC (H nim trén HK kéo dai) = SH L HK (theo dinh i ba
~ dudng vudng goc). Do AH=BK=a = SH= \/az +(2a3)’ =a J13
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a2
a \2/1_% 5

a’ ﬁ s 221\/3_9
N ERNE
2

Vc‘iy SSNK= -;—NK “SH = %a.a 13°=

Thay (3), (4), (5) vao (1),tacé h=

Nhén xét: Hiy so sdnh vdi phuong phdp trye tiép tinh h cla thi du ndy trong thi
du 2, phin B chudng nay.

Thi du 3: Cho hinh ling truy ABCDA,B,C,D, ¢6 diy ABCD la hinh chif nhit vgi
AB= a, AD = a+/3. Hinh chi€u vudng gbc cia A, trén (ABCD) trung vdi
giao diém O ctia AC, BD. Gia st hai mat phing (ADD,A)) vd (ABCD) tao
v@i nhau géc 60”. Tim khodng cdch tir B, dén mit phing (A,;BD)

Giai
Goi M la trung dié¢m ctia AD
= géc AMO = 60"

d b z B
Tac6 OM= 23 A0 = Stan 60' = 3 ! Ci

= Vagcp.aBicyp; = AB.AD.A,O

av3  _ 3a’
By
2 2
, |
Tac6 Vg agp= 3 Sap-h
3V,
=h= e T 10 .(2)
SA]BD
Llals | bt
Ta lai thdy Vg A;8p = VpapB = 5 Vb.ABAB = 5(3 ABCD.A|B|C;D; )
i 3at
= —.— =— . (3) (theo (I
25 2 (3)( (1)

i
2

Thay (3), (4) VAo (2) v c6 h= —> _ =

Nhén xét: Hay so sinh vdi phudng phép truc tiép gidi thi du ndy trong thi du 2,
muc A, §2, chuong nay.

1°70Q



a Ké AH L BC = SH L (ABC)
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 !'. 4: Cho hinh chép tam gidc S.ABC ddy la tam gidc vuong ABC ai B va
 AB = 3a, BC = 4a. Bi€l riing mit phing (SBC) vudng géc vdi (ABC). Cho
. SB=2a+/3; SBC =30". Tim khodng cich tir B d&n (SAC).

Giai

| | Tac6 AC=5a:SH=aV3;BH=3a=>HC=a

V,
:>h=3 B.SAC (l) E
SAC

1] '
| Tac6 Vasae = Ve = 5 (5 3ada)a 3 =223 .2

'l 'Ké HE L AC = SE L AC (dinh I§ ba dudng vudng géc)
' AB 3a 3d

| TacoHE HC sin HICE =4, L E
n=>SE VSH? + HE? = ,|3a’ +3-_ aJ_
4a
i 3
‘ ysbAC—'lz"AC SE= '2— iSa. -5— 2\/_(3) ¢ H
b 62> \3 _ 6T A F-—C

Thay ), () vao (1) va c6: h = _J_ L

Giai A M Cc
Ic_2 : \
Tac6 — = ;: dd, (ABQ)) = Ed(A , (ABC)) o 74
= -zA A= :‘3 B/

iy 3 3 Ill
! D’il h=d(A, (IBC)), ta ¢6 Vy i5c & Sisc - h ,’/
i 3 o g A C
: By = 3Vasc ()
1 Sisc H

B
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Ta ¢6 AC= JACPLAA? = 042 L 422 =5
—BC= VAC? —AB? = V522 —a® =2a
| 1 4a 423
Viy Yaume= Viape = — Sxpcd(A, (IBE) = = (=a.2a). = =32 (o
ay Vaisc 1 ABC 3 sne -d(A, ( ) 3 (2 ) 3 5 )

K¢ IK L AC = IK L (ABC). Ké KH 1. BC = IH L BC (dinh li ba duting
vuong goc)
o)
Taicd t EE=EE=EDKH=111
AB CA 3 3
16a° +£ - 211\/5

= IH= VIK? +KH? =

9 3
2045 2a%V5
g SBOIHS = 23, W5 _ 2085 .(3)
2 2 3 3
4a’ 205
Thay (2), (3) vao (1) vicé h= l, = L
3 211‘\/§ 5
s

Nhdn xét: So sinh vd§i phudng phédp true tEp gidi thi du ndy (xem thi du 5, muc
A, §2, chudng nay)

Thi du 6: Cho hinh chép uf gidc S.ABCD ¢6 diy ABCD la hinh thang vuong,
trong d6 ABC=BAD= 90"; BA = BC = a; AD = 2a. Gid sif SA = a2 vi
vu(‘)‘ng g6c vdi didy (ABCD). Goi H 1a hinh chi€u ctia A trén SB. Tim khoding
cdch tir H d&n (SCD).

Giai
Trong hinh thang vuong ABCD, ta ¢6 AC =a J2,CD=a2
= ACD la tam gidc vudng cin 1ai C
= SC.L CD (dinh li ba dudng vudng goc).
Ké AH L SB. Ta ¢6:
SA’ = SH.SB

S

—=2a’=SH.ay/3 = SH =

2J3a
3

2+/3a

, d(H:(SED))" . SH 3
Tac) ——M—mMmMM= — = —
d(B;(SCD)) SB av3

.

2
= Vuscn= ; Visen. (1)
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! 3V,
Goi h =d(H, (SCD)), ta ¢c6 h= —HSD. ()
E Ssep

| 1 11 s a’
k. Ta co VB.SCD = VS.BCD= -3- SBCD .SA= 5 ( 5 a.a+2 sin 135”) d = l—ﬁﬂ 3 (3)

B = %.SC.CD = % a2 Ba=a*\2.@4)
‘,' 3 2 a“ﬁ

: e gt 'S Ty
r:[‘hay (1),(3),(4)vao(2)vaco h= W % ;

dn xét - Hiy so sinh véi phudng phip true tép gidi thi du ndy (xem thi du 6,
jmuc A, loai 2, chudng nay).

{ du 7: Cho hinh vudng ABCD va tam gidc déu SAB canh a & trong hai mit
hﬁng vudng géc vdi nhau. Goi I, K 1an lugt 1 trung di¢m ca AB, BC. Tim
hodng cdch tir I d&€n mit phing (SDK).

' Gidi

Goi h =d(I, (SDK)), ta ¢6: h = 3Visok (1)
3 SDK

| $l a3

.‘a 6 Vispk = Vs = 2.8 S]= - (= . KD.IH), —= .. /(2
'. c6 Vispk SIKD = 3 SiKD 3(2 ) 3 (2)

a
: ) 2 —a
4 c6 KD = a2+a—="‘_‘/§;cu=CK'CD=2 _afs
: 4 ) KD gﬁ 5
2

5
gL Yo 4 =3a\/§.(3)

2 5 10
av3 a\/§ 3a\/§_a3\/3 @)
®2 e 10 16

Thay (3) vao (2) va ¢6: Vispk -
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1 ‘a\/_

| )
Lai ¢ Sgpk= — .KD.SH= —. ‘
al CO SspK 2 )

. TR T
\/313+1Hl=—“‘4/g Bty 9e 'V )

4 20 4
3a°\3 o 3a\2

NaAg
ar 8
Tk L
4

Thay (4), (5) vio (1) tacé: h =

Nhdn xét : Hiy so sinh vdi phuong phdp trye Gép gidi thi du ndy trong thi dy §,

muc A, §2, chuong nay.

Loai 4. M0t s& bai toidn khic vé thé tich

Trong muc ndy, ta s& xét mdt s6 bai todn vé& th¢ tich lién quan nhicu d¢y
viéc xdc dinh thi€t dién ctia mot khoi da dién.
Thi du 1: Cho hinh chép t gidc déu S.ABCD. Dung thit dién qua A vi
vuong goc véi (SAC) sao cho nd cdt SB, SC, SD wong ng tai A,B,C vi
thod min h¢ thite: Vg ppcp: = %vs_ Gl N

Giai
Gid st di dung duge thi€t dién
AB’C’D’ theo yéu ciu dé bai. Ta ¢6:
AC 1L DB, DB L SO (O la tdm cua ddy)
= DB L (SAC)
Vi (AB’C’D’) L (SAC)
= DB //(AB’C’D’) D ¢
ma (SDB) N (AB’C’D’)=D’B’ nén D’B’ // BD.
Gid st D'B’ " SO =E = A, E, C’ thing hang.

Dat£=x(0<x<l).
SC

Ap dung dinh li Menelauyt trong tam gidc SOC, ta ¢6 $E fd OBy oy (1

CC AD SE

SC SC! X SC' X
Do —=x=> = = —

SC SE=8SC"~l1=2x— C'C7ilmx
Tacé:E—é-=2,néntir(l)suyra:—(£= l =l——_—£

AO SE a8 2x
I-x

SE 2x SE 2x SE 2x

= — = = el

= = —_— = .
OE 1-x OE+SE 1+x SO | : l#x
Tir d6 theo dinh Ii Talet, ta ¢6: ot B L L ol 2)
SB I SD " SO 13X



Cty TNHII MTV DVVII Khang Viét

" TacO Vsapcp = Vsasp + Vsosp

_ SB' SD' Ve ) SE€' SB' SD' v
= ——SB . SD « YS.ABD SC . SB . SD « ¥YS.CBD
2 2
I 2x 1 2x
= —| —— | Vsasep+ —X| — | Vsasc
2(l+x) S.ABCD 5 (l+x) S.ABCD
2 2
L1 2x 2%
= -—-(——) .(1+X). VS_ABCD = VS.ABCI) (3) (dLer vao 2)
2\1+x ( l+x

L 1 ey
- Tir (3) suy ra Vs ag:cp =§vS.ABCD 573 ﬁ= 7S x-x-1=0

Irypey ey "21_
i a

‘:TU d6 suy ra cdch dung thi€t dién nhy sau:

' C 1a trung diém SC. Trong (SAC) gia sit AC’ n SO = E. Trong (SBD) qua E
:]'" D’B’//DB (D’e SD, B’e SB). Khi d6 AB’C’D’ la thiét dién phai dung.

xét: Trong thi du trén, viéc dung thi€t dién lién quan trye ti€p dén cdc bai
"-,‘ todn quen thude vé thé tich. - :

"r" 2: Cho hinh chép tt gidc déu S.ABCD. Goi M, N twdng tng 1 trung
“di€m cla AD va DC. Hiy xdc dinh vi tri ctia diém P nim trén phin kéo dai
';,:ﬁa SD vé phia D sao cho thiét di¢n tao bdi (MNP) chia hinh chép di cho
th‘mh hai phan tuong dudng.

‘}’f‘ Giai
’Trong (SDC):PNNSC=Q.

Trong (SAD) : PMNSA=T.

Trong (ABCD): MN N BC =E,

| MN A AB =F.

' Trong (SBC) : EQN SB =R

- Khi d6 d& thiy R, F, T thing hang.

- Vi th€ MNQRT Ia thi€t dién phdi dung. ”,;iA"’"

rrrrr

' Gid st P thda mdn yéu ciudéra.

& C la trung diém clia AC.

>
Il

g SP
‘.,Dat E =x (x>0)

""'Ap dung dinh li Menelauyt trong tam gidc SDC, ta ¢6:
| SP DN cQ_,_ CQ_!

FPD' NC'QS QS «x
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AT 1
Tuong tf —= —
TS " x

Lai 4p dung dinh Iy Menelauyt trong tam gidc (SBC) va cé:

CQ SR BE_,
QS RB EC
Dot Lo PR g SR R Sant B2
Q8 ("%, EC B .37 SR 2 2BS —x+3
cQ AT 1

T trénta co — = —
CS AS x+1

Goi V, 1a thé tich phan hinh ch6p nim dudi thi€t di¢n. Ta c6:

Vi = Vrese — (Vonce + Vrram).

Goi V, S, h 1in lugt 1a thé tich, dién tich ddy ABCD va chiéu cao ké tir S ciia
hinh chép S.ABCD. Ta c6:

m%@@ﬂﬁiw=m_w.m
8 3+X 38 x+1 8(x+3) 8(x+1)

Tu (1) vadoV, = %V: nén ta ¢6 phuong trinh:

27 2 1
- = — 2L 1) - 2.(x+3)=14. 1).
T I & 27.(x+1) (x+3) (x+1).(x+3)

X.=3

SAx"— 93— 9 =0ws
X=—Z (loai dox >0)

X =3 & £=3<:>DP=-1—SD.
PD 2

Viy diém P dugc xdc dinh bdi h¢ thite DP = %SD.

Nh@n xét: Thi€t dién cin dyng dude xdc dinh bdi diém P,va diém P duge xdc
dinh nhi¢u vao bai todn quen thudc v& thé tich.

VI. CAC BAI TOAN VE QUAN HE: VUONG GOC

A. Cic bai todn chon loc vé quan h¢ vudng géce
Trong phin nay, chiing t6i gidi thi¢u vdi cdc ban cdc bai todn Gng hgp ve
quan h¢ vudng géc thdng qua cdc thi du dudge lwa chon mot cdch chon loc.

Thi du 1: Trong mit phing (P) cho tam gidc vudng ABC tai C. Dung nifa dudng
thing Ax vudng géc vdi (P). Trén Ax 1dy diém S. Goi D va E 1an lugt 1a hinh
chi€u ctia A 1&n SC, SB.

2 ta
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Chitng minh SB L (ADE)

Chitng minh SE.SB = SD.SC

Cho S chay trén Ax, hdy chitng minh

a) Ton tai diém ¢ dinh cdch déu 5 diém A, B, C, D, E.
b) Pudng thing ndi D, E hdi qui mot diém cd dinh.

: Giai X
Do SA L (P) = SA L BC. S
Vi BC L AC (g/t) = BC L (SAC)

= (SBC) L (SAC)

Do (SBC) N (SAC) =SC, ma AD L SC

= AD L (SBC) = AD L SB. A
Lai c6 SB L AE (g/t)

= SB L (ADE) = dpcm.

ng cdc tam gidc vudng SAC, SAB tai A
do AD 1L SC, SB L AE nén ta c6:
&SD.SC =8E.SB =>dpcm. -

a) Taco AE L EB, AD L DB (do AD L (SBC))

lC L BC (g/t). Vay n€u goi M 1a trung di€m ctia AB thi M ¢& dinh va ta ¢6:

MA = MB = MC = MD =ME (vi ciing =£ ) D6 1 dpem.

Gid stt ED " BC =H, tac6 SB L (ADE) = SB L AH (vi AH € (ADE))
',i c¢6 AH L SA (do SA L (P)) nén AH € (P)) = AH L (SAB) = AH L AB.
ong (ABC), ké Ay L AB, khi d6 khi S chay trén Ax thi Ay la nira dudng
'ﬁng ¢O dinh. Tir d6: H=BC n Ay, nén H ¢6 dinh

Viy dudng thing ni D, E la di qua di¢m H ¢8 dinh = dpem.

du 2: Cho trong mit phing (P) tam gidc ABC khong phdi 1d tam gidc can.
grng nita dudng thing Ax vudng géc vdi (P). Goi D va E tuong ng 12 hinh
chi€u clia A trén SB, SC, 3 day S niim trén Ax.

" Chirng minh DE khong song song vdi BC

) Goi O 1a tim dudng tron ngoai ti€p tam gidc ABC. Chitng minh O cich
¢u nim diém A, B, C, D, E.

3) Chitng minh ring khi S chay trén Ax thi dudng thing D, E ludn di qua
mot diém ¢ dinh.

: Gidi

Vi ABC khong phii la tam gidc cin nén AB # AC.

id stt AB < AC (1). Ta c6 trong cdc tam gidc SAB, SAC:
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2)

3)

SA’=SD:SB = SE.SC. @) X
Tir (1) suy ra SB<SC. (3)

Tir (2), (3) tacé SD> SE . (4)

: . ad OSD I SE

Tir (3), (4) di dén S_B> §6 .(5)

Tir (5) va theo dinh 1i Talet ddo suy ra:
DE khdng song song v@i BC. B¢ [a dpem.
Goi O 1a tim dudng tron ngoai GEp tam
gidc ABC. AO kéo dai ciit duding tron
tai A’. Tac6 A°C LCA, A’'C L SA Sl
= A'C L (SAC) =AIC L AE

Do AE L SC (g/t) = AE L (SCA’)

= AE 1 EA’.

Lip ludn wong tr ¢c6 AD L DA’

R6 rang AB L BA’. Vay W E,D,C,B A
déu nhin AA’ dudi mot gée vudng,
néntacé OA=0B=0C=0D=0E

(viclung ¢ = —Azi) I

Do O la diém ¢6 dinh = dpem.

Gid st DEBC =1. Do Al € (P) = Al L SA (vi SA L (P)).

Theo ciu 2 ta ¢c6 AE L (SCA’) = AE L SA’.

Lap luan twong ty ta c6 AD L SA’. Tirdo SA’ L (ADE) = SA” L Al

(do Al €(ADE))

Tir d6 suy ra Al L (SAA’) = Al L AA’ = Al la ti€p tuy€n vdi vong tron
ngoai ti€p tam gidc ABC tai A.

Goi Ay 12 tiép tuy&n ny, thi Ay ¢6 dinh. Ta ¢6 I = BC N Ay = 1 ¢6 dinh
Viy dudng thing noi D, E ludn di qua di€ém I ¢6 dinh n6i trén = dpem.

Thi du 3. Cho hinh chop S.ABC, trong dé SA, SB, SC d6i mot vudng goc v(i

nhau. Trén SA, SB, SC 1dy A’, B’, C” sao cho: SA’.SA = SB’.SB = SGY.SC
Ké SH L (A'B’C’) va gid sit SH n (ABC) = G. Chirng minh G 1a trong tim
tam gidc ABC.

Giai
Ta ¢6 H Ia tryc tam tam gidc A'B'C'.
Gid st AHNB’'C’ =E;CHNA'B’ =F
ViH Ia trve tim tam gidc A'B'C' nén A’E L B’C’ va C'F L A’B’
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' Gid st AGNBC=M;CGNAB=N
D& thdy S, E, M thing hang

~ (Vi S, E, M ciing nim trén giao tuyén

* cfia hai mat phing (SBC) va (SAG)).

' Twong 'S, F, N ciing thing hang.
 VIANELB'C'=SELB'C

u dmh li ba dudng vudng goc)

'Ta co SB Ei= ESC (géc ¢6 canh
leng ng vudng goc)

- Vi SB’.SB =SC’.SC = BB’C’C la tf gidc ndi ti&p B

.= SB'E = SCM (vi cing bi vdi BB'C')

N thé ta c6 ESC= SCM = MSC Ia tam gidc cn dinh M = MS = MC.

[\‘ BSC la tam gidc vudng tai S nén ESC = SCM = BSM = MBS

= MB =MS. Viy MB = MC.

fj‘i dng v ta ¢6 NB = NA = G la trong tim tam gidc ABC = dpem.

@n xét: Ta c6 bai todn twong w sau: Goi G la trong tam tam gidic A’B’C’.
Gid st SH N (ABC) = H. Khi d6 H 12 tryc tdm tam gidc ABC.

;'dl.l 4. Cho hinh chép S.ABCD, trong d6 ABCD Ia hinh chif nhit, SA vudng
6c véi ddy (ABCD). K¢ cdc dudng cao AE, AF, BG, BH ciia cdc tam gidc
[t dng itng ASB, ASD, BSC, ABC. Chitng minh ri'mg cdc mit phing (AEF) va

S

(BGH) song song véi nhau.

I Gidi
‘Ta c6 SA L (ABCD) nén AB 1L BC

‘= SB 1 BC (dinh li ba dutng vudng goc)
‘= BC L (SAB) = (SBC) L (SAB).

Vi (SBC) N (SAB) = SB ma AE L SB
‘= AE 1 (SBC) = AE L SC.
‘Tuwong o ta 6 AF L SC,

tr d6 suy ra SC L (AEF) (1) D C
1 ai c6 SA 1L BH (do SA L (ABCD))

'ViBH L AC = BH L (SAC) = BH L SC
' Lai c6 BG L SC (g/t) = (BGH) L SC . (2)
" Tir (1), (2) suy ra (AEF) // (BGH) = dpem.
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Thi du 5. Trong mit phing (P) cho hinh vuéng ABCD canh biing a. Hai nir,

1))

2)

dudng thing Bx, By vudng géc vdi (P) va & v& cling mdt phia ctia (P). M va N
1a hai diém wong @ng di dong trén Bx, By. Pit BM =u, DN =v.
1) Tim méi lién hé giita u, v dé (MAC) L (NACQ).
2) Gid st u, v théa min diu kién § ciu 1
a) Tim gid tri nhé nhit cia u +v
b) Goi HK la dudng vudng géc chung ctia AC va MN (H € AC, K «
MN). Chitng minh riing H ¢6 dinh, con d§ dai HK khong ddi
¢) Chitng minh (AMN) L (CMN).
Gigi )N
Do BA =BC = MA =MC
DA =DC = NA=NC
Gida st ACNBD=0=MO L AC,NO L AC
= MON i g6c tao bdi hai mit phiing
(MAC) va (NAC)
Ta ¢6 (MAN) L (NAC) < MON = 90/
& MN?= MO’ + NO? ; 5

2 2
& (a\/i)2+(v—u)2=u2+ a?+ vi+ a? (do OB*=0D?=

oW,

<2uv=al. (1)
Vay (1) 1a diéu kién cin va di dé (MAC) L (NAC).
Trong sudt ciu 2 ndy ta ludn gid st u, v thda min h¢ thire (1).
a) Theo bt ding thitc Co-si, ta c6 u+v = 2uv, viy gid tri nhé nhat clia dai
lugng u + v 12 a2 . Gid tri ndy dat dugc khiu=v = % ?
b) Tu Bx va Dy L (P) = (DBMN) L (ABCD).
Do (DBMN) N (ABCD) = DB, ma AC L DB (do ABCD la hinh vudng)
= AC L (DBMN).
Trong (DBMN) ké OK L MN. Do AC L (DBMN) = AC 1 OK.
Viy OK chinh 1a dudng vudng géc chung ciia AC va MN, tire 1a H =0, vay H
1a diém ¢6 dinh = dpcm.
Trong tam gidc vudng OMN, theo h¢ thite lugng, ta ¢6

I 1 1 OM?+ON?

AT R 2 a2

OK® OM® ON OM~.ON
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[V2+{2~] [u2+{2] 2. % az 2 2 214
2 AN2 . veu© + +
»_ OM’ON> _ 2 2 ) _ il

P = - 2 - 7] 3 (2)
OM2+ON2 V2+u2+u‘ v2+uh+a-
Thay (1) vao (2) ta ¢6:
4 Ei(vz +u2 +112) 2 \/_
OK’=2_——  -" 0K = V2 _ const = dpem.
vi+u® +a” 2

) Tac6 CO L (DBMN), ma OK L MN = CK L MN (thco dinh Ii ba dudng

vudng goc). Lap luidn hoan toan wong wr, ¢6 AK L MN = AKC Ia gdc 1o bdi
hai mdt phing (CMN) va (AMN).

Ta c6 tir b) OK = OA = OC = #. nén AKC la tam gidc vudng tai K

= AKC =90" = (CMN) L (AMN) = dpem.

du 6: Cho duting tron duding kinh AB ¢G dinh biing 2R va C la mdt diém chay
“-du’(‘mg tron. Trén nita dudng thing di qua A va vudng g6c véi mit phing
fla dudng tron, 13y diém S sao cho SA = a < 2R,

) Tir Aké Al L SB, AK € SC (IeSB, KeSC). Chitng minh AK L (SBC)

) Gid sit B a goc gitta hai mat phing (SBA) v (SBC). Pit o = BAC.
vi,_minh ring

; " Sin B = cosaya® +4R?

., \/a2 +4R? cos’ o

) Goi E, F lin lugt 1a trung diém clia AC, SB. Xdc dinh vi tri ctia C urén
- duBng tron sao cho EF 1a dudng vudng géc (ihllng ctia AC va SB.

‘ S
’ Giai

a6 BC L AC, BC L SA = BC L (SAC)
> BC 1 AK, ma AK L SC

> AK L (SBC) = dpem,

a thi'y (SBA)N (SBC) = SB

Do Al L SB, ma AK L (SBC) (Cau 1) A

> KI L SB (dinh li ba duding vudng géc) &

/dy AIK 12 goc giita hai mat phing (SAB) va (SBC) = AIK = B.

. : A
frong tam gidc vuong AlK, ta ¢6 sin 3 = T[l( : (1
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a.2R

—— . (2
Ja? +4R? ;

Trong tam gidc vudng SAB, thi AS.AB = SB.Al = Al =

Tudng ty tif tam gidc vudng SAC, ta cé:

ASACE NE S0 SR LSRR EOST - (g

\/;2 +4R% cos” a
(do AC =2R.cos a). Thay (2), (3) vao (1) va ¢O:

cosan/a® +4R?
= dpcm . t
\EZ +4R% cos’ a S
3. DoSA L (P),ma ACLBC=SCLBC
(dinh li ba dudng vudng goc).
Vi F 12 trung diém ctia SB nén c6 :

Sin B =

FA = FC (vi cing biing §2E ).

Tir d6 suy ra FE = AC (do EA = EC) A
Pi thiy EF L SB < ES =EB

< ASAE=AECB<BC=SA=a

Do a < 2R (g/), nén diém C phéi tim chinh 12 giao ciia dudng tron da cho v
dudng tron tdm B bdn kinh a. Bai todn ludn c6 _hai vi tri ctia C (do a < 2R).

Thi du 7: Trong mit phing (P) cho tam gidc déu ABC canh a. Tir B va C ¢
ciing mot phia ctia (P) dung hai nita difong thing Bx, Cy cling vudng géc vii
(P). LAy diém M trén Bx va N trén Cy. BPit BM =u, CN = v.

1. Ching minh riing v6i moi u, v thi tam gidc AMN khong thé vudng tai A.
2. Tim m&i lién hé giita u, v d€ AMN Ia tam gidc vudng tai M.
3. Cho M, N di ddong nhung v = 2u. Ching minh ring cdic mit phiing AMN
ludn quay quanh mdt dudng thing cd dinh.
4. Gid sit M, N di dong nhung v= 2u va tam gidc AMN vudng tai M. Ching
minh riing g6c tao bdi hai mit phang (AMN) va (BCMN) la 45",
Giai % y

I. Tacé MAN =90" <> MN? = AM’ + AN’

o u-vP+ai=vl+al+vi+a’
o-uv=a’. (1)

V& trdi ctia (1) < 0, con v& phdi >0,

do d6 (1) khong diing = MAN # 90" = dpem.

2. AMN=90" < AN’ = AM” + MN’

oal+vi=zal+ul+ (u-v) +a°




Cty TNHH MTV DVVH Khang Viét

_‘c-:,» o2uv=a’+2u’. 2)

' Viy (2) 1a didu kién d& tam gidc AMN vudng tai M.
| Viv=2u=BE=BC=a

= E ¢6 dinh = (AMN) luon quay

quanh dudng thing 6 dinh. D6 la
dl!?inz, thing ndi A v E.

Ta ¢6: (BCNM) N (AMN) = MN
Ttl’ gid thi€ttac AMLMN ¢
Gm H 1a trung diém ctia BC.

, Ta ¢6 AH 1L BC. Do (ABCD) L (BCMN) ma AH L BC
= AH L (BCMN) = HM L MN(dinh li ba dudng vudng géc).
Nhvviy AHM I géc tao bdi hai mit phing (AMN) va (BCMN).
" Theo ciu 2 ta c6 : 2uv = a’ + 2u°

B b e A 2
i La1c0v=2uncnsuyra4u =a’ + 20" = a’ = 20’

3a? a\/§

‘Ta(.éAM'—u +a = Z-=am= 2

IIJ \/5
Lz,u ¢6 AH = 1—2\/—: , Vi thé trong tam gidc vudng AHM tai H, ta c6:

aV3

AHM = AH S =£:> AHM =45" = dpcm!
M a3
J2

du 8: Trong miit phiing (P) cho dudng trdn tim O, bin kinh R va mdt diém A co

dinh cdch O mot khodng d > R. SO la doan thdng vudng goc véi (P) va SO = a;

B 13 mot diém di dong trén dudng trdn n6i trén.

\1. Tim vi tri cia B sao cho (SAB) L (SBO).

2 Xdc dinh B sao cho tam gidc SAB ¢6 dién tich I6n nhit.

b Giai

Gm stt B nim trén dudng trdn (O, R) ma (SAB) L (SBO)

Do (SAB) n (SBO) = SB

&én néu ké AK L SB = AK 1 (SBO)

= AK 1 SO.

Vi A € (P) ma SO L (P), nén AK € (P)
=>Ke (P)

tMﬁlkhac K e SBma SBN(P)=

; = K=B.
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Nhu viy AB L SB, nén theo dinh li ba dudng

vudng goc ta c6 OB L AB. Nhu vdy, diém B cin tim

chinh 12 cdc tiép diém cia i€p tuy&n véi dudng tron (O, R) vE ur A.
Do A niim ngoai dudng trdn nén ¢ hai vi tri cia B.

2. Tac6 Ssap = %SA.SB.sinB’éR = %.\/az +d? Aa? +R? sinBSA
Do a, d, R khong d8i nén Sgag max < sin BSA max
C6 hai kha ning sau xdy ra:
a. N&u B,SA =90" (B, a giao diém ciia AO kéo dai véi duding trdn (O, R)).
Khi d6 ta c6 SO* = OA.OB, tiic Ia B;SA <90" = a> > dR.
Ta nhin thdy v4i moi vi tri ctia B trén duting tron thi B,A\S < BTS\A
(Vi hai tam gidc SAB va SAB, ¢6 hai canh bén bing nhau, nhung do AB, >
AB = B,SA > BAS).

Do IiS\A <90’ = sin BSA <sin B’lg’\ — max(sin BSA ) = sin BTS\A :
Nhu vay trong truding hdp nay, ta c6 maxSgap = SSAB| = %a (d+R).

b. N&u BSA >90" (< a’ < dR). Khi d6 max (sinBSA )= 1 & BSA =90".

2 e ! 1
Lic nay ta ¢6 maxSgap =—2-\/a2 +d? .\/a2 +R?

Piém B cin tim 12 diém trén (O, R) sao cho BSA =90". Piém B ¢6 thé tim
nhu sau:

Do AB? = SA” + SB? = d* + R® + 2a°, viiy B chinh 12 giao diém clia dudng tron
(O, R) v@i dudng tron tim A, bdn kinh d? +R? +2a? (cic dudng tron nay
déu xét trong (P). Tém lai ta ¢6:

1 3
Eu(d +R), n&u nhv a®> dR
nl'dXSS,\[; =

—;—\/az > &2 .\/a2 +R?, nunhua’<dR.

Thi du 9: Trong mit phing (P) cho duting trdn dudng kinh biing 2R. A 1a mdt
diém chuyén dong trén dudng tron. BC 12 duding kinh quay quanh O. Dt
ABC=a. Dung doan SA = 2a va vuong goc vdi diy. A’, B’, C’lan lugt la cic
di€m trén SA, SB, SC sao cho: SA’.SA = SB’.SB = SC.SC = 3R’

Chitng minh riing khi o thay ddi:
1. Ton tai diém cd dinh cichdéu S, A’, B, C’.
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2. (A’B’C’) la mit phiing ¢d dinh.
3. Dudng tron ngoai ti€p tam gidc SB’C’ ludn di qua hai di€ém ¢& dinh.

1

" Ta c6 SA.SA’ = SB.SB’ = 3R®

; SR

\

= A’ c0 dinh.
Do SA.SA'= SB.SB' nén ABB’A’ la tif giic
' ndi ti€p, ma A'AB = 90" (do SA L AB)
= A'B'B=90"= A'B’ L SB.
" Hoan todn wdng tf ta ¢6 A’C’ L SC. Viy n€u goi I 1a trung diém clia SA’ thi
acoIS=IA"=IB’ = IC’
Do 1c¢6 dinh = dpem.
AO kéo dai cit dudng tron tai E = E ¢6 dinh = SE ¢ dinh
Ta c6 @ =90" = EC L CA. Lai ¢6 SA L EC (do SA L (P)) = EC 1 (SAC)
ESECLAC
Lai c6 A’C’ L SC (thecociu 1) > A’C’ L (SEC)=> A'C’L SE. (1)
Lap luin twong tr, c6 A’B* LSE. (2)
(1), (2)suyra SE L(A’B’C’).
Mit phing (A’B’C’) di qua A’ ¢d dinh va vudng goéc vdi SE ¢b dinh, nén la
mit phiing ¢& dinh => dpcm!
Gia sir dudng (ron ngoai ip tam gidc SB’C’ ¢t SO tai K.
SB’.SB = SC’.SC = BB’C’C la 1 gidc ndi tiép
= lf, =CAl (cting bu BB'C').

e d—F

Ta lai c6 B', = K, (ciing chin SC")
= K, = C, > uf gifc OKC’C I uf

gidc ndi ticp = SK.SO=5C".SC=3R" o
y 3 2

SK = ——=consl
SO

K ¢& dinh (trén SO ¢d dinh) 0
Vay dudng trdn ngoai ti€p tam gidc SB’C’ ludn di qua hai diém ¢ dinh [ S
va K = dpem. '
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Thi du 10: Cho hai dutng thing chéo nhau d, d” va vudng géc véi nhau. Gia s A
1a di€m c6 dinh wrén d. Vdi mdi diém B thay ddi trén d’, chon C trén d’ sao
cho hai mit phiing (d; B) va (d; C) vudng gbc v6i nhau. Goi A, B’, C’ lan lugt
1a chin cdc dudng cao trong tam gidc ABC.

1. Ching minh A’B . A’C = const.
2. Chttng minh tryc tim tam gidc ABC 1a ¢6 dinh.

Giai
1. Goi IK 1a dudng vudng géc chung cla d d
vad’(led;Ked) A

Do IK 1L d’= AK L d’ (dinh Ii ba dudng
vuong goc) = A’=K.

Goi () 1 mit phing xdc dinh bdi 1 vd
d’, tie: (m) = (1, d”) thid L ().

Do BICIA géc giifa hai mit phing
(AIB) va (AIC) (ufc (B; d) va (C; d)).

Vi (B; d) L (C; d) = BIC = 90"

Trong tam gidc vudng BIC, theo h¢ thic lugng ta ¢6

A’B.A’C = KB.KC = IK? = const (do 1 va K ¢d dinh). B6 1a dpem!

2. Xét hai trudng hgp:

a. N&u A =1, khi d6 trong tam gidc vudng ABC (e BIC), trye tim H clia nd
triing v6i I va vi th€ H ¢0 dinh
b. N&u A #1. Goi R 1a mit phing xdc dinh bdi A va d’, ta ¢6
(R) = (A;d’) = (R) ¢d dinh
D& thA'y néu H Ia tryc tim tam gidc ABC, thi IH L (R)
Vil va (R) ¢& dinh = H ¢0 dinh = dpem.

Thi du 11: Trong khong gian cho hai nifta dudng thing Ax va By vudng goc vdi
nhau, chéo nhau nhin AB = a 1a dudng vudng géc chung. M, N lan lugt 1a hai
diém di dong trén Ax va By sao cho ta luon ludn ¢6: MN = AM + BN
DitAM =u; BN =v.

1. Chdng minh khi M, N di dong thi u.v = constL.
2. Goi O 1a trung diém ctia AB va H 12 hinh chi€u ca O trén MN. Chiing
minh MH=u, NH =v.
3. Ching minh ring H luon nim trén mdt mit phing co dinh.
Giai

1. Gia sir (P) va (Q) tudng ting 12 cic mit phiing xdc dinh bdi (AB, By) va (AB, Ax)

Tir gid thiét ta ¢6: AM L (P) = MB L BN (theo dinh li ba dudng vudng goc)-

B
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s

‘Al

Theo dinh li Py—ta—go, ta c6:
MN? = MB? + BN’
= (u+v)’ = v+ vV +a’=>2uv=a
2 M
a
=S uv= 3 = const = dpcm.

AX

Ké OH L MN. Ta c6
OM? = OH? + MH?;
ON? = OH’ + NH%; Py
OM? — ON? = MH? - NH%;

a’ a’
L e+ || v+ S |=MH? - NH?
4 4

= u? — v? = (MH -NH) (MH +) NH).

 DoMH+NH=u+v=MH-NH=u-v.

, MH+NH=u+v
- Tudotaco: < MH =u; NH = v = dpcm!
| MH-NH=u-v

. Ké HE // Ax (E € AN). Tx

" Tuong ty, k& HF /By (Fe BM).
 Khi d6 HF 1(Q) va HF = d(H, (Q)).

il
!

