SO GIAO DUC VA PAO TAO KY THI CHON POI TUYEN DU THI HSG QUOC GIA

TINH LAO CAI NAM HOQC 2026 - 2027
PE CHINH THUC Mén thi: TOAN
(Dé thi ¢é 03 cdn, gom 01 trang) Thoi gian: 180 phiit (khdng ké thoi gian giao dé)

Ngay thi: 15/9/2026

Ciau 1. (7,0 diém) Gia sit a,b,c 14 ba trong bbn nghiém cua da thirc
f(x)=x'-4x" +2x* +4x-2.
a) Ching minh ring abc la nghiém cia da thitc g(x)=x*+4x* —4x? —16x—38.
b) Chimg minh ring ab 14 nghiém cta da thirc
h(x)=x®—2x° —14x" +8x" +28x* —8x-8.

Ciu 2. (7,0 diém) Cho tam gidc ABC (AB < AC) cé dudng tron ndi tiép (/) tiép xic véi
BC, CA, AB lan luot tai D, E, F. Goi H 1a giao diém ciia Al va BC; K, L lan lirot Ia
hinh chiéu vuéng géc cia H trén B va IC. Qua D ké dudmg thing vuéng goc véi AL
cit IB, IC lan lugttai X va ¥.Goi M, N, P lan lugt I trung diém cua DE, DF va EF.

a) Chitng minh ring KL // BC vabon diém K, L, X, Y cing thugc mét dudng tron.

b) Goi O,, O, l4n lugt la tim ctia hai duong tron (MKL) va (DIP). Chimg minh ring
giao diém ctia (MKL) va (DIP) thugc duong tron duong kinh 0,0, .
Ciu 3. (6,0 diém) V&i mbi s6 nguyén duong 1, ta goi mdt hodn vij (ag,ay,--na,_,) cua cdc
sb 0,1,..., n—1larétnéu a +ila sb chinh phuong véi moi i=0,1,..,n—1.

a) Chirng minh ring véi n= 2026, trong mot hodn vj 161 (@gs@pseves Bygps )+ 1UOD 10N t21
it tht mot chi s6 / sao cho a, +i chia hét cho 9.

b) Chimg minh rang véi moi s6 nguyén dirong 1, luén tén tai it nhat mét hodn vi (4r.

——-HET—
Thi sinh khéng dwoc sir dung mdy tinh cam tay, khong dicgc sir dung tai liéu.
Giam thj khong giai thich gi thém.



SO GIAO DUC VA PAO TAO KY THI CHON PQI TUYEN DU THI HSG QUOC GIA

TINH LAO CAI NAM HOQC 2026 — 2027
PE CHINH THU'C Moén thi: TOAN
(Pé thi cé 03 céu, gom 01 trang) Thoi gian: 180 phiit (khéng ké thoi gian giao dé)

Ngay thi: 16/9/2026

Cau 4. (6,0 diém) Tim tt ca cdc ham s6 f:R — R théa méan
xf(2x+xy)=xf(x)+f(x2)f(y+1), Vx,yeR.
Céu 5. (7,0 diém) Xét day sb (a,) xac dinh béi: @, =0, a,=1, a,=2, @, =6 va
a,.,=2a,,+a,,—2a,,—a, voimoi n>0.
a) Chimg minh ring a, chia hét cho » véi moi sé nguyén duong 7.

b) Vi méi s6 nguyén duong 2, ki hidu ¢(m) 14 s cac sé nguyén duong khéng vuot qua

m vanguyén t6 ciing nhau v6i m . Chimg minh ring (o(%‘%) 14 mét s6 chia hét cho 4.

Cau 6. (7,0 diém) Cho tit gidc ABCD khéng phai hinh thang, ni tiép dudng tron tdm O.
Goi M la trung diém cua CD; F la giao diém cua 4D va BC. Cac tiép tuyén tai C va
D ciia dudng tron (FCD) cét nhau tai S. Goi P 14 giao diém SF va CD; E 14 giao
diém ctia AC va BD; H 1a hinh chiéu ctia E trén SF; K 14 giao diém thi hai ciia hai
dudng tron (ABE) va (CDE).

a) Chimg minh ring cic diém K,P,M,H cingnam trén mot duong tron, ki hiu 1a (@).

b) Tiép tuyén tai P clia dudng tron (@) cét dudng tron (CDE) tai X,Y. Goi Q la
giao diém thr hai ctia KP véi dudng tron (CDE) . Chiing minh rang EQ 1a tia phan gidc
cia fET’ A

Thi sinh khong dwoc sir dung mdy tinh cam tay, khéng duoc sie dung tai liéu.
Giam thi khong gidi thich gi thém.



