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LO1 NGI BAU

Cuén sach HINH HOC KHONG GIAN, duqc bién soan nhim muc dich
HINH KHONG GIAN KHONG CON LA MOI LO LANG CHO CAC BAN
HOQC SINH PHO THONG . ,

Cubdn HINH KHONG GIAN c’(u’oc hé thong héa toan bg kién thu’c tir co .
ban déh nang cao HINH KHONG GIAN LOP 11, HINH KHONG GIAN
LOP 12 va dac biét LUYEN THIDAI HOC :

- Néi dung cudn sach gom: :

: Chuong I: Dal cuong hlnh hoc khong gian.
Chuzong I Quan he song song trong khong glan
Chuong III : Quan hé vudng goc trong khong gian.
Chuong IV : Thé tich khi try, thé tich khéi chép.
Cﬁu’ong V : Mit cau, méf tru, mit nén.

Chuwong VI : Bai tap tdng hop 16p 12 hoc ky L.
Chuong VII: Bai tap tong hop luyén thi Dai Hoc.

Cubh sach duoc trinh bay ngan gon, rd fémg, véi mét lugng bai tap rat

16n va rat day du, cac bai thp duoc giai chi tiét, chit ché, dé hiéu. Nham
gitip cac em c6 mét dinh hudng d€ giai quyét van dé cua bai tap do.
Cudh sach dugc phan bs 6 chwong, mdi chwong dugc tom tit ly thuyét day
du. Bai tip trong mdi chuong duoc phan dang 1 rang, mdi dang cé tém tat
phuong phap giai bai tap. Bai tdp phan bd trong mdi chwong hojc mbi
phan 13 tir d& dén kho, trong mdi dang déu c6 long vao nhitng bai tap cua
dang thi Dai Hoc. Nhitng bai tap d& nhdm muc dich gitip cc ban ném rd ly
thuyét va phuong phap dé chitng minh hofc giai quy&t mét van de cu thé,
va tlr d6 cac ban c6 ki ning d€ giai quyét nhitng bai tap khé hon. Tac gia
rt hy vong quyén sach nay la nguoi ban dong hanh t6t cho cac em trong
qua trinh hoc va trong nhitng ky thi.

Tuy c& ging nhiéu trong qua trinh bién soan, nhung cuén sach khong
thé tranh khoi nhitng thiéu sét. Tac gia rat mong nhén duoc y kién dong
g6p chan thanh qui bau tir phia ban doc, cdc em hoc sinh va cac ban dong
nghiép gan xa d& nhitng tai ban 1an sau sach sé& hoan thién hon.

Xin chan thanh cdm on'!

Tac gia NGUYEN QUANG SON



CHUONG I. DAl CUONG HINH HOC KHONG GIAN

L

Buéc dau tién 1lam quen vé6i Hinh hoc khéng gian, cac ban cac ban phal nhé
k§ cac khai niém va nhtrng tinh chat sau sau:
KHAINIEM MO DAU

1. Mt phéng:

1L

M3t bang, mit ban, mit nuwdc ho yén lang, mit san nha,... cho ta hinh anh
mét phan ciia mit phing. Miit phing khong 6 bé day va khong c6 gidi han.
D& biéu dién mit phing ta thuwong diing hinh binh hanh hay mét nﬁ@n goc
va ghi tén clia mit phing d6 vao mét géc ctia hinh bi€u dién (nhw hinh 1) .

D& ki hiéu mit phéng , ta thuong ding chit cai in hoa hojc chir cai Hi Lap
dt trong dau (). Vi du: mit phing (P), mit phing (Q), mit phéng (o), mit

phing (B) hosc viét tét 1a mp(P), mp(Q), mp(c), mp(p), hoc (P), (Q)

vy

Hinh 1

Diém thudc mit phing:
Cho di€m A va mit phéng '(a) .

Khi diém A thudc mit phing (a), ta
néi A nim trén (a) hay mit phéng oA

(a) chita A, hay mit phéng (a) di qua

diém A va ki hiéu Ae (a), duwoc biéu Hinh 2
dién ¢ hinh 2 . oA

Khi diém A khéng thudc mit phéng

(a) ta néi diém A ndm ngoadi mit
phéng (a) hay mt phéng (oc) khéng
chita diém A va ki hiéu Ia Ag(a), <%
dwoc biéu dién ¢ hinh 3.

CAC TINH CHAT BUQC THUA NHAN

Tinh chat 1: C6 mot va chi mot dudng d
thang di qua hai diém phan biét.

Hinh 3




Tinh chit 2: C6 mot va chi mot mit
phéing di qua ba diém khong théng hang.

Tinh chit 3: Néu mét dwong thing c6
hai diém phan biét thuéc mot mat
phéng thi moi dlem cua duwong théng
deu thuoc mit phang do s

Tin‘h chét 4: Ton tai bon diém khong
- cung thu¢c mot mat phang .

Tinh chit 5: Néu hai mit phdng phén =
biét c6 mét di€ém ung thi chiing con
6 mot diém chung khac nita .

T tinh chat na

phéng phén biét

uy ra: Néu hai mit

) mot diém chung thi
chiing s& c6 mot duong thang chung di
qua diém chung ay. Duong thang

chung la duy nhat chira tat ca cac diém

chung ctia hai mit phing d6 . Puong
thang chung do’duoc goi la giao tuyen

Vi du: Puong thang .ﬁchung d cua ha1 ma vphang phé
goi la GIAO TUYEN cua hal mat ph6 | 2 a

- Tinh chat 6: Trén médi mat phang, cac ket qu
déu dung. . ~
III. CACH XAC DINH MOT MAT PHANG

C6 ba cach xac ‘dinh mot m3t phéng:

~ Mit phéng dwoc hoan toan. xac
c’fmh khi biét n6 di qua ba dlem khong

* thing hang. 0
- Mat phang duo ‘hoan toan xac dinh ,

khi biét n6 di’ qua mét diém va chita
mét duong théng khong di qua diém do. -



- Cho duong thing d va diém A
khéng thudc d. Khi d6 diém A va °
duong thing d xdc dinh mot mit 4__—
phéng, ki hiéu 1a mp (A, d), hodc mp
(d, A)hay(d, A).

Mit phang duroc hoan toan xac dinh khi biét n6 chita hai dudng thing cit nhau:

o

Cho hai duong théng cit nhau a vab .
Khi d6 hai duong thing a va b x4c dinh

mot mit phing va ki higu la mp(a, b) k
hay (a, b), hodcmp (b, a) hay (b, a) . A b

HINH CHOP VA TU DIEN

. Khai niém: o o

Trong mit phiang (o) cho da giéc 161 AjA,A5. A, . Lé’y mot diém S khong
thudc mat phéng (a) . Lan luot ndi diém S véi cac dinh A, A, A5, A ta
duoc n tam giac SAA,, SA,A,,.., SA A, Hinh gé‘m da giac
AjAA, A VA n tam gidc SAA,, SA,A, .., SA A, duoc goi la hink
chép, ki hiéu la S.AJA,A,. A, . Ta goi S la dinh cila hinh chdp, con da giac
AA A4 A la mit day cia hinh chdp, cac t,am',‘ gidc SAA,, SAA,, ...,
SA A duoc goi la cdc mijt bén cua hinh chép, cac doan thang
SA,, SA,, SA;,.., SA duoc goi la cic canh bén ctia hinh chop .

Ta goi hinh chép c6 déy la tam giac, tit gidc, ngil giac,..., 1an lwot 1a hinh chop
tam gidc, hinh chop tir gidc, liinh chép ngii gidc , ....

Cho bén diém A , B, C, D khéng dong phang. Hinh gdm bén tam giac
ABC, ACD, ABD va BCD goi la hinh tit di¢gn (hay ngan gon goi la ti dién) va
duoc ki hiéu 1a ABCD. Céc diém A, B, C, D goi la cac dinh ctia tir dién. Cac
doan thang AB, BC, CD, DA, CA, BD goi la cac canh cua ti¢ di¢n . Hai canh
khéng di qua mot dinh goi la hai canh déi dién ciia tir dién. Cac tam giac ABC,
ACD, ABD, BCD goi 1a cdc mit ctia it di¢n . Dinh khong ndm trén mit goi la
dinh d61 dién cita mit dé .



Hinh t& dién c6 bon mét 14 cic tam gidc déu goi 1a hinh i dign déu .

' : . s
. : D A D
B
Hinh chép tam gidc ( ti dién) C

Hinh choép tir giae

B C
Hinh chép tir gisc c¢6 day 1a hinh thang

B C
Hinh chép tir gidc ¢6 day la hinh binh hanh



BAI TAP GIAI CHI TIET

Cé bon dang todn chinh 1a: Tim giao tuyén ctia hai mat phing. Tim giao
diém ctia dwdng théng va mit phéng. Tim thiét dién cta hinh chép. Ching
minh ba diém thing hang, ba dwong thing ddng qui ... Ta 1an luot xét ting
dang mét nhw sau:

'DANG 1: Tim giao tuyén ctia hai mit phing.
Phwong phap:
Mudh tim giao tuyén ctia hai mit phang? Ta tim hai diém chung thudc ca
hai mat phang. N&i hai di€ém chung d6 dugc giao tuyén can tim.
Vé dang nay diém chung thir nhat thuong dé tim. Diém chung con lai cic ban phdi
tim hai dwomg thing lan lugt thudc hai mit phing, dong thoi ching lgi thudc mit
phing thiv ba va chiing khong song song. Giao diém ciia hai dwong thing 6 1a
diém chung thit hai. ‘
Céc ban phai nhé ky: Giao tuyén 1a duong thing chung ctia hai mit phang,
c6 nghia la giao tuyén la dudng thing vira thuéc mit phéng nay vira thudc
mit phéng kia.
Dang toan tim giao tuyén, thuong giao tuyén caa nhitng cau hoi dau hay
dugc st dung dé tim giao diém dé€ lam bai tap & nhitng cau sau. Ta xét cu
thé nhitng bai toan sau: '

Cho tit giac ABCD sao cho cac canh d6i khéng song song véi nhau. Lay |
mot diém S khong thudc mit phéng (ABCD). Xac dinh giao tuyéh cua :
a) Mp (SAC) va mp (SBD).
b) Mp (SAB) va mp (SCD).
¢) Mp (SAD) va mp (SBC).

LOI GIAI

a) Nhin hinh ta dé dang thay S la

diém chung thit nhat, néi AC va

BD lai ching cét nhau tai O, thi

O la diém chung thit hai, AC va

BD cat nhau 1a vi ching cling

thudc mit phing day (ABCD).

Céch trinh bay giao tuyén cua
(SAC) va (SBD) nhu sau:

Ta cé Se(SAC)(SBD) 1)

Trong mp(ABCD) goi O=ACNBD.




{OE AC,ACc (SAC) =0e (SAC) (SBD) @

OeBD,BDc (SBD)
 Tix(l)va()suyra (SAC) (SBD) so
. b) Céu b ciing tuong tw (SAB) va (SCD) c6 diém chung thu nhat 1aS, diém

chung thit hai 14 E, v6i E la giao diém cua AB va CD vi hai dudng thang nay |

ciing thudc mit phing (ABCD) va chung khong song song voi nhau Cach
~trinh bay ciing nhwcaua): o iy

| Tact S<(SAB)(SCD) - e
Trong mp(ABCD) goi E= ABA CD ,vi:

{EEAB ABc(SA s

4)

L chung thit hai la giao
16c mp (ABCD) va

3|

Tir (5) (6) suy ra (SAD) (SBC)=SE.
[ Cho i dien ABCD. GoiI,J lin luot Ia trung diéi
.a) Tim giao tuyén ctia 2 mp (IBC . oo o

b) Lay diém M thudc Canh huoc canh AC sao cho M, N khong la
trung dlem Tim giao tuyén cua mp (IBC) va mp (DMN). i =

LOI GIAT
- a) Tim glao tuyen cua 2 mp (IBC) vamp (JAD).

- {1 e (1BC)

""\'fc':éc can’ﬁ ‘AD, BC.

7

IEAD ADC (]AD) =le (yIBC)mA(]A?)S )

J<(7AD) A (1A |
{J < BC, BC c (1BC) =] e(IBC)n(JAD) (2) :

Tix (1) va (2) = (IBC) (IAD) Iy



b) Tim giao tuyén caa mp (IBC) vamp (DMN). A
Trong mp(ABD) goi E=BlnDM,vi:
E e BI, BI < (IBC)

{E e DM, DM c (DMN)

= Ec(IBC)n(DMN) (1)

Trong mp(ACD) goi F=CINDN, vi: p 4
»{FeCI,CIc(IBC) -
|FeDN,DNc(DMN)
=Fc(IBC)n(DMN)  (2)

Tir (1) va (1) : (IBC) ~(DMN) = EF

Cho tr dién ABCD. Lé'y” cac di®m M thudc canh AB, N thudc canh AC sao
cho MN cit BC. Goi I 14 diém bén vtroﬁg tam giac BCD. Tim giao tuyén cua:
a) Mp (MNI) va mp (BCD). SO
b) Mp (MNI) va mp (ABD). |
¢) Mp (MNI) va mp (ACD).

LOI GIAI Vi

a) Mp (MNI) va mp (BCD).
Goi H=MN nBC(MN,BC < (ABC))

Tacé: 1e(IMN)N(BCD) (1) H_

" {H & MN,MN c (IMN)
He BC,BC = (BCD)
= He(IMN)n(BCD)  (2)
Tir (1) va (2) : (IMN)(BCD)=HI
b) Mp (MNI) va mp (ABD). e
Trong mp (BCD) goi E va F 1an luot la giao diém ctua HI v6i BD va CD .

. [Me(MNI)
Co =Me(MNI)n(ABD)  (3)
Me AB c (ABD)

‘ {E e HI < (MNI)
a

Ee BD c (ABD) = E e (MNI)(ABD) (4)»’

Tir (3) va (4) suy ra (MNI)n(ABD) = ME.



¢) Mp (MNI) va mp (ACD).

co (NN N ¢ (MNI)~(ACD) (5)
© NEACC(ACD) -E ! '

. |FeHIc(MNI)
° FeCDc(ACD)

T (5) va (6) suy ra (MNI) n(ACD) = NF

= Fe(MNI)n(ACD) (6) .

~ Cho hinh chép S.ABCD c¢6 day ABCD la hinh thang cé AB song song CD.
Goi I la giao diém cua AD va BC. Lay M thudc canh SC. Tim giao tuyén
cha: :

a) Mp (SAC) vamp (SBD).

b) Mp (SAD) va mp (SBC).

<) Mp (ADM) va mp (SBC).

, LOI GIAI S
a) Tim giao tuyén cua mét phang (SAC) va (SBD) .
Ta c6 Se(SAC)n(SBD) (1)
Trong mp(ABCD) goi H=ACNBD, cé:
He ACc (SAC) .
{H € BD ¢ (SBD)
= He(SAC)n(SBD) (2)
Tir (1) va (2) suy ra (SAC)~(SBD)=SH. A
b) Tim giao tuyéh ctia mit phéng (SAD) va (SBC) .
Ta cé: Se(SAD)N(SBC)  (3)
Trong mp(ABCD) goi 1= ADNBC, c¢:
Ie AD ¢ (SAD)
{1 e BC<(SBC)
Tir (1) va (2) suy ra (SAD)~(SBC) =SI. ‘
¢) Tim giao tuyéh mp (ADM) v mp (SBC).
Me (ADM)
{M €5C,5C =(SBC)

=1e(SAD)n(SBC)  (4)

=Me(ADM)N(SBC)  (5)

{I e AD,ADc (ADM) >1e (ADM) A (SBC) (6)

Ie BC,BC < (SBC)
Tir (5) va (6) suy ra (ADM) (SBC)=MI
10



Cho hinh chép S.ABCD day la hinh binh hanh tam O. Goi M, N, P 1an luot 1a
trung diém cac canh BC, CD, SA. Tim giao tuyén cia::

a) Mp (MNP) va mp (SAB). b) Mp (MNP) va mp (SAD).
c) Mp (MNP) va mp (SBC). d) Mp (MNP) va mp (SCD).
LOIGIAI S

Goi F=MNNAB, E=MNNAD
(ViMN, AB, AD c (ABCD))
a) Mp (MNP) va mp (SAB).
s {P (MNP)
PeSA,SA c (SAB)
=Pe(MNP)~(SAB) (1)
s {F € MN,MN c (MNP)
Fe AB,ABc (SAB)
= Fe(MNP)n(SAB)  (2) . s
Tix (1) va (2) suy ra (MNP)~ (SAB) = PF
b) Mp (MNP) va mp (SAD).

Ta c6: {I; 2 (sf\snzc (5AD) =Pe(MNP)n(SAD)  (3)

., [E€eMN,MN c(MNP)
Vaco = Ec(MNP)(SAD)  (4)
Ee AD,AD c (SAD)
Tir (3) va (4) suy ra (MNP) (SAD) = PE
¢) Mp (MNP) va mp (SBC).
Trong mp(SAB) goiK =PFNSB , co:
|K e PF,PF c (MNP)

| K e3B,SB(SBC) = K e (MNP)(SBC) (5)

M e (MNP
Va o | M MNP) —Me(MNP)~(SBC) (6
M e BC,BC < (SBC)

Tix (5) va (6) suy ra (MNP)~ (SBC) = MK
d) Mp (MNP) va mp (SCD).
GoiH = PENSD(PE,SD c (SAD)), co:

11



{H e PE,PE fc:(M‘NP)

HeSD,SD = (SCD) :%_(MNP) o) ()

| Va Co {N e(MNP) = Ne(MNP)n (scp) (é) 5

NeCD, CDc(SCD)
Tir (7) va (8) suy ra: (MNP)(SCD)=NH

Cho t dién S.ABC. Lay MeSB, N e AC,1e5C sao cho MI khéng song

’ song véi BC, NI khong song song voi SA. Tim giao tuyen ctia m4t phing
(MNI) véi cac m3t (ABC) va (SAB)

=Ne (MNI). g
Trong mp(SBC) goi K = MI N BC, vi:
K e MI < (MNI)

{K < BC, BC = (ABC)

=Ke (MNI) (ABC) (2)

| )m(SAB) (3)

2

o [yeNIc (M) g
{J esA, SAc(SAB):] <(n)(saB)  (4)
Tt (3) va (4) suy ra: (MNI) (SAB) MjJ.

Cho tir dién ABCD, M la mot diém bén trong tam giac ABD, N Ia mot '
diém bén trong tam gidc ACD. Tim giao tuyéh cita céc cipmpsau:
a) (AMN) va (BCD) - |
b) (DMN) va (ABC)

LOI GIAI
12




a). Tim giao tuyén cua (AMN) va (BCD) s
Ee AM,AM c (AMN)

EeBD,BD < (BCD)
T A

Trong (ABD) goi E =AM BD, cé:{

. = Ee(AMN)n(BCD) (1)
Trong (ACD ) goi F = AN N CD, ¢6:
Fe AN, AN c (AMN)
{F e CD,CD = (BCD)
=Fe(AMN)n(BCD)  (2)
Tir (1) va (2):(AMN)n (BCD) = EF .
b. Tim giao tuyén cua (DMN) va (ABC’):
Trong (ABD ) goi P=DM N AB, cé:
P e DM, DM < (DMN)
{P € AB,AB < (ABC)
Trong (ACD) goi Q=DN N AC, ¢é:
QeDN,DN < (DMN)
{Q € AC,AC c(ABC)

=Pe (DMN)A(ABC)’ (3)

=Qe(DMN)N(ABC)  (4) g

T (3)va(4) : (DMN)n(ABC)=PQ

Cho tir dién ABCD. Lay 1€ AB, J la diém trong tam giac BCD, K la diém
trong tam giac ACD. Tim giao tuyén cua mat phang (IJK) véi cac mat

cua tir dién

LOI GIAI
Goi M =DK " AC(DK,AC < (ACD));N=DJn B.C(D]/,*BC < (BCD))

Va: H=MN nKJ(MN, K] < (DMN)).

Vi He MN,MN < (ABC) = H e (ABC)
Goi P = HI n BC(HI,BC = (ABC)),
QP CD(P),CD < (BCD))
T=QKn AD(QK,AD < (ACD))

P
Theo cach dung diém ¢ trén ta cé: ,
(UK)n(ABC) =1IP; (IJK) ~(BCD) = PQ
(UK)~(ACD) =QT; (JK)n(AB)=TI

13



DANG 2: Tim giac diém caa duong thang va mat phang
Phuong phap: Mudn tim giao diém cta duong thing d va mit phang ®),
¢6 hai cach lam nhu sau:
Céch 1: Nhiing bai don gian, c6 s&n mot mit phéng (Q) chia dudng thing d
va mot dudng thing a thudc mét phing (P).
Giao diém cta hai duong thing khong
song song d va a chinh la giao diém ctia
d va mit phing (P).
Céch 2: Tim mot mat phéng Q)
chita duong thing d, sao cho dé
dang tim giao tuyén véi mit phing
(P). Giao diém ctia duong thang d
va mit phing (P) chinh la giao diém
cua duong thing d va giao tuyén a
vira tim.
Cho ti dién ABCD. Goi M, N 1an luot 1a trung diém cia AC va BC. K la diém
trén BD sao cho KD < KB . Tim giao diém cua CD va AD véi mp (MNK).
LOI GIAI
Tim giao diém caa CD véi mp (MNK). ,
Cac ban d& y NK vi CD cluing thudc mét phiang (BCD) va chiing khéng song
song né1 hai dudng thing nay sé cit nhau tai mot diém I, nhung NK lai
thudc mét phing (MNK) suy ra I thuge mit phing (MNK).
Vay I chinh Ia giao diém ctia CD va (MNK). '
Ta c6 thé trinh bay nhu sau :
Trong mp (BCD) goi [=CD n NK .

. |IeCD
' le NK, NK < (MNK)

=1=CD n (MNK) :

Tim gido di€m cia AD véi mp (MNK).
Chon mét phang (ACD) chita AD .
Sau d6 tim giao tuyén cia (ACD) va (MNK), ta trinh bay nhtr sau :
. |Me(MNK)
. Ta co:
Me AC,AC < (ACD)

=Me(MNK)n(ACD) (1)

Ta '{IENK’NKC(MNK) :;Ie(MNK)m(ACD) (2)

~ {1eCD,CD c(ACD)
Vay (NMK)(ACD)=MI.Goi H=MINAD = H=ADN(NMK).

14



Cho tit dién ABCD. Trén AB, AC, BD lan luot 13y 3 diém M, N, P sao cho
MN khoéng song song véi BC, MP khong song song véi AD. Xac dinh giao
diém cua cic duong thémg BC, AD, CD véi mp (MNP).
LOI GIAI y
Tim giao diém cua BC va mp(MNP)

Goi H=MNBC(MN,BC c(ABC)).

, |HeBC
* 1H e MN, MN c (MNP)

CO:
= H=BC(MNP) ! '
Tim giao dicin ciia AD va mp(MNP) N/ ___________
Goi I=MP n AD(MP, AD < (ACD)).

Ie AD ,
i { =1=AD N (MNP)

I MP,MP < (MNP)
Tim giao dién ctia CD vi mp(MNP) - C
. [le AD,AD = (ACD)
Tac
N e AC,AC < (ACD)

Goi J=NI~CD (Véi NI,CD c (ACD)).

= IN < (ACD)

Tacs |0 = CD (MNP
Taed ) NNt e (mnp) = = DN (MND).

Cho tir diéen ABCD . Trén AC va AD lay hai difm M, N sao cho MN khéng
song song vdi CD. Goi O la diém bén trong tam glac BCD.
a) Tim giao tuyén ctia (OMN ) va (BCD)
b) Tim giao diém cua BC v4i (OMN)
c) Tim giao diém cua BD véi (OMN)
LOI GIAI
a). Tim giao tuyén cta (OMN ) va (BCD ):
Tac6:0e(OMN)N(BCD) (1)
Trong (ACD), goi I=MNNCD.
 {[ITeMNc (MNO)
{1 e CD = (BCD)

=1e(MNO)~(BCD)(2)
Tir (1) va (2): O =(OMN ) N (BCD)
15



b). Tim giao diém cia BC voi (OMN):
" Goi P=BCAOI(BC, OIC(BCD))

: Vay P =BC n(OMN)
c). Tim giao diém ctia BD véi (OMN)
Trong (BCD), goi Q= BD N OL
Vay:Q =BD n (OMN). S
Cho tt dién ABCD, 14y M thudc AB, N thudc AC 114 diém thudc mlen trong
cta tam giac BCD. Xac dinh glao dlem cua cac duong thang BC, BD AD,
- | CD véi mp (IMN).

LOI GIAI
Tim giao dzem ctia BC va mp(MNI)

Goi H= MNmBC(MN BCc(ABC)) HeMN‘MNC(MNI)

'=>H=BCn (MNI) '

Tim giao tuyén ctia  (BCD) va (MNI)

Ta co: [H GMN' MN © (MNI)
|HeBC, BCc(BCD)

Vale (MNI) (ACD)  (2).

= ( MNI) (ACD)

Tim giao diém ctia BD vd mp(MNI)

Goi E HIme' HI

= He(MNI)n (ACD) Gl

T (1) va (2). H

JL e BD

=
| E e HLHI < (MNI) -
Tim giao iﬁé;ﬁ ciia CD va mp(MNI)
Goi F=HINCD(HICD (BCD)), o6

JFech F=CD MNI
|FeHLHIC MNI):>‘ m( ) c

Tim giao diém cuaAD vd mp(MNI) :
KeAD

Goi K =FNAD(FN,AD c (ACD)) , cé:
TP o K € FN,FN < (MNI)

= K=ADn(MNI)
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a).
b). Giao diém cua AD va mp (MNP).
c).
d). Giao diém cua CD va mp (MPQ).
d). Giao diém ctia AD va mp (MPQ).

Cho tit dién ABCD. Goi M, N lan luot 14 trung diém cac canh AC, BC.
Trén canh BD 13y diém P sao cho BP =2PD. L&y Q thudc AB sao cho QM
cit BC. Tim:

Giao di€ém cua CD va mp (MNP).

Giao tuyén cua mp (MPQ) va mp (BCD).

“a).

).

LOI GIAI

Giao diém cua CD va mp (MNP).
Goi E =CD ~NP(CD,NP c mp(BCD)).

® |EeNP,NPc(MNP) T N (MNP) |
Giao diém cua AD va mp (MNP). Gk
Tim giao tuyén cia mp(ACD) va mp(MNP).
co IME (MNP)

o

Me AC,AC = (ACD)

= Me(MNP)n(ACD) (1)
. [L e NP,NP c (MNP)
® |EecD,cD c(ACD)
L E<(MNP)n(ACD)  (2)
Tix (1) va (2)} EM = (MNP)(ACD)

Goi F= AD EM(AD,EM  (ACD)) = F = AD ~(MNP)(vi EM c (MNP))

¢). Tim giao tuyén ctia mp (MPQ) vamp (BCD).

d)

Goi K=QMNBC(QM,BC = mp(ABC))

N {K e BC,BC < (BCD)

KeQMQMc(MPQ) (MPQ) (BCD) ()

[rotomcaen ~remnen)

T (3) va (4) : KP=(MPQ) (BCD).
Tim giao diém cta CD va mp (MPQ).
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Goi L =KPCD(KP,CD ¢ (BCD)), 6

{L eCD

LeKp,KPc(MPQ)~ =P (MPQ).

e). Tim giao diém ctia AD va mp (MPQ).
_Dau tién tim giao tuyén ciia mp(ACD). va mp(MPQ)
C6 M, L 1 hai diém chung ctia (ACD) va (MNP).
Suy ra ML = (MPQ) n (ACD)

Goi T=ADNML(AD,ML < (ACD)) =T = AD(MPQ)(vi ML = (MPQ))

| Cho hinh chop S.ABCD c6 AB va CD khong song song. Goi M 1a mot diém
thudc mién trong cua tam giac SCD.
a). Tim giao diém N cua duong thing CD va mp (SBM).
b). Tim giao tuyén ctia 2 mit phing (SBM) va (SAC).
c). Tim giao diém I clia duong thing BM va mit phing (SAC).
d). Tim giao di€ém P ctia SC va mp(ABM), tit d6 suy ra giao tuyén ctia hai
mp (SCD) va (ABM).

LOI GIAI
a) Tim giao diém N cta duong thang CD va mp (SBM).
Goi N'=SM N CD(SM,CD < (SCD)), c6
NeCD
N €SM,SM c (SBM)
b) Tim giao tuyéh cita 2 mp (SBM) va (SAC).
Céac ban dé¢ y mat phing (SBN) ciing
chirth 1a mit phang (SBM).

“Trong mp(ABCD) goi O=ACA BN, cé:
OcACACc(saC) [ .- i
OeBN,BN c (SBN) -

=0€(SAC)n(SBN) (1)
Va Se(SAC)n(SBN)  (2)
Tir (1) va (2) suy ra SO =(SAC) N (SBN).

= N =CDn(SBM).

B

¢) Tim giéo diém I cua duong théng BM va mat phéng (SAC).

Goi I=BM N SO(BM,S0 c (SBN)).
o [1eBM 1=BM(SAC
150,50 < (sac) = 17 BMN(8AC).
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d). Tim giao diém P ctia SC va mp (ABM) suy ra giao tuyén ctia hai mp (SCD)
va (ABM).
Tim giao tuyén ctia hai mat phéng (AMB) va (SAC).
Ta c6 A valla hai diém chung cta hai mit phéng (ABM) va (SAC).
Vay: (ABM) (SAC) = Al

Goi P 1a giao diém cua Al va SC, thi P la giao diém cta SC va mp(ABM)
Hai mp (SCD) va (ABM) c6 M va P 1a hai diém chung, vay giao tuyén cua
ching la PM.
Cho tit gidc ABCD va mdt diém S khong thuéc mp (ABCD ). Trén doan
AB 1ay mét diém M ,trén doan SC 14y mot diem N (M, N khong trung
v6i cac dau mat ) .
a) Tim giao diém ctia dwong thang AN véi mét phéng (SBD).
b) Tim giao diém ctia dudng thing MN véi mit phang (SBD).
LOI GIAI
a) Tim giao di€ém cua duong théng AN v&i mit phang (SBD)
e Chon mp phu (SAC) o AN.
Tim giao tuyén cua ( SAC) va (SBD)
Trong (ABCD) goi P= ACNBD .
Vay S va P la hai diém chung cua hai
mit phang (SAC) va (SBD).
Suy ra mp(SAC) N mp(SBD) =SP
e Trong (SAC) goi I= AN NSP, cb:
e AN-
{1 €SP < (SBD)

= 1=ANN(SBD)

b) Tim giao diém ctia duong thing MN véi mét phéffg (SBD).
e Chon mp phuy (SMC) o MN
e Tim giao tuyén cua (SMC) va (SBD)
Trong (ABCD), goi Q = MC n BD, hai mgt phang (SMC) va (SBD) c6 S va Q
14 hai dién: chung nén ( SMC) N (SBD) = SQ.
e Trong (SMC), goi J]=MN N SQ, co:
Je MN
{] eSQc (SBD)
Cho hinh chép S.ABCD .Goi O la giao diém ctia ACvaBD . M, N, P 1an luot
la cac diém trén SA , SB, SD.
a). Tim giao diém I ctia SO véi mét phang (MNP)
b). Tim giao diém Q ca SC véi mit phiang (MNP )

=] =MN m(SBD)
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LOI GIAL
a) Tim giao diém I ctia SO v6i mit phing (MNP )
Trong mp(SBD) goi :1=50n NP co:
1eSO
{I eNPc (MNP)

b). Tim glao dlem Q ctia SC véi mp (MNP )
e Chon mp phu (SAC) 5 SC - A’
~ o Tim giao tuyén caa ( SAC ) va (MNP)

. [me(mnP)
Ta co: ;T
MeSA,SA c (SAC)

= Me(MNP) (SAC) () i
{IGSP SPC(MNP)
1eSO, so._g_(sAC)

Tir (1) va ) (MNP)m(SAC) MI

:>I—SOm(MNP) |

e (MNP) 4(VSVAVC.) . ’(2)

QesSC

A -
+ Trong (54 561 Q=5C M1, 6 {QeMI,MIC(MNP)

=Q-= SC N (MNP)

Cho ti¢ dién ABCD. Goi M,N la hai diém' tren ACva AD. O la diém bén
trong tam giac BCD. Tim giao diém cta:
a). MN va (ABO)
b).  AO v’a; (BMN,)

. LOI GIAI

a) Tim giao dlem cua MN va (ABO ): S
e Chon mp phu (ACD) o MN T1m glao tuyen cua (ACD ) va (ABO)
Ta cé: A la di€ém chung ctia (ACD ) va (ABO) (1)
Trong (BCD) goi P=BO n-DC.
{Pe BO,BO < (ABO)

PeCD,CD < (ACD)

=Pe(ABO)n(ACD)  (2)
Tt (1) va (2) = (ACD) (ABO)=AP -
« Trong (ACD), goi Q=AP N MN, cé:

QeMN
Qe AP, AP c ABO

= MN m’(A'Bo) -Q
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b) Tim giao diém ctia AO va (BMN ):
e Chon mp (ABP) > AO.
Tim giao tuyén cua (ABP ) va (BMN)
Ta ¢6:B la diém chung cua (ABP ) va (BMN) (3)
{Q € MN,MN  (BMN) = Qe (ABP)n(BMN) (4).
Qe AP, AP c (ABP)

Tir (3) va (4) (ABP)n (BMN)=BQ
Goi I=BQN AO(viBQ,AO c mp(ABP)), c6

{IEAO

b (i) =AONBMN)

Trong mp (o) cho hinh thang ABCD, day l6n AD. Goi [, J, K 1an luot la cac
diémtrén SA, AB, BC (K khoéng la trung diém BC). Tim glao diém cha:
a) IK va (SBD). gt -
b) SD va (IJK).
c)SCva (IJK).

LOI GIAI s

a). Tim giao diém cta IK va (SBD) '
e Chon mp phu (SAK) chira IK .

Tim giao tuyén cta (SAK ) va (SBD)

Ta c6: S e(SAK)(SBD) (1)
Trong (ABCD) goi P = AK n BD. A
PeAKc (SAK)
P e BD = (SBD)
= P e(SAK) (SBD) (2)

Tir (1) va (2) = (SAK) A (SBD) =SP

QelK
QESPC(SBD)

e Trong (SAK), goi Q=1IK " SP, co: { =Q=IKn (SBD)

b). Tim giao diém cua SD va (IJK ) :
e Chon mat phéng phu (SBD) chita SD. Tim giao tuyén cta (SBD ) va (IJK).
Theo cau a) ta co: Qe (SBD)n (IUK)  (3)
Trong (ABCD), goi M =JK " BD = M la diém chung cua (IJK) va (SBD) 4)
T (3) va (4) = (IJK) m (SBD) = QM.
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e Trong (SBD) goi N=QM N SD.
Ta c6: NeSD
%N eQM,QM (1K)
¢). Tim giao diém cta SCva (JK):

o Chon mp phu (SAC) o SC. Tim giao tuyén ctia (SAC )’ va (IJK).

“ {:(ST,(gAc(SAC)aI_E(UK)“(SAC) ©

Goi E=ACAJK(vi ACJK < (ABCD)). Vay Ee(IJK)n(SAC) (6)

T (5) va (6) = (IJK) N (SAC)=1IE
e Trong (SAC), goi F=IENSC.

= N =5D n(IK).

Tace: | o0 F=SCA(UK).
PO FeBEC(yK)T WY |
Cho t¢ dién S.ABC. Goi I, H 14n luot la trung di€ém caa SA, AB. Trén canh
SC 1ay diém K sao cho CK =3SK . o :

a). Tim giao diém F cua BC véi mp (IHK). Tinh ti s6 % .

b). Goi M la trung diém ctia doan IH. Tim giao diém cua KM va mp (ABC).
LOI GIAI ; S

a). Tim giao diém ctia BC v6i mp (IHK). '

Ta tim giao tuyén cta (ABC) va (IHK) trudc

Goi E=ACNKI(AC,KI<(SAC)), cé:

= E('ABc)m(n;IK) (1).

Ee AC,ACc(ABC)
E € KI,KI c (IHK)

{E : S;{,IZ)B < (ABC) = He(IHK)n(ABC) (2)

Tix (1) va (2) = EH =(ABC) (IHK) B
Goi F = EHBC(EH, BC c (ABC)), cé:

FeBC F=BCn(IHK H

Fe EH,BH < (1K) = F ~BC P (HK).

Goi D trung diém cua SC, ta ¢6 IK la dudng trung binh cua ASAD.
CA CD |

Trong ACEK c6: —=—=2 = CA=2CK.
AE DK
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Trong mit phing day (ABC) ké AN // EF(N e BC).

Ta co: HF//AN:—E:E:] = BF=FN.
HA FN

Ta cé: EF // AN 29‘3:_@_1_\1_ 2= CN =2NF.
AE NF

FB  FB FB 1
FC FEN+NC 3FB 3’
b). Tim giao diém cua KM va mp (ABC).

'Tacé KM c (IHK). Goi ] = KM EH(EH,KM < (THK)).

Két luan: —

Tacs: 1) &M — KM~ (ABC
acor ]éEH,EHc(ABC):J— " (ABC)

DANG 3: Tim thiét dién ctia hinh (H) khi cit boi mit phang (P).

Thiét dién la phan chung ctia mét phang (P) va hinh (H) .

Xéc dinh thiét dién 1a xac dinh giao tuyén ctia mp (P) v6i cac mét clia hinh (H).
Thuong ta tim giao tuyén diu tién ctia mat phéng (P) véi mot méit phéng
(a) nao dé thudc hinh (H), giao tuyén nay dé tim dwoc. Sau dé kéo dai
giao tuyén nay cét cac canh khac ctia hinh (H), tir d6 ta tim dwoc cac giao
tuyéh ti€p theo. Pa giac giéi han boi cac doan giao tuyén nay khép kin
thanh mt thiét dién can tim. |

Théng qua cu thé nhitng bai tip sau thi cic ban sé hi€u ré hon.

Cho hinh chép S.ABCD. Goi M la mét diém trong tam giac SCD.
a). Tim giao tuyén cta hai mp (SBM) va (SAC).
b). Tim giao diém ctia dwong thang BM va mp (SAQ).
c). Xéc dinh thiét dién ctia hinh chdp khi cit bdi mp (ABM)

LOI GIAT
a). Tim giao tuyén cua hai mp (SBM) va (SAC).
Goi N =SM N CD(vi SM,CD < (SCD)).
Vay mit phing (SBN) ciing la mit phang (SBM).
Goi O= ACNBN(vi AC,BN c(ABCD)).

O&BN,BN ¢ (SBN)
Ta cé:
Oe AC,ACc(SACQ)




—0e(SAC)A(SBN) (1)
VaSe(SAC)n(SBN) (2

(1) va(2): (SAC)(SBN) = S0.

B)’. T‘lm giao diém cla duong thang BM va mp (SAC). -
Goi H=BMnSO(vi BM, SO=(SBN)), c6:
{H e BM |

HeSO, soc(SAc)iH’ BMm(SAC)

). Xac dinh thiét dién ctia hmh chop khi cat b01 ‘mp (ABM)
Goi I=AHN SC(VI AH S C (SAC))

hang (ABM) i (SCD)

Tim giao tuyén cia hazi
e A scon(anng <> =
Va Me(SCD) n (ABM’) (4)
Tir (3) va (4): (SCD)  (ABM) = I
t Goi J= IMmSD(w M, sDc,(s,cD)).

Vay (SAD)(ABM)= Al , va (SBC)(ABM)=BI

Két luén : thiét dlen ) t1m la & giac ABIJ .

Cho tit dién ABCD. Tren AB, AC lay 2 dlem M N sao cho MN khong
song song BC. Goi Ola1 :djem trong tam giac BCD.

a). Tim giao tuyén (OMN) va (BCD)

b). Tim giao diém cua DC, BD véi (.MN)

¢). Tim thiét dlen ctia mp(OMN) v6i hinh chop
: LOI GIAI
a). Tim giao tuyé'n (OMN) va (BCD). S
N He MN,MN c (MNO)
Trong mp (ABC), goi H=MNNBC, c6:
& He BC,BC ¢ (BCD)
= He(BCD)n(MNO) (1)
Vacé Oe(BCD)n(MNO)  (2)
Tir (1) va (2) suy ra (BCD)n(MNO) = HO
b) Tim giao diém ctia DC, BD v6i (OMN).
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Trong mp (BCD), goi I = BD nHO. 4
[1eBD
1€ HO,HO = (MNO)

Trong mp(BCD) goi J=CDNHO, cé:

JeCD
J e HO, HO = (MNO) H

=] =CDn(MNO).

o). Tim thiét dién ctia mp(OMN) véi hinh chép.
Theocéd1dumg(ﬁéhlécéua)véb)ﬂﬁ'
(ABC)(MNO)=MN, (ABD)~ \(MNO) =M
(ACD)~(MNO)=NJ, (BCD)n (MNO)= . s
Vay thiét dién can tim la t gidc MNJL S oas

Cho tir dién S.ABC. Goi MeAS,N €(SBC),Pe(ABC), khong c6 dudng
théng nao song song.

a) Tim giao diém ctia MN véi (ABC), suy ra giao tuyén cia (I\/H\IP) va (ABC)

b) Tim giao diém ctia AB véi (MNP).

c) Tim giao diém ctia NP v&i (SAB). o :

d) Tim thiét dién ctia hinh chép cat boi mat phang (MNP).

LOI GIAI

a). Tim giao diém ciia MN v6i (ABC) ¢
Chon mit phing phu (SAH) chita MN. A\,
Tim giao tuyén cua
mp(SAH) va mp(ABQC).
Ae(ABC)n(SAH) (1)
Trong mp(SBC), goi:
H=SNnBC. AR S D A \ R

HeSN,SN (S AH) A
{H € BC,BC = (ABC)

=1=BDn(MNO)

ML

= He(SAH)n(ABC) (2)
Tir (1) va (2) = (SAH)N(ABC) =

o~

Goi 1=MN M AH (vi MN, AH c (SAH)).
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cor LM I=MN (ABC
¥ \leAH,AHc(ABC)~ )

Tim giao tuyén cia (MNP) va (ABC).

Ta c6: Pe(MNP)n(ABC) (3)

Va Ie(MNP)~(ABC)  (4)

Tir (3) va (4) = (MNP)~ (ABC) =PI
b). Tim giao diém cua AB véi (MNP).

Goi K = ABNPI(vi AB,PI < (ABC)).

7

Ke AB
Co{

KePLPIc(MNP) < AP 7 (MNP).

c). Tim giao diém cta NP vdi (SAB).
Goi L=PN MK (vi PN,MK = (MNK)).

.

Co = L=PNn(SAB).

LePN
L e MK, MK c (SAB)

d). Tim thiét dién ctia hinh chép cét boi mét phéng (MNP).

Goi ] =BC N PI(vi BC,Plc(ABC)).
Vay giao tuyén cua (MNP) va (SBC) 1a JN.
Goi P=SCJN(viSC,JN = (SBC)).

Két luan theo cach dung diém cua nhitng ciu & trén ta c6 thiét dién can tim

la tit giac MPJK.

(SAB), (SBC), (ABC).
a) Tim giao diém cua IJ véi mp (ABQ).

ra thiét dién ciia mp(IJK) cat boi hinh chop.

Cho tit dién S.ABC. Goi I, J, K 1an luot 13 3 diém nim trong ba mit phéng

b) Tim giao tuyén cia mp (IJK) v6i cac méat ciia hinh chép. Tw d6 suy

LOI GIAI
a). Tim giao diém cua IJ véi mp (ABC).

Goi M =SI~AB(SI, AB (SAB)), N = 5] A BC(S],BC < (SBC))

Tir d6 suy ra MN la giao tuyéh ctia mp (SIJ) va mp (ABC).

Goi H=1] nMN(IJ,MN <(SIJ)),
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cs: {1V H=1] ~(ABC
® |HeMN,MN c (ABC) =1 (ABC)

. Tim giao tuyén cia mp(IJK) va mp(ABC).
IJK)~(AB
K e (IK) n (ABC) = HK = (IJK)n (ABC)
He (IJK) (ABC) |
Goi D=HK nBC(HK,BC =(ABC));

E=HK N AC(HK,AC c (ABC)).

- Tim giao tuyén ciia mp(IJK) va mp(SBC).

Cé Je(UK)n(SBC) (1)
. [DeHK,HK < (IJK)
*IpeBCBCC (SBC)

\" = o

=De(IJK)n(SBC) (2) .,
Tir (1) va 2) = DJ = (I/K) ~(SBC) K N T y

Tim giao tuyén cua mp(IJK) va mp(SAB).
Cé Ie(IJK)n(SAB)  (3) B
Goi F=DJ nSB(DJ,SB < (SBC)) , c6:

[reomsnc oy =PRI )
Tix (3) va (4) : FI=(IJK)n(SAB)

Tim giao tuyén cua mp(IJK) va mp(SAC).
Goi L=FINSA(FLSA c (SAB)), c6:

{L e FI,FIc(IK)

LeSA,SA c(SAC) Le(UK)n(SAC)  (5)

E=HK N AC(HK, AC = (ABC)), c6:

E e HK, HK c (IJK)
{E e AC,ACc (sAC) " (UK)n(sAC)  (¢)
Tix (5) va (6): LE =(JK)n(SAC)

K&t luan: Tix cach tim giao diém ctia m3t phing (IJK) véi cac canh cta hinh
chép S.ABC, suy ra thiét dién ctia mp(IJK) cit boi hinh chép 1a tit gide DFLE.
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Cho hinh chop S.ABCD 6 day ABCD la hinh binh hanh tam O. Goi M, N, I
1an luot ndm trén ba canh AD, CD, SO. Tim thiét dién ctia hinh chop voi mat
phang (MNI)

LOI GIAL  §

Trong (ABCD), goi:] = BD N MN, ‘
K =MN N AB, H=MN N BC
Trong (SBD), goi Q=1] N SB

Trong (SAB), goi R=KQNSA

- Trong (SBC), goi P=QH N SC / o

Vay : thiét dién la ngdl gisc MNPQR A /> 2

Cho hinh chop S ABCD Gm M N, P lan Iuot la tmng dlem lay tréen AB,
ADvasC. ,

Tim thiét dién cua hmh chop voi mit phing (MNP)

: LOI GIAI
Trong (ABCD), goi:
E=MN N DC,
F=MN N BC e
Trong (SCD), goi Q=EP  SD ok

Trong (SBC), goi R=FP m SB
Vay : thiét dién la ngui giac MNPQR

chitng minh mot di€m thuéc mot dudng thang 6 dinh,
Phuwong phép: |
Muéhn chitng minh ba diém A, B, C thing
hang, ta ching minh ba diém d6 lan luot
thudc hai mat phang phan biét (o) va (B),

thi suy ra ba diém A, B, C_na\"am trén giao I
tuyén ciia (o) va (B), nén chiing thing hang. |
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PHUONG PHAP CHUNG MINH BA PUONG THANG DPONG QUY:
Ta tim giao diém cua hai dwdng thing trong ba duong thing da cho, rdi -
chiing minh giao diém d6 ndm trén dudng thang thit ba. Cu thé nhu sau:
Cach chitng minh 3 dudng thing a, b, ¢ dong quy tai mét diém.

Chon mét mit phing (P) chita duong thang (a) va (b) .Goi I= (a) N (b)
Tim mét mit phing (Q) chira duong thang (a), tim moét mat phang (R)
chita dudng théng (b), sao cho (¢)=(Q)n(R)=1e(c). .

Cho tit dién S.ABC. Trén SA, SB, va SC 1an luot 13y cac diém D, E, F sao cho
DE cit AB tai I, EF ct BC tai J, FD cit CA tai K. Chiing minh ba diém I, J, K
thang hang. ‘

LOLGIAI

I= ABNDE(AB,DE ¢ (SAB)) i\
Cé: {Ie AB,AB < (ABC)
le DE,DE < (DEF)

=1e(ABC)n(DEF) (1)
K = ACNDF S SR |
(AC,DF = (SAC))

K e AC,AC < (ABC)
K € DF, DF < (DEF)

= K e (ABC) n(DEF) (2) 5

Co

] = BC N EF(BC, EF < (SBC))
Cé 4] e BC,BC = (ABC) = J e (ABC) n(DEF) (3)
J € EF, EF  (DEF) -

T (1) (2) va (3) suy ra3 diém I, J, K thang hang.
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Cho t dién ABCD ¢4 G la trong tAm tam gidc BCD. Goi M, N, P lan luot
la trung diém ctia AB, BC, CD. o e

a) Tim giao tuyén cua (AND) va (ABP).

b) Goi I= AGAMP,]=CM N AN . Chitng minh D, I, J théng hang

LOI GIAI A

a); Tim giao tuyén ctia (AND) va (ABP).

A<(ABP)(ADN)(1) |

Tacé G=BPNDN, cé:
GeBP,BP < (ABP)

{G e DN, DN c (ADN)

= Ge(ABP)n(ADN)(2) ;
Tir (1) va (2) AG = (ABP) ~ (ADN)

b). Chting minh D, I, J thing hang N
I=AGNMP, AG c(ADG), MP c (DMN)
=1e(ADG)n(DMN)  (3)

J=CM N AN, AN c (ADG), CM c (DMN) =] € (ADG)~(DMN) (4)
De(ADG)n(DMN)  (5)
Ttx (3), (4), (5) suy ra ba diém D, L, J thudc giao tuyén ctia hai mat phang
(ADG) va (DMN). '
Kétluan vay ba diém D, 1, ] thang hang.
Cho hinh binh hanh ABCD. S la diém khéng thudc (ABCD), M va N lan
luot 1a trung di€m cua doan AB va SC.

a) Xac dinh giao diémI=AN N (SBD)

b) Xac dinh giao diém J = MN N (SBD)

¢) Chting minh, J, B théng hang.

LOI GIAI
a) Xac dinh giao diémI=AN N (SBD)
¢ Chon mp phu (SAC) chira AN.
Tim giao tuyén cua (SAC) va (SBD):
Trong mit phang (ABCD) goi O 14 giao diém ctia AC va BD. Hai m4t phang
(SAC) va (SBD) c6 hai diém chungla SvaO.
Vay: (SAC) M (SBD) = SO
e Trong (SAC) goi 1= AN N SO. Vay: 1= AN  (SBD)

30



b) Xac dinh giao diém J=MN N (SBD)
e Chon mp phu (SMC) chita MN.
Tim giao tuyén caa (SMC ) va (SBD):
Trong (ABCD) goi K=MC n BD.
Hai m4t phang (SMC) va (SBD) ¢6 hai
diém chungla Svak.
Vay: (SMC) n (SBD) = SK
e Trong (SMC), goi J=MN N SK.
Vay J=MN N (SBD)
¢) ChtingminhlI, ], B thing hang B
Ta ¢6 : B la diém chung ctia (ANB) va ( SBD) 1)
1€50,50 = (SBD)
{1 e AN, AN c (ABN)

=1¢(SBD)n(ABN) ‘(2)
prverANSIECL E

Tir (1) (2) (3) suy ra badiém B,1,] thang hang.
Cho tir gidc ABCD va S ¢ (ABCD). Goi I, J 1a hai diém trén AD va SB, AD
ct BC tai O va OJ cat SC tai M.
a) Tim giao diém K =1J n (SAC)
b.) Xac dinh giao diém L = D] n (SAC)
¢) Chtng minh A, K, L, M thang hang

LOI GIAI

a) Tim giao diém K =1IJ n (SAQ)

e Chon mp phu (SIB) chita IJ

e Tim giao tuyén cua (SIB) va (SAC)

Se(SBI)n(SAC) (1)

Trong (ABCD) goi E= AC n BI, cé:
Ee ACc(SAC
: ):> E e (SAC)(SBI)
E e Bl = (SBI)
Tir (1) va (2)(SBI) " (SAC) =SE.
Trong (SIB) goi K=I1J N SE .

Taco |V K=1J~(SAC
20 1K esp,SEc (3aC) 7 XTI (EAC)
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b)

Xac dinh giao diém L =DJ N (SAC) -

e Chon mp phu (SBD) chita D] . Tim glad tuyén cua (SBD ). va (SAC) :

Se(SBD)n(SAC) @)

~ Trong (ABCD) goi F = ACm BD.

Vay F la diém chung thtr hai ctia hai mit phéng (4)
Tir (3) va (4) : (SBD) N (SAC)=SF
Trong (SBD) goi L=DJ SF .

. |reD]
Taco: { :>L DJ ~(SAC)

L eSF,SF c (SAC)’

ChL’mg minh A  K,L M thang hang
Tacd Ae(SAC)n (AJO) ( ) co -

KoL) et @
ool i) @)
et HssctaRl 9

Tir (3), (4),(5),( ) suy ra bon diém A, K, L, M cung thﬁoc giao tuyén cua

hai mat phang (SAC)va (AJO). .-
Vay: A, K, L M thing hang.

Cho tt glac ABCD va S ¢ (ABCD). G01 M , N 12 hai diém trén BC va SD.
a) Tim giao dlem =BNn (SAQ) )
b) Tim giao dxem = MN N ( SAC)

¢) Ching minh C,1,] thang hang .

a)

T LOI GIAI
Tim giao diém I=BN A (SAC)

e Chon mp phu (SBD) chita BN .
» Tim giao tuyén ciia (SBD) va (SAC)

| Trong (ABCD) goiO=ACNBD.

- Hai mit phing (SAC) va (SBD) 6 hal diém chung la S vaO. Vay g1a0 tuyen

cua ching la SO.

e Trong (SBD), g01 I= BNmSO
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Tacs] - on 1=BN(SAC
A 1es0,50(sAC)T T n(5AC)

b) Tim giao diém J=MN n (SAQC)
o Chon mp phu (SMD) chita MN.
Tim giao tuyén ctia (SMD ) va (SAC)
Trong (ABCD), goi K=ACDM.
Hai mit phéang (SAC) va. (SMD) c6
hai diém chung laSvaK.

Vay giao tuyén cua chiing la SK . g ’J
e Trong (SMD), goi J=MN n SK.

Tace: { <MY MN A (SAC
A0 1 esK,SK e (SAC) ) “( )

c¢) Chitng minh C, I, J thing hang L :
Theo cach tim dim & nhitng cau trén ta c6 ba diém C, I, ] la diém chung cta
hai mat phang (BCN ) va (SAC) = Ba diém C, I, J cung thude giao tuyén cua
hai mat phang (BCN) va (SAC). KétluanC, 1] thang hang.
Cho hinh chép S.ABCD. Goi M, N, P lan luot 1a trung dlem ctia SA, SB,
SC.Goi E=ABNCD,K=ADNBC.

a) Tim giao tuyén ctia (SAC) N (SBD),(MNP)~(SBD).

b) Tim giao diém Q ctia duong thing SD véi mét phing (MNP):.'

¢) Goi H=NM NPQ. Chitng minh 3 diém S, H, E thing hang.

d) Chitng minh 3 dudng thang SK, QM, NP dong qui.
LOIGIAI ¢

a). Tim giao tuyén cua (SAC)m (SBD) . )

Trong mp (ABCD) goi O=ACn BD, ¢é:

Oe AC,ACc(SAQ) M

{o e BD, BD < (SDB)

= 0¢e(SAC)n(SBD) (1)
Se(SAC)n(SBD) (2

Tir (1) va (2) (SAC) (SBD)=SO.
Tim giao tuyén cua (MNP)~ (SBD)
Trong mp(SAC) goi F=MPSO, c6: E
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- (MNP o
FeMP,MP <(MN )=>Fe(MNP)n(SBD) @)
FeS0,50 (SBD)
~ [Ne(MNP)

® |NesB,sB < (sBD)

Tir (3) va (4) (MNP)(SBD) = NF.
b) Tim giao diém Q ctia dudng thing SD véi mit phéng (MNP).
Goi Q=NFNSD(vi NF,SD c (SBD)). |

= N e(MNP) N (SBD) | (4)

QeSD =SD (MNP
QeNF,NFe (MNP)~ 2= ”(, )

¢) Goi H=NMNPQ. Chiing minh 3 diém S, H, E thing hang,
H=MNPQMN c (SAB),PQc(SCD) =>He(SAB)(SCD) (*)
E=ABNCD,ABc(SAB),CDc(SCD) = Ee(SAB)n(SCD) (**)
Se(SAB)N(SCD) (***) -
- Tu (*),(* *),("'**) suy ra ba difm S, H, E thudc giao tuyén cta hai mit
phéng (SAB) va (SCD) nén ba diém S, H, E thing hang.
d) Chitng minh 3 duong thing SK, QM, NP déng qui.
Goi G=MQANNP(vi MQ,NP<(MNP))  (5)

GeMQ,MQc (SAD)
{G eNP,NP < (SBC)
Ngoai ra (SAD)(SBC)=SK =GeSK (7)

Tt (5), (6), (7) suy ra 3 duong thing SK, QM, NP ddng qui.

Cho hinh chép S.ABCD c6 day la hinh binh hanh. Goi M la trung diém

cta canh SD, I 14 di€m trén canh SA sao cho AI=2IS.

Goi giao diém K ctiia IM véi mit phéng (ABCD). Tinh ti s6 KD/KA. Goi N

1a trung diém BC. Tim thiét dién ctia hinh chép S.ABCD cit boi mit (AMN).

, LOI GIAI
Trong mp(SAD) goi K=IMnNAD.
KelM
Vi
{K e AD c (ABCD)

=Ge (sAD) n(sBC) (6)

= K=IMn(ABCD).

ASAD duwogc vé lai & hinh 2.
Dung DF // KI(FeSA).
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Trong ASDFcé IM la duong
trung binh cua tam giac.
= SI=1=FA.
Tt @6 suy ra FD la duong
trung binh cta tam giac _AIK.
=D trung diém cua AK.
Két luan —K—Q:l L
KA 2 B
Trong mp (ABCD),
goi E=ANNCD.
Trong mp (SCD) goi: P = EM N SC.
Tk @ suy ra thiét dién cua
hinh chép S.ABCD bij cit boi
mat (AMN) la ¢ giac AMPN.

A ’ D
Hinh 2

Cho tr dién ABCD. Goi P va Q lan luot la nhitng di€ém trén hai doan
thdng BC va BD , M la diém trén doan AC. Gia st khong ton tai song
song trong hinh vé ctia bai toan.

a) Tim giao di€m cta duong thang AB va mit phing (MPQ) . Suy ra giao
diém N ctia duong thang AD va mit phing (MPQ) .

b) PQ cit CD tai I. Tim giao tuyén cua hai mit phé”mg (MPQ) v&i mat phéng
(ACD) . Nhan xét gi vé vi tri cia M, N, I?

) DP va CQ cit nhau tai E, MQ va NP ct nhau tai F. Chimg, to A, E, F thing hang.

LOI GIAI
a) Trong mp(ABC) goi H= ABNMP, cé:
He AB
{H < PM < (MPQ) = H=ABn(MPQ).

Ta c6: H va Q la hai diém chung cta
hai mit phing (MPQ) va (ABD), nén
giao tuyén cua ching la duong thing 5°
HQ. HQ cat AD tai diém N, thi N la
giao diém cua AD va (MPQ).




b)

,c)

M vaIla hai diém chung ctia hai mat phéng (MPQ) va (ACD).

Viy giao tuyén cuia (ACD) V‘a'(MPQ) 1a dwong thang ML . g

Vi Ne(MQP)n(ACD)=>Ne MI Vaybadifm M, N, I thang hang .

V1 ba didm A , E, F 12 ba diém chung ctia hai mit phang (ADP) va (ACQ).
“Nén ching thudc glao tuyen ctia (ADP) va (ACQ) '

Kétlugnba diém A, E,F théng hang T

BAI TAP TONG HQP CHUONG I

Cho hinh chép S.ABCD véi ABCD 12 hinh binh hanh. G01 M la diém bat
ky thude SB, N thudc mién trong tam glac SCD v

a) Tim giao di€m ctia MN va mp (ABCD)
b) TimSC n(AMN), SD m(AMN)

¢) TimSAN(CMN). .

a)

mat phang (SBI) va (ABCD)
_ Vay: (SBI)n(ABCD) =B

;b)
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~ LOI GIAI
Tim giao diém ctia MN va mp (ABCD).
Goil=SNn CD(vx SN,CD < (SCD)). Chon mit phéng (SBI) chtta MN.

Ta c¢6 B va I la hai di€ém chung cua hai

GoiH = MNmBI(v:MN BIc(SBI)) N

HeMN = i

Taco o
- {HEBI BIc(A

=H=MNn(ABCD). = [/

TmSCAMAN). e

Dau tién ta tim ‘giao tuyén clia mat phéng (SAC) va (SBI)
GoiO=ACAH BI(Vl AC,BI < (ABCD)).

Ta ¢6: S va O 1a hai diém chung ctia hai m3t phéng (SAC) va (SBI)
Véy: (SBI)n(SAC)=50.

GoiE=S0n MN(w SO,MN (SBI))

Chon mit phang (SAC) chta SC.
Tim giao tuyén ctia (SAC) va (AMN).




Ae(SAC)n(AMN) (1)
A { o i’?jﬁ; f‘(”fh)m) S Ee(SAC)(AMN) (2)
Tir (1) va (2) : (SAC)n(AMN)= AE.

GoiK =SC N AE(vi AE,SC  (SAC)), ¢6

{K eSC

Ke AE, AEc(AMN)QK:SCh(AMN)'

“Tim giao di®m ctia SD va mit phang (AMN)
Ta c6 K va N 14 hai diém chung ctia hai mat phang (AMN) va (5CD) .
Vay (AMN)(SCD)=KN G
Goi P la giao diém cia KN va SD .
Suy ra P ciing la giao diém cta SD vamp(AMN).
¢) Tim giao diém ctia SA va mét phang (CMN).
Chon mit phing (SAC) chita SA. Tim (SAC)~(CMN)
Tacé Ce(SAC)n(CMN) (3)
Theo céu b) E = SO " MN (SO, MN c (SBI)), c6
EeSOc(SAC Goomny e
(5AC) =Ee(SAC)n(CMN)  (4)
EeMN c (CMN)

Tir (3) va (4) (SAC)n(CMN) =CE

GoiQ=SANCE(viSA,CE < (SAC)).

Tacs: {2550 SAA(CMN
26 1QecE, CEC(CI\/n\I):'Q n(CMN).

Cho hinh chép S.ABCD c6 day ABCD la hinh thang véi AB song song CD. O
14 giao di€m cua 2 dwong chéo, M thudc SB.

a) Xac dinh giao tuyén caa (SAC) (SBD) (SAD) m(SBC) .
b) Tim giao diém ctia SA~(MDC) ; SO (MDC).
LOI GIAI
a) Xéac dinh giao tuyén ctia (SAC) (SBD)

Ta ¢6 S la diém chung thit nhat va O la diém chung thit hai ctia 2 mat phéng
(SAC) va (SBD). : :
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Vay (SAC)n(SBD) =50

Xac dinh giao tuyéh caa (SAD) N (SBC).

Se(SAD)n(SBC) (1).

Trong mp(ABCD) goiH = ADNBC, co6:

{H € AD,AD c (SAD) “
H e BC,BC < (SBC)

= He(SAD)(SBC) (2)

Tir (1) va (2) : (SAD)n(SBC) =SH.

b) Tim giao diém ctia SO (MDC); SA N (MDC).

Goi 1=50DM(vi SO,DM c (SBD)) , cé: |

{I €SO
Ie DM, DM c (MCD)

J

=1=50n(MCD)

Goi ] =8ANCI(vi SA,CIc(SAC)), 6

{]eSA

Jecrcle(Mcp) ™ SAN(MCD).

Cho hirh chop S.ABCD c6 ABCD la hinh binh hanh tam O. Goi M, N lan
luot 12 trung diém cua AB, SC.

a) TimI= AN (SBD).
b) TimK =MN n(SBD).

¢) Tinh ti s6 M .
KN

d) Chiig minh B, I, K thing hang. Tinh ti s& % .

. LOI GIAI
a) Tim giao tuyén ctia mp(SAC) va mp(SBD).
Se(SAC)n(SBD) (1)
{o € AC,AC c(SAC)
O e BD,BD < (SBD)
Tir (1) va (2) SO =(SAC)(SBD)
Goi 150 AN(SO,AN c(SAC)).
Suy ra N = AN (SBD)
38
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b) Tim giao diém K cia NM va mp(SBD). s
Chon mp (ABN) chita MN.
Tim giao tuyén cua mp (ABN) va mp (SBD).

1€S0,50 <(SBD)
{1 € AN,AN c (ABN) ;
=1e(ABN)N(SBD)  (3)
Be(ABN)N(SBD) (4) “
Tir (3) va (4) Bl =(ABN)N(SBD);
K=BInMN.

c) Tinh ti sé'Q—KI-YI—
KN

Goi Q trung diém cua AlL
Tacé AQ=QI=IN(Villa trong tam cua tam giac SAC). B
Ta c6: MQ la dwong trung binh ctia tam giac AABI

= MQ // Bl.

Ta c6: IK la duong trung binh ctia tam giac ANMQ. ¥,
Vay K la trung di€ém cua MN.

Suy ra —K—I\—/I— =1 : #
y KN = . A ™ Q LU 7 1T N

d) Theo cach tim giao tuyén ctia cau b) thi 3 diém B, K, I théng hang.
Ta cé: trong ANMQ:IK = %QM

Va trong AABI:QM:%BIzIB:zuK@%:z;.

Cho hinh chdép SABC. Goi K, N la trung di€ém cua SA, BC. Biém M thudc
SC, SM = %MC . |

a) Tim thiét dién cta hinh chép véi mp (KMN).

b) Mp (KMN) cit AB tai L. Tinh ti s& Eﬁ%-

LOI GIAI
a) Tim thiét dién cua hinh chép véi mp (KMN).
Trong mit phéng (SAC), goi I 1a giao diém ciia KM va AC.
Trong m3t phing (ABC), goi L la giao diém cta IN va AB. Két luan thiét
dién can tim 1a MNLK .
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b) Mp (KMN) cit AB tai L. Tinh ti s§ %1' EL e

Trong mit phang (SAC), ke AE /KM véi E thude SC.
Y, ~ Tacé KM la dudng trungﬁ: binh ctia tam
' gidcSAE nén M trung diém ctia SE.

Doan SC duoc chia lam 5 phéan, SM
chlem 2 phan, MC chiém 3 phan suy

raCE chiém 1 phan
CE CA 1

T t CIM —_—=—=
rong amglac c6 EM AI 2 1

=>CA--1—AI

Trong AABCké DN " AB(D eAC).

Vay: DN Ia dlt(‘mg frung binh cia AABC nén DN:-;—AB W

TA. AL4 5,

Trong tam gxac IDN == DN S2ALT :(é)
ID DN 5 iy
Tir (1) v va (2) 6 o
5 LA 2
EAB = ZAL < 2AB 5AL =N 2(LA + LB) 5LA & 2LB = SLA 573

Cho tir dién ABCD G01 I ] la trung dlem cla AC BC Lay K thuoc canh
BD sao cho BK =2KD .

a) TImE=CDn (111() Chung minhDE=DC .
b) Tim giao diém F= ADm(IJK),, Chwng mmh FA ?.FD

¢) Tim thiét dién clia ti chen ABCD véi mp (IJK). Xac dinh hinh tmh cua
thlet dién. - -

A

LOI GIAI

a) Tim B CD ~(IK).
E=CDnJK(CD,JK = (BCD)), c6
EeCD
EeJK,JK < (IJK)

_Ching minh DE = DC. ..
" Trong ABCE ké DP // EJ.
Trong ABDP c6 JK // PD nén:
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B _BK 5 —Bj=2jp o CI=2JP.

JP KD |

Tir d6 suy ra DP la duong trung binh caa tam giac CEJ.
Suy ra D trung diém cua CE .

b) Tim giao diém F = AD N (IJK). Chiing minh FA =2FD.
Vi IE, AD < (ACD). Goi F=IENAD. B____ E
Ma IE ¢ (IJK) = F = AD n(IJK). o
Xét trong tam giac ACE c6 F la giao
diém cua 2 duong trung tuyén AD va
EIL. Suy ra F la trong tam cua AACE Hinh 2
Vay FA =2FD g
c) Tim thiét dién cua tir dién ABCD véi mp (I]K) ‘Xé4c dinh hinh tinh cua thiét
dién.
. (JK)n(ABC) =1J; (IIK) n(BCD) =JK
aco:
(K)~(ABD) = KF; (JK) ~(ACD) = FI

Thiét dién can tim la tir giéc IJKF.
Trong aDAB: 25 - PF _1_ v/ aB (1)
DB DA 3

Trong ACAB, IJ la duong trung binh =1J // AB  (2).

T (1) va (2) suy ra tix giac IJKF la hinh thang.

Cho ttt dién S.ABC. Trén SB, SC lan luot 18y 2 diém I, J sao cho IJ khéng

song song voi BC. Trong tam giac ABC lay mot dlem K.
a). Xac dinh giao tuyéh ctia 2 mp (ABC) va (I]K)
b). Xac dinh giao diém ctia AB, AC va (IJK). -
c). Tim' giao tuyéhn cua (SAB) va ([JK). V
d). Tim giao diém cua BC, IJ v6i mp (SAK).
e). Xac dinh thiét dién caa mp (IJK) véi t dién S.ABC.

LOI GIAI

a). Xac dinh giao tuyén ctia 2 mp (ABC) va (IJK).
Dell,IJ =(IJK)
D eBC,BC c(ABC)

Goi D=1JnBC(vi IJ,BC=(SBC)), cé:{

= D &(IJK)n(ABC) (1)
K e(JK)n(ABC) (2) .
Twr (1) va (2) (JK)(ABC) =
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b). Xéc dinh giao diém ctia AB, AC va (JK). s
Goi E va F 1an luot 1a giao diém caa ‘
AB, AC véi DK (vi AB, AC, DK cling
thudc mit phing (ABC )). Ngoai ra DK
lai thudc mat phéng (IJK) :

Vay: ABAmp(IK)=E; AC~mp(IJK)=F

c). Tim giao tuyén cua (SAB) va (IJK). . 4 &s=z27------

Ta 6 I va E la hai di€m chung cua hai - . -3\
mit phang (SAB) va (UK) nén:
(SAB)N(IJK) = |

d). Tim giao diém cia BC, I véi mp (SAK). B

Goi G=AKnN BC(V‘] AK, BCc (ABC)), co

|GeBC
Ge AK, AK c (SAK)

= G=BCn(SAK).
Goi L =SGIJ(vi SG,1 =(SBC)), <o

Lel L= ~(SAK
LeSG, G e (saK) = L U (5AK).

e). Xac dinh thiét dién ctia mp (IJK) véi tir dién S.ABC.
Theo cach dung di€ém ¢ nhitng cau trén ta co:
(UK)~(ABC) = EF; (JK) ~(SAC) = FJ
{(I]K) N(SAB)=IE; (JK)n(SBC) =]I
Vay: thiét dién can tim la t giac IJFE.

Cho hinh chép S.ABCD c¢6 ABCD Ia hinh thang, day 16n l1a AB. Trén SA,
SB lan luot 1ay 2 diém M, N sao cho MN khéng song song v6i AB. Goi
O=ACnDB.

a). Tim giao diém cua  duong thang AB véi mp (MNO).

b). Tim giao tuyén cita mp (MNO) véi cac mat (SBC) va (SAD).

¢). Xac dinh thiét dién cia (MNO) v6i hinh chép S.ABCD.

d).Goi K la giao diém cua hai giao tuyén o cau b, E= AD nBC. Chitng minh
3 diém S, K, E thing hang.

LOI GIAI
a). Tim giao diém ctia duong thing AB véi mp (MNO).
Goi H= ABNMN(vi AB, MN c(SAB)).
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Vay: {H AP
" |He MN, MN c (MNO)
= H=ABN(MNO).
b). Tim giao tuyén cia mp (MNO) véi cac \
mit phéng (SBC) va (SAD). ol
Goi F=BCAHO(BC,HOc(ABCD)), c6:  \_™

Fe BC,BC < (SBC) <
* = Fe(MNO)(SBC) (1)~
F e HO,HO = (MNO) .

Ne(MNO)n(SBC) (2).
Tir (1) va (2) (MNO)(SBC) =FN.
Trong mp(ABCD), goi G =AD NHO ,cé:
Ge AD,AD c (SAD)
{G e HO,HO c (MNO)
Cé: M e(MNO) N (SAD) (4).
Tix (3) va (4) (MNO) N (SAD)=MG.
¢). Xéc dinh thiét dién cia (MNO) véi hinh chép S.ABCD.
Theo cach dung diém 6 nhitng cau trén, ta co:
{(MNO) ~(ABCD) = GF; (MNO) n(SBC) = FN
(MNO) N (SAB) = NM; (MNO) N (SAD) =MG
Vay: thiét dién can tim la t& giac MNFG.
d). Chitng minh 3 diém S, K, E thing hang.
E=ADNBC, AD < (SAD), BC ¢ (SBC)
=Ee(SAD)N(SBC)  (*)
K =GMNFN, GM c (SAD), FN < (SBC)
=Ke(SAD)n(SBC)  (**)
Se (SAD) N (SBC) (* * *)
T (*)(* *)(* * *) suy ra ba diém E, K, S thudc giao tuyén ctia hai mat phéng
(SAD) va (SBC) nén ba diém E, K, S thing hang.
Cho tir dién ABCD. Goi M la trung diém AB, K la trong tam ctia tam giac

ACD.
a). Xac dinh giao tuyén cuia (AKM) va (BCD).

= Ge(MNO)n(SAD)  (3)
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b). Tim giao diém H cua MK va mp (BCD) Chiing minh K 1a trQng tam cua

tam giac ABH. :
c). Trén BC lay diém N, tim glao diém P, Q cta CD va AD voi mp. (MNK)

| d). Chitng minh 3 dwong thang MQ, NP, BD dong qui.
: - LOIGIAT [ A
a). Xac dinh glao tuyen cuia (AKM) va (BCD). " AN
Mat phang (ABG) ciing chinh la m3t pyhang (AKM).
Tim giao tuyén cua (ABG) va (BCD)
Goi G=AKANCD F -
(v1 AK,CDc (ACD)) ’

et e ey = O D) ()

Va Be(ABG)n (BCD) (2)
Tir (1) va (2) (ABG)~(BCD)=BG.
b). Tim giao,diﬁni H ctia MK va mp (BCD)..
Trong mp(ABG) goi H=MKNBG, cc’r :
HeMK,
{H €BG, BGc (BCD)’

Ching mmh K 1a trong tdm ctia tam glac ABH
ViK la trong tam cta tam giac ACD nén :
K chia doan AG thanh ba phan bing nhau b A
Goi L la diém ddi xung cuaK quaG S gl

=H= MKm(BCD) . 3

Vay K 1a trung diém ctia AL. G s/ . -
Trong A ABL, MK la duong trung' bmh B WG o H G
clia tam giac . ‘ =, Lo

Ta cé: ABGL = AHGK (gc 8)=BG=HG .

Vay K 14 trong tdm ctia tam giac ABH. ‘
¢) Tim glao diém P, Q cua CD va AD véi mp (MNK)

Trong mp(ABC) goi E=EMNNAC.
Trong mp(ACD) duong thing EK cit CD va AD 14n luot tai P va Q th1 Pva

Q chinh la giao di€ém ctia CD va AD vé6i mp(MNK) .
d). Chting minh 3 duong thang MQ NP BD dong qui. -
Trong mp(MNK) goi F=MQNNP, vi: ‘
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= Fe(ABD)n(BCD)

FeMQc (ABD)
Fe NP c(BCD)

Tir d6 suy ra F thudc giao tuyén BD ctia hai mit phéng (ABD) va (BCD).
Két luan ba duong thing MQ, NP, BD ddng qui tai diém F. '
Cho hinh chép S.ABCD c¢6 day ABCD la hinh binh hanh. Goi G la trong
tam cua tam giac SAD, M trung diém ctia SB
a) Tim giao diém N cia MG va mit phang (ABCD).
b) Chitng minh ba diém C, D, N thing hang. va D trung diém caa CN.
LOI GIAI
Trong mét phing (SBE) chita MG, gox N la giao diém cia MG va BE .
Vi BE thu6c mit phdng (ABCD), nén N thuoc mit phéng (ABCD) .
Trong mat phang (SBN) ké EF // MN ( F thudc SB)
Trong tam giac SEF ¢6 MG // EF nén c¢:

—=——=2 = SM=2MF <> BM =2MF

Vay F trung diém ctaBM .
Trong A BMN c6 EF // MN nén co:
BF _BE
FM EN
Vay E la trung diém ctia BN . 2
Dé dang chitng minh AAEB = ADEN(cg. c)

=1 =>BE=EN,

C.o

= ABE = END. Hai goc nay b?mg nhau theo truong hop so le trong nén

AB//DN, ma AB //CD . Vay ba diém C, D, N thang hang .

ED la dudng trung binh ciia tam giac NBC suy ra D la trung diém cua CN .
Cho hinh chép S.ABCD, day la hinh binh hanh ABCD c6 tam la O. Goi M
la trung di€m cua SC.

a). Xac dinh giao tuyén cua (ABM) va (SCD).
b). Goi N la trung diém cua BO. Hay xac dinh giao diém I cua (AMN) véi

SD. Chiing minh ring % - % Tim thiét dién cta hinh chép S.ABCD cit

boi mat phang (AMN).

LOI GIAI
a). Xac dinh giao tuyén ciia (ABM) va (SCD).
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M e (ABM)(SCD) | S
AB// CD A
ABc (ABM),CD c (SCD)

= (ABM)n(SCD) =MH(MH // AB // CD)

b) Xac dinh giao diém I cia (AMN) véi SD.
Taco (SAC) (SBD) =S50. '

Goi K = AMNSO(AM, S0 = (SAC)) .
' Tim giao tuyéh ctia (AMN) va (SBD) 8~

Ta cé: {II:II - g‘:‘)ﬁ\gc spp) =N (AMN)~(sBD) (1)

. [Ke AM, AM c (AMN)
Ta c6 = Ke(AMN)n (SBD) (2)
K e BD, BD c(SBD) ,
Tir (1) va (2) suy ra (AMN)~(SBD) =
NK cét SD tai diém I, thi I chinh Ia giao diém ctia mit phing (AMN) v6i SD. |
Trong mit phéng (SBD), tir O dung OP // NI (PeSD) .

Trong ADNI ¢6 OP // DI, nén c6 bo_bb_2, =2=DP=2PI - (1)
ON PI 1

Trong ASOP c6 KI // OP, nén c6: §—I§-=—S-I—=2=2 = SI=2P1 2)
KO PI 1

(K 1a trong tam ASAC).

IS 2
T (1) va (2 —==
i (1) va (2) suy ra D3

Thiét dién ctia hinh chép S.ABCD cét boi mt phang (AMN) .
Goi L la giao diém ctia AN va BC. Két luan thiét dién can tim la tr giac ALML

Cho tit dién ABCD. Trén AD lay N sao cho AN =2ND, M la trung diém cta
AC, trén BC 13y Q sao cho BQ=—

a) Tim giao diém I cia MN v6i (BCD). Tinh ti s6 —;‘g—

b) Tim giao diém J ctia BD v6i (MNQ). Tinh ti s& J] B ]]?

LOI GIAI
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2) Tim giao diém I cia MN véi (BCD). Tinh ti s& {% y
Goi I=MNNCD(MN,CD c (ACD)).

. |[Ie MN
IeCD, CDC(BCD)

=1=MN n(BCD)
Tam gidc ACI duoc vé lai nhu hinh 2

T D ké DG //IM (G € AC). B

Trong AAGD co: aM. é—N—_.z

MG ND

= AM =2MG.
Vay: G trung diém cua CM suy ra DG
la duong trung binh cua tam giac CML
suy ra D la trung diém cua CI M

Két luan: Ic 2. G
ID

b) Tim giao diém J cuia BD véi (MNQ). C = !
JB JQ , Hinh 2

Tinh ti s& — . I
D’ I

Goi J =QINBD(QI,BD = (BCD)).

S X

Vi JeBD =] =BDn(MNQ) F
JeQl, QIc(MNQ) "~ ’ f;
B

Tam giac BCI duoc vé lai nhu hinh 3. Q E  Hinh3

C

Goi E trung diém cua BC, tir E ké duong thing song song vdi QI ¢4t BD, IC
lan lwot tai F va H.
Ta ¢6 QJ la dwong trung binh cta tam giac BEF = B] = JF 1).
Trong ACQI c6: CE_CH, 2 = CH=2HI

EQ HI
< CD+DH =2HI < DI+ DH =2HI
« DH+HI+DH =2HI < HI=2DH.

Trong ADIJ ¢6: EE:BI:{:}_ :>DF:—]—F] (2).
F] HI 2 2

. B 2

Twe (1) va (2 ra; — =—

wr (1) va (2) suy ra: D 3

47



Ta cé: EF=2Q), FH = —151] va EH= %IQ, < EF+FH= %(U +JQ)

| e 2Q+3T=2(1+]Q) = T=41Q.

Q

Ket luan l .
n 4

Cho hinh chép S ABCD c6 day ABCD la hmh bmh hanh tam O Goi M,
N lan luot trung diém caaSC vaSA, E trong tdm cuia tam giac ABC .

a). Tim giao di€ém I ctia SD va mat phang (AME). Chting mmh EI /I SB.
b). Tim giao diém H ctia SD va mat phang (MNE) . B

a).

* Kéo dai EJ cét SD tai mot diém thi do la

' duong trung tuyen cua tam glac SAC
 NénJla trong tdm ctia tam giac SAC B

b).
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va (SBD). |

c). Tim thiét dlen cua hinh chép cit boi mit phang (MNE)

«  LOIGIAL = =
Ta c6 SO =(SAC)n (SBD) Goi J= AMr\SOH M_SOc(SAc)) |

Tim giao diém ctia I ctia SD va mit phing (AME). . . o
Chon mat phang (SBD) chua SD.

Tim giao tuyén ctia hai mit phing (AME) va (SBD)

CS E la diém chung thir nhat, J la giao
diém ciia AM va SO. Ma AM, SO lan
lwot thude trong hai mat phang (AME)

Vay giao tuyé’nijcﬁa chung la EJ.

diémIcantim. =
ChL'mg minh EI"// S

Tim giao diém H ctia SD va mdt phang (MNE)
C_hc_m mat phang (SBD) chtta SD.
Tim giao tuyéh cuia hai m3t phang (NME) va (SBD)..
Goi F=MN NSO (MN,SO c(SAC)) .
FeMN,MN c (MNE) IRt
Tacé 4 = F e (MNE)n(SBD) (1)
F 50,50 < (SBD)

Ngoai ra Ee (MNE)n(SBD)  (2)



Tir (1) va (2) thi EF =(MNE) (SBD).
Goi H = EF NSD(EF,SD = (SBD)) = H=SD(MNE) .
c). Tim thiét dién ctia hinh chép cit boi mit phéng (MNE) .
DA4u tién tim giao tuyén caa hai mat phéng (MNE) va (ABCD).
Ta cé: E la diém chung thtt nhat, c6 MN // AC, ma hai duong thing MN,
AC 14n luot thudc hai mit phang (MNE) va (ABCD).
Vay giao tuyén ctia chiing qua E va // v6i AC cat AB, BC lan luot tai K va L .
Két luén thiét dién can tim la da giac KLMHN.
Cho hinh chép S.ABCD ¢6 day ABCD la hinh binh hanh. Goi M, N lan
lwot la trung diém ctia cac canh AB va SC.

a) Tim giao diém K ctia duomg thang MN VOl mat phang (SBD). Tinh ti s6 ~——KK—NM—

b) Goi E trung diém ctia SA. Tim giao dlern F clia SD va mit phang (EMN).
Chitng minh tit giac MEEN la hinh thang.
¢) Tim thiét dién ctia hinh chép véi mat phang (EMN)
LOIL GIAI
a) Tim giao diém K ctia duong thing MN véi mat phang (SBD)
Chon mat phang (SMC) chita MN . Tim giao tuyen cua (SMC) va (SBD).
Tacd Se (SMC) (SBD) (1) ‘

Goi I=MCNBD (MC,BD c (ABCD))

{1 e MC, MC ¢ (SMC)

IeBD, BD<(SBD)

= 1&(SMC)n(SBD) (2)

Tix (1) va (2) = (SMC) n (SBD) =SI.. s \
Goi K =MN I (MN, Sl (SMC)) &4 K=MNA(SBD). »

Tinh ti 56 M |
KN
Trong tam giac SMC ké NG // SI (G € CM).

Trong ACIS 6 NG //SI = N -C 1 S cg=ar.
NS Gl

Villa trong tam ctia tam giac ABC nén suy ra Ml = IG GC.

Trong AMNG ¢6: IK /NG = MR- M1 vk -kn.
KN IG

KN
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b).

Tim giao diém F ctia SD va mét phang. (EMN). - =

Chon mit phang (SBD) Chu’a SD t1m glao tuyen cua hal mat phang (SBD)
va (MNE)

Goi O=ACNBD = (SAC)n (SBD) SO.-

. GoiJ= ENmSO(EN SOC(SAC))

{JEEN ,EN c (MNE)' :'JE(MNE) (SBVD‘)‘J (1) P

J €S0,50 < (SBD)

~ Theo céu a) thi K la diém chung th\r2 . (2) o =

Tir (1) va (2) thi (MNE)(SBD) = K] .
Goi F=KJnSD =K =SD n(MNE)
Chirng mmh tit giac MEFN 1a hinh thang

" Vi EN la dudng trung binh ctia tam giac SAC.

Dé dang chiing minh J trung diém cua EN.
Trong tam giac MNE, K] la dudng trung binh ctia tam giac nén: =~

KJ=2EM, K // EM.

Goi L trung diém ctia SD ¢ OL :%SB‘,'OL; //SB. (3

VIKF//EM, maEM//SBsuy raKF//SB.  (4).
Tir (3) va (4) suy ra KF//O.

Trong ASOL c6: JF 1a duong trung binh nén JF = %OL .
‘ 1 1, |

Ma OL=ESB = ]F:ZSB. N E))

Va K]=—2—ME ma ME=—2—SB = K]:ZSB ’ (6)

Tir (5) va (6) suy ra: KF = lSB = KF=EM.

Vay: tu giac EMKEF la hmh binh hanh .
Két luan tir giac MNFE la hinh thang vi ¢6 EF // MN

¢). Tim thiét dién cta hinh chép véi mit phang (EMN).
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Tim giao tuyén cia (MNE) va (ABCD) c6 :
M e (MNE) n (ABCD) L
BN AC (MNE)n (ABCD)=MP (MP // AC // EN, P e BD)

Thiét dién can tim la ngii giac MPNFE .



canh AD sao cho AM = 2MD, K la trung diém canh SB.

a). Tim giao diém F cua DK va mp(SMC). Tinh ti s& gIFZ .

‘Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh M la diém trén

b). Goi E la diém trén SC sao cho -g-g—=%, goi H 1a giao diém ctia KE va

mp(SAD). Tinh ti s6 HE,
HK

¢) Goi I la.diém irén canh SD (DI > 9I), P la giao diém cta AK va (SDC), Q

la giao diém CI va (SAB). Chitng minh P, Q, S thang hang .

b).

LOI GIAI

. Tim giao diém F ctia DK va mp(SMC). Tinh ti s& %I}% :

Goi ] trung diém ctia AM. . S/(Q

H

Ta c6 MW la duong trung binh cua AD]O
=W la trung diém cua OD.

Trong mjt phéang (SBD) dung
duwong thiang d // SW. d cdt DK
va SB lan luot tai G va N . WF la
duong trung binh ciia ADGO
= F trung diém cua DG .
Trong ABSW c6: ON // WS::
BN BO _2 @BK+KN=.2,1; &
BS BW 3 2KS 3

BK KN 2 1 KN 2 KN

E == D = ——
2KS 2KS 3 2 2KS 3 KS
1
3

1
3
— KF=3KG = GF=2KG

Trong AKSF c6é GN // FS: KN =-I§§—=
KS KF
Két ludn: DF 2KG 2
DK 5KG 5°

Tinh ti 5§ L
HK

S e(SBC)(SAD)
Cé: <BC // AD = (SBC) n(SAD) =5x (Sx // BC // AD).
BC = (SBC),AD < (SAD)

Goi H=KENSx(KE, Sx ¢ (SBC)) = H=KEN(SAD).
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 Goi L trung diém ctia EC, KE dudng

Ta c6: 51 = C1 (so le trong);

" o Q- -CLsy(CL, Sy < (SCD)) = Q= Clr(SAB);

. Chvmg minh P,

V& lai mit phang (SBC) nhu hinh 2.

trung binh cta tam. ‘gidc SBL nén

KE:—BL 1
2o )

E1 = E2 (d01 dinh ), E2 = L1 (dong vi) = E1 I:;

- Tir d6 suy ra: ASEH = CLB(gcg):>BL HE. L (2)

HE 2

Tir (1) va (2) ta co E—IE:E
Q,s thang hang o
Tim giao tuyen[ al ha1 mét phang (SAB) va (SCD) 6
SE(SAB) (SCD) . e |
BA//CD = (SAB)n (SCD) ‘=‘;;Sy“‘(§y;;’//:AB // CD).
ABC(SAB) CDc(SCD) fae

Goi P= AKmSy(AK Syc(SAB)):>P AKm(SCD)

Vi ba diém P: S, Q cing ndm trén giao tuyéhn Sy nén chung thang hang.

‘a). Tim glao dlem Icua AN va (bB ) it h =

Cho hmh chép S.ABCD ¢6 day ABCD 14 hinh binh hanh. Goi M, N lan luot
1a trung dlé’m‘ykcua ABvASC. ..o

b). Tim giao ditm K clia MN va (S ;

c) Chu’ng t6 B, I, K thing hang Tmh IK . Goi E la trung dlem cua SA Tim

thlet dlen ctia (MNE) va hinh chép.

.
N’

5 {OEAC ,AC = (SAC)
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LOI GIAI
Tim giao tuyén cia mp(SAC) vamp(SBD).
Se(SAC)n(sBD) (1) '

O<BD,BD<(SBD) =0¢ (SAC) (SBD) @ o

Tir (1) va (2) = SO=(SAC)m(SBD).




Goi I=50 AN(SO, AN c (SAC))
Suy ra I=AN N (SBD)

Vi SO, AN la hai trung tuyén clia tam
giac cua tam giac SAC. :
= [ trong tam cua tam giac SAC.

IA

Nén —=2. v
IN < , :
b) Tim giao diém K cita NM va mp(SBD). 9 S
Chon mp(ABN) chta MN. / : / '
Tim giao tuyéh cia mp (ABN) va mp (SBD). LN
1€SO, S0 c(SBD) o - v i i .

<)

{IEAN ,ANc(ABN)
=1e(ABN)n(SBD)  (3)
Be(ABN)n (SBD) @)

Tir (3) va (4) = BI = (ABN)(SBD).
VEé lai tam gidc ABN nhu hinh 2.
Goi Q trung diém cua AL ) B
Tacd AQ=QI=IN. Hinh 2
Xét ANMQ, tacé: IK la duong trung binh ctia tam gxac

Vay: Kla trung dlem ctia MN. Suy ra: % =1
Theo céch tim giao tuyén cua céu b) thi 3 diém B, K, I théng hang.
Trong ANMQ, ta cé: IK = —l-QM |

Vatrong AABI: QM = —BI =1B=4IK & EI% =4.

Hai mat phéng (MNE) va (ABCD) c¢6 M la diém chung va c6 NE // AC, nén:
giao tuyén d ctia chung quaMvad // AC//NE.

Goi F=dnCD(d, CD = (ABCD)); goi H=FNSD (EN,SD (SCD))‘.

Két luan thiét dién ciia mat phang (MNE) cit hinh chép S. ABCD la da giac
EMLNH.
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CHUONG Ii: 'QUAN HE SONG SONG TRONG KHONG GIAN

54

truede, c6 mét va chi mQt duong thang

- HAI PUONG THANG CHEO NHAU

' VA HAI DUONG THANG SONG SONG
Tmh chat ‘
Bmh li1:

Trong khong gian, qua mét  diém
khéng ndm. trén duong thing cho

song song voi-duong thang da cho
Dinh Ii 2:

Né&u ba mit phing phan biét d6i mét cit nhau theo ba giao tuyén phén biét
thi ba giao tuyén 4y hodc déng quy hodc d6i mét song song véi nhau.

e e

Hé qui: .
Néu hai mit phang phan blet lan luot chu’a ha1 duong thang song song thi
giao tuyéh ctia chiing (néu c6) ciling song song véi hai duong théng dé hoic
tring véi mot trong hai duong thang d6.

=

DPinh Ii 3:
Hai dwong thing phan biét cling song b al
song véi dudong thing thit ba thi song
song v6i nhau.

X L
Fo--T




DUONG THANG VA MAT PHANG SONG SONG

Dinh Ii 1:
Néu duong thing d khoéng ndm trong
'mit phing (a) va d song song véi

dudng théng d' nim trong (o) thi d

song song voi (a) .

Dinh li 2:
Cho duong thing a song song vdi mit

~ phang (a). Néu mit phang (B) chita
a va cat (a) theo giao tuyén b thi b

song song voi a.

- Hé qua:
Néu hai mit phing phan biét cung
song song v6i mot dudng thing thi d

giao tuyén cua chung ( néu c¢6 ) ciing

song song voi duong thang do. % d
Dinbh 1i 3: b
Cho hai duong thiang chéo nhau. Cé
duy nhat mdt mit phing chira dudng M b'
thdng nay va song song véi dudng
théng kia. : y a

DANG 1: Chitng minh duong thing song song véi dudng thing, duong
thing song song v6i mdt mit phang ...

Chitng minh hai dudng thing song song thi dua vao hinh hoc phing: Dinh
ly Talet dao, duong trung binh...

Muédh ching minh duong thing d song song v6i mit phéng (P), ta phai
chiing minh dudng thing d song song véi mot duong théng thudc mp (P).
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Tim giao tuyén céch 2: Tim mét diém chung ctia hai mit phing, tim trong
hai mt phéng 1an luot c6 hai duong thing song song véi nhau. Giao tuyén
can tim di qua diém chung va song song v6i hai dudng thing song song
vira tim. '
Cho t& dién ABCD Gm I, ] lan lueot la trgng tam cac tam giac ABC va ABD.
Chitng minh IJ // CD.

A

LOI ‘GIAI
Goi E la trung diém AB.

I . 7
Ta cé: {] 2 (];i =IvaCD dé‘ng;phéng

EI E] 1
EC ED 3
nén theo dinh ly dao Talet suy ra I] /1 CD..

Do c6: (tmh chat trong tam), B : e

Cho hinh chop S.ABCD v6i day ABCD la hinh thang véi canh day AB va
CD (AB >CD). Goi M, N lan luot 14 trung di€m cac canh SA, SB.

| a) Chitng minh: MN // CD

b) Tim P=5Cn(ADN)

| ©) Kéo dai AN va DP cat nhau tal L Chvmg mmh SI // AB // CD T giag
SABI 1a hinh gi? o

LOI GIAI

a) Ching minh: MN // CD:
Trong tam giac SAB, tac6 MN // AB (vi MN la duong trung bmh)
Ma AB // CD (ABCD 1a hmh thang' "’Vay MN //CD.

b) Tim P =5C n (ADN): i
e Chon mp phu (SBC) chita SC. Tlm giao tuyen cta (SBC ) va (ADN).
Taco: N la‘dl‘gm chung caa (SBC ) va (ADN). 1)

Trong (ABCD), goi E = AD N BC. 2
. |EeADc(ADN)
” {E €BCc(SBC)

SEe(ADN)n(SBC) @
Tir (1) va (2) = ( SBC) A (ADN ) = NE
» Trong (SBC) goi P=SC ~NE.
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) {PESC

Cé4 b NE (ADN) = P :SCm(ADN).

c¢) Chitng minh: SI// AB // CD. Tit giac SABI la hinh gi?

Se(SAB)(SCD) 3)
. [Te AN = (sAB)
{1 < DPc (5CD) =>1¢(SAB)N(SCD) (4)

Tir (3) va (4) suy ra SI =(SAB) (SCD)

SI = (SAB)n(SCD) |
Tacé: { AB < (SAB), CD < (SCD) = S // AB // CD.

AB // CD ‘ ' .
Xét AASI, ta co: SI’ // MN (vi cling song song AB) vét M la trung diém AB.

* Vay MN Ia duong trung binh clia tam gic. Suy ra: SI=2MN .
. [S1// AB _ [stiraB

Ta co:

SI=2 MN AB = ZMN SI=AB
Vay tk giac SABI la hmh binh har\h

Cho hinh chép S.ABCD c6 day ABCD la hinh thang (day I6n AB) Goil, ]
lan lwot 1a trung diém AD va BC, K la diém trén canh SB sao cho SK =

Zsp.

3
a) Tim giao tuyén cta (SAB) va (IJK).
b) Tim thiét dién cua (IJK) v&i hinh chép S.ABCD. Tim diéu kién dé thiét
dién 1a hinh binh hanh. |

LOIGIAL s
a). Tim giao tuyén cua (SAB) va (IJK): ’
Tir K ké KL // AB (L € SA).
K € (SAB) N (IJK)
JAB// ]
ABc(SAB), 1] c (UK)

PP I G , B
(vi IJ 1a duwong trung binh hinh thang)
= (SAB) N (IJK) =
(Vi KL // AB// 1}, KeSA)
b). Tim thiét dién cua (IJK) voi hinh chop S.ABCD:
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. [(UK)n(ABCD) =1, (JK)n(SBC) =JK
faco {(I]K) N(SAB)=KL, (IJK)(SAD)=LI

Thiét dién cdn fim I hinh thang KL (ViIJ // LK // AB)
Do) 12 dung trung binh cda hinh thang ABCD = 1]~ % (AB+CD).

Xét ASAB 6 B ZSK 2 1y 2B
AB SB 3 3
P& IJKL 1a hinh binh hanh < IJ = KL
2

—(AB+CD) =5AB & AB = 3.CD

Vay: thiét dién IJKL la hinh bmh hanh < AB = 3CD :
~Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh G01 MN,P, Q lan
luot 13 céc diém ném trén cac canh BC, SC, SD,AD sao cho MN /l BS, NP //CD,
MQ // CD.
a) Chitng minh: PQ // SA.
b) Goi K=MN N PQ. Chung minh dlem K ndm trén du’orng thang cd dmh
- khiM di dong tren canh BC

LOIGIAL = s e K
a) Ching minh: PQ // SA. R ) Y/

Xét ASCD c6: NP //CD = 2E_EN g

DS CS

| Xét ACBS c6: MN //SB = SN - M
Cs CB

_CM_DQ

T tw MQ//CD =
wong tu Q// CB “DA

@)

Tir (1), Q) va) = —=—=

Vay : PQ//SA B”
b) Chitng minh diém K nim trén dudng thing c& dinh khi M di dong trén
cank BC. : ;

BC // AD
Ta cé:{BC c (SBC), AD c (SAD) :>(SBC)m(SAD) St(St /I BC /I AD)
1S (SBC) ~(SAD)

Ma K=MNANPQ.
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MN c (SB
{ < (S5¢) = K e(SBC)n(SAD) =KeSt.

PQc(SAD)
Vay : K e St ¢d dinh khi M di dong trén canh BC.

Cho hinh chép it giac S.ABCD. Goi M, N E, F lan lugt la trung dlem cta
SA, SB, SC, SD. Chitng minh réng; : :
a) ME // AC, NF // BD.
b) Ba duong thang ME, NF, SO (O la glao diém cua AC vaBD, dong qul)
c) Boén diém M, N E, F dong phéng.
- LOIGIAL s
a). Chting minh ME // AC, NF // BD. |
ME la duong trung binh ctia tam giéc SAC.

= ME // AC.
NF la dudng trung binh cua tam giac SBD.
= NF// BD. LA

b). Ba dudng thing ME, NF, SO
(O la giao diém cua AC va BD) dong qui.
Trong tam giac SAC, goi K=MENAC.
Suy ra K Ia trung diém cua SO. 4
Trong tam giac SDO ¢6 FK 1a duong trung binh cta tam giac
= FK//DO<FK//BD (1)
Trong tam giac SBD c6 FN la du&yhg trung binh cuia tam giac
= FN//BD  (2)

T (1) va (2) thi K thudc NF.
Két luan: ba duong thang ME, NF, SO déng quy tai dlem K.
¢). Ttr chitng minh ¢ cau b) thi ME va NF cit nhau tai K
Suy ra bén diém M, N, E, F dong phéng.
Cho tit dién ABCD, goi I va J lan luot la trung diém cta BC va BD E la
mot diém thude canh AD. , ; ,
a). Xac dinh thiét dién cta t& dién khi cit boi mp (JE ).
b). Tim vi tri cia E trén AD d@ thiét dién 14 hinh binh hanh.
¢). Tim dIéu kién cua t& dién ABCD va vi tri ctia di€ém E trén AD d€ thiét
dién la hinh thoi.

LOI GIAI
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a).

Xac dinh thiét dién ctia tit dién khi cat boimp (IJE).
Ta c6 IJ 1a dwdng trung binh ctia ABCD nén Ij // CD.

| {(I]E) N(ACD)=E (IJ’E)?{ (ACD)=Ex .

b).

’c).

< (UE),CDe (ACD) |
Véi Ex // CD /I T} Goi F=Ex AC.

Vay: thiét dién can tim 13 hinh thang I]EF
DE IJEF 13 hinh binh hanh thi IJ = EF.

Vay E phai la trung diém ctia AD.

Khi IJEF la hinh binh hanh thi EJ 1a duong

trung binh caa A DAB suy ra E] = lAB‘
Vay dé I]EF 1a hmh th01 thi I] EJ
o — CD——Z-ABC:»AB CD

Két luan: dé thiét dlen IJEF 1a hinh th01 th1
Ela trung dlem cia AD va AB=CD.

Cho hmh chop S ABCD c6 day ABCD la tir giac. 101 GQI M N lan luwot la
trong tam ctia tam giac SAB va SAD, E la trung dlem cta CB

a) Chiing rmnh MN // BD. h e

b) Xac dinh thidt dién ctia hmh chop khl cat bcn mp (MNE )

¢) GoiHva L lan luot la cac gxao dlem cua mp (MNE) véi cac Canh SB vay
SD Chung minh LH // BD

a).

b).
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LOI GIAI

Chitng minh MN // BD.
Goi K trung diém ci1a SA.
Theo tinh chat trong tam, c6:
KM _KN 1
KB KD 3

Xac dinh thiét dién cua hinh chop
khlcatbmmp(MNE) e, 5 &
E la diém chung cia mp (MNE) va (ABCD), nén glao tuyén clia chung qua E
va song song véi MN va song song v6i BD. Giao tuyén nay cat ABvaCD
lanluwottai FvaG. :

=MN||BD.




Trong mp (SAB) duong thing FM cat SA va SB lan luot tai P va H. Con
trong mp (SAD) duong thing PN cat SD tai L. Tix d6 suy ra thnet dlen can
tim 1a ngii giac EHPLG.

¢). Chitng minh LH // BD.
HL = (MNE)~ (SBD)
Cé: {MN // BD =HL//MN //BD
|MN < (MNE), BD = (SBD)

Cho hinh chép S.ABCD ¢6 day ABCD la hmh binh hanh Goi M, N 1an luot
1 trung diém cac canh AB va CD. "
a) Chitng minh MN // (SBC), MN // (SAD) G

b) Goi P la trung diém canh SA. Chu’ng minh SB va SC déu song song véi (MNP)
¢) GoiG,y, G, 1an lwot la trong tam caa AABC va ASBC..

Ching minh G,G, // (SAB)

LOIGIAI 9
a) Chitng minh MN // (SBC): ' ’
) { MN // BC, MN « (SBC)
Tacod: <
BC < (SBC)
= MN // (SBC)
Ta 6. {MNQ: (SAD), MN // AD
AD c (SAD)
= MN // (SAD)
b) Chitng minh SB va SC déu song song voi (MNP)
Tim giao tuyén ctia mat phéng (SAD) va (PMN).
P < (PMN) A (SAD) |
Ta co: {MN || AD
 |NMc (PMN), AD c (SAD)

= (PMN) (SAD) =PQ (PQ // MN // AD, Qe SD)
Xét A SAD, ta cé: PQ // AD va P la trung diém SA = Q la trung diém SD.
Xét A SCD, ta c6: QN // SC (QN la duong trung binh ctia tam giéc SCD).
 [sCz(PMN), SC//QN
Tac ,
QN c (PMN)

SB // PM, PM c (PMN)=> SB // mp(PMN)

= SC//(PMN).
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9] Chl’rng minh G G2 // (SAB)'
Xét A SAl ta -6 -3 (Tmh chat trong tAm ) = GIG2 // SA
SAB), G,G, // SA ,
6 {G1C2 ZOAB), GG IISA ¢ & (saB).
SA c (SAB)
Cho hinh chép S.ABCD '¢6 day (ABCD) la hinh thang. AD. Ia day lon va
AD=2BC. Goi O la giao di€m cta AC va BD, G trong tam cia tam giac SCD.
a) Chung minh OG // mp (SBC) ’ /
b) Goi M2 trung diém clia canh SD. Chu’ng mmh CM // mp. (SAB)
¢) Gia sir diém I trén doan SC sao cho SC = g—SI .
Chitng minh: SA // mp (BID).
d) Xac dinh giao dlem K cua BG va mat phéng (SAC) Tinh E—g—
LOI GIAI s
Vi AD // BC = AOBC ~ AODA (g.g)
OB_OC_BC_1
OD OA AD 2
a) Goi H trung diém cua SC.
Trong ADHB c¢: DG _DO_2 .
DH DB 3
= OG // BH.
, |OG // BH
Ta co Ny
BH < (SBC),OG ¢ (SBC)
= 0G // mp (SBC).
b) Goi N trung diém ctia SA. Ta c6 MN la duéng trung binh cua ASAD.
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Nén MN // AD va MNz—;—AD (D

Theo dé bai, c6: BC // AD va BC=—AD

Tt (1) va (2) ¢6 BC // MN va BC=MN.
Vay tt gidc BCMN Ia hinh binh hanh.

B ‘Hinh 2



, CM // BN
Tacé: { = CM // mp (SAB).

BN < (SAB),CM ¢ (SAB)

c). Trong ASACcé: —=—=—-=0I//SA.

" {SA /101 = SA // mp(BID).

OI < (BID),SA ¢ (BID)
d). Ta c6 O va H 1a hai diém chung cia hai mit phéng (BDH) va (SAC).
Vay (SAC) (BDH)=0OH.
' Trong mp (BDH), goi K =BGAOH = K =BG (SAC).

. KG oG 2 OG DG 2
Ta co: AKOG~AKHB(,g.g) KB _}Tg:B( BH B-ﬁz-g)

Két luan: g = 2

KG 2~

Cho hai hinh binh hanh ABCD va ABEF khéng cuing ndm trong mot mit
phéang. |

a) Goi O va O' 1an luot 1a tam cua ABCD va ABEF. Chttng minh réng OO'
song song voi (ADF) va (BCE).

b) Goi M va N lan luot la trong tam ctta AABD va AABE. Chitng minh
rang. MN // (CEF).

LOI GIAI
a)- Chirng minh rang OO' song song véi (ADF) va (BCE).
Ta c6: OO' // DF (OO' la duong trung binh ABDF ).
Ma DF c (ADF) = OO'// (ADF).
Ta c6: OO' // CE (OO’ 1a duong trung binh AACE ).
Ma CE c (BCE) = OO'// (BCE). =
b) Chitng minh rang: MN // (CEF).
Goi H la trung di€ém cua AB.
Trong AHDE c6: am AN 1
HD HE 3
= MN //DE ma DE c (CEFD) = (CEF).
Vay MN // (CEF).
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Cho hinh chép S.ABCD c6 day ABCD la hmh binh hanh G01 M, N lan
luot 1a trong tam cua ha1 tam gidc SAB va SAD. o

a) Chitng minh MN // mp(ABCD).

b) Goi E la trung diém ctia BC. X4c dinh ’chlet dién ctia hinh chop S.ABCD
khi cit boi mit phang (MNE).

a)

b)

LOI GIAT

ChL'mg minh MN // mp(ABCD).
Goil, ] lan luot l1a trung diém cta ctia AB va AD.
Theo tinh chat trong tam, co: SM_SN_2

] Y
SMN// (theo tinh chét Talet dao) R
Ma IJ thuéc mat phang (ABCD) oA ‘
= MN // (ABCD) '
Trong mit phing day, qua E ké dudng théng song song 1J cét AC tai F, cit
CD tai G EGla giao tuyén cua (MNE) va day (ABCD)

GoiK =] N AC(IJ ACc(ABCD)).

~ Tacéd: SK =(SIJ)n(SAC), goi L=MNnSK.

Suy ra: FL =(MNE)(SAC), goi O=S5A NFL (SA FL c (SAc))
Viy OM = (MNE) ~(SAB), ON = (MNE) (oAD)

Goi P=OMNAB, Q=ONNSD. ) e
Két luan: thxet dién can tim la da gla c DPEGQ . 'k

Cho ti dlen ABCD Gm G la trqng tan

qua trong tam cta mat d01 dlen vcn dmh y.
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b) Goi A' la trong tam ctia mét phang BCD Chung minh GA = 3GA' g
LOI GIAI i

(301 G trung dlem cua MN.

Suy ra G la trong.t tam cta tie dién .

Budc 1: Tim giao diém ctia AG va mit phang ( BCD)

Chon mit phing (ABN) chita AG va BN "

Trong mp(ABN) goi A'=AGn BN. B

C A'e AG ‘ : _
1A"eBN, (BN c mp(BCD))




= A'=AGn(BCD).

Budc 2: Chitng minh A’ la trong tidm cua tam gidc BCD.

Trong mit phang (ABN) ké MI song song véi AA’ (Véi I thude BN).

Xét AABA'cé MI la dudng trung binh cta tam gidc, nén I trung di€ém cua
c BA'Suyra BI=IA" (1)

Xét AIMN c6 GA' 1a duong trung binh ctia tam giac, nén A’ trung diém cua

IN.Suyra A'N=IA" @) o

Ngoai ra trong ABCD c¢6 BN la duong trung tuyén, két hop véi (1) va (2) 1a

BA'=2BN.
3 . :
Suy ra A’ la trong tam cua ABCD. ,
b) Vi MI la duong trung binh ctia tam giacAABA'nén MI = —;—AA' 3
Vi GA' la duong trung binh cta tam gidcAIMN nén GA'= %MI 4)
1

Tir (3) va (4): GA'=—AA' < AA'=4GA'.