—- —HE=

Khi d6 HE L (P) va HE =d(H, (P))

" M
\' uv ' (n

u u+V u+v

Lai theo dinh li Ta—1¢ét thi
LTS MR LA AR
v u+v u+v

(2

~ Tir (1), (2) suy ra HE = HF = d(H, (P)) = d(H, (Q)).
© Viy H ludn niim trén mit phdng phén gidc (r) clia goc tao bdi (P) va (Q).
" Do (P), (Q) ¢& dinh, nén () 1a mit phing ¢g dinh = dpcm!

du 12: Trong mat phéng (P) cho hinh chir nhat ABCD. Qua A dung nira dudng

thing Ax L(P). LAy S 1a diém thy y rén Ax va S # A. Qua A dyng mit phang
' (Q) vudng goc SC. Miit phing nay cit SB, SC, SD lan lugt tai B’, C, D”.
- 1. Ching minh riing AB’ L SB, AD’ L SD va ta ¢6 h¢ thie

SB.SB’ = SC.SC’ = SD.SD’

" 2. Goil I trung diém ciia SA, (R) 12 mat phing qua B’ va vudng goc voi

IB’. Chitng minh riing khi S chay trén Ax thi (R) ludn quay quanh mot

dudng thing cd dinh. .
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Giai
1. 'Gid's#/(SC) n(Q)=C’
(SB)yn(Q) =B’
(SD)N(Q =D’
DoSCL(Q)=SCLAD’ . (I)
ViSA L (P)= (SAD) L (P),
ma (SAD) n (P) = AD
Tird6 do DC L AD = DC = (SAD)
=>DELAD’ .. (2)
Tir (1), (2) tac6 AD’ L (SCD) = AD’ L SD.
- Lap ludn wong tr ta ¢6 AB’ L SB = dpcm.
Do AB’ L SB nén trong tam gidc vudng SAB, ta ¢6 SB’.SB = SA’
Tuong t trong tam gidc vudng SAD, vi AD’ L. SD = SD’.SD = SA?
Vi1& d6 cling ¢6 SA” = SC.SC’=> SB’.SB = SC*.SC = SD".SD = dpcm!
2. Goi M, N wong tng 1a cdc trung diém clia AB, CD.
Tac6 MN//AD = MN L (SAB)=>MN LIB'. (3) |S
Theo cdu | ta co AB' L SB.
Trong cdc tam gidc vuong AB'B, SB’A
do M, I'lin lugt 1a trung diém ciia AB, SA,
néntacé AB'M = B'AM; IB'A = IAB'
= AB'M + IB'A = B'’AM + IAB'
Do B'AM + IAB' = 90"
= AB'M + IB'A =90"= IB'M = 90"
=IB’LB’'M. 4)
Tir (3), (4) suy ra IB* L (B’'MN). Vay (B’MN) chinh 1A mit phiing (R) qua BB’
va vudng goc vdi IB’ = (R) ludn quay quanh dudng thing ¢d dinh, d6 1a
dudng thing ndi M, N.
Thi dy 13: Cho hinh chép S.ABC, trong d6 ABCD Ia hinh binh hanh niim trong
(P) vdi I 1a giao di€m cla hai dudng chéo. S Ia diém & ngodi (P) sao cho
ASB = CSD; BSC= DSA.
Ching minh riing SI 1L (P).
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Giai
IGid stSC>SA. (1)
~ Khi d6 14y C, trén SC sao cho SC, = SA
Gid st AC, N SI =1,
" Trén mat phing (SDB) qua I, k¢ B|D,
bl vudng goc vdi tia phin gidc cia goc
. BSD (D, € SD, B, € SB)
Tirdé suy ra SDB, 1a tam gidc cindinh
I§*=— SB, = SD; A
- X¢t hai tam gidc ASB, va C,SD, ¢6 SB, = SD;
- SC, = SA (theo cdch dit), ASB, = C,SD, (do ASB = CSD)
= AASB, = AC,SD) (c.gc)=>AB,=C,D, . (3)
Tudng tu ta ¢c6 AB,SC, = AASD, (c.gc) =>B,C,=DJA. 4)
.. Vi AD,C,B, 1a wr gidc phﬁng nén lai ¢6 (3), (4) nén né la hinh binh hanh.
Tirdéco: LA=I,C
Lai c¢6: IA =1C nén II, 12 dung trung binh ctia tam giic ACC,
= L AGCC ; (5
Tir (5) suy ra di€u vo li vill, nCC, =S
Viy gia thi€t SC > SA 12 sai = SC < SA.
Do vai trd binh ding giita SA va SC nén lap ludn wong w ¢ SC > SA. Nhu
1he ta ¢6: SC = SA. K&t hop vai 1A = IC, suy ra SI L AC, SI L BD
= SI L (ABCD) = dpcm!

Céc bai todn chiing minh tinh vudng gic trong cdc dé thi tuy&n sinh mén toin
Arong muc nay ching ta di€m lai cdc bai todn vé chitng minh tinh vudng goc
€6 mit trong cdc dé thi mon todn & ki thi tuyén sinh vio Pai hoc va Cao ding
trong nhirng nim gin diy.
du 1: (B¢ thi tuyén sinh Pai hoc khdi B- 2012)
Cho hinh chép tam gidc déu S.ABC vdi SA = 2a, AB = a. Goi H I hinh chicu
vudng géc cla A trén SC. Chitng minh SC vudng géc vdi m&t ph&ng (ABH).
; Giai
Goi O Ia tim cla tam gidc déu ABC, thi
» Goi D I trung diém ctia AB = CD | AB
Ta cling c6 AB L SO (do SO L (ABC))

= AB L (SCD) = AB LSC. (1) < 8
Lai c6 AH L SC (g/). 2)
Ti (1), (2) suy ra SC L (ABH) = dpcm! D

Xxét : Bai todn qud cd bdn va don gidn.




t duong 1

Thi du 2: (B thi tuy&n sinh khai A - 2007)
Cho hinh chép t gidc S.ABCD c6 ddy 1a hinh vudng canh bing a. Mit bén
(SAD) la tam gidc déu va § trong mit phing vudng géc vdi ddy. Goi M, N, p
lin lugt 1a trung diém cta SB, BC, CD. Chitng minh AM 1L BP.

Giai
Goi H I trung di¢m ctia AD = SH L AD.
Do (SAD) L (ABCD)
ma (SAD) N (ABCD) = AD,
Nén tir SH L AD = SH L (ABCD)
= SH.LBP. ()
Trong hinh vuéng ABCD, do HA = HD;
PC=PD=BP.LHC. )
Tir (1), (2) suy ra BP L (SHC). (3)
Pi thiy MN // SC, AN // HC
= (AMN) // (SHC) . (4)
Tir (3), (4) suy ra BP L (AMN) = BP L
AM = dpcm! H N

Nhdn xét: Xét cch gidi khdc bing phuong
phdp toa do nhu sau:

Xét hé truc toa do Hxyz nhu hinh vé&. D P C
Ta c6:

SH = %,nénlac6H=(0;0§0)', S=
a\/§)
2

a a
A=(-=;0;0;B=(-=:;a;0
( ) ) ( > )

(0; 0y

a a3
RVIILIH T PRE T Y
42 4 2

LN el P c

a a
C=(=:;a,00=>P=(3
T b (2%3 X
Tir d6 Kﬁ:(i;i;f‘ﬁ);g—p#a;_i;m
42’ 4 2

V] Dl L)

= %——-Z=O:>AM_LBP:>dpcm!

Thi du 3: (D& thi tuyé&n sinh Pai hoc khdi D - 2007) .
Cho hinh chép t gide S.ABCD c¢6 ddy ABCD Ia hinh thang vudng tron?
d6 ABC = BAD= 90". Gi4 sit BA = BC = a; AD = 2a; SA =a~2 va SA
vudng goc véi ddy ABCD. Chirng minh SC L CD.
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Giai

. Goi M la trung diém ctia AD

. = AMCB la hinh vudng canh a.

. TYMC=MA=MD=a

. — ACD la tam gidc vudng cin dinh C,

e la AC L CD.

| ViSA L(ABCD) %
- = SC L CD (dinh li ba dudng vudng goc)

= dpcm! :

hdn xét:

1. Xét cdch gidi khdc bing phudng

phdp toa do nhu sau:

I Xét h¢ truc toa do Axyz nhu hinh vE,

- tac6: A=(0;0;0); C = (a; a; 0); a
$=(0;0;a+/2); D = (0; 2a; 0)

- Tacé SC =(a;a;-a+2)

' CD =(-a;a;0) S
=5 SC . CD =-2%+2a’=0

. = SC 1 CD = dpem!

- 2. Qua c4 hai cdch gidi trén ta thdy, gid

 thi€t SA = a2 1a khong cin thi€l.(Gid A
thiét ndy chi dung d&n khi tinh thé tich
ciia khdi S.ABCD)

f du 4: (D& thi tuy&n sinh Pai hoc khi D = 2007)

Cho hinh chép i gidc déu S.ABCD canh a. Goi E Ia diém d6i xdng cla D
_qua trung di€m cda SA. Goi M, N lan lugt 1a trung diém ctia AE, BC. Chiing
“minh MN L BD. :

f Gidi
'Ta c6 S.EAD I hinh binh hianh
= SE//DAva SE=DA

. = SE//BCva SE=BC

"= SEBC 12 hinh binh hanh = EB // SC
" Goi P 12 trung diém ciia AB.

" Ta c¢6 MP // BE = MP // SC, NC //AC

- Tir d6 (MNP) // (SAC). (1)

' DoDB L AC; DB LSO (6diy O1a tAm
~ cliadiy ABCD) = DB L(SAC)  (2)
~ Tir (1), (2) suy ra DB L (MNP) = DB L MN=> dpcm!
i
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Nhan xét: Xét cdch gidi khde bing phuong phdp toa do nhu sau:
Dung hé truc toa do Axyz nhu hinh vé.
Di_it SO'=h.Tacé

=(0;0;0); S=(0; .05 h)
a\/_ a2

A== ();());B=(():T§O)
=(0; _3£ yOpC= (i 0;0)
= ‘lfi\[())
4 4

Goilla lrun;, di(fm clia SA thi

X

TR
Ta c6 I 1a trung dlcm ctia DE nén

Xg=2X;— X __a\/f_()___a\/i
E = 2X| D= 5 = 2

av2
)'L—z)'l )’1)—0~(—££)‘12

Zg=22-2p=h-0=h
ViyB= RNV Ly g iReR i E) MN = ( “‘/_ L
2 2 2 2
BD. = (0; —a~/2 ; 0) = MN.BD =0:>MNLBD:dpcm!
Thi du 5: (D& thi tuy&n sinh khdi B — 2006)
Cho hinh chép S.ABCD ¢6 diy ABCD la hinh chif nhit véi AB = a; AD = av2:
. SA =a va vudng goc véi diy (ABCD). Goi M, N la trung diém cta AD va SC.
Chitng minh miit phing (SAC) vudng géc véi mit phing (SMB).
Giai ;
Gid sit AC N MB =1, ta ¢c6 BC =2AM
= CI =2AI; BI = 2MI

VIACE adiss A= 22

T5.
2

V‘IMB_Ja 2,87 _ad3 _al6
Bl a2

a6
6

=>MIl=
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Tac6A12+M12= o H g s
. il
2o 3L a\/i A d 2 T 2 1
. Malkhﬂt AM _(T] = ‘E'DAI + MI“= AM M
B AIM =90" = AC L MB. (1)
- Miit khic MB L SA (do SA L (ABCD)) = MB L (SAC) B
' = (SMB) L (SAC) = dpem! c

i du 6: (D¢ thi tuyén sinh Pai hoc khdi A — 2002)

‘Cho hinh chép tam gidc déu S.ABCD dinh S, ¢6 do dai canh ddy bing a.
Goi M, N lin lugt la cdc trung di€m cia SB, SC. Biét ring mit phing
(AMN) vudng géc vdi mit phing (SBC). Tinh dién tich tam gidc AMN theo a.
g Giai i

SABC 1a chép déu, nén A SAB = A
SAC, do d6 hai dudng trung tuyén
wrdng ng bing nhau, tic 1a AM = AN.

oi H Ia trung diém ctia MN thi AH L MN.
Ta c6 (AMN) L (SBC);

(AMN) M (SBC) = MN, ma AH L MN
= AH 1 (SBC) = AH L SH.

Gid sit SH N BC = K. D& thdy H I
trung diém ciia SK.

Do AH L SH, ta ¢6 AH L SK = ASK la tam gidc cin dinh A

S A - Ak L 22
2

Trong tam gidc vudng SBK, ta ¢6 SK = VSB? - BK?
SH = lSK = ﬁ
2

S Bt e
4

2 2
Ta c6 AH = VSA? —SH? = ‘/(ﬂg.] _(ﬁ] % 210
4 2
1 a\/m azx/m

Tk s

VA thE S = —;—MN.AH =

IS
W
(@)
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G:

Cic bai todn vé thi€t dién lién quan dén tinh vudng géc
Nhu di biét trong Chuong 1, dé dyng thi€t di¢n vdi mot khdi da dién ngudi
ta thudng st dung hai phuong phép:

- - Tim giao tuy&n cla hai mit phdng biing cdch xdc dinh hai di€m chung

- Tim giao tuy&n clia hai mit phing dva vao tinh song song (dudng thing song

song mit phing hodc 1a hai mit phing song song véi nhau)

Trong céc bai tip d& cip d&€n & Chuong 1, hiu nhu khong ding gi d&n tinh
vudng géc trong khong gian.

Céc bai tip thudc muc ndy c6 dang sau: Doi hdi dyng thi€t dién vudng géc
v6i mot duding thing cho trudc hodc vudng goc vai mat phing cho tru6e nao do.
Vin dung cdc dinh li vé& tinh vuong géc va k&t hdp vdi cdc phudng phip
truyén thong clia viéc xdc dinh thi€t dién, ta s& gidi dugce bai todn dit ra.

Thi du 1: Cho hinh 1ap phudng ABCDA’B’C’D’. Goi O la tim ciia hinh lap phuong.
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1. Dung thi€t di¢n vdi hinh lap phudng biét riing thi€t dién qua O va vudng
géc vdi dudng chéo A’C.
2. Tim dién tich thi€t dién n€u canh cia hinh lap phuong bing a.
Giai
Goi M, N lan lugt 1a trung diém cta AD va D’C’.
Ta c6 MA’ = MC,NA’ =NC
=MO LA’CvaNOLAC
= A’C L (MON).
Viy (MON) la mit phing qua O
va vudng goc vai dudng chéo A’C.
Con lai ta s€ md rong (MON)
dé n6 trd thanh thi€t dién. J
Trong (ADC'B'): MOAB'C’=Q ]
= (MON) N (A’B’C’D’) =NQ
DéE thdy Q 1 trung diém cla B’C’.
Ta ¢c6 (ABCD) //(A’B’C’D’) nén (MON) N (ABCD) = MR (R € AB), trong
d6 MR // QN. D& thdy R ciing 12 trung diém clia AB.
Trong (ABCD): RM N DC =E; RMNBC=F.
Trong (DCC’D’): EN N DD’ = H.
Trong (BCC’B’): FQ " BB’ =K.
Dé& thi'y H, K 1an lugt 14 trung diém ciia DD’ va BB’.
Viay MHNQKR 12 lyc gidc thiét dién phéi dung.

B' Q -

A




v

1
De thi'y dy 1a luc gidc déu c6 canh bing RM = EBD = —

2
w’? [a\/—] \/’5
‘,' ___2 .
Do d6 Swicidien = 6. pl

4 4
xét: Qua thi du rén ta thdy d€ dung thiét dién ta da st dung:
: . Tinh vuong géc cla dudng thing vdi mit phing (biing cdich chon cic
- diém M, N rdi chitng minh A’C | (OMN)).
2. St dung tinh song song cting nhu im hai diém chung d€ xdc dinh giao
" tuyé&n cia hai mat phing (cic phudng phdp quen bi€t da trinh bay ky
trong Chuong 1).
j du 2: Cho hinh chép i gidc déu S.ABCD canh ddy biing a. Géc gifta mit
én (SAB) va (SCD) biing 60.
Dung thiét dién qua DC va vudng goc vdi (SAB).
2. Tim dién tich thi€t di¢n theo a.

i Gigi
Vi DC // (SAB) = (SDC) N (SAB) = A // DC, & diy A qua S.
Goi M, N lin lugt 1a cdc trung di¢m ciia
DC, AB. Ta ¢6 SM L DC, SN L AB

= SM L A, SN L A viy MSNIA géc
tao bdi hai mat phing (SAB) va (SCD)
:’-» MSN = 60".

r ¢6 NS 1L AB, MN | AB

= AB L (MNS) = (SAB) L (MNS).
Lai c6 (SAB) N (SMN) = SN

[ir d6 néu ké MK L SN (K € SN)

= MK L (SAB) = (KDC) L (SAB). A
"‘y KDC la mit phing qua DC va vudng géc véi (SAB).

Jo DC // AB = DC // (SAB) = (KDC) n (SAB) = EF // DC (titc // AB)
V EF 'F qua K.
Do NSM = 60" => SNM I tam gidc déu canh bing a viMK 1 SN = KS = KN

> E, F 1dn lugt 12 trung diém cla SA, SB. CDEF la thiét dién phdi dung. b6

hlnh thang cén.

coEF- %AB—a KM = i
f’ - a a3
1 . (DC+EPKM @*5)k—== a2 3
ay Scper > & 2 N 3
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Thi du 3: Trong mit phing (P) cho di€ém O va m{t duding thm;_, (d) cach O mg,
khoidng OH = h. Trén (d) 13y hai diém B, C sao cho: BOH = COH = T
dung dudng thiing vudng goc vdi (P) va rén do 1y diém A sao cho OA = Of
Xét i dién OABC. Lay K trén OH va dat OK = x. A
I. Dung thi€t di¢n vudng géc vdi OH tai K. Thi€t di¢n 1a hinh gi?

2. Tim chu vi ciia thi€t dién. Xdc dinh géc o d€ chu vi ddy khong phy,
thudc x.

3. Gid st o ¢6 gid tri im dude § cdu 2
a. Chitng minh ring dudng thing vuong goc vdi (ABC) tai I (6 day 1|
tryc tim cla tam gidc ABC) di qua tim dudng tron ngoai tep tam gis,
OBC.
b. Gi4 sir dudng thing n6i trén cdt OA tai D. Tinh OD.

Giai

1. QuaKdung MN LOH (M € OB, N € OC)

Trong (AOH) dung KL L OH (L € AH),
tirc 1a KL // OA.

Vi MN // BC = MN // (ABC)

= (MLN) N (ABC) = EF, vdi EF // MN
(E € AB; F € AC) = MEFN 1a thiét.
dién phii dung.

Vi LK // OA = LK // (OAB)

= (EFNM) N (AOB) = EM // LK, tic la
EM // OA
Tuong ty FN //OA, ma OA L (P)

= thi€t di¢n EFNM la hinh chif nhit.

2. Tac6OA=0OB=>ME=MB=0B-OM=

A

h=x"*
cosaL |
Mit khdc d& thi'y MN = EF = 2MK = 2xtana

Goi € 1a chu vi clia thi€t di¢n, th1 € = 2(EM + MN) = 2(

+ 2xtana)

cosa

& =

[h + x(2sina —1)]. (1)
cosa.

N | -

Tir (1) suy ra dé € khong phu thudc x, ta ¢in ¢6 2sina. -1 = 0 <> sina. =

o a=30°
3 Xét khi a = 30°. Lic d6 OBC la tam gidgc déu. Goi Oy 1a tim dudng 0"
ngoai ti€p tam gidc OBC. Ta s¢ ching minh O\1 L (ABC).
Do BC L (AOH) = BC L O\l
Xét dudng cao CC’ ciia tam gide OBC, thi CC’L OB va vi (AOB) 1 (OBC)
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— CC’ L (AOB). A
Gia st CInAB =1J,thiCJ L AB (do I
Ja true tim AABC)

— C’J L AB (dinh li ba duGng vudng goc)
AB 1 (JCC’) => AB L O\l

& hop v6i BC L O di néi trén, suy ra

,I 1 (ABC). b¢ la dpem.

Gid st O\ N OA =D. DE thdy:

00,0 ~A0AH, 1 la 22 =29
g OH

OA
{ h2h
Wiy OD = 00,0H _ *3" 3
' OA 2h 3

Vg

yudng goc vdi ddy. M la diém trén AC va dit AM =x (0 < x <a2)
Dung thi¢t di¢n qua M, song song vdi BD va vudng géc véi (ABCD)
. Tinh dién tich thi€t dién
V& db thi bifu dién su bi&n thién cia dién tich thict dién. Xdc dinh vi tri
clia M d€ thi¢t dién ¢6 dién tich 16n nhat.
Khi théa man diéu ki¢n ciu 3, thi¢t di¢én chia hinh chdp thanh hai phin
¢6 thé tich 1an lugt 1a Vi, Vo . Tim (i s6 % S
2

Giai
thi¢t dién qua M va song song vdi
BD nén né phdi chita duding thing qua
Ml va song song vdi BD.
Miit khdc, n6 vudng géc vdi (ABCD),
c ld som= sonz, vdi SA nén n6 plmx chira

j?: ét hai khd ning sau:
5 a2 ples 2
NéuO<x< T khi d6 qua M k¢ NP // BD (N € AD; P € AB)
Ké MR // SA (R € SC). ViIMR // SA = MR // (SAD) va MR // (SAB)
= (NPR) n (SAD) =NU / RM (tirc // SA), vdi U € SD.
(NPR) N (SAB) =PQ// SA, vdi Q € SB.
Nhu thé trong truding hgp nay thi¢t di¢n 1a ngd gidc URQPN.
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b. Neu“—z‘/: < x <a+/2.Khid6 qua M’ (AM’ = x), k& ET // DB (E € De

T € BC). K¢ M’F// SA (F e SC). Lic ndy thi€t di¢n phéi dung 1a tam gidc ETp
2. Tinh Sy. X¢ét hai kha nang sau:

a. NEu0<x< % , theo cdu 1, thi¢t dién la ngii gidc URQPN.

D
Ta ¢6 Su = 2Smror = 2. w

=(RM+QP)MP. (1)
D& thi'y MP = x. Theo dinh li Ta-1ét, ta ¢6

RM_CM _ RM_av2-x _ .\ _ 2a—x\/§. @)
S VO a av2 2
MitkhicQP=PB=a— AP=a—x+2. (3)

V2

Thay (2), (3) viao (1) roi rit gon, ta ¢c6 Sy = Tx +2ax

a2
2

b. Né&u <x<a+2, theo ciu I, thi€t dién 12 tam gidc EFT.

Tacéd Sy= %ET.FM' = EM’.FM’. 4)

DoEM’ =M'C=a+2 - x va twong t nhu trén ta ¢é
FM’ = # thay vao (4)tacé Sy = gxz —2ax + azﬁ

Tém lai ta di d&n cong thifc sau dé€ tinh dién tich thi€t dién

a2
2

_ix % %ax NEu0<x<

R {PAE—— S A

©

=[5
a_-_----
=

X
T
2 y
Tir dd thi suy ra: Sy = ;/E ox= %oAM: %AC.
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| PO i 1
- Khi M théa mén dicu kién ¢ Cdu 3, ta c6 AM = 3 AC.

Trong (ABCD): N;’ ABC=J;NPADC =1 j
A ’/ o
M
N
] /
o b C

Goi V, 1a thé tich phiin hinh chép niim trude thidt dicn. Ta ¢6:
\ ’ l
Vi =Vrici= Vors — Vl: IDN

'I 1 a \/_ d\/_ \/— =

\acoAM-;AC— AP——— dDB %
4 -~
RM CM 2 QP BP 1

m’l’dolaco e e 8 e i 5 i 2
I SA CA. 3084 AB 3

l

EM |

lwong W — =~

\ SA 3

Goi V, S, h idn lugt 1a thé tich, dién tich ddy ABCD va chiéu cao ciia hinh

ch6p S.ABCD. Ta c6:

o= —lg L girt BRI
5583 " 5.9
[ 11 | S
“' Spas = Sipn = -2-[511)(5‘1):1—8
T dotaco V, = l(ﬁs -2—h _2_.]_(3 (B
| 9 3 3U18 )\ 3
3 S, (T N L RTRCTIROL L .
4 T. ¥k 27 9 9 v, 4

i du 5: Cho hinh chép S.ABCD, trong d6 ABC Ia tam gidc vudng tai A, AB =a,
' ABC=60". Canh SC = a vi vudng géc vdi (ABC)

"l. Dung thi€t di¢n qua M € SA va vudng géc vdi SA

' 2. DPit AM = x. Tinh di¢n tich thi€t di¢n.
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1

2.

Giai S
Ké CD L SA, ta ¢6 AC? = AD.AS

B 3
= (a\/g) =AD.2a => AD= =4
2
Xét hai khd ning sau:
: 34
a. N0 <x< 2 e My € AD (AM; =X)

Trong (SAC), k¢ MyN, //CD = M|N, L SALZC
Trong (SAB), k¢ M\P, // AB = M,P, L SA
(do AB L SA theo dinh Ii ba dutng vudng
goc). Nhu thé (M N, Py) L SA.

Vi M\P, // AB = MP, // (ABC) = (M|N,P)) N (ABC) = N|Q,,
thi N,Q, // M\P, (ta ¢6 N,Q,// AB vdi Q, € BC). Miit khic, do AB L (SAC)
= AB L M,N, = M;N, L M/P,.

Viy MP,Q,N, li hinh thang vuong tai My, Ny va la thi¢t di¢n phdi dung.

o G
b. N&u —2—‘5 x <2a, 1a ¢6 M € SD (AM, = x).

Trong (SAC), k¢ MyN, // CD }
Trong (SAB), k¢ MuN, // AB
thi¢t dién phdi dung.

Toém lai:

= (M:ngg) 1 SA = Tam gizic MzNgP] la

- NE&uM e (SD): Thi¢t di¢n 1a tam gidc.
- N&uM e (DA): Thi¢t di¢n la hinh thang vudng.
P& tinh di¢n tich thi¢t di¢n, x¢t hai khi ning sau:
o 3a . T A 3 ;
a.. Nen0<x< = theo ciau 1 thiét di¢n la hinh thang vudng va ta co

I

Su= 5(M|P| + N,Q)).MN,. (1)

Theo dinh Ii Ta—Iét, ta ¢6 = BhE SM, L BRN %
AB SA a 2a

:>M|P| = 21[2—)( = (2)

a\/~ NM,  x xV3

Tac6 CD®=E — =— = NM, = 3
‘1\/_ 3a : 3 45
2
Ja
Lai theo dinh 1 Faklet ik Lk m ik ptobs o P2l 2
AB' CB U EB | 1DA o4
2

=X
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" Do (CDE) // (N;M,P,Q;) = hai giao tuy&n ctia hai mit phing nay vdi (SBC)
phéi song song vdi nhau, urc CE // Q,P,

3a-2x
=>NQ, = 3 .

)
x\3

| Thay (2), (3), (4) vao (1) roi rit gon, ta ¢o Sy = —36—(1211 -7X).

M
s 38 Q ¢zl R, ' a 2
ib. Néu —2—5 X < 2a, theo cdu | thi€t di¢n I tam gidc vudng, ta ¢

1
Sm = ENZMZ .szz 8 (5)

T o6 NaM SM2 _N;M, _2a-x
a3

S>N,M,=Qa-x) V3. (6)

P 2
) R 1 P. a-— a-—
Lap ludan wong wr ¢ m:% = M,P; = AR X (7)
a a
\/5(211——x)2

Tém lai di d&n cong thite sau d€ tinh dién tich thiét dién

a\[- 3a

(124 7x) nful<x< ?

Sy = \/—

. 38
——(2a—x)2 néu —l$x<2a
4 2
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CHUONE 3. KHOI TRON XOAY
§1. HINH CAU

Cdc bai todn v¢& hinh ciu trong hinh hoc khong gian thuin tiy thién vé cde
tinh chat dinh tinh. D€ gidi dugc cdc bai todn trong phin nay ddi héi hoc sinh
phdi ndm vitng va sit dung thanh thao cdc ki&n thitc clia hinh hoc khong giay,
(ddc bi¢t 1a cdc ki€n thirc vé quan h¢ song song va quan hé¢ vudng géc).

A. Tém tit Iy thuyét.

- Hinh ciu 1 tdp hdp nhitng diém M trong khong gian ma khodng cich tr M
dén mot di€m ¢d dinh O ludn ludn nhé hon hay bing mot do dai R cho
trudc, tre la OM <R

- Mit cdu la tap hgp nhitng diém M cdch déu mot di€m ¢d dinh O mot doan
khong ddi biing R, tifc 1a OM = R.

- Vitri twong d6i giita mit phing va mit ciu
Xét hinh ciu S(O; R) tim O, bdn kinh R va mit phﬁng (P). Gia st d la
khodng cdch tir tim O dén mit phing (P).
a. N€ud>R: Mit phing (P) vd mit ciu S(O; R) khong cit nhau

L AR

d= R d=R

b. N&ud =R, thi mit phing (P) vd mit ciu S(O; R) chi c6 mdt diém chung
duy nhit. N&u goi H Ia diém chung 4y thi H goi 1a lu,p di€m clia mit cdv
v@i mit phi’mg Lic d6 (P) sé goi 1a ti€p dién v&i mit ciu.

c. N&ud <R thi mit phidng (P) va mit cdu S(O; R) cit nhau theo mot giao
tuy€n la dudng tron. Hinh chi€u H cia O trén (P) chinh 1a tdm cha dudng
trdn giao tuy&n. N&u goi r 1a ban kinh clia dudng tron giao tuy&n thi:
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r= JYR? -d?
O

‘ P

- Vi tri twdng d6i gitta hai mat ciu

~ Cho hai hinh ciu $;(0y; R) va $x(Oy: Ry).

 pitd = 0,0, 12 khodng cdch giita hai tim ctia hai hinh ciu.

~ a. NEud>R, +R,thi hai hinh cAu khong ciit nhau v ¢ ngoai nhau.

d>R; +R,
N&u d =R, + R, thi hai hinh ciu ti€p xtic ngodi vdi nhau.

’ d=R,+R,
- ¢. N&u|R; - Ry|<d <R, +R; thi hai hinh cdu cit nhau.

@

Ry - Ry]<d <R, +R;
N¢&u d = |R; = Ry| > 0, khi d6 hai hinh cdu tiép xiic trong v8i nhau.

¢
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e¢. N&u0<d<|R,— Ry, hai hinh ciu dyng nhau.

NT L

f. N&ud =0, hai hinh ciu dong tim (khi d6 O, = O,)

N 7

Ry

B. Cic bai todn chon loe vé hinh céu
Trong phin nay chiing ta s& dua ra mot sd bai todn chon loc v& hinh ciu.
Chiing bao gdm cdc bai tap dinh tinh ciing nhv dinh lugng vé hinh ciu, cic
bai todn v& hinh ciu ndi va ngoai tiép khdi da dién, cdc bt ding thic licn
quan dén hinh céu...

Thi du 1: Cho hinh chép S.ABCD ddy la hinh vudng, con SB vudng goc vdi
(ABCD). Liy trén SA mot di€m M (M # S, M # A). Gia str SD N (BCM) = N.
Chitng minh riing 6 diém A, B, C, D, M, N khong (th¢ niim trén mot mit cau.

Giai
Do BC// AD = BC // (SAD)
= (BCM) n (SAD) = MN, trong d6
N € SD va MN // BC (itc MN // AD)
Vi BA L AD = SA L AD (dinh 1i ba
dudng vudng goc).
Vi th¢ MADN Ia hinh thang vudng
thue su (do MN < AD). Do d6 MADN
khong phéi 1a uf gidc ndi Uép.
Gid thi€t phdn ching 6 diém A, B, C,

D, M, N cling nim trén mdt mit ciu M 3
(¢ )nao d6. Khi d6 mit ph'ing (SAD)
phdi cit (¢ )theo mot giao tuyén Ia
mdt dudng tron.
A D




.~ RO rang M, N, A, D thudce dudng tron giao tuy€n ndy. Nhu th&¢ MADN néi
riéng 12 mot uf gide ndi GEp. Diéu nay mau thudn vdi k&t ludn trén.

Viy gid thi€t phidn ching 1a sai. D6 1a dpem.
[ idlj 2: Cho hinh chép dinh S va ddy la mot da gidc 16i AqAs. A, (n—gidc 15i).
Tim diéu kién cin va di d& tOn tai hinh cdu ngoai ti¢p hinh chép, tic 1a dinh
S ciia hinh chép va cic dinh A, Ay, .., A, clia ddy déu niim rén mot mat ciu.
Giai S A
. Piéu kién cin: Gid st tdn tai hinh cau

it

tam O ngoai tip hinh chép S.A AL A
e 1a ta co
OS = 0A, =0A;=..=0A,. (1)
K& OH L (AA,.A,)
= HA, = HA, = ..= HA,. (2)
Ping thic (2) ching 16 ddy AjAL.A,
- la mot da gidce ndi ti€p.
. Diéu kién di: Gia st A|A,.A, -
~ ]a mot da gidc ndi ti€p. Goi H 1a tim
. duding tron ngoai ti€p ddy. Qua H dung dung thing A vudng géc véi mit
" phing A A, A,. V& mit phing trung trye (m) clia mot canh bit ky cla hinh
ch6p (chdng han SA;). Do A khong song song véi (1) nén gid sit A M () = 0.

e . |OA;=0A, =..=0A,
Khi d6 ta thily

* Tir d6 suy ra O 12 tAm hinh ciu ngoai ti€p hinh ch6p S. A A,..A,. Nhu viy,
‘ ta ¢6 k&t ludn sau:

- Bicuki¢n cin va di d& hinh chép S. AjA,..A,ndi ti€p trong mot hinh cdu la:
~ Pa gidc diy A A,.A, 1a mjt da gidc ndi ticp.

én xét: Tir thi du trén, ta rit ra cdc k&t ludn sau:

1. Moi hinh chép tam gide (e 1 moi tif dién), moi hinh chép d&u 1a hinh

ch6p ndi i&p trong mot hinh ciu.
2. Khi hinh ch6p di thda man didu kién trén thi tim hinh cdu ngoai Gip
cia né xdc dinh theo cdc budc sau:
Xdc dinh tim H dudng tron ngoai tiép ddy A Az A,
~ Qua H dyng dudng thiing A vudng géc vdi mit phing (A A;..Ay)
V& mit phing trung truc () cia mot canh bit ky clia hinh chép
Gia st A M (1) = 0. Khi d6, O 13 tdm hinh cAu ngoai ti€p ctia hinh chép
S.A\A,..A, cin dung
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3. Trong cdc trudng hgp sau diy mat ph;zlng trung truc (m) cé thé thay b?lng
dudng trung (ryc.
a. Khi hinh chép 1a chép déu (vi khi d6 A qua dinh S ctia hinh chép)

S

(
I
]
]
|
|
|
<
|
1
|
1
|
T

b. Khi hinh chdp ¢6 mdt canh vudng goc
véi ddy (A1A2.A,) (gid srd61a SA). PV 77---¢
Lic d6 goi (n) 1A mit phdng xdc dinh bdi A
va SA, (A// SA)). "
Trong () vé dudng thing trung tryc d clia SA, '
Trong (n): d N A=0.
Khi d6 O 1a tim hinh cau ngoai ti€p cin tim. A,
c. Khi hinh chép ¢6 dudng thing A qua S. Liic ndy v& trung tryc clia mot
canh bat ky (gidng nhu trudng hgp a)
4. Xétcdc thi du minh hoa sau day:

Minh h¢a 1: Cho hinh chép n gidc déu S.A;A,..A, canh ddy biing a, géc cla
mit bén va ddy biing ¢. Hiy xdc dinh tim va tinh bdn kinh hinh ciu ngoai
ti€p hinh chép.

Giai
Ké SH L (A A,..A,) khi d6 ta c6
n

K& HM 1 A,A; = MA, = MA, = %

s A o 8
SinAIHM 2sin£

n
Trung truc ctia SA, cit SH tai O S
= O 12 tdm hinh cdu ngoai ti€p cla hinh chép di cho. A,

Tacé6 SMH 12 géc tao bdi mit bén va ddy nén SMH = ¢. Tir d6 suy ra

SH = MH tang = MAcot A|HM tang = %cmE tang
n
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a 2 o)
= cos”“—tan” @ +1
n

i T
2sin—
n

Hai tam gidc SKO va SHA, dong dang nén

- SK_SO _ p_s0=%5% §dayR1a ban kinh hinh cdu cin Gm)
SH A, SH

2

1+ cos? : tan® )

SA1sA, 4sin?®
= n

- Nhurvdy R= 2
‘ SH 2.2 cot Etan(p
2 udn
a(l+ cos’ & tan? @) a(l+ cos? Elan2 ®)
= R= n a n
o T . 2T
4sin—cos—tan@ ‘2sin—tan@
ny g n

2T 2T
a(l +cos Ztan 3)_5\/53
20"

i §: NGirieng n€un=4,¢0= —,tacé:R=
‘ 3 i) |y (s
2sm«tan§

inh hoa 2: Cho tif di¢n déu ABCD canh biing 1. Tim bén kinh hinh ciu ngoai
tiép t dién.

3 Gidi

~1;.G(_)i H 13 tim ctia ddy BCD. Trung tryc clia AB (V€ trong tam gidc ABH) cit
AH tai O. Khi d6 O 1A tim hinh cdu ngoai ti€p t¥ di¢gn ABCD va bdn kinh R

clia hinh cdu nay xdc dinh nhu sau:
AK AB AB _ AB’

i‘R=AO= e e S i =
3 cosKAO 2cosBAH , AH  2AH
AB
‘TacéAB=l;BH=EBM=2_‘/_§.=_‘/§
3 3 iy
. — AH= VAB?-BH? = 12
f 3103
L P
4

ii'Th ) vicoR=—==
‘ ay vao (*)vac 2[2_
J3
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Minh hga 3: Cho u di¢n ABCD vdi AB = AC = a, BC = b. Hai mit phi"lng
(BCD) va (ABC) vudng géc véi nhau vi BDC = 90". Xdc dinh tdm va tin},
bdn kinh mit cidu ngoai Li€p (& di¢n ABCD theo a, b.