Chuong

CHON DTQG LAO CAI 2026 — NGAY 1

-

[r B&i toan 0.1. ) (Lim Olympic - Lao Cai TST - P1)
Gia sit a,b, ¢ 1a ba trong bén nghiém cta da thic f(z) = a2 — 423 + 222 + 42 — 2.
@ Chitng minh ring abe 1a nghiem ciia da thic g(z) = 2 + 42 — 42% — 162 — 8.
@ Chitng minh ring ab la nghiem ciia da thic h(z) = 2° — 22° — 142 + 823 + 2822 — 8z — 8.

@ Loi giai.
Goi a, b, ¢,d 1a bén nghiem cia da thic f(z) = z* — 42 4 222 + 42 — 2. Theo dinh Iy Vidte, ta c6
a+b+c+d=4,
ab+ ac + ad + be + bd + cd = 2,
abc 4 abd + acd + bed = —4,

abcd = —2.
@V‘labcd=—2nénd7é0vaabc=—%.Tacé
2) 16 32 16 32 8 5. 3 9 8
=gl =it e = e [dh = A 2 Fdd—2) = ——F(d) = D.
g(abc) g( pi AP d2+ 7 8 i (d d® +2d* +4d — 2) d4f(d) 0

Do d6 abe la mot nghiém cta g(x) = z* + 423 — 42% — 162 — 8.

2

@ Dé,ty=ab.Wabcd=—2nény#0vﬁcd=—§.
Dat Sy =a+bva So=c+dthi S1+ S =4,do dé Sy =4— 5.

2
Mit khécab+cd+(a+b)(c+d)=2nény—§+5152=2.

X 2
Dong thoi ab(c + d) + ed(a + b) = —4 nén ySs — 551 —
Thay So = 4 — S1 ta dudc
2 2
y(4_Sl)_§SIZ_4<ﬁSl(y+§):4y+4

dy(y +1)

S S1 =
uy ra Sp 12

2 2
. Thay So =4— 51 vaoy — — + 5152 = 2 ta ¢6 S%—4Sl+2—y+—=0hay
Y Y
(4y(y+1))2_4(4y(y+1)> o
y2+2 y2 42
— 1653y + 12— 1602y + 1) (12 +2) + (—y* + 2y + 2)(¥* + 2)> = 0.

2
—y+—-=0.
Y

— —yb+ 245 + 14y* — 8y® — 28y% + 8y +8 =0,
— y5 —2y° — 149" + 83 +28y% — 8y -8 =0.
Do d6 h(y) = 0. Vi y = ab, suy ra ab 1a mot nghiém cuia
h(z) = 28 — 20° — 144 + 82% 4 282% — 8z — 8,
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) LIV EDU
{{ B&i toan 0.2. ) (Lim Olympic - Lao Cai TST - P2)
Cho tam gidc ABC (AB < AC) ¢6 dudng tron noi tiép (I) tiép xtc véi BC,CA, AB lan lugt tai
D,E,F. Goi H la giao diém ctia AI va BC; K, L lan lugt 13 hinh chiéu vuong géc ctia H trén 1B
va IC. Qua D ké duong thang vuong goc véi AI, cat IB,IC lan luot tai X,Y. Goi M, N, P lan
luct 1a trung diém cta DE, DF, EF.

@ Chitng minh ring KL//BC va bén diém K, L, X,Y ciing thuoc mot dudng tron.

(2) Goi 01,02 1an lugt la tam ciia hai dudng tron (MKL) va (DIP). Ching minh ring giao

diém ctia (M K L) va (DIP) thuoc dudng tron duong kinh O105.

@ L&i giai.

@ Ta c6 LILK = ZIKH = 90° — ZBIH = 90° — (LIAB + ZIBA) = ZICB = KL//BC.
Ta c6 ZIXY =90° — Z/BIH = ZICB = BXCY ni tiép.
= /IYX = /IBC = /ZIKL = KLY X ndi tiép.

(2) Do KL//BC = IL-IB = IK -IC, ma IM -IC = IN -IB = IK - IN = IM - IL = (KML) di qua
N. Laic6 ZIDL = /ZIHL = ZIY D do céc tit giac noi tiép = IL - IY = ID?. Tuong tu ta cing c6
IK - IX =ID",
Ta thay diéu can chiing minh tuong duong véi viéc chitng minh (M KL) va (DIP) tryc giao. Xét
phép nghich ddo tam I phuong tich ID?> = IM -IC =IN-IB¢6: A<+ P,M < C,L+< Y, N < B
nén (MKLN) < (BCXY) va (DIP) « AD.
Vay ta can chiimg minh AD di qua tam T cta (BCXY). Goi EF cit BC tai S ta c6 (SDBC) =
—1 = S nam trén duong déi cyc tng v6i D cia (T), ma BX cat CY tai I = I ciing nam trén

Trang 2 £ LIM Olympic - CLB én chuyén, HSG



Chuong 1. Chon DTQG Lao Cai 2026 — Ngay 1 838 L!;\‘L"[wlé}\)mlJ
duong déi cyc ing v6i D cta (T) = ST 1a dudng déi cyc tng véi D cta (T) = DT L 8T. Ma AD
la duong déi cuc ctia S ting véi (I) nén ta ciing ¢6 SI L AD = A, D, T thang hang hay ta c6 diéu
can chiing minh.