4
Ma AA'=AG+GA'=> AG=3GA".

Kétluan GA=3GA’'.

Cho tir dién ABCD. Goi M, N lan luot 14 trung diém cta cac canh AB, CD va
G la trung diém ctia doan NM.

a) Tim giao diém A' ciia dudng thing AG va mit phang (BCD).

b) Qua M ké duong thing Mx song song vdi AA' va Mx cit mp (BCD) tai
M'. Chitng minh B, M, A' thang hang vaBM'=M'A'= A'N.

¢) Chirng minh GA=3GA".

LOI GIAI
a) Chon mp (ABM) chira AG.
Hai mit phéng (ABN) va (BCD) ¢6 hai
diém chung la B va N. Suy ra giao
tuyén cta chung 1a BN, BN cét AG tai
A, thi A'= AGn(BCD).
b) ViMx // AA', ma AA’' <(ABN) va Me(ABN)
= Mx < (ABN).

Goi M'=Mx BN = M'=Mxn (BCD). ¢
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Tie 46 suy ra ba di€ém B, M, A’ thing hang. :
' C6 MM dudng trung binh cia ABAA'=BM'=M'A" (1)
Vi GA' 1a dudng turng binh cia ANMM' = M'A'= A'N (2
| Tir(1) va(2) suy raBM' =M'A'= AN .
¢) Tit chitng minh cau b) co:

GA'= -;—MM' va MM’ =—;-‘AA' = GA' '=:11-AA' = AG=3GA'.

DANG 2: Thiét dién ctaa hinh chép bi ct boi mjt phang (a) va song song
v6i mét dudng thing cho truée. Tinh dién tich thiét dién.
. Dang toan nay céc ban phai nh6 ky tinh chat: -~
Me(a)n(P e D
() (?) = (o) " (P) =Mx (Mx // d)
(o) /1, d=(P)
Cho hinh chép S.ABCD c6 day ABCD la hinh thang c6 AD day lén. Goi M
trung diém cta CD, (a) 1a m4t phiing qua M va song song v6i SA va BC.

a) Hay xac dinh thiét dién ctia hinh ch6p S.ABCD v6i mit phéng (o).

b) Tim giao tuyén ctia hai mat phéng (a) va (SAC). Chiing minh giao tuyén

vira tim duwoc song song voi mat phéng (SAD).

LOI GIAI
a) Xac dinh thiét dién c@ia hinh chép S.ABCD véi mit phing (o).
S

M la diém chung ctia hai mat phéng
(o) va (ABCD), ¢6 (a)// BC nén giao
tuyén cua chiing qua M va song song
véi BC, giao tuyén nay cat AB tai E.
E 12 difm chung ctia hai mit phing
(a) va (SAB), c6 (a) // SA nén giao
tuyén cua ching qua E va song song
v6i SA, giao tuyén nay cét SB tai F.
F Ia diém chung cua hai mjt phang
(a) va (SBC), c6 (a) // BC nén giao
tuyén cta chung qua F va song song
v6i BC, giao tuyén nay cat SC tai G .
Két lugn mit phing (o) cit hinh chép S.ABCD theo mét thiét dién la hinh
thang MEFG, vi c6 ME va FG cung song song véi BC.
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b) Goi H la giao di€ém caa ME va AC, ta ¢6 H va G la hai di€ém chung ctia hai
mit phing (o) va mit phing (SAC). Vay (a)n(SAC)=HG. Vi (a)// SA
nén giao tuyén HG // SA, ma SA thudc mit phing (SAD) nén giao tuyén
HG // mp(SAD).
Cho ttt dién ABCD , ldy diém M la mét diém thudc mlen trong cua tam
gidc BCD . Goi (o) 12 mit phéng qua M va song song véi ACvaBD.
Hay xac dinh thiét dién ctia mat phang ( ) véi tit dién ABCD . Thlet dién

12 hinh gi?

LOI GIAT

M Ia diém chung ctia hai mit phing
(o) va (BCD), c6 (a)// BD nén giao
tuyén cua chung qua M va song song
véi BD, giao tuyén nay cit BC tai E va
citCD tai F.

E la dim chung ctia hai mit phéang
(o) va (ABQ), ¢6 (a)// AC  nén giao
tuyén caa chung qua E va song song
véi AC, giao tuyéh nay cit AB tai H.

H 1a diém chung cua hai mit phing (oc) va (ABD), c6 (a) // BD nén giao
tuyéh cta ching qua H va song song véi BD, giao tuyéh nay cit AD tai G.
G vaF 1a hai diém chung ctia hai mit phang ((x) va mit phéng (ACD).

Vay giao tuyén ctia chiing 14 FG. '

Vi mit phing (o) // AC, nén giao tuyén FG // AC.

Két luan: thiét dién cin tim la hinh binh hanh EFGH, vi ¢6 EF // HG // BD va
HE // FG /] AC. ‘

Cho hinh chép S.ABCD c¢6 day ABCD la hinh binh hanh. Ldy mét diém M
di dong trén canh SC. Goi (OL) 1a mit phing chita AM va song song véi BD.

a) Chitng minh riang mit phéng (oc) luén di qua mdt dudng théng cd dinh
khi M thay d6i. -

b) Mt phing (oc) cat SB va SD tai E va F. Hay néu cach dung E va F.

c) Goi I la giao diém ctia ME va CB, | la giao di€ém ctia MF va CD. Chiing
minh ba di#ém L, J, A thing hang.

LOI GIAI
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~a)

- ctia chung qua A va song song véi BD.

| Vi Ax 12 durdng thing cd dinh khi M thay dgi.

b

c).

A 1a mdt di®m chung ctia hai mit phing
(ec) va (ABCD), co ((x) // BD, nén giao tuyén

Vay: (o) n(ABCD) =Ax (Ax // BD).

Két luﬁif mp (o ) luon & qua duong
thing c& dinh Ax. ‘
Goi O=ACNnBD. .
Ta cé: SO 1a giao tuyéh clia
hai mt phéng (SAC) va (SBD). | B : ¢

Goi G=AMNSO (AM,S0 c(SAC)).

Ta c6: G la diém chung ctia mit phéng (Ot) va mat ph:?mg (SBD), c6 (oc) // BD
nén giao tuyéh cia chiing qua G va song song véi BD, giao tuyén nay cat SB
va SD lan lugt tai Eva F. )

I va F 1 hai di€ém chung ctia mit phing (a) va mit phing day (ABCD),
nén I va F phai thudc giao tuyén Ax cta hai mat phéng.
Vay ba diém 1, ] ,A thing hang .

Cho hinh binh hanh ABCD va diém S khéng nam trong mét phéng chtra ABCD .
a) Tim giao tuyén ctia cac c§p mit phing sau (SAC) va (SBD), (SAB) va (SCD).
b) Mot mat phéng ((x) qua BC, cit SA tai N va cdt SD tai M.

Chitng minh MN // BC.

c) Chiing t6 giao di€m ctia BN va CM luén luén o trén mot duong théng cd|
dinh khi M di dong trén SA.

d) Goi G la trong tam tam giac SAB, K la diém trén canh AC sao cho
AK

ol —;: Chuing minh GK song song v6i mit phing (SCD).
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LOI GIAI
Tacé Se(SAC)(SBD) (1)
Goi O=ACNBD =0¢(SAC)n(SBD) (2)
Tir (1) va (2) suy ra: (SAC)~ (SBD)=SO.




(s e(SAB)~(SCD)
Tacé {AB // CD
AB c (SAB),CD = (SCD)

= (SAB)~(SCD) = Sx
(Sx // AB // CD).
(o) (SAD)=MN
b) Vi {BC // AD
BCc(a) , AD < (SAD)

- =MN//AD// BC.
¢) Goi I=BNNCM(BN,CM (o))

Vi

=1e(SAC)N (5315) :

. [1e BN,BN c(SBD)
Ie CM,CM c (SAC)

Suy ra I thudc giao tuyén SO ¢ dinh ctia hai mat phéng (SAC) va (SBD).

d) Goi E va F 1an lugt 1a trung diém ctia SA va AD . '
Vi K chia doan AC thanh ba phan bang nhau va AK chiém 1 phén, dé dang
chitng minh K 1a trong tam ctia tam giac ABD .

Theo tinh chat trong tam co: BG _BK_2 =GK // EF 3
BE BF 3
Ma EF la dudng trung binh ctia tam giac ADS = EF // SD (4).

Tir (3) va (4) ¢6 GK // SD ¢ (SCD)= GK // (SCD).

Cho tit dién ABCD, goi M, N lan lugt la trung diém ctia BC va BD.

a) Tim giao tuyén cua hai mat phéng (AMN) va (ACD).

b) Mét mit phang (P) qﬁa CD va cit AM, AN lan luot tai F va E.Ttt giac
CDEF la hinh gi? '

c) CF va DE cat nhau tai K. Chitng t6 A, B, K thang hang.

d) Chitng t6 giao diém I cia CE va DF ludn nim trén mot duong thang cd
dinh khi (P) thay déi.

LOI GIAI
M e(AMN)(ACD)
a) MN // CD = (AMN) N (ACD)=Mx(Mx // MN // CD)
MN c (AMN),CD < (ACD)
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b)

<)

Vi K'——-CFmDE,mé{

d)

(P)n(AMN) =FEF
MN // CD = EF // MN // CD.
MN c (AMN),CD < (P)
Vi CD // MN suy ra CDEF Ia hinh thang.
Ta c6 AB la giao tuyén cua hai mit
phéng (ABC) va (ABD).
KeCF,CFc (ABC)
K e DE,DE c (ABD)

= Ke(ABC)n(ABD).
Vi K la diém Chung ctia hai m3t phing (ABC) va (ABD) nén K thudc giao
tuyén. Vay ba diém A, B, K thing-hang. - :

Trong mit phing (BCD) goi O la glao diém cua CN va DM.

Ta ¢6 A va O 1a hai diém chung cua hai mjt phang (ANC) va (AMD), nén
giao tuyén ctia chung la AO.

Goilla giao di€ém cia CEvaDF.
. |1eCE,CE < (ANC) ‘
acd: { "\ =1e(ANC)n(AMD).
Ie DF,DF < (AMD)

Suy ra I thudc giao tuyéh AO clia hai mit phing. ;
Vi hai di€m A va O c¢6 dinh nén diém I thudc doan AO ¢& dinh.

Cho hinh chép S.ABCD. M, N la hai diém trén AB, CD. M3t phing (o) qua
MN va song song voi SA.

a) Tim cac giao tuyén cua (o) vé6i (SAB) va (SAC)

b) Xéc dinh thiét dién cua hinh chép véi (o)

c) Tim di€u kién ctia MN d¢€ thiét dién la hinh thang .

'Goi R=MNNAC(MN,AC c(ABCD))
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LOI GIAI
Tim céc giao tuyén cta (o) véi (SAB):
Ta cé: M e(a) N (SAB) ‘
2 (o) / sA, A c (3AB)
= () " (SAB) = MP (v6iMP // SA,P € SB)

Tim cac giao tuyén cua () vé6i (SAC). “




) {R e(a) N (SAC) .. _
Ta co: = (o) N (SAC) =RQ (v6i RQ // SA,QeSC)

(a) // SA , SAc(SAQ)
b) Xéc dinh thiét dién cua hinh chép véi (a):
Theo cau a) thiét dién la tt giac MPQN
¢) Tim diéu kién cia MN dé thiét dién 14 hinh thang:
MP// QN (€]

Ta cé : MPON la hinh thang =
MN //PQ  (2)

SA // MP

MP // ON = SA// QN.

Xét (1), ta c& {

., |SA /I QN A1
Do d6: {QN < (SCD) :> SA // (SCD) (vo6 li)

BC = (ABCD) N (SBC)
MN c (ABCD), PQ < (SBC)
PQ=an(SBC)
MB c (o) , BC < (SBC)
V4y d# thiét dién 12 hinh thang thi MN // BC.
Cho tit dién ABCD. Trén canh AD ldy trung di€ém M, trén canh BC lay
diém N bat ky. Goi (o) la mat phang chita duong thing MN va song song
v6i CD. |
a) Hay xac dinh thiét dién cua mat phéng (a) véi ti dién ABCD.
b) Xac dinh vi tri cia N trén BC sao cho thiét dién 1a hinh binh hanh.
LOI GIAI , A
a). Xac dinh thiét dién ciia mat phéng (o)
vai tik diéen ABCD.
(o) // CD
Ta cé: {CDc (ACD) -
M e (o) " (ACD)
= (o)~ (ACD)=MP(MP // CD,P e AC) (1)
(o) // CD ; N
Ta cé: {CD < (BCD) c
(Ne(@)n (BCD)

= (0)~(BCD) = NQ(NQ // CD,Qe BD) ()

Xét (2), ta cb { = MN // BC

Nguoc lai, néu MN // BC thi { = MN // PQ
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Va(a)n(ABD)=MQ  (3);

() "(ABC)=PN (4)

Tir (1) va (2), ta duoc : MP// NQ. Vdy thiét dién [a hinh thang MPNQ .
b) Xac dinh vi tri cia N trén BC sao cho thiét dién la hinh bmh hanh ‘

Ta cé: MP // NQ; MP = -21~CD (MP Ia dudng trung binh AACD)

MP//NQ |MP//INQ

MPNQ 12 hinh binh hanh N g
MP=NQ ™ |MP=NQ=~CD

Do dé Nla trung diém BC.

Vay: N la trung di€m BC thi MPNQ la hmh binh hanh.

Cho hinh thang ABCD c¢6 day 16n AB va S 1a mot diém & ngoa1 mit phéng

cua hinh thang. Goi M la mét diém ciia CD; (@) la mit phing qua M va

song song voi SA va BC.

a) Hay tim thiét dién cua mat phang (o) v6i hinh chép S.ABCD. Thiét

dién 12 hinh gi?

b) Tim giao tuyén ctia (o) v6i mit phéng (SAD).

‘ | LOIGIATI s
a). Tim thiét dién ctia mit phéng () véi hinh chép S.ABCD: s
6 {(a) // BC, BC c (ABCD)
Me(a)n(ABCD)
= () N (ABCD) = MN
(V6i MN //BC, va N € AB) 1

_— () // SA , SA c(SAB) 43
" [Ne(@)n(SAB) '
= () N(SAB) = NP (Vi NP // SA, va P € SB) -
D it C
cs. [(@) 1/ BC, BC=(SBO) \/
P e()(SBC) e

= ()N (SBC)=PQ (V6i PQ//BC, va Q e SC) )
Tix (1) va (2), ta dugc MN // PQ. Vay thiét dién 14 hinh thang MNPQ.

b. Tim giao tuyén ctia () v6i mit phing (SAD).
Trong (ABCD), goil = AD " MN = I 1a diém chung cta (a) va (SAD).

Ta 6 {(a) // SA , SA = (SAD)

11e(0)n(SAD) = (a) N (SAD) =1t (Véilt// SA).
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Trong mit phang (o) cho tam gidc ABC vudng tai A, ABC=60°, AB =a.
Goi O la trung diém ctia BC. L&y diém S & ngoai mit phing (o) sao cho SB =
avaSB 1 OA. Goi M la mdt diém trén canh AB, mat ph:?mg (B) qua M song
song voi SB va OA, cit BC, SC, SA 14n luot tai N, P, Q. Pt x =BM (0<x < a).
- a) Chitng minh MNPQ la hinh thang vuéng. :
b) Tinh dién tich ctia hinh thang theo a va x. Tinh x d& dién tich nay 16n nhat.
LOIGIAL
a) Chirng minh MNPQ la hinh thang vuéng;:
s {(B) /| OA , OA = (ABC)
MN =(B) ~(ABC)
Vs {(B) // SB, SB < (SAB)
MQ =(B) " (SAB)
Ta 6 {(B) // SB, SB < (SBC)
NP = (B) N (SBC)
Tir (2) va(3) suyraMQ//NP//SB.  (4)
= MNPQ la hinh thang,.
OA L SB
Tie (1) va (4), ta cé: {MN // OA
MQ // NP // SB

=SMN//OA (1)
=>MQ//SB (2)

= NP // SB @) o

- MN 1 MQ
MN 1 NP

Vay: MNPQ 1a hinh thang vuéng, duong cao MN.
b) Tinh dién tich cta hinh thang theo a va x.

Tinh MN:

Xét tam giac ABC, ta co: cosB = —g—g = BC= AB

cosB

:>BC=2a:>BO=%BC=a.

DoB=60°va BA = BO = AABO déu.

Trong AABO cé: MN // AO = MN BM BN = MN=MB=BN =x.
AO AB BO

Tinh MQ: Xét tam giac SAB, ta co: MQ // SB.
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MO _AM _ \vio- AM§—B-=(a—x).i=a-x -
SBAB a

Tinh NP: Xét tam giac SBC ta c6: NP /I SB.

Nén = NP_ CN S NP=CN.22 _(22-x).2 =
SB CB CB 2a

2a-x
o

x(4a—-3x) _ __l_
T
Ap dung bat dang thitc Com cho 2 s6 duong 3x va (4a 3x)

'Do do: Synpo = .3x.(4a - 3x)

g
3x{4a—-3x) < M ¢->3x 4a-3x)<4a’ < Synp, s?—:—;
5 MNPQ =73
2a | '

Ding thitc xay ra khi 3x=4a-3x < x= —

Két ludn: khi x = 351 thi Sy dat gid tri 16n nhit.

Cho hinh vudng ABCD canh a, tim O. Goi S la mét diém & ngoai mit phing
(ABCD) sao cho SB = SD. Goi M la diém tﬁy y trén AO vé6i AM = x. Mt
phing (o) qua M song song v6i SA va BD cét SO SB, AB tai N, P Q.

a) T giac MNPQ la hinh gi?
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b) Cho SA = a. Tinh dién tich MNPQ theo a va x. Tinh x de dién tich 16n nhat

| LOIGIAI

Tt giac MNPQ la hinh gi?
Ta c6: SB =SD = ASBC = ASDC(c.cc)

= SCB=SCD

Goi 11a trung diém SC thi AIBC = AIDC(cg.c) //
=IB=1ID.
Vay AIBD can tai I = 10 L BD.

Ma OI //SA =>SA L BD *) ,

(a) // BD B

Ta cé: {BD c (ABO) =MQ//BD (1)
() " (ABO) = MQ '
(o) // BD
Tuong ty: {BD c (SBO) = NP// BD )
() " (SBO) = NP

Tw (1) va(2), suy ra MQ // NP // BD (3)




() // SA
Tacé: {SAc(SAO)  =MN //SA ()
() A (SAO) = MN o

(o) // SA
Tuong tir :{SA < (SAB) =PQ// SA (5)
() (SAB) =PQ

T (4) va(5), suy ra MN // PQ // SA (6)
Tir (3), (6) va (*), suy ra MNPQ la hinh chit nhat.
b) Tinh dién tich MNPQ theo a va x:
Ta c6: Synpg = MQMN.
Tinh MQ: Xét tam giac AQM: ’
"Tacé: A=45", Q=45°, M=90" = AAQM cén tai M. Vay MQ=AM=><.

Tinh MQ: Xét tam giac SAO:

af
MN _OM o |
Ta co:MN // SA = => MN = AS —=a-—x~2
aco I 5 " OA " \/_ a-x~2
; 2
= Spneg =MQMN =x.(a - xAf2) = —l—x.\/i(a ~x~2).

N3

Ap dung bat ding thitc Cési cho 2 s6 duong xA2 va(a-x~2):

3 (a )< ( xf2racxf2 xf] oxifo- ) PR i

42
, as2
Déng thite xay rakhi x42 =a-x2 < x=—2— = an/2
8 Y o2 4
< M la trung diém AO
a2

Vay: x = 7 thi Synpq dat gia tri 16n nhat.

Cho hinh chép SABCD ¢6 day la hinh vuéng canh a. Trén canh AB lay mét
di€ém M véi AM = x. Goi («) la mit phing qua M va song song véi mit
phéng (SAD) ¢t SB, SC, va CD lan luot tai N, P, Q.

a) Tim thiét dién ctia (o) véi mit phing hinh chép. Thiét dién 1a hinh gi?
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b) Tim qui tich giao diém I cia MN va PQ khi M di dong trén doan AB.

¢) Cho SAD=90" va SA = a. Tinh dién tich ctia thiét dién theo a va x.
" a7 “A ’ 0 . AL “n M 332
Tim x dé dién tich caa thiét dién bang =

LOI GIAI

a) Tim thiét dién ctia (o) v6i mit phéng hinh chép:

Vi mp (oc) /! (SAD) = mp (a) /I véi
moi duong thudc mat phé’mg (SAD).

L«
~
"
wn
<

e Tim giao tuyén cia mit phing ()
va mat phéng (ABCD).

C6 M la diém chung ctia hai mit phing
mp (o) v mp (ABCD), vi mp( )//AD ,
nén giao tuyén cua chung qua M va
song song véi AD, giao tuyén nay cit
CD tai diém Q.

Tuong tu:

e Mit phing (o) va mit phang (SAB) c6 M 1a dlem chung va (a) // SA,

nén giao tuyén cua chung la MN véi MN // SA va NeSB.
e Mit phang (o) va mit phing (SBC) c6 N la diém chung va () // AD// BC,
nén giao tuyéh ctia chiing 1d NP v6i NP //BC va P € SC @) ‘
e Mit phéng (o) va mit phing (SCD) ¢6 2 1a diem chung la P Q.
Vay: giao tuyén cta chiing 1a PQ.
Suy ra: thiét dién can tim 1a MNPQ.
Tir (1) va (2) thi MQ // PN . Vay MNPQ la hinh thang.
b) Tim qui tich giao di€ém I cia MN va PQ khi M di déng trén doan AB:

AB // DC -
Tacé: {ABc (SAB), DCc(SCD) = (SAB)(SCD)=5x( Sx // AB // CD)
S e (SAB) N (SCD) ‘
A: {I SPQ=(CD) 1 (sAB)~(SDC). VayT e Sx.
Ie MN < (SAB) ~

Gi6i han qui tich : Khi M= A thi 1=5. Con khi M =Bthi I=5,
¢) Tinh dién tich cua thiét dién theo a va x: ‘
Ta c6:Synpq = Samma ~Saine = SASAD S AINp (V1 AIMQ A SAD (c.g.c))
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Tinh S,gsp: Tacé ASAD vudng can tai A, do d6:Sgp = —;—.az .

Tinh S,p : Xét tam gic SBC, tam giac SBSo va tam giac SAB c6:

—_—— 1
SoB SB (. )
PN SN
PN //BC = —=— 2
" BC SB @
MN // SA :ﬂ=§—1§]— 3)
AB SB
Tw (1), (2) va (3), ta duoc: —N—I-=E—N—=£M— =>NI=PN=AM=x.
SyB BC AB , ‘
= AINP vudng can tai N, vi NI //SA, PN // AD va SA L AD.
1 » :

DO dét SINP =E.X .

Vay: dién tich thiét dién: Syypq = —;—.az . %.xz - %(a2 ~x2)

2 2 2 2
bé SMNPQZ%::’ %(az—xz)=%—® X2=az—~3;z— = X2 :-a:}—~<:> x:—;-,

Cho tit dién ABCD c6 AB = AC = CD = a va AB vubng goc véi CD. Lay M
thudc doan AC véi AM =x(0<x<a). Mat phdng (o) qua M va song song
v6i AB, CD cat BC, BD, AD lan luot tai N, P, Q.

a) Chitng minh MNPQ 1 hinh chit nhat .

b) Tinh dién tich MNPQ theo a va x..

¢) Tinh x d€ dién tich MNPQ 16n nhat . Tinh gia tri 16n nhat d6 .

d) Dinh x d&€ MNPQ la hinh vuéng .

LOI GIAI
. [MN=(a)n(ABC)
Ta co: = MN // AB.
((x) // AB
a s, {MQ =(a)(ACD)

(oc) /1 €D =MQ// CD

, {NP =(a)n(BCD)
Ta co: = NP //CD.

(a) // CD




b)

c)

d)

Ta cod {PQ - (a) g (ABD) = PQ /| AB

(@) /7 AB |
T giac MNPQ c6 hai cip canh d01 song song voi nhau nén MNPQ la hmh
AB // MN,CD // NP ,
binh hanh, vi: i " =MN LNP.
ABLCD
Vay: MNPQ la hinh chit nhat.
AM _MQ
T AACD ¢6: MQ // CD = — M
rong c6: MQ // - > Q=x.
Trong AABC co: MN // AB.
Suyra:gé:M—N- MN—Q/I—AB— ~Xa=a-x
CA AB CA a .

SMNPQ = MN.MQ = (a - X).X

Ta cé: (a—x)+x =a = (hing s8).

Nén d& dién tich nay 16n nhatkhi a-x=x < x = %

P& MNPQ la hinh vuéng thi MN=MQ < a-x=x < xs-g-.

Cho hinh d1op S.ABCD 6 day ABCD la hinh binh hanh véi AB = a, AD =2a.
M3t bén SAB la tam giac vudng can tai A. Trén canh AD lay diém M vdi
AM = x(0< X <2a), mat phang (o ( )qua M va song song véi SA va CD cat
BC, SC, SD lan luot tai N, P, Q. '

a) Chirng minh MNPQ la hinh thang vudng,.

b) Tinh dién tich hinh thang MNPQ theo a va x.

c) Tim tap hop giao diém I cia MQ va NP khi M chay tir A dén D.
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LOI GIAI s
Vi mat phéng (a) // AB, nén (OL) cht
mit phang (ABCD) theo giao tuyén
MN // AB//CD.
Vi mit phang (OL) /l SA, nén (a) cat
mit phang (SAD) theo giao tuyén
MQ // SA.




Vi mit phing (a) // CD, nén (a) cﬁt‘mét phing (SCD) theo giao tuyén
QP // CD. h ' ' ;

Két luan: thiét dién mat phing (a) cit hinh chép S.ABCD la hinh thang
MNPQ . (1) : - S '

Cé ABLAS ,maMN //ABvaMQ//SAsuyra MNLMQ  (2)

T (1) va (2) suy ra MNPQ la hinh thang vudng. '

b) Trong mat (SAD) cé MQ // AS:

DM=DQ=MQ=2a—x :MQ=2a—'x.a=2a—x

DA DS AS 2a 2a C2

Trong mat (SCD) c6 PQ // CD:
Ezgg_:SD—DQ:l_DQ:l_Za—x=_>5_:>PQ=§ N
CD SD SD SD 2a 2a 2
Vi MN // AB, ma ABCD la hinh binh hanh nén MN =AB=a.

Dién tich hinh thang vuong MNPQ:

X\ 2a-x
(MN+PQ)MQ |*"2) 72 (2a+x)(2a-x) 4a? -2
SMNPQ = 2 = 5 = 3 .= p .
Ta c6 (SBC)N(SAD) =St (véi St/ AD//BC)
1 ¢ K

[eM SAD
Vi =MQANNP, ma QC( )

Ie NP ¢ (SBC)

=le (SAD)(\(SBC) )

Tl d6 suy ra I thudc giao tuyén St ¢6 dinh.
Gidi han: Néu M= A thi [=S. .
Néu M =D thi [ =K (V& DK //SA). B N Za c
Két luan: khi M chay trén doan AD thi giao diém I chay tren doan SK.

Cho tit dién ABCD ¢6 AB=a, CD =b. Goi I, ] 1an luot la trung di€ém AB va
CD. Gia sit AB L CD, mit phang (o)) qua M nam trén doan IJ va song song
vGi ABvaCD.

a) Tim giao tuyén cta (a) voi (ICD ) va (JAB).

b) Xac dinh thiét dién cia A.BCD vdi mat phéng (o). Chitng minh thiét
dién 14 hinh chir nhat. ; o

¢) Tinh dién tich thiét dién ctia hinh chir nhat biét IM = —:13— IJ.

LOI GIAI
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a) Tim giao tuyén cha (o) voi mat phﬁng (ICD )
Ta 6. {(a) // CD ,CD < (ICD)

M e (a) ~(ICD)
= Giao tuyén la duong thing qua
M va song song v6i CD cit IC tai L
va IDtaiN.
(o) // AB, ABC (JAB)

Tuong ty: {M (o) (JAB)

= Giao tuyéh la dudng thing qua

M va song song véi AB cét JA tai P

va JB tai Q.
b) Xac dinh thiét dién ctia ABCD véi mp (a):
(o) // AB ‘
Tacé: {ABc(ABC) = (a) "(ABC)=EF 1)
Le(a)N(ABQC)
(véi EF diquaL vaEF// AB,E € BC, F € AC)
(a)//AB
Tacé: {ABc (ABD) = (a)N(ABD)=HG @)
N e (o) ~(ABD)
V6iN e HGvaHG// AB,H € BD, G € AD.
T (1) va (2), suy ra EF //HG// AB 3)
o {(a) // CD, CD < (ACD)

FG = (o) " (ACD)
Vi {(a),// CD, CD < (BCD)
EH = (o)) N (BCD)

Tt (4) va (5), suy raFG//EH// CD (6)
Tl (3) va (6), suy ra EFGH la hinh binh hanh. Ma AB 1 CD. ™
T (3), (6) va (*), suy ra EFGH la hinh chir nhat .

= FG // CD (4)

= EH // CD ()

o). Tinh dién tich thiét dién ctia hinh chit nhat, biét M = %IJ:

Tinh LN:
Xét tam giac ICD, tac&: LN /CD = N _IN @)
CD 1D
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Xét tam gidc D, ta c6: MN //JD = =T O @®
Tt (7) va (8), suy ra: %:%=IT1\J/I—=%:>LN=—C-3R=—§-
Tuonghx:%=%d-=§- :>PQ=§.AB=§.a

Vay: Sgrcu =2—313-

Cho hinh chép S.ABCD c6 ABCD la hinh binh hanh. Goi M la trung diém
ctia SC, (P) 1a mit phang qua AM va song song véi BD.

a) Xac dinh thiét dién ctia hinh chép khi cit boi mit phing (P).

b) Goi E, F lan luwot la giao di€m cua (P) v6i cc canh SB va SD. Hay tim i 6
dién tich cta tam giac SME véi tam gidc SBC va ti s& dién tich clia tam giac
SMF va tam giac SCD.

¢) Goi K Ia giao di€ém cua ME va CB, J la giao diém cta MF va CD. Hay
ching minh 3 diém K, A, ] ndm trén mot duong thing song song véi EF va

fim t & oL .
K

LOI GIAI y
a) Goi O=ACBD = mp(SAC)nmp(SBD)=50.

Goi I= AMNSO(AM,SO < mp(SAC))
= Iemp(SBD).
Ie(P)n(SBD) i
BD // mp(P) IR B ¢
BD c (SBD) N ]
= (SBD) ~ (P) = Ix(Ix // BD) P A .
Goi E=IxSB,F=IxSD. |

p
Suy ra: E, F ciing la giao di€m ctia SB, SD véi mit phang (P).
Vay: Thiét dién can tim 1a tv gidc AEMF.

I
!

b) D&y ta cd: I la trong tdm clia tam giac SAC nén: % 3
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Xét tam giac SBD c6 EF song song véi BD ta co:

SE _SF _ ST

2
SB SD SO 3

—SMSE smBSC SE SM 1 SSMF SM SF. stSC SF SM _ 1

SsME _ o oM
Ssec -?:SC.SB. sinBSC “SB'SC 3 Sscp —2~SC.SD. sinDSC SD'SC 3 '
K = EMNBC= K e mp(P)~(ABCD) 1)

J =FM N CD = J € mp(P)~(ABCD) @)

A e mp(P)n(ABCD) - (3)

Tix (1), (2), (3) suy ra ba difm K, J, K thudc giao tuyén (A) cua mp (P) vamp
(ABCD).

Tacs: {’“P(P)“mp(ABCm “®)_ (x50,

BD // mp(P)
Xét tam giéc MJK cé: EF // JK(viJK // BD,EF // BD):
ME_MF_MI _EF 1 . EF_1
.Va

MK M] MA JK 3 yKJS

Cho hinh chép S.ABCD ¢6 G la trong tdm A ABC. Goi M, N, P, Q, R, H lan
lwot 1a trung diém ctia SA, SC, CB, BA, QN, AG.

a). Chttng minh ring: S, R, G thang hang va SG = 2MH = 4RG.

b). G' 1a trong tdm A SBC. Chitng minh réng GG' // (SAB), GG' // (SAC).

c). Mit phing (o) qua GG' va song song BC. Xac dinh thiét dién caa hinh
chép tao boi mit phang ().
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LOI GIAI
Chung minh ring: S, R, G thang hang
va SG =2MH =4RG.
Goi E trung diém ctia GC .
Trong AQNE c6 RG la duong trung
binh ctia tam giac nén co:

GR // NE, GR = -lz—NE (1)
Trong ASCG cé: NE la duong trung
binh ctia tam giac nén co:

GS // NE, GS =2NE (2)

Tir (1) va (2) suy rs ba diém G, R, S thing hang va GS = 4GR.




Trong ASAG cé HM la dudng trung binh ctia tam giac nén ¢6 GS=2HM.
b). Ching minh réng: GG' // (SAB); GG' // (SAC).
Trong tam giac SAP c¢6: PG P61 = GG'// SA.
PA PS 3
Hai mat (SAB) va (SAC) cung chira SA.
Suy ra GG' // (SAB), GG' // (SAC).
¢). Xac dinh thiét dién cia hinh chép tao boi mit phéng (o)
Vi (a) // BC, nén (a) cit m3t phang day (ABCD) theo giao tuyén qua G va
song song v6i BC. Giao tuyén nay cht AB tai F, ct AD tai L. '
~ViGG' // SA nén (oc) cit mit phang (SAB) theo giao tuyén qua F va song
song v6i SA. Giao tuyén nay cat SB tai T.
Vi GG' // SA nén (o) cit mit phang (SAD) theo giao tuyén qua F va song
song v6i SA. Giao tuyén nay cat SB tai T. |
TG' 1a giao tuyén clia mit phang (o) véi mit phang (SBC), giao tuyén nay
cat SC tai S.
Thiét dién can tim la ngi giac FLKST .
Cho hinh chép S.ABCD c¢6 day ABCD la hinh binh hanh tam O, ¢6 AC = a,
BD =b, tam giac SBD déu.
a) Tim giao tuyén ctia hai mit phang (SAB) va (SCD). _
b) Goi G1, Gy, 1an luwot 1a trong tAm cta tam giac ACD, SCD. Ching minh
Gi1Gz song song voi mat phang (SCA).
¢) Goi M la diém di dong trén doan AO v6i AM =x (0<x<a/2). Goi (P) la
mit phing di qua M va song song voi mp(SBD), tim thiét dién tao boi
mp(P) va hinh chép S.ABCD. Tinh dién tich thiét dién theo a, b, x.
LOI GIAI
a). Tim giao tuyéhn ctia hai mit phéng (SAB) va (SCD).
Se(SAB)n(SCD)
Tacé: {AB // CD
ABc (SAB),CD < (SCD)

= (SAB) N (SCD) =Sx (Sx // AB // CD)

b) Chitng minh GiGz // véi mit phang (SCA)./ /322 ) R
Goi K trung diém cua CD. : é
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Vi G1, Gz 12 trong tdm ctia hai AACD va SCD nén c6:
K& K& 1.6, /sa.
KA KS
Ma SA c(SAC) = G,G, // (SAC).
c) Tim thiét dién tao bdéi mp(P) va hinh chép S.ABCD
Vi (P) // (SBD) = (P) // B, (P) // SD, (P)// BD .
Vi (P) // BD, nén (P) cit mit phing (ABCD) theo giao tuyéh qua M va song
song v6i BD. Giao tuyén nay cit AB, AD 1an luot tai I va H.
Vi (P) // SB, nén (P) cit mit phang (SAB) theo giao tuyén qua I va song
song v6i SB. Giao tuyén nay cat SA taiJ.
Thiét dién can tim la tam giac IJH .
Vi ba canh ctia tam gic IJH lan luot song song véi ba canh ciia tam giac
SBD, ma tam giac SBD déu nén tam giac IJH déu.
AM _A] _AH _JH AM

Tach = =2 =" == ]H= AM by X o 2bx
AO AB AD BD AO a a

2
JH2V3 63343

4 R

Cho hinh chép SABCD c6 day ABCD la hinh binh hanh .

a). Tim giao tuyén cta (SBC) va (SAD).

b). Goi G la trong tdm tam giac SBD, trén cac canh CD va AB lan luwot 18y cac
diém M, N thoa MD = 2MC, NB = 2NA. Tim giao tuyén ctia hai mit phéng
(SND) va (BGM). Tim giao diém I caa SN va (BGM).

c). Goi F 1a giao diém ctia SA va mp(BGM). Tinh ti s6 FS/FA.

LOI GIAI

Se(SBC)n(SAD)
a) Tacé {BC// AD
BC = (SBC), AD < (SAD)

= (SBC) n(SAD) =Sx(Sx // BC // AD).

b) Tim giao tuyén cia hai mit phang
(SND) va (BGM). '
Goi K trung diém ctia SD = K e BG.

84




K €(SND)~(BMG)
Ta cé: {ND // BM
ND < (SND), BM < (BMG)

= (SND) N (BMG) =Ky (Ky // ND // BM).
Trong mit phing (SND), goi I=SN Ky

teSN I1=SNn(BMG
= IeKy,Kyc(BMG) =1=5Nn( )

Trong mat phang (ABCD) goi E= ACNBM.

Ta c6 EG la giao tuyén ctia hai mjt phang (SAC) va (BMG)

Goi F=SA NEG, thi F chinh la giao diém ctia SA va mit phing (BMG)
Goi O=ACNBD =50 = (SAC) (SBD), vi G la trong tam tam giac SBD

= 5G = %so, ma SO Ia dudng trung tuyéh cia ASAC.

= G la trong tam cﬁa tam giac SAC. _
Duyng OL // BM (L € CD), thi OL dudng trung binh cia ADBM = DL =LM.

Theo dé bai suy ra DL =LM = MC, suy ra EM la duong trung binh ctia tam
giac COL.

Trong mp(SAC), ké GH // SA(He AC).

Ap dung dinh Iy Talet cho cac tam gidc SAO va FAE cé:

O _OH_GH 1 _5y- —OA, GH=1as *)
0S OA AS 3 3

HG_EH . EH_EO+OH _150H+OH 2,50H 5

AF EA Y EA EO+OA 150H+30H 450H 9

:>HG=§AF | %)
Tir () va (*) suy ra: ~SA=2AF = AF=SSA =12 -2
379 5 FA 3
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" Pinhli 3; /

86

HAI MAT PHANG SONG SONG
Pinh li 1:

Néu mit phing (o) chita hai duong fhéng ’ :
cdtnhau a,b va a,b cling song song v6i mit / y b /
phéng (B) thi (oc) song song voi (B) Al

Phwong phdp chitng minh hai mgt phing song song:

Ta phéi chitng minh c6 hai dwong thing cit nhau / /
thudc mit phing nay lan luot song song véi mit B

phiing kia.

Dinh li 2:

Qua mot di®m ndm ngoai mot mit phiang cho /
trude c6 mot va chi mét mat phang song song

v6i mit phing da cho.

Hé qua: /
Néu duong thing d song song véi mit
phing (a) thi trong (a) c6 modt dudng

thé'mg song song v4i d va qua d ¢6 duy nhat

L
médt mit phing song song véi (a). %
Phuong phip chitng minh dwong thing d song ///d/
song v6i (a): Ta phai ching minh d thudc B
(B) va (B) / () = d 1/ (&)

Hé qud 2:
Hai mit phing phan biét cling song song voi mat phing thit ba thi song

song véi nhau. :
Hé qud 3: /

Cho diém A khong ném trén mit phéng (o).

Moi duwong thiang di qua A va song song véi //)‘%
(@) déu ndm trong mit phéng di qua A va £B -

song song véi (o).

Cho hai mjt phang song song. Néu mot mit
phéng cit mit phing nay thi ciing cit mit
phéng kia va hai giao tuyén song song véi nhau. <8




A

Hé qua: '
Hai mit phéng song song chin trén hai cat
tuyén song song nhimng doan thing béng nhau.

Dinh li Ta-lét:
Ba mit phing ddi mot song song chén trén
hai c4t tuy&h bat ki nhitng doan thang twong
tng ti le.

Hinh ling tru va hinh hép.

Cho hai mit phéng song song
(a) va (a'). Trén ((x) cho da
giacloi AjA,. A .

Qua cic dinh A} A,,..., A tave

cac duong thang song song voi

nhau va cit (o) ldn luot tai
AL A, A,

Hinh gébm hai da giac
AA A, AlA.A, va cac
hinh binh hanh A;A\ALA,,
A AL ALA,,.., A A ALA; duoc
goi 1a hinh lang tru va dugc ki
hidula AjA,. A AA,A, .

Hai da gidc A,A,..A, va AjA,..A, duocgoi la hai mét déy cia hinh léing try.
Céac doan théng AlA'l,AZA'Z,...,AnA'n duoc goi la cac canh bén cua hinh
lang tru.

Céc hinh binh hanh AAJALA,,A,AALA,,... A A ALA, duoc goi a cac
mét bén cua hinh lang tru. '

Céc dinh cta hai da giac dugc goi la cac dinh cta hinh lang tru.
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CALAGAGA,,.., A AAA goila
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Nhin xét:

Céc canh bén ctia hinh ling try bang nhau va song song véi nhau.
Cac miét bén cta hinh lang tru la hinh binh hanh.

Hai d4y ctia hinh lang tru 12 hai da gidc bing nhau.

Ngufbi ta goi tén cua hinh lang tru dwa vao tén cua da giac day.

[

Hinh lang tru tam gidc  Hinh lang tru t&r gidc  Hinh lang tru luc giac

Hinh chép cut ‘
Cho hinh chép S.A A, ..A , mét mit phiang (P) khdng qua dinh, song song
v6i mit phing day cta hinh chop cit cac canh SA;,SA,,SA,,..,.SA  lan
luwot tai A}, A,,...A . Hinh tao boi thiét dién A}A,..A

L va déy AA, LA
ciia hinh chdp ciing véi céc tik gidc A;A,ALA;,A,AAA,, ., A AJAA
goi 1a hinh chép cut.

Pay ctia hinh chép goi la day 16n ctia hinh chép cut, con thiét dién

A A2 A goi la day nho cua hinh chép cut. S
Cac t& gidc AA,AA,, | |

cac mat bén caa hinh chép cut.

Cac doan théng AlA'l, A2A'2, o

i
]
[}
i
|
1
=~
1
I
[

A A goi la cac canh bén cua

hinh chép cut.

oy

Tuy theo day la tam giac, t¢ giac, ngii
gi4c ..., ta ¢6 hinh chép cut tam giac, A
hinh chép cut tit giac, hinh chép cut
ngii giac.




Vi hinh chép cut duoc cét ra tir mét hinh chép nén ta dé dang suy ra cac
tinh chat sau day cua hinh chép cut.

Tinh chdt:

Hai day la hai da giac cé cac canh tuong ttng song song va cac ti sd cac cap
canh twong ting bing nhau.

Cac mat bén la nhitng hinh thang.

Cac dwong thang chira cac canh bén d6ng quy tai mét diém.

BAI TAP

Cho hinh chép S.ABCD day la hinh binh hanh tam O. Goi M, N lan luet 1a
trung diém cua SA, SD.
a) Chiing minh rang: (OMN) // (SBC).
b) Goi P, Q, R 14n luot la trung di€ém ctia AB, ON, SB.
Chitng minh: PQ // (SBC), (MOR) // (SCD)

LOI GIAI
a) Chitng minh (OMN) // (SBC):
Trong hai tam giac SAC va SDB c6 OM // SC va ON // SB (du’cmg trung
binh cua tam giac).
., |OM,ON = (OMN)
SB, SC < (SBC)
b). Chitng minh : PQ // (SBC)
C6: OP // AD ma AD // MN.
Suy ra OP // MN.
Suy ra P e (OMN)= PQ < (OMN).
Vi (OMN) // (SBC)= PQ // (SBC).
Chitng minh: (MOR) // (SCD).
Ta c6 MR // ABma AB // CD.
B
Suy ra MR // CD. Va c6 OM // SC ¢
Vi MR,OM < (OMR) va CD,5C < (SCD).
Twr @6 suy ra (OMR)// (SCD).
Cho hai hinh binh hanh ABCD va ABEF c6 chung canh AB va khong dong|
phing. 1, J, K lan luot la trung diém cac canh AB, CD, EF.
Chitng minh:

= (OMN) // (SBC)
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a) (ADF)// (BCE)

b) (DIK) // (JBE)
_ LOI GIAI
2) Mp (ADF) // mp (BCE):
Ta c6: AF // BE'va AD // BC. '
Ma AF,AD c (ADF) va BE,BC c (BCE).
Tir @6 suy ra mp(ADF) // mp(BCE) |
b) Mp (DIK) // mp (JBE): '
Dé dang chitng minh hai tt giac BID] va
" BIKE la hinh binh hanh. b
Tir d6 suy ra DI // B] va
IK // BE. Suy ra mp (DIK) // mp(JBE).
Cho céc hinh binh hanh ABCD, ABEF ndm trén hai mit phang khéc nhau.
Trén cac duong chéo AC, BF theo tht tir 18y cac diém M, N sao cho
MC =2AM, NF =2BN. Qua M, N Ian luot ké cac duong thing song song
v6i canh AB, cét cac canh AD, AF theo thit ty tai M, N.
Chitng minh réng;
a) MN//DE.
b) M;N;, ||(DEF).
¢) (MNM;N,)//(DEF).
LOI GIAI
a) Chung minh MN // DE:
Goi I trung diém cuia AB .
AC=
Ta co: C=3AM = 3AM=2A0
AC=2A0
2
= AM= —3—AO .
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Ngoai ra AM la duong trung
tuyén cua tam giac ABD. T d6
suy ra M latrong tam cua AABD. »

Chittng minh hoan toan twong ti N 1a trong tdm ctia tam giac EAB. Suy ra
ba dudng thing DM, EN, AB déng qui tai diém L
IN 1

Trong AIDE, theo tinh chat trong tam cé: % *TE"3 = MN // DE.




b) Chitng minh M;N; // (DEF):

AN
Tacé: NN, // Al = o1 IN _1 3)
N,F NE 2
AM; M 1 |
Tuong ty cé: MM, | Al &> —~L=—-== 4
e tlALS M,D MD 2 @
AN, AM; 1
T (3) va (4) suy ras —L=—>1=- = MN, // DF.
(9 va @) say N,F MD 2 i

Vi DF c (DEF) = M,N, // (DEF)

Chung minh: (MNN,M, ) // (DEF):

Cé MN // DE va M;N, // DF. |
Ma MN, M;N; c(MNN;M, ) va DE, DF c (DEF).
Tir 46 suy ra (MNN;M,) // (DEF).

Cho hai hinh binh hanh ABCD va ABEF c6 chung canh AB va ndm trong
hai mat phéng phéan biét . Goi M, N thit tw la trung di€ém cua AB, BCval, ],
K theo tht tw la trong tam cac tam giac ADF, ADC, BCE.

Chutng minh: (IJK) // (CDFE). ’

LOIGIAI

Xét tam giac MFC ta co:
ﬂ=ﬂ=l( tinh chat trong tam )
MF MC 3 - e
= 1J// FC (1) P e P Rr PP CRE:
Xét hinh binh hanh MNEF c6: Vo
MF NE 3
Tie (1) va (2) ta duogc:

IJ // EC, IK // FE

IJ,IK < (JK) , JNIK =1 = mp(I/K) // mp(CDFE).

FC, FE ¢ (CDFE)

Két luan: (IJK) // (CDFE).

Cho t¢ dién ABCD. Goi G,,G,,G; lan luot la trong tam cha cac tam giac
ABC, ACD, ADB
a) Chung minh: (G,G,G,) // (BCD)
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b) Tim thiét dién cua tr dién ABCD véi mat phe&mg, (G4G,G3). Tinh = dién
tich thiét dién theo dién tich ctia tam giac BCD la S.

LOI GIAI
a) Ching minh: (G,G,G;) // (BCD)

Goi M, N, L 1an luot 14 trung diém ctia cac canh BC, CD va BD.

Trong AAMN ta co:
AC; _AC; 51 _2 (i cht trong tam).
AM AN MN 3

Theo dinh ly dao Talet suy ra: G,G, // MN..

Chitng minh twong tu, ta cé: ‘
G,G; // NL, G3G, // LM.

G,G, // MN, G,G; // NL B

Tt désuy ra: {MN,NL<(BCD) =777

G,G,.G,G; (61(3263)
= mp(G,G,G3) // mp(BCD).

Két lugn: mp(G,G,G,)//mp(BCD)

b) Tim thiét dién cta tir dién ABCD véi mdt phing (G;G,G;):
BC // (G;G,G3)
Ta c6: {BC < (ABQ) ‘
G; €(G;G,G;) N (ABC)

Vay: giao tuyén cua mp(G]GZG3)véi 'mp(ABC) qua G; va song song voéi
BC, cit AB, AC lan luot tai EvaF. :
Tuong tu: (G,G,G;) cat (ACD) theo giao tuyén FG // CD.

(G,G,G;) cét (ABD) theo giao tuyén GE // BD.

Xét tam giac AMC va tam giac ABC.

A
Tacé: GF // MC = —1L G _AF_2 (1)
AM AC 3
EF // BC = EF _AF 2 @
BC AC 3
T (1) va (2), ta suy ra: Gl EE 12— = EF =%BC .
AM BC 3 3

Tuong tuw c6 FG = -Z?ICD , GE= —3—BD
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= EF+FG+GE=—23—BC+§CD+§—GE=%(BC+CD+GE)

Dién tich thiét dién:

Sgrg = l\REF +FG + GE).(EF + FG - GE).(EF + GE - FG).(FG + GE - EF).

g- /(BC+CD + DB).(BC + CD - DB).(BC + DB - CD).(CD + DB - BC)
Sgc

\0er ]

Kt luan: Sgpe = g.s .

Tir bdn dinh cua hinh binh hanh ABCD vé bn nita dwong thing song song
cung chiéu Ax,By,Cz, Dt sao cho ching cit mit phing ABCD. Mot mat

phing ((x) c4t bdn nira dudng thing theo thit tw ndi trén tai A', B', C', D",
a) Chiing minh (Ax,By) // (Cz,Dt) va (Ax,Dt) // (By,Cz).

b) Tt giac AB'C'D' la hinh gi?

¢) Chitng minh AA'+CC'=BB'+DD".

LOI GIAI
a). Chitng minh (Ax,By) // (Cz,Dt) va (Ax,Dt) // (By,Cz)

 Ax// Dt

° Dtc (Cz, Dt)} = Ax// (Cz,Dt) (1)

. AB// CD 1 AB 1 (CoD )
a CD(:(CZ,D‘()[:> ( Z, t) (2)

Tix (1) va (2) va Ax,AB < (Ax,By)

= (Ax,By) // (Cz,Dt). P

Chitng minh tuwong tu suy ra:
(Ax,Dt) // (By,Cz).
b). Tt giac A'B'C'D’ la hinh gi?
() (Ax,By)=A'B’ |
Cé: () (Cz,Dt)=C'D'=A'B'// C'D’ (1)
(Ax,By) // (Cz,Dt)
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(o) (Ax,Dt)=A'D’ |
Va: {(«)n(By,Cz)=B'C' > A'D'// B'C @)

(Ax,Dt) // (By, Cz)
Tir (1) va (2) suy ra: tt giac A'B'C'D' Ia hinh binh hanh.
Goi O=ACNBD, O'=A'CnB'D". '
Vi O, O' Ia tAm cua hai binh binh hanh ABCD va A'B'C'D’, nén ¢6 OO' la
duong trung binh cta hai hinh thang ACC'A’' va BDD'B".
Theo tinh chat dwong trung binh cta hinh thang suy ra:

AA'+CC' BB'+DD’

O0'= 3 = 3 = AA+CC'=BB'+DD".

Cho hinh chép S.ABCD, mp(P) cét cac canh SA, SB, SC, SD 1an luot tai A’
B, C,D. Tlm diéu kién ctia mit phang (P) ¢&€ A'B'C'D' 1a hinh binh hanh.

LOI GIAI : s
A'B'//C'D'
A'D'//B'C"

A'B'C'D' 1a hinh binh hanh < {

Trong mp(ABCD), goi:
E=ABNCD va F=ADNBC
Ta c6: SE = (SAB) n (SCD)
Va SF =(SAD)N(SBC) .
A'B'=(P)n(SAB)
C'D'=(P)n(5CD)
SE = (SAB) N (SCD)
A'B'// C'D’

= SE // (P) (Pinh li vé giao tuyén ciia 3 mat phfmg). “
Twong tw, SF//(P).

Vay: néu (P) // SE va (P) // SF thi A'B'C'D' 1a hinh binh hanh.

Ta cé: =SE//A'B'//C'D’

Cho tir dién ABCD c¢6 AB = CD. Goi [, J lan luot la trung di€ém cua BC va
BD, E la diém thudc AD khac A va D. Tim vi tri ctia E de thiét dién cua t&
dién khi ct boi mp (JEI) la hinh thoi.
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LOI GIAL
Cé 1] la duong trung binh caa tam giac BCD.
Do d6, 1 // CD = CD // mp (IJEF)=> CD // EF (do CD, EF déng phéng).




Do d6, thiét dién IJEF la hinh thang. A
EF=]I

DE€ thiét dién la hinh thoi thi {E J

= E 14 trung diém cua AD.

Nguoc lai, khi E 1a trung diém cia AD thi:

EF // J1 // CD, FE=JI:—C2—D

<JE//F1// AB, JE=FI= %‘—3— = IJEF la hinh thoi.

CD=AB

Cho hinh chép S.ABCD cé day ABCD la hinh binh hanh. Mat phéng (P) cit
cac doan SA, SB, SC, SD lan lwot tai A', B', C', D'. Chitng minh réng tit giac
A'B'C'D' 13 hinh binh hanh khi va chi khi mit phang (P) song song véi
mp(ABCD).

LOI GIAI
Gia stt mp(P) // mp(ABCD). S A
Khi d6 mp(P) va (ABCD) bi mp(SAB) cit '
theo hai giao tuyén A'B' va AB song song.
Twong tw, CD' //CD,B'C'//BC, AD'// AD. »;
= AB'//CD' vaAD'//BC
= A'B'C'D' 14 hinh binh hanh.
Gia st AB'C'D’ 14 hinh binh hanh: /

A'B'// C'D' e

B
Tacé: {A'B ' (SAB) => A =(SAB)N(SCD)=4A // A'B', A// C'D".
C'D' c(SCD)
AB// CD,
Mit khac: < ABc(SAB) = A=(SAB)n(SCD), A // AB,A// CD.
|CD = (scD)
Do dé, AB// AB = A'B' // (ABCD) 1)
Tuong ty A'D'// (ABCD). 2)

Tt (1) va (2) suy ra mp (P) // mp(ABCD).
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Cho hai hinh vuéng ABCD va ABEF & trong hai mit phing phan biét. Trén
cac duong chéo AC va BF lan luot 18y cac diém M va N sao cho AM = BN.
Cac dudng thing song song véi AB vé tit M va N lan luot cit AD va AF tai
M’ va N'. Chiing minh rang:

a) mp(ADF) // mp(BCE).

b) mp(DEF) // mp(MM'N'N).

b) Ta c6: MM’ // AB ma AB // EF

LOI GIAI

Ta c6: AF // BE, BE ¢ (BCE) va AD //BC, BCc (BCE).
= AF va AD cung song song v6i mp(BCE).
Ma AF, AD c (ADF). Vay : (ADF) // (BCE). F__

= MM’ // EF < (DEF). (%)

Mt khac: MM // CD =AM _AM g
AD AC
NN’/ AB = AN' BN 2
"AF  BF »
Ma AM =BN, AC=BF —2M _BN 3)
'AC  BF
AM' AN’
2)va(3) > =" = M'N'// DFc(DEF) (*
& (1), (2) va (3) D AT // DF < (DEF) (**)
Ma MM, M'N' = (MM'N'N) (),

Tw (*), (), (**) = (DEF) // (MM'N'N).

KHOI TRU

Cho hinh lang try ABC.A'B'C'

a) Tim giao tuyén ctia hai mit phing (AB'C') va (BA'C).

b) Goi M, N lan luot la hai diém bat ky trén trén AA' va BC. Tim giao diém
ctia B'C' v6i mit phang (AA'N) va giao diém ctia MN voi (AB'C)).
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LOI GIAI
C'la diém chung thit nhat ctia hai mit phang (AB'C") va (BA'C).
Trong mit phing (ABB'A") goi G la giao diém ctia AB' va BA'.
Suy ra G la diém chung thit hai cua hai mit phéng (AB'C') va (BA'C').
Két luan (AB'C')(BA'C')=GC'. |



Chon mét phing (BCC'B') chtta B'C'. A c

J =7
N e(AA'N)n(BCC'B') 71
Tacé: {AA" // BB' Ml E
AA'c(AA'N),BB' < (BCC'B') s

GA PN
= (AA'N)"(BCC'B')=Nx(Nx // AA'// BB'). | /1] )
Goi J=NxnB'C'= J=B'Cn(AA'N) .  AS=f/ e
Chon mit phing (ANJA") chita MN. N
Tim giao tuyén cua mat phéng (ANJA'") va (AB'C)). B
Tacéd Ae(ANJA')N(AB'C)) (1)
ANJA'
va JE@ANIA)
JeB'C'c(AB'C))

=Je(ANJA')n(AB'C') (2)

Tir (1) va (2) suy ra A] =(ANJA')(AB'C') .
Trong mp(ANJA') goi K=MNNA] = K= MNm(AB'C').

Cho hinh lap phuong ABCD.A'B'C'D". Goi M, N, P lan luot la trung diém
ciia AA', AD, DC. Tim thiét dién tao bdi mat phéng di qua ba diem M, N, P
véi hinh lap phuong.

LOI GIAI
Trong mit phing day ABCD goi I
va L la giao diém cua duong thang
NP véi AB va BC. B’
MI 14 giao tuyén ctia hai mit phang
(MNP) va (ABB'A'). MI cit A'B' tai
diém K.
K la diém chung ctia mit phing | 4 ¥:
(MNP) véi mat phing (ABCD) va |
c6 NP // AC /[ A'C', nén giao tuyén , !
cua chiung qua K va song song voi

N

D’

=

g
2

A'C, giao tuyén nay cat B'C' tai

diém O.

O va L 1a hai difm chung cia (MNP) va (BCCB') nén
(MNP) (BCC'B')=OL, giao tuyén OL ct CC' tai H.

Két luan thiét dién caa hinh lap phuong khi bi ct boi mit phéng (MNP) la
luc gidc MNPHOK, ¢6 cac cap canh doi song song.
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Cho hinh hop ABCD.A'B'C'D". Goi M, N, P lan luot la trung diém DC, AD,
BB'. Tim thiét dién tao boi mit phang (MNP) véi hinh hop va giao tuyén
ctia (MNP) véi mit phing (A'B'CD)).

LOI GIAI
Trong mét phing ddy ABCD goi F va E la giao diém cta dufong thdng MN
véi AB va BC.
PF la giao tuyén ctia mit phing (MNP) véi (ABB'A' ).
Goi H 1a giao diém cua AA' va PF.
PE la giao tuyén ctia mat phang (MNP) véi (BCCB").
Goi K 1a giao diém ctia CC' va PE.
Két luan thiét dién cha hinh lap
phuong khi bi cit béi mit phing
(MNP) la ngii giac MNHPK.
Trong mp (ABB'A"), Z_
goi:I=HPNA'B'. -
Trong mp (BCC'B'), goi: Tl
L=KPNC'B'. "
L va I 1a hai diém chung cua
hai mp (MNP) va (A'B'C'D’).
Nén (MNP)n(A'B'C'D')=LI.

Cho hinh ling try ABC.A'B'C'. Goi M Ia trung diém ctia BB', G 1a trong
tam tam giac ABC . Tim thiét dién tao bdi (AMG) cét hinh ling tru
ABC.A'B'C!, va giao tuyén ctia mit phang (AMG) véi (A'B'C).

98

LOI GIAI
Trong mit phing (ABB'A’) goi [=A'M N AB.
Ta c6 I va G 14 hai di€ém chung cua (ABC) va (AMG).
Vay (A'MG)n(ABC)=1G. '
Trong mit phing day (ABC) goi
E, F lan luwot 14 giao diém cua IG
v6i BC va AC. Tix d6 suy ra thiét
dién can tim la AFEM .
Trong mit phiang (BCC'B'), goi:
H=EMnB'C'.
Suy ra A' va H 14 hai diém chung *
cua (A'MG) véi (A'B'C)).
Kétlusn (A'MG)n(A'B'C')=A'H.

A’ (o




Cho hinh hop ABCD.A'B'C'D'. Goi M 1a trung diém cua canh AB. Tim thiét
dién tao béi mit phiang (P) song song véi (AB'D') va di qua M cAt hinh hop.
LOI GIAI
Vi mit phing (P) song song v6i mp(AB'D’) suy ra mat phéng (P) song song
véi moi duwdng thudc mat phang (AB'D').
M 1 diém chung ctia (P) va (ABCD), ¢6 (P) /BD // B'D', suy ra giao tuyén
qua M va song song véi BD. Giao tuyén nay cit AD tai E.

E 1a difm chung cua (P) va
(ADD'A"), c6 (P) // AD'.

= Giao tuyén qua E va song song véi AD'. 4, D’ 1
Giao tuyén nay cit DD' tai F. ' ‘
M la diém chung caa (P) va g
(ABB'A"), c6 (P) // AB', suy ra giao p
tuyén qua M va song song voi AB'.
Giao tuyéh nay ct BB' tai H .

(i

1

v

| Z
[}

1

1

1

N

Trong mit phing (ABB'A"), goi:
K=MHNA'B' (1)

Trong mit phing (ADD'A'), goi:
I=EFNA'D" (2) B c
Tir (1) va (2) suy ra KI=(P)n(A'B'C'D’) .

Trong mit (A'B'C'D') goi P=KINnB'C' , N=KInC'D".

Thiét dién can tim la luc giac MEFNPH .

Cho hinh lang tru tam gidc ACB.A'B'C". Goi H la trung diém caa A'B'.
a) Tim giao tuyén cta hai mp(AB'C') va (ABC).
b) Chitng minh réng CB' // (AHC)

LOI GIAL o B’
a) Tacod A ladiém chung cua (AB'C') va (ABC). )
B'C' // BC a7l
Ma {B'C'c(AB'C’) 4
BC = (ABC) 1.
= (AB'C)n(ABC) = Ax(Ax // B'C' // BC)
c ¥\ A
b) Ta c6 tit giac AA'C'C 1a hinh binh hanh. B
Suy ra A'C cit AC' tai trung diém I ciia méi dudng.
Do d6 IH // CB' (IH la dudng trung binh ctia ACB'A’). A X
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Mt khac IH < (AHC') nén CB' // (AHC).

Cho hinh lang tru tam giac ABC.A’B'C’. Goi H Ia trung diém ctia canh A'B".
a) CMR duong thing CB’ song song véi mp(AHC).

b) Tim giao tuyén d caa hai mit phing (AB'C’) va (A’BC). Chitng minh
rang d song song véi mp(BB'C’C).

) Xac dinh thiét dién ctia hinh léng tru ABC.A'B'C’ khi cit boi mit phéng H, d).

LOT GIAI

a) GoiIla tAm cua hinh binh hanh AA'C'C.

Co6 HI la duong trung binh ctia tam gidc A'B'C, nén CB' // HI.

Mit khac HI nam trong mit phing (AHC). A’

Vay CB' // mp(AHC)) \
b) GoiJ la tam ctia hinh binh hanh AA'B'B.

R6 rang I, J 1a la hai diém chung ctia hai mét

phang (AB'C') va (A'BQ).

Vay giao tuyén d cta chiing la duong thang IJ.

Ta c6 IJ la duong trung binh cta tam giac ABC
=d //BC, ma BC < (BCC'B')= d// (BB'CC).

¢) Trong mp(ABB'A") goi E= ABnHJ.
C6 E la di€m chung cta hai mat phang (H,d) va (ABC), nén giao tuyéh cta
chiing qua E va song song v6i BC // d, giao tuyén nay cit AC tai K.
KIla giao tuyén cua (H,d) va (ACC'A"), KI cit A'C' tai L.
K&t luan thiét dién can tim 14 hinh binh hanh HEKL. Vi dé dang chiing
minh E, K, L 1an lwot trung diém ctia AB, AC, A'C".

Cho hinh hép ABCD.A'B'C'D". Goi Q, R, 1an luot 1 tdm cic mét (BCCB"),
(CDD'CYH.
a). Chitng minh RQ // (ABCD). :
b). Xac dinh thiét dién cua hinh hop khi cit boi (AQR).
- ©). Goi M la giao diém cta CC' véi (AQR). Tinh ti s6 MC'/MC.

LOI GIAI
a). Chitng minh RQ // (ABCD).
Vi QR la dwong trung binh ctia tam gidc C'BD , nén QR // BD .
Do BD < (ABCD) nén RQ // (ABCD).
b) Xac dinh thiét dién caa hinh hop khi ct boi (AQR).
A la di€m chung ciia mit phang (AQR) va mit day (ABCD).

e
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Qua A ké dudng thang d song song v6i BD thi:

=(AQR) N (ABCD). , |

Giao tuyén d cit duong thang BC tai diém L. ? !

I va Q la hai diém chung cua hai mat

phéng (AQR) va (BCC'B') nén: ; Mk

(AQR)n (BCC'B)=1Q, giao tuyén IQ > \

cAt BB' tai ] va cit CC' tai M. s

MR la giao tuyén cta hai

mp (AQR)va(CDD'C).

Goi L la giao diém ctia MR vaDD" .

Két luan thiét dién can tim la hinh binh hanh AJML.
(AQR)N(ADD'A’)= AL

Vi: {(AQR)"(BCC'B')=]M = AL // JM;
(ADD'A') // (BCC'B’)

(AQR)N(ABB'A") = A]
(AQR)N(CDD'C’)=LM = AJ // LM..
(ADD'A') // (BCC'B')

Trong mat phéng day (ABCD) c6 AL // BD va AD // IB, nén tit giac ADBI la

hinh binh hanh.
BI la duong trung binh ctia tam gidc ICM c6: B] = }—CM (1)

B_JB _2_

Dung QE // B] (E € BC), trong AIQE ¢6: — 53

QE la dwong trung binh cia ABCC' = QE = —Z-CC' 3)

Tir (1), (2) va (3), ta c6: ~CM =2.2CC' & CM = —cc ME 1
2737 MC 2

=]JB= Q 2)

Cho hinh léng tru tam giac ABC.AB'C, goi L, ], K 1an lwot 1a tam cta hinh

binh hanh ACC'A", BCC'B', ABB'A’ .

a) Chung minh :IJ // (ABB'A"), JK // (ACC'A"), IK // (BCC'B'), mp (IJK) s
song voi mat day cta lang tru.

b) Ba dudng thing AJ, CK, BI d6ng qui tai diém O.

ong

¢) Goi G, G'la trong tam ctia tam gidc ABC va A'B'C'. Chitng minh G, O, G'

théng hang.
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LOI GIAL ar c

a). KIla dwong trung binh ctia AABC = KI// BC. [\,
Suy ra KI // (BCC'B'). h G§ AE
IJ 1a duwong trung binh cuia tam giac C'AB, PN
suy ralJ // AB. SuyralJ // (ABB'A"). PPN
KJ la duong trung binh cua tam giac B'AC, ;:I\:“\":ZZ\E;\ \J
suy ra KJ // AC. Suy ra KJ // (ACC'A"). ;':',: - _’ ‘_05'\*: s :__1
Suy ra () // (ABC) vi (ABC) // (AB'C) nén " -\ [} ¢
(UK) // (AB'C). Ve

b) Chimg minh ba dudng thing AJ, CK, BI déng qui tai diém O. 5
Trong mit phang (C'AB) c6 AJ va BI 14 hai duong trung tuyéh.
Goi O=AJnBI.

Suy ra O la trong tam ctia tam giac (C'AB) ¢c6 BO = %BI @

Trong mit phéng (A'BC) c6 BI va CK 1a hai dudng trung tuyéh.
Goi O'=BInCK.

Suy ra O'la trong tam ctia tam giac (A'BC) c6 BO' = %BI )

Tt (1) va (2) suy ra O va O' trung nhau.
Két lusn ba dudng thang AJ, BI, CK d6ng qui tai diém O .
c). Chiing minh G, O, G' théng hang.
Goi E, E'lan lugt la trung diém ctia BC va B'C.
Suy ra EE' 1a dudng trung binh ctia hinh binh hanh BCC'B' nén BB' // EE'.
Ma BB'// AA'" = AA'//EE' = AEE'A’la hinh binh hanh.
ViG, G'lan luot 1a trong tdm ctia hai A ABCva A AB'C'.
A'G' AG 2

Ta co: =——=— = GG' // EE’ 3
ac6 == I @)
AO AG 2
T AAElc6: —=—== =GO //E 4
rong co Al AE 3 = GO // E] (4)

Ta c6 ba diém E, J, E' théng hang.
Tir (3) va (4) suy raba diém G, O, G' thang hang.

102



Cho hinh hép ABCD.A'B'C'D/, goi O’ la tam hinh binh hanh A'B'CD’, K la
trung diém cua CD, E 1a trung diém cua BO" Chting minh E thudc (ACB’).
Xac dinh thiét dién cua hinh hép khi c4t boi mat phang (P) qua K va song
song v6i (EAC).

LOI GIAl
Goi O 1a tam cda hinh binh hanh ABCD.
Ta c6 BOO'B' 1a hinh binh hanh, nén hai
duong chéo BO' va B'O cit nhau tai

S
Q

trung diém mdi duong.

Suy ra E trung diém cua B'O. Ma B'O
ndm trong mait phang (ACB') suy ra E
thudc (ACB").

Ta c6: mp (ACB') cing la mp (ACE).

Vi mat phénb (P) song song voi mit

phang (ACB') nén mat phing (P) song
song véi moi duong thudc mat phang
(ACB").

Trong mp(ABCD) c¢: K la diém chung va AC //*(P) nén giao tuyén cua
chiing qua K va song song voi AC. Giao tuyén nay cit AB, AD, BC lan luot
tai F, M, N.

F la diém chung cta hai mit phing (ABB'A") va mit phang (P), c6 AB'// (P).
Nén giao tuyéh cua chiing qua F va song song voi AB', giao tuyén nay cat
AA', A'B'1dn luot tai P va Q. |

Giao tuyen cua (P) va mp(A'B'C'D") quaQ va song song voi A'C, giao tuyén
nay cat B'C' tai R.

Giao tuyen cta (P) va mp(BCC'B') qua R va song song voi B'C, giao tuyén
nay cit CC' tai S.

Két luan: thiét dién can tim la luc giac KMPQRS. Luc giac co tinh chat cac
cp canh doi song song.

Cho hinh ling tru ABC. A'B'C', trén canh BA kéo dai v€ phia A ta 18y
diém M sao cho AB =2AM.

Xac dinh thiét dién ctia hinh ling tru tao véi (P) qua M va B' va trung
diém E cua AC.

Tim giao diém D cua BC v6i (MB'E). Tinh ti s6 DB/DC .

LOI GIAL
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M, E 1 hai diém chung cta (MEB') va (ABC) 4’ c

= (MEB')n(ABC)=ME. | |

Goi D la giao di€ém cua ME va BC

Suy ra (MEB')(BCC'B')=DB'. B
N i

M, B' 1a hai di€ém chung cua (MEB') va

(ABB'A)= (MEB')n(ABB'A")=MB'. M -~

Goi N la giao diém ctia AA' véi MB'. A

Suy ra thiét dién cta hinh ling tru

ABC.A'B'C' v6i mit phéng (MEB') Ia tir

giac EDB'N.

Trong mt phing déy (ABC) ké EF // BC(F e AB).

EF 1a dudng trung binh cta tam gidc ABC ¢ EF = —;—BC (1)

MF _EF 2

Trong AMBD ¢6 —=—== :>EF:EBD : (2)
MB BD 3 3

DB _

=3.
DC

Tix (1) va (2) c6: %BD =%BC < BD =%BC =

Cho hinh lang tru ABC.A'B'C'. Goi I, J, K 1an luot Ia trong tdm cua tam giac
ABC, ACC, A'B'C". Ching minh” (IJK) // (BCC'B') va (A'JK) // (AIB).

LOI GIAL
Goi E, E'1an luwot 14 trung diém cua BC va B'C.
Suy ra EE' la dudong trung binh cia « - c
hinh binh hanh BCC'B' nén BB' // EE'. /
Ma BB'// AA'= AA' // EE'
= AEE'A’ la hinh binh hanh .
Trong hinh binh hanh AEE'A’ ¢6:
A'K_A'E'

= — IK // EE' 1 A
Al AR KN @
Goi M trung diém ctia AC.
., Ml MJ] 1 )
T AMBC' ¢6: —=—"2 == I BC' 2 B
rong B MC "3 = ]/ @)

Tir (1) va (2) suy ra (I/K) // (BCC'B").

M3t phang (A'CE) ciing la mat phéng (AK).

Mat phéng (AEB’) cling la mat phéng (AIB").
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Trong mp(BCC'B') ¢6 EB' // CE".
Vi AEE'A' 1a hinh binh hanh A'E'// AE.  (4)
Tir (3) va (4) suy ra (A'JK) // (AIB).

Cho hinh lang try tam gidc ABC.A'B'C'. Goi M, M' lan luwot la trung di€ém
cua cac canh BC, B'C".

a) Chitng minh AM song song véi A'M'".

b) Tim giao diém ctia duwrong thang AM va mit phing (AB'C).

¢) Tim giao tuyén d cua hai mét phéng (AB'C") va (BA'C').

d) Tim giao diém G cua duong théng cua duwong thing d véi mat phing
(AM'M). Chitng minh G la trong tam ctia tam giac AB'C'.

b).

LOI GIAI “ <
Vi MM' la duong trung binh ctia hinh :
binh hanh BCC'B' nén MM'=BB'.
Ma BB'=AA'. Tir d6 suy ra: MM'=AA".
Vay: AMM'A' la hinh binh hanh =AM // A'M",

Tim giao diém ctia duwong thing A'M P c
va mit phing (AB'C).
Trong mit phang (AMM'A"), goi: K=A'MnAM’
. |KeA'™M
: o = K=A'Mn(AB'C).
Ke AM',AM'c (AB'C')
Tim giao tuyén d ctia hai mat phing (AB'C') va (BA'C).

Trong mit phiang (ABB'A"), goi:I=BA'NAB'.
, |IeBA"BA'c(BA'C’)
: =1e(BA'C')n(AB'C')

Ie AB',AB'c(AB'C))

Va C'e(BA'C')n(AB'C)).

Vay giao tuyén d cta hai mit phang (AB'C') va (BA'C) 1aIC.

Trong mat phing (AB'C') goi G=C'In AM’

co{0°C! G=C'In(AMM’

S 1Geam,am e (anmr) = C T EIN )

G la giao diém cua hai duong trung tuyén CI va AM' cha tam giac AB'C..

Vay: G la trong tam cua tam giac AB'C'.

105




Cho hinh léng tru ABC.A'B'C' ¢6 day la tam giac déu canh a. Cac mit bén
ABB'A’, ACC'A’ 1a hinh vuéng c6 tam lan lwgt 1a I va J. Goi O la tam duodng
tron tam giac ABC.

a) Chitng minh IJ song song véi mit phing (ABC) .

b) Xac dinh thiét dién cta lang tru véi mét phéng (O). Tinh dién tich thiét

dién d6 theo a.

LOI GIAI

a) Chitng minh IJ song song véi mét phing (ABC).

Ta ¢6 IJ la duong trung binh ctia tam
giac ABCnénlJ//BZ.
- Ma BC c(ABC). Suy ra IJ | (ABC).
b) Xac dinh thiét dién cta ldng tru véi mit
phéng (1JO).
O 1a diém chung ctia hai mit phing
(IJO) va (ABC), nén giao tuyén cua 4
chung di qua O va song song véi BC,
giao tuyén nay cat AB, AC lan luot tai
HvakK.

HI Ia giao tuyén cta (IJO) voi (ABB'A'), goi M=HINA'B'.

A’

C’

’
\

NN
NS
Mt
<7

N

i
<
z

1’
g

dm =

P
-

\
%
S

[}

K] la giao tuyén cta (IJO) véi (ACC'A"), goi L=K]nA'C".
Tl d6 suy ra ML la giao tuyén cta (IJO) va (A'B'C'), viIJ // B'C' suy ra ML //

B

’

B'C'//1].
Két luan thiét dién can tim la hinh thang HKLM (vi HK //LM //BC) (1)
Ta c6 ABB'A’, ACC'A" la hinh vuéng va AH=AK, AM = A'L.
Suy raMH =LK 2
Tir (1) va (2) suy ra: HKLM la hinh thang can A" a3 M 2a/3 5
Trong AABC c6 HK // BC nén:
AH_HK 2 o 2
AB BC 3 3
I 1a duong trung binh ciia HKLM, c6: a 1
I = HK+LM
2 .
= LM=2[]-HK=BC-HK=a-22-2 a3
3 3 4 E H B
V& lai mit bén ABB'A’ nhu hinh 2. Hinh 2
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| 2
Ta c6: MH = +ME? + EH? :\}a2+%—=—a—~\/3—1—9.

Vé lai thiét dién nhu hinh 3. \
Tacé 2HI=HK -ML=22-2_3 _pi=2,

3 3 3 6
Va M1 = MEP —HP = 102 __5=3J63—9 R e K

Dién tich hinh thang can HKLM:

2a a)a39  a%V39
S == (HK + LM)MI = — 21. = .
HKLM 2( +1M) 2(3 3) 6 12

Cho hinh lang tru ABC.A'B'C'

a) Tim giao tuyén ctia hai mat phémg (AB'C') va (BA'C).

b) Goi M, N 14n luot la hai diém bét ky trén AA’ va BC. Tim giao diém cua
B'C' véi mat phéng (AA'N) va giao diém ciia MN voi (AB'C).

b)

LOT GIAI
Tim giao tuyén ctia hai mit phang (AB'C') va (BA'C)
C' 1a diém chung thit nhat cua hai mat phé”mg (AB'C) va (BA'C).
Trong mit phéng (ABB'A) goi G la giao diém cuia AB' va BA'. Suy ra G la
diém chung thi hai ctia hai mét phéng (AB'C') va (BA'C)).

Két luan (AB'C')n(BA'C)=GC" . ar c
. J 57
Tim giao diém cua B'C' véi mit phdng ]
(AA'N) va giao diém cia MN véi (AB'C).  m /| 5
Chon mit phéng (BCC'B') chita B'C'. N
Sy ot
N e(AA'N)n(BCC'B') G P
Tacé: {AA"// BB’ LT A
AA'c(AA'N),BB'<(BCC'B') AN} e
N
= (AA'N)(BCC'B') = Nx(Nx// AA'// BB').

Goi J=NxnB'C' = J=B'C'n(AA'N).
Chon mit phéng (ANJA') chita MN.

Tim giao tuyén ctia mét ph511g (ANJA") va (AB'C’).
Ta cé: Ae(ANJA')N(AB'C)) (1)
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Va: {JG(ANIA]) = Je(ANJA")n(AB'C)) (2)

" |JTeB'C'c(AB'C)
Tir (1) va (2) suy ra A] =(ANJA')~(AB'C).
Tr: - mp(ANJA") goi K=MNNA]= K=MNn(AB'C).

Cho hinh léng tru tam gidac ABC.A'B'C'. Goi M, M' 1an luot 1a trung diém
cuia cac canh BC, B'C'.

a) Churng minh AM song song vdi A'M'.

b) Tim giao diém ctia duwong thang A'M va mét phing (AB'C).

¢) Tim giao tuyén d cta hai mét phéng (AB'C) va (BA'C).

d) Tim giao diém G cua dudong thing d véi mit phéng (AM'M). Chtiing
minh G la trong tam ctia tam giac AB'C".

LOI GIAI A c
a) Vi MM’ la duong trung binh cta hinh !
binh hanh BCC'B' nén MM ' = BB, ma
vay AMM'A' 1a hinh binh hanh, suy ra
AM /[ A'M".
b) Tim giao diém ctia dwong thing A'M
va mat phéng (AB'CY).
Trong mit phing (AMM'A"), goi:K = A'M N AM' 2
., |IKeA'™M
: {KeAM',AM’c(AB'C’)

A

=K=A'Mn(AB'C).

c). Tim giao tuyén d cta hai mit ph:fmg (AB'C) va (BA'C).

Trong mit phang (ABB'A") goi I = BA'n AB'
., |IeBA',BA'=(BA'C))
Cé: =1e(BA'C')n(AB'C')
Ie AB',AB'c(AB'C')
Va C'e(BA'C')n(AB'C))
Vay giao tuyén d cta hai mit phang (AB'C') va (BA'C)) 14 1C".

d) Trong mit phang (AB'C') goi G=C'InAM’

cs: |05C! G=C'In(AMM
o GeAM',AM'c (AMM) — '~ &l )
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G la giao diém ctia hai duwong trung tuyén C'Tva AM' cua tam giac AB'C'.
Viy G la trong tam cua tam giac AB'C".

Cho hinh hép ABCD.A'B'C'D". Goi M, N lan luwot la trung diém ctia hai canh
bén AA' va CC'. M6t diém P ndm trén canh bén DD'.

a) Xac dinh giao di€ém Q cua duong tl\éng BB’ v&i mat phéng (MNDP).

b) Mat phéng'(MNP) cat hinh hop theo mot thiét dién. Thiét dién dé cé tinh
chat gi? |

c) Tim giao tuyéh ciia mét phang (MNP) véi mat phang (ABCD) cta hinh hdp.

b)

LOI GIAI
Xac dinh giao diém Q cua dudng thing BB' véi mat phang (MNP).
Goi O va O'1an lwot la tam cua hai day (ABCD) va (A'B'C'D’).
Suy ra: OO'=(BDD'B')n(ACC'A’).

Goi I=MNNOO'(MN,00' = (ACC'A)).

T e Ie MN,MN c (MNP) Bl
a co: )

1€ 00,00 = (BDD'B') P
=1e(MNP)(BDD B’ (1)

. |Pe(MNP)
Ta co:
PeDD',DD‘c(BDD‘B')

= P e (MNP)~ (BDD'B) g =Y
Tir (1) va (2) suy ra: (MNP)(BDD'B')=PI.

Goi Q=PINBB = Q=BB'"(MNP).

Mat phéng (MNP) cat hinh hop theo mot thiet dién 14 tir giac MNPQ.

NP va QM la giao tuyén cua mat phiang (MNP) véi hai mat phang song
song voi nhau la (ABB'A") va (CDD'C'). Nén suy ra NP // QM (3)

Ly luan twong ty thi MP // QN (4)

T (3) va (4) suy ra: Thiét dién MNPQ la hinh binh hanh.

Tim giao tuyéh ciia mit phang (MNP) véi mét phang (ABCD)

Trong mit phing bén (CDD'C") goi E=CD ANP.

Vi MN la dwong trung binh cia hinh binh hanh ACC'A’, suy ra MN // AC.
Tir d6 suy ra giao tuyén cua hai mat ph?mg (MNP) va mat phéng (ABCD)
qua E va song song véi MN // AC.
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Cho hinh lang tru tam giac ABC.A'B'C'. Goi G, G' lan luot la trong tam cua
ABC va AB'C'. Mot mit phing P cét cic canh AA', BB, CC, GG' 14an luot
tai A;,B;,C;,G, . Chiing minh

a) GG' song song va bang canh bén cta ling tru.

b) Gilatrong tam cia AA;B;C;.

¢) G,G'= %(AlA‘+ B,B'+C,C'); G,G= %(AlA +BB+C,C).

LOI GIAI
GG ' song song va bang canh bén ctia ling tru.
Goi M va M' theo thit tw la trung di€ém cta BC va B'C'. Nén MM’ la duong
trung binh cua hinh binh hanh BCC'B".
Suy ra: MM' // BB' // CC'
vaMM'=BB'=CC' (1)
Vi ABC.AB'C' la hinh lang tru nén:
AA'//BB'va AA'=BB' (2)
Tt (1) va (2) suy ra:
AMM'A' 1a hinh binh hanh va cé:
AG A'G
AM  A'M'
Nén GG'// AA' va GG' = AA",

2, A Ay
=3 (tinh chat trong tam)

b) Goi M; =MM'nB,C, (MM',B,C, < (BCC'B')). c

<)

Tinh chat hinh binh hanh thi Mi la trung diém ctia BiC 3)
Ta c6: AM; =(A,B,C,)n(AA'M'M).
Gi chinh la giao diém cua AiMi v6i GG'.

AG  AG, _2

Vi MM // GG1 // AAi suy ra —A— AM, 3 4)

Tix (3) va (4) suy ra: Gi la trong tam cua tam giac AA;B,C;.

Goi N, N' lan luot trung diém ctia AG va A'G'.

Dé chirng minh dugc NN' // GG' //AA'

Goi N1 la giao diém ctia NN' va A1Gi suy ra N1 trung diém cta AiGa.
Ta c6: GiG' 1a dudng trung binh cta hinh thang MiM'N'N1;

NiN' 1a duong trung binh cta hinh thang A1A'G'Gs;

MiM' la duong trung binh ctia hinh thang BiB'C'Ch.
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Nén:G,G'= %(MlMur N;N') 1)
NlN'=%—(A1A‘+GlG') )
MlM'=—;-(BlB’+C1C') 3)

. , L1, 2 :

Tir (1) va (2): G,G' =2 AA +3MM (4)

Thay (3) vao (4) ta duoc: G,G' =}?;(A1A'+ B,B'+C,CY).

Chitng minh tuong tu:G,G = %(AlA +B;B+ C1C) )

Cho hinh hop ABCD.A'B'C'D’ .

-

a) Chitng minh réng hai mét phang (BDA'") va (B'D'C) songsong v6i nhau.

b) Ching minh rdng duong chéo AC' di qua trong tam G' va G"lan luot

ctia hai tam giac BDA'va B'D'C.

¢) Chttng minh G' va G" chia doan thing AC' thanh ba phan bang nhau.
d)GoiE F, G H K L 1an lwot la trung diém caa BC, CD, DD, D'A', A'B),

B'B. Chitng minh sau diém o trén dong phang.

Loi gléi. A H
CDA'B' la hinh binh hanh nén )
DA'// CB' (M)
BDD'B' 1a hinh hanh nén: B
BD // B'D' (2)

Tir (1) va (2) suy ra (A'BD)/ /(B'D'C).
Goi O va_ O' lan luot la tam cua )
ABCD va A'B'C'D".

Trong mp(ACC'A"), AC’ cat A'O va
CO' tai G' va G" (theo thi tw).

O la trung diém cia BD nén A'O la A’ c
trung tuyéh cua tam giac BDA' va ‘
G'eA'O (1) ¢
A'C'// OA nén: G

GO OA 1 i oo

Ca~aC 2 CATe0 B 0 mnz €
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T (1) va (2) suy ra: G’ la trong tam cha tam giac A'BD
Tuong tw, G" la trong tam cua tam giac B'D'C.
¢) Tam giac ACG", OG' la duong trung binh nén G' la trung diém ctia AG"
= AG' =G'G" 3)
Twong ty, taco C'G"=G"G’ (4)
T (3) va (4) suyra AG'=G'G"=G"C’
Vay G'va G"chia AC' thanh ba phan béng nhau (dpcm).
d) Vi c6 FG// CD',HK // B'D', LE // B'Cba duong th:fmg FG, HK, LE cung
song song voi mp(CB'D").
Twong tw ba duong thang EF, GH, KL cling song song v6i mp(A'BD).
Ma (A'BD) // (CBD') suy ra sau diém E, F, G, H, K, L ddng phéng.
Cho hinh hgp ABCD.A'B'C'D'. Goi M, N lan luot la trung diém caa CD
va CC'".
a) Xac dinh duong thing A qua M cat AN vacit A'B.

b) Goi I, J 1an luot la giao diém cua A voi AN va A'B. Hay tim ti s6 %

LOI GIAI : c
a). Gia str da dung dwoc duong thang A '
cln tim catca AN va A'B.

Goi 1, J Ian luot la giao diém cuia A véi A’
AN va A'B.
Xét phép chiéu song song lén mit kS T /N
phéng (ABCD) theo phuong chiéu A'B.
Khi d6 ba diém J, I, M lan luot c6 hinh
chiéu 1a B,I'M . | A
Do dé: ba diém B,1',M _th?mg hang.

Goi N’ la hinh chiéu ctia N thi AN la hinh chiéu ctia AN.

Vil thudc AN nén I' thudéc AN'. Vay I'la giao diém ctia BM va AN'.
Ttr phén tich trén ta 6 thé dung duong thang A theo céc buée sau day:

AT I @

Lay giao diém I'cia AN’ va BM..
Trong mp (ANN') dung 1I'/ /NN' (dd c6 NN'//CD' ) cit AN tai I.
Vé duong théng MI, d6 la duong thfmg A cAn tim.
b) Dé chitng minh duoc, duong thing A ndi trén cit A'B.
Dé thdy MC =CN' suy ra MN'=CD = AB.
Do dé I la trung diém cua BM .
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Mit khac: II'/ /JB , nén II' la dwong trung binh cta tam gidc MBJ .

Suy ra: IM = I]:%:l

Cho hinh hop ABCD.A'B'C'D'
Hiy xac dinh duong thing A cét ca hai duong thang AC' va BA' déng
thoi song song voi B'D'.

Goi L] 14n luot 1a giao diém ciaA véi AC' va BA'. Tinh ti s6 f\é—

a).

b)

LOI GIAI

Gia st da xac dinh dwoc duong théng A cit AC' va BA' lanluot taiIva]J.
Xét phép chiéu song song lén mp A
(ABB'A’) theo phuong chiéu D'B'. m
Khi d6, hinh chiéu cta ba diém A,I,C’ /
lan luot 1a ba diém thang hang A,J,K.
Mst khac: J thuée BA', nén J chinh la  —{-X_
giao diém ctia AK va BA'. \
Tl d6, ta c6 cach dung duong thing A NIAT N
theo cac budc sau day: N /D
* Dung diém K la hinh chiéu - PP Y
ctia C' (theo phwong chiéu D'B’). Blle-o” 3
* LAy giao diémJ cua AK va BA' .
* Qua Jdung duwong thing
A//CK(dacs CK//B'D"),
ta dugc duong thang A can im. K
Dé thdy A'B'=B'K = A'K=2AB (do A'B'=

Al _AB 1

JK AK 2
Al _A] 1
IC JK 2

D

~

AB).
Vi AB//A'K =

Al

Mait khac: IJ / /C'K = _—
at khac: IJ // A

_L
5

Cho hinh hop ABCD.A'B'C'D".
a) Chumg minh ring duong chéo B'D cat mp(A'BC') tai diém G sao cho

BG = GD va G la trong tam tam giac A'BC".

b) Chung minh rang (D'AC) // (BA'C') va trong tim G' cia AD' AC cung

nim trén B'D va B'G' —%—B D.
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c) Goi P, Q, R lan luot 1a cac diém d6i xiing cta diém B' qua A, D', C.
Chting minh réng (PQR) // (BA'C"). ‘
d) Chting minh rang D la trong tm tir dién B'PQR.

‘ LOI GIAI
aj. Goi O' 1a giao diém ctia A'C' va B'D".
Khi d6: (A'BC')(BDD'B")=BO".
Goi G 1a giao diém ctia B'D va BO' thi G chinh la giao diém cua B'D
v6i mp(A'BC).
' BD

- Dé thady AGBO ~ AGO'B', ti s8 ddng dang la 2 (do =G

=2).

Vay: Bsz—l—GD va GO'=lGB, suy ra G la trong tam tam giac A'BC'.
2 2 :

b) Dé thay: AC//A'C',D'A//C'B :>(D"AC)//(BA’C').
~ Chitng minh twong tu nhu
cau a), ta ¢6 trong tam G’

cua tam giac D'AC ndm » B

trén dudng chéo DB' va \
1 S
DG'=2G'B'. -

Tir d6 va két qua cta cau a) I ARG
= G va G' chia duong ;B
chéo B'D thanh ba phan I N
béng nhau. A D

R

Vay: B'G':%B'D. Q
c) Do A,D/',C lan luot la trung diém cua PB',QB",RB' nén:
PQ// AD', QR // D'C,RP // CA .Ttr @6, suy ra (PQR)/ /(AD'C) .
Miit khac, theo cau b), ta c6 (D'AC) // (BA'C') nén (PQR) // (BA'C)).
d) Vi A,D',C lan luot la trung diém cua B
B'P,B'Q,B'R nén trong tam G"cua
tam gidc PQR phéai ndm trén duong
thing B'G" va B’G”z%B'D
» ' 3 1] "
=B'D==B'G".
4

Vay D Ila trong tam t dién B'PQR.
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Cho hinh hop ABCD.A'B'C'D". Piém M thudc canh AD, diém N thudc
canh D'C' sao cho AM:MD = D'N:NC'.

Chitng minh réng MN song song véi (C'BD).

Xac dinh thiét dién cta hinh hép khi cat boi mp (P) qua MN va song song
véi mp(C'BD).

V LOI GIAI
a) Theo gia thiét, ta co:
MN:D'N N AM _MD _ AD
MD NC' D'N NC' DC
Theo dinh ly Ta-let dao, ta cd MN, AD', DC' cling song song védi mot mat
phang (P).
Mit phang (P) song song voi
AD' va DC'. Nhung AD'//BC’
nén mit phéng (P) song song voi B
mat phéng (C'BD).
T d6, ta c6 MN / /(C'BD).

b). Tt M ké ME//BD, cit AB tai E;
Tir E ké duong thing EF//AB',
citBB' tai F; tit F ké duwong théng
FI//BC', cat B'C' tai [;

Tir N ke dudng thing NJ//CD, cit DD’ tai .

D& thay thiét dién la luc gidc MEFIN] 6 cac canh ddi 1an luot song song

véi ba canh cua tam giac C'BD.

BAI TAP TONG HOP CHUONG II

Cho hinh chép S.ABCD co day ABCD la hinh thang, AD la day 1é6n. Goi M,
N, E 1an luot 1a trung diém cua SA, AB, CD.

a) Chitng minh EN // (SBC), (MNE) // (SBC).

b) Tim giao diém F cua SD voi mp(MNE). Chiing minh SC // (MNE).
Pudng thiang DM song song voi (SBC) hay khong giai thich.

) Xac dinh thiét dién cua hinh chop S.ABCD véi mp(MNE). Thiét dién do
la hinh gi? tai sao?

LOT GIAI
a) Chimg minh EN // (SBC):
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b)

Vi EN // BC, ma BC < (SBC)=> EN // (SBC).

Chitng minh MNE // (SBC).
, [MN // SB,NE // BC

{MN, NE  (MNE); SB,BC c (SBC)

= (MNE) // (SBC) .
Tim giao diém F cua SD v6i mp(MNE):
Ta ¢c6 M la diém chung ctia hai mat
phéng (MNE) va (SAD), va c6 NE // AD. R a
Suy ra giao tuyén cta chiing qua M va song song véi AD, giao tuyén nay
cAt SD tai F. F chinh la giao diém cua SD véi mp(MNE)
Chitng minh SC // (MNE):
Theo chiing minh cau b ¢6 (MNE)||(SBC), ma SC < (SBC) = SC||(MNE).
Tim giao tuyéh cta hai mit phang (SAD) va (SBC):

Se(SAD) N (SBC)
Cé: {AD // BC = (SAD)(SBC) =Sy(Sy // AD // BC).

AD c (SAD),BC = (SBC)
Trong mp(SAD), goi: ] =DM N Sx = J=DMn (SBC).
Tir d6 suy ra DM khéng song song véi mp(SBC) .
Xac dinh thiét dién ctia hinh chép S.ABCD véi mp(MNE):

Tt cach dung di€ém & cu b, suy ra thiét dién can tim 13 hinh thang MNEF
v6i NE // MF // AD.

Cho hinh chép SABCD c6 day ABCD Ila hinh binh hanh. Goi M, N, P 1an
Iwot 1a trung di€ém cua SA, BC, CD.

Tim giao tuyén cuia hai mat phéng (SAC) va (SBD), (SAD) va (SBC).

Tim giao di€ém T ctia MP v6i mp(SBD) va tinh ti s6 TM/TP.

Tim giao diém Q ctia SD v6i mp(MNP) va tinh ti s6 QS/QD.

Tim thiét dién clia mp(MNP) véi hinh chép S.BCD. Thiét dién nay 12 hinh gi?

LOI GIAL
Goi O=ACNBD, ta c6 O va S 14 hai diém chung ctia hai mat phéng (SAC)
va (SBD) = (SAC) (SBD) =S50,
C6 S 1a di€m chung cua hai mit phang (SAD) va (SBC), va cé6 AD // BC, nén
giao tuyén cuia ching la Sx, véi Sx // AD // BC.
Trong mp(ABCD) goi E= AP BD.
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Ta c6 S va E 1a hai diém chung ctia hai mat phang (SBD) va (SAP).
Vay (SBD)(SAP)=SE.

Trong mp(SAP), goi: T=MP NSE
= T=MPn(SBD).

Ké EG // MP (G eSA ), cb:
AE_AG _GCE _2 _ -~ _2\p
AP AM MP 3 3
,SM_ST_MT_3

—=—= MT———GE
SG SE GE 4

Tir d6 suy ra I—M—:Z.
TP

C6 T 1a diém chung ctia hai mit phang (MNP) va (SBD).

Suy ra giao tuyén ctia hai mat phang (MNP) va (SBD) qua T va song song
v6i BD va song song véi NP. Giao tuyéh nay cat SB, SD lan lugt tai L va Q.
Suy ra L la giao diém ctia (MINP) v6i SB va Q la giao diém caa (MNP) véi SD.

Trong ASBD c¢6 LQ // BD nén c6 zré z—g = —Z— (do chitng minh cau b).

Két luan QL 3.

QD
Tt cach tim giao di€ém & ciu b, suy ra thiét dién caa hinh chép S.ABCD bi
cét bdi mp(MNP) can tim la ngii giac MLNPQ .
Cho hinh chép SABCD c¢6 day ABCD la hinh bmh hanh tam O. Goi E la
trung di€m cua SA. '

a) Tim glao tuyén d cua hai mat phang (SAB) va (SCD).

b) SD cét (BCE) tai F. Tt giac BCEF 1a hinh gi? Chitng minh ba dudng
thang d, BE, CF d6ng qui.

c) Goi M la di€ém d6i xttng cia D qua E, H va K 1an ot la trung diém clia
BM va AB. Goi N la giao diém ctia CD vé6i (EHK). Tinh ti s6 CD/CN.

LOI GIAI
Se(SAB)(SCD)
a) Tacé: {AB // CD = (SAB)(SCD)=Sx=d(d // AB // CD).
ABc (SAB),CD < (SCD)
=(BCE) (SAD)
b) Vicé: {BC // AD = EF // BC// AD.

BC < (BCE), AD < (SAD)
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~ Trong mp(SAB) goi I=d "KE, {

Tt d6 = it giac BCEF la hinh thang. ‘ x
Goi T=BENCF.
. |TeBEc(SAB)
. M
T e CF = (SCD) = !

=Te(SAB)N(SCD) = TeSx.
Két luan ba duong thing d, BE,

CF d6ng qui tai diém T. Y Foii
Ta c6 ADSM I hinh binh hanh N e e
=AM // SD. /7

Ma KH // AM = KH //SD.

B - ( C

Iedc(SCD |
(5p) = Ie(HKE)(SCD).

I e KE ¢ (HKE)
Suy ra giao tuyén ctia hai mt phing (HKE) va (SCD) di qua I va song song
v6i SD, giao tuyéh nay cat CD tai diém N,
Keét luén N 1a giao diém ciia CD va (HKE) .
Ta c6 tir giac BKIS la hinh binh hanh = SI = BK
Va tiz giac DNIS la hinh binh hanh = DN =1S.
2

Vay DN=BK=—1—AB=1CD.Suy ra 522=——.
2 2 CN 3

Cho hinh ch6p S.ABCD c6 day 1a hinh thang ¢ AD 1a day 16n va AD = 2BC.
Goi M, N, K, H lan luot la trung diém caa AB, SB, AD, DC. ‘

a) Tim giao diém T cua SA véi mp(NDC) va giao tuyén ctia mp(SAD) véi
mp (MNK). i '

'b) Chitng minh HN // (SAD) va tinh ti 6 ST/SA.

c) Goi (P) la mit phang qua M va song song véi hai duodng thang BC va SD.
Xac dinh thiét dién ctia (P) v6i hinh chép S.ABCD.

LOI GIAI
Tim giao diém T caa SA véi mp(NDC):
Trong mp(ABCD) goi K=ABNCD.
Ta c6 K va N & hai diém chung ctia hai mit phang (SAB) va (NCD).
Vay (SAB)n(NCD)=KN .

Trong mp(SAB) goi T=KNNSA = T=SAn(NCD)
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b)

c).

Tim giao tuyén ctia mp(SAD) voi mp(MNK):A
K € (SAD)n(MNK)

Ta cé: 1SA // MN
SA c(SAD),MN c (MNK)

= (SAD) " (MNK) =Kx(Kx // SA // MN)._

MN // SA,MH // AD
Vi: {MN,MH c (MNH)

SA,AD c (SAD)
= (MNH) // (SAD) = NH // (SAD).
Trong AKAD ¢6 AD // BC nén co: KB_KC_BC_1 = B trung diém KA.
KA KD AD 2

MN la duong trung binh ciia ABAS nén c6 MN :-;—SA 4]

Trong AKAT c6 MN // AT néncé ——= _MN_3 = MN = —TA' (2)
KA TA 4 4
T (1) va (2) suy ra: ETA = lSA < TA =—SA ::>—SI=l
4 2 SA 3

Xac dinh thiét dién ctia (P) voi hinh chép S.ABCD .
M la dim chung ctia mp(P) va mp(ABCD), vi (P) // BC nén giao tuyén ctia
ching qua M va song song voi BC. Giao tuyén nay chinh la MH.

H la diém chung ctia mp(P’) va mp(SCD), vi (P) // SD nén giao tuyén cta
chiing qua H va song song voi SD, giao tuyéh nay cit SC tai mot diém la L.
Vi H 1a trung diém ctia CD suy ra L la trung diém cua SC.

Ta c6 NL // BC va (P) // BC va N la diém chung cuia hai mat phéng (SBC) va
(P), nén suy ra LN la giao tuyén caa (SBC) va (P).

Viy thiét dién ctia mp(P) cat hinh chép SABCD la hinh thang MHLN, vicd
MH // LN // BC. '

Cho hinh chép S.ABC. Goi E, F 1an luot la trung diém cua AC, BC.

a) Tim giao tuyén mp(SAB) va mp(SEF).

b) Goi M la trung diém cua SB valla diém trén canh SA thoa Al = 3IS. Tim
giao diém K ctia IM voi mp(ABC) va giao diém H cua mp(EIM) véi BC.
Tinh ti s6 BH/BC.

¢) Goi G la trong tam tam giac SBC. Tim thiét dién caa hinh chép S.ABC bi
cit boi mp(IEG).
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LOI GIAI
a). Tim giao tuyéh mp(SAB) va mp(SEF) .
S €(SAB)~ (SEF)
C6: {AB // EF = (SAB) (SEF) =Sx(Sx // AB // EF).
AB c (SAB), EF c (SEF)

b). Tim giao diém K ctia IM véi mp(ABC):
Trong mp(SAB) goi K=IM N AB.
KeIM

Vi

{K e ABc (ABC

Giao diém H cua mp(EIM) véi BC.

Tinh ti s6 BH/BC:

Ta c6 AE la giao tuyén cua hai

mit phing (EIM) va (ABC).

Goi H=KENBC = H=BCn (EIM).

Goi O trung di€m ctia SA.

Vay IM la dwong trung binh ctia ASBO = IM // BO .

Trong AAIK ¢6 KI//BO = éE =—A—9 =1 = AB =lBK.
BK OI 2 2
Mt phing déy (ABC) dwoc vé lai ¢ hinh 2 .
Goi V la trung di€m ctia AB, ¢6 VE la dudng trung binh cia AABC

:VE:-;-BC (1) A £, c

):>K=1Mm(ABC).

Va c6 BH la dwong trung binh ctia AKEV
=BH= %VE ()

Tt (1) va (2) suy ra BH :;]l—BC.

K
c) Tim thiét dién cta hinh chép S.ABC bj cit boi mp(IEG):
Vi IG ¢ (SAF). Goi L=1GNAF = Le(ABC).
- Trong mp(ABC) goi P =EL N BC. Trong mp(SBC) goi Q=PGNSB.
Tir d6 suy ra thiét dién ctia hinh chép S.ABC bj cat bdi mp(IEG) 1a ti giac IEPQ.

Cho hinh chép S.ABCD c6 ddy ABCD la hinh binh hanh. Goi M, N 1an luot
1a trung di€m ctia AB va SC.

Tim giao tuyén (SMN) va (SBD)

Tim giao di€ém I ctia MN va (SBD) . Tinh ti s6 MI/MN .
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LOI GIAI
Trong mat phéng (ABCD) goi O=ACnBD, H= MCnNBD.
Mit phéng (SMC) chinh la mp(SMN) .
. {H € CM,CM c (SCM)

HeBD,BDc(SBD) He(SCM)(SBD) (1)

Co Se (SCM) e ( SBD) 2)

Tir (1) va (2) suy ra SH = (SCM)~(SBD).
Goi I=MN nSH |

=1=MN N (SBD) (SH = (SBD)).

Ta c6 H la trong tam giac ABC . .
Trong tam gidc SCM ké HK |[MN (K e SC). /.~
Trong ACMN 6 MN // KH : I
CH_CK_HK 2

= HK = 2MN @)

CM CN MN 3 3

Trong ASHK 6 IN // KH : AN _SN_3 k-2 (4)
HK SK 4 3

Ml 1

Tw (3) va (4) suy ra: -Z—MN:——IN:»MN:ZIN o> ——=—.
3 3 MN 2

Cho hinh binh hanh ABCD va diém S khéng nim trong mét phang chita ABCD.
a) Tim giao tuyén ctia céc cip mit phang sau (SAC) va (SBD), (SAB) va (SCD).
b) M&t mat phéng (oc) qua BC, cAt SA tai N va ct SD tai M.

Chttrig minh MN // BC. ‘

¢) Chting to giao diém cua BN va CM luén luén & trén mdt dudng thang &
dinh khi M di déng trén SA.

d) Goi G la trong tam tam gidc SAB, K la diém trén canh AC sao cho
AK

e =% Chitng minh GK song song voi mat phéang (SCD).

LOI GIAI
Ta cé Se(SAC)n(SBD) (1)

Goi O=ACABD = Oe(SAC)n(SBD) (2)
Tir (1) va (2) suy ra (SAC) (SBD)=SO.
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b) Vi: {BC // AD

c) Vi

Se(SAB)n(SCD)
Tacé: < AB // CD
AB c(SAB),CD = (SCD)

= (SAB)(SCD) =5x(Sx // AB // CD).
()" (SAD)=MN

BC c(a), AD < (SAD)
= MN // AD // BC.
Goi I=BNNCM(BN,CM < ()).

B : o C

= 1&(SAC)n(SBD).

. |1e BN,BN c(SBD)
" |IeCM,CM = (SAC)

Suy ra I thudc giao tuyén SO & dinh cua hai mat phéng (SAC) va (SBD).

d) Goi E va F lan lwot 1a trung diém ctia SA va AD .

Vi K chia doan AC thanh ba phan bing nhau va AK chiém 1 phan, dé dang
chitng minh K 14 trong tam cua tam giac ABD.

Theo tinh chét trong tam 6 o2 = 2 =2 - GK // EF 3)
BE BF 3
Ma EF la dudng trung binh cua tam giac ADS = EF // SD 4)

Tir (3) va (4) ¢6 GK // SD ¢ (SCD) = GK // (SCD).

Cho hinh chép S.ABCD cé day ABCD la hinh binh hanh. Goi I 1a trung
difm ctia SA va J, K la cac diém trén SB, SC va thoa JS = 2JB , KS = 2KC. .
Tim giao tuyén d cua hai mdt phéng (SAB) va (SCD), giao tuyén d' ctia (IJK)

'va (ACD) . Tim giao diém M ctia SD véi (IJK) . Chitng minh M trung diém

ctia SD. Goi E la giao diém cta IJ v6i KM, chitng minh E thudc duong théng
d va EI/E] = EM/EK=3/4 .

LOT GIAI
Se(SAB)n(SCD)
Cé: {AB // CD = (SAB)n(SCD)=5x=d(Sx // AB // CD).
ABc (SAB),CD < (SCD)
Trong mp (SAB) goi H=ABAIJ; Trong mp(SAC) goi L=ACNIK.
Ta ¢ H va L 1a hai diém chung ctia hai m3t phéng (IK) va (ABCD), nén:
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(IK)~(ABCD)=HL=d".
Vi ¢ —§I—=§K—:g = JK // BC.

SB sC 3
Twr d6 suy ra giao tuyén HL // JK // BC.
I 1a diém chung cdaa hai mit phéng
(SAD) va (IJK) trong hai mat phéng nay
1an lwot ¢& AD va IJ song song voi

nhau. Nén giao tuyén cta ching qua I
va song song v6i AD, giao tuyén nay
cat SD tai diém M. Thi M la giao diém
ctia SD véi mp (IJK). Tir d6 suy ra IM la #°
duwong trung binh ctia ASADvi ¢ 1

trung diém, suy ra M trung diém ctia SD.
Eel] < (SAB)

= Ee(SAB)n(SAD)=Eed.
E e KM < (SAD)

Vi E:I]mKM:»{

Két luan ba duong thang d, IJ, KM déng qui tai E.
Mt phang (SAB) dwoc vé lai & hinh 2.
Dung BF||HI(FeSA), tir d6 ta co:

—S——J—:—Sl=2 = SI=2IF < Al=2IF
JB IF
Vay F trung diém cta AL H

Tt d6 suy ra BF la dudng trung binh ctia tam gidc AHI = B trung diém ctia AH.
HI va SB Ia hai duong trung tuyén ctia ASAH cét nhau tai ] .