Giai

A
Ké AH L BC = AH L (BCD)

(do (ABC) L (BCD)).

Do BDC = 90" nén H 12 tim dudng trdn
ngoai Liép tam gidc BCD. V& trung tryc
ctia AB ciit AH tai O, thi O Ia tAm hinh
cAu ngoai ti€p ur di¢n ABCD va bdn
kinh R ctia hinh ciu nay tinh nhu sau:

4SaBc 0
2 2 b abc D
thire lugng gide quen biét S = ZR—)
R E T R
4 ; BCA (2AH \/ 3 b Vaa?-9?
4

Thi du 3. Cho hinh chép S.A|A,..A,. Gi st tdn tai hinh ciu ndi ti€p trong hinh
chép, tire 12 hinh cdu ti€p xdc véi (it cd cdc mit bén va ddy. Goi r 1a bin

A 3 2, A A ~ R ie N
kinh hinh ciau ndy. Chitng minh: r = o G day V, Syp lan lugt 1a the tich vi

P
di¢n tich toan phan cla hinh chép.
Giai

Goi I 12 tdim hinh cAu ndi ti€p. Khi d6 cdc hinh chép ISA Ay, ISAA;, ...
ISA,_jAn, ISA,A| va hinh chép TA A, A, cO chiéu cao déu bing r.

Goi Sy, S;,.., S, va S wong wng la dién tich cdc tam gidc SA A,
SA,A;,..SAA, va dién tich tam gidc ddy A Az A,.

Ta cé

V = Visaag + Yilnoas + Visatks + Visapg.i,

= Vi= %r(SI # 8yt .4 +S, +S)=%r.STp

3v AI A,
= B ==
STP

Nhdn xét: AL 75 B
1. Nhd cOng thitc néi trén cho phép ta xdc dinh ban kinh r ctia hinh cdu n0!
ti€p hinh chép ma khong cin xdc dinh tim hinh ciu noi tiép.
2. Xétminh hoa sau day:
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Cho tit dién OABC, trong d6 OA = a, OB = b, OC = ¢ va OA L OB,

OA L OC; BOC = 120" . Tim b4n kinh hinh ciu ndi ti&p t& dién.

: Gidi

" Ta c6 OA L (OBC), dé thdy

' AB = BC=a+/2 ;canC=a\/§
1

| Ta c6 V= VOABC =§SOBC'OA

1 a3\/§

3’ 12

i

a’sin120"a =

b .l_
' 2
M li trung diém ctia BC thi:

G
,AM JAB? ~MB? = o 1‘2/_3
J—af a’J15

4

'Vi th€ Srp = S(;AB +250Ac ':'/§OBC + ;ﬂ;c .

a%_ a a

t. -—2-+2+ 1 1 ——(4+\/§+\/E)
fDo vidyr= 13 = a3
3 : Stp 4+ J3+4/15

Nhdc lgi mjt ky nigm: Py 12 bai todn tuyén sinh vao Pai hoc Téng hgp Ha
'NOi nim 1964. Téc gi cu6n sdch ndy lam bai thi trén trong lic thi vao khoa
Todn cla trudng tai tru s& 19 Lé Thanh Tén — Ha Noi. Tdc gid 12 cyu sinh
vién cia trudng.
i dy 4: Cho hinh chép n gidc déu SA|A,..A,, canh déy b3ng a, goc cia mat
bén va ddy la ¢. Xdc dinh tim va tinh bén kinh hinh ciu ndi ti€p hinh chép.
Giai S

| =>SABc— —a

' Ké SH vudng géc ddy A A,.A,.

Do hinh chép 1a déu nén moi diém trén
SH déu cich déu (At ci cdc mit bén.

‘Do d6, tim I hinh cdu ndi ti€p hinh chép
12 diém niim trén SH sao cho I cdch déu
'mot mit bén nao d6 (ching han (SA,A,)
VA diy AiAs.A,).

Goi M 1a trung diém clia A;A,, khi d6
HM L AjA; = SM L AiA; (dinh Ii ba
du@ng vuong géc). 2
Ta ¢6 SMH= ¢ viné 1a géc cia (SA A,) tao vdi ddy A A,..A,. Trong tam

gléc SMH, ve phén gidc cla SMH, né6 ¢4t SH tai L.
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Ké IK L SM. Do (SMH) L (SAA;) = IK L (SAA,).
Ta ¢6 IK = IH, viy I 12 tim hinh cdu ndi ti€p hinh chép.

Goi r 13 bdn kinh hinh cdu nay, thir = IH = HM tan -‘2'3. (1)
Ta 6 AHA, = 2% = MHA, == = HM = MAcot MHA, =%colf
n n n

T (1), (2) suy ra: r = 2cot = tan>
200 fin 2

Nhén xét:
1. Trong thi du trén da trinh bay cdch xdc dinh tim hinh cAu ndi t€p vai
mdt hinh chép déu. Qua d6, ta ciing thdy vdi moi hinh chép déu, déu ton i

hinh cdu ndi ti€p.

S V)

2. Viéc tim tdm hinh cdu noi ti€p clia mot hinh chép (di nhién khi nd 0n

tai) n6i chung Ia rat khé khan.

Thi du 5: Cho hinh hop ditng ddy la hinh vudng bling 6r, chiéu cao 1a 3,5r. Hoi
¢6 thé x&p vao hop 13 qua béng bdn kinh r khong ? (Gid sif cdc qud bong

~ Goi OsH 1a dudng cao ctia hinh ch6p

179

khong bi€n dang khi x&p chdng 1én nhau).
Giai

Xét 4 qui ciu dat k& nhau & vé géc -
bén trdi cia hinh hop. Goi Oy, O,, O3,
0, 1a tim cla 4 qud cdu ndy. Khi d6
mit phing (0,0,0;0,) song song vdi
ddy (ABCD) va cdch né6 mdt khoing
bingr.

Goi Os 12 tim clia qud cdu thi 5 dat
trén 4 qua ciu nay. Khi d6 cdc qud cdu
nay ddi mot ti€p xdc ngoai vdi nhau,
nén 05.0,0,03;04 12 hinh chép uf gidc
déu ma canh ddy va canh bén déu
bing 2r.

05.0,0,0304, khi d6 OsH chinh la

khodng cdch tit tim qud cdu thi nim

d&n mat phﬁng (0,0,0304). RO rang: b

OsH = /0,052 —0,H? =/(2r)? +(1V2)? = 1V2 e

Vi th&, khodng cdch tir dinh S clia qué céu

thit 5 dén déy (ABCD) cita hinh hop la: o, i,

r+ 2 +r=r2+2)<3,5r r

S

c
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. B4t ding thitc trén chitng 16 qua cdu thif nim dat trén 4 qua cdu tam Oy, O,
. 0;, O4 lot vao hdn bén trong hinh hop.
" Vi trén ddy ABCD x&p dudc 9 qud cdu, ngudi ta c6 4 khd ning dé x&p thém
] qué cdu dit trén 4 qua ciu dudi (theo lap ludn trén).
“, Nhu vdy, c6 thé x&p duge 13 qué béng ban kinh r vao hinh hdp trén.
du 6: Trong mit phing (P) cho dudng tron tim O, bdn kinh r va A 12 mot
.‘f di€m & dinh trén dudng tron. Goi A 1a duding thing vudng géc vdi (P) tai O
‘ va B 1a mot diém khong niim trong (P) sao cho OB’ =a >r, § diy B’ la hinh
' ¢hi€u cia B trén (P). Gid st khoang cach tir B xudng (P) 1a b.
. Bi¢t N 1a mot diém di dong rén duding tron. Ching minh ring cac dudng
. trdn ngoai ti€p cdc tam gidc ABN 12 niim trén mot mit cau 8 dinh (S).
2. Tim bdn kinh ctia mit cdu (S) theo a, b. .
: Giai
~ Goi (m) la mit phing trung tryc cia
"AB. Do OB’ > a nén A # B> = AB

|8

-~ cfit A va gid sit: An () = O,
' = O, ¢0 dinh. R rang moi diém wrén

Nla diém ty y rén dudng tron. Ta ¢6
“hco nhiin xét trén

" ON=0,A=0B
?yay N, A, B 1a ba diém khong thing hang ciing niim trén mit ciu O, bdn
‘kinh O,B. Vi moi mat phing cit hinh ciu theo giao tuy&n 1a dudng trdon nén

‘dudsng (rdn ngoai i&p tam gidc ANB cling niim trén mit cu rén,

3
|

‘;l am gidc BA’A”. /\p dung cong thitc:
w i o A'BBARATHIY Jb? + (e +2)2 b2 +(a—p)? 2r
48 4.%A'A".BB'

\/lTZ +(r+a)2 .\/b2 +(a—r)2
2b
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Thi du 7: Trong mit phing (P) v& nira dudng tron dudng kinhAB = 2R. Trén AR

1. Do K niim trén mit ciu dudng kinh AB

2. Do IH L AB = KH L AB (dinh Ii ba

1R0

1y diém H. T H ké dudng vudng géc véi AB cit nita dudng ron trén g

M. Goi I 1a trung diém cia HM. Nira dudng thing vudng géc vdi (P) tai I ¢

mit ciu dudng kinh AB tai K.

1. Chitng minh dai lugng KA? + KB? khong phu thudc vao vi tri cia H.

2. Ching minh riing khi H di dong thi mat phing (KAB) ludn tao vdi (P)

mot gée khong doi.

3. Ching minh riing khi H di dong thi tAm S cla mit ciu ngoai ti€p ur di¢y

ABKI nim trén mot dudng thing ¢d dinh.
Giai

nén AKB = 90'. Trong tam gidc vudng
AKB theo dinh li Pitago, ta c6

KA? + KB® = AB* = 4R” = const.

bé ladpem.

dutng vudng goc) = KHI = o chinh I
g6c tao bdi hai mat phiing (KAB) va (P).
Trong cic tam gidc vudng KAB va MAB,
ta c6 KH? = HA.HB; MH’ = HA.HB

Tir d6 suy ra KH = MH.

e K
Do d6 cos KHI =cos a = i=m=l

KH 2 Vs ¢

= a = 60" = const = dpcm.

Xét tf dién ABKI. Tam O, cia

hinh ciu ngoai ti€p tf dién ndy thda mian
diéukiecn 0O,A=0,B=0,K=0|l
Noiriéng tacé O, A=0,B=0,K

Viy tim O, niim trén dudng vudng géc véi (AKB) tai tim dudng trdon ngoa!

ti€p tam gidc AKB. Do AKB = 90" nén tim dudng tron ngoai tiép tam gidc
AKB chinh 13 trung diém O ciia AB. Chd § riing O 12 diém ¢@ dinh.

Mit phing (KAB) cit (P) theo giao tuyén AB ¢d dinh vi tao vdi (P) mot goc
khong d6i = 60" (theo ciu 2)

= (KAB) 12 miit phing cd dinh

Pudng thing Ox vudng géc vdi (KAB) ¢d dinh tai diém O ¢§ dinh, nén O*
¢6 dinh. TAm O, hinh cAu ngoai ti€p t& dién ABKI niim trén Ox.D6 1a dpem.
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i du 8: Cho ABCD la uf di¢n ¢6 cdc cdp canh d6i doi mot bing nhau (ide
. ABCD Ia t di¢n gin déu). Chitng minh riing tim hinh ciu ndi va ngoai ticp
ctia n6 trung nhau.
Giai
- Xéturdién gin déu ABCD vdi AB = CD, AC = BD; AD = BC.
~ RO rang uf di¢n ndy ton tai hinh ciu ngoai tiép (theo thi du 2).
'Goi O 12 tdm hinh cdu ngoai tiép clia & dién ndy. Khi d6 ta c6:
OA =0B =0C =0D
1 Ké OH 1L (AOB) va OK 1 (BCD)
Do OA =0OB = 0OC = HA=HB = HC
‘Do OB = OC = OD = KB = KC = KD
Vay H, K twong ng la tdm cdc dudng trdon
‘ngoai ti€p cdc tam gidc ABC, BCD.
T gid thict suy ra A ABC = A BCD (c.c.c)

i dt khdc, OA = OB nén hai tam gidc

,! AH va OBK biing nhau = OH = OK
Viy O cich déu mit bén (ABC) va diy (BCD).

‘Tuong ty, O ciing cdch déu bon mit ciia tf dién ABCD, tie 1a O 1a tAm hinh
cAu noi ti€p ABCD. Vi th€ hinh 1 dién gin déu ABCD ¢6 cdc tdm hinh ciu
_nﬁi va ngoai ti€p tring nhau = dpcm.

idy 9: Cho bon hinh cdu bdn kinh r titng d6i mot ti€p xdc véi nhau. Hinh ciu
thit nim ti€p xiic vdi c¢d bon hinh ciu trén. Tim ban kinh hinh cdu ndy.

il Giai

Goi O, 03, 03, Oy 12 tdm ciia 4 hinh ciu bdn kinh r. Khi d6 0,0,0,0, la uf
dién déu canh bling 2r. Goi O 13 tim ciia hinh ciu thd nim iép xdc vdi ci 4
hinh cdu trén va gid st x 12 bdn kinh cta né.

Xét hai trudng hgp sau:

Hinh cdu thit nim ti&p xic ngoai

v6i 4 hinh cdu trén. Khi d6 ta c6:
PO, = 00, = 00, =00, =r +x I4i])
BPing thic (1) ching 18 O cling 1a tAm
hinh ciu ngoai tiép ur dién 0,0,0;0,.

¢ OH 1 (0,0;04). Theo thi du 2,
O Ia giao diém clia trung trve 0,0, vdi O H.

0,
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Tac6:R=0,0= QK. 1019 L 9%
cosKO,0  2c0s0,0,H o OH
0,0,
2 2
=90 _ o )

20H  2,/0,0,? -0,H?

‘f}i

Do OH = %Oz (& diy M 1a trung diém cla 0;0,) =

/6

néntr (2)suyraR = T

wlN

rv/6

Laitheo(l)lac6R=r+x:x=——2——r

Trong trudng hgp ndy, bdn kinh ctia hinh cau thda man la: rs = r.( g -1).
2. Hinh ciu thi ndm ti€p xtic va chia 4 hinh ciu biing nhau § trong.
Khi d6, theo quan hé vé& suf ti€p xiic trong giita hai hinh cdu, ta c6:
00,=00;=00;=004=x—-r1 3)
Ping thitc (3) ching 5 ring O ciing 1A tim hinh cdu ngoai ti€p i dién
0,0,0;0, va ta c6: x—r =R

\/— rv/6

4 diy theo phdn | thiR= — ; ——2—+r

Viy trong trudng hgp nay, bén kinh hinh cAu tht ndm 1a: rs = r[l/z—g— + l).

Thi du 10: Cho t& dién ABCD c¢6 BC = a, AB = AC = b, BD =DC = c. Goi 12
géc phing clia nhi di¢n canh BC ciia tf dién (tifc 1a goc gitta hai mat phing
ABC va DBC).

1. Vdi diéu kién ndo cta b, ¢ thi dudng thing noi 1, J 12 dudng vubng goc
chung ctia BC va AD (3 diy I va J tuong @ng la cdc trung diém ctia BC
AD). Chitng minh riing khi &y hinh ciu dudng kinh CD qua I va J.

2. Gidstb=c= #. Xic dinh o d€ hinh cAu dudng kinh 1J tiép xtc vdi CD-

Giai
I. Goilva Jwong ing cdc trung diém clia BC, AD.
Ta c6 AB=AC=AI1 BC," DB=DC=>DILBC.
Tir d6 BC L (AID)=>BC L 1J (1)
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Tir (1) suy ra dé€ 1J 1a dudng vudng goc

- chung clia BC va AD, ta cinc6 1J L AB.
Do J 1a trung diém ctia AD nén 1J | AB

. ©IA=ID < AABC= ADBC & b=c.

~ Viy b =cla diéu kién can tim.

- Do b =c nén trong tam gidc cin CAD

; (dinh C), ta ¢6 CJ L AD.

1 K&t hgp v6i DI L BC suy ra I va J nhin

CD dudi mot gée vudng
=> hinh ciu dudng kinh CD qua I va J.
Gid st b = ¢ = 35‘/5 DZ thily

“;; AID chinh Ia géc phing nhi dién canh
| BC, 1 d6 AID = a.
G()l O la trung du,m ctia 1J. Hinh ciu
du’bng kinh 1J lle xtic CD khi va chi
. . khi khodng cdch i trung diém O ctia IJ

| xudng DC biing %IJ.

2 9
a\/_ ABZ—BIZ=\/b2—a 3 a a_\/z

lKhlb c———:>AI DI =
] 4 4 4 2

Gia st hinh cAu duding kinh 1J ti€p xic vdi CD tai F (chi § theo ciu 1, thi

t

" IJ 1l BC=>CI=CF= —(do CI va CF la hai tiép tuy&n cling xuit phat.tir C doi

J

{ v61 hinh ciu dudng kinh 1J).

l»
fremom:cn-cni_i DJ=DF=3(J§—1).
! O 2

D ;(‘/3'1)_\/5—1_ 6ol
0 i aV2 il duoiigdy

2

Ta ¢6 sin %= sinJID =

i

"’: cos o = 1-2sin’ % =2J3-3 0= arcos( 2.3 +3 )

i . SR 2
i du 11: Cho tt dién A A2A3A4. Goi hy, hy, hy, hy 1dn lugt 12 bon chicu cao cua
W di¢n ké tir A, A,, As, Ay. Goir 12 bdn kinh hinh cAu ndi ti€p ur dién.

18
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1. Chirng minh l=L+_+__+___
r h h, hy h

2. Chitng minh h;+ h, + hy + hy > 16r.
Giai
1. Ta biét riing vdi moi t¢ dién déu t6n
tai hinh cdu ndi ti€p (ban doc v
nghiém lai diéu nay).
Goi r 1a bdn kinh hinh ciu ndy. Theo
thi du 3 ta c6:
3V 3V
Stp X S;+S, +S; +S,
4 diy S, S,, Si, Sy tuong @ng 1a dién tich cdc mit AyAzAy, AjAsAy, AJAA,
va A AA;

(1)

r=

Tir (1) suy ra l=§'—+—Si+—s-3—+s—4 (2)
r'3V°:-3vVy 3V 18V

1 1

| 1
Mitkhictac6 V= =S h, ==S,h, ==S;h; ==S,h
d ¢ ¢ 3 =3 pALY) 3 313 3 40y

S.

3V b,

1 ——

(i=14) (3)

Thay (3) vao (2) suy ra l= - +—l— + L+ i = dpcm.
i hy hy hy

2. Ap dung bit ding thitc Co-si, ta c6

(h|+h2+h3+h4) [h—-+—+—l-+—']216 (4)

Tirciu 1 va (4) suyrahy+h, + hy+hy 2 167
DAu biing xdy ra < h,=h, = hy =hy < AjAAA 13 1 dign déu.

Thi du 12: Cho ut dién A;A,A3A,. VE hinh cAu ndi ti€p tf di¢n. Sau d6 vé 4 tiép
dién vdi hinh ciu ndi ti€p ndy, sao cho mdi ti€p dién wdng Wng song song
vli cdc mit AsAzAs, AAsAL, AAAL VA A AA;. Goi cdc ti€p dién ndy lin
lvgt 12 B,B;Bs, B,B3B, BB.,B; BB:B;. Xét 4 u¢ dién nhd A,B,B;B.
A,B BiB, A3B,B,B; A,B B,B;. Goiry, ra, 13, 1y 12 ban kinh ctia 4 hinh ciu
twrong (ng ndi UEp bon 1 di¢n ndi trén.

1. Ching minh riing r;+ 1, + 13+ 14 =2r.
) e

2. Ching minh riing LW . e Y
o A R F
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Giai
Goi h, 1a chiéu cao clia tff dién AjAA3A,, con h’y 1a chiéu cao clia & dién
~ A;B;B3B..
' Vi (B;B1By) // (A2A3A,) va B;B;By la ti&p dién vdi hinh ciu ndi tiép cla ur
dién AjA2A3A, nén ta c6: h’, =h, - 2r.
D2 thdy, hai t di¢n A,B,B;B, va AjAA3A, 1a hai t& dién ddng dang nén ta c6:

by 5 hi-2_n o ,ron +
hl r hl r hl r
Lap ludn twong e, ta ¢6 l—2L=r_2 ¥)
' h, r
£) 4+ 8
[y MLARI
kA
r—- &
=2 == (4
el

Cong timg v& (1), (2), (3), (4) va ¢6

; 8o L+-l—+l+—l_ d I'l +l'2 +r3 +l‘4 (5)
B Lh, by by by "

cothidu ll,tacd l=—1-+—l—+i+-l— tr d6 thay vao (5) ta ¢6:

r “B, hy)%h, Ay
ry+r;+ 13+ ry = 2r = dpem.
Ap dung bt ddng thitc Co-si, ta ¢6:
1
(r+r+r3+r1y) (l+i+-l—+—]216 (6)
Iy, Bret—h

“Tir phin | va (6) suy ra l+i+i+l2§ = dpem.
r

h L B I

Déu biing xdy ra <=1, =13 =1, AjJAAA; 1a 1f dién déu.

'du 13: Cho & dién vudng OABC dinh O, tifc OA, OB, OC d6i mot vudng goc

@i nhau. Gia sit OA = a, OB = b, OC = ¢. Pt S; = Soas, S2= Sosc, S3 = Soac
S = Sagc. Goi r 12 bdn kinh hinh cdu ndi tiép ur dicn OABC. Chirng minh
.‘l'kl'lg: i Sl + S2 + S3 -S
, a+b+c

‘Giai

Vi OA 1 OB, OA L OC = OA 1 (OBC) nén

’ 1 1(1
V=V =V =-S5 .OA=-—(—b-Ja
] 0.ABC A.OBC 3 OBC 3 2 C A

abc
= (1
6
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Ap dung cong thire trong thi du 3, ta ¢6

v i Wy . 3V <) abc @)
B $48,485,48 ° 284S +5(+8)

Ap dung dinh Ii Pi-ta—go md rng trong khong gian, ta c6:
Si*+8,°+8°=§? 3)
abc(S; +S, +S; - S)
2(S; +8S;, +S;+8)(S; +S, + S5 -98)
abe(S; +S5, +53-8) _ abe(S; +S, +S;-8S)

T (2),(3)tacé r =

= r = )
2[(3, £8, +8)F —sz} 2(25,S, +25,S; +25,S;)
Ta c6 4SS, +48,S; +48S,S;= (ab.bc) + (ab.ca) + (be.ca)
=abc(a+b+c) (5)
Thay (5) vio (4) va ¢ r = S—'M = dpem.
a+b+c

Thi dy 14: Cho tf di¢n ABCD, P 12 diém by § bén trong tif dién. Goi Ay, By, C,
D, ldn lugt 1a hinh chi€u ciia P trén cdc mit BCD, ACD, ABD, ABC. Goi S
va r wdng tng 1a di¢n tich an phdn va bdn kinh hinh ciu ndi tiép uf dicn.

Chitng minh riing: T = Secp | Saco + a0 | Sasc S
PAT. By MPC BOy1 %

Giai
Pita, = Sacp ca,. [SABD Pl Sanc
PB, PC, PD,

Theo bat ding thitc Bunhiacopski, ta c¢6

Seep |, Sacp | Sasp |, Sasc
i + + Seep-PA| +Sacp PBy +Sapp -PCy +Sapc.PD
( PA, ., .PBy.  PC, _ PD, (Sacp-PA1 +Sacn PB) +Sapp PC) +Sapc-PD; )

2 (Sgep + Sacp+ Sasp + Sasc)’ (1)
DE ¥ riing Spep.PA| +Sacp-PB, +Supp PC, +S4pe.PD; = 3V
A

0 ddy V = Vsgcp, ngodi ra v& phii ctia (1) chinh 1a S
2

Tir d6 thay vao (1) ¢c6 3TV=>S* =T > 3S_v (2)
Ap dung cong thifc r = 3—V= i nén (i (2) suy ra
v TP B

>

T 2 = d6 1a dpem.
r

186
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Qg 8 8384
by by by by

‘ < PA, =PA; =PA; =PA; & P=1

. & day 112 tAm hinh cdu ndi ti€p t& di¢n ABCD.

‘;1. du 15: Cho OABC la uf di¢n vubng dinh O (t@c 1a OA, OB, OC d6i mot
" yudng géc v6i nhau). Gid sit OA = a, OB = b, OC = c. Goir l1a bin kinh hinh

. DAu biing xdy ra <>

' cdu ndi tiép i dién. Chitng minh 12 L + l+ -l-+ 33
r a b ¢ a+b+c
Gidi @
' K& OH L (ABC) va dit OH = h,
" Theo k&t qua co bin (xem Chuong 2) ta ¢6 . c
1 1 1 1
e Y
" T dién OABC c6 4 chiéu cao k& lin c
| gL tr O, A, B, C la h, a, b, c. Theo thi
‘ﬂ i (el L
cdull,tacé —=—+—+—+-— B
A‘fm r o h A e e
;"‘Th’désuyra l21+l+l+ 33 @-l-z—ﬂ— 2)
I r.a,brc atb+c,  hatb+te
| Tir (1) va theo bit ding thitc Co—si, ta c6
i 1 1
1 —233[———— 3)
2 )
] h a“bc
. Vin theo bi't ddng thitc Co-si, ta c6: (a + b + ¢)? > 93a%b2c? 4)

J Tir (3), (4) suy ra (2) diing = dpcm.

| Diubling xdyra <>a=b=c < OABC Ia tf dién vudng cn dinh O (ufc 12
~ OA=0B =0C vi OA, OB, OC doi mjt vudng géc véi nhau).

hi du 16: Cho tif dién vudng OABC dinh O (titc 1a OA, OB, OC d6i mot vudng

g6c vdi nhau). Goi R, r, h, V trdng (ng 1a bén kinh hinh cAu ngoai tiép I
~ dién, bén kinh hinh cdu ndi ti€p t& dién, chiéu cao clia i dién ké tir O va
thé tich cta tf dién. Chitng minh riing:

g, Yb-n 2 Ay

1 R’h 3 r

3. 523+3J§ v
‘ r 2

18
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1.

Giai .
PitOA=2a,OB=b,OC=c
Ké OH 1L (ABC), thiOH =h
Theo Thidu 3, tacér= ﬂ;h: ciui . v, N
Stp Sasc

d diy Stp va Sppce 1an lugt 1a dién tich &
todn phin cta (¢ dién va dién tich tam
gidc ABC.
Ta ¢6 B

)
Vh-r) _ \Sagc St " V(S1p3V -3VS,pc) _Stp =Sasc _Sxq (1)

R*h  p23V 3V R29V? 3R? 3R>
Stp Sasc

RS Ty Bl i Soox 2 o 8 2“ =

Vay tr (1) ¢6 V“:_‘)szoMszoabwucasmz ©)
R’th ~ 3 6R? 73

Theo thi dy 2 tim T hinh ciu ngoai ti€p & di¢n OABC Ia giao diém cia
dudng thing Mx va dudng trung tryc clia OA (v& trong (AOM)), & diy M la
trung di€m ctia BC va Mx vudng géc véi (OBC) tai M. Khi d6 d& thdy:

2 2
R=0I=+yYOM?+IM? = %Jroi A B

4

b® +c? +a’

il
Tig
T d6 (2) <> ab+bc+ca< a’+b* +¢?
< (a-b)’ + (b-c)* + (c-a)* >0  (3)
Vi (3) diing suy ra dpem.,

Dau biing xdy ra <>a=b=c
<> OABC la ti di¢n vudng cin dinh O.

Thcothiduls,lacé:l=l+l+l+—l— 4)
Yiyht 53 1 d4b) i

2
Ap dung bit ddng thic Bunhia copski, thi: (l+l+l) 53[—12—+L2+L2J (5)
' A s e at +b" e

Miit khédc vin theo thi duy 15, ta ¢6: Lz*' Lz + Lz ==
a-tebt ¢ h

1R
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(7)

Tir (4), (7) ta lai ¢6 50 1++3 = dpem.

Diu biing xdy ra <> < OABC la it di¢n vudng cin dinh O.

'jTheo phdn 1,taco’ R b2 +¢? +a2 A

Ké OH L BC = AH L BC (dinh Ii ba
du’dng vudng goc). Ta ¢6

1BC =Vb2 +¢c? , AH? = OA? + OH?

2 2.2
:sABc_lBCAH 0 1 (—\/ab +a2c® +b%c
2 \/b +c2

= 5\/azb2 +a’c? +b3e? .

fThay (9) vio (8) va ¢d r= abe
ab+bc+ca+\/a2b2+d ¢ +b%?
/ 2 %3 259
tUdésuyra a2 +b%+¢ (ab+bc;c;+\/a b% +a%c? + b’ )' (10)
y abc

p dung lién ucp ba't ding thitc Co-si, ta ¢6
Wa? +b% +c? 2 V3da2b?? = 3¥abe
‘ab+bc+caz= 3W,
Val? 122 + 626 2 Y 3a'be? =3t |
Jié/ch(W(3+J§)) 3533

3 46 1a dpem.
2abc

Tir d6 theo (10) suy ra: = =

Diu bing xdyra<>a=b=c

189
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Thi du 17: Cho i dién ABCD dinh A (ufc la AB, AC, AD d6i mdt vudng g6,
véi nhau). Goi a 1a canh I6n nhét clia ti di¢n xud't phat tr A va r 12 ban kin},
hinh cAu ndi ti€p. Chifng minh: a > 3+3)r

Gidi
Gia sit AB = max{AB, AC, AD}.
bit AB=a, AC=b,AD =c.
Nhu vdy a > b; a > ¢. Theo thi dy 3, ta c6

- N _ abc
STP z(a_l?_*.a_c.'_E.{.S)
27 2 7D,

3 diy S = Sacp .
Tacé :

abc
ab+ac+bc+2S

& ab+ac+bc+2S > (3++/3)be & ab+ac+28> 2bc++3bc (1)
Via=max{a;b;c}tacd
ab + ac > 2bc (2)

D4u biing trong (2) xdyra<>a=b=c
Theo dinh Ii Pitago, thi BC = va2 +b? ; CD = Yb% + ¢ ; BD = Va? + ¢?
Tir d6 suy ra cdc géc clia tam gidc BCD déu nhon vi binh phudng mdi canh
déu bé hon tng binh phuong hai canh cdn lai. C6 thé cho BC 1a canh ldn
nhét cfia tam gidc BCD = BDC la géc 16n nha't = 60° < BDC< 90"  (3)
Tac6 2S=BD.CD sin BDC D

= \/az +¢? .\/b2+c:2 .sin BDC

> 2ac/2bc sin 60° = V3 be. (4)

(do ba't ding thitc Cosi va (3)) B C
Dédu biing trong (4) xdyra<>a=b=c
T (2), (4) suy ra (1) ding = dpcm.
Dédu biing xdy ra <> a=b =c < ABCD Ia t di¢n vudng cin dinh A.

Thi du 18: Trong mit phing (P) cho géc vudng xQy. B va C lan lugt di dong

trén Ox, Oy sao cho OB + OC = a, d diy a 1a s6 duong cho truéc. Bit OB = %
OC =y. Doan OA = a vudng géc vdi (P).

az (3+J§)r<:>a2 (3+\/§)

4 N
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Xdc dinh tim I hinh cdu ngoai ti€p & dién OABC va tinh bdn kinh R
ctia hinh ciu nay theo a, x, y.
Goi G 1a trong tim tam gidc ABC. Chitng minh O, G, I thing hang.
Chitng minh Voapc 16n nhat <> bdn kinh R clia hinh ciu néi trén nhé nhat.
Chitng minh riing khi B, C chay lan lugt trén Ox, Oy sao cho OB + OC =3
thi tim I chay trén mot doan thing. Tim d6 dai doan thing nay.

Giai A
Ql M la trung diém ctia BC = M la
Am vong (ron ngoai tlep tam gidc
Qua M vé A L (P). Pudng trung
7 rc clia
OA (xét trong (AOM) cit A tai 1. Khi
d6 1 chinh 1 tim hinh cAu ngoai ti€p
én OABC.

‘ 2 2
acéR Ol = VIM? +OM? = OA BC =—\/a >tk ¥

G 15 stt O N AM = G. Theo cdch du’ng tdm I § phén 1 va theo dinh Ii Talet,
. MG _MI 1

(1)
I GA oA 2
Mit khdc G nim trén trung tuyén AM cilia tam gidc ABC nén k&t hgp vdi
:‘.I') suy ra G 1 trong tdm tam gidc ABC. N6i cdch khic O, G, I thing hang.
il 3

wva ¢6 Voape = %axy . Tir dé Voapc max <> Xy max
7

"
I

' R= %\/az bl +y2 =%\/a2 +(x +y)2 —2xy =%\/2a2 —2xy

I'lr 46 suy ra R min <> xy max.

' 4y Voapc max <> R min = dpcm.

a c6 thé thi'y tim I clia hinh cdu ngoai ti€p tf dign OABC c6 thé dung nhu sau:
V& hinh chit nhat BOCD A

Goi I 1a trung di€m ciia AD thi

113 tim hinh cdu ngoai ti€p it dién OABC.

s 1
Xétphép vity tdm A, tisd k = A

rong phép vi ty nay D - L.
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Xét bai todn hinh hoc phing sau: y
Cho géc vudng xOy. Trén Ox ldy B, C*
Oy ldy C sao cho OB + OC = a.

Goi D 1a dinh thir tw ctia hinh chir nhét
BOCD. C
Pit trén Ox di€ém B* sao cho OB* =a
N&uB*D citOy §C => 0OC* =a

Viay D nim trén doan thing ¢& dinh
B*C*,

Tir d6 suy ra I nim trén doan thing
B,C, 1a dnh ctia B*C* qua phép vi wr

d

d I
taim A, ti sO —
2

a2

Vi B*C* =a+/2 nén B|C| = —2—-

- o
Thi du 19: Cho hinh chép S.ABCD trong d6 diy ABC la tam gidc vudng tai A,

SA vudng géc vdi diy ABC. Goi O la tdm hinh ciu ngoai ti€p hinh chdp
S.ABC.
1. Ké AH L (SBC). Kéo dai AH gip mit cdu ngoai ti€p néi trén tai K.
Chitng minh HK = 2AH.
2. Goi O, 1a tim dudng tron ngoai ti€p tam gidc SBC va r 1a bdn kinh
dudng tron ndy. Chitng minh: r = HO,® + 2AH’
Giai

1. Goi M la trung diém cia BC.
Ké& Mx // SA. Trong mit phing
xdc dinh bdi (SA, Mx), vé trung
tryc cia SA cit Mx tai O. Khi
d6, O la tdm hinh cdu ngoai @
ti€p hinh chép S.ABC.
'NGi OA va gid st OANSM =S Al
Tuwong (¢ nhu thi du 18, dé
thdy S 1a trong tdm tam gidc
SBC va ¢6 AG = 2GO.
Ké AH L (SBC), theo bai todn cd bin & Chuong 2, thi H I3 tryc tim tam gid*
ABC. AO kéo dai cit mit cdu tai A, con AH cit mit cdu tai K. Ta ¢/

AHG = 90 (do AH L (SBC)).

S
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Lai c6 AKA'=90" vi K niim trén mit ciu, cdon AA’ 1a duding kinh. Tir d6 c6

HG /| A’K.

AH AG
‘Theo dinh Ii Talet c6: ﬁ=a (1)

AG =2GOnén AO=0A’ = GA’ =2GA

Vi thé tir (1) ¢6 HK = 2AH = dpem
Goi H 12 tryc tim tam gidc SBC va H, 1a diém ddi xﬁ’ng ctia H qua BC.

Gid st SHNBC=H’
a ¢6 HH, = 2HH’. Theo hinh hoc 16p 10 thi
P,(0))=HO*-r?
A 'ﬁlkhc’w' %4(0,) =-HS.HH, = -2HS.HH’
Tir d6 suy ra: HO. — 1’ = -2HS.HH’

{ =’ - HO=2HSHH' (*) B\ i c
rong tam gidc vudng SAH tai A, ta c6
HS.HH’ = AH* (**) Hl

[ (*) va (**) suy ra r’ =HO,?* + 2AH’ = dpcm.
 20: Cho tif dién ABCD vé6i AB =a, AC=b, AD=c,BC=x,BD=y,CD=z
91 ti€p trong hinh ciu bdn kinh R. Goi G 1a trong tim 0 dién. Chitng minh:

f GA+GB+GC+GD s L tD +¢+x? +y? +22

4R

| Giai

)0 G 1a trong tim t& dién nén ta c6

GA + GB+GC+GD =0 (1)

'heo tinh cht ciia trong tim td dién, ta ¢6 4 (GA? + GB? + GC? + GD?)
Ea?ib?+PHxi4y2422 @ A

30i O 1a tAm hinh cdu ngoai ti€p i dién ABCD
Chi d6 ta 6 OA = OB = OC = 0D =R.
'a c6 GA.OA < |cTAI|.|6K| =GAR

4

GA(OG +GA)<GAR A3)

.Ap ludn twong tr c6 B D
E}_B'(E)T; +GB)<GBR @)
GC(0G + GC)<GCR (5)
GD(OG +GD) <GDR (6) C
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Cong tirng v€ (3), (4), (5), (6) ta c6
&‘(ﬁ+a§+@+éﬁ)+GA2 +GB? + GC? + GD?
<R (GA+GB+GC+GD) (7)
Tw (1),(2), (7) suy ra
a? +b +ct +x2 +y° 427
4R
Dau ding thitc xdy ra <> ddng thdi ¢6 ddu bing trong (3), (4), (5), (6)
& O ddng thdi niim trén cdc dudng thing GA, GB, GC, GD
< 0 =H > ABCD la f di¢n déu!
Thi du 21: Cho t& dién ABCD ¢6 R Ia bdn kinh hinh ciu ngoai tiép & dién. Go
G., Gy, G., Gy lan lugt 1a trong tdm cla cdc mat BCD, ACD, ABD va ABC,
Pitm, = AG,, my = BGy, m, = CG,, my = DG,. Chifng minh ring:

GA+GB+GC+GD > = dpcm.