L
( Baitoan 0.3. ) (Lim Olympic - Lao Cai TST - P3)

Véi mbi s6 nguyén duong n, ta goi mot hoan vi (ag,ai,...,a, 1) ciia cac s6 0,1,...,n — 1 1a t6t
néu a; + i 1a s6 chinh phuong v6i moi i =0,1,...,n — 1.
@ Chitng minh ring véi n = 2026, trong mot hoan vi tot (ag, a1, . .., a202s), luon ton tai it nhat

mot chi s6 i sao cho a; + i chia hét cho 9.

@ Chitng minh rang véi moi sé nguyén duong n, luon ton tai it nhat mot hoan vi tot.

@ L& gii.
@ Gia st ngudce lai rang khong c6 a; + i ndo chia hét cho 9. Vi a; + i 1a s6 chinh phuong, néu né chia
hét cho 3 thi n6 phai chia hét cho 9. Do d6 moi a; + i déu khong chia hét cho 3, nén a; +1i = 1
(mod 3). Suy ra

2025
D (ai+i)=2026=1 (mod 3).
i=0
Nhung (ao, - - -, a2025) 1a mot hoan vi cia (0, ...,2025), nén
2025 2025
> (ai+i)=2) i=2025-2026=0 (mod 3),
i=0 i=0

mau thuin. Vay chi s6 can tim luon ton tai.
@ Ta xay dung bing quy nap theo n. V6i n = 1, lay ag = 0.
Gia st n > 2. Chon s 1a s6 chinh phuong nhé nhat khong nhé hon n — 1 va dat
l=s—(n-1).
Ta c6 0 <1 <n—1. That vay, néu k> <n —1 < (k+1)? thi
s=(k+1)2 <2k +1) <2(n—1);
con truong hgp n — 1 thi hién nhien.

Trén doan chi s6 1 < i < n —1, dat a; = s — i. Khi i chay tit [ dén n — 1, céc gia tri a; chay qua
ding cac s6 tit n — 1 xudng [, va ciing ¢6 duge

a;+i=s
12 s6 chinh phuong. Theo gia thiét quy nap, trén cac chi s6 0,1,...,1 — 1 ton tai mot hoan vi tot
ctia cac s6 0,1,...,1 — 1. Ghép hai phan lai, ta thu dugc mot hoan vi tét cia 0,1,...,n — 1.

Vay hoan vi tét ton tai véi moi n € N*.

£ CLB Todn Lim - OLYMPIC - 8 0789102019 Trang 3



Chuong

CHON DTQG LAO CAI 2026 — NGAY 2

{
( Bai todn 0.4. ) (Lim Olympic - L&o Cai TST - P4)

Tim tat ca cdc ham s6 f: R — R théa man

cf(2x +zy) = 2f(z) + f(@d)fly+ 1), Va,y € R.

(£ L&i giai.
Thay y béi y — 1, phuong trinh tré thanh
of (z(y+1) =2f (@) + f(2*)f(y), Ve,yeR. (1)
Ham f = 0 hién nhién thoéa man. Tt day ta gia sit f khong dong nhat bang 0.
Cho z = 0 trong (1), ta duge f(0)f(y) = 0 v6i moi y, nén f(0) = 0.
bit a = f(1). Tt (1) v6i £ = 1 suy ra

fly+1)=a(l+f(y)). (2)
Néu a = 0 thi (2) cho f =0, trai véi gid thiét. Vay a # 0. Thé y = —1 vao (2), ta ¢6 f(—1) = —1.
Tiép tuc cho y = —1 trong (1), ta dudc
f(z?) = zf(z), Vz € R. (3)
T (1) va (3), v6i z # 0, ta ¢6 duge f(z(y+ 1)) = f(z)(1+ f(v))-
Diing (2), roi dat z = y + 1 dé suy ra dugc

flaz) = w, Vx,z € R. (4)

f(z)
a
Tit (3) va tinh nhan ta suy ra duge ag(r)? = axg(x) véi moi x # 0, do d6 g(z) = = v6i moi x # 0; va
ding thic ciing ding tai 2 = 0. Vay f(z) = az v6i moi 2. Thit lai ta ¢c6 a = 1 nén f(z) =z, Vz € R.