Vay ] la trong tam ASAH .

Ta co AAIH = ASIE (g.c.g) = SE =HA . Suy ra AHSE la hinh binh hanh .

Tir d6 suy ra El:—?i
E] 4

Trong AEJK cé: IM // JK 322—]—2—%:2.
E] EK 4

Cho hinh chép S.ABCD co day ABCD la hinh thang day 16n AD.
a) Tim giao tuyén cta (SAC) va (SBD), (SAD) va (SBC) . ‘
b) Goi G la trong tdm tam giac SAB, M thudc SC sao cho SM =2MC. Chting
minh GM // (ABCD).

¢) Tim giao diém J ctia GD va (SBC). Tinh GJ/GD.
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a) Tim giao tuyén ctia (SAC) va (SBD), (SAD) va (SBC).
Goi O=ACnBD.
O va S la hai diém chung cua hai mat
phéng (SAC) va (SBD) nén giao tuyén
cua ching la SO .

Se (SAD) (SBC) g
Tacé: { AD // BC

LOI GIAI x

-------

ADc(SAD),BCc (SBC) &=

= (SAD)n(SBC) =Sx(Sx // AD // BC).
b). Chitng minh GM // (ABCD)

SG_SM 2

Ta cé: — == =GM//HC.Ma HC c (ABCD) = GM // (ABCD).

SH SC 3

c). Tim giao diém J ctia GD va (SBC). Tinh GJ/GD.
Trong mp(ABCD) goi K=DHNBC.
Ta c6 K va S la hai diém chung cuia hai mit phéng (SDH) va (SBC).
Vay (SDH) (SBC)=SK.
Trong mp(SDH) goi ] = DG N SK . Suy ra ] = DG (SBC).
Ta cé: AHAD = AHBK (g.c.g)= HD = HK.

Trong ASDK c¢6 SH la duong trung tuyén va Cég_fl =—.

2
3

Tir d6 suy ra G la trong tam cua ASDK .

Cho hinh chép S.ABCD 6 day ABCD la hinh thang day 16n AD =2BC, goi O

la giao diém hai duwong chéo day. Goi E, F 1an lwot 1a trung di€m ctia SA
va SD. G la trong tam tam giac SCD.

a) Tim giao tuyén caa (SAB) va (SCD), (SAD) va (SBC). -

b) Mit phang (P) qua E, F va (P) song song SB. Mit phéang (P) cit canh
CD, AB lan luot tai P, Q. Ching minh EQ // SB. Ttt giac EFPQ 1a hinh gi?
Chitng minh BE // (SCD) va GO // (SBC).

, , . , . S S
¢) Tim giao diém M caa SB va (CDE). Chitng minh ASME _ ZASAB
ASMF SASBD
SM.BD =SB.DO.
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LOI GIAI
a) Tim giao tuyén cta (SAB) va (SCD)
Trong mp(ABCD), goi: H=ABNCD = He(SAB)n(SCD) (1)
va Se(SAB)(SCD) ) s x
Tir (1) va (2) suy ra: SH = (SAB) n(SCD).
Tim giao tuyén cua (SAD) va (SBQ):
Se(SAD)(SBC)
AD // BC
AD < (SAD),BC < (SBC)

()
A I D

= (SAD) " (SBC) =Sx(Sx // AD // BC).
b) Chitng minh EQ // SB:

Ta s {EQz(P)m(SAB)

EQ // SB.
SB = (SAB), SB // (1))3 el

QP =(P)~(ABCD)
Ta co: < AD||EF = QP // AD // EF.
AD c (ABCD),EF  (P) -

T d6 suy ra tir gidc EFPQ la hinh thang.

Chitng minh BE // (SCD):
1 1
Vico: 4 DC=5AD (1y; va {PE=5AD @)
BC // AD EF // AD

BC =EF

BC // EF

Vay: t giac BCFE la hinh binh hanh BE // CF.
Ma CF c(SCD) = BE // (SCD).

Chitng minh GO // (SBC):

OA_OD_AD _,

Tacd AAD~AOCB= — =" — =" =
OC OB BC

Tir (1) va (2) = {

Goi N trung diém SC.
Trong ABDN c6: 56 _DO_2 = OG // BN.
SN DB 3
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Ma BN c (SBC) =>OG // (SBC).

Tim giao diém M ctia SB va (CDE):

Vi H va E la 2 diém chung cua hai mp(SAB) va (ECD), nén:
(SAB)~(ECD) =EH.

Goi M=EHNSB = M=5B~(CDE).

Trong AHAD c¢6 BC // AD, nén c6: HB = HC = BC =—1~
HA HD AD 2

= B trung diém AH.

T d6 ta c6 M la trong tam ASAH. . S

Tam giac SAB duwoc veé lai 0 hinh 2

1 11 2. 11 1
SL\SME =_2_h25M:—2-EhI:758 —'151.-2"1'11.SB:§SL\SAB

SASME — }_ (x—)
SASAB 3

=>

Hinh 2

S,\SMF - _1_ (**) A
ASBD

Chitng minh hoan tuong tu:

. Sienmr S S S
T (u-) va (x—x—) suy ra: ASME _ ZASMF P ASME _ “ASAB )

ASAB SASBD SasMF SaseD
Theo chitng minh trén, c6 §M— _2 va Dbo_z .
SB 3 DB 3

T d6 suy ra: SM_DO <> SM.BD =SB.DO (dpcm).
SB DB

Cho hinh chép S.ABCD ¢6 day ABCD la hinh binh hanh tam O. Piém M
thudc canh SA sao cho SM = 2MA, N la trung diém ctia AD. Tim giao tuyén
(SAD) va (MBC). Tim giao di€ém I ciia SB va (CMN), giao diém J ctia SA va
(ICD). Chirng minh ID, JC va SO ddng qui tai E. Tinh ti s6 SE/SO.

LOI GIAI
M e (SAD)n(MBC)
Cé6: <AD // BC = (SAD)n(MBC) = Mx(Mx // AD // BC).
AD c (SAD),BC = (MBC)

Trong mp(ABCD), goi: L= ABNCN.
Ta c6 L va M la hai diém chung cta (SAB) va (CMN) nén:
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(SAB)n(CMN)=LM. A

Goi I=LMNSB =I1=5SBn(CMN).

I 12 difm chung cua hai mit phang
(SAB) va (ICD), vi AB // CD nén giao
tuyén ctia chung qua I va song song véi

P

AB, giao tuyéh nay cat SA tai ] thi J Ia
giao di€ém cua SA véi mp (ICD).
Goi E =CJ nDI(CJ, DI < (CDI))

Ta c6 (SAC)(SBD)=SO

EeCJ,CJ = (SAC) g
. :;»E«:'(SAC)G(SBD) = EeSO (2)
Ee DI, DI = (SBD) ‘

Tir (1) va (2) suy ra: ba duong th?mg CJ, DI, SO déng qui tai diém E.
Trong ALBCc6: AN :%BC va AN // BC

= AN la duong trung binh ALBC = A trung diém cta LB.

Trong ASBL ¢6 ¢6 SA la duong trung tuyén va SM = %SA

= M trong tam ASBL = I trung diém cua SB.
Xét trong ASBD, E la giao diem cta hai dwong trung tuyén SO va DI .
2

S
= E trong tam cua tam gidc = 03"

Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh, SAB la tam giac
déu, SCD la tam giac can. Goi M la trung diém ctia AD, mit phéng (OL) qua| .
M va song song véi AB va SA cit BC, SC, SD 1an luot tai N, P, Q.

a) Chitng minh MNPQ la hinh thang can.

b) Tinh ti s6 dién tich cia hinh thang can MNPQ va tam giac déu SAB.

LOI GIAI

{( ) "(ABCD) = MN
Ta co: = MN // AB // CD.

AB// (a),ABc ABCD)

. (@) (SAD) =M
faco {SA I (), SAC(@AD) = MQ//SA.
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acs. {(a)m(SCD) =QP
" |cD // («),CD = (SCD)

=QP//CD .

Vi (@) // AB,(at) // SA = (a) // mp(SAB)
= (a) // SB;

Va (a) " (SBC)=NP = NP // SB.

Theo cach dung diém o trén: B*

Q la trung diém cta SD, N Ia trung diém BC, Pla trung diém cua SC.
C6é MN // PQ (vi cing song song v6i CD ). Suy ra MNPQ hinh thang.

Va NP:%SB, MQ:—;—SA = NP =MQ (vi ASAB déu nén SA =SB).

MNPQ la hinh thang c6 hai canh bén khéng song song va bang nhau.
Nén tir giac MNPQ la hinh thang can.
b) Goi ala d6 dai canh AB. Hinh thang can duoc vé lai ¢ hinh 2.

P

PH =/PN? - NH? - ‘/ ‘~ af /
a
2

s _AB3 2?3
ASAB ~ 4 4 H Hinh 2
1 a a\/— 3a2f

mz\/"

S

Ti s dien tich: SMNPQ __ 16 _3
Spsap a2z 4
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CHUGNG IIl: QUAN HE VUONG GOC TRONG KHONG GIAN

L

IL

PUONG THANG VUONG GOC VOI MAT PHANG

Dinh nghia: d
Mot duong thing duoc goi la vubng '
goc voi mot mat phéng né’u né vudng
goc véi moi duong thang nam trén mat a
phang dé: \ ;
d L mp(a)<>dla,Vac(a)
Cac dinh ly:

Dinh Iy 1: Néu duong thang d vudng d
g6c v6i hai duong thang cit nhau a va

b cung ndm trong mp(P) thi duong

thang d vudng géc véi mp(P): 2 a
dla,dLb . . X
a,bc(P) =dLl(P)

a,b citnhau

Dinh ly 2: (Ba duong vudng goc) a
Cho duong thing a khéng vuéng géc |\
v6i mp(P) va duong thing b ndm trong b
(P). Khi d¢, diéu kién can va da d€ b

vudng goc véi a la b vudng goéc véi  /p
hinh chiéu a’ caa a trén (P).

PHUONG PHAP CHUNG MINH HAI PUONG THANG VUONG GOC
D& chirng minh a L b ta thuong stt dung nhitng phuirong phap chiing minh sau:

. Sw dung cac phuong phap Hinh hoc phéng: Goc noi tiép, Dinh li Pitago
dao, .
Str dung phuong phéap tich vé hudng ctia hai vécto: néu ab=0=alb
(a,b 13 hai vécto chi phuong ctia hai dwong thing a va b).
, 1lb
Str dung tinh chat bac cau: {C /a = alb
c

Tim mét mit phéng (P) chita duong thang b. / / /
Chitng minh duong thing a vudng géc véi

mat phang (P),thialb:
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(20

b c (P)

6. Chitng minh duong thing a song song voi
mit phang (P), dudng thing b vudng goc vai
mét phéng (P), thisuy ra a Lb: / }7

a//(P) o
b L (P) ‘

=>alb

7. Ap dung dinh li 3 dudng vudng goc:
a’ 1 hinh chiéu vudng géc ctia a trén
mdt phing (P) ,b < (P). Duong thing a

vudng goc v6i dwong thiang b khi va chi khi
b vudéng géc véi a’. N6i ngin gon b vudng
g0c v6i hinh chiéu thi b vudng géc voi
dweong xién.

PAY LA PHUONG PHAP RAT HAY SU DUNG! Céc ban phdi thanh thao
phuong phdp nay.

—
/

P

PHUONG PHAP CHUNG MINH DPUONG THANG
VUONG GOC VOI MAT PHANG
D& ching minh duwong thing a vudng géc v6i mit phang (P) ta thuong st
dung cac phuwong phap sau:
1). Mudn chitng minh duong thing a

vudng géc v6i mit phang (P). Ta phai =
chiing minh dwrong thang a vuéng goc F ><c
voi hai’ duong thing cit nhau thudc - !
mat phang (P). : !

albvas alc
bnc=zl =al(P)
b; cc (P)
2). Hai mit phing (Q) va (R) c6 giao tuyén
a cling vudng géc véi mit phang (P),

thi a vudng goc vai (P). L
QL (D)
(R) L(P) =al(P)
QNR)=a
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3). Hai mat ph:fmg (P) va (Q) vudng géc véi nhau theo giao tuyén b. Mot duong
thing a thuéc mit phang (Q) vudng goc véi b, thi a vudng goc véi mat
ph?mg P). P

(P) L(Q)
P)N(Q) =b . 2

=al(P) :
ac(Q) ) Z.
alb

4). Chitng minh dwong thang b vuéng géc

v6i mit phing (P) , duong thing a o
song song voi b ,suy ra a vudng goc vai =
(P). / nE /
b |54
allb L
b L (P)
5). Chitng minh duwong thing a song song [a

v6i mit phang (Q), mat phing (P) song
song voi (Q), nén a vudng goc vai (P).

{ai(@)

=>al(P)
(Q//(P)

Hai tru c6t d€ giai toan cua dang nay :

- Mudh chitng minh dudng thing d vudng géc véi mit phang (P), ta phai
chitng minh duong thing d vuéng goc voi hai duwong thang cat nhau thudc
mat phéng (P).

- Khi duong thing d vuéng géc v6i mit phing (P) thi dwong thing d
vudng géc véi moi dwong thude mit phang (P).

BAI TAP

Hai tam giac cAn ABC va DBC nim trong hai mit phang khac nhau tao nén
tir dién ABCD. GoiIla trung diém caa BC.

a) Chung minh BC L AD.
b) Goi AH la duong cao cua tam giac ADI. Chirng minh AH L (BCD).

LOI GIAI
a) Chitng minh BC L AD.
Vi tam gidc ABC céan tai A nén Al L BC, va tam giac DBC can tai D nén
DI LBC.
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BC L Al
Ta c6: { BC L DI
AL DI (ADI),AINDI =1

= BC L mp(ADI)= BC L AD
b) Chung minh AH 1| (BCD). D
AH 1 DI (gt)

Cé: {AH L BC (vi BC L (ADI))
BC,DI < (BCD), BCADI=]I

=>AH 1 mp(BCD) .

Cho hinh chép S.ABC ¢4 SA L day, tam giac ABC vuodng can tai B. Goi G la
trong tam cua tam giac SAC va N la di€ém thudc canh SB sao cho SN = 2NB.
Chitng minh:

a) BCL (SAB).

b) NG L (SAC).

LOI GIAI
Goi H trung diém cua AC . “x
AABC vuéng cn tai B nén BH L AC .|\
, {BC 1 AB(gt)

o

BC L SA(ViSA L(ABC))

= BC L (SAB).

 [BHLAC
s BH L SA(viSA L (ABC))

= BH L (SAC).

Xét tam giac SBH co: -S-Ii = §-C-;~ = 2 = NG // BH.
SB SH 3 8

Ma BH L (SAC) = NG L (SAC)

Cho tir dién ABCD ¢6 AB LCDva AC L BD. Goi H la hinh chidu vudng
goc cua A xubng mat phing (BCD). Chirng minh rdng H la tryc tam cla
tam giac BCD va AD 1 BC.
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LOI GIAI A
~ |CD LAB (Gia thiét)
* {CD LAH (Vi AH 1 (ABQ))
= CD L mp(ABH)

. CDLBH (ViBHc (ABH)) (1)
Chting minh tuong tw: BD L mp(ACH) o

= BD L AH (2)
Tir (1) va (2) suy ra H truc tam cua tam giac ABC.

BC L DH (H truc tam) C
Vi ., . =>BCL mp(ADH)
BC L AH (Gia thuyét)

— BC L AD (Vi AD < (ADH))

Cho tit dién ABCD c6 DA L (ABC), ABC la tam giac can tai A. Goi M la
trung di€m ctia BC. Vé AH LMD tai H.

a) Chirng minh AH L (BCD).

b) Goi G, K lan luot la trong tam cua tam giac ABC va DBC. Chung minh
GK 1 (ABC).

LOI GIAT |
a) Ching minh AH L (BCD).
Vi AABCcan tai A ¢c6 BC . AM
VaBC L AD = BC L mp(DAM).

AH 1 BC(BC L(DAM))
Ta c6: { AH L DM(gt)
BC,DM c (SBC), BCADM =M

— AH 1 (DBC) AN €

b). Chirng minh GK L (ABC).
Vi G, K 1an luot la trong tam cua tam gidc ABC va DBC.

Theo tinh chat trong tam:

AG 2 |
AM 3 AG_ DK = AD // KG (theo dinh ly Talet dao).
DK 2 AM DM

DM 3

Mz AD L (ABC) = KG L (ABC) (dpem)
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- Cho hinh chép S.ABCD c6 day 1a hinh thoi tam O. Biét SA = SC va SB = SD.
a) Chang minh SO L (ABCD)va ACLSD.
b) Goi ], ] 1a trung di€m cua BA, BC. Chitng minh IJ L (SBD).

LOI GIAI
a) Goi Ola giao diém cua AC vaBD .
Taco SO L AC (vi ASAC cantaiS)
SOLBD (vi ASBD cantaiS)  (2)
Tir (1) va (2) suy ra SO L (ABCD).

AC L BD (Tinh chét hinh thoi)
Tacé: S AC LSO
BD, SO = (SBD)

= AC 1 mp(SBD) = ACLSD &
b). TacéIJ la duong trung binh ctia ABAC =1J // AC.
Ma AC L (SBD)= 1] L(SBD).

Cho hinh chép S.ABCD , c6 day la hinh vudng tam O. SA 1 (ABCD). Goi
H, I, K 1an lwot 1a hinh chiéu vuodng goc cua A trén SB, SC, SD.

a) CMR: BC L (SAB), CD L (SAD, BD 1 (SAQ).

b) CMR: AH, AK cling vudng géc v6i SC. Tir d6 suy ra 3 duong thing AH,
AlI, AK cling ndm trong mot mét phang.

¢) CMR: HK 1 (SAC). Tlr d6 suy ra HK 1 Al

LOIGIAT

a). CMR: BC L (SAB), CD 1 (SAD), BD L (SAC). A

Chitng minh BC L (SAB). ‘

BC L SA(SA 1 (ABCD))
Cé: {BC 1 AB(gt)
SA,ABc(SAB) ,SANAB=A

= BC L (SAB).

134



Chitng minh CD L (SAD):

CD LSA(SA L (ABCD))
Vi {CD L AD(gt) = CD L(SAD).
SA,ADc (SAD) ,SANAD=A.

Ching minh BD L (SAC).

[DB 1 SA(SA L (ABCD))
Vi ¢BD L AC(gt) . = BD 1 (SAC)
SA,ACc (SAC),SANAC=A

b) CMR: AH, AK cung vuong, goc voi SC.

[AH LSB(gt) , AH L BC(BC L(SAB))
Co = AH 1 (SBC)= AH 1 SC
SB,BC c(SBC) , SBNBC=B
AK 1SD(gt)
C6 { AK LCD(CD L (SAD)) = AK 1 (SCD)= AK 1 SC

SD,CD = (SCD) , SDNCD =D
Vi AH, AK va Al ciing vuong goc v6i SC. Nén AH, AK , Al déng phang,.
c) Ta cé tam giac ASAB = ASAD(c.g.C) . Nén 2 duwdng cao xuat phat tir dinh A

bing nhau. Nén c6 AH = AK suy ra ASHA = ASKA (canh huyén canh géc
vudng ) = SH =SK
SH SK

Neén cé: = = —, theo dinh ly dao Talet HK // BD..
SB SD

Ma BD L (SAC)= HK L (SAC)= HK L AI(Al < (SAC)).

Cho t& dién O.ABC c6 3 canh OA , OB, OC d6i mét vudng goc voi nhau.
Ké OH vudng géc véi mit phang (ABC) tai H. Chiing minh :
a) OALBC,OBLCA, OCLAB.
b) H 14 truc tdm cua tam gidc ABC.
1 1 1 I
) = Sttt
OH? 0A* OB* OC*

3

2 @2 2 2
d) Siapc =Sioas +SioscC *Sh0ac

e) Cac goc cua tam giac ABC déu la goc nhon.
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LOIGIAI A
OA L OB ,0A 1 OC !

2). Taco {OB,OC < (0BC)
= OA 1 (OBC)= OA L BC.

. [OBLOA,0B 1OC
7 0A,0c  (0AQ)

= OB L(OAC)= OB L AC.
B
Chitng minh tuong ty ta dwoc OC L AB.
b). H Ia tryc tam cta tam gidc ABC.

Goi E=AHNBC,F=BHANAC.
BC L OA(OA 1 (0OBC))

Tacéd: {BC L OH(OH L ABC)) = BC L (OAE)= BC L AE (1)
OA , OH c (OAE)

AC10B,AC LOH '
Ta c6: = AC L (OBF)= AC L BF ()

OB, OH < (OBF)
Tir (1) va (2) suy ra H 14 truc tim cua tam giac ABC .
1 1 1
- = 5+ + .
OH? 0A’ O0B? OC?

¢) Chitng minh

1 1
= +
OH? 0A? OEr?
1 1
= +
OE? O0B? 0OC?

Trong AOAE vuéng tai O c6 OH la dudng cao: (3

Trong AOBC vuéng tai O c6 OE la dwong cao: (4)

1 1 1

R T
Ol® 0OA° OB OC
Cong thirc nay dioc sie duny truec tich dé'tinh khodng cich, cic ban nhé cong thirc
nay nhél

Thay (4) vao (3) duoc: (dpcm)

d). Chirng minh: SiABC = SZ\()AB +52\03C + Sio/xc-
Trong AOAE vuéng tai O c6 OH la duwong cao.
OE? = EH.EA <> OE? BC? = EH.BC.EA.BC

2
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Chitng minh hoan toan tuong ty, ta duoc:
SR0AC = SaHACSaaBc ()
SA0AB = SaHAB-S \aBC )
Cong ting ve&'(*), (**), (**):
S;Z\OBC + siOAC + S?\OAB =5 \uBc-SABC * SaHACSABC + SAHABSAABC

2 2 2
< Siosc *+Saoac +S\oan = SAABC'(S;\HBC +S\Hac + S;\HAB)

2 2 L
< SyoBc +Sh0ac S0 =S aBc-S\ABC

2 2 2 a2
< Siosc +Sh0ac +S0ar =ShaBc -
Cach2:

Siasc = %AEZBCZ - %(0/\2 +OE” |BC? = %OAZ.BCZ 1in-o*52.13(:2

- —}IOAZ (082 +0C?) + %oEZ BCY = %OAZ OB + -}OAZ oc? + -jIOE2 BC2

2 2 2 2
< Syoab TShoac *Shonc = Sianc
Cac gdc cua tam giac ABC déu la goc nhon.
Goi dd dai bacanh OA=a,0B=b,0C=c.
Trong tam giac ABC ap dung dinh ly cosin co:
ABZ 4 AC2_pC2 al+b? +a2+c2—(b2+c2) a2

2 ABAC ' 2 ABAC " TABAC

Két luan: A la goc nhon.

~

CosA =

>0.

Chuing minh t‘u)ong twe goc B va goe C nhon.

Cho tir dién ABCD, day L tam gidc can va DA L mp(ABC), AB=AC=a,
BC = 6?a .Goi M la trung dicim cia BC. Vé AH vudng goc voi MD (H thude MD ).
a). Ching minh AH L mp(BCD).

b). Cho AD = i? Tinh g6 gitta hai duong thang AC va DM.

o). Goi G|,G, lan luot la trong tam cua tam giac DBC va ABC. Chung
minh G,G, L mp(ABC)
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a) Chitng minh AH L mp(BCD).

b) Tinh géc giita hai dwong thang AC va DM.

LOT GIAI

D

ViM trung diém cua BC nén:

BC L AM (1)
Mit khac: BC 1L AD 4a
(Vi AD 1 (ABC)) (). S

Tir (1) va 2) = BC L mp(DAM)
= BC L AH (vi AHc (DAM)).

AH 1 DM

Vay taco:
AH 1 BC

= AHL mp(DBC).

B

Ké MN // AC(N e AB) thi goc gitta DM va AC bang géc giita DM va MN,
6 1a géc DMN hoic g()c 180° - DMN .

Xét AABC: MN = —AC =

[J:_.’

aV/89

10
4a

Xét ADAN vudng tai A: DN = \/7\[)2 +AN? =

2 2 _
Xét AABM vudng tai M: AM =VAB” - BM

4a\/§
5

Xét AADM vuéng tai A: DM = JAD? + AM? =

Ap dung dinh ly cosin ADMN:

— 2 2 T 2 )
cos DNIN < DM? + MN? - DN? 22
“2DMMN 5

— 5
= DMN = arccos[%g—] .

Chitng minh G,G, L mp(ABC).

Vi G;,G, lan luot la trong tam cua tam gidc DBC va ABC, theo tinh chat
trong tam cé:
MG, 1 MG,

1_ MG MG,
MD 3 MA 3  ND MA
Ma DA 1 (ABC)=G,G,  (ABC)

= G,G, // DA (theo dinh ly dao Talet).
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Cho tir dién S.ABC c6 SA vudng géc voi mat phang (ABC). Goi H , K 1an
luot 14 true tAm ctia tam giic ABC va SBC . Chiing minh réng :
a) AH, SK, BC dong quy.

b) SC vudng géc véi mit phang (BHK).

¢) HK vudng goc véi mat phang (SBC).

LOIGIAI ¢
a) Goi E= AHNBC
, {BC LAE

CO:

= BC _ {SAE)
BC LSA |

= BC L SE(SE c (SAE)).

Vi SK L BC, suy ra ba di¢in S, K, E thang hang.
Két luan ba duong thang AH, BC, SK A
ddng qui tai diém E.

b). SC vudng gbéc voi mat phang (BHK).
: BH LA
Co: { LAC

= BH L (SAC)= BH L SC(SC = (SAC)) .
BH LSA

. {sc LBH(BHL(SAC)) _ (BHK)

SC L BK
c) HK vuéng goc voi mat phiang (SBC).
C6 BC L (SAE) = BC L HK(KH c (SAE)) )
C6 SC L (BHK) =SC 111K (@)
Tir (1) va (2) suy ra HK L (5BC).

Cho hinh chép S.ABCD ¢ ddy la hinh vudng canh a. SAB la tam giac déu
vaSC=a \./5 .Goi H, K Ia trung diém caa AB, AD.
a) Chirng minh SH L (ABCD).
b) Chitng minh ACL SKva CK L 5D.
LOL GIAI

a). Ching minh SH L (ABCD).
5a°

Trong ABCH cé: HC? = 131 12 +BC =
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b).

af

Va SH = —— (SH duong cao cia ASAB dcu)

Trong tam giac SCH, ta c:

SC? =SH” +HC? =2a”.

Suy ra tam giac SHC vuonyg tai H. |
. [SH L AB(gt), SH L11C |
> {AB,HC < (ABCD), ABAHC =H / /*, e

= SH 1 (ABCD) |
B
, HK // BD
Chitng minh AC L SK. Tu cé: J “IBD | ac LHK.
|BD L AC
, [ACLSH, AC LHK
: ,, = AC 1 (SHK)=> AC L SK.
SH,HK c (SHK), SIi ~"HK = I
A K D
Chitng minh CK L SD: : 1 A
Vi day ABCD hinh vuéng (hinh 1). 1
Dé dang chitng minh ACIDK = ADAH. H
Suy ra :I<1 = H] , ma Hl + [); =90"
- . _anl -
=>K;+D;=90" = CK_iDH 2 c
Taco:| oy Lo CK LD CK 1 (SHD) = CK 15D (d
aco: SH,DH  (SHD), 5iH ~DH =H = ( )= (dpcm)

DE THI TUYEN SINH D ATHOC K HOI B NAM 2002

Cho hinh lap phuong ABCD.AB'C'D". Goi M, N, P 1an lwot 1a trung diém
cua BB, CD, A'D". Chum, minh: MP LC'N.

LOIl GIAI

Goi E trung diém cua CC'.

Ta c6 ME // A'D' nén ED va PD' déng phéng. .
Vi ¢6 CDD'C' 1a hinh vuong nén dé

dang ching minh hai tain giac D'CE

va C'CN béng nhau, suy ra 1571 = (fAVI .

Ma:D' +E=90" = C'| 17 =90
= ED' L NC' (1)
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Ta cé BC 1 (CDD'C')= BC LNC', ma ME // BC, > ME LNC' ()

Tir (1) va (2) suy ra NC' L (MED'P) = NC' L PM(PM < mp(MED'P))

PE THI TUYEN SINH PAI HOC KHOI A NAM 2007

Cho hinh chép ti¢ gidc S.ABCD c6 day la hinh vudng canh a. Mat bén SAD
Ia tam giac déu va & trong mat phang vudng goc voi day. Goi M, N, P lan
lwot 1a trung di€m caa SB, BC, CD. Chitng minh AM 1 BP.

LOIGIAL §

Ha SH L AD tai H.

Vi SAD 13 tam gidc déu nén SH = 5‘-;1
Vi mjt phing (SAD) vudng goéc mit
phing (ABCD) cé AD la giao tuyén.
Suy ra SH L mp(ABCD) .

P mmmmmmmmm—mmm——m s m e m e
N

Ta cé AN // HC va MN // SC.
Ma AM,MN c (AMN);

Va HC,SC < (SHC). ? p ¢

Suy ra: Mat phang (AMN) song song
véi mat phang (SHC). 1
Trong hinh vuéng ABCD co: H \ N
ABCP = ACDH(C.g.C) nén Ig\l = (/Z\] .

Ma B, +P, =90" = C, + P, =90° = CH L PB.

. [BPLCH
Ta co:{ = BP L (SHC)= BP L (AMN) = BP L AM.
BP L SH

PE THI TUYEN SINH DAI HOC KHOI B NAM 2007

Cho hinh chép tir gide déu S.ABCD canh day bang a. Goi E la diém d6i xing
ctia diém D qua trung diém caa SA. Goi M, N lan luot la trung diém cua AE,
BC. Chttng minh MN 1L BD.

LOI GIAI
Goi O giao diém cua AC va BD. P la trung diém ctia SA.
Trong A EAD c6 MP la duong trung binh cta tam giac nén co:

MP // AD, MP = %AD 1
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ViN trung diém ctia BC nén:
NC // AD ,NC= -12-AD @)

Tt (1) va (2) suy ra: tit giac CPMN la
hinh binh hanh nén MN // PC

'Tacé: BD L (SAC)= BD L CP(CP c(SAC)).

Két luan: BD L MN -

Cho hinh 13ng try ABC.A'B'C'. Goi H 12 tryc tm ctia tam gidc ABC va biét
rang A'H L (ABC). Chttng minh rang;

a) AA' LBCva AA'LBC.

b) Goi MM ' 1a giao tuyén cta hai mp(AHA") va (BCCB') trong d6 M e BC
va M’ eB'C.. Chitng minh t& gidc BCC'B' 1 hinh chit nhat va MM’ 1a duong
cao cta hinh chit nhat do.

LOI GIAI
a) Ching minh BC L (A'AH).
BC L AH(gt)

A .
BC L A'H(viA'H 1 (ABC)) BC L mp(A’AH)= BC L AA

Vi B'C'//BC ma BCLAA'=AA'1LB'C'.

(AHA')~(BCC'B')=MM'
b. {AA'// BB’
AA'c(AHA") ,BB'c(BCC'B’)

= MM'// AA' // BB'
Ma: AA'LBC=BB'LBC.
Vay BCC'B' la hinh chit nhat.

Cho hai hinh chit nhat ABCD, ABEF nim trén hai mjt phang khac nhau
sao cho AC 1 BF. Goi CH va FK 1a hai dudng cao cua tam giac BCE va
ADF. Chitng minh:

a) ACH va BFK la cac tam giac vudng.

b) BF.LAHvaACLBK.
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LOI GIAI
a) Ta c6 ABCD, ABEF la hinh chit nhat nén:
AB L BC Fo E
= AB 1 (BCE) .
AB | BE e
= AB LCH 1) \\ ‘*ﬁ;t\\\\\\ \w
CH L BE(gt V VN RN
(g ) :CHJ.(ABEF) \ ,\P;‘f‘:':""""‘“"“"::::: ==
CH 1 AB(do (1)) L AN
=> CHL1LAH. e
Vay A ACH vudng tai H. D . -

C
Ching minh tuong ty FK L (ABCD) = FK 1L BK. Vay A BFK vudng tai K.
b) Chtng minh: BF L AH va AC 1 BK.

BF L AC(gt
Co: { (g)

BF L CH(vi CH L (ABEF))
AC L FB(gt
Co: { (g )

\ = AC L (BKF)= AC 1 BK.
AC LFK(viFK 1 (ABCD))

= BF L (ACH)=> BF L AH(AH c (ACH)).

Cho hinh chép S.ABCD c6 déy 1a hinh vudng canh béng a, SAB la tam giac
déu, SCD la tam giac vudng can dinh S. Goi L, ] 1a trung diém ctiia AB va CD.

a) Tinh cac canh cuia tam giac SIJ va chitng minh SI 1L (SCD), S] L (SAB).
b) Goi SH la dudng cao ctia tam gi4c SIJ. Chimg minh SH L (ABCD) va
tinh d6 dai SH.

LOIGIAI §

a) ASABdéu co SI= E—\E- .
ASCD vudng can tai S.

-Suy ra SIzCIzDIzE;

a
SC=SD=-—=valJ=AD=BC=a.
V2

Xét ASIJ: 1J% =SI? +5J? = a?

= ASIJ vudng tai S, suy ra SI L 5] B
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2
Trong tam giac IBC vudng tai B c6: IC2 =BI>+BC% = % .

2
Xét ASIC: IC? =SI? +5C% = -5%— = ASIC vudng tai S, suy ra SILSC  (2)
SILSJ, SILSC

S}, 5C < mp(SCD) = SI L mp (SCD)

Tix (1) va (2) 6 {
S]LSI,S]LSB

SI, 5B mp(SAB) > mp(SAB)

Ching minh tuong tu {
b) P4u tién ta chimg minh CD L (SIJ).

(cpl1y
1299 ep 1 si(vi st (sep)) — Pt (51)

= CD 1 SH(doSH < (S1J)) 1)

SH L1j(gt) , SH 1 CD(do(1))

= SH 1L mp(ABCD).
1J,CD < (ABCD)

Ta lai co: {
Tinh SH: Xét ASI] vudng tai S cé:
NS B U SO SO (I )
SH? SI> S 3a’ a? 3a? 4
Cho hinh chép S.ABC c6 SA L day va SA = 2a, tam giac ABC vudng tai C
v6i AB = 2a, BAC=30". Goi M la mét diém di déng trén canh AC, H la
hinh chiéu cua S trén BM.
a) Ching minh AH 1 BM.
b) bat AM =x, vdi 0<x < a\/§. Tinh khoang cach tir S téi BM theo a va x.
Tim x d& khoang cach nay 14 I6n nhat, nhé nhat.

LOI GIAI

BM L SH

BM LSA(ViSA L (ABC)) ™ BM L mp(SAM) = BM L AH

b) Khoang cach tir S téi BM chinh la SH.
Trong tam giac ABC: AC = AB.cos30° =a+/3,BC = AB.sin30° =a.

Xét ABCM : BM = VBC? + CM2 =,/a2 + (aﬁ - x)2 .
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Xét AABM:

SAABM = —12-AH.BM = —;—AM.AB.sin 30°

= AH= ax =
Ja2+(a 3—x)
Xét ASAH :
2 2 2 2 a’x®
SH” =SA° + AH” =4a +———-———'—-—-———2-
a2+(a 3—x)

Vi d6 dai SA khong ddi nén d€ SH 16n nhat thi AH 16n nhat. AH 16n nhat
khi M trung véi C khi d6 AH la AC va SH chinh 1a SC.
D& SH nhé nhat thi AH nho nhat. AH nho nhat khi M trung véi A khi d@6
AH bing 0 va SH chinh la SA.
Cho lang tru diing ABC.A'B'C’ ¢6 day ABC la tam giac déu canh a va CC' =a.
a). Goi I trung diém cua BC. Chitng minh AI L BC'.
b). Goi M trung diém cua BB'. Chitng minh AM L BC'.

c). LAy diém N thudc A'B' sao cho NB'= %vé goi J la trung diém cha

B'C'. Chitng minh AM L (MN]).

LOI GIAI
Vi ABCABC ling tru ding va c
AB=BC=CA=CC'=a nén ciac mit H

bén la cac hinh vuéng
a) Chung minh Al L BC'.
{AI LBC

AL Lo = ALL mp(BCC'B’)

= Al LBC'
b) Chiing minh AM 1 BC'. A
IM // CB',CB' 1 BC' ( tinh chat hinh vuéng).
Suy ra IM L BC'.
Tacd Al L BC'(cau a)) vaIM L BC'.
Vay BC' L mp(AMI)=>BC' L AM (dpcm).
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c). Chting minh AM L (MN]).
Goi H trung diém cta A'B', suy ra N trung diém ctia HB'.
Ta c6 MN // BH, BH 1L AM ( tinh chét hinh vudng).
Suy ra MN 1L AM 1)
MJ // BC', AM L BC' (tinh chat hinh vuéng). Suy ra AM L M] 2)
Tie (1), (2) suyra AM L mp(MN])
Nhan xét: Bai nay khong cé dg kho, chirng minh dwoc nho s6'ligu bai cho ddc biét
canh bén biing canh ddy, va cdc ban phdi nhé 2 dwong trung tuyén xudt phét tir hai
dinh ké nhau cia hinh vudng thi vudng goéc voi nhau.
Cho hinh chép S.ABCD c6 day la hinh chit nhat tam O, SA 1 (ABCD).
a). Goi H, K 1a hinh chiéu caa A trén SB, SD. Chitng minh SC 1 (AHK).

b). Ké AJ L (SBD). Chitng minh J la tryc tam ctia tam giac SBD.

s

LOI GIAI
a) Chimg minh BC L (SAB):

{BC 1 AB

= BC 1 (SAB) = BC L AH
BC 1 SA

{AH +5B(g) = AH 1 (SBC)

AH 1 BC(do (1))

= AH 15C (*)

Chitng minh CD 1 (SAD):

CD L AD
{CD Lga €D (SAD) = CD LAK  (2)
AK 1 SD(gt
(8) = AK 1 (SCD)=> AK 1 SC (**)
AK L CD(do (2))

Tir (*) va (**) suy ra SC 1 (AHK).
b) Goi L =DJ NSB(ViDJ,SB < (SBD)).M =B] nSD(viBJ,SD = (SBD)).

Tacé AD L mp(SAB)=AD LSB  (3)
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{SB 1 AD(do (3)) , SB L AJ(do(AJ L (SBD)))
AD, A] c(ADL)

=SBL(ADL)=SBLDL  (I).

Chitng minh tuong ty thi SD L BM (II)

Tix (I), (II) , xét trong tam giac SBD, J la giao di€m ctia hai duong cao.

Suy ra: J la truc tam cua ASBD.
Cho tiz dién ABCD ¢6 DA 1 (ABC). Goi Al 1a duong cao va H la truc tam |
ctia tam gidc ABC. Ha HK vudng géc voiDI tai K. Chitng minh:

a) HK L BC.
b) K 1a tryc tm ctia tam giac DBC.
LOIGIAL |
Trong tam giac ABC goi M=CHN AB.
Trong tam giac BCD goi N=CKnBD.
a) Ta co:
BC LAI, BCLDA .
{AI,DA < mp(DAI),DANAI=A

BC L HK
BC L mp(DAI 8
= BC L mp( )Q{BCJ_DI *)

b) K Ia truc tdm cua tam giac DBC.
{HK 1 DI(gt), HK LBC

= HK 1 mp(BCD) ?
DI, BC c mp(BCD), DINBC =1

CM 1 AB, CM 1L DA
= CM L mp (DAB)= CM L BD

AB, DA < (ABD),ABNDA = A

1)

BD L CM(do(1
{ (do(1)) = BD L mp(CMN)= BD LCN (**)

BD L HK (doHK L (BCD))

Tu (*),(* *) = K la tryc tdm ctia tam giac BCD.

Cho hinh chép S.ABC c6 SA = SB = SC = a, ASB=120°, BSC=90",
CSA =60°.

a) Chirng minh tam giac ABC vudng.

b) Xac dinh hinh chiéu H ctia S trén mp(ABC). Tinh SH theo a.
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a)

LOI GIAI s
AB? = AS? + SB? —2AS.BS.cos ASB = 3a% = AB= a3
BC2 =SB? +SC? =2a® = BC=a\2.
AC? =SA? +SB? —2SASB.cosASB=a2 = AC=a

Tacé AB? = AC? + BC?. A B
Vay ABC la tam giac vudng tai C.
SH L ABC
b) Vi mp(ABC)| _ ia _HB-HC. | P
SA=5B=SC ; <
Vay H la trung diém cua AB.
Vi tam giac ASH la nira tam giac déu nén SH = —S—é—éi =-g—

Cho hinh chép S.ABCD, day ABCD la t giac, ¢c6 ABD la tam giac déu,
BCD la tam giac cén tai C c6 BCD =120°. SA L mp(ABCD).

a). Goi H, K 1a hinh chiéu vuéng gdc ciia A trén SB, SD.

Chitng minh SC L (AHK).

b). Goi C’ 1a giao diém cua SC véi mp(AHK). Tinh dién tich t&t giac AHC'K
khi AB=SA=a.

a).

LOI GIAI

\

. {AB:AD

CB=CD

Suy ra AC la duong trung tric cia doan BD.
Tam giac ABD déu, ABD = ADB = 60°
Tam giac BCD can tai C c6 BCD =120°
= EBT) = C/D\B =30°.
Vay ABC=ADC=90°. ,
A
BCLAB,BCLSA(SAL(ABCD)) Z <
= BC L mp(SAB)= BC L AH
AB,SA c mp(ABCD) , ABNSA=A

DC L AD
DC L SA(SA 1 (ABCD)) = BC L mp(SAD) = DC L AK.
AD,SA cmp(SAD) , ABNSA=A
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= AH L mp(SBC)=> AH 1L SC ;

AH 1 SB
AH 1 BC

{AKLSDv

= AK L mp(SCD)= AK L SC
AK 1LCD

SC L AH, SC L AK
ay :{ = SC 1 mp(AHK)

AH,AK c mp(AHK) , AHNAK = A
b) BDLAC, BD LSA = BD L mp(SAC)
Ta cé: ASAB = ASAD(c.g.c)
= AH = AK (duong cao xuét phat tir 2 goc twong ting bang nhau)

Nén SH =SK, ma SB=SD.Suyra HK // BD (dinhly ddo Talet).

HK L SCA).
BD // HK - mp( )

BD L SCA
Cé { mp(SCA)
Vay HK L AC' (Vi AC'c mp(SAC)) *)
Ta c6 AB=SA = ASAB vudng can tai A nén H trung diém ctia SB.
Xét ASBD c6 HK la duong trung binh nén HK = -;-BD =% .

_AB 2
sin60? /3
Vi SC L (AHK) = SC 1L AC' (vi AC'« mp(AHK))

Xét AABCvuobng taiB: AC=

Xét ASAC vudng tai A: 12= 12+ 12=-1—2+ 32= 72:>AC’=3_a.
AC? AS? AC? a2 42’ 4a N

Tix (*) thi t gidc AHC'K ¢6 2 dudng chéo vudng géc nén:

la 2a a?

227 2f7

Cho hinh chép S.ABCD c¢6 day la hinh vudéng tam O, AB = SA =

SC,SDtaiH, I, K.
a). Chitng minh HK // BD.
b). Chitng minh AH 1 SB, AK L SD.

AHIK theo a.

SA 1 day. Goi (P) la mit phing qua A va vudng géc véi SC, (P) cat SB,

c). Chitng minh tit gidc AHIK c6 hai dudng chéo vudng goc. Tinh dign tich

a,
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a). Chttng minh HK // BD.

LOI GIAI

Ta c6: (SAC)n (ABD)=50;(P)n(SAC) =
Goi L=AINSO.

y {BD 1(SAC)=BD LSC
mp (P) 15C

= BD // mp (P).

. [Le(P)n(SBD) S \
Co = (P) N (SBD) =HK, vé6i HK di qua L va HK // BD.
BD // (P)

b). Chitng minh AH 1 SB, AK 1 SD.

CD L AD

= BC L (SAB), {CD oA

= CD 1 (SAD).

Theo chitng minh trén c6:
{AH 1 BC(BC L mp(SAB))

= AH L mp(SBC)= AH L SB
AH 1 5C(SC L mp(P)) mp(SBC)=

Twong tw ta chitng minh dugc AK L mp (SCD) = AK 1SD

Chitng minh tit gidc AHIK c¢6 hai duong chéo vudng goc.

Do BD L (SAC)va BD // HK suy ra HK 1 (SAC) = HK L AI(AlIc (SAC)).
Tinh dién tich AHIK theo a: |

Trong ASAC c6 Al I duong cao:

| SAAC aav2 _ aV6

Jsa?iac? a3 3

Vi ASAB vudng can tai A nén H la trung diém BC.

\/_

Suy ra HK = —Z—BD =

Két luan S =%AIHK-——2— ‘f.a‘z/— 6‘/—.

ALSC=SAAC= Al=
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a) Chitng minh SA 1 (ABCD) va tinh SA.
b) Pudng thing qua A vudng géc véi AC, cit CB, CD tai I, J. Goi H 14 hinh

c) Tinh dién tich t& giac AKHL.

Cho hinh chép S.ABCD, day ABCD la hinh chit nhat ¢c6 AB=a, BC =
a\/§ , mat bén SBC vudng tai B, SCD vudng tai D ¢6 SD = a\[5_ .

chiéu ctia A trén SC, K va L 1a giao diém cta SB, SD vé6i mp(HIJ). Chirng
minh AK 1 (SBC) va AL L (SCD).

a).

b).

LOI GIAI
Ching minh SA L (ABCD) va tinh SA.
BC L AB (vi ABCD I hinh chit nhat ) (1)
BC LSB (vi ASBC vudngtaiB) (2) ' ’
Tir (1) va (2) suy ra: BC L mp(SAB) (vi AB,SB<(SAB)).
Vay mp(SAB) L mp(ABCD) (viBC<(ABCD))  (¥)
Chitng minh twong ty thi CD L mp(SAD)
= mp(SAD) L mp(ABCD)  (*¥)

Ta c6(SAB) " (SAD)=SA .

Tir (*) (**) suy ra SA L mp(ABCD).

Xét ASAD vudng tai A:

SA =\SD? - AD? =a\2
Ching minh AK 1 (SBC)

va AL 1 (SCD). , .

(UH)A(SBC)=1H "% ¢

Goi K=SBNIH=K =SB mp(IJH).
(JH) ~(SCD) =JH, goi =SDAJH=L=SD nmp(JH).

Chitng minh AK L (SBC):

IA L AC(gt) |
IA LSA(SA L(ABCD),IA < (ABCD))

=IA L mp(SAC) =I1A1SC (3)

151



SC L mp (P)

{SC L AH(gt) . mp(SBC) —mp (P) 1 mp(SBC)

SC L1A(do(3)) ™ > mp(P); {

mp(P) " (SAB) = AK
mp(P) L mp(SBC) =AK L mp(SBC)
mp (SAB) L mp(SBC)
Chting minh hoan toan tvong tw AL L mp (SCD) .
c) Tinh dién tich t&t giac AKHL.
Xét ASAB vuéng tai A : SB=vAS2 +AB2 =a+/3;
ABAS _aV2

SB 3

Xét ASAD vudng tai A: ALSD = AD.AS=> AL =

Xét ASAC vudng tai A:SC =vAS? + AC? =a/6;
ACAS _2a
sC 3’

Vi AK L (SBC)= AK LKH.

AKSB=ABAS= AK =

ADAS aV6

sD 5

AHSC=ACAS= AH=

a2
2

Xét AAKH vuéng tai K: KH =vAH? - AK? =

Vi AL 1 (SCD)= AL LLH.

Xét AALH vudng tai L: LH = VAH? - AI2 = %—Z_
15

1 1

__l[a 2 a\/E_'_a 6 axfi]_Saz
2(V3'V3 5 Vis) 15
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HAI MAT PHANG VUONG GOC
I. DINH NGHiA
Hai mit phing duwoc goi 1a vudng géc véi nhau néu géc giita chiing bang
900,
II. CAC PINH LY VA HE QUA
Dinh Iy 1: Diéu kién can va du d€ hai
mit phing vudng géc véi nhau l1a mat

phing nay chita mét duong thing />/
vudng goéc v6i mit phang kia. ‘ =
almp (P)
ac mp(Q)

Hé qud 1: Néu hai mit phang (P) va (Q)
vudng géc véi nhau thi bat cit dwong thang a

= mp (P) 1l mp (Q)

nao nam trong (Q), vudng géc véi giao tuyén

cua (P) va (Q) déu vudng goéc voi mat phéng

(P).

(P)L
e

(P)

Q)
(Q)=d =al(P)
(Q) ,ald

Hé qua 2: Néu hai mit phang (P) va (Q)
vudng géc voi nhau va A la mét di€ém trong
(P) thi duong thing a di qua diém A va
vudng géc voi (Q) sé nam trong (P).

P)L(Q

Ae(P),Aca =ac(P)

al(Q

Dinh ly 2: Néu hai mit phing cit nhau va

cling vudng géc véi mit phing thit ba thi
giao tuyén cua chung vudng goéc véi mit
phéng thi ba.

P)N(Q)=a

(P)L(R) =al(R)

(QL(R)
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HINH LANG TRU PUNG, HINH HOP CHU NHAT,
HINH LAP PHUONG

DINH NGHIA: _
Hinh lédng tru ding la hinh lang tru c6 cac canh bén vudng géc véi cac mat
ddy. D6 dai canh bén dugrc goi 1a chiéu cao ctia hinh lang tru ding.
-+ Hinh ldng tru dtng c6 day la tam giac, ti giac, ngii gidc, ... dwoc goi 1a
hinh ling tru dieng tam gidc, hinh ling tru ditng tie gidc, hmh ling tru ditng ngii
gdc, ...

+ Hinh ldng tru ding c6 day la mot da gidc déu dwoc goi la hinh lang tru
déu. Ta c6 cic loai ling tru déu nhu hinh ling tru tam gidc déu , hinh ling tru
tir gidc déu , hinh ling tru ngii gidc déu ...
* Hinh ldng tru diing c6 day la hinh binh hanh dwoc goi 1a hinh hép ditng.
* Hinh ldng try dung c6 day 12 hinh chit nhat duoc goi 1a hinh hdp chiz nhat.
* Hinh ldng tru ding c6 day la hinh vudng va cic mit bén déu 1a hinh
vudng dwoc goi la hinh lip phirong.

HINH CHOP BEU VA HINH CHOP CUT bEU
HINH CHOP BEU
M&4t hinh chép dwoc goi 1a hinh chép d€u néu né 6 day 1a mot da giac déu
va c6 chan duong cao triing véi tim cua da giac day.
Nhan xét:
+ Hinh chép déu c6 cac mit bén 1a nhitng tam giac can bing nhau. Cac miit
bén tao véi mit day cac goc bang nhau.
+ Cac canh bén cia hinh chép déu tao véi mit day cac gbc be‘“mg nhau.
HINH CHOP CUT BEU
Phan cta hinh chép déu nim giita day va mét thiét dién song song véi day
cdt cac canh bén ctia hinh chép ddu dwoc goi 1a hinh chép cut déu.

PHUONG PHAP CHUNG MINH HAI MAT PHANG VUONG GOC

Céach 1: Ta Chung minh mét phang nay chita mgt dwdng thing vudng géc
v6i mit phéng kia.

Cach 2: Ta chitng minh géc giita ching 1a 90° .
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Cho tit dién ABCD c6 ABC la tam giac
vuong tai B va AD L (ABC). Chitng minh:
mp (ABD) vudng goéc véi mp (BCD).
LOL GIAI
BC L AB (ViAABC vudng tai B)

BC L DA (Vi AD L mp (ABQ)) |
AB,DA c (ABD)

= BC L mp(ABD)

M BC c (BCD)= (BCD) L (ABD)

Cho tir dién ABCD c6 AB L (BCD). Trong tam giac BCD vé cac duong cao
BE va DF cat nhau tai O. Trong mp(ACD) vé DK L AC. Goi H 1a tryc tam
cta tam giac ACD.
a) Chitng minh (ACD) L (ABE) va (ACD) L (DFK).
b) Chitng minh OH L (ACD).
LOI GIAI
a) Ching minh (ACD) L (ABE) va (ACD) L (DFK).
CD L BE! (Gia thiét) 4
CD L AB (Vi AB L mp (BCD))
BE, AB < (ABE)

= CD L(ABE).
Ma CD < (ACD) = (ACD) L (ABE).

DF L BC, DF L AB
{ = DF L(ABC)

BC,ABc (ABC)

= DF L AC(ACc (ABC)) (1)

{AC 1 DF(do(1)), AC L DK(gt) = AC L (DFK).

DF, DK c (DFK)
Ma AC c (ACD)= (ACD) L (DFK).
b) Chting minh OH L (ACD).
Tac6 CD L (ABE)= CD L OH(vi OH c (ABE)) (¥)
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Tacé AC L (DKF)= AC L OH(vi OH < (DKF)) (**)
Tr (), (+%): OH LCD,OH L AC
& ()4 cp,ac < (ACD)
(ABE) (DFK)=0H
Cach khac Ta ¢ :{(ABE) L (ACD) .Suy ra OH 1 (ACD).
(DEF) L (ACD)

= OH L (ACD).

Cho hinh chép S.ABC c6 day ABC la tam giac vudng tai C, SAC la tam giac
déu va ndm trong mp vudng géc véi (ABC). Goi I 1a trung diém ctia SC.

a) Chitng minh (SBC) L (SAC).

b) Chttng minh (ABI) L (SBC).

LOI GIAI
Goi H trung diém cta AC.
Ta c6 ASAC déu nén SH L AC, AILSC.
(SAC)n(ABC)=AC
Cé: <(SAC) L(ABC) = SH L mp (ABC).
SH 1 AC, SH ¢ (SAC)

|BC L AC(gt), BC LSH

6: = BC 1 (SAC).
AC,SH c (SAC)

Ma BC = (SBC) = (SBC) L (SAC). _
J AI LSC(gt)
C6: { Al LBC(BC L (SAC))= AI L(SBC).
SC,BC < (SBC)

Ma Alc (ABI)= (ABI) L (SBC).

Cho hinh chép S.ABCD ¢6 day 1a hinh thoi canh avaSA=SB=SC=a.
a). Chung minh (SBD) L (ABCD).
b) Chitng minh tam giac SBD vudng.

LOI GIAI
Goi H 1a hinh chiéu vudng géc ctia S trén mit phéng (ABCD).
Vi SA=SB=SC, nén HA =HB=HC.

Suy ra: H nam trén duong trung tryc ctia doan AC, viy He BD.

156




a). Chieng minh (SBD) 1 (ABCD). s
AC 1 BD (Vi ABCD la hinh thoi)
AC 1 SO(ASAC can tai S)
BD,SO = mp(SBD)

=ACL mp(SBD) .

Ma AC c (ABCD)= (ABCD) L (SBD).
b) Ching minh tam giac SBD vudng.

Ta c6 ba tam giac:

ASAC = ABAC = ADAC(c.cc).

C + B

Suy ra ba duong trung tuyén xuét phat tir 3 dinh tirong tng bang nhau thi
bang nhau, nghia la SO = BO =DO.

Trong tam giac SBD ¢6 SO la dwong trung tuyén va SO = —;—BD .

= ASBD vudng tai O.

Cho hinh chép S.ABCD ¢6 day ABCD la hinh thoi tam O, c6 canh béng a va

a6

duong chéo BD = a, SC = — va vudng goc voi (ABCD). Chitng minh
(SAB) L (SAD).

LOI GIAI
Trong mit phang (SAC), ké OH L SA tai H.
Ta c6 AABD déu nén:

S

2 2
v 3a
Trong ASAC c6 SA =yJAC?2 +SC2 ==
& 2
Ta co: AAHO ~ AACS (g.g)
a3
HO_AO_ ..o "5 a6 _a
CS AS 3 2 2
2

Trong tam giac HBD c6 HO la duong trung tuyén va HO = -;?BD.

= AHBD vudng tai H.
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BD L AC(vi ABCD hinh thoi) , BD 1 SC(SC L (ABCD))
AC,5Ccmp (SAC) k

=BD 1(SAC)=>BD LSA
SA LBD,SA LOH BH LSA
6: = SA L mp(BDH)=
BD,OH < mp(BDH) DH 1 SA

Vay géc giita hai mit phang (SAB ) va (SAD ) la gbc BHD.
Theo chitng minh trén BHD =90° = mp(SAD) L mp(SAB).

Cho tam giac déu ABC. Trén duong thang d vudng géc véi mp(ABC) tai A
18y di€ém S. Goi D la trung diém cta BC.
a) Chung minh (SAD) L (SBC).
b) Ké CIL AB, CK L SB. Ching minh SB L (ICK).
c) Ké BM L AC, MN L 5C. Chitng minh SC L BN.
d) Chting minh (CIK) L (SBC) va (BMN) L (SBC).
e) MB cét CI tai G, CK cit BN tai H. Chting minh GH L (SBC).
LOI GIAI

Ay

a) Chig minh (SAD) L (SBC).
Vi AABC d&éu nén AD L BC

. [BCLAD,BC LSA
a co:
AD,SA c(SAD)

= BC L (SAD).

Ma BC < (SBC)=> (SAD) L(SBC).
b). Chiing minh SB L (ICK).

CILAB, CILSA
AB,SA c (SAB)

= CIL(SAB)=CI LSB

o {SB LCK(gt). SBLCI(do(1) _ ()

" |CK,Clc (CIK)
). Chitng minh SC L BN.

. {BMLAC, BM 1 SA

ACSAC(SAC) BM L(SAC)=>BMLSC  (2)
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6 {SC LMN(g) . SCLBM(do(2)) _ oo (BMN)=SC L BN.

MN, BM < (BMN)
d). Theo cu b) SB L (CIK), ma SB < (SBC) = (SBC) L (CIK).
Theo cau ¢) SC L (BMN), ma SC < (SBC) = (SBC) L (BMN).
(CIK)~(BMN) =HG
e) Tacé: {(CIK) L (SBC) = HG L(SBC).
(BMN) L (SBC)

Cho hinh chép S.ABCD ¢6 day la hinh thoi tam O. Hai mat phéng (SAC) va
(SBD) cung vudng goéc véi day ABCD.
a) Chirng minh (SAC) L (SBD).
b) Tir O ké OK L BC. Chitng minh BC L (SOK).
¢) Chting minh (SBC) L (SOK).
~ d) Ké OH 1 SK. Chitng minh OH L (SBC).

LOI GIAI
a). Ching minh (SAC) L (SBD). s
(SAC)n(SBD)=SO /)
Tacé: {(SAC) L(ABCD)  =SOL(ABCD).// |l
(SBD) L (ABCD) !

AC L BD(ABCD hinh thoi)
Cé: ¢ AC LSO(vi SO L (ABCD))
BD,SO < (SBD)

= AC 1 (SBD)

- \
Ma AC < (SAC)=>(SAC) L(SBD). : ‘
b). Chung minh BC L (SOK).
{BC 1 OK(gt) , BC LSO(SO L (ABCD))

OK, SO = (SOK)

= BC 1 (SOK).

). Chtng minh (SBC) L (SOK).
\ {BC 1(SOK)

Vitnee (550) = (SBC) L (SOK).
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d) Chitng minh OH L (SBC).
{OH 1SK(gt) , OH L BC(BC L (SOK))

OH 1 (SBC
SK,BC < (SBC) - (55¢)

Cho hinh vuéng ABCD. Goi S 1a diém trong khong gian sao cho SAB la tam
giac déu va ndm trong mit phing vudng gbc voi day (ABCD). Goi H val
1an luwot 14 trung diém caa AB va BC.

a) Chitng minh (SAB) L (SAD) va (SAB) L (SBC).

b) Chting minh (SHC) L (SDI).

LOI GIAI
Vi tam gidc SAB déu nén SH L AB.
(SAB)n(ABCD) = AB
Cé: 4(SAB) L (ABCD) = SH L (ABCD).
SH < (SAB) , SH L AB '
a). Chiing minh (SAB) L (SAD) va (SAB) L (SBC).
AD 1 AB(gt) >
AD L SH(SH L (ABCD))=> AD L (SAB)
AB,SH < (SAB)

Ma AD c(SAD) = (SAD) L (SAB)
Chitng minh hoan toan twong tw:
ta chitng minh duoc (SBC) 1 (SAB) .
b). Chitng minh (SHC) L (SDI).
Cé: ABCH = ACDI(cg.c)=C, =D;. = /.
Ma D, +1, =90° = C, +I, =90°. Vay HC L DI.
DI LCH
Cé: {DI LSH(SH L (ABCD)) = DI L (SHC).
CH,SH < (SHC)
Ma DI ¢ (SDI)= (SDI) L (SHC).
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Cho tam giac déu ABC canh a. Goi D la di€m d6i xtng v6i A qua BC. Trén

a\/—

duong thing vudng géc véi (ABC) tai D ldy diém S sao cho SD =
Ching minh:

a). (SBC) L (SAD).

b) (SAB) L (SAQ).

LOI GIAI
S

a) Chitng minh:(SBC) L (SAD).

{BC LAD (Tinhchdthinhtho) |

2

BC 1 SD(SD L (ABCD))

= BC L mp(SAD). Ma BC < mp (SBC).

Suy ra (SAD) L (SBC) .
b). (SAB) L (SAC).

Vi tam giac ABC déu nén:

AB=BC=AC=a.

Va cé tam giac DBC déu BD=DC=BC=a. / \

Goi O=ACABD. e ‘ 4

J‘

AO la duong cao cia tam giac déu ABC nén: AO=——=AD= a3 ..

D

Tam giac SDA vuodng tai 5:SA = VSD? + AD? = J(a\/_} ( \/—) = 3\2a .

Ha OI L SA tai L Tam gidc AAIO ~ AADS(g-g).

Nen QLA A0 2
DS AS AS 2

Trong tam giac BIC c6 IO la duwong trung tuyén va 10 = %BC .
Suy ra tam giac BIC vudng tai I, nghia la goc BIC=90°.
Vay (SAB) L (SAC).

SA 1 BC (ViBC L mp(SAD))
Tacé: {SA LOI (Docichdung) = SA L mp(BCI)=
BC,Olc mp(BCI)

BILSA
{ Il a

CILSA
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Tie (1) suy ra :[(SAB),(SAC)] = []ﬁ:l = BIC = 90° (Chitng minh trén)

= mp(SAB) L mp(SAC) .

Cho hinh chép S.ABCD c6 day 1a hinh vudng canh a, SA vuéng goéc v6i day.

Goi M, N Ia céc diém thuge BC va CD sao cho BM = 2, DN = 2 Chiimg

~ minh (SAM) L (SMN).

LOI GIAI
Ap dung dinh ly Pitago cho c4c tam giac vudéng ABM, CMN, ADN .
S

Ta cé:
a 2
AM? = AB?2 + BM? =a” + (—2-]

2
MN2=CM2+CN2=(%) +(

AN? = AD? + DN? = a? J{T

= AM? + MN? = AN? .
Theo dinh ly Pitago thi: AAMN vudng tai M.
Suy ra: MN L AM.

{MN LAM

MN L5 = MNL mp(SAM).

Ma MN c mp(SMN) = (SAM) L (SMN).

Cho hinh chép S.ABCD cé déy la hinh thoi tam O, canh a, SB=5SD =a,

2a\/§

3
a) Chitng minh tam giac SAC vudng tai S.
b) Chting minh (SBC) 1 (SCD).
LOI GIAI
a). Ching minh tam gidc SAC vudng tai S.

2
Ta c6: SO =ySB2 —-BO? = az-[a—‘?{—iJ =-a—*§-;

BD =

. Hai m3t phéng (SAC) va (SBD) ciing vudng géc véi day.
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2
AO=+vAB? -BO? = az—(a—s\/-g-J =%g_

Trong tam giac SAC c6 SO la duodng
trung tuyén va SO= %AC nén ASAC
vudng tai S.

b). Chitng minh (SBC) L (SCD).
Ké OH vudng gécv6iSCtaiH. B
Theo ciu a) trong ASOC vudng tai O, ta c6:OA=0C=0S5 .
Suy ra H trung diém ctia SC.

L1, 1 _on- 0SOC __aV3
OH" 0s° OC Jos?+oc? 3

Va

Xét ABDH ¢6 HO la duong trung tuyén va HO = %BD .

Nén BHD vudng tai H 1)
ABCS cin tai B, suyra BHLSC  (2)
Twong tu DH.LSC (3)

Tir (1), (2), (3) suy ra: [(SBC),(SCD) ] = BHD =90° => (SBC) L (SCD).

Cho hinh chép S.ABCD c6 SA vudng goc v6i day la hinh vuéng ABCD. Goi
O 13 tam cua day , vé CI vudng goc v6i SO tai I, vé DH vudng goc voi SB tai
H. Chitng minh ring :

a). Mt phing (SAB) vuéng véi mit phing (ADH).

b). CI vudng goc v6i mit phing (SBD).

c). Hai mit phing (ABE) va (SAD) vudng géc nhau , v6i E 1a giao di€m cua
SO va DH.

LOI GIAI
AD L SA
Cé: {

= AD 1 (SAB) = AD LSB.
AD 1 AB
Co: {SB P ep ) (ADH).

SB L AD

Ma SB < (SAB) = (SAB)L(ADH).
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b). C6 {

SD 1L BE
. Tacéd

BD 1L AC

BD Lsa ~EDL (saC)

= BD L CI(CI=(SAC)).

CI1SO,CILBD
6: { = CI L(SBD).

SO, BD c (SBD)

SD L AB(AB L (éAD)) |

= SD L (ABE).
Ma SD c (SAD) = (SAD) L (ABE).

GOC GIUA HAI PUONG THANG
Cach xac dinh géc giira hai dwong ‘thﬁng chéo nhau a va b:
Chon diém O thich hop, rdi ké
hai duong théng di qua diém O:
a'//avab’//b.

Cac phuong phap tinh goc:
+ Str dung hé thitc lugng trong tam giac.
_ b __c
sinA sinB sinC
b? + % — a2
2bc
Trong d6: a, b, c1a 3 canh; A, B, C1a 3 géc ctia AABC.

Pinh Ii sin:

Dinh li cos: cos A =

lu U,
+ Tinh goéc theo vecto chi phuong: cose = I l I

Chi 7:0° < ¢ <90°
+ ABL1CD <« ABCD=0.

+ Néu a va b song song hodc tring nhau thig=0°.
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Cho hinh chép S.ABC c6 SA=SB=SC=AB=AC=2a, BC= a2 . Tinh goc
giita hai duong théng SC va AB.

LOI GIAI
Goi E, F, G 1an luot 1a trung diém cta BC, AC, SA.
Ta cé: EF // AB, FG // SC

:[SC,AB] =[EF’F\G] _EFG
Tacé FE=FG=LAB=2
20T

ABAG = ACAG(cg.c)=>GB=GC.

Tam gidc GBC cén tai G ¢6 GE la duodng cao.

B

2

Tam giac EFG du vi c6 3 canh bang nhau.Vay EFG=60°.

Cho hinh hép ABCD.AB'C'D' c6 d6 dai tat ca cac canh déu b.:!mg a>0va
BAD =DAA'=A'AB=60". Goi M, N Ian luot Ia trung diém ctia AA', CD.|’
Chitng minh MN // mp(A'C'D) va tinh cosin ctia goc tao boi hai duong
thdng NM va B'C.

LOI GIAI
Goi I 1a trung diém cua DC'.
Trong tam gidc CDC' c6 NI 1a dudng trung binh ciia tam giac, nén :

NI // CC'

NI=LCC'
2

(Tinh chét hinh hop).

,.[CC i AA
lcc = A

NI // MA'

NI=MA'

NI/ AA’
lhi-2aa™1

1 L=
NI=-2~AA'

B
Vay tit giac MNIA' la hinh binh hanh
nén MN //IA".
Ma IA'c(A'C'D')= MN // mp(A'C'D).
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B ) DA 3[%] =[DA',IA':|§,lm ‘hosic 180° -DAT

Ta c6 tam gidc DAA' d€u nén DA'=a.

Xét AABC cé: ABC =120;

AC? = AB? + BC? —2AB.BC.cos120° = 3a% = AC =a+/3 .
Tuong tw, 4p dung dinh Iy cosin cho AA'AB': AB'=a+/3 .
Tac6 AC=A'C'=a, AB'=DC'=a\3.

Trong ADA'C; c6 A'Tla duong trung tuyén:

N {MN /] 1A'

2, Are2 2 .2 a2 2 2
a2 _DAZ+A'C? DC? _a?+3a® 3a® 5a° . _aV5
2 4 2 4 4 2
P 2 |2_ 2
TrongAA'DItacé:cosDA'I=DA +1A"-DI -3 >0.
2DA'IA’ 2.5
Két luan: cos [MN, CB"] = lcos Iﬁl -3 = -:-J’ig- )
125 10

Cho hinh lang try tam gidc déu ABC.A'B'C' ¢c6 AB=1,CC'= m(m > O) . Tim

m biét réng géc giita hai dudng thing AB' va BC' bing 60° .

LOI GIAI
Trong mit phing (ABB'A’), ké BD // AB’ (D € A’B)
= [XETBT:'] = [BD, BC'] =60°.

Vay: BDC'=60° hoZc DBC' =120°.
Vi ABC.A'B'C’ ling tru déunén BB' L (A'B'C'),
Ap dung Pytago cho ABB'D vudng tai B:

BD =VDB2+BB?2 =1+ m? . /
D
Ap dung Pytago cho ABB'C’ vudng tai B": BC' =\/ C'B?+BB"? = \/ 1+m? .
Ap dung dinh Iy cosin ADB'C':

DC? =DB”+C'B?-2DB".C'B".cos120° =3=DC' = /3 .

Trudng hop 1: Néu BDC' =60 thi tam gidc BDC' déu nén:

BD=DC'® Vm?+1=V3 & m=12.

Trudng hop 2: Néu BDC'=120° 4p dung dinh Iy cosin cho ABDC’

Suy ra: m =0 (loai).
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Tuyén sinh dai hoc khoi A nim 2008

Cho ling try ABC.A'B'C' c6 d6 dai canh bén bing 2a, day ABC la tam giac
vuéng tai A, AB=a, AC=av3 va hinh chidu vudng géc cua dinh A’ trén
mit phang (ABC) la trung didm ctia canh BC. Tinh cosin ctia goc giita hai
dudng théng AA', B'C'.

LOI GIAI
Goi H trung diém caa BC, theo d&¢ A'H L mp (ABC) .
A L

Ma mp(ABC) // mp(A'B'C’)
= A'H Lmp(A'B'C)

Tam giac ABC vudng tai A:
BC=+vAB2+AC? =2a=>BH=a

AA'// BB'
Ta co: { I

B'C' // BC IR

. (A&7BC) - (6E8C) BB

Trong tam giac A'B'H vuéng tai A’ ¢6:

HB'=VA'B? +A'H* =2a.

Ap dung dinh ly ham cosin cho tam giac BBH co
___ BB24+BH2-B'H? 4a’+a’-4a’ 1

cosB'BH = = ==>0 (thoa) .
2.BB'.BH 2.2a.a 4

Tuyén sinh dai hoc khdi B nam 2008

Cho hinh chép S.ABCD c6 day ABCD la hinh vuéng canh 2a, SA = a, SB =
a+/3 va mit phéng (SAB) vuéng gdc voi mat phéng day. Goi M, N lan luot
1a trung diém cta cac canh AB, BC. Tinh cosin ctia géc gitta hai duong
thing SM, DN.

LOT GIAI
Ha SH L ABtai H.
Vi mit phing (SAB) vudng goc mat phéng (ABCD) c6 AB la giao tuyén.
Suy ra: SH L mp(ABCD).
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Trong mit phing (ABCD), tit M ké ME // DN
v6i E thudc AD. Vay géc gitta SM va DN
chinh 1a géc gitta SM va ME .

Xét tam gidc SAB c6: AB? =SA? +SB? = 4a2.
Vay ASAB vudng tai S.

v L1 1 1. 1 4

SH> SA? SB? a2 3a% 3a?
=SH= 9—[— 8"
Tam giac SHA vudng tai H:
2
HA=SA2-SH? = [a2 32" _2
4 2
Goi K trung diém cta AD ta c6 ME // BK // DN.
Vay ME la duong trung binh tam giac ABK. B N c

a\/"

Vay AE:%AK:%;ME:%BK 1 /aB? 4 a2 -

2 2
Tam gidc HAE vudng tai A: HE =VAH? + AE? =, f% + 34— = %‘/—5- .

2 2
~ Tam giéc SHE vuéng tai H: SE =SH? + EE2 = -3-2— + 32— = 3‘2/5 .
Ap dung dinh ly ham cosin cho tam gi4c SME cé:
cosSME = SM” + ME? - SE? _ 1 4 =__1_23/_§>0
2SMME ,,a¥5 5 5
e
2

Cho khéi chép S.ABCD c6 ABCD la hinh vudng canh a, SA =a+/3 va SA
vudng géc voi mit phang day. Tinh cosin clia goc giita hai dudng thing SB, AC.
LOI GIAI

Qua B ké dudng théng Bx song song véi AC.

Bx cit AD tai F.

Géc giita AC va SB, chinh la géc gitra Bx va AC.

Ta c¢6 AFBC la hinh binh hanh, nén AF = BC va AC = FB.
Suy ra SF =SB, tam giac SBF can tai S.
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C6 SB=+SA2 + AB2 =2a. FB=AC=a\2
Ha SH 1 FB, thi H trung diém FB.

| a2
SB 2a 4

Cho hinh chép S.ABCD c¢6 tt ca cac canh déu bang a, day 13 hinh vudng.
Goi N la trung diém SB. Tinh géc giita AN va CN, AN va SD.

LOI GIAI
Theo d& bai:SA =SB=SC=SD=AB=BC=CD=DA=a.
Goi O=ACABD, c6 AN = -a-‘/-—-(ASAB déu).

a3

N= —(ASBC déu).

Ap dung dinh 1y cosin cho tam giac ANC:
—— AN?+CN®-AC* -1

cosANC = =— <0
2.AN.CN 3
= ANC = arccos(%} “

Trong tam giac BDS c6 ON la duong trung binh ctia tam giac.
=| AN,SD|~| AN,NO |- ANO

Ap dung dinh Iy cosin cho AANO:

o 2 2 2 o
cos ANQO = AN" +ON” — AQ \/— = ANO = arccos \/5
2.AN.ON 3
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GOC GIUA DPUONG THANG VA MAT PHANG
PHUONG PHAP GIAI TOAN a
Goc giita dudng théng d va mit phéng
(P) 1a goc gitra d va hinh'chiéu cta né
trén mit phing (P).

Goi a la goc giita d va mit phang (P)
thi: 0° <o <90°

Dau tién tim giao di€m cua d va (P) goi la diém A.

Trén d chon diém B khac A, dung BH vudng géc véi (P) tai H.
Suy ra AH la hinh chiéu vudng géc cua d trén mat phéng (P).
Vay goc giira d va (P) la géc BAH. |
Néu khi xac dinh goc gitta d va (P) khé qua ( khong chon duoc diém B dé
dung BH vuéng géc véi (P)), thi ta sit dung cong thikc sau day. Goia la goc
gitta d va (P). Suy ra:
d(M,mp(P))

AM
Ta phai chon diém M trén d, ma c6 thé tinh khodng cach duoc dén mat
phéng (P). Con A la giao diém ctia d va mt phang (P).

sino. =

Cho hinh chép S.ABCD c¢6 day la hinh vudng canh a, SA | day va SA =
av/6 . Tinh goc gitra:

a). SC va (ABCD). b) SC va (SAB).
c). ACva (SBC). d) SBva(SAC).

b)

, LOI GIAI S\
AC 12 hinh chiéu ctia SC 1én mp(ABCD). ‘
[sC,(ABCD)]=5CA,

tanSCA = 22 _ av6 =3 = SCA = 60°
AC av2

= BC L mp(SAB).

BC L AB
BC LSA

VAy SB la hinh chiéu vuéng géc cia SC
1én mit phang (SAB).

:>(SJC,‘(§E))=E\SB;
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— BC a 1 g 1
tanCSB = — = —= = —= => CSB = arctan—.
SB a7 7 J7
c) Kée AF L SBtaiF.
AF 1 SB
Cé AF L SBC).
O{AF_LBC:> mp(SBC)

Vay FC la hinh chiéu vuéng géc cia AC trén mp(SBC).
Vay: (AC,(SBC)) = 1@ ;

sm./ﬁ—-él—:-= 7 =—\/§——l :z@=arcsin——2—l
S BN SO W U W ALY
AF? AS? AB* 6a° a° 6a 7
BO L AC
d = BO L mp(SAC).
){BOLSA Lmp(SAC)

Nén SO 1a hinh chiéu ctia SB 1én mp(SAC).
Vay (55(5AC)) - 550

— OB a (a\/l—?;J 1

C6 tanBSO = H— == = ﬁé(\)=arctan~—l-.
J13

os 2\ ) i3
2
Véi SO =+SAZ + AO? =,/6a2+32—=a£_§

Cho hinh chép S.ABCD c6 déy 1a hinh thoi. Biét SD = av/3, tit ca céc canh
con lai déu bang a.
a) Ching minh (SBD) la mat phéng trung truc ctia AC va SBD la tam giac
vuong.
b) Xac dinh géc gitra SD va mp(ABCD).
LOI GIAI
a) Goi H 1a hinh chiéu vuéng gdc ctia S trén mp(ABCD).-
Theo dé bai SA=5B=5C.
Suy ra: HA = HB = HC (duong xién bing nhau thi hinh chiéu bang nhau).
Vay H thudc BD (BD la duong trung trieec cua doan AC).
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AC LSH (SH c (SBD))
= AC 1 mp(SBD)

{AC 1 BD (Vi ABCD la hinh thoi) | A

~C L mp(SBD),(SBD)nAC=0, O 1a

trung di€m cua AC. 7P

———en

Vay: (SBD) la mp trung truc cia doan AC.
Ta cé: ASAC =ABAC (c.c.c)

N

=S0=BO(2 dudng trung tuyéh xuét ° l ¢
phat tir 2 dinh twong tng bang nhau).

Trong tam giac SBD: SO = %BD => ASBD vudng tai S .
1 = 1 + 1 =>SH = \/_
SHZ SB? SD? 3a2
b). HD Ia hinh chiéu cta SD trén mp(ABCD), [SD, ABCD ] =SDH .

Trong tam giac vudéng SHD: smﬁl = §5 =— a\/— ( \/—) = —;— = SDH =30°.

Cho tam giac ABC vudng tai A, AB = a ndm trong mp(P), canh AC = a2
va tao véi (P) mot goc 60° . Tinh goc giita BC va (P).

LOI GIAT

BC=vVAB? +AC? =aV/3.
Goi H 1a hinh chiéu vuéng géc cta C trén mp (P). oz
AH 1a hinh chiéu vuéng géc cia AC trén mp(P).
[AC,(P)]=CAH=60°;

Rpo-mmmmmemmmmemeemoa a0 )

\

CH ﬁﬁ»ae

sma\H =——=CH=
CA

BH Ia hinh chiéu vuong goc cua BC trén mp(P)
[BC,(P)]=CBH

sm@?LCH_[af];(a@){.%:fsﬁﬂso

CB
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Cho hinh chép S.ABC c6 SA=SB=5C = Za;/é._ va day ABC la tam giac déu

canh a.
a) Goi H 1a hinh chiéu caa S trén mp(ABC). Tinh SH.
b) Tinh gbc giita SA va (ABC).

LOI GIAI

2 a\/— a\/—

a) C6 AH--—AF-———=——
32 3

SH = SA2 AH? = \/[31‘/—5—]2_(&_@]2 _
3 3

A 3 ~~
b) AH Ia hinh chiéu ctia SA 1én mit phéng (ABC).

Nén [Sm)} = S/A;I\-I

sAr- S

tanSAH = =3 = SAH = 60°

I

Cho hinh chép S.ABCD cé SA vudng goc véi day, ABCD la hinh thang
déay I6n AD, AB=BC=DC=a,DA=2a.Vé AH L SC va M la trung diém
SB. Goc gitra SB va mp(ABCD) la 45°. Tinh goc:

a) (AM,(sBD))

b) (AH,(ABCD))

o) ((sAD),(sBC))

LOT GIAI
a). Theo d€ bai ABCD nutra luc giac déu,
nén ABCD ndi tiép trong dudng tron
duwong kinh AD, c6:

AC=BD =vAD? - AB? =a/3.

BD L AB
|

5D 1sa = BDL mp(SAB).

Vay: AB 14 hinh chiéu ctia SB 1én mp(ABCD),

nén: (SB,(ABCD)) - SBA — 45"
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= SA = AB =a (Vi tam giac SAB vudng can tai A)

. {AM 19B(gt)

AM_L BD(BD L (SAB) = AM L (SBD)=> (AM,(SBD)) _90.

b) Trong tam giac SAC : Ké HI||SA = HI L mp(ABCD) .
Vay Al la hinh chiu ctia Al trén mit phing (ABCD):
(Xﬁf(?xﬁ)) - HAI=HAC.

SA

Trong ASAC vuong tai A: tanSCA = = SCA 30°.

af \/—
Trong AHAC : HAC + HCA =90° = HAC = 60°.

¢) Mudh tim géc giita hai mit phéng (SAD) va (SBC), ta phai tim giao tuyén
ctia hai mit phéng:
o {s e (SAD)(SBD)

= 1
AD // BC = (5AD) (sBD) =Sx(Sx // AD // BC) (1)

BC L AK

Keé AK LBCtai K. C6
BC L SA

= BC Lmp(SAK)=BC LSK (2
SA 1 Sx

Tix (1) va (2) {SK Lo

=[(5D),(3BC) |- ASK.

Trong AAKB vudng tai K:

a3

AK = AB.cosKAB =a.cos30° = = (vi DAB= 60°)
5 5 5
Trong ASAK vuong tai A: tan ASK = —A—Ig- = 2 = —;— = ASK arctan?a-
a

Cho hinh chép S.ABCD c¢6 SA vuéng géc véi day ABCD, day 1a hinh thang
vuéng tai A, c6 day 16n AB, AB=2a,AD=DC=a. Vé AH 1SC vaMla
trung diém cta AB. Géc giita (SDC) va (ABC) la 60°. Tinh :

a) (D,(sAB))
b) ((AD).(BMC)) |

¢) Chitng minh BC L (SAC).

LOI GIAI
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CD1LAD

= CD L mp(SAD)=CD 1SD.
CD L SA

a) Co {
(SCD)~(ABCD)=CD
Cé: {AD LCD,SD LCD
AD c (ABCD),SD < (SCD)

=((SCD),(ABCD)) ~SDA = 60", trong ASAD c6 SA = AD.tan60” =av/3.

Cé: {AD tAP L ADL mp(SAB).

AD L SA

Suy ra: SA 1a hinh chiéu \(uéng goc cuia SD trén mp(SAB).

Vay (SD,(3AB)) - DSA - 30°

b) Ta c6 AD // CM (dé dang chiing minh dugc).

Tim giao tuyén cia mp(SAD) va mp(SCM).
Se(SAD)N(SCM)

Cé: {AD // CM = (SAD)n (SCM) =Sx(Sx // AD // CM).
AD c(SAD),CM < (SCM)

Tacé DA LSA(DA L(SAB))=>SA 1 5x.

CM L (SAB)(vi CM // AD)=>SM L CM => SM 1 Sx
Vay: [ (5AD), (SCM) | = (54,5M) = ASM1.

CotanAsmM=2M_ 2 _ 1 iohi-30.

AS a3 3
¢) Ta c6 ACDM la hinh vuéng nén CM = a, trong tam giac ACB c6 CM la
dudng trung tuyén va bang mot nita canh BC. Suy ra tam giac ACB vudng
tai C. ’
BC LAC
Co: {

= BC 1 (SAC).
BCLSA

Cho hinh vuéng ABCD va tam giac déu SAB canh a nam trong hai mit
phing vudng géc véi nhau. Goi I 1a trung diém ctia AB .
a) Chting minh SI L (ABCD) va tinh géc hop boi SC va mit phang (ABCD).
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b) Tinh khoang cach tir B &&h mit phing (SAD). Tir d6 tinh géc giita SC va
mp (SAD).
c) GoiJla trung diém cua CD, chitng minh (SI]) 1 (ABCD).
d) Tinh géc hop boi SI va mp (SDC).
e) Xéac dinh va tinh géc hop béi SA va mit phing (SCD ).
' LOIGIAT %,

a) Chimg minh SI L (ABCD)

(SAB)n(ABCD) = AB
(SAB) L (ABCD)
SIL AB (ViASAB déu), SIcmp(SAB)

= SI L mp(ABCD)
Tinh géc hop béi SC va mp (ABCD). ° ¢

Ta c6 IC 1a hinh chiu vuéng géc cliia SC trén mit phéng (ABCD),
nén: [SET(ATSCTD)J =SCl.

a3

SI la dudng cao cua tam giac déu SAB nén SI= >

’ 2
Trong AIBC vudng tai B: IC=vBC? +BI? =,[a% + az = %/E.

av3
Trong ASCI vudng taiI: tanSCI = St__2__ ——\/1—_5—
Cl a5 5
2
Vay [SVC,(ABCDV)] =SCI = arctan {—\/;_—SJ .
b) Tinh khoang cach tir B ¢&h mit phing (SAD).
~ |AD L AB (ABCD hinh vudng)
®YADLSI (ViSILmp(ABCD) — D4 mp(SAB).

AD ¢ (SAD) = (SAD) L (SAB)
Hai mit phing nay vudng géc v6i nhau theo giao tuyén SA.
Dung BH L SA tai H = SH L (SAD).

176




c)

5

Vay d(B, mp(SAD))= BI—I-.———— (vi ASAB déu).

Trong mp(SAD) ké Hx // AD; Trong mp (BC,Hx) qua C ké dudng théng
song song v&i BH cat Hx tai K thi CK L (SAD). Suy ra SK la hinh chiéu
vudng gdc ctia SC trén mp(SAD) nén géc giita SC va (SAD) la goc CSK .

\/_

Theo chirng minh trén thi BCKH la hinh binh hanh nén BH =CK = a

’ 2 2
Trong ASCI c6: SC =+SI? +IC? = 3Z——+§{:—=a 2

aV3
— CK V6 ===

Cé: smCSK———= 2 =—————- = CSK = arcsm—\i—g—

a2

Két luan (SE:(SES)) = arcsin—\g— .

cé {CD 17]

pig = PL (SIJ), ma CD < (SCD) = (SCD) L (S1J)

d) Tinh géc hop bdi SI va mp (SDC).

Hai mit phing (SCD) va (SIJ) vudng gdc véi nhau theo giao tuyén SJ.
Dyng IL L ] = IL 1 (SCD) = SL I hinh chiéu vudng géc ctia SI trén mp (SCD).

Vay goc gitta SI va mit phéng (SCD) la gbc ISL.

Trong ASIJ ¢6: iz=—~1--+—1—2-=_£_1_+_1..=_z_:;,114=a 21;
2 18> 7% 3a* a’ 3a 7
aV21 -

SinﬁJ:E: 7 :-—2—-—7— :}ﬁ:arcsinﬂ_

SI a3 7 7
2

Két luan (@) = arcsing—}[z-.

. X4c dinh va tinh géc hop béi SA va mit phing (SCD).

Trong mp(SCD) ké Ly // CD.
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Tong mp(AB, Ly) qua A ké duwong thang song song voi IL cit Ly tai P thi
AP 1 (SCD) Suy ra SP 1a hinh chidu vudng goc cuia SA trén mp(SCD) nén

goc gitta SA va (SCD) la goc ASP.

Theo chimg minh trén thi ATLP la hinh binh hanh nén AP =1L = ""‘/75 :
o
Trong ASAP c6 sinASP = AP__7 . ——%—1- = ASP = arcsin—%l
SA a 7 7

Két luan: (WSCD)) = arcsin——\/g—i .

GOC GIUA HAI MAT PHANG
PHUONG PHAP GIAI TOAN
P& tim goc gitta hai mat phéng, dau
tién tim giao tuyén cua hai mat phang
Sau d6 fim hai dudong thang 1an luot
thudc hai mit phing cuing vudng goc

véi giao tuyén tai mét diém. Goc giita
hai mit phing la goc gitta hai duodng
thing vira tim.

Nhiing trudng hop dic biét dé hay ra:

Truong hop 1: Hai tam giac can ACD
va BCD ¢6 chung canh day CD. Goi H
trung diém cta CD, thi goc glua hai

mit phang (ACD) va (BCD) la géc AHB. 4

Truong hop 2: Hai tam giac ACD va
BCD bing nhau c6 chung canh CD .

Dyng AHLCD=BHL1CD. Vay goc B D
gnxa hai mit phing (ACD) va (BCD) la 3‘
goc AHB.

c
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Truong hop 3: Khi xac dinh goc giita hai mét phéng qué kho, ta nén st
dung cong thitc sau :

g A4 me(Q)

d (A,a)
Véi ¢la gdc gitta hai mat phéng (P) va mit phéng (Q). A 1a mét diém thude
mat phz?mg (P) va a la giao tuyén ctia hai mat ph;?mg P) va(Q).
Truong hop 4: Co thé tim goc giﬁa hai mjt phing bang cong thikc:
S'=5.coso
Truong hop 5: Tim hai duong thing d va d' 14n luot vudng géc voi mat
phéng (P) va mit phing (Q) . Géc giita hai mat phéng la géc gittad vad'.
Truong hop 6: Cach xac dinh goc gitra mat phéng bén va mit phéng day
Budc 1: Xac dinh giao tuyén d.
Buwéc 2: Tir hinh chiéu vudng géc cia dinh, dung AH Ld.
Budce 3: Goc can tim la goc SHA.
Véi S 1a dinh, A 13 hinh chiéu vudng géc clia dinh trén mit day.
Vi du dién hinh: Cho hinh chép S.ABC ¢ SA vudng goéc véi day (ABC).
Hay xac dinh goc giita mat bén (SBC) va mat day (ABC).
Ta 6 BC la giao tuyéh ctia mp(SBC) va (ABC).  *
T hinh chiéu ctia dinh 1a diém A, dung AH L BC.

BC LSA |
i = BC L (SAH)=BC LSH.
BC L AH
Két luan gc gitta hai mit phing (SBC) a ‘
U >
va (ABC) la gc SHA. "

Cho tt dién ABCD c6 AD L (BCD) va AB = 3a. Biét BCD la tam gidc déu
canh 2a. Tinh géc gitta hai mat phéng:

a) (ACD) va (BCD).

b) (ABC) va (DBC)

LOI GIAI
Tinh goc gitta hai mat phéng (ACD) va (BCD).
Vi AD vudng goc véi mat phéng (BCD) nén hai mét phéng (ACD) va (BCD)
vudng géc véi nhau , suy ra goc gilta chung béng 90°.
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b) Tinh géc giita hai mit phing (ABC) va (BCD).
Dung DE L BC tai E. -
LAD

Ta el {BC

a co:
BC L DE

= BC L AE.
Hai m4t phing (ABC) va (BCD) c¢6 BC
1a giao tuyéh va hai duong thing DE,

= BC 1L mp(SBC)

AE 1an luot thudc hai mit phing cing
vudng goc voéi giao tuyén BC. Nén goc
gitta (ABC) va (DBC) la goc giita DE va
AE chinh 1a géc AED.

Tam giac BCD déu nén cé6 DE=——=a

AABD vudng tai D c6 AD =yAB? - DB? =9a2 —4a% =a\/5.
Trong AADE vudng tai D, c6:

— AD a5 15— [\/EJ

tan AED = = = = AED = arctan
DE a/3 3

Cho hinh chép S.ABCD c6 day la hinh vuéng tam O canh a, SA vudng géc
v6i ddy ABCD, SA =a+/3 . |
Tinh géc giita cac cip mit phing sau :

a). (SAB) va (SBC) b). (SAD) va (SCD)

c). (SAB) va (SCD) d). (SBC) va (SAD)

e). (SBD) va (ABCD) f). (SBD) va (SAB)

g). (SBC) va (ABCD) h). (SCD) va (ABCD)

i). (SBD) va (SBC) k). (SBC) va (SCD)
LOI GIAI

a) Goc gitta (SAB) va (SBC)

BC L AB |
Tacs: {00 = BC L (SAB)
BC 1LSA

=>(SBC) L (SAB)(BC =(SBC)).

Vay géc giita mit phang (SBC) va mit
phéng (SAB) bing 90° .
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b) Géc giita (SAD) va (SCD)

= CD 1 (SAD)

CD 1SA
=>(SCD) L (SAD)(CD = (SCD)) .

) {CD LAD
Ta co:

Vay géc giita mit phing (SCD) va mit phing (SAD) bang 90°.
Géc gitta (SAB) va (SCD):
Dung AH LSD(HeSD).
Tacé AH LSD va AH LCD (ViCD 1 (SAD)).
Tirdé = AH L(SCD) (2
Ngoai ra ta c6 AD L (SAB). Stt dung cach xac dinh géc truong hop 5, thi
goc giita hai mat phang (SAB) va (SCD) 1a géc giita hai dudng théng AH va
AD chinh 1a géc HAD.
Ta c6: DAH =DSA ( vi cing phu véi goc SAH )-
tanf)’S?X:ﬂ:i:ﬂﬁ:C%Oo.
AS

V3

Két luan ((SAB),(SCD)) - DAH -30".

d) Goc gitta (SBC) va (SAD)

Dung AI LSB(I€SB).

Tacé: AILSB va AI LCB(ViCB L (SAB)).

Tir d6 = AI L (SBC)

Ngoai ra tacé AB L (SAD). St dung cach xac dinh géc truong hop 5, thi
gbc giita hai mit phing (SBC) va (SAD) 1a géc giita hai duong thang Al va
AB chinh 1a géc BAI.

Tacé BAI=BSA (vi cung phu véi goc SAI )-

Cé tanﬁz—@:i:ﬁﬁ:%().
AS

J3
Keét luan ((SBC),(SAD)) = BAL=30".
Géc giita (SBD) va (ABCD)
) {BD 1L AC
Ta co:

= BD L(SAC)=BD LSO.
BD LSA
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Hai mjt phing (SBD) va (ABCD) c6 giao tuyén BD, hai duong thing AO va
SO 1an lwot thude hai mit phing cting vuéng géc voi g1a0 tuyen nén goc

giita hai mjt phéng la géc gitta AO va SO chinh 1a géc SOA..

a2 i
Ta co: tanSOA = AO 2__ L@_ = SOA arctan| — 6
a\/— 6

[ (§5D) (ABCD) - t(igj .

f) Goc gitra (SBD) va (SAB):
Vi (SAC) 1 (SBD) theo giao tuyén SO.
Dung AJ 1 SO(J€SO) = AJ 1 (SBD).

C6 AJ L (SBD),AD L (SAB)=> ((SBD),(SAB)) = (A], AD) = DAJ.

.1 1 1 1 2 7 av/21
Co =gt =t =5 =Al= .
AJ© AS° AO* 3a° a“° 3a
Vi AJ L(SBD)=> AJ LJD(JD c(SBD)) = AAJD vuéng tai ] nén:

oAy AL _¥21 [£J
7
1

cosDA]=—-=—-= DA] arccos
AD 7

Két luan ((W)) arccos(-—;—-] .

g) Goc giita (SBC) va (ABCD)
Ta cé: BC L (SAB)= BC 1 SB.
Hai mit phéng (SBC) va (ABCD) c6 giao tuyén BC va AB LBC,SB LBC
=>| (SBC),(ABCD) |~ (AB,SB) = 5BA = 60° (v BSA =30").
h) Géc giita (SCD) va (ABCD) '
Tacé CD L (SAD)=CD 1SD.
Hai mit phéng (SCD) va (ABCD) c6 giao tuyén CC va AD L CD, SD L CD
- [(m)} ~(AD,3D)=SDA = 60°(vi DSA =30°).
i) Goc giita (SBD) va (SBC)
Tacé: Al L(SBC),AJ L (SBD)= [m] - (AL AT)=TJAI
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Ap dung hé thitc lugng trong cac tam giac vudbng SAB va SAO co:

SA —SISB:SI-§9——=§’3,
2a 2
2 2 2 )
A2=S].SO:>SI=SS%;\[ 52'A _- 3a Zzsafl_
SA? + AO J3a2+3_
2
ALSB = AS.AB = Al =2 3a_aV3
2a 2
aV14 g
Trong ASBO vudng tai O c6 cosB/SB=-S—C-)-= 2 =._1_‘£.
SB 2a 4

Trong AS]JI cé:

— 2
12 =512 +5J2 ZSIS]cosBSO—ga 18a° —2333\/—2.‘[12—93
4 7 2" 7 "4 28
Trong AAIJ c6:

r o LB B
cosI/A\]=AI +A]T-T° T4 " 7 28 _2V7

2.ALA] za_ia\[ﬁ

27

= P/X] = arccos (2-\7/—;—] .

Két luan [(m)] = ]/A\I = arccos (-?'—;\/z] .

k) Géc giira (SBC) va (SCD)
Ta c6 ASBC = ASDC (Canh huyén - canh géc vudng).
Dung BK LSC(KeSC)= DK LSCva DK=BK.

Hai mjt phéng (SBC) va (SCD) ¢6 SC canh chung nén:
[(SBcz),(SCD’)] - (BK, DK =BKD hosic 180° ~BKD .

Xét ASBC vudng tai B co:
BSBC  BS.BC 2a.a

BK.SC=BS.BC=BK = 5C \/SAz —= \/;2 R = \/_
Trong ABDK cé:
4a’  4a’ :
cos BKD = BK? + DK? - BD* -—5—+—-5—-23 =-l<0:~§f<\D=arccos~1—.
2.BK.DK 0 E_ 4
5
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Cho hinh chép S.ABCD c6 day ABCD la hinh chit nhat AB=a,BC=2a.
Canh bén SA vuéng gbc véi day va SA = a . Tinh géc giita cic mit phang
sau :

a). Goc gitra mit phang bén va mit phéng day

b). Géc gitra hai mit bén lién tiép .

c). Géc giita hai mét bén d6i dién

b)

- Goc gitta cdc mat bén va mit day :

LOI GIAI

s

mp(SAB) L mp(ABCD)

Tacé SA L (ABCD)= |
mp (SAD) Lmp (ABCD)

Vay goc gitta hai mit phing (SAB),
(SAD) v6i mt phang (ABCD) bing 90°.
BC L AB,BC L SA = BC 1 SB ’
(dinh 1y ba dudng vudng géc). B*
Hai mit phang (SBC) va (ABCD) c6 giao tuyén BC nén géc cuia ching 1a géc
giita SB va AB 1a gc SBA .
Trong ASAB cé:

o< SA a P R——

tanSBA =222 1= 5pA =450 = [(SBC),(ABCD)] ~ 450,

CD L AD,CD 1 SA = CD L SD (dinh ly ba dudng vudng goc).
Hai mit phang (SCD) va (ABCD) ¢ giao tuyén CD nén géc ctia chiing la
goc gitta SD va AD la géc SDA .
Trong ASAD c6:
tanSDA=A _2 _1_ apa_ arctan~ = [(SCD), (ABCD)] —arctan~.
AD 2a 2 2 2
Goc gitra hai mét bén lién tiép .
Goc gitta (SAB) va (SBC)
. [BCLAB
o {BC 1SA

= BC 1 (SAB) = (SBC) L (SAB)(BC = (SBC)).

Véy géc giita mit phing (SBC) va miit phing (SAB) bing 900
Géc giita (SAD) va (SCD)
, |CDLAD
Ta cé:
CD 1SA
Véy géc gitta mit phang (SCD) va mit phing (SAD) bing 90° .
Goéc giira (SBC) va (SCD)

=CD L (SAD)= (SCD) L (SAD)(CD = (SCD)).
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Dung Al LSB=> Al L (SBC), dung AH L SD=> AH L (SCD).

Véy goc gitra hai mit phang (SBC) va (SCD) 1a géc gitta AIva AH chinh Ia
géc TAH hodc 1800 - [AH.

Ap dung hé thirc luong trong hai tam giac vudng SAB va SAD c6:

SB=+SA2 + AB? =a2, SD=vSA2 + AD? =a5.
2a.a

AISB = ABAS::AI-——=—— AHSD=ADAS= AH=—+

a2 V2’ a5 f'
_SAY @' A gy SA?_ &’ a
B a2 V2'7 8D a5 5
Ap dung ham s8 cos cho hai tam giac BSD va ISH c6 chung géc S:
2 SB>+SD?-BD? 2a’+5a2-5a2 10

cosS = = = .
2.SBSD 2a42ay5 10
- 2 2 2

H? =SI2 + SH? — 2.SL.SH.cos$ =3-+i’——2.—a—.-?-.—-@=i-.

2 5 51 2
cosIXFI-AI + AH" - IH =2 ) 2 =\/i6:>IXﬁ=arccos —\-/—1_2 .

2. ALAH 2_a_}_§_ 5 5
V25

Két luan ((‘SBC),(SCD)) ~TAH= arccos[—@} .

. Goc giita hai mat bén ddi dién

Goc giita (SAB) va (SCD)
Vi AD L(SAB) va AH L(SCD)nén géc giita (SAB) va (SCD) la géc giita
AD va AH 1a géc nhon DAH

Ta co: tanﬁS\A—i[S)——z—i—Z :>5§7X=arctan2
a

= DAH =arctan2 (vi hai géc DAH va DSA ciing phuy véi géc SAH ).
Tuong ty ta tinh dwoc géc gitta hai mit phéng (SBC) va (SAD).

Cho hinh chép S.ABCD c¢6 SA vudng géc véi day ABCD la hinh thang
vudng tai AvaD,c6 AB=2a, AD=DC=a ,dung AH L SC(H € SC), goi
M trung di€ém AB . Géc gitra hai mit phang (SCD) va (ABCD) bing 600 .

a). Tinh géc gitra SD va (SAB)
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b). Géc gitra (SAD) va (SMC).
c). Tinh géc gitta (SBC) va (ABCD)
d). Tinh goc gitta (SBC) va (SCD)
LOIGIAI

= CD L mp(SAD)=CD LSD. A\

Hai mit phéng (SCD) va (SAD) c6 SD
la giao tuyén nén goc giita hai mat
phing nay 1 géc gitta AD va SD chinh
la goc SDA =60°, nén c6:
SA = AD.tan60° = a\/g;
SD =4/SA2 + AD? =/3a% +a% =2a .
a). Tinh goc gitta SD va (SAB)
Cé AD L(SAB) nén SA 13 hinh chiéu vuéng géc cia SD trén mit phéng

(SAB). Nén gbc giita SD va (SAB) Ia géc DSA .
Két luén (Sm)) = DSA =30° ( cung phu véi SDA = 60° ).
b). Géc gitta (SAD) va (SMC).

Hai mjt phang (SAD) va (SMC) c6 diém chung 14 S va c6 AD // MC nén
giao tuyén ctia chung la Sx va song véi AD va MC .

M L AB
¢ = CM L AM. Ma: CM // Sx=> AM L Sx 1)
CM LSA
* SA L AD.Ma: AD // Sx=>SA 1Sx @)

Tir (1) va (2) suy ra: ((SAD), (SMC)) - (SA,5M)) = MAS.

Trong AMAS vudng tai A cé: tanMSA = AM_a _ 1 = MSA =30°.

Sa3\/§

c). Tinh géc gitta (SBC) va (ABCD)
Trong tam gidc ABC c¢6 CM la dudng trung tuyén va CM = —;—AB
= AABC vudng tai C.

BC L A
C':{ ¢

= BC 1 (SAC)=BC LSC.
BC LSA
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d).

Hai m3t phang (SBC) va (ABCD) ¢6 giao tuyén BC, hai dudng théng SC va

AC 1an luot thudc hai mit phing cling vudng gdc véi giao tuyén BC. Nén

goc gitra hai mit phang 1a géc giita SC va AC la géc SCA. Trong
SA SA a3 _ J_

ASACvudng tai A c6 tan SCA =
ACT [aB2iaM? a2

Két ludn [(W)il = SCA = arctan [-—\/ZE-J

Tinh goc gitra (SBC) va (SCD)

Vi BC L (SAC) = (SBC) 1 (SAC), hai mit phing nay vudng géc voi nhau
theo giao tuyén SC, dung AH L SC(H e SC) = AH L (SBC) 3)

Vaco (SAD) va (SCD) vudng géc véi nhau theo giao tuyén SD.

Duyng Al LSD(IeSD)= Al 1 (SCD) 4)

 Tix (3) va (4 thi [ (SBC),(5CD) | - (AL AH) = IAH

Heé thitc lwong trong cac tam giac vudng SAD va SAC co:

2
AISD = AS.AD = Al = av3.a a\/— SA2 ~SISD = SI =_33_=-3_a-.
2a 22 2
AHSC=ACAS = AH=2 2.a\/5 _ av30 ;
a\/—5_ 5

3a2 3a
SH.SC:SA2 :>SH=______=__-

a5 5
Ta co: cos(TST)_SD 2a 2

a5 5

Ap dung dihh ly ham cosin cho hai tam giac SIH va AIH co:

e 2 2 2
H? =SI2 + SH? - 2.S1.SH.cos CSD = 2%— a7 ,3a 3 2 9a

—5" 255
COS@ Al” + AH” —TH = 4 ) ')O \/_6 SL/A}\'{:arCCOSM
2.ALAH , aV3 aV/30
RS

Cho hinh chép ti& giac déu S.ABCD c6 canh day bing a, m4t bén hop véi
mit day goéc 60° . Tinh géc giita cac mit phing:
a). (SAB)va (SCD). b). (SAB) va (SBC).
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LOI GIAI %
a). Tinh goc gitta hai mat phéng (SAB) va (SCD)
Goi O la tam cta day.
Goi H, I14n luot trung diém ctia CD, AB.
(SCD) ~(ABCD) = CD
Tacé: {OH L CD,OH c (ABCD)
SH 1 CD,SH < (SCD)

=[(SCD),(ABCD) |=SHO = 60".

Trong ASHO vudng tai O c6:

tanSHO = 22 = S0 = OH. tan 60° =3ﬁ.
OH 2

Tim giao tuyén cua (SAB) va (SCD):
S<(SAB)(SCD)

Tacé: {AB// CD => (SAB)n(SCD) =5x(Sx // AB // CD)
'AB c (SAB),CD c(SCD)

AB 1 SI=Sx 1 SI,CD 1L SH=Sx L SH

Vay goc [ (SAB),(SCD)]=1SH.

Vi A ISH cén c6 géc SHI=60° nén A ISH déu ISH = 60°

b). Tinh géc giita hai mit phing (SAB) va (SBC)

Vi S.ABCD la hinh chép d&u nén cac mit bén 1a cic tam giac can va béng

nhau do d6 ASAB = ASCB(C.C.C).

Hai mjt phang (SAB) va (SBC) c6 giao tuyén SB.

Ha AH L1 SB thi CH L SB. Véy géc giita [ (SAB),(SCB)]= AHC.

b or - [2B) L [a2) _a¥5
Trong ASOB vubdng tai O: SB = VSO? + OB? = > + = .

2

Trong ASABcé: Sygap = %SI.AB - —;-AH.SB:> AH= Sls'ﬁ _aa_z2a

Ta c6 tam giac ACH can tai H tir chitng minh trén, nén AH=CH =

oy

Ap dung dinh ly cosin trong tam gidc AHC:
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. 2 2 2 Ll P
cos AHC = AH* +CH" - AC __5 5 -1,
2AH.CH 24a2 4
"5

= A/I“I\C = arccos (%)

Cho tam gidc déu ABC canh a nidm trong mp(P). Trén céc duong thing

\/_

vudng géc voi (P) vé tix B va C 18y cac doan BD =—— CE av2 nim cung
mot bén d6i véi (P).

a). Chitng minh tam gidc ADE vuéng. Tinh dién tich tam giac nay.

b). Tinh géc gitta hai mp(ADE) va (P).

LOI GIAI

CE a\/E

Goi F la trung diém cta CE c¢6 FE=FC = -5 =7

Ap dung dinh ly Pitago cho céc tam giac vudng ABD, ACE, DEF c¢:

AD? = AB% +BD? = 3a?

E2 = AC? +CE? = 3a2;

DE2 =DF? +FE? = 3a?

Trong tam giac ADE:

2
AE? = AD? +DE? = 3‘; G

Vay tam giac ADE vudng tai D
Vi BD L (ABC) CE L (ABC) nén tam giac ABC 12 hinh chiéu vuéng géc cia

tam giac ADE.
Goi ¢la goc gilta hai mat phing (ADE) va mp(P).Chii y mat phfing (ABQC)
chinh 1a mp(P).
AB’V3
S SpaBC _ 4 - «’112\/g
o Saape lpgpa , 3%
-2 2

w.[&
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Cho hinh ch6p S.ABCD c6 day la hinh vudng canh a, SAB la tam giac déu
va (SAB) L (ABCD). Tinh goc gitta: -
a). (SCD) va (ABCD). b). (SCD)va (SAD).

LOIGIAI
a). Goi E, F 1an lwot trung diém ctia AB, CD. ’
C6 SE L AB( SAB tam giac déu)

= SE 1L mp(ABCD)

5. |CD LEF
CD L SE

= CD L (SEF)=CD LSF.

Vay [ (5CD),(ABCD) | - SFE

Trong ASEF vudng tai E:

— SE 3

tanSFE-—-—_—-— at /

b). CD L EF va CD L SE= CD L mp(SEF)= (SCD) L (SEF).
Dung EI L SF(ISF)= El L (SCD)=>d(E,(SCD)) = EI.

+—12-=~—Z—.—_>EH=—a\/5

3a’ \/_7-
J—

1.1 _4
EZ ES? EF? 3a2

Trong ASEF vuong tai E c6:—

Vi AE//CD= AE //(SCD)=d(A,(SCD))=d(E,(SCD))=

2 a2

Ta c6 SD? =SE? + ED? =SE2 + EA? + AD? =:—3—Z——+—4—+a2 =2a2.

Dung AH L SD(H € SD) ,vi ASAD cén tai A nén:

AH =SA? - SH? =,fa2 _a?_af2
2 2
Ta cé: (SAD)(SCD)=SD; A € (SAD);

a2 aJ”

d(A,SD)= AH———— d(A,(sCD))=

Goi ¢ la goc gitra ha1 mit phang (SAD) va (SCD).
St dung cdng thitc tinh goc & treong hop 3 ta duoc:

_d(a(scp)) —-;@ I /i
smme = d(A,SD) a\/— = (@ =arcsin -—7—— .