R > %(ma +my +m, +my)
Gidi
Goi O 1a tim hinh cAu ngoai tiép tf di¢n. Ta c6 4R* = OA’ + OB? + OC” + OD’
AL T o B AV L5 WL TOR VRS KNS BN 2
= (0G +GA) +(0G +GB) +(0G +GC) +(OG+GD)
v6i G 12 trong tAm uf dién
Ta ¢6 GA +GB + GC +GD =0 nén tif trén suy ra
4R? =40G? + GA? + GB* + GC* + GD* (1)
Theo tinh chdt clia trong tim t& dién, ta ¢

GA = —3-ma;GB= 2mb;GC= 2mc;GD= }—md
4 -+ 4 4

Thay lai vao (1) va di dén B 0P g ey S Y

4R*=40G’ + %(ma2 + mbz + mc2 +md2)

= 4R*> %(mm2 +my? +m +md2) 2 G

Dfu “=” trong (2) xdyra < 0G=0<0=G.
Theo bt ding thic Bunhiacopski, ta ¢6

2 2 2

1 2
m,? +m,? +m2 + my?> —(m, + my +m, +m) A3)

4
Diu biing trong (3) xdy ra <> m, =my =m_ =my

Tir (2), 3) suyraR > l%(ma +my, +m,+my) 4)
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i
!

Po 1a dpcm.
DAu biing trong (4) xdy ra <> ddng thdi c6 diu biing trong (2) (3)
“ By

5 < ABCD la u dién déu.

mu o= mb -~ mc = md

1: 22: Cho ut dién ABCD c¢6 AB = a,, AC = a,, AD =a;, CD=b,, DB = b,,
BC = bs. Goi I 1a tdm hinh cdu noi ti&p t dién. Gid sir cdc khodng cich tr
am I d€n cdc canh ¢é d0 dai a,, b; 1a h; va d; twong l?ng (i=1;2; 3). Chitng

1 Gii
Gid sif Al N (BCD) =I'; BC n (AI'D) =M

il

{ bing trong (1) xdy ra < B, =M =C,
= BC L AD va dudng vudng géc chung
la BC va AD qua I.

(l) suy ra b}.SMDZ (BB] o CC]).SMD
= b3.Sa1p2 3(Vs.aip + Veap) (2)
R 1

i Vs aip = Viap = 3 r.Sasp B

1

;1 - Veap=Viacp = 5 r.Sacp

hay lai vao (2) tacé:  bySap2r(Samo+Saco) . (3)
\‘ glﬁ thié[ ta lai c6: Sap = %ADd(I, AD) = %.a;.hg

".‘ y lal vao (3) ta c6: —;—.a;,.h;.b; 2 r(SABC + Sacp) “4)

luaﬂ hoan toan tuong tu c6: %.a,.h..b. 2 r(SABC + SABD) (5)
1
3 a2.hy.by 2 r(Sapc + Sacp)  (6)

1
5 .a1.by.d; 2 r(Scpa + Scps) @)

105




Béi duong HSG Hinh hoc kkhéng gian —= Phan Huy Khdi

.a2.by.d; = r(Sgpa + Sepe) (8)

N = =

.a3.b3.d3 =2 r(Sgca + Ssep) )

Cong tirng v& (4)—(9), di d&€n
aby (hy +d,) + asby(hy +dy) + asbs( hs + d3) = 6r(Sapc + Spep + Scoa + Spas).  (10)
bé y rﬁng V = Viasc + Visep + Vieoa + Vipas

1
= 5 r(Sasc + Ssep + Scpa + Spas)- (11)
TU(]O), (1) di déﬂ il|b| (h| + dl) 4 azbz(hg & dz) + a;b;( hj + d"q) > |8V. (12
b6 ladpem!

Diu biing trong (12) xdy ra (bing li luan twong tu nhv ddu bing trong (|
xdy ra) <> ABCD la uf dién déu.

Thi du 23. Cho ABCD la ti dién gin déu (tfc 12 ¢6 cdc canh d8i dién biing

1.

196

nhau) va M 12 mdt diém tiy ¥ trong t& dién. Ha MM,, MM,, MM3, MM, li;

lugt vudng géc vdi cde mit BCD, CDA, DAB, ABC. Goi r va p tudng tng I

ban kinh mit cAu ndi ti€p va ban kinh dudng tron ngoai ti€p mot mit cla

dién nay. Goi A, B, C 12 géc clia tam gidc ABC. Chitng minh :

1. MM,? + MM,* + MM;* + MM, > 4p’cosAcosBcosC

2l
4

£

P
Giai

Do ABCD la tit dién gin déu nén ta c6

BC=DA=2a; CA =DB=b; AB=CD=c¢

D& thi'y dudng cao ha tir cdc dinh cla uf dién B

gin déu 13 bing nhau va gid st = h.

Thét vdy do Sgcp = Scpa = Spas = Sasc =S,

nén ha=hh=hc=hd= ‘3%6 dﬁy ha, hh, hc!hd

twong ng la cdc chiéu cao cia tf dién ké tir
A,B,C,D. Tacé

V = Vasep = Vmaep + Vmepa + Vmpas + Vmasce

= %S(MM|+MM2+MM3+MM4), BEZ

Mt khic V = %Sh . MM, + MM, + MM; + MM, = h
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.-'Dng hinh hop chit nhit ngoai ti€p hinh hop ndy, ta c6
\/2 b2 +c? - (a +c? bz)(a2+b2—cz) (1)

Ap dung dinh li ham s& Cosin trong tam gidc ABC ta c6
b2 +c? —a’=2bccosA; a% +c? —b?= 2accosB; a® + b? —c? = 2abcosC

Tt d6 theo (1) ta ¢é V= %abc\/cosAcosBcosC 2)
Ta cé =S -l—bcsinA=ahC
2 4p
Ta c6 MM, + MM, + MM; + MM, = h = 2. = abevcosAcosBcosC
S aoe
| : 4p
= 4p+Jcos A cosBcosC 3)

; Theo bt ding thitc Bunhiacopski thi

MM, + MM, + MM; + MM’ < 4(MM? + MM, + MM;?> + MM®)  (4)
| (3) 4)suyra MM, + MM, + MM, + MM, > 4p°cosAcosBcosC
r P6 1a dpem. DAy biing x4y ra <> MM, = MM, = MM; = MM,
| <> M I tdm hinh ciu ndi ti€p ut dién ABCD
y M =1, diy I 1a tAm hinh cdu ndi ti€p t& di¢n ABCD. Khi dé ta c6:

= 4r = 4p+/cos AcosBcosC => r = py/cosAcosBcosC

P

[a bict riing trong moi tam gidc ABC thi: cosAcosBcosC < —

oC

(difu bing xiy ra <> ABC la tam gidc déu).

p r_ V2

wdotachir — & —<—
22 p 4

)6 1a dpem. Dau biing xdy ra <> ABC 12 tam gidc déu <> ABCD la tf di¢n déu

du 24: Cho it di¢n ABCD. Goi S;, R, I; (i = 1,2,3,4) 1in lugt 1A dién tich cla
adt thit i, ban kinh clia dudng tron ngoai ti€p mit ndy va khodng cdch ur
Am dudng tron ndy dén dinh d6i dién cla tf dién. Goi V 13 thé tich cla f

q
i¢n. Chitng minh: V= l\/iZsiz (li2 —Riz)
3V245
Giai
20i ABC 12 mit 16n nhat cla ti di¢n.
Joi O, 1a tim dudng tron ngoai tiép
am gidc ABC, O Ia tim hinh ciungoai A
I€p uf dién, thi rd rang 00, L (ABC)
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Khi d6 ta ¢6 DO, =1;; AO, =R,;; OA =R (& day R la~bdan kinh hinh cau ngo
ti€p ut dién ABCD).

Pit 00, =d,, goi h, 12 chiéu cao ké tr D

cia & dién (tc 1a néu ké DH, L (ABC), H, € (ABC) = DH, =h))

d,, ds, d4; hy, hs, hy duge ki hiéu twong .

R rang ta ¢6 Sih; = S;hy = S3hy = Sghy = 3V. (1)

Ta c6

1% s e T s ¥ St mp

= I=N'82 g2 -RA == Y SR Gl (2
3\/2§ i (I l) 3 2; R hiz ()
Thay (1) vao (2) va c6

Lltsezo2 oy oy [Ly 42 -RE
3\/25& (62-R?) =V 22 o 3)

RG rang trong tam gidc vudng OAO, ta ¢
OA2=00.2+0,A’=>R*=R*+d?=>R?=R?*-d/}
=12 -RP=12-R*=dD) = -h)- R -dD)+h’ @)

RG rang ta ¢6 1,2 - h2 = DO,* - DH,? = H,’0,* = OK? (k¢ OK L DH))
 =R*-DK*=R*- (h,-d\)* (5)
Thay (5) vao (4) va ¢6 ;> = R*=R*= (h; -d,)’ - (R*~ d;)) + h/’
=R?— h? - d;? +2hydy - R2+ hi +dy’ = 2 yd,.
R AR e

= o i 8

(6)
h,’ h,® h,

e g2=REE A b .
Lap ludn tuong ty nhu (6) ta c6 —h—z—— 2h_ Viie'1,2,3,4. (7)
3 i

Thay (7) vao (3) ta di d€n

Ul ooz p2liy L&l o i
3\/2§si (1i R, )_v\ﬁ.zghi_v ghi (8)

—

Goi V; 12 thé tich t& dién dinh O va ddy 1a cdc mit ¢6 dién tich S; (i = 1,4)

Ta c6 Y‘—:i Vi:m
Vi eh

=1 )

4
d; Vi +V+V;+V,
=) === :
2 v
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[ 4

. Thay Q) vio 8)vac6 V= % %;siz(lﬁ -R?) D6 la dpem!

i i=

thi du 25: Cho tf dién A;A2A3A, va G 1 trong tim cta n6. Cdc dudng thing

" GA,, GA,, GAs, GA, lan Iugt cdt mit ciu ngoai ti€p tf dién tai A, A;, A,

A, . Chitng minh

' |. GA,.GA,.GA,.GA, <GA, .GA, .GA; .GA,

i 1 | 1 | I 1 1 1
+ + + <

2. . : ; o= + + +
L © GA/ GA, GA; GA, GA, GA, GA; GA,
i Giai

1 pit d = OG, & diy O la tim hinh ciu
. ngoai iép uf dién. Theo phudng tich
~ cia mot diém véi mit ciu, ta ¢6

,GA GA; =R?- ¢ (i=14),
H

¢ diy R 1a bdn kinh mit cdu ngoai g
| i€ ut dién. Tir d6 ta c6
‘.(GA. .GA; . GA; . GA).( GA, . GA,
3 . GAy) = (R* - &))", (1)

Do OA, OA;=0A;=0A, =R = OA,* + OA;” + OA,” + OA = 4R* (2)
’ Laico

| OA/ +OA + OAS” + OAS = (0G+GA,) +{0G+GA;)" +(0G+Ghy) +(0G+Ga)
I; =40G? + GA 2+ GA,? + GA> + GAS 3)
- (vi GA, +GA, +GA, +GA, = 0 do G Ia trong tdm t¥ dién).
- Tir (2), (3) suy ra GA/” + GA; + GAY’ + GA =4 (R* + &) (4)
-‘ Theo bi't ding thite Cosi, ta ¢6
1 GA/? + GA,2 + GA? + GA> 4{/GA 2GA,2GA,2GA

4

Tu (4), 5)tac6  GA,.GA;.GA;. GA, < (R* - d?)? (6)
T (1), 6)suyra GA,.GA,.GA;.GA; <GA,.GA; . GA; . GA,

D6 1a dpem. Dau biing xdy ra < GA, = GA; = GA; = GA,

& H=0 o A AAA LA tF dign déu.

Theo trén ta ¢6

1 4. g 4

| G; Rf”‘dz Vi=1,4 ga-—=—_-2'_d2 > 'GA, 7

|

: 2
‘ 2 2 2 2 ;
oy OA.CACALOA < [GA, +GA,?+ GA,2+ GA, ] i
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4
: AL
Tir (4), (7) ta c6 Z =451 (8)
|=l i z
Ap dung bit ding thic Bunhiacopski ta ¢6
2
(GA'+ GAZZGA-‘J’ Ghy J < GAJ? + GAR + GAs? + GAZ )
4
1 igoy 16 (10)
i=l i ZGAi
il
Lai theo bat ding thirc Cosi, thi
(CAL GO TOA D bl 201 - TUy g
: GA;,1GA | Ohz: (A
4
hay ZL Tl L (11

4 4
Tir (10), (11) di d&n Z—l.- % Z—l—:>dpcm.

Diubiing xdyra < GA;=GA,=GA;=GA; <& H=0
& AjAAA, 1A tf dién déu.
Nhdn xét: Ta c6 k&t qui twong ty sau trong hinh hoc phing

Cho tam gidc ABC ndi tiép trong dudng tron.
Goi G 1A trong tdm tam gidc. Gid sit AG, BG, CG
1an lugt cdt dudng tron tai A’, B’, C*. Khi d6 ta ¢6
1. GA.GB.GC <GA’.GB’.GC’
l 1 1 1 1 1
p—t—2—+ - 2
GA GB GC GA GB GC ¢

Dau biing xdy ra trong hai bt ding thic trén <> ABC la tam gidc déu.

B

Thi du 26: Cho tf di¢n ABCD bit ki. Goi R va r tudng ¥ng 1a bdn kinh hinh ciu
ngoai i€p va nodi ti€p tf dién. Chitng minh ring: R > 3r.
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Gidi
Goi G, Gy, G3, Gy lan lugt 1a trong tim
cdc mit BCD, ACD, ABD va ABC.
D& thay ring G,G; // AB, G,G, // AD,
G,Gs3 // AC.
Viy hai t dién ABCD va G,G;G;G,4 la

hai t dién ddng dang theo ty s& % "

! Goi R va R’ twong tng 12 cdc bdn kinh hinh cﬁucngoai ti€p cdc ¥ dién
ABCD va G,G,G;G4. Tac6 R’ = %

Vi G, G, Gs, Gy 1 4 diém Idn lugt nim trén 4 mat clia uf dién ABCD, do

.' d6, hién nhién ta c6: R’ >2r = l—;—: R’>r hay R 2 3r = dpcm.

du 27: Cho hinh chép t gidc déu S.ABCD canh bén va canh ddy déu biing a.
C6 mot hinh cdu di qua A va tiép xic vdi SB, SD tai trung di€ém cia mdi
dudng . Xdc dinh tim O va tinh ban kinh hinh ciudy. s
Giai
~ Vi hinh cdu ti€p xdc vdi SB tai trung
diém M ctia n6, nén tim O cda hinh

" cAu phii nim trén mit phing trung
-~ truc ciia SB. Do gid thiét suy ra: MA L
- SB,CM L SB nén SB 1L (MAC).
Viy (MAC) chinh 12 mit phing trung , £Z--"""
truc ciia SB.
" Tuong t néu goi N 1 trung diém cta SD thi O € (NAC), § ddy d& thdy
(NAC) 1A mit phing trung tric ciia SD = O € AC = (MAC) N (NAC).
Trong (MAC) V€ trung tryc ctia MA va gia sir dudng ndy cidt AC tai O.
" = OM = OA. D& thi'y AMAO = ANAO = OM = ON
'Viy O chinh 1a tim hinh ciu qua A va tip xic vdi SB, SD tai trung dic¢m
ctia mdi dudng. Goi R 12 bin kinh cla hinh ciu nay.
- Ta c6: R=0A= AE\ = A_IE\ (1)
cosKAO  cosMAH
O diy K 14 trung diém ca MN, con H 1a tim clia ddy ABCD.

" Do MA = MC = MH L AC = cosMAH =% )
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_ AK.AM

Tir (1), (2) s ; R A
(1), (2) suy ra . 3)
Lai cot AK:lAM=a\/§;AH-_— a2 )
2 4 2
av3 a\/§ \/"
¢ ML=
Thay (4) 7o (3) di88a: - R = Ao Rt ey
a2 8
2

Thi dy 28: Cho hinh chép tam gidc déu SABC, canh ddy biing a, canh bén bing
b (b > a). Hinh cdu ti€p xic vdi (ABC) tai A va ti€p xic v6i canh SB. Tip,
ban kinh hinh cdu.

Giai z
Vi hinh cau ti€p xdc véi (ABC) tai A
nén tim O clia né nim trén dudng
thing Az L (ABC) tai A.
Gia sit D 1a ti€p diém clia mit cAu véi SB 0
= BA = BD = a (hai tip tuy&n cla I
mit cAu ciing xudt phét tai B)

Do b > a nén D nim trong canh SB.
Goi bdn kinh ctia hinh ciu nay la r, thi
OA=0D=r

Ké OK // AH = OK L SH, ¢ diy H la tim
cia ddy ABC. Tir canh huyén chung SO ctia hai tam gidc vudng SOK vi
SOD suy ra: SK* + OK* = SD? + OD?

= (SH-r1’+AH* = (b-a)’ + 1’

= SH? + 1’ =2SH.r + AH’ =b* - 2ab + a2’ + *

B

= b~ 2SH.r =b* - 2ab + 2’ (do SH’ + AH* = SA’=b?) =>r = “a(it;;a‘) (1)
2 2 3 ’
Do SH = \SA% — AH? = b2_§£ :\/ﬂ -
3 3
Thay (2) vao (1) vd ¢6  r= a(2b—a)\/§‘
3b2 _aZ

Thi du 29: Cho hinh ch6p tam gidc S.ABC. Biét ring ton tai hinh ciu tim O ban kinh
R (O niim trén chiéu cao hinh chép) tiép xic vdi ca siu canh ciia hinh chép.

T2 ]
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I. Chitng minh S.ABC Ia hinh chép déu.

2. Cho SC = R+/3. Tim chiéu cao hinh chép.
Giai

Goi M, N lan Iugt 1a cdc ti€p diém clia

hinh cAu vdi cdc canh AB, BC, CA.

Goi SH 1a chiéu cao ctia hinh chép va O

Ia tm ctia hinh ciu da cho, thi O € SH.

Theo dinh li ba dudng vudng goc, ta ¢

HM L AB (vi OM L AB, do hinh ciu

ti€p xtic AB tai M).

Tuong ty HN L BC, HP L AC.

Do OM = OM = OP = R nén HM = HN = HP, viy H 1a tim dudng tron ndi

ti€p tam gidc ABC.

Goi K, E thtt tv 1a cdc ti€p diém cla hinh ciu v6i cdc canh SA, SC. Ta ¢6

SK = SE (hai ti€p tuy&n cling xuit phat (¥ mot diém).

= AKSO = AESO = KSO = OSE

= ASAH = ASCH = SA = SC.

Li ludn tuong tw SA = SB, viy SA = SB = SC va do d6 H 1a tdm dudng tron

ngoai ti€p tam gidc ABC. Nhu viy, ABC phal 1a tam gidc déu (do tm hai

dudng tron ndi va ngoai tiép tring nhau) = s ABC la hinh chép déu

= dpcm.

Ta dat ASH = o, nhi vy sina. = 95——&———\/:— it viy AS = J3 AH.
0S R:\3

Pit SH = h, HN = x (nhu viy AH = 2x).

Trong tam gidc vudng SAH, theo dinh li Pitago, ta c6

SA’ = SH? + AH? = SH? = 2AH’ & h’ = 8x

Trong tam gidc vudng OHN, theo dinh li Pitago, c6

ON?=OH? + HN’ = R?= (h-V3R)’ + X’

— R?=h%- 2hR3 + 3R* + X% 1)
Thay h? = 8x vao (1), rdi rit gon ta ¢6 9h* — 16+/3 hR + 16R’ = 0. )
43
Ti¥ (2) c6 h = T\/_R el f‘_?ﬁ
43R 3R

Nghu;mh————— biloaivitac6h=SH>SO=R\/§>4—9—

43R
¢

Viy chiéu cao ctia hinh chép SH =
203
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Thi du 30. Trong mit phidng (P) cho tam gidc ABC ¢6 ba canh AB =c¢, AC = b,

BC = a. C6 ba hinh cdu tim O,, O,, O; titng ddi ti€p xiic v4i nhau va 1in lugt
ti€p xidc vdi (P) tai A, B, C. Goi R, R,, R; tuong tng 12 ban kinh cdc hinh

Cﬁu tim O], Oz. 03. Tinh R], Rz. R3 theo a, b, C. O,
Gigi :
Do vai trd ddi xitng c6 thé gid sir H

R;2R,>R;
Ta cé 0,0,=R;, +R,
0,0;=R; +R;
0,0, =R; +R,. B
Ké O;H // BC va theo dinh li Pitago
trong tam gidc O,HO;, ta c6
HO5’ = 0,05° - O;H> = a’ = (R, + R3)* - (R, -R;)?

= a’ = 4R,R; (1)
Lap ludn wong wr c6 b? = 4R3R, (2)
¢’ =4R|R, (3)
Nhin tirng v& (1), (2), 3) va c6  a’b’c® = 64R *R,°R;’
=5 abc = 8 R|R,R; 4)
T (1), (2), (3), (4) d& dang suy ra
R|=’b—C';R2= £2R3= ﬂ
2a 2b 2c

Thi dy 31: Chitng minh ring difu ki¢n cin va di dé tdn tai hinh ciu ti€p xic

L.

v@i 14t cd cdc canh cla uf dién ABCD la: AB + CD = AC + BD = AD + BC
Giai

biu kién cin: Gia sif ¢6 hinh ciu tiép xiic vdi cd sdu canh cta tif dién.

GoiP,Q,R, T, U, S Ia cdc ti€p diém vdi AB, AC, AD, CD, BD, BC

= hinh cdu s& cit cdc mit cda tf dién theo cdc giao tuy€n 13 cdc dudng tron

ndi ti€p cla cic mit cia tf dién

Theo tinh chdt cla tiép tuyén ta cé:

AP=AQ=AR =1,

BP=BS=BU=1,

CQ=CS=CT=1,
DR:DT=DU=14 AD+BC=11+12+13+]4

AB+CD=1+1, +13+1,
={AC+BD=1+1, +13+1,

Tir d6 suy ra dpem.
Piéu kién di:
Gia st ¢c6 AB+CD =AC + BD = AD + BC.
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Goi P, Q, S 1a cdc ti€p diém ciia dudng trdn ndi ti€p AABC vdi cdc canh clia
tam glac Dal x = AP; y=BP;z=CQ

= —(AB +AC-BC)

<y=%(AB+BC—AC)

= %(AC +BC - AB)

\

Xét cdc tiép diém P’, R, U clia dudng tron ndi ti€p AABD
| Khi d6 ta c6 AP’= %(AB +AD-BD)

%(AB+ AD +BC -BD-BC)(do AD+BC = AC + BD)

1l

%(AB+AC—BC) 2x AP =xviyP' =P

= AR=x;BU=y

Pit DR = DU = u va xét dudng trdn ndi ti€p AACD.

~ Ly ludn twong ty nhu trén ta s& thi'y ching ti€p xic vdi cdc canh tai Q, R,T.

Goi d, 1a dudng L (ABC) va qua tim ABC
D, la dudng L (ABD) va qua tim ABD

R, P=10=18 _ ©p_1qo-15=1U

. IP=IR=1IU

~ Laic6IP L AB;IQ L AC; 1S L BC;IR L AD; IU L BD

~ Goi J 1a hinh chi€u ctia I 1én (BCD). Vi IS L BC, IU L BD nén theo dinh ly

ba dudng vudng géc suy ra IS L BC; JU L BD. Vi lai, IS = IU = Is=N=

- Jla tim dlrdng tron ndi ti€p ABCD = JT =JS = IT = IS va IT 1 CD.

. Nhu th€ hinh ciu tim I ti€p xtc v6i 6 canh cla tf di¢n. P6 la dpem.

) idu 32: Cho tt dién ABCD ¢6 AC = AD = BC = BD; AB = a; CD =b. Goi |

va J tudng u’ng 1 trung di€m cta AB va CD. Pt IJ = k. Ching minh riing

- diéukién cAn va di dé tdn tai hinh cdu ti€p xic véi cd 6 %mh cla ti dién la

. ab=2R’

= dind;=1

Giai
. Gia st ton tai hinh cdu tdm O ti&p xiic
vdi 6 canh cla i di¢n, khi d6 O cédch
déu AB va BC = O nim trén (CIJ)
Tudng ty O cdch déu CB va CD nén O
nim trén giao tuy&n ctia (CIJ) va (BI)),
tirc1a O € 1.
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Tir gid thi€t AC = AD = BC = BD

= 1J 1a dudng vudng géc chung ciia AB va CD = O 1a trung diém cia 1J v
O ciing cdch déu AB va CD).

Do Il =k =0l = OJ-—%

Goi K 1a ti€p diém ctia mit ciu vdi AD. Khi d6 theo tinh chat ciia cdc tiép
tuy&n phat xui't tif mot diém, ta c6:

AK = A1 %;DK:DJ:%.VHhé’AD: wsis?
2 2 2 a’ 2
Trong tam gidc vudng AlJ c¢6 AJ* = AI° + 1) = T+ k (1)
2 2
+b
Trong tam gidc vudng AJD lai ¢6: AJ> = AD* - D’ = (Z’T)—b? ()
+b 2
Tir (1), (2) suy ra *— k= (a4) t; hay ab = 2k? 3)

2. Pdo lai gid si thda min diéu kién (3), tite 1a ¢6 ab = 2k

. ~ R 2 2 2 az 2 az ab
Goi O 1a trung diem IJ. Ké OK L AD, ta c6 AJ =T+k = 7+7
2 2
= AD’=AP+JD*= 2 4 9+3—=1(a+b) :AD_l(a+b)
4.2 Hid DY 2
Vi the KD = -;—(a+ b) - AK
X¢ét hai tam gidc vudong OKA va OKD, ¢6
2 2
OK?>=0A’- AK?=1A?+10%- AK?= %—+kT—AK2 4)
Lai ¢6 OK® = OD? - KD? = OJ? + JD? - KD*
k3 ¥ i ]2
= —+——|—(a+b)-AK(a+b
2|3 0)-AK(a+b)
L | 2 2
= —+-—-—(a+b)” +(a+b).AK-AK 5
T3+ +(a+D) )
Tix (4), (5) suy ra (a+b).AK = -;(a +b) = AK = -;-
2 2 2
= OK?= 2 +—k——a—:>0K=—k-
4 At 2
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- Ly ludn twdng tu suy ra khodng cach tir O (6i cdc canh ctia 1 dién déu biing g .

. Nhu viy, O 1a tdm hinh cdu tiép xiic vdi cd 6 canh ciia t& dién ABCD. Viy

- hé thic ab = 2k? 1a diéu kién cin va di thda man yéu ciu dé ra = dpem.

du 33: Ba canh ctia tam gidc ABC d¢u ti€p xdc v6i mit ciu tAm O, ban kinh
'R = 5cm. Bi€t AB = 13cm, BC = l4cm, AC = 15¢m. Tim khodng cédch tir O
!ﬂé'n mat phﬁng (ABC).
; Gigi

' Gid sir BC, CA, AB lan lugt ti€p xic

* véi mit cau tai M, N, P. Khi d6 ta c6

. OM L BC, ON L CA, OP L AB.

‘K& OH L (ABC). Theo dinh Ii ba dudng

v p
%l& dién tich va nifa chu vi clia tam gidc ABC.
D& thiy p= M-;Bﬁ:zl

‘Do d6 theo cdng thitc Hérdng thi:
i S = \p(p-a)p-b)(p-c) =+21.8.7.6 =84 cm®

Ttr do fle E‘-1-=4cm
‘ 21

%’ﬂié’m ddi xing cia O qua G. Gid sit O nim trong t dién ABCD. Chiing
minh riing I ciing nim trong tf dién ABCD. A
Gidi

'Goi M, N, P, Q, R, S tudng ttng 12 trung

ui tai G va G 1a trung di€ém ciia mbi
‘doan 4y. Ta ciling thiy G chinh la trong
tdm ciia tif dign (xem chuong 1)
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Thi

208

R& rang hinh bat dién (tdim midt) MPRNQS
nhin G lam tAm d&i xdng.

Goi O 1a tim hinh cAu ngoai ti€p t¥ dién
ABCD = OA=0B=0C=0D

= OM L AB; OP L AC; OR L AD.

= OMA = OPA = ORA =90"

= Céc diém M, P, R nén trén mit ciu
dudng kinh OA. Tir d6 suy ra O khdng nim bén trong ti dién AMPR.

Ly luin tudng ty O cling khong nim bén trong cdc tf dién BSQM, CNSP v3
DQNR.Mit khdc, O nim bén trong tif di¢n ABCD.

Vi th€ O thudc khdi bat dién MPRNQS. Do khdi bdt dién ndy nhdn G lam
tim d&i xting , ma I 1a diém d6i xing ctia O qua G = I ndm bén trong khi
bit dién nay. Néi riéng I cling nim trong tif di¢n ABCD. P6 1a dpcm!

du 35: Tt dién ABCD c¢6 cdc dudng thing ndi dinh cla t& dién v6i tim
dudng tron ndi tiép clia mit d6i dién déng qui. Chitng minh ring néu c6
mdt mitciu di qua ba dinh cla uf dién N
va cdt cdc canh k& v6i dinh thit wy tai
ba diém thi ba diém nay 1 dinh clia

mot tam gidc déu.

Gidi
Gia st A’, B’ tuong ng 1a tim dudng
tron ndi ti€p cdc mit d6i dién dinh A,
dinh B. Gia st AB’nCD =1
= (ABB’) n (BCD) =BI
Theo gid thi€t thi AA’ va BB’ cit nhau
nén A’ phdi niim trén giao tuyén clia (ABB’) va (BCD), titc 1a A’ € BL.
Theo gid thi€t Al, BI tuong ¢ng 2 dudng
phéin gidc trong cia tam gidac ACD, BCD nén ta c6:

Ac_a
AD CD AQ ' BC
i —_— = .BD = AD.BC 1
BC t désuyraAD BD:>AC (1)
BD CD
Mot cdch tudng ty (1) ta ¢6: AB.CD=AC.BD=AD.BC (2)

Mit ciu qua B, C, D ching han cit AB, AC, AD tuong @ng tai B, C,, Di-
Khi d6 B, C, C;, B, nim trén giao tuyén cia mit cdu ndy véi (ABC)
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B,C, AB, AB,.BC
—_—— BiGi= (3
FPOBET - IAe G7 = 1= 2T AC }
' AB,.BD
} Tudng tu ta cé B,D, = AlD 4)
K&t hogp (2), (3), (4)suyra B,C, =B,D,
Tu’dng tlrdl dén B|C| =B|D|=C1D1

- = B,C,D, 1a tam gidc déu = dpcm.
idn xét: Tt dién thda min diéu kién ddu
~ bai 12 ton tai, don gidn ta chi viéc 1dy
ABCD I1a uf dién déu.
- Khi d6 hinh cdu qua B, C, D s& ¢6 tdim
ndm trén dudng cao AH.
~ Hinh ciu nay cit AB, AC, AD tai A, B,, C, C
~ trong d6 dé dang thd'y AB,C,A, <> ABCD => B,C A, 12 tam gidc déu.
i du 36: Trén mit phing (P), cho dudng thing A va di€ém O nim ngoai A. Mot
- gbc vudng xOy quay quanh O, cdc canh Ox, Oy lan lugt cit A tai B, C. Trénl
- dudng thdng (d) vudng géc vdi (P) tai O 14y diém S ¢6 dinh (S # O). Chiing
- minh riing khi géc vudng xOy quay quanh O thi mit cAu ngoai tiép t dién
~ SOBC Iudn di qua mot dudng tron ¢ dinh.
: Gidi
Goi M, E tuong tng 13 trung diém ciia
'BC, SO. Qua M ké Mz // (d).
Goi E 1a trung di€ém ciia SO. Pudng
trung truc cia OS (trong mit phing
xdc dinh bdi (d) va Mz) cit Mz tai 1.
Nhu da bi€t I 12 tim hinh ciu ngoai tiép
uf dién SOBC. Goi O’ 1a di€m d6i xing B
ctia O qua A. Khi d6 O’¢d dinh. X
Goi H la giao diém clia 00’ v6i A va K 12 trung diém ctia SO’. Khi d6 rd
rang H va K ciing 12 hai di€ém c6 dinh.

(d)

Ta c6 HK = 92§2> MI = HK va MI // HK = KIMH 1a hinh chit nhit nén

- IK L KH. Mit khdc, hién nhién do HM 1 (SO0’)
= 1K L (SO0’) (viIK //HM) = K 1a hinh chi€u cia I trén (SOO’).
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&

Trong tam gidc vuong SOO’ do K 1a trung di€m ctia canh huyén SO’ nén ta
c6 OK = KS = KO’ = 10’ = IS. Miit khidc IS =10 = IB = IC. Vay O’ ciing
nim trén hinh ciu ngoai tiép tt dién SOBC.

Nhu thé hinh ciu nay ludn di qua ba diém c& dinh khong thing hang S, O,
O’uic 1a ludn di qua mot dudng tron ¢0 dinh, d6 la dudng tron ngoai ti&p
tam gidc c8 dinh SOO’ = dpem.

Thi du 37: Cho hinh ciu tim O, bdn kinh R va A 1a mdt di€ém cO dinh & bén
trong hinh ciu (OA = d). Ba mit phing bi€n thién qua A va ddi mot vudng
géc v6i nhau, cit bdi mit cdu theo ba dudng ron. Chifng minh riing (Sng
dién tich clia ba dudng tron nay khdng thay doi.

Giai

Goi x, y, z 1an lugt 1a khodng cdch tir O

d&n ba mit phing. Do ba mit phing p i 07
1 T 7

Ay qua A va ddi mot vudbng goc vdi i) el
nhau, nén d& thiy AE i

Lol 2. 442 A e W s

x*+y +2°=0A"=d (1) oy
(xem hinh bén) o x

1

Xét dudng tron giao tuy€n ¢ tim A,
thi bdan kinh R, ctia né la
R, = R? —x2
Tir d6 suy ra dién tich S clia dudng trdn ndy la
S, =nR,’= n(R? et )
Lap ludn wong ty, n€u goi S, S3 1an lugt 1a
dién tich ciia hai dudng tron giao tuy&n con
lai, ta c6

S, = n(R2 —-y?); Sy = n(R% -2%).
Tirdé suyra S+ S, +S; =nl(R2-x*)JH(R2 -y?)+(R? -2%)]
=n[3R* - (x* + y* + 27)] ()
Thay (1) vao (2) va c6:
S, +S; + S3= n(3R? - d*) = const = dpcm.

Thi du 38: Cho hinh ciu bdn kinh R. (L) 12 giao tuy&n cia mdt cau véi mot md!
phing (P) cdch déu mit cdu mot khodng h (O< h <R). Ala mot diém cd dinh
trén (L). Mot géc vudng x7§y trong (P) quay quanh A. Cdc canh Ax, Ay cilt
(L) & C, D. Puding thing qua A vudng gbe vdi (P) va cit mit cau & B.
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1. Ching minh cdc tdng BC* + AD’ vd BD’ + AC? ludn ludn ¢6 gid tri
khong ddi. 1

“ 2. V@i vitri nao ctia CD thi dién tich tam gidc BCD ¢6 gid tri I16n nhat.

| Gidi
Goi O 1a tdm hinh cdu, O’ 1a trung diém CD.
Do CAD = 90" = 00’ L (P)

- Theo gid thiét thi 00’ = h

| Tacé AO’ = YAO? -00? = JR? -’

. Trong tam gidc vuéng CAD thi

= BC? + AD’ = AB? + AC? + AD? = AB* + CD?

‘ = 4h> + 4 (R® - h?) = 4R? = const
(chi § AB =200’ = 2h)

" Twong wf,tac6  BD? + AC? = 4R® = dpem.

;KéBHJ_CD.Tac()SBCD=%DC.BH= R¥-12BH WD

" Do R, h khong ddi nén tir (1) suy ra Sgep max <> BHmax (2)

' Tac6BH < BO'". Vi th BEmax <> BH=BO’

| SH=0 <> BCD la tam gidc cin dinh B
©BD=BC < AD=AC < CDLAO

- Cva D. Liic @6 ADC Ia tam gidc vudng cin dinh A.

i du 39: Cho hinh chép tam gidc déu SABC véi canh ddy = a vA canh bén = b.
; Hinh cAu thi nhit tim O,, ti€p xdc vdi (SAB) va (SAC) twong g tai B va C.
" Hinh cdu tht hai tim O, ti€p xtic (SAC) va (SBC) tuong \ng tai A va B. Tim
' thé tich hinh chép SBO,0,.
: Giai

' Goi M va N wong ng 1a trung diém clia AB va AC = (SMC) L (SAB)
' = néutir Ck¢ CF L SM = CF L (SAB).
- Tuong ty ké BK L SN thi BK L (SAC) (do (SBC) L (SAC)).