Do d6 tit cd ham s6 can tim 1a f =0 va f(z) =z, Vo € R.

/s p

(Baitodn 0.5. ) (Lim Olympic - Lao Cai TST - P5)

Dat g(x) = thi g 1a ham nhan, g(1) = 1. Véi z # 0, ta c¢6 g(z)g(1/z) = 1, nén g(x) # 0.

Xét day s6 (a,) xdc dinh bdiag=0, a; =1, ay=2, a3=6va
Un+4 = 2ap+3 + Gni2 — 2ap41 — An, n > 0.
@ Chitng minh rang a,, chia hét cho n v6i moi s6 nguyén duong n.
@ V6i mbi s6 nguyén duong m, ki hiéu p(m) la s6 cac s6 nguyén duong khong vugt qua m va

02027) s ssspary 23 e R
1 .
5027 a mot so chia hét cho 4

(@ Lai giai.
Goi (F,) la day Fibonacci, dé § a,, = nF, véi moi n € N,

nguyén t6 cling nhau véi m. Chitng minh rang ¢ (

@ Khi d6 r6 rang a,, chia hét cho n véi moi sd nguyén duong n.

@ Ta c6 aggar = nFy27 nén ta quy vé chitng minh p(Fyp7) chia hét cho 4.

Trang 4 £ LIM Olympic - CLB én chuyén, HSG



Chuong 2. Chon DTQG Lao Cai 2026 — Ngay 2 838 l,!;\l:[wli!\)ml}
Dé y F,, (mod 4) theo chu ki 0,1,1,2,3,1 va F,, (mod 5) theo chu ki 0,1,1,2,0,2,2, 1.

Hon nita vi 2027 = 5 (mod 6) va 2027 = 3 (mod 8), ta ¢6
Fr0; =1 (mod 4), Frpo7 =2 (mod 3).
Do dé, Fagor 1a s6 16 va khong phéi s6 chinh phuong.
Gia st 41 o(N). Viét Foper = ﬁqf" véi cac ¢; 1a cac sd nguyeén t6 1é phan biet. Khi d6
i=1

S
o(Fao27) = HQ?—I(%‘ =1
=1

Maéi g; — 1 déu chn. Vi 4t ¢(Fy27), ta budc phai c6 s =1 va ¢ = 3 (mod 4).
Do N =1 (mod 4), s6 mii e; phai chdn, khién Fyyo7 12 s6 chinh phuong, mau thuan. Vay

2027

i 4

( Baitoan 0.6. ] (Lim Olympic - Lao Cai TST - P6)
Cho tit gidc ABCD khong phéi hinh thang, noi tiép duong tron tam O. Goi M la trung diém ctlia
CD; F la giao diém ctia AD va BC. Cac tiép tuyén tai C va D ctia duong tron (FCD) cit nhau
tai S. Goi P la giao diém ctia SF va CD; E la giao diém ctia AC va BD; H la hinh chiéu ctia £
tren SF; K 1a giao diém thit hai ctia hai dudng tron (ABE) va (CDE).

@ Chiing minh ring cic diém K, P, M, H cing nam trén mot duong tron, ki higu 1a (w).

@ Tiép tuyén tai P clia dudng tron (w) cit dudng tron (CDE) tai X,Y. Goi @ la giao diém

thit hai ctia K P véi dudng tron (CDFE). Chiing minh rang EQ la tia phan gidc ctia XEY.

F
B
K
A
E
X
0,
(&
G D) T P M
¥
5
Q
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\:}1:”- Cu Inc B0 Todo Lim

@ L&i giai.

@ Goi AB cit CD tai G. Theo dinh li Brocard ta c¢6 O la truc tam AFEG.
Goi FE 1L OG tai T va GE L FO tai K’
= T(GFAB)=-1ma TF 1 TG = TO la phan giac ngoai ZATB.
Ma OA = OB = ATOB nii tiép = GC-GD =GA-GB=GT -GO = GE - GK'’
= K’ ndm trén (ECD) va (EAB) = K' truing K = EHKF va GKOM nai tiép.
= /KHF = /KEF = /KOG = ZKMG = HKMP nbi tiép.

@ Do OT AB noi tiép ma OT cat AB tai G.
=0T 08 = 04* =08 = OK -0F = D&* =0D*
= AOCK ~ AOAC va AODK ~ AOAD.
= Ifi_g = %, ma FP la ddi trung cia AFCD.
= ;Iigz = ggz — }}zg = KP ciing la déi trung cia AKCD.
= (KPM) tiép xic (KCD) nén theo b dé tiép xiic ta c6 Q la trung diém cung nhé XY ciia

(KCD) = EQ la phan giac ZXEY.

Trang 6 £l LIM Olympic - CLB én chuyén, HSG
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