190



Cho t¢ dién S.ABC, hai mit phing (SAB) va (SBC) vudng goc véi nhau, c6
SA vubng goéc voi mét phéng (ABC),biét SB = av2,BSC =45°,ASB=a. .

a) Ching minh BC vudng gbc véi SB.

b) Xac dinh a d&€ hai mét phang (SAC) va (SBC) tao v6i nhau goc 60°.

LOI GIAI
a) Chirng minh BC vudng géc véi SB.
Vi SA L (ABC)= (SAB) L(ABC) (1)
Theo dé bai: (SAB) L(SBC)  (2)
Va: (ABC)n(SBC)=BC  (3)
Tix (1), (2), (3) suy ra: BC L (SAB)

A

= BC LSB (hai mjt phing cliing vuéng géc
véi mit phing thir ba thi giao tuyén caa
chiing vudng géc véi mit phéng thit ba ).
Dung AE L SBtai E. Dung AF L SC tai F.
Theo cdu a) thi AE L (SBC)= AE 15C.

Vay SC L (AEF)= SC LEF.

Hai duong théng AF va EF 1an luot thudc hai mat phéng (SAC) va (SBC)
cling vudng goc voi giao tuyén SC, nén [(-SAC),(SBC')} = AFE =60".

Ta c6: AAEF vudng tai E (vi AE 1 (SBC)= AE LEF ) cé:

AE =EF.tan60° = EFA/3 .
Xét ASAE cé6;: AE=SE.tana.

Xét ASEF c6: EF =SE.sin45" = _s_%_\/_E_
Suy ra AE = EF+/3 < SE.tana = SE2\/§ 3 o tana = _\/2_5_ >ao= arctan-\/z—g.

DU BI DAI HQC KHOI A NAM 2003.
Cho ling tru ding ABC.A'B'C' ¢6 day ABC la tam giac can v6i AB = AC =
a,BAC=120°, BB'=a. Goi I trung diém CC'. Chitng minh tam gidc AB'T
vudng & A. Tinh cosin ctia goc gitta hai mat phéng (ABC) va (AB').
LOI GIAI
Goi H trung diém BC. Vi ABC cén tai Anén AH L BC.
Do BAC =120° = ACH =30°
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A’ i ' C'

Ta cé: AH=AC.sin ACH =a.sin30° ==

a3
2

CH= AC.COSK&T‘I =a.cos30° =

=BC=2CH=aV3
Ap dung PITAGO cho cic A vuéng:
B'C'1, ABB', ACL:

2 2
4 4
2 2 2_.2,.2_5.2 A12 2 qe2_.2 8 _5a°
AB'“ =AB” +BB'“ =a“ +a” =2a" AI* =AC* +IC” =a YTt
. TR2 2, a2 132°
Tacé: IB'“ = AB™“+ Al == Vay tam giac B'Al vudng tai A.
Ta c6: Sy pp = AIAB’ 1 a‘/— 2’410 ;
2 4
SAABC=%AH'BC_— \/—a \/—
Goi o la goc giita 2 mit phing (ABC) va (AB'l).
, a*\3) (a®V10)_+30
Ta co: Syppc =Spap'1-€OSQA = cOsOL = 1 : el T

Trong mit phéng (P) cho hinh vuéng ABCD canh a. Lay hai difm M, N
thude CB va CD. Pt CM = x, CN =y. Trén duong thing vudng géc véi mit
phéng (P) tai diém A 18y mot di€m S. Tim hé thic gitra x, y d&:

2) ((SAM),(SAN))=45°

b) (SAM) L (SMN).

LOI GIAI
Vi SA 1 (ABCD)=>SA L AM, SA L AN.
Hai mit phang (SAM) va (SAN) c6
giao tuyén la SA . Nén goc giita hai mét
phéng la goc gitta AM va AN chinh la
goc MAN = 45° @X; =459,
Taco: A +A, +A, =90° = A, +A, =45°.
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tanA, +tanA tan A, +tan A
Co: tan(A, + Ag)= LT 2178 o 3 -1 (1)
l——tanAl.tanA3 1-tanA;.tan A,

Xét trong hai tam giac vudéng ABM va ADN co:
BM a-x, DN a-y

tanA, =——= ;tan A, =——= 2
MMTEA T T MR TAD T @
Thay (2) vao (1): ‘

a-x a-y ,

a i a 2a-x-y az—(a—x)(a—y)
—L £ -1& = 3
[_a-xa-y a a

a a

c>a(2a—x—y)=a(x+y)—xy
& 2a° =2a(x+ y)—xy
b) Tacé: SA L(ABCD)= (SAM) L (ABCD).
Gia st (SMN) L (SAM), thi hai mit phang (ABCD) va (SMN) ciing vudng
g6c v6i mit phéng (SAM) nén giao tuyén caa chiing 1a MN vudng goc voi
mit phang (SAM). Suy ra MN L AM hay AMN =90°.
- Lacdo: I\//I\1 +1\7I; =90° :>I\//I\3 =;:1 (Vi cung phu véi goc 1\71\1 )

A a-Xx
Nén co:tanM; = tan A PR A <:>aty=ax-—x2 o x? =a(x——y)
x a

KHOANG CACH TU MOT PIEM PEN MOT MAT PHANG

I. PHUONG PHAP GIAI TOAN :
Bai toan tinh khoang cach tir mét diém dén mot mat phéng , 1a mot dang
toan rat quan trong trong chuong vudng goc cua 16p 11 va la mét phan hay
ra trong dé thi dai hoc.
D@ giai quyét van d€ nay cac ban phai thanh thao hai cong cu sau va no
lién quan véi nhau : |
Bai toan 1: Tinh khoang cach tit hinh chiéu vudng géc ciia dinh dén mét
mat bén.
Phuong phap xac dinh khoang cach tir hinh chiéu cta dinh dén mot mét
phang bén.
Budc 1: Xac dinh giao tuyén d.
Budc 2: Tir hinh chigu vuéng géc ctia dinh, DUNG AH Ld ( Hed).
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Buéc 3: Dung Al LSH(Ie SH) Khoang cach can tim la AL

Vi S 1a dinh, A 1a hinh chiéu vudng géc ciia dinh trén mat day.

Ba buéc dung & trén la sit dung tinh chat: Hai mit phang vudng géc voi
nhau , mét duong thudc mit phing nay vudng géc véi giao tuyén thi sé
vudng géc v6i mit phéng kia. ‘

Ddy 1a bdi todn co bin nhung v6 cing quan trong trong viéc tinh khodng
cdch tir mét dém dén mot mit phing .Hau nhu tinh khodng cdch tit mot
diém BAT KY dén mait phing bén déu thong qua diém nay dua vio cong
thitc ctia bdi todn 2. ‘

Vi du dién hinh: Cho hinh chép S.ABC ¢ SA vudng géc véi diy (ABC). Hay xdc
khodng cich tir diém A dén mdt bén (SBC).

Ta c6: BC la giao tuyén cia mp(SBC) va (ABQ). ¢
Tt hinh chiéu ctia dinh 1a diém A.

Dung AH 1 BC tai H. Dyng AI L SH tai L.

|BC LSA
{BC 1L AH

\

i — BC L (SAH)= (SBC) L (SAH).

Mit phéng (SBC) vudng géc véi mit
phing (SAH) theo giao tuyén SH c6
Al L SH nén

AI L mp(SBC)= d(A,mp(SBC))= AL

Bai todn 2: Tinh khoang cich tir mdt dém bat ky dén mét mit phang
Thuong st dung cong thirc sau:

d A

M

d(M,mp(P)) _ MO
d(Amp(P)) A0
O cong thitc trén can tinh khoang cach tir di€m M dén mit phang (P).

Cong thirc tinh ti 1é khoadng cach:
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Phuwong phap phai tim mét duong théng d qua M va chita mét di®m A ma
¢6 thé tinh khoang cach dén mat phang (P). KINH NGHIEM thu'orng diém
A 12 hinh chiéu cua dinh.

P& hiéu va tw 1am dwgc bai tdp thi nhitng tinh chit ctia hinh hoc va
phwong phap lam bai tip cic ban phai khic vao trong tim. '

IL. BAI TAP MAU

DU BI DAIHOC KHOI D NAM 2002.
Cho hinh chép S.ABC cé day ABC la tam gidc déu canh a, canh bén SA
vuodng géc véi day. Tinh khoang cach tir di€ém A den mat phang (SBC) theo

a, biét SA = 3-\/;

LOI GIAI
Day la bai todn co bin chiing ta dd ndi & phin trén.
Goi E trung diém BC thi: . §

BC L AE (vi ABC déu).

Dung AF L SE tai F.

Cé BC LSA,BC L AE= BC L mp(SAE).
= (SBC) L (SAE)

Mp (SBC) vudng goc véi mp (SAE) theoA
giao tuyén SE c6 AF L SE

= AF 1 (SBC).

Vay: d(A,(SBC))=

Trong tam giac vuong SAE cé:

1 1 1 2 4 2

T e T An a2 a2 2
AF® AS° AE° 3a° 3a° a

Két luan: d(A,(SBC))= AF==—=.

PE THI TUYEN SINH DA HOC KHOI A NAM 2011

Cho hinh chép S.ABC c6 day ABC la tam giac vudng tai B, BA =3a, BC = 4a;
mit phéng (SBC) vudng gbc voi mit phing (ABC). Biét SB = 2ay/3 va SBC=
300. Tinh thé tich khoi chép S.ABC va khoang cach tir di€ém B dén mat
phéng (SAC) theo a.
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| LOIGIAI L

H la hinh chiéy vubng géc ciia dinh va diém B cing nim trén duong thing cé giao

diém v6i mit phing (SAC) tai C. Nén budc ddu tién ta phdi tinh khodng cich tir H

dén mp(SAC), sau do si¢ dung cong thirc t s0'khodng cich dé tinh khodng cich tir
diém B. Cdch lam nhw sau: ‘

Goi H 1a hinh chiéu vudng géc ciia S trén BC.

Do mp(SBC) L mp(ABC) nén SH L mp(ABC)

Trong ASBH vudng tai H c6:
SH =SB.sin30° = av/3; BH = SB.cos30° = 3a.
Dung HG L AC tai G. | 4 Eeohpo
Dung HK 1 SG tai K.

-, |ACLHG
Ta co: ACL :
a co {AC LSH = AC mp(SHG)

: B
= mp(SAC) L mp(SHG) (vi AC = mp(SAC)).
Va (SAC)~(SHG) =SG = HK L mp(SAC).
Vay: d(H,mp(SAC)) =

Ta cé: ACGH ~ ACBA < S _CH _ oy 5 32
BA 5a

Trong ASHG vudng tai H:

12= 12+ L. 252+ 1 28 :>H1<=3‘“[7—.
HK? HG? HS? 9a2 3a2 9a’
Hai diém H va B ndm trén duong thing c6 giao diém véi mp(SAC) tai C,
d(B,mp(SAC)) pC
d(H,mp(SAC)) HC

nén co:

6a\/; v

= 4(8mp(5AC) = 4d(11mp(5AC) -

Cic ban phdi ndm virng phuong phip tinh khoang cich tir hinh chiéu cua dinh lén
mdt bén. « :
A Cho hinh chép S.ABC ¢6 day la tam giac vudng tai A véi BC = 2a, ABC=60".
Goi M 1a trung diém BC. Biét SA=SB=SC= aV5.
a) Tinh chiéu cao ctia hinh chép.
b) Tinh khoang cach tir M dénh mp(SAB).
LOI GIAI
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a) Tinh chiéu cao ctia hinh chép. S
Vi AABC vudng tai A, M trung diém ctia BC nén c6:
MA =MB =MC Q) ~
Theo dé SA =SB =5C )

T (1) va (2) suy ra: M la hinh chiéu

vudng goc caa S 1én mp(ABC).

Vay d(S,(ABC))=5M ol e c
' M

Trong ASBM c6: SM =+/SB? - BM?
F
= (axfg)'z -(a)2 =2a.

b) Tinh khoang cach tit M dén mp(SAB).
CHU Y: M la hinh chiéi vubng géc ciia dinh S trén mp(ABC).
Ké MF L ABtai F; KéMG L SF tai F = MG L (SAB).

MBA la tam giéc can c6 goc 60°, nén MBA déu = MF = —a—‘—i\[:?f-. '
Trong tam giac vuéng SMF:
L L, ‘12:. 12+ 1 2___>MG=2\7:/_§_
MG® SM“ MF (Za) [a_\/—‘_?f_) 19
2

Cho hinh chép tt gidc d€u S.ABCD c6 day (ABCD) la hinh vudng tam O, AB
=2a, SA = 4a. Tinh: ‘
a) Khoang cach tr O dén (SAB).
b) Khoang cach tir A dén (SCD)
LOT GIAI
a) Khoang cach tir O dén (SAB). (cic ban dé'y O la hinh chiéu cua dinh)

Theo dé€ bai thi SO L mp(ABCD)

Dung OI L ABtaiI thi AB L (SIO)

= (SAB) L(SIO): hai mjt phing nay
vudng gdc vGi nhau theo giao tuyén SL
Dung OH L SI tai H. Suy ra OH L (SAB).

Vay: d(O,(SAB))=0OH.
OI la duong trung binh cia ABAD
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:>OI——-—AD a.

-Trong ASAO vudng tai O:
50=SA? - AO? =160’ ~22 =a 14
Trong ASOI vuéng tai O: '
1 1 1__1+ 1 15 — OH a\/210_

OH? OF OS2 2 14 14 15
b) Khoang cach tir A dén (SCD).
Vi S.ABCD 14 hinh chdép déu nén khoang cach tir tim O dén cac mit bén

210
; 15 ' ;
Hai di€m A va O nim trén duong thing c6 giao diém véi mp(SCD) tai C,
d(A,mp(SCD)) _AC

d(O, mp(SCD)) A0

bing nhau, c6: d(O,(SAB))=d(O,(SCD))= OH =

nén co:

2a+/210
15

= d(A, mp(SCD)) =2d (A,mi: (SCD)) -

Cho hinh chép S.ABCD c6 day ABCD 14 hinh vudng tdm O canh bang a, SA
vudng géc véi day. Géc tao bdi SC va mit phéng (SAB) bing 30°.

a) Tinh khoang c4ch tir diém A déh mit phing (SBD).

b) Tinh khoang cach tir C déh mit phéng (SBD).

c) Tinh khoang cach tir trung diém I ctia SC, trong tdm G ctia tam giac SCD
dénh mit phing (SBD).

d)Tinh khoang cach tir O, I va G d&h mit phéng (SAB).

- LOIGIAI s
a) Tinh khoang cach tir di€m A d&h mit phéng (SBD). A
CB L AB
i B L(SAB
’ {CB_LSA = CB L (SAB)

= SB la hinh chiéu ctia SC 1én mp(SAB)
= (SC.(SAB)) - (SC,5B) = CSB =30°.
Trong ASBC vudng tai B c6:

SB =BC.cot30° =a+/3.
Trong ASAB vudng tai A co:

SA=\/SB2 - AB? -_-\/Ba2 -a? =a\/—2_ B

198




LBD
Tacs: {00 = BD L (SAC)
ACL1BD

= (SBD) L (SAC) =50 (O =ACNBD)
Trong mp (SAC), ké AH 1 SO = AH L (SBD) =d(A,(SBD))=AH.

Trong tam giac vudéng SAO cé:

1.~1+1_1 _2—-?—:>AH=‘/15—Oa

= = +
AH?2 SA?Z AO? 2a% a? 2a2

o

Vay: d(A,(SBD))=

b) Tinh khoang cach tir C déh mit phing (SBD)
Vi hai diém A va C ndm trén’ duong thing c6 giao diém vo6i mat phang

d(C,(SBD)) co _
d(A,(sBD)) AO

av10
5

(SBD) tai O nén c6:

= d(C,(SBD))=d(A,(SBD))=

¢) Tinh khoang céach tix I va G dén mat phang (SBD)
Vi hai di®m I va C ndm trén duong thing,cé giao diém véi mét phéng (SBD)

d(L(SBD)) 15 1 a\/—
d(c,(sBD)) Cs 2
Vi hai diém I va G ndm trén duong thing c giao diém voi mat phéng
d(G,(SBD)) GD_2

tai S nén co:

= d(1,(5BD)) = 24(C,(sBD)) =

(SBD) tai D nén co: 3 (I, (SBD)) D3
2 2 aJ10 _av10
=d(G,(sBD))=3d(L(SBD))=3 alO —

d). Tinh khoang cach tir O, I va G déh mit phang (SAB).

Ocaua)tacs CBL(SAB) = d(C,mp(SAB))=CB=a.

Vi hai diém I va C ndm trén duong thing cé giao diém voi mat phéng (SAB)
d(L(SAB)) 15 1
d(C,(sAB)) cs 2
Vi hai diém O va C n¥m trén dudng thang cé giao diém véi mat phéng
d(0,(sAB)) oA 1
d(C,(saB)) Ca 2

fai S nén co: = d(1,(SAB)) = ~d(C,(sAB)) =2
2

(SAB) tai A nén cé:
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%d(c (sAB)) =

=d(0,(SAB)) = .

M

ViCE // AB nén d(C,(SAB))=d(E, (SAB)) =a
Vi hai di®m E va G ndm trén duong thing c6 giao diém voi mit phéng
d(G,(sAB)) Gs 2

(SAB) tai S nén co: W “%5°3

¥_>d(G,(SAB))=-§- (E,(5AB))= 2;

Thong qua bai tdp nay cic ban thay miu chét cia bai todn 1i diea vio khodng cich
tir hinh chiéu ciua dinh & ddy la diém A , sau do si dung cong thikc tinh ti 1¢
khodng cich.
Cho hinh chép S.ABCD c6 day la nira luc gidc déu ndi tiép trong dudong tron
dudng kinh AD =2a, SA vudng géc véi day (ABCD) va SA = av6 .
a) Tinh khoang cach tir A , B dén (SCD).
' b) Tinh khoang cach tir AD dén (SBC).
LOI GIAI

Co6 CD LAC((gt), CD LSA
= CD L mp(SAC) = mp(SCD) L mp(SAC).

Ké AH1SC (HeSC) = AHL(SCD). s
Vay d(A,(SCD))=AH.
Trong AACD vuéng tai C c6:

AC=AD? ~CD? =422 —a% =a13.
Trong tam giac vudéng SAC co:
1 _ 1 N 1 =J_+_L
AH? SA? AC? a% 3a?

_aV3
5

af

Két lugn: d(A,(SCD))=AH="=
Goi M trung diém ctia AD thi BM // CD = BM // mp(SCD).
Goi O=BM N AC nén d(B,(SCD))=d(0,(SCD)).
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Hai diém A va O cling n3m trén dwong thing c6 giao diém véi mp(SCD) tai

d(o,(scp
Crentacs, AP _oc 1 d(0,(SCP)) =2d(a,(sCD)) = *f
d(A,(scD)) AC 2 2
Két luan d(B,(SCD))= */—
b). Tinh khoang cach ttt AD dén (SBC). M a.
Vi AD // BC= AD // mp(SBC) A" N
= d(AD,(SBC))=d(A,(SBC)) 2 ,
~ Ké AK LBC(KeBC), cé:. KT BT
BC L AK o v
{BC LSA =BCL (SAK) = mp (SBC) 1 mp(SAK) theo giao tuyén SK, ké

AJ 1 SK(J eSK)= AJ L(SBC) :d ,(SB

Q))
Tinh AK: AK =+AB? - BK? = ‘/ '— a‘/—

Trong tam giac vuong SAK: —_—t—

A]2 SA2 AK2 a2 3a2
A]*a\/—?:_a\/i '

i

Két luan: d(AD,(SBc)) =

aV21
—.

Cho hinh chép S.ABCD c6 day ABCD la hinh vudng. SA = a va vudng goc
v6i mit phang (ABCD). Goi M, N lan luot 1a trung diém AD, DC. Géc giira
mit phéng (SBM) va mit phéng (ABCD) bing 45°. Tinh khoang cach tir D
dénh m3t phang (SBM).

LOI GIAI s
Goi H la giao diém ctia BM va AN.
Ta cé: AABM = ADAN (cg.c)= B = A; .

Ma: By +M, =90° = A, + M, =90°.
Vay: BM L AN

’ , |BM 1L AN
Ta co:
BM 1 SA

= BM L (SAN)= BM LSH
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BM la giao tuyén cia mat phéng (SBM)

va mat phang (ABCD).
Va ¢6 BM L AN,BM LSH nén goc gitta hai mat phing la goc giita hai
duong thang AN va SH la géc SHA =45° . A M D
Tam giac SAH vudng can tai A => AH=AS=a ‘ S H =
s N 1 1 1

Trong tam glac‘vpong ABM: A5 + RY: = e : Y N
ol 4 1 5 1 B2

AB? AB* AH? AB® AH’

B | c
& AB? =5AH? & AB=AHV5 =a\5 ‘
Dung Al L SH(IeSH) Hai mjt phing (SBM) va (SAN) vuong goc nhau
theo giao tuyén SH = AI L(SBM)=>d (A, mp(SMB)) = Al.

SH _AH42 _aV2

Trong tam giac SAH vudng can 1 tai A cé: Al = > = —

Hai diém A va D cling ndm trén dwong thing cé giao diém véi mp(SBM) tai

- 2201 =a(pfsvm)-a(. (o) -

M nén co:

Cho hinh chép S.ABCD c¢6 day (ABCD) la hinh vudng tdm O canh a, SA
vudng géc voi day (ABCD) va SA = a. Goi I, ] 1a trung diém cta SCva AB.
a) Chitng minh IO 1 (ABCD).

b). Tinh khoang cach tix I dén CJ.

b)

Nén c6: {

LOI GIAI
Ching minh IO L (ABCD).
Trong ASAC c6 Ol la dudng trung binh ctia tam giac .

OL/SA —, 011 mp(ABCD).}
SA L mp(ABCD) mp(ABCD).

Tinh khoang cach tir I dén CJ.
Ké OH L CJ tai H.
, |CJLSO
Ta co:
CJ LOH
= CJ LIH.
Khoang cach tir I dén CJla HI .

= CJ L mp(IOH)

-~
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Goi G=BONCJnén G la trong témv

a2

ctia AABC, véi OG = —%OB 2

Trong ACOG vudng tai O co:
1 1 1 2 18 20

- = OH-=
OH? OCZ

7=

Trong AOIH vudng tai O: IH= JOH? +OI? =

+
OG2 2 2 aZ

r

20 T"

Cho hinh ling tru ding ABC.AB'C' ¢6 AA' = a, day ABC la tam giac vuéng
tai A c6 BC=2a, AB= ay3.

a) Tinh khoang cach tit AA' dén mp(BCC'B').

b) Tinh khoang cach tir A dén (A'BC).

¢) Chitng minh AB L (ACC'A') va tinh khoang cach tit A' dén (ABC)).

b).

LOI GIAI
Tinh khoang céch tir AA' @&nh mp(BCC'B'). 4,
Dung AH 1 BC tai H, cé: \
AH 1 BC
{AH LBB'

C!

= AH 1 (BCC'B’)

=d(A,mp(BCC'B'))= AH
AABC vudng tai A co:
AC=yBC? ~ AB? =a va AHBC = ABAC 4 %"

a 3.a=a_x/__?i
2a 2

= AH=

a3

Két luan d(A,mp(BCC'B'))=
Vi AA'//BB' = AA'||(BCC'B)
= d(AA',(BCC'B'))=d(A,(BCC'B')) = AH

Tinh khoang c4ch tir A dén (A'BC).

C6 BC L AH va BC L AA'=BC L(A'AH) = (A'BC) L(A'AH): Hai mét
phéng nay vudng goc v6i nhau theo giao tuyén A'H.

Dung AK L A'H(Ke A'H)= AK L(A'BC).

Vay: d(A,(A'BC))=AK.
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1 4 7 21
Trong AA'AH ¢6 : 12 = ! 5+ ‘2 :-—17+—-—2=—~—2-:>AK=3\/—.
AK® AA™ AH® a“ 3a° 3a ;

av21
—.

Kétluan d(A,(A'BC))=

ABLA
€= ABL(ACC'AY).
ABLAA'

¢) Chirir minh AB L (ACC'A), vi: {
Vi ABL(ACC'A')= (ABC') L(ACC'A’): Hai mit phing nay vuong goc
v6i nhau theo g1a0 tuyen AC'.
Dung A'TLAC'= A'lL(ABC') . Vay d(A'(ABC'))=A'T
1 1 1 1.1_2

. o
Trong AAA'C' ¢6 = = == D A'l=—.
8 A'T? A'2 A’ C'2 a? a? a? \/5

Cho hinh chép S.ABCD c6 day 14 hinh vuéng tam O, canh a, SA L day va
SA = a_\/— .

a) Tinh khoang cach tir A t6i mp (SBC).

b) Tinh khoang cach tir O d&&h mp (SBC).

c) Tinh khoang cach tlr trong tdm ctia tam giac SAB dén mp (SAC).
' LOI GIAI
a) Tinh khoang cach tir A t6i mp(SBC).
, |BCLAB
Ta co:
BC LSA
vudng géc véi nhau theo giao tuyén SB.
Ha AH 1 SB = AH 1(SBC).

Vay: d(A,(SBC)) =
Trong ASAB c6:

12= 12+ 12 12+——:>AH—a
AH AB° AS a’? 3a?

)a\/—

b). Tinh khoang céch tir O dén mp(SBC).
Hai difm A va O nim trén dudng thing c6 giao di€ém véi mp(SBC) tai B,
d(O,(SBC)) oc 1 af

nén cé: a(~,(550)) =2c"3 = d(0,(SBC)) =

c¢) Tinh khoang céch tir trong tim ctia tam giac SAB dén mp(SAC).
204
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§

No

Két luan: d(A,(SBC)




a2

L ' BD
Tacé: BO L mp(SAC) =d(B,(SAC))=BO=——=—"=.

2
Hai di®m B va G nm trén dudng thing c6 giao diém véi mp(SAC) tai I véi
I trung diém cua SA , ~ nén co
d(G,(SAC
d(6(549) a1 1 d(G,(3AC))=1d(B (SAc)) aJ—
d(B,(SAC)) BI 3 3

Cho hinh chép S.ABCD c6 day la hinh vuong canh a, SA = a va SA vudng
goc voi day ABCD.
a) Goi I 1a trung diém caa SD. Chitng minh AL L (SCD).

. b) Tinh khoang cach tir trong tam cua tam giac SBC dén mp(ABCD).

b).

LOI GIAI
Chitng minh AI L (SCD). S
Co: {CD AP epy mp(SCD)
CD LSA A
= (SAD) 1 (SCD).

Cé AI LSD vitam giac SAD cén tai S.
Suy ra: Al L mp(SCD).

Tinh khoang cach tir trong tam cua
tam giac SBC dén mp(ABCD).
Goi H trung diém cta BC.

Hai diém S va G nam trén duong
thang c6 giao diém véi mp(ABCD) tai
Hnénco:

d(G,(ABCD)) GH _]_
d(s,(ABCD)) SH 3

= d(G,(ABCD)) =3 d(S,(ABCD)) -

[SSERY

Cho hinh chép S.ABCD 6 day 1a hinh chit nhat véi AB=a, AD=2a,5A =a
va SA vuéng géc véi day (ABCD) . Goi I, M la trung diém ctia SC, CD .

a) Tinh khoang cach tir A dén (SBD).

b) Tinh khoang cach tir I dén (SBD).

¢) Tinh khoang cach tir A dén (SBM).

LOI GIAI
Tinh khoang cach tir A dén (SBD).
Ké AO L BD tai O.
C6 BD L AOva BD LSA = BD 1 (SAO)
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b)

= (SBD) L (SAO): hai mit phéng nly %
vudng gbc véi nhau theo giao tuyén SO.
Dyng AH LSO tai H = AH L (SBD).

Vay: d(A,(SBD))= AH.
Trong AABD co:

11 1
AO? AB? AD?
1,15 a0lB )
a 4a 4a \/:r,_ B
Trong ASAO c6: 12= 12+ 12= 52+12-= 92 AH=—2—§—.
H- AQO° AS° 4a° a“ 4a 3
Ket luan: d(A,(SBD))= AH =22

Tinh khoang cach tir I dén (SBD)

Goi N=ACABD. | |

Vi hai diém A va C ndm trén dudng thing c6 giao diém véi mp(SBD) tai N,
d(C,(SBD)) N
d(A,(sBD)) AN
Vi hai diém I va C ndm trén dudng théng c6 giao diém v6i mp(SBD) tai S,
d(I,(SBD)) IS 1
d(c(sBD)) CS 2
Tinh khoang cach tir A dén (SBM).

Ké AK L BM, AJ L SK.Suy ra: A] L mp(SBM)=> d( A(SEM)) = AJ.

2
C6: BM =/BC? + CM? = |42 +f‘:1—= a 217 .

=1 =d(C,(SBD))=d(A,(SBD)).

nén co:

= d(1(s8D)) = 54(C,(sBD)) =3

nén co:

C8: Sapcp = Saapm + 2Sapcm & 22 =~;—AK.BM+2.—;—BC.CM
2
2a2 :l.aﬁ;AK+a—:>AK=6—a.
27 2 2 J17
Trong ASAK c6: 12 = 12 + 12 = 172 +—12—= 53 :>A]=—§a—
AJ2 AK? AS? 36a’ a® 36a’ J53

Ket luan: d(A,(SBM)) =A] = \/53 .
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Cho hinh thoi ABCD tam O, canh a va AC = a. Tl trung diém H ctia AB
dyng SH vudng goc véi (ABCD) voi SH = a.

a) Tinh khoang cach tir H dén (SCD).

b) Tinh khoang cach tir O dén (SCD).

¢) Tinh khoang cach tir A dén (SBC).

; LOIGIAI s
a) Tinh khoang cach tir H dén (SCD).
Ké HK 1L CD tai K.
, |CDLHK
Ta co:
CD LSH

= (SCD) L (SHK): hai mit phang nay

= CD L (SHK)

vudng gdc voi nhau theo giao tuyén SK.
Ké HI L SK tai I = HI L (SCD).

AR D f
Vi AB // CD nén dy; cp) =d( cp) = - ( AACD déu)
Trong ASHK vudng tai H:
1 1 1 4 1 7 av2l
= + =—t—=——=HI=
HI? HK? HS® 3a° a° 3a° 7
Két lugn: d(H,mp(SCD))=HI = afi .

b) Tinh khoang cach tir O dén (SCD).
Goi M la giao diém ctia HO va CD, O la tam déi xting ctia day.
Suy ra O trung diém cia HM. '

d(O, mp(SCD
e, (OMP(CD) oM 1 d(0,mp(SCD)) =
d(H,mp(SCD)) HM 2
¢) Tinh khoang cach tir A dén (SBC).
Mubn tinh khoing cich tiv A dén mp(SBC), ta phai tinh khodng cdch tiv H dén
mp(SBC) triwdc sau d6 siv dung cong thirc tinh ti I¢ khodng cich.
BC L HL
BC L SH
phéng nay vudng goc v6i nhau theo giao tuyén SL.
Ké HJ LSLtai J= HJ L (SBC) = d(H,mp(SBC)) =Hj.

af—

Ké HL 1 BCtai L, co: { = BC L (SHL)= (SBC) L (SHL): Hai mét
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Ta c6: AABC déu nén HBL = 60° .

Trong tam giac HBL HL = BH.sin 600 a\/—
- Trong ASHL vudng tai H: ! = 12+ 12.—.-—1.—6?4_._15—_-_1_%.:1—1]:9_‘/_@
H? HI? HS? 32’ a? 3a 19

Hai diém A va H ndm trén duong thing cé giao diém véi mp(SBC) tai B

. d(Amp(SBC)) AB 223
nén co: d(H mp(SBC)) = 2 = d(A,mp(SBC)) = \/1_5 .

Cho hinh chép S.ABCD c¢6 SA =2a va SA L day (ABCD), day la hinh thang
vudng tai A vaB, c6 AB=BC=a, AD =2a.
a) Tinh khoang cach tir A, B ¢én (SCD).
b) Tinh khoang cach tir AD dén (SBC).
LOI GIAI
a) Déy duoc vé lai & hinh 2. Dé dang chitng minh CD 1 AC .

CD LAC

{CD 1SA

= CD L mp(SAC)

= mp(SCD) L mp(SAC) : hai mit phing néy vudng goéc véi nhau theo giao
tuyén SC. Dung AH LSC= AH 1 mp(SCD) .

Vay d(A,(SCD)) =AH
Trong ASAC cé: 12= 12+ 12= l2+‘ 12= 32 £>AH=—2—a—.
AH? AC? AS® 222 4a? d4a J3
. 2a
Két luan: d ‘ =AH ="+
“ S(a[sep)) T J3

Goi M 1a trung diém cta AD, thi:
BCDM la hinh vuéng = BM // CD.
Goi O=BMnAC.

Vi MB // CD = BM // mp(SCD)

= d(B,(SCP))=d(0,(sCD)) .

Hai diém O va A ndm trén duong
thdng c6 giao diém véi mp(SCD) tai C
nén co:
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d(0,(scp))
d(A(sCD)) -

=d(0,(5CD)) =3 d(A,(SCD)) - =

Q

C
C

N | =

>

'Két lugn d(B,(SCD))=—=.
et luan ( ( )) N
b). Tinh khoang cach tirt AD dén (SBC).
AD // BC = AD // mp(SBC) = d(AD,(SBC))=d(A,(SBC))

Ta c6: BC L mp(SAB)= (SBC) L(SAB): A"
hai mit phang nay vuéng géc v6i nhau

theo giao tuyén SB. a hs
Dung Al L SB(IeSB)=> AI L mp(SBC). .
Vay d(A,(SBC))= Al B Hinh2

1 1 1 1 5

Trong ASAB c6: = + =—+
A2 AB? AS? a? 4a? 4a?

K&t lugn: d(AD,(SBC)) = AH = % .

= = AH=—.
5

SA 1 day (ABCD), géc gitta mp(SBC) va mp day 1a 60°. Tinh:
a) Puong cao cuia hinh chop. '
b) Khoang cach tir A dén (SBC).

Cho hinh chép S.ABCD c6 déy la hinh thoi véi BAD=120°, BD = a,

LOIGIAI s

a). Goi O=ACNBD.Ké AH 1BC.
BC L AH

’

° {BC LSA
(SBC)~(ABCD)=BC

Cé: {SHLBC, AH LBC

SH c (SBC),AH < (ABCD) A

= BC Lmp (SAH) = BC.LSH

=[(s5C),(ABCD) | - AHS

AOB ntra tam giac déu:

ABA3

BO =
2

a
= AB=—=.
B
ABC 12 tam gic déu: AH=BO=§-.
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tan AHS = 54 = SA =tan60°.AH =
AH

av3
| 2
b) Ha HA 1 SH => AH 1 mp(SBC). Vayd(A,(SBC))=

4 _16 AI_E[.
3a2 3a
B3

Kétlugn: d(A,(SBC)) = Al = 5‘74-

-+

11,1 _4
AI? AH? AS? a?

DE THI TUYEN SINH DAI HQC KHOI D NAM 2007

Cho hinh chép S.ABCD c6 day 1a hinh thang. ABC = BAD =90°, BA=BC=a,
AD =2a. Canh bén SA vudng goc voi day va SA =a V2 . Goi H 12 hinh chiéu
vuong goc cia A trén SB. Chitng minh tam giac SCD vudng va tinh ( theo a)
khoang cach tir H dén mit phéng (SCD).

LOI GIAI
Goi M trung diém ctia AD co6:

MA=MC=MD:>MC=%AD.

Vay: tam giac ACD vudng tai C.
" { CD L AC

D LSA = CD L (SAC)=CD 15SC.

Két luan tam giac SCD vudng tai C.
Dung AI L SCtail.

AI LSC
co {

arLcp= Al 1(SCD)= d(A, mp(SCD)) = AI.

Trong ASAC vudng tai A co: 12= 12+ 12= 12+ 12 =—12—:>AH=a
Al AC® AS° 2a° 2a° a
Goi G=BM N AC.Ta c6é BM // CD nén BM // mp(SCD)

Vay d(B, mp(SCD)) = d(G,mp (SCD)) .

Hai difm A va G nidm trén duwong A4 , M D
thing c6 giao difm véi mit phing
(SCD) tai C nén:
d(G,mp(SCD)) cc 1 G
d(A,mp(sCD)) AC 2
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=d (G,mp (SCD)) = —1—d(A, mp(SCD)) = % Trong ASABvubng tai A co:

2 2 2
SHSB-sA? & SISB_SA__ SAL 7 2

sB2  SB? SAZ+AB® 2a°+a’ 3
Hai di®m B va H nim trén dudng thang c6 giao diém véi mat phéng (SCD)
d(H,mp(SCD)) _HS_2

d(B,mp(SCD)) BS 3

tai S nén:

2 a
= d(H,mp(SCD)) = —gd(B,mp(SCD)) =3
Cho hinh chép S. ABCD c¢6 day ABCD la hinh thoi canh a c6 goc BAD =600
va SA=5B =SD =a.
a) Chitng minh (SAC) vudng goc véi (ABCD).
b). Chitng minh tam giac SAC vuong.
¢) Tinh khoang cach tix S dén (ABCD).
LOI GIAI y
" a) Ching minh (SAC) vudng géc véi (ABCD).
Goi O la tAm cta hinh thoi ABCD.
Ta c6: ASBD cén tai S ¢6 O la trung
diém ctia BD nén: SO L BD; ABCD la
hinh thoi nén BD L AC.

= BD L(SAC).
Ma BD c (ABCD) = (SAC) L (ABCD).

b). Chitng minh tam giac SAC vudng .
Ta chitng minh SO = AO =OC. ¢
Do AABD cén tai A c6 BAD =60° = AABD déu.

a3

AABD déu canh a c6 AO la duong trung tuyén = AO = 2 >

B
Xét ASOD vudng tai O, ta co:

50 =+SD? -OD? = ,’ - —Jiel— a3 M

—50=A0=0C=232

c

4

Ma SO la duong trung tuyén cua ASAC = ASAC vudng tai S.
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Cht y: Cho tam giac ABC c6 AM la duong trung tuyen AABC vuong tai A
& AM=MB=MC.
”Trong mot tam glac vuong dirdong trung tuyéh tng voi canh huyén bang

mot nita ¢anh huyén”.

Tinh khoang cach tir § dén (ABCD)..

Xét hinh chép 5.ABD :

Ta cb: SA =SB =SD =a. AB =BD =DA =anén S.ABD la hinh chép déu.
Goi H 1a trong tam cita AABD => SH L (ABD) (Theo tinh cht ctia hirih chop déu)
= SH L (ABCD) taiH = d(S,(ABCD)) =SH.

2 a\/_ a\/_

Vi H la trong tam AABD nén AH= —AO i Ay

Trong ASHA vudng tai H, ta ¢é:

\/,

d(s (ABCD)) SH =22

Trong mp(P) cho tam glac ABC vuong tai A co BC = 23, ACB 600 Du’ng

hai doan BB’ = a, CC’ = 2a cling vudng goc véi mp (P) va & cung ot bén
v6i (P). Tinh khoang cach tir:

a) C déh imp(ABB).

b) Trung diém B'C déh mp(ACC).

c) B déh mp(ABC).

b)

LOI GIAI |
Trong AABC: AC = BC.cos60” =a, AB = BC.sin60° = a3
CALAB L
., > CA1(ABB)
CA 1 BB' -
= d(C,mp(ABB'))=CA=a. 2a
Goi E trung diém cua CB'.
{B’B" j1ce

coe(ace)™ BB IACE). g

Vay: digmp(acc)) = 9B mp(acc)

212




Ta cé: {ABJ’ AC = AB L (ACC")

AB L CC'
= d(5,mp(acc)) =AB= a3
Ta c6: EB' va mat phéng (ACC') cit nhau tai C nén :

d(E,mp(ACc.")) EC 1 1 a3

o mp(acc) “BC 2 = Hemp(ace)) T3 Y mp(acc)) T

Vi CB,C'Bc (BCC B ) Goi F=CB'nC'B.
D¢ tinh khoang céch tir B' dén mp(ABC), ta phai thong qua khoang cach tir
C dén mp(ABC). Vi C la hinh chiéu vudng gdc cta dinh, nén tinh khoang
cach tir C déh mit bén (ABC') la rat dé dang.
Trong tam giac ACC'ké CH L AC'.

{ CH L AC'
Ta cé:

CH L AB(vi AB L (ACC') =CH

) = CH 1 (ABC')= d(c,mp(aBC))

Trong AACC' vudng tai C:

1 - 1 + 1 —_1__+._l_..—_5__:> CH——_%E
CH? cA? CC? &’ 4’ 4a? V5
Ngoai ra: AB'FB ~CFC'= FB_BB _1
FC CC 2
F la giao diém cua CB' véi mp(ABC') nén:
Ymp(anc) BFE_1_ 14 2
B',mp(ABC' C,mp(ABC)) ~ ¢
dcmpancy) CF 2 (B/me(ABC)) “(Cmp(aBC) = g
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TINH KHOANG CACH NHO TINH CHAT
CUA TU DIEN VUONG

Pinh nghia:
T dién vudng la tir dién c6 mot géc tam dién ba mit vudng. Trong tir dién
vudng c6 mot tinh chat dang chu y sau day.
Tinh chat:
Gié stt O.ABC la it dién vuéng tai O (OA L OB, OB L OC, OC L OA).
Khi d6 dudng cao OH ctia tit dién OABC dugc tinh theo cong thuc:

1o 1,1 1
OH? o0A? O0B? OC?
Chéng minh:

Dyng OD L BC(D € BC), dung OH L AD(H € AD)
. |BCLOD
Ta co:
BCLAO
Hai mit phing (ABC) va (AOD) vuéng
goc v6i nhau theo giao tuyén AD 6
OH L AD nénsuyra OH L mp(ABC)

= BC 1 (AOD) = (ABC) L (AOD)(BC = (ABC))

Trong cac tam giac vudng OBC va OAD ¢6

1 _ 1,1 1 _ 1 .1 ol
oD? O0B> 0OC? " OH? OD?> OA?
Vivéy:1’=l+1+1.

OH?> ©0A? O0B* 0C?

Ste dung tinh chit niy dé€ tinh khodng cich tie mot diém dén mot mat phing trong
nhiéu truwong hop té ra khd bt loi. Ddy 1 cong thirc dep va ciing dwoc hay st
dung. Trong dé thi dai hoc nhitng ndm vica qua cé nhiéu bai si¢ dung cong thirc

nay, ching ta ldn lwgt xem nhitng vi du sau ddy:

PE THI TUYEN SINH DAI HOC KHOI D
NAM 2002
Cho hinh tit dién ABCD c¢6 AD vudng géc véi
mit phéng (ABC), biét AC=AD=4cm,
AB=3cm, BC =5cm .Tinh khoang cach tir A
dén mit phang (BCD).
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LOI GIAI
Ta cé: BC? = AB? + AC? =25= AABC vudng tai A.
Tt dién ABCD c6 d6i mdt vudng goc v4i nhau tai A
1 1 1 1 1.1 .1_17

nén: — = + + —_—t—t—=
AH? AB? AC? AD? "9716 16 72

6\/—

=>AH=——-

Cho hinh chép S.ABCD c6 day ABCD la hinh thoi tim O, canh a, BAD =60°,
SO vudng goc v6i mit phang (ABCD) vaSO= —
a) Tinh d(O;(SBC)), d(A;(SBC)).

b) Tinh d(AD;SB).
LOI GIAI
a) Tu gié thiét 6 tam gidc ABC déu nén co:
0B=2;0C —'i‘%: .

b)

Do t& dién OSBC vuong tai O
(OB LOC, OC 1 0S, OS L OB)nén:
1 1 1 1
= + +
d2(0;(SBC)) 0s* OB* OC?

Suy ra: d(O;(SBC)) =

Tinh khodng cich tiv A mit phing (SBC) thi ta st dung cong thwc ti 1¢ khodng
cich . Vi 2 diém A va O ndm trén dwomg thing co giao diém v6i mat phing (SBC)
tai C nén co:

d(A,mp(SBC)) AC
d(0,mp(SBC)) - ocC

3a_3a
—2= d(A,mp(SBC)) =2d (O, mp(SBC)) = 2.—83 -

Vi AD // mp(SBC) nén d(AD;SB) = d(AD;(SBC)) = d(A;(SBC)) = %:1.

Cho hinh 1ap phuong ABCD.A'B'C'D' cd canh bang a. Tinh d(AC,DC') .

LOI GIAT
ViAC // A'C'= AC // mp(DA'C’) nén cé:
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d(AC,DC’)=d(AC,mp(DA'C")) =d~(A,mp(DA’C')) =d(D',mp(DA'C"))

Vi hai dm A va D' ndm trén duwong D c
thang c6 giao diém véi mp(DA'C)) tai i .
d(A, A'C')) s
O nén co: ( mp(DA C)) = A0 =1 A N B’
d(D’,mp(DA'C)) D'O Yol
J.’l :i;;:"“"“:: =7 C
=d(A,mp(DA'C))=d(D'mp(DA'CY)) . |/ T
a4 B

Tt dién D'DA'C' vudng tai D' nén:
1 __ 1 1 1
d*(D,mp(DA'C’)) D'D* D'A? Dot R,

= d(D',mp(DA'C')) = —\7.—_—
\/_

DE THI TUYEN SINH DAI HOC KHOI D NAM 2008
Cho léng try diing ABC.A'B'C' ¢6 day ABC la tam giac .vudng tai B,
AB=BC=a, canhbén AA'=av2 . Goi M I trung diém caa BC.

a) Tinh d(AM,B'C).

b) Tinh d(M,mp(AB'C)).

Kétluan: d(AC; DC')= 22

LOI GIAI
a) Goi E la trung diém ctia BB' thi B'C // mp(AME). Do d6

| d(AM,CB') = d(CB', mp(AME)) = d(B',(AME)) = d(B,(AME))

ViE trung dém BB’ nén:
d(B',(AME)) = d(B,(AME)) | .
Vi tit dién BAME 14 tt dién vudng tai B '
nénta co:
1 1 1 1
= + +
d*(B;(AME)) BE?> BA? BM?

o anyd I\

Suy ra: d(B; (AME)) = —— _ c =~z zz==

5 =

Kétlugn d(AM;B'C)= 17—- B

7
2
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b) Tinh khoang céch tir M dén mit phéng (AB'C) cac ban lanh mét tinh
khoang cach tit B d&h mit phing (AB'C) trudc vi BB'AC 1a tit dién vudng,
sau d6 sit dung cong thike ti s8 khoang cach thi tinh duoc khoang cach tir
M. Ta tinh nhw sau: |

1 1 1 1 1
= + + =t
d*(B,(AB'C)) BA? BB? BC® a’* a’ 2a° 2a°

ey av1o

= d(B,(AB C))—; =

Vi duong thing qua 2 diém B va M ¢6 giao diém véi mit phéng (AB'C) tai

Cnén c6: :

d(M'(AB' ) _mc_1_ d(M,(AB'C))==d(B,(AB'C)) = a¥10

d(B,(AB'C)) BC 2 2 10
Cho lang tru déu ABC.A'B'C'c6 tét ca cac canh b??mg a.Goi M, N lan luot
12 trung diém cia AA',BB'. Tinh d(B'M,CN).

LOIGIAI ¢ 4"
Vi d€ bai cho chua c6 géc nao d€ c6 tir o’ '
dién vudng, nén ta phai dung thém \?’
duong thing d& c6 tt dién vudng. Vi
AABC d&u nén ta nghi ngay dén ké M
duong cao ctia tam giac.
- Goi O va O' 1an luot 1a trung diém cua p /
BC vaB'C'. Ta ¢6 ngay tit dién vudng tai O. e D
Goi P la giao diém ctia OO' véi CN. C< ,,,,, i
Vi BM// AN suy ra B'M // mp(CAN) nén: 0\

d(MB',CN)=d(MB',(CAN)) =d(B',(CAN)) =d(B,(CAN)) ’
Mubn tinh khoang cach tir B dén (ACN) théng qua khoang cach tit O dén (ACN).
Mt phdng (ACN) va mit phing (ACP) nhu nhau.
Ta c6: OA, OP, OC d6i mét vudng goc tai O nén O.ACP la tir dién vudng tai
O nén co:

1 _ 1 + 1 + 1 _ 4
d*(0,(ACP)) 0A* oC* OP* 3a’

a3
8

16_ 64
a? 3a°

A
a2
=d(0,(ACP))=
Vi BO ¢6 giao diém v6i mit phéng (CAN) tai C nén cé:
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a‘\/g a\/g

A(B(CAN)) _BC _, _, 4(s,(can)) -24(0,(can)) -2 22 -2

d(0,(can)) oc

'PE THI TUYEN SINH DAI HQOC KHOI D NAM 2007
Cho hinh chép S.ABCD, c6 day ABCD Ia hinh thang, ABC=BAD=90",
AB=BC=a, AD =2a.Canhbén SA vudng géc véi day SA = a2 .GoiH1a

hinh chiéu vudng gdc cia A trén SB. Tinh d(H; (SCD)).

LOI GIAI
Goi M 14 giao diém ctia AB v6i CD;
K Ia giao diém cua AH véi SM.
D& thay B la trung diém cia AM.

. BH_BHBS_BA®_ a* 1
Ta cé: = == =
BS
= H la trong tam cua tam giac SAM.
Tir dé: d(H,(SCD)) _ KH _1
d(A,(SCD)) KA 3

1 1,1, 1 1
d?(A;(SCD)) AS? AD? AM? a’

T dién A.SDM vuong tai A nén:

Suy ra: d(A,(SCD)) = a. Vay d( H,(SCD))= -

Cho hinh 1ap phuong ABCD.A'B' CD' ¢6 canh bang a. Goi K 1a trung diém

cua DD'. Tinh khoang cach gitra hai duong thing CK vd AD .
LOI GIAI '
Goi M 1a trung diém cua BB'. Ta c6: AM // KC nén:
d(CK,A'D ) =d(CK, (A'MD))=d(K, (A'MD)) D' ¢
Goi N la giao diém ciia AK véi A'D; .
P la giao diém ctia AB véi A'M
d(K,(A'MD))

Khi d6: L& _NK_1
dA(AMD) NA 2

= d(CK; A'D)= —;—d(A;(A'MD))

- —12-d(A;(A'DP))

T dién AA'DP vudng tai A nén: 4 B
1 1 1 1 9

d?(A(A'DP)) AA? AD? AP? 4a

Suy ra: d(A;(A'DP)) = %‘i Vay: d(CK; A'D)=1.
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HAI DPUONG THANG CHEO NHAU

1. Khai niém
Hai duong thing a va b khong cling thuéc mét mit phang (khéng c6 mat
phéng nao chiza ca a vab) thi ta néi hai dwong thang a va b chéo nhau .

2. Puong vudng géc chung ctia hai duong thing:
Néu c6 duong thing d lan luot vudng géc voi ca hai duong thing a va b
chéo nhau 14n luot tai M va N, thi duong thing d goi la dudong vudng géc
chung ctia hai duong thang chéo nhau a va b, con d6 dai doan MN goi la
khoang cach giita hai dwong thing chéo nhau.
C6 hai dang toan chinh cua bai nay la:
Dang 1: Tinh khoang cach giita hai duong thang chéo nhau
Dang 2: Xac dinh duong vudng goc chung va tinh d¢ dai doan vudng goc
chung ctia hai dwong thang chéo nhau.
Chiing ta 1an lugt xét cac phwong phap giai cu thé clia hai dang trén nhuw sau:

DANG 1: Tinh khoang cach giita hai dwong thing chéo nhau.

Phueong phip chung ta phdi chuyén khoang cich giita hai dwong thing chéo nhau
€ khodng cich tie mot didm dén mot dwong thing hodc khodng cch tie mgt diém
dén mot mét phing. Thieong xdy ra nhitng trieong hop sau ddy:

1. Néu duong thing a thudc mot mit phang (P), va duwong thing b song song
v6i mit phang (P). Thi khoang cach gitta a va b bing khoang cach tir dwong
thang b dén mat phang (P). CHON mét diém M thich hop thudc b sao cé cé
thé tinh khoang cach d& dang dénh m3t phéng (P). Khoang cach tit M dén (P)
la khoang cach gitta hai duong a vab.

Chti y: Néu khéng tim dwoc mot mit phang chita dubng théng nay va song
song véi duong thing kia, thi ta phai dung mit phang (P) chua duong
théng nay va song song véi dwong thing kia.

2. Néu duong thang a thudc mat phang (P), duong théng b thudc mat phéng
(Q). Ma hai mat phéng (P) va (Q) song song véi nhau, thi khoang cach gitra
a va b bang khoang cach (P) va (Q).

3. Cu thé tinh khoang cach giita hai dudng théng chéo nhau a va b, véi a la
canh bén con b la mt canh ctia day. Cach lam nhu sau:

Goi I 1a giao diém clia dudng thing a v6i mit day. Tir I dung duong thang
A song song véi b. Luc d6 b song song v6i mit phang (P) chita a va A.
Chon mét diém M trén b sao cho c6 thé tinh khoang cach dén mit phing
(P). Khoang cach tir M dén mt phing (P) bing khoang cach giita a vab.
Théng qua céac vi du sau cac ban sé hiéu r6 hon:
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DE THI TUYEN SINH PAI HOC KHOI A NAM 2011
Cho hinh chép S.ABC c6 day ABC la tam giac vudng can tai B,|
AB=BC =2a, hai mit phang (SAB) va (SAC) cung vudng goc voi mat
phéng (ABC). Goi*M la trung diém cta AB; mit phing qua SM va song
song v6i BC cit AC tai N. Biét gbc giita hai mit phéng (SBC) va (ABC) béng
60°. Tinh khoang cach giita hai dudng thing AB va SN theo a.

LOI GIAI
Ta co: mp(SAB) N mp(SAC) =SA, va
hai mjt phing (SAB) va (SAC) cung
vudng goc véi mit phing (ABC). -
Suy ra SA L mp(ABC) .

Mat ph:fmg qua SM va song song véi
BC cét AC tai N, suy ra MN // BC va N
trung diém cua AC.

Trong tam giac ABC c6: MN = -;—‘BC =a,BM= —;—AB =a. C

BC L AB

Ngoai ra: 1 AB .
goai ra {BC_LSA:>-BC mp(S ):>BC,LSB

(SBC)n(ABC)=BC . = A2 B
Vi: {SB L BC,ABLBC |
SB < (SBC), AB  (SAB) w I .

= ((5BC),(ABC)| =SBA = 60"

Xét ASAB vudng tai A: SA = AB.tan60° = 2a+3 . C

Tinh khoang cach giita AB va SN, ddy la bai todn tinh khoang cdch giita canh
bén SN vi canh diy AB. Do chuwa c6 mit phing nio chiza mt trong hai dwong trén
nén ta phdi dyng mét mit phing (P) chita dwomg thing niay va song song v6i
dwong thing kia. Cach dung theo phwong phép 3 & trén: -

N la giao diém ctia canh bén SN v6i mét day (ABC).

Tt N, ké Nx // AB, suy ra AB // mp(SNx) (vi Nxc (SNx) )

Nén d(AB,SN)=d(AB,mp(SNx))=d(A,mp(SNx)).

Cha y: A la hinh chiéu cia dinh, con mat phing (SNx) la mét phing bén. Cic ban
xem lai phwong phdp tinh khodng cich tiv hinh chiéu cia dinh 1én mot mdgt phing
bén 6 bai khodng cich tie mt diém déh mot mit phing

Dung AI L Nx tai I. Goi H la hinh chiéu vuéng gbc ctia A trén SI.
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. [Nx L AI

{Nx LSA

Hai mit phing (SNx) va (SAI) vudng goc v6i nhau cé giao tuyén SI, ma
AH 1SI=> AH L (SNx). Vay d(A,mp(SNx))=AH.

= Nx L (SAI) = mp(SNx) L mp(SAI).

Ta ¢6: AI:%BCEa.

Trong ASAI vudng tai A c6:

1 1 1 1 1 13 2a/39
eyt sty = =>AH = —rr,

AH? AS% AI°° 12a° a 12

Za@

13

Két luan d(A,m‘p(sNx)) AH =

DE THI TUYEN SINH DAI HOC KHOI A NAM 2012.

Cho hinh chép S.ABC ¢6 day la tam gidc déu canh a. Hinh chiéu vudng
gbc clia S trén mit phang (ABC) la diém H thudc canh AB sao cho HA =
2HB. Géc gitta duong thing SC va mit phang (ABC) bang 60°. Tinh
khoang cach gitra hai d‘u’é‘mgvt'héng SA vaBCtheoa.

S

LOI GIAI
Ap dung dinh ly cosin cho tam giac AHC cé:
CH? = AC? + AI—I2 ~2AC.CH.cos CAH
=a%+ %i -2.a. 2_a .cos60° = 7a
3 3 7

W

aV7
3

=»CH=
Ta c6: HC la hinh chiéu vuong goc cta
SC trén mat phang (ABC).

Nén géc giita SC va mat phang (ABC)
la goc SCH =60".

Trong tam giac SCH vudng tai H co:

a\/— \/’ a\/_

SH = CH.tan60° =

Tinh khoang cach gitia SA va BC, ddy la bai todn tinh khodng cdch giita canh
bén SA va cqnh ddy BC. Do chiea c6 mit phiing nao chiva mgt trong hai duong trén
nén ta phdi dung mét mat phang (P) chiva duong thing nay va song song véi
dieong thing kia . Cach dung theo phuong phap 3 & trén :
A 12 giao Jiém ctia canh bén SA véi mat ddy (ABC).
Tir A ké Ax // BC. Suy ra BC // mp(SAx) (vi Ax < (SAx)) nén:
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d(BC,SA) = d(BC,mp(SAx)) = d(B, mp(SAx)).

BC song song v6i mit phing (SAx) thi khodng cich moi diém trén dwong thing BC
dén mat phing (SAx) déu bing nhau.
Vi sao Thay lgi chon diém B ma khong chon diém khdc ching han 1a C , 1 vi diém B
nim trén dwong thing cé chira diém H la hinh chiéu cia dinh, viéc tinh khodng
cich tiv H dén mdt phing bén (SAx) la rat dé dang. Thong qua cong thikc tinh t s6'
khodng cich thi ta tinh dwoc khodng cich tir B.
Nén trén Iy thuyét Thdy cé néi chon diéim M thich hop c6 thé tinh khodng cich dén
mp(P), cu thé & bai nay la diém B. f
Dung HI L Ax tai I. Goi K 1a hinh chiéu vuéng géc cua H trén SL

. {Ax LHI

a1 gpy = AX L (SHI) = mp(SAx) L mp(SHI).

Hai mt phéng (SAx) va (SHI) Vuéng g6c véi nhau cé giao tuyén SI.
Ma HK L SI=>HK L (SAx). Vay d(H, mp(sAx)) =HK.

Trong AAIH vuong tailcé HI = HA.sin 60° = —2—33 iz—%- = a—B\@—- .
Trong ASIH vudng tai H co:
1 1 1 9 9 24 7
7 el T2 a2tz 2:>HK:i’
HK? HS? HI* 21a> 3a’ 7a V24

Puong thing di qua hai diém B va H c6 giao diém véi mit phing (SAx) 1a
' d(B,mp(SAx)) _BA *g

A nén: - -
d(H,mp(SAx)) HA 2
3d(B,mp(SAx))=-§-d(H mp(SA )) ;’ «’:\l[\zg a{;ﬁ

Cho hinh chdp S.ABCD c6 ddy la hinh vuéng canh a, SA =SB =SC = SD =
av2 . Goi I, K la trung diém ctia AD, BC.

a) Chitng minh (SIK) L (SBC).

b) Tinh khoang cach giita hai dwong théng SB va AD.

LOI GIAI
Goi O 1a giao diém ctia AC va BD.
Ta c6: OA = OB = OC = OD (tinh chét hinh vuéng)
Theo dé bai SA =SB =5SC=5D = av2 .
Suy ra: O 1a hinh chiéu vudng géc cia S trén mit phang (ABCD),
SO L (ABCD).

222




' {BC X L Bel (SIK)

“1BC 150
= (SBC) L (SIK) ( vi BC =(SBC)).
C6 AD // BC = AD/ /mp(SBC), nén:
d(AD,SB)=d(AD,(SBC))
=d(L,(SBC))(vi Ie AD). e

Goi H 1a hinh chiéu vuéng gdéc ctia O trén SK c6:
OH 1 SK
OH 1 BC

=> OH 1 mp(SBC) = d(O,mp(SBC))=OH.

2
Trong ASAO vuéng tai O c6 SO =SA2 - AO? = 1/2a2 - 92— = 35‘@ :

Trong ASOK vuong tai O co: .
OH® O0s° OK*® 6a° a° 3a° 14
Hai diém I va O cling ndm trén dudng théng c6 giao diém véi mp(SBC) tai
. d(Lmp(SBC)) 1k

K nén: ==
e d(0,mp(SBC)) OK
_ a2 a2
= d(I,mp(SBC)) = 2d (O, mp(SBC)) = 2. T
a1 av42
Két luan: d(AD,SB)z
7

Cho ldng tru tam giac ABC.A1B1Ci c6 tat ca cac canh bé“mg a, goc tao boi canh
bén va mit phing day bang 30°. Hinh chiéu H clia diém A trén m3t phing
(A1BiC1) thudc duong thing BiCi. Tinh khoang cach giita hai dwong théng
AA1va BiCi theo a.

LOI GIAI A 5
Do AH L(AB,C,) nén géc giita AA
va (ABiC) 1a gée AAH =30°.
Xét tam giac vudong AHA1 cd: AA1=a;

a3

AH=AA,.cos 30° = ——-é——; Al ‘ e

AH = AA,.sin30° =%.
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Do tam giac A1B1C1 12 A déu canh a; H thuéc BiCrva A|H = 9—\—2/—5- nén:

AH vudng goc voi BiCr.

Mat khac: AH L B,C; nén: B,C, L(AA;H)

Ké duong cao HK ctia tam giac AAH thi HK chmh la khoang cach giita
AA1vaBiCi

A]H AH a[

Ta c6: AALHK = AIHAH = HK =
TAA, 4

DANG 2: Xac dinh du’dng vudng goc chung.
Phitong phdp gia
Ta c6 cac truong hqp sau day:

a) Gia st a va b 1a hai duong thang chéo nhauva a Lb -
- Ta dung mit phing (o) chita a va vudng goc véi b tai B.
- Trong (o) dung BA Lla tai A, ta b
duoc dd dai doan AB la khoang cach
giita hai duong thing chéo nhau a vab.

b) Gia st a va b 1a hai duong thang chéo
nhau nhung khong vudng goc véi nhau.
Cach 1:
~ Tadyng mit phing (o) chit a va song song véi b
-~ LAy mot diém M tuy y trén b,
dung MM' L (o) tai M'.
= Ti* M' dung b'// b cata tai A.
Tt A dyng AB // MM’ ¢t b tai B, do
dai doan AB la khoang cach giita hai
duwong thing cheo nhau a va b.

Cach 2: 2 b

- Ta dyng mit phang (o) La tai O, () cét b tai I. A}\/

- Dung hinh chiéu vuéng gécciia b la b’ trén (o). A-B

- Trong mat phz?mg (o), vée OH Lb', Heb'.

~ Tir H dung dudng thing song song

v6i a cat b tai B. _

~ Tir B dung dudng thng song sohg

véi OH cét a tai A.

— D6 dai doan thing AB la khoang cach gitra hai duong théng chéo nhau
a vab.
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Cho hinh chép S.ABCD c6 day la hinh vudng canh a, SA=h va 1 day. Dung

va tinh d6 dai doan vudng goéc chung cta:

a)

b)

a) SB va CD. 'b) AD va SB

c) ABvaSD d) SC vaBD.

e) SC va AB. f) SC va AD
LOI GIAI

Dung va tinh d6 dai doan vuong géc chung caa SB \;é CD
BC L AB (ABCD hinh vudng)

BC L SA (ViSA L (ABCD))

=BC L mp(SAB)=BCLSB  (1).
Ma: BC L CD (ABCD hinh vuéng)

Tir (1) va (2) ta c6: BC la duwdong vudng goc
chung cia SB va CD, va BC ciing la
khoang cach giita hai duong thang SB va CD.
Kétluan d(SB,CD)=BC=a.

Dung va tinh d§ dai doan vuéng géc chung caa SB va AD
Trong ASABké AK LSBtai K 3)

AD L AB (ABCD hinh vuéng)
{AD LSA (ViSA L (ABCD))
Tt (3) va (4) thi AK la duwdng vudng goc chung caa SB va AD, va AK ciing
1a khoang cach gitra hai duong thang SB va AD .
Trong ASAB vudng tai A :

= AD L AK(AK c(SAB)) (4

1 _ 1 1 1 1 _a’+h® . ah
AK? AS? AB? h? a? a?n? Ja2+h2
. a.h
Két luén d(SB,AD) = AK = ———.
va? +h?
Dung va tinh d6 dai doan vudng géc chung cua AB va SD.
Trong ASADké AH L SDtai H (5)

. |ABLAD (ABCD hinh vuéng)
co:
AB LSA (ViSA 1 (ABCD))

= AB L mp(SAD)=> AB L AH(AHC (SAD))  (6)
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Ti (5) va (6) thi AH la duwdong vudng goc chung ctia SD va AB, va AH cling
12 khoang cach giita hai duong thdng SD va AB.
2,12
Trong ASAD vudng tai A : ! 5= 12 + ! 5 =i2+_12_=_za__2_t_l_;_
AH* AS° AD“ h° a a“.h

a.h
Va2 +h?

Két luan: d(SD, AB)= AH =

= AH-=

a.h

, vaZ +h?

d) Dung va tinh d6 dai doan vudng géc chung cia SC va BD.
Goi O=ACANBD. Trong ASAC ké OG L SC tai G )

BD L AC (Tinh chét hinh vudng)

Ta co
BD LSA (ViSA 1 (ABCD))

= BD L mp(SAC)=BD LOG(OG (SAC)) 8).

Tir (7) va (8) thi OG la dudng vudng géc chung cua SC va BD, va OG cung
1a khoang cach giita hai duwdng thing SC va BD.

Trong ASAC cé: AC= af CO -—AC -a—J;
SC=+SA2 + AC? =+h? +2a2
Ta cé: ACGO ~ ACAS(g.g) = =2 = 2

CS SA

a2
~0G=Cga-——2 _h- ah2 .
Cs \/2a2 +h? 2\[2a2 +h?
a.h.\/E

Két luan: d(SC,BD)=0G =

24/2a% +_i\7

e). Dung va tinh d6 dai doan vudng géc chung caa SC va AB.

Ta co: AHLSD A SCD AH 1.5C
a co: AHLCD(CDJ_(SAD)): HJ_mp( C )::> .

Tue Hké HI // CD.
Suy ra HI va AB cung thudc mot mat phéng vi cling song song v6i CD.
Trong mit phing (AB,HI) ke IJ // AH,, 1] cat AB tai J.
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Ta cé: I // AH - IJLsC
aC0' Y \H 1SC, AH L AB (Ddchiingminh &trén) — |Ij L AB
Vay: IJ 1a duong vuéng goc chung ctia SC va AB, va IJ ciing 1a khoang cach
gitta hai duong théng SC va AB.
a.h
va? +h?

Dung va tinh d6 dai doan vudng géc chung ctia SC va AD.

Kétluan: d(SC,AB)=1J= AH =

Taco | oo AK 1 mp(SBC) = AK LSC
299 AK L BC(BC L (5AB)) L mp(SBC)= f

Tir K ké KL // BC = KL va AD cling thuéc mét mit phang vi cing song
song véi BC.
Trong mit phing (AD,KL) ké LM // AK, LM cat AD tai M.
Ta b LM // AK LM 1SC
a¢6i) AK 1.5C,AK L AD (P chingminh ¢ trén) =~ LM | AD

Vay: LM 1a dudng vudng géc chung cia SC va AD, va LM ciing la khoang
cach gitta hai duong thing SC va AD.

Két luén: d(SC, AD)=LM = AK = Tii_—:

aZ +h?

Cho hinh chép S.ABCD c6 day ABCD la hinh thoi canh a, c6 goc
BAD =120°, SA = h va SA vudng gbc véi déy (ABCD). Dyng va tinh d6 dai

doan vudng goc chung cua:

a) SB va CD.
b) BD va SC.
¢) SC va AB.
LOI GIAI
a) Dung va tinh d6 dai doan vudng goc
chung cua SB va CD.

Trong mit phdng (ABCD) ké CL L AB tai L
Vi SA L (ABCD), ma SA c (SAB) nén:
(SAB) L (ABCD)=>CL L (SAB)

=CL LSB )

Trong mit phing (ABCD), tir B ke:

BN //LC v6i NeCD 3
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Tw (1), (2), (3) thi BN 14 dudng vudng goc chung caa hai duong théng SB va
CD va khoang cach gitra ching la CL.

Vi ABCD Ia hinh thoi c6 BAD =120° nén: AABC déu.

[

MaCL duong cao cta tam giac: CL = a

a3

- Kétlun: d(SB,CD)=CI= =
b). Dung va tinh d6 dai doan vudng goéc chung ctia BD va SC.
Goi O=ACNBD. Trong ASACké OM L SC tai M 4)
Tacd BD L AC (Tinh chat hinh thoi)
'a co: '
BD LSA (ViSA L (ABCD))
= BD'L mp(SAC) = BD L OM(OM c (SAC)) ®)

Tir (4) va (5) thi OM la duong vudng goc chung ctia SC va BD, va OM ciing -
1a khoang céch giita hai duwong thing SC va BD.

Trong ASAC cé: AC=a,CO = —l—AC -2,5c- JsAZ + AC? =\h? + 22

Ta c6: ACMO ~ ACAS (g g) = — cO_oM
CS SA
» a
soM=sa=—_2 ahy
Cs

h=
Ja?+h?  2a2+h?
a.h.
2VaZ +h?
c) Dung va tinh d6 dai doan vudng goc chung caa SC va AB.
Ké AELCD taiE.
{CD LAE

Két luan: d(SC,BD)=0G =

oD Lsa = CP L(SAE)=(SCD) L (SAE)(CD =(sCD)).

, o {(SAE)A(SCD) =SE
Ké AH LSE tai Hvaco = AH 1 (SCD)= AH L SC.

(SAE) L (SCD)
Tir Hké HI// CD.

Suy ra HI va AB ciing thudc mt mit phing vi cling song song véi CD.
Trong mit phéng (AB,HI), ké IK // AH, IK cit AB tai K.
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T ct: {IK /| AH - N {m 1sC
AH L SC,AH L AB(vi AH LCD,CD // AB) " |IK L AB
Vay IK la duwong vudng goéc chuhg cua SC va AB, va IK ciing la khoang cach
giita hai duong thing SC va AB.
_ 1,1 1.4 3a’+an’
AH? AS? AE? h? 3a® 3a’h’

Trong ASAE vudng tai A:

a.h\/g
v 3a2 + 4h?

Kétluan: d(SC,AB)=IK = AH =

= AH= ‘
a.h\/g o
V3a? + 4h?

Cho hinh hdp ding ABCD.A'B'C'D' c6 déy 12 hinh thoi canh a, géc A
bang 60°, gc cua dudng chéo AC' va mp day bang 60° .

a) Tinh duong cao cta hinh hép d6.

b) Tim duong vuéng goc chung cia A'C va BB". Tinh khoang cach gitra hai
duong thang dé.

LOI GIAI o
Vi ABCD.A'B'C'D' 1a hinh hép diing nén: i <
AA'1(ABCD). A= 2 B
Ta c: AC la hinh chiéu vudng géc cia She
A'C trén mjt phing (ABCD) nén : DT
(A'C.(aBCD))=(A'C AC)=ACA=60". | | b \
A e et e T
Vi ABCD 14 hinh thoi ¢6 A = 60° nén: s
‘602 ----""" |
ABAD déu = AC=2A0=a\3. A = D

Trong AA'ACvudng tai A: AA'=AC.tan A'CA=a3./3=3a .
Goi O la giao diém ctua AC va BD. I trung diém cta A'C. Ta c¢6 Ol la duong
trung binh cia AA'AC.
Vay: OI // AA'// BB' 1)
~ |BOLAC (Vi ABCD hinh thoi)
! {BO 1 AA (ViAA’ 1 (ABCD))

BO 1L AA'
BO LCA'

Trong mit phdng (BDD'B) ké IK //BO  (3)

:BOJ_mp(A'AC):{ @)
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Tir (1), (2) va (3) ta suy ta IK 1a dwdong vudng goéc chung ciia A'C va BB'.
IK ciing la khoang cach giita A'C va BB'.
BD a

Kétluan: d(A'C,BB)=1K=BO= - =5

Cho chép tam giac déu S.ABC c6 canh day bing 3a, canh bén bing 2a. Goi
G 1a trong tam tam giac ABC. Dyng va tinh doan vudng géc chung cta hai
duodng théng SA va BC.

LOI GIAI
Trong tam giac ABC déu, kéo dai AG cat BC tai M
=AG1BC
Chép S.ABC déu, ma G la tam AABC nén:
 SGL(ABC)=>SG LBC
Vi BC LSGva BC L AM tir d6 = BCL(SAM).
Trong ASAM ké MN LSA(N eSA) AN
=MNLBC (vi MN c (SAM)).
Do vay: MN la doan vudng géc chung ctia BC va SA.
Trong ASAG vudng tai G cé:
SG=VSA2 - AG? =4a2 - 3a% =a
Trong ASAM c6: MN.SA =SG.AM
323 = MN = 3aV3 .
2 4
Cho hinh chép tam giac S.ABC c6 SA vuéng géc véi mp(ABC) va SA =av/2..
Day ABC la tam giac vudng tai B véi BA=a. Goi M la trung di€m ctia AB.
Tim d9 dai doan vudng géc chung ctia 2 dudng thang SM va BC.
LOI GIAI s |

< MN.2a=a.

, SA 1BC
Ta co:
AB 1 BC

Dung BH L SM(H e SM).
Ta thay: BC L BH(BH c (SAB)).

} = BC L (SAB) tai B.

Vay: BH chinh la doan vudng goc
chung ctia SM va BC.
Ta tinh BH nhu sau:

HB MB

C6 AMHB ~AMAS = — =—
AS MS
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HB____ MB
AS a2 4 AM?

a2
3

=l :>HB=£’——
3 3

Nl%ﬂm[w

Trong mat phing (P) cho hinh thoi ABCD c6 tam 1a O, canh a va

a\/—

OB = ——. Trén duong thing vuéng géc véi mp(ABCD) tai O, 14y diém S

sao cho SB = a. Dyng va tinh doan vudng gdc chung cta hai duong thang
a) BDvaSC b) ABvaSD

D& dang ching minh dwoc: BD L(SAC) (vi BDLAC,BDL150)
. S
Trong mp(SAC), ké OM LSC(MeSC)

= OM la doan vudng géc chung cua SC va BD.
Trong ASOB vudng tai O co:

N
m e m e m
< N

5O = JSB2 - BO? = 4[a® -—-=3£
3 3

Trong ABOC vudng tai O co:

2
OC =+BC? - BO? =,fa2 —%-:i’%/-gl
B

N
AUIPIU T

Trong ASOC vudng tai O c6:5C = VSO? +0OC? = _g_a_;_/é
Va OMSC = 05.0C & 01\/1.2"‘?:/5 - a;’ .a‘f :>0M=-a-3‘/-§—. -

Goi G, H 1an luot 1a trung diém ctia AB va CD.
. |CDLGH

Ta co:
CD LSO

Tt O dyng OI L SH la giao tuyén ctia hai mat phéng vudng goc nhau (SCD)
va (SGH), suy ra OI L (SCD).

Trong mit phing (SGH) ké GJ // OI (JeSH) = GJ L (sCD).

— CD L (SGH) = (SCD) L (SGH)(CD = (SCD)).

Tit J dyng duong thing song song voi CD cAt SD tai K.

Suy ra AB va JK cling thugc mot mat phéng.

Trong mét (AB,JK) dung KL // GJ (L € AB).

Suy ra KL la doan vuéng géc chung cua AB va SD.

GJ LSD {CI 18D {KL 1SD

That vay: Vi GJ L (SCD
atvay: Vi G L( ):>{GJL(:D:> GJ L AB(AB// CD) ™~ |KL L AB
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Trong ASOH : 1 __1 + 12= 3 +42 11-_-> a/22
O 0S* OH? 2a% a? 2a? 11

2ax/£
11

= GJ=20I=

Za\/——

Két luan: d(AB SD)

Cho tit dién ABCD v6i AB=CD=a, AC=BD=b, BC=AD=c. Goilva]Jlan
lueot 1a trung diém ctia AB va CD. Hay tinh d¢ dai doan vuéng géc chung
cua AB va CD.

LOI GIAI A

Ta c6: ACAB = ADBA (c.c.c) nén hai
dudng trung tuyén CI va DI twong ting
béng nhau , nén tam giac ICD can tai L.
Suyra: IJ LCD.
Chitng minh tuong tw ta c6: IJ L AB.
Két luén: IJ 1a doan vudng géc chung ctia AB va CD.
BJ 1a duong trung tuyén cia ABCD cé:

2_BC?+BD? CD?* c%2+b? a2
S ¢
Trong ABJI vudng taiI c6:

2.p2 a2 .2 32,2 .2 2, 2.2
?=p2-p2-S¥P° 3 & biic-a’ g [bRici-a
2 4 4 2 5

Cho hinh chdép S.ABCD 6 d4ay ABCD la hinh vudng canh a; mit phéng
(SAB) vuong goc véi mit phing (ABCD); gdc giita mit phéng (SAD) va

mit phing (ABCD) bang 45°. Tinh khoang céch tir C téi mit phéng
(SAD).

LOIGIAI  §
Goi H la hinh chiéu ctia S trén AB.
Vi (SAB) 1 (ABCD) theo giao tuyén AB nén:
SH 1 (ABCD)
K.
AD 1 AB T
Vi {

= AD LSA.
AD 1L SH

& — -
<

oy
@
<
X

~
~
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Suy ra géc giita mit phéng (SAD) va mit phing (ABCD) la géc giita 2
dwdng thang SA va AB va bang 45°.

ViBC // mp (SAD) = d(C; mp (SAD)) = d(B; mp (SAD)).

Goi K la hinh chiéu vudng gbc cua B 1én SA ¢6:

{BK 1SA

Bk L ap = PK L (8AD)= d(B,mp(SAD)) = BK

Trong AABK vudng tai K c6 BAK =457, suy ra AABK vudng can tai K nén

BK = AK =25 _ i . Kétluan d(C mp(SAD)) a\2/§ .

V2

Cho hinh lap phuwong ABCD.A;B,C,D; cé d dai canh bing a. Trén cac
canh AB va CD 14y l4n luot cac diém M, N sao cho BM =CN =x. Xéc dinh

vi tri diém M sao cho khoang céch giita hai dudng théng A,C va MN bing % .

LOI GIAI As D,
Ta c6: MN // BC=>MN // mp(A,BC)
=d(MN,AC)=d(MN,mp(ABC)) 5/ /i %

A c
Goi H=ABNAB, va MK//HA,KeAB | “mi
Ta c6: ABMKvuong can tai K , :4‘:,5,___ __:\\ __________ D
= MK = BK = ?/I;I —%5— . - Un; __________ \L\,\‘___ /
Vi A;B L AB; = MK L A;B; 5" c

Va CB L (ABB;A;)=>CB L MK.
Tir d6 suy ra MK L (A;BC) = MK =d(MN,(A;BC))=d(MN,A,C)

a X\2/—2._—a_____>x_a\/_2_'

bé MK =—= = =
3 3 3

i

3

Vay M thoa man BM = 2

Cho hinh hép ABCD.A'B'C'D' c6 déy ABCD la hinh thoi canh a, DAB =60,
BB'=av2 . Hinh chiéu vudng géc ctia diém D trén BB' la diém K ndm trén
BB' va BK= %BB' , hinh chiéu vuéng géc clia di€ém B' trén mit phéng

(ABCD) la diém H ndm trén doan thédng BD. Tinh khoang cach gitta hai
duong thing B'C va DC'.
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LOI GIAI

5

Ta cé: BK=—BB _a

Trong tam giac vuéng BKD c6:

DK =+vBD? - BK? _alla

4
Ta o BK = 3ppr =322
4 4
Trong tam giac vudng B'KD:

' = VKB 4+ KD? = 14‘3 —a\/—

Suy ra tam giac B BD cén tai B' do d6 H chinh 14 giao diém cua AC va BD.

o

DC' /I AB'= d(DC',B’C) = d(DC',mp(AB'C)) = d(B,mp(A'Ac)) =BH= N

Cho hinh léng try dimg ABC.AB'C' 6 AC=a, BC=2a,ACB=120" va duong
thing A'C tao v6i mit phing (ABB'A") géc 30°. Goi M trung diém cua BB'.
Tinh khoang cach giita hai duwong thing AM, CC' theo a.
LOIGIAT 4 c
Ké CH L AB. Vi AA' 1 (ABC)nén: '
AA' L CH=CH L mp(ABB'A’).

Vay (A'C,(ABB'A)) = CAH=30".

St dung dinh ly cosin va cong thirc
tinh dién tich cho tam giac ABC, ta c6:

AB - a\/‘ CH = ZSAABC a.2a.sin120° a\/—-
AB a7 7
M3t phéng (ABB'A") chira AM va song song v6i CC' nén:

av21
7

d(AM,CC')=d(C,(ABB'A"))=CH =

Cho hinh chép S.ABCD c6 day ABCD la hinh thoi canh a, goc BAD = 60°. 0
la giao diém cua AC va BD, H la trung diém caa BO,SH L (ABCD)

a\/_

. Tim khoang cach giita AB va SC.

LOI GIAI
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a3

h SH-——z— SAHCDz—ACDH

Ta cé: AABD déu nén BD=a = DH =»Z‘a

Ké HN song song AB Ne AD;
Ké HK vudng goc véi HN, Ke CD
Ké HI vudng goc véi SK, I thude SK
= HI 1 (SCD).
Khoang cach tir H t6i (SCD) la HI:

1 1 1

7 T T2 | 1ia2

HI* HK® HS

Cé: HS—3£ HK = HD.sin HDK = 323 _ 323
42 8
1 _ 4, 64 _100 ... 3aV3
HI? 3a2 27a% 2742 10

2a\/§

d(AB,SC) = d(AB,(SCD)) = éd(HN,(SCD)) =~ d(H,(SCD)) = %

Cho hinh chép S.ABCD c6 ddy ABCD la hinh vuéng canh a, SA vudng goc
véi day ABCD va SA =a. Tinh :

a) Khoang cach tir diém S ¢éh mit phing MCD véi M la trung diém ctia SA.
b) Khoang cach gitta AC va SD.

LOI GIAI

. |CDLAD
Ta co {CD LSA =CD 1 mp(SAD)
Ma CD < (MCD).
Vay: mp (SAD) L mp (MCD).
Ké SH L MD tai H.
T b (SAD) L (MCD)
(SAD)(MCD) =MD

=SH L mp(MCD) = d(

s, mp(MCD)) ~ SH.

Vi M trung diém cta SA nén: S, o\p = %S asap < SHMD = %SA.AD

2
< SH. —£=%:>SH=9—\5[£
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b).

Cé: MD =VMAZ? + AD? = J +a2 a‘f.

p(MCD)) ~ =SH=22 5

Khoang cach gitta AC va SD.
Trong at phéng (ABCD), tr D ké Dx // AC.
Goi (o) 1a mat phing chita duong thang SD va Dx.

. |AC// Dx A
i 0> AC // mp (o) nén d(xc sp) = 4(ac mp(a)) = Y(a,mp(a))-

Két luan: d(

Dx c mp(a
Tir A ké AK L Dx tai K. Ké AI L SK tai I. Thi AI l1a khoang cach tix A dén
mit phing (OL) .
Dx 1 AK
Dx 1 SA
Ma Dx c (o) = mp (SAK) L mp (o).
mp(SAK) nmp(a)=SK

That vay ta co: { =Dx 1L (SAK) .

mp(SAK) 1 mp(a) = Al L mp (a) = d(A,mp(a)) =Al.
AI 1 SK
Ta c6: AADK vuodng can tai K nén KA =KD = AD_a .
V2 2
Trong tam giac ASAK vudng tai K:
Lol 11,23 ik
A2 AS? AK? % a’ a’ 3

PE THI TUYEN SINH DATHOC KHOI B NAM 2007

Cho hinh chép tir giac déu S.ABCD c6 day la hinh vudng canh a. Goi E la
diém d6i xting cua D qua trung diém SA, M la trung diém cua AE, N 1a
trung diém cta BC. Chitng minh MN vudng géc v6i BD va tinh (theo a)
khoang céch giita hai dudong thing MN va AC.

LOI GIAI
Goi O giao diém cua AC va BD. P trung diém ctia SA.
Trong tam giac EAD c6 MP la dudng trung binh ctia tam giac nén:

MP // AD, MP = %AD 1)

Vi N trung diém ciia BC nén: NC // AD, NC = —;—AD @
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Tt (1) va (2) suy ra: tit giac CPMN la
hinh binh hanh nén MN // PC.

Ta cé: BD L (SAC)=>BD L CP(CP < (SAC)).
Két ludn: BD L MN

Vi MN // mp(SAC) nén:
d(MN, AC) =d(MN, mp(SAC)) =d(N,mp(SAC)).

E

Hai diém B va N nam trén dudng

théng c6 giao di€ém véi mit phéng B
(SAC) tai diém C nén:

d(N,mp(SAC)) =.1_\I_.C_:. z_l.

d(B,mp(SAC)) BC 2

o

= d(N, mp(SAC))=—d(B,mp(SAC))=
a\2

Két luan: d(MN AC)=-—-

1y
2

N

Cho hinh lang tru ABC.A'B'C' ¢6 cac mit bén la hinh vudng canh bang a. Go
E, F lan luwot la trung di€ém cua cac canh BC, A'C', B'C'. Tinh khoang cach gma
vaA'F.

LOI GIAI

Vi cac mét bén ABB'A', ACC'A’', BCC'B' 1a cac hinh vudéng c6:
AA'LAB va AA'LAC = AA'L(ABC).

Vay ABC.A'B'C' la hinh lang tru ditng va day la tam giac déu .
Trong mp(A'B'C’) dung EI // A'F(1eB'C')
= A'F // mp (ADIE). :
Ta c6 DE thuc mit phéng (ADIE). Ve
Vay: d(A'F,DE)=d(A'F,(ADIE))=d(F,(ADIE)). | By~

A’ E C’
N\

Ta c6: AD L(BCC'B') = (ADIE) L (BCC'B'):
Hai mit phing nay vuéng géc véi

nhau theo giao tuyén DI.

Dung B'H L DI(HeDI) = B'H 1 (ADIE).
Suy ra: khoang cach tir B' dh m3t phang (ADIE) la B'H .
Hinh vuéng BCC'B' dugc vé lai ¢ hinh 2.
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Ta c6: EI 1a dwong trung binh cia tam giac C'A'F nén I trung diém ctia CF .

2
Ta cé: DI =vDF? +FI2 = a%%:“{?; B’ F I ¢

LI
H
B'H.DI=DFB'l < B'H. a‘{? =a %
= BV‘H = 33\/17 .
17 . ‘
Vi hai diém B', F ndm trén dudng thing B wn2 D ¢

c6 giao diém v6i mp(ADIE) tai I nén c6:

d(F,(ADIE)) FIL_1
d(B J(ADIE)) BT 3

a\f—

= d(F,(ADIE)) = —;;d( ,(ADIE)) =

Cho hinh l&ng try ABCD.A'B'C'D' c6 ddy ABCD la hinh vuéng canh a, goi
M, N l4n luot l1a trung diém cta CD va AD. Hinh chiéu vudng géc ctia A’
trén mit phdng ABCD trung véi giao diém ciia AM va BN. Biét géc giita hai
mit phing ADD'A' va ABCD béng 60°.Tinh khoang cach giira hai duong
théng B'C va BN .

LOI GIAI
Goi H=AM n BN. Vi ABCD la hinh vuéng nén AM 1 BN tai H.
Theo dé bai c6: A'H L (ABCD).
Ké HI L AD = AD L A'I (dinh 1y ba dudng vudng gbc) .
Vay: [(Wﬁ)] ~(HLA'T) = HIA' = 60°

Tit B' dung duwong théng // véi A'H; Tie H dung duong thang /] véi AB.

D'

Hai dudng thing vira dung cat nhau
tai P. Thi P 1a hinh chiéu vuéng goc cua
B' trén mp(ABCD) . s

Dung Cx //BN thi BN // (Cx,BC'). /

= d(BN,B'C)=d(BN,(Cx,B'C)) k

C'

=d(B,(Cx,B'C)). ’ ‘
Goi E=BPACx, viBP // AH=BP L Ax. | /56" | A
Goi J = AHNCx. PN\ c
Dé dang chirtng minh BHJE 1a hinh vudng.
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Pay (ABCD) dugc vé lai nhw hinh 2: A I N D

2
BN:x/ABZ+AN2=,/a2+a—=f£;
2 y W
J
AB? = BHBN < a2 _BH-E-‘-‘-/:- BH.—_za;/g.
Hl\l:Bl\I—BH:"j‘\/g_ZWE=an ’ ' (<
2 5 10 ‘Hinl;z
J5 5 g
AH.BN = AB.AN <:>AH9—-—-= -3- :AH:ES__
HILAN =HAHN < HIL.2 = 5—351/5- oHI=2 |
2 5 10 5
Ta cé: BP = AH_--‘C Taco PE:BE-BP:zaS\/g-afza\S/g_
HA' = HI.tan60° = a\/_ af :PB':HA':————-af.
Cx LPE ' . ' ‘ 5 . .
{CXLPB':>CXL(PEB):>(CX,B C)J_(PEB): hai mat phang nay

vudng goc voi nhau theo giao tuyén B'E.

Dyng PF L B'E(FeB'E) = PF 1(Cx,B'C) =d(P,(Cx,B'C))=

Trong AB'PE co: t 1 + 1 :_2.5_+,§_ s PF”a\/Eﬁ‘
PF> PB? PE’ 3a° a’ 3a’ 20
Vi P la trung diém cta BE nén d(B,(Cx,B'C)) = Zd(P,(Cx,B'C)) - a\/30 '
10

TONG HOP CHUONG VUONG GOC

Cho hinh chép S.ABCD c¢6 day ABCD la hinh vuéng canh a, SA vudng
géc voi day, SA=av2 .
a) Chitng minh rdng cidc mat bén hinh chép la nhitng tam giac vuéng.
b) CMR (SAC) L (SBD).
¢) Tinh goc gitta SC va mp ( SAB).
d) Tinh géc giita hai mit phang (SBD ) va ( ABCD)
e) Tinh d(A, (5CD)).

LOI GIAI
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a) Chiing minh réng cac mit bén hinh chép la nhitng tam giac vudng.
Ta cé: SA L(ABCD)=SA 1 AD,SA L AB §
=> ASAD,ASAB vudng tai A.
Chirng minh ASBC vudng:
Ta c6: BC L AB (Hai canh k& cua hinh
vudng ABCD ); BC L SA (vi SA L(ABCD))
= BC L (SAB), ma SB  (SAB)=BC L SB
=> ASBC vuong tai B.
Chting minh ASCD vudng:
Ta cé: CD L AD (Hai canh ké caa hinh vuéng ABCD);
CD LSA (Vi SA L(ABCD))

= CD 1 (SAD), ma SD ¢ (SAD)=CD LSD = ASCD vuéng tai D.
b) CMR (SAC) L (SBD):

BD L AC (Hai dudng chéo cta hinh vuéng ABCD);

BD LSA (Vi SA 1(ABCD))

= BD L (SAC), ma BD c(SBD)= (SAC) L (SBD).
c) Tinh gbc gitta SC va mp (SAB):

Do BC L (SAB) tai B nén hinh chiéu ctia C 1én (SAB) 1a B

—» Hinh chiéu ctia SC Ién (SAB) 13 SB = (sc,(SAB)) = (5C,5B)=CsB.

{ 2
Trong ASAB vudng tai A, tac6: SB = VSAZ + AB? = (a\/i) +a% =ay3.

R . , — BC a 1 — 0
Trong ASBC vudng tai B, ta ¢é: tanCSB=—=—==-—==>CSB=30".
& & SB av3 3

[

Vay (SC,(SAB)) =30°.
d) Tinh goc gitta hai mat phéng (SBD ) va ( ABCD):
Ta c6: (SBD)(ABCD)=BD.
Goi O la tdm cta hinh vuéng ABCD, OeBD.
Theo chiing minh ¢ cdu b) BD L (SAC), ma SO < (SAC)=SO LBD.
Mic khac, AO LBD.
Vay ((SBD).(ABCD)) = (50,A0) = A0S (do AOS la géc nhon).

a2

AC=a\/—2‘:>AO:—2——.
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Trong ASAO vudng tai A, ta cé: tan AOS = SA —?-\/——5— =2= A0S =arctan?2.

A0 a2
2

= ((W)) = K(Sé =arctan2.

Tinh d(A, (SCD)):

Goi H 1a hinh chiéu ctia A 1én SD.

Tacé: AH LSD 1)
CD 1L AD
{CD 1SA

Tie (1) va (2) = AH L (SCD) tai H =d(A,(SCD)) = AH.
Xét ASAD vudng tai A c6 AH la dwdng cao.
111 1 13 aV6

== =—
2

= + =
AH? AS® AD? (av2) a’ 2a° 3

= CD 1 (SAD)=CD L AH @)

Ta co:

A 6
Vay: d(A,(SCD))=AH= 93— :

Cho hinh chép S. ABC c6 day ABC la tam giac vuong tai C va SB L (ABC),
biét AC=a+2,BC=a, SB=3a.

a) Chitng minh: AC L (SBC).

b) Goi BH la dudng cao cuia tam giac SBC. Chitng minh: SA L BH.

¢) Tinh géc giita dwong théng SA va mit phang (ABC).

LOT GIAI
Chitng minh : AC 1L (SBC)
Tacé: AC LBC (gt) va AC LSB (Vi SBL(ABC)) = AC L(SBC).

Ching minh: SA 1 BH s
Dé chitng minh SA L BH, ta chitng minh:

BH L (SAC).

Ta cé: BH L SC (gt) @) 3a
Theo chiing minh trén , AC L (SBC) .

Ma BH c (SBC)= BH L AC () B \

Tir (1) va (2) = BH L(SAC).
Ma SA c(SAC)=BH LSA.
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<)

Tinh géc gitta dm‘)ng'th'éng‘SA va mat phing (ABC)

Do SB L (ABC) tai B nén hinh chiéu ctia S 1én (ABC) 1a B.

= Hinh chiéis ctia SA 1én (ABC) 1a BA = (SA,(ABC)) = (SA,BA) = SAB.

Trong AABC vudng tai C, ta c6: AB= \/ BC? + AC? = \/a2 +2a% =av3.

N SB 3a

Trong ASBA vudng tai B, ta c6: tanSAB =— \/_ =3 SAB 60° .
a

Vay: (SA,(ABC))=SAB=60".

Cho hinh chdép S.ABCD c¢6 day ABCD la hinh chit nhat tam O canh
AB=2BC =2a, hai mjt phing (SAB) va (SAD) ciing vuéng géc véi day
ABCD . Géc giita SO va mit day bang 45°. M trung diém ctia AB, H 1 hinh
chiéu vuéng géc cia A trén SB .

a) Chitng minh tam giac ACH vudng .

b) Tinh d(H,(SCD)), d(M,(ACH)), d(SO,MC).

b)

LOI GIAI
Ching minh tam gidc ACH vuong.

BC L AB '
Ta co: B B
aco {BC.LSA: C.L(SA)

=BCLAH,BCLSB.

Ta c6 AH L 5B = AH 1 (SBC
*“ 1aHLBC )
=> AH 1 CH(CH < (SBC)).

Két luan: tam giac ACH vudng tai H. B

a5

Ta c6: AC=VAB? + AD? =a+5 AO————

AO la hinh chiéu vuéng goc ciia SO trén mit phdng (ABCD), géc giita SO

af

va (ABCD) la géc SOA =45° = SA = AO.tan 45" =
Tinh d(H,(SCD)), d(M,(ACH)), d(SO,MC).

I {ggig‘f = CD L (SAD) :>(SCD)J_(SAD)(CDC(SCD)).

Dung AJ LSD(J eSD) = A] L (SCD).
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Vay khoang cach tix A déh mit phang (SCD) 1a AJ. 4 D

Trong ASAD cé: A].SD = AS.AD K B
_a_*/é P \Ex
L Aj_ASAD__ASAD _ T 2 _ab - o
SD JaD?+AS?  [sa? o, 3 4
4
B C
Vi AB // CD = d(B,(SCD))=d(A,(SCD))= 3{5_ :
2
Trong ASABvuéng tai A c6:SHSB =SA? & 2o S8
BS? BS
5a2 ‘
LHS_ AS ”4” _5
“Bs SA2+AB2 5a% +aa? 21
sﬁzisgzé__ﬁa 5aV2l b cn oy BaV2l
217 217 2 42 21

Vi hai di®m B va H nim trén dudong thing c6 giao di€m véi mit phing
d(H,(SCD)) _HS_5

(SCD) tai S nén cé: p (B, (SCD)) =55 =1

:d(H,(SCD)):%d( (5CD)) = 5 a5 _5a45

2173 63
Két luan: d(H,(SCD)) = Saf

Vi AH 1(SBC) =(ACH) L (SBC) Dung BN L CH(N e CH) thi BN L(ACH).
Vay d(B,(ACH)) =BN. Trong AHBC vudng tai B co:

11 .1 21 18 o 8
BN?2 BH? BC? 64a? a2 64a’ J85

Vi hai diém B v M ndm trén dudng thing cé giao diém voi mat phéng
(ACH) tai A, theo cong thirc tinh ti 1& khoang cach co:

d(M,(ACH)) MaA 1 ) e
d(B,(ACH)) BA =‘2“=>d(M:(ACH))=-2-d(B,(ACH))=E,_\/§g_=_\[_8__5_
Két luan d( (ACH)) jgg'

Qua O dyng duong thang song véi CM cét doan AB tai E.
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Dung AK vuéng goc v6i OE tai K. ,

Tacé: OE L AK,OE L SA = OE L (SAK) = (SOE) L (SAK) theo giao tuyéh SK.
Dung Al vudng géc véi SK tai L. Suy ra Al vudng géc véi mit phing (SOE).
Vay: khoang cach tit A dén mit phéng (SOE) 1a AL

Goi P=CM N AK. Vi BM = BC =a nén tam giac CBM vudng can tai B.

Tam giac APM vudng can tai P va tam giac AKE vudng can tai E.

Tam giac AKE vudng can tai E nén c6 AK=KE = AE__a_ .
V2 22
Trong ASAK vudng tai A c6:
1 1 1 8 4 4 ay/55
Tt s e o AlE
A AK® AS® a® 5a° 5a 22

Vi MC // OE = d(MC,S0) = d(MC,(SOE)) =d (M, (SOE)).
Vi E trung diém cta AM va E ciing la giao diém ctia AM va mit phéng
(SOE) nén theo cong thixc tinh ti 1é khoang cach ta cé:

el 1 (v (s08)-a( (s08) - 22

Két luan d(MC,50)=2

55
22

Cho hinh lang tru ABC.A'B'C' c6 day ABC la tam giac déu tam O canh a .
Hinh chiéu vuéng géc ctia A' trén mit phiang ABC la trung diém H cta
OB . Biét géc gitta (A'BC) va (ABC) bang 60° .

a) Tinh géc giita hai duong thing AA' vaBC.

b) Tinh khoang cach giita hai duong thing AA' va BC.

¢) Tinh khoang cach tir G dén mit ph:fmg (AA'C), G la trong tam caa tam
giac B'C'C. '

LOI GIAI
a) Tinh géc giita hai duong thing AA' va BC.
Goi E, M, I1an luot trung diém cua CB, AC, EB.
Vi AABC déu c6 AE 1 BC, BM L AC.
HI la dudng trung binh cia ABOE
= HI // OE= HI L BC;
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=BCL(HIA') =BCLIA".

Tir d6 suy ra géc giita (A'BC) va (ABC) la géc HIA' =60°.
Trong AHIA' ¢6 HA'=HI.tan60° =?—1‘é—§.f =%.

Trong mp (ABC) ké Ax // BC.

Goc gitta AA' va BC chinh 1a géc giita AA' va Ax.

Dung HK L Ax(K e Ax)=HK // AE.

Ax L HK
Tacé: { = Ax L(HKA') = Ax LA'K.
Ax LHA'

Tam giac OHJ déu JH =0J = a—6—3.

Ta cé: AKIE 12 hinh chit nhét c6 HK = EI = % ;

a\/g _a\/g _ 5a\/§
5 .

12 12

KI=AE=9—-2—§~ = HK =KI-HI=
Trong AHKA' vudng tai H co:

KA'=yVHA?+HK? =\/(-‘Z—]2 +[5a‘/§)2 _a2t

12 6

Trong AA'AK vudng tai K co:

av21

2421

A'K = 3 = A'AK =arctan

tanA'AK = =
- AK .

221
=

2421

Két luan (AA ',BC) = A'AK =arctan 3

b) Tinh khoang cach giita hai duong thing AA' va BC.
Vi Ax//BC = d(BC,AA")=d(BC,(A'Ax))=d(L,(A'Ax)) (Vi Ie BC)
Vi Ax L(HKA')= (A'Ax) L(HKA'): hai mjt phing nay vuéng géc véi
nhau theo giao tuyén A'K.
Dung HF L A'K(Fe A'K) = HF 1 (A'Ax) = d(H,(A'Ax))=HF.
Trong AA'HK c6: HFKA'=HA'HK
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<:>HF.a\/Ei :3.53\5 < HF = 5a\/-7_ .
6 4 12 56

Vi hai diém H, I cling ndm trén duong thing c6 giao diém véi mit phing

d(L,(A'A
(A'Ax) tai K nén : (L(aax) x _e

d(H,(A'Ax)) HK 5  4pw 4 B
' 6 . 3a7 :g" s
=d(L(A Ax))=§d(H,(A AX)) = 8 SK_
3a\/_ £

Kétluan: d(BC,AA") =

Tinh khoang cach tir G den mit phing (AA'C).

ACLHM
Ta co: AC 1 (HMA' ACC'A') L(HMA").
e {20 e = ACL(MA) = (ACCA) L (1A
Hai mit phang nay vudng géc v6i nhau theo giao tuyén A'M.

Dung HN L A'M(NeA'M) = HN L (ACC'A’) = d(H,(ACC'A"))=H
Trong AHMA'cé: —: - = ! S+ 1 5 =3+1f 12 = HN =—2

HN? HM? HA? a? a2 a

Hai diém H va B cling nidm trén dudng thing c6 giao difm véi mit
d(B,(ACC'A')) _BM _3

d(H,(ACC'A")) HM 2

§|

(ACC'A") tai M nén co:

= d(B,(ACC'AY) = 2d(H,(ACC'A")) =

2J—
Hai diém B va G cling ndm trén dudng thang co glao diém voi mit
d(G,(ACC'AY) G 1

(ACC'A") tai C' nén c6: d( ,(ACC'A')) =5 =-?-)-

1

:>d(G,(ACC'A'))= d(B,(ACC'A")) =

2\/_

Cong thirc tinh t I khodng cich 1a mjt cong thikc dep. Cic ban nén rén luyén
nhiéu bai tdp dé'str dung cong thirc nay thanh thgo.

Cho hinh chép S.ABCD c¢6 day ABCD 14 hinh binh hanh c6 AB = a, BC =2a,
goc ABC = 60, SA vudng gbc véi ddy (ABCD) gdc giita (SCD) va (ABCD)
béng 60.

a) Tinh khoang cach tit A d&h mit phing (SCD).

b) Tinh khoang cach giita hai duwdng thing AB va SC, AC va SD.
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LOI GIAI s
Ap dung dinh ly ham cosin cho AABC c6: \
AC2 =BA? + BC? - 2BA.BC.cos60°

=a? +4a? - z.a.za% ~3a2 = AC=aV3

Cé: BC? = AB? + AC? =4a?

= AABC vudng tai A . ] e\ D
CD L AC AN ‘ A
6 = CD L (SAC) e
CD 1SA ' o
B C
=CD L5C .

Vay: goc giita (SCD) va (ABCD) la goc SCA =60°.
Cé: SA = AC.tanSCA = 3a
a) Tinh khoang cach tir A déh mat phéng (SCD).
C6 CD 1 (SAC)=> (SCD) L (SAC)(CD < (SCD)):
hai mt phang nay vudng géc véi nhau theo giao tuyén SC.
Dung AH L SC = AH L (SCD). Vay d(A,(SCD))= AH.

Trong ASAC co: L ! + 1 =—1—-+..l_=_4i_ :;A}-I:%-El,

AHZ AS?2 AC? 322 922 9a?

1A B _3a
Két luan: d(A,(SCD))—AH— 5

b) Tinh khoang céach gitta hai duong théng AB va SC.
Cé AB // CD = AB// (SCD).

Nén d(AB,SC) = d(AB,(SCD))=d(A,(SCD))= %f‘- (vi SCc(SCD)).

Tinh khoang céch giita hai duong thing AC vaSD.
Ké Dx // AC. Goi E=DxnAB = AB L Dx tai E.

o: {DX L AB =Dx 1 (SAB) = (SD, Dx) L (SAB) : hai mt phéng nay vudng
Dx L S B a A E

=

60°

gbc véi nhau theo giao tuyén SE.

Dung AF LSE = AF 1 (SD,Dx).
2a 2,3

Véy d(A,(SD,Dx))= AF.

P4y ABCD duoc vé lai ¢ hinh 2.

Ta ¢4 ACDE 14 hinh chi¥ nhat, c6 AE=CD =a D

C  Hinh2
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1 1 1 1 4 a3
~—Fta Tty AT
AF? AS? AE? 3a2 42 332

Vi AC// Dx = AC// (SD,Dx)

Trong ASAE c6:

= d(AC,SD) =d(AC,(SD, Dx))=d(A,(SD, Dx)) = i;_—/—é :

Cho hinh chép SABCD c6 day ABCD la hinh chit nhat va AB =2a, BC = a,
céc canh bén ciia hinh chép bing nhau va bing a2 .

a) Tinh khoang céch tit S déh mit phéng (ABCD) .

b) Goi E va F 1an luwot 1a trung di€m clia cac canh AB va CD, K 13 diém bat
ky thudc doan thang AD. Chimg minh khoang céch giita hai dudng thing
EF va SK khong phu thudc vao vi tri K. Hay tinh khoang cach nay theo a.

b)

LOI GIAI
Tinh khoang cach tir S d&h mit phing (ABCD).
Goi O la tam cuia ddy ABCD thi ¢6:
OA=0B=0C=0D.
Theo dé bai SA =SB=SC=5D
= O'la hinh chiéu vudng géc ctia S trén
mét phang (ABCD), c6 SO L (ABCD).

Trong ASAO vudng tai O c6: e
2 2
SO =ySA2 —0A? =\/SA2 —é% _-.\/Zaz ..iz_ =:‘.§,

Chung minh khoang céch giita hai dudng théng EF va SK‘khc")ng phu thudc
vao vi tri K.

Tacé: SK o (SAD).

Ma EF // AD = EF // (SAD) = d(EF,SK) = d(EF,(SAD)) =d(O,(SAD))

Vi khoang cach tit O déh m4t phéng (SAD) khéng d6i nén khoang cach gitra

hai duong thing EF va SK cling khong d6i, nghia 1a khoang cach nay khong
phu thudc vao diém K.

Dyng OI L AD(I€ AD), c6: AD LSO va AD 1Ol

=AD L (SOI) = (SAD) 1 (SOI): hai mit phing nay vuéng géc véi nhau
theo giao tﬁyé’n SL |

Dyng OH L SI(HeSI) = OH L (SAD). Vay d(O,(SAD))=OH.

Trong ASOI vuéng tai O c6:
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1 1 1 .4 1_7 av21
OH? 0S?> OI* 3a% a? 3a° 7

av21
—.

Két luén d(EF,SK)=

Cho hinh ling try tam gidc ABC.A'B'C' ¢6 tt ca cic canh day déu bang a,
goc gitta canh bén va mit phéng day bang 60°. Hinh chiéu vuéng géc ciia A
trén mit phéng (A'B'C') 1a trung diém H cta canh B'C..

Tinh khoang cach hai day. Tinh géc gitta BC va AC'. Tinh goc giita (ABB'A’)
va mat day.

LOI GIAI A c

Tinh khoang cach hai day.
A'H la hinh chiéu vuéng géc ciia AA'
trén mit phing (A'B'C'), nén géc gitta
AA' va mit phing (AB'C) la géc
AA'H=60".

Trong AAA'H cé:

AH = A'H.tan60° =
Vi AHL(A'B'C)
Ma (ABC) // (A'B'C')=> AH L (ABC).

Suy ra khoang cach gitra hai mat phing dayla AH= -?323 .

Tinh géc gitta BC va AC".

Vi B'C’' // BC nén gbc giita BC va AC' bang géc giita B'C' va AC' la géc
AC'H.

Trong AAC'H c6: tan AC' H—il_—l—z—aE %—3>0 = AC'H=arctan3.

HC' 2
Tinh goc gitra (ABB'A") va mat day.
Dung C'D va HE ciing vudng géc voi A'B' lan luot tai D va E.
. [A'B'LHE , .
Ta c6: = A'B'L(AHE)= A'B' L AE
A'B'L AH
Hai mjt phang (ABB'A") va (A'B'C') ¢6 giao tuyén A'B' cung vudng géc voi
hai dwong thing AE va HE tai diém E nén:
[(ABB'A'),(A'B'C‘")}=(K€?1E’)=KEE .
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\/—_ .