' DE thiy BK, CF, SH ddng quy tai G. Vi hinh cdu tim O, ti€p xdc (SAB) tai
"B nén O, nim trén dudng L (SAB) tai B, ttrc 1d nim trén dudng Bx // CF.
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Vi hinh cdu tim O, ti€p xic (SAC) tai
C ma BK L (SAC) nén O, nim trén
duong Cy // BK.
Do BK n (CF = Bx L. Cy =i@yiva
BGCO, la hinh binh hanh. Mit khdc
BG = CG = O,C = O,B vay O, chinh
la tAim hinh cAu thi nhat phdi tim.
Ly luin tong ty O, nim trén giao diém
ctia 2 duong //: Az [/ BK va Bt// A (chi
y Al L SP = AJ L (SBQC)).

2. Baiy gid ta tinh thé tich hinh chép SBO,0;,
Tacé6 OB 1L O,B; O,B L SB
Viy SB la chiéu cao ctia hinh chép.
Mit khdc d& thai'y ABO,O, = AGAC J
(O,B // GA; OB // GC)

|
= Vsgoj0, =;b-SAGc

aV3 -

Xét ASAP tac6é SA=b, AP = Tg= A H

2
con SP = ,sz —% =%\/4b2 —a2

Ta ¢6 trong tam gidc vudng GAH thi

age AH a3 _a3SP_ a3V4b’ o’ _a4b? —a?
coso. 3cosHSP  2SH - \/ 21 42052
2

2 a
b% o

Do tam gidc GAC nén GN? = AG* - AN’
2 aanig 2 2,2
L a_@‘bTa_2>_é_=_a_2b_2 P L e
4(3b° -a°) 4 4(3b°-a) 24/3b? —a?
| ab a’b?

—a = .
2 2\3b2-22 124362 —a?

- 1
Vay vSBO|02 = _3'b

Thi du 40: Cho hinh chép tf gidc S.ABCD, ddy ABCD Ia hinh vudng, canh bén
SA vudng géc vdi ddy. Mit phing (P) qua A va vudng géc vdi SC cit SB.

SC, SD ldn lugt tai B’, C’, D'
1. Chitng minh nim diém S, A, B’, C’, D’ niim trén mdt mit ciu (/)
2. Chitng minh biy diém A, B, C, D, B’, C’, D’ nim trén mit cdu (/2)
3. Tim giao tuy&n clia hai mit ciu (-7, ) va (c/2 ) n6i én.

2] D
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Giai

Vi SC 1L (ABCD) = SC L AB’. ViBC L (SAB) nén AB’ L BC

= AB’ 1 (SBC) = AB’L B’S.

. Tudng tr ta ¢c6 AD’L D’S. Ngoai ra AC’L C’'S vi AC’e (ABCD) va
BC’S 1L (ABCD).

Tir d6 suy ra B’, C’, D’ nim trén mit
cau dudng kinh AS = dpem.

Do AB’ L (SBC) = AB’L B'C.

‘Lép luin twong tr ¢6 AD’ L D'C.
‘Ngoaira AC’L C’C, ADC= ABC= 90"
"= A,B,C,D,B’,C’, D’ ciing niim trén

mit ciu dudng kinh AC.

Do AB’L (SBC) = AB'C'= 90"

Tuong v AD'C = 90" do d6 trén (ABCD)
b6n diém A, B’, C’, D’ nim trén dudng tron dudng kinh A’C’. P6 la
“dudng tron giao tuy&n cAn tim.

‘du 41: Hinh ciu (S) ti€p xic vdi mit phing (P) tai I, M 1a mot diém di dong

trén (S). Hai trong cdc ti€p tuyén ctia (S) ké tr M cdt (P) tai A va B.

1. Ching minh AMB = AIB
2. Goi I’ 1a diém ddi xing ctia I qua AB. Chitng minh I, I’, M va tam O cia (S)
' nim trén mot mit phing. Chitng minh M’ qua mot diém ¢& dinh J & trén (S).

3. Gia thi€t M di dong trén (S) nhung AMB = 90°. Cho A bién thién trén A, con

B bicn thién trén A’; A vi A’ cit nhau tai K trong (P) va vudng géc vdi nhau.

a. Ching minh miit cAu duding kinh AB chita mot dudng tron ¢§ dinh.

b. Tim hai phidn gidc clia géc IKI'.

| Gidi ]
‘Do hinh cdu (S) tiép xidc véi (P) tai
I nén Al BI chinh 1 cédc ti€p tuyén
véi mit ciu (S). Mit khic, AM va
BM ciing 1a cdc i€p tuy€n vdi mit
ciu (S) tai M. Vi th€ theo tinh chit cia
i€p tuy&n ta c6: AM = Al; BM = BL.
I=> AAMB = AAIB (c.c.0)
= AMB = AIB = dpcm.
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2. TacoOI L(P)=0I LABnén AB LII" = AB L (OII')
Vi MA, MB 1a hai ti€p tuy&n ctia (S) = MA 1L MO, MB L MO
= MO 1L (MAB) = MO L AB.
Viy tir MO L (OII’) va MO L AB, hon nira AB ¢6 it nhait mot diém chung E
vdi (OIT’) (do AB N II’ = E) = MO € (I0I).
N6i cich khdc 4 diém I, I', M, O ddng phing = dpem.
Goi (m) 1a mit phfmg chita I, I', M, O (tde (n) 1a (100%)). Xét dudng kinh 1)
ctia (S) thi rd rang IJ € (m). Trong () va xét AI'LJ thi OE l1a dudng trung binh
nén OE // 1J.
Theo trén ta ¢6 MO L (AMB) = MO L ME, viiy ME ciing 1a ti€p tuy&n vdi
mit cdu (S), md EI ciing 13 ti€p tuyCn vdi (S) tai I = EM =EI
MANGSL Gl S 180 e
Mt khdc trong tam gidc cin MOJ dinh O,
6 OMJ = EO(;—_“: OMJ = MOE
Viy suy ra MJ // OE.
TAt ci cdc lip ludn rén déu xét trong
(r) = I', M, J thing hang. Nhu viy
MI’ Iudn di qua mdt diém c6 dinh J

trén mit cau (S) = dpem.

a. Do AMB = 90", viy theo cdu | suy ra AIB = 90" = AKBI I tif gidc noi
ti€p va AB chinh 12 dudng kinh ctia dudng trdn ngoai tiép uf gidc ndy. Goi F
Ia trung diém ctia AB, thi F 12 tim clia dudng tron nay. Goi D la trung di¢m
KI thi FD L KI. Mit khidc, FD L OI (do OI L(P)va FD L (KOI). Vay hinh
cAu dudng kinh AB ludn di qua mot dudng tron ¢ dinh: d6 1a dudng ron
dudng kinh KI ¢& dinh v& trong (KOI) ¢d dinh.

A [

A

Il
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b. Do I’ 1a d6i xitng cla I qua AB nén AI'B = AIB= 90" va ¢6 é\, = é\z A
Trong t gidc ndi ti€p AI'KB (do tr I' va K nhin AB duGi géc 90%), ta ¢6
ﬁ\] =I§; (vi cing chin AI'). Mit khéc, trong t¥ gidc ndi ti€p AKBI lai ¢6
IZ; =é\| (vi cung chin Al) = I’(\, =I€2 = A la phin gidc trong clia I'K] .
Do A L A’ = A’ la phin gidc ngoai cla I'KI.
~ Vay Ava A’ chinh Ia hai dudng phin gidc trong va ngoai clia géc I'KI.
Thi du 42: Cho mit cdu tim O, bédn kinh R vd mét mit phing () qua O. A I
{ diém trén giao tuy€n cia (m) vdi mit cau da cho. Goi (C) la dudng tron
dudng kinh OA trong mit phing (n) va P 1a diém tiy y trén (C). M 1a mot
‘ ~trong 2 giao diém clia mit ciu di cho véi dudng thing L m(n) tai P.
1. Ching minh ring dudng MA tao véi (n) mot géc khong ddi khi P di
‘ dong trén (C).
2. Goi P’ 1a di€ém trén (C). (P # P’) vi M’ 1a giao diém mit cdu di cho vdi
dudng L () tai P> (M’ va M niim cung phia vdi (n)). BPudng MM’ N (n) tai
N. Chitng minh riing AN Ia phin gidc ngoai clia géc PAP'.
. 3. Bay gid ¢d dinh P va cho P’ chay trén (C) ti€n din d&n P. Hiy xdc dinh
~ vi trf gidi han I ciia N.
" 4. Ching minh riing trung diém IP niim trén (i€p di¢n ctia mit cdu di cho
tai A va do dai PM 14 trung binh nhdn cta R va khodng cdch d tr PM d¢n
. iép dién.
Giai

. Tac6MO=0A=R
MP = YMO? - OP? = JR? 0P

. AP = JAO? -OP? = JR? - OP?
 (APO= 90" vi la géc ndi ti€p chin
~ dudng kinh AO)
|\ = MP=AP = MAP=45
- Nhung MAP chinh 12 géc tao bdi MA va mit phdng (n). Vi th¢ MA ludn tao
vdi () 1 géc khong d6i = 45", P6 1a dpem.

. Theo trén ta ¢c6 MP = AP; M'P’ = AP’ ,
 VIMP/MP’ (do chiing cling L (m), nén theo dinh li Talet ¢6
’ ' _M'P'_ NBS AP

:l;z MP NP=§; L
~ H@é thifc (1) chitng 6 ring AN 1 phén gidc ngoai ctia géc PAP' = dpem.

N1 8
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3. Khi P’—> P thi PN ti€n dén tring vdi tiép tuyén tai P clia (C) va phin gidc
trong clia PAP' ti&n dén trung vdi AP. Theo ciu 2 do AN 1a phéin gidc ngodj
ciia PAP', nén khi P’— P thi AN ti€n d&n vi tri vudng géc vai AP, tie [a N
ti¢n d&€n di€m 1 d6 la giao di€m ti€p tuy€n tai P ctia (C) va duding vudng gic
v4i AP tai A.

e :
D A‘ 1

J
Hul P

4. Tacé Al L AP. Goi J 1a trung diém clia IP thi ta ¢6: JI = JP = JA
Do JI 1a ti€p tuy&n vdi dudng tron (C)
= JA ciing 1a ti€p tuy&n vdi (C) = JA L AO
= JA thudc mit phing tiép xic vdi mit ciu tai A = dpem.

Ké PH L AJ = PH =d. V& PL L AO. Theo h¢ thie lugng ta ¢o
AP’ = AL.AO = PH.AO. Theo trén ta ¢c6 MP = AP
=> PM’ = PA’ = PH.AO = d.R. D6 chinh 1a dpcm.

Thi dy 43: Cho hinh ciu tim O dudng kinh AB. Hai tiép tuyén A, A’ cda hinh
ciu tai A va B vudng géc v6i nhau. CD la Gi€p tuyén thit ba thay ddi cla
hinh cdu ufa trén A, A’ (CeA’, DeA).

[. Chitng minh thé tich hinh chp ABCD khdng phu thudc vao vi tri ctia CD.
2. Goi H 1a 1i€p di€m clia CD vdi hinh c¢iu. Chitng minh riing H thudc mil

phiing ¢& dinh va CD tao vdi mit phing d6 mot géc khong ddi.

) Giai A D
. Gii sit H1a ti€p diém ciia CD vdi mit ’ A
cdu. Goi D’ Ia hinh chidu vudng goc "
ciia D trén mit phiing chita A’va vudng O:rll\ I,’I
géc v3i AB. Ta ¢6 CB L AB; CB L AD E ‘\‘ :/74\ a
= CB L (ABD) =5 Vryep = +.BCS xgp L
| ___ABAD | 3 B‘:‘H: “e7
=—-BC.———=—=AB.BCAD (l) W %
3 2 S8 \

Ta lai ¢6 CB = CH, AD = HD C\a
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—, CD?>=(CH+HD)> =(BC+AD)’ =BC’+ AD’ + 2BC.AD
Mit khic, CD? = DD** + CD*?

| = DD + BC’ + BD’

‘ = AB’ + BC? + AD’

Tir d6 suy ra 2BC.AD = AB’ (2)

Tir (1) va (2) suy ra:
‘ 3
ok const = dpcm.

VABcD =
Ké HK 1 CD’ (K € CD"). Do HK /DD’ nén _EK _CH_CB_CB
= ra BK 1a phidn gidc géc CBD vy H thudc mit phing (Q) dudc xdc

]nh bdi AB va phin gidc BK ctia goc CBD'. Do A’cd dinh, D’B’ LD’ (va
AB ¢6 dinh) nén Q ¢ dinh. Ké CI L BK = CI L HK = CI L (BHK), do d6

Hl la gée gitta CD vaQ. Ta co6: sinCHI = — = — = >~ =5in45" (lwu y

ing CBK = 45").

Viy CD tao vdi Q khong ddi mot gic bing 45" = dpem.

Vhin lai cdc bai todn vé hinh ciu trong cdc dé thi tuyén sinh vao dai hoc
20 diing

Trong muc ndy ta s& diém lai cdc bai todn v& hinh cdu ¢6 mit trong cdc d¢
i tuyén sinh mon Todn vao cdc trudng Pai hoc , Cao ding trong nhirng
nim gin day.

du 1: (D& thi tuyén sinh Cao ding khdi A nim 2012)

Cho hinh chép S.ABCD, ddy 1a tam gidc vudng cin tai A c6 AB=a V2 . Gii
it SA = SB = SC va SA tao vdi mit phing (ABC) géc 60°. Tim bédn kinh
hinh cAu ngoai ti€p hinh chép S.ABC. S

Giai

oi M I trung di€m ciia BC thi M I tim

i‘hrimg tron ngoai G¢p tam gidc ABC. K

Do SA = SB = SC = SM L (ABC). ‘

Viy SAMIa géc 1ao bdi SA v ddy

(ABC) = SAM = 60". B C
Trong (SBC) v& trung tryc ciia SC, cit
SM tai O, khi d6 O 1a tdm hinh cdu

217




Béi dudng HSG Hinh hoc kkhong gian — Phan Huy Khdi

ngoai ti€p hinh ch6ép S.ABC va bdn kinh R ctia hinh ciu nay chinh 1A SO,

Ta ¢6 BC = AB2 =2a:>AM=§2£=a

= SM = AM tan60" = a3 = SC = VSM? + MC? =\3a% +a% = 2a
SK

COS(YST(

SK SK _5C?  aabuni2g U0uyf3

cosMSC SM 2SM 2243 3 3
$C

Thi du 2: (B¢ thi tuyén sinh Pai hoc khdi B nim 2010)
Cho hinh ling try tam gidc déu ABC.A’B’C’ ¢6 AB = a, géc giifa hai mj
phing (A’BC) va (ABC) biing 60". Goi G Ia trong tAm tam gidc A’BC. Tim
bdn kinh mit cdu ngoai tiép tir dién GABC theo a.

Giai:

Goi M 1a trung diém ctia BC. Ta ¢6 AM L BC = A'M 1 BC (dinh Ii ba
dudng vudng goc).
= A'MA 1A géc giita hai mit phing (A’BC) va (ABC) = A'MA =60".
Goi G la trong tim tam gidc A’BC

@ 1

Wi (1)

Goi O la tdm cia diy ABC,

khi d6 O € AM va ta ciing ¢6
SR

Tur (1), (2) suy ra GO // A’A = GO L (ABC)

Xét hinh chép déu GABC (do OA = OB = OC

= GA =GB = GC). budng tron clia GA cit GO G

tai I, khi d6 I 1a tdm hinh cdu ngoai tiép ti dién

GABC va GI chinh I bdn kinh hinh cdu nay.

Trong tam gidc vudng SOK, tacé SO =

Trdé SO =

=>GeA’Mvitacd

) K
(ki hi¢u l1a R).
Tac6 R=GI= G}E\ = GE\, =GK
cosKGI cosAGO GQ A %
GA
A GA?
GKG =——. (3) (do GK-%)

GO 2GO~ B
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| Trong tam gidc vudng A’AM, ta c6 AA’ = AM.tan60" = T

.

| 1 :
| DoGO=-AA'=GO= =
.‘ Do 3 =
Lai ¢6 GA’= GO® + OA’= Z-+| ==

' Thay (4), (5) vio (3) vi ¢6 R =

242
2

7a? %

4)

7a2

5
12 (5)

Ta
12

) Cho hai mit phdng (P) va (Q) vudng géc vdi nhau ¢6 giao tuy&n la A. Tir A
i . . 2 - L)

 lay hai diém A, B sao cho AB = a. Trong mit phing (P) ldy di¢m C, trong
;,(Q) 1y di€ém D sao cho AC, BD ciing vudng géc vdi A. Gid sit AC = BD = AB.

o

IA=IB=IC=ID= (1)
) (1) ching td ring A, B, C, D niim trén
it cdu t4m I b4n kinh R = %CD
| Tac6 CD? = CA? + AD?

‘ = CA’ + AB* + BD?

=a’+a’+a’=3a’

v=>CD=a\/§ =R = %
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A. Tém tit Iy thuyé&t
1.

§ 2. HIVH TRU, HIVH NON

Hinh tru:

Tap hop cdc di€m M trong khong gian
cdch duding thing A ¢6 dinh mot khodng &
cdch khong ddi R > O goi la mdt mit try

\
\
\
\
|
>
I
I
=
/

g

tron xoay hodc don gidn 1a mit tru.

=

Pudng thing A goi l1a truc ciia mit try,

\
\
A
~

I

R goi 1a bdn kinh ctia mit try.

N&u dudng thing d // A va cdch A mot
khodng R thi dudng thing d nim trén i
mait tru (ma ta s¢ ki hi¢u 1a T (A, R)).

Cic dudng thing d nhu viy goi la

\

1
B b o o

|

I
Nt

\
!

/

!

du®ng sinh clia mit tru.
Mit tru 1 hinh tao bdi cic dudng thing song song va cdch dudng thing A
mot khodng R.

Phin mit tru nim giita hai mit phing (P) va (P’) ciing vdi hai hinh tron (C)
va (C’) goi la hinh tru.

e  Hai hinh tron (C) va (C’) goi la hai
mit ddy cta hinh try, bdn kinh R cila

ching goi la bdn kinh ctia hinh tru.

Khodng cdch gitta hai mit ddy goi la
chiéu cao ciia hinh tru.
e Goi O va O’twdng tng la cdc tam
clia cdc dudng tron (C) va (C). OO’
goi la truc ctia hinh tru.

e Phin mit tru nim giita hai ddy goi

12 mdt xung quanh cia hinh try.
e V6imbiM e (C), tdn tai M’e (C’) sao cho MM’ // O0’. MM’ goi la
dudng sinh cla hinh tru.

e  M®i hinh try chia khong gian thanh hai phin, phin bén trong

va bén ngoai hinh try.

Hinh tru ciing véi phin bén trong clia né duge goi 1a khdi tru xdc dinh bd
hinh tru do.

Dién tich xung quanh va thé tich khéi tru.
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- Goi R va h tuong ng 1a bdan kinh va chiu cao ctia khdi tru; Sxa» Sips V tutong
ting 12 dién tich xung quanh, di¢n tich toan phidn va thé tich ctia kh&i tru.
- Khi d6 ta c6:
Syq = 2mrh, S, = 27r + 27’ = 27r (r+h), V = 7’
Hinh nén
Cho dudng thing A va mot di€m O ¢d dinh trén A. Tap hgp gdm diém O va
~cdc diém M khong triing véi O sao cho dudng thing OM tao véi A mot g6c¢
 khong déi a (0" < o < 90") duge goi 1a mot mit nén trdon xoay, hay don giin
: la mat non.
‘e Diém O 12 dinh ctia mit nén.
e Dudng thing A goi IA truc clia mit nén.
‘o Go6c 20 goi la gée & dinh clia mit nén.
o N&uM Ia mot diém niim trén mit né6n ma
‘M # O thi dudng thing OM ciing nim trén
mit non.
Cédc dudng thing ndy goi la dudng sinh ciia |
_* 4t nén.
Cho mit nén vdi truc A, dinh O va géc & dinh A
12 2a.. Goi (P) 1a miit phing vudng géc vdi A
tai diém I # O. (P) cit mit nén theo dudng
tron (C) c¢6 tdm 1. Goi (P’) 1a mit phing
vudng géc vai A tai O.
'Phén clia mit nén gidi han bdi hai mat phing
(P) va (P’) ciing vdi (C) goi 1a hinh nén. Hinh
nén ciing véi phin bén trong clia né goi la
khdi nén xdc dinh bdi hinh nén dé.
‘Dién tich hinh nén va thé tich khdi nén. Cho
hinh nén ¢6 bdn kinh dudng trdon ddy 1a R,
chiéu cao h, dudng sinh 1a L Goi S,,, S, V
tuong ng la dién tich xung quanh, dién tich
toan phin ctia hinh nén va thé tich cia khdi

nén. Ta c6

S =R Sy, = R/ + mR* = R(/ +R), V = % nR’h.
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B. Céc dang todn cd ban

Thi dy 1: Cho hinh nén ¢6 dudng sinh va dudng cao tao vdi nhau géc a. Khy;

trién hinh nén theo mot dudng sinh ta dugc mot hinh quat tron ¢6 géc & tan,

12 B. Chitng minh riing: B = 360" sina.
Giai

Gia str SO 1a chiéu cao hinh nén va SA l1a

mot dudng sinh. Khi d6 ta c6 OSA = o.

Cidt doc hinh nén theo dudng sinh SA,
rdi trdi ra trén mit phing ta duge mot
hinh quat tron, cé tdm la S, bdn kinh
hinh quat biing /, & diy [ 1a chiéu dai

dudng sinh. Cung AB ciia hinh quat cé S

dd dai chinh biing chu vi ddy clia hinh

nén, tic la AB = 27r, & diy r 1a bdn /
kinh ddy cta hinh nén.

2nl.o

Mitkhdc,tac6 ~ AB = =
360

A B

T d6 suy ra :2;;)?: = 2nr = a = 360"sinP. P6 1a dpem.

Thi du 2: Cho hinh nén trdn xoay nim giita hai mit phing song song (P) va (Q),
trong d6 (Q) chita ddy hinh nén, con (P) qua dinh S hinh nén. Ké dudng cao
SO ctia hinh nén va goi I 1a trung diém ciia SO. Mgt doan thing MN c6 do
dai 1 niim giita hai mit phing (P) va (Q) va qua I cit mit n6n tai E va F vi
tao v4i dudng cao SO ciia hinh nén mdt géc bing B. Biét ring gbc gitla
dudng cao va dudng sinh cia hinh nén la a. Tim d§ dai doan EF (tic la phz’in
doan thing nim trong hinh nén).

Giai
% / A, S M
F
E
; A,
N O
Hinh a Hinh b
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'CAt hinh nén bing thi€t dién qua tryc ta dugce hinh ¢t nhu trén (xem hinh b).
‘Theo gid thi€t ta ¢6 MN = /; SI =10; SIF = ; ISF=«
A/l Ay . Tacé EF = El + IF

Vi A/ Ay VA IS =10 :MI:N]:%_

- ‘rong tam gidc vudng SIM thi SI = MlIcosp = e

‘ heo dinh 1i ham s3 sin trong tam gidc SIF, ta ¢6
| TRy - SI Ehb a bt
sincsin| 180° - (a+p)| sin(a+p)

SIsina  (sinacosf

& sin(o+B)  2sin(o+ ) o

" SIsina (sinocosf3
Sino.  sin (B-o) i sin(B-a) 3 2sin(a —B)
Thay (2) (3) vao (1) ta ¢6

| A [sin acosBl: 1 | } _ (sin acosB[sin(B-a)+ sin(B+a)]

' 2 sin(B+a) sin(B-a) sin(B+ a)sin(B—o)
_ 2(sina.cosPsinBeoso (sin2a.sin2f3
sin(B+o)sin(B—t)  2sin(ot +P)sin(ct—P)
Ifdl‘l 3: Cho hinh try bin kinh ddy biing R, chi¢u cao OO’ = h. Hai diém A, B thay
d6i trén hai duding on ddy sao cho do dai AB =a = const (h<a < Vh? +4R? ).
‘i hitng minh riing géc giita hai dudng thing AB va OO’ khong déi.

( hitng minh riing khodng cich giita hai dudng thing AB va OO’ khong ddi.
f Gidi
Goi BB’ 1a dudng sinh ctia hinh tru Khi

3)

e ) BB'
B’ ta c6: cos a = —— =—=const.
B a

o = const = dpem.
Goi I 13 trung diém clia AB’ = Ol L AB’. K&t hgp véi BB’ L O = OI L (ABB’).
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Do 00" // (ABB’) = OI = d(AB, 00")
Ta c6 AB’ = VAB? —BB"? =+a? —h?

2 32
= Al = %AB':% a2 —h? = Ol = YOA2 - A =JRZ-‘l 4“
g% Lh?
Viy d(AB, O0’) = R? T T = const = dpcm.

Thi du 4: Cho tam gidc vudng ABC tai A. Goi V,, Vi, V. 1an lugt 12 thé tich ¢y,
cdc hinh nén tron xoay tao bdi tam giic ABC khi cho né quay quanh ¢,

a2 i

Vb2 Vc:2

canh BC, CA, AB. Chitng minh riing: % =

a
Giai B

Ké AH L BC.
bitAB=c,AC=b,BC=a, AH=h

Ta ¢ Vi = %nczb E a

Vis l1rb2c .
3

Pred [°v5
V, = —nth?(BH + HC) == mth%a.
31: (BH+HC) 3n a A C

TUd()suyra%+-l—2_—.%(Tl§_+%)
Wy = Wit omiXedb’: blie

bt w 1t_2b4c4 )
| 9
5 rrarer (2)

Vu2 n’h*a’

_9__cz+b2 9 a°
2

Theo hé¢ thic lugng trong tam gidc vudng ABC thi:

2100 2
L=L+L=_tl_+_('=a_ (3)
B2 | b2 o2 b2c2 b2c2

o Ty SATEH gyt

N 44 7 S0 44

Vil nzazbc n°bc
2t

l —L+L = dpcm
gl '

a

Thay (3) vao (2) ta c6: 4)

Tir (1) (4) suyra:

NIYA
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{ du 5: Gid s V, S wong tng 1a thé tich va dign tich xung quanh cfia hinh

2 3
3 6V 2S
~ nén. Chitng minh rdn (—J 5(_—)
f p 5 s w3

! Gidi

~ Goi I, h, r lan lugt 1a dudng sinh, chiéu cao va bén kinh
ctia hinh nén, con o 1a géc gitta dudng sinh va ddy.

¥ Ta cé V= %nrzh = %nr:‘ tana (do h =rtana)

7II'2 r

S =inrh = (dol= )
cosa cosa

‘T d6 ta ¢6

2
(6V ) ( 28 )3 : 2 21
| —| £| —= & [2ritana) £ ————
( T J n\/§ ( ) \/gcosa
b 2

3\/5 cos® a

; T , a
Do0O<r< 2 = sina >0, cos a > 0 nén

& sino V1 -sin? o <

3
\/ sin® o sin’ &
! 2
Theo bt ding thitc Cosi, ta c6

o

o tan’o < < sin®o.cosa < —2- (1)
33

|
(1- sin’ o) L——=
33

oD ) A -
sin“a  sin“a ;

2 + +(l—sm2 o)

(-sinfa) < | —2 2

2 o sin? o

sin
2

sinza .2
&5 > =]-sin“a

& sino= L [—
-
& o= arsin, [—
3

ii y: Ta 6 thé ching minh (1) nhu sau:
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Pit x = cosa (0 < x < 1), khi d6 sin’a coso = x (1-x)
Xétham s6 f(x)=x (1-x}) =x-x’v4i0<x < |
Ta cé '(x) = 1 — 3x%, nén ¢6 bing bi€n thién sau
X 0 -\fi 1
3
0

f(x) +

ol

Tir 46 max f(x) = f[ﬁ]

-2

= ?_\/73:
Tir d6 suy ra (1) ding . Ta thu lai két qud nhu trén.

Thi du 6: Cho hinh try ¢6 bdn kinh ddy R, truc OO’ = h. Mt phing (P) thay ddi
di qua O tao vdi ddy hinh tru géc o cho trude va cit hai ddy cta hinh tru da
cho theo cdc diy AB, CD (AB qua O).

1. Tinh dién tich tf gidc ABCD.

2. Ching minh ring hinh chi€u vuéng géc H clia O’ trén (P) nim trén mot
dudng tron cd dinh. ¢

O<x<l
3

Giai B
1. Vi hai ddy cta hinh try nim trén hai mit
phing song song nén ta ¢c6 AB // CD MTETS !
= ABCD Ia hinh thang. o
\
Goi I 1a trung diém ciia CD = O’ L DC S
* ’ N\ A rd \ \
= OLJ: CD (dinh li ba dudng vudng géc) \\i ‘\\ 5
= 0I0'=a \
4 \
AB+CD)OI
Ta cé SABCD= (—2)—— (l)
Tacs  IERE DD o By
sino  sina

O’I = h.cotaa = DI = \/O'D2 2071 =\/R2 —h%cot’a
= CD = 2DI = 2yR? - h%cot’ a

Thay lai vao (1) va ¢6

-~ 7
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(2R+2 Rz—hzcotza)h b
=(R+\/R2 b2 cotza) :

ecC 2sina sina.
). Trong (OO’I) ké O’H L OI Vi DC L (O’IH)
= (ABCD) L (O’IH) = O’H’ L (ABCD)

/iy H chinh 1a hinh chi€u ciia O’ trén (P).

a c6 O'H =0O’l sina. = hcotasina = heosa

,0']. 00" = O'H? n
1 i dl ikt 2

>0’J = OOI(;' s Cﬁb 2 — hcos? a =const

> J ¢§ dinh

aic6 HJ*=OH’- 0'J’ =h’cos’x - h® cos*a
..‘ = h’cos’asin’a
> HI = const = H nim trén dudng tdn tim J bdn kinh biing

Giai

B, x.

i V 12 thé tich ctia hinh trdn xoay, thi

A hiéu ciia hai thé tich hinh tru nén

= n2a[(x+a)>-x*] = n2a(a’ + 2ax) = 2ma’(a+2x)
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b. N&u OA > OB thi lap ludn tuong
nhu trén ta c6 Vis 1t2a|x2 - (x—a)Z]
= 27ra(2ax-a2) = 2ma’(2x-a)

21[;12(2)( +a) néu OA < OB

[\
" - R e

Tém lai V = ,
21ta2(2x —a) néu OA> 0B

- -

4 Py 4
2. Thé tich khéicaubankinh AB=ala V, = ;na‘z ' A

Theo baira ta c6

Né&u OA < OB : 2ma’(2x +a)=4na’ => x =

. 2a
N&u OA > OB : 2na’(2x - a) = 4ma’ => x =

(ST SENTES

a

A a B |O

C.Céc bai todn phéi hgp gitta hinh try, hinh nén véi hinh clu va cd
khdi da dién
Thi du 1: Mot hinh nén ¢6 bédn kinh ddy bing r, chiéu cao bing 3a. Tim hinh (1
ndi ti€p hinh n6n va théa man mot trong cdc diéu kién sau:
1. Thé tich hinh tru dat gid tri 16n nhat
2. Dién tich xung quanh hinh tru dat gid tri 16n nhat
Giai
1. Xét thi€t dién qua truc ctia hinh nén.
Ta ¢6 mit cit nhu sau:
Goi x 12 ban kinh ddy cda hinh try ndi tiép va
h 1a chiéu cao cla hinh tru ay. Theo dinh Ii N B
Talet, ta c6: i=3z‘_h = 3ax =3ar-rh i
r 3a
_ 3ar-3ax 3a(r-x)
T T A°'M H Q B
o2 3a(r-x) _3an
r X

=h

V=Vu=17 (xzr—x3). (1)
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Xétham s6 f(x) = xr— x> vdi0< x <.
f(x) = 2xr'3x%
Ta c6 bdng bi€n thién sau:

2r
0 — r
3 3
f(x) + 0 -

ol

Jhu thé max f(x) = (%] vii0<x<r

Ja(r-x) 3am

Bxq = Sxquy = X : Tx(r—-x)

, TOWTT A, r
Ay Sxq dat gid tri I6n nhit < x = %

/dy hinh try ndi ti€p hinh n6n ¢6 thé tich 1dn nhi't <> ban kinh ddy ctia né =

lu 2: Cho hinh nén ¢6 bdn kinh ddy bing r, chiéu cao bing h. Tim hinh hop

Wlf nhit c6 ddy 1a hinh vudng ndi ti€p hinh nén sao cho thé tich cda no la

in nhat.

Giai

5: sit ABCD.A’B’C’D’ Ia hinh hdp chif nhat ¢6 ddy I3 hinh vudng noi tiép trong
nh nén di cho. CAt hinh nén biing thi¢t di¢n qua truc ta ¢6 miit ¢t nhu sau:

S

Cl
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—~3
Goi x 1a canh ddy ctia hinh hop, khi d6 do ddy 1a hinh vudng nén AC = Ay

HED . Goiyla chiéu cao ctia hinh hp. Khi d6 theo dinh li Talet, ta ¢6:
xv2

2 =h_;_y:> x\/§h=2rh—2ry:>2ry=h (2r—xﬁ)
r

h(2r—x~/§)
2r
Goi V 1a thé tich hinh hop, ta ¢6:
2
Vexys ke sl h(ZZ—X\/E) = —h—(2rx2 i ﬁx3)
r 2r
Xétham s8 £(x) = 2rx> —J/2x* vdi 0 < x < 142
'(x) =4rx - 3\/§x2

Tir d6 c6 bang bién thién sau:

=2>YyY=

22

Viy f(x) dat gid tri I6n nhdt & x = ——r.

2y

Tir d6 suy ra hinh hop cin tim ¢6 ddy 1a hinh vudng vdi canh x = —3—r .

Thi du 3: Cho hinh ciu bén kinh r. Tim hinh nén ngoai ti€p hinh cdu sao cho (hé

tich ctia hinh nén 1a bé nhat. S
Giai

Xét thi€t dién qua truc hinh nén, ta cé

hinh bén.

Goi x 1a bdn kinh ddy cta hinh nén (tic
AH =x), con h 1a chiu cao ctia hinh nén

(e SH = h). O

Theo dinh 1i dudng phin gidc trong ta c6: r

_QE = ﬁi . — 2 A X B
OS SA  h-r x2,.p?
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. Khi r, h thay ddi, im gid tri bé nhi't cla -\—\:-'—

1. Goi SAB I1a thi€t dién qua truc ctia hinh n6n.

= = = -2—+l=1+—
r x> r x? r? r x2
Do h>0néntaco %-zz%
r r X
L L2 2 Mt 2
:>h(7—7J=_:>hxz 2r geliEp = grx 2
i < r r'x r Xk
Goi V 1a thé tich hinh n6n. Khi d6 ta ¢6
x4
W =nx’h= 2nr——— (1)
X“-r
) , 2
Xétham so f(t) = vdit>r
=
2
! 1° =2tr
£()= S
()
~ Tir d6 c¢6 bang bi€n thién sau:
) t r 2r
£ (1)

(hoef R SRR, X th W R 'h?
= 3 = = =

My +
£() \ /

Viy f(t) dat gid tri 16n nhat khi t = 2r
Tir d6 V dat gi tri bé nhit khi x> = 2r & x =2
Nhu thé, hinh nén ngoai ti€p hinh ciu ¢6 thé tich bé nhdt khi bén kinh ddy
cia n6 12 r+/2 (ldc nay hinh nén hodn toan xdc dinh).

du 4: Goi r va h twong g 12 ban kinh ddy va chiéu cao ctia hinh nén. Ki hi¢u
V,, V, tuéng ting 1a th tich hinh n6n va thé tich hinh ciu ndi ti€p hinh nén.

| AV/ ‘\\,
. Tim —-theor va h.

2
2
Gidi S

Pudng phan gidc ciia géc A cdt SH tai L

Khi d6 R = IH 12 bén kinh hinh ciu ndi ti€p.
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Theo tinh chit clia dudng phin gidc, ta ¢6:

R_A_H_ r
SI SA l'2+h2
= N . = Ri= hr
R+ST riyfe 4 b2 r+vr +h?
3%
Ta c6 Nip= lm‘zh “Vai= %HRJ =iT[ h'r

3
(r +Vr? +h? )
3
(r +Vr? +h? )
T d6 suy ra —-= —_—,
vz 4rh
. A’ e o A VI
2. Bién doi ti s6 — nhu sau:

h? :
1+ +1 3
v, r? (l+\/l+x) h2

| |
V_2 Z h2 Z X | )
(1+M)2(x-2—2M)
4.2x*\1+x

a . |
Chi can xét diu cla g(x) =x-2-2Vl+x > g'(x) = | - >0
2 ¢ V1+x

(I+M)3

=1(X)=

Xétham s6 [ (x) = i

i g(x)<0nful<x<8
= g(x) 1a ham tang trén mién x > 1 va g8)=0= s
g(x)>0 néux>8

Viy min [(x) = 2 = Gid tri bé nhi't clia é 1a 2.
2
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hi du 5: Cho hinh nén ¢6 tinh chdt sau: C6 4 qua ciu bdn kinh r, trong d6 ba
 qua ti€p xic vdi ddy, i€p xic lin nhau va t€p xic véi mit xung quanh hinh
nén. Tim chiéu cao hinh nén.

Giai
" Goi Oy, 0,, O3 12 tdm ctlia ba qui cau
ti€p xtic véi ddy hinh nén, ti€p xtc lan
nhau va ti€p xdc véi mit phing xung

]
\ . d
N Y

\

17X ~

AR
q
1

guanh hinh nén. Khi d6 (O|0203) la mi:il 7/ % N 25 \\
phing song song vdi ddy hinh nén va /;_Gb: % s >33\
cdch n6 mot khodng bing r. Xét hinh o Yaenit e

/
AL
7 PN
Q

‘cdu thit t tim O,. Do hinh ciu nay tiép

xiic v6i ba qua ciu kia, tiép xic vdi mit

xung quanh hinh nén nén O, nim trén dudng cao clia hinh nén. C4t hinh nén
biing mot thi€t dién qua truc va qua Oy, ta ¢ hinh cit nhu § dudi (¢ day H 1a
‘tﬁm tam gidc déu 0,0,03).

acéOO4—2r OH_32"/— 2“f

OH = \/004 ~OH? = ,/42 art ,/sr o4H—2r‘/— (*)

Dal KSO4 =a= 0,0,F 1O4H =a.
‘Ta c6 trong tam gidc vudng SKO,, thi

tir do theo dinh 1i Py-ta-go, ta cé:

r
. sinot K
Con trong tam gidc O,0,H, thi:

2143
Sina = SHE U =£ 3 H

| 00, 2r 4 / Kl
Thay (2) vao (1) va c6 SOy = \/5
Vay goi h 1a chiéu cao clia hinh nén thi h = SOy + O4H +r

= /3 + er_ +r=r(\3 +1+ 2J—

5o, =

T
— -
e
joe]
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Thi du 6: Cho hinh ling tru diing ABCD.A’B’C’D’ ¢6 diy ABCD la hinh lhang

cin ddy nhd AB = a, ddy 16n CD = 4a, canh bing 57“ chiéu cao ling try

bing h.
1. Chitng minh c6 hinh try ndi ti€p ling try
2. Tinh dién tich toan phin va thé tich hinh try d6. P
“a >
1. Vi ABCDA’B’C’D’ 1a lang tru ditng nén ta A8
chi cAn chitng minh ddy ABCD la t¢ gidc : E
ngoai ti€p mdt dudng tron. ~ E
Ta c6 AB+CD=a+4a=5a
ADH BG40 = 55 S N 50 by C
2" 2 o o
= AB +CD = AD + BC LI
= ABCD Ia tf gidc ngoai ti€p mot duding tron = dpem.
2. Hinh try phdi tim c¢é truc OO’ = h va D J H C
ddy 1a hinh try ndi ti€p hinh thang cin, TP
3¢ diy O va O’la tam hai dudng tron ndi 0
ti€p hai ddy clia ling tru) Goi I, J lan
lugt 13 trung diém cta AB, CD. Ta c6: - ATy B
I0=0]= L
2

- 2 2 25a° a\
KéEBH LCD=1I=BH= vBC“-HC* = 4 - 26—5 =94,
Viy OI = OJ = a = b4n kinh ddy hinh tru bing a.
Tir d6 n&u goi V, Syp twong tng la thé tich va dién tich toan phin cta hinh

tru, thi: V = na’h; Stp = 2nah + 27na’ = 27a (a + h).
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. CHUONG 4. MOT SO CHUYEN PE PAC BIET
 Chuyén dé 1. HINH TU DIEN

Trong chuyén dé& niy ta s¢ d& cip dén cdc bai todn v& hinh i dign. Vai trd
ctia hinh & di¢n trong hinh hoc khong gian ¢6 thé xem nhu hinh tam gidc
trong hinh hoc phing. O day ta s& xét cdc wf dign dic bigt: uf dién vudng, ui
dién tryc tim, t& dién gin déu.
§1. TU DIEN VUONG

Dudi diy ta s& xét mot 16p uf dién dic biét — uf di¢n vudng. C6 th& xem vai
trd cta ¢ dién vudng trong hinh t& dién nhy vai trdo clia tam gidc vudng khi
nghién citu vé& tam gidc.

Tit dién SABC goi la tf dién vudng dinh S, néu nhu SA, SB, SC d6i mot

vudng gbc vdi nhau.

Thi du 1. (Bi tp cd bdn vé u dién vudng)

Cho it di¢n vudng SABC dinh S.

1. K& dudng cao SH. Chirng minh H Ia tryc tim tam gidc ABC.

| 1 |
= + + .
SH? SA?  sB® . . sc?

Lo, Chitng minh ring:

3. Ching minh dinh Iy Pitago trong khong gian: Sagc = Stag + Ssac + Sica
4. Gia sif cdc mit bén SAB, SBC, SCA lin lugt tao véi ddy ABC cdc goc a, P,

y. Chitng minh cos’a + cos’p + cos’™y = 1

5. Gid st SA=a, SB=b, SC =c. Goi A, B, C twdng tng 1a cdc géc cia tam gidc

ABC. Chitng minh: a’tanA = b’*tanB = c’tanC

6. Gia st St 1a mot tia niim trong géc tam dién dinh S va St hdp vdi SA, SB, se

cdc géc lan lwgt 1 oy, By, v). Chifng minh: cos’a; + cos’B; + cos’y, = 1

7. Chitng minh ABC 13 tam gidc nhon. S

' 8. Goi a, B, y1a 3 géc xdc dinh § ciu 4. Chitng minh:

cos’ o £ cos® B r cos’y o 3
sin?B+sin®y sin®B+sin*y  sin® B+ siny 4
Gii
1) AH ~ BC = M. Ta ¢6 SA L (SBC) . -
— SA 1 BC. Laité BC L SH
= BC L (SAH) = BC L AM
Tuong tv BH L AC B

= H la trong tim tam gidc ABC.
235




Boi duon g HSG IHinh hoc khong gian — Phan Huy Khdai

2) Vi AM L BC
=> SM L BC (dinh ly ba dudng vudng géc)
_L
SH? sSA? sMm?
i
SM% 1 5B S¢*
L L il
SHE (WSATT SBITINC
BC’xSM? BC?xMHxMA

Trong tam gidc vudng SAM, ta c6 (1)

(2)

Trong tam gidc vudng SBC ¢6:

Thay (2) vao (1) ¢6: = dpcm

3) Ta c6: S%BC = (do trong tam gidc vudng SAM

4 4
ta c6 SM* = MH.MA)
BC.MA BC.MH
= 2 2 = S.%BC =Sasc-Susc (3
Lap ludn tudng tv ta c6: SéAB =SaBc-SHas 4)
2
Ssac = Sasc-Suac (5)

Cong tirng v€& (3), (4), (5) ta ¢6:
2 2 2 2
Ssc +Ssas +Ssac =Sasc (SHBC +Spap + SHAC) =Sapc = dpcm
4) Ta c6 k&t qui quen biét sau:
Gid sir AABC tao véi ddy (P) géc ¢.
Goi A’ 1a hinh chi€u clia A trén (P).
Khi d6 ta ¢6: Sa-gc = Sagpc. cosQ (6)
(cOng thie tinh di¢n tich hinh chicu)

Trd v& bai todn cii ta duge / B4
Gid st AH N BC = M; BH n AC = N; /1

CHNAB=P

Ta c6: S?C=oc; ST\/I\A=B; S’N\B=y

Vi SC L (SAB), nén SAB la hinh chicu
ctia tam gidc ABC trén (SAB)

Theo (6) ta co: Ss,\]; = SABC . Cosa
2

S
= COSZ(X. = % (7)
S
ABC
52
Lap ludn twong v, cos’p = ;BC )
SaBc
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Vi¢

52
cos’y = —%’ﬁ 9)
ABC

Cong ting v€ (7), (8), (9) va theo phin 2) suy ra cos’a + cos’B + cos’y = |
Nhdn xét: Ta c6 thé gidi cdch khdc nhu sau:
. Trong tam gidc vudng SPC ta c¢6 SPC = HSC = HSC = cosa

2
= cos’ o S
SC

2 2

~ Tuong W c6: cos’ = ﬁ{—; cos?y = e
SB 5¢°

1 1 1

4 +
SA* SB* BC*

- Do d6 cos’at + cos’P + cos’y = SHZ( ) =1(theo phan 2 ta

dugc két qua trén)

. : e
) Theo h¢ thitc lugng trong AABC ta ¢6: cotA = AC” + AB" -BC

4S ABc
- T d6: tanA =— 4SABZC 3
3 AC” + AB“ -BC
4S 2S
Ap dung dinh 1y Pitago ta c¢6: tanA = ARG = Z2ABC
a® He%H+ a4 bt —bt -6 a’

. = a’tanA = 2Sagc.-
- Lap ludn twong tr ¢6: b’tanB = 2Szpc; c’tanC = 2Sxpc = dpcm
) Goi Sx, Sy, Sz 1a céc tia chifa SA, SB,
SC tuong ng.
Gia sit H’ 1a diém tuy y trén St. Gid st
(m) 1an lugt cdt Sx, Sy, Sz tai A’, B’, C".
Xét tr dién vudng SA’B’C’ dinh S.
Theo cdu 1) thi H’ la tryc tim tam gidc
A’B’C’, va theo cdu 2) ¢6: B
el 1 " 1 s 1
SH? SA? SB? sc?
SH'Y? (SH'Y  (SH'Y , ’ )2
lz(SA') +(SB') +(SC') = cos“a + cos B + cosy, = 1 (dpem)
7) That vay trong tam gidc ABC, ta ¢6 theo dinh li ham sO cosin

hay

A=
V4 2AB.AC 2AB.AC AB.AC

AB? + AC? -BC? =(32+b2)+(a2+02)—(b2 +c?) b

thu
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= A nhon. Ly ludn tuwong ty thi B, C ciing nhon = ABC Ia tam gidc nhon
= dpcm.

8) Theo ciu 4) ta c6 cos’a + cos’p + cos’y = 1 = sin’a + sin 8 + sin’y =2 (10)
Pit x = sin’y + sin’B; y = sin’a + sin’y; z = sin’a + sin’B
Tr(10)cé:x+y+z=4 (11)

Lai c6 cos’a = 1 — sina = 1 — (2 - sin’B - sin’y) =x — |

Tuong ty ¢6: cos’B=y — 2; cos’y =z — |

Viy bt ding thifc cin chitng minh ¢6 dang: - e = g =l si
X y z -
<:>l+l+122 (12)
X iyl zaiyg

Theo bat ding thirc Cosi, ta c6: (x+y + z)(% + % + 5) >9 (13)
Tur (11), (13) suy ra (12) ding
Diubing xdyrax=y=z< a=B=y< SA=SB=SC
Thi du 2: Trong miit phiing (P) cho goc vudng x’§y =90" dinh S ¢6 dinh. Pt AC =
a vudng goc vdi (P). Trén Sx, Sy lan lugt 1ay B, C sao cho SB + SC = a. Xét
dién vuong SABC dinh S. SAB =a; BAC =p; SAC = y.Chitng minh ring
o + 3 +y = const khi B, C di ddng theo quy luit trén.
Giai
Theo dinh 1y ham s6 cdsin trong tam gidc ABC ta c6:
AB’ + AC? - BC?
2AB.AC

cosP=

(% + AB? )+ (a? +AC?)-BC?
2AB.AC

__a> _a(SB+5C)

ABAC  ABAC
=5A B bl

AC AB AB AC
= CosY . sina. + cosa. . siny
T do ta c6: cosB=sin(au+7) (1)
Do a, B, y € (0;90°) nén tir (1) suy ra o + B +y = 90° = const = dpcm
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.i du 3: Cho tt di¢n vuéng DABC tai D, goi H la true tim tam gidc ABC. Dit
;a=m;ﬁ=5ﬁ\H; y=DC’\H;(p=A/l-H3.
siny

cosa.cosf3
' Giai
ll H la tryc tim tam gidc ABC = DH L
ABC) Kéo dai AH cit BC tai H,. Tir d6
DH L AA,. Trong tam gidc vudng ADH,, ta
¢6 DH? = AH.HH,.

Do HH, = BHcos BHH, = BHcos(180° - ¢)
— DH’ = - AH.BH.coso

- cosQ = —% il = cosQ = —tanaldnB
| AH BH -
Gia sit CH kéo dai cit AB tai K. Vi CD L (ADB) B
mi CK L AB = DK L AB (dinh ly ba dudng vudng goc) = DKC Ia gbc tao
bdi hai mit phdng ADB va ABC. D& thi'y HAB la hinh chi€u cia DAB trong
phép chi€u vudng géc DAB xudng ABC = Syas = Spas. cosDKC (1)

D& thdy trong tam gidc vudg KDC dinh D, thi cosDKC = siny

Chitng minh ring sing = va cos@ =—lanatanf3.

Viy tir (1) c6: %HA.HBsin(p=%DA.DBsiny

DA DB siny
inQp =——. ——.sin@ hay sin¢g=——
HA HB cosacosf

i du 4: Cho i dién vudng OABC dinh O. V& chiéu cao OH ctia i dién. Bt
A =CAB, B=ABC, C=BCA, a. = AOB, B=BOH, y=COH. Chtfng minh

'in sin o _ sin’ B K sin? y

'8 Gin2A sin2B  sin2C

= dpcm

Giai
D& thdy H 1a truc tim ctia AABC va ABC la tam gidc nhon. AH kéo dai cit
C tai A, = AA, L BC. Vi OA 1 (OBC), nén theo dinh ly ba dudng vudng

g6c c6 OA, L BC.

\ AHZ

vacé smza——? (1

ét A vudng OAA, dinh O. Theo hé thic lugng trong tam gidc vudng ta co
AH

1)c6 sina=
A AH.AA,, vy tir (1) c6 si AA,
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V& dudng tron ngoai ti€p AABC, va goi I 12 tim dudng tron ngoai tiép. G I3
trong tim AABC. Theo dudng thing Euther thi H, G, I thing hang va HG =

2GI = AH = 2IM va A = CAB = BIM
BM IM _ BC AH BC.AH

Ta c6: sin2A = 2sinAcosA = 2— — =2, ——.——=
IB'IB 2IB2IB 2R?

vdi R ban kinh dudng tron ngoai ti€p AABC

2 2 2 2
sin e 2R R rsidis s nidientich AABC
sin2A  BC.AA;, S

Do sy binh déing ciia céc cip (B, B), (v, C), ta cling c6

(2)

Tir (1) va (2) suy ra

S_inz B = s.inz 1= R—2 = dpcm
sin2B sin2C S
Thi dy 5: Cho 1 di¢n vudng D.ABC dinh D. Gia sit DA =a,DB =b, DC=c¢
(a<b<c).M la mot diém tuy y trong ddy ABC. Goi / 12 t3ng cdc khodng
cdch tir A, B, C xudng DM. Chitng minh /< a +b. D
Giai
Pit ADM =a, BDM =f, CDM =y
Ta ¢6 ngay [ = asina + bsinf} + csiny
Vi géc tam dién dinh D vudng nén ta
dung dugec mot hinh hdp chir nhit c6 A C
DM la dudng chéo, con DA, DB, DC la
cdc canh bén.
Viy ta c6 sin’o + sin’p + sin’y = 3 — (cos’a + cos’ + cgszy) =2.
DoO<sina<1;0<sinB<1,0<siny<1

=> sino + sinf + siny > sin’a + sin®f + sin’y
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- = sina + sinB + siny 22 = sinB +siny— 1 > 1 —sina. (1)

Ta cé b>a, nén tir (1) ¢6: b(sinP + siny -1) > a(l — sina)

—> asina + bsinf3 + csiny >a + b (2)

‘Lai do ¢ =2 b = csiny = bsiny 3)

Tir (2) va (3) ta ¢6: [ = asino + bsin + csiny 2 a + b = dpem

'Dau biing xdy ra < sina = sin’a; sinf = sin’p; siny = sin’%,

va ddng thdi c6 diu bling trong (2) va (3) <> = B=90%y =0 <> M= C

,r du 6: Cho tf di¢n vuéng OABC dinh O. Goi R, r, V, h twdng tng 1a ban kinh
hinh cdu ngoai ti&p, hinh cdu noi ti€p, thé tich, dudng cao ké tir O cla
dién. Chitng minh:

V(h-r) b 2

IR” +h 3

2 <1+3
3+\/§

2

21+l+l+ 3J5
a b ¢ a+b+c

£ <

(OA=a;0B=b;0C=c¢)

Giai
Xem 10i gidi trong cdc thi du 15, 16 phidn B, §1, chuong 3 cudn sdch nay
| du 7: Cho tf dié¢n vuong OABC dinh O. P la diém nim trong ddy ABC. bit

u =£, c =£, w =Q. Goi a 1a géc tao bdi dudng thing OP véi (ABC).
B AO BO 6(0)
Chitng minh ring u’ + v* + w? = 2 + cot’a. T

~ Xét h¢ tryc toa do Bé Céc vudng
g6c nhan O 1am gdc toa do, cdc tryc toa
16 chita OA, OB, OC. Gi4 sif trong hé
oa d0 4y, toa do cdc dinh A, B, C
Wong tng 12 A (a, 0, 0); B (0, b, 0); C(0,
), c).
Gi4 sif toa do ctia di€ém P13 P (xo, yo, z0) p-
Ap#lipd ' ep2 AV A p¥epp?’ cp?
O A YR R A
AT HEO SN0 a b c
Ta c6 AP* = (xo— a)’ + y§ +23;

: 3 BP? = x2 +(yo —b)? +25;

2
Tacé: >+ v +w' =

(1)
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2 2 2 2.
CP =% + Yo' (zg —©)s

N&u datp® = x2 +y2 +2; thi ta ¢6 thé viét

2x
AP? = x2 +y2 +22 +a? —2x4a = p* +a2(l—— J
a

2
Tuong tv c6: BP’ = p2 +b’ (1—%}; CP? =p2 + cz[l—%)

Thay vao (1), c6: w2 +vZ+w? =p [L+_+ 12) i N 2( Y() )(2)
a C a b (o

Theo perdng trinh doan ch#n thi mit phdng ABC c6 phu’dng trinh:

Xidawtet map (X0» Yo, Zo) € (ABC) X0 Yo 2o (3)

ai b e b c
Ké OH L (ABC), ta ¢6 hién nhién cong thifc sau:

1 1 1 1
—_—f—t—= (4)
4 b ¢ on*
2
Thay (3) va (4) vao (2) ¢6: u? + V> + w’= 6"-1?»1 )
Chi § 1a p? =x2 +y2 +2z} = OP?
2
S+ v+ ws OPZ L8 alda 91 B 00 1Y
OH sin o
Vay u® + v2 + w’= 2 + cot’al
Chii y: 1) Xét trudng hgp didc biét khi P=H, H la tryc tim AABC
= OH L (ABC) .
Khi d6 tir cong thic dd chitng minh, ta ¢6
(Ll )
—| | =] +| =] =2
AO BO @)
& cos? OAH + cos? OBH + cos? OCH=2 (6)
A ¢

Chu ¢ néu goi M = AHN BC

= AMO la géc tao bdi (OBC) véi ddy
(ABC) va ta c6 cos? 6747—1 =sin’ AMO
Vi viy néu goi a, B, y 12 ba géc tao bdi ba mit OBC, OAC, OAB vdi ddy
ABC thi ti¥ (6) ta ¢6: sin’a + sinZB + sinzy =D

& cos’a+ cos’B+cos’y=1 (7)

B

Vay cong thifc u? + v2 + w?= 2 + cot’a [a m rong clia cdng thitc quen biét (7)
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§2. TU DIEN TRUC TAM
Tt dién ABCD goi la tf dién tryc tdm, néu cdc canh ddi d6i mot vudng
géc v6i nhau, tirc 1a AB L CD, AC L BD, AD 1 BC.

‘ Thl du 1: (Bai todn ¢d ban) Cho t& dién ABCD. Chitng minh riing diéu kién cin
va di dé ABCD la tif dién tryc tim 12 mot trong cdc di€u kién sau diy thod
man:

a) Céc dudng cao cla tf dién ddng qui.
b) Mot dudng cao clia tif dién di qua tryc tim cia mit ddy twdng \¥ng.
¢) Tdng binh phuong c4c canh d&i biing nhau, tic 1a:
AB’ + CD’ = AC? + BD’ = AC* + BC?
d) Cic doan thing ndi trung diém ciia cdc canh d6i nhau thi bing nhau.

Gidi 4
a) Gia st ABCD la tif dién truc tim, tic
la AB L CD, AC L BD, AD 1 BC.
. Qua DA dung mit phing vudng géc vdi
BC nhu sau:
Trong (ABC) k& AK L BC. iy o ”
Do BC L AD (gt) = BC L (AKD) K
= (AKD) la mit phdng cin dung B

Pudng cao DD; ciia tam gidc AKD s€ vudng géc véi AK va BC
= DD, L (ABC). Tudng tu ké AA, L KD, thi AA, € (BCD)
Do AA, va DD, ciing niim trong (AKD) = AA, va DD, c4t nhau.
Viy hai dudng cao bat ki clia ti dién déu c4t nhau va khdng c6 ba dudng cao
. nao ddng phing = bdn dudng cao ciia tf dién ddng quy tai mot diém.
Do lai gid sit b6n dudng cao AA,, BB, CC,, DD, ddng quy tai H
Khi d6 ta c6 AH L (BCD) = AH L BC. Lai ¢6 DH L (ABC)
= DH 1 BC = BC L (ADH) = BC L AD. Ly luin tudng ty c6:
AB L CD va AC L BD => ABCD ¢6 céc canh d&i vudng géc v6i nhau nén
| n6 12 tf dién trfc tam.
: Tém lai ABCD 1 tif dién tric tim <> Céc dudng cao ciia t dién dong quy.
" b) Gia sit ABCD la tf dién tryc tim. Ké AA, L (BCD) = AA, L BC.
Lai ¢c6 BC 1L AD (gt) = BC L (AAD) = BC L A\D = DA, nim trén dudng
~ cao ké tir D. Tuong tv BA; niim trén dudng cao ké tif B = A 1A tryc tim clia
tam gidc BCD.
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Bo

Pio lai gid sif tdn tai chiéu cao AA;, ma A, 1a tryc tim tam gisc BCD

— CD L BA,. K& hop v6i CD L AA, = CD L (AA,B) = CD 1 AB

Hoan toan tuong tw ¢c6 AC L BD, AD L BC = ABCD la t dién truc tim.
Tém lai, ABCD la uf dién tryc tim <> tdn tai mot chiéu cao ciia tf dién d;
qua truc tim clia mit ddy wong Wng.

¢) Goil, J, E, F, K, H tudng tng la cdc
trung diém cla cdc cip canh d3i AB,
CD, AC, BD, AD va BC.

Dé thay IKJH, KEHF, IEJF la cdc hinh
binh hanh. Ta thdy ABCD Ia t& di¢n truc
tdim < AB 1L CD, AC L BD, AD L BC.
<> IKJH, KEHF, IEJF la cdc hinh chif nhat
& [J=KH; KH=EF,EF=1]

< 1J = EF = KH = dpcm

Tém lai ABCD la 1 dién truc tim < cdc doan thing ndi trung diém cla cic

canh d6i nhau thi biing nhau.
4) Gia st ABCD la tf dién tryc tdm. Theo ciu trén suyra [J = EF=KH =/
Ta c¢6 AB® + CD? = 4EK? + 4KF’ = 4(EK’ + KF)
Do KEHF 13 hinh chif nhit = AB® + CD? = 4EF* = 4/
Lap luan tuong tr ¢6 AC? + CD? = 4/%; AD? + BC? = 4
Viy AB? + CD’ = AC? + BD? = AD? + BC?
Péo lai gid sir: AB® + CD’ = AC? + BD” = AD? + BC? va gid sif = 4k’
= IK* + K’ = EK’ + EH? = IE? + IF* = K’
Theo hé thifc lugng, trong cdc hinh binh hanh KIHJ, KEHF va IEJF c6:
2(IK? + KJ?) = )2 + KH?
2(EK® + EH?) = KH? + EF*
2(IE* + IF?) = EF? + 12
Viy suy ra I)? + KH? = KH? + EF? = EF* + [’ = 1] = EF = KH
Viy theo cdu c) suy ra ABCD 1A tf dién tryc tim
T6ém lai ABCD la it dién truc tim <> AB? + CD? = AC? + BD? = AC? + BC?
D6 chinh la dpem.

Thi du 2: Cho ABCD I tf dién tryc tim. Chitng minh riing ¢6 it nhit mdt mat

clia tir dién 1a tam gidc nhon.
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Giai
Vi ABCD la tf dién truc tim, nén theo
thi du 1 ta cé:
~ AB’+CD’=AC’ + BD’ = AC® + BC?
Theo dinh 1y ham s6 cosin trong tam
~ gidc ABC, ta cé6:
2AB.ACcos ABC = AB® + AC? - BC? B (1)
Tir gid thi€t suy ra: AB> + AC’ — BC? = AB? + AD? - BD? (2)
Lai theo dinh Iy ham s6 ¢osin trong tam gidc ABD c6:
AB’ + AD’ - BD? = 2AB.ADcos BAD (3)
T (1), (2), (3) suy ra AB.ACcos ABC = AB.ADcos BAD 4)
- Tir (4) ¢6 ngay B’ARZ BAD hodc cung nhon, hodc cling ti1, hodc cling vuong.
Biing chitng minh twong t ta suy ra k&t ludn trén ding vdi cdc goe phing bat
_' ki ¢6 chung dinh ctia ut dién.
Tir d6 suy ra chi ¢6 hai khd niing sau xdy ra:
) NEu 1at ci cdc goe phing ciia tif dién ABCD déu nhon, thi mot mit bi't ki clia
: llﬁ’ di¢n 1a tam gidc nhon.
N&u ¢6 mdt trong cdc géc phing (gid skt tai dinh A) khong nhon, thi theo
nhdn x¢t rén s€ ¢6 3 gée phing tai dinh A 1a gée khong nhon, tie 13
DAC >90"; DAB >90"; BAC 2 90°
Vi DAC 290" = DCA <90°

" Theo nhin xét trén ta ¢6 DCB < 90°

Vi DAB >90° = DBA <90" va ADB < 90"

" Theo nhin x¢t trén ta ¢6 DBC <90° va BDC <90°

Viy BDC la mit ctia tf dién nén ¢6 3 géc déu nhon. D6 1a dpem.

i du 3: Ching minh riing trong mot (¢ dién truc tim, thi cic dudng vudng goc
' chung ctia cdc cip canh d3i dong quy.
bido lai mot 1 di¢n ¢6 cdc dudng vudng g6c chung clia cdc cip canh doi

ddng quy, thi ¢6 phdi la 17 di¢n truc tim hay khong?
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Giai
1) Gid st ABCD la wf dién truc
tam.V& chiéu cao AA,. Theo cic két
qud trén thi A, 12 tryc tdim cia ABCD.
Gid st BA,nCD=M; DA, nBC=P.
Theo dinh ly ba dudng vudng goc
suyra AM L CD va AP L BC. i
Ta ¢c6 BC N (APD)
= (ABC) L (APD)
ma (ABC) N (APD) = AP, vi th& néu ké
DD, L AP thi DD, L (ABC)
Goi H = AA; " DD,. Do ABCD Ia ¢ dién truc tim nén H 1a tryc tim cla uy
dién (d6 1a di€m ddng quy ctia 4 chiéu cao AA;, BB, CC,, DD, clia tf dién)
Chii ¥ ring H ciing 12 tryc tim ctia AAPD = PH N AD =R, thi PR L AD.
_ Nhu th€ PR 13 dudng vudng géc chung ciia cip canh BC, AD, va dudng PR di
qua tryc tdim H cida tf dién.
Lap ludn tuong t, cic dudng vudng gée chung cla cdc cip canh dén AB, CD
va AC, BD ciing qua H = ba dudng vudng goc chung Ay ddng quy = dpem.
2) Ménh dé ddo néi chung khong ding. That vay xét tif dién ABCD c6 AB =
CD=a;AC=BD=b,AD=BC=¢, AD =BC=c'votg#>b>cOpil ]
trung diém cla AB.

Qua I ké dudng song song v6i CD va vé hai phia 18y IC'=1D'= %

Qua J 1a trung diém cia CD, vé dudng song song vdi AB va vé hai phia
CD

1dy JA'=)D'=— A D'
2 RN

Do gid thi€t suy ra ABCD, s -

A’B’C’D’ Ia hinh hop chi¥ nht. c' Lt NN\ /p
RO rang 10 la dudng vudng goc "Ii E ? N

chung cla cip canh AB, CD va di qua bk ' P

tdm cla hinh hop. H /":' '.L'_':::\ D
Tuong ty hai dudng vudng goc 1 ) \;L—/

chung cdn lai ciing qua tdm cta hinh 3 [/~ \\\ i

hdp nay.
Nhu vy v6i hinh hop ABCD thod min tinh chdt: Cdc dudng vudng géc
chung clia cdc cip canh ddi ddng quy tai mot diém.
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Nhung ABCD khong phdi la uf dién truc tAim. Thit viy do a > b > ¢, nén

. cdc mit cia hinh hop chif nhit ABCD A’B’C’D’ 1A cdc hinh chif nhat that sy

(tfc 12 khong phdi hinh vudng) = AB khong vudng géc C’D’, va C’'D’// CD

. = AB khong vudng géc véi CD. = ABCD khong phdi la tf dién tryc tim.
" Phéan vi du trén chitng td ring ménh d¢ ddo néi chung khong ding.

hi du 4: Cho tf dién A;A2A3A,. Goi Gy, G,, Gs, Gy twdng ng 1a trong tim cla
' cdc mit AyAsAy, AA3A,, AjAsA4 AjAA;s. Chitng minh ring néu cdc dudng
' thing qua G, va vudng géc vi mit chita G;, ciia tff dién A A A A (1= 1,2,
3, 4) dong quy, thi A;A2A3A 1A tf dién tryc tam.
'T; Giai

MG, _MG, _1

Do gi4 thi€t va tinh chat ciia trong tim tam gidc suy ra ——- =
: MA, MA, 3

Ay

- = GG, // AjAy. Tuong wr c6 GGy /

: A A (GI1GGy) 11 (A1A2AL)

' Ki hiéu d; 1a dudng thing qua G; va

' vudng goc voi mat ¢ dién chita G; i =
B, 2, 3,4).
| Theo gid thi€t ta c6 d; L (A1AzAy)
| Vith€suyrad; L (G,G,Gy)

Tudng ty ta ¢6 d; L (GG3Ga);
ds L (GiG,G3) va d; L (G2G3Gy)

, Xét i dién G,G,G3Gy, thi tir k&t qud trén suy ra d,, dy, ds, dg 12 cdc
~ dudng cao clia tf dién twong wng ké (i cdc diém G,, G, G;, Gs. Theo gid
| thit 4 dudng cao ndy ddng quy nén G,G,GyGy 1a i dién trye tim. Vi
" G,G,G3Gs @ A1AAA, = A AA3A, cling 1a tf dién trye tim = dpcm.

¥Thi du 5: Cho ABCD la tif dién tryc tim. Chifng minh riing trung di€m cdc canh
" VA cdc chan ciia cic dudng vudng gbe chung ciia cdc cip canh ddi dign ndm

'~ trén mOt mit ciu.
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Giai A
Goi I, J, E, F, K, H tuong ting la cic
trung diém ctia AB, CD, AC, BD, BC, AD.
Do ABCD la uf dién truc tAm nén
cdc hinh IHJK, EIFJ, KEHF déu la cdc
hinh ch nhdt nén IJ = KH = EF va 1J,
KH, EF déng quy tai H va H l1a trung B
diém ctia mdi doan, tic 1a:

Gl =GJ = GE=GF =GK = GH [:%u] (1) L

Goi MN la duding vudng géc chung ciia AB vi CD (M € AB, N € CD)
Taco: AB L (BCD) = AB L MJ. Xét tam gidc vudng IMJ tai M, ta c6:

GM = %U. Tuong w cic chin
dudng vuong goc chung khic ciing cich
H mdt doan bing % 1J = Trung diém

cdc canh va chin cic duding vudng géc
chung ctia cdc ciip canh doi dién ciia
mot f dién trye tim niim trén mot mit

cdu = dpcm.
Miit ciu ndy goi 1a mit ciu 12 diém.
Thi du 6: Cdc cip canh chéo nhau ctia 1 dién ABCD 13 a, d; b, e; c, I. Goi S, 1a
dién tich 16n nhit ciia thi€t di¢n song song vdi ciip canh a, d. Tuong dng S,
§3 1a di€n tich 16n nhdt clia cdc thi€l dién lan lugt song song véi cip canh b,

c; C.L.
1) Chitng minh S, + S, + S; S%(ad+bc+cf)

2) Chitng minh ddu biing x4y ra trong bat ding thitc trén <> ABCD la wf di¢n
true tam.
Giai
) Gid st AB=a;CD=d; BC=b;AD=¢; BD=c;AC=f
D¢ thdy moi thi€t dién cia tf dién song song vdi cdp canh a, d 12 hinh binb
hanh MNPQ.

M4
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A
DZ_’llA—M=x(0<x<l)
AC
AM MQ
6 —=——=x=>MQ=xd
4 AC CD Q
RoaMy oM
AC AC
,LaiC(’vﬂ=-(-:—M—=l—x:>MN=(l—x)a
AB CA

. Pit o= (AB, CD) = MNP =0 = Sy;np = X(1-x)adsina
" Viy S, = maxSynpo = max [x(I-x)adsina]
O<x<l

adsino

=adsina. max x(1 —x) =
D<x<l

Gid tri I6n nhitdat dugc <> x=1-x < X =% < M Ia trung diém ctia AC

besinB . cfsiny

4

- Tuong wf néu goi B = (BC, AD) va y = (AC, BD), thi S, = 3 Sy

Viy S, +S,+S;= %(ad sina + besin+ cf'siny)

= S, +S,+5; s%(ad+be+cf):>dpcm

) Diu biing xdy ra <> sino = sinf = siny = 1 < AB L CD; BC L AD; BD L AC
<> ABCD la ut di¢n truc tim. D6 1a dpem
hi du 7: Cho tf dicn tric tim ABCD. Ching minh ring vi moi diém M nim
trong 1 dién ta ¢6 bit ding thic sau:
MA Spcp + MBSacp + MC.Sagp + MDS,pc 29V
§ diy V 1a thé tich ctia tf di¢n.
Giai
'. Ké AA,, MA, vudng géc mp(BCD). Rd rang ta cOAM + MA, 2 AA, 2 AA,
= AM > AA, - MA, (1)
DAu biing trong (1) xdy ra <> M € duding cao AA, ctia tf dién. Tir (1) suy ra:
AM.Sgcp 2 AA, Sgep ~MA, Sgep
hay AM.Sgcp =3V —3Vypen (2)

249

-




Béi duong HSG Hinh hoc khéng gian — Phan Huy Khdi

Da'u biing trong (2) xdy ra <> ¢6 ddu biing trong (1) < M e dudng cao AA,
Ly ludn tuong to, c6: BM.Sxcp 23V - 3Vpmacn  (B)
MC.Sagc 23V = 3Vpmas (@)
MD.Sagc 23V = 3Vpyase  (5)
Dau biing trong (3), (4), (5) xdy ra tudng iing <> M e dudng cao BB,, M e
dudng cao CC;, M € dudng cao DD,
Tt (2), (3), (4), (5) v6i chid y: V = Vysep + Vmacn + Viaso + Vm.asc
Ta ¢6 MASgcp + MB.S,cp + MCSpyp + MD.S e 29V (6)
D6 1a dpem. Dau bing trong (6) xdy ra <> dong thdi ¢6 ddu bling trong (2).
(3), 4), (5)
< M déng thdi thudc 4 chiéu cao clia tf dicn ABCD
<> M 1A tryc tdm H ciia t¢ dién ABCD.
(Chii y do ABCD la it di¢n truc tam, thi 4 chiéu cao cia ti di¢n dong quy tai

mot diém, dé chinh la truc tam H ciia tir dién).
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) Gia sit ABCD Ia tif dién ma t8ng cdc mit tai mdi dinh bat ky trong bon dinh
| clia tif di¢n déu bing 180°. Khai trién ¢ dién ABCD (biing cdch trdi cdc tam
- gidc ABC, ACD, ABD lén mat phing chita tam gidc BCD). Do gid thiét ta

¥

. dudng trung binh trong tam gidc) ? 0

.
N

- Vay ABCD la ti dign déu
‘ Gi4 sit AB = CD, AC = DB va tdng cdc mit tai dinh D b?mg 180°, tirc la:

Ta c6 AACD = A ABD (c.c.c)
. — ADB=DAC

)

Vi thé wr gid  thi€t  thay
~ ADB biing DAC, ta ¢6:

Cty TNHH MTV DV VH Khang Viét

§3. TU DIEN GAN PEU

T dién ABCD goi la & dién gdn déu, n€u nhy cdc cip canh ddi dign
' biing nhau, tc 1a AB = CD, AC = BD, AD = BC.
' Nhu viy tif dién ddu ABCD (c6 tit ¢4 cdc canh bing nhau) Ia trudng
‘hdp dic biét clia tf dién gin déu.
hi du 1: (Bai todn cd bin) Chifng minh riing dé& mot hinh tf dién 1a gan déu thi
| diéu kién cAn va di 12 mot trong nhitng ménh dé sau ddy dugc thod man.
1) T6ng cdc mat tai mot dinh bt ky trong bon dinh ciia uf dién bing 180"
' 2) Téng cdc mit tai mot dinh nao d6 cla ti dién bing 180", ngodi ra cdn ¢é
hai cip canh ddi di¢n biing nhau.
';3) TAt cd cdc mit cia ti dién tuong duong.
' 4) TAm hinh cdu ndi va ngoai ti€p tring nhau.