Vi HE la duong trung binh cua tam giac CDB' nén HE-—C p=2%2

Trong AAEH co: tan AEH = %—g = 3?3 9—}4/——— =23 AEH = arctan 243

Cho hinh lap phuong ABCD.A'B'C'D' c6 canh bang a.
a) Ching minh ring khoang cach tit cac di€ém B, C, D, A', B\, D' dén
duong chéo AC' bang nhau. Tinh khoang cach d6 .
b) Chiing minh réng B'D vudng goc v6i mét phéng (BA'C)).
c) Chitng minh BC' vudng goc voi mat phéng (A'B'CD).
d) Tinh khoang cach gitta hai mit phéng (BA'C') va (ACD)).
e) Tinh khoang cach giita hai duong théng BC' va CD".
f) Xac dinh va tinh d6 dai doan vudng géc chung cua AB' va BC..

LOI GIAI b | e
a) Vi ABCD.A'B'C'D' 1a hinh lap phwong
nén cac tam giac sau la cac tam giac
vudng béng nhau va déu nhan AC'lam 4° . ' S(p
canh huyén: AABC',AAA'C, AACC, |\
AAD'C, AADC,, AAB'C . i
Tir d6 suy ra khoang céch tir céc diém
B, C, D, A, B, D' dén duong chéo AC' || 57 TF
bing nhau. ',"’ RS
Goi khoang cach tir B dén AC' 1a h. = N
Trong AABC' cé: 12 12 1'2 =-12-+ 12= 32 :>h=i£.
h* BA® BC“ a° 2a° 2a 3
b) Chitng minh ring B'D vudng goc voi '
mat phéng (BA'C).
B'B=B'A'=B'C'=a
Ta co:
{AB' =A'C'=C'B=av2
= Hinh chép B'.BA'C' 1a hinh chép déu.
Suy ra B'H L (BA'C’) (1), v6i H la tm tam gidc déu BA'C'.
Twong tu ta c6 D.BA'C' 1a hinh chép déu = DH L (BA'C') (2).
Tix (1) va (2) suy ra B'D L(BA'C').
¢) Ching minh BC' vudng goéc véi mét phéng (A'B'CD)
Vi BCC'B' 1a hinh vudng nén ¢6 BC' LB'C (1)
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Tac6 DC L(BCC'B') =DC LBC' ()
Tir (1) va (2) suy ra BC' L(A'B'CD) .
d) Tinh khoang cach giita hai mit phing (BA'C') va (ACD").
Goi O va O' lan luot 1a tAm cta hai mit day ABCD va AB'CD'.
Trong mp(BDD'B'), goi G; = DB'nBO".
Ma BO'<(BA'C') = G, =DB'n(BA'C).
Véay: B'G; L(BA'C')=d(B'(BA'C))=B'G;. pr o’ B

Hoan toan tuong tu: d(D,(ACD')) =DG,

Dé dang ching minh duoc: (ACD") // (BA'C').
Tix d6 suy ra GiG: 1a khoang cach giita hai
mit phang (ACD') va (BA'C'). pE— —p
Mit phang (BDD'B') dwgc vé lai ¢ hinh 2.

Dé dang chitng minh: G,G, =B'G, = DG, =§DB' a\/—
~ n s , . . M N [ Y a\/g
Két luan khoang cach giita hai mat phang (ACD') va (BA'C') bang 5
e) Tinh khoang cach giita hai dudng thing BC' va CD'. |
C6 BC' va CD' 1an luot thude hai mit phéng (BA'C') va (ACD").
Theo cau d) c6 (BA'C') // (ACD'). Vay khoang cach giita BC' va CD' bang

a3

khoang céch giita hai m4t phing (ACD'") va (BA'C') va bing >

f) Xac dinh va tinh d6 dai doan vuéng géc chung cua AB' va BC'.
GoiIvaJlan luot la tAm ctia hai hinh vuéng BCC'B' va ADD'A".
Trong mp(A'B'CD), dung IK L JB'(K e JB').

Trong mp(AB'D'), dung KP // AD'(Pe AB') = KP // BC'.
Trong mp(KP,BC'), dung PQ // IK(QeBC').
Ta chitng minh: PQ la doan vudng géc chung cua BC' va AB'.

Tacé: BC' L(A'B'CD)>IK = IK L BC' (3)
Ma BC'// AD'= IK L AD' (4)
Ngoai ra c6: IK L JB' 5)

Tir (4) va (5) suy ra: IK L(AB'D') = IK L AB' (6)
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IK 1 BC'
Tém lai cé: ,ma PQ //IK
IK L AB'
= PQ vudng gdc voi ca hai duong thing BC' va AB'.
Vay: PQ la doan vudng g6c chung cua AB' va BC'.
C61J// AB'ma A'B' L(BCC'B')=1J L(BCC'B’)=1J LIB’
Tam giac B'IJ vudéng ¢ I c6 dudng cao IK:
1 _ 1,1 _ 2.1 3 o aV3

K2 B2 12 a2 a2 a?

\/_

Theo cach dung thi IKPQ la hinh chi nhat = PQ=IK = a

Cho hinh chép S.ABCD c¢6 day ABCD hinh vudng canh a, mat bén (SAD)
14 tam gidc déu va vudng goc véi mat phéng day (ABCD). Goi L, M, F lan
lwot trung diém ctia AD, AB, SB va K la giao diém ctia Bl va CM.

a) Chirng minh mp(CMF) vudng géc véi mp(SIB).

b) Tinh BK va KF.

¢) Dyng va tinh d6 dai doan vudng géc chung ctia AB va SD.

d) Tinh khoang céch giita hai duong thing CM va SA.

LOI GIAI
a) Chitng minh mp(CMF) vudng gbc véi mp(SIB)
Ta co: AIAB = AMBC(C.g.C) = (/3\1 = é;
Ta c6: C1+Mi =90° = By + My =90° = MKB=90" = CM LIB.
Vay c6: CM L IB; CM L SI (SI L (ABCD))
Ma: CM ¢ mp (CMF) = mp(CMF) L mp(SBI).

b) Tinh BK va KF.
Trong ACBM vudng tai B:

\ 2
CM=JBC2+BM2=,/a2+?4—=%@.

Va BK.MC = BM.BC & BK.%@ -

a\/_

Trong ASIB vudng tai I: SB = VSI? + BI? = J + —5—;3- =a
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d).

cos SBI =

a2 L

BI__ ﬁd o

Trong ABKF:FK? = BK2 +BF? — 2BK.BF cos FBK

=2 2 o2 INe = FK = 22

a’> a’ 2a5a\/—_\/_}__6_£ ax/_
5 2 5 2 4 5 5 D Y
Dung va tinh d6 dai doan vudng goc chung ctia AB va SD.
{AB L AD

AB : 4t pha ’ :
AB L SI =AB L mp(SAD) Trong mit phang (SAD) ké AE 1 SD

Vay AE la doan vuéng goc chung ctia AB va SD.

o

Két luan d(AB,SD) = AE =—=(vi AE la dwong cao ASAD déu ).

Tinh khoang cach gitra hai duong thang CM va SA.
Goi N trung diém cta CD.
Ta c6: AN // CM = CM // mp(SAN) (Vi AN c mp (SAN))

Nén d(CM,SA) = d(CM, mp(SAN)) = d(K, mp SAN)) (Do K e CM).

Goi P= AN BI. Tacé BI L AN (vi AN // CM).
Vay: AN L mp(SIP). Tir Tké IQ L SP = IQ=d (I, mp(SAN)).

That vay, vi IQ vudng goc véi ca hai duong thang SP va AN clung thudc

mp (SAN).

) 2 2
AIAP = AMBK = [P = MK = oM =3_:a\/§=a\/§'
MC 4 2 10

1 1 1 4 20 64 a\3
Trong ASIP vudng tai A : =t —— == = [Q = —.
8 8 Q7 12 P2 3a? a? 3a’ 8

. a\/—
Vay: d(I,mp(SAN)) Q=—
Ta co: IKn mp(SAN) =P nén:
dlompSAN)) _KP _, 4K, mp(SAN)) = 2d(I, mp(SAN)) = av3.
d(Imp(SAN))  IP 1

Hinh chép S.ABCD c6 day la hinh thoi ABCD tdm O canh a, goc

BAD = 60" . Duong thing SO vudng géc véi day va SO = g’f—. Goi E, F lan

luot la trung diém ctia BC va BE.

a) Ching minh mp(SOF) vudng géc mp(SBC). -
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b) Tinh khoang cach tir O va A d¢&nh mat phang (SBC).
c) Goi ( )la mit phing qua AD va vudng géc véi mat phang (SBC). Xac

dinh thiét dién ctia hinh chép véi mét phing (a) . Tinh dién tich cua thiét

dién nay.

d) Tinh géc giita m3t phing (a) va mit phéng (ABCD).

a).

b).

c).

{BC 150

- LOIGIAI s
Chitng minh mp(SOF) vuéng géc mp(SBC). ;
Vi ABDC déu nén: DE 1 BC = OF L BC
(OF duong trung binh ABDE)

BC L mp(SOF S

BC L oF = BC+mP(SOF) | SRR AL SN,
— mp(SBC) L mp(SOF) (vi BC < (SBC)). /" Ml [
Tinh khoang cich tir O va A dén /" i
mit phing (SBC). 4 L
Trong mit phang (SOF), dung OH L SF thi:
OH L mp(SBC) = d(O, mp(SBC))=OH.

Trong ASOF vudng tai O:
1 1 1 16 16 64 3a
==t — = = OH="-=d(O,mp(SBC
OH? 0S* OF* 9a® 3a%* 9a? 8 (O:mp(SBC)) =5
Goi I=FONAD.
Trong mit phéng (SIF) dyng IK L SFtai K thi IK L mp(SBC) (ViIK // OH).

Vi AD // BC= AD // mp(SBC) (Vi BC < mp (SBC)).

3a

Nén d( A mp(SBC)) = d(l,mp(SBC)) =]K=20H= (VlI e AD).

Xac dinh thiét dién caa hinh chép véi mat phang (a) .

Ta ¢ IK L mp(SBC)nén mit phang (o) chinh 1a mt phang (ADK).
Ke(SBC)n(ADK

e

Goi M=KxnSB,N=KxnSD.

Két luan: thiét dién can tim la hinh thang ADNM.

= (SBC)n(ADK) =Kx(Kx // AD // BC).

Tinh dién tich hinh thang ADNM: S,y = -;—(AD +MN).IK
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Tinh MN:

; 2 2
Trong ASOF vubdng tai O: SF =OS? + OF? = 21% + _311?6_ _

Trong ASIK vudng tai K:SK = /SI? —1K? = v —i—g— a;/—
Dods X .1
SF 2 _
Vay: K la trung diém SF. Suy ra MN la duong trung binh ASBC:
MN=2E_2
2 2
1 1 3a _ 9a
S =—(AD+MN)IK=—| a+—|.
Apn =5 (AD+MN) 2(3 2) 1 16"
d). Tinh géc gitta mit phang (a) va mit phéng (ABCD).
(o)~ (ABCD) =
Taco: {FILADKILAD = ((«),(ABCD))=FIK.
Fl < (ABCD),KIc (a)
Trong AFIK vuéng tai K: cosFIK = %f— = %f— %[— = —[— FIK =30°.

Cho tam giac déu SAB va hinh vuéng ABCD canh a ndm trong hai mit
phing vudng géc véi nhau. Goi H, K 1an luot trung diém AB, CD va E, F
1an luot trung diém cua SA va SB.

a) Tinh khoang cach tir A déh m3t phéng (SCD) Tinh tan ctia goc gitta hai
mat phang (SAB) va (SCD).

b) Goi G la giao diém caa CE va DF. Chitng minh CE L SA, DF L SB.Tinh
tan cta goc giita hai mat phang (GEF) va (SAB). ’

c) Chirng minh G la trong tam ctia tam giac SHK .Tinh khoang cach tir G
dén mat phéng (SCD).

d) Goi M la diém di dong trén doan SA. Tim tap hgp nhitng diém la hinh
chiéu vudng goc ctia S trén mit phéng (CDM).

LOI GIAI
a) Tinh khoang céch tir A d&h mit phing (SCD).
Tac6 DC LHK,DC LSHnén DC L (SHK)= (SCD) L (SHK).

Trong mt phang (SHK) dung HQ L SK = HQ 1 mp(SCD)
= d(H, mp(SCD))=HQ.
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Trong ASHK vuéng tai K:

1 1 1 _ 4
HQ? HS? HK? 3a°
:>HQ='““/£
7.
av21
d(H, mp(SCD)) = :
= d(H,mp(SCD)) ==
Vi AH // CD
= AH // mp(SCD)
(Vi CD cmp (SCD)).

aal
o

Nén d(A, mp(ACD)) =d (H, mp(SCD)) =
Tinh tan ctia géc giita hai mat phéﬁg (SAB) va (SCD):
Ta c6: (SAB)~(SCD)=Sx(Sx // AB // CD).
SH L AB,SK L CD
Va {SH c (SAB),SK < (SCD) =
Sx // AB// CD

= ((5AB),(5CD)) - KSH.

SH 1 Sx
SK 1 Sx

Xét ASHK vudng tai H: tan}ﬁ L .
HS a3

b) Ching minh CE L SA,DF L SB.

2 .
Xét AHBC vuéng tai B: HC = VHB? + BC? = ,/%4—4- a’ = 332/—-5-
' 2 2
Xét ASHC vudng tai H : SC = VHS? + HC? =,/§§—+§Z— =av2.

Xét ASACcé CA =CS=av2 nén tam giac SAC can tai C va ¢6 CE la duong
trung tuyén, suy ra CE ciing la duong cao. Kétluan CE L SA.
Ching minh twong tw thi DF L SB.
Tinh tan ctia goc giita hai mit phang (GEF) va (SAB):

- Goi =SHNEF = I trung diém EF.
Ta c6 CDEF la hinh thang can va L, F 1an luot 1 trung diém cua hai day EF
va CD nén IK L EF. |
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(SAB)~(CDEF) = EF
SH L EF,KI L EF = (SAB),(CDEF’)) =HIK.
SH c (SAB),KI c (CDEF)

HK a 43

Xét AHIK vudng tai H: tan HIK = = =
& Hl  ay3

4
Chting minh G 1a trong tim ctia tam giac SHK.
Vi CDEF la hinh thang cin nén GeKI, ma KI Ia duong trung tuyén cta
tam giac SHK 1
Trong hinh thang can CDEF ta c6 ti 1€ déng dang:
GF _GE _GI _EF _1

GE_& (Vi EF———AB AB=CD)
GD GC GK DC 2

:>GK=2GI®KG=—3—KI )

Tir (1) v& (2) = G 1a trong tAm cua tam giae SHK.
Trong mit phing (SHK) goi L giao diém caa HG va SK.
d (G, mp (SCD)) GL 1
d(H,mp(SCD)) - HL 3

joV]
=)
—

- = d(G,mp(SCD)) = %d(H, mp(SCD)) = 21

d) Tim tap hop nhitng diém la hinh chiéu vudng goc caa S trén mit phéng (CDM).

Ta cé: CD L (SHK) = mp(CDM) L mp(SHK).

Dung MN // CD, N e SH. S
Ta duge (CDM) (SHK)=KN. ‘
Dung SP L KN = SP L mp(CDM). a\

Do d6 P 1a hinh chiéu ctia S trén mp(CDM). Hv K
Ta cé: SPK =90 .

Do d6 P thudc duong tron duong kinh SK trong mat phang (SHK).
Mit khac: M di dong trén doan SA nén N di dong trén doan SH.

Ta suy ra diém P chay trén cung SH

Hinh chép S.ABCD c6 day 1a hinh vuéng ABCD canh a, cac canh bén déu

bang aV3.

a) Tinh khoang cach tir S déh mat phang (ABCD).

b) Goi (a)la mat phéng qua A va vudng géc voi SC. Hay xac dinh thiét
dién cua hinh chép v6i mat phéng (OL) . Tinh dién tich cta thiét dién nay.

c) Goi o la goc gitta AB va mat phéng (a) . Tinh sing.
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LOI GIAI
Goi O la tam ctia hinh vudng ABCD thi SO 1a khoang cach tir S dén (ABCD ).
27 _10a® S
4 4

Ta c6: SO? =SC2 ~OC? =3a2 -
\[_

Vi BDJ_(SAC) nén BD 1 SC.

Trong (SAC) dung AC' LSC.

AC' ¢it SO tai H va cdt SC tai C'.
Trong (SBD), dudng thdng qua H va

=80 =

song song voi BD c¢it SB va SD lan /)
lwot tai B' va D'. 7
Tacé: B'D' L SC.
Vay SC L mp(AB'C'D’) va (o) la mit phang (AB b ).
BD L (SAC) = BD LAC' = B'D' LAC'.

a\/— _
SO.AC 3 af _ a5 _a15
Tacéd: AC' = == e
sC a\/— V33
SC'=SA? - AC? =302 B0 T g0 22
33 J3 |
Ttr hai tam 'giéc “vfu""éhg déng dang SOC va SC'H , ta co:
,\/—
opp = 5C€'SC f 4a
SO ax/_ \/_
Vi B'D' // BD nén: B D SH A 2 8 4 gp-tifs

BD “Ji0ayio 10 5 =
_l/:_ﬁl_\/— 2a2\/— 2a2\/__
f 5

1a
VA,.:‘S“W,“".‘ .-—,‘—» .
Y SapCD =5 T o5 =
AB,{(

Tacé: CC'=SC-SC'=ay3 - 22 -.a‘/—

B

Ditng OK // CC' véi K e AC', thi OK 1 (6) va OK = -;-cc -
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a3

Dung BF=OK thi BF 1 (o) va BF——

= 5
Ta cé: goc(AB(a)) BAF = (p,smB/zﬁz—P—F— ——6—=——?i:>sin(p=——‘§—.
BA a 6 6

Cho hinh chép S. ABCD c6 day ABCD la hinh vudng canh a, mat bén
(SAB) la tam giac déu. Goi E, F la trung diém caa AB va CD.

a) Cho biét tam giac SCD vudng cén tai S. Chiing minh: SE L (SCD) va
SF L (SAB).

b) Goi H 1a hinh chiéu vudng gbc cta S trén EF. Chiing minh: SH L AC

c) Tinh géc giita duong thing BD va mit phing (SAD).

LOI GIAI

a) Chitng minh SE L (SCD) va SF L (SAB).

Chting minh SE L (SCD): ‘

Do ASCD can tai S ¢6 F la trung diém cua CD = CD L SF

Ma CD L EF (theo tinh chat cia hinh vuéng) = CD L (SEF).

Ma SE < (SEF) = SE L CD (1)
Ta chirng minh ASEF vudng tai S bing
cich sir dung dinh lyj Pytago nh sau:
ASCD vudng tai S c6 SF la duong

_trung tuyén nén SF = %CD :?2—

ASAB déu canh a c6 SE la trung tuyén

. a\/—
nén S

; EF=a.

2 N2 8
Cé:SE2+SF2=[9-2@J +(-§-) =a% =EF?,

Vay : ASEF vuéng tai S = SE L SF (2)
T (1) va (2) = SE L (SCD).
Ching minh SF L (SAB):
Theo chitng minh trén : SE L SF 3
CD L (SEF), ma AB // CD = AB 1 (SEF) = SF L AB 4)
Tir (3) va (4) = SF L (SAB).
b) Chitng minh SH L AC
Ta ¢6: CD L (SEF) (theo chitng minh trén), ma SH < (SEF) = SH 1 CD.
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Hon nira, SH L EF (gt) = SH 1 (ABCD)
Ma AC c (ABCD) = SH L AC.
¢) Tinh géc giita dwong thing BD va mit phing (SAD).
Goi O 1a tm ctia hinh vuéng ABCD. |
Theo tinh chat ca hinh vuéng ABCD, ta ¢6: AC, BD va EF dong quy tai O.
Vi SE > SF nén H thudc doan OF.
Trong mat phang (ABCD), qua H vé dudng théng song song voi CD cat
AD, OD lan luot tai M va K.
Vay : goc gitta BD va mat phéng (SAD) la goc gitta KD va (SAD)
Ta di tim hinh chiéu cua K lén (SAD).
Ta c6: AD L MH, AD 1 SH (do SH L (ABCD))
= AD L (SHM) = (SAD) L (SHM).
(SAD) N (SHM) = SM. VEKP L SM (P € SM) = KP L (SAD) tai P.
Nhin xét: Néu hai mit phing vudng géc véi nhau thi duong théng nao
ndm trong mit phing nay va vudng goc véi giao tuyén thi vudng gbc véi

mit phing kia.
= Hinh chiéu ctia K 1én (SAD) la P =Hinh chiéu ctia KD 1én (SAD) la PD.

= (BD, (SAD)) = (KD, (SAD)| = (KD, PD) = KDP.

bé tim goc KDP ta di tim KD va KP.
ASEF vudng tai S c6 SH la dwong cao nén ta co:

11 1 1 11 1 | aV3
SHZZSE2+SF2= 2" 2232+7=“T:>SH’ 4
af3] (a) 3 a 3a
‘ 2 2
ASEH vudng tai H nén ta co: EH = VSE? - SIL-I2 —Z——%:i—a.
OH-EH-OE=22_2_2 _ pp_opr-og-2-2.2
4 2 4 2 4 T4
= H la trung diém ctia OF, ma HK // DF nén HK la duong trung binh ctia AFOD
= K la trung diém cua OD = KD = _OD—%a_\z/_‘_zf_;[— (Do BD—a\/E),
HK:lDF=13 MK=MH-HK=2_-2_2
2 272 2 4 4

= Kla trung dlem cua MH.
Trong (SHM), vé HQ L SM (Q € SM), ma KP L SM = KP // HQ
Ma K la trung di€ém cua MH nén KP la dwong trung binh caia AMHQ
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= KPz—;—HQ.

ASHM vuéng tai H c6 HQ la duong cao, ta co:

1 1 1 1 1 1 1 28 aV21
7 Tar 2 IR T S T ;= HQ=
HQ* HS® HM" (.3 a) 3 a° 3a 14
] 2) 16 4

—KP=LHQ-= a/21
2 28
Trong AKPD vudng tai P, ta co:
a3
smK/D\P KP 4\/— \/—— —— KDP arcsm-—4—2—
af 14
4

Vay: (BD,(SAD)) = (IZ[—)T’) = arcsin—g%— .

Cho hinh chép S.ABCD c6 day ABCD la hinh vudng canh a, SA 1 (ABCD)
va SA =2a.

a) Chitng minh (SAC) L (SBD); (SCD) L (SAD).

b) Tinh géc giita SD va (ABCD), SB va (SAD), SB va (SAC).

c) Tinh d(A, (SCD)), d(B,(SAC)).

b)

LOI GIAI

Chitng minh (SAC) L (SBD); (SCD) L (SAD).
Chitng minh (SAC) L (SBD);
Ta cé: BD L AC (Hai dudng chéo ctia hinh
vudng ABCD); BD L SA (do SA L (ABCD)).
= BD L (SAC). Ma BD c (SBD).

= (SAC) L (SBD).
Chiing minh (SCD) L (SAD):
Ta c6: CD L AD (Hai canh ké cta hinh £ - a c
vudng ABCD) va CD L SA (do SA L (ABCD)

= CD L (SAD). Ma CD < (SCD) = (SCD) L (SAD).
Tinh géc gitta SD va (ABCD); SB va (SAD) ; SB va (SAC).
Tinh goc gitta SD va (ABCD).
Ta cé: SA L (ABCD) tai A nén hinh chiéu caa S 1én mp (ABCD) la A.
— Hinh chiéu ctia SD 1én mit phing (ABCD) la AD. '
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:> (éD,(ABCD))‘: (sD.AD)=5DA.

Trong ASAD vudng tai A, tanSDA = i?) _2a_ =2=SDA =arctan?2..
a

Véy: (WBGD)) = ﬁ =arctan?2.

Tinh goc giita SB va (SAD):
Ta c6: BA L SA, BA L AD = BA 1 (SAD) tai A nén hmh chiéu cua B lén
(SAD) la A.

= Hinh chiéu ctia SB 1én mit phing (SAD) 1a SA.

- (SB.(54D)) - ($B.54) = F5A.

Trong ASAB vudng tai A: tan BSA = AB_a 1 = BSA = arctanl
SA 2a 2 2

Vay: (S-B,—zgﬁ)) =BSA = arctan% .

Tinh géc gitta SB va (SAC):
Goi O la tdm cua hinh vuéng ABCD.
Theo chitng minh trén: BD 1 (SAC) tai O nén hinh chiéu ctia B 1én (SAC) 14 O.

= Hinh chiéu ctia SB Ién (SAC) 14 SO = (SB,(SAC)) ~(58,50) = BSO.

BD = af:Bo--z—BD_%—-
ASAB vuongtalAnen SB=vVSA? + AD? = ,/ 2a +a? =ay5.
a2
Trong ASOB vudng tai O, ta co: smBSO-BO=-2—=L B/SE)zarcsinL.
SB aV5 10 V10

Vay: (SB,(SAC)) = B’SE) = arcsin—l— .

V1o

. Tinh d(A, (SCD)); d(B,(SAC)).

Tinh d(A, (SCD)).
Goi H 1a hinh chiéu vudng gbc cua A trén SD.

"Tacé: AH L SD.

Theo chitng minh ¢ cdu a, CD L (SAD)
Ma AH < (SAD) = AH 1 CD = AH 1 (SCD) = d(A, (SCD)) = AH.
ASAD vudng tai A c6 AH la duong cao.
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! 1t 1,1 am-

Ta co: = + = ~2—i
"AH? AD? AS? a? 4a? J5

Vay: d(A,(SCD)) = AH=22.

V5 |
Nhan xét: Néu hai mit phang vuéng géc voi nhau thi duong théng nao
nim trong mat phang nay va vudng géc vdi giao tuyén thi vudng géc véi
mit phang kia.
Trong y trén, do (SAD) L (SCD) va c6 giao tuyén la SD nén khi ké AH 1 SD
thi AH L (SCD).
Tinh d(B,(SAC)).
Theo chitng minh trén BD L (SAC) tai O nén hinh chiéu ctia B 1én (SAC) 1a O.

— d(B, (SAC))=BO = 3—22— .

Hinh chop S.ABC. AABC vuéng tai A, géc B = 60°, AB = a, hai mit bén
(SAB) va (SBC) vudng gdc véi ddy; SB = 2a. Ha BH L SA (H € SA); BK L SC
(K € SC).

a) Chitng minh: SB L (ABC)

b) Ching minh: mp(BHK) L SC.

¢) Chirtng minh: ABHK vudng.

d) Tinh cosin ctia gdc tao boi SA va (BHK).

LOI GIAI
Nhin xét: Hai m3t phang cing vuéng géc véi mot mit phéng thi giao
tuyén cta ching (néu c6) vudng géc véi mit phang do, tic la:

@n@)-a |
(a)im;(s)uv)} )

s
a) SB L (ABC):
., (SAB)n(SBC)=SB
Taco:
(SAB) L (ABC);(SBC) L (ABC)} 5

=SB L (ABC).
b) CM (BHK) L SC:

SC L BK (gt) ) B

AC L AB (AABC vudng tai A) va

AC 1 SB (do SB L (ABQ))

= AC L (SAB).
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Ma BH c (SAB) = BH L AC. Mic khac: BH L SA (gt)
= BH L (SAC). Ma SC < (SAC) = SC L BH @)
Tt (1) va (2) = SC L (BHK).

c¢) CM ABHK vudng:

" Theo chitng minh & cau b, BH L (SAC). Ma HK < (SAC) = BH L HK.

Vay: ABHK vuong tai H.

d) Tinh cosin ciia goc tao boi SA va (BHK) :
ViH e SA nén (SA,(BHK (BHK)) (st.(BHK)).
Theo chiing minh & cau b, SC | (BHK) tai K nén hinh chiéti ctia S 1én (BHK) 14 K.
= Hinh chiéu caa SH lén (BHK) 1a KH.
- (S (BEIK) - (SFL(BFIK) - (SFL K1) - SFIK

ASHK vuéng tai K nén osSHK = %{g
Ta ¢6: ASHK «» ASCA = HK AC
SH SC°
ABAC vudng tai A, cos60” = AB =BC= ——@—0- =2 _9a.
BC cos60? 1
2

ASBC vudng tai B nén SC = \/BS2 +BC? = \/4ya2 +4a% =22a.

AC=+vBC? - AB? =+/8a2 a2 a7
—— HK_AC_aJ7 J_

= SHK =
cos SH SC 2422

lﬁ

Vay: cos (m)) = cosSHK =

Cho hinh chép tt gidc déu S.ABCD, canh ddy béng a, canh bén béng %_El.
Goi O la tam ctia hinh vuéng ABCD. Va M 1a trung diém ctia SC.

a) Chitng minh: (MBD) L (SAC).

b) Tinh goéc gitta SA va mp(ABCD) .

c) Tinh goc giita hai mit phang ( MBD) va (ABCD).

d) Tinh géc giita hai mgt phéng ( SAB) va (ABCD).

LOI GIAI
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Nhéc lai: Hinh chép déu 1a hinh chdp c6 cac canh bén bang nhau va cé day

la da gidc déu. Do d6, trong hinh chép déu, tam cua da giac day trung véi
hinh chiéu cua dinh S 1én mét day.

Chitng minh: (MBD) L (SAC):

Vi hinh ch6p S.ABCD déu nén SO L (ABCD).
Ma BD c (ABCD) = BD L SO.

Hon nita ¢6: BD L AC= BD L (SAQ).
Ma BD < (MBD) = (MBD) L (SAC).
Tinh goc gitta SA va mp(ABCD):

Ta ¢6: SO L (ABCD) nén hinh chiéu cua
S 1én (ABCD) la O = Hinh chiéu cua

SA 12n (ABCD) I3 OA.

:>(S’AT(TA§C“D’))=(SW)=SBB. ''''''
,

SA_i AC = aﬁ:moﬁ“z/E SA=a;/5;

Trong ASOA vuodng tai O, ta co:

= _AO _aV2 a5 _10 _ = J10

cosSAQ = : = z =SA0 = arccos—s— .

SA 2 2
Vay: (Sm)) = S’./-X?) = arcos-\—/-::)_—(l .

Tinh goéc gitra hai mat phéng (MBD) va (ABCD):
Ta c¢6: MBD n (ABCD) =BD; BD L (SAC); (SAC) N (ABCD) = AC;

(8AC) ~(MBD) = MO = ((MBD), (ABCD)) = (AC,MO) = COM

(Vi COM 1a g6c nhon)
Trong ASOC vudng tai O ¢c6 OM la dudng trung tuyén nén:

OM,...sczl f‘i:i*[_
27 2 4
ocil%_?- MC-——SC-a\/—

Ap dung dinh li cosin trong tam giac COM, ta cé:
CM? =OM? +OC? ~20M.OC.cosCOM .

RGN
— omM2+0oC?-cm? | 4 2 4 J10

COM = - _
€08 20M.OC La5 a2 5
s 2
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W

= COM = arccos-—é— )

Vay: ((l\m)) =COM = arccos—\/——;E .

Cach 2:
Trong ASOC vudng tai O ¢c6 OM la duong trung tuyén nén:
OM = —sc_—;- a—\z/—_zi\—/iuCM::ACOMcantalM: COM =MCO .
Miic khac: MCO = SAO (Vi ASAC can tai S) = COM =SAO .
Theo cau b, S’f-\?) = arc——\-/-_g-.
J5

» e

Tir d6 suy ra: ((MBD),(ABCD)) = COM - arccos=.

Tinh géc gitra hai mat phe&mg ( SAB) va (ABCD):

Ta c6: (SAB) N (ABCD) =AB. Goi E, F lan lugt la trung diém cua AB va CD.
AB L EF; AB L SO (Do SO L (ABCD)) = AB L (SEF).

(SEF) N (ABCD) = EF; (SEF) N (SAB) = SE;

= ((SWD)) = (SE",E\F) =SEF (Vi SEF la gc nhon)

) 2 2
ASOC vudng tai O nén SO =SC? -0C? = \/{a\f} - [aﬁ] _a3

2 2

Trong ASEQ vudng tai O, ta co:

tanstT:=-S-Q_-—~— J3 = SEF = 60°
OE 2

Vay: ((éAB),(ABCD)) ~ SEF = 60"

Cho hinh lang tru ABC.A'B'C’' ¢6 AA’' L (ABC) va AA’' = a, ddy ABC la
tam gidc vuodng tai A c6 BC=2a, AB=a \/g

a) Tinh khoang cach tit AA’ dén mjt phang (BCC'B’).

b) Tinh khoang cach tir A dén (A'BC).

¢) Ching minh rang AB L (ACC'A’) va tinh khoang cach tir A’ d&h mat
phéng (ABC').

LOI GIAI
a) Tinh khoang cach tir AA’ dén mit phang (BCC'B').
Vi AA;// BB nén AA’ // (BCC'B’) = d(AA’, (BB'C'C) = d(A, (BCC'B)
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b)

Goi H 1a hinh chiéu L cua A 1én BC.
Tt H, vé duong théng /] v6i AA' cAt B'C' tai K. 2a " B
Do AA’ //HH’, ma AA’ L (ABC) (s
= HH’' 1L (ABC) > HH' 1 AH. <7

AH 1 BC *
Ta cé: = AH 1 (BCC'B') tai H. y
AH LHH'

=d(A,(BCC'BY))= AH . A .

AABC vuéng tai A nén: c K w B
AC=BC? ~ AB? =/4a2 ~3a2 =a . )
AABC vudng tai A cé:
11 1
AH? AC? AB? a’ 3a% 3a? 2

=d(AA’",(BB'C'C))=A ==
Tinh khoang cach tir A dén (A’BC).
AB L AA’ (Do AA’ | (ABCQ)); AB L AC (gt) = AB L (A’ACC’) = AB L A'C.
Ta co: A'A=AC=anén A'ACC' la hinh vudng.
Goi O la tam cua hinh vudéng A'ACC'.
A'CLAC

® ACLAB
Ma A'C c (A’BC) = (ABC’) L (A’BC).
Hai mét phéng (A’BC), (ABC’) c6 giao tuyén la OB.
Trong (ABC’) ké AK L OB (K € OB)
= AK L (A'BC) tai K = d(A,(A'BC)) =

}:, A'C L(ABC)

AAOB vubng tai A c6 AK la duong cao nén:

1 1 1 1 2 7 a3
3 = + 2 = ——2— + —— AK
AK? AB? AO? 322 a? 3a2 N
aJ_

Vay: d(A,(ABC))= AK ===

Cach 2:

Vi BC L AH, BC L AA’ = BC L (AA’H) = (A’BC) L (AA'H).
Hai mit phing nay ct nhau theo giao tuyéh A’H.

Trong mit phang (AA'H), ké Al L A'H (I e A’H) = AI L (A’BC) tai L
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_, d(a(aBC))=

AAA'H vudng tai A c6 Al 1a duong cao nén:

TR SO NN N WL SRS B ANV
AP AH? AA? 3a° a* 3° a* 3a’ 7
: |

= d(A,(A'BC))=Al=

f

Nhian xét: Hai diém I va K hién nhién trung nhau.

Ching minh rang AB L (ACC'A") va tinh khoang cach tir A’ d&h mp (ABC’)
Chting minh réng AB L (ACC'A’): ;

Tacé: AB L AC, AB L AA’ (Do AA’ L (ABC)=> AB L (ACC’A").

Tinh khoang cach tir A’ d&&h mit phing (ABC)): .

Theo chitng minh trén, A’C 1 (ABC)) tai O nén d(A',(ABC'))=AO.

a\/— ( (ABC )) a\/—

Nhan xét: D€ tinh khoang cach tit M dén (o), néu de bai cho khong xac dinh
truc tiép dwoc hinh chiéu cua M 1én (o) thi ta lam nhu sau :

Tim mp (B) di qua M va (B) L (a);

Tim giao tuyén A= (a) N (B);

KeMH LA (H € A) = MH L (o) = d(M,(«))=MH.

Tacod: A'C= a\/—:>A'O-—

a) Ching minh SBC =5CD =90°.
b) Ching minh ba duong thing AD', AC, AB cung ndm trén mot mat

¢) Xac dinh va tinh d¢ dai doan vudng goc chung cua AB va SC khi

Cho hinh thang ABCD vudng tai A va B, c6 AD =2a, AB = BC = a. Trén
duodng thing Ax vudng goéc voi mat phéng (ABCD) 14y di€m S. Goi C' va
D' 14n lwot 1a hinh chiéu vudng goc cua dinh A trén SC va SD.

phéng. Tlr 46 chitng minh C'D' lu6n di qua mdt diém cd dinh khi S chay
trén Ax.

SAza\/E.

LOI GIAI

a) Ching minh SBC = SCD =90°.

Ap dung dinh ly ba duong vudng goc thi ta chitng minh dwgc SB LBC va
SC L CD.
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b). D& dang chitng minh AD', AC', AB déu s

" Trong mit phang (SCK) ké HE // CK.

. Xac dinh va tinh d6 dai doan vudng goc

vudng goc véi SD . Tir d6 suy ra AD', AC,
AB cuing nidm trong mp(P) di qua diém A
va vudng goc vai SD. ‘
Do d6 CD' di qua mét diém cd dinh 1a
giao diém I ctia AB va CD khi diém S di
dong trén duong théng Ax.

chung cua AB va SC.

Goi K trung diém AD.

Ta c6: AB // CK, ma CK < (SCK)
= AB // mp (SCK). Dung AH L SK. I

 [AHLSK
1291 AH 1 CK(CK L (3AD))

= AH L (SCK) = {AH +5¢
AH1CK

Suy ra HE va AB cung thudc mot

mit phang vi cung song song voi CK.

Trong mp (AB,HE), ké EF // AH,F e AB. %

Vay: EF la doan vuong goc chung caa AB va SC

Ta c6: AHEF la hinh binh hanh AH =EF.

Trong ASAH vudng tai A:
AH® AS" AK- 2a° a° 2a° 3

Két luan: d(AB,SC)= AH=EF = ‘"‘—33 .
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CHUGONG IV: THE TiCH KOl TRy, THE TicH KHOI CHOP
THE TICH KHOI DA DIEN

LOAI 1: THE TiCH KHOI CHOP
PHUONG PHAP XAC DPINH PUONG CAO CUA KHOI CHOP
Loai 1: Khdi chop ¢ 1 canh vudng goc véi day , thi canh d6 1a chiéu cao cua
khéi chép . : ~
Loai 2: Khéi chop ¢6 mot méat bén vudng goc voi day , thi chiéu cao chinh Ia
dudng keé tir mat bén vudng goc véi giao tuyén .
Loai 3: Khdi chép c6 hai mit ké nhau vudng goc véi day , thi duong cao
chinh la giao tuyén cua hai mat ké nhau d6 .
Loai 4: Khéi chop ¢6 cac canh bén béng nhau , hodc cac canh bén cling tao
v6i day mét goc bing nhau thi chan dudng cao chinh la tam vong tron
ngoai tiép day .
Loai 5: Khéi chép ¢6 cdc mat bén déu tao véi day mot goc bing nhau thi
chan duong cao chinh la tam vong tron ndi tiep.

Céng thire tinh thé tich khéi chop: V = —13—B.h

Vi B la dién tich day, h 1a d6 dai chiéu cao ctia khoi chop.

DANG 1: Khéi chép cé canh bén vudng géc voi day.

Cho hinh chép SABC ¢ day ABC la tam giac vudng can tai B voi AC=a,
biét SA vudng géc véi day ABC va SB hop véi day mot goc 60°.

a) Chirng minh cac mat bén la tam giac vuong .

b) Tinh thé tich hinh chép .

LOI GIAI
‘ A 1 AB
a) SA L mp({ABC)= 5 ‘
SA L AC
Ma BC L AB = BC L SB (dinh ly 3 duong vudng goc).
Vay cdc mat bén chop la tam giac vudng. s

b) Ta c6: SA L (ABC)
= AB 1a hinh chiéu ctia SB trén mp(ABC).
Vay : goc [SB,(ABC)] = SBA =60°.

Ta c6 : AABC vudng can nén BA =BC = 2 ,
| V2 4

a2

Vay: Sasc = —BA BC ==~

2 4
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a6

Trong ASAB vuéng tai A c6: SA = AB.tan60° = ———SA

23
Vay: V““SAABC SA_l_a__E:C___i .

Cho hinh chép S.ABC c6 day ABC la tam giac déu canh a, biét SA vudng
gdc v6i mat day (ABC), va (SBC) hop voi day (ABC) mét géc 60°. Tinh thé]
tich hinh chop S.ABC.

LOI GIAI
Goi M la trung di€ém cua BCyvi tam giac ABC déu nén AM LBC
= SM L BC (dinh Iy 3 duong vudng goc) . o

Vay : [(SEE)—,(EE)} - SMA = 60"

2 2
Vi AABC déu nén:S, s p5c = 84\/— 2 ;/5 ;
ABA3 a3 8 ‘
Co AM = Sl 20
2 2 M

Trong ASAM vudng tai A ¢6: SA = AM.tan60" = _az_\/g\/‘ =—

n ald
Vay V:%SABCsA:a E;/—B_

Cho hinh chdp SABCD cé ddy (ABCD) la hinh vudng ¢6 canh a va SA
vudng goc day (ABCD) , mat bén (SCD) hop voi day (ABCD) mot goc 60°.
a) Tinh thé tich hinh chdp SABCD.
b) Tinh khoang cach tir A déh mat phang (SCD).
LOT GIAL $

a) Vi CD L AD va CD LSA
= CD L SD (dinh ly 3 dwong vudng goc) (1)
Suy ra goc gitra (SCD) va (ABCD) la géc SDA =60°.
ASAD vuéng tai A nén c6 SA = AD.tan60° = av/3

A ) 3 /3
Vay V=%SABCD.SA:lHZ.a\/3—: a 3\/5

b). Ta dwng AH 1 SD tai H. ’
Vi CD L(SAD) (do(1))nénCD L AH= AH L (SCD)
Vay AH la khoang cach tir A déh (SCD).

ASAD vubdng tai A: L 1,1 1 .1_4

AH? SAZ AD? 3al a2 3a2
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VyAH--iz£

Cho khéi chép S.ABCD c6 day ABCD la hinh thoi canh a va goc nhon A
bing 60° va SA L (ABCD), biét ring khoang cach tir A dén canh SC = a.
Tinh thé tich khéi chép SABCD.

LOIGIAI S
Vi ABCD la hinh thoi ¢ géc A bang 60°.

af

Nén ABD déu AO =——=AC= ax/_

1

Xét ASACvudng tai A :

1 _1+1':>1_L__.1___2-_
AH2 AC? AS?  AS? a? 3a® 3a®
—SA =222 *f

Dién tich day ABCD V,pcp = —12-AC.BD =2 ;

1 a\/g azf 83\/5.

Thé tich khéi chop Vg apep = —SA SaBcD = 372 2 4

Cho khéi chép SABCD c6 day ABCD la hinh thang vudng tai A va B biét
AB =BC =a, AD =2a, SA 1 (ABCD) va (SCD) hop voéi day (ABCD) moét goc
60°. Tinh thé tich khéi chop S.ABCD.

8]

LOI GIAI §

Goi E trung diém cta AD c6 ABCE la hinh vudng.

Trong AACD c6CE = %AD (duong trung

tuyén béng nira canh huyén) nén AACD

vuong tai C.
{CD LAC

= CD L mp(SAC)=CD LSC.
CD LSA

_ B c
Vay goc giira mp (SCD) va (ABCD) la goc SCA =60’

Xét ASAC 6 SA = AC.tan60° = av2./3 =av/6 .

Dién tich day ABCD: Vpep = %,(BC +AD).AB = %(a +2a).a= iai— :

a®6

Thé tich khoi Chép: VS.ABCD = _;'SA'SABCD = %a\/g?‘;_" - 2
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Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh voi
AB=a,AD =2a,BAD = 60°, SC vudng goéc véi mit phing (ABCD), SA hop
v6i mit phing (ABCD) géc 45°. Tinh thé tich khéi chép S.ABCD va khoang
céch gitta hai duong théng SA vaBD.

LOI GIAI
Ap dung ham cosin cho tam giac ABD c6:
BD? = AB? + AD? - 2AB.AD.cos 60’

=a? +4a’% - 2.a.2a.—;- = 3a2

=BD= a\/5 .

Tir d6 ta c6 AD? = AB? + BD? = 4a’
= AABD vuéng tai B

Goi O=ACNnBD.

Trong AABO c6: -

2
OA =+ AB? + BO? =,fa2 +3_2_=i\2[?_

:>AC=a\/;. ¢ LD ng

0°

Ta c6 AC 1a hinh chiéu vuéng géc SA trén
mp(ABCD), goc gitta SA va (ABCD) la goc

SAC=45". )

= ASAC vudng can tai Cnén SC=AC= aV7.

Dién tich ABCD: S=25,,5p =BABD=aaV3=a’\/3. 3 A
3

Theé tich khéi chép S.ABCD: V = %sc.s ABCD = %aﬁazﬁ - ;{ﬁ :

Khoang céch giita hai duong thang SA va BD.

Dung Ax // BD, goi E=AxCD. A

Vi BD // AE = BD // (SAE), nén = d(BD,5A)=d(BD,(SAE)) =d(D,(SAE)). -
. [AELCE
6: {AE oo AEL (SCE) = (SAE) L (SCE).

Hai mat phing nay vuéng géc véi nhau theo giao tuyén SE, dung

CH LSE = CH L (SAE) = d(C,(SAE))=CH.

= + = = CH=
CH? CS% CE? 7a%? 4a® 28a” 1

Trong ASCE c6 1 1 1 1 1 i 2ax/15'—7— .
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11

Cho hinh chép S:ABCD c¢6 day ABCD la hinh chit nhat, SA vuéng géc vdi
day ABCD, biét AB=a,AD=a+/3, géc giita mit phing (SAC) va (SBC)
béng 60°. Tinh thé tich khdi chép S.ABCD va khoang céach giita hai dudng
thang AB va SC. : : S :

ViD la trung diém cita CEnén d(D, (SAE))=24(C, (SAE))

LOI GIAI s

Dung AE 1L SC(EeSC).
Trong mit phang (SBC) tir E ké EF 1 SC(FeSB).

Suy ra g()c gitta hai mit phing (SAC)
va (SBC) la géc giita hai duong thing
AE va FE.

. , S A, D
BC L AB R
Taco: 4 _ = BC L (SAB)
BC L SA
= BC L AF(AF c (SAB)) 1) gk Y
., [SCLAE | -
Ta c6: {sc L gp = SCL(AEF) =5C1 AF(AF c (AEF)) )
Tir (1) va (2) suy ra: AF L (SBC)=> AF L SB, AF LFE.
Trong AAEF cé: AF = AE.sin 60° =§Ez—‘/§,
Trong hai tam giac SAB va SAC c¢6:
1 1 1 1 1 1
= — + = = - (3)
AF?  AS? AB?  AS? AF? AB?
1 1 1 1 1 1
RS R N S, ()
AE? AS? AC?  AS? AE? AC?
Tir (3) va (4) = 12- 1t 1
AF? AB* AE? AC?
3AE? a® AE? 4a
Vay — =t L _ 9 1 =~{3AS=3\1—%.

AS?  AE? AC? 4a% 4a% a%

1af \/— \/»

The tich khOl Chop S ABCD VS ABCD & "‘SA SABCD = ':‘3'
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Khoang cach gitra hai duong thiang AB va SC.
Vi AB // CD = AB// (SCD), nén suy ra:
d(AB,SC) =d(AB,(SCD))=d(A,(SCD)).

, {CD LAD
Ta co:

CD LSA

vuéng géc véi nhau theo giao tuyén SD.
Dyng AH 1 SD(HeSD) = AH 1 (SCD). Vay d(A,(SCD))=AH.

= CD L (SAD) = (SCD) L (SAD), hai mjt phing nay

Trong ASADcs: — =1 12, L5 oag_ V10
AH? AS* AD® a° 2a° 2a 5
Két lugn d(AB,SC) = aJSIB .

DU BI PAI HOC KHOI A . 2006
Cho hinh chép S.ABCD c6 day ABCD la hinh chix nhat véi AB=a,
AD =2a, canh SA vuéng goc véi ddy (ABCD), canh bén SB tao voi day 1

a\/—

g6c 600, Trén canh SA 13y diém M sao cho AM =——. Mat phing (BCM) cat

SD tai N. Tinh thé tich khéi chép S.BCNM.

LOI GIAI
Hai mit phing (BCM) va (SAD) c6 M
la diém chung thit nhat, ma BC // AD.
Suy ra giao tuyén cua 2 mat phang qua
M va song song voi BC, AD. Giao
tuyéhn cat SD tai 1 diém la diém N can tim. 1
AB la hinh chiéu vuéng goc ciua SB
trén mp(ABCD) nén:

[st(’XéEb)J - SBA = 60"

B
Trong ASAB vuong tai A: SA = AB. tan60° =a/3.

BC L AB
Ta c6: = BC L mp(SAB) = BC L BM .
BC L SA

Vay tit giac BCNM la hinh thang vuéng tai B va M.
AH 1 BM

AH L BC = AH 1 mp(BCNM).

Ha AH LBM(HeBM), v {
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2
BM=\/ABZ+AM2=,’a2+93—=2—a—

Cé: MN // AD> SM MN 2 MN—-—AD—4
SA AD 3 3 3
1 1 1 1 3 a
Trong tam giac vudng ABM: = + === AH=—
grams 8 AH?2 AB? AM? a? a%? a? 2
d(S,(BCNM
Tac: SAN(BCNM) =M= A ) _su =2 =d(S,(BCNM))=a.
d(A,(BCNM)) AM
, BC+MN).BM 1 4a) 2a 1Oa2\/§
\ 1 1 10a2V3 10a3y3

TUYEN SINH DAI HOC KHOI B 2006.

Cho hinh chép S.ABCD c6 ddy ABCD la hinh chit nhat véi AB=a, AD= av2,
SA =a va SA vuéng goc voi mat phang day ABCD. Goi M, N lan luot la
trung di€ém AD va SC, I la giao di€ém caa MB va AC. Ching minh mat
phéng (SAC) vudng géc v6i mat phéng (SMB).

Tinh thé tich khéi tir dién A.NIB.

LOI GIAI s
Goi O la giao diém ctia AC va BD.
Xét AABM vuong tai M:

2
BM = AB? + AM? =,/a2 +f‘i— =3-2@.
Vé:AO:%AC:—%\/ABZ+BC2

= a2 +2a° i—é— .
2 2
Vil trong tam tam giac ABD: :
IM = —BM=—\/: Al=Z Ao_3 a3
3 3 2
2 2 2 _a’ !
Trong AAIM c6 AM* = Al* + MI = o
Vay AAIM vudng tai L. B <
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BM 1 AC
Ta co: { =BM Ll mp(SAC)

BM 1 SA
= mp (SBM) L mp (SAC) (vi BM c mp(SBM)).
_2 a3 a\/— 22
92 "2 6
Taco ON // SA (viON la ducmg trung binh ctia tam giac) nén:

ON L(ABCD),ON=25A=2.
27772

2 3
The tich cn tim: Vi 55 = %.NO.SAI B = %-;- a f a ?f .

PE THI TUYEN SINH DAI HOC KHOI A NAM 2010.
Cho hinh chép S.ABCD c6 déy 1a hinh vuéng canh a. M, N lan luot la trung
diém cta AB va AD, H=CNNDM va SH vudng goc véi (ABCD) va

SH=a+/3 . Tinh thé tich khéi chép S.CDNM va khoang cach gitta DM va SC.

LOI GIAI
Ta cé6 AADM = ADCN(c.g.C) = 6; = (/Z; .
Ma D, + D, =90° = C, +D, =90°
= ACDH vudng tai Hnén CN L DM.
Trong AADM c6:

2
DM = AD? + AM? =,/a2 +i-=d§-.

a\/_ 5a2

2 8
A 1 5a 53
Vay: Vs cpnm = 7 SHScpnm = \f
3 24
Goi I 1a hinh chiéu vudng géc cua H trén c;_anh SC (1)
DM L CN :
Ta c6: = DM L mp(SCN)= DM L HI )
DM 1 SH

Tir (1) va (2) suy ra: HI 12 doan vudng géc chung cua SC va DM.
Vay: d(SC,DM)=HI.
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a>  2a\5 N

Ta cé: CD? =CH.CN = CH = =

1 _ 1 1 1.5 19
HI? HS* HC? 3a° 4a® 12a°
aVv12 2ay57
>Hl= e = —.
Jio9 19
PE THI TUYEN SINH DAI HOC KHOI D NAM 2010.
Cho hinh chop S.ABCD c6 day la hinh vudng canh a, canh bén SA =a;
hinh chiéu vuéng goéc cua S 1én (ABCD) la diém H thudc doan AC,

AHz—%—C- . CM la duwong cao cua'tam gidc SAC. CMR: M la trung diém cua

SA va tinh thé tich khdi tit dién SMBC.

LOI GIAI
Goi O 1a giao diém ctua AC va BD.
2
AH:éE:i\[?-,SH _JSAZARZ - a2 220 _aVl4
4 | 16 4
SH.AC = CM.SA < CMa = a*f—‘l a2 = CM = 3-2-‘/-;- :
2 7a®> _a_SA

AM=VAC? -CM? = ,(2a ===
4 2 2

Vay M trung diém cta SA.

Ta cé: BO L AC, BO LSH

= BO L mp(SAC).

1av2 1 a a7 2’14

ASCM T3 T2 48
PE THI TUYEN SINH DAI HOC KHOI A NAM 2012.
Cho hinh chép S.ABC c6 day la tam gidc déu canh a. Hinh chiéu vudng géc
cua S trén mét phéng (ABC) la diém H thudc canh AB sao cho HA = 2HB.
Géc gitra dwong thang SC va mit phing (ABC) bang 60°. Tinh thé tich cua
khéi chép S.ABC va tinh khoang cach giita hai duong thing SA va BC theo a.

LOI GIAI

Ap dung dinh 1y cosin cho tam gidc AHC c6:

© CH? = AC? + AH? -2AC.CH.cosCAH

1
VBSCM = g.BO.S
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2a 7a2

2
=a? 4| 2 - 2.2.22 cos60° =
3 3

a7

=>CH=—-.

3
Ta cé: HC la hinh chiéu vuéng goc cua
~ SC trén mit phang (ABC) nén géc giira
SC va miit phing (ABC) la géc SCH = 60°.
Trong A SCH vudng tai H co:

aff a\[—

SH = CH.tan60° =

Dién tich tam giac ABC déu:

AB%3 aZy3

S 2 NI
AABC 4 4

Thé tich khdi chép:

1 a\/—i 82\/— a3\/;

V. = SHS
S.ABC = AABC =373 4 12

Tinh khoang cach giita hai duong thiang SA va BC theo a.
Day la bai tinh khodng cdch giiva canh bén va canh ddy, cdc ban xem laz phieong
phdp tinh ¢ bai khodng cich giita hai duong thing chéo nhau.

Ké Ax // BC=: BC // mp(SAx) (vi Axc(SAx)).
Nén: d(BC,SA) = d(BC, mp(SAx)) = d(B, mp(SAx)) :
BC song song véi mit phang (SAx) thi khoang cach moi diém trén duong
thing BC déh mat phang (SAx) déu bang nhau. Vi sao Thay lai chon diém B
ma khong chon diém C 13 vi diém B n3m trén duong thang c6 chira diém H
la hinh chiéu cta dinh, viéc tinh khoang cach tir H d¢&h mat phing bén
(SAx) la rat dé dang. Thong qua cong thirc tinh ti s6 khoang cach thi ta tinh
dugc khoang cach tir B.
Dung HI L Ax tai I. Goi K 14 hinh chiéu vuéng géc cua H trén SI.

\ {Ax LHI

Ax LSH = Ax 1L (SHI) = mp(SAx) L mp(SHI) .

Hai mat phang (SAx) va (SHI) vuéng goc v6i nhau ¢6 giao tuyén SI.
Ma HK L SI= HK L (SAx).

Vay d (H, mp(SAx)) =HK.
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Trong AATH vudng tai I c6 HI = HA.sin60° = —23— iz_— = ——t;)/——-— .
Trong ASIH vuéng tai H cé: ‘
1 1 1 9 9 24 aV7
= toE T 2 HK v
HK? HS? HI? 21a® 32 7a’ V24

Pudng thing di qua hai diém B va H c6 giao diém véi mit phing (SAx) la
. d(B,mp(SAx)) Ba 3
A nén: = =—
d(H, mp(SAx)) HA 2

= d(B,mp(SAx)) = :Z—d(H,mp(SAx)) = —3— %/.}/—__—- a\éﬁ

DE THI TUYEN SINH DAI HQC KHOI D NAM 2013

Cho hinh chép S.ABCD c6 day la hinh thoi canh a. Canh SA vudng géc véi
day, BAD = 120°, M 1a trung diém cuia canh BC va SMA = 450 .Tinh theo a
thé tich ctia khoi chép S.ABCD va khoang cach tir di€ém D dén mit phang
(SBC).

LOI GIAI s
Vi ABCD I3 hinh thoi ¢6: BAD =120°
= BAC =60° = AABC déu.

a3

Nén AM L BC va AM=-——-—-

aJe:=az¢§.

4 2

Trong ASAM vudng tai A cé:

a3
5,

SA = AM.tan 45" =

lax/§ zx/g f’_

V. =—SAS = ——, =—.
S.ABCD ABCD =375 5 4

Do AD //BC nén d(D,mp(SBC)) =d(A, mp(SBC)).
Goi H 1a hinh chiéu vuéng géc ctia A trén SM .

. [BCLAM
Ta c6 {BC sp =BCL mp(SAM)=BC L AH.
. [AH1BC A
Vi {AH oy = AHLmp(SBC). Vay AH = d(A, mp(SB¢)) :
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Trong ASAM vudng tai A co:

LA W N TN SO SRS OC
AH? AM* AS* 3a° 3a° 3a 4

)a\/—

Két luan d(D mp(SBC)

DANG 2: Khéi chép c¢6 mit bén vudng goc voi day.
Cho hinh chép S.ABCD 6 day ABCD la hinh chit nhat canh AB=a, AD =av/3,
gbc gitra mit phing (SAC) va (ABCD) bang 60°. Goi H 1a trung diém ctia AB,
biét mit bén SAB la tam gi4c can tai S va thudc mit phing vudng géc véi
mét phang day ABCD. Tinh thé tich khéi chép S.ABCD.
LOIGIAI
Vi AB la giao tuyén ctia hai mit phang '
(SAB) va (ABCD) vuéng géc nhau, ma
SH L ABsuy ra SH 1 (ABCD).

Dung HI L AC(Ie AC).

Taco: ACLSH va AC LHI
= AC L SI(dinh ly ba duong vudng gdc).
Vay: gbc gitra (SAC) va (ABCD) la goéc

SIH = 60°. 5
Tacé: AATH - AABC(gg) = k= 20
BC AC
a
e AH e 25 a3
VAB? + BC? 2a 4
Trong ASHI ¢6 SH = HItan 60" = af NE :343_.

3
Thé tich khéi chop S.ABCD: V = %SH.SABCD = —;—.—a—;i.a.a 3=2 f .

Cho hinh chép S.ABCD c6 day ABCD la hinh vudng ¢6 canh a. Mt bén SAB
13 tam giac déu ndm trong mit phang vudng gdc vdi dayABCD,
a) Chitng minh rédng chan dudng cao khéi chdp triing véi trung diém canh AB.
b) Tinh thé tich khéi chop SABCD.

LOI GIAI
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a). Goi H la trung diém ctia AB. - S
Vi AABC déu = SH L AB.

. |(sAB) L(ABCD)
Ma { (SAB) ~(ABCD) - AB = SH L (ABCD).

vay H 1a chan duong cao cta khéi chop. N D
b). Ta c6 tam gidc SAB déu nén SH = \/—-
a \/_ B . C

Suy ra: Vg e =§SABCD‘~SH =

Cho ti dién ABCD c6 ABC la tam giéc du canh a, BCD la tam gi4c vudng
can tai D, (ABC) L (BCD) va AD hop véi (BCD) mét goc 60°. Tinh thé tich i
dién ABCD.

LOI GIAT
Goi H la trung diém cua BC.

Ta c6 tam giac ABC déu nén: AH1 BC, va AH= a\Z/—

{(ABC) L(BCD) = AH 1 (BCD)-

(ABC)(BCD)=BC

Ta c6: HD la hinh chiéu vudng goc cua AD
trén mp(BCD). ‘

Nén: | AD, (BCD) |- (AD,HD| = ADH = 60° .

D

AHAD vudng tai H: DH = AH a\/— \/— a
tan60° 2 2’

Trong ABCD vudng can tai D co:

2

a
BC=2HD=a,DB=DC——\/—_— \/_ SaBCD = DB.DC-—-Z—.
1 a a3 _ a3\/_3"

VABCD"§SABCD AH = 34 5T 0

Cho hinh chép S.ABC c¢6 day (ABC) la tam giac vudng can tai B, c6 BC = a.
Mait bén (SAC) vudng goc véi day, cdc mat bén con lai déu tao véi mét day
mot goc 450, Chitng minh rang chan dudong cao khéi chép trung véi trung
diém canh AC. Tinh thé tich khéi chép SABC. -

, LOI GIAI
Ké SH 1 BC tai H.
Vi mp(SAC) L mp(ABC) nén SH L mp(ABC).
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Goi I, J 1a hinh chiéu ctia H trén AB va BC

= SIL AB, S] L BC.

Theo gia thigt SIH = SJH = 45° .

Ta c6: . ASHI = ASH] = HI=H]

Nén BH la duong phan giac ctia AABC.

Tir d6 suy ra H la trung di€ém cua AC.

Suy ral, ] lan lwot la trung diém cua AB va BC.

12

Cho hinh chép S.ABCD c¢6 day ABCD la hinh vudng canh a, tam giac SAB
déu, tam giac SCD vudng can tai S. Goi [, J, K 1an lwgt 1a trung diém cua céc
canh AB, CD, SA. Chting minh réng (SIJ) vuéng gdc v6i (ABCD). Tinh thé
tich khéi chép K.IBCD.

LOI GIAI

S
Ta co: {AB o1 = AB L(SI]). /i
AB LIJ ,

Vi ABc (ABCD) = (ABCD) L (SI)).

Hai mat phing nay vuéng géc véi nhau
theo giao tuyén IJ. , o D
Dyng SH LIJ(HelJ) = SH L (ABCD). P

a\/_

ABC la tam giac déu nén Sl = ——

BL

Tam giac SCD vudng tai S co SJ = —ECD = % .

Ta c6: SI? + 5] =TJ* = ASIJ vuéng tai S, nén cé: SH.IJ =SLS] = SH = -[—
ViK trung diém ctia SA, 6 d(K,(ABCD))= %d (S,(ABCD)) = %SH = %/-—BL
Spcp1 =SaBcD ~Saalp =2 —%-%ﬂ > %2‘

Vay: Vi pepr = %.d (K,(ABCD)). Sycpy = % T\/_.i— = az\2/§
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PE THI TUYEN SINH DAI HOC KHOI B NAM 2008

Cho hinh chép S.ABCD c6 déy ABCD 12 hinh vuéng canh 2a, SA = a, SB= a3

va mit phing (SAB) vudng goc véi mit phang déy. Goi M, N 1an luot la

trung diém ctia cac canh AB, BC. Tinh theo a thé tich ctia khéi chép SBMDN.
LOIGIAI s

Ha SH L ABtai H.

Vi mit phang (SAB) vudng goéc mit
phéng (ABCD) c6 AB la giao tuyén.
Suy ra SH L mp(ABCD).

Xét ASAB c6: AB? =SA? +SB? =4a°.
Vay ASAB vuéngtaiS. Va:

1 — 1 + 1 —..._1_.+_1__.——__4'.. e
SH2 SA? SB2 a? 3a% 3% B N c
:>SH=a—-\/—3:. A D
2
SgMDN = SABCD - SAAMD - SACND
M

= AB? -%AD.AM - %CD.CN =4a? —2a% =2a2.

1 a\/§ aS\[?; B

1 2
Vs BMDN :E'SH'SBMDN =§*“2“‘-23 = 3

DE THI TUYEN SINH DAl HOC KHOI A NAM 2009
Cho hinh chép S.ABCD ¢6 day ABCD la hinh thang vuéng tai A vaD; AB =
AD = 2a; CD = a; géc giita hai m3t phing (SBC) va (ABCD) béng 60°. Goi 11a
trung diém ctia canh AD. Biét hai mat phang (SBI) va (SCI) ciing Vﬁc‘ing goc
véi mit phéng (ABCD), tinh thé tich khéi chép S.ABCD theo a.

LOI GIAI
Hai mat phéng (SBI) va mit phing (SCI)
c6 giao tuyén la SI cung vudng géc véi
mit phang day suy ra SI L (ABCD) .

Goi H 1a hinh chiéu vuéng goc ctua I trén BC.
, {BC LIH
6

= BC L (SIH)= BC L SI.
BCLSI ~

Vay goc giita hai mat phéng (SBC);
Va (ABCD) la géc SHI=60°.
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Ta co: BC=\/AD2 +DC? =\/4a2 +a? =a\/—5—.

SABCD = —;-(AB +CD).AD = —;—(Za +a).2a=3a’.

Ngoai ra: Sppcp =Saapr +Sasic + Sacpr

2 2
= Sapic = 3a’ —lAB.AI -—1—CD.DI 322 -a2-2 = 3a”
2 2 2 2
25 2
S pcy = IHBC = [H = 208t 32”33
2 BC a5 5
Trong ASIH vuéng tai H c6: SI =1H.tan 60° = _\3}_%-\/— = 33;/5 ]

1 3a\/15 22l - 33415

1
V, =—=SLSpcp ==
S.ABCD ~ 3 ABCD =37 g 5

PE THI TUYEN SINH DAI HOC KHOI A NAM 2011

Cho hinh chép S.ABC ¢6 day ABC la tam gidc vudng can tai B,
AB=BC=2a, hai mit phang (SAB) va (SAC) cung vudng gbéc véi mat
phéng (ABC). Goi M Ia trung diém cta AB; mat phang qua SM va song
song véi BC cit AC tai N. Biét goc gitra hai mat phang (SBC) va (ABC) bang
60". Tinh thé tich khéi chép S.BCNM.

LOIGIAL S
Ta co: mp(SAB) N mp(SAC) =5A.
Va hai mat phéng (SAB) va (SAC) ciing
vuéng goc voi mat phang (ABC).
Suy ra SA L mp(ABC).

M3t phang qua SM va song song voi g — c
BC cit AC tai N, suy raMN //BCvaN
trung diém cua AC.

M
1 1 2a "
Trong tam giac ABC c6 MN = -Z—BC =a,BM = EAB =a. B

Ta ¢c6 BCNM la hinh thang vuong tai B va M:

1 1, 3a?
- Spenm ZE(MN“LBC)‘BM =—2—(a +2a).a ==
|BC L AB
Ngoai ra : :>BCJ—mP(SAB):>BC_LSB,
BC LSA
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(SBC)n(ABC)=BC
Vi:{SBLBC,ABLBC = ((SBC),(ABC))-SBA = 60",

SB c (SBC), AB = (SAB)
Xét ASAB vuéng tai A : SA = AB.tan60° =2a+/3 .

2
Ké’t IUén: VSBCNM = %SA'SBCNM = %26\/5—%;—' = a3\/§ o
DE TUYEN SINH DAI HOC KHOI A NAM 2013
Cho hinh chép S.ABC cé day la tam giac vudng tai A, ABC=30°, SBC la
tam gidc déu canh a va mit bén SBC vudng goc véi day. Tinh theo a thé tich
ctia khéi ch6p S.ABC va khoang cach tir di#m C déh mat phang (SAB).
LOI GIAI

Dung SH 1 BCvdi He BC.

Ma mit phang (SBC) vudng géc voi
mat phang (ABC) theo giao tuyén BC,
suyra SH L mp(ABC) .

‘ V1 A SBC déu nén H trung diém cua BC

aV3
2

Va SH =

Trong tam giac ABC vuéng tai A co:

af

AB=BC.cos30" = ,AC =BC.sin30° =

Thé tich khéi chop S.ABC:

Ve apc = ~.SHS apc = SH Apac-la¥d aBa o
3 6 2

Tinh khoang cach tir C den mat phing (SAB).

Cich 1: Dua vao thé tich.

Goi F trung diém clia AB. C6 HA, HB lan luot 14 hinh chiéu vudng gbc cua

SA va SB trén mit phang (ABC). Ma HA = HB tinh chét tam giac vuéng, nén

SA =SB suy ra SF L AB.

Tinh dién tich tam giac SAB :

Trong A SAF vudng tai F c6 SF=+SA? - AF? =

1 a\/—§ a3 _a’y39
= :

2 16

S sAB = SF AB=
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1
Vs aBc = 3 d (C, mp(SAB))'SASAB

3a3 \/*
3V, 16
::>d(C,mp(SAB))= SABC 216 _ V39 .
Sasap a’y39 13
16
Cach 2: Tinh theo phwong phap cua l6p 11.
Dung HI L SFvéi IeSF.
., |ABLHF
Ta co:
AB 1 SH

= AB L (SHF)= (SAB) L (SHF) (Vi AB < (SAB)).

Hai mit phang (SAB) vudng géc voi mit phing (SHF) theo giao tuyen SF
vaHI L SF, suy ra SI L mp(SAB)

Véy d(H, mp(SAB))=HI.

Co: HF = %AC = % (HF duong trung binh tam giac ABC).

Trong ASHF vuéng tai H:

1L _ 1,1 16 4 52 . a3

= + = e o
HI? HF? HS? a? 3a? 3a2 26

Vi hai diém H va C cling nam trén duong thing cé giao diém véi mat
d(C,mp(SAB)) :922
d(H,mp(SAB)) HB

26 13

phéng (SAB) tai B nén:

= d(C, mp(SAB))=2d(H,mp(SAB))=2.

PE THI TUYEN SINH PAI HOC KHOI B NAM 2013

Cho hinh chép S.ABCD c6 day la hinh vudng canh a, mat bén SAB la tam
giac déu va nam trong mit phing vuéng goc v6i mit phing day. Tinh theo
a thé tich cua khéi chdp S.ABCD va khoang cach tir diém A déh mit phéng (SCD).

LOI GIAI
Goi H trung diém ciia AB.

a3

Vi tam giac SAC déu nén SH L AB va SH = —
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Ma mit phing (SAB) vudng goc voi mit s
phéng day (ABCD) theo giao tuyén BC,
suy ra SH L mp(ABCD) .

Thé tich khéi chop S.ABCD:

1 1 )
Vs.apcp = 35HSapcp =7 SH-AB

_1ay3 a2 - a®\3
32 6

Do AB // CD va He AB, nén:
d(A,mp (SCD))=d(H,mp (SCD)).
Goi G trung diém ctia CD va I 12 hinh chiéu vuéng géc cia H trén SG.
. [cDLsH

Co:
CD LHG

= CD 1L mp(SHG)=CD L HI.

 [HILCD '
Vi {HI | s = HIL mp(SCD) = d(H, mp(SCD)) =HI.

Trong ASHG vuéng tai H co:
R S B |
HI? HS® HG? 3a° a° 3a

av21
—.

Két luan d(A, mp(SCD))=

Cho hinh chép SABC c6 day ABC vudng cén tai A v6i AB=AC=a, biét
tam giac SAB can tai S va ndm trong mat phéng vudng goc voi (ABC) ,mét
phing (SBC) hop véi (ABC) mét goc 45°. Tinh thé tich ciia SABC.

LOI GIAI s
Goi H trung diém BC. Vi SAB can nén SH L AB. ‘
Ma (SAB) L (ABC)=>SH L mp(ABC).
Goi M trung diém cua BC, thi:
AM 1 BC vi AABC cén tai A.
T H dung HN L BCvéi NeBC, thi
BC L mp(SHN) = BC LSN. O LY Braiiy ! B

Vay géc gitta mat phang (SBC) va (ABC)
la géc SNH =45,
Ta cé: HN la dudng trung binh cia ABAM :
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a2

HN=1AM=1BC=———.
2 4 4

Xét ASHN vudng tai H: SH = HN.tan 45 = 3‘;1/-_2— .

1a\/§ a? = 3\/5

1
VSABC = S'SH'SAABC = SH AB AC 24

Cho hinh chép SABCD c6 ABCD 14 hinh vudng, tam gidc SAB déu canh a
ndm trong mit phang vudng géc véi (ABCD) biét (SAC) hop véi (ABCD)
mot goc 30° . Tinh thé tich hinh chép SABCD.

LOI GIAI s

Dyng HI L ACtai L

AC LHI |
Tac6 = AC L mp(SHI)= AC L SI.
AC LSH |

(SAC)~(ABCD)=AC
Ta cé: sHI L AC,SI L AC
HI < (ABCD),SI < (SAC)

=((SAC),(ABCD)) - SIH = 30°

B \/,_ C
Vi HI va BO cung vudng géc véi AC, nén HI ~%— BO = 34—2— .
Xét ASHIvudng tai H: SH = HL.tan30° = i;f-i——‘é;i = alﬁ
v _1 SH S l a\/g a2 a3\/g
S.ABCD ~ 3 ABCD T35 4 T3

Cho hinh chép SABCD c¢6 ABCD la hinh chit nhat cé AB = 2a, BC = 4a, (SAB)
1 (ABCD), hai mat bén (SBC) va (SAD) cung hop v6i day ABCD mot goc
30°. Tinh thé tich hinh chép SABCD.

LOI GIAI
Dung SH L AB tai H.Vi (SAB) L (ABCD). Suy ra SH 1 (ABCD)

Géc gitta hai mit phing (SBC) va (ABCD) 1a géc SBA =30, vi c6 AB va SB

1an lwot thudce hai mét phéng cling vudng goc véi giao tuyén.

Ly luan twong tu géc gitta hai mit phing (SAD) va (ABCD) 1 géc SAB =30°.
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Theo trén ta c6 SAB la tam giac can tai S
nén H trung diém cua AB.
Xét ASHB vuong tai H:

faf

SH = BH.tan30° =a.~=~

Dién tich ddy Spcp = AB.AD =2a4a = 8a’.

1 a\/_ a2 = 8a2\/§

\ ~Lsus 8 ;
S.ABCD 3 ABCD = 3 3 9 Y.

~
W mmmm
~

Cho hinh chép S.ABC c6 SA = 3a, dudng thing SA hop véi mit phing
(ABC) goc 60°. Tam giac ABC vudng tai B, ACB = 30°, G 1a trong tam ctia
tam giac ABC. Hai mat phing (SGB) va (SGC) cling vudng gdc v6i mit
phéng (ABC). Tinh thé tich khéi chép S.ABC theo a.

LOI GIAI ~ s
Hai mjt phing (SGB) va (SGC) cung
vudng gbc véi mit phang (ABC).

Suy ra giao tuyén SG vudng goc voi mit
phéng (ABC).

Ta c6 AG la hinh chiéu vuéng goc cua SA
trén mp(ABC).

Suy ra: W} =SAG=60".

Vay AG =S5A.cos60” _93 SG =SA.sin60° =
Xét trong AABC co AE=—AG;—-§.§JE=?E.
22T T

Pit AB=x>0, BC=AB: tan30° =x+/3 .

AE=\/A32+BE2<:>AE=,/><2 _21._:..‘2/.: ="ﬁ¢>x=9a‘/;,

13aV3 1 a3 5 _3a 9ay7 | 243a°
\V _—scs - —ABBC=2Y2 =22
S.ABC AABC Z 375 4 V3= ( 14 } 112
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DANG 3: Khéi chép déu.
Cho hinh chép tam gidc d&u S.ABC canh day béng a va canh bén béng 2a.
Chting minh réang chan dudng cao keé tir S ctia hinh chép 1a tim ctia tam giac
déu ABC. Tinh thé tich chép déu SABC . |
| LOI GIAI
Duyng SO L (ABC). Ta c6 SA = SB = SC.
Suy ra OA = OB = OC (duwdng xién bang
nhau thi hinh chiéu vudéng géc cua chiing
bang nhau).
Vay O la tdm ctia tam giac déu ABC.
av3

Vi A ABC déu c6 AO = EAH

=vSA2 —0AZ =,/4a% -

1 2 23 ax/— _ a3\/—
4 3 12

Cho khoi chop tie glac SABCD c6 t4t ca cic canh c6 d6 dai bang a.
a). Chitng minh réng S.ABCD la chép ti gidc déu.
b). Tinh thé tich khoi chép SABCD

| LOI GIAL

Vay: V=18,5¢50=

Dung SO L mp(ABCD)
Ta c6 SA=SB=SC=S5D nén OA=0B=0C=0D.
Cé ABCD la hinh thoi va ¢ dudng
tron ngoai ti€p tdam O nén ABCD la
hinh vuéng.

Ta c6: SA?+S5C?= AC2

\/_

Nén ASACvuong tai Snén SO = 2

_ 1a«/§ a2 = a3\/§

=V, ——-SOS =——
S.ABCD ~ 3 ABCD =375 6

Cho khéi tt dién déu ABCD canh béng a, M 1a trung diém DC.
a). Tinh thé tich khdi tt dién déu ABCD.
b) Tinh khoang cach tir M dén mp(ABC). Suy ra thé tich hinh chép MABC.

LOI GIAI
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a). Goi O 1a tdm cuia tam giac ABC suy ra DO L (ABC)

2
Trong AABC ¢6 oc..--c1=i Va S,apc = ;/—.

Trong ADOC vuong taiOco:

DO =+/DC2 —-0C? =,/a2—3—=3—‘/-€—.
‘ 1 a\/g azx/— 3\/5

VDABC=§DOSAABC 373

4 12
b). Keé MH // DO, khoang cach tit M dén mp(ABC) 1a MH
1 a3\/— 3\/—

MH_EDO:>VMABC_§VDABC 27 12 24

' Cho hinh chép tam gi4c déu S.ABC ¢6 canh day bang a, mit bén hop véi day
goc 60° . Tinh thé tich khéi chép S.ABC.

| LOI GIAI
Goi O la tim ctia déy thi SO 1 (ABC).

Goi H trung diém clia BC thi CH 1 ABvi AABC déu.
, {AB 1HC
Ta co:

= AB L (SHC)= AB LSH.
AB LSH |

A

1
i
»
S R L

Vay ((SAB),(ABC)) = SHO= 60",

Ta cé: HO~—;-HC—1E—\/:—9—\[—

3 2 6

o _aV3 &
Trong ASHO cé SO = HO.tan 60 == A3=2.

1aa’\3 _ a®\3

| 32 4 24

Cho chép tam giac déu cé dwodng cao 1a h hop véi mot mit bén mot goc 30°.
Tinh thé tich hinh chép.

Thg tiCh khé,i Chép: VSABC = E'SO'SAABC =

LOT GIAI
Goi O 1a tm ctia déy thi SO L (ABC).
Goi H trung diém ctia BC thi CH L AB vi AABC déu.

[ABLHC | |
Ta c6: = AB L (SHC)=> AB L SH.
AB 1 SH

Dung OI L SH tai H.
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= OI L (SAB).

Suy ra SI 1a hinh chiéu vudng goc cua
SO trén mat phémg (SAB).

Neén géc giita SO va mit phang (SAB)
1a géc 6571 =30°.

hf_

Trong ASOH vudng tai O: OH =S50. tan30° =

AB\/—

Ma HC=3HO = h\/§ . Ngoai ra HC =

Theé tich khoi chép:

ABZ\/—_thLhZ\/— h3«/_
i 3 4 3

VsaBc =75 SO SaaBC = 3 1so.

Cho hinh chop tam giac déu cé dudng cao h va mit bén cé géc ¢ dinh bang
60°. Tinh thé tich hinh chop.

LOI GIAI
Goi O la tim ctia déy thi SO L (ABC).
Goi H trung diém ctia BC thi CH L ABvi AABC déu.
Gia st goc ASB =60° = ASAB la tam gi4c déu.
b4t d6 dai doan AB=x>0.

A
Suy ra: OB = oc=2pc=2ABY3 x5
3 3 2 3
Pitago cho ASOB vuéng tai O:
2 : 2
SB2 =50% + OB? & x? =h? + 2 e 2 =§i‘-sx=f‘£.
3 2 2
Thé tich khoi chép:
2
he ) 7
Vo ape = 1508, g - L 50 ABNE 1, L 2 _K3
S.ABC 3' “AABC — 3' ‘ 4 3 * 4 8 :
DU BI DAI HOC KHOI D 2006

Cho hinh chép ti¥ gidc déu S.ABCD c6 canh day bang a. Goi SH 1a duong
cao ctia hinh ch6p. Khoang cach tir trung diém I ctia SH dén mit phang
bén (SBC) bang b. Tinh thé tich khéi chép S.ABCD.

LOI GIAI
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Vi S.ABCD hinh chép tit gidc déu va SH L (ABCD).
Nén H la tam ctia day ABCD.

Goi E trung di€m ctia CD. ‘
CD LSH S
Ta cé: =CD L mp (SHE) ¥
CD LHE ,
= mp(SCD) L mp (SHE).
Va hai mit phing nay c6 SE 1a giao tuyén. / . . T s b
Dyng HN LSE. ) P
= HN L mp (SCD) véi N eSE LT s
. ‘ c
Tt Tdung IJ // HN = d(I, mp (SCD))=1J=bvéi JeSE.
Ta c6: IJ dudng trung binh cia ASHN, nén HN =2IJ =2b.
Trong ASHE vuéng tai H : .
1 1 1 1 1 '__4__a2—16b2:>SH_ 2ab
HN? HS? HE? HS? 4b%> a2  4a%b? Ja? —16b2
1 1, 2ab 22°b

VS.ABCD =“—'SABCD SH==-a". = ]
3 3" a2 _16b2* 3va2 —16b2

TUYEN SINH DAI HOC KHOI B 2004
Cho hinh chép ti gidc déu S.ABCD c6 canh day bang a, goc gitta canh bén

va mit day la q)(O <p< 900). Tinh tan ctia géc tao béi hai mit phing (SAB)
va (ABCD) theo ¢ va tinh thé tich khéi ch6p S.ABCD theo ava ¢.
‘ LOI GIAI
Goi O la tam ctia day thi SO L (ABCD).
Goi I trung diém cua CD, thi OI L CD.
Ta c6 CD L mp(SOI)=>CD LSO.

Vay géc giita mit phang (SCD) va mit
phéng (ABCD) Ia géc SIO.

Ta c6 OD la hinh chiéu vudéng gbc cua
SD trén mit phing (ABCD).

Vay géc giita SD va mit phang (ABCD)
la géc SDO = Q.

Trong ASDO vudng tai O: B
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SO a\/—

tang = — =5 =—tan
¢ oD P.

Ny

— S0 T, e
Trong ASOI Vuong tai O: tanSIO = o " J2.tang.
2
Thé tich ctia khéi tit dién:

1 a2 » a’2.tano
VS.ABCD = gSO-SABCD = -é—.—-.tan 0a° =——m—m—m.

PE THI TUYEN SINH DAI HOC KHOI B NAM 2012

Cho hinh chép tam gidc d8u S.ABC v6i SA = 2a, AB = a. Goi H la hinh
chidu vuéng géc ctia A trén canh SC. Chitng minh SC vudng géc v6i mat
phing (ABH). Tinh thé tich ctia khéi chép S.ABH theo a.

LOI GIAI s

Goi I trung diém cua AB.

O la tm ctia d4y thi SO L (ABC).

co. [ABLCL
AB LSO

4 -

SC L AB ,

It 1 ABH). <
\Y {SC | AH =5C mp( H)

e - ——

= AB L mp(SCI)= AB L SC.

SO
~

)
oK
1

Y
Ok---

\/_

kl

Trong tam giac déu ABC c6: Cl= =CO= —S-CI =aN2

- 2
—\sc?—oc? = 4a2_33_=a 33

33 aV3 o
Trong ASCIc6: THSC =S0IC=TH-—3——2-2 411 .
a

1 1aV11 a1l

S S =—HILAB = -, a=
Uy I8 SaABH =5 51 2 3
Trong ACHIvuéng tai Hcé CH=vC CI? -IH? = 4 11: —Z.
a_7a

Tacdé: SH=SC-HC=2a-—=—.
4 4

az\/ﬁ _7a3\/1—1-
3 .

. 1
Két luan: V. =-—SH.S =
g S.ABH 3 AABH 926

17a
3°4°
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Cho hinh chép tam giac S.ABC c6 AB = 5a, BC = 6a, CA = 7a. Cac mit bén
SAB, SBC, SCA tao v6i ddy mot goc 60° .Tinh thé tich khoi chop.
LOI GIAI |
Goi H 12 hinh chiéu vuéng géc ctia S trén mét phing (ABC), SH L (ABC).
Dung HE L AB, HF 1 BC, H] L AC.
Suy ra SE L AB, SF L BC, S]_L AC.
Theo dé S/E?I=S/FFI=S/J?I=6OO.
Vay: ASHF = ASHE = ASH] = HE=HF =H]J .
Suy ra H 13 tdm dwdng tron ndi tiép AABC.
Mat khac ta lai ¢6: . -
_AB+BC+CA b5a+6a+7a _
2 2

Va: Syapc = \/P(P —a)(p— b)(P - C)
= \/9a (9a - 5a)(9a - 6a)(9a - 7a) = 6a2\/g .
Ta lai c6: Syppc = pr (V6i r=HF, la ban kinh duong tron néi ti€p AABC).

2
Suy ra: pr=6a2\/5:>r=HF=6a9Jg=za;/g.
v a

Tl d6 suy ra chiéu cao SH, tam giac vuéng SHEF:

SH = HF tan 60° = zafﬁ =2av2.

9a

DE THI TUYEN SINH DPAI HOC KHOI A NAM 2007
Cho hinh chép S.ABCD ¢6 day la hinh vuéng canh a, mat bén SAD la
tam gidc déu va ndm trong mit phing vudng géc véi day. Goi M, N, P lan
luot la trung di€ém cua cac canh SB, BC, CD. Chitng minh AM vuéng géc véi
BP va tinh thé tich ctia khéi ti¢ dién CMNP.
LOI GIAI

Ha SH L AD tai H. Vi SAD Ia tam gi4c déu nén SH = 3-2—5 .

Vi mit phing (SAD) vuéng géc mit phing (ABCD) c6 AD la giad tuyén.
Suy ra SH L mp(ABCD) .
Ta c6 AN // HC va MN // SC.
Ma AM,MN c (AMN); Va HC,SC < (SHC).
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Suy ra: Mt phédng (AMN) song song
véi mit phang (SHC).
Trong hinh vuéng ABCD c6:

ABCP=ACDH(C.g.C) nén é\l =C/Z; .
Ma B, +P, =90° = C, + P, =90° = CH L PB.

BP L CH
Ta c6: = BP L (SHC)
BP L SH

= BP L (AMN)= BP L AM. 0"

C6 M trung di€ém cua SB nén:

d(M,(ABCD))=—-d(S,(ABCD)) = SH - a3, i

Dién tich tam giac PCN:

le—A
N[m
N

1
VMPeN =§d(M,(ABCD)) Sapen =5+

LOAI II: THE TICH LANG TRU
DANG 1: Khéi ling tru ditng c6 chiéu cao hay canh day.

Day ctia lang tru ding tam giac ABC.A’B'C’, day la tam giac ABC vudng

can tai A céd canh BC=a J2 va biét A'B =3a. Tinh thé tich khéi lang tru.
LOIGIAT 4! <

Ta c6 AABC vudng can tai A nén AB=AC=a.

ABC.A'B'C'lalang try ding= AA' L AB

AAA'B o4 AA? = A'B? — AB? = 8a2

= AA'=2aV2.

Vay V=B.h =Sasc .AA' = a3y/2

Cho lang try tit gidc déu ABCD.A'B'C'D' ¢6 canh bén bing 4a va dwong chéo
5a. Tinh thé tich khéi lang tru nay.
LOIGIAI
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ABCD.A'B'C'D' la lang tru ditng nén: D : c
Trong ABDD' vudng tai D c6: [

BD =VBD?-DD? =3a. | al LN o
ABCD 1a hinh vudng nén cé: . :‘i NS
’ ,‘*:\ ------ R RREh EEL Rt c
BD 3a 2 9a’
AB'—'TZ—' = —\/—-5* = SABCD = ‘AB2 = T . /” 3\,;\\ \“

922 4 B
Vay VABCDABCD =AA’ SABCD——4a -—2-—._,18a

Cho lang tru dung tam giac ABC.A'B'C’' 1a tam gidc déu canh a = 4 va biét
dién tich tam giadc A'BC bang 8. Tinh thé tich khéi ling tru.

LOI GIAI
Goi Ila trung diém BC.

Ta cé: AABC déunén Al L BCva Al=

AB2.\/.3_=2\/§.

BC L AL X <
Ta co: =>BCLA']
BC AA \\\:\\
(dinh ly ba duong vudng goc ). RNV
25 2.8
Spa: =~—AIBC AT="LABC 20 oy, R
AA'BC BC 4 | S .

Trong AAIA'vudng tai A: 4

A'=\IAZ?-AI? =16-12=2 .
16«/_ 8\/—

Vay: Vapcapc =AA' Sppe =2.——=

Cho hinh hép ding c6 day la hinh th01 canh a va ¢6 géc nhon bang 60°.
Puong chéo 16n ctia day bang duong chéo nhoé cta ling try. Tinh thé tich
hinh hop.

LOI GIAI b c
Gia st BAD=60° thi AC la duong |
chéo l6n cua day, DB' la duong chéo

ar ; A5
nho cua hinh hép. ; o
Ta ¢ tam giac ABD déu nén: BD=a,AC= aV3.
L Rkl SR Po
Theo d&: AC=DB'=a\3. AN S
Xét ABDB' vudng tai B: . ,,,——"'1:\
5607 .
=DB2-BD? =y3a? -a% =av2. 4 B
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a23

2

Vi ABCD 12 hinh thoi c6: S xpcp = %AC.BD - %.a 3a=

Keét luan: Vapep op'c'pr = AA S apcp

a3 26

2 2

PE THI TUYEN SINH DAI HOC KHOI D NAM 2008

Cho lang tru ditng ABC.A'B'C' ¢6 day ABC la tam giac vudng, AB=BC=a,
canh bén AA' = av2. Goi M 1a trung diém cta canh BC. Tinh theo a thé tich
ctia khéi ling tru ABC.A'B'C' va khoang céch giita hai dwong thang AM, B'C.

LOIGIAT A c

Thé tich ctia khoi lang tru:

Vapcasc =AA Syapc = AA'%BA.BC B’

3
:.l__a\/i.az :..a_.___.\/:z_. -+
2 2

Goi H trung diém cta BB' thi HM // B'C p N
=B'C//mp(AMH). N\

Nén d(AM,CB')=d(CB', mp(AMH)) =d(B', mp(AMH

Goi h 1a khoang c4ch tir diém B déh mit phéng (AMH) .

Tt dién B.AMH c6 BA , BM, BH d6i m§t vuoéng goc nén cd

1 1 1 1 1 4 2 7 aV7
+ + —+— h=—r-.

B

— = + =
h? BA? BM? BH? a’ a® a® a° 7
Puong thing di qua B va B' c6 giao diém véi mt phéng (AMH) la diém H nén
. d(B mp(AMH)) p'H
- d(B, mp(AMH)) BH

= d(B', mp(AMH)) =d (B, mp(AMH)) = %7— :

PE THI TUYEN SINH DAI HOC KHOI D NAM 2012

Cho hinh hop diimg ABCD.A’B’'C’'D’ ¢6 day la hinh vudng, tam giac A’AC
vudng can, A’C = a. Tinh thé€ tich khéi tit dién ABB’C’ va khoang cach tir
diém A dén mit phéng (BCD’) theo a.

LOI GIAT

Vi tam giac A'AC vudng cén c6: AC=AA'=

>
S5
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Vi ABCD la hinh vuéng cé: a _ D’
AB-AD=-2E_2 /
" N
R 1 1 i o foroN L
Vay: VABB'C' =§.AB.""'.B B.B C ’,’ E /,y\:

AN NG : »
e A A= = = D
3 AR Y
_la a2 a_a’\2 A7 AN\
. . i ’ s ~ A
v RN

’
2
Pold

| 62 2 2 48 , W
Mit phdng (BCD'A') cling la miit phéng (BCD)). = ‘ C
Goi I 1a hinh chiéu Vﬁéng goc cua A trén canh BA'". '
Tacé: BCL(ABB'A")=>BC L AI.

v AI 1 BC

{AI LA'B

Trong AABA' vuong tai A c6:

N

ALBA'= AB.AA'& AL -—-———==

2
Véi BA'=VAB? + AA2 = (% 4+ 2 z]za@

= AI L mp(BCD'A") = d(A,mp(BCD'A')) = Al

Két luan: d(A,mp(BCD'A’))= Al =

DANG 2: Lang tru ditng c6 goc giita duwong thing va mjt phang,
Cho ling tru ding tam gidc ABC AB'C' c6 day ABC la tam giac vudng can
tai B véi BA = BC = a, biét A'B hop véi ddy ABC mét géc 60°.Tinh the tich
lang tru.

LOI GIAI ar o
Ta c6 AB la hinh chiéu vuéng goc ctia A'B
trén mit phéng (ABC). Nén goc gitta A'B'

va mit phing (ABC) la géc ABA'=60". e
Trong AABA' vudng tai A: AA'= AB.tan60° =a+/3 .
Thé tich hinh lang tru: 4

SR P @

2
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Cho lang tru ding tam gidc ABC A'B'C' c6 day ABC la tam giac vudng tai
A véi AC=a, K-CTB =60°, bist BC' hop véi (AA'C'C) mét goc 30°. Tinh AC
va thé tich lang try.

LOI GIAI

Trong A ABC vudng tai A:

AB=AC.tan60° = a\/3,BC=VAB? + AC2 =2a.

ABLAC.
Ta c6: C o aBL mp(ACC'A").
ABLAA'

Nén AC' 1a hinh chiéu vudng goc ctia BC' trén «
mit phing (ACC'A"). Vay géc gitta BC' va mat
phing (ACC'A") la géc BC'A =30°.

f

Trong A ABC' vudng tai A: AC'=AB:tan 30° =ay3: X2 =3a.

Trong A ACC' vudng tai C: CC'= \/AC'Z— AC? = \/9a ~a? =2aV2.
Theé tich khéi chép:

Vascame =CC Spanc =CC' L ABAC= 2a\/——aa 3-a3y6.

Cho ling tru diing ABCD A'B'C'D' ¢6 ddy ABCD la hinh vuéng canh a va
dudng chéo BD' clia lang tru hop véi day ABCD mét goe 30°. Tinh thé tich
va tong dién tich ciia cac mét bén cta lang tru.

LOI GIAI < B’
Ta ¢6 ABCD AB'C'D' 1a lang tru ditng
nén ta c6DD'L(ABCD), va BD la

D’

hinh chiéu vuéng goc cia BD' trén mat I .
phing ABCD. P
Vay géc [BD'; (ABCD)] =DBD' =30°. Cpmermmnranns 3635
Trong ADBD' vudng tai D: a T

: V3 _ae
DD'=BD.tan30° =22 =22 pE : /

' a 6 2
Vascp.aBep =DD Sapep =—5—a" =—5—

Cho hinh ling try dimg ABC.A'B'C’ ¢6 AC=a,BC=2a,ACB=120" va
duong thing A'C tao véi mit phang (ABB'A') g6c 30° . Tinh khoang cach
giita hai duong thing A'B,CC'va thé tich khdi ling tru da cho theo a.
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LOIGIAI 4 o
Trong (ABC), ké CH L AB (He AB).

y CH 1L AB
Ta co:
CH 1L AA’

nén A'H la hinh chiéu vuéng goc cta
A'C trén (ABB'A)). g S . S B s
Do dé: Wj:@:ﬂ:mo.

= CH L (ABB'A"),

Do CC' // AA'= CC' // mp(ABB'A"). B
Suy ra: d(A'B,CC')=d(CC’,(ABB'A'))=d(C,(ABB'A"))=CH |

a3
2

Trong tam gidc ABC c6:S,ppc = —;—AC.BC. sin120° =

AB? = AC? + BC2 —~2AC.BC.cos120° =7a? = AB = a7

AB 7
Két luan: d(A'B,CC")=2 721 .
Trong ACHA' c6: A'C= HCO = 2a\[2—1.
sin30 7
Trong ACHA' c6: AA'=y{CA2-AC? = 9-‘4—3_5
: 2 3
Th& tich khéi ling tru: V=AA"S spc = > 735 2 2‘/5 _a 1&05 .

DANG 3: Ling tru dling c6 géc giita hai mit phing,.

Cho lang tru ding tam giac ABC.A'B'C' ¢6 day ABC la tam giac vudng can
tai B véi BA = BC = a, biét (A'BC) hop véi day (ABC) mot goc 60°.Tinh thé
tich lang tru. ‘

LOI GIAI

= BC L (ABB'A") = BC L BA'(BA'c(ABB'A’)).

., |BCLAB
Ta co:
BC L AA’
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Hai mit phang (A'BC) va (ABC) c6 giao o
tuyén la BC, hai duong thing A'B va AB lan N
luot thudc hai mit phang cling vudng goc ~

v6i giao tuyén. Nén goc gitta hai mat phéng . 1B’
la géc gitta AB va A'B chinh la goc .
ABA' =60

Trong ABAA' vudng tai A cé: AN c
« ¢ a
AA'=AB.tan60° =a\3. * e

a3 B
—

1 1 2
Vapcac = AA' Syapc = a\/g.i.a =

Day ctia ling tru diing tam giac ABC.A'B'C' la tam giac d€u . Mat (A'BC) tao
voi day mot goc 30° va dién tich tam giac A'BC bing 8. Tinh th€ tich khdi
lang tru. :

LOIGIAI “ <
Goi I trung diém cua BC. NN
D4t d6 dai canh day béang a. DN -1
Vi AABC déu nén Al LBC va Al =9—2@— .

Cé BC L AA',BC L Al A

= BC L A'l (Dinh ly ba dwong vudng gdc).
B
Vay gc giita hai mit phang (A'BC) va (ABC) la goc AIA'= 30°.

av3
Trong AAIA'vudng tai A, c6: A'l= Al 5= 2 =a;
cos 30 _\[31
2

AA'= ALtan30° = >

a¥3 V3 _a
2 '3

SAA'BC =~12‘:A’IBC <=8 =%.a.a Lenet a2 =l6<=a=4.

2?3 _a\3 =83

a
27 4 8

Vapcasc =AA Syapc

Cho lang tru tt gidc déu ABCD A'B'C'D’ c6 canh day a va mét phéng (BDC')
hop véi day (ABCD) mdt goc 60°. Tinh thé tich khéi hop trén.

LOI GIAI
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Goi O la tAm ctia hinh vudng ABCD. c ; D’
Tacé BD L AC,BD L CC' :
= BD L C'O(dinh Iy ba dudng vuéng géc). 5./ /%

”
Vay géc giita mat phang (C'BD) va mat ,
(ABCD) 1a géc COC'=60°. AP SR N J
Trong AC'CO vuodng tai C cé: Y \652.:\;},/ -y
, 0_ a\/— \/— /'I":‘—""// O
CC'=CO.tan60° =232 /3 = 57 = ¥
3

2 .2 , av6 - a \/—6_

Sapcp =AB” =a” = Vapcp a'pop = CC Sapep =527 =—5—

Vi du 4: Cho hinh hop chit nhat ABCD.A'B'C'D' c6 AA' = 2a; mat phéng
(A'BC) hop véi day (ABCD) mét goc 60° va A'C hop véi day (ABCD) mot
gbc 30°. Tinh thé tich khéi hop chit nhat. '
LOI GIAI A D’
Ta c6: AA'L(ABCD)nén AC la hinh i
chiéu caa A'C trén (ABCD) . o
Vay géc | A'C,(ABCD) |~ A'CA - 30° fo

Fold

Vi: {BC AP L BclL mp(ABB'A’)

BC L AA’
=BCLA'B.

B ' C
Vay goc giita mit phéng (A'BC) va mit (ABCD) 1a géc ABA'=60°.
Trong ACAA'vudng tai A c6: AC=AA":tan 30° =2a: %—i =2a\3.

2ax/§

Trong ABAA'vuodng tai A c6 AB=AA":tan 60° =2a:+/3 = 3

Trong AABC vudng tai B cd:

BC = ACZ—ABZ=\/<2 \/—) [2"“/—] _daVs

3

2a3 4a6 _16a°\2

3 3 3

Thé tich hinh h§p: V =AA".AB.AD =2a.
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DANG 4: Khéi ling tru xién.

Cho ling try xién tam gidc ABC.A'B'C' c6 day ABC la tam gidc déu canh a,
biét canh bén 1a a3 va hop véi ddy ABC mét goc 60°.Tinh thé tich lang tru.

LOIGIAI ¢! B’
Goi H la hinh chiéu vuéng goéc cua C'
trén mit phéng (ABC), C'H L (ABC)
Vay géc giita CC' va mit phing (ABC)
1a géc C'CH=60°.
Trong ACHC' vudng tai H cé:

C'H =CC".sin60° =a\/§.-—\£§=3—;.

2
Tam giac ABC déu nén S AABC = AB4‘/_ 4 M
2 3
Thé tich cAn im: V = CHSAABC..E’;. a f 3a8f

Cho ldng tru ABCD A'B'C'D'cé ddy ABCD la hinh vudéng canh a va biét
canh bén bang 2a hop véi day ABC mét géc 30°.Tinh thé tich ling tru.
LOIGIAI A
Goi H 1a hinh chiéu vudng géc clia A' |
trén mp(ABCD).
Theo d&bai A’AH=30°.

sinA’ AH:%: HA'= AA".sin30° =a;

4

Sapcp = a> (ABCD hinh vuéng).

1 3
Vapcp.apop =HA ' Sppep =2°-
Cho hinh hép ABCD.AB'CD'c6 AB = a, AD =b, AA' = c va BAD=30° va
biét canh bén AA' hop véi ddy ABC mot goc 60°. Tinh thé tich lang tru.
LOI GIAI
Goi H 1a hinh chiéu vudng goéc ctia A’
trén mp(ABCD).
Theo d& bai: A'AH =300,

sinA AH = 22— HA'= AA"sin60° _ofs Al
AA’ 2 A




S aBcD = 2S8CD = 2.%CB.CD.sinBC/\D . 323 :

abc\/§

Vapcpa'pcp =HA'Sppep = S

Cho ldng tru tam giac ABC A'B'C' ¢6 day ABC la tam giac déu, va diém A’

cach déu ba diém A, B, C biét AA'= 22/?—) , AA' hop véi mit phing day
(ABC) m6t goc 60°. Tinh thé tich lang tru.
LOI GIAI a o

Goi O la tam cta day (ABC).
Ta c6 OA = OB = OC (tinh chat tam giac déu ).
Theo débai c6 A'A=AB=A'C. 23

3

Vay O la hinh chiéu vuéng goéc ctia A'
trén mp (ABC). AO la hinh chiéu
vudng géc ctia AA' trén mit phing LA
(ABC) Theo dé bai A'AO=60°.

Trong tam giac A'AO vuong tai O c6 :

sinA'A0=%%:> OA'=AA".sin60° =a;

B

cos;‘:':AY)=—Qé--:>OA=AA'.cos6OO=--—-----a 3
AA' 3
‘Trong tam giac ABC déu cé: AO:—Z—AH:E.AB'\E =§E:> AB=a.
3 32 3
ABZ.\/E az\/é_. ' a2\[§ aS\/’é
Spapc =—— =7 Vascapc =OA'Sppc=a——=——

Cho lang tru ABC A'B'C' c6 day ABC la tam giac déu canh a, dinh A' ¢6 hinh
chiéu trén (ABC) nidm trén duong cao AH cua tam giac ABC biét mét bén
BB'C'C hop voi day ABC mot goce 60°.

a). Chitng minh rang BB'C'C 1 hinh chit nhat.
b). Tinh thé tich ling tru ABC.A'B'C".

, LOI GIAI

Goi O la hinh chiéu vudng géc ctia A’ trén mp(ABC). Goi I trung di€m ctia B'C'.
Ta cé: H trung diém cua BC.

‘ IH//B'B [IH//A'A
Suy ra: = .

‘ IH=B'B IH=A'A
Vay: AHIA' Ia hinh binh hanh.
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= BC L mp(AHIA') = BC L HI
BCLA'O

{HI // BB'

{BC LAH 4

= BC L BB'.
HI 1L BC

Vay: BCC'B' la hinh Chﬁ’ nhat.
BC=(ABCNBCC'B');

BC L AH; BC L HL

Vay: [(ABC),(BCC'B') |=IHx=60° = A'AO

sinA 20=29 . A0 AA"sin60? =32,
AA’ >

AB2A3 a%3

S = =
AABC 4 4

B

3a aZ\/§ _ 3a3\/§

Vacamc =OA Sppc =5 g

Cho ling try ABC A'B'C' c6 day ABC la tam giac déu véi tam O. Canh bén
CC' = a hop véi ddy ABC mot goc 60° va C' ¢6 hinh chiéu trén ABC trung
v6i tam O.

Chitng minh rdng AA'B'B la hinh chit nhat. Tinh dién tich AA'B'B.

Tinh thé tich lang tru ABC.AB'C'.

LOI GIAI ‘ a
Goi I trung diém cua A'B' H trung diém cua AB.
IH//B'B IH // CC'
Suy ra: = .
IH=B'B IH=CC'
Vay: tit giac CHIC' la hinh binh hanh.
, {AB LCH
Ta cé:

ABLOC ™ AB L mp(CHIC')

= AB 1 HI
HI // BB’
{HI LAB
Vay: ABB'A’ la hinh chit nhat. h
CO la hinh hiéu vudng géc ctia CC' trén mp(ABC).
vay: [CC',(ABC)]=C"CO=60°

= AB1BB'.
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Trong ACOC' vuodng tai O cé: sinOCC' = g—g—: OC" CC".sin60° =[§—a
cos(ﬁ=—(l(—:—:>OC CC'.cos60° ==
cC
co=2cn-2552 ABN3 _AB _ 5ol 5-2Y% ‘/—
372 3
2
Dién tich hinh chit nhat ABB'A’: S ygp. 5 = AB. BB’——£a- 2 2‘/5
s _ABz.JE_aaZJE_V _oC's ___\/E_a_ 3223 _9a°

Cho lang tru ABC A'B'C' ¢6 ddy ABC la tam gidc d€u canh a biét chan
duwong vudng géc ha tir A' trén ABC triung véi trung diém ctia BC va AA’=a.
Tim géc hop béi canh bén véi day 13ng tru. Tinh thé tich lang tru.

LOI GIAI

ar c

Goi H 1a trung diém ctia BC.
Theo dé bai A'H L mp(ABC).

AH la hinh chiéu vudnyg géc ciia AA' trén
mp(ABC), nén géc [ AA'(ABC) |~ AAH

a3

" Tacd: AH=—
2

(dwong cao cha tam giac déu). 4 &
Trong tam giac vuong AHA' cé:

-
cosAAH~ﬁ=*3 AAH 30°.
AA' 2

B
sinA AH=-21 o A'H=AA"sin30° =2
AA' 2

ABZ.\/E’; aZ\/—?; a azx/— a3\/§

SaABC = T 1 ; Vapcapco =HA'Sppc = > 2 .

Cho lang tru xién ABC AB'C' ¢6 day ABC la tam giac déu véi tdm O. Hinh
chidu ctia C' trén (ABC) la O.Tinh thé tich ctia lang tru biét rang khoang
cach tir O déh CC' 13 a va 2 mit bén (AA'C'C) va (BB'C'C) hgp vdi nhau mot
gbc 90°

LOI GIAI
Goi H 1a trung diém cua BC.
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Theo d& bai C'O L mp(ABC). ¢ —
Hai hinh binh hanh BCC'B' va ACC'A’
bing nhau, c6 chung canh CC'.
Ha BL L CC'thi AL LCC'.

[(BCC'BY),(ACC'A)]= ALB=90°.

ay3

Tacdé: AH=——.
' 2

Trong tam giac vuéng AHA' c6”

AHf
AA

cosA'AH = NS A'AH =307,

A'H ,
AA" _ B
— A'H=AA"sin30" ==

AB? \/?: a2\/§

sinA' AH

S = =
AABC 4 4

a5 _a'3

Vapcapc =HA'Sppc = R 5

Cho hinh hép ABCD.A'B'CD' ¢c6 6 mit 12 hinh thoi canh ahinh chiéu
vuéng goc clia A’ trén(ABCD) ndm trong hinh thoi, cac canh xuét phat tir
A ctia hdp d6i mot tao v6i nhau mot goe 60°.

a). Chitng minh ring H ndm trén dudng chéo AC clia ABCD.

b). Tinh dién tich cdc mét chéo ACC'A’' va BDD'B'.

‘c). Tinh thé tich ctia hop.

d). Tinh géc giita hai mat phing (AA'D'D) va mit phing (ABCD).

LOI GIAT — c
a) Theo d€ co: DAA'=BAD =BAA ' =60°
nén ba tam gidc déu ADAA’ = ABAA’ =
ABAD (c.g.c).

Suyra A'/A=A'B'=A'D

= HA=HB=HD.

Vay He AC va H la trong tam cua A BAD

2 a3 ax/_

b) Tacéd: AH——AO———— —_—
3 3 2 3
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AC=2A0=2a3

Trong A HAA' vudng tai H c6: HA'=VAA'2- AH? =

3

3
Dién tich hinh binh hanh ACC'A": S, = HA'.AC = ﬂ—— a3 =a22.
BD 1 A
Ta c6: ¢ =BD L mp(ACC'A")=BD L AA', ma AA'//BB'.
BD L HA'
Vay: BD L BB
Suy ra tit giac BDD'B' la hinh vuéng SBDD B = =BD? =a?
2
¢) Dién tich cita hinh thoi ABCD: S ,pep = %AC.BD - %.a\/g.a -2 2*/5 .

avé azxfg _ a3\/—2—
372 2
d) Day chinh la bai toan tinh gdc gitra mit bén va mat day, cac ban nhé xem lai
phuong phap tim géc & bai géc giita hai mit phing.
Goi I trung diém AD thi HI L AD (ABD déu ).
Tacé: AD L mp(A'HI)= AD LSI.