’ 5) Céc doan thing ndi trung diém clia cdc canh d6i dién vudng gbc véi nhau.
f 6) Trong tim cla & dién tring v6i tim hinh ciu ngoai L€p.
! 7) Trong tim clia tf dién tring v6i tim hinh cAu ndi ti€p.
" Gidi

T4t c& cdc diéu kién cdn 12 hién nhién (nghia 12 n€u ABCD la tf dién
\'deu thi d& dang suy ra n6 thod man moi tinh chit néu trén).
' Bay gid ta s& lan lugt chitng minh cdc diéu kién du.

‘suy ra c6 hinh khai tri€n sau day. A
Tir d6 d& dang suy ra (theo dinh ly

. AC=BD; AB =CD; AD =BC. A

c

ADB =ADC = BDC =180°

DAC + ADC + BDC =180° (1)
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3)

4)

Miit khéc trong A DAC, thi DAC + ADC + ACD =180° (2)

Viy tir (1) va (2) suy ra BDC = ACD = AACD = ACDB (c.c.c) = AB = CD
Do vay k&t hgp véi gia thiét AB = CD, AC = DB suy ra ABCD 1a i di¢n déu.
Gi4 sit ABCD la uf di¢n sao cho cdc mit déu 1a wong duong. Chi€u i dig,,
ABCD Ién trén mit song song vdi hai canh AB, CD. Th¢ thi ¢6 thé chiing
minh dugc ring cdc hinh chi€u clia hai tam gidgc ABC va ABD 1a won
dudng. Vin biing cdch 4y, ta ¢6 hinh chi€u clia hai tam gidc ACD va BCp
ciing s& tuong duong. Piéu nay c6 nghia 1a hinh binh hanh véi hai duting
chéo AB, CD sé& la hinh chi€u ctia ABCD. Do d6, suy ra cdc ding thic AC -
BD, AD = BC. Ping thitc AB = CD dugc chitng minh hoan toan twong 1y
Viy ABCD Ia tif di¢n gin déu.

Cho ABCD Ila tif dién trong d6 tdAm hinh ciu ndi va ngoai ti€p tring nhau vj
gid sir d6 1a 0. Goi Oy, O, twong ng 1A i€p diém cla hinh ciu ndi LD cic
mit (ABC), (BCD)

Nhu vay OO, = 00, =r va OO, L (ABC),
00, L (BCD) & diy r 1a ban kinh hinh ciu
ndi ti€p ¥ dién.

Do O ciing 12 tim hinh cAu ngoai tiép
= 0O, va O, wong ng la cdc tam dudng
trdon ngoai ti€p cdc AABC, ABCD. Ngoai
ra OA = OB = R, vdi R 1a bdn kinh hinh
cdu ngoai U€p ¥ dién.

Ta ¢6 O,B = O,C = R, (R, 1a bdn kinh dudng tron ngoai ti€p tam gidc
ABC) va R, = YR? —1? = ABCO, = ABCO, = BO,C = BO,C

= BAC =%BO,C =%B02C =BDC

Lip luan wong v, ta sé ¢6 dude tat cd cdc mit ké dinh D biing cdc goc
twdng ng clia tam gidc ABC, nghia 1 t6ng ctia ching = 180°. Biing cdch nay
ta c6 thé khing dinh k&t luin twong tv véi cdc dinh cdn lai chia tf dién. NhY
viy ABCD 1a ti¥ dién ¢6 t8ng cdc mit tai mdt dinh bat ki clia f di¢n dCv
bing 180°. T cau 1) suy ra ABCD la ¥ dién gin déu.
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) Gid st ABCD la t .dién c6 cdc doan thing ndi trung diém cdc canh d6i dién
vudng géc vai nhau.

Goi I, J, E, F wong dng 1a trung diém
' clia cdc canh AB, CD, BC, AD = EIF] Ia
hinh binh hanh: ma EF L JF = EIFJ Ia
hinh thoi = IE = IF = AC = BD.
Ly ludn tuong tv c6 AB = CD;-

AD =BC

Viy ABCD la tf dién gin déu.
Gid s ABCD la uf di¢n ma trong tdim G va tdm hinh ciu ngoai ti€p O ciia
no tring nhau.

Theo két qua quen bit thi trung diém G ctia IJ chinh 12 trong tim ctia ti dién.
Do G=0=>GA =GB =GC =GD =R, vdi R 12 ban kinh hinh ciu ngoai tiép

=> A GAB = AGCD (la hai tam gidc cin c6 canh bén biing nhau) = AB = CD.
Lip ludn twong tr c6 AC = BD, AD = BC. Do viy ABCD Ia & dién gin déu.

Gid sit ABCD la uf dién ma trong tdm G va tdm hinh cdu ngoai ti€p O ciia
16 trung nhau.

_“‘ eo k&t qud quen biét thi trung diém G cla 1J, va I, J twong éng 13 trung
Jiém clia AB va CD. 2

= h, = 4r, diy h, 1a dudng cao cla ti¥
dién ké tir A, con r 13 ban kinh hinh cdu
10i ti€p. Tuong t ¢6 hy =h, =hy = 4r =
), =h,=h.=hy

3V 3V 3V 3V

QR E e A PR - v
b bl gk ABCD

= Sgcp = Saco = Sasp = Sasc
Nhu th€ ABCD 1a tf dién ¢6 cdc mit twong duong. Theo ciu 3) suy ra
BCD 13 tif dién gin déu (dpem).

dl‘l 2: Cho ABCD la tr dlén thod man dléll k.iéﬂ: SDAB = SDBC = SDCA’ va
Ong cic géc phing (mit) & dinh D cla tf dién bing 180°. Chitng minh
ABCD 12 t dién gin déu.
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| Giai
PitDA=a,DB=b, DC =c;
ADB =0; BDC = B; CDA = Y
Theo gia thi€tta cé o+ B +7= 180"
T gid thiét ta c6:

~l—ab.sina = lbc.sin B= lca.siny
2 2 2

sinoe _ sinf3 _ siny
c a b

(1)

Se iy L |
Xéttam gidc D’A’B’ ¢c6 A’'B’ =¢; D'=0; A'=0;B'=y

Ap dung dinh Iy ham s§ sin trong tam giic D’A’B’ ¢6
sinot  sin sin
L T D'IE' i D'/Z' i

T (1), (2)suyraD’B’ =a; D’A’ =b
Tir d6 di dén AD’A’B’ = ADAB = A’B’=AB => AB=c=> AB=DC (3)
Lap ludn tuong tv ¢6 AC =DB; AB =DC 4)
T (3), (4) suy ra ABCD 1a tf dién gin déu = dpcm

Thi du 3: Cho ABCD la tif dién gin déu v6i AB=CD =2a; AD=BC =b; AC=
BD =c. Goi S 1a dién tich toan phﬁn ctia tif dién. Chitng minh:

B L o 8 5
b%c? k c?a? i a’b? _—S—z.
Giai b
Hién nhién ta c6:* a
S
SaBc = SACD =Sasp =Spcp = Z
B D
Va ciing hién nhién ta c6: b 9
AABC = AACD = AABD = ABCD (c.c.c) c

Goi R 12 bdn kinh dudng tron ngoai ti€p tam gidc ABC.

Theo dinh 1y ham s6 sin, ta ¢6: a = 2RsinC; b = 2RsinA; ¢ = 2RsinB; § di)
A=BAC, B=ABC, C = ACB
Ta ¢6 Sapc = 2R*sinAsinBsinC
Bét ddng thitc da cho c6 dang twong duong sau:

1 1 | 9

s . * s s * 305 § = 9 549 ) )

16R“sinAsinB  16R”?sinBsinC  16R*sinCsinA  64R”sin” Asin® Bsin” C
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. & sin®A + sin®B + sin’C < % (1)

Vi (1) lu6n ludn ding = dpcm
- Diu biing xdy ra <> ABC 12 tam gidc déu <>a =b = ¢ <> ACBD 1a ttf dién déu
ohii §: Nhu da biét trong moi tam gidc ABC ta c6 sin’A + sin?B + sin’C < % )

l1-cos2A 1-cos2B .
+ +

That vay (2) & 5 5 smzcs%

. & 1-cos(A + B).cos(A — B) + 1 — cos’C s-?;

. & 2+ cosC.cos(A — B) - cos’C < % < 4c0s°C - 4cosC.cos(A — i3) +12>0

. & [2c0sC - cos(A - B)J* + sin®(A- B) 20 (3)
- Vi(3) ding nén (2) diing
- Di'u biing trong (2) xdy ra <> ddu bling trong (3) x4y ra

sin(A-B)=0 A=B p
& & <> ABC 1a tam gidc déu.
2cosC =cos(A —B) C=60°

hi du 4: 1) Cho tif di¢n ABCD, canh AB = a. Goi S;, S; 12 dién tich hai mit
. CAB va DAB tudng tng. Goi a 1a g6c nhi dién ctia hai mit ndy, va V 1a thé
25,8, sina.

3a

* 2) Cho tif dién ABCD ¢6 AB=a,BC=b,CD=c¢, DA =d, AC=¢, BD =p.
- Goia,y, B, 8,6, o tuong @ng 1a cdc géc nhi di€n , cdc nhi dién canh a, b, ¢, d,
| S5 i Do il SO £

ipRl s = e e e
sino  sinf} siny sind sin@ sinw

tich t dién ABCD. Chitng minh ring: V =

. Chitng minh riing

e, f. Gia thiét ring

ABCD la tf dién gin déu.
hi §: Gid st (P) N (Q) = A. Khi d6 géc
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28,
a

2SABC

Ta ¢6 CH = CKsina = sino = sinaa (2)

Thay (2) vao (1) cé V=

2S,S, sina = apss
3a

2) Kihiéu S| = Scas: S2 = Sacp: S3 = Sacp: S4 = Ssep
25,85, sina Ly 25,5,

Theocidu l),tacoé V=

3a sinaa 3V
Tdng o6 —Se= 23N yay 8 _£C€ ool g,
sin3. 3V sino.  sinf3 ]

Tuong ty ——=-4_ 5,5, =5,5,

: siny siny
ame e B RS Wpited (hifh suy s
sin®  sinw )

SiS; =835,

S|S3=SZS4 QSIZSZ =83 =S4 (3)

5184 =5,5;

Tir (3) va theo thi du (1) suy ra ABCD Ia tif dién gan déu = dpem.

Thi dy 5: Cho ABCD Ia w# dién gin déu. Chitng minh riing binh phudng khoing
cdch tr M d&€n mot trong cdc dinh khong 16n hon tdng binh phuong ciia
khodng cdch tir M d€n ba dinh con lai.

Gidi 4

Vi ABCD la t di¢n gin déu, nén theo
thi dy I ta ¢6: O = G, ¢ diy O, G tuong
tng 1a tim hinh cdu ngoai ti€p va trong
tim ctia & dién.
Do vi tri binh ding, nén ta chi cin
chitng minh bat ding thic:

MD? <MA? + MB? + MC? (1) 1a dai di¢n C
Thit vdy ta ¢6: (1) < MA? + MB? + MC? - MD?* >0

< (OA-OM)’ + (OB -OM)’ +(OC-OM)-(OD -OM)20

B D

el L e S oy
o 2R2+20M2—2(OA+OB+OC—OD) OM=>0 )

(do OA =0OB = OC = OD =R, § diy R la bdn kinh hinh ciu ngoai tiép tf
dién ABCD)
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ViO=H, nén OA + OB +OC+0D =0 hay OA+0OB+0C=-0D (3)

Tir (2), (3) suy ra
(1) < 2R? +20M? +40D.OM >0 < 2(OD2 +OM? +2.0D.0M)>0

<2.(OD+ 6K4')2 >0 (4)
Vi (4) diing nén (1) diing = dpcm.
DAu biing x4y ra <> OD+OM =0 <> OM = - OD
< M la d6i xitng cta D qua O.

;I‘du6: Cho ABCD la ttdi¢énva DA=BC=a;DB=AC=b;DC=AC=c
1) Tim thé tich & di¢n ABCD.
.,.:'2) Xdc dinh tim va tinh bdn kinh hinh ciu ngoai ti€p cilia t¢ dién trén.

3) Gid sit DA va BC tao véi nhau géc o, twong ty B va y twdng ng 13 géc ciia

DB v6i CA va DC véi AB. Chitng minh: (a’cosa. + bcos’P — c’cos?y) +

(a’cosa + c’cosy — b’cos’) + (bcos’B + c’cos’y — a’cos’a) = 0

Giai B H

Noi tiép t dién trong hinh hop chit nhat '
- nhv sau: Qua trung diém O, ciia AC vé&
~dudng // v6i BD, va vé hai phia 1iy

O,E=O,F=%l-)-. Do BD = AC nén

- AECF Ia hinh chif nhit.
Tir A, E, C ké dudng // v6i FD va lin
vll.l’c_)'t 18y trén d6 cdc di€m G, B, H sao md AG = EB = CH = FD. Nhu vay
GB // EC, DH // FC va DG // AF, titc 14 GBHD Ia hinh chit nhit. Theo gid
thi€t BC = AD, ma AD = EH (do hai tam gidc EHC va ADF biing nhau, viy
'BC = EH, tirc la EBHC ciing 1a hinh chif nhat. Ly ludn tudng ty v4i cdc mit
‘cdn lai ctia hinh hop AECF.GBHD. Viy hinh hop d6 12 hinh hop chif nhat.

2 ” A -~ l ~
Goi V 1a thé tich cla t& dién, thi: V = %VAECF'GBHD =5xyz, § day x = AF,

y = FC, z = HC la ba kich thudc ctia hinh hop.
Theo dinh ly Pitago, ta ¢6 h¢ phudng trinh sau dé€ xdc dinh x. y, z.

x2 + y2 =p? (¢))]
x2 +272 =¢? ()
x2 +2% =42 3)

g7
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5
a? +b% +¢?

Cong tirng v& (1), (2), 3) c6: x> +y* +2? =22 2% viysuyra
2 g 2 PR 9
(b? +a2 =c2)(b* +c* —-a¥) (@t c?=b?)

Nhu viy V =l\/
3 8

hay V=é\/2(b2+a2—cz)(b2+cz—a2)(a2+cz—b2)

2) Ta biét riing trong mdt uf dién bt ki. 3 doan thing ndi cdc trung diém ciy
cdc cip canh ddi dién ddng quy tai mot diém, va di€m d6 1a trung diém ciia
mdi doan thing. Tir d6 suy ra tim hinh cdu ngoai ti€p ¥ dién chinh I tim |
ctia hinh hop chit nhat AECF.GBHD néi trén. Goi R 12 bdn kinh hinh cdu iy,

2 2
i B=1C =42 :Z =—3\/2(a2+b2+c2)

3) Ta c6 10, =§. Ap dung dinh ly ham s6 cdsin trong tam gidc KHO, (¢ diy K

va H 14dn lugt 13 trung diém ctia DB va AB) ta ¢6
- , a? a? g
0,K*=HK? + HO;j — 2HK.HO,cosa. hay z° = —+———cosa
C bl LAl
Tir d6 c6 a’cosa = b* — ¢%. Ly ludn tuong ty, c6 bcosP = a* — c’cosa = a* — b’
Cong ting vE ta ¢6 a’*cosa + b’cosP — c*cosy = 0
Ly ludn tuong tu suy ra dpcm.

Thi du 7: Cho M 1a mét diém bt ky nim trong mot ti dién gan déu ABCD.
MM,, MM,, MM;, MM, lin lugt vudng goéc véi cic mat BCD, CDA, DAB vi
ABC. Goi r va p lan lugt 12 bin kinh clia mit ciu ndi ti€p va bin kinh dudng
trdn ngoai i€p mdi mit chia t& dién ndy. Goi A, B, C 1a ba gbc clia tam gidc ABC.
1) Chitng minh: MM? + MM3 + MM3 + MM} > 4p” cos A cosBcosC

2) Chitng minh: A Q
p 4
Giai
1) Vi ABCD la tit dién gin déu, ta c6: BC=DA=a;CA=DB=b; AB=DC=c
D& thdy riing cdc dudng cao ha ti¥ cic dinh ctia tf di¢n gin déu 1a biing nhav
va gid si=h

Ta c6 thé thidy ngay: MM, + MM, + MM; + MM, =h =1SY M

NEQ
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‘¢ day V va S tuong ¢ng 1 thé tich va dién tich toan phin etia t dién.
Dyng hinh hdp ngoai ti€p tf dién ndy = day Ia hinh hop chir nhat

s V=é\/2(b2 +c?—a?)@%+c? =Be)A b -c?)

V= %abC\/ cosA.cosB.cosC ()

Ta co S=lbc.sinA=—- 3)
2 p

4
ay (2), 3) vao (1) c6 ) MM; =h=4pJcosA.cosB.cosC  (4)

Ap dung bit ding thitc Bunhiacopxki, ta c6

f

' = (MM, + MM, + MM; + MM,)’ < 4(MM] + MM3 + MM3 + MM} (5)

4
I'r (4), (5) suy ra: ZMMi2 > 4p2 cosA.cosB.cosC = dpcm
i=1
Diu biing xdy ra: < MM, = MM, = MM, = MM,
<> M Ia tim hinh ciu ndi ti€p it dien ABCD.
Ap dung lap ludn trong phin 1, ta thiy khi 1dy M =1 (I 1a tdim mit ciu ni
i€p), ta c6 4r* = 4p’cosA.cosB.cosC

lay r = p\/cos A.cosB.cosC = 1 = /o5 A oS B.cosC (*)
| p

" heo két qud trong lwgng gidc, ta c6 trong moi tam gidc (khong c6 géc t)

JcosA.cosB.cosC < i\ 0SB+ cosC s%: cosA.cosB.cosC S%

3

20n néu ABC la tam gidc c6 géc td, thi hién nhién cosA.cosB.cosC < 0 <%

Wi thé tiY (*) suy ra ﬁsg

)6 12 dpem. Di'u biing xdy ra cosA = cosB = cosC <> ABCD Ia t& dién déu.
' 8: Qua dudng cao ciia mot tf di¢n déu, ta dyng mot mit phing cdt cic
ndt bén theo dudng thing tao v6i mit ddy ctlia 1 dién cdc géc a, B, y. Chitng
Ninh tan’o. + tan’B + tan’y = 12
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Gidi
Ké DH L (ABC) = H 1a tdm clia tam gidc déu ABC. Goi M, N, P 1a giy,
diém ctia mit phing qua DH véi cdc dudng thing BC, CA, AB.
Khi d6 tif gia thi€t, ta ¢c6: DMH =a; DNH =p; DPH =y

Ta c6: tana =£; 1an[3:.l_£; tano :E (N
MH NH PH
Goi a 1 canh cia tf dién déu:
D& thiy khi 46 HD = 2
J3

Tir (1) ta ¢6 tan’a + tan’p + tan’y = 12
QHDZ( 12+ 12+ lz]zlz
MH® NH® PH

1 2 1 i 1 =§
MH? "NH?""'PH? ' 4?
D& thi'y M, N, P thing hang (Vi n6 ciing
nim trén giao tuy&n clia mit phing qua
DH véi mit phﬁng (ABQ))

Gid st A, p, ¢ 1a cdc goéc lap bdi
HM, HN, HP lip vdi cdc dudng vudng
géc ké tr H xudng BC, AC, AB. Cic
dudng vudng géc ndy déu c6 do dai

(2)

=

iﬁ,[ﬂM':HN':HP':“—i],ngoai
6 6
ra HM’, HN’, HP’ d6i mét 1ap vdi nhau
géc 120°. Tir d6 ta ¢6 HM= a3 ;
6cosA
HN = a3 1P - a3
6cosp’ 6cosQ
DE thdy p+ ¢ = 120" p+ A =60 = pn=60"- A; ¢ = 60°+ A
o 1 1 1 1 2 2 0 2 0
Viy: + 5 =—| cos® A +cos“(60° =A)+cos*(60° +A)| (3
AETIVERRTNORTTY 92[ ]

D& dang tinh dugc cos® A+ cos® (60° — &)+ cos (60° + 1) =—;— 4)

Tir (3), (4) suy ra (2) ding = dpcm
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hi du 9: ABCD Ia tit di¢n déu canh bing 1. M va N 1a cdc diém di dong trén
AB, AC, sao cho (DMN) lu6n vudng géc véi (ABC). Pit AM =x, AN =y
1) Chitng minh x +y = 3xy
: 2) Tinh thé tich va dién tich toan phﬁn cua t dién DAMN.
3) Xic dinh gid tri cia M va N dé cdc dai lugng trong cdu 2 dat gid tri I6n
nhi't va bé nhat. Tinh cdc gid tri dYy.
Giai
Vi (ABC) L (DMN) va (ABC) N (DMN) = MN,
‘nén néu ké DH L MN thi DH L (ABC).
‘Do DABC la tt di¢n déu, nén H Ia tim
cla tam gidc déu ABC, vi th&
'MAH = NAH = 30°

V3

Ta ¢6 SAMN =%xysinMAN=Txy (1)

|

2 )
Ta c6 ngay: Vpamn =—§DH.SAMN =

1
3 T
Goi S 1a dién tich toan phan clia tf di¢cn DAMN, ta ¢6:

S= x;/i + yf + xy4\/§ +—\/6—§-,/(x+y)2 -3xy

Theo cdu 1) suy ra S = +/3xy +l/6§ 3xy(3xy —1)

Tir cAu 2) suy ra Vi Vd Spax < Xy max
Vimin V& Spin <> Xy min
Rorang0<x<1;0<y<1
Pitxy=t Theociul)tacox+y =3t
Viy x va y la nghi¢m ctia phuong trinh: f(z) =2* - 3tz +t=0 (3)
Nhirng gid tri ¢6 thé cda t 1a nhitng gid tri lam cho (3) ¢6 nghi¢m z,, 72

thod min 0 <z, <7< |. Diu ndy x4y ra khi va chi khi:
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(A20 (A>0

(z;-1(z, -1)=0 22y —(2,+2,)+120

121 +22 52 <92 +25 <2 %)
712, 20 2)29 20

(2) +2, 20 1z +2,20

Tac6A=9C-4t;2,+2,=3t, 212, =1

(92 —41>0
t-3t+1>0
Tir d6 h¢ (*) twong dudng véi hé {31 <2 o
t>0

3t=0

4)

NAES
IA
A
IA

=

4 4 1 1
Vay tr (4 a: mi =—tl=—; max (Xy)=—St=—
dy tlr (4) suy ra: min (xy) 5 9 (xy) > >

Khil:i thi (3) c6 nghié¢m képz=g:‘>x=y=z
9 3 3
[(x=1
I 5 5’:%
Khit:; thi (3) ¢6 nghiém { ' 2 & |
Z =1 X'=—
i 2
i b i

Tir d6 ta ¢6 két ludn sau:

v J3 2

vmin =_2_ e S"‘i" =?(4+\/§)© M= =§
\/E 1 M EB, N=A
Vmax =§ va Smax =Z(2\/§+\/§) 3 M=A N=C

Thi du 10: Goi O 1a tim clia mdt hinh tf dién déu. T mdt di€ém M bAt ki rén
mOt mit cla ¢ di¢n, ha cdc dudng vudng géce 16i ba mit phing con lai, voi
K, L va N l1a chin clia ba dudng vudng géc ndy. Chitng minh ring dudng
thing OM qua trong tim clia tim gizic KLN.
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Giai D
Goi R 1a giao diém ctia OM véi miit
phing KLN. Viéc khing dinh R 1a trong
tAm cta tam gidc KLN tudng dudng véi
~ khing dinh ring ba wt dién MKLO,
 MLNO, MNKO ¢6 ciing thé tich. Goi x,
y, z 1a khodng cdch tr M i cdc canh
tuong @ng cia tam gidc ABC. Vi mit
phing KLM vudng géc vdi canh AD nén khodng cdch tir O t8i mit phing
KLM biing hinh chi€u ctia OM 1én AD, ciing biing hinh chi€u cta doan MP
1&6n DA, véi P 12 chin dudng vudng géc ha tir M 1én BC. D& thiy riing hinh
chi€u ¥ M t6i BC. N&u o 1a g6c nhi dién giita cic mit cla ti dién ABCD thi

Vkmo = %KM.MLsinai _xyz2

J3* Ay

Cic tir dién MLNO va MNKO ciing ¢6 thé tich nhu th€. Tir d6 suy ra dpem.
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Chuyén dé 2. CAC BAI TOAN QUI TiCH
TRONG HINH HOC KHONG GIAN

Ciing nhu cdc bai todn tim quy tich (hay tim tdp hgp dém) trong hinh hoc
phdng, bai toin tim quy tich trong hinh hoc khong gian thudce 16p cdc bai toin
khé. BE gidi bai todn nay chiing ta phdi ti€n hanh qua ba budc: phin thuin,
gidi han quy tich va phan dio.

Trudc hét ching ta hdy dé cip dén nguyén ly chung ciia viée tim phip
thudn, gidi han va phan ddo ctia quy tich.

1) Phan thudn ciia quy tich 12 phin trong tim ciia bai todn quy tich. Trong phin
nay ching ta phai chi ra mién D ma di€m cin (im quy tich nim wén do.
Mién D nay phdi gin sdt vdi quy tich cin tim (thi du néu nhv quy tich 1
doan thing AB, thi mién D chiing han 1a dudng thing chia AB..). B& (im
duge mién D nay ngudi ta thudng sit du ng cdc bude sau diy:

— Tién dodn quy tich, tic 1a phdi hinh dung dugc D ¢6 khi ning 1a mién
g1? Mudn the ta hay v& thir vai diém cin tim quy tich, rdi phdng dodn ra
mi¢n D. Cin luu y v6i cdc ban ring diéu ndy d6i véi quy tich khong gian
thudng 1a khé hdn véi quy tich phing. Ly do vi viéc v& hinh véi hinh hoc
phdng 1a chinh xdc, con nhv cdc ban da bi€t v& hinh trong hinh hoc khong
gian ¢6 tinh chit twong ddi clia no.

— Dya vao diéu ki¢n ddu bai, ching minh ring D ¢6 khd ning 1a mién
chifa quy tich cin (im. Pay 1a phin ¢6t 16i ctia phin thuin (va ciing 1a cia
bai todn tim quy tich).

2) Phin gidi han clia quy tich chinh 1a phén chi chinh xdc quy tich, tie 1A tim ra
tdp con D; ctia D ma D, chinh A toAn bd quy tich bi€n thién & diu bai
chuyén dong trén d6, va dic bi¢t 12 cdc di€m bi€n thién & ddu bai chuyén
dong trén d6, va dic bi¢t 1a cdc di€m cuc bién (nhv diu mit cia doan
thing... trén d6 diém bi€n thién di dong).

3) Phin ddo clia quy tich ¢6 thé xem nhu 1a phin khé nhil trong qud trinh tim
quy tich. C6 thé hinh dung dugc phin ddo clia quy tich tién hanh theo cic
budc sau diy:

a. Phdt biéu bai todn dio cin lam. Budc nay quan trong & chd chi ro
phudng hudng cin gidi quy&t. Nhin chung luge dd ctia né nhu sau: Gid sit M
€ D, 12 diém niim trén quy tich, ta phii chitng minh riing t6n tai di€m N bién
thién thod man moi yéu ciu ctia d& bai, ma tr di€ém N d6 xdc dinh cho ta
ding diém M € D,.
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b. Gidi mot bai todn dung hinh, thyc chit1a dung diém N.
¢. Chitng minh diém N dyng dugce thod min moi yéu ciu dé ra.
Sau khi hoan thanh ba phin: thudn, gidi han va ddo, ta két luan vé quy
‘tich ¢in tim.
du 1: Cho dudng trdon dudng kinh A ¢d dinh = 2R va C 1a di€m chay trén
dudng tron. Trén dudng thing Ax di qua A va vudng géc véi mit phing ciia
dudng tron 1dy diém S ¢0 dinh. Tir A ké AI L SB, AK L SC (I € SB, K € SC).
‘Gia st M 1a giao diém clia BC va IK. Tim quy tich di€ém M khi C chay trén
- dudng tron.
Giai
Phén thudn:
Ta c6 BC L AC (géc ndi ti€p chin
“nita dudng tron) ma SA L (SAC)
= SA L BC = BC L (SAC)
= (SBC) .L (SAC).
- Do (SBC) N (SAC) = SC ma AK L SC,
viy AK L (SBC) = AK L SB
| Lai tha'y Al L SB (gt) = SB L (AIK) (1)
Vi SA L (ABC) ma AM L (ABC) = SA L AM
'Miit khic AM e (AIK), nén tir (1) ¢c6 SB L AM = AM 1 (SAB) = AM | AB,
titc 1A M nim (rén GL¢p tuyén Ax clia dudng trdn duding kinh AB vE trong (P).

Gidi han
D& thdy khi C chay trén dudng tron, thi M chay trén todn tiép tuy&n néi trén.
Phdn ddo
Pdo lai 1y mot diém M’ wy ¥ trén GEp tuyEn dy. Ta phii chirng minh 16n
tai C’ trén duding tron sao cho néu goi I, K’, 12 cdc hinh chi€u clia A 1én SB,
SC, thiM’ =I'K’ n BC’. s
Trong (P), thi M’B cit dudng tron
dudng kinh AB tai C'. Ké A’ 1 SB.
Trong (MI’B), thi M'I’ N SC =K’
Ta s¢ chitng minh riing AK* L SC’
ViAy 1L AB, Ax L SA = Ay 1 (SAB)
= Ay L SB. Lai c6 SB L Al
= SB 1 (AI'M’) = SB L AK’ (¥)
= BC’ L (SAC’) = BC L AK’ (*¥)
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Tir (*), (**) suy ra AK’ L (SBC’) = AK’ L SC’ = dpcm
Viy quy tich ciia M (hay (dp hop cdc di€m M) 12 ti€p tuy&n véi dudng kinj,
AB tai A vé trong mit phiang (P).

Thi du 2: Trong khong gian cho hai dudng thing chéo nhau a va b. M va N I3
hai di€m chuyén dong tuong ng trén a, b sao cho dudng thing MN hgp v
a, b nhitng géc biing nhau. Tim quy tich trung di€m P ctia MN.

Giai
Goi AB la dudng vudng géc chung
cia a, b (A € a, B € b). Nhu viy AB L A

a, AB Lb.
Goi (n) 1a mit phing trung truc cia

AB (tttc 1a (m) qua trung diém O clia AB
va AB L (m)). o
\B

Nhuth€a//n. b/l nva

d(a, (m)) = d(b, (m)) = %

Goia’ va b’ 1an lugt 12 hinh chiéu cia a,

b trén (m).

Nhu vdya’//avib’ //b. Tacé a’, b’ ciing di qua O.
Dé thdy trung diém P ctia MN ndim trén (7).

K& PC La,PD Lb(C € a, D e b). Theo gia thi€t ta c6 AMN = BNM. Tir
d6 suy ra hai tam gidc vuéng MCP ca DNP biing nhau = PC = PD

Goi C’ va D’ wong tng 12 hinh chi€u cta C va D trén (). R6 rang C’e a’,
D’eb’.

Tacoa Ll (PCC)(doalCC)=>aLlPC’=a’ LPC. Tuong twta c6 PD’ L b
Vi thé tr PC = PD = PC’ = PD’

Bai todn quy tich trong khong
gian qui vé& bai todn quy tich phing
cd bin sau ddy: Trong (n) hdy tim
quy tich nhitng diém P cdch déu
hai dudng thing a’, b’. Theo quy
tich cd ban trong hinh hoc phing ta
c6: Quy tich trung di€ém P cia MN
1a dudng phdn gidc Ox va Oy ciia
géc tao bdi hai dudng thing cdt
nhau a’, b’ trong (n).
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Thi du 3: Trong (P) cho hinh vudng ABCD. Qua A v&é Ax L (P). Ldy M thudc

f 1) Phén thudn:

2) Phdn ddo

Ax. Pudng thing qua M vudng géc véi (MBC) cdt (P) tai R, dudng thing qua
M vudng géc vdi (MCD) cdt (P) tai S. Goi I 1a trung di€m cia RS. Tim quy
tich I khi M chay trén Ax.

% X
Giai

Ta ¢6 CD L AD (gt), CD L SA
(vi SA L (P)) = CD L (MAD)
= (MCD) L (MAD).
Lai ¢c6 (MCD) N (MAD) = MD, nén
néu trong (MAD) k¢ MS L MD, thi
MS L MD, thi MS L (MCD), & diy S
d& thdy nim trén AD kéo dai vé
phia A.

Tuong tf trong (MAB) k¢ MR L MB = MR L (MBC), & diy R nim rén
AB kéo dai vé phia A.

Trong tam gidc vudng SMD, thi MA’ = AS.AD

Trong tam gidc vudng RMB, thi MA” = AR.AB

Vi AD = AB = AS = AR. Do I la trung diém ctia SR, nén I nim trén nifa
dudng thing Ax’ l1a phin gidc cla géc ddi dinh v6i goc BAD (géc A ctia
hinh vuéng ABCD)

S

R

X

Pio lai gid st I’ 1a diém tuy y nim
trén nita dudng thing Ax’. Ta phdi
chitng minh tén tai M’ € Ax sao cho
n&u goi R’ 1a giao clia dudng thing qua
M’ va vudng géc véi (M'BC) vdi (P), S
con S’ 1a giao ciia dudng thing qua M’ I
vudng goc véi (M’CD) véi (P); thi I 1a X'
trung diém cla R’S’. A

Qua I' dung dudng vudng géc vai
Ax’, cit AD va AB kéo dai tuong tng tai S’ va R’. Khi d6 dé dang thi'y riing
I' 12 trung diém ctia S’R’ (do Ax’ 1 phan gidc ciia géc dGi dinh vdi goe BAD)

Trong mit phing Ax, dung dudng tron dudng kinh S’D cit Ax (ching han
cit nita dudng thing Ax phia trén) tai M’ = S'M” L M’D
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Do AB L (Ax) = DC L (Ax) (viDC// AB) = DC L S’M’

=>M'S’ LM'DC)vaM’S’n(P)=F§

Theo hé thife lugng trong tam gidc vudng M’S’D ta ¢6: M’A® = AS’. AD (1)

Vi AR’ = AS’.AB = AD = AS’.AD = AR’.AB

Theo (1) = M’A? = AR”.AB = R'M'B=90° > M'Q' LM'B

Lap ludn nhy trén suy ra M’R’ L (M’BC) va M’R’ n (P) =R’

Vay quy tich I 1a nita duding thing Ax’ 1a phan gidc clia géc doi dinh v6i BAD
Thi du 4: Trong mit phing (P) cho diém O ¢ dinh va d 1a dudng thing quay

quanh O. Lay S ¢d dinh ngoai (P) ¢6 hinh chi€u trén (P) 12 H, v6i H # 0. Qua

S dyng dudng vudng géc véi mit phing xdc dinh bdi S va d. Pudng thing

nay cit (P) tai N. Tim quy tich ctia N. s

Giai i
%
Ké SM L d = HM L d (dinh ly ba 2%
dudng vudng géc) %/%
2 0N 2 A %//
Trong (SMH) ké dudng thang vudng )

Z

géc véi SM. Pudng thing nay cit MH A /////////////,‘
kéo dai § N. Ta ¢6 SN L d (dod L L
(SMH)), vi SN L SM = SN L (S; d) (d)

Trong tam gidc vuéng SMN, ta c¢6: HN.HM = SH? = h® = const
Bii todn trd thinh bii todn hinh hoc phing sau:

Xét dudng tron dudng kinh OH ¢6 dinh trong (P). M 1a diém chuyén dong
trén dudng tron nay, N 1a diém nim trén MH kéo dai sao cho:

HN.HM = h’ = const.

Tim quy tich ctia N. N'
Goi N* 1a di€m trén OH kéo dai sao cho
HN*HO = h’ = N* 1 diém c& dinh

A

Goi A la dudng thing qua N* va A L OH )

ViHNHM =h?= HN.HM=HN*HO ' = 4
= NN*MO la tf gidc ndi tiép

= Do NMO = NN *O ma NMO = 90° M “

= NN*0=90° =>NeA
Pi lai 1dy N’ wy y trén A. Gia sit N’H giao dudng trén tai M’

Do N'M'O=N'N*0=90° =t gidc N'N*M’O Ia tif gidc ndi tiép
= HN’.HM’ = HN* HO =h’

NSO
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Viy quy tich cia N 1a dudng thing A (trong (P). Pudng thing nay vudng géc
v6i HO tai diém N* néi trén.
Thi du 5: Trong mit phing (P) cho géc vudng xSy =90° dinh S ¢& dinh. Poan
AS = a vuong vdi (P). Trén Sx, Sy lan lugt 14y B, C sao cho SB + SC = a. Goi
I 12 tam hinh cAu ngoai ti€p i dién SABC. Tim quy tich I khi B, C di dong
theo quy ludt trén. A

Giai
Trong (P) dyng hinh chif nhat SBCD.
Goi I 1a trung diém cda AD. .
Dé& thdy BD L AB, DC L AC (dinh ly
ba dudng vudng goc).
T d6 IA=IB=IC=ID =IS (vicling

bling %AD). Vay 112 tim hinh cAu ngoai tiép tdién SABC. Ta c6 D——241

X

D
2% o)
Viy bai todn tim quy tich I, dwa vao phép vi ty V(A;%) quy vé bai todn

Ax

quy tich phing (tim quy tich D) nhu'sau: g,
Cho géc vudng xSy =90° dinh S ¢ dinh. e
Trén hai canh Sx, Sy ldn lugt 1y B, C di :
d6ng sao cho SB + SC =a. Dung hinh chit  p D
nhat SBDC. Tim quy tich ctia dinh D. Ly
B, trén Sx sao cho SB, =a = B, ¢§ dinh. g .
N&i B,D va gia sit B,D N Sy =C, & C G
Do SB + SC = a, nén SB = BB, = SB; =a = BB, =SC = B,BD 12 tam gidc
vudng cin = BSC, ciing la tam gidc vuong cin = SCy=a = C, ¢d dinh.
Do d6 D € doan B,C,
Pio lai 14y D’ tuy ¥ trén doan B,C,, ta phdi chifng minh tdntaiB’ € Sx,C’ €
Sy sao cho SB’ + SC’ = a va SB’D’C’ 1a hinh chi nhit. »
Thét vAy c6 thé thi'y ngay B’, C’'tuong
ttng 12 hinh chi€u clia D’ trén Sx, Sy.

Viy quy tich clia doan B,C,. : G
Do I 1a anh ctia D trong phép vi ty tdim B,

2 A 1 A A E y
A tisd E, nén tir trén suy ra: s .

B|——(i%']“’32' CI—X(—I.“—'i>C2 x -
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& diy B,, C; lan lugt 12 trung diém clia AB,; AC,.
Do vay quy tich I la doan B,C;, tifc 1a dudng trung binh ciia tam giic AB,C,
(B,C, /I B,C)), d day B, C, xdc dinh nhu trén tifc 1a:
B, eS,,C,eSyvaSB,=SC,=a
Thi du 6: Trong khdng gian cho hai nita dudng thing Ax va By vudng géc vdi
nhau va chéo nhad nhdn AB = a lam dudng vudng géc chung. M, N (udng
tng chay trén Ax, By sao cho ta luén ¢c6 MN = AM + BN.
1) Goi O 1a trung diém ciia AB va H la hinh chiu ctia I 1én MN. Chitng minh
MH=u;NH=v.
2) Tim quy tich cia H khi M, N di ddng theo quy luit trén.
Giai
1) K& OH L MN. Ta ¢6 OM? - MH? = ON? - NH? (vi ciing = OH?)

a’ a? -
=+ _MH?=v?+Z__NH?
4 4 M

hay MH? —=NH? =u? -2 (D
Ta c6 theo gid thi€tMH+NH=u+v (2) ¥
T (1) va(2) suyraMH-NH=u-v (3)
Bay gid tir hé (2), (3) ¢6 ngay: A
MH =u, NH = v = dpcm
) Phdn thudn

Ké HE L AN (E € AN) = HE // Ax vay HE L (P)
HE NH uv

Theo dinh ly Talét, c6: —=——=HE = 4)
AM NM u+v
Trong tam gidc MBN, ké HF // NB, ma NB L (Q) = HF 1 (Q)
Lijithéo dinh 1y Tatégics T MU _ pgp_ 0¥ (5)
BN MN . u+v

Tix (4), (5) suy ra HE = HF = H cdch déu hai mit phﬁng (P) va (Q).
=> H niim trén mit phing (m) 1a mat phing phin gidc cla géc nhi dién tao
bdi (P) va (Q) cd dinh (do d6 (w) ¢& dinh).

Ta c6 hai tam gidc vudng MAO va MHO biing nhau nén OH = -;—.

= H’E’ = H'F’. Ap dung dinh Iy Talét nhv trén ta ¢6 thé tinh dugc:

H'El__- 'xy . vﬁ HIF'= f y
X'+y X'+y

Sxy'=x'y (9
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2 a’ 2
u“+—-MO 5

T U =u

cosM'H'O =

. Tudng t, ¢6 cosOH'N'=

‘Do M'H'O+OH'N'=180° = 2 —
u
T (*) suy ra u'=——, rdi thay vao (**) ¢6

Mt g2 e u(v?-v?)

' V2

=—(v2—v?)

= (3+1J(v'+ V(V'=v)=0=>v'=v=>u'=u=M'N'= AM'+ BN'
! v

“‘}Ci.’lﬂg tir d6 ¢c6 AM’AO = AM’H’O (c.c.c) = M'H'O=M'A0 =90".
‘= OH’ L MN’. Tém lai quy tich clia H 1a nita dudng trdn tdim O bdn kinh -g—

V€ trong (7).

' dim M va dit AM = x (0 < x < a). Tir A dung dudng thing Ax vudng géc vdi
;(P) va trén Ax 14y di€m S. Goi I 12 trung diém ctia SC va H 12 hinh chi€u cila
i Gidi
' Goi O 1a tdim hinh vudng ABCD
= 10//SA =10 L (P).
DoIH L CM = OH L CM (dinh ly ba
‘dudng vudng goc). Vdy H nim trén
| duong trdn dudng kinh OC vé trong (P)
‘Bay gid ta tim gidi han cla quy tich.
K}u M=A=H=0
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Khi M =D, goi E 1a trung diém ciia DC. A B
Do IE // SD ma SD L DC (dinh ly ba
dudng vudng goc) = IE L DC tic H=E
Vay gidi han cta quy tich chi 1a cung
tron OE (tc 1a mot phdn tr dudng tron
dudng kinh OC). H'
Péo lai gy diém H’ twong Gng rén OE g E C
ta phdi chitng minh (6n tai M’ € AD, S’ € Ax sao cho ’'H’ L M’C (§ day I’ |3
trung di€m ctia S’C)
Thatviydo H’ € OE ,nén CH’ cdit canh AD va gid st CH’n AD =M’

Ly S’ 1a di€ém wy ¥ rén Ax (mi€n 12 $* # A). Ta ¢c6 OH’ L H'C. Do 1’0 //
S’A =T'0 L (ABCD) = CM’ (dinh ly ba duding vudng géc)
Viy quy tich ctia H 1d mdt phin v dudng tron dudng kinh OC, tic 1 cung
OE, vdi E 1a trung di€m ciia CD.

Thi du 8: Cho hai dudng thdng d, d’chéo nhau va vudng géc vdi nhau. Gid st A
1a diém ¢& dinh trén d. V6i mdi diém B thay d8i trén d’, chon C trén d’ sao
cho hai mit phﬁng (d, B) va (d, C) vudng géc véi nhau. Goi B’, C’ 1a chin
cdc dudng cao trong AABC ké tir B va C. Tim quy tich B’ va C’ khi B va C di
dong theo quy ludt trén.

Gidi
Goi IK 1a dudng vudng géc chung cia d va d’ (véil € d.K e d’). Xét hai
trudng hgp sau:
Truong hop 1: A #1
Goi R 12 mit phiing x4c dinh bdi A va d’, titc 1a R = (A, d’) = (R) 1a mil
phing ¢6 dinh. Goi H 1A tryc tim AABC, khi d6 theo bai todn cd bin ta ¢6 IH
L1 (R), nhu vy tric tdim H clia A ABC 12 hinh chi¢u ctia diém I ¢6 dinh Ién
(R) ¢& dinh = H 12 diém ¢ dinh khi B, C di dong.
1) Phdn thudn: d
Khi d6 trong (R) ¢6 dinh, B’ va C’
luén Tudén nhin AH ¢6 dinh dudi géc
vudng nén B’, C’ nim trén dudng tron
dudng kinh AH (trir A va H). Pudng
tron ndy vé trong (R).
2) Phdn ddo:
bido lai, gid sit B’; 1a diém bit ky trén
dudng tron nay (B’, # A; B’ # H)

g
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Ta phdi chitng minh tn tai By, C; trén d’ sao cho (B, d) L (C,; d) va B, Ia
- hinh chi€u clia B, trén AC,

- That vdy trong (R), gid sir:
B’Hnd’ =B,

Trong (A, d’) gid st AB’,nd’ =C,

Ta c6 H la tryc taim AAB,C, (do B;B’; L
'AC,, géc ndi ti€p chin nira dudng tron
va AK Ld).

Con lai ta phai chiing minh (B,, d) L (C,, d).

Thit vaytacé IB; L Al (do Al L (n)) ma IB, € (m)

Tacé AC, LIH (vilH L (A, d’), AC, L BB’y = AC, L (IHB,)

= AC, LIB, = IB, 1L (IAC,) = (IB;A) L (IAC)) tta 1a (B,, d) L (C,, d)

Viy quy tich B’ 1a dudng tron dudng kinh AH (trir A, H) vé trong (R) (v4i C’

hoan toan tudng tu)
Truong hop 2: A=1

Vi (B, d) L (C, d) va do BIC (=BAC)

chinh 1a géc phing ciia nhi dién tao bdi

‘hai mit phing n6i trén nén

BIC (= BAC) =90°.
Lic nay tryc tim H cia AABC chinh 1a A
H=A=I=>B'=C =1

Viy trong trudng hgp nay quy tich thu vé mot diém I (= A). T6ém lai quy tich

cua B'(C’) la:

‘1) Budng tron dudng kinh AH (trir A, H) v€ trong (R) = (A, d’) néu A =1,

2) Piém duy nhit A, n€u A=1.

du 9: Cho hinh 1ip phudng ABCD.A’B’C’D’ canh biing a, M 12 diém di

: dong trén canh AB. Gid sit C’'D’ cdt mit phﬁng A’MC tai N. Goi H la hinh
chi€u ctia C xuong MN. Tim quy tich ctia H. A

Giai

A

I

d

'Ta c6 (ABCD) // (A’B’C’D’),
' ma (A’MC) N (ABCD) =MC

= (A'MC) N (A’B’C’'D’)=A’N

trong 46 A’N //MC (N € D'C’)
' D& thiy BM=D’N

Goi I 1a trung diém cia BC’ (nfc I 1a
tim clia mit bén B’BCC’) c
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Ta c6 Cl L BC? :
Mit khic CI L AB (do AB 1L BCC'B’) = CI L (ABC’D’). Do MN ¢
(ABC’D’) ma CH L MN = IH L MN (dinh ly ba dudng vudng géc)

Ta c6 BM / D’N va BM = D’N = BMD'N a hinh binh hanh = MN A BD’ = 0,
g diy O 1a trung diém ctia BD’, tirc 12 O 12 tdm cta hinh 1ap phuong.

Nhu th€ trong (ABC’D’) H ludn nhin OI ¢§ dinh mdt géc vudng, nén H niip,
trén dudng tron dudng kinh OI vé trong (ABC’D’).

Gidi han quy tich:

1) KhiM=A=>N=C'=>MN=AC' =>H=H,
2)KhiM=B=N=D’'=>MN=BD'=H=H,

Viy gidi han quy tich 1a dudng tron HH,
B

C'

Pdo lai iy H bit ki € H,OH,, ta phii chiing minh t3n tai M € AB sao
cho néu goi N = (A'MC) N (D’C’) thi H 1a hinh chi€u ctia C 1a MN.

Thét vdy, goi M = OH n AB. Ta ¢6 IH L MN (géc ndi ti€p chdn nifa
dudng tron) = CH L MN (dinh ly ba dudng vudng goc).

Viy quy tich cia H 1d ntra dudng tron dudng kinh H;H, v& trong
(ABC’D’)

Thi dy 10: Trong (P) cho hinh vudng ABCD canh a. Hai nita dudng thing Bx.

Dy vudng géc véi (P) va & ciing mot phia ddi véi (P). M, N Ia hai diém di
dong trén Bx, Dy. Dit BM =u, DN =v.

1) Tim lién hé gitra x, y dé (MAC) 1 (NAC).

2) Gia sir diéu kién trong (1) dugce thod man. Goi HK 1a dudng vudng goc
chung ctia AC va MN (H € AC, K € MN). Tim quy tich cia K khi M, N cha¥
theo quy ludt trén.

.

YT A
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Giai
2 1) Goi O 1a trung diém ciia AC thi do

. MA =MC = MO L AC

~ Tuong ty ¢6 NO L AC

. Viy NOM la géc giita hai mit phing
. (MAC) va (NAC)

f (MAC) L (NAC) < MON =90°

. & NO? + MO? = MN?

' 2 2 D C

‘. <:>u2+%-+v2+a?=(v—u)2+2a2<:>2uv=a2 (1

" Vi (ABCD) N (DBMN) = DB, ma AC L DB = AC L (DBMN)
- Trong (DBMN), ké OK L MN (tic 1a OK 1a chiéu cao ciia tam gidc vudng
“‘ NOM) = AC L OK.
- Nhu vy OK 12 duding vudng géc chung ciia AC va MN, didu d6 c6 nghia la:
g H=0 = H ¢d dinh

1 1 1 _OoM?+0M?

Jetme g it L 3 Anad

OK® ON° OM OM“.OM

j Lai c¢6 trong tam gidc vudng NOM, thi

2
9 rafl 2 A ) 2 2
Vo = | U 2Hd20e & 2 2 a
vau©+ — (v +ut) +—
OM2 OM? _( 2]( o e e

i 2
g 9K oM? + oM? v2+u?+a? vZ+u?+a? i
a? Ay b i)
1 2 ~(V'+u°+a’) 2
- Theo (1) thi u2v2=a—thay vao (2) c6: OK2=2 I Wi
4 vi+u‘+a 2

= OK = %/Z = const = HK = const

Phédn thugn:

T ching minh trén suy ra trong mit phing ¢6 dinh xdc dinh bdi hai
dudng thing song song ¢& dinh Bx, Dy (va ta s& goi 1a mit phing n), K luon
cdch O ¢6 dinh 1 khodng OK = %, viy K nim trén nira dudng tron tim O,

aV2

‘bdn kinh R = e DPudng trdn nay vé trong (n), (chi 1a nita dudng tron vi M,

g
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N chi twong @ng chay trén nita dudng thing Bx, Dy & vé ciing mot phia cilia
(P) va vudng goc véi (P). -
Phdin ddo:

Pio lai gid st K’ 1a diém tuy § nim trén cing moi dudng tron ndy. Ta
phdi chitng minh riing t6n tai M’ € Bx, N’ € Dy sao cho dong thdi thod map
diéu kién sau:

1) (M’AC) L (N’AC)
2) OK’ 1a dudng vudng géc chung ciia AC va M'N’ (O € AC, K’ €e M'N’)

Trong mit phing (n) = (Bx, Dy) vé
ti€p tuy€n v6i nita dudng won dudng 4 A
kinh BD tai K’. Ti€p tuyé&n nay cit Bx,
Dy tuong ng tai M’, N’.

Do (m) L (P) nén (n) N (P) = DB ma AC
1 DB = AC L (n)> ACLOK’

Hién nhién theo cich dyng thi:

OK’ L M’'N’, viy OK’ chinh 13 dudng
vudng géc chung cia AC va M'N’
(Oe AC,K’ e M'N)

D& thiy*N’O € AC; M’O € AC = N'OM la géc phing tao bdi hai mit
phing (M’AC) va (N’AC). Trong mit phing (n), theo tinh chat ctia hai ti¢p
tuy&n xudt phét ti¥ mot diém M'B va M’K ta 6 K'OM'=M'OB

Léap ludn twong wr c6: N'OK'=N'OD

Tir d6 theo tinh chi't cic dudng phin gidc clia hai géc k& bu suy ra:

N'OM'=90" = (M'AC) e (N'AC)

Tém lai quy tich chin dudng vudng géc chung K 12 nita dudng trdn tdm O ban

5

kinh R = a_22_ (e 1a nira dudng tron dudng kinh DB) dung trong () = (Bx, By).

Thi dy 11: Cho ling try ditng ABC.A’B’C’ ddy 12 tam gidc cin (AB = AC). P li
diém chay trén AA’. Goi E 12 hinh chi&u cia C’ 1a BP. Tim quy tich ciia E
khi P chay trén AA’.

~N™N s
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Giai 4 -
KéC’H L'AB’. 7
Do (A’B’C") L (ABB’A’) nén tir d6 suy H' ,
ra C’H L (ABB’A’) = C’H L BP P . R
Laicé BP L C’E = BP L (C’H’E) )i
= BP1HE /!
Trong (ABB’A’), ta ¢6 E nhin BH’
¢6 dinh dudi mdt géc vudng, nén E nim

trén dudng tron dudng kinh BH’ vé AS--\{ifF------ &
trong mit phing dYy.

Biy gid ta tim gidi han cia quy tich
‘ Khi P = A, thi E=H,; cOnkhi P=A’, thi E = H, (H, 1a hinh chiéu cia H’
trén AB, con H; 1a hinh chi€u ctia H’ trén A’B)

Vi th€ E chi chay trén cung tron H,H, . 1 H B’

Ta phéi chiing minh ton tai P’ € AA’ sao
cho E’ 12 hinh chi€u ctia C’ 1a BP'. P "

That vay trong (BAA'B’) gia sit BE’ N
AA’ =P'. Do H'E'B=90" (géc ndi ti&p
chiin nita dudng tron), nén H'E’ L E’B tai ! H, B
laH’E’ L BP’. ViC’H' L BP’ nén suy ra BP’ L (C'H’E’) = BP’ L CE’

Viy quy tich ciia E 1a cung tron FI,_H; ctia dudng tron dudng kinh BH’ vé
trong mit phing (BAA’B").
i dy 12: Cho hai nita dudng thing chéo nhau Ax va By. M va N 1A hai diém
thay ddi trén Ax va By.
1) Dyng mit phing (P) qua By va song song véi Ax. Pudng thing qua M va
- song song vdi AB cdt (P’) tai M.
'~ 2) Goi I 1a trung diém clia MN, J 12 trung di€m ciia M’N, fim quy tich J va 1
trong hai trudng hgp sau diy:

a) AM =BN

b) AM + BN =21 vdi /12 s6 duong cho trudc.

Giai

) Vdi hai dudng thing A, A; song song hoic ¢4t nhau, ta s¢ ding ky hi¢u (A,
- Ay) d€ chi mat phing xdc dinh bdi A, va A,.
Qua B ké Bx’ // Ax => Bx’ ¢0 dinh va khi d6 (P) = (By, Bx’)

”~y~y e~
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Tir M ké dudng song song v3i AB. Vi Ax / Bx’ nén dudng song song dg
phii cit Bx’ tai M’ va d6 ciing chinh 1 diém cit (P) = M’ e Bx

Pdo lai ldy M” trén Bx’. Tir M’ trong mit phing (Ax, Bx’) ké dudng 4/
AB, thi nhi't dinh dudng dé phai cit Ax tai M, nao dé.
Nhu viy quy tich cia M’ 1a dudng thing Bx’ / Ax

2) Xét trudng h¢gp AM = BN Ml/xf

e Tim quy tich J M

Ta c6 BM’ = AM = BM’ = BN M" X!
Goi J 1a trung diém ctia M’N, thiJ 4 p /

nim trén dudng phin gidc Bd ctia goc 1" . d

x'By ¢6 dinh. et
Dho laildy I’ wy y € Bd. Qua I ke mv| 5\ ¥ y

dudng vudng géc véi Bd cit Bx’ tai M, B N", N N, i

va cit By tai N,

Khi d6 ta ¢c6 BN, = BM’,. Trong (Ax, Bx’) tir M’, ké // AB cit Ax tai M,
= AM, = BM’, = AM, = BN
= Quy tich ciia J 12 phan gidc Bd cia x'By <6 dinh.
e Tim quy tich I

Goi I 1a trung di€m MN. Trong AMM’N thi IJ 13 dudng trung binh = JI /
AB (vill /MM’ ma MM’ // AB) =1 € (AB, Bd)

Mit khic ta c6 1J =ATB. Vi viy nu ldy OA = OB = OI / Bd. Vay I nim

trén dudng Ot // Bd.

Pdo lai 18y [” wy y wrén Ot Trong (Ot, Bd) ké tir I dudng song song vdi
AB. N6 cdt Bd tai J”. Qua J” k& dudng vudng géc vdi Bd. N6 cdt Bx’ va By
ta M”, trong (Bx’, Ax) k¢ M”"M”// AB = AM” =BN”,

Xét AM™M”|N” ta ¢6 theo dinh 1y Talét ddo = M”, 17, N, thing hang.
Viy quy tich I 1a nita dudng thing Ot // Bd (OA = OB) x!

Xét trudng hgp AM = BN = 2/
e Tim quy tich J: RO rang J € (x’By).
Viy d€ im quy tich J ta xét bai todn
quy tich hinh phing sau day: Ny N
Cho x,'B\y, M’ va N di dong trén Bx’ va By sao cho BM’ + BN = 2/ = consl.
Tim quy tich J trung diém ctia M’N.

77




Cty TNHH MTV DVVH Khang Viét

Trén Bx’ 1dy M,, By 14y N, sao cho BM; = BN, = /. => M,, N, ¢6 dinh

- Ta c6é M;BN, la tam gidc cin

Chid ¥y né€u M’ =M, N =N, thi rd ring ] € M,N,.

Biy gid gid thi€t BM’ < BM, = BN > BN,

- K& M’L// By = By = M’LM, ciing 1d A cAin nén M’'L = M’M,

| = M’L =NN,. Vay M’LNN, Ia hinh binh hanh = J € LN titc J € M|N,

' Pio lai gy I’ 1a diém tuy § thuoe M,N,

Né&u J’M, = I’N, hoiic néuJ’ = N, thi tim thudng.

- Biy gid gid st J’ # M, (# N, va # trung diém M,N,). Bit trén I'M, mot doan
J'L’=FN,. TAL’ ké L'M’, // By, M’,J’ 1 N".

- Rorang NN’ = M’,L’ = M’,M,

. = BM’; + BN = 2/, viily quy tich clia J
' 1a doan thing M|N, € (x'By) trong do
M, e Bx’,N, e By va BM,=B,N=/

e Tim quy tich 1

' Goi I 12 trung diém MN thi ta ludn ¢6 1J

/I BA va =BTAva chd y 1a BA ¢ dinh,

do d6 khi J chay trén doan M|N; tuong
| ttng // MiN, trong d6 M ¢ Ot ¢6 dinh
(Ot// Ox’) vd OM; =OM, =1 va Nj ¢
- Oz ¢d dinh (Oz / By) va ON| = BN, = /.

Bdo lai 1dy I’ wy y € M{N|. K¢& trong

‘ : 2
(MMINN, ), 15" /7 AB M
A
Tuong ty nhu trén ditJ’L = J°M, t
Qua L ké M'M // AB (trong Ax // By) M* 5 o
i z
. Trong A MM'N, theo dinh 1y Talét ddo  © -
Y ’ 2 ~ 2 ’ ey I' %
suy ra MI’N thang hing va I'M =I'N M, . 5
Viy quy tich I la doan M|N| xdc dinh B N N »

nhu trén.
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Thi du 13: Cho A va A’ la hai dudng thing chéo nhau va vudng gbéc vdi nhay
nhin AB = a lam dudng vudng géc chung (A € A, B € A’).M va N tudng ng
Ia hai di€m di dong trén A, A’ nhung MN ¢6 chiéu dai khong ddi (k > a). Go;
I1a tim hinh cdu ngoai ti€p tf dién ABMN. Tim quy tich diém I.

Giai
Ta ¢6 MA 1L (ABN) ma AB L BN =
MB 1 BN
Tudng ty MA L AN
Tir d6 suy ra néu goi I 1a trung diém
ciia MN, thi IA = IB = IM = IN (cling

MN
bing —
g 2)

Viy I chinh la tdm hinh ciu ngoai tiép
ur dién ABMN.

T chd 1A = IB suy ra I niim trén mit
phdng trung truc () clia AB

Goi O 1a trung diém clia AB, khi d6 O

¢0 dinh va: Ol =vIA%? —0A?
2 2
= (EJ —(3] =—;-\/k2 —a® =const

2 2

Trong (n) ¢& dinh, diém I cdch O ¢§

dinh mot khodng R=% k*-a%, nénl

nim trén dudng tron (?) tim O bén kinh

1 M d,
R =5\/k2 —a® (chi y & day k> a)
K
bio lai ldy I' 1a mot diém niim trén () I
dy

Ta phdi ching minh (6n tai M* € A, o
N’ € A’ sa0 cho M'N’ =k va I’ Ia tim i

hinh ciu ngoai tiép tf dién ABM'N’.

Goi d,, d, ldn lugt 1a hai dudng thing qua O va song song vdi A, A’. Dung
dudng lhfmg M”N” sao cho M” € d;, N” € d; vda M”N” nhdn I’ lam trung
diém (phép dyng hinh hoc phiing nay d& ding — xem hinh v&).

T M7, N ké cic dudng wong @ng song song véi AB. Chiing ciit A, A’ wong
tng tai M, N*. D& dang chitng minh I’ 1a trung diém ctia M’N’ va M’N’ =k

~NONY
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Viy quy tich ctia I'1a dudng tron tim O bédn kinh R = %\/kz —a’. Pudng tron

ndy vé trong () 1A mit phing trung tryc clia AB.

Thi du 14: Cho hinh Iip phuong ABCDA’B’C’D’. Hai di€m M, N twong tng di

dong trén cdc doan A’C’ va BD. Goi I 13 trung di€ém cia MN. Tim quy tich
ctal.

Giai
Gia sit M = A’, con N chay trén BD. Khi d6 d& thdy trung diém I ctia MN liic
nay chay trén dudng trung binh EF ctia tam gidc A’BD (chi y 1a EF cich ddy

ABCD mot doan = % véi a Ia canh cda hinh 1dp phudng)

Tudng ty véi mot vi tri ¢d dinh ctia M’ trén A’C’, con N chay trén BD, thi |
chay trén dudng trung binh ctia E’F’ ctia tam gidc M’BD va E’F’ ciing cdch

ddy ABCD mt doan = %).

Nhu vay khi M, N twdng ng chay trén cdc doan A’C’ va BD, thi | nim trén
toan hinh vudng FEGH véi E, H, G, F ldn lugt 1a trung diém cla A’B, C’'B,
C’'Dva A’D.

Pio lai 1Ay mot diém I' bat ky thudc hinh vuéng EHGF. Ta phdi chitng minh
ton tai M’ € A’C’ va N’ € BD sao cho I’ 13 trung di¢m clia M’N’. That vy qua
I’ trong (EHGF) la dudng song song véi EF cdt EH va FG wiong dng tai E’ va F'.
Trong mit phing (BA’C’), thiBENA'C’ =M’

B’ lold
Do E’F’ //EF = E'F’ //BD va E'F’ =%BD , M 7
A' ’ m D',/I
' E L} p°
Miit khic do BA =l:>M',F’,Dlh-fmg hang k: :E-,’,-: \H
BM' 2 S
G
Trong malphﬁng (M’BD), thi M'I'mBD =N’ E\\\ VG 1IN
I
o3l Ol B\ 200 U P 0 1Y T
Do BT/ BN va ME 1 MU _1 o RN ¢
M'B 2 M'N'" 2 e A
tie 1a I’ 1a trung di€m ctia M'N”. A D

T6ém lai quy tich clia trung diém I cia MN Ia toan b hinh vu6ng EFGH (bao
gdm 4 canh va phin trong ciia né).

Nhdn xét: Trong cdc vi du trén quy tich thudng 1a cdc dudng: Dudng thing,
dudng tron, cung trdn... tic 13 cdc mién khong ¢6 “bé day” (dién tich bing 0),
con trong vi du ndy quy tich 1 mdt mién c6 dién tich # 0 (cu thé quy tich la
toin bd hinh vudng — chit khong phii gidi han chi gdm 4 canh ctia hinh

vudng). Mong cédc ban luvu y diéu nay.
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Thi du 16: Cho hinh nén dinh S va AB 1a mét dudng kinh cd dinh ctia ddy. EF 13

1) Phdn thugn

2)

3)

diy cung chuyén dong cilia dudng tron ddy, nhung EF ludn vudng géc vai
AB. Goi I'la tim dudng tron ngoai ti€p A SEF. Tim quy tich I.
Giai

Goi O’ Ia tim dudng tron ngoai tiép
ASAB (O’ ¢6 dinh) = O’S = OA’ = OB’
va di nhién O’ € dudng cao SO cia
hinh nén.

Di nhién ta cling ¢c6 O'A=0'B=0’E=0’F.
Ké O’ L SJ (3 diyJ=EF N AB)

Do (SOJ) L (SEF) ma (SOJ) N (SEF) = SJ
=> O’I L (SEF) (1)

Tir (1) va do O’'S =OE =OF = IS = IE = IF = I 1a tim dudng tron ngoai
ti€p A SEF. Trong (SAB) ¢ dinh , I ludn nhin SO ¢& dinh dudi mot goc
vudng.Viy I nim trén dudng won dudng kinh SO’. Budng tron nay vé trong
(SAB).

Gidi han quy tich

Do J € AB = nim trong géc SAB = [ nim trén cung tron I’,I; (d6 1a
phin ciia dudng trdn duding kinh SO’ bj gidi han bdi hai canh SA, SB ctia géc
ASB, d6 Ia goc clia thi€t dién qua tryc ctia hinh nén). )

A P
Phan ddo
Py

Lay I’ wy y trén cung tron [,1, ctia
dudng tron dudng kinh SO (v& trong
(SAB)) xdc dinh nhu trén. Ta phdi
ching minh t6n tai diy cung E'F’ clia
dudng ron diy sao cho E'F’ L AB va I’
1a tim duOng trdn ngoai ti€p clia ASE'F’. A
Trong (SAB) gid st SI' "AB =]’ F'
Qua J* ké day cung E’F’ L AB = J’ 1a trung di€m ctia E'F’.
Tac6SS LE'F MiJE' =IF)ma0) LE'F =>EF 1 (S10)
= (SE’F’) n(SQ")
Lai thiy (SE'F’) n (SOJ’) = SJ°
Vil nim trén [T, =SI'0'=90"= O'I L SI' = OI' L (SE'F")
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=.I'S=I'E=TF (doO’S =O’E!=0’F)i= 1 1 tim dudng trdn ngoai i€p
ASE'F’.
Viy quy tich I chinh la cung tron lTI; clia dudng tron dudng kinh SO’ vé
trong (SAB) xdc dinh nhu trén.
’]Thf du 17: Cho dudng thing A, mot diém O khong thude A va mot dudng thing
. ddiqua O. Goi MN la dudng vudng géc chungciadva A(M € d, N € A).
1) Tim quy tich ctia M (goi quy tich d6 1a S).
2) Goi A 1a di€ém nim ngoai (S). Tir A ké cit tuy&€n ABC vdi (S). Goi I Ia
trung di€m clia BC. Tim quy tich clia I khi cdt tuy&€n ABC quay quanh A.
Giai
s 1) Qua O dung miit phéng (P) vudng goc véi
- A, nhu vy (P) ¢0 dinh va gid sit A N (P)
. =E, nhu th¢ E ¢6 dinh. Néu d e (P), thi
| trong trudng hdp ndy E = N viy quy
tich M 1a dudng tron dudng kinh OE.
Xét trudng hop d 1a dudng thing wy y
qua O ¢ (P). Goi MN la dudng vudng
g6c chung cia A va d(M € d). Tir M ké
MM’ L (P) =EMO=90° = M nim
- trén dudng sinh MM’ clia mit try trdn xoay nhan dudng trdon dudng kinh AB
- trong (P) lam dudng tron chuin,
| Dio lai 18y M, iy y thudc mit tru tron xoay d6. Ta phdi chitng minh (dn
- tai mdt dudng thing d, qua O va M, sao cho M, 1a chin dudng vudng géc
- chung trén d, clia A va d,.
That viy do MM’ L (P) = M’, thudc dudng tron chuin. Ngi EM’,.
- Trong mit phing xdc dinh bdi A va M,M’, tit M|N, // EM’, => M|N, LA Vi
. M|N, //EM’, ma EM’, L (M;M’,0) = EM’, L M,0 = N\M, Ld, = M|N,
- 1a dudng vudng gbéc chung clia A va d;. Vay quy tich M 12 mit tru trdn xoay
~ nhéin dudng tron dudng kinh OE v& trong P lam dudng tron chufn.
) Qua A dyng mit phing Q vudng géc véi A, nhu viy Q cdt mit tru theo dudng
- tron (n). T B va C ké BB’, CC’ cung vudng géc Q. Ké II' L Q nhu vay ¢6
| IC’ =I'B’ = O,I' L AC’ (8 ddy O, 1a"tdm clia dudng tron ). Viy I’ nim
. trén phan dudng trdn dudng kinh O;A nim trong dudng trdn © (ma ta s& goi
- n61a 0
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= I niim trén phin mit try tron xoay &

nhdn dudng ¢ 1am chuin. O
\
I

Péo lai 18y I, bAt ky nim trén phin mit

|
tru dy. K& L,I", vudng géc (Q). Gia sir Lisd
Al ¢t (m) tai B’, v C’;. TU B, va C, I E\\
dung hai dudng vudng géc vdi (Q) cit E b AB
Al, tai B’) va C’. R6 rang B,C, nhin [, . F
I

lam trung diém va B,, C, € (S). Viy
quy tich I 1A phan mit try tron xoay

nhin ¢ lam dudng chudn.
Thi du 18: Trén cdc canh Oz, Ox, Oy clia tam dién vudng Oxyz, 1an lugt 13y ba
diém A, B, C. Goi G va H twong ¢ng 1a trong tAm va tryc tAm clia tam gidc
ABC. Tim q¥ tich G va H n€u A ¢6 dinh trén Oz, va B, C chay trén Ox, Oy.
Giai
1) Tim quy tich G
Goi G 1a trong tdm tam gidc ABC
thi G niim trén trung tuy&én AM ciia tam 4
gidc ABC vi AG = 2GM. Ké GE L
(Oxy) = GE // Oz va theo dinh ly

Talét, ta c6 GE = %OA

e

Nhv viy G cdch (xOy) ¢8 dinh mot

O'™ETIr
2 l =
khodng = 50A= const, viy G nim

trén mit phing (n) / (xOy) va di qua B
diém I trén OA (trong d6 OI = % 0A)

Gidi han quy tich: Mit khdc do G bén
trong géc tam dién vudng Oxyz viy G
phéi niim trén phin mit phing gidi han
bdi hé mit Oxy, Oyz ciia géc tam dién
vuong. Ta ¢6 thé hinh dung d6 1a “mot
phin wr” mit phing () Ix’y’ (Iy’ // Oy;
Ix’ // Ox)

Péo lai gid st G’ 12 di€ém tuy y trong
“phdn tv mit phing” 7 Ix’y’.
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2) Goi H 1 tryc tdm tam gidc ABC. Do

Ta phii chitng minh tdn tai B’ € Ox, C’ € Oy sao cho G’ 1a trong tim da

gidgc AB’C’. Trong (Ix’y’) thyc hi¢n phép dung cd bin: Dyng doan thing B,C,

(B, € Ox’, C, € Oy’) sao cho G’ la trung di€m ctia B,C,.

Trong (Oxy) gid st AB,nOx =B’

. Trong (Oyz) gid st AC,n Oy =C

- Vi(Ix’y’) // (xOy) = B,C, //B'C".

. GiAa st AG'"B'CC=M=>M'B’=M'C’ (do G'B, =G’C))

= M’ 1a trung diém clia B’C’. Da thiy A—G—'=—Al=2'— = G’ 1a trong tim
AM' AO 3

tam gidc AB’C’

Nhu th€ quy tich trong tim G ciia AABC 12 “mdt phin tr mit phing” Ix’y’

~ xdc dinh nhu trén.

Oxyz la géc tam dién vudng dinh O nén
ta ¢c6 OH L (ABC) = OH L HA. Viy H
nim trén mit ciu dudng kinh OA.

Gidi han quy tich: Vi H niim trong géc
tam dién vudng Oxyz, nén H nim trén
" phin mit cdu dudng kinh OA gidi han
bdi hai mit Oxz va Oyz, tfc 12 H nim
trén mot phin tr mit ciu 4y.

Pio lai 14y H’ ty y thuoc mot phin e
mit cu 4y. Ta phdi chitng minh ton tai
B € Ox, C € Oy sao cho H’ la tryc tdm
AABC

Gia sit AH’ N (Oxy) = E. Trong (xOy)
qua E ké dudng thing vudng géc OE.
Pudng nay cit Ox tai B’ va Oy tai C'.
Theo dinh li ba dudng vudng géc ta ¢6
AE 1 B’C’ = B’C’ L (OAE) = (AB’C’) L (OAE).

Do H’ nim trén mit cAu dudng kinh OA = OH’ L AH’ = OH’ L AE

= OH’ L (AB’C’) (vi (AB’C’) n (OAE) = AE) = H’ 14 tryc tim AAB’C’.
Viy quy tich tryc tim H 1a mot phén tv mit cdu dudng kinh OA xdc dinh

nhu trén!
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