Thé tich khéi hop : V=HA'S pcp =

Vay goc gitta hai mit phang (AA'D'D) va mt phing (ABCD) 1a géc HIA'.
Vi H trong tam tam gidc déu ABD nén ba di€m B, H, I thing hang va

HI :-wai\/—_-
6

Xét A ATH vudng tai H:

a6

a3
6
Cho hinh hop ABCD.A'B'C'D' ¢6 ¢4y ABCD la hinh thoi canh a va géc A =
60° chén duong vudng goéc ha tir B' xuéng ABCD trung véi giao diém 2
duwong chéo day biét BB' = a.

tanIfH’X'——I:I—A—=

=22 = HIA' _arctan(zf )

a). Tim goéc hop boi canh bén va day.

b). Tinh thé€ tich va téng dién tich cAc mit bén ctia hinh hop.

c). Tinh khoang cach tir diém A déh mit phang (BCC'B') theo a.
LOI GIAI
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Goi O=ACNBD, theo && B'O L mp(ABCD).
Vi ABCD hinh thoi c6 A =60%nén A ABD déu c6:

a3

BD=a:>BO=% AO—-—-——-::AC=a\/§.

a). Tim goc hop boi canh bén va day.

Ta cé OB 14 hinh chiéu ctia BB' trén mét
phing (ABCD). Géc giita BB' va mit
phéng (ABCD) la géc OBB'. v

Trong A OBB' vudng tai O c6:

a
cosOBB =B _2 _1_ GEpi-g0®.
a 2 A

Vi ABCD.AB'C'D' 1a hinh hdp nén géc hop boi cac canh bén va mat day
déu bang nhau va bang 60°.
b) Tinh thé tich va tong dién tich cdc mit bén cua hinh hp.

a3
2

OB'=0OB.tan60° =

Dung OJ L BCtaiJ, suy ra BC L mp(JOB')=BC LB'J.

a3

a
Trong ABOC vuéng tai O c6: O].BC=0B.OC= O] = 2.2 . E{—é’—- .
~ a

Trong AJOB' vudng tai O cé:

i [ (]

2

aV15 e a?15
4 4
Vi cic mit bén c6 cling dudng cao va cling canh day nén dién tich bang nhau.

Dién tich hinh binh hanh BCC'B:Spocrp: = %.]B'.BC -

Téng dién tich bdn matbén la S=4.Sp--p = a?15.

c). Tinh khoang cach tir di€m A dénh mit phing (BCC'B') theo a
Dung OI L B'JtaiI(1) .
Vi BC.L(B'OJ)=>(BCC'B')L(B'OJ), hai mit phing nay c6 BJ la giao
tuyén ().
Tir (1) va (2) thi OI L mp(BCC'B')= d(O, mp(BCC'B'))=OL.
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Trong AJOB' vudng tai O c6: OLJB'=0J.OB'= Ol = 4 2 .

Vi hai dim A va O cling nim trén mét duong théng cé giao diém véi mp

d(A,mp(BCC'B’ ,
(BCC'B') tai C cé: (Amp(BCC'B))_ac_,
| d(0,mp(BCC'BY)) OC
_av15
5

= d(A,mp(BCC'B')) =2.d(0, mp(BCC'B')) =

PE THI TUYEN SINH DAI HOC KHOI B NAM 2003
Cho hinh lang tru ding ABCD.A'B'C'D’ ¢6 day ABCD la mot hinh thoi
canh a, goc BAD = 60°. Goi M 1a trung di€ém canh AA’ va N la trung diém
‘ce_mh.CC’. Chitng minh ring bén diém B’, M, D, N cung thuéc mdt mit
phéng. Hay tinh d dai canh AA’ theo a @€ tt giac BMDN la hinh vuéng.
LOI GIAI B’ e
Ta c A'M song song va bang NC. /
Suy ra AMCN la hinh binh hanh. A /
Do d6 A'C va MN cat nhau tai trung o
di€m I cia mdi dudong. Mit khac ti /
gisc A'DCB' ciing 13 hinh binh hanh |/ ___7"T5~_ [
nén trung diém I cia A'C ciing chinh 1a 173 S L
trung diém cta BD. Vay MN va BD LN U/Tc
cit nhau tai trung di€ém I ctia mdi .
dwong nén BMDN 12 hinh binh hanh. 4% s
Do dé B', M, N, D cling thuéc mdt mit phéng.
Mit khac: DM? = DA% + AM? = DC? + CN? =DN? = DM =CN.
Vay BMDN la hinh thoi.
D& B'MDN la hinh vudng thi:
MN =DB' < AC = DB' & AC? = DB = BB+ BD?
<322 =BB?+a’ <> BB'=a\2 < AA'=aV2.
DE THI TUYEN SINH DAI HOC KHOI B NAM 2009
Cho ling tru ABCA'B'C'c6BB'=a va gbc giita BB’ va mit phéng
(ABC) bing 60°. Tam gi4c ABC vudng tai C va BAC=60°. Hinh chiéu
vudng gbc ctia B’ 1én (ABC) trung v6i trong tAm cua tam giac ABC. Tinh thé
tich khéi tit dién A" ABC.
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LOI GIAI
Goi H trung diém cua AC.
Ta cé: BG 1a hinh chiéu vuéng géc ctia BB' trén mit phing (ABC) nén goc
giita BB' va mit phing (ABC) la géc B'BG=60".
Trong AB'BG vuong tai G c6:

BG = BB'.cos60° =%,B'G =BB'.sin60° =232

bat AC=x, trong AABC c6:
BC = AC.tan 60° = xv/3, BH:%BG:E‘E.

Trong ABCH vuong tai C cé:

3a 2 2 X 2
BH? = BC? + CH? @[———] =(xJ§) +(—)
4 2
2 2
@(i&\_) _1a* 313

4 4 26

Saanc =5 CBCA =2 xf3x="> .
AABC =7 2 VIXETT T T 104

1 1 B \/_(3\/—_21] _9a%\3

1 a\/- 9a2\/— 9a

1
Vyoape =—.B'GS =
A'ABC © 3 AABC T35 104 208

pE THI TUYEN SINH DAI HOC KHOI D NAM 2009
Cho lang try ding ABC.A'B'C’ c6 day ABC la tam giac vudng tai B, AB
=a, AA'=2a,A'C = 3a . M la trung di€ém caa A'C’' va I= AMNA'C. Tinh thé

tich khéi chép LABC va khoang cach tir A d&nh m3t phang (IBC).
LOI GIAI
Duyng IH L AC(He AC).
Tacéd HI L (ABC) , IH la duong cao ctia it dién LABC.

SIH /) AA =L TH 2
CA' AA' 3

S Cil=2aA=22
3
Pitago cho cac tam giac vudng CAA', ABC c6:
AC= \/CA'Z—AA'2 = \/9a2 —4a? =a\/g
BC =VAC? - AB? =/5a% —a? = 2a.




Dién tich tam gidc ABC :S,pc = -;—.BA.BC - -;—.a.Za - a?.

3
The tich ti dién Vi apc = HSuapc =%.%a_az -
i1¢ AK LBA'(KeBA'"). Tacé BC L (ABB'A')= BC L AK.

AK 1 BC
Ta co: {

AK 1L BA

Vay khoang cach tit A dén mit phéng (IBC) 1a AK.
Trong ABAA' vudng tai A c6:

,= AK L mp(BCA").

1 1 1 1 1 5 2a4/5
= + =eet——=—x= AK = -
AK? AB?2 AA7? a? 4a® 4a? 5
Két lugn: d(A, mp(IBC)) = 2""5‘/5 :

DE THI TUYEN SINH DAI HOC KHOI A NAM 2008

Cho ling tru ABC.A’'B’C’ c6 d6 dai canh bén béng 2a, day ABC la tam giac
vudng tai A, AB=a, AC=a+v/3 va hinh chiéu vudng géc ctia dinh A’ trén mt
phang (ABC) la trung diém caa canh BC. Tinh theo a th€ tich khéi chép
A’ ABC.

LOT GIAT o o
Goi H trung diém ctia BC, theo d& A'H 1 (ABC),

BC=VAB? + AC2 =ya? +3a2 = 2a.
Vi tam giac ABC vudng tai A c6
AH duong trung tuyén nén

AH=—1-.BC=a.

2
Trong AA'AH vuong tai H c6:
HA'=VAA?- AH? =+4a? a2 =a\/3.

Thé tich khéi chép A'.ABC: B
1 1 1 1 a’
Vi ape == A'HS 5o =—.A'H.—ABAC =—-a\3aay3 =—.
A'ABC T3 AABC T3 2 6 ayo.aa 2
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DE THI TUYEN SINH DAI HOC KHOI B NAM 2011

Cho léng tru ABCD.A'B'C'D' c6 day ABCD I3 hinh chit nhat. AB=a, AD = a+/3 .
Hinh chiéu vudéng géc cua diém Ai trén mit phiang (ABCD) tring véi
giao diém AC va BD. Géc giita hai mit phing (ADD'A') va (ABCD) béng
60°. Tinh thé tich khoéi lang tru da cho va khoang cach tir diém B' déh mit
phfing (A'BD) theo a.

LOT GIAI
Goi O0=ACNBD= A'O 1L (ABCD).

D'

Goi I 1a trung diém cua AD .
AD 180
AD 1L Ol

= AD 1 (SOI)=> AD LSI.

Vay géc gitta hai mit phing (ADD'A") va
mit phéng (ABCD) Ia géc SIO = 60° .
Trong ASIO vudng tai O cé:

W
OA'=OLtan60® = 2Y2 (i 1= AB 2,
2 2 2

3
Vapcpa'pcp =A'0OS,pcp =A'O.ABAD = _a-z_?’.a.a\/— =§;— .
Goi H 1a hinh chiéu vuéng géc cta A trén BD ¢6
AH 1L BD ' ’
{AHL Ao AHL (A'BD)=d(A,mp(A BD))=AH.

Trong AABD vuéng tai A c6:
1 1 1 1 1 4
2 A a2 2t 2Tz
AH® AB° AD° a° 3a° 3a
Goi K=AB'"BA'= K=AB'"mp(A'BD) c6

d(B',mp(A'BD)) _BK
d(A,mp(A'BD)) AK

= AH=

V3
5

=1 = ci(B',mp(A'BD)) =d(A,mp(A'BD)) .-_3*2/—3

Cho hinh hép chit nhat ABCD.A'BCD' c6 AB= a\/g ,AD=a, AA'=a, O
la giao diém ctia AC va BD.

a). Tinh thé tich khdi hop chix nhat, khéi chép O.A'B'C'D'

b). Tinh thé tich kh6i OBB'C'.

c). Tinh d6 dai dwong cao dinh C’ cta tit dién OBB'C'.

LOI GIAI
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a). Tinh thé tich khdi hop chir nhat, khdi chép OAB'CD’
Vapcpa'pcp =AAABAD = a3

Ta Cé: SABCD =SA'B‘C'D‘ = AB.AD =a 3.a =a2\/§

A B
1 1 L} 1 t :
VO.A‘B'C'D' =§d(o,mp(A B C D ))'SA‘B'C'D' <€ M
. D P
, e C
1 1 2 a>\3 TR N
==.AA'S =—aa“Vy3=
3 ABCD T3 a.a 3 FATE
b).Tinh thé tich kh&i OBB'C. RPN R
' 1 1 o I
VO.BB'C‘=EVO.BCC'B':ZVA.BCC'B‘ D,_,;,C:"' (P2
1 1 ... a%3
== Vascoamcep =5 AAABAD ==

¢). Tinh @6 dai dudng cao dinh C’ ctia & dién OBB'C'.

2
5. —1poBB=laa=2 (vi BO=1BD=1VAB?+AD? =a)
S A T ) ) 2

1

Voppc' = 5cl(c:, mp(OBB')).S 085
>3 5
N Vopse 3
= d(C,mp(OBB')) = SZ’;;C = a122 ==
2

PHUONG PHAP Ti $O THE TiCH

Cho hinh chép S.ABC ¢6 tam gidc ABC vudng can 6 B, AC = a2 ,SA=a
. SA vudng gbc voi day ABC.
a). Tinh thé tich cua khéi chép S.ABC.
b). Goi G la tréng tAm tam giac SBC, mit phang (& ) qua AG va song song
v6i BC cét SC, SB 1an lwot tai M, N. Tinh thé tich ctia khoi chép S.AMN.

LOI GIAI
a)Ta c6 AABC can tai B c6 AC=ay2 = BA=BC= AC .
2
. 1 11, a
Vay: V =-=SAS i 22
ay: Vg ABC 3 AABC 3a > a o

b) Goil la trung diém BC.
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Ta c6 mit phing (a) va mit phang
(SBC) ¢6 G la diém chung va (o) //BC.
Nén giao tuyénh MN qua G vaMN // BC.

Trong ASBC ¢6 G la trong tam, ta co:
SG_SM _SN _2

SI SB SC 3’

Tacs: Yoaun _SA SM SN 22 4
" Voapc SA'SB'SC 33 9
4 2% 2a°

= Vsamn ="V5ABC e "

Cho tam giac ABC vuong cin & A v AB=a. Trén dudng thing qua C va
vudng goc véi mat phéng (ABC) 14y diém D sao cho CD=a. Mt phéng
( ) qua C vudng goc véi BD, c4t BD tai F va cat AD tai E.

- a). Tinh thé tich khéi tit dién ABCD.
b). Chiing minh CE L (ABD).
c). Tinh thé tich khéi tt dién CDEF.

LOI GIAI
Dung CF L BDtai F. Trong mat phéng (ABD) tir F dung dudng thang
vudng goc véi BD tai F cat AD tai E.
Két luan vay mit phang (CEF) vudng géc véi BD.
a) Tinh Vapgcp: D
a3

1 11
VaBcp =35aaBC CD =2 ABACCD= ?

ABLAC |
b) Tacé: = AB L mp(ACD) a
AB LCD

= AB L EC(vi ECc(ACD))

~ [EcLAB ¢
Tacd: yo- | mp (8D L mp(«)) = EC L (ABD)

¢) Tinh thé tich khéi tir dién CDEF.

Ta co: Vprr _ P—E——@- A

’ 2 2
. 1
Xét AACD vudng tai C: DE.DA = CD? & DEDA = CD = DE =2 2
pa? DA? DA 232 2
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2 2
: 1
Xét ABCD vuéng tai C: DEDB=CD? e 208 D~ DL _ a2
DB DB*> DB 32° 3
V, DE DF 11 1 1 1a° a
VA :_QQEE_: __—_._.___:___:>V ._.._,___.V = —— —
¥ Voase DADB 23 6 DCEFT g 'DABC T g5

Cho khéi chép ti giac d8u SABCD. Mot mit phéng(a)qua A, B va trung
diém M ctia SC. Tinh ti s8 th€ tich cta hai phan khoi chép bi phan chia béi
mit phing d6.

LOI GIAT

Tim giao tuyén caa mét phing (SCD) va mit phéng (a) .
Me (SCD) N (a) /
CD // AB - = (SCD)n(a) =MN
CD = (SCD),AB < ()

(véi MN // CD // AB, NeSD)

Vay hinh thang ABMN la thiét dién

ctia khéi chép khi cat boi mét phang ().

Goi V 1a thé tich khdi chép S.ABCD.  °® ] c

Mit phang (o) chia khéi chdp thanh 2 khai thé tich,1a V; = Vg zgyy va Vo

phan thé tich con lai.

Tinh V1 theo V:

Ta cé: V; = Vg opn + Vs pMN
Theo ti 1& thé tich :

Vsapn  SA SB SN SN 1 1
v, "SA'SB'SD SD 2 = Vs.aBN = 2V5 ABD 4V'
S.ABD

Voo SMSBEN SMSN 111y Ly ooy
Vs BcD "SC'SB'SD SC'SD 22 4 S.BMN SBCD =gV -
3 1 1 3
Vay: Vi =V apn + Vspun =7 V+g V=2V,

' ’ 4 8 8
Ké’tluén:ﬁzg.

V, 5

Cho hinh chép tit giac déu S.ABCD, day la hinh vudng canh a, canh bén tao
véi day géc 60°. Goi M la trung diém SC. Mt phang (a) di qua AM va
song song véi BD, cat SB tai E va c4t SD tai F.

a). Hay xac dinh mp(AEMF).
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b). Tinh thé tich khdi chép S.ABCD
¢). Tinh thé tich khéi chép S.AEMF
LOI GIAI

a). Goi O=ACNBD
= mp(SAC) N mp(SBD) =SOva SO L (ABCD).

Goil = AMNSO(AM,SO < mp(SAC)).

Hai mit phéng (OL) va mit phang (SBD) c6
Ila diém chung va mit phing (o) // BD.

Nén giao tuyén EF cua chung qua I va
song song véi BD, véi E € SBvaF e SD. S
Két luan: AEMF la thiét dién can fim. g

e

b). Ta cé: AO la hinh chiéu vudng géc ctia SA trén mp(ABCD).

Nen (SA,(ABCD)) =540 =60 .

Xét ASAO vuéng tai O: SO = AO.tan60° = af A3=2 */_

v, 5508 ppcs = a6 2_a'Vo

S.ABCD ~ ABCS = 3 2 6

¢) Phan chia chop tir giac, ta co Vs AEMF = Vs AEM T Vs ARM

Xét tam giac SBD c6 I trong tam va EF // BD, ta c6: —S—I— = S—E EE- = —2—

SO SB SD 3

Theo ti 1& thé tich cé :

Vs.aem _ SA SESM_2
3

Vo apc  SA SB'SC
1

1 1
_—— T V \/ V
2 3 S.AEM ~ 3 S.ABC ~ 6 S.ABCD

Tuwong tu: Vg zpy = 3 Vs apc = ~‘Vs ABCD -

1 1 83\/— asx/—é_

Két luan: Vs apmr = Vs arm + Vo.apm = 3 Vs.ABCD =3 =g

Cho hinh chép S.ABCD c¢6 day ABCD la hinh vudng canh a, SA vudng goc
day,SA = a\/—i . Goi B', D' 1a hinh chiéu ctia A 1an lwot 1én SB, SD. Mt phéng
(ABD') cat SC tai C'.

a) Tinh thé tich khéi chép S.ABCD.

b) Chiing minh SC 1 (AB'D’)

c) Tinh thé tich kh&i chép S.AB'C'D'




)

b) Tacé BC L (SAB)=>BC LAB', c6:

. Goi O=ACNnBD.

LOI GIAI

—

- 1 352 s
Ta CO: VSABCD = —;'.SA.SABCD = —3'.a\/§.az = 'a—;'/—‘ ‘ E;“

AB' LSB
L3 = AB'L(SBC)=AB'LSC (1)
AB' L BC |
Chting minh twong tu :
AD' L(SCD)=> AD' L SC 2)

Tix (1) va (2) thi : SC L(AB'D’)

Trong mit phang SBD goi I=SONB'D’.
Mat phang (ABD") va (SAQ) c6 hai difm chung la A va I nén
(AB'D s (SAC) AI Vay C' la giao diém cua SC va AL

Theo cu b) SC L (AB'D’')=SC L AC'

= C' trung diém SC vi tam giac SAC can tai A.

Tacé: Vgapcp = Vsapc' + Vsapc -

, _SB'SB_SA? _SB' 2a’ 2

Xét ASAB vudng tai A: SB'SB=SA% & ———="— .
sB?  SB SB  3a2 3

Vi SB? =SA? + AB? =2a% +a” =3a’.
Vsapc _SASB'SC'_21_1 v ——1-V V
Vs' ABC SA SB SC 3 2 3 S.AB'C' S.ABC © 6 S.ABCD

1A . 1 1
Ly luén tuong twtacd: V5 apc' =3 Vsapc = ¢ ~ Vs ABcD

P 1 1
Két luan: Vs opc'p = Vs.ap'c' + Vsap'c' = 'ng.ABCD + 3 Vs ABCD

1 1 a3\/— \/E

:"'VSABCD 373 5

"PE THI TUYEN SINH DAI HOC KHOI D NAM 2006

Cho hinh chép tam giac S.ABC c6 ddy ABC la tam gidc d€u canh a, SA =2a
va SA vudng gbc voi mat phéng (ABC). Goi M va N lan luot 1a hinh chiéu
vudng goc cta A trén cac duong thing SB va SC. Tinh th& tich khéi
chép A.BCNM.

LOI GIAI
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Tacd:SB=SC = \/SA2 +AB? = \/4a2 +a2 =a\[5_ .
Trong ASABvudng tai B c6: SM.SB = SA?

SM.SB SAZ? SM _ 42’ 4
< = e

sB2 s SB 522 5
Tuwong tu ta cling c6 : SN _4
SC 5

Vsamn _ SA SM SN 16
Voapc SA'SB'SC 25

Ta cé ti 1é thé tich:

16
= Vs amN = > —-Vs.aBC
. 16 9 B
Vay: Va genm = Vs.asc ~ Vs.amn = Vs aBc ”g-VS.ABC = 2_5'VS.ABC
-2 Lsas 3 5o 23 33
25 37 7AABC T o5t Ty 50

DU BI DAL HOC KHOI B NAM 2007

Cho hinh chép S.ABCD c¢é day ABCD la hinh vuéng tam O, SA vuéng géc
véi day ABCD. Cho AB=a,SA =a\/_2_.GQi H va K lan luwot 1a hinh chiéu
vudng goc cua A trén SB, SD. Chitng minh SC J_(AHK) va tinh thé tich

khéi chép OAHK.
‘ LOI GIAI s

BC LSA
BC L AB

AH 1 SB
AH 1 BC(do(1)

= BC L (SAB)=BC L AH 1)

):>AHL(SBC):>AHLSC.

Chitng minh twong tuw AK LSC. Rz \.\_’ ______ D D
Vi AH LSC,AK LSC, nén SC L mp(AHK). : ]

Trong tam giac vuong:
SA2 22> _2a

\C
B

Tuong ty: SK = ZTa .Ké HI // SA = HI 1 (ABCD)
3

SASA? =SHSB=SH =2

Vs ABD “SASBSD 9 SAHK g VsaBD

Ta co:
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1 1 1 1 1
Vauso = Vakpo = ‘3“HI SpABO = 3 3SA =S)ABD = p —VsaABD

winiysa:BE 1 molsay
BS SA 3 3
VOAH:K = VSABD - VSA}‘IK - VAHBO - VAKDO
4 21 2°\2

SAS,pp =

=VgaBD ~ '§VSABD ‘5 SABD =g VSABD =53 >

Cho hinh ling tru ditng tam gidc ABC.A'B'C' c6 tét ca cac canh bing a
a) Tinh thé tich khéi t dién A'BB'C?
b) Mat phang,( ) di qua A'B' va trong tdm G tam gidc ABC cit AC va BC

1an lwot tai E va F. Tinh thé tich hinh chép C.AB'FE. Tinh ti s6 thé tich 2
phén ctia khéi ldng try do(a) chia cét ra.
LOI GIAI

a) Vi ling tru diing c6 tat ca cac canh bing a suy ra tam giac hai day la tam
giac déu, va cac mit bén la cac hinh vudng.

11 a2 a\/— a3\/§

320 T2 12

b) Vi A'B' song song v6i mit phing (ABC) cho nén mit phéng qua A'B' va
trong tam G sé c4t (ABC) theo giao tuyén qua G va song song v6i AB, cét
AC tai E va cit BC tai F. Kéo dai BF, A'E va CC' chling d6ng quy tai S.

V' _SE SC SF )

V SA'SC''SB'

SC _SE _SF__EF EF_CG_2

Tacéd: Vpppc = Veass =_3'SAABB CH=—

Goi V=Vsapc + V'=Vscer =77

Nhung: — = == === ==
SC! "SA' SB' AB' AB CH 3’

Suy ra: y—~=—-2--.—2-.3=-§~.—.:>V'-—-E—V (2).
vV 333 27 27

Ta Cé: VC.A'B‘C' =§SAA'B'C"CC'
1 1 1
==§,,ipe.—SC'==V 3
3 0ABC g 3 3)
Vay: Veapre =V-(V+Veasc)

A’S
_v-|Bvily |- By
27 3

\ 1o
Ma:V =VS.A'B'C' =’é‘SC .SAA'B'C' ='3‘.3a.
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V, _10,,_10 agf 5a3\/—
CABFETS; V=01 T B4

, 10, 1, 19
Vegra's'c' = Veera's + Veas'c ZE\HEV =—2—7_V

23 a3y
4 4

Vapcapc =CC Sppapc =2

19
V-—=V
Vay Vappaer __ 27 _8
Vemrape | Dy 19
27

Cho hinh chdp tam gidc déu S.ABC c6 canh AB=a. Céc canh bén SA, SB,
SC tao voi day mot goc bing 60° . Goi D 1a giao di€ém cia SA voi mat phéng
qua BC va vubng gbc véi SA.

a) Tinh ti s6 thé tich ctia hai khéi chép S.DBC va S.ABC.

b) Tinh thé tich khéi chép S.DBC.

LOIGIAI
Céc canh bén tao v6i ddy mot géc bang 60° thi:

Hinh chidu ctia S trén day truing vdi tAm duong tron ngoai tiép day ABC.
Vi day 1a tam giac déu, goi O 1a tdm ctia day ABC thi SO L (ABC) .

Theo &€ SA L (BCD)=>SA 1L BD,SA LCD. s
Do ASAB = ASAD nén BD = BC |

\/_

Tam gidc ABC déu co: AM = 2

5

= AO= 5’-AM_‘?‘

Ta c6 AO 1a hinh chiéu vudng goc cua
SA trén mit phéng (ABC). Nén goc giita
SA va mit phing (ABC) 1a SAO = 60°.
Xét ASAO vuodng tai O:

2a\/§
3

SO = AO.tan 60° =9%_31.«/§ —a.SA=A0:cos60° =

Mait khac SA L (BDC) = SA 1 DM, cho nén SD la dudng cao ctia chép S.BDC.
Tam gidc AMD vubng tai D 6

a\/§ 1 a\/— \/— 3a

AD—AMCOS600 = = a\/— .DM=AM.s in60? =222 X2 =%
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VS DBC _ SD SA AD =1- AD =1 4 =§
Voapc SA  SA SA 2a/3 8
3

5. 5a%3_5a°\3

‘—‘>VSDBC=“VSABC FREET) 3

1 azx/~ a3x/§

Vi Vg apc =" 505,48 =327 12

Cho hinh chop S.ABCD c6 day ABCD la hinh vuéng canh a, SA L (ABCD)
va SA = a. Mot mét phéng (a) qua CD cit cic canh SA, SB 1an lwot & M, N.
bat AM=x,

a). Ttr gidc MNCD la hinh gi?

b). Tinh dién tich t&¢ giac MNCD theo a, x.

c). Xac dinh gia tri cia x d€ thé tich ctia hinh chép S.MNCD béng i;- 1an thé

~ tich hinh chép S.ABCD.

b) Xét ASABcS MN // AB nén — = —

LOI GIAI
mp(a) "mp(SAB) = MN
Ta co: CD < (a)
AB c(SAB)
AB//CD

= MN // AB // CD = MNCD l2 hinh thang.

CD LAD
CD LSA(doSA L (ABCD))

=CD LMN,MN 1LMD.
= MNCD la hinh thang vudng. D C
ASMN «» A SAB = A SMN vudng cin tai M.
= MN=SM=SA-AM=a-x
A AMD vubéng: MD = \/AM2 +AD? = \/x2 +a?

MN + CD

=> SMNCD = —-—-—2————.MD= [Zaz—x) x% +a?

SM SN _MN _a-x

} = CD L (SAD)

SA SB AB a
VSMCD SM SC SD SM a—X
Voacp SA'SC'SD SA  a

Ta co:
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a—-x la-x
Vs.ACD"-”z“

= Vomep = Vs.ABCD

Vsapc SA'SB'SC SA'SB | a

2 2
a-—x 1{a-x
’—‘>V5MNC=( " J VS.ABC='2"( 2 J Vs.ABCD

la-x 1{a-x
Vsmnep = Vamep + Vsmne = 3 a Vs aBcp * ‘i[—a") Vs ABCD

1 a—-x [a-x 2
==V, + .
2 S.ABCD a ( a J

2
. 2 1 a-x,(a-x
Theo dé bai: Veynep =5 Vs.ascp < 5 Vs.aBcD { +( ) }

a a
2
2 a-x [a-—x 4
=3VS.ABCD<:> o )
: 1
_ t=3(n)
Dit t=2 x(t>0).Taducyct2+t~é=0¢> 3
a 9 t——-il‘ (1)
3
. a—-x 1 a 2a
Vay: m—a-X=—SX=—
a 3 3 3

Cho khoi lang tru déu ABC.A'B'C' va M 12 trung di€m canh AB. Mit phing
(B'C'M) chia khéi lang try thanh hai phan. Tinh ti s& thé tich hai phan d6?

| LOIGIAL S
Ta c6: mp(B'C'M) cit mp(ABC) theo \
giao tuyén MN song song véi BC
(phuong phap tim giao tuyén). .
Goi V' 1a thé tich khéi chira canh AA!, p N

con V" 1a the tich con lai. = ©
Goi V=Vypcapc =AA Spapc- M BH 4

Goi S la diém dong qui ctia ba dudng

thing A'A, BM, C'N. \
Trong ASB'C'c6 MN // B'C": AR S
SM_SN_MN

SB' SC' B'C B’
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AM AN MN 1
AABC c6 MN // BC: = = = 2
Trong Ccé / B _AC _BC 2 @)
Trong ASA'B'c6 AM // A'B':—gé:ﬁz—é—M—:l. (3)

SA' SB' A'B' 2

SM SN MN 1
Te (D) vaR)  —=—=——==(viBC=B'C
rva@igg=gc=pc 2 )

. 1 , 2 , 2
Ta CO: VS.A'B'C' =§-SA .SAA'B'CI ="3‘.AA .SAA'B'C' =§.V
Voaun SA SMSN 111 1 ‘ 1 12 1
— :—-—-—-.—-—-—_———-—-—=—-.—,——=—:‘_‘>V =-—-—V Y -=—.—".V=—.V
Voape SASBSC' 2272 8 SAMN g ISABC Tgiztt i
2 1 7
V'=V Rt -—V =—V—.—-—V=___V
S.A'B'C S.AMN ~ 3 12 12
ST VA 4
Ketluantllethetlchcantlm:v;=—5-.

Cho ling tru ditng ABC.A'B'C' ¢6 dién tich day béng S va AA' = h. Mot
mat ph?mg (P) cit cac canh AA'BB' CC' 1an luwot tai A,,B;,C;. Biét:
BB, =b,AA; =a,CC; =c.
a) Tinh thé tich 2 phan cta khéi ling tru dugc phan chia béi mét phang (P).
b) Véi difu kién nao ctia a,b,c thi thé tich hai phdn d6 bang nhau?
LOIGIAI ar
Vi BB' song song véi mit phang
(AA'C'C) cho nén khoang céach tlr cac
diém B, B, va B d& mit phing B,
(AA'C'C) bang nhau .
Goi x 1a 6 dai ctia canh AB.
Vi tam gidc ABC déu nén: R U N —

x*\/3 x3

S =SAABC :T'BH =T(BH du’(‘)fng cao AABC) X

Vi mp(ABC)nmp(ACC'A’) c6 giao tuyén AC.
Ma BH L AC= BH L mp(ACC'A").
Ta c6: & gidc ACC1A1 la hinh thang vudng tai A va C nén:
1 1
Sacca; = E(AAl +BB,).AC= E(a +c)x
. 1 1
Ta ¢6:Va ,cya8c = VB .aBc + VBy.accia; =3 BiBSaasc +5-BHSacea
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2
=lS.b + —-x(a+c).—)-(—\/—§— =lS.b+-—-(a+c) \/g
3 2 3 4

=-1§Sb+—(a+c) S=%—(a+b+c)8

Vay thé tich khéi tru con lai la:

" VapcajBc; = VABCA'B'C' ~ VABCABIC)
- s.h-%(a+b+c).5=[h-%(a+b+c)].s

b). Néu hai thé tich 6 béng nhau thi:
<:>—13—(a+b+c =—[3h a+b+c]S<:>2 a+b+c) 3h.

Cho khéi ling tru tam gidc déu ABC.A'B'C'. Goi M la trung diém cua AA'.
Mit phing di qua M va B'C' chia kh&i ldng tru thanh hai phan. Tinh ty s6
thé tich hai phan d6?

LOI GIAI
Goi canh tam gi4c déu bing a (BC=a ), chi€u cao tam giac déu bang h: AH=h.

Ta c6: Vg acep' = Vm.ABC * EVBCC'B'

- l-;- BC.AHAM + % BC.BB'.AH

= %BC.AH (MA +BB’)
2
__l_ai_\/—__?l(l+1) _avdy (1)
6 2 \2 8

1, o5

Mat khac: Vit = Bh= ——a ——h=

Vi vay thé tich con lai:

3.2\/5 h az\/?—)h _ 82\/—?:

Vmacc'a = Vit ~ Vm.ABCE' = 7 s =73

VM.ACBB' -1,

M.BCC'A’ .
Cho hinh ling tru ABC.A'B'C' ¢6 dy ABC la tam giac déu canh a, canh bén
hop v6i day mot goc 45°. Goi P 1a trung diém cua BC, chan duong vudng

Do vay:

goc ha tir A’ xudng mt phéng (ABC) 1a H sao cho AP= %XITI Goi K trung

327



diém ctia AA, (a) la mit phang chita HK va song song véi BC cat BB' va

. norner g V.
CC'1an lwot tai M, N .Tinh ti s6 thé tich —ABCKMN

VaBcrMN
LOIGIAL 4 c

Goi Q I, J1an luot 14 trung diém cta B'C', BB, CC'/ *
Ta co: AP-E£:> AH = ax/g.
Vi AAHA' vudng can tai H nén:
A'H=AH=a3.

. AB’3 _a f
Ta CcO SAABC = P

a \/— 3a2 g g

Vapcapc =av3. ‘—"—(d tt) (1)

Vi AAHA' vudng cn tai H nén :>HK.LAA'::HK.me(BCC'B').
Goi E=EMNNKH=BM=PE=CN  (2).

Ma: AA' = VA'H? + AH? =322 + 322 a6

a6 av6

:>AK=T:>BM=PE=CN———-

, avéb a6 azx/—
Ma I(E——KH AA -—T. SNNH] =MN.IJ=a.T= 1 (dth)
1 a%+6 ax/g ad
V. :_——S KE==. — = — (dVit).
KMNJ = 3 MNI- 371 2 8(V)
3’ a°
Vapckmn _ 8 8 _1
Va'B'C'KMN 313%56 2
8 8

Cho khéi tir dién ABCD. Trén cac canh BC, BD, AC lan luot 18y cac diém M,
N, P sao cho BC=4BM, DB =2BN, AC = 3AP. Mit phing (MNP) chia kh&i
ttt dién ABCD thanh hai phan. Tinh i & thé tich giita hai phan d¢.

LOI GIAI
Goi T la giao diém ctia MN va CD; Q Ia giao diém ctia PT véi AD.
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Ve DD'//BCvdi D'e MT tacé DD’ = BM. 4
TD DD' 1
TC MC 3

5 TD AP 1

TC AC 3
QD DP CP 2
QA AT CA 3
VAPQN AP AQ AN 1
‘Vaeon ACAD AN 3

= AT // DP

Nén

= Vapon = ‘S‘VA.CDN (1)

vy Yermn _ CP CM CN 2
"CB'CN 3’

3 1 1
====Vepun == Veasn  (2)
Veapn CA CBCN 34 1 2
7

Tte (1), (2) suy ra: VABMNQP =20 VABCD

Két luan ti s6 can tim 1a Z— hodc E
13 7

Cho khéi chép S.ABCD ¢ ddy ABCD la hinh chit nhat, v6i AB = 2AD = 2a,
canh SA vudng géc véi mit phing (ABCD), canh SC tao véi day mot goc
45°. Goi G 1a trong tam ctia tam giac SAB, m3t phéng (GCD) ct SA, SB lan
lwogt tai P, Q. Tinh thé tich khdi chép S.PQCD theo a.

LOI GIAI
G e(SAB)~(GCD)

st
Goi Q=GxnSB,P=GxNSA.
Trong tam giac SAB co6:
SQ_SP_SG_2
SB SA SM 3
Vs VsroC _ SP SQ SC 4

Voapc SA SB'SC 9

= (SAB)n(GCD) = Gx(Gx /S/ AB // CD)

= Vspac = 9 Vs ABC

Vspcp _ SP SC SD _ 2 V
Vs acp TSA'SC'SD 3 SPCD =3 VS.ACD

10
VSPQCD —VSPQC +Vspep = g 'S.ABC + SVSACD ="“VSABC = 9 S.ABCD
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Ta co: [Sm)] = S/C7X =450,

Vay tam giac SAC vudng can AC=5A = a5

2a3./5 5 10a3+/5
3

= Vspocp = g 'S.ABCD =Ty

Vs.aBCD =§-SA-SABCD =

PE THI DU BI KHOI A NAM 2006
Cho hinh hép dimg ABCD.A'B'C'D' ¢ day la hinh thoi, AB=AD =a,

f

A'D' va A'B'. Chitng mmh AC' L mp(BDMN). Tinh thé tich khéi da dién
AA'BDMN, khéi chép A.BDMN.

BAD=60°, AA'=2Y> Goi M, N 14n luot 1a trung diém ctia cac canh

LOI GIAI
Goi O la thm ctia ABCD, S la diém d6i
xttng ctia A qua A' thi M va N lan luot
la trung diém ctia SD va SB.

Theo d& bai: AB=AD =a,BAD = 60° .

D
Nén AABD déu .Vay:OA = —\/——- LAC=ay3 | MY
B"‘\ \\\ ) : - <’
SA=2AA'= a/3; CC'= AA'= a—‘/——— = VT
=ASAO=AACC = SO L AC' . ) ,_/6'5 WJ,L*D
Mit khac BD L (ACC'A")= BD L AC'. 3 \‘:;;‘Zf:;_‘
Vay AC' L (BDMN) ‘ B —c
% \/— 1 aZ/3 a\/_ a3
Lap luan dan t6i V. = —a2 —_— \/— ; Vo
ap tug SABD SA'MN & 3 16 2 3
A 7a3
Vay: Vaasomn = Vsap ~ Vsa'mn = 5

DU BI KHOI D NAM 2006
Cho hinh 13p phuwong ABCD.A'B'C'D' ¢6 canh bang a va di€ém K thudc

canh CC' sao cho CK = %a . Mt phéng (a) di qua A, K va song song voi

BD, chia khéi 1ap phwong thanh hai khéi da dién. Tinh thé tich ctia hai
khdi da dién dé.

LOI GIAI
Goi O=ACABD,0'=A'C'nB'D'
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x
<

Ta cé: (ACC'A")~(BDD'B')=00".
Goi I=AKNOO'. ”
Mit phang (a) chita AK va // véi BD,
nén (oc) di qua I va ciat mp (BDD'B')
theo giao tuyén MN (véi MN // BD).
Trong tam giac ACK, co:

\
\
kN

OI la duong trung binh nén OI = leg-2 e
27 3, ’

Vi BDNM I hinh chit nhat nén BM = DN =OI = % :
Mt phang () chia khéi ch6p thanh 2 khéi d6 1a:

Vi =Vapconkm V2 V2 = Va'picrD aNKM

Tinh V1.
1 2 _(BM+CK)BC 1 (a 2a a®

3 a® B 2a3

Tinh V2: Vz = VABCDA'B'C'D' '"Vl =a 3 3 .

\ TINH KHOANG CACH DUA VAO THE TiCH

DU BI PAI HOC KHOI A NAM 2007

Cho ling try ditng ABC.A'B'C' ¢ AB=a,AC=2a,AA'=2a/5,BAC =120°.
M la trung diém ctia CC'. Chitng minh MB L MA' va khoang cach tir diém
A dén mit phéng (A'BM). :

a
!

LOI GIAI
BCZ = AB? + AC%2 —2AB.AC.cos120° =7a?

=BC=aV7 ' :
BA? = AB? + AA? =212 = BA'=a\21. 5/

’

BM? = BC? + CM? =12a® = BM =av/12 {os
MA? =A'C?+MC"? =9a® = MA'=3a oL .

ot
N
=]

N
ha
iy

°

Ta cé: BA'> =MB? + MA 2 =21a°
ABMA' vudng tai M.suy ra MB L MA'
Trong tit dién A.BMA' ta c6:
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| 1 L] 1 i 1 . 0
' 3
=l-28\/§.—1—.a.2a.—\/—§- =2 J15
3 2 2 3

1 , aa\/i‘g
Vasma' = Vmpaa' < gd (A,(BMA ))'SABMA' =3
NN G
Ssema 3a2V3 3
DU BI DAl HOC KHOI A NAM 2007
Cho hinh chép S.ABC ¢6 goc gitta hai mit phing (SBC) va (ABC) béng 60.
Hai tam gidc ABC va SBC déu canh a. Tinh theo a khoang céch tir dinh B
dén mit phéng (SAC).

=d(A,(BMA'))=

LOI GIAI s

Theo dé bai: AB=BC=AB=SB=5C=a.
Goi H 1a trung diém cua BC.
BC L AH

{BC LSH

= BC L mp(SAH)

=|(58C), (ABC) |-SHA 60"  “

Vay tam gidc SAH 1a tam giac déu.

AH?2A3 32243

S =
ASAH 4 16

1 a3\/§
Vs aBc = 2Vs aBH = 2~§BH-5ASAH ST
Tam giac CAS cén tai C. Goi N trung diém ctia SA.
2
CN = CSZ —S]\T2 :?_\_/_1_.2; SASCA =}'CNSA=la\/i§a\/§ - a \/5
4 2 2 4 2 16
1 3V, 3a
v, =—d(B,(SAC))S,cac = d(B,(SAC)) = —SABC - =
S.ABC =3 ( ( )) ASAC ( ( )) Spenc 73

PE THI TUYEN SINH DAI HOC KHOI D NAM 2011

Cho hinh chép S.ABC c6 tam gidc ABC vuéng tai B. Co
AB=3a,BC=4a. M4t phing (SBC) vudng géc v6i mit phang (ABC) va
SB =2a+/3,SBC = 30°. Tinh thé tich khdi chép S.ABC va khoang cach tir B
dén mit phéng (SAC).

LOI GIAI
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Goi H 1a hinh chiéu vudng géc ctia S trén BC.
Do mp(SBC) L mp(ABC) nén SH L mp(ABC).
Trong ASBH vudng tai H c6:

SH = SB.sin 30° = a+/3, BH = SB.cos30° = 3a.
A

AABCvudng S, spc = %BA.BC = %.3a.4a =6a”.

1 1
VS.ABC = ESH‘SAABC = "3‘~a\/§-6a2 = 2\/§.a3

AB L mp(SBC)=> AB LSB.

Trong ASABcé: SA = \/AB2 +SB? = \/9a2 +12a% = a\/i.
Trong ASHC ¢6 SC = \/H82 +HC? = \/3a2 +a® =2a
Ta c6 AC? =SA?% +SC? = 25a nén tam gidc SAC vudng tai S.

Susac = %SA.SC —a2421.

1
Vs.aBc = VBsac = 3 d(B,mp(SAC)) Sysac

3V, 6\3.a° _6a\7
:>d(B,mp(SAC))= Sjs.iic :a2.\/%: Aa7 .

Cho hinh chép S.ABCD c6 day ABCD la hinh vuéng tam O canh a. Canh
bén SA vuéng géc véi mat phang day ABCD va duwong thang SC hop véi
mit phang (SAB) mot géc 30°. Goi M, N 1an lwot la hinh chiéu vuéng géc
ctia A trén SB va SC. Tinh thé tich khéi chép O.AMN Va khoang cach tir N
dén mat phang (AOM).

LOI GIAI s
Tacé BC L ABABC 1 SA = BC L(SAB).
Vay SB la hinh chiéu vuéng géc caa SC
trén mat phéng (SAB), cé:
(sC.(sAB)) =(sC,5B) ~CsB=30° .
Trong tam giac SBC vudng tai B co:

tan(ﬁz—?—g— ::SBza.\/-E’:;

SC=+vSB% +BC? =2a .
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Trong tam gi4c SAB vudng tai A cé: SA =VSB? ~ AB? =av2 ;
af

AMSB = AB.AS <> AM.aV3 =aaV2 = AM =22

BM = AB2 —AW=$ :>1\4s=2*‘?:/5 .

Vi AS= AC=a2 nén tam giac SAC vudng can tai A.
Suy ra N trung diém ctia SC, vi NO // SA suy ra NO L (ABCD).

Vay tam giac ANO vudng tai O.
2

SaaNO = %-AO-NO = %%.AC%SA = %.a 2.av2 = az .

J‘

D& darig chimg minh BO 1 (SAC) = d(B,(SAC))=BO ="

Hai di®m B va M n3m trén dudng thang c6 giao diém voi mp(SAC) tai S.
Theo c6ng thc tinh ti s6 khoang cach ta cé: - '

d(M,(SAC) a2 a2
-2 mal(sac) - 575

3 2 3
Thé tich khéi chép M.AON:

1
VM.AON :“‘ Sanon-d(M,(SAC)) = e

Tam giac MBC vuong tai B c6: MC = VBC? + BM? = %—

o cs |AMLSE y
261 AM 1 BC(BC L (3AB)) = AM L (SBC) =AM LMC.
a6 22 _a’\2
3

73

Vay tam gidc AMC vudng tai M cd Sypvc = %AM.MC =~;—

a2\2

6

&l

Vi O trung di#m ctia AC nén S po = 'Z_SAAMC =
Ngodi ra Th tich khdi chép M.AON: Vi ayo = -;-.s aanod(N,(AMO))

a2

3V, :
= d(N,(AMO)) = SZ’::AI\:)O= azf/% ==

6
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CHUONG V: MAT CAU - MAT TRU - MAT NON
MAT CAU - MAT CAU NGOAI TIEP KHOI DA DIEN

L MAT CAU

1. Pinh nghia:
Tap hop cac diémMtrong khong gian cich di€mOcS dinh mot
khoang R goi 1a mit ciu tam O, ban kinh R, ki hiéu la:
S(O;R)hay (M/OM =R} .

2. Vi tri twong ddi ciia mot diém d6i véi mat cau
Cho mit cauS(O;R) va mét diém A bat ki, khi dé:
_ Né&uOA =R < A eS(O;R). Khi d6 OA goi 12 ban kinh mét cdu.
NéuOAvaOBla hai ban kinh sao cho
OA = -OB thi doan thing ABgoi 1a 1 dudng
kinh ctia mit cau.
— NéuOA <R < Andm trong mit cau.

~ Né&uOA >R < A ndm ngoai mit cau.
= Khéi cau S(O R) la tap hop tét ca cac diém M sao cﬁo OM<R.
3. Vi tri tuong d6i ciia m3t phang va mét cau
Cho mit cau$s (O;R) va motmp(P).
Goi dla khoang cach tir tam O cia mat
cau dénmp(P)vaHIla hinh chi€u
ctaO trén mp(P):> d=0H. = M

[

- Néu d<Re mp(P)cdt mat cau

S(O;R) theo giao tuyén la duong tron
. Hinh a
ndm trénmp(P)cé tam la Hva ban

kinh: r=HM = VR? —d? =yR? —OH2
(hinh a).

~ Né&u d>R < mp(P)khong cat mit ‘
cauS(O;R) (hinh b) / Hl
p

335



- Néu d=R& mp(P) c6 mot diém
chung duy nhét. Luc nay, ta goi mat
cau S(O;R) tiép xuc mp(P). Do d¢,
di€u kién cén va du d&€mp(P)tiép xtic
v6i mit cAuS(O;R)1ad(O,mp(P))=R
(hinh ¢).

4. Vi tri twong d6i caa duong th:fmg va mit ciu
Cho mit cdu S(O;R) va mét dudng thang A . Goi H 1a hinh chiéu ctiaO trén

H

Hinh ¢

duwong thang A vad = OH 1a khoang cach tir tim O ctia mit cAu déh duong
thdng A . Khi d6:
- Néu d >R < A khdng cht mit cé‘uS(O;R) .
- Néu d <R < A cit mit cau S(O;R) tai hai di€ém phan biét.
- Néu d =R < A va mit cau tiép xdc nhau (tai mdt diém duy nhat). Do dé:
difu kién cdn va du d&¢ duong thingAtiép xac véi mit cAu
lad=d(0,A)=R.
Dinh li: Néu di#m A ndm ngoai mit ciu S(O;R) thi:
~ QuaA c6 v s8 tiép tuyén véi mit cAu S(O;R).
- Do dai doan thing néi A véi cac tiép diém déu bing nhau.
— Tap hopc cac diém nay la mot duong tron ndm trén mit cAu S(O; R) .

Il. MAT CAU NGOAI TIEP KHOI DA DIEN
Diéu kién cin va dii dé'mot hinh chép c6 mit cdu ngogi tiép 1a hinh chép d6
c6 day la mot da gidc ndi tiép. Diéu kién cin va di 48’ mot hinh ling tru c6
mdt cdu ngoai tiép ld lang try d6 phdi 1a ling tru diing va c6 ddy 1 mot da
gidc ndi tiép.

1. Cac khai niém co ban »
- Truc cha da gidc ddy: la duong thang di qua tim duwong tron ngoai tiép
ctia da gidc day va vuéng géc véi mit phang chira da giae day.
= Bat ki mdt diém nao ndm trén truc cia da giac thi cach déu cac dinh cua
da giac do. :
- Puong trung truc cia doan thang: la duong thing di qua trung diém
ctia doan théng va vuéng géc véi doan thing dé.
= B4t ki mdt diém nao ndm trén duong trung tryc thi cich déu hai dau
mit cia doan théng.
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— Mit trung truc cia doan thing: 1a mit phing di qua trung diém cua
doan théng va vudng géc véi doan théng d6.
= Bat ki mot diém nao ndm trén mit trung truc thi cach déu hai dau mat
ctia doan thing.
2. Tam va ban kinh mét cau ngoai ti€p hinh chdép
— Tam mit cAu ngoai ti€p hinh chép: 1a diém cach déu cac dinh ciia hinh
chép. Hay néi cach khac, né chinh la giao di€m I ctia truc duong tron ngogi
tiép mit phing ddy va mit phing trung triec ciia mot canh bén hinh chop.
— Ban kinh: 1a khoang cach tir I dén céc dinh ctia hinh chép.
3. Cach xac dinh tdm va ban kinh mét ciu ctia mdt s6 hinh da dién co ban
a) Hinh hdp chit nhat, hinh lap phuong. A B
- Tam: trung véi tam doi xing cua !
hinh hop chit nhat (hinh lap phuong). E <
|
|

=>Tam IaI, 1a trung diém ctia AC'. >
— Bén kinh: bing nita 46 dai duong ~
chéo hinh hdp chit nhat (hinh lap phuong). D’ C’

=> Ban kinh: R=ézg.

b) Hinh lang try déng c6 ddy ndi tiép dwong tron. A,
Xét  hinh ling truy ding AT
AA,As A AAA, A, trong do \ AL
€:2 day AjA, A5 A va AjA,A;LA !
ndi ti€p duong tron (O) va (O'). Luc TI
46, mit il ndi ¢p hinh ling try ding o6, | | e A
— Tam: Iv6illa trung diém cta OO". \ o
~ Bankinh: R=1A, =IA, =..=IA| . A Al

c) Hinh chép c6 cc dinh nhin doan thing ni 2 dinh con lai dwéi 1 géc vudng.
Hinh chépS.ABC c6 SAC = SBC =90°.
- Tam: Ila trung diém ctaSC.

- Ban kinh: R=%=IA=IB=IC.

Hinh chép S.ABCD cé:
SAC=SBC=SDC=90".
- Tam: Ila trung di€ém cuaSC.

A




d) Hinh chép déu.

f) Hinh chép khéc.

- Ban kinh: R-'—Si(—:-—IA =IB=IC=ID.

Cho hinh chép déuS.ABC...
- Goi Ola tdm ctia @4y = SOla truc cia day.
- Tfong mit phéng xac dinh boi SO va

mot canh bén, ch:?mg han nhw mp(SAO) A

S, \CE NSO~ 2

I

i

ta vé duwong trung truc cta canh SA 1a
A cit SA tai M va cit SO tai I

= I 13 tam ctia mét cau.

— Ban kinh: : - C
Ta cé: ASMI ~ ASOA = M _ S _ Ban kinh Ia:
SO SA
2
Rojg=SMSA _SA” .\ _ig-iC-..
SO 250

Hinh chép ¢6 canh bén vudng géc vdi mat phéng day.

Cho hinh chép S.ABC...c6 canh bénSA 1 day (ABC...) va day ABC...ndi tiép
dugc trong dudng tron tamO. Tam va ban kinh mit cAu ngoai tiép hinh
chépS.ABC... duoc xac dinh nhw sau: ‘

~ Tir tam O ngoai ti€p clia dudng tron day, ta vé duong thdng d vuéng goc
véimp(ABC...) taiO.

- Trong mp (d,SA) , ta dung duong trung tryc Acuaa canhSA,
citSA taiM, cit d tai 1 " s |

= I1a tAm mit cau ngoai ﬁé’p hinh chép
vaban kinh:R=IA=IB=IC=IS=...
Tim ban kinh:

Ta c6: MIOB 14 hinh chit nhat.

Xét AMAI vudng tai M cé:

R = Al=VMI? + MA? = |AO? + (S;*)

- Dung trucA cua day.
— Dung mét phéng trung truc (a) ctia mdt canh bén bat ki.
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- (a)nA=I=>11atam mit cdu ngoai ti€p hinh chép.

- Bén kinh: khoang cach tirI dén cac dinh cta hinh chdp.

g) Duong tron ngoai tiép mét s§ da giac thueong gap.
Khi xé4c dinh tim mat cau, ta can xac dinh truc ctia mét phgmg day, d6 chinh
1a dudng thing vudng gbéc véi mit phdng day tai tim O ctia dudng tron
ngoai tiép day. Do dé, viéc xac dinh tim dudng tron ngoai tiép O 1a yéu t&
rat quan trong cua bai toan.

NS

Hinh vudng: O la giao Hinh chi¥ nhat: O la giao A déu: O la giao diém ctia
diém 2 duong chéo. di€m cua hai duong 2 dudng trung tuyén
chéo. (trong tam).

Avuéng: O la trung

A thudng: O la giao diém
diém ctia canh huyén.

ctia hai duong trung truec
cua hai canh A.
4. Dién tich va thé tich mat ciu

— Dién tich mat cau: .

‘ Thé tich mét cau: [V = %nR?’
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MOT SO PHUONG PHAP VA CAC Vi DU CU THE XAC
DINH TAM VA BAN KiNH HINH CAU NGOAI TIEP
KHOI PA DIEN
o Truong hop 1: Néu cac dinh cua khéi da dién déu nhin doan thing AB
dwdi mét géc 90° (trir cac dinh triing véi A hodc B ) thi ndi ti€p trong mét
cAu (S) c6 tam O 1a diém doan thing AB va bat kinh R = -‘3‘23- .
Thi du 1: Cho tit dién ABCD ¢4 bon miit 1a tam giac vudng va canh 16n
nhat c6 d6 dai bang 2a. Tinh thé tich hinh cu ngoai tiép ctia tt giac do.
LOI GIAI
1. Néu mdi dinh cua t& dién 1a dinh cta A
mot géc vudng, ching han nhu & hinh
1. Khi d6 hai mét cau duong kinh BC
- va AD déu ngoai tiép t¢ dién. Kha D
nang nay khong xay ra. B
2. Néu c6 mét dinh la dinh chung cta ba
goc vudng thi theo tinh chat cia ti Hinh 1
dién vudng, mat d6i dién véi dinh dé
phai la tam giac nhon. Diéu nay trai véi

ORY

gia thiét. A
3. Nhu vay phai ton tai mét dinh la dinh =
chung cta hai goc vuéng. Khéng mat

tinh tong quat, gia st
BAC=CAD=90°. Khi d6 céc goc D

vudng con lai dwoc sip x&p nhw & hinh
2. Néu ABD=90" thi do CA L(ABD) B
nén BD L (ABC), suy ra DBC=90°. C
Hai géc vudng con lai phai 6 dinh 1a B. Hinh 2
Tit &6 & hai treong hop trén, dé thdy CD la canh 16n nhat. Cac dinh A, B
déu nhin doan théng CD duéi mét goc 90°, nén mit cau ngoai tiép tit dién
la mét cdu dwong kinh CD véi ban kinh R = €b_ a.SuyraV_,, = i‘lta3 .

2 3
- Truong hop 2: Khi x4c dinh tim hinh cdu ngoai tiép ctia cac khdi da
dién c6 day ( nhu khoi chép, khéi cut, lang tru...) ma khéng théa méan
truong hop 1 thi phai dung truc duong tron ngoai tiép déy va mit phing
trung truec cta canh bén. Tuy nhién ching ta khong nén véi dung mat
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phéng trung triec ma tiy theo timg dang bai tép d€ dua cach xac dinh tam
hinh ciu ngoai tiép ngin gon nhat. Duéi day chiing ta phén tich mét s&
dang bai tap thudng gép trong cac ky thi vao dai hoc.

DANG 1: Nhw 44 biét, hinh chop déu, hinh chép cé cic canh bén bing nhau, hinh
chép c6 cic canh bén nghiéng déu trén diy ludn c6 dwong cao la truc duong tron
ngoai tiéh day. Do d6 chiing c6 miit cdu ngoai tiép. Vi truc dwong tron ngogi tiép
diy dbng phing véi bat ki canh bén nao nén chiing ta chi viéc chon canh bén thudn
loi nhit & hinh vé dé trong mat phc“ing tao béi canh bén dé va dwong cao, tdm hinh
cu ngogi tiép la giao ctia dwdong trung tryc ciia canh bén d6 véi dwong cao cia
hinh chop.

Thi du 3: Cho hinh chép S.ABCD ¢6 day ABCD la hinh thang véi day lon
AB=2a,BC=CD =DA =a. C4c canh bén cia ch6ép nghiéng déu trén day
géc o . Tinh thé tich hinh cdu ngoai tiép ctia hinh chop.

Loi giai
Goi H la trung diém canh AB thi
HA=HB=HC=HD=a, nén duong
tron (H;a) ngoai tiép day.

U

T

7--a
'
S )

Ta thdy SH la truc duong tron ngoai A
ti€p day. Do d6 trong mit phang
(SAH) duong trung truc ctia canh SA
cit SH tai O thi O 1a tdm hinh cau

. A7 2 N 7 D =
ngoai tiép cua hinh chép. Hinh 4

2
1
1
i
&

Trong treong hop nay O ciing chinh 1a tim dwong tron ngoai tiép tam gidc
SAB. Goi R 1a ban kinh hinh ciu.

Ta thay: SA =SB =—

cosa.
Tt d6 dung dinh ly sin d6i véi tam giac SAB.

Tacs: 2R=—2 & R=—"2
sinocosa sin2o
. 4 3
Vay V., =2nR% =22 o
3 3 sin“2a

DANG 2: Xét hinh chdp cé mdt canh bén 1a d vudng goc voi ddy va ddy c6 truc dwong
tron ngogi tigp la A . Khi d6 A song song véi d va ching tqo thanh mgt phing
(P). D& xic dinh hinh cdu ngogi tiép ctia hinh chdp, thi trong mp(P) tdm O cua
hinh cdu la gino ctia dwong trung tric ciia canh bén dé va A . Dé dang tinh dugc
bin kinh R ctia hinh cdu theo dinh li Pitago hodc tam gidc dong dang .
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Thi du 47 Cho hinh chép SABC 6 AB=AC=a, BAC=120". Céc mit
phéng (SAB) ,(SAC) clng vudng géc véi day (ABC), mit phang (SBC)
tao v6i ddy gbc o . Tinh thé tich hinh ciu ngoai tié'p ctia hin chép.

, . LOIGIAI s
Goi E la diém d6i xting véi A qua BC.
Vi AB=AC=a va BAC=120" nén
duodng tron (E;a) ngoai tiép day ABC.
Tir gia thiét c6 SA L (ABC).
Suy ra duong thing A qua E, song
song v6i SA la truc duong tron ngoai
tiép tam giac ABC.
Tfong mp(P) chtta SA va A, tam O
hinh ciu ngoai tiép ctia hinh chép la e
giao dudng trung tryc cia SA véi A .
Goi D la trung diém canh BC thi BC L (SAD).

:>a=S’I_)TA:>SA=—3—tana:>OE=—Z—tana.

2 2
Do dé: R? = OB? = OE? + EB? =?—6tan2 o+a? -—:i‘l—6(tan2 o+16).

3 3 _.3 3
Vay: V,, =§-n(%) (\/tan2 oc—16j =%(tan2 oc+16)2 .

DANG 3: Xét hinh chép v6i diy cb truc dwdong tron ngogi tiép la duong thing A,
nhung A khong déng phing v6i bit kij canh bén nao. Ciing dieng vdi dung mat
phing trung triec ctia mot canh bén ma hay binh tinh quan sét cic mégt bén. Néu
xdc dinh dwgc truc dwong tron ngogi tiép d cia mot mdt bén thi giao diém cia d
v6i A chinh la tdm hinh cdu ngoqi tiép hinh tron phdi tim.

Thi du 5. Cho tit dién déu ABCD c¢6 canh b5ng a. Goi A;,D; la tam cac
mit (BCD),(ABC). Tinh thé tich hinh ciu ngoai tiép tit dién D;A,CD.
LOI GIAI
GoiIla diém d6i xing v6i A, qua CD, E la trung diém caa CD.
ay3
3

Xét hinh chép D;A,CD c6 ddy la tam gidc A;CD véi A,C=A;D="2" va

(TKITD =120°. Suy ra dudng tron (I; E—}—/——_B—'-) ngoai ti€p tam giac A;CD .
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Pudng thing A qualva song song véi
AA, 1a truc dudng tron ngoai tiép tam
gidc A;CD va thudc mat phéng (ABE).

Xét mit bén (D,CD) cé: CD,D =90°
va do d6 ABLCD,;, AB.LDD, nén
AB L (D,CD).

Vay dudng thing A; qua E va song

song véi AB la truc dudng tron ngoai
tiép tam giac D;CD .
Do d6 A; A =0 la tam hinh cAu ngoai tiép tit dién D;A;CD .

. A
Ta thdy: 10 = Eltan OEI = a‘f AA; _aVe

BA, 6
2 2 2
Suy ra R? =0C? =102 +1C? =9-6—+3é-=32—:>R=9lz/_3 A

4 \/E 3

Vay Ve =§nR3 =5 | |

— Truwong hop 3: D& xic dinh tim hinh cdu ngogi tiep tie dign ABCD ta c6 thé st
dung thém phuong phdp hai mat phing trung trwc: Goi (Py),(P,) 1a hai mdt
phing trung triec clia mot cdp canh d6i dién, ching han AB va CD. Xic dinh giao
tuyén A ciia (Py),(P,). Trén duong thing A ta tim diém O d¢ OB=0C thi O

la tim hinh cdu ngogi tiép cua ti dién.

BAI TAP TONG HOP

Cho t& dién ABCD c6 DA = 5a va vuéng géc véi mp(ABC), tam gidc ABC
vudng tai B va AB=3a, BC=4a.

a) Xac dinh mit cdu di qua 4 diém A, B, C, D.

b) Tinh ban kinh ctiia mit cdu ndi trén. Tinh dién tich va thé tich cia mat cau.

LOI GIAI

. Goi H la trung diém cuia AC = OC=0D (1)

Goi O 1 trung diém cua CD.
Trong AACD c6 OH la dudng trung binh ctia tam giac nén OH // AD .

Ma AD L (ABC)= OH L(ABC) (2)
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cAu’ ngoai tiép t&¢ dién ABCD c6

Tix (1) va (4) suy ra: bon diém A, B, C, Sa
D thudc mit cau (S) tm O béan kinh
L C_D , ‘ 4
2.

b)

‘Ban kinh: R = -C-'zi _ —;:-\/ADZ + AC?

Vi tam gidc ABC vuéng tai Bnén HA=HB=HC (3)
Tix (2) va (3) suy ra: OH la truc ctia mat D

OA=0B=0C (4

5a\/—

=—;—\/AD2+ABZ+BC2 —1\/25a 19a2 +16a2 =

2
S= 4n[5a2\/5] =50na2,

3
4 4 (5av2)  1252nad
—nR3= gn = .

3 2 3

V=

Cho hinh chép S.ABC c6 day la tam gidc déu , cac canh bén béng a va tao
véi day mot goc o .

a). Tim tam va ban kinh mat cau ngoai tiép hinh chép. Tinh thé tich mét cau do.
b). Tim tam va ban kinh mét cdu ndi tiép hinh chép S.ABC.

c). Tima d€ tim mét cdu ndi tiép va ngoai tiép triing nhau

LOI GIAI s
Goi O la tam ctia tam giac déu ABC = OA=0B=0C.
Ma SA=SB=SC.
Suy ra O 1a hinh chiéu vuéng géc cuia S
trén mit phing (ABC) c6 SO L (ABC).
SO la truc cia duong tron ngoai tiép
tam giac ABC.
Trong tam giac SAO dyng duong trung
triwe Mx ctia SA c&t SO tai I .
I chinh la tdm mdt cdu ngoai tiép khoi B
chop S.ABC.
Ban kinh:R=I1A=1B=IC=IS
AO 1a hinh chiéu vudng géc ctia SA trén mit phing (ABC).

Nén géc giita SA va mit phing (ABC) 1a géc SAO=q.
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b)

Trong ASAO vudng tai O co:
AO=SA.cosa=a.cosa, SO=SA.sina=a.sino.

a

—.a
ASMI - ASOA (gg) = - =M g2~ ___a
SA SO a.sina  2.sina

Dé dang chiing minh mp (SNO) L mp(SBC) .

Goi H la tam dwong tron ndi tiép cta hinh chép S.ABC, thi 1eSO, va HO la
ban kinh mét cau ndi tiép khdi chop.

Dung HK L SN(K € SN)=> HK L (SBC).

Tacé HO=HK = AHON = AHKN . D4t HNO = HNK = 8.

Trong tam giac HON vuéng tai O c6:

HO=ON.tanB=~;—A0.tan6=—g.cosa.tan[3.
Trong ASON c6 tanSNl—aztanZﬁv:—S—g:ﬂ:Ztana.
ON 1ao
2
——z—faizﬁ——=2tana@tana.tanzﬁ—tanﬁ—tanazO
1-tan“
3
tanﬁzw (Loai vi tan o > 0)
< 2.tana
/ 3
tanB=l+ 1+tan” a (Nhén)

2.tano

1+\/1+tan3oc

Kétluan: r=HO = 2 cosa.
2 2.tanao

Khi H valtrung nhau thi:

a 1+\/1+tan3a

—— +—.C0S t. ——————— = a.sina
2.sina 2 2.tana

< 1+cos? a. 1+tan®a = 2sina.

R+r=50

Chia 2 v&'cho cos? o ta dwoc :

l+tan2a+\/1+tan3a=2tan2a© l1+tan®a =tano -1
2
®1+tan3a=(tan2cx—l)

Piéu kién tan?0-1>0:

345



v tana = -1
o tar\‘t(.)t—tan3 o-2tan’a=0< tana = 0 (Loai)
tanoo= 2 (Nhan)
Két luan: khi o =arctan2 thi tim mét ciu ndi tiép va ngoai ti€p hinh ch6p
trung nhau. :

Cho hinh chép S.ABCD c6 day ABCD la hinh vudng canh a, SAB 1a tam giac
d6u va nim trong mit phing vubng géc voi day ABCD. Tim tdm va ban
kinh mit cAu ngoai ti€p hinh chép S.ABCD va tinh thé tich, mét cau do.

LOI GIAI
Goi O 1a tam hinh vuéng ABCD, H la
hinh chiéu ctia S Ién mat ph;fmg (ABCD).
Ta c6 (SAB) L (ABCD)=>He AB.

M3t khac ASAB déu nén H la trung
diém cta AB. '

VS.ABCD = ';—SHdt(ABCD) = ':—3'——2—
Tir O ké dudng thing (d) vudng goc
v6i (ABCD), e d6 (d) la truc duong
tron ngoai tiép ABCD, suy ra d // SH.

Trong tam gidc ASB: goi G la trong tam ctia tam gidc ASB suy ra G la tam
duwdng tron ngoai tiép AASB. '

Tt G ké dudng théng A L (SAB) = A // HO

= (A) 1a truc dudng tron ngoai tiép AASB.

Trong mat phéng (SHO) =(d;SH) goi I=(d)n(4)

— 1 cach déu S, A, B, C, D hay I chinh 1a tim mét cau can tim.

Ban kinh mét cau:

R = B = VIH? + HB? = HG? + HO? + HB?
2
a\/—?; a 2 a 2 7
= 122+ 2+ 2] =a—
6 2) "2) T2

Cho hinh chép ti¢ gidc déu S.ABCD c6 tat ca cac canh déu bing a.

a) Xac dinh mjt cdu di qua 5 diém A, B, C, D, S.

b) Tinh ban kinh ctia mt cAu néi trén. Tinh dién tich va thé tich cia mat cau.
LOT GIAI
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a). Goi O 14 tam hinh vudng ABCD. S
Suyra OA=0B=0C=0D (1)
Ta cé: ASAC = AABC(c.cc)=05=0B  (2)
T (1) va (2) suy ra: OA=0B=0C=0D =05
Két luan: 5 diém A, B, C, D, S thudc

mat cau (S) c6 tam O va ban kinh:

a2

R= OB=—-——-

b

1

1

'

' 3
B 0

t

i

1

o

-\

Q.

b). Dién tich mét cau S = 47R? =4n ( \/—] =2ma’®

a’n2
5

c). Thé tich khéi cdu: V=

Cho hinh chép S.ABCD c6 day ABCD la hinh vuéng canh a, SA = a va SA
vudng goc véi day.

a). Tinh thé tich khéi chép S.ABCD.

b). Chitng minh trung diém I ctia canh SC la tAm mét cau ngoai ti€p hinh
chép S.ABCD.

LOI GIAI s
a). Tinh thé tich khéi chép S.ABCD :

3
Vs.aBcp = %‘SA'SABCD = %.a‘az —
b). Trong A SAC vudng, c6 Al la trung
tuyén tng véi canh huyén SC nén:
Al=1S=IC 1) /
BCLABvaBCLSA=BC.LSB B C
= A SBC vudng tai B, IB la trung tuyén ting v6i canh huyén SC nén:
IB=1S=IC ).
Tuwong ty, ta cling c6: ID =1IS=1C 3
T (1), (2), (3) ta c6: I cach déu tat ca cac dinh hinh chép nén I la tam mit
cau ngoai tiép.
Cho hinh chép S.ABC c6 4 dinh déu n3m trén mot mit cAu, SA =a, SB=b,
SC =c vaba canh SA, SB, SC d6i mét vudng goc.
a). Xac dinh tam I va ban kinh mét ciu ngoai tiép tt dién S.ABC. Tinh dién
tich mét cAu va thé tich khdi cAu dwoc tao nén bdi mét cau d6 .
b). Chitng minh ba di€ém S, 1, G thang hang véi G la trong tam ctia AABC.
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a).

b).

LOI GIAI |
Xéac dinh tam I va ban kinh m3t cu ngoai tiép tir dién S.ABC
* Goilla trung diém AB. Q
Tacdé IA=IB=IS (vi ASAB vudng taiS).
Dung duong thing A vuéng géc véimit _d T
phing (SAB) tai I, thi Ala truc cia mit \M
cau ngoai tiép khdi chép S.ABC. i,

oF

Vi SC va A cung vudng goéc vdi mat
phéng (ABC), nén chting thudc cing mét ~ §
mit phang.

Trong mit phing (SC,A) dung duong
trung trgc ctia SC cit A tai O. O chinh 1a
tdm mat cAu ngoai tiép tir dién S.ABC, ban
kinh mitciu R=0S=0A=0B=0C. Hinh 1

Tinh dién tich mét cau va thé tich khéi cAu dwgc tao nén béi méat ciu trén

R =0A=VOI* + AI? .—_\/(ET +(é§]z :\/az_*“—b—z—_JfSi
2 2 4 M

2
2 2 2
S=S=4nR? =4n[ i.i?..if..] =Tt(a2 +b% +c?)

4

s .
2 . 12,2
V= V=§RR3=§‘K[ i—t%—i—(—:——] =%n(a2+b2+c2)\ja2+b2+c2.

c A

Chitng minh ba diém S, 1, G thang hang
Vé lai mét (SC, A ) nhu hinh 2 ¥ &
Goi G' giao di€ém cta CI va SO. M o
P giao diém ctia CI va MN, thi SO va MN chia doan .
CI thanh ba phan bing nhau.

1
Q
-

Suy ra CG' = 2CI (1) s I
3 Hinh 2
Ma CI la dwong trung tuyén ctia tam giadc ABC, nén CG = %CI (V3]

Tir (1) va (2) suy ra: G'=G . Két lun ba diém S, I, G théng hang.
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Cho hinh chép S.ABC cé cac mit SBC va ABC la cac tam glac déu canh a,

o

SA = —— . Tinh thé tich va dién tich cia m4t cau ngoai tiép hmh chép da cho.

LOI GIAI
Goi R 1a ban kinh ctia médt cau ngoai tiép hinh chép da cho. Ta tinh R theo a.
Cach 1: c
Goi O la tam mit cau ngoai tiép hinh chép S.ABC.
Dung CE L mp(SAB)(E (SAB)).
Do CS=CA=CBnén E la tdm dudng tron
ngoai tiép tam giac SAB, CE la tryc cua mat
cau ngoai tiép khdi chép S.ABC.
Suyra OeCE.
Ap dung Pitago cho tam giac SEO co: A

SO? = SE? + EO? = R? =SE? + (CE -R)

_.~+_-———-—
!
1
!
1

T~ ~

S o

SE?+CE? SC?  a?

=R?=SE? +CE? -2CER+R?* =R = = =
2CE 2CE 2CE

Xét tam giac SAB c6:
2 2 2 a’+a’ ~§—éi '
COSB:SB +AB _SA = 4 =§;—_-;>5in]§:...\/§t—9_.
2.5B.BA 2.aa 8 8
SA 2a
Ap dung ha t SE =
P g ham s6'sin ta ¢ oD \/_
2
Suy ra: CE =/SC? —SE? = ~i4— 2 = N .Dodé R=—2— =ﬁ5a.
3 6
) \/1—5

Cach 2:
Goi H trung diém cta BC .

BC L AH
Ta co: = BC L mp (SAH) .

BC LSH

A c

Suy ra mit phing (SAH) la mit phang trung
truc ctia doan BC. Goi O 1a tam mit cau

ngoai tiép khéi chop S.ABC ta c6 O e (SAH). P

Kéo dai AH cat duong tron ngoai tiép tam gidc ABC tai D.
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Ta c6 dudng tron ngoai ti€p tam gidc SAD la dudng tron 1én cau mét cau.
ap dung dinh ly ham sin cho tam giac SAD.

Tacé: R = ——-§D7\-—(1) :
2sinSAD

Do céc tam gidc ABC va SBC déu canh anén AH=SH = 2\2/—5.
Suy ra tam giac SAH déu va SAD=60°.
‘Ap dung dinh Iy cosin cho tam giac SAD co:
SD? =SA? + AD? - 2SA.AD.cos60°.
Do AD la dwong kinh ctia duong tron

ngoai tiép tam giac ABC nén AD = 2a

V34
aV13
23
J13a
6

Tir dé suy ra SD =

Thay vao (1) tacé R =

Cach 3:

Goi G,,G, tuong ttng la tam AABC va SBC.

Hai duong thing qua G,;,G, va vudng gbc véi (ABC) va (SBC) cét nhau tai
O. O la tam mat cau ngoai tiép hinh chép.

a3

Vi: HG, =HG, =G,G, =§HA—— nén tam giac HG,G, déu.
Do dé OH =21 _2
| cos30’ 3

Suy ra R = OB = VOH? + HB? —_—%1_?’-.

Cho hinh chép S.ABCD ¢6 day ABCD la hinh binh hanh tam O, AB=2a,
AD =2a+/3, cac canh bén bing nhau va bing 3a. Goi M trung diém cua OC.
Tinh thé tich khoi chép S.ABMD va dién tich ctia hinh cau ngoai tiép tit dién
SOCD.

LOI GIAI
Ta cé: SA=SC=ASACcan tai S,nén SO LAC (1)
Ta cé: SB=SD = ASBD can tai S ,nén SO L BD 2)
Tir (1) va (2) suy ra SO L (ABCD).
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N

Vi SA=SB=SC=SD=0A=0B=0C=0D
Suy ra ABCD la hinh chit nhat.

Ta c6: BD = JAB? + AD? =+4a? +12a% =4a .
SO =+/SB? —OB? =+/9a2 —4a2 =ay5.

) 1 42315
Vay: Vg acp = E'SABCD S0 = 3

, 3 3
Do d6 Vg spmp = ZVS.ABCD =a’\15

Goi G la trong tam AOCD.

Vi AOCD d&u nén G ciing 1a tim dudng tron ngoai tié€p AOCD .

Dung duong thdng d qua G va song song v6i SO thi d L (ABCD) nén d la
truc caa AOCD.

Trong mp (SOG) dung duong trung tric ctia SO, citd tai K ¢4t SO tai L.

Ta ¢6: OI 1a duong trung tree cua SO = KO=KS

Ma KO = KC = KD nén K la tim mt ciu ngoai tiép tit dién SOCD.

CD 2a _Fffi 42 _a\/gi

Tacd: GO =—==22.R=KO=vOI? +OG? = il .
3B 4 3 2
: 2 2
Do dé: § = 4nR? = 4n. 22~ _31ma”
12 3

Cho lang tru tam gidc déu ABC.A,B,C, c6 canh day bang a M la diém trén
canh AA, sao cho AA,=3AM. Bigt BMC, =90°. Tinh thé tich khéi cau
ngoai tiép lang tru ABC.A;B,C;.

LOIGIAI 4 B
X 2x Qe
Dat AA, =x suyra AM==; AM=— RN e
3 3 ",‘.\'\’ ]
., R . M N C
Tam giac MBC; vudng tai M ;
= MB? + MC? = BC? ¥
2 2 :
X 2 4x 2_.2,.2 !
—9—+a +T+a =X"+a A’ :::::::::-~j ————————— C’
b ---"a
32, 3a

S —=a" O x=— : '
9 2 B'
Goi O,0, la tam cua ddy ABCva A B,C;, I la trung diém cua OO;.
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Suy ra 114 tAm mat cau ngoai tiép léhg tru.

! 2 ) ) ;
R2=A02+OI2=(———a\3/-3—J +(§ij =43a ::>R=_——\/Ea

4 48 43

‘ — \3
Vay: VzénR3=én —é?’—a =£n fl—?’—ae’.
3 3 143 144\ 3

Cho hinh chép S.ABCD c6 day la hinh vuéng canh a, mat bén SAB la tam
giac déu va ndm trong m3t phang vudng géc véi day.

Tinh thé tich khéi chép S.ABCD.

Xac dinh tdm va tinh ban kinh mit cu ngoai ti€p tir dién S.ABC.

LOI GIAI
Goi H trung diém cua AB, SH L AB(SAB tam giac déu)

(SAB) L (ABCD)
(SAB)(ABCD) = AB=>SH 1 mp(ABCD)
SH L AB,SH  (SAB)

3
Vs.aBcp = ”;'SH'SABCD = a—g\/g

Goi O: tAm hinh vuéng ABCD, thi O 14
tam dudng tron ngoai tiép AABC. Ké O
x L (ABCD),thi Oxla truc AABC
va Ox // SH.

Goi K la trong tam ASAB. B C
Trong mp (SH, Ox); qua K, ké duong thing A //HO cat Ox tail.
Ta c6: OH L (SAB) = KI L (SAB). Vay IK la truc ASAB.

Néntacd IS=IA=IB&IA=IB=IC,suyra IA=IB=IC=IS.
Két luan I: tAm mit cAu ngoai tiép tir dién SABC.

OHKI 1a hinh chir nhat, nén OI = HK ——1?; %_— = a\6/—
Ban kinh mit cu R =IA = yOI? + OA2 =f‘—\£-2-—-1-.

Cho hinh chép tam giac déu S.ABC c6 goc gitta mat bén V‘a mit day bang 60°
va khoang cach giita hai dudong thing SA va BC bang —\/—: Tinh theo a thé

tich khoi ch6p S.ABC va dién tich mjt ciu di qua bon diém S, O, B,‘ Cvé6iO
la tam cua day ABC.
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LOT GIAI
Goi M la trung diém ciia BCKé MH 1L SA (1)
BC L AM, BC L SM (tinh chat tam giac déu)
= BC L (SAM)= BC L MH (2)
T (1) va (2) suy ra” MH la duong
vudng goc chung ctia SA va BC.

2\/—

Theo chitng minh trén:

[SBC,(ABC‘)] =SMA =60°.

Vay: MH =

B
Pit OM = x thi AO =2x, AM = 3x, SO = OM.tan 60° = x/3 .
Trong tam giac vudng SOA: SA =SO? + AO? = X\/_

Trong tam giac SAM: SO.AM = MH.SA & x\/g.Sx = xf 7 & x=
e v g

4 24

2AM _ 2.3x
RN Vs.apc =
Goi I la tm duong tron ngoai tiép tam giac OBC.

Ké dt d di qua I vudng goc véi (ABC).

Ta cé: d//SO. Trong mit phing (SOI) ké trung truc caa SO cit d tai E.
Khi @6 E la tAm mat cau.

:>SO=1;:,AB— —sosAB

U)I»—-x
I\J]SD

Taco: El=180=2 01=—BC _ 2
2 4 2sinBOC 3
2 .2
Bén kinh mit ciu R = OE = VEI? + 10? :,/?--Jri—:a 19
63 i
} 2
Dién tich mit ciu S = 4nR? = 1?11129-——.

Cho hinh chép S.ABCD c¢é day ABCD la hinh chit nhat canh AB=a,
AD =a+2, géc giita hai mit phing (SAC) va (ABCD) béng 60°. Goi H 1a
trung diém cua AB. Biét mit bén (SAB) la tam giac can tai dinh S va thudc
mat phang vudng goc véi day. Tinh thé tich khéi chép S.ABCD va xac dinh
tam ban kinh mit cdu ngoai tiép khdi chép S.AHC.

LOI GIAI
Ta cé: SH L AB= SH 1 (ABCD).
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Ké HM vudng goc véi AC thi goc tao boi (SAC) va (ABCD) 1a SMH = 60°.
C6 HM = AH.sin HAM = AH 2. = 2 3‘/—:_3\/— , SH = HM tan 60° _aV2.
AC 223 2

a3

Vs.apcp =5 5HSacp =5
GoiJ, r 1an luot 1a tAm va ban kinh dudng tron ngoai tiép tam giac AHC c6:
_ AHHCAC _ AHHCAC _3a+3

45\ pHC 2Sua8c 42

Ké duong thing A quaJ va A// SH. Khi d6 tdm I cta mat ciu ngoai tiép
hinh chép S.AHC 1a giao diém ciia dudng trung tryc doan SHva A trong
mat phang (SHJ).

Ta cé: IH = \/I] + ]H2 1’ . Suy ra ban kinh mat cdula R = a\/:

Cho hinh chép S.ABCD c6 day ABCD la hinh thang vuéng tai A va B biét
AB=BC=a; AD=2a. Canh bén SA vudng goc véi day (ABCD) va SA= a
Goi E la trung diém ctia AD. Tinh thé tich khdi chép S.CDE va tim tam, ban
kinh mjt cAu ngoai tiép khdi chép S.CDE.

LOI GIAT

Thé tich khéi chép S.CDE :

1 1 1

a3
=—aaa=—
6 6
Goi M, N lan Iwot 1a trung diém ctia SE va SC.
ASAF can tai A nén AM L SE 1)
AB 1 (SAD)

MN//AB

= MN LSE @) |
Tir (1),(2) = SE L mp(ABNM). 8
Suy ra mit phing (ABNM) la mit phéng trung truc ctia SE .

Vay tam O ctia mit cau ngoai tiép hinh chép SCDE la giao diém cia mét
phing (ABMN) va truc dudng tron ngoai tiép day CDE. Goi A la duong
théng qua I 12 trung di#m ctia CD va song song v6i SA. Goi K la trung diém
ctia AB thi KN //AM. KN va A dong phang, suy ra KN N A = O la diém can tim.

- i~ ~~>» D
}:>MN 1(SAD)
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BC+AD _3a

’

Tam giac OIK vuong chnnén: Ol =K =

2 2
CD=a\/§;IC=-C-:—]?-=————-—a\/§
7 "2
2 2 2
Ta cb oc2=012+1c2=92 +22 _la :R:OC:a\éﬁ.

Cho tam giéc IAB ¢ IA=IB=2a, AIB=120°. Trén dudng thing d
vudng géc véi mit phang (AIB) tai I, 14y hai di€m C va D cling phia v6i I
sao cho tam giac ABC vudng va tam gidc ABD déu.

a). Tinh thé tich va dién tich toan phan cia tit dién .

b). Xac dinh tam va ban kinh'mjt ciu ngoai tiép tt dién ABCD. Tinh dién
tich m3t cAu ngoai ti€p tir dién ABCD.

LOI GIAI D

Dung AH L Bl tai H, co:
AH 1 CD(CD L (AIB), AH c (AIB)).

Suyra AH L mp(BCD)
Thé tich khéi t dién ABCD:

1
VaBeD = g'AH-SABCD

Trong AHAI vudng tai H co:

3

AH = ALcos30° = 2a. 7= aV3.

Ap dung dinh ly cosin cho tam gidc AIB c6
AB? =1A2 + 1B? - 2JA IB.cos120° = 4a® + 4a® — 2.4a.4a.c0s120° =12a°
= AB=2a3
CI L (IAB
Ta co: ( ) :>CA=CB=éE=an.
IA =1B 2
Trong ABCI vudng tailcé CI= \/ BC? -1B? = \/ 6a? —4a® =av2.
Trong ABDI vudng tai I c6:
DI=+vBD? —1B? = 1242 —4a® =2ay2 (ViBD=AB)

Do dé: CD=DI-CI=2av2 -av2 =ay2 .

SaBcD = %.BI.CD = %.Za.a\/i =a? \[2— .
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3
2:3&,

Dién tich toan phén cta tit dién ABCD:

Saasc = %.CA.CB = -;-'.a\/é a6 =322,

2 2
AB?\3 _ 12a4.J§ 325

SaaBD = n

Vay Sy, =2a%V/2 +3a” +3a’\/3 = (2J§+3+3J§)a2

Goi N trung diém cua AB, G trong tam clia tam giac ABD‘ vi ABD déu.

Suy ra G ciing 1a tdm dwdng tron ngoai tiép tam giac ABD.

Dung Gx L (ABD) thi Gx 1a truc ctia dudng tron ngoai tiép AABD .

Ma: AB 1 Gx
AB LGN

Do d6 Gx va CD ciing thudc mit phang (NDI) suy ra Gx NMy=0.

= Gx < mp(NDI)(G e (NDI) L AB)

Trong d6 My la dudng trung tryc caa CD trong mit phéng (NDI).
Véy suy ra OA=0B=0C=0D.
Két luan O la tAm mit cdu ngoai tiép i dién ABCD.

Goi ] =OM DG = AMJD - AGJ0 =MD _MJ _ o MDG]
GO G M

a3

Ma: MD——CD—a

a2
a

vy DMIN_ 27 a
DI 2av2 4

GJ=GD- DJ_E 2aff ., -2a~—————.

2 5a
4 _5a2
=

Xét ANDI cé: MJ // IN nén M] DM

Do do: OG =

2
R=0D=vVOG? +GD? = /2_529__+432 2%6—9
33a2

Dién tich mit cu ngoai tiép t dién ABCD 14 S = 4nR? = 4n="— =

Ban kinh R mt cdu ngoai tiép tit dién ABCD.

) NIS

66ma’ .
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Cho hinh ling try tam gidc d6u ABC.A'B'C' ndi tiép trong mét mat cau tam
O bén kinh R. Xac dinh chi€u cao cta lang tru da cho d€ thé tich V ctia n6

dat gia tri 16n nhat.

Goi G va G' 1an lwot l1a tam duong tron 4,
ngoai tiép tam giac ABC va AB'C".
Goi O la trung diém cta GG' thi O 1a
tAm mat cAu ngoai tiép hinh tru da cho. ‘ ~
That vay, vi: hai tam giac ABC va
AB'C' déu nén G va G' 1a tam duong T
tron ngoai tiép cta hai tam giac. A
Suy ra GG' la truc cia méit cdu ngoai
tiép khoi chép ABC.AB'C'.

bidt AB=a,AA"=2x.
Xét tam giac vuéng OAH ta co:

LOI GIAI

2

OAZ? = OH? + HA? = R? =x2+9§-:>a2 =3(R2—x2)

Vapcapc =AA Syapc =2X.

azx/_ \/— 2 2
3 =§—§§—.X(R -X )

4

Xét ham &' f(x) = x(R2 —x2) (Vi 0<x<R)

Taco f'(x)=R?-3x* = f'(x) =0 R?-3x* =0 <> x = R

5

Bang bién thién:

9

-=f-o

et

= ﬁdw

£(x)

~.

Tir bang bién thién suy ra f(x) dat gié tri 16n nhat khi x = R

Khi dé AA'=2x=

3

2R3

5

.
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Vay: D& thé tich cta khéi 1dng tru 16n nhat thi chiéu cao clia khéi lang tru la:

2R3

R |
Cho hinh chép S.ABC ¢é ABC la tam gidc vudng can tai A cé AB=AC=a
va SH vudng géc véi mit phing (ABC) véi H la diém d6i xtng cia B qua
A biét SH = 3a. '

a). Tinh thé tich kh6i chép S.ABC -

b). Dinh tdm va ban kinh mét cu ngoai tiép khoi ch6ép S.ABC

AA’

LOI GIAI
a). Tinh thé tich khéi chop S.ABC s
1 1 1
V. ==SH.S ==SH.-.AB.AC
S.ABC 3 AABC 3 2
3
= l.3a.a.a =24 .
6 2 )
b). Dinh tdm va ban kinh mit ciu ngoai
ti&p khéi chép S.ABC
CA1LAB
Ta co: CA L SHB).
aco {CA_LSH:> mp( )
Goi K trung diém cua AB.

Dung d; qua K va song song véi SH = di 1a dwdng trung tryec ctia doan AB.
Goi ] 1a tam duong tron ngoai tiép tam giac SAB thi Jed, .

= AJ la ban kinh duong tron ngoai tiép tam gidc SAB .

Pitago cho cac tam giac vuéng SHA va SHB c6

SAz\/SH? +HA? =\/9a2 +a? =a\/ﬂ)_;
SB=+SH2 + HB? =9a% +4a? =a+/13.
Dién tich tam giac SAB:

2
S penp = %.SH.AB - -;—.Ba.a - 3;-

Ngoai ra: S _ SA-ABSB a
*YASAB T T AT
4A]

_a10.aay13 _ a+/130
= Rkt
P
2 .
Qua J ké duong thing d2 vudng géc véi mit phéng (SAB) thidz // CA .

= AJ
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Trong mit phang (CAJ) ké duong trung triec ds ctia CA, ds cat d: tai diém O.
O chinh la tAm mét cau ngoai tiép khoi chép S.ABC.
Tinh ban kinh mét cAu. Trong tam giac AOJ vudng tai J co:

aZ 65a2 139a2
+ ——

OA2=O]2+A]2=AN2+A]2=-Z~ :>R=OA=a\/§;,

18 36 3
Chii y: N&u d€ bai cho H la diém ddi xiing ciia B qua A phuwong phap giai
cling twong ty nhw trén, va cach tim tdm O & hinh phia dudi.

Cho hinh chép S.ABCD cé SA vudng goc véi day ABCD, SA = a va day
ABCD la tit gi4c ndi tiép ndi ti€p dudng tron ban kinh 1, trong d6 cac duong
chéo AC va BD vudng géc véi nhau. Tinh ban kinh R clia m3t ciu ngoai tiép
hinh chép S.ABCD.

LOIGIAI
Trong mit phang chita dudng tron tam
O' ngoai tiép tix giac ABCD ké duong
kinh qua O' vuéng goc véi AC tai 1.

S

Ta cé: IA = IC (dwong kinh vudng géc véi
ddy cung di qua trung diém ddy cung do ),
O1//BD va O'TL(SAC).

Tam O cua mit ciu ngoai tiép hinh g &<
chép phai ndm trén truc d cua duong
tron ngoai ti€p tix giac ABCD.

Goi M 1a trung diém clia SC thi MI // SA = MI L (ABCD) va MI ==,

Tit M ké duong théng d' // O' cat d tai O.
Vi d' L (SAC) tai Mnén OC=0S=R.

2 9 5
Tacé R=0C=1002+0'C2 =yMI? +O'C? =\[@]_;= \/;j_ e

2

Kétluan: R =

Cho tam giac can ABC c6 BAC =120°va dudng cao AH= a2 . Trén
duong thing d vudng géc véi mit phang (ABC) tai A, 1dy hai diémIva]
khéac phia véi A sao cho tam giac IBC déu con tam giac JBC vudng tai J.
Xéc dinh tam va ban kinh mat cAu ngoai tiép tit dién IABC va IJBC.
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LOI GIAI
Vi tam giac ABC can tai A ¢ BAC =120°
— ABC = ACB =30°.

AB=AC= AHO =2a+2;
sin 30

BH = AB.cos30° = av/6 = BC=2av6
Goi G la tam duong tron ngoai tiép cta
tam giac ABC thi Ge AH. B
C6 AABG déu nén: GA = GB = AB=2ay/3

| Dung dudng thing d qua G vudng géc véi mit phing (ABC), thi d 1 truc
ctia dudng tron ngoai tiép ABC va d // AL Trong mat phang chita (ALd)
dung duong trung truc clia doan Al ct d tai O. O 1a tAm mit ciu ngoai tiép
khéi chép LABC, ban kinh R = OA = OB =0C =OL
Pitago cho tam giac IAB: 1A = \/ IB? - AB? = \/ 24a” -8a% =4a
Pitago cho tam giac AOG:

2
AO=VAG?+0G? = AGZ+[~%—I-J = \8a? + 4a2 =2a\/3.

Két luan hinh chép LABC ndi tiép trong mit cAu tdm O, ban kinh

R=0A=2a\3. }
Ta cé: mit phang (JH) 12 mit trung trwc cia doan BC nén:

JB=JC=%.§-:2a\/§.

Pitago cho tam giac JAB vudng tai A: JA = \/IB2 - AB? = \/ 12a® -8a% =2a.
Taco: [J=IA+JA=4a+2a=6a.

Xét AIBJ c6: IJ2 = BI2 + BJ? = (2aJ§)2 +(2a\/g )2 = 36a2.

Suy ra tam giac IB] vung tai B.

Twong tu: tam gidc IC] vudng tai C .

Két luan: hinh chép IJBC ndi tiép trong mit cdu dudng kinh IJ va tdm la
trung diém cua IJ.

Cho ba tia Sx, Sy, Sz khéng déng phéng véi ;Egr = 1200,3'78\2 =60°,
zOx =90°. Trén cAc tia Sx, Sy, Sz 14y lan lwot cac diém A, B, C sao cho
SA=SB=5C=a.

a). Chizng minh rang tam giac ABC vuéng.
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b). Tinh ban kinh r cia mat cau ndi tiép t& dién SABC.
c). Tinh ban kinh R ctia mit cAu ngoai tiép tit dién SABC.
LOI GIAI
a). Ap dung dinh li ham s cosin trong ASAB:
AB? =SA? +SB? - 2.5A.5B.cos120°

AB? = a2‘+ a% -2a° (%1) =3a’ = AB= a\/§

e e

ASAB déu nén BC=a. 4
ASAC vudng can tai Snén AC = av2.
Suy ra AB? = AC? + BC?.
V4y tam gidc ABC vudng tai C.
b). Goi H 14 hinh chiéu vudng gbc ctia S trén mp(ABC)

Do SA =5B=SC nén HA =HB=5C, do d6 H la tam duong tron ngoai ti€p
cua AABC. Ma AABC vudng tai C nén H la trung diém ctia AB.

)
"""}'?.T

Goi r 14 bén kinh ciia mit ciu noi tiép hinh chép S.ABC thi ta c6: r = >
tp

32 2 12

aZ\/— a2 aZ\/— \/— 2

= 22+—£—+ 43 (\/5+\/£+1)
av2

2(V3+2+1)

¢). Goi O la tam mét ciu ngoai tiép hinh chép S.ABC va K 1a trung diém cua
SA. Tt cau b) suy ra SH la truc dudng tron ngoai ti€p AABC nén OeSH.
Vi OA =0S nén O ndm trén trung tryc ctia SA.
Hai tam giac vudng SKO va SHA dong dang nén ta cé:
SO _SK SK.SA _SA? a2
—=—=>50=
SA SH SH 2SH

3
Tinh V: V =§-SABC.5H =—1—[la.a\/5}3= a’\2

Suyra: r=

Vay ban kinh mét cau ngoai ti€p hinh chép S.ABCla R=a.
Cho hinh chép S.ABCD c¢6 day ABCD la hinh thoi, géc ABC = 60, SA = SB = SC,
chiéu cao cuia hinh chép 1a a, géc giita (SCD) va (ABCD) bang 60. Tinh thé
tich S.ABCD. Xac dinh tam va ban kinh mét cqu ngoai tiép tit dién S.ACB,
S.ACD. Tinh khoang c4ch tit D dén mjt phéng (SBC).
LOI GIAI
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Vi ABC = 60" nén AABC v AACD déu.
Goi G la trong tam AABC thi: GA=GB=GC.
Ma SA =SB =SC = G la hinh chiéu vubéng
goc cua S trén mat phéng (ABCD) .

Dé dang chitng minh GC LCD.

C6 CDLGC vaCD LGC

= CD 1 SC (dinh ly ba dwong vudng goc ).

e

Vay goc gitta hai mat phéng (SCD) va
(ABCD) la géc gitra SC va CG la goc
SCG=60°.

SG af B rE —,

Trong ASCGco: CG= 5
tan60° 3
SC= SG = 2a/3
sin 60 3
Trong AABC c6:CG = AB?:/E = 9-?-’-?1 = AB=a
: 2
Dién tich ABCD: S gpcp = %AC.BD - %a.a 3=2 2/5
a2 3
Thé tich khdi chép S.ABCD V = ESG SABcD = ; f = 9——6\15- .

Vi G 12 tam dwdng tron ngoai tiép tam gidc ABC va SG L (ABCD).

Suy ra SG la truc dudng tron ngoai tiép tam giac ABC.

Trong mit phing (SGC) dung duong trung tryc ciia doan théng SC cit
duong SG tai diém H. H chinh 1a tdm mét cau ngoai tiép khoi chép S.ABC
c6 ban kinhR=SH..

2
: [Za\/gJ
2 |73
ASMH ~ ASGC =SB _SM gy SC7 _ _2a

SC SG 25G 2a 3°
Goi J la thm dudng tron ngoai tiép AACD, thi ] cling 1a tim duong tron
ngoai tiép t¢ gidc AGCD. Tl ] dung dudng thing a vudng goéc véi mp
(AGCD) thi a la truc dudng tron ngoai tiép tit giac AGCD vaa// SG.
Trong mp (SGD) dung duodng trung truc cia SG c4t dudong thing a tai 1.
Vay: I1a tAim mit cdu ngoai tiép khoi Chép S.AGCD, bankinhR=GI.

f

Ta c6: GJIN 1a hinh chit nhat ¢ I =GN =— G] 20] = a
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=
3
Vi AD // BC =>d(D,(SBC))=d(A,(SBC)).

Vay: R=GI=GJ? +]JI% =

Mudn tinh khoang céach tir A dén mp (SBC), ta phai tinh khoang cach tit G
(hinh chiéu cia dinh) dén mp(SBC) trudc, sau d6 st dung céng thirc ti 1@
khoang cach thi tinh duoc khoang cach tix A.

Goi E la trung diém ctia BC.

Cé BCLGE va BC LSG = BC L (SGE)=>(SBC) L (SGE)[vi BC < (SBC)].
Hai mjt phang nay vudng géc véi nhau theo giao tuyén SE.

Dung GF L SE(F e SE) = GF L(SBC). Vay d(G,(SBC))=GF.

Trong ASGE co: 1__ 1 + 1 =—1—-+-1——2—=—1—3-:>GF=a\/1-§,

GF? GS* GE? a? a%® a° 13

3a\/—

Tacé AE=3GE = d(A,(SBC))=3.d(G,(SBC))=

3a\/i§
13

Két luan d(D,(SBC)):

Cho hinh chép SABCD c¢6 ddy ABCD la hinh thoi canh a, géc ABC = 60.
SA vuéng géc v6i ABCD, géce gitta (SCD) va (ABCD) béng 60.

Tinh thé tich khé&i chép S.ABCD.

Xéac dinh tAm va tinh ban kinh mét cAu ngoai tiép tir dién SABC, SABD, SBCD.

LOI GIAI
Vi ABC=60° nén AABCva AACD déu.
Goi E la trung diém ctia CD, ¢6 CD L AEva CD LSA
= CD L SE (dinh ly ba dwong vudng goc).
Tir d6 suy ra: goc giita hai mit phing (SCD) va (ABCD) la géc SEA =60°.

Trong ASAE c6 SA = AE. tan60° = a\/— \/?; 2

Tinh thé tich khéi chép S.ABCD:

1 1 3a azx/g a3\/§
Vs aBcD = 5SA'SABCD =333 - 1
1 1 a3
Véi S =—,ACBD=-aaV3= .
( ABCD =7 7 > )

Xac dinh tAm va tinh ban kinh mét cu ngoai tiép tit dién S.ABC

363



Goi G 1a tam duong tron ngoai tiép
AABC. Tir G ké duong thang d vuéng
gbc v6i mit phang (ABC) thi d 1a truc \

cia duong tron ngoai tiép tam giac M: 3
ABCvad //SA. AN
) 2 3

Trong mit phang chita d va SA, ké . ,j iy b
duong thang a la dwong trung truc /‘!\55;::::: N N, b
doan SA, dudong thing a cit dudng PARRY \‘:\_\,.5 *’:\\E
thdng d tai I thi I 12 tim mt ciu ngoai ,/:/,/ ‘l\‘&' 0
tiép khoi chép S.ABC, ban kinh R = AL B® d! ‘F ~Yc
Ta cé: AGIM I hinh chit nhét c6: GI = AM = :Cff‘— _ -Sf-

2 2 150
Trong AAIG c6: Al=vAG? +GI? & Al= %Jr%‘?‘g- _a 11229 .

Xac dinh tim va tinh ban kinh mit ciu ngoai ti€p t& dién S.ABD

Vicd CA=CB=CD = Clatim dudng tron ngoai ti€p tam giac ABD.

Tit C ké duong thang b vudng géc véi (ABCD) thi b 1a truc ciia duwong tron
ngoai tiép tam giac ABD vab // SA. |

Trong mit phéng chira b va SA, ké dudng thang c la dudng trung trgc doan
SA, dudng thing c cit duong théng b tai H thi H 1a tAm mit cAu ngoai tiép
khdi chép S.ABD, ban kinh R = AH.

Ta cé: ACHM I hinh chit nhat c6: CH = AM = %Ai - 345 .
2
Trong AAIG c6: AH=vAC? + CH? <> AH =, [a? +91-‘i‘6— =‘Z—a .

Xac dinh tim va tinh ban kinh mit cAu ngoai tiép ti dién SBCD.

Vicé AB=AC=AD = A latam duong tron ngoai tiép tam giadc BCD.

Vi SA L (ABCD) = SA 1a truc dudng tron ngoai tiép tam giac BCD.

Trong ASAD ké duodng trung tric doan SD cit SA tai diém J, thi J 1a tAm
mit ciu ngoai tiép khdi chop S.BCD cé ban kinh R =]J8.

) 13a®
C6: ASNJ ~ASAD = =N g SNgp SD°_ 4 1%
SD SA SAT 25A ,% 12

2

Cho hinh chép S.ABCD cé day ABCD la hinh vudéng tdm O, SA vuéng goc
v6i ddy ABCD, SA = a, géc giita SC va SAB bang 309, mit phing (P) di
qua A va vudng géc véi SC, cat SB, SC, SD 1an luot tai B, C', D'.
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a) Chitng minh ndm diém A, S, B', C', D' cling nam trén mot mit cau .
Tim tAm va tinh ban kinh mat cau d6 .

b) Chitng minh rf?mg A, B, C, D, B, C', D' ndm trén mot mit cAu cd dinh.
Tim tam va tinh ban kinh ctia mit cau do.

c) Tinh thé tich cia S.AB'C'D'.

LOIGIAI ¢
Vi CB L (SAB)nén SB 1a hinh chiéu vuéng
goc ctia SC trén mét phang (SAB). N o
Vay: géc gifta SC va (SAB) 1a CSB =30° .
Trong ASBC co: SB=BC:tan30° =BC3. | i "y
Trong ASAB vudng tai A c6: , D:;;::'__:‘;,. N e
SB? =SA? + AB? < 3BC? =a’ + AB? Pl ‘

av2 . _ ‘.
:>AB=——2——(V1AB-BC). L .

Ma ABCD la hinh vuéng AC=BC = AB+2 =a

Vi SC L(P) =SC LAC'.

Ta c6:BD L ACva BD LSA = BD 1(SAC) =BD LSC.

Tir d6 suy ra BD // (P)

Goi O=ACABD. Tacé:50 =(SAC)~(SBD).

Goi 1=AC'nSO. I la difm chung cta hai mit phang (SBD) va (P) va
BD // (P) Suy ra giao tuyén cua ching qua I va song song véi BD, giao
tuyén nay cat SB va SD lan luot tai B' va D'

Vi BC L AB va BC LSA = BC L(SAB) = BC L AB' (vi AB'c(SAB)).

= AB' 1 (SBC).

AB' L BC
Ta co: {

AB' L SC
Chitng minh twong tw c6: AD' L (SCD) .
Vi AB' L (SBC) = AB' LSB'. Vay tam gidc SAB' vudng tai B'.
Tuong tu: ASAD' vudng tai D'.
Vi ba diém B', C', D' cung nhin doan SA dudi mét géc vudng nén chung
ndm trén mit ciu duong kinh SA, ¢6 tam trung diém SA va ban kinh
R4 _23

2 2
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Theo chitng minh trén cé: AB'C=AC'C=AD'C=ADC=ABC=90".

Tir d6 suy ra bay diém A, B, C, D, B', C', D' cung ndm trén mat cdu dudng
kinh AC, bankinhR=%AC=%a.

Ap dung hé thitc luong trong A vudng cho hai A SAB va SAD cé:

L} 2 A} 2
SD'SD =SA? e 22 ‘§D=SA2 &2 25A 2=3.
SD SD SD sA?+AD* 3
Tuong tu ta tinh duoc: §-]—3-— = —2- .
SB 3 :

Cé: SA = AC=a = ASAC can tai A suy ra C' trung diém ctia SC.

: 2

. 1 1 a\/E a’
Vi co: VS.ABCD = E'SA‘SABCD = ga[T} = "—'6—'

Vsapc _SA SB' SC'
Vs apc SA'SB SC

1 1 1 :
= e— > V Py T — V o e .
3 S.AB'C 3 S.ABC 6 S.ABCD

_21
32

1 . 1
Tuong tw Vg pp'c' = §VS.ADC = gVS.ABCD

1 1 1 a’
Vsapcp = Vsapc *+ Vsapc = EVS.ABCD + 2 Vs.aBcD = EVS.ABCD T

Cho hinh chép S.ABCD ddy ABCD c6 hai duong chéo vubng géc véi
nhau tai H, SH vudng goc véi day ABCD.

Chiing minh rang bén tim mit cAu ngoai tiép cac hinh chép S.HAB,
S.HBC, SHCD, S.HDA tao thanh mot hinh chit nhat.

Goi Hi, Hz, Hs, Hs, 12 hinh chiéu vudng goc cua H lan luot trén AB, BC,
CD, DA. Chitng minh réng hinh chép SHiH2HsHs c6 mét cdu ngoai tiép.
Tinh dién tich cua thiét dién m3t ciu &y khi cat boi mp(ABCD), néu biét
H,H, =a,é:-‘\\C=OL,B/]3\C=B.

LOI GIAI
a). Goi I la trung diém caa AB va O; la tim mit cdu ngoai ti€p hinh chép

S.ABH thi 1,0, // SH va L,O, = %SH.

Twong tu nhw trén, néu 1,,1,,1, thi ty la trung diém cua BC, CD, DA.
Va O,, 03,0, thu tu 1a tAm cac mat cAu ngoai tiép hinh chép SHBC, SHCD,

SHDA thi: 1,0, = >SH; 1,0, =%SH; 1,0, =—;-SH.
Va L,0,, 1,05, 1,0, cling song song v6i SH.
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Dé thay: I,1, // 0,0, va LI, // AC; : s
L1, // 0,05 va LI, // BD.
L1, // 0,0, va kl, // AC;
1,I, // 0,0, va LI, // BD.
Két hop véi AC L BD, ta c6:
0,0,0;0, 1a hinh chit nhat.

——

b). D& thay: HH,;H, = HBH, = HB

S

HH,H, = HAH, = HAD

P

HH,H, = HCH, = HCB

e ee—

HH,H, = HCH, = HDA

P

Tir &6: HH,H, + HH,H, + HH,H, + HH,H,

~ HBC + HCB + HAD + HDA =180°
Vay: HH,H,H, la t giac néi tiép duong tron.
Tt d6 hinh chép S.H;H,H,;H, c6 méat cau ngoai tigp. D
g 4

Dién tich thiét dién ctia hinh cau &

d6 va mit phang (ABCD) la dién

tich hinh tron ngoai tiép t giac A c

H;H,H3H, . w/
H, H

Vi BAC=a , BDC=p nén H;H,H, =a+p. 5 He
.~ HHj S LA Lo \ \ Cear o
Khi ay: — = 2R (R la ban kinh duong tron ngoai tiép t giac H H,H;H, ).
sin (oc +B
Tir d6: R = ————.
2sin (o +B)
2 7'i:a2
Vay: dién tich hinh thu duocla 4nR* = 5 .
sin (a + B)

Cho hinh chép luc gide déu S.ABCDEF c¢6 canh d4y bang a va mat bén
hop vé6i day mot géc o .
a) Xac dinh tim va tinh ban kinh cia mét cau ngoai tiép hinh chép theoava o .
b) Xéac dinh tdm va tinh ban kinh cita mét cau néi tiép hinh chép theoava o .
c) Tim o d& tAm mit cAu ngoai tiép va ndi ti€p ctia hinh chép trung nhau.

LOI GIAT
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a) Goi Hla tam luc giac déu ABCDEF thi SH la dudng cao caa hinh chép.
Vi S.ABCDEF I3 hinh chép déu nén SH 1 truc ctia dudng tron ngoal tiép ABCDEF.
Goi K la trung diém cuia SA.
Dung mat trung tric cua SA cét SH tai diém O.

Ta dwgc difm O la tim cia mit cau
ngoai tiép hinh chép S.ABCDEEF.

Goi J 1a trung diém ctia AB.

Tacé: ABLSH va AB LHJnén AB L (SHJ).
Suy ra: S] L AB

B Y

_’:___y

~
N

Suy ra goéc S/]I\-I la géc phéng tao boi 4
hai mét (SAB) va (ABCDEF), va SJH = .. ,
Hai tam giac vuéng SHA va SKO dong dang nén: » c

\
N
e
3 X
AN
.

SO SK SASK _SA®
2222 5 50=
SA SH SH 2SH

Tir ASH] vuéng tai H ta c6 SH =SJ.tano. = E{:—)’—.tana .

Tam giac SHA vuoéng tai H cho:
2 2

SA%? =SH? + HA? =—”—O’——f‘i—tan2 o+a’= aT(C&tanz o+ 4)
' 2
a 2
‘4‘(3“”‘ a4 aV3(3tan? a + 4)
Suy ra: SO = 7 = Tt
ana
29——-ta nao

Vay ban kinh cua mat cau ngoai tiép hinh chép S.ABCDEF la:
a\/§(3tan2, o+4)
- 12tana
b) Trong ASHJ ké phan giac goc SJH cét SH tai diém L.
Goi P la hinh chiéu vudng gdc cuia I trén SJ.
Taco: IP LSJ. Suyra ABLIP.
Nhu thé' IP L (SAB), tirc 1a dd dai doan IK la khoang cach tir I dén mp (SAB).

M3t khac: I ndm trén phan giac ctia géc S/J}\{ nén IH=1IP.
Do d6 diém I 1a diém cach déu hai mat (ABCDEF) va (SAB).
Suy raI cach déu tat ca cac mét cta hinh chép.

Vay: I'la tam mat cau ndi tiép hinh chép S.ABCDEF.

a3

Tir tam giac IH] vudng tai H ta c6 IH = HJ.tan [JH = ——Z——tan%
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¢) Tam mit cAu ngoai ti€p va ndi tiép trung nhau khi va chi khi:
a\/— 3(3tan? a+4) a\/— _qL__a\/g

12tana 2

R+r=SH & tana

3tan2 oa+4

o
+tan—q— =tano < 3tan® o — 6tana.tan——4 =0
6tano 2

2
bit t= tan> ta duoc phuong trinh 3( 2t J -6 2t -4=0
2 1-t 1-t?

Hay 2t* +2t* ~1=0. Giai dugc t* = Jg_l(t>0)

Viy tdim mat cau ngoai tlep va noi tlep ctia hinh chép S.ABCDEF trung

nhau khi géc a duoc Xac dmh boi tanE =, , IZ !

Cho hinh chép S.ABCD c¢6 day ABCD la hinh vudéng canh a, hai mit
phang (SAB) va (SAD) cling vubng géc véi mit phé’mg (ABCD). GoiL J,K
1an luot 12 hinh chiéu vudng géc cua A trén SB, SC,SD.

a) Chirng minh bay diém A, B, C, D, I, J, K cung ndm trén mét mit cau. Tinh
dién tich ctia mit cau doé. ‘

b) Goi (T) la duong tron c¢6 duong kinh la AC ndm trén mat phéng (SAC).
Trén (T) 14y di€ém M bat ky (khac A va C). Chitng minh réang MBD 1a mét
tam giac vudng.

LOI GIAI
Tir gia thiét ABC = ADC = AJC =90° (1)
(SAB) L (ABCD)

Ciing i gia thiét: 1(SAD) L (ANBCD) = SA L (ABCD)
(SAB) N (SAD) =SA

BC L AB
Ta c6: | °C = BC L (SAB).
BC LSA
Do d6BC L Al
AILB
C o, ALL(SBO) s
AL LSB S\ DD

Suy ra AI LIC hay AIC =90° ()
Tuwong tu: AKC =90° 3)
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T (1), (2), (3) suy ra: Bay diém A, B,C, D, L ], K cung ndm trén mot mat cAu

(S) dwong kinh AC. Ban kinh cua (S) laR= ATC- = a\2/-

Dién tich chia m&t cau (S) 1a S= 4n£a\/.J =2ma’.

Piém M nim trén duong tron (T) ¢ dudng kinh la AC, nén M nim trén
mit cau (S). D&y ring BD la dudng kinh ctia (S), nén véi di€ém M e (S) ta

phai c6 BMD =90° . Vay tam gi4c MBD vudng tai M.
D& thi dai hoc KHOI D 2003
Cho hai mjt phing (P) va (Q) vudng goéc véi nhau, c6 giao tuyén la
duong thing. Trén giao tuyén 14y hai di€ém A, B v6i AB = a. Trong mat
phéng (P) 14y diém C, trong mét phang (Q) 14y diémD sao cho AC, BD
vudng géc v6i nhau va AC = BD = AB. Tinh ban kinh mét cau ngoai tiép
tir dién ABCD va tinh khoang cach tir A dén mit phéng (BCD) theo a.

LOI GIAI
Tacé: (P) L(Q)va A=(P)n (Q)
_[ACcLa
' {AC <(P)

= AC1(Q)=>ACLAD.

Hay CAD=90".
Chitng minh hoan toan twong tw: BD L (P)

— BD L BC hay CBD=90".
Vay: bon diém A, B, C, D thudc mit cdu tam I trung diém cua CD ban kinh
D

R=—
2

a3

CD =/BD? + BC? = VAB? + AC2 + BD? =ay/3 . Vay ban kinh R=2%.

Dung AH L BC(HeBC) (1).
Vi BD L (P)= (BCD) L (ABC) c6 giao tuyén AB 1)
Tir (1) va (2) suy ra: AH L (BCD)=>d(A,(BCD))= AH
1 _ | a2
2

5 = AH=
AH a

1.1 2
=t 3537

1
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MAT TRU
1. Mat try tron xoay

Trong mp (P) cho hai duong thing A va
1 song song nhau, cach nhau mét
khoangr. Khi quay mp(P) quanh truc
¢8 dinh A thi duong thingl sinh ra mét
mat tron xoay duwoc goi la mat tru tron
xoay hay goi tat 1a mat try.

—

- Puong théng A duoc goi la tryc.

— Pudng thing 1 duoc goi 1a dwong sinh.
- Khoang cach r duoc goi la ban kinh ciia mat tru:

2. Hinh tru tron xoay
Khi quay hinh chit nhat ABCD xung quanh dudng thdng chita mét canh,
chéng han canh ABthi duong gap khic ABCD tao thanh mét hinh, hinh d6
dwoc goi 12 hinh tru tron xoay hay goi tat 1a hinh tru.

- Puong thing AB dwoc goi 1a truc.

~ Doan thing CD duoc goi la dudng sinh.

— D6 dai doan thang AB = CD = h duogc goi la chiu cao ctia hinh try.

- Hinh tron timA, ban kinhr=ADva hinh tron tamB, ban kinh
r = BC dwoc goi la 2 day cta hinh tru.

— Khéi try tron xoay, goi tat la khoi try, 1a phdn khéng gian gi6i han boi
hinh try tron xoay k€ ca hinh try.

3. Cong thitc tinh dién tich va thé tich cua hinh try
Cho hinh tru cé chiéu cao lah va ban kinh day bi”mgr , khi dé:

— Dién tich xung quanh ctia hinh try: qu =2nrh

- Dién tich toan phan cta hinh tru: Stp = qu + 2'SDay =2nrh +2nr?

- Thé tich khéi tru: V =Bh =nr’h
4. Tinh chat: ‘

~ Néu cit mit tru tron xoay (c6 ban kinh lar) béi mét mp(oc) vuodng goc

véi truc A thi ta dugc dudng tron 6 tm trén A va 6 ban kinh bang r véi
r ciing chinh [a ban kinh ctua mét tru d6.
~ Neéu cét mat try tron xoay (c6 ban kinh lar ) béi mét mp(oc) khong vudng

gbc véi truc A nhung cat tat ca cac dudng sinh, ta dugc giao tuyén la mot
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2r , trong d6 ¢ la goc gitra

dudng elip c6 tru nhoé bang 2r va truc 16n béng —
sing

trucA va mp(oc) vé6i0° << 90°,
— Chomp (oc) song song vOi trucA clia mat try tron xoay va cachA mot
khoangk .

+Néuk <r thimp (a) cAt mit try theo hai du’émg‘ sinh = thiét dién 14 hinh
chit nhat.

+Néuk =r thimp (a) tiép xtic véi mit tru theo mt duedng sinh.

+Néuk > r thimp (a) khéng cit mit tru.

Mot hinh tru ¢ ban kinh day b‘éng R va thiét dién qua truc 1a mdt hinh vuéng,.
a). Tinh dién tich xung quanh va dién tich toan phan cta hinh tru
b). Tinh thé tich ctia khdi tru

LOI GIAI
Goi thiét dién qua truc la hinh vuéng ABB'A’.
Néncé AB=AA'=00"'=2R
S,q = 27R1 = 21.0A.00' =21 R 2R = 47R?

Sgp =Syq +2 Stiy = 4nR? +27R? = 67R? g fomeee iz

V =Saiy. h= mR? 2R = 27R> \ o ‘

A

Mot hinh tru ¢ ban kinh day r =5cm va khoang cach giita hai day béng 7cm.
a) Tinh dién tich xung quanh va dién tich toan phan cta hinh tru
b) Tinh thé tich ctia khéi tru
c) Cét khéi tru bdi mot mit phéng song song vdi truc va cach tru 3cm. Hay

tinh dién tich ctia thiét dién dwoc tao nén.

LOIL GIAI

a). Tinh dién tich xung quanh: o’
qu =2nrh = 2n.0A.00"' =271.5.7 =707 (cm?) .

/

Dién tich toan phan cua hinh tru:

Sip = Sxq + 2Sdsy =707 + 507 =1207 (cm?)
b). Tinh th€ tich cua khéi tru:

V = mR?h = 1OA2.00' = n 527=175n (cm?) |~

ER
R S
<
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Vi OO' vudng géc véi hai day, mét mp(P) // OO’ va cit hinh try, thi thiét
dién 1a mét hinh chi* nhat ABB'A".

Goi I trung diém ctia day AB, theo débai c6 OI L AB va Ol =3cm.

Trong AOAI c6: Al=VOA2-OI? =4 = AB=2AI=8, c6 AA'=00"=
Dién tich thiét dién ABB'A' S = ABAA' =87 =56(cm?).

Mot hinh tru ¢6 ban kinh r va chiéu caoh = 3.

a). Tinh dién tich xung quanh va dién tich toan phan cua hinh tru.

b). Tinh thé tich ctia khdi tru tao nén boi hinh try da cho .

¢). Cho hai di€ém A va B lan luot nam trén hai duwdong tron day sao cho

goc gitta duong thang AB va truc cia hinh try bing 30°. Tinh khoang

cach gitta dudong thang AB va truc cia hinh try.
LOI GIAI

a). Tinh dién tich xung quanh:

qu =2nrh =2nrrV3 = 23m?.

Dién tich toan phan ctia hinh tru:

Stp = Sxq + 2Sday = 2\/_?;1rr2 +2mr? = 2(«[?: + 1)nr2
b). Tinh thé tich cta khéi tru:

V= nr’h= m'zr\/g = \/gm'a

Dung AC // OO'.

Géc gitta AB va OO’ bang géc giita AB va AC, chinh la goc BAC=30".
Tir &6 suy ra: d(AB,00")=d(00",(ABC))=d(O,(ABC)).

Dyng OH 1 BC(H e BC) thi OH L (ABC). Vay d(O,(ABC))=OH.
Trong AABC vudng tai C c6 BC=AC.tan 300 = r\/g—j_g =r.

Suy ra AOBCnén c6 OH = r\/—

[

Két lugn: d(AB,00")=~

Mot hinh tru c6 cac day 12 hai hinh tron tdm O va O' ban kinh r va ¢6
duong cao h= 2 . Goi A 1a mét diém trén duong tron tam O va B 1a
mét dim trén dudng tron tam O' sao cho OA vudng gée v6i O'B.

a) Ching minh rdng cdc mit bén cua tr dién OABO' la nhiing tam giac
vudng. Tinh thé€ tich ciia tt dién nay.
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b) Goi (oc) 1a mit phing qua AB va song song véi OO'. Tinh khoang cach
gifta truc OO' va mit phéng (a) .
). Chitng minh r:\?mg ((x) tiép xic voi mit try truc OO' ¢6 ban kinh bz‘?mg

rf

—— doc theo mot dudng sinh.

LOI GIAI

a). Vi truc OO' vudng goc véi cac day nén

OO0'LOA va OO' LO'B.

Vay cac tam giac AOO' va BO'O vudng

tai O va O'.

Theo gia thiét ta <6 AOLO'B, ma

AO 1 00' nén AO 1(OO'B).

Do d6 AOLOB, nén tam giac AOB

vudng tai O. Twong ty ta chitng minh

duoc tam giac AO'B vudng tai O'.

Thé tich hinh chép OABO' la:

V=§SAOO BAO—E EOO fo} BAO—— r2.r? =
b). Ta cé (a) la (ABB').

Vi 00" // (oc) , nén khoang cach gitta OO' va ((x) bang khoang cach tir O

dén ().

\/-

Dung OH L AB' tacé OH L ( ) Vay khoang cach can tim la OH = -

\ 3\ a . 7 s M 2 A . I 1 : N
c). Puodng tron tam O c6 ban kinh bang r_2\/: tiép xtc véi AB' tai H 1a trung
diém ctia AB'. ,
Do d6 mit phing (o) song song véi truc OO’ chita tiép tuyén ctia dudng
tron day, nén (o) tiép xtic véi mit tru doc theo mot dwong sinh, v6i mit

2

tru c6 truc OO’ va cé ban kinh day bang —

Mbt hinh tru c6 ban kinh day béng 50 cm va c6 chiéu cao h =50cm .
a). Tinh dién tich xung quanh ctia hinh try va thé tich ciia khéi try duoc taonén. |
"b). M6t doan thé’mg c6 chifu dai 100 cm va ¢6 hai dAu mit ndm trén hai
dudng tron day. Tinh khoang cach tir doan théng d¢6 dén truc hinh tru.
LOI GIAI
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a). Ta c6 cong thie 5, = 2nrl v6i r=50cm,l =50cm

Do d6 S, =2.50.50 = 1.5000 cm?

Va V=nrlh= 1250001t(cm3)

b). Gia st doan thing AB c6 diém mut A
n3m trén duodng tron day tdm O va diém ™
miit B ndm trén duong tron day tam O'. |
Theo gia thiét ta c6 AB=100cm . Gia six IK
12 doan vuéng géc chung ctia truc O0' va
doan AB véi I thuéc OO' va K thudc AB.
Chiéu vudng géc doan AB xudng mit
phing day chita duong tron tdm O'.

Tacé A',H,B 14an lwot 12 hinh chiéu cia A, K,B.
Vi KI L OO' nén IK song song véi mit phang (O'BA’).

Do dé: O'H //IK va O'H=IK.Tasuyra O'HLAB va O'HLAA".

Vay O'HLA'B.

Xét tam gidc vudng AA'B, ta cé: A'B=VAB? - AA =100 - 502 =503

2
Vay: IK=0'H=vVO'A?-A'H? = #502—(50—2-@} =50,/1—%=25(cm).

Cho hinh tru c6 thiét dién qua tryc 1a hinh vuéng, dién tich xung quanh
béng 47 .

a). Tinh dién tich toan phan ctia hinh tru va thé tich khoi tru.

b). Tinh thé tich khdi cu ngoai tiép hinh tru.

c). Mot mat phéng (a) song song voi truc hinh tru va ct hinh tru theo thiét

,
PP I T
= S

dién ABB,A, . Biét mot canh cua thiét dién 14 day cung ctia mét duedng tron

day va cing mét cung 120° . Tinh dién tich thiét dién.
LOI GIAI
Thiét dién qua truc cuia hinh try 1a hinh
vudng, nén hinh tru co:

h=2r= qu =2nrh =4nr?

B,

]
[} 1
Theo gia thiét =4mr’ =4n=>1=1=>h=2 LA
O S -
A ‘. _ 2 _ _ P el AN | T : >,
Vay ta co: Stp -qu +2nr° =4n+2n =67 .. P ﬁ L €

! 7 120
V=nr’h=n1%22=2m. K/i/ T o
-7
A



Hinh cau ngoai tiép hinh tru c6 duong tron 16n la duong tron ngoai tiép
hinh vudng c6 canh 14 2, nén hinh ciu c6 ban kinh la: R = —2%/—% =2
4“(‘5) 8my2

Vay: thé tich khoi cau: V = é1tR3 — =
3 3 3

Vi AB=120° = AOB=120° = AB? = OA2 + OB2 - 20A.0OB.cos AOB

.—_>ABZ=2-2.[——-;—]=3:>AB=\/§. |

Trong khéng gian cho hinh vuéng ABCD canh a. Goi I va H lan luwot la
trung di€ém ctia cac canh AB va CD. Khi quay hinh vuéng d6 xung quanh
truc IH ta dirgc mét hinh try tron xoay.
a). Tinh dién tich xung quanh ctia hinh tru tron xoay dwoc tao nén.
b). Tinh th€ tich ctia khdi try tron xoay dugc tao nén béi hinh tru tron xoay dé.
LOI GIAI

Tinh dién tich xung quanh cta hinh tru tron XOM
o
Theo gia thiét, hinh tru c6 ban kinh: R =—;~ , =

Dudngcao h=a= Syq =27R.h = 2n.—:~.a = na?

Thé tich ctia khéi tru tron: T ; TN
a 2 na3 *’7://
V=mR?’h=n|Z| a=—0. : \ -"a
2 4 A

Cho hinh try c6 hai day 1a hai hinh tron (O) va (O') ban kinh R. AB va
CD lan luot 14 hai ddy cung song song ctia hai duong tron day va cling bang
RV2.

a): Mat phang (ABCD) khéng song song hay chita OO'. Chitng minh rang
ABCD la mét hinh chir nhét.

b). Cho biét géc hop bsi mit phing (ABCD) va ddy béng 30°. Tinh thé tich
va dién tich xung quanh ctia hinh tru.

LOI GIAI
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AB// CD

Theo gia thiét, ta cé:
AB=CD

} = ABCD Ila hinh binh hanh.
D

Néu goi H, K 1an luot la trung diém
caa AB, CD.
Dé thay: OH // O'K va AB L (OHO'K)
= ABLHK // AC= AB L AC.
Vay ABCD 12 hinh chit nhat
OH L AB
HI L AB

-, - i
B | Y
LN i

GoiI=OO’mHK:>{

= (ABCD),(OAB) |~ IOH = 30°

Dé thay hinh tru cé chiéu cao: h =00' =201 = 20H.tan 300 Z\C/)_H
3
Ma: OH =VOA? - AH? = R v h——z—B-R\/_
PRV ARN A
3 3
Do d6:V =nR%h = nR2.¥ = “Rsﬁ vq =2mRh=21R. Rf = 2“R3 V.

Cho hinh tru ¢6 day la hinh tron tam O va O'. Goi A, B 1a hai diém lan
luot thudc hai duong tron (O) va (O'). Dyng duong sinh BB'. Biét thé

na’ 2a\/g
3

tich ctia hinh tru la T; AB=

a\/33
6

; khoang cach tir tam O' dén AB' la

. Tinh ban kinh day va duong cao ctia hinh try da cho.

LOI GIAI
Goi H la trung diém ctia AB' = OH L AB'= O'H L AB'

aV33
= .

Nén: d(O;AB')=0'H=

23
Thé tich ctia hinh tru: V = mR%h = ——3——

Ta ¢é: h=00'=JO'H? - OH?

2 2 12
=\/na _(RZ_AHZ)___\/&L__R2+AB
12 12 4

8a

Ma: AB? = AB2 —-BB? =2 _}?
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2 2
2 —-h -h
b=y g2, 9 ol g2, 9 -h?
12 4 12 4
11a® +2_a2..__}.‘.2__h2=R2 R2=4_15‘i*§}f_
12 9 4 36 4
2 2
Suy ra: V=nmR?’h=r. 4la” _Sh7 h
36 4

k 3 2 2
oM _[4la” ShT 142k 45h3 = 1223
3 36 4

& 45h® ~ 41a> h+122° =0 <> (3h-a)(~15h? ~5ah +12a%)| =0 > h =2
Vi phu’ong'tr‘mh: ~15h2 - 5ah +12a% =0, cé:

.t 0;:—ki = ~—§ <0, titclané o6 hai nghiém h, , <0, khong théaman déra.

a 5 a

Khi h=—§—::>R2=a2:>R=a

Vay hinh tru cé ban kinh day la R =a, duong cao h =% .

Cho hinh ling tru diing ABCD.A'B'C'D’ c6 day ABCD la hinh thang cén |
véi day nho AB=a, day I6n CD =4a, canh bén béng 57a; chi€u cao lang

tru bing h.
a). Chitng minh rang cé hinh tru néi tiép hinh lang tru da cho.
b). Tinh dién tich toan phan va th€ tich ctia hinh try do.

LOI GIAI
a). Chitng minh réang cé hinh tru ndi tiép hinh ling try da cho.
Vi lang tru da cho 12 ling tru dting, nén ta B Mz A
chi can chitng minh hinh thang ABCD c6 <
dudng tron ndi ti€p thi sé 6 hinh tru ndi K 5a
tiép hinh lang tru da cho. o 2
Goi M, N lan luot 13 trung diém cta AB, S
CD; O la trung diém cua MN, ké ¢ H N 4a D
OK L BC tai K, BH LCD tai H.
2
Ta c6: MN = BH = YBC? ~HC? . Ma: BC? = (%‘-) = 25:2 ;
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HC=NC—NH=%CD—-;—AB=2a—%=§§—:¢HC2 =9—Zi
Do d6: MN = 254&‘2 ——9—3—2-=2a:>OM=ON=a
Mt khac: OK.BC = OB.OC = OK = oz.((:)c

a’? b5a’ a\/—5-

Ta c6: OB? =OM? + MB? =a? +o == O0B==";
OC2 =ON? + NC? =a? +4a2 =522 = OC=a+/5
%5 .5
————-—2 —
5a
. 2
Twong tu ta cling chitng minh dwoc: d(O, AD) =a.
Tic 1a O cach déu bon canh cta hinh thang ABCD, hay duong tron tam O,
ban kinh la a, chinh la dwong tron néi tiép ABCD.
b). Tinh dién tich toan phan va thé tich cta hinh tru
Theo cau a) hinh try néi ti€p lang try cé ban kinh r=a, chiéu cao cua hinh

trula h: Stp =27r (h + r) = Zna(h + a); V=nr*h=na’h.

Do d¢: d(O,BC)=0K = a

Cho hinh hép ABCD.A'B'C'D' ndi tiép trong hinh tru cho trudc, biét
duodng kinh ctia d4y hinh tru bang 5a, géc giita dwong thang B'D va mit
phing (ABB'A') bing 30° . Khoang cach tit truc hinh try déh mit phing
(ABB'A') bing 925
a). Tinh th€ tich hinh hdp da cho.
b). Tinh thé tich hinh cau ngoai tiép hinh chép.
LOI GIAI

a). Hinh hép néi tiép hinh tru nén né 1a hinh hop chit nhat ¢é day la hinh chit
nhat ABCD ngi tiép dudng tron c6 duong kinh AC=5a.
Goi H la trung diém cuia AB, O la trung diém cua AC.
N OH 1 AB

OH L AA'

}=> OH L (ABB'A").

Do do: d(O,(ABCD)) ~OH -2 = BC~20H -3
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2 2
AB-2AH=2JOAZ - OH =2,/ 22 22 _4,

Nén: S spcp = ABBC =3ada=12a°.
Vi: DA L (ABB'A") = AB' = hch zpp' 2y DB’
- (m)) — AB'D =30°
— AB'= AD.cos30° =3a+/3.
Do d6: BB' =VAB'? - AB?
= \/27&12 ~16a% = a\/l—l

Vay: thé tich cia hinh hop la:
V =8 spp BB =12a2.ay/11 =122%V11.

b). Hinh cAu ngoai tiép hinh hop 6 duong tron 16n la dudng tron ngoai tiép

hinh chit nhat BDD'B' nén né c6 ban kinh 12 R = —;-BD' - %6a ~3a.

Vay: thé tich hinh cau la: V¢, = 4iR3= 4 12723 = 36ma°.
© "3 3

Mot khéi tru c6 chiu cao bang 20(cm) va c6 ban kinh day bang 10(cm).
Ngudi ta ké hai ban kinh ddy OA vaO'B'lan luot nam trén hai day, sao
cho ching hgp v6i nhau mét goc bing30°.
Cjt mt try boi mdt mit phing chira duong thdng AB' va song song v6i
truc cta khoi tru do.

a). Tinh dién tich ctia thiét dién tao boi mat phéng c4t hinh tru trén.

b). Hay tinh dién tich xung quanh, dién tich toan phan ctia hinh tru va thé
tich ctia khéi tru.

LOI GIAI
a) Tinh dién tich cta thiét dién.

Tir mdt day ctia khéi try, ta vé hai ban kinh OA, OB sao cho AOB 30°.
GoiA',0',B' 1an It 1a hinh chiéu vudng géc ctia A,O, B trén mét day con lai.

Ta c6: OA vaO'B' tao v6i nhau mét goc 30°.
Thiét dién 12 hinh chix nhit ABB' A" c:
B? = OA? + OB? - 2.0A.OB.cos 30° =100(2 -+3) = AB=10y2 3 (cm).

Mit khac, ta c6: AA'=BB'=00"=20(cm).
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=S, pga- = ABBB' =10y2-+/3.20
=200y2 -3 (cm?).
b) Dién tich xung quanh cta hinh tru.
S,q = 2mth = 2mOA00" = 271020 = 400r(cm? )
Dién tich toan phan hinh tru:
Stp =Sxq +2Spay = 2nrh +2mr?
= 4007 + 21107 = 6007 cm? ).

Thé tich khéi tru:
V =Bh = nr?h = 1.102.20 = 2000n(cm3) .

oY
Mot khéi tru ¢6 ban kinh day b%ng rva c6 thiét dién qua truc la mot
hinh vuéng.

a). Tinh dién tich xung quanh cua khéi tru doé.

b). Tinh thé tich cua hinh lang tru tit giac déu néi tiép trong hinh try da cho.

¢). GoiV la thé tich hinh lang tru ¢éu ndi ti€p trong hinh tru va V' la thé tich

khoi tru. Hay tinh ti sé’%.

LOI GIAI
a) Tinh dién tich xung quanh ctia khéi tru.
Vi thiét dién qua truc hinh tru 1a mot
hinh vuéng nén 1=h =2r.
Do d6, dién tich xung quanh ctia khéi
tru d6 1a: S, =2nrl = 4mr”.

b) Tinh thé tich cia hinh lang tru
Goi ABCD.A'B'C'D'la lang tru tu giac
déu noi tiép trong hinh tru.
Ta c6: hinh vudng ABCD ndi tiép trong
duong tron day.
Do d6: AB =rv2 va thé tich khéi lang tru la:

V =S,pcp-AA'= (r\/—Z_)z 2r=4r (tht) .

3 3
o Timtiss ~ -2 _ 4 _2
V' Bh g?2r m
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Cho mot hinh tru tron xoay va hinh vuéng ABCD canha c6 hai dinh lién
ti€p A,B ndm trén dudng tron day thir nhat ctia hinh try, hai dinh con lai
nim trén dwong tron day thit hai ciia hinh try. Mt phang (ABCD) tao
véi day hinh tru goc 45% . Tinh dién tich xung quanh hinh tru va thé€ tich
ctia khdi tru.

| LOI GIAI
GoiM, N theo thit tw la trung diém cia ABvaCD.
Khi d6: OM L ABvAO'N L DC. Gia sirIla gxao diém cataMN vaOO'.
batR=0A, h=00'. "
Trong AIOM vudng can taiInén:

OM = 01——\/-5-11\4 h ‘/Ea h=£
2 2 272 2

Ta c6: RZ =0A2 + AM? + MO?

2

a 2 a\/i a? a? 3a°
=] — + [ ~— =—t —=—,

2 4 4 8 8
3a’ a\/i:?ﬂ/_ia‘3
8 2 16
av3 a‘\/E_nazx/—?;
N 2

V=nR?h=n

qu =2nRh =2n

Trong sd cac khdi try co dién tich toan phan béng$S, khéi tru nao cé thé
tich 16n nhat?

LOI GIAI
Ki hiéuR 1a ban kinh day, h 1a d6 dai dudng cao ctia khéi try.
Ta c6: S=2nR? +27Rh . Ta cin im R vah &€V = 1R%h 6 gia trj 16n nhat.
Theo trén, ta co:

Cési 2
PN i:RZJr_Y_:RZ Y v +_V_ > 3_3_Y_
2% nR 2nR  2nR 4n?
2 3 ’ 3
= 27L < S oSV S .
4n? 2n 54n
Dau “=” xay ra khi va chi khiR? =

Khi d6 S = 6nR? nénR:,/i .
. 61
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Vay:khéi tru c6 the tich 16n nhat 13 khi tru c6 R = ‘/5— vah=2, {-6-5— .
. T ¥

Cho‘h‘mh tru tron xoay c6 hai day la hai hinh tron (O,R) va(O',R). Biét
rang t6n tai day cung AB clia dudng tron (O) sao cho AO'AB déu va
mp (O'AB) hop véi mit phing chita dwong tron (O) mét gée 60°.

Tinh dién tich xung quanh va thé tich hinh tru. |

LOI GIAI
Ta c6: OO' L (OAB).
Goi H la trung diém cua AB thi:
OH L AB, O'H L AB = OHO' = 60" .
Giasit OH=x.
Khi dé: 0<x <RvaOO' = xtan60° = x+/3 .
Xét AOAH, ta c6: AH? =R? —x2.
Vi AO'AB déu nén:
O'A=AB=2AH=2VR? -x? 1)
Mit khac, AAOO' vudng tai O nén:
AO0? =007?+R? =3x% +R? )

3R2 3= 3Rf

Ttr(l),(2) = 4(R2 —x2)=3x2 +R2 = X% = === h=00'=

Vay: néu ki hiéu S la dién tich xung quanh vaV 1a thé tich cua hmh tru thi

6mR2\7
7

3nR3\7
7

S=2nRh =
Ta co:

V = nR?h =

Cho hinh try c6 ban kinh d4y bang R, thiét dién qua truc ctia hinh tru la
hinh vuéng.
a). Tinh dién tich va thé tich hinh ciu ngoai tiép hinh tru.
b). Mot mp(P) song song véi truc hinh try, cht day hinh tru theo mét day
cung c6 do dai bang ban kinh day hinh tru. Tinh dién tich c4c thiét dién cta
hinh tru va hinh cau ngoai tiép hinh tru khi cat boi mit phéng (P).

LOI GIAI
a). Giast thiét dién qua truc OO’ cua hinh try 1a hinh vuéng ABCD.
- Khidé AB=AD=2R.
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b).

1. Mat nén tron xoay

Gc,:ikO1 1a trung diém cta OO' thi mat cdu tim Oy, ban kinh O;B la mat
cau ngoai tiép hinh try.

Dé thay O;B=Rv2.

Vay dién tich mit céu la 4n(R+2) = 87R?

Va thé tich khéi cau la: —gn(R\/_ ) Rax/—

Mit phéng (P) song song v6i OO' nén
ct hinh tru theo thiét dién 1a hinh chix
nhat ¢ mot canh b??mg AD, canh coOn
lai theo gia thiét bang R.

Vay dién tich thiét dién ctia hinh tru citboi (P)1a R2R = 2R? .

Vi (P) // OO' nén khoang cach tir tim O, clia mt cAu ngoai tiép hinh tru
dén (P) bing khoang cach tir O' dén (P) va bing O'I (I la trung diém cua
day cung néi trong gia thiét).

2 2
Rz—[E) SELSRE W 101—R‘/‘

Tacod: O'T? =

Vi mp (P) cit mit cdu trén theo duong tron nén ban kinh r cua duong tron
duoc tinh theo cong thixc:

2
r? =0,B? -0'* =2R? _3g2 R0
4 4
Vay dién tich thiét dién cia mat cAu ngoai tiép hinh tru da cho khi cht boi
2
mp (P) I3 § = 2%
MAT NON

Trong mit phang (P), cho 2 dudng thing d,
A cit nhau tai O va chiing tao thanh gocp voi
0° <p<90°. Khi quay mp(P) xung quanh
truc A véi géc B khong thay d6i duoc goi la
mit nén tron xoay dinh O (hinh 1).

— Ngudi ta thuong goi tat mit nén tron xoay ,
Ia mit nén. Hinh 1
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- Puong thing A goi 1a truc, dudng thing d duoc goi la dudng sinh va
goc 2B goi la géc o dinh.
2. Hinh nén tron xoay
Cho AOIM vuéng tai I quay quanh canh géc
vuéng OI thi duwong gap khic OIM tao
thanh mdt hinh, goi la hinh nén tron xoay
(goi tit 1a hinh nén) (hinh 2).
- Puong thingOlgoi la truc, Ola dinh,
Ol goi la duong cao vaOM goi la dueong sinh
ctia hinh nén. ,
— Hinh tron timlI, ban kinh r=IMla day
cta hinh nén. ,
3. Cong thikc dién tich va th€ tich ctia hinh nén
Cho hinh nén c6 chiéu cao 1a h, ban kinh day r va duong sinhla 1 thi co:

— Dién tich xung quanh:

Dién tich day (hinh tron):

= Dién tich toan phan hinh nén: | Sy, = S, + Sq

_ Thé tich kh&i nén: | Veen= -:1; Sah = % ———

4. Tinh chat
— Néu cit mit nén tron xoay boi mit phéng di qua dinh thi c6 cac truong
hop sau xay ra:
+ M3t phéng ct mit nén theo 2 dwdng sinh => Thiét dién la tam giac can.
+ Mit phing tiép xtic véi mit nén theo mot duwong sinh. Trong truong
hop nay, ngudi ta goi d6 la mit phang tiép dién ciia mat nén.
~ Néu c4t mit nén tron xoay béi mit phing khéng di qua dinh thi c6 cac
truong hop sau xay ra:
+ Néu mit phiang cat vudéng gdc véi truc hinh nén= giao tuyén la mot
duong tron.
+ N&u mit phéng cét song song véi 2 duong sinh hinh nén= giao tuyén
la 2 nhanh cua 1 hypebol.
+ Néu mit phéng cit song song véi 1 dudng sinh hinh nén= giao tuyén
la 1 dueong parabol.
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BAI TAP GIAI CHI TIET
Trong khéng gian cho tam giac vuéng OAB tai O c6 OA = 4, OB = 3. Khi
quay tam giac vudéng OAB quanh canh géc vudéng OA thi duong gdp khic
OAB tao thanh mot hinh nén tron xoay.
a) Tinh dién tich xung quanh va dién tich toan phan ctia hinh non .
b) Tinh thé tich ctia khéi nén. |

LOI GIAI
a) C6 AB=yOAZ? +OB? =5 .
Sxq= nRl= 1.OB.AB=15%.

Stp=Sxq+Sasy =151 +97 =24m.

............
R v,
.....

—

N

ML UL PPN

.

b) V= %nth = %n.OBz.OA = —;—n.32.4 =127

M5t hinh nén c6 thiét dién qua truc 1 mot tam giac déu canh 2a.
a). Tinh dién tich xung quanh va dién tich toan phan ctia hinh nén.
b). Tinh thé tich cua khéi nén. ‘

LOI GIAI
a) Sxq= tRl=1.0OB.SB=2na?
Stp =Sxq + Sday=2m a2+ ma’=23n a?
b) ViSO la dudng cao cia A SAB, nén:

2a\/§=a\/—

SO = 3
2 =
) 3
V= —1-7tR2h = l1t.OB2'.SO = —1-n.a2.a\[§ == V3 .
3 3 3 3
Mbt hinh nén ¢é chiu cao bang a va thiét dién qua truc la tam giac

vudng.
a). Tinh dién tich xung quanh va dién tich toan phan ctia hinh nén
b). Tinh thé tich ctia khéi nén

LOLGIAI s
a) Thiét dién qua truc la tam giac SAB
vudng can tai S nén A=B=45
Theo dé€ bai c6 OS=0A=0B=a
= AB=2a,SA=aV2

Sxq=nRl= 11 OASA = naz‘/E
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Stp=qu+Sdéy= 7\'.32\/_2_ + 1 a? =(1+ \/E) T a2

na3

b) V= L7R%h = 1nOA2S0 = Lra?a="2
3 3 3 3

Mot hinh nén c6 dudng cao be‘”mg a, thiét dién qua truc c6 géc & dinh
béng 120°. ‘
a). Tinh dién tich xung quanh va dién tich toan phan ctia hinh nén

b). Tinh thé tich cua khéi nén.

LOI GIAI
a) Thiét dién qua truc 1a ASAB can tai S nén A=B=30°
Tinh: OA = av/3; SA = 2a (vi A SOA nira tam gi4c déu)
Sxq= mtRl= 11 .OASA =1 .a\/—?: 2a= 21ra2\/§
Stp = Sxq + Saiy = 2ma’~/3 +3mat= (2\/5 + 3)1ta2

e
o, o'
e, o
Riia LT VP PPPPRRRVI T

A
b) V= —;:nth = %n.OA?SO = %n.3a2.a=na3. A

Mot hinh nén c6 d6 dai dudng sinh bang 1 va géc giita dwong sinh va
mit day bang a . ‘

a). Tinh dién tich xung quanh va dién tich toan phan ctia hinh nén

b). Tinh thé tich ctia khéi nén.

LOI GIAI

a) Goc giita dudng sinh va mat day 1a SAO =SBO = o,
Vi A SOA vudng tai O, c6 OA =lcosa, SO=Isina
Sxq=nRl=1.0ASA = n.lcosa .l= nl?cosa

Stp = Sxq + Saiy = 112 cosa + T 2cos? @

= (1 + €08 a)n12 cosa

b) V= %nth - é—n.OAZ.SO A -

2asina

3

) nl3cos

nl?cos?a lsina =

W=

M6t hinh nén c6 dudng sinh béng 2a va dién tich xung quanh cﬁa'rhét nén
bing 27 a2.Tinh thé tich ctia hinh nén.

LOI GIAI
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2na’? 2a

qu= ‘ItRl < TERI =27 a2 :>R=
il 2a

=a
Tinh: SO= a3 (A, SOA tai O)

3
v=Llm?h = 1noA250 = Lra2ay3 _mV3
VT3 3 3 3

Mot hinh nén tron xoay c6 thiét dién qua truc la mét tam gidc vudng can
c6 canh bing a. Tinh dién tich toan phan va thé tich ca hinh nén do.
Mot mit phang di qua dinh tao véi mét phéng day mot goc 60°. Tmh
dién tich thiét dién duroc tao nén.
LOI GIAI
a) Thiét dién qua truc cia hinh nén la tam
giac vudng can canh a nén hinh nén ¢6
dwong sinh £ =a, c6 ban kinh day:
a\/— a2
—=, va c6 chiéu cao h—r~—2-.

Goi qu 1a dién tich xung quanh ctia hinh nén.

a\/E nazx/i
nT.a =

2 e

Ta cé: qu =nrl =

Goi S 1a dién tich d4y ctia hinh nén, ta c6 S = r” = n

Vay: dién tich toan phan ctia hinh nén da cho la:
_ 1_2 1 2 1 o
Stp—quJrS-—z-na 2+§na =5ma (\/EJrl)

Hmhnoncothehchla V——Bh———n a\/_ aﬁ:—l—-nae’ﬁ.
3 3 T2 2 12

b) Xét mit phang (DAM) di qua dinh D tao v6i mat phéng day mét géc 60°,
cét dudng tron day tai hai diém A va M. Tix tdm O ctia duong tron day ta ke
OH L AM, do vay H 1a trung diém ctia doan AM.

Tacé AM L(DOH) vi AM LOH va AM L DO.

DO DO _aV2 V3 _aV2
2

Vay: DOH = 60° va sin60° === hay DH= = =—=.
DH sin60’ 2 NG

Goi Sypam la dién tich thiét dién can tim, ta c6 S, py = AH.DH
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2 2

Ma AH? =DA2 -DH? =a? -2 =2 suyra AH=-=.
3 3 J3

a a2 _a’\2

BB 3

Vay: Sypam = AH.DH =—

Cho hinh chép tit gidc déu S.ABCD c6 chi€u cao SO=h va goéc SAB=q
(oc > 450) . Tinh dién tich xung quanh caa hinh nén dinh S cé dudng tron

day ngoai tiép hinh vuéng ABCD ctia hinh chdp.

LOI GIAI
Goi r 1a ban kinh day ctia hinh nén.
Tacé: OA=r1,50=h vd SA =SB=SC=SD=1 la dudng sinh ctia hinh nén.
Goi I 1 trung diém ctia doan AB.
12 =h? +1?

S 2 =r=+/2(cosa

. {SA2=SOZ+OA2
a co:
—— =lcosa

Al =SA.cosa

=12 =h?+21%cos?a =h? =12 (1—2cosza)

2
=12 = h —=1= h
1-2cos“a 1-2cos? a.
Do dé: r—\/—lcosa—m
V1-2cos® 7
\/Eh cosa h n\/zhz coso .
qu =nrl = =

\/l—2c032 o \/1—2c052 o 1-2cos® o

Chting minh ring trong mét khdi nén tron xoay, goc & dinh la géc 16n nhat
trong s6 cac goc dugc tao nén boi hai dudng sinh ctia khéi nén do.

LOI GIAI s
Xét hai duong sinh SA, SB tuy y ctia hinh non.
Vé duong kinh AC ctia duong tron day.
Ta c6 goc ASC 1a goc & dinh ctia hinh nén.
Hai tam gidc ASC va ASB c6 hai cip
canh bing nhau vi ching cung la
duwong sinh ctia hinh nén.
Ta cé: canh AC > AB nén KS\CZXéT?» A
D4 la diéu can chitng minh.
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Cho khéi nén c6 ban kinh day r=12cm va c6 géc & dinh 1a o= 120° . Hay
tinh dién tich ctia thiét dién di qua hai dwdng sinh vudng géc véi nhau.

LOI GIAI
Theo gia thiét ta c6 géc ¢ dinh ctia hinh nén 1a ASB=a=120".
Goi Ola tam ctia dudng tron day. 5
Ta c6: ASO = 60°, va sin60° = OA =I
SA 1
(v01 11a d6 dai duong sinh ctia hinh nén).
T 12 24
Vay: = ——
' sin60° \/_ \/_
2

Khi c6 hai duong sinh vuéng géc véi nhau.

z s 7 A z A 7 ) 1
Ta c6: tam gidc vudng cé dién tich la EEZ .

%—12 = %—% = 96(cm2) .

Do d6 dién tich cua thiétdiénla: S=

Mot ~mét phéng (a) di qua hai dudng sinh ctia hinh nén, cit mit day hinh
nén theo mot day cung c6 d6 dai gap k lan duong cao hinh nén. Tinh géc ¢
gma mat phing (a) va mit day hinh nén néu ¢ bing nira géc tao boi hai

duong smh ctia hinh nén nim trén mp( )

| LOI GIAI
Gia st O la tam ctia dy hinh nén va mét phéng (oc) di qua hai duong sinh SA, SB.
Goi I 1 trung diém ctia AB thi OI L AB va SI L AB, tir d6 SIO=¢.
Theo gia thiét ¢ =1ISB.

Tir tam giac vudng SIO, ta c6 sing = %?_

Ttir tam giac vudng SIB, ta cling ¢6 tang =

2|5

s
Tt 46 suy ra: .
' y tanp IB k k

Vay: cosp =
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Cho hinh nén dinh S, dudng cao SO. Goi A va B 1a hai di€ém thugc duong
tron ddy cta hinh nén sao cho khoang cach tit O dén AB bang a va

SAO=30°, SAB=60°. Tinh dién tich xung quanh hinh nén.

LOI GIAI
Goi I 1a trung di€m cta AB thi: OI L AB,SI L AB, Ol =a.

V3

Ta c6: AO =SA.cosSAO = SSA;

Al =SA.cosSAI = %SA

Tir d6: _Alz_l_
\/_

Al TA ) (A \/g a i
Mit khac — = cosTAO = sin]AQ = — = —

AO 3 A -
Vﬁy OA :.‘?@._—_i\/_g_

J6 2
Xét tam giac SAO, ta cé: SA = 04 a\/g ——2— = a\/E

cos 300 2 NE
Tt d6 dién tich xung quanh ctia hinh nén da cho

a6

S, -nOASA 7t————-a 2= na\/g

la:

Cho hinh nén cé dmh S, day la dudng tron tam O, SA va SB la hai duong
sinh, biét SO = 3, khoang cach tir O ¢ m3t phing SAB béng 1, dién tich
tam gidc SAB bang 18. Tinh thé tich va dién tich xung quanh ctia hinh
nén da cho.

, LOI GIAI s
Goi E 14 trung diém cua AB. f
Tacé: OE L AB,SE L AB = (SOE) L AB.
Dyng OH L SE= OH 1 (SAB).

Vay: OH la khoang cach tit O dén (SAB).
Theo gia thiét thi OH =1.
ASOE vubng tai O, OH la dwdng cao.

' 11 1

OH? s0? Or?

1 1 1

1
= = —_ = 1_._
OE?> OH? 50? 9

Ta cé:

8
9
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:>OE2—2:>OE~——§——

2f
SEZ = OE2 +S0O? = +9— S SE=—2_

8 242
S -lABSE@AB-EES'ﬁéB.——?-i—s\/E
SAB ™ot SE 9 '

22
. 2

OA2=AE?+OE? =| LAB| +OR2 = (4f) 2 _3p, 2 265

2 8 8
Thé tich hinh nén da cho: V=%n.0A2 so_% 2%53 ng’-n

Dién tich xung quanh ctia hinh nén da cho:

SA2 =SO? + OAZ =9 225 327 —SA = ,/33

S,q =TOASA=x \/_2_22 \/_3_3_'{'_ _ /89305

Mot hinh nén tron xoay ¢6 dwong cao h =20cm , ban kinh day r=25cm .
a). Tinh dién tich xung quanh hinh nén da cho.
b). Tinh thé tich khoi nén tao nén béi hinh nén do.
c). Mot thiét dién di qua dinh c6 khoang cach tit tim ctia ddy dénh mit phing
chita thiét dién la 12(cm). Tinh dién tich thiét dién do.
LOI GIAI

GoiSla dinh cta hinh nén.

Mt phéng (P) di-qua dinh S cit khéi nén theo hai dudng sinh béng nhau.

SA =SB =1 nén ta c6 thiét dién la tam gidc can SAB.
Goi I la trung diém ctia doan AB= OI L AB.
T tam O, také OH L Sl taiH .

Ta cé: OH L mp(SAB) => OH=d[ O,(SAB) |=12(cm).
a) Tinh dién tich xung quanh hinh nén da cho.
Ta cé: SA =VAO? +S0? =20% +25% = 5/41 (cm)

(Pitago trong tam giac vudng SAO)
Dién tich xung quanh cuia hinh nén:

Syq =mrl=1OASA = n.25.5\/41 = 125n/41 (cm2 ) .
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~ b) Thétich ciakhbinén: V, = = %n.rz.h = %n.252.20 =

125007 (Cm3 )
3 .
c) Tinh dién tich ctia thiét dién S,q,p

Dién tich thiét dién: Syg,p = %AB.SI = %—.ZIA.SI =IASI  (1).

.1 = OI =15(cm).

OH? O Os?
Mat khac, xét tam giac vuéng SOI thi:
OS.0I 20.15

OLOS =SLOH = Sl =———=""—=25(cm)  (2).
OH 12

Trong tam gidc vudng AIO:1A =OA2 ~OI? =257 ~15? =20(cm) ~ (3)

Xét tam giac vudng SOI, ta co:

Thay (2),(3) vao (1) = 85 =20.25=500(cm?).

Cho hinh lap phuwong ABCD.A'B'C'D' ¢ canh laa. Hay tinh dién tich xung
quanh va thé tich cua khéi nén ¢6 dinh 1a tim O cta hinh vuéng ABCD va
day la hinh tron ndi tiép hinh vuéng A'B'C'D".

LOI GIAI D a C

Khéi nén c6 chiéu cao bang a,

va ban kinh dy r = % .

Dién tich xung quanh khéi nén:

2 2 \/g // \\
S,q =mrl=ma., ’az aj _ra Dvdt). !, '
Xq [ 2 ) 4 ( ) a /5//:_]__3_;_:“- _’____h.:_\’; .\‘\- e Ca

Thé tich ctia khéi nén: ) ,\Z ______ 4 A\
2 // \\.
V=iBh=ln?h=1g2 a=~1—~na3(tht).A’ ’ = ==
3 3 2 \2 12

Thiét dién di qua truc ctia hinh nén la mét tam giac vudng can c6 canh
huyén bang a2 .

a). Tinh dién tich xung quanh va dién tich toan phan ctia hinh nén, gia st né
c6 dinh 1aS.

b). Tinh thé tich cua khéi nén twong ting.

c). Cho day cung BC ctia dwong tron day hinh nén, sao chomp (SBC) tao véi

mit phing chita ¢4y hinh nén mét gée60° . Tinh dién tich tam giacSBC .
LOI GIAL
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Do thiét dién di qua truc la tam gi4c vudng can (ASAB vudng can tai dinh )
c6 canh huyén bing av2 nén ASAB la nira hinh vuong v6i ducmg chéo

hinh vudng laAB = aV2.
=> duong sinh hinh nén: /=SA=SB=a.

Duong cao hinhnén la:h =50 = % = 3—2\/—-5—.
Vaban kmh day: r=h=S0= 3\2/5
a) Tinh dién tich xung quanh hinh nén.
B
aJE _ma’\2
qu =mrl = . > 5 (D dt)

Dién tich toan phan:

2 f
2/ 2 [ 2. ma“(1++2
na22+nr2=na22+an_ ( )

2 2

Stp :qu +Sa =

3
12

Thé tich khéi nén twong ting: V = %B.h = %nrzh =

b) Tinh dién tich thiét dién (S yspc )
Goilla trung diém cua BC va ké OH L SI tai H.
Dt mét phang chira ddy hinh nén lamp(a).
mp(SBC) N mp(a) =BC
Tacd: {BC LOIc mp(a) = lirhp(SBC);mp(oi)} = STIB =600,
BC L SI = mp(SBC)

Trong tam giac vuéng SIO (vudng tai O), ta cé:

a2

sinS’I(\):%SI)—:SI= 50 -2 =a\/g.

sin60° .3 3

2
Trong tam giac vudng SIB (vudng tai I), ta cé:

2
BC = 2IB = 2./SB? - SI2 =2, a2 —3'—;- = 22/5 .
Do d6: dién tich thiét dién can tim la:

1av6 2243 _a%\2
3

273 3

Saspc = ESI BC= (Dvdt).
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Miét nén tron xoay cé dinh 1aS, Ola tam ctua duong tron day, duong sinh
bang av2 va géc giita dwong sinh va mit phing day bing 60° .

a). Tinh dién tich xung quanh, dién tich toan phan ctia hinh nén va thé tich
_ctia khéi nén duoc tao nén.

b). Goilla mét diém trén dudng cao SO cuia hinh nén sao cho ti so% =é— .

Tinh dién tich cua thiét dién qualva vudng goc véi truc ctia hinh nén.

LOI GIAI
a) Tinh dién tich xung quanh cta hinh nén:
S, =mrl=t.AOSA O

xq
DoAOla hinh chiéu ctiaSA lén mat phéng
day, nén goc gilta duwong sinh SA va mat
phéng day 1aSAO =60°.

Trong tam giac vudng SAO : cos 60° = ?p(? ,,,,,,,,,,,,

{SA a2 SA=ay2 : i

AO=SA.cos60° AO= af

Thay (2) vao(1) =S, =may2. 22 af ma’ (Dvdt) .

Dién tich toan phan cta hinh nén:

2 na? 3ma’

S =5, +Sa—na2+nr2—na +—=

(Dvdt) .

Theé tich ctia khéi nén tron xoay:

Vsénr h=—— TAO?. SO—3 [a\/—] SA.sin60°

3
= —1—1ca2.a\/:?_.—\[—?1 = Vo
2 12

(Dvtt).

b) Tinh dién tich cua thiét dién
Thiét dién qualva vudng goc vdi truc ctia hinh nén 1a mot hinh tron ¢6 ban
kinh [aIB nhu hinh vé. Goi dién tich ctia hinh tron nay laS,;.

SI B SI 1av2 a2

Do ASIB~ASOA = —=—— < IB =—-OA=_____=__
SO OA SO 3 2 6
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S 2
=S, =nIB? = -’%— (Pvdt).

Cho hinh nén dinh S v6i day 1a duong tron tdam O, ban kinhR, chiéu cao
ctia hinh nén b‘éng 2R . Goil 13 mot difm n3m trén mat phéng day sao
cholO=2R. Gia srAla difm ndm trén duong tron (O,R) sao
choOA 1 OI.

a). Tinh dién tich xung quanh ctia hinh nén va thé tich ciia khéi nén tao thanh.

b). GoiM la mdt diém di dong trénSA,IM cit mit nén tai diém thit hai AN .
Chting minh ring N di dng trén mot dudng thang cd dinh.

c). Chiing minh rang hinh chiguK ciaO trén IMdi dong trén mét dudng
tron ¢6 dinh di qua truc tam H cua ASAT.

LOI GIAI

a) Dién tich xung quanh ctia hinh n6n

Trong tam gi4c vudng ASOA :SA = /50? + OA? = VR? + 4R2 =R/5

= qu = rl = IR.RY/5 = nR? J5.

B 3
The tich khéinén: V = %nOAZ SO = —;—nRz IR = 2“;" .

b) CMR: N di déng trén mot duong théng c8 dinh.
GoiQla mat xung quanh ctia maét
nén da cho va mp(a) 12 mjt phéng

di qua cac' diém S,A,I.

Ta c6: NeQ
? N e mp(a) (doN eIM)

= Nemp(a)nQ
Vay:N di dong trén doanSB la giao
tuyén thi hai champ(a)vaQ (Bla

‘giao di€m tht hai ctalA va duong

tron day).

¢) CMR: Hinh chiéuK ctiaO trénIM di déng trén mot duong tron c6 dinh di
qua tric tamH cua ASAI.
Dé thay: tric tim H clia ASAI chinh 14 hinh chiéu vudng géc ctia O trén
mp(SAI) .
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Do: {OH'L(SAI):OHLIM:>IMJ_(OHK):>HK_LIM:>I—/IEI=9O°.'

OK LIM
Vay: K di déng trén duong tron, duong kinh IH trong mp (a) .

Hién nhién, duong tron nay di quaH va né la duong tron ¢6 dinh.

Cho hinh nén tron xoay c6 ban kinh d4y R va chiéu caoh. Trong tat ca cac
mit phing di qua dinh ctia hinh nén, hdy xéac dinh mét phéng cit hinh nén
theo thiét dién c6 dién tich 16n nhat va tinh dién tich 16n nhat do6.

LOI GIAI
Gia st ABla mot duong kinh ctia duong tron
day hinh nén, O 1a tam day. ‘
Mjt phing qua dinh ctia hinh nén cit hinh
ndn theo thiét dién l1a tam giac can SAM cé:

SA =SM =vh? +R? (khong di).

Ta c6: Sypgy = -;—SA.SM. sin ASM = -;-slegi sino, /) __omdfrmimmmes
=l(h2+R2)sinoc (a:A’ST/I). _________________ B
2

Do d6: Sy gy 16n nhét khi va chi khisina 1on nhat. M

Vay: - N&u ASB <90°, nghia1a h >R thi sina 16n nhét khi sina =sin ASB.

~ N&uASB290°, nghialah <R thi sino 16n nhat bing 1.

Lic d6: maxS g5y =—%~(h2 +R2).
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CHUONGVI. BAI TAP TONG HQP LOP 12 HOC KY |
Cho lang tru ABC.A'B'C’, day ABC la tam giac vudéng can dinh A. Mat
bén AA'B'B la hinh thoi canh a nim trong mit phéng vuong goc voi
day. Matbén AA'C'C tao voi mat day goc o .

a). Tinh thé tich khéi ling tru ABC.A'B'C' theo a va o.

b). Tinh khoang cach giita hai duong thing AC va BB' theo a.

LOI GIAI

a). Tinh thé tich khéi lang tru ABC.A'B'C’
Hai mp (ABB'A') vd mp (ABC) vudng géc v6i nhau theo giao tuyén AB.
Trong mp (ABB'A"), dung: AHLAB=A'HL (ABC) .

, N o

ACLAB
Cé: = ACL(ABB'A)=ACLAA".

ACL1LA'H
Vay: goc gitta (ACC'A") va (ABC) la B
goc BAA ' =a. !
Ta co: HA'= AA'.sina=a.sino; o
HA = AA'.cosa =a.cosa. . ANDN T c
Thé tich khéi lang tru ABC.A'B'C':

H
3

V=HA'S,pc =a. smoc;az—iwgl—r—l—g— B

b). Tinh khoang cach giira hai dwong thing AC va BB’
BB'// AA'=BB'// (ACC'A") .
Nén d(BB',AC)=d(BB',(ACC'A"))=d(B,(ACC'A")).
Vi hai mp (ABB'A") va (ACC'A") vudng gdc véi nhau theo giao tuyén AA".
Dung HI L AA' (Ie AA')=HIL(ACC'A").
Vay: d(H,(ACC'A")) =HI.
Trong AAHA' c6:HLAA'=HA.HA'
< Hla=a.cosa.a.sina = HlI=a.sina.cosa.
Hai diém B va H n3m trén duwong thing c6 giao diém véi mp(ACC'A) tai A
d(B(ACC'A)) BA a2 1
d(H,(ACC'A')) HA a.cosa coso

“nén co:
=d(B,(ACC'A")j=asina.
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Cho lang tru ding ABC.A'B'C', day ABC la tam giadc vudng tai B,
AC=a, C=60°, AC' tao véi mitbén (BB'C'C) gée 30°.

a) Tinh AC' theo a.

b) Tinh thé tich khéi lang tru ABC.A'B'C' theo a.

c) Tinh khoang céch giita hai dwong thing AC' va BC theo a.

LOI GIAI
a). Tinh AC":

Trong AABC c6: BC = AC.cos60° = -;- ; AB = AC.sin60° =

AB LBC
Ta c6: = AB L (BCC'B').
AB L BB'

= BC' 1a hinh chiéu vudng géc ctia AC'
trén mp(BCC'B)). Vay goc gitta AC' va
mp (BCC'B') la géc AC'B=30°.

AB
sin 30°

Trong AABC' vudng tai B c6: AC'=

b). Trong AACC' vudng tai C co:
cc -—-\/AC'Z-AC2 = \/3a2 —a? =aV2.

V=CC'.SAABC=CC'%BA.BC f————é—-a .

¢) Tinh khoang cach giita hai dwong thang AC' va BC
Ké Ax // BC = BC // (Ax,AC').
Vay: d(BC,AC")=d(BC,(Ax, AC"))=d(C,(Ax,AC')).
- Dung CG L Ax(GeAx), c6 Ax LCC'.
Suy ra: Ax L (CGC') = (Ax, AC') L (CGC') .
Hai mit phang nay vudng géc véi nhau theo giao tuyén C'G .
Dung CH 1 C'G(HeC'G) thi: CH 1 (Ax,AC').
Vay: d(C,(Ax,AC'))=CH.

Dé dang chitng minh ABCG la hinh chit nhat = CG = AB = af
Trong ACGC' cé: L 5= ! + 1 5 _—.-_4i2..+_1_2_=£2_ :CH:a\/%.
CH®> CG* CC? 3a® 2a° ¢a 1
a\/_

Két luan: d(BC,AC")=
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Cho hinh chép S.ABCD c6 day ABCD la hinh thang vuéng tai A, B véi
AD =2AB = 2BC = 2a. Canh bén SA vuéng goc v6i day ABCD va goc gitia
mit phang (SCD) va day ABCD bang 60°. Goi M, N, P lan luot la trung
diém cta SA, SD va AD.

a). Tinh thé tich khoi da dién ADCBMN .

b). Tinh dién tich mit ciu ngoai tiép hinh chép S.ABCP .

c). Xac dinh tdm va ban kinh mit cdu ngoai tiép tit dién S.CDP .

LOIGIAI &
a). Tinh thé tich khéi da diéen ADCBMN .

Ta cé: CP la duong trung‘tuyé'n va CP= %AD

Nén AACD vudng tai C.
Tacé: CD LAC va CD LSA
= CD L (SAC) =CD 1SC.

Vay: goc gitta hai mat phang (SCD) va
(ABCD) la géc gitta SC va ACla géc SCA =60°. [/
Ta c6: ABCP la hinh vuéng c6 AC = av2.
Trong ASACc6: SA = AC.tan 60° =av/6 .

BC L AB
i: = BC L(SAB) =BC L BM.
BC LSA

Ta c6 BC va MN ciing song song va bang mdt ntra AD, nén ti gidc BCMN
12 hinh binh hanh va ¢6 BC L BM vay BCMN la hinh chit nhat.

Hai mjt phéng (SAB) va (BCMN) vudng goc v6i nhau theo giao tuyén BM.
Dyng AH 1 BM tai Hsuy ra AH L (BCMN) = d(A,(BCMN))=

' ’ 2
Trong ASAB c6: BM = VAB? + AM? = ,[a’ +-§7a1— = a\él—o ;

Va AHBM = ABAM < AH. a\£1_6 a‘/— = AH= a\él—S .
Vi M1a trung diéim cita SA nén d(S,(BCMN) = d(A, (BOMN)) =22

1 1
Vapcemn = Vs.aBcD ~ Vs.cBMN = _'SA'SABCD - —gd(S, (CBMN)) Scpan

BEYIN (AD+BC)AB_ ld(s,(c131v1N)).Bc.131\/1
2 3
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1 \/—_2_}_ a\/_ a«/l‘(s___'asx/_é-
5 2 3
3

b). Tinh dién tich mit cdu ngoai ti€p hinh chép S.ABCP .

Goi O 14 tAm ctia hinh vuéng ABCP, I 14 trung diém ctia SC.
Ta c6: 10 // SA nén 10 L (ABCD).

= I0 1a truc cia dudng tron ngoai tiép hinh vuéng ABCP

= [A=IB=IC=IPmaIS=IC.

Tl d6 suy ra I 1a tAm mét cdu ngoai tiép hinh chop S. ABCP va ban kinh
SC

R=—.
2

. Xac dinh tAm va ban kinh mjt cdu ngoai tiép t¢ dién S.CDP .

P 1 AD
Ta cé: {C =CP Ll mp(SAD).

CP LSA
Goi K trung diém cua PD. Dung d; qua K va song song‘bvc'yi SA, suy ra di 1a
duong trung tryc ctia doan PD.
Goi G la tam dudng tron ngoai tiép tam giac SPD thi Ged; .
Suy ra PG la ban kinh duong tron ngoai tiép tam giac SPD.
Pitago cho cac tam giac vudng SAP va SAD co: '
SP = \/SA2 +AP? = \/6a +a? =aV7;SD= \/SA2 +AD2 \/6a +4a =a\/10

a’J6

Dién tich tam gidc SPD: S ,gpp = -—.SA.PD = E.a\/E a=

2
. SP.PD.SD a7.aa10  ay/105
Ngoal ra: SASPD = _—ILT)G—- =PG= 2\/—. = 6 .

Qua G ké dudng thing d2 vudng goc véi mat phang (SPD) thi d2 // CP.
Trong mit phing (CPG), ké duong trung truc ds cia CP, ds cét d tai diém
K. K chinh la tAm mit cau ngoai tiép khdi chép S.CDP.

Tinh ban kinh mét cau.

Trong tam giac PGK vudng tai G cé:

a? 35 _19a’ aV114

=>R=KP=
4 12 . 6 6

P? =KG? +PG? =PF? +PG? =

Cho lang tru diing ABC.A'B'C', day ABC la tam giac déu canh a, BC'
tao véi matbén AA'B'B gdéc 30°.
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a). Tinh dién tich xung quanh cua hinh lang truy ABCA'B'C’ theo a.
b). Tinh thé tich khéi lang tru ABC.A'B'C'.
c). Tinh khoang céach giita hai dwong thing AC' va BC theo a.

LOI GIAI
a). Tinh dién tich xung quanh ctia hinh lang tru
Goi H 14 trung diém cua A'B'.
. {HC LA'B
Taco

He L aa = HC 1(ABB'AY).

Suy ra BH 12 hinh chiéu vudng géc ctia Car __c
BC' trén mp(ABB'A") . Géc gitta BC' va ;
(ABB'A) 1a géc HBC'=30°.
Trong ABHC' ¢6: ’ B«‘)J
a3 V3 _3a e

BH=HC':t 300-—-- X2 R e
3 2 ,:’:.' ’ T

Vay BB'=BH2 —HB? a2 . N — €

Dién tich xung quanh cua hinh léng tru ABC.A'B'C": K
S,q =3Sapp o' =3.ABBB'=32aV2 =32%2 B
b). Tinh thé tich khéi lang tru ABC.A'B'C'. :
2 3
The tich khéi tru ABC.A'B'C': V =BB'S,spc =av2.2 f =2 f .

¢). Tinh khoang céch giita hai dudng thing AC' va BC.
Dung Ax // BC=>BC // (Ax,AC').

Vay: d(BC,AC") =d(BC,(Ax,AC"))=d(C,(Ax,AC)).
Dung CI L Ax(Ie Ax), c6

Ax LCI; Ax LCC'= Ax L (CIC')= (Ax,AC") L(CIC').
Dung CJ LC'I= CJ L (Ax,AC"). Vay d(C,(Ax,AC"))=C]J.

a3

Goi K trung di€ém caa BC. Ta cé: AKCI 13 hinh chit nhat => Cl= AK = -

1 1 1 4 1 11 /66
=—— s——t—=— =(]= .
CJ? C? CC? 3a%? 2a% 6a’ oon

ey

Trong ACIC' cé:

Két luan: d(BC,AC')=
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Cho lang tru ding t& gidc d8u ABCD.A'B'C'D" c¢6 chiéu cao béng a, goc
gitta hai duwong chéo cta hai mit bén ké nhau xuat phat tir cing mot dinh
la 60°.

a) Tinh dién tich xung quanh ctia hinh ling tru ABCD.A'B'C'D’ theo a.

b) Tinh thé tich khéi lang tru ABCD.A'B'C'D’ theo a.

¢) Tinh khoang cach gifta hai dwong thing A'C va BD theo a.

LOT GIAI
a). Theo débaitacs BA'D=60°. e D
- ViBA'=DA' = ABDA' déu. {10
D3t AB=x 6 BD =x+/2 . - B
Trong AABA' cé: BA? = AB? + AA™ P ]
= 2X2 = X2 + a2 = X=a. /,'/ //;‘;1::‘:"":}é\i—i-:::::;‘:\ D
Dién tich xung quanh lang tru ABCD.AB'CD: |/ .~ 2
2 e 3y
Sxq =45app'a =42 B c

b) Thé tich khéi lang tru ABCD.A'B'C'D': V=AA'S,pzp =aa’ =a’.
BD L AC
BD L AA'

Trong mp(ACA') dung OI LCA' = OI LBD.
Suy ra OI la doan vudng goc chung ctia BD va CA'".
Vay: d(BD,CA")=OI. |

= BD L(ACA).

aJE

Ta cé: ACIO ~ ACAA'(g.g)= AOL gg, Ol = \/_ af
a

Cho hinh chép tit gidc d8u S.ABCD c6 canh day bang a. Goi G 1a trong

a6
12 °

tam cia tam giac SAC va khoang cachtit G déh métbén (SCD) bang

a) Tinh khoang céach tir tam O ctuia day ABC!s dén mat bén (SCD).

b) Tinh thé tich khéi chép S.ABCD .

¢) Xac dinh tdm va ban kinh mét cau ngoai ti€p hinh chép S.ABCD.

d) Xéc dinh va tinh géc giita duong thing SA va mit phing (SCD).
LOI GIAI
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a) Tinh khoang cach tit tim O cua day s
ABCD dén mit bén (SCD).
Goi E, F 1an luot 1a trung di€ém caa AB va CD. .
C6 CD L OE va CD LSO =>CD L(SOE).
Vi CDc(SCD)= (SOE) L(SCD), hai
mit phéng nay vudng géc véi nhau
theo giao tuyén SE.

Dung OK L SE=>OK 1 (SCD).

vay: d(0,(SCD)) = OK. P

i
'
A 1]
BT
N
Y
kS

R SN
~ i

i

1

i

1

1

Hai di&m O va G ndm trén dudng thing cé giao diém véi mp(SCD) tai S nén

d(0,(scp
. J(O5D) o5 3 3 _, 4(0,(scD)) - 2d(G,(scD)) =2 ale_ale
d(G,(scp)) GS 2 2 2°12 8
b) Tinh thé tich khéi chép S.ABCD .
.1 1 1 32 4 _20 _avi5
Trong ASOE co: o O OF 3 2 322 = 0S 0
B 1 a\/—g 2= \/—
V—'SOSABCD 3710 T a0

c) Xac dinh tam va ban kinh mat cAu ngoai tiép hinh chép S.ABCD.
Vi S.ABCD la hinh chép it gidc déu nén SO la truc duong tron ngoal hep
hinh vuéng ABCD. Trong mp(SAC) ké duong trung truc doan thing SA cét
SO tai di&m I, thi I chinh 1a tim mét cAu ngoai tiép hinh chép S. ABCD.

2 2

Cé: SAZ =SO? + AO? = ai5 )| af2) _13a% o aV/65

' 10 2 20 10

) 132 J—
Ta cé: ASHI ~ ASOA = oL =55 g1 SA __20 _13avl
sO aJ‘ 60
10

K&t luan ban kinh mit cdu R = 132{1_5 .

d) Xac dinh va tinh gbc gitta duong thing SA vamit phéng (SCD).
Trong mp (SEF): dung FM L SE(M e SE) thi FM // OK=FM L (SCD).
Qua M dung dudng thang d' song song véi CD. |
Trong mp(AB,d) dung AN // FM(Ned') thi AN L (SCD).
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Vay ¢6 SN la hinh chiéu vudng géc cia SA trén mp (SCD) suy ra goc gilta
SA va (SCD)la ASN.

Ta c6: AN = FM =20K = 21*/::5_{

Trong ASAN vudng tai N co:

Na\/_x/379—/\ e

sin ASN = ASN = arcsin
aVes

10

Cho ling tru ABC.A'B'C' c6 day 1 tam gidc ABC vudng tai A, canh AB =23,
goc ABC =60°, AA" = a2 . GoiI1a trung diém ctia BC, hinh chiéu vudng
goc cua A’ trén mat phéng ABC triing véi trung diém H caa AL

a). Tinh thé tich khéi chép A.BCC'B'. .

b). Xéc dinh tam va tinh dién tich ctia mgt cau ngoai tiép tix dién A'ABC.

c). Tinh khoang cach gitta A'B va CC..

LOI GIAI ar o

a). Tinh thé tich khéi chép ABCCB'. \ ’
Trong tam giac ABC vudng tai A c6:
AC= AB.tan60° =2av3;

BC=+vAB2+AC? = 4a.

IA=IB=IC=2a, HA=HI=a.

Trong AAHA' vudng cé:
A'=JAAZ_AH? =\22% —2% =a.

GQl V 1a thé tich khoi chép ABC.AB'C": Hinh 1

V= A'HS, spc = A‘H.%.AB.AC - %.a.Za.Za\/g 2434310

3
Vasces =V-Vaapc =V-Vaapc=V- ;V—g -£22°\3= 4a\/—'
b) Xac dinh tdm va tinh dién tich cia mat cau ngoai tiép i dlen A'ABC.
Vi tam giac ABC vudng tai A va c6 I trung diém ctia canh huyén BC.
Suy ra: I1a tim dudng tron ngoai tiép tam giac ABC.
Qua I ké duong théng d vudng goc v6i mat phéng ABCthid// AHvadla
truc ciia dwdng tron ngoai tiép tam giac ABC. '
Suy ra: AA', A'H va duong thang d cting thudc mot mét phéng, ki hiéu mt
phéng d6 1a (P).
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Trong mit phéng (P) dung duwong
trung trwc d' cia doan AA' cit duong
théng d tai diém O. O chinh 13 tAm mjt
cau ngoai tiép khdi chép A ABC.

M3t phéng (P) biéu dién ¢ hinh 2.

Vi tam giac AHA' vudng cén tai H nén
d' di qua Hva cé AHIO = AHAA'.

Ban kinh mét cau:

R=AO=vVA? +10% =\4a2 +a2 =a\5 .

2
Dién tich mit cAu: S =47R? = 4n(a\[§) =20ma’ .
c). Tinh khoang cach giita A'B va CC'. .

Dyng HF L AB(F € AB). A c
~ H
Ta c6; {AB L ABL(aEF) T
ABLHA' .
2a I
= (ABB'A’) L (A'HF). P
0 Hinh 3
Dung HK L A'F=HK L(ABB'A") 8¢
= d(H,(ABB'A')) = HK . g
Trong tam giac vudng AHF cé: HF = AH.sin60% = a.izg— = E‘zﬁ .
Trong AA'HF o6 —— =, 1 _ 4 1 7 k=22

- + — e
HK? HF? HA? 3a% a? 3a2
bay ABC dwgc vé lai nhw hinh 3.
Goi D=CHN AB, dung IP // CD(Pe AB).

HD la dudng trung binh ctia tam giac AIP c6 HD = %IP (1).

PI 1a duong trung binh ctia tam gidc BCD c6 IP = %CD (2)

Tt (1) va (2) suy ra CD=4HD. |

Vi CC'// AA" = CC'// mp(ABB'A’)
=d(CC',A'B)=d(CC',(ABB'A"))=d(C,(ABB'A")) .

Hai diém C va H ndm trén duong thdng c6 giao difm véi mit phing

(ABB'A’) tai diém P.
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" Theo céng thic tinh ti 1 khoang cach, ta cé:
d(C,(ABB'A")) D
d(H,(ABB'A")) HD

4a\/—2_1

-4 = d‘(C,(ABB'A')) =4d(H,(ABB'AY)) = -

Cho hinh chép S.ABC c¢6 (SAB) vudéng gbc véi mat phing (ABC) , tam giac
ABC va SAB déu canh a. Goi H 1a trung diém cua AB, M thudc canh AB sao
cho AM = 2MB.Tinh thé tich khéi chép S.ABC va khoang cach giita hai
dudng thang SM va BC.

| LOI GIAI
+Tinh thé tich khéi chop S.ABC:
Vi tam giac SAB déu nén SH 1 AB.
Hai mit phang (SAB) va (ABC) vuéng
g6c véi nhau theo giao tuyén AB, suy
ra SH L (ABC).
Thé tich khoi chép S.ABC:
1 ay/3 a%\3 B a®
372 4 8
* Khoang cach giita hai duong thang SM va BC:
Trong mit phing (ABC) qua M ké dudng théng d // BC.
Ta c6: BC // mp(SM, d) |

Vay: d(BC,SM) = d(BC,mp(SM,d)) = d(B,mp(SM,d)).

Mudhn tinh khoang cach tir B dén mp(SM,d), ta phai tinh khoang cach tir H
(la hinh chiéu cia dink) d&n mp(SM,d) trude, sau d6 sir dung cdng thie tinh
ti 1¢ khoang cach.

1
Vs.aBc ZE'SH‘SAABC =

d L HG

4lon =4t (SHG) = (SM,d) // (SHG).

Dung HG 1 d . Ta co: {

Hai m3t phang nay vudng gdc v6i nhau theo giao tuyén SG.
Dung HK 1SG = HK L (SM,d) 4 ¢

= d(H, mp(SM,d)) =HK.

M3t phing day (ABC) duoc vé lai nhu (hinh 2).
Goi E=HGNBC, AF L BC(FeBC)

Ta co: AB=3BM, AB=2BH:BM=§BH:$BM=2HM. B
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HE la duwong trung binh cia ABAF = HE = —~AF = —=—

2 2 4
Trong AHBE ¢6 MG // BE:
HG_HM _1 _ o lue opoolafd_ a3
HE HB 3 3 h 3 4 12
Trong ASHG c6: 12= 12+ 12=é§+ 4 148 = HK= ‘111.
HK* HG® HS 32 3a’ 74

a
d(B,mp(SM,d
Khoang céch tir B déh mp(SM,d) : d(( mp((SM d)))) II—SIII\\//II
mp

av111

= d(B, mp(SM,d)) =2d (H,mp(SM,d)) Y

Két lugn: d(BC,5M) =241

Cho hinh chép S.ABC, d¢ay ABC la tam gidc déu canh 2a, SA vudng géc
véi day, goc giita SB va day ABC bang 60°. I 13 trung diém ctia BC, H 1a
hinh chiéu vudng goc cuia A trén SI.

a) Chitng minh tam giac ABH vuéng . Tinh thé tich S.ABC

b) Tinh khoang cach tir tAm duong tron ngoai tiép tam gidc ABC dén mat

phéng ABH.
LOI GIAI
a). Chitng minh tam giac ABH vudng. Tinh thé tich S.ABC.
. [BCLAI o
Ta c6: {BC [ gp =BCL(sAD) =(sBC)L (SAI)(BC<(SBC)): hai mit
phéng nay vudng géc v6inhau theo giao tuyén SI, cé:
AH 1 SI=> AH 1 (SBC) %
= AH 1 BH(BH < (SBC)).

Két luén: tam giac ABH vudng tai H .
AB la hinh chiéu vuéng goc ctia SB trén
mit phing (ABC), nén géc giita SB va
(ABC) la géc: SBA = 60°

= SA = AB.tan60° = 2a+/3.

Thé tich khéi t¢ dién S.ABC:

V= %.SA.SA B = -;..Za\/é.az J3=22°.
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b). Tinh khoang cach ti tdm dwong tron ngoai tiép AABC dén mp ABH.
Ta cé: AH 1 (SBC) = (ABH) L (SBC).
Tir I thude BC ké 1K L HB(K e HB), ma HB 12 giao tuy&n ciia hai mét phang
vudng géc (ABH) va (SBC),' nén suy ra IK 1 (ABH). Khoang cach tir I dénh
mit phing (ABH) 1a IK .
Trong ASAI vuéng tai A c6: SI=SAZ? + AI> =v12a% + 3a2 =a\/15;

N5
5

Trong ABIH vudng tai I cé: 12 12+.}7=i2+i2.=_§?:>11<=92/..61_

IK* IB* IH® a° 3a° 3a 4

Vi hai diém I va G ndm trén duwong thing c6 giao diém véi mit phing
(ABH) 14 A.

d{G,(ABH
Theo cong thitc tinh ti 1é khoang cach co: ( ( )) _GA_

d(L(ABH)) IA

2 2 a\/_ ax/—
:d(G,(ABH)):—S— (1 (ABH))_5 e
Cho hinh chép déu S.ABCD c6 AB = 2a, O la giao diém cta hai duong
chéo, géc gitta canh bén va mit day bing 60°, H 1a hinh chiéu vudng géc
caa O trén SC, K la hinh chiéu vudng géc ciia O trén SB.
a) Tinh thé tich S.OBC, SAHK.
b) Chiting minh mit phéng (ACK) vudng géc véi (SBC).
¢) Tinh khoang cach tir tryc tam tam gidc SBC dén mét phang (SCD).

WIiN

LOI GIAI
a) Tinh thé tich S.OBC, SAHK.
OD 12 hinh chiéu ctia SD trén mit phéng (ABCD).

Nén (D, (ABCD)) =(SD,0D)=SDO = 60°.

Vay: c6 tam giac SBD déu.

Tuong tw: ASAC ciing la tam giac déu.
Goi E trung diém cua SB thi DE L SB.
Ma OKL1SB = OK la duong trung
binh ctia tam giac BDE.

Suy ra K trung diém ctia BE .
Vi S.ABCD la hinh chép déu nén OK=OH, suy raBK=CH.
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Tacé: BD = AC = ABA/2 =2a/2 .

BDz'\/?: a\/g .

SO, DE la duong cao cuia tam gidc déu SBD ¢6: SO = DE =
Goi V la thé tich khéi tit dién S.ABCD ¢6:
1 3

B 1 4a3\/_ \/—

VISAOBC"_SABCD:’VSOBC 4V—4 3 3

St dung cong thirc tinh ti 18 thé tich thi ta tinh duoc thé tich khoi t¢ dién
S.AHK '

VSAKH SASKSH 33 9

Vsapc SA'SB'SC 44 16

9 9 4a°V6  3a°V6

9 1
= Vs.akn =77 Vs.anc = 62 "% 3 - 3

a3x/g 3a3\/g

Kétluan: Vsope ==~/ Vsaxu = 5

b) Chitng minh mit phéng (ACK)"vuf)ng gbc voi (SBC).
Vi S.ABCD la hinh ch6p déu nén tam giac KAC can tai K .
2

2
2
Ta cé AK2=CK2=A02+0K2=(aJ§) +{¥] :Z;_

2 2
Ta c6 AK? +BK? = Z_;._ + [i-.za\/ij =4a® = AB? = AABK vuéng tai K .

Tuong tw tam giac BCK vudng tai K .
Ta 6. {s LAK
SB 1L CK
¢) Tinh khoang cach tir truc tim tam gic SBC déh mét phéng (SCD).
Goi N tryc tim cla tam giac SBC, F 1a giao diém ctia SN va BC, suy ra F Ia
trung di€ém cta BC. '
Mubn tinh khodng cdch tie N dén mp(SCD), ta phdi tinh khodng cich tir O déh
mp(SCD) trueéc, sau do sit dung cong thitc tinh ti I¢ khodng cich thi ta tinh duwoc
khodng cich tir N.
T dién O.CDS la ti¢ dién vudng vi c6 OC,0D, OS d6i mét vudng géc nhau
1 =1+l+1=1+1+1=__7_
d*(0,(SCD)) OC? OD? 08?2 2a® 2a° 6a’ 6a’

=SB L (ACK) = (SBC) L (ACK)(SB = (SBC)).

nén cé:
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=d(0,(SCD)

a\/zli , s
)=7'

Vi OF // CD = OF // (SCD)

o2

= d(F,(SCD))=d(0,(SCD)) =~
Vé lai mat bén SBC nhw hinh 2 . N
Ta c6 SF=+/SB? - BF? =+/8a2 —a2 a7 s

Va c6: ASKN ~ ASFB = SN _ 5K Hinh 2
SB  SF |

3 3

2sB 2 2a\2

SKep-4 gp_4 2a2 = 67 .
SF SF a7 7

Hai diém F va N nam trén duong thing c6 giao diém véi mit phing (SCD)
la diém S nén co:
d(N,(scp)) NS 6
d(F,(scp)) Fs 7

Cho hinh lang tru ABC.AB'C' ¢6 day ABC la tam gidc vudng cén tai A ,
goc giita hai mit phang (ABC) va (ABC) bing 30°. Goi M va N 1an luot 12
trung diém cua cac canh BB' va BC. Biét A'N = a, hay tinh theo a:
a). Theé tich cac khéi chép ABC.A'B'C', A.MBC..
b). Khoang cach giita hai dwong thang B'C' va A'N .
c). Thé tich hinh c4u (S) ngoai tiép khéi chép ABCC'B'.
LOI GIAI ar B
a) Thé tich cac khdi chép ABC.A'B'C'. e
Vi tam giac ABC vudng can tai Anén AN LBC. ||\ ™, "™
) {BCLAN ' R - M
Ta co:

= SN =

aV42 _6aVa2

= d(N,(SCD))= -g--d (F.(sCD)) = ?- 7 49

=BCL(A'AN)=>BCLA'N.
BC L AA' | S 1

Vay géc giita hai mit phing (A'BC) va ST
mit phang (ABC) la géc giita AN va Ten 300
A'N 1a géc ANA'=30°, N
Trong AANA'vuong tai A co: c

a3

AA‘:A'N.sihSOOr-% , AN=A'N.cos300=T.

Trong AABC vudng can tai A c6:
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b)

BC a«/g
-

NA = NB = Nc_—*/_— BC=2NB=a\3, AB= AC—\/E—

Theé tich cac khoi chép ABC.A'B'C":

1 al a\/g 3a°
\Y% e =AA'S =AA' - ABAC=— — | — | =—,
_ ABC.A'B'C AABC 2 29 [ 2 ] )
Vi M trung diém ctia BB' nén:
: 1., 1a aZ\3
SABMC' =?2‘SABBVC' = Z'SBCC'B' = Z.BB .BC —‘4‘ E a\/_3‘ = 8 .
Tacé: AN L BC,AN L BB'= AN L (BCC'B').
2 3
Thé tich khéi tit dién ABMC": V, gy = %.AN.S ABMC" = %3‘-2/—3‘* o= -‘;‘—6- :

Khoang céch gitta hai dwong thing B'C' va A'N.
Ta c6: B'C' // BC nén B'C' // mp(BCA') chtta A'N.

© Vay: d(B'C,A'N)=d(B'C',(A'BC))=d(C",(A'BC)).

Goi E=AC'nCA'. Hai dim A va C' ndm trén duong thing c6 giao diém
véi mit phiang (ABC) tai diém E, va E 1a trung diém cia AC' nén
d(C'(A'BC))=d(A,(A"BC)).

Hinh chép A.BCA'la tit dién vudng vi cé AB, AC, AA' d6i mét vudng gdc nén:

1 -t ., 1. 2,2,4_ 1
d’(A,(A'BC)) AB? AC* AA? 3’ 3% a* 3
=d(A,(A'BC)) = a‘/—

[

Két luén: d(B'C",A'N)=

Tinh thé tich hinh cdu (S) ngoai tiép khdi chép ABCCB'.

Goi N'la trung diém caa B'C' thi NN' 1 (A'B'C').

Vi tam giac A'B'C' vudng tai A' suy ra N' 1a tAm dudng tron ngoai ti€p tam
giac AB'C' va NN' la truc dudng tron ngoai tiép tam giac AB'C'.

Ngoai ra NN' la dwong trung binh ctia hinh chit nhat BCC'B".

Goi O la giao diém cua NN' va BC' thi O chinh la tAm mat ciu (S) ngoai tiép
khéi chép A'BCC'B', ban kinh R=0B=0C'= B2C
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BC2 +BB"? =

13na’ \/_13

6

3
The tich khéi cdu (S): V = %nRa - %n[a 213j -

Cho hinh chép S.ABCD ¢6 day ABCD la hinh vuéng tdm O, SA vudng
gbc véi day ABCD. SO hop véi day ABCD mét goc 60°, biét SO = 2a.

a) Xac dinh tam I ctia m3t cau (S) ngoai ti€p khdi chép S.OAD, tinh thé tich
hinh ciu (S).

b) Goi E trung diém ctia canh AD va G la trong tdm cta tam giac BCD. Tinh
khoang cach tir G d&n mit phang (SOE) theo a.

LOI GIAI s
a) AO la hinh chiéu vudng goéc cua SO

trén mit phidng (ABCD) nén goc

gifta SO va (ABCD) 1a SOA =60° .

Trong ASAO vudng tai A cé:
AO=50.cos60° =a ;SA = SO.sin60° =a/3
Tam I cia mit cau (S) ngoai tiép tir
dién S.OAD la trung diém cta SD.
That vay: AAOD vudng tai O, nén E /
12 tAm dudng tron ngoai tiép AAOD.  © c
Vi EI 14 dudng trung binh cta tam giac SAD nén EI // SA.

Ma SA L (AOD)= IE L (AOD).

Vay: IE 1a truc ctia dudng tron ngoai tiép tam gidc AOD nén co:
IA=10=ID (1)

Vil trung diém ctia SD ¢6 IS =ID ()
Ttir (1) va (2) suy ra: I 1a tAm clia mit cdu ngoai tiép tix dién S.OAD;
Ban kinh R = SD

Vi ABCD la hinh vuéng c6 AC=2A0=2a = AB= \/._ =a\2.

Cé: SD =y AD? +SA2 =a5 :R:%D-zi‘/—g.

2
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3
Thé tich hinh cdu (S): V = f;ian’ = f’in[a‘z/g]

_ 5na® \/g

6

3

b) Tinh khoang cach tit G déh m3t phéng (SOE) theo a.
Mudh tinh khoang céch tir G dén mit phang (SOE) ta phai tinh khoang cach
tir A (Ia hinh chiéu ctia dinkh S) d&&n mit phang (SOE) trudc, sau d6 sit dung
cong thirc tinh ti 1& khoang cach thi ta tinh dwoc khoang cach tir G, cach lam
nhu sau : '
Ta c6: OE L (SAD) = (SOE)L(SAD) theo giao tuyén SE.

Dung AH 1 SE(HeSE)= AH L (SOE)=>d(A,(SOE))= AH.

LR +3-,=l:AH:a*£i.

= + =—
AH?Z AS? AEZ 3a%2 a%? 3a°

Ta co:

Vi G la trong tam cua tam giac BCD c6 OG = %OC =0G= %OA .

Hai diém A va G ndm trén duong thang cé giao dim véi mit phéng (SOE)
d(G/(SOE)) o _1
d(A,(SOE)) AO 3

tai O nén co:

1

= d(G/(SOE)) - 2d(A,(sOB)) =23

21

Cho hinh chép S.ABCD cé ddy ABCD la hinh thang vudng tai A va D, biét
AD=DC=a, AB=2AD, mit bén SBC la tam giac déu va nam trong mat
phéng vuéng géc véi day ABCD. Tinh thé tich khdi chép S.ABCD va
khoang cach giita SA va BC.

LOI GIAI
Tinh thé tich khéi chép S.ABCD:
Goi H la trung diém cua BC.
Hai mit phing (SBC) va (ABCD)
~vudng goc voi nhau theo giao tuyén
BC, c6: SH L BC = SH L (ABCD). S SN

Thé tich khéi chép S.ABCD:

1 1.1
Vs.apcp = 3 SHSascp = —?:SH.E(AB +CD).AD

ave 2’V
d .

4

—::. (2a+a).a=

414




Khoang cdch gitta SA va BC:

Trong mit phang day ABCD dung Ax // BC.

Suy ra BC // mp(SA,Ax) nén:

d(BC,5A)=d(BC,mp(SA, Ax))=d(H,mp(SA, Ax)) . o

T H dung HG L Ax.

Tacd Ax LHG, Ax LSH= Ax L(SHG) = 4 B

= mp (SA, Ax) L mp (SHG).
Theo giao tuyén SG, dung HI L SG(I&SG)

= HI L mp(SA, Ax) = d(H, mp(SA, Ax))=HI .~ ¢

Ta c6: ACHG la hinh chit nhat nén HG = AC =a/2 .
Trong ASHG cé: 12= 12+ 12=——1—2-+—32-=_7_2_:>HI=
HI HG® HS 2a 3a 6a

av42
-

Két luén: d(BC,SA) =

Cho hinh chép S.ACD c6 ddy ACD la tam gi4c déu canh a, tam gidc SAD
cAntai A va SD=av2. Goi B la diém d6i xitng v6i D qua trung diém O ctia
AC, M la trung diém ctia canh AB, biét SM vudng géc véi AB. Tinh thé tich
khéi chép S.AMCD va khoang céch giita hai dwong thing CM va SA.

LOI GIAI
* Tinh thé tich khéi chép S.AMCD.
Ta c6 tam giac ABC déu nén CM 1L AB.,
. |ABLSM
’ {AB LCM

= AB L (SMC) = (ABCD) L (SMC).

Hai mit phang nay vudng géc véi
nhau theo giao tuyén MC, trong mit N i b =
phéng (SMC) dung SH.LCM (HeCM) \

= SH L (ABCD).

Vi CM la duong trung tryc clia doan £ . B
ABnén HA=HB =SA=SB=a. b N c

a3
=)

Suy ra tam gidc SAB déu canh a = ASMC can tai M vi c6 SM = CM =

Vi CD//AB = CD 1 (SMC)=CD LSC.
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Vay tam gidc SCD vudng tai C, c6: SC= \[SD2 -CD? = \/ 2a’ -a% =a.
Trong ASMC dung MJ L SC(J €SC) thi ] 1a trung diém ctia SC;

3a2 ‘ a2 ax/i
M]J = yMC? —JC? =,f - = . - ,
J J 1 5
——‘/—=—-—a‘2/§.a:>5H=-—af.

SH.CM =M].SC <

3 31 3 3a%\3
S ==5 =—.—ACBD=-aaV3= :
ADCM = 7 2ABCD =75 i aaV3 )

Thé tich khoi chép S.ADCM:

1 ax/— 3a2«/— a3\/§.

V, = SHS .
S.ADCM ~ ADCM =373 ) 8

*+ Khoang cach gita hai dudong thing CM va SA:

Trong mit phing day (ABCD) dung AN // CM thi:

CM // (SAN) = d(CM,SA) = d(CM, (SAN)) =d(H, (SAN)) (HeCM).
Tt H dyng HK L AN(K € AN).

Tac: AN LKHAAN LSH = AN 1 (SHK).

= (SAN) L (SHK) . Hai mjt phing nay vuéng géc véi nhau theo giao tuyén SK.
Trong mat phing (SHK) dung: HI 1 SK(IeSK)= HI L (SAN).

Vay: d(H,(SAN)) =

Ta c6: HK=AM=-;~.

Trong tam giac vuéng SHK co: '
11 1 4.3 11 _ .. a2

——1 —HI=

HI? HK? HS? a? 2a% 2a° 11

av22

Ketlugn: d(CM,SA)=—=—

Cho hinh chép S.ABCD c6 day ABCD la hinh chit nhat tam O, biét
AB=a,AD =2a, M la diém trén canh AB sao cho MA =2MB, tam giac SMO
can tai S va n3m trong mit phang vudng goc véi mit day ABCD. Biét mat
bén (SBC) hop véi mit phéng day (ABCD) mét goc 60°. Tinh thé tich khoi
chép S.AMOD va khoang cach gifta hai duong thing SM va CD theo a.

LOI GIAI
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* Tinh thé tich khéi chép S.AMOD: s
Vi hai mjt phing (SOM) va (ABCD)
vudng géc véi nhau theo giao tuyéh OM.

Trong mit phang (SOM) dung:

SH L OM(H e OM) => SH L (ABCD).
Vi tam gidc SOM cén tai S nén H la
trung di€ém ctia OM .

Dung HF L BC(F e BC).

Theo dinh ly ba duong vuéng
goc thi: BC LSF. o N

Suy ra: goc gitta hai mat phéng (SBC) va (ABCD) la goc SFH =60°.

Goi E trung diém cta BC thi HF la duong trung binh cda hinh thang OEBM,

a a
— = A J I M B
néncéHF:OE+BM=2 3=§3._ oy
2 2 12 = +
F
L]
Trong SHF c¢6 SH =SF.tan 60" = %—2@ . +
5 iy S ron =S S o i
Ta c6: S amop =SaaMo +Saa0D =OaAMO T 2aBOC
2
_lojaM+LtopBc=22
2 2 6
\V/ _1 SH.S _1 _Sa“_\/é _53%. = _25_a3_\/—_2’» D N c

* Khoang cach gifta hai duong thing SM va CD

Vi CD // AB nén d(CD,5M)=d(CD,(SAB))=d(N,(SAB)), véi N la giao
diém cua OM va CD.

Mubhn tinh khodng cich tie N dén mat phiing (SAB) ta phdi tinh khodng cich ti
diem H (1 hinh chiéy vudng g6c cia S trén mit ddy) trwdc, sau do st dung cong
thibc tinh t 16 khodng cich thi ta tinh dwoc khodng cdch tir N dén mit phing (SAB).
Dung HI L AB(I€ AB).

Ta c6: ABLHIA AB LSH=> AB L (SHI) = (SAB) L (SHI): hai m4t phang

nay vudng géc véi nhau theo giao tuyén SL.
Trong mit phang (SHI), dung: HK L SI (K € SI) thi:

HK L (SAB)=> d(H,(SAB)) = HK.
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Dung OJ L AB (I € AB). Ta ¢6 IH la dudng trung binh cua tam giac OM]J
~HI=-1lo7=2

2 2
Trong ASHI c6: ! 12 + 12 =—47+ 482 = 1482 =HK= 5a\/3—7.

| HK? HI* HS* a® 25a° 25a 74

Hai diém N va H ndm trén dwong thing c6 giao diém véi mit phdng (SAB)
tai M nén co: :
d(N,(SAB)) NM
d(H,(SAB)) HM

10a+/37

37

=4 =d(N,(SAB))=4d(H,(SAB))=

10a\/§_7_
37

Két luan: d(CD,SM) =

Cho hinh chép S.ABCD c6é day ABCD la hinh vuéng . Tam giac SAB déu
canh a va niim trong mit phing vudng géc véi (ABCD) .

a) Tinh thé tich va dién tich xung quanh cta hinh chép .

b) Tinh dién tich mét cdu ngoai tiép hinh chép .

) Mit phéng (a) qua CD va trong tdm G ctia tam giac SAB cét hinh chép

thanh hai phan. Tinh thé tich phan khéi da dién khéng chiza diém S.
LOIGIAT s

a) Tinh thé tich:
Goi H la trung diém cua AB.
Vi SAB tam giac déu nén SH L AB.
Hai m4t phéng (SAB) va (ABCD)
vudng goéc véi nhau theo giao
tuyéh AB nén SH 1 (ABCD).

The tich khoi chép S.ABCD:
3
Vz‘—'SHSABCD 1 a\/—3—. 2 a \/_3“
3 372 6

* Dién tich xung quanh ctia hinh chép:
Dé€ dang chitng minh BC va AD cung vudng goc v6i mp(SAB).

a2
C6 Sysap = \[_
4
Tam giac SBC va SAD vuéng can va bang nhau, ¢ S,gpc = ,—2-BC2 = %az .

Goi E trung diém caa CD c¢é: CD LHE va CD LSH = CD L SE (dmh ly
ba dwdng vudng géc)
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b)

2
SE =VSH? + HE? = ,’ va2 227 SASCD=—-SE.CD=a 7

4
Dién tich xung quanh khéi chop:

f \/’J

Tinh dién tich mét cAu ngoai tiép hinh chép.

Goi O=ACANBD, thi O la tAim dudng tron ngoai tiép hinh vuéng ABCD.
Tt O dung dudng thing d vudng géc véi mp(ABCD) thi d la truc dudng
tron ngoai tiép ABCD.

Goi G 1 tAm ctia mit bén (SAB). Tit G dung duong thing d' vudng goc véi
mp(SAB), d' cit d tai diém I thi I chinh la tim mt cAu ngoai tiép t& dién
S.ABCD.

Cé: OH L (SAB) = d'||OH va d // SH nén tit giac HOIG la hinh chit nhat.

2 2
Ban kinh: R =S5I= SG2+GIZ=\/;%=a\/6£.

Dién tich mét cu ngoai tiép hinh chop S = 47R” = 411{

3

2
a\/Z_i J _ 7na?
c = .

¢) Tinh thé tich phan khdi da dién khéng chita diém S.

Ge(SAB)n(a)
Cé: {AB // CD = (SAB) n (o) =Gx(Gx // AB // CD).
ABc(SAB),CD c(a)

Gx cit SA, SB lé‘n lwot tai ] va K. Suy ra mp (a) cit hinh chép thiét dién la
hinh thang can CDJK.

S _SK_SG_2

SA SB SH 3

Vsjep S] SC sD _2 v V V

VS ACD SA SC SD 3 SJCD = 3 S.ACD = 3 S.ABCD"

Vse _ S SK SC_2 2

2 4
L L L Voo ==Vs acp == Vs,

Trong mp(SAB) c6:

5
Vs.cox = Vsjep *+ Vsjke = ng.ABCD +‘§VS.ABCD 5 Vs.ABCD
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533\/— 5a3\/_

9 6 54

4 aS\/— 2::13\/~

\ =V, -V, V =—. =
ABCDJK = VS.ABCD ~ YSCDJK = YS.ABCD " g~ g~~~ o7

Cho hinh t% dién S.ABC c6é SA vudng géc v6i ABC, ¢ (SBC) vudng goc

v6i (SAB), biét SB = a2 , géc BSC = 45, géc BSA = 30.

a) Tinh thé tich khoi tiz dién S.ABC.

b) Goi B', C' 1an luwot 1a hinh chiéu ctia A trén SB, SC. Tinh thé tich khéi t&
dién SAB'C'. |

¢) Pinh tim va ban kinh mit ciu ngoai tiép tx dién S.ABC.

d) GoiI la giao di€ém ctia B'C' va BC. Tinh thé tich t& dién B'AIC.

LOI GIAI
Vi SA L (ABC) = (SAB) L(ABC).
Ma theo d&(SBC) L (SAB) va (SBC)(ABC)=BC.
Tir 6 suy ra: BC L (SAB)= BC L AB, BC LSB.
Vay: AABC vudng tai B va ASBC vudng tai B .
Tt &€ = ASBC vudng can tai B co:
SB=BC=av2 ,SC=SB2=2a .
Trong ASAB vudng tai A co:

SA =SB.cos30° = a\/a.—\é—?— = 3\2/—-6_;
AB =5B.sin 30° = # .

Trong AABC cé:

AC =+ AB? + BC? =i\£-1—9.

2) Tinh the tich khéi t dién S.ABC:  *

a\/g a\/i a\/EzyaB\/g
. TR

1 1 1 1
V. =—=5AS =—SA.—.ABBC=-—. .
S.ABC 3 AABC 3 2 6 2 )
b) Tinh thé tich khéi tit dién SAB'C'.

B’ 3a\/—

Trong hai ASAB, ASAC c6: SB'SB=SA® =

Va SC'SC=SA2? =8C' =22
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3a\/§ 3a

Vs.apic' _SA SB' SC' 4 4_9

9 9 a3\/_ 3a3f

=V =V,
S.AB'C' =35 VS.ABC T 35° 12 128

Ta co:

c¢) Dinh tdm va ban kinh mét cdu ngoai tiép tit dién S.ABC.
Goi H va G 1an lugt 1a trung diém cua AC va SC.
Ta c6 HG la dwong trung binh cua tam giac SAC nén GH // SA.
Ma SA L (ABC) = HG 1(ABC).
Vi H 1a tam dudng tron ngoai tiép tam gidc ABC
Suy ra HG la truc ciia duwdng tron ngoai tiép tam giac ABC.
C6 GA=GB=GC, lai c6 GS5=GC.
Tt d6 suy ra G la tim mit cdu ngoai tiép hinh chép S.ABC 'va ban kinh
R=—=a.
2
d) Tinh thé tich t dién B'AIC.
Cé AB' LSBva AB' LBC= AB' 1 (SBC)=> AB' LSC.
Vi SC vudng goéc véi AB' va AC'.
Suy ra SC L(AB'C')=SC LB'C".
Tir d6 suy ra: B' la tryc tdm cua ASIC.
Tam giac SBC duoc vé lai ¢ hinh 2.

Dé dang chitng minh AIBB' vudng can, co: s

Bl = BB' =SB —SB' _i :
y B

Dién tich tam giac AIC:

1 1 1 \/— \/— 5a2
S, ==ABIC==AB(IB+BC) === 2 |=22
AAIC T3 2(+C)22(4 a\/_}s
Vaco: d(B)(ABC)) =22 5A =+ 2 a6 _av6

SB 4 2 8

1 . 1 a6 5a% 5236

Vi atc =54(B4(ABC)) Sunic = 375" T

Cho hinh chép S.ABCD cé ddy ABCD la hinh vuéng tdm O, ¢6 AC=2a.
SA vudng goc v6i day ABCD, SAB la tam giac can.
a). Tinh thé tich S.ABCD theo a.
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b). Goi I trung diém ctia SD. Tinh khoang cach tir B d&&n mit phang (I0C).
c). Tim tAm va tinh ban kinh mét ciu ngoai tiép it dién IOCD.

LOI GIAI
a) Vi ASAB vudng tai A. Suy ra ASAB can tai A, nén: SA AB=av2,5B=2a
Thé tich khéi chép S.ABC:

2a\/2—

3

b) Tinh khoang cach tir B dénh mit phing (IOC) .
Théng qua thé tich khéi chép LOBC d€ tinh khoang cach tir B dén mp(10C).
Goi K la trung diém AD, ¢6 KK la
duong trung binh cia ASAD
=IK // SA=IK L (ABCD)

5

Co: IK.-——SA-—————

n 1 1
Vay: Vigpe = “-IK-SAOBC = “g-IK-ZSABCD

1 a\/_ as\/i'

12 2' 12

Ol 1a dudng trung binh cia ASBD = O = %SB —a, c6:

OC=—;—AC ~a = AIOC can tai O.

Dé dang chitng minh: CD L (SAD) = CD 1SD,

2
Cé: CI=CD? +DI? = CD2+§]Z—=\/2a2+a2=a\/5.
a2
Goi F 14 trung diém ctia CL. C6 OF =y/OC? - CF? =,/a2 —-‘?’-Z- ==

. . 1 1a a2\3
Dién tich tam gi4c IOC: ==OFCI==.2a3= .
ién tic giac Satoc 2O C >3 a 1
3 a3\2 Iy
1 3V, : av6
VI_OBC=§d(B,(IOC)).SAIOC:>d(B,(IOC)) LOBC _ Zlf_ ==
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Kétluan: d(B,(I0C))= ig‘/é :

¢) Tim tdm va tinh ban kinh mat ciu ngoai tiép tit dién IOCD.

Goi E la trung diém ctia CD.

Vi tam giac OCD vudng tai O nén E 1a tm duong tron ngoai tiép tam giac OCD.
Tt E ké duong thing d vudng géc véi mit phing (OCD), thi d 1a truc
duong tron ngoai ti€p AOCD .

Tacd: KI=KO =KD :%/:2-' vacé OD=0I=ID = AIOD déu.

Tir d6 suy ra hinh chép K.IOD la hinh chép tam giac déu.

Goi G la tdm duong tron ngoai tiép cia AOCD, suy ra KG la truc duong
tron ngoai tiép AOID.

Puong thing KG c4t dudng thing d tai H thi H 1 tim mét cAu ngoai tiép tk
dién I.OCD.

Goi M trung diém ctia OD ¢6 KM = %—OD = %;

1., 10Dy3 _ay3

MG ==IM
3 3 2 6
KG =VKM? - MG? = ﬁ._izﬁ
4 12 6
Ta c6: AKEH ~ AKGM > B _KE _ o a a3 _af2.

GM KG T 6 2

6
2 2
Ban kinh: R = CH = VCE2 + EH? =,fa7+a7=a.

Cho hinh vuéng ABCD c6 canh bing 4a, trén canh AB va AD lan luot 13y
hai diém H va K sao cho BH = 3HA, AK = 3KD. Trén duong thing d
vuéng géc véi mat phang ABCD tai H 14y diém S sao cho géc SBH =30°.
Goi E la giao diém ctia CH va BK.

a) Tinh thé tich khéi chép S.ABCD, va SBHKC.

b) Chitng minh ndm diém S, A, H, E, K cung ndm trén mot mit cAu. Tinh
thé tich khoi cau ngoai tiép khoi chép S.AHEK.

c) Goi M la hinh chiéu vuéng géc ctia H trén canh SA. Tinh th€ tich khéi
chép M.AHEK.

LOI GIAI
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a) C6: BH=3a, AH=a, AK=3a,DK=a.
Trong ASBH cé: SH = BH. tan 300 = a/3;
SB=BH:cos30" =6a.

'Ta c6: ABCH = AABK (c.g.c) = 1/3\1 = 6\1 .
Ma G +H, =90° =B +H, =90°.
Vay: AHBE vudng tai E suy ra BK L CH.
HK =VAH? + AK? =a10"
SK =VSH? + HK? =a+/13 ;

SA =SH? + AH? =2a; B

BK = HC = VBH? + BC? =5a; BH? =HEHC > 9a? =HE.5a=HE=

2
EK = VHK? - HE? =, |10a2 - 212 _132
2% 5
1 25a2

2 2
SABCD =AB =l6a ’ SBCKH =‘2"BKCH=

16a3\/§
—

1 1 )
Vs.ABcD = ESH-S ABCD = Sa\/g.léa =

25a2 25233

2 6

1 1
VSBCKH - gSH'SBCKfI = 'é'a\/é;.

A

H

K

B

Hinh 2

T C

b) Vi hai tam gidc HAK va HEK vudng tai A va D nén tit gidc AHEK ndi tiép

trong duong tron duong kinh HK .

Goi I va O 1an lugt 14 trung di€ém cua HK va SK. Suy ra OI la duong trung
binh cia ASHK = OI L (AHEK) => Ol 1a truc ctia dudng tron ngoai tiép tix

gidc AHEK, nén OA =OH=0E=0K .
Ma O trung diém cua SK nén OS =OK.

Tir d6 suy ra O la tim mit cAu ngoai tiép khdi chép S.AHEK va béan kinh

R_—..S.E:a‘/l_?’_
2 2

_ 131ta3\/i—3:

¢) Thé tich khoi ciu can tim la: V= %n.R‘o’ = %n

Trong ASHA c6 HA? = AM.AS < a’=AM2a = AM-=
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Ta co:

d(M,(ABCD)) mA _ -}4- = d(M,(ABCD)) = %d(S,(ABCD)) ~loy-

f

d(s,(ABCD)) SA e
1 1 1 9a 13a) 96a’
SAHEK =SpAHK * SaHEK = —2-AH.AK + —Z—EH.EK = E(a.?,a + = = ) -

1 a\/— 96a2 8a3\/§

1
VM.AHEK = 'g-d (M'(ABCD)) SaHEK = 374 25 25

Cho hinh chép t¢ giac déu S.ABCD c6 canh day bang a va canh bén bang

2a. M6t diém M thay d6i trén canh SC (khac so véi S va C), dit —S% =k.

Dung mit phing (o) qua AM va song song véi BD, mit phing nay cit
SB tai P va cat SD tai Q.
a). Chitng minh rang tit gidc APMQ c6 hai dwong chéo vudng géc véi nhau.
b). Véi k= %— , hay tinh th€ tich khoi chép S.APMQ.

c). Xac dinh gia trj ctia k d€ m4t phang (o) chia khéi chép S.ABCD thanh
hai phan c6 thé tich bang nhau.

LOI GIAI s

a) Chiing minh rang tit giac APMQ c6 hai |

duwong chéo vudng gbc véi nhau.

Ké duong cao SH cua khéi chép

S.ABCD thi H la giao diém cua AC va

BD. Goi I la giao diém cuia AM va SH.

Do (a)//BD nén (a) cit (SBD) theo

giao tuyén qua I va song song véi BD,

giao tuy&h nay cit SB, SD lan luot tai P /- /

vaQ, c6 PQ//BD. = \

4
Ta co: {BD LAC = BD L (SAC). ’
BD 1L SH
Ma PQ//BD nén PQ L (SAC), suy ra PQ L AM.
Vay: ttt giac APMQ c6 hai duong chéo vuong goc.

L R
t
'
'
i
a

Ngoai ra do H 1a trung di€ém cta BD nén I ciing la trung diém cta PQ, nghia
la hai diém P va Q d6i xtng v6i nhau qua AM.

425




b) Véi k= % , hiy tinh thé tich khéi chép S.APMQ.

Néu k =% thi M la trung diém ctia SC, do d6 1 1a trong tam ctia ASAC.

SP_SQ_SI _2
SB "SD SH 3
Goi V] la thé tich khéi chép S.APMQ va V la thé€ tich khoi chép S.ABCD.

Trong ASBD: PQ // BD =

.. Vsapm _SA SPSM 21 1 A
Cé: Zo=-V,=—
Vs ABC "SA'SB'SC 32 3 3

2
Sapcp =a2; SH=v5C? ~HC? =, |(2a2 _[___a;/i] = 3‘21_4 :
a3 3
Do dé: V = 1 za\/— \/E.VéyVlza\/lz.
3 2 6 18
c) Xac dinh gia tri cua k: Goi K 1a hinh chiéu vudng goc cua M trén AC.

Trong ASHC: MK // SH = MK _tM =1-k 1)

SH CS
Trong AAMK: IH // MK = Mk _ AK _AH+HK _, HK _,

IH AH  AH HC
(vi AH=HC) )

IH _1-k 1-k_ ST SI —1- 1-k k 2k

SH 1+k  SH 1+k 1+k

SP_SQ_SI _ 2k

SB SD SH 1+k’

Goi V; la thé tich kh&i chép S.APMQ va V 1a thé tich khéi chép S.ABCD.

Tt (1) va (2) cho:

Trong ASBD: PQ // BD =

2 2
Co: Vs.arm §é§£§1‘_’[.__7-_lf_k=3}i_:>vl=§i_v
Vsapc SA SB SC 1+k  1+k 1+k

Theo yéu cau dé bai, ta cd:
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2 k=
kik——{=—;-<:>4k2-k——1=0<:> f‘/_
+ -
k=1"Y17 " 1 6ai)
8
Ao 1+J—
Vay: néu thi m4t phing (a) chia khéi chép S.ABCD thanh hai

phan c6 thé tich bang nhau.
Cho khéi tir dién OABC véi OA, OB, OC vudng goéc v6i nhau tieng ddi
mét, biét OA = OB =2a,0C =4a . Mot diém M thay déi trén canh OA, dat
=x(0 <x <2a). Qua M dung mit phing (a) song song véi AB va

OC, mat phéng nay cét cac canh OB, BC, AC lan luot tai cac diém N, P, Q.
a). Tt giac MNPQ la hinh gi? Tinh dién tich ctia né theo a va x.
b). Tinh thé tich V ctia khéi chép O.MNPQ theo a va x.
c). Xac dinh vi tri cia M d€ V dat gia tri l6n nhat.
d). Xac dinh tdm va tinh dién tich ctia mét cu ngoai tiép hinh chép O.ABC.
e). Tinh dién tich cia mat cau ndi tiép hinh chép O.ABC.

LOI GIAI

a) Tt gidc MNPQ la hinh gi?

Tinh dién tich ctia no theo a va x:

Ta et (o) // AB,AB = (OAB) N (CAB) }

(a) "(OAB) =MN, () "(CAB) =PQ
= MN // PQ // AB 2
Véi (a)// OC, lap luén tuong tu ta
duwgc MQ // NP // OC. Do d6 tx giac
MNPQ la mét hinh binh hanh.
Mgt khac OC L(OAB) va MQ//OC  /,
—MQ L (OAB) = MQ L MN. a®
Nhu vay: tir gidc MNPQ la mot hinh chit nhat.
Tam giac OAB vudng can tai O.
Ma MN // AB nén AOMN vuéng can tai O. Do dé6 MN = V2.
Trong AOAC: ;
MQ _AM —MO- OC.AM _ 4a(2a-x)

oC AO AO 2a
Ta duoc Sypo = MN.MQ =2v/2x(2a - X).

*
SR

NS
E il
\\ .
\
by

MQ // OC =

=2(2a-x)
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b) Tinh thé tich V cta khéi chép O.MNPQ theo a va x.
Goi I 14 trung diém ctia AB va H 1a giao diém ctia OI véi MN.
Ta c6 OH L MN,OH L MQ = OH 1 (MNPQ)

xJ—

Do d6: V = —SMNPQ OH =~ 2\/' 2x(2a - X).

Vay V= §x2(2a - x),(O <x<2a).
¢) Xac dinh vi tri cha M d€ V dat gia tri 16n nhat.

Taviét: V= %.x.x.(éla -2x)

X +X +(4a —2x)]3 _ 64a°

Ap dung bat dang thitc Co-si:  x.x.(4a—2x) < ( 3 T

3 4a

. Déng thirc xay ra khi va chi khi x=4a—2x®x=-—§

Suyra: V< bda
81

3
Vay: V 64? khix:OM:%‘i.

max

d) Tam gidc OAB vudng tai O nén trung di€ém I cia AB la tam duong tron
ngoai tiép AOAB.
Tir gia thiét ta suy ra OC L (OAB). Do d6 néu qua I dung du’ong thang A

vudng géc voi mp(OAB) thi A la truc ctia dudng tron ngoai tiép AOAB.
Qua trung diém J ctia OC ta dung mat trung tryc cua OC, mat phang nay
cit A tai K. Diém K 13 tdm ctia mdt ciu ngoai tiép hinh chép O.ABC.

Ta cé: OI=%E=a\/—2—;IK=O]=2a

Tt tam giac OIK vudng can tai L:

OK =OI? +1K? = ,/(a\/i )2 +(2a)* =aV6

Dién tich ctia mit ciu ngoai tiép hinh chép O.ABC la:
2
S. = 47R? = 4n(a\/g) =24na’
e) Tinh dién tich ctia mat cAu ndi ti€p hinh chép O.ABC.
Goi r 12 ban kinh ctia mét cau (n) ndi tiép hinh chép O.ABC.

Th tich V ctia khdi chép O.ABC cho béi: V = %stp rer= -83-’-\-'—
tp
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v=10a0BOC=12a2a4a=223
6 6 3

. 5.2 a2 4.2
Stp =SoaB *Sosc +Soca +Sasc’ Soas =2a",Sppc =4a”,Soca =4a”

Tam giac OAB vudng can tai O, nén OI L AB. Suy ra CI L AB.

Tam gi4c OCI vudng tai O = CI=VOI? + CI* = ,f(a\/i )2 + (élla)2 =3a\2

Do d6: Sppc = -;—AB.CI = %Zaﬁ.'&a\/i =6a°.

ga®
3 .2
16a%> 6

Suy ra: S, = 2a% +4a% +4a% +6a’ > 1=

2
Dién tich ctia mat ciu (n) ndi tiép O.ABC: S = dnr? = 4n [gj -a_

9

Cho khéi chép it gide déu S.ABCD c6 canh day va canh bén bang a.
a) Tinh thé& tich V ctia khoi chop.

b) Goi M, N, P l4n luot la trung diém ctia cac canh AB, AD, SC. Mt phéng
(MNP) cit cac canh SB, SD 14n lwot tai E va F. Tinh &6 dai cac doan théng

EB, FD.

¢) Chitng minh ring mit phang (MNP) chia khéi chép S.ABCD thanh hai

phan c6 thé tich bang nhau.

LOI GIAI
a) Ké duong cao SH.
Vi S.ABCD la hinh chép déu nén:
H trung vdi tam ctia day ABCD.

Tam giac SHA vudng tai H cho:
SH? =SA? -HA? =a° —[ >

::>SH=?—\2/-5

;°

_ l az a\/E _ aZ\/E
372 6
b). Puong thing MN cit cac duong thing BC va CD 1an lwot tai I vaJ.

Vay: V

N
/ \\ \
.
2 ’ N E A}
) . N
av?2 2a ) SO WU N N
— = m— i N N ;/
4 RN U o
y ,/ \\ ”, N /l
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Nhan thay céc tam giac vuoéng can BMI, AMN, DN]J bing nhau.
Suy ra D]:BIzAMz—;—.

Trong ASBC ké doan thang PT song song véi BC(T € SB).

Ta thay hai tam giac PTE va BEI bang nhau.

Suy ra ET=EB= —S-; =% . Chitng minh twong tw FD =Z—.
¢). Goi chiéu cao cua khdi chép S.ABCD ia h.

Mt phing (MNP) chia khdi chép thanh hai phén.

Goi V; 1a thé tich phén chita di€m C va V, 1a th& tich clia phan con lai.

ViP Ia trung diém ciia SC nén d(P,(ABCD)) = Ld(S,(ABCD)) = 2.
8 2 2

Vi FD = -}ISD nén d(F,(ABCD)) = i—d(S,(ABCD)) - 2-.
Déy réng Vp.ony = Vepwr - Tir cac két qua trén ta c6:

11 .-h 1(1 h
Vl = VP.CH HZVP.DN] =—.—.CI —"Z-B—(EDND])Z

32 2
2 3
o Afdayy Llraal, 1o, V. 2 2
12¢ 2 122 2 6 2 12
VvV a®V2
Suyra: V, =—= .
yr =y
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CHUONG VIi: BAI TAP TONG HOP PHAN KHOI CHOP
Cho hinh chép S.ABCD cé day ABCD la hinh vuéng canh bang a, SA vuéng
goc véi mit day (ABCD). Géc tao boi SC va mit phing ( SAB) bang 30°.
Goi E la trung diém ctia canh BC. Tinh thé tich khdi chép S.ABCD va
khoang céch giita hai dwong thing DE, SC theo a. '
LOI GIAI s
ViCB L AB, CB L SA nén CB L mp (SAB). 2
=> SB la hinh chiéu ctia SC trén mp (SAB).

R

Do d6 (SC,(SAB)) = (SC,5B) = CSB = 30°.

SB = BC.cot30° = a+/3 .

— SA =+vSB2 — AB? = /322 —a2 =a2.
Thé tich khdi chop S.ABCD la:

1 1 By
Vs aBcD =§SA.SABCD =3a 2.a ==

Tir C, dung CI // DE = CE = DI :i;- va DE // (SCI).
Véy: d(DE,SC) =d(DE,(SCI))
Tt Aké AK L CI cit ED tai H, cit CI tai K.

SA L CI
Ta c6: IL AK).
aco {AKLCIzC mp(S )

Ma Cl < (SCI) = (SCI) L (SAK) theo giao tuyéh SK.
Trong mit phang (SAK) ké HT L AK = HT L mp(SCI).
Vay: d(DE,SC) =d(DE,(SCI)) = d(H, (SCI)) =HT .

Xét AACI ¢6: Syacy = %AK.CI - %CD.AI

_CDAI__ %38 3a

BT

AH_AD _DH _2
AK Al IK 3

= AK

1

Xét AAKIc6 DH //IK = 3 AK =

= HK =

=
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: a

‘ a\/i.——

Lai cé: $inSKA = SA HT —HT = SAHK _ J5 - a\/38 )
SK  HK SK \/ oz 19

2a% + 22—
5

Vay: d(SE,SC)=d(DE,(SCI)) = d(H,(SCI)) = HT = a\l/gg .

Cho t dién ABCD c6 AD vudng goc véi mp (ABC). AD = 3a,AB=2a,
AC =4a,BAC = 60°. Goi H, K 12 hinh chiéu vudng géc ctia B trén AC va CD.
Dudng thing HK cat dudng thing AD tai E. Chitng minh BE vudng goc voi
CD va tinh thé tich khéi tt dién BCDE.
LOIGIAI »
Ta c6: H 1a truc tam ctia tam giac CDE .
Suy ra: EK L CD '

EK L CD
= CD L mp(BKE)=BELCD 3
BK L CD
AACD vuéng tai A c6:
AN
CD=vVAD? + AC? =5a. 0.

AH = AB.cos 60°=a E
BH = AB.sin60° = a3
ACDE dugc vé lai  hinh 2, ¢6:

AABH vudng tai H: {

El = 61 ( Vi cung phu véi EDC ), nén co:

AEAH - ACAD(g.g) = gfz ::}D{ p X
oEA=242-2
TR

Veepk = Vp.ase * VE.ABC

1 1 E Hinh 2 ¢

1

3

Cho khdi chép S.ABCD c6 ABCD la hinh chi* nhat, biét AB = 2a, AD = a.

Trén canh AB 14y diém M sao cho AM = 2 —, canh AC cat MD tai H. Biét SH

vudng géc véi mp(ABCD) va SH = a. Tinh thé tich khéi chop SHCD va
khoang cach giita 2 duwong thing SD va AC.
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LOI GIAI

a) Taco: 4 BC BA
DAM = CBA =90°

—» AAMD <> ABCA (cg.c) = M; =C; .
Ma A, +C, =90° = A, +M; =90°.
Vay: AC L DM tai H.

DM =+ AD? + AM? =-a—‘[5—;

2
AC=+VAD?2+DC? =a+/5 x
2 2
AD? - DHDM = DH=2D__ 22, CD? - CHAC = CH=SP - 42
DM .5 a AC 5
M
1 1 2a 4a 4a® At 2a B
S - 1DHCH=-2 —==— h
ACDH 9 2 \/:,_." 5 5 ) H
1 1 4a? 4a°
vV, ~_SHS —ta = a
SCDH ~ 3 ACDH =73 a 5 1 1 |
b) Ké HILSD tail (1) ;
AC L DH b ¢
Ta cé: = AC L mp(DSH)= AC L HI (2)
AC L SH
Tix (1) va (2) suy ra: HI=d(AC,SD).
Ta co: 12 = 12+ 12 = 52+_1?:"?—2— :>IH=~2ia—.
HI HD HS 4a a 4a 3

Cho hinh chép S.ABCD c6 ddy ABCD la ninh chit nhat AB=2a,AD =4a,
SA 1L mp(ABCD) va goc gitta SC va mp(ABCD) bing 30°. Goi H, M lan luot
la trung diém caa AB, BC. N & trén canh AD sao cho DN = a. Tinh thé tich
Kkh6i chép S.AHMN va tinh khoang céch gitra 2 duong thing MN va SB.

LOI GIAI
* Tinh thé tich khoi chép S.AHMN:
AC 12 hinh chi®u vuéng goc cta SC trén mp(ABCD).

Nen [(SC,(ABCD))|=5CA =30";

Cé: AC =JAB2 +BC? =2a/5; SA = ACtanSCA = 23? .
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SAHMN = SABCD - SBI—IM - SCDNM
M- MC+ND).CD

= AB.AD - 1 BH.B
2 2

=8a%Z -aZ -3a% =4a?.

1
Vs AHMN = —'SA'SAHMN

_12a5 5 8%\ L b
BN '
* Tinh khoang cach giita 2 duong | \
thang MN va SB: B M c
Qua B ké dudng théng song song v6i MN cét AC tai I va cit AD tai L.
LA AB 1
Tacé: {CD AD 2 = ALAB~ACBA(cgc) 4qrr P
LAB = CDA = 90° J

‘= L, =C, ,ma A +C =90° = A, +1, =90°. I
Vay: AC L BLtaiL B M e
GoiQ=ACMN.

Trong tam giac CIB: M trung diém ctia BC, BI // MQ = Q trung diém CL.

2a 8a
Ta c6:Cl = AC - Al =2a+/5 - —Qr=22
NN f
2a.a
BL=vAB?+Al2 =a/5; ALBL = ABAL = Al = 222
a5 \/—

Vi BL // MN = MN // (SBL).
Vay: d(MN,SB) =d(MN, (SBL)) = d(Q,(SBL)).

. |AC LBL
Taco
AC LSA
goc v6i nhau theo giao tuyén SL
Ké AK LSI tai K = AK 1 (SBL).

=ACL (SBL) = (SAC) L (SBL) ‘hai mit phéng nay vuéng

. 1 1 1 5 3 28 a5
Vay: d(A,SBL)= AK. L SE - — AK = 2¥°
( ) AK? AI® SA? 4a2 20a2 20a2 J7
d
Q,(SBL 1 2
AQmmp(SBL)zl :——(-—-(——-——)—)-=9_=2‘ :}d(Q(SBL)) ii/\[

Y (sp)
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Cho tt dién ABCD cé mp(ABC) vudng goéc véi mp(BCD), tam gidc BCD
vudng tai D. Biét AB =a+/15,BC =3a/3,AC=a/6, géc giita 2 mp (ACD) va
(BCD) béng 60°. Tinh thé tich khéi tit dién ABCD va khoang cach tir B dén
mp(ACD) theo a.

LOI GIAI
o 2 2 2 2 2 .2
cosABC_AB +BC* - AC ___15a +27a“ —-6a _2
2AB.BC 18a2/5 5
A
BH = AB. cosABC a\/— = 2a\/—

N
AH =VAB? - BH? =/152? ~12a% =a+/3
Ha HF 1 CD = CD 1 mp(AHF)
= CD L AF.
Vay: [(ACD),(BCD)] = AFH = 60°;

Bd-------pm Ao D
— AH0=
tan 60 P R SOEEs
Tacé: HF // BD = - HF _1 L pp_3gF-3a
CB BD 3
CD =+BC2 - BD? =+27a2 942 = 3a42
2
SABCD = ‘;I‘.BD.CD = '];33.321\/5 = 9a .\/—2_
2 2 2
1 1 =922 3a%V6
VABCD"g-AH-SABCD:g-a\/E- 5=
1 1
12= 2" 2:i2+—1§'=j7:>HG=d‘%'
HG* HF* HA® a‘’ 3a° 3a 2
d(B,(ACD
BHAmp(ACD)=C = (BACD)) _BC _, = d(B,(ACD))= 33[

d(H,(ACD)) HC

Cho hinh chép SABCD cé SA vuéng géc voi day, day ABCD la nira luc giac
déu noi tiép trong duodng tron duong kinh AD, véi AD = 2a. Goi I 14 trung

3a\/_

diém cua AB, biét khoang céch tir I téi mit phang (SCD) béng

thé tich kh&i chép SABCD theo a va cosin caa géc tao béi hai du’ong th:&ing
SO va AD, véi O la giao diém cua AC va BD.

435




- LOIGIAI
AC L CD (Vi AD la duong kinh)?

D 1AC
Tacé: ° = CD L (SAC)
CD LSA

= (SCD) L (SAC).
Ha AH 1SC = AH 1 mp(SCD)

= d(A,(SCD)) =AH. 4
Mit phang day (ABCD) duoc vé
lai & hinh bén.

Goi M 1a trung diém ciha AD,
N=BMnNAC.
Qua I ké dudng thing song song voi BM, duong thing nay cat AC va AD
1an lwot tai R va L. Vi ABCD la ntra luc giac déu suy ra ABCM va BCDM la
hai hinh thoi, nén c6 N la trung diém ctia AC, vaR la trung diém cuia AN.

3a\/_?;
.
Hai diém A va R nim trén duong thing c6 giao diém véi mp(SCD) tai C
d(A,(SCD)) AC 4 .
d(r(scp)) RC 3
11,1 1 4 1
AH? AS? AC?  AS? 3a? 3a’
AB2\3 3a%\3

SaBcp =3-Sam =3 : 1

a>3

1

\ = ZSAS pep = ——
S.ABCD 3 ABCD 4

Ké OK // AD . Géc giira AD va SO chinh 1a géc giita OK va SO.

Vi IL // CD = IL // (SCD), nén d(1,(SCD))=d(R,(SCD)) =

d(A,(scD))= 3-23’-

nén co:

AO:EAC=2a\/§;KO:E-AD=§3;AK=—2—AB=—23.
3 3 3 3 3 3
2
SO=ySAZ + AQ? = a2+1%3—=a‘/£;
9 3
2
SK =+/SAZ + AK? = ah%ﬁiﬁ
- 2 2 a2
cosSOK=OS +(QOK* -SK _ 1 _
20S.0K J21
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Cho hinh chép S.ABCD c6 day ABCD 14 hinh vudng canh a. Goi M va N l1an
luot 1a trung diém cac canh AB va AD, H la giao diém ctia CN va DM. Bist
hai mit phing (SHC) va (SHD) cung vudng goc voi mat phéng (ABCD) va
SH = a+/3 . Tinh thé tich khéi chép S.CDNM va khoang cach giita hai duong
thing DM va SB.

LOI GIAI
(SHC) va (SHD) c6 giao tuyén la SH
cung vudng goéc véi (ABCD) nén SH
vuéng géc v6i mit phang (ABCD).

Sconm = SABCD ~ Sgem ~ SAMN

2 a’ aZ_Sa2

8 24 B
Goi J 12 trung diém ctia CD. Khi d6 DM // (SBJ) nén: ¢
d(DM,SB) = d (DM, (SBJ)) = d(H, (SB]))
Trong (ABCD), CN cit BJ tai L. Trong (SHI) ha HK vudng goc voi SI tai K.
Chting minh duoc CN vudng géc voi B va HK vudng goc véi (SHI).
Khi d6 d(H,(SBJ))=HK.

2
CN = CD2+DN2=i@,CH=9)—=33,HI=lCH=i
2 CN 5 2 J5
1 1 1 1 5 16 a3

3
A A R

Cho hinh chép S.ABC c6 day (ABC) la tam giac déu canh 4a. M la trung
diém BC, H la trung diém ctia AM va SH _L(ABC) .Géc gitra mp (SAB) va
(ABC) bing 60°. Tinh theo a thé tich khéi chép S.ABC va goc giira 2 mp
(SAB) va (SAC).

LOI GIAI
Ké HE L AB.
AB LHE
= AB L mp(SHE) = AB LSE.
AB LSH

Vay: [(SAB),(ABC)]=SEH =60°.
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Ké MI L AB = MI// HE.

AB.\/§

= 2a\/§ ;IM = BM.sin60° = a\/g .

5

Ta cod: AM =

Vay: EH:%MI_" , SH = HE. tan 60 =

3a
0’

AB\/_ 1223

SABC -

Thé tich kh01 chép S.ABC:
Vs.aBC = %SH'SABC =223

ASAB = ASAC (c.c.c) ,¢6 SA canh chung.
Ké BD LSA = CD LSA.
Vay: [(SAB),(SAC)]=BDC

Trong tam gidc SAH vuéng tai H: SA = VSH2 + AH? = i‘g

Trong tam gi4c SAB: BD.SA = ABSE = Bp = ABSE _ 82

SA 7

Ta c6 BD = CD (2 dudng cao xuat phat tir 2 dinh tong tng bang nhau)
cosBDC = - BD® +CD? - BC? 1 >0 (thoa) = BDC = arccosl

2BD.CD 8 8
Cho hinh chép S.ABCD cé SC L (ABCD), day- ABCD la hinh thoi c6 canh
bing av3va ABC=120°. Biét ring goc giita hai mit phing (SAB) va
(ABCD) béng 45°. Tinh theo a thé tich khoi chép SABCD va khoang cach
giita hai duong thing SA va BD C déh mét phing (SBD).

LOI GIAI

Keé SK 1| AB = hinh chiéu CK 1 AB
= [(SAB),(ABCD)] = SKC = 45°,

ABC =120 = CBK = 60° = CK = CBsin60° < 32

=SC=CKtan4s" =32 3
, 2

3\/§a2
2

Sapcp = AB.BCsin120° = @)
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3\/ga3

4

. . 1
Tt (1) va (2) = V5 apcp =§SC-SABCD =

Goi O=ACABD.
Vi BD L AC, BD L SC nén BD L(SAC) taiO.

Ké OI L SA = OI'la duong vudng géc chung ciia BD va SA.
Str dung hai tam giéc déng dang AOI va ASC hodc duwrdong cao ctia tam giac SAC.

3a 3\/§a 3\/_ a

= Ol=—% =222 _, {(SA, BD)=
10

2.5

Cho hinh chép S.ABCD ¢6 SA vudng géc véi day, ABCD la hinh chit nhat
véi AB=3av2,BC=3a.Goi M Ia trung diém CD va goc gitta (ABCD) véi
(SBC) bang 60° . Chting minh rédng (SBM) L (SAC) va tinh th€ tich t&
dién SABM.

LOI GIAI
Goil=BMnAC= Ila trong tam cta tam giac BCD

o

s

2
:>IM2+IC2=1%——=CM2:>BMJ.AC

Mit khac: BM L SA = BM L (SAC)
= (SBM) L (SAC)

2
:-;—3aﬁ.3a = 9a2\/-2_4

Theo bai ra SBA = 60°.
Xét tam giac vudng SAB cé: SA = ABtan 60° =3a/6

2
= VSABM = ;13‘—9'32—\/—2 3a‘\/g = 933\/5 (tht)

Cho hinh chdp S.ABC cé day la tam giac ABC vudng tai C, AB = 5 am,
BC =4 cm. Canh bén SA vudng goc véi day va goc gitta canh bén SC voi
mit day (ABC) bang 60°. Goi D 1a trung diém cua canh AB .Tinh thé tich
khoi chép S.ABC .Tinh khoang cach giita hai duong théng SD va BC.

LOI GIAI
Vi tam giac ABC vudng tai C nén:

439




AC=+AB2 _BC? =52 4% =3 (em) =S ypc = %AC.BC - -;-.3.4 ~6 (cm?)
Vi SA L (ABC) nén AC la hinh chiéu ctia SC trén (ABC).

= g giita SC véi (ABC) a SCA = 60°.
Trong tam giac vuéng SAC c6: SA = AC.tan60° = 3.3

Do SA L (ABC) nén: Vg spc = %SA.S ABC = %.3\/5.6 =6\3 (cmd).
Ay

Goi E la trung diém AC.

Ma D 13 trung diém AB nén DE

la duwong trung binh trong AABC

= DE //BC= BC// (SDE).

Ma SD < (SDE) nén:

d(BC,SD) =d(BC,(SDE)) .
=d(B,(SDE)) =d(A,(SDE))

(vi D 1a trung di€ém AB)

ViBCLAC =DE LAC.

MaSA L (ABC) =SA LDE =DE L (SAE). €

= (SDE) L (SAE) ma (SDE) (SAE) =SE .

Trong (SAE) ké AH L SE = AH L (SAE) = AH = d(A,(SDE)).

Trong tam giac vudéng SAE c6 AH l1a duong cao nén:
1 = 1 + 1 =_1_.+é=}§3AH=§_@_
AH?2 SA? AE? 27 9 27 13

e
13

Vay: d(BC,SD) =

Cho hinh chép S. ABCD c6 day ABCD la hinh chit nhat, AD = av2,CD=2a,
canh SA vudng géc véi mit phing day. Goi K 1a trung di€m canh CD, géc
giita hai mit phing (SBK) va (ABCD) bing 60°. Chitng minh BK vudng géc
v6i mit phéng (SAC). Tinh thé tich khéi chép S.BCK theo a.

| LOI GIAI
Goi O=ACnBD,E=ACNnBK.
Ta ¢4 E 1a trong tdm ctia tam giac BCD,

AC=av6, OC_—Ac_a*/— CE~—OC—9£
BK = CK2+BC2 =aV3; BE:%BK=2a§/—
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2 2
Ta c6: BE2 + CE? = (Za?\’/gJ + (Eig—]

3
=2a’ = BC?
Vay: tam gidc BCE vuéng tai E=BK L AC.
BK LAC
{BKLSA :>BK_me(SAC)' __________ . B

[(SBK),(ABCD) | =SEA = 60°.

Cé SA = AE.tan60° = %Ac.\/é =2a\2. ,

22’

1 1 1
Vs.BCK=§5A.SBCK=§2a\/5.Ea.a\/—= -

Cho hinh chép S.ABCD c6 day ABCD la hinh vudng canh a, tam giac SAB
déu va ndm trong mit phing vudng géc voi day. Goi M, N, P, K 1an luot
la trung diém ctaa BC, CD, SD, SB.

a) Tinh thé tich ctia kh&i chép S.ABMN.

b) Tinh khoang cach giita hai duong thdng MK va AP.
 LOIGIAI
a) Goi H trung diém AB, thi SH L AB (SAB déu).

s
Vay SH L mp(ABCD); SH—é—EJ;:i%g—. '

Cé: SapmN = SaBcD ~SADN ~SmeN

2
_2 12 12 527
8

4 8
1 1 ay3 5a2 | N/ i
Vs ABMN = gSH-SABMN =37 %
_ 5a3\/§
48

b) Goi E=HCNMD,F=ANNMD
DM L HC (tinh chat hinh vuéng); DM L SH.Vay DM L (SHC).

Ta c6: mp(SHC) / mp (APN)= DM L mp (APN).
Ta ciing c6: KM // (APN).

Vay: d(KM,AP)=d (KM, (APN)) =d (M, (APN)) = MF = %)- = 36;‘0/— :
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Cho hinh chép S.ABCD c6 dady ABCD la hinh thoi canh a va c6 goc

ABC=60°. Hai mit phéng (SAC) va (SBD) cuing vudng géc véi day

(ABCD). Goi diém I thuéc canh AB sao cho IB = 3IA. Tinh thé tich khéi chép

S.ABCD va khoang céch giita hai dwong thing SA, CD theo a, biét SI = a/2
LOIGIAI

\/._ s
A
ol
'
(
'
!

Ta cod: AABC deu, nén c0AC=a,BO=

a\3
2

SABCD = %AC.BD =

Goi O=ACNBC. A i
(SAC) L(SBD) = SO L mp(ABCD). D
(SAC)n(SBD) =50 NN

2
Tacé: AO” =ALAB="- = OILAB. /.~

vB, \\
a aV3 - )

OLAB = OA.OB = Ol = 2. 2 a\/é

Cé: SO=VSI? -012 = f‘- i =2
2 4
1 a

\V ~1lsos -=2 -

S.ABCD 3 ABCD 34 2 4

2
CD // AB=d(CD,SA)=d(CD SAB) d(C,(SAB))=2d(0,(SAB)) .
Ha OH LSI =d(O,(SAB))=0

OH® O0S° O0OI° a“ 3a“ 3a 8
\["

Vay: d(C,(SAB))=2d(O,(SAB))=

Cho hinh chép S.ABC c6 SA = 3a, SA tao v6i day (ABC) mot goc 60°. Tam
giac ABC vudng tai B, ACB=30°. Hinh chiéu vudng gbc ctia di€ém S 1én mét
phang (ABC) triing véi trong tdm G ciia A ABC. Tinh thé tich khéi chép
S.ABC va khoang cach gifra 2 dudong théng AB va SC theo a.

LOI GIAI
Dit AB=t=> AC=2t,BC=t/3.
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AG la hinh chiéu vudng gdc ctia SA trén mp (ABC) nén:

[SA,(ABC)]=SAG =60° = AG =SA.cos60° = 3251 ;

SG = SA.sin60° = f’f‘-zﬁ,-

2 2 2 2 2
Ap? - ABZ+AC? BC? _(9a)' (V7t|' . oa
2 4 4 2

S
2 2
Sapc - LBABC= Y3 81223 ~
2 2 56

1
Vs aBc = gSG-SABc

1 3a/3 81a>V3 24323

"3 2 6 112
Ké Cx // AB. A4 & S
BPét mp chira Cx va SC 1a mp (P).
Vay: AB // mp(P).

i TP PPy

&

Q\ N

Tinh khoang cach tir E dén mp (P) thong B
qua khoang cach tir G dén mp(P).

Ké GI L Cx tai L. N&i SI, Ké GH L SI. 4 .
:GHme(P):d(G,mp(P))=GH E
G I
Tacs GI=FC-2pc- 33 Bl .
3 7 F b

1 11 4 7 11 3a\/3

= + = + = = GH=~-=
GH? GS? GI? 27a® 27a2 2722 J11

d{E, mp(P

EG ~mp(P)=C _, 4(Emp(P) EC 3 9273

d(Gmp(P)) GC 2 Dd(E’mp(P))zzx/ﬁ'

Cho hinh chép S.ABCD ¢4 day la hinh chit nhat, AD =a+/5. Tam giac SAB
nim trong mét phing vudng goc voi day, SA =a,SB = %,X\% =120°. Goi E

la trung di€m ctia AD. Tinh thé tich khoi chép S.ABCD va tinh ban kinh mit
cau ngoai tiép tr dién SBCE theo a.

LOI GIAI
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~SA2 +SB? - 2SA SB.cos120° = 7a? — AB= a7 .

SASB.sin120° av21

Ta c6: Sgap = }z—SH.AB = %SA.SB.sinJZOO =SH=

AB T 14

Vs.ABCD = g-SH-SABCD

1 av21 az\/— %15

31 2 12
Vi CB L AB,CB L SH => CB L mp(SAB)
= CB 1L SB (*) :

Tuong tu: AD L mp(SAB)=> AD 1SA

Ap dung Pitago cho cac tam giac vuong:
CDE, EAS, SBC

i wmm e m—————— e S STeEEE
0
1
1
'
I
I
'
'
1
i
I~

<
NE-REN

\

, 2 2 2 B ‘ o
CE2-CD? +ED? =72, 52 122
4 4 4 )
2 2 2 2 5a% 9a°
SE2 =SA? + AE? =a% + 2= @)
4 4
2 2
SC2 =SB? + CB? =2 4552 =212
4 @)
Tir (1), (2), (3) suy ra: SC? = SE? + CE? = CE L SE (+%)
T (*) ,(*) suy ra tiz dién S.BCE néi tiép trong mit cau duong kinh SC.
Vay: R = %(_Z_ _a 21

Cho hinh chép S.ABC c6 day ABC la tam giac déu canh a,SA =a va SA tao
v6i miat phing (ABC) mét géc bang 30°. Chan duong vudng géc ha tir S
xudng mit phang (ABC) 1a diém H thuéc duong thang BC, diém M thudc
canh SA sao cho SM =2MA. Tinh khoang cach gitta hai duwong théng BC,
SA va thé tich t¢ dién SMHC theo a.

LOI GIAI

a3

Xét ASHA (vudng tai H), c6: AH =SA cos30° = =

Ma AABC déu canh a = H la trung diém canh BC.
Vay: AH 1L BC. '
Lai c6: SH L BC = BCL(SAH).
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Ha HK vudng goc voi SA
= HK la khoang cach giita BC va SA.
AH ax/g

24

Ta ¢6: HK = AHsin30° =

3

Vay: d(BC, SA)~——

Dé thay: SH = E = Sgya =

J3a2

= Somu = gSSAH =5

a \3a® _/3a’

Ma CH L (SHA) = Voypc Z“CH Ssm = 3 2712 72

Cho hinh chép S.ABCD c6 SA = aV3 . Ta giac ABCD la hinh thang cén
véi day l6n la AD, AB=BC=CD =a, BAD = 60°. Hinh chiéu vuéng géc
cua S trén mat phang (ABCD) thudc doan théng AD, mit bén (SAB) tao
v6i mit phang (ABCD) mét goc 45° . Tinh theo a thé tich khéi chép
S.ABCD.

LOI GIAT
Ké SH L AD tai H = SH 1 (ABCD) = SH L AB.
Ké HI L AB tai I. = AB L(SHI) > ABLSI &

:[(W)Jzﬁh@o — SH = HI
Vi H thudc doan ADnén I thudc tia AB
= IAH = BAD = 60°

Pit SH = x,(0 < x <a+/3)

— AH? =SA% —SH? =3a® - x%;
M3t khac:

3(3a -x%) _
2

3a
5

HI = AH.sin60° =

2

=92 -3x2=4x> > x=
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Goi K 1a hinh chiéu vudng géc ctia B trén AD => AK = AB.cos60° ==

a3

=—— = AD=BC+2.AK =2a

1 1 a\/— 3a2\/§

1 3a 3a2 \/— 3a3\/—

= Vg aBcp = —SH SaBcD = 3 \/— 1

(dvtt)

Cho hinh chép S.ABC c¢6 day la tam giac vu6ng can tai C, canh huyén

J—

b@”mg 3a, G la trong tam tam giac ABC, SG L (ABC),

tich khéi chép S.ABC va khoang cach tir B déh méit phing (SAC) theo a.
LOI GIAI

Vi tam giac ABC vuéng céntai C: AB=3a=CA=CB= —?3\/5;_—

Goi M la trung diém AC= MC = Sa_ =MB= 3a\/g
202
:zBG—-?:BM— f = SG=vVSB?> -BG? =a

1 3a’
= VS.ABC = ESG'SAABC = "—4— (tht) A,

Ké GI L AC(Ie AC)=> AC L (SGI).

Ta ¢6 GI:%BC= a

'\TE" .
Ké GH L SI(H e SI)= GH L (SAC) = d(G,(SAC)) = GH
1 1 1 a
Ta cé: = + —=GH=—
GH? GS? GI2 J3

= d(B,(SAC)) = 3d(G, (SAC)) = 3GH = av/3 ( vi BM = 3GM)

Cho hinh chép S.ABC 6 AB = AC = a, BC = % SA=av3, SAB=SAC=30°.

Tinh thé tich kh&i chép S.ABC.
LOI GIAI

Theo dinh li ¢6sin ta co:
SB? =SA% + AB? - 2SA.AB. cosS?ﬁ? =3a%+a%- 2.a\/§.a.cos 300 = a?

446



= SB=a.

Twong ty ta cling c6: SC =a.

Goi M la trung diém cua SA.

Do hai tam gidc SAB va SAC 1a hai ta, giac
cannén: MB L SA, MC L SA = SA 1 (MBC).

Ta c6: Vg apc = Vsmpe + Vampe

- —l-MA.SMBC + J—SA.SMBC - ESA.SMBC .

Hai tam gidc SAB va SAC ¢ ba cip canh twong ting bang nhau nén chiing
bing nhau. Do dé MB = MC hay tam giac MBC can tai M.
Goi N Ia trung diém ctia BC suy ra MN L BC.

Tuong ty: ta cling c6 MN L SA.
2 2
MN? = AN? - AM? = AB? - BN? - AM? = a2 ‘{3) _[a\/gJ 0
4

NG

:>MN~~——

, 1 1 1 3 3
Do d6 Vg apc =§SA.§MN.BC=—6—a\F 1 .; _%'

Cho hinh chép S.ABCD 6 day ABCD Ia hinh vuong canh a. Goi M va N lan
luot 1a trung di€m cuia cac canh AB va AD; H Ia giao diém cua CN va DM.

Biét SH vudng géc véi mit phéng (ABCD) va SH = a\/3 . Tinh thé tich khéi
chdp S.CDNM va khoang cach giita hai duong thdng DM va SC theo a.

LOI GIAI

SNDCM =S ABCD ~Saamn — Saem

2 2
g2 1fa) _1a 222" (dvdt)
212 22 8

Tinh thé tich khéi chép S.CDNM: P

1 =522 5233
VN = —a\3—= dvtt
(S.NDCM) 3 \/— 3 2 ( )

NC= a2+§i=§—\/E
4 2

Ta ¢6 2 tam giac vudng AMD va NDC bang nhau . Nén NCD = ADM .
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2

Vay: DM vuéng NC. Vay ta co: DC? = HC.NC = HC = > 2a
a5 5
2

Ta c6 tam giac SHC vudng tai H, va khoang cach cia DM va SC chinh la
chiéu cao h vé tir H trong tam giac SHC.
Nén: 1.1 N 1 _° +—1——=—£—:>h=2a\/§.
h? HC? SH? 4a® 3a® 12a° V19
Cho hinh vudng ABCD canh a.Goi O la giao diém hai duong chéo. Trén
nira dwong thing Ox vudng goc véi mit phéng chiza hinh vudng, ta 14y
diém S sao cho gécS/C\B =60°.
a) Tinh khoang cach giita 2 dudng thang BC va SD

b) Goi () 1a mit phing chira BC va vuéng géc voi mét phéng (SAD) .Tinh
dién tich thiét dién tao boi (o) va hinh chép S.ABCD.
LOL GIAI

a) Khoang cach gitta BC va SD.
Ta cd: SO la truc hinh vudéng ABCD vaSCB =60°.
= SA=SB=SC=SD=CB=a
Va BC // mp(SAD) nén d(BC,SD)=d (I, mp(SAD))
Véilla trung di€ém CB.
Goi H la trung diém AD. Ta c6: BC L (SHI).
Vel LSH taco IJ L(SAD) = dpcgp) =T

a2

SOHI %5
SH a

Tam giac SIH c6: 1] =

Vay: d(BC,SD)=d(I,mp(SAD))=

b) (ct) Cit hinh chop theo thiét dién /" \
la hinh thang BCFE. b c
Do hinh chép déu nén BCFE la hinh thang cén:

a3 o a3 V3

Taes: HJ =222, === SH_a
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DoEF//ADnén:—E—I-:—z—S—J—z 6 =l:>EF=3_
AD SH a3 3 2
2
a, Jave
. (EF+BC)T |2 3 226
Vay: Spcrg = > = > ==

Cho hinh chép SABCD c¢6 diay ABCD la hinh vudng canh a,
SA L (ABCD),SA =av2 . Trén canh AD Idy diém M thay d8i. Dit goc
ACM =0 .Ha SN L CM.

a) Ching minh N luén thudc mdt dudng tron c8 dinh va tinh thé tich ti
dién SACN theo a va o .

b) Ha AH 1L SC,AK LSN. Chéing minh rangSC L(AHK) va tinh d6 dai
doan HK.

LOIGIAI S

a) N thudc duong tron cd dinh.
. |SN LCN

Ta cé:
SA 1 CN

= CN L AN
N e mp(ABCD) va ANC=90° nén N
thudc dudng tron duong kinh AC ¢6 dinh.
Ta cé: CN = AC.cosa = a2 cosa

= CN L mp(SAN)

N 1
Vay: Vsacn :§SA-SACN

= 1 SA. 1 AC.CN.sina
3 2

:—é—.a 2.a\/£.a 2.coso.sino =2 2sin20c

b) Tinh d6 dai doan HK.
Tac6CN L(SAN)=CN LAK (1)

Va AK LSN (2)
Tir (1), (2) = AK L mp(SCN) = AAKH vuéng tai K.

Ta c6: AN = AC.sina = a\/—isina
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1 1 1 1 1 "~ av2sina

AK? AS? AN? 22’ 2a’.sin’o M +sin?a
Tam giac SAC c6 AH=a.
2 .2
Vay: HK? = AH2 - AK? =a2 - 2a%sin® o, _ a (1—sm a) T
. 1+sin®a 1+sina 1+sin? o

Hinh chép ti giac déu SABCD c6 khoang cach tit A dén mit phéng (SBC)
bing 2. V&i gia tri ndo ctia goc o giita mat bén va mit day ctia chop thi thé
tich ciia hinh chop nhé nhat?

. LOI GIAI s
- GoiM, N la trung diém BC, AD.
Goi H 14 hinh chiéu vudng gdc tir N xuéng SM.

Ta cé: SMN =a
d(A;(SBC))=d(N;(SBC))=NH=2

NH 2 c
=>MN=—"F=—"+— Sy BT
sino.  sino 7 .
° > » -2
_ 2 4 [ T
:> SABCD —_ MN -— . 2 ''''' .
sin“ o A B
tan o 1 1 4 1 4
sma - cosa 3 sinq €Osd 3 sin? o.coso
s 2 2 2
.2 .2 2 sin“ a +sin“ o+ 2cos“a 2
sin” a.sin“ o..2cos“a < -
3 3
. 1
= sin? 0.cosoL < —=

2 2

o YT 1
VSABCD min < sin” o..COSO. Mmax <= Sin- o = 2cos“oL <> cosa = :/: )

Cho hinh chép S.ABCD c6 day 14 hinh vudng canh a. SA vudng goc mat
day va SA =2a.
a) Goi M la trung di€ém SB, V; la thé tich tt dién S.AMC, V, 1a thé tich t&

dién M.ACD. Tinh ty s6 Al .
V,
b) Tinh khoang cach giita hai duong thdng AC va SD.
LOI GIAI

450




Ve SA SM SC 1. 1
Ta c6: —SAMC _ 2% 2V 9 _ vV _1 .
Vs.ABC TSASB 'SC 2’ 'MACD™ TMABC ™, "S.ABC

Vay: A1 =1
Va

Goi E la diém d6i xitng cua B qua A.
Ta c¢6: AEDC la hinh binh hanh va géc EAC béng 135%, CD=a va AC= av2’
AC // ED nén AC // (SDE) o SD nén d(AC,SD) = d(AC, (SDE)) = d(A, (SDE))
Ké AH L ED (He ED) = EDL(SAH) = (SED)L(SAH)
Ké AKL SH = AK L (SDE) viy AK = d(AC,SD)

1 _ 1 N 1
AK? SA? AH? 42 22 4%

Trong tam giac SAH c6

Vay: AK = d(AC,SD) = 22

V3

Cho hinh chép tam giac déu S.ABC c6 canh day bang a, chiéu cao béng
2a. Mt phing (P) di qua AB va vudng goc véi SC, (P) cat SC tai D. Tinh
thé tich khéi chép S.ABD.

LOIGIAI
Goi H la tam tam giac ABC ta c6 SH L (ABC).
Goi E la trung diém AB thi H ndm trén CE.

f av/3

Trong A déu ABC ¢c6 CE=——; CH ==

Trong ASHC vudng tai H co:
2
SC=VSH2 +HC? =, [4a’ +33- =a\/%

Trong ASEC c¢6 SH.CE=SC.ED = ED =
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SABD=-ABDE_la—§?—= 3a”

J13 2413

- Trong AECD vuéng tai D c6 CD = \/CE2 ED? =, [ - =2

23a

Ngoai ra: SD=5C — CD—a\/_—- =
g 3 2\/_\/__

1 3a%2 23a 23a°

33013 243413523

Thé tich khoi chép S.ABD la V = 3S ABD-SD

Cho tt dién ABCD c6 AC = AD = a+/2, BC = BD = a, khoang cach tir B dén
mit phing (ACD) bé"mgja_—. Tinh géc giita hai mit phing (ACD) va (BCD).
3

a\/15
27

Biét thé tich cua khéi t¢ dién ABCD béng

 LOIGIAI
Goi E 1a trung diém cua CD, ké BH L AE .
Ta cé: AACD can tai A nén CD L AE.
Tuong tu: ABCD can tai B nén CD L BE
— CD L (ABE) = CD LBH B -
MaBH L AE = BH L (ACD).

a

Do @6 BH =— va goc giita hai mp (ACD) va (BCD) la o .

5
Thé tich cua khoi tir dién ABCD la:
305 2.5
a’\5 a5
V=§BH'SAACD = 27 ZDSAACD = 3

a?\5

= AE.DE = = AF? DE? =

5; Ma AE2 +ED? =2a?

4
Khi d6 AE?, DE? la nghiém ctia phuong trinh: x% —2a%x + -E—;%— =0.

AE? = 2 AE? = 5a’
Giai nghiém duoc: 3 5 hoac g’ .
DE2 = 22_ DE2=2_
3 3

Truong hop DE? = —5-%— loai vi ( DE > (BC+BD ).
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Xét ABDE vudng tai E 6 BE=yBD? -DE? =,[a? -2 a*/_ :

3 3
V2

Xét ABHE vuong tai H c6 sina = %Ig— = = a =45,

Két luan gdc giita hai mp(ACD) va (BCD) la o= 45° .

Cho hinh chép S.ABC c6 day ABC la tam giac can tai A, AB=2a,
BAC =120°. Biét SBA = SCA =90°, géc giita 2 mp (SBC) va (ABC) béng 45°.
Tinh thé tich khéi chép S.ABC, tinh goc gitta (SAB) va (ABC).

LOI GIAL
Goi F 12 hinh chiéu vudng goéc caa S trén mp (ABC).
Ta cé: ASBA = ASCA (canh huyé‘n canh gdéc vudng).
Vay SB =SC. Vi SB = SC nén F ndm trén duodng trung tryc ciia doan BC.
Goi E trung di€m ctia BC, theo dé bai AE L BC.
Vay F thudc duong thing AE va ndm ngoai doan AE vé phia E.
Vi SA > SB = FA > FB (dwdng xién dai hon thi hinh chiéu dai hon).
Tam gidc ABC cén tai A, nén AF la duong s
cao déng thoi la duwong phan giac.
AE = AB.cos60° = a,BE = AB.sin60° =av/3
BC L AF
{BC LSF

Ta cé: (SBC)(ABC)=BC,AF L BC,SE L BC.

= BC L mp(SAF)= BC L SE

__T___‘H_..

/

PP
: 45°

Vay: [(SBC),(ABC) ] = SEF = 45°.

ASEF vudng can tai F.

D4t EF=SF=h = SE=h\2

Ap dung pitago cho cac A vudng SAF, SAB, SBE :
SA? = AF? +SF?
SA2 = AB? +SB? = AF? + SF? = AB? + BE? + SE?
SB? = BE? + SE?

& (AE +EF)" + SF? = AB? + BE? + SE
<:>(a+h) +h? = (2a) (a\/§)2+(h\/5)2 <h=3a
S \ABC =—;—AE.BC=a2\/§.
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VSABC - %SF.SAABC = %Ba.a?‘\/g B as'\/§
b). Ha FH 1 AB=> AB L mp(SHF) = AB LSH = [(‘SAB),(ABC‘)] = SHF
Trong tam gidc AHF vudng tai H: HF = AF.sin 60° =2a/3

Trong tam giac SHF vuong tai F: tan SHF = SE 233_ Jg
a

Cho hinh chép SABC c6 gbc ((‘SBc),(ABc')) =60°, ABC va SBC la céc tam
giac déu canh a. Tinh theo a khoang cach tir dinh B dén mp(SAC).

LOI GIAI
Goi M 1a trung diém ciia BC thi SM L BC, AM 1L BC

= S/MTX=(SBC, ABC)=60° => ASMA déu c6 canh bang a_\/___
132 B _2t5
2742 16
1 1 323 _a%\3

Goi N 1a trung diém ctia doan SA. S
Tacé CN LSA

aV13
4

Do dO SSMA = E SM AM. Sln 600

= CN=

2
= Ssca =—-ASCN=% a‘f.a‘ﬁ_ 1‘? N

a3\[§ 1

=355 A-d(B, SAC)

Ta co: Vgpape =

1a
5 (B SAC)

= d(B,SAC \/_

(b:580) 5" B o -2
Cho hinh chép S.ABC c6 d4y 1a tam giac vudng tai A, AB =3, AC = 4. Gé6c
tao bdi cac mat bén va day béng 60°. Tinh thé tich cua khéi chop S.ABC.

LOI GIAI
Goi H 12 hinh chiéu cta S 1én (ABC);
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M, N, K 1an luot 1a hinh chiéu cia H lén N
canh AB, BC, AC. Khi d6 thé tich V cua
khéi chép duoc tinh boi cong thuc:

v =%SAABC.SH ma Sy spc =%AB.AC= 6

A c
Tinh SH:
Xét cac tam giac SHM, SHN, SHK vudng tai H, co:
Cac géc SMH , SNH , SKH bang 60°.
Do d6 HM =HN =HK = H la tam dudng tron ndi tiép tam giac ABC.
25
— HM=———ABC___1 = SH=HM.tan60° = /3.
AB+BC+CA

Vay: V= éﬁ.ﬁ =23 (dvtt)

Cho hinh chép S.ABCD c6 day ABCD la hinh vuéng canh a, tam giac
SAB déu, tam giac SCD vudng can tai S. Goi L, J, K 1an luot la trung diém
ctia cac canh AB, CD, SA. Chirng minh rang (SIJ) L (ABCD). Tinh thé tich
khoi chop K.IBCD.

LOI GIAI

6: {A BLSL_ AB L(SIJ)=> (SU) L (ABCD).

ABLI]
ax/— CD a
=22 J=a, §="2=2.
2 2 SN

Cé SI2 +§J2=1J2 = ASI]J vudng tai S. A e
Trong mp (SIJ) ké SH L IJ = SH L (ABCD).
Trong tam giac vudng SIJ c6: B C

1 1.1 _4 4_16 a3

e 4 = 4y = = SH=—.
SH2 SI2 S2 322 a’? 3a’ 4

)

f

Goi h 13 khoang cach tit K déh mit phéng (ABCD). C6 h = ESH =2

2

Scp = %(IB +CD).BC= _;.(_;l +a)a= %_

a3 PENE
8

Vi iBcp = 3 hSpep =

.34—-= (dvtt).

1
5
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Cho hinh chép tit giac S.ABCD c6 day la hinh ch@ nhat véi SA vudng gbc
véi day, G la trong tam tam giac SAC, mit phing (ABG) cét SC tai M, cit
SD tai N. Tinh thé tich ctia khéi da dién MNABCD biét SA = AB = a va géc
hop boi dudng thing AN va mp(ABCD) bing 30°

LOI GIAI
Trong mp(SAC) ké AG cét SC tai M.
Trong mp(SBD) ké BG cét SD tai N.

Vi G la trong thm tam gidc SAC nén dé cé: g—g =-§-
=> G cling la trong tam ASBD.
Tt d6 suy ra: M, N lan luot l1a trung
diém cua SC, SD.

X . 1 1
D& co: Vs app = Vs Bep = EVS.ABCD = EV .
Theo cong thizc ty s6 thé tich ta cé:
V. o 4
—S.ABN _ S_A_§E§_1\_I = 1'1_1 = 1 = Vs apn ==V |/
Vsagp SA SB SD 2 2 . 74
Vsun _ SB SM SN _

SN _,11_
Vogcp SB SC'SD 272

1 1
—=V, ==V
4 SBMN =g

N 3
Tt d6 suy ra: Vg apmn = Vs.an + Vopmn = ‘gV-

Tacé: V= %SA.dt(ABCD); Ma theo gia thiét SA L (ABCD)

Nén géc hop boi AN véi mp(ABCD) chinh 1a géc NAD.
Lai c6: N la trung di€ém ctia SD nén tam gidc NAD cén tai N.

Suy ra NAD =NDA =30°. Suy ra: AD = SA a3,

tan 30° -
Suy ra: V = %SA.dt(ABCD) = %a.a.a\/' = %ag’ :

Vay: thé tich can tim 1a:
3

Vumnasep = Vs.apep ~ Vs.apvn =V - :;" V= g V= S\Qa :
Cho hinh chép S.ABCD. bay ABCD la hinh thang vudng tai A va B véi
AB = BC = a, AD=2a. C4c mit phang (SAC) va (SBD) cling vudng géc véi
mat day (ABCD). Biét géc gitta hai mit phéng (SAB) va (ABCD) bang 60°.
Tinh th€ tich khéi chép va khoang cach giita hai dudng thing CD va SB.

LOI GIAI
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Goi H=ACnBD = SH 1 (ABCD) va BH = -;—BD

Ké HE 1 AB = HE L mp(SHE).

Vay: [(ém)] - SEH = 60°

Ma: HE=-:13)-AD=—:>SH=

= VSABCD=-§ .SH.SaBcp= a

Goi O 1a trung diém AD. B o
Ta c6: BCDO I hinh binh hanh: BC // CD,BC < mp(SBO)
=>d(SB,CD) = d(CD,(SBO)) =d(C,(SBO)).

Goi I=BONAC.

Xét tam giac BCO c6: H la trong tam ctia tam giac.

a2

Tinh chat trong tam tam giac c6: ITH = %IC e =15 =+IH? +HS® =

5ax/§
6

Keé CK L SIma CK L BO = CK L mp(SBO) = d(C,(SBO)) = CK.

SHIC 2ay3
ST 5

Trong tam giac SIC ¢6: S \g;- = -;—SH.IC = %SI.CK =CK=

Za\/g

5

Vay: d(CD,SB) =

Cho hinh chép S.ABC ¢6 day ABC la tam giac vudng can tai A, AB=AC=a
va M la trung diém cta canh AB. Hinh chiéu vudng gdc cta S trén mét
phing (ABC) tring véi tim dudng tron ngoai tiép tam giac BMC va géc
gitta SA véi mat phang (ABC) bang 60°. Tinh theo a thé tich khéi chdp
S.BMC va khoang cach tir B déh mit phang (SAC).

LOI GIAI
Goi N la trung diém cua BC.
I trung diém cta MB. Hai duong trung
trye cta tam gidc BCM cét nhau tai O.
Theo dé bai O la hinh chiéu vuéng goc
cta S trén mp (ABC). AC la hinh chiéu
vudng goc cua SC trén mp (ABC).

[sA,(ABC)]=5A0=60°.
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Ta c6 AIO la tam giac vudng can tai [,

VaAI 3AB=§[.§.:3AO AI\/—=3a;/§
A N c
Trong tam giac vudng SAO: SO = AO.tan60° = 3‘2/5 > %
2 2 2 a

a a a
Sapcm =Saasc ~SaacM =5 T T M
\ —-—sos 136 a* _a’V6 ’JM >

S.BCM BOM T3 1 16

B

Ha OH 1L AC= AC L mp(SHO).
Ké OK L SH = OK L mp(SAC).
Vay: d(O,(SAC))= 0K

1 1 1 16 16 _716 3av/6

- - 2= oK =22

OK? OH? OS’ 922 54a’ 5a? a7
Do Ol // AC, AC c mp(SAC) = d(O,(SAC)) =d(L(SAC)) = 34a\/\£_5 .

BImmp(SAC)=A:>-(le(I;:———-'((SS:—§-))-))— ?ﬁ %

4 3a\/_ a\[_

=d(B,(SAC))= ERN A

Cho hinh chép S.ABCD cé day 1a hinh chit nhat, véi AB = 3, BC = 6. Mit
phang (SAB) vuong géc voi mit phing (ABCD). Hinh chiéu ctia S trén mit
phéng (ABCD) nim trén tia d6i cua tia AB; Céc mt phéng (SBC) va (SCD)
cling tao v6i mit phing day cac géc bang nhau. Hon nita, khoang cach giita
cac dudng thing BD va SA bang J6 . Tinh thé tich khéi chép va cdsin goc
giita hai duong théng SA va BD.

LOI GIAI
Goi H 12 hinh chiéu vudng gbc ctia S trén mit phang (ABCD).
Theo dé bai: SH L ABtai H. HaHK L CD.
Ta c6: BC L mp(SAB),CK L mp(SHK).
Theo dé bai:
[(sB),(aBCD) |- [(scp).(aBcD) |
< SBH=SKH=a
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Theo cach dung HK thi: s
HK // BC,LHK =BC =6.

ASHK = ASHB (canh huyén-canh géc vudng)
= HB=HK_

Vay HBCK la hinh vuéng
= A la trung diém cua HB. .
Ta cé: BD // AK j 0 U ; e

=d(BD,SA) = ( SAK)

=d(B,(SAK))
D C
=d(H,(SAK))=+6
Trong tir dién H.SAK c6 HS, HK, HA vuéng goc véi nhau tiing d6i mot:
1 1 1 1 1 1 1 1

= — —+—=HS=6
d*(H,(SAK)) HS? HA? HK? 6 HS® 9 36

Trong 2 tam gidc vuéng SHK, SHA:

SK =+VHS? + HK? =6+/2 , SA =HS? + HA? =35

Ta cé: BD // AK = [iﬁ?x] - [AK,SA:! — SAK

Ap dung dinh Iy cosin cho tam giac SAK:

o 2 2 2 —
cosSAK = AS” +AK 5K _45+45-72 1 = SAK = arccos%.

2ASAK 235305 5

Cho hinh chép S.ABC c6 AB=AC =4,BC=2,5A =4/3,SAB = SAC = 30°.
Tinh thé tich khéi ch6p S.ABC.

LOI GIAI
Ap dung dinh Iy cosin cho 2 tam giac SAB, SAC:
SB? = AB? + AS? ~2ABSA.cos30°

= l6+48—2.4.4\/§.§= 16 =SB =4
SC% = AC? + AS? —2ACSA.cos30°

=16+48 - 244\/—\/— 16 =SC =4

Vay AB=AC=SB=5SC=4. )
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Goi M, N la trung diém cua SA, BC.

BM LSA

Vi tam giac SAB cén tai B, SAC can tai C nén: = SA L mp(BCM)
| CM LSA

Ta c6: ABAM = ACAM(c.g.c)=BM=CM.
Vay: ABCM can tai M,nén MN L BC.
Trong tam gidc ABM vudng tai M: BM = AB.sin30° =2.
Vay ABCM déu (vi BM=CM =BC=2)
BM? A3

VS ABC = "SA SABCM = SA “'—"r =4 (dvtt)

Cho hinh chop S.ABCD c6 day ABCD Ia hinh vuéng canh a. Hinh chi€u
vudng gbc cua S lén mat phéng (ABCD) trung véi trong tdm tam giac ABD.
Canh SD tao véi day (ABCD) mét géc bing 60°. Tinh thé tich khéi chép
S.ABCD va khoang céch tir A t6i mit phang (SBC) theo a.

LOI GIAI
Goi H 12 hinh chiéu vudng goc ctia S trén mp (ABCD):
Theo d@ bai thi H 14 truc tdm cta tam giac ABD.
Goi N trung diém cua AB. HD la hinh
chiéu vudng goc cua SD trén mp(ABCD).

[sD,(ABCD) | - SDH = 60°;

D:%ND:%\/AD2 + AN? =?§
av15
e

SH = HD.tan60° =

o=

Vs aBcD = —SH'SABCD B /

la\/_g.z a\/—

3 3

Tinh khoang cach tir A den mp(SBC) phai théng qua khoang cach tir H dén
mp (SBC) (H 1a hinh chiéu cta dinh trén mp (ABCD)).

HI L BC = BC L mp (SHI); HJ L SI= HJ L mp(SBC) = d(s1spcy) = H

(dvtt)

1 1 1 9 9 57 a20
5 = 5 + 5 = ) -+ 2 = 5 = H =
Hj? HS® HI2 15a® 4a’ 20a J57
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d{A,{SBC
Co AHmmp(SBC)=C :>-——(~——(———)—)-=£=§

d(H,(sBC)) HC 2
3a\/5

57

=d(A,(SBC))= (dvdt)

Cho hinh chép S.ABCD ¢6 day ABCD la hinh vudng canh bang a, tam giac
SBC vudng tai S va ndm trong mit phang vudng goc voi mit phéng day
ABCD, dwong thing SD hop véi mat phang (SBC) mét gde 60°. Tinh thé tich
kh&i chép S.ABCD va géc giita hai mit phang (SBD) va (ABCD). Goi G la
trong tAm ctia tam giac ABD. Tinh khoang cach gitta hai duong thing SG
vaCD.

LOI GIAI
Vi hai mat phéng (SBC) va (ABCD) vuéng géc véi nhau theo giao tuyén BC.
Dung SH L BC tai H thi SH L (ABCD).

CDLB
Ta co: { C

D L= P 1(SBC).

Vay: gbc giita SD va (SBC) 1a géc DSC = 60°

Trong ASCD c6 SC = ——-—(—:P—~ =24

tanDSC V3
Trong ASBC vudng tai S co:

SB=+BC%2-5C? =.|a —?_——éf—,
a6 a
3 '3

SH.BC =SB.SC <> SHa =

CH=+SC2-SH? =,/ 22 -2 o

1 ax/— a2 = aS\E

V. =— SH S =

S.ABCD ~ ABCD ~ 3 3 9
Dung HI L BD(I € BD) = SI 1 BD (dinh ly ba duong vudng goc).
Suy ra goc gitra (SBD) va (ABCD) la géc SIH .

Vi HI L BD = HI // CO néncs: oo - BL_HI_2 :HI:%CO:a—\S{—E—.

BC BO CO 3
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Trong ASHI vuéng can (vi HI =SH) tai H = SIH =45°.

Dung GJ // CD (I € BC) =CD// (SG]).

Tt d6 suy ra: d(SG,CD) =d(CD,(SGJ))=d(C,(SGJ))

Vi CDL(SBC)= GJ L(SBC)=>(SGJ) L(SBC): Hai mit phing ndy vudng
gbc v6i nhau theo giao tuyén SJ.

Dung HK 1 5] = HK L(SGJ) = d(H,(SGJ))=

Trong ACAB cé: JC; %E:— = CJ =2IB = J trung diém ciia HB .

. 1 1 1 9
Ta co: 5 = 3 + 5=
HK HS“ HJ 2a

N
&

e = =

9 HK:EE_‘
2 9

N

2a\/g

2a
Vi H trung diém ctia CJ nén d(C,(SGJ)) = 2d(H,(SGJ)) = 5

2a\/—6_
5

Két luan: d(SG,CD) =

BAI TAP TONG HOP PHAN HINH LANG TRU

Cho hinh ldng tru ding tam gidc ABC.A'B'C' ¢6 day ABC la tam giac vudng
cin tai B bigt AB = BC = a, BA'C =30, Tinh theo a th& tich khéi ttr dién
ABA'C' va khoang céch tir C dén mp (A'BC').

LOI GIAI

= BC L mp(ABB'A’) = BC L BA’

—a3: AA'=VBAZ-AB? =a\2

tanBA'C . <
Thé tich khoi tir dién ABA'C":

5 [BCLAB
BC L AA'

Co: BA'=

vABA’C' - C B’ SAABA -

Tacé CB' m(BA c )=

Ma I trung diém cta CB', nén:
d(C,(BA'C'))=d(B',(BA'C'))=h. 4
ViB'A', B'C, B'B L v6i nhau titng d6i mét

1 1 1 1 5 2
Syt t =y = h=a T
h? B'A? B'C? B'B?> 2a’ 5
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Cho hinh ling truy ABC.A'B'C' c6 d4y la tam giac déu canh 3a. Hinh chiéu
vudng géc caa C' trén mp (ABC) la di€ém D thoa DC =-2DB. Géc gitta
duong thing AC' 1a mp (A'B'C') bang 45°. Tinh theo a thé tich khéi ling
tru ABC.A'B'C' va tinh cosin géc giita hai duong thang BB' va AD.

LOIGIAI 4 w
C'D L mp(ABC)=> AD I hinh chiéu
vudng gbc cua C'A trén mp (ABC).
Vi mp(A'B'C') // mp(ABC).
Nen: [ AC',(A'B'C’)|=[ AC,(ABC)]

=C'AD =45
Ap dung dinh ly cosin cho AACD c6:
AD=a\/';,' C'D=AD.tan45" =a /7 . \
(33)2 J3 ) 92321
4 4
Vi BB' // AA'= [ BB',AD | =[K/§,W3] ~DAA’

CC'=\CD?2 +DC? =aJ11;DA'=JA'C2 + DC? =4a
——  AD?+AAZ-DA? 7a’+11a’-16a® 1
cosDAA' = - = =
2.AD.AA 2a7a11 77

Vasca'pc = C' DSapc = aV7.

Cho hinh lang tru ABC.A'B'C' c6 M la trung diém canh AB, G la trong
tam tam giac ABC, BC = 2a, goc ACB=90°, ABC =60". Géc gitta canh
bén CC' va mit day (ABC) la 45°, hinh chiéu vuéng goéc cua C' trén mat
phéng (ABC) la trung di€ém cua CM. Tinh thé tich khéi lang tru da cho va
cosin cua géc gitta hai duong thing BC va C'G.

LOI GIAI

A B’

Tinh thé tich khéi lang tru:

Trong tam gidc ABC c6: AC= 2a\/3,AB=4a;

CM=%AB ~2a,CH =%CM=a

CH la hinh chiéu vuéng goc caa CC “
trén mp (ABC).

[cC',(ABC)]=HCC' =45°

Trong A vudng CHC' c6: HC' = HC. tan 45° =a.
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VABCA‘ B'C' = HC'.SABC - a.%za\/g.za = 2a3\/§
Tinh cosin ctia géc giita hai duong théng BC va C'G:
Ké GI // BC = (BC,GC')=(GI,GC')=IGC, va:

AG_AL_IG 2 0 2,0 1,0 2aV3
AK AC CK 3 3 3 3
Ta ¢6: MA = MB = MC = MCA = MAC = 30°
2
IZ:CH2+c12—2CH.CI.cos300=a—:>HI 2 :-1-CM=-23.
J3 3
1C'=JHP + HC? =22 G = JHC 2+ HG? _aVis
J3 3
o 2 2 12 .
wosiGe Gl +GC?-1c? | 5
2GLGC' 413

Cho lang tru xién ABC.A'B'C' c6 day la tam giac vuéng tai C, AB = 2a, canh
bén AA'=a+/3. Dinh B' ¢ hinh chidu vubng géc trén mit phang (ABC) la
trung diém ctia BC. Gdc giita canh bén va day bang 60°. Tinh thé tich khéi
lang tru ABC.A'B'C' va géc giita hai mit phing (BCC'B') va (ABB'A").

LOI GIAI
Goi H la trung diém BC ¢6 B'H L (ABC) (gt) .

BH la hinh chiéu vudéng gdc ctia BB' trén mp(ABC), nén:

[BTST,‘(‘MTC)} - B'BH = 60° = HB' = BB'sin 60° = 2

BH = BB'. cos600=—a—£ BC=av3; AC=VAB2-BC? =a

Tinh thé tich khéi lang tru ABC.A'B'C":

3
3l .. 3a4\/§

V :HBV'SABC =—2—.—

Géc giira hai mit phang (BCC'B') va (ABB'A' )
Ké CM L BB’ 1) M RNy
Vi ACLHB',AC 1L BC

= ACLmp(BCC'B')=ACLBB'  Agpe s
VaBB' L AC,BB' L CM “
=BB' L mp(CMA) = BB'LAM (2) H
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Tir (1), (2) suy ra: [(BCC'B'),(ABB'A')] = AMC

Theo chitng minh trén ACBB' déu ,vay M trung diém BB'.

MA = AB? - BM2 = a“13 Mc_BCAB _3a
’ 2 2
o 2 2 2 o
cos AMC = AM” +CM” - AC = 3 = AMC = arccosi
2AM.CM Ji3 J13

Cho hinh lang tru diing ABC.A'B'C' c6 day ABC la tam giac can tai C,
canh day AB bang 2a va géc ABC =30°. Mit phing (C'AB) tao véi day
(ABC) mét gbc 60°. Tinh thé tich cua khéi lang tru ABC.A'B'C' va khoang
cach giita hai dwong thang AB va CB'.

LOI GIAI
Goi M la trung di€ém ctia AB. Tam giac CAB céan tai C suy ra AB L CM.
Mit khac: AB L CC' = AB L (CMCY).

Vay: [(C' AB),(ABC)] =CMC' = 60°.

Ta c6: CM = BM.tan30° = :/9_—

a c’ A
CC'=CM.tan60° = -5 A3=a N
Vi Snac - Lcrap -2

4 ABC 2 \/'3— \ \/’,:/ y
Goi V 1a thé tich ling tru ABC.A'B'C' thi: " B .
2 3 /5" % N \\\ o ~

V=SweCC'= a5 o ! / )
Mait phang (CA'B') chira CB' va// AB nén: ) ”

d(AB;CB") =d(AB;(CA'B")) =d(M;(CA'B’)) =MH
V6iN la trung diém cua A'B' va H 1a hinh chiéu cia M trén CN.
Do MH LCN,MH 1 A'B'= MH 1 (CA'B’)
1 1 1 4
2

Tam giac CMN vudng tai M nén: = + =
MH? MC? MN? a

= d(AB;CB')=MH = % .

Cho hinh ldng tru ABC.A'B'C' c6 A'.ABC la hinh chép tam giac déu, AC =3,
A'B=a+/3.. Tinh theo a thé& tich ciia khéi chép A'BB'C'C.
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LOIGIAI
Goi E 1a trung diém ctia BC; H 1a tim clia tam giac d&u ABC
= A'H L mp(ABC). ‘

Ta co: AE=——£ AH—a*/—
2 3
= A'H=VA'A2_AH? = z‘éga
25
a3
SaBC = T - Vapcase
‘ »
, a2
= Vapsco = VaBca'B'C ~ VA'.ABC
B 3\/_.
2 2 a’2
=—A'HS ==V I
3 ABC =73 VABCA'B'C' = T3

Cho hinh lap phuong ABCD.A'B'C'D' c6 doan théng ndi hai tim cuia hai mit
bén k& nhau c6 d6 dai bang a. Tinh theo a thé& tich khéi lap phuong
ABCD.A'B'C'D' va khoang cach giita hai duong thing AC' va BD'.

_ LOI GIAI
Goi M,N lan luot 12 2 tdm cua 2 hinh vuéng ABB'A', ADD'A’

::>MN=%B'D':>B'D'=2a:>A'B'=ax/—2_.

2
Vascpa'sc'p = AA'Sppep = a‘/i(a\/i) =222 (dvtt) .
GoiI la giao diém cuia BD' va A'C’ |
Trong (AA'C) ké IK LAC'(KeAC') (1)

AA'1B'D’

Vi: =(AA'C)LB'D' =IKLB'D' (2
A'C'LB'D' .

Tir(1), () suyra dipc ppy=1K. :

Tacd:AC'IK ~ AC'AA' (gg) -—HZ—=E(2_L <x #

AA'C'T av2a a
=IK= LI 8t

o 2 -SE B S e
(Acem:a@
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Két luan: Khoang cach giita hai duong thing AC’ va B'D’ bang —% .

Cho hinh lap phuong ABCD.A’B’C’'D’, biét ban kinh hinh ciu néi tiép tir
dién ACB'D’ la r. Hay tinh thé tich hinh lap phuong theor.

LOI GIAI D c

Goi canh hinh lap phuong la a. E
T dién ACB'D’ 1a tit dién déu. :
Canh b\éng a\/E . N §

O la trong tam ctia tam giac CB'D’; N

114 thm ctia mat cau ndi tiép tix dién ACB'D’; .
M la trung difm cta B'D" LD

Ta co: OM——CM————— CO——— L’ 3

2a\/§ ] A
3

= AO= ,tan2a=2\/£.

Ta co: tan2a=—2t—am;-—=2\/§
1-tan“a

\/’2‘ o c

::tanaz—? (IMO=a)

PPNy

\y
"

Q¥---

Vay: AIOM vudng can taiO = r=10 —a= 2r\/§
Vay: hinh 1ap phuong c6 thé tich: V= 24133 (dvtt). i
Cho hinh lap phuong ABCD. AB'C'D’ véi canh bang a. Gia st M va N lan
lrot 14 cac trung diém ctia BC va DD".
a) Chung minh rang MN song song véi mat phang (A'BD).
b) Tinh khoang cach giita hai duong thang BD va MN theo a .
LOI GIAI -

D'

a) MN//(A'BD)
Goi E, F la trung diém CD va A'D". A
Ta c6: FN va ME cit nhau tail e AD :

B ! 4 . N
FN // A'D = ‘
! = (FIM) // (A'BD) P
ME // BD . 43/.!1
= MN // (A'BD) S R R e
b) Khoang cach gitra BD va MN. RN -
mTO, - SE
Ta cé: (A'BD) // (FIM) nén: -
s AI‘" e
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d(BD,MN)=d((ABD,(FM)))

 VEAH LOA’
Ta cé: BD L AH= AH 1 mp(A'BD)

Goif'lékhoéngcéchtl‘rAdé'n(FIM).Tacé:i@:ﬁg:—%zﬁ:—z—AH;
L AK 3 3
a

243

Cho lang tru tam gidc ABC.A'B'C’ c6 AB=a,BC=2a, ABC = 60°. Hinh chiéu

vudng goc cia A” trén mat phéng (ABC) triing v6i trong tam G clia tam gidc

ABC va géc giita AA” tao v6i mit phing (ABC) béng 60°. Tinh thé tich khoi

chép A’.ABC va khoang c4ch tit G déh mit phang (A'BC).
LOI GIAI

Tinh thé tich khéi chép A’ ABC:

Tt A'G L(ABC) = AG la hinh chiéu ciia AA' 1én (ABC)

Goi M la trung diém BC. Tir gia thiét ta co:

BC=2a, AG = -‘;:AI = %3; A'AG=60° = A'G = AG.tan60" =

Vi AC? = AB? 4+ BC? - 2.ABBC.cos60° =3a® = AC=ay/3

Mit khac: AB? + AC? =a? +3a? = 4a” = BC* = AABC vudng tai A.

Va A'G L(ABC) nén A'G la chifu cao cua khéi chép A" ABC.

Thé tich ctia khéi chép A .ABC dugc tinh boi:

d((A'BD),(FIM))=¢- AH = —;—AH =

Za\/g
3

2a\/§ a’

VA'.ABC = %SABC A'G= %%ABACA'G = %a_a\/g, = —5- (dvtt)

3

Khoang cach tir G dén mp (A’BC):
Kée AKLBCtai KvaGI L BCtail

=>GI//AK = —=—=—

= crolax oL ABAC 1aaV3_af3
~ 37°737BC 3 2a 6
KéGHLATGiH (1)
BCLGI
®BCLA'G
Tée (1) va (2) = GH L (A’BC)
= d[G, (A'BC)]=GH
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Ta c6: AA'GI vudng tai-G ¢6 GH la dwong cao nén:

223 a3 &
d[G, (A'BC)]=GH - ——ACCL___3 6 _ 2 _2ay51
JA'G? + G2 \/12a2+§£ 51 51
9 " 36

Cho lang tru tam giac ABC.A'B'C’ ¢c6 AB=a,BC= 2a,z@ =30°, hinh chiéu
vudng goc cia A’ trén mat phang (ABC) trung véi trong tdm G clia tam giac
ABC va gbc gitta AA” tao véi mit phing (ABC) bing 60°. Tinh th€ tich khéi
da dién BCC’B’A’ va khoang cach giita B'C’ va A’C.

LOI GIAI
Tinh thé tich khéi da dién BCC'B’A”:
Tt A'G L(ABC) = AG 1a hinh chiéu ciia AA' lén (ABC).
Goi M la trung diém BC.

Tir gia thiét, ta c6: BC=2a, AG = —-AI = —3— : A'AG =60°

2a\/—
3

= A'G=AG.tan60° =

D4t AC=x>0.
Ta c6: AB? = AC? + BC? —2AC.BC.cos30°

2 2 \/—?:

—=a? =x%+4a’ -2.x.2a.—

= AC=x=ay3.

Nén AB? + AC? =a? +3a® = 4a® =BC?

= AABC vuéng tai A 44

Vi A'G L (ABC) nén A'G la chifu cao

ctia khéi ling tru ABC.A'BC va khéi

chép A".ABC. B

Thé tich ctia khéi da dién BCC'B’A’ duoc tinh boi:
1 '

Vecewa' = Vascasc ~ Valabc = (1 - ‘) Sapc-A'G

21

J—Zaf 2

AB.AC.A' G_—- 3a3 (avtb).

Khoang cach gitta B'C’ va A’C:
Ké AK L BCtai KvaGI LBC tail = GI// AK
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_ Gl _MG_1 1 1 ABAC “laaV3 _aV3

=Gl=—AK=
AK MA 3 3 3 BC 3 2a 6
KéGH L ATtaiH 1)
Do: BCLGI = BCLGH ).
BCLA'G

. Te()va@) = GHL(ABO)= d[G, (A'BO)]= g
Vi B'C'// BC, BC=(A'BC) nén B'C'// (A’ BC)va A’ Cc:(A BC).
= d(B'C’,A'C)=d[B'C’,(A'BO)] - d[B', (A'BO)] |
Mit khac: ta thdy AB’ cdt mp (A’BC) tai N Ia trung diém ctia AB'.
Do d6: d[B', (A'BC)]=d[A, (A'BC)]= 3d[G (A'BC)]=3GH

26\[5 a\/— ,
__3AGGL %3 "  6a 2aB1
JA'G? +GP2 \/12a2+§_a__ B 17

9 36

2ax/_5_1-
17

Vay: d(BC,A'C)=

Cho lang tru ding ABC.A'B'C’ c6 day ABC la tam giac déu va mit phang
(A'BC) tao véi day goc 60°, tam giac A'BC c6 dién tich bang 8V3.

a) Goi M N lan luot la trung diém clia BB' va CC'. Tinh the tich khoi tt dién
A’AMN.

4| b) Tinh khoang cach giita hai canh A/B va AC.

LOI GIAI

Cach 1: Tacé AA' L (ABC).
Goi H la trung diém BC;

AH 1 BC nén A’H 1 BC. Vay géc A’HA bing 60°
Trong tam giac vuéng A'HA c6: '

AH BC\/— _BC3

Ccos 600 X x

BC24/3
2

A'H=

Dién tich tam giac A’BC: S = %BC.A’H =

S=8/3 nénBC=4, AA'= AHtan60° =6.

Va'amn = Vapca'sc ~2Vapunc = 8v/3 (dvtt)
Cach 2: Ha CI L AB=CI L mp(ABB'A').
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Laa 1
Spamar =5 AATAB=—64=12 (d(M,AA‘) ~d(pan) = AB)

1 1

* Tinh khoang cach giita hai doan thing A'B va AC:

Dung Bx // AC = d(AC,A'B) =d(AC,(A'Bx))=d(A,(A'Bx))
Ha AK 1 Bx= Bx L(A'AK). S

Ha AT LA'K = AT 1 (A'Bx) =d(A,(A'Bx))=AT

Trong AAKBvuéng tai K: AK = AB.sin60° = 4.1/-2—91 =243,
Trong AAKA'vuong tai A:

1 _ 1 1 = 1 +.l.:._4.-=-;-:>AT=3 (dVdd)

= + =
AT?  AK? A/A? (2 \/5)7- 6> 36

Cho ling tru dimg ABC.A'B'C’ c6 déy ABC la tam giac vudng véi AB=BC =2,
canh bén AA’ = 5% M 1a diém trén canh AA’ sao cho AA=3AM. Tinh thé

J2
tich ctia khéi tt dién MB'BC'. Tinh khoang cach tir B' dén mat phéng (C'BM).
LOI GIAT c A
ABC.A'B'C' 1a lang tru ding = C'B’ L BB’ N Qv/’
A A'B'C’ vuéng tai B' =B'C’' L A'B’
= B'C’ L (ABB'A") N
—=B'C’ 1a dudng cao ctia khéi chép C'.B'BM
Ta thay: S ppy = %.d(M, BB').BB’ N
2 B
- 1 4(A,BB) BB L.ABBB'=1a Sa_ s
2 2 2% 2 202
ViBC=B'C' =a= V, OB Sy gy
C'.A'BM 3' ““AB'BM 2\/5
= a‘/fi f vaMC'=2a
= MB2+MC?2=CB*= A C BM vudng tai M
2\/_ 3Veppm _2v3 .

=SscBM= =d(B",(BC'M)) = S >
AC
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Cho hinh lap phuwong ABCD.A'B'C'D’ ¢6 canh bang a. K 1a giao diém
cia AC' va mit phang (A'BD). Tinh th€ tich t& dién KCC'D' va

khoang cach tir C déh m3t phang (KC'D’).
LOI GIAI
Goi O la tdm hinh vuéng ABCD.
Tacé: (A'BD)n(AA'C'C)=0A',AC'c (AA'C'C) > K=0A'NAC'

Ta c6: AKAO ~ AKA'C'(gg).
Suy ra: ka_OA 1 KA=1KC' :>AK=1AC'.

KC'" A'C' 2 2 :
Trong hinh binh hanh ADC'B". b’
T K ké KH vudng géc véi DC’ tai H.

Ta c6 KH // AD ol 4 )
' N S’ _ C’
KH_CK_2 KH=za LT
AD C'A 3 Yo :;‘,:;:/_/""‘::\_\ \a
1 12 1, a8 |5 IR
VK.CC'D' -——-é'KH.SCC-D- =§.§a.§-.a2 =%*, i.'“:,*’::::': :“—“‘ _——::::::_:,—, D
d(C,mp(KC'D'))=d(C,mp(ABC'D)) |1~ -T&T 0N
e =

CB' cit BC' tai L. B
Ta c6 CI vudng géc véi BC' va AB. Suy ra CI vudng géc véi mp(ABC'D').

Suy ra: d(C, mp(KC'D") = CL
V2

Mit khéac, CBB'C' la hinh vuéng, nén Cl=a >

Cho hinh ldng tru déng ABC.A'B'C' ¢6 day ABC la tam giac can tai C, canh
ddy AB bang 2a va géc ABC béing 30° Tinh thé tich ciia khéi ling tru

ABC.A'B'C' biét khoang céch giita hai dwong thing AB va CB' bing % :
LOI GIAI c =
Goi M, N 14n luot 13 trung di€m ctia AB va A'B'. >
Tam giac CAB can tai C = AB L CM.
Miit khéc: AB L CC’
= AB L(CMNC") = A'B' L (CMNC)).
Ké MH L CN (H e CN); MH c (CMNC') V2 N I
=MH . A'B'=>MH L(CA'B N RN e
Mp (CA'B")chita CB' va // v6i AB nén:

-
P
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d(AB,CB') =d(AB,(CA'B")

=d(M,(CA'B") =MH=%

Tam gi4c vuéng BMC = CM = BM.tan30° = 2
V3
A vuéng CMN = 12= 12+ 12®%=—32—+ 12<:>MN=a
MH® MC® MN a® a° MN

Cho lang tru diing ABC.A'B'C’ ¢6 day ABC la tam giac can dinh C; duwong
thang BC’ tao véi mét phing (ABB'A’) gc.60° va AB=AA’=a. Goi M, N,
P lan luwot la trung di€m ctia BB, CC/, BC va Q 1a mot diém trén canh AB sao

cho BQ = -Z-. Tinh theo a thé tich khéi ling tru ABC.A’B'C’ va chitng minh

rang (MAC) L (NPQ).

LOI GIAI
CILA'B

Goi I la trung di€ém A’B’ thi } = C'IL(ABA'B').

C'ILAA
Suy ra goc gitta BC’ va mp(ABB’A’) chinh 1a géc C'Bl = C'BI=60°.
= _aJ15 = c
2 > .
[ ' 1 [
Vascapc =AA' S, g =AA '-Z"CI-A B N
/
B /
4 7/
A o —>c
NP/ /BC'
= (NPQ)/ /(C'BI 1 s\ F =%
PQ//C'I} (NPQ/AC'BD (D) N

AABM =ABB'I (c-g-c)= AMB=BIB' =AMB+B'Bl=90° = AM 1 BI
Mt khac: Theo chitng minh trén C'1 L AM nén AM L (C'BI)

Suy ra (AMC) L (C'BI) 2)

Tt (1) va (2) suy ra (MAC) L (NPQ).

Cho hinh 1ap phuong ABCD.A'B'C'D’ ¢6 canh bang a. M la diém thudc
canh CD véi CM = x (O <x< a) , N la trung di€ém canh A'D’. Tinh theo a
th€ tich ctia khéi tit dién BMC'N . Xéc dinh x &€ hai dweong thing B'M va
C'N vudng géc véi nhau.
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LOI GIAI
Tinh thé tich t& dién BMC'N:

1 R
Vemen = VMBCN =§SAB'C'N-d(Mf(A B'C'D')) A

N D
3 1

1lapmc|aa-2 B ! 7

3 2 6 v ! R
Tim x d€BMLCN o

| ’

Goi H 1a hinh chiéu vudng goc ctia M trén V7
(A’B'C’) = B’H la hinh chiéu Vuong goc /,/’j:’si = l,\I/ -1z D'
ctia B'M trén (A'B’'C’). . 4 : é:,:::_ ,:_’:: -- —&' “~H
Vay BMLC'N<BHLCN B : c

< C'B'H =D'C'N<:>AB'C'H=AC'D'N®C'H=D'NC> x=-;—.

Cho hinh lang tru ABC.A'B'C' c6 ddy ABC vuéng tai A. AB=a, BC=2a.
Hinh chiéu vudng goac ciia A' trén mp(ABC) trung vdi trung diém cha |
AC.Géc gitta 2 mp (BCCB') va (ABC) bing 60°. Tinh thé tich khdi léng
tru ABC.A'B'C' va khoang céch giita 2 dudng thing AA' vaBC.

LOI GIAI
Goi H la trung diém cta AC. Ké Ax // BC. 5 ¢
Ta co: Ax // BC B
" |BB'// AA'

mp(A'Ax) // mp(BCC'B')

Vay : [(BCC'B'),(ABC)|=[(A'Ax),(ABC)]
KeHI L Ax.

Ta c6: {AX’LA H:>Amep(A'HI). B
x LHI
Vay: [(A'Ax),(ABC)|=HIA' = 60°
: , 4 !
tanACB—tanIm@éE-—- HI :>HI=éE=3;
AC AH 2 2
— HA' \/— |

tanHIA'=——=HA'=
HI

Thé tich khoi lang tru:

a\/—l \/—a(

Vapcapc =HA' SAABC =
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Khoang cach giita 2 dwong thing AA' va BC:
Vi BC // (A'Ax)=>d(BC,AA")=d(BC,(A'Ax)) =d(C,(A' Ax))
C6 hai mit phang (A'Ax) va (A'HI) vudng goc v6i nhau theo giao tuyén A'L
Tir H dyng HK vudng goc véi A'Ttai K = HK L (A'Ax).
Vay: d(H,(A’Ax))=HK.
1 1 . 1 - _ 4.4 16 :>HK=——a\/§
HK?> HI* HA? a’> 3a® 3a° -4 |
Hai diém C va H ném trén dudng thing cé giao diém véi mp (A'Ax) tai A.
. d(C,(A'Ax)) _CA a3
" d(H,(A'Ax)) HA 2

a3
2

Cé:

=2 =d(C,(A'Ax))=2d(H,(A'Ax)) =

Kétluan: d(BC,AA") =

DU BI PAI HOC KHOI B NAM 2006

Cho hinh ldng tru ABC.A'B'C' ¢ A'ABC la hinh chép tam giac d€u, canh
day AB = a, canh bén AA'=b. Goi o la géc gitta hai mit phang (ABC) va
(A'BC). Tinh tana va thé tich khéi chép A'BB'C'C. '

LOI GIAI

Goi H 1a hinh chiéu vudng géc ctia A' trén mit phang (ABC).
Vi A"ABC la hinh chép tam giac déu nén H la tdm cta duong tron ngoai
tiép tam giac ABC.
Goi E la trung diém cua BC.

' a’ o
Co: {EC“LA H:>BC_me(AEA')

CLAE

=BCLAE.
Vay: goc | (A'BC),(ABC) |- AEA'=a

Trong tam giac déu ABC c6:

AB.\/E’; _ i\/_g A

2 2

AE=

BI
[a1,2 _ .2
Trong tam giac vubng AHA": HA =JAA?Z - AH? = 3b\/§ a
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HA'_2y3b®-a’

HE a

Trong tam giac vuéng A'HE: tana =

] 1 ' 2 * :
Va'ce'' = Vascasc — Varasc = HA Sype ‘gHA’ Sapc = —?:HA Sapc-

2 3b2 -a? azx/g_ale?»bz—az
3 3 4 6

Cho hinh ling tru ditng ABC.A'B'C' ¢6 tam giac ABC vudng tai C.Mla
trung diém cua A'C'. Biét AC = a,BC'= av/3 ; mit phing (ABC') hop véi
mit phéng (ABC) géc 60°. Tinh thé tich khdi ling tru ABCAB'C' va
khoang cach AM vaBC' theo a.

LOIGIAT an =

Tir gid thidt c6: Vype a-prer =SaapcCC'-
a2\3 5] :;:7"

Ta c6: (ABC') " (ABC) = AB.

Ké CH L ABtai H = AB L (CC'H)

=>[(m)} =[ém']= CHC' = 60°

SAABC = }Z‘CACB =

4 “

Xét tam giac vudng ABC ¢6 CH la chiéu cao nén: B

1 1 1 1 —!—-=-—4—:>CH=a23

= -+ m— + -
CH?Z CA? CB? 3a2 a? 3a2

Xét tam gidc vudng CHC' cé: CC' =HCtan60° = 9-23

= Vapca'BC' = ’ 2. 343
2 2 4

N 1a trung diém ctia AC thi AM // C'N nén AM // mp(BC'N).
d(AM,BC)=d(AM,(BC'N))=d(A,(BC'N)).
N 12 trung diém ctia AC nén d(A,(BC'N))=d(C,(BC'N)).
Ké CK vudng géc véi BC'= BC' L (NCK)
(viAC L BC= AC L (BCC'B")=> (CNK) L (BNC') = NK)
Keé CI vudng géc v6i NK tai I ta cé d(C,(BC'N))=CI

1 _ 1 ot 1 .1 .1 4.1 4 48 . 3%
Cl? CN? Cck? CcN? (CB* CcC? a’? 3a% 9a® 9a°

Va3
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Vay: d(C,(BC'N))=CI=—2

Ja3’

Cho khéi ling tru ABC.A’B'C’ ¢6 day ABC la tam giac vudng can tai C,
AB=2a (a > 0). Hinh chiéu vuéng géc ctia A’ trén mit phang day la trung
diém H caa AB.Géc clia dudng thing A’C va mit phang (ABC) c6 s do
bang 45°. Tinh theo a thé tich khéi lang tru da cho va tinh khoang cach gitta
hai dudng thing BB’, A'C.

LOIGIAI *, B
Trong tam giac ABC vudng can tai C.

Tacé:HA=HB=HC=%AB=a;

CA=CB=a\2
CH la hinh chiéu vudng goc ctia
A'C trén mp(ABC), co:
[ A'C.(ABC) |- A'CH=-45°
A ____________
Trong tam giac vudng A'CH:
=CH.tan45" =a
Thé tich khéi lang tru:
' 3
Vasca'pc = AH'Sppc=a”.
Khoang cach giita 2 duong thang BB' va A'C duoc tim rat don gian. Nhin
hinh v& ta chuyén ngay sang khoang cach tir 1 di€ém dén 1 mit phang.
BB'// AA'
Bay gio ta chitng minh: {AA'c (ACC'A') = BB' // (ACC'A')
CA'c(ACC'AY)
= d(BB',CA')=d(BB',(ACC'A’)) =d(B,(ACC'A"))
Goi D la trung diém cta AC.
Tacé HD L AC.Ké HK L DA', ta chttng minh duoc:
HK L mp(ACC'A’)= d(H,(ACC'A")) =HK
1 1 1 2
2

Trong A vuéng A'HD : = + =
HK? HD? HA? a’? a’ a

ViH trung diém ciia AB nén d(B,(ACC'A"))=2d(H,(ACC'A’)) =
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Cho hinh ling tru dimg ABC.AB'C' c6 day ABC la tam giac vudng,
AC = BC = a, goc giita A'B va mat phéng (ACC'A) bang 30°. Goi M la
trung diém cua A'B' .Tinh thé tich khéi ldng tru ABC AB'C va khoang

cach tir M dén mp (A'BC).

LOLGIAL
BC L AC,BC L CC' :BCme(ACC A"
Vay: A'C 1a hinh chiéu vuéng goc cua A'B trén mp (ACC’ A)

|A'B(aCC'A )]-BATC=30"; A

A'C=BC:tan30° =a3,
A'=JA'C?-AC? =a\2

, 1, 63\/—2_

Vascasc = AA'Sype =aV2.oa? ===
2, 2 A

* Tinh khoang cach tir M dén mp(A'BC):
Chu nay cac ban phai "lanh mat" khi da c6
kinh nghiém nhin hinh la dya vao thé tich
dé minh tinh khoang cach:

BMAmp(BCA')=A'=> d(M,(BCA)) _ MA'_1
d(B(BCA)) BA" 2

Ta co:

BCC(BCA,)md(B',(BCA’)) =d(C'(BCA))

{B‘C‘ // BC
N _1 .
< d(M,(BCA")) = d(B',(BCA )
1 , . 1
Ve pear = Vecac gd(c /(BCA')) Sapca’ = EBC'SACA‘C'
& d(C)(BCA).2 cBCA'=BCA.C'CC A’
2 2
' y 1 . } v a\/Z_
d(C,(BCA"))aV3 =av2a=d(C'(BCA )):—J?'
) a\/—
Cho lang tru ABC.A’ B’C’ c6 day ABC la tam glac vudng can tai A, AB = AC
= a, hinh chiéu vudng goc ciia A’ trén mat phéng (ABC) la diém H nam

trén canh BC sao cho BH = 3CH, goc gitra BB’ va mat phéng (ABC) béng
60° . Tinh thé tich khdi lang tru ABC.A'B’C’ theo a va tinh cbsin goc tao

bdi mit phing (BCC'B') véi mit phing (ABC).

Vay: d(M,(BCA’)
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LOI GIAI o

GoiI la trung diém cua BC.
Trong tam giac ABC vudng can tai A c6:

2

BC=AB\2 = a\/_AI——-BC-a

CH.—.lCB:-l—CI:HI:lCI:i[z—;
4 2 2 4
AH = AIZ—HI"‘:?—@

4 AQ
A'H=AH.tan600=§—\{l—?—’—9—; e
AA' = AH0=a‘ﬁ6 ;

cos60 2
v CHA'S g = 2Y30 1,2 _a’V30
ABC.A'B'C' — ~ABC ™ 4 2 - 8

Ta céd mp(ABC) // mp(A'B'C'), nén:
|(BC'B),(ABC) |- (BCC'B), (AB'C)]
Goi K la trung diém cua B'C'.

{B'C' LKA

= B'C' L mp(HKA')= B'C’' LHK
B'C' LHA'

Vay: | (BCC'B), (A'B'C) | = HIKA',

HK = JAA s KAZ = |30, 227 =a‘[3—8,cosHKA ka2

16 4 4 HK 19
Cho hinh ling tru ABC.A'B'C', BB' = a géc giita BB' va mit phang (ABC)
béng 60°. Tam gidc ABC vudng tai C, BAC =60°. Hinh chiéu vudng géc
ctia B' trén mit phéng (ABC) la trong tAm ctia tam giac ABC.
a). Tinh thé tich t dién A'ABC. |
b). Tinh khoang cach gitta AC va BB'.

LOI GIAI

a) Tinh thé tich tit dién A'ABC:
Goi M la trung diém cua AC.
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Ta c6: BG la hinh chiéu vudng goéc cta
BB' trén mit phing (ABC) nén gbc gitra
BB' va miit phéng (ABC) la goc B'BG=60°.
Trong AB'BG vudng tai G c6:

BG = BB'.cos60° =-;—;

av3

B'G =BB".sin60° ==

Djt AC=x. 7
Trong AABC cé6 BC = AC.tan60° =xv/3, BM = :;’-BG = :Q’f- .

Trong ABCM vuong tai C c6:

2 2 2 2
BMZ:BC2+CM2<:>(§§) =(x\/§)2+(§.] @(3&} 133 313

2 4 4 26

! ﬁx_ﬁxz_@(a@]{ga%
x=Ppa 3 2] A

1
S =—CB.CA ==x
AABC ™ 5 2 104

Va apc =2B'GS _1aV3 a3 _oa

ABC T3 AMABC T3 2 T 104 208

b) Tinh khoang cach giita AC va BB":
Trong mit phéng (ABC) ké Bx // AC.
Goi mit phing « chita hai duong théng BB' va Bx, thi ta c6 AC // mp(a),
nén d(AC, BB') = d(AC, mp(a)) = d(M, mp(a)) (M € AC) .
Budc dau tién tinh khoang cach tir G 1a hinh chiéu cua dinh B' dén mat
phing o, sau d6 st dung cdng thirc tinh ti 1& khoang cach ta tinh dugc
khoang cach tit M dén mit phang o .
Dung GH L Bx(H e Bx).

, |Bx1GH ' .
Ta co: {Bx LGB = Bx L mp(B HG) = mp(a) L mp(B HG)(Bx c (oc)) .

Dung GI vuéng goc v6i B'H la giao tuyén ciia hai mat phan (oc) va (BHG).
Suy ra: GI L mp(oc) = d(G, mp(a)) =GI 4,

Goi P=GHNAC, N trung diém BC.

Tac6:£=£=—2— :~AP=—2—AC
AN AC 3 3
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:>CP=1AC=1.3\/I§a _J13a
3 37 26 26

J13a

Vi BCPH la hinh chit nhat nén BH=CP = T

Pitago cho tam gidc BGH 6 HG = VBG? - BH? =

_ai_g_i_a@
4 52 13 °
2 2 2
_ 1, 1 _4a® 13’ _17a :>G1=a\/'57_
GI> GB? GH? 3 3 3 17
Badiém M, G, B thing hang va Bemp(a).

Trong AHGB' c6

Theo céng thikc tinh ti 16 khoang céch c6 :
dM()) MB 3 _ 3
d(G,(OL)) " GB 5 = d(M,(a))eEd(G,(a))

=_3_ a\/5—1=3a\/:’>—1

27 17 34

3a\/a

34

= d(M, (a))

Két luan: d (AC, BB') =

Cho hinh lang tru ABC.A'B'C' biét rf?mg A'.ABC 14 t¢ dién déu canh a. Tinh
thé tich khéi tru A.BCC'B' va khoang cach tit B' d&h mit phang (A'BC).

LOI GIAI
Goi G tam duong tron ngoai tiép AABC; H la trung diém BC.
Vi A" ABC 12 hinh tt dién déu nén: A'G 1 (ABC).

Vi tam giac ABC déu co: AH=£‘.BZ£=a_2‘/__%; AG:%AH:E*;’._

Trong AAGA' vudng tai G co:

2
GA'=VAA2 - AG2 =»Ja2 -i‘é- =i’-§‘/-_6~ .
Goi V Ia thé tich ling try ABC.A'B'C":

a\é a2\/§~a3\/-2_

V=GA'S, sno =30
AABC 3 4 4
VA.BCC'B' = V”VA.A'B'C' = V_—VA'.ABC 49
3 3
_y-ly-2y_22 ﬁ:‘* */—2—.
3° 3 3 4 6
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Vi A"ABC la tit dién déu nén d(A',(ABC))=d(A,(A'BC))=A'G=—+.

)-8

Tacé: d(B',(A'BC))=d(A,(A'BC

Cho hinh léng tru ABC.A'B'C' c6 day ABC la tam giac vudng can tai A , mét
bén ABB'A' 14 hinh thoi canh a va ndm trong mit phéng vudng géc véi mit
phéng déy ABC. Géc A’AB = 60°. Tinh thé tich khéi ling tru ABC.AB'C' va
khoang céch giita hai duong thing AB' vaBC'.

LOI GIAI N
Vi ABB'A' I hinh thoi c6 gbc A’AB = 60° ) g
= AA'AB déu. |
Goi H trung diém cua AB, suy ra A’"H 1 AB.
Vi hai mit phéng (ABB'A’) va (ABC)
vudng goc voi nhau theo giao tuyén 4 &7
AB, tir 6 suy ra: A’"H L (ABC).

Trong hinh thoi ABB'A' canh acé: A'H = -g—io’-
c

Thé tich lang tru ABCA'B'C":

1 Jé 1. PENEY
V=AHS,sn-=AH=-ABAC=2Y2 - 32 .
CA 1L AB
Vi = CA L(ABB'A"). MaCA //CA' = C'A’ L (ABB'A’).
CA LAH

Cac ban ciing c6 thé chitng minh tryc tiép:
CA'LAB
= C'A’ L (ABB'A’)
CA'LAH
Khéi chép C'.ABB'A' dugc vé lai & hinh 2, d€ cac ban dé nhin:
Ta c6: AB’ L A’B (hai dudng chéo clia ¢
hinh thoi); AB’ L A’C’ nén suy ra AB’ L
(C’'A’B).
Goil=AB n A’B.
Dung IK L BC" (K € BC'), thi IK la
doan vudng goc chung ctia hai duong
thdng AB' va BC', va d(AB’,BC’)=1K
Ta c6: ABKI «» ABA'C’ (g.g)
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a
KI Bl K 3 f

A’C'—_];&TC:) a a\/_

a\/_

Keétluan: d(AB',BC’)=1K =2

Cho hinh ldng tru tam gidc ABC.A'B'C' ¢6 t4t ca cac canh déu bing a, géc
gilta canh bén va mét phang day bing 30°. Hinh chiéu vudng gbc cia A
trén mit phéng (A'B'C') thudc dudng thang B'C'. Tinh thé tich khéi chép
A.A'B'C' va khoang cich giita hai duong thing AA' va B'C'.

LOI GIAI A c
Goi H 1a hinh chiéu vudng géc caa A trén B'C'.

Trong AAHA’ ¢6: AH = AA’.sin 30° :.;.

a3

A'H=AA".cos30° = =

Suy ra A'H la duong cao cua A déu
A'B'C' va H 1a trung di€ém cua B'C'.

1 1 a azx/g a3\/§ B

VA.A'B'C' =3 3 —AH SAA '‘B'C' T

JBC'LAH
Ta cé = B'C' L (AHA'). Dung HI L AA’ = B'C’ L HIL.
BCLan”

Suy ra HI 1a doan vuéng gdc chung cia AA' va B'C, va FA =2FD.

_a af a\/_

Trong AAHA’ c6: HIAA'=HA.HA' & Hla = Hl=—

NG

© Kétluan: d(AA",B'C) = HI———

Cho hinh lang tru tam gidc ABC.A'B'C', ¢6 B'ABC 1a tit dién déu canh a.
a) Tinh thé tich khéi ling tru.
b) Xac dinh tdm va ban kinh mit cAu ngoai tiép tir dién CABC,,

LOI GIAI
Goi G la tam cta day ABC.
Ta c6: B'G 1 (ABC)

Cé: CG = BCHif‘I— 9[_ BG= \/'c?- CG? = ,/ -4 a‘/—

‘-
~ . . =
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Tinh thé tich khéi lang tru ABC.AB'C™:

av6 a3 B a2
34 4

Vi B'.ABC la t¢ dién déu canh a nén c6:

B'C'=B'A=BB=BC=a.

Suy ra: t& dién C'.ABC ndi tiép trong

mait cau tAm B' c¢6 ban kinhR=a. B

Cho hinh ling try tam gidc ABC.A'B'C', c6 A'ABC la hinh chop déu c6
canh day bang a , (A'BC) vudng goc véi (BCC'B') .

Tinh thé tich khdi ling try ABC.A'B'C' va khoang cach gitra hai dudng
thdng AA'vaB'C.

LOI GIAI
Goi G 1a tam ctia F= AD n(IJK). Vi A“ABC la hinh chép déu.
Nén G Ia hinh chiéu vuéng ctia A’ trén mp(ABC) nén c6 A'G L (ABC).

Goi H va H' Ian luot 1a trung diém cta BC vaB'C'.
Al C'

Suy ra HH' 1a duong trung binh cua
hinh binh hanh BCC'B' = BB'=HH'.
Ma BB = AA’ . Tir @6 c6: HH = AA’
— AHH'A' la hinh binh hanh .
., (BCLAH
{BC LA'G
N {BC LHA’ N {BC LHA' .
BCLAA' "~ |BC LHH'

= BC L (A’AH)

Tir d6 suy ra goc giita hai mat phéng
(A'BC) va (BCCB') la géc giita HA' va HH.
Theo d& bai thi (A'BC) L (BCC'B')

= A'HH'=90° = HA' 1 (BCC'B').

Vi AHH'A' 1a hinh binh hanh

= AAH=90".

ACAB dwoc vé lai 6 hinh 2.

hinh2 @ H
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Trong AAA'H c6:

AG2 - GAGH=2AHLAH=2AH?2 = AG= AHA2 _ Eﬁ;
3E Ty 3 6
2 2
A'H=JA'G? + GH? =,F——+a— -2
6 12 2

av6 azx/g =a3\/§

6 4 . 8

Thé tich khéi ling tru ABC.A'B'C: V=A'GS AAB¢ =
Ta cé: CB' < (BCC'B') va AA'// (BCCB).

Suy ra d(AA’, CB')=d(AA,(BCC'B)) = d(A, (BCC'B))

Theo chétng minh & trén c6: HA' L (BCC'B) = d(A’,(BCC'B')) = HA'

Ketlugn: d(AA’,CB) =HA'=Z.

Cho hinh ling try ABC.AB'C' c6 day ABC la tam giac vudng tai C, BC =
a, hinh chidu vudng géc caa B' xudng day (ABC) la trung diém ctia BC,
goc gitta hai mat phing (ABB'A") va (BCCB') bang 60. Canh bén tao véi
day mdt goc 45. Tinh thé tich hinh ldng tru.

LOI GIAI

Goi H 1a hinh chiéu vuéng géc cua B' trén mp(ABC) thi H trung diém ctia BC.
Cé: BH 12 hinh chiéu vuéng géc cua BB' trén mp(ABC) nén:

(BB, (ABC)) ~HBB' = 45" = AHBB' vuéng cén tai H o
B'

A’

HB=HB'=2--2, By =By <22
2 2 2

Ngoai ra: trong AB'BC c6 duong trung

tuyén B'H =%BC = AB’BC vudng can

tai B'. B %

BC
Cé: {AC TP L act (BCC'B')= AC L BB'

ACL1LBH

= BB' L ACB'= BB’ L AB'.

. |[BB"LB'C
Vi
BB L AC

Tir 46 suy ra: ((ABB'A"),(BCCB)) = ABC=60".

Trong AACB’ vudng tai C c6: AC=CB'.tan 60° = E—Eg—«/g _ave .

485




Thé tich khoi lang tru ABC.A'B'C":
1, o6
22 2 8

l&

Cho hinh lang tru ABC.A'B'C' ¢6 day ABC la tam giac déu canh a. Hinh
chiéu vubng géc ctia A' xudng mit phing (ABC) la tam O ctia tam giac
ABC. Biét goc BAA'=45°. Tinh thé tich khoi lang tru va ching minh
BCC'B' 1a hinh chit nhat.

LOI GIAI
Cé OA va OB lan lwot la hinh
chiéu vudng gbc cia AA' va BA'.
ViOA =0OB nén AA'=BA/,
Theo dé bai: BAA' = 45"
Tir d6 = AABA' vudng can tai A'.

AB af
-

= AA'=BA'=

AB\3 a\/—

Tam giac ABC déu cé: AO= — =3

Trong AAOA’ c6: OA'=VAA? - AQ? = " — — a\/—.

Thé tich khéi lang tru ABC.A'B'C"

ABZ\/_ avé a2\/§_a3\/5

V= OA'SAABC_OA’ . e

Goi H la trung diém ctia BC. C6 BC L AHvaBC L A’'O
= BC L (AHA") = BC L (AHA'),
Vi AA’ // BB’ = BC L BB'. Tt d6 suy ra: BCC'B' 1a hinh chit nhat.